
https://doi.org/https://doi.org/10.3929/ethz-b-000272622
http://rightsstatements.org/page/InC-NC/1.0/
https://www.research-collection.ethz.ch
https://www.research-collection.ethz.ch/terms-of-use


Automatic Control Laboratory

Non-linear Control of Quad-copters via

Approximate Dynamic Programming

Angel Romero
15-928-088

Master Thesis

Automatic Control Laboratory
Swiss Federal Institute of Technology (ETH) Zürich

Supervision:

Paul Beuchat and Yvonne Stürz
Prof. Dr. John Lygeros
Prof. Dr. Roy Smith

1st June 2018



.



Abstract

Approximate Dynamic Programming has proven to be successful in many discrete state
applications such as playing the games of Tetris or chess. However, not so many appli-
cations involving continuous state space dynamics have been proposed. In this thesis we
study the possibilities of applying these same techniques to the continuous, non-linear,
high dimensional dynamics of a quad-rotor vehicle, by using the Linear Programming
approach to �nd a set of polynomial approximations to the optimal value function. Using
a polynomial approximation of the non-linear dynamics, this problem is formulated as a
convex semide�nite program and solved multiple times for di�erent tuning parameters.
All these approximations are then put together using the point-wise maximum approach,
and demonstrated by playing the resulting online policy in simulation and implementation
in the real system. We then compare the results obtained in simulation and implemen-
tation with another non-linear control approach, Linear Time Varying Model Predictive
Control. We then mix both approaches aiming to �nd a balance between the short term
performance of Model Predictive Control and the long term bene�ts of Approximate Dy-
namic Programming.
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Chapter 1

Introduction

The optimal control problem deals with the di�erent ways of �nding control policies such
that a certain optimality criterion is achieved. In the general case, this translates to �nd-
ing the optimal input to a dynamical system such that a cost function is minimized.

Generally, a solution to this problem cannot be computed. There are some cases however
in which we can successfully solve the optimal control problem exactly. The most famous
example is when the dynamics are linear, the problem is unconstrained and the cost is
quadratic, in which case the optimal control policy is the one given by the solution to the
Riccati equation [2]. Another example is when the state and input spaces are �nite [9].
However, in general, when state and input spaces are in�nite, an exact solution to the
problem cannot be tractably computed.

In this thesis we consider said optimal control problem applied to a speci�c non-linear
system, a quad-rotor vehicle. We present di�erent approaches as suboptimal solutions
to the problem, being the Linear Programming Approach to Approximate Dynamic Pro-
gramming (LP approach to ADP), [10], [4], [11] the main focus throughout this project.
Particularly, we will be searching for approximations to the optimal value function in a
tractable fashion. Then, we test the performance of the found value function approxima-
tion in both simulation and implementation in the real system, comparing it to a linear
quadratic policy and to another non-linear control approach, such as Model Predictive
Control (MPC, [6]), and more particularly, the Linear Time Varying approach to MPC
(LTV MPC, [7]), where we compute at each time step a relinearization of the system
around the trajectory. Finally, we mix the ADP approach with the MPC one, yielding a
controller that has the MPC short term performance and the ADP long term bene�ts.

1.1 Related work

The ADP method has empirically proven to work nicely for di�erent practical applica-
tions, such as the game of Tetris, which has been a classical workbench for Dynamic
Programming algorithms [5], or the game of chess. However, there are not many success-
ful practical applications of ADP where the state and input spaces are continuous and,
hence, in�nite. In this thesis we develop and demonstrate the validity of the proposed
ADP based controller for the non-linear model of a quad-rotor vehicle, obtaining satisfy-
ing results.
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The main work in this thesis is based in what is called Linear Programming approach
to ADP. In [11], De Farias and Van Roy come up with a way of converting the general
Dynamic Programming problem into a Linear Program by parametrizing the candidate
value function and by relaxing the Bellman equation to an inequality (Bellman Inequal-
ity). Some attempts in improving the resulting Linear Program have been made, by for
example, [15], which introduces the so-called Iterated Bellman Inequalities, improving the
feasibility region of the Bellman Inequality. However, this approach increases the size of
the constraint set enormoulsy, making it intractable for relatively high dimensional sys-
tems like the one we deal with in this project.

Other approaches have been presented which have proven to be more tractable for our
case. Speci�cally, we follow the line introduced by P.Beuchat and J.Warrington in [12],
where they present a novel iterative algorithm that takes into account the point-wise
maximum of all lower bounds from previous iterations, yielding a better approximation
of the value function using less computational power.

As the authors suggest in [14], the �nal formulation of our ADP problem can then be
relaxed and converted to a Sum-of-squares optimization problem, which can be solved as
a semide�nite program. However, polynomial dynamics are required for this relaxation
to be possible. In this thesis, we therefore consider a 3rd order Taylor approximation of
the quadrotor dynamics, which show to yield satisfactory results.

Using this approach, we search for di�erent polynomial approximations to the optimal
value function. All of these approximations are lower bounds which di�er from each other
in that they are minimizing the error with respect to the optimal value function in dif-
ferent regions of the state space, de�ned by a tuning parameter called state relevance
weighting. The choice of this tuning parameter is of vital importance for the validity of
the resulting controller. As the authors of [16] suggest, the point-wise maximum success-
fully alleviates the tuning sensitivity of the choice of the state relevance weighting. In this
project this approach has been used to demonstrate the performance of the controller in
both simulation and implementation.

1.2 Our contributions

The main contribution of this thesis is applying these Approximate Dynamic Program-
ming methods to the actual non-linear, continuous dynamics of a quad-rotor. In our
approach, �rst we model our system in a shape that nicely �ts the ADP formulation.
Then, after selecting a family of tuning parameters, we put together the SOS technique
from [14] with the point-wise maximum iterative scheme from [12]. Lastly, we implement
the controller in the real system and test the performance for a maneuver that excites the
non-linearities of the system.

1.3 Outline

This thesis is structured as follows. In chapter 2 we introduce the dynamics of the sys-
tem, as well as how we reduce the state space by using cascaded controllers, and how we

2



approximate the dynamics by a Taylor polynomial expansion and then discretize them
for the proper use in the rest of the thesis.

In chapter 3, we present the theory of Approximate Dynamic Programming and formulate
our Sum-of-squares optimization problem, including all the constraints. Then the choice
of the state relevance weighting is discussed and justi�ed. Finally, the resulting value
function approximation is presented, and the online policy is simulated and compared to
the LQR policy.

In chapter 4, we formulate the Model Predictive Control approach that will then be used
to compare in simulation the results with the results from the previous chapter. Next, in
chapter 5, the mixed approach between ADP and MPC is formulated and compared in
simulation with the previous results.

In chapter 6 we describe the implementation details, explain how the experiments were
carried out and present the gathered results to the reader.

Finally, in chapter 7 we discuss the results obtained and point out di�erent lines to follow
as future work.
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Chapter 2

Modelling

In this chapter we will present �rst what we call the full state non-linear model of our
system, which contains all the rotation and translation dynamics that capture the relation
between the force produced by the motors and the 3D movement of the quadrotor. Then,
we will introduce a reduced, cascaded model that solves some dimensionality problems
and �nally, we will do a polynomial approximation to these dynamics that will show to
be needed in next chapters.

2.1 Derivation of the full state dynamics

In this section we will part from �rst principles to derive the full state continous dynamics
of the quadrotor f : X � U ! X . We will not go into deep details on how to derive the
dynamics of the system here. For more details, please refer to [1].
For that, we introduce now the full state, ~x,

~x =
�
x y z _x _y _z 
 � � !x !y !z

�T

=
�
~p _~p ~ ~!

�T

where ~p =
�
x y z

�T
is the position vector, ~ =

�

 � �

�T
are the intrinsic Euler angles

vector (also called roll, pitch and yaw, respectively), and ~! =
�
wx wy wz

�T
is the body

rates vector.

The full state input vector is, then,

~u =
�
f1 f2 f3 f4

�T ;

where fi is the thrust of motor number i in the quadrotor, as numbered in �gure 2.1.

Then, the full state non-linear dynamics are,

f(x; u) = _~x =
�

_x _y _z �x �y �z _
 _� _� _!x _!y _!z
�T

=
h

_~p �~p _~ _~!
iT
:

In the following, we will focus on �nding an expression for this vector as a function of the
state and the input.
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Figure 2.1: Diagram of the quadrotor, including direction of rotation of the propellers, numbering
of the thrust forces and direction of gravity, as in [1].

2.1.1 Translation equations

As _~p is already a member of our state vector, we just need to �nd a expression for the
acceleration vector, �~p.

Using Newton's Second Law,

X
~F (I) = m~a(I)

where the superscripts (I) and (B) mean that the corresponding vector is expressed with
respect to the inertial frame, or the body frame, respectively.

Two forces act in our system: gravity, always acting in the opposite direction of z(I), and
the thrust force, always in the direction of z(B).

2

4
0
0
�mg

3

5
(I)

+

2

4
0
0P4
i=1 fi

3

5
(B)

= m

2

4
�x
�y
�z

3

5
(I)

�~p(I) =

2

4
0
0

1
m

P4
i=1 fi

3

5
(B)

�

2

4
0
0
g

3

5
(I)

Now, to be able to do the sum, we need to rotate the vectors in the body frame to the
inertial frame. For this, we use the rotation matrix from body to inertial frame, (I)R(B)

(see �gure 2.2).
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(I)R(B) =

2

4
c�c� c�s�s
 � s�c
 c�s�s
 + s�c

s�c� s�s�s
 + c�c
 s�s�c
 � c�s

�s� c�s
 c�c


3

5

where we have introduced c� as short-hand notation for cos(�) and s� for sin(�).

�~p(I) =(I) R(B)

2

4
0
0

1
m

P4
i=1 fi

3

5
(B)

�

2

4
0
0
g

3

5
(I)

=

2

4
1
m

P4
i=1 fi(c�s�s
 + s�c
)

1
m

P4
i=1 fi(s�s�c
 � c�s
)

1
m

P4
i=1 fi(c�c
)� g

3

5

Figure 2.2: Inertial and body frames, as in [1].We use the matrix (I)R(B) to rotate a vector from
the body frame to the inertial frame.

2.1.2 Rotation equations

Parting also from Newton's Second Law for rotations,

X
� (B) =

d
dt

(J~!)

where ! are the body rates, which are always expressed with respect to the body frame.

2

4

P4
i=1 fiyiP4
i=1�fixiP4
i=1 fici

3

5 = J _~! + ~! � J~!

Rearranging and solving for _!,

6



_~! =

2

4
_!x
_!y
_!z

3

5 = J�1

0

@

2

4

P4
i=1 fiyiP4
i=1�fixiP4
i=1 fici

3

5� ~! � J~!

1

A

getting the derivative of the body rates, _~! as a function of the state, in this case !.

Lastly, as seen in [1] transforming from body rates ! to Euler angle rates _ ,

_~ = T�1(~ )~!

where

T�1( ) =

2

4
1 s
t� c
t�
0 c
 �s

0 s


c�
c

c�

3

5

is the inverse of the transformation matrix, T .

Putting everything together, we can write the full state non-linear dynamics as follows,

f(x; u) =

2

6664

_~p
�~p
_~ 
_~!

3

7775
=

2

666666666664

_~p2

4
1
m

P4
i=1 fi(c�s�s
 + s�c
)

1
m

P4
i=1 fi(s�s�c
 � c�s
)

1
m

P4
i=1 fi(c�c
)� g

3

5

T�1(~ )~!

J�1

0

@

2

4

P4
i=1 fiyiP4
i=1�fixiP4
i=1 fici

3

5� ~! � J~!

1

A

3

777777777775

(2.1)

However, the dynamics written in (2.1) will only be used for simulation in this thesis,
since in the form that they have now, we cannot use them for the design of our non-linear
controller. We list the reasons here, and they will be better justi�ed in chapter 3.

� In the full state approach, the state by input space has 16 dimensions. As we will
see in chapter 3, the computational e�ort that we have to put to be able to suc-
cessfully solve the resulting optimization problems from the Approximate Dynamic
Programming approach is huge. This problem is not new, and has been addressed
as the curse of dimensionality, term �rst coined by Richard E. Bellman.

To overcome this, in section 2.3 below we reduce the state by input space by intro-
ducing what we call here the cascaded approach, where we get rid of the fast part of
the dynamics by adding an inner and a middle control loop.

� As we will see in chapter 3, for the Approximate Dynamic Programming formula-
tion, one of the requisites is that the dynamics are polynomial in the state and input.
Clearly, the expression in (2.1) is not polynomial. To solve this, we use a 3rd order
Taylor approximation instead. The validity of this approximation is demonstrated
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in later chapters, in both simulation and implementation.

� After this, we still need the dynamics to be discrete in time. For that, we will use
the simplest approach, the forward Euler approximation.

2.2 Measurements

Up until now, we have assumed that we have had access to full state information at any
time. To justify why this is a good assumption, and taking into account that the �nal
aim is to implement the algorithm developed, it is necessary to mention that in the real
system the state comes from a set of infrared cameras (Vicon) that make position and
attitude fully available at all times, with a very high precision. This together with the
fact that, as mentioned above, we are using information from the onboard gyroscope for
the body rates measurement, leaves as the only not directly measurable state the velocity
of the quadrotor, i.e., _~p. Di�erent approaches have been taken to compute it, such as
�nite di�erences approach, or point mass model Kalman �lter. Finally, the �nite di�er-
ences approach has shown to be good enough, since changes in position are not very fast
compared to the running frequency of the Vicon cameras' measurements.

2.3 Cascaded approach

In this project, after empirical trials with di�erent combinations in both simulation and
implementation, we have settled for a reduction in the state space where the input vector

is ~u =
�

 � � fT

�T
and the state vector is ~x =

�
x y z _x _y _z

�T
. This means that

we need to transform our quadrotor model to have Euler angles as inputs.

As seen in [1], the quadrotor that we will use for the implementation in this project
(Crazy�ie 2.0) has three built-in control modes. The motor mode, which allows us to
directly send commands to the motors (fi). This commands will be proportional to the
rate at which the propellers spin. The rate mode, in which the Crazy�ie accepts body
rates (~!) as inputs using a PID controller on board (running at 500 Hz) and closing the
loop with an internal IMU, that includes an accelerometer and a gyroscope. And the

angle mode, in which the input is the Euler angle vector ( ~ ).

Using these features, the control structure chosen is the following:

� Inner Loop: Due to the good performance that the rate mode has shown to have
in the real system, we have chosen to use this mode. This means that the inner loop
will take care of achieving the demanded body rates (~!). This loop will run at 500
Hz.

� Middle Loop: The middle loop will run o� board, will take as inputs Euler angles

(~ ), and will send commands directly to the inner loop, in body rates. This middle
loop runs at 200 Hz

8



The main di�erence between this middle and inner loop approach, and the built-in an-
gle mode is that we are using measurements for body rates from the internal gyroscope,
which has in many applications shown to be good, and at the same time, we use the
Euler angles measurements from the Vicon cameras, which are certainly more accurate
and give better results than the ones coming from the integration of the internal gyroscope.

P PID
P

Dynamics

; �; �

fT

!x; !y ; !z f1; f2; f3; f4 x
�

!

�

 

Inner loop (onboard, 500Hz)

Middle loop (o�board, 200Hz)

Figure 2.3: Cascaded control structure

In �gure 2.3 we can see a diagram of how the middle and inner loop are connected. It
is important to say that the input fT , total thrust, can be understood as a feedforward
term. It does not a�ect nor gets a�ected by any of the middle or inner controllers, and it
can be seen as an o�set in fi.

Having this structure, and assuming that the dynamics controlled by the middle and inner
loop are fast enough, the reduced dynamics now can be written as,

f(x; u) =
� _~p

�~p

�
=

2

664

_~p2

4
1
mfT (c�s�s
 + s�c
)
1
mfT (s�s�c
 � c�s
)

1
mfT (c�c
)� g

3

5

3

775 (2.2)

However, these dynamics are still not polynomial nor discrete time.

2.4 3rd order Taylor approximation

To convert the dynamics to a polynomial in (x; u), we do the Taylor approximation
with respect to the state by input space, centered around the hovering point, i.e., ~xh =�
0 0 0 0 0 0

�T
, ~uh =

�
0 0 0 mg

�
. The result is the following,

~x = f(x; u) =

2

666664

_x
_y
_z
�x
�y
�z

3

777775
=

2

6666664

_x
_y
_z

1
m(�fT � 1

2mg�
2� + fT�
 � 1

6mg�
3 � 1

2mg�

2)

1
m(�
fT + fT�� + 1

2mg�
2
 + 1

6mg

3)

1
m((fT �mg)� 1

2fT�
2 � 1

2fT

2)

3

7777775
(2.3)
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2.5 Discretization using the Forward Euler Method

Lastly, we need to discretize the dynamics that we just derived in order to use them in our
Approximate Dynamic Programming approach. To do so, we will use the Euler Method,
which is based on a truncated Taylor series expansion to the derivative of a function.
Unlike in the previous section, in this case the approximation is done with respect to
time, and not to the states.

xk+1 = x(tk + Ts) � x(tk) + Ts
dx
dt

����
tk

+O(T 2
s )

Neglecting higher order terms and taking into account that x(tk) = xk and that dx
dt

��
tk

=
f(xk; uk),

xk+1 � xk + Tsf(xk; uk)

Plugging the continous time 3rd order Taylor approximated dynamics from (2.3), results
in,

~xk+1 =

2

666664

xk+1
yk+1
zk+1
_xk+1
_yk+1
_zk+1

3

777775
=

2

6666664

xk + Ts _xk
yk + Ts _yk
zk + Ts _zk

_xk + Ts
m (�kfT � 1

2mg�
2� + fT�
 � 1

6mg�
3 � 1

2mg�

2)

_yk + Ts
m (�
kfT + fT�k�k + 1

2mg�
2
 + 1

6mg

3)

_zk + Ts
m ((fT �mg)� 1

2fT�
2
k �

1
2fT


2
k)

3

7777775
(2.4)

which are the dynamics that we are going to use for the main part of this thesis.

2.6 Outer loop structure

Throughout this thesis, we will mainly focus on the design of a non-linear control strategy
that uses all the ingredients mentioned above. This means that from now on, we will see
the cascaded dynamics as a black box system to which we provide inputs in the form
uT =

�

 � � fT

�
, and from the one we will get full state measurement.

Non-linear
Controller

Cascaded
quadrotor

x; y; z 
; �; �; fT x
�

Figure 2.4: Outer control structure

In �gure 2.4 the simpli�ed outer control architecture is shown. In the following, we will
aim to look for a model based, optimal control policy to put in the Non-linear controller
block.
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Chapter 3

Approximate Dynamic Programming

formulation

In this chapter, which is the main chapter of this thesis, we focus on �nding a good
approximation to the optimal value function, using the polynomial dynamics presented in
the previous chapter. First we introduce all the needed terms and theory, starting from
the Bellman Operator and its properties, and ending posing the Linear Programming
approach to Approximate Dynamic Programming as a semide�nite program. After that,
we demonstrate the controller in simulation and compare it to the Linear Quadratic
Regulator approach.

3.1 The Bellman operator

Given the discrete-time dynamical system of the form:

xk+1 = f(xk; uk; wk) (3.1)

where xk 2 X is the state, uk 2 U is the input, wk 2 W is the process noise and
f : X � U �W ! X the dynamics of the system, we de�ne the discounted cost function
as:

J = E
1X

k=0


kl(xk; uk)

where l : X � U ! R+ is the stage cost function, i.e., the cost of taking the decision uk
when we are in state xk, and 
 2 [0; 1) is the discount factor that weights decisions less
and less as time goes on.

Our objective is to �nd the control policy that minimizes the cost J , i.e., given a state xk
we are interested in the optimal decision u�k that drives the system to the state that we
want. For that, we introduce the value function V � : X ! R+, a mapping between state
and optimal cost to go.

V �(x0) = min
uk

J

= min
uk

E
1X

k=0


kl(xk; uk) 8x0
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Under certain assumptions, mainly related to the functions V �(x) and l(x; u) being pos-
itive everywhere (see [9] for more details on this assumptions), this function V � is the
unique solution of the Bellman Equation.

V �(x) = min
u2U

l(x; u) + 
 EV �(f(x; u; w)) 8x 2 X (3.2)

which we can also write using the Bellman operator,

V � = T V �

As a note, the expected value in equation (3.2) is taken with respect to the process noise
variable, w. In the rest of the thesis, unless stated otherwise, all the expectations will be
taken with respect to this variable.

3.1.1 Properties of the Bellman operator

The Bellman operator has interesting properties that we will use later. Speci�cally, we
will refer to monotonicity and value iteration convergence. We will introduce them with-
out justi�cation here. For further details see [10].

Monotonicity:

f(x) � g(x) 8x 2 X =) (T f)(x) � (T g)(x) 8x 2 X

where f; g : X ! R.

Value Iteration convergence:
Given any function f : X ! R,

V �(x) = lim
k!1

(T kf)(x)

where the T k operator means iteratively applying k times the Bellman operator.

3.1.2 Bellman Inequality

It is known to be very di�cult or even intractable, depending on the case, to �nd the
optimal value function. In this work, we will hence try to look for a good approximation
of it, which will lead us to an online policy that renders close to optimal performance,
since it is proven that the better the approximation to the optimal value function is, the
tighter the sub-optimality of the approximate policy can be bounded. For more details
on this refer to [11]. This approximation will be called from now in this text V̂ : X ! R.
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To approximate the value function, we introduce here the Bellman Inequality, a relaxation
of the Bellman equation allows us to keep tractability of the problem,

V̂ (x) � T V̂ (x) 8x 2 X

Using the properties of the Bellman operator described above, we can see that, by mono-
tonicity,

V̂ (x) � T V̂ (x) � T (T V̂ (x))

Iterating and using the value iteration convergence property,

V̂ (x) � T kV̂ (x) � lim
k!1
T kV̂ (x) = V �(x)

This means that the Bellman Inequality is a su�cient condition for V̂ (x) � V �(x)

3.2 Linear Programming approach to ADP

Given that we have a su�cient condition to �nd bounds of the optimal value function,
our focus will be to �nd a good approximation of it in a tractable way. As we are reducing
our search to underestimators, a good approximation means a tight lower bound, i.e., the
greatest lower bound. For that, we state the optimization problem,

maximize
V̂ (x)

Z
V̂ (x)c(x)dx

subject to V̂ 2 F(X )
V̂ (x) � T V̂ (x)8x 2 X

(3.3)

where in this case F(X ) is the space of all real valued measurable functions. If we are able
to solve the problem (3.3), then the solution is the optimal value function V �. The func-
tion c(x) is called state relevance weighting, and was used in other Approximate Dynamic
Programming approaches such as [16], and as we will see later, it will encode information
about where we want the approximation to be tighter in the state space to the optimal
value function.

As we have already mentioned, problem 3.3 is generally hard or impossible to solve. To
signi�cantly reduce complexity and make the optimization problem tractable, as in [11],
we will reduce the space of functions where we search for, F(X ) to the set of polynomial
functions up to certain degree d.

maximize
V̂ (x)

Z
V̂ (x)c(x)dx

subject to V̂ 2 Pn(X )
V̂ (x) � T V̂ (x) 8x 2 X

(3.4)

Now we can write V̂ (x) as a linear combination of the monomials up to degree d,
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V̂ (x) =
NX

i=1

aim
(i)
d (x)

V̂ (x) = aTmd(x)

where ai is the i�th element of the coe�cient vector a, m
(i)
d (x) is the i�th monomial, and

N is the number of monomials that md has, which given that x 2 Rn, is equal to N =
�d+n
n

�

However, the Bellman Inequality is still not tractable due to the existence of the mini-
mization inside it. Hence, we will relax it as follows,

V̂ (x) � T V̂ (x) 8x 2 X

V̂ (x) � min
u

l(x; u) + 
 E(V̂ (f(x; u; w))) 8x 2 X

V̂ (x) � l(x; u) + 
 E(V̂ (f(x; u; w))) 8x 2 X ;8u 2 U

where if now we substitute in the polynomial decomposition of V̂ (x),

aTmd(x) � l(x; u) + 
 E(aTmd((f(x; u; w))) 8x 2 X ;8u 2 U

which for a choice of polynomial in state and input stage cost (in our case the stage cost
will be quadratic) can then be transformed to a polynomial constraint, i.e.,

p(x; u) � 0 8x 2 X ;8u 2 U

This way, we will end up with a polynomial being greater than zero constraint, that can
be relaxed to Sum Of Squares (SOS) constraint. This can then be transformed into a
Linear Matrix Inequality, which can be solved as a Semide�nite Program. See [13] for
more details.

Problem 3.4 can then be written as:

maximize
a

Z
aTmd(x)c(x)dx

subject to p(x; u) 2 SOS 8x 2 X ;8u 2 U
(3.5)

The integral, when solved, will be a linear combination of the coe�cient vector a. This
way, we end up with an optimization problem that is linear in the objective function, with
a Linear Matrix Inequality constraint, i.e., a Semide�nite Program.

The state relevance weighting function is a probability density function, and hence the
integral is always �nite. Since c(x) is a tuning parameter, it will be useful to choose a
distribution with nice properties and that allows us to intuitively select the region of the
state space where we want to �t better the value function, such as a Gaussian or a uniform
distribution.
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3.3 Adding input constraints to the ADP formulation

Generally, the constraints in a system arise naturally in two di�erent ways. First, a real
physical system always has bounds on the energy they can transform. In our case, the
obvious constraint of this type is the maximum and minimum thrust that each motor
can produce. The other type of constraints come from design decisions, related mainly to
what we, as designers, want the system to achieve. For example, in an autonomous car
we don't want to go faster than the speed limit in that part of the road.

In this case, we have chosen to put a constraint in the angle that the zinertial axis (always
parallel to gravity) forms with the zbody, z axis local to the quad-copter. This choice is
motivated mainly by the strong relation that the roll and pitch angles have with the non-
linearities of the dynamics. Also, it is interesting from a control point of view to keep this
angle below some bounds while trying to follow some reference path or some set-point
change.

We will use SOS procedure to properly include in our formulation the input set U .

3.3.1 SOS procedure

The SOS procedure (see [14] for more details) states that, given a polynomial inequality
where the forall set has polynomial form, as follows,

p(v) � 0 8v 2 V = fv j g(v) � 0g (3.6)

a su�cient condition for the inequality to hold inside the given set is,

p(v)� �(v)g(v) 2 SOS 8v
�(v) 2 SOS 8v

�

where �(v) is a polynomial of a chosen degree. The higher the degree we choose, the
better the approximation will be, i.e., the closer this inequality will be to 3.6, although
making the problem grow in complexity.

This way we are able to include the set without changing the shape of the problem, i.e.,
it will still be a Semide�nite Program, since all the inequalities are still polynomial.

3.3.2 Thrust constraint

In our case the physical limit on the force that we can produce with each rotor translates
directly to a box constraint on each one of them. However, as we are using the cascaded
dynamics approach, and our input is the total thrust fT instead of the individual ones,
the relation is not as direct. In fact, the bound on the total thrust will only be directly
translated to 4 times the individual bounds on each motor when the commanded angle
rates from the middle loop to the inner loop are zero. In all other cases, as we are spending
some power in making the quad-rotor turn at a desired rate, the e�ective bound in the
total thrust is less than 4 times the individual bounds.
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That being said, we will approximate the bound on fT to 4 times the bound on each motor.
This bound will not always be tight, but it is valid as the worst case maximum total thrust.

Following the same criterion, the lowest bound on fT is 0.

3.3.3 Angle constraint

As mentioned above, we want to constrain the angle between the z axis in the iner-
tial frame, z(I), �xed and pointing always in the opposite direction to gravity, and the z
axis in the body frame, z(B), always parallel to the direction of the thrust of the propellers.

Taking into account that the dot product of two unit vectors is equal to the cosine of the
angle that they form:

zbody · zinertial = cos(�)! zTbodyzinertial = cos(�)

Now,

z(I)
inertial =

2

4
0
0
1

3

5

And, as seen in chapter 2, we use (I)R(B) to rotate from the body frame to the inertial
frame,

z(I)
body =(I) R(B)

2

4
0
0
1

3

5
(B)

z(I)
body =

2

4
c�s�c
 + s�s

s�s�c
 � c�s


c�c


3

5

cos(�) = cos(�)cos(
)

We want � to be less than a certain angle, �thr, which translates to:

cos(�thr) � cos(�)cos(
)

This is a non-linear constraint on the states 
 and �. To be able to handle it, we make
the constraint at least polynomial or, in this case, quadratic.

Consider f(
; �) = cos(�)cos(
), the second order Taylor expansion centered at 
 = c
and � = b is:

~f(
; �) = f(b; c)� cos(c)sin(b)(� � b)� cos(b)sin(c)(
 � c)�
1
2
cos(c)cos(b)(� � b)2

�
1
2
cos(c)cos(b)(
 � c)2 + sin(c)sin(b)(
 � c)(� � b)
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Now, centered around the point b = 0, c = 0:

~f(
; �)j(b;c)=(0;0) = 1�
�2

2
�

2

2

So the approximation to the constraint is:

cos(�thr) � 1�
�2

2
�

2

2
�2 + 
2 � 2� 2cos(�thr)

This is, the interior points of a circle of radius
p

2� 2cos(�thr).

-1 -0.5 0 0.5 1
-1

-0.5

0

0.5

1

Non-linear constraint
Taylor expansion

Figure 3.1: Comparison of the non-linear constraint with the Taylor expansion at 45 deg

However, this approximation is good enough only when we are su�ciently close to the
origin. In our case, we want to be able to put the angle constraint at bigger angles,
between 20 and 60 degrees, so we have to use another approximation method. In �gure
3.1 we illustrate why the approximation of the constraint set for 45 deg is not good enough.
To solve this, and noticing that the shape of the real non-linear constraint looks really
close to an ellipse centered in zero, we will use the least squares approximation to �nd
the ellipse that minimizes the squared two-norm of the error.

The equation of an ellipse centered at zero is:


2

a2
1

+
�2

a2
2

= 1;
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Parameterizing it we get:


 = a1cos(t)
� = a2sin(t) t 2 [0; 2�]

Putting it in matrix form:

�


�

�
=
�
cos(t) 0

0 sin(t)

� �
a1
a2

�

xfit = W (t)a

Now, we want to minimize:

minimize
a

kxfit � xnon�lineark2
2 8xnon�linear

minimize
a









2

4
W (t0)
W (t1)

...

3

5 a�

2

4
xnon�linear;0
xnon�linear;1

...

3

5









2

2

The solution to this problem is given by:

a =

2

4
W (t0)
W (t1)

...

3

5

+ 2

4
xnon�linear;0
xnon�linear;1

...

3

5

where W+ is the pseudo-inverse of the matrix W .

In �gure 3.2 we can see how the least squares quadratic approximation is slightly better
than the Taylor expansion.

Computed the optimum a�, the constraint will be the interior of the ellipse, as follows:


2

a�12 +
�2

a�22 � 1

which is a quadratic constraint on the inputs of the system.

3.3.4 Converting box constraints to polynomials

As the SOS procedure assumes that the constraint set is de�ned by a polynomial being
greater than zero, we have to transform the box constraint in our input to a polynomial
constraint.

fT;lb � fT � fT;ub

fT;lb �
fT;lb+fT;ub

2 � fT �
fT;lb+fT;ub

2 � fT;ub �
fT;lb+fT;ub

2

fT;lb�fT;ub
2 � fT �

fT;lb+fT;ub
2 � fT;ub�fT;lb

2
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Figure 3.2: Comparison of the non-linear constraint Taylor expansion and least squares at 45
deg

Now we transform it to a single quadratic inequality:

�
fT �

fT;lb + fT;ub
2

�2

�
�
fT;ub � fT;lb

2

�2

Reordering:
fT (fT;lb + fT;ub)� fT;lbfT;ub � f 2

T � 0
gf (x; u) � 0

(3.7)

where gf : X �U ! R is a polynomial in (x; u) in the general case. However, in this case,
as we see in equation (3.7), and since fT;lb and fT;ub are �xed, it is a quadratic polynomial
in fT , i.e., only depends on u.

We can now use the SOS-procedure and transform the main inequality in 3.5,

p(x; u) 2 SOS 8u 2 U = fu j gf (x; u) 2 SOSg ; 8x 2 X

to:

p(x; u)� �f (x; u)gf (x; u) 2 SOS 8x 2 X ;8u
�f (x; u) 2 SOS 8x 2 X ;8u

�

Where �f (x; u) is a polynomial whose coe�cients are also decision variables of the opti-
mization problem.
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3.3.5 Adding angle constraints

The constraint on � can be approximated and then expressed also as a quadratic polyno-
mial in the inputs being greater than zero,

1�

2

a2
1
�
�2

a2
2
� 0

g�(x; u) � 0

where we have introduced the function g� : X � U ! R, following the same procedure as
in (3.7).

Putting these input constraints together we end up with the optimization problem of the
following form,

maximize
a

Z
c(x)aTmd(x)dx

subject to p(x; u)� �f (x; u)gf (x; u)� ��(x; u)g�(x; u) 2 SOS
�f (x; u) 2 SOS
��(x; u) 2 SOS

(3.8)

3.4 Solution to the integral for c(x) Gaussian and V̂ (x) quadratic

Consider the objective function from problem 3.3,
Z
V̂ (x)c(x)dx

with

c � N (�; �)! c(x) =
1

p
(2�)kj�j

e�
1
2 (x��)T��1(x��)

where � is the covariance matrix and � is the vector of means.

V̂ (x) will be a multivariate (x 2 Rn) polynomial of degree 2 in our application, that can
be written as

V̂ (x) = xTPx

where P is the symmetric matrix of coe�cients. Then,

Z
V̂ (x)c(x)dx =

Z
xTPxc(x)dx

As the result of the integral is a number, and the trace of a number is equal to that
number,
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Z
Tr(xTPx)c(x)dx

=
Z
Tr(PxxT )c(x)dx

= Tr
�Z

PxxT c(x)dx)
�

= Tr
�
P
Z
xxT c(x)dx)

�

Using now the second order moment of a Gaussian distribution,
Z
V̂ (x)c(x)dx = Tr

�
P (� + ��T )

�

This result con�rms, as stated before, that the objective function is a linear function of the
coe�cients, which in this case are inside the P matrix. The computation of the integral
for higher order polynomials as value function is not as simple, since these can't be put
in matrix form. However, the result is very similar, only that higher order moments are
taken into account.

3.5 Point-wise Maximum approach to Dynamic Programming

As presented in Appendix D, the Iterated Bellman Inequalities have the advantage of
increasing the feasible region of value functions to solve the optimization problem in 3.5.
However, as in [12] the introduction of N iterations of the Bellman Inequality would
suppose N new constraints, and for each one of these, a new set of coe�cient arises as
decision variables (V1; : : : Vk�1). These implications make the problem adding Iterated
Bellman Inequalities practicably intractable for high dimensional systems.

To overcome this problem, in [12] the authors introduce a novel way of increasing the
feasible region, a point-wise maximum variant of the Linear Programming formulation,
in which they iteratively add as constraints the point-wise maximum of the result from
previous iterations, in the following fashion:

maximize
V̂1(x);:::V̂J

Z
V̂J(x)c(x)dx

subject to V̂j 2 F(X ) j = 1; : : : J
VPWM(x) � T VPWM(x) 8x 2 X
VPWM(x) = max

j=1;:::J
Vj(x) 8x 2 X

(3.9)

which is proven to be equivalent to the Linear Programming approach to ADP, in the
sense that they both solve the same problem (3.4).

3.5.1 Algorithm

In this section the algorithm will be presented, for further details, refer to [12]. This al-
gorithm is divided in two parts, the �rst iteration which is equivalent to solving problem
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(3.5).

First iteration:

maximize
V̂1(x)

Z
V̂1(x)c(x)dx

subject to V̂1 2 Pn(X )
V̂1(x) � l(x; u) + 
 E V̂1(f(x; u; w)) 8x 2 X ;8u 2 U

Now, including the mentioned input constraints in the formulation, and using the SOS
procedure,

maximize
V̂1;�f ;��

Z
V̂1(x)c(x)dx

subject to V̂1 2 Pn(X )
l(x; u) + 
 E V̂1(f(x; u; w))� V̂1(x)
��f (x; u)gf (x; u)� ��(x; u)g�(x; u) 2 SOS
�f (x; u); ��(x; u) 2 SOS

where the decision variables are the vector of coe�cients of the polynomials V̂1(x), �f (x; u)
and ��(x; u).

As a result of this �rst iteration, we will get a solution for V̂1, which we will call V̂ �1 .

Next j iterations:

At iteration j, we take as �xed input all the solutions from previous iterations, V̂ �1 ; : : : V̂ �j�1,

and plug it into the following optimization problem in order to get V̂ �j .

maximize
V̂j ;�f ;��;f�kg

j�1
k=1

Z
V̂j(x)cj(x)dx

subject to V̂j 2 Pn(X )
l(x; u) + 
s2

v � V̂j(x)�
Pj�1

k=1 �k(s
2
v � E V̂ �k (f(x; u; w)))

��j(s2
v � E V̂j(f(x; u; w)))� �f (x; u)gf (x; u)� ��(x; u)g�(x; u) 2 SOS

�f (x; u); ��(x; u) 2 SOS
�k � 0 k = 1 � � � j � 1

which has only one bilinear term, �j E V̂j(f(x; u; w)). To remove this bilinearity, we choose
a �xed value for �j, belonging to the set [0; 
). Other approaches would be gridding the
set where it belongs and choosing the one that leads to a bigger cost in the objective
function; or an alternative directions approach could also be taken, �xing �rst one of the
bilinear terms with a feasible value, �nding the solution for the other one, �xing the other
one now with the optimal value we just got and optimize now with respect to the one we
�xed in the beginning.

In this thesis we will though �x �j to zero in all iterations of the algorithm. This has proven
to give good practical results and numerical stability while maintaining the tractability
of the problem.
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3.6 Point-wise maximum underestimator for the online greedy

policy

Suppose that we can solve the main optimization problem (problem 3.5) for di�erent
choices of c(x), obtaining di�erent solutions for the approximation of the value function

(V̂ �1 ; : : : V̂ �N), all of them underestimators of the optimal value function.

It is not hard to see that the point-wise maximum of all these underestimator functions
is also an underestimator,

V̂ (x) = max
i=1;:::N

V̂ �i (x) � V �(x) 8x 2 X

which is better or at least equal to all the underestimators taken individually.

Then we would already have, in theory, a good approximation of the optimal value func-
tion, i.e., we have the optimal cost to go from ideally any state to the reference state. If the
approximation is good enough, it will properly encode information about the constraints
imposed and about the sequence of states that will be visited such that the incurred total
cost is minimum.

But having the optimal cost is not yet enough, we need to �nd the optimal policy that
will steer the system towards the objective. For that, we will use the so called greedy
policy,

�̂(x) = arg min
u2U

l(x; u) + 
 E(V̂ �(f(x; u; w))) (3.10)

which minimizes the cost of taking the decision u now, plus the approximation of the
expected cost-to-go from the next time period onwards, which is in this case encoded by
the ADP value function approximation that we just computed. Again, if this approxima-
tion is good enough, the term E V̂ �(f(x; u; w)) will encode information about the optimal
inputs and states to visit until we reach the reference.

As seen in [16], using the point-wise maximum approach will alleviate the sensitivity to
the choice of c(x), the main tuning parameter. The online greedy policy will then be
transformed,

�̂(x) = arg min
u

l(x; u) + 
 E(V̂ �(f(x; u; w)))

�̂(x) = arg min
u

l(x; u) + 
 E(max
i

V̂ �i (f(x; u; w)))

Using Jensen's approximation:

�̂(x) = arg min
u

l(x; u) + max
i


 E(V̂ �i (f(x; u; w)))

�̂(x) = arg min
u

max
i

l(x; u) + 
 E(V̂ �i (f(x; u; w)))

Now, using the min-max reformulation, introducing t as an additional decision variable,

�̂(x) = arg min
u;t

t

subject to l(x; u) + 
 E(V̂ �i (f(x; u; w))) � t 8i = 1; : : : N
(3.11)
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which is the problem that we have to solve online, i.e., at each time step.

As we will see next, problem 3.11 will be non-convex in the general case. Only when the
dynamics f(x; u; w) are linear and the polynomials V̂ �i (x) are convex, will the problem be
convex. However, the approximation to the dynamics that we will use is not linear, but,
as seen in equation (2.3), polynomial of degree 3 in (x; u).

3.7 Looking for value functions

In this section we will solve the main problem 3.5 using the point-wise maximum approach
presented in section 3.6 and we will demonstrate how the previous theoretical results are
applied to a high dimensional system such as the non-linear dynamics of our quad-rotor.

As introduced in chapter 1, the model of the quad-rotor that we use to solve this problem
is a cascaded approach, with an outer loop which will be closed with the ADP policy,
that will run at 50Hz, a middle loop that corrects for Euler angles and produces angle
rates, running at 200Hz, and an inner loop that takes angle rates as inputs and produces
directly the commands to the 4 motors. The inner loop runs at 500Hz.

In this chapter, we care about the outer loop, for which the state and input spaces are:

x =
�
x y z _x _y _z

�T u =
�

 � � fT

�T

The main reason for the reduction of the dynamics of the system to the cascaded approach
is overcoming the so called curse of dimensionality. In fact, if we try to solve problem
3.5 for the full, non-reduced system, we quickly run into big solve times. And still, if
we waited for the problem to be solved, we will still face numerical problems which yield
useless results.

As presented in chapter 1, we will use a 3rd order Taylor expansion of the Euler dynam-
ics of this reduced system. The main, obvious reason for this is that in the beginning
of this chapter we parted from the assumption that the dynamics would be polynomial,
since otherwise we cannot convert the general problem 3.3 into the Linear Programming
formulation, 3.5. This being said, after trying di�erent degrees of approximation to the
dynamics, ranging from 2nd to 4th, the one giving better results and online performance
(if any at all) were, with much di�erence, the ones coming from the 3rd order Taylor
expansion dynamics. The trial to �nd value functions using 4th order dynamics was prac-
tically intractable due to the high degree of the term V̂ (f(x; u; w)). When using 2nd order
dynamics, the problem could be solved relatively fast, but then either the solver starts
running into numerical problems, or, in the cases when we get a set of candidate value
functions, the online performance was really bad.

So, we may justify the use of the 3rd order Taylor dynamics simply because they produce
a tractable optimization problem and they lead to a policy that has good performance.
Moreover, if instead of using Euler angles to encode the dynamics, we use quaternions,
the resulting dynamics are polynomial of 3rd order. The main motivation of this project
was to initially use quaternion dynamics basically for this reason. However, when we
formulated the problem and tried to solve it, we encountered many problems dealing with
the quaternion manifold (rotation quaternions belong to a manifold where they must have
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the 2-norm equal to 1). For more details on this, please refer to Appendix C.

This being said, the main problem that we will solve here will have the next structure:

� The state and input space will have 6 and 4 dimensions respectively as written above,
x 2 X � R6; u 2 U � R4

� The candidates for value function will belong to the set of 2nd degree polynomials,
V̂ (x) 2 P2

� Hence, the number of monomials and coe�cients that V̂ (x) will have is equal to�d+n
n

�
=
�2+6

6

�
= 28.

� Then, the maximum degree of the term V̂ (f(x; u; w)) will be 6 (composition of
2nd degree and 3rd degree polynomials). This term is the one with the highest
degree in our main Bellman Inequality, and will de�ne the degree of the constraint
p(x; u) 2 SOS in problem 3.5.

� As stated before, the stage cost will have quadratic form, l(x; u) = xTQx + uTRu,
where

Q =diag(
�
5000 5000 5000 500 500 500

�
)

R =diag(
�
2000 2000 10000 150000

�
)

(3.12)

3.7.1 Choice of the constraints

� Maximum thrust constraint. As discussed in previous sections, the thrust be-
longs to the set fT 2 [0; 4fi;ub], where fi;ub is the maximum thrust that one motor
can produce, and it's numerically equal to fi;ub = 0:1391 N .

gf (x; u) = 4 · 0:1391fT � f 2
T

� Maximum angle � constraint. In this case, we have chosen � � 45 deg for two
reasons. First, it's big enough to clearly show that our controller is taking into
account the non-linear dynamics of the system, and second, it's small enough such
that it will be active regularly. As seen in �gure 3.2,

g�(x; u) = 1�


a2

1
�
�
a2

2

g�(x; u) = 1�



0:78872 �
�

0:78872

� Box constraint on yaw. In our quad-rotor, when we are hovering, changes in yaw
have no special complexity and can perfectly be taken into account. It doesn't add
any complexity to the problem nor it's interesting from the non-linear control point
of view. However, this fact changes if we intend to change yaw while the quad-rotor
is not in hover. Then it does have a big non-linear e�ect, since now it is coupled
with pitch and roll. That is why, if we try to �t value functions to the whole state
space of yaw, i.e., � 2 [0; 2�], we will be trying to encode all this coupling with roll
and pitch inside the value function. For practical purposes and demonstration of
the controller, we don't need to have a value function that encodes changes in yaw.
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That is why in this project we will restrict it to be inside a small box centered in 0,
such that � 2 [�1; 1] (deg). Putting this in quadratic form,

g�(x; u) =
�2

1802 � �
2

3.7.2 Choice of c(x)

The state relevance weighting function is the most important tuning parameter in this
Approximate Dynamic Programming approach. This function focuses the e�ort of solving
problem 3.5 in the part of the state space that we choose, minimizing the error between
the true optimal value function and our candidate approximation only in that part of the
state space.

After some empirical results via solving the optimization problem and testing the perfor-
mance of the greedy policy on the simulated non-linear dynamics, some intuition about
where to place c(x) has been developed. Here we summarize the most important points:

� We know beforehand that the optimal value function is always greater or equal to
zero, V �(x) � 0 8x, and that V �(0) = 0. Then, it would be useful to include the zero
line as one of our members of the PWM online policy as a lower bound. However,
choosing a really small � in all states gives a value function approximation around
0, which is, as expected, relatively close to the zero line, and also, since it is not
the zero line, still has a bit of information about the dynamics and the constraints
encoded inside it.

In this case, a su�ciently small � has shown to be the following,

� = diag(
�
0:1 0:1 0:1 1 1 1

�
· 1e�2)

� We also need a su�ciently broad distribution to make sure that we cover most of
the states that may occasionally be visited. For that, we chose,

� = diag(
�
0:2 0:2 0:2 2 2 2

�
)

The reason why this distribution is su�ciently broad is based in the performance
of the approximated value function when playing the online policy on the non lin-
ear dynamics. It has been shown that for our purposes it is unnecessary to use
distributions broader than this one, being then preferable and more useful to add
value functions in the middle of the gridding than making bigger this upper extreme.

� For the rest of value functions, a griding approach has been taken between these two
extremes, in an intuitive fashion. We have to take into account that the amount of
value functions that we put in the PWM online policy cannot be too high if we want
to be able to solve the problem in real time. In this case, we chose 9 value functions,
which are obtained using the following �'s,
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�0 = diag(~v� · 1e�2)
�1 = diag(~v� · 1e�1)
�2 = diag(~v� · 3e�1)
�3 = diag(~v� · 5e�1)
�4 = diag(~v� · 7e�1)
�5 = diag(~v�)
�6 = diag(~v� · 1:2)
�7 = diag(~v� · 1:5)
�8 = diag(~v� · 2)

where ~v� =
�
0:1 0:1 0:1 1 1 1

�

3.7.3 Simulation results for �tting value functions

In this section we will solve the main problem 3.5, transformed to the iterative point-wise
maximum form, presented in section 3.5, with the constraints introduced in 3.3.2 and
3.3.3, which have been added using the SOS procedure, in section 3.3.1.

As each of the value functions that we obtain for a �xed c(x) is a polynomial in V̂ : R6 !
R, it is di�cult to visualize. To overcome this, we have made cuts around 0 for all dimen-
sions except one, and then we have plotted this cut. In other words, we substitute by 0 all
states except one in V̂ (x), and the resulting polynomial will be of the form V̂cut : R2 ! R,
which we can perfectly visualize.

See �gure 3.3 as an example. Here we have solved the optimization problem for �4, and
then we have set every state to zero except _x. In the �gure we see the �rst iteration of
the algorithm (section 3.5.1), labeled as V̂ �1 (x), and the last iteration, when we already

converged, as V̂ �N(x).

In �gure 3.4 we see how the objective function,
R
V̂ �c(x)dx, for the choice of c � N (0; �4)

grows with each iteration until it converges. The intermediate costs between iteration 1
and iteration N correspond to the value functions that are shown in transparent grey in
�gure 3.3.

In �gure 3.5 we can see the rest of the cuts for �4.

In �gure 3.8 we show the value function for the smallest �, and in �gure 3.6 we show the
evolution of the objective for di�erent iterations. As we can see in the picture, this value
function approximation is in fact quite close to zero at x = 0. If we compare it to the
previous plot, �gure 3.5, we can understand how adding this small �0 to the set of value
functions is very important to properly encode the optimal value function.

27



-5

0

5

10

15

20

25
103

-1.5 -1 -0.5 0 0.5 1 1.5
0

0.5

Figure 3.3: V̂cut for _x and �4
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Figure 3.4: Evolution of the objective through di�erent iterations of the algorithm for �4

3.8 Point wise maximum online policy

Once we have found the di�erent value function approximations for each one of the c(x)
functions described in section 3.7.2, we end up with 9 di�erent under estimators of the
optimal value function, V̂ �j (x), each one focused on a di�erent part of the state space.
Now, as presented in section 3.5, we will do the point-wise maximum of all of them to
obtain a better lower bound.
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Figure 3.5: Value function cuts around zero for c � N (0; �4)
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Figure 3.6: Evolution of the objective through di�erent iterations of the algorithm for �0

3.8.1 Simulating the PWM online policy in the polynomial dynamics

As described in section 3.6, now that we have the o�ine part of our controller, we need to
solve the optimization problem 3.11 at each time step. This problem is non-convex due
to the term E V̂ �(f(x; u; w), which in our case is polynomial of 6th degree in (x; u). As
the optimization problem has as decision variable only u, it could be the case that when
�xing x = x0, f(x0; u) loses degree. However, in our case the 3rd order Taylor dynamics
of the cascaded system are also 3rd order in the inputs, as in equation (2.4). So, all in all,
we need to solve an optimization problem which is linear in the objective function and
6th degree polynomial in the constraints.

To illustrate this, we will focus on an example where we want to achieve a step change
in x. To be able to get a deeper understanding of what we are solving, we will plot a cut
of the main constraint in problem 3.11 where we will �x everything to its optimal value
on that iteration except pitch (�), the most important input when doing a step change
in x. This is, if at certain time step k we are at state xk, we �nd that the optimal input
is u�k =

�

�k ��k ��k f �T;k

�
, and the optimal t = t�. Introducing p(x; u),

l(x; u) + 
 E(V̂ �i (f(x; u; w))) � t 8i = 1; : : : N
p(x; u) � t 8i = 1; : : : N

we will plot,

p(xk;
�

�k �k ��k f �T;k

�
) 8i = 1; : : : N

with respect to �k, the only non-�xed variable.

We show two examples of this plot for di�erent time steps in �gure 3.9. As expected,
the shape of the objective function is a high order (6th in this case) polynomial. An
important detail to remark is that, due to the non-convexity of the problem, the starting
point of the solver for each time step is quite relevant in both solve time and result. As
warm start for uk we have used here the optimal solution of the LQR problem, u�k;LQR

Lastly, we will now show a plot of the online performance change of the controller when
applied to the simulated non-linear dynamics, and compare it to the LQR performance
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Figure 3.7: Value function cuts around zero for c � N (0; �0)
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(d) _x cut (e) _y cut (f) _z cut

Figure 3.8: Cuts of V̂ �PWM around zero for j = 1; � � � ; 9

Figure 3.9: �-cuts of the cost of the greedy policy for two arbitrary time steps
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when we apply a step set-point change in x of 2m.

There will be two types of simulation. First, the one where we simulate the system only
with the 6 state non-linear dynamics, from (2.4), hence assuming that the rest of the
dynamics are su�ciently fast to be neglected. This plot is interesting because we are
actually seeing the behaviour of the system that we designed for. The other type of
simulation is the one where we include the middle and inner loop by simulating both the
P and the PID controller (see �gure 2.3). This simulation has special interest because is
the closest to the real system.

0 0.5 1 1.5 2 2.5 3
-0.5

0

0.5

1

1.5

2

(a) Position

0 0.5 1 1.5 2 2.5 3
-3

-2.5

-2

-1.5

-1

-0.5

0

0.5
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Figure 3.10: Evolution of the states for a 2 m step change in x, assuming in�nitely fast angle
dynamics

(a) Angle inputs (b) Thrust inputs

Figure 3.11: Evolution of the inputs for a 2 m step change in x, assuming in�nitely fast angle
dynamics

In �gures 3.10 and 3.11 we see the behaviour of the system when we assume that the
angle dynamics are in�nitely fast. One of the most important di�erences between ADP
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and LQR that we can see is the drop in the z coordinate. LQR has only information
about the linearization of the model around hover, and hence doesn't take into account
that when the quad-rotor tilts, it loses thrust in the gravity direction, hence falling a bit.
It is not until it falls down that the controller corrects for it.

However, for ADP, as the model that we used is a non-linear model, it has seemingly
encoded information about how the thrust is lost when we tilt. This information about
the non-linearities of the system comes not only from the model used for the �tting of our
value function, but also from the greedy policy, since as we see in 3.11, it also uses the
non-linear model to predict the next state. That is why the z coordinate does not fall as
much, kind of foreseeing that drop in z. We can also see the same in the evolution of the
thrust input for ADP in �gure 3.11, from the beginning it goes up, with no need to wait
for the error to actually occur.
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Figure 3.12: Evolution of the states for a 2 m step change in x including middle and inner loops

In �gures 3.12 and 3.13 we show the simulation including the middle and inner loop. We
notice that as we are including now some slightly slower dynamics in the system, the
behaviour gets slightly a�ected. However, the e�ort of the controller to avoid falling in z
when tilting is even more noticeable if we look at the thrust plot.

To justify the assumption of the middle and inner loop being fast enough, we also show
in �gure 3.14 how the pitch angle reference input, computed by our ADP controller, is
followed by the real pitch angle. For this reason, in future plots we will use always the
simulation with inner and outer loop.

This example is very representative because it shows the bene�ts of including a non-linear
model when comparing it to the linear model approach. That is why we will use it as a
comparison tool in the following chapters for both simulation and implementation.

It is important also to remark that even though this policy seems to yield very nice
online performance in simulation, the policy, as clearly seen in �gure 3.9 is non-linear,
and we would require a non-linear online solver working at 50 Hz in real time, which is
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(a) Angle inputs (b) Thrust inputs

Figure 3.13: Evolution of the inputs for a 2 m step change in x, including middle and inner loops
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Figure 3.14: Comparison between the evolution of the real pitch angle and its reference

certainly not an easy task. That is why in the next chapters we will introduce the MPC
approach, not only for comparison with this ADP approach, but also as starting point
for the implementation of the ADP greedy policy in the real system, as will be shown in
chapter 5.
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Chapter 4

Linear Time Varying Model Predictive

Control formulation

In this chapter we will present the MPC formulation for our quadcopter vehicle dynamics.
A Linear Time Varying approach to MPC will be formulated, where we assume to know
the trajectory over the horizon of the quadrotor, and relinearize the non-linear system
around it at each timestep. This formulation has been widely implemented in similar sys-
tems by other authors, e.g., in [7], where the authors apply this approach for controlling
an autonomous car.

4.1 General formulation

In this section, �rst we will formulate the simplest unconstrained LTV MPC problem and
then start adding the constraints. To obtain the formulation, we part from the minimiza-
tion of the �nite horizon cost,

min
uk2U

NX

k=0

l(xk; uk)

The main di�erence with the ADP formulation presented in chapter 3 is that here we have
�nite control horizon of length N, meaning that we only care about the incurred cost up
to timestep N. This fact makes the MPC approach specially good for taking short term
based decisions.

If we now �x the cost function to be quadratic, and we relinearize the dynamics of our
system around the predictd trayectory, we get the general LTV formulation,

minimize
u0:::uN�1

kxN � xref;Nk2
P +

N�1X

k=0

kxk � xref;kk2
Q + kuk � uref;kk2

R

subject to linearized and discretized dynamics, constraints

(4.1)

where the norm means kvk2
A = vTAv, and xref;k and uref;k are, respectively, the reference

state and input trajectories at timestep k.
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In (4.1), the most important parameters that we, as designers, have to choose are the cost
matrices Q, R and P . The topic of choosing these is not as easy and direct as it may
seem, and that's why we dedicate the next section to discuss it.

4.1.1 Choice of the cost matrices

As stated in chapter 3, the main reason for the implementation of the Model Predictive
Controller is to have a closer comparison point which actually uses the non-linear dynam-
ics, since up to now in our ADP online policy plots (see �gures 3.12 and 3.13) we have
taken as comparison point LQR. Because of this, the most sensible choice of the matrices
Q and R for our MPC approach is the same that we have chosen for the ADP approach,
from equation (3.12). This choice can be discussed from di�erent point of views, since it
will always be argued why we have chosen these values in the �rst place. In this thesis we
will just assume that these matrices have some �xed value (already presented in chapter
3), and we are trying to �nd and compare di�erent approaches that minimize the cost
associated to them.

For the choice of the �nal cost matrix, P , we should ideally encode the optimal cost to go
from the �nal state xN (last step of our prediction horizon) to the reference state (hover),
since the cost that we want to minimize ultimately is,

J =
1X

k=0

l(xk; uk) =
N�1X

k=0

l(xk; uk) +
1X

k=N

l(xk; uk)

Comparing this equation with problem (4.1) term by term, we can see that the �rst term
is encountered exactly as it is when l(xk; uk) = xTkQxk + uTkRuk. However, the search for
the second term is known to be di�cult, addressed usually as optimal control problem.
Taking a closer look and comparing this second term to the general problem introduced
in 3.1, we see that the problems are almost the same, di�ering only in the discount factor.

This is why in this chapter, this term will be approximated by the discounted optimal cost
to go when the dynamics are linear, i.e., the solution to the discounted Riccati Equation,

P = 
ATPA� 
2ATPB(R + 
BTPB)�1BTPA+Q (4.2)

The discount factor has been added to make the comparison closer to the ADP approach.

As a remark, it is worthwhile to note that if in the previous chapter we had used linear
dynamics when looking for value functions, and we had removed all the constraints, the
solution for the optimal value function can be shown to be exact (not approximated) and
equal to V �(x) = xTPx, where P is the solution to equation (4.2). This remark will be
addressed as an introduction to the next chapter.

4.2 Linearization and discretization of the dynamics

Given the continous time dynamics _x(t) = f(x; u), �rst we do the linearization of the
system around the points x = �x and u = �u. Introducing the linearized dynamics as
f(x; u) � ~f(x; u) = _~x(t), we derive it as the �rst order Taylor expansion,
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_~x(t)� _�x =
@f(x; u)
@x

����
x=�x;u=�u

(x(t)� �x) +
@f(x; u)
@u

����
x=�x;u=�u

(u(t)� �u)

= A(�x; �u)(x(t)� �x) +B(�x; �u)(u(t)� �u)

Where _�x = f(�x; �u). Rearranging we get:

~f(x; u) = _~x(t) = Ax(t) +Bu(t) + f(�x; �u)� A�x�B�u
= Ax(t) +Bu(t) + g

(4.3)

where we have introduced the term g = f(�x; �u)�A�x�B�u which is the a�ne term. Note
that in equation (4.3) we have dropped the dependency of A, B and g on (�x; �u) for clarity.

The system in equation 4.3 is still a continous time approximation of the non-linear dy-
namics. However, for the MPC approach, the discrete time dynamics are needed. To
derive the discretization matrices of this system, we will use the following property:

�
Ad Bd
0 I

�
= exp

��
A B
0 0

�
Ts
�

(4.4)

To introduce the a�ne term g in the previous property, we transform our system,

_~x(t) = Ax(t) +Bu(t) + g = Ax(t) +
�
B g

� �u(t)
1

�

= Ax(t) + ~B~u(t)

Now we can directly use the property in (4.4) using ~B:
�
Ad ~Bd
0 I

�
= exp

��
A ~B
0 0

�
Ts
�

�
Ad Bd gd
0 I

�
= exp

��
A B g
0 0

�
Ts
�

Using these discrete time matrices, the discrete time dynamical system can be writen as
follows,

x(k + 1) = Ad(k)x(k) +Bd(k)u(k) + gd(k) (4.5)

where the k represents the discrete time steps. In the general case, the matrices Ad(k)
and Bd(k) and the vector gd(k) will change for every k, since the points (�x; �u) around the
ones the system is linearized will be changing with time.

In the following sections, the notation used to describe the discrete time system in equation
(4.5) will be short-hand notation, as we will never have to use continous time dynamics or
matrices, some indexing will change. The linearized and discretized dynamics will from
now on be written as follows,

xk+1 = Akxk +Bkuk + gk (4.6)
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4.3 Unconstrained LTV MPC formulation

With the linearized and discretized dynamics we can rewrite the receding horizon opti-
mization problem in equation 4.1:

minimize
u0:::uN�1

kxN � xref;Nk2
P +

N�1X

k=0

kxk � xref;kk2
Q + kuk � uref;kk2

R

subject to xk+1 = Akxk +Bkuk + gk (4.7)

First, we will introduce new notation to transform the dynamics in a more compact shape
and encode these vectors and matrices over the whole time horizon:

2

666664

x0

x1

x2
...
xN

3

777775
=

2

66666664

I
A0

A1A0

A2A1A0
...

AN � 1 : : : A1A0

3

77777775

x0 +

2

666664

0 0 0 : : : 0
B0 0 0 : : : 0
A1B0 B1 0 : : : 0

...
...

. . . : : : 0
AN � 1AN � 2 : : : A1B0 AN � 2AN � 3 : : : A2B1 : : : : : : BN � 1

3

777775

2

666664

u0

u1

u2
...

uN � 1

3

777775
+

2

666664

0 0 0 : : : 0
I 0 0 : : : 0
A1 I 0 : : : 0
...

...
. . . : : : 0

AN � 1AN � 2 : : : A1 AN � 2AN � 3 : : : A2 : : : : : : I

3

777775

2

666664

g0

g1

g2
...

gN � 1

3

777775

Giving new names to these matrices and vector, we rewrite as:

X = Sxx0 + SuU0 + SgG

We also need to introduce Xref , Uref , �Q and �R:

Xref =

2

664

xref;0
xref;1
...

xref;N

3

775 Uref =

2

664

uref;0
uref;1
...

uref;N�1

3

775

�Q =

2

664

Q 0 : : : 0
0 Q : : : 0
...

...
. . .

...
0 0 0 P

3

775
�R =

2

664

R 0 : : : 0
0 R : : : 0
...

...
. . .

...
0 0 0 R

3

775

This way, the optimization problem can be written as:

minimize
U0

(X �Xref )T �Q(X �Xref ) + (U0 � Uref )T �R(U0 � Uref )

subject to xk+1 = Akxk +Bkuk + gk 8k = 0; � � �N � 1
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which substituting the matrix form of the dynamics, results in,

minimize
U0

(X �Xref )T �Q(X �Xref ) + (U0 � Uref )T �R(U0 � Uref )

subject to X = Sxx0 + SuU0 + SgG

This optimization problem can be put in two di�erent shapes, the sparse approach, in
which X is added as a decision variable and the dynamics remain in the constraint set;
or the dense approach, where the dynamics X are substituted in the objective function,
which will only depend on U0, the only decision variable now. In this thesis, the dense
approach is used,

minimize
U0

(Sxx0 + SuU0 + SgG�Xref )T �Q(Sxx0 + SuU0 + SgG�Xref ) + (UT
0 � U

T
ref ) �R(U0 � Uref )

Rearranging and removing terms that are constant with respect to U0:

U�0 = argmin
U0

UT
0 (STu �QSu + �R)U0 + 2(xT0 S

T
x

�QSu +GTSTg �QSu �XT
ref

�QSu � UT
ref

�R)U0

which is a quadratic program in U0. Introducing new variables H and F

U�0 = argmin
U0

UT
0 HU0 + F TU0 (4.8)

where:

H = STu �QSu + �R
F T = 2(xT0 S

T
x

�QSu +GTSTg �QSu �XT
ref

�QSu � UT
ref

�R)

4.4 Introducing constraints

The constraints that will be introduced in this section are the same constraints that we
added in our Approximate Dynamic Programming approach, in sections 3.3.2 and 3.3.3.

4.4.1 Thrust constraint

To add this constraint to the optimization problem, we will put it in matrix form. First,
taking into account that uTk =

�

 � � fT

�
, and being the upper and lower bound,

respectively, fT;ub and fT;lb:
�
0 0 0 1

�
uk � fT;ub 8k = 0; � � �N � 1

Cuk � fT;ub 8k = 0; � � �N � 1

And for the lower bound:
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�
0 0 0 �1

�
� �fT;lb 8k = 0; � � �N � 1

�Cuk � �fT;lb 8k = 0; � � �N � 1

Now, expressing it as a function of U0, in matrix form:

2

666666666664

C 0 � � � 0
0 C � � � 0
...

...
. . .

...
0 0 0 C
�C 0 � � � 0
0 �C � � � 0
...

...
. . .

...
0 0 0 �C

3

777777777775

| {z }
Au

U0 �

2

6666666666664

fT;ub
...
...

fT;ub
�fT;lb

...

...
�fT;lb

3

7777777777775

| {z }
bu

Which for short-hand notation, we have introduced the matrix Au and the vector bu. After
including this input constraint, the optimization problem from equation (4.8) results as
follows:

U�0 = argmin
U0

UT
0 HU0 + F TU0

subject to AuU0 � bu (4.9)

(4.10)

4.4.2 Angle constraint

To add this constraint to the formulation of the problem in equation 4.9, we transform it
to matrix form:

uTk

2

664

1
a1

0 0 0
0 1

a2
0 0

0 0 0 0
0 0 0 0

3

775

| {z }
D

uk � 1 8k = 0 � � �N � 1

To transform this to the matrix horizon form, we introduce the matrix Dk, which is a
block diagonal matrix with the matrix D in the position k, as follows:

Dk =

2

666664

0
. . .

D
. . .

0

3

777775

Last, we add the set of quadratic constraints to our MPC problem, resulting in the
following quadratically constrained quadratic program (QCQP):
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U�0 = argmin
U0

UT
0 HU0 + F TU0

subject to AuU0 � bu
UT

0 DkU0 � 1 8k = 0; � � �N � 1 (4.11)

4.5 Real Time Iteration algorithm for LTV MPC

We just presented in the previous section the optimization problem that we have to solve
to �nd the optimal input to the system given its current state.

However, as we would have to continously solve this problem in real time, we have to take
care of updating all the necessary matrices and terms at each time step. In the following
algorithm a detailed explanation of how the this information is updated at each time step
is described.

1. Initialize x0 (initial state) and Xtraj (in the �rst iteration every point of the trayec-
tory is equal to x0), and Utraj (
, � and � trajectory is initialized as 0, and fT is
initialized as mg).

2. Initialize Xref and Uref . These will be the points to which we will aim in the end,
i.e., the objective point. It could also be an objective trajectory, not in our case.

3. Linearize/discretize around Xtraj and Utraj to get Atraj, Btraj and gtraj where

Atraj;k = Ak
Btraj;k = Bk

gtraj;k = gk

4. Around these conditions, compute �rst set of inputs to the system with the MPC
algorithm. We solve,

minimize
u0:::uN�1

kxN � xref;Nk2
P +

N�1X

k=0

kxk � xref;kk2
Q + kuk � uref;kk2

R

subject to linearized and discretized dynamics, constraints

which, as shown in this chapter, gets transformed in the QCQP written in equation
(4.11).

From this minimization, we get the sequence of optimal inputs U�0 .

5. Apply �rst input to the real plant/system.

6. Compute approximation of where the system would go for the next N steps, where
N is the horizon of the controller, using the just computed U�0 (thinking in next
time step, the inputs just obtained are u��1 to u�N�2). The aproximation is done
by the forward Euler method, ode1, for computational reasons (when using a more

42



complex method, like ode45, the computational time was much higher, and for our
horizon lenghts the approximation error given by ode1 is negligible). The trajectory
points generated, thinking as if we were in the next step, are from xtraj;0 to xtraj;N�1.
We also need xtraj;N , which we compute with u�N�1. As we don't have u�N�1 at this
timestep, we will assume that u�N�1 = u�N�2. This way we have xtraj;0 to xtraj;N .

7. Update Xtraj with this new sequence of predicted states, it contains indexes from 0
to N

8. Update Utraj with the new sequence of inputs (U�0 ). Contains indexes from 0 to N-1
thinking in next time step.

9. Update x0 with the new state of the system, that comes from the measurement of
the state, in this case, ~p and ~_p.

10. Repeat from step 3.

As a remark, in the previous algorithm a lot of di�erent variations can be made, even
though we have sticked to the one presented here. One of these variations would be, for
example, to move the measurement of the state (step 9) right after step 5. This would
make it possible to set xtray;0 equal to x0, removing one step in the prediction, and hence,
the error produced by this �rst approximation.

4.6 Simulating the LTVMPC approach for di�erent horizon lengths

To show the simulation results of the LTV MPC algorithm, we will �rst show the results
compared to LQR for two extreme horizon lengths, 2 and 20. The motivation behind this
choice is that 1 is the smallest horizon that we can have, which means that it would be
almost like a constrained, linearized around di�erent points LQR policy; and 20 is the
largest horizon for which the solver times are within the feasible range at 50 Hz. A horizon
length of 20 has also proven to be long enough in the sense that for longer horizons, the
di�erence in online performance is not noticeable.

The main di�erence between these two simulations is, as expected, that the drop in z of
the quadrotor is smaller, or even compensated for the larger horizon. It is also interesting
to remark that the thrust output of the algorithm at the �rst time step is always mg.
This is due to the way we have initialized the trajectory, which as seen in section 4.5, in
the �rst iteration it is equal to x0 for the whole horizon.

We also realise that even though the displayed information about the inputs (thrust and
angle) and the velocity is useful, given our toy experiment, it is enough to take a glance at
the x and z position to be able to compare di�erent approaches. This is why to compare
ADP to MPC with di�erent horizon lengths in a meaninful way, a set of overlapped x
and z positions is going to be used.

As we see in �gures 4.3 and 4.4, for large horizons the drop in z gets reduced more for
MPC than for ADP. However, the x coordinate goes slightly faster to equilibrium for
ADP than for any of the horizon lengths for MPC. The di�erent MPC horizon lengths
that have been included in this plot are 1, 2, 5, 10, 15, 20.
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Figure 4.1: Evolution of the states and inputs for a 2 m step change in x for a horizon length of
1, including middle and inner loop
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Figure 4.2: Evolution of the states and inputs for a 2 m step change in x for a horizon length of
20, including middle and inner loop
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(a) Positions x and z (b) Velocities xdot and zdot

Figure 4.3: Comparison between x and z coordinates for ADP non-linear policy (same as �gure
3.12), and for MPC approach with di�erent horizon lengths, ranging from H = 1 (clearest black)
to H = 20 (darkest black)

(a) Pitch (b) Thrust

Figure 4.4: Comparison between pitch and total thrust for ADP non-linear policy (same as �gure
3.12), and for MPC approach with di�erent horizon lengths, ranging from H = 1 (clearest black)
to H = 20 (darkest black)
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Chapter 5

Mixing MPC and ADP approaches

As seen at the end of chapter 3, to play the Approximate Dynamic Programming online
greedy policy we would need to solve a non-convex problem at each time step in real
time (at 50 Hz), which is certainly a challenging task to achieve. In this chapter we look
at the possibility of mixing the MPC approach with the ADP approach to alleviate this
di�culty. Speci�cally, and as could already be anticipated in section 4.1.1, where we had
the general cost function,

J =
1X

k=0

l(xk; uk) =
N�1X

k=0

l(xk; uk) +
1X

k=N

l(xk; uk) (5.1)

we want to approximate better the second part of it using, instead of the solution to
the Riccati equation (which is the value function for the unconstrained, linear-quadratic
problem), the value function approximation found in chapter 3. This value function ap-
proximation is seemingly improving the performance because, �rst, it encodes all the
constraints and second, it is based on a third order Taylor expansion of the dynamics,
certainly better than a linear approximation.

This way, we end up with the following optimization problem:

minimize
u0:::uN�1

V̂PWM(xN � xref;N) +
N�1X

k=0

kxk � xref;kk2
Q + kuk � uref;kk2

R

subject to linearized and discretized dynamics, constraints

(5.2)

where the term V̂PWM is our point-wise maximum of j value function approximations,
which as we will see in the next section, will enter the optimization problem as j quadratic
constraints.

To get more insight on what we are doing here, lets see what happens when the horizon
length is 1 in equation (5.2), starting at time k.

minimize
uk

V̂PWM(xk+1 � xref;k+1) + kxk � xref;kk2
Q + kuk � uref;kk2

R

subject to linearized and discretized dynamics, constraints

Now, if l(x; u) = kxk � xref;kk2
Q + kuk � uref;kk2

R and as in section 4.2, xk+1 � xref;k+1 =
Ak(xk � xref;k) +Bk(uk � uref;k), we transform it to the following.
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minimize
uk2U

l(x; u) + V̂PWM(Ak(xk � xref;k) +Bk(uk � uref;k)) (5.3)

which is the greedy policy from 3.10 but using a linearization of the system to predict
the next state, i.e., the linearized greedy policy, and skipping the discount factor. For this
reason, as we will see in the following, the horizon length of 1 for this approach will be
widely used as comparison reference.

So as an optimization problem, 5.2 will be a Quadratically Constrained Quadratic Pro-
gram, which unlike the ADP non-linear greedy policy from section 3.8.1, is a convex
problem. The reason is that, as explained above, instead of using the non-linear dynam-
ics in the prediction, we use the linearization around the visited states.

5.1 MPC + ADP problem formulation

We start from the optimization problem in 5.2. Adding the linearization and discretiza-
tion constraints, as we did in the previous chapter with MPC, and taking into account
that V̂PWM(x) = max

j
V̂j(x),

minimize
u0:::uN�1

max
j

V̂j(xN � xref;N) +
N�1X

k=0

kxk � xref;kk2
Q + kuk � uref;kk2

R

subject to xk+1 = Akxk +Bkuk + gk

Now, introducing a new variable, sPWM , the epigraph of V̂PWM(xN � xref;N),

minimize
fu0:::uN�1;sPWMg

sPWM +
N�1X

k=0

kxk � xref;kk2
Q + kuk � uref;kk2

R

subject to xk+1 = Akxk +Bkuk + gk
V̂j(xN � xref;N) � sPWM j = 1; : : : 9

To transform this problem into a QCQP in the optimization variables, we will proceed
in a similar way as we did in section 4.3. For that, we need to put the dynamics in the
matrix, compact way, separating also the last horizon time step from the rest,

X = Sxx0 + SuU0 + SgG
2

66664

x0
x1
...

xN�1
xN

3

77775
=
�
X1
xN

�
=
�
Sx1
SxN

�
x0 +

�
Su1
SuN

�
U0 +

�
Sg1
SgN

�
G

Then the optimization problem, adding the constraints, can be written as,
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minimize
fU0;sPWMg

sPWM + (X1 �Xref;1)T �Q(X1 �Xref;1) + UT
0

�RU0

subject to X = Sxx0 + SuU0 + SgG

V̂j(xN � xref;N) � sPWM j = 1; : : : 9
fT;lb � fT;k � fT;ub k = 0; : : : N

2
k

a2 +
�2
k

b2 � 1 k = 0; : : : N

(5.4)

We also need to introduce here a new notation for the coe�cients of the value functions,
V̂j(x) in matrix form, since they are quadratics,

V̂j(x) = xTPVjx+ pTVjx+ qVj
where PVj 2 Rn�n is the matrix of quadratic coe�cients, pVj 2 Rn is the vector of linear
terms and qVj 2 R is the a�ne term.

Now, doing the same procedure as we did in section 4.3, and transforming the constraints
as in equation (4.11) the result is,

minimize
fU0;sPWMg

sPWM + UT
0 HU0 + F TU0

subject to UT
0 HVjU0 + F T

VjU0 +QVj � sPWM j = 1; : : : 9
AuU0 � bu
UT

0 DkU0 � 1 k = 0; � � �N � 1

(5.5)

where we have introduced the following variables,

H = STu1
�QSu1 + �R

F T = xT0 S
T
x1

�QSu1 +GTSTg1 �QSu1 �XT
ref;1

�QSu1 � UT
ref

�R
HVj = STuNPVjSuN
F T
Vj = 2xT0 S

T
xNPVjSuN + 2GTSTgNPVjSuN � 2xTref;NPVjSuN + pVjSuN

QVj = xT0 S
T
xNPVjSxNx0 +GTSTgNPVjSgNG+ xTref;NPVjxref;N + 2xT0 S

T
xNPVjSgNG

� 2xT0 S
T
xNPV xref;N � 2xTrefPVjSgNG+ pTVjSxNx0 + pTVjSgNG� p

T
Vjxref;N + qVj

and rede�ned the matrix �Q,
�Q = diag(

�
Q; : : : ; Q

�
)

where the number of repetitions of Q is N � 1, and we have removed P from the previous
de�nition.

This way, problem (5.5) is equivalent to problem (5.4) and can be directly fed to a QCQP
solver.

Now, we will use the exact same algorithm as the one described in section 4.5, only that
the optimization problem that we solve at each time step is the one in (5.4).
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5.2 Simulating the ADP MPC approach

In this section we will play the online policy of the algorithm presented above with the
cascaded non-linear dynamics, for di�erent horizon lenghts of the MPC part. The compar-
isons will now be done with the MPC controller instead of LQR, which o�ers insight and
understanding about what di�erences there are by changing the unconstrained, linear �nal
cost approximation (Riccati P ) to a constrained, non-linear value function approximation.

First, we will compare what we call linearized greedy policy (from equation (5.3)) with
the non-linear greedy policy results. This way, we can see if the error introduced by the
linearization of the forward prediction is big.
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Figure 5.1: Evolution of the states and inputs for a 2 m step change in x for the linearized greedy
policy and the non-linear greedy policy, including middle and inner loop

In �gure 5.1, we see that the two greedy policies don't di�er much. The main di�erence
between them is in the thrust inputs, where for the linearized approach, as we see, the
�rst thrust is always mg due to the initialization of the matrices. The fact that they are
almost equal means that there is no need to solve the non-linear, non-convex problem from
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equation (3.10), but instead solve the linearized, convex version to get almost equal results.

Now we also compare what happens for the shortest horizon case, since it is horizon that
gives the most importance to the �nal cost with respect to the stage costs. In other words,
as in equation (5.1), the shorter the horizon, the most in�uential will be the �nal cost
approximation.
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Figure 5.2: Evolution of the states and inputs for a 2 m step change in x for a horizon length of
1, including middle and inner loop

From �gure 5.2 we can notice that the main di�erence between both approaches is, once
again, that the approach which merges MPC and ADP has less drop in z, mainly because,
as seen in the position, velocity and thrust plots, the MPC+ADP controller corrects for
this drop in z even before it happens. However, for the MPC controller with only 1
horizon timestep it takes longer to account for the correction in z. This shows that the
approximation of the �nal cost by value functions provides a better encoding of what it's
actually happening in the future.

Now that we did the shortest horizon extreme case, we are also interested in showing
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what happens when the horizon goes to a su�ciently high length (where su�ciently high
has proven to be 20 in this case. For higher horizons the conclusions and results drawn
here are basically the same).
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Figure 5.3: Evolution of the states and inputs for a 2 m step change in x for a horizon length of
20, including middle and inner loop

As we see in �gure 5.3, as expected, the �nal cost loses importance when the horizon
length starts being signi�cantly high. Now the proportion of the cost (as seen in the
objective function) that is coming from the approximation to the �nal cost is not as sig-
ni�cant as to make a contribution to the optimal input. That is why both approaches
give seemingly the same behaviour, with subtle di�erences, such as the spikes that we can
notice in the thrust input for the MPC mixed with ADP approach. These spikes come
seemingly from the pont-wise nature of the value function that we use as approximation
to the �nal cost.

Lastly, to ilustrate how this MPC mixed with ADP approach can have bene�ts when
compared with pure MPC, we will compare the 1 horizon mixed approach with the 10
horizon MPC.
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Figure 5.4: Evolution of the states and inputs for a 2 m step change in x for a horizon length of
1 for MPC mixed with ADP, and 10 for MPC, including middle and inner loop
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In these plots (�gures and 5.4), if we look at the inputs for both approaches they are quite
similar. The behaviour of the states do not di�er much, and in any case, it would be quite
hard to say which one is better. That means that we are getting similar performance with
less horizon length. However, in this case, as the ADP approach translates into adding
quadratic constraints, it could well be that these constraints are making the problem
harder to solve. That is why we now plot the solver times for both controllers.

(a) MPC mixed with ADP, H = 1 solve times (b) MPC H = 10 solve times

Figure 5.5: Histograms of the times reported by the solver for both approaches

We show in these histograms (�gure 5.5) that the solver times are a bit better for the
MPC mixed with ADP approach.
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Figure 5.6: Histograms of the times reported by the solver for both approaches

Finally in �gures 5.6 and 5.7 we show the box plots of the solve times for all the horizon
lenghts for 1 to 20. As expected, the quadratic constraints introduced by the ADP value
functions as �nal cost make these solve times go up much faster.
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Figure 5.7: Comparison of the solve times mean values for di�erent horizons, for both approaches.

5.3 Comparison of the sum of stage costs

As presented in the beginning of this chapter, the ultimate aim of the optimal control
problem is to minimize the sum of stage costs, i.e., the sum written in (5.1), also referred
as J . To get a better understanding and insight of the performance of each one of the ap-
proaches (MPC and MPC mixed with ADP), it could be interesting then to compute this
sum for di�erent horizon lenghts and grasp how much the di�erence is, if there is any at all.

To do this we take our toy example (change in setpoint of 2 m in the x coordinate),
exactly the same way we have plotted it in, e.g., �gure 5.4, and we do the same for a
whole set of horizon lengths ranging from 1 to 20. Once we have the simulation plots,
we can easily post-compute for each timestep the stage cost l(x; u) = xTQx+ uTRu, and
then do the sum for all timesteps, for each one of the horizons. I.e., for each time horizon
we take the evolution of the states and inputs for 5 seconds (enough time to make sure
that we are already in our reference state), and for each timestep k (there are 250 points)
we compute the stage cost, l(xk; uk). What we plot is the sum of this costs for di�erent
horizons.

From �gure 5.8 we can see that, as expected, the di�erence in performance between the
two approaches is maximized when the horizon length is minimum, since it is then when
the importance of the choice of the �nal cost is most important. As already suspected
from the di�erence between �gures 5.2 and 5.3, both control policies converge to the same
behaviour when the horizon length grows. We can also see here how both costs converge
to the same value as the horizon grows.

As a remark, as performance measure we could also have selected the discounted sum of
stage costs, since the value functions used as �nal cost have been computed using this
discount factor. However, in the MPC approach we do not use any discount factor, and
since in �gure 5.8 the varying parameter is the control horizon, it can be argued that it
makes more sense to use the sum of stage costs without discount factor.
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Chapter 6

Implementation in the real quadrotor

In this chapter we will present and analyze the results obtained when implementing the
developed controllers in chapters 4 and 5. The pure ADP approach has not been imple-
mented �rst, because a non-linear solver would be needed, and second, because the time
to solve the problem is too high to do it in real time.

6.1 Setup details

6.1.1 Hardware

As roughly mentioned in previous chapters, the �ying vehicle that we are going to use to
implement and test the control algorithms is a small sized, 27 gram quadrotor commer-
cially called Crazy�ie 2.0, by the company bitcraze [17]. There are many reasons why
this hardware has been chosen, being the most important one that they are designed for
development. This means that all the software and hardware is open source and well
maintained by the developers, allowing us to do need-based modi�cations at any time.

To close the loop, as also roughly introduced before in this text, the most important ele-
ment that we use is a set of infrared cameras (commercialized by Vicon [18]) that provides
us with very precise information about the position and attitude of the object that we
want to track. This camera emits infrared light at a high frequency (200 Hz in our case)
and receives back any re�ections from re�ective surfaces. To track our Crazy�ie, we need
to mount at least three re�ective balls (or markers) in the quadrotor and con�gure the
Vicon software properly.

Our communication system has been built mostly with ROS (Robot Operating System).
The main communication �ow goes as follows:

� The infrared camera system produces measurement information and sends it via
LAN to the Vicon computer.

� From the Vicon computer all the information is fetched by a ROS node that publishes
the data in a ROS topic and makes it accessible to all the other nodes.

� Another ROS node executes the controller code making use of the Vicon measure-
ments.
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� The output of this controller is the input to the Crazy�ie, and is sent via radio
frequency. The �rmware of the crazy�ie takes care of handling this radio frequency
communication channel and of applying the corresponding angular velocity to each
motor.

6.1.2 Controller software

At this point, we have a system to which we can send control inputs, and we have full
information of the state. The missing element is the controller, which we have chosen to
code in C++.

As presented before in chapters 4 and 5, in the end we need to solve a QCQP at each
timestep, i.e., at 50 Hz. To solve it, we will use the C interface of the comercial solver
Gurobi, to which we have to feed the problem in matrix form (e.g., see equation (5.5)).
The challenging part of this implementation is, though, to generate all the matrices that
are needed to calculate the terms of the QCQP, i.e., we need to build everything that we
need in the algorithm presented in section 4.5 at each timestep. To do this we have used
Eigen, a C++ template library for linear algebra that supports, among others, dynamically
sized matrices.

As already mentioned in chapter 2, and as shown in �gure 2.3, we are using the cascaded
approach. This means that apart from solving the optimization problem at a 50 Hz rate,
we also need to run the middle loop at 200 Hz in the same computer. The inner loop runs
inside the microprocessor of the Crazy�ie at 500Hz, so we do not need to take care of it.
In this text we are not going to go much deeper into the implementation details. How-
ever, it is important to remark that to be able to run the middle loop at 200 Hz, and at
the same time solve the optimization problem at 50 Hz, a multithreading, non-blocking
approach has been taken, since otherwise the time taken by the solver completely blocks
the faster middle loop iterations.

6.1.3 Removing the o�set

When con�guring the set of Vicon cameras such that it identi�es the three selected mark-
ers as an object (in this case, as the Crazy�ie), there is a technical issue that is worth
mentioning in this thesis. The problem arises when we de�ne a new object in the Vicon
software, since it assigns the origin of position and attitude to the ones that the object
had back then. This means that our drone has to lie completely �at with respect to the
Vicon coordinate system if we want o�set free attitued measurements. However, this is
generally hard to achieve, and the o�set, even if small, is still present.

Now, while for some applications this may be completely irrelevant, for ours an o�set in
pitch or roll will translate to an o�set in x or y, respectively. In our control framework,
this o�set can sometimes become quite unpleasant to deal with in practice, and it will
also a�ect the quality of the control policy and of the data taken.

To solve it, we have added a temporal integrator to our system, as shown in �gure 6.1.
To perform our o�set free experiments, what we do is the following,

� We start from hovering in equilibrium point, still with o�set.
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Figure 6.1: Outer control structure with temporal integrator

� We enable the integrator and let it �nd the input uoffset that removes the error
completely.

� The integrator is then disabled and the experiment is conducted, and the uoffset is
maintained as a correction term.

This solution also accounts for model mismatches such as the mass of the drone, since a
di�erence between the theoretical mass and the real one directly translates in an o�set in
the z direction.

As we will see in the next section, this approach allows us to have o�set free plots with-
out a�ecting our non-linear policy, since the integrator is disabled before running the
experiment.

6.2 Results

In this section we will present some of the data coming from the real experiments under
the conditions explained before. As there is a lot of possible combinations for comparison,
only the most representative plots are put here.

First, we compare the MPC mixed with ADP controller with the LQR controller, shown
in �gure 6.2. We have chosen the horizon length to be 1 in this case because, once again,
it is the extreme case for which the �nal cost, in this case the value function approxima-
tion, has more relevance. The o�set in the z axis comes from the fact that the origin of
coordinates in the real setup is located in the �at, hovering surface (a table, in our case).
Hence, we have had to lift the setpoint to a point where is physically possible for the
drone to maneuver freely.

As expected from the conclusions drawn when analyzing the simulation, the drop in z
gets signi�cantly reduced, due once again to the initial peak that the non linear controller
has in the thrust pro�le.
It is important to remark that in the attitude plot we are not plotting the true state, but
the input generated by the solver, which will be a reference to follow by the middle an
inner loop. In �gure 6.3 the performance of this tracking is shown, which if compared
to the one in simulation (�gure 3.13), is not as good, but still enough to achieve decent
results with the same controller.

In the following we will also plot other two representative examples. One, with the com-
parison between 1 horizon length for both, MPC mixed with ADP, and pure MPC, where
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Figure 6.2: Evolution of the states and inputs for a 2 m step change in x for a horizon length of
1 for MPC mixed with ADP, and LQR, including middle and inner loop
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Figure 6.3: Comparison between the evolution of the real pitch angle and its reference

we can best see what is the di�erence between using value functions as �nal cost, or using
the P Ricatti matrix. And another one, with the comparison between 8 horizon length for
MPC and 3 horizon length for MPC+ADP. This last one has been chosen based in solve
time constraints, meaning that for more horizon length in any of the two approaches, the
solve time is higher than the timestep (50 Hz), and the behaviour of the controller starts
being unpredictable.

The �rst plot is in �gure 6.4, and in this case, even if the drop in z is more or less similar
for both approaches, the main di�erence lies in the evolution of the thrust, specially dur-
ing the beginning of the experiment. This results are fairly similar to the ones obtained
when comparing the same horizon lenghts in simulation, in �gure 5.2.

In the second plot (�gure 6.5) we can see how when the horizon increases for MPC, the
control policy is less agressive, and seemingly slower. In this plot the results obtained
are noticeably di�erent to the ones that we expected. The fact that MPC becomes a bit
slower with horizon length might be due to model mistmatches and also due to the delay
introduced by the middle and inner loop, which as shown in �gure 6.3, it starts being too
big to be neglected.
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Figure 6.4: Evolution of the states and inputs for a 2 m step change in x for a horizon length of
1 for MPC mixed with ADP, and 1 for MPC, including middle and inner loop
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Figure 6.5: Evolution of the states and inputs for a 2 m step change in x for a horizon length of
3 for MPC mixed with ADP, and 8 for MPC, including middle and inner loop
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Chapter 7

Conclusion and future work

In this thesis we successfully demonstrate the use of the Approximate Dynamic Program-
ming approach for continous state and input space dynamics, in both simulation and
implementation in the real system. Even if we had to reduce the system to alleviate the
so-called curse of dimensionality, and approximate the non-linear Euler angles dynamics
with a polynomial Taylor expansion, the results show that this approach is at least com-
petitive with the posed comparison example, the Linear Time Varying Model Predictive
Control approach.

It has been shown that the value function approximation that we have computed properly
encodes the constraints and the relevant non-linearities. Furthermore, it has been demon-
strated that this value function is a suitable substitute of the solution of the Riccati
equation as �nal cost in the Model Predictive Control approach, even though it intro-
duces additional constraints (quadratic in our case) in the online policy, by mixing both
the short term bene�ts of the MPC approach and the long term advantages of ADP.

There is then posed to discussion the balance between horizon length and quality of the
�nal cost, both of them subject to the computation time. If the value function was the
optimal one, it is clear that there would be no need to do any MPC steps, since the greedy
policy would be the optimal one. With our approach of mixing both MPC and ADP we
can play with the tradeo�s of putting more e�ort in computing a better approximation
to the value function, and putting more MPC horizon steps, all coming down in the end
to a comparison between the performance of the controller and the complexity of the
optimization problem that we have to solve online.

7.1 Future work

During the course of this thesis, a lot of di�erent approaches have been tried, some more
successful than others, as already introduced in Appendix C. However, this leaves open
new di�erent ideas to try out. Here we list some of them.

� Higher order approximation to the dynamics could be used instead of 3rd order. It
would also be a good idea to increase the degree of the value function candidates.
However, this would make the o�ine computation much more heavy, and the online
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policy more complex and most likely non-convex, but it would still be worth trying.

� In the beginning of this thesis, we started using the quaternion form of the dynam-
ics, and moved to the Euler angles approach basically due to the complications that
the quaternion manifold implied. Therefore, the combination of 6 states reduced
dynamics with quaternions (which would remove the need of doing a Taylor approx-
imation of the dynamics, since they are naturally polynomial already), has not yet
been tried and o�ers possible room for improvement.

� In the last years, Reinforcement Learning (RL) and neural networks in general have
been used as universal function approximators. This means that we could use them
to approximate our value function. The main di�erence between those approaches
and our ADP approach is that RL is model free, and hence completely based on col-
lected data; whereas ADP is model based, as we have seen. The amount of data that
we would potentially need to properly �nd a good approximator for our value func-
tion is enormous, bringing once again the curse of dimensionality into the picture.
However, we could try to use our model based function approximation ( V̂PWM(x))
as a warm start for our RL, expecting it to converge to some function that is close
to our approximation and hence, reducing the amount of data that we would need.
This future approach is quite ambitious, but also quite interesting to test.
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Appendix A

Quaternion Dynamics

In this chapter we will present the full state dynamics of the quadrotor when using quater-
nions instead of Euler angles to represent the rotation. There are two major advantages
when using quaternions.

� The �rst one is the main reason why quaternions are used, and is that they remove
the singularity, since they are a non-minimal representation of the attitude of a sys-
tem. In our application case, we don't mind too much about this advatange, since
we do not plan to guide our drone through states that are close to gimbal lock.

� The second one is more important for our system, and it comes from the fact that,
as we will show below, the exact quaternion dynamics are polynomial of order 3.
This means that for our ADP approach, we wouldn't need to do any Taylor approx-
imation, as we did in chapter 3.

A.1 Quadrotor dynamics

In the following, we derive without going into much detail the quadrotor quaternion full
state dynamics. The state and input vectors will be, therefore,
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�
x y z _x _y _z !x !y !z q0 q1 q2 q3

�

uT =
�
f1 f2 f3 f4

�

A.1.1 Translation equations

Parting from Newton's Second Law,
P ~F (I) = m~a(I),
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Introducing now the quaternion that rotates from frames (B) to (I), qT =
�
q0 q1 q2 q3

�
,

we use it to rotate a vector in the next fashion,

�
0

�~v(I)

�
= q 


�
0

�~v(B)

�

 q�

where the symbol 
 represents the quaternion multiplication.

Now, using this to rotate vectors in our dynamics,
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A.1.2 Rotation equations

In this case, the rotation equations are the same as the ones from Euler angles, introduced
in section 2.1.2,
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A.1.3 Quaternion dynamics

The only term that is missing to get the full dynamics complete is the expression for the
derivative of the quaternion, _q, which is de�ned as,

_q =
1
2
q 


�
0
~!

�

Expanding this product, we get,
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A.2 Full state representation

Finally, the full state representation of the system when using quaternions for rotation is
the following.

f(x; u) =

2
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We can see how these dynamics are polynomial in both the state and input spaces. As
mentioned this is a huge advantage when trying to pose the ADP problem. However,
there is a major disadvantage which is the reason that pushed us towards Euler angles in
the �rst place. By de�nition, rotation quaternions have to live in a hypersphere of radius
equal to 1, i.e., q2

0 + q2
1 + q2

2 + q2
3 = 1. This quadratic, equality constraint has shown to

be hard to deal with when we trying to formulate and solve the ADP problem. Usually
we were running into numerical problems when trying to solve the problem and after
many trials and errors with di�erent approaches to the formulation, none of the resulting
value functions showed to have any online performance when testing the simulated online
policy. More about this will be discussed in appendix C, where some unsucessful �ts to
value functions using quaternion dynamics will be shown.
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Appendix B

Problem with LQR for quaternion

dynamics

When trying to test a LQR controller for the full state quaternion dynamics presented
in appendix A, after linearizing the system around hover, one realises that the resulting
state space system is uncontrollable. To depict this, as an example, for our problem data
the A and B matrices are the following.

A =

2

66666666666666666664

0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 981

50 0
0 0 0 0 0 0 0 0 0 0 �981

50 0 0
0 0 0 0 0 0 0 0 0 981

50 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1

2 0 0 0 0 0 0
0 0 0 0 0 0 0 1

2 0 0 0 0 0
0 0 0 0 0 0 0 0 1

2 0 0 0 0

3

77777777777777777775

B =

2

66666666666666666664

0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

31:0 31:0 31:0 31:0
�2:7 103 �2:9 103 2:7 103 2:9 103

�2:7 103 2:9 103 2:7 103 �2:9 103

233:0 111:0 �233:0 �111:0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

3

77777777777777777775
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As we can see, this system has an uncontrollable mode, q0, �rst element of our quaternion
vector (rows of zeros marked in blue in the previous equations, it means that we cannot
move q0 at all). Intuitively, if we take into account that the quaternion around hover is
qThover =

�
1 0 0 0

�
, we can imagine that to steer the attitude in the three directions

(roll, pitch and yaw, e.g.), we only need to move three quaternions (respectively, q1, q2
and q3). For the linearization, q0 stays at 1 at all times, since for small angles this ensures
that the norm of the quaternion will be su�ciently close to 1.

B.1 Solution to this problem

To solve this problem, we will introduce here the reduced system approach.

B.1.1 Reduced system

When we are in hover with quaternion dynamics the dynamics of q0 are zero, as presented
before. As we cannot move q0 around this linearization because it has zero dynamics, to
make the system (A;B) controllable we can safely remove it removing from A matrix the
corresponding row and column, and from B matrix the corresponding row, then we end
up with a controllable system.

A 2 Rn�n ! Areduced 2 Rn�1�n�1

B 2 Rn�m ! Breduced 2 Rn�1�m

For this reduced system, the Riccati equation has a unique solution. When we compute
it, we end up with a reduced K matrix,

Kreduced = LQR(Areduced; Breduced; Qreduced; R)

And then, as we know that q0 doesn't get a�ected by any input of the linearized system,
we can extend K with a column of zeros where q0 was.

Kreduced 2 Rm�n�1 ! K 2 Rm�n

This K can be applied to control the system around the equilibrium point successfully.

B.1.2 Transformation of the system

Now, what happens if the quaternion in the equilibrium point is not the unit quaternion?
i.e., the point where we want to linearize is not hover? Then this method cannot be ap-
plied, since q0 does not have zero dynamics. To solve this, what we can do is a coordinate
transformation of the linearized system, such that we move the system to have unit quater-
nion as linearization point, and then apply the process that has been described before.
We introduce a transformation of our state x, ex = Tx, that always has unit quaternion, qI ,
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ex =
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With this transformation matrix, we de�ne the transformed state space system as the

tilda system ( eA, eB),

_x = Ax+Bu! T�1 _ex = AT�1ex+Bu
_ex = TAT�1ex+ TBu

_ex = eAex+ eBu

Now with this system, and introducing eQ = T�1TQT�1 we can do the reduction-LQR-

extension process explained before, obtaining a eK, linear feedback rule solution of the

Riccati equation for ( eA, eB, eQ,R),

_ex = eAex+ eBu
u = � eKex

�

Substituting the policy in the system, we get,

_ex = eAex� eB eKex

_x = Ax�B eKTx

K = eKT

So, when we solve the LQR equation for the tilda system, using the process mentioned
above, we need to multiply afterwards this K to obtain the one for the normal system.
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Appendix C

Problems found while trying to �t

value functions to quaternion dynamics

During the course of the thesis, many trial and errors with di�erent problem structure has
been done until we arrived to the solution proposed. Even though it is of no particular
interest to the general reader, we describe here the most important trials that did not
work, thought more for a future practitioner in the same topic.

The main di�erence between the quaternion formulation of the ADP problem and the
Euler angle formulation in equation (3.9) is that we need to add a quadratic, equatity
constraint in the for all set. To do this, we use the same SOS-procedure used for inequality
constraints, but we don't require the corresponding multiplier to be positive. This means
that if, e.g., we have,

p(v) � 0 8v 2 V = fv j g(v) = 0g
then a su�cient condition for the equality to hold in the given set is,

p(v)� �(v)g(v) 2 SOS 8v
	

where � : V ! R is not subject to any constraints.
Using this, we have tried the following approaches without success.

� First, we tried to solve the problem with quaternion dynamics reduced to 9 states,
using the rate mode, where the inputs to the system are total thrust and body rates.
Once the problem was properly formulated and fed inside the solver, we were start-
ing to get dual unfeasibility �ag.

After some investigation, we found that this was because we where putting some
weight outside the quaternion manifold through the objective function. To solve it,
what we did is a change of coordinates from quaternions to euler angles only inside
the integral,

Z

X
V̂ (x)c(x)dx =

Z

XE
V̂ (xe)c(xe)dxe

where xe 2 XE is the state but instead of quaternions, using its respective transfor-
mation to Euler angles,
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As the result of the integral will only depend on the coe�cients of the original value
function V̂ (x). This way, we do not have to take any care of where to put our state
relevance weighting distribution, since we would be putting the distribution in Euler
angles, which do not have to live in any manifold.

As another advantage of this change of coordinates, it is for us much more intuitive
to put weighting functions thinking about roll, pitch and yaw, than about quater-
nions.

Once we did this trick, the solver was not reporting dual unfeasibility anymore.
However, the point-wise maximum of our value function when doing the greedy pol-
icy was not showing performance at all in simulation. Then we decided to go for
Euler angle based dynamics

� We also tried to give some slack to the equality constraint, and substituted q2
0 + q2

1 +
q2

2 + q2
3 = 1 by �� � q2

0 + q2
1 + q2

2 + q2
3 � 1 � �. Results were still inexistent when

trying out the controller.

� With Euler angles, �rst the 9 state system was tried, with 2nd and 3rd order poly-
nomial approximations to the dynamics, for all combinations with 2nd, 3rd and 4th
order value function candidates, and varying the order of the multiplier �(x; u). In
all cases we were getting either unknown �ag in the solver, or the online performance
of the online policy was, once again, not good.

� Finally, we reduced the state space to 6 states using the second cascaded control
structure that we show in �gure 2.3. We started with a 2nd order Taylor approxi-
mation to these dynamics, and noticed a bit of improvement in both the behaviour
of the solver and the stability of the online policy, but still results were not even close
to LQR. After trying di�erent approaches, we switched to a 3rd order Taylor ex-
pansion of the dynamics and results were �nally comparable to the LQR controller.
Then we started polishing this approach until we arrived to the results shown in this
thesis.
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Appendix D

Iterated Bellman Inequalities

Suppose that V̂ satis�es the Bellman Inequality,

V̂ (x) � T V̂ (x)

Then again, by monotonicity,

T V̂ (x) � T (T V̂ (x)) � � � � � T kV̂ (x)

So, in the limit, we have,

V̂ (x) � T kV̂ (x) � V �(x)

In other words, the Bellman Inequality is a su�cient condition for the Iterated Bellman
Inequality, but not necessary (for more details, refer to [15]). As shown above, both of

them imply that V̂ (x) � V �(x), so the Iterated Bellman Inequality is a more general suf-
�cient condition for underestimation of the optimal value function, hence the feasibility
region increases.

However, in general the iterative application of the Bellman Operator doesn't de�ne a
convex constraint. To make it convex, as seen in [15], we �nd a equivalent set of constraints
by splitting a single Iterated Bellman Inequality in multiple Bellman Inequalities. Let
V̂1; � � � V̂k�1 be value functions such that,

V̂ � T V̂1; V̂1 � T V̂2; � � � V̂k�1 � T V̂

These constraints, on the contrary, are convex in the coe�cients since in the left-hand
side we have a linear function of the coe�cients, and in the right-hand side we have a
concave function of the coe�cients (minimization of a�ne functions).
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