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Abstract

To face the current situation of climate change caused by human activities, many states
set the goal to reach zero emissions of greenhouse gases by 2050 in order to contain
the increase of the mean earth temperature in an acceptable range. To reach such an
ambitious goal, a revolution is necessary in the domains of energy production and
transportation. Renewable energies are destined to play a major role in this transition,
but they cannot be used alone, because of their intermittency and their unpredictable
character, preventing a production adapted to the demand ofelectricity consumption
in real time. One of the most promising path to overcome theselimitations is the
conversion of renewable electric energy into chemical energy by extracting hydrogen
from water by electrolysis. This hydrogen can be stored and then burned in turbines to
produce electricity according to the demand. Due to their power and their �exibility,
gas turbines are unavoidable elements of the energy transition. In the sector of air
transportation, the gas turbine is the only mean of propulsion o�ering enough power
for a su�ciently moderate weight, and hydrogen propulsion starts being seriously
considered also in this domain. A consequent research e�orthas been deployed in
the last decades to improve the performances of the combustion chambers in land-
based and aeronautic gas turbines. New architectures of combustion chambers need
to be conceived to provide optimal performances while beingadapted to new fuels
such as hydrogen and meeting increasingly drastic regulations in terms of reduction
of nitrogen oxides emissions. The development of these architectures confronts to the
problem of thermoacoustic instabilities, arising from a coupling between the unsteady
heat release rate of the �ames and the acoustic modes of the combustion chamber.
These are frequently annular shaped, especially in aeronautic applications, because this
con�guration is the most compact, the lightest, and ensuresthe most homogeneous
temperature pro�le and features the smallest wall surface to cool. In these annular
chambers, thermoacoustic instabilities generally involve the �rst azimuthal acoustic
modes. Azimuthal thermoacoustic instabilities are a global phenomenon involving all
the volume and all the �ames of the chamber. Therefore, theirstudy often necessitates
experiments and simulations on a complete geometry, because studies on a sub-part of
the geometry fail to account for the global phenomenon. An other di�culty is caused by
the degenerate character of the azimuthal acoustic modes, allowing a fascinating variety
of dynamic behaviours of thermoacoustic instabilities. The present thesis proposes a
low-order modelling approach of the azimuthal thermoacoustic modes, along with
experiments. The model, based on the �rst principles, accounts for the e�ects of
di�erent kinds of asymmetries, delayed �ame response, turbulent combustion noise,
azimuthal mean �ow. It provides a qualitative and quantitative physical interpretation
for a large variety of thermoacoustic dynamics observed in combustion chambers,
which had never been explained. The low order modelling allows to obtain analytical
results and to evaluate globally the interactions between the di�erent parameters of
the system, which is generally not possible in higher �delity approaches like LES
or Helmholtz solvers. A similar model is also derived to describe an aeroacoustic
instability in a cylindrical chamber, presenting very similar characteristics compared
to thermoacoustic azimuthal instabilities, demonstrating that some of the phenomena
described in this thesis are not restricted to the �eld of thermoacoustics, but are also of
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interest for other �elds of physics.
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Résumé

Pour faire face à la situation actuelle de changement climatique lié à l'activité humaine,
de nombreux Etats se sont �xés l'objectif d'atteindre zero émissions nettes de gaz à
e�et de serre d'ici 2050 a�n de conserver l'augmentation de la température moyenne du
globe dans des limites acceptables. Pour atteindre un objectif aussi ambitieux, une révo-
lution des moyens de production d'énergie et de transport est nécessaire. Les énergies
renouvelables sont appelées à jouer un rôle majeur dans cette transition, mais elles ne
peuvent être utilisées seules, en raison de leur intermittence et leur caractère imprévis-
ible, qui empêche une production adaptée à la demande de consommation d'électricité
en temps réel. Un des moyens les plus prometteurs de pallier ces limitations est de con-
vertir l'énergie électrique renouvelable en énergie chimique, en extrayant l'hydrogène
de l'eau par électrolyse. Cet hydrogène peut être stocké pour être ensuite brûlé dans des
turbines a�n de produire de l'électricité en fonction de la demande. Les turbines à gaz,
en raison de leur puissance et de leur �exibilité, sont donc d'incontournables éléments
de la transition énergétique. Dans le secteur du transport aérien, la turbine à gaz est le
seul moyen de propulsion qui o�re une assez de puissance pourun poids su�samment
réduit, et la propulsion à hydrogène commence à être sérieusement étudiée dans ce
domaine aussi. Un e�ort de recherche conséquent a été déployé dans les dernières
décennies pour améliorer les performances des chambres de combustion des turbines
terrestres et aéronautiques. De nouvelles architectures de chambres de combustion
doivent être conçues pour fournir des performaces optimales tout en étant adaptées à
de nouveaux fuels tels que l'hydrogène et en respectant des régulations de plus en plus
drastiques en termes de réduction des émissions d'oxydes d'azote. Le développement
de ces nouvelles architectures se confronte au problème desinstabilités thermoacous-
tiques, qui proviennent d'un couplage entre les émissions de chaleur des �ammes et les
modes acoustiques de la chambre de combustion. Celles-ci, en particulier dans les ap-
plications aéronautique, sont fréquemment de forme annulaire, o�rant la con�guration
la plus compacte, la plus légère, qui assure le pro�l de température le plus homogène
et comporte le moins de surface à refroidir. Dans ces chambres annulaires, les insta-
bilités thermoacoustiques mettent généralement en jeu lespremiers modes acoustiques
azimutaux. Les instabilités themoacoustiques azimutalessont un phénomène global
impliquant tout le volume et toutes les �ammes de la chambre de combustion. Par
conséquent, leur étude nécessite souvent des expériences et des simulation sur une
géométrie annulaire complète, les études sur une sous-partie de la géométrie ne rendant
pas compte de la globalité du phénomène. Une autre di�culté provient du caractère
dégénéré des modes acoustiques azimutaux, qui rend possible une fascinante variété
de comportements dynamiques des instabilités thermoacoustiques. La présente thèse
propose une approche de modélisation d'ordre réduit des modes thermoacoustiques
azimutaux, conjointement avec des expériences. Le modèle,fondé sur les premiers
principes, permet de prendre en compte des e�ets de di�érents types d'asymétries, de
réponse de �ame retardée, du bruit de combustion turbulente, d'un écoulement moyen
azimutal. Il fournit une interprétation physique qualitative et quantitative pour une large
variété de dynamiques thermoacoustiques observées dans les chambres de combustion,
et qui n'avaient jamais été expliqués. La modélisation d'ordre réduit permet d'obtenir
des résultats analytiques et d'évaluer globalement les interactions entre des di�érents
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paramètres du système, ce qui n'est généralement pas possible dans des approches
à plus haute �délité, telles que la LES ou la résolution des équations de Helmholtz.
Un modèle similaire est aussi dérivé pour décrire une instabilité aéroacoustique dans
une chambre cylindrique, qui présente des caractéristiques très similaires à celles des
instabilités thermoacoustiques azimutales, démontrant que certains des phénomènes
décrits dans cette thèse ne se restreignent pas au domaine dela thermoacoustique, mais
présentent aussi un intérêt dans d'autres domaines de la physique.
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Chapter 1

Introduction

1.1 Context

The climate change is one of the most serious challenge facedby humankind in the
present times. This change, known as global warming, is characterised by an increase
of the average temperature of the atmosphere at the surface level, although its impact
on the marine currents can induce local decreases of the temperature. Climatologists
generally agree on an estimated global increase of the orderof 1� C compared with the
temperature at the pre-industrial era [1]. The temperatureincrease between the decade
1981-2010 and year 2019 is estimated to 0.5� C [2]. Although global changes of the
earth temperature already existed in the history of the planet, they generally happenedon
signi�cantly slower time scales. The present temperature increase has already dramatic
ecological and social consequences: melting of the polar ice, causing a rise of the
ocean's level and an increase of the coastal �oodings and thedestruction of inhabitable
lands, acidi�cation of the oceans and decrease of the oxygenin the water causing
destruction of the marine life, increase of the frequency oftropical storms, heat waves
and wild�res, extinction of species, reduction or destruction of crops... It is today clearly
admitted that the climate change is caused by the accumulation in the atmosphere of
greenhousegases producedby the human industrial activity, in particular carbon dioxide
and methane. The current warming rate is 0•2� C/decade, and even a complete cessation
of human emissions would not instantaneously stop the warming, which should reach a
peak value under 1.5� C. The IPCC reports [3] estimate that urgent measures shouldbe
taken to reduce the greenhouse emissions to limitate the warming close to 1.5� C and far
enough from 2� C to avoid catastrophic consequences. In 2018, 195 countries signed
the Paris agreement, where the political powers acknowledged the necessity to take
concrete actions to keep the warming su�ciently far from 2� C. It is estimated that the
greenhouse gas emissions need to be reduced from 50% before 2030 and reach net zero
emissions before 2050 to reach this objective. The main emissions of CO2 are caused
by the combustion of fossil fuels (natural gas, petrol and derivatives, coal) for energy
production and for transportation. With the constant increase of the world's population,
the growth of the industrial production and the emergence ofnew industrialized powers,
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the reduction of 50% to 100% of the emissions is particularlychallenging and can be
achieved only with disruptive technologies for energy production and transportation,
simultaneously with drastic changes in the functioning of the economy. In the sectors
of energy production and transportation, one of the most promising path to the zero net
emission objective is the combined usage of renewable energies and� 2. Indeed, the
renewable energies sources like wind and sun are intermittent and cannot be adjusted in
real time to the electricity demand, therefore they need to be complemented with large
scale energy storage solutions. If classical batteries arefar from having the capacity
to store energy for the whole industrialised world, the conversion of renewable electric
energy into chemical energy (as� 2) through electrolysis is a more promising path that
could be deployed in a realistic horizon of time. The produced � 2 can be, on the
one hand, directly used as a fuel for small and medium sized vehicles equipped with
hydrogen cells. On the other hand, it can be burned in gas turbines for energy production:
indeed, gas turbines are one of the rare energy production systems that can at the same
time supply energy on a large scale (for instance, for a city), while having the possibility
to be switched o� or on within minutes, allowing to adapt in real time the energy
production to the demand. This requirement for �exibility of operating conditions is of
major importance for the future developments of gas turbines, to compensate the fast
�uctuations of wind and solar sources. On a smaller scale of turbines, e�orts are also
pursued to reduce the ecological footprint of aeronautic transportation. In particular,
the European project `Clean Aviation' promotes the research for the conception of
� 2-fuelled aircraft jet engines for the propulsion of intermediate range airliners. In
land-based gas turbines for electricity production, the currently used fuel is natural
gas. Without waiting a full deployment of the hydrogen-based energetic landscape,
which will take several decades, some companies like General Electrics and Ansaldo
already made possible the use of blends of hydrogen and natural gas in commercial, by
retro�tting existing models. When the hydrogen fraction isincreased, new challenges
appear because the combustion properties of hydrogen are very di�erent from those of
natural gas [4]. In particular,� 2 is lighter, ignites more easily and has a higher �ame
speed than natural gas: this has advantages and disadvantages. An advantage of the
lower �ammability limit is an increased robustness of the �ame against blow-o�, which
allows to operate with extremely lean mixtures, lowering the NOx emissions. The low
density of� 2 poses problem for storage, especially in aeronautical applications where
the volume is limited, but it has the advantage to facilitatethe mixing with air. The
high �ame speed has several negative consequences: it leadsto a stabilization of the
�ame closer to the injector, which imposes superior thermalloads to the structure, and
it increases the risk of �ame propagation upstream in the injectors, known as �ashback
[5], which can cause substantial damages to the system. Additionally, the reduction
of the ignition delays induces a reduction of the mixing length, which deteriorates the
air-fuel mixing quality: this favours the formation of hot spots, increasing toxic nitrogen
oxides (NOx) emission and the thermal load on the turbine. And, last but not least, faster
combustion causes shorter �ames, which are compact sound sources with respect to a
wide range of acoustic wavelengths [6] and are therefore more prone to thermoacoustic
instabilities.
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1.2 Thermoacoustic instabilities

This last problem of thermoacoustic instabilities is particularly di�cult to solve in
industrial con�gurations, this is why a considerable research e�ort has been dedicated
to their understanding, modelling, prediction and suppression. They are combustion
instabilities resulting from a coupling between the unsteady heat release of a �ame
and the acoustic �eld of the chamber. We �rst remind the global mechanism of a
classical thermoacoustic instability: any �uctuation of the fuel mass �ow ¤< fuel or the
air mass �ow ¤< air will induce a �uctuation of the �ame's heat release rate¤&. Heat
release rate �uctuations emit sound that propagates, gets re�ected on the chamber's
walls and travels back towards the burner. The acoustic velocity �uctuations interact
with the aerodynamics of the burner and induce �uctuations of ¤< fuel and ¤< air, closing
the loop. Such a closed feedback loop is however not su�cientto obtain an instability.
Indeed, as �rst explained by Rayleigh, [7], the coherent heat pulsations need to be in
su�ciently close phase with the acoustic pressure oscillations so that energy is fed in
the acoustic �eld. If the coherent heat release oscillations were in phase opposition
with the pressure oscillation, the inverse e�ect would happen: the heat release would
work against the acoustics and tend to damp the oscillationsinstead of promoting them.
And if the heat release rate oscillations are emitted at random instants of the acoustic
cycle, there is no net energy supplied to the acoustic �eld because the time averaged
contribution of the source is zero. This is summarised in theRayleigh criterion, which
gives a necessary condition for constructive interactionsbetween the acoustic pressure
?0 and the coherent heat release rate �uctuations¤& that the �ame emits in response to
the acoustic oscillations. In absence of entropy �uctuations, this criterion writes:
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whereT is the acoustic period andV the volume of the combustor. This means
that the time average of the power provided to the acoustic �eld should be positive.
This criterion simply states that the acoustic �eld receives energy from the coherent
heat release �uctuations over one acoustic period and is a necessary, but not su�cient
condition to get an instability. Indeed, at each cycle, someacoustic energy leaks
away through the boundaries. A more speci�c criterion accounting for these outgoing
acoustic energy losses is proposed in [8]:
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wherem+is the surface enclosing the volume of interest andu 0 is the acoustic veloc-
ity. An even more precise criterion could be obtained by accounting also for acoustic
viscous losses in the boundary layers. We emphasize that in these integrals,¤& corre-
sponds to the response of the heat release to the acoustic �uctuations only, but does not
include the non-coherent heat release emission due to turbulent combustion noise. In
experimental conditions, it is in general not possible to observe directly the coherent
oscillations of heat release, which prevents to apply directly the criterion. However,
the Rayleigh integral remains an useful tool to explain the physics of thermoacoustic
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instabilities. When the acoustic energy gain is superior tothe acoustic losses over one
oscillation cycle, the system is linearly unstable and any perturbation at the right fre-
quency will beget self-sustained oscillations of growing amplitudes. If the heat release
rate �uctuations are proportional to the acoustic perturbations, this growth is exponen-
tial: however, such unbounded growth of the oscillation cannot last forever. When the
acoustic oscillations become su�ciently large, nonlinearities of the �ame's response
enter into play and the gain decreases [9, 10, 11]. This can be, for instance, caused
by local extinction of the �ame under large velocity �uctuations, or by a the change
of the average shape of the oscillating �ame that makes it interact less constructively
with the acoustic �eld. This decrease of gain results in a saturation of the instability's
amplitude: when the acoustic amplitude is su�ciently high,the thermoacoustic driving
becomes less e�cient, and eventually, the acoustic energy provided by the �ame no
longer exceeds the losses. Therefore, the amplitude of the self-sustained oscillations
saturates to a limit-cycle amplitude at which the acoustic energy provided by the �ame's
oscillations balances exactly the acoustic losses. The possible frequencies of oscillation
for the acoustic pressure are in�uenced by the shape of the enclosure: indeed, when the
sound waves are re�ected on the boundaries of the chamber, the incoming and re�ected
waves interact together. In general, this interaction leads to cancellation between the
many waves re�ected by all the boundaries, except for some favourable frequencies
known as the acoustic eigenfrequencies of the chamber, for which the contributions of
the incoming waves do not cancel each other, giving rise to standing wave patterns - the
acoustic modes of the cavity. Broadband noise in the cavity leads to higher responses
at the acoustic eigenfrequencies, while the other frequencies are �ltered and decay fast:
this is the phenomenon of acoustic resonance. This means that thermoacoustic insta-
bilities are more likely to occur at frequencies close to theacoustic eigenfrequencies
of the cavity. This does not apply for the phenomenon of intrinsic thermoacoustic
instability, which does not depend on the acoustic modes of the cavity because it arises
from a direct feedback of the �ame with itself [12, 13]. Intrinsic thermoacoustic modes
will not be covered in the present thesis, although recent studies revealed that their
interaction with classical thermoacoustic modes can lead to non-trivial phenomena that
complicate the prediction of instabilities [14]. Not all the acoustic modes are suitable
for the occurrence of an instability. Indeed, it is known that �ames behave as low-pass
acoustic �lters [15, 16, 17, 11], so that thermoacoustic instabilities generally involve the
acoustic modes associated with the lowest eigenfrequencies of the chamber. Depending
on some characteristics of the �ame, the Rayleigh criterion(1.1) can be ful�lled or not:
for instance, the position of the �ame is important, becauseits location relatively to
the acoustic pressure nodes or antinodes of a given acousticmode will determine how
e�ciently the heat release oscillations provides or not acoustic energy to this mode. The
size of the �ame with respect to the acoustic wave length is also important: if coherent
heat release oscillations zone are distributed on a non-compact area (an area not small
with respect to the acoustic wave length), they will not e�ciently provide energy to
the acoustic �eld because of a competition between the zoneswhere?0 ¤& ¡ 0 and the
zones where?0 ¤& Ÿ 0.

Thermoacoustic instabilities were initially discovered as a physically interesting
phenomenon without any practical application: in particular, they were experimentally
studied in the Rijke tube, a simple tube opened at both extremities, in which a �ame or
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a source of heat is placed. For certain positions of the source of heat, the heat release
oscillations and the acoustic pressure oscillations of oneof the longitudinal modes of
the pipe are in phase and a thermoacoustic instability can beheard, as a pure tone
[18, 19]. These instabilities started to become a serious engineering problem during
the development of the �rst large rocket engines with the conception of the German V2
military rocket, and after the second world war during the space conquest era. At this
time, few modelling tools were available and the conceptionof new rocket engines relied
heavily on costly full scale tests, which was the approach adopted to develop the engines
of the lunar rocket Saturn V. The huge power concentration inthese engine allows
thermoacoustic instabilities of the order of 106 Pa, which are highly destructive and can
cause the explosion of the rocket. More than 2000 trial-and-error full scale tests have
been necessary to �nally design an injector pattern achieving stable combustion [20]. In
aircraft jet engines and gas turbines for energy production, the concentration of power is
not as large as in rocket engines and the instability levels do not reach as high values and
generally do not cause events as dramatic as engine explosion. They nevertheless cause
vibrations resulting in long term fatigue or sudden mechanical failures where parts
detach and cause destruction of the turbine blades, large �ashback that can damage the
fuel injection, �ame blow-o�... Since the trial-and-errorfull scale approach is extremely
expensive and does not allow to come up quickly with innovative solutions to face the
challenges of today and tomorrow, it is the role of scienti�cresearch to develop our
understanding of the thermoacoustic instabilities and to propose solutions to predict,
detect and suppress them. Signi�cant progress have been made in the last decades to
understand and model the thermoacoustic instabilities,especially in the domain of rocket
engines [21]. In parallel, the thermoacoustic e�ect has also been usefully harnessed
for energy pumping (thermoacoustic refrigerators) and production of mechanical work
from a heat source (thermoacoustic engines) [22]. But combustion instabilities are
still a problem in modern combustion systems (furnaces, industrial boilers, energy
production and propulsion systems), especially because they are extremely sensitive to
geometry changes [23, 24], operating conditions, fuel composition... They are therefore
di�cult to predict, and it is a challenge to design a gas turbine or an aircraft engine
combustor which is thermoacoustically stable under all possible operational conditions.
This is why experimental, theoretical and numerical research is still required to solve the
problem. The present thesis focusses on the instabilities occurring in the combustion
chambers of gas turbines and aircraft jet engines.

1.3 Combustion chambers of gas turbines for power
generation and propulsion

In older designs of combustion chambers of gas turbines and aircraft engines, the
common practice was to inject a rich mixture at the inlet of the chamber, and to
inject diluting air through liners in the walls at positionslocated downstream from the
injector. Thus, the fuel and the air meet in the chamber and the combustion occurs
at the interface between them, leading to a di�usion �ame. The downstream injection
air has the double e�ect to cool down the walls and to reduce the global combustion
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temperature, it making the mixture leaner and colder beforeit reaches the turbine
inlet. Indeed, the turbine needs to be preserved from excessive local temperature that
could cause overheating and melting of the blades. Air injection liners act as mu�ers
and promote thermoacoustic stability of the chamber, whichis an advantage of these
di�usion-based chambers. However, this design had two major shortcomings: First,
it imposes a very high temperature in the upstream part of thechamber, before the
dilution liners, because the melange is very rich at the beginning. This high combustion
temperature favours the apparition of NOx, and the rich combustion increases soot and
unburned hydrocarbons emissions. NOx are toxic, harmful for the ozone layer, and
cause the phenomenon of photochemical smog, and soot a�ectsclimate and human
health. This is why these pollutant emissions are framed by more and more stringent
international regulations, imposing to consider new technical solutions. The second
shortcoming is that these chambers do not favour a very homogeneous mixing, which
results in a non-homogeneous temperature pro�le at the turbine inlet. This is important
for the performances of the turbines, because the useful power is limited by the average
temperature at the turbine inlet, but the operation limit depends on the local maxima
of temperature at the turbine. Therefore, a uniform temperature pro�le allows to
maximize the power [25, 26]. The temperature homogeneity can be improved by
increasing the chamber's length, but this also increases the residence time of the hot
gases, which favours NOx emissions. To address these shortcomings, the concept of
lean-premixed combustor became the norm in subsequent gas turbines [27]: all the
air from the compressor is mixed with the fuel before the injection in the combustion
chamber instead of being injected downstream. The consequence is a considerably
levelled temperature pro�le, without extreme hot spots: this makes the premixed �ame
far cleaner than the di�usion �ame in terms of NOx and soot emissions. Additionally,
higher mean temperatures (and therefore higher powers) canbe achieved in a lean
premixed combustor without exceeding the turbine's maximal design temperatures, and
the fraction of unburned fuel is reduced. One of the most serious drawbacks of these
new designs is their tendency to thermoacoustic instabilities, which results from several
factors: the acoustic damping is considerably decreased bythe disappearance of the air
injection liners in the chamber, the heat release rate of lean �ames is particularly sensitive
to small perturbations, and the volumetric power is increased by adopting more compact
chambers [28, 29, 30]. Therefore, it became more di�cult to control thermoacoustic
instabilities in these recent designs. In the case of land-based gas turbines, engineers
came up with practical answers to the problem and developed di�erent passive damping
strategies: modi�cations of the geometry of the injectors to change the characteristic
phase delays of the �ame [31, 32], staging of the burners to create a distribution of �ame
responses instead of a unique, coherent response identicalfor all the �ames [33, 34, 35],
installation of sub-wavelength acoustic damping devices such as Helmholtz dampers
[36, 31, 37, 38, 39] or acoustic liners [40]. There was also a signi�cant amount of
research on the topic of active control of combustion instabilities, either by imposing
noise-cancelling with a loudspeaker, or by modulating the fuel injection to cancel the
coherent heat release rate �uctuations, or with actuators that can modify the geometry to
suppress the instabilities depending on the operating conditions [41]. However, each of
these active techniques has shortcomings when it comes to implementation in real gas
turbines: noise-cancelling would require the installation of very large loudspeakers in
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the extreme conditions of a combustion chamber. Fuel injection modulation is di�cult
because the characteristic response time of fuel valves in gas turbines is usually slow
compared to the characteristic times of growth and oscillation of a thermoacoustic
instability. An other limitation comes from the fact that most of these active-control
solutions rely on a closed-loop control feedback, which necessitates the constraining
presence of several acoustic probes in the chamber. In aircraft engines, the lean-
premixed combustion is also studied [27, 42, 43], but not yetimplemented in commercial
engines: indeed, aircraft engines need to operate with optimal security in a larger range
of di�erent operating conditions than gas turbines, and it is particularly di�cult to
conceive a lean-premixed combustion chamber that guarantees thermoacoustic stability
in such a wide range of conditions. Additionally, aeronautic applications need to meet
additional constraints of space that limit the possibilityto install large volumes of
acoustic damping devices. However, there is also a trend towards leaner combustion
and hydrogen in turbines for aeronautic propulsion. The most spectacular example is
the announcement of the project zero-e from Airbus in 2021, which aims at conceiving
a middle-range passenger aircraft �ying on pure hydrogen jet engines, in partnership
with Safran and General Electrics, at the horizon 2035. Thisis a real challenge, because
few experience exists yet on hydrogen combustion in aircraft jet engines [44, 45, 46].

Several types of combustion chambers can be found in gas turbines and aircraft
engines, the most common are can combustors, can-annular combustors and annular
combustors. Silo burners are an other kind of con�guration used only in land-based
gas turbines, especially in early models. Figure 1.1 gives examples of these di�erent
geometries. The can combustors are one of the earliest adopted design: they consist in
several identical combustion chambers disposed in ring around the axis of the turbine,
with the hot gas exhaust directly in front of the turbine's �rst stage. Each of these
independent chambers, these `cans', has its own fuel injector and its own igniter.
There is very few interactions between each can, which is convenient for design:
the preliminary tests can be realised on a single can insteadof the whole system. In
particular, thermoacoustic instabilities will involve the acoustic eigenmodes of the cans,
but there will be no global instability of the whole ensemble. Can combustors have also
practical aspects for maintenance, because they can be replaced individually. However,
this con�guration does not provide an uniform temperature �eld at the turbine inlet,
their large surface needs a lot of air cooling and they are heavy, which is a disadvantage
for aeronautical applications. In can-annular chambers, injectors are also placed in
separate casings, but these cans are all connected to a common annular chamber before
the turbine: this improves the homogeneity temperature pro�le at the turbine inlet,
while the advantage of easy maintenance operations on the burners is conserved. Can-
annular chambers are common in modern land-based gas turbines. Silo burners feature
one or two large casings located out of the body of the turbine, in which the combustion
takes place. This con�guration is not suited for aeronautical applications, but was
widely adopted in early land-based gas turbines because of its robustness and its easy
maintenance (a man can stand in the casing and access the injectors directly [47]).
However, this concept tends to disappear progressively because it does not provide
optimal performance: the large surface of the chamber needsa consequent mass �ow
of cooling air, the temperature pro�le at the inlet ot the turbine is not homogeneous,
and the high residence time of the hot gases favors the apparition of NOx.
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Figure 1.1: The main types of gas turbine combustors. The cancombustor, not
represented, is very similar to the can-annular combustor,but the di�erent cans open
directly on the turbine, while in the can-annular, they openon a common annular
chamber that allows a more uniform temperature load on the turbine.

Annular combustor is the simplest and the lightest con�guration, and the most
compact one. They are the most adopted con�guration in modern aircraft jet engines,
in which the gain of space and weight is crucial. Annular chambers have smaller wall
surfaces than can-annular, can or silo combustors, which entails a reduction of the need
for cooling air [47]. This means that more air is available for the fuel-air mixture, and
therefore leaner combustion can be achieved for the same amount of compressed air.
This aspect is determinant to �ght the emissions of NOx and soot, which increase very
fast with the equivalence ratio of the mixture (in lean regime). The annular chamber
is also the con�guration that o�ers the most homogeneous temperature pro�le at the
turbine inlet. The annular geometry brings some di�cultiesthat do not occur in can
or can-annular chambers: one of the �rst speci�city is that the �ames are located
side by side, which gives rise to �ame-to-�ame interactions, which can be chemical
and thermodynamic interactions [48], or aerodynamic interactions [49]: indeed, several
�ames placed side by side generate a di�erent mean velocity �eld than a single �ame in a
can. This complicates the tests, because the results obtained on a single sector cannot be
transposed to the entire chamber. The presence of swirled �ames can induce a velocity
�eld in the azimuthal direction, which has an e�ect on the heat release distribution [50].
But one of the most noticeable di�erence between the di�erent kinds of combustion
chambers is the behaviour in situation of thermoacoustic instability: in the case of a
can combustor with completely independent casings, thermoacoustic instabilities will
involve one of the acoustic modes of the can, for instance, a longitudinal mode: in this
case, the can is similar to a large Rijke tube. In the case of can-annular combustors,
the weak coupling between the modes of each can leads to global patterns over the
circumference [51, 52, 53]. Few studies are yet available onthis fascinating topic, which
can be treated as a problem of synchronisation between the modes in each sector of the
chamber. This is a rich topic in itself which will not be discussed in the present thesis.
We will mainly focus on annular chambers, in which thermoacoustic instabilities involve
acoustic modes of the whole cavity. The unstable modes will generally correspond to
the lowest acoustic eigenfrequencies, because they have the lowest friction losses, and
also because �ames provide more e�ciently acoustic energy to the cavity when they
are acoustically compact. In a ring-shaped combustion chamber, the lowest frequencies
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Figure 1.2: Typical �rst acoustic modes of an annular chamber. The Helmholtz mode
usually have a very low frequency. The �rst modes in audible range are the �rst
azimuthal modes, followed by the longitudinal and radial modes, which usually vibrate
at higher frequencies. Red corresponds to positive acoustic pressure, blue, to negative
acoustic pressure, and grey, to a pressure node.

are associated with the Helmholtz bulk mode, and then the �rst azimuthal modes [26].
In general, the longitudinal modes occur at slightly higherfrequencies than the �rst 3
or 4 azimuthal modes [54]. When the chamber is long enough in the axial direction,
longitudinal modes can occur in the same frequency range as low-order azimuthal
modes [55, 56]. However, most available data from real gas turbines show that the
most common thermoacoustic instabilities in annular combustors involve azimuthal
modes of order 1 or 2 [57, 26, 58] while the Helmholtz mode and the radial modes
are almost never observed ([26] reports low-frequency oscillations corresponding to
the Helmholtz mode in a annular combustor from Siemens, but they have a very weak
amplitude compared to the azimuthal instabilities in the same chamber). Figure 1.2
shows the pressure distribution of di�erent acoustic modesin a simpli�ed annular
chamber.

1.4 Azimuthal thermoacoustic instabilities in annular
combustion chambers

Because of the practical implications of the problem, therewas a rise of interest for the
research on azimuthal thermoacoustic instabilities in thelast decades. Experimental
data was �rst collected on real gas turbines [26], but these machines o�er limited
possibilities for experimentalmeasurement, with no optical access and very few acoustic
probes. This is why several laboratories built downscaled academic annular combustion
chambers: atmospheric pressure test rigs were built in Cambridge [50], in the EM2C
laboratory of Centrale Paris [59], in NTNU, Norway [60], in the Chinese Academy
of Sciences of Beijing [61], at the school of aeronautics andastronautics of Zheijang
university, China [62] and at IIT Madras, India [63]. More challengingelevated pressure
rigs were also tested in TU München [64] and NTNU Trondheim [65], and also annular
test rigs without combustion, where the instability was generated by other means:
with heating grids in an annular Rijke tube [34], or with an electroacoustic feedback
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[66, 67]. These experiments without �ames allow higher control and monitoring of
the instabilities and are useful to validate theoretical models. The present thesis also
unveils an experimental and theoretical study on azimuthalaeroacoustic instabilities
in an axisymmetric cavity (chapters 5 and 6), displaying striking similarities with
thermoacoustic oscillations in annular combustion chambers. Experimental test rigs
allow a lot of things impossible in real gas turbines, such asdirect visualisation of the
�ames in real time by using transparent walls and high speed cameras, �ow visualisation,
installation of several acoustic probes for the reconstruction of the acoustic �eld, high
modularity (for instance: possibility to change the lengthof the chamber, the geometry
of the burners, possibility to install symmetry breaking devices [68]...) and high
fuel �exibility, possibility of acoustic forcing [60]... They reveal a huge diversity of
complex thermoacoustic behaviours and are absolutely necessary to the development
of comprehensive theoretical models. However, experiments have also shortcomings:
the environment they provide is never fully under control, which means that the origin
of the observed phenomena is not always easy to interpret. Experiments do not always
o�er the possibility to switch on or o� such or such parameterand the measurements
provide only a limited access to the physical variables of interest. This is why analytical
methods are a valuable counterpart of the experimentalapproach. We brie�y summarise
the main analytical methods used for the study of thermoacoustic instabilities in annular
combustion chambers, which are presented more in detail in the review from Bauerheim
et al. [69]. We start with the high �delity numerical simulation methods, such as LES,
which is also capable to capture azimuthal thermoacoustic instabilities [70]: such
simulations provide information that would be inaccessible to experiments, for instance
the time-resolved �uctuations of the 3D temperature and velocity �elds. However, they
need huge computational resources, preventing to explore various operating points like
in experiments: instead, they focus on only a handful of selected operating points,
and for a very limited amount of time. Lower �delity approaches can provide useful
information for more a�ordable costs than LES: One possibility is to solve only the
acoustic Helmholtz equation with modelled heat release at the �ames' positions, acting
as acoustic source terms. The models can include a linearised heat release response
of the �ame to an acoustic perturbation (the so-called �ame transfer functions): such
approaches can predict the linear stability of the system [71] and allow the detection
of intrinsic thermoacoustic modes [72]. Additionally, they allow to use the powerful
palette of tools of linear algebra, especially adjoint optimisation [73, 74], Bloch theory
to reduce the size of the computational problem accounting for the symmetries of the
chamber [75], and surface modal expansion to simplify 3D geometries while keeping
a good prediction accuracy [76]. Time domain nonlinear �amemodels can also be
used, either with simpli�ed �ame response models accounting for the saturation of the
�ame's response to high amplitude acoustic forcing [77], orwith realistic experimentally
measured �ame describing functions [78, 79]: such models aim at studying the system
in nonlinear regime, to predict the amplitude of the limit-cycle oscillations and account
for complex bifurcation patterns, and also for the nonlinear coupling of several modes
[80]. These Helmholtz solver approaches are relatively very fast compared to the
LES approach, but they do not consider any interaction of thethermoacoustics with the
hydrodynamics,and they are only valid for negligible Mach number �ows. Additionally,
Helmholtz solvers need a full meshed geometry, so they are not the most �exible
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approach for early design steps. Even faster than the Helmholtz solver approaches
are the network model, where the system is discomposed in several elements with
simple acoustic models, connected together. They do not require a precise geometry
like Helmholtz solvers, but allow a high �exibility: it is easy to change the number of
burners, the dimensions of the chamber, the �ame model... Like for Helmholtz solvers,
the network models can be used with linear frequency-domainapproaches [54, 81, 82,
83, 35, 84, 85, 86], allowing to �nd the thermoacoustic frequencies, assess the linear
stability of the modes, to apply adjoint sensitivity analysis [87], optimize placement
of dampers [88] or study the interactions between classic and intrinsic thermoacoustic
modes [89] and non-normal transient ampli�cation e�ects [90]. Time domain nonlinear
network models also exist, with simpli�ed model for the �ameresponse saturation
[91, 92, 93, 94] to reproduce the limit cycle oscillations. Low-order models are the
next step of simpli�cation to represent thermoacoustic instabilities in annular chambers.
These models are obtained by projecting the acoustic wave equation on a small number
of acoustic modes to obtain one or several oscillator equations describing the evolution
of the amplitude associated with these modes. Such low order-models were already
used since long for the study of thermoacoustic instabilities in solid rocket engines
[95, 96, 97], they use simple polynomial functions to model the nonlinear acoustic
response of the �ames. The presence of such nonlinear terms is essential to account for
the non-proportional response of the �ame to acoustic excitation, which is responsible to
the saturation of the self-sustained oscillations to a limit-cycle amplitude. One common
example is the Van-der-Pol oscillator: despite of its simplicity, it conveniently models
the behaviour of various thermoacoustic instabilities andhas been used in the literature
about gas turbine combustors, for instance, to model the coupling between two modes
[98], interactions of a mode and its harmonics [99], to perform growth rate identi�cation
in presence of random turbulent noise [100], and to model complex e�ects such as the
bifurcation dodge in a combustor under fast transient operations [101]. Low order
models usually involve a small number of parameters and equations. Because they
ignore the speci�c details of the geometries, they are not suitable tools to do predictions
in real con�gurations. Their major strength relies on the fact that they are directly
derived from the �rst principles, and because of their simplicity, they can be studied
analytically: this allows a direct understanding of some ofthe physical mechanisms at
play. Low-order modelling is the main approach used in this thesis, in combination
with experiments and linearised Navier-Stokes approach. Low-order modelling was
also successfully applied to the study of thermoacoustic azimuthal modes in of annular
chambers. In past studies, the acoustic �eld was projected on a pair of degenerate
azimuthal acoustic modes, either orthogonal standing modes (e.g. [92, 35, 102, 103])
or counter-spinning modes [104]. The next section is a briefpresentation of the state
of the art in low-order studies on annular chambers.

1.5 Low order models of annular combustion chambers

The common starting point of most low-order models of azimuthal instabilities is the
3D wave equation with a thermoacoustic source term derivingfrom the heat release
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We then assume that?0 is only the sum of a handful of modes with di�erent azimuthal
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which is simply a Fourier decomposition along the azimuthalcoordinate� . The
spatial mode shapesk ¹A– Gº ¹< º

0 cos¹< � º andk ¹A– Gº ¹< º
1 sin¹< � º are modulated by the

temporal coe�cients[ ¹< º
0 ¹Cº and[ ¹< º

1 ¹Cº. A common practice is to truncate the sum
to a single azimuthal order, assuming that only one mode is unstable and dominates the
contribution of the other modes (except in [103] where a coupling between an azimuthal
and a longitudinal mode is considered):

?0 ¹A–� – G– Cº = [ 0 ¹Cºk ¹A– Gº ¹=º
0 cos¹=� º ¸ [ 1 ¹Cºk ¹A– Gº ¹=º

1 sin¹=� º• (1.5)

In a perfectly rotationally symmetric chamber, or in any chamber invariant by rotation of
c•2=(for instance, a chamber with an even number of burners, for an azimuthal mode of
order= = 1), the mode shape coe�cientsk ¹A– Gº ¹=º

0 andk ¹A– Gº ¹=º
1 are exactly the same.

More generally, when the global volume of the chamber is globally axisymmetric and=
is low, with only regularly spaced compact elements that break the continuous rotational
symmetry (e.g. the burners), it is expected that these compact elements do not in�uence
strongly the acoustic mode shape: therefore,k ¹A– Gº ¹=º

0 = k ¹A– Gº ¹=º
1 � k ¹A– Gº ¹=º .

Equation (1.5) can be rewritten as:

?0 ¹A–� – G– Cº = [ 0 ¹Cºk ¹A– Gº ¹=º cos¹=� º ¸ [ 1 ¹Cºk ¹A– Gº ¹=º sin¹=� º• (1.6)

We emphasise on the fact that this decomposition containstwoorthogonalmodes shapes
k ¹A– Gº ¹=º cos¹=� º andk ¹A– Gº ¹=º sin¹=� º, with respective oscillating amplitudes[ 0 ¹Cº
and[ 1 ¹Cº. One of these mode shapes can be obtained from the other by a rotation of
c•2: otherwise, they are identical, and therefore they share the same acoustic frequency.
This speci�city, calledmode degeneracy, is due to the rotational symmetry inherent to
the chamber. In comparison, in a 1D Rijke tube, a single-modeprojection would have
the following expression:

?0 ¹G– Cº = [ ¹Cºk ¹Gº– (1.7)

where a single amplitude[ and a single mode shapek are su�cient to describe the
acoustic pressure �eld in space and time. The presence of degenerate modes in annular
combustors makes the derivation and the study of low order models slightly more
di�cult than in the non-degenerate case. Low-order models for non-degenerate modes
were already used in the research on thermoacoustic instabilities in rocket engines [21],
while the application of these models to degenerate mode pairs in annular combustors
is more recent [92].

We now discuss on the simpli�cation of the wave equation (1.3) and the thermoa-
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coustic modelling. For a thin annular chamber, one can assume that ?0 is almost
constant on an azimuthal section of the chamber:?0 ¹A–� – G– Cº ' ?0 ¹� – Cº and the
problem becomes monodimensional. For more complex geometries, this is not appro-
priate, but it is always possible to consider an averaged acoustic pressure over each
azimuthal slice to remove the dependency in the transverse coordinatesAandI and to
obtain also a 1D problem (technical details are provided forthe case of a cylindrical
chamber in chapter 6). The obtained 1D wave equation has the general expression:

m2?0

mC2
� U

m?0
mC

¸ l 2 m2?0

m� 2
= ¹W� 1º

m¤&
mC

(1.8)

where?0 and ¤& are now only functions of� andC. The dampingU¹m?0•mCº arises
from the boundary terms when the operatorr 2 is averaged over the slices (details in
chapter 2): it accounts for the acoustic losses at the boundaries. The heat release model
for ¤& is of crucial importance. Since the acoustic pressure oscillations tend to push
back and forth on the air-fuel mixture arriving through the inlets, one possibility is to
assume that¤& depends solely on the local acoustic pressure?0. In the limit of small
oscillations, the acoustic response of the �ame is linearised: ¹W� 1º ¤& = V?0. However,
this purely linear model leads to unbounded amplitude growth, while in real system,
nonlinear amplitude-dependent saturation e�ects occur. Depending on the system, the
saturation can be governed by the acoustics or by the �ame's response. In rocket
combustors, the thermoacoustic level are su�ciently high to enter in the domain of
nonlinear acoustics. In gas turbines, the saturation is generally governed by the �ame's
response, whose gain decreases when the acoustic amplitudeincreases. Thus, to include
the nonlinear saturation in the modes, the gainV needs to be amplitude-dependent:
¹W� 1º ¤& = V¹j?0 jº?0 whereV¹j?0 jº is a monotonously decreasing function. Equation
(1.8) becomes:

m2?0

mC2
¸ ¹ V¹j?0 jº � Uº

m?0
mC

¸ l 2 m2?0

m� 2
= ¹W� 1º

m¤&
mC

• (1.9)

The condition for a linearly unstable system is¹V¹?0 = 0º � Uº ¡ 0: this is equivalent
to the introduction of a negative acoustic damping in the wave equation. Numerical
simulations and analytical studies showed that this kind ofmodel has only two stable
attractors: either clockwise spinning modes or counterclockwise spinning waves [92,
35]. Indeed, the current model assumes thatV does not depend at all on the spatial
coordinate� , but is rather a uniform �ame response distribution around the chamber.
The following intuitive interpretation can be given: each point of the chamber is unstable
with the same growth rate, so that pressure oscillations of equal amplitude and equal
frequency are expected everywhere : this is why spinning modes arise, and not standing
modes, because spinning modes are the only kind of azimuthalmode that ensure that
each point of the chamber undergoes oscillations at the sameamplitude and frequency.
This has been formally proved by Ghirardoet al [105]. It is possible to account for
the presence of asymmetries in the �ame response by adding a spatial dependencyV:
V= V¹j?0 j–� º. In this case, there can be zones where the local thermoacoustic growth
rate is larger or smaller, and mixed modes will appear, as shown in [35]: these modes
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result from a linear combination of a standing mode and a spinning mode (see �gure
2.3 for a visual representation of the di�erent types of azimuthal modes: spinning,
standing and mixed). The mixed modes have a preferential direction, in which the
acoustic amplitude is larger: this is due to a locally higherthermoacoustic growth rate.
This is only an intuitive introductory explanation, and more technical details will be
given in the chapter 2. If the spatial variations ofVare larger than the di�erenceV� U,
zones of negative growth rate can coexist with zones of positive growth rate: this can
lead to the apparition of standing modes, for which the nodallines (de�ned as the
positions where?0 = 0) lock in the stable regions, while the self-sustained oscillations
continue in the unstable regions. This supposes that the stable regions are distributed
in a way that the nodal lines of the mode actually can lock simultaneously in these
regions: this aspect will also be discussed in the next chapter. The fuel �ow rate is
governed by the axial velocity in the burners, which is linked to the acoustic pressure
in the chamber: therefore, the assumption that¤& depends only on?0 seem reasonable
in general. However, more sophisticated models have been proposed to account also
for the e�ect of the transverse acoustic velocity in the chamber: Although its e�ect is
in general considered as negligible compared to the axial velocity, which directly acts
on the air and fuel mass �ow, some studies [106] show that the presence of azimuthal
acoustic velocity can signi�cantly a�ects the behaviour ofthe �ame, whose global heat
release oscillations will tend to decrease. From these �ndings, [102] proposes a model
of heat release rate that depends both on the acoustic pressure and velocity: the acoustic
pressure oscillation will tend to enhance the heat release while the transverse acoustic
velocity tends to decrease it. This model predicts that standing modes can appear when
the e�ect of the velocity is su�ciently important, because standing modes precisely
feature high velocities at the pressure nodes.

An other important factor on the �ame's stability is the timelag between the
pressure oscillation and the actual response of the �ame: when the acoustic pressure
oscillation induces �uctuations of the air and fuel mixture, there is a convective time
delay before these �uctuations reach the �ame front and are converted into heat release
rate �uctuations. As discussed before, the phase between the acoustic pressure and the
heat release rate is crucial for the apparition of thermoacoustic oscillations. Therefore, a
modi�cation of the time delay can change the stability of thesystem. Such modi�cation
can be implemented by design: shortening or lengthening an injector can suppress an
instability by setting an unfavourable phase between the acoustic pressure and the heat
release rate oscillations. But it can also happen fortuitously: a change in the operating
condition that changes the convective velocity or the �ame's length will also a�ect the
convective time delay, and potentially change the thermoacoustic linear stability. It
has been shown that, for su�ciently small time delays (typically, one or two acoustic
periods), the behaviour of a thermoacoustic low-order model with a time-delayed �ame
response is equivalent to the behaviour of the same model without delay, but with
an `e�ective growth rate' accounting for the additional phase di�erence between the
acoustic pressure and heat release rate oscillations [99].On the other hand, larger time
delays can give rise to more complex dynamics [107]. More advanced models can
include several time delays, continuous distribution of time delays [99] or amplitude-
dependent time delays [105].

The assumption thatV¹j?0 jº is a monotonously decreasing function ofj?0 j can
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also be relaxed in certain cases. The phenomenon of triggering, for instance, happens
in systems that are linearly stable (¹V¹?0 = 0º � Uº Ÿ 0) but that become unstable for a
certain non-zero acoustic amplitude for which¹V¹?0º � Uº ¡ 0. This is possible only if
V¹j?0 jº �rst increases with the amplitude, before decreasing againbecause of saturation
of the �ame's response. This kind of non-monotonous �ame gains are also observed
in real combustors [108, 109, 110]. They lead to the coexistence of a stable solution
?0 = 0 and an unstable limit cycle amplitude: when the system is stable, self-sustained
oscillations does not spontaneously arise and grow to a limit cycle, but a perturbation
of the system can trigger a jump towards the unstable amplitude, leading to to a limit
cycle. This kind of system is said bistable, because it has two coexisting attractors. The
presence of turbulent combustion noise can be su�cient to induce the jumps between
the stable and unstable states [111]. Unlike the monotonously decreasing gain model, a
non-monotonic gain can also induce the apparition of stablestanding modes, as shown
theoretically in [105] and experimentally con�rmed in [112]. In the present thesis,
we will mainly use a simple monotonically decreasing gain, with several variations on
the model (presence of spatial asymmetries, time-delayed response, e�ect of azimuthal
mean �ow, turbulent noise).

1.6 Scope of the thesis

The main goal of the present work is to propose new theoretical low-order models
of azimuthal thermoacoustic instabilities in annular combustion chambers, along with
with experiments, to improve our current theoretical comprehension of the phenomena.
These models include the e�ects of asymmetries, azimuthal mean �ow, time delayed
�ame response and turbulent combustion noise. The new theoretical conclusions of
the models are veri�ed against measurements in a lab-scale annular combustor, and
a cylindrical aeroacoustic whistle. Low-order models allow to make physical inter-
pretations of the observations and to compare the importance of the roles played by
di�erent factors on the modal dynamics. They successfully interpret why, depending
on the conditions, we observe spinning modes, standing modes, combinations of both,
intermittent or periodic transitions between modes spinning in opposite directions...
The aim of low order models is not to predict instabilities ina speci�c con�guration,
because they are too simpli�ed to take into consideration the speci�cities of a given
chamber: to make reliable stability limit cycle amplitude predictions, one generally
turns towards network models or Helmholtz solvers tuned with realistic �ame trans-
fer functions or �ame describing functions. But low order models provide an instant
overview of the interaction and the competition between di�erent phenomena, with the
advantage of allowing analytical treatment, or low-cost numerical simulations that can
quickly explore a large range of di�erent behaviours.

Chapter 2 sets the basis of the tools that will be used in the next chapters: From
the �rst principles, a general equation is derived for acoustic pressure oscillations in
presence of low-Mach mean �ow, thermoacoustic and aeroacoustic sound sources. A
1D wave equation is derived from it by considering an idealised thin annular chamber.
A linearly unstable �ame response with 3rd order saturation is used to model the
thermoacoustic source term, while the aeroacoustic sourceterm is not considered. The
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model is combined with the recent quaternion projection forazimuthal modes [113].
A new slow-�ow averaging procedure is presented for quaternion signals, leading to
equations only for the slow envelope of the instability. Thestudy of these equations
provides purely theoretical results about the e�ects of theintroduction of time delay,
stochastic turbulent noise, asymmetries and swirl on the mode.

In chapter 3, the model is confronted to experiments: acoustic measurements are
taken on a thermoacoustically unstable combustor, for a range of di�erent equivalence
ratios. The experiments show a transition from stability tolow-amplitude standing
modes, then a second transition from standing to mixed modeswith intermittent rever-
sals of the spinning direction, and �nally, to high-amplitude spinning modes constantly
travelling in the same direction. The model explains this behaviourwith the introduction
of small asymmetries of the �ame response's distribution and stochastic combustion
noise.

Chapter 4 also builds on the foundations of chapter 2, but adds a new kind of
asymmetry that was not accounted for in previous chapters. It is the reactive asymmetry,
that can have di�erent origins such as geometrical asymmetries, inhomogeneities of
the mean temperature �eld or spatial variation of the �ame response delay. This type
of asymmetry is responsible of a beating phenomenon, in which the thermoacoustic
mode never reaches a stable limit cycle, but undergoes periodic reversals of its spinning
direction. An other phenomenon is explained: the preference of the aeroacoustic wave
for a speci�c spinning direction in absence of azimuthal mean �ow. The theoretical
conclusions are supported by experiments performed on the same experimental test rig
as in chapter 3.

In chapters 5 and 6, new experiments were conducted on a cylindrical chamber
subject to an azimuthal aeroacoustic instability. The observed modal dynamics are
qualitatively very similar to the observations done in the context of thermoacoustics.
Experiments allow to identify some of the mechanisms of the aeroacoustic wave and
its e�ect on the mean �ow. Chapter 5 demonstrates that a spinning aeroacoustic
wave can induce a swirling �ow. Chapter 6 shows that the presence of swirl also has
a strong in�uence on the aeroacoustic modal dynamics and builds on the equation
derived in chapter 2 with an aeroacoustic source term to obtain a low-order model of
the instability. Because the con�guration is cylindrical rather than annular, a di�erent
approach is adopted to obtain the 1D wave equation. The modelis augmented to include
the e�ect of swirl that breaks the symmetry between counter-rotating modes, and the
e�ect of the modes on the mean �ow. If some of the features of the system are already
explainable with the models derived in the previous chapters, this interaction between
the swirl and the modes is a wholly new aspect of the study.
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Chapter 2

Symmetry breaking of
azimuthal waves: Slow-�ow
dynamics on the Bloch Sphere
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Abstract

Depending on the re�ectional and rotational symmetries of annular combustors for
aeroengines and gas turbines, self-sustained azimuthal thermoacoustic eigenmodes can
be standing, spinning or mix of these two types of waves. These thermoacoustic limit
cycles are unwanted because the resulting intense acoustic�elds induce high-cycle
fatigue of the combustor components. This chapter presentsa new theoretical frame-
work for describing, in an idealized annular combustor, thedynamics of the slow-�ow
variables, which de�ne the state of an eigenmode, i.e. if thelatter is standing, spinning
or mixed. The acoustic pressure is expressed as a hypercomplex �eld and this ansatz is
inserted into a one dimensional wave equation that describes the thermoacoustics of a
thin annulus. Slow-�ow averaging of this wave equation is performed by adapting the
classic Krylov-Bogoliubov method to the quaternion �eld inorder to derive a system
of coupled �rst order di�erential equations for the four slow-�ow variables, i.e. the
amplitude, the nature angle, the preferential direction and the temporal phase of the
azimuthal thermoacoustic mode. The state of the mode can be conveniently depicted
by using the �rst three slow-�ow variables as spherical coordinates for a Bloch sphere
representation. Stochastic forcing from the turbulence inannular combustors is also
accounted for. This new analytical model describes both rotational and re�ectional
explicit symmetry breaking bifurcations induced by the non-uniform distribution of
thermoacoustic sources along the annulus circumference and by the presence of a mean
swirl.



This chapter is based on the content of the paper: Faure-Beaulieu, A., & Noiray, N.,
`Symmetry breaking of azimuthal waves: Slow-�ow dynamics on the Bloch sphere'.
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2.1 Introduction

A fascinating aspect of thermoacoustic instabilities in annular combustion chambers is
that they display pairs of azimuthal eigenmodes that yield standing or spinning ther-
moacoustic waves depending on the system symmetries. The measurements of Krebs
et al. [26] and Noirayet al. [58] on large gas turbines for power generation featuring
annular combustors show the existence of spinning waves propagating at the speed of
sound in the azimuthal direction, standing modes with �xed or slowly varying nodal
line direction, and mixed modes resulting from the combination of spinning and stand-
ing waves. However, the root causes of these observations are not fully understood,
although thermoacoustics of annular combustors has been for several years the topic of
intense research [114].
In addition to the data from practical gas turbine combustors, numerical and experi-
mental studies in academia shed light on the nonlinear dynamics of azimuthal thermoa-
coustic eigenmodes and can be used to put the theoretical �ndings of the present chapter
into perspective. Regarding numerical simulations, Wolfet al. [70] performed com-
pressible reactive Large Eddy Simulations (LES) of a whole annular helicopter-engine
combustor. In this numerical work, the observed azimuthal mode is �rst standing, then
mixed, and then standing again, and the angular position of the standing modes drifts
at the azimuthal velocity of the mean �ow. Nevertheless, thesimulated physical time is
not long enough to draw conclusions about the predominance of spinning or standing
modes. Regarding experiments, one can for instance refer tothe work performed using
academic annular combustors at atmospheric pressure � e�ects of equivalence ratio
[115], presence of ba�es [68], turbulent blu�-body �ames without swirl [60], with
laminar �ames [116, 55] � and at elevated pressure [49, 117].
The present work falls in the category of low-order modelling approaches, where the
annular combustor is approximated by a one dimensional (1D)waveguide. In previ-
ous studies using this 1D simpli�ed description, the acoustic �eld has been projected
onto orthogonal basis formed by pairs of degenerate standing modes [92, 58, 35] or
spinning modes [104], which we now brie�y explain. Regarding the former mod-
elling strategy, Noirayet al. [58, 35] proposed a nonlinear theoretical model of the
spinning/standing/mixed mode dynamics by projecting the azimuthal thermoacoustic
eigenmodes on orthogonal standing waves. This projection is truncated to keep only
one degenerate pair of azimuthal standing modes of amplitudes � and � sharing the
same wave number, which gives a compact description of the modal dynamics when
there is one dominant azimuthal thermoacoustic mode in the combustor. This ansatz for

1Brand, A., Allen, L., Altman, M., Hlava, M. and Scott, J. `Beyond authorship:attribution, contribution,
collaboration and credit.' In:Learned Publishing28.2 (2015), pp.151-155
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the acoustic �eld is injected in a wave equation with nonlinear thermoacoustic feedback.
The wave equation is averaged in space and time to get slow-time system of �rst order
di�erential equations for the amplitudes� and� and phase di�erenceq of the two stand-
ing modes used for projecting the acoustic �eld. With a simple cubic nonlinearity to
describe the �ame response, it is shown that su�ciently strong spatial non-uniformities
in the thermoacoustic coupling along the circumference of the annular combustor yields
standing modes, whereas a perfectly symmetric con�guration leads to spinning modes.
In [92, 35], these theoretical �ndings are con�rmed by time-domain simulations thanks
to a reduced-order network model of the thermoacoustic system, including experimen-
tally measured �ame transfer functions and three-dimensional (3D) azimuthal modes
computed with a �nite-element Helmholtz solver. Hummelet al. [118, 104] proposed
to use a di�erent 1D nonlinear formalism where the azimuthalmode is described as
the sum of counterclockwise and a clockwise-spinning waves. Performing spatial av-
eraging and time averaging of the wave equation, they also conclude that limit cycle
spinning modes are stable for uniformly distributed thermoacoustic feedback, while
standing modes are unstable.
Previous 1D studies from Ghirardoet al. [119, 105] use a general formulation with �ame
describing function for both static and dynamic nonlinearities. They show that static
nonlinearities associated with non-monotonic describingfunction gains can explain
the occurrence of stable standing modes in perfectly symmetric annular combustors.
Another study from Ghirardoet al. [102] shows that a heat release model depending
on both the axial and azimuthal acoustic velocities is another possible explanation for
stable standing modes in rotationally symmetric chambers.In that regard, one can
also refer to the interesting experimental studies dealingwith the response of �ames to
transverse acoustic forcing [106, 120, 121, 122, 123].
Most of the theoretical �ndings from 1D models that are basedon projection of the
acoustic �eld onto pairs of orthogonal standing or spinningmodes have not yet been
validated with well-controlled experiments and these two modelling approaches have
shortcomings. First, the nature of the acoustic oscillations in the annular chamber (spin-
ning, standing or mixed) is not a phase space variable but a derived quantity. Second,
the phase space is ill-posed for both approaches, because when the amplitude of one of
the modes vanishes, the phase di�erence between these modesbecomes undetermined.
These two shortcomings have been raised by Ghirardo and Bothien [113] who proposed
an alternative quaternion-based projection of the acoustic �eld, which results in a well-
posed phase space. We show in the present chapter that an additional limitation of
the aforementioned projections is overcome by using the quaternion ansatz from [113].
Indeed, it allows to describeboththe re�ectional symmetry breaking when a mean �ow
exists in the annulus and the rotational symmetry breaking when the thermoacoustic
sources are not uniformly distributed along the annulus.
In this context, the present work aims at i) describing the nonlinear stochastic dynam-
ics of azimuthal thermoacoustic modes in a simpli�ed annular chamber with a new
theoretical model, in order to address shortcomings of the models available in the liter-
ature, and ii) explaining the di�erent types of symmetry breaking bifurcation that are
observed in these systems with this uni�ed framework. Our starting point is the quater-
nion formalism introduced in [113] to represent azimuthal waves. In section 2.2, we
derive an azimuthal wave equation for the acoustic pressureincluding mean �ow e�ects
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and thermoacoustic sources. In section 2.3, we brie�y introduce some properties of
the quaternion algebra and the quaternion representation of the acoustic pressure �eld
in a thin annular combustor. In section 2.4, the quaternion formalism is introduced
into the wave equation which is spatially and temporally averaged in order to obtain a
dynamical system for the slow-�ow variables. The attractors of the symmetric system
are discussed in section 2.5. Sections 2.6 to 2.9 respectively deal with situations where
the nonlinear �ame response is delayed, where turbulent forcing is present, and where
the symmetry of the thermoacoustic system is broken by a non-uniform distribution of
the thermoacoustic feedback from the �ames around the annulus and by the presence
of a mean swirl.

2.2 Thermoacoustic wave equation in thin annulus with
mean swirl

2.2.1 1D thermoacoustic wave equation

In this part, we present a model for thermoacoustic instabilities in an idealized annular
combustor. The combustion chamber is modelled as a thin annulus of mean radiusR,
of thicknessXR, with R � XR, and of lengthL . The geometry considered for the
annular chamber is given in Fig. 2.1. The response of the �ameis modelled with a 1D
distribution of heat release rate¤& ¹C–� º, with Cthe time, and� the azimuthal coordinate.
The chamber features a uniform mean �ow�u = * e� ¸ +eG, corresponding to a simple
swirling motion:* and+ are respectively the azimuthal and axial components o f the
mean �ow. The Mach number of this mean �ow is low, which allowsus to neglect
quadratic terms in the Mach number. The temperature and entropy gradients are not
considered, as well as the entropy �uctuations and unsteadyconduction phenomena.
With these assumptions, the thermoacoustic wave equation for the linearised pressure
perturbations?0¹x – Cº is:

� �u ?0 =
W� 1

22

�
m¤& 0

mC
¸

*
R

m¤& 0

m�

�
• (2.1)

wherex is the position vector,2 the speed of sound,Wthe heat capacities ratio,¤& 0

refers to the linearised perturbations of the heat release rate, and

� �u �
1
22

�
m2

mC2
¸ 2 �u � r

m
mC

�
� r 2

the convected wave operator. The details of the derivation of this equation are provided
in the appendix 2.A. The strong simpli�cations leading to Eq. (2.1) prevent any quanti-
tative modeling of the thermoacoustic stability in a practical con�guration. However, as
explained in the introduction, our aim is not to establish a model for quantitative predic-
tion of the thermoacoustic dynamics in a real con�guration,but to derive a model which
governs the thermoacoustic dynamics in anidealizedannular chamber with uniform
temperature distribution and without vorticity and entropy disturbances.
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Figure 2.1: Simpli�ed geometry of a thin annular combustor.f is a poloidal cross-
section on which the wave equation is averaged.

In order to obtain a 1D equation for?0, Eq. (2.1) is averaged over a poloidal
cross sectionf = L XR. The averaging operator is denotedh�if . For instance, the
acoustic pressure?0 ¹� – Cº associated to pure azimuthal thermoacoustic modes can be
approximated by

h?0i f =
1

L XR

¹ L

0

¹ R¸ XR•2

R� XR•2
?0¹A–� – G– Cº 3A3I=

1
f

¹

f
?0¹A–� – G– Cº3f• (2.2)

This averaging is performed on eq. (2.1). Focusing �rst on the left-hand-side of this
equation, one can write

h� �u ?0i f =
1
22

m2?0

mC2
¸ 2

*
22

m2?0

m� mC
� hr 2?0i f • (2.3)

The last term can be rewritten as:

hr 2?0i f =
1
f
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f
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¹

f
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A2

m2?0

m� 2
3f (2.4)

wherer 2
A–Gis the 2D Laplace operator in the slice( . The divergence theorem gives:

1
f

¹

f
r 2

A–G?
0 3f =

1
f

¹

;
r A–G?0 � n 3; (2.5)

where; is the contour off andn is the outwards normal. Considering the speci�c
acoustic impedance/ 1 ¹x – l º of the annulus boundary, withl = 2c 5being the angular
frequency, the local boundary condition for the acoustic pressure is

r A–Ĝ?0 � n = �
8l
/ 12

?̂0– (2.6)

where?̂0 is the acoustic pressure in the frequency domain. The boundary delimiting
annular combustion chambers comprise the outlets of the burners, the hard walls of
the inner and outer liners and the high-Mach turbine inlet. The latter two exhibit very
high resistance and negligible reactance, and the impedance of the burners de�nes the
acoustic coupling between the chamber and the compressor-outlet plenum [124]. In this
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work, we present an analytical model for the dynamics of pureazimuthal thermoacoustic
modes in combustion chambers, and we focus on situations where the acoustic coupling
with the plenum can be neglected. We thus neglect the reactance and consider a purely
resistive speci�c impedance, i.e./ 1 2 R, at the annulus boundary. Consequently, eq.
(2.6) can be rewritten in the time domain as

r A–I?0 � n = �
1

/ 1 2
m?0
mC

– (2.7)

We assume that the integrated acoustic losses at the annulusboundary can be mod-
elled by a simple term involving an e�ective, uniform positive speci�c resistance, i.e.
/ 1 ¹x – l º = / 4 ¡ 0, and we obtain from (2.5) and (2.7)

1
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¹

f
r 2
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U
22

m?0
mC

– (2.8)

with the linear damping coe�cientU = ;2•¹ f/ 4º which sets the acoustic energy losses
at the annulus boundaries. In the last term of eq. (2.4),1•A2 can be replaced by
1•R 2 and factorized out of the integral because the thickness of the chamber is small
compared to the radiusR. Equation (2.4) becomes:

hr 2?0i f � �
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m?0
m� 2

(2.9)

and the spatial averaging applied to eq. (2.1) gives the following 1D convected wave
equation with damping and unsteady heat release rate source:
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f
• (2.10)

2.2.2 Thermoacoustic feedback

In the previous section, we averaged the left-hand-side of eq. (2.1) over a poloidal cross
sectionf of the annular combustion chamber. Now, we focus on the averaging and
the modelling of the right-hand-side, which contains the heat release rate source term.
Thermoacoustic instabilities result from the two-way coupling between the acoustic
�eld and the �ames. One of the many coupling mechanisms is as follows: in the case of
an acoustically-sti� fuel injection, an acoustically-modulated air mass �ow through the
burner will induce equivalence ratio modulations. The latter are convected toward the
�ame front, reach it after a convective delay and induce heatrelease rate oscillations¤& 0.
Depending on the delay, these oscillations, which constitute a source term of the wave
equation, destructively or constructively interact with the acoustic �eld which produced
them. In the following paragraph, we will use a minimal modelto account for the heat
release rate response¤& 0 to the acoustic �eld?0 . Considering the 1D convected wave
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equation in frequency domain

¹8l º2 ?̂0 ¸ 28l
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¤̂&
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we would like to express the unsteady heat release as a function of the acoustic pressure
?̂0. Before elaborating further on this model, it is important to mention that, for
gas turbine applications, although the acoustic pressure?0 is directly involved in the
Rayleigh criterion given in eq. (1.1), its in�uence on the heat release rate oscillations
from the �ames isindirect. Indeed, turbulent propagating �ames are signi�cantly
a�ected by �uctuations of the reactants velocity �eld and �uctuations of the local
equivalence ratio, but very weakly by the acoustic pressure. Considering that the
former perturbations are caused by?̂0 at the burners via their impedanced2 / bu¹l º =
?̂0 ¹x bu– l º•D̂0 ¹x bu– l º, one can nonetheless express the coherent heat-release-rate
as function of?̂0. Usually, this transfer function varies smoothly with the angular
frequency and it can be approximated by a complex constant over a frequency range
that spans the width of the thermoacoustic mode peak:

¹W� 1º
D

¤̂&
E

f
= ¹V¸ 8hº?̂0– (2.12)

with ¹V– hº 2 R2. In the time domain, it gives¹W� 1ºh¤& 0i f = V?0 ¸ ¹ h• l ºm?0•mC.
Since the time derivative ofh¤& 0i f acts as a source term in the wave equation, the term
V?0 will act as a linear damping term, which will make the system more stable ifV Ÿ0
and less stable, if not linearly unstable, ifV ¡ 0. The second term a�ects the oscillation
frequency. In gas turbine combustors, it usually results ina slight shift of the frequency
of the thermoacoustic eigenmode from the one of the correspondingacoustic eigenmode
� the latter being a solution of the homogeneous problem associated with eq. (2.11).
For the sake of simplicity, this term is omitted in the present model and we just write
that¹W� 1ºh¤& 0i f = V?0 . This model leads to unphysical unbounded acoustic pressure
levels when the system is thermoacoustically unstable. In gas turbine combustors, when
the acoustic level rises, the �ame response to acoustic perturbations is the main nonlinear
element in the thermoacoustic feedback loop,while acoustic propagation remains mostly
linear. The response at the fundamental frequency saturates, with a redistribution of
the energy to the higher order harmonics in the power spectral density of the spatially-
integrated heat release rate. This di�ers from thermoacoustic instabilities in rocket
motors where nonlinear acoustics governs the limit cycle amplitude [125]. A minimal
model to account for saturation of the �ame response in the case of supercritical Hopf
bifurcations [35, 58, 100] consists in adding a 3rd order term to the relationship linking
h¤& 0i f and?0:

¹W� 1ºh¤& 0i f = V?0 � ^?3
0 • (2.13)

In this expression,Vand^ can be chosen constant in space in the case of a uniform
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azimuthal distribution of heat release rate, or, as it is done in [35], they can depend
on � to account for asymmetries that are usually present in real combustors. In this
study,^ is assumed constant in the volume in order to simplify the derivations, andVis
expressed as a Fourier series with real coe�cients:

V¹� º = V0

(

1 ¸
1Õ

< =1

2< cos»< ¹� � � < º¼

)

(2.14)

The angles� < are chosen so that all the2< are positive.
The simple cubic nonlinearity used in the expression (2.13)is not meant to give a
predictive description of the �ame response: The thermoacoustic bifurcation diagram
is de�ned by the details of the nonlinear component of the �ame response to acoustic
perturbations in a given combustor. Nevertheless, for �ames exhibiting any sigmoid-
type nonlinear response to acoustic perturbations, the topology of stochastic super-
critical Hopf bifurcations will not di�er from the one obtained with a simple cubic
nonlinearity, at least in the vicinity of the bifurcation point (see for instance Figs. 2, 4
and 8 in [126], where the cubic nonlinearity is compared to anarctangent nonlinearity).
In the case of sub-critical Hopf bifurcations, the topologyof the bifurcation diagram
is changed (see Figs. 9 and 11 in [126]) and can only be described by using a more
complex �ame describing functions [105]. Additionally, expression (2.13) cannot be
used to represent dynamic nonlinearities involving an amplitude-dependent delay of the
�ame response to acoustic perturbation, unlike the general�ame describing function
considered in [105]. From now on, the subscript¹�º0 will be omitted and? approximates
the acoustic pressure of azimuthal eigenmodes at a given azimuthal position. One �nally
obtains the 1D thermoacoustic wave equation in thin annuluswith mean swirl:

m2?
mC2

¸
2*
R

m2?
m� mC

¸ U
m?
mC

�
22

R2

m2?
m� 2

= V¹� º
m?
mC

¸
*
R

m»V¹� º?¼
m�

� 3^?2
�
m?
mC

¸
*
R

m?
m�

�
• (2.15)

2.3 Quaternion-based acoustic �eld projection

The wave equation (2.15) involves several di�erent time scales: A time scale associated
to acoustic oscillation, a time scale associated to the thermoacoustic growth rate, and
a time scale associated to convective phenomena due to the presence of the mean
azimuthal �ow. In practical applications, the latter two are slow compared to the �rst
one. The acoustic time scale will be referred to asfast time scale, and the other two, as
slow time scales. In the remainder of the chapter, approximate solutions of eq. (2.15)
will be derived using time-scale separation in order to describe the thermoacoustic
instability on the slow time scales only. To that end,a quaternion-based acoustic pressure
will be used in order to unambiguously describe the state of azimuthal eigenmodes in
presence of spatial asymmetries of the thermoacoustic feedback as well as in presence
of a mean swirling �ow. This quaternion-based projection ofthe acoustic �eld has
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recently been proposed in [113]. It can be linked to the concept of analytical signal
~G¹Cº = � ¹Cº exp¹8¹lC ¸ i ¹Cººº for monovariate signalsG¹Cº oscillating at pulsationl ,
with � ¹Cº representing the real-valued instantaneous amplitude of the oscillation, and
i ¹Cº the real valued phase drift. The oscillations being quasi-harmonic,� ¹Cº andi ¹Cº
have to be slow compared to the oscillation frequency: This imposes the conditions
¤i � l and ¤� � l � . � and i constitute thecomplex embeddingof the signal and
they describe its evolution on time scales that are large compared to an acoustic period.
When the evolution ofGis governed by a second order nonlinear oscillator equation,
the method of Krylov-Bogoliubov [127] allows to separate the slow scales from the fast
oscillations and to obtain �rst order di�erential equations for � andi . The concept of
quaternion embeddingwas introduced in [128] and further developed in [129] in order
to represent a bivariate (or complex valued) signal in a similar way. The quaternion
embedding can be seen as an equivalent of the analytical signal for a bivariate signal.
In the case of almost harmonic perturbations, the quaternion embedding will be de�ned
by a slow amplitude� , a slow phase drifti and two additional slow variablesj and\
characterizing the spatial dynamics:j will a�ect the ellipticity of the oscillations and
\ , their direction. Ghirardo and Bothien showed in [113] thatthis quaternion formalism
is perfectly suited to represent azimuthal waves in annularcombustion chambers. They
emphasize on the fact that this representation overcomes the problem of ill-posedness
of the phase in previously adopted projections on standing modes e.g. [92, 58] or on
counter-rotating modes [104]. In the quaternion representation, it is always possible
to properly de�ne a temporal phase, making this representation very suited to model
wave propagation phenomena in annular or cylindrical elements, and we will show that
another advantage of the quaternion embedding is that it captures both rotational and
re�ectional symmetry breaking bifurcations.

2.3.1 Basic properties of the quaternions

This section presents very succinctly some properties of the quaternion algebra, which
will be referred to asH. This non-commutative algebra features 3 imaginary units8, 9,
: , such as82 = 92 = : 2 = 8 9:= � 1. It follows that8 9= : , 9 : = 8, :8 = 9and that, for
instance98= � : . Every quaternion can be written uniquely in its cartesian form:

8 � 2 H 9 ¹0– 1– 2– 3º 2 R4 � = 0 ¸ 18¸ 2 9¸ 3:– (2.16)

with 0 the real part of the quaternion� , which will be noted<¹ � º. The8,9,: -imaginary
parts1, 2 and 3 are respectively designed as=8¹� º,= 9¹� º,= : ¹� º. The modulus is
de�ned as:

8 ¹0– 1– 2– 3º 2 R4 j0 ¸ 18¸ 2 9¸ 3: j =
p

02 ¸ 12 ¸ 22 ¸ 32• (2.17)

A unitary quaternion is a quaternion of modulus 1. The pure imaginary units8, 9, : are
unitary quaternions. The quaternion conjugate (q.c.) is:

8 ¹0– 1– 2– 3º 2 R4 ¹0 ¸ 18¸ 2 9¸ 3: º� = 0 � 18� 2 9� 3:• (2.18)
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So we have:

8 � 2 H <¹ � º =
1
2

¹� ¸ � � º• (2.19)

An other useful property is:

8 ¹G– Hº 2 H2 ¹GHº� = ¹H� G� º• (2.20)

We also see that the sub-algebrasR¸ 8R, R¸ 9R, R¸ : R are commutative. For allG2 R
and` 2 f8– 9– :g, we have the following Euler decomposition:

4`G = cos¹Gº ¸ ` sin¹Gº– (2.21)

which is a unitary quaternion. Any quaternion� can be written in its exponential form:

� = �4 8 \4� : j 49 q– (2.22)

with � 2 R the modulus and¹\– j– qº 2¼ �c– c¼ � »�c•4– c•4¼�¼ �c– c¼the phase
triplet of � (see [129]).

2.3.2 Hypercomplex acoustic �eld

A quaternion-domain pressure �eld~? is associated to the real-valued pressure �eld as

? = <¹ ~?º =
~? ¸ ~?�

2
(2.23)

Due to the axisymmetric character of the geometry considered in this chapter,?¹C–� º
and ~?¹C–� º are2c-periodic in� .
For a2c-periodic function5¹� º : R 7! H, a quaternion Fourier series can be expressed
by writing the Fourier series of each of the quaternion components. It can be shown
that

5¸ 5� = 50 ¸
1Õ

==1

4� 8=�  = ¸  �
=4¸ 8=� – (2.24)

where¹ =º=2N� are quaternion coe�cients. Using this result and (2.23),?¹� – Cº can
be expanded as a sum of azimuthal modes:

?¹� – Cº = [ 0¹Cº ¸
1
2

1Õ

==1

¹4� 8=� [ =¹Cº ¸ [ �
=¹Cº4¸ 8=� º (2.25)

This work focuses on situations where the acoustic �eld is governed by the=th azimuthal
eigenmode. It does not include situations where several eigenmodes nonlinearly in-
teract, such as the intriguing synchronization phenomenoninvolving azimuthal and
longitudinal thermoacoustic modes [103]. One can therefore continue with the follow-
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ing approximation:

?¹� – Cº �
1
2

¹4� 8=� [ =¹Cº ¸ [ �
=¹Cº4¸ 8=� º = <

�
4� 8=� [ =¹Cº

�
• (2.26)

Without loss of generality, the hypercomplex time signal[ = can be written with the
quaternion exponential form initially proposed by Bülow and Sommer [130] and later
modi�ed by Flamantet al. [129]:

[ =¹Cº = � ¹Cº48=\ ¹Cº 4� : j ¹Cº49 q¹Cº (2.27)

In the present work, it is assumed that the sources distribution along the annulus
induces only weak damping or ampli�cation of the acoustic energy. Consequently,[ =

exhibits quasi-sinusoidal oscillations at a pulsation that is close to the eigenfrequency
l = = 2c2•_= = =2• ' of the associated homogeneous Helmholtz equation with zero
mean swirl, and we can write it in the form:

[ =¹Cº = � ¹Cº48=\ ¹Cº 4� : j ¹Cº49¹ l = Ç i ¹Cºº• (2.28)

In that expression,� , \ , j , i are real valued functions whose time variations are slow
compared to the fast oscillations at pulsationl =, with ¹ �– \– j– qº 2 R¸ �¼ � c– c¼ �
»� c•4– c•4¼�¼ �c– c¼. The exponential notation for the hypercomplex pressure isthus

~?¹� – Cº = � ¹Cº48=¹ \ ¹Cº� � º 4� : j ¹Cº49¹ l = Ç i ¹Cºº• (2.29)

2.3.3 Physical meaning of the slow variables

Using the slow-�ow variables� , \ , j , i is particularly convenient for di�erentiating
standing, clockwise and counterclockwise spinning modes over time scales that are
long compared to the acoustic period. The convention used here is the same as the one
presented in [113]:
Thenature anglej characterizes the dynamic nature of the mode: it de�nes whether the
mode is standing (j = 0) or spinning at the speed of sound in the clockwise¹ j = � c•4º
or counterclockwise¹ j = c•4) direction. Intermediate values ofj correspond to mixed
modes, which can be written as the sum of a spinning and a standing mode. j ¡ 0
means that the spinning component spins counterclockwise,j Ÿ 0 means it spins
clockwise.
The angle\ is thepreferential directionbecause it indicates where the acoustic amplitude
is the largest. For a standing mode,\ is the anti-nodal direction of the acoustic pressure
oscillations. For mixed modes,\ is the direction of the standing component. For pure
spinning modes, there is no preferential direction and\ acts as a temporal phase angle.
When \ vary in time, the preferential direction of the mode drifts slowly. This has
to be distinguished from the phenomenon of spinning wave: inthe case of standing
modes with a slowly drifting preferential direction, the modes do not propagate in the
azimuthal direction and the rotation velocity is small compared to the speed of sound.
As discussed in [113], the range of\ could be limited to»0– c» instead of¼ � c– c¼,
because\ and\ ¸ c mod 2c represent exactly the same state. However, the range»0– c»

10



is not chosen since it leads to potentially misleading phasejumps in\ time traces.
The anglei is the slowly varyingtemporal phaseof the wave. A slow linear drift ofi
with time can be interpreted as a small frequency shift.
Finally, � gives the amplitude of the acoustic pressure oscillations.In the case of a
standing mode,� is the amplitude of? in the anti-nodal direction. For a pure spinning
mode, the amplitude of the Riemann invariant is� •

p
2. To illustrate this quaternion-

based modal projection, one considers the real part of eq. (2.29), which provides the
expression for the real pressure:

?¹� – Cº = � cos¹=¹� � \ ºº cos¹ j º cos¹l =Ç i º

¸ � sin¹=¹� � \ ºº sin¹ j º sin¹l =Ç i º (2.30)

From this expression, it becomes clear that a pure standing wave is obtained when
j ¹Cº = \ ¹Cº = 0. If the slow variable\ varies over time, the nodal lines of the mode
correspondingly slowly drifts, but the oscillation nevertheless falls in the standing wave
category (j = 0) as opposed to the pure spinning modes (j = � c•4) for which the
nodal lines spin at the speed of sound. Equation (2.30) can berewritten as a sum of two
waves spinning respectively counterclockwise and clockwise:

?¹� – Cº = � ¸ cos»� =¹� � \ º ¸ l =Ç i ¼

¸ � � cos»=¹� � \ º ¸ l =Ç i ¼ (2.31)

where the counterclockwise mode amplitude� ¸ and the clockwise mode amplitude� �

are de�ned as:

� ¸ =
cos¹ j º ¸ sin¹ j º

2
� and � � =

cos¹ j º � sin¹ j º
2

� (2.32)

For a pure counterclockwise spinning mode (j = c•4), � � is zero, while for a pure
clockwise mode (j = � c•4), � ¸ is zero. In these cases, slow time variations of\ and
i result in slow changes of the instantaneous frequency.

2.3.4 Representation on the Bloch sphere

As brightly proposed by Ghirardo and Bothien [113], an appropriate way to represent
graphically the state of an azimuthal mode and the trajectories of its slow evolution
in time is the Bloch sphere, with the following spherical coordinatesf �– =\–2j g. As
shown in Fig. 2.2, for constant amplitude A, the three-vector f �– =\–2j g points on a
sphere whose equator corresponds to pure standing modes andthe two poles, to pure
spinning modes, for which the preferential angle\ is not meaningless since it acts as
a temporal phase. This spherical coordinate system involves twice the nature anglej
because it is convenient to represent spinning modesj = � c•4 at the poles. Another
speci�city of the chosen representation is thatf �– =\–2j gandf �– =\ ¸ c–2j g indicate
the same state. It is also important to mention that this representation of the azimuthal
mode state is incomplete in the sense that it does not provideinformation about slow
variation of the temporal phase. Examples of states for the �rst azimuthal eigenmode
are given in Fig. (2.3).
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Figure 2.2: Representation of the mode state on the Bloch sphere. The markers
correspond to the 3 cases displayed on Fig. 2.3

(a) standing mode (b) spinning mode (c) mixed mode

Figure 2.3: Representation of the acoustic pressure in the chamber for three di�erent
states of the 1BCazimuthal mode (n=1), each of them being described by a pointon the
Bloch sphere: (2.3a) standing mode withj = 0 and\ = c•6; (2.3b) counterclockwise
spinning mode withj = c•4; (2.3c) counterclockwise mixed mode withj = c•6 and
\ = c•6.

2.4 Derivation of the slow-�ow equations

In this section, the quaternion formalism of section 2.3.2.3.2 is inserted into the wave
equation with thermoacoustic feedback. The objective of the section is to propose a
method for obtaining equations that describe the dynamics at slow time scales. The
proposed method can be seen as an adaption of the Krylov-Bogoliubov method for
bivariate signals: It provides a system of �rst order di�erential equations for the four
variables�– j– \– i , describing the quaternion embedding on the slow time scales. We
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begin the derivation with the thermoacoustic wave equation(2.15), into which we
replace? with the quaternion exponential notation (2.26) introduced in the previous
part, and where the subscript¹�º= of [ = has been dropped:

4� 8=� �
¥[ ¸ ¹ U� 82"l =º ¤[ ¸ l 2

=[
�

¸
�
¥[ � ¸ ¤[ � ¹U¸ 82"l =º ¸ l 2

=[ � �
4¸ 8=�

=
�
V¹� º �

3^
4

�
4� 8=� [ ¸ [ � 4¸ 8=�

� 2
�

�
�
4� 8=� » ¤[ � 8 "l =[ ¼ ¸ » ¤[ � ¸ 8 "l =[ � ¼4¸ 8=�

�

¸
" l =

=
mV¹� º

m�

�
4� 8=� [ ¸ [ � 4¸ 8=�

�
•

(2.33)

In this equation, the eigenfrequencyl = = =2•R and the azimuthal Mach number
" = * •2 have been introduced. The former corresponds to the wavelength of the=-th
pure azimuthal mode of a thin annulus of radiusR. The latter is positive when the swirl
is counterclockwise and negative if the swirl is clockwise.
The equation (2.33) can also be rewritten

4� 8=� �
¥[ ¸ ¹ U� 82"l =º ¤[ ¸ l 2

=[
�

¸ q.c.

=
�
V¹� º �

3^
4

�
4� 8=� [ ¸ q.c.

� 2
� �

4� 8=� » ¤[ � 8 "l =[ ¼ ¸q.c.
�

¸
"l =

=
mV¹� º

m�

�
4� 8=� [ ¸ q.c.

�
(2.34)

2.4.1 Spatial averaging

To remove the dependency in� ,we use the following averaging operator in the azimuthal
direction:

h � i� =
1

2c

¹ 2c

0
48=� ¹ � º 3� (2.35)

We also introduce the following projectionC from H to C:

8 ¹0– 1– 2– 3º 2 R4 C¹0 ¸ 18¸ 2 9¸ 3: º � 0 ¸ 18– (2.36)

which will be a convenient notation for the following steps.When azimuthal averaging
is applied to the left hand side (LHS) of the thermoacoustic equation (2.33), we obtain2

hLHSi � = C
�
¥[ ¸ ¹ U � 82"l =º ¤[ ¸ l 2

=[
�

• (2.37)

2For all functions � : R ! H with � ¹Cº = 0¹Cº ¸ 81¹Cº ¸ 92¹Cº ¸ :3 ¹Cº, we have

¹1•2c º
¯ 2c
0 48=� �4 8=� 3� = 2 9¸ 3: . Thenh4� 8=� � ¸ � � 48=� i � = � � 2 9� 3: = 0 ¸ 18= C¹� º.
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The azimuthally averaged LHS does not have9-imaginary and: -imaginary parts, and
we used the fact thatC commute with the time derivative.
To apply the spatial averaging operator to the linear part ofthe thermoacoustic term,
we use the Fourier series ofV¹� º given in eq. (2.14) and we show that only the terms
of order 0 and2= have a non-zero contribution, which is in agreement with thestudy
of Noiray, Bothien and Schuermans [35]. We have:

D
V

�
4� 8=� ¤[ ¸ q.c.

�E

�
= V0

�
C¹ ¤[ º ¸

22=

2
428=� 2= C¹ ¤[ º�

�
(2.38)

and
D
"l =V¹� º

�
� 8 4� 8=� [ ¸ q.c.

�E

�
= "l = V0 8

�
� C¹ [ º ¸

22=

2
428=� 2= C¹[ º�

�

(2.39)

and
�

"l =

=
mV¹� º

m�

�
4� 8=� [ ¸ q.c.

� �

�
= � " l = V0 8 22= 428=� 2= C¹[ º� • (2.40)

Since the azimuthal origin can be chosen arbitrarily, we setit so that � 2= = 0 to
simplify the expressions. The locations� = 0 mod ¹c•=º corresponds therefore to
the angles where the Fourier component of order2= of V reaches its maximum. This
choice is practical for theoretical considerations, but not for the description of real
experimental measurements, in which the distribution ofV is likely to vary depending
on the operating conditions. Therefore, the �nal equationsgiven in the technical note
2.B include explicitly the parameter� 2= The averaged terms (2.38), (2.39), (2.40)
terms also have zero9- and: -imaginary parts. The nonlinear terms coming from the
saturation model are:

N.L. =
3^
4

�
4� 8=� [ ¸ q.c.

� 2 �
4� 8=� ¤[ � "l =4� 8=� 8[ ¸ q.c.

�
• (2.41)

Replacing[ with:

[ = � ¹Cº48=\ ¹Cº 4� : j ¹Cº49¹ l = Ç i ¹Cºº (2.42)

and ¤[ being written as its quaternion Cartesian decomposition:

¤[ = 0¹Cº8¸ 1¹Cº8¸ 2¹Cº 9¸ 3¹Cº: (2.43)

we show that the volume averaging of the nonlinear terms gives an expression with
zero 9- and: - imaginary parts and depending only onC, � , j , \ , i and the two �rst
parts of ¤[ , 0¹Cº and1¹Cº. The global expression of the spatially averaged terms has
been obtained with a computer algebra software is too long tobe reproduced in this
thesis. The averaged nonlinear terms will be noted5nl ¹ �– j– \– i– C¹ ¤[ ºº. We de�ne
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b¹Cº = C¹[ ¹Cºº 2 C and we write the azimuthally averaged equation:

¥b ¸ ¹ U� V0º ¤b � 28"l = ¤b ¸ l 2
=b

= V0

h22=

2
¤b� � 8"l =

�
b ¸

22=

2
b�

� i
¸ 5nl

�
�– j– \– i– ¤b

�
(2.44)

We remind that the system is governed by one fast time scale, of characteristic time
1• l =, and two slow time scales, one associated to the growth rate of thermoacoustic
instabilities, with a characteristic time1•¹ V0 � Uº and one associated to the convective
phenomena due to the azimuthal mean �ow, whose characteristic time is1•¹ "l =º. In
Eq. (2.44), the terms¥b andl 2

=b are both of the same order of magnitude�l 2
= and are

the dominant terms. The order of magnitude of the terms¹U� V0º ¤b and28"l = ¤b are re-
spectively�l = ¹V0 � Uº and�"l 2

=. In the right-hand side, the term8V0"l =b involves
a product ofV0 and"l = is of the order ofV0"l = � . In the next steps of the deriva-
tion we will remove the second order termsO

�
" 2l 2

= � ; ¹V0 � Uº2 � ; ¹V0 � Uº"l = �
�
.

Under these conditions, keeping the termO ¹V0"l = � º can be justi�ed only in the case
whereV0 � V0 � U, which means that the dampingUof the chamber is large compared
to the global growth rateV0 � U of the instability.

2.4.2 Slow-�ow averaging

The time derivative ofb writes:

¤b = C¹ ¤[ º = C
�

¤� 4 8=\4� : j 49¹ l = Ç i º

¸ � 8= ¤\48=\4� : j 49¹ l = Ç i º

� � ¤j 4 8=\ : 4 � : j 49¹ l = Ç i º

¸ � ¹l = ¸ ¤i º 48=\ 4� : j 49¹ l = Ç i º 9
�
• (2.45)

In this expression, the factor of�l = is large compared to the terms in¤� , � ¤\ , � ¤j , � ¤i
since the acoustic oscillations are fast compared to the slow variables evolution. In a
way similar to the Krylov-Bogoliubov method [127],¤b will be sought under the form:

¤b = C
�
� l = 48=\ 4� : j 49¹ l = Ç i º 9

�
• (2.46)

This imposes the following condition:

0 = C
�

¤� 4 8=\ 4� : j 49¹ l = Ç i º

¸ � 8= ¤\48=\ 4� : j 49¹ l = Ç i º

� � ¤j 4 8=\ : 4 � : j 49¹ l = Ç i º

¸ � ¤i 4 8=\ 4� : j 49¹ l = Ç i º 9
�
• (2.47)
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The second derivative is then obtained by di�erentiating (2.46):

¥b = C
�

¤� l = 48=\4� : j 49¹ l = Ç i º 9

¸ � l = 8=¤\48=\4� : j 49¹ l = Ç i º 9

� � l = ¤j 4 8=\ : 4 � : j 49¹ l = Ç i º 9

� � l =¹l = ¸ ¤i º 48=\4� : j 49¹ l = Ç i º
�
• (2.48)

Using Eq. (2.46) implies that the expression¥b does not involve the second derivatives
of the slow variables (¥�– ¥j– ¥\– ¥i ) and the products of their �rst derivatives (e.g¤� ¤i ).
Consequently, the terms of order 2 in the slow time scales1•¹ V0 � Uº and1•¹ "l =º will
not appear in the �nal system of equations. Equations (2.46)and (2.48) are injected
in the spatially averaged equation (2.44) and the identi�cation of the real and the8-
imaginary parts gives two equations in� ,j ,\ ,i and their �rst time derivatives. The
real and8-imaginary parts of the condition (2.47) provides two additional equations in
� ,j ,\ ,i and their �rst derivatives. The four equations are linear equations in ¤� , ¤j , ¤\ , ¤i
with non constant coe�cients. The system can be inverted andwritten under the form:

¤. = � osc¹.– Cº (2.49)

where. = ¹ �– j– \– i º) and� osc¹.– Cº a nonlinear functionR5 7! R4. The subscript
'osc' means that the function contains fast oscillatory terms. Indeed, for a given. ,
� osc¹.– �º is a periodic function of pulsationl =. The system's expression is relatively
complex and we show only here the equations for the simplest con�guration where the
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asymmetries and the swirl are set to 0 (22= = 0 and" = 0).

8>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>
:

¤� =
1
2

¹V0 � Uº� �
3^
64

»5 ¸ cos¹4j º¼� 3

¸ � cos¹2j º
�
U� V

2
cos¹2¹i ¸ l =Cºº ¸

9� 2^
32

cos¹4¹i ¸ l =Cºº
�

¤j =
3^
64
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(2.50)

In this system, the right hand side of each equation is the sumof slow variables and fast
oscillating terms which are weakly perturbed harmonic oscillations.

The time averaging operatorh�iT over the one acoustic periodT = 2c• l = is applied
on the system, giving a time-averaged system of form:

¤. = � slow¹. º (2.51)

where� slow is the average of� osc over one oscillation. This new system is called the
slow-�ow system. The classical slow-�ow averaging theorems of Krylov-Bogoliubov
presented in [127, 131] show that for a weakly perturbed harmonic motion, if the
perturbations have a characteristic timegslow large compared to the fast oscillations,
then the solutions of eqs. (2.51) and (2.49) will di�er of an order 1•gslow on a time
rangegslow. The system (2.51) is a nonlinear dynamic system in� , j , \ andi . The
whole system with" < 0 and22= < 0 has the same properties as the one presented
above and the time averaging can also be applied in this case.

2.5 Uniform thermoacoustic distribution without mean
swirl

This section deals with the analysis of the coupled equations describing the dynamics
of the slow-�ow variables, when the thermoacoustic feedback is uniformly distributed
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along the annulus circumference, i.e.V¹� º = V0, when the system is linearly unstable,
i.e. V0 ¡ U , and when there is no mean swirl, i.e" = 0. The e�ect of time-delayed
thermoacoustic feedback and stochastic forcing will be investigated in sections 2.6 and
2.7 respectively. The symmetry breaking induced by non-uniform distribution of the
thermoacoustic coupling and by the presence of a mean swirl will be scrutinized in
sections 2.8 and 2.9.
The wave equation is invariant by azimuthal rotations around the chamber axis and
re�ections with respect to any axis of equation� = constant. The system of equations
obtained with the method detailed in the section 2.4 is:

8>>>>>>>>>>><

>>>>>>>>>>>
:

¤� = a� �
3^
64

¹5 ¸ cos¹4j ºº � 3–

¤j =
3^
64

� 2 sin 4j–

=¤\ = 0–

¤i = 0•

(2.52)

In the amplitude equation, the linear growth ratea = ¹V0 � Uº•2, which is positive in
the case of a linearly unstable situation, has been introduced. The �rst two equations in
� andj are independent of the two other variables\ andi , which will be �xed by the
initial condition and remain constant, and this system of two equations can be analysed
separately. It has four equilibrium points:

� = 0

� =
4
3

r
2a
^

and j = 0 (standing)

� = 4
r

a
3^

� � 0 and j =
c
4

(spinning CCW)

� = 4
r

a
3^

and j = �
c
4

(spinning CW)

(2.53)

A stability analysis is performed by deriving the eigenvalues of the Jacobian matrix
associated with Eq. (2.52) at these �xed points. It shows that the solution� = 0 is
a repeller. The second equilibrium point, which corresponds to a standing mode, is a
saddle point and is therefore unstable and repelling in thej direction. The pure spinning
modes in both directions are stable solutions. This result and the amplitudes predicted
for the spinning and the standing modes reconstructed with the real expression of the
pressure given in (2.30) are in agreement with the results of[35]. Using the Bloch-
Poincaré spherical representation introduced in the section 2.3.4, Fig. 2.4 shows the 3D
streamlines of the system for the coordinates� , j and\ . For more clarity, the �gure
shows only the dynamics in two slices of the Bloch sphere instead of showing the full
3D trajectories. The streamlines are obtained by computingthe stream vector �eld in
the slice and by using only the projected component of the vector on the slice. For
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this illustration, the numerical values of the parameters were arbitrarily set toV0 = 160
rad s� 1, U = 100rads� 1 (and thereforea = ¹V0� Uº•2 = 30rad s� 1), ^ = 0•5rad s� 1 Pa� 2

and 5= = l =•2c = 1167•2c ' 185 Hz. These values satisfy the conditiona � l =,
which is veri�ed for thermoacoustic instabilities in practical gas turbine combustors,
e.g. [94]. In the present case,a• l = � 2•5%andU•l = � 8•5%, which can be compared
for instance to the experimental work [132] wherea• l = � 1% andU•l = � 5%. The
color de�nes the norm of the stream vector and the colormap isshown in Fig. 2.5. In
particular, the dark red zones hues correspond to regions where the dynamics is slow
and corresponds to the equilibrium points. Fig. 2.4a shows that for initial conditions
corresponding to low-amplitude standing modes (in the plane j = 0), the transient is
characterised by a growth of the amplitude� , while the direction of the anti-nodal
line =\ does not change. A slowdown of the amplitude growth occurs when the mode
approaches the saddle circle� = ¹4•3º � ¹ 2a•^º1•2 of the equatorial planej = 0,
from which the state of the azimuthal mode is repelled towards one of the poles of the
Bloch sphere, which correspond to pure spinning modes. Thistransient was discovered
by Schuermans, Paschereit and Monkewitz, who performed numerical simulations of
thermoacoustic instabilities in annular combustors by means of a reduced-ordernetwork
model [92]. Afterwards, it was further investigated analytically and numerically by
Noiray, Bothien and Schuermans in [35] and by Ghirardo and Juniper in [102].
More generally, the dynamics of thermoacoustic azimuthal modes in such perfectly
symmetrical con�guration corresponds to the general case of $ ¹2º-symmetric Hopf
bifurcations investigated by Crawford and Knobloch in their famous paper [133]. They
show that the only equilibrium points are: the origin, the clockwise spinning wave,
the counter-clocklockwise spinning wave, and the standingwaves in every direction\ .
Depending on the system nonlinearities, either the spinning waves are stable and the
standing waves are saddles, or the standing waves are stableand the spinning waves are
saddles. They also show that the amplitudes of the two spinning waves are equal,and
that when the spinning modes are stable, their amplitude is larger than the amplitude of
the unstable standing modes.

2.6 Time-delayed thermoacoustic feedback

Rayleigh [7] was the �rst to show the importance of the phase di�erence between the
pressure oscillations and the unsteady heat release in the phenomenon of thermoacous-
tic instability. This phase di�erence de�nes whether the thermoacoustic feedback is
constructive or destructive. In practical gas turbine and aeroengine combustors, the
delay corresponding to the phase lag between acoustic �eld and �ame heat release
rate results from the �nite-time convective propagation ofacoustically-induced �ame
perturbations, such as equivalence ratio or swirl number �uctuations. This time-delay
is associated to the phase of the Flame Transfer Function (FTF).
The introduction of a time delay between the heat release andthe pressure in ther-
moacoustic instabilities models has been applied in various studies, including annular
con�gurations [92]. In previous studies dealing with thermoacoustic instabilities in
annular con�gurations, the time delay between the acoustic�eld and the heat release
rate oscillations has been accounted for in di�erent ways: i) by using the simple=-g
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(a) planej = 0 (b) plane\ = 0 mod c

Figure 2.4: Streamlines describing the evolution of the state of the linearly-unstable
azimuthal-thermoacoustic-mode on the Bloch Sphere, for a uniform distribution of the
thermoacoustic feedback, with no mean swirl. Parameters:V0=160 rad.s� 1, U=100
rad.s� 1, ^=0.5 rad.s� 1Pa� 2, l ==1167 rad.s� 1. Symbols: � : attractors� : repellers, +:
saddles. The color scale is given in Fig. 2.5.

Figure 2.5: Color bar used for the contours of the streamlineplots throughout the chapter.
The values correspond to the norm of the stream vectors normalized by � 0 ¹V0 � Uº
with � 0 the amplitude of the stable spinning modes in the symmetric con�guration.This
bar is represented in logarithmic scale in order to better visualise the state change speed
near equilibrium points.
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formulation (e.g. [83, 134]) and its state-space equivalent [135] for modelling thelinear
thermoacoustic problem in time and frequency domain, ii) by using measured �ame
describing functions (e.g. [136, 105]) for modelling thenonlinear thermoacoustic
problem in frequency domain, and iii) by modelling the �ame response to acoustic per-
turbations with a distribution of time delays [92], or by using state-space representations
of experimentally measured FTFs [35, 94] for simulating thenonlinear thermoacoustic
problem in time domain.
Recently, Ghirardo, Juniper and Bothien published a very interesting detailed study
[137] on the e�ect of �ame phase on thermoacoustic limit cycles in symmetric annular
combustors without mean swirl and without stochastic forcing. Notice that in this paper,
time delay spread [92], which is always more or less present in practical systems, was
not accounted for. In [137], a Galerkin expansion based on the natural acoustic modes
of the annular combustor was performed, which di�ers from [113] and the present work
where the quaternion-based acoustic �eld projection is adopted. The convective phase
lag is implemented in the present model by replacing the �non-delayed� thermoacoustic
source term (2.13) by the following delayed model

& ¹� – Cº = V?¹� – C� gº � ^?¹� – C� gº3• (2.54)

The thermoacoustic stability is very sensitive to small changes of the time delay [23].
This delayg typically does not exceed a few fast oscillations and it is small compared
to the characteristic times of the slow-�ow dynamics. In this section, we consider the
con�guration with a delayed �ame response (g < 0) without swirling �ow ( " = 0) and
with a distribution of the heat release that does not exhibit2= component in its Fourier
decomposition (22= = 0). The operations of averaging described in the section 2.4 can
be applied without modi�cation. In addition,� , j , \ andq are assumed constant overg
in order to perform the time averaging. In contrast with section 2.8 and 2.9, neither the
rotational nor the re�ectional symmetry of the wave equation is broken and the results
of [133] are applicable in this case. The stable solutions will therefore be either two
counter-spinning waves, or standing waves. In the present case, the system of slow-�ow
equations becomes:

8>>>>>>>>>>>>>><

>>>>>>>>>>>>>>
:

¤� =
V0 cos¹l =gº � U

2
� �

3^
64

¹5 ¸ cos¹4j ºº cos¹l =gº� 3 = 0

¤j =
3^
64

� 3 sin¹4j º cos¹l =gº

=¤\ = �
3^
32

� 2 sin¹2j º sin¹l =gº

¤i =
�
�

V0

2
¸

9� 2^
32

�
sin¹l =gº•

(2.55)

From the amplitude equation, the following condition leadsto a linearly unstable ther-
moacoustic system:

V0 cos¹l =gº � U ¡ 0• (2.56)
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It corresponds to the Rayleigh's criterion. In particular,whencos¹l =gº Ÿ 0, the system
is linearly stable. The �rst two equations are similar to thesystem without time delay
(2.52), with V0 replaced byV0 cos¹l =gº and ^ replaced bŷ cos¹l =gº. When the
inequality (2.56) is ful�lled, the dynamics of the system istherefore the same, but the
amplitude of the stable spinning modes is now:

� sp =

r
8¹V0 � U•cos¹l =gºº

3^
• (2.57)

At the limit cycle, the time derivative of the temporal phase¤i has the constant value
¹V0 � 3U•cos¹l =gºº sin¹l =gº•4, while the time derivative of the preferential direction
=¤\ converges exponentially fast to the constant value� ¹ V0 � U•cos¹l =gºº sin¹l =gº•4
for the counterclockwise spinning solution and the opposite for the clockwise spinning
solution. Consequently, one can express the evolution of these slow variables at the
limit cycle as

8>>><

>>>
:

=\ ' �
1
4

¹V0 � U•cos¹l =gºº sin¹l =gº Ç =\8–

i =
1
4

¹V0 � 3U•cos¹l =gºº sin¹l =gº Ç i 8–
(2.58)

with \ 8 andi 8 constants depending on the initial conditions. For a pure CCW spinning
mode, the amplitude� � of the CW component is zero. for a pure CW mode, the
amplitude� ¸ of the CCW component is zero. In the case of a pure CCW spinning
mode, injecting (2.58) in (2.31) gives:

? = � ¸ cos¹� =¹� � \ 8º ¸ l thÇ i 8º (2.59)

where the drift of frequency from the pure acoustic frequency l = to the thermoacoustic
frequencyl th comes from the linear drift of\ andi . The expression ofl th is:

l th = l = � Utan¹l =gº•2 (2.60)

Notice that for pure spinning waves, there is no preferential direction and\ becomes a
purely temporal phase angle. The clockwise solution is:

? = � � cos¹=¹� � \ 8º ¸ l thÇ i 8º (2.61)

with the same de�nition ofl th. In the limit case where the system is neutrally stable
(U = V0 cos¹l =gº), eq. (2.60) becomes

l th = l = � V0 sin¹l =gº•2

. This expression is consistent with eq. (26b) of [137] underthe condition thatV0 � l =,
which is the case in the present study. Various examples provided in [137] show thatV0

is usually between one and a few times greater thanU. With Eq. (2.56),V0 cos¹l =gº
andU are therefore of the same order of magnitude, thenUtan¹l =gº is of the order of
magnitude ofV0 sin¹l =gº which is small compared tol = since the pressure oscillations
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are short compared to the characteristic times of slow-�ow dynamics.

2.7 Stochastic forcing

Gas turbine combustors are subject to high level of turbulence. The �ame's heat
release rate is also a�ected by the turbulence and its �uctuations can therefore be
decomposed as the sum of an acoustically coherent and a stochastic components. The
latter acts as a random source in the wave equation. As done inprevious studies
[138, 58], the contribution of stochastic noise is modelledby adding a random process
in the equations. The stochastic forcing is represented by aGaussian white noise
process because it is signi�cantly more convenient for not increasing the dimension of
our system. For interested readers, the e�ect of noise colour on the thermoacoustic
feedback has been considered in [139] and it was shown that when one dominant mode
governs the thermoacoustic dynamics, in general, white noise is a proxy which does not
signi�cantly a�ects the system dynamics and the shape of thebasin of attraction.

2.7.1 Stochastic averaging

To account for the presence of noise in the system, a random function� ¹C–� º is added
in the wave equation:

m2?
mC2

¸
2*
R

m2?
m� mC

¸ U
m?
mC

�
22

R2

m2?
m� 2

= V¹� º
m?
mC

¸
*
R

m»V¹� º?¼
m�

� 3^?2
�
m?
mC

¸
*
R

m?
m�

�
¸ � ¹C–� º • (2.62)

To apply the spatial averaging on this new term, we write it asa Fourier series in� :

� ¹C–� º = � 0¹Cº ¸
Õ

<¡ 0

� < ¹Cº� 48<� ¸ � < ¹Cº4� 8<� • (2.63)

Therefore:
h� ¹C–� ºi � = � = ¹Cº (2.64)

The azimuthally averaged equation Eq. (2.44) becomes:

¥b ¸ ¹ U� 28"l =º ¤b ¸ l 2
=b

= V0

h
¤b ¸

22=

2
¤b� � 8"l =

�
b ¸

22=

2
b�

� i
¸ 5nl

�
�– j– \– i– ¤b

�
¸ 2� =¹Cº (2.65)

� =¹Cº is complex and is written as� = = ¹Z1 ¸ 8Z2º•2 with Z1 andZ2 two real zero-mean
gaussian random processes (hZ1i = 0 = hZ2i , whereh�i denotes the averaging on a time
duration which is long compared to the characteristic �uctuation time of the noisesZ1

andZ2, but small compared to an acoustic oscillation) , with in�nitely small correlation
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time and identical intensity� : hZ1¹C1ºZ1¹C2ºi = � X¹C1 � C2º = hZ2¹C1ºZ2¹C2ºi . Moreover,
Z1 andZ2 are uncorrelated:8 C1– C2 hZ1¹C1ºZ1¹C2ºi = 0.
Like in section 2.4.2, a 1st order dynamic system in the slow variables can be obtained
from eq. (2.65):

¤. = � tot¹.– Cº (2.66)

where. = ¹ �– j– \– i º) = ¹. 1– •••– .4º) and � tot¹.– Cº = ¹� tot1– •••– �tot4º) ¹.– Cº The
functions� tot1•••4 are real-valued stochastic processes and they include fastoscillating
terms at even multiples of the natural eigenfrequencyl = . The deterministic and
stochastic parts in eq. (2.66) can be separated:

¤. = � osc¹.– Cº ¸ ( ¹1º
osc¹.– CºZ1¹Cº ¸ ( ¹2º

osc¹.– CºZ2¹Cº (2.67)

where� osc, ( ¹1º
osc and ( ¹2º

osc are deterministic functionsR5 7! R4. In particular,� osc

has exactly the same expression as in the deterministic system (2.49). The expressions
for the components of( ¹1º

osc and ( ¹2º
osc are given in appendix 2.C. In the book [131],

Stratonovich describes a methodology to get the slow-�ow equations for such a system.
The �rst step consists in applying Krylov-Bogoliubov averaging on the deterministic
part in order to get rid of the fast oscillations in� osc, giving the system

¤. = � slow¹. º ¸ ( ¹1º
osc¹.– CºZ1¹Cº ¸ ( ¹2º

osc¹.– CºZ2¹Cº (2.68)

which can be rewritten as:

¤. = � ¹.– Cº (2.69)

The deterministic part� slow has the same expression as in the deterministic slow-�ow
system (2.51).

The subscripts �osc� will be dropped from now on for the functions ( ¹< º
osc , but it

has to be kept in mind that they include fast oscillating terms. The subscript �slow� is
also dropped for sake of readability. The subscripts 1,2,3,4 will be used to refer to the
four components of� slow, � , ( ¹1º and( ¹2º. To get the contributions of the stochastic
part of Eq. (2.68) on the slow-�ow dynamics, Stratonovitch [140] proposes to use the
corresponding generalized Fokker-Planck equation to describe the temporal evolution
of the joint probability density function%¹.– Cº of the system (2.68):
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This expression is valid under the assumption that the correlation time of the noise is
small compared to the acoustic period, allowing to set the lower limit of the integrals to
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�1 . The correlation function is de�ned as »5 – 6¼= h5 6i � h 5ih6i . For a function
5¹Cº, the notation5g designs the time-shifted functionC7! 5¹Ç gº.
Using the di�erence of time scales between the noise and the acoustic oscillations, the
terms in the Fokker-Planck equation can be computed:

h� 8i = � 8
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The delayg makes appear products of fast oscillating terms of phasel =Candl = ¹Ç gº.
Using trigonometry expansion formulae, we can write:
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where� ¹ : º
�8 9 and� ¹ : º

(8 9 are functions of. andConly. Then:
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Considering the the random forcingZ< are white noises, one can deduce that the �rst
integral is proportional to the noise intensity¯ 0
�1 cos¹l =gºhZ: Z: g i 3g = � •2 and the second vanishes:

¯ 0
�1 sin¹l =gºhZ: Z: g i 3g = 0. It remains
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The right hand side of this expression still contains fast coherent oscillations. Using
the previously introduced time averaging operator over oneacoustic periodh�iT , the
oscillations are separated from the slow dynamics:
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�
�
2

� 8 9¸ oscillatory terms• (2.76)

� is a 4� 4 matrix of functions of the slow variables only. We can show that �
is always positive de�nite and real, it therefore admits a Cholesky decomposition:
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� = ¹1•2l 2º�� ) with � a real upper triangular matrix. The expression for� is:
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The same procedure can be applied to deal with the terms
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Where � is a four components vector of functions of the slow variables only. As
explained by Stratonovich in [131], the e�ect of these oscillations on the slow �ow
dynamics is a high order of perturbation and can be neglected. The �nal Fokker-Planck
equation for the slow-�ow is:
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This multi-variable Fokker-Planck equation is equivalentto a system of stochastic
di�erential equations [141]:

¤. = � slow¹. º ¸
�
2

� ¹. º ¸ � ¹. º# ¹Cº (2.81)

where# ¹Cº = »Z� – Zj – Z\ – Zq ¼is a four component vector of uncorrelated gaussian white
noises of intensities� •2l 2

=. The function� slow is equal to the function describing the
slow-�ow without stochastic forcing. The modi�cation of the deterministic part of the
system through the addition of noise is included in the function � . � accounts for the
random �uctuations.

2.7.2 From standing modes to spinning modes

For the con�gurationwithout mean �ow, time delay and spatial asymmetries, the system
of Langevin equations describing the slow-�ow dynamics in presence of turbulent
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forcing is:
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In this perfectly symmetric con�guration,¤i and ¤\ are governed by pure multiplicative
noise. The Langevin equations for� andj exhibit deterministic and stochastic contri-
butions, and they are independent ofi and\ . The deterministic part of the equations
for � andj is:
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The behavior of this system depends on the random forcing amplitude: if � Ÿ
256a2l 2
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which is a saddle point, and the mixed modes
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which are stable. The noise changes therefore the preferential dynamics of the system,
which is not anymore attracted to pure spinning modes. Increasing the noise intensity
has the e�ect to move the attractors of the associated deterministic system away from
the poles of the Bloch sphere and towards the equatorial plane. This conclusion has
been recently drawn in [142], where a similar equation forj was derived. The standing
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modes are also equilibrium points, but they are unstable. The streamlines for this case
are shown in Fig. 2.6a. When� � � thr, the mixed mode merges in the equatorial plane
and the standing modes become stable. The threshold value� thr grows proportionally
with a2. It implies that i) for a given noise intensity� and ii) for a �xed saturation
constant̂ , if the linear growth rate is increased from the Hopf point, standing modes
will be the attractor, until the growth rate reachesathr � ¹ 3•16º �

p
3^� • l =. Beyond

this critical growth rate, the attractor of the deterministic component of the system will
be a mixed mode which will move toward the poles of the Bloch sphere as the linear
growth rate is further increased. Even if� 1•2• l 3•2

= has the dimension of a pressure, it
cannot be interpreted as the amplitude of the local random pressure �uctuations, but
rather the amplitude of the spatial average of these �uctuations on the whole chamber,
since the white noiseZwas added in the spatially averaged equation. Therefore, having
� 1•2

thr • l 3•2
= � � 0 does not mean that the transition from mixed modes to standing modes

occurs for a low turbulent combustion noise. It is importantto emphasize that the �elds
shown in Fig. 2.6a only indicate the dynamics associated with deterministic part of
the system of coupled Langevin equations. Additive and multiplicative noise will of
course lead to random trajectories in the phase space. Considering again cases with
linear growth rates that are low compared to the critical growth rateathr (for which the
equator of the Bloch sphere, which corresponds to standing modes, is the attractor) one
can assume thatj � 0, and � � � sto

stand whose expression is given in (2.84). Under
these assumptions, it is interesting to consider the equation for preferential direction of
the mode:

¤\ � 1•¹ =� sto
standº Z\ •

This is the equation of a Wiener process [141, 143]. The mean square displacement of
\ will therefore follow the law
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The direction of the oscillation follows a random walk around the annulus. These
conclusions can be used to shed light on unexplained experimental observations of the
dynamics of azimuthal thermoacoustic modes in turbulent annular combustors with
uniform distribution of identical �ames and without mean �ow.

2.8 Symmetry breaking induced by a non-uniform ther-
moacoustic distribution

We consider now the e�ect of azimuthal asymmetries of the thermoacoustic coupling
without random forcing from turbulence. All the results obtained with the present
quaternion formalism are in perfect agreement with the �ndings in reference [35],
which were obtained with a simpler approach based on modal projection. It will be
shown in the next section that the latter approach is less general and cannot be used
to predict the system dynamics when symmetry-breaking results from the presence of
mean swirl. When the Fourier coe�cient22= is di�erent from 0, the system of equations

28



(a) � = 1•6 � 109 Pa2.s� 3 Ÿ � thr (b) � = 2•5 � 1010 Pa2.s� 3 ¡ � thr

Figure 2.6: Streamlines in the plane\ = 0 modc for the system (2.83). Parameters:
V0=160 rad.s� 1, U=100 rad.s� 1, ^=0.5 rad.s� 1Pa� 2, l ==1167 rad.s� 1. � thr = 2.3•1010
Pa2.s� 3. Symbols:� : attractors, +: saddles. The color scale is given in �g. (2.5)

governing the dynamics of the slow-�ow variables that de�nethe state of the azimuthal
thermoacoustic mode is:
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If 0 Ÿ 22= Ÿ ¹V0 � Uº•V0, the equilibrium points of the system are:
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The stable solutions are mixed mode, rotating either in counterclockwise or clockwise
direction. The equilibrium points in thej = 0 plane are two di�erent kind of saddle
points: The ones located at angular positions=\ = 0 modc are attractive in the�
and\ directions and the ones located on=\ = c•2 modc are only attractive in the�
direction, the two other eigendirections being repulsive.The preferential direction is
therefore attracted towards\ = 0¹ mod c•=º, which was de�ned in the section 2.4.2
as the angle where the spatial Fourier term of order2= of the linear gainV reaches
its maximum. The temporal slow phasei stabilizes to a constant value depending
on the initial conditions. The streamlines plots in �g. (2.7) show that the system
is no longer attracted by the poles of the Bloch sphere, whichbecame saddles at the
saddle-node bifurcations. Indeed, when22= is decreased and ultimately vanishes for
the uniform distribution of thermoacoustic feedback, the saddles at the poles coalesce
with the attractors. On the other end, increasing the value of 22= pushesj eq toward zero
and therefore make the standing part of the mode more and moreprominent. If the
asymmetries of the thermoacoustic feedback along the annular combustor circumference
are important enough to get22= ¡ � 2= = ¹V0 � Uº•V0, another bifurcation takes place
where the attractor merge with the saddle of the equatorial plane at\ = 0. It leads to
the following pure standing wave solutions:
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The only stable solution is a standing mode locked on the maxima of the2=-th order
Fourier component ofV¹� º . Again, i stabilizes on a constant value depending on
the initial conditions. Figure 2.8 shows that the attractors moved to the planej = 0
and merged in two pointsf j = 0– \ = 0g andf j = 0– \ = cg corresponding to the
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(a) planej = 0 (b) plane\ = 0 mod c

(c) plane inclinated ofj eq, showing
the two attractorsj = j eq and j =
� j eq. The angles\ = 0 and\ = c
corresponds to the same state.

(d) Plane z=cst. including the points
f j = j eq– \ = 0g and f j = j eq– \ =
cg, corresponding to the same attrac-
tor.

Figure 2.7: Streamlines describing the evolution of the state of the linearly-unstable
azimuthal-thermoacoustic-modeon the Bloch Sphere, for a non-uniform distribution of
the thermoacoustic feedback:22==0.25Ÿ � 2==0.375.V0=160 rad.s� 1, U=100 rad.s� 1,
^=0.5 rad.s� 1Pa� 2, l ==1167 rad.s� 1. Symbols:� : attractors� : repellers, +: saddles.
The color scale is given in �g. (2.5)
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(a) planej = 0 (b) plane\ = 0 mod c

Figure 2.8: Streamlines for a large azimuthal asymmetry:22==0.5 ¡ � 2= = 0.375.
V0=160 rad.s� 1, U=100 rad.s� 1, ^=0.5 rad.s� 1Pa� 2, l ==1167 rad.s� 1. Symbols: � :
attractors� : repellers, +: saddles. The color scale is given in �g. (2.5)

same attractor. When22= ¡ 2� 2=, the saddle point located inj = 0– \ = c•2 modc
merges with the repeller in� = 0 and the origin becomes a saddle point attracting
in the direction\ = c•2 modc and repelling to the direction\ = 0 modc and to
the poles. In conclusion, symmetry breaking induced by a non-uniform distribution
of the heat release rate feedback, �rst induces a switch frompure spinning to mixed
spinning-standing solutions and that for a su�ciently large asymmetry of the 2=Fourier
component of the distribution, the linearly unstable thermoacoustic system has a pure
standing wave as solution.

2.9 Symmetry breaking induced by the presence of mean
swirl

The e�ect of a non-zero azimuthal velocity of the mean �ow is now scrutinized. This
con�guration with mean swirl is still axisymmetric but doesno longer exhibit re�ec-
tional symmetry.
In their theoretical study about symmetry breaking in symmetric systems undergoing
bifurcations, Crawford and Knobloch [133] show that removing the re�ectional sym-
metry will no longer ensure that both spinning solutions will have the same amplitudes
and eigenvalues. This symmetry breaking is accompanied with a split of the degenerate
eigenvalues of the associated linear problem, as observed for instance in disk-shaped
micrometer-sized ferromagnetic elements, in which the polarization of a core mode
breaks the symmetry between the two azimuthal spin-wave modes [144] � Ho�mann
et al. [145] shows that removing the core mode allows to restore thedegeneracy and
suppress the frequency splitting. In the �eld of thermoacoustics, Bauerheimet al.
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[134] showed that a mean swirl in annular combustors a�ects the solutions of the linear
eigenvalue problem and that it leads to counter-rotating modes with di�erent linear
growth rates and frequencies.
In this section, we consider the nonlinear thermoacoustic problem of a thin annular
combustor with a low-Mach mean swirl (azimuthal velocity* Ÿ 0•12), for a uniformly
distributed heat release rate feedback. To our knowledge, this problem has never been
addressed, and we show in what follows that this type of symmetry breaking bifurca-
tion can be conveniently investigated with the present quaternion-based acoustic �eld
projection. Considering the case of22= = 0, which is less restrictive than the uniform
distributionV = V0, we apply the slow �ow averaging on the wave equation (2.15) to
obtain the following system:
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The linear growth rate in the amplitude equation is¹V0 »1 � " sin¹2j º¼ �Uº•2. It gets
smaller (resp. larger) when" sin¹2j º is positive (resp. negative), in other words the
amplitude grows faster when the wave propagates against theswirl (" ¡ 0 andj Ÿ 0,
or " Ÿ 0 andj ¡ 0) than when it propagates in the same direction (" ¡ 0 andj ¡ 0,
or " Ÿ 0 and j Ÿ 0) . It shows that the swirl breaks the symmetry between the two
spinning waves in the vicinity of the origin. This symmetry breaking e�ect comes
from the combined e�ect of the mean azimuthal �ow and the linear response of the
�ame. The term responsible of this e�ect in the thermoacoustic wave equation (2.15)
is : ¹* •Rºm¹V?º•m� . This term is a product of terms with slow time scales associated
to the mean azimuthal �ow, and to the �ame response. As speci�ed at the end of the
section 2.4.2.4.1, keeping this term is meaningful only ifV0 � V0 � U. If this condition
is not ful�lled, the splitting of the counter-spinning waves growth rates is a second order
phenomenon and shall not be considered in the present �rst order analysis. Moreover,
such second order e�ects would be negligible in a non ideal chamber, where several
other physical phenomena would have a stronger in�uence on the growth rate splitting,
e.g. the presence of a radial mean velocity gradient [146].
Coming back to the present model, we can go one step further and consider the conse-
quences of the symmetry breaking for states with non-vanishing amplitudes, in partic-
ular the saddles and attractors which govern this intriguing nonlinear dynamics.
From now on, we will always assume that" � 0, corresponding to a counterclockwise
swirl. The clockwise direction will sometimes be referred to as the counter swirl direc-
tion. The analysis for" � 0 will give exactly the same results in a phase space where
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� j replacesj . The equilibrium solutions for� andj are:
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The �rst solution is the trivial 0 solution. The second solution corresponds to a
mixed mode of amplitude� < and nature anglej < increasing with the mach. The
two last solutions are pure spinning modes, respectively inthe counterclockwise and
the clockwise direction. The amplitude of the clockwise spinning mode is larger
than the equilibrium amplitude� 0 = 4

p
a•3^ without swirl, and the amplitude of the

counterclockwise mode is smaller. Some of these solutions are not always de�ned
depending on the value of" . The equilibrium pointf � < – j< g exists only under the
condition:

V0

U
¡

1 ¸ 3j" j
1 � " 2

(2.89)

in the case of a positive mach small compared to 1, this condition becomes:

V0

U
¡

1 ¸ 3"
1 � " 2

(2.90)

The condition on" is a 2nd order polynomial equation with only one positive root. Its
value is:
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(2.91)

The counterclockwise mode is de�ned only if the following condition is satis�ed:

" Ÿ 1 �
U
V0

� " 2 (2.92)

UsingU Ÿ V0, we have:

0 � " 1 Ÿ " 2 (2.93)

For each of the cases0 Ÿ " Ÿ " 1, " 1 Ÿ " Ÿ " 2 and" 2 Ÿ " , a stability analysis
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(a) planej = 0 (b) plane\ = 0 mod c

Figure 2.9: Streamlines for" = 0•005. " 1 = 0•0107¡ " .The green symbols are the
equilibrium points:� : attractors,� : repellers, +: saddles. Parameters:V0=160 rad.s� 1,
U=155 rad.s� 1, ^=0.5 rad.s� 1Pa� 2, l ==1167 rad.s� 1. The maximum value of the color
scale is not the same as shown in Fig. (2.5).

of the �xed points was performed:

ˆ For the lowest range of mach0 Ÿ " Ÿ " 1, the two spinning modes are stable
solutions. The mixed mode is a saddle circle, and the solutions � = 0– j =
� c•4 are repellers. The amplitude of the counter-swirl mode is higher than the
amplitude of the mode spinning in the swirl direction. Figure 2.9 shows the
streamlines of the system. The streamlines approaching theamplitude� < are
either attracted to the lower pole if they are in the sectorj Ÿ j < , either to the
upper pole if they are in the sectorj ¡ j < . When the mach increases, the angular
sectorj ¡ j < gets smaller and it is therefore less likely to end up in the swirl
direction.

ˆ When" reaches" 1, the saddle circle and the counterclockwise mode attractor
at the north pole merge together.

ˆ For the range" 1 Ÿ " Ÿ " 2, the saddle circlef � < – j< g is no longer de�ned.
The spinning modes are still equilibrium points of the system, but a stability anal-
ysis shows that the counterclockwise mode has become a saddle point. Figure
2.10d shows that the streamlines are �rst pointing towards the counterclockwise
mode and are subsequently bending toward the clockwise mode. When the mach
number increases, the amplitude of the counterclockwise mode decreases and
eventually reaches 0 when" = " 2.

ˆ When " ¡ " 2, the only stable solution is the counter-swirl mode. The point
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� = 0– j = ¸ c•4 becomes a saddle, while the point� = 0– j = � c•4 remains a
repeller. This behaviour is obtained in our example for a Mach number" 2 = 0•03
which is relevant for practical applications.

It has to be noted that all these di�erent regimes are due to the presence of the nonlinear
term� 3^?2¹* •Rºm¹V?º•m� in the wave equation (2.15). This behaviour is therefore
sensitive to the model used for the �ame's nonlinear response.
Let us now discuss the evolution of\ andi , and the associated consequences on the
oscillation frequency at the stable �xed points when the Mach number is increased. The
time integration of the\ andi equations in the system (2.88) gives:
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i = i 8

(2.94)

with \ 8 andi 8 the initial values for\ and i . These expression are introduced in the
expression of? as a sum of two counter propagating waves, Eq. (2.31), which gives

? = � ¸ cos¹� =¹� � \ 8º ¸ Cl¸ ¸ i 8º ¸ � � cos¹=¹� � \ 8º ¸ Cl� ¸ i 8º– (2.95)

where we de�ned

l ¸ = l =¹1 ¸ " º (2.96)

and

l � = l =¹1 � " º • (2.97)

The counterclockwise and clockwise spinning components ofthe pressure have there-
fore di�erent frequencies. The counter-swirl component has the lower frequency. The
frequency gap between the two components is2"l =, which is small compared to the
pure acoustic frequencyl =. This frequency splitting due to the azimuthal �ow has
been previously observed experimentally in [147] and predicted from a linear stability
analysis of a lumped-element description of the thermoacoustics of an annular com-
bustor [134]. It has to be noted that the phenomenon of frequency splitting does not
depend on the model adopted for the �ame response. In the waveequation (2.15),
the frequency splitting comes from the term� 2¹* •Rº¹m2?•m� mCº, which is present
in the convected acoustic wave operator, regardless on the presence of source terms.
Furthermore, the expression of\ in (2.94) shows that the preferential direction angle
will drift at the velocity of the mean �ow during the transient phases where the mode is
not purely spinning. However, in real gas turbines, the turbulent combustion noise adds
a constant excitation in the system, which prevents the azimuthal thermoacoustic mode
to be purely spinning as demonstrated in section 2.7. The combined e�ects of stochas-
tic forcing from turbulence and symmetry breaking can be modelled by combining the
results of sections 2.7, 2.8 and 2.9.

In the previous case, the splitting of the counter-spinning-waves growth rates and the
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(a) " = 0 (b) " = 0•005 Ÿ " 1

(c) " = " 1 (d) " = 0•02 ¹" 1 Ÿ " Ÿ " 2º

(e) " = " 2 (f) " = 0•1 ¡ " 2

Figure 2.10: Streamlines for di�erent values of" . " 1 = 0•0107, " 2 = 0•0313.
Symbols:� : attractors� : repellers, +: saddles. The parameters are the same as in Fig.
(2.9). The same color scale is used for the the four �rst plots.
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(a) planej = 0 (b) plane\ = 0 mod c

Figure 2.11: Streamlines for" = 0•005, for the model without convective terms
in the thermoacoustic source term.The green symbols are theequilibrium points: � :
attractors,� : repellers, +: saddles. Parameters:V0=160 rad.s� 1, U=155 rad.s� 1, ^=0.5
rad.s� 1Pa� 2, l ==1167 rad.s� 1.

phase space evolution are governed by the presence of the convective derivative of¤& 0

in Eq. (2.1). Indeed, it results from¹* •Rº¹m¤& 0•m� º in �� ¤& 0• �C when the azimuthal
mean �ow is considered uniform in the whole chamber. However, if the �ames are
located in a region where there is no mean azimuthal bulk velocity, the thermoacoustic
source term would result from the spatial averaging ofm¤& 0•mConly. Then, the slow
�ow system becomes simpler:
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The equations for¤� and ¤j are exactly the same as the equations for the case without
swirl presented in section 2.5: the independent system for� and j is not a�ected by
the swirling motion and leads to stable spinning modes with amplitude � 0 given in
Eq. (2.53). However, the equation for¤\ involves " , which induces splitting of the
frequencies of the counter-spinning modes. Figure 2.11 shows the streamlines of this
new system. In conclusion, the phase space evolution is verysensitive to the presence
or not of mean azimuthal �ow in the heat release rate regions.
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2.10 Conclusion

In this chapter, the problem of thermoacoustic instabilities in annular combustion cham-
bers has been considered with a new theoretical approach. Starting with a low-Mach
convected wave equation for the acoustic pressure with forcing from heat release rate
and velocity �eld �uctuations, we derived a 1D approximation for thin annulus with
mean swirling �ows. Then, we inserted a quaternion-based ansatz for the acoustic �eld
in order to �nd the systems of di�erential equations describing the dynamics of the
slow-�ow variables (amplitude, nature angle, preferential direction and temporal phase
drift of the azimuthal thermoacoustic modes) for di�erent scenarios: i) thermoacous-
tic feedback with or without time delay, ii) in presence or not of stochastic forcing
by turbulence, iii) with uniform or non-uniform thermoacoustic distribution along the
annulus circumference, iv) in presence or not of a mean swirlin the annulus. This
quaternion-based ansatz was initially proposed for bi-variate time-series analysis and
applied for seismic data processing [129], and subsequently taken up for analysing
acoustic pressure data recorded in annular combustors [113]. Classical deterministic
and stochastic methods of slow-�ow averaging were adapted to this quaternion for-
malism to obtain nonlinear dynamical systems describing the dynamics of azimuthal
modes over time scales that are large compared to the acoustic period. The quater-
nion representation allows us to simultaneously model, symmetry breaking induced
by non-uniform distribution of the thermoacoustic sourcesand by the presence of a
mean swirl in the annulus. This complete description cannotbe achieved with the
alternative models available in the literature for this problem. Indeed, the approach
consisting in projecting the acoustic �eld onto the orthogonal acoustic eigenmodes of
the annulus [35, 58, 103] captures rotational symmetry breaking induced by spatial
thermoacoustic non-uniformities, while it is not appropriate to describe the re�ectional
symmetry breaking induced by a mean swirl, or any change in the preferential direction
of the modes. In contrast, the approach that is based on a representation of the acoustic
�eld using clockwise and counterclockwise spinning waves [104] cannot capture the
former symmetry breaking, while it is very suited for describing the latter. As shown
already in [35] with the model based on Helmholtz eigenmode pairs, the quaternion-
based framework predicts i) spinning waves limit-cycles for a uniform distribution of
thermoacoustic sources without mean �ow, where the direction of the spinning wave
depending on the initial conditions, ii) mixed-modes for non-zero 2= component22=

of the Fourier series for the thermoacoustic source distribution and ultimately standing
modes when22= exceeds¹V0 � Uº•V0, where the damping coe�cientU characterizes
uniformly distributed acoustic losses around the annular combustor, and whereV0 is
the zero order component of the Fourier series. Notice that the present modelling
approach depicts nonlinear �ame response that depends on acoustic pressure or, via
the time delay, on acoustic axial velocity. Although it is generally acknowledged that
the amplitude increase of the latter acoustic perturbationis the most important driver
of the saturation of the heat release rate response, anothermodel which accounts for
azimuthal acoustic velocity has been proposed some years ago [102] and leads to stable
standing modes even for situations where22= = 0. The main new conclusions of the
present chapter are now listed:
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ˆ For annular combustors without low-Mach mean swirl (" = 0) and with22= = 0,
a delayed thermoacoustic feedback induces a slight shift ofthe eigenfrequency
of the spinning mode limit-cycle; this shift depends on the time-delayg, which
also applies to longitudinal modes in can-combustors. It does not depend on the
spinning direction.

ˆ For annular combustors with" = 0, 22= = 0, g = 0, and with stochastic forcing
from turbulence, whose spatially averaged contribution ismodelled as a bivariate
white noise of intensityf , pure spinning waves are not anymore the �xed points
of the phase space de�ned by the deterministic part of the Langevin-equations-
system for the slow-�ow variables. When the thermoacousticsystem is linearly
unstable and when the noise intensity is increased from zero, the attracting �xed
points are on two circles in the Bloch sphere representation, which corresponds
to mixed modes in every direction. For a given linear growth rateaand saturation
constant̂ , there exists a critical noise intensity beyond which standing modes
(equator on the Bloch sphere), with nodal direction evolvingas a randomwalk, are
attracting the thermoacoustic system. In other words, for agiven noise intensity
� , standing modes statistically prevail when the linear growth rate becomes
positive, and beyond a critical growth rateathr � ¹ 3•16º �

p
3^� • l =, mixed

modes govern the system dynamics. For further increase of the linear growth
rate, these mixed-modes asymptotically tend to pure spinning modes.

ˆ For annular combustors with mean swirl (" < 0) and with 22= = 0, g = 0
and � = 0, the counter-spinning modes have no longer the same frequency
l = ¹1 � " º. Additionally, if the heat release occurs in a region where there is
a uniform azimuthal mean �ow, the spinning mode rotating against the swirl
direction attracts the system with more strength than the co-rotating spinning
mode. Beyond a critical azimuthal Mach number, a saddle-node bifurcation
leads to a situation where the only attractor of the system isthe spinning mode
travelling against the mean swirl. Conversely, when the �ames are not located in
the convection zone, both counter-spinning modes are equally strong attractors.

We conclude this study with the two following remarks: First, these results are quan-
titative for anidealizedannular combustion chamber and they can only be used for
qualitatively interpreting observations from areal-world annular combustor. Indeed,
in practical systems, there are additional e�ects that can have a very signi�cant impact
on the thermoacoustic dynamics and that are not accounted for in this model, e.g. the
acoustic coupling between the chamber and the plenum. Second, several combinations
of these e�ects were not considered in the present chapter and will be the topic of the
next chapters. For instance, one can expect that other intriguing nonlinear dynamics
would result fromf " < 0– 22= = 0– g< 0– f < 0g, i.e. combined e�ects of mean swirl,
delayed �ame response and stochastic forcing. Third, theseresults show that there
can be di�erent root causes for statistically more frequentstanding modes or spinning
modes. Consequently, when interpreting experimental and numerical observations of
azimuthal thermoacoustic modes, it is important to quantify i) the rotational and re�ec-
tional symmetry of the annular turbulent combustor considered, which is not easy in the
case of experimental or practical setups, and ii) the statistics of the observed slow-�ow
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thermoacoustic dynamics, which is not easy in the case of computationally expensive
Large Eddy Simulations.
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Appendix

2.A Derivation of a wave equation for the pressure with
thermoacoustic and aeroacoustic source terms

In this appendix, we build upon the works of Howe [148, 149] toderive a wave equation
for the acoustic pressure in annular chambers in presence ofa uniform mean �ow and
of aeroacoustic and thermoacoustic sources.

The pressure, velocity, density, temperature, speci�c entropy and vorticity at point
x and timeCare respectively denoted by?¹x – Cº, u ¹x – Cº, d¹x – Cº, ) ¹x – Cº, ( ¹x – Cº,
! ¹x – Cº. The considered �uid ful�ls the ideal gas law? = dA), with A the speci�c
gas constant. The sound speed and the speci�c heat capacity for constant pressure are
respectively denoted by2 =

p
WA)and2? = WA•¹ W� 1º, with Wthe heat capacity ratio.

The Euler momentum equation for a non-viscous �ow is:

� u
�C

¸
1
d

r ? = 0– (2.99)

where� • �C = m•mÇ u � r is the material derivative. This equation can be rewritten
in Crocco's form:

mu
mC

¸ r � = � ! � u ¸ ) r ( – (2.100)

where the total enthalpy per unit mass� = u 2•2 ¸
¯

d� 13? ¸
¯

)3( and the Lamb
vector! � u have been introduced. The mass balance equation is given by

1
d

�d
�C

¸ r � u = 0• (2.101)

When heat is released in a �uid, the densityd can be written as a function of the two
thermodynamic variables? and( , and one can write the di�erential equality

3d =
md
m?

�
�
�
�
(

3? ¸
md
m(

�
�
�
�
?

3( • (2.102)
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Considering the ideal gas law and the facts that2?3) = )3( at constant pressure and
that3? = 223d at constant entropy, one obtains

3d =
1
22

3? �
d
2?

3(– (2.103)

and therefore

�d
�C

=
1
22

� ?
�C

�
W� 1

22
d)

�(
�C

• (2.104)

In this model, one considers entropy changes resulting fromthe combustion heat release
and from heat di�usion, but one neglects the e�ects of viscous heating and species
di�usion. Under these assumptions, eq. (2.104) becomes

�d
�C

=
1
22

� ?
�C

�
W� 1

22

�
�&
�C

¸ r � _r )
�

– (2.105)

where& is the heat released by the combustion reaction and_ the thermal conductivity
of the �uid. Taking the divergence of eq. (2.100), the time derivative of the continuity
equation (2.101), using eq. (2.105), and

� �
�C

=
1
d

m?
mC

¸ )
�(
�C

–

one can derive the following equation for the total enthalpy:

�
�C

�
1
22

� �
�C

�
¸

1
22

� u
�C

� r � � r 2�

= r � ¹ ! � u � ) r ( º �
1
22

� u
�C

� ¹! � u � ) r ( º ¸
�
�C

�
)
22

�(
�C

�

¸
m
mC

�
W� 1
d22

�
�&
�C

¸ r � _r )
� �

• (2.106)

This equation is eq. (4.14) in the famous paper from Howe [148] and we just have
explicitly expressed the contribution from combustion heat release and heat di�usion
in the last right hand side term. The other forcing terms are acoustic sources due to the
unsteady heat release rate, the vorticity and entropy inhomogeneities. This equation
is exact and will be linearised in the next paragraph to obtain a wave equation for the
pressure �uctuations.

From now on, we consider small perturbations around a stationary low Mach mean
�ow at thermal equilibrium and work in the frame of linear acoustics. The �ow
variables are decomposed as the sum of a steady and a �uctuating component, e.g.
?¹x – Cº = ?¹x º ¸ ?0¹x – Cº. This decomposition is applied to the variables of eq. (2.106)
in order to derive an equation for the �uctuations where the terms involving products of
the �uctuating quantities are neglected. The resulting equation, which contains many
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terms and which is not presented here, will be further simpli�ed by considering incom-
pressible mean �ows with uniform density �eld, and by discarding coherent vorticity
and entropy disturbances. In addition, only the �rst order terms in Mach number are
retained.
To get the perturbations of the last right-hand-side term ofeq. (2.106), one has to sub-
tract its time-averaged component. Under low Mach approximation, this time-averaged
contribution satis�es: �( • �C = 0. With the other assumptions made to derive eq.
(2.105), it yields

¤& ¸ r � _r ) = 0– (2.107)

which just means that the mean heat release rate¤& = �& • �C is locally balanced by heat
di�usion. Consequently, the linearized energy equation for the perturbations around
the incompressible mean �ow is

��d 0

�C
=

1
22

�� ? 0

�C
�

W� 1
22

� ¤& 0 ¸ r � _r ) 0� – (2.108)

where we introduced the notation�� • �C = m•mÇ u � r . In what follows, one assumes
that the termr � _r ) 0 corresponding to unsteady conduction phenomena is negligible
compared to the one associated with the heat release rate �uctuations from the unsteady
�ames. With the assumption of negligible temperature and entropy gradients in the
mean �ow and uniform speed of sound2, the linearisation of (2.106) leads to the
following convected wave equation:

�
1
22

�� 2

�C2
� r 2

�
¹� 0 � ) ( 0º =

W� 1
d22

m¤& 0

mC
¸ r � ¹ ! � u º0 (2.109)

The objective is now to obtain a convected wave equation for the acoustic pressure?0.
With the de�nition of the total enthalpy, one can write� 0 � ) ( 0 = ?0• d ¸ u � u 0 and
therefore, the left-hand-side of eq. (2.109) can be decomposed as

� �u ¹� 0 � ) ( 0º =
1
d

� �u ¹?0º ¸ � �u ¹u � u 0º– (2.110)

where we introduced a convected wave operator,� �u = 2� 2 �� 2• �C2 � r 2. The term
� �u ¹u � u 0º comes from the interaction of the mean �ow with the velocity �uctuations
and vanishes for zero mean �ow velocity.
In this paragraph, the term� �u ¹u � u 0º is rewritten as a source term of the wave equation
or the �uctuating pressure. To do so, one writes a convected wave equation for the
velocity �uctuations u 0 by considering, with the assumption of an incompressible
mean �ow, the linearised mass balance equation

��d 0

�C
¸ dr � u 0 = 0– (2.111)
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the linearized energy equation

��d 0

�C
=

1
22

�� ? 0

�C
�

W� 1
22

¤& 0– (2.112)

and the linearized Euler-Crocco momentum equation

mu 0

mC
¸ ¹ ! � u º0 ¸ ¹ u 0 � rº u ¸ ¹ u � rº u 0 = �

1
d

r ?0• (2.113)

The material derivative of (2.113) and the gradient of (2.111) are combined with the
assumption of a uniform mean density in the domain of interest. Using the identity
rr� = r 2 ¸ r � r� , one obtains a convected wave equation for the �uctuating velocity
with source terms. Taking the dot product of this equation with u and neglecting the
second order terms in Mach, one obtains:

� �u ¹u 0º � u = �
W� 1
d 22

u � r ¤& 0 ¸ ¹r � ! 0º � u • (2.114)

Tensor calculus identities give us:3

� �u ¹u � u 0º = � �u ¹u 0º � u � ¹r 2uº � u 0 � 2¹r uº : ¹r u 0º• (2.115)

The last step consists in combining the wave equation (2.109), the decomposition
(2.110), and Eqs. (2.114) and (2.115) in order to obtain a convected wave equation for
?0:

� �u

�
?0

d

�
=

W� 1
d22

�� ¤& 0

�C
¸ r � ¹ ! � u 0º ¸ r � ¹ ! 0 � u º

� ¹r � ! 0º � u ¸ ¹r 2uº � u 0 ¸ 2¹r uº : ¹r u 0º• (2.116)

This equation can be rewritten

� �u ¹?0• dº = ¹W� 1º•¹ d22º¹ �� ¤& 0• �Cº ¸ 2¹r uº : ¹r u 0º) • (2.117)

and is in agreement with the one derived in [150]. This is a convected wave equation
for the �uctuating pressure, which is applicable to low-Mach mean �ows with uniform
density and sound speed distributions, which results from a�rst-order approximation
in Mach, and which has source terms resulting from �uctuations of heat release rate,
velocity and vorticity.

Equation (2.117) will now be further simpli�ed for the case of thin annular cham-
bers with unsteady heat release rate. The thin annulus has a mean radiusR, a thickness
XR, with R � XR, and a lengthL . Figure 2.1 presents this simpli�ed geometry and

3The de�nition used here for the tensor double dot product is:¹08 9º : ¹18 9º =
Í

8 908 918 9. An other
de�nition exists with the transpose of1.
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the associated cylindrical coordinate system. We assumeu = * e� ¸ +eG to model
a simple swirling motion. Indeed, for some practical combustors, a mean low-mach
azimuthal velocity* can reach the same order of magnitude as the mean axial velocity
component+ due to the design of the burners and their arrangement along the circum-
ference of the annulus. One also considers situations wherethe velocity �uctuations
are quasi-irrotational, with negligible axial and radial components and gradients, i.e.
u 0 � D0

� ¹� º e� , wheree� is the unit vector in the azimuthal direction. The heat release
rate �uctuations are also assumed to depend on� andConly. These assumptions lead to
the cancellation of the aeroacoustic source term2¹r uº : ¹r u 0º) and the wave equation
becomes:

� �u ?0 =
W� 1

22

�
m¤& 0

mC
¸

*
R

m¤& 0

m�

�
• (2.118)

2.B General system of slow-�ow equations including the
e�ects of swirl, time delay, azimuthal asymmetry
and stochastic forcing

Amplitude equation
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64
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Nature angle equation
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Preferential angle equation
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Phase equation
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2.C Expression of the random �uctuation terms in the
dynamic system before applying the stochastic av-
eraging procedure

Before the stochastic averaging (see section 2.7), the system describing the evolution of
the variables. = ¹ �– j– \– i º) can be written as

¤. = � slow¹. º ¸ ( ¹1º ¹.– CºZ1¹Cº ¸ ( ¹2º ¹.– CºZ2¹Cº

where� slow is the deterministic part (which can be obtained from the equations of the
appendix 2.B withf = 0) and( ¹1º ¹.– CºZ1¹Cº, ( ¹2º ¹.– CºZ2¹Cº are the �uctuating terms.
The components of( ¹1º and( ¹2º have the following expressions:

( ¹1º
� = �

sin¹ j º sin¹=\ º cos¹i ¸ l =Cº ¸ cos¹ j º cos¹=\ º sin¹i ¸ l =Cº
l =
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( ¹1º
j =

sin¹ j º cos¹=\ º sin¹i ¸ l =Cº � cos¹ j º sin¹=\ º cos¹i ¸ l =Cº
l = �

( ¹1º
\ = 2 cos¹2j º
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Chapter 3

Experiments and low-order
modelling of intermittent
transitions between clockwise
and anticlockwise spinning
thermoacoustic modes in
annular combustors
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Abstract

In annular combustion chambers of gas turbines and aircraftengines, it is some-
times observed that the propagating direction of the azimuthal thermoacoustic waves
switches randomly. The strong turbulent noise prevailing in gas turbine combustors is
a source of random excitation for the thermoacoustic modes and will be shown to be
the probable cause of these switching events. The low-ordermodel derived in the pre-
vious chapter describes qualitatively this property of thedynamics of thermoacoustic
azimuthal modes. This model is based on the acoustic wave equation with a destabi-
lizing thermoacoustic source term to account for the �ame'sresponse and a stochastic
term to account for the turbulent combustion noise. Slow-�ow averaging is applied to
describe the modal dynamics on times scales that are slower than the acoustic pulsa-
tion. Under certain conditions, the model reduces formallyto a Fokker-Planck equation
describing a stochastic di�usion process in a potential landscape with two symmetric
wells. One well corresponds to a mode propagating in the clockwise direction, the
other well corresponds to a mode propagating in the anticlockwise direction. When the
level of turbulent noise is su�cient, the stochastic force makes the mode jump from one
well to the other at random times, reproducing the phenomenon of direction switch-
ing. Experiments were conducted on a laboratory scale annular combustor featuring
12 hydrogen-methane �ames, showing this characteristic phenomenon of intermittent
switching for certain operating conditions. A system identi�cation technique was used
to �t the model on the experimental data, allowing to extractthe potential's shape and
the intensity of the stochastic excitation. The statistical predictions obtained from the
Fokker-Planck equation on the mode's behaviour and the direction switching time are
in good agreement with the experiments.
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3.1 Introduction

In the present chapter, we build on the theoretical frame of chapter 2 to model of an
intriguing phenomenon occurring in annular aeroengine combustors: the intermittent
transitions between clockwise and counterclockwise spinning thermoacoustic modes.
Like in the previous chapter, we will focus only on thermoacoustic instabilities that
involve only the �rst azimuthal acoustic modes. We remind that these can be classi�ed as
spinning modesthat propagate at the speed of sound in the clockwise or the anticlockwise
direction, standing modeswhose nodal line stays at a constant azimuthal position
or drifts slowly compared to the speed of sound, ormixed modesthat result from
the sum of a standing mode and a spinning mode. Many studies dealing with the
dynamics of these modes have been published over the last tenyears, covering several
aspects of the underlying physics such as the e�ects of spatial asymmetries, turbulent
combustion noise, mean azimuthal �ow or speci�c types of nonlinearities in the �ame
response, e.g. [35, 102, 68, 134, 116, 104]. However, no detailed studies have been
published on the intermittent transition events between mixed and standing modes and
between clockwise-spinning and anticlockwise-spinning mixed modes, which has been
sometimes observed in previous theoretical and experimental works [58, 104, 60]: these
transitions were sometimes attributed to the presence of turbulent combustion noise,
but no quantitative study was available up to now: The present chapter aims at �lling
this gap with new experimental data and a low-order model, which is derived from �rst
principles and describes the stochastic dynamics of these transitions in the same way
as thermally activated barrier crossing in reaction rate theory [151].
The experimental setup and data are presented in section 3.2. Section 3.3 presents
the low-order model. In section 3.4, the validity of this model is assessed using the
experimental data, and its parameters are identi�ed. Section 3.5 introduces the potential
representation. The calibrated model is then used in section 3.6 to shed light on the
mechanisms associated with the intermittent transitions of the spinning direction.

3.2 Experiments

Figure 3.1.1a shows the experimental setup used in this study. It consists in an an-
nular combustion chamber at atmospheric pressure, with 12 regularly spaced �ames
anchored on axisymmetric blu� bodies without swirlers. Thefuel is a gaseous mixture
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(a) (b)

Figure 3.1.1: (a): Sketch view from the top of the chamber with the 12 burners and
the location of the 6 microphones. (b): measured PDF of the acoustic amplitude A for
di�erent equivalence ratios. The colors correspond to the 3cases studied in the chapter:
� = 0•525, � = 0•55, � = 0•60.

of CH4 (contributing to 30% of the thermal power) and H2 (70% of the thermal power)
that are premixed with air in a plenum. The inner and outer walls of the chamber are
cooled with water, their respective diameters are 127 mm and212 mm. The setup is
described more in detail in [60]. Acoustic measurements areperformed with 6 pressure
transducers Kulite XCS-093-05D �ush mounted in the burner's pipes at equidistant
azimuthal positions. All the experiments are run with the same thermal power of12� 6
= 72 kW and equivalence ratios� comprised between 0.4 and 0.62. This is achieved
by keeping the fuel mass �ow constant at 320 sl/min and by varying the air mass �ow
between 2600 sl/min and 1670 sl/min. The mass �ows are controlled with several Ali-
cat mass �ow controllers. Figure 3.1.1b shows the evolutionof the acoustic amplitude
for di�erent equivalence ratios: The signature of a supercritical Hopf bifurcation is
detected from the acoustic time traces when� is increased: below 0.4, the system is
stable. The Hopf point is located at� = 0•51 : above this value, a thermoacoustic
instability is detected. To ensure stationarity of the thermoacoustic dynamics, acoustic
records are performed at least 60 s after ignition at each operating points so that thermal
transient behavior of the combustor has ended. At this time,the measured inner wall
temperature and acoustic root-mean-square amplitudes arestabilized. In this chapter,
we focus on three speci�c operating points to illustrate ourconclusions:� = 0•525,
� = 0•55and� = 0•60. The equivalence ratios at these conditions are beyond the Hopf
point and the associated acoustic spectra are dominated by one single peak close to 1.1
kHz, which corresponds to an acoustic eigenmode with one wavelength spanning the
circumference of the annular chamber. Figure 3.2.1 shows portions of the correspond-
ing acoustic pressure time series. One can see in Fig. 3.2.1b, 3.2.1c, 3.2.1d that the
acoustic oscillations are almost sinusoidal even before applying any spectral �ltering.
Figure 3.2.1b corresponds to� =0.525, and one can conclude from the time traces that
aroundC= 40 s, the acoustic oscillation corresponds to a standing mode.This is be-
cause all the microphone signals are in phase or exactly in phase opposition and exhibit
di�erent amplitudes. In Fig. 3.2.1c, the signals are not in phase and the amplitude
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(a)

(b)

(c)

(d)

Figure 3.2.1: (a): Complete microphones time traces at 3 azimuthal locations for
� = 0•55. (b,c,d): Detail of the microphones timetraces for� = 0•525, � = 0•55,
� = 0•6 (from the top to the bottom). Left panel: raw timetrace. Right panel:
timetrace �ltered with a rectangular �lter of bandwidth 100[Hz] centered around the
main frequency in the spectrum.

depends on the angular position, which corresponds, at thatinstant, to a mixed mode.
In Fig. 3.2.1d, the signals exhibit phase di�erences of about 120� with similar ampli-
tudes which also corresponds to a mixed mode, but with a stronger spinning component.

At a given axial position, the pressure �eld associated to the �rst azimuthal mode
is represented with the quaternion ansatz introduced in [113]:

~?¹� – Cº = � ¹Cº48¹ \ ¹Cº� � º4� : j ¹Cº49¹ lC ¸ i ¹Cºº• (3.1)

where8, 9and: are the quaternion imaginary units. The real-valued azimuthal mode
state variablesi , \ , � , and j are slowly varying in time with respect to the acoustic
period 2c• l . They describe the slow dynamics of the mode [129, 113]:i is a
slow temporal phase drift,\ is the direction of the antinodal line of the pressure
oscillations and� is the oscillation amplitude. The nature anglej characterizes the
mode type: j = 0 for a pure standing mode,j = c•4 for a pure anticlockwise
spinning mode,j = � c•4 for a pure clockwise spinning mode,� c•4 ¡ j ¡ 0 and
0 ¡ j ¡ � c•4 for a anticlockwise and for a clockwise mixed mode respectively. The
real pressure?¹� – Cº is obtained by taking the real part of the quaternion ansatz~?.

3



(a)

(b)

(c)

Figure 3.2.2: Time traces of the slow-�ow variables: (a):� , (b): j , (c): \ for 3 di�erent
equivalence ratios: � = 0•525(blue), dynamics centered around a standing mode.

� = 0•55 (red), dynamics switching between anticlockwise and clockwise mixed
modes. � = 0•6 (green), the mode is mixed and spins in the clockwise direction
during the whole experiment.

This quaternion representation describes the modal dynamics in a non-ambiguous way
[113]. To obtain the time traces of the slow variables� , j , \ and i , we �rst write
the pressure �eld associated to the �rst azimuthal mode withthe ansatz?¹� – Cº =
[ 1¹Cº cos¹� º ¸ [ 2¹CºB8=¹� º. Since the number of microphones is greater than 2, the
signals[ 1 and[ 2 are obtained from the �ltered microphones time traces by inverting
an overdetermined system with a least-square method, with an error smaller than 5%
for the present experiments. Then, the procedure to obtain the slow variables from the
bivariate signal¹[ 1– [2º is described in [113].

Figure 3.2.2 shows the time traces of� , j and\ for the three considered operating
points (� = 0•525, � = 0•55 and � = 0•60). The amplitude increases with the
equivalence ratio, and the �uctuations of the amplitude� are relatively low during the
100 s of recording. For� = 0•55, the antinodal line\ remains locked all the time in
the same direction. For� = 0•525and� = 0•60, \ shows some jumps between two
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(a) (b)

Figure 3.2.3: (a): experimental PDF ofi for � = 0•60. (b): experimental PDF of¤i for
� = 0•525 (blue) ,� = 0•55 (red) ,� = 0•60 (green) .

values distant ofc, which are in fact describing the same antinodal line [113].In Fig.
3.2.3a, one can see thati does not show a preferential value, its PDF is �at. The time
derivative ofi gives information on the frequency drift. The PDF of¤i shown in Fig.
3.2.3b suggest that this drift remains close to 0 and is smallcompared to the instability
frequency. The nature anglej behaves completely di�erently between the three cases:
for � = 0•525, it �uctuates randomly around 0, which corresponds to a predominant
standing mode state. For� = 0•55, j switches randomly between a positive value and
its negative, which indicates a statistically dominant mixed mode whose propagating
direction changes randomly. For� = 0•60, j is locked on a negative value close to
� c•4, corresponding to an almost pure spinning mode propagatingin the clockwise
direction.

3.3 Theoretical model

3.3.1 Thermoacoustic wave equation

We use now the low-order model of the previous chapter to describe the dynamics of
azimuthal thermoacoustic eigenmodes in an idealized one dimensional annular com-
bustor with asymmetries and turbulent noise. The four parameters of this model will
be afterwards identi�ed from the experimental data presented in the previous section.
It will be shown that the calibrated model quantitatively reproduce the dynamics of the
slow-�ow variables, which shows that it can used as a minimalmodel for describing
the state of eigenmodes exhibiting an azimuthal component in real 3 dimensional com-
bustors. It is important to stress that this model is not intended to be used for prediction
of thermoacoustic stability in real systems. The chamber ismodelled as a 1D annular
waveguide of radiusR. The azimuthal angular coordinate is referred to as� . The
thermoacoustic wave equation 2.15 in absence of azimuthal mean �ow is:

m2?
mC2

¸ U
m?
mC

�
22

R2

m2?
m� 2

= ¹W� 1º
m¤&
mC

¸ � ¹� – Cº– (3.2)
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where2 is the speed of sound,U is the acoustic damping,Wis the heat capacity ratio,
� is a random forcing representing the turbulent heat releaserate �uctuations, and¤& is
the coherent component of the heat release rate of the �ames.We model it with a 3rd

order nonlinearity:¹W� 1º ¤& = V?� ^?3, whereV?in�uences the linear stability of the
thermoacoustic modes and^?3 governs the saturation to limit cycles (see [35, 58, 126]
and chapter 2). As in section 2.8, we consider that the local response of the �ame
is not necessarily homogeneous along the whole circumference, soV is a function of
� which can be written with the Fourier series as in eq. (2.14).We have seen that
only the second term22 of this Fourier series has an in�uence on the dynamics of
the �rst azimuthal mode. Therefore, the single parameter22 accounts for the e�ect of
every spatial asymmetry in the coherent heat release rate �uctuations. The angle� 2 is
de�ned as the orientation in which the second order term of this Fourier decomposition
is maximal.

Langevin equations for the state variables

Inserting the quaternion formalism of Eq. (3.1) in the wave equation (3.2), and applying
the methods of spatial and slow time averaging described in chapter 2 to gives a system
of �rst order coupled Langevin equations that can be writtencompactly as:

¤. = � ¹. º ¸ � ¹. º#– (3.3)

where. = ¹ �– j– \– i º) is the state vector, and� and �# are the deterministic and
stochastic terms governing its dynamics. The random forcing N = ¹Z� – Zj – Z\ – Zi º)

results from four uncorrelated white noises of intensity� •2l 2. The expression of
the stochastic di�usion matrix was given in eq. (2.77) and the expressions of the
components of the drift vector� are

� � ¹Y º =
�
a ¸

22V
4

cos¹2¹\ � � 2ºº cos¹2j º
�

� �
3^
64

¹5 ¸ cos¹4j ºº � 3 ¸
3�

4l 2 �
–

(3.4)

� j ¹Y º =
3^
64

� 2 sin¹4j º �
22V
4

cos¹2¹\ � � =ºº sin¹2j º �
� tan¹2j º

2l 2 � 2 – (3.5)

� \ ¹Y º = �
22V
4

sin¹2¹\ � � 2ºº
cos¹2j º

– (3.6)

� i ¹Y º =
22V
4

sin¹2¹\ � � 2ºº tan¹2j º– (3.7)

which corresponds to the equations provided in section 2.B,with = = 1, " = 0, g = 0
and a = ¹V � Uº•2. The constant� is the intensity of the noise coming from the
projection of the random �uctuation� on the �rst azimuthal mode shape (see section
2.7). Z� , Zj , Z\ , Zi are uncorrelated Gaussian noises of intensities� •2l 2. Based on
the experimental data presented in Fig. 3.2.2, we consider that the �uctuations of the
antinodal line direction are weak enough to set\ as a constant in the equations: The
equation¤\ = � \ ¹Y º stabilizes in\ = � 2 mod c, so that\ is replaced by the constant

6



value� 2 in the equations. Under this assumptions, the equations for� andj become:

8>>>><

>>>>
:

¤� =
�
a ¸

22V
4

cos¹2j º
�

� �
3^
64

¹5 ¸ cos¹4j ºº � 3 ¸
3�

4l 2 �
¸ Z�

¤j =
3^
64

� 2 sin¹4j º �
22V
4

sin¹2j º �
�

2l 2

tan¹2j º
� 2

¸
1
�

Zj •

(3.8)

In the considered experimental time traces,� is almost constant and will be replaced
by its mean value� 0 in the equation forj . In the equation for� , j appears in the
termscos¹2j º andcos¹4j º. However, for the considered experimental conditions, the
standard deviation ofcos¹2j º never exceeds 0.15. Under the assumption that22V•4 is
of the same order asa or smaller, the �uctuations ofcos¹2j º are neglected andj is
replaced by the average value of its absolute valuej 0 = hjj ji . The standard deviation
of cos¹4j º in the experiments is always under 0.5, which has small e�ectin the sum
¹5 ¸ cos¹4j ºº. Therefore,j is also replaced byj 0 in this term. The two equations are
in this way decoupled:

¤� =
�
a ¸

22V
4

cos¹2j 0º
�

� �
3^
64

¹5 ¸ cos¹4j 0ºº � 3 ¸
3�

4l 2 �
¸ Z� – (3.9)

¤j =
3^
64

� 2
0 sin¹4j º �

22V
4

sin¹2j º �
�

2l 2

tan¹2j º

� 2
0

¸
1
� 0

Zj • (3.10)

In a more compact form¤� = � 0� ¹ � º ¸ Z� and ¤j = � 0j ¹ j º ¸ Zj • � 0, where all the
deterministic terms are grouped in the functions� 0� and� 0j , which are thedrift coef-
�cients of the Fokker-Planck (FP) equations governing the evolution of the probability
density%¹ � º and%¹ j º. The FP equations have also adi�usion coe�cient . The latter
is equal to� •2l 2 in the FP equation for%¹ � º.

3.4 Model parameters calibration

It is now interesting to make use of the experimental data to identify the model parame-
ters, and therefore calibrate it for each of the stationary operating conditions investigated
in this work. The system identi�cation method brie�y presented in this section is more
extensively discussed in the technical note 3.A. It is an application of the framework
proposed in [152, 153], which has been already applied in a thermoacoustic context, e.g.
[154]. It is based on the fact that one can compute from time series the drift and di�usion
coe�cients of a FP equation by using their statistical de�nition [155, 152, 153]:

� 0� ¹ � º � lim
g! 0

1
g

¹
¹ �� � � º%¹ ��– Ç gj �– Cº 3 �� (3.11)

� 0j ¹ j º � lim
g! 0

1
g

¹
¹ �j � j º%¹ �j– Ç gj j– Cº 3 �j (3.12)
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(a)

(b)

(c)

Figure 3.4.1: (a), (b),
(c): Fitting of � •2l 2,
� 0� and � 0j on the
experimental data for
the case� =0.55. The
obtained values are:
� 0 = 904[Pa], a = 19•5
[s� 1], ^ = 1•27•10� 4

[Pa� 2.s� 1], � • l 2 =
4•89•105 [Pa2s� 1],
22V = 31•9 [s� 1].
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Figure 3.4.2: Contributions to the potential.

The noise intensity� is obtained with the second order moment for the time traces of �

�
2l 2

� lim
g! 0

1
g

¹
¹ �� � º2%¹ ��– Ç gj �– Cº 3 ��• (3.13)

In Eq. 3.11, the transition probability%¹ ��– Ç gj �– Cº is the probability of the amplitude
�� at a timeÇ g knowing that the amplitude at the timeCwas� . These probabilities are

extracted forg & 1• � 5with � 5 the bandwidth of the �lter applied on the microphones
time traces [156]. The limits forg ! 0 are obtained by extrapolation, as explained
in [156]. The next step is to �t the theoretical model on the extracted drift and
di�usion coe�cients to identify the parameters� • l 2, ^ and22V. Although the noise
intensity does not depend on the amplitude in the model, Figure 3.4.1a shows that the
extracted di�usion coe�cient presents a parabolic shape. This is due to limitations
in the extrapolation method for the extreme values of� . However, a validation on
numerically generated data has shown that a reliable estimation of the noise intensity
� •2l 2 can be obtained by weighting these extrapolated points withthe experimental
probability density function of A for the �t of� •2l 2. Once� •2l 2 is known,a and^
are identi�ed using the extracted drift function� 0� (Fig 3.4.1b). With the knowledge of
� •2l 2 and^, 22Vis identi�ed using� 0j (Fig. 3.4.1c). As a �nal remark, it is important
to note that modeling the nonlinear saturation with a cubic term only is too simplistic
for the considered operating conditions, which are far awayfrom the bifurcation point
[126]. Consequently, although the identi�ed values fora, 22 and^ allows to capture
the topology of the phase space, they shall only be considered as indicative values. As
discussed in note 3.A, the identi�ed parameters seem to be quantitatively meaningful
at least up to� = 0•55.

3.5 Potential description

The equation forj is now written in a potential form:

¤j = �
3*
3j

¸
1
� 0

Zj – (3.14)

9



where the potential* is de�ned as:

* ¹ j º =
3^
256

� 2
0 cos¹4j º �

22V
8

cos¹2j º �
� log¹cos¹2j ºº

4l 2 � 2
0

• (3.15)

Equation (3.14) is formally similar to the equation of a particle of negligible mass evolv-
ing in a potential landscape and undergoing a stochastic forceZj • � 0 and a strong �uid
friction [151]. It has to be noted that in eq. (3.14), the noise intensity� a�ects not only
the amplitude of the stochastic noiseZj , but also the shape of the potential landscape
* . The expression (3.15) of the potential has three terms: the�rst term, proportional
to � 2

0 cos¹4j º, grows with the limit cycle amplitude� 0 and promotes spinning modes.
The second term, proportional to22Vcos¹2j º, grows with the asymmetry coe�cient
22 and promotes standing modes. The third term increases with the ratio� • � 2

0, which
depends on the relative importance of the noise compared to the limit cycle amplitude,
it also promotes standing modes and creates potential barriers in� c•4, preventing the
occurrence of pure spinning modes. These terms and their contribution to the potential
shape are represented on Fig. 3.4.2.
Depending on the relative importance of these three terms, two situations can be encoun-
tered: the one-well potential leading to a dynamic centeredaround standing modes, and
the two-well potential leading to a dynamic centered aroundtwo mixed modes spinning
in opposite directions. The �rst situation occurs when¹3^•16º� 2

0 � 22V•2¸ � 2•¹ l 2 � 2
0º.

Then, the contribution of the asymmetry and the deterministic contribution of the tur-
bulent noise in* predominate over the term coming from the nonlinear saturation,
and� 0j has only one stable equilibrium point inj = 0, corresponding to a one-well
potential around the standing mode, corresponding to the blue line in Fig. 3.5.1 (b).
The noise excitation will makej wander randomly around its equilibrium point, but
the dynamics will be centered around a standing mode. The second situation occurs
when ¹3^•16º� 2

0 ¡ 2 2V•2 ¸ � 2•¹ l 2 � 2
0º. Then, the term coming from the nonlinear

saturation in� 0j ¹ j º predominates over the terms coming from the asymmetry and the
deterministic contribution of the turbulent noise, and� 0j has two symmetric stable
equilibrium point� j eq corresponding to symmetric mixed modes propagating in op-
posite directions, and one unstable equilibrium point inj = 0. This corresponds to
a potential landscape featuring two wells in� j eq separated by a potential barrier in
j = 0. Figure 3.5.1 (b) shows examples of potentials presenting this two-well shape
(red and green lines). The noise excitation will makej wander randomly around one
of the mixed modes and eventually trigger random jumps from one well to the other,
making the propagating direction of the wave switch randomly.
For the cases showing two potential wells, the rate of jumps from one well to the other

depends on the noise intensity. Whenj is in one of the wells, Kramers theory will
allow us to compute the probability thatj crosses the barrier after a certain time [151].
The probability density function ofj is governed by the Fokker-Planck equation

m%¹ j– Cº
mC

= �
m�0j %

m j
¸

�

4� 2
0l 2

m2%
m j2

(3.16)
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(a)

(b)

(c)

Figure 3.5.1: Compari-
son of the potentials and
PDFs of the 3 cases.
� =0.525 (blue), stand-
ing mode. � =0.55
(red), switching mixed
mode. � =0.60
(green), clockwise spin-
ning mixed mode. (a):
Experimental timetraces
of j . (b): potential
* ¹ j º whose parameters
are calibrated from the
experimental data. The
dashed lines show the typ-
ical range of j which is
explored by the system un-
der a stochastic excitation
of intensity � •¹ 4l 2 � 0º.
Inset: Drift coe�cient
for each case. (c):
Solid lines: PDF com-
puted from the station-
ary Fokker-Planck equa-
tion. Dashed lines: PDF
of the experimental time-
traces
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Figure 3.6.1: PDF of escape time for� = 0•55. Bars: experimental statistics. Red line:
PDF obtained from the numerical resolution of the Fokker-Planck equation

which is equivalent to the Langevin equation (3.14). We assume that j is initially
in one of the wells, e.g the positive one,j = j eq. This is modelled with an initial
condition%¹ j– 0º = X¹ j � j eqº for the probability density. An absorbing boundary
condition is placed inj = 0. We then considerP2¹Cº = 1 � P¹ j ¡ 0– Cº, which is the
probability thatj crossed the barrier in 0 at a timeg � C. P2 is initially 0 and increases
with Cbecause of the absorbing condition.P2 ¹Cº =

¯ C
0 d¹gº3g with d the probability

density function of the �rst passage time though the barrier. When the potential and
the noise intensity are known, the Fokker-Planck equation can be solved numerically,
giving access tod by di�erentiation of the cumulative distribution functionP2.

3.6 Discussion

Figure 3.5.1 summarizes how the shape of the potential landscape explains the di�er-
ences in the dynamics of the nature angle between the three considered cases. Fig.
3.5.1 (b) shows the potential landscapes associated with the calibrated model, whose
parameters where identi�ed from experimental data for eachof the three cases, as ex-
plained in the previous section. The� = 0.525 case (blue line) shows a single potential
well in j = 0, so that the stochastic forcing leads to a predominantly standing mode.
The � = 0.55 (red line) and� = 0.60 cases (green line) both present two symmetric
potential wells separated by a potential barrier inj = 0. For the� = 0.55 case (red),
the noise intensity and the height of the potential barrier are of the same order of mag-
nitude. The turbulent noise is therefore strong enough to drive j from one well to the
other, causing the observed phenomenon of intermittent transitions between clockwise
and counterclockwise mixed modes. Conversely, the� = 0.60 case (green) presents
a slightly smaller level of noise, due to the stronger amplitude, and a higher potential
barrier. The noise level is small compared to the height of the potential barrier, making
any switching event very unlikely:j will remain con�ned in one well, corresponding
to a constant spinning direction. The choice of the well depends only on the initial
conditions. Fig. 3.5.1 (c) compares the theoretical stationary PDFs against the exper-
imental ones. It has to be noted that for the� = 0.60 case (green), the solution of the
stationary Fokker-Planck equation gives a bimodal distribution while the experiments
show a single peak. This is because the solution of the stationary Fokker-Planck equa-
tion gives the repartition obtained for an in�nite time. Theduration of the experiment
is too short to observe any switching event. For� = 0.55, the probability density
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Figure 3.6.2: Stationary PDFs of� , j , \ and i at several� in the vicinity of the
supercritical Hopf bifurcation. The PDFs are deduced from the slow-�ow variable
time traces, which are extracted from the acoustic pressuretime traces following the
procedure in [113]. For (a) to (d), the acoustic time traces were obtained experimentally.
For (e) to (h), the acoustic time traces were obtained by simulating 100 s of Eq. (3.2).
Linear dependencies with respect to� of the parameters (a, 22V, ^, � ) were deduced
from the data processing and presented in Fig. 3.A.8. The spontaneous symmetry
breaking of the PDF ofj , i.e. a clearly preferred spinning direction, occurs when�
changes from 0.5625 to 0.575. The explicit symmetry breaking of the PDF of\ , i.e. a
clearly preferred nodal line orientation, is visible for the entire range of� .
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function of switching timed has been obtained numerically: Fig. 3.6.1 compares this
predicted probability density function to experimental statistics, showing good agree-
ment. Figure 3.6.2 shows the stationary PDFs of each variables for increasing values of
the equivalence ratio� . The left column corresponds to the PDFs obtained from 100 s
of experimental acoustic time traces for each operating condition, while the PDFs of the
right column were obtained from synthetic acoustic time traces of the same duration,
obtained from time domain simulations of the system described in the technical note
3.B.1. The behaviour of the amplitude� is well reproduced, it amplitude starts growing
at the same� in experiments and simulations, showing that we correctly captured the
change of sign of the thermoacoustic growth rate. Around� = 0•5375, the transition
of the PDF ofj from a monomodal to bimodal is also correctly captured: thistends
to con�rm our interpretation that the occurrence of standing or mixed modes depends
solely on the competition between, on one hand, the noise andthe asymmetries that
favour standing modes, and on the other hand, the monotonously decreasing �ame's
response, which favours spinning modes. We note that the transition from standing to
mixed modes for increasing growth rate was already observedin past simulations on
a nonlinear network model [94], but our low order model has the advantage of giving
a precise explanation to the phenomenon. At� = 0•575, for both experiments and
simulations, spontaneous symmetry breaking happens and the mode starts spinning
only in one direction. We chose to show a simulation that ended up spinning in CW
direction like in the experiment, but the inherent symmetryof the equations make it
equally probable to end up with a mode spinning in the opposite direction.

3.7 Conclusion

A low order model was used to describe the dynamics of the �rstazimuthal mode
in an idealized annular combustion chamber subject to turbulent combustion noise.
Considering a wave equation with coherent and stochastic source terms, we obtain an
equation describing the modal dynamics as a stochastic di�usion process in a potential
landscape. This equation gives a model for the spontaneous symmetry breaking that
is observed on a real combustor, and which leads to either a clockwise spinning or a
counter-clockwise spinning mode for su�ciently large values of the bifurcation param-
eter. The decomposition of the model's potential landscapeallows us 1) to attribute the
predominance of spinning modes to the nonlinear saturationof the �ame, while turbu-
lent forcing and spatial asymmetries favor predominance ofstanding modes, and 2) to
explain the intermittent transitions induced by the turbulent forcing when the potential
barrier separating the two counter-spinning attractors has a height that is similar to the
normalized stochastic forcing intensity. The model was able to reproduce quantitatively
the statistics of these intermittent transitions, showingthat it is a suited minimal model
for describing the complex topology of the phase space.
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Appendix

3.A system identi�cation method

3.A.1 Identi�cation of the model parameters

We start from equations 3.9 and 3.10, that can be written in a compact form:

¤� = � 0� ¹ � º ¸
p

� �� Z1¹Cº– (3.17)

¤j = � 0j ¹ j º ¸
p

� j j Z2¹Cº– (3.18)

whereZ1–2 are Gaussian white noises, i.e.hZ8¹Cºi = 0 andhZ8¹CºZ8¹Ç gºi = X¹gº, and
where� �� = � •¹ 2l 2º and � j j = � •¹ 2l 2 � 2

0º. The Langevin equations (3.17) and
(3.18) are equivalent to Fokker-Planck equations, which govern the time evolution of
the probability density function of� and j , and whose drift and di�usion coe�cients
are respectively� 0� and� 0j , and� �� and� j j .
Experimental data are used to directly calibrate the unknown model parametersa, 22V,
^ and� . We apply a method for extracting the drift and di�usion coe�cients from
experimental time traces. We then search the set of parameters providing the best �t
between our model and the experimentally obtained� 0� ¹ � º, � 0j ¹ j º and � �� . This
method is based on Kolmogorov's works [155]. It has been proposed about 20 years
ago [152] and was reviewed in [153]. It relies on the fact thatthe drift and di�usion
coe�cients of a Fokker-Planck equation are equal to the limit of the �rst two transition
moments, i.e. the �rst two coe�cients of the Kramers-Moyal expansion, when the
transition time tends to 0. Therefore, the drift coe�cients� 0� and� 0j , which govern
the deterministic part of the stochastic processes� ¹Cºandj ¹Cº, can be directly estimated
by computing the �rst order moments of these time series

� 0� ¹ � º = lim
g! 0

1
g

¹
¹ �� � � º%¹ ��– Ç gj �– Cº 3 �� � lim

g! 0
� ¹1º

�g – (3.19)

� 0j ¹ j º = lim
g! 0

1
g

¹
¹ �j � j º%¹ �j– Ç gj j– Cº 3 �j � lim

g! 0
� ¹1º

jg – (3.20)
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and the noise intensity in the equation for� ¹Cº can be obtained with the second order
moment

� �� = lim
g! 0

1
g

¹
¹ �� � � º2%¹ ��– Ç gj �– Cº3 �� � lim

g! 0
� ¹2º

��g • (3.21)

In these integrals, the conditional probability density%¹ ��– C¸ gj�– Cº (resp. %¹ �j– C¸
gj j– Cº) de�nes the probability that the amplitude takes the value�� (resp. the angle�j )
at a timeÇ g, knowing that it was at� (resp. j ) at the timeC. This identi�cation
method has been applied to thermoacoustic and aeroacousticproblems, e.g. [100] and
[157], and the latter reference contains a detailed discussion about its applicability to
the problem at hand.
Considering that the model describes the stochastic dynamics of a single thermoacous-
tic eigenmode of the annular combustor, the parameter identi�cation method is only
applicable if the frequency content associated to the eigenmode of interest is isolated.
This is achieved by band-pass �ltering the time series around the thermoacoustic peak.
The width of the rectangular band-pass �lter is� 5 = 100Hz. As explained in [156], due
to the �ltering of the signal, only the statistics extractedfor g & 1• � 5 are meaningful.
To obtain the limits forg ! 0 in equations (3.19) and (3.20), an extrapolation is then
performed. An example of this extrapolation is shown in Fig.3.A.1 for � = 0•55.
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(a) Second transition moment of� ¹Cº (b) First transition moment of� ¹Cº

(c) First transition moment ofj ¹Cº

Figure 3.A.1: Transition moments of� ¹Cº andj ¹Cº for � = 0•55. For the extrapolation
g ! 0, interpolated exponential functions ofg for each amplitude and nature angle are
used, and the associated surface is superimposed in these �gures to the raw transition
moments.

Figure 3.A.2: Fitting of� �� = � •¹ 2l 2º usinglimg! 0 � ¹2º
��g weighted by%¹� º, the

latter de�ning the color of the dots.
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Figure 3.A.3: Fitting of� 0� ¹ � º usinglimg! 0 � ¹1º
�g weighted by%¹� º, the latter de�ning

the color of the dots.

The next step is to �t the theoretical model to the extracted time limits of the
transition moments for each of the stationary time traces. The order in which the
parameters are identi�ed for each� is the following:

First, the noise intensity� is obtained by taking the average of the 2nd Kramers-
Moyal coe�cient � �� weighted with the PDF of� . This gives access to the value of
� • l 2 and therefore to� sincel = 2c 5 is directly obtained from the acoustic spectrum.
This �rst step of the parameter identi�cation is shown in Fig. 3.A.2.

Second, knowingl and� , we identify the parameters� 1 and� 2 of the function

� 1 � ¸ � 2 � 3 ¸
3�

4l 2 �
–

which provide the best �t with� 0� ¹ � º. This step is shown in Fig. 3.A.3, where a simple
least squares approach is used with a weighting of� 0� with %¹� º. Then, considering
the model (3.9), we know that� 1 = a¸ 22V•4 cos¹2j 0º and� 2 = � 3^¹5¸ cos¹4j 0ºº•64.
Therefore, we obtain̂ and the linear coe�cient� 1 = a ¸ 22V•4 cos¹2j 0º. To �nally
identify 22Vanda, we proceed to a last �t by considering Eq. (3.10) and its associated
� 0j . The �tted function is:

3^ � 2
0 sin¹4j º ¸ � 3 sin¹2j º �

� tan¹2j º

2l 2 � 2
0

–

and the �tting outcome is shown in Fig. 3.A.4. The weighting used here is»%¹ j º¼2.
Here, the only coe�cient to identify is� 3, which is equal to� 22V•4 in the model. The
method does not permit separate identi�cation of22 and V, but only the value of the
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Figure 3.A.4: Fitting of� 0j ¹ j º using limg! 0 � ¹1º
jg weighted by»%¹ j º¼2, the latter

de�ning the color of the dots.

Figure 3.A.5: Identi�ed parameters without^ correction

lumped parameter22V. With this, all the parameters are identi�ed and their valuefor
each operating condition is shown in Fig. 3.A.5.

For � = 0•48, ^ presents a big jump. In this linearly stable regime, the contribution
of the third order nonlinearity is small, and small errors inthe identi�cation of the other
parameters can lead to large errors on^, without having a signi�cant impact on the
system's behaviour, unless the noise excitation is strong enough to drive the system to
amplitudes where the nonlinearity can already be felt, allowing a full nonlinear system
identi�cation even in stable regime, like in [158]. For� ¡ 0•5, ^ takes a more or less
stable value around1•2 � 10� 4 Pa2s� 1, and for� ¡ 0•55, it starts decreasing while the
growth ratea = ¹V� Uº•2stops increasing. This change of trend for large� may be due
to some limitation of our 3rd order saturation model at conditions that are away from
the bifurcation, or because the small relative range of values visited by� ¹Cº for the two
highest equivalence ratios makes the system identi�cationless precise. In the �rst case,
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Figure 3.A.6: Fitting� 0� after having imposed̂ = 1•2 � 10� 4 Pa2s� 1.

a solution to improve the range of the system identi�cation could be to add higher order
terms in the �ame response model, as done in several works from Leeet al [159, 160].
However, this solution increases the number of parameters to identify, which makes the
identi�cation challenging if the system does not visit a su�ciently large range of states.
A possibility to overcome this di�culty is the use of external forcing with white noise
of large amplitude [159, 160]. However, this solution cannot easily be applied to real
gas turbine combustors.

Based on these observations, we set^ = 1•2 � 10� 4 Pa2s� 1 for every� and proceed
again to the �tting of the other parameters in order to simplify the model used in this
letter. The �tting on� 0� is represented in Fig. 3.A.6 and the �tting on� 0j in Fig. 3.A.7.
The �nal identi�ed parameters are shown in Fig. 3.A.8. Then,a linear regression is
performed, giving linear expressions fora¹� º, f 22Vg¹� º andf � • l 2g¹� º (see values in
Tab. 3.A.1). We see in particular that the crossing of the stability bordera = 0 happens
between� = 0•5125and� = 0•525.

3.B Time-domain simulations of the wave equation

Numerical simulations of the acoustic oscillations of the �rst order azimuthal mode were
performed in this study for two purposes: First, to validatethe system identi�cation
method, by running simulations with known parameters and then retrieving them with
the identi�cation procedure described in the previous section. Second, to compare
our model with the experimental data: for each of the values of � considered in the
experiments, a simulation was run with the identi�ed lineardependence of the model
parametersa, 22Vand� • l 2 upon� , which are shown in Fig. 3.A.8.
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Figure 3.A.7: Fitting� 0j after having imposed̂ = 1•2 � 10� 4 Pa2s� 1.

Figure 3.A.8: Identi�ed parameters after having imposed^ = 1•2 � 10� 4 Pa2s� 1. Con-
tinuous lines show the linear regressions of the model's parameters as function of� .

� 22V(s� 1) a (s� 1) ^ � 10� 4 (Pa2 s� 1) � • l 2 � 105 (Pa2 s� 1)
0.4875 17.650 -22.429 1.2 1.845

0.5 20.879 -14.507 1.2 2.314
0.5125 24.108 -6.585 1.2 2.783
0.525 27.337 1.337 1.2 3.252
0.5375 30.565 9.259 1.2 3.720
0.55 33.795 17.182 1.2 4.189

0.5625 37.023 25.104 1.2 4.658
0.575 40.252 33.026 1.2 5.126

Table 3.A.1: Identi�ed model parameters as function of� from the linear regression
in Fig. 3.A.8.
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3.B.1 Simulated equations and numerical methods

We start from the 1D wave equation for annular waveguides with thermoacoustic source
(3.2). In this equation,Uaccounts for the acoustic losses through the toroidal waveguide
boundary,� ¹C–� º is a random excitation modelling the e�ect of theturbulent�uctu-
ations of the heat release rate on the thermoacoustic dynamics, and ¤& the coherent
�uctuations of the heat release rate, which saturate according to a third order nonlinear
model: ¤& = V?¹1¸ 22 cos¹2¹� � � 2ºº � ^?3. The geometry is2c-periodic, so that the
acoustic pressure �eld can be written as a discrete sum of azimuthal modes of orders
= 2 N� :

?¹C–� º =
1Õ

==1

[ 0–=¹Cº cos¹=� º ¸ [ 1–=¹Cº sin¹=� º• (3.22)

In the case of a thermoacoustic instability involving an eigenmode whose azimuthal
distribution correspond to one acoustic wavelength, only the �rst term of this sum is
kept:

?¹C–� º = [ 0 ¹Cº cos¹� º ¸ [ 1 ¹Cº sin¹� º• (3.23)

This ansatz for the acoustic pressure �eld is introduced in Eq. (3.2). We take the scalar
products of (3.2) withcos¹� º andsin¹� º to obtain coupled oscillator equations for the
standing components[ 0 and[ 1 . These are the equations used for the simulations:
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�
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0 ¸ 3[ 2
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� �
¤[ 0 ¸
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2

sin¹2� 2º ¤[ 1 �
3
2

^[ 1 [ 0 ¤[ 1 ¸ Z0–

¥[ 1¸ l 2[ 1 =
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2a �

22V
2

cos¹2� 2º �
^
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�
9[ 2

1 ¸ 3[ 2
0

� �
¤[ 1 ¸

22V
2

sin¹2� 2º ¤[ 0 �
3
2

^[ 0 [ 1 ¤[ 0 ¸ Z1–

(3.24)

wherel = 2• ' is the eigenfrequency of the �rst azimuthal mode, andZ0 and Z1

are random noise terms. To be consistent (i) with the method used in section 2.7 to
derive the slow-�ow equations (3.14), and (ii) with the assumptions of the method
for extracting the Kramers-Moyal coe�cients,Z0 and Z1 should be gaussian white
noises. Stochastic Runge-Kutta methods exist to solve stochastic di�erential equations
with a white noise term, but unlike classic Runge-Kutta methods, their implementation
becomes very complex when the discretization order is greater than 1. As the classical
�rst order stochastic methods need an excessively small time discretization to solve the
second order system (3.24), we propose another method to simulate the system:Z0 and
Z1 are �rst numerically generated as Ornstein-Uhlenbeck processes, whose correlation
time g2 is non-zero. This correlation time has to be small compared to the acoustic
period so that the e�ect ofZ0 andZ1 on the dynamics remains close to the e�ect of

22



white noise. The stochastic di�erential equations to generateZ0 andZ1 are:

3Z0 = �
Z0

g2
3Ç

p
� OU

g2
3, (3.25)

3Z1 = �
Z1

g2
3Ç

p
� OU

g2
3,• (3.26)

These equations are �rst order stochastic di�erential equations and they are easily
solved with a �rst order stochastic scheme (Euler-Maruyama). ThenZ0 and Z1 are
introduced in the equations (3.24) as an external forcing inan ordinary di�erential
system. This implies that the time step for the resolution has to be small compared
to the autocorrelation times of the dynamic noises. We setg2 = 5 � 10� 5 s and an
integration time step of� C= 5 � 10� 6 s. The acoustic period is) ' 0•92 � 10� 3 s,
so) � g2 � � C. In [139], it is explained how to set the value of the noise intensity
� OU so thatZ0 andZ1 have the same e�ect on the modal dynamics as white noises of
intensity� . Following [139], the relation is

� = � OU
W

1 ¸ l 2g2
2

–

where

W=
2� lg 2

arctan¹¹l ¸ � l ºg2º � arctan¹¹l � � l ºg2º

is a correction factor for the noise power in the considered frequency band of width
2� l = 2c � 50Hz around the thermoacoustic peak atl = 2c•) . In our case,) � g2
and� l � 1•g2, which gives� ' � OU: from the point of view of the system, our
Ornstein-Uhlenbeck noisesZ0–1 are very close to white noises.

In Fig. 3.C.1, we show the time traces of the state variables,which were extracted
from the simulated acoustic pressure �eld. The latter is obtained from the projection
(3.23) and from time domain simulations of (3.24) that were ran using the parameters
identi�ed from the experiments (given in Table I).

3.C Validation of the system identi�cation and the model

The simulations of �gure 3.C.1 can be compared with the experimental quaternion
slow-�ow time traces for the corresponding operating conditions 3.C.2. The overall
agreement is good: the simulations correctly capture the thermoacoustic dynamics
associated with the di�erent conditions. In both �gures, the �rst column� = 0•5 shows
a stable operating point with very low amplitude� , and large random �uctuations for the
other variables. The second column� = 0•52shows dynamics associated to a standing
mode with moderate amplitude, locked direction\ and relatively large �uctuations of
j around 0, whilei does a slow random walk as predicted in section 2.7. The third
column� = 0•55shows a mode intermittently switching between CW and CCW mixed
modes, while amplitude and preferential direction remain approximately constant. We
note that in the experiment, for this case,\ is not perfectly constant but seems instead
to jump between two di�erent values depending on the direction of propagation of the

23



� = 0•5 � = 0•525 � = 0•55 � = 0•575

0

1

A
(k

P
a)

- c /4

c /4

j

0

c

\

64 66 68 70
Time (s)

-c

c

i

64 66 68 70
Time (s)

64 66 68 70
Time (s)

64 66 68 70
Time (s)

Figure 3.C.1: Time traces of the state variables� , j , \ andi , which were extracted
from the acoustic pressure �eld obtained from the simulation of the system (3.24). For
each di�erent operating conditions, the parameters of the model are the ones obtained
with the system identi�cation procedure described in section 3.A. (Figure realised in
collaboration with T. Indlekofer.)

mode: this is a manifestation of the presence of reactive asymmetries, which will be the
topic of the next chapter. The fourth column� = 0•57 corresponds to a CW spinning
mode with high amplitude and without any change in the spinning direction.
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Figure 3.C.2: Experimental time traces of the state variables under stationary operating
condition for di�erent equivalence ratios.(Figure realised in collaboration with T.
Indlekofer.)
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Chapter 4

Imperfect symmetry of real
annular combustors: mixed
thermoacoustic modes and
heteroclinic orbits
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Abstract

In the next chapter, we report experimental evidence of a newtype of modal dynamics
characterised by slow periodic inversions of the spinning direction and propose a
theoretical model that fully reproduces this phenomenon and explains the underlying
mechanisms. It is shown that tiny asymmetries of the geometry, the mean temperature
�eld, the thermoacoustic response of the �ames or the acoustic impedance of the
walls, present in any real systems, can induce these slow inversions, which appear
as heteroclinic orbits of our slow-�ow dynamic system. The model also explains
experimental observations showing a statistically dominant spinning direction despite
the absence of swirling �ow, or pairs of preferred nodal linedirections.



This chapter is based on the content of the paper: A. Faure-Beaulieu, T. Indlekofer,
J. R. Dawson, N. Noiray, `Imperfect symmetry of real annularcombustors: beating
thermoacoustic modes and heteroclinic orbits'.Journal of Fluid Mechanics, 925,
(2021).

CRediT author statement: A.F.-B.: conceptualization, investigation, formal anal-
ysis, methodology, software, validation, visualization,writing�original draft, writ-
ing�review and editing; T.I.: investigation, writing�rev iew and editing; J.D.: super-
vision, writing�review and editing; N.N.: conceptualization, investigation, methodol-
ogy, supervision, writing�review and editing.

4.1 Introduction

In general, the instantaneous state of these thermoacoustic azimuthal modes belongs to
one of the following three categories: (i)standing modewhen the angle de�ning the
position of the nodal lines remains constant or varies very slowly with respect to the
acoustic period, (ii)spinning modewhen the mode shape nodes travel in the clockwise
(CW) or counterclockwise (CCW) direction along the chambercircumference at the
speed of sound, or (iii)mixed mode, which is a linear combination of the two previous
types of state. There are also situations where this classi�cation is not su�cient: For
example, [55] have discovered a peculiar type of thermoacoustic dynamics for which
the sound pressure level has only one minimum along the combustor circumference,
which they called theslanted modeand which was afterwards further investigated by
[116] and modelled by [103] as the synchronisation between apure longitudinal mode
and an azimuthal mode with very close eigenfrequencies.

In the present chapter,we focus on a particular state which can be described as abeat-
ing modeand was reported by [161]: The self-oscillating azimuthal mode periodically
alternates between CW and CCW spinning directions on a slow time scale compared
to the acoustic period. Similar slow oscillations of the spin ratio can also been seen
in [162, 163]. The regularity of this phenomenon suggests that the alternation of the
spinning direction is not caused by turbulence-induced stochastic perturbations of the
limit cycle, unlike in chapter 3, but by an underlying deterministic mechanism, which
we aim to explain in this chapter. We will achieve this goal with a model that includes
small, but not negligible, resistive and reactive asymmetries. The former are associated
with a non-uniform azimuthal distribution of the resistivepart of the �ames and of the
�ow transfer functions, and the latter with a non-uniform distribution of the reactive
part of these transfer functions, with inhomogeneities of the temperature �eld, or with
geometrical deviations from perfect axisymmetry. So far, the impact of asymmetries
on azimuthal modes has focused on resistive asymmetries. This is probably due to the
fact that, unlike reactive asymmetries, resistive asymmetries govern thelinear stability
of the modes [e.g. 35]. We will show here that reactive asymmetries, on the other hand,
have a major e�ect on thenonlinear dynamicsand are the fundamental cause of the
beating mode. Moreover, we will demonstrate an unintuitive result: The fact that they
induce re�ectional symmetry breaking and thus favour a spinning direction, which until
now was attributed exclusively to the presence of an azimuthal �ow.
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Figure 4.2.1: (a) Sketches of the side and top views of the experimental annular
combustor. (b) Acoustic eigenmode involved in the thermoacoustic instability, and
obtained by solving the Helmholtz equation with approximated temperature �eld and
boundary conditions.

4.2 Experimental observations

Experiments were performed with the same annular combustoras in the previous chap-
ter. The fuel was a 70% H2 and 30% CH4 blend by thermal power. This time, the
thermal power is �xed to 48 kW (4 kW per burner) and the equivalence ratio was
varied between� = 0•4 and� = 0•65 corresponding to near blow-o� and �ashback
conditions.
Four microphones Kulite XCS-093-05D were used for acousticpressure measurements,
they were mounted to the burner inlet pipes at azimuthal positions 0� , 60� , 120� and
240� as shown in �gure 4.2.1 (a). Above� = 0•5, the system is thermoacoustically
unstable, with self-sustained oscillations around 900 Hz.The operating condition
� = 0•575 is used in this study to illustrate the signi�cant e�ect of tiny resistive and
reactive asymmetries of the combustor upon thestationarythermoacoustic dynamics.
Thetransientthermoacoustic dynamics observed during linear sweeps of the air mass
�ow, for which � was increased from 0.5 to 0.6 in 20 s, was investigated in [161].
Figure 4.2.2 shows the acoustic pressure time traces and power spectral densities (PSD)
in three of the burner pipes at the stationary condition� = 0•575. The time traces
in �gure 4.2.2(a) exhibit a distinctive amplitude beating.Four coloured dotted lines
indicate four successive phases of the beating cycle, whichare shown in �gure 4.2.2(b).
During the �rst phase, the 3 microphones show sinusoidal oscillations of similar am-
plitudes and with phase shifts of120� between them: the azimuthal thermoacoustic
eigenmode spins around the chamber at the speed of sound. Theorder of the time
traces indicates a CW spinning direction. In the second phase, all the signals oscillate
in phase or in phase opposition, but with di�erent amplitudes: the azimuthal thermoa-
coustic eigenmode is standing. The amplitude at the azimuth240� is small, indicating
that the nodal line is close to that angle. During the third phase, the eigenmode spins
again, but the order of the time traces is inverted: the wave propagates in the CCW
direction. In the fourth phase, the mode is again standing but its nodal line orientation
is di�erent from the second phase. This cyclic inversion of the spinning direction is
very stable at this operating condition. We note that the rawsignals are almost perfectly
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Figure 4.2.2: (a) Acoustic time traces from three equispaced microphones for� =
0•575; The �rst two traces in the shaded area are shown on the right.(b) Short intervals
illustrating the four phases of a beating cycle with the colour code corresponding to (a);
From left to right: mixed CW spinning, standing, mixed CCW spinning, standing. (c)
and (d) show the PSD over a broad and a narrow frequency range around the dominant
peak.

sinusoidal, with a dominant peak in the PSD that is four orders of magnitude larger than
the background spectral content. The time trace of the microphone placed at� = 60�

(not shown in �gure 4.2.2), is the opposite of the one measured at � = 240� , which
corresponds to an odd azimuthal order, and the amplitudes at3 equispaced positions
are di�erent, so the order is not multiple of 3. Helmholtz solver computations using an
approximated temperature distribution were performed [161] and predict the existence
of a 1st order azimuthal acoustic mode at 900 Hz, matching well with the measured
peak frequency of the thermoacoustic mode at 894 Hz in the experiment. A closer view
of the PSD in �gure 4.2.2(d) shows that there are in fact two peaks separated by about
2 Hz, which corresponds to the frequency of the beating: Thissuggests that the beating
originates from explicit symmetry breaking between a pair of approximately coincident
eigenmodes that would be degenerate in an ideal rotationally symmetric con�guration
[35].
We use the quaternion ansatz, whose real part is:

?¹� – Cº = � cos¹� � \ º cos¹ j º cos¹l 1Ç i º ¸ � sin¹� � \ º sin¹ j º sin¹l 1Ç i º–

(4.1)

wherel 1 is the acoustic pulsation of the �rst azimuthal acoustic mode. The state
variables� , \ , j andi are extracted from the acoustic measurements, their evolution
for � = 0•575is shown in �gure 4.2.3(a).

The �rst noticeable feature is the low frequency periodic oscillation of j between
� c•4 andc•4, which means that the mode alternates between CW and CCW spinning
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Figure 4.2.3: Dynamics of the state variables: (a) extracted from the experiment; (b)
simulated with (4.7) without noise, i.e.� = 0 (solid lines), and extracted from a
simulation of the wave equation (4.6) (dashed lines); (c) simulated with (4.7) with
stochastic forcing; (d) PDF from 100 s of experimental data in the Bloch sphere
representation; (e) portion of the experimental state trajectory; (f) and (g) are simulated
trajectories of (b) and (c). Simulation parameters:l 1 = 2c � 894 Hz, U = 100 s� 1,
V = 160s� 1, ^ = 2•5 � 10� 4 Pa� 2s� 1, � = 1012 Pa2s� 3, 02 = < 2 = 6 � 10� 2, � ` 2 = 0,
� U2 = 4c•5.

states. Furthermore,\ also oscillates, with rapid changes betweenc•4 and3c•4. Then,
the evolution ofi presents stair steps that are synchronised with the �uctuations of
the other variables. The amplitude� �uctuates, but in contrast withj , \ and i the
oscillations are relatively small compared to the mean amplitude. For convenient rep-
resentation, we make use of the Bloch sphere representation(introduced in section??).
Figures 4.2.3(e) and 4.2.3(d) show a portion of the experimental trajectory describing
the eigenmode state and its probability density function (PDF) in this coordinate system,
revealing regular closed orbits. It is worth mentioning that this intriguing beating is not
observed when the thermal power of the combustor is increased by 50% (72 kW) with
equivalence ratio �xed between� = 0•5 and� = 0•6 (like in chapter 3 and in [164]):
this will be commented in the results section.

4.3 Model

We now propose a low order model which reproduces the beatingphenomenon by
explicitly introducing asymmetries in the system. The starting point is the three dimen-
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sional wave equation for the acoustic pressure?, in presence of unsteady heat release
rate ¤&, without mean �ow or temperature gradients:

m2?
mC2

� 22r 2? = ¹W� 1º
m¤&
mC

– (4.2)

where2 is the speed of sound andWthe adiabatic index. Following chapter 2, an
idealised version of the combustor is considered: an annular waveguide of mean
radiusR, thicknessXR � R and axial lengthL described with cylindrical coordi-
nates¹A–� – Gº (see �gure 2.1). The operatorsh6i f = f � 1

¯
f 6¹A–� – G– Cº dGdA and

h6i h = h� 1
¯

h 6¹A–� – G– Cº Ad� dAdGwill be used to average quantities over the cross
sectionf = XRL , and in the volumeh = RX� f of a small angular sector of the annular
combustor. The volume averaging is thus applied to equation(4.2). Regarding the �rst
term, whenX� ! 0, one hashm2?•mC2i h ! m2h?i f •mC2. The divergence theorem is
applied to the second term. The resulting surface integral is split between the poloidal
cross sections and the combustor boundary ashr 2?i h = ) 1 ¸ ) 2, where

) 1 =
1

RX�

�
m?

Am�

�
A–� ¸

X�

2
– G– C

�
�

m?
Am�

�
A–� �

X�

2
– G– C

� �

f
and) 2 =

1
h

¹

e
r ?�n d(–

(4.3)
and wheren is the outwards normal vector to the surface elementd( of the lateral
surfacee of the volumeh, whose area is2¹L ¸ XRºRX� . ForX� ! 0, and considering
that XR � R , we have) 1 ! R � 2m2h?i f •m� 2. The second term) 2 accounts for
the e�ect of the combustor boundaries. For the limit case of rigid walls and choked
combustor inlet and outlet, the normal acoustic pressure gradient one is zero and) 2

vanishes. In the present work, a general boundary conditionis given by the speci�c
acoustic impedance averaged overe and de�ned by/ ¹� – l º = ?̂•¹ d2û � n º, where
l is the angular frequency,d the density, and?̂ and û are the Laplace transforms
of the acoustic pressure and velocity. By considering the normal component of the
momentum balance one, one can write:r ?̂ � n = � ild û � n = � il ?̂• /2 . It is now
reasonable to assume that at any azimuthal position,/ is almost constant in the narrow
frequency range around the thermoacoustic instability peak in the PSD. In the idealised
geometry, the angular frequency of the �rst azimuthal eigenmode peak isl 1 = 2•R.
Back in temporal domain, this gives2r ? � n = � ¹ . l 1 ? ¸ - m?•mCº •

�
- 2 ¸ . 2�

where
- ¹� º = Re¹/ º and. ¹� º = Im¹/ º are the speci�c resistance and reactance of the
annular combustor boundary at angular frequencies aroundl 1. Then whenX� ! 0,
one has

) 2 ! �
. l 1

XRL¹ - 2 ¸ . 2º 2

¹

�
? d; �

-
XRL¹ - 2 ¸ . 2º 2

m
mC

� ¹

�
? d;

�
– (4.4)

where� is the boundary of the slicef . Assuming that the integral of the acoustic pres-
sure along that boundary is proportional to the average acoustic pressure over the slice
(with  the proportionality constant), we have) 2 ! �¹ ` •22º h?i f � ¹ r •22º mh?i f •mC,
wherer ¹� º = - 2 •»XRL¹ - 2 ¸ . 2º¼is a damping rate that is positive if the boundary
is dissipative, and̀ ¹� º = . l 1 2 •»XRL¹ - 2 ¸ . 2º¼. Consequently, the wave equation
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for h?i f is

m2h?i f

mC2
¸ r ¹� º

mh?i f

mC
¸ ` ¹� ºh?i f � l 2

1
m2h?i f

m� 2
= ¹W� 1º

mh¤&i f

mC
• (4.5)

From now on, we will only consider the 1D azimuthal wave equation (4.5) and drop
the bracketsh�if . To model the nonlinear �ame response to acoustic perturbations,
we use a classic cubic saturation model¹W� 1º ¤& = V¹� º? � ^?3, used for instance
by [35], [103] and [165]. It should be noted that this simple �ame response model
can be considered as a �rst approximation of the time-domaincounterpart of the �ame
describing function which could be measured with dedicatedexperiments as recently
done by [166]. Also, the inherent time delay between the acoustic oscillations in
the burners and the resulting response of the �ames does not explicitly appear in the
model. Its e�ect on the thermoacoustic dynamics is implicitly contained in the e�ective
gain V and saturation constant̂. [99] showed that such a model does reproduce
the delayed thermoacoustic feedback when the delay is shortcompared to the inverse
of the instability growth rate. It is worth mentioning that alternative �ame response
models exist, such as the one proposed by [102], which dependnot only on the acoustic
pressure load across the burners, but also on the azimuthal acoustic velocity in the
chamber, a dependency that has been the subject of several experimental studies [e.g.
120]. However, we do not include such possible additional e�ect in our model and keep
it as simple as possible, as it allows us to fully reproduce the experimental observations.
Then, we add a stochastic source term� , which accounts for the e�ect of turbulence
on the thermoacoustic system, and which is considered as a white noise. Recalling that
m2?•m� 2 = � ? for the �rst azimuthal eigenmode, one obtains:

m2?
mC2

¸
�
r ¹� º � V¹� º ¸ 3^?2

� m?
mC

�
�
l 2

1 ¸ ` ¹� º
� m2?

m� 2
= � ¹� – Cº• (4.6)

The term` ¹� º can be interpreted as a spatial modulation of the e�ective sound speed
along the annular chamber. Here, this modulation comes fromazimuthal asymmetries
of the acoustic impedance on the combustor boundaries, but the same equation can be
obtained if one considers asymmetries of the chamber geometry, of the temperature
�eld, or of a �ame response model with imaginary component. Although the linear
gain of the �ame responseV can in general be complex and depend on� , it will be
considered here as a real constant.
In the present study, an eigenmode with �rst order azimuthalcomponent dominates the
thermoacoustic dynamics. The �rst harmonic is four orders of magnitude lower than
the main peak in the PSD shown in �gure 4.2.2, which justi�es the use of the ansatz
(4.1) in the wave equation (4.6). The spatio-temporal averaging derived in chapter 2 is
applied to the latter equation. It leads to the following system of Langevin equations
for the slow variables� , j , \ andi :

¤� =
V� U

2
� �

02U
4

cos¹2»\ � � U2¼ºcos¹2j º � �
3^
64

»5 ¸ cos¹4j º¼� 3 ¸
3�

4l 2
1 �

¸ Z� –
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¤j =
3^
64

sin¹4j º � 2 ¸
02U
4

cos¹2»\ � � U2¼ºsin¹2j º ¸
< 2l 1

4
sin¹2»\ � � ` 2¼º

�
� tan¹2j º

2l 2
1 � 2

¸
Zj

�
–

¤\ =
02U
4

sin¹2»\ � � U2¼º
cos¹2j º

�
< 2l 1

4
cos¹2»\ � � ` 2¼ºtan¹2j º ¸

Z\

� cos 2j
�

tan¹2j ºZi

�
–

¤i = �
02U
4

sin¹2»\ � � U2¼ºtan¹2j º¸
< 2l 1

4
cos¹2»\ � � ` 2¼º

cos¹2j º
�

tan¹2j ºZ\

�
–̧

Zi

�
– (4.7)

where� is the intensity of the noise resulting from the spatial averaging of� , andZ� , Zj ,
Z\ andZi are white noises of intensities� •2l 2

1. The termsU, 02, < 2 and the angles� U2
and� ` 2 come from the Fourier decompositionsr ¹� º = U¹1¸

Í
0: cos»: ¹� � � U: º¼º

and` ¹� º = l 2
1

Í
< : cos¹: »� � � `: ¼º, where the angles� U: and� `: are chosen so

that0: and< : are positive. The0: and< : correspond to the deviation of the system
from pure axisymmetry in regard to the acoustic resistance and reactance. These
asymmetries can originate from the chamber geometry, the mean �ow and temperature
or the �ame response to acoustic perturbations. Only the second order contributions02

and< 2 have an e�ect on the dynamics of the �rst order azimuthal mode[35]. These
equations can be compared with the ones of section 2.B for= = 1, g = 0 and" = 0,
in which 22= plays a similar role as the present02. Three new terms containing< 2

result from taking into account the reactive asymmetries. The intricate e�ects of these
additional terms on the phase space will become clearer in the next section.

4.4 Results

We �rst consider a deterministic case (� = 0) without dissipative asymmetry (02 = 0),
which enables an analytical determination of the equilibrium points and their stability.
When< 2 = 0, pure spinning modes are the only stable solutions of the system, and
standing modes in any direction are unstable equilibria, asshown in �gure 4.4.1(a).

When< 2 is increased, two preferential directions emerge:� ` 2 � c•4 as shown in
�gure 4.4.1(b). The attractors move away from the poles and thus become two mixed
modes, one with a CCW spinning component and preferential direction� ` 2 � c•4, and
one with a CW spinning component and preferential direction� ` 2 ¸ c•4. In addition,
the saddle circle in the equatorial plane, which corresponds to unstable standing modes
for the case of perfectly symmetric combustors, turns into two saddle points with the
same preferential directions.

When< 2 reaches the critical value< 2 = ¹V� Uº•¹
p

6l 1º and is further increased,
the two pairs of attractor and saddle point merge and disappear as shown in �gures
4.4.1(c) and 4.4.1(d). These saddle-node bifurcations lead to a situation where the
system has no equilibria anymore. In the corresponding timedomain simulations of
the deterministic version of (4.7),j has a monotonous unbounded evolution driving
its values out of its de�nition interval»� c•4– c•4¼. In order to remain compatible
with the ansatz (4.1) in this particular scenario, we imposethat j becomes� c•2 � j
when it goes beyond� c•4, and simultaneously replace\ by \ � c•2 andi by i � c•2.
With these transformations,j describes triangular oscillations between»� c•4– c•4¼
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Figure 4.4.1: Analytical solutions and streamlines of the system (4.7) without noise and
dissipative asymmetry (� = 0, 02 = 0), for di�erent values of the reactive asymmetry
< 2. (a) < 2 = 0; (b) 0 Ÿ < 2 Ÿ < 2; (c) < 2 = < 2; (d) orbits for< 2 ¡ < 2. Attractors
are represented with red circles, saddle points with red crosses, repellers with red stars.
Streamlines are overlaid on the contours of the normalized stream vector magnitude.

which corresponds to the beating phenomenon observed in theexperiments. When we
set � < 0 and 02 < 0, additional saddle points appear on the poles and the system
is naturally repelled away from the valuesj = � c•4 and j = c•4, so that these
transformations are not anymore necessary. Under these conditions, the beating is
explained by the presence of heteroclinic cycles between the poles.

System (4.7) was simulated with a �rst order stochastic Runge-Kutta method. Fig-
ures 4.2.3(b) and 4.2.3(c) present simulations, where the parameters have been cal-
ibrated to reproduce the experiments. The model-based and data-driven calibration
approach used in chapter 3 cannot be applied when the system is governed by a beating
mode, because it is not possible to assume decoupled Langevin equations in such situ-
ation. Following [58], one could upgrade the approach by considering the multivariate
conditional moments, but this is rather involved and we usedhere a simpler empirical
approach: First,l 1 and< 2 were readily found from the instability and beating frequen-
cies; Then̂ , U, Vand� were adjusted to realistic values, around the ones that havebeen
reliably identi�ed for operating conditions without beating [164]; Finally, the resistive
asymmetry level02 and the angle� ` 2 � � U2 were tuned to reproduce the oscillations
of j and\ . This process was facilitated by the fact that the model parameters have
speci�c signatures on the dynamics of the di�erent state variables, allowing to isolate
clear optimum values for the calibration. Figure 4.2.3(b) shows results for the purely
deterministic case: coloured solid lines and black dashed lines respectively correspond
to the simulation of the averaged equations (4.7), and to thestate variables extracted
from a direct simulation of the wave equation (4.6). The two simulations match almost
perfectly, which validates the averaging method. Figure 4.2.3(c) shows simulation re-
sults for a non-vanishing stochastic forcing. An estimate of the standard deviation of the
spatially averaged random �uctuations caused by� is ¹2� • l 2

1»V� U¼º1•2 = 32Pa. It is
small compared to the limit cycle amplitude, which is equal to 4¹»V� U¼•6^º1•2 = 800
Pa in the perfectly symmetric deterministic case.

Now that the few parameters have been calibrated with the experimental data,
allowing us to validate the model, we use it to draw further conclusions. First, it
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(a) (b) (c)

< 2=0.0% < 2=0.25% < 2=0.38%

� ` 2 = 0

� ` 2 =
c
8

� ` 2 =
c
4

Figure 4.4.2: (a) Stationary PDF of the eigenmode state (25%and 75% of the proba-
bility) for purely resistive asymmetry and streamlines of (4.7). (b) Stationary PDF for
di�erent levels and orientation of the reactive asymmetry.For all cases,l 1 = 2c � 894
Hz,U = 100s� 1, V = 160s� 1, ^ = 2•5� 10� 4 Pa� 2s� 1, � = 1•8� 1013 Pa2s� 3, 02 = 20%
and� U2 = 0.

is worth mentioning that the threshold value of< 2 from which beating occurs is
in�uenced by the presence of stochastic forcing and dissipative asymmetries. Increasing
the noise intensity� tends to decrease the threshold, while increasing the dissipative
asymmetry02 tends to increase it. In that regard, the model calibration yields02 = 6%,
� U2 = � ` 2 ¸ 4c•5 and< 2 = 6% in the present case. The latter value is signi�cantly
higher than< 2 = 0•4%, which is the onset of beating for the same mean gainVand losses
U, if one could freely suppress dissipative asymmetries, i.e. set02 = 0. Second, these
results show that small reactive asymmetries can be enough to cause amplitude beating.
The derivation of the model is based on non-uniform distribution of the impedance
along the annular combustor boundary, but the reactive asymmetries can also be due to
the response of the �ames to acoustic perturbations or have geometrical origins, such as
a non-uniform annular combustor radiusR. Consequently, a manufacturing tolerance
of a few percent can cause the occurrence of this beating phenomenon. We have not
yet identi�ed which of the possible types of reactive asymmetry is responsible for the
beating mode observed in our imperfect experimental setup and this is the subject of
ongoing research. Third, the combined presence of reactiveand resistive asymmetry
brings another interesting e�ect: if the sources of these asymmetries are di�erent, there
is no reason that their directions� ` 2 and � U2 should be equal. If they are neither
aligned nor orthogonal, the re�ectional symmetry of the problem is broken and one
spinning direction dominates the other one. This is illustrated in Figure 4.4.2, which
presents stationary PDFs of the eigenmode state for di�erent combinations of reactive
and dissipative asymmetry below the beating threshold. ThePDFs are obtained from
simulations of the Fokker-Planck equation, following the method given in the technical
note 4.A. The level of noise and dissipative asymmetries were arbitrarily increased
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compared to �gure 4.2.3 in order to broaden the PDFs while remaining below the
beating threshold. One can see in �gure 4.4.2(b) that when� ` 2 � � U2 < 0 modc•2,
an asymmetry appears between the upper and the lower halves of the PDF, and the
probabilities are di�erent for CW and CCW spinning modes. This can be also seen in
�gure 4.4.3, wherej shows a preference for positive values in presence of small reactive
asymmetry combined with resistive asymmetry. Such a predominance of one of the
two spinning directions has so far been attributed to the presence of azimuthal �ow,
which has been the subject of section 2.9 and of several theoretical and experimental
studies [50, 134, 167, 66]. In particular, the theoretical model of section 2.9 predicts that
broken re�ectional symmetry of the phase space can be causedby a mean azimuthal �ow
that advects the heat release rate �uctuations, favouring the spinning waves travelling
against the mean azimuthal �ow. Here, we thus present another, less intuitive, possible
origin for the predominance of a spinning direction, which occurs in absence of mean
azimuthal �ow. Besides, it further elucidates one of our recent measurements at the
equivalence ratio of 0.55 and the thermal power of 72 kW [164], where the system
exhibits (i) a predominance of CW spinning mixed states although there is no mean
azimuthal �ow, and (ii) small, but statistically meaningful, changes of the anti-nodal
line direction occurring with the intermittent changes of the spinning direction. In
such situation, the predominant direction of the anti-nodal line is determined by a
competition between the dissipative and the reactive asymmetry: The former tends to
align the standing component of the eigenmode in the direction� U2, and the latter tends
to align it in the direction� ` 2 � c•4 (resp. � ` 2 ¸ c•4) for mixed modes with CCW
(resp. CW) spinning component. This can be seen in �gure 4.4.2: when< 2 = 0, the
statistically dominant\ is 0, while for non-vanishing< 2 and� ` 2 < � c•4, the PDF is
twisted towards� ` 2 � c•4 in the upper half, and� ` 2 ¸ c•4 in the lower half. In contrast,
for � ` 2 = c•4 and< 2 = 0•25%, the dissipative asymmetry is already aligned with one
of the preferred directions imposed by the reactive asymmetry. Consequently, although
the increase of< 2 favours CCW spinning states (with a more concentrated probability
density than for CW spinning states), there is no twisting ofthe PDF, i.e. no statistically
meaningful changes of\ accompanying sporadic spinning direction changes.

4.5 Conclusion

In this study, the phenomenon of thermoacoustic beating in annular combustors has
been investigated experimentally and theoretically. It has been found that the underlying
complex dynamics is fully reproduced by our model, when asymmetries of the reactive
component of the system are accounted for, in combination tothe classically modelled
resistive asymmetries. This 1D model can thus be used for modelling the dynamics of
azimuthal modes in real 3D geometries by accounting for an azimuthal distribution of
lumped acoustic impedance representing the burners, the plenum, and the combustor
outlet at the boundaries of the considered annular domain. This study allows us to answer
some key questions resulting from various experimental observations reported in the
literature during the past decade: First, the present self-sustained periodic change of the
mode's spinning direction and standing component orientation has deterministic origins,
and it corresponds to heteroclinic cycles between the two counter-spinning modes,
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