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Abstract

To face the current situation of climate change caused byamuantivities, many states
set the goal to reach zero emissions of greenhouse gase$0yir26rder to contain
the increase of the mean earth temperature in an accepégatge.r To reach such an
ambitious goal, a revolution is necessary in the domainsnefgy production and
transportation. Renewable energies are destined to plaja nole in this transition,
but they cannot be used alone, because of their intermyttand their unpredictable
character, preventing a production adapted to the demaetkofricity consumption
in real time. One of the most promising path to overcome tHiesiations is the
conversion of renewable electric energy into chemical gnéy extracting hydrogen
from water by electrolysis. This hydrogen can be stored had burned in turbines to
produce electricity according to the demand. Due to theivgg@and their exibility,
gas turbines are unavoidable elements of the energy ti@msitn the sector of air
transportation, the gas turbine is the only mean of propnlsiering enough power
for a su ciently moderate weight, and hydrogen propulsiotarss being seriously
considered also in this domain. A consequent research éastbeen deployed in
the last decades to improve the performances of the consbustiambers in land-
based and aeronautic gas turbines. New architectures dusiian chambers need
to be conceived to provide optimal performances while beidgpted to new fuels
such as hydrogen and meeting increasingly drastic regukin terms of reduction
of nitrogen oxides emissions. The development of thesdtanthres confronts to the
problem of thermoacoustic instabilities, arising from agking between the unsteady
heat release rate of the ames and the acoustic modes of timdustion chamber.
These are frequently annular shaped, especially in aeticragaplications, because this
con guration is the most compact, the lightest, and enstinesmost homogeneous
temperature pro le and features the smallest wall surfacedol. In these annular
chambers, thermoacoustic instabilities generally invdlve rst azimuthal acoustic
modes. Azimuthal thermoacoustic instabilities are a dlphanomenon involving all
the volume and all the ames of the chamber. Therefore, tteilly often necessitates
experiments and simulations on a complete geometry, bectudies on a sub-part of
the geometry fail to account for the global phenomenon. Aeidi culty is caused by
the degenerate character of the azimuthal acoustic mdttesiray a fascinating variety
of dynamic behaviours of thermoacoustic instabilities.e Pinesent thesis proposes a
low-order modelling approach of the azimuthal thermoatiousodes, along with
experiments. The model, based on the rst principles, antofor the e ects of
di erent kinds of asymmetries, delayed ame response, tleht combustion noise,
azimuthal mean ow. It provides a qualitative and quaniiiphysical interpretation
for a large variety of thermoacoustic dynamics observedamlaustion chambers,
which had never been explained. The low order modellingnalito obtain analytical
results and to evaluate globally the interactions betwbendi erent parameters of
the system, which is generally not possible in higher dektpproaches like LES
or Helmholtz solvers. A similar model is also derived to dése an aeroacoustic
instability in a cylindrical chamber, presenting very damicharacteristics compared
to thermoacoustic azimuthal instabilities, demonstatirat some of the phenomena
described in this thesis are not restricted to the eld oftheacoustics, but are also of



interest for other elds of physics.



Résumé

Pour faire face a la situation actuelle de changement dlijmatié a I'activité humaine,
de nombreux Etats se sont xés l'objectif d'atteindre zemigsions nettes de gaz a
e etde serre d'ici 2050 a n de conserver 'augmentation dédmpérature moyenne du
globe dans des limites acceptables. Pour atteindre untilajessi ambitieux, une révo-
lution des moyens de production d'énergie et de transportéeessaire. Les énergies
renouvelables sont appelées a jouer un role majeur damst@tsition, mais elles ne
peuvent étre utilisées seules, en raison de leur intemaitet leur caractére imprévis-
ible, qui empéche une production adaptée a la demande demaretion d'électricité
en temps réel. Un des moyens les plus prometteurs de padingitations est de con-
vertir I'énergie électrique renouvelable en énergie chjimi, en extrayant I'nydrogéne
de I'eau par électrolyse. Cet hydrogéne peut étre stockégimuensuite briilé dans des
turbines a n de produire de I'électricité en fonction de kendande. Les turbines a gaz,
en raison de leur puissance et de leur exibilité, sont ddmcdntournables éléments
de la transition énergétique. Dans le secteur du transpaddrg la turbine a gaz est le
seul moyen de propulsion qui o re une assez de puissanceyopoids su samment
réduit, et la propulsion a hydrogéne commence a étre sérieerst étudiée dans ce
domaine aussi. Un e ort de recherche conséquent a été d&plags les derniéres
décennies pour améliorer les performances des chambresrdristion des turbines
terrestres et aéronautiques. De nouvelles architectweasha@mbres de combustion
doivent étre congues pour fournir des performaces optbrtalg en étant adaptées a
de nouveaux fuels tels que I'hydrogéne et en respectanédesations de plus en plus
drastiques en termes de réduction des émissions d'oxydestd’. Le développement
de ces nouvelles architectures se confronte au probléemiestabilités thermoacous-
tiques, qui proviennent d'un couplage entre les émissierchdleur des ammes et les
modes acoustiques de la chambre de combustion. Cellesqgréculier dans les ap-
plications aéronautique, sont fréiquemment de forme aireutarant la con guration

la plus compacte, la plus légére, qui assure le pro | de teatpée le plus homogene
et comporte le moins de surface a refroidir. Dans ces chavaéimeulaires, les insta-
bilités thermoacoustiques mettent généralement en jgquréesiers modes acoustiques
azimutaux. Les instabilités themoacoustiques azimutsdes un phénomene global
impliquant tout le volume et toutes les ammes de la chaml@edmbustion. Par
conséquent, leur étude nécessite souvent des expériendes simulation sur une
géomeétrie annulaire compléte, les études sur une sous-gaitt géométrie ne rendant
pas compte de la globalité du phénomene. Une autre di culgvignt du caractere
dégénéré des modes acoustiques azimutaux, qui rend gossiblfascinante variété
de comportements dynamiques des instabilités thermotgoes. La présente thése
propose une approche de modélisation d'ordre réduit desemtitermoacoustiques
azimutaux, conjointement avec des expériences. Le mofibédé sur les premiers
principes, permet de prendre en compte des e ets de di &rgies d'asymétries, de
réponse de ame retardée, du bruit de combustion turbuleiia écoulement moyen
azimutal. Il fournitune interprétation physique qualitetet quantitative pour une large
variété de dynamiques thermoacoustiques observées dastmimbres de combustion,
et qui n‘avaient jamais été expliqués. La modélisationafemréduit permet d'obtenir
des résultats analytiques et d'évaluer globalement Iesdntions entre des di érents



paramétres du systéme, ce qui n'est généralement pas lgodaifis des approches
a plus haute délité, telles que la LES ou la résolution degagigns de Helmholtz.
Un modele similaire est aussi dérivé pour décrire une iflg&béroacoustique dans
une chambre cylindrique, qui présente des caractérigtitias similaires a celles des
instabilités thermoacoustiques azimutales, démontraetagrtains des phénomenes
décrits dans cette thése ne se restreignent pas au domdanhelenoacoustique, mais
présentent aussi un intérét dans d'autres domaines de sgpley
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Chapter 1

Introduction

1.1 Context

The climate change is one of the most serious challenge fagéaimankind in the
present times. This change, known as global warming, isacterised by an increase
of the average temperature of the atmosphere at the sudiagle dlthough its impact
on the marine currents can induce local decreases of thestamope. Climatologists
generally agree on an estimated global increase of the ofdeC compared with the
temperature at the pre-industrial era [1]. The temperaherease between the decade
1981-2010 and year 2019 is estimated to G.$2]. Although global changes of the
earth temperature already existed in the history of thegt|diney generally happened on
signi cantly slower time scales. The present temperatucedase has already dramatic
ecological and social consequences: melting of the potardausing a rise of the
ocean's level and an increase of the coastal oodings anddis&uction of inhabitable
lands, acidi cation of the oceans and decrease of the oxygehe water causing
destruction of the marine life, increase of the frequenclyayfical storms, heat waves
and wild res, extinction of species, reduction or destrof crops... Itistoday clearly
admitted that the climate change is caused by the accummlatithe atmosphere of
greenhouse gases produced by the human industrial agtiMitgrticular carbon dioxide
and methane. The currentwarming rates G/decade, and even a complete cessation
of human emissions would not instantaneously stop the waymihich should reach a
peak value under 1.&. The IPCC reports [3] estimate that urgent measures sheuld
taken to reduce the greenhouse emissions to limitate thmiwgiclose to 1.5C and far
enough from 2C to avoid catastrophic consequences. In 2018, 195 cosrgigaed
the Paris agreement, where the political powers acknowlgdge necessity to take
concrete actions to keep the warming su ciently far from It is estimated that the
greenhouse gas emissions need to be reduced from 50% begfyaad reach net zero
emissions before 2050 to reach this objective. The maingaoms of CQ are caused
by the combustion of fossil fuels (natural gas, petrol andvaéves, coal) for energy
production and for transportation. With the constant inseeof the world's population,
the growth of the industrial production and the emergenceefindustrialized powers,
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the reduction of 50% to 100% of the emissions is particulehlgllenging and can be
achieved only with disruptive technologies for energy pattbn and transportation,
simultaneously with drastic changes in the functioninghaf €conomy. In the sectors
of energy production and transportation, one of the mosnfging path to the zero net
emission objective is the combined usage of renewable &eand . Indeed, the
renewable energies sources like wind and sun are interrhitted cannot be adjusted in
real time to the electricity demand, therefore they needetodmplemented with large
scale energy storage solutions. If classical batteriesaarieom having the capacity
to store energy for the whole industrialised world, the @vgion of renewable electric
energy into chemical energy (a$) through electrolysis is a more promising path that
could be deployed in a realistic horizon of time. The prodlce can be, on the
one hand, directly used as a fuel for small and medium sizhitles equipped with
hydrogen cells. Onthe other hand, it can be burned in gamtsior energy production:
indeed, gas turbines are one of the rare energy producti&eryg that can at the same
time supply energy on a large scale (for instance, for a,aitit)le having the possibility
to be switched o or on within minutes, allowing to adapt inatdime the energy
production to the demand. This requirement for exibilitiyaperating conditions is of
major importance for the future developments of gas tudyite compensate the fast
uctuations of wind and solar sources. On a smaller scaleidfibes, e orts are also
pursued to reduce the ecological footprint of aeronausingportation. In particular,
the European project “Clean Aviation' promotes the rededoc the conception of

o-fuelled aircraft jet engines for the propulsion of intedise range airliners. In
land-based gas turbines for electricity production, therently used fuel is natural
gas. Without waiting a full deployment of the hydrogen-lzheaergetic landscape,
which will take several decades, some companies like GeRératrics and Ansaldo
already made possible the use of blends of hydrogen andahgas in commercial, by
retro tting existing models. When the hydrogen fractiorinsreased, new challenges
appear because the combustion properties of hydrogenmrdiverent from those of
natural gas [4]. In particular, ; is lighter, ignites more easily and has a higher ame
speed than natural gas: this has advantages and disadaant&g advantage of the
lower ammability limit is an increased robustness of thena against blow-o , which
allows to operate with extremely lean mixtures, lowering HOx emissions. The low
density of , poses problem for storage, especially in aeronauticai@jins where
the volume is limited, but it has the advantage to facilithie mixing with air. The
high ame speed has several negative consequences: it leadstabilization of the
ame closer to the injector, which imposes superior thertoatls to the structure, and
itincreases the risk of ame propagation upstream in thedtgrs, known as ashback
[5], which can cause substantial damages to the system.tidwalily, the reduction
of the ignition delays induces a reduction of the mixing lgngvhich deteriorates the
air-fuel mixing quality: this favours the formation of hqitats, increasing toxic nitrogen
oxides (NOx) emission and the thermal load on the turbined, Aast but not least, faster
combustion causes shorter ames, which are compact sounde®with respect to a
wide range of acoustic wavelengths [6] and are therefor@mmne to thermoacoustic
instabilities.
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1.2 Thermoacoustic instabilities

This last problem of thermoacoustic instabilities is mararly di cult to solve in
industrial con gurations, this is why a considerable reasba ort has been dedicated
to their understanding, modelling, prediction and supgices They are combustion
instabilities resulting from a coupling between the undyeheat release of a ame
and the acoustic eld of the chamber. We rst remind the globeechanism of a
classical thermoacoustic instability: any uctuation b&tfuel mass ow<e or the
air mass ow <, will induce a uctuation of the ame's heat release raf® Heat
release rate uctuations emit sound that propagates, getsted on the chamber's
walls and travels back towards the burner. The acousticcitglaictuations interact
with the aerodynamics of the burner and induce uctuatiohsQe| and <y, closing
the loop. Such a closed feedback loop is however not su cterdbtain an instability.
Indeed, as rst explained by Rayleigh, [7], the coherentthrdsations need to be in
su ciently close phase with the acoustic pressure osditlas so that energy is fed in
the acoustic eld. If the coherent heat release oscillaiarere in phase opposition
with the pressure oscillation, the inverse e ect would happthe heat release would
work against the acoustics and tend to damp the oscillatimtsad of promoting them.
And if the heat release rate oscillations are emitted atoanishstants of the acoustic
cycle, there is no net energy supplied to the acoustic eldabise the time averaged
contribution of the source is zero. This is summarised irRhgeigh criterion, which
gives a necessary condition for constructive interactimis/ieen the acoustic pressure
?0 and the coherent heat release rate uctuatiéthat the ame emits in response to

the acoustic oscillations. In absence of entropy uctuasichis criterion writes:
1 1

201X -1 —€3x 3C {0- (1.2)
TV

whereT is the acoustic period and the volume of the combustor. This means
that the time average of the power provided to the acousiit should be positive.
This criterion simply states that the acoustic eld recsienergy from the coherent
heat release uctuations over one acoustic period and icagssary, but not su cient
condition to get an instability. Indeed, at each cycle, sameustic energy leaks
away through the boundaries. A more speci c criterion acttimg for these outgoing

acoustic energy losses is proposed in [8]:
1 1 1

1
w1 20X —CF1Xx—€3x 3C ?201X—C@ox—€ n 3(3C- (1.2)
W Ty T v
wherem+is the surface enclosing the volume of interest agds the acoustic veloc-
ity. An even more precise criterion could be obtained by aotiag also for acoustic
viscous losses in the boundary layers. We emphasize thaege tintegrals§ corre-
sponds to the response of the heat release to the acoudtimtians only, but does not
include the non-coherent heat release emission due tolémtxombustion noise. In
experimental conditions, it is in general not possible teasbe directly the coherent
oscillations of heat release, which prevents to apply tire¢be criterion. However,
the Rayleigh integral remains an useful tool to explain thgsies of thermoacoustic
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instabilities. When the acoustic energy gain is superidhésacoustic losses over one
oscillation cycle, the system is linearly unstable and agstyybation at the right fre-
quency will beget self-sustained oscillations of growingpditudes. If the heat release
rate uctuations are proportional to the acoustic perttidses, this growth is exponen-
tial: however, such unbounded growth of the oscillationnzaast forever. When the
acoustic oscillations become su ciently large, nonlinges of the ame's response
enter into play and the gain decreases [9, 10, 11]. This cafobénstance, caused
by local extinction of the ame under large velocity uctuahs, or by a the change
of the average shape of the oscillating ame that makes é@ratt less constructively
with the acoustic eld. This decrease of gain results in aisgion of the instability's
amplitude: when the acoustic amplitude is su ciently highe thermoacoustic driving
becomes less e cient, and eventually, the acoustic enemgyided by the ame no
longer exceeds the losses. Therefore, the amplitude ofelfisisstained oscillations
saturates to a limit-cycle amplitude at which the acoustergy provided by the ame's
oscillations balances exactly the acoustic losses. Thaldesrequencies of oscillation
for the acoustic pressure are in uenced by the shape of tblesure: indeed, when the
sound waves are re ected on the boundaries of the chamlegn¢bming and re ected
waves interact together. In general, this interactionggadcancellation between the
many waves re ected by all the boundaries, except for someuiable frequencies
known as the acoustic eigenfrequencies of the chamber Hmtwhe contributions of
the incoming waves do not cancel each other, giving risestadihg wave patterns - the
acoustic modes of the cavity. Broadband noise in the ca@égs to higher responses
at the acoustic eigenfrequencies, while the other fregasmree Itered and decay fast:
this is the phenomenon of acoustic resonance. This meanth#ranoacoustic insta-
bilities are more likely to occur at frequencies close to dceustic eigenfrequencies
of the cavity. This does not apply for the phenomenon of msid thermoacoustic
instability, which does not depend on the acoustic modeiseofavity because it arises
from a direct feedback of the ame with itself [12, 13]. Intgic thermoacoustic modes
will not be covered in the present thesis, although recamties revealed that their
interaction with classical thermoacoustic modes can leadn-trivial phenomena that
complicate the prediction of instabilities [14]. Not aletlacoustic modes are suitable
for the occurrence of an instability. Indeed, it is knownttlzanes behave as low-pass
acoustic lters[15, 16, 17, 11], so that thermoacoustitabdities generally involve the
acoustic modes associated with the lowest eigenfrequeotike chamber. Depending
on some characteristics of the ame, the Rayleigh critefibft) can be ful lled or not:
for instance, the position of the ame is important, becaitsdocation relatively to
the acoustic pressure nodes or antinodes of a given acoustie will determine how
e ciently the heatrelease oscillations provides or not astic energy to this mode. The
size of the ame with respect to the acoustic wave lengthss @hportant: if coherent
heat release oscillations zone are distributed on a norpaotarea (an area not small
with respect to the acoustic wave length), they will not eecitly provide energy to
the acoustic eld because of a competition between the zamese?o& i 0 and the
zones wher@,& Y 0.

Thermoacoustic instabilities were initially discoveresl a physically interesting
phenomenon without any practical application: in parcuthey were experimentally
studied in the Rijke tube, a simple tube opened at both extie=nin which a ame or
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a source of heat is placed. For certain positions of the goafrbeat, the heat release
oscillations and the acoustic pressure oscillations ofafrtbe longitudinal modes of
the pipe are in phase and a thermoacoustic instability canebed, as a pure tone
[18, 19]. These instabilities started to become a seriogierring problem during
the development of the rst large rocket engines with thecaption of the German V2
military rocket, and after the second world war during thacgpconquest era. At this
time, few modelling tools were available and the conceptiorew rocket enginesrelied
heavily on costly full scale tests, which was the approacipset to develop the engines
of the lunar rocket Saturn V. The huge power concentratioth@se engine allows
thermoacoustic instabilities of the order oI®a, which are highly destructive and can
cause the explosion of the rocket. More than 2000 trial-amdr full scale tests have
been necessaryto nally design an injector pattern achgstable combustion[20]. In
aircraft jet engines and gas turbines for energy produgcti@concentration of power is
not as large as in rocket engines and the instability levetsad reach as high values and
generally do not cause events as dramatic as engine explddiey nevertheless cause
vibrations resulting in long term fatigue or sudden mecbalnfailures where parts
detach and cause destruction of the turbine blades, lagfeback that can damage the
fuelinjection, ame blow-o ... Since the trial-and-erréull scale approachis extremely
expensive and does not allow to come up quickly with innaeagolutions to face the
challenges of today and tomorrow, it is the role of scientiesearch to develop our
understanding of the thermoacoustic instabilities andrép@se solutions to predict,
detect and suppress them. Signi cant progress have beea mdhbe last decades to
understand and model the thermoacoustic instabilitipg@ally in the domain of rocket
engines [21]. In parallel, the thermoacoustic e ect ha® dsen usefully harnessed
for energy pumping (thermoacoustic refrigerators) andipetion of mechanical work
from a heat source (thermoacoustic engines) [22]. But catidiu instabilities are
still a problem in modern combustion systems (furnacesystrial boilers, energy
production and propulsion systems), especially becawseate extremely sensitive to
geometry changes [23, 24], operating conditions, fuel ausitipn... They are therefore
di cult to predict, and it is a challenge to design a gas turbior an aircraft engine
combustor which is thermoacoustically stable under alsjiids operational conditions.
This is why experimental, theoretical and numerical resesrstill required to solve the
problem. The present thesis focusses on the instabiliiesroing in the combustion
chambers of gas turbines and aircraft jet engines.

1.3 Combustion chambers of gas turbines for power
generation and propulsion

In older designs of combustion chambers of gas turbines aodafi engines, the
common practice was to inject a rich mixture at the inlet & tthamber, and to
inject diluting air through liners in the walls at positiolesated downstream from the
injector. Thus, the fuel and the air meet in the chamber aadctimbustion occurs
at the interface between them, leading to a di usion ame.eTownstream injection
air has the double e ect to cool down the walls and to redueeglobal combustion
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temperature, it making the mixture leaner and colder befforeaches the turbine
inlet. Indeed, the turbine needs to be preserved from exeelsgal temperature that
could cause overheating and melting of the blades. Air tigadiners act as mu ers
and promote thermoacoustic stability of the chamber, wiidn advantage of these
di usion-based chambers. However, this design had two mstirtcomings: First,
it imposes a very high temperature in the upstream part ottimnber, before the
dilution liners, because the melange is very rich at therb@gg. This high combustion
temperature favours the apparition of NOx, and the rich agstibn increases soot and
unburned hydrocarbons emissions. NOXx are toxic, harmfulife ozone layer, and
cause the phenomenon of photochemical smog, and soot acéotate and human
health. This is why these pollutant emissions are framed bserand more stringent
international regulations, imposing to consider new téxdrsolutions. The second
shortcoming is that these chambers do not favour a very hermeamus mixing, which
results in a non-homogeneous temperature pro le at thertaiiblet. This is important
for the performances of the turbines, because the usefudpiewmited by the average
temperature at the turbine inlet, but the operation limjetels on the local maxima
of temperature at the turbine. Therefore, a uniform tentpegapro le allows to
maximize the power [25, 26]. The temperature homogeneity & improved by
increasing the chamber's length, but this also increasesesidence time of the hot
gases, which favours NOx emissions. To address these shargs, the concept of
lean-premixed combustor became the norm in subsequenudzrds [27]: all the
air from the compressor is mixed with the fuel before thedtigm in the combustion
chamber instead of being injected downstream. The consegue a considerably
levelled temperature pro le, without extreme hot spotss thakes the premixed ame
far cleaner than the di usion ame in terms of NOx and soot esions. Additionally,
higher mean temperatures (and therefore higher powerspeaachieved in a lean
premixed combustor without exceeding the turbine's makaeaign temperatures, and
the fraction of unburned fuel is reduced. One of the mosbserdrawbacks of these
new designs is their tendency to thermoacoustic instas)itvhich results from several
factors: the acoustic damping is considerably decreas#uetyisappearance of the air
injection linersin the chamber, the heat release rate of lgaes is particularly sensitive
to small perturbations, and the volumetric power is inceeldsy adopting more compact
chambers [28, 29, 30]. Therefore, it became more di cult ntrol thermoacoustic
instabilities in these recent designs. In the case of lamkt gas turbines, engineers
came up with practical answers to the problem and developerdt passive damping
strategies: modi cations of the geometry of the injectarshange the characteristic
phase delays of the ame [31, 32], staging of the burnersgatera distribution of ame
responses instead of a unique, coherent response iddatialithe ames [33, 34, 35],
installation of sub-wavelength acoustic damping deviecehsas Helmholtz dampers
[36, 31, 37, 38, 39] or acoustic liners [40]. There was alsdgai€ant amount of
research on the topic of active control of combustion infitags, either by imposing
noise-cancelling with a loudspeaker, or by modulating tie injection to cancel the
coherentheatrelease rate uctuations, or with actuabaistan modify the geometry to
suppress the instabilities depending on the operatingittonsl [41]. However, each of
these active techniques has shortcomings when it comeslenmentation in real gas
turbines: noise-cancelling would require the installatid very large loudspeakers in
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the extreme conditions of a combustion chamber. Fuel iimjechodulation is di cult
because the characteristic response time of fuel valveasnigbines is usually slow
compared to the characteristic times of growth and osidliabf a thermoacoustic
instability. An other limitation comes from the fact that st@f these active-control
solutions rely on a closed-loop control feedback, whichessitates the constraining
presence of several acoustic probes in the chamber. Inafiiengines, the lean-
premixed combustionis also studied [27, 42, 43], but notgptemented in commercial
engines: indeed, aircraft engines need to operate witmaptecurity in a larger range
of di erent operating conditions than gas turbines, andsitparticularly di cult to
conceive a lean-premixed combustion chamber that guasititermoacoustic stability
in such a wide range of conditions. Additionally, aeronaapplications need to meet
additional constraints of space that limit the possibitityinstall large volumes of
acoustic damping devices. However, there is also a trendrttsdMeaner combustion
and hydrogen in turbines for aeronautic propulsion. Thetrapsctacular example is
the announcement of the project zero-e from Airbus in 202ickvaims at conceiving
a middle-range passenger aircraft ying on pure hydrogémipgines, in partnership
with Safran and General Electrics, at the horizon 2035. iBlageal challenge, because
few experience exists yet on hydrogen combustion in airggaéngines [44, 45, 46].

Several types of combustion chambers can be found in gasmésrland aircraft
engines, the most common are can combustors, can-annufdrustors and annular
combustors. Silo burners are an other kind of con guratisedionly in land-based
gas turbines, especially in early models. Figure 1.1 gixesnples of these di erent
geometries. The can combustors are one of the earliestedidpsign: they consist in
several identical combustion chambers disposed in ringratthe axis of the turbine,
with the hot gas exhaust directly in front of the turbine'strstage. Each of these
independent chambers, these “cans', has its own fuel arjestd its own igniter.
There is very few interactions between each can, which isyaent for design:
the preliminary tests can be realised on a single can ingiEtte whole system. In
particular, thermoacoustic instabilities will involvesthcoustic eigenmodes of the cans,
but there will be no global instability of the whole ensemi@mn combustors have also
practical aspects for maintenance, because they can laeegjihdividually. However,
this con guration does not provide an uniform temperatuedd at the turbine inlet,
their large surface needs a lot of air cooling and they areyhedich is a disadvantage
for aeronautical applications. In can-annular chambeijscfors are also placed in
separate casings, but these cans are all connected to a coammalar chamber before
the turbine: this improves the homogeneity temperaturdepad the turbine inlet,
while the advantage of easy maintenance operations on thetsls conserved. Can-
annular chambers are common in modern land-based gasdart8iio burners feature
one or two large casings located out of the body of the turlimehich the combustion
takes place. This con guration is not suited for aeronaltapplications, but was
widely adopted in early land-based gas turbines becaude aibhustness and its easy
maintenance (a man can stand in the casing and access tb®isjdirectly [47]).
However, this concept tends to disappear progressivelgusecit does not provide
optimal performance: the large surface of the chamber needesequent mass ow
of cooling air, the temperature pro le at the inlet ot thekime is not homogeneous,
and the high residence time of the hot gases favors the dippaof NOX.
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(a) silo combustor (b) can-annular combustor (c) annular combustor

Figure 1.1: The main types of gas turbine combustors. Theccanbustor, not
represented, is very similar to the can-annular combulstdrthe di erent cans open
directly on the turbine, while in the can-annular, they ompena common annular
chamber that allows a more uniform temperature load on ttoérte.

Annular combustor is the simplest and the lightest con giora and the most
compact one. They are the most adopted con guration in modecraft jet engines,
in which the gain of space and weight is crucial. Annular chars have smaller wall
surfaces than can-annular, can or silo combustors, whieti€a reduction of the need
for cooling air [47]. This means that more air is availabletfte fuel-air mixture, and
therefore leaner combustion can be achieved for the samargrobcompressed air.
This aspect is determinantto ght the emissions of NOx arat,aehich increase very
fast with the equivalence ratio of the mixture (in lean regymThe annular chamber
is also the con guration that o ers the most homogeneousgerature pro le at the
turbine inlet. The annular geometry brings some di cultiggt do not occur in can
or can-annular chambers: one of the rst speci city is thhetames are located
side by side, which gives rise to ame-to- ame interactiomghich can be chemical
and thermodynamicinteractions [48], or aerodynamic atgons [49]: indeed, several
ames placed side by side generate a di erent mean veloatd than a single ameina
can. This complicates the tests, because the results elitaima single sector cannot be
transposed to the entire chamber. The presence of swirleésacan induce a velocity
eld in the azimuthal direction, which has an e ect on the hesease distribution [50].
But one of the most noticeable di erence between the di @rkinds of combustion
chambers is the behaviour in situation of thermoacoussi@bility: in the case of a
can combustor with completely independent casings, thacamastic instabilities will
involve one of the acoustic modes of the can, for instancengifudinal mode: in this
case, the can is similar to a large Rijke tube. In the case mfacaular combustors,
the weak coupling between the modes of each can leads tol glatiarns over the
circumference[51, 52, 53]. Few studies are yet availabtlisriascinating topic, which
can be treated as a problem of synchronisation between tHegio each sector of the
chamber. This is a rich topic in itself which will not be dissed in the present thesis.
We will mainly focus on annular chambers, in which thermasstic instabilities involve
acoustic modes of the whole cavity. The unstable modes efikgally correspond to
the lowest acoustic eigenfrequencies, because they havevtkst friction losses, and
also because ames provide more e ciently acoustic energyhe cavity when they
are acoustically compact. In a ring-shaped combustion blearthe lowest frequencies
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Figure 1.2: Typical rst acoustic modes of an annular chamb&e Helmholtz mode
usually have a very low frequency. The rst modes in auditdage are the rst
azimuthal modes, followed by the longitudinal and radiab@s which usually vibrate
at higher frequencies. Red corresponds to positive acopissure, blue, to negative
acoustic pressure, and grey, to a pressure node.

are associated with the Helmholtz bulk mode, and then thieazanuthal modes [26].
In general, the longitudinal modes occur at slightly higlequencies than the rst 3
or 4 azimuthal modes [54]. When the chamber is long enoughdrakial direction,

longitudinal modes can occur in the same frequency rangewa®ider azimuthal

modes [55, 56]. However, most available data from real gdsirtas show that the
most common thermoacoustic instabilities in annular costdrs involve azimuthal
modes of order 1 or 2 [57, 26, 58] while the Helmholtz mode drradial modes
are almost never observed ([26] reports low-frequencyllasions corresponding to
the Helmholtz mode in a annular combustor from Siemens,Hayt have a very weak
amplitude compared to the azimuthal instabilities in theesahamber). Figure 1.2
shows the pressure distribution of di erent acoustic modes simpli ed annular

chamber.

1.4 Azimuthal thermoacoustic instabilities in annular
combustion chambers

Because of the practical implications of the problem, thveae a rise of interest for the
research on azimuthal thermoacoustic instabilities inlaise decades. Experimental
data was rst collected on real gas turbines [26], but thesehmes o er limited
possibilities for experimental measurement, with no @tccess and very few acoustic
probes. This is why several laboratories built downscatediamic annular combustion
chambers: atmospheric pressure test rigs were built in @dg#[50], in the EM2C
laboratory of Centrale Paris [59], in NTNU, Norway [60], ihet Chinese Academy
of Sciences of Beijing [61], at the school of aeronautics asitionautics of Zheijang
university, China[62] and at [IT Madras, India [63]. Moreatlenging elevated pressure
rigs were also tested in TU Miinchen [64] and NTNU TrondheiB},[&nd also annular
test rigs without combustion, where the instability was eyated by other means:
with heating grids in an annular Rijke tube [34], or with aeatoacoustic feedback
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[66, 67]. These experiments without ames allow higher cohaind monitoring of
the instabilities and are useful to validate theoreticatiels. The present thesis also
unveils an experimental and theoretical study on azimuibabacoustic instabilities
in an axisymmetric cavity (chapters 5 and 6), displayingkistg similarities with
thermoacoustic oscillations in annular combustion chamb&xperimental test rigs
allow a lot of things impossible in real gas turbines, suchlieect visualisation of the
ames inreal time by using transparent walls and high speadaras, ow visualisation,
installation of several acoustic probes for the reconsivnof the acoustic eld, high
modularity (for instance: possibility to change the lengtithe chamber, the geometry
of the burners, possibility to install symmetry breakingrides [68]...) and high
fuel exibility, possibility of acoustic forcing [60]... hey reveal a huge diversity of
complex thermoacoustic behaviours and are absolutelyseacgto the development
of comprehensive theoretical models. However, experimBate also shortcomings:
the environment they provide is never fully under contrdijetn means that the origin
of the observed phenomena is not always easy to interpreeritrents do not always
o er the possibility to switch on or o such or such parameterd the measurements
provide only a limited access to the physical variables friest. This is why analytical
methods are a valuable counterpart of the experimentabappr We brie y summarise
the main analytical methods used for the study of thermostainstabilities in annular
combustion chambers, which are presented more in detagireview from Bauerheim
et al. [69]. We start with the high delity numerical simulation rieds, such as LES,
which is also capable to capture azimuthal thermoacousstabilities [70]: such
simulations provide information that would be inaccesstblexperiments, for instance
the time-resolved uctuations of the 3D temperature andei#y elds. However, they
need huge computational resources, preventing to expésieus operating points like
in experiments: instead, they focus on only a handful ofcdetk operating points,
and for a very limited amount of time. Lower delity approahcan provide useful
information for more a ordable costs than LES: One pos#ipils to solve only the
acoustic Helmholtz equation with modelled heat releaseeatemes’ positions, acting
as acoustic source terms. The models can include a lindanisat release response
of the ame to an acoustic perturbation (the so-called amansfer functions): such
approaches can predict the linear stability of the systebh ¢nd allow the detection
of intrinsic thermoacoustic modes [72]. Additionally, yhallow to use the powerful
palette of tools of linear algebra, especially adjoint mygation [73, 74], Bloch theory
to reduce the size of the computational problem accountinthe symmetries of the
chamber [75], and surface modal expansion to simplify 3Dngetoies while keeping
a good prediction accuracy [76]. Time domain nonlinear amedels can also be
used, either with simpli ed ame response models accounfor the saturation of the
ame's response to high amplitude acoustic forcing [77with realistic experimentally
measured ame describing functions [78, 79]: such modetsati studying the system
in nonlinear regime, to predict the amplitude of the limjtie oscillations and account
for complex bifurcation patterns, and also for the nonliregupling of several modes
[80]. These Helmholtz solver approaches are relatively fast compared to the
LES approach, but they do not consider any interaction offttemoacoustics with the
hydrodynamics, and they are only valid for negligible Madmmber ows. Additionally,
Helmholtz solvers need a full meshed geometry, so they argheomost exible
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approach for early design steps. Even faster than the Héimbaolver approaches
are the network model, where the system is discomposed Eraeslements with
simple acoustic models, connected together. They do naoire=g precise geometry
like Helmholtz solvers, but allow a high exibility: it is esy to change the number of
burners, the dimensions of the chamber, the ame modeke fdr Helmholtz solvers,
the network models can be used with linear frequency-doaygimoaches [54, 81, 82,
83, 35, 84, 85, 86], allowing to nd the thermoacoustic frequaies, assess the linear
stability of the modes, to apply adjoint sensitivity an&yf87], optimize placement
of dampers [88] or study the interactions between classidrninsic thermoacoustic
modes [89] and non-normal transient ampli cation e ect®]9Time domain nonlinear
network models also exist, with simpli ed model for the anmresponse saturation
[91, 92, 93, 94] to reproduce the limit cycle oscillationsow-order models are the
next step of simpli cation to represent thermoacoustitabdities in annular chambers.
These models are obtained by projecting the acoustic waegieq on a small number
of acoustic modes to obtain one or several oscillator eqoatiescribing the evolution
of the amplitude associated with these modes. Such low -ondelels were already
used since long for the study of thermoacoustic instaddiin solid rocket engines
[95, 96, 97], they use simple polynomial functions to moded honlinear acoustic
response of the ames. The presence of such nonlinear terassential to account for
the non-proportionalresponse of the ame to acoustic akoih, which is responsible to
the saturation of the self-sustained oscillations to attegcle amplitude. One common
example is the Van-der-Pol oscillator: despite of its sigify, it conveniently models
the behaviour of various thermoacoustic instabilities laasibeen used in the literature
about gas turbine combustors, for instance, to model thple@ibetween two modes
[98], interactions of a mode and its harmonics [99], to perfgrowth rate identi cation
in presence of random turbulent noise [100], and to modelptexre ects such as the
bifurcation dodge in a combustor under fast transient dfpera [101]. Low order
models usually involve a small number of parameters andtesa Because they
ignore the speci c details of the geometries, they are nithble tools to do predictions
in real con gurations. Their major strength relies on thetfthat they are directly
derived from the rst principles, and because of their siitip}, they can be studied
analytically: this allows a direct understanding of soméhef physical mechanisms at
play. Low-order modelling is the main approach used in thests, in combination
with experiments and linearised Navier-Stokes approaabw-trder modelling was
also successfully applied to the study of thermoacoustinathal modes in of annular
chambers. In past studies, the acoustic eld was projected pair of degenerate
azimuthal acoustic modes, either orthogonal standing s\¢elg. [92, 35, 102, 103])
or counter-spinning modes [104]. The next section is a miefentation of the state
of the art in low-order studies on annular chambers.

1.5 Low order models of annular combustion chambers

The common starting point of most low-order models of azlmutnstabilities is the
3D wave equation with a thermoacoustic source term derifrimig the heat release
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orders< 2 >0;<%
@ o o 1c O o
201A--G2€ [ ICkIA-G cog< © [,“ICKIA-G sim< °- (1.4)
<=0

which is simply a Fourier decomposition along the azimutt@brdinate . The
spatial mode shapéstA-%" ' cosi< ©andk!A-G" " sini< °are modulated by the

temporal coe cients| 6<°1(‘3 and[ f"le. A common practice is to truncate the sum
to a single azimuthal order, assuming that only one modestabte and dominates the
contribution of the other modes (exceptin [103] where a tiogfpetween an azimuthal
and a longitudinal mode is considered):

20'A— —G2E[(CkIA-G cos= °, [11CKIA-G sim= %  (1.5)

In a perfectly rotationally symmetric chamber, or in anyroler invariant by rotation of
ce+2=(for instance, a chamber with an even number of burnerspfazanuthal mode of
order= = 1), the mode shape coe cientslA—‘lﬁ):0 andk 1A—Q§:° are exactly the same.
More generally, when the global volume of the chamber is gllgtaxisymmetric ane

is low, with only regularly spaced compact elements thadkthe continuous rotational
symmetry (e.g. the burners), it is expected that these comefEments do not in uence
strongly the acoustic mode shape: theref&®A-% = k 1A—Q§:° KIA-G.
Equation (1.5) can be rewritten as:

20'A— —GLE[(lCkIA-G cos= ° [11CkIA-G sint= %  (1.6)

We emphasise on the fact that this decomposition contamsrthogonal modes shapes
k1A-G" cos= °andk !:A-G sint= °, with respective oscillating amplitudgs'C
and[ 11C. One of these mode shapes can be obtained from the other lgtimnoof
c+2: otherwise, they are identical, and therefore they sih@redame acoustic frequency.
This speci city, calledmode degeneragis due to the rotational symmetry inherent to
the chamber. In comparison, in a 1D Rijke tube, a single-npwdgection would have
the following expression:

?201G-G [ 1Ck 11— (1.7)

where a single amplitude and a single mode shafeare su cient to describe the
acoustic pressure eld in space and time. The presence efagte modes in annular
combustors makes the derivation and the study of low ordetetsoslightly more
di cult than in the non-degenerate case. Low-order modelsrfon-degenerate modes
were already used in the research on thermoacoustic itiséatin rocket engines [21],
while the application of these models to degenerate mods paannular combustors
is more recent [92].

We now discuss on the simpli cation of the wave equation Y &3d the thermoa-
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coustic modelling. For a thin annular chamber, one can asdiat ? is almost
constant on an azimuthal section of the chamb&tA— —-G2C ?31 —€and the
problem becomes monodimensional. For more complex ge@sgtiis is not appro-
priate, but it is always possible to consider an averagedsiimopressure over each
azimuthal slice to remove the dependency in the transveseinatesAand! and to
obtain also a 1D problem (technical details are providedHercase of a cylindrical
chamber in chapter 6). The obtained 1D wave equation hastiergl expression:

m?g m7 L2 né&
] -1 o
= Yoo ! 7 =W 10 (1.8)

where?y and& are now only functions of andC The dampindJ'm 3* m€Carises
from the boundary terms when the operatdris averaged over the slices (details in
chapter 2): it accounts for the acoustic losses at the baoiesdd he heat release model
for & is of crucial importance. Since the acoustic pressure latioihs tend to push
back and forth on the air-fuel mixture arriving through théets, one possibility is to
assume tha# depends solely on the local acoustic pres2yeIn the limit of small
oscillations, the acoustic response of the ame is lineatidwW 1°& = V2. However,
this purely linear model leads to unbounded amplitude drowhile in real system,
nonlinear amplitude-dependent saturation e ects occapéhding on the system, the
saturation can be governed by the acoustics or by the amespaonse. In rocket
combustors, the thermoacoustic level are su ciently highenter in the domain of
nonlinear acoustics. In gas turbines, the saturation iergdlg governed by the ame's
response, whose gain decreases when the acoustic ampiitveleses. Thus, to include
the nonlinear saturation in the modes, the gdineeds to be amplitude-dependent:
W 1°& = V1j?0j°?¢ whereVtj?,j°is a monotonously decreasing function. Equation
(1.8) becomes:

?
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The condition for a linearly unstable systenti&?, = 0° WP O: thisis equivalent
to the introduction of a negative acoustic damping in theemaguation. Numerical
simulations and analytical studies showed that this kinchofiel has only two stable
attractors: either clockwise spinning modes or counteksldse spinning waves [92,
35]. Indeed, the current model assumes taloes not depend at all on the spatial
coordinate , but is rather a uniform ame response distribution arouma ¢thamber.
The following intuitive interpretation can be given: eadirg of the chamber is unstable
with the same growth rate, so that pressure oscillationgjoéleamplitude and equal
frequency are expected everywhere : this is why spinningasadise, and not standing
modes, because spinning modes are the only kind of azimotbdé that ensure that
each point of the chamber undergoes oscillations at the aampétude and frequency.
This has been formally proved by Ghirardbal [105]. It is possible to account for
the presence of asymmetries in the ame response by addipgtakdependency:
V= Wj?oj— °. Inthis case, there can be zones where the local thermaazgrmvth
rate is larger or smaller, and mixed modes will appear, awshio [35]: these modes

. (1.9)
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result from a linear combination of a standing mode and arspinmode (see gure
2.3 for a visual representation of the di erent types of azihal modes: spinning,
standing and mixed). The mixed modes have a preferentietttin, in which the
acoustic amplitude is larger: this is due to a locally highermoacoustic growth rate.
This is only an intuitive introductory explanation, and mdechnical details will be
given in the chapter 2. If the spatial variations\tdire larger than the di erencé U,
zones of negative growth rate can coexist with zones of ipegifrowth rate: this can
lead to the apparition of standing modes, for which the ndidak (de ned as the
positions where&y = 0) lock in the stable regions, while the self-sustainedllagicins
continue in the unstable regions. This supposes that théestagions are distributed
in a way that the nodal lines of the mode actually can lock #emeously in these
regions: this aspect will also be discussed in the next enagthe fuel ow rate is
governed by the axial velocity in the burners, which is lidkte the acoustic pressure
in the chamber: therefore, the assumption &atepends only of?y seem reasonable
in general. However, more sophisticated models have begroped to account also
for the e ect of the transverse acoustic velocity in the cls@m Although its e ect is
in general considered as negligible compared to the axiatirg, which directly acts
on the air and fuel mass ow, some studies [106] show that tliesgnce of azimuthal
acoustic velocity can signi cantly a ects the behaviourtbE ame, whose global heat
release oscillations will tend to decrease. From thesengslj [102] proposes a model
of heatrelease rate that depends both on the acoustic presglivelocity: the acoustic
pressure oscillation will tend to enhance the heat reledsle the transverse acoustic
velocity tends to decrease it. This model predicts thast@modes can appear when
the e ect of the velocity is su ciently important, becauseamding modes precisely
feature high velocities at the pressure nodes.

An other important factor on the ame's stability is the tinleg between the
pressure oscillation and the actual response of the amesrvthe acoustic pressure
oscillation induces uctuations of the air and fuel mixtutbere is a convective time
delay before these uctuations reach the ame front and ameverted into heat release
rate uctuations. As discussed before, the phase betweeadbustic pressure and the
heatrelease rate is crucial for the apparition of thermostiooscillations. Therefore, a
modi cation of the time delay can change the stability of #ystem. Such modi cation
can be implemented by design: shortening or lengtheningjaotor can suppress an
instability by setting an unfavourable phase between tbest@ pressure and the heat
release rate oscillations. But it can also happen fortgijola change in the operating
condition that changes the convective velocity or the asrlehgth will also a ect the
convective time delay, and potentially change the thermostic linear stability. It
has been shown that, for su ciently small time delays (tyalig, one or two acoustic
periods), the behaviour of a thermoacoustic low-order rheidb a time-delayed ame
response is equivalent to the behaviour of the same modbbutitdelay, but with
an “e ective growth rate' accounting for the additional gleadi erence between the
acoustic pressure and heat release rate oscillations@9jhe other hand, larger time
delays can give rise to more complex dynamics [107]. Moreaaded models can
include several time delays, continuous distribution ofetidelays [99] or amplitude-
dependent time delays [105].

The assumption tha¥*j?,j° is a monotonously decreasing functionj@gj can
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also be relaxed in certain cases. The phenomenon of triggeddr instance, happens
in systems that are linearly stablé/?, = 0° P Y 0) but that become unstable for a
certain non-zero acoustic amplitude for whidt ?25°  U° j 0. Thisis possible only if
VAj?0j° rstincreases with the amplitude, before decreasing agae@ause of saturation
of the ame's response. This kind of hon-monotonous amengaare also observed
in real combustors [108, 109, 110]. They lead to the coaxtstef a stable solution
?0 = 0 and an unstable limit cycle amplitude: when the systenaisist self-sustained
oscillations does not spontaneously arise and grow to & éiyaie, but a perturbation
of the system can trigger a jump towards the unstable andgljtieading to to a limit
cycle. This kind of system is said bistable, because it hastvexisting attractors. The
presence of turbulent combustion noise can be su cient tiuice the jumps between
the stable and unstable states [111]. Unlike the monotdyndasreasing gain model, a
non-monotonic gain can also induce the apparition of ststhleding modes, as shown
theoretically in [105] and experimentally con rmed in [1[12In the present thesis,
we will mainly use a simple monotonically decreasing gaiithweveral variations on
the model (presence of spatial asymmetries, time-delagibnse, e ect of azimuthal
mean ow, turbulent noise).

1.6 Scope of the thesis

The main goal of the present work is to propose new theotdtieaorder models
of azimuthal thermoacoustic instabilities in annular costion chambers, along with
with experiments, to improve our current theoretical coagnsion of the phenomena.
These models include the e ects of asymmetries, azimutrednmow, time delayed
ame response and turbulent combustion noise. The new ¢fieat conclusions of
the models are veri ed against measurements in a lab-secadalar combustor, and
a cylindrical aeroacoustic whistle. Low-order models &l make physical inter-
pretations of the observations and to compare the impastahthe roles played by
di erent factors on the modal dynamics. They successfuilgipret why, depending
on the conditions, we observe spinning modes, standing spadenbinations of both,
intermittent or periodic transitions between modes spigrin opposite directions...
The aim of low order models is not to predict instabilitiesaispeci ¢ con guration,
because they are too simpli ed to take into consideratiangpeci cities of a given
chamber: to make reliable stability limit cycle amplitudesgictions, one generally
turns towards network models or Helmholtz solvers tunedh wnatalistic ame trans-
fer functions or ame describing functions. But low order d&ds provide an instant
overview of the interaction and the competition betweeredent phenomena, with the
advantage of allowing analytical treatment, or low-cogsnheuical simulations that can
quickly explore a large range of di erent behaviours.

Chapter 2 sets the basis of the tools that will be used in tkeaapters: From
the rst principles, a general equation is derived for admugressure oscillations in
presence of low-Mach mean ow, thermoacoustic and aerost@msound sources. A
1D wave equation is derived from it by considering an ideaithin annular chamber.
A linearly unstable ame response withf%3order saturation is used to model the
thermoacoustic source term, while the aeroacoustic sdergeis not considered. The
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model is combined with the recent quaternion projectionafimuthal modes [113].
A new slow- ow averaging procedure is presented for quarisignals, leading to
equations only for the slow envelope of the instability. Hhedy of these equations
provides purely theoretical results about the e ects ofititeoduction of time delay,
stochastic turbulent noise, asymmetries and swirl on théemo

In chapter 3, the model is confronted to experiments: agouostasurements are
taken on a thermoacoustically unstable combustor, for gerafndi erent equivalence
ratios. The experiments show a transition from stabilityaw-amplitude standing
modes, then a second transition from standing to mixed madksntermittent rever-
sals of the spinning direction, and nally, to high-amptiispinning modes constantly
travelling in the same direction. The model explains thisds@our with the introduction
of small asymmetries of the ame response's distributiod atochastic combustion
noise.

Chapter 4 also builds on the foundations of chapter 2, bus aldew kind of
asymmetry that was not accounted for in previous chapteissthle reactive asymmetry,
that can have di erent origins such as geometrical asymiesgtinhomogeneities of
the mean temperature eld or spatial variation of the amepense delay. This type
of asymmetry is responsible of a beating phenomenon, intwtiie thermoacoustic
mode never reaches a stable limit cycle, but undergoesgierieversals of its spinning
direction. An other phenomenon is explained: the prefer@fthe aeroacoustic wave
for a speci ¢ spinning direction in absence of azimuthal meaw. The theoretical
conclusions are supported by experiments performed orathe sxperimental test rig
as in chapter 3.

In chapters 5 and 6, new experiments were conducted on addgiéth chamber
subject to an azimuthal aeroacoustic instability. The ole=kmodal dynamics are
qualitatively very similar to the observations done in tlomtext of thermoacoustics.
Experiments allow to identify some of the mechanisms of thi@acoustic wave and
its e ect on the mean ow. Chapter 5 demonstrates that a spmmeroacoustic
wave can induce a swirling ow. Chapter 6 shows that the preseof swirl also has
a strong in uence on the aeroacoustic modal dynamics anltidwin the equation
derived in chapter 2 with an aeroacoustic source term tarohtéow-order model of
the instability. Because the con guration is cylindricatimer than annular, a di erent
approachis adopted to obtain the 1D wave equation. The naeyjmented to include
the e ect of swirl that breaks the symmetry between countésting modes, and the
e ect of the modes on the mean ow. If some of the features @f sgstem are already
explainable with the models derived in the previous chapthis interaction between
the swirl and the modes is a wholly new aspect of the study.
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Chapter 2

Symmetry breaking of
azimuthal waves: Slow- ow
dynamics on the Bloch Sphere
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Abstract

Depending on the re ectional and rotational symmetries wfiidar combustors for
aeroengines and gas turbines, self-sustained azimu#grahttacoustic eigenmodes can
be standing, spinning or mix of these two types of waves. &tliesrmoacoustic limit
cycles are unwanted because the resulting intense acoeisticinduce high-cycle
fatigue of the combustor components. This chapter presenésv theoretical frame-
work for describing, in an idealized annular combustor,dheamics of the slow- ow
variables, which de ne the state of an eigenmode, i.e. ifléter is standing, spinning
or mixed. The acoustic pressure is expressed as a hypereorajul and this ansatz is
inserted into a one dimensional wave equation that desctiteethermoacoustics of a
thin annulus. Slow- ow averaging of this wave equation isfpemed by adapting the
classic Krylov-Bogoliubov method to the quaternion eldander to derive a system
of coupled rst order di erential equations for the four sleow variables, i.e. the
amplitude, the nature angle, the preferential directioth e temporal phase of the
azimuthal thermoacoustic mode. The state of the mode canregiently depicted
by using the rst three slow- ow variables as spherical coimates for a Bloch sphere
representation. Stochastic forcing from the turbulencarinular combustors is also
accounted for. This new analytical model describes bothtimtal and re ectional
explicit symmetry breaking bifurcations induced by the fumiform distribution of
thermoacoustic sources along the annulus circumfererttiyatie presence of a mean
swirl.
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2.1 Introduction

A fascinating aspect of thermoacoustic instabilities indar combustion chambers is
that they display pairs of azimuthal eigenmodes that yi@dding or spinning ther-
moacoustic waves depending on the system symmetries. Tagsumsnents of Krebs
et al. [26] and Noirayet al. [58] on large gas turbines for power generation featuring
annular combustors show the existence of spinning wavgsgeding at the speed of
sound in the azimuthal direction, standing modes with xedlowly varying nodal
line direction, and mixed modes resulting from the combaradf spinning and stand-
ing waves. However, the root causes of these observatiensatrfully understood,
although thermoacoustics of annular combustors has beeeveral years the topic of
intense research [114].

In addition to the data from practical gas turbine combsstoumerical and experi-
mental studies in academia shed light on the nonlinear digsashazimuthal thermoa-
coustic eigenmodes and can be used to put the theoretidalgedf the present chapter
into perspective. Regarding numerical simulations, Veéblal. [70] performed com-
pressible reactive Large Eddy Simulations (LES) of a whaoleudar helicopter-engine
combustor. In this numerical work, the observed azimuthadens rst standing, then
mixed, and then standing again, and the angular positioheo$tanding modes drifts
at the azimuthal velocity of the mean ow. Nevertheless,gtmeulated physical time is
not long enough to draw conclusions about the predominahsgioning or standing
modes. Regarding experiments, one can for instance reflee toork performed using
academic annular combustors at atmospheric pressure t® etequivalence ratio
[115], presence of ba es [68], turbulent blu -body ames whout swirl [60], with
laminar ames [116, 55] and at elevated pressure [49, 117].

The present work falls in the category of low-order modellapproaches, where the
annular combustor is approximated by a one dimensional {dYgeguide. In previ-
ous studies using this 1D simpli ed description, the acmugtid has been projected
onto orthogonal basis formed by pairs of degenerate stgndimdes [92, 58, 35] or
spinning modes [104], which we now brie y explain. Regamglithe former mod-
elling strategy, Noirayet al. [58, 35] proposed a nonlinear theoretical model of the
spinning/standing/mixed mode dynamics by projecting trienathal thermoacoustic
eigenmodes on orthogonal standing waves. This projecsieruncated to keep only
one degenerate pair of azimuthal standing modes of ampbtucand sharing the
same wave number, which gives a compact description of thaahdynamics when
there is one dominant azimuthal thermoacoustic mode ingheastor. This ansatz for

1Brand, A., Allen, L., Altman, M., Hlava, M. and Scott, J. ‘Bmd authorship:attribution, contribution,
collaboration and credit." InLearned Publishin@8.2 (2015), pp.151-155



the acoustic eld is injected in a wave equation with nonéinthermoacoustic feedback.
The wave equation is averaged in space and time to get stogvdystem of rst order
di erential equations for the amplitudesand and phase di erencg of the two stand-
ing modes used for projecting the acoustic eld. With a sienplbic nonlinearity to
describe the ame response, it is shown that su ciently stgesspatial non-uniformities
in the thermoacoustic coupling along the circumferench@finnular combustor yields
standing modes, whereas a perfectly symmetric con gundéads to spinning modes.
In[92, 35], these theoretical ndings are con rmed by timdemain simulations thanks
to a reduced-order network model of the thermoacoustiesyshcluding experimen-
tally measured ame transfer functions and three-dimamsi¢3D) azimuthal modes
computed with a nite-element Helmholtz solver. Humne¢hl. [118, 104] proposed
to use a di erent 1D nonlinear formalism where the azimutimalde is described as
the sum of counterclockwise and a clockwise-spinning waResforming spatial av-
eraging and time averaging of the wave equation, they alsclade that limit cycle
spinning modes are stable for uniformly distributed theanmustic feedback, while
standing modes are unstable.

Previous 1D studies from Ghirar@oal. [119, 105] use a general formulation with ame
describing function for both static and dynamic nonlingasi They show that static
nonlinearities associated with non-monotonic descrilfingction gains can explain
the occurrence of stable standing modes in perfectly symeratnular combustors.
Another study from Ghirardet al. [102] shows that a heat release model depending
on both the axial and azimuthal acoustic velocities is agroplossible explanation for
stable standing modes in rotationally symmetric chambénsthat regard, one can
also refer to the interesting experimental studies dealiitly the response of ames to
transverse acoustic forcing [106, 120, 121, 122, 123].

Most of the theoretical ndings from 1D models that are basedprojection of the
acoustic eld onto pairs of orthogonal standing or spinningdes have not yet been
validated with well-controlled experiments and these twadelling approaches have
shortcomings. First, the nature of the acoustic osciltetia the annular chamber (spin-
ning, standing or mixed) is not a phase space variable butigedequantity. Second,
the phase space is ill-posed for both approaches, becaesetivdnamplitude of one of
the modes vanishes, the phase di erence between these hedases undetermined.
These two shortcomings have been raised by Ghirardo andgBdtiil3] who proposed
an alternative quaternion-based projection of the acowdtl, which results in a well-
posed phase space. We show in the present chapter that dior@aldimitation of
the aforementioned projections is overcome by using théeguign ansatz from [113].
Indeed, it allows to descrid®mththe re ectional symmetry breaking when a mean ow
exists in the annulus and the rotational symmetry breakihgnathe thermoacoustic
sources are not uniformly distributed along the annulus.

In this context, the present work aims at i) describing thelinear stochastic dynam-
ics of azimuthal thermoacoustic modes in a simpli ed annelaamber with a new
theoretical model, in order to address shortcomings of thdets available in the liter-
ature, and ii) explaining the di erent types of symmetry &keng bifurcation that are
observed in these systems with this uni ed framework. Qartstg point is the quater-
nion formalism introduced in [113] to represent azimuthales. In section 2.2, we
derive an azimuthal wave equation for the acoustic presscdieding mean ow e ects



and thermoacoustic sources. In section 2.3, we brie y ihtice some properties of
the quaternion algebra and the quaternion representdtitie @acoustic pressure eld
in a thin annular combustor. In section 2.4, the quaternawmélism is introduced
into the wave equation which is spatially and temporallyraged in order to obtain a
dynamical system for the slow- ow variables. The attrastof the symmetric system
are discussed in section 2.5. Sections 2.6 to 2.9 resplyddieal with situations where
the nonlinear ame response is delayed, where turbulestrigris present, and where
the symmetry of the thermoacoustic system is broken by aumifiorm distribution of
the thermoacoustic feedback from the ames around the aisrahd by the presence
of a mean swirl.

2.2 Thermoacoustic wave equation in thin annulus with
mean swirl

2.2.1 1D thermoacoustic wave equation

In this part, we present a model for thermoacoustic instaslin an idealized annular
combustor. The combustion chamber is modelled as a thinlasipfimean radiuR,

of thicknessXR, with R XR, and of lengthL . The geometry considered for the
annular chamber is given in Fig. 2.1. The response of the @nmeodelled with a 1D
distribution of heat release ra#& C—°, with Ghe time, and the azimuthal coordinate.
The chamber features a uniformmean ow=* e | +eg, corresponding to a simple
swirling motion:* and+ are respectively the azimuthal and axial components o f the
mean ow. The Mach number of this mean ow is low, which allows to neglect
quadratic terms in the Mach number. The temperature and@ngradients are not
considered, as well as the entropy uctuations and unsteadgluction phenomena.
With these assumptions, the thermoacoustic wave equatidhé linearised pressure
perturbation®%x — €is:

0. W 1 m& * &
“nT T mC> R m

(2.1)

wherex is the position vector? the speed of soundythe heat capacities ratié®
refers to the linearised perturbations of the heat relesse and

u 1 u r 22
22 mt&’ mC
the convected wave operator. The details of the derivafittm®equation are provided
in the appendix 2.A. The strong simpli cations leading to. £8.1) prevent any quanti-
tative modeling of the thermoacoustic stability in a preaitcon guration. However, as
explained in the introduction, our aim is not to establishaled for quantitative predic-
tion of the thermoacoustic dynamics in a real con guratiou,to derive a model which
governs the thermoacoustic dynamics inidealizedannular chamber with uniform
temperature distribution and without vorticity and entralsturbances.



Figure 2.1: Simpli ed geometry of a thin annular combustér.is a poloidal cross-
section on which the wave equation is averaged.

In order to obtain a 1D equation f®° Eq. (2.1) is averaged over a poloidal
cross sectiof = L XR. The averaging operator is denotledk . For instance, the
acoustic pressureg! —€associated to pure azimuthal thermoacoustic modes can be
approximated by

YLt R xRe2 !
1 ; 1
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This averaging is performed on eq. (2.1). Focusing rst om lgft-hand-side of this
equation, one can write

1nf?2g _* m?
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The last term can be rewritten as:
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wherer %_ds the 2D Laplace operator in the slite The divergence theorem gives:
1 1

1 rza_g%sf =

7 rA_c?O n 3; (2.5)
f ;

where; is the contour of andn is the outwards normal. Considering the specic
acoustic impedande; 1x —1° of the annulus boundary, with = 2¢c 5 being the angular
frequency, the local boundary condition for the acoustéspure is

ra-@ n= %?‘o— (2.6)
1
where?y is the acoustic pressure in the frequency domain. The boymtddimiting
annular combustion chambers comprise the outlets of thedosirthe hard walls of
the inner and outer liners and the high-Mach turbine inldte Tatter two exhibit very
high resistance and negligible reactance, and the impedzfrtbe burners de nes the
acoustic coupling between the chamber and the compresdletqolenum [124]. In this



work, we present an analytical model for the dynamics of paieuthal thermoacoustic
modes in combustion chambers, and we focus on situationswieacoustic coupling
with the plenum can be neglected. We thus neglect the rezetand consider a purely
resistive speci ¢ impedance, i.¢.1 2 R, at the annulus boundary. Consequently, eq.
(2.6) can be rewritten in the time domain as

1 m?7
ra-i2Zo N = ——- 2.7
A-1?0 7.2 mC (2.7)
We assume that the integrated acoustic losses at the arbolnsiary can be mod-
elled by a simple term involving an e ective, uniform pos#ispeci c resistance, i.e.
[ 1*x—=1°=/4 i 0, and we obtain from (2.5) and (2.7)
1

1 r%_c?ogf Umd_

F 2 mC (2.8)

with the linear damping coe cient) = ;2¢1f/ 4°which sets the acoustic energy losses
at the annulus boundaries. In the last term of eq. (2L4% can be replaced by
1-R? and factorized out of the integral because the thicknesseothamber is small
compared to the radilR. Equation (2.4) becomes:
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(2.9)
and the spatial averaging applied to eq. (2.1) gives thevidtlg 1D convected wave
equation with damping and unsteady heat release rate source
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2.2.2 Thermoacoustic feedback

In the previous section, we averaged the left-hand-sidg.of21) over a poloidal cross
sectionf of the annular combustion chamber. Now, we focus on the girggaand
the modelling of the right-hand-side, which contains thathielease rate source term.
Thermoacoustic instabilities result from the two-way daup between the acoustic
eld and the ames. One of the many coupling mechanisms iolsws: in the case of
an acoustically-sti fuel injection, an acoustically-maldted air mass ow through the
burner will induce equivalence ratio modulations. Thediattre convected toward the
ame front, reach it after a convective delay and induce helgiase rate oscillatiogg.
Depending on the delay, these oscillations, which constiwsource term of the wave
equation, destructively or constructively interact whie ticoustic eld which produced
them. In the following paragraph, we will use a minimal motbeaccount for the heat
release rate respon&® to the acoustic eld?y. Considering the 1D convected wave



equation in frequency domain
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we would like to express the unsteady heat release as aduaraftthe acoustic pressure
?0. Before elaborating further on this model, it is importamtrhention that, for
gas turbine applications, although the acoustic pres8giis directly involved in the
Rayleigh criterion given in eq. (1.1), its in uence on thealheelease rate oscillations
from the ames isindirect Indeed, turbulent propagating ames are signi cantly
a ected by uctuations of the reactants velocity eld and atuations of the local
equivalence ratio, but very weakly by the acoustic pressutensidering that the
former perturbations are caused By at the burners via their impedand@ /!l ° =
PoXpu— 12Dy X p—1°, one can nonetheless express the coherent heat-reléase-ra
as function of?y. Usually, this transfer function varies smoothly with thegalar
frequency and it can be approximated by a complex constartafrequency range
that spans the width of the thermoacoustic mode peak:
D E
1w 10 & =TV, 8- (2.12)

with 1V—R 2 R2. In the time domain, it givesW 1°h%; = V% , L hel °memC
Since the time derivative d8% ; acts as a source term in the wave equation, the term
V7 will act as a linear damping term, which will make the systeorerstable ifV YO
and less stable, if not linearly unstableVif; 0. The second term a ects the oscillation
frequency. In gas turbine combustors, it usually resulesstight shift of the frequency
ofthe thermoacoustic eigenmode from the one of the correfipg acoustic eigenmode
the latter being a solution of the homogeneous problem @ased with eq. (2.11).
For the sake of simplicity, this term is omitted in the prasaodel and we just write
that!w 1°h9%; = V2. This model leads to unphysical unbounded acoustic pressur
levels when the system is thermoacoustically unstableasriigrbine combustors, when
the acoustic levelrises, the ame response to acoustiogstions is the main nonlinear
elementin the thermoacoustic feedback loop, while acopstipagation remains mostly
linear. The response at the fundamental frequency sasnatth a redistribution of
the energy to the higher order harmonics in the power sfeatdreity of the spatially-
integrated heat release rate. This di ers from thermoatiousstabilities in rocket
motors where nonlinear acoustics governs the limit cyclplande [125]. A minimal
model to account for saturation of the ame response in thse cd supercritical Hopf
bifurcations [35, 58, 100] consists in adding'd @rder term to the relationship linking
h@qf and ?0:

W 1°h% =V A3 (2.13)

In this expressiony and” can be chosen constant in space in the case of a uniform



azimuthal distribution of heat release rate, or, as it isedion[35], they can depend
on to account for asymmetries that are usually present in @abcistors. In this
study,” is assumed constant in the volume in order to simplify thévdé&ons, andvis
expressed as a Fourier series with real coe cients:

(& )
VL o=\p 1,  2cosx!? <Y, (2.14)
<=1

The angles < are chosen so that all i are positive.

The simple cubic nonlinearity used in the expression (2i43)ot meant to give a
predictive description of the ame response: The thermaoato bifurcation diagram
is de ned by the details of the nonlinear component of the eamaesponse to acoustic
perturbations in a given combustor. Nevertheless, for amehibiting any sigmoid-
type nonlinear response to acoustic perturbations, theldgg of stochastic super-
critical Hopf bifurcations will not di er from the one obtaed with a simple cubic
nonlinearity, at least in the vicinity of the bifurcationipb(see for instance Figs. 2, 4
and 8in [126], where the cubic nonlinearity is compared tam@@tangent nonlinearity).
In the case of sub-critical Hopf bifurcations, the topolagythe bifurcation diagram
is changed (see Figs. 9 and 11 in [126]) and can only be desthip using a more
complex ame describing functions [105]. Additionally, gpession (2.13) cannot be
used to represent dynamic nonlinearities involving an &oge-dependent delay of the
ame response to acoustic perturbation, unlike the genarak describing function
considered in [105]. From now on, the subsctipg will be omitted and? approximates
the acoustic pressure of azimuthal eigenmodes at a givetustzal position. One nally
obtains the 1D thermoacoustic wave equation in thin annuitsmean swirl:
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2.3 Quaternion-based acoustic eld projection

The wave equation (2.15) involves several di erent timeasaA time scale associated
to acoustic oscillation, a time scale associated to thertbacoustic growth rate, and
a time scale associated to convective phenomena due to ¢ésenme of the mean
azimuthal ow. In practical applications, the latter twceaslow compared to the rst
one. The acoustic time scale will be referred tdess time scaleand the other two, as
slow time scalesin the remainder of the chapter, approximate solutiongjof(2.15)
will be derived using time-scale separation in order to dbscthe thermoacoustic
instability on the slow time scales only. To that end, a quats-based acoustic pressure
will be used in order to unambiguously describe the statemfiathal eigenmodes in
presence of spatial asymmetries of the thermoacoustib&eidas well as in presence
of a mean swirling ow. This quaternion-based projectiontieé acoustic eld has



recently been proposed in [113]. It can be linked to the cphoéanalytical signal
GC = 1Cexp&IC , i 1C°°for monovariate signal&C oscillating at pulsation ,
with  1C representing the real-valued instantaneous amplitudeeobscillation, and

i 1C the real valued phase drift. The oscillations being quasi¥tonic, *C andi :C
have to be slow compared to the oscillation frequency: Timigdses the conditions
ic | and® | . andi constitute thecomplex embeddingf the signal and
they describe its evolution on time scales that are larggpaved to an acoustic period.
When the evolution 0o6Gis governed by a second order nonlinear oscillator equation
the method of Krylov-Bogoliubov [127] allows to separate #iow scales from the fast
oscillations and to obtain rst order di erential equatisfor andi . The concept of
quaternion embeddingas introduced in [128] and further developed in [129] ineard
to represent a bivariate (or complex valued) signal in alainway. The quaternion
embedding can be seen as an equivalent of the analyticall$@ra bivariate signal.
In the case of almost harmonic perturbations, the quatesmabedding will be de ned
by a slow amplitude , a slow phase drift and two additional slow variablgsand\
characterizing the spatial dynamigs:will a ect the ellipticity of the oscillations and
\, their direction. Ghirardo and Bothien showed in [113] thé quaternion formalism
is perfectly suited to represent azimuthal waves in anragdarbustion chambers. They
emphasize on the fact that this representation overcomnegsrdblem of ill-posedness
of the phase in previously adopted projections on standiode®s e.g. [92, 58] or on
counter-rotating modes [104]. In the quaternion repregamt, it is always possible
to properly de ne a temporal phase, making this represemtatery suited to model
wave propagation phenomena in annular or cylindrical efesm@nd we will show that
another advantage of the quaternion embedding is that itapboth rotational and
re ectional symmetry breaking bifurcations.

2.3.1 Basic properties of the quaternions

This section presents very succinctly some propertiesefjttaternion algebra, which
will be referred to asl. This non-commutative algebra features 3 imaginary @is
,sucha®® = ¢ =:2=89:= 1. Itfollowsthat89=:, 9: =8 :8= 9and that, for
instance98= :. Every quaternion can be written uniquely in its cartes@amf

8 2H 9:0-1-2°2R* =0, 18 29, 3:- (2.16)

with O the real part of the quaternionwhich will be noted<® °. The89: -imaginary
parts1, 2 and 3 are respectively designed agt °=¢' °=.1 ° The modulus is
de ned as:

P
810-1-2°2R* j0, 18 29 3:j= 02, 12, 22 32 (2.17)

A unitary quaternion is a quaternion of modulus 1. The puragimary units8 9 : are
unitary quaternions. The quaternion conjugate (g.c.) is:

810-1-2°22R* 10, 18 29 3:° =0 18 29 3:e (2.18)



So we have:

8 2H <! 0:%1 , O (2.19)
An other useful property is:
81G-H2 H> 1GH =1HGPO. (2.20)

We also see that the sub-algebRas®R, R, R, R, : Rare commutative. For a2 R
and” 2 f8- 9-g,,we have the following Euler decomposition:

4C =cod@ ,  sin@- (2.21)
which is a unitary quaternion. Any quaternioran be written in its exponential form:
= 4840 4% (2.22)

with 2 R the modulus and\—-j—o® 2% c—G4 » c*4-c4Y% Y c—c/ihe phase
triplet of (see [129]).

2.3.2 Hypercomplex acoustic eld
A quaternion-domain pressure el#@is associated to the real-valued pressure eld as

>
?=<t @ = (2.23)

Due to the axisymmetric character of the geometry consitieréhis chapter?1C—°
andC-° are2c-periodic in

For a2c-periodic function5t ©: R 7! H, a quaternion Fourier series can be expressed
by writing the Fourier series of each of the quaternion congmds. It can be shown
that

5. 5=5%, 4% _
==1

S48 - (2.24)
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wheret -°-,y are quaternion coe cients. Using this result and (2.23}, —€can
be expanded as a sum of azimuthal modes:
@ - -

1487 1@ [1048 o (2.25)
==1

7t -€=[o'C,

NI =

This work focuses on situations where the acoustic eld iggned by the" azimuthal

eigenmode. It does not include situations where severahaigdes nonlinearly in-
teract, such as the intriguing synchronization phenomenewiving azimuthal and
longitudinal thermoacoustic modes [103]. One can theesfontinue with the follow-



ing approximation:
1 - - _
7 -€ 4 =, [Le4®o=< 48 [1@ . (2.26)

Without loss of generality, the hypercomplex time sighalcan be written with the
quaternion exponential form initially proposed by BilowdaBommer [130] and later
modi ed by Flamantet al. [129]:

[1C= 104104 1 1C49¢C (2.27)

In the present work, it is assumed that the sources distoibiglong the annulus
induces only weak damping or ampli cation of the acoustiergy. Consequently,-
exhibits quasi-sinusoidal oscillations at a pulsation th@lose to the eigenfrequency

| - =2c2_- ==2"' of the associated homogeneous Helmholtz equation with zero
mean swirl, and we can write it in the form:

[=1C= 1471104 1 1Cy9 =Gres, (2.28)

In that expression, , \, j, i are real valued functions whose time variations are slow
compared to the fast oscillations at pulsation with —\-j-q° 2 R ¥4 c— &
» c*4—c4Y, Ya c— & The exponential notation for the hypercomplex pressuttais

M €= 1C4EFVIC °g ] i -G, (2.29)

2.3.3 Physical meaning of the slow variables

Using the slow- ow variables , \, j, i is particularly convenient for di erentiating
standing, clockwise and counterclockwise spinning modes time scales that are
long compared to the acoustic period. The convention usetlii¢he same as the one
presented in [113]:

Thenature anglg characterizesthe dynamic nature of the mode: it de nes héréhe
mode is standing ( = 0) or spinning at the speed of sound in the clockwise= c+4°

or counterclockwis&j = ce4)direction. Intermediate values pfcorrespond to mixed
modes, which can be written as the sum of a spinning and aistantbde. j ;| 0
means that the spinning component spins counterclockwyide, 0 means it spins
clockwise.

The angla is thepreferential directiorbecause itindicates where the acoustic amplitude
is the largest. For a standing modlés the anti-nodal direction of the acoustic pressure
oscillations. For mixed modes,is the direction of the standing component. For pure
spinning modes, there is no preferential direction \aadts as a temporal phase angle.
When\ vary in time, the preferential direction of the mode driftsvdy. This has

to be distinguished from the phenomenon of spinning wavethéncase of standing
modes with a slowly drifting preferential direction, the des do not propagate in the
azimuthal direction and the rotation velocity is small cared to the speed of sound.
As discussed in [113], the range Yofcould be limited to»0— o> instead ofYa c— &4
becausé and\ , ¢ mod X represent exactly the same state. However, the rdhge
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is not chosen since it leads to potentially misleading plas@s in\ time traces.

The angla is the slowly varyingemporal phasef the wave. A slow linear drift of
with time can be interpreted as a small frequency shift.

Finally, gives the amplitude of the acoustic pressure oscillatidnghe case of a
standing mode, is the amplitude of? in the anti-ngdal direction. For a pure spinning
mode, the amplitude of the Riemann invariant is 2. To illustrate this quaternion-
based modal projection, one considers the real part of e§9)2which provides the
expression for the real pressure:

?1 —€= cog=t \%cogj°codl -C i®°
sint=t  \%sjntj °sintl -C i° (2.30)

From this expression, it becomes clear that a pure standawg ¢ obtained when

j 1@ =\1C = 0. If the slow variablé varies over time, the nodal lines of the mode
correspondingly slowly drifts, but the oscillation nevegless falls in the standing wave
category { = 0) as opposed to the pure spinning modesH c+4) for which the
nodal lines spin at the speed of sound. Equation (2.30) caevirétten as a sum of two
waves spinning respectively counterclockwise and closkwi

?1 —€= cco» =t \° | _C i%
cos=t \° | _C i¥% (2.31)

B

where the counterclockwise mode amplitudeand the clockwise mode amplitude
are de ned as:

__cogj°, sintj° _cogj° sintj°

and 2.32
5 > (2.32)
For a pure counterclockwise spinning mode= c<4), is zero, while for a pure
clockwise modej( = ce4), - iszero. Inthese cases, slow time variation$ ahd

i resultin slow changes of the instantaneous frequency.

2.3.4 Representation on the Bloch sphere

As brightly proposed by Ghirardo and Bothien [113], an appiate way to represent
graphically the state of an azimuthal mode and the trajexgaf its slow evolution
in time is the Bloch sphere, with the following spherical cdinatesf —=\-2j g. As
shown in Fig. 2.2, for constant amplitude A, the three-vette =\-2j g points on a
sphere whose equator corresponds to pure standing modéiseatvab poles, to pure
spinning modes, for which the preferential anglss not meaningless since it acts as
a temporal phase. This spherical coordinate system invtliviee the nature angle
because it is convenient to represent spinning mgdes ce+4 at the poles. Another
speci city of the chosen representation is that =\-2j gandf —=\ , ¢c—=2j gindicate
the same state. Itis also important to mention that thisasgntation of the azimuthal
mode state is incomplete in the sense that it does not pravidenation about slow
variation of the temporal phase. Examples of states for theazimuthal eigenmode
are given in Fig. (2.3).

11



Figure 2.2: Representation of the mode state on the BlockrephThe markers
correspond to the 3 cases displayed on Fig. 2.3

phase

(a) standing mode (b) spinning mode (c) mixed mode

Figure 2.3: Representation of the acoustic pressure inlthmber for three di erent
states of the A%azimuthal mode (n=1), each of them being described by a paitie
Bloch sphere: (2.3a) standing mode wjth= 0 and\ = c+6; (2.3b) counterclockwise
spinning mode withj = c<4; (2.3c) counterclockwise mixed mode with= c<6 and
\ =ce6.

2.4 Derivation of the slow- ow equations

In this section, the quaternion formalism of section 232is inserted into the wave
equation with thermoacoustic feedback. The objective efdction is to propose a
method for obtaining equations that describe the dynantistow time scales. The
proposed method can be seen as an adaption of the KrylovliBbge method for
bivariate signals: It provides a system of rst order di &l equations for the four
variables — j—\—i , describing the quaternion embedding on the slow time scale
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begin the derivation with the thermoacoustic wave equathh5), into which we
replace? with the quaternion exponential notation (2.26) introdlige the previous
part, and where the subscript- of [ - has been dropped:

4% M 1U 8" %@, | 2]
M plU, 82" ° |2 4%

B

3N - = 2
= wo Z 48 4-8%
4 [ (2.33)
4% o 8" [V, puo 8" [ v4
n _ (o] _ _
. L& 48 [ 4% .
= m
In this equation, the eigenfrequenty: = =2R and the azimuthal Mach number

" =* e2have been introduced. The former corresponds to the waybler the=-th
pure azimuthal mode of a thin annulus of radRisThe latter is positive when the swirl
is counterclockwise and negative if the swirl is clockwise.

The equation (2.33) can also be rewritten

4% M 1U 8" %@ |2[ . qc.
= WV o 3/\48: c2 48 3o 8" _[Y% g.C
= I [ s q . { :[ 4’q. . (234)

"l —mV¥ ©° _
— 4 ¥ .C.
- [.ac

B

2.4.1 Spatial averaging

Toremove the dependency inwe use the following averaging operator in the azimuthal

direction:

1
1 2c

hi == 48= 103 2.35
b =%, (2.35)

We also introduce the following projectidhfrom H to C:
810-1-222R* C10, 18 29, 3:° 0, 18- (2.36)

which will be a convenient notation for the following step8hen azimuthal averaging
is applied to the left hand side (LHS) of the thermoacousticion (2.33), we obtafn

HHSi = C P 1U 82" O, | 2[ (2.37)
2For all functions :R!' Hwth 1 = 01C, 81C, 92C , :31C, we have
11e2¢° 02° 48= 48 3 = 29 3:. Thentt 8= | 48| = 29 3:=0,18=C?°,
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The azimuthally averaged LHS does not h&ienaginary and -imaginary parts, and
we used the fact th&@ commute with the time derivative.

To apply the spatial averaging operator to the linear pathefthermoacoustic term,
we use the Fourier series Bt ° given in eq. (2.14) and we show that only the terms
of order 0 and2= have a non-zero contribution, which is in agreement withstiuely

of Noiray, Bothien and Schuermans [35]. We have:

D E 25
V48 [ gc. =\ CYe . 7‘428: = Cle (2.38)
and
D E 25
"l vt o 84% [ qgc. ="l -\W8 Ct[°, 7‘428: = Ccyo
(2.39)
and
" _ o
A =mV¥° e [,gc = "l -V82-4%2=Cyo. (2.40)

= m

Since the azimuthal origin can be chosen arbitrarily, weitseb that ,- = 0 to
simplify the expressions. The locations 0 modice=° corresponds therefore to
the angles where the Fourier component of ofeof Vreaches its maximum. This
choice is practical for theoretical considerations, but oo the description of real
experimental measurements, in which the distributiol & likely to vary depending
on the operating conditions. Therefore, the nal equatigiven in the technical note
2.B include explicitly the parameter,- The averaged terms (2.38), (2.39), (2.40)
terms also have zer® and: -imaginary parts. The nonlinear terms coming from the
saturation model are:

7AN

- 2 i}
NL == 4 81, qc. 4% "l 2488, gc. - (2.41)

Replacing with:

[ - 1@482\1(.‘?4 A 1(.‘?49” =Gi1@ee (242)
and[ebeing written as its quaternion Cartesian decomposition:

[¢=01C8, 11C8, 21C9, 31C: (2.43)

we show that the volume averaging of the nonlinear termssgare expression with
zero 9 and: - imaginary parts and depending only @n , j,\, i and the two rst
parts of[g 0:C and1'C. The global expression of the spatially averaged terms has
been obtained with a computer algebra software is too lorgeteeproduced in this
thesis. The averaged nonlinear terms will be nofgd — j—\—i— C1[®°. We de ne
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b1C = C1 1C° 2 C and we write the azimuthally averaged equation:

¥ 1tu Vel 28" :l?hl b i

=\ 2—225’ 8"l = b, Z—SZb L - \-i-B (2.44)
We remind that the system is governed by one fast time schlhavacteristic time
1.l -, and two slow time scales, one associated to the growth fateeomoacoustic
instabilities, with a characteristic tinfe' \; W° and one associated to the convective
phenomena due to the azimuthal mean ow, whose charadtatiise is1e1"l -°. In
Eq. (2.44), the term&and| 2b are both of the same order of magnitutieZ and are
the dominantterms. The order of magnitude of the tefths\p°Fand28"1 -Bare re-
spectivelyl =1\p Wand "l 2. Intheright-handside, the ter®"l -binvolves
a product of\p and"l - is of the order of\g"| . In the next steps of the deriva-
tion we will remove the second orderter@s™ 21 2 ;1\ W2 ;1\ " -
Under these conditions, keeping the tedniVgp"| °can be justi ed only in the case
whereVp W U, which means that the dampikupf the chamber is large compared
to the global growth rat&®, U of the instability.

noun i

2.4.2 Slow- ow averaging

The time derivative ob writes:
F=Ciy® = C g 8=\g 491 =Gi°

8:\;18:\4 ] 491| :Qi ©°
jmsz\:4 ] 491| :Qio

5

LU o, pogB\g il 491 -Ci%g. (2.45)

In this expression, the factor df - is large compared to the termsf ¥ jo io
since the acoustic oscillations are fast compared to thve wwiables evolution. In a
way similar to the Krylov-Bogoliubov method [12#Fwill be sought under the form:

B=C | 4541 4% -Ci°g., (2.46)
This imposes the following condition:
0=C @841 491 CI"
8=\@8=\4 1 491 =G1°
o1 87\: 4 0 g%l -Gie
i 8=\ 1 491 =Gi"g. (2.47)

B
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The second derivative is then obtained by di erentiatingl®:

BF=cC 7 -447 4% :C1"9
| -8¥B=\q 11 4%1=Ci%9
| -1 84 1 491 =Gi%9
| 21l =, pog87\4 0 491 -Gi°, (2.48)

5

B

Using Eq. (2.46) implies that the expressi¥does not involve the second derivatives
of the slow variables ¥ ¥ ¥i¥ and the products of their rst derivatives (e §9).
Consequently, the terms of order 2 in the slow time schliesy W andlet"l -° will
not appear in the nal system of equations. Equations (2a48) (2.48) are injected
in the spatially averaged equation (2.44) and the identiccaof the real and th&
imaginary parts gives two equations inj ,\,i and their rst time derivatives. The
real andimaginary parts of the condition (2.47) provides two aiddial equations in

,j ,\,i andtheir rst derivatives. The four equations are lineanaipns in @, jg, \? in
with non constant coe cients. The system can be invertedaritten under the form:

Bz = C (2.49)

where. =1 —j-\=i° and os.—C a nonlinear functiorR® 7! R*. The subscript

'osc' means that the function contains fast oscillatoryrter Indeed, for a given,
osct-— 2 is a periodic function of pulsatioh-. The system's expression is relatively

complex and we show only here the equations for the simptesgaration where the
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asymmetries and the swirl are set ta-(= 0and" = 0).

N

1 3
g - 1 hll i o1/, 3
5 Vo WP &4 »5 | c0S4j Y4

U Vv . 9 21 .
., cog2j° Tco§21| L =CO, 5 cog4ti || =C°
. N 2 . .
jo = 64 sin4j
Vo 3 2n 2n
sint2j °© cos2t 1 -C°, > cos2t || -C°, > cos4ti || -C°

2A
=\ = tant2j° %sinlzli L =GO, 3Wsinlzli L1 =@e

9 2rcog2j° .
- V= 141 _ (@0
. 0 sint4ti | -C
o 1 U V... < o
o = c0s2]° > sint2t || -C°, sint2t | | -C
9 2rcog2j° .
- V= 141 _ (@0
, 0 sint4ti || -C

(2.50)

In this system, the right hand side of each equation is thecfighow variables and fast
oscillating terms which are weakly perturbed harmoniclsmns.

The time averaging operatbrit over the one acoustic peridd= 2ce| - is applied
on the system, giving a time-averaged system of form:

= gowt © (2.51)
where g iS the average of osc Over one oscillation. This new system is called the
slow- ow system. The classical slow- ow averaging theorewof Krylov-Bogoliubov
presented in [127, 131] show that for a weakly perturbed lbainmotion, if the
perturbations have a characteristic timpg,, large compared to the fast oscillations,
then the solutions of egs. (2.51) and (2.49) will di er of arder 1s g0y ON a time
rangegion. The system (2.51) is a nonlinear dynamic system jnj ,\ andi . The
whole system with' < 0 and2,- < 0 has the same properties as the one presented
above and the time averaging can also be applied in this case.

2.5 Uniform thermoacoustic distribution without mean
swirl

This section deals with the analysis of the coupled equsatitascribing the dynamics
of the slow- ow variables, when the thermoacoustic feedtiaainiformly distributed
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along the annulus circumference, i¥. ° = \p, when the system is linearly unstable,
i.e. Vb i U, and when there is no mean swirl, I.e = 0. The e ect of time-delayed
thermoacoustic feedback and stochastic forcing will bestigated in sections 2.6 and
2.7 respectively. The symmetry breaking induced by noreami distribution of the
thermoacoustic coupling and by the presence of a mean swllibevscrutinized in
sections 2.8 and 2.9.

The wave equation is invariant by azimuthal rotations adotie chamber axis and
re ections with respect to any axis of equatioa constant. The system of equations
obtained with the method detailed in the section 2.4 is:

a 3 3
= a — 15, cog4j° °-
6a > %0

-
o = — “SIn4—
=g sS4 (2.52)
§ =\ = 0-
: iQ = O.

In the amplitude equation, the linear growth rate 1\p W+2, which is positive in
the case of a linearly unstable situation, has been intrediithe rst two equationsin

andj are independent of the two other variablesndi , which will be xed by the
initial condition and remain constant, and this system af éguations can be analysed
separately. It has four equilibrium points:

=0
r
=g 2—,:5‘ and j =0 (standing)
r r (2.53)
=4 7 0 and j =-—  (spinning CCW)
r —
=4 3—6}\ and | = % (spinning CW)

A stability analysis is performed by deriving the eigeneawf the Jacobian matrix
associated with Eq. (2.52) at these xed points. It shows tha solution = 0is

a repeller. The second equilibrium point, which corresmatoda standing mode, is a
saddle pointand is therefore unstable and repelling if tieection. The pure spinning
modes in both directions are stable solutions. This resultthe amplitudes predicted
for the spinning and the standing modes reconstructed Wwithid¢al expression of the
pressure given in (2.30) are in agreement with the resul{8%jf Using the Bloch-
Poincaré spherical representation introduced in theme2tB.4, Fig. 2.4 shows the 3D
streamlines of the system for the coordinateg and\. For more clarity, the gure
shows only the dynamics in two slices of the Bloch sphereadbf showing the full
3D trajectories. The streamlines are obtained by compuhtiagtream vector eld in
the slice and by using only the projected component of théovean the slice. For
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this illustration, the numerical values of the parametezsevarbitrarily set tdf = 160
rads!, U= 100rads ! (andtherefora= 1\h W+2=30rads?'),” = 05rads ! Pa?
and5 =1 -«2c = 116%2c ' 185Hz. These values satisfy the conditian | -,
which is veri ed for thermoacoustic instabilities in prél gas turbine combustors,
e.g. [94]. Inthe presentcas®e| - 2%%andUel -  85%, which can be compared
for instance to the experimental work [132] wheesd - 1%andUsl - 5%. The
color de nes the norm of the stream vector and the colormahdsvn in Fig. 2.5. In
particular, the dark red zones hues correspond to regioesanthe dynamics is slow
and corresponds to the equilibrium points. Fig. 2.4a shbasfor initial conditions
corresponding to low-amplitude standing modes (in the g@jar 0), the transient is
characterised by a growth of the amplitude while the direction of the anti-nodal
line =\ does not change. A slowdown of the amplitude growth occumsnithe mode
approaches the saddle circle= 14¢3° 1 2a+"°*2 of the equatorial plang = 0,
from which the state of the azimuthal mode is repelled towarte of the poles of the
Bloch sphere, which correspond to pure spinning modes. tidmisient was discovered
by Schuermans, Paschereit and Monkewitz, who performednaat simulations of
thermoacoustic instabilities in annular combustors byms@da reduced-order network
model [92]. Afterwards, it was further investigated analgly and numerically by
Noiray, Bothien and Schuermans in [35] and by Ghirardo amibduw in [102].

More generally, the dynamics of thermoacoustic azimuthafl@s in such perfectly
symmetrical con guration corresponds to the general cds® @°-symmetric Hopf
bifurcations investigated by Crawford and Knobloch in tfi@mous paper [133]. They
show that the only equilibrium points are: the origin, theakwise spinning wave,
the counter-clocklockwise spinning wave, and the standiages in every directiok.
Depending on the system nonlinearities, either the spgmiaves are stable and the
standing waves are saddles, or the standing waves are atabllee spinning waves are
saddles. They also show that the amplitudes of the two spjrwaves are equal,and
that when the spinning modes are stable, their amplitudgget than the amplitude of
the unstable standing modes.

2.6 Time-delayed thermoacoustic feedback

Rayleigh [7] was the rst to show the importance of the phaiserdnce between the
pressure oscillations and the unsteady heat release im#mmenon of thermoacous-
tic instability. This phase di erence de nes whether thesttmoacoustic feedback is
constructive or destructive. In practical gas turbine aedangine combustors, the
delay corresponding to the phase lag between acoustic etti ame heat release
rate results from the nite-time convective propagatioregbustically-induced ame
perturbations, such as equivalence ratio or swirl numbetuations. This time-delay
is associated to the phase of the Flame Transfer Functidr)(FT

The introduction of a time delay between the heat releasetlamgbressure in ther-
moacoustic instabilities models has been applied in vargudies, including annular
con gurations [92]. In previous studies dealing with theratoustic instabilities in
annular con gurations, the time delay between the acoustitand the heat release
rate oscillations has been accounted for in di erent waysyi using the simple=-g
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(a) plangj =0 (b) plane\ =0 modc

Figure 2.4: Streamlines describing the evolution of théestd the linearly-unstable
azimuthal-thermoacoustic-mode on the Bloch Sphere, foifaun distribution of the
thermoacoustic feedback, with no mean swirl. Parametes160 rad.s!, U=100
rad.s?, 7=0.5 rad.s'Pa 2, | -=1167 rad.s’. Symbols: : attractors : repellers, +:
saddles. The color scale is given in Fig. 2.5.

1072 1071 1 10

Figure 2.5: Color bar used for the contours of the streanpliois throughout the chapter.
The values correspond to the norm of the stream vectors niaeddy o1\ W
with o the amplitude of the stable spinning modes in the symmetriaquration.This
bar is represented in logarithmic scale in order to bettaralise the state change speed

near equilibrium points.
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formulation (e.g. [83, 134]) and its state-space equiwdl3b] for modelling thdinear
thermoacoustic problem in time and frequency domajrby using measured ame
describing functions (e.g. [136, 105]) for modelling thenlinear thermoacoustic
problem in frequency domaiand iii) by modelling the ame response to acoustic per-
turbations with a distribution of time delays [92], or bynugistate-space representations
of experimentally measured FTFs [35, 94] for simulatingribalinear thermoacoustic
problem in time domain

Recently, Ghirardo, Juniper and Bothien published a vetgrasting detailed study
[137] on the e ect of ame phase on thermoacoustic limit ggin symmetric annular
combustors without mean swirl and without stochastic fayciNotice that in this paper,
time delay spread [92], which is always more or less preseptactical systems, was
not accounted for. In [137], a Galerkin expansion based em#tural acoustic modes
of the annular combustor was performed, which di ers frorb3land the present work
where the quaternion-based acoustic eld projection igpaeld. The convective phase
lag is implemented in the present model by replacing the-delayed thermoacoustic
source term (2.13) by the following delayed model

& —C=V® —C® 7?2t —C g (2.54)

The thermoacoustic stability is very sensitive to smallngfes of the time delay [23].
This delayg typically does not exceed a few fast oscillations and it iseompared
to the characteristic times of the slow- ow dynamics. InstBection, we consider the
con guration with a delayed ame responsg € 0) without swirling ow (" = 0) and
with a distribution of the heat release that does not ex@ibtomponent in its Fourier
decompositionZ,- = 0). The operations of averaging described in the sectiona4 ¢
be applied without modi cation. In addition,, j ,\ andq are assumed constant oger
in order to perform the time averaging. In contrast with igec?.8 and 2.9, neither the
rotational nor the re ectional symmetry of the wave equati® broken and the results
of [133] are applicable in this case. The stable solutiorktherefore be either two
counter-spinning waves, or standing waves. In the presesat, the system of slow- ow
equations becomes:

a0 A
o - —Voco§I2_g v 2—415, cog4j ocogl =¢° 2 =0
ja = i 3sint4j °cogtl =g°
64 -

3, (2.55)
K= __ int2j °sintl -°
\ o sint2j °sintl g
M 9 1 o
o = > 32 sintl -g

From the amplitude equation, the following condition le&ala linearly unstable ther-
moacoustic system:

Vocos! -g° U Oe (2.56)
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It corresponds to the Rayleigh's criterion. In particul@inencost| =g° Y 0, the system
is linearly stable. The rst two equations are similar to #ystem without time delay
(2.52), with \p replaced by cosl -g° and” replaced by*cos'l -g°. When the
inequality (2.56) is ful lled, the dynamics of the systemtigerefore the same, but the
amplitude of the stable spinning modes is now:

r
81\p Uecosl -g°°
sp= 3 . (2.57)

At the limit cycle, the time derivative of the temporal phaséas the constant value
1\p 3Uecosl -g°°sintl -g°+4, while the time derivative of the preferential direction
=\Pconverges exponentially fast to the constant valu®y Uecos —g°°sintl —g°+4
for the counterclockwise spinning solution and the oppdsit the clockwise spinning
solution. Consequently, one can express the evolutionasdetislow variables at the
limit cycle as

%z\ ' }1V0 Uecog| -g°°sintl —_g°C, =\g-
4 (2.58)

_§i = ilvo 3Uecos —g°°sintl -g°C, i g

with \ gandi gconstants depending on the initial conditions. For a purg/&pinning
mode, the amplitude of the CW component is zero. for a pure CW mode, the
amplitude - of the CCW component is zero. In the case of a pure CCW spinning
mode, injecting (2.58) in (2.31) gives:

2= -cos =t \@, 14Cig (2.59)

where the drift of frequency from the pure acoustic freqydneto the thermoacoustic
frequencyl , comes from the linear drift of andi . The expression df i is:

| h=1= Utantl -g°2 (2.60)

Notice that for pure spinning waves, there is no preferédiiaction and becomes a
purely temporal phase angle. The clockwise solution is:

2= cod=t \@ |G igd (2.61)

with the same de nition of . In the limit case where the system is neutrally stable
(U= Vocosl -g°), eq. (2.60) becomes

l th=1 = \Vpsintl =g°2

. This expression is consistentwith eq. (26b) of [137] urtderconditionthaty | -,
which is the case in the present study. Various examplesdqadin [137] show thatf

is usually between one and a few times greater thakvith Eq. (2.56),Vp cosl -g°
andU are therefore of the same order of magnitude, théamt| -g° is of the order of
magnitude ol sintl -g°® which is small compared fo- since the pressure oscillations
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are short compared to the characteristic times of slow- gwamics.

2.7 Stochastic forcing

Gas turbine combustors are subject to high level of turlidenThe ame's heat
release rate is also a ected by the turbulence and its uttums can therefore be
decomposed as the sum of an acoustically coherent and astmoctomponents. The
latter acts as a random source in the wave equation. As dopeeinous studies
[138, 58], the contribution of stochastic noise is modebigadding a random process
in the equations. The stochastic forcing is represented Baassian white noise
process because it is signi cantly more convenient for notéasing the dimension of
our system. For interested readers, the e ect of noise cabouthe thermoacoustic
feedback has been considered in [139] and it was shown thext whie dominant mode
governs the thermoacoustic dynamics, in general, whitgaisia proxy which does not
signi cantly a ects the system dynamics and the shape ofttasin of attraction.

2.7.1 Stochastic averaging

To account for the presence of noise in the system, a randoatiblm 1C-° is added
in the wave equation:

W 2 i m? 2
m&> RmmC mC R2m 2

m? * m\t °?Y, m? * m?
o__° _ /\’)2 _ - 1C_0.

mC R m 3 mC Rm ° C (2.62)

To apply the spatial averaging on this new term, we write & &urier series in :

(0]
1Ic-0= 1@, <@ 4B 1ea B . (2.63)
<i 0

Therefore:
h 1C-° = -1C (2.64)

The azimuthally averaged equation Eq. (2.44) becomes:
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B 8" - b, %b LB —j-\-i—B 2 -1C (2.65)
=1Cis complex and is written as- = 12, 84°«2 with Z; andZ two real zero-mean

gaussian random processbg ( = 0 = hki, whereh i denotes the averaging on a time

duration which is long compared to the characteristic @tion time of the noiseg;

andz, but small compared to an acoustic oscillation) , with inlely small correlation
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time and identical intensity: W41G°Z;1G% = XIG G° = h41GP41GCi. Moreover,

Z; and% are uncorrelated8 G-& h71G°Z1G°i = 0.

Like in section 2.4.2, a%order dynamic system in the slow variables can be obtained
from eq. (2.65):

B= totl.—C‘B (266)

where. = 1 —j-\=i9 =1 ;—eee;9 and (xL.—C = 1 1oy—see—ou® L.—C The
functions ou..4 are real-valued stochastic processes and they includedeiating
terms at even multiples of the natural eigenfrequehey. The deterministic and
stochastic parts in eq. (2.66) can be separated:

A= [ d-C, (21, (,21.—CoIC (2.67)

where o, (cléc and(cl,ioC are deterministic functionR® 7! R*. In particular, osc
has exactly the same expression as in the deterministiersy&.49). The expressions
for the components o(cléc and (gﬁ‘; are given in appendix 2.C. In the book [131],
Stratonovich describes a methodology to get the slow- owagipns for such a system.
The rst step consists in applying Krylov-Bogoliubov avgimag on the deterministic
part in order to get rid of the fast oscillations igsc, giving the system

A= ol O (bl —CZIC | (ZL—CZIC (2.68)
which can be rewritten as:
P= 1_C (2.69)

The deterministic partgow has the same expression as in the deterministic slow- ow
system (2.51).

The subscripts osc will be dropped from now on for the fuim‘ls(;;;, but it
has to be kept in mind that they include fast oscillating terifihe subscript slow is
also dropped for sake of readability. The subscripts 42,8 be used to refer to the
four components of sow,  , (X" and('Z. To get the contributions of the stochastic
part of Eg. (2.68) on the slow- ow dynamics, Stratonovitd4{] proposes to use the
corresponding generalized Fokker-Planck equation toritesthe temporal evolution
of the joint probability density functiof@.— C of the system (2.68):

~ ~ 1
m% —C G m §©n O 0 m g a %
= — - i _— 39 ®4.—C 2.70
— me _B« g, o — 9g <9 ) 3 ( )
s ~ Ly ;
%.—C 39 2.71
© o mams . g~ 9g 30 (2.71)

This expression is valid under the assumption that the tadiwa time of the noise is
small compared to the acoustic period, allowing to set theltdimit of the integrals to
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. The correlation function isde nedas »5—8= h56 h 5ih6i. For a function

1
5!C, the notationg, designs the time-shifted functi€@v! 5'C, g°.
Using the di erence of time scales between the noise anddbestic oscillations, the

terms in the Fokker-Planck equation can be computed:

ha= 3

110 110 . 120 120 -
g og = (g (gghaZagi, (g (gqhZZegi

1° 2°
m 110 . m 1 .
_mé (ogMZigi, —mgg(gzg"rzzzzy

m s
99

—— 9g

Mm.g
The delayg makes appear products of fast oscillating terms of phas&andl -1C ¢°

Using trigonometry expansion formulae, we can write:

(;:0(19:; = 15; costl -g°, zg;sinll - =12 (2.72)

where 15; and Eé;are functions of andConly. Then:
1

0

g~ 9g 30=
1
@ 1-0 ' 0 . 1-0 ' 0 . .
89 . cosl =g°WZ. Z4i 39, (89 . sintl =g°Z Z4i 39
2.73)

=1

Considering the the random forcizg are white noises, one can deduce that the rst

integral is proportional to the noise intensity
- cosl =g°hZ Z4i 3g= +2and the second vanishes:
f sintl =g°Z Z4i 3g=0. It remains
1
0 110 120
8~ 9g 3g: E 89 » 89 o (2.74)
1
The right hand side of this expression still contains fasterent oscillations. Using

the previously introduced time averaging operator over acmustic periodch it, the

oscillations are separated from the slow dynamics:

0 b E D _E
! z oscillatory terms (2.75)

g~ 9g 30=3 . .
. g °9= 5 89 89
gg, oscillatory termsa

1

(2.76)

is a 4 4 matrix of functions of the slow variables only. We can shhatt
is always positive de nite and real, it therefore admits aolélsky decomposition:
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=112l 22 ) with a real upper triangular matrix. The expression fas:

0 0 0
= ' 2 0 (2.77)
- 0 =ugs O -

0 tant2j ° 1

The same procedure can be applied to deal with the tegoms m gm.g- 99 3¢
a o m g

——— 99 39 = 5 g, oscillatory terms (2.78)

o1 1 M.g 2

Where is a four components vector of functions of the slow variakaly. As

explained by Stratonovich in [131], the e ect of these dstibns on the slow ow

dynamics is a high order of perturbation and can be negledteel nal Fokker-Planck

equation for the slow- ow is:

mA-C _ . 1o 10 0 e) (2.79)
= — 8., = §- = .
mC &1 m.g 2
10 n?
= %.—C@ ) 1059 (2.80)
2 g_gM-eM.9 2| 2

This multi-variable Fokker-Planck equation is equivalémta system of stochastic
di erential equations [141]:

Bz gt O, > L0 LOo#1C (2.81)
where# 1C = »Z — £—Z— %Yis afour componentvector of uncorrelated gaussian white
noises of intensities2l 2. The function sw is equal to the function describing the
slow- ow without stochastic forcing. The modi cation of éhdeterministic part of the
system through the addition of noise is included in the fiomct .  accounts for the
random uctuations.

2.7.2 From standing modes to spinning modes

For the con guration without mean ow, time delay and sphisymmetries, the system
of Langevin equations describing the slow- ow dynamics iregence of turbulent
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forcing is:

N

3

o — il joi, 3
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jﬁz %1 Zsin14j° % . lz

2 4= (2.82)

@ = 1 —2

= cos'2j°

tant2j °© 1

= L2, 2z

In this perfectly symmetric con gurationgand\Pare governed by pure multiplicative
noise. The Langevin equations forandj exhibit deterministic and stochastic contri-
butions, and they are independent odnd\. The deterministic part of the equations
for andj is:

7A%
So0-, %>5,cosl4j 01/, 3 43
n tani2j © (2.83)
Sjo= o 2gmajo 2
: 64 222

The behavior of this system depends on the random forcinglimme: if VY
25622 241277 ., the equilibrium points of the system are the standing mode

|

, 27
a
4 ’ 5 32 g sto H
=3 @& aang and j =0 (2.84)
which is a saddle point, and the mixed modes
v S !
- 8 a, a 3 sto
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which are stable. The noise changes therefore the pref@rdphamics of the system,
which is not anymore attracted to pure spinning modes. &sing the noise intensity
has the e ect to move the attractors of the associated détestic system away from
the poles of the Bloch sphere and towards the equatoriaépldiis conclusion has
beenrecently drawn in [142], where a similar equatiorj fevas derived. The standing
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modes are also equilibrium points, but they are unstable. stfeamlines for this case
are shown in Fig. 2.6a. When  ,, the mixed mode merges in the equatorial plane
and the standing modes become stable. The threshold vajugrows proportionally
with a2. It implies that i) for a given noise intensity and ii) for a xed saturation
constant, if the linear growth rate is increased from the Hopfrpltwlsling modes
will be the attractor, until the growth rate reactegg ! 3°16° 3~ «| -. Beyond
this critical growth rate, the attractor of the determiicisbmponent of the system will
be a mixed mode which will move toward the poles of the Blochesp as the linear
growth rate is further increased. Even if 2| #2 has the dimension of a pressure, it
cannot be interpreted as the amplitude of the local randa@sspre uctuations, but
rather the amplitude of the spatial average of these uanaaton the whole chamber,
since the white noisg was added in the spatially averaged equation. Therefovedna

tlr;rz-l »2 o does not mean that the transition from mixed modes to stgndades
occurs for a low turbulent combustion noise. Itis importargmphasize that the elds
shown in Fig. 2.6a only indicate the dynamics associated daterministic part of
the system of coupled Langevin equations. Additive and iplidative noise will of
course lead to random trajectories in the phase space. d&oimg again cases with
linear growth rates that are low compared to the criticaldihaateay,, (for which the
equator of the Bloch sphere, which corresponds to standodges) is the attractor) one
can assume thgt 0, and :}gndwhose expression is given in (2.84). Under
these assumptions, it is interesting to consider the emuéir preferential direction of
the mode:

B 1ei= SO 07,

stand

This is the equation of a Wiener process [141, 143]. The mgaars displacement of
\ will therefore follow the law

M1 C’ C \1(9121 = W Ce (286)
= stand
The direction of the oscillation follows a random walk arduthe annulus. These
conclusions can be used to shed light on unexplained expatahobservations of the
dynamics of azimuthal thermoacoustic modes in turbulenukar combustors with

uniform distribution of identical ames and without meanwo

2.8 Symmetry breaking induced by a non-uniform ther-
moacoustic distribution

We consider now the e ect of azimuthal asymmetries of thent@acoustic coupling
without random forcing from turbulence. All the results aibed with the present
quaternion formalism are in perfect agreement with the ngdi in reference [35],
which were obtained with a simpler approach based on modgdgtion. It will be
shown in the next section that the latter approach is lesergeand cannot be used
to predict the system dynamics when symmetry-breakindteeom the presence of
mean swirl. When the Fourier coe cierh- is di erent from 0, the system of equations

28



(@ =16 10°P2s3Y (b) =25 1010P&s 3|

Figure 2.6: Streamlines in the plahe= 0 modc for the system (2.83). Parameters:
V=160 rad.st, U=100 rad.s?, #=0.5 rad.s!Pa 2,1 -=1167 rad.s'. = 2.310'0
P&.s 3. Symbols: : attractors, +: saddles. The color scale is given in g. 2.5

governing the dynamics of the slow- ow variables that dethe state of the azimuthal
thermoacoustic mode is:

9= a, ZZZVO cogt2=\°cog'2j © % 15 cog4j oo 3
ja = % 25int4j © 22\ cost2=\°sint2j ©
) (2.87)
oo ZeVosimamle
4 cog2j°
ia = # sint2=\°tant2j °
IfOY 2- Y1\ WP\, the equilibrium points of the system are:
=0 (repeller)
r
- g Vi, 222 U ahd =0
and \ =0 modice=° (saddle)
r
- g YW 22 U g g =0
and \ = 2% mod 1ce=° (saddle)
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r—
8V WP

. c
= —an and | = 2 (saddles)
r 81\ W 1 2=\
- 0 - o T 2= Vo .
= = o and j > arccos Yo U Jeq
and \ =0 modice=° (attractors)

The stable solutions are mixed mode, rotating either in targlockwise or clockwise
direction. The equilibrium points in the = 0 plane are two di erent kind of saddle
points: The ones located at angular positishs= 0 modc are attractive in the
and\ directions and the ones located eh= c*2 modc are only attractive in the
direction, the two other eigendirections being repulsiVee preferential direction is
therefore attracted towards= 0* mod c+=°, which was de ned in the section 2.4.2
as the angle where the spatial Fourier term of oteof the linear gainV reaches
its maximum. The temporal slow phasestabilizes to a constant value depending
on the initial conditions. The streamlines plots in g. (2Show that the system
is no longer attracted by the poles of the Bloch sphere, whatame saddles at the
saddle-node bifurcations. Indeed, wh&a is decreased and ultimately vanishes for
the uniform distribution of thermoacoustic feedback, thddies at the poles coalesce
with the attractors. On the other end, increasing the vefl@e-qpusheg ¢qtoward zero
and therefore make the standing part of the mode more and pnonginent. If the
asymmetries of the thermoacoustic feedback along the ancmuinbustor circumference
are importantenoughto gét- | - =1\ U\, another bifurcation takes place
where the attractor merge with the saddle of the equatolaalepat\ = 0. It leads to
the following pure standing wave solutions:

=0 (repeller)
r
:g W'l 2,2\:.20 v s and j =0
and \ =0 modice=° (attractor)
' 1 0
:g Wi 22 U g g =0

and \ = < mod 1ce=° (saddle)

r—
81y W . c
= —an and j = - (saddle)
The only stable solution is a standing mode locked on the maxif the2=-th order
Fourier component of2 ° . Again,i stabilizes on a constant value depending on
the initial conditions. Figure 2.8 shows that the attrastmioved to the plang = 0
and merged in two pointsj = 0— \ = Ogandfj = 0- \ = cgcorresponding to the

30



(a) plangj =0 (b) plane\ =0 modc

(c) plane inclinated ofj ¢q, showing (d) Plane z=cst. including the points
the two attractor§ = jegandj = fji =jeq\=0gandfj = jeq\=

jeq The angles = 0 and\ = ¢ cg, corresponding to the same attrac-
corresponds to the same state. tor.

Figure 2.7: Streamlines describing the evolution of théestd the linearly-unstable
azimuthal-thermoacoustic-mode on the Bloch Sphere, fonauniform distribution of
the thermoacoustic feedbac®-=0.25Y 5-=0.375.V,p=160 rad.s?, U=100 rad.s?,
~=0.5 rad.s'Pa ?,| -==1167 rad.s'. Symbols: : attractors : repellers, +: saddles.

The color scale is givenin g. (2.5)
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(a) plangj =0 (b) plane\ =0 modc

Figure 2.8: Streamlines for a large azimuthal asymme®:=0.5§ .- = 0.375.
V=160 rad.s', U=100 rad.s, #=0.5 rad.s'Pa?, | -==1167 rad.s'. Symbols:
attractors : repellers, +: saddles. The color scale is given in g. (2.5)

same attractor. Whe®- | 2 »-, the saddle point located in= 0-\=c+*2 modc
merges with the repeller in = 0 and the origin becomes a saddle point attracting
in the direction\ = c«2 modc and repelling to the direction = 0 modc and to
the poles. In conclusion, symmetry breaking induced by aumdform distribution

of the heat release rate feedback, rst induces a switch fpone spinning to mixed
spinning-standing solutions and that for a su ciently largsymmetry of the2Fourier
component of the distribution, the linearly unstable theagoustic system has a pure
standing wave as solution.

2.9 Symmetry breakinginduced by the presence of mean
swirl

The e ect of a non-zero azimuthal velocity of the mean ow ismscrutinized. This
con guration with mean swirl is still axisymmetric but does longer exhibit re ec-
tional symmetry.

In their theoretical study about symmetry breaking in syrriaaystems undergoing
bifurcations, Crawford and Knobloch [133] show that rermgvthe re ectional sym-
metry will no longer ensure that both spinning solutiond héive the same amplitudes
and eigenvalues. This symmetry breaking is accompaniddangplit of the degenerate
eigenvalues of the associated linear problem, as obseovédstance in disk-shaped
micrometer-sized ferromagnetic elements, in which theugzhtion of a core mode
breaks the symmetry between the two azimuthal spin-waveesifidi4] Ho mann
et al. [145] shows that removing the core mode allows to restoreldgeneracy and
suppress the frequency splitting. In the eld of thermoastms, Bauerheinet al.
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[134] showed that a mean swirl in annular combustors a dugssblutions of the linear
eigenvalue problem and that it leads to counter-rotatinglesowith di erent linear
growth rates and frequencies.

In this section, we consider the nonlinear thermoacoustiblpm of a thin annular
combustor with a low-Mach mean swirl (azimuthal velo¢ity 0+12), for a uniformly
distributed heat release rate feedback. To our knowletigeptoblem has never been
addressed, and we show in what follows that this type of symnieeaking bifurca-
tion can be conveniently investigated with the presenteuidn-based acoustic eld
projection. Considering the case®f = 0, which is less restrictive than the uniform
distributionV = \p, we apply the slow ow averaging on the wave equation (2.05) t
obtain the following system:

1 . 3" . .
> Voxl " sint2j %% U | 54 5 cog4jo, 4" sint2j° 3-

3 e an . "V o .
6d sint4j° 6" cos2j 5 cos2j

Jis]

=@ = ——
“io = Qe
(2.88)

The linear growth rate in the amplitude equatiofVg »L " sint2j %% WP«2. It gets
smaller (resp. larger) whéeh sint2j © is positive (resp. negative), in other words the
amplitude grows faster when the wave propagates againsting” i 0andj Y O,
or"Y Oandji O0)thanwhen it propagates in the same directibn (Oandjj O,
or"Y OandjY 0). It shows that the swirl breaks the symmetry between the two
spinning waves in the vicinity of the origin. This symmetrsebking e ect comes
from the combined e ect of the mean azimuthal ow and the Aneesponse of the
ame. The term responsible of this e ect in the thermoacaustave equation (2.15)
is: * RNtV Pem . Thistermis a product of terms with slow time scales as$edia
to the mean azimuthal ow, and to the ame response. As spatiat the end of the
section 2.4.2.4.1, keeping this term is meaningful onWif Vp U. If this condition

is not ful lled, the splitting of the counter-spinning wasgrowth rates is a second order
phenomenon and shall not be considered in the present dstr@nalysis. Moreover,
such second order e ects would be negligible in a non ideahtber, where several
other physical phenomena would have a stronger in uencéemgtowth rate splitting,
e.g. the presence of a radial mean velocity gradient [146].

Coming back to the present model, we can go one step furtldec@msider the conse-
quences of the symmetry breaking for states with non-vamgsiimplitudes, in partic-
ular the saddles and attractors which govern this intrigmionlinear dynamics.

From now on, we will always assume that 0, corresponding to a counterclockwise
swirl. The clockwise direction will sometimes be referredis the counter swirl direc-
tion. The analysis fot 0 will give exactly the same results in a phase space where
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j replaceg . The equilibrium solutions for andj are:

. C
=0 : = -
1= 3
s___
_4 1" 2 U R | . 3"U .
=3 T a1 "2 < v —EEU'CSIHWJ )<
S
8\l "° WP .. _¢C
3n1p "o 22F 5 ) = 4
S
8'\Wptl, " ° WP .. _ C
31y "o 2F 1= 4

The rst solution is the trivial 0 solution. The second sadut corresponds to a
mixed mode of amplitude <« and nature anglg¢ < increasing with the mach. The
two last solutions are pure spinning modes, respectivethéncounterclockwise and
the clockwise direction. The amplijude of the clockwisensiiig mode is larger
than the equilibrium amplitudeg = 4 a+3”" without swirl, and the amplitude of the
counterclockwise mode is smaller. Some of these solutioasat always de ned

depending on the value 6f. The equilibrium poinf <— j< gexists only under the
condition:

Vo 1, 3" ]

Ul 1oz (2.89)
in the case of a positive mach small compared to 1, this comditecomes:

Vo 1,3

— i = 2.90

U I 1 n 2 ( )

The condition ort' is a 2% order polynomial equation with only one positive root. Its
value is:
s

. 3u? Uu 3u

The counterclockwise mode is de ned only if the followingnzhition is satis ed:

. u
"Y1 — " 2.92
TR (2.92)

UsingU Y \4, we have:
0 ".Y", (2.93)

Foreachofthecas@Y "Y" 1," 1Y"VY" sand" ,Y " ,astability analysis
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(a) plangj =0 (b) plane\ =0 modc

Figure 2.9: Streamlines fdr = 0005 " ; = 040107 " .The green symbols are the
equilibrium points: : attractors, : repellers, +: saddles. Parametevs=160 rad.s?,
U=155 rad.s?, #=0.5 rad.s'Pa 2, | -==1167 rad.s'. The maximum value of the color
scale is not the same as shown in Fig. (2.5).

of the xed points was performed:

" For the lowest range of maghyY " Y " 1, the two spinning modes are stable

solutions. The mixed mode is a saddle circle, and the saisitio= 0—j =
ce4 are repellers. The amplitude of the counter-swirl mode ghér than the

amplitude of the mode spinning in the swirl direction. Fig®.9 shows the
streamlines of the system. The streamlines approachingrtpditude - are
either attracted to the lower pole if they are in the se¢t®rj <, either to the
upper poleifthey areinthe sector j <. Whenthe mach increases, the angular
sectorj j j < gets smaller and it is therefore less likely to end up in thiglsw
direction.

"~ When" reaches 4, the saddle circle and the counterclockwise mode attractor
at the north pole merge together.

Fortherangd 1 Y " Y " »,, the saddle circlé <— j<gis no longer de ned.
The spinning modes are still equilibrium points of the systbut a stability anal-
ysis shows that the counterclockwise mode has become aespdidit. Figure
2.10d shows that the streamlines are rst pointing towahésdounterclockwise
mode and are subsequently bending toward the clockwise nvgten the mach
number increases, the amplitude of the counterclockwisdenttecreases and
eventually reaches O whén =" ».

" When" j " ,, the only stable solution is the counter-swirl mode. Thenpoi
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=0-j =, ced becomes a saddle, while the point 0—j = ce4remains a
repeller. This behaviouris obtained in our example for aivtaember' , = 003
which is relevant for practical applications.

It has to be noted that all these di erent regimes are dued@tksence of the nonlinear
term 37?21* eROnFVPem in the wave equation (2.15). This behaviour is therefore
sensitive to the model used for the ame's nonlinear respons

Let us now discuss the evolution bfandi , and the associated consequences on the
oscillation frequency at the stable xed points when the Klaumber is increased. The
time integration of th&é andi equations in the system (2.88) gives:

(2.94)

3

i =i 8
with \g andi g the initial values foh andi . These expression are introduced in the
expression of? as a sum of two counter propagating waves, Eq. (2.31), whigsg

?= -cod =t \L,Cl,ig, cog=t \g, Cl , i~ (2.95)
where we de ned
- =111, "° (2.96)
and
I =111 "o (2.97)

The counterclockwise and clockwise spinning componentsepressure have there-
fore di erent frequencies. The counter-swirl componers kize lower frequency. The
frequency gap between the two component&'is -, which is small compared to the
pure acoustic frequendy=. This frequency splitting due to the azimuthal ow has
been previously observed experimentally in [147] and mtedi from a linear stability
analysis of a lumped-element description of the thermostosiof an annular com-
bustor [134]. It has to be noted that the phenomenon of frecpusplitting does not
depend on the model adopted for the ame response. In the equation (2.15),
the frequency splitting comes from the terr@* R°1nf2em m€; which is present
in the convected acoustic wave operator, regardless onrésempce of source terms.
Furthermore, the expression ofin (2.94) shows that the preferential direction angle
will drift at the velocity of the mean ow during the transiephases where the mode is
not purely spinning. However, in real gas turbines, theulabt combustion noise adds
a constant excitation in the system, which prevents theathiahthermoacoustic mode
to be purely spinning as demonstrated in section 2.7. Théatwed e ects of stochas-
tic forcing from turbulence and symmetry breaking can be efled by combining the
results of sections 2.7, 2.8 and 2.9.

In the previous case, the splitting of the counter-spinnirayes growth rates and the
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Figure 2.10: Streamlines for di erent values bf. " 1 = 00107 " » = 00313
Symbols: : attractors : repellers, +: saddles. The parameters are the same as in Fig
(2.9). The same color scale is used for the the four rst plots
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(a) plangj =0 (b) plane\ =0 modc

Figure 2.11: Streamlines for = 0005 for the model without convective terms
in the thermoacoustic source term.The green symbols areghiébrium points: :
attractors, : repellers, +: saddles. Paramete¥s=160 rad.s?, U=155 rad.s?, #=0.5
rad.s'Pa?,| -=1167 rad.s'.

phase space evolution are governed by the presence of theative derivative o
in Eq. (2.1). Indeed, it results frodt «R°1m&%m °in &% C when the azimuthal
mean ow is considered uniform in the whole chamber. Howgifethe ames are
located in a region where there is no mean azimuthal bullcitgldhe thermoacoustic
source term would result from the spatial averagingr&® m®nly. Then, the slow
ow system becomes simpler:

2= }1Vo w i 5 cog4j oo 3-
2 : 64
o,
B =g s (2.98)
=" _—

Zio = Qe

The equations for® and jo are exactly the same as the equations for the case without
swirl presented in section 2.5: the independent system fandj is not a ected by

the swirling motion and leads to stable spinning modes witiplgude ¢ given in

Eqg. (2.53). However, the equation fétinvolves" , which induces splitting of the
frequencies of the counter-spinning modes. Figure 2.1lvshioe streamlines of this
new system. In conclusion, the phase space evolution issearsitive to the presence

or not of mean azimuthal ow in the heat release rate regions.
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2.10 Conclusion

Inthis chapter, the problem of thermoacoustic instabaith annular combustion cham-
bers has been considered with a new theoretical approaahtingtwith a low-Mach
convected wave equation for the acoustic pressure witlinigiftom heat release rate
and velocity eld uctuations, we derived a 1D approximatidor thin annulus with
mean swirling ows. Then, we inserted a quaternion-based&afor the acoustic eld
in order to nd the systems of di erential equations desanip the dynamics of the
slow- ow variables (amplitude, nature angle, prefereidieection and temporal phase
drift of the azimuthal thermoacoustic modes) for di erenenarios: i) thermoacous-
tic feedback with or without time delay, ii) in presence ot b stochastic forcing
by turbulence, iii) with uniform or non-uniform thermoagstie distribution along the
annulus circumference, iv) in presence or not of a mean swithe annulus. This
guaternion-based ansatz was initially proposed for biatartime-series analysis and
applied for seismic data processing [129], and subsequ&kén up for analysing
acoustic pressure data recorded in annular combustor} [Cl8ssical deterministic
and stochastic methods of slow- ow averaging were adapdethis quaternion for-
malism to obtain nonlinear dynamical systems describiegdynamics of azimuthal
modes over time scales that are large compared to the acpastod. The quater-
nion representation allows us to simultaneously model,rsgiry breaking induced
by non-uniform distribution of the thermoacoustic souraes by the presence of a
mean swirl in the annulus. This complete description catmoachieved with the
alternative models available in the literature for thiskgemn. Indeed, the approach
consisting in projecting the acoustic eld onto the orthagbacoustic eigenmodes of
the annulus [35, 58, 103] captures rotational symmetrykingainduced by spatial
thermoacoustic non-uniformities, while it is not apprepeito describe the re ectional
symmetry breaking induced by a mean swirl, or any changesiptaferential direction
of the modes. In contrast, the approach that is based oneseqation of the acoustic
eld using clockwise and counterclockwise spinning wavé84] cannot capture the
former symmetry breaking, while it is very suited for debang the latter. As shown
already in [35] with the model based on Helmholtz eigenmaaiespthe quaternion-
based framework predicts i) spinning waves limit-cyclesdainiform distribution of
thermoacoustic sources without mean ow, where the dioectf the spinning wave
depending on the initial conditions, ii) mixed-modes fomreero 2= componen®,-

of the Fourier series for the thermoacoustic source digiioh and ultimately standing
modes wher,- exceedsy We\p, where the damping coe cient characterizes
uniformly distributed acoustic losses around the annutantwustor, and wher¥j is
the zero order component of the Fourier series. Notice thatpresent modelling
approach depicts nonlinear ame response that dependsarstéc pressure or, via
the time delay, on acoustic axial velocity. Although it i;geally acknowledged that
the amplitude increase of the latter acoustic perturbatidhe most important driver
of the saturation of the heat release rate response, anathgel which accounts for
azimuthal acoustic velocity has been proposed some yeaiid @8] and leads to stable
standing modes even for situations whé&ge = 0. The main new conclusions of the
present chapter are now listed:
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~ For annular combustors without low-Mach mean swirl € 0) and with2,- = 0,
a delayed thermoacoustic feedback induces a slight shtfieotigenfrequency
of the spinning mode limit-cycle; this shift depends on tineetdelayg, which
also applies to longitudinal modes in can-combustors. désdmwt depend on the
spinning direction.

For annular combustors with = 0, 2,- = 0, g = 0, and with stochastic forcing
from turbulence, whose spatially averaged contributiondslelled as a bivariate
white noise of intensity , pure spinning waves are not anymore the xed points
of the phase space de ned by the deterministic part of thegbaim-equations-
system for the slow- ow variables. When the thermoacousygtem is linearly
unstable and when the noise intensity is increased from #ez@ttracting xed
points are on two circles in the Bloch sphere representatwbich corresponds
to mixed modes in every direction. For a given linear grovatiea and saturation
constant®, there exists a critical noise intensity beyond which stagednodes
(equator on the Bloch sphere), with nodal direction eva)és a randomwalk, are
attracting the thermoacoustic system. In other words, ffiv@n noise intensity

, standing modes statistically prevail when the linear Fgﬂmte becomes
positive, and beyond a critical growth radg, 1 3¢16° 3" | -, mixed
modes govern the system dynamics. For further increaseedirtbar growth
rate, these mixed-modes asymptotically tend to pure spinmiodes.

For annular combustors with mean switl (< 0) and with2,- = 0, g = 0
and = 0, the counter-spinning modes have no longer the same freguen
[ =11 " °. Additionally, if the heat release occurs in a region whéerée is

a uniform azimuthal mean ow, the spinning mode rotating ingathe swirl
direction attracts the system with more strength than theotating spinning
mode. Beyond a critical azimuthal Mach number, a saddlesrmtlrcation
leads to a situation where the only attractor of the systetindsspinning mode
travelling against the mean swirl. Conversely, when theearare not located in
the convection zone, both counter-spinning modes are lgaiadng attractors.

We conclude this study with the two following remarks: Fitbiese results are quan-
titative for anidealizedannular combustion chamber and they can only be used for
qualitatively interpreting observations fromr@al-world annular combustor. Indeed,
in practical systems, there are additional e ects that careta very signi cant impact
on the thermoacoustic dynamics and that are not accountéd tiois model, e.g. the
acoustic coupling between the chamber and the plenum. 8eseveral combinations
of these e ects were not considered in the present chapttnélhbe the topic of the
next chapters. For instance, one can expect that otheguintig nonlinear dynamics
would result fromf" < 0-2- = 0—g< 0—f < Og, i.e. combined e ects of mean swirl,
delayed ame response and stochastic forcing. Third, thesalts show that there
can be di erent root causes for statistically more frequeahding modes or spinning
modes. Consequently, when interpreting experimental amaenical observations of
azimuthal thermoacoustic modes, it is important to qugiitihe rotational and re ec-
tional symmetry of the annular turbulent combustor congidewhich is not easy in the
case of experimental or practical setups, and ii) the Stisf the observed slow- ow
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thermoacoustic dynamics, which is not easy in the case opatationally expensive
Large Eddy Simulations.

41



Appendix

2.A Derivation of a wave equation for the pressure with
thermoacoustic and aeroacoustic source terms

In this appendix, we build upon the works of Howe [148, 149]évive a wave equation
for the acoustic pressure in annular chambers in presere@woiform mean ow and
of aeroacoustic and thermoacoustic sources.

The pressure, velocity, density, temperature, speci aaggyt and vorticity at point
x and timeCare respectively denoted B3Ax—€ uix—€ dix—-G ) x—-€ (1x-€

I IXx—€ The considered uid ful Is the ideal gas law = dA), with Athe specic
gas constant. The sound ﬁpeed and the speci ¢ heat capacigristant pressure are
respectively denoted =" WA)and2, = WAW 1°, with Wthe heat capacity ratio.
The Euler momentum equation for a non-viscous ow is:

u 1
—, =r?=0- 2.99
c-d ( )
where « C=mmCu r isthe material derivative. This equation can be rewritten
in Crocco's form:

%Cr = | u})_r(_ i (2.100)

where the total enthalpy per unit mass= u22, d 13?2, )3( and the Lamb
vector!  u have been introduced. The mass balance equation is given by

1d

i C L u=0° (2.101)

When heat is released in a uid, the densitycan be written as a function of the two
thermodynamic variable® and(, and one can write the di erential equality

md md
3d= — 3?2, — 3(- 2.102
m2 37 g, X (2.102)
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Considering the ideal gas law and the facts the®8) =)3( at constant pressure and
that3? = 223d at constant entropy, one obtains

1 d
3d = 53?2 —3(- 2.103
% 5,3 (2.103)

and therefore

d 17?2 W1 (

< zc 2z9%¢ (2.104)
In this model, one considers entropy changes resulting fr@mombustion heat release
and from heat di usion, but one neglects the e ects of vissdheating and species
di usion. Under these assumptions, eq. (2.104) becomes

d 1?2 W1 &
— s — — - 2.105

cz¢c = ¢ ") (2.109)
where& is the heat released by the combustion reaction ahé thermal conductivity
of the uid. Taking the divergence of eq. (2.100), the timeidative of the continuity
equation (2.101), using eq. (2.105), and

1 1 u fr 2
C 2C *2¢C
~ 1 u ) (
srrtou @ et ureo g 2
m W1 &
R mCd— ?’r _I’) hd (2106)

This equation is eq. (4.14) in the famous paper from Howe J[B8l we just have

explicitly expressed the contribution from combustionthretease and heat di usion

in the last right hand side term. The other forcing terms aoaistic sources due to the
unsteady heat release rate, the vorticity and entropy imlgemeities. This equation
is exact and will be linearised in the next paragraph to obgaivave equation for the
pressure uctuations.

From now on, we consider small perturbations around a statjolow Mach mean
ow at thermal equilibrium and work in the frame of linear amgics. The ow
variables are decomposed as the sum of a steady and a uguadimponent, e.g.
?1x—€= 71x°  ?%x—€ This decomposition is applied to the variables of eq. ()10
in order to derive an equation for the uctuations where #verts involving products of
the uctuating quantities are neglected. The resultingatigum, which contains many
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terms and which is not presented here, will be further simgly considering incom-
pressible mean ows with uniform density eld, and by disdarg coherent vorticity
and entropy disturbances. In addition, only the rst ordsns in Mach number are
retained.

To get the perturbations of the last right-hand-side termpf(2.106), one has to sub-
tract its time-averaged component. Under low Mach appraion, this time-averaged
contribution satises: ( « C = 0. With the other assumptions made to derive eq.
(2.105), it yields

&r r)=0 (2.107)

which just means that the mean heat releaseffate & « C is locally balanced by heat
di usion. Consequently, the linearized energy equationtfe perturbations around
the incompressible mean ow is

d% 120 w1 0

e P & r ) (2.108)
where we introduced the notatiorr C = nmemC U r . In what follows, one assumes
that the ternt _r ) °corresponding to unsteady conduction phenomena is nelgligi
compared to the one associated with the heat release rateatimns from the unsteady
ames. With the assumption of negligible temperature anttagy gradients in the
mean ow and uniform speed of sour] the linearisation of (2.106) leads to the
following convected wave equation:

1 2 5.0 g WIng 0
- = | o

% G2 r )( 2 mC’r I u (2.109)
The objective is now to obtain a convected wave equatiorhi@rtoustic pressuf®.
With the de nition of the total enthalpy, one can writ¢ )( °= ?%@, t u®and
therefore, the left-hand-side of eq. (2.109) can be decaeghas

e 1
wt 0P =5 0P, T Ut (2.110)

where we introduced a convected wave operatgr,= 2 2 2 C2 r 2. The term

« U u® comes from the interaction of the mean ow with the velocityctuations
and vanishes for zero mean ow velocity.
In this paragraph, the term, *T u ® is rewritten as a source term of the wave equation
or the uctuating pressure. To do so, one writes a convectagevequation for the
velocity uctuationsu® by considering, with the assumption of an incompressible
mean ow, the linearised mass balance equation

d 0

- dr u®=0- (2.111)
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the linearized energy equation

d? 129 w1

— = — 2.112
cC 22 cC 22 ( )
and the linearized Euler-Crocco momentum equation
mu© 1
— 11y 1yl g 1g oul= Zr 2% 2.113
oy , . 3 ( )

The material derivative of (2.113) and the gradient of (2)ldre combined with the
assumption of a uniform mean density in the domain of inter&ksing the identity
mo=r2rr , one obtains a convected wave equation for the uctuatingoity
with source terms. Taking the dot product of this equatiotihhwi and neglecting the
second order terms in Mach, one obtains:

w1
W o= ——uw r& ur 1 g 2.114
u 622 5 ( )
Tensor calculus identities give u$:
JIT u® = yww® g o Zgo y® 21y go:iru®e (2.115)

The last step consists in combining the wave equation (2,108 decomposition

(2.110), and Eqgs. (2.114) and (2.115) in order to obtain aected wave equation for
20

~0
'E =—— 117 y® 110 go

iy 1 g 1 ?ge yO 2irge:iru®e (2.116)

B

This equation can be rewritten
g 12%00 = 1w 1oe1gor &% co  21rgo:iru® e (2.117)

and is in agreement with the one derived in [150]. This is aveoted wave equation
for the uctuating pressure, which is applicable to low-Maoean ows with uniform
density and sound speed distributions, which results frorstaorder approximation
in Mach, and which has source terms resulting from uctuadiof heat release rate,
velocity and vorticity.

Equation (2.117) will now be further simpli ed for the casé thin annular cham-
bers with unsteady heat release rate. The thin annulus hasamadiuR, a thickness
XR, with R XR, and a length. . Figure 2.1 presents this simpli ed geometry and

- i
3The de nition used here for the tensor double dot productBgd : 11gf = gg0sslgg An other
de nition exists with the transpose df.
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the associated cylindrical coordinate system. We assuime* e | +egto model

a simple swirling motion. Indeed, for some practical contbiss a mean low-mach
azimuthal velocity can reach the same order of magnitude as the mean axialtyeloci
component due to the design of the burners and their arrangement aftengjricum-
ference of the annulus. One also considers situations whereelocity uctuations
are quasi-irrotational, with negligible axial and radiahtponents and gradients, i.e.
u® Pt °e ,wheree isthe unitvector in the azimuthal direction. The heat re¢ea
rate uctuations are also assumed to depend @mndConly. These assumptions lead to
the cancellation of the aeroacoustic source t2fnTi© : ir u® and the wave equation
becomes:

W1 € @

20 = _ =
22 mC> Rm

u ¥

(2.118)

2.B General system of slow- ow equations including the
e ects of swirl, time delay, azimuthal asymmetry
and stochastic forcing

Amplitude equation

o —

Vocosl -g° 1 " sint2j° U

NI =

2=\

cos-2=1\ 2=°%cog -g° " sint2=1\ 2=°0sintl —g° cos2j°

v

N\

. 2—4co§l -® 5 cog4j°, 4" simzjo 3

Nature angle equation

A n

. 3 o . \% .
P=g 2codl —g° sint4j° 6" cog2j° TO cos'2j °cogl =g°

2o-\ . . .
24 0 cog2=1\ 2=0sint2j °costl -g° , sint2=1\ 2=00%sint| —g°
2,-\p" . U
2 cos2=1\ 2=00cogl -g°, sint2=1\ 2=20sint2j °sint| -g°
tant2j° 1
22z > 4
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Preferential angle equation

=" |-, ?sinll -q° g—; 23" sint2j°© sintl -g°
ZZZVO e Cosf;;icosq =P cosomn\ o0sinil otz o
22:21/0" 2032 CO;Z:J-OZSinll =F Sima= 00081 Lgptani2) ©
s %Zjoz\

Phase equation

jo =

%sinll -q° | 2—; 23" sint2j° sintl -g°

2= Vo sint2=1\ 2=%°codll -g°tant2j °© cog2= COSlzzzjf’ZsinlI -
ZZZZO" Sz Co§z;;":)co§| ¢ cos2=1\ 2=22sint| =g°tan'2j °
2o, 1,

2.C Expression of the random uctuation terms in the

dynamic system before applying the stochastic av-
eraging procedure

Before the stochastic averaging (see section 2.7), therayd¢scribing the evolution of
the variables =1 —j—\—i 9 can be written as

= ot ©, (11"1__@211@ . (1201.—8221@

where oy is the deterministic part (which can be obtained from thea¢igus of the
appendix 2.B witff = 0) and('’L.—CZ!C, ('¥1.—C%!C are the uctuating terms.
The components df'** and( 'Z have the following expressions:

110 _
(

sintj °sint=\°cogi , | =C, cogj°cog=\°sinti , | -C
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130 _ Sintj °cog=\°sinti | | -C  cog'j °sint=\°cogi , | -C

(7= | -

(il" - 2C082] ,Sintj °cog=\°cosi , | -C, cog'j °sint=\°sinti

l-c

| - =11, cog4j °°

(¥ = 2cog2j°

(\% =2cog2j°

cosjecog=\°cosi , | =C, sintj °sint=\°sinti , | -C
| = 11, cog4j°°
(120 _sintj °cog=\°cosi , | =C cogj °sint=\°sinti | | -C
- | -
(_120 _cogjlcos=\°cogi , | =C, sintj °sint=\°sinti , | -C
b I -
sintj °sint=\°cosi , | =C cogj°cos=\°sinti , | _C
| = =11, cog4j°°
sintj °cog=\°sinti , | =C cogj°sint=\°cosi , | -C

(i =2cog2j°

I - 1, cos4jo°
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Chapter 3

Experiments and low-order
modelling of intermittent
transitions between clockwise
and anticlockwise spinning
thermoacoustic modes in
annular combustors
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Abstract

In annular combustion chambers of gas turbines and airerafines, it is some-
times observed that the propagating direction of the azialuhermoacoustic waves
switches randomly. The strong turbulent noise prevailingas turbine combustors is
a source of random excitation for the thermoacoustic moddsnall be shown to be
the probable cause of these switching events. The low-ondeel derived in the pre-
vious chapter describes qualitatively this property ofdfgamics of thermoacoustic
azimuthal modes. This model is based on the acoustic waatiequvith a destabi-
lizing thermoacoustic source term to account for the amesponse and a stochastic
term to account for the turbulent combustion noise. Slowaveraging is applied to
describe the modal dynamics on times scales that are slbarrthe acoustic pulsa-
tion. Under certain conditions, the model reduces forntally Fokker-Planck equation
describing a stochastic di usion process in a potentiatlerape with two symmetric
wells. One well corresponds to a mode propagating in thekelse direction, the
other well corresponds to a mode propagating in the ankelse direction. When the
level of turbulent noise is su cient, the stochastic forcakes the mode jump from one
well to the other at random times, reproducing the phenomerfalirection switch-
ing. Experiments were conducted on a laboratory scale ancombustor featuring
12 hydrogen-methane ames, showing this characteristenpmenon of intermittent
switching for certain operating conditions. A system ideation technique was used
to t the model on the experimental data, allowing to extré potential's shape and
the intensity of the stochastic excitation. The stati$tradictions obtained from the
Fokker-Planck equation on the mode's behaviour and thetitire switching time are
in good agreement with the experiments.
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3.1 Introduction

In the present chapter, we build on the theoretical framehapter 2 to model of an
intriguing phenomenon occurring in annular aeroenginelugstors: the intermittent
transitions between clockwise and counterclockwise spimthermoacoustic modes.
Like in the previous chapter, we will focus only on thermoastic instabilities that
involve only the rstazimuthal acoustic modes. We remindgttthese can be classi ed as
spinning modethat propagate at the speed of sound in the clockwise or trobaokwise
direction, standing modesvhose nodal line stays at a constant azimuthal position
or drifts slowly compared to the speed of sound,nuxed modeshat result from
the sum of a standing mode and a spinning mode. Many studesgevith the
dynamics of these modes have been published over the lagtaes, covering several
aspects of the underlying physics such as the e ects of ajpatiymmetries, turbulent
combustion noise, mean azimuthal ow or speci c types of ho@arities in the ame
response, e.g. [35, 102, 68, 134, 116, 104]. However, ndleeétstudies have been
published on the intermittent transition events betweerethand standing modes and
between clockwise-spinning and anticlockwise-spinniriggeth modes, which has been
sometimes observed in previous theoretical and experaheatks [58, 104, 60]: these
transitions were sometimes attributed to the presencerbéitent combustion noise,
but no quantitative study was available up to now: The predeapter aims at lling
this gap with new experimental data and a low-order modeighvis derived from rst
principles and describes the stochastic dynamics of thassitions in the same way
as thermally activated barrier crossing in reaction rageti [151].

The experimental setup and data are presented in sectionS2@tion 3.3 presents
the low-order model. In section 3.4, the validity of this nebds assessed using the
experimental data, and its parameters are identi ed. 8e&i5 introduces the potential
representation. The calibrated model is then used in $e8ti® to shed light on the
mechanisms associated with the intermittent transitidiseospinning direction.

3.2 Experiments

Figure 3.1.1a shows the experimental setup used in thiy.stiicconsists in an an-
nular combustion chamber at atmospheric pressure, witted@larly spaced ames
anchored on axisymmetric blu bodies without swirlers. Thel is a gaseous mixture
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Figure 3.1.1: (a): Sketch view from the top of the chambehuwlile 12 burners and

the location of the 6 microphones. (b): measured PDF of tbastc amplitude A for

di erent equivalence ratios. The colors correspond to tikases studied in the chapter:
= 0525 = 055 = 060.

of CHy (contributing to 30% of the thermal power) and (0% of the thermal power)
that are premixed with air in a plenum. The inner and outetsaaithe chamber are
cooled with water, their respective diameters are 127 mm24@mm. The setup is
described more in detail in [60]. Acoustic measurementparformed with 6 pressure
transducers Kulite XCS-093-05D ush mounted in the buragripes at equidistant
azimuthal positions. All the experiments are run with thmsahermal power cf2 6
= 72 kW and equivalence ratios comprised between 0.4 and 0.62. This is achieved
by keeping the fuel mass ow constant at 320 sl/min and by vayyhe air mass ow
between 2600 sl/min and 1670 sl/min. The mass ows are ctattavith several Ali-
cat mass ow controllers. Figure 3.1.1b shows the evolutibthe acoustic amplitude
for di erent equivalence ratios: The signature of a supitical Hopf bifurcation is
detected from the acoustic time traces wheis increased: below 0.4, the system is
stable. The Hopf point is located at= 051 : above this value, a thermoacoustic
instability is detected. To ensure stationarity of the theacoustic dynamics, acoustic
records are performed at least 60 s after ignition at eactatipg points so that thermal
transient behavior of the combustor has ended. At this ttheemeasured inner wall
temperature and acoustic root-mean-square amplitudestabytized. In this chapter,
we focus on three speci ¢ operating points to illustrate oanclusions: = 0525

= 055and = 0+60. The equivalence ratios at these conditions are beyonddpé& H
point and the associated acoustic spectra are dominatetdbsimgle peak close to 1.1
kHz, which corresponds to an acoustic eigenmode with on@lagth spanning the
circumference of the annular chamber. Figure 3.2.1 showifops of the correspond-
ing acoustic pressure time series. One can see in Fig. 3.224M4c, 3.2.1d that the
acoustic oscillations are almost sinusoidal even befopdyamm any spectral Itering.
Figure 3.2.1b corresponds tc=0.525, and one can conclude from the time traces that
aroundC= 40 s, the acoustic oscillation corresponds to a standing mates is be-
cause all the microphone signals are in phase or exactlydagbpposition and exhibit
di erent amplitudes. In Fig. 3.2.1c, the signals are not lmape and the amplitude
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Figure 3.2.1: (a): Complete microphones time traces at Bathial locations for
= 055 (b,c,d): Detail of the microphones timetraces for 0525 = 055
= 06 (from the top to the bottom). Left panel: raw timetrace. Righanel:

timetrace Itered with a rectangular lter of bandwidth 1QBiz] centered around the

main frequency in the spectrum.

depends on the angular position, which corresponds, atrtsi@int, to a mixed mode.
In Fig. 3.2.1d, the signals exhibit phase di erences of ¢d®0 with similar ampli-
tudes which also corresponds to a mixed mode, but with ag#r@pinning component.

At a given axial position, the pressure eld associated ® tist azimuthal mode
is represented with the quaternion ansatz introduced i8]{11

?_1_ _E:: 1@481\ e 04 j 1(9491|C’i 1(90. (31)

where8 9and: are the quaternion imaginary units. The real-valued azialuhode
state variables, \, , andj are slowly varying in time with respect to the acoustic
period 2c¢l . They describe the slow dynamics of the mode [129, 11i3]is a
slow temporal phase drify is the direction of the antinodal line of the pressure
oscillations and is the oscillation amplitude. The nature angleharacterizes the
mode type: | = 0 for a pure standing modg, = ce4 for a pure anticlockwise
spinning modej = c*4 for a pure clockwise spinning modegce4 i ji 0and
Oiji c+4 for a anticlockwise and for a clockwise mixed mode respettivThe
real pressure! —Cis obtained by taking the real part of the quaternion an8atz
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Figure 3.2.2: Time traces of the slow- ow variables: (a):(b): j , (c): \ for 3di erent
equivalence ratios= = 0525(blue), dynamics centered around a standing mode.
= 055 (red), dynamics switching between anticlockwise and clisk& mixed
modes. == = 096 (green), the mode is mixed and spins in the clockwise dmacti
during the whole experiment.

This quaternion representation describes the modal dyssaima non-ambiguous way
[113]. To obtain the time traces of the slow variablesj , \ andi, we rst write

the pressure eld associated to the rst azimuthal mode vifite ansatz?* —-€ =
[11Ccos ©, [2'CB8E °. Since the number of microphones is greater than 2, the
signals[ 1 and[ 2 are obtained from the Itered microphones time traces biting

an overdetermined system with a least-square method, withrrar smaller than 5%
for the present experiments. Then, the procedure to obitaislow variables from the
bivariate signal| 1—[2° is described in [113].

Figure 3.2.2 shows the time traces afj and\ for the three considered operating
points ( = 0525 = 0%565and = 0460). The amplitude increases with the
equivalence ratio, and the uctuations of the amplitudare relatively low during the
100 s of recording. For= 055, the antinodal lin& remains locked all the time in
the same direction. For= 0¢525and = 060, \ shows some jumps between two



S - | k
Q

() o / 2 -
— 0 -50 50
: ¢ [rad] " % ?rad/ s|
(a) (b)

Figure 3.2.3: (a): experimental PDFiofor = 060. (b): experimental PDF dffor
= 0525=(blue), = 0%5=(red), = 0460 = (green).

values distant o€, which are in fact describing the same antinodal line [118]Fig.
3.2.3a, one can see thatdoes not show a preferential value, its PDF is at. The time
derivative ofi gives information on the frequency drift. The PDFieghown in Fig.
3.2.3b suggest that this drift remains close to 0 and is stoatipared to the instability
frequency. The nature anglebehaves completely di erently between the three cases:
for = 0525 it uctuates randomly around 0, which corresponds to a preithant
standing mode state. For 055, j switches randomly between a positive value and
its negative, which indicates a statistically dominant exixnode whose propagating
direction changes randomly. For 060, | is locked on a negative value close to

c+4, corresponding to an almost pure spinning mode propagatitige clockwise
direction.

3.3 Theoretical model

3.3.1 Thermoacoustic wave equation

We use now the low-order model of the previous chapter tordesthe dynamics of
azimuthal thermoacoustic eigenmodes in an idealized amerional annular com-
bustor with asymmetries and turbulent noise. The four patars of this model will
be afterwards identi ed from the experimental data preséii the previous section.
It will be shown that the calibrated model quantitativelgm@duce the dynamics of the
slow- ow variables, which shows that it can used as a minimaldel for describing
the state of eigenmodes exhibiting an azimuthal componeetil 3 dimensional com-
bustors. Itis important to stress that this model is notidesl to be used for prediction
of thermoacoustic stability in real systems. The chamberadelled as a 1D annular
waveguide of radiuRR. The azimuthal angular coordinate is referred to asThe
thermoacoustic wave equation 2.15 in absence of azimuteahnow is:

nt? m? 22 nt? &
- - _ =1 o_ 1 _0
m&> mC RZm 2 w1 mC € (3.2)



where2 is the speed of soundl is the acoustic dampini\is the heat capacity ratio,
is a random forcing representing the turbulent heat relegtiseuctuations, and? is

the coherent component of the heat release rate of the akvesmodel it with a &

order nonlinearity?W 1°& = V? 2723 whereV ?in uences the linear stability of the

thermoacoustic modes an@® governs the saturation to limit cycles (see [35, 58, 126]

and chapter 2). As in section 2.8, we consider that the lcespanse of the ame

is not necessarily homogeneous along the whole circunferesoV is a function of
which can be written with the Fourier series as in eq. (2.Mf have seen that

only the second term2, of this Fourier series has an in uence on the dynamics of

the rst azimuthal mode. Therefore, the single param&teaccounts for the e ect of

every spatial asymmetry in the coherent heat release rateations. The angles is

de ned as the orientation in which the second order termigfflourier decomposition

is maximal.

Langevin equations for the state variables

Inserting the quaternion formalism of Eq. (3.1) in the wageation (3.2), and applying
the methods of spatial and slow time averaging describeldapter 2 to gives a system
of rst order coupled Langevin equations that can be writempactly as:

Bz 10 1 04 (3.3)
where. =1 —j-\-i9 s the state vector, and and # are the deterministic and
stochastic terms governing its dynamics. The random fgrkin= 1Z —Z—Z—Z")
results from four uncorrelated white noises of intensi#2l 2. The expression of
the stochastic di usion matrix was given in eq. (2.77) ané #xpressions of the
components of the drift vector are

2V _ 3N _ s 3
1Y 0 = - 121\ (e]¢] 12 (o] —_ 15 14 (e]¢] —
a, ) cos 290 cos'2j 542 cos'4j T
(3.4)
3N 2V tani2j °
1yo — 2 2gin1gi0 22V 191 _00gjn19j O J _
ity 54 sint4;j 2 cost21\ =29sin12j 52 2 (3.5)
22VSiI’1121\ 200
iyo = e - < 3.6
! 4 cost2j° (3.6)
2V . .
ilyoe = % sint21\ 2%°tant2j °— (3.7)
which corresponds to the equations provided in section®is,==1," =0,g=0

anda = 1V WP«2. The constant is the intensity of the noise coming from the
projection of the random uctuation on the rst azimuthal mode shape (see section
2.7).Z ,7Z,2,Z areuncorrelated Gaussian noises of intensiti2 2, Based on
the experimental data presented in Fig. 3.2.2, we condiderthe uctuations of the
antinodal line direction are weak enough to seis a constant in the equations: The
equation®= | 1Y °stabilizesin\ = 2 modc, so that\ is replaced by the constant



value » inthe equations. Under this assumptions, the equations éordj become:

N

2V : 3 :
(S - o 1 oo 3
% a, 7 C0S'2j 64 5, cos4j

@z

3 L 2V .. tant2j° 1
EJ{::al 25|n14jo %3”112]0 ﬁ%’ _Z.

(3.8)

In the considered experimental time traceds almost constant and will be replaced
by its mean value ¢ in the equation fojj . In the equation for , j appears in the
termscos2j © andcos4j °. However, for the considered experimental conditions, the
standard deviation afos'2j © never exceeds 0.15. Under the assumption2pat4 is

of the same order aa or smaller, the uctuations ofos'2j © are neglected ang is
replaced by the average value of its absolute vae hj ji. The standard deviation
of cogt4j ° in the experiments is always under 0.5, which has small eiethe sum

15 | cogt4j °°. Thereforej is also replaced by in this term. The two equations are
in this way decoupled:

2V . 3N . 3
9= a, =~ cog2j° — 15, cos4j° 3
) Io 64 °° Jo T
3, 2V tant2j° 1
o= — 4sSin'4j]°® —sin'2j® ———  —Zje
o= g7 osimdj ) 1° 5 z OZ

Z- (39

(3.10)

In a more compact forn?= o 1 ° Z andjgp= ¢ 1j°, Z+ o where all the
deterministic terms are grouped in the functiogs and g , which are thelrift coef-
cients of the Fokker-Planck (FP) equations governing the evatutiithe probability
density%d °and%j °. The FP equations have alsdiausion coe cient. The latter
is equal to +2l 2 in the FP equation fo¥d °.

3.4 Model parameters calibration

Itis now interesting to make use of the experimental datddatify the model parame-
ters, and therefore calibrate it for each of the stationpgrating conditions investigated
in this work. The system identi cation method brie y preged in this section is more
extensively discussed in the technical note 3.A. It is arliepion of the framework
proposedin [152, 153], which has been already applied iearbacoustic context, e.g.
[154]. Itis based onthe fact that one can compute from timesé¢he driftand di usion

coe cients of a FP equation by using their statistical detioin [155, 152, 153]:
1

0o mI 1 % _C g-C3 (3.11)
g 09,

ojti° lim = o J1°%-C gjj-C3] (3.12)
gl og
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Figure 3.4.2: Contributions to the potential.

The noise intensity is obtained with the second order moment for the time trates o
1

K 9|li!moé 1 024 _C gj-C3- (3.13)

In Eq. 3.11, the transition probabilig¢ —C, gj — C is the probability of the amplitude
atatimeC g knowing that the amplitude at the tinflvas . These probabilities are
extracted fog & 1+ 5with 5the bandwidth of the Iter applied on the microphones
time traces [156]. The limits fog ! 0 are obtained by extrapolation, as explained
in [156]. The next step is to t the theoretical model on theraxted drift and
di usion coe cients to identify the parametersel 2, » and2,V. Although the noise
intensity does not depend on the amplitude in the model,rEi§w.1a shows that the
extracted di usion coe cient presents a parabolic shapehisTis due to limitations
in the extrapolation method for the extreme values of However, a validation on
numerically generated data has shown that a reliable e#timaf the noise intensity
+2| 2 can be obtained by weighting these extrapolated points thithexperimental
probability density function of A for the t of +2| 2. Once +2I 2 is known,a and”
are identi ed using the extracted drift function (Fig 3.4.1b). With the knowledge of

2l 2and?, 2,Vis identi ed using o (Fig.3.4.1c). Asa nal remark, itis important
to note that modeling the nonlinear saturation with a cubimtonly is too simplistic
for the considered operating conditions, which are far afn@y the bifurcation point
[126]. Consequently, although the identi ed values &r2, and” allows to capture
the topology of the phase space, they shall only be consider@ndicative values. As
discussed in note 3.A, the identi ed parameters seem to batiatively meaningful
atleastupto= 055,

3.5 Potential description

The equation fof is now written in a potential form:

31
= 3. h- (3.14)



where the potentidl is de ned as:

_3r ., . 2,V . logicos2j °°
= o5 5 cos4j © ?co§210 a2z .

0

*1j0

(3.15)

Equation (3.14) is formally similar to the equation of a paetof negligible mass evolv-
ing in a potential landscape and undergoing a stochaste®® ¢ and a strong uid
friction [151]. It has to be noted thatin eq. (3.14), the edigtensity a ects not only
the amplitude of the stochastic noige, but also the shape of the potential landscape
* . The expression (3.15) of the potential has three terms:rsherm, proportional
to Sco§4j °, grows with the limit cycle amplitude o and promotes spinning modes.
The second term, proportional B&2Vcos2j °, grows with the asymmetry coe cient
2, and promotes standing modes. The third term increases lugthatio ¢ (2), which
depends on the relative importance of the noise compardetinit cycle amplitude,

it also promotes standing modes and creates potentiakiosiini ce4, preventing the
occurrence of pure spinning modes. These terms and thdiilmotion to the potential
shape are represented on Fig. 3.4.2.

Depending on the relative importance of these three tewnsituations can be encoun-
tered: the one-well potential leading to a dynamic centarednd standing modes, and
the two-well potential leading to a dynamic centered arawadmixed modes spinning
in opposite directions. The rstsituation occurswH@s16° 2 2,\e2, 21| 2 20,
Then, the contribution of the asymmetry and the deterniinéstntribution of the tur-
bulent noise it predominate over the term coming from the nonlinear satmat
and o has only one stable equilibrium point jn= 0, corresponding to a one-well
potential around the standing mode, corresponding to the livie in Fig. 3.5.1 (b).
The noise excitation will mak¢ wander randomly around its equilibrium point, but
the dynamics will be centered around a standing mode. Thendesituation occurs
when13ne16° 2 j 2,02, 21| 2 20 Then, the term coming from the nonlinear
saturation in oj *j © predominates over the terms coming from the asymmetry and th
deterministic contribution of the turbulent noise, angl has two symmetric stable
equilibrium point j ¢q corresponding to symmetric mixed modes propagating in op-
posite directions, and one unstable equilibrium poing i 0. This corresponds to
a potential landscape featuring two wells ifi ¢ Separated by a potential barrier in
j = 0. Figure 3.5.1 (b) shows examples of potentials presenkiiggtivo-well shape
(red and green lines). The noise excitation will mgkevander randomly around one
of the mixed modes and eventually trigger random jumps from well to the other,
making the propagating direction of the wave switch rangomi

For the cases showing two potential wells, the rate of jummsfone well to the other
depends on the noise intensity. Whgrnis in one of the wells, Kramers theory will
allow us to compute the probability thatcrosses the barrier after a certain time [151].
The probability density function gf is governed by the Fokker-Planck equation

m%-C _ mg % n?%
mC ~  mj * 4 2 2mj2

(3.16)
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Figure 3.5.1: Compari-
son of the potentials and
PDFs of the 3 cases=

=0.525 (blue), stand-
ing mode. = =0.55
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Experimental timetraces
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of intensity 14l 2 o°,
Inset:  Drift coe cient
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Solid lines: PDF com-
puted from the station-
ary Fokker-Planck equa-
tion. Dashed lines: PDF
of the experimental time-
traces



Figure 3.6.1: PDF of escape time for 055. Bars: experimental statistics. Red line:
PDF obtained from the numerical resolution of the Fokkemek equation

which is equivalent to the Langevin equation (3.14). We amsthatj is initially

in one of the wells, e.g the positive one,= jeq This is modelled with an initial
condition%j—0° = X'j  j ¢ for the probability density. An absorbing boundary
condition is placed iy = 0. We then consideP,!C =1 P! ji 0-€ whichisthe
probability thatj crossed the barrierin 0 at a tige— C P5 is initially 0 and increases
with Checause of the absorbing conditidn,1C = Ocdlg"sg with d the probability
density function of the rst passage time though the barriéthen the potential and
the noise intensity are known, the Fokker-Planck equationie solved numerically,
giving access ta by di erentiation of the cumulative distribution functidp,.

3.6 Discussion

Figure 3.5.1 summarizes how the shape of the potential tapdsexplains the di er-
ences in the dynamics of the nature angle between the threstddeved cases. Fig.
3.5.1 (b) shows the potential landscapes associated watbdlibrated model, whose
parameters where identi ed from experimental data for ezdie three cases, as ex-
plained in the previous section. The= 0.525 case (blue line) shows a single potential
well in j = 0, so that the stochastic forcing leads to a predominanttydéatg mode.
The = 0.55 (red line) and = 0.60 cases (green line) both present two symmetric
potential wells separated by a potential barrief i 0. For the = 0.55 case (red),
the noise intensity and the height of the potential barniercd the same order of mag-
nitude. The turbulent noise is therefore strong enoughitedr from one well to the
other, causing the observed phenomenon of intermittemsitians between clockwise
and counterclockwise mixed modes. Conversely, the 0.60 case (green) presents
a slightly smaller level of noise, due to the stronger amgkt, and a higher potential
barrier. The noise level is small compared to the heightefitbtential barrier, making
any switching event very unlikely; will remain con ned in one well, corresponding
to a constant spinning direction. The choice of the well deiseonly on the initial
conditions. Fig. 3.5.1 (c) compares the theoretical statip PDFs against the exper-
imental ones. It has to be noted that for the= 0.60 case (green), the solution of the
stationary Fokker-Planck equation gives a bimodal distidm while the experiments
show a single peak. This is because the solution of the statjd-okker-Planck equa-
tion gives the repartition obtained for an in nite time. THaration of the experiment
is too short to observe any switching event. For= 0.55, the probability density

12
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Figure 3.6.2: Stationary PDFs of, j, \ andi at several in the vicinity of the
supercritical Hopf bifurcation. The PDFs are deduced frow $low- ow variable
time traces, which are extracted from the acoustic predsueetraces following the
procedurein[113]. For (a) to (d), the acoustic time tracesambtained experimentally.
For (e) to (h), the acoustic time traces were obtained by Isitimg 100 s of Eq. (3.2).
Linear dependencies with respect toof the parametersa( 2,V, #, ) were deduced
from the data processing and presented in Fig. 3.A.8. Thatapeous symmetry
breaking of the PDF of , i.e. a clearly preferred spinning direction, occurs when
changes from 0.5625 to 0.575. The explicit symmetry bregkirthe PDF of\ , i.e. a
clearly preferred nodal line orientation, is visible foeténtire range of .
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function of switching timed has been obtained numerically: Fig. 3.6.1 compares this
predicted probability density function to experimentaitistics, showing good agree-
ment. Figure 3.6.2 shows the stationary PDFs of each vagdbi increasing values of
the equivalence ratio . The left column corresponds to the PDFs obtained from 100 s
of experimental acoustic time traces for each operatindition, while the PDFs of the
right column were obtained from synthetic acoustic timedraof the same duration,
obtained from time domain simulations of the system describ the technical note
3.B.1. The behaviour of the amplitudds well reproduced, it amplitude starts growing
at the same in experiments and simulations, showing that we correctptured the
change of sign of the thermoacoustic growth rate. Around 05375 the transition
of the PDF ofj from a monomodal to bimodal is also correctly captured: thrgls
to con rm our interpretation that the occurrence of stagdim mixed modes depends
solely on the competition between, on one hand, the noisar@ndsymmetries that
favour standing modes, and on the other hand, the monothyndesreasing ame's
response, which favours spinning modes. We note that thsitian from standing to
mixed modes for increasing growth rate was already obsédnvgdst simulations on
a nonlinear network model [94], but our low order model hasdtvantage of giving
a precise explanation to the phenomenon. At 0575 for both experiments and
simulations, spontaneous symmetry breaking happens anthdide starts spinning
only in one direction. We chose to show a simulation that dngespinning in CW
direction like in the experiment, but the inherent symmetfyhe equations make it
equally probable to end up with a mode spinning in the oppakiection.

3.7 Conclusion

A low order model was used to describe the dynamics of the awtuthal mode
in an idealized annular combustion chamber subject to teribicombustion noise.
Considering a wave equation with coherent and stochasticederms, we obtain an
equation describing the modal dynamics as a stochasticstiruprocess in a potential
landscape. This equation gives a model for the spontangmusistry breaking that
is observed on a real combustor, and which leads to eithesckwlse spinning or a
counter-clockwise spinning mode for su ciently large valsiof the bifurcation param-
eter. The decomposition of the model's potential landsedipers us 1) to attribute the
predominance of spinning modes to the nonlinear saturafitimee ame, while turbu-
lent forcing and spatial asymmetries favor predominancgariding modes, and 2) to
explain the intermittent transitions induced by the tuemtforcing when the potential
barrier separating the two counter-spinning attractossehiaeight that is similar to the
normalized stochastic forcing intensity. The model wae édkeproduce quantitatively
the statistics of these intermittent transitions, showtirag it is a suited minimal model
for describing the complex topology of the phase space.

14



Appendix

3.A system identi cation method

3.A.1 Identi cation of the model parameters

We start from equations 3.9 and 3.10, that can be written onapact form:

p——
8= y10 zc- (3.17)

5

jBo= 0j 1jo. i LC- (3.18)

whereZz;_, are Gaussian white noises, il&g'Ci = 0 andhZgtCZC, g°i = XtgP, and
where = o120 22and j; = <12 2 2o The Langevin equations (3.17) and
(3.18) are equivalent to Fokker-Planck equations, whickegothe time evolution of
the probability density function of andj , and whose drift and di usion coe cients
are respectivelyg and ¢, and and jj .

Experimental data are used to directly calibrate the unknmwdel parameteig 2,V,
Nand . We apply a method for extracting the drift and di usion coaents from
experimental time traces. We then search the set of paresmiaviding the best t
between our model and the experimentally obtaingd* °, ¢ *j © and . This
method is based on Kolmogorov's works [155]. It has been psep about 20 years
ago [152] and was reviewed in [153]. It relies on the fact thatdrift and di usion
coe cients of a Fokker-Planck equation are equal to the tiofithe rst two transition
moments, i.e. the rst two coe cients of the Kramers-Moyakgansion, when the
transition time tends to 0. Therefore, the drift coe cients and o; , which govern
the deterministic part of the stochastic process&®andj 1€, can be directly estimated

by computing the rst order moments of these time series
1

. 1 . . 110
ol o= g'mOg 1 °04 —C, gj —C3 é|m0 é— (3.19)

1

. 1 o . . : . 110
0j 1J°:é|!m05 1 jo%j-C, 0jj—-C3j g!mo jé— (3.20)
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and the noise intensity in the equation fo¥C can be obtained with the second order

moment
1

1 1
= lim = 1 020y _ i i 2,
g!mo 3 4 —C, gj —C3 EI;l!m0 g (3.22)

In these integrals, the conditional probability dendity— C, gj —C (resp. %¢j—C,
0jj— C©) de nes the probability that the amplitude takes the valu@esp. the angl¢)

at a timeC, g, knowing that it was at (resp. j ) at the timeC This identi cation
method has been applied to thermoacoustic and aeroacpraiems, e.g. [100] and
[157], and the latter reference contains a detailed disousghout its applicability to
the problem at hand.

Considering that the model describes the stochastic dyrsamfia single thermoacous-
tic eigenmode of the annular combustor, the parameteriidatibn method is only
applicable if the frequency content associated to the eigele of interest is isolated.
This is achieved by band-pass ltering the time series addahe thermoacoustic peak.
The width of the rectangular band-pass lteri® = 100Hz. As explainedin [156], due
to the ltering of the signal, only the statistics extractedg & 1+ 5are meaningful.
To obtain the limits fog ! 0 in equations (3.19) and (3.20), an extrapolation is then
performed. An example of this extrapolation is shown in HgA.1 for = 055,
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(a) Second transition moment ofC  (b) First transition moment of 1C

(c) First transition moment gf 1C

Figure 3.A.1: Transition moments oftC andj 1Cfor = 055. For the extrapolation
g! 0, interpolated exponential functions gfor each amplitude and nature angle are
used, and the associated surface is superimposed in thaees tp the raw transition
moments.
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The next step is to t the theoretical model to the extractiedet limits of the
transition moments for each of the stationary time tracebe d@rder in which the
parameters are identi ed for eachis the following:

First, the noise intensity is obtained by taking the average of th& Kramers-
Moyal coe cient weighted with the PDF of . This gives access to the value of

«| 2and therefore to sincel = 2c5is directly obtained from the acoustic spectrum.
This rst step of the parameter identi cation is shown in Fig.A.2.

Second, knowindy and , we identify the parameters; and » of the function
A T
’ >4 2

which provide the best twith g 1 °. This stepis showninFig. 3.A.3, where a simple
least squares approach is used with a weightinggofwith 9¢ ©. Then, considering
the model (3.9), we knowthaty = a, 2,\Ve4cos2j o°and , = 3M5, cos4j (°°«64.
Therefore, we obtaint and the linear coe cient 1 = a, 2,Vs4 cos$2j ¢°. To nally
identify 2,Vanda, we proceed to a last t by considering Eq. (3.10) and its eisded

oj - The tted function is:

. - am2je
3" Zsim4jo, ssint2j° FEr

and the tting outcome is shown in Fig. 3.A.4. The weightinged here is#4] °%.
Here, the only coe cient to identify is 3, which is equal to 2,V+4 in the model. The
method does not permit separate identi cationZefand V, but only the value of the
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Figure 3.A.5: Identi ed parameters withoQitcorrection

lumped paramete, V. With this, all the parameters are identi ed and their vaiole
each operating condition is shown in Fig. 3.A.5.

For = 048, presents a big jump. In this linearly stable regime, thertbution
of the third order nonlinearity is small, and small errorgha identi cation of the other
parameters can lead to large errors"orwithout having a signi cant impact on the
system's behaviour, unless the noise excitation is stroogigh to drive the system to
amplitudes where the nonlinearity can already be feltyalig a full nonlinear system
identi cation even in stable regime, like in [158]. Forj 05, ~ takes a more or less
stable value arountk2 10 4P&s 1, and for | 055, it starts decreasing while the
growthratea = 1V We2stopsincreasing. This change of trend for largmay be due
to some limitation of our 8 order saturation model at conditions that are away from
the bifurcation, or because the small relative range ofaslusited by 1C for the two
highest equivalence ratios makes the system identi cdéss precise. In the rst case,
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Figure 3.A.6: Fitting o after having imposed = 12 10 4P&s 1.

a solution to improve the range of the system identi cationld be to add higher order
terms in the ame response model, as done in several works freeet al[159, 160].
However, this solution increases the number of parametédgntify, which makes the
identi cation challenging if the system does not visit a stiently large range of states.
A possibility to overcome this di culty is the use of exterharcing with white noise
of large amplitude [159, 160]. However, this solution caneasily be applied to real
gas turbine combustors.

Based on these observations, we’set1s2 10 #P&s ! forevery and proceed
again to the tting of the other parameters in order to sirfyphe model used in this
letter. The ttingon o isrepresentedin Fig. 3.A.6 andthe tting og; in Fig. 3.A.7.
The nal identi ed parameters are shown in Fig. 3.A.8. Tharljnear regression is
performed, giving linear expressions i °,f2,Vgt °andf <l 2g! °(seevaluesin
Tab. 3.A.1). We see in particular that the crossing of theityabordera = 0 happens
between = 05125and = 0525

3.B Time-domain simulations of the wave equation

Numerical simulations of the acoustic oscillations of th&t order azimuthal mode were
performed in this study for two purposes: First, to validdite system identi cation
method, by running simulations with known parameters apd tietrieving them with
the identi cation procedure described in the previous isect Second, to compare
our model with the experimental data: for each of the valdes @onsidered in the
experiments, a simulation was run with the identi ed linel@pendence of the model
parameters, 2Vand < 2upon , which are shown in Fig. 3.A.8.
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Figure 3.A.8: Identi ed parameters after having impoded 12 10 #P&s 1. Con-
tinuous lines show the linear regressions of the model'ampaters as function of.

V(s a@sh » 10%Pas?l) 1?2 10°(Pas?)

0.4875 17.650 -22.429 1.2 1.845

0.5 20.879  -14.507 1.2 2.314
0.5125 24.108 -6.585 1.2 2.783
0.525 27.337 1.337 1.2 3.252
0.5375  30.565 9.259 1.2 3.720
0.55 33.795  17.182 1.2 4.189
0.5625 37.023  25.104 1.2 4.658
0.575 40.252  33.026 1.2 5.126

Table 3.A.1: Identi ed model parameters as function ofrom the linear regression
in Fig. 3.A.8.
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3.B.1 Simulated equations and numerical methods

We start from the 1D wave equation for annular waveguiddstiiirmoacoustic source
(3.2). Inthis equatiorl)accounts for the acoustic losses through the toroidal wateg
boundary, 1C-° is a random excitation modelling the e ect of therbulent uctu-
ations of the heat release rate on the thermoacoustic dgsaamnd& the coherent
uctuations of the heat release rate, which saturate aéegittd a third order nonlinear
model: &= V21, 2,cod2? ,%0 A28 The geometry i€c-periodic, so that the
acoustic pressure eld can be written as a discrete sum afidhial modes of orders
=2N: ~
Q
?21C-°=  [o-LCcos= °, [1_tCsint= O (3.22)
=1
In the case of a thermoacoustic instability involving aneeignode whose azimuthal
distribution correspond to one acoustic wavelength, omdy tst term of this sum is
kept:
?21C-°=[o1Ccos °, [11Csint O (3.23)
This ansatz for the acoustic pressure eld is introduceddn B.2). We take the scalar

products of (3.2) witltost © andsint ° to obtain coupled oscillator equations for the
standing componenfg and[ 1. These are the equations used for the simulations:

Bo.1 %[0 =
22, 2lcos2 2 93,32 B, Zlsim2 R SMilol. Z-
Ba.1%[1=
2a %/00512 2 7 91,35 M. %/Smlz 2T gA[O[l[%’ as
(3.24)
wherel = 2¢' is the eigenfrequency of the rst azimuthal mode, afiydand Z;

are random noise terms. To be consistent (i) with the metised in section 2.7 to
derive the slow- ow equations (3.14), and (ii) with the asmtions of the method
for extracting the Kramers-Moyal coe cients7y and Z; should be gaussian white
noises. Stochastic Runge-Kutta methods exist to solvéastic di erential equations
with a white noise term, but unlike classic Runge-Kutta rod#) their implementation
becomes very complex when the discretization order is grélaan 1. As the classical
rst order stochastic methods need an excessively smadl timcretization to solve the
second order system (3.24), we propose another method theganthe systemZ, and
Z; are rst numerically generated as Ornstein-Uhlenbeck psses, whose correlation
time g is non-zero. This correlation time has to be small compaoetthé acoustic
period so that the e ect 0¥y andZ; on the dynamics remains close to the e ect of
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white noise. The stochastic di erential equations to gateZ, andz; are:

arT

3% = Z23c 3, (3.25)
e e

3z = %30, U3 . (3.26)

These equations are rst order stochastic di erential dgues and they are easily
solved with a rst order stochastic scheme (Euler-MaruyamahenZ; andz; are
introduced in the equations (3.24) as an external forcingrirordinary di erential
system. This implies that the time step for the resolutios teabe small compared

to the autocorrelation times of the dynamic noises. Wegset 5 10 ° s and an
integration time step of C= 5 10 s. The acoustic period s ' 092 10 3 s,

S0) ® C In [139], it is explained how to set the value of the noiseirsity

ou SO thatZy andZ; have the same e ect on the modal dynamics as white noises of

intensity . Following [139], the relation is

W —
1,12¢

- Ou

where
21g>

W=
arctari?l | °g° arctartl | °gp°

B

is a correction factor for the noise power in the considereddency band of width
2 | =2c 50Hz around the thermoacoustic peakk at 2ce) . In our case) ®
and | le, which gives ' ou: from the point of view of the system, our
Ornstein-Uhlenbeck nois&%_; are very close to white noises.

In Fig. 3.C.1, we show the time traces of the state varialég;h were extracted
from the simulated acoustic pressure eld. The latter isaoted from the projection
(3.23) and from time domain simulations of (3.24) that wene using the parameters
identi ed from the experiments (given in Table I).

3.C \Validation ofthe system identi cation and the model

The simulations of gure 3.C.1 can be compared with the ekpental quaternion
slow- ow time traces for the corresponding operating cdiotis 3.C.2. The overall
agreement is good: the simulations correctly capture teembacoustic dynamics
associated with the di erent conditions. In both guresethst column = 05 shows

a stable operating point with very low amplitudeand large random uctuations for the
other variables. The second columm 052 shows dynamics associated to a standing
mode with moderate amplitude, locked directloand relatively large uctuations of

j around 0, whilé does a slow random walk as predicted in section 2.7. The third
column = 0<55shows a mode intermittently switching between CW and CCWenhix
modes, while amplitude and preferential direction remaipraximately constant. We
note that in the experiment, for this cases not perfectly constant but seems instead
to jump between two di erent values depending on the digectf propagation of the
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Figure 3.C.1: Time traces of the state variableg , \ andi , which were extracted
from the acoustic pressure eld obtained from the simulatbthe system (3.24). For
each di erent operating conditions, the parameters of tloel@hare the ones obtained
with the system identi cation procedure described in sat.A. (Figure realised in
collaboration with T. Indlekofer.)

mode: this is a manifestation of the presence of reactivenasstries, which will be the
topic of the next chapter. The fourth columna 057 corresponds to a CW spinning
mode with high amplitude and without any change in the spigudirection.
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Chapter 4

Imperfect symmetry of real

annular combustors: mixed
thermoacoustic modes and
heteroclinic orbits
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Abstract

In the next chapter, we report experimental evidence of atgperof modal dynamics
characterised by slow periodic inversions of the spinniirgation and propose a
theoretical model that fully reproduces this phenomenahexplains the underlying
mechanisms. It is shown that tiny asymmetries of the geontbi mean temperature
eld, the thermoacoustic response of the ames or the adousipedance of the

walls, present in any real systems, can induce these slogrdimns, which appear
as heteroclinic orbits of our slow- ow dynamic system. Thedsl also explains

experimental observations showing a statistically domiisg@inning direction despite
the absence of swirling ow, or pairs of preferred nodal lahieections.



This chapter is based on the content of the paper: A. Fauaed®el, T. Indlekofer,
J. R. Dawson, N. Noiray, ‘Imperfect symmetry of real annalambustors: beating
thermoacoustic modes and heteroclinic orbitdournal of Fluid Mechanics925,
(2021).
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vision, writing review and editing; N.N.: conceptualizabn, investigation, methodol-
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4.1 Introduction

In general, the instantaneous state of these thermoacauastiuthal modes belongs to
one of the following three categories: &)anding modevhen the angle de ning the
position of the nodal lines remains constant or varies veawlg with respect to the
acoustic period, (iispinning modevhen the mode shape nodes travel in the clockwise
(CW) or counterclockwise (CCW) direction along the chamt@iezumference at the
speed of sound, or (iiinixed modewhich is a linear combination of the two previous
types of state. There are also situations where this cleaton is not su cient: For
example, [55] have discovered a peculiar type of thermastemdynamics for which
the sound pressure level has only one minimum along the cstmbaircumference,
which they called thelanted modeand which was afterwards further investigated by
[116] and modelled by [103] as the synchronisation betwegura longitudinal mode
and an azimuthal mode with very close eigenfrequencies.

Inthe present chapter, we focus on a particular state whicte described adaat-
ing modeand was reported by [161]: The self-oscillating azimuthabe periodically
alternates between CW and CCW spinning directions on a stoe $cale compared
to the acoustic period. Similar slow oscillations of thensgitio can also been seen
in [162, 163]. The regularity of this phenomenon suggests tie alternation of the
spinning direction is not caused by turbulence-inducedhsstic perturbations of the
limit cycle, unlike in chapter 3, but by an underlying detémistic mechanism, which
we aim to explain in this chapter. We will achieve this goathna model that includes
small, but not negligible, resistive and reactive asymiastrThe former are associated
with a non-uniform azimuthal distribution of the resistjvart of the ames and of the
ow transfer functions, and the latter with a non-unifornsttibution of the reactive
part of these transfer functions, with inhomogeneitiedeftemperature eld, or with
geometrical deviations from perfect axisymmetry. So fag, impact of asymmetries
on azimuthal modes has focused on resistive asymmetriés isTprobably due to the
fact that, unlike reactive asymmetries, resistive asymiegovern thdinear stability
of the modes [e.g. 35]. We will show here that reactive asyirig® on the other hand,
have a major e ect on th@onlinear dynamicsind are the fundamental cause of the
beating modeMoreover, we will demonstrate an unintuitive result: Thetfthat they
induce re ectional symmetry breaking and thus favour asig direction, which until
now was attributed exclusively to the presence of an aziaiutkw.
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Figure 4.2.1: (a) Sketches of the side and top views of theeréxgntal annular
combustor. (b) Acoustic eigenmode involved in the thermoatic instability, and
obtained by solving the Helmholtz equation with approxietatemperature eld and
boundary conditions.

4.2 Experimental observations

Experiments were performed with the same annular combastorthe previous chap-
ter. The fuel was a 70% Hand 30% CH blend by thermal power. This time, the
thermal power is xed to 48 kW (4 kW per burner) and the equivede ratio was
varied between = 0«4 and = 065 corresponding to near blow-o and ashback
conditions.
Four microphones Kulite XCS-093-05D were used for acogsgssure measurements,
they were mounted to the burner inlet pipes at azimuthatiposi 0, 60, 120 and
240 as shown in gure 4.2.1 (a). Above= 05, the system is thermoacoustically
unstable, with self-sustained oscillations around 900 Hhe operating condition
= 0575is used in this study to illustrate the signi cant e ect ofi resistive and
reactive asymmetries of the combustor upongtationarythermoacoustic dynamics.
Thetransientthermoacoustic dynamics observed during linear sweepgseddit mass
ow, for which  was increased from 0.5 to 0.6 in 20 s, was investigated in][161
Figure 4.2.2 shows the acoustic pressure time traces angf gspectral densities (PSD)
in three of the burner pipes at the stationary conditien 0575 The time traces
in gure 4.2.2(a) exhibit a distinctive amplitude beatin§our coloured dotted lines
indicate four successive phases of the beating cycle, veneshown in gure 4.2.2(b).
During the rst phase, the 3 microphones show sinusoidaillatons of similar am-
plitudes and with phase shifts G20 between them: the azimuthal thermoacoustic
eigenmode spins around the chamber at the speed of soundordéeof the time
traces indicates a CW spinning direction. In the secondetadsthe signals oscillate
in phase or in phase opposition, but with di erent amplitadéhe azimuthal thermoa-
coustic eigenmode is standing. The amplitude at the azi@dhis small, indicating
that the nodal line is close to that angle. During the thirdgg) the eigenmode spins
again, but the order of the time traces is inverted: the wawpamates in the CCW
direction. In the fourth phase, the mode is again standitg$uodal line orientation
is di erent from the second phase. This cyclic inversion loé tspinning direction is
very stable at this operating condition. We note that thegigwals are almost perfectly
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Figure 4.2.2: (a) Acoustic time traces from three equispan&rophones for =
0575 The rsttwo traces in the shaded area are shown on the r{phShort intervals
illustrating the four phases of a beating cycle with the oolmode corresponding to (a);
From left to right: mixed CW spinning, standing, mixed CCWhspng, standing. (c)
and (d) show the PSD over a broad and a narrow frequency raogedthe dominant
peak.

sinusoidal, with a dominant peak in the PSD that is four asdémagnitude larger than
the background spectral content. The time trace of the ipfwpe placed at= 60
(not shown in gure 4.2.2), is the opposite of the one meadate = 240, which
corresponds to an odd azimuthal order, and the amplitud@sgquispaced positions
are di erent, so the order is not multiple of 3. Helmholtzwsai computations using an
approximated temperature distribution were performed[&6d predict the existence
of a 1% order azimuthal acoustic mode at 900 Hz, matching well with ineasured
peak frequency of the thermoacoustic mode at 894 Hz in therarpnt. A closer view
of the PSD in gure 4.2.2(d) shows that there are in fact twakseseparated by about
2 Hz, which corresponds to the frequency of the beating: 3inggests that the beating
originates from explicit symmetry breaking between a phapproximately coincident
eigenmodes that would be degenerate in an ideal rotatyosyathmetric con guration
[35].

We use the quaternion ansatz, whose real part is:

?1 —€= cos¢ \°cogjcodl 1C i°, sint \Osintj °sintl 1C, i°—

(4.1)

wherel 1 is the acoustic pulsation of the rst azimuthal acoustic modThe state
variables ,\, j andi are extracted from the acoustic measurements, their évolut
for = 0¢575is shown in gure 4.2.3(a).
The rst noticeable feature is the low frequency periodiciiation of j between
c+4 andce4, which means that the mode alternates between CW and CC\Wisgin
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Figure 4.2.3: Dynamics of the state variables: (a) extchfriem the experiment; (b)
simulated with (4.7) without noise, i.e. = 0 (solid lines), and extracted from a
simulation of the wave equation (4.6) (dashed lines); (ojusated with (4.7) with
stochastic forcing; (d) PDF from 100 s of experimental datahie Bloch sphere
representation; (e) portion of the experimental statectayy; (f) and (g) are simulated
trajectories of (b) and (c). Simulation parametdrs: = 2c  894Hz, U = 100s 1,
V=160s,7r=25 104Pa?s?l = 102P&s3 0,=<,=6 102 -,=0,
U2 = 4ce5.

states. Furthermork also oscillates, with rapid changes betweeA and3c+4. Then,
the evolution ofi presents stair steps that are synchronised with the uicinatof
the other variables. The amplitude uctuates, but in contrast with) , \ andi the
oscillations are relatively small compared to the mean dog#. For convenient rep-
resentation, we make use of the Bloch sphere representattosduced in sectioPr?).
Figures 4.2.3(e) and 4.2.3(d) show a portion of the expertaddérajectory describing
the eigenmode state and its probability density functi@RHn this coordinate system,
revealing regular closed orbits. Itis worth mentioning tihés intriguing beating is not
observed when the thermal power of the combustor is incoeag&0% (72 kW) with
equivalence ratio xed betweer= 0*5and = 0 (like in chapter 3 and in [164]):
this will be commented in the results section.

4.3 Model

We now propose a low order model which reproduces the beategmomenon by
explicitly introducing asymmetries in the system. Thetatgrpoint is the three dimen-



sional wave equation for the acoustic presseye presence of unsteady heat release
rate&, without mean ow or temperature gradients:

M2 o om0 1 10ME

- 2°r ?—Wlmc 4.2)
where?2 is the speed of sound anlfthe adiabatic index. Following chapter 2, an
idealised version of the combustor is considered: an anmwaeguide of mean
radiusR, thicknessXg R and axial lengthL describec with cylindrical coordi-
natestA— —G (see gure 2.1). The operatot$i; =f ! ¢ 61A— —GedxdAand
WBip, =h ! , 6'A——G2& dAdGwill be used to average quantities over the cross
sectionf = XgL , andinthe volumé = RX f of a small angular sector of the annular
combustor. The volume averaging is thus applied to equédi@). Regarding the rst
term, whenX | 0, one hagnf?em&, ! nth?i; m& The divergence theorem is
applied to the second term. The resulting surface integrgplit between the poloidal

cross sections and the combustor boundaryrd®ip =) 1 , ) 2, where
1

1 m? X
JERX Am AT 2T

X

G-c M? A G-C and), = 2nd
—Coam A 7——fan)2— r?nd-

4.3)
and wheren is the outwards normal vector to the surface elent§nof the lateral
surfacee of the volumeh, whose area i2'L , Xg°RX . ForX ! 0, and considering
thatXa R , we have); ! R 2nfh?i; em 2. The second term, accounts for
the e ect of the combustor boundaries. For the limit caseigidrwalls and choked
combustor inlet and outlet, the normal acoustic pressuadignt one is zero and »
vanishes. In the present work, a general boundary condgigiven by the specic
acoustic impedance averaged oeeand de ned by/ * —1° = ?1d2% n°, where
| is the angular frequency the density, and? and ¢ are the Laplace transforms
of the acoustic pressure and velocity. By considering themab component of the
momentum balance og, one can writer 2 n = ild & n = il P/2. Itis now
reasonable to assume that at any azimuthal positiésalmost constant in the narrow
frequency range around the thermoacoustic instabilitk pethe PSD. In the idealised
geometry, the angular frequency of the rst azimuthal eigede peak i$ 1 = 2.R.
Back in temporal domain, thisgivés ? n = 1.1 1?2, -m?2m& -2 .2 where
-1 0=Re/%and. * ° = Im?/ ° are the speci c resistance and reactance of the
annular combustor boundary at angular frequencies arbund’hen whenX ! 0,
one has

Sl

1 1
N 1 - m
where is the boundary of the slide. Assuming that the integral of the acoustic pres-
sure along that boundary is proportional to the averagesdicquressure over the slice
(with  the proportionality constant), we haue! 1 ~e220i; 1 re22ontPis emC
wherer® ©=- 2 e»Xgl!-?2 . 2°Yjs a damping rate that is positive if the boundary
is dissipative, and® ©=. 1 2 e»XgL1- 2 . 29, Consequently, the wave equation
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From now on, we will only consider the 1D azimuthal wave etpraf4.5) and drop

the bracketdh i . To model the nonlinear ame response to acoustic pertiobst
we use a classic cubic saturation mo#l 1°& = V& °? A3 ysed for instance
by [35], [103] and [165]. It should be noted that this simpkme response model
can be considered as a rst approximation of the time-dornaimterpart of the ame
describing function which could be measured with dedicatqueriments as recently
done by [166]. Also, the inherent time delay between the siiowscillations in
the burners and the resulting response of the ames doesxptitily appear in the
model. Its e ect on the thermoacoustic dynamics is implyatbntained in the e ective
gain V and saturation constaftt [99] showed that such a model does reproduce
the delayed thermoacoustic feedback when the delay is sbhompared to the inverse
of the instability growth rate. It is worth mentioning thdtesinative ame response
models exist, such as the one proposed by [102], which deparahly on the acoustic
pressure load across the burners, but also on the azimwutbastic velocity in the
chamber, a dependency that has been the subject of sevpealregntal studies [e.g.
120]. However, we do not include such possible additionaktin our model and keep
it as simple as possible, as it allows us to fully reprodueesttperimental observations.
Then, we add a stochastic source terpnwhich accounts for the e ect of turbulence
on the thermoacoustic system, and which is considered ag@amdise. Recalling that
nmt?em 2= ?forthe rstazimuthal eigenmode, one obtains:

nt? 10 0/\2m? 2‘1on??—1

oy r Vi o 3n? —C 1. 3" 1<) (4.6)
The term™ 1 ©°can be interpreted as a spatial modulation of the e ectiwensisspeed
along the annular chamber. Here, this modulation comes &zimuthal asymmetries
of the acoustic impedance on the combustor boundarieshésame equation can be
obtained if one considers asymmetries of the chamber gegnoétthe temperature
eld, or of a ame response model with imaginary componentlithdugh the linear
gain of the ame respons¥ can in general be complex and depend anit will be
considered here as a real constant.

In the present study, an eigenmode with rst order azimutbahponent dominates the
thermoacoustic dynamics. The rst harmonic is four orddrsnagnitude lower than
the main peak in the PSD shown in gure 4.2.2, which justi & tuse of the ansatz
(4.1) in the wave equation (4.6). The spatio-temporal ayiagpderived in chapter 2 is
applied to the latter equation. It leads to the followingtsgs of Langevin equations
for the slow variables , j ,\ andi :
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where is the intensity of the noise resulting from the spatial agéng of ,andZ , 7 ,

2\ andz; are white noises of intensities 2| f The termdJ, 03, <, and the angles 2
and -, come from the Fourier decompositions °©= U1, 0. cos» ! u: °%4°
and™t °=| i <. cos: » - Y4Pwhere the anglesy. and -. are chosen so
that0. and<. are positive. Th®. and<. correspond to the deviation of the system
from pure axisymmetry in regard to the acoustic resistanmk reactance. These
asymmetries can originate from the chamber geometry, tleanosv and temperature
or the ame response to acoustic perturbations. Only thersgorder contribution8;
and<; have an e ect on the dynamics of the rst order azimuthal m§gs]. These
equations can be compared with the ones of section 2.B foll, g = O and" =0,

in which 2,- plays a similar role as the presddit. Three new terms containing
result from taking into account the reactive asymmetrid® ifitricate e ects of these
additional terms on the phase space will become cleareeingkt section.

4.4 Results

We rst consider a deterministic caseX 0) without dissipative asymmetr@$ = 0),
which enables an analytical determination of the equilirpoints and their stability.
When<, = 0, pure spinning modes are the only stable solutions of theisysand
standing modes in any direction are unstable equilibrighasvn in gure 4.4.1(a).

When< is increased, two preferential directions emerge> c+4 as shown in
gure 4.4.1(b). The attractors move away from the poles dnd thecome two mixed
modes, one with a CCW spinning component and preferentedtibn -, c<4, and
one with a CW spinning component and preferential directiop, c+4. In addition,
the saddle circle in the equatorial plane, which correspémdnstable standing modes
for the case of perfectly symmetric combustors, turns intm $addle points with the
same preferential directions. p_

When< ; reaches the critical value, =1V WPl 6l 1° and is further increased,
the two pairs of attractor and saddle point merge and disapge shown in gures
4.4.1(c) and 4.4.1(d). These saddle-node bifurcations teaa situation where the
system has no equilibria anymore. In the corresponding tioreain simulations of
the deterministic version of (4.7), has a monotonous unbounded evolution driving
its values out of its de nition intervab ce4—c 4% In order to remain compatible
with the ansatz (4.1) in this particular scenario, we impibs¢j becomes c+2 |
when it goes beyondce4, and simultaneously replateoy\ ce2andi byi ce2.
With these transformation$, describes triangular oscillations betweegrce4—c 4%
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Figure 4.4.1: Analytical solutions and streamlines of {ysteam (4.7) without noise and
dissipative asymmetry € 0, 0, = 0), for di erent values of the reactive asymmetry
<, (@)<2=0;(0)0Y <2 Y <y; (c) <2 = <»; (d) orbits for<, | < ». Attractors
are represented with red circles, saddle points with reskers repellers with red stars.
Streamlines are overlaid on the contours of the normalizeds vector magnitude.

which corresponds to the beating phenomenon observed exgeiments. When we

set < 0and0; < O, additional saddle points appear on the poles and the system
is naturally repelled away from the valugs= c+4 andj = ce<4, so that these
transformations are not anymore necessary. Under thedditioms, the beating is
explained by the presence of heteroclinic cycles betweepdttes.

System (4.7) was simulated with a rst order stochastic RuKgtta method. Fig-
ures 4.2.3(b) and 4.2.3(c) present simulations, where #énanpeters have been cal-
ibrated to reproduce the experiments. The model-based atadddiven calibration
approach used in chapter 3 cannot be applied when the systgaerned by a beating
mode, because it is not possible to assume decoupled Larnggwations in such situ-
ation. Following [58], one could upgrade the approach bysatering the multivariate
conditional moments, but this is rather involved and we use@ a simpler empirical
approach: First, ; and<, were readily found from the instability and beating frequen
cies; Ther, U, Vand were adjusted to realistic values, around the ones thatdesme
reliably identi ed for operating conditions without beatj [164]; Finally, the resistive
asymmetry leveD, and the angle -, u2 were tuned to reproduce the oscillations
of j and\. This process was facilitated by the fact that the modelmatars have
speci ¢ signatures on the dynamics of the di erent stateiafles, allowing to isolate
clear optimum values for the calibration. Figure 4.2.3(m\es results for the purely
deterministic case: coloured solid lines and black dasihed respectively correspond
to the simulation of the averaged equations (4.7), and tctide variables extracted
from a direct simulation of the wave equation (4.6). The twowdations match almost
perfectly, which validates the averaging method. FiguBe3{c) shows simulation re-
sults for a non-vanishing stochastic forcing. An estimétbestandard deviation of the
spatially averaged random uctuations caused bg12 el i»v Wab? = 32Pa. Itis
small compared to the limit cycle amplitude, which is eqoalt»v  Uv46M°1*2 = 800
Pa in the perfectly symmetric deterministic case.

Now that the few parameters have been calibrated with thererental data,
allowing us to validate the model, we use it to draw furthenaosions. First, it
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Figure 4.4.2: (a) Stationary PDF of the eigenmode state (26&8675% of the proba-
bility) for purely resistive asymmetry and streamlines #f7). (b) Stationary PDF for
di erent levels and orientation of the reactive asymmefgr all cased, 1 =2c 894
Hz,U=100s },V=160s 1, =25 10“4Pa?s?, = 1.8 10¥Ps 3 0, = 20%
and 2 =0.

is worth mentioning that the threshold value ©f from which beating occurs is
in uenced by the presence of stochastic forcing and digsipasymmetries. Increasing
the noise intensity tends to decrease the threshold, while increasing thepdibad
asymmetryd, tends to increase it. In that regard, the model calibratieldg0, = 6%,

u2 = -2, 4ce5and<; = 6%in the present case. The latter value is signi cantly
higher thark 2 = 0+4%, which is the onset of beating for the same mean Yaind losses
U, if one could freely suppress dissipative asymmetriessie¢0, = 0. Second, these
results show that small reactive asymmetries can be enougtuse amplitude beating.
The derivation of the model is based on non-uniform distidouof the impedance
along the annular combustor boundary, but the reactive amtries can also be due to
the response of the ames to acoustic perturbations or heomegtrical origins, such as
a non-uniform annular combustor radiBs Consequently, a manufacturing tolerance
of a few percent can cause the occurrence of this beatingophemon. We have not
yet identi ed which of the possible types of reactive asynimyés responsible for the
beating mode observed in our imperfect experimental setdglas is the subject of
ongoing research. Third, the combined presence of reaatideresistive asymmetry
brings another interesting e ect: if the sources of thesgranetries are di erent, there
is no reason that their directions , and (2 should be equal. If they are neither
aligned nor orthogonal, the re ectional symmetry of the lgeon is broken and one
spinning direction dominates the other one. This is illtstd in Figure 4.4.2, which
presents stationary PDFs of the eigenmode state for ditasembinations of reactive
and dissipative asymmetry below the beating threshold. ADEs are obtained from
simulations of the Fokker-Planck equation, following thethrod given in the technical
note 4.A. The level of noise and dissipative asymmetriesevegbitrarily increased



compared to gure 4.2.3 in order to broaden the PDFs whileaieimg below the
beating threshold. One can see in gure 4.4.2(b)thatwhen 2 <0 modce2,
an asymmetry appears between the upper and the lower hdltks BDF, and the
probabilities are di erent for CW and CCW spinning modes.isTtan be also seen in
gure 4.4.3,wherg shows a preference for positive values in presence of seraitive
asymmetry combined with resistive asymmetry. Such a préukmmee of one of the
two spinning directions has so far been attributed to theqree of azimuthal ow,
which has been the subject of section 2.9 and of severaldtiearand experimental
studies [50, 134, 167, 66]. In particular, the theoreticadlel of section 2.9 predicts that
brokenre ectional symmetry of the phase space can be cdysethean azimuthal ow
that advects the heat release rate uctuations, favoutiegspinning waves travelling
against the mean azimuthal ow. Here, we thus present and#éss intuitive, possible
origin for the predominance of a spinning direction, whidtuars in absence of mean
azimuthal ow. Besides, it further elucidates one of oureetmeasurements at the
equivalence ratio of 0.55 and the thermal power of 72 kW [16#jere the system
exhibits (i) a predominance of CW spinning mixed statesaaltfh there is no mean
azimuthal ow, and (ii) small, but statistically meaningfichanges of the anti-nodal
line direction occurring with the intermittent changes bé tspinning direction. In
such situation, the predominant direction of the anti-hdithe is determined by a
competition between the dissipative and the reactive astnymThe former tends to
align the standing component of the eigenmode in the daecti;,, and the latter tends
to align it in the direction -, ce*4 (resp. -2, ce4) for mixed modes with CCW
(resp. CW) spinning component. This can be seen in gure24.éhen<, = 0, the
statistically dominant is 0, while for non-vanishing > and -, < c*4, the PDF is
twisted towards -, ce4inthe upperhalf,and- ,, ce4in the lower half. In contrast,
for -, =ce4and<, = 025% the dissipative asymmetry is already aligned with one
of the preferred directions imposed by the reactive asymym€onsequently, although
the increase of , favours CCW spinning states (with a more concentrated [ibtya
density than for CW spinning states), there is no twistinthefPDF, i.e. no statistically
meaningful changes afaccompanying sporadic spinning direction changes.

4.5 Conclusion

In this study, the phenomenon of thermoacoustic beatingnivular combustors has
beeninvestigated experimentally and theoretically. $tigen found that the underlying
complex dynamics is fully reproduced by our model, when asgtnies of the reactive
component of the system are accounted for, in combinatitimtalassically modelled
resistive asymmetries. This 1D model can thus be used foetiogl the dynamics of
azimuthal modes in real 3D geometries by accounting for anwahal distribution of
lumped acoustic impedance representing the burners, émeipl, and the combustor
outletatthe boundaries of the considered annular domais.study allows us to answer
some key questions resulting from various experimenta¢ofagions reported in the
literature during the past decade: First, the presensseifained periodic change of the
mode's spinning direction and standing component orieridias deterministic origins,
and it corresponds to heteroclinic cycles between the twoiss-spinning modes,
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