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Factorization of Dynamic Games over Spatio-Temporal Resources

Alessandro Zanardi1
∗
, Saverio Bolognani2, Andrea Censi1, Florian Dörfler2, Emilio Frazzoli1

Abstract— Dynamic games feature a state-space complexity
that scales superlinearly with the number of players. This
makes this class of games often intractable even for a handful
of players. We introduce the factorization process of dynamic
games as a transformation leveraging the independence of
players at equilibrium to build a leaner game graph. When
applicable, it yields fewer nodes, fewer players per game node,
hence much faster solutions. While for the general case checking
for independence of players requires to solve the game itself,
we observe that for dynamic games in the robotic domain there
exist exact heuristics based on the spatio-temporal occupancy
of the individual players. We validate our findings in realistic
autonomous driving scenarios showing that already for a 4-
player intersection we have a reduction of game nodes and
solving time close to 99%.

I. INTRODUCTION

As robotics becomes ubiquitous, embodied intelligence
cannot neglect to cope with multi-agent environments. Despite
many sub-fields of multi-agent decision making (e.g., game
theory, distributed optimization, multi-agent learning [1])
having received a lot of attention in the last decade, a
persistent challenge to overcome is the superlinear growth
in complexity in the number of competitive players [2].
In addition, perhaps because of the human tendency to
subconsciously underestimate the exponential-growth bias [3],
many of the available approaches work for 2-3 players, but
become brittle for a handful, and break with more.

There are in general two ways to overcome the scalability
issue of games with several agents: Either to settle for
approximate solutions, or to exploit a particular structure
of the problem at hand. In this work, we focus on the latter,
considering the robotic motion planning problem, formulated
as a non-cooperative dynamic game, as the guiding application.
Many of the works in this field look at fast local solvers
for relatively short prediction horizons, which exhibit good
interactive behaviors when implemented in a receding horizon
approach [4]–[9]. The hardness of these problems is inborn
in the superlinear (almost exponential) explosion of number
of states and joint actions for the game [10], [11]. The deeper
the game graph and the more the players, the worse for the
problem.

Identifying that the problem at hand has an inherent
constrained interaction pattern among the players, such as
in social media, transportation, or power grids, has already
proven to be successful. A seminal answer in this regard
was given by Graphical Games [12], which reformulate the
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interconnection of players over a graph to a game where each
player’s payoff depends only on its neighbors’ actions.

As observed in [10] though, for many other real-world
non-cooperative games the interaction structure among the
players is not fixed or known a priori. This is the case also
for the application at hand. Autonomous Vehicles (AVs)’
strategic decisions on the roads clearly depend only on few
other relevant vehicles. Yet these are hard to identify and
constantly changing, even within the planning horizon.

In this work, we consider the motion planning problem
formulated as a non-cooperative dynamic game and aim
for a tool that dynamically factorizes the stage subgames
into smaller ones while maintaining a notion of strategic
equivalence to the original game. This allows one, for instance,
to decouple the solution of a n-player subgame from certain
states onwards into the composition of solutions of smaller
subgames; n 1-player games in the best case. We showcase
that this approach has a tremendous impact in taming the
superlinear complexity of the problem at hand in realistic
scenarios.

A. Related Work

The idea of exploiting strategic dependency patterns among
the players to transform the game into a simpler form has
already been a key pillar in Graphical Games [12], Action
Graph Games [13], and Multi-agent Influence Diagrams [2].
When available, the influence structure allows more compact
representations that speed up the solution process. The
influence diagrams are often represented with the language of
Bayesian Networks to represent conditional independence
given a certain decision for the other players [14]–[17].
Similar formulations employ the same structure conditioning
on events, as in Chain Event Graphs [18], [19].

We believe that to be applicable for robotic motion
planning, these ideas need to be revisited. In particular,
the game of interest are multistage, played in state space,
with no prior information on the dependency structure that
can also dynamically change as the stages advance. Very
little of these key ingredients are found in the mentioned
works. To the best of our knowledge, the idea of finding
decompositions of the game (factorizations) that are not
known a priori to support a “divide and conquer” approach
to speed up the finding of Nash equilibria is present only
in [10], where factors in the representation correspond to
connected components in a previous graphical representation
for games. To this end, we consider a factorization process
that naturally applies to multistage dynamic games inferring
the strategic independence for each state on-line while we
build the game graph.



B. Statement of Contribution

The contribution of this work is threefold. First, we
introduce the factorization of dynamic games as a systematic
transformation that puts the original game in a leaner form,
which is simpler to solve and still retrieves exact solutions. A
factorized dynamic game can have in general several smaller
subgames to solve, each with fewer players. Second, we
observe that for dynamic games in the realm of multi-agent
motion planning, there exist simple heuristics for factorization
based on the spatio-temporal resources required by the players.
We introduce two algorithms where these resources are com-
puted by solving first the individual Dynamic Programming
(DP) problems of the players. Finally, we instantiate these
factorization algorithms in the domain of AVs.

We take realistic state-of-the-art scenarios from Common-
Road [20] and quantitatively show that, as the complexity of
the test cases increases with the number of players, building
and solving the factorized dynamic game has a tremendous
impact on computational performance. For a complex multi-
lane intersection, already with 4 players the factorized game
retrieves the solution of the original game solving 99% fewer
subgames, each containing fewer players. This is reflected also
in total solving times which have similar order of magnitude of
relative improvements, showing that the factorization overhead
is completely negligible.

II. PRELIMINARIES: DYNAMIC GAMES

The building block of this work are discrete dynamic games
played in state space with state feedback structure (often
called Markovian) [21], [22]. Focusing on embodied agents,
we consider only games whose state can be decoupled into the
individual states of the players. Hence we consider dynamic
games defined by a finite set of players A; each player i ∈ A
has a corresponding state space Xi and an action set Ui.

Each player is subject to a cost structure modeled by an
incremental stage cost as a mapping gi : X ×U → Oi and a
terminal cost si : X → Oi, where Oi denotes the outcome
set for the i-th player. We assume it to be a totally ordered
set (e.g., real numbers, lexicographic preference,...) with a
monoidal structure, which allows stage-additive costs while
respecting the Bellman optimality principle [23]. Note that
real-valued outcomes clearly satisfy this assumption.

To ensure themself a better outcome each player aims to find
a strategy, i.e. a state feedback policy, possibly stochastic, of
the form γi : X → ∆(Ui). The multi-stage nature is captured
by the game dynamics that we assume to be separable with
respect to the individual players up to collisions. We denote
the dynamics of a player as θi : Xi × Ui → Xi. Given an
initial condition x0, each player aims to get their best possible
cumulative stochastic outcome by an appropriate selection of
strategy γi. The cumulative outcome over a finite horizon Ti
is

oi(γ|x0) = Eγ
Ti−1∑
k=0

gi(x(k), γ(x(k))) + si(x(Ti)),

s.t. x(k + 1) = θ(x(k), u(k)), x(0) = x0.
(1)

Notation: We use subindices to denote specific quantities
relative to a single or a subset of players. Symbols with no
index are used to denote the joint quantities of all the players.

A. Game Solutions

Solving a dynamic game involves finding an equilibrium
strategy such that no player is better off by unilaterally
changing its strategy, the so-called Nash Equilibrium (NE).

Definition 1 (Feedback NE). A strategy profile γ∗ =
[γ∗i , γ

∗
−i] is a feedback NE if and only if:

oi(γ
∗|x) � oi(γi, γ∗−i|x) ∀i ∈ A and ∀γi ∈ Γi, (2)

for any reachable point x.

Commonly in the literature, such a strategy (Def. 1) is also
called subgame perfect [21]. When finding such strategies
becomes impractical and computationally cumbersome, one
might want to settle for “weaker” solution concepts. Most
notably, open loop NE that yields the optimal sequence of
actions only for a specific initial state or for a limited look-
ahead horizon (e.g., MPC-like solvers). The interested reader
is referred to [21], [24] for further details on different possible
solution concepts in multi-stage games. Independently of the
solution concept of choice, we denote by SOL(G(x)) the set
of strategies satisfying the equilibrium criterion for a game
rooted in x. These can in general be computed by performing
backward induction on the game graph [21].

For an easier understanding of the remaining, recall that a
natural representation of the game dynamics is a graph on
the joint state space. Thus the term “game graph”. Each node
is uniquely identified by the joint state of all the players and
the edges represent the possible transitions. We will see that
a slightly more general notion of “game node” and transitions
are key to the factorization process.

III. FACTORIZATION OF DYNAMIC GAMES

We introduce the factorization of a dynamic game as a
process that transforms the original game into a leaner and
simpler structure to solve, but still retrieving the solution of
the original game. The key insight is observing that some
players, from certain states onwards, can result decoupled.
Importantly here, “decoupled” does not necessarily mean that
they have no strategic influence on each other, rather that the
solution of the remaining game can be found composing the
solutions of two separate subgames. This intuition is further
represented in the example of Fig. 1.

The reformulation requires only a subtle, yet significant,
change. While in the textbook formalization of dynamic
games, the nodes of the game are identified with the joint
states of all the players, for a factorized game, we allow
game nodes to contain only a subset of the players (and their
respective state). For a certain game node, the strategies, the
incremental costs, and the dynamics of the players will be
dependent only on the other players present in the same node.
Moreover, the transitions (dynamics of the game) happen
among game nodes, allowing also players to transition to
different game nodes. For instance, two players currently
in the same game node can transition to different future
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Fig. 1. A toy dynamic game where two players aim to reach the end as
quickly as possible with the possibility, at every time instant, of advancing
by one step or waiting. The resulting game graph without factorization is
visualized in (a). Starting from the joint state {1A} only 2 optimal paths
exist to reach the desired end state {3C} without collisions. Note that in
order to find these paths one has to solve 7 game nodes with 2 players
(3C, 2B are terminal nodes). Self-loops and “early exits” of players that
would lead to additional individual game nodes are omitted for simplicity.
In (b), on the right, we display the factorized counterpart. Interestingly, the
two (open loop) equilibria for the game can be computed solving only 1
2-player game. In fact, after the first decision is taken by the agents, and
excluding the terminal node 2B, the decisions processes by the two agents
are strategically decoupled.

game nodes. Once in two different nodes, they will result
decoupled in terms of outcomes, strategies, and transition for
the remaining of the game.

Having fewer and smaller game nodes to solve has
paramount importance to curb the computational complexity
of solving dynamic games. The joint action space increases
exponentially with the number of players [25], mn for n
players each with m actions. As a consequence, not only
equilibria would be computationally harder to find, but also
the number of states of the game grows exponentially in the
number of players rather than linearly. Factorization tackles
this issue by decoupling players as much as possible while
still being able to retrieve the solution of the original game.
We now formalize this intuition and provide conditions for
factorization to be well-posed.

Factorized games and equivalence of solutions

We consider a game node for a factorized dynamic game
to be an independent subgame containing (possibly) only a
subset of all the players and their states. More formally:

G(xAG ) =
〈
AG, {xi}, {Γi}, {Oi}, {�i}; i ∈ AG ⊆ A

〉
.

In words, a subset of the players, their current state, the
available strategies, the stage outcomes, and the preference
relation of the players on the outcomes (e.g., smaller is
preferred). Note that this is different from a generic dynamic
game definition, mostly because a game node is bound to the
state of only a subset of all the players. The actions, strategies,
and outcomes are again considered only with respect to the
players in the game node, regardless of the state of the others.

Accordingly, the stage costs (g, s), and the strategies γ shall
be considered as mappings from a game node (and not the
joint state of everyone) to their respective co-domain.

The dynamics has to change accordingly. Consider G to
be the set of all game nodes, the dynamics for the factorized
game is a function θF : G → pow(G); where pow denotes the
powerset. In contrast to the standard dynamics of a dynamic
game, the factorized one allows players to transition to
different successive game nodes. For instance, consider a game
node with 2 players. The transitions {x1, x2} 7→ {x+1 , x

+
2 }

and {x1, x2} 7→ {{x+1 }, {x
+
2 }} shall be considered different.

In the latter the two players transition to separate game nodes,
hence decoupling them for the remaining of the game. Note
the players can only get decoupled as the game progresses.
Solution concepts stay the same, even though for each game
node the equilibrium is reached among the players present
in the node.

Clearly not all possible graphs of game nodes are valid.
We are ultimately interested in the ones that factorize the
original game, and ultimately permit to retrieve one of its
solutions. Some coherency conditions are due.

Definition 2 (Valid Factorization). We say that a factorization
of a dynamic game is valid if and only if
1) Given any joint state x of the original game there exist a

unique set of game nodes G(x) = {G′,G′′, . . .} such that
x = [xG′ , xG′′ . . .]. I.e., there exists a unique set of game
nodes that can “reconstruct” a non-factorized state.

2) The factorized dynamics induces a direct graph on the
game nodes such that for every transition G 7→ G+ it needs
to hold AG ∩ AG′ = ∅ ∀G 6= G′ ∈ G+. I.e., players can
only get decoupled as the game evolves in time, and a
player cannot be present in different game nodes at the
same stage.

In the remaining we assume all the considered factorizations
to be valid. We are left with comparing a solution of the
factorized game with a solution of the original game.

Definition 3 (Equivalent strategies). Consider γF to be a
strategy profile for a valid factorization of the game. An
equivalent strategy profile γ for the original game can then
be constructed by the product of factorized ones. Hence we
say γF and γ are equivalent if and only if ∀x ∈ X:

γ(x)
1
= [γF(xG), . . .] with x = [xG, . . .]2,

up to reordering of the players.

Thus, we introduce the following definition, parametrized
by the specific solution concept.

Definition 4 (Equivalence of Solution). Let (γF)∗ ∈
SOL(G(x0)) be a solution of the factorized game. We say
that (γF)∗ is a solution of the original game if and only if its
equivalent strategy (γ)∗ (according to Def. 3) is a solution
for the original game.

2Note that this is well-posed since for a valid factorization there is a
unique way of reconstructing the state of all players.



A. Influence among players

The goal of the factorization process is to find partitions
of players whose solutions can be computed independently,
yet their composition must yield a solution of the original
game. This can be seen as a way of finding a decomposition
of the original game into a set of (simpler) games whose
composition is strategically equivalent to the original one.

This property holds if the players are independent at
equilibrium, more formally:

Definition 5 (Independence of Subgames at Equilibrium).
Let us consider a dynamic game rooted in x, with (at least)
two disjoint sets of players A′,A′′ ⊆ A. Then consider the
following factorization into subgames G(xA′), G(xA′′). We
say that A′ are independent of A′′ at equilibrium, denoted
as A′ |= ∗A′′, iff

γ̂
.
= [γ∗A′ , γ

∗
A′′ ] γ̂ ∈ SOL(G(x)), (3)

∀γ∗A′ , γ∗A′′ ∈ SOL(G(xA′))× SOL(G(xA′′)).

In words, (3) is saying that two players are independent at
equilibrium if and only if every combination of solutions of
the factorized game is a solution of the original game. We
remark that independence at equilibrium is only a strategic
equivalence. It does not imply that the outcomes of the
factorized games and the original are the same. Only that the
players would choose the same strategies.

Similarly, we can consider a stronger notion of indepen-
dence, for players that cannot influence each others for the
remaining of the game, not just at equilibrium.

Definition 6 (Strategic Independence of Subgames). Consider
the same setup of Def. 5. And denote the best response set
of the i-th player by Ri(). We say that A′ are strategically
independent of A′′, denoted as A′ |= A′′, iff

RA′(γA′′), RA′′(γA′) are constant

∀γA′′ ∈ ΓA′′ , ∀γA′ ∈ ΓA′

In words, their respective best response sets are invariant
with respect to any strategy of the others. We have the
following immediate result, that will come handy when
factorizing.

Proposition 1. Strategic independence implies independence
of players at equilibrium.

Proof. Follows trivially by Def. 5 and Def. 6 since the
equilibrium strategy belongs to the set of best responses. �

B. Influence Graph and Phase Transitions

Given a state of the original game, the independence Defs. 5
and 6 induce an influence graph among the players. In
this representation, the lack of an edge between connected
components represents a possible factorization among the
players. It is important to notice that this (in)dependence holds
only from the given state onwards. Clearly two players that
are dependent at the current state can become independent
in future states.

Fig. 2. The factorization phase diagram associated to a 4-player game. The
arrows represent the only possible transitions that a valid factorization implies,
from game nodes of higher cardinality to partitions of lower complexity. We
highlight that for the same dynamic game, different reachable states can
lead to different factorization phases for their respective subgames.

Definition 7 (Influence Graph). Let x be a joint state for
players A. We call the influence graph among the players in x
the graph I(x) = 〈A,A×A〉 where we remove all the edges
(i, j) if Pi, Pj satisfy the independence relation Def. 6 for
the subgames G(xi),G(xj). Similarly, we call the influence
graph at equilibrium I∗ the same graph constructed removing
the edges according to Def. 5.

Definition 8 (Factorization phases). We call factorization
phases the set of possible partitions (i.e., connected compo-
nents of the influence graph) of the players up to relabeling
of the players.

Hence we can observe that a valid factorization admits
only certain transitions among phases, graphically depicted
in Fig. 2. Intuitively as the dynamics of the game evolves,
the joint state of the players can be further factorized into
smaller games. In regard to Fig. 2 we observe the following:
• In general for a factorized dynamic game only certain

phase transitions can happen.
• The initial state could be already factorized. For instance,

for a n-player dynamic we might never need to solve a
n-player game node.

• For any given state of the original game there exist a
unique corresponding phase.

C. Factorization algorithms as heuristics

The process of solving a dynamic game involves two steps:
1) building the game graph 2) solving each game node via
backward induction. As a general rule, the smaller the number
of nodes and the fewer the number of players, the better for
computation. Thus, we would like to build the game graph
“as factorized as possible”.

When building the game graph, we expand each game node
and get a candidate new state that we check for factorization.
Can the new state be factorized into smaller subgames? Def. 5
tells us that we are looking for new subgames that can be
solved independently to retrieve the solution of the non-
factorized game. While Def. 5 defines what we would like to
have, it has little applicability unless one already knows the
solutions of the (sub)game and the candidate factorizations.



For this reason, we consider a factorization algorithm more
similar to a heuristic function that must imply Def. 5 when
applied3. Each algorithm for factorization might be more
or less expensive to compute and yield a factorization that
is more or less conservative. One extreme is given by the
“identity”, which never partitions the new states. On the other
end, one could directly apply Def. 5 to each new candidate
state. This yields the “slimmest” possible factorization, but at
the price of a very high computational burden. We imagine
that between these two extrema there is a whole Pareto-front
to discover. In Alg. 1 we observe that FACTORIZE is indeed
a function placeholder in the node expansion (line 12). In
the following, we fill this placeholder for a specific class of
games.

Algorithm 1 Build game graph with factorization.

1: X ← {} . The processed states
2: G ← {} . The game nodes
3: for all xF ∈ FACTORIZE(x0) do
4: BUILD GAME GRAPH(xF)

5: function BUILD GAME GRAPH(x)
6: x̂←REMOVE TERMINATED PLAYERS(x)
7: if x̂ ∈ G or x̂ == ∅ then return
8: X .add(x̂)
9: for all γ ∈ Γ(x̂) do

10: G.add(GAME NODE FROM STATE(x̂, γ))
11: x+ = θ(x̂, γ) . Stage dynamics
12: for all xF ∈ FACTORIZE(x+) do
13: BUILD GAME GRAPH(xF) . Recursive call

IV. FACTORIZATION APPLIED TO ROBOTIC MOTION
PLANNING

We now instantiate the concepts presented to dynamic
games in the realm of robotic motion planning. It turns out
that for this class of games we can compute inexpensive
heuristics to factorize the game. The result is fewer nodes to
solve and less required computation time.

While checking for independence of players can be cumber-
some in the general case, many multi-agent motion planning
problems can be formulated in a natural way as games
where the coupling among the players happen only via a
shared collision/proximity term in the cost function. Among
many examples, see [4]–[9], [26]. The last decades of robotic
developments taught us that a natural way of checking for
collision and proximity involves associating an occupancy
map to the state of the robot. Indeed, we think of robots as
players competing for portions of the workspace–both in space
and time. We observed that in these cases, we can factorize
the game by checking for independence with a logical AND
operation between reachable sets of resources.

A. Factorization using reachable resources

More formally, we consider a set of resources R as
quantization of the workspace W and the time axis T, that

3Here we see a parallel with pathfinding algorithms.

is R .
=W × T. We then associate a subset of the resources

to each game node. Similarly to an incremental cost, we have

Definition 9 (Resources of a game node). Let G be a game
node. A mapping of the type Res(G) : XG×ΓG → R defines
the resources associated to G. The resources can be further
conditioned on a specific strategy, denoted as Resγ(G).

For example, in the robotic context computing these
resources corresponds to finding the occupancy map of the
robots. Further, given the resources associated to each game
node, one can compute recursively the reachable resources
at the next stages. We denote the set of future reachable
resources as a map futureRes(G) : T×XG×ΓG → R. When
conditioned on a fixed strategy γ we write futureResγ(G).
Note that, given a state and a future time index, the future
resources correspond to the forward reachable set of a player
at the given time [27].

Our main contribution with respect to this class of dynamic
games for embodied agents is the following factorization
procedure. Instead of building the game graph and solving it,
we do:
1) Solve the DP problems of each of the single players;
2) Compute the reachable sets of resources associated to the

individual players game (the DPs);
3) Build the factorized game graph using the intersection of

future resources as a factorization heuristic for indepen-
dence of players;

4) Solve the factorized game graph via backward induction.
We will see in Sec. V that this procedure can deliver enormous
advantages, for example, in the autonomous driving domain.

We are left with assessing when and how the intersection
of resources among players is a good factorization heuristic.

Assumption 1. The following implications must hold for
resources to serve as a factorization tool. Let i, j ∈ A with
respective state xi, xj
• Empty intersection of reachable resources implies strategic

independence between i, j:

futureRes(G(xi)) ∩ futureRes(G(xj)) = ∅ ⇒ i |= j.

• Empty intersection of reachable resources under optimal
solutions implies independence at equilibrium between i, j.

futureResγ
∗
i (G(xi)) ∩ futureResγ

∗
j (G(xj)) = ∅

∀γ∗j , γ∗j ∈ SOL(G(xi))× SOL(G(xj))⇒ i |= ∗j.

At the practical level, Assumption 1 requires that the state-
to-resources projection (Res) captures all the interaction costs
between the agents. For instance, a proximity cost of an agent
needs to be captured by its occupancy map (e.g., by inflating
its state occupancy).

B. Factorization algorithms over future resources

We introduce two factorization algorithms that leverage the
reachable resources computed solving the individual games.

FACT1 factorizes building the strategic influence graph
for each new candidate state. Consider the expansion of a
given game node. For each action profile we find a new



candidate state (x̂) of the players. For each pair of players
we know that they could be strategically dependent if the
reachable future resources intersect (line 3-5 Alg. 2). Subsets
of players that are independent of each others will eventually
have no connection. Thus, the connected components of I
represent the factorization of the new state. The new state
gets factorized in as many new game nodes as the number
of connected components. This process is repeated while
building the game graph, for each game node to be expanded,
for each feasible joint action profile.

FACT2 is a refinement of FACT1 based on the observation
that we can try to factorize single players based on their
optimal future resources. The ones associated to the their
solution strategy for the alone game. This is often a much
smaller set than all the reachable ones. For partitions with
more than one player we still have to use the reachable future
resources. These provide an upper bound to the resources
required by the solution of that subgame. Recall indeed, that
with the proposed approach, when we build the game graph
we know only the solutions (hence the required resources)
of the individual (sub)games. The algorithmic summary of
FACT2 is provided in Alg. 3.

Algorithm 2 FACT1 algorithm
Input futureRes(G(x̂i)) ∀i ∈ A

1: function FACT1(x̂)
2: I =

〈
Ax̂, {}

〉
. The influence graph

3: for (i, j) ∈ COMBINATIONS(Ax̂, 2) do
4: if futureRes(G(x̂i)) ∩ futureRes(G(x̂j)) then
5: I.add edge((i, j))

6: return CONNECTED COMPONENTS(I)

Algorithm 3 FACT2 algorithm

Input futureRes(G(x̂i)), futureRes
γ∗i (G(x̂i)) ∀i ∈ A

1: function FACT2(x̂)
2: I =

〈
Ax̂, {}

〉
. The influence graph

3: partitions ← {} . Current agents’ partition
4: while partitions != CONNECTED COMP(I) do
5: partitions = CONNECTED COMP(I)
6: for {i} ∈ partitions do
7: if len({i}) == 1 then
8: futureRes{i} ← futureResγ

∗
i (G(x̂i))

9: else
10: futureRes{i} ← ∪i∈{i}futureRes(G(x̂i)

11: for ({i}, {j}) ∈ COMBINATIONS(partitions,2) do
12: if futureRes{i}∩ futureRes{j} then
13: I.add edges(({i}, {j}))
14: return partitions

V. EXPERIMENTAL RESULTS AND DISCUSSION

We exemplify factorization capabilities in driving scenarios.
The players are AVs solving the motion planning problem
finding an equilibrium policy for the game. The proposed

Fig. 3. The game graph resulting from the 3-player case (played from left
to right). Nodes represent game nodes, edges the possible transitions. On
the left, NAIVEDG has 18607 nodes. On the right FACT2 with 3593 nodes.
One can appreciate graphically how the graph on the right results with many
fewer nodes, fewer edges, and more yellow/green nodes. The color encodes
the number of players in the game node: orange 3 players, yellow 2, green
1. Note that some yellow/green nodes are present also on the left due to
early termination of the other players.

setup is integrated on reproducible, publicly available Com-
monRoad scenarios [28].

The state of each player is described by its progress along
its reference lane, its current speed, and the waiting time (how
long it has been waiting in that position). The vehicle’s action
space corresponds to a discrete set of feasible accelerations.
Each player has the objective of minimizing the time to
destination while not colliding and minimizing the safety
distance violation from other players. We express these
objectives as a lexicographic preference over the outcomes.
We ensure to write the players’ preference satisfying the
communal properties of Urban Driving Games (UDGs) [29],
thus making the game potential. This allows us to search for
equilibria in pure strategies, with also the guarantee that the
global optimum minimizes the social cost.

A. Case study

We consider a multi-lane intersection (USA Lanker
from [28]) with up to 5 vehicles as the testbed for factorization.
Each vehicle has a starting position and a goal progress.
These are visible in the first subfigure of Fig. 4 along with
the resources associated to the initial state. In the same setup
we introduce additional players one at a time. Hence, as
summarized in Table I, we end up with 4 scenarios where,
respectively, only the first 2 players are present, then only
the first 3, and so on.

Each of the scenarios is solved for the same identical
initial conditions by three solvers. 1) NAIVEDG solves the
dynamic game without factorization, builds the game tree
directly on the state space of all the players and solves it
via backward induction; 2) FACT1 solves first the single
DPs of the players collecting the resources, then builds the
factorized game graph using Alg. 2, finally solves it via
backward induction; 3) FACT2 works as FACT1 but factorizes
according to Alg. 3. A graphical illustration of the resulting
game graph is shown in Fig. 3 for the 3-player case.

B. Implementation details

Cost functions: The stage cost of each player is a
lexicographic cost minimizing: 1) collision energy, 2) safety
distance violation, 3) time. Note that not all monoids on
such a cost structure would preserve the Bellmann optimality



TABLE I
SUMMARY OF SOLVE TIMES AND GAME NODES NUMBERS.

Players 2 3 4 5

t [s] # Nodes t [s] # Nodes t [s] # Nodes t [s] # Nodes

NAIVEDG 0.7 729 26.7 18607 1568 465567 OOMa OOMa

FACT1 0.85 (+21%) 439 (-40%) 11.5 (-57%) 4386 (-76%) 63.5 (-96%) 12474 (-97%) 989 68586
FACT2 0.82 (+17%) 434 (-40%) 8.83 (-67%) 3593 (-81%) 54.2 (-97%) 10041 (-98%) 591 (-40%)b 33685 (-51%)b

a Out of memory.
b Relative gain with respect to FACT1.

Fig. 4. A visualisation of the 5-player case with its equilibrium solution. Each player is visualized with the resources associated to its current state. One
can observe that they span asymmetrically more to the front of the vehicles. This occurs because they need to “upper bound” the stage costs such that an
empty intersection of resources implies no joint stage costs between the players when transitioning to the next state. As a result, a vehicle travelling at
higher speed requires more resources. Finally, recall that for factorization the independence check involves not only the visualized resources but also all the
ones associated to the future reachable states.

principle. For example, propagating only the maximum
violation of safety distance. We propagate the stage costs with
a cumulative sum which preserves the optimality principle
and allows us to solve the game graph in a single pass via
backward induction.

Discretization: The action set of the vehicles is dis-
cretized into 3 possible acceleration values ({−1, 0,+1}). We
remove negative accelerations if they cause negative velocities.
The position of the vehicles is quantized to the three most
significant digits of progress (a progress of 15.43 and 15.46
are the same state). The stage discretization is a parameter
set to 2 [s] for the reported results.

Terminal condition: Currently for a player the game
terminates only if it reaches the goal progress or it collides
and no another active player is in its game node. To avoid
players waiting at a certain state forever we set a maximum
waiting time (1 stage), after that, the only action available to
the vehicle are positive accelerations. This parameter has been
set arbitrarily to have the game terminating within reasonable
depth of the tree in any case. We imagine that most of these
precautions can be avoided setting a maximum lookahead in
number of stages.

Resources: The set of available resources is obtained by
subdividing the lanelets of the road network in polygons with
a length of 1.5 m for the reported results. A more granular
subdivision would allow a less conservative factorization.

Solutions: We solve the game graphs exhaustively
finding closed loop equilibria for all the game nodes. An
exception is made for FACT2, whose factorization depends
on the solutions of the individual DPs. Thus, not considering
the possibility for an “alone” player to deviate from the
optimal strategy. For now, we delegate the study of the specific
factorization algorithms tailored to specific solution concepts
to future work.

C. Results and Discussion

We report in Table I the summary results for the presented
study cases. We compare FACT1 and FACT2 with a baseline
that does not use any factorization (NAIVEDG). The compu-
tation times include creation of all the game graphs, resource
computation (when needed) and solutions. Similarly, for the
factorization algorithms, the number of nodes includes also
the ones generated in individual games. While the values are
still in the same order of magnitude for the 2-player case,
already by just adding an additional player this is not the



case. For the 4-player case, NAIVEDG generates almost half
a billion nodes versus the factorized counterparts that go
slightly above 10k.

Comparing FACT1 and FACT2, we observe that, for the
cases at hand, it is worth the extra effort in factorization
checks. In particular, FACT2 is able to factorize earlier single
players into “alone” games. This is particular evident for the
5-player case. Indeed P5 (in green in Fig. 4), has a starting
condition that is prone to early factorization in the game graph.
In particular when considering its future optimal resources,
it quickly becomes independent of the others. This does not
happen so “early” with FACT1 that considers its reachable
resources, hence the possibility of slowing down and still
interfering with P2 (in magenta in Fig. 4).

Even though the relative gains and the number of nodes
are what matters the most in comparing the algorithms, we
believe that also the absolute numbers in solving time can
be significantly improved. The current implementation uses
Python as programming language, and includes realistic cost
structures that could be slimmed down if needed (e.g., by not
computing collision energy of collisions). We do believe that
an implementation in strongly typed languages with minimal
cost structures could also reduce the absolute solving time
of 2− 3 orders of magnitudes. Yet, as the number of players
grows, it would show asymptotically the same relative gains.

VI. CONCLUSION AND OUTLOOK

We introduced factorization of a dynamic game as a
transformation of the original game that is strategically
equivalent but much simpler to solve. We presented two
algorithms for factorization that are applicable to dynamic
games in the robotic context. We further imagine that many
other exists also in different application domains. Indeed, we
see a parallel with heuristics of path finding algorithms. Some
algorithms for factorization can be more suited to certain types
of games than others. In this sense, we conceive to evaluate
a factorization algorithm as a trade off between computation
overhead and degree of the factorization. Finally, we envision
the possibility of including asymmetric dependence of players.
In the presented domain of autonomous vehicles this could,
for example, depend on traffic rules (e.g., right of way).
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