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Rasmussen invariants of Whitehead doubles
and other satellites

By Lukas Lewark at Regensburg and Claudius Zibrowius at Regensburg

Abstract. We prove formulae for the [F>-Rasmussen invariant of satellite knots of pat-
terns with wrapping number 2, using the multicurve technology for Khovanov and Bar-Natan
homology developed by Kotelskiy, Watson, and the second author. A new concordance homo-
morphism, which is independent of the Rasmussen invariant, plays a central role in these
formulae. We also explore whether similar formulae hold for the Ozsvath—Szabé invariant 7.

1. Main results

In this article, we study the values that Rasmussen invariants take on satellite knots with
wrapping number two, such as Whitehead doubles and 2-cables. We begin by stating our main
theorem for winding number zero satellites.

Theorem 1.1. For every knot K C S3, there exists a unique integer %2 (K) such that

52(P(K)) = s2(P_p,x)(U))

for all patterns P with wrapping number two and winding number zero.

Theorem 1.2. The knot invariant ¥, induces a homomorphism from the smooth knot
concordance group to the integers, which is linearly independent of the one given by s;.

Let us explain our notation. For p a prime, s, denotes the Rasmussen invariant over the
field IF,, (see [28,35]), while 5o denotes the original Rasmussen invariant over Q (see [42]).
By a pattern P, we mean a knot in the standard solid torus. We write P(K) for the satellite
knot with pattern P and companion knot K. For ¢ € Z, we denote by P; the pattern obtained
from P by applying ¢ right-handed full twists to the standard torus. We denote the unknot by U .
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Figure 1. An application of Theorem 1.1: plugging a suitable pattern tangle 7p into the grey discs
in (a) and (b) results in the two knots P (7% 3) and P_4(U), respectively, where 75 3
denotes the right-handed trefoil. Some possibilities for 7p are shown in (c)—(g). For
a fixed P, those two knots have the same Rasmussen invariant s according to Theo-
rem 1.1 since 9 (73,3) = 4.

For many classical knot invariants, such as the signature or the Alexander polynomial,
one can express the invariant of a satellite as a function of the pattern and the invariant of
the companion. The Rasmussen invariant s;, on the other hand, displays a more complicated
behaviour: indeed, the independence of s, and ¥, claimed in Theorem 1.2 implies that the pair
(P, s2(K)) does not determine s2( P (K)). However, Theorem 1.1 tells us that, for all winding
number zero, wrapping number two patterns P, the value s, (P (K)) is instead determined by
the pair (P, 92(K)). This is the raison d’étre of the knot invariant 9.

The proof of the theorems in a nutshell. Observe that one may cut the satellite knot
P(K) along a sphere into two tangles, as can be seen in Figure 1 (a): one pattern tangle Tp
associated with P and one companion tangle Tk that is determined by K. Now, we use Bar-
Natan’s extension of Khovanov homology to tangles [2]. Bar-Natan associates with a tangle
T a chain complex [T'] over a certain additive category Cob,;, which depends on the num-
ber of endpoints of 7. The complexes [7] are well-defined up to homotopy equivalence and
well-behaved under gluing. Thus, from [7p] and [Tk], one may calculate the Khovanov
homology of P(K), and from that homology (precisely, the reduced Khovanov homology over
F2[X]/(X? + X)), one may read off so(P(K)).

Since P has wrapping number two, Tp and Tk are Conway tangles, i.e. tangles with four
endpoints. Chain complexes over Cob,; for four endpoints are well-understood by the work of
Kotelskiy, Watson, and the second author [16, Theorems 1.1 and 1.5]. Indeed, such chain com-
plexes can be encoded geometrically as certain sets of immersed curves (so-called multicurves)
on the four-punctured sphere. The multicurve of [7] consists of a finite number of immersed
circles and exactly one immersed interval, which is called the non-compact component and
is denoted by ﬁﬂla(T). It turns out that the Rasmussen invariant s, of P(K) = Tp U Tk is
fully determined by BN, (Tp) and BN, (Tk). The crucial step, which relies on the multicurve
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technology, is to show that BN, (Tk) is, in a suitable sense, approximated by ﬁﬂla(ngz( K))
for some ¥>(K) € Z, where Q,4,(k) is the (rational) Conway tangle consisting of 21} (K)
left-handed half-twists. It follows that

52(P(K)) = 52(Tp U Tk) = s2(Tp U Q29,(k)) = 52(P—p,x)(U)),

as claimed in Theorem 1.1. A detailed proof will be given in Section 6.

The proof of Theorem 1.2 consists of two parts. Firstly, by applying Theorem 1.1 with
varying patterns, one can deduce that 9, is a concordance homomorphism, as we shall see in
Proposition 4.3. Secondly, the linear independence of s, and ¥, can be seen from their values
on the torus knots 77 3 and 73 4; see Table 1. This and further independence results will be
proven in Proposition 7.3 in Section 7.

Knot s,

T3 2 4
Tsa 6 8
Table 1

2. Complementary results and speculations

In this extended introduction, we put Theorems 1.1 and 1.2 into the context of other
slice-torus invariants. We also explore formulae for Rasmussen invariants of satellite knots
with winding number £2 patterns and discuss some applications of our results. The reader
eager to peruse the proofs of Theorems 1.1 and 1.2 may proceed directly to Section 2.9, where
a summary of the paper’s structure will help to decide where to continue.

2.1. Pattern-twisting behaviour of slice-torus invariants. It is remarkable that, while
the methods that go into proving Theorem 1.1 are very particular to Khovanov homology, the
proof that 9, is a concordance homomorphism, as claimed in Theorem 1.2, does not require
any properties of s, beyond the fact that it satisfies Theorem 1.1; any such invariant gives rise
to a potentially new concordance homomorphism. Thus, one is led to wonder: Do variations of
Theorem 1.1 hold for other knot invariants?

We will discuss this question later for various different knot invariants in Section 4.3. For
now, we restrict to slice-torus invariants (Definition 4.1). This family of knot invariants was
first studied by Livingston [31] and contains the Rasmussen invariants, normalised as %" for any
characteristic ¢, as well as the Ozsvath—Szab¢6 invariant  coming from Heegaard Floer theory.
In the following, let v denote a slice-torus invariant, K a knot, and P a pattern of wrapping
number two and winding number zero. The following result describes how v(P(K)) is affected
by twisting P.

Proposition 2.1. For any fixed triple (v, P, K), the function 7. — Z, t — v(P;(K)), is
either constant or there exists a unique jump point 0 € Z such that, for all t € 7,
1 ift=10,

0 otherwise.

2.1) V(P (K)) = v(Pr-1(K)) — {



244 Lewark and Zibrowius, Rasmussen invariants

V(P (K)) V(P (K))
[ ]
[ ]
[ ] o [ ] [ [ ]
[ ] [ ] [ ] [ [ ] [ ]
[ ]
°
i t ° i t
(P, K) (P, K)
(a) For winding number O patterns (b) For winding number +£2 patterns

Figure 2.  The behaviour of the functions ¢ + v(P;(K)) for wrapping number 2 patterns in the case
Dy(P, K) # oo.

This explains the role played in Theorem 1.1 by the value ¥, (K), which we can now
generalise as follows.

Definition 2.2. For any fixed triple (v, P, K), we define 9, (P, K) € Z U {oo} as the
unique integer ¥ satisfying (2.1) if such an integer exists and co otherwise; see Figure 2 (a) for
an illustration. Moreover, we set

By (P) :=9,(P,U) and ¥,(K):=0,(WT, K),

where W is the positive Whitehead pattern, i.e. the pattern corresponding to the tangle in
Figure 1 (¢). For ¢ = 0 or a prime, we write

9c(K) i= 95 (K) and  0c(P) := D5 (P).

Livingston and Naik [33] proved Proposition 2.1 for P = W and defined an invariant
ty(K), which is related to 9, (K) by a mere translation: #,(K) = 1, (K) — 1. Our reason for
introducing this shift is given by Theorem 1.2: for v = 3, %, (K) = 12(K) induces a concor-
dance homomorphism, whereas #, (K) does not.

The invariant 932 (K) does indeed agree with the integer ¥2(K) from Theorem 1.1.
Before justifying this statement, we first make an observation and a computation.

Proposition 2.3. For any slice-torus invariant v and knot K, v, (K) is finite.

Proof. This is a reformulation of the first part of [33, Theorem 2], where our invariant
% (K) = 0, (W™, K) corresponds to #,(K) + 1 in their notation. m|

Example 2.4. Observe that W0+(U ) =U and W_J“1 (U) = Tz,3. So, for all slice-torus
invariants v, v(WoJr (U)) = 0and v(W_Jr1 (U)) = 1. By Proposition 2.1, this implies

1 ifr <0,

0 otherwise,

v(W T (U)) = {

and hence ¥,(U) = 9, (W™, U) = &, (W ™) = 0. Similarly, one can determine o, (W ~) = 1,
where W™ is the negative Whitehead pattern (corresponding to the tangle in Figure 1 (d)).
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Now, suppose v is a slice-torus invariant and K a knot such that
VW (K)) = vW, Ly ) (U))

for some integer ¥ (K) independent of ¢. Then it follows that ¢ (K) = 9, (K). In particular, the
integer U2 (K) from Theorem 1.1 agrees with 52 (K). The preceding discussion also allows us
to make the question from the beginning of this subsection more precise.

Question 2.5. Let v be a slice-torus invariant. Does v(P(K)) = v(P_g, (k)(U)) hold
for all knots K and all patterns P with wrapping number two and winding number zero?

The following is a variation of Theorem 1.1, which allows us to compute 52 (P; (K)) for
any t € 7 from the three invariants s (P (U)), 92(K), and 9, (P).

Proposition 2.6. Suppose v is a slice-torus invariant for which the answer to Ques-
tion 2.5 is “yes”. Then, for all knots K, integers t, and patterns P of wrapping number two
and winding number zero, the following holds:

1 if 95(P) # 00 and t — By (K) < p(P) <0,
V(Pi(K)) =v(P(U)) + =1 if $(P) # ocoandt —t,(K) = 3,(P) > 0,

0 otherwise.

Proof. By hypothesis, v(P;(K)) = v(P;—p,k)(U)). The identity now follows from
Proposition 2.1, observing that v(P;_s, (x)(U)) is equal to v(P(U)) unless the jump point
Uy (P) is finite and lies between ¢ — 9, (K) and 0. |

In Sections 6 and 7, we will see two different methods of computing the invariants ¥, (K)
and 9. (P). Firstly, they can be computed directly from definition, using the computability of
the Rasmussen invariants; see Proposition 7.1. Secondly, they can also be easily read off the
multicurves associated with pattern and companion tangles. By applying Proposition 6.6 to the
curves in Figure 15, we compute the following values for the patterns P7 associated with the
tangles 7" from Figure 1:

920 F) = 92(PTe) = 92(PT) =0, (W7) =1, and 92(P"") = co.
Similarly, using Corollary 6.14, we can easily determine the following values:
9231) =4, $2(41) =0, and D2(819) =8.

Here 31 = 72,3 and 819 = T34 denote the positive torus knots. We have computed the invari-
ants 9. (K) for a range of small knots K. The results are available online [26]. For more details
about computations, see Sections 6 and 7.

Thanks to Theorem 1.1, once we know ¥, (K) and ¢, (P), we also know 95 (P, K).

Proposition 2.7. Suppose v is a slice-torus invariant for which the answer to Ques-
tion 2.5 is “yes”. Then, for all knots K and patterns P of wrapping number two and winding
number zero,

H(P, K) = Dv(P) + D (K).
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Proof. By hypothesis, the functions ¢ +— v(P(K)) and ¢ — v(P(U)) are either both
constant (in which the asserted identity becomes co = co + integer) or the difference

ﬁv(P, U) - ﬁv(P, K)
between their jump points is indeed precisely —t,, (K). O

Livingston—Naik showed that, for all knots K and ¢ € Z, the values v(W,Jr (K)) and
v(W,; (K)) cannot both be non-zero [33, Theorem 1]. We can push this result a little further.

Corollary 2.8. Suppose v is a slice-torus invariant for which the answer to Question 2.5
is “ves”. Then, for each knot K, there is a unique integer t with

V(W7 (K)) = v(W, (K)) =0.
Indeed, we have
0,-1), t>,(K),
W (K)), v(W,(K)) = 4(0,0), = (K),
(1,0), t <9y (K).
Proof. By Example 2.4, %,(W™) = 0 and &,(W ™) = 1 for all slice-torus invariants v.

Also, note that W= (U) is the unknot, so we have v(W*(U)) = 0. Now apply Proposition 2.6
to P =W=* D

2.2. Comparison with the behaviour of z. This paper was inspired by results of
Hedden, who computed the Ozsvith—Szabé invariant v for twisted Whitehead doubles [9].
From the perspective of the previous subsection, Hedden’s results say that, for any knot K,

(2.2) U (K) = 21(K).
Interestingly, twisted Whitehead doubles were the first known examples of knots K with
t(K) # S (K).
In fact, it was Hedden and Ording [10] who found the first such example by showing that
(23) (W (12)) =0 # 1= 2 (W, (T2)).

This inequality can now be seen as a consequence of the fact that ¥ (72,3) = 27(72,3) = 2,
whereas ¥9(72,3) = 3; see (7.1) in Section 7. In view of identity (2.2), even if Question 2.5
has a positive answer for v = t, the concordance homomorphism @, thus obtained is not new.
However, identity (2.2) allows us to reformulate Question 2.5 as follows.

Question 2.9. Does the Ozsvath—Szab6 invariant t satisfy

T(P(K)) = t1(P_2¢(k)(U))

for all knots K C S3 and patterns P with wrapping number 2 and winding number 0?

In Section 4.2, we discuss a result of Levine [21] which gives a positive answer to
Question 2.9 for certain patterns P.
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A common way to show that two slice-torus invariants v, v’ are not equal is to evaluate
them on a well-chosen twisted Whitehead double W': see e.g. (2.3) above for 59 # t or [25]
for s9 # s3. However, in this way, one can only ever find knots W with [v(W) —v/(W)| = 1,
see Example 2.4. Does there exist a knot K with three-genus 1 such that [v(K) — v/(K)| = 2?
We prove the following in Section 4.2.

Proposition 2.10. There exists a knot K with three-genus 1, Alexander polynomial 1,
T(K) = 1 and s5(K) = —2. More generally, for any prescribed triple (g, a, b) of integers with
la] < g, |b| < g, there exists a knot L with three-genus g, Alexander polynomial 1, t(L) = a
and s»(L) = 2b.

2.3. Geometric applications. Let us showcase two corollaries to Theorem 1.1. The
first answers an open question of Hedden and Pinzén-Caicedo, to “find any knot for which the
Whitehead double of both K and —K are non-zero in concordance™ [11].

Corollary 2.11. There exists a knot K such that W (K) and W (—K) generate a
summand of the smooth concordance group € that is isomorphic to 7.2.

Proof. Let K = T}3#T"; ;. Using the additivity of 7 and 9 with respect to the con-
nected sum operation # and Table 1, one computes (K) = 1 and 9, (K) = —4, and thus finds
the values shown in Table 2. So the split epimorphism (, £2): € — Z? admits the right-sided
inverse (W (K), W (—K)), proving the existence of the desired summand. o

Knot T S

WHK) 1 0
WH-—=K) 0 2

Table 2

The second corollary concerns a conjecture of Hedden [11]. Let P be a pattern with
wrapping number two and winding number zero. The conjecture then says that if K — P(K)
induces a homomorphism € — €, then it is the zero homomorphism, i.e. P(K) is slice for
all K. Some evidence for this conjecture is provided by the fact that v(P(K)) = 0 holds for
all knots K and slice-torus invariants v. Indeed, this follows because, by assumption on P,
v(P(K*)) = v(P(K)*), which in turn is equal to n - v(P(K)) for all n € Z, but the set
{v(P(K)) | K aknot} contains at most two elements by Proposition 2.1. Using Theorem 1.1,
we find another restriction for such P.

Corollary 2.12. Let P be a pattern with wrapping number two and winding number
zero such that the function K +— P(K) induces an endomorphism on the smooth concordance
group. Then s5(P;(K)) = 0 holds for all knots K and all integers t. In particular, ¥ (P) = oo.

Proof. Let P be a pattern as in the hypothesis, and assume s, (P;(K)) > 0 for some
knot K and some ¢ € Z. Let u be a positive integer such that —4u <t — 9, (K). Then

0 < 52(Pt(K)) = 52(P1—g, (k) (V) < 52(P—4u(U)) = 52(P(T5%)) = u - 52(P(T2,3)).
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Here, the first two equalities follow from Theorem 1.1 and the last equality from the assump-
tion on P. Consequently, s2(P(73,3)) # 0. Therefore, the value sz(P(Tf”f,,)) is unbounded as
u — oo. This contradicts the fact that the knots P(Tf"g) and P(sz/) are related by a smooth
cobordism of genus one for any u, u’ € Z. Hence we have led the assumption s, (P;(K)) > 0
ad absurdum. One proceeds similarly for s, (P;(K)) < 0. So it follows that 55 (P;(K)) = 0 for
all knots K and integers ?. m)

2.4. Does Theorem 1.1 hold over arbitrary coefficients? As discussed in Section 1,
our proof of Theorem 1.1 heavily relies on the immersed multicurves technology. At the
moment, this technology is the furthest developed for ground fields of characteristic 2. How-
ever, multicurves exist for fields of all characteristics, and we expect our proof of Theorem 1.1
to extend without major changes to all ground fields, thus giving a positive answer to Ques-
tion 2.5 for v = s.

Conjecture 2.13. Forall knots K C S 3 alle equal to O or a prime, and all patterns P
with wrapping number two and winding number zero, we have

Sc(P(K)) = sc(P-y.(x)(U)),

where U, (K) is the integer from Definition 2.2.

2.5. Winding number £2 patterns and #, -rationality. The techniques for the proof
of Theorem 1.1 can be adapted to patterns with wrapping number 2 and winding number +2.
As before, this allows us to compute the Rasmussen invariant of any satellite knot (with such
a pattern) as a function of invariants extracted independently from the pattern and the compan-
ion. Interestingly, the technical difficulty that tied us to working over characteristic ¢ = 2 in
Theorem 1.1 disappears: we can now work over arbitrary characteristics c.

However, compared to the setting considered previously, there is one fundamental differ-
ence, which is not particular to the Rasmussen invariants, but which appears in the behaviour
the Ozsvath—Szabd invariant 7, too. In fact, this structural difference can be understood for all
slice-torus invariants. So we defer the statement of our winding number 42 pattern results for
the Rasmussen invariants to Section 2.6 and first consider the following general setting: as in
Section 2.1, let v denote a slice-torus invariant and K a knot, but now P denotes a pattern of
wrapping number two and winding number +2. In analogy with Proposition 2.1, we have the
following result, which is illustrated in Figure 2 (b).

Proposition 2.14. For any fixed triple (v, P, K), the function 7Z. — 7, t — v(P;(K)),
is either affine of slope 1 or it has a single “stationary point”, in the sense that there exists
a unique integer © € 7. such that, for all t € 7,

2.4) V(P(K)) = v(Pr1 (K)) + {0 =
1 otherwise.

This result was shown for cables by van Cott [47, Theorem 2], and then generalised by
Roberts. It is a special case of [43, Theorem 2], but for the sake of completeness, we will
provide a quick proof in Section 4.1. In analogy to Definition 2.2, we have the following
definition.
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(@) O-1 (b) T ©T, () T¢ T, T,

Figure 3. Some tangles for patterns with winding number +2.

Definition 2.15. For any fixed triple (v, P, K), we define ¥, (P, K) € Z U {oco} as the
unique integer ¥ satisfying (2.4) if such an integer exists and oo otherwise; see Figure 2 (b) for
an illustration. Moreover, we set

h(P):=0(P.U) and 9 (K):=1(C2,1. K),

where C3 ; is the (2, 1)-cable pattern, i.e. the pattern corresponding to the rational tangle Q _;

in Figure 3 (a). For ¢ = 0 or prime, we use the subscript ¢ in place of the subscript v = %
The key difference between winding number 0 and winding number +2 patterns is the

following: unlike 9, (K), the invariant ¢/,(K) need not be finite for all knots K; in other words,

there is no analogue of Proposition 2.3. This motivates the following terminology.

Definition 2.16. If 9/ (K) is finite, we call K ¥, -rational, or ¥.-rational if v = % for
¢ = 0 or prime.

Remark 2.17. Since, for all patterns P, P(K) and P(J) are concordant if K and J are,
it follows that 9, (P, K) is a concordance invariant, for winding number 0 and £2. So ¥}, (K)
and 1, -rationality are also concordance invariants. In particular, slice knots are },,-rational with
¥, = ¥y = 0, since v(Cz,+1(U)) = 0 implies that 9, (U) = 0, and 9,,(U) = 0 was computed
in Example 2.4.

Example 2.18. For K = T 3 the right-handed trefoil knot, one may compute that
§2(C2,2:+1(K)) = 4 4 2t holds for all integers ¢. So the trefoil knot is not t,-rational. On
the other hand, the figure eight knot is ¥, -rational with ¢, = 0 for all v, as a consequence of
the following proposition.

Proposition 2.19. Any knot K with order two in the smooth concordance group, such
as an amphicheiral knot, is ¥, -rational and satisfies 9,,(K) = 0.

Proof. The knot —C3 1 (K) is isotopic to C»,—1 (—K), which is concordant to C2 —1 (K).
So we have —v(C2,1(K)) = v(C2,-1(K)). But since

v(C2,1(K)) —v(C2,—1(K)) € {1,0}

by Proposition 2.14, it follows that v(C2,1(K)) = v(Ca,—1(K)) = 0,and thus 9,(K) = 0. ©

Question 2.20. Does ¥/, (K) = ¥,(K) = 0 hold for all slice-torus invariants v and
¥, -rational knots K?
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For v = 7, Question 2.20 is already known to admit a positive answer. The answer,
which relates 1, -rationality to Hom’s concordance invariant £(K) € {0, =1}, is an immediate
consequence of [12, Theorem 1].

Proposition 2.21.  For any knot K, the following conditions are equivalent: 9. (K) = 0;
K is ¥;-rational; e(K) = 0. Moreover, each of them implies 9:(K) = 2t(K) = 0. m]

Computational evidence so far seems to suggest that . -rationality is independent of the
characteristic ¢ and in fact agrees with ;-rationality [26].

Question 2.22. Is there a ¥.-rational knot K with ¢(K) # 0? Or conversely, a non-t,-
rational knot K with ¢(K) = 0?

The condition &(K) = 0 admits a geometric description in terms of Hanselman, Ras-
mussen, and Watson’s multicurve invariant P/ITJ(S3 ~ D(K)) of the knot exterior S3 ~ D(K)
(see [8]). It is equivalent to the condition that a particular component of the multicurve invari-
ant P/IF(S3 ~ D(K)) agrees with ﬁF(S3 ~ D(U)) (see [7, discussion after Example 48]), which
is a huge restriction. Therefore, the case ¢(K) # 0 should be understood as the generic case.

For the same reason, “most” knots should not be .-rational: in Definition 2.16 and
Proposition 6.18, we will characterise ¥.-rational knots K in terms of their associated tan-
gle invariants BN, (Tk;Fc). Specifically, a knot is ¥.-rational if and only if the component
ﬁT\Ia (Tk; IF.) of the multicurve invariant ]?N(TK; F.) is equal to ]_5;1(1‘1 (Qn; F,) for some ratio-
nal tangle Q,, n € 27Z. So there might actually be a deeper reason for the similarity between
¥¢- and ¥ -rationality.

2.6. Winding number +2 patterns, Rasmussen invariants, and z. As discussed in
the previous subsection, the behaviour of Rasmussen invariants of cables with winding number
42 exhibits a phenomenon that is absent from the setting of patterns with winding number O:
we need to distinguish between 9. -rational and non-9.-rational knots. This dichotomy is also
reflected in the behaviour of the Rasmussen invariants of satellites with general patterns of
winding number £2.

First, we consider 9. -rational companions. For these, the formula looks almost the same
as for winding number 0 patterns: all the information about the companion is captured by the
integer 9, (K). And, in fact, 9. (K) = 9.(K).

Theorem 2.23. Let K be a ¥-rational knot. Then 9.(K) = 9.(K), and for any pat-
tern P with wrapping number 2 and winding number £2,

$c(P(K)) = sc(P-p (k) (U)) + 60 (K).

This gives a positive answer to half of Question 2.20 for v = %" We conjecture that the
other half holds true as well.

Conjecture 2.24. For any O.-rational knot K, ¥.(K) = 0.

Note that if this conjecture holds, then the formula in Theorem 2.23 becomes identical to
the formula in Theorem 1.1.
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Remark 2.25. As for 7 and ¢, the converse of Conjecture 2.24 is false: there are many
knots K with 9. (K) = 0 that are not ¥.-rational, e.g. K = T3 3#15 3# — 13,4 forc = 2.

Proposition 2.19 and Theorem 2.23 imply a special case of Conjecture 2.24.

Corollary 2.26. Let K be a knot with order two in the concordance group, e.g. an
amphicheiral knot. Then K is O¢-rational and V.(K) = 9,(K) = 0. |

Next, let us turn to non-v.-rational knots. Again, the information about the companion
knot is contained in a single integer. However, in this case, this integer is simply the Rasmussen
invariant s.(C2,1(K)) of the (2, 1)-cable of the companion.

Theorem 2.27. Let K be a knot that is not O.-rational. Then, for any pattern P with
wrapping number 2 and winding number +2 with ¥, (P) # oo,

2 if 9.(P) >0,
5e(P(K)) = se(P(U)) + 5¢(Ca1 (K)) — {0 ;: ; EP; g ;

There is a version of Theorem 2.27 (namely Theorem 6.21) for patterns P with
Ue(P) = oo.

In this case, the formula for s. (P (K)) looks identical to the one above, except that the condition
for whether the last summand is equal to O or —2 is more subtle, taking into account also
a certain order on the multicurve invariants associated with the pattern P and the companion K.
This subtlety is illustrated in Example 6.22.

In analogy to Proposition 2.7, we have the following results.

Proposition 2.28. Let K be a knot and P a pattern with wrapping number 2 and wind-
ing number £2. If K is O.-rational, then O.(P, K) = 0.(P) + ¥.(K). In particular, for such
knots K, ¥9.(P, K) = oo if and only if ¥.(P) = oco. If K is not O.-rational and ¥.(P) # oo,
then ¥.(P, K) = oo.

The invariant ¥ (P) is just as computable for winding number +2 patterns as for winding
number O patterns. Again, there are two methods: either directly from definition or indirectly
from the multicurve invariants. For example, using Proposition 6.6, we can read off the follow-
ing values for the patterns P7 associated with the tangles 7" in Figure 3 from the multicurves
in Figure 15:

9r(PTa)y = 9,(PTa) = 9,(PT¢) = 0o, 92(PTr)=1, and 9»(PT¢)=0.

Also, ¥.-rationality can be determined either directly using Corollary 6.19 or indirectly using
the multicurves; see Definition 2.16. For instance, the trefoil knot it not ,-rational, but the
figure-eight knot is, as we have already seen in Example 2.18. Check our online table [26] for
further examples.

Proof of Proposition 2.28. Applying Theorem 2.23 to the pattern P; for t € Z, we see
that s (P;(K)) and s¢ (P;—y, (k) (U)) have the same stationary points if they exist. This implies
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the first identity. For the second part, we apply Theorem 2.27 to the pattern P; for t € Z and

observe that
2 ifv.(Py) >0,

0 ifd:(P;) <0

is an affine function, since ¥, (P;) = ¥.(P) —t. D

1= sc(Pr(U)) — {

Remark 2.29. If ¥.(P) = oo = ¥.(K), ¥.(P, K) may be finite or infinite. Examples
can be easily constructed using the aforementioned Theorem 6.21.

Based on the similarity between 7 and the Rasmussen invariants, it is natural to compare
Theorems 2.23 and 2.27 to the behaviour of 7. The following is a special case of a result of
Hom [13, Theorem 5].

Theorem 2.30. For any knot K with e(K) = 0 and any pattern P (of arbitrary winding
or wrapping number), T(P(K)) = t(P(U)).

Sketch proof. Since Hom’s theorem is more general, we describe the basic idea of the
proof of Theorem 2.30: for any knot K, ¢(K) = 0 is equivalent to the condition that the
type D structure C/ﬁ)(S 3 < P(K)) in bordered Heegaard Floer homology contains a direct
summand identical to CFD(S3 ~ $(U)). Since the box-tensor product commutes with the
direct sum, [27, Theorem 11.19] implies that the homology group HFK™ (P (K)) contains
a direct summand isomorphic to HFK™ (P (U)), and this summand contains the invariant T
(see [27, equation 11.16]). D

This result is much stronger than Theorem 2.23. As we have just seen, the proof relies
on bordered Heegaard Floer homology due to Lipshitz, Ozsvéth, and Thurston [27]. The multi-
curve theory from [16] is just a first step towards better understanding similar cut-and-paste
technology in Khovanov homology, namely the cobordism complexes due to Bar-Natan [2].
Unfortunately, his theory (like Khovanov homology) is less geometric and therefore harder to
apply to this type of problem. Still, by studying Bar-Natan’s invariants of companion tangles
on more strands, one might hope to show analogous behaviour for Rasmussen invariants.

Conjecture 2.31. For any O.-rational knot K and any pattern P (of arbitrary winding
or wrapping number), s¢(P(K)) = sc(P(U)).

Proving a result for 7 that is analogous to Theorem 2.27 seems less straightforward than
the proof of Theorem 2.30, but might well be within the limits of current technology. Com-
bining Theorem 2.27 with Hom’s cabling formula for v (see [12]), we make the following
conjecture.

Conjecture 2.32. Let K be a knot with ¢(K) = £1. Then, for any pattern P with
wrapping number 2 and winding number +2 with 9. (P) # oo,
—1 ife(K)=1and¥.(P) > 0,
7(P(K)) = t(P(U)) + 2t(K) + 1 ife(K)=—1land ¥,(P) <0,

0 otherwise.
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2.7. Properties of the knot invariants #,. One may see easily that %, induces a knot
concordance invariant (see Remark 2.17). However, it is not known whether ¢, induces a knot
concordance homomorphism € — Z in general, i.e. whether O, (K#J) = ¥, (K) + 9,(J)
holds for all knots K and J. We do have the following inequalities due to Park.

Theorem 2.33 ([41, Theorem 1.2]). For all slice-torus invariants v and knots K and J,

Do (K) + 90 (J) =1 = 0y (K#J) < Dy(K) = Dv(=J) + L.

We now discuss the effect of crossing changes on 9. Suppose K_ is a knot and A an
unknot in the complement of K_ such that Ik(K_, 1) = 0. Performing a (+1)-framed Dehn
surgery on A transforms K_ into another knot K+ in S3. We say that K4 (or K_) arises from
K_ (or K4) by a negative (or positive) generalised crossing change [30]. If A bounds a disc
D that intersects K_ transversely in 2z points, then K arises from K_ by tying a left-handed
full-twist into the 2n strands of K_ close to D. We say that the generalised crossing change is
2n-stranded. Note that a 2-stranded generalised crossing change is simply a crossing change
in the usual sense.

Let us say that a knot invariant y satisfies the (2n-stranded) generalised/classical cross-
ing change inequality if y(K_) < y(K4+) holds whenever the knot K arises from K_ by a
negative generalised/classical crossing change (on 2n strands). For example, Levine—Tristram
signatures satisfy the generalised crossing change inequality; slice-torus invariants satisfy the
classical crossing change inequality; 7 (by Ozsvath-Szabd [38, Theorem 1.1]) and s, with
¢ # 2 (by Manolescu—Marengon—Sarkar—Willis [36, Theorem 1.11]) satisfy the generalised
crossing change inequality, but it is unknown whether all slice-torus invariants do.

Proposition 2.34. Let n > 1. If v is a slice-torus invariant satisfying the 4n-stranded
generalised crossing change inequality, then

Dy(K_) < 0y (Ky) < 0y (K_) + 4n?

holds if Ky arises from K_ by a 2n-stranded negative generalised crossing change. In partic-
ular, if v satisfies the generalised crossing change inequality, then so does 1.

The case n = 1 of Proposition 2.34 is implicit in [15]. We will prove Proposition 2.34
and variations of it in Section 4.4. As a consequence of Proposition 2.34, if v is a slice-torus
invariant satisfying the generalised crossing change inequality, then ¥, (K) > 0 holds for all
knots that can be transformed into a slice knot by positive generalised crossing changes, and
U (K) < 0 holds for all knots that can be transformed into a slice knot by negative generalised
crossing changes. Combined, this already implies ¢, (K) = 0 for many knots (cf. also [3]),
e.g. for the (2, 1)-cable of the figure-eight knot.

We suspect that the results of [36] extend to characteristic 2, i.e. that s, satisfies the
generalised crossing change inequality as well. This would in particular imply the following.

Conjecture 2.35. [If K arises from K_ by a negative generalised crossing change on
2n strands, then we have 92 (K_) < 92(K1) < 92(K_) + 4n?.

Finally, let us mention an inequality proven by Livingston—Naik.
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Theorem 2.36 ([33, Theorem 2]). For all slice-torus invariants v and all knots K,
TB(K) + 1 < #(K) < —TB(—K),

where TB(K) denotes the maximal Thurston—Bennequin number of K.

If ¥, (—K) = —,(K) holds, as is the case for v = s5, then one may clearly improve the
upper bound of Theorem 2.36 by 1.

Proposition 2.37. For all knots K, we have

TB(K) + 1 < 92(K) < —TB(=K) — 1. D

2.8. Further open questions. Aside from being a concordance homomorphism, what
other properties does 1, have in common with s, ? For example, is 1, also an even integer, like
sp is? First off, note that the divisibility of s, by 2 merely comes from a somewhat arbitrary
choice of normalisation, and one could equally well work with %2 For 1>, on the other hand,
in light of Theorem 1.1, our chosen normalisation appears to be the natural one (up to sign).
From our discussion so far, there is no apparent reason that {¢}>(K) | K a knot} C nZ should
hold for any n > 2. Yet, we make the following conjecture.

Conjecture 2.38. For all knots K, 92(K) is divisible by 4.

Divisibility of 9, (K) by 2 would follow from a more general conjecture about multicurve
geography over [F5; see [17, Conjecture 3.10 and the preceding discussion]. In contrast, 9. (K)
need not be divisible by 4 (or any integer n > 2) for ¢ # 2; see Section 7.

A lower bound for the smooth slice-genus g4(K) is provided by |s2(K)|/2. This inspires
the following question.

Question 2.39. Is |9,(K)|/4 a lower bound for the smooth slice-genus g4(K)?

On the one hand, we have not found a proof for this bound, and we have no deeper reason
to assume that Question 2.39 should hold, except that s, and %, might be assumed to behave
similarly. On the other hand, we have not found a counterexample.

It would be of interest to calculate the values of s, on iterated satellites, as it is possible
for t. This brings us to the following question.

Question 2.40. Is O, (W T (K)) determined by 5 (K) and 55 (K)?

2.9. Structure of the paper. In Section 3, we fix our conventions and notation regard-
ing tangles, satellite knots, and Rasmussen invariants. Section 4 contains those geometric
proofs that do not rely on the multicurve technologies, namely the proof that ¥ is a con-
cordance homomorphism as claimed in Theorem 1.2, as well as the proofs of Propositions 2.1,
2.10, 2.14, and 2.34. In Section 5, we review the construction and some properties of the multi-
curve invariants for Bar-Natan homology. We use those in Section 6 to prove Theorem 1.1 (the
winding number 0 case) and Theorems 2.23, 2.27, and 6.21 (the winding number £2 case).
Finally, Section 7 discusses the results of our computer calculations and the conjectures they
invite.
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3. Basic facts about tangles, satellites, and Rasmussen invariants
3.1. Conway tangles and rational tangles.

Definition 3.1. An oriented Conway tangle is an embedding of two intervals into a 3-
dimensional ball B3 such that the preimage of 0B consists of precisely the four endpoints
of the intervals. We consider such tangles up to isotopy fixing the boundary pointwise. If we
also identify tangles that are obtained by precomposition with orientation reversing diffeomor-
phisms of the intervals, we obtain the notion of unoriented Conway tangles.

We will usually think of Conway tangles in terms of their diagrams: an oriented diagram
of a Conway tangle is an immersion of two intervals into a closed 2-dimensional disc D? such
that the preimage of D? consists of precisely the four endpoints of the intervals and such that all
self-intersections are transverse double points, together with over-under information X at each
such double point. We consider such diagrams up to isotopies fixing the boundary pointwise.
An unoriented version of this notion is obtained in the same way as above.

Identifying D? with the unit disc in C, we call a tangle diagram standard if the four
tangle ends lie at the four equidistant points £e*?” /4, Identifying this unit disc with

D? x {0} c C xR =R3,

we map these four points into the unit ball B3 and call a Conway tangle standard if the four
tangle ends are equal to those four points. Standard Conway tangles and diagrams up to the
usual Reidemeister moves are in one-to-one correspondence, via suitable perturbations of the
standard projection R3 — R? x {0} onto the first two factors.

In the following, we will use the notions of Conway tangles and their diagrams inter-
changeably and assume that they are standard. By default, all tangles and their diagrams are
unoriented.

Since we only study Rasmussen invariants of knots (as opposed to links), our defini-
tion of Conway tangles is more restrictive than the usual one, which also allows closed tangle
components.

Definition 3.2. The linking number 1k(T) of an oriented Conway tangle T is defined as
half the signed count of positive (X) and negative crossings ( }{) between the two components
of the tangle T (see [16, Definition 4.7]). The linking number of an unoriented Conway tangle
is well-defined up to sign. In particular, the property 1k(7") = 0 is independent of orientations.

Definition 3.3. The connectivity x(T') of a Conway tangle 7 is an element of
and defined as follows:

if 7 connects the tangle ends as in the tangle ¢,

x(T) = if 7 connects the tangle ends as in the tangle X,

if T connects the tangle ends as in the tangle ;.
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Figure 4. Diagrams of some rational tangles Q L.

(T UT, b)Y T + 1>

Figure 5. (a) The union and (b) the sum of two Conway tangles 77 and 75.

Definition 3.4. A (standard) Conway tangle T is rational if there exists an isotopy,
not necessarily fixing the boundary, to the trivial tangle Qo from Figure 4 (a). A theorem of
Conway [4] puts such tangles in one-to-one correspondence with elements of QP'. For each
slope g € QP!, we denote the corresponding rational tangle by Q 2.

Figure 4 gives some examples of rational tangles and serves to fix our conventions.

Definition 3.5. Given two Conway tangles 7 and 75, their union T1 U T is the link
defined by the diagram in Figure 5 (a) and their sum T + T, is the Conway tangle by the
diagram in Figure 5 (b). Then, for any Conway tangle 7', we define the g-mtional filling of T
by

T(g) =0_2UT.
We call a Conway tangle T cap-trivial if T (c0) is the unknot. We write <(7") for the tangle
obtained by rotating 7' by & around the y-axis. Moreover, we write —7 for the mirror of

a Conway tangle 7', i.e. the tangle obtained by switching over- and under-strands at all crossings
in a diagram of 7.

‘We now collect a few identities that will be useful later.

Lemma 3.6. Let Ty, T, and T be Conway tangles, n € 7., and g € QPI. Then
(@) TTUT, =T, UTh.
) (T + T)U T, =Ty U(Ty + <(T)); in particular,

(T + Qg) UT, =T U(T, + Qg).

© T(Z+n) = (T +Q-n)(2).
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Proof. The first identity follows from
T1 U T, = ($(T1) 4 T2)(0) = ($(T2) + T1)(0) = T, U T1.

The second follows from

(Th + T)U T, = ($(T1 + T) + T2)(0) = (+(T) 4+ +(T1) + T2)(0)
= (+(T1) + T2 + +(1))(0) = T1 U (T2 + +(T))

and the observation that <>(Q 5) =0 2 for all g € QP!. The last identity follows from
b
T(g +n)=0-2, UT =(0-2+ Q=) UT £ 0_2 U(T + 0y)
p
= (T+0-)(%). o
q

3.2. Satellite knots and Conway tangles.

Definition 3.7. A pattern is an oriented knot in the solid torus S! x D? with a fixed
orientation, i.e. an embedding tp: S! < S x D? considered up to isotopy. The wrapping
number of a pattern P is equal to the minimal number of intersection points between any
representative of the equivalence class of the pattern and a meridional disc {*} x D?, where
x € S1. Likewise, we define the winding number of a pattern P as the algebraic intersection
number between P and such a disc.

Given an oriented knot K C S3, we can consider an embedding (x: S! x D? < §3
which identifies the solid torus with a closed tubular neighbourhood of K such that, for any
point ¥ € D2, ST x {x} is mapped to a zero-framed longitude Ax of K and, for any point
x € ST, {x} x 9D? is mapped to a meridian jux of K. (Both of these identifications preserve
orientations.) We then define the satellite knot P(K) of the pattern P and companion K as the
knot given by the composition tg o tp.

Definition 3.8. Given an oriented Conway tangle 7" with connectivity x(7) # X, we
can define the partern PT of the tangle T as follows. Consider the embedding

¢: B3 < [-2,2] x D? - S! x D?,

where the first map is the embedding of the unit 3-ball B3 into [—2,2] x D? as subspaces of
R3 and the second map is the identity on the second factor and the map ¢ > ™ /2 on the first
factor. The subspace S x {4 sin(1r/4)} x {0} defines a 2-component link whose restriction to
B3 is the trivial tangle Qg. The pattern P is now obtained by replacing this tangle by 7'. The
condition x(7") # ¢X: ensures that the pattern consists of a single component.

Conversely, given a pattern P with wrapping number 2, we can find a tangle 7p with
connectivity x(7p) # #X: such that P = PTP_We call any such tangle a pattern tangle of P.
Furthermore, given an integer ¢ € Z, we define the t-twisted pattern P; of P as the pattern
PTP+Q-21 where Tp is some pattern tangle of P. Finally, suppose P(K) is a satellite knot
with companion K and pattern P with wrapping number 2 and ¢ € Z. We then call P;(K) the
t-twisted satellite knot of the pattern P and companion K.

Note that pattern tangles 7p are not necessarily unique. For instance, the tangle 7, and
its Conway mutant, obtained from 7, by rotation in the plane by =, both induce the same
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(b) T3, (0) (©) T3, (00) = U

Figure 6. Illustration of Definition 3.9 for K = 31 = T5_3 the right-handed trefoil knot.

pattern, although they are different tangles. However, the twisted pattern P; does not depend
on the choice of pattern tangle, since the extra twists simply amount to a reparametrisation of
the solid torus. In particular, Py = P.

Definition 3.9. Let K be an oriented knot. The double tangle Tx of K is the unoriented
Conway tangle that is defined as follows. Let L be the oriented link obtained as union of K
with one of its zero-framed longitudes, regarded as a small push-off of K. Then L bounds an
embedded unoriented annulus in S 3, namely the image of a suitably chosen homotopy between
K and the longitude. Now choose a small open three-ball which intersects this annulus in
a trivially embedded band. Then Tk is defined as the intersection of L with the complement
of this three-ball. We frame Tk such that Tk (oco) is the meridional filling that produces the
unknot and Tx (0) = L as oriented links if Tk is oriented such that the top and bottom left
tangle ends point outwards. In particular, the connectivity of Tk is 4X: and the linking number
Ik(Tx) vanishes.

In the context of a satellite knot P (K) with wrapping number 2 pattern P, we also some-
times call Tk the pattern tangle; this terminology is justified by Lemma 3.12 (a). We define the
pattern PX of a knot K as the pattern PTk+Q—1

Remark 3.10. The key property of Tk that we use in this paper is that it is cap-trivial.
Recall from [48, Proposition 9] that, up to adding twists, i.e. replacing 7 by T + Q, for some
n € Z, cap-trivial tangles are in one-to-one correspondence with strongly invertible knots. This
correspondence is given by taking two-fold branched covers. In the present case, the two-fold
cover of B3 branched along the tangle Tk is the exterior of K#K for any knot K. So the
double tangle of a knot K may alternatively be defined as the quotient tangle of K#K under
the obvious strong inversion that interchanges the two summands. With the conventions as
in [17], this even recovers the same framing.

For example, the double tangle T of the unknot U is Q¢ = ¢X:. The double tangle T3,
of the right-handed trefoil knot is shown in Figure 6, along with its two closures to the unknot
and a two-component link with linking number zero. The number of these twists is determined
by the condition 1k(73,) = 0. The orientation of K is only required in the above definition to
distinguish between Tk and (7). In fact, we have the following proposition.
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Figure 7. Conventions for double tangles Tx and twisted satellites P;(K) with > 0. On the
left, a closed tubular neighbourhood of K is highlighted in grey, which, on the right,
is replaced by the solid torus containing the pattern P.

Proposition 3.11.  For any oriented knot K, Txr = $(Tx), where K" denotes the knot
K with the opposite orientation. Moreover, two oriented knots K and J are isotopic if and only
if the unoriented tangles Tx and Ty are equivalent. In particular, K is a reversible knot if and
only if Tk = 4(Tk). Finally, mutation around the x-axis always preserves Tk.

Proof. The first statement follows from the definition of the double tangle. So does the
only-if direction of the second statement. For the if direction of the second statement, orient the
tangles Tx and T’y such that the top and bottom left tangle ends point outwards. Taking the O-
closures of the tangles and removing one component gives the knots K and J, respectively. So
Tx = Ty as unoriented Conway tangles implies K = J as oriented knots. The third statement
follows from the previous two. The final statement follows from the observation that twists
between the two tangle strands near the tangle ends on the left can be pushed to the tangle ends
on the right (this move is commonly called a flype). |

Again, we collect a few properties and relations for later.

Lemma 3.12. Let P be a pattern with wrapping number 2, Tp a pattern tangle of P,
K1, K>, and K oriented knots, and t € 7. Then

(a) P(K)=Tp U Tg. More generally, P{(K) = (Tp + Q—2;) U Tk.
(b) Pr(U) = Tp(21).
© PKI(K2) = Tk, (21 + 1) = PE2(KY).

Proof. In the construction of the satellite knot P(K) in Definition 3.7, we identify a
tubular neighbourhood of the companion knot K with the solid torus S! x D?. Using this
identification, we can regard S! x {# sin(7/4)} x {0}, the subspace of the solid torus consid-
ered in Definition 3.8, as a link in S3. By comparison with the definition of the double tangle,
Definition 3.9, we see that this link in fact coincides with Tx(0) = Q¢ U Tk. The pattern P
is obtained from S! x {#sin(7/4)} x {0} by replacing the trivial tangle Q¢ by the pattern
tangle Tp. Hence P(K) is obtained from Tx (0) = Q¢ U Tg by replacing Q¢ by the pattern
tangle Tp, which proves the first identity in (a). The second identity follows from the first,
since Tp + Q—_»; is, by definition, a pattern tangle for P;. See Figure 7 for an illustration of
our conventions.
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The identity in (b) follows from (a) together with the fact that 7y = 7X:. The first equality
in (c) follows from

PXi(K2) = (Tg + Q—2-1) U Tk,
= Q-2t—1 U (Tk, + Tk,)
= Q21 UTk,sk,
= Tk 4k, (2t + 1),

where the second step uses Proposition 3.11 and Lemma 3.6 (b) and the last step uses
K 1#K> = K>#K.
Using this last symmetry, the second equality now follows from the first. O
Definition 3.13. For ¢ € Z, define the pattern
Caoi41 := P2-1-2 = p2-1,

If K is a knot, then C3 2;41(K) is called the (2,2t + 1)-cable knot of K. Setting K = U,
Cr.2:+1(U) = Qo(2t + 1) is the (2, 2 + 1)-torus knot, which we also denote by 72 27+ 1.

Note that if # > 0, 75 2,1 has the following diagram with 27 + 1 positive crossings:

Tr2t41 =

)

2t+1

Lemma 3.14. For any knot K, C 5,+1(K) = Tx (2t + 1) = PX" (V).
Proof. This follows from Lemma 3.12 (c) with K; = U and K, = K. ]

Remark 3.15. Based on our conventions, the positive Whitehead double W (K) of
a knot K equals TK(%), and the negative Whitehead double W ~(K) equals TK(_TI).

3.3. Rasmussen invariants. Rasmussen invariants are integer invariants that one can
extract from Bar-Natan homology. The Bar-Natan homology §1<I(K ) of aknot K takes the form
of a bigraded Z[H ]-module, where H is a free variable with homological grading 7(H) = 0
and quantum grading ¢(H) = —2. Moreover, BN(K) is the homology of a chain complex
CBN (K) of free Z[ H]-modules whose chain homotopy type is a knot invariant. The restriction
CBN (K)|g=0 recovers Khovanov’s reduced complex computing ﬁl(K ). If k is a field, we
define

CBN(K:k) := CBN(K) ® k

and l?N(K; k) as its homology. Usually, one takes k = Fo := Q or F, := Z/cZ, where c is
a prime. Similar to other knot homology theories, such as knot Floer homology, we have the
following structure theorem.
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Theorem 3.16. For any knot K and any field K, CBN (K;K) is bigraded chain homo-
topic to

(3.1) [qshok[H]] D @ [qdihbik[H] H_CI> qa[+205hb[+lk[H]]

1

for some uniquely determined s, a; € 27, b;, c; € Z with ¢c; > 0. |

This structure theorem has appeared in various guises in [14, 20, 35,46] and [16, Sec-
tion 3.3.2]. As an upshot, there exists some integer s € Z such that

(3.2) BN(K:k) =~ ¢*h°k[H] & (H -torsion).

Definition/Proposition 3.17. Given ¢ a prime number or 0, we define the Rasmussen
invariant s.(K) of K as the integer s in a decomposition of BN(K; k) as in (3.2), where k is
any field of characteristic c.

Proof. Clearly, the integer s is independent of the particular decomposition (3.2). To
see that the Rasmussen invariant is the same for fields of the same characteristic, observe that
we may write CBN (K;k) = CBN (K;F.) ® kifkis a field of characteristic c. Therefore, any
decomposition of the form (3.1) for [, gives rise to a similar decomposition for k with the
same value of s. O

Remark 3.18. Originally, the Rasmussen invariants were defined in terms of spectral
sequences starting at Khovanov homology. The definition of the Rasmussen invariants that
we have given above can be shown to be equivalent to those original definitions [14]; see
also [16, Section 3.4]. The advantage of working with Bar-Natan homology is two-fold. First,
k[ H ]-modules are conceptually easier to work with than spectral sequences. Second, and more
importantly, this approach works over fields of arbitrary characteristic, because it is based on
Khovanov homology over Q[X]/(p(X)) with p(X) = X? — X . It appears to us that the rea-
sons to work with p(X) = X2 — 1 are mainly historic: this is the polynomial Rasmussen [42]
used when he constructed s¢ using Lee homology [20]. This approach only generalises to fields
of characteristic ¢ # 2, but cannot be used to define s5. This is because the construction of the
Rasmussen invariant requires p(X) to have two distinct roots over an algebraic closure of k.
With the choice p(X) = X2 — 1, that condition is satisfied if and only if ¢ # 2. The approach
via Bar-Natan homology gives a unified definition for all characteristics.

Example 3.19. For all characteristics ¢ and odd integers 7,

-1, n>0,

sc(T =n+
c( 2,n) { 1’ n<0.

4. Geometric proofs of twisting behaviours

4.1. Pattern-twisting behaviour of slice-torus invariants. In this subsection, we con-
tinue the discussion begun in Sections 2.1 and 2.5 of the behaviour of v(P;(K)) for slice-torus
invariants v and patterns P with wrapping number two.
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Definition 4.1 ([22,31]). A knot invariant v(K) € Z is called a slice-torus invariant if
the following three conditions are satisfied:

(a) the map from the smooth knot concordance group € to Z defined by [K]| — v(K) is
a well-defined homomorphism;

(b) for all knots K, v(K) is less than or equal to the smooth four-genus g4(K); and

(c) this bound is sharp for positive torus knots, i.e.

(p—D@-1

V(Tp,q) = g4(Tp,q) = B

for all positive coprime integers p, g.

We will require some well-known properties of slice-torus invariants, which we sum-
marise in the following lemma.

Lemma 4.2. Let v be a slice-torus invariant.

(a) If two knots K and J are related by a smooth cobordism of genus g, then
W(K) —v(J)| = ¢g.
(b) If a knot K4 arises from a knot K_ by a negative crossing change, then
V(K-) =v(Ky) =v(K-) + 1.

(c) Ifaknot J arises from a knot K by inserting 2n > 0 positive crossings into two parallely

oriented strands, then
v(J)—v(K) €e{n,n—1}

(d) If a knot K is the plumbing of two unknotted bands with x and y left-handed full twists,
respectively, where x,y € 7.~ {0}, then v(K) = (sgnx + sgny)/2.

Sketch of proof. Part (a) follows quickly from the definitions, since
V(K)—v(J)=v(K#—J)

and a smooth cobordism of genus g between K and J gives rise to a smooth slice surface of
genus g of K# — J. For (b), see [31, Corollary 3] or [42, Corollary 4.3]. It is also a special
case of (¢). To show (c), one uses the fact that there are smooth cobordisms of genus 1 between
J and K#T'(2,2n + 1), and between J and K#T(2,2n — 1). The values of v for the knots
in (d) can, for example, be computed with the sharper slice-Bennequin inequality, since the
knots in question are alternating; see e.g. [22, Theorem 5], noting the different normalisation
convention for slice-torus invariants. m]

Let us now prove Proposition 2.1 and Proposition 2.14.

Proof of Proposition 2.1. 1t suffices to show the following two claims.
(1) Foralls,t € Z, |[v(P:(K)) —v(Pg(K))| < 1.
(ii) Forallt € Z,0 < v(P;(K)) —v(P;31(K)) < 1.
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By Lemma 4.2 (a), it suffices for (i) to show that there is a genus 1 cobordism between P;(K)
and Ps(K) forany s,¢ € Z. This is easy to construct: let L be the two-component link obtained
as the oriented resolution of P;(K) at some crossing in the twisting region. The link . may be
viewed as the result of attaching a single band to P;(K) near the resolved crossing and thus
gives rise to a cobordism c; from P;(K) to L. Clearly, L does not depend on the number of
twists 7, so we similarly get a cobordism c¢g from Pg(K) to L. Composing c¢; with the inverse
of ¢y gives the desired cobordism of genus 1 from P;(K) to Pg(K).

The inequalities in (ii) follow from Lemma 4.2 (b) and the fact that increasing the num-
ber of full twists by 1 is equivalent to changing a positive crossing in the twisting region to
a negative one. ]

Proof of Proposition 2.14. Lets,t € Z with s < . Note that P;(K) arises from Ps(K)
by inserting 2(z — s) positive crossings into two oriented strands with parallel orientation. So,
by Lemma 4.2 (c), we have

V(Pr(K)) —v(Ps(K)) € {t —s.1 —s —1}.
From this, the proposition follows. ]

Finally, let us prove the following statement, which implies the first half of Theorem 1.2.

Proposition 4.3. Suppose v is a slice-torus invariant for which the answer to Ques-
tion 2.5 is “yes”. Then v, induces a homomorphism from the smooth knot concordance group

€ to 7.

Proof. Let knots K, J be given. Let P be the pattern W + &(Tx), where Tk is the
double tangle of K (see Definition 3.9) and < is the operation that rotates tangles around their
vertical axis. Then we have the following equalities for all 7 € Z:

V(W s kny(U)) = vV (K#) = v(Pe(J))
= (P, ) (U) = v(WEy ) (K))
=W,y (k)-0,)U)):
where the first, third, and fifth equality use the assumption that the answer to Question 2.5 is

“yes” for v, and the second and fourth equality use the definition of P. Setting ¢ to ¥, (K#J)
and v, (K#J) — 1 now respectively yields

+ _ + _
VW, (k-0 (K)—0, (1) (U)) = vV T(U)) =0,
+ _ + _ 1.
VWl (ks ry—0 (K0 (-1 (U)) = vV (U)) = 1

see Example 2.4. Because of the uniqueness of the jump point (see Proposition 2.1), it follows
that 0, (K#J ) — 0, (K) — 9, (J) = 1, (U) = 0, and thus 1, is additive with respect to #.

So it just remains to show that ¢, is a concordance invariant. Let K and J be concor-
dant knots. It follows that, for all # € Z, the knots WtJr (K) and Wt+(J ) are also concordant,
and thus v(W["(K)) = v(Wt’" (J)). Again using the uniqueness of the jump point, we find
1y, (K) = 9,(J), as desired. This concludes the proof. ]
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Figure 8. The knots D,J’"(K) discussed in Remark 4.4.

4.2. Pattern-twisting behaviour of . Let us now resume the investigation started in
Section 2.2 of the behaviour of 7(P(K)).

Remark 4.4. Levine [21] has established the following generalisation of Hedden’s
result (2.2): ¥;(K) = 27(K). Consider knots as shown in Figure 8, denoted by D tJ "(K) for
knots K, J and integers ¢, u. Here, we think of D7>* as a pattern, which has wrapping num-
ber 2 and winding number 0. Indeed, in the language of Definition 3.8, D/** is the pattern of
the tangle T', where T is Ty + Q_»,, rotated by 77/2. Note that DU>*1 = W¥ and

(“.1) D{™(K) = D ()
where the superscript r denotes taking the reverse of a knot. Levine shows that

1 ift <2t(K)andu < 2t(J),
4.2) t(DM(K)) = -1 ift > 2t(K) andu > 2¢(J),

0 else.

Assume that v is a slice-torus invariant for which the answer to Question 2.5 is “yes”, such as
V = $p, 1.e. for all knots K and patterns P with wrapping number two and winding number
zero, we have

4.3) V(P(K)) = v(P-y,x)(U)).
Then an analogous formula to (4.2) can be deduced for v. First note that

J, 4.3) J, 4.1) -9, 4.3) U,t—9%, (K
(D] (K)) E v(D]Y ) E oI E () SO @),

Now, iy
U,t—% (K)
Dy, y WY
is just a Hopf plumbing of two unknotted annuli with ¢t — ¢, (K) and u — 9,,(J ) right-handed
full twists, respectively, for which v can be easily determined as follows, using Lemma 4.2 (d):

1 ift <vy(K)andu < 0y(J),
4.4) v(DIMK)) =4 —1 ift > 0,(K) and u > 0y (J),

0 else.

In particular, a positive answer to Question 2.9 would recover Levine’s formula (4.2).
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Let us now prove Proposition 2.10, which we restate for the reader’s convenience.

Proposition 2.10. There exists a knot K with three-genus 1, Alexander polynomial 1,
T(K) = 1 and s2(K) = —2. More generally, for any prescribed triple (g, a, b) of integers with
la] < g, |b| < g, there exists a knot L with three-genus g, Alexander polynomial 1, t(L) = a
and s»(L) = 2b.

Proof. Take again J = Tfi#TﬁJ’ as in the proof of Corollary 2.11. Let K = D7/-0(J).
This knot is obtained from the Hopf plumbing ¥ of two unknotted untwisted bands by tying
the knot J into each of the two bands, with framing zero. So ¥’ and X have the same genus
and the same Seifert form. Since ¥ is a genus one Seifert surface of the unknot, it follows
that K has three-genus 1 and Alexander polynomial 1. The values of T and s, for K may be
computed from (4.2) and (4.4), respectively, using that (J) = 1 and ¥,(J) = —4. So we have
constructed a knot K, as desired.

Knot T $2

Wt (T 3) 1 2

Wt (J) 1 0

K 1 =2

WH(=T,3) 0 0

Wt (=J) 0
Table 3

The knot L in the second claim may be obtained as a connected sum of g summands,
with each summand equal to one of the five knots listed in Table 3, or their mirror images. ©

4.3. Pattern-twisting behaviour of other knot invariants. While we have focused on
slice-torus invariants and patterns with wrapping number two so far, one could also pursue the
following more general question: for which triples (y, &, ) of a knot invariant y, a set of
patterns 2, and an integer-valued knot invariant ¥ does

(4.5) Y(P(K)) = y(P_yx)(U))

hold for all knots K and patterns P € & ? Let us reformulate some previously stated results in
these terms.

* Theorem 1.1 says that (4.5) holds for y = s5, ¥ = ¥, and & the set P; of all patterns
with wrapping number two and winding number zero.

* Proposition 2.1 says that (4.5) holds for y equal to a slice-torus invariant v,
P ={P|tel}CP
for a single fixed pattern P € &1, and 3(K) = 9, (P, K) if ¢, (P, K) # oo, and ¥ (K)
arbitrary if 0, (P, K) = oc.

* Hedden’s result (2.2) ¥;(K) = 2t(K) implies that (4.5) is satisfied for y = 7, ¥ = 2t
and P =P ={W, |teZYU{W |tel)CP.
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e Levine’s result discussed in Remark 4.4 means that (4.5) holds for y = ¢, ¥ = 2t and
P =P = DtJ’" | u,t € Z, J any knot}. Note that P, C P35 C P;.

Let us also cast a quick glance at some further knot invariants.

* The Upsilon invariant Tk, a piecewise linear function [0, 2] — R, is another knot invar-
iant coming from knot Floer homology [40]. If the three-genus g(K) of K is at most 1,
then Yg(t) = ©(K) - (=1 + |1 —¢]) for all ¢ € [0, 2]. Since g(P(K)) < 1 holds for all
knots K and P € &3, it follows from Levine’s result above that (4.5) is also satisfied for
Y(K) =Yg, =2t and $ = P3. This was remarked first in [5, Corollary 3.4].

e For n > 3, the Khovanov—Rozansky sl,-concordance homomorphism s, (see [34,49])
is, properly normalised, a lower bound for g4(K) and satisfies s, (7)) = g4(T) for pos-
itive torus knots 7'. But in the sense of this article, it is not a slice-torus invariant, since
it takes values in ﬁZ instead of Z. So it is conceivable that, for some n > 3 and some
knot K, the expression s, (W[" (K)) as a function of # has more than one jump point. We

do not know whether (4.5) holds for y = s, and any interesting set J of patterns.

* The classical Levine—Tristram signatures 0, @ € S, satisfy 0, (P(K)) = 0, (P(U))
for all P in the set $4 of patterns with winding number zero (without restrictions on the
wrapping number) [29]. In other words, (4.5) holds for y = 04, = P4, and ¥ (K) = 0
for all knots K.

4.4. Crossing changes and twists of the satellite companion. In this subsection, we
pursue the question how a satellite P(K) changes when a crossing change is applied to K.
This will lead us to a proof of Proposition 2.34. First, let us further generalise the notion of
generalised crossing change from Section 2.7.

Definition 4.5. Suppose K is a knot and A is an unknot in the complement of K (the
orientation of A is irrelevant). Performing a (+1)-framed Dehn surgery on A transforms K into
another knot J in S3. Let & = |Ik(K, A)| = |Ik(J, A)| and suppose A bounds a disc D that
intersects K (or, equivalently, J) transversely in n points. Then we say that J arises from K
(K from J) by a left-handed (right-handed) h-homologous twist on n strands.

One may achieve a left-handed twist on n strands by tying a left-handed full twist into the
n strands of K close to D. A generalised negative crossing change is simply a null-homologous
left-handed twist.

Remark 4.6. Note that a negative crossing change may be achieved by a null-homolo-
gous left-handed twist on two strands, but also by a 2-homologous right-handed twist on two
strands. Figure 11 contains a version of this observation for generalised crossing changes.

Lemma 4.7. Let the knot J arise from the knot K by a left-handed h-homologous
twist on n strands. Let P be a pattern with winding number v and wrapping number r. Then
P_;2(J) arises from P(K) by a left-handed (h - |v|)-homologous twist on (n - r) strands.

Proof. By the definition of a twist, there is an unknot A in the complement of K with
[Ik(K,A)| = h such that (+1)-Dehn surgery along A transforms K into J. Denote by L the
knot arising from P (K) by (+1)-Dehn surgery along A. Note that L arises from P (K) by a left-
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n strands
A ee° left-handed /#-homologous eee
twist on 7 strands 3
E
K J
P(K) L P_,2(J)

left-handed ‘ ‘
(h - |v|)-homologous oo el L
).l

lr‘—’.
twist on n - r strands
> -1 = -1
I I —_—— ==
T eer ’ reet

r r

PI

n-r strands

Figure 9. The essence of the proof of Lemma 4.7. The figure shows five knots, each intersected
with a neighbourhood of A. Away from this neighbourhood, the two knots K and J in the
top row are identical, and so are the three knots P(K), L, P_;>(J) in the bottom row.
Numbers in boxes indicate right-handed full twists. In the diagram of P_j>(J), bottom
right, the —1 full twist is understood to twist the n bunches of r strands each (drawn
thick), but not twist each individual bunch; cf. Figure 10. We assume that P is a pattern
with wrapping number r and winding number v, and & = |Ik(K, 1)|.

handed (% - |v|)-homologous twist on (7 - r) strands. To prove the statement of the lemma, we
have to show L = P_;2(J).

Let us take a diagrammatic approach. The top row of Figure 9 shows the intersection of
diagrams of K and J with a neighbourhood of A. From these diagrams, we construct diagrams
of P(K) and P_j;2(J) as follows. First, we apply an isotopy to the pattern P C S! x D? so
that it equals the union of a 2r-ended tangle P sitting inside a ball with 2r curves that are
parallel to the core curve of S 1 % D2 (as described in Definition 3.8 for r = 2). We then do
the following:

» we replace every strand with a bunch of r parallel strands;
o we insert PT into a bunch of r strands somewhere; and

» we tie left-handed full twists into a bunch of r strands somewhere, as many as the writhe
of the original diagram.
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i _ _ [
- poc T MR

1+ = ///X=X///\/v = +1

1E - 20 - 0. - S G

Figure 10. A full twist on four strands equals a full twist on two bunches of two strands each,
followed by a full twist on each of the individual bunches.

From the diagram of P(K), we obtain a diagram of L by tying a left-handed full twist
into nr strands.

Let us now show that our diagrams of L and P_j;2(J) represent the same knot. Since
these diagrams are identical outside from the neighbourhood of A, we just have to compare
them inside of that neighbourhood, as drawn in Figure 9.

In the diagram of L, the full twist on nr strands (consisting of nr(nr — 1) crossings) is
isotopic to a full twist tied into 2 bunches of r strands each (consisting of 7(n — 1)r? crossings),
followed by a full twist in each of the individual bunches (consisting of a total of nr(r — 1)
crossings). This is illustrated for n = 2 = r in Figure 10. Since K is a knot, the full twists in
the individual bunches may be slid around the knot so that they lie next to each other, giving
a total of n left-handed full twists tied into one of the bunches.

So the diagrams of L and of P_;2(J) both consist of a left-handed full twist tied into n
bunches of r strands each, and a number of left-handed full twists tied into one of the bunches.
To show the equality of L and P_;2(J), it thus only remains to show that these numbers of
twists agree. For L, this number is 7, as determined above. For P_;>(J), this number equals
h? + w, where w is the writhe of the tangle diagram D’ given as intersection of the knot
diagram of J with the neighbourhood of A, as shown in the top right of Figure 9.

Let us verify that w = n — h2. The tangle diagram D’ has n(n — 1) crossings. Of the n
strands, (n + h)/2 are oriented upwards, and (n — h)/2 are oriented downwards (or the other
way around). In a full twist, every pair of strands crosses twice, and since the full twist is
left-handed, parallely oriented strands cross negatively, while oppositely oriented strands cross
positively. One thus computes

(n+h)/2)_2((n—h)/2)+2.n+h.n—h
2 2 2

=n —h>.

w(D') = —2(
This concludes the proof. O

Proposition 4.8. Let the knot J arise from the knot K by a left-handed h-homologous
twist on n strands. Let v be a slice-torus invariant satisfying the 2n-stranded generalised cross-
ing change inequality. Let P be a pattern with wrapping number two and winding number zero.
Assume that neither v, (J, P) nor 0, (K, P) are equal to co. Then we have

(K, P) < 0,(J, P) + h>.

In particular, if v satisfies the generalised crossing change inequality, then so does the knot
invariant O, (-, P) for knots K+ with 0,(K+, P) # oo.

Proof. Lett =1,(K,P)—1.By Lemma 4.7, P,_;2(J) arises from P;(K) by a left-
handed null-homologous twist on 27 strands. Since v satisfies the generalised crossing change
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Figure 11. A generalised positive crossing change on 2n strands may also be achieved by a left-
handed 2n-homologous 2n-stranded twist followed by 2n(n — 1) negative crossing
changes.

inequality, it follows that v(P;(K)) < v(P,_,2(J)). Forall s <t — h?, we have

V(P_p2(J)) = v(Ps(J))

by Proposition 2.1. By choice of 7, we have v(Ps(K)) = v(P;+1(K)) + 1. All combined, we
obtain

(4.6) V(Pr+1(K)) + 1 < v(Ps(J]))

for all s <t — h?. However, since P;11(K) and Ps(J) are related by smooth cobordism of
genus 1, (4.6) is in fact an equality. So the function s > v(Ps(J)) is constant for s < ¢t — h2.
Therefore, 9,(J, P) >t —h?> + 1 = 9,(K, P) — h?, as desired. The last statement follows
from setting &7 = 0. ]

Proof of Proposition 2.34.  Applying Proposition 4.8 to the case
h=0, K=K_., J=Ky, and P=WT

yields the first inequality ¢, (K_-) < ¢, (K+) to be proven. For the second inequality, let L be
the knot obtained from Ky by a left-handed 2n-homologous 2n-stranded twist as indicated
in Figure 11. Applying Proposition 4.8 to h =2n, K = K4, J =K_,and P = W™, we
have ¥, (K1) < 9,(L) + 4n>. Since K_ arises from L by a sequence of 2n(n — 1) negative
crossing changes, we have

(L) = t(K-),

implying 9, (Ky) < 9, (K_) + 4n?, as desired. ]

5. Review of multicurves for Bar-Natan homology

In [16], Artem Kotelskiy, Liam Watson, and the second author introduced the multicurve
invariant BN for Conway tangles. In this section, we give a brief overview of this invariant,
discussing only those of its properties that we need in subsequent sections. More elaborate
introductions to this invariant can be found in [17, 19].



270 Lewark and Zibrowius, Rasmussen invariants

5.1. The construction of the multicurve invariant. Given some field of coefficients
k and a (standard) oriented Conway tangle 7', the invariant ﬁN(T; k) is defined in two steps.
First, following a construction due to Bar-Natan, one defines a bigraded chain complex 7]
over a certain cobordism category, whose objects are crossingless tangle diagrams [2]. Any
such complex can be rewritten as a chain complex 1(Dr; k) over the following quiver algebra
[16, Theorem 1.1]:

So D.'So:O:So'Do
5.1) 3::/{1{\.‘/ \o/?)o]/( )
T \S./ ~ Do‘S.:O:S.‘D.

We read algebra elements from right to left. So for instance, So = te - So * to, Where te and
Lo are the two idempotent algebra elements corresponding to the constant paths at @ and o,
respectively. The objects @ and o correspond to the crossingless tangles $X: and {)¢;, respectively.
We write

D :=Do+ De and S :=S,+ Se.

The algebra B carries a quantum grading ¢, which is determined by
q(De) = q(Do) = =2 and ¢(Se) = q(So) = —1.

The homological grading / vanishes on $B. Differentials of bigraded chain complexes over 3
are defined to preserve quantum grading and increase the homological grading by 1. More
explicitly, if there is an arrow x — y in the differential, then

q(y) +4q(@) —qx) =0, h(y)—h(x) =1

We indicate these gradings on generators e by super- and subscripts like so: 7ej,. The bigraded
chain homotopy type of I(7; k) is an invariant of the tangle 7" (see [16, Section 4.2]).

Example 5.1. The chain complex corresponding to the trivial tangle Q¢ = $X: (with
any orientation) consists of exactly one object and the differential vanishes,

1(Qo) = ["®0].
The invariant of the (—2, 3)-pretzel tangle T, shown in Figure 1 (e) is equal to

S D S? D S D S D
I(T,) =[%0r— le_; — 'eg — ‘0 —> "8 —> 03 «— %0, <— @] < '0g].
(This and other computations for this paper can be found at [24].) Here, the orientation on 7},
is chosen to be pointing outwards at the punctures on the top left and bottom right; altering this
choice only affects the bigrading (see below).

In the second step, one interprets JI(7'; k) geometrically. This relies on the following
classification result: chain homotopy classes of bigraded chain complexes over 8B are in one-
to-one correspondence with certain geometric objects, called multicurves [16, Theorem 1.5].
Using this correspondence between homological algebra and geometry, one now defines the
invariant I?N(T; k) as the multicurve corresponding to 1(7'; k).

Multicurves are, by definition, collections of certain immersed curves on SZ7 ,, a four-
punctured sphere with one distinguished/special puncture. The curves also carry a i)igrading,
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/
<)

(a) (b) (©

Figure 12.  (a) Two non-compact curves on SZ . the short one in red shows ﬁTVa (X), the long,
blue curve is BN, (T, ); (b) the parametrisation of S Z « With the embedded quiver from
equation (5.1); and (c) the curves from (a) half-way translated into chain complexes
over B.

but we will ignore this for a moment. We distinguish between compact and non-compact
curves. A non-compact curve in S7 , is a non-null-homotopic immersion of an interval, with
ends on the three non-special punct’ures of S f’* (see [16, Definition 1.4]). We consider these
curves up to homotopy relative boundary. For the purpose of this paper, we can completely
ignore compact curves, thus avoiding the discussion of local systems. Since our notion of
Conway tangles does not allow for closed tangle components, we know that, for any Conway
tangle T, ]?N(T; k) contains exactly one non-compact component [16, Proposition 6.15]. We
denote this component by BN, (T'; k); it is this invariant that we will focus on below.

Example 5.2. Figure 12(a) shows two non-compact immersed curves on the four-
punctured sphere Si*, which is drawn as the plane plus a point at oo, minus the special
puncture * and the three non-special punctures o. The short, horizontal curve (drawn in red)
shows the invariant I?N(QO; k) = I§T\Ia(Q0; k), which consists of a single component. The
other curve (drawn in blue) is equal to the invariant ﬁI(Ta; k) = BN, (T4:;K). The invariants
of both tangles are independent of the field of coefficients k; this is not true in general.

At multiple points in this paper, we need to apply the correspondence between chain com-
plexes and multicurves very explicitly, so we now briefly describe how this works. Consider
the two dotted grey arcs in Figure 12 (b), which start and end on the special puncture of Si*
and separate the three non-special punctures. We call these arcs the parametrisation of S i*.
Furthermore, fix an embedding of the quiver (5.1) into Si* as shown also in Figure 12 (b).
Now, given an immersed curve y (say, non-compact), we homotope it such that it intersects the
parametrisation of S i* minimally. Then each intersection point corresponds to a generator of
the associated chain complex, namely an object o if the intersection point lies on the grey arc
at the top and an object e if it lies on the arc on the left, as prescribed by the vertices of the
embedded quiver. The paths between those intersection points that meet the parametrisation
only in their two endpoints correspond to the differentials of the chain complex. More explic-
itly, suppose «: [ag, a1] — Sf « 1s a subpath of y such that the preimage of the parametrisation
is equal to {@g, a1 }. Then the chain complex contains an arrow

Ol(ao)b—a>a(al) or Ol(al)ga(ao),



272 Lewark and Zibrowius, Rasmussen invariants

where the direction of the arrow and b, € B are determined by the unique path in the embedded
quiver that is homotopic to « (relative to the parametrisation).

Example 5.3. The curve BN, (Qo) from Example 5.2 intersects the parametrisation in
exactly one point @. So the corresponding complex consists of a single object o and the differ-
ential vanishes. This is precisely the complex 1(Q¢) from Example 5.1. The curve BNu(Ty)
intersects the left arc of the parametrisation three times and the other arc six times. So the
corresponding complex contains three generators o and six generators . The directions of the
differentials are shown in Figure 12 (c). The corresponding complex agrees with [1(7y) from
Example 5.1.

The reverse direction of the correspondence between chain complexes and multicurves,
i.e. translating algebra into geometry, is generally much more involved and relies on the arrow
pushing algorithm from [8]. Notice, however, that any chain complex represented by a directed
graph with only 0-, 1-, or 2-valent vertices whose arrows are labelled alternately by powers
of S, D € B arises directly from a multicurve in the way described above. So, in practice, it
suffices to find such a representative in the homotopy class of a given chain complex. If the
number of objects is small, this is usually straightforward.

Remark 5.4. The multicurve corresponding to a direct sum of chain complexes is equal
to the disjoint union of the multicurves corresponding to the individual summands.

The parametrisation of S f’* not only plays a key role for translating between chain com-
plexes and multicurves, it is also important for the definition of the bigrading on immersed
curves. The bigrading takes the form of a Z2-valued function gr = (¢, &) on the set of inter-
section points with the parametrisation that is compatible with how these intersection points
are connected by the curve, in the sense that the bigrading on the corresponding chain complex
be well-defined. Thus, the bigrading of any given component of a multicurve is determined by
the bigrading of a single generator of this component.

In general, the bigrading on JI(7") depends on an orientation of the tangle 7". If T is an
unoriented tangle, ﬁI(T) only carries relative bigradings, i.e. bigradings that are well-defined
up to an overall shift that is determined by the linking number of the tangle (Definition 3.9).

Proposition 5.5. If T is a Conway tangle with linking number 0, the (absolute) bigrad-
ing on BN(T) is independent of the orientation of T

Proof. This follows directly from [16, Proposition 4.8]. O

This proposition applies in particular to the trivial tangle {X: and, more generally, to the
double tangle Tk for any knot K.

5.2. Properties of the multicurve invariant. The reader may have already noticed
the appearance of two conspicuously distinct four-punctured spheres in the construction of
the multicurve invariants above: the surface S i*’ on which the curves live, and the bound-
ary of the unit 3-ball B3 with the four marked points {+e*7/4} x {0}, which are the tangle
ends 07 . The parametrisation of S i* used for translating between chain complexes and multi-
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curves distinguishes one of the four punctures from the other three. A choice of a distinguished
point * among the four marked points on dB? is in fact also required in the definition of the
homological invariant JI(T’; k). (We always choose the top left tangle end (—e~%/#,0) as the
point *.)

This coincidence suggests that one should identify S} , With B3 ~ 0T. We do this as
follows. Assume that the four punctures in Figure 12 (b) are the points +e® /4 on the unit
circle in C C C U {oo} = S2. We identify this circle with S! x {0} C dB? via the identity
map. We then extend this map to the entire spheres such that the interior of the unit disc in
C C S? is mapped to those points on dB3 with positive z-coordinate (i.e. the front). Of course,
identifying these spheres begs the question if the identification is natural with respect to the
action of the mapping class group Mod(Sf’ ,): does adding a twist to the tangle ends correspond
to twisting the curves? At least if k = I, the answer is yes.

Theorem 5.6 ([16, Theorem 1.13]). For all oriented Conway tangles T and for all
mapping classes t € Mod(Si*),

BN(7(T;F2)) = t(BN(T'; F2)). o

We expect that Theorem 5.6 generalises to arbitrary fields, but we will not prove it in this
article. We only need to understand how the mapping class group acts on non-compact curves
BN, (T'; k).

Proposition 5.7. For all oriented Conway tangles T, fields k, and T € Mod(S f,*),

BN, (¢(T;K)) = t1(BN4(T:Kk)).

Sketch proof. Following the same strategy of the proof of Theorem 5.6, it suffices to
consider how single twists act on the multicurves. Using Bar-Natan’s gluing formalism for
cobordism complexes of tangles, we compute how a single twist acts on the objects and mor-
phisms in B. The action on objects is given by

D 1 D
o+>|[o«—0—0], er>[e— 0]

with the appropriate grading shifts. The action on morphisms is the same as [16, Figure 45a],
except that some of the vertical arrows carry minus signs. From this, one can compute the action
on type D structures over 8 corresponding to elementary curve segments. Again, the answer
differs from [16, Figure 47] only in a number of minus signs. From this, we conclude that the
underlying curves of ﬁN(T; k) behave under twisting as expected. Only the local systems may

change. Since non-compact components carry no interesting local systems — all minus signs
can be “pushed off the ends”, so to speak — the claim follows. |

Remark 5.8. A more careful analysis of the signs in the sketch proof above shows that
the local systems of curves corresponding to reduced type D structures whose differentials
only contain linear combinations of D, S, and S? € B do not change under adding twists.
However, there do exist tangles 7', for which the local systems on the associated multicurves
seem to change under twisting, suggesting that the definition of local systems is unnatural. As
will be shown in forthcoming work, in which Theorem 5.6 is generalised in full, this is because
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of the unfortunate choice of the basis

{[.,LO, Hn ‘S.,Hn ‘So, Hn 'SoS.,Hn 'S.So,H” 'D.,Hn 'Do | n Z O}
of the algebra B used in [16] in the definition of local systems. Replacing H by (—H ) in this
basis makes local systems become natural under twisting.

We note a few more useful facts about the invariant BN (7'; k).

Theorem 5.9. For any oriented Conway tangle T, the non-compact curve ]?NAT; k)
connects the two non-special tangle ends that are connected via the tangle T . ]

Theorem 5.10.  For all oriented Conway tangles T, BNg(¢+(T); k) = BNy (T:;k). o

Theorem 5.9 is a special case of [16, Proposition 6.15]. Theorem 5.10 is the key obser-
vation used in the proof of invariance of the Rasmussen invariant under Conway mutation
[16, Theorem 9.17].

Corollary 5.11. For any oriented knot K, ET\IQ(TKr k) = BN, (Tk; k).
Proof. This follows from Proposition 3.11 and Theorem 5.10. O

Definition 5.12. Given a non-compact curve y, let —y denote its mirror, i.e. the curve
obtained by applying the involution that multiplies the z-coordinate by (—1) and reverses all
gradings. Similarly, given a chain complex X over B, let —X be the complex obtained by
reversing the directions of all differentials and reversing all gradings.

The following is [16, Propositions 4.26 and 7.1].

Proposition 5.13. For any oriented Conway tangle T,

I(~T:k) = —I(T:k) and BN(-T:k) = —BN(T';K). O

5.3. The pairing theorem for multicurves. The following is a specialisation of [16,
Proposition 4.31 and Theorem 7.2] to knots.

Theorem 5.14 (Pairing Theorem). Let K = T U T’ be an oriented knot, where T and
T’ are two oriented Conway tangles. Then BN(K ; K) is bigraded isomorphic to both

(5.2) %" Hy(Mor(~I(T; k), (T";K))) and h°q' HF(~BN(T; k), BN(T";k)),

where HF denotes the wrapped Lagrangian Floer homology. ]

We now explain how the two expressions in (5.2) are defined.

The morphism space between two chain complexes C and C’ over 8 is a chain complex
over k. Its underlying vector space is generated by homomorphisms from C to C’. These do
not necessarily preserve the bigrading, nor do they necessarily commute with the differentials.
The differential @ on Mor(C, C’) is defined by pre- and post-composition with the differentials
of C and C’ in the usual way [16, Section 2].



Lewark and Zibrowius, Rasmussen invariants 275

(@ (b)

Figure 13. (a) The pairing of the curves from Figure 12 (a); the first intersection point in the wind-
ing region around the lower right puncture is highlighted; (b) two curves in pairing
position; see paragraph before Theorem 5.18. The labelled arrows at the intersection
points indicate the algebra elements used in the definition of the quantum grading of the
intersections points.

To define wrapped Lagrangian Floer homology, let y and )’ be two immersed curves
on § i*. For simplicity, let us assume they are both non-compact. Let us further assume that
y and y’ connect different pairs of non-special tangle ends. With notation as in Theorem 5.14,
this assumption holds for y = BN, (7") and y’ = BN4(7”) by Theorem 5.9, since K is a knot.
So the endpoints of y and y’ only meet in one tangle end; let us denote this tangle end by p. By
removing bigons between y and y’, we can make sure that they intersect each other in a minimal
number of points, like the two arcs in Figure 12 (a). We call this the minimal position for the
two curves. Now modify the curve y in a small neighbourhood of the tangle end p, which
we call the winding region of p, such that it wraps around p infinitely many times in counter-
clockwise direction. The vector space HF(y, y’) is now freely generated by the intersection
points between y and .

Example 5.15. Figure 13 (a) shows the Lagrangian Floer homology HF(y, y’) of the
curves ¥y = BN(Qy) and ' = BN(T,). Note that 7,(0) = U, so HF(y,y’) = BN(U).

The grading on HF(y, y’) is defined as follows [16, Section 7.2]. Let e be an intersection
point between y and y’. Consider a path on y U y’ that starts at an intersection point a of y with
the parametrisation of S f’*, turns right at e and ends on an intersection point » of " with the
parametrisation. We can choose @ and b such that the path only meets the parametrisation at the
endpoints a and b. This path corresponds to some algebra element s € B as in the translation
between curves and their associated complexes. We then define

q(e) :=q(b) —q(a) + q(s).

One can show that this grading is independent of any choices.

Definition 5.16. For y, y/, and p as above, let s(y, y’) denote the quantum grading of
the first generator of HF(y, y’) in the winding region around p.

Recall from Section 3.3 that the Bar-Natan homology §1<I(K ;k) of a knot K is not just
a bigraded vector space, but in fact a module over the ring k[ H |. If we identify the variable H
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with the central algebra element
H:=D + 5% =Dq¢+ Do+ SoSe + SeSo € B,

any morphism space Mor(C, C’) can be equipped with an action by K[ H] in the obvious way
and this action respects the differential. The first isomorphism from Theorem 5.14 respects
these two actions by k[ H].

The action of k[ H] on the Lagrangian Floer homology HF(y, ¥’) of two multicurves y, y’
is defined indirectly, namely by transferring the action of H on the homology Hy«(Mor(C, C"))
of the morphism space between the chain complexes C and C’ associated with y and y’. This
works as follows (see [16, Section 5.4]).

Definition 5.17. Let C and C’ be two chain complexes over the algebra B. If C and
C'’ are fully cancelled, i.e. if their differentials contain no identity component, we can write the
morphism space Mor(C, C’) as a mapping cone

(Mor(C. C').3) = [(Mor(C. C").0) &> (Mort (€. C"). 3™,

where Mor*(C, C’) consists of the morphisms that only contain idempotent components,
Mor™ (C, C’) consists of the morphisms that do not contain any idempotent components, and
B and 07 are the restrictions of 0. The map 8 induces a map

Mor*(C. C') 25 H, (Mort (€. C"). 9],

If we understand this map and its domain and codomain well enough, this allows us to compute
the homology of the morphism space,

H,(Mor(C, C’),0) = H«[Mor*(C,C’) LN H.(Mor™(C,C"),0™)].

Let y and y’ be the two multicurves corresponding to the type D structures C and C’. If one
puts these multicurves into a certain position, called the pairing position in [16, Section 5.4],
we can define the Lagrangian Floer homology of HF(y, ") combinatorially.

The pairing position of two multicurves y and y’ is generally different from the minimal
position of y and y’. It is defined as follows. Consider a small tubular neighbourhood of each
arc of the parametrisation of S f’*. Each neighbourhood has two boundary components, which
we may regard as push-offs of the corresponding arc. Divide each of boundary component into
a left and a right half when viewed from the interior of the neighbourhood. We now homotope
the two multicurves such that y avoids the left halves of these boundary components and y’
avoids the right halves and such that the curves intersect minimally under these restrictions.
(Explicit models for the curves are described in [16, Section 5.4].) Finally, we modify y in the
winding region as before. This is illustrated in Figure 13 (b).

The intersection points of two multicurves in pairing position can be partitioned into two:
those intersection points that lie in the neighbourhoods of the arcs are called upper intersection
points and they freely generate a vector space CF*(C, C’); the remaining intersection points
are called lower intersection points and they freely generate the vector space CFT(C, C’). By
counting bigons connecting upper intersection points to lower ones, such as the bigon shaded
green in Figure 13 (b), we can define a map

d:CF*(C,C") - CET(C, ).
We denote its mapping cone by CF(C, C’) and its homology is HF(y, y’).
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The reader may have already noticed that each upper intersection point e corresponds to
a pair of intersection points of y and y’ with the arc in whose neighbourhood the point e lies.
This identification of CF*(C, C’) and Mor*(C, C’) can be extended to the entirety of the two
constructions [16, Theorem 5.22].

Theorem 5.18. Let y and y’ be two multicurves in pairing position and C and C’ their
associated type D structures. Then there exist bigraded isomorphisms

Mor*(C,C") = CF*(y,y") and Mort(C,C’) = CF*(y,y)

such that the following diagram commutes:

Mor™(C, C") L H.(Mor*(C,C’),0%)

- -

CF*(y.y") —4— CFt(y.y).
In particular, HE(y, y") =~ Hx(Mor(C, C’), 9). |

The morphism space Mor(C, C’) between two type D structures C and C’ over B car-
ries a natural action H which is defined by multiplying a morphism by the central element
H € B. Of course, this action commutes with the differential, so we obtain an induced (but
not necessarily canonical) action on the mapping cone

Mor*(C. C') 25 H,(Mort (C. C"), 3]

and both induce the same action on Hyx(Mor(C, C’),0). We can now use the isomorphisms
from Theorem 5.18 to transfer this action to CF(y, y’) and ultimately to HE(y, y’).

We will now assume that y and y’ are two non-compact curves. For computing HF(y, y’),
minimal positions of y and y’ are generally more convenient than pairing positions. Theo-
rem 5.25 from [16], or rather its proof (see [50, Theorem 4.45]), tells us how to pass from one
to the other. Namely, we can identify each intersection point x in a minimal position with either
a lower intersection point xo € CF(y, y’) or a formal sum > _ &;x;, where ¢; € {£1} and x; are
upper generators that are connected via a chain of bigons.

In the first case, the action can be easily understood (see [16, Remark 5.23]), and such an
intersection point has infinite order exactly if it lies in the winding region of y and y’'.

The second case requires a bit more care: under the isomorphism from Theorem 5.18,
> &ix; corresponds to some element ) &; f;, where f; € Mor*(C, C’) is a certain morphism
with a single idempotent component. By construction, S«(>_ &; fi) = 0, i.e. there exists some
f+ € Mor™(C, C’) such that 07 (f1) = B(D_ &; f;). So the intersection point x € HF(y, y’)
corresponds to the element

[Z e fi — f+] € H,(Mor(C, C")).

Thus, by definition, H".x € HF(y, y’) is the element corresponding to [Y_e; H". f; — H". f4]
which we may regard as an element in Hx (Mor™ (C, C’)). If n is large enough (namely strictly
greater than the length of any differential in C and C"), this element is non-zero if and only if
x lies in the winding region of y and y’, and in this case, it has infinite order.
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This argument shows the following lemma.

Lemma 5.19. Let y and y' be two non-compact curves on S i* connecting different
pairs of punctures. Then

s(y,y") = max{q(x) | homogeneous x € HF(y,y") : H" .x # 0 forall n > 0}. D

Proposition 5.20. With notation as in Theorem 5.18,

se(K) = s(=BN4(T), BN4(T")) + 1.

Proof. Recall from Definition/Proposition 3.17 that s.(K) is defined as the quantum
grading of the generator of the free summand F.[H] in any decomposition of BN(K; ) as in
(3.2) for any knot K. Equivalently,

s¢(K) = max{g(x) | homogeneous x € BN(K:F.): H".x # 0 for all n > 0}.

By the Pairing Theorem, I’B\IJ\I(K ;F¢) is bigraded isomorphic to the Lagrangian Floer homol-
ogy of —I?N(T) and BN(T" ), shifted by 1 in quantum grading. Furthermore, the wrapped
Lagrangian Floer homology of two multicurves is equal to the direct sum of the wrapped
Lagrangian Floer homologies between their individual components. This identity naturally
respects the k[ H ]-module structures. The wrapped Lagrangian Floer homology between two
curves, of which at least one is compact, is finite-dimensional as a vector space over Kk, and
hence it is H -torsion. So we may replace —I§T\I(T) and ]?N(T’) by —I?Na(T) and BN, (7,
respectively, without changing the free part of their wrapped Lagrangian Floer homology. Now
apply Lemma 5.19. O

6. Rasmussen invariants and Conway spheres

This section forms the technical heart of this paper and contains the proofs of the main
results.

Definition 6.1. Let p be a non-special puncture of S f «- We define a cyclic order on
the set C, of non-compact curves on § f’* that have exactl}; one end on p. We do this as
follows: given three curves y1, y2, y3 € C, that are pairwise distinct as ungraded curves, we
may assume without loss of generality that each pair of curves intersects minimally. (This
can always be achieved by homotopies that remove innermost bigons.) Then [y1, y2, ¥3] is
cyclically ordered with respect to p, or p-ordered for short, if it induces the counterclockwise
cyclic order on the intersection points of the curves with a sufficiently small circle around p.

Given four non-compact curves 1, yy. y2. ¥y € Cp with y; # y} forall i, j € {1,2} (as
ungraded curves), we define

1 if y1 # y» and y| # v, (as ungraded curves)

ip(y1, 71,72, V2) = and [y1.y]. 2. v5] is p-ordered,
0 otherwise.

For the next result, recall the definition of an expression s(y, y’) from Definition 5.16.
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(b)

Figure 14. An illustration of the curves in the winding region around the puncture p in the two
cases (a) and (b) in the proof of Lemma 6.2.

Lemma 6.2 (Four Curves Lemma). Let p, p’, and p” be the three non-special punctures
of Si*. Suppose y1 and y are two curves with ends on the punctures p and p’, and y| and y,
two curves with ends on the punctures p and p”. Then

(6.1) s(y1,v1) + 52, v2) = 2-ip (Y1, ¥1. 72, ¥2)
=s(y1,v2) + (2. v1) —2-ip(y1,¥3. V2. ¥1)-

Note that the condition on the punctures at which the curves end ensures that the quanti-
ties ip(y1, y1. V2, v5) and ip (Y1, V5. v2, 1) are well-defined. Note also that at most one of them
is non-zero.

Proof of Lemma 6.2. 1f y1 = y» or y| = v, as ungraded curves, the statement follows
from the gluing theorem (Theorem 5.14) combined with the fact that, for any two curves y
and y/,

HF(¢%y.¢"y") = ¢" " HF(y.y"),

as for morphism spaces [16, Definition 2.2]. Since the punctures p’ and p” are distinct, this
leaves the case that all four curves are distinct as ungraded curves. We introduce some notation.
For i, j € {1,2}, let x;; be the first generator in the winding region around p for the pair
(vi, y]’.). Then, by definition of the quantum grading,

s(vi,v}) = q(xij) = q(bj) — q(ai) + q(sij),

where b; is the first generator near the end p of yJ’., a; is the first generator near the end
p of y;, and s;; € B is the algebra element that labels the morphism corresponding to x;;.
Since equation (6.1) is symmetric in y; and y» as well as y; and y3, it suffices to consider the
following two subcases.

Case (a): [y1,y1. V2, V5] is p-ordered. 1In this case, equation (6.1) is equivalent to

q(s11) + q(s22) —2 = q(s12) + q(s21).
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Figure 15. (a) The lifts of the curves ]?I/\Ia (T) for some companion tangles (blue) and the pattern
tangles (red) from Figures 1 and 3, and (b) their singular peg-board representatives.
31 = T> 3 and 819 = T34 denote the positive torus knots. The slope of the finite slope
segment of the curve in (b) for 819 is 16. The invariants of T;, and T, agree with the
mirror of the invariant of T3, up to single vertical half-twists.

Let s, € B correspond to the path of minimal length from b, to b,. Then
q(s12) —q(s11) = q(sx) = q(H - 522) — q(s21) = q(522) =2 —q(s521)
as Figure 14 (a) illustrates. This is equivalent to the desired identity.
Case (b): [y1,y1. V5. v2] is p-ordered. 1In this case, equation (6.1) is equivalent to
q(s11) +¢(s22) = q(s12) + ¢ (521)-

This can be seen in the same way as the identity in case (a) by comparing the algebra elements
sij to the algebra element s, corresponding to the path of minimal length from by to by,

q(s12) —q(s11) = q(s4+) = q(s22) — q(521).

This case is illustrated in Figure 14 (b). D

Often, it is useful to lift immersed curves to a covering space of S f > namely the plane
R? minus the integer lattice Z2. We may regard R? as the universal cover of the torus, and the
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torus as the two-fold branched cover of the sphere branched at four marked points; then the
integer lattice Z? is the preimage of the branch set. We choose the covering map such that the
left arc of the parametrisation of S i . (the one corresponding to e in Figure 12 (b)) is lifted to
straight vertical lines and the other arc (o) is lifted to straight horizontal lines. This covering
space along with the lifts of BN, (T) of a selection of tangles 7 is illustrated in Figure 15 (a).

Recall the following “normal form” for curves in S i* from [16, Section 2.3]; see also
[8, Section 7.1].

Definition 6.3. Consider the standard Riemannian metric on R? ~ Z2, which induces
a Riemannian metric on Si*. Fix some ¢ with 0 < & < % An g-peg-board representative of a
non-compact curve y in S 3’* is a representative of the homotopy class of y which has minimal
length among all representatives that (away from the two ends) have distance ¢ to all four
punctures in S7

The intuition behind this definition is to think of the four punctures of S i* as pegs of
radii ¢ and then to imagine pulling the curve y “tight”, like a rubber band. This is illustrated in
Figure 15 (b).

Definition 6.4. Given y € Cp, consider the lifts of e-peg-board representatives of y,
one for each ¢ with 0 < ¢ < 3, all with respect to the same lift of the basepoint p. We define
a singular peg-board representatlve of y as the piecewise linear curve that is the limit of these
lifts as & — 0. Since singular peg-board representatives of y are unique up to deck transforma-
tions, this allows us to define the slope 0, (y) of y at p as the slope of the singular peg-board
representative of y near the end p. The cyclic order on C,, (Definition 6.1) induces a strict total
order on the curves of the same slope at p; we denote this order by <.

Definition 6.5. For any slope g, we write az for the curve 1§:I<I(Q 2; k).

For ¢ > 0 sufficiently small, the lift of any e-peg-board representative of az is a straight
line segment of slope fl’ connecting two non-special punctures. In particular, the curve az is
independent of the field k. For E € {0, oo}, the absolute bigrading is well-defined. Otherw1se
whenever necessary, we will spemfy the absolute bigrading on az by specifying the orientation

of Qr.

q

We now relate the invariants . from Definitions 2.2 and 2.15 to the slopes of the
multicurve invariants BN .

Proposition 6.6. Ler P be a pattern of wrapping number 2 and Tp a pattern tangle
for P (see Definition 3.8). Let o be the slope of y := BNy (Tp; F.) near

the lower right tangle end if P has winding number 0 (i.e. x(Tp) = ¢),
the lower left tangle end  if P has winding number =+ 2 (i.e. x(Tp) = X;).

Then ¥.(P) = oo if and only if 0 = 00. Moreover,

-

g1 ifoeQ~2z,
ifo€2Zandy <p ag,
+1 ifo€e2Zandy >p ags.

(6.2) Ve(P) =

NI NIQ
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Proof. Let us first consider the winding number O case. For n,m € 7Z, let

where Q», and Q»,,, are oriented compatibly with the oco-rational filling. Let p be the lower
right tangle end. Then, by the Four Curves Lemma,

s(az2n,y) + s(A2m, 800) — 2 ip(a2,, Y, 22m, Ac0)

= 5(3211’300) + s(aZM’ V) -2 ip(a2n’ Aco, A2m V)-
By Proposition 5.20, s¢ (a2, ac0) = 5¢(U) — 1 = sc(a2m, ac0). Similarly,
Sc(azy,v) =s.(Tp(2n)) —1 and sc(azm,,y) = sc(Tp(2m)) — 1.

Recall from Lemma 3.12 (b) that 7p (2n) = P,(U) and Tp (2m) = P,,(U). Thus,

Se(Pp(U)) = sc(Pn(U)) +2- ip(aZna Ys22m,800) — 2+ ip(aZn,aoo,azm» Y).

If 0 = oo, then clearly i, (a2, Y, a2, ac0) = ip(22,, 200, A2/, V) = 0, and so F¢(P) = oo.
If o # oo, let m be equal to the right-hand side of (6.2). Then i, (a2, Ao, a2/, y) = 0 for
all n. Moreover, i, (a2, Y, 22m,80) = l ifand only if n < m, so

Sc(Pmn(U)) ifn >m,

sc(Pp(U)) = {Sc(Pm(U)) +2 ifn <m,

and hence . (P) = m.
Let us now consider the winding number +2 case. As before, let n,m € Z and

y = BNu(Tp:F.)., as, =BN(Q2,). and a5, = BN(Qam).

but where now (5, and Q»,, are oriented compatibly with the +1-rational filling. Further-
more, let N > 0 be some large odd integer and ay = BN(Q y ), where Q y is oriented com-
patibly with the O-rational filling. Let p be the lower left tangle end. Then, by the Four Curves
Lemma,

S(aZn, V) + S(aZm’aN) - 2 ‘ lp(ava V,aZm, aN)

= s(azn,an) + s(az2m,y) —2-ip(azn,an, a2m, y).
By Proposition 5.20, s¢ (a2, an) = s¢(On(2n)) — 1 = s¢(T2 2n—n) — 1 and, similarly,
sc(@2m,an) = sc¢(T2,2m—N) — 1.
Since N > 0, we may assume that 2n — N and 2m — N are both negative. Therefore,
5c(T22n—N) — Sc(T22m—N) = 2(n —m).
Also, s¢(a2,,y) = s¢(Pp(U)) — 1 and s¢ (a2, y) = Sc(Pm(U)) — 1. Thus,
sc(Pp(U)) = s¢(Pm(U)) +2(n —m) +2-ip(azn, v, a0m,an) — 2+ ip(azp,an, azm, ).

With ay playing the role of as,, we may now argue in the same way as in the winding number O
case. O
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Companion tangles Tx have rather restricted multicurve invariants since they are cap-
trivial.

Lemma 6.7 (cf. [17, Section 3]). Let T be a cap-trivial tangle with x(T) = iZ:. Then
the slope of E\NQ(T; F.) near the lower left tangle end is either infinite or an even integer
n € 27, in which case ]§T\IQ(TK; F.) is equal to ]?N(Qn, Fc) up to some grading shift. The
slope of ﬁﬂla(T; ) near the lower right tangle end is always an integer. Moreover, if ¢ = 2,
this integer is even.

Proof. By assumption, T (c0) is the unknot U. So, by the Gluing Theorem,
HF(as, BN(T; F,)) =~ BN(U) = F.[H].

Therefore, ]§TV(T; F.) (and in particular ]§T\Ia(T; F.)) can be homotoped such that it avoids
the vertical arc ao, altogether. Together with the assumption about the connectivity of 7" and
Theorem 5.9, this implies the first two statements. The final statement follows from the fact
that the curve ]?Na (T;F») does not wrap around the special puncture [18, Theorem 4.1]. o

6.1. Patterns with winding number 0. The following proposition is the basis for all
results in this subsection.

Proposition 6.8. Let T be a Conway tangle with x(T) = ¢ and let T' be a cap-
trivial tangle. Let p be the lower right tangle end and n € Z.. Let y = BNy, (—T;F.) and
y" = BNy (T';F.). Then, for all characteristics c,

2 if [azn, V.Y ax] is p-ordered,
sc(TUT') =s5c(T(=2n)) + =2 if [y, v, a0, 200] is p-ordered,

0 otherwise.

Proof. Letay, = ]?N(Qz” ; F¢), where Q5 is oriented compatibly with the co-rational
closure. Then, by the Four Curves Lemma,

s(V,7") + 5o, a20) — 2+ ip(y, ¥, A0, a2s)
= S()/, a2n) + S(aOO’ yl) -2 ip(y’aZns Ao, V,)

By Proposition 5.20,
S(aco,27) = Sc(Q2n(00)) — 1 =5.(U)—1=—1
and, similarly, s(ax, ') = —1, since T” is a cap-trivial tangle. Moreover,
s(.7) =s.(TUT) =1 and s(y.a2n) = sc(T(-2n)) — 1.
Therefore,
Se(TUT') = s5c(T(=2n)) +2-ip(y. 7', 200, 220) — 2+ ip (¥, 220, 200, V).

This is equivalent to the desired identity. |
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(a) (b) ()

Figure 16.  An illustration for the proof of Lemma 6.11: lifts of curves y’ to R? ~ Z2.

Corollary 6.9. Let T be a Conway tangle with x(T) = ¢ such that 9. (PT) = oo for
the associated pattern PT. Then, for any cap-trivial tangle T',

se(TUT') = s5.(TQ2t)) forallt €Z.

Proof. By Proposition 6.6, the slope of I§T\1a(T; F.) near the lower right tangle end is
oo. The same is true for
BNy (=T;F.) = —=BNy(T; F,).

On the other hand, the slope of BN, (T F.) is finite by Lemma 6.7. So the claim follows from
Proposition 6.8. O

Corollary 6.10. Let T be a Conway tangle with x(T) = ¢ and let T' be a cap-trivial
tangle. Let 0 be the slope of BN4(T';F2) near the lower right tangle end. Then

52(T UT') = 55(T (~0).
Proof. By Lemma 6.7, 07, is an even integer. Setting n = % in Proposition 6.8, we ob-
tain the desired identity, unless [ag/, . v, as]or [y, y, a5, Aco] are p-ordered. The following
lemma says that this is impossible. m]

Lemma 6.11. Let y = BN, (=T:F,) for some tangle T and y' = BNg(T";F») for
some cap-trivial tangle T'. Suppose y and y' have the same slope o € 27 near the lower
right tangle end p. Suppose a5 <p v <p y' ory’ <p v <p ag. Then x(T') = X

Proof.  Since, by Theorem 5.6, the multicurve invariant BN is natural with respect to
twisting, we may assume that o = 0 after replacing T by T 4+ Q_,. Note that this preserves
the connectivity of 7. Then a; = ag is represented by the chain complex consisting of a single
object . Up to mirroring, we may also assume ag <, y <p ¥’. Then, in particular, ag <, y’,
so the complex representing y’ near p has the following form:

De S p{ s
0<—@—> -+ Of @<— @<—>:--

for some integers i > 1 and j > 2; see Figure 16. Since ag <, y <, Y/, the same is true for
the chain complex X representing y. Taking the mapping cone with H -idy produces the
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following complex X’ given by the solid arrows:

S
L De S R D{ St
[ ] [ ] oo [ ] [ ]
A\ ~
RS D.]—l
lH -t lH or lH ot lH
De s Dy ™~ si
[ ] [ ] s [ ] [ ]
¥ -
...... _—

Applying the Clean-Up Lemma [16, Lemma 2.17] to the dotted arrows changes the complex
as follows:

S St
° * ——— ... ° o <—"—— ...
lH lH " lH lH

S St
° * ——— ... ° o <———> ...

(The rest of the complex remains unchanged.) In particular, we have split off a component of
the form

H
e — 0

which represents a rational curve ry(0) of length 1 and slope O (see [18, Section 2]). Since
X’ is a component of Kh(T'), so is the component r;(0). Rational curves of odd length detect
connectivity by [18, Theorem 5.6], so x(7) = {X:. i

We expect the proof of Lemma 6.11 to generalise to arbitrary fields of coefficients. The
deep result about the invariant ETV(T’ ; IF») that is contained in the hypothesis of the lemma is
the fact that, for ¢ = 2, the slope ¢’ is even. Computations suggest these slopes to be always
even; see also [17, Questions 3.4].

The proof of Lemma 6.11 can be easily adapted to show the following general fact about
rational tangle replacements in tangle sums.

Proposition 6.12. Let T be a cap-trivial tangle with connectivity ;. Then there exists
a unique integer o € 27 with the following property: for any oriented tangle R with connec-
tivity ¢,
BNu(T + R:F») = BN4(Qo + R;F2)
as bigraded curves, where R is oriented compatibly with the tangle sum T + R and the
orientation of Qs + R is compatible with the orientation of R. O

As with Corollary 6.10, we expect Proposition 6.12 to hold over arbitrary coefficients.

Remark 6.13. Proposition 6.12 implies that, for R = Qg with p odd and g even,
B\Na(T + R;F2) = B\I/\Ia(Qa-i-g;FZ) =a5+L.

This explains the phenomenon that the authors already exploited in [25] for showing that the
Rasmussen invariant s3 is distinct from other s¢: the curves BNg (73,5 + O 5L;Fc) are equal
toag.—1 and, interestingly, o3 is different from o, for other coefficients c.
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The integer invariant ¥, (K) from Definition 2.2 admits the following geometric interpre-
tation.

Corollary 6.14. Given a knot K C S3, let o, be the slope of BNy (Tk;F.) near the
bottom right tangle end. Then 9.(K) = [5]. In particular, %>(K) = %.

Proof. By definition,
1
W (K) = TK(2t n 5) —TUT

with T = Q_5,—1 and T’ = Tk. By Lemma 6.7, the slope 0’ = o of BN, (7") is an integer.
So, by Proposition 6.8, for any fixed n = ¢, we obtain

1 1
se(WH(K)) = se(Q—nim1(—20)) + {2 it2r +1 <o,

0 otherwise.

Observe that Q ;-1 (—27) = Q—-1(0) is the unknot, so the first summand above vanishes.
Thus, for t = [%],

seWH(K) =0 and s.(W,T,(K)) =2.
Sot = [%] agrees with ¥ (K). o

We can finally prove Theorem 1.1, which we restate here for clarity.

Theorem 1.1. For every knot K C S3, there exists a unique integer 9> (K) such that

$52(P(K)) = 52(P_y,(x)(U))

for all patterns P with wrapping number two and winding number zero.

Proof. The condition on the winding number means that we can write P(K) =Tp U Tx
for some pattern tangle Tp with connectivity x(7p) = ¢ We now combine Corollaries 6.10
and 6.14. ]

6.2. Patterns with winding number 2. The following two results play the same role
for winding number +2 patterns as Proposition 6.8 does for winding number O patterns.

Proposition 6.15. Let T be a Conway tangle with x(T) = i¥X: and let T be a cap-
trivial tangle with IkK(T") = 0. Suppose BNy (T';F.) is equal to a3, = BN(Q2,:F,) for some
integer n up to some grading shift. Then

se(TUT') = 5.(T(—=2n)) + 6n.

Proposition 6.16. Ler T be a Conway tangle with x(T') = iX: and let T’ be a cap-trivial
tangle. Let y = BNy (=T F.) and y' = BNy (T’;F.). Suppose the slope of y' near the lower
left tangle end p is equal to co. Then, for all coefficients c andn € 7,

Se(T UT") = 5c(T(=2n)) + sc(T'(2n + 1)) — {2 if [y.azn, y'l is p-ordered,

0 otherwise.



Lewark and Zibrowius, Rasmussen invariants 287

Proof of Proposition 6.15. Letus equip T’ and Q5 with an orientation compatible with
the 1-rational closure. The key ingredient in this proof is that we can work out the absolute
grading shift between y’ 1= ]i?Na(T/ :F.) and a,. For this, let T’ be the tangle obtained
from T’ by reversing the orientation of one of the two strands. By assumption, 1k(7") = 0,
SO ]?N(T/; F.) = BN(T"; F,) as bigraded multicurves by [16, Proposition 4.8]. By the same
principle, if an denotes the oriented tangle obtained from @5, by reversing the orientation
of one of the two strands, then

BN(Q2n:Fe) = g ™92 . BN(Q2n: Fe) = ¢*" - BN(Q2u: Fo).
Together with T’ (00) = U, these considerations imply that
sBNEEFe). 1) = 5(T'(00)) = 5¢(U) = 1 = 5¢(Q2n(00))
= s(BN(3¢: Fe). BN(Q2n: Fe)) = s(BN(§¢: Fe). g% - BN(Q2ni Fo)).
Hence Y’ = ¢%" - BN(Q2,: F.) and
se(T UT') = s(BNa(=T:Fc).y") + 1 = s(BNa(~T:Fc).q*" - BN(Q2n: Fo)) + 1
= 5:(T U Q2,) + 6n = 5.(T(—2n)) + 6n. |

Proof of Proposition 6.16. Let

asn+1 = BN(Qan+1:Fe) and az, = BN(Qan: Fe).

where Q2,41 is oriented compatibly with the co-rational filling and Q5 is oriented compati-
bly with the 1-rational filling. Then, by the Four Curves Lemma,

s(y, V/) + s(azn+1,22¢) — 2 ip(y, )//, 2;,+1,82,)
= s(y,a20) + s(@2n41,7") —2-ip(y, 220, 22041, 7).

By Proposition 5.20,

s(a2p41,22n) = 5¢(Q2n(2n +1)) =1 =s5.(U) =1 = —1,
s(y,Y)=s(TUT') -1,
s(y,azn) = 5c(T'U Qap) — 1 = 5¢(T(-2n)) — 1,
s(@27+1.Y) = 5(Q-20—1 UT") =1 =5.(T"2n + 1)) — 1.

Moreover, since the slope of y’ near p is 00, ip(y,y', 22,41, a2,) = 0 for all n. We obtain
sc(TUT') = s5c(T(=2n)) + 5¢(T"(2n + 1)) = 2-ip(y, 220, 22041, ")

which is equivalent to the statement of the proposition. |

Next, we explore the relationship between ¥.-rationality (see Definition 2.16) and the
multicurve invariants, which will explain our choice of terminology.

Lemma 6.17. Let K be a knot and o the slope of BN, (Tx: F.) near the lower left tan-
gle end p. Then o = oo if and only if O.(PX) = co. Moreover, if o < oo, then BN, (T F.)
is equal to BN(Q»2y,(k): Fc) up to some grading shift and De(PK) = 9.(K) = g
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Proof. Letuschoose Tpx = Tx + Q_1 as the pattern tangle for the pattern PX. Then,
by Proposition 5.7, the slope of I§T\IQ(TPK ;IF¢) near p is equal to 0 — 1 if 0 < o0 and oo if
o = o0. So the first statement follows from Proposition 6.6.

Now suppose 0 < co. Lemma 6.7 implies that o is an even integer and BN, (Tk:Fe) is
equal to ]?N(QU; FF¢) up to some grading shift. So, by Corollary 6.14, 9. (K) = 5. The identity
De(PX) = 9.(K) now follows from Proposition 6.6 and our observation from the beginning
of the proof that the slope of B\I/\Ia(TPK ;Fe) near pisequaltoo — 1 = 209.(K) — 1. O

Proposition 6.18. A knot K is ¥.-rational if and only if BN, (Tx:F.) is equal to
BN(Qg ; Fe) for some slope g € QP! up to some grading shift. Moreover, if K is O-rational,
then g = 20.(K) = 20.(K).

Proof. By Lemma 3.14, 9/(K) = O (PX"y = 9.(PK), so K is ¥.-rational if and
only if ¥.(PX) < co. By the first half of Lemma 6.17, this is equivalent to the slope o of
I’S\I/\Ia (Tk; Fc) near the lower left tangle end being finite.

So to prove the first statement of the proposition, it remains to see that ¢ < oo if and only
if BN, (Tk; Fe) is equal to ]?N(Q 2; F.) for some slope g € QP! up to some gﬂr\a/ding shift. The
if direction is easy to see, since the connectivity of Tk is {X: and the curve BN(Qg ;F¢) has
constant slope. The converse follows from the second half of Lemma 6.17.

We have just seen that if K is ,-rational, the slope ¢ is finite. So, by the second
half of Lemma 6.17, 0 = 20.(K) = 20.(PX). We now conclude with the observation that
U.(K) = V(P K from the beginning of the proof. m]

The above gives rise to the following simple test to determine if K is ¥, -rational without
computing the entire curve BN, (k).

Corollary 6.19. A knot K is V¢-rational if and only if
se(P (-1 (0) = sc(Pg ) (U)).

Proof. 1f K is not ¥.-rational, then the identity clearly does not hold. If K is ©.-rational,
then ¥.(K) = 9/(K) by Proposition 6.18, which implies the desired identity. O

We can now prove Theorem 2.23, which we restate here for convenience.

Theorem 2.23. Let K be a ¥.-rational knot. Then ¥.(K) = ¥.(K), and for any pat-
tern P with wrapping number 2 and winding number %2,

s¢(P(K)) = sc(P_y,(k)(U)) + 69.(K).

Proof. The first statement was already shown in Proposition 6.18. The formula for
s¢(P(K)) is obtained by applying Proposition 6.15 to T = Tp some pattern tangle for P,
T’ = Tk, and n = ¥.(K) and using the identity

P_y.x)(U) = T(=20.(K))

provided by Lemma 3.12 (b). O
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Corollary 6.20. Let K be a V¢-rational knot. Then, forall t € Z,

if e(K) =1,

otherwise.

5¢(C221+1(K)) = 49.(K) + 2t + {2

Proof. This follows from Theorem 2.23 applied to P = C3 ;4 1, noting that

P_y.k)(U) = Ca 21 41-20.(k)(U) = T2 2(1—8,.(K))+1
by definition and

—1 if2(t — 9(K) + 1> 0,

se(P_p (k) (U)) = 2(t — 9c(K)) + 1 +{ 1 if2(t — 0e(K) +1 <0

by Example 3.19. |

Theorem 2.27. Let K be a knot that is not O.-rational. Then, for any pattern P with
wrapping number 2 and winding number +2 with ¥, (P) # oo,

2 if 9.(P) >0,
Sc(P(K)) = sc(PU)) 4+ 5¢(C2,1(K)) —
c(P(K)) = s5c(P(U)) + 5¢(C2,1(K)) {0 i 9.(P) < 0.
Proof. Let P(K) = Tp U Tk for some pattern tangle 7p. We apply Proposition 6.16
toT =Tp, T’ = Tk, and n = 0. We obtain

2 if[y,ag,y’]is p-ordered,
Sc(P(K)) = 5¢(TpP(0)) + se(Tk (1)) — .
0 otherwise,

where y = ]?Na (—=Tp:F.) and y' = ]?Na(TK;IFC) and p is the lower left puncture. Since
Tp(0) = P(U) and Tk (1) = C3,1(K), it suffices to show that [y, ag, '] is p-ordered if and
only if ¥, (P) > 0. To see this, let o be the slope of I?Na(Tp;IFC) = —BN, (=Tp;F.) =—y
near p. So, by Proposition 6.6, ¥.(P) > 0if and only if 0 > O or (0 = 0 and —y >, ag). This
is indeed equivalent to [y, ag, ] being p-ordered, since the slope of )’ at p is oco. O

Theorem 6.21. Let K be a knot that is not ¥¢-rational. Let P be a pattern with wrap-
ping number 2 and winding number £2 such that ¥, (P) = oo. Then

2 if yk <p yp,

5¢(P(K)) = sc(P(U)) + s¢(Ca,1(K)) — {0 otherwise

where p is the lower left tangle end, yx = ]§:1<Ia (Tk;Fe), and yp := ]?Na (=Tp:F.).
Proof.  Similar to Theorem 2.27, this follows from Propositions 6.6 and 6.16. ]
Example 6.22. Let K be the positive trefoil knot and the patterns P T and P~ defined
by the pattern tangles Tp+ =T, = T_x + Q41 and Tp- = TL;, = T_g + Q—_1, respectively.

Then the knots P*(K) = C2,51(K# — K) are obtained by plugging T+ into the grey disc
in Figure 1 (a). The knot K# — K is concordant to the unknot U, so P*(K) is concordant to
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C> +1(U) = U, and hence s,(P*(K)) = 0. Moreover,
PEU) = Co51(—K) = —C3,21(K).

Since K is not ,-rational, s2(Cz,—1(K)) = 52(C2,1(K)) —2, so we obtain the following

identities:
52(PT(K)) = 52(PT(U)) + 52(C2,1(K)),

52(P7(K)) = 52(P~(U)) + 52(C2,1(K)) — 2.
Theorem 6.21 for ¢ = 2 gives an alternative proof of these identities. Indeed, with the same
notation as in Theorem 6.21,

ypt = BNu(—=Tpa:F2) = BNy (Tk + Qx1;F2),

so consequently y T <, yx <p ¥y~

7. Computations, observations, and varying characteristics

The invariant ¥, (K) can be read off directly from the curve BN, (Tk:;F¢) using Corol-
lary 6.14. Here is an alternative way of computing 9. (K).

Proposition 7.1. The following algorithm computes ¥.(K) for a given knot K and
a given characteristic ¢ that is 0 or a prime.

Step 1. Calculate s.(W™(K)).
Step 2. (a) Ifsc(WT(K)) = 0, then calculate

seWH(K)) fort =—1,-2,...

until SC(Wt+(K)) = 2. Return ¥.(K) =t + 1.
(b) If se(WT(K)) # 0, then calculate

se(WH(K)) fort =1,2,...

until sc(Wt+(K)) = 0. Return 9.(K) = t.

Proof.  That this algorithm always stops follows from Proposition 2.3. That it returns the
correct result is immediate from the definition of ¥, (K); see Definition 2.2. ]

Note that Proposition 7.1 builds on the well-known computability of s.. In practice, there
exist a number of computer programs that calculate the Rasmussen invariants s, (K) for a given
knot K and characteristic ¢, such as khoca [23], SKnotJob [44] and kht++ [51]. With the
aid of these programs, the above algorithms allow us to compute 9. (K) for sufficiently small
knots K. For example, we have computed 9. (K) for various ¢ for all prime knots up to 8 cross-
ings, roughly half of all prime knots up to 10 crossings, and various individual knots with up
to 16 crossings. For these computations, we use the naive way to construct a diagram D’ of
W,+ (K) from a diagram D of K, which entails that D’ has twice the width of D (in the sense
of [32]), and at least four times as many crossings as D. So computer calculations for more
complicated knots, such as iterated Whitehead doubles, seem in general unfeasible with cur-
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rent technology. For a complete list of the values of ¥, (K) that we have computed, we refer
the reader to an online table [26], which we will continue to update.
We now make a number of observations and conjectures based on our calculations.

7.1. Linear independence. We find that ¥, (K) often differs from 9. (K) for ¢ # 2,
even for many small knots. For example we have

(7.1) V2(T23) =4, Dc(T23) =3
forall ¢ €{0,3,5,...,97}. Note that one direct consequence is that
s2(W3H (T23)) =2, so(W,' (T2,3)) = 0.

This provides a knot with s, # s (different from the first such knot, which was found by Seed
[28, Remark 6.1]), similar to the example of a knot with t # s¢ given in (2.3). Let us consider
another computational result:

¥3(T3,4) =9, Vc(T3,4) =8,

forall ¢ € {0,2,5,...,97}. This lead to the first known example K = W8+(T3,4) of a knot K
with s3(K) # so(K), and thus to the following theorem.

Theorem 7.2 ([25]). The concordance homomorphisms sq, $2, 3 are linearly indepen-
dent.

This result provided the authors with the initial impetus for the paper at hand. Can Theo-
rem 7.2 be extended to an independence result for all the s.? As shown by Schiitz [45], for
every knot K,

(7.2) sp(K) = so(K) holds for all but finitely many primes p.

One may conjecture that this is the only restriction on the values of the s., i.e. that the homo-
morphism (25-2),:€ — @, Z, where p ranges over all primes, is surjective [28, Ques-
tion 6.2]; maybe even its restriction to the subgroup of € spanned by {7}, ,+1 | p prime} is
surjective (compare [45, Conjecture 6.2]). Unfortunately, the computation of (75, ) seems
to be just out of reach of the software and hardware currently available to us. Let us postpone
further discussion of torus knots to Section 7.3.

We can show the following independence results that include t and the invariants 9.

Proposition 7.3. The following statements hold.

(a) The image of the homomorphism
s
(T’ _0’ S_2’ S_3’ 192)
2 2 2
from the smooth concordance group € to 7° contains 7* x 47.
(b) Under the assumption that ¥y and 93 are homomorphisms € — 7, the homomorphism

S0 S2 §3
7_9_9_919519’19)
(v 20

from € to 77 contains 7° x 47 x 7. in its image.



292 Lewark and Zibrowius, Rasmussen invariants

Knot T R R % P Uy O
T3 =31 1 1 1 1 3 4 3
P(3,3,-2)=T34=89 3 3 3 3 8 8 9
P(=5,3,-2) = 10125 11 1 1 2 4 2
P(5.5,—4)=14n24552 5 5 5 5 15 16 15
W,h(Ty3) = 150115646 0 1 1 1

WM (Ta3) = 14n22180 0 0 1 0| unknown
W8+(T3,4) (34 crossings) 0 0 0 1

Table 4. A table of 7, s¢, and ¥, for ¢ € {0,2, 3} for various knots. The values of ¢ may be com-
puted using Hedden’s result that ¥ = 27 and the computer program [39]; the values of
s¢ may be computed using any of the programs [23,44,51]; and the values of ¥, may be
computed as described in Corollary 6.14 and Proposition 7.1.

Proof. One checks that the seven row vectors of Table 4 span a subgroup of Z’ contain-
ing Z°> x 4Z x Z. This shows part (b), and thus also part (a), of the statement. D

As a direct consequence of (7.2), we have the following.
Corollary 7.4. For each knot K, 9o(K) = U.(K) for all but finitely many primes c. D

One may now ask whether the conjectured divisibility of ¥, by 4 (see Conjecture 2.38),
(7.2), and Corollary 7.4 are the only restrictions on the values of s, and 9.

Question 7.5. Let the infinite vectors s, ¥ € Z be given such that, for each of the two
vectors, all but finitely many entries equal the first entry. Assume moreover that the second
entry of ¥ is divisible by four. Does there exist a knot K such that

(50(K),$52(K),53(K),s5(K),...) =25 and (Jo(K),2(K),V3(K),05(K),...) =1?
Let us note that all values of 1, that we could compute are divisible by 4, in accordance

with Conjecture 2.38. In contrast, for ¢ € {0,3,5,...,97}, and conjecturally for all ¢ # 2,
there does not exist n > 2 such that n divides 9. (K) for all K.

7.2. Alternating knots. Recall that, for all alternating knots K (in fact, even for all
quasi-alternating K), s.(K) = —o (K) holds for all characteristics ¢ (see [42, Theorem 3]).

Conjecture 7.6. For all alternating knots K, we have
(7.3) P2(K) = 2s2(K),
3
(7.4) Ve (K) = Esc(K) Sforall ¢ # 2.
Conjecture 7.6 is backed up by computations for around 70 prime alternating knots

for ¢ € {0,2, 3,5, 7}. Interestingly, there exist quasi-alternating knots, such as the (5, -3, 2)-
pretzel knot (10125 in the tables) that do not satisfy (7.4); see Table 5.
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Knot scforc <7 Vog=vVs5=17 ¥ U3
10125 -2 -2 -4 -2
819, 10154, 10161 6 8 8 9
10124,10;39, 10;52 8 11 12 12

Table 5. The seven prime knots with crossing number 10 or less that do not satisfy (7.3) or (7.4).
The offending values are printed in boldface. Positive braid knots are printed in italics.

Knot J = W, (K) t©(J) so(J) s2(J)

t=-0(K)—1 1 2 2
t=-30(K)—1 0 2 2
t =-20(K)—1 0 0 2

Table 6. An alternating knot K with o(K) < 0 and satisfying Conjecture 7.6 has three twisted
positive Whitehead doubles that are linearly independent in €.

One notes the similarity of (7.3) and (7.4) to (2.2), ¥:(K) = 27(K), proven by Hedden
for all knots K. For alternating (even quasi-alternating) K, (2.2) implies 9;(K) = —o(K).
So, if Conjecture 7.6 holds, then every alternating knot K with o(K) # 0 has three twisted
Whitehead doubles generating a Z3 summand of the smooth concordance group, restricted to
which t, 59, 52 are linearly independent, as Table 6 shows in the case 0 (K) < 0; the argument
for 0 (K) > 0 is similar.

Equation (7.4) for ¢ = 0 was also mentioned in [10] as a reasonable guess for two-
stranded torus knots (cf. also [41]). It does not hold for all knots, however; see Table 5. This
table demonstrates that the behaviour of ¥, on non-alternating positive braid knots is rather
different than its behaviour on alternating knots. We make the following conjecture, which we
have checked on a total of 14 prime positive braid knots and ¢ € {2, 3, 5}.

Conjecture 7.7. If K is a non-alternating knot that is the closure of a positive braid,
then ¥2(K) < 252(K) and 99 (K) < %So(K). In particular, (7.3) and (7.4) do not hold.

Note that the only knots that are both alternating and closure of a positive braid are the
15,2541 torus knots with n > 0 (see [1,37]). Beyond Conjecture 7.7, no clear pattern seems to
emerge from our computations for the values of ¥, on positive braid knots.

7.3. Torus knots. Positive torus knots 7) , are arguably the simplest positive braid
knots. Table 7 contains the values of ¢ (7} ) that we could compute. Those values are com-

patible with the following conjectures.

Conjecture 7.8. For all characteristics c, there exists a function r.: Z>1 — Z such that
Ve(Tptq,q) = Ve(Tp,q) + re(q) for all coprime positive integers p and q.

For ¢ = 0 and ¢ = 2, we make the following guess for r.
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Knot Se U U3 U5 Uy

15,2041 2n 4n 3n 3n 3n

forO<n <4

T34 6 8 9 8 8
Ts.s 8 12 12 11 11
T34 12 16 18 16

Tsg 14 20 21 19
Ts.10 18 24 27

Ts.11 20 28

Ta s 12 16 15 15

Table 7. Computed values for ¥¢ (Tp,q).

Conjecture 7.9. For all coprime positive integers p and q,

Do(Tp+q.9) = Vo(Tp.q) + q2 -1,
q? if q even,

P2prad) = allpa) + {‘12 —1 if qodd.

Our conjectures are in accordance with conjectures by Schiitz [45, Conjectures 6.2, 6.3]
on the values of s, of certain Whitehead doubles of torus knots. Note that if Conjecture 7.8
holds, then ¥(7 4) is for all p,qg determined by the function r., using Euclid’s algorithm
and the fact that ¥.(7o,1) = 0 since Tp,; is the unknot. The knot 7,4, , arises from T}, 4
by a g-homologous right-handed twist on g strands (see Definition 4.5). So it follows from
Proposition 4.8 that, if Conjecture 7.8 holds, then 0 < r.(g) < g2 holds for ¢ # 2 (and for
¢ = 2 under the assumption that s satisfies the generalised crossing change inequality). In
order to prove Conjecture 7.8 and Conjecture 7.9, one would have to gain an understanding
that goes beyond the inequalities in Proposition 4.8 of how ¥, changes under twists of the
companion.

Interestingly, the classical knot signature o satisfies the following recursive formula for
torus knots [6, Theorem 5.2]:

2

q if g even,
o (T, =0(Ty,y) +
(Tr+29.0) (Tp.q) {q2 —1 if g odd.

The difference to the formula given for ¥, in Conjecture 7.9 is that the left-hand side pertains
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