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Abstract

Long-range distance measurements are crucial in modern society, sup-
porting applications such as satellite navigation and formation �ying,
large-scale precision manufacturing, surveying, geodesy, mapping, and
autonomous driving. Dual-comb ranging has emerged as an effective
technology for absolute distance measurements as it provides a high up-
date rate, precision, and accuracy.

This technique relies on a pair of optical frequency combs with a slightly
different pulse repetition rate. The initial demonstration of dual-comb
ranging has been conducted with two stabilized �ber lasers around 15 years
ago. Since then, �ber lasers have kept a predominant role in dual-comb
ranging. In this doctoral project, the potential of an alternative approach
based on single-cavity solid-state dual-comb lasers was investigated. Solid-
state lasers are well-suited for ranging experiments due to their low noise
properties, the option for high average power without optical ampli�ca-
tion, and the suitability for high pulse repetition rates which enables fast
measurements. Furthermore, the single-cavity architecture for dual-comb
generation yields a high relative stability between the combs (without the
need for active stabilization), which is crucial for precise distance mea-
surements.

For this study, a state-of-the-art ranging instrument based on a 160-MHz
Yb:CaF2 dual-comb laser has been developed. This system was equipped
with a transceiver unit which enables long-distance measurements even
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Abstract

for targets in motion. Its capabilities were demonstrated by tracking a
moving target with sub-µm (1 µm = 10�6 m) precision at a distance of
>10 m. To allow for faster measurements, the laser source was then re-
placed with a 1-GHz Yb:CaF2 dual-comb laser and the ranging instrument
was paired with a GPU-accelerated algorithm for real-time signal process-
ing. With additional improvements on the transceiver unit, a time-of-�ight
based ranging precision of � 0.1 µm over a distance of >40 m at an update
rate of about 5 kHz was achieved. This system additionally utilized the
phase of the dual-comb interferograms for an interferometric hand-over
to improve the single-shot precision to <20 nm. Comparing our measure-
ments to a Helium-Neon Doppler interferometer furthermore revealed an
accuracy of about 3 µm over the entire 40-m range.

These long-distance measurements were performed with cooperative
targets (i.e., mirrors or retro-re�ectors). Measurements on non-cooperative
targets (i.e., natural surfaces) with signi�cantly lower re�ectivity require
sources with a high output power to compensate this loss. To study this
further, a single-mode pumped Yb:KYW dual-comb oscillator was devel-
oped and paired with Yb-�ber based ampli�ers. This hybrid approach
combines the ultra-low noise properties of solid-state lasers and relaxed
cooling-requirements of single-mode pumping with the straight-forward
power scaling inherent to ampli�er systems. With this architecture the
average power per comb was increased from about 50 mW to �1 W while
maintaining low intensity and timing noise properties.

Multi-mode pumped dual-comb lasers can also offer high (watt-level)
output power. Their low (even shot-noise limited) relative intensity noise
(RIN), and clean (bandwidth-limited) output pulses makes them further-
more interesting for coherent, low-noise supercontinuum generation. Thus,
the spectral broadening of a multi-mode pumped 1-GHz solid-state dual-
comb laser in a single all-normal dispersion (ANDi) �ber was investigated.
This combination results in a highly-symmetric dual-comb spectrum span-
ning 820 - 1280 nm, with record-low (shot-noise limited) intensity noise
and >1 W output power per comb.

Remote sensing measurements can strongly bene�t from such a low-
noise and broadband source to interrogate the spectral response of a sam-
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ple at many different wavelengths simultaneously. To demonstrate this,
the dual-comb supercontinuum was utilized for developing a broadband
dual-comb hyperspectral LiDAR (light detection and ranging) prototype.
This system achieved a sub-µm precision with a (single-shot) update rate
of 670 Hz for non-cooperative targets at a distance of about 1 m. Fur-
thermore, the mapped spectral signatures of the recorded 3D point cloud
showcase the potential of the dual-comb hyperspectral LiDAR instrument
for spectrum based material classi�cation.
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Kurzfassung (German)

Langstrecken-Distanzmessungen sind in der modernen Gesellschaft von
entscheidender Bedeutung und unterstützen Anwendungen wie Satelli-
tennavigation und -formations�ug, groß�ächige Präzisionsfertigung, Ver-
messung, Geodäsie, Kartierung und autonomes Fahren. Die Doppelkamm-
Distanzmessung hat sich als effektive Technologie in der absoluten Di-
stanzmessung etabliert, da sie hohe Messgeschwindigkeit, Präzision und
Genauigkeit bietet.

Diese Technologie basiert auf einem Paar optischer Frequenzkämme
mit leicht unterschiedlichen Pulsrepetitionsrate. Die erste Demonstrati-
on dieser Technik wurde vor etwa 15 Jahren mit einem Paar stabilisier-
ter Faserlaser durchgeführt. Seitdem spielen Faserlaser eine zentrale Rol-
le bei der Doppelkamm-Distanzmessung. In diesem Promotionsprojekt
wurde das Potenzial eines alternativen Ansatzes auf Basis von Festkör-
per Doppelkamm-Lasern mit einer einzelkavität Architektur untersucht.
Festkörperlaser eignen sich für Distanzmessungen aufgrund ihrer rausch-
armen Eigenschaften, des Potenzials für hohe Durchscnittsleistung ohne
optische Verstärkung und ihrer Eignung für eine hohe Pulsrepetitionsra-
te, welche schnelle Messungen ermöglichen kann. Außerdem bietet die
einzelkavität Architektur zur Doppelkamm-Erzeugung eine hohe relative
Stabilität zwischen den beiden Kämmen (ohne aktive Stabilisierung), was
für präzise Distanzmessungen entscheidend ist.

Für diese Studie wurde ein hochmodernes Distanzmessinstrument ba-
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Kurzfassung (German)

sierend auf einem 160-MHz Yb:CaF2 Doppelkamm-Laser entwickelt. Die-
ses System war mit einer Sende-Empfangs-Einheit ausgestattet, die Lang-
streckenmessungen selbst bei sich bewegenden Zielen ermöglicht. Die
Leistungsfähigkeit des Systems wurde durch die Distanzmessung zu ei-
nem bewegten Ziel mit einer Präzision im sub-µm Bereich (1 µm = 10�6 m)
auf einer Entfernung von >10 m getestet. Um schnellere Messungen zu er-
möglichen wurde dieser Laser durch einen 1-GHz Yb:CaF2 Doppelkamm-
Laser ersetzt und mit einem GPU-beschleunigten Algorithmus zur Echtzeit-
Signalverarbeitung kombiniert. Mit zusätzlichen Verbesserungen an der
Sende-Empfangs-Einheit wurde eine Laufzeit-basierte Präzision von et-
wa 0.1 µm über eine Distanz von >40 m bei einer Aktualisierungsrate
von etwa 5 kHz erreicht. Dieses System nutzte zusätzlich die Phase der
Doppelkamm-Interferogramme für eine interferometrische Messung zur
Verbesserung der Präzision auf <20 nm. Der Vergleich unserer Messun-
gen mit einem Helium-Neon-Doppler-Interferometer zeigte zudem eine
Genauigkeit von etwa 3 µm über den gesamten 40-m-langen Messbereich.

Diese Langstreckenmessungen wurden mit kooperativen Zielen (z. B.
Spiegeln oder Retrore�ektoren) durchgeführt. Messungen an nicht-koope-
rativen Zielen (z. B. natürlichen Ober�ächen) mit deutlich niedrigerer Re-
�ektivität erfordern ein Lasersystem mit hoher Ausgangsleistung, um die-
sen Verlust zu kompensieren. Um dies weiter zu untersuchen wurde ein
singlemode-gepumpter Yb:KYW Doppelkamm-Laser entwickelt und mit
Yb-basierten Faserverstärkern gepaart. Dieser hybride Ansatz kombiniert
die rauscharmen Eigenschaften von Festkörperlasern und die reduzier-
ten Kühlanforderungen des singlemode-pumpens mit der einfachen Leis-
tungsskalierung von Verstärkersystemen. Mit dieser Architektur konnte
die Durchschnittsleistung pro Kamm von etwa 50 mW auf �1 W erhöht
werden, während die Intensitäts- und Zeitrausch-Eigenschaften niedrig
gehalten werden konnten.

Multimode-gepumpte Doppelkamm-Laser können ebenfalls eine hohe
(Watt-Level) Ausgangsleistung bieten. Ihr niedriges (sogar Schrotrausch-
begrenztes) relatives Intensitätsrauschen (RIN) und die sauberen (band-
breitenbegrenzten) Ausgangspulse machen sie darüber hinaus interessant
für die kohärente, rauscharme Superkontinuumserzeugung. Daher wurde
die spektrale Verbreiterung eines multimode-gepumpten 1-GHz Festkör-
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per Doppelkamm-Lasers in einer einzelnen ausschliesslich normale Di-
spersion (ANDi) Faser untersucht. Diese Kombination ergibt ein hoch-
symmetrisches Doppelkamm-Spektrum, das den Bereich von 820 - 1280 nm
umfasst, mit extrem niedrigem (Schrotrausch-begrenzten) Intensitätsrau-
schen und einer Leistung von >1 W pro Kamm.

Fernerkundungs-Messungen können von einer derart rauscharmen und
breitbandigen Quelle stark pro�tieren, um das spektrale Verhalten einer
Probe gleichzeitig bei vielen verschiedenen Wellenlängen zu analysieren.
Um dies zu demonstrieren, wurde das Doppelkamm-Superkontinuum
zur Entwicklung eines breitbandigen Doppelkamm hyperspektralen Li-
DAR (Light Detection and Ranging) Prototyps eingesetzt. Dieses System
erreichte eine Präzision im sub-µm-Bereich mit einer Aktualisierungsrate
von 670 Hz für nicht-kooperative Ziele in einer Entfernung von etwa 1 m.
Zudem zeigen die erfassten spektralen Signaturen der aufgezeichneten
3D-Punktwolken das Potenzial des hyperspektralen Doppelkamm LiDAR
Instruments zur spektrumbasierten Materialklassi�kation.
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Chapter 1

Introduction

The question on how to measure distances has fascinated humans since
ancient times. From early approximations of the Earth’s circumference
by Eratosthenes more that two millennia ago, to high-precision distance
measurements used for satellite navigation or precision manufacturing.
A main difference between the �rst distance measurements and today’s
high-performance ranging instruments is the accuracy of the scales used.
Eratosthenes based his estimates on the distance between Alexandria and
Syene (5’000 stadia), from which he calculated that the Earth’s circumfer-
ence is 250’000 stadia. Unfortunately, it is unclear as of today what length
one stadium corresponds to exactly, which showcases the importance of
an accurate scale.

The most accurate scale we know today is the optical frequency comb
(OFC) [1�3], a ’ruler’ in the frequency domain with an unprecedented
relative accuracy up to about 10�19. Its applications range from the cal-
ibration of astronomical spectrographs [4] to ultra-low noise microwave
generation [5] and precise clock distribution [6]. In the context of distance
metrology, it also enabled the dual-comb ranging technique [7], an ap-
proach based on a pair of OFCs with a slightly different pulse repetition
rate which offers fast, accurate, precise and long-range absolute distance
measurements.

The following Section 1.1 discusses the basic principle of the OFC and
how it is affected by intensity and timing noise. The subsequent Sec-
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1. Introduction

tion 1.2 gives an overview of relevant ranging techniques based on the
OFC. Section 1.3 discusses noise consideration in the context of dual-comb
ranging, and in Section 1.4 is an outline of this thesis.

1.1 Optical frequency combs

This section provides an overview of optical frequency combs and how
they are affected by intensity and timing noise. The presented derivations
are based on the analysis in [8, 9].

1.1.1 The ideal pulse train

The electric �eld E(t) of a laser pulse can be described by its envelope
A(t), the optical carrier frequency wc and the carrier-envelope offset (CEO)
phase jCEO(t) which determines the phase offset between the peak of the
carrier (the electric �eld E(t)) and the maximum of its envelope A(t):

E(t) = A(t) � ei(wct+jCEO(t)). (1.1)

Modelocked lasers emit a train of such laser pulses with a certain pulse
repetition rate frep, i.e. the pulses arrive periodically with a spacing given
by the pulse repetition period Trep = 1/ frep (Fig. 1.1(a)). This pulse train
can be described mathematically with a d-comb:

Etrain(t) = A(t) � ei(wct+jCEO(t)) �å
n

d(t� nTrep). (1.2)

The CEO-phase can change from one pulse to the next, and this rate
of change DjCEO between subsequent pulses is captured by the carrier-
envelope offset frequency fCEO as:

fCEO =
DjCEO mod 2p

2p
frep. (1.3)

Since the Fourier-transform of a d-comb is again a d-comb, the frequency-
domain representation of the pulse-train in Eq. 1.2 also has a comb-structure
(Fig. 1.1(b)). It is thus generally referred to as the optical frequency
comb (OFC):
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1.1. Optical frequency combs

A(t)

E(t)

time t

optical frequency ��

Trep = 1/frep
frep

fCEO

��TCEO = ��CEO /�� c

(b)(a)

Figure 1.1: (a) Illustration of an ideal pulse-train in the time-domain. The delay between
subsequent pulses is Trep = 1/ frep. (b) In the frequency domain, a mode-locked pulse train
corresponds to an optical frequency comb (OFC) consisting of equidistantly-spaced comb-lines.
The separation between neighbouring lines is determined by frep and the OFC’s offset from zero
by fCEO.

�Etrain(n) = F [Etrain(t)]

= �A(n� nc) �å
n

d(n� n � frep � fCEO),
(1.4)

with �A(n) = F (A(t)) and nc = wc/2p. The frequencies denoted with ’ f ’
are in the radio-frequency domain while frequencies labeled with ’n’ are
in the optical domain.

The OFC consists of equidistant frequencies spaced by the pulse repe-
tition rate frep and the �rst comb-line has an offset fCEO from zero. This
uniquely de�nes the frequency of each comb-line, i.e. the optical fre-
quency of the n-th comb-line is

nn = fCEO + n � frep. (1.5)

This yields a ’ruler’ in the optical frequency domain which can be used
for example to calibrate astronomical spectrographs [4] or for ultra-low
noise microwave generation [5].

By using two OFCs with slightly different repetition rate, the beat-
ing between neighboring comb lines results in a down-conversion of the
optical frequencies to the easily-accessible electronic domain. This down-
conversion proved useful for a wide range of applications such as preci-
sion spectroscopy [10] or distance metrology [11] as will be discussed in
Section 1.2.
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1. Introduction

1.1.2 Intensity and timing noise in pulse trains

A modelocked pulse train is subject to intensity and phase noise. The in-
tensity noise affects the strength of the comb-lines which is thus critical for
applications such as spectroscopy as it impacts the measurement sensitiv-
ity [12]. Meanwhile, noise in fCEO and frep result in a shifting and breath-
ing of the OFC, respectively. This also affects spectroscopy measurement
as it can limit the resolution. Furthermore, since frep determines the pulse
repetition rate, its noise is a critical parameter for ranging applications as
it affects the achievable ranging precision.

To get a better understanding for the intensity and timing noise contri-
butions, we start from an ideal pulse train unaffected by noise. According
to Eq. 1.2, its power can be described by:

P(t) = Pp(t) �
h
å
n

d(t� n � Trep)
i
, (1.6)

where Pp(t) µ jA(t)j2 is the time-dependent optical power of an individ-
ual pulse.

Since the pulse duration is typically much shorter than the response
time of a photodetector or spectrum analyzer used for a noise character-
ization, we can neglect the pulse shape Pp(t) in the following discussion
and describe the pulses with a d-function instead. The corresponding in-
tensity is then given by

I(t) = I0Trep �å
n

d(t� n � Trep), (1.7)

from which we can determine the power spectral density (PSD) as:

SI(w) = j �I(w)j2

= 4p2 I2
0 �å

n
d(w� n �wrep).

(1.8)

Here, I0 describes the time-averaged intensity and wrep = 2p/Trep. Ac-
cording to Eq. 1.8, the PSD of a modelocked pulse train without amplitude
or timing �uctuations is described by a d-comb.

In a real measurement, the lines will be broadened due to the �nite
response time of the photodetector and measurement bandwidth of the
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1.1. Optical frequency combs

device used to analyze the PSD (e.g. a microwave spectrum analyzer).
Furthermore, the laser will also be subject to intensity noise which leads
to a modulation of the intensity of the pulse train. Using the normalized
intensity noise N(t), this can be described by

IN(t) = I0Trep[1 + N(t)] �å
n

d(t� n � Trep). (1.9)

The PSD of a pulse train subject to intensity noise can then be formulated
as

SIN (w) = j�IN(w)j2

= 4p2 I2
0 �å

n

h
d(w� n �wrep) +

� �N(w� n �wrep)
�2i,

(1.10)

where we used that in general the noise sidebands of neighboring har-
monics of the pulse repetition rate do not overlap, so that

�N(w� n �wrep) � �N(w�m �wrep) = 0, for n 6= m. (1.11)

Compared to the PSD of the ideal pulse train, the intensity noise thus
leads to a constant side-band for each for the d-comb lines as visualized
in Fig 1.2(a).
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Frequency

Intensity noise 
sidebands

P
ow

er
 s

pe
ct

ra
l d

en
si

ty

P
ow

er
 s

pe
ct

ra
l d

en
si

ty Timing noise
sidebands 

2�� rep 3�� rep �� rep 2�� rep 3�� rep

Frequency

Figure 1.2: (a) Illustration of the power spectral density of a pulse train with intensity noise. The
noise sidebands have the same power for different repetition rate harmonics. (b) For the power
spectral density of a pulse train with timing noise, the noise sidebands increase quadratically
with higher repetition rate harmonics.

Similarly, if the pulse train is subject to timing noise, its intensity can
be described by:

IDT(t) = I0Trep �å
n

d(t� n � Trep � DT(t)) (1.12)
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1. Introduction

where DT(t) describes the timing jitter, i.e. the �uctuation in the arrival
time of the pulses. For small jitter such that n � wrep � DT � 1, the corre-
sponding PSD can be written as:

SIDT (w) = j �IDT(w)j2

= 4p2 I2
0 �å

n

h
d(w� n �wrep) +

1
4p2 n2w2

rep
�
D �T(w� n �wrep)

�2i.

(1.13)

This expression reveals that the timing jitter leads to noise sidebands
which increase quadratically with the number of harmonics as visible in
Fig 1.2(b).

1.1.3 Normalized intensity and timing noise

Since the power spectral density depends on the absolute power of the
laser (both SIN and SIDT are proportional to I2

0), it does not allow for a
direct comparison between noise measurements that relied on different
power-levels on the photodetector receivers. To account for that, one typ-
ically normalizes the measured PSDs.

For intensity noise measurements, the normalization results in the rela-
tive intensity noise (RIN), which can described by the following one-sided
PSD:

RIN( f ) = 2 �
SIN ( f )

j �I0( frep)j2 � B
, (1.14)

with B the measurement bandwidth, and f the offset or noise frequency.

The unit of the RIN PSD is Hz�1. However, the RIN PSD is also of-
ten given on a logarithmic scale in the unit dBc/Hz, where dBc means
the number of decibels below the carrier power. The factor of 2 in Eq. 1.14
originates from our de�nition of the RIN as a one-sided PSD. If one would
consider a two-sided PSD instead, the factor of 2 would be absent. The
relationship between one-sided and two-sided PSDs, as well as single side-
band and double sideband PSDs is summarized in [13] as follows:

From the RIN one can also �nd the root-meas square (rms) normalized
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1.2. Absolute distance metrology using optical frequency combs

Name of PSD Variable Relationships (assumes � f symmetry)

One-sided S1�sided( f ) S1�sided = SDSB = 2S2�sided = 2SSSB

Two-sided S2�sided( f ) S2�sided = SSSB = 1
2 S1�sided = 1

2 SDSB

Single sideband SSSB( f ) SSSB = S2�sided = 1
2 S1�sided = 1

2 SDSB

Double sideband SDSB( f ) SDSB = S1�sided = 2S2�sided = 2SSSB

Table 1.1: Overview of different PSD de�nitions adapted from [13].

intensity noise by integrating the RIN over a frequency span [ f1, f2]:

sRIN[ f1, f2] =

sZ f2

f1

RIN( f )d f (1.15)

which is oftentimes speci�ed in percent. Notice that such a value is only
meaningful if the integration range (i.e. [ f1, f2]) is provided together with
the rms.

Similarly, the normalized timing jitter sideband L1( f ) (Ln( f )) is ob-
tained by normalizing the power spectral density around the �rst (n-th)
repetition rate harmonic by the corresponding carrier power. Generally,
L1( f ) and Ln( f ) are two-sided PSDs [13], so that the corresponding rms
timing �uctuations can be calculated as

sDTrms [ f1, f2] =
1

frep
�

s

2 �
Z f2

f1

L1( f )d f

=
1

n frep
�

s

2 �
Z f2

f1

Ln( f )d f

(1.16)

The intensity and timing noise are crucial for metrology experiments
based on OFCs, particularly also for dual-comb ranging applications [14].

1.2 Absolute distance metrology using optical frequency

combs

Interferometric distance measurements based on a single cw-laser offer
an extremely high ranging precision. However, due to the short (sub-
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1. Introduction

wavelength) non-ambiguity range (NAR) of this approach, long-distance
measurements based on this technique typically require long mechanical
guide rails to produce continuous incremental displacements. Further-
more, the measurement beam may not be interrupted during the ranging
process. These limitations heavily restrict the applicability of this tech-
nique, which showcases the importance of absolute ranging capabilities to
make the measurements faster and more robust.

The periodic femtosecond pulse train (1 fs = 10�15 s) emitted by mode-
locked lasers and the corresponding OFC in the spectral domain with its
large number of stable optical frequency modes provides an ideal platform
for high-precision absolute distance metrology. Distance measurements
using OFCs were �rst demonstrated over two decades ago by monitoring
the phase delay of the intermode beat notes generated upon direct pho-
todetection of the comb [15]. This work established the foundation for
achieving highly precise long-distance measurement using OFCs. Since
then, the OFC has led to numerous advancements and the development
of novel ranging techniques. A few of these techniques are brie�y dis-
cussed below.

1.2.1 Intermode beating

According to Eq. 1.5, each longitudinal mode of the OFC has a unique
oscillation frequency and thus accumulates a different phase when propa-
gating the same distance. The �rst ranging experiments with mode-locked
femtosecond lasers relied on measuring the phase delay of beat-notes be-
tween its longitudinal modes. The phase difference f accumulated on the
longitudinal modes is encoded in their RF beat-note.

By measuring the phase difference between a probe beam fprobe( fm)
and a local reference beam fref( fm) at the m-th beat-note fm = m � frep,
one can determine the distance to the target as:

d =
c

4png(l) fm
� (fprobe( fm)� fref( fm)) + N �

c
2 fmng(l)

. (1.17)

Here, ng(l) is the group refractive index at the optical wavelength l, and
N the integer multiple of the phase [15]. The NAR is given by dNAR =

10



1.2. Absolute distance metrology using optical frequency combs

c/(2ng(l) fm). Therefore, a lower beat-note frequency fm offers a longer
NAR, while a higher beat-not enables improved precision.

By combining measurements at low beat-note frequencies (around 50
MHz) to increase the NAR and higher beat-notes around 1 GHz to im-
prove the precision, this technique enabled absolute distance measure-
ments with an accuracy of around 50 µm over a measurement distance
of 240 m to a cooperative target. Even higher precision of 14 µm was
achieved with a similar setup by using a higher-order beat-note around
10 GHz [16].

Since then, there have been several advancements in using intermode
beat notes for long-distance measurements, and even application demon-
strations with non-cooperative targets using a coherently-broadened su-
percontinuum enabling HSL measurements with sub-mm range precision
over a distance of 50 m and with an update rate of 13 ms [17].

The intermode beating technique allows for fast acquisition and pro-
cessing of the data which is important for real-time applications such as
autonomous navigation and object tracking. It also offers a high mea-
surement precision, particularly when combined with fast electronics to
capture high-frequency beat-notes. The largest intrinsic NAR depends on
the pulse repetition rate, but by sweeping the repetition rate frequency of
the laser the NAR can be extended at the cost of increased system com-
plexity.

1.2.2 Comb-enhanced dispersive interferometry

The measurement principle for dispersive interferometry relies on a two-
arm interferometer such as a Michelson-type interferometer. One of the
arms is used as the reference with a �xed mirror, and the second arm
is used for probing the distance to the target mirror. A frequency comb
is sent through this interferometer system and the interference intensity
between the reference and probe beam is recorded with a spectrometer.

For simplicity, we can assume that the intensity of the beams along
reference and probe arm are equal, and that the absorption in air can
be ignored, so that the frequency-dependent interference intensity can be
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1. Introduction

written as

g(n) = s(n) � [1 + cos(f(n))]. (1.18)

Here, s(n) is the spectral power density of the laser sources at the opti-
cal frequency n, and f(n) = fprobe(n) � fref(n) describes the difference
between the phase of the probe and reference arm, respectively [18�20].
Since the interference intensity contains the phase difference f(n), this in-
formation can be used to determine the geometrical path length difference
between the arms as

d =
c

4p � ng(n)
�

df(n)
dn

+ N � dNAR. (1.19)

This technique allows for absolute distance measurements combined with
high ranging precision and resolution. The NAR is limited by the fre-
quency sampling resolution p to dNAR = c/(4 � ng � p), with an upper
bound for the frequency resolution given by the pulse repetition rate frep.
This showcases the demand for a high-resolution spectrometer with a fast
acquisition speed as this limits the data acquisition rate. Additionally, the
dispersive interferometry approach relies on a highly-stable laser source,
as variations of the spectrum can affect the measurement accuracy.

1.2.3 Comb-assisted cw-laser based ranging methods

Established ranging techniques such as multi-wavelength interferometry
(MWI) [21�25] or frequency-modulated continuous-wave (FMCW) LiDAR
[26, 27] rely on the accurate information about the frequency of the cw-
lasers used. Those techniques can thus bene�t from the OFC which can
serve as a ruler to calibrate these frequencies.

For example MWI relies on multiple cw-lasers emitting at several �xed
wavelengths (referred to as hopping-mode) or a cw-laser in wavelength
tuning mode (referred to as sweeping-mode). In the hopping-mode, mul-
tiple measurements are recorded at different wavelength resulting in a set
of equations for the measurement distance d:

d =
c

ni � n(ni)
� (mi + ei). (1.20)
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1.2. Absolute distance metrology using optical frequency combs

Here, ni is the frequency of the i-th cw-laser, n(ni) the refractive index, mi

is an integer and ei the corresponding excess fraction. By con�ning d to a
small limit, which typically requires an auxiliary distance measurement,
one can solve this set of equations to �nd d [24]. This enables absolute
distance measurements with interferometric precision. The MWI tech-
nique relies on the accurate measurement of the cw-laser frequencies over
a wide wavelength span. To address this challenge, MWI bene�ts from
referencing those cw-lasers to a stabilized OFC [21�25].

A similar calibration approach can be used for the comb-assisted FMCW
LiDAR. The FMCW ranging technique relies on a tunable cw-laser which
is swept linearly over time. The back-re�ected light from a target is het-
erodyned against the undelayed reference light split-off from the output
laser beam [28]. From the resulting beat-frequency fbeat and the laser’s
sweep rate a one can then determine the distance to the target as

d =
c � fbeat

2a
. (1.21)

To enable high precision and accuracy, the cw-laser needs to sweep across
its tuning-bandwidth while maintaining a linear calibrated rate. In prac-
tice, nonlinearities in the frequency modulation, e.g. caused by noise in
the modulation circuit or �uctuations of the laser frequency response, af-
fect the measurement accuracy. To address this limitation, the tunable
laser can be referenced to a stabilized OFC [26, 27].

1.2.4 Time-of-�ight with femtosecond pulses

The time-of-�ight (ToF) technique is an intuitive approach for measuring
the distance to a target as it relies on sending a pulse to a target and
determine the time t it takes until it arrives back at the detector. This
roundtrip delay then encodes the distance to the target as

d =
c

2 � ng � t
. (1.22)

Traditional ranging systems based on ToF measurements are based on
�1 ns pulses. To improve the ranging resolution and precision com-
pared to those instruments, a promising option is to use shorter (femtosec-
ond) pulses. However, ToF measurements with femtosecond pulses are
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challenging since the response time of the photodetector is much slower
than the optical pulse envelope. To still record the timing of such ultra-
short pulses, Lee et al. proposed an approach based on balanced cross-
correlation [29]. It starts by splitting the output of a femtosecond laser, of
which one pulse train probes the distance to the target and the other serves
as local oscillator which is recombined with the returning probe beam. By
using balanced cross correlation, the delay between those pulses can be
measured with very high accuracy [30]. This is crucial since the ranging
accuracy of this method is limited directly by the accuracy of the time
interval measurement. The cross-correlation signal was locked to zero by
adjusting the laser’s pulse repetition rate via its cavity length, so that the
ToF is t = m/ frep for an integer m. By measuring the frequency sepa-
ration D f between two consecutive pulse repetition rates that yield zero
offset locking of the cross-correlation signal, it was furthermore possible
to determine m = frep/D f [31].

1.2.5 Dual-comb ranging

The dual-comb technology is based on the combination of two OFCs with
slightly different pulse repetition rates frep,1 and frep,2 (Fig. 1.3(a)). Upon
their multi-heterodyne detection, the beating between neighboring comb-
lines leads to a down conversion of the OFCs to the electronic domain
which results in an RF-comb with a spacing of D frep = frep,1 � frep,2

(Fig. 1.3(b)). This mechanism is leveraged, for example, in dual-comb
spectroscopy applications: the spectral response of a sample (e.g. a trace
gas) is imprinted on the comb lines in the optical domain. Since mea-
surements are challenging at the high optical frequencies, the dual-comb-
based down conversion is applied to map this information to the easily
accessible RF-domain [10].

The dual-comb technique can also be used for ranging experiments:
One fo the OFCs (the so-called signal comb) is used to probe the distance
between a reference and a target plane (Fig. 1.4(a)). The ToF delay tTR,o

between the two re�ections encodes the distance d between reference and
target (Fig. 1.4(b)). Due to the limited response time of photodetectors, this
information is however dif�cult to access directly. Similar to the approach
in dual-comb spectroscopy, one thus employs the second comb as a local
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1.2. Absolute distance metrology using optical frequency combs

Figure 1.3: (a) Two OFCs with slightly different pulse repetition rates frep,1 and frep,2. Their
repetition rate difference is D frep = frep,1 � frep,2. (b) The beating between neighboring comb
lines leads to a down-conversion of the optical frequency comb to the radio-frequency domain.
The resulting comb in the radio-frequency domain exhibits a comb-line spacing of D frep.

oscillator to access this information. Due to the difference in repetition rate
between the combs, the multi-heterodyne beating between them results in
a down-conversion of tTR,o to the easily accessible electronic domain

tTR,el = tTR,o �
frep

D frep
(1.23)

as illustrated in Fig. 1.4(c).

This linear-optical sampling allows to circumvent the photodetector re-
sponse limit and measure the arrival time of the short femtosecond pulses
with high precision and accuracy. Together with the pulse repetition rate
frep and repetition rate difference D frep this can be used to determine the
absolute ToF-based distance between reference and target:

dToF =
c

2ng
tTR,o =

c
2ng

tTR,el �
D frep

frep
. (1.24)

If the dual-comb is suf�ciently stable to unambiguously unwrap the
phase delay f between subsequent reference to target interferograms, it
becomes also possible to leverage this phase for carrier-wave interferome-
try to enhance the ranging precision even further [7]. For example with a
pair of stabilized OFCs with tracked CEO frequencies, the interferometric
distance can be calculated as

dphase = (f + 2pm) �
lc

4pn
, (1.25)

where 2pm indicates the inherent lc/2 range ambiguity of interferomet-
ric measurements, and n is the phase refractive index at the carrier wave-
length lc [7]. This ambiguity can be resolved if the ToF-based precision

15



1. Introduction

Figure 1.4: (a) Illustration of the dual-comb ranging concept. The signal comb (here comb 1)
samples the distance between a reference (R) and a target (T). (b) Optical pulses that arrive
at the photodetector. The ToF information is encoded in the delay tTR,o between the reference
and target re�ections of the signal comb (comb 1). By combining the signal comb with the
local oscillator (here comb 2), their multi-heterodyne detection maps this information to the
electronic domain. (c) Dual-comb interferograms resulting from the linear optical sampling.
The delay tTR,el can be obtained from the dual-comb interferograms, which allows to recover
the distance between reference and target with high precision.
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is better than lc/4. Additionally, for stabilized dual-combs with tracked
fCEO and frep, the carrier frequency of the RF-comb (which can be ex-
tracted from the dual-comb interferograms) can be mapped to the optical
domain to determine lc.

The update rate of the dual-comb ranging measurement is determined
by D frep, which is limited by the aliasing condition to

D frep < f 2
rep/(2Dnopt) (1.26)

for a given optical bandwidth Dnopt shared by the two combs. Higher
pulse repetition rates thus enable faster measurements. For example by
using a 100-GHz silicon-nitrite micro-ring resonators, it was possible to
reach an extremely fast update rate of 96 MHz [32].

The intrinsic NAR in dual-comb ranging experiments is determined by
the repetition rate frep to c/(2ng frep), which is typically on the order of a
few meters to a few millimeters for most dual-comb systems. This is of-
tentimes not suf�cient for long-distance ranging applications. To circum-
vent this limitation, the effective non-ambiguity range can be extended
by counting the number of NARs to the target. This can be achieved by
interchanging the roles of the two combs in the measurements to exploit
the Vernier effect and thereby extend the effective NAR to c/(2ngD frep)
[7]. Similarly, the NAR can also be extended by e.g. adjusting the pulse
repetition rate [33], by introducing cross-talk between the two combs [34],
or by adding an extra measurement path [35].

In summary, the dual-comb ranging technique combines ultra-high
precision (even interferometric precision when using the interferogram-
phase information) with absolute long-distance ranging capabilities and
the potential for high update rates. This makes dual-comb ranging a pow-
erful tool for demanding distance metrology applications.

1.3 Timing noise considerations for dual-comb ranging

In the context of dual-comb ranging, it is important to discuss the tim-
ing jitter of the femtosecond pulse trains and also the relative timing jit-
ter between the combs as it critically affects the obtainable measurement
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precision [14]. For that purpose we consider Eq. 1.24, which for a small
�uctuation d frep of the pulse repetition rate becomes:

dToF � ddToF =
c

2ng
tTR,el �

D frep

frep + d frep

�
c

2ng
tTR,el �

D frep

frep| {z }
dToF

�
�

1�
d frep

frep

�
,

(1.27)

where we used a �rst-order Taylor approximation in the second line. Ac-
cordingly, the resulting error in the distance measurement is given by

ddToF � dToF �
d frep

frep
. (1.28)

Since OFCs exhibit a high relative stability even in free-running operation,
it is typically suf�cient to track the pulse repetition rate with a frequency
counter or to record the repetition rate signal alongside the dual-comb
interferograms to correct for drifts and thereby ensure that their impact
on the measurement precision or accuracy is negligible.

However, in dual-comb ranging we have D frep � frep as indicated by
Eq. 1.26. Unless the timing noise for D frep is signi�cantly lower than for
frep, this leads to a reduced relative stability for the D frep timing jitter.
Furthermore, the relative timing noise also directly affects the estimation
of the delay tTR,el between the reference and target dual-comb interfero-
grams. This highlights the importance of a high mutual stability between
the pulse trains for precise distance measurements.

Consequently, it is common in dual-comb ranging to leverage the in-
herent periodicity of the reference interferograms (see Fig. 1.4) to correct
for low-frequency timing �uctuations of D frep(t) in the post-processing
or with an active feedback-loop to the laser [36]. However, this calibra-
tion approach based on the reference interferograms only coarsely sam-
ples the timing �uctuations with a sampling rate of D frep. According
to the sampling theorem, this approach thus cannot directly access the
high-frequency noise components and instead only measures the low-
frequency (and aliased high-frequency) D frep data up to the Nyquist limit
of hD frepi/2. As a result, it is not possible to perfectly reconstruct the rel-
ative timing �uctuations. The resulting rms timing error can be estimated
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1.3. Timing noise considerations for dual-comb ranging

from:

rms(D frep) �

s

2
Z ¥

D frep/2
SD frep ( f )d f , (1.29)

where SD frep ( f ) is the TJ-PSD of D frep(t) [37]. The factor of 2 in Eq. 1.29
originates from (i) the integration over the true D frep timing noise above
the Nyquist limit which is not sampled by the interferograms and (ii) the
integral over the aliased replica of the noise spectrum which is sampled by
the interferograms and thus distorts the interferogram-based timing jitter
approximation. This remaining rms D frep timing noise limits the precision
in practical dual-comb ranging applications.

From Eq. 1.29 it becomes clear that there are two main strategies to
minimize the rms D frep timing �uctuations. The �rst option is to increase
the sampling rate with which we track D frep(t), for example with a setup
based on a pair of cw-lasers [38�40]. This information could then be used
to correct timing �uctuations either in the post-processing or directly with
a feed-back loop to the laser cavity [41]. However, such correction schemes
also lead to an increased system complexity. The second strategy is to
reduce the relative TJ-PSD SD frep ( f ) by developing low-noise dual-comb
sources. This requires (i) minimizing the timing noise of the individual
combs by accounting for environmental noise sources and contributions
from modelocking dynamics [42]), and (ii) maximizing correlated noise
properties between the combs with an optimized dual-comb laser archi-
tecture.

For minimizing the timing noise of each individual comb, solid-state
lasers are promising due to their low-loss cavities, the short pulses, the
high intra-cavity pulse energies and the small intra-cavity dispersion [43].
By additionally generating the dual-comb with shared pump and cav-
ity components in a single-cavity architecture (e.g. based on polarization
multiplexing [44] or spatial multiplexing [45]), the two combs exhibit cor-
related timing noise �uctuations which are suppressed when beating the
combs with each other [46]. This showcases the potential of single-cavity
solid-state dual-comb lasers for low relative timing noise and thus high-
precision ranging applications in free-running operation.
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1. Introduction

1.4 Outline

This thesis contributes to the ongoing advancement of the dual-comb
ranging technology by developing systems based on single-cavity solid-
state dual-comb lasers. Solid-state lasers are promising for high-precision
long-distance ranging due to their ultra-low intensity and timing noise
properties, the high (gigahertz) update rates enabling fast measurements,
and the potential for high output power without ampli�cation. The single-
cavity architecture for dual-comb generation additionally provides low
relative timing jitter between the free-running combs, which is critical for
achieving a high ranging precision [14].

The noise suppression due to shared pump and cavity components be-
tween the combs is measured and analyzed in Chapter 2 at the example of
a single-cavity 160-MHz Yb:CaF2 dual-comb laser. In Chapter 3, this laser
is combined with a transceiver unit that enables long-distance ranging to
moving targets. In Chapter 4, an upgraded ranging instrument (based
on a 1-GHz Yb:CaF2 dual-comb laser) with improved measurement speed
and precision is demonstrated. This system additionally resolves issues
with dead-zones [47], combines the ToF information with interferometric
measurements and enables real-time processing of the data.

An additional advantage of the dual-comb technology is that the inter-
ferograms encode information about the spectral response of a target in
the optical domain [48, 49]. In the context of ranging, this property be-
comes particularly interesting for measurements on non-cooperative tar-
gets, i.e. natural surfaces. To address the reduced re�ectivity of non-
cooperative targets [50], power scaling of single-mode pumped dual-comb
lasers with Yb-based �ber ampli�ers is investigated in Chapter 5. Such re-
mote sensing measurements on non-cooperative targets furthermore ben-
e�t from sources with a broader bandwidth to probe their spectral re-
sponse over a wider wavelength-range. Thus, the generation of a high-
power and record-low-noise dual-comb supercontinuum (SC) is discussed
in Chapter 6. The application of this source for the �rst proof-of-concept
measurements with a broadband dual-comb hyperspectral LiDAR (HSL)
prototype is presented in Chapter 7.
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Chapter 2

Characterization of low-noise dual-comb

lasers

Noise is an important aspect of dual-comb lasers as it directly impacts
their performance in remote sensing applications. For example the RIN
affects the sensitivity in dual-comb spectroscopy experiments [12], and
the relative timing noise between two pulse trains limits the measurement
precision in dual-comb ranging as discussed previously in Section 1.3.

To optimize the noise performance of our dual-comb lasers we had
to �nd reliable and sensitive methods to analyze it. For measuring the
RIN and TJ of OFCs, there exist commercial devices (such as e.g. a sig-
nal source analyzer (SSA)) which enable fast, reliable and high-sensitivity
measurements. However, analyzing the relative TJ of our free-running
dual-comb sources required a measurement technique which

� works for any repetition rate difference between the two OFCs since
our single-cavity solid-state dual-comb lasers were used at repetition
rate differences ranging from few hundred Hz up to tens of kHz.

� does not require active stabilization since this would add undesir-
able complexity to our free-running dual-comb systems.

� provides a high sensitivity, ideally < 1 as/
p

Hz (1 as = 10�18 s),
to quantify the TJ-PSD up to high (megahertz) noise frequencies
without limitations from the noise �oor.

Since such a measurement technique did not exist, we had to develop a
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2. Characterization of low-noise dual-comb lasers

suitable approach which satis�es those requirements. The resulting mea-
surement system based on optical heterodyne detection is discussed in
more details in the manuscript below. It is also directly applied for char-
acterizing the relative TJ of a 160-MHz single-mode pumped, birefringent-
multiplexed Yb:CaF2 dual-comb laser. This laser will be revisited again
later in Chapter 3 for dual-comb ranging experiments.

Note: In addition to the description of the measurement technique,
we provide a detailed manual for implementing the discussed relative
TJ measurement system together with the code for the data analysis on
GitHub https://github.com/ca-sandro/Dual-Comb-RTJ.

Title: �Timing jitter characterization of free-running dual-
comb laser with sub-attosecond resolution using optical
heterodyne detection�, [46]

Journal: Optics Express
doi: 10.1364/OE.448274
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Timing jitter characterization of free-running dual-comb laser

with sub-attosecond resolution using optical heterodyne de-

tection

S. L. Camenzind,1 D. Koenen,1 B. Willenberg,1 J. Pupeikis,1 C. R. Phillips,1

and U. Keller1

1Department of Physics, Institute for Quantum Electronics, ETH Zurich, 8093
Zurich, Switzerland

Abstract: Pulse trains emitted from dual-comb systems are designed to
have low relative timing jitter, making them useful for many optical mea-
surement techniques such as optical ranging and spectroscopy. How-
ever, the characterization of low-jitter dual-comb systems is challenging
because it requires measurement techniques with high sensitivity. Mo-
tivated by this challenge, we developed a technique based on an optical
heterodyne detection approach for measuring the relative timing jitter of
two pulse trains. The method is suitable for dual-comb systems with
essentially any repetition rate difference. Furthermore, the proposed ap-
proach allows for continuous and precise tracking of the sampling rate.
To demonstrate the technique, we perform a detailed characterization of a
single-mode-diode pumped Yb:CaF2 dual-comb laser from a free-running
polarization-multiplexed cavity. This new laser produces 115-fs pulses at
160 MHz repetition rate, with 130 mW of average power in each comb. The
detection noise �oor for the relative timing jitter between the two pulse
trains reaches 8.0� 10�7 fs2/Hz (� 896 zs/

p
Hz), and the relative root

mean square (rms) timing jitter is 13 fs when integrating from 100 Hz to
1 MHz. This performance indicates that the demonstrated laser is highly
compatible with practical dual-comb spectroscopy, ranging, and sampling
applications. Furthermore, our results show that the relative timing noise
measurement technique can characterize dual-comb systems operating in
free-running mode or with �nite repetition rate differences while provid-
ing a sub-attosecond resolution, which was not feasible with any other
approach before.

' 2022 Optical Society of America under the terms of the OSA Open
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Access Publishing Agreement

2.1 Introduction

A dual-modelocked laser, in a most general sense, means that two mode-
locked pulse trains can be generated from a single laser cavity. Depend-
ing on the application, these two pulse trains are mainly distinguished by
their center wavelength and/or their pulse repetition rate. Synchronized
dual-color ultrafast lasers have been explored extensively for pump-probe
measurements with a tunable probe pulse, originally using dye lasers in
the 1970s [51] and then Ti:sapphire lasers in the 1990s [52, 53]. The fre-
quency comb revolution [1, 2, 54] and dual-comb spectroscopy [10, 55]
motivate dual-comb measurements with two pulse trains with different
pulse repetition rates for equivalent time sampling [56�59]. Initially such
dual-comb measurements were based on two separate frequency comb
sources that had to be mutually stabilized with four stabilization loops
for their comb spacing and offset [60�64]. Dual-comb modelocking from
a single laser cavity with different pulse repetition rates has been �rst
demonstrated with polarization duplexing [44], and in ring lasers with
circular direction duplexing [65, 66]. This resulted in a paradigm shift
for dual-comb spectroscopy using only a free-running dual-comb mode-
locked laser [67]. Dual-comb measurements have become a hot topic as
demonstrated with recent review articles [10, 68�72] and many different
application demonstrations such as precise optical ranging [11, 32, 73�76],
high-speed pump-probe measurements via equivalent time sampling [77�
80], electro-optic sampling spectroscopy [81], high-resolution time-domain
spectroscopy [82, 83], etc.

To make dual-combs suitable for applications, it is crucial to ensure that
the two pulse trains exhibit low relative timing jitter (i.e., the uncorrelated
timing jitter between the two repetition rates) for the duration of a mea-
surement. Minimizing the timing jitter is important for resolving the op-
tical comb lines in dual-comb spectroscopy, and for achieving a high tem-
poral resolution in equivalent time sampling systems [84]. Nonetheless,
measuring this relative jitter with suf�cient accuracy is challenging due to
the high sensitivity required for state-of-the-art low-jitter dual-comb sys-

26

https://doi.org/10.1364/OA_License_v1
https://doi.org/10.1364/OA_License_v1


2.1. Introduction

tems. As the rapid advance of dual-comb technology opens the door for
industrial and scienti�c applications in various �elds, it is of high interest
to �nd techniques that allow for accurate and reliable measurements of
the relative timing jitter. Such measurements are particularly important
for free-running dual-combs, which have been extensively explored due
to their reduced complexity compared with fully stabilized systems [44,
65, 66, 85�94].

Since many dual-comb measurements are in�uenced by sub-femtosecond
jitter in the relative optical delay between the combs [95�104], very sensi-
tive noise measurements are needed. This jitter arises due to uncorrelated
�uctuations in the repetition rates of the two combs and is therefore re-
ferred to as uncorrelated timing jitter. Here, our goal is to develop a
method for measuring the noise of free-running dual-combs having (al-
most) arbitrary repetition rate and repetition rate difference, while resolv-
ing sub-femtosecond timing jitter over fast time scales. Our method is
based on heterodyne beat notes between the combs and a pair of contin-
uous wave lasers. To experimentally demonstrate this method, we �rst
present a new low-noise dual-comb laser system, and then use the new
noise measurement method to characterize the laser’s timing jitter with
high precision. In order to motivate the need for a new noise character-
ization approach and put our measurement method into context, in the
following paragraphs we discuss the most relevant techniques and their
trade-offs.

There already exist promising methods for estimating the uncorrelated
timing jitter. An appealing solution is provided by Modsching et al. [104].
By using a fast photodiode, they detect the repetition rate of each comb
and the corresponding harmonics, up to harmonic number N>100. By
electronic mixing, they obtain the frequency difference between the 103rd

harmonic of the two repetition rates, i.e., 103 � D frep. The resulting sig-
nal is analyzed on a commercial phase-noise analyzer that relies on an
electronic reference oscillator [104]. However, comparing the detected dif-
ference frequency signal to the timing reference of the spectrum analyzer
sets an inherent lower boundary for the measurement sensitivity since
the phase noise of the timing reference needs to be lower than the signal
noise. Furthermore, this approach is only suitable for dual-comb systems
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2. Characterization of low-noise dual-comb lasers

with high repetition rate difference D frep, which might not always be the
desired setting of a dual-comb, depending on the speci�c application. A
closely related approach suitable for assessing the long-term stability of
repetition rate difference relies on the digital retrieval of the difference fre-
quency signal from the 100th harmonic of the two repetition rates recorded
as spectrograms [94].

Another class of techniques is designed to measure the relative timing
jitter between a pair of lasers that are loosely locked together with active
feedback on the repetition rate of one of the lasers. In these techniques,
D frep is nominally zero and the relative delay between the pulses is al-
ways much smaller than the inverse of the laser repetition rate. In the
approach of [105] belonging to this family of techniques, the repetition
rate of each comb is measured with separate photodiodes. The phase dif-
ference between these signals is determined electronically and is locked to
p/2. Timing jitter then leads to deviations in the phase of this electronic
signal from p/2. Higher precision can be obtained by the combination of
two phase detectors, and operation on different harmonics of the photodi-
ode signal [95], but the signal is still limited by the speed of photodetectors
and electronics.

Even higher resolution can be achieved by using optical techniques in
case of femtosecond optical pulses. The approach based on a balanced op-
tical cross-correlator (BOC) relies on intensity cross-correlation in a non-
linear crystal by sum-frequency generation [96, 98�102]. With BOC, it is
possible to measure timing jitter with a resolution below 10 zs/

p
Hz, and

in addition, the detection approach is free of excess amplitude-noise to
phase-noise coupling. However, the approach has the inherent limitation
that timing errors should be smaller than the pulse duration, and hence
requires setting D frep = 0 which is not appropriate for some dual-comb
systems, especially free-running dual-combs.

In contrast to non-collinear intensity cross-correlation between two pulse
trains applied in a BOC, an interferometric cross-correlation measurement
can provide higher sensitivity for timing jitter measurements due to the
ultrahigh coherence between longitudinal modes of mode-locked lasers
as demonstrated by Chen et al. [97]. To obtain a phase discrimination
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signal, they superimposed the two pulse trains and detected a narrow
spectral band at each extreme of the optical spectrum with a photodetec-
tor. Subsequently, the beat note signal from the optical beat detection was
shifted down to baseband by electronic mixing. The signal-to-noise ratio
(SNR) was limited because the measurement did not use the total optical
power of the pulse trains, which impacts the measurement resolution. To
overcome this limitation, Hou et al. demonstrated more broadband detec-
tion to better use the optical power. They obtained a shot-noise-limited
discrimination signal close to a single cycle [103]. However, since this
powerful approach still falls into the category of noise measurements that
require the lasers to be loosely locked, it is not ideal for noise measure-
ments on e.g. free-running dual-comb lasers.

Another option for characterizing the timing jitter of a dual-comb sys-
tem that does not rely on locking the repetition rates of the laser is the
indirect phase comparison of two photodetector outputs [106]. An elec-
tronic reference oscillator is mixed with the repetition rate of each comb,
so that the noise of the reference oscillator is common to both of the output
signals. Hence, upon taking the difference frequency signal, the in�uence
of the reference oscillator cancels. This method provides a highly suit-
able approach for measuring the uncorrelated timing jitter of two pulse
trains as the method works for (almost) any repetition rate difference
while keeping amplitude-noise to phase-noise conversion at low levels,
thereby rendering this phase noise measurement less sensitive to intensity
noise.

However, a limitation of electronic measurements of D frep is that they
are limited to tens of gigahertz signals, which implies that only a low-
order harmonic of D frep (typically on the order of 102) can be detected.
Increased sensitivity can be achieved by utilizing optical frequencies in-
stead of electronic ones since then a high-order harmonic of D frep (typi-
cally on the order of 105) can be measured. In the technique of adaptive
dual-comb spectroscopy by Ideguchi et al. [41], a pair of cw lasers are
mixed with the optical frequency combs, enabling real-time tracking of a
high-order harmonic of D frep.

Here, we present a multiheterodyne detection approach based on sim-
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2. Characterization of low-noise dual-comb lasers

ilar beat note signals as in [41]. However, instead of deploying the mea-
sured signals in the context of dual-comb spectroscopy, we use them for
measuring and analyzing the relative timing jitter of two pulse trains
with high sensitivity. The technique is suitable for analyzing the noise
of both free-running and stabilized dual-comb systems, provided the rep-
etition rate difference is suf�ciently small compared to the repetition rate
so that cross-correlation signals between the two combs can be resolved.
Additionally, it provides the repetition rate difference continuously as a
function of time which can be used for dual-comb signal correction with
methods like adaptive sampling either in post-processing or with an active
feedback loop [65, 107].

Using this detection approach, we demonstrate the �rst detailed char-
acterization of the uncorrelated repetition rate noise of a free-running
femtosecond dual-comb laser. This laser is the �rst single-mode-diode
pumped dual-comb laser using the polarization multiplexing technique
introduced in 2015 with an additional intracavity birefringent crystal [44].
This is in contrast of using an intrinsic polarization-multiplexing approach
inside an optically anisotropic gain crystal as shown more recently in 2021
[94]. The demonstrated laser has an average output power of 130 mW per
comb, a pulse duration of 115 fs, a pulse repetition rate of 160 MHz, and a
small repetition rate difference of D frep = 1.286 kHz. It is constructed in a
robust prototype housing for low noise operation and is passively cooled.
With the new noise characterization technique, we measured a low rela-
tive root mean square (rms) timing jitter of 13 fs for the frequency interval
[100 Hz, 1 MHz] with the detection noise �oor at 8.0� 10�7 fs2/Hz. The
approach furthermore allows to effectively separate phase noise from in-
tensity noise while keeping amplitude-to-phase noise coupling minimal.

This paper is structured as follows: The proposed timing jitter mea-
surement technique based on multiheterodyne detection is described in
section 2.2. In section 2.3, we discuss the practical implementation. In sec-
tion 2.4 we present the free-running dual-comb laser system and apply the
multiheterodyne detection technique for characterizing its timing jitter. In
section 2.5, the technique is compared to a noise measurement based on
the interferograms generated from interference between the two combs,
without any cw laser, to show its potential and validate the approach.
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2.2. Optical heterodyne detection of repetition rate difference for noise analysis

Finally, in section 2.6 we discuss and conclude the work.

2.2 Optical heterodyne detection of repetition rate di�er-

ence for noise analysis

In this section, we will discuss the basic concept of our noise measure-
ment technique. The proposed measurement technique can be used to
determine the relative timing jitter of two modelocked lasers that form
a dual-comb system. A dual-comb consists of two combs with slightly
different characteristic frequencies for the individual comb lines:

f (comb�i)
N = f (comb�i)

CEO + N(comb�i) � f (comb�i)
rep (2.1)

with f (comb�i)
rep being the repetition rate frequency and f (comb�i)

CEO the carrier-
envelope offset (CEO) frequency [1] of comb i 2 f1, 2g. According to
Eq. 2.1 the contribution of the repetition rate �uctuations to the �uctua-
tions of the N-th comb line scales with the comb line index N(comb�i).
An optical frequency measurement is thus bene�cial as it implicitly in-
volves an enhancement of the �uctuations of the pulse repetition rate by
the comb line index, so that small frequency �uctuations become easier to
measure.

To determine the uncorrelated timing jitter of the two combs, we are
thus generating beat note signals between each comb and a pair of narrow-
linewidth single-frequency lasers with frequencies f(cw�1) and f(cw�2)
which results in four beat note signals with frequencies

f (comb�i)
beat,(cw�j) = f (comb�i)

CEO + N(comb�i)
(cw�j) � f (comb�i)

rep � f(cw�j) (2.2)

of comb i 2 f1, 2g with cw laser j 2 f1, 2g as visualized in Fig. 2.1. Be-
cause in the actual experiment we can only measure signals with pos-
itive frequencies, the frequency of the detected signal is f (comb�i)

meas,(cw�j) =

j f (comb�i)
beat,(cw�j)j. The comb line indices N(comb�i)

(cw�j) are such that f (comb�i)
meas,(cw�j)is

always lower than f (comb�i)
rep /2, meaning that for each comb we consider

the beat notes of the cw lasers with the closest comb-line.

By taking the difference between the beat note frequencies correspond-
ing to the same cw laser D fbeat,(cw�j)� f (comb�2)

beat,(cw�j)- f (comb�1)
beat,(cw�j), the fre-
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Figure 2.1: Schematic of the measurement setup based on an optical heterodyne detection ap-
proach for measuring the relative timing jitter of two pulse trains. The two outputs of the
dual-comb system beat with a pair of narrow-linewidth continuous-wave (cw) lasers on a pho-
todetector. The signal is subsequently �ltered at half of the repetition rate with a low-pass �lter
(LPF). Simultaneously, an interferometric signal is obtained through optical beat detection of
the two frequency combs, followed by an identical LPF at half of the repetition rate. The three
electronic signals are digitalized simultaneously on an oscilloscope.

quency f(cw�j) cancels which results in a signal that depends only on
the comb properties. This implies that the frequency noise properties of
the cw lasers are not critical for the measurement itself. In summary the
quantity D fbeat,(cw�j) is insensitive to the relative �uctuations of the two
cw lasers:

D fbeat,(cw�j) � f (comb�2)
beat,(cw�j) � f (comb�1)

beat,(cw�j)

= D fCEO + N(comb�1)
(cw�j) � D frep

+ (N(comb�2)
(cw�j) � N(comb�1)

(cw�j) ) � f (comb�2)
rep

(2.3)

To isolate the relative �uctuations of the carrier-envelope offset fre-
quencies fCEO, thereby rendering the measurement insensitive to �uctu-
ations of fCEO, we can take the difference between the expressions for
D fbeat,(cw�j):

fsignal = D fbeat,(cw�2) � D fbeat,(cw�1)

= (N(comb�1)
(cw�2) � N(comb�1)

(cw�1) ) � D frep

+ [(N(comb�2)
(cw�2) � N(comb�2)

(cw�1) )� (N(comb�1)
(cw�2) � N(comb�1)

(cw�1) )] � f (comb�2)
rep

= DN � D frep + Dn � f (comb�2)
rep

(2.4)
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where DN = (N(comb�1)
(cw�2) � N(comb�1)

(cw�1) ) is the number of optical comb

lines between the two cw lasers for comb 1, and Dn � [(N(comb�2)
(cw�2) �

N(comb�2)
(cw�1) )� (N(comb�1)

(cw�2) �N(comb�1)
(cw�1) )] de�nes the difference between DN

and the number of optical comb lines between the two cw lasers counted
with the spacing of comb 2. Hence, this double-difference signal is only
sensitive to changes in the pulse repetition rates. For small values of the
repetition rate difference we may assume that Dn= 0, so that

fsignal = DN � D frep. (2.5)

For Dn 6= 0, which only happens for large D frep, we can infer f (comb�2)
rep

from the beat note measurement itself or from a separate measurement
with a microwave spectrum analyzer (MSA). We then simply rede�ne
fsignal as

fsignal = [D fbeat,(cw�2) � D fbeat,(cw�1)]� Dn � f (comb�2)
rep

= DN � D frep,
(2.6)

which leads to the same �nal result.

To determine the repetition rate difference of the dual-comb system,
we divide fsignal by the comb line index difference DN. If the cw laser
frequencies are located on either side of the optical spectrum, the comb
line index difference is determined by the optical bandwidth divided by
the repetition rate. Depending on the parameters of the speci�c lasers,
DN can reach values > 105.

To infer the comb line index difference DN, we use the interferomet-
ric signal between the two frequency combs. Speci�cally, D frep � 1/DT,
where DT is the delay between adjacent peaks of the envelope of the inter-
ferograms that repeat every 1/D frep when the pulses from the two pulse
trains coincide. The envelope of each interferogram is reconstructed with
the absolute value of the analytic signal of the interferograms which is ex-
tracted through a Hilbert transform [76]. Even though this measurement
of DT from the interferograms involves coarse sampling, it is suf�cient to
obtain an accurate estimate of the comb line index difference:

DN = round( fsignal � DT), (2.7)

33



2. Characterization of low-noise dual-comb lasers

as can be seen from Eq. 2.5. By following this procedure, we �nd

D frep(t) =
fsignal(t)

DN
(2.8)

which can be used to deduce the phase noise power spectral density. Note
that deriving D frep(t) in this way signi�cantly increases the sensitivity
over a direct radio-frequency (RF) measurement of the repetition rate dif-
ference. Aside from �nding the phase noise power spectral density, the
repetition rate D frep(t) as a function of time also helps to improve the
performance of a dual-comb system with methods like adaptive sampling
either in post-processing or with an active feedback loop [41, 107]. Fur-
thermore, it could be used to infer D fCEO(t) by utilizing Eq. 2.3 together
with the absolute comb line indices corresponding to one of the cw lasers.
To �nd the absolute comb line indices one would need to perform an
accurate measurement of the cw laser’s frequency, together with the repe-
tition rate of the frequency combs. Alternatively, the beat note signal from
Eq. 2.3 corresponds to a particular RF comb line, and hence allows for a
direct relative coherence assessment [66, 108]. For example, its noise spec-
trum can be linked to the full-width half maximum (FWHM) linewidth of
a single RF comb tooth via the b-separation line approximation [109].

The information of D frep(t) as a function of time � with the sampling
rate only limited by the data acquisition � can now be used for �nding the
phase noise power spectral density (PN-PSD) [13, 105, 110]

Sj( f ) = 2 �
��F
�

D frep(t)�


D frep(t)

�	��2

f 2 , (2.9)

where the factor of two indicates that we consider the one-sided power
spectral density. To be consistent with the de�nition, we will exclusively
work with one-sided power spectral densities. In Eq. 2.9 we were using
the mean of the repetition rate difference



D frep(t)

�
as well as the Fourier

transform

X( f ) = Ffx(t)g =
Z ¥

�¥
x(t) � e�2pi f tdt. (2.10)

According to Parseval’s theorem, the PN-PSD can be used for comput-
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ing the rms jitter of the relative timing between the two pulse trains

trms
[ f1, f2] =

rR f2
f1

Sj( f )d f

2p � D frep
�

D frep

frep
=

rR f2
f1

Sj( f )d f

2p � frep
. (2.11)

In the following we will refer to this type of jitter as relative rms timing
jitter between the two pulse trains. The comb factor D frep/ frep was used
to relate the RF-domain with the optical domain based on the average
repetition rate and repetition rate difference. Such rms timing jitter values
capture the �uctuations between the actual delay and the delay that would
occur in the absence of jitter.

Another useful quantity to characterize the noise is the integrated pe-
riod timing jitter. This quantity is de�ned as the difference between the
time-varying period of the signal being measured and the average period.
This quantity provides information about the variation in the period of a
nearly-periodic signal. The integrated period timing jitter can be calcu-
lated as

tperiod
[ f1, f2] =

rR f2
f1

c( f ) � Sj( f )d f

2p � D frep
�

D frep

frep

=

rR f2
f1

c( f ) � Sj( f )d f

2p � frep
,

(2.12)

with

c( f ) =
����1� exp

�
�2pi �

f
D frep

�����
2

(2.13)

being the �lter function, which is periodic in frequency with vanishing
amplitude at integer multiples of D frep, i.e., it suppresses noise around
DC and all harmonics of D frep [111]. The period timing jitter is relevant
for triggered data acquisition as applied e.g. for equivalent time sampling
measurements or coherent averaging in dual-comb spectroscopy because
the repeating trigger signal corrects for long-term timing drifts.
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2. Characterization of low-noise dual-comb lasers

2.3 Experimental implementation

2.3.1 Experimental setup

In this subsection, we discuss the experimental setup used for measur-
ing the uncorrelated timing jitter according to the procedure described in
section 2.2. To reduce the complexity of the measurement system, we de-
cided to implement it as a fully polarization-maintaining (PM) �ber-based
breadboard setup. Consequently, for each modelocked laser emitted by
the dual-comb system we couple the light into an optical �ber splitter as
depicted schematically in Fig. 2.2. Similarly, each of the two cw lasers
(CTL 1050, Toptica Photonics) are coupled into one of the two input ports
of a 50:50 �ber splitter. Each output of this splitter is then combined with
one of the two combs and detected with a reverse-biased 0.8-mm2 InGaAs
photodiode. The superposition of the two cw lasers with each frequency
comb leads to the generation of two time traces that encode together four
beat frequencies f (comb�i)

beat,(cw�j), i, j 2 f1, 2g as visualized in Fig. 2.2. The cw
lasers are tuned to f(cw�1)= 277.66 THz and f(cw�2)= 286.14 THz. Addi-
tionally, we combine the remaining output ports of the optical �ber split-
ter of each comb to generate an interferometric signal on a third InGaAs
photodiode (DET08CFC, Thorlabs Inc.). The time-domain interferometric
signal exhibits a periodic succession of interferograms that repeat every
1/D frep when the pulses from the two modelocked lasers coincide tempo-
rally. As the relevant part of the RF-spectrum spans the frequency range
from DC to frep/2, the detected signals are low-pass �ltered at the Nyquist
frequency frep/2 and digitalized simultaneously on an oscilloscope with
12-bit vertical resolution (WavePro 254HD, Teledyne LeCroy).

It is important to mention that the recorded signals are affected by the
phase noise of the cw lasers, which can be larger than the �uctuations of
the optical comb lines. However, since both channels share the cw lasers
and thus the corresponding phase noise, this noise affects both channels
equally. Consequently, the noise inherent to the cw lasers cancels in the
post-processing as discussed in section 2.3.2.
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Figure 2.2: The two outputs of the dual-comb system with small D frep are combined with a
50:50 �ber splitter. Each comb simultaneously beats with two independent cw lasers to isolate
a single comb line. Simultaneously, the two combs are combined to generate an interferometric
signal. The beat note signals, as well as the interferometric signal, are detected on a photodiode
(PD) and low-pass �ltered at frep/2.

2.3.2 Post-processing and analysis

In this subsection, we introduce the analysis routine used to extract the
noise characteristics inherent to a dual-comb system from the data recorded
with the setup shown in Fig. 2.2. The experimental implementation of
the noise measurement described in section 2.2 consists of the simultane-
ous recording of three time traces. Notice that before performing the fast
Fourier transform (FFT) algorithm on a time trace, it is crucial to apply an
appropriate window function to avoid leakage phenomena [112] which
can be an issue in situations where the power spectral density diverges at
zero frequency [113].

The �rst step of the analysis routine is to transform the two beat note
signals to the frequency domain using an FFT as visualized in Fig. 2.3.
The Fourier-transformed data of the two beat note signals each contain
two peaks below D frep/2, one for each cw laser beating with the closest
optical comb line. Those peaks in the frequency domain contain informa-
tion about the frequency �uctuations of the comb lines. To extract this
information, the second step is to determine the positions of each of those
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2. Characterization of low-noise dual-comb lasers

peaks with a �rst-order moment integral of the magnitude squared of the
individual peaks. We then apply a digital bandpass �lter to select only the
signal corresponding to the individual beat note frequencies f (comb�i)

beat,(cw�j)
associated with the beating of frequency comb i 2 f1, 2g with cw laser
j 2 f1, 2g. In a third step, we then apply an inverse fast Fourier transform
(iFFT) to go back to the time domain which yields four isolated beat note
signals. The instantaneous frequencies of beat notes produced by the in-
teraction with the same cw laser are visually similar (see Fig. 2.3(g), 2.3(h))
as expected for high relative coherence between the combs. By digitally
mixing each pair of complex signals corresponding to the same cw laser,
we obtain two signals at the difference frequency D fbeat,(cw�j)(t) accord-
ing to Eq. 2.3. Note that by mixing the beat note signals, the frequency
�uctuations inherent to the cw lasers cancel as discussed in section 2.2.
Consequently, the carrier frequency D fbeat,(cw�j)(t) of the resulting sig-

nal is more stable than the frequencies f (comb�i)
beat,(cw�j) of the individual beat

notes themselves. To isolate background noise, we then apply a digital
bandpass �lter with a 3-dB bandwidth of 3 MHz and centered around
D fbeat,(cw�j)(t). In a �nal step, the two isolated signals with frequen-
cies D fbeat,(cw�j)(t), j 2 f1, 2g are digitally mixed and used together with
the interferometric data to infer D frep(t) as described by Eqs. 2.6-2.8. To
extract the instantaneous frequency of the mixing product, we took the
derivative of the instantaneous phase after unwrapping. Alternative meth-
ods developed for instantaneous frequency estimation could also be used
for this purpose.

As discussed in section 2.2, it is possible to extract the phase noise
power spectral density (PN-PSD) from D frep(t) by using a Fourier trans-
form and Eq. 2.9. However, the discrete Fourier transform � which is the
preferred approach to �nd the PN-PSD computationally � has some sub-
tleties. The naïve approach based on multiplying the time trace with a
suitable window function, performing an FFT, and calibrating the results
with the rms of the window function to guarantee energy conservation,
will typically lead to signi�cant �uctuations in the spectrum due to the
lack of spectral averaging. A possible alternative to avoid this issue is to
slice the time trace into several smaller overlapping segments. The length
of the individual segments is chosen such that it is an integer multiple of
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Figure 2.3: Illustration of the analysis routine used to extract the repetition rate difference as a
function of time from the measured beat note signals of the cw lasers with the two frequency
combs. (a) and (b): Fourier transform of the beat note between both cw lasers with comb 1 (a);
and comb 2 (b). (c)-(f) data after band-pass �ltering for cw laser 1 (c) and (d); and cw laser 2
(e) and (f). (g) and (h): frequency-�uctuations of the beating between one individual cw laser
with comb 1 (g); and comb 2 (h). (i)-(l): difference between the beat note signals corresponding
to the same cw laser in the time-domain for cw laser 1 (i) and cw laser 2 (k); and in frequency
domain for cw-laser 1 (j) and cw laser 2 (l). The data associated with f(cw�1) ( f(cw�2)) is shown
in orange (blue). Notice that the data shown in this �gure corresponds to the actual data used
in the measurement of D frep(t) as described in more detail in section 2.4. The vertical axes with
arbitrary units ([a.u.]) are in logarithmic scale.
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2. Characterization of low-noise dual-comb lasers

1/D frep. For each segment, we then apply a Hanning window prior to the
FFT. This approach is sometimes also referred to as Welch’s overlapped
segmented average [114].

2.4 Uncorrelated timing jitter of a free-running dual-comb

laser

In this section, we experimentally demonstrate the performance of the pro-
posed timing jitter measurement. For that purpose, we perform a detailed
characterization of the uncorrelated repetition rate noise of a polarization-
multiplexed free-running dual-comb system.

2.4.1 Laser concept and modelocking characteristics

Free-running dual-combs are a new trend in the development of dual-
comb lasers [44, 65, 66, 85�94]. The idea is to design dual-comb sys-
tems with built-in passive mutual coherence which avoids the complex
stabilization of two independent modelocked fs-lasers for achieving the
required relative stability of the frequency combs [60�64]. The passive
stability leads to low relative timing jitter between the two combs, which
is important for many applications of dual-comb systems. Here we have
optimized the low-noise performance of a polarization-multiplexed diode-
pumped Yb:CaF2 dual-comb laser system using a single-mode pump laser
(schematic of the laser cavity is shown in Fig. 2.4(a)). Single-mode pump
diodes offer high brightness at modest average power, which minimizes
thermal effects and relaxes cooling requirements. Therefore, no water
cooling was required for this dual-comb laser compared to our previ-
ous lasers pumped with multimode diodes [80, 93]. The suitability of
single-mode pumping for dual-comb generation from a single-cavity fem-
tosecond solid-state laser based on polarization-multiplexing was demon-
strated by Kowalczyk et al. [94].

The dual-comb laser is based on a folded end-pumped oscillator cav-
ity that simultaneously supports two cross-polarized laser modes. The
cavity contains a semiconductor saturable absorber mirror (SESAM) [115]
as an end mirror and a bulk 4.5 mm long Yb:CaF2 gain crystal (4.5%

40



2.4. Uncorrelated timing jitter of a free-running dual-comb laser

(a)

OC

gain

BC

BC

SESAM

single-mode
pump

1

2

(c) (e)

��f rep = 1286 Hz

Autocorrelation

Time delay [fs]

Total pump power [mW]

P
ul

se
 d

ur
at

io
n 

[fs
]

O
ut

pu
t p

ow
er

 [m
W

]

��FWHM =
116.1 fs

��FWHM =
114.8 fs

0 250-250

500 600 700 800
60
80

100
120
140

100

150

200

250

(b)

(d)

Figure 2.4: (a) Layout of the 160 MHz dual-comb laser based on a common-path polarization-
multiplexed cavity using birefringent a-BBO crystals (BC1, BC2) at both ends of the cavity,
which gives a spatial separation in the Yb:CaF2 gain crystal (CIMAP of Caen, France) and on
the SESAM (OC = output coupler). (b) � (e) Characterization of the laser performance in simul-
taneous dual-comb lasing: (b) output power and pulse duration as a function of total pump
power. The indicated pump power is split equally between the two laser modes; (c) optical
spectrum for comb 1 (s-polarized) and comb 2 (p-polarized); (d) pulse duration measured with
intensity autocorrelation; (e) radio-frequency (RF) spectrum with zoom on �rst harmonic (RBW
= resolution bandwidth).

doping concentration). This gain medium exhibits nearly isotropic linear-
optical properties so that it provides the same gain for both polarizations
inside the cavity [116]. Furthermore, it has favourable thermal proper-
ties, a broad and smooth emission spectrum and a long upper state life-
time which damps high-frequency pump intensity noise. The crystal is
pumped by one single 980-nm wavelength-stabilized single-mode pump-
diode (2000CHP, 3SP Technologies) that can deliver up to 850 mW output
power via a single-mode �ber. To optimize the noise performance of the
dual-comb system it is bene�cial to use the same pump for both combs
so that the pump intensity noise is the same for both intra-cavity modes.
We thus split the pump into two beams of equal power which are imaged
with a scale factor into the gain crystal to create two spatially separated
focused pumped spots there, i.e. one for each of the two cross-polarized
laser modes. The gain crystal is pumped through a �at output coupler
(�OC� in Fig. 2.4(a)) with a transmission of 2.6% for the laser wavelength
and high transmission for the pump wavelength lpump= 980 nm. To sep-
arate the laser output beam from the pump input, we utilize a dichroic
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2. Characterization of low-noise dual-comb lasers

mirror.

The two cross-polarized intra-cavity beams are separated at both ends
of the cavity by two 6-mm long birefringent a-BBO crystals which are cut
at 45° with respect to the c-axis of the crystal. The �rst birefringent crystal
(BC1) is placed directly after the gain material while the second crystal
(BC2) is in front of the SESAM to yield spatially separated spots on both
the gain crystal and the SESAM. The spatial separation of the modes on
the SESAM is important to guarantee independent saturable absorption
and to avoid saturation cross-talk between the two combs. Similarly, it is
important for the two modes to be spatially separated in the gain crystal to
allow for independent pumping of each mode and to avoid gain crosstalk.
The two birefringent crystals are placed at the ends of the cavity to max-
imize the common path of the modes inside the cavity which is expected
to be favourable in terms of noise properties, thereby resulting in a highly
stable repetition rate difference.

Since each birefringent crystal (BC1 and BC2) leads to a spatial walk-off
of the extraordinary wave by about 430 µm, they both introduce a delay
between the ordinary and the extraordinary waves. To allow for a low
repetition rate difference between the two cross-polarized combs on the
order of few kHz, which is important to avoid aliasing effects in dual-
comb spectroscopy, the birefringent crystals are rotated by 90° with respect
to each other around the optical axis so that each polarization experiences
the spatial walk-off once. This cancels the optical path length difference
between the two cross-polarized beams. For �ne-tuning the repetition
rate difference D frep, the second birefringent crystal BC2 can be tilted to
create a small path difference which results in the repetition rate difference
between the two combs. The tilt of BC2 does not couple to alignment of
the cavity, which thus allows for a continuously tuneable repetition rate
difference in the range from 20 Hz to more than 20 kHz.

To achieve fundamental soliton mode-locking [117], we balance the
self-phase modulation from the gain and birefringent crystals with -1940 fs2

negative group delay dispersion (GDD) introduced by the output coupler
and a Gires-Tournois-Interferometer type mirror. The SESAM with a sat-
uration �uence of 11 µJ/cm2 and a modulation depth of 1.25% enabled
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self-starting operation and robust mode-locking of the laser.

The self-starting soliton modelocked dual-comb laser has an average
output power of 130 mW per comb, a pulse duration of 115 fs, a pulse
repetition rate of 160 MHz, and a small repetition rate difference of D frep

= 1.286 kHz (Fig. 2.4(b) - (e)). The laser is contained in a robust and
compact (42� 26� 10 cm3) prototype housing to reduce acoustical and
mechanical vibrations.

2.4.2 Noise characterization of the laser

For characterizing the timing noise of the polarization-multiplexed free-
running dual-comb system in detail, we measure the phase noise of each
comb individually, as well as the uncorrelated timing jitter. The measure-
ment of the noise inherent to the repetition rate frequency ( frep) of the
individual frequency combs was carried out with a signal-source-analyzer
(E5052B, Keysight) using the 3rd harmonic of the repetition rate. The rep-
etition rate difference as a function of time D frep(t), as derived in sec-
tion 2.3.2, is shown in Fig. 2.5(a). From this quantity, we can deduce the
PN-PSD associated with the repetition rate difference by using Eq. 2.9, as
discussed in section 2.2. The PN-PSDs of the two combs are shown in
Fig. 2.5(b). The red and blue curve show the PN-PSD of the two individ-
ual frequency combs. The green curve shows the PN-PSD associated with
the noise of the repetition rate difference D frep(t) and the black dashed
line shows the calculated detection noise �oor SNF of the multiheterodyne
detection measurement as derived in the Appendix.

The PN-PSD of the laser suggests that the phase noise of the signal is
highly correlated for the two combs as they exhibit a signi�cant overlap
within the measured frequency band. The correlation of the phase noise
manifests itself in a reduction of the uncorrelated timing jitter between the
two combs by about 14 dB compared to the noise in frep of a single comb
(Fig. 2.5(b)). This is equivalent to a reduction of the relative rms timing jit-
ter in a frequency band from [100 Hz, 1 MHz] from 58 fs (for comb 1) and
65 fs (for comb 2) to only 13 fs for the uncorrelated part (Fig. 2.5(c)) as can
be found from Eq. 2.11. Notice that the data shown in Fig. 2.3 corresponds
to the actual data used for �nding the results displayed in Fig. 2.5.
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Figure 2.5: (a) D frep as a function of time, measured with the multiheterodyne detection setup.
(b) Phase noise power spectral density (PN-PSD) for the individual frequency combs and the
uncorrelated timing jitter between the two combs � deduced from the trace shown in (a). The
measurement of the frep phase noise was carried out with a signal-source-analyzer (E5052B,
Keysight) using the 3rd harmonic of the repetition rate. The measurements with the signal-
source-analyzer (SSA) have been averaged over �ve measurements, while the uncorrelated
timing jitter results from a single measurement with the multiheterodyne beat note detection
scheme. The decrease of the noise �oor at 1 MHz is the result of a digital bandpass �lter that
was applied in the post-processing. (c) relative rms timing jitter.

The peaks in the frep phase noise and the uncorrelated timing jitter (see
Fig. 2.5(b)) at integer multiples of the repetition rate difference originate
from cross-talk between the two polarization multiplexed combs inside
the laser cavity due to the common path. This manifests itself in peaks
at integer multiples of the repetition rate for the uncorrelated timing jit-
ter, and in peaks at integer multiples of 3 � D frep for the frep phase noise
because this measurement was carried out with a signal-source-analyzer
(SSA; E5052B, Keysight) using the 3rd harmonic of the repetition rate.

The measured PN-PSD of the two individual frequency combs reaches
a detection noise �oor of 6.7� 10�4 fs2/Hz at 5 kHz, which corresponds
to the frequency dependent phase noise sensitivity limit of the SSA. At
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higher offset frequencies from the carrier, the measurement is still limited
by the detection noise �oor of the SSA. The PN-PSD of the repetition rate
difference D frep(t) reaches a timing-jitter detection noise �oor of around
8.0� 10�7 fs2/Hz at 10 kHz. This agrees well with the calculated detection
noise �oor SNF of the multiheterodyne detection measurement at 5.8 �
10�7 fs2/Hz as derived in the Appendix.

It is useful to understand the origin of this noise �oor. The relative
intensity noise (RIN) of the detected beat note signals is dominated by the
RIN of the cw lasers SRIN

cw , which we measured to be SRIN
cw = -155 dBc/Hz

using the same SSA as mentioned above. Since the signal corresponds to
a beat note between the cw laser and a single comb line, we can estimate
its contribution to the PN-PSD noise �oor as

SPN
Dfrep

=
SRIN

cw � Poptical
cw

Poptical
SCL � DN2

/(2p frep)2, (2.14)

in units of s2/Hz where Poptical
cw is the optical power of the used cw lasers

(Poptical
cw = 18 mW), Poptical

SCL is the power of the single comb line that is

beating with the cw laser (Poptical
SCL = 6.7 nW) and DN is the number of comb

lines between the two cw lasers (DN � 53’187). A detailed derivation of
Eq. 2.14 is given in the Appendix.

From Eq. 2.14 we learn that as the optical power in the frequency combs
Pcomb is increased, the power of the single comb line Poptical

SCL that is beating
with the cw laser grows as well, so that consequently the noise �oor of the
measurement is reduced. However, there is a limit to how much power
can be sent onto the photodetector before it starts to saturate. To bypass
this limitation, it is important to realize that only two very narrow spectral
bands of the frequency combs optical spectra around the frequency of the
two cw lasers contribute to the heterodyne signals that are relevant for the
technique. Consequently, it is suf�cient to send only those narrow spec-
tral bands onto the detector, which enables a higher spectral density at the
same average power on the photodiode. We implemented this spectral �l-
tering with a 300 µm thick Fabry-Perot etalon (LightMachinery Inc). Both
frequency combs are directed through the etalon in a non-collinear con-
�guration. By rotating the etalon, the angle of incidence for both combs
can be adjusted until the transmission peaks in the optical spectra of both
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combs perfectly overlap. In a �nal step one then needs to tune the fre-
quency of the cw-lasers to one of the transmission peaks. This allows to
signi�cantly lower the noise �oor of the measurement: The response of the
0.8-mm2 InGaAs photodiode that we used for the measurement remains
linear to pulses even with average powers above 15 mW in the case of
50-W termination. By sending the light of the dual-comb system through
the etalon prior to detection, only about 2.5 mW arrive at the photodiode,
which is far from the saturation limit. In fact, if the dual-comb laser had a
higher output power of around 800 mW per comb, we could send a total
power of 15 mW onto the detector to potentially reduce the noise �oor
down to below 9.6� 10�8 fs2/Hz. Combining a thinner etalon, broad op-
tical spectra, and low-noise cw lasers, a noise �oor of 1� 10�8 fs2/Hz (=
100 zs/

p
Hz) is well within reach for this measurement technique.

Notice that the quanti�cation of the timing noise does not directly de-
termine the linewidth of the individual comb lines since these are also
affected by noise in D fCEO(t). As mentioned in section 2.2, the proposed
measurement technique allows to determine the carrier envelope offset
frequency difference as a function of time, provided that the comb line in-
dex is known. Alternatively, the intermediate digital mixing product from
Eq. 2.3 can be used directly to calculate the FWHM linewidth of a single
comb tooth via the b-separation-line approximation [109]. We found this
to be 515.8 Hz for a lower cut-off frequency of 5 Hz.

2.5 Comparison with other noise measurement techniques

In this section, we compare the timing jitter inferred from the proposed
multiheterodyne measurement technique with the timing jitter extracted
from interferograms. From the discussion in section 2.2 we know that
the PN-PSD associated with D frep(t) can be used to infer the timing jitter
between the two pulse trains. However, the information about the timing
of the two pulse trains is also imprinted on the interferograms, which
are measured alongside the beat note signals to determine the comb line
index difference as discussed in section 2.2. As the interferograms repeat
every 1/D frep, the relative timing jitter between the time tn of the n-th
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interferogram and its expected arrival time of n � T is given by

trms[n] = tn � n � T, (2.15)

where T = 1/hD frepi is the average period of the signal. This jitter is
visualized in Fig. 2.6(a). Similarly, the period timing jitter is de�ned as the
difference between the n-th period of the signal and the average period T

tperiod[n] = (tn � tn�1)� T. (2.16)
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Figure 2.6: (a) Interferogram peaks to illustrate the concept of relative rms and period timing
jitter in interferometric measurements. Dashed vertical lines indicate the average arrival time
de�ned by the mean of the inverse repetition rate difference of the two pulse trains. Solid
vertical lines indicate the peak of the individual interferograms. (b) Comparison of integrated
timing jitter obtained from the interferogram measurement (dashed line) and multiheterodyne
beat note measurement (solid line).

The sampling rate of the interferogram measurement is limited by
D frep, which in this case is at 1.286 kHz, whereas the multiheterodyne
beat note detection scheme allows measuring the repetition rate difference
with a sampling frequency that goes up to more than 1 MHz. The higher
sampling rate makes the latter the superior technique for measuring the
timing jitter in terms of performance. However, the approach based on the
interferograms is simpler and it can still be used as a cross-check of the
multiheterodyne beat note detection scheme. For that purpose, we mul-
tiply the timing jitter of the interferograms by the comb factor D frep/ frep

to relate the RF-domain to the optical domain where the timing jitter de-
scribes the stability of the optical pulses.

We compute the rms of the relative and period timing jitter associated
with the interferograms given by Eqs. 2.15 and 2.16, multiply this with the
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comb factor and compare it to the timing jitter inferred from the PN-PSD
obtained from the multiheterodyne beat note measurement. The result
of this comparison is shown in Fig. 2.6(b). The relative rms timing jitter
approaches 283.4 fs when integrating from 1 MHz down to 5 Hz which
agrees well with the relative rms timing jitter of 282.1 fs inferred from the
interferogram peaks. Similarly, for the period timing jitter, the beat note
measurement predicts a relative rms timing jitter of 15.6 fs [5 Hz, 1 MHz]
while the interferogram peaks suggest 16.9 fs. Those results indicate that
the relative rms and period timing jitter inferred from the two different
measurement techniques agree well. Furthermore, Fig. 2.6(b) illustrates
the bene�ts of the high sampling rate inherent to the approach based on
optical heterodyne detection: Instead of just a single value that indicates
the timing jitter associated with a dual-comb � as it is the case for the in-
terferogram measurement � the multiheterodyne beat note measurement
provides information about the frequency-dependence of the timing jitter,
including the in�uence of noise frequencies above D frep. These measure-
ments are valuable for optimizing the noise performance of dual-comb
systems by providing detailed information about their noise properties.
This information can also be used to study the noise characteristics of
dual-comb systems: We observe for example that the relative rms timing
jitter diverges more rapidly than the period timing jitter for low frequen-
cies. This behavior is a consequence of the de�nition of the period jitter
which involves sampling at a rate of D frep. Hence, this jitter cannot di-
verge rapidly unless D frep varies signi�cantly over a timescale of 1/D frep.
In contrast, the relative rms timing jitter involves the accumulated de-
lay between the pulses relative to an ideal pulse train. This quantity can
become arbitrarily large if one waits long enough (similar to a random
walk).

An alternative to characterizing the timing jitter via the interferogram
measurement is to use a frequency counter [50]. However, it exhibits sim-
ilar limitations as the interferogram measurement meaning that its sam-
pling rate cannot be higher than the repetition rate difference. The re-
stricted sampling rate heavily limits the applicability of this measurement
for dual-comb systems with low repetition rate difference.
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2.6 Conclusion

The optical multiheterodyne detection approach for phase noise measure-
ments demonstrated in this paper allows for the precise characterization
of the relative timing jitter of two pulse trains. This technique is valuable
for a wide range of dual-comb systems as it can be applied whenever the
repetition rate difference is small compared to the repetition rate. Speci�-
cally, the measurement is not restricted to dual-comb systems with active
stabilization, since it is no requirement that the delay between the two
combs stays small. This makes the measurement technique particularly
suitable for free-running dual-comb lasers. The detection noise �oor at
8.0� 10�7fs2/Hz provides a high sensitivity of the measurement suitable
for ultra-low noise dual comb systems. The sensitivity of the measurement
can be further increased by improving the �ltering of the optical spectrum
at the frequencies of the two cw lasers or by sending more power on the
photodetector. In addition, one could also nonlinearly broaden the optical
spectrum via self-phase modulation to increase the spectral separation of
the cw lasers which consequently leads to a larger number of comb lines
between the two cw lasers.

To experimentally demonstrate the proposed method, we utilized it for
characterizing the noise performance of a novel polarization-multiplexed
single-cavity dual-comb solid-state laser with a low repetition rate differ-
ence. The laser operates at 160 MHz repetition rate with 115 fs pulse
duration and 130 mW average power per comb. We measured a rela-
tive rms timing jitter of 58 fs for Comb 1 and 65 fs for Comb 2 when
integrating from 100 Hz to 1 MHz. Due to the passive stability of the
single-cavity dual-comb laser, the relative timing jitter between the combs
is suppressed by about a factor of 5 compared to the relative rms timing
jitter of the individual combs, resulting in a timing jitter of around 13 fs
[100 Hz, 1 MHz]. We con�rmed this result and the proposed measure-
ment technique itself with a comparison to a timing jitter measurement
based on an interferogram measurement. Due to this low relative tim-
ing jitter, the single-mode-diode pumped single-cavity dual comb laser
is highly compatible with practical dual-comb spectroscopy, ranging, and
sampling applications for which a typical measurement duration is in the
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millisecond regime or even faster.

2.7 Appendix: Derivation of the noise �oor for the opt.

het. det. approach

The relative intensity noise (RIN) of each laser contributes to noise in the
measured photocurrent. At the relevant frequencies for the beat notes
(i.e. in the megahertz range), the modelocked laser noise contribution is
dominated by shot noise. In contrast, the cw lasers have RIN above the
shot noise limit, which we measured to be white noise with a one-sided
power spectral density SRIN

cw = -155 dBc/Hz at 10 MHz by using our signal
source analyzer. Hence, for these measurements, the photocurrent noise
is dominated by the RIN of the cw lasers. In the following, we express the
RIN of the cw lasers in units of reciprocal Hertz as SRIN

cw = 2 � 10�
155
10 Hz�1.

Since the photodetectors produce a photocurrent that is proportional
to the optical power, the power of the signal detected by the signal source
analyzer is proportional to the square of the optical power. The one-sided
electronic power spectral density for the cw-laser is thus proportional to

Selectronic
cw = SRIN

cw � (Poptical
cw )2, (2.17)

where Poptical
cw is the optical power of the used cw laser (Poptical

cw = 18 mW).
The RIN associated with the multiheterodyne detection approach can then
be inferred from Selectronic

cw by dividing this expression by the optical power
of the detected signal squared (the signal corresponds to the beat note of
a cw laser with one single comb line which is closest to the cw laser). The
effective optical power of this signal is given by

Poptical
signal =

q
Poptical

cw �
q

Poptical
SCL , (2.18)

where Poptical
SCL is the optical power of the single comb line that is beating

with the cw laser. The power of this comb line can be estimated from the
optical spectra and power associated with the two frequency combs (see
Fig. 2.4) as Poptical

SCL = 6.7 nW. Consequently, the RIN associated with the

50



2.7. Appendix: Derivation of the noise �oor for the opt. het. det. approach

multiheterodyne detection approach is given by

SRIN
heterodyne =

Selectronic
cw

(Poptical
signal )2

=
SRIN

cw � Poptical
cw

Poptical
SCL

. (2.19)

This expression is a theoretical prediction for the intensity noise of the
detected beat note signal. For the beat note between a single comb line and
a cw laser, the white noise of the cw lasers at megahertz frequencies con-
tributes equally to the phase and amplitude quadrature of the measured
microwave signal [118], i.e. the noise is equally distributed to amplitude
and phase. Consequently, the theoretical prediction for the phase noise
(PN) of the detected beat note signal may be written as

SPN
heterodyne =

SRIN
cw � Poptical

cw

Poptical
SCL

. (2.20)

Finally, in the heterodyne detection approach the noise �uctuations of
the optical beat note signals were intentionally increased by the number
of comb lines between the two cw lasers DN to improve the sensitivity
of the measurement ( DN� 53’187). To account for this in the theoretical
expression, we need to divide SPN

heterodyneby DN2 which yields

SPN
Dfrep

=
SRIN

cw � Poptical
cw

Poptical
SCL DN2

. (2.21)

Since SRIN
cw describes the RIN of the cw lasers in Hz�1, the noise �oor

in Eq. 2.21 is also expressed in units of Hz�1. However, we can describe
the noise �oor also in s2/Hz as

SPN
Dfrep

=
SRIN

cw � Poptical
cw

Poptical
SCL DN2

.
(2p frep)2. (2.22)

which corresponds to the expression in Eq. 2.14.
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Chapter 3

Long-distance dual-comb ranging with

moving targets

In this chapter, we utilize the low-noise 160-MHz Yb:CaF2 dual-comb laser
(which we analyzed previously in Chapter 2) for high-precision and ab-
solute long-distance ranging. We further demonstrate a novel �ber-based
transceiver unit which allows to measure the distance to the target with
both combs serving simultaneously as signal comb and local oscillator.
This enables to extend the NAR for long-distance measurement by using
the Vernier principle [7] even for fast moving targets.

To demonstrate the capabilities of this novel transceiver design and
the suitability of solid-state dual-comb lasers for long-distance and high-
precision ranging, we track the absolute distance to a moving cooperative
target (a mirror mounted on a home-built shaker oscillating with a fre-
quency of 9.9 Hz) over 10 m with sub-µm precision. We also record the
distance to a static target to study the impact of averaging time on the
measurement precision. More details about this study can be found in the
following manuscript:

Title: �Dynamic and precise long-distance ranging using a
free-running dual-comb laser�, [119]

Journal: Optics Express
doi: 10.1364/OE.469415
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Dynamic and precise long-distance ranging using a free-

running dual-comb laser

S. L. Camenzind,1 J. F. Fricke,1 J. Kellner,1 B. Willenberg,1 J. Pupeikis,1 C.
R. Phillips,1 and U. Keller1

1Department of Physics, Institute for Quantum Electronics, ETH Zurich, 8093
Zurich, Switzerland

Abstract: Long-distance ranging is a crucial tool for both industrial and
scienti�c applications. Laser-based distance metrology offers unprece-
dented precision making it the ideal approach for many deployments.
In particular, dual-comb ranging is favorable due to its inherently high
precision and sampling rate. To make high-performance long-range dual-
comb LiDAR more accessible by reducing both cost and complexity, here
we demonstrate a �ber-based dual-comb LiDAR frontend combined with
a free-running diode-pumped solid-state dual-comb laser that allows for
sub-µm measurement precision while offering a theoretical ambiguity range
of more than 200 km. Our system simultaneously measures distance with
the role of each comb interchanged, thereby enabling Vernier-based de-
termination of the number of ambiguity ranges. As a proof-of-principle
experiment, we measure the distance to a moving target over more than
10 m with sub-µm precision and high update rate, corresponding to a rel-
ative precision of 10�7. For a static target at a similar distance, we achieve
an instantaneous precision of 0.29 µm with an update time of 1.50 ms.
With a longer averaging time of 200 ms, we reach a precision of around
33 nm, which corresponds to a relative precision of about 3 � 10�9 with a
time-of-�ight-based approach.

' 2022 Optical Society of America under the terms of the OSA Open
Access Publishing Agreement

3.1 Introduction

Laser-based distance metrology can offer long range, fast acquisition and
high precision [120, 121]. Those are key parameters for any ranging sys-
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tem, which makes laser-based light detection and ranging (LiDAR) attrac-
tive for scienti�c and industrial applications such as autonomous driving,
drone navigation, industrial process monitoring, analysis of various envi-
ronments, or satellite formation �ying.

Interferometric distance measurement systems based on homodyne or
heterodyne detection exhibit high precision [122]. In its traditional form,
a continuous wave (cw) laser is used together with a Michelson interfer-
ometer to determine the difference in length between the reference and
the target arm from the interferometric phase difference. This allows for
sub-wavelength measurement resolution, but simultaneously it exhibits
a sub-wavelength ambiguity range. Advanced interferometric measure-
ments based on heterodyne detection with multiple wavelengths support
an increased (but still limited) ambiguity range [75, 123�127]. Thus, for an
interferometric measurement it is challenging to achieve long-range abso-
lute distance measurements as required for many practical applications.

To overcome this limitation, the interferometric measurements can be
replaced or combined with time-of-�ight-based measurements which rely
on modulated or pulsed light sources. The distance is inferred from the
optical time delay between a pulsed or modulated waveform re�ected
from a target and a reference plane [70, 128]. Typically, time-of-�ight-
based methods exhibit lower precision than interferometric approaches.
Combining the two measurement principles thus brings together long-
distance and high-precision ranging which is desirable for many practical
applications. This combination is naturally enabled by optical frequency
combs consisting of highly-stable equidistant modes in the frequency do-
main, perfectly suited for interferometric measurements, and a periodic
pulse train in the time domain as required for time-of-�ight-based dis-
tance measurements.

Since the frequency comb revolution in the late 1990s [1, 2, 54], combs
have become a key technology for metrology [70, 129]. They have enabled
great progress in many �elds such as spectroscopy or ranging [10, 55, 130].
There exist different approaches for measuring the distance with combs
such as optical cross-correlation [29], synthetic wavelength interferometry
[15, 131, 132], multiple wavelengths referenced to a stabilized comb [133,
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134], or dual-comb ranging [135].

Dual-comb ranging relies on the combination of two optical frequency
combs with slightly different repetition rates. The repetition rate dif-
ference D frep determines the update rate, while the repetition rate frep

of the comb used for remote sensing determines the ambiguity range
ugroup/(2 frep) of the measurement, where ugroup is the group velocity at
the carrier frequency. Given pulse repetition rates from about 100 MHz to
a few GHz, the ambiguity range is typically on the order of a few meters
to a few centimeters. However, many ranging applications require mea-
surements over much longer distances, so it is necessary to determine the
number of ambiguity ranges to the target. This step can be accomplished
by interchanging the roles of the two combs in the measurement, which
allows exploiting the Vernier effect to extend the ambiguity range to a the-
oretical limit of ugroup/(2D frep) [11]. In addition to this approach, there
exist also other techniques for extending the ambiguity range by lever-
aging the Vernier effect such as adding an extra measurement path [35]
adjusting the repetition rate [73], or by introducing cross-talk between the
two combs as illustrated with a �ber-based dual-comb [34]. Consequently,
dual-comb ranging allows for long ambiguity-free measurement distances
while simultaneously offering high precision and fast acquisition. More-
over, it does not require any mechanically moving parts for scanning the
delay, which simpli�es the measurement signi�cantly.

The underlying measurement principle of dual-comb ranging was �rst
introduced in 2009 with two stabilized �ber lasers [11]. However, the
high complexity of stabilized dual-comb systems makes it challenging
to use this technique in industrial applications. It was thus an impor-
tant step for dual-comb ranging when the measurement principle was
demonstrated with free-running �ber lasers [136], including �ber-based
single-cavity dual-comb lasers [34, 137, 138], and microresonator-based
frequency combs [32, 74]. More recently, dual-comb ranging was reported
with a single-cavity dual-comb solid-state laser [76], but this experiment
was limited to a single 1.1-meter ambiguity range and used a free-space
setup. Solid-state lasers bring the advantages of ultra-low intensity and
timing noise properties [139, 140], which makes recently developed dual-
comb solid-state lasers appealing for ranging applications [45, 46, 93, 94].
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Since the measurement precision of time-of-�ight-based dual-comb rang-
ing is mainly determined by the high-frequency timing noise above D frep

[14], solid-state lasers are ideal for high-performance ranging applications.
Moreover, they can achieve high average power without any ampli�ers
and high repetition rates, which is valuable for fast data acquisition and
system simplicity. For example, the advantage of high repetition rates has
been shown with microresonator-based dual-comb ranging systems [32,
74]. Solid-state oscillators can bridge the gap between traditional �ber
lasers (operating in the 100-megahertz range) and soliton microcombs (op-
erating at many gigahertz). However, high repetition rates imply a very
limited ambiguity range.

Here, we explore ambiguity range extension for long-distance ranging
with a free-running dual-comb laser. For the demonstration, we use a
single-cavity dual-comb solid-state laser oscillator delivering two nearly
identical pulse trains with a center wavelength of 1056 nm and a rep-
etition rate of 160 MHz [46]. Dual-comb operation was achieved with
polarization multiplexing by introducing intracavity birefringent crystals
[44]. Using this laser, we demonstrate the Vernier-based extension of the
ambiguity range by interchanging the roles of the two combs in the mea-
surement via a novel �ber-based dual-comb LiDAR frontend.

As a proof-of-principle demonstration of the capability of this setup,
we measure the distance to both a static and a moving target placed more
than 10 m away. High-precision ranging over such distances is critical
for modern precision engineering applications such as aircraft engineer-
ing or in the automotive industry [127]. For the moving target we report
distance measurements with micrometer precision, which corresponds to
a relative precision of more than 10�7 without averaging. For the static
target, we report an instantaneous precision of 0.29 µm with an update
time of 1.50 ms, while for an averaging time of 200 ms we reached a preci-
sion of around 33 nm, which corresponds to a relative precision of about
3 � 10�9. These results show that rapid and precise long-distance rang-
ing is possible with a highly simple setup, by combining our single-cavity
dual-comb laser with a �ber-based dual-comb LiDAR frontend. Thus, this
work paves the way for a new class of versatile dual-comb LiDAR systems
for both scienti�c and industrial applications.
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3.2 Experimental setup

In this section, we introduce a novel measurement setup for long-distance
dual-comb ranging which is illustrated in Fig. 3.1. Since such setups are
sensitive to environmental disturbances, for this work we have developed
a robust �ber-based setup suitable for high-performance dual-comb rang-
ing.

optical fiber
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Shaker

PD2

PD1
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ISO

Comb 1

Comb 2

COM

Parallel-polarized combs Cross-polarized combs

free-space

waveplate

FC/PC fiber tip

free-running
dual-comb
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He-Ne laser

LO S

FBS

FBS
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optical fiber free-space

Figure 3.1: Schematic of the single-cavity dual-comb in combination with a �ber-based dual-
comb LiDAR frontend (grey area). The two pulse trains emitted by the dual-comb laser are
�ber-coupled with the polarization along the slow-axis of polarization-maintaining (PM) �bers.
Isolators (ISO) prevent feedback from the LiDAR back into the source. Each comb is split by a
50:50 PM-�ber beam splitter (FBS) into a signal beam (S) which samples the distance d between
the reference plane (R) and the target (T) while the other comb is used as a local oscillator (LO).
The facet of an FC/PC-�ber tip serves as a reference plane, while a moving mirror mounted on
a home-built shaker is used as a target. After the �ber beam splitters, the combs are combined
with a PM-�ber polarization combiner (COM). Hence, in the free-space region, both combs
reach the target with crossed polarization states. The re�ected light passes back through the
polarization combiner and becomes polarized along the slow axis again. This returning light (S)
is combined interferometrically with the other comb (LO) via the �ber beam splitters. Hence,
the measurement on PD1 (PD2) corresponds to comb 1 (comb 2) as the signal and comb 2 (comb
1) as the LO. A helium-neon (He-Ne) laser-based Michelson interferometer is integrated into
the free-space path to the target via a dichroic mirror (DM) to provide a reference measurement.
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The dual-comb system used is based on the polarization multiplexing
technique [44]. This technique is a simple and compact solution to dual-
comb generation since only a single passively-stable oscillator is required.
To allow for a continuously adjustable repetition rate difference between
the combs which is suf�ciently small to avoid aliasing, we rely on a pair
of intracavity birefringent a-BBO crystals which are cut at an angle of 45°
with respect to the c-axis. We set the two slightly different repetition rates
of the dual-comb laser to frep,1 = 160.339608 MHz and frep,2 = frep,1 +
D frep with D frep = 581 Hz, corresponding to an intrinsic ambiguity range
ugroup/(2 frep) = 0.93 m. The Yb:CaF2 based laser produces 115-fs pulses
with a center wavelength of 1056 nm and average power of 130 mW per
comb [46].

To perform LiDAR measurements, as depicted in Fig. 3.1, each comb
is coupled into the input port of a polarization-maintaining (PM) �ber
isolator (IO-G-1064-APC, Thorlabs) to avoid feedback into the laser oscil-
lator. The polarization of the input beams is aligned with the slow-axis of
the PM �ber to guarantee optimal functionality of the commercial compo-
nents. Each isolator is then followed by a 50:50 �ber splitter (PN1064R5A2,
Thorlabs) of which one output port is connected to one input port of a
polarization combiner (PFC1064A, Thorlabs) while the other two output
ports of the two 50:50 splitters are connected to each other as illustrated in
Fig. 3.1. The polarization combiner is designed such that it combines two
slow-axis-aligned input beams into an output beam of two superimposed,
orthogonal, linearly polarized components. The polarization combiner
can operate in reverse, i.e. if light composed of two orthogonal linear
polarizations enters from the opposite direction the light is split into its
polarized components. In most practical applications, the target is not
in �ber but in free-space. Thus, the output port of the polarization com-
biner is connected to a PM-�ber with an FC/PC-�ber tip followed by a
collimation unit to couple the light into free-space. The facet of the un-
coated FC/PC-�ber tip serves as a partially re�ective reference plane (R)
as it re�ects a few percent of the incoming light. The transmitted beam is
expanded with a telescope to make sure it does not diverge signi�cantly
when propagating over long distances towards a target (T).

To explain how the setup solves the Vernier measurement problem of
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dual-comb ranging, we begin by discussing the path of comb 1. The beam
component propagating to the polarization combiner is referred to as sig-
nal beam (Scomb1) since it will sample the distance to a target. The light re-
�ected by the target travels back along the same path in free-space so that
it is automatically coupled into the same �ber again. The back-re�ected
light then leaves the polarization-combiner along the same port it entered
because the polarization of the light did not rotate by propagating be-
tween the reference plane and the target. As the signal beam (Scomb1)
was partially re�ected on the reference plane (R) and on the target (T),
it created two replicas of the pulse with different delays. The distance d
between the reference plane and the target is encoded in the optical delay
tTR,o between the two replicas:

d =
1
2

ugrouptTR,o, (3.1)

where ugroup is the group velocity at the carrier frequency. The subscript
‘o’ indicates that tTR,o is the delay between optical pulses, and ‘TR’ indi-
cates the delay between the target and the reference. Since this delay is
dif�cult to measure precisely enough in the optical domain, dual-comb
ranging uses the second comb as a broadband local oscillator (LO) for
the signal beam to map the signal from the optical domain to the radio-
frequency domain in an approach equivalent to linear optical sampling
[141]. For that purpose, the local oscillator ( LOcomb2) is combined with
the signal beam ( Scomb1) in the 50:50 �ber splitter, and the combined beam
is measured on photodiode PD1.

A single measurement according to Eq. 3.1 is subject to a limited am-
biguity range, as described in more detail in Section 3.3. The dual-comb
Vernier principle addresses this by performing an identical measurement
with the role of the two combs interchanged. In our setup, this occurs
automatically because of the symmetry between the paths taken by the
two combs. Speci�cally, the ‘signal beam’ component of comb 2 reaches
the polarization combiner and thereafter takes the same physical path as
Scomb1 before free-space propagation to the target. This signal, denoted
Scomb2, is re�ected in the same way, and the interference of the re�ected
Scomb2 with LOcomb1 is measured at PD2. Thus, by recording the signals
from both PD1 and PD2 we have simultaneous measurements of Scomb1
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and Scomb2. The photodiodes used are standard reverse-biased InGaAs
detectors (DET01CFC, Thorlabs).

In the preceding description of the measurement principle, we assumed
that the polarization of the signal beams is not rotated along the measure-
ment path. This assumption is valid if the target is for example a silver
mirror which does not alter the polarization state of the re�ected light.
However, for many fabricated and natural materials this is not necessarily
the case [142]. We expect that a change in polarization along the measure-
ment path would affect the strength of the interference signal since the
signal portion that propagates back along the correct path after the po-
larization combiner is reduced. Meanwhile, the remaining signal portion
that propagates along the incorrect path after the polarization combiner
does not distort the interference signal recorded on the corresponding
photodetector, since the signal and local oscillator pulses, which in this
case have the same repetition rate, do not move relative to each other so
that this signal portion is not sampled by the local oscillator. Thus, the
signal portion in the incorrect path would just result in background noise
at the repetition frequency of the signal comb, which can be �ltered out
either digitally or electronically. This makes the proposed LiDAR system
suitable for a wide range of targets. We found that for example a retrore-
�ector leads to a similar strength in the target interferogram as the silver
mirror used, but with the additional bene�t that it is less sensitive to the
angle of incidence.

For the data acquisition, we used a digital oscilloscope (WavePro 254HD,
Teledyne LeCroy). To avoid distortions of the signal, we used a low-pass
�lter at the Nyquist frequency determined by the sampling rate of the
local oscillator signal.

3.3 Vernier principle for dual-comb ranging

In this section, we give an overview of how we analyze the interferograms
from the photodiodes to extend the ambiguity range via the Vernier ef-
fect [10]. These interferograms encode the relevant information about the
optical domain. In particular, the delay between two subsequent interfero-
grams corresponds to the delay between the replicas in the optical domain
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3. Long-distance dual-comb ranging with moving targets

via a scale factor of D frep/ frep = 3.63 � 10�6:

tTR,o = tTR,el
D frep

frep
. (3.2)

Since the delay between subsequent reference interferograms tRR,el cor-
responds to the inverse pulse repetition rate difference, D frep is reassessed
at every measurement instance meaning that slow drifts in D frep are re-
moved, so only noise components with frequencies of order D frep or
higher are relevant for the uncertainty in the distance measurement.

The intrinsic ambiguity range of the ranging system using only one of
the two photodiode signals is determined by the repetition rate according
to

RA,j =
ugroup

2 � frep,j
� 0.93 m, (3.3)

where index j indicates the comb sent to the target. The fundamental
reason for this limitation originates from the indistinguishability of the
pulse replicas produced by the re�ection of the signal beam by the target.
Consequently, the measured signal pulses exhibit a discrete translational
symmetry. Therefore, the true distance between reference plane and target
can be written as

d = mod
� ugroup

2
tTR,o, RA,j

�
+ m � RA,j

= dmod,j + m � RA,j,
(3.4)

where the measured quantity dmod,j is the distance modulo the ambiguity
range. Since this one signal is not suf�cient for �nding the integer m, our
setup is designed to perform a simultaneous distance measurement with
the roles of signal beam and local oscillator interchanged.

Both signal combs sample the same absolute distance d, and therefore
with Eq. 3.4 the difference in the measured values is given by

Ddmod = dmod,2 � dmod,1 = m � DRA, (3.5)

where the ambiguity range difference is given by

DRA = RA,1 � RA,2 =
ugroup

2
D frep

frep,1 � frep,2
(3.6)
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3.3. Vernier principle for dual-comb ranging

using Eq. 3.3. Since both Ddmod and DRA are known, Eq. 3.5 can be
rearranged to yield the integer m:

m =
Ddmod
DRA

. (3.7)

The general principle of this process could be compared to a distance
measurement with two rulers with different lengths RA,1 and RA,2 which
are both shorter than the absolute distance to be measured. Both rulers
are used for measuring the absolute distance by stacking them until the
complete distance is covered. The number of times the ruler �ts com-
pletely within the total distance determines the integer m as illustrated
schematically in Fig. 3.2 for m = 2. To retrieve this information after the
measurement, it is suf�cient to know the difference between the two dis-
tances measured with each ruler in their (m + 1)-th stacking position as
this corresponds to the distance Ddmod. Together with Eq. 3.7, this infor-
mation allows then to retrieve the integer number m and consequently the
absolute distance.

Reference (R) Target (T)

dmod,2

dmod,1

RA,1

RA,2

��dmod

��RA

Figure 3.2: Illustration of the ambiguity range extension by leveraging the Vernier effect at the
example of two rulers with different lengths RA,1 (blue) and RA,2 (green). Both rulers �t twice
within the absolute distance between reference (R) and target (T), meaning that for this example
m = 2. According to Eq. 3.7, the difference between their length DRA is thus exactly one half
of Ddmod.

The Vernier-based extension of the ambiguity range fails once the value
of m is different for the two measurement channels, as in this case, Eq. 3.5
becomes invalid. The highest number of intrinsic ambiguity ranges RA,i
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3. Long-distance dual-comb ranging with moving targets

of comb i that can be stacked to cover the distance d before this happens
is labeled mmax,i. It is de�ned by the requirement that the accumulated
difference in ambiguity range mmax,i �DRA matches the intrinsic ambiguity
range of comb j. This condition can be framed mathematically as

mmax,i � DRA = RA,j, (3.8)

with i 6= j. Accordingly, the new effective ambiguity range is de�ned
as the distance that can be covered by stacking mmax,i times the intrinsic
ambiguity range of comb i:

Rvernier
A = mmax,i � RA,i =

RA,j � RA,i

DRA
=

ugroup

2D frep
. (3.9)

Notice that Rvernier
A is on the order of 258 km for our measurement

system which far exceeds the requirements of many practical applications.
This gives room for increasing the repetition rate difference between the
two combs which leads to higher update rates while still maintaining an
ambiguity range suitable for most applications.

3.4 LiDAR measurements

In this section we present our experimental results. Since our goal is to
perform proof-of-principle demonstrations of the new dual-comb LiDAR
approach, we do not account for the group index of air or the lenses.
Hence, all distances are inferred via the speed of light in vacuum. Infer-
ring the physical path length over long distances, e.g. by installing envi-
ronmental monitoring along the path [143, 144] or by a two-color approach
[145] to correct for the air dispersion, will be the subject of future work.
The absolute delays that are used to infer the distance are themselves
inferred from our knowledge of the laser repetition rates. Since these
repetition rates are measured with a spectrum analyzer (8592L, Hewlett-
Packard), the clock on that device currently de�nes the scaling of the delay
axis.

3.4.1 Measurement of the Vernier splitting

For a �rst proof-of-principle demonstration, we chose a target at a distance
of 10.77 m away from the FC/PC-�ber tip reference plane in free-space.
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3.4. LiDAR measurements

This measurement distance is more than eleven times longer than the in-
trinsic ambiguity range of the laser ugroup/(2 � frep) = 0.93 m. The target in
the signal arm of the LiDAR is a mirror mounted on a home-built shaker
oscillating with a frequency of 9.9 Hz. To provide a reference measure-
ment that can be used to continuously track the motion of the moving
mirror and thereby validate the results from the dual-comb LiDAR mea-
surement, we integrate a helium-neon (He-Ne, l = 632.8 nm) laser-based
Michelson interferometer into our setup. The beam in the measurement
arm of the Michelson interferometer is spatially overlapped with the sig-
nal beam of the LiDAR by using a dichroic mirror (DM) as illustrated in
Fig. 3.1.

To avoid saturating the photodetectors used for this experiment (PD1
and PD2 in Fig. 3.1), the optical power coupled into the dual-comb LiDAR
frontend is attenuated so that only around 1 mW per comb is sent towards
the target. In case of less ideal or more distant targets, the optical power
in the target arm could be increased signi�cantly to enhance the signal
strength. This would allow to resolve low-power back re�ections by in-
terfering them with a high-power local oscillator. If necessary, coherent
averaging of subsequent interferograms could even give access to signals
buried within the noise �oor of the measurement.

The interferograms, obtained by linear optical sampling of the return-
ing signal comb by the local oscillator comb, are shown in Figs. 3.3(a-b).
In Fig. 3.3(a), comb 1 serves as local oscillator while comb 2 is used as the
signal beam. Since frep,1 < frep,2, in this con�guration the local oscillator
pulses advance in time compared to the signal pulses. Consequently, the
order in which the pulse replicas from re�ections at the reference plane
and the target appear in the electronic signal is equivalent to the order of
those pulses in the optical signal. Thus, the time tTR,1 is measured from a
reference peak to the following target peak. In Fig. 3.3(b) the role of signal
beam and local oscillator is interchanged compared to Fig. 3.3(a). In this
case, the local oscillator pulses are delayed compared to the signal pulses
so that the order of reference and target peaks is reversed in the electronic
domain with respect to the order of these pulses in the optical domain.
Thus, the delay tTR,2 is measured from a reference peak to the preceding
target peak as indicated in Fig. 3.3(b). The small signals of tertiary height
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3. Long-distance dual-comb ranging with moving targets

just above the noise �oor are caused by stray re�ections of the pulses in
the LiDAR setup. They can be easily identi�ed by their amplitude and do
not affect the measurement.
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Figure 3.3: LiDAR measurement: (a) Interferograms in the electronic time domain (see Eq. 3.2)
generated by linear optical sampling of the signal beam (comb 2) which is partially re�ected at
the reference plane (R) and the target (T). The delay between the re�ections from the reference
plane and the target tTR,1 in the electronic domain encodes their separation, while the delay
between subsequent reference pulses indicates the update rate of the distance measurement
which is given by the repetition rate difference of the laser tTR,1 = tTR,2 = 1/D frep = 1.72 ms.
Note that the pulse replica generated from the re�ection of the signal beam at the reference
plane is slightly smaller than the back-re�ection from the target. The linear optical sampling of
the signal beam by the local oscillator thus results in smaller reference interferograms compared
to the target interferograms. (b) Similar to (a) but with the roles of signal beam and local
oscillator interchanged, i.e. comb 2 now serves as local oscillator while comb 1 is used as the
signal beam. (c) Zoom on one interferogram (T) corresponding to the pulse replica generated
from the re�ection at the target together with the corresponding envelope.

To determine the delay between subsequent target and reference pulses
indicated by tTR,1 in Fig. 3.3(a) and tTR,2 in Fig. 3.3(b), we need to �nd the
peak of the respective interferograms. For that purpose, we �rst determine
their envelope by computing the magnitude of the analytic signal in the
time domain as obtained from the Hilbert-transform algorithm (Fig. 3.3(c))
to make the signal insensitive to �uctuations in the carrier-envelope offset
phase of the two pulse trains. The peak of the resulting signal can then
be extracted with a �rst-order moment integral of the magnitude squared
of the envelope which is robust against intensity noise on the signal. This
kind of data processing yields time-of-�ight information.

Since the target and reference plane are separated by more than the
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3.4. LiDAR measurements

intrinsic ambiguity range of the system, the delay between the re�ections
from the reference plane and the target differs for the two simultaneous
distance measurements, i.e. tTR,1 6= tTR,2. Figure 3.4(a) shows the result-
ing Vernier splitting Ddmod as de�ned in Eq. 3.5.
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Figure 3.4: (a) Simultaneous measurement of the distance dmod,j, j 2 1,2 (absolute distance
modulo ambiguity range RA,j, j 2 1,2) with the roles of signal beam and local oscillator inter-
changed. The distance Ddmod that separates those distance measurements is referred to as the
Vernier splitting. Each measurement dot is obtained within a time period of 1/D frep = 1.72 ms.
(b) Measurement of the integer number of ambiguity ranges between the reference plane and
the target using Eq. 3.6 and Eq. 3.7 with ugroup = c (speed of light in vacuum). By averaging
those values, we �nd m = 11.008� 0.025 which is close to an integer. (c) Deviation of the esti-
mate of m from the true value (m = 11) as a function of the averaging time (blue dots, left axis)
and probability to estimate the incorrect value for m (red triangles, right axis) if we assume
normally distributed noise for the individual measurements using Eq. 3.10.

The time at which dmod is measured � which corresponds to the time
of the target peaks � is in general not the same for the two measurement
channels. The target peaks in Fig. 3.3(a-b), for example, exhibit a delay of
around 0.8 ms. For a stationary target, it is still possible to just take the dif-
ference between the two measurements to infer the Vernier splitting, but
for a moving target, it is important to account for movements of the target
during the time between two measurements since this could otherwise
lead to systematic errors in Ddmod. To account for this, we linearly inter-
polate between subsequent distance measurements for one of the traces to
estimate dmod at the time when dmod is measured for the other trace. This
can then be used to infer the Vernier splitting. This approach requires no
prior knowledge about the motion of the moving target.

67



3. Long-distance dual-comb ranging with moving targets

The resulting prediction of the integer number of ambiguity ranges be-
tween reference plane and target is shown in Fig. 3.4(b), using Eq. 3.6,
Eq. 3.7 and the data shown in Fig. 3.4(a). The estimated values exhibit a
standard deviation of 0.26 which is a direct consequence of the uncertainty
in the distance measurement. By averaging those estimates for a time tavg,
we can improve the precision of the �nal prediction of m (Fig. 3.4(c)). We
validated that the m value is 11 with an independent measurement us-
ing a ruler. The mean of the predicted values after averaging is mm(tavg),
and sm(tavg) describes their standard deviation. If we assume normally
distributed noise for the individual measurements, we can calculate the
probability to estimate m correctly after an averaging time tavg with an in-
tegral of the corresponding normal distribution over the values that would
be rounded to the correct integer as

P(tavg) =
11.5Z

10.5

1
sm(tavg) �

p
2p

e�
1
2

�
x�mm (tavg)

sm (tavg)

�2

dx. (3.10)

By averaging 6 measurements, which corresponds to an averaging time
of only 10 ms, we can reduce the risk to �nd the incorrect value for m to
less than 10�6 (Fig. 3.4(c)). Furthermore, for an averaging time of 200 ms,
we obtain m = 11.008� 0.025 which is close to the correct integer demon-
strating that our measurement exhibits a negligible systematic error.

3.4.2 Absolute distance measurement of moving target

As a proof-of-principle measurement on a moving target, we capture the
motion of a mirror at a distance of 10.77 m which oscillates sinusoidally
at a frequency of 9.9 Hz (Fig. 3.5(a)). To provide a reference measure-
ment, the relative changes in the target mirror position are simultaneously
recorded with a He-Ne-laser-based Michelson interferometer. The relative
distance changes recorded in the reference measurement are shifted to the
absolute target mirror position as retrieved from the dual-comb LiDAR to
allow for an assessment of the measurement precision. The absolute dis-
tances measured with the dual-comb LiDAR are in close agreement with
the distance changes retrieved from the He-Ne-laser-based Michelson in-
terferometer, as indicated by the residuals shown in Fig. 3.5(b) which ex-
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3.4. LiDAR measurements

hibit a root mean square (rms) deviation of only 0.87 µm. It should be
noted that the dual-comb and He-Ne lasers do not share a complete com-
mon path from reference to target. Hence, various air path length changes
along the >10-m path can contribute to the residuals as well as noise of
the lasers themselves.
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Figure 3.5: (a) Distance between the reference plane and the moving target (mirror mounted on
home-build shaker) measured with the dual-comb LiDAR and a He-Ne-laser-based Michelson
interferometer. Each LiDAR measurement dot is obtained within a time period of 1/D frep =
1.72 ms. The distance measurement with the He-Ne laser is used as a reference to validate the
LiDAR ranging results. (b) Residuals between the distance inferred from the LiDAR measure-
ment and the reference measurement with the He-Ne-laser-based Michelson interferometer.
Without any averaging of the distance measurements, they already amount to an rms deviation
of only 0.87 µm.

3.4.3 Absolute distance measurement of static target

For static or slowly moving targets, the high update rate inherent to the
dual-comb LiDAR technology is still bene�cial as it allows to average the
retrieved distances thereby improving the measurement precision.

To demonstrate the capability of the proposed LiDAR system for high-
precision distance metrology, we replaced the shaker in Fig. 3.1 with a
�xed mirror serving as a static target. Furthermore, we increased the
repetition rate difference to D frep = 666 Hz. The distance measurements
over an observation time of 1 s are shown in Fig. 3.6(a). The corresponding
Allan deviation is shown in Fig. 3.6(b). Without averaging, i.e. with an
update time of 1/D frep = 1.50 ms, we achieve a measurement precision of
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3. Long-distance dual-comb ranging with moving targets

0.29 µm.
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Figure 3.6: (a) Absolute distance measured between a reference plane and a static target over a
time scale of 1 s. Each measurement dot is obtained within a time period of 1/D frep = 1.50 ms.
(b) Allan deviation with error bars indicating the 1s standard deviation as estimated from �ve
subsequent distance measurement data sets, each with a duration of 1 s. This illustrates the
measurement precision for varying averaging times as detailed in Appendix A1. The instan-
taneous precision is 0.29 µm, while for an averaging time of 200 ms we achieve a precision of
around 33 nm. For averaging times up to around 50 ms, the precision improves proportionally
to the square root of the measurement time as expected for white noise in the inferred distance.
The dashed red line has a slope of -0.5.

The precision can be increased by averaging out most of the zero-mean
high-frequency noise such as detector shot noise or thermal electric noise
with frequencies above 1/tavg, where tavg is the averaging time. This
behavior can be observed in Fig. 3.6(b) where the Allan deviation is ini-
tially decreasing. The associated increase in precision is proportional to
the square root of the averaging time, as expected for white noise (such
as shot noise or electronic noise), yielding a precision of around 33 nm in
200 ms averaging time. Compared to the absolute distance of more than
10 meters, this corresponds to a relative precision of about 3 � 10�9. For
longer averaging times, the Allan deviation starts to increase again which
we attribute to the growing impact of low-frequency noise sources such as
thermally induced path length changes [146] and slow-frequency drifts of
the repetition rate frep. Since we estimate the repetition rate to be stable
within around 40 mHz (for a frequency noise power spectral density in-
tegration range of [10 Hz, 10 kHz]) for both lasers, which corresponds to
a relative stability of 2.5 � 10�10 [46], we expect the latter to be negligible
[14]. Due to the increasingly dominating impact of external low-frequency
noise sources for longer averaging times, we limited the measurement du-
ration to 1 second.
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3.4. LiDAR measurements

3.4.4 Extended measurement distance and resolution limitations

Based on an analytical model describing time-of-�ight based dual-comb
ranging with femtosecond lasers in the presence of timing jitter, it has been
predicted that the ranging precision and consequently the uncertainty in
the estimate of m does not signi�cantly degrade over longer measurement
distances, i.e. for larger values of m [14]. Only when m becomes com-
parable to frep/D frep, which corresponds for our laser con�guration to
ranging at tens of kilometers, the timing error accumulated during the
propagation time of the signal pulse along the measurement path (which
is approximately m/ frep) starts to become relevant. An increased timing
error affects the measurement precision and thus the uncertainty in m.
In this case, a low bandwidth repetition rate locking could be applied to
mitigate the accumulated timing error.

The precision with which m can be estimated depends on the ranging
precision and on the Vernier splitting after a single ambiguity range (see
Eq. 3.7), which corresponds to the propagation distance of light during
one delay step between the two pulse trains, i.e. during D frep/( frep,1 frep,2).
By increasing D frep, this delay step is increased so that for a given rang-
ing precision the noise in estimating m is reduced. Moreover, a higher
D frep also leads to less accumulated timing jitter between corresponding
reference and target pulses (since a narrower range of noise frequencies
contributes to the jitter when D frep is increased [46]), which bene�ts the
ranging precision. Hence, with a higher repetition rate difference, the
measurement precision of m is increased [14].

Finally, provided the speed of the target is signi�cantly less than RA �
D frep which is typically on the order of a few hundred meters per second,
the uncertainty in m can always be averaged down by increasing the in-
tegration time. This approach also bene�ts from an increased repetition
rate difference as the associated higher update rate allows to average more
data points within the same integration time which further increases the
con�dence in the estimated value of m. Notice, however, that the repeti-
tion rate difference should always remain low enough to satisfy

D frep �
f 2
rep

2Dnopt
, (3.11)
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to prevent spectral aliasing, where Dnopt is the full optical bandwidth
shared by the two frequency combs as detailed in Appendix A2. An
increased repetition rate difference with a constant repetition rate thus
comes at the cost of a narrower spectrum and thus longer pulse durations
leading to reduced time resolution in time-of-�ight-based ranging appli-
cations. This restriction imposed by the aliasing condition can be softened
by substituting the interferometric detection with two-photon detection
[147].

3.5 Conclusion and outlook

We have demonstrated a dual-comb LiDAR system using a free-running
dual-comb oscillator combined with a novel �ber-based dual-comb LiDAR
frontend to extend the range. Measuring the distance simultaneously with
the roles of signal beam and local oscillator interchanged allows to ex-
tend the ambiguity range to several hundred kilometers by leveraging
the Vernier effect. The dual-comb LiDAR frontend is implemented as a
�ber-based setup that is insensitive to misalignments and environmental
disturbances. Furthermore, it relies solely on standard off-the-shelf com-
ponents which makes it easy and cheap to implement. Since the reference
comes from a Fresnel re�ection at the output-�ber tip, the measurements
are immune to refractive index changes in the �bers.

To demonstrate the suitability of the setup for rapid and precise long-
distance ranging, we �rst measured the absolute distance to a moving tar-
get over a distance of more than 10 m. The moving target is implemented
with a mirror mounted on a shaker which performs sinusoidal oscilla-
tions at a frequency of 9.9 Hz. A comparison of the measured distance to
a reference measurement with a He-Ne-laser-based Michelson interferom-
eter reveals micrometer precision, meaning that with our system we can
reliably track the motion of a moving target. Compared to the absolute
distance of about 10.77 m between reference plane and target, this corre-
sponds to a relative precision of more than 10�7 without any averaging
required.

With averaging, even higher precision is possible. To demonstrate this,
we performed a measurement on a static target (�xed mirror mounted at
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a distance of more than 10 m away from the reference plane). The instan-
taneous precision is 0.29 µm with an update time of 1.50 ms, and with
averaging over a time scale of around 200 ms even sub-40 nm precision is
possible. This corresponds to a precision signi�cantly below l/4, mean-
ing that the time-of-�ight-based distance measurement could be combined
with an interferometric approach [11] to obtain higher precision. How-
ever, because we reach 3 � 10�9 relative precision further improvements
are limited by the atmospheric �uctuations and not by the measurement
sensitivity.

To combine the demonstrated time-of-�ight-based distance measure-
ment with an interferometric approach, while simultaneously extending
the measurement distance to a longer range, we plan to account for re-
fractive index variations along the measurement path. In combination
with the inherent capability of the dual-comb LiDAR technology to de-
tect low-power back re�ections from a distant or non-cooperative target
by interfering them with a high-power local oscillator [138], we expect to
push the boundary of precision long-distance ranging with free-running
dual-combs even further.

In addition, the solid-state dual-comb laser technology we use is well
suited for scaling up the laser repetition rate to the gigahertz range, which
would increase both measurement speed and accuracy [148], and still al-
low for km-scale ambiguity ranges after accounting for the Vernier split-
ting using our robust �ber-based dual-comb LiDAR frontend. This in turn
would enable higher measurement rates in the 100 kHz regime. Our re-
sults thus represent an important step for practical use of long-range and
high-precision dual-comb-based ranging.

3.6 Appendix A1: Computation of Allan deviation and

error bars

For non-stationary quantities such as the distance measured with our
dual-comb LiDAR system which is subject to slow-frequency drifts, the
standard deviation is not well-de�ned. To still describe the stability of
such quantities, a broadly accepted tool is the Allan deviation [149].
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3. Long-distance dual-comb ranging with moving targets

For the stability analysis in this work we calculate the overlapping Al-
lan deviation which is an adapted form of the traditional Allan devia-
tion but with the advantage that it makes maximum use of the available
data by forming all possible overlapping samples at each averaging time t
[150]. Speci�cally, for assessing the stability of the distance measurement
we de�ne the overlapped Allan deviation as

sDd(t) =

vuuut 1
2m2(M� 2m + 1)

M�2m+1

å
j=1

2

4
j+m�1

å
i=j

(di+m � di)

3

5
2

, (3.12)

where di is the i-th distance measurement, M is the total number of dis-
tance measurements performed and m is the averaging factor which de-
�nes the averaging time t = m/D frep.

To determine the uncertainty in sDd(t) for a certain averaging time
t = m/D frep, we repeatedly calculate the Allan deviation for �ve sub-
sequent distance measurement data sets, each with a duration of 1 s.
The obtained values are used to compute the 1s standard deviation in
sDd(t = m/D frep), which is expressed in terms of error bars in Fig. 3.6(b).

3.7 Appendix A2: Condition to prevent spectral aliasing

Within the full bandwidth Dnopt shared by the two optical frequency
combs, there are

N =
Dnopt

frep
(3.13)

pairs of comb lines. These N pairs get down-converted to N radio-frequency
(RF) comb lines via photodetection of the heterodyne beat signal between
the frequency combs. The bandwidth of the resulting RF spectrum is

BRF = N � D frep =
Dnopt � D frep

frep
. (3.14)

Because all pairs of optical comb lines can mix, there are many repli-
cas of the same RF comb. To unambiguously distinguish the individual
replicas, the RF combs should not overlap. Therefore, the bandwidth BRF
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must satisfy the aliasing condition

BRF �
frep

2
. (3.15)

By combining Eq. 3.14 and Eq. 3.15, we arrive at a constraint on D frep:

D frep �
f 2
rep

2 � Dnopt
. (3.16)
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Chapter 4

Real-time and dead-zone free dual-comb

ranging with moving targets and

interferometric precision

In this chapter, we discuss and optimize several core aspects that limited
the performance of the dual-comb ranging instrument presented in Chap-
ter 3:

� We exchange the 160-MHz Yb:CaF2 dual-comb laser used in the pre-
vious setup with a prototyped single-cavity dual-comb laser (also
based on Yb:CaF2) which operates at a higher pulse repetition rate
of 1 GHz. This allows for an increased D frep (and thus a higher mea-
surement update rate) of several kHz without suffering from spec-
tral aliasing (cf. Section 3.7). Furthermore, the prototyped laser is
suf�ciently stable to leverage the phase information encoded in the
dual-comb interferograms which allows for interferometric distance
measurements.

� We develop a novel free-space transceiver unit which (i) consists
mainly on free-space components to minimize spurious ghost pulses
(e.g., from polarization projections due to imperfections in �ber com-
ponents) which can degrade the measurement precision and (ii) pro-
duces two reference re�ections to enable dead-zone free measure-
ments.
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� We equip the ranging instrument with a GPU-accelerated algorithm
to allow for real-time signal processing up to an update rate of
>7 kHz.

To demonstrate these capabilities inherent to the upgraded dual-comb
ranging instrument, we track the distance to a moving target (retro-re�ector
mounted on a computer-controlled motorized trolley which can move
along a linear comparator bench) over a 40-m range at an update rate of
5.06 kHz. We report a time-of-�ight precision of �0.1 µm and an accuracy
of �3 µm over the entire distance. By leveraging the interferogram phase,
the single-shot measurement precision can be even further improved to
<20 nm. More details about this ranging instrument are provided in the
following preprint:

Title: �Long-range and dead-zone free dual-comb ranging for
the interferometric tracking of moving targets�, [151]

Journal: arXiv
doi: 10.48550/arXiv.2411.05585
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Abstract: Dual-comb ranging has emerged as an effective technology for
long-distance metrology, providing absolute distance measurements with
high speed, precision, and accuracy. Here, we demonstrate a dual-comb
ranging method that utilizes a free-space transceiver unit, enabling dead-
zone-free measurements and simultaneous ranging with interchanged comb
roles to allow for long-distance measurements even when the target is
moving. It includes a GPU-accelerated algorithm for real-time signal pro-
cessing and a free-running single-cavity solid-state dual-comb laser with
a carrier wavelength lc � 1055 nm, a pulse repetition rate of 1 GHz and
a repetition rate difference of 5.06 kHz. This combination offers a fast up-
date rate and suf�cient signal strength to reach a single-shot time-of-�ight
precision of around 0.1 µm (i.e. < lc/4) on a cooperative target placed at
a distance of more than 40 m. The free-running laser is suf�ciently stable
to use the phase information for interferometric distance measurements,
which improves the single-shot precision to < 20 nm. To assess the rang-
ing accuracy, we track the motion of the cooperative target when moved
over 40 m and compare it to a reference interferometer. The residuals be-
tween the two measurements are below 3 µm. These results highlight the
potential of this approach for accurate and dead-zone-free long-distance
ranging, supporting real-time tracking with nm-level precision.

79



4. Real-time and dead-zone free dual-comb ranging with moving targets
and interferometric precision

4.1 Introduction

Long-range absolute distance measurements are crucial for a wide range
of application �elds, e.g., satellite navigation and formation �ying [152,
153], surveying, geodesy and mapping [154�156], autonomous driving
[157�159] and the precision manufacturing industry [160�162]. The de-
manding requirements of these applications in terms of speed, range, pre-
cision, and accuracy propelled the development of various techniques for
absolute distance measurements such as pulsed time-of-�ight (ToF) Li-
DAR [120, 163], amplitude-modulated continuous-wave (AMCW) LiDAR
[156, 164], frequency-modulated continuous-wave (FMCW) LiDAR [165,
166], and synthetic wavelength interferometry [123, 167].

Femtosecond pulsed lasers and optical frequency combs [1�3, 70] en-
able boosting the performance of conventional ranging technologies [15,
16, 27, 29] and the development of new techniques such as dual-comb
ranging [7, 73, 136, 168]. Dual-comb ranging is particularly interesting
for high-precision applications at long range, as it can combine absolute
distance information (from a ToF-based measurement) with the high pre-
cision of interferometric measurements. This technique is based on linear
optical sampling of a signal pulse train (which probes the distance be-
tween a reference and target plane) with a local oscillator pulse train [7].
This sampling is enabled by the pulse repetition rate difference D frep be-
tween the combs. It leads to a down-conversion of the optical time- and
frequency domain information to the more accessible electronic domain
which allows for precise measurements of the distance between reference
and target.

With a source that exhibits a high pulse repetition rate frep, the dual-
comb ranging approach also offers a fast update rate (determined by
D frep) which is limited by the aliasing condition to D frep < f 2

rep/(2Dnopt)
for a given Dnopt (full optical bandwidth shared by the two combs). For ex-
ample, a pair of 100-GHz silicon-nitrite micro-ring resonators enabled an
ultra-high update rate of 96 MHz [32]. However, the high repetition rate
leads to a reduced non-ambiguity range (NAR) in distance measurements.
The NAR is given by RA,i = ug/(2 frep,i), where the index i = 1, 2 indi-
cates the signal comb used to sample the distance between the reference
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and target plane, and ug is the group velocity. For a 100-GHz dual-comb
system, RA,i is around 1.5 mm in ambient air.

Established dual-comb generation platforms based on femtosecond solid-
state and �ber lasers with repetition rates of around 100 MHz offer a much
larger NAR. However, such lasers do not support a high update rate un-
less with a considerably narrowed optical bandwidth [169] or alternative
detection schemes [147], leading to reduced single-shot precision. This
highlights the challenge of combining long-distance measurements with
high precision and fast update rates to track moving objects.

To address this, we utilized a low-noise 1-GHz solid-state dual-comb
with a repetition rate difference of D frep = 5.06 kHz as this provides a rea-
sonably fast update rate for tracking moving targets, while maintaining a
broad bandwidth and large photon number per pulse to enable a high
single-shot measurement precision. This laser source is combined with
a free-space transceiver unit which avoids problematic spurious ghost
pulses, enables dead-zone free measurements at all distances by creat-
ing two slightly delayed reference re�ections, and allows to measure the
distance simultaneously with the role of the two combs interchanged to
extend the non-ambiguity range using the Vernier effect [7], even for tar-
gets in motion [119].

To leverage the high measurement update rate, we developed a GPU-
accelerated data acquisition platform to process the acquired electronic
signals, extract the ToF distance, and perform the phase-based interfero-
metric ranging in real-time to enable continuous tracking of the target’s
position with interferometric precision. For this application, the GPU of-
fers faster processing speeds compared to a CPU, particularly for com-
putations such as the Fast Fourier Transform (FFT) which are well-suited
for parallelization. Furthermore, GPU based approaches are appealing
for dual-comb data processing since they combine real-time processing
capabilities with a convenient programming interface [170, 171].

The dual-comb ranging setup, including the data-analysis routine, is
discussed in Section 4.2. To assess the accuracy and precision of the dual-
comb ranging system, we track the motion of a movable trolley on a lin-
ear comparator bench over a distance of 40 m which is discussed in Sec-
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tion 4.3. Section 4.4 summarizes the key results of this work.

4.2 Experimental setup

4.2.1 Theoretical background on ToF precision

The precision of dual-comb interferogram (IGM) arrival time estimation
can be formulated in terms of a more general ToF estimation framework
as follows: The Cramer-Rao Lower Bound (CRLB) for the arrival time
of a pulse in a ranging measurement subject to additive white noise is
summarized in Ref. [172]. Adapting this bound for the case of dual-comb
ranging under the assumption that the measurement is shot-noise limited
and that the local oscillator has a much higher average power than the
returning signal comb, we �nd a simple approximate lower bound on the
time-of-�ight variance due to the additive noise �oor:

s2(topt) > O(1) �
1

Dnopt � frep � Nphoton
, (4.1)

where Nphoton is the effective number of detected photons of the returning
signal beam, and O(1) represents a pulse-shape dependent prefactor. It
has been shown that direct ToF calculations can readily be used to obtain
µm-level precision [7, 73, 136]. Obtaining precise ToF estimates is particu-
larly crucial to leverage the phase information in the IGMs. If the ToF can
be reliably determined to better than lc/4, the distance estimate can be
re�ned by the much more sensitive IGM phase measurements [7].

Eq. 4.1 shows how gigahertz repetition rate lasers with broad optical
bandwidth are preferable in terms of ToF precision. However, another rel-
evant consideration is the NAR. As discussed in Ref. [7], when the target
is measured simultaneously with the role of the combs interchanged, it is
possible to infer the number of non-ambiguity ranges to the target without
recourse to a separate measurement. To accomplish this, it is necessary to
determine the ToF to within one half of the optical delay step between
subsequent pairs of pulses which is given by:

Tstep =
D frep

f 2
rep

. (4.2)
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Few-gigahertz lasers represent a sweet spot where a realistic ToF precision
is suf�cient for both interferometric hand-over and non-ambiguity range
unwrapping, while also offering fast (kilohertz) update rates. For exam-
ple, a 1-GHz dual-comb with 3-THz optical bandwidth, a repetition rate
difference of D frep = 5 kHz and a wavelength of 1 µm requires a ToF
estimation to within 2.5 fs for non-ambiguity range estimation and 1.7 fs
for interferometric hand-over. Applying these values to Eq. 4.1 assuming
a 1-µW returning power and a photodiode responsivity of 0.7 A/W yields
a CRLB of 0.6 fs, i.e. suf�cient for both steps assuming peak �nding at the
CRLB limit.

Based on the above considerations, gigahertz solid-state lasers are com-
pelling sources for precise and long-distance dual-comb ranging as they
offer kilohertz measurement update rates, multi-THz bandwidths, low-
noise properties, and a direct free-running oscillator-based setup with
minimal complexity and substantial average power. We demonstrate this
potential via a novel dual-comb laser source, a new transceiver unit de-
sign, and a real-time data processing routine.

4.2.2 Laser Source

The laser source is a gigahertz single-cavity dual-comb laser conceptually
similar to the one presented in Ref. [37]. The laser is shown in Fig. 4.1 with
open lid. It uses single-mode diode pumping and a spatially multiplexed
cavity [45]. Compared to the Yb:CALGO laser in Ref. [37], the main mod-
i�cations are (i) the use of a different gain medium, Yb:CaF2; (ii) use of
two pump diodes instead of one; and (iii) integration of the laser into a
robust prototype setup. The Yb:CaF2 gain material is bene�cial in the con-
text of low-noise lasers since it has a lower nonlinear refractive index than
Yb:CALGO [173, 174], and offers a small emission cross section which en-
ables a low relaxation oscillation frequency and therefore strong low-pass
�ltering of pump intensity noise [175].

The laser operates in the soliton modelocking regime [117] with a nom-
inal round-trip group delay dispersion (GDD) of -150 fs2, and modelock-
ing is obtained by a semiconductor saturable absorber mirror (SESAM)
[115] with � 1 ps recovery time. The combs are coupled into individual
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Laser cavity

Pump input

Laser output

Figure 4.1: Picture of the laser in a prototyped housing. The pump input is highlighted in
green, the laser cavity in red and the laser output in blue. Not shown in this image are the
�ber collimation units which were later installed in the laser output to couple the light into
single-mode �bers.

Unit Comb 1 Comb 2
Center wavelength nm 1056 1055
Paverage (oscillator) mW 108 100
Paverage (�ber) mW 75 70
Bandwidth (oscillator) nm 14 10
Bandwidth (�ber) nm 22 17
frep (nominal) GHz 1.041
D frep (tuning range) kHz 0 to 200

Table 4.1: Dual-comb laser parameters. The average power Paverage is speci�ed for both the
direct oscillator output and after the beam delivery �bers. Bandwidth refers to the full width
at half maximum (FWHM).

single-mode �bers for beam delivery to the transceiver unit with about
70% ef�ciency. The performance characteristics are summarized in Table
4.1.

Intensity noise of the pump laser leads to timing jitter on the two
combs. This issue was examined in detail for similar lasers before [37,
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175]. In Ref. [37], correlated timing jitter �uctuations were obtained by
splitting a single pump diode into two equal parts to pump each comb.
Here, we adopt a different approach by using two pump diodes combined
through a 50:50 �ber splitter so that each combs’ pump contains around
half of the power from each diode. This results in correlated pump power
�uctuations, hence reducing the pump power induced effects on the tim-
ing jitter of D frep.

The two low-noise combs emitted by the laser are coupled into FC/APC
single-mode �bers inside the prototype housing to deliver the light to the
transceiver unit which will be discussed next.

4.2.3 Dual-comb transceiver unit

Our previous dual-comb ranging setup used a �ber-based transceiver unit
[119], which enabled alignment-free operation while measuring the tar-
get distance with both combs simultaneously acting as signal comb and
each others local oscillator, thereby enabling Vernier-based non-ambiguity
range unwrapping [7]. An FC/PC output �ber was used to generate a
reference re�ection from its end face. However, we found that the �ber-
based setup exhibited multiple etalon-like effects leading to ghost pulses
that can reduce the measurement precision when they are close to the tar-
get re�ection. These effects arose from polarization projections due to im-
perfections in the �ber components, and from a �cavity� formed between
the output �ber tip and the target. Additionally, the reference re�ection
also led to a so-called dead-zone [47] when the target is an integer num-
ber of cavity lengths away from the �ber tip, as this causes the target and
reference re�ections to arrive at the same time and therefore interfere with
each other. Such ghost-pulses and dead-zones can limit the applicability
of a ranging system for continuous measurements.

To address these issues, we have developed a new setup that offers
dead-zone free measurements at any distance. Fig. 4.2 shows a schematic
of this new transceiver unit. Similar to the implementation in Ref. [119], it
also allows measuring the target distance simultaneously with the roles of
the combs interchanged. In particular, we are combining the orthogonally-
polarized combs with a Wollaston prism and send them together through
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a polarization-maintaining (PM) single-mode �ber for mode-matching so
that they are colinear along the measurement path. This ensures that both
combs travel the same distance along the propagation path between the
reference and target. On PDi, (i = 1, 2) we can then record the distance
probed with comb i, while comb j, (j = 2, 1) serves as local oscillator
to map the optical signal pulses re�ected by both references and target
into the electronic time domain. This downconversion allows for easy
detection of these signals with a photodiode (DET08C/M, Thorlabs) and
subsequent electronic ampli�cation (ENA220-T, RF-Bay), while still main-
taining the high measurement precision inherent to the optical time do-
main. We use the two measurements to deduce the number m 2 N 0 of
non-ambiguity ranges RA,i to the target, thereby extending the effective
non-ambiguity range to several kilometers using the Vernier effect. Fur-
thermore, since these measurements are recorded simultaneously, we can
perform this computation for each D frep period of the data which allows
tracking moving targets at long distances [119].

Target (T)

Reference (R 1)Beamsplitter

Beamsplitter

Wollaston
prism

Periscope

Output-
coupler

Reference (R 2)

Photo-
detector (PD 2)

Photo-
detector (PD 1)

Comb 2

Comb 1

Figure 4.2: Schematic of the dual-comb transceiver unit with the polarization of comb 1 (comb
2) indicated in green (blue). The input polarization was adjusted with �ber polarization con-
trollers on the delivery �ber from the laser source to the transceiver unit.

The transceiver unit mainly relies on free-space components to sup-
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press unwanted re�ections or polarization projections that lead to etalon-
like features in the IGMs. Although such re�ections are still present in our
measurement, they are close to the noise �oor as visible in Fig. 4.3(a, b)
which shows typical interferogram traces. The IGM signals correspond to
the light re�ected by the target (T) and the two references (R1 and R2). The
reference re�ections are generated outside the target path using an output
coupler (see Fig. 4.2), as this prevents the formation of a cavity between
the reference and target planes. The delay tRR,i = 1/D frep between con-
secutive pairs of signals from the same reference (i.e. R1 to R1 and R2 to
R2) provides the repetition rate difference and the delay tRT,i between the
target and reference re�ections encodes the measurement distance. Thus,
the absolute distance based on the time-of-�ight information is

dToF =
ug

2
� tRT + m � RA,i. (4.3)

(a)

(b)

(c)

��RR, 1

T

��RR, 2

T

��RT, 1

��RT, 2

R1 R2 R1 R2

R1

R2

R1R2R1R2

T T

Figure 4.3: (a) Interferogram trace which shows the reference re�ections (R1 and R2) and target
re�ection (T). The delay tRT,1 encodes the separation between reference and target, while the
delay tRR,1 = 1/D frep = 198 µs indicates the measurement update rate. (b) Interferogram
signal recorded on the second photodetector with the roles of signal beam and local oscillator
interchanged. This simulteaneously-recored second channel allows to extract the number of
non-ambiguity ranges on each measurement period. (c) Zoom on the two reference IGMs
which allow for dead-zone free measurements.

To avoid dead-zones from the overlap of reference and target interfer-
ograms, the transceiver unit creates two reference re�ections with a small
offset relative to each other as visible in Fig. 4.3(c). This ensures that
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there is always at least one reference not overlapping with the target IGM.
In case the target IGM would overlap with one of the reference IGMs,
i.e. if we are within the dead-zone, the second (undistorted) reference
can be still be used to (i) get an accurate estimate of the reference posi-
tion; (ii) subtract the distorted reference IGM to clean the target IGM and
thereby enable dead-zone free measurements as discussed in detail in the
next section; and (iii) infer and correct for the laser timing �uctuations by
tracking D frep via tRR,i. To also account for �uctuations in frep, we record
the down-mixed product between the pulse repetition rates and a 1-GHz
output of a signal generator, alongside the interferometric dual-comb sig-
nals, on our data acquisition card (M4i.4451-x8, Spectrum Instrumenta-
tion). The clock of the data acquisition card and the signal generator are
both synchronized to the same 10-MHz Rubidium atomic clock (FS725,
Standford Research Systems) which enables tracking the absolute value of
frep.

4.2.4 Data analysis

Real-time phase- and timing correction of the dual-comb interferograms
is a critical aspect for obtaining large datasets, long integration times, or
deploying such systems to real-world measurements. Two of the most
popular strategies are solutions based on FPGAs [39] and GPUs [170, 171].
FPGAs are advantageous in terms of low power consumption and low la-
tency, but GPUs are more user-friendly as they can be programmed with
standard programming interfaces such as CUDA (as opposed to the hard-
ware description tools necessary for FPGA development). There are sev-
eral data acquisition cards with established interfaces to the GPU, making
this a generally accessible approach. Here we use a GPU approach based
on the M4i.4451-x8 digitizer card (Spectrum Instrumentation), operating
at a sampling rate of 125 MS/s. Our approach is conceptually similar to
those discussed elsewhere, but adapted to the particular data processing
steps involved with the new transceiver unit.

An overview of the data processing steps performed by the real-time
GPU algorithm is shown in Fig. 4.4. We distinguish between the cases
outside the dead-zone, i.e. when the reference and target IGMs do not
overlap (Fig. 4.4(a)), and within the dead-zone, i.e. when the target IGM
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is distorted (Fig. 4.4(b)). In both cases, the data is �rst transferred to
the GPU, followed by a frequency-shift of the dual-comb signal towards
DC and a Hilbert transform to extract the envelope. We then compute
(i) the phase delay between the two references R1 and R2, (ii) the phase
delay to the corresponding references in the previous period and (iii) the
center-of-mass of the references using a second-order moment integral
where we additionally �lter out signals below a certain threshold to be
less susceptible to ghost pulses.

T

T

T

T

T

T T

T

T

Data transfer

(a)

Hilbert transform Identify clean 
references

CoM & phase of
references

Outside dead-zone (reference and target interferograms separated)

Remove distorted
references

T

Determine ToF
and phase to GPU to get envelope

TR1 R2 R1 R2 R1 R2R1 R2 R1 TR1

R1 R2 R1 R2 R1 R2R1 R2 R1 R2

Inside dead-zone (reference and target interferogram overlapping)(b)

Figure 4.4: Relevant processing steps of the GPU-accelarated algorithm for the time-of-�ight
and phase-based distance measurement (a) outside the dead-zone and (b) within the dead-
zone. The clean references, i.e. those not overlapping with the target IGM, are indicated in
light green. T: target interferogram, Ri : reference interferograms, CoM: center-of-mass.

To allow for a comparison between references, we then use this infor-
mation to compute the difference between the reference IGMs by subtract-
ing one interferogram from the other while accounting for the measured
difference in their amplitude and phase. By comparing the two references
R1 and R2 with each other and to the corresponding reference in the pre-
vious period, we can determine if one of them overlaps with the target,
and also identify which reference overlaps if there is one. The references
not overlapping with the target IGM are marked as clean references.

The center-of-mass and phase-delay computed for the clean references
allows to update the measurement parameters such as e.g., D frep, and
clean the target IGM in case it overlaps with a reference by subtracting the
clean reference from the distorted reference as illustrated in Fig. 4.5. For

89



4. Real-time and dead-zone free dual-comb ranging with moving targets
and interferometric precision

this subtraction procedure, we account for the measured difference in the
position, amplitude, and phase between the references (based on the most
recent measurement where both references were clean). Finally, we obtain
clean reference and target IGMs from which we can calculate the time-
of-�ight and phase delay required for extracting the distance information.
To make the Vernier-based non-ambiguity range extension more robust
against small �uctuations in the measured ToF-distance, we calculate the
number m of non-ambiguity ranges with an exponential moving average
and restrict changes to � 1 from one period to the next.

(a) (b)Before removing reference R 1 After removing reference R 1

T

R1 R2

T

R2

Figure 4.5: (a) Example trace showing the situation of overlapping target and reference IGMs
(here R1 is overlapping with T), which was extracted during the processing of the actual mea-
surement data. (b) By subtracting reference R2 from R1, while accounting for the measured
difference in their position, amplitude, and phase, we suppress R1 and thereby clean the target
IGM to avoid systematic errors in the center-of-mass estimation caused by their overlap.

It is important that the algorithm achieves a suf�ciently high through-
put: if it is too low, then D frep must be reduced accordingly to allow for
real-time processing, and eventually this precludes fully coherent mea-
surements from a free-running dual-comb laser. In our case, the full algo-
rithm (including both ToF and phase extraction) could be implemented
at up to around 7.1 kHz. A limiting factor of the processing time is
the Hilbert transform, which requires the computation of two FFTs. In
our case, this step alone can take up to � 100 µs on our GPU (RTX
A5000, NVIDIA) when working with the single-precision �oating point
format (FP32). On another PC equipped with an Intel Core i7-9700K CPU
and 32 GB RAM, the Hilbert transform takes a longer processing time of
around 1 ms which shows the advantages of GPU based calculations. To
further keep the processing time of each period consistent and as short
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as possible, the algorithm is designed to only use element-wise and re-
duction operations such as summations or maximum �nding, rather than
relying on iterative processes such as curve �tting.

Because the new laser employs a robust prototype cavity construction
(see Fig. 4.1), it is compatible with coherent averaging down to D frep be-
low 1 kHz. This enables fully coherent data processing with the GPU-
accelerated algorithm. To operate between these limitations imposed by
coherent averaging capability and GPU-processing speed, and to also bal-
ance update rate with the effective number of detected signal photons per
period Nphoton µ 1/D frep which is bene�cial for the measurement preci-
sion (see Eq. 4.1), we chose a repetition rate difference of D frep = 5.06 kHz.
These considerations also highlight that, when targeting high update rate
measurements with free-running dual combs, it is important to consider
both the constraints imposed by the laser and those related to the data
processing. For the data analysis presented in the following section, we
recorded several long time traces of � 500 s and used them as input for
our real-time processing code. This allowed us to re�ne and optimize
our algorithm �of�ine� using one of the traces before ultimately applying
the algorithm to process another trace to obtain the data shown in this
manuscript. Here we con�rmed real-time processing capability by ensur-
ing a processing rate faster than D frep: the processing of each period takes
� 140 µs corresponding to the aforementioned maximum update rate of
7.1 kHz.

4.3 Results

4.3.1 Measurement bench

We conducted experiments in controlled laboratory conditions on a 50-
m long linear comparator bench (see Fig. 4.6(e)). The comparator bench
is equipped with a computer-controlled motorized trolley that can move
along its entire length. The bench further includes a Doppler interferome-
ter based on a Helium-Neon laser (HP5519A, Keysight) to take calibrated
snapshots of the distance. Our dual-comb apparatus was positioned next
to the bench and we directed the combs emitted by the transceiver unit
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to an optical breadboard mounted on the bench to launch them towards
the target. On the breadboard, the beams are �rst expanded and then
collimated with a pair of lenses forming a Keplerian telescope to prevent
signi�cant beam divergence along the measurement path. This telescope
is also used to collect the back-re�ected light. The combs were aligned
parallel to the reference interferometer beam along the measurement path.
The target is a retrore�ector mounted on the movable trolley. There is also
a second retrore�ector (mounted below the target retrore�ector) for the
reference measurement with the interferometer (see Fig. 4.6(f)).

Since there is a non-zero baseline between these retrore�ectors (� 5.6 cm),
small tilts of the trolley caused e.g. by bending of the rails introduces an
offset between the distance measured with the two systems. This offset is
known as AbbØ-error. To estimate this offset, we measure the inclination
of the trolley with an inclination sensor (065-040TYPE3-10, Zerotronic) as
it moves along the comparator bench. Together with the baseline between
the retrore�ectors, we then approximate the AbbØ-error and correct it in
the reference measurement.

Our objectives for the measurement campaign included demonstrat-
ing real-time measurements, maintaining absolute calibration over long
distances (here demonstrated over a 40 m range), conducting continuous
measurements for several minutes, and enhancing the precision by ex-
ploiting the IGM phase information for interferometric measurements. To
show these capabilities, the trolley was initially positioned at around 50
m and was automatically moved closer in 5-m steps to around 10 m, re-
maining stationary at each intermediate position for 5 s, as depicted in
Fig. 4.6(a). At each step, we recorded a reference measurement of the dis-
tance with a Doppler interferometer. Similarly, the trolley was then moved
again to around 50 m in 5 m increments to evaluate any systematic devi-
ations relative to the reference measurements and to assess the temporal
stability of the experimental setup. The software controlling the stop-
and-go movement of the trolley outputs a single interferometer distance
reading after the trolley stops at each location, with time stamps accurate
to within few 0.1 s. We therefore only used the interferometer readings
to check for systematic offsets in the absolute distance measurement at
the stationary trolley positions. The reference measurement accounts for

92



4.3. Results

(a)

(b)

(c)

D
is

ta
nc

e 
  4

1.
68

75
47

 m
 

(d)

(e)
Motorized trolley

50-m comparator bench

(f)

(c)

Figure 4.6: (a) Measurements obtained with the dual-comb ranging setup (using the time-of-
�ight information), compared with reference measurements from a Doppler interferometer.
(b) Residuals of the dual-comb measurement with respect to the interferometric measurement:
mean (dot) and maximum variation (error-bars) represent the slow oscillations across the static
regions. (c) Measured distance during the static region at around 45 s which exhibits slow
oscillations and (d) corresponding velocity. (e) Image of the 50-m comparator bench used for
the long-distance measurements and (f) the two retrore�ectors used for the dual-comb ranging
(top) and reference interferometer (bottom), respectively.

the phase refractive index in air at approximately 633 nm (Helium-Neon
laser). We also scale the ToF-based dual-comb ranging measurement with
the inverse of the group refractive index ng at lc calculated from the cor-
rected Ciddor’s equation provided in Ref. [176] using the meteorological
parameters continuously monitored in the lab.

We launch around 1 mW of optical power per comb towards the retrore-
�ector target. The distance to the target affects the coupling ef�ciency of
the back-re�ected light into the PM single-mode �ber and thus the power
on the photodetectors. Typically, it is tens of µW per comb.

4.3.2 Accuracy

For each stationary position of the trolley, we compare the mean of the
ToF-based dual-comb ranging measurements during this static region to
the reference measurement obtained from the Doppler interferometer. From
Fig. 4.6(b) we �nd that the residuals are below 3 µm across the 40 m range.

93



4. Real-time and dead-zone free dual-comb ranging with moving targets
and interferometric precision

The error bars in Fig. 4.6(b) represent the variation of our dual-comb ToF-
based distance measurements across the different static windows at each
position. They are dominated by a slow oscillation caused by external in-
stabilities resulting in real or apparent distance changes with amplitudes
on the order of a few µm and a dominant frequency of around 10 Hz. This
is illustrated in Fig. 4.6(c) for the measurement at the static position where
the trolley arrives after around 45 s. Fig. 4.6(d) shows the corresponding
velocity determined from the ToF data after applying a low-pass �lter to
extract the slow oscillation.

Without e.g. tracking the velocity, the non-ambiguity range extension
is only possible up to a delay of Dt = 0.5 � D frep/ f 2

rep from one period
to the next. In our case, this corresponds to a maximum target speed of
roughly 1.77 mm/s. As apparent from Fig. 4.6(d), it would thus not be
necessary to track the target speed within the static regions. However,
to also enable accurate measurements when the trolley is moving between
the static regions, our system accounts for the target’s speed by interpolat-
ing the distance measurements to a common reference time between the
channels [119]. When tracking and correcting for velocity, a more general
limit exists also with respect to acceleration.

4.3.3 Precision

Next, we consider the precision of the ToF-based distance measurement.
Since the available reference measurements undersample the motion of
the target, we need an alternative means to infer the precision of the dual-
comb ranging measurement. For that purpose, we consider short time
windows of 5 periods (= 5/D frep � 1 ms), compute a linear �t through
the measurements within each time window, and calculate the standard
deviation of the resulting residuals compared to the �t to quantify the
precision. To furthermore account for the dependence of precision on
the relative delay of reference and target interferograms [14], these time
windows are from measurements where the target is moving between two
static regions.

More speci�cally, since the target is moving, the precision measured for
the individual time windows corresponds to different absolute distances
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and thus different delays between target and reference IGMs. Generally,
shorter delays between reference and target lead to reduced relative tim-
ing jitter and hence improved precision [14]. To account for this, we sort
the measurements according to the absolute distance modulo the non-
ambiguity range RA,i. This analysis routine was performed for regions
around 43 m, 25 m, and 14 m which all indicate similar precision as shown
in Fig. 4.7(c). The center of the plot corresponds to the measurements
when the target IGM overlaps with the reference IGMs, and the edges of
Fig. 4.7(c) correspond to the situation with the target IGM furthest away
from the reference IGMs on the acquired electronic signal. For this lat-
ter case, the relative timing jitter between reference and target is highest
[14], which explains the degradation of precision towards the edges in
Fig. 4.7(c). For most of the measurements, the point-to-point �uctuations
have a standard deviation of < 0.1 µm. At a few speci�c positions, the
precision degrades from� 1 µm to � 1 µm.

In Fig. 4.7(c), the degradation in the center originates from the reference
IGMs. Having a pair of reference re�ections helps to subtract the refer-
ence part of the waveform when it overlaps with the target re�ection (see
Fig. 4.5). However, since this subtraction is not always perfect and adds
noise of the subtracted signal to the resulting signal, the precision for those
points may be reduced. Alternative approaches to circumvent this issue
are to separate reference and target pulses based on their polarization [47,
177], or to have the references on a separate path, i.e. to not have them
propagate back with the target re�ection. While these approaches avoid
the issue of overlapping IGMs, they require additional detectors and data
channels making the electronics more complex. Having the references on
a separate path might furthermore lead to reduced accuracy due to sys-
tematic offsets between the reference and signal paths (since they would
no longer have a near-common-path architecture).

The remaining positions for which the precision degrades in Fig. 4.7(c)
originate from ghost pulses which are revealed when zooming in on the
vertical axis of the dual-comb signals recorded with the two photodetec-
tors. To visualize this, we selected and aligned example traces recorded
with the �rst photodetector (Fig. 4.7(a)) and second photodetector (Fig. 4.7(b),
with inverted time-axis) to the measurements in Fig. 4.7(c) such that the
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(a)

(b)

(c) Std. deviation over 5 periods (at 43 m)

Moving average (at 25 m)
Moving average (at 43 m)

Moving average (at 14 m)

+2.5

Figure 4.7: Vertical zoom on one period of the IGM trace recorded with (a) the �rst photode-
tector (PD1) and (b) the second photodetector (PD2) with inverted time-axis. These example
traces were selected and aligned such that the target (T) and reference (R) IGMs are both lo-
cated at the center of the window. (c) Ranging precision for different offsets between T and
R, calculated from the standard deviation of 5 distance measurements w.r.t their linear �t for
measurements at around 43 m where the target is moving so that the delay between T and R
changes. This delay tRT is encoded in the distance ug/2 � tRT (modulo the non-ambiguity range
RA). The highlighted point has been shifted down by 2.5 µm to keep the rest of the features
visible. We also compute a moving average (window size of 10 points) over the measurements
around 43 m (blue), 25 m (orange) and 14 m (purple).

reference and target IGMs are in the center. This illustrates that while
the free-space setup can signi�cantly reduce ghost-pulses compared to
the �ber-based implementation of the transceiver unit [119], such ghost
pulses still remain a limiting factor that causes degradation of the preci-
sion at certain measurement distances.

4.3.4 Interferometric hand-over

Next, we investigate the phase information in the IGMs, which has the
potential to signi�cantly improve the measurement precision [7]. Since
our dual-comb IGMs are suf�ciently stable for coherent averaging in free-
running operation at the selected update rate, phase information can be
tracked unambiguously as long as the Doppler shift due to the target’s
movement does not introduce an interferogram frequency shift of about
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�D frep/2. More speci�cally, the dual-comb IGMs encode the instanta-
neous optical transfer function (OTF) associated with the measurement
setup, i.e. the spectral phase associated with free space propagation to the
target and back. However, since we are using free-running dual combs
with unknown carrier-envelope offset frequency fCEO and unknown comb
line indices, there is an unknown offset in mapping the measured RF comb
line frequencies to the corresponding optical comb line frequencies. While
this precludes recovery of the true OTF, the optical frequencies are still
known reasonably well due to the known center wavelength measured
with an optical spectrum analyzer. Therefore, if we utilize the ToF data
to calibrate the absolute optical delay associated with a particular target
position, small distance changes around that position can be inferred by
the phase instead, thereby improving precision.

To achieve this, we use our GPU-accelarated algorithm to compute and
unwrap the phase delay from reference to target IGM alongside the ToF
information. Since the resulting phase f(t) is proportional to the cen-
ter wavelength (up to some offset in�uenced by fCEO), we can employ
these phase changes to track relative distance changes with interferomet-
ric precision. To get absolute distance measurements with interferometric
precision, we can use the ToF information to shift the interferometric dis-
tance measurement once by dToF and then continue tracking the distance
based on the interferometric phase information, resulting in:

dphase(t) = f(t) �
lc

4p � n
+ dToF, (4.4)

where n is the phase refractive index at lc which can be estimated from
empirical equations, e.g. Ciddor’s equation [144]. Alternative schemes
for the interferometric hand-over rely on counting the numbers of opti-
cal wavelengths based on the ToF measurement to achieve interferometric
precision combined with absolute distance measurement. While our ToF
precision would be suf�cient for this approach (ToF precision below lc/4),
we lack information about the absolute phase offset due to not tracked and
free-running fCEO.

In Fig. 4.8(a), we examine the phase-based interferometric measure-
ments overlaid with the ToF measurement for the static-target segment at
around 45 s shown previously in Fig. 4.6(c). The phase-based distance
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measurements (in pink) are in close agreement with the ToF-based mea-
surements (in blue). The residuals between the two measurements are
shown in Fig. 4.8(b).

(a)

(b)

(c)
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Figure 4.8: (a) Time-of-�ight (blue) and phase-based (pink) distance measurement during the
static region at around 45 s. (b) Residuals between the time-of-�ight (ToF) and phase-based
distance measurements. (c) Allan deviation for the distance measurement based on ToF (dToF,
blue) and phase (dphase, pink) information. It also shows the Allan deviation for the residuals
in (b), i.e. for dToF � dphase which indicates the ToF-precision without the in�uence of the slow
oscillation on a 100-ms timescale.

As apparent from the Allan deviation in Fig. 4.8(c), the interferometric
hand-over signi�cantly improves the single-shot precision from around
0.1 µm for the ToF-based measurement (blue) down to less than 20 nm
for the interferometric measurement (pink). Averaging improves the mea-
surement precision at �rst, but after an averaging time of around 1 ms the
precision starts degrading due to the slow oscillation. To compensate for
the precision degradation due to this slow oscillation, we can also consider
the Allan deviation for the residuals in Fig. 4.8(b). Due to the high pre-
cision of the interferometric measurement, this can serve as an indicator
for the true precision achievable with the ToF-based measurement under
suitable conditions (vacuum, stable setup), which reaches around 10 nm
after averaging for 10 ms.
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4.4 Conclusion

We demonstrate a ranging system based on a free-running single-cavity
Yb:CaF2 1-GHz dual-comb laser combined with a free-space transceiver
unit optimized to suppress problematic spurious ghost pulses. The sys-
tem allows for simultaneous distance measurements with the role of the
two combs interchanged to track moving targets even at a long range
[119]. By generating two reference re�ections with a short delay rela-
tive to each other, the setup can further circumvent dead-zones caused
by regions where the target and reference IGMs overlap. To additionally
exploit the fast measurement update rate of 5.06 kHz, we developed a
GPU-accelerated algorithm which enables real-time data processing.

The performance of the dual-comb ranging instrument is tested on a
50-m-long comparator bench equipped with a cooperative target placed
on a movable trolley. Comparison to a reference interferometer suggests
an accuracy of around � 3 µm for repeated measurements every 5 m over
40 m. We achieve a single-shot time-of-�ight precision of around 0.1 µm,
i.e. below lc/4. Due to the laser’s low-noise properties (inherent to the
prototype housing and low-pass �ltering of pump noise), we can track
the phase delay between reference and target IGMs even in free-running
operation. This allows for interferometric distance tracking which yields
a single-shot precision below 20 nm.

The reported accuracy and precision indicate the achievable perfor-
mance in a controlled laboratory environment, where the meteorological
parameters were continuously monitored to calculate the refractive in-
dex of air. In practical outdoor conditions, the achievable measurement
accuracy is affected by spatial and temporal variations in the refractive
index of air along the measurement path, resulting in apparent distance
errors. Compensating for these errors requires monitoring meteorological
parameters at multiple locations along the measurement path [178] or us-
ing simultaneous distance measurements at two or more wavelengths for
dispersion-based refractivity correction [145].

Our results showcase the potential of the proposed dead-zone free
dual-comb ranging approach for applications requiring real-time and ac-
curate long-distance measurements in controlled environments such as
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industrial process monitoring, as well as in space applications, including
satellite positioning and formation �ying.

Funding

This work was supported by a BRIDGE Discovery Project Nr. 40B2-0_180933
a joint research programme of the Swiss National Science Foundation
(SNSF) and Innosuisse�the Swiss Innovation Agency. This project has re-
ceived funding from the Swiss National Science Foundation under grant
Nr. 200021_184988.

Disclosures

LL, BW and JP declare partial employment with K2 Photonics.

Data availability

Data underlying the results presented in this paper is available at ETH
Zurich Research Collection library.

4.5 Supplementary information

4.5.1 Cramer-Rao lower bound for time-of-�ight measurements

The Cramer-Rao lower bound (CRLB) for a ranging measurement subject
to white Gaussian noise is discussed in Ref. [172]. The lower bound on
the variance on the inferred timing is given by

s2
ToF(T0) =

s2
WN

2B
R � ds(t)

dt

�2
dt

(4.5)

for additive white noise with variance s2
WN, and a signal s(t) with a full

bandwidth 2B around which the waveform is �ltered to avoid unnecessary
noise contributions from other frequencies.

We can adapt this formula to the case of the positive Fourier frequency
branch of a dual-comb interferogram with shot noise limited measurement
noise. For simplicity we make the assumption that the local oscillator
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current iLO dominates the signal current isignal, so that the one-sided shot
noise current power spectral density (PSD) is 2qiLO, and that the IGM
signal is given by the following expression:

fls(t) =2
q

iLOisignal � sinc

 
t

Tsignal

!

cos(2pint)

=s(t)
�

e2pint + e�2pint
�

, (4.6)

where n is the optical frequency, Tsignal determines the IGM width, and the

second expression introduces the signal s(t) =
q

iLOisignal � sinc(t/Tsignal).

Since s(t) corresponds to the positive Fourier branch, it has to be com-
pared to the two-sided shot noise PSD qiLO. We therefore substitute
s2

WN = qiLO � 2B, and s(t) as de�ned above into Eq. 4.5. This yields

s2
ToF(T0) =

3
p2

qTsignal

isignal
. (4.7)

This value corresponds to �oscilloscope time�. To get the corresponding
value for optical delay, the variance has to be multiplied by the scale fac-
tor (D frep/ frep)2. By additionally noting that the measurement time is
Tmeas = 1/D frep and that the full optical bandwidth is given by Dnopt =
1/Tsignal � frep/D frep, we �nd

s2
ToF,opt(t0) =

3
p2

1
frepDnopt

q
isignalTmeas

=
3

p2
1

frepDnoptNphoton
, (4.8)

where an effective number of detected signal photons Nphoton = isignalTmeas/q
has been introduced. The prefactor 3/p2 depends on the pulse shape, so
for the inequality in Eq. 4.1 of the main text we have set it to O(1) to make
the result more general.
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Chapter 5

Power-scaling of solid-state oscillator with

�ber-based ampli�ers

In the previous Chapters 3 and 4, we discussed long-distance ranging to
cooperative targets (retro-re�ectors and mirrors). Cooperative targets re-
�ect most of the emitted light back to the transceiver unit. Thus, it is
typically suf�cient to launch only a few mW towards the target and still
collect enough light to record dual-comb interferograms with a high SNR,
which is crucial for precise distance measurements. For this type of tar-
gets, it is thus sensible to utilize low-power oscillators due to their smaller
footprint, lower power consumption and relaxed cooling requirements.

However, when working with non-cooperative targets (i.e. natural sur-
faces), the light re�ected back is typically much weaker compared to the
emitted beam. To still collect suf�cient back-scattered light to enable high-
precision measurements without the need for long averaging times, it is
bene�cial to have laser systems with much higher (watt-level) output pow-
ers [138]. To achieve this, we considered two different approaches for
dual-comb lasers: (i) to amplify the output of a low-power single-mode
pumped solid-state oscillator [179], or (ii) to develop higher-power solid-
state oscillators based on multi-mode pump diodes [45, 80, 180].

In this chapter, we discuss the ampli�er-based approach by analyz-
ing the combination of a single-cavity Yb:KYW dual-comb oscillator with
a pair of core-pumped Yb-�ber-based ampli�ers in a master-oscillator
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power-ampli�er (MOPA) architecture. The emission wavelength of the
Yb:KYW gain material makes it bene�cial for seeding Yb-�ber based am-
pli�ers as it is close to the Yb gain peak at around 1030 nm where most
laser ampli�ers operate [181].

The ampli�cation leads to about 1 W of output power per comb and
sub-90 fs pulses after dispersion compensation with a grating pair. We also
analyzed the RIN and timing noise properties of this hybrid approach:
The RIN of the ampli�ed combs is determined by the pump noise of the
ampli�er at low noise frequencies, while at higher noise frequencies the
oscillator RIN becomes the limiting factor [182, 183] until reaching the
noise �oor at about -155 dBc/Hz which is likely limited by ASE. Mean-
while, the TJ noise properties of the ampli�ed combs are largely inherited
from the solid-state dual-comb oscillator. Furthermore, this hybrid source
exhibits suf�ciently high relative stability between the combs to enable
inde�nite coherent averaging via computational phase tracking. More de-
tails about this study are presented in the following manuscript:

Title: �Free-running Yb:KYW dual-comb oscillator in a
MOPA architecture�, [179]

Journal: Optics Express
doi: 10.1364/OE.482747
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Free-running Yb:KYW dual-comb oscillator in a MOPA ar-

chitecture

S. L. Camenzind,1 T. Sevim,1 B. Willenberg,1 J. Pupeikis,1 A. Nussbaum-
Lapping,1 C. R. Phillips,1 and U. Keller1

1Department of Physics, Institute for Quantum Electronics, ETH Zurich, 8093
Zurich, Switzerland

Abstract: Single-cavity dual-combs comprise a rapidly emerging technol-
ogy platform suitable for a wide range of applications like optical rang-
ing, equivalent time sampling, and spectroscopy. However, it remains a
challenging task to develop a dual-comb system that exhibits low rela-
tive frequency �uctuations to allow for comb line resolved measurements,
while simultaneously offering high average power and short pulse dura-
tions. Here we combine a passively cooled and compact dual-comb solid-
state oscillator with a pair of core-pumped Yb-�ber-based ampli�ers in a
master-oscillator power-ampli�er (MOPA) architecture. The Yb:KYW os-
cillator operates at 250 MHz and uses polarization multiplexing for dual-
comb generation. To the best of our knowledge, this is the �rst demon-
stration of a single-cavity dual-comb based on this gain material. As the
pulse timing characteristics inherent to the oscillator are preserved in the
ampli�cation process, the proposed hybrid approach leverages the bene�t
of both the ultra-low noise solid-state laser and the advantages inherent
to �ber ampli�er systems such as straight-forward power scaling. The
ampli�er is optimized for minimal pulse broadening while still providing
signi�cant ampli�cation and spectral broadening. We obtain around 1 W
of power per output beam with pulses then compressed down to sub-90
fs using a simple grating compressor, while no pre-chirping or other dis-
persion management is needed. The full-width half-maximum (FWHM)
of the radio-frequency comb teeth is 700 Hz for a measurement duration
of 100 ms, which is much less than the typical repetition rate difference,
making this passively stable source well-suited for inde�nite coherent sig-
nal averaging via computational phase tracking.

' 2023 Optical Society of America under the terms of the OSA Open

107

https://doi.org/10.1364/OA_License_v1
https://doi.org/10.1364/OA_License_v1


5. Power-scaling of solid-state oscillator with fiber-based amplifiers

Access Publishing Agreement

5.1 Introduction

The inherent stability of a periodic pulse train from a passively mode-
locked laser oscillator and the corresponding equidistant spacing of the
comb lines in the frequency domain led to the optical frequency comb rev-
olution [1�3, 70]. When two similar optical frequency combs with slightly
different pulse repetition rate are combined, the beating between the pulse
trains in the time domain corresponds to a down-conversion of the optical
comb lines down to the radio-frequency (RF) domain [55]. This unique
property of dual optical frequency combs (dual-combs) makes them suit-
able for a wide range of applications like spectroscopy [10, 55, 62, 184],
optical ranging [11], microscopy [185] and communications [186].

For any dual-comb applications it is necessary to guarantee the stabil-
ity of the two combs with respect to each other. This relative stability is
determined by the relative �uctuations of the combs’ line spacing, de�ned
by the repetition rate difference D frep and an offset on the frequency axis
as de�ned by the carrier-envelope-offset frequency difference D fCEO. Pro-
vided that these quantities are suf�ciently stable, heterodyne detection of
the two optical combs yields a radio frequency spectrum consisting of dis-
crete RF comb lines. In order to resolve these lines, their linewidth should
be smaller than their spacing D frep for a measurement time� 1/D frep.

A general approach to ensure the required relative stability is to lock
each comb to the same pair of narrow-linewidth continuous-wave lasers
(optical references) [62, 63]. This technique is powerful as it guarantees
a high mutual coherence between the pair of locked frequency combs
within the feedback bandwidth. However, as it relies on both stabilizing
the combs’ carrier envelope offset frequencies and their repetition rates
it requires four individual phase locks. Despite continuous technological
advances, this approach thus remains challenging and complex.

To reduce the complexity in dual-comb systems, alternative approaches
exploit the fact that mode-resolved measurements only require stability of
the combs relative to each other, as opposed to absolute stability. For ex-
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ample, by simultaneously acting on the carrier-envelope offset frequency
and the repetition rate of one comb so that they follow the corresponding
frequencies that de�ne the second comb, it was possible to simultaneously
synchronize D frep and D fCEO which ensures high mutual coherence [184].

The ongoing effort to simplify dual-combs also gave rise to a new class
of laser systems, the single-cavity dual-comb sources. In these single-
cavity architectures, both combs share the same cavity arrangement, lead-
ing to a mutual coherence which can be suf�cient for practical applications
even in free-running operation without the need for fast phase-locking
electronics [44, 45]. Dual-comb generation from a single cavity with re-
solvable comb lines has been demonstrated in semiconductor disk lasers
[44] and was soon followed by ring-cavity dual-comb generation schemes
in free space and �ber cavities [65, 66]. This paradigm shift in dual-
comb laser sources resulted in the �rst demonstration of dual-comb spec-
troscopy with no further stabilization using a free-running polarization-
duplexed optically-pumped semiconductor laser [67].

It is important to carefully consider the noise properties of the laser
technology used in order to achieve low enough phase noise to perform
coherent dual-comb measurements [12]. Typically, environmental noise
sources such as vibrations dominate at low frequencies, while pump rel-
ative intensity noise (RIN) dominates at higher frequencies [9, 187�189].
Solid-state lasers support ultra-low intensity and timing noise properties
due to the cavity’s low nonlinearity, dispersion, and loss [43, 190], thereby
mitigating RIN and other noise terms. These lasers also enable high repe-
tition rates, substantial average powers, and near-ideal transform-limited
output pulses. However, care must be taken in such solid-state lasers
to mitigate environmental noise sources such as vibrations. By using a
passively-cooled laser oscillator and delivering the beam through an opti-
cal �ber, the oscillator can be mechanically isolated without compromising
the stability of the output beam, thereby enabling dual-comb laser deploy-
ment in noisy environments.

Modern single-mode diode modules, which �ber-deliver average pow-
ers of nearly 1 W in a narrow spectrum are appealing for pumping low-
noise passively-cooled solid-state laser oscillators. However, when using
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one single-mode pump for both combs, dual-comb lasers have a typical
output power on the order of 100 mW per comb [46, 94]. While this is of-
ten suf�cient, some applications such as ef�cient nonlinear frequency con-
version to the mid-infrared bene�t from watt-level average powers. Such
average powers can be readily achieved by dual-comb oscillators pumped
with multi-mode diode lasers, as we have recently demonstrated [45, 80,
180]. However, generating high power directly from the laser oscillator
implies a signi�cant thermal load and additional water-cooling circuits.
This results in a more complex design to simultaneously isolate the laser
from environmental perturbations, extract the heat, and maintain a stable
output beam.

To address this issue, here we combine a solid-state laser pumped by
a single-mode diode with a carefully designed core-pumped �ber ampli-
�er optimized for simplicity and moderate pulse broadening in a master-
oscillator power-ampli�er (MOPA) architecture. The diode-pumped solid-
state laser (DPSSL) exhibits a high synergy with the �ber ampli�er since
it is passively cooled while the ampli�cation process can boost the output
power and broaden the spectrum via self-phase modulation. At the same
time, the system can bene�t from the timing noise properties of DPSSLs,
which are expected to be inherited by the ampli�ed signal. Thus, the
proposed MOPA architecture targets to combine the advantages of both
solid-state lasers and �ber ampli�ers in one modular system while main-
taining minimal cooling requirements.

In the past we have explored dual-comb modelocking in cavities based
on Yb:CaF2 which support 100-fs pulses [45, 46, 80, 93]. However, the
achieved emission center wavelength was usually around 1050 nm which
is not optimal for compact, high-inversion ampli�ers, which exhibit higher
gain at 1030 nm.

Although an ef�cient ampli�cation at 1050 nm can be achieved with
single- and double-clad pumped �ber ampli�ers [191�193], it requires a
longer active �ber to reach the same output power at this wavelength
than a similar ampli�er seeded at 1030 nm due to the higher gain of Yb-
doped �bers at 1030 nm [192]. An increased �ber length in turn requires
higher-order dispersion-optimized pulse stretching and large-scale grat-
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ing compressors [191�193]. For those reasons, it is bene�cial to operate
the MOPA system at around 1030 nm when targeting simplicity and com-
pactness. Operation towards 1030 nm is also bene�cial for regenerative
ampli�cation for arbitrary delay scanning [194].

Here we propose a unique dual-comb MOPA con�guration based on
the �rst Yb:KYW single-cavity dual-comb oscillator in combination with
a Yb-doped �ber ampli�er which is signi�cantly shorter compared to the
typically several-meter-long �bers used for high-power chirped pulse am-
pli�cation [191�193]. This compact and simple system emits two spatially
separated pulse trains with a repetition rate of 250 MHz and a repetition
rate difference continuously tunable from DC to more than 20 kHz with-
out affecting the cavity alignment or the output beam path of the seed
oscillator. This allows to modify the repetition rate difference while the
laser is running. The average output power is more than 1 W per comb af-
ter the ampli�cation process. Combined with subsequent pulse compres-
sion leading to pulse durations of 79 fs and 86 fs, this allows for ef�cient
non-linear frequency conversion towards the mid-infrared. In addition,
the sub-kHz linewidth of the RF comb over a measurement duration of
100 ms indicates that the demonstrated dual-comb architecture is suitable
for free-running mode-resolved measurements such as dual-comb spec-
troscopy.

5.2 Single-mode pumped Yb:KYW oscillator

Yb-doped double-tungstate gain materials (Yb:KGW and Yb:KYW) are
well established for modelocked lasers [195�201]. These biaxial crystals
have favorable optical properties for femtosecond modelocking with low-
power pump diodes, including a high nonlinear coef�cient, a broad emis-
sion spectrum, and a relatively short upper state lifetime. With Ng-cut
Yb:KYW, both polarization states (polarization along the Nm- and Np-
direction) have a large emission cross section, and the Nm-direction has
a high pump absorption cross section. The gain peak for both polariza-
tions is close to that of Yb-doped �bers when they are operated at high
population inversion, which will allow for use of very short ampli�cation
�bers with no need for chirped pulse ampli�cation if the oscillator’s pulse
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repetition rate is suf�ciently high. These considerations make Yb:KYW an
interesting and as-yet unexplored candidate for dual-comb modelocking.

The 250-MHz laser oscillator is based on a folded end-pumped cav-
ity supporting two cross-polarized laser modes simultaneously as shown
in Fig. 5.1(a). The 2-mm long Ng-cut Yb:KYW gain crystal (5% doping
concentration) is pumped through a �at output coupler with a transmis-
sion of 2.6% for the laser wavelength and high transmission for the pump
wavelength. The gain crystal is wedged to avoid etalon effects and has an
anti-re�ection (AR) coating for wavelengths between 975 nm and 1070 nm
to avoid losses for the pump and laser wavelength. The pump is a 980-nm
wavelength-stabilized single-mode pump-diode (1999CVB, 3SP Technolo-
gies) driven by the CTL300E, Koheron. To maximize the pump-induced
noise correlations between the two cross-polarized laser modes, we split
the collimated pump beam into two beams of equal power using a plate
beam splitter and then recombine them with a small spatial separation
using a D-shaped mirror. The two parallel rays are then imaged into the
gain crystal with a pair of lenses. The resulting focused pump spots are
separated spatially by about 270 µm in the gain crystal. It is critical to
pump each mode independently to avoid gain cross-talk. The polariza-
tion of the linearly polarized pump light is adjusted to the Nm-axis of the
Yb:KYW crystal using a half-wave plate to maximize its absorption. Di-
rectly behind the gain crystal, the two cross-polarized intracavity modes
are combined using a 5-mm long wedged birefringent CaCO3 crystal so
that from there on the two modes can co-propagate throughout almost the
complete cavity until they are separated again just before the cavity end
mirror. We maximize the common path of the two modes to reduce their
relative timing and phase noise. The cavity end mirror is a semiconductor
saturable absorber mirror (SESAM) [115], which has a modulation depth
of 1.25%. Before the SESAM, we split the two laser modes with a 6-mm
long wedged birefringent a-BBO crystal to ensure independent saturable
absorption for the two modes and to prevent saturation cross-talk. Both
birefringent crystals, CaCO3 and a-BBO, are cut at an angle of 45° with
respect to the c-axis of the crystal. Since all cavity components together
with the pump source are shared by the two combs, this system exhibits
high intrinsic dual-comb coherence.
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Figure 5.1: (a) Schematic of the 250 MHz dual-comb Yb:KYW laser based on a common-path
polarization-multiplexed cavity using a �rst birefringent CaCO3 crystal (BC1) to spatially sepa-
rate the intracavity modes on the gain crystal and a second birefringent a-BBO crystal (BC2) to
induce spatial separation of the modes on the SESAM (DM = dispersive mirror, ROC = radius
of curvature). (b)�(g) Characterization of the laser performance in simultaneous dual-comb
lasing operation: (b) output power and pulse duration as a function of total pump power. The
indicated pump power is split equally between the two laser modes; (c) optical center frequency
as a function of output power per comb; (d) clean optical spectrum for comb 1 and comb 2;
(e) intensity autocorrelation traces and corresponding pulse duration; (f) radio-frequency (RF)
spectrum with (g) zoom on the �rst harmonic around 250 MHz (RBW = resolution bandwidth).
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The CaCO3 crystal and the a-BBO crystal are rotated by 90° with re-
spect to each other around the optical axis to partially compensate for the
relative delay between the ordinary and the extraordinary wave due to the
spatial walk-off. The material and length of these two crystals were cho-
sen such that the associated delay between the two cross-polarized modes
cancels the delay due to the anisotropy of the group index in the Yb:KYW
crystal. This ensures that the repetition rate difference D frep between the
two frequency combs can be adjusted to a value below a few kHz which
is necessary to prevent aliasing effects.

The repetition rate difference can be continuously adjusted by tilting
the a-BBO crystal, as this varies the optical path length difference between
the two modes. As this tilt does not couple to the cavity alignment, this
allows to tune the repetition rate difference from DC to more than 20 kHz
by changing the tilting angle of the a-BBO crystal by approximately 5 de-
grees. The laser has a nominal pulse repetition rate of 250 MHz (Fig. 5.1(f))
and during the measurements the repetition rate difference was set to
D frep = 10.8 kHz (Fig. 5.1(g)).

By introducing negative group-delay dispersion (GDD) with dispersion-
compensating mirrors (�2790 fs2 per cavity roundtrip) we achieve funda-
mental soliton modelocking [117]. While the negative GDD introduced
by the mirrors is the same for the two intracavity modes, they experi-
ence a different amount of self-phase modulation (SPM) inside the three
intracavity crystals. In combination with the different gain spectra for
the ordinary and extraordinary waves in the gain medium, this manifests
itself in unequal pulse durations for the two resulting pulse trains. The in-
tensity autocorrelation traces reveal 118-fs pulses for the output along the
Nm-axis of the Yb:KYW gain crystal (comb 1), and 173-fs pulses along the
Np-axis (comb 2) at the highest output power (Fig. 5.1(b) and 5.1(e)). Sim-
ilarly, the polarization-dependent gain spectra also lead to mismatched
output powers (Fig. 5.1(b)) and unequal optical spectra (Fig. 5.1(d)) for
the two combs. The emission spectrum is centered at 1040 nm (1043 nm)
with a full-width half-maximum (FWHM) bandwidth of 10.2 nm (7.6 nm)
for comb 1 (comb 2).
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5.3 MOPA architecture with Yb-doped-�ber based power

ampli�er

The MOPA architecture consists of the single-mode pumped Yb:KYW
dual-comb oscillator (Section 5.2) and one core-pumped Yb-doped �ber
ampli�er for each output beam of the oscillator as illustrated in Fig. 5.2(a).
Each comb is �rst directed through a half-wave plate (HWP) and a free-
space Faraday isolator (FI) to prevent back-re�ections into the oscillator.
After passing through another HWP for orienting the linearly polarized
light, they are separately coupled into the input port of a polarization-
maintaining wavelength-division multiplexer (WDM) to combine the seed
with the forward-propagating pump light from a single-mode pump diode
before being directed to the core-pumped Yb-doped active �ber. Although
the absorption maximum of Yb-doped �bers is around 976 nm, we used a
pump diode at 980 nm (1999CVB, 3SP Technologies) since this was avail-
able at the time of the project. The longer pump wavelength implies a
slight reduction in the maximum population inversion achievable in the
�ber, but this only has a marginal effect on the experiment. A slightly
shorter gain �ber could be used with a 976-nm pump.

To support higher powers than would be provided by a single pump
diode, we add a backward-propagating pump diode for bidirectional pump-
ing. Its light is coupled into the active �ber from free-space via a dichroic
mirror, which in turn allows coupling the ampli�ed pulses directly out of
the active �ber. This avoids excessive pulse broadening associated with
the propagation of intense light pulses in single-mode �bers. The output
tip of the active �ber is angularly cleaved (8°) to prevent ampli�cation of
the Fresnel back re�ection. An additional FI enclosed by two HWPs is
included between the active �ber and the backward pump to prevent the
ampli�ed dual-comb signal or light from the forward pump from damag-
ing the backward-pump diode.

With this con�guration we obtain average output powers up to more
than 1 W per comb (Fig. 5.2(b)). While signi�cantly higher output pow-
ers of 100 W and more would be possible with alternative con�gurations
that employ the chirped pulse ampli�cation scheme with several-meter-
long Yb-doped �bers and rod-type photonic crystal �bers [191�193], our
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Figure 5.2: (a) Schematic of the MOPA architecture consisting of a low-power dual-comb oscil-
lator and a dual �ber ampli�er. After the ampli�cation process, the pulses are compressed with
a simple grating compressor (FI = Faraday isolator, HWP = half wave plate). (b) Output power
of the two combs after the ampli�cation process but before pulse compression. In the green
region, only the forward pump was used while in the yellow region both pumps were active.
(c) Temporal pro�le of the pulses after pulse compression according to a frequency-resolved
optical gating (FROG) measurement. The dashed lines describe the temporal phase. (d) Op-
tical spectra of the cross-polarized beams before the ampli�cation (dashed lines) and after the
ampli�cation (solid lines) as measured with an optical spectrum analyzer (OSA). (e) Optical
spectrum according to a FROG measurement. The retrieved spectra are similar to the data
shown in (d) which validates the FROG measurement. The dashed lines describe the spectral
phase.
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approach requires only a standard single-mode area �ber and no pre-
chirping of the input pulses.

The active �ber has a length of 30 cm, which according to our simu-
lations is the shortest length that still provides suf�cient gain to strongly
saturate the ampli�er. The short �ber length ensures that the amount
of dispersion and pulse broadening remains low which simpli�es the
pulse compression after the ampli�cation process signi�cantly: with only
around -20’000 fs2 of negative GDD introduced with a pair of transmis-
sion gratings in a double-pass con�guration (grating period is Lg= 1250
lines/mm and separation between the two gratings is Lg � 1.5 mm),
we compress the pulses to 79 fs (comb 1) and 86 fs (comb 2) as shown
in Fig. 5.2(c). A HWP is used before the grating pair to align the po-
larization with the lines of the grating, thereby maximizing the power
throughput. The total transmission ef�ciency through the double-pass
grating pair compressor was measured to be >75%. The pulses were char-
acterized with a frequency-resolved optical gating (FROG) (PS-700, Femto
Easy) [202, 203]. The �at temporal phase during the two femtosecond
pulses (dashed lines in Fig. 5.2(c)) as well as the �at spectral phase in
the wavelength region of the optical spectra (dashed lines in Fig. 5.2(e))
imply a successful pulse compression. As expected, the �ber ampli�er
also induces a signi�cant broadening of the optical spectra to a FWHM of
31.8 nm (28.5 nm) for comb 1 (comb 2) so that they now exhibit a signi�-
cant spectral overlap (Fig. 5.2(d) and 5.2(e)). To illustrate this, the dashed
lines in Fig. 5.2(d) show the optical spectra before the ampli�cation pro-
cess.

The entire MOPA system is passively cooled which is favorable for sim-
plicity, compactness, and portability. The architecture is also bene�cial for
minimizing noise at low frequencies, which is a critical consideration for
successful dual-comb measurements. First, passive cooling avoids vibra-
tions that can be introduced by active water or air cooling. Second, while
our laser demonstration here was constructed on a standard optical table,
the oscillator could be assembled in a vibration isolated housing. Doing
so would further improve the noise performance and allow operation in
noisier environments.
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5. Power-scaling of solid-state oscillator with fiber-based amplifiers

5.4 Intensity and timing noise properties

To prove the usefulness of the proposed hybrid approach for dual-comb
applications, we carefully studied the impact of the ampli�cation process
on the intensity and timing noise properties of the system.

It is known that �uctuations of the laser’s optical center frequency in-
duce timing noise [9, 187�189]. Consequently, the coupling of intensity
noise to timing jitter is in�uenced by the shift in optical center frequency
due to a certain output power variation, i.e., the slope of the optical center
frequency as a function of output power at the operation point of the laser.

To study the in�uence of one laser parameters on another, a transfer
function analysis can be useful as discussed for example in [204]. The
transfer function of output power to optical center frequency depends
on the emission cross-section of the gain-medium, meaning that with the
anisotropic gain material a qualitatively different behavior is expected for
the two cross-polarized beams. For comb 2, we observe a linear relation-
ship between output power and optical center frequency, with a slope of
around -10 GHz/mW as visible from Fig. 5.1(c). The transfer function of
comb 1 exhibits an almost linear slope up to an oscillator output power of
around 50 mW where the frequency shift is approximately -30 GHz/mW
(Fig. 5.1(c)), and an even steeper slope for higher output powers.

To minimize intensity-to-timing-noise coupling for both combs while
still maintaining a suf�cient output power to seed the ampli�er system, we
operate the dual-comb just before the point where the slope start increas-
ing signi�cantly for comb 1, i.e., at an output power of 48 mW (55 mW)
for comb 1 (comb 2). The output power after the ampli�cation process is
around 800 mW per comb for the noise measurements.

5.4.1 Intensity noise properties of the MOPA architecture

A key parameter for many dual-comb applications is the RIN. From am-
pli�er theory [182, 183], it is expected that the RIN of the pump diode
dominates for low frequencies as pump power �uctuations lead to pop-
ulation variations of the upper laser level, which directly couples to the
ampli�er’s output power. For pump power �uctuations at high frequen-
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cies (faster than the ampli�er can respond), the population of the upper
laser level can no longer adapt so that in this regime the ampli�er’s RIN
is dominated by the intensity noise of the oscillator [182, 183].

For most solid-state lasers the RIN spectrum, as measured in dBc/Hz,
is orders of magnitude larger at low frequencies (e.g., < 1 kHz) com-
pared to the shot noise limited values obtained at high frequencies (e.g.,
> 1 MHz). This disparity makes it dif�cult to analyze the full RIN spec-
trum in a single measurement with high sensitivity. To circumvent this
issue, we measure the RIN at low and high frequencies with a separate
setup that employs different low-noise ampli�ers optimized for the re-
spective frequency domain. The resulting power spectral densities (PSDs)
are stitched in the post-processing to receive a high-dynamic-range RIN
measurement [45]. For the slow frequencies (<200 kHz), we amplify the
electronic signal from a photodetector (DET10N2, Thorlabs) modi�ed to
handle higher optical power, with a low-noise transimpedance ampli�er
(DLPCA-200, Femto) before performing a baseband measurement with
a signal-source-analyzer (SSA) (E5052B, Keysight). The average optical
power on the photodetector was around 6 mW. For analyzing the high-
frequency-noise components, the signal is �rst split into its AC and DC
part using a bias-tee (BT45R, SHF Communication Technologies AG). The
DC part is used as a reference for normalization purposes, while the AC
part is ampli�ed with a low-noise voltage ampli�er (DUPVA-1-70, Femto)
prior to the baseband measurement with the SSA. We analyzed the noise
before and after ampli�cation, and with/without active stabilization on
the oscillator pump power. The measurement results are shown in Fig. 5.3.
The two oscillator outputs are solid lines, while the ampli�ed outputs are
dashed lines. Comb 1 and comb 2 are shown in blue and red, respectively.

For frequencies between 70 Hz and a few kHz, we �nd that the RIN
of the ampli�ed beams corresponds closely to the pump RIN, while for
higher frequencies it approaches the RIN of the oscillator, as expected.
For frequencies <70 Hz, the ampli�ed RIN is higher for comb 1, likely
due to variations of the coupling ef�ciency into the �ber ampli�er caused
by beam-pointing �uctuations of the seed and the backward-propagating
pump. For frequencies >1 MHz, the increase of the ampli�er’s RIN can be
explained by ampli�ed spontaneous emission (ASE) which is not taken
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Figure 5.3: One-sided relative intensity noise (RIN) power spectral density for both combs
before ampli�cation (solid line) and after ampli�cation (dashed line) (a) without and (b) with
output-power-stabilization of the oscillator’s pump diode. The shot-noise limit was calculated
from the photocurrent of the photodiode. (c) and (d): Corresponding integrated RIN with an
upper integration frequency of 5 MHz.

into account in the considered theoretical models describing ampli�er
noise transfer function theory [182, 183].

To further improve the noise performance of the system, we stabilized
the power of the single-mode laser diode used for pumping the oscilla-
tor. For that purpose, we spliced a polarization-maintaining 99:1 �ber-
splitter directly to the output of the pump diode. The output port with
99% of the pump power was used for pumping the Yb:KYW gain crys-
tal, while the second output port was detected with a photodiode. The
resulting error signal was then used to stabilize the pump power using
a PI2D controller (D2-125 Laser Servo, Vescent Photonics). The resulting
improvement in the RIN is shown in Fig. 5.3(b) and 5.3(d) for the two
oscillator outputs (solid lines) and the corresponding signals after ampli-
�cation (dashed lines).

The RIN of the oscillator output is signi�cantly reduced for frequencies
up to almost 100 kHz. The sharp peaks in the oscillator’s RIN at 50 Hz
and integer multiples thereof originate from the electrical power grid con-
nected with the PI2D controller. Since the ampli�er’s RIN is largely deter-
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mined by the pump power �uctuations for frequencies up to a few kHz,
these peaks are suppressed after the ampli�cation process. For the same
reason, the pump power stabilization only impacts the ampli�er’s RIN
at frequencies beyond a few kHz leading to a reduction of the integrated
RIN from 0.045% (0.036%) down to 0.033% (0.029%) for comb 1 (comb 2)
when integrating from 5 MHz down to 100 Hz (Fig. 5.3(b) and 5.3(d)).

The oscillator’s low nonlinearity, dispersion, and loss enables a low
noise level of -158 dBc/Hz at high noise frequencies. This is almost
10 dB lower than the noise �oor of well-documented state-of-the-art mode-
locked Yb:�ber lasers [193, 205, 206]. The substantial power of the solid-
state oscillator also enables a low noise �oor of -155 dBc/Hz even after
ampli�cation. This is around 15 dB lower than the high-frequency noise
level described in previous �ber-oscillator-based ampli�er systems [192,
193]. Compared to �ber oscillators [193, 205, 206], solid-state lasers are
susceptible to some additional environmental noise sources such as mir-
ror vibrations, but this issue can be addressed by integrated or monolithic
laser constructions [140].

Here we are using a passively cooled laser oscillator to minimize exces-
sive mechanical vibrations and also stabilize the power of the oscillator’s
pump diode. To further reduce the RIN of the ampli�ed dual-comb at
lower frequencies, one could additionally stabilize the power of the am-
pli�er’s pump diodes with the same stabilization approach already used
for the oscillator’s pump. However, a signi�cant advantage of stabiliz-
ing the oscillator’s pump diode is that aside from reducing the RIN, the
pump power stabilization also affects the timing noise of the system as will
be discussed in the next section. Since stabilizing the ampli�er’s pump
diodes on the contrary does not affect the timing noise, we decided that
the added complexity of an individual locking system for each of the four
ampli�er pump diodes is not sensible for this laser system.

5.4.2 Timing noise properties of the MOPA architecture

To characterize the repetition rate timing noise of each frequency comb,
we �rst detect each pulse train on a fast photodetector (DSC30S, Discovery
Semiconductors Inc.) and �lter out the 60th repetition rate harmonic with
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a tunable bandpass �lter to improve the sensitivity of the measurement af-
ter normalization to the laser repetition rate [189]. The timing jitter power
spectral density (TJ-PSD) of the resulting signal is then characterized with
the SSA.

To investigate the effectiveness of the common-cavity approach, we use
a relative timing jitter measurement based on beating each comb with a
pair of single-frequency continuous wave (cw) lasers which reveals the rel-
ative timing jitter of our free-running dual-comb system [46]. We evaluate
the timing noise at a typical repetition rate difference of D frep = 10.8 kHz
(green in Fig. 5.4).
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power stabilization of the oscillator’s pump diode. To enhance the readability of the �gure, we
applied a moving average to the relative TJ-PSD. (c) and (d): Corresponding integrated timing
jitter (TJ) with an upper integration frequency of 100 kHz.

The timing noise of the individual combs is preserved in the ampli�ca-
tion process (Fig. 5.4). The two combs exhibit, however, a qualitatively dif-
ferent TJ-PSD (Fig. 5.4(a)). The observed discrepancy originates from the
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5.4. Intensity and timing noise properties

gain-anisotropy experienced in the birefringent gain crystal which leads
to an about three times steeper slope of the optical center frequency as a
function of output power for comb 1 than for comb 2. Since both combs
exhibit similar RIN spectra (Fig. 5.3), this factor of three is expected also
in the relative strength of the combs optical center frequency �uctuations,
so that the difference between the associated PSDs describing the optical
center frequency �uctuations scales by this factor squared. Provided that
the impact of optical center frequency �uctuations starts to dominate the
timing noise of the combs for frequencies >100 Hz, this difference directly
transfers to the TJ-PSD which explains the observed discrepancy of around
10 dB between the combs timing noise [42, 187]. Consequently, at those
noise frequencies passive noise cancellation is hardly possible so that it is
not surprising that the relative TJ-PSD largely follows the curve describ-
ing the noisier comb 1 (blue). The assimilation of the combs timing noise
at high offset frequencies around 100 kHz is attributed to the increasing
in�uence of the measurement noise �oor which starts to dominate.

Stabilizing the output power of the oscillator’s pump diode reduces
the RIN (see Section 5.4.1) and thereby also the timing noise due to re-
duced optical center frequency �uctuations. The resulting reduction of
the TJ-PSD inherent to comb 1 similarly affects the relative timing noise
(Fig. 5.4(b) and 5.4(d)).

At lower frequencies between 10 Hz and 1 kHz, the noise spectrum of
the individual combs is dominated by prominent peaks at integer mul-
tiples of 50 Hz, that likely originate from the spikes caused by the PI2D
controller which are also visible in the RIN (see Fig. 5.3(b)). Due to the
single-cavity architecture in which all cavity components and even most
of the intracavity beam path is shared by the two combs, these peaks are
present in both combs. Thus, most of them get suppressed in the relative
timing noise which leads to a reduction of the integrated timing jitter from
around 5 fs [1 kHz, 100 kHz] for the individual combs down to only 2.7 fs
[1 kHz, 100 kHz] for the relative timing noise.

The noise of the individual combs is comparable to the noise perfor-
mance of previous single-cavity dual-comb solid-state lasers with a timing
jitter of around 8.7 fs [1 kHz, 100 kHz] for each comb [45]. However, due
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5. Power-scaling of solid-state oscillator with fiber-based amplifiers

to the anisotropic gain material used in combination with birefringent
multiplexing for dual-comb generation, the two combs exhibit a slightly
different timing noise power spectral density leading to reduced common
noise suppression compared to previous single-cavity dual-combs based
on isotropic gain crystals [45].

5.5 Comb-line resolution

A low relative timing jitter is important for applications that rely on a
high relative stability of the periodic pulse trains, for example time-of-
�ight based dual-comb ranging [14]. However, this parameter does not
indicate the suitability of the system for applications that require comb-
line resolution such as dual-comb spectroscopy. For such applications, the
noise on the RF comb lines themselves is critical, and this is in�uenced
by both D frep and the relative carrier-envelope offset frequency D fCEO.
In this section, we thus focus on the combined effect of �uctuations in
the relative frequencies D fCEO and D frep between the comb lines for the
proposed dual-comb laser with stabilized oscillator pump power.

To assess the relative coherence of the laser, we determine the linewidth
of a single RF comb line by heterodyning each comb with a single-frequency
cw laser at 1064 nm (ORION 1064 nm Laser Module, RIO). By heterodyn-
ing the resulting RF signals digitally, the noise contribution of the cw
laser cancels. Thus, we are essentially recording the beat note between
one comb tooth from each comb. In the frequency domain, this signal cor-
responds to a single RF comb tooth of which we can extract the linewidth.
This is an established technique for characterizing single-cavity dual-comb
sources [66, 94, 108].

For a measurement duration of tmeas= 100 ms, this technique reveals a
typical FWHM linewidth of around 700 Hz. The underlying phase pro�le
that arises from the heterodyned signals is used to determine the cor-
responding phase noise power spectral density. Scaling it by frequency
yields the frequency noise power spectral density (FN-PSD) of an individ-
ual RF comb line, which reveals the contribution of the different noise
frequencies to its linewidth via the b-separation line formalism [109].
The FN-PSD in Fig. 5.5(b) indicates that noise at frequencies >200 Hz
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5.5. Comb-line resolution

(which lies below the b-separation line) does not contribute to the RF
comb linewidth, i.e., only for measurement times longer than around 5 ms
does the FN-PSD cause the linewidth to broaden beyond the inverse of the
measurement time. According to Fig. 5.4(b) and 5.4(d), the common noise
suppression of the single-cavity architecture works very well in this fre-
quency band: even though the two combs exhibit different amplitude-to-
timing noise transfer functions which makes noise suppression generally
more dif�cult, the common cavity approach suppresses enough noise at
lower frequencies (particularly noise spikes) such that a very high relative
stability between the two combs can be achieved with our free-running
system.
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This suggests that the repetition rate difference can be further reduced
to counteract spectral aliasing while still resolving the individual comb
lines. To demonstrate this, we overlap both pulse trains with D frep re-
duced to 4.7 kHz and record the resulting interferometric signal for a
measurement time of tmeas = 100 ms. This duration corresponds to al-
most 500 interferogram periods (one interferogram period lasts 1/D frep �
0.21 ms). To �nd the dual-comb spectrum we take a Fourier transform of
the raw data without any phase or timing correction. As apparent from
a zoom into the central part of this spectrum (Fig. 5.5(a)) the comb lines
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5. Power-scaling of solid-state oscillator with fiber-based amplifiers

are still well-resolved, which indicates that comb-line resolution would be
possible with even lower D frep if necessary.

The measured RF comb linewidth of 700 Hz (tmeas = 100 ms) is com-
parable to the linewidth of around 2 kHz (tmeas = 100 ms) reported for
previous single-cavity dual-comb solid-state lasers [45]. For free-running
dual-comb �ber lasers, RF comb linewidths below 250 Hz have been re-
ported [85, 207, 208]. Although a b-separation line analysis would provide
more insights into the different noise sources contributing to the linewidth
of these lasers, the reported results already indicate the extremely high
mutual coherence that is achievable with �ber-based dual-combs. Since
the frequency stability of dual-combs can be signi�cantly improved in the
post-processing, it is however only necessary to ensure that the relative
noise between the combs is low enough to employ digital phase correc-
tion algorithms [180, 209, 210]. For that purpose, it is suf�cient to keep
the RF comb linewidth below half of the repetition rate difference on a
1/D frep time scale, a condition which is easily met by our system.

5.6 Conclusion

We have demonstrated a diode-pumped single-cavity Yb:KYW dual-comb
oscillator based on polarization multiplexing combined with a Yb-doped
�ber ampli�er optimized for minimal pulse broadening. The two sub-
systems exhibit a high synergy since the emission wavelength of this as-
yet unexplored gain crystal for dual-comb modelocking is close to the
gain peak of the Yb-doped �ber ampli�er. Further, the ampli�cation pro-
cess increases the limited output power of the single-mode diode-pumped
solid-state laser by more than one order of magnitude to >1 W per comb.
The careful design of the ampli�er system together with the short length
of the active �ber ensures that the temporal pulse broadening remains
low so that after a simple grating compressor the pulses can be com-
pressed to sub-90-fs pulses. No pre-chirping or other dispersion manage-
ment is needed except for the grating compressor, which provides around
-20’000 fs2 GDD.

A thorough characterization of the intensity noise properties of the sys-
tem shows that after the ampli�cation process the RIN qualitatively fol-
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5.6. Conclusion

lows the pump noise of the ampli�er at low frequencies, while at higher
frequencies the RIN of the oscillator becomes the main noise source as ex-
pected from theoretical predictions [182, 183]. By stabilizing the power of
the oscillator’s pump with a dedicated feedback loop, we could thus re-
duce the RIN of the ampli�ed signal at the intersection between the noise
frequencies dominated by the oscillator RIN and the frequencies within
the bandwidth of the feedback loop. The substantial power of the seed
laser enables a low noise �oor of -155 dBc/Hz even after ampli�cation.

A measurement of the timing noise of the two pulse trains revealed that
the ampli�ed signal inherits the timing noise properties of the solid-state
oscillator. The proposed hybrid approach thus bene�ts from the advan-
tages of �ber ampli�er systems while preserving the low-noise character-
istics supported by solid-state laser oscillators, and thereby gets the best
from both worlds. Meanwhile, the system stays simple and does not re-
quire any active cooling. The proposed hybrid solution can be applied to
other bulk dual-laser con�gurations, for example different gain crystals or
spatial multiplexing [45].

A detailed study of the relative frequency �uctuations revealed a FWHM
comb linewidth of around 700 Hz over a measurement duration of 100 ms.
We attribute this ultra-low noise performance to the single-cavity solid-
state laser architecture which proved valuable for mitigating noise spikes
at low frequencies, in combination with the low-noise single-mode pump
diode. By using computational phase correction in the post-processing,
the frequency stability could be increased even further.

Our results show that MOPA based dual-comb sources using solid-
state dual-comb modelocked lasers for seeding are a promising alternative
to conventional �ber-oscillator-based systems, offering higher repetition
rates, simpler ampli�cation setups, lower high-frequency RIN, and the
potential for lower phase noise as discussed in [43].
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Chapter 6

Low-noise dual-comb supercontinuum

generation

In the previous Chapter 5, we analyzed the combination of a single-mode
pumped Yb:KYW dual-comb oscillator with a pair of Yb-�ber-based am-
pli�ers in a MOPA architecture. This hybrid method resulted in a watt-
level dual-comb system with low-noise properties and a high relative sta-
bility between the combs. An alternative option for power-scaling solid-
state dual-combs is to use multi-mode pump diodes which have signif-
icantly higher power levels than the previously used single-mode pump
lasers at the cost of an increased thermal load. Multi-mode pumped solid-
state dual-comb oscillators can also deliver watt-level output powers and
exhibit ultra-low noise performance as recently demonstrated in [45, 80,
180]. The high output power and low relative timing jitter between the
combs makes both approaches promising for dual-comb ranging to non-
cooperative targets [138].

In this chapter, we want to develop our dual-comb source even further
to make it more valuable for remote sensing applications. For that purpose
we combine one of our high-power dual-comb system with an all-normal
dispersion (ANDi) �ber to generate a watt-level ultra-low noise dual-comb
supercontinuum (SC). The broad bandwidth of a SC allows to interrogate
the spectral response of a sample at multiple wavelengths simultaneously,
which makes it a powerful tool for e.g. hyperspectral LiDAR (HSL) or
dual-comb spectroscopy measurements [82, 83, 211�215].
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6. Low-noise dual-comb supercontinuum generation

The supercontinuum generation (SCG) process bene�ts from clean in-
put pulses to achieve a smooth and �at-top optical spectrum, and ultra-
low RIN (ideally at the shot-noise limit) to enable a low-noise SC despite
the potential noise gain inherent to the spectral broadening process. For
those reasons, we decided to proceed with the multi-mode pumped high-
power dual-comb oscillator instead of the ampli�er-based MOPA system
since (i) we expect the oscillator to emit cleaner pulses than the hybrid
approach which can experience pulse distortions in the Yb-�ber based
ampli�cation stage, and (ii) we expect the oscillator to exhibit lower (shot-
noise limited) RIN than the MOPA system for which the RIN was limited
by ASE at high (megahertz) noise frequencies.

We combine a 1-GHz high-power Yb:CALGO oscillator and a single
ANDi �ber, which results in a watt-level dual-comb SC spanning 820 nm-
1280 nm with shot-noise limited spectrally-resolved RIN below -160 dBc/Hz
even at the spectral wings of the SC. We furthermore observe an unprece-
dented noise-suppression in the ANDi �ber reaching up to >20 dB around
the oscillator wavelength of 1053 nm. This makes this source well-suited
for HSL measurements as will be discussed in Chapter 7, but more gener-
ally also for a wider range of high-precision broadband metrology appli-
cations. Further details about this source and its properties are presented
in the following manuscript draft:
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Ultra-low noise spectral broadening of two combs in a single

ANDi �ber
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1Department of Physics, Institute for Quantum Electronics, ETH Zurich, 8093
Zurich, Switzerland
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Abstract: Developing high-brightness, low-noise supercontinuum (SC)
sources is critical for a variety of ultrafast photonics applications. A key
challenge in achieving low-noise operation is the suppression of incoher-
ent nonlinear effects and the associated noise ampli�cation. All-normal
dispersion (ANDi) SC sources exhibit considerably reduced noise levels
compared to conventional soliton-based methods, but their performance
is currently limited by ampli�ed spontaneous emission (ASE) from ampli-
�ed femtosecond pump laser systems, which seeds incoherent nonlinear-
ities and degrades SC quality. Consequently, the ultimate low-noise limits
of coherent SC generation have not been demonstrated or tested by experi-
mental results. In this work, we access a new regime of shot-noise limited
SC generation by directly driving the SC process with the un-ampli�ed
output of a high-power dual-comb Yb:CALGO oscillator centered at 1053
nm. The resulting SC combs each have a �at spectrum spanning 820 nm-
1280 nm, 1.6 W average power, 1.03 GHz repetition rate, and power per
comb line of about 10 µW. We conduct detailed noise studies of the SC
by analyzing various �15-nm-wide spectral bands. All bands exhibit an
ultra-low and shot-noise limited RIN power spectral density below -160
dBc/Hz. Furthermore, the central spectral bands exhibit an unprece-
dented noise suppression of the pump laser’s technical noise by >20 dB.
To understand this and other noise-suppression aspects, we study the SC
noise physics with semiclassical simulations, and �nd excellent agreement
with experiments. Finally, to show the relevance of oscillator-driven ANDi
SCG for dual-comb applications, we simultaneously couple the two combs
into the two polarization axes of a single ANDi �ber to generate a dual-
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6. Low-noise dual-comb supercontinuum generation

comb SC with highly symmetric spectra and correlated noise properties
between the combs. Coherently-averaged linear optical sampling mea-
surements on the dual-comb SC source exhibit a high signal-to-noise ratio
(SNR), making this a promising approach for real-time spectroscopic mea-
surements.

6.1 Introduction

Supercontinuum (SC) sources based on specialty optical �bers [216] or
waveguides [217, 218] can offer an ultra-broad bandwidth combined with
high (laser-like) brightness and coherence, making them versatile and
powerful tools for optical metrology, spectroscopy and microscopy mea-
surements. However, for many of those applications, the noise of the SC
has become a determining factor for acquisition speed, sensitivity and res-
olution [219]. Consequently, the noise ampli�cation inherent to the super-
continuum generation (SCG) process is currently a topic of great interest
[220].

The increase in noise is particularly critical for SC sources operating
in the anomalous dispersion regime (negative group velocity dispersion).
This regime enables the generation of ultra-broad bandwidths driven by
nonlinear dynamics based on soliton self-compression and soliton �ssion
effects. However, this regime is susceptible to strong noise ampli�cation
by modulation instabilities and stimulated Raman scattering (SRS) leading
to reduced spectral coherence [221]. Similarly, these SC sources exhibit
much higher relative intensity noise (RIN) than the driving laser [222,
223]: the shot-noise of the pump laser can be ampli�ed by up to about
� 90 dB [222�224].

This noise ampli�cation can be suppressed by using normal-dispersion
SC devices such as all-normal-dispersion (ANDi) �bers instead [220], which
have driven recent advancements in many applications [216, 225]. Exam-
ples include ultra-high resolution optical coherence tomography (OCT)
measurements that overcome the limitations of standard incoherent SC
sources based on picosecond pulses [226], hyperspectral imaging based
on SRS with greatly enhanced imaging speed in comparison to tunable
narrowband lasers [227], and ultra-low noise SC sources for nanospec-
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troscopy and multimodal nonlinear imaging [228, 229]. As the nonlinear
dynamics are dominated by optical wave breaking, yielding compressible
chirped pulses [230], ANDi �bers have further enabled the generation of
low-noise few-optical-cycle pulses [231, 232] for seeding optical paramet-
ric ampli�ers [233] that are well suited for driving high harmonic genera-
tion to access the UV and XUV which are relevant for attosecond science
studies. Although polarization modulation instability (PMI) can severely
limit the coherence of ANDi SC sources [234, 235], highly birefringent
polarization-maintaining (PM) �ber designs can suppress the occurrence
of this incoherent nonlinear process [236].

SC generation in the ANDi regime requires signi�cantly higher peak
power than in the anomalous dispersion regime, as pulses undergo self-
broadening rather than self-compression. Hence, ampli�ed ultrafast (�ber)
laser systems at megahertz repetition rates are typically used for driving
the nonlinear broading. However, this approach introduces additional
ampli�ed spontaneous emission (ASE) that is well above the theoretically
predicted fundamental shot-noise limits from high-power modelocked os-
cillators [8, 9]. This excess ASE is currently the main obstacle to further re-
ducing SC noise levels, as it seeds incoherent nonlinear processes that am-
plify high-frequency intensity noise [237]. Such broadband RIN is partic-
ularly problematic for high-sensitivity applications as its suppression (e.g.,
via balanced detection) becomes less effective compared to low-frequency
technical RIN. Additionally, the nonlinear broadening process leads to an
intensity-phase noise coupling [238], such that high RIN also degrades the
coherence of the pulse train due to increased phase noise.

To unlock a new regime of low-noise supercontinuum generation, we
combine a high-power 1-GHz Yb:CALGO oscillator with a PM ANDi pho-
tonic crystal �ber (PCF). Since the oscillator delivers a comb with average
power up to 2.6 W to the �ber input, it can drive the SC process directly
without an ampli�cation step that would degrade its noise properties. We
couple 1.6 W of the oscillator comb into one of the polarization axes of the
PM ANDi �ber (with >60% coupling ef�ciency) to obtain a coherent SC
spanning 820-1280 nm (-20 dB). Due to the clean soliton pulses emitted
directly from the oscillator, the SCG also results in a smooth and uniform
optical spectrum.
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6. Low-noise dual-comb supercontinuum generation

We investigate the SC noise properties by studying several individ-
ual spectral bands of the SC, each having a width of � 15 nm (-10 dB).
Each band reaches a shot-noise limited RIN power spectral density below
-160 dBc/Hz, which is about 10 dB lower compared to previous results
with ANDi �bers [239�241]. In the central region of the SC spectrum the
noise from the pump laser is suppressed by more than 20 dB, i.e., most of
the SC spectrum has less noise than the pump laser.

The GHz pulse repetition rate allows for a high (watt-level) average
power in the �ber without risking its damage and enables fast measure-
ments. In the context of optical frequency comb applications [70], it also
leads to increased power per comb line, which is bene�cial, for example,
in dual-comb interferometry experiments.

To investigate the relevance of oscillator-driven ANDi SCG for dual-
comb applications, we extend our setup to generate a dual-comb SC. Such
a source uniquely combines the advantages of the dual-comb technology,
like fast measurements in the electronic domain and high temporal and
spectral resolution in the optical domain [10, 55, 60, 242], with the broad
bandwidth of a SC making it well-suited for high-resolution spectroscopy
and precision ranging applications [82, 83, 211�215, 243, 244].

To obtain an experimentally simple yet ultra-low noise and common-
path system with nearly identical supercontinua in both combs, we lever-
age shared devices. A second (nearly identical) pump pulse train is gen-
erated from the same oscillator laser cavity used above by using spatial
multiplexing [45], resulting in a single-cavity dual-comb laser similar to
the con�guration presented in Ref. [180]. The two co-propagating pump
combs then drive the orthogonal polarization states of a single ANDi �ber
[245].

We tune the repetition rate difference between the combs to D frep �
3.95 kHz, which supports the resolution of the whole SC in parallel with-
out spectral aliasing. We then record dual-comb interferograms (IGMs) at
different spectral bands and determine their noise properties con�rming
shot-noise limited performance. Finally, we track the phase and relative
timing jitter between the combs by combining part of the oscillator output
with a pair of continuous-wave (cw) lasers which allows for coherent aver-
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aging of the dual-comb traces [38�40]. This enables dual-comb IGMs with
a high signal-to-noise ratio, which illustrates the potential of this source
for broadband and high-sensitivity measurements.

To the best of our knowledge, this work marks several important mile-
stones: (i) the broadest SC from an ANDi �ber driven by a GHz laser, (ii)
the lowest RIN from any SC source, and (iii) the largest suppression of
input noise by a SC process.

6.2 Supercontinuum generation

6.2.1 Experimental setup

Figure 6.1 shows the experimental setup for the dual-comb SCG. We start
from a single-cavity Yb:CALGO dual-comb laser similar to the one re-
ported in Ref. [180]. The laser operates at 1053 nm with sub-100 fs pulses,
has a pulse repetition rate of 1.03 GHz, and an average output power up to
3.2 W per comb. The oscillator uses an intra-cavity biprism to implement
spatial multiplexing [45]: The intra-cavity modes are spatially separated
on the optically active semiconductor saturable absorber mirror (SESAM)
[115] and Yb:CALGO gain crystal, but at the same time share all the opti-
cal elements (Fig. 6.1). This ensures that low-frequency mechanical noise
added to the cavity is highly correlated between the pulse trains. To-
gether with the robust prototype housing which suppresses mechanical
vibrations and the shared pump which leads to correlated high-frequency
pump noise, this is bene�cial for comb-line resolved measurements.

Via a dichroic mirror after the output coupler, the two spatially sep-
arated pulse trains are sent through separate Faraday isolators. They
prevent back-re�ections to the oscillator which could otherwise disturb
the modelocking performance. The group delay dispersion introduced by
the Faraday rotator is compensated by dispersive mirrors to ensure a short
pulse duration. In the subsequent SC generation process, a short pulse du-
ration is essential to prioritize coherent optical wave-breaking over com-
peting incoherent nonlinear dynamics and is thus a critical requirement
for generating low-noise and coherent SC spectra [237].

The two pulse trains are combined in a cross-polarized state using a
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Figure 6.1: Schematic of the experimental setup used for generating a low-noise dual-comb
supercontinuum. It is based on a single-cavity dual-comb oscillator and a single ANDi �ber.
PM: polarization maintaining, SESAM: Semiconductor saturable absorber mirror, FI: Faraday
isolator, DM: Dispersive mirror, HWP: Half-wave plate, TFP: Thin-�lm polarizer, AL: Aspheric
lens, PBS: Polarizing beam splitter, BS: Beam splitter, PD: Photodetector, LPF: Low-pass �lter,
Amp: Ampli�er, SSA: Signal source analyzer.

thin-�lm polarizer (TFP) so that with an aspheric lens (AL) they can be
coupled simultaneously into the orthogonal principal birefringence axes
of a single PM ANDi �ber (NL-PM-1050-NEG, NKT Photonics) with col-
lapsed air-holes on the input side for increased coupling ef�ciency. This
ANDi �ber has a length of 26 cm, a speci�ed mode �eld diameter of
2.6� 0.5 µm and a dispersion parameter of D = �8� 6 ps/nm/km at
1050 nm (group velocity dispersion 4.7 � 3.5 fs2/mm). It has borosili-
cate stress rods and a slightly elliptical core to introduce a birefringence
> 1.7� 10�4. A half-wave plate (HWP) is used to align the polarization
state of the input pulses along the �ber’s principal birefringence axes to
suppress depolarization-induced noise.

The setup also includes a custom monochromator setup to select a
narrow spectral band with a few-nm bandwidth. The monochromator is
based on a re�ective diffraction grating and a narrow slit in a 4-f arrange-
ment. This �ltering setup is used in Section 6.3 to analyze the spectrally-
resolved relative intensity noise (RIN) and in Section 6.4 to analyze the
dual-comb interferograms. For the RIN measurements, we furthermore
block one of the combs before the beam-combining TFP (i.e. outside the os-
cillator cavity) as coupling both combs simultaneously into the PCF leads
to periodic intensity modulations. This effect and its practical implications
for dual-comb measurements are discussed in Sections 6.4 and 6.5.
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6.2. Supercontinuum generation

6.2.2 Spectral broadening

To analyze the broadband SC spectra generated in the ANDi �ber, we
couple each comb individually into the �ber and record the optical spectra
with an optical spectrum analyzer before and after spectral broadening.
The monochromator part of Fig. 6.1 is not used for these measurements.
The oscillator delivers clean and broadband optical spectra, as shown in
Figs. 6.2(c) and 6.2(d). Both comb 1 and comb 2 have a central wavelength
of 1053 nm, a pulse duration of about 75 fs, and an average power of
2.6 W before the �ber. We reach a high coupling ef�ciency of >60% into
the ANDi �ber, resulting in 1.6 W of power in the �ber from each comb.
The corresponding peak power is about 18 kW.

(a) (b)

(c) (d)

(e) (f)

Figure 6.2: Top row: simulation of the SC generation dynamics in the (a) time-domain and (b)
spectral domain. Middle row: optical spectrum of the oscillator for (c) comb 1 and (d) comb
2, measured by coupling the beams into a single-mode �ber and sending them into an optical
spectrum analyzer (OSA) with a resolution bandwidth of 1 nm. Bottom row: optical spectrum
after spectral broadening in the 26-cm-long ANDi �ber for (e) comb 1 and (f) comb 2; solid lines
show the measured spectra, while dashed lines show the corresponding simulated spectra after
propagating 0.2 m in the �ber. The SC spectra are measured with a multimode �ber and an
OSA.
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6. Low-noise dual-comb supercontinuum generation

This peak power is suf�cient to broaden the optical spectra to sev-
eral hundred nanometers of bandwidth. To understand this SC process
we perform numerical pulse propagation simulations using a scalar, gen-
eralized nonlinear Schrödinger equation (GNLSE) model [246]. For the
simulations, we assume transform-limited sech2 pulses whose width is
matched to the measured spectra. A simulation of the SC dynamics at
maximum input power is shown in Fig. 6.2(a) (time domain) and 6.2(b)
(spectral domain). The resulting broadband and �at-top optical spectra of
the dual-comb SC are shown in Figs. 6.2(e) and 6.2(f). The simulated SC
spectra show good agreement with the experimental measurements. The
spectra are also remarkably �at, even around the oscillator wavelength
of 1053 nm. This �atness results from the combination of optical wave-
breaking dynamics in the ANDi SC process [247] and pumping the �ber
directly with the output of a bulk solid-state oscillator operating in the
soliton modelocking regime [117], which provides near-ideal transform-
limited pulses.

6.3 Measurement and simulation of RIN

For assessing the RIN, we couple only one pulse train (comb 1) into the
ANDi �ber to prevent distortions of the measurement by periodic interfer-
ograms or intensity modulations. After passing through the monochroma-
tor, the spectrally �ltered light is detected on an InGaAs photodiode (mod-
i�ed DET10N2, Thorlabs). To enable high sensitivity for a wide range of
noise frequencies, the resulting photocurrent is analyzed in a baseband
measurement by a signal source analyzer (SSA) (E5052B, Keysight Tech-
nologies) with two different measurement schemes, one for low noise fre-
quencies and one for high noise frequencies, which are stitched together
as described in Ref. [45].

We analyze the RIN in a spectrally-resolved fashion since the intensity
noise of a SC source is typically anti-correlated across its spectrum [248,
249], meaning that without spectral �ltering we cannot quantify this effect
and might thus underestimate the true RIN. For example, the standard
c(3) modulation instability adds noise but conserves energy in the pulse,
so that the total pulse energy may have similar RIN to the input. However,
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the spectrally-resolved RIN of SC sources can exhibit noise that is many
orders of magnitude above that of the input pulses [222, 223].

We record the SC RIN in several �15-nm wide spectral bands from
850 nm up to 1250 nm in 50 nm increments. To ensure that the shot-noise
(SN)-limit is similar for all spectral bands and to prevent saturation effects
for those measurements, we adjusted the power on the photodetector with
an iris from about 11 mW at 850 nm down to 7 mW at 1250 nm according
to the wavelength-dependent photodetector responsivity. The selected �l-
ter bandwidth allows for suf�cient optical power at the detector to achieve
shot-noise levels below -160 dBc/Hz for all spectral bands, while still pre-
serving the structure of the spectrally resolved RIN according to our nu-
merical simulations. The oscillator RIN is recorded as well in order to
determine its relation to the RIN of the spectrally �ltered SC. The one-
sided RIN power spectral densities (PSDs) are shown in Fig. 6.3(b). The
oscillator has a noise plateau of around -130 dBc/Hz until about 30 kHz
when it begins decreasing until reaching SN-limited performance for side-
band frequencies beyond 1 MHz. For the SC, the spectrally-resolved RIN
measurements reach the SN limit for all spectral bands, including the spec-
tral wings of the supercontinuum and remain shot-noise limited up to the
Nyquist frequency as discussed in Supplement 6.6.3. This con�rms the
ultra-low noise performance and indicates that there is negligible degra-
dation of the coherence from the SC process.

In particular, the RIN of each band reaches a noise �oor below -160 dBc/Hz,
which marks an �10 dB improvement compared to previous low-noise re-
sults with ANDi �bers [239�241]. This also manifests itself in the record-
low integrated RIN achieved with this source. At the lowest-noise spec-
tral band (1100 nm � 8 nm), for example, we obtain an integrated RIN of
2.7� 10�5 for the integration range [1 kHz, 10 MHz] (Fig. 6.3(b)), which
is an unprecedented level for a SC source.

When integrating the noise down to 100 Hz the RIN increases slightly
due to additional low-frequency features on the noise spectrum. Inspec-
tion of Fig. 6.3(b) shows that these features are not on the oscillator spec-
trum, so their presence on the SC spectra can be explained by environmen-
tal �uctuations that lead to small amplitude noise when coupling into the
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��oor

��oor

Measurement

Simulation

(a)

(b)

(c)

(d)

(e)

Figure 6.3: (a) Spectrally-resolved integrated RIN for about 15-nm-wide spectral bands at dif-
ferent wavelengths and (b) corresponding one-sided RIN power spectral density (PSD). The
measurement noise �oor (grey) was determined by blocking the incident light on the photode-
tector and scaling the resulting PSD with the typical DC photocurrent of about 6.2 mA in the
unblocked case. (c) Simulation of the RIN PSDs according to the laser parameters and oscilla-
tor RIN. To mimic the expected noise properties of the solid-state oscillator, its high-frequency
RIN is extrapolated down to the shot-noise limit corresponding to the �ber-coupled average
power of 1.6 W, which is approximately 25 dB lower than the photodetector shot-noise limit,
as shown in (e). (d) Noise gain transfer function inferred for the measured and simulated
RIN PSDs. (e) Noise �oor of the measured spectrally-resolved SC RIN (dots) together with
the theoretical shot-noise limit for the corresponding power on the photodetector (PD). This
measured SC noise �oor together with the noise gain transfer function gives an upper bound
for the oscillator noise �oor (triangles). The theoretical shot-noise limit of the oscillator for the
�ber-coupled average power of 1.6 W is indicated by the dashed black line.

small-core ANDi �ber.

Another interesting aspect of the RIN measurements can be seen from
the noise plateau. Remarkably, Fig. 6.3(b) shows that for the spectral
bands near the oscillator wavelength, the spectrally-resolved SC RIN is
suppressed by more than 20 dB compared to the oscillator RIN. Further
away from the oscillator wavelength, the noise suppression decreases and
becomes positive towards the wings of the supercontinuum spectrum due
to the in�uence of laser peak power �uctuations on the SC bandwidth.
To quantify this noise suppression we introduce a noise gain parameter
GSCG which the oscillator pulses experience during the spectral broaden-
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ing in the ANDi �ber as illustrated in Fig. 6.3(d). This noise gain transfer
function is computed as the average gain factor between the measured os-
cillator and supercontinuum RIN PSDs of the various spectral bands for
noise frequencies between 10 kHz and 20 kHz.

To better understand the observed noise gain transfer function, we use
the scalar GNLSE model to simulate the RIN PSD of the supercontinuum.
The overall strategy is to mimic the physical system by constructing a time
series of simulation input pulse energies having statistics that match the
experimentally measured RIN PSD (see Supplement 6.6.1). Since the os-
cillator is a soliton modelocked laser the pulse duration t decreases with
increasing pulse energy E, and this needs to be accounted for in the sim-
ulations. We observe experimentally that, for small changes around the
nominal laser operating point, the pulse duration scales as t µ E�1/2

(slightly different from the standard E�1 behavior for soliton modelock-
ing). Therefore, for each input pulse energy Ej in the time series, we
assume a corresponding pulse duration tj = tref � (Ej/Eref)�1/2 (where
subscript ’ref’ refers to the nominal laser operating point). This yields
a time series of input parameter pairs [(E1, t1), (E2, t2), ..., (EN , tN)] for
N & 5� 106. With the approach described in Supplement 6.6.1 we sim-
ulate the pulse propagation for each parameter pair, calculate the output
optical spectrum, and then select the same spectral bands as we used in
the experiments. For each spectral band in the SC, we thereby obtain a
time series of pulse energies from which a RIN PSD can be calculated.

The simulated RIN PSDs (Fig 6.3(c)) agree well with the measured spec-
tra (Fig 6.3(b)). To determine the noise gain GSCG for the simulated RIN
PSDs, we use the same procedure as for the RIN measured in the experi-
ment, i.e., comparing the RIN of the (spectrally �ltered) SC to that of the
oscillator; for this comparison we use the values of the simulated RIN at
a sideband frequency of 15.7 kHz. The resulting simulation of the noise
gain transfer function in Fig. 6.3(d) is consistent with the experimentally
observed noise suppression around the central wavelength. This noise
suppression can be explained by (i) a redistribution of the oscillator RIN
to the spectral wings of the supercontinuum resulting in a coupling of the
pump pulse intensity �uctuations to the SC bandwidth and (ii) the anti-
correlation between the pulse duration and peak power of the oscillator
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pump pulses [250].

Our simulation predicts that the SC RIN reaches the SN limit for all
spectral bands, in agreement with our measurement results. This is also
illustrated in Fig. 6.3(e), which shows the noise �oor of the measured
relative intensity noise RINSC

�oor(l) together with the theoretical SN limit
for the corresponding power on the photodetector.

In the spectral wings of the supercontinuum, the noise gain transfer
function is positive, implying that the SC has higher noise than the oscil-
lator. Despite this, we still observe SN-limited performance in these spec-
tral bands (850 nm and 1250 nm). This indicates that the low RIN of the
solid-state oscillator at high noise frequencies enables the SN-limited SC.
We can even predict an upper bound for the oscillator noise �oor RINosc

�oor
that is needed for SN-limited SC measurements at a spectral band around
the wavelength l:

RINosc
�oor � RINSC

�oor(l)� GSCG(l). (6.1)

The predicted upper bound for RINosc
�oor is indicated with a triangle in

Fig. 6.3(e) for spectral bands where it is below the measured oscillator RIN
noise �oor at -163 dBc/Hz. This is the case for l = 850 nm with RINosc

�oor �
-173 dBc/Hz and for l = 1250 nm with RINosc

�oor � -175 dBc/Hz. A
lower-bound for the �ber-coupled oscillator RIN is given by its SN-limit
of -186 dBc/Hz (for 1.6 W average power), which suggests that the SC
RIN could potentially still be SN-limited even for a signi�cantly higher
noise gain. This analysis highlights the value of using powerful laser os-
cillators (with � 100 mW directly from the oscillator) to drive highly
nonlinear processes while maintaining SN-limited performance. It also
demonstrates the potential of using nonlinear processes to infer bounds
on laser noise that would otherwise be inaccessible: while saturation of
the photodiode limits our RIN measurements to about -165 dBc/Hz, we
can infer lower RIN values by measuring the output of a noise-amplifying
nonlinear process with known noise gain transfer function. This is a step
towards experimentally accessing the true noise �oor of the oscillator [42].
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6.4 Relevance for dual-comb interferometry experiments

The ultra-low noise performance, high average power, high repetition rate,
and nearly �at spectral shape make the source particularly interesting for
dual comb applications. Dual-comb interferometry (DCI) underpins many
of these applications, and is based on interferometrically combining the
two combs, measuring the heterodyne beat note, and coherently averaging
the trace over multiple 1/D frep periods. These measurements are subject
to various noise sources, including shot noise [12, 251], which must be
mitigated to obtain high-sensitivity measurements. The signal-to-noise
ratio (SNR) of DCI measurements is given by Fourier transforming the
coherent signal and the measurement’s noise �oor, and taking the ratio
[12]. Three critical factors for obtaining a high SNR are a strong signal,
a low noise �oor, and compatibility with coherent averaging; we study
those factors in the following subsections.

6.4.1 Measurement con�guration

As depicted in Fig. 6.1, the combs are combined, spectrally �ltered, and
detected on a fast free-space InGaAs photodiode (DET08CL, Thorlabs) re-
sulting in dual-comb interferograms (IGMs). The photodiode is connected
to a 20 kHz bias tee (SHF BT45R, SHF Communication Technologies AG)
whose DC port is terminated with a 50-Ohm resistor and whose AC port
is electronically ampli�ed before being digitized on a fast oscilloscope
(WavePro 404HD, Teledyne LeCroy). The electronic ampli�cation chain
consists of a low-pass �lter (-3 dB at 770 MHz) followed by a low-noise
voltage ampli�er (ENA-220T, RF Bay), and another low-pass �lter (-3 dB
at 570 MHz). Additionally, we simultaneously record beatnote signals
between a pair of cw-lasers and the oscillator combs (discussed below).

Avoiding spectral aliasing over the full supercontinuum bandwidth of
more than 120 THz requires D frep . 4.2 kHz. We therefore set D frep �
3.95 kHz so that the system is compatible with simultaneous measurement
of the whole spectrum on one or multiple detectors. As a result, the
monochromator can be tuned across the entire supercontinuum spectrum
in order to yield electronic dual-comb signals between DC and frep/2
as illustrated in Fig. 6.4(a). An example interferogram trace in the time-
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domain is shown in Fig. 6.4(b).

(b)

(c)
(f)

(e)

(d)
(g)

Noise floor

Noise floor

0.7 fs

3.3 fs

(a)

Figure 6.4: (a) Radio-frequency (RF) dual-comb signals corresponding to spectral bands across
the entire supercontinuum spectrum. The shape of the RF spectra is determined by the struc-
ture of the optical spectra at the corresponding wavelengths. (b) Dual-comb IGM at 950 nm, for
which the time axis is calibrated from electronic to optical time using the scale factor D frep/ frep.
Since the spectral slice is approximately rectangular, the envelope of the corresponding dual-
comb IGM (red dashed line) resembles a sinc-function. (c) Relative timing jitter power spectral
density (TJ-PSD) for the dual-comb system and (d) corresponding integrated TJ. (e) Voltage
noise and theoretical shot noise for all measured spectral bands. (f) Measued IGM amplitude
compared to the maximum possible IGM amplitude. (g) Peak signal-to-noise ratio (SNR) for
all measured spectral bands.

To allow for a good comparison between the spectral channels, we
maintain a similar DC photocurrent for all spectral bands (see Fig. 6.4(a))
by adjusting the average power on the photodetector with an iris in front
of the detector from about 2.3 mW at 850 nm down to 0.6 mW at 1250 nm
to account for its wavelength-dependent responsivity. We further ensured
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that nonlinear spectral artifacts due to detector or ampli�er saturation are
>18 dB below the signal (see Supplement 6.6.4) to avoid signi�cant broad-
ening of the detector’s impulse response. This is crucial for correcting
signal distortions due to nonlinearities in the detection chain [252].

6.4.2 Measurement results

First, we determine the achievable dual-comb noise �oor by measuring the
time-domain voltage noise for segments away from any coherent signals
(i.e. the IGM centerburst, intensity modulation, and etalon peaks). For this
purpose, we record dual-comb beat-note signals for each spectral band
with a zoom-in on the vertical axis of the oscilloscope to reduce the impact
of the oscilloscope noise on the measured voltage noise. For all traces, the
voltage noise is then computed for the same 20 µs time window. The result
is displayed in Fig. 6.4(e) together with the corresponding theoretical shot-
noise limit. The observed noise �oor is within 1.5 dB of the shot-noise
limit (SNL) across the whole SC bandwidth. This result complements
the single-comb RIN measurements in Fig. 6.3(b): here we con�rm high
coherence of both polarization states, and the absence of any noticeable
cross-polarization induced coherence degradation [220].

Next, we consider the signal strength of the dual-comb IGMs. Such
signals are maximized by having matched spatial pro�les, polarization
states, and comb line amplitudes. The use of a single �ber to drive both
SCG processes is bene�cial in this context since it results in similar opti-
cal spectra (see Fig. 6.2(e, f)), and matched collimated beam pro�les. To
quantify this, Fig. 6.4(f) shows the amplitude of the IGMs, after digital
dechirping, compared to the theoretical best-case prediction based on the
measured DC-voltages and ampli�er gain. The IGMs are within � 70% of
the theoretical maximum. The small discrepancies between the measured
and maximum amplitude values may be attributable to alignment errors
in the delay line, and imperfections in the polarization control components
(waveplates, beamsplitters).

In addition to these considerations, high-sensitivity applications use co-
herent averaging of multiple IGM periods to improve the signal-to-noise
ratio. Since we use a free-running dual-comb laser, phase and timing �uc-
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tuations have to be removed computationally before the averaging routine
[38�40]. From the perspective of system simplicity, it is useful to imple-
ment these corrections using only the oscillator output (i.e. independent
of SCG). To understand the feasibility of such corrections we measure the
pulse timing jitter associated with �uctuations in D frep(t). The measure-
ment uses the setup described in Ref. [46] to track the phase of two RF
comb lines via heterodyne beating between the optical comb lines and a
pair of cw lasers. To support a measurement using only the oscillator
light, we use one cw laser at 1064 nm (ORION 1064 nm Laser Module,
RIO Lasers) and another one at 1050 nm (CTL 1050, Toptica). By carrying
out a phase noise analysis of the resulting heterodyne beats, we obtain the
timing-jitter power spectral density (TJ-PSD) associated with D frep(t) as
shown in Fig. 6.4(c, d).

The TJ-PSD decays like � 1/ f 2 until it reaches a measurement noise
�oor of 2.4� 10�6 fs2/Hz at a frequency of � 200 kHz. Integrating the
TJ-PSD from the noise-�oor crossing down to hD frepi/2 yields an inte-
grated jitter of 3.3 fs. Integrating the noise �oor over the same frequency
range yields 0.7 fs, which provides an estimation for the residual timing
uncertainty after using the measurement to correct for TJ of the laser. This
uncertainty can be compared to the characteristic optical feature durations
that need to be coherently averaged. Consider the frequency difference be-
tween the 1064-nm cw laser and the outer edges of the SC: this calculation
results in �14 fs (850 nm edge) and �24 fs (1250 nm edge). The noise jitter
of 0.7 fs is an order of magnitude less than the feature size, enabling co-
herent averaging without signi�cant smearing out of the features. Further
details on the phase and timing correction calculations, along cross-checks
on the coherent averaging procedure, are given in Supplement 6.6.5.

As a �nal step combining the factors discussed in this subsection (noise,
signal, and timing), we show the spectral SNR of the coherently averaged
dual-comb IGMs in Fig. 6.4(g). A high SNR of > 35 dB

p
Hz is obtained for

all spectral bands. Note that, for this measurement, the vertical zoom on
the oscilloscope is different from the one used in Fig. 6.4(e), since for the
SNR measurement it is necessary to fully resolve the IGM centerbursts.
This noise �oor increase, which is � 2 dB, could be avoided by using
higher dynamic range electronics or by introducing a differential chirp
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between the optical combs in order to reduce the IGM amplitude without
sacri�cing SNR [39].

6.4.3 Discussion

In order to utilize the high SNR performance of the dual-comb source for
high resolution spectroscopy, it would be important to correct for coher-
ent distortions in the IGMs. There are several etalon-like artifacts (Sup-
plement 6.6.5), and these could be suppressed digitally [253] or by use
of a reference measurement [254]. The former approach recently yielded
an ultra-high �gure of merit in a tunable mid-infrared cross-comb spec-
troscopy system [253]. Another effect is cross-phase modulation (XPM)
between the two combs, which is a coherent nonlinear interaction that
occurs when the pulses temporally overlap in the ANDi �ber [255] (see
Supplement 6.6.2). This results in periodic intensity modulations at a rep-
etition frequency of D frep. The delay line in Fig. 6.1 shifts this cross-
talk artifact away from the IGM centerburst, to a delay of about 225 ps.
Consequently, for delays between around [220, 230] ps (�1% of the 1-ns
total delay range), there is a strong modulation in the IGMs (see Supple-
ment 6.6.5). This modulation can be digitally removed in post process-
ing, resulting in a small (� 10 ps) gap in the dual-comb signal where
there is no spectroscopic information. For known gas absorption lines,
the same temporal �ltering procedure could be applied to the expected
free induction decay when �tting the absorption data to a model. For
applications that do not require the full resolution (e.g., spectroscopy of
various ambient-pressure gases, or hyperspectral LiDAR), this would not
be necessary. Alternatively, for applications that do require the full mea-
surement resolution with no gaps, one could generate a similar dual-comb
supercontinuum without the cross-talk by using a pair of �bers from the
same spool with carefully matched lengths, at the cost of a slightly more
complex experimental setup.

6.5 Conclusion

In this work, we report an ultra-low noise, shot-noise limited dual-comb
supercontinuum with >1 W average power. It is based on a high-power
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single-cavity dual-comb Yb:CALGO oscillator centered at 1053 nm and
with GHz pulse repetition rate, whose output is spectrally broadened in
a single PM ANDi �ber with co-propagating combs. This unique combi-
nation offers ultra-low SC RIN since (i) ANDi �bers can suppress noise-
amplifying incoherent dynamics, (ii) the 2.6-W average power per comb
delivered by the oscillator to the �ber input is suf�cient for direct SCG
without the need for ampli�cation thus reducing the impact of additive
ASE, and (iii) with the >60% coupling ef�ciency the oscillator supports
a theoretical SNL of -186 dBc/Hz making it the ideal platform to drive
highly nonlinear processes without incurring noise penalties. Through
careful analysis of the SC RIN, using nonlinear noise ampli�cation on the
wings of the SC spectrum, we infer that the laser output is within �11 dB
of this limit.

The supercontinuum spans 820-1280 nm and exhibits a GHz repetition
rate which enables fast measurements and high power per comb line. At
the same time, this SC source also offers record-low noise performance
as demonstrated with a spectrally-resolved RIN measurement for several
spectral bands from 850 nm up to 1250 nm in 50 nm increments. Each
spectral band reaches the shot-noise limit. Furthermore, the RIN of SC
spectral bands around the oscillator wavelength is suppressed by more
than 20 dB. This remarkable suppression is consistent with numerical
simulations of the RIN PSDs. The spectral slices with strong noise sup-
pression reach the shot-noise limit already for noise frequencies above
100 kHz, while the slices with noise ampli�cation reach it later, at about
3 MHz.

The source is promising for performing broadband dual-comb mea-
surements with high sensitivity. To investigate this, we recorded dual-
comb interferograms at different spectral bands with a repetition rate dif-
ference of about 3.95 kHz, supporting the resolution of the whole SC spec-
trum without spectral aliasing. Our analysis of the DCI measurements
focused on the SNR, in particular showing that both the signal strength
and noise �oor are close to their theoretical limits. We also checked that
measurement of timing �uctuations yielded suf�cient precision to sup-
port coherent averaging of all spectral bands. These results highlight how
oscillator-driven SCG with high repetition rate and ultra-low noise sup-
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port broadband dual-comb measurements while preserving a high SNR.
While we studied the noise after spectral �ltering via monochrometer
setup, similar �ltering can be incurred when transferring portions of the
comb to the mid-infrared or ultraviolet via tunable sum- and difference-
frequency generation or optical parametric ampli�cation [224]. Hence,
there is a path to leverage the ultra-low noise performance we observe
to perform spectroscopy in challenging spectral regions where there are
many strong and distinctive molecular absorption features. More gener-
ally, the increased speed and sensitivity enabled by low-noise supercon-
tinuum sources is important for the advancement of ultrafast photonics
and remote sensing technologies.

6.6 Supplementary

6.6.1 Simulation of relative intensity noise power spectral den-

sities

6.6.1.1 Generation of pulse train

Accurately simulating the noise evolution of optical frequency combs dur-
ing nonlinear spectral broadening in an optical �ber poses a signi�cant
challenge, primarily stemming from the dif�culty in de�ning an input
pulse train with realistic noise properties. Successful numerical predic-
tions of supercontinuum noise at the exit of a nonlinear �ber are only
possible if the simulation input correctly represents the noise of the combs
coupled into the �ber. Once the input pulse train is de�ned, the further
procedure of simulating the nonlinear dynamics during its propagation
through the �ber and the statistical evaluation of the results is straightfor-
ward and can be done with established methods.

Therefore, in this paper we use an experimental RIN PSD measurement
of the oscillator comb and convert it to a realistic pulse train that we can
use as input for our nonlinear simulations. This is only possible if the PSD
measurement covers the entire frequency range of interest (except f =
0 Hz). Special care must be taken to use as little attenuation as possible
for the measurement in order to get the lowest possible noise �oor. With
a one-sided PSD measurement in dBc/Hz at hand, here are the steps we
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take to turn it into a pulse train we can simulate:

1. Interpolate it at N
2 + 1 uniformly spaced points from 0 to the Nyquist

frequency frep/2 which is half of the repetition rate. This yields Sk

where k = 0, ..., N
2 . We assume S0 = 0. While it is possible to adjust

this procedure for even and odd N, we assume it to be even.

2. For a pump angular frequency w0 and an average power P = E frep

where E is the mean pulse energy, compute the SN limit Ssn of the
simulation

Ssn( f , w0, P) =
2flhw0

P
, (6.2)

where flh is the reduced Planck constant. This is a frequency-independent
one-sided PSD.

3. Scale the interpolated PSD as a two-sided amplitude spectrum and
add a phase to yield a complex amplitude vector r whose compo-
nents are

rk =
r

max(Sk � Ssn, 0)
2

eifk . (6.3)

The simplest way to add a phase to each real spectral amplitude jrkj
is to consider no correlation between each frequency bin and pick a
random phase fk � U [0, 2p) with the exception of f0 = f N

2
= 0.

Shot noise is subtracted from the PSD because it will be added back
later in the optical domain.

4. Get the signal vector x by computing the inverse DFT.

x =
q

N frep F�1[r] (6.4)

The normalization factor in front of the inverse DFT guarantees that,
rather than conserving total power, the time-averaged squared am-
plitude of x stays constant. Because x is real and r is already scaled
as if it were a two-sided amplitude, we can take advantage of func-
tions dedicated to real signals, such as irfft in Numpy [256], to
compute all N components of F�1[r]. For numerical tool kits that
don’t implement this shortcut version, we can create �r, the two-sided
version of r whose components are:

�rk =

8
<

:
rk , k = 0, . . . , N

2

r�N�k , k = N
2 + 1, . . . , N � 1,

(6.5)

150



6.6. Supplementary

where � denotes the complex conjugate. Each component j = 0, . . . , N
of the inverse DFT is then computed as such:

F�1[ �r]j =
1
N

N�1

å
k=0

�rk exp
�

i2p jk
N

�
. (6.6)

5. Work out the peak power P0,j and width t0,j of each pulse. Because
S0 = r0 = 0, we can write the energy of each pulse as E0,j = E(1 +
xj) where xj oscillates around 0. We therefore compute P0,j and
t0,j based on a reference pair (Eref, tref) and the empirical relation
mentioned in the main text.

t0,j = tref

s
Eref
E0,j

, P0,j =
E0,j

2t0,j
. (6.7)

6. Compute all N initial complex pulse envelopes �Aj(z = 0, w), scaled
such that in the time domain, jAj(0, t)j2 is the instantaneous power
in W. Add shot noise d �Asn of variance flhwn

2Dw into each angular fre-
quency bin wn of width Dw.

�Aj(0, wn) = t0,j

r
p
2

P0,j sech
�pt0,j

2
wn

�
+
r

flhwn
2Dw

eifn

| {z }
=:d �Asn

, (6.8)

where fn � U [0, 2p). Notice that beside the shot noise spectrum,
we consider the initial pulse to have a �at phase.

6.6.1.2 Propagation of pulses using the GNLSE

The above method for generating a pulse train can be paired with any
propagation equation. In the case of this work, each pulse is propa-
gated according to a scalar, single mode GNLSE. It includes a frequency-
dependent nonlinear parameter, SPM, self-steepening, delayed Raman scat-
tering and high order dispersion [246]. Linear loss is not included because
of the short length of the �ber.

The GNLSE is solved for every input pulse (eq. 6.8) using an embedded
Runge-Kutta method in the interaction picture of order 5(4) [257]. The
embedded scheme allows for automatic step size control based on a target
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6. Low-noise dual-comb supercontinuum generation

local error set to 10�6. Smaller simulation batches have been ran with a
tolerance down to 10�11 with no visible difference in the optical spectrum
nor the simulated PSD estimations.

6.6.1.3 Analysis of the output
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Figure 6.5: Comparison between measured and simulated PSD for a 15 nm spectral slice cen-
tered at 1150 nm. The red curve in the main plot area shows the measured PSD whose SN limit
sits at �163 dBc/Hz. The light purple line shows the corresponding simulated PSD, estimated
without any attenuation (T = 1 in eq. 6.9). Its noise �oor of �172 dBc/Hz is much lower than
that of the measurement, but can be raised to match it by attenuating the optical spectrum
(T = 11.5 %). This attenuated version is shown in dark purple. The inset shows the measured
and simulated full spectra as well as the simulated, �ltered spectrum.

As mentioned in the main article, because of noise anticorrelation that
can arise between two parts of the spectrum, no analysis is complete with-
out looking at individual parts of the optical spectrum. To do so in the
simulation, we use a Gaussian bandpass �lter bC(l) centered at lC and of
FWHM Dl = 15 nm.

bC(l) =
p

T exp

"

�
�

2 ln
�

1 +
p

2
�l� lC

Dl

�2
#

(6.9)

We add the parameter T which is the peak transmission of the �lter. It
is crucial to keep in mind that attenuation inherently adds noise, and that
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must be modeled numerically as well [113]. This is done by generating
a new shot noise spectrum dAsn(w) and combining it with the output of
the �lter:

�AC,j(w) = bC(l) �Aj(zL, w) +
q

1� bC(l)2 d �Asn(w), l =
2pc
w

. (6.10)

zL = 20 cm is the �ber length and c is the speed of light.

We can then compute the energy EC,j of each �ltered pulse and gener-
ate a signal vector yC whose components are

yC,j =
EC,j

hECi
� 1, j = 0, . . . , N � 1. (6.11)

hECi is the arithmetic mean of all EC,j.

Finally, we use the Welch method to turn yC into a PSD estimation
using the Hann window and 79 segments of length 131 072. Segmenting
the data and taking the mean of each corresponding periodogram is the
best strategy to reduce the variance of the PSD estimation, but this seg-
mentation method implies that the �nal, nonzero minimum frequency of
the analysis is higher than that of step 1 of section 6.6.1.1. A detailed
procedure for the Welch method is available at chapter 13.4 of [258].

Thanks to the parameter T in eq. 6.9, we are able to model the raised
SN limit of a measurement due to inef�ciencies of real �lters and mea-
surement devices. As a consequence, it is possible to �nd a value of T
for which the simulated noise �oor matches the measured one, thereby
simplifying their comparison.

6.6.1.4 Speed up for large frequency ranges

In the main text, we show simulation data ranging from 7.9 kHz to 10 MHz,
but the simulation is done for the full repetition rate of the laser (1.03 GHz).
Because the original measurement is SN-limited already in the MHz re-
gion due to the necessary attenuation, we extrapolate its slope around
300 kHz down to the SN limit. Additionally, in order to get this huge fre-
quency range together with a decent reduction in variance, more than 5
million pulses need to be propagated. Because this is somewhat unpracti-
cal, we look for ways to speed up and simplify the procedure.
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6. Low-noise dual-comb supercontinuum generation

First, we create all initial pulses and compute their energy, which is
transformed into a histogram where the number of bins is the maximum
number of simulations we want to run. We can then identify a repre-
sentative pulse for each non-empty bin and propagate only this one. We
ultimately perform the PSD analysis as described above, duplicating EC,j

of representative pulses in the correct order to create the complete signal
vector yC. We �nd empirically that a histogram of 16 000 bins is enough,
which corresponds to 14 222 pulses after exclusion of empty bins. This
number of bins is high enough because every computed PSD is virtually
identical to the 10 000 bins version.

6.6.2 Adding a delay line to avoid distorted spectra in interfer-

ometric measurements

In our setup, we use a single, highly birefringent nonlinear �ber to broaden
a dual frequency comb source, whereby the combs have orthogonal linear
polarization states, and one comb is injected into each of the polarization
axes of the �ber. Since the two combs have slightly different repetition
rates differing by D frep, the temporal offset between the pulses propa-
gating on each axis changes from shot-to-shot. Due to the short pulse
duration and �ber length, most pulses do not temporally overlap in the
�ber and no nonlinear coupling between the two combs occurs, leading to
the generation of identical SC spectra on both �ber axes.

However, when temporal overlap occurs in the �ber, nonlinear interac-
tion between the combs leads to temporal and spectral envelopes that are
highly dependent on the temporal offset, i.e. drastic changes occur from
shot to shot and the spectra generated on slow and fast axis are no longer
identical. Using a vectorial, dual-polarization GNLSE simulation [259], we
investigated this interaction and found it to be dominated by XPM. Since
XPM is a highly coherent process, it leads to deterministic and periodic
intensity and phase modulations of the pulse trains with frequency D frep.
Hence, while periodicity is lost on the level of each individual comb for
the period of temporal overlap, it is maintained on the level of D frep in
the sense that two pulses separated by DT = 1/D frep are identical.

To prevent these periodic modulations from compromising the DCI
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measurements, a temporal delay line is added to one of the combs after the
nonlinear �ber. This ensures that only undistorted pulses contribute to the
formation of the important central part of the dual-comb interferogram,
while the artifacts introduced by XPM interaction are pushed into the
wings where they can be removed in post-processing (Fig. 6.6).

(a) at fiber end

Comb 1

Comb 2

(b) after comb 2 delay

(c)

(d)

(e)

Figure 6.6: Schematic illustration of the effect of nonlinear interaction between two combs
propagating in a single nonlinear optical �ber. (a) Pulse trains from both combs at the output
of the �ber. Pulses that temporally overlap in the �ber interact nonlinearly due to XPM and
exhibit distorted spectra that are highly dependent on their temporal offset, as highlighted for
selected pulses in (c) and (d) in their respective color. This situation would lead to an artifact at
the center of the DCI measurement. (b) Same pulse trains as in (a) but comb 2 is delayed. Only
undistorted pulses with identical spectra shown in (e) overlap in time while the artifacts formed
by XPM are pushed into the wings where they no longer compromise the DCI measurements.

6.6.3 RIN at high noise frequencies and for both combs in the

ANDi �ber

In this section we assess the RIN when both combs are coupled into the
�ber simultaneously and validate that the supercontinuum remains shot-
noise limited for higher noise frequencies up to the Nyquist limit. We
determine the RIN PSD by analyzing the zoomed-in DCI time traces used
for Fig. 6.4(e) of the main manuscript.

For this purpose, we start from a single interferogram period and se-
lect a 20-µs long window between two IGM bursts, which is unaffected by
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6. Low-noise dual-comb supercontinuum generation

etalons or the intensity modulation from the pulse-crossing in the ANDi
�ber. By calculating the Fourier-transform of this trace we can compute
the corresponding power spectral density in units of V2/Hz. By normal-
izing this quantity with the squared DC voltage of the signal, we obtain
the RIN PSD in units of dBc/Hz.

In our measurement, the photodetector was exposed to an average
power between 2.3 mW at 850 nm and 0.6 mW at 1250 nm to account
for the wavelength-dependent responsivity of the detector. This resulted
in a similar DC photocurrent for all spectral bands, which we measured
at the 50-Ohm terminated DC port of the bias tee following the detector.
By scaling the measured DC voltage with the gain of the ampli�er (ENA-
220T, RF Bay) and low-pass �lters (SLP-750+ and SLP-550+, Mini-Circuits)
connected to the RF port of the bias tee, we can determine the effective DC
voltage of the signal if it had experienced the same gain as the AC part.
This can then be used for computing the RIN PSD.

The result is shown in Fig. 6.7 for the example trace at 950 nm. A lower
frequency limit of 10 MHz is used in the �gure because this corresponds
to the cut-off frequency of the ampli�er used. To reduce the noise in the
PSD, we further segment the selected trace into 100 shorter segments to
average the corresponding RIN-PSDs in Fig. 6.7.

950 nm (P opt  = 1.3 mW)

shot-noise limit

Figure 6.7: RIN-PSD at the spectral band around 950 nm computed from the zoomed-in DCI-
trace used in Fig. 6.4(e) of the main manuscript, together with the corresponding shot-noise
limit.

It can be seen that also for higher noise frequencies up to the Nyquist
frequency and with both combs coupled into the �ber simultaneously,
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the RIN remains shot-noise limited. Notice that the shot noise is higher
compared to the measurements in Fig. 6.3(b) of the main manuscript due
to the lower power on the photodetector. A similar shot-noise limited
RIN-PSD is observed for all measured spectral bands.

6.6.4 Prevent detector nonlinearities

We investigated the strength of nonlinear spectral artifacts associated with
detector nonlinearities and ensured that they are > 18 dB below the signal.
To illustrate this, we show in Fig. 6.8 the normalized RF spectrum of the
raw DCI measurements at 950 nm. The small spike at around 2 MHz
is an artifact from the ampli�er which is only speci�ed for frequencies
>10 MHz.

950 nm (P opt  = 1.3 mW, I photo  = 0.77 mA) 

2 f carrier

Figure 6.8: RF spectrum of the IGM at 950 nm. The nonlinear spectral artifact at 2� fcarrier
(highlighted in red) is suppressed by >18 dB compared to the signal.

The detector was exposed to an average power of Popt � 1.3 mW result-
ing in a photocurrent of Iphoto � 0.77 mA. The condition that nonlinear
spectral artifacts are suppressed by >18 dB compared to the signal is sat-
is�ed also for the remaining spectral bands.

6.6.5 Coherent averaging

To illustrate the structure of the signal in time- and frequency-domain, we
show in Fig. 6.9(a) a single period, together with the coherently averaged
trace for the measurement at 850 nm (with Ncoh = 380 averages). At zero
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optical delay we have the main interferogram, and the intensity modula-
tion due to the pulse-crossing in the �ber is at a delay of about 225 ps.
To enable high-resolution measurements, we use the full time window of
1/ frep � 1 ns for the dual-comb interferometry measurements, of which
the intensity modulation due to the pulse-crossing distorts only � 10 ps
as apparent from Fig. 6.9(b).

(a)

(c)(b)

Spectral band at 850 nm

(d)

Figure 6.9: (a) Example of a single period, the coherently averaged trace (with Ncoh = 380
averages) and the averaged signal with alternating sign at 850 nm. (b) Zoom on the intensity
modulation due to the crossing of the pulses in the �ber. (c) Zoom-in on the strongest etalon
peak of the trace. (d) Frequency-domain representation of the signals after removing the in-
tensity modulation at 225 ps for all traces, and suppressing spurious remainders of the signal
around the interferogram and the intensity modulation for the signal averaged with alternating
sign to analyze the noise �oor.

6.6.5.1 Noise �oor analysis

To analyze the noise �oor of the measurement, we apply the coherent
averaging routine but with alternating signs for subsequent periods to
suppress coherent signals while preserving the underlying noise. The cor-
responding noise �oor in the spectral domain can be accessed via a Fourier
transform after removing spurious remainders of the signal around the in-
terferogram and the intensity modulation which could otherwise distort

158



6.6. Supplementary

the noise �oor estimation. Speci�cally, we use a digital �lter in the time
domain to remove a 10-ps window around the main interferogram, and a
35-ps window around the intensity modulation to suppress the intensity
modulation itself and spurious interferograms close to it which did not
always cancel perfectly as apparent in Fig. 6.9(b). For analyzing the spec-
trum of the single period and the coherently averaged trace, it is suf�cient
to suppress a 10-ps window around the intensity modulation prior to the
Fourier transform (Fig 6.9(d)).

6.6.5.2 Quality check for coherent averaging

For dual-comb interferometry experiments, it is important that the co-
herent averaging preserves the high-resolution information also at higher
delays from the main interferogram signal. For that purpose, we check
that the weak etalon pulses located at various delays within the time win-
dow are coherently averaged. In particular, we require that the coherently
averaged etalons are in close agreement with the etalon of a single pe-
riod to guarantee that the averaging maintains the intensity and phase
information.

This procedure is illustrated in Fig. 6.9(c), where we zoom on the
strongest etalon peak for the trace at 850 nm. We chose this wavelength
for illustration purposes since it has a large separation from the cw-laser
(at 1064 nm) used for the phase correction. Consequently, the oscilla-
tion frequency of the frequency-shifted IGMs is high making this trace
particularly challenging for coherent averaging as discussed in the main
manuscript.

It is apparent that the signal during a single period has a good agree-
ment with the coherently averaged signal which indicates that the coher-
ent averaging preserves the high-resolution information. This also mani-
fests itself in the absence of a signal in the averaged trace with alternating
signs, since the coherent signals cancel and only the noise remains. By em-
ploying the same quality check for all spectral bands and all etalon peaks,
we ensure that the dual-comb supercontinuum and coherent averaging
routine is suitable for dual-comb interferometry experiments.
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Chapter 7

Dual-comb hyperspectral LiDAR on

non-cooperative targets

The high (watt-level) output power and low-noise properties of the dual-
comb SC presented in Chapter 6 make it promising for high-precision
broadband remote sensing applications. In this chapter, we demonstrate
this at the example of the �rst proof-of-concept study of a broadband
dual-comb HSL prototype.

For developing the HSL system, we combine the dual-comb SC source
with a HSL transceiver unit. It is equipped with a GPU-accelerated al-
gorithm for real-time signal acquisition and processing (similar to the
algorithm presented in Chapter 4) and a computer-controlled scanning
system to automatically record the 3D-pro�le and spectral signatures of
non-cooperative targets.

For studying the capabilities of the dual-comb HSL prototype, we per-
formed ranging experiments to different targets positioned at a distance of
about 1 m for the transceiver unit. For a black anodized aluminum target,
we achieve a sub-µm measurement precision with a (single-shot) update
rate of 670 Hz. Since the dual-comb interferograms also give access to the
spectral response of the target across the source’s optical bandwidth [48,
49], we additionally scanned different washers (with different material
and geometry) and compare the recorded spectra with reference measure-
ments based on a thermal light source and an optical spectrum analyzer.
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We found that the spectral measurements follow the same trend, which
showcases the potential of the dual-comb HSL system for remote material
classi�cation. The results of this study are discussed in more detail in the
following manuscript:

Title: �Broadband hyperspectral LiDAR with a free-running
gigahertz dual-comb supercontinuum�, [260]

Journal: Optics Letters
doi: 10.1364/OL.550505
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Broadband hyperspectral LiDAR with a free-running giga-

hertz dual-comb supercontinuum

S. L. Camenzind,1 A. Nussbaum-Lapping,1 B. Willenberg,1 J. Pupeikis,1 J.
Taher,2 T. Hakala,2 A. Kukko,2 J. Hyyppä,2 P. Ray,3 C. R. Phillips,1 and
U. Keller1

1Department of Physics, ETH Zurich, 8093 Zurich, Switzerland
2Department of Remote Sensing and Photogrammetry, Finnish Geospatial Re-
search Institute, 02150 Espoo, Finland
3Department of Civil, Environmental and Geomatic Engineering, ETH Zurich,
8093 Zurich, Switzerland

Abstract: Hyperspectral LiDAR (HSL) enables the simultaneous acqui-
sition of the surface geometry and spectral signatures of remote natural
targets, making it valuable for various applications such as material prob-
ing, automated point cloud segmentation, and vegetation health monitor-
ing. We present a �rst proof-of-concept study of a broadband dual-comb
HSL system based on a 1-GHz dual-comb supercontinuum (SC). The SC
spans from 820 to 1300 nm, generated via coherent spectral broadening
of a free-running single-cavity dual-comb oscillator at 1053 nm in a sin-
gle nonlinear photonic crystal �ber. The HSL system achieves a sub-µm
ranging precision on a non-cooperative target at an update rate of 670 Hz.
The shot-noise limited electronic dual-comb interferograms furthermore
encode the spectral information of the target re�ection across the SC band-
width. This allows the capture of precise 3D point clouds with spectral
signatures, unlocking new possibilities for spectrum-based material clas-
si�cation.

7.1 Introduction

Light detection and ranging (LiDAR) offers fast and accurate non-contact
mapping of our environment, covering distances from a few mm to several
km.

Established measurement techniques such as frequency-modulated continuous-
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wave (FMCW) LiDAR offer high ranging precision through careful lin-
earization of the laser’s frequency chirp over a multi-THz bandwidth
[261]. Using an optical frequency comb for this calibration enabled a rang-
ing precision below 10 µm on natural surfaces over distances up to 10.5 m
[27]. However, since these systems typically emit light in a narrow range
of wavelengths, they cannot probe the spectral characteristics of a target
across a broad bandwidth which would be useful to gather further in-
sights into the material properties.

Multispectral or hyperspectral LiDAR (HSL) improves upon narrow-
bandwidth systems by simultaneously acquiring range and spectral infor-
mation across several discrete wavelengths or a continuous spectrum of
wavelengths, proving effective for material classi�cation and automated
point cloud segmentation [262].

The traditional HSL approach relies on time-of-�ight (ToF) measure-
ments at different spectral channels selected with an acousto-optical tun-
able �lter [263], a liquid-crystal tunable �lter [264] or a spectrograph com-
bined with a linear avalanche photodetector array [265]. These systems
typically offer mm to cm level range precision over distances of a few
tens of meters [263�265]. Recently, sub-mm range precision over 50 m has
been demonstrated using a supercontinuum (SC) coherently broadened
from a frequency comb [17]. Distance measurements were derived from
the phase delay on the intermode beats from a single comb, with a data
averaging time of 13 ms.

An enhanced ranging precision and resolution in HSL systems enable
the detection of smaller features and subtle changes in surface geometries,
which in combination with the spectral information provides a valuable
tool for process monitoring and quality control. For instance, in thin-
�lm manufacturing, an HSL with high spatial resolution and precision
can measure the thickness of different layers along with their spectral sig-
natures to assess layer uniformity and detect defects [266]. The rising
standards in such precision manufacturing processes drive the continu-
ous improvement of the corresponding inspection tools.

The dual-comb LiDAR technology offers the potential to address this
demand for higher precision and resolution in HSL systems and even
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combine it with a fast update rate and absolute distance measurement ca-
pabilities [7]. It relies on a pair of frequency combs with slightly different
repetition rates. By sending one of the combs ( frep,1) to the target to sam-
ple the distance, and use the second comb ( frep,2) as the local oscillator,
the slight offset in their repetition rates D frep = frep,2 � frep,1 causes the
local oscillator pulses to walk through the target pulses. This linear optical
sampling, which is based on the interference between the combs, leads to
a downconversion of the ToF-information encoded in the optical domain
to the electronic domain by a factor of D frep/ frep,1 [7]. The same down-
conversion also applies to the frequency domain, enabling highly parallel
spectroscopy measurements using a single photodiode and standard elec-
tronics [82].
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Figure 7.1: Schematic of the dual-comb HSL setup. The dual-comb is broadened through
a single polarization-maintaining (PM) all-normal-dispersion (ANDi) �ber. Comb 1 (blue) is
then sent to the target, while comb 2 (red) serves as the local oscillator to map the distance
and spectral information encoded in the optical domain down to the electronic domain. FI,
Faraday isolator; DM, dispersive mirror; TFP, thin-�lm polarizer; HWP, half-wave plate; ASL,
aspheric lens; ACL, achromatic lens; BS, beam splitter; PBS, polarizing beam splitter; SM �ber,
single-mode �ber; PD, photodetector; LPF, low-pass �lter; Amp, ampli�er.

The dual-comb ranging methods presented in the literature rely pri-
marily on cooperative targets (such as retro-re�ectors) [7]. This prevents
complexities associated with non-cooperative targets (natural surfaces)
such as a strong attenuation and distortion of the returning �eld, which
leads to a low signal-to-noise ratio (SNR). Nonetheless, there has been
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demonstrations of dual-comb LiDAR with non-cooperative targets such
as [138], which over 3.46 m achieved a single-shot measurement precision
of about 10 µm at an update rate of 20 Hz. Additionally, range-resolved
spectral characterization has also been shown previously [48, 49]. Those
measurements relied on sources with a bandwidth of few tens of nanome-
ters.

To expand these capabilities of combining range and spectral informa-
tion, we present a �rst proof-of-concept study of a broadband dual-comb
HSL system based on a coherent 1-GHz low-noise dual-comb SC. In addi-
tion to the improved potential for remote material classi�cation, a broad
SC bandwidth is bene�cial for achieving a high ranging precision and res-
olution [267]. Furthermore, it can make the distance measurements less
susceptible to speckle [268], which is an important aspect for measure-
ments on non-cooperative targets.

7.2 Setup

The dual-comb SC used for the HSL experiments is similar to the source
presented in [269]. It is based on a multi-mode pumped free-running
Yb:CALGO dual-comb oscillator with a center wavelength of 1053 nm,
sub-100 fs pulses, an average output power of about 3.2 W per comb, and
a 1-GHz pulse repetition rate. This results in suf�cient peak power to
coherently broaden the combs in an all-normal dispersion (ANDi) �ber
to several hundred nanometers (820 - 1300 nm), while still allowing for a
reasonably high D frep without suffering from spectral aliasing [269]. This
is crucial for enabling fast measurements as the update rate is determined
by D frep.

To generate this SC, the pair of combs emitted by the oscillator are �rst
transmitted through Faraday isolators (FIs) to prevent any backre�ections
into the oscillator cavity, which could affect the mode-locking stability.
We then use dispersive mirrors (DMs) to compress the pulses and thereby
maintain a high peak power after the FIs. The combs are then combined
on a thin-�lm polarizer and coupled into a polarization-maintaining (PM)
ANDi �ber for spectral broadening. Before coupling the cross-polarized
combs into the ANDi �ber, we use a half-wave plate (HWP) to adjust
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their polarization to the �ber’s principal birefringent axes as indicated in
Fig. 7.1.

After the SC generation, the two combs are collimated (F230APC-1064,
Thorlabs) and then split according to their polarization with a polarizing
beam splitter (PBS). About 1.3 W of the spectrally broadened comb 1 is
sent toward the target via a large (4-in.) silver mirror attached to a two-
axis goniometer stage (GNL20-Z9, Thorlabs), which acts as the scanning
unit. Using a pair of achromatic lenses (ACLs), we focus the beam onto
the target to reduce its spot size and allow scanning with high spatial
resolution. The backre�ected light is collected with a Cassegrain telescope
(72 mm diameter, 500 mm focal length) (No.302966, Walimex).

The polarization of comb 2 is rotated with a HWP after the �rst PBS,
and its power is attenuated with a second PBS to prevent detector satura-
tion. It is then combined with about 1 mW of comb 1, which has been split
off from the target beam path using a wedge to serve as a reference signal
for the distance and spectral information encoded in the target re�ection.
The attenuated comb 2 (serving as a local oscillator) and the reference sig-
nal are combined with the target re�ection via a beam splitter (BS). These
beams are then coupled to a single-mode (SM) �ber (P5-1064Y-FC-2, Thor-
labs) and fed to a �ber-coupled photodetector (DET01CFC/M, Thorlabs).
The SM �ber ensures that the local oscillator, the reference, and the target
re�ection exhibit the same wavefront, which is crucial for optimizing the
SNR in the interferometric dual-comb measurement. However, a draw-
back of the SM �ber is that below its cut-off wavelength (920 � 50 nm),
it can guide multiple modes. Those modes have different group velocities
and their interference is wavelength-dependent, which can lead to signal
distortions and reduced SNR in this region.

The detected electronic output is low-pass �ltered at the Nyquist fre-
quency (SLP-550+, Mini-Circuits), ampli�ed (ENA-220T, RF-Bay), and then
recorded using an analog-to-digital converter with a sampling rate of
500 MS/s (M4i.4451-x8, Spectrum Instrumentation). To avoid aliasing, we
positioned the interferograms (IGMs) within the [0 Hz, 250 MHz] range
by adjusting the repetition rate difference, and we chose D frep � 670 Hz
to balance the update rate with the achievable single-shot SNR.
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(a) (b)

Target

Reference

Figure 7.2: (a) Measured dual-comb interferograms, encoding the time-of-�ight delay between
the reference and target re�ections. (b) Fourier transform of the reference and target inter-
ferograms to access their spectral information in the radio frequency (RF) and corresponding
optical domain.

Figure 7.2(a) shows the electronic signal recorded with the HSL setup
on a black anodized aluminum target positioned at a distance of about
1 m. The local oscillator power was adjusted to 1 mW, and the back-
re�ected optical power reaching the detector is �5 µW. The IGM trace
is shot-noise limited, meaning that the shot-noise of the recorded signal
is the dominant noise source. The delay between target and reference
IGMs encodes the ranging information [7]. Figure 7.2(b) shows the Fourier
transform of the IGMs, which reveals the corresponding spectral informa-
tion in the optical domain. The oscillations in the target spectrum might
originate from specular re�ectance components in the signal. The optical
frequency in Fig. 7.2(b) is calibrated by recording the SM �ber output us-
ing an optical spectrum analyzer (OSA) (FieldSpec Pro, Analytical Spectral
Devices).

The data processing to track the target distance relies on a GPU-accelerated
algorithm for real-time data acquisition and processing presented in [151].
To capture the dual-comb spectra, we record the reference and target IGMs
and compute their Fourier transform in the post-processing. The dual-
comb source used in our experiments has a 1 GHz comb line spacing
[269], which sets the upper limit for spectral resolution when recording
the full time-trace. In practice, generating the dual-comb SC in a single
�ber leads to crosstalk when the pulses overlap in the �ber [269]. These
crosstalk signals must be �ltered before the Fourier transform to prevent
spectrum distortions, which reduces the resolution. This issue can be
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avoided by generating the dual-comb SC with two separate ANDi �bers
to prevent the nonlinear interaction. By additionally recording the ref-
erence and target IGMs on separate channels, this would enable a 1 GHz
spectral resolution (i.e., about 100,000 parallel spectral channels) at the cost
of a slightly more complex experimental setup. Since solids typically ex-
hibit broad spectral features, this higher resolution is not necessary for our
measurement. Therefore, we store short time-segments of �2 µs around
the dual-comb IGMs, resulting in a spectral resolution of approx. 0.8 THz,
which is comparable to previous HSL measurements [17, 263�265]. To en-
hance the spatial resolution and precision, we further re�ne the distance
measurement by digitally dechirping the IGMs using a polynomial �t of
the spectral phase, followed by a second-order temporal moment integral
to compute their arrival times.

7.3 LiDAR results

We record a time-series of the distance to the black anodized aluminum
plate, which is about 1 m away from the scanning unit. Figure 7.3 shows
an Allan deviation [149] of the ToF-based distance measurement to as-
sess the impact of data averaging time on the ranging precision. The
single-cavity architecture of the free-running dual-comb oscillator leads to
correlated timing �uctuations of the combs, which reduces their relative
timing noise. This enables a sub-µm single-shot precision at an update
rate of D frep � 670 Hz. Moreover, the precision can be further improved
to about 50 nm by averaging the ranging information for �0.3 s. Coherent
averaging of the IGMs would enable a higher measurement sensitivity, but
it requires a faster update rate to unambiguously sample and correct the
IGM phase and timing �uctuations [180, 269].

We also record the 3D pro�le of two washers (a �at washer and a wedge
lock washer), which were attached to the black anodized aluminum plate.
They have a different geometry (Fig. 7.4(a)) and exhibit different mate-
rial properties: the �at washer is zinc-plated and the wedge lock washer
is zinc-�aked with a zinc-aluminum composite leading to a more tex-
tured and less uniform surface with reduced re�ectivity. The �at washer
is scanned with 2000 single-shot measurement points (Fig. 7.4(b)), and

169



7. Dual-comb hyperspectral LiDAR on non-cooperative targets

Figure 7.3: Allan deviation for the time-of-�ight based distance measurement recorded with
the free-running hyperspectral LiDAR system. The target is a non-cooperative black anodized
aluminum plate, placed at a distance of about 1 m.

the wedge lock washer with 30,000 single-shot measurements to account
for its more complex geometry (Fig. 7.4(c)). The measurement speed of
recording these point clouds was limited by the scanning mechanism.
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Figure 7.4: (a) Photo of the two washers. The corresponding point cloud for (b) the �at washer
(2000 points) and (c) for the wedge lock washer (30,000 points).

To analyze the spectral characteristics of the target surface, we normal-
ize the acquired target spectrum with the reference spectrum for each
measurement point to account for the source’s spectral power density
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7.3. LiDAR results

and temporal �uctuations. While we did not observe a systematic de-
pendence of the resulting spectra on the angle of incidence, we noticed
that speckle and specular re�ectance components in�uence the measured
spectral pro�les, which can mask the characteristic signatures of the ma-
terial. To reduce this effect, we separately average the spectra recorded
on the washer’s left and right half, respectively, which allows to compare
the results for consistency. Finally, to also account for the different opti-
cal transfer function of the reference and target beam path, we normalize
these measurements with the averaged spectral response of the black an-
odized aluminum background, which was chosen for its durability, low
re�ectance, and relatively uniform surface enabling consistent measure-
ments. Figure 7.5(a) shows the resulting normalized spectra down to
the approximate cut-off wavelength of the SM �ber used, discretized into
about 100 parallel spectral channels. The spectra are consistent across the
point cloud for both washers. Furthermore, we observe a signi�cant dif-
ference between their spectral characteristics. Such spectral differences
between the materials can potentially be used for their classi�cation.
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Figure 7.5: (a) Normalized dual-comb spectra averaged over the �at and wedge lock washer’s
left and right half, respectively. (b) Normalized spectra of the �at and wedge lock washer
recorded with a thermal light source and an OSA.

To validate those results, we characterize the spectral response of those
washers with an independent measurement approach. We illuminate
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7. Dual-comb hyperspectral LiDAR on non-cooperative targets

the washers with a stabilized tungsten-halogen broadband light source
(SLS201L, Thorlabs) at normal incidence and measure the re�ected spec-
tra with an OSA. For each washer, we average the spectrum over �ve
measurements at different positions and normalize the averaged spectrum
with the spectrum of the black anodized aluminum background. This re-
sults in the normalized spectra for the �at and wedge lock washer shown
in Fig. 7.5(b). We can see that these spectra follow the same trend as the
measurements obtained from the dual-comb HSL.

7.4 Conclusion

We present a broadband dual-comb HSL system based on a free-running
single-cavity dual-comb oscillator broadened through a single ANDi �ber,
in combination with a scanning mechanism for recording 3D point clouds
alongside the target’s spectral characteristics. The system uses a GPU-
accelerated algorithm for fast data acquisition and processing.

We measure the distance to a black anodized aluminum target placed
about 1 m from the scanner. The shot-noise limited signals enable sub-
µm ranging precision at a 670 Hz update rate. Furthermore, we scan two
washers attached to the anodized aluminum background and record their
normalized spectral response. The resulting spectral pro�les are simi-
lar to independent validation measurements obtained from a broadband
thermal light source, which highlights the capability of the dual-comb
HSL prototype to effectively capture the spectral signatures of remote tar-
gets without requiring an OSA. This facilitates spectrum-based remote
material classi�cation and illustrates the potential of the dual-comb tech-
nology for HSL measurements, particularly for process monitoring and
quality control applications that require high spatial resolution and pre-
cision, such as detecting minor cracks, impurities, welding defects, and
coating defects. Note that the watt-level average power requires special
care to ensure eye-safe operation.

To reach higher update rates, one could use a faster analog-to-digital
converter and a dual-comb SC source with a higher pulse repetition rate
(e.g., based on hybrid �bers to allow for signi�cant spectral broadening
despite reduced pulse energies [241]). An increased update rate would
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also be bene�cial to enable coherent averaging of the time-trace, e.g., by
using the reference IGMs for phase and timing correction [180]. This
would enhance the SNR of the target IGM, thereby signi�cantly extending
the measurement distance.

Funding

Schweizerischer Nationalfonds zur Förderung der Wissenschaftlichen Forschung
(40B2-0_180933); Research Council of Finland (359175); Finnish Geospatial
Research Institute.

Acknowledgement

SC’s visit to the FGI Autonomous Mapping and Driving group, where the
HSL measurements were conducted, was supported by the ETH Doc.Mobility
Fellowship and UNITE �agship of science. SC thanks Dr. Lukas Lang for
his support with developing the GPU-accelerated algorithm. SC thanks
Prof. Dr. Alexander Heidt for the valuable discussions about the dual-
comb SC generation.

Disclosures

BW & JP declare partial employment with K2 Photonics.

7.5 Data availability

Data underlying the results presented in this paper are available at the
ETH Zurich Research Collection library.

173





Part IV

Afterword

175





Chapter 8

Conclusion and Outlook

8.1 Conclusion

The focus of this doctoral project has been the study of single-cavity
solid-state dual-comb lasers and their potential for (i) high-precision long-
distance ranging and (ii) driving low-noise SCG for broadband dual-comb
HSL measurements.

Solid-state lasers are promising for long-distance dual-comb ranging as
they can operate at GHz pulse repetition rates which allows to bridge the
gap between traditional �ber lasers (typically operating in the 100-MHz
range) [7, 34, 136] and soliton micro-combs with repetition rates�1 GHz
[32, 74]. This enables fast measurements without suffering from the short
NAR on the order of few mm inherent to soliton micro-combs. They
can also provide a high average power without the need for ampli�-
cation which is particularly relevant for ranging experiments with non-
cooperative targets (i.e. natural surfaces) [138]. Furthermore, due to their
low-loss cavities, the short output pulses, the high intra-cavity pulse en-
ergies and the small intra-cavity dispersion, solid-state lasers offer low
intrinsic timing noise properties [43] which is critical for achieving a high
ranging precision. By additionally leveraging a single-cavity architecture
for dual-comb generation, the two combs have correlated noise proper-
ties leading to reduced relative timing noise as investigated in Chapter 2.
This makes the resulting dual-comb sources ideal for high-performance
ranging applications.
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This was explored in Chapter 3 with a distance-metrology setup based
on a single-mode pumped 160-MHz Yb:CaF2 dual-comb laser, combined
with a novel transceiver design that enables absolute distance measure-
ments to a moving target at long range (beyond the intrinsic NAR). The
system achieved a sub-µm precision when tracking the motion of an os-
cillating mirror at a distance of >10 m with an update time of 1.72 ms.
In Chapter 4, this ranging instrument is improved by replacing the laser
source with a single-mode pumped 1-GHz Yb:CaF2 dual-comb oscillator.
Furthermore, the new system was equipped with a GPU-accelerated al-
gorithm for real-time signal processing, and an upgraded transceiver unit
for enabling dead-zone free measurements and reducing the impact of
spurious ghost pulses on the ranging precision. With a cooperative target
positioned at a distance of more than 40 m, this enabled an accuracy of
about 3 µm and a single-shot measurement precision of � 0.1 µm at an up-
date rate of 5 kHz. This system also leveraged the phase of the dual-comb
interferograms for an interferometric hand-over to enhance the precision
to <20 nm.

It is important to note that this accuracy and precision correspond to
measurements preformed in a controlled laboratory environment that al-
lowed for the continuous monitoring and correction of meteorological pa-
rameters. Without such corrections of the spatial and temporal refractive
index variations along the measurement path, the impact of atmospheric
turbulence could affect or even limit the ranging accuracy in practical out-
door measurements. This indicates that the single-cavity solid-state laser
based ranging instrument is particularly well suited for accurate and pre-
cise long-distance ranging in a controlled environment such as scienti�c
applications, industrial process monitoring or alignment of particle accel-
erators, as well as in space applications, including satellite positioning and
formation �ying.

The previous distance measurements were performed with cooperative
targets for which low-power (single-mode pumped) lasers are typically
bene�cial due to their smaller footprint, lower power consumption and
relaxed cooling requirements. In contrast, lasers with high (watt-level) av-
erage power require special care with thermal management and to ensure
eye-safe operation, but they also allow measuring non-cooperative tar-
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gets which exhibit reduced re�ectivity. To investigate this further, Chap-
ter 5 explored the power-scaling of single-mode pumped solid-state lasers
with Yb-�ber based ampli�ers as an alternative to multi-mode pumping
schemes with reduced thermal load.

However, the low (shot-noise limited) intensity noise, high average
power without ampli�ers (which can induce ASE), and clean output pulses
makes multi-mode pumped solid-state lasers also extremely well-suited to
drive coherent and low-noise SCG. A broad optical bandwidth is a valu-
able property for remote sensing applications, e.g. to interrogate the spec-
tral response of a sample at many different wavelengths simultaneously.
Thus, the spectral broadening of a multi-mode pumped 1-GHz solid-state
dual-comb laser with a single all-normal dispersion (ANDi) �ber was in-
vestigated in Chapter 6. This combination resulted in a highly-symmetric
dual-comb spectrum spanning 820 - 1280 nm, with record-low (shot-noise
limited) intensity noise and >1 W output power.

In Chapter 7, this dual-comb supercontinuum was combined with a
scanning mechanism and a HSL transceiver unit for the �rst proof-of-
concept study of broadband dual-comb HSL measurements. For non-
cooperative targets at a distance of about 1 m, this system achieved a
sub-µm ranging precision with a (single-shot) update rate of 670 Hz. The
acquired spectral signatures of the target further indicate the potential for
spectrum based material classi�cation. This HSL prototype combines a
high ranging precision and resolution with the potential for broadband
re�ectometry which makes it an interesting tool for process monitoring
and quality control applications. For example in thin-�lm manufacturing
it could be used to detect defects and analyze the layer uniformity during
production.

8.2 Future research

On the basis of the results achieved in this doctoral project, there are fur-
ther goals and milestones which would be interesting to investigate in
future studies:

� It would be interesting to employ the dual-comb SC source pre-
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sented in Chapter 6 for dual-comb spectroscopy applications. Our
results suggest that broadband dual-comb spectroscopy measure-
ments could greatly bene�t from the high power per comb line and
low noise properties inherent to this SC source as it can enable a high
signal-to-noise ratio and thus fast and/or high-sensitivity measure-
ments. In addition, the dual-comb SC source could also be paired
with difference frequency generation or optical parametric ampli�-
cation setups to transition its wavelength to the mid-infrared making
it more valuable for trace gas sensing.

� The dual-comb hyperspectral LiDAR system discussed in Chap-
ter 7 could be upgraded to a higher update rate by using a faster
analog-to-digital converter together with a dual-comb supercontin-
uum source that exhibits a higher pulse repetition rate. The latter
can be enabled, for example, by using hybrid �bers to allow for sig-
ni�cant spectral broadening despite reduced pulse energies [241].
In addition to faster measurements, a higher update rate would en-
able coherent averaging (e.g. by using the reference interferograms
for phase and timing correction) to improve the signal-to-noise ra-
tio of the target interferogram and thereby extend the measurement
distance to several tens or hundreds of meters.
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