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Abstract

This paper describes a deterministic process, henceforth referred to as a demon, for altering the equilibrium dis-
tribution of a billiards-like dynamical system. The system consists of particles whose energies are integer valued,
and where all energy-exchange mechanisms preserve this quantization. As a result, time and positions are continu-
ous, while velocities are discrete. The demon is a localized, velocity-dependent potential whose effect is to simply
alter the direction of an incident particle. It is shown how the demon can steer the system away from equilibrium
to create a temperature differential, a density differential, a circulation, and a large-scale oscillation. It is further
shown how the system – including the demon – can be captured by a time-independent Hamiltonian, where the
set of states whose energies are integer valued is an invariant set. In addition, given any �nite time horizon, the
novel behavior extends to continuous energies in a neighborhood of the invariant set. Since the set of states where
energy is quantized has zero Lebesgue measure, the results are not inconsistent with statistical characterizations of
the second law of thermodynamics.

Forward

This paper stems from an obsession: time. Inevitably anyone reading this paper who shares this obsession will have
been confronted with a seemingly paradoxical observation: if arguably all of the laws that govern the Universe look
the same going forward in time as they do going backward, then why does time seem to �ow in only one direction?
And this inescapably leads to the second law of thermodynamics, and the relationship between order – or rather
disorder – and time.

In order to better understand this connection, I began to explore the boundaries of the second law, from a dynamical
systems perspective. This paper is a product of this exploration. It has a tutorial component, hopefully making this
paper accessible to someone with an undergraduate education in engineering, math, or physics.

A large number ofANIMATIONS accompany this paper, and are accessible as hyperlinks in the text. Wikipedia is
a great springboard and source of background material, with links to entries also accessible as hyperlinks. Many
mathematical details, derivations, and proofs are placed at the end of the document, and indexed as [C.x].
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1 Introduction

Imagine two empty roomsL andR connected by a door, which is open. When the rooms are at the same temperature
and pressure, you close the door. You then activate the Demon, a clever little fellow with a little sliding door connect-
ing the two rooms that does the following: if it sees a fast – or `hot' – air molecule approaching fromL to R, or a
slow – or `cold' – air molecule approaching fromR to L , it opens the door and lets it through, and then closes it again.
What does this do? RoomR will get hotter andL will get colder. Furthermore, the Demon exerts no net energy in
operating its little sliding door, either because the door is in�nitely light or because all the energy exerted to open the
door is reabsorbed when the door is closed. We have just created a refrigerator, and it takes zero energy to run it.

Figure 1: Maxwell's Demon. Left: door opens to let fast air molecule leave roomL . Right: door stays
closed to keep fast air molecule in roomR.

The Demon can also play other games. For example, it can simply let air molecules go through when approaching
from L to R, but not when approaching fromR to L . What then happens is that the pressure inR increases while the
pressure inL decreases. We have just created a compressor, and it takes zero energy to run it.

This is Maxwell's Demon, the thought experiment introduced by James Clerk Maxwell in 1867 to demonstrate that
it might be possible to overcome the second law of thermodynamics, if not in practice at least in principle. Arguing
why the Demon, or a mechanism like it, can't exist has been an inspirational source of study, ranging in �elds from
statistical mechanics to information theory to mathematics.

As it turns out, Maxwell's Demon is much too powerful, because it is not subject to the same rules as the rest of
the world it lives in. Consider systems that can be described in the following way, which includes Newton's laws of
motion, more generally classical mechanics, and for the purposes of this paper, the air molecules in a room:

H = H(q; p) = H(q; � p); �p(t) = �
¶H
¶q

(q(t); p(t)) ; �q(t) = +
¶H
¶ p

(q(t); p(t)) (1)

H is called the Hamiltonian, named after Rowan Hamilton, who formulated it in 1833. The position variables areq,
the momentum variablesp, and the total energy of the systemH. Two key properties of systems described by the
Hamiltonian in Equation 1 are the following:

H1: Energy conserving H(q(t); p(t)) is constant for all timet [C.1]

H2: Time reversible (q(t); p(t)) is a solution if and only if(q(� t); � p(� t)) is a solution[C.2]

The �rst needs no explanation beyond highlighting thatH , by de�nition, is the energy of the system. The second is
essentially saying that going backward in time is the same as reversing velocities and going forward in time, and this
is where Maxwell's Demon demonstrates that it is not playing by the rules. Consider the following Demon behavior,
which is used to heat up roomR and cool down roomL (and is in fact illustrated in Figure 1):

LR : If it sees a fast air molecule approaching fromL to R, it will open the door

RL : If it sees a fast air molecule approaching fromR to L , it will keep the door closed

As far as the air molecules are concerned,RL is the same asLR running backward in time. But clearlyLR going
backward in time is not the same asRL going forward in time: inRL the door stays closed, while in backwardLR the
door opens. This is illustrated in Figure 2. Maxwell's Demon is not time reversible.
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Figure 2: Maxwell's Demon is not time reversible.LR : fast air molecule A goes through open door
when approaching fromL to R. RL : fast air molecule B bounces off closed door when approaching
from R to L . RL , LR : the path of air molecule B is run forward in time, while the path of air molecule
A is run backward in time; the paths are coincident right until they reach the door, which stays closed for
B but is opened forA, the backward-in-time version of A.

In fact, it is possible to create a simple demon that is energy conservingand time reversible, and its construction is
found in Appendix A.1 But there is another property of Hamiltonian systems that puts an additional constraint on any
would-be, rule-abiding demon, and it has to do with how state space is distorted as a function of time. Letz= ( q; p),
and given initial conditionz(0), let z(t) be the solution to Equation 1 at timet. Let Z(0) be a set of initial conditions
andZ(t) the corresponding set of states at timet. We have the following additional key property of Hamiltonian
systems, known as Liouville's theorem:

H3: Volume preserving Thevolumeof setZ(t) is constant for all timet

The precise de�nition of volume is the Lebesgue measure, and it coincides with the intuitive notion of volume for
most sets. For example, consider the following set:

�
(q1; � � � qN; p1; � � � ; pN) : q̄k � qk � q̄k + Dqk; p̄k � pk � p̄k + Dpk

	
(2)

It is a 2N-dimensional hyperrectangle, and its volume is simply the productDq1 � � � DqNDp1 � � � DpN.

A simple example of this property, and one of the two key interactions considered in this paper, is a particle of mass
equal to 2 units moving in one-dimensional (or simply 1D) space with positive velocityv that encounters a potential
of sizeV at locationx = 0. The particle losesV amount of kinetic energy, but gains the same amountV of potential
energy; after the interaction, the velocity is

p
v2 � V, where we assumev2 � V > 0. The Hamiltonian for this system

is p2=4+ 1(q)V (the sum of kinetic and potential energies), wherep = 2v, q = x, and1 is the unit step function (equal
to 0 for negative arguments and 1 otherwise). This is illustrated in Figure 3 for the case where the potentialV is 0 and
� 5, the incident velocity is in the range of 1 to 2, and the incident position is in the range of -1 to 0. As can be seen,
even though the square is deformed by the interactions, the volume (or area, since volume in 2 dimensions is simply
area) remains the same.

-1 -0.5 0 0.5 1 1.5 2 2.5 3

Position

1

1.5

2

2.5

3

V
el

oc
ity

t = 1
t = 0

-1 -0.5 0 0.5 1 1.5 2 2.5 3

Position

1

1.5

2

2.5

3

V
el

oc
ity

t = 1
t = 0

Figure 3: Examples of volume-preserving �ows. Left: no potential, particle moving freely in space.
Right: potential of -5 atx = 0.

1Why wasn't such a demon discovered by Maxwell or contemporaries? One reason is that even though it is simple, it is not obvious at all
that it should behave like a demon except through simulation.
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Liouville's theorem asserts that even though regions of state space can be distorted by the dynamics, especially when
a system is chaotic, such as air molecules in a room and the systems considered in this paper, the volume remains
constant. It is this additional property, coupled with the nature of equilibrium distributions for systems with large
numbers of degrees of freedom, that makes the creation of a demonalmostimpossible.

The key idea of why being volume preserving puts an almost insurmountable hurdle on a demon can be demonstrated
with a simple example devoid of dynamics. ConsiderN objects, each of which can take on one of two values:L and
R. The space isN-dimensional, and the total number of possible states is �nite and equal to 2N. Let S be a set of
states, and de�ne functionm(S) to be the number of elements inSdivided by 2N. The smallest value ofmis 0 (when
Sis the empty set), and the largest is 1 (whenSis the whole space). Functionmis another example of a measure, this
time on a �nite set.2

De�ne con�gurationSn to be the set of all states wheren objects take on the valueL , and consequentlyN � n objects
take on the valueR. By the binomial theorem, the number of elements inSn is N!=(n!(N � n)!). Let N be even3 and
large;m(Sn) is maximized whenn = N=2, and by Stirling's approximation, is asymptotically equal to

p
2=

p
pN,[C.3]

which goes to 0 asN goes to in�nity. So for largeN, the con�guration with the most number of elements actually
contains a very small fraction of all possible states. But now for �xede > 0, consider the setSN=2;e, the union of all
setsSn that satisfyjn=N� 1=2j � e, wheree > 0 is a tolerance on how close the con�gurations are to the con�guration
with the most number of elements. By Hoeffding's inequality, a lower bound form(SN=2;e) is 1� 2exp(� 2Ne2),[C.4]

which approaches 1 asN goes to in�nity, no matter how smalle is. So even thoughSN=2 is itself relatively very small
for largeN, the overwhelming majority of states are concentrated around it.4 This is illustrated in Figure 4.
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Figure 4: Concentration of measure for different values ofN. Left: measure is normalized so that the
area under each curve is equal to 1; in the limit, asN approaches in�nity, the curve approaches a unit
impulse. Right: the integral of the normalized measure; in the limit, asN approaches in�nity, the curve
approaches a unit step function. The plots are identical to the normalized probability mass function and
the normalized cumulative distribution function associated withN tosses of a fair coin.

Let S be the set of all states. Letf beanymeasure-preserving function fromS to S: m( f (S)) = m(S) for any setS. It
then follows thatf is invertible, since if at least two elements map to the same value, it is not measure preserving. We
can then conclude thatm( f � 1(S� SN=2;e)) < 2exp(� 2Ne2):[C.5] the fraction of states that map to the region outside
of the one concentrated aroundSN=2 is vanishingly small. Said another way, it isimpossibleto map a non-vanishing
fraction of states to regions outside of the one centered aroundSN=2 with a measure-preserving function.

And now we see the insurmountable obstacle facing a would-be demon: if it is measure preserving, it is not possible
for it to map all the states centered around the con�guration with the most elements – in this example, half with the
valueL and half with the valueR – to any other region in space, there simply isn't any room to do so. Returning to
the two rooms, the predominant con�guration is one where the temperatures are the same and densities are the same,
and almost all states are centered around it. It is thus impossible for a demon satisfying constraintsH1,2,3to steer the
system away from this con�guration,exceptpossibly on a vanishingly small – in the sense of volume – set.

2It is in fact the counting measure, normalized by the total number of elements in the space. Because the largest value it can take is 1, it is
also a probability measure.

3Exposition is simpli�ed whenN is even; similar arguments hold whenN is odd.
4This result can in fact be seen as a very special case of the law of large numbers in probability theory, applied to the toss of a fair coin: as

the number of coin tosses approaches in�nity, the fraction of heads and tails approaches 1/2 with probability 1.
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What is not ruled out is what a demon satisfyingH1,2,3can do to sets that have zero volume. For example, what if we
only considered states where energies are integer valued – and hence velocities are discrete – and restricted ourselves
to systems that preserve this energy quantization? The volume of any collection of such states is zero. In Equation 2,
for example, theDpk terms must all be zero.

Indeed, what is demonstrated in this paper is that by considering systems where energy is quantized, it is in fact
possible to construct a systemandan equilibrium-altering demon that jointly satisfy constraintsH1,2,3, and which can
be captured with a Hamiltonian like in Equation 1. The demon, in turn, consists of nothing but a velocity-dependent
potential in the Hamiltonian representation of the system dynamics.

The primary system considered in this paper is illustrated in Figure 5. It consists of two reservoirs, thetop reservoir
and theright reservoir, connected by achamber. Each reservoir contains a large number of non-interactingreservoir
particlesand amixer, the latter being the mechanism by which energy is transferred among the particles. The reservoir
particles only interact with the mixer, and cannot leave their reservoir. An additional particle, thedemon particle, can
move between the reservoirs through the chamber. The demon particle interacts with a reservoir's mixer, and is the
means by which energy is transferred between the two reservoirs. The chamber contains the demon, a velocity-
dependent potential that alters the trajectory of the demon particle.

top reservoir

chamber right reservoir

mixers

Figure 5: The system.

The paper is organized as follows: The reservoir dynamics are described in Section 2, followed by the chamber and
demon dynamics in Section 3. It is shown in these sections that the dynamics can be captured by a time-independent
Hamiltonian, with desirable continuity properties outlined in Section 4. In Section 5 simulation results are presented
when the demon is disabled, and a baseline for later comparisons established. In Section 6 simulation results are
presented when the demon is enabled, and it is shown how the equilibrium temperature can be altered by it. In
Section 7 it is shown how the resulting temperature differential can be used to change the equilibrium densities when
the ends of the reservoirs are connected and particles can �ow between them. In Section 8 it is shown how the
demon can create a net circulation when there are two separate paths connecting the reservoirs. In Section 9 the two
reservoirs are connected to an additional reservoir with a massive moving wall, resulting in sustained oscillations. In
Section 10 it is shown how two different, non-trivial measures – not zero everywhere – can be de�ned when energies
are quantized, and that they are preserved in different portions of the state space, providing insight into how the demon
is able to do what it does. A simple energy-conserving, time-reversible, butnotvolume-preserving demon is included
in Appendix A, the simulation environment is described in Section B, end notes may be found in Appendix C, and
references in Appendix D.
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2 Reservoir Dynamics

A reservoir containsreservoir particles, a mixer, and on occasion thedemon particle. What follows is a description
of the right reservoir, illustrated in Figure 6; an analogous description holds for the top reservoir.

reservoir
particledemon

particle

mixer

mixer
barrier

reservoir
boundary

Figure 6: The right reservoir. ANIMATION 1, ANIMATION 2, ANIMATION 3.

2.1 Reservoir Particles

The reservoir particles are points with mass equal to 2 units, and are always to the right of the mixer, as illustrated
in Figure 6. Their motion is 1D (horizontal in the �gure). They are assumed to not interact with each other, but the
same dynamics are obtained if they are instead assumed to collide elastically. In particular, because they have equal
mass and their motion is 1D, an elastic collision simply results in an exchange of velocities. The only difference
between assuming non-interacting and interacting reservoir particles, therefore, is an inconsequential exchange of
particle labels.

Since energies are the variables manipulated most often, it is convenient to use kinetic energy as a state variable
instead of velocity: given velocityv, thesigned energy eis de�ned to bev2 whenv is non-negative and� v2 whenv is
negative; equivalently,v =

p
e whene is non-negative andv = �

p
� e whene is negative, with notationv = s

p
e. The

state of reservoir particlei is then the position/signed-energy pair(xi ;ei), and its velocity isvi = s
p

ei .

When a reservoir particle collides with the vertical reservoir wall on the right in Figure 6, it simply changes direction:
(xi ;ei) 7! (xi ; � ei). What happens when one collides with the mixer is described in Section 2.3.

2.2 Demon Particle

The demon particle is also a point with mass equal to 2 units, but is always to the left of the mixer, as illustrated in
Figure 6. The demon particle can freely enter and exit the reservoir through thereservoir boundary, the end of the
reservoir connected to the chamber. Unlike the reservoir particles, the motion of the demon particle is 2D, and its
state is(xd;yd;ed; fd), whereed and fd are the horizontal and vertical signed energies.

When the demon particle collides with a horizontal reservoir wall, it changes its vertical direction:(xd;yd;ed; fd) 7!
(xd;yd;ed; � fd). What happens when it collides with the mixer is described below.

2.3 Mixer

The mixer is a vertical line with mass also equal to 2 units, whose motion is 1D and whose state is the position/signed-
energy pair(xm;em). The mixer has a vertical extent so that it can collide with the 2D demon particle. Upon colli-
sion with a reservoir particle at locationx, the mixer and reservoir particle exchange velocity, and hence signed
energy, since their mass is the same:(x;em); (x;ei) 7! (x;ei); (x;em). Similarly, upon colliding with the demon
particle at locationx, the mixer and the demon particle exchange signed energy along the horizontal direction:
(x;em); (x;yd;ed; fd) 7! (x;ed); (x;yd;em; fd). We defer discussion to what happens when there are simultaneous colli-
sions with the mixer to Section 2.4.2.

The mixer is subject to a restoring force produced by an idealized potential �eld whose effect is similar to that of a
spring with hard limits. This is illustrated in Figure 7, where for simplicity of exposition we assume the origin of
the potential is atx = 0. Except for the transition points,5 the potential energy of the mixer is a piecewise constant

5The reason why the potential energy at the transition points have `spikes' of size 1/2 is explained in Section 2.6.
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function of its position, and the total energy of the mixer is the sum of the kinetic energyjemj and the integer-valued
potential energy; as we will see, the fact that the potential energy is integer-valued is critical. At a transition point, the
mixer gains (or loses) potential energy, and loses (or gains) kinetic energy.

0 X1 X2 XM

0

1

2

M

-X1

1

XM+1

3/2

5/2

Figure 7: The mixer potential, symmetric aboutx = 0. The transition points are at location� Xj , where
j 2 f 1; � � � ;Mg, while the hard limits are at location� XM+ 1. The blue integers are potential energy
levels, while the blue fractions are potential barriers that need to be overcome in order to transition from
one level to the next.

Consider the situation where the mixer signed energyem is positive (mixer moving to the right). Assuming the mixer
does not collide with a particle at the exact same time that it undergoes a transition, which will be addressed in
Section 2.4.2, we then have the following state transitions:

� M � j < 0;em> 1=2 : (Xj ;em) 7! (Xj ;em+ 1) (3)

� M � j < 0;em� 1=2 : (Xj ;em) 7! (Xj ; � em) (4)

0 < j � M;em> 3=2 : (Xj ;em) 7! (Xj ;em� 1) (5)

0 < j � M;em� 3=2 : (Xj ;em) 7! (Xj ; � em) (6)

j = M + 1 : (Xj ;em) 7! (Xj ; � em) (7)

Analogous state transitions occur forem< 0. The mixer is fully characterized by the largest potential levelM, the
location of the transitions� X1 to � XM, and the location of the hard limits� XM+ 1. XM+ 1 is the location of themixer
barrier, while � XM+ 1 coincides with the location of the reservoir boundary (and is also a barrier to the mixer).

Qualitatively, the resulting dynamics are similar to a mass on a spring with hard limits. As reference, consider the
following continuous relationship between a displacementx and the resulting potential energyV:

V(x) = M
�

jxj
XM+ 1

� G

(8)

G = 1 corresponds to a constant force spring, whileG = 2 captures a spring subject to Hooke's law, whose restoring
force is proportional to displacement. For �xedXM+ 1, we can pick the remainingXk to minimize theL2 norm between
the continuous reference relationship above and the piecewise constant one in Figure 7, resulting in[C.6]

Xk = XM+ 1

�
k � 0:5

M

� G� 1

(9)

For all results in this paper, the following values are used:

• Distance between mixer barriers (2XM+ 1 in Figure 7): 1

• Mixer spring type (G in Equation 9): 2

• Maximum potential level in mixer (M in Figure 7): 100

The equilibrium distributions that we will later encounter are insensitive to these system constants; the spring must
simply be capable of storing energy. For example, one could letM be as small as 1. The time it takes to reach
equilibrium, however, is affected by these constants.
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2.4 Hamiltonian

It is straightforward to write a Hamiltonian for the reservoir:

q = ( x1; � � � ;xN;xm;xd;yd) (10)

p = 2( s
p

e1; � � � ; s
p

eN; s
p

em; s
p

ed; s
p

fd) = 2(v1; � � � ;vN;vm;vd;wd) (11)

H(q; p) = T (p)+ V(q) (12)

T (p) = å jei j + jemj + jedj + j fdj (13)

V(q) = Vm(xm) + å Vm;i(xm� xi) + Vm;d(xm� xd) + å Vi(xi) + Vd(xd;yd) (14)

The state of the system consists of 2N+ 6 components, whereN is the number of reservoir particles. The total energy
H is the sum of kinetic energyT and potential energyV. The potential energy, in turn, consists of various terms:Vm

is the idealized mixer potential in Figure 7, theVm;i andVm;d are idealized, in�nite potentials that capture the elastic
collisions between the mixer and the particles, and theVi andVd are idealized, in�nite potentials that capture the
elastic collisions between the particles and the walls; more about idealized potentials shortly. Due to the Hamiltonian
structure, it follows that the reservoir is energy conserving, time reversible, and volume preserving, although it is also
straightforward to verify this directly, given the simplicity of the dynamics.

Also note that if the signed energiesei ;em;ed; and fd are integers at any instant in time, they will remain integers for
all time, since all energy-exchange mechanisms preserve this quantization. The set of states where signed energies
are integers is thus an invariant set of the reservoir dynamics. Additionally, if all signed energies are non-zero at any
instant in time, they will remain non-zero for all time. We can then make the following observation:6

The set of states where signed energies are non-zero integers is an invariant set of the reservoir dynamics.

2.4.1 Idealized potentials

We elaborate below on the concept of an idealized potential, which is a common construct when dealing with in-
stantaneous interactions, but needs careful treatment for the chamber described in Section 3, where the potentials are
velocity dependent.

0
0

1/�A

�A�æ�A
0

X1�æ�A2

1

3/2

X1 X1�®�A2

Figure 8: Non-idealized potentials. Left: vertical wall atx = 0. Right: mixer potential near transition
pointX1.

Consider the continuous and piecewise differentiable approximation to an idealized potential capturing a vertical wall
at locationx = 0, parametrized by smalld > 0, which is illustrated on the left in Figure 8. In particular:

Vd(x) = 0 for jxj � d (15)

=
d + x
d2 for � d < x � 0 (16)

=
d � x
d2 for 0 < x < d (17)

6The reason that 0 energy is excluded will become obvious in Sections 2.5 and 10, but brie�y: the state of zero-energy particles outside the
mixer is constant for all time – completely speci�ed when the state is initialized – and as a consequence zero-energy reservoir particles do not
interact with their environment.
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Let the state of the particle at time 0 be(� d;e), whereeis strictly positive. Using Hamilton's equations and assuming
d < 1=e, we have the following differential equation forx, and corresponding solution:

ẍ(t) = �
1

2d2 x(0) = � d; �x(0) =
p

e (18)

�x(t) =
p

e�
t

2d2 x(t) = � d + t
p

e�
t2

4d2 for 0 � t � 4d2p
e (19)

where the constraintd < 1=e is needed to ensure that the particle does not `climb over' the potential. At the end
of the interaction with the potential, the state of the particle is(� d; � e), with the state undergoing a continuous
transformation (a fact that will be exploited in Section 3.3), whose duration scales quadratically withd. The idealized,
in�nite potential that captures the collision between a particle and a wall is thus the limit asd goes to 0 of the potential
above, which is nothing but the unit impulse, and the resulting idealized differential equation is ¨x = �D (x)=2, where
D is the idealized derivative of the unit impulse.

Similarly, the collision between the mixer and a reservoir particle can be obtained by replacingx in Equations 15
through 17 byxm� x. Without loss of generality let the state of the the mixer and particle at time 0 be(� d;em) and
(0;e), whereem� e is strictly positive (and hences

p
em� s

p
e is strictly positive). Once again by Hamilton's equations

and for suf�ciently smalld, we have the following differential equations forxmandx:

ẍm(t) = �
1

2d2 ; ẍ(t) =
1

2d2 xm(0) = � d; �xm(0) = s
p

em; x(0) = 0; �x(0) = s
p

e (20)

Performing a change of variablesy := xm� x andz:= xm+ x yields the following differential equations and solutions:

ÿ(t) = �
1
d2 ; z̈(t) = 0 y(0) = � d; �y(0) = s

p
em� s

p
e; z(0) = � d; �z(0) = s

p
em+ s

p
e (21)

�y(t) = s
p

em� s
p

e�
t

d2 y(t) = � d + t( s
p

em� s
p

e) �
t2

2d2 �z(t) = s
p

em+ s
p

e z(t) = � d + t( s
p

em+ s
p

e)

for 0 � t � 2d2( s
p

em� s
p

e) (22)

Undoing the coordinate transformationxm= ( y+ z)=2 andx = ( z� y)=2 yields the following values for the mixer
and particle states after the interaction, whose duration scales quadratically withd: (� d + d2(jemj � j ej);e) and
(d2(jemj � j ej);em), with the required result in the limit asd goes to 0:(0;em); (0;e) 7! (0;e); (0;em).

Finally, a similar construction can be used for the idealized mixer potential. For example, the idealized transition at
x = X1 results from the limit asd goes to zero of the following potential7, which is illustrated on the right in Figure 8:

Vd(x) = 0 for x < X1 � d2 (23)

=
3(x� X1)

2d2 + 3=2 for X1 � d2 � x < X1 (24)

=
� (x� X1)

2d2 + 3=2 for X1 � x < X1 + d2 (25)

= 1 for x � X1 + d2 (26)

2.4.2 Simultaneous interactions

This is a very technical section whose conclusions have no bearing on the main results in this paper. It is included for
the sake of completeness.

We have not addressed two edge cases: what happens when two particles collide with the mixer at the exact same
time, and what happens when a particle collides with the mixer at the exact time that the mixer undergoes a transition.
One could argue that practically speaking this will never happen, but that is not a very satisfying answer. By once
again looking at non-idealized potentials, however, and the underlying limiting processes, we can readily address
these edge cases in a rigorous way, even if they never occur.

First, consider the simultaneous collision of two reservoir particles with the mixer. Without loss of generality, let the
idealized interaction take place at time 0, at location 0. In addition, since the potentials that capture collisions only
depend on the difference between the positions of the objects, we can explore the interaction in a moving frame of
reference where the mixer velocity at time 0 is also 0. Finally, and once again without loss of generality by choosing

7The (very technical) reason whyd2 is used instead ofd will become apparent in Section 2.4.2.
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appropriate units for velocity, assume particle 1 is moving with velocity -1 and particle 2 is moving with velocity
� (1+ g), whereg � 0 (recall that reservoir particles are always to the right of the mixer). Particle 1 will engage
with its non-idealized potential at time� d, while particle 2 will engage at time� d=(1+ g). The difference between
engagement times is thendg=(1+ g). Recall, however, that the duration of an interaction scales asd2, and therefore
in the limit asd goes to 0,provided thatg is not equal to 0, particle 1 will complete its interaction with the mixer
before particle 2 begins its interaction, and therefore particle 1 will swap its velocity with that of the mixer. Particle 2
will then interact with the mixer since it is moving faster than the mixer, and swap its velocity with that of the mixer.
The net result is that after the interaction, the new velocity of particle 1 will be the old mixer velocity, the new velocity
of particle 2 will be the old velocity of particle 1, and the new mixer velocity will be the old velocity of particle 2. In
the non-moving frame of reference, and in terms of signed energies, we have(em;e1;e2) 7! (e2;em;e1).

What happens wheng = 0? We then have the case that the two reservoir particles have the exact same state, and thus
behave as if they were one particle of double the mass,for all time. This is not problematic in the sense that it leads to
a well-de�ned limit – the 1D collision of two objects, one of which has double the mass of the other – but as discussed
in Section 9, it does cause a problem with energy quantization: integer-valued signed energies will no longer be an
invariant set.What we opt to do instead is not allow reservoir particles to have the exact same state.In addition, by
time reversibility, if the states of two reservoir particles are not the same at any instant of time, they will never be the
same. We can thus sharpen our de�nition of what the invariant set is, and exclude from it reservoir particles that have
the exact same state. We won't comment on this technical assumption any further.

We next consider the case of the simultaneous collision of the demon particle and a reservoir particle with the mixer.
As before, we adopt a moving frame of reference where the mixer is stationary before the collision and assume the
reservoir particle is moving with velocity -1. Without loss of generality, the demon particle is assumed to be moving
with horizontal velocityg, whereg > 0 (recall that the demon particle is always to the left of the mixer). We will
tackle the subtle case �rst:g = 1. By symmetry, it is clear that the mixer will not move, and that the two particles
simply bounce off. In the non-moving frame of reference, in the limit asd goes to 0, the resulting velocity map is then
simply (vm;v;vd) 7! (vm;2vm� v;2vm� vd). Note, however, that sinceg = 1, vm� v = vd � vm, which upon substitution
yields(vm;v;vd) 7! (vm;vd;v), and in terms of signed energies,(em;e;ed) 7! (em;ed;e). Wheng < 1, in the limit asd
goes to 0, the demon particle will �rst interact with the mixer and swap velocities with it; the mixer will then interact
with the reservoir particle, and swap velocities with it; �nally, the mixer will then once again interact with the demon
particle, and swap velocities with it. The net result is the same as theg= 1 case, and therefore by symmetry, theg > 1
case:(em;e;ed) 7! (em;ed;e) for all signed energies.

Finally, we tackle the case of when a particle collides with the mixer at the exact time that the mixer undergoes a
transition. Referring to Figure 8, note that the mixer begins to undergo a transition when it is withind2 of a transition
point, but begins to interact with a particle when they are withind of each other. As a result, in the limit asd goes to
0, the particle/mixer interaction will occur before the mixer transition. In particular, when a particle collides with the
mixer at the exact time that the mixer undergoes a transition, the sequence of events implied by the chosen limiting
process is that the mixer and particle must �rst switch signed energies, and then the mixer transition takes place.8

We can extend the analyses above to the even more unlikely case of multiple, simultaneous events. For example, when
there is a simultaneous collision of three or more reservoir particles with the mixer, the signed energies are swapped
with the mixer in ascending order of energy, and thus the mixer acquires the largest energy level.

By de�ning the limiting processes in a different way (for example, by using
p

d instead ofd2 in the mixer transition
potential), the edge-case behavior can be altered. In other words, the idealized potentials do not provide enough
information, on their own, to determine what the appropriate behavior should be for these edge cases. Irrespective
of what limiting processes are chosen, however, the resulting dynamics are energy conserving, time reversible, and
volume preserving. In addition, they have absolutely no bearing on the results in this paper, since these edge cases
never manifest themselves.

8Note that at face value, this can lead to a situation where the mixer and a particle have the exact same state. For example, assume that the
demon particle has horizontal component of signed energy equal to 2, the mixer has signed energy equal to 1, and the two collide at transition
pointX1. After the collision, the demon particle horizontal signed energy will be 1, while the mixer signed energy will be 2. After the transition,
the mixer signed energy will also be equal to 1. A careful analysis, however, reveals that in the limiting process, the demon particle is always to
the left of the mixer by an amount that scales withd, and thus the special case of the mixer and the demon particle having the same state should
be treated as if the demon particle is actually to the left of the mixer, by an in�nitesimal amount. In other words, in this instance, we can't treat
the limiting processes in isolation. Concretely, in the example above, if the mixer subsequently interacts with the potential at transition point
X2, the appropriate sequence of events is that the mixer �rst interacts with the potential atX2, and then interacts with the demon particle.
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2.5 Equilibrium Distributions, Quantized Energies

The simulation environment described in Appendix B was used to create the reservoir equilibrium energy distribution9

in Figure 9. All signed energies were quantized and non-zero. The demon particle was not present. The following
parameters were used:

• Number of reservoir particles: 500,000

• Average particle energy: 25

• Average particle density: 1
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Figure 9: Reservoir equilibrium energy distribution. The red circles represent the normalized reference
distribution, proportional to exp

�
� E

2K

�
=
p

E, whereEis the integer-valued energy number. ANIMATION .

The equilibrium distribution is a function of the number of particles in an obvious way: the more particles, the
less �uctuations about the steady-state distribution. The average particle density does not affect the equilibrium
distribution, but it does impact the time it takes to reach equilibrium.

The simulation was initialized with random values for the positions and signed energies of the particles. The positions
were sampled from a continuous, uniform distribution on(1;L+ 1), whereL is the length of the reservoir not including
the mixer (equal to 500,000, determined from the desired average particle density of 1). The reservoir particles were
thus guaranteed to be to the right of the mixer.

The signed energies were sampled in pairs. A �rst continuous energy was sampled from a continuous, uniform
distribution on(� 49:5; � 25) [ (25;49:5), and then rounded to the nearest integer to yielde1; the second signed
energye2 was then chosen so thatje1j + je2j = 50, with a random sign. This procedure yields a discrete, uniform
distribution on[� 49; � 1] [ [1;49] with the constraint that the average energy is exactly equal to 25. The same �nal
equilibrium distribution is in fact obtained when different initial distributions for the signed energies are chosen and
is further explored in later sections.

The mixer was initialized to be in the middle of the potential (atx = 0 in Figure 7) with signed energy equal to 25.

The simulation was run for 20 times the reservoir length, or 10,000,000 time units. This results in an extremely
conservative lower bound of 10 for the minimum number of interactions a particle has with the mixer (achieved when
a particle has the minimum velocity of 1 for the duration of the simulation). The simulation time was more than long
enough for the distribution to reach equilibrium, which was found to have the following functional form:

f (E) = a
exp

�
� E

2K

�

p
E

(27)

whereE is the integer-valued, strictly positive energy number,a is a normalization parameter, andK is a parameter
approximately equal to the average particle energy. Why the distribution is in fact expected to have this form is
discussed in Section 10. Parametersa andK can be solved for numerically by requiring thatå f (E) = 1 and that
å f (E)Eis equal to the average particle energy. In Figure 9 the average particle energy is 25 andK is equal to 21.9.

9We defer discussion to what exactly is meant by `equilibrium' to Section 11.
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WhenEis a continuous variable and the smallest allowable energy is 0, the distribution is the 1D Maxwell-Boltzmann
energy distribution, or the chi-square distribution with one degree of freedom, which can be used to model the energy
distribution of an ideal gas in one dimension. In this case parameterK is indeed the average particle energy.

The rate at which particles interact with the mixer is proportional to their velocity. One can thus calculate the distri-
bution of particle energies interacting with the mixer by scaling the above distribution by velocity, or by the square
root of energy, which results in an exponential distribution, i.e., proportional to exp

�
� E

2K

�
. Indeed, the simulated

distribution of energies of the reservoir particles as they cross the mixer boundary from left to right,across time,10

and after equilibrium has been reached, is found in Figure 10. This distribution is referred to as themixer boundary
outgoing energy distribution. Note that since the particles only interact at the mixer, themixer boundary incoming
energy distribution– when the reservoir particles cross the mixer boundary from right to left – is identical to the mixer
boundary outgoing energy distribution, and henceforth we simply refer to it as themixer boundary energy distribution.
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Figure 10: Mixer boundary energy distribution. The red circles represent the normalized reference dis-
tribution, proportional to exp

�
� E

2K

�
.

10As opposed to at a particular instance in time, such as the distribution in Figure 9. To make this distinction clear, the distribution of an
ensemble at a particular instance in time is represented graphically as a histogram, while a distribution across time is not.
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2.6 Equilibrium Distributions, Continuous Energies

Very similar, but not identical, equilibrium distributions are obtained when particle energies are not quantized. The
initial signed energies were similarly sampled as described in the previous section, but not rounded to the nearest
integer, which results in a continuous, uniform distribution on(� 49:5; � 0:5) [ (0:5;49:5), also with the constraint
that the average energy is exactly equal to 25.

At the end of the simulation, the resulting equilibrium energies were binned so that signed energies in the range
E� 0:5 < jej � E+ 0:5 were assigned to integer-valued energy numberE> 0. A typical simulation run is shown in
Figure 11.

Note that there are no signed continuous energies in the rangejej � 0:5, since the set of states where the energy of each
particle and the kinetic energy of the mixer is greater than 0.5 is an invariant set of the reservoir dynamics. This can
be readily veri�ed by considering all reservoir interactions. This is one reason11 why the mixer potential illustrated
in Figure 7 was not chosen to be a simple staircase, but rather a collection of potential wells: the resulting continuous
and discrete equilibrium distributions are then almost identical.

The reason for the slight discrepancy between the continuous and discrete distributions can be explained as follows.
First, the constraints on parametersa andK in Equation 27 are that

R¥
0:5 f (E) dE = 1 and that

R¥
0:5 f (E)EdE is equal

to the average particle energy, since now energies are continuous; this yields a value of 22:0 instead of 21:9 for
parameterK. Second, for the reservoir distribution, the bin heights are not simplyf (E), but rather

RE+ 0:5
E� 0:5 f (E) dE.

Similar arguments hold for the mixer boundary energy distribution.

Similar to the quantized energy case, the resulting equilibrium distributions are insensitive to the distributions used
for initialization, provided that all energies are greater than 0.5.
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Figure 11: Equilibrium distributions, continuous energies. Top: reservoir energy distribution. Bottom:
mixer boundary energy distribution.

11The other reason is to speed up simulations in future sections when the demon particle is present and continuous energies are used, since
it results in speed components for the demon particle that are bounded below by 1=

p
2, which puts a bound on the maximum amount of time

that the demon particle can spend in the chamber.
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3 Chamber and Demon Dynamics
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Figure 12: Chamber. ANIMATION 1, ANIMATION 2, ANIMATION 3, ANIMATION 4.

The chamber not only serves as a connection between the two reservoirs, with energy transfers mediated by the demon
particle, it is also where the demon particle interacts with the demon barrier, or simply the demon.

We can readily describe the collision of the demon particle with the chamber walls, with Figure 12 as reference.
Let (x;y;e; f ) be the demon particle state, where we drop subscript `d' to simplify notation and since it is clear from
context. Then(0;y;e; f ) 7! (0;y; � e; f ) for the left vertical wall and(x;0;e; f ) 7! (x;0;e; � f ) for the bottom horizontal
wall.

As we shall see, the demon barrier is an idealized, in�nite potential that alters the trajectory of the demon particle. It
should notbe thought of as a moving mass, notwithstanding what is suggested by the animations: it has no state, and
it therefore has no mass. Unlike the potentials in Section 2, the demon barrier potential – or simply the demon barrier
– is a function of the demon particle's positionandvelocity. In particular, its orientation is a function of the demon
particle's velocity. We restrict the demon barrier to be of �xed length, and to have one of its ends coincident with
one of the chamber corners (at the origin) as illustrated in Figure 12. The orientation is highly constrained: when the
pre-collision signed energies are integer valued, so must be the post-collision signed energies.

For all results in this paper, the following values are used:

• Chamber size/width of each reservoir: 1

• Length of demon barrier: 0.15

The equilibrium distributions we will later encounter are insensitive to the size of the chamber, but it does affect how
long it takes to reach equilibrium. The length of the demon barrier was chosen to approximately maximize its effects.

In what follows we will take a different approach to the one taken in Section 2 for the reservoir. We describe the
dynamics for non-zero, integer-valued energies �rst, and then extend the characterization to all energies. Different
fonts are used to denote integer-valued signed energies. For example,e is used to denote a continuous signed energy,
while e is used to denote an integer-valued one. Similarly,v is used to denote a velocity corresponding to a continuous
signed energy, whilev is used to denote a velocity corresponding to an integer-valued signed energy:v = s

p
e;v = s

p
e.

3.1 The Implication of Integer-Valued Signed Energies

Consider the elastic collision of a particle, moving with velocity(v;w), with a �xed barrier at angleq to horizontal, as
illustrated on the left in Figure 13. The component of velocity along the barrier is left unchanged, while the component
of velocity perpendicular to the barrier changes sign. From this we can conclude that

(v̄� v) cosq = ( w� w̄) sinq; (w+ w̄) cosq = ( v+ v̄) sinq (28)

where(v̄; w̄) is the velocity after the collision. Eliminating cosq and sinq results in(v̄� v) (v+ v̄) = ( w� w̄) (w+ w̄),
or equivalentlyv2 + w2 = v̄2 + w̄2, which is nothing but conservation of energy. Multiplying the �rst equation above
by -1 results in(v̄; w̄) 7! (v;w) (and thus the map is an involution, as illustrated in Figure 13), and multiplying both
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involution odd
(v,w)

(v,w)

��

time reversible

Figure 13: Collision with a �xed barrier.

equations by -1 results in(� v; � w) 7! (� v̄; � w̄) (and thus the map is odd, also illustrated in Figure 13); these two
properties can be combined to give(� v̄; � w̄) 7! (� v; � w), which is nothing but time reversibility.

Solving for(v̄; w̄), and since cos2q � sin2q = cos2q and 2cosq sinq = sin2q, we have
 

v̄
w̄

!

=

 
cos2q sin2q
sin2q � cos2q

!  
v
w

!

(29)

If it were not for the constraint that integer-valued signed energies should be an invariant set of the chamber dynamics,
the map from input velocity to output velocity would simply be the one in Equation 29, whereq is theconstant,
desired barrier angle. Note, however, that the only constant values ofq for which integer-valued signed energies are
an invariant set are multiples of 45 degrees, which is much too restrictive.12 What the energy map algorithm in the
next section does is relax the constraint thatq is constant, but is instead a function of the demon particle velocity
and only close to some desired barrier angle. By doing so, the constraint that integer-valued signed energies are an
invariant set can be satis�ed.

3.2 The Energy Map Algorithm

The key idea is as follows. Consider the map in Equation 29, which can be factored as
 

v̄
w̄

!

=

 
cos2q � sin2q
sin2q cos2q

!  
1 0
0 � 1

!  
v
w

!

(30)

The geometric interpretation is straightforward:

1. Let input(v;w) be a point on the circle of radius
p

E, whereE is the energy of the particle

2. Re�ect across horizontal axis

3. Rotate by 2q

4. The resulting point on the circle of radius
p

E is (v̄; w̄)

The energy map algorithm is nothing but a repeat of the steps above, except that instead of manipulating
velocities on a circle we will manipulate signed energies on a square.

Fix the total energy of the demon particle and denote it byE. Note that since zero energies are not allowed,E� 2.
Let (e; f ) and (ē; f̄ ) be the integer-valued signed energies of the demon particle before and after interacting with
the demon barrier. Let(v;w) and (v̄; w̄) be the corresponding input and output velocities:(v;w) = ( s

p
e; s

p
f ) and

(v̄; w̄) = ( s
p

ē; s
p

f̄ ). Henceforth we treat the demon barrier as anenergy map, mapping input signed energies(e; f ) to
output signed energies(ē; f̄ ). We impose the following constraints on an energy map:

Energy conserving: jej + jf j = jēj + jf̄ j = E

Involution: (ē; f̄ ) 7! (e; f )

Odd: (� e; � f ) 7! (� ē; � f̄ )

12In the sense that no equilibrium altering effects exist when the barrier angle is a �xed multiple of 45 degrees. We will have to wait until
Section 10 to understand why this is so.
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These constraints capture the behavior of a �xed barrier, as illustrated in Figure 13, and as we have shown previously,
the last two imply time reversibility:(� ē; � f̄ ) 7! (� e; � f ). The barrier angle can then be solved for with the aid of
Equations 28:

q = arctan
v̄ � v
w� w̄

for w6= w̄ (31)

q = arctan
w
v

for w= w̄;v = v̄ (32)

q = 90� for w= w̄;v = � v̄ (33)

It should be stressed that the barrier is only required to be �xed for up to 4 input-output pairs:(e; f ) 7! (ē; f̄ ),
(� e; � f ) 7! (� ē; � f̄ ), (ē; f̄ ) 7! (e; f ), and (� ē; � f̄ ) 7! (� e; � f ). Different sets of input-output pairs can have
different barrier angles.

For a �xed total demon particle energyE, the energy map is parametrized by�xed integer variables, henceforth
denoted as therotation, in the range 0� s < 4(E� 1). For every different value ofs, there is a different energy map.
As we will see, rotations can be used to set the average angle of the demon barrier. The algorithm below maps input
signed energies to output signed energies and satis�es the energy map constraints:[C.7]

1. Order input signed energies on theE-valuedenergy square. This is captured in Figure 14. There are a total of
4(E� 1) input signed energies, ordered from 0 to 4(E� 1) � 1. Letn be the label corresponding to input(e; f ).
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E

2(E-1)-1

2(E-1)-2

2(E-1)

3(E-1)-2
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(E, 0)

(E-1, 1)

(E-2, 2)

(2, E-2)

(1, E-1)

(0, E)

(-E, 0)

(0, -E)

2(E-1)+1

(-1, E-1)

(1-E, 1)

(2-E, 2)

(1-E, -1)

(2-E, -2)

(-2, 2-E)

(E-1, -1)

Figure 14: Energy square. Numbers inside the square are the labels.

2. Re�ect across horizontal axis:nR := 4(E� 1) � 1� n

3. Rotate bys: n̄ := ( nR+ s) mod 4(E� 1)

4. Perform inverse operation on the energy square:(ē; f̄ ) is set to the signed energies corresponding to label ¯n

For example, let(e; f ) = ( 3;2) ands = 6. We then haven = 1, nR = 14, n̄ = 4, and(ē; f̄ ) = ( � 1;4).

Let q denote the angle of the demon barrier to horizontal, so that a point on the demon barrier has coordinates
b(cosq;sinq), where 0< b < B, andB is the length of the demon barrier. Recall that for a given total demon particle
energyE, there are 4(E� 1) possible input-output pairs(e; f ) and(ē; f̄ ). For each pair, there is a corresponding angle
q for the demon barrier.
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The average barrier angle, as a function of (normalized) rotations, is shown in Figure 15 forE= 11 andE= 100.
Also included in the plots is the standard deviation of the barrier angle.
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Figure 15: Energy maps forE = 11 andE = 100. The normalized rotation is variables divided by
4(E� 1). The blue dots are the values of the mean barrier angle, while the red curves are� one standard
deviation.

Of note:

• The mean barrier angle is a linear function of rotations, ranging from 0 to 180 degrees.

• There are four values of rotations for which the barrier angle is constant (the standard deviation is 0):s = 0,
E� 1, 2(E� 1); and 3(E� 1). These correspond to barrier angles of 0, 45, 90, and 135 degrees. For 0 degrees, the
map is(e; f ) 7! (e; � f ), for 45 degrees the map is(e; f ) 7! (f ;e), for 90 degrees the map is(e; f ) 7! (� e; f ),
and for 135 degrees the map is(e; f ) 7! (� f ; � e).

• The standard deviation is maximized at mean barrier angles of 22.5, 67.5, 112.5, and 157.5 degrees.

• The standard deviation does notgo to zero asE goes to in�nity. This is further highlighted in Figure 16 for a
mean barrier angle of 67.5 degrees.
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Figure 16: Barrier angle as a function of incident angle – the angle of vector(v;w) to horizontal –
with normalized rotation of 0.375, corresponding to a mean barrier angle of 67.5 degrees. Total energy
E= 1;001 and 10,001.

We will mainly consider two total-energy-dependent values for the rotation variables, and give them special names:

demon disabled: s = ( E� 1), which corresponds to a constant barrier angle of 45 degrees

demon enabled: s = roundDown(1:5(E� 1)) , which corresponds to a mean barrier angle of 67.5 degrees whenEis
odd and a mean barrier angle of 67:5� 22:5=(E� 1) degrees whenE is even. Note that this is what is used in
the animations linked in Figure 12.
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3.3 Hamiltonian

We will now extend the chamber dynamics to all velocities, not just those resulting from integer-valued energies, and
show how they can be captured by a Hamiltonian. In essence, we are going to solve an interpolation problem, where
the dynamics at integer-valued energies are speci�ed through the energy map algorithm, and we seek to extend the
dynamics to all velocities in a `nice' way.

When the demon is disabled and the barrier angle is �xed at 45 degrees (rotations = ( E� 1)), all interactions can
be captured by potentials that depend only on position, which reduces to the construction outlined in Section 2.4 for
the reservoir and won't be discussed further. There are two dif�culties that need to be overcome, however, when the
demon is enabled (rotations = roundDown(1:5(E� 1)) ), as is assumed for the remainder of Section 3.3:

1. As we will see, the demon barrier is a potential that depends on velocity, which means that it could in principle
affect �q(t) in Equation 1, with unwanted consequences.

2. As we saw in Section 2.4.1, when a potential depends only on position, a zero-duration elastic collisions cap-
tured by an in�nite potential is the limiting behavior resulting from a continuous and �nite potential as its region
of in�uence, the parameterd, goes to 0. In that case, the limiting process is well-behaved because position is
also continuous in the limit, and in fact the ideal interaction takes place at a single point in space; as a result,
the fact that velocity is discontinuous in the limit is benign. When a potential is velocity dependent, however,
how the velocities reach their discontinuous, limiting values needs to be accounted for.

For technical reasons we assume the demon barrier does not extend to the corner of the chamber, as illustrated in
Figure 12. In particular, a point on the demon barrier still has coordinatesb(cosq;sinq), whereq is the barrier angle,
but now 0< B < b < B, whereB can be arbitrarily small, but must be strictly positive. This has no bearing on the
numerical results in future sections, but it does simplify the development that follows and the analysis in Section 4.

The construction of the Hamiltonian is split into two parts. In Section 3.3.1, the nominal, integer-valued, total demon
particle energyE� 2 is �xed, and continuous total energies in the rangeE� 0:5 � E < E+ 0:5 are considered. The
dynamics are then extended to all energies in Section 3.3.2.

3.3.1 Fixed Integer-Valued Total Energy

Let E� 2 be �xed, and let rotations = roundDown(1:5(E� 1)) . Consider total demon particle energy in the range
E� 0:5 � E < E+ 0:5. The key idea is explained on the next page with the aid of Figure 17 .
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Figure 17: Line segments (orange) joining input-output velocity pairs (black) associated with integer-
valued signed energies, which are on a circle of radius

p
E. TheE= 4 plot also includes the indicator

functions (green).
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1. The line segments joining input-output velocity pairs associated with integer-valued signed energies do not
cross or overlap. As a result, non-overlapping regions (green in the left plot) can be put around these line
segments.

2. The barrier angle corresponding to input velocities in a region is taken to be a constant, and set to the barrier
angle corresponding to the integer-valued signed energies that de�ne the region.

3. When an input velocity is in any one of these regions, so is the output velocity after interaction with the demon
barrier (if there is an interaction), and so is the line segment joining them. As a result, the limiting behavior of
non-idealized potentials as they approach idealized ones is well de�ned.

Now for the details. Let(e; f ) and(ē; f̄ ) be the inputs and outputs of the energy map algorithm, and let(v;w) and
(v̄; w̄) be the corresponding input and output velocities. LetU(e;f )(v;w) be the distance between velocity pair(v;w)
and the line segment joining(v;w) and(v̄; w̄):

U(e;f )(v;w) = min
0� a � 1

� q
(v� v̂)2 + ( w� ŵ)2 : (v̂; ŵ) = ( 1� a )(v;w)+ a (v̄; w̄)

�
(34)

By the concavity of the square root function, ifv2 + w2 = EandU(e;f )(v;w) = 0, then either(v;w) = ( v;w) or (v;w) =
(v̄; w̄).[C.8] As a result, the following quantity is strictly greater than 0 (the orange lines in Figure 17 do not intersect):

UE = min
e;f ;ẽ;f̃

n
U(e;f )(

s
p

ẽ; s
p

ẽ) : jẽj + jf̃ j = jej + jf j = E; (ẽ; f̃ ) 6= ( e; f ); (ẽ; f̃ ) 6= ( ē; f̄ )
o

(35)

We can now de�ne the following indicator functions, which are parametrized by input signed energy pair(e; f ):

I(e;f )(v;w) =

(
1 for U(e;f )(v;w) < UE=2

0 otherwise
(36)

A typical indicator function is visualized in Figure 18, using a rotated coordinate system in which the demon barrier
associated with(e; f ) is vertical. In this coordinate system, if an interaction with the demon barrier takes place,
the horizontal component of the velocity changes sign, while the vertical component remains unchanged:(v;w) 7!
(� v;w). In addition, if(v;w) is in the support of the indicator function, so is(� v;w), and so is the line segment joining
them.

�-v,w� �v,w�

Figure 18: Indicator functionI(e;f ) in rotated coordinate system.

The values for whichU(e;f )(v;w) = 0, equivalently the line segments joining input-output velocity pairs, are shown in
Figure 17 for two different values ofE. They form the backbone of the indicator functions.

Let Q be the set of barrier angles produced when all 4(E� 1) possible inputs are fed to the energy map algorithm. Let
Eq be the set of all input signed energy pairs that result in a barrier angleq 2 Q.

For example, whenE= 4, and referring to Figure 17, we have

Q = f 52:5� ;75� g (37)

E52:5� = f (+ 2;+ 2); (+ 1;+ 3); (� 2;+ 2); (+ 3; � 1); (� 2; � 2); (� 1; � 3); (+ 2; � 2); (� 3;+ 1)g (38)

E75� = f (+ 3;+ 1); (� 1;+ 3); (� 3; � 1); (+ 1; � 3)g (39)

where extra space is used to group the input-output pairs/involutions. Starting from the lower left corner of the plot
to the upper right corner, the �rst, third, fourth, and sixth indicator functions correspond to a barrier angle of 52:5� ;
while the second and �fth correspond to a barrier angle of 75� :

For eachq 2 Q we can de�ne the following indicator function:

Iq (v;w) = max
(e;f )2Eq

I(e;f )(v;w) (40)
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It has the following properties:

1. It is equal to 1 if(v;w) is on the line segment joining(v;w) and(v̄; w̄), where(e; f ) 2 Eq . It is also equal to 1 in
a neighborhood of the aforementioned line segment, of sizeUE=2.

2. It is equal to 0 if(v;w) = ( v;w), where(e; f ) =2 Eq . It is also equal to 0 in a neighborhood of(v;w) of sizeUE=2.

For theE= 4 example, and once again referring to Figure 17,Iq52:5� is the union of the support of the �rst, third, fourth,
and sixth indicator functions, whileIq75� is the union of the support of the second and �fth.

SinceB is strictly greater than 0, the demon barriers corresponding to barrier angles inQ do not overlap (they could
only intersect at the origin, which is excluded). As a result, for suf�ciently smalld > 0, one can de�ne corresponding
non-idealized potential barriers, de�ned analogously to those introduced in Section 2.4.1, that also do not overlap:

Vd
q (x;y) : q 2 Q (41)

In addition, we further restrictd to be less than 1=(E+ 0:5), ensuring that the demon particle cannot climb over the
potentials. We can then de�ne the following non-idealized Hamiltonian:

q = ( x;y) (42)

p = 2( s
p

e; s
p

f ) = 2(v;w) (43)

H d(q; p) = T (p)+ Vd(q; p) (44)

T (p) = jej + j f j (45)

Vd(q; p) = Vd
d (x;y)+ å

q2Q
Iq (v;w)Vd

q (x;y) (46)

whereVd
d is the non-idealized potential that captures the elastic collision between the demon particle and the walls.

We will now show that the limit asd approaches zero is well de�ned, and that the resulting dynamics correspond to
one of the following three idealized interactions:

1. Zero-duration elastic collision with the demon barrier at angleq 2 Q if Iq (v;w) = 1 and the the demon barrier
is in the particle's path

2. Zero-duration elastic collision with the left and bottom wall elements

3. Free �ight

By Hamilton's equations, we have the following differential equations:

( �x(t); �y(t)) = ( v(t);w(t))+
1
2 å

q2Q

¶ Iq
¶(v;w)

(v(t);w(t))Vd
q (x(t);y(t)) (47)

( �v(t); �w(t)) = �
1
2

¶Vd
d

¶(x;y)
(x(t);y(t)) �

1
2 å

q2Q
Iq (v(t);w(t))

¶Vd
q

¶(x;y)
(x(t);y(t)) (48)

Since the potentials do not overlap, we can analyze their effects separately. Outside of the support of the potentials,
the above equations reduce to free-�ight:

( �x(t); �y(t)) = ( v(t);w(t)) (49)

( �v(t); �w(t)) = ( 0;0) (50)

The collisions with the left and bottom walls, captured byVd
d , are well-de�ned asd approaches zero, as was shown

in Section 2.4.1; we thus won't consider them any further, and replace them by their idealized counterpartVd.

Let the particle velocity be(v0;w0) as it enters the support of potential barrierVd
q , and for the sake of convenience, let

the dynamics be expressed in a rotated coordinate system where the barrier angleq is 90 degrees. IfIq (v0;w0) = 0, the
potential barrier is not enabled, the velocity remains unchanged, and the demon particle eventually leaves the support
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of Vd
q ; free �ight, in other words. IfIq (v0;w0) = 1, however, the velocity undergoes a continuous transformation

from (v0;w0) to (� v0;w0) in a time that scales quadratically withd, just as in Section 2.4.1, since the indicator
function remains at 1 for the duration of the interaction. In particular, referring to Figure 18, if(v0;w0) is in the
green region, so will the line segment joining(v0;w0) to (� v0;w0). For both scenarios, the indicator function remains
constant, at either 0 or 1, and thus¶ Iq

¶(v;w) (v(t);w(t)) is equal to 0 for the duration of the interaction. In other words,
( �x(t); �y(t)) = ( v(t);w(t)) is always satis�ed.

To summarize, in the rangeE� 0:5 � H d(q; p) < E+ 0:5, the behavior of the chamber is well de�ned asd goes to
zero and is captured by the idealized Hamiltonian below:

q = ( x;y) (51)

p = 2( s
p

e; s
p

f ) = 2(v;w) (52)

H(q; p) = T (p)+ V(q; p) (53)

T (p) = jej + j f j (54)

V(q; p) = Vd(x;y)+ å
q2Q

Iq (v;w)Vq (x;y) (55)

Note that due to the way the indicator functions are constructed, the fact that the potential is velocity dependent does
not impact the equations for �q(t):

( �x(t); �y(t)) = �q(t) =
¶T
¶ p

(p(t))+
¶V
¶ p

(q(t); p(t)) = p(t)=2+ 0 = ( v(t);w(t)) (56)

When the input signed energy is integer valued, only the potential barrier corresponding to the barrier angle produced
by the energy map algorithm is enabled. As a result,the dynamics reduce to what is captured by the energy map
algorithm. In addition, the demon barrier is not only enabled when the input signed energy is integer valued, but also
in a neighborhood. In other words, the dynamics are in some sense the same in a neighborhood of an integer-valued
signed energy pair, the rami�cations of which are explored in Section 4.

Also note that we have not explicitly used the fact that rotations = roundDown(1:5(E� 1)) in the construction of
the Hamiltonian, only that it was constant (which is a requirement of the energy map algorithm). This fact is used in
Section 9, where rotations is a more involved function ofE.

3.3.2 Extension to all energies

There are two remaining issues. The �rst is what happens whenE = 0 or E = 1. That is, energies in the range
0 < E < 1:5. This is trivial: for this case, since there are no allowed integer-valued signed energies embedded in it,
there is no demon barrier, and the Hamiltonian simply captures the chamber walls. Said another way,Q is the empty
set in Equation 55.

The second issue is how the resulting Hamiltonians, valid for different energy ranges, should be combined. Fortu-
nately, this is also straightforward, due to conservation of energy. In particular, the state of the system can never
transition from one energy range to another, and as a result, we can simply take the Hamiltonian description in a given
energy range as a parametrization of the system dynamics valid in a corresponding portion of the state space. Algo-
rithmically, it amounts to the following: when a particle enters the chamber, use its total energy to determine which
parametrization to use. This parametrization inherits all the properties of the individual, idealized Hamiltonians: the
resulting dynamics are energy conserving, time reversible, and volume preserving.

Finally, we can make the same claim as we made for the reservoir dynamics: if the energiese and f are integers
at any instant of time, they will remain integers for all time, since all energy-exchange mechanisms preserve this
quantization. We can then make the following observation:

The set of states where demon particle energies are non-zero and integer valued is an invariant set of the
chamber dynamics, in which case the dynamics are fully captured by the energy map algorithm.
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4 Continuity Properties

In this section we explore the mechanisms by which nearby state trajectories diverge.

All interactions considered in this paper are captured by one of the cases below:

Collision with a �xed barrier: Consider the collision of a 2D object with a �xed barrier, where for ease of exposition
we use a coordinate system where the barrier is vertical. At timet = 0, its position is perturbed by(Dx;Dy) and
its velocity by(Dv;Dw). The difference between the perturbed trajectory and the nominal one after the collision
has taken place for both is then(� Dx � Dvt;Dy + Dwt), assuming the collision still takes place when the system
is perturbed.

Collision of two 1D objects: Consider the collision of two 1D objects of equal mass; after colliding, the velocities
swap. Perturb the positions at timet = 0 by Dx1 andDx2, and the velocities byDv1 andDv2. The difference
between the perturbed trajectories and the nominal ones after the collision has taken place for both is then
Dx2 + Dv2t for the �rst object andDx1 + Dv1t for the second object, assuming the collision still takes place when
the system is perturbed.13

Change of potential energy: Consider a 1D object with mass equal to 2, moving with positive velocityv, that en-
counters a potential step of size� V; after interacting with the potential, the velocity of the object will bep

V + v2, where we assume thatv2 + V > 0. Now consider the trajectory of the object when its position is
perturbed byDx and its velocity byDv, where we assume thatv+ Dv and(v+ Dv)2 + V are still positive. The
difference between the perturbed trajectory and the nominal one after the interaction has taken place for both,
assuming the interaction still takes place when the system is perturbed, is then

Dx

v+ Dv

q
V +( v+ Dv)2 +

� q
V + ( v+ Dv)2 �

p
V + v2

�
t for Dx � 0 (57)

Dx

v

p
V + v2 +

� q
V + ( v+ Dv)2 �

p
V + v2

�
t for Dx � 0 (58)

wheret = 0 corresponds to the time of the �rst interaction (perturbed or nominal). When the interaction consists
of a mixer changing potential levels, we note the following facts:

• V = � 1

• WhenV = � 1, a change in potential energy only takes place when the kinetic energy is greater than 3/2,
see Section 2.3

• Only kinetic energies greater than 1/2 are allowed, see Sections 2.6 and 3.3.214

As a result, we can bound the constant terms above by
p

3jDxj, and for suf�ciently small in magnitudeDv, the
linear term by 2jDvjt, a result which also holds when the analysis is repeated with negativev.[C.9]

In between interactions, we have free �ight. Consider the trajectory of a 2D object when, at timet = 0, its position
is perturbed by(Dx;Dy) and its velocity by(Dv;Dw). The difference between the perturbed trajectory and the nominal
one is then(Dx + Dvt;Dy + Dwt).

We next note that for any given total system energy and �nite time horizon, the total number of interactions is �nite.
This follows from the following three facts:

• Since energy is conserved, there is a maximum system velocity

• There are a �xed number of potential levels in the mixer

• Since energy is conserved, there are a �nite number of possible demon barrier angles. In addition, the technical
assumption that the demon barrier ends before the origin,B > 0 as described in Section 3.3, means that the
demon barriers are strictly separated in space.

13As we will see in Section 9, the collision of two 1D objects is in fact a special case of the collision of a 2D object with a �xed barrier, once
an appropriate coordinate transformation is performed.

14One could arrive at the main conclusion in this section even if this assumption was relaxed.
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We can then conclude the following: on any given �nite time horizon, we can limit how much nearby states grow
apart by putting a small enough bound on the initial difference,provided that the same interactions take place. In
particular, the bounds above are all predicated on an interaction still taking place when the system is perturbed.

The following are the circumstances that result in a violation of that assumption:

C1: Small differences near the chamber corner point(1;1), resulting in the demon particle entering the right reservoir
instead of the top reservoir, or vice versa.

C2: Small differences that result in a change of mixer events. For example, instead of a mixer changing potential
levels, it collides with a particle.

C3: Small differences near the demon barrier end points, resulting in collisions with the demon barrier that would
not have occurred otherwise, or vice versa.

C4: Small velocity differences that result in a collision with the demon barrier that would not have occurred other-
wise, or vice versa. In particular, velocity perturbations near the boundaries of the indicator functions de�ned
in Section 3.3.1.

How restrictive is the assumption that the same interactions take place? Not very. For intuition, consider the constraint
that a 2D particle, moving with �xed velocity, must pass through the point (1,1) during some given �nite time horizon.
Since the velocity is �xed, the state space is two dimensional: the horizontal and vertical position of the particle. If
we let (1,1) be the �nal state position and look at all initial conditions that lead to (1,1) over the given �nite time
horizon, we will draw out a line, which is one dimensional and has area – or Lebesgue measure – equal to 0. If we
then consider a �nite number of velocities, each will lead to a line, and the collection of those lines will still have
Lebesgue measure equal to 0. Any initial condition that is not on one of those lines will not pass through (1,1), and
neither will any points in a small-enough neighborhood. The key fact in the example above is that there are 2 equality
constraints needed to specify the event of passing through the point (1,1). This is also the case for the circumstances
described inC1, C2, andC3. For example, the constraint that a mixer changes potential levels at the same time that
it collides with a particle, at a given transition point, involves 2 equality constraints.

Finally, considerC4. We note the following facts:

• If we initialize the system with non-zero, integer-valued signed energies, then signed energies will continue to
be non-zero and integer valued for all time

• The indicator functions that enable a demon barrier are valid in a neighborhood of integer-valued signed ener-
gies. Since energy is conserved, there is a strictly positive lower bound to the neighborhood size.

• There is a bound on how much velocity differences grow when an interaction takes place

Putting all of this together we have the following result, which is stated without formal proof:

Let total energyE, time horizon T , and tolerance levele > 0 be given. Then for almost all – in the Lebesgue
measure sense – initial positions q(0), there exists a perturbation sizeg > 0 such that for all non-zero, integer-
valued, initial signed energiese(0) that satisfyH(q(0);2 s

p
e(0)) = E; and for all initial states(q̂(0); ê(0)) that satisfy

jq̂(0) � q(0)j2 + jê(0) � e(0)j < g, the resulting trajectories(q̂(t); ê(t)) and(q(t);e(t)) satisfy

Z T

0

�
jq̂(t) � q(t)j2 + jê(t) � e(t)j

�
dt < e (59)

Given bounds on the total system energy and the time horizon, the set of initial positions for which we can't de�ne
a neighborhood that is guaranteed to stay close to the resulting trajectory has Lebesgue measure 0. Equivalently, if
we pick the initial position vector uniformly at random in its domain, then the probability that we can't de�ne such a
neighborhood is 0.

The impact of this continuity property is that on any given �nite time horizon, the novel behavior we encounter in
future sections when energies are quantized can be generically extended to continuous energies in a small-enough
neighborhood.
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5 Reference Case: Demon Disabled

In this section the system in Figure 5 is simulated with the demon disabled, or equivalently, with the demon barrier
�xed at 45 degrees. The results will serve as a baseline for comparison when the demon is enabled in subsequent
sections. Unless otherwise stated, simulations were run with the following parameters:

• Demon setting: disabled (constant demon barrier angle of 45 degrees)

• Number of particles per reservoir: 500,000

• Average particle energy: 25

• Average particle density: 1

• Number of chamber events per reservoir particle: 50 (implies 50,000,000 chamber events)

• Simulation con�guration: integer-valued signed energies

The equilibrium distributions for the two reservoirs are, except for small �uctuations, identical to the equilibrium
reservoir distribution in Figure 9, irrespective of initial conditions, and are shown in Figure 19. The mixer boundary
energy distributions for the two reservoirs are also identical to the distribution in Figure 10, and are also shown in
Figure 19. To summarize, the inclusion of the chamber with the demon disabled has absolutely no impact on the
equilibrium distributions.
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Figure 19: Equilibrium energy distributions. Top: reservoir distributions. Bottom: mixer boundary
distributions.

Just as in Section 2, the equilibrium distributions depend on the number of particles in the expected way: the more
particles, the less �uctuations about equilibrium. The average particle density has no effect on the equilibrium distri-
butions, and the number of chamber events simply needs to be large enough to reach equilibrium.

The incoming and outgoing chamber energy distributions across time (the energy distributions of the demon particle
as it enters and leaves the chamber) were also recorded once equilibrium is achieved. All 4 of these distributions
– incoming and outgoing right reservoir, incoming and outgoing top reservoir – are identical to the mixer boundary
distributions in Figures 19 and 10.
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Described below are different paths to equilibrium for different initial average right and top reservoirtemperatures
E0

r andE0
t , where temperature is henceforth used to denote the average particle energy. Unlike Section 2.5, the initial

signed energy distributions were not chosen randomly. Instead, all signed energies were initialized to negative the
average energy, which results in all particles initially moving towards a mixer, with the same speed. This was done to
create a rich initial transient, as is demonstrated shortly. The initial particle positions were chosen randomly, from a
uniform distribution, as described in Section 2.5.

5.1 Initial Reservoir TemperaturesE0
r = 25;E0

t = 25

The ratio of temperatures as a function ofnormalized timefor a typical simulation is found in Figure 20. Time is
normalized so that the normalized duration of the simulation is equal to the number of chamber events divided by the
number of reservoir particles, which in this case is equal to 50. With this normalization, the results are qualitatively
insensitive to the number of reservoir particles, which will be useful later on when simulations are run with a smaller
number of particles.
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Figure 20: Temperature ratio.

The temperature of each reservoir was recorded at 5,000 time instances, from which the ratio was calculated. The
mean is 1.001 while the standard deviation is 0.002. We can estimate what typical values we can expect for the mean
and standard deviation by modeling the temperature of the reservoirs asEr = E0(1+ n) andEt = E0(1� n), where
E0 is the average energy of the system (25 in this case, although as we will see it doesn't matter) andn is a random
variable that models deviations. Assuming that all reservoir particles are independent and identically distributed as in
Equation 27, the 1D Maxwell-Boltzmann energy distribution, the mean ofn is zero while the variance is 2=N, where
N is the number of particles in one reservoir. Sincen is small, the ratioEr =Et � 1+ 2n, and thus the mean is 1 and
the standard deviation is

p
8=N, which in this case is equal to 0.004. The results are thus well within was is expected.

The temperature distributions along the reservoirs as a function of time are found in Figure 21. Each reservoir
is divided into 1,000 sections, so that on average there are 500 particles in each section. Referring to Figure 6,
normalized position 0 corresponds to the mixer barrier, while normalized position 1 corresponds to the far end of the
reservoir (opposite the mixer). The temperature of each section is recorded at 5,000 time instances, although only the
�rst 1,000 time instances are shown in the plot (normalized time is capped at 10); in particular, equilibrium is achieved
well before normalized time reaches 10. Color is used to capture the temperature of each section, in the range 15 to
35. Temperatures lower than 15 saturate at black, while temperatures higher than 30 saturate at white. When there are
no particles in a section, its temperature is set to 0.

A temporally zoomed in version is found in Figure 22, from which one can readily see the mixing that takes place
at the mixers. Initially, the temperature across the reservoirs is exactly 25 (the very thin, uniform turquoise line
at the top). Since the particles are all initially moving towards the mixers, black regions begin to form near the
normalized-position = 1 regions. One can also see the spreading out of energies, as captured by the different slope
bands, when the particles interact with the mixers at the normalized-position = 0 regions, and the perfect re�ections
at the normalized-position = 1 reservoir walls.

The corresponding density distributions, as a function of time, are found in Figure 23, where a density of 1 corresponds
to 500 particles in a section.
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Figure 21: Temperature distributions as a function of space and time. ANIMATION 1, ANIMATION 2.
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Figure 22: Zoomed in temperature distributions.
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Figure 23: Zoomed in density distributions. ANIMATION 1, ANIMATION 2.
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5.2 Initial Reservoir TemperaturesE0
r = 30;E0

t = 20

The results of a typical simulation are found in Figure 24. Here we can clearly see the transfer of energy from the
right reservoir to the top reservoir, and the eventual thermal equilibrium with both reservoirs at the same temperature.
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Figure 24:E0
r = 30;E0

t = 20. ANIMATION 1, ANIMATION 2.
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5.3 Example of a Fully Reversible Simulation

By decreasing the number of particles per reservoir by a factor of 10, from 500,000 to 50,000, and the number of
chamber events per reservoir particle by a factor of 2, from 50 to 25, it is possible to reach equilibriumandbe fully
reversible in simulation. The process outlined in Appendix B for testing time reversibility is used. The reservoirs were
initialized with temperaturesE0

r = 30 andE0
t = 20. The simulation was run for 2,500,000 chamber events and results

in a simulation timeT roughly equal to 1.1E6. The �nal state of the system was then modi�ed by changing the sign
of all signed energies, and hence velocities, and used as the initial state for a simulation of durationT. The resulting
time reversibility position errorDq, as described in Appendix B, is 1.1E-7; the time reversibility energy errorDe is 0.

The distributions and temperatures as a function of time are shown in Figure 25. Only the reverse direction is plotted,
since the forward direction is simply the time-reversed version of the reverse direction (except for very small numerical
errors). For the temperature distributions as a function of time plot, each reservoir is divided into 100 sections instead
of 1,000, so that on average there are still 500 particles per section. Also shown in the �gure are the �nal reservoir
distributions for the reverse direction, which correspond to the initial distributions for the forward direction.
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Figure 25: Numerical test of time reversibility, demon disabled. ANIMATION .
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5.4 Continuous Energies

Simulations were run with continuous signed energies. The right reservoir initial signed energies were uniformly
distributed on(� 59:5; � 0:5) [ (0:5;59:5) and the top reservoir initial signed energies were uniformly distributed on
(� 39:5; � 0:5) [ (0:5;39:5), resulting in initial temperatures for the right and top reservoirs of 30 and 20. The results
of a typical simulation are found in Figure 26. They are very similar to the results obtained when signed energies
are quantized, see Figure 24, the main difference being the initial transients in the temperature distributions vs. time
plot, resulting from the different initial distributions. The resulting equilibrium distributions are also similar to those
obtained when energies are quantized, and are in fact identical (except for small �uctuations) to those in Figure 11.
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Figure 26: Continuous signed energies.
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6 Creating a Temperature Differential

In this section we enable the demon and show what it can do. Unless otherwise stated, simulations were run with the
following parameters, which are the same as those used when the demon was disabled in Section 5:

• Number of particles per reservoir: 500,000

• Average particle energy: 25

• Average particle density: 1

• Number of chamber events per reservoir particle: 50

• Simulation con�guration: integer-valued signed energies

The demon was disabled (constant demon barrier angle of 45 degrees) for the �rst 10,000,000 chamber events, and
then enabled (mean demon barrier angle of 67.5 degrees) for the remainder. The two reservoirs were initialized with
the same temperature,E0

r = E0
t = 25, and in fact with the same initial conditions as those used when the demon was

disabled in Section 5.1. The results of a typical simulation are found in Figure 27.
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Figure 27: Demon enabled. ANIMATION .

Irrespective of initial conditions, except for small �uctuations, the same equilibrium energy distributions are reached,
shown in Figure 28. The reservoirs reach different equilibrium distributions and different temperatures:Er = 22:4 for
the right reservoir andEt = 27:6 for the top reservoir.

The right reservoir is roughly 20% colder than the top reservoir.

Once equilibrium was reached, the mixer boundary energy distributions across time were recorded, shown in Fig-
ure 29. They are consistent with the reservoir distributions in Figure 28, and demonstrate that the reservoirs behave
as before, they simply have different equilibrium temperatures.
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Figure 28: Equilibrium energy distributions. ANIMATION .
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Figure 29: Mixer boundary energy distributions. Proportional to exp(� E
2K�

), Kr = 19:5 andKt = 24:4,
corresponding to the equilibrium temperatures ofEr = 22:4 andEt = 27:6.

The chamber energy distributions, both incoming and outgoing, were also recorded after equilibrium was reached.
The incoming chamber energy distributions across time – the energy distributions of the demon particle as it enters
the chamber from the right and top reservoirs – are essentially identical to the mixer boundary energy distributions
described above and shown in Figure 29. This is not surprising, since it is expected that the energy distributions of
particles after they interact with the mixer, for both the reservoir particles and the demon particle, are the same.

Shown in Figure 30 are the chamber outgoing energy distributions. They are clearly different than the chamber
incoming energy distributions, especially at small energies.
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Figure 30: Chamber outgoing energy distributions. Fit to exp(� E
2K�

), Kr = 19:5 andKt = 24:4.
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This appears to be a paradox: after equilibrium is reached, if the simulation is run backward in time, the outgoing
chamber distributions become the incoming chamber distributions, and vice-versa. As a result, the system �nds itself
in a far from equilibrium state as soon as time is reversed. Since time reversal is equivalent to �ipping the sign of all
velocities (or signed energies), there appear to be at least as many out-of-equilibrium states as there are equilibrium
states. This apparent paradox is addressed in Section 11.

6.1 Example of a Very Long Simulation

In later sections, when continuous signed energies are used, will we encounter transients that are thousands of nor-
malized time units long. To make absolutely sure that the simulations presented above truly reached equilibrium,
simulations were run for 15,000 normalized time units. The number of particles in each reservoir was decreased from
500,000 to 50,000 to account for this very large increase in normalized time units (recall that the number of chamber
events in the simulation is the product of the number of normalized time units and the total number of reservoir parti-
cles) and to yield reasonable actual simulation run times (days instead of weeks). The results of a typical simulation
are found in Figure 31.

Similar to Section 5.3, to account for the smaller number of reservoir particles in the simulation, each reservoir is
divided into 100 sections instead of 1,000 in the temperature distribution plots, so that on average there are still 500
particles per section.15
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Figure 31: Very long simulation.

15This reduction in the number of sections to keep the average number of particles in each section to 500 is done in all future plots, and won't
be mentioned further.
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6.2 Example of a Fully Reversible Simulation

The same approach taken in Section 5.3 was used to obtain a fully reversible simulation. The number of particles
in each reservoir was decreased by a factor of 10 to 50,000 particles per reservoir, the forward simulation run for
25 normalized time units, and the reservoirs initialized with average energiesE0

r = 30 andE0
t = 20. The resulting

time reversibility position errorDq is 1.3E-7, while the time reversibility energy errorDe is 0. The distributions and
temperatures for the reverse simulation are found in Figure 32.
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Figure 32: Numerical test of time reversibility. ANIMATION .
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6.3 Continuous Energies

When energies are not quantized, the situation is very different. Based on the discussion in Section 1, we expect that if
the system is at equilibrium, it will be impossible for the demon to steer the system away from it: Liouville's theorem
demands this. In particular, when signed energies are continuous, we are no longer working with sets that have zero
volume, and the volume-preserving property of Hamiltonian systems severely restricts what the demon can do.

The result of a typical simulation are found in Figure 33. The reservoir initial signed energies were uniformly dis-
tributed on(� 49; � 0:5) [ (0:5;49:5), resulting in initial temperatures for the reservoirs of 25. The simulation was
run for 100,000,000 chamber events, or 100 normalized time units. The demon was disabled for the �rst 20,000,000
chamber events, or roughly 20 normalized time units, to give the system a chance to reach equilibrium (see Sec-
tion 5.4) and then enabled for the remainder. Clearly the nature of the dynamics changes when the demon is enabled,
which will be addressed shortly, but the temperature-altering effect is no longer present.
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Figure 33: Temperature ratio, continuous energies.

The number of particles was reduced by a factor of 10 to 50,000 per reservoir, and simulations run for 1,000,000,000
chamber events, or 10,000 normalized time units. The demon was still enabled at roughly 20 normalized time units.
The result of a typical simulation are found in Figure 34, where we can clearly see that there is no temperature-altering
effect even on this much longer timescale. The mean temperature ratio is 0.994, while the standard deviation is 0.008.
The approximate standard deviation we expect is on the order of

p
8=50;000= 0:013, as discussed in Section 5.
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Figure 34: Temperature ratio, continuous energies, long simulation.

What Liouville's theorem doesn't directly constrain is what happens when a system is started away from equilibrium.
In particular, for a system to evolve to equilibrium there must be suf�cient mixing that takes place, as will be discussed
in Section 11. In this situation, there is enough mixing, and the system does indeed evolve to equilibrium. Simulations
were run with initial temperatures of 30 and 20. The number of particles was set to 50,000 per reservoir and the
simulation run for 10,000 normalized time units. The demon was enabled immediately and thus when the system was
far from equilibrium. Figure 35 contains the result of a typical simulation.

The slow convergence can be partly understood by considering the chamber's Hamiltonian. When the particle velocity
is in the support of an indicator function, an interaction between the demon particle and the demon barrier may take
place; if, however, it is not, the demon particle does not interact with the demon barrier and will return to a reservoir
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Figure 35: Continuous signed energies, long simulation.

with its components of energy unchanged in magnitude, resulting in no transfer of energy between reservoirs. As is
shown below, since the neighborhoods that de�ne the indicator functions are small, as soon as energies cease to be
close to being integer valued, the rate of energy transfer between the reservoirs greatly decreases.

The size of the neighborhoodUE=2 in Equation 36 as a function of total energyEis found in Figure 36. The reference
line in the �gure is proportional toE� 3=2, which can be readily explained. The radii of the velocity circles in Figure 17
are equal to

p
E. The minimum distanceUE occurs when the tangent at a velocity point on the circle is parallel, or

close to parallel, to the line segment joining the two adjacent input/output velocity pairs. Since the number of points
on the circle is proportional to 1=E, the angular separationg of adjacent velocity points is proportional to 1=Eand the
minimum separation is proportional to

p
E(1� cos(g)) , which approaches

p
E(g2=2) µ E� 3=2 for largeE.

This should be contrasted to the nominal separation between velocities which scales asE� 1=2, sincev =
p

E, dv µ
E� 1=2dE, and dE= 1.
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Figure 36: Size of neighborhood as a function of total energyE.
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6.4 Behavior in a Neighborhood of Quantized Energies

As usual, the initial positions were sampled from a continuous uniform distribution. Unlike previous simulations,
however, the initial signed energies were sampled from a discrete, uniform distribution on[� 49; � 1] [ [1;49], and
perturbations sampled from a continuous uniform distribution on (-1E-8, 1E-8) added to them. Signed energies are
thus continuous variables. The temperatures as a function of normalized time for a typical simulation are found in
Figure 37, where the simulation was run with 50,000 particles per reservoir. The demon was enabled immediately, at
time 0. The demon initially does its job of altering the equilibrium temperatures (as expected, based on the continuity
properties discussed in Section 4), but at approximately 100 normalized time units the effect begins to disappear.
After the initial overshoot, and after a long time, the temperatures eventually reach equilibrium.
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Figure 37: Temperature, maximum perturbation size 1E-8. ANIMATION .

By making the initial perturbations smaller, we can extend how long the demon is able to maintain the temperature
differential, as shown in Figure 38 where the maximum perturbation size is reduced to 1E-12.
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Figure 38: Temperature, maximum perturbation size 1E-12.
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7 Creating a Density Differential

When the demon is enabled, the difference in equilibrium temperatures can be exploited to change the equilibrium
density in the reservoirs. In order to do this, there must be a path between the reservoirs for particles to �ow. We
present two equivalent ways of doing this.

First, the mathematically expedient and elegant way: referring to Figure 5, the system is modi�ed by connecting the
far ends of the two reservoirs together and replacing the solid wall separating them with an ideal, but�nite , potential
barrier of heightC� 0:5, whereCis an integer greater than 0. That is, a particle climbs over the potential and moves
to the other reservoir if its energy is greater thanC� 0:5, but bounces back otherwise. Connecting the reservoirs in
this way is geometrically equivalent to bending the two reservoirs and joining their ends, and embedding the system
in three dimensions, as illustrated in Figure 39.

This �rst method is in fact equivalent, as far as trajectories are concerned, to an explicit, but more elaborate, way of
connecting the reservoirs that allows us to keep the system in two dimensions, and is also illustrated in Figure 39.
Each reservoir is bent at roughly its midpoint, allowing reservoir particles to bounce off a wall placed at a 45-degree
angle; this converts horizontal motion to vertical motion, and vice versa. The reservoirs are then connected in the
upper-right corner. There are two potential barriers in the upper-right corner, of heightC� 0:5. When a reservoir
particle can climb over the potential barriers, it moves through unimpeded, and the total travel length from one mixer
to the other is 2L. When a reservoir particle cannot climb over and bounces back, its total travel length is 2L � W.
Since all reservoir particle motion is 1D, however, the widthW of the reservoirs outside the mixers can be made
arbitrarily small, yielding the desired equivalence in the limit asW goes to 0.

top mixer

chamber right mixer

W

L/2 - W

L/2 - W/2

potentials

Figure 39: Connecting the two reservoirs. Left: embedding in three dimensions. Right: explicit 2D
realization; the chamber and mixers are drawn to scale, each a 1 unit square, as is the widthW of the
reservoirs outside the mixers.

The bene�t of the clunkier, explicit realization, in addition to being straightforward, is that it makes it easier to talk
about conservation of momentum, or lack thereof, in Section 11, since the system resides in a plain vanilla, two-
dimensional Euclidean space, and not a two-dimensional manifold embedded in three-dimensional space. Hence-
forth, however, since the two realizations are equivalent, we will use the mathematically expedient realization when
describing the system.

Since the top reservoir is hotter than the right reservoir, a larger fraction of its particles will climb over. At equilibrium,
we require the number of particles that climb over from right to top to be the same as the number that climb over from
top to right. The only way this is possible is if the particle density of the top, hotter reservoir is lower than that of the
right, colder reservoir.
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Let the length of the reservoirs be the same and equal toL. Letnr andnt be the number of particles in the right and top
reservoirs, andN = nr + nt the total number of reservoir particles in the system. LetEr andEt be the temperatures of
the right and top reservoirs, andEavg the average particle energy. Assuming a particle that climbs over the potential
immediately mixes in its new reservoir,16 we have the following relationships:

nr + nt = N (60)

nr Er + nt Et = NEavg (61)
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The �rst is conservation of mass, the second conservation of energy, the third and fourth normalization constraints for
the reservoir energy distributions (as per Equation 27), the �fth and sixth the average temperatures in the reservoirs,
and the last the equilibrium constraint that the net �ow of particles �owing through the potential barrier connecting
the two reservoirs is zero; it is obtained by multiplying each probability distribution by the particle speed

p
Eand the

particle density, dividing by 2 since half the particles will on average be moving away from the potential barrier, and
taking a sum. We can simplify the above equations by de�ningmr = nr =N andmt = nt =N, the mass fractions of the
right and top reservoirs:

mr + mt = 1 (65)

mr Er + mt Et = Eavg (66)
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There are 7 equations for 8 unknowns:mr ;mt ;Er ;Et ;a r ;a t ;Kr ;Kt . An additional constraint is required to solve for
the equilibrium parameters. We impose the additional constraint that the ratio of equilibrium temperatures is known:
Er =Et = Q: For example, solving the above whenEavg = 25,C= 150, andQ = 0:81 – the value obtained in Section 6
– yieldsmr = 0:698,mt = 0:302,Er = 23:35,Et = 28:83, and an equilibrium density ratiomr =mt of 2:32.

Unless stated otherwise, the following parameters were used in subsequent simulations:

• Number of particles per reservoir: 100,000

• Average particle energy: 25

• Average particle density: 1

• Number of chamber events per reservoir particle: 1,500

• Simulation con�guration: integer-valued signed energies

7.1 Simulations when C= 150

The results of typical simulations withCset to 150 are found in Figure 40, with the demon disabled and enabled.
When the demon is enabled, the density ratio reaches 1:94� 0:01 and the temperature ratio 0:83� 0:005, where
the error bounds are the standard deviations. The equilibrium temperature ratiois not the same as that obtained
when the reservoirs are not connected, as in Section 6. The reason is that there is a �ow of energy from the top
reservoir to the right reservoir across the potential barrierCat equilibrium: the number of particles �owing between

16This is clearly a strong assumption, and surely a source of error in the analysis; it takes time for the mixer to redistribute the energy from a
high energy particle to the rest of the particles in the reservoir.
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Figure 40: Temperature and density ratios,C= 150. Top plot: demon disabled. Bottom plot: demon
enabled.

the two reservoirs is the same at equilibrium, but the ones �owing from the hotter reservoir to the colder one are more
energetic. In particular, the energy �ow from the top reservoir to the right reservoir, given below, is positive
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wherer = N=(2L) is the average particle density. This has the effect of countering the demon's efforts to create a
temperature differential. That is, the demon must experience a temperature ratio greater than 0.81 in order to counter
the energy �ow across the barrier. SettingQ = 0:83� 0:005, what is observed in the simulation, and re-running the
analysis gives a theoretical equilibrium density ratio of 2:11� 0:05 and an equilibrium energy �ow of 0.62 energy
units per time unit.

The discrepancy between the theoretical analysis and what is observed in simulation is most likely due to the assump-
tion that a particle that climbs over the potential barrier immediately mixes in its new reservoir. When a high energy
particle climbs over and subsequently exchanges kinetic energy with the mixer, only so much of it can be converted
to potential energy before another mixer/reservoir particle collision takes place. The end result is a high energy par-
ticle moving back towards the potential barrier. This is in contrast with the analysis, which inherently assumes that a
reservoir immediately reaches equilibrium as soon as a particle climbs over. This effect is more pronounced for the
hotter particles coming from the top reservoir, and thus the analysis will tend to overestimate the density ratio.

7.2 Simulations when C= 200

The results of a typical simulation withCset to 200 are found in Figure 41. The density ratio reaches 2:47� 0:01 and
the temperature ratio 0:82� 0:005. It takes longer to reach equilibrium since the barrier energy is higher and there
are fewer particles that can overcome it. The equilibrium density ratio is also higher since the hotter reservoir has a
greater propensity to have particles with enough energy to overcome the barrier, relative to the colder one. Since at
equilibrium the �ow of particles across the barrier is smaller, the net energy �ow across the barrier is also smaller,
and as a result, the demon needs a smaller differential to counter it and the equilibrium temperature ratio is closer to
0.81. SettingQ = 0:82� 0:005 and running the analysis withC= 200 gives a theoretical equilibrium density ratio of
2:77� 0:08 and an equilibrium energy �ow of 0.21 energy units per time unit.
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Figure 41: Temperature and density ratios, demon enabled,C= 200. ANIMATION 1, ANIMATION 2.

7.3 Example of a Fully Reversible Simulation

The same approach taken in Sections 5.3 and 6.2 was used to obtain a fully reversible simulation. The initial number
of particles in each reservoir was decreased to 20,000 particles per reservoir and the forward simulation run for 50
normalized time units. The average particle density was kept at 1 by decreasing the size of the reservoirs to 20,000.
The potential barrier heightCwas also decreased to 75 to ensure that steady-state is achieved. The resulting time
reversibility position errorDq is 1.5E-7, while the time reversibility energy errorDe is 0. The results of the backward
simulation are found in Figure 42.
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Figure 42: Numerical test of time reversibility,C= 75. Top plot: temperature and density ratios. Bottom
plot: density distributions.
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8 Creating a Circulation

Figure 43: Creating two separate paths for the reservoir particles.

We can create a circulation by providing two separate paths for the reservoir particles, as illustrated in Figure 43. Let
C� be an integer-valued temperature threshold. The potential barriers in the upper-left and bottom-right corners are
of size(C� � 0:5)=2, and are at a 45-degree angle. As a result, since all reservoir-particle motion is either horizontal
or vertical, a particle with energy greater thanC� � 0:5 will climb over the potential unimpeded, but bounce off at a
90-degree angle otherwise, trading vertical motion for horizontal motion and vice versa. The net result is that particles
exiting a mixer with energy greater thanC� � 0:5 will take the outer path to the other mixer, and take the inner path
otherwise. The total travel length is 2L when taking the inner path and 2L + 3W when taking the outer path. The
width W can be made arbitrarily small, however, as discussed in Section 7, so the total travel lengths can be made
essentially the same.17

When energies are quantized and the demon is enabled, particles exiting the top mixer will tend to be hotter than the
right mixer, and more particles will travel clockwise around the outer path than counter-clockwise. Similarly, more
particles will travel counter-clockwise around the inner path than clockwise. The net result is a clockwise circulation
across the two paths.

We can quantify the effect for the case where the path lengths are the same (equivalently, in the limit asW approaches
zero) with the same setup described in Section 7 used to create a density differential by setting the climb-over energy
C to be 1. In particular, in the augmented system in Figure 43, a particle exiting the top mixer will end up at the
right mixer, no matter the value ofC� ; the only thing that changes is the path the particle takes, and if the paths are
the same length, subsequent behavior is the same as soon as the particle enters the right mixer. Similar for a particle
exiting the right mixer and entering the top mixer. If we thus use the setup described in Section 7 withCset to 1, we
can quantify the circulation achieved by the system in Figure 43 for any value ofC� by simply analyzing the mixer
boundary energy distributions to determine what fraction of particles would have taken the outer path vs. the inner
path.

In what follows, we will revert to the mathematically expedient way of connecting the two reservoirs in Section 7 to
simplify exposition. In particular, the system of Figure 5 is modi�ed by connecting the far ends of the two reservoirs
together, with a potential barrier of heightC� 0:5 = 0:5. Typical simulation results are found in Figure 44 for two
different average particle densities. The number of particles in each reservoir was set to 500,000 and the initial
densities to 0.01 and 0.001. The simulation was run for 5,000 normalized time units (5 billion chamber events) when
the density was 0.01 and 50,000 normalized time units (50 billion chamber events) when the density was 0.001.
These were chosen to keep the number of reservoir particle/mixer events roughly the same, and comparable to what
is achieved with 50 normalized time units when the average density is 1, which we know from previous simulations
is enough to reach equilibrium with some (but not too much) time to spare.

17The path lengths do not actually have to be the same, but it does simply exposition and implementation.
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Figure 44: Mixer boundary energy distributions,C= 1. Top: density = 0.01. Bottom: density = 0.001.

Before discussing the results, we explain why the densities were chosen to be small. Recall from the discussion in
Section 7 that the particles that climb over result in a net �ow of energy from one reservoir to the other, and that the
lower this energy �ow, the more pronounced the effect we want to explore. In addition, the �ow can be reduced by
using a higher value forC. Here we can no longer control the �ow in this way becauseCis �xed at 1. What we can
do, however, is reduce the energy �ow by increasing the size of the reservoirs, and thus reducing the rate at which
particles climb over. Said another way, by decreasing density, we give the demon a chance to have a more pronounced
effect because it interacts with the reservoir particles at a reduced rate.

The normalized net circulation can be readily calculated from the mixer energy distributions as follows:

normalized net circulation=
¥

å
E= C�

ft (E) � fr (E) (71)

whereft (E) and fr (E) are the relative frequencies of reservoir particles that leave the top and right mixers with energy
E. The normalized net circulation is 0 when the two distributions are the same, and is bounded above by 1. Referring
to Figure 44, the value ofC� that maximizes the net circulation is the value at which the two mixer boundary energy
distributions cross over. When the density is 0.01, the maximum normalized net circulation is 0.030 and is achieved
whenC� = 34. When the density is 0.001, the maximum normalized net circulation is 0.033 and is achieved when
C� = 33. We would not expect much of an increase beyond what is achieved with a density of 0.001, since with this
density there are already hundreds of chamber events for every mixer/reservoir particle interaction.18

Similar to the equilibrium distributions obtained in previous sections, the effect is insensitive to the number of reservoir
particles, provided the densities are kept the same. So while a normalized, net circulation of 3% may not seem large,
it is astronomically large if one considers the number of reservoir particles to be comparable to the number of air
molecules in a room.

This equilibrium circulation is seemingly paradoxical, and is similar to what we encountered in Section 6. If time
is stopped and the system is run backward in time, it will immediately �nd itself in a far-from-equilibrium state:
the circulation will be counter-clockwise, not clockwise. So for every equilibrium state, there is a corresponding
far-from-equilibrium state – one where velocities have the opposite sign – irrespective of how the equilibrium state
was achieved. In other words, there appear to be at least as many far-from-equilibrium states as there are equilibrium
states. We will address this apparent paradox in Section 11.

18This was in fact veri�ed in simulation.
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9 Creating an Oscillation

In this section we will use the temperature differential created by the demon to create a steady-state, large-scale
oscillation. In order to do so, we need to create an object that can absorb a small fraction of the energy of a reservoir
particle when it interacts with it. The intuition is that in order to maintain a temperature differential, we must restrict
the �ow of energy between reservoirs, as was discussed in Section 8 when creating a circulation. An object that is the
same mass as the reservoir particles, such as the mixer, cannot do this, because a collision simply results in a complete
exchange of energy.

The apparent solution is to introduce an object whose mass is much greater than that of the reservoir particles. Let the
mass of the heavier object be 2M, or a factor ofM larger than the reservoir particles, which have mass equal to 2. The
formula for the elastic 1D collision of two objects, one of mass 2 and the other one of mass 2M, is as follows:

v̄m =
1� M
1+ M

vm+
2M

1+ M
vM (72)

v̄M =
2

1+ M
vm+

M � 1
1+ M

vM (73)

wherevm andvM are the velocities before the collision while ¯vm and v̄M are the post-collision velocities (we will
derive a more general version of this formula shortly). WhenM = 1, we recover what we have used to capture
mixer/reservoir particle collisions: when the objects are of equal mass, the velocities swap. As we will see, however,
whenM is much greater than 1, we have the interaction we are looking for.

Henceforth we will refer to the heavier object as themoving wall, for reasons that will become apparent shortly. Let
all variables be continuous. Let the energy of the reservoir particle and the moving wall be the same, and without loss
of generality, equal to 1. De�nee = 1=

p
M, assumed to be small. There are two cases to consider: the two objects are

moving in the same direction, or the two objects are moving in the opposite direction. Consequently, letvm = 1 and
vM = � e (so thatMv2

M = 1). Applying the 1D collision formula above, and retaining the �rst two, non-zero terms in
the Taylor expansion aboute = 0, yieldsv̄m � � 1� 2e andv̄M � � e+ 2e2.[C.10] The post-collision energies are then
v̄2

m � 1� 4e andMv̄2
M � 1� 4e.

When the objects are moving in the same direction and have the same energy, the reservoir particle transfers 4e energy
units to the moving wall; when they have the same energy but are moving in the opposite direction, the moving wall
transfers 4e energy units to the reservoir particle. We can thus control how much energy is transferred by varyingM.
In the limit asM approaches in�nity (or equivalently, ase approaches 0), there is no energy transfer and the reservoir
particle bounces off the in�nitely heavy object, which does not move.

To summarize, whenM is large, we have a moving wall, with limited energy transfer between it and the reservoir
particles. There is a signi�cant problem, however: there are no �nite values ofM greater than 1 for whichMv̄2

M and
v̄2

m are always integer valued wheneverMv2
M andv2

m are integer valued.[C.11] It would thus appear that in a world of
integer-valued energies all objects must have the same mass.

We must rethink the concept of a collision. The standard elastic collision between two 1D objects can be captured by
an idealized, in�nite barrier potentialV(qm � qM), as discussed in Section 2.4, whereqm andqM are the positions of
the two objects. We will now generalize this to the following idealized potential:V(a qm � bqM), wherea andb are
to-be-determined constants, at least one of which is not equal to zero.

Let the momenta of the reservoir particle and the moving wall bepm = 2vm andpM = 2MvM. The Hamiltonian is then

H(q; p) =
1
2

p2
m

2
+

1
2

p2
M

2M
+ V(a qm � bqM) (74)

= v2
m+ Mv2

M + V(a qm � bqM) (75)

Perform the following change of variables: ˜qM :=
p

MqM and p̃M := pM=
p

M. In this new coordinate system, the
Hamiltonian becomes:

H(qm; q̃M; pm; p̃M) = v2
m+ ṽ2

M + V(a qm � b̃ q̃M) (76)

whereṽM =
p

MvM andb̃ = b=
p

M.
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Using Hamilton's equations, we can derive the following differential equations that capture the idealized interaction
between the reservoir particle and the moving wall:

q̈m = �
a
2

D(a qm � b̃ q̃M) ¨̃qM =
b̃
2

D(a qm � b̃ q̃M) (77)

whereD is the idealized derivative of the idealized potentialV (see Section 2.4.1). Perform a second change of
variables:x := a qm � b̃ q̃M andy := b̃qm+ a q̃M. We then have the following differential equations:

ẍ = �
1
2

(a 2 + b̃2)D(x) ÿ = �
1
2

(� a b̃ + a b̃ )D(x) = 0 (78)

We have expressed the interaction of the reservoir particle and the moving wall as the collision of a 2D particle with a
vertical barrier atx = 0. As long asa 2+ b̃2 is greater than 0, the horizontal component of velocity �x will �ip sign (see
Section 2.4.1) while the vertical component �y will remain unaffected. Undoing the second coordinate transformation,
and settinga = sinq andb̃ = cosq (recall thata andb, and hencẽb , are free variables that we get to choose), yields

 
v̄m
¯̃vM

!

=

 
sinq cosq

� cosq sinq

!  
� 1 0
0 1

!  
sinq � cosq
cosq sinq

!  
vm

ṽM

!

(79)

=

 
cos2q sin2q
sin2q � cos2q

!  
vm

ṽM

!

(80)

In Equation 79, moving from right to left, the �rst matrix is the coordinate transformation from(qm; q̃M) to (x;y), the
second matrix captures the collision in the rotated coordinate system, and the third matrix is the coordinate transfor-
mation from(x;y) back to(qm; q̃M). It then follows from Equation 80 that the interaction of the reservoir particle and
the moving wall can be captured as the collision of a 2D particle with a barrier at angleq, with the interaction taking
place on the lineqm = cotqq̃M. Undoing the �rst coordinate transformation yields

 
v̄m

v̄M

!

=

 
cos2q sin2q

p
M

sin2q=
p

M � cos2q

!  
vm

vM

!

(81)

with the interaction taking place on the lineqm =
p

M cotqqM. Equivalently, the interaction is captured by idealized
potentialV(sinqqm �

p
M cosqqM).

Equation 81 is a generalization of the standard elastic collision between two 1D objects of mass ratioM, parametrized
by angleq. The standard case is recovered by settingq = arctan

p
M: this yields cos2q = 1� M

1+ M and sin2q = 2
p

M
1+ M ,

which upon substitution yields Equations 72 and 73, with the interaction taking place whenqm = qM.

We can use the degree of freedom provided by angleq to ensure that the interactions are Hamiltonianandthat they
preserve the invariant set of integer-valued signed energies. Let the pre-interaction signed energies of the reservoir
particle and the moving wall be the pair(e; f ). Let M beanyenergy conserving, involutive, and odd19 function that
maps the input signed-energy pair(e; f ) to output signed-energy pair(ē; f̄ ). We then have the following procedure
for choosingq, which can then be used to determine where the interaction takes place (through relationshipqm =p

M cotqqM):

1. Let (v;w) be the velocities associated with signed energies(e; f ): v = s
p

e andw= s
p

f . Note thatwis not the
velocity of the moving wall, but rather the velocity of the moving wall in the scaled coordinate system (scaled
by

p
M). Similarly, let(v̄; w̄) be the velocities associated with signed energies(ē; f̄ ).

2. Use Equations 31 to 33 to solve forq. That is, use the pre and post-velocities in the scaled coordinate system
to determine the corresponding barrier angle.

For the remainder of Section 9, we will use the energy map algorithm in Section 3.2 forM :

1. Letq � be the nominal interaction angle:q � = arctan
p

M

2. Let the pre-interaction energies of the reservoir particle and the moving wall bee andf , and letE= jej + jf j be
the total energy. Solve for the nominal rotation, which in general will not be an integer:s� = 4(E� 1)q � =180� .

19And thus time reversible.
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3. Use the nearest integer for the rotation,s = round(s� )20

4. Use the energy map algorithm to calculate the post-interaction energies ¯e andf̄ .

Note thats is �xed for a givenE, a requirement of the energy map algorithm. As a quick sanity check, one can readily
verify that whenM = 1, the above algorithm yields the standard 1D collision, for all signed energies:q = q � = 45� ,
s� = s = E� 1, (ē; f̄ ) = ( f ;e), with the interaction taking place whenqm = qM.21

Similar to the construction in Section 3.3, we can now write a Hamiltonian for the interaction between a reservoir
particle and the moving wall, valid for all energies and not just integer-valued ones. We can extend this to multiple
reservoir particles by simply adding new terms to the Hamiltonian to re�ect the interactions.22 The end result is a
Hamiltonian description for the interaction between the reservoir particles and the moving wall, valid for all energies,
that satis�es the continuity properties described in Section 4.

9.1 Interaction Properties

ConsiderM = 1;000;000: the moving wall is one million times the mass of a reservoir particle, and corresponds
to a nominal interaction angle ofq � = 89:943� . This is in fact the value used in subsequent simulations. The key
interaction properties for different values of integer-valued, reservoir particle and moving wall signed energies are
shown in Figure 45. The left plots show the change in moving wall signed energy as a function of the reservoir
particle signed energy; as can be seen from these plots, the energy transfer is quantized. Also shown in the left plots
is the nominal change; that is, the change when the reservoir particle and moving wall interact subject to standard 1D
collision dynamics. The middle plots show the interaction slope

p
M cotq, which is nominally 1. Finally, the right

plots show the interaction angle, which is nominally 89:943� .

There are signi�cant differences between the nominal and generalized interactions, all stemming from the quantization
effects introduced by the operations = round(s� ): small differences between the nominal interaction angle and the
actual interaction angle have a signi�cant effect on the energy transfer and where the interaction occurs (as captured
by the interaction slope). For example, when the interaction slope is 0 – equivalently, when the interaction angle is
90 degrees – it means the interaction takes place when the location of the reservoir particleqm is 0, irrespective of the
locationqM of the moving wall. It also means that the reservoir particle's signed energy will �ip sign while the signed
energy of the moving wall remains unaffected. In this instance, the interaction is equivalent to that of a reservoir
particle colliding with a �xed barrier at the origin, irrespective of the actual location of the moving wall. This can also
be inferred from what the idealized interaction potential reduces to in this case:V(qm).

There are also regions where the energies are not affected by an interaction. For example, when the reservoir particle
and moving wall signed energies aree = 1 andf = 1000, the post-interaction signed energies are the same, ¯e = 1 and
f̄ = 1000. These energies correspond to velocities ofvm = 1 andvM = 1=

p
1000. This has the obvious implication:

the state of the reservoir particle and the moving wall do not change. The implied barrier in this instance is simply
parallel to the scaled velocity vector, and thus the interaction angle is the orientation of the scaled velocity vector
(arctan

p
1000 = 88.189 degrees in this example).

Another unusual property can arise when the moving wall interacts with different reservoir particles. Assume all
positions are non-negative (this is in fact the con�guration used in subsequent simulations). Let the energy of the
reservoir particle and moving wall bee = � 879 andf = 300. The corresponding interaction slope is 0.487. If,
however, the energies aree = � 879 andf = 301 (not shown in the plots), the interaction slope is 0.973. Now imagine
that reservoir particle A has energye = � 879, the moving wall has energyf = 300, and the position of reservoir
particle A is in between 0.487 and 0.973 times the position of the moving wall; if nothing changes, reservoir particle
A will eventually interact with the moving wall, when its position is 0.487 times that of the moving wall (the moving
wall and reservoir particle A velocities are of opposite sign, guaranteeing this will occur). But now assume the moving
wall has an interaction with reservoir particle B, and its signed energy changes from 300 to 301. Reservoir particle A
will now �nd itself in a position where it will not interact with the moving wall, and if nothing changes, will simply
move past it.

20Different, but qualitatively similar, relationships are obtained whens� is rounded up or down:s = ceil (s� ) or s = floor (s� ).
21In fact, the dynamics are equivalent to those of the demon particle colliding with a disabled demon barrier.
22With the caveat that the edge case of simultaneous interactions would have to be addressed separately, as outlined in Section 2.4.2.
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Finally, note that the relationships are not symmetric about the particle signed energy = 0 value (clear from the plots
for small moving wall signed energies, but true in general). This is a key in understanding the observed behavior when
the moving wall is introduced in the system.

-1,000 1,000 -1,000 1,000 -1,000 1,000
Particle Signed Energy

Figure 45: Interaction properties,M = 1,000,000.

46



9.2 Simulations of a System that Oscillates

Figure 46: Connecting the right and top reservoirs to a middle reservoir. ANIMATION .

Consider the augmented system in Figure 46. The top reservoir is connected to the middle reservoir, which in turn
is connected to the right reservoir. The top reservoir is split into two parts, connected with a wall at an angle of 22.5
degrees to alter the direction of motion of the reservoir particles. Similar for the right reservoir and a 67.5-degree
wall. As a result, all motion in the middle reservoir, in the chamber coordinate system, is along the liney+ x = c,
wherec is some constant. Similar to Section 7, however, this interconnection is mathematically equivalent to bending
the right and top reservoirs in Figure 5, connecting the middle reservoir at each end, and embedding the system in
three dimensions.

The moving wall is located in the middle reservoir, and conceptually serves as a moving divider between the right
and top reservoirs, although as we will see, particles do move through it. The middle reservoir coordinate system
is chosen so that the origin is at the interface with the top reservoir, with positive displacements towards the right
reservoir. In particular, all positions in the middle reservoir frame of reference are non-negative. Reservoir particles
move freely between reservoirs. The moving wall cannot exit the middle reservoir: if it reaches the origin with signed
energy� f , where by necessityf must be strictly positive, it re�ects off the top reservoir boundary with signed energy
f . Similarly, if it reaches the right reservoir boundary with signed energyf , it re�ects off the right reservoir boundary
with signed energy� f . Finally, interactions between the reservoir particles and the moving wall only take place when
the reservoir particles are in the middle reservoir.

Simulations were run with the following parameters:

• Demon setting: enabled (mean barrier angle of 67.5 degrees)

• Total number of particles (all three reservoirs): 100,000

• Average particle energy: 25

• Length of top and right reservoirs: 100,000*8/17

• Length of middle reservoir: 100,000/17

• Relative massM of moving wall: 1,000,000

• Simulation con�guration: integer-valued signed energies

The simulation was initialized with 50,000 particles in the top reservoir and 50,000 particles in the right reservoir,
with positions uniformly distributed and all signed energies set to -25 (reservoir particles all moving towards their
respective mixers). The moving wall was initialized with its position in the center of the middle reservoir and with its
signed energy set to -25 (moving towards the top reservoir). The top and right reservoirs are 8 times longer than the
middle reservoir, and thus the average particle density is 1.
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Figure 47: Simulations with a moving wall. Top plot: moving wall normalized position and signed
energy, with energy capped at 600. Bottom plot: temporally zoomed in version, with no cap on energy.

As can be seen from Figure 47, the moving wall oscillates between its limits, the top and right reservoir boundaries.
When moving from the top boundary to the right boundary, the moving wall has relatively high energy: the mean
energy is roughly 300, a factor of 12 higher than the average system temperature. Also of interest are the very large
spikes in the moving wall signed energy, the largest of which reaches a height of over 6,000. As can be seen from
Figure 48, it is not only the moving wall that oscillates, so do the temperatures and densities, whose relatively sudden
changes coincide with the large spikes in the moving wall signed energy.

Due to the interaction properties, the middle and right reservoirs have essentially the same temperature and density
distributions. To see why, �rst note that the interaction slope is 0 for low to mid-energy situations, which is in fact the
majority of interactions. When the interaction slope is 0, a reservoir particle entering from the right reservoir to the
middle reservoir eventually bounces off the top reservoir boundary before making its way back to the right reservoir
with its energy unchanged. The middle reservoir therefore simply looks for the most part like an extension of the right
reservoir. On the other hand, once again when the interaction slope is 0, a reservoir particle entering from the top
reservoir to the middle reservoir immediately bounces off the top reservoir boundary back into the top reservoir, also
with its energy unchanged, and thus for the most part the middle reservoir is inaccessible to the top reservoir particles.

We also note that the density deviations are small. If the moving wall were impenetrable and we still observed the
end-to-end moving wall oscillations, we would expect the densities to oscillate between 50;000=(100;000� 8=17)
and 50;000=(100;000� 9=17), or between 1.063 and 0.944 (and is in fact what is observed at the beginning of the
simulation). The moving wall is not impenetrable, however, and as a result particles do move between the top and
right reservoirs. As a result, the observed density deviations are signi�cantly smaller, and the densities are roughly
the same.
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Figure 48: Simulations with a moving wall. Top plot: temperature. Middle plot: density. Bottom plot:
temperature distributions; note that the right reservoir normalized position has been reversed, to re�ect
how the three reservoirs are interconnected, and that the middle reservoir is stretched out horizontally
relative to the top and right reservoirs, since it is in fact 8 times smaller. ANIMATION .
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9.3 Quasi-Static Analysis

We can perform a quasi-static analysis to gain insights into why the system oscillates. First consider the moving
wall as it moves from the top reservoir boundary to the right reservoir boundary; that is, when its signed energyf is
positive. LetEt andr t be the temperature and density of the top reservoir, andEr andr r the temperature and density
of the right reservoir, all assumed to be constant. LetxM be the position of the moving wall. We can then de�ne the
following two quantities:

Ptm(f ;xM) = å
e2E+ (xM)

(f̄ (e; f ) � f )r t
p

efEt (e)=2 Prm(f ;xM) = å
e2E� (xM)

(f̄ (e; f ) � f )r r
p

� e fEr (� e)=2 (82)

wheref̄ (e; f ) is the post-interaction signed energy of the moving wall when the pre-interaction particle and moving
wall signed energies aree andf , fEt (�) and fEr (�) are the top and right reservoir equilibrium energy distributions, as
per Equation 27, corresponding to temperatures ofEt andEr , andE+ (xM) andE� (xM) are the sets of all positive and
negative signed energies where the product of the moving wall normalized position and the interaction slope is less
than 1. The factor of 1/2 re�ects the fact that only half of reservoir particles are moving towards the middle reservoir.
Ptm is a positive quantity and corresponds to the quasi-static energy �ow (orpower, with units of energy per unit of
time) from the top reservoir to the moving wall; similarly,Prm is a negative quantity and corresponds to the quasi-static
energy �ow from the right reservoir to the moving wall.

Assume thatEt andEr are roughly the same and equal to the average system temperature of 25, and thatr t andr r

are roughly the same and equal to the average system density of 1, as observed in simulation and for reasons that will
be explained shortly. For a given moving wall positionxM, we can then solve for the moving wall signed energyf
that results inPtm(f ;xM) + Prm(f ;xM) = 0. In other words, we can solve for the moving wall signed energyf so that
the energy �owing into the moving wall from the top reservoir equals the energy �owing out of the moving wall and
into the right reservoir. The results are found in Figure 49.

Figure 49: Moving wall quasi-static equilibrium signed energy.

We can then calculate the net, quasi-static energy �ow, or power, out of the top reservoir and into the right reservoir
at the quasi-static equilibrium calculated above. The results are found in Figure 50, where the net energy �ow is
normalized by the energy �ow out of the top (and right) reservoir.

Figure 50: Normalized net energy �ow from top reservoir to right reservoir at quasi-static equilibrium.
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We can also calculate the net, quasi-static particle �ow out of the top reservoir and into the right reservoir at the
quasi-static equilibrium. The results are found in Figure 51, where the net particle �ow is normalized by the particle
�ow out of the top (and right) reservoir.

Figure 51: Normalized net particle �ow from top reservoir to right reservoir at quasi-static equilibrium.

We now have an explanation for the observed behavior. When the moving wall is moving from the top reservoir
boundary to the right reservoir boundary, there is a net energy �ow from the top reservoir to the right reservoir, fueled
by the demon, which keeps the average moving wall energy high relative to the average system energy. Because of
this energy �ow, the temperature differential between the top and right reservoirs is small, similar to what is observed
in Section 7 (where the energy �ow from the top reservoir to the right reservoir decreases the temperature differential).
The change in densities resulting from the net particle �ow, from the top reservoir to the right reservoir, can also be
seen in the plots.

We also have an explanation for two additional phenomena. The �rst is the behavior of the moving wall when it is
moving from the top reservoir boundary to the right reservoir boundary, or equivalently whenf is negative. We can
repeat the analysis above for negative moving wall signed energies, but since the energy map is odd, the results can be
readily extracted from the analysis already performed. In particular, the plot in Figure 49 now captures the absolute
value of the moving wall signed energy while the plot in Figure 50 captures the normalized net energy �ow from the
right reservoir to the top reservoir. This time, however, there is no mechanism for fueling this energy �ow. In fact, the
opposite is true, the demon counters this energy �ow. This explains why the moving wall slows down, and why the
temperatures approach their steady-state values.

We also have an explanation for the large observed spikes in the moving wall signed energy when the moving wall
is near the top boundary. When the spikes occur, there is a large amount of surplus energy that has accumulated in
the top reservoir, which results in a rapid transfer of energy to the moving wall and the right reservoir, followed by
a rapid decrease in the moving wall energy to its quasi-static equilibrium value. Also note that the very large initial
spike in moving wall signed energy can be explained by the larger than usual density differential when the system is
initialized (see Figure 48), providing even more fuel to the moving wall at the beginning of the simulation.

The oscillations are the result of the peculiar interaction properties outlined in Section 9.1. As contrast, consider the
setup in Figure 46, where now energies are continuous and the chamber is an unspeci�ed process for maintaining
a temperature differential between the top and right reservoirs. If we place a massive, moving wall in the middle
reservoir, there will be no oscillations. In particular, since top and right reservoirs satisfy the assumptions of an ideal
gas, we can use the 1D version of the ideal gas law,F = r T, to calculate the resulting equilibrium:F is force,r is
density, andT is temperature, expressed in appropriate units. At equilibrium, the forces on the moving wall balance
out, and we have the following relationship:r t Tt = r r Tr . In other words, the moving wall's equilibrium position is
one where the resulting densities satisfy this relation. The (presumably small) equilibrium energy �ow through the
moving wall must be supplied by the unspeci�ed process for maintaining the temperature differential. If there is no
such process, the equilibrium temperatures will be the same, as will the densities.

A more sophisticated approach must be used to create oscillations from a temperature differential in the `standard'
case. For example, with a Stirling engine.23

23Truth be told, creating a Stirling engine was actually the original objective; the behavior described in this section was discovered through
numerical experimentation, not top-down design.
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9.4 Example of a Fully Reversible Simulation

The same approach taken in previous sections was used to obtain a fully reversible simulation. The total number of
particles was decreased by a factor of 5 to 20,000 and the reservoirs were decreased in length by the same factor to
maintain an average density of 1. The forward simulation was run for 50 normalized time units. The resulting time
reversibility position errorDq is 1.8E-7, while the time reversibility energy errorDe is 0. The results of the backward
simulation are found in Figure 52.
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Figure 52: Numerical test of time reversibility, moving wall. Top plot: moving wall normalized position
and signed energy. Middle plot: temperature. Bottom plot: temperature distributions, including position
of moving wall; note that due to the small number of particles in the simulation, the top and right
reservoirs are only divided into 20 sections, while the middle reservoir is only divided into two sections.
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10 Non-trivial Measures on the Invariant Set of Integer-valued Energies

When energies are quantized, the volume, or Lebesgue measure, of any set of states is 0. This is how we are able
to circumvent the onerous constraint imposed by Liouville's theorem. In this section we introduce two measures,
thepotential measureand thecollision measure, that are not trivially zero when energies are quantized, and that are
conserved in different portions of the state space. In particular, the potential measure is preserved in the reservoirs,
while the collision measure is preserved in the chamber. This is as the heart of why the demon is able to do what it
does when energies are quantized.

10.1 The Potential Measure

Consider the mixer undergoing a transition as it crosses a potential boundary, as de�ned in Section 2.3. The velocities
before and after the interaction satisfyv2 � v̄2 = � 1, and as a result, in�nitesimal perturbations dv and dv̄ satisfy
vdv = v̄dv̄. Since the interaction is Hamiltonian, volume is also preserved, and as a result, the following relationship
must hold for in�nitesimal perturbations of the positions and velocities:jdqdvj = jdq̄dv̄j. Combining these two
relationships givesjdq=vj = jdq̄=v̄j. Note that zero signed energies, and hence zero velocities, are not allowed, and
thus this new relationship is well de�ned.

Similarly, consider a reservoir particle that collides with the reservoir wall. The interaction is captured by ¯v = � v,
which implies d ¯v = � dv. Combining with volume preservation givesjdqj = jdq̄j, and thusjdq=vj = jdq̄=v̄j as before.

Finally, consider the collision of a reservoir particle with the mixer. The interaction is captured by(v̄m; v̄i) = ( vi ;vm);
that is, velocities are swapped. It then follows, using the same arguments as above, that

�
�
�
�
dqmdqi

vmvi

�
�
�
� =

�
�
�
�
dq̄mdq̄i

v̄mv̄i

�
�
�
�

For a reservoir, in the absence of the demon particle, we can use the above to motivate a new measure that isnot zero
when energies are quantized, and that is preserved by the dynamics. Let the number of reservoir particles in a reservoir
beN. Consider a set of statesS, where each element inShas the form(q;e), with q 2 RN+ 1 ande 2 (Z � f 0g)N+ 1

(the additional 2 state components come from the mixer). Vectorq consists of the continuous position variables, while
vectore consists of the non-zero, integer-valued signed energies. SetScan be decomposed as a countable union of
disjoint sets:

S=
[

e

Se; Se =
n

(q;e) : q 2 Qe � RN+ 1
o

(83)

We can then de�ne the potential measure ofSas follows:

mp(S) := å
e

1
p

je1e2 � � � eN+ 1j

Z

Qe

dq (84)

where the integral is simply the volume, or the Lebesgue measure, of position setQe. The use of the word `potential'
for the measure will become apparent shortly. From the analysis above, it follows that the potential measure is
preserved by the reservoir dynamics when energies are quantized.

10.1.1 Maximizing the potential measure

Consider the portion of a reservoir outside the mixer region, henceforth denoted as themixerless region, and let the
number of reservoir particles in the mixerless region beN, with total energyK. We then have the following constraints:

K

å
E= 1

nE = N
K

å
E= 1

EnE = K (85)

wherenE denotes the number of reservoir particles that have energyE. Let n = ( n1; � � � ;nK). A signed-energy vector
e 2 (Z � f 0g)N is said to beconsistentwith n, denotede ` n, if the number of elements ofe with signed energy equal
to � Eis equal tonE. The number of signed energy vectorse consistent withn is equal to

N!
n1!n2! � � � nK!

2N (86)

where the �rst term follows directly from the multinomial theorem; since signed energies can be positive or negative,
we must then multiply the �rst term by 2n12n2 � � � 2nK which is equal to 2N.
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We will now decompose the mixerless region intoM equally-spaced bins of sizeL=M, whereL is the length of the
region. Letb = ( b1; � � � ;bN), and de�ne

Qb =
�

q 2 RN :
L
M

(bi � 1) � qi <
L
M

bi

�
(87)

wherebi 2 1; � � � ;M denotes which bin particlei is in. Let m= ( m1; � � � ;mM); vectorb is said to be consistent with
m, denotedb ` m, if the number of elements ofb that take on the valuej is equal tomj . It follows that the following
constraint must be satis�ed:

M

å
j= 1

mj = N (88)

From the multinomial theorem, the number of vectorsb consistent withm is equal to

N!
m1!m2! � � � mM!

(89)

We can now de�ne the following set:

Sm;n =
�

(q;e) : q 2 Qb; b ` m; e ` n
	

(90)

It is equal to the set of all states that have energy distribution captured byn and position distribution captured bym.
Since the volume of anyQb is equal to(L=M)N, we can immediately write down the potential measure of setSm;n:

mp(Sm;n) = 2N(L=M)N N!
m1!m2! � � � mM!

N!
n1!n2! � � � nK!

1
p

1n12n2 � � � KnK
(91)

We can then ask the following question: what distribution of energiesn and spatial distribution of positionsm results
in the largest measure? The �rst thing to note is that these two distributions are completely decoupled, and can thus
be optimized independently. So let's do the easy one �rst, the spatial distribution. WhenM = 2, we have already
calculated this in Section 1: half should go in one bin, the other half in the other. WhenM = 4, we can just split the
problem into two parts, and the answer is then simply that one quarter should go in each bin. And so on. In fact, this
generalizes to anyM, not just powers of two: measure is maximized by splitting the particles uniformly across the
bins. In addition, all the measure is centered around this distribution, which is also the observed reservoir equilibrium
density distribution in simulation.

Now consider the energy distribution. In the limit asN approaches in�nity, maximizing overn subject to the con-
straints in Equation 85 results in[C.12]

fE = a
exp

�
� E

2K

�

p
E

(92)

where fE = nE=N is the fraction of particles that have energyE, K is a constant that is function of the average energy
K=N (and roughly equal to it), anda is a normalization constant (the sum of thefE must be equal to 1). This is exactly
the functional dependence observed for the reservoir equilibrium energy distribution.

What about the mixer? It is not straightforward to directly incorporate it into the analysis above, due to the potential
energy that it can store. In particular, the energy of the mixer and its position are not decoupled. What we can say,
however, is that its effect is negligible in the limit asN approaches in�nity: �rst, the maximum potential energy that
the mixer can store is bounded by the number of mixer levels, and thus its effects are inconsequential as far as the
total energy of the system is concerned; second, the mixer region is also bounded in size, and becomes a vanishingly
small portion of the total reservoir length as the number of particles approaches in�nity. What is crucial, however, is
that it preserves the potential measure. If it didn't, over long periods of time, it might be possible for it to steer the
system away from the most likely, in the sense of measure, con�guration. As we will see, this is exactly what the
demon does.

10.1.2 Extension to include the demon particle and chamber when the demon is disabled

When the demon is disabled, we can readily extend measuremp to the whole system so that it is still preserved by
the dynamics; we simply include the two demon particle degrees of freedom in the measure. The set of states is then
the positions and signed energies of the reservoir particles and the mixers, for both reservoirs, and the demon particle
horizontal and vertical positions and signed energies.
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It is clear that this extended measure is preserved in the reservoirs: when the demon particle collides with the mixer, the
same analysis as the mixer/reservoir particle interaction applies. When the demon particle collides with a horizontal
wall, the same analysis as the reservoir particle/wall interaction applies.

When the demon particle interacts with the demon barrier, �xed at 45 degrees, the measure is also preserved, since
(v̄; w̄) = ( w;v), and the interaction is equivalent to a mixer/reservoir particle interaction: instead of the mixer and the
reservoir particle exchanging velocities, the horizontal and vertical velocities components of the demon particle are
swapped.

This is consistent with the functional dependence obtained in simulation for the equilibrium distributions when the
demon is disabled, and that the reservoirs reach the same distribution. Once again, all the measure is concentrated
around the energy distribution in Equation 92.

10.1.3 Why the potential measure is not preserved when the demon is enabled

Consider the interaction of the demon particle with the demon barrier, but do so in a rotated coordinate system where
the demon barrier is horizontal. This is the same situation considered when the demon particle is in the reservoir
and it collides with a horizontal wall, and we can thus conclude that since the potential measure is preserved in that
situation, in the rotated coordinate system we must have

1
jvrwr j

Z

XY
dxrdyr =

1
jv̄rw̄r j

Z

XY
dxrdyr (93)

whereXY is a region in position space before the interaction, andXY what it is mapped to after the interaction. Since
the area of a region is independent of the coordinate system used to calculate it, and(v̄r ; w̄r ) = ( vr ; � wr ), we can
conclude that in the original coordinate system,

Z

XY
dxdy =

Z

XY
dxdy (94)

In other words, area is preserved.

Let q be the angle of the demon barrier to horizontal. The relationship between the pre-collision velocities(v;w) and
the post-collision velocities(v̄; w̄) is

v̄ = cos2qv+ sin2qw (95)

w̄ = sin2qv� cos2qw (96)

In order for measuremp to be preserved, since area is preserved, we must havejvwj = jv̄w̄j:

jvwj = j sin4q(v2 � w2) � cos4qvwj (97)

This is generally only possible whenq is equal to 0, 45 or 90 degrees, which is not the case when the demon is
enabled. This analysis also provides an additional insight as to why measuremp is preserved when the demon is
disabled: all elastic collisions occur at angles of 0 or 90 degrees (the walls or the mixer), or at 45 degrees (the �xed
demon barrier).

10.2 The Collision Measure

Except for the mixer transitions, all interactions preserve area, as de�ned and demonstrated above. This motivates the
following measure, whichexceptfor the mixer transitions, is preserved irrespective of whether the demon is enabled
or disabled:

mc(S) = å
e

Z

Qe

dq (98)

The measure subscriptc denotescollision, and is used to capture the fact that when all interactions consist of elastic
collisions – particle/particle, particle/barrier, and particle/wall collisions – this measure is preserved. Measuremp, on
the other hand, is constructed to accomodate the mixer transitions and the underlying mechanism for storing potential
energy (essentially a spring). In particular, when the demon is enabled, except for the mixer transitions, measuremc in
Equation 98 is preserved, while in the reservoirs (including the mixer transitions), but not in the chamber, measuremp

in Equation 84 is preserved. The behavior we observe when the demon is enabled can thus be explained by the fact
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that different, non-trivial measures are preserved in different portions of the state space, and thus no single non-trivial
measure is preserved throughout the whole state space: measuremp is preserved in the reservoirs, while measuremc

is preserved in the chamber.

We can also ask the same question as before: what distribution of energies results in the largest measuremc? Repeating
the analysis in Section 10.1.1 yields the following for the collision measure of setSm;n:

mc(Sm;n) = 2N(L=M)N N!
m1!m2! � � � mM!

N!
n1!n2! � � � nK!

(99)

As before, the measure is maximized by uniformly distributing the particles in a reservoir. The energy distribution,
however, has the following functional form:

fE = a exp
�

�
E
K

�
(100)

where as before,fE is the fraction of degrees of freedom that have energyE, K is a constant that is a function of
the average energy (and roughly equal to it), anda is a normalization constant. Note that for continuous energies,
the distribution is the 2D Maxwell-Boltzmann energy distribution24, or chi-square distribution with two degrees of
freedom.

10.3 The Zero-Potential Reservoir: A Reservoir That Preserves Both Measures

By setting the maximum potential level in the mixer (see Section 2.3) to 0, we can construct a reservoir, henceforth de-
noted as azero-potential reservoir, that preserves both the collision measure and the potential measure. The mixer, in
this case, is not subject to any restoring force, and simply serves as a conduit for transferring energy between particles.
The collision measure is also preserved because all interactions in the reservoir are now collisions. ANIMATION.

At �rst glance, the fact that both measures are preserved may seem strange: the energy distributions that maximize
the two measures are different. When the reservoir is not connected to anything, which one is the equilibrium energy
distribution? The answer is that they both are, in the sense that if we initialize the reservoir state with the position
and energy distributions that maximize the potential measure, then those distributions will persist;25 similar for the
collision measure. This is the consequence of all the measure being concentrated around one con�guration and being
measure preserving, as discussed in Section 1. It is also easy to deduce this directly for the energy distributions since
any initial energy distribution persists: the mixer does not really do any mixing as far as energy is concerned, since
velocities are simply swapped, which does not change the energy distribution.

As we will see, when the zero-potential reservoir is not in isolation, its equilibrium energy distribution is dictated by
the chamber and the other reservoir.

10.3.1 Quantized energies, zero-potential reservoir and standard reservoir, demon disabled

Simulations were run with the following parameters:

• Demon setting: disabled

• Maximum potential level in right reservoir: 100 (standard reservoir)

• Maximum potential level in top reservoir: 0 (zero-potential reservoir)

• Number of particles per reservoir: 500,000

• Average particle energy: 25

• Average particle density: 1

• Number of chamber events per reservoir particle: 200

• Simulation con�guration: integer-valued signed energies

24The speed distribution satis�es dP = ms
kT exp

�
� ms2

2kT

�
ds. Perform a change of variablesE = ms2

2 and note that dE = msds.
25Except for possibly on a vanishingly small set or for a vanishingly small fraction of time, as discussed in Section 11.
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All signed energies were initialized to -25 (negative the average energy), and thus moving towards their respective
mixers. The initial particle positions were chosen randomly, from a uniform distribution. Results of a typical sim-
ulation are found in Figure 53. After an initial transient, the temperatures become the same, and the equilibrium
energy distributions are those that maximize the potential measure. This is as expected, since the potential measure is
preserved throughout the system when the demon is disabled.

The density distributions as a function of time plot at the bottom of Figure 53 clearly highlights the very different
mixing properties of the two reservoirs. The zero-potential reservoir – the top reservoir – is clearly not spatially
mixed by 25 normalized time units, even though the standard reservoir is.
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Figure 53: Quantized energies, zero-potential reservoir and standard reservoir, demon disabled. Top
plot: temperatures. Middle plot: equilibrium energy distributions. Bottom plot: density distributions as
a function of time. ANIMATION 1, ANIMATION 2, ANIMATION 3.
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10.3.2 Quantized energies, zero-potential reservoir and standard reservoir, demon enabled

Except for the status of the demon, which was enabled, simulations were run with the same parameters as before.
Results of a typical simulation are found in Figure 54. Equilibrium is reached slightly faster than before, since there
are now two mechanisms for mixing: the right reservoirandthe demon.

Not only do the reservoirs reach different temperatures, the equilibrium distributions are different. The right reser-
voir's equilibrium distribution is the one that maximizes the potential measure, while the top reservoir's equilibrium
distribution is the one that maximizes the collision measure. This is due to the fact that the top reservoir is connected
to the chamber, which only preserves the collision measure when the demon is enabled.
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Figure 54: Quantized energies, zero-potential reservoir and standard reservoir, demon enabled. Top plot:
temperatures. Middle plot: equilibrium energy distributions. Bottom plot: density distributions as a
function of time. ANIMATION 1, ANIMATION 2, ANIMATION 3.
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10.3.3 Quantized energies, two zero-potential reservoirs, demon enabled

When both reservoirs are zero-potential reservoirs and the demon is enabled, the collision measure is preserved
throughout. Typical simulation results are found in Figure 55, where as before, all initial signed energies were initial-
ized to negative the average energy, and thus far away from equilibrium.

Even though the zero-potential reservoirs in isolation do not result in energy mixing, the enabled demon provides the
necessary mixing mechanism allowing the system to reach equilibrium. As expected, the equilibrium distributions
are the same: the one that maximizes the collision measure.
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Figure 55: Quantized energies, two zero-potential reservoirs, demon enabled. Top plot: temperatures.
Middle plot: equilibrium energy distributions. Bottom plot: density distributions as a function of time.
ANIMATION 1, ANIMATION 2, ANIMATION 3.
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10.3.4 Continuous energies, two zero-potential reservoirs, demon enabled

When energies are continuous, the potential and collision measures have no role. Only the Lebesgue measure matters,
and we expect to obtain the same equilibrium energy distribution obtained in Sections 5.4 and 6.3, where energies are
continuous, irrespective of what type of reservoir we use, or the status of the demon. This is indeed the case.

Below are the results for two zero-potential reservoirs and an enabled demon, as a contrast to what was obtained
in Section 10.3.3 with quantized energies; similar results are obtained when one of the reservoirs is chosen to be a
standard reservoir. The number of particles was decreased to 50,000 per reservoir, and the number of chamber events
per reservoir particle increased to 20,000, to compensate for the very little mixing that takes place when energies are
continuous and the demon is enabled, as discussed in Section 6.3. In addition, there is also no mixing that takes place
in the reservoirs themselves; all mixing is mediated by the enabled demon, which is not very effective when energies
are continuous. As a result, we initialized the system with the expected equilibrium distributions and veri�ed that the
demon cannot steer the system away from this con�guration.

As usual, the initial particle positions were chosen randomly, from a uniform distribution (recall that this is the
equilibrium position distribution). The energy distributions were sampled in two passes. In the �rst pass, energies
were sampled from a 1D Maxwell-Botzmann distribution (see Equation 27) with support on(0:5;¥ ) and so that the
expected value of the energy was 25. In particular, parameterK in Equation 27 was roughly 22.0, as discussed in
Section 2.6. This actually does not result in reservoirs with average energy equal to 25; only in the limit as the number
of particles goes to in�nity do we expect this to be the case. As a result, a second pass was performed. A particle was
chosen at random, and a new energy sampled; if the new energy bridged the gap between the actual average energy
and the desired average energy, the new energy was substituted for the old one. This was repeated until the actual
total energy was within 1 average energy units of the desired total energy; the maximum error in the average energy
is thus 1 part in 50,000. Note that this procedure for sampling energies, while simple and intuitive, does not result in
independent samples, so strictly speaking we are not starting at equilibrium; this appears to be inconsequential.

Results of a typical simulation are found in Figure 56. The mean temperature ratio is 0.992 while the standard devia-
tion is 0.005. The approximate standard deviation we expect is on the order of

p
8=50;000= 0:013, as discussed in

Section 5. Note the very different equilibrium energy distributions when compared to the quantized case in Figure 55.

Figure 56: Continuous energies, two zero-potential reservoirs, demon enabled. ANIMATION.
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11 Discussion

11.1 Equilibrium

The terms `equilibrium' and `steady state' are used extensively throughout this paper, even though we have not de�ned
what they mean. This is not a simple thing to do.

Consider the example in Section 1:N objects, each of which can take on the valueL or R. Consider the sequence
of states generated byanymeasure-preserving functionf : sk+ 1 = f (sk). No matter how this sequence is initialized,
it will be periodic; this follows from the set of all possible statesS being �nite and f being invertible. This is, in
fact, the simplest version of the Poincaré recurrence theorem. As it relates to the systems considered in this paper,
the Poincaŕe recurrence theorem states that a bounded Hamiltonian system will return to a state arbitrarily close to its
initial state after a suf�ciently long, but�nite time,exceptfor possibly on a set of initial states that have zero volume.
Strictly speaking, the Poincaré recurrence theorem does not have to apply to our situation because the invariant set of
integer-valued signed energies is in fact of zero volume. But at face value, there is no reason to believe that these zero-
volume sets – the invariant set of integer-valued signed energies and the set of initial conditions for which recurrence
does not apply – need to be related in any way. We thus can't de�ne equilibrium in the intuitive way, “what the system
behavior eventually settles down to”, even though this is certainly what appears to happen in simulation.26

One solution, as it relates to an equilibrium distribution, is to de�ne it as the distribution where the system spends
mostof its time, across all time and all initial conditions, recognizing that such a distribution may not even exist; see
Section 9, for example, where the behavior is oscillatory. One could come up with a more sophisticated de�nition
to capture steady-state oscillations, but there is also no reason to expect that an equilibrium or steady-state behavior,
however it is de�ned, exists at all. As an extreme example, consider a reservoirwithouta mixer: the energy distribution
remains unchanged for all time, and is fully determined by how the system is initialized. Indeed, the whole point of
the mixers is to create a mechanism that results in long-term behavior that is insensitive to initial conditions.27

11.2 The Sign Flip paradox

We have constructed several examples that appear to be paradoxical. For example, in Section 8, the steady-state
behavior is a clockwise circulation. If time is stopped and the system is run backward, it will immediately �nd itself
in a far-from-equilibrium state: the circulation will be counter-clockwise, not clockwise. So for every equilibrium
state, there is a corresponding far-from-equilibrium state – one where velocities have the opposite sign – irrespective
of how the equilibrium state is achieved. In other words, there appear to be at least as many far-from-equilibrium
states as there are equilibrium states. How can this be reconciled with the notion that equilibrium corresponds to the
most likely con�guration, and that all con�gurations are centered around it? We call this the sign �ip paradox.

Before explaining why this is actually not a paradox, we �rst discuss one aspect of a well-known paradox that will shed
some light on the sign �ip paradox, the Loschmidt's paradox: if a system subject to the second law of thermodynamics
is started far from equilibrium, it will almost surely eventually reach a state of equilibrium. But if that state is run
backward in time, we will go back to the initial state, which is far away from equilibrium. So for every trajectory
that starts from a far-from-equilibrium state and evolves to an equilibrium state, there is an anti-trajectory – one that
runs backward in time – that starts from an equilibrium state and evolves to a far-from-equilibrium state. This seems
to contradict the fact that systems generally evolve to equilibrium states, or that entropy increases. The resolution to
this paradox is obtained by considering volume. The volume of far-from-equilibrium states is arbitrarily small, by
de�nition. Since volume is preserved, the volume of equilibrium states that �ow back to far-from-equilibrium states
must also be arbitrarily small. There is no paradox.

The key to explaining the sign �ip paradox also involves measure. First, when the Lebesgue measure, or volume, is
used, and thus measure is indeed preserved by the dynamics, all sets are of 0 measure since energies are quantized.
The set of equilibrium states has measure 0, as does the set of far-from-equilibrium states, as doesanyset of states,
and thus there is no paradox. When one of the two non-trivial measures – the potential measure and the collision
measure – is used, it would appear that we do indeed have a problem, since the measure of equilibrium states isat
mostthe measure of far-from-equilibrium states, and that it is not 0. But in the cases where the sign �ip paradox

26The small, but non-zero errors caused by �nite precision arithmetic very likely ensure that in practice no recurrence takes place.
27It might in fact be possible to prove this formally for the mixers considered in this paper using the tools from mixing in mathematics.

61



arises, measure is not preserved. Indeed, what the simulations tell us is that if there exists a non-trivial measure that
is preserved, it must be very strange, in that it can't be invariant under velocity sign changes, which of course the
potential and collision measures are. Once again, there is no paradox.

This apparent paradox yields another counter-intuitive property: we can choose initial conditions that allow us to keep
the system far away from equilibrium for as long as we want. For example, consider the system in Section 8 once
again, where the steady-state behavior is a clockwise circulation. Pick initial condition(q0; � e0) randomly,28and let
the system evolve to equilibrium in timeTeq, with the resulting net clockwise rotation. Let the system evolve for
an additional timeT, and let(q̂; � ê) be the resulting �nal state. Now use(q̂; ê) as the initial state for timeT; by
time reversibility, the resulting trajectory will have a net counter-clockwise rotation for timeT, and be thus far-from-
equilibrium for timeT, no matter how largeT is. Note, however, that if we let the system continue to evolve for an
additional timeTeq, we will encounter(q0;e0), and since(q0; � e0) was randomly chosen, we will eventually evolve
to a system with a net clockwise rotation. This is illustrated in Figure 57.

Figure 57: Circulation abstraction. The effective angle captures the net circulation, which after an initial
transient starting at time 0, is clockwise as a function of the absolute value of time.

11.3 Time's Arrows

All systems considered in this paper are deterministic: once the state is speci�ed at any instant in time, it is known
for all time, from the distant past to the far future. In addition, everything there is to know about a system's behavior
is fully captured by its HamiltonianH(q; p), which is timeless. Hamilton's equations are used to generate trajectories
that are a function of time,(q(t); p(t)) , but equating `going forward in time' as being the same as independent variable
t increasing is just a convention. We could just as easily say that going forward in time is the same ast decreasing. It is
our choice, as far as systems captured by the time-invariant Hamiltonians considered in this paper are concerned. We
don't even need the time-reversal symmetry property for this, which makes the distinction even more arbitrary: going
in one temporal direction is the same as �ipping momentum and going in the other temporal direction. In particular,
what time reversal symmetry tells us is that moving in one temporal direction is no easier or no harder, or no more
natural, than going in the other. It is just a choice.

When the demon is disabled (Section 5) and the system is initialized far away from equilibrium, it eventually reaches
equilibrium,29 which coincides with the con�guration that maximizes the potential measure. This transient results in a
local-in-time asymmetry between one temporal direction and the other, and is what is often called the arrow of time. It
existsirrespective of which temporal direction we initially move in. When equilibrium has been reached, however, the
arrow of time ceases to exist. When the demon is disabled, the salient question is then “How did this initial condition
come to be?” as opposed to “Why does time seem to �ow in one direction?” The answer to the �rst question is clear:
because we initialized the system in that way. It is an externality, which is not captured by a system's Hamiltonian. It
exists outside of it, and cannot be explained by it.

The situation is very different when the demon is enabled. As we saw in Section 6, even when equilibrium has been
reached, the chamber outgoing energy distributions are different than the chamber incoming energy distributions (Fig-
ure 30). More striking is the net clockwise rotation in Section 8, which endures at equilibrium. For these systems, the

28The simulations suggest that the positions can be chosen uniformly at random and the integer-valued signed energies can be chosen
uniformly at random over some bounded domain.

29Subject to the caveats outlined in Section 11.1.
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arrow of time is persistent. In fact, there are two arrows, one for each temporal direction: one when independent vari-
ablet is large in magnitude, positive, and increasing, the other one when independent variablet is large in magnitude,
negative, and decreasing. The two arrows can even be cyclical, as we saw in Section 9. Andthey are independent of
initial conditions. The two arrows are an intrinsic property of a system's Hamiltonian, and there is no need to invoke
an externality – a special initial condition – to explain their origin.

11.4 Continuous Energies

Given any �nite time horizon, the novel behavior of the systems we have created, and the apparent paradoxes, not only
manifest themselves when energies are quantized, but also in a neighborhood of integer-valued energies. In particular,
on a set that has non-zero volume. This follows from the continuity properties outlined in Section 4, and demonstrated
in Section 6.4. Note, however, that the normalized volume of this set goes to 0 as the number of particles goes to
in�nity, and separately as the time horizon goes to in�nity.

11.5 Invariance under Translation

The Hamiltonians in this paper do not possess a fundamental property: they are not invariant under translation.
In particular, if an offset is added to allx coordinates or to ally coordinates, a different Hamiltonian is obtained,
and the trajectories will be different.30 As a result, a fundamental property in classical mechanics is not satis�ed:
conservation of momentum. Indeed, consider a reservoir particle colliding with a wall: its momentum �ips sign, and
thus momentum is clearly not conserved.

The Hamiltonians can be readily augmented to possess this invariance, however, and acquire the corresponding con-
servation law. Without loss of generality, assume that the Hamiltonian in question is expressed in a coordinate system
where the origin is at (0,0). All that is required is to add 4 states to the system, the position of the origin(x0;y0)
and the corresponding momentum(px0; py0), and to perform the following substitutions:x� 7! x� � x0, y� 7! y� � y0,
wherex� is anyx state coordinate andy� is anyy state coordinate. As a consequence:

1. The system is now invariant under translation, since any added offset cancels out. Adding offsets is equivalent
to shifting the origin.

2. Since the Hamiltonian is not a function ofpx0 and py0, the resulting differential equations forx0 andy0 are
simply �x0 = 0 and �y0 = 0, and thus the origin is arbitrary, but �xed.

3. The differential equations forpx0 and py0 are simply �px0 = � å �px� and �py0 = � å �py� , which implies that
px0(t) + å px� (t) = Px andpy0(t) + å py� (t) = Py, wherePx andPy are constants: the conserved momenta in the
x andy directions.

11.6 World Creation

In this paper we have created Hamiltonian systems that seem to defy the second law of thermodynamics. In fact, they
do not, because the aforementioned behavior only manifests itself when energies are quantized, which results in sets
that have zero volume. This allows us to circumvent the second law. Indeed, colloquially speaking, without expending
energy we can operate a refrigerator (Section 6), a compressor (Section 7), create a steady �ow (Section 8), and even
run a perpetual motion machine (Section 9).

What else can be created? The general recipe suggested by the results in this paper is the following:

1. Specify a set of statesSthat has zero volume

2. Create Hamiltonian interactions for whichSis an invariant set

3. Combine the interactions to create a system where different non-trivial measures are preserved in different
portions of the state space

How rich can the behavior be? Given that we can create a perpetual motion machine, anything is probably possible.

30This is one reason why all system were realized in standard, two-dimensional Euclidean space, it makes it much easier to talk about
translation invariance.
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A A Simple Energy-Conserving, Time-Reversible, butNot Volume-Preserving De-
mon

Figure 58: Left: system setup. Right: chamber details. ANIMATION 1, ANIMATION 2.

The setup is similar to the one discussed in the paper, in that it consists of two reservoirs connected by a chamber.
All variables – positions, velocities, and time – are continuous. The chamber is a box of dimension 1. The left and
bottom sides are perfectly re�ecting walls, while the top and right sides are connections to the reservoirs. The demon
barrier is a perfectly re�ecting element, of �xed orientation to horizontalq, whose center is restricted to be on the line
y+ x = 0:5. Its operation is simple: its location on the line is chosen so that the demon particle, assumed to be a point
mass, makes contact with the demon barrier at its center.31.

Algorithmically, this amounts to the following: letu = ( v;w) be the velocity of the demon particle. Lett denote the
time the demon particle intersects the liney+ x = 0:5, y � 0, x � 0. Thenu(t+ ) = M(q)u(t � ), where

M(q) =

 
cos2q sin2q
sin2q � cos2q

!

(101)

Note thatM(q) is its own inverse (it is an involution). As a result,M(q)( � u(t+ )) = � u(t � ), and the map is time
reversible. Furthermore, since in additionM(q) is symmetric, the singular values ofM(q) are both equal to 1, and
thusv(t+ )2 + w(t+ )2 = v(t � )2 + w(t � )2, and the map is energy conserving.

A possible issue arises when the outgoing velocityu(t+ ) is parallel to the liney+ x = 0:5, and thus a collision
immediately takes place again. This is not a problem, however, since the map is then applied again, resulting inu(t � ).
In other words, in this instance the demon particle simply passes through.32

Unlike the rest of the paper, we will take a signi�cant shortcut and model the reservoirs, and their interaction with the
demon particle, stochastically. This results in an extremely simple simulation that can be readily coded up as a Matlab
or Python script. We will validate the results with the full simulation environment later on.

The energy distribution of each reservoir is assumed to be the 1D Maxwell-Boltzmann energy distribution, or the
chi-square distribution with one degree of freedom, shown below for the right reservoir:

1
p

2pKr (t)e
exp

�
� e

2Kr (t)

�
(102)

whereKr (t) is the time varying expected value of the distribution, or the temperature of the right reservoir. Similar
for the top reservoir, and its temperatureKt (t). This is not only motivated by this being the energy distribution of a
1D ideal gas, but also because it is the energy distribution resulting from the purely deterministic dynamics for the
reservoirs considered in the paper – see Section 2.5 – as we will see later on.

When the demon particle enters the right reservoir, the temperature is updated as follows:

K �
r =

RKr (t � ) + er (t � )
R+ 1

(103)

31Inconsequentially this means the length of the demon barrier can in fact be arbitrarily small.
32Note, however, that since we are dealing with continuous variables, this will never happen in practice anyway.
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whereer is the horizontal component of the demon particle's energy, andR is a thermal inertia parameter, which can
be loosely thought of as the number of particles in the reservoir. The demon particle's energyer (t+ ) is then updated
by sampling from the following probability distribution:

1
2K �

r
exp

�
� e
2K �

r

�
(104)

with the sign of the corresponding velocity set to negative, since the demon particle is now leaving the reservoir. The
above is the distribution obtained when the reservoir energy distribution is scaled by speed, or

p
e, as discussed in

Section 2.5.

Finally, the reservoir's temperature is updated to re�ect the energy leaving the reservoir:

Kr (t+ ) =
(R+ 1)K �

r � er (t+ )
R

(105)

Note thatRKr (t � ) + er (t � ) = ( R+ 1)K �
r = RKr (t+ ) + er (t+ ), and we thus have conservation of energy. A similar

update is used for the top reservoir.

A very simple, event-driven simulation implemented in Matlab is used to obtain the equilibrium distributions when
the orientationq of the demon barrier is set to 67.5 degrees. The thermal inertia parameterR is set to 500,000,
and the system simulated for 10,000,000 chamber events, or roughly 10 events per `particle'. The temperature for
both reservoirs is initialized to the same value of 1. Typical simulation results are found in Figure 59, and as can be
seen, the reservoirs reach different equilibrium temperatures. The ratio of right reservoir temperature to top reservoir
temperature is roughly 0.56.

Figure 59: Temperature ratio, stochastic approximation.

No such temperature differential occurs when the orientationq of the demon barrier is at 45 degrees (and obviously
at -45 degrees), or at 0 degrees (and by symmetry 90 degrees).

Full simulations using the reservoir dynamics described in Section 2 and the simulation environment described in
Appendix B were run to validate the stochastic modeling above. The following parameters were used:

• Number of particles per reservoir: 500,000

• Average particle energy: 25

• Average particle density: 1 (implies length of reservoirs = 500,000)

• Number of chamber events per reservoir particle: 30 (implies 30,000,000 chamber events)

• Simulation con�guration: continuous-valued signed energies

The right reservoir initial signed energies were uniformly distributed on(� 59:5; � 0:5) [ (0:5;59:5) and the top reser-
voir initial signed energies were uniformly distributed on(� 39:5; � 0:5) [ (0:5;39:5), resulting in initial temperatures
for the right and top reservoirs of 30 and 20. The demon barrier angle was set to -45 degrees for approximately the �rst
10 normalized time units, long enough to reach equilibrium. The demon barrier angle was then set to 67.5 degrees.
As can be seen from Figure 60, the reservoirs reach different equilibrium temperatures. The ratio of right reservoir
temperature to top reservoir temperature is roughly 0.57.
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Figure 60: Full simulation. Top plot: temperature ratio. Bottom plot: equilibrium energy distributions.
ANIMATION .

To see why the demon is not volume preserving, consider Figure 61. The orange square denotes a set of points moving
towards the liney+ x = 0:5 with arbitrarily small, but non-zero, vertical velocity; as a result, the points will interact
with the demon barrier, and not pass through. The post-collision points are then concentrated near the liney+ x = 0:5.
One can make the ratio of post-collision area to pre-collision area as small as desired by choosing the vertical velocity
small enough in magnitude. This does not directly prove that volume is not preserved, however, it only demonstrates
that area is not preserved. In particular, it may be possible for the velocities to compensate for the reduction in area.
This, however, is not possible. As was shown in Section 10, 2D elastic collisions with a �xed barrier must not only
preserve volume, but also area. And as far as velocities are concerned, this barrier behaves as if it were �xed, since
its position along the liney+ x = 0:5 in no way affects the post-collision velocities. We can therefore conclude that
since area is not preserved, volume is also not preserved.

It is impossible to capture these dynamics with a time-independent Hamiltonian.

Figure 61: Not area preserving, and hence not volume preserving.
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B Simulation Environment

All numerical results were obtained with a custom C++ simulation environment that can be con�gured to operate
with either integer-valued or continuous signed energies. All continuous variables are stored as 64 bit �oating point
values, or what is commonly referred to as double variables. Due to the nature of the interactions, the environment is
event driven and very fast, withno tolerance parameters or approximations, and extremely accurate: i) particles are
either in free-�ight or undergo elastic, instantaneous collisions, ii) the mixer is either in free-�ight or undergoes an
instantaneous change of signed energy when crossing a mixer transition point, and iii) the most involved mathematical
calculation is determining the intersection of two lines, stemming from the collision of the demon particle with the
demon barrier. The predominant source of errors is those resulting from the use of �nite precision variables – the 64
bit doubles – for storing and manipulating continuous variables.

The algorithms for simulating the reservoirs are essentially the same for integer-valued and for continuous signed
energies.33 The only difference is that simulating with integer-valued signed energies is signi�cantly faster due to the
use of lookup tables for the mixer transitions, which are by far the most common type of event.

The algorithms for simulating the chamber are also mostly the same, with one major difference. For integer-valued
signed energies, the energy map algorithm is used to determine what the outgoing signed energy would be if there is
a collision with the demon barrier. The angle of the demon barrier can then be calculated from this input/output pair,
and used to determine if there is indeed a collision between the demon particle and the demon barrier. For continuous
signed energies, however, a different approach is used, and is based on the construction of the Hamiltonian in Sec-
tion 3.3. A check is made if the corresponding input velocity activates an indicator function, which by construction is
unique. If it does, the corresponding angle associated with the indicator function is used to both determine if there is a
collision with the demon barrier and what the outgoing velocity – and hence signed energy – will be. Both algorithms
would produce the same results for integer-valued signed energiesif in�nite precision was used; in practice, however,
using continuous signed energy variables when the initial state consists of integer-valued signed energies introduces
an additional – albeit small – source of additional errors.

The integrity of the simulation environment can readily be checked by testing two key properties of Hamiltonian
systems: energy conservation and time reversibility. In particular:

1. Initialize the state of the particles and mixers, denoted by(qS;eS)

2. Run simulation forC chamber events (where a chamber event is de�ned to be the demon particle leaving the
chamber)

3. Let (qF;eF) be the state of the system at the end of the simulation. LetT be the total simulation time. Check
that energy is conserved:

DH :=
�
�
�
�
V(qS

m) + å jeS
k j

�
�

�
V(qF

m) + å jeF
k j

� �
�
� < 0:5 (106)

whereV(qm) is the potential energy of the mixer. The value of 0.5 is motivated as follows: when the initial
signed energies are integer valuedandstored as integers, the smallest, non-zero value thatDH can take is 1, and
the above constraint is then equivalent toDH = 0.

4. Set the state to(qF; � eF) and run the simulation for time periodT

5. Let(qS;eS) be the state of the system at the end of the simulation. Check that energy is conserved.

6. The time reversibility error is the pair(Dq;De), de�ned to be

Dq =

s
1
N

N

å
k= 1

(qS
k � qS

k)2; De=
1
N

N

å
k= 1

jeS
k + eS

k j (107)

When the initial signed energies are integer valued and stored as integers, the energy errorDeshould be exactly
0. The position errorDq should be small. In practice, due to the chaotic nature of the system, these errors are
either very small – or exactly zero – or large.

33Reservoir functions are almost exclusively written as templates with identical code for integer-valued and continuous signed energies.
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Tables 1, 2, and 3 summarize the results of characterizing the simulation with an enabled demon; similar results are
obtained when the demon is disabled. The following parameters were used:

• Number of particles in each reservoir: 50,000

• Average particle energy: 25

• Average particle density: 1

The initial positions were sampled from a continuous, uniform distribution on(1;L + 1), whereL = 50;000 was the
length of the reservoir not including the mixer – and hence the average particle density of 1. The initial signed energies
were sampled from a continuous, uniform distribution on(� 49:5; � 0:5) [ (0:5;49:5). For the results in Table 1, the
simulation environment was con�gured to operate with integer-valued signed energies, and the initial signed energies
were rounded to the nearest integer. For the results in Table 2, the simulation environment was con�gured to operate
with continuous signed energies, but the initial signed energies were still rounded to the nearest integer. Finally, for
the results in Table 3, the simulation environment was con�gured to operate with continuous signed energies, and the
initial signed energies were left unchanged.

For each entry in the tables, the maximum error across 100 tests was recorded, with each test differing by the value
of the seed used for the random number generator. Time reversibility error(1Dq;1De) is considered greater than
(2Dq;2De) if 1De> 2De, or if 1De= 2Deand1Dq > 2Dq. Note that in practice1De= 2Deonly occurs when the simulation
is con�gured to use integer-valued signed energies and when these errors are exactly 0. The fraction of tests where
thenon-normalizedenergy errorNDe was less than 0.5 is also recorded, which corresponds to an errorDe< 5E-06.
Note that when the simulation environment is con�gured to use integer-valued signed energies, the minimum, non-
zero value for the non-normalized energy error is 1, motivating the use ofDe < 0:5N� 1 as the threshold for time
reversibility.

Chamber events,C 100;000 200;000 400;000 800;000 1;600;000 3;200;000
Max. error,De 0 14.9 14.9 37.3 37.3 37.4
Max. error,Dq 1.3E-08 10,382 10,382 20,434 20,393 20,428
% reversible 100% 99% 99% 95% 83% 26%

Table 1: Simulation characterization, integer-valued signed energies.

Chamber events,C 100;000 200;000 400;000 800;000 1;600;000 3;200;000
Max. error,De 1.1E-15 2.6E-15 37.2 37.4 37.4 37.5
Max. error,Dq 1.2E-08 2.4E-08 20,471 20,347 20,435 20,425
% reversible 100% 100% 97% 84% 21% 0%

Table 2: Simulation characterization, continuous signed energies, integer-valued initial signed energies.

Chamber events,C 100;000 200;000 400;000 800;000 1;600;000 3;200;000
Max. error,De 1.7E-15 36.6 36.6 37.3 37.5 37.5
Max. error,Dq 2.6E-09 20,087 20,087 20,378 20,454 20,449
% reversible 100% 99% 99% 94% 79% 29%

Table 3: Simulation characterization, continuous signed energies.

For all tests, energy was conserved. In particular, when the simulation was con�gured to operate with integer-valued
signed energies,DH was exactly 0. When continuous signed energies were used,DH was many orders of magnitude
smaller than 0.5.

Due to the nature of the dynamics, we expect the time reversibility error to remain small provided the order of
events remains the same, as discussed in Section 4. As soon as the order of events changes, however, the trajectories
quickly start to diverge. An estimate of the size of the position errorDq once trajectories have fully diverged is
50;000=

p
6 � 20;412.[C.13]

As can be seen from Tables 1 and 2, the time reversibility errors tend to be smaller when the system is initialized with
integer-valued signed energies and the simulation environment is con�gured to use integer-valued signed energies.
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This is not surprising, as previously discussed. When the system is con�gured to use continuous signed energies,
the time reversibility errors tend to be larger when the simulation is initialized with integer-valued signed energies,
as can be seen in Tables 2 and 3. The reason for this is that continuous initial conditions will result in the indicator
functions seldom being enabled in the chamber, and thus the demon particle will rarely interact with the demon barrier,
decreasing the source of numerical errors.34

The time reversibility errors typically remain small for hundreds of thousands of chamber events, which translates to
tens of millions of mixer events (recall there are 100 mixer potential levels, and the distance between mixer barriers is
the same as the dimension of the chamber). We can thus conclude that the simulation is an accurate representation of
the system dynamics. Furthermore, since the purpose of the simulation is to explore equilibrium distributions – which
are by far the more likely ones – the numerical errors are in fact inconsequential, since their net effect is to make the
system reach equilibrium faster.

34In Table 1 and Table 3, the duplicate entries whenC is equal to 200,000 and 400,000 are not typographical errors. It just happened that
whenC = 200;000 there was one simulation where the order of events when running backward changed before the 200,000th chamber event,
and this change also occurred at the exact same event whenC = 400;000.
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C End Notes

C.1: H(q(t); p(t)) is constant for all time t.

dH(q(t); p(t)
dt

=
¶H
¶q

(q(t); p(t)) �q(t) +
¶H
¶ p

(q(t); p(t)) �p(t) = � �pT(t) �q(t) + �qT(t) �p(t) = 0:

C.2: (q(t); p(t)) is a solution if and only if(q(� t); � p(� t)) is a solution.

SinceH(q; p) = H(q; � p), it follows directly that¶ H
¶q (q; p) = ¶ H

¶q (q; � p). Furthermore, sinceH(q; p) is even inp,

the derivative is odd inp: ¶ H
¶ p (q; p) = � ¶ H

¶ p (q; � p). It thus follows that

�p(� t) = �
¶H
¶q

(q(� t); � p(� t)) ; �q(� t) = �
¶H
¶ p

(q(� t); � p(� t))

Let (q̃(t); p̃(t)) = ( q(� t); � p(� t)) . Since �̃q(t) = � �q(� t) and �̃p(t) = �p(� t), we have

�̃p(t) = �
¶H
¶q

(q̃(t); p̃(t)) ; �̃q(t) = +
¶H
¶ p

(q̃(t); p̃(t))

as required.

C.3 m(SN=2) is asymptotically equal to
p

2=
p

pN

For largen, by Stirling's approximation,n! �
p

2pn
�

n
e

� n

. We then have

m(SN=2) =
N!

2N(N=2)!(N=2)!
�

p
2pN

�
N
e

� N

2NpN
�

N
2e

� N =
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C.4 m(Se;N=2) > 1� 2exp(� 2Ne2)

We �rst note thatm(Sn) is identical to the probability of tossing a fair coinN times and it coming up heads (or tails)n
times. Indeed, this probability can be modeled as a binomial experiment, with probability

Probability n heads=
N!

n!(N � n)!
pn(1� p)N� n =

N!
2Nn!(N � n)!

(108)

since the probabilityp of a coin toss coming up heads for a fair coin is 1/2. We then invoke Hoeffding's inequality
to bound from below the probability that a fair coin tossedN times comes up heads (or tails) more than(1=2� e)N
times but less than(1=2+ e)N times : 1� exp(� 2Ne2). This probability is identical tom(Se;N=2).

C.5 m( f � 1(S� Se;N=2)) < 2exp(� 2Ne2)

Let S̄= S� Se;N=2. SinceS̄andSe;N=2 are disjoint,m(S̄) + m(Se;N=2) = m(S) = 1, and therefore by the lower bound
on m(Se;N=2), m(S̄) < 2exp(� 2Ne2). The result then follows sincef is measure preserving.
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C.6 Xk = XM+ 1

�
k � 0:5

M

� G� 1

De�ne the cost to be minimized as
Z X1

0
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� x
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dx+
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�
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Differentiating with respect toXk, for k = 1; � � � ;M, and setting to 0 yields

�
M

� Xk

XM+ 1

� G
� (k � 1)

� 2

=
�

M
� Xk

XM+ 1

� G
� k

� 2

There are two possibilities, depending on the sign of the square roots taken. When the same sign is taken, the equation
reduces to 1= 0, clearly not the right choice. The result is obtained when different signs are taken and the resulting
equation solved forXk.

C.7 The energy map algorithm creates a valid energy map.

This can be readily shown by examining the energy square.

Energy Conserving: Follows directly, since all points on the energy square have the same total energyE.

Involution: Let n̂ be the rotation ofn by � s. Labeln̂ is then the re�ection of ¯n across the horizontal axis. As a result,
re�ecting n̄ across the horizontal axis and rotating bys results inn.

Odd: Let mbe the label of(� e; � f ). Labelmis then the rotation ofn by � 2(E� 1), where we note that the rotation
can be either clockwise or counter-clockwise since it is exactly half of the number of labels. Letmr be the
re�ection of macross the horizontal axis; labelmr is also the rotation ofnr by � 2(E� 1). Let m̄be the rotation
of mr by s; labelm̄is also the rotation of ¯n by � 2(E� 1), which implies that the signed energies corresponding
to m̄are(� ē; � f̄ ).

C.8 If v2 + w2 = EandU(e;f )(v;w) = 0, then either(v;w) = ( v;w) or (v;w) = ( v̄; w̄).

v2 + w2 = E=( 1� a )2v2 + a 2v̄2 + 2a (1� a )vv̄ + ( 1� a )2w2 + a 2w̄2 + 2a (1� a )ww̄

=( 1� 2a + 2a 2)E+ 2a (1� a )(v;w) � (v̄; w̄);

which impliesa (1� a ) = a (1� a ) cosf , wheref is the angle between vectors(v;w) and(v̄; w̄). Thus eithera = 0,
a = 1, or(v;w) = ( v̄; w̄), which implies that either(v;w) = ( v;w) or (v;w) = ( v̄; w̄), as required.

C.9 The constant terms are bounded by
p

3jDxj, and for suf�ciently small in magnitudeDv, the linear term by2jDvjt.

First consider the constant terms. The derivative of
p

V + v2=v is � Vv� 2=
p

V + v2, which is negative whenV is
positive and positive whenV is negative. The maximum is thus achieved whenv is as small as possible whenV = 1
and whenv is as large as possible whenV = � 1. WhenV = 1, a lower bound forv is 1=

p
2, sincev2 > 1=2, and

thus an upper bound for the constant term is
p

3. WhenV = � 1, an upper bound for the constant term is 1, obtained
by lettingv go to in�nity. The maximum of these is

p
3. The same analysis holds whenv is replaced byv+ Dv, just

de�ne w = v+ Dv, the same constraints apply tow.

For the linear term, asDv approaches zero, we have the following

� q
V + ( v+ Dv)2 �

p
V + v2

�
=

� p
V + ( v+ Dv)2 �

p
V + v2

�

Dv
Dv �!

d
p

V + v2

dv
Dv =

v
p

V + v2
Dv (109)
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WhenV = 1, v=
p

V + v2 is maximized whenv is as large as possible, and an upper bound is thus 1; whenV = � 1,
it is maximized whenv is as small as possible, and sincev2 > 3=2 whenV = � 1, an upper bound is thus

p
3. The

maximum of these
p

3. This only holds in the limit asDv approaches zero, but by the continuity of the above derivative,
a value strictly greater than

p
3 will provide an upper bound for suf�ciently smallDv, which gives the required result

since 2>
p

3.

C.10 Applying the 1D collision formula, and retaining the �rst two, non-zero terms in the Taylor expansion about
e = 0, yieldsv̄m � � 1� 2e andv̄M � � e+ 2e2. The post-collision energies are thenv̄2

m � 1� 4e and Mv̄2
M � 1� 4e.

This follows directy by substitutingM = 1=e2 and the �rst order Taylor expansion 1=(1+ x) � 1� x aboutx = 0.

C.11There are no �nite values of M greater than 1 for which Mv̄2
M andv̄2

m are always integer valued whenever Mv2
M

and v2m are integer valued.

Let e andf be the pre-interaction, integer-valued energies of the reservoir particle and the moving wall. We then have
v2

m = e, Mv2
M = f , and

v̄2
m = Ae+ Bf + C

p
ef ; whereA =

(1� M)2

(1+ M)2 ;B =
4M

(1+ M)2 ;C =
4
p

M(1� M)
(1+ M)2 (110)

We will prove the result by contradiction. LetM > 1, and assume that ¯v2
m is in fact integer valued for alle andf . It

must then be true for the following three pairs of values:(e; f ) = ( 1;1); (1;4); (1;9), and thus
0

B
@

g1

g2

g3

1

C
A =

0

B
@

1 1 1
1 4 2
1 9 3

1

C
A

0

B
@

A
B
C

1

C
A (111)

The matrix above is invertible (it has determinant equal to -2), and sinceg1;g2, andg3 are integers,A;B, andC must
be rational. Now let(e; f ) = ( 1;2). Since

p
2 is irrational, and all other quantities are rational, it must mean that

C = 0. The only way in which this can happen is ifM = 1, a contradiction, as required.

C.12In the limit as N approaches in�nity, maximizing over n subject to the constraints in Equation 85 results in

fE = a
exp

�
� E

2K

�

p
E

We will give a sketch of the proof. Since the logarithm function is monotonic, it suf�ces to maximize the logarithm
of the measure. In particular, we must minimize the following quantity:

ln(n1!) + � � � + ln(nh!) + n1 ln
p

1+ � � � + nKln
p

K

Approximating the logarithms of the factorials using Stirling's approximation yields

n1 ln(n1) � n1 + � � � + nKln(nK) � nK+ n1 ln
p

1+ � � � + nKln
p

K=

n1 ln(n1) + � � � + nKln(nK) + n1 ln
p

1+ � � � + nKln
p

K� N

The conservation of mass and energy constraints – Equation 85 – can be incorporated using lagrange multipliersl 1

andl 2, resulting in the following minimization problem

min
n

n1 ln(n1) + � � � + nKln(nK) + n1 ln
p

1+ � � � + nKln
p

K+ l 1

 
K

å
E= 1

nE � N

!

+ l 2

 
K

å
E= 1

EnE � K

!
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Differentiating the above with respect tonE and setting to zero yields

nE =
exp(� 1� l 1) exp(� l 2E)

p
E

De�ning fE = nE=N andK = 1=(2l 2) gives the required functional dependence. The conservation of mass constraint
implies that the sum of thefE must be equal to 1, while conservation of energy implies that

a å
E

exp
�

�
E

2K

� p
E=

K
N

Note that this is only a sketch of the proof. First, Stirling's approximation is valid when the factorial is large, but it is
clear that most of thenE will in fact be small (and in fact, most of them will be 0). The reason why this is not an issue
is that the function to be minimized is dominated by the factorial terms that are large, but a proper analysis would have
to take the approximation error into account. The second issue with the derivation above is that thenE are integers,
yet we treated them as continuous variables.

C.13A rough estimate of the size of the RMS error once trajectories have fully diverged is500;000=
p

12.

Let the number of particles in each reservoir beR, assumed to be large. Assume the particles are uniformly dis-
tributed, and the two con�gurations are completely decorrelated. The RMS position error for one reservoir will then
be approximately

�
RMS position error

R

� 2

�
Z 1

0

Z 1

0
( f1 � f2)2df1df2 =

1
3

Z 1

0

�
(1� f2)3 + f 3

2

�
df2 =

1
6

Since the two reservoirs are expected to have the same RMS errors, the total RMS error is the same as that for one
reservoir,R=

p
6.
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D References

The novelty in this paper lies in the construction of Hamiltonian systems for which integer-valued energies are an
invariant set, and recognizing that this would allow us to circumvent Liouville's theorem. While to the best of my
knowledge this has not been done before, the foundations are over one hundred years old – some of it much older –
and are taught at the undergraduate level at many institutions. In my case, Engineering Science at the University of
Toronto. If any non-core courses35 could be singled out, it would be the following:

• Advanced Classical Mechanics (PHY354)

• Statistical Mechanics (PHY452)

• Foundations of Real Analysis (MAT357)

The non-volume preserving demon in Appendix A is also new. It is not the �rst demonstration of an energy-preserving
and time-reversible demon, but it may be the simplest, in that the reservoirs are 1D, the resulting simulation is event
driven, and all events are calculated by solving linear equations (which are obviously closed form). To the best of my
knowledge, the �rst demonstrations of an energy-preserving and time-reversible demon were the following papers,
which were developed independently and appeared at roughly the same time:

Skordos PA. 1993. Compressible dynamics, time reversibility, Maxwell's demon, and the second law. Physical
Review E. 48(2):777–784.

Zhang K, Zhang K. 1992. Mechanical models of Maxwell's demon with noninvariant phase volume. Physical Review
A. 46(8): 4598–4606.

35In the Engineering Science curriculum, the �rst two years are common – or are core – across all majors (such as Aerospace Engineering,
Electrical & Computer Engineering, and Engineering Physics). The core courses focus on both the foundations of engineering and science, and
include (many!) math and physics courses.
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