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‘Mit dem Wissen wächst der Zweifel.’

Johann Wolfgang von Goethe, 1824 [i]

To Domenica



Preface

The work presented in this thesis has been carried out at the Institute for Mechanical
Systems at ETH Zurich from November, 2012 until January, 2017. Prof. Remco Leine
was initially the supervisor of this PhD project and he was also the initial applicant of
the corresponding SNFS project (Swiss National Science Foundation, grant no. 200021-
144307). Prof. Leine has become full professor at the University of Stuttgart in September,
2014. For this reason, he could not remain supervisor and Prof. Jürg Dual kindly accepted
the responsibility of this project. Prof. Leine remained as co-examiner and the scientific
supervision has been done by him throughout the entire duration of the project.

I visited the Dynamics and Control group at the University of Technology Eindhoven,
the Netherlands from September, 2014 until November, 2014. During this three-months
visit, I collaborated closely with Dr. J. J. Benjamin Biemond and Prof. Dr. ir. Nathan
van de Wouw on the topic of bidirectional synchronization. Prof. van de Wouw is the
second co-examiner of this thesis.

The results of this project have been published in internationally recognized mechanics
and control journals and have been presented at renowned mechanics and control confer-
ences, namely the ECCOMAS 2013 in Zagreb, ENOC 2014 in Vienna, ECCOMAS 2015 in
Barcelona, CDC 2015 in Osaka and IMSD 2016 in Montréal. The first-author publications
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Abstract

In this thesis, theoretical results are developed which ensure synchronization of nonsmooth
systems with impulsive motion. Special focus lies on mechanical systems subjected to uni-
lateral constraints. The time evolution of the states of these types of systems is generally
discontinuous in time such as velocity jumps in the case of impacts due to collisions. Non-
smooth systems are capable to describe a rich class of systems in a vast variety of fields
of application, but their analysis is much more involved than in the smooth case. Many
classical results from nonlinear dynamics rely on certain smoothness conditions and can
therefore not be applied to nonsmooth systems. The lack of smoothness poses a big chal-
lenge to adapt and generalize existing results, however, it also opens up new possibilities
and enables conceptually new approaches.

Synchronization is the time conformity of processes or events of multiple systems.
There exist various types and forms of synchronization. Here, the focus lies on full-state
synchronization of two identical systems. The possible coupling between the systems can
be either bidirectional or unidirectional. In the latter case, a master-slave setting is used
where the master system is dominant and independent of the slave system.

Based on master-slave synchronization, state observers for Lagrangian systems sub-
jected to perfect unilateral constraints are presented. Only the information of the impact
time instants is used and no other sensor information is necessary. The state observers
are designed to be attractively incrementally stable for which the use of switched unilat-
eral constraints is key. The property of attractive incremental stability guarantees that
the solution of the observers converge to the solution in synchrony with the observed
system for any initial condition. Although the available sensor information is very lim-
ited, the presented observers replicate the full state of the observed system after a brief
synchronization phase.

Considering the property of incremental stability of a unilaterally constrained mechan-
ical system, the choice of the force and impact laws describing the unilateral constraints
are essential. In this regard, the central property of these constitutive laws is maximal
monotonicity, which is a stronger condition than dissipativity. Many commonly used im-
pact laws for hard unilateral constraints such as the generalized Poisson’s or Newton’s
impact law are maximal monotone under some mild assumptions. This and related prop-
erties for general as well as some specific impact laws are analyzed in the framework of
variational analysis.

In the case of unidirectional synchronization, the impacts of the slave system are
chosen to occur simultaneously with those of the master system. Coinciding impact time
instants cannot be ensured for synchronization problems with bidirectional coupling, even
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if the compared solutions are arbitrarily ‘close’ to each other. This is a major compli-
cation in the stability analysis of those type of systems and demands a careful choice of
the distance function when considering stability in the sense of Lyapunov. An intuitively
correct comparison of discontinuous solutions is possible using the distance function in-
duced by the quotient metric based on the impact map. This distance function evaluated
along jumping solutions is continuous in time and it is therefore suitable for Lyapunov
techniques. Based on this generic distance function, the synchronization problem is de-
fined for mutually coupled mechanical systems with discontinuous solutions and sufficient
conditions for controlled and uncontrolled synchronization are derived.

Chaos synchronization is of particular interest as it combines the complexity of chaotic
behavior with the regularity of synchronized motion. Two diffusely coupled smooth dy-
namical systems achieve synchronization if the coupling gain is large enough. Moreover,
the critical coupling gain corresponds to the maximal Lyapunov exponent, which cap-
tures the maximal divergence rate of nearby trajectories. This relation arises from the
competitive behavior of separation due to trajectory instability and the convergence due
to the coupling. Here, the result is generalized for the class of nonsmooth systems written
as measure differential inclusions. The relation can directly be applied to estimate the
maximal Lyapunov exponent using chaos synchronization.

The main contributions of this thesis are (a) a profound understanding of inequality
impact laws due to variational analysis including the application of state observers using
only impact time instants, (b) controlled and uncontrolled synchronization of mutually
coupled impacting mechanical systems also in the presence of accumulation points and
(c) an extension of chaos theory from a nonsmooth perspective.



Zusammenfassung

Diese Dissertation ist eine theoretische Abhandlung über die Synchronisation von nicht-
glatten Systemen mit impulsiver Bewegung. Insbesondere gilt das Interesse mechanischen
Systemen mit unilateralen Kontakten. Die zeitliche Entwicklung der Zustände solcher Sys-
teme kann Sprünge aufweisen, wie zum Beispiel Geschwindigkeitssprünge aufgrund von
Stössen im Falle von Kollisionen. Mit nichtglatten Systemen kann man eine umfangreiche
Klasse von Systemen in unzähligen Anwendungsbereichen beschreiben. Deren Analyse ist
jedoch deutlich komplizierter als im glatten Falle. Viele klassische Resultate der nichtli-
nearen Dynamik setzen gewisse Stetigkeitsanforderungen voraus und können aus diesem
Grund nicht für nichtglatte Systeme verwendet werden. Die fehlende Stetigkeit stellt eine
grosse Herausforderung dar, wenn bestehende Resultate angepasst oder verallgemeinert
werden sollen. Allerdings eröffnet sie auch neue Möglichkeiten und erlaubt konzeptionell
neue Ansätze.

Synchronisation ist die zeitliche Übereinstimmung von Prozessen und Ereignissen von
mehreren Systemen. Es existieren diverse Typen und Formen von Synchronisation. Diese
Abhandlung konzentriert sich auf die vollständige Synchronisation von zwei identischen
Systemen. Eine mögliche Kopplung zwischen den Systemen ist entweder unidirektional
oder bidirektional. Bei unidirektionaler Kopplung spricht man von einer Master/Slave-
Anordnung, bei welcher das dominante Master-System unabhängig vom Slave-System ist.

Basierend auf Master/Slave-Synchronisation werden in dieser Arbeit Zustandsbeob-
achter für Lagrange-Systeme mit perfekten unilateral Kontakten präsentiert. Nur die In-
formation der Stosszeitpunkte wird verwendet und es werden keine anderen Messgrössen
benötigt. Die Zustandsbeobachter werden so entworfen, dass sie attraktiv inkrementell sta-
bil sind. Dafür ist die Verwendung von geschalteten unilateralen Kontakten entscheidend.
Die Eigenschaft der attraktiven inkrementellen Stabilität garantiert, dass die Lösungen der
Beobachter für alle Anfangszustände zur Lösung des beobachteten Systems konvergiert.
Trotz der sehr limitierten Sensorinformation ist es den vorgestellten Zustandsbeobachtern
möglich, den vollen Zustand des beobachteten Systems nach einer kurzen Synchronisati-
onsphase zu rekonstruieren.

Für die Eigenschaft der inkrementellen Stabilität von einseitig gebundenen mechani-
schen Systemen ist die Wahl der Kraft- und Stossgesetze, welche die einseitigen Kontakte
beschreiben, essentiell. In dieser Hinsicht ist die zentrale Eigenschaft dieser konstituti-
ven Gesetze die maximal-Monotonie, welche eine stärkere Bedingung als Dissipativität
darstellt. Viele häufig gebrauchte Stossgesetze für harte unilaterale Bindungen, wie die
generalisierten Stossgesetze von Poisson oder Newton, sind unter einigen schwachen An-
nahmen maximal-monoton. Diese und verwandte Eigenschaften von allgemeinen wie auch

viii



Zusammenfassung ix

von einigen bestimmten Stossgesetzen sind mithilfe von Methoden der ”variational ana-
lysis“ untersucht.

Im Falle der unidirektionalen Synchronisation können die Stösse des Slave-Systems
so gewählt werden, dass sie gleichzeitig mit denjenigen des Master-Systems auftreten.
Übereinstimmende Stosszeitpunkte können in Synchronisationsproblemen mit bidirektio-
naler Kopplung nicht garantiert werden, auch dann nicht, wenn die verglichenen Lösungen
beliebig ”nahe“ beieinander sind. Dies ist eine bedeutende Erschwerung für die Stabili-
tätsanalyse und erfordert eine besondere Sorgfalt bei der Wahl der Distanzfunktion für
die Betrachtung von Stabilität im Sinne von Lyapunov. Ein intuitiv-richtiger Vergleich
von unstetigen Lösungen ist mithilfe derjenigen Distanzfunktion möglich, welche durch
die Quotientenmetrik basierend auf der Stossabbildung induziert wird. Diese Distanz-
funktion ist stetig, wenn sie entlang von springenden Lösungen ausgewertet wird und ist
somit geeignet für Lyapunov-Methoden. Basierend auf dieser generischen Distanzfunkti-
on wird das Synchronisationsproblem von beidseitig gekoppelten mechanischen Systemen
mit unstetigen Lösungen definiert und hinreichende Bedingungen für geregelte wie auch
ungeregelte Synchronisation werden hergeleitet.

Chaos-Synchronisation ist von besonderem Interesse, da sie die Komplexität von chao-
tischem Verhalten mit der Regularität synchroner Bewegungen kombiniert. Zwei diffus ge-
koppelte glatte dynamische Systeme synchronisieren, falls die Kopplung genügend stark
ist. Die kritische Kopplungsstärke entspricht genau dem grössten Lyapunovexponenten,
welcher die maximale Separationsgeschwindigkeit benachbarter Trajektorien beschreibt.
Dieser Zusammenhang beruht auf dem konkurrierenden Verhalten der Separation auf-
grund von Instabilität der Trajektorien und der Konvergenz aufgrund der Kopplung. In
der vorliegenden Arbeit wird dieses Resultat für die Klasse von nichtglatten Systemen
verallgemeinert, deren Dynamik durch eine Massdifferenzialinklusion beschrieben werden
kann. Der erwähnte Zusammenhang kann direkt verwendet werden um den maximalen
Lyapunovexponenten mithilfe von Chaos-Synchronisation zu schätzen.

Die Hauptbeiträge dieser Arbeit sind (a) das vertiefte Verständnis von Stossgesetzen
harter Kontakte dank der ”variational analysis“ zusammen mit der Anwendung von Zu-
standsbeobachtern, welche nur die Stosszeitpunkte messen, (b) geregelte und ungeregelte
Synchronisation von beidseitig gekoppelten mechanischen Systeme mit Stössen auch in
der Gegenwart von Akkumulationspunkten und (c) die Erweiterung der Chaostheorie aus
der Perspektive nichtglatter Systeme.



Chapter1
Introduction

Synchronization is an intriguing phenomenon of coupled dynamical system which is en-
countered in a vast range of different areas. Synchronization is at the core of physical phe-
nomena such as fire flies flashing in unison, pathological synchronization inducing tremor
due to Parkinson’s disease or even the unexpected lateral oscillation of the Millennium
bridge in London induced by involuntary walking gait synchronization of pedestrians.

In the 17th century, the famous Dutch scientist Christiaan Huygens documented the
observation of a synchronization phenomenon in his major work on pendulums and horol-
ogy [99]. He observed that two identical pendulum clocks attached to a wooden beam
gradually change their motion until they finally exhibit a synchronized motion. He cor-
rectly identified the movement of the beam as the cause of this effect even though the
deflection of the beam was hardly perceptible.

Synchronization is used in disciplines such as communication theory, control theory
and laser technology. The relevance of synchronization is not only due to its practical
applications in technology but, equally important, due to its ability to explain complex
phenomena in natural sciences. Synchronization is therefore an active research area within
theoretical as well as applied research fields.

The complex characteristics of many dynamical systems can only be captured by in-
cluding some degree of nonsmoothness or switching behavior in the dynamical description.
Switching systems, hybrid systems or more generally nonsmooth systems arise in very dif-
ferent disciplines such as physics, engineering, biology or economics. Nonsmooth models
are abundant in mechanics, especially when engineering problems are to be solved. Impact
laws lead to nonsmooth models in rigid multi-body dynamics, whereas switching control
laws result in nonsmooth closed-loop dynamics.

Although the interest in synchronization is abundant and the literature on the syn-
chronization phenomenon is vast, only a very limited amount of literature exists on the
synchronization of nonsmooth systems. This is partly due to the fact that stability the-
ory and generally the field of nonlinear dynamics for nonsmooth systems stands in its
infancy. Classical theoretical results in nonlinear dynamics as well as analytical and nu-
merical analysis techniques presuppose a certain degree of smoothness and often fail when
applied to nonsmooth systems. There is an eminent need to overcome this theoretical im-
pediment to understand and control synchronization phenomena of nonsmooth systems.

1



1.1 Nonsmooth Systems 2

1.1 Nonsmooth Systems
Nonsmooth models have been used to describe systems in various disciplines. In electrical
engineering, diodes, relays and switches can induce nonsmooth dynamical behavior [76].
Nonsmooth models have been used to describe chemical reactions [71] and these models
are also used in other disciplines such as biology and physics [101]. In control theory,
nonsmooth systems are essential to describe sliding mode controllers [193], control satu-
ration [189] or switching controllers [120].

In this thesis, the main focus lies on nonsmooth mechanical systems, more precisely,
mechanical systems subjected to unilateral constraints. The impact process of a colli-
sion between two bodies include many phenomena on different length and time scales.
Typically, the longitudinal and transversal wave propagation is much faster than the
macroscopic movement of the bodies such that an impact happens in a small amount of
time. If the bodies are considered to be rigid, then the time interval of the collision con-
denses to a single time instant. An instantaneous impact is accompanied with impulsive
forces which render the velocities to be discontinuous in time. Consequently, the energy
transfer is instantaneous.

The term ‘nonsmooth dynamical system’ is often used in literature without stating
explicitly which aspects of the system are considered nonsmooth. According to [118, 117],
nonsmooth (continuous-time) dynamical systems can be classified in the following three
types with increasing degree of nonsmoothness.

• Nonsmooth continuous systems described by differential equations with a ‘right-
hand side’ which is Lipschitz continuous but non-differentiable at certain hyper-
surfaces in the state-space. A mechanical oscillator with a one-sided elastic support
is an example of this class.

• Systems described by differential equations with a ‘right-hand side’ which is dis-
continuous on certain hyper-surfaces in the state-space. The solution of such a
discontinuous differential equation has to be understood in the sense of Filippov
[60, 11, 50] (i.e., the differential equation is extended to a differential inclusion).
The discontinuities of the ‘right-hand side’ side cause the time-derivative of the
state not to be defined for every point in time, but the state remains continuous in
time. Examples are mechanical systems with visco-elastic supports or dry friction.

• Systems which expose discontinuities (or jumps) in the state such as systems with
impulsive effects. The state is undefined on such discontinuity points. Examples
are mechanical systems with velocity jumps due to impacts.

Another small zoology of nonsmooth dynamical systems is given in [1]. Nonsmooth
dynamical systems are studied by various scientific communities using different mathe-
matical frameworks. Examples of such mathematical frameworks are [117]:

• Singular perturbations. The nonsmooth system is replaced by a singularly per-
turbed smooth system. The resulting ordinary differential equation is extremely
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stiff and hardly suited for numerical integration. More importantly, possible sta-
tionary states such as the stationary state of a block on a rough slope are lost due
to the smoothening. Therefore, this framework is generally not suited to study the
nonlinear dynamics of nonsmooth systems.

• Hybrid systems. In this kind of nonsmooth systems, a kind of switching is involved
and these systems are therefore often called ‘switched systems’ [120]. In the field
of systems and control theory, the term hybrid system is frequently used for sys-
tems composed of continuous differential equations and discrete event parts [38].
Nowadays, the term ‘hybrid system’ is used for any system which exposes a mixed
continuous and discrete nature [84, 125, 196, 81]. The switched/hybrid system con-
cept switches between differential equations with possible state re-initializations and
is not able to describe (or overcome) accumulation points, for example, a bouncing
ball coming to rest on a table which is accompanied by infinitely many impacts
occurring in a finite time interval.

• Complementarity systems. Nonsmooth systems can in some cases be considered as
dynamical extensions of (non)linear complementarity problems, which gives rise to
the complementarity systems concept [96].

• Filippov systems. Systems described by differential equations with a discontinuous
‘right-hand side’ but with a time-continuous state, can be extended to differential
inclusions with a set-valued ‘right-hand side’ [60]. The differential inclusion concept
gives a simultaneous description of the dynamics in terms of a single inclusion, which
avoids the need to switch between different differential equations.

• Measure differential inclusions. Systems which expose discontinuities in the state
and/or vector field can be described by measure differential inclusions [136, 135].
The differential measure of the state does not only consist of a part with a density
with respect to the Lebesgue measure, but is also allowed to contain an atomic part.
The dynamics of the system is described by an inclusion of the differential measure
of the state, called measure differential inclusion, which describes the continuous
dynamics as well as the impulsive dynamics with a single statement and it is able
to describe phenomena such as accumulation points. Moreover, the framework of
measure differential inclusions leads directly to a numerical discretization, called
the time-stepping method, which is a robust algorithm to simulate the dynamics of
nonsmooth systems.

The framework of measure differential inclusions allows us to describe systems with
state discontinuities and it has the great advantage that physical interaction laws, such
as friction and impact in mechanics, can be formulated as set-valued force laws and they
can be seamlessly incorporated in the formulation. The framework of measure differential
inclusions has been developed by Moreau and Jean [100, 134, 136] to describe frictional
impacts and unilateral contacts on velocity-impulse level and uses the convex analysis
framework, as developed by Rockafellar and Moreau [132, 168], to its full extent.

The formulation of the set-valued force and impact laws plays a central role in the
modeling of nonsmooth systems such as unilaterally constrained mechanical systems. The
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desired set of requirements for these constitutive laws include existence and uniqueness
of solutions as well as kinematic, kinetic and energetic consistency. It is a challenging
task to choose these laws properly, especially in multi-contact configurations. The force
and impact laws of unilateral constraints naturally lead to inequality complementarity
conditions which are inherently nondifferentiable and set-valued. The description and
analysis of inequality impact laws is facilitated by the framework of convex analysis. This
framework allows to reveal mathematical properties such as maximal monotonicity, which
is essential for synchronization problems.

1.2 Synchronization
The English word ‘synchronous’ has remained close to its Greek origin σύγχρoνoς, which
is composed of the prefix συν meaning ‘together’ and χρóνoς , the noun for ‘time’. Various
broad definitions for synchronization exist in literature. For example, in [161], synchro-
nization is understood as ‘adjustment of rhythms of oscillating objects due to their weak
interaction’, whereas in [33] synchronization is defined as ‘mutual time conformity of two
or more processes’.

Since Huygens in the 17th century, many other scientists have encountered and in-
vestigated synchronization phenomena. John William Strutt (Baron Rayleigh) describes
mutual synchronization of similar organ pipes as well as quenching effects [188]. The
research on synchronizing systems continued with electrical systems [9, 195]. Synchro-
nization is observed as a phenomenon or used as a technique in many different disciplines.
As the literature on synchronization phenomena is vast, we are only mentioning a few in
the following.

A brief and popular introduction to the topic of synchronization is given in [186]. For
a more extensive introduction to synchronization, see [31, 185, 161]. In [31], an overview
of the classical synchronization examples of periodic systems is shown and [34] includes
an overview of synchronization of chaotic systems. An introduction to synchronization
for biological systems is presented in [72].

Synchronization is a phenomenon often observed in biology [203, 186]. Some species
show the ability to operate simultaneously, for example, fire flies flashing in unison [29, 93]
or mutual chorusing in tree cricket populations [199]. Another example of a large ensemble
of mutually coupled oscillators is given by a large applauding audience which has the ten-
dency to synchronize the rhythmic, nearly periodic applause. Yeast cells synchronize their
glycolytic oscillations [28] and the human heart beats due to the synchronized firing of
pace-maker cells [192]. There are undesired synchronization phenomena such as patholog-
ical synchronization inducing tremor in Parkinson’s disease [92] or altered synchronization
of neurons inducing epileptic seizures [141].

Synchronization has many applications in technology such as communication theory,
where it has a potential application in the secure communication over public channels
using synchronized chaotic oscillators in a master-slave setting [157, 94, 104, 109]. Syn-
chronization plays a major role in teleoperated systems as used for surgery to improve
precision, for example, heartbeat synchronization for robotic cardiac surgery [139]. Syn-
chronization of lasers is used to create a source of high-intensity radiation [161]. Fur-
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thermore, it is used in robotics for simultaneous operation of multi-robot systems [145]
such as formation flying or walking and multi-finger robot-hands. Especially of interest
is the application in control theory for the design of a state observer, which is a system
modeling a real system in order to provide an estimation of the internal states for which
no measurement is available. The state observer synchronizes with the real system in a
master-slave setting. Observer design and synchronization are therefore closely related
problems [144, 143].

In some cases, synchronization arises in a natural way and the coupling is inherently
in the system. This is referred to as self-synchronization and an example is given by the
synchronizing pendulum clocks observed by Huygens. Identical damped linear oscilla-
tors with identical periodic forcing, for example, establish synchronization without any
interaction between the individual systems. Synchronization of disconnected systems is
referred to as natural synchronization. According to [32], the third and last type is called
controlled synchronization, where the synchronous behavior is enforced by introducing an
artificial external action.

There are also different forms of synchronization depending on the conditions for which
two or multiple systems are considered synchronized [152, 161]. If only the phase of an
oscillation is synchronized, we speak of phase-synchronization [105] or anti-phase synchro-
nization [44, 30]. Generalized synchronization, as proposed in [174], equates dynamical
variables from one subsystem with a function of the variables of another subsystem. In
this case, the manifold of the synchronized motion is a subspace of the full state space.
If only part of the state vectors of the individual systems synchronize, then it is referred
to as partial synchronization. In the following, we will restrict ourself to the most special
case of full-state synchronization (also referred to as identical or complete synchroniza-
tion), which requires the exact correspondence of all states of the individual systems. In
the case of full-state synchronization, the individual systems are generally assumed to be
identical. Full-state synchronization requires the invariance and (asymptotic) stability of
the hyperplane defined by the identity of the states [160].

The coupling between synchronizing systems can be either unidirectional or bidirec-
tional. In the latter case, the coupling is mutual and all systems are on equal terms. In
the former case, a master-slave setting is used and information is transferred from the
master system to the slave system but not vice versa. In this sense, the master dynamics
is dominant and independent of the slave system.

Of particular interest is chaos synchronization, that is, the synchronization of chaotic
motions of oscillatory systems, which combines the complexity of chaotic behavior with
order induced by synchronization. The theory of deterministic chaos has received much
attention since the 1990s as it is an important paradigm for understanding and describing
complex irregular oscillatory processes. Synchronization of chaotic systems has a broad
range of applications [10] and there exist numerous approaches to control chaos, for ex-
ample, in terms of stabilizing periodic orbits embedded within the chaotic attractor by
applying small, time-dependent perturbations to system parameters [148]. The concept
of deterministic chaos in nonsmooth dynamical systems is largely unexplored and the lack
of differentiability asks for a reconsideration of topics such as Lyapunov exponents and
control of chaos.

There are two major tools available from nonlinear dynamics to study the conditions
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for full-state synchronization. The first method is based on Lyapunov arguments [85, 201,
88, 107]. Lyapunov’s direct method involves finding a Lyapunov function to prove that
the error dynamics is (globally) asymptotically stable. Although this is a very powerful
method with which synchronization can be rigorously proven, it is in practice difficult
to find a Lyapunov function. This task is simplified if the error dynamics can be sepa-
rated from the dynamics of the individual systems. For mechanical systems, the classical
Lyapunov’s theorem is generally insufficient to show attractivity also in the smooth case
such that generalizations such as invariance principles are necessary. Generalizations of
Lyapunov’s theorem on asymptotic stability have been considered, amongst others, by
Barbashin and Krasovskii [110], Matrosov [124], LaSalle [113], Hatvani [95], Wada and
Yamamoto [198]. A Lasalle’s invariance theorem for nonsmooth Lagrangian dynamical
systems has been presented in [47].

Another method is to consider the Lyapunov exponents of the error dynamics, which
describe the exponential growth or decay rate of an infinitesimal initial error. If all Lya-
punov exponents are negative, then the zero-solution of the error dynamics is asymptoti-
cally stable. As the Lyapunov exponents of the error dynamics depend on the considered
(possibly chaotic) solution of the individual systems, they are often referred to as condi-
tional Lyapunov exponents [158]. Usually, conditional Lyapunov exponents are evaluated
numerically and a rigorous proof of synchronization can not be given using this method.

Both tools for studying synchronization rely on smoothness/differentiability properties
of the dynamical system. This theoretical impediment restricts the use of synchronization
techniques as well as the research on synchronization phenomena to smooth dynamical
systems. Consequently, there exists an eminent need for fundamental research on syn-
chronization theory for nonsmooth dynamical systems.

1.3 Aim and Scope
The general objective of this thesis is to conduct fundamental research on synchronization
theory for nonsmooth dynamical systems thereby bridging the gap between synchroniza-
tion theory and nonsmooth dynamics. In-depth knowledge of nonsmooth dynamics in-
volving tools from convex and set-valued analysis, measure and integration theory as well
as functional analysis will be used to extend Lyapunov-type synchronization techniques
to nonsmooth dynamical systems with a special focus on mechanical systems subjected
to perfect unilateral constraints. Hereto, the concept of incremental stability will be ex-
ploited. Furthermore, chaos synchronization of nonsmooth dynamical systems is studied,
thereby exploring and extending chaos theory from a nonsmooth perspective.

A variety of synchronization problems of nonsmooth systems exists depending on the
type of nonsmoothness, type of coupling (unidirectional or bidirectional) or assumptions
on, for example, available measurements, model uncertainties and noise. Here, we re-
strict ourself to unidirectional synchronization of mechanical systems subjected to perfect
unilateral constraints, bidirectional synchronization of mechanical systems subjected to
perfect unilateral constraints and chaos synchronization of general nonsmooth systems
written as measure differential inclusions. Throughout this thesis, we consider full-state
synchronization of identical systems without model uncertainties or measurement noise.



1.4 Outline 7

The force and impact laws describing the constraints are of key importance for consid-
ering synchronization of mechanical systems subjected to perfect unilateral constraints.
While dissipativity of the force and impact laws is essential to study stability properties of
individual systems, maximal monotonicity is the property of interest for synchronization
purposes, which is a stronger property than dissipativity. Therefore, force and impact laws
describing perfect unilateral constraints are analyzed with respect to maximal monotonic-
ity and related properties using tools from variational analysis, which is a mathematical
framework arising from set-valued analysis and the calculus of variations. The considered
impact laws include the generalized Newton’s and Poisson’s impact law, which are the
most commonly used inequality impact laws for multi-contact collisions.

In the case of unidirectional synchronization, the focus is on the application for ob-
server design. Using a master-slave setup, where the observed system is the master system,
the state of the slave system can directly be used as estimation of the state of the observed
system. The coupling between the systems is unidirectional. Therefore, it is possible to
design the state observer such that the impact time instants of the master and slave sys-
tem coincide. Coinciding impacts allows us to use the so-called attractive incremental
stability property, which is highly instrumental in achieving master-slave synchroniza-
tion. It ensures that the zero solution of the synchronization error is stable in the sense of
Lyapunov and tends to zero. A vanishing error corresponds to full-state synchronization.

In the case of bidirectional coupling, the impacts of the individual systems do gener-
ally not happen at the same time instants. Due to the discontinuities in the states, the
Euclidean error shows a so-called ‘peaking phenomenon’, which is present even arbitrarily
close to the synchronization set. In order to obtain a stability result for the synchroniza-
tion error in the sense of Lyapunov, it is necessary to develop a new distance function to
measure the error between the individual systems. Furthermore, a controller is desired
which ensures (controlled) full-state synchronization also in the mutually coupled case.

Finally, chaos synchronization of nonsmooth systems in the framework of measure
differential inclusions is studied, thereby exploring and extending chaos theory from a
nonsmooth perspective. The spectrum of (conditional) Lyapunov exponents is an impor-
tant characteristic of limit sets. A known result for smooth systems is the direct relation
between the maximal Lyapunov exponent and the critical coupling gain necessary to
achieve full-state synchronization. This result can directly be used to estimate the max-
imal Lyapunov exponent using chaos synchronization. The aim is to find the conditions
for which this result can be generalized to nonsmooth systems. Detailed literature surveys
are presented in the individual chapters.

1.4 Outline
Using concepts from measure and integration theory, the equations of motion (in a gen-
eralized sense) for finite dimensional mechanical systems with discontinuous states are
derived in Chapter 2. Classical results from analytical mechanics such as the principle of
virtual work, variational law of interaction, Lagrange’s central equation and the Euler–
Lagrange equations are extended to mechanical systems with discontinuous solutions.

Force and impact laws of perfect unilateral constraints are investigated in Chapter 3
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using the framework of variational analysis, which heavily relies on convex analysis. Max-
imal monotonicity and related properties are analyzed, which leads to a profound under-
standing of these constitutive laws. Furthermore, explicit formulations of the evolution
problem are derived, thereby simplifying the measure differential inclusions to measure
differential equations. This chapter is based on [123, 115, 2].

In Chapter 4, which is based on [21, 17, 18, 19], we consider unidirectional synchroniza-
tion of mechanical systems subjected to perfect unilateral constraints and its application
to observer design. A master-slave synchronization setup is used and synchronization
is obtained by designing the slave systems using the new concept of switched kinematic
unilateral constraints such that they are attractively incrementally stable. Several im-
provements of the observer design are presented which increase the synchronization speed
and extend the applicability of the observer.

Chapter 5 addresses the synchronization problem of mutually coupled mechanical sys-
tems subjected to a geometric unilateral constraint and is based on [16, 15]. A distance
function is presented which allows for an intuitively correct comparison of the discontin-
uous solutions despite the mismatch in the impact time instants. Furthermore, we show
sufficient conditions for local synchronization in the uncontrolled case as well as a control
law which ensures global synchronization.

Chaos synchronization of general nonsmooth systems written in the framework of
measure differential inclusions is presented in Chapter 6, which is based on [20, 116, 22].
The relation between the maximal Lyapunov exponent and the critical coupling gain
necessary for full-state synchronization is shown. Furthermore, the results are used to
estimate the maximal Lyapunov exponent using chaos synchronization.

Concluding remarks are presented in Chapter 7, which include recommendations for
future research on synchronization of nonsmooth systems.



Chapter2
Equations of Motion using Measures

The dynamics of a mechanical system is given by the equations of motion. It describes
the evolution of the state, which consists of position and velocity. In classical mechanics,
the equations of motion are constituted by a set of equations. In the field of nonsmooth
mechanics, however, the term ‘equations of motion’ has to be understood in a more
general way. Nonsmooth effects are often described by set-valued force laws and lead
to discontinuous behavior of the states such that the dynamics is described by measure
differential inclusions instead of equations [136, 135, 119, 38, 1, 75].

The definition of a mechanical system and the description of its motion in time is
presented in Section 2.1. Since the Lebesgue measure does not suffice to describe the
evolution of the state due to the discontinuities of the velocities, further concepts of
measure theory are required. Forces are introduced in Section 2.2 as dual quantities to
virtual displacements, and the evaluation of the duality pairing is denoted as virtual work.
The dynamic equilibrium of a mechanical system is obtained by the principle of virtual
work, which is regarded here as the fundamental axiom in mechanics. In Section 2.3, the
mechanical system is reduced to a finite dimensional system such as a multibody system for
which the state is described by (finite-dimensional) generalized coordinates and velocities.
Furthermore, Lagrange’s equations of the second kind as well as Hamilton’s principle are
derived. Finally, the evolution of the total mechanical energy is presented in Section 2.4,
which will be used subsequently in the Lyapunov analysis of the error dynamics of coupled
mechanical systems.

2.1 Kinematics
A mechanical system S = ∪

i Bi is composed of one or multiple bodies Bi and consists of
material points P (also referred to as particles). Let Σ denote the σ-algebra over S which
is therefore part of the power set 2S := {S ⊂ S}. The elements S ∈ Σ of the σ-algebra
are all possible subsystems of S including S itself. The measure dV is a function from Σ
to the extended real number line R := R ∪ {−∞, ∞} and dV (S) denotes the volume of
S. The triple (S, Σ, dV ) is a measure space.

The physical space is the three-dimensional Euclidean vector space E3 and consists
of spatial points Q. A non-canonical origin has been chosen in order to obtain a linear

9
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Figure 2.1: A configuration at time t is given by the particle coordinates ξ(·, t), which maps
the material points of the mechanical system S =

∪
i Bi to the coordinate representation of

the physical space E3. A sequence of configurations with respect to time describes a motion.

space. The Euclidean space is an inner product space (called Hilbert space) with the
Euclidean inner product x · y = xTy for x, y ∈ E3. Furthermore, the Euclidean space
is a complete normed vector space (called Banach space) as the Euclidean inner product
induces the Euclidean norm ∥x∥ =

√
xTx. We can assign a coordinate 3-tuple to every

spatial point Q by choosing a Cartesian coordinate system. Using the resulting isometry,
we can identify the Euclidean space with the real coordinate space R3. In order to keep
the analysis concise, we will introduce any element of the physical space directly by its
coordinate representation.

A configuration at time t is given by the particle coordinates ξ(·, t) : S → R3, which
maps each material point of the mechanical system S to the coordinate representation
of the physical space E3 as shown in Figure 2.1. A sequence of configurations with
respect to time describes a motion. At an instant of time t, the body Bi covers the
subset Bt

i = {ξ(P, t) ∈ R3 | P ∈ Bi} of the physical space, which is assumed to be closed.
Note that two distinct material points can occupy the same point in the physical space
at the same time instant. This happens, for example, in collision processes, where two
bodies come into contact, that is, Bt

i ∩ Bt
j ̸= ∅ for some i ̸= j.

Remark 2.1 The idea to define a mechanical system in a body space without a reference
configuration followed by an ‘embedding’ of the cloud of material points in the physical
space is taken from [59]. Therein, the kinematics is presented applying involved con-
cepts of differential geometry. Typically, a mechanical system is defined using a reference
configuration, which is a ‘general configuration’ of the mechanical system omitting any
special cases such as overlapping bodies. Material points are then addressed using the po-
sition vectors of the spatial points which they occupy in the reference configuration. Both
approaches, with and without a reference configuration, lead to the same representation
when using generalized coordinates. However, the choice of a reference configuration is
not unique and somehow arbitrary. △
The collection of particle coordinates ξ(P, ·) together with particle velocities ξ̇(P, ·) is
called the state of a mechanical system. In the case of nonsmooth systems, such as
multibody systems including collisions, discontinuities in the evolution of the state may
occur. It is therefore necessary that the kinematic description of nonsmooth systems is
able to capture this behavior, which is achieved by a suitable choice of functional spaces.

The particle velocities ξ̇(P, ·) ∈ SLBV (R,R3) are assumed to be functions of special
locally bounded variation with the consequence that they have at most countably infinitely
many jump discontinuities [5, 6]. The phenomenon of countably infinitely many jumps in
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a finite time interval is called accumulation point. The set {ti} of points in time at which
discontinuities occur is therefore Lebesgue negligible. Although the particle velocities are
undefined at the discontinuities, the assumption ξ̇(P, ·) ∈ SLBV (R,R3) implies that the
left limit ξ̇

−(P, t) := limτ↓0 ξ̇(P, t − τ) and right limit ξ̇
+(P, t) := limτ↓0 ξ̇(P, t + τ) are

defined for every point in time and are denoted as pre- and post-impact particle velocities,
respectively. The particle velocities ξ̇ = ξ̇t + ξ̇η can, up to a constant, be decomposed
uniquely in an absolutely continuous part ξ̇t and a step function ξ̇η, where the arguments
have been dropped. The measure dξ̇t = ξ̈dt of the absolutely continuous part is absolutely
continuous w.r.t. the Lebesgue measure dt, where ξ̈ are called particle accelerations. The
measure dξ̇η = (ξ̇+ − ξ̇

−)dη of the step function is absolutely continuous w.r.t. the atomic
measure dη, where (ξ̇+ − ξ̇

−) are the particle velocity jumps.
Interludium 2.1 (Atomic measure dη) The atomic measure dη is defined as the sum of
Dirac point measures dδi, that is,

dη :=
∑

i

dδi, where dδi(I) :=

1 if ti ∈ I,

0 if ti /∈ I.

The atomic measure dη is singular with respect to the Lebesgue measure dt because it is
concentrated at the set of discontinuity points {ti}. Let dµ be a positive Radon measure
such that dt and dη are absolutely continuous w.r.t. dµ, that is, dµ(I) = 0 ⇒ dt(I) =
dη(I) = 0. Therefore, the densities (also called Radon–Nikodým derivatives) dt

dµ
and dη

dµ

are well defined according to [36, Theorem 5.8.8]1 as

dt

dµ
(t) := lim

ε→0

dt(Iε)
dµ(Iε)

and dη

dµ
(t) := lim

ε→0

dη(Iε)
dµ(Iε)

,

where Iε(t) := (t−ε, t+ε) with ε > 0 is an open time interval centered at t. If not specified
otherwise, we choose dµ = dt + dη as shown in Figure 2.2. The densities dt

dµ
and dη

dµ
for

dµ = dt + dη are given in Table 2.1. Therefore, dη
dµ

(t) is the characteristic function of the

t /∈ {ti} t ∈ {ti}
dt
dµ

(t) 1 0
dη
dµ

(t) 0 1

Table 2.1: Radon–Nikodým derivatives.

discontinuity set {ti} and dt
dµ

(t) is the characteristic function of its complement R\{ti}. △
Using the Radon measure dµ, the distributional particle acceleration can be written as
dξ̇
dµ

= ξ̈ dt
dµ

+ (ξ̇+ − ξ̇
−) dη

dµ
. Note that Newton’s notation for differentiation always denotes

the density with respect to the Lebesgue measure dt.
1Theorem 5.8.8 in [36] considers closed intervals (closed balls), but the interval Iε are open. The

theorem is nevertheless applicable since every Radon measure is regular on a σ-compact Hausdorff space
(here, R equipped with the standard topology) according to [58, Chapter 8, Corollary 1.13].
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Figure 2.2: Radon measure dµ = dt+dη evaluated for the sets {t} (top) and [0, t] (bottom)
for a discontinuity set {ti}.

The particle velocities ξ̇ are the density of the particle coordinates ξ with respect to
the Lebesgue measure dt, that is, dξ

dµ
= ξ̇ dt

dµ
. The particle coordinates ξ ∈ AC(R,R3) are

therefore absolutely continuous w.r.t. dt by definition or, more precisely, ξ ∈ X (R,R3) :={
x ∈ AC(R,R3)

∣∣∣ dx
dt

∈ SLBV (R,R3)
}
.

2.2 Kinetics
The derivation of the equations of motion is based on the principle of virtual work. It
is a variational expression which states that the virtual work of a mechanical system
vanishes for all virtual displacement fields. A virtual displacement field is an infinitesimal
perturbation (i.e., variation) of the actual motion to which a real valued number (i.e.,
virtual work) can be associated.

Variational families of functions ξ̂(P, t, ε) using a single variation parameter ε are
constructed. The actual (unknown) motion is contained in every variational family by
construction as ξ(P, t) = ξ̂(P, t, ε0). The variational family is assumed to be differentiable
with respect to the variation parameter ε and we can write

ξ̂(P, t, ε) = ξ(P, t) + ω(P, t)(ε − ε0) + o(ε − ε0),

where

ω(P, t) := ∂ξ̂(P, t, ε)
∂ε

∣∣∣∣∣∣
ε0

is the first derivative at ε = ε0 and o is the (small) Landau-order symbol2. As we consider
only the first variations, we neglect the higher-order terms o(ε − ε0), which results in a
variational family of the form

ξ̂(P, t, ε) = ξ(P, t) + ω(P, t)δε (2.1)
2The (small) Landau-order symbol o is defined as f(x) ∈ o(g(x)) ⇔ fi(x) ∈ o(g(x)) ∀i ⇔

limx→a

∣∣∣ fi(x)
g(x)

∣∣∣ = 0 ∀i with a ∈ R.
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with δε := ε − ε0 = 0. The δ-symbol is used for historical reasons.
Remark 2.2 The time is not varied in (2.1), which corresponds to the classical variation in
the sense of Euler. Variation in time has been considered by Lagrange. See e.g. [114] for
the application of a variation in time to derive the strong form of Hamilton’s principle. △
Virtual displacement fields δξ(P, ·) ∈ C∞c (R,R3) are considered to be test functions and
are chosen to be infinitely differentiable in time with compact support. Furthermore, the
virtual displacement fields δξ(·, t) ∈ C∞(S,R3) for a fixed time instant are smooth vector
fields. Any variational family ξ̂ induces a corresponding virtual displacement field by

δξ(P, t) := ∂ξ̂

∂ε

∣∣∣∣∣
ε0

δε = ω(P, t)δε. (2.2)

A virtual velocity field δξ̇(P, t) is defined analogously to (2.2) as

δξ̇(P, t) := ∂

∂ε

dξ̂(P, t, ε)
dt

∣∣∣∣∣∣
ε0

δε = ω̇(P, t)δε.

The choice of the variational family (2.1) allows the use of Clairaut’s theorem (or Schwarz’s
theorem) because it is a multiplicatively separable function. The theorem implies that
the variation of the virtual velocity field is identical to the time derivative of the virtual
displacement field, that is,

δξ̇(P, t) = ∂

∂ε

dξ̂(P, t, ε)
dt

∣∣∣∣∣∣
ε0

δε = d
dt

∂ξ̂(P, t, ε)
∂ε

∣∣∣∣∣∣
ε0

δε = (δξ)·, (2.3)

which is commonly referred to as d-δ-commutation.
The tangent space TξE3 at any point ξ ∈ E3 is isomorphic to the underlying space E3,

which we denote by TξE3 ∼= E3. Therefore, we can identify any virtual displacement field
using the elements of the physical space, that is, δξ ∈ E3. The entities which are dual to
the virtual displacements are forces [59]. More precisely, a force F is a real-valued linear
functional on the space of virtual displacement fields, that is,{

F | C∞(S,R3) → R ∧ F linear
}
.

Consequently, forces can be regarded as distributions in the sense of Schwartz, cf. [51].
The virtual work δW (δξ) = F (δξ) ∈ R is the real number obtained by evaluating the force
acting on a certain virtual displacement field for a fixed time instant. The fundamental
principle in mechanics is the principle of virtual work.

Axiom 2.1 (Principle of Virtual Work) The virtual work of a mechanical system vanishes
for all virtual displacement fields, that is,

0 = δW (δξ) ∀δξ.
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The initial ideas for the principle of virtual work for dynamical systems arose in the early
18th century. Johann Bernoulli systematized the principle of virtual work using calculus of
variations thereby explicitly using the novel concept of infinitesimal displacements [197]3.
The principle of virtual work is evaluated at a fixed instant of time and the evolution of
a mechanical system for a time interval is obtained by evaluating the principle for every
instant in the considered time interval.

The duality pairing evaluated in the chosen Cartesian coordinate system is given by
the canonical inner product [54]. The virtual work of a mechanical system S is obtained
by integration as δW (δξ) = F (δξ) =

∫
S δξTF V dV , where F V is the density with respect

to dV . The measure F V dV has diffuse and atomic parts depending on whether
∫
S F V dV

is a volume, area, line or point force.
All information of a mechanical system lies in the choice of the forces laws4, which

relate the dual quantity (i.e., force densities F V ) to the primal quantities (position field ξ,
velocity field ξ̇ as well as acceleration and velocity-jump field dξ̇

dµ
). The forces depending

on the distributional acceleration field dξ̇
dµ

are inertial forces, which capture the inertia
of material points. Inertia is the resistance of material points counteracting acceleration
(i.e., change in momentum). The constitutive force law for the inertial force density of
a material point is F inertial

V = −d(ρξ̇)
dµ

, where the mass density ρ is the proportionality
constant and ρξ̇ the momentum. The remaining non-inertial forces, called spatial forces,
describe the interaction between material points and do not depend on the distributional
acceleration field. Note that the inertial as well as the spatial forces can be of impulsive or
non-impulsive nature. The principle of virtual work for a mechanical system S including
the constitutive force law for the inertial forces takes the form

0 = δW (δξ) = −
∫
S

δξT
(

dξ̇

dµ
dm − dF

)
∀δξ, (2.4)

where dm := ρdV is the mass density and dF =
(
F V − F inertial

V

)
dV are the spatial forces

(more precisely, the measures thereof).
The measure dξ̇ is a Radon measures because it is associated with a function of

bounded variation [8], namely ξ̇ ∈ BV (R,R3). It defines a linear functional on the
space of continuous functions with compact support denoted by Cc(R,R3). Using the
inclusion C∞c (R,R3) ⊂ Cc(R,R3), the integral

∫
R δξTdξ̇ =

∫
δξT dξ̇

dµ
dµ is well defined and,

consequently, the term δξT dξ̇
dµ

in (2.4) is defined for every instant of time.
For a given subsystem S ∈ Σ, the spatial forces dF = dF eS + dF iS are composed of

external forces dF eS and internal forces dF iS with respect to S. External forces describe
the interaction between a point in S and its environment, whereas internal forces describe
the interaction between two (different) material points in S. Before we can state the
variational law of interaction, we need to specify a special class of virtual displacement

3In [197], the letter from Johann Bernoulli to Pierre Varignon including his famous principle is erro-
neously dated to 1717 instead of 1715 [45].

4The choice of the kinematics does not provide additional information as it merely needs to be com-
patible with the constraints and any constraint is described by the corresponding force law, i.e., the
principle of d’Alembert–Lagrange.
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fields, namely rigid virtual displacement fields, which is induced by an infinitesimal rigid
body transformation.

A rigid body transformation is an orientation preserving isometry from the Euclidean
space to itself. Any isometry between two Hilbert spaces which maps the origin to itself
is an orthogonal transformation. This statement can be shown using the polarization
identity and applying the Riesz representation theorem for Hilbert spaces. By restrict-
ing to orientation-preserving and origin-preserving isometries, we obtain the group of
rotations SO(3). Therefore, using the Cartesian coordinate system, any rigid body trans-
formation f : R3 → R3 consists of a rotation and a translation and can be written
as f : ξ 7→ f(ξ) = Rξ + c, where the rotation matrix R ∈ SO(3) is a special orthogonal
matrix (orthogonal matrix with determinant +1) and c ∈ R3 is the translation vector.
The rigid body transformations form a group under the operation of composition, namely
the special Euclidean group SE(3), which is a subgroup of the Euclidean group E(3) of all
isometries. The rotation matrices can be written using the matrix exponential as R = eφ̃

with φ̃ ∈ so(3), where so(3) is the Lie algebra of SO(3) consisting of all skew-symmetric
matrices in R3×3. Consequently, a rigid body transformation of a body with particle
coordinates ξ takes the form

f : ξ 7→ f(ξ) = eφ̃ξ + c (2.5)

with φ̃ ∈ so(3) and c ∈ R3.
Consider a variational family of the motion ξ̂rig(P, t, ε) = eφ̃δεξ(P, t) + cδε with φ̃ ∈

so(3) and c ∈ R3, which is obtained by the actual motion ξ(P, t) superimposed by a rigid
body transformation as shown in (2.5). Linearization of the variational family around δε =
0 yields ξ̂rig(P, t, ε) = (I + φ̃δε)ξ(P, t) + cδε + o(δε), where I is the identity matrix. The
corresponding virtual displacement field δξrig(P, t) = (φ̃ξ(P, t) + c)δε is called a rigid
virtual displacement field. More specifically, an S-rigid virtual displacement field δξS-rig is
induced by a superimposed infinitesimal rigid body transformation of the subsystem S ∈ Σ
only and can be written as

δξS-rig =

(φ̃ξ + c)δε for P ∈ S

0 for P /∈ S
(2.6)

with c ∈ R3 and φ̃ ∈ so(3) being constant over S. Rigid virtual displacements fields are
used to state the variational law of interaction.

Axiom 2.2 (Variational Law of Interaction) The total virtual work contribution of all
internal forces of a subsystem S ∈ Σ vanishes for all S-rigid virtual displacement fields,
that is,

0 = δW iS (δξS-rig) =
∫
S

δξT
S-rigdF iS ∀δξS-rig.

The variational law of interaction for two disjoint bodies B1 and B2 in S yields

0 =
∫
S

δξT
(B1∪B2)-rigdF iB1∪B2

=
∫
B1

δξT
(B1∪B2)-rig

(
dF iB1∪B2 − dF iB1

)
+
∫
B2

δξT
(B1∪B2)-rig

(
dF iB1∪B2 − dF iB2

)
∀δξ(B1∪B2)-rig,
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where the internal forces w.r.t. B1 and B2 vanish because a (B1 ∪ B2)-rigid virtual dis-
placement field is also B1-rigid as well as B2-rigid. Let

F B1←B2 :=
∫
B1

(
dF iB1∪B2 − dF iB1

)
,

MB1←B2 :=
∫
B1

ξ ×
(
dF iB1∪B2 − dF iB1

)
be defined as the resultant force and the resultant moment of body B2 acting on B1,
respectively, and let F B2←B1 and MB2←B1 be defined analogously. Together with the
definition of a rigid virtual displacement field (2.6) and evaluating the variation results in

F B1←B2 = −F B2←B1 ,

MB1←B2 = −MB2←B1 .

Caught in words, the mutual forces (impulsive and non-impulsive) as well as the mutual
moments (impulsive and non-impulsive) of two bodies acting upon each other are equal
and opposite. Furthermore, if the bodies B1 and B2 are single points, then the mutual
forces are equal and opposite and have the same line of action.

The variational approach using the principle of virtual work together with the vari-
ational law of interaction leads to the balance of linear and angular momentum of a
mechanical system for which Newton and Euler laid the foundations.

Theorem 2.3 If the principle of virtual work and the variational law of interaction hold
at time t, then the balance of linear and angular momentum is fulfilled at time t for all
subsystems S ∈ Σ. Therefore, the mechanical system S is in dynamic equilibrium.

Proof. The virtual work of a mechanical system S vanishes for all virtual displacement
fields and, thus, also for all S-rigid virtual displacement fields with S ∈ Σ. Decomposing
the forces into external and internal forces and substituting (2.6) in (2.4) yields

0 = −
∫
S

δξT
S-rig

(
dξ̇

dµ
dm − dF iS − dF eS

)
∀δξS-rig,

0 = −δε
∫

S
(φ̃ξ + c)T

(
dξ̇

dµ
dm − dF eS

)
∀c ∈ R3, ∀φ̃ ∈ so(3),

(2.7)

where the internal forces vanish due to the variational law of interaction. The Lie al-
gebra so(3) is isomorphic to the Lie algebra R3 under the operation of cross product.
Therefore, any matrix φ̃ ∈ so(3) can be identified by an Euler vector φ ∈ R3 with
φ × ξ = φ̃ξ for all ξ ∈ R3. Using this isomorphism, equation (2.7) simplifies further to

0 = −cT
∫

S

(
dξ̇

dµ
dm − dF eS

)
− φT

∫
S

ξ ×
(

dξ̇

dµ
dm − dF eS

)
∀c ∈ R3, ∀φ ∈ R3, (2.8)

where the invariance under circular shift of the triple product5 has been used. Both
integrals in the variational equation (2.8) must vanish because the choice of c ∈ R3 is

5The triple product is invariant under even permutations, that is, aT(b × c) = bT(c × a) = cT(a × b)
∀a, b, c ∈ R3.
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independent of the choice of φ. Therefore, the left integral in (2.8) yields the balance
of linear momentum in measures and the right integral yields the balance of angular
momentum in measures. When decomposing the external forces dF eS = dF eS ,t dt

dµ
+

dF eS ,η dη
dµ

into impulsive forces dF eS ,η and non-impulsive forces dF eS ,t, the balance laws
can each be separated into an impulsive and non-impulsive part

balance of
linear momentum:

0 =


∫

S

(
ξ̈dm − dF eS ,t

)
for t ∈ R \ {ti},∫

S

((
ξ̇

+ − ξ̇
−)dm − dF eS ,η

)
for t ∈ {ti},

balance of
angular momentum:

0 =


∫

S ξ ×
(
ξ̈dm − dF eS ,t

)
for t ∈ R \ {ti},∫

S ξ ×
((

ξ̇
+ − ξ̇

−)dm − dF eS ,η
)

for t ∈ {ti}.

A mechanical system S which fulfills the balance of linear and angular momentum for all
subsystems S ∈ Σ is in dynamic equilibrium.

Before restricting the mechanical system S to finitely many degrees of freedom in the
next section, we derive Lagrange’s central equation [37, 89, 151]. For this purpose, the
acceleration term in the virtual work in (2.4) is rewritten using the product rule as

0 = δW (δξ) = −
∫
S

d
(
δξTξ̇

)
dµ

dm +
(

d(δξ)
dµ

)T
ξ̇dm + δξTdF

= −
∫
S

d
(
δξTξ̇

)
dµ

dm + δξ̇
T
ξ̇dm

dt

dµ
+ δξTdF ∀δξ,

(2.9)

where d(δξ)
dµ

= d(δξ)
dt

dt
dµ

and the d-δ-commutation (2.3) has been used. In (2.9) we identify
δT (ξ̇) =

∫
S δξ̇

T
ξ̇dm as the variation of the kinetic energy6

T (ξ̇) = 1
2

∫
S

ξ̇
T
ξ̇dm (2.10)

of the system S, which leads to Lagrange’s central equation

0 = δW (δξ) = −
d
(∫
S δξTξ̇dm

)
dµ

+ δT (ξ̇) dt

dµ
+
∫
S

δξTdF ∀δξ. (2.11)

2.3 Generalized Coordinates
Lagrange’s central equation (2.11) has been derived for an arbitrary cloud of material
points, which represents in general an infinite-dimensional system. In the following, we
will restrict ourselves to finite dimensional Lagrangian systems, for example, multibody
systems consisting of rigid bodies or spatially discretized continua. The restriction to finite
dimensions is achieved by imposing uncountably many geometric scleronomic bilateral
constraints. Each of these constraints can be written in the form g(ξ) = 0. The constraints

6D’Alembert referred to twice the kinetic energy 2T as the whole living forces (‘forces vives’) [49].
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are realized using constraint forces dF g, which can be impulsive as well as non-impulsive.
The sum of all (generally uncountably many) constraint forces is referred to as dF c =∑ dF g. The constraints are assumed to be perfect, that is, the constraint forces dF g

fulfill the principle of d’Alembert–Lagrange.
Definition 2.1 (Principle of d’Alembert–Lagrange [49, 111]) A constraint force is perfect
if the virtual work vanishes for all virtual displacement fields which are admissible with
respect to the corresponding constraint.
A virtual displacement field is admissible w.r.t. the constraint g(ξ) = 0 if all elements of
the corresponding variational family do not violate the constraint. The set of admissible
virtual displacements is defined as

{δξg-adm} := {δξ | 0 = δg},

where δg = ∂g
∂ξ

δξ is the variation of the constraint g(ξ). The virtual work of the constraint
is given by δWg(δξ) =

∫
S δξTdF g. The principle of d’Alembert–Lagrange can thus be

formulated as
0 =

∫
S

δξTdF g ∀δξ ∈ {δξg-adm}. (2.12)

The mechanical system is reduced to a finite dimensional system with a remaining
number of degrees of freedom denoted by n ∈ N. The constrained motion ξc is the motion
obtained by constraining the infinite dimensional configuration space to an n-dimensional
submanifold, which is called the configuration manifold M. The configuration mani-
fold M is assumed to be differentiable. Each point on M, called a configuration, can
be addressed by the time-dependent generalized coordinates q ∈ X (R,Rn). Here, the
generalized coordinate are minimal coordinates, because they have the same dimension
as the configuration manifold.

Let the generalized velocities u := q̇ ∈ SLBV (R,Rn) be defined as the time derivative
of the generalized coordinates. The generalized velocities are minimal velocities because
the constraints restricting the motion to the configuration manifold are assumed to be
holonomic. A constraint is holonomic if it can be written on position level and restricts the
configuration manifold to a lower-dimensional submanifold and the number of minimal
coordinates and the number of minimal velocities remain equal. In contrast, a non-
holonomic constraint restricts only the tangent space and not the configuration manifold
itself and there are fewer minimal velocities than minimal coordinates.

We introduce the function φ : S × Rn × R → R3, (P, q(t), t) 7→ φ(P, q(t), t), which
maps all material points P of the mechanical system S to the coordinate description of
the physical space E3 for given generalized coordinates q of a configuration on M and
for a given time instant t. The function φ together with the generalized coordinates q(t)
induces the constrained motion of the mechanical system

ξc(P, t) = φ(P, q(t), t). (2.13)

The total time-derivative of φ is obtained as dφ(P,q(t),t)
dµ

= φ̇(P, q(t), q̇(t), t) dt
dµ

= (∂φ
∂q

q̇+
∂φ
∂t

) dt
dµ

, from which immediately follows that
∂φ̇

∂q̇
= ∂φ

∂q
. (2.14)
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The Jacobian matrix ∂φ
∂q

defines the linear map from the tangent space of the configuration
manifold TqMn ∼= Rn to the tangent space of the physical Euclidean space TξE3 ∼= E3.
Consider a variational family q̂(t, ε) with q(t) = q̂(t, ε0). A virtual displacement δq(t) =
∂q̂(t,ε)

∂ε

∣∣∣
ε0

δε induces a virtual displacement field

δξadm = ∂φ

∂q
δq, (2.15)

which is admissible with respect to all perfect geometric constraints imposed on the me-
chanical system so far.

2.3.1 Lagrange’s Equations of the Second Kind
The objective of the following analysis is to obtain the equations of motion in the gener-
alized coordinates q. Using the constrained motion ξc given by (2.13) and the admissible
virtual displacement field δξadm given by (2.15), Lagrange’s central equation (2.11) takes
the form

0 = δW (δq) = −
d
(∫
S δqT

(
∂φ
∂q

)T
φ̇dm

)
dµ

+ δT (φ̇) dt

dµ
+
∫
S

δqT
(

∂φ

∂q

)T
dF ∀δq. (2.16)

The kinetic energy in (2.16) for the admissible motion is obtained using (2.10) as
T (φ̇(P, q(t), q̇(t), t)) = 1

2
∫
S φ̇Tφ̇dm, which by a slight abuse of notation is henceforth

considered as a function of q, q̇ and t, that is, T (q, q̇, t). The total variation of the kinetic
energy is obtained as δT (q, q̇, t) = δqT(∂T

∂q
)T + δq̇T(∂T

∂q̇
)T. Using (2.14), the first integral

in (2.16) can be written as
∫
S δqT(∂φ

∂q
)Tφ̇dm = δqT ∫

S(
∂φ̇
∂q̇

)Tφ̇dm = δqT(∂T
∂q̇

)T, where we
identify the generalized impulse (∂T

∂q̇
)T. Consequently, (2.16) transforms to

0 = δW (δq) = −
d
(

δqT
(

∂T
∂q̇

)T)
dµ

+
(

δqT
(

∂T

∂q

)T
+ δq̇T

(
∂T

∂q̇

)T) dt

dµ
+
∫
S

δqT
(

∂φ

∂q

)T
dF

= −δqT d
dµ

(
∂T

∂q̇

)T
+ δqT

(
∂T

∂q

)T dt

dµ
+
∫
S

δqT
(

∂φ

∂q

)T
dF ∀δq, (2.17)

where d(δq)
dµ

= δq̇ dt
dµ

has been used. According to (2.12), the principle of d’Alembert–
Lagrange for the collection of all constraint forces dF c takes the form

0 = δWc(δξadm) =
∫
S

δξT
admdF c ∀δξadm ⇔ 0 = δWc(δq) =

∫
S

δqT
(

∂φ

∂q

)T
dF c ∀δq.

Remark 2.3 Perfect constraint forces inducing the rigidity of a body Bi are internal forces
with respect to Bi. The principle of d’Alembert–Lagrange states that the virtual work
of the constraint forces vanishes for admissible virtual displacement fields, which are Bi-
rigid virtual displacement fields in this case. Consequently, the principle of d’Alembert–
Lagrange is consistent with the variational law of interaction. △
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The complement to all constraint forces are the impressed forces. We define the general-
ized forces

f :=
∫
S

(
∂φ

∂q

)T
(dF − dF c)

as the map of the impressed forces from the dual space of all virtual displacement fields δξ
to the dual space of all virtual displacements δq. Eliminating the constraint forces dF c
in (2.17) using the principle of d’Alembert–Lagrange leads to the strong form of the
principle of virtual work in minimal coordinates

0 = δW (δq) = −δqT
(

d
dµ

(
∂T

∂q̇

)T
−
(

∂T

∂q

)T dt

dµ
− f

)
∀δq. (2.18)

Evaluating the variation in (2.18) results in Lagrange’s equations of the second kind

0 = d
dµ

(
∂T

∂q̇

)T
−
(

∂T

∂q

)T dt

dµ
− f , (2.19)

which relate the change of the generalized momentum (∂T
∂q̇

)T w.r.t. the Radon measure dµ

to the term (∂T
∂q

)T and the generalized forces f .
We distinguish between impulsive forces f η and non-impulsive forces f t such that

the total force contribution is written as the sum f = f t dt
dµ

+ f η dη
dµ

. The non-impulsive
forces f t = f t,p +f t,np are further decomposed into potential forces f t,p and non-potential
forces f t,np. Potential forces follow from a potential U(q, t) according to −f t,p = (∂U

∂q
)T.

The potential U(q, t) with a corresponding variation δU = δqT(∂U
∂q

)T is called potential
energy. Together with the definition of the Lagrangian of a mechanical system

L(q, q̇, t) := T (q, q̇, t) − U(q, t),

Lagrange’s equations of the second kind take the form

0 = d
dµ

(
∂L

∂q̇

)T
−
(

∂L

∂q

)T dt

dµ
− f t,np dt

dµ
− f η dη

dµ
. (2.20)

2.3.2 Hamilton’s Principle
We derive Hamilton’s principle from the strong form of the principle of virtual work with
Lagrange’s central equation as intermediate step. For this purpose, we introduce the
percussion P = P t + P η =

∫
fdµ with dP t

dµ
= f t dt

dµ
and dP η

dµ
= f η dη

dµ
. Substituting in the

variational form of Lagrange’s equations (2.18) and applying the product rule yields

0 = δW (δq) = − δqT
(

d
dµ

(
∂T

∂q̇

)T
−
(

∂T

∂q

)T dt

dµ
− f t dt

dµ
− dP η

dµ

)
(2.21)

=
(
δT (q, q̇, t) + δqTf t − δq̇TP η

) dt

dµ
− d

dµ

(
δqT

((
∂T

∂q̇

)T
− P η

))
∀δq,
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which corresponds to Lagrange’s central equation (2.11) for generalized coordinates. Using
the Lagrangian of the mechanical system, (2.21) is written in the from

0 = δW (δq) =
(
δL(q, q̇, t) + δqTf t,np − δq̇TP η

) dt

dµ
− d

dµ

(
δqT

((
∂T

∂q̇

)T
− P η

))
∀δq.

(2.22)

Let us consider the virtual work δW (δq) as a density w.r.t. the measure dµ. The
corresponding integral δA(δq) :=

∫
I δW (δq)dµ is referred to as the virtual action, where

I = [t0, t1] is an arbitrary closed time interval. The principle of virtual work implies that
the virtual action δA(δq) vanishes for all virtual displacements δq, which is referred to
as the principle of virtual action. Considering only non-impulsive potential forces (i.e.,
f t,np = 0, P η = 0), the principle of virtual action for (2.22) yields Hamilton’s law of
varying action

0 = δA(δq) =
∫
I

δLdt −
[
δqT

(
∂T

∂q̇

)T]
I

∀δq.

The Principle of Hamilton is obtained by taking fixed boundary conditions at t0 and t1
(i.e., δq(t0) = δq(t1) = 0) for which the boundary term [δqT(∂T

∂q̇
)T]I := δqT(∂T +

∂q̇
)T|t1 −

δqT(∂T−

∂q̇
)T|t0 vanishes.

Principle 2.4 (Hamilton [90, 91]) Consider a Lagrangian mechanical system with only
potential forces. The function q(t) for given boundary conditions q(t0) and q(t1) is a
solution for the time interval I = [t0, t1] if and only if it is a local extremum of the
action A, that is,

A =
∫
I

L(q, q̇, t)dt → stationary. (2.23)

The principle of Hamilton is the central piece in analytical mechanics relating the dy-
namics of a Lagrangian system to the calculus of variation and is therefore a concise
formulation of the dynamics for systems without non-potential forces. The formulation
of Hamilton’s principle for nonsmooth systems with impulsive forces is a topic of active
research [114].

If the Lagrangian L(q, q̇) in (2.23) does not depend explicitly on time, then the prin-
ciple of Hamilton implies conservation of the quantity

H(q, q̇) := ∂L(q, q̇)
∂q̇

q̇ − L(q, q̇). (2.24)

This is a well-known result from calculus of variations and can be verified by multiplying
Lagrange’s equations (2.20) by q̇ and using the product rule. If the kinetic energy is of the
form T (q, q̇) = 1

2 q̇TM (q)q̇, then the quantity (2.24) is the total mechanical energy and
the corresponding mechanical system is energy conservative. The absence of non-potential
forces and impulsive forces is, however, not a necessary condition for a mechanical system
to be conservative as shown in the following section.
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2.4 Total Mechanical Energy
The total mechanical energy of the mechanical system

E(q, q̇, t) := T (q, q̇, t) + U(q, t)

is defined as the sum of the kinetic energy and the potential energy of the non-impulsive
potential forces. A mechanical system for which the mechanical energy is preserved along
solutions is called conservative.

Definition 2.2 (Conservative/Dissipative Mechanical System) A mechanical system with
total mechanical energy E(q, q̇, t) is called conservative if d

dµ
E(q, q̇, t) = 0 and it is called

dissipative if d
dµ

E(q, q̇, t) ≤ 0 for every initial condition.

Dissipativity is closely related to the notion of passivity frequently used in control theory.
A dissipative mechanical system is a passive system with the mechanical energy as storage
function [137].

In general, the kinetic energy T (q, q̇, t) of a mechanical system S is expressed by

T (q, q̇, t) = 1
2

∫
S

φ̇Tφ̇dm = m0(q, t) + mT
1(q, t)q̇ + 1

2
q̇TM 2(q, t)q̇, (2.25)

where φ̇(P, q(t), q̇(t), t) = ∂φ
∂q

q̇ + ∂φ
∂t

is the total time-derivative of the constrained mo-
tion. Henceforth, we will assume φ(P, q(t)) to be scleronomic, that is, it does not depend
explicitly on time t. As a consequence, the parts in (2.25) which are constant or linear
in q̇ vanish and the kinetic energy T (q, q̇) = 1

2 q̇TM (q)q̇ is a quadratic form in q̇ with
the symmetric mass matrix M (q) := M 2(q) =

∫
S(

∂φ
∂q

)T ∂φ
∂q

dm. The kinetic energy van-
ishes only if q̇ = 0 since the generalized coordinates q are minimal. Consequently, the
mass matrix M is nonsingular and, thus, positive definite. For T (q, q̇) = 1

2 q̇TM (q)q̇,
Lagrange’s equations (2.19) transforms to

0 = M (q)dq̇

dµ
+
(

d
dµ

M (q)
)

q̇ −
(

∂T

∂q

)T dt

dµ
− f . (2.26)

For further manipulation of (2.26), we make use of index notation and Einstein’s summa-
tion convention. The k-th component of (2.26) is obtained as

0 =
[
M (q)dq̇

dµ
+
(

d
dµ

M(q)
)

q̇ −
(

∂T

∂q

)T dt

dµ
− f

]
k

= Mkp
dq̇p

dµ
+
((

d
dt

Mki(q)
)

q̇i −
∂ 1

2Mij q̇
iq̇j

∂qk

)
dt

dµ
− fk

= Mkp
dq̇p

dµ
+
(

∂Mki

∂qj
q̇iq̇j − 1

2
∂Mij

∂qk
q̇iq̇j

)
dt

dµ
− fk

= Mkp
dq̇p

dµ
+ 1

2

(
∂Mjk

∂qi
+ ∂Mik

∂qj
− ∂Mij

∂qk

)
︸ ︷︷ ︸

Γkij

q̇iq̇j dt

dµ
− fk,
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where in the last step the symmetry of the mass matrix has been used together with a
change in the dummy variables. The Christoffel symbols of the first kind Γkij can be
written as Γkij = MkpΓp

ij, where Γp
ij are the Christoffel symbols of the second kind. For

a free motion of a multibody system (i.e., f = 0) and using the regularity of the mass
matrix, we obtain

0 = dq̇p

dµ
+ Γp

ij q̇
iq̇j dt

dµ
. (2.27)

Equation (2.27) describes geodesics on a (non-breathing) Riemannian manifold with the
(scleronomic) mass matrix M (q) as metric. Therefore, the solutions of a scleronomic
mechanical system with f = 0 are geodesics on the configuration manifold M.

The Christoffel symbols vanish for the special case of a flat configuration manifold
(using a Cartesian coordinate system) and (2.27) simplifies to dq̇

dµ
= 0. The corresponding

solutions have constant velocity as the geodesics on a flat space are straight lines.
The kinetic energy T (q, q̇) does not change along geodesics, that is, the kinetic energy

is constant for f = 0. In the following, we are interested in the change of the kinetic
energy for f ̸= 0. For this purpose, we introduce the gyroscopic forces as

f gyr := −
(

d
dt

M(q)
)

q̇ + 2
(

∂T

∂q

)T
⇔ f gyr

k (q, q̇) := −
(

∂Mki

∂qj
− ∂Mij

∂qk

)
q̇iq̇j.

A force f is called conservative it is has zero power, that is, q̇Tf = 0. It follows directly
from the index notation that the gyroscopic forces are conservative7 [151]. The term (∂T

∂q
)T

in (2.26) is eliminated using the gyroscopic forces which results in

0 = M (q)dq̇

dµ
+ 1

2

(
d

dµ
M (q)

)
q̇ − 1

2
f gyr dt

dµ
− f . (2.28)

It is shown in Appendix A.1 that the time density of a quadratic form such as the kinetic
energy is obtained as

dT (q, q̇)
dµ

= d
dµ

(1
2

q̇TM (q)q̇
)

= ˙̄qT d
dµ

(M (q)q̇) = ˙̄qTM(q)dq̇

dµ
+ 1

2
q̇T
(

d
dµ

M (q)
)

q̇,

where ˙̄q := 1
2(q̇+ + q̇−). The changes in the kinetic energy are therefore rooted in changes

in the generalized velocities q̇ or in the metric M (q). The time density of the kinetic
energy for (2.28) is obtained using that the gyroscopic forces have zero power as

dT (q, q̇)
dµ

= 1
2

˙̄qTf gyr dt

dµ
+ ˙̄qTf = ˙̄qTf .

The derivative of the total mechanical energy is obtained using the decomposition of
forces f = (f t,p + f t,np) dt

dµ
+ f η dη

dµ
together with − ˙̄qTf t,p dt

dµ
= ∂U(q)

∂q
˙̄q dt

dµ
= dU(q)

dµ
as

dE(q, q̇)
dµ

= ˙̄qT
(

f t,np dt

dµ
+ f η dη

dµ

)
.

7The gyroscopic forces can be written using a skew-symmetric matrix G(q, q̇) as fgyr = G(q, q̇)q̇,
which directly implies q̇Tfgyr = q̇TG(q, q̇)q̇ = 0. However, the use of such a gyroscopic matrix is
misleading as the gyroscopic forces are not linear in q̇.



2.4 Total Mechanical Energy 24

A mechanical system is conservative if all non-potential forces are conservative, that is,
˙̄qTf t,np = 0 and ˙̄qTf η = 0. Note that conservative forces encompass a larger class of forces
than non-potential forces, for example, a force defined by f t,np = Bq̇ with B = −BT is a
conservative force without a force potential. If the non-potential forces fulfill ˙̄qTf t,np ≤ 0
and ˙̄qTf η ≤ 0, then the mechanical system is dissipative. Finally, since q̇ = 0 always
implies dE(q,q̇)

dµ
= 0 even if q ̸= 0, a mechanical system cannot be strictly dissipative, that

is, the total mechanical energy of a mechanical system is generally not strictly decreasing
in time.



Chapter3
Variational Analysis of
Perfect Unilateral Constraints

Perfect unilateral constraints are used to model nonsmooth phenomena such as impenetra-
bility of rigid bodies or one-way clutches. The term ‘perfect’ indicates that the constraints
are assumed to be frictionless. The constraints are accompanied by constraint forces and
constraint impulses, which are described by force laws and impact laws, respectively.
These constitutive laws are relations between kinematic quantities on displacement level
or velocity level and the corresponding dual quantities which are forces and impulses.
The force and impact laws of perfect unilateral constraints are typically formulated using
local kinematic quantities, namely constraint distances and constraint velocities, which
can be considered as ‘minimal coordinates’ of the force elements [179]. The force and
impact laws, which depend on the type of unilateral constraint, are generally set-valued.
In this chapter, these laws are analyzed using tools from variational analysis, which is
a mathematical framework that combines and extends convex analysis and calculus of
variations.

The force laws of a set of perfect unilateral constraints on displacement level are ex-
pressed by a relation between the constraint forces λ and the constraint distances g(q),
which are both local quantities. The corresponding virtual work is chosen to be δW =
δgTλ dt

dµ
. The constraint distances g(q) are assumed to be scleronomic and a differen-

tiable function of the generalized coordinates q. They have to be understood in a gen-
eralized sense as they measure some abstract form of displacements. Using the varia-
tion of the constraint distances δg = ∂g

∂q
δq, the virtual work contribution is obtained

as δW = δqT(∂g
∂q

)Tλ dt
dµ

. The virtual work contribution can alternatively be written in
terms of generalized virtual displacements δq and generalized constraint forces f t as
δW = δqTf t dt

dµ
(cf. Chapter 2). Equating the virtual work contributions of the unilateral

constraint formulated using generalized and local quantities yields that the generalized
forces f t of constraint force laws on displacement level take the form f t = W (q)λ, where
W (q) = (∂g(q)

∂q
)T are the generalized force directions.

Constraint velocities γ(q, u) := WT(q)u are linear functions of the generalized veloc-
ities u. If there exist corresponding constraint coordinates g(q) with W (q) = (∂g(q)

∂q
)T,

then the constraint velocities can be written as γ = ġ . The force laws of a set of perfect

25
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unilateral constraints on velocity level are expressed by a relation between the constraint
forces λ and the constraint velocities γ(q, u). The corresponding virtual work is chosen
as δW = δsTλ dt

dµ
, where δs := WT(q)δq is the variation of quasi-coordinates [37]. If

the gradient of W (q) w.r.t. q fulfills the symmetry condition ∂W j
i(q)

∂qk = ∂W k
i(q)

∂qj , then δs

fulfills (δs)· = δγ as shown in Proposition 3.1 in Appendix A.4.1. Furthermore, if there
exist constraint coordinates g(q) with γ = ġ1, then δs is identical to δg. The generalized
forces of constraint force laws on velocity level take the form f t = W (q)λ, which is the
same result as in case of constraint force laws on displacement level. The generalized force
directions are obtained by W (q) = (∂γ

∂u
)T.

The impact laws of perfect unilateral constraints are formulated as relations between
the constraint impulses Λ and mean constraint velocities γ̄(q, ū) := 1

2(γ+ + γ−) =
WT(q)ū, where ū := 1

2(u+ + u−) are the mean generalized velocities. Analogously
to the constraint force laws on velocity level, the virtual work of the constraint impulses
is given by δW = (WT(q)δq)TΛ dη

dµ
or, in terms of generalized constraint impulses, by

δW = δqTf η dη
dµ

. Consequently, the generalized constraint impulses f η as they appear in
the equations of motion (cf. Chapter 2) take the form are f η = W (q)Λ.

For the analysis of the set-valued force and impact laws, it is inevitable to use concepts
and tools from convex analysis, which are presented in Section 3.1. Force laws for perfect
unilateral constraints are presented and analyzed in Section 3.2. We consider three types
of constraints, namely geometric unilateral constraints, kinematic unilateral constraints
and switched kinematic unilateral constraints. Furthermore, an explicit expression for
the acceleration of the constrained dynamics is derived. Section 3.3 is based on [123]
and presents the analysis of impact law with a special focus on the generalized Newton’s
impact law and the generalized Poisson’s impact law, being the main inequality impact
laws for perfect unilateral constraints. The properties of kinetic, kinematic and energetic
consistency of force laws is only mentioned briefly as they are treated in great detail in [78,
79]. Finally, we discuss various formulations of impact laws and show the consequence
of the maximal monotonicity in the presented formulations. The property of maximal
monotonicity is the most important property in the perspective of synchronization.

3.1 Convex Analysis
In this section, we introduce concepts and tools from convex analysis necessary to define
and analyze the force and impact laws of the perfect unilateral constraints in Sections 3.2
and 3.3. This section is based on the comprehensive treatises of convex analysis [168, 169]
as well as [119, 77], which include an introduction to convex analysis in the context of
mechanics.

The following concepts will be introduced directly using coordinate tuples in Rn. In
order to introduce the concepts properly, we distinguish whether these coordinate tuples
are the coordinate representation of a primal or a dual vector. Therefore, we define V = Rn

1The existence of g(q) is an integrability condition of γ(q, u), which is covered by Frobenius’ theorem.
In the context of differential topology, it corresponds to the existence of a foliation of the configuration
manifold M.
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as the n-dimensional real vector space over the field R with the standard basis together
with the corresponding dual vector space V∗ = Rn∗. Let x · x′ := xTRx′ with x, x′ ∈ V
be the inner product of the vector space V using the positive definite matrix R. The
norm ∥x∥R :=

√
x · x =

√
xTRx of V induced by the inner product is referred to as

R-norm. The inner product y · y′ := yTR−1y′ with y, y′ ∈ V∗ is chosen for the dual
space V∗ in order to make it compatible with the inner product of V in the sense that
the norm and the angles are preserved under the natural isomorphism, that is, x · x′ =
xTRx′ = (Rx)TR−1(Rx′) = (Rx) · (Rx′). This inner product induces the R−1-norm
for V∗.

At the basis of convex analysis is the definition of convex sets and convex functions.

Definition 3.1 (Convex Set) A set C ⊂ Rn is convex if it includes the line segment
{sx + (1 − s)y | s ∈ (0, 1)} for every pair of points x ∈ C and y ∈ C. Furthermore, it is
strictly convex if the line segment is in the interior of the set C.

Definition 3.2 (Convex Function) A function f : Rn → R is convex if for every pair of
points x ∈ C and y ∈ C it fulfills f(sx + (1 − s)y) ≤ sf(x) + (1 − s)f(y) ∀s ∈ (0, 1) and
the function f is strictly convex if this inequality is strict for pair of points x ̸= y with
f(x) < ∞ and f(y) < ∞.

A function f : Rn → R is called proper if ∃x ∈ Rn such that f(x) < ∞ and f(x) ̸=
−∞ ∀x ∈ Rn. Furthermore, a function f : Rn → R is lower semi-continuous if
lim infx′→x f(x′) ≥ f(x) ∀x ∈ Rn.

A convex function is generally non-differentiable so that it is necessary to extend the
classical derivative of smooth function. Many notions of derivatives and gradients exist
in the literature especially for non-convex functions. Here, we restrict ourself to the
subdifferential which is defined for proper, lower semi-continuous, convex functions.

Definition 3.3 (Subdifferential) The subdifferential of a proper, lower semi-continuous,
convex function f : Rn → R at x ∈ Rn, denoted as ∂f(x), is defined as the set

∂f(x) :=
{
y ∈ Rn∗ | f(x′) ≥ f(x) + yT(x′ − x) ∀x′ ∈ Rn

}
.

The subdifferential ∂f(x) : Rn ⇒ Rn∗ is a set-valued function, that is, some elements of
the domain are associated with multiple elements of the image2. Furthermore, the graph

G(F) := {(x, y) ∈ Rn × Rn∗ | y ∈ F(x)}

specifies the binary relation between the domain and image of F .
Convex function are closely related to monotone set-valued functions by the subdif-

ferential.
2A set-valued function F : Rn ⇒ Rn∗ could alternatively be written as a single-valued function F̃ :

Rn → 2Rn∗ onto the power set of the image. However, we refrain from this formulation in order that the
inverse F−1 : Rn∗ ⇒ Rn of F : Rn ⇒ Rn∗ is naturally defined as y ∈ F(x) ⇔ x ∈ F−1(y) := {x ∈
Rn | y ∈ F(x)}.
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Definition 3.4 (Monotone Set-valued Function) A set-valued function F : Rn ⇒ Rn∗ is
monotone if

(y − y′)T(x − x′) ≥ 0 ∀(x, y) ∈ G(F), ∀(x′, y′) ∈ G(F)

and strictly monotone if the inequality is strict when x ̸= x′. Furthermore, the function F
is strongly monotone if it is monotone and fulfills (y − y′)T(x − x′) ≥ α∥x − x′∥2

R for
some α > 0.

Definition 3.5 (Maximal Monotone Set-valued Function) A (strictly/strongly) mono-
tone set-valued function F : Rn ⇒ Rn∗ is (strictly/strongly) maximal monotone if its
graph G(F) is maximal with respect to set inclusion, that is,

G(F) ⊂ G(F̂) ⇒ G(F) = G(F̂)

for all monotone functions F̂ : Rn ⇒ Rn∗.

The symmetry between the domain and the image in the definition of maximal monotone
functions implies that a set-valued function F : Rn ⇒ Rn∗ is maximal monotone if and
only if its inverse F−1 : Rn∗ ⇒ Rn is maximal monotone.

The subdifferential of a lower semi-continuous convex function is maximal monotone.
The converse, however, does not hold3. A set-valued function F : Rn ⇒ Rn∗ can be written
as the subdifferential of a proper, lower semi-continuous, convex function f : Rn → R if
and only if F is cyclically maximal monotone. In this case, f is determined by F = ∂f
uniquely up to an additive constant.

Definition 3.6 (Cyclically Monotone Set-valued Function) A function F : Rn ⇒ Rn∗ is
cyclically monotone if ∀m ∈ N

yT
0(x1 − x0) + yT

1(x2 − x1) + · · · + yT
m(x0 − xm) ≤ 0

with (xi, yi) ∈ G(F) ∀i ∈ [0, 1, · · · , m] and cyclically maximal monotone if, additionally,
its graph is maximal.

Remark 3.1 All notions of monotonicity can directly be adapted to set-valued functions
mapping elements from a vector space to itself by replacing the duality pairing by the
inner product. △
Monotonicity of set-valued functions is closely related to non-expansivity of single-valued
function.

Definition 3.7 (Non-expansive Function) A function f : Rn → Rn is non-expansive (in
the metric R) if

∥y − y′∥R ≤ ∥x − x′∥R ∀y = f(x), ∀y′ = f(x′)

and contractive (in the metric R) if the inequality is strict when x ̸= x′. Furthermore, a
maximal non-expansive/contractive function is called maximal non-expansive/contractive
if its graph cannot be enlarged without losing the non-expansive/contractive property.

3Consider as a counterexample the single-valued function F(x) = Ax with a non-zero, skew-symmetric
matrix A = −AT ∈ Rn∗×n∗. This function is maximal monotone but cannot be written as a subdifferential
(i.e., classical derivative) of any function.
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The metric for non-expansivity and contractivity is given by the underlying vector space
and it is specified explicitly if the metric is not clear from the context. The property of
non-expansivity is a Lipschitz continuity condition with constant L = 1, while a sufficient
condition for contractivity is Lipschitz continuity with constant L < 1.

The following two operations preserve the property of non-expansivity. If the func-
tions f , g : Rn → Rn are non-expansive, then the functions f ◦ g and λ0f + λ1g with
|λ0| + |λ1| ≤ 1 are non-expansive as well.

The indicator function ΨC : Rn → R of a set C ⊂ Rn

ΨC(x) :=

0 if x ∈ C,

∞ if x /∈ C

plays a central role in convex analysis. It is convex if and only if the set C is convex, it is
lower semi-continuous if and only if the set C is closed and it is proper if and only if the
set C is nonempty. The support function

Ψ∗C(y) = sup
x′∈C

{yTx′} (3.1)

is the convex conjugate of the indicator function ΨC, where the convex conjugate f ∗ :
Rn∗ → R of a function f : Rn → R is generally defined as

f ∗(y) := sup
x′

{yTx′ − f(x′)}.

A proper, lower semi-continuous and convex function f : Rn → R fulfills the Fenchel-
equality

f(x) + f ∗(y) = yTx ⇔ y ∈ ∂f(x) ⇔ x ∈ ∂f ∗(y)

and, thus, (∂f)−1 = ∂f ∗ and (∂f ∗)−1 = ∂f .
The subdifferential NC(x) = ∂ΨC(x) of the indicator function of a non-empty, closed

and convex set C is called normal cone.

Definition 3.8 (Cone) A cone K ⊂ Rn is a set which contains the origin and fulfills the
property x ∈ K ⇒ sx ∈ K ∀s > 0.

Definition 3.9 (Normal Cone) The normal cone NC : Rn ⇒ Rn∗ to a non-empty, closed
and convex set C ⊂ Rn is defined as

NC(x) :=


{
y | yT(x′ − x) ≤ 0 ∀x′ ∈ C

}
if x ∈ C,

∅ if x /∈ C.

The normal cone NK to a closed convex cone K evaluated at the origin is the polar cone K◦
to K, that is, K◦ = NK(0).

Definition 3.10 (Polar Cone) The polar cone K◦ ⊂ Rn∗ to a convex cone K ⊂ Rn is
defined as

K◦ := {y ∈ Rn∗ | xTy ≤ 0 ∀x ∈ K}. (3.2)
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The support function of a convex cone K is the indicator function of the polar cone

Ψ∗K = ΨK◦ , (3.3)

which follows from (3.1) together with (3.2). The inverse of the normal cone to a convex
cone K is obtained by taking the subdifferential of (3.3) and using (∂f)−1 = ∂f ∗ as

(NK)−1 = (∂ΨK)−1 = ∂Ψ∗K = ∂ΨK◦ = NK◦ . (3.4)

For a non-empty closed convex set C, the normal cone NC(x) is polar to the tangent
cone TC.

Definition 3.11 (Tangent Cone) The tangent cone TC : Rn ⇒ Rn∗ for a non-empty
closed convex set C ⊂ Rn is the closure of the cone consisting of all rays emanating
from x which intersect with at least one point in the interior of C, that is, TC(x) :=
cl{y ∈ Rn∗ | ∃s such that x + sy ∈ int C}.

The normal cone is closely related to the proximal point function.

Definition 3.12 (Proximal Point Function) The proximal point function proxR
C : Rn → C

of a point z ∈ Rn to a nonempty closed convex set C ⊂ Rn, defined as

proxR
C (z) := argmin

x′∈C
∥z − x′∥R,

is the closest point of z in C in the underlying metric R.

Proposition 3.2 The proximal point function proxR
C for a nonempty closed convex set C

is single-valued, non-expansive (in the metric R) and maximal monotone.

Proof. See [169, Corollary 12.20] for the proof.

Computing the proximal point function corresponds to a convex quadratic programming
problem with convex constraints, which reveals the relation between the proximal point
function and the normal cone:

x = proxR
C (z) ⇔ x = argmin

x′∈C
∥z − x′∥R

⇔ x = argmin
x′∈Rn

1
2

∥z − x′∥2
R + ΨC(x′)

⇔ 0 ∈ −R(z − x) + NC(x)
⇔ z ∈ x + R−1NC(x).

(3.5)

Figure 3.1 shows the relationship between the proximal point function and the normal
cone for three different points x1, x2 and x3 in the convex set C.

The distance function distR
C (z) := ∥z − proxR

C (z)∥R gives the distance in the R-norm
of a point z ∈ Rn to the proximal point in the set C.

Lemma 3.3 Let C be a non-empty closed convex set. Then, it holds that

∂
1
2
(
distR

C (z)
)2

= R
(
z − proxR

C (z)
)
.
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Figure 3.1: Relation between proximal point and normal cone for a closed convex set C and
x1, x2 ∈ bdry(C) and x3 ∈ int(C)

Proof. The proof is given in [119, Proposition 2.33] for R = I and can directly be extended
to a general metric R.

Note that the subdifferential in Lemma 3.3 is single-valued and corresponds to the classical
derivative.

In the following, we show two important transformation rules for the proximal point
function and the normal cone. Let W = Rm be an m-dimensional real vector space with
m ≤ n and let A : W → V be a linear map described by the matrix A ∈ Rn×m∗ as
A(x) = Ax. The matrix A is assumed to have full column rank. Given the metric R
of V = Rn, the metric of W which preserves the norm under the linear map A is given
by ATRA. The transformation rules of the normal cone and the proximal point function
under the given linear map for quadratic matrices A is shown in [130] and are generalized
to the non-quadratic case in the following proposition.

Proposition 3.4 Let A ∈ Rn×m∗ be a matrix with full column rank. Then, the following
two transformation rules hold:

NC(x) = ATNAC(Ax), (3.6)

AproxATRA
C (x) = proxR

AC(Ax). (3.7)

Proof. In the first step, we show that the equivalence

x ∈ C ⇔ Ax ∈ AC

holds if the matrix A has full column rank. The direction ‘⇒’ is obtained by pre-
multiplying by A and the direction ‘⇐’ is obtained by pre-multiplying by (ATRA)−1ATR.
The matrix (ATRA) ∈ Rm∗×m∗ is invertible since A has full column rank.

In the second step, we show the transformation rule (3.6). Consider Definition 3.9 of
the normal cone. If x /∈ C, then both normal cones NC(x) and NAC(Ax) are empty. For
x ∈ C, the normal cone NC(x) is defined as

NC(x) =
{
y ∈ Rm∗ | yT(x′ − x) ≤ 0 ∀x′ ∈ C

}
.
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C ⊂ W W W∗

AC ⊂ V V V∗

proxATRA
C NC

A A AT
proxR

AC NAC

Figure 3.2: Interpretation of the transformation rules presented in Proposition 3.4. The
normal cone transforms as NC = AT ◦ NAC ◦ A and the proximal point function transforms
as A ◦ proxATRA

C = proxR
AC ◦ A for the linear map A.

Using the substitution y = ATỹ with ỹ ∈ Rn∗ leads to

NC(x) =
{
ATỹ ∈ Rm∗ | (ATỹ)T(x′ − x) ≤ 0 ∀x′ ∈ C

}
=
{
ATỹ ∈ Rm∗ | ỹT(Ax′ − Ax) ≤ 0 ∀x′ ∈ C

}
= AT

{
ỹ ∈ Rn∗ | ỹT(Ax′ − Ax) ≤ 0 ∀(Ax′) ∈ AC

}
.

Substituting x̃′ = Ax′ ∈ Rn, we identify {ỹ ∈ Rn∗ | ỹT(x̃′ − Ax) ≤ 0 ∀x̃′ ∈ AC} as the
definition of NAC(Ax).

In the last step, we show the transformation rule for the proximal point function (3.7).
Using Definition 3.12 of the proximal point function, the left-hand side of (3.7) is manip-
ulated as

AproxATRA
C (x) = A argmin

x′∈C
∥x − x′∥ATRA

= A argmin
x′∈C

∥Ax − Ax′∥R

= argmin
Ax′∈AC

∥Ax − Ax′∥R.

Substituting x̃′ = Ax′ ∈ Rn, we identify argminx̃′∈AC ∥Ax − x̃′∥R as the definition
of proxR

AC(Ax), which concludes the proof.

The transformation rules in Proposition 3.4 allow for the following interpretation. The
map AT : V∗ → W∗ defined by AT(y) = ATy is the transpose map of the linear map A :
W → V . The transformation rule (3.6) shows that the normal cone NC : W ⇒ W∗ can be
written using the normal cone NAC : V ⇒ V∗ as NC = AT◦NAC◦A : W → V ⇒ V∗ → W∗,
see Figure 3.2. Similarly, the transformation rule (3.7) of the proximal point function
states that the function A ◦ proxATRA

C : W → C ⊂ W → AC ⊂ V can also be written as
proxR

AC ◦ A : W → V → AC ⊂ V , see Figure 3.2.
Given the natural isomorphism, the polar cone K◦ ⊂ Rn∗ corresponds to the orthogonal

cone K⊥ := R−1K◦ ⊂ Rn. The cones K⊥ and K are orthogonal in the sense that xTRy ≤
0 ∀x ∈ K, ∀y ∈ K⊥. For K = TC, it follows T ⊥C = R−1T ◦C = R−1NC.

For a given pair of orthogonal closed convex cones K, K⊥ ⊂ Rn, any vector u ∈ Rn

can be represented uniquely in the form u = v + v⊥ with

v ∈ K, v⊥ ∈ K⊥, v ⊥ v⊥,
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where ⊥ denotes orthogonality with respect to the given norm (here, v ⊥ v⊥ ⇔ vTRv⊥ =
0). The orthogonal cone decomposition is obtained using the proximal point function as

u = proxR
K(u) + proxR

K⊥(u). (3.8)

The orthogonal cone decomposition is a special case of the Minty parameterization. The
Minty parameterization transforms a maximal monotone set-valued function into two
maximal non-expansive single-valued functions.

Theorem 3.5 (Minty Parameterization) Let T : Rn ⇒ Rn be maximal monotone (in the
metric R). Then, the Minty mappings of T , defined by

P := (I + T )−1 and Q := (I + T−1)−1,

are single-valued with domain dom(P ) = dom(Q) = Rn, maximal monotone and non-
expansive (in the metric R) and fulfill P + Q = I. Furthermore, the map P − Q is
maximal non-expansive as well.

Proof. See [169, Theorem 12.15].

Example 3.1 (Orthogonal Cone Decomposition as Minty Parameterization) Consider
the mapping v⊥ ∈ T (v) = T ⊥K (v) = R−1NK(v) given by the orthogonal tangent cone to
a closed convex cone K, which is maximal monotone in the metric R. Then, the Minty
mappings v = P (u) and v⊥ = Q(u) are a function of u = v + v⊥. The inverse T−1 =
(T ⊥K )−1 = (R−1NK)−1 = (NK)−1 ◦ R = NK◦ ◦ R follows from (3.4). The inverse Minty
mappings are obtained as

u = P−1(v) = (I + T )(v) = v + R−1NK(v),
u = Q−1(v⊥) = (I + T−1)(v⊥) = v⊥ + NK◦(Rv⊥) = R−1(I + RNK◦) ◦ (Rv⊥).

The Minty mappings follow by taking the inverse and using (3.5)4 as

v = P (u) = (I + R−1NK)−1 ◦ u = proxR
K(u),

v⊥ = Q(u) = R−1(I + RNK◦)−1 ◦ (Ru) = R−1proxR−1

K◦ (Ru) = proxR
K⊥(u),

where (3.7) and K⊥ = R−1K◦ have been used in the last step. Therefore, the Minty
parameterization of the orthogonal tangent cone is equivalent to the orthogonal cone
decomposition. △

3.2 Force Laws
We consider the force laws of three types of perfect unilateral constraints, namely geo-
metric unilateral constraints, kinematic unilateral constraints and switched kinematic
unilateral constraints.

4The relation (3.5) yields that P = proxR
C , Q = (I − proxR

C ) are the Minty mappings of T = R−1NC ,
where C is a general non-empty, closed, convex set. Proposition 3.2 is therefore a corollary of Theorem 3.5.
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Figure 3.3: Configuration manifold M with three unilateral constraints gi ≥ 0. The isolines
gi = 0 define the boundary of the admissible set C.

3.2.1 Types of Perfect Unilateral Constraints
A geometric unilateral constraint, also known as impenetrability constraint, restricts the
sign of the scleronomic constraint distance gi(q) ≥ 0. The configuration manifold M
together with a set of k geometric unilateral constraints becomes a manifold with boundary
and the generalized coordinates are restricted to

C := {q ∈ Rn | g(q) ≥ 0}

as depicted in Figure 3.3. We assume that the level curves gi(q) = 0 intersect transversally
and the gradient of gi does not vanish at the boundary (i.e., gi(q) = 0 ⇒ ∇gi(q) ̸= 0).
The set C is generally non-convex but it has no reentrant corners, that is, there are no
corners pointing inwards to the set C [75].

Each constraint gi(q) ≥ 0 is accompanied by a corresponding constraint force λi. The
force law of the geometric unilateral constraint is described by the inequality comple-
mentarity condition (also referred to as Signorini–Fichera condition) −λi ∈ NR+

0
(gi). If a

constraint is closed, then the corresponding constraint force is a compressive force which
prevents violation of the constraint. Otherwise, if the corresponding constraint is open,
then the constraint force is zero. The force law of all geometric constraint forces can
collectively be written in the vector form

−λ ∈ NRm+
0

(g). (3.9)

The normal cone NRm+
0

(g) is the subdifferential of the potential energy of the unilateral
constraints ΨRm+

0
(g). Using (NRm+

0
)−1 = N(Rm+

0 )◦ = NRm∗−
0

following from (3.4), the
inverse of (3.9) takes the form g ∈ NRm∗−

0
(−λ) in which we identify Rm∗−

0 as the negative
force reservoir. Hence, the set Rm+

0 in (3.9) is the polar negative force reservoir.
The potential energy in generalized coordinates is given by ΨRm+

0
(g) and its subdiffer-

ential w.r.t. q is obtained using the chain rule as NC(q) = ∂ΨC(q) = (∂g
∂q

)T∂ΨRm+
0

(g) =
W (q)NRm+

0
(g). Therefore, the force law (3.9) transforms for the generalized constraint

forces into

−f ∈ NC(q) = {−W (q)λ | λi ≥ R∗+0 ∀i ∈ I}, (3.10)
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where I = {i ∈ {1, 2, . . . , k} | gi(q) = 0} is the index set of closed constraints. A con-
straint i is called active if λi > 0. Consequently, since λi = 0 ∀i /∈ I, the set I includes
all constraints which are potentially active.

The force directions of the generalized constraint forces are perpendicular to the con-
straints because perfect unilateral constraints are considered. Unilateral constraints with
friction would additionally have a component in the tangential direction of the constraints.

The generally non-convex set C is tangentially regular because it is generated by fi-
nitely many inequalities. The tangent cone TC and the normal cone NC are therefore well
defined [136]. The orthogonal tangent cone T ⊥C (q) = M−1(q)NC(q) obtained from the
normal cone is a subset of the tangent space TqM as depicted in Figure 3.3.

Given that the generalized coordinates q are in the set C, then the generalized velocities
need to fulfill

u ∈ TC(q) = {u ∈ Rn | ∇gT
i (q)M (q)u = wT

i (q)u ≥ 0 ∀i ∈ I} (3.11)

in order that the generalized coordinates remain in the set C. This statement follows
directly from Definition 3.11 of the tangent cone. Therefore, the generalized velocities
need to be element of the tangent cone TC(q), which is a subset of the tangent space TqM
as depicted in Figure 3.3. The condition (3.11) can directly be formulated using local
coordinates as γi(q, u) = ġi(q) = wi(q)Tu ≥ 0 ∀i ∈ I. The force law (3.9) on velocity
level takes the form

−λi ∈

NR+
0
(γi) if i ∈ I,

0 if i /∈ I.
(3.12)

The relation −λi ∈ NR+
0
(γi) in (3.12) is a unilateral constraint on its own and is called

a kinematic unilateral constraint. It restricts the sign of a constraint velocity, thereby
allowing for relative motion in positive direction and blocking in the opposite direction.
Kinematic unilateral constraints are also known as one-way clutches or sprag clutches.
The force law (3.12) shows that a geometric unilateral constraint can be considered as
a kinematic unilateral constraint which is present only if the corresponding constraint
distance vanishes. This point of view leads us to the third kind of unilateral constraints,
namely switched kinematic unilateral constraints.

A switched kinematic unilateral constraint imposes a kinematic unilateral constraint
whenever a corresponding Boolean switching function χi(t) = 1 and imposes no constraint
if χi(t) = 0. The switching function χi : R → {0, 1} is an external input and thus
independent of the states. The force law is described by the inequality complementarity

−λi ∈

NR+
0
(γi) if χi(t) = 1,

0 if χi(t) = 0.
(3.13)

Kinematic and switched kinematic unilateral constraints are formulated using con-
straint velocities γ(q, u) for which generally no corresponding constraint distances g(q)
exist. Nevertheless, the force laws do not rely on the existence of g and the generalized
force directions W (q) are obtained by the relation W (q) = (∂γ

∂u
)T. Furthermore, the set

of potentially active constraints is given by I = {i ∈ {1, 2, . . . , k} | χi(t) = 1} for switched
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kinematic unilateral constraints, while kinematic unilateral constraints are always poten-
tially active, that is, I = {1, 2, . . . , k}.

The switched kinematic unilateral constraints are ‘time triggered’ and χ(t) are exter-
nal inputs independent of the constraint distances g. This is in contrast to the ‘state-
triggered’ geometric unilateral constraints, where the set of closed contacts is given by
the constraint distances g. In the case of geometric unilateral constraints, there exists
a causality between the constraint distances g and the constraint velocities γ given by
γ = ġ for almost all t. In order to relate these two types of constraints, we make the
following definition.

Definition 3.13 The Boolean switching functions χ are called to be generated by g if
every component χi of χ fulfills

χi(t) =

1 if gi(t) = 0,

0 if gi(t) > 0.

By comparing the force laws (3.12) and (3.13), we observe that geometric unilateral
constraints are equivalent to switched kinematic unilateral constraints if the Boolean
switching functions χ are generated by the constraint distances g.

The considered unilateral constraints can also be written on acceleration level. For
this purpose, we introduce the constraint accelerations γ̇ = WT(q)u̇ + ζ(q, u), where
ζ(q, u) := Ẇ

T
u. Then, the force laws on acceleration level for a given set of potentially

active constraints I takes the form

−λi ∈

NR+
0
(γ̇i) if γi = 0 ∧ i ∈ I,

0 otherwise.
(3.14)

3.2.2 Variational Analysis of Force Laws
In the following, we analyze the force laws presented in Section 3.2 in combination with
the non-impulsive part of the equations of motion. The impulsive part will be used in
Section 3.3 for the variational analysis of the impact laws. In Chapter 2, we have shown
that the equations of motion

0 = M(q)du

dµ
+
(

d
dµ

M (q)
)

u −
(

∂T

∂q

)T dt

dµ
− f t dt

dµ
− f η dη

dµ
(3.15)

describe the general dynamics of a finite-dimensional mechanical system if the kinetic
energy is a quadratic form in u, see (2.26). Let the force vector h(q, u, t) comprise all
non-impulsive forces except for the unilateral constraint forces, that is, f t = h(q, u, t) +
W (q)λ. Then, the non-impulsive motion takes the form

M (q)u̇ = h(q, u, t) + W (q)λ. (3.16)

The constraint forces in (3.16) correspond to either geometric, kinematic or switched
kinematic unilateral constraints. We only consider potentially active constraints with
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γi = 0, since the constraint forces of all other constraints vanish according to (3.14).
The generalized force directions W (q), containing only force directions of the considered
constraints, are assumed to be linearly independent. Then, the force laws of all unilateral
constraints can collectively be written on acceleration level according to (3.14) as

−λ ∈ NRm+
0

(WT(q)u̇ + ζ(q, u)). (3.17)

The non-impulsive equation of motion (3.16) together with the force laws (3.17) lead to
an implicit inclusion for the generalized acceleration u̇. In the following, we derive an
explicit expression for the acceleration. For this purpose, we begin by eliminating the
acceleration term u̇ in (3.17) using (3.16) as

−λ ∈ NRm+
0

(WTM−1h + Gλ + ζ), (3.18)

where the arguments have been dropped. The Delassus-operator G := WTM−1W is
positive definite since M is positive definite and W is assumed to have full column rank.
Using −y ∈ NRm+

0
(x) ⇔ −x ∈ NRm∗+

0
(y), (3.18) transforms to −(WTM−1h + ζ) ∈

NRm∗+
0

(λ) + Gλ. The transformation rule (3.5) allows us to transform the normal cone
inclusion into the explicit form

λ = proxG
Rm+

0
(−G−1(WTM−1h + ζ)).

We proceed by changing the metric of the proximal point function from G to M using
the transformation rule (3.7) of Proposition 3.4 with A = −M−1W and obtain

−M−1W λ = proxM
T ⊥C

(M−1W G−1WT︸ ︷︷ ︸
P⊥

M−1h + M−1W G−1ζ), (3.19)

where T ⊥C (q) = M (q)−1NC(q) is the orthogonal cone to the tangent cone TC(q). The
pair of orthogonal cones are given according to (3.10) and (3.11) as

TC(q) = {u ∈ Rm | WT(q)u ∈ Rm+
0 }, (3.20)

T ⊥C (q) = −M (q)−1W (q)Rm∗+
0 . (3.21)

In (3.19), we identify P⊥ = proxM
M−1WRm∗(·) as the orthogonal projector onto M−1WRm∗

in the metric M . The operator P⊥ is a projector since it is idempotent (i.e., (P⊥)2 =
P⊥) and self-adjoint (i.e., (P⊥xT)My = xTM (P⊥y)), see [2]. Therefore, P := I −
P⊥ = proxM

(M−1WRm∗)⊥(·) = proxM
{u∈Rn|WT(q)u=0}(·) is the orthogonal projector onto the

nullspace of WT in the metric M . We introduce the following lemma in order to further
manipulate (3.19).

Lemma 3.6 Let P = I −P⊥, P⊥ = M−1W G−1WT be orthogonal projectors and TC(q),
T ⊥C (q) be the pair of orthogonal cones defined in (3.20)–(3.21). Then, the following two
relations hold:

proxM
TC (P x + y) = P x + proxM

TC (y), (3.22)
proxM

T ⊥C
(x + y) = proxM

T ⊥C
(P⊥x + y). (3.23)
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Proof. Relation (3.22) is shown using Definition 3.12 of the proximal point function.
Substituting z̃ := z − P x and using the fact that z ∈ TC ⇔ z̃ ∈ TC, we write

proxM
TC (P x + y) = argmin

z∈TC
∥P x + y − z∥M

= P x + argmin
z̃∈TC

∥y − z̃∥M

= P x + proxM
TC (y).

Relation (3.23) follows from (3.23) using the orthogonal cone decomposition (3.8) as

proxM
T ⊥C

(x + y) = x + y − proxM
TC (x + y)

= P x + P⊥x + y − proxM
TC (P x + P⊥x + y)

= P⊥x + y − proxM
TC (P⊥x + y)

= proxM
T ⊥C

(P⊥x + y).

According to relation (3.23) in Lemma 3.6, the orthogonal projector P⊥ in (3.19) can be
dropped. Eliminating the constraint forces in (3.16) yields the explicit expression for the
acceleration

u̇ = M−1h − proxM
T ⊥C

(M−1h + M−1W G−1ζ).

Together with the orthogonal cone decomposition, we obtain the desired results

u̇ = proxM
TC (M−1h + M−1W G−1ζ) − M−1W G−1ζ. (3.24)

For ζ = 0, that is, for γ̇ = WTu̇, (3.24) transforms to

u̇ = proxM
TC (M−1h). (3.25)

From (3.25) follows the interpretation that the constraint forces λ of the potentially active
constraints project the unconstrained motion M−1h in the metric M onto the space of
admissible accelerations given by TC.

The proximal point function proxM
TC is single-valued, non-expansive and maximal

monotone according to Proposition 3.2 since the tangent cone TC is a nonempty closed
convex set, which implies existence and uniqueness of the generalized accelerations.

3.3 Impact Laws
If the state of a mechanical system is on the verge of leaving the admissible set, then
the constraint forces are not always sufficient to avoid a violation of the unilateral con-
straints. Constraint impulses inducing a velocity jump are necessary to keep the state
in the admissible set if a unilateral constraint is closed and the corresponding relative
constraint velocity is strictly negative. The generalized constraint impulses W (q)Λ have
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no tangential component to the constraint as we consider perfect unilateral constraints. If
there are no impulsive external forces, then the constraint impulses are the only impulsive
forces in the equations of motion (3.15) and the impact equation takes the form

M (q)(u+ − u−) = W (q)Λ. (3.26)

Using the Delassus-matrix G(q) = WT(q)M−1(q)W (q), the impact equation in local
constraint coordinates is obtained from (3.26) as

γ+ − γ− = G(q)Λ. (3.27)

3.3.1 Geometry of Impacts
In the following, we briefly show the geometric concepts of a general impact process of
a perfect unilateral constraint. For an elaborate discussion of the geometry of perfect
impacts, the reader is referred to the dissertation of Aeberhard [2]. A concise treatment
of this topic is also found in [80, 77].

The constraint impulses in (3.26) correspond to either geometric, kinematic or switched
kinematic unilateral constraints. We consider only potentially active constraints be-
cause other constraints do not participate in the impact process. Potentially active
constraints are closed geometric unilateral constraints, switched kinematic unilateral con-
straints which are switched on and all kinematic unilateral constraints. The force direc-
tions of the potentially active constraints, collected in the matrix W (q), are assumed to
be linearly independent and, thus, W (q) has full column rank. Therefore, the tangent
cone TC(q) and the corresponding orthogonal cone T ⊥C (q) are given using (3.20) and (3.21)
as

TC(q) = {u ∈ Rn | WT(q)u ∈ Rm+
0 },

T ⊥C (q) = −M (q)−1W (q)Rm∗+
0 .

We impose three consistency requirements on the impact law. First, the post-impact
constraint velocities γ+ ∈ Rm+

0 need to be nonnegative to prevent violation of the
constraints, which is referred to kinematic consistency5. The second requirement is
that the constraint impulses Λ are compressive. This is referred to as kinetic consis-
tency and excludes adhesion effects. Finally, the energetic consistency condition dic-
tates that the kinetic energy may not increase due to the impact, that is, T + − T− =
1
2∥u+∥2

M(q) − 1
2∥u−∥2

M(q) ≤ 0.
The three consistency conditions can be formulated in terms of the post impact ve-

locity u+ as

u+ ∈ TC(q) (kinematic consistency),
u+ ∈ u− − T ⊥C (q) (kinetic consistency),
u+ ∈ B∥u−∥M(q)

(energetic consistency),

5Kinematic consistency for geometric and kinematic unilateral constraint also includes the condi-
tion γ− ∈ Rm−

0 . However, there are no restrictions on the pre-impact constraint velocities for switched
kinematic unilateral constraints.
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Figure 3.4: Geometry of multi-contact collision. The conditions for kinematic, kinetic and
energetic consistency define the set S of kinematically, kinetically and energetically consis-
tent post-impact velocities u+.

where

B∥u−∥M(q)
:=
{
u+ ∈ Rn | ∥u+∥M(q) ≤ ∥u−∥M(q)

}
is the energy ball of radius ∥u−∥M(q) centered at the origin. Thus, the kinematic, kinetic
and energetic consistency conditions restrict the post-impact velocities u+ to the convex
set

S(q, u−) := TC(q) ∩
(
u− − T ⊥C (q)

)
∩ B∥u−∥M(q)

(q).

The set of kinematically, kinetically and energetically consistent post-impact velocities
and their intersection denoted by S is shown in Figure 3.4 for the case of two closed
geometric unilateral constraints. The same figure is applicable to kinematic or switched
kinematic unilateral constraints by disregarding the boundary g1(q) = 0 and replacing
−∇g1(q) by −M−1(q)w1(q), where w1(q) = (∂γ̄1(q,ū)

∂ū
)T, and analogously for the second

constraint.
If there are no potentially active constraints, for example q ∈ int C in the case of

geometric unilateral constraints, then the set S collapses to the singleton S = {u−} and
there is no impact. Generally, the set S contains more than a single element so that an
impact law is necessary, which selects a unique post-impact velocity u+ from the set S.

3.3.2 Types of Impact Laws
The main inequality impact laws for perfect unilateral constraints are the generalized
Newton’s impact law and the generalized Poisson’s impact law [74, 119, 75, 156]. Both
impact laws may very well be extended to unilateral constraints with friction.
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Generalized Newton’s Impact Law

The classical Newton’s impact law [142] for a unilateral constraint i

γ+
i = −εiγ

−
i

relates the post-impact velocity γ+
i to the pre-impact velocity γ−i by a Newtonian coeffi-

cient of restitution εi ∈ [0, 1]. The case εi = 1 corresponds to a completely elastic impact,
whereas εi = 0 corresponds to a completely inelastic impact. A unilateral constraint is
called superfluous if it does not participate in the impact although the unilateral con-
straint is potentially active (i.e., gi = 0 for a geometric unilateral constraint or χi = 1
for a switched unilateral constraint). For γ−i < 0 the occurrence of such a superfluous
constraint only occurs for multi-constraint situations. Following [136, 74] we generalize
the classical Newton’s impact law to account for superfluous constraints by allowing post-
impact constraint velocities larger than prescribed by Newton’s impact law in the case
of a non-vanishing impulse, i.e. γ+

i ≥ −εiγ
−
i . Summarizing, two cases can occur at a

potentially active unilateral constraint i:

1. The unilateral constraint is participating in the impact process, i.e. Λi > 0 and
γ+

i = −εiγ
−
i .

2. The unilateral constraint is superfluous, i.e. Λi = 0 and γ+
i ≥ −εiγ

−
i .

These two cases are combined in an inequality complementarity impact law on velocity–
impulse level with ξi := γ+

i + εiγ
−
i as

− Λi ∈ NR+
0
(ξi). (3.28)

The generalized Newton’s impact law (3.28) can be written in vector notation using
the restitution coefficient matrix E := diag{εi} ∈ Rm×m∗ as

− Λ ∈ NRm+
0

(ξ), (3.29)

where ξ = γ+ + Eγ−. If the off-diagonal entries of the restitution coefficient matrix E
are chosen non-zero, then it is sometimes referred to as Frémond-matrix which allows for
cross-talk between the local constraint variables. Inspired by [62, 63], this approach has
been proposed in [74] and is not considered here.

The generalized Newton’s impact law (3.29) is the simplest inequality impact law for
hard unilateral constraints as it only uses a single inequality complementarity. As we
will see later, the kinematic consistency of the post-impact velocities of the generalized
Newton’s impact law follows from the sign of the pre-impact velocities. This sign condi-
tion naturally holds for geometric unilateral constraints as the bodies have to approach
each other in order to come into contact. However, this condition does no longer hold for
switched kinematic unilateral constraints and the post-impact velocities are not gener-
ally admissible. The generalized Newton’s impact law (3.29) is therefore not compatible
with switched kinematic unilateral constraints. A treatise of the energetic consistency of
the generalized Newton’s impact law including friction for different impact elements is
presented in [78].
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Generalized Poisson’s Impact Law

The generalized Poisson’s impact law [165, 79, 74] distinguishes between a compression
and an expansion phase. In the compression phase, the impulsive forces reduce the normal
relative velocities until standstill, thereby maximizing the reduction of the kinetic energy
which is accessible by the constraint forces. The compression phase corresponds to a
completely inelastic impact and can thus be represented by the generalized Newton’s
impact law with εi = 0 as

M (q)(uC − u−) = W (q)ΛC , −ΛC ∈ NRm+
0

(γC). (3.30)

The compression constraint impulses ΛC and the constraint velocities after the compres-
sion phase γC = WT(q)uC are therefore nonnegative by components.

The deformation energy gained during the compression is partly released during the
expansion phase and reconverted into kinetic energy. The dissipative behavior is ex-
pressed by the Poisson’s restitution coefficients εi ∈ [0, 1], which relate the expansion
impulse to the compression impulse. The expansion phase is described by an inequality
complementarity as

M (q)(u+ − uC) = W (q)ΛE, −(ΛE − EΛC) ∈ NRm+
0

(γ+). (3.31)

The impact equation (3.26) with the total constraint impulses Λ = ΛC + ΛE is obtained
by addition of the impact equations (3.30) and (3.31). The generalized Poisson’s impact
law is able to describe certain restitution effects of multi-constraint collisions which are
not possible to describe with the generalized Newton’s impact law. The differences be-
tween the generalized Newton’s impact law and the generalized Poisson’s impact law are
explained in detail in [74, 78, 79].

The inequality complementarity of the expansion phase explicitly guarantees the kine-
matic consistency of the post-impact velocities γ+ ∈ Rm+

0 (independent of the sign of the
pre-impact relative velocity). This is achieved by increasing the expansion constraint im-
pulse ΛE

i for negative γ+
i until admissible post impact velocities are achieved. Therefore,

the generalized Poisson’s impact law is, in contrast to the generalized Newton’s impact
law, compatible with switched kinematic unilateral constraints.

3.3.3 Variational Analysis of General Impact Laws
An impact law is usually expressed using the pre- and post-impact velocities γ− and γ+

(or u− and u+). In [115, 38, 123] a different kind of representation is proposed which
allows reflecting the specific mathematical properties of the impact law. The key idea
in [115, 123] is to express the impact law in dual variables. Hereto, we consider the
kinetic energy dissipated in the impact process

T + − T− = 1
2

u+T
Mu+ − 1

2
u−

T
Mu− = 1

2
(u+ + u−)TM (u+ − u−)

= 1
2

(u+ + u−)TW Λ = 1
2

(γ+ + γ−)TΛ = γ̄TΛ,
(3.32)
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where the impact equation (3.26), the kinematic relationship γ± = WT(q)u± and the
symmetry of the mass matrix have been used. In (3.32) we identify the kinematic quantity

γ̄ = 1
2
(
γ+ + γ−

)
,

what one could call the ‘mean’ constraint velocity of the impact. The kinematic variable γ̄
and kinetic variable Λ are therefore dual variables in the sense that δW = δγ̄TΛ is the
virtual work of the impulsive constraint force. Hence, we formulate the impact law as a
set-valued relationship between these dual variables as

−Λ ∈ H(γ̄). (3.33)

Remark 3.2 The set-valued impact map H : Rm ⇒ Rm∗ depends on the generalized
coordinates q through the mass matrix M (q) and the generalized force directions W (q)
and, in the case of geometric unilateral constraints, through the set of potentially active
constraints. △
The impact equation (3.26) together with the impact law (3.33) can be written as an
explicit map S : Rm → Rm from pre-impact to post-impact constraint velocities or
Z : Rn → Rn from pre-impact to post-impact generalized velocities, that is,

γ+ = S(γ−), (3.34)
u+ = Z(u−). (3.35)

By applying the orthogonal decomposition P + P⊥ = I using the orthogonal projec-
tor P⊥ = M−1W G−1WT to the velocity difference u+ − u−, the impact equation (3.26)
takes the form [2]

P (u+ − u−) = 0, (3.36)
P⊥(u+ − u−) = M−1W Λ, (3.37)

where the dependence on q is no longer written explicitly. Using P = I − P⊥, the first
equation (3.36) can equivalently be written as

u+ − u− = P⊥(u+ − u−) = F (γ+ − γ−), (3.38)

where

F := M−1W G−1.

The linear transformations given by the matrices F and WT are closely related to the
orthogonal projector P⊥ = M−1W G−1WT by the relations

WTF = I, (3.39)
F WT = P⊥, (3.40)
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Rm(γ+ − γ−∈)

P⊥Rn(P⊥(u+ − u−)∈)

Rm∗ (∋Λ)

(P⊥)TRn∗ (∋fη)

FWT WFT

G−1

G

M

M−1

Figure 3.5: Illustration of the linear transformations given by WT, F and P⊥ = F WT.
Here, Rn and Rm are equipped with the metric M and G−1, respectively.

which are illustrated in Figure 3.5. From the orthogonal decomposition of the space Rn =
PRn + P⊥Rn = PRn + FRm follows the explicit form for the tangent cone (3.20) and
the corresponding orthogonal tangent cone (3.21)

TC = PRn + FRm+
0 , (3.41)

T ⊥C = F (Rm+
0 )⊥. (3.42)

The impact mapping S can be written in terms of the impact mapping Z and vice
versa using the orthogonal projectors P , P⊥ and the linear maps WT, F as shown in the
following proposition.

Proposition 3.7 Let the impact equation be given by (3.26) and let the impact law be
described by the mapping S : γ− 7→ γ+ in (3.34) as well as the mapping Z : u− 7→ u+ in
(3.35). Then, the following relations hold.

Z = P + F S ◦ WT, (3.43)
S = WTZ ◦ F . (3.44)

Proof. Using the decomposition I = P + P⊥ and (3.40), we write

u+ = P u+ + P⊥u+ = P u+ + F γ+.

The part P u± of the velocity is unaltered by the impact according to (3.36) and γ+ is
given by the mapping S so that we obtain

u+ = P u− + F S(γ−)
= (P + F S ◦ WT)︸ ︷︷ ︸

Z

(u−).

Vice versa, (3.44) is obtained by manipulating (3.43) as WTZ ◦ F = WTP F + WTF S ◦
WTF = S, where WTP = 0 and (3.39) have been used.

The relations shown in Proposition 3.7 allow for the following interpretation. The spaces
of pre- and post-impact velocities and the maps in between are depicted in Figure 3.6. We
recall that the linear maps given by WT and F map between the spaces WT : Rn → Rm
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Rm

(γ−∈)

P⊥Rn

Rn(u−∈)

PRn

Rm

(γ+∈)

P⊥Rn

Rn (∋u+)

PRn

+
+

FWT FWT

S

Z

I

WT

P⊥

P

Z

WT

Figure 3.6: Interpretation of the transformation rules Z = P +F S ◦WT and S = WTZ ◦F
presented in Proposition 3.7.

dissipation function Φ(γ̄)
convex lower semi-continuous

−Λ ∈ H(γ̄)
maximal monotone

S : γ− 7→ γ+

maximal non-expansive
(in the metric G−1)

Z : u− 7→ u+

maximal non-expansive
(in the metric M)

Figure 3.7: Implications of a (cyclically) maximal monotone impact law.

and F : Rm → P⊥Rn via F = M−1W G−1 : Rm → Rm∗ → P⊥TRn∗ → P⊥Rn. The
mapping Z : Rn → Rn can be written according to relation (3.43) as Z = P + F S ◦ WT,
which can be decomposed into the two parts P : Rn → PRn and F S ◦ WT : Rn →
Rm → Rm → P⊥Rn. The two parts are then combined using Rn = PRn + P⊥Rn.
The second relation (3.44) yields that the mapping S : Rm → Rm can be written as
S = WTZ ◦ F : Rm → P⊥Rn → P⊥Rn → Rm. From the diagram shown in Figure 3.6,
we can additionally deduce the identities P⊥Z = Z ◦ P⊥ and Z = P + Z ◦ P⊥.

The mappings S and Z are obtained by the impact equation together with the impact
map H. If the impact map H is maximal monotone, then the mappings S and Z are
maximal non-expansive and vice versa. This statement is proven in the following theorem
and illustrated in Figure 3.7.

Theorem 3.8 Let the impact equation be given by (3.26) and let the impact law be de-
scribed by the impact map H : γ̄ ⇒ −Λ in (3.33), the mapping S : γ− 7→ γ+ in (3.34)
as well as the mapping Z : u− 7→ u+ in (3.35). Then, the following statements are
equivalent.

(i) The map H is maximal monotone.

(ii) The mapping S is maximal non-expansive in the metric G−1.

(iii) The mapping Z is maximal non-expansive in the metric M .
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Proof. In the first step, we show the equivalence (i) ⇔ (ii). The Minty parameterization
is not applicable to H : Rm ⇒ Rm∗, because the Minty parameterization is only defined
for functions Rm ⇒ Rm. However, the map 1

2GH : Rm ⇒ Rm is maximal monotone in
the metric G−1 if and only if H is maximal monotone, which follows immediately from
Definitions 3.4 and 3.5 together with Remark 3.1. Therefore, we can apply the Minty
parameterization to the mapping

−1
2

GΛ ∈
(1

2
GH

)
︸ ︷︷ ︸

T

(γ̄).

Using the parameterization variable γ− = γ̄ + (−1
2GΛ), the Minty mappings

γ̄ =
(

I + 1
2

GH
)−1

︸ ︷︷ ︸
P =(I+T )−1

(γ−),

−1
2

GΛ =
(

I +
(1

2
GH

)−1)−1

︸ ︷︷ ︸
Q=(I+T−1)−1

(γ−)

are both single-valued with domain Rm, maximal monotone and non-expansive in the
metric G−1 according to Theorem 3.5. The impact mapping S : γ− 7→ γ+ is obtained
using γ+ = γ̄ − (−1

2GΛ) as

γ+ =

(I + 1
2

GH
)−1

−
(

I +
(1

2
GH

)−1)−1


︸ ︷︷ ︸
S=P−Q=(I+T )−1−(I+T−1)−1

(γ−). (3.45)

Theorem 3.5 implies that the mapping S is single-valued with domain Rm, maximal
monotone and non-expansive in the metric G−1, which proves (i) ⇒ (ii). The converse
(ii) ⇒ (i) follows from [169, Proposition 12.11]. Using γ+ = 2γ̄ − γ−, following from
P − Q = 2P − I, (3.45) simplifies to

γ+ =
(

2
(

I + 1
2

GH
)−1

− I

)
︸ ︷︷ ︸

S=2P−I=2(I+T )−1−I

(γ−). (3.46)

In the second step, we show the equivalence (i) ⇔ (iii) similarly to the equiva-
lence (i) ⇔ (ii). The map 1

2M−1W H ◦ WT is maximal monotone in the metric M
if and only if H is maximal monotone. The Minty mappings for the map

−1
2

M−1W Λ ∈
(1

2
M−1W H ◦ WT

)
︸ ︷︷ ︸

T

(ū).
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using the parameterization variable u− = ū + (−1
2M−1W Λ) are obtained as

ū =
(

I + 1
2

M−1W H ◦ WT
)−1

︸ ︷︷ ︸
P =(I+T )−1

(u−),

−1
2

M−1W Λ =
(

I +
(1

2
M−1WTH ◦ WT

)−1)−1

︸ ︷︷ ︸
Q=(I+T−1)−1

(u−).

The mapping Z : u− 7→ u+ is obtained using u+ = 2ū − u− as

u+ =
(

2
(

I + 1
2

M−1W H ◦ WT
)−1

− I

)
︸ ︷︷ ︸

Z=2P−I=2(I+T )−1−I

(u−). (3.47)

Theorem 3.5 implies that the mapping Z is single-valued with domain Rn, maximal
monotone and non-expansive in the metric M , which proves (i) ⇒ (iii). The converse
(iii) ⇒ (i) follows from [169, Proposition 12.11].

We show the equivalence (ii) ⇔ (iii) explicitly, even though it directly follows from
(ii) ⇔ (i) ⇔ (iii). The non-expansivity of the mapping Z in the metric M

∥u+
1 − u+

2 ∥M ≤ ∥u−1 − u−2 ∥M ∀u+
1 = Z(u−1 ), u+

2 = Z(u−2 )

is equivalent to(
u+

1 − u+
2 + u−1 − u−2

)T
M
(
u+

1 − u+
2 − u−1 + u−2

)
≤ 0 ∀u+

1 = Z(u−1 ), u+
2 = Z(u−2 ).

Together with M (u+ − u−) = W G−1WT(u+ − u−) from (3.38), the non-expansivity
condition of Z transforms to(

γ+
1 − γ+

2 + γ−1 − γ−2
)T

G−1
(
γ+

1 − γ+
2 − γ−1 + γ−2

)
≤ 0 ∀γ+

1 = S(γ−1 ), γ+
2 = S(γ−2 ),

which is identical to the condition for non-expansivity of the mapping S in the metric G−1

∥γ+
1 − γ+

2 ∥G−1 ≤ ∥γ−1 − γ−2 ∥G−1 ∀γ+
1 = S(γ−1 ), γ+

2 = S(γ−2 ).

Remark 3.3 The mapping S is single-valued with dom S = Rm and the mapping Z is
single-valued with dom Z = Rn if the impact map H is maximal monotone. Hence, the
existence of a unique post-impact velocity for any pre-impact velocity follows directly
from the maximal monotonicity of the impact map H. △
Corollary 3.9 Let the impact equation be given by (3.26) and let the impact law be
described by the impact map H : γ̄ ⇒ −Λ in (3.33), the mapping S : γ− 7→ γ+ in (3.34)
as well as the mapping Z : u− 7→ u+ in (3.35). Then, the following relations hold.

S = 2
(

I + 1
2

GH
)−1

− I ⇔ H = 2G−1

(I + S

2

)−1

− I

,

Z = 2
(

I + 1
2

M−1W H ◦ WT
)−1

− I ⇔ H = 2FTM

(I + Z

2

)−1

− I

F .
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Proof. The mappings S and Z in terms of H are given by (3.46) and (3.47). Directly
inverting (3.46) and (3.47) yields the inverse relations.

Remark 3.4 The impact map −Λ ∈ H(γ̄) can analogously be written in generalized
coordinates as −f η ∈ H̃(ū) with H̃ = W H ◦ WT ⇔ H = FTH̃ ◦ F . The set-valued
map H̃ is maximal monotone if and only if H is maximal monotone. △
If the impact map H enjoys the property of cyclic maximal monotonicity, then there exists
a proper, lower semi-continuous, convex dissipation function Φ(γ̄), such that

−Λ ∈ ∂Φ(γ̄) = H(γ̄).

The dissipation function Φ(γ̄) is not to be confused with the dissipation of the impact

D(γ̄) := −(T + − T−) = −γ̄TΛ,

which corresponds to the negative impact work. If H is cyclically maximal monotone,
then Φ exists and we may write D(γ̄) = γ̄T∂Φ(γ̄).

Typically, an impact law fulfills that vanishing pre-impact velocities γ− = 0 lead to
vanishing impulsive forces Λ and therefore vanishing post-impact velocities γ+ = γ− = 0.
This implies the natural condition 0 ∈ H(0) for the impact map H. The maximal
monotonicity of H together with this condition yields −(Λ−0)T(γ̄ −0) ≥ 0 and therefore
the dissipativity D(γ̄) ≥ 0 of the impact law. Maximal monotonicity of the impact law
is therefore a stronger condition than dissipativity.

Most considered impact maps are positive homogeneous, that is, if the pre-impact
velocity is scaled by a positive scalar α > 0, then the post-impact velocity is scaled by α
as well. Positive homogeneity of the impact maps H, S and Z are equivalent, that is,

αH = H ◦ α ∀α > 0 ⇔ αS = S ◦ α ∀α > 0 ⇔ αZ = Z ◦ α ∀α > 0.

If a cyclically maximal monotone impact map H is positive homogeneous, then the cor-
responding dissipation function Φ can directly be related to the negative impact work D
by the following theorem.

Theorem 3.10 If the dissipation function Φ exists and is positive homogeneous of de-
gree 2, then the negative impact work is obtained by

D(γ̄) = 2Φ(γ̄).

Proof. The condition that Φ is positive homogeneous of degree 2 can be written as
Φ(αγ̄) = α2Φ(γ̄) ∀α > 0. Differentiation with respect to α gives the Euler identity
∂Φ(αγ̄)Tγ̄ = 2αΦ(γ̄). Setting α = 1 yields D(γ̄) = 2Φ(γ̄).

If the dissipation function Φ exists and is positive homogeneous of degree 2, then Theo-
rem 3.10 implies that it can be written as

Φ =
(

−1
2

Λ
)T

γ̄.
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3.3.4 Variational Analysis of Specific Impact Laws
In this section, we consider the generalized Newton’s impact law and the generalized
Poisson’s impact law presented in Section 3.3.2. We derive and analyze the mappings H,
S and Z as well as their properties and relations.

Generalized Newton’s Impact Law

We begin by analyzing the generalized Newton’s impact law with different coefficients of
restitution and subsequently make the restriction to a global restitution coefficient.

Theorem 3.11 Consider the impact equation (3.26) together with the generalized New-
ton’s impact law (3.29) with different coefficients of restitution εi ∈ [0, 1], that is, ξ =
γ+ + Eγ− with E = diag{εi}. Then, the impact mappings S and Z are given by

γ+ = S(γ−) = γ− − proxG−1

(Rm+
0 )⊥

(
(I + E)γ−

)
, (3.48)

u+ = Z(u−) = u− − proxM
T ⊥C

(
F (I + E)WTu−

)
. (3.49)

Furthermore, the impact map −Λ ∈ H(γ̄) is maximal monotone if and only if

G − EGE ≽ 0.

Proof. The proof of this theorem is given in Appendix A.4.2.

Remark 3.5 In order to avoid the orthogonal cones in the impact mappings S and Z,
(3.48) and (3.49) can alternatively be written as

γ+ = S(γ−) = −Eγ− + proxG−1

Rm+
0

(
(I + E)γ−

)
,

u+ = Z(u−) = P u− − F EWTu− + proxM
TC

(
F (I + E)WTu−

)
.

△
Remark 3.6 The condition G − EGE ≽ 0 in Theorem 3.11 is necessary and sufficient for
the maximal monotonicity of the impact map H. For single or uncoupled constraints (i.e.,
G = diag{Gii}), we obtain that G − EGE = diag{Gii(1 − ε2

i )} is always positive semi-
definite. For non-diagonal Delassus-matrices, the condition G − EGE ≽ 0 is fulfilled if
the coefficients of restitution are different but close to each other or sufficiently small [119].
Consider for example the mechanical system with the Delassus-matrix

G =

1 β

β α

 (3.50)

and the matrix of coefficients of restitution E = diag{ε1, ε2}. It can be shown that G −
EGE is positive semi-definite if

√
α−β2

α
≥ |ε2−ε1|

1−ε1ε2
(together with G ≻ 0 and εi ∈ [0, 1]),

which is illustrated in Figure 3.8 for α = 1 and β = 0.9. △
The generalized Newton’s impact law greatly simplifies for a global restitution coefficient
(i.e., E = εI). In this case, maximal monotonicity is guaranteed and it is even cyclically
maximal monotone, that is, there exists a corresponding dissipation function.



3.3 Impact Laws 50

Figure 3.8: Maximal monotonicity of the generalized Newton’s impact law for the Delassus-
matrix G given by (3.50).

Theorem 3.12 Consider the impact equation (3.26) together with the generalized New-
ton’s impact law (3.29) with a global restitution coefficient ε ∈ [0, 1], that is, ξ = γ++εγ−.
Then, the impact map H and the impact mappings S and Z are given by

−Λ ∈ H(γ̄) =

−2(1+ε)
1−ε

proxG
Rm∗+

0
(−G−1γ̄) 0 ≤ ε < 1,

NRm+
0

(γ̄) ε = 1,
(3.51)

γ+ = S(γ−) = −εγ− + (1 + ε)proxG−1

Rm+
0

(
γ−
)
, (3.52)

u+ = Z(u−) = −εu− + (1 + ε)proxM
TC

(
u−
)
. (3.53)

Furthermore, the impact map −Λ ∈ H(γ̄) = ∂Φ(γ̄) is cyclically maximal monotone with
the corresponding dissipation function

Φ(γ̄) =


1+ε
1−ε

(
distG−1

Rm+
0

(γ̄)
)2

0 ≤ ε < 1,

ΨRm+
0

(γ̄) ε = 1.
(3.54)

Proof. The proof of this theorem is given in Appendix A.4.3.

The impact map H for the generalized Newton’s impact law is a single-valued proximal
point mapping for ε < 1 which degenerates to a (set-valued) normal cone inclusion for
ε = 1.
Remark 3.7 The Minty parameterization of the map 1

2GH : Rm ⇒ Rm is used in the
proof of Theorem 3.8. For the generalized Newton’s impact law with global coefficient of
restitution, the map 1

2GH takes the form

−1
2

GΛ ∈ 1
2

GH(γ̄) =


1+ε
1−ε

proxG−1

(Rm+
0 )⊥(γ̄) 0 ≤ ε < 1,

T ⊥Rm+
0

(γ̄) ε = 1.
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△
Remark 3.8 The impact mappings S and Z for the generalized Newton’s impact law with
global coefficient of restitution can alternatively be written as

γ+ = S(γ−) = proxG−1

Rm+
0

(
γ−
)

− εproxG−1

(Rm+
0 )⊥

(
γ−
)
, (3.55)

u+ = Z(u−) = proxM
TC

(
u−
)

− εproxM
T ⊥C

(
u−
)
, (3.56)

which allows the following interpretation of the impact map. The pre-impact constraint
velocities γ− are decomposed into the cone Rm+

0 , which are already admissible post im-
pact constraint velocities, and the corresponding orthogonal cone (Rm+

0 )⊥. Analogously
for generalized velocities, pre-impact velocities u− are decomposed into the cone TC of
admissible post impact velocities and the corresponding orthogonal cone T ⊥C . The lat-
ter component of the pre-impact velocities are inverted and scaled by the restitution
coefficient ε to account for energy dissipation. The formulation (3.55) and (3.56) using
the orthogonal cone decomposition shows that the generalized Newton’s impact law with
global coefficient of restitution corresponds to Moreau’s impact law [136]. △
Generalized Poisson’s Impact Law

Analogously to the generalized Newton’s impact law, we begin the analysis of the gener-
alized Poisson’s impact law for the general case of different coefficients of restitution and
treat the special case of a global restitution coefficient thereafter.

Theorem 3.13 Consider the impact equation (3.26) together with the generalized Pois-
son’s impact law (3.30)–(3.31) with different coefficients of restitution εi ∈ [0, 1], that is,
E = diag{εi}. Then, the impact mappings S and Z are given by

γ+ = S(γ−) = proxG−1

Rm+
0

(
γ− − G(I + E)G−1proxG−1

(Rm+
0 )⊥

(
γ−
))

, (3.57)

u+ = Z(u−) = proxM
TC

(
u− − F G(I + E)G−1WTproxM

T ⊥C

(
u−
))

. (3.58)

Furthermore, the impact map −Λ ∈ H(γ̄) is maximal monotone if

G − EGE ≽ 0.

Proof. The proof of this theorem is given in Appendix A.4.4.

Theorem 3.13 greatly simplifies in the case of a global coefficient of restitution.

Theorem 3.14 Consider the impact equation (3.26) together with the generalized Pois-
son’s impact law (3.30)–(3.31) with a global coefficient of restitution ε ∈ [0, 1], that is,
E = εI. Then, the impact mappings S and Z are given by

γ+ = S(γ−) = proxG−1

Rm+
0

(
−εγ− + (1 + ε)proxG−1

Rm+
0

(
γ−
))

, (3.59)

u+ = Z(u−) = proxM
TC

(
−εu− + (1 + ε)proxM

TC

(
u−
))

. (3.60)

Furthermore, the impact map −Λ ∈ H(γ̄) is maximal monotone.
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Proof. The proof of this theorem is given in Appendix A.4.5.

Remark 3.9 The non-expansivity of the impact mapping S can directly be shown by
writing (3.59) as

γ+ = S(γ−) = proxG−1

Rm+
0

(1 + ε

2
γ− + 1 − ε

2

(
proxG−1

Rm+
0

(
γ−
)

− proxG−1

(Rm+
0 )⊥

(
γ−
)))

.

The mappings I, proxG−1

Rm+
0

and proxG−1

Rm+
0

−proxG−1

(Rm+
0 )⊥ are non-expansive in the metric G−1

as shown in Example 3.1. Furthermore, if any two functions f , g are non-expansive, then
the functions f ◦ g and λ0f + λ1g with |λ0| + |λ1| ≤ 1 are non-expansive as well. △
In contrast to the generalized Newton’s impact law, the generalized Poisson’s impact is
generally not cyclically maximal monotone which is illustrated with the following example.
Consider an impact process with two constraints and

G =

 1 −1
2

−1
2 1

, ε1 = ε2 = 0.5.

The level sets {γ̄ ∈ Rm|1
2D = −1

2ΛTγ̄ ≤ 1} of the negative impact work D are shown
in Figure 3.9 for the generalized Newton’s (gray, solid) and Poisson’s (black, dashed)
impact law. The arrows show the impulses −1

2Λ for both impact laws corresponding
to the value of γ̄ at the base of the vector. If an impact law is cyclically maximal
monotone (and positive homogeneous of degree 2), then Theorem 3.10 implies 1

2D = Φ.
Therefore, the impulses −1

2Λ are necessarily in the normal cone to the level sets of 1
2D [73,

Appendix A.4.5]. As shown in Figure 3.9, this condition is fulfilled for all −1
2ΛNewton,

but violated by some −1
2ΛPoisson. Therefore, the generalized Poisson’s impact law is not

cyclically maximal monotone.
The impact laws of Newton and Poisson lead often to the same result for a global

coefficient of restitution (see e.g. Figure 3.9). For a global coefficient of restitution, the
generalized Poisson’s impact law is identical to the generalized Newton’s impact law ex-
cept for an additional subsequent projection onto the admissible post-impact velocities
(compare the mappings S and Z in Theorem 3.12 and Theorem 3.14). If the positive
definite Delassus-matrix G is additionally a Metzler matrix (i.e., Gij ≥ 0 ∀i ̸= j), then
both impact laws are identical for a global coefficient of restitution. For the proof of this
statement, we need the following lemma.

Lemma 3.15 The cone GRm∗+
0 is a subset of the positive orthant Rm+

0 if and only if the
matrix G is nonnegative, that is,

GRm∗+
0 ⊆ Rm+

0 ⇔ Gij ≥ 0 ∀i, j.

Proof. The statement GRm∗+
0 ⊆ Rm+

0 is equivalent to x := Gy ∈ Rm+
0 ∀y ∈ Rm∗+

0 . If
Gij ≥ 0 ∀i, j, then the vector x fulfills xi = ∑

j Gijyj ∈ R+
0 ∀i since yj ∈ R∗+0 and thus

x ∈ Rm+
0 . Conversely, if ∃i∗, j∗ such that Gi∗j∗ < 0, then the vector y defined by yj∗ = 1

and yj = 0 ∀j ̸= j∗ yields xi∗ = ∑
j Gi∗jyj = Gi∗j∗ < 0 and thus x /∈ Rm+

0 .
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Figure 3.9: Level sets of the negative impact work D for a global restitution coefficient ε =
0.5. The generalized Newton’s impact law is cyclically maximal monotone with dissipation
function ΦNewton = 1

2DNewton. The generalized Poisson’s impact law is maximal monotone
but not cyclically maximal monotone.
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Proposition 3.16 The generalized Newton’s impact law (3.29) and the generalized Pois-
son’s impact law (3.30)–(3.31) both with a global coefficient of restitution ε are identical if
and only if the positive definite Delassus-matrix G is additionally a Metzler matrix, that
is, Gij ≥ 0 ∀i ̸= j.

Proof. Let us rewrite the impact mapping S of the generalized Poisson’s impact law given
in Theorem 3.14 as

γ+ = proxG−1

Rm+
0

(
proxG−1

Rm+
0

(
γ−
)

− εproxG−1

(Rm+
0 )⊥

(
γ−
))

. (3.61)

The first summand proxG−1

Rm+
0

(γ−) ∈ Rm+
0 is an element of Rm+

0 and the second summand
−εproxG−1

(Rm+
0 )⊥(γ−) ∈ −(Rm+

0 )⊥ is also an element of Rm+
0 since −(Rm+

0 )⊥ = GRm∗+
0 ⊆

Rm+
0 according to Lemma 3.15. The sum is also in Rm+

0 because the set Rm+
0 is a cone.

The outermost proximal point function in (3.61) is therefore the identity transformation
and (3.61) simplifies to

γ+ = proxG−1

Rm+
0

(
γ−
)

− εproxG−1

(Rm+
0 )⊥

(
γ−
)
,

which is equivalent to the formulation of the generalized Newton’s impact law shown in
Remark 3.8.

Conversely, if G is not a Metzler-matrix, then (Rm+
0 )⊥ \ Rm−

0 ̸= ∅ according to
Lemma 3.15. The impact mapping S in (3.61) evaluated for γ− ∈ (Rm+

0 )⊥ \ Rm−
0 yields

γ+ = proxG−1

Rm+
0

(
γ− − (1 + ε)proxG−1

(Rm+
0 )⊥

(
γ−
))

= proxG−1

Rm+
0

(
−εγ−

)
,

which is unequal to the (non-admissible) post-impact velocity γ+ = −εγ− obtained by
the generalized Newton’s impact law.



Chapter4
Unidirectional Synchronization

A new concept of state observers is presented in this chapter for Lagrangian systems
subjected to frictionless geometric unilateral constraints. A master–slave synchronization
setup is used in which the unidirectional coupling consists only of the Boolean contact
information, that is, which contacts of the observed system are open or closed. No ad-
ditional measurements of the state are necessary. After a brief synchronization phase,
the observer replicates the full state of the observed system, independently of the initial
conditions and even in the presence of accumulation points. The key idea is that the (vir-
tual) observer system is subjected to switched unilateral constraints such that it enjoys
the property of attractive incremental stability if the impact law is maximal monotone.

Incremental stability, being a system property, and several similar notions have been
presented in the literature [209, 64, 65, 7, 210]. A system, possibly excited by an input
(e.g. a forced mechanical system), is called attractively incrementally stable if all solution
curves approach each other in forward time and the information of the initial conditions
is lost. Incremental stability is beneficial in many control problems such as stabilization,
tracking control, output regulation problems, synchronization and observer design [155,
200, 164, 97].

A closely related stability notion of dynamical systems is the concept of convergence
from nonlinear stability theory, which has been developed in the 1960s in the Russian
research community [205, 162, 52] and is currently a topic of active research, see e.g. [155,
194]. A convergent system guarantees the existence of a globally attractively stable steady
state solution which is bounded on the whole time axis. Therefore, an incrementally stable
system which admits a steady state solution is convergent. However, incremental stability
and convergence are distinct stability notions as has been shown in [173]. Although the
convergence property has useful implications, the existence of a steady state solution is
no prerequisite with regard to synchronization and observer design.

A classical problem in control theory is how to obtain state estimates for systems of
which not the full state is measured and/or the measurements are corrupted by noise.
The design of state observers for nonsmooth systems is a challenging task, since clas-
sical approaches such as Kalman filtering, Luenberger observers or high–gain observers
[106, 121, 108] are not (directly) applicable. A commonly used approach is to design

The results presented in this Chapter are published in [17, 18, 19, 21].
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model-based state observers of the same dimension as the observed system such that the
state of the observer acts directly as estimate. In this case, the objective becomes a syn-
chronization problem as has been studied in e.g. [46, 103]. The link between observer
design and synchronization is discussed in [144].

Observer design for various classes of nonsmooth systems has been widely investigated
in the literature. In [154], a convergence based approach has been presented for a syn-
chronization problem for piecewise affine systems, whereas observer design for piecewise
linear systems is discussed in [55]. The problem of observer design for Lur’e systems
with multivalued mappings in the feedback path, which can be described by differential
inclusions, is discussed in [39]. Lur’e systems with time-delay are investigated in [206].

For systems with impulsive motion, we need to distinguish between settings in which
the states of the observer and the reference trajectory jump at the same time or not.
If the impact time instants do not coincide, then the (Euclidean) observer error may
exhibit a ‘peaking behavior’ as has been discussed in [27, 119, 175, 128]. In this case
of mismatched discontinuities, a more sophisticated definition of an observer error is
necessary as presented in Chapter 5. Otherwise, if the discontinuities occur at the same
time instants, then (attractive) stability of the error dynamics can be shown if there
exists a Lyapunov function using the (Euclidean) error which is non-increasing neither
during continuous nor impulsive motion. In [129] and [122], state observers for impacting
mechanical systems in the absence of accumulation points have been presented. The case
of coinciding impact time instants has also been studied in [97] for linear complementarity
systems and in [190, 191] for measure differential inclusions. All these proposed observers
rely on continuous measurements of the observed system.

The novelty of the observers presented in this chapter is that only the knowledge of
the impact time instants is used and no additional continuous measurement is necessary.
A key aspect in the observer design is the use of the conceptually new types of switched
unilateral constraints which ensure coinciding impact time instants of the observer and
the observed system, thereby omitting the undesired ‘peaking behavior’. The class of
Lagrangian systems subjected to unilateral constraints which we consider here does not
require the strict passivity property, as has been assumed in e.g. [190]. More precisely, the
transfer matrix of the linear part of the system is in our case (in the absence of additional
measurements) only positive real and not strictly positive real [43]. Mechanical systems
(without any feedback) do generally not fulfill the strict passivity condition.

Two types of switched unilateral constraints are used in the observer designs, namely
switched kinematic unilateral constraints as presented in Chapter 3 and switched geo-
metric unilateral constraints, which are accompanied by constraint forces acting on the
kinematic equation. Using switched geometric unilateral constraints, the generalized co-
ordinates become discontinuous, which raises the question of a suitable metric for the
position jumps. The same problem arises when considering the Gear-Gupta-Leimkuhler
method to enforce the geometric constraints when simulating mechanical system with
impacts [69, 86, 178]. The Gear-Gupta-Leimkuhler approach classically projects the gen-
eralized coordinates to the impenetrability constraint using the identity metric or the
metric induced by the mass matrix, which is non-energy consistent. Energy considera-
tions imply the use of the stiffness matrix for the metric, which is only applicable if the
stiffness matrix is known and positive definite.
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This chapter is structured as follows. The property of attractive incremental stability
is defined in Section 4.1 for measure differential inclusions. In Section 4.2, we consider
mechanical systems with nonsingular stiffness matrices for which we present two different
observer designs. The first observer design uses switched kinematic unilateral constraints
and attractive incremental stability is shown using an extension of Barbalat’s lemma. The
second observer design uses switched geometric unilateral constraints, which improves
the observer by extending the applicability and increasing the synchronization rate. In
Section 4.3, an observer design using switched geometric unilateral constraints is presented
for systems including a rigid body mode. In this case, the stiffness matrix is nonsingular
and can thus not be used as a metric. All presented state observers are illustrated using
various examples of mechanical impact oscillators.

4.1 Attractive Incremental Stability
Attractive incremental stability (a.i.s.) is a stability property of a dynamical system which
implies that all solution curves approach each other in forward time and remain close in
the sense of Lyapunov. To be more precise, we define the attractive incremental stability
property of a time-invariant measure differential inclusion with inputs of the form

dx ∈ dΓ(x, w), (4.1)

where x(t) ∈ R2n is the state vector and w(t) ∈ Rd is the time-varying input [119]. The
admissible set of the states is given by the set A and we will restrict the input w(t) to a
certain class of functions W.

A solution x(t) = φ(t, t0, x0) of the measure differential inclusion (4.1) with initial
condition x0 ∈ A is a function x : R → R2n of locally bounded variation which fulfills (4.1)
for all t ≥ t0 and which is defined almost everywhere on the time axis [119]. The term
almost everywhere (a.e.) captures that the state is not defined at its discontinuity points.

Definition 4.1 System (4.1) is said to be attractively incrementally stable if for all t0 ∈ R,
admissible initial conditions x1(t0), x2(t0) ∈ A, inputs w(t) ∈ W and corresponding
solution curves x1(t) = φ(t, t0, x1(t0)) and x2(t) = φ(t, t0, x2(t0)), it holds that for any
ε > 0 there exists a δ = δ(ε) such that ∥x1(t0) − x2(t0)∥ < δ implies ∥x1(t) − x2(t)∥ < ε
for almost all t ≥ t0 and additionally limt→∞ ∥x1(t) − x2(t)∥ = 0.

A measure differential inclusion of the form (4.1) is therefore a.i.s. if all solution curves are
globally uniformly attractively stable. An a.i.s. system ‘forgets’ the initial conditions and
all solutions converge to each other (see Figure 4.1). The wording ‘attractively stable’
has been used instead of the usual term ‘asymptotically stable’, because attractivity
of solutions of (measure) differential inclusions can be asymptotic or symptotic (finite-
time attractivity), see [119]. Definition 4.1 of incremental stability considers only global
attractivity and uniform stability. Other incremental stability notions have been presented
in literature, see e.g. [7, 210].
Remark 4.1 Closely related to incremental stability is (uniform) convergence, see [205, 52].
A uniformly convergent system admits a globally uniformly attractively stable steady state
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Figure 4.1: All solutions of an a.i.s. system converge to one another for every input w(t) ∈ W.

solution, which is bounded for almost all t ∈ R. If an a.i.s system admits a steady state
solution, then the system is uniformly convergent [119, 173]. A standard way to prove the
existence of a steady state solution is to find a compact positively invariant set. This type
of proof has been given in the literature for certain classes of smooth dynamical systems
(see e.g., [52, 153]) and the extension of this technique to nonsmooth systems described by
measure differential inclusions has been proposed in [119]. A uniformly convergent system
has useful properties such as uniqueness of the steady state solution and that a periodic (or
constant) input implies a periodic (or constant) steady state solution. These properties
have been proven in [155] for differential inclusions. Here, we develop a synchronization–
based state observer for mechanical systems with impacts and the existence of a steady
state solution is therefore not essential. Hence, we focus on the property of attractive
incremental stability. △
The property of attractive incremental stability will be used for the design of a state
observer in the following way. Assume that the model of the observed system is known
and it is possible to design a dynamical system, called observer, with the following two
properties. First, the observer dynamics is a.i.s. in order that the solutions for any initial
conditions converge towards each other. Secondly, if the observer is initialized with the
actual, unknown initial conditions of the observed system, then the solutions of the ob-
server and the observed system are identical. Then, the error between the solution of the
observed system and the observer for any initial condition will tend to zero and the state
of the observer acts as an estimate of the observed system.

4.2 Observer Design for Non-Singular Stiffness Ma-
trices

The observer design is based on master–slave synchronization, where the observed system
is the master and the observer is the slave system. The synchronization is achieved by the
designing the slave system such that it is attractively incrementally stable. The distance
between solutions used in Definition 4.1 of a.i.s. will be measured using the mechanical
energy of the error dynamics. For this purpose, we will assume a constant mass matrix
and a constant stiffness matrix which is symmetric and positive definite.

The decrease of the error, measured using the mechanical energy, is closely related
to the monotonicity of the force and impact laws. In order to invoke the property of
monotonicity for unilateral constraints, it is necessary that the compared solutions need
to obey the same force and impact laws at every point in time. Furthermore, as we will
see later, the observer uses switched constraints in order to ensure that the same set of
constraints are potentially active for any considered solutions.
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4.2.1 Dynamics of Observed System
The observed system is an n-DOF linear time-invariant multibody system subjected to a
time-dependent external forcing and perfect geometric unilateral constraints. The non-
impulsive and impulsive dynamics of the system are described by

q̇ = u a.e.,
Mu̇ + Cu + Kq = W λ + f(t) a.e.,

(4.2)

M (u+ − u−) = W Λ. (4.3)

The motion of the system is restricted by m geometric unilateral constraints, which
are defined using the constraint distances and constraint velocities

g(q, t) = WTq + η(t),
γ(u, t) = WTu + η̇(t),

(4.4)

where η(t) is absolutely continuous in time. The constraint forces λ ∈ Rm∗ of the geo-
metric unilateral constraints obey the Signorini–Fichera condition on velocity level (3.9)

−λi ∈

NR+
0
(γi) if gi = 0,

0 if gi > 0.
(4.5)

The admissible set of the states is therefore given by A = {(q; u) ∈ R2n | g(q) ≥ 0},
where the notation (q; u) =

(
qT uT

)T is used. The constraint impulses Λ ∈ Rm∗ obey
the set-valued impact law

−Λ ∈ Hg(γ̄). (4.6)

The subscript in (4.6) denotes that the set of potentially active constraints is determined
by the constraint distances g for geometric unilateral constraints.

We will make the following assumptions on the system (4.2)–(4.6).
Assumption 4.1

(i) The system matrices M , C, K ∈ Rn∗×n∗ are constant with M = MT ≻ 0, C ≻ 0
and K = KT ≻ 0.

(ii) The generalized force directions W ∈ Rn∗×m are constant and linearly independent.

(iii) The time-dependent external forcing f(t) is bounded, that is, supt∈R ∥f(t)∥ ≤ fmax
for a given bound fmax < ∞.

The following proposition is concerned with the boundedness of solutions of system (4.2)–
(4.6) if η(t) =: gr is assumed to be constant.
Proposition 4.1 Consider system (4.2)–(4.6) satisfying Assumption 4.1 with autono-
mous constraint distances g(q) = WTq + gr, where gr is constant. We assume that the
impact map Hg is maximal monotone and fulfills the natural condition 0 ∈ Hg(0). Then,
every solution of the considered system is bounded (in forward time). If, additionally, the
solutions depend continuously on initial conditions, then there exists at least one solution
which is bounded for all t ∈ R.
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Proof. The proof of this proposition is given in Appendix A.5.1.

For Proposition 4.1, the condition of maximal monotonicity together with the natural
condition can be relaxed to dissipativity of the impact map. The existence of a bounded
solution of an a.i.s. system imply the boundedness of all solutions. The boundedness of
solutions is not only interesting in itself but it is also necessary to define the error using
the difference of solutions. The condition of continuous dependence on initial conditions
is generally difficult to be checked (see [38]).

4.2.2 Observer Dynamics without Position Jumps
The observer (i.e., slave system) is a replica of the observed system (i.e., master system)
presented in Section 4.2.1 except that the geometric unilateral constraints are replaced
by switched kinematic unilateral constraints. As presented in Chapter 3, the constraints
of switched kinematic unilateral constraints are switched on and off by external switching
functions χ(t) : R → {0, 1}m. The i-th constraint imposes a kinematic unilateral con-
straint γi ≥ 0 whenever the corresponding external Boolean switching function χi(t) = 1.
Analogously to the dynamics of the observed system (4.2)–(4.6), the dynamics of the
observer is described by

q̇ = u a.e.,
Mu̇ + Cu + Kq = W λ + f(t) a.e.,

(4.7)

M (u+ − u−) = W Λ. (4.8)

Using the local kinematics

g(q, t) = WTq + η(t),
γ(u, t) = WTu + η̇(t),

(4.9)

the force and impact law of the switched kinematic unilateral constraints are written as

−λi ∈

NR+
0
(γi) if χi(t) = 1,

0 if χi(t) = 0,
(4.10)

−Λ ∈ Hχ(t)(γ̄). (4.11)

Analogously to (4.6), the subscript in the impact map (4.11) denotes that the set
of potentially active constraints is determined by the Boolean switching functions χ(t).
Furthermore, the operator Hχ(t) in (4.11) is chosen such that it is identical to the opera-
tor Hg in (4.6) if the same constraints are potentially active (i.e., if the same constraints
are closed/switched on).

If the slave system is initialized using the same initial conditions as the master system
and if the constraints of the slave system are switched on whenever the corresponding
constraints of the master system are closed, then the solution of the slave system is
identical to the solution of the master system.



4.2 Observer Design for Non-Singular Stiffness Matrices 61

Proposition 4.2 The solution of the master system (4.2)–(4.6) is identical to the solution
of the slave system (4.7)–(4.11) if the initial conditions of both solutions are the same and
if the Boolean switching functions χ(t) of the slave system are generated by the constraint
distances gm(t) of the master system.

Proof. The force laws (4.5) and (4.10) as well as the impact laws (4.6) and (4.11) are
identical since χ(t) are generated by gm(t). Therefore, the dynamics as well as the initial
conditions are identical, which leads to identical solutions.

Before we state Theorem 4.3 which claims the attractive incremental stability of the
slave system in the sense of Definition 4.11, we need to make several assumptions. One
important assumption is that no switched unilateral constraint can stay persistent forever
in forward time.

Hereto, using the notation

ã∆t(t) = 1
∆t

∫ t+∆t

t
a(τ) dτ for a given ∆t > 0,

we define the classes of functions K and Km as follows.

Definition 4.2 A Boolean switching function χ(t) is of class K if for each t there exists
a t∗(t) > t and a number ∆t > 0 independent of t such that χ̃∆t(t∗) = 0. Furthermore,
the functions χ(t) are of class Km if each component χi(t) is of class K.

We will make the following assumptions on the system.

Assumption 4.2

(i) The switching functions χ(t) are of class Km and are generated by absolutely con-
tinuous functions.

(ii) The impact map Hχ(t)(γ̄) is maximal monotone for any χ(t).

Assumption 4.2 (i) guarantees that the Lebesgue measure of the sum of time intervals
for which each constraint is switched off is infinite. This assumption does not exclude
accumulation points, but it guarantees that eventually every constraint will open again
after an accumulation point and subsequent phase of persistent contact. Furthermore, the
switching functions χ(t) are assumed to be generated by absolutely continuous functions
from which follows that all intervals during which a constraint is switched off are open
time intervals. This property together with Assumption A2 is used for the existence of
solutions. Existence and uniqueness results are not in the scope of this thesis and the
reader is referred to [13].

Theorem 4.3 System (4.7)–(4.11) for given switching functions χ(t) is attractively in-
crementally stable in the sense of Definition 4.1 if Assumptions 4.1 and 4.2 are fulfilled.

1The slave system can be written in the form (4.1), where the input w(t) comprises the switching
functions χ(t) and external forcing f(t).
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Proof. According to Definition 4.1, we need to show that all solution curves of sys-
tem (4.7)–(4.11) are globally uniformly attractively stable. Therefore, consider two ar-
bitrary solutions x1(t) = (q1(t); u1(t)) and x2(t) = (q2(t); u2(t)) of system (4.7)–(4.11)
for given switching functions χ(t). Let e = q1 − q2 and v = u1 − u2 be the position
and the velocity error between these two solutions, which we gather in the state vector
xe = (e; v) of the error dynamics. The Lyapunov function

V (xe) = 1
2

∥u1 − u2∥2
M + 1

2
∥q1 − q2∥2

K = 1
2

∥v∥2
M + 1

2
∥e∥2

K (4.12)

gives a notion of distance between these two solutions and is positive definite because the
matrices M and K are positive definite. The two solutions agree if and only if V = 0.

The Lyapunov function V (xe(t)) given by (4.12) evaluated along the solution xe(t) is a
special function of locally bounded variation in t, since the generalized velocities u(t) are
special functions of bounded variation and the generalized coordinates q(t) are absolutely
continuous. Due to the quadratic form of V , we have dV = V̇ dt + (V + − V −)dη =
1
2(v+ + v−)TMdv + eTKde. The density V̇ is given by

V̇ (t, xe) = vTMv̇ + eTKė

= vT(−Cv + W (λ1 − λ2))
= −∥v∥2

C̄ + (γ1 − γ2)T(λ1 − λ2),

where C̄ = 1
2

(
C + CT

)
denotes the symmetric part of C. Hence, the positive definite-

ness of C (and thus of C̄) and the maximal monotonicity of the force law (4.10) imply
V̇ (t, xe) ≤ −∥u1 − u2∥2

C̄
a.e., which is a negative semi-definite function in xe.

The jump in the Lyapunov function at impulsive time-instants is given by

V + − V − = 1
2

(v+ + v−)TM(v+ − v−) = 1
2

∥v+∥2
M − 1

2
∥v−∥2

M . (4.13)

The impact map Hχ(t)(γ̄) is maximal monotone by Assumption 4.2 (ii), which implies
non-expansivity of the mapping Z in the metric M according to Theorem 3.8. Both
considered solutions are described by the same impact map Hχ(t)(γ̄) because the switching
functions χ(t) are an external input and thus identical for both solutions. The non-
expansivity condition directly implies that the density (4.13) is nonpositive.

The Lyapunov function V cannot increase neither during continuous nor discontinuous
flow. Therefore, the equilibrium xe = 0 is uniformly stable [119]. Furthermore, since the
Lyapunov function V is bounded from below and non-increasing, the limit

V∞ := lim
t→∞

V (xe(t)) = lim
t→∞

(1
2

∥v∥2
M + 1

2
∥e∥2

K

)
(4.14)

exists and lies in the interval 0 ≤ V∞ ≤ V (xe(t0)). Note that ∥e(t)∥2
K is absolutely

continuous and V (xe(t)) tends to an absolutely continuous (i.e., constant) function.
Hence, ∥v∥2

M must tend to an absolutely continuous function as well.
From V̇ ≤ −∥v∥2

C̄
and V + − V − ≤ 0 follows

V∞ − V (x−e (t0)) = lim
t→∞

∫ t

t0
dV ≤ −

∫ t

t0
∥v(τ)∥2

C̄ . (4.15)
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We deduce that limt→∞
∫ t

t0
∥v(τ)∥2

C̄
dτ < ∞, since the left-hand side of (4.15) is finite.

Due to the positive definiteness of C̄ and M together with the equivalence of norms, we
obtain

lim
t→∞

∫ t

t0
∥v(τ)∥2

M dτ < ∞. (4.16)

The velocity error v(t) is discontinuous and therefore we cannot invoke Barbalat’s
lemma [107]. This lemma has originally been defined for uniformly continuous functions,
but it can be extended to asymptotically absolutely continuous functions as presented
in Proposition A.3 in Appendix A.2. We can apply the extended Lemma of Barbalat
to (4.16) since ∥v(t)∥2

M is asymptotically absolutely continuous and obtain

lim
t→∞

∥v(t)∥2
M = 0.

The positive definiteness of M implies limt→∞ v(t) = 0. Substituting the limit of v
in (4.14) yields

lim
t→∞

e(t) = c

for some constant c satisfying V (xe(t0)) ≥ 1
2∥c∥2

K ≥ V∞ ≥ 0.
Up to now, we have proven that the error dynamics, governed by the equality of

measures

Mdv + Cvdt + Kedt = W (dP 1 − dP 2), (4.17)

is tending towards the limit point (c; 0) for t → ∞, where dP 1 = λ1dt + Λ1dη and
dP 2 = λ2dt + Λ2dη are the constraint impulse measures of the two considered solutions.
Integrating the equality of measures (4.17) over the time interval [t, t + ∆t] yields

M (v+(t+∆t)−v−(t))+C(e(t+∆t)−e(t))+K
∫

[t,t+∆t]
e(τ)dτ =

∫
[t,t+∆t]

W (dP 1−dP 2),

where ∆t > 0 is arbitrary. We introduce the quantity p̃∆t(t) = 1
∆t

∫
[t,t+∆t](dP 1 − dP 2),

which can be regarded as the average constraint force of the error dynamics over the time
lapse [t, t + ∆t]. Subsequently, we take the limit t → ∞ and use v(t) → 0 and e(t) → c
for t → ∞. The integrated equality of measures (divided by ∆t) yields

Kc = lim
t→∞

W p̃∆t(t) = lim
t→∞

m∑
i=1

wip̃∆t,i(t), (4.18)

which is, in an averaged sense, the equilibrium of forces at infinity. The columns wi of
W are linearly independent from which we deduce that each of the limits limt→∞ p̃∆t,i(t)
has to exist. The switching functions χ(t) are of class Km by Assumption 4.2 (i) and it
holds that λ1,i(t) = λ2,i(t) = 0 and Λ1,i(t) = Λ2,i(t) = 0 for χi(t) = 0. Therefore, for every
time t and every constraint i, there exists a t∗i > t for which λ1,i(t) = λ2,i(t) = Λ1,i(t) =
Λ2,i(t) = 0 ∀t ∈ [t∗i , t∗i + ∆t] if ∆t is taken small enough. If the constraint forces and
impulses for both solutions vanish, then the difference in the constraint impulse measures
also vanishes and we obtain p̃∆t,i(t∗i ) = 0. We conclude that each limit limt→∞ p̃∆t,i(t)
must vanish and, according to (4.18) and K > 0, we obtain c = 0. Therefore, xe(t) = 0
is globally uniformly attractively stable, which concludes the proof.
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Uniform stability of all solution curves implies uniqueness of solutions and, which is
an even stronger condition, continuous dependence on initial conditions. Generally, the
solutions of a mechanical system subjected to geometric unilateral constraints do not
depend continuously on initial conditions as shown in [150, 47]. However, this property
does hold for the considered class of systems subjected to switched kinematic unilateral
constraints as stated in the following corollary.

Corollary 4.4 The solution curves of system (4.7)–(4.11) for given switching func-
tions χ(t) satisfying Assumptions 4.1 and 4.2 are unique and depend continuously on
the initial conditions.

Proof. Consider two arbitrary solution curves x1(t) = φ(t, t0, x10) and x2(t) = φ(t, t0, x20)
of the system. Uniform stability of all solutions curves of the system is proven in Theo-
rem 4.3, i.e., for every ε > 0 there exists a δ(ε) > 0, independent of t0, such that

∥x10 − x20∥ < δ ⇒ ∥x1(t) − x2(t)∥ < ε

for all t ≥ t0. For fixed t and t0, we define the propagator by the mapping φt,t0(x0) :=
φ(t, t0, x0). The uniform stability of all solutions implies that for every ε > 0 there exists
a δ(ε) > 0 such that

∥x10 − x20∥ < δ ⇒ ∥φt,t0(x10) − φt,t0(x20)∥ < ε,

which is the Weierstrass continuity condition of the propagator. Uniqueness of solutions
follows immediately from the continuous dependence on initial conditions.

Note that Proposition 4.1 is generally not valid for systems subjected to switched kine-
matic unilateral constraints even if the impact map is maximal monotone. Generally,
there exist unbounded solutions of system (4.7)–(4.11) if the switching functions χ(t) do
not fulfill Assumption 4.2 (i). Furthermore, the existence of a solution which is bounded
for almost all t ∈ R cannot be guaranteed and, therefore, the convergence property of the
system (4.7)–(4.11) cannot be deduced.

The master system is subjected to geometric unilateral constraints whereas the slave
system is a perfect replica of the master system with switched kinematic unilateral con-
straints that are switched on when the corresponding constraints of the master system
are closed. If the slave system is initialized with the same initial conditions as the master
system, then the motion of the slave system is an exact copy of the master system. Under
the conditions of Theorem 4.3, the slave system is a.i.s. due to the switched kinematic
unilateral constraints. The attractive incremental stability implies that all solutions of
the slave system converge to each other and also to the motion in synchrony with the
master system. Consequently, the synchronization error tends to zero and the full state
of the master system is reconstructed by the slave system using only the information of
the impact time instants.

Example 4.1 (Double Mass Impact Oscillator) We illustrate the synchronization–based
observer using the example of a double mass impact oscillator as depicted in Figure 4.2.
The oscillator consists of two masses coupled by spring–damper elements and the upper



4.2 Observer Design for Non-Singular Stiffness Matrices 65

Figure 4.2: Master–slave system coupled by the Boolean switching functions χ(t) for a forced
double mass impact oscillator. The master system (left) is subjected to geometric unilat-
eral constraints and the slave system (right) is subjected to switched kinematic unilateral
constraints.

mass is externally forced. The master and the slave system are modeled as forced lin-
ear time–invariant Lagrangian systems subjected to geometric and switched kinematic
unilateral constraints, respectively. However, the geometric unilateral constraints of the
master system can be envisaged as switched kinematic unilateral constraints for which the
switching functions are internally generated by the constraint distances. The constraints
of the slave system are switched on whenever the corresponding constraint distances of
the master system vanish.

The dynamics of the master as well as the slave system are described by the set of
equations (4.2)–(4.6) with

M =

m1 0
0 m2

, C =

c1 + c2 −c2

−c2 c2

, K =

k1 + k2 −k2

−k2 k2

, W =

1 0
0 1

,

f(t) =

0
1

f0 cos (ωt).

The generalized force directions are linearly independent and the system matrices M , C
and K are symmetric and positive definite. The impacts are modeled using the generalized
Poisson’s impact law, which is maximal monotone for a global coefficient of restitution
as shown in Theorem 3.14. The harmonic excitation f(t) is bounded by supt∈R ∥f(t)∥ =
f0 < ∞. The system parameters of the master system are chosen such that its solution
moves on a chaotic attractor for which both contacts keep on opening and closing in a
chaotic way.

The constraints may repeatedly experience accumulation points and stay closed during
some time intervals, but they will always open again eventually. Furthermore, for both
constraints there exists a ∆t > 0 such that for every t there exists a t∗(t) > t such that the
constraint is open during the interval [t∗, t∗ + ∆t] due to the chaotic motion. Therefore,
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Figure 4.3: Lyapunov function (top) and the first generalized coordinate of the master and
the slave system (bottom) for the coupled double mass impact oscillator.

the switching functions χ(t), which are fed to the slave system, are of class K2. The
necessary Assumptions 4.1 and 4.2 are fulfilled and attractive incremental stability of the
slave system follows from Theorem 4.3.

Let us consider the Lyapunov function

V (t) = 1
2

∥um − us∥2
M + 1

2
∥qm − qs∥2

K , (4.19)

which captures the mechanical energy of the error between the master system (sub-
script m) and the slave system (subscript s). It has been shown that this Lyapunov
function tends to zero as t tends to infinity for every choice of initial conditions and we
have limt→∞ qs(t)−qm(t) = 0 and limt→∞ us(t)−um(t) = 0. Synchronization is achieved
using only the Boolean contact information of the master system without any continuous
measurements. The state of the slave system can directly be used as state estimate of the
master system.

The Lyapunov function V (t) and the first generalized coordinate of each subsystem,
i.e., qm,1 and qs,1, are depicted in Figure 4.3 for a simulation with the set of parameters
m1 = m2 = 2 kg, k1 = k2 = 1 N/m, c1 = c2 = 0.02 Ns/m, gr = −(1.6; 1.5) m, f0 = 5 N,
ω = 3 rad/s, ε1 = ε2 = 0.8 and the initial conditions qm0 = (1.6; 1.8) m, um0 = (1; 1) m/s,
qs0 = (1.6; 1.6) m, us0 = (2; 1.3) m/s.

The solution of the master system is chaotic so that solutions starting nearby diverge
rapidly. Note that the master system does not enjoy the property of incremental stability
since it is subjected to geometric unilateral constraints. Figure 4.3 shows that discon-
tinuities are present in the evolution of the Lyapunov function at impact time instants.
Impacts are not essential for synchronization if C ≻ 0 but improve the synchronization
rate. The Lyapunov function is non-increasing, but it is not strictly decreasing as the
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Figure 4.4: Master–slave system coupled by the Boolean switching function χ(t) for the
impacting beam model. The master system (top) is subjected to a geometric unilateral
constraint and the slave system (bottom) is subjected to a switched kinematic unilateral
constraint.

mechanical system is not strictly passive. Nevertheless, the Lyapunov function asymptot-
ically tends to zero as t goes to infinity and synchronization between the master and the
slave system is achieved also in the presence of accumulation points. △

Example 4.2 (Impacting Beam) As a second example, we consider a forced beam with a
unilateral support as depicted in Figure 4.4. The vertical displacement w(t, x) is measured
with respect to a solid frame, which itself is excited by e(t) = e0 cos ωt. The support is at
the location xc, which corresponds to a node of the third eigenmode, and the contact is
closed for w(t, xc) = 0. The beam is modeled as a plane linearized Euler–Bernoulli beam
for which the rotational inertia is neglected. In this case, the virtual work is given by
Lagrange’s central equation

0 = δW =
∫ l

0

(
δw′′EIw′′ + δwAρẅ + δw c (ẇ − ė)

)
dx − δw(xc)λ ∀δw|δw(0)=0 (4.20)

with length of the beam l, elastic modulus E, second moment of area I, density ρ, cross-
sectional area A and damping coefficient c. The damping is modeled as linear viscous
damping with the frame as reference. Even though there are physically more intuitive
ways to model damping effects, this choice is made since it leads to the same decay rate
for all eigenmodes.

The first three eigenmodes of the free beam are given by

vi(x) = cos βix − cosh βix + cos βil + cosh βil

sin βil + sinh βil
(− sin βix + sinh βix) for i ∈ {1, 2, 3},
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where βi is the i-th root of cos βil cosh βil+1 = 0. We proceed with the Galerkin approach
by approximating the displacement w(t, x) and the virtual displacements δw(t, x) using
the first three eigenmodes as

w(t, x) ≈ wn(t, x) = v(x)Tq(t) + e(t) + const.,
δw(t, x) ≈ δwn(t, x) = v(x)Tδq(t),

(4.21)

where q(t) are the generalized coordinates and δq(t) the corresponding virtual displace-
ments. Substituting the approximation (4.21) into (4.20) yields

0 = δqT
(∫ l

0
v′′EIv′′Tdx︸ ︷︷ ︸

K

q +
∫ l

0
v AρvTdx︸ ︷︷ ︸

M

q̈ +
∫ l

0
v Aρdxë︸ ︷︷ ︸
−f(t)

+
∫ l

0
v cvTdx︸ ︷︷ ︸

C

q̇ −v(xc)︸ ︷︷ ︸
W

λ
)

∀δq.

The impacting beam model can therefore be written in the form (4.2)–(4.6) with

M = ρAl


1 0 0
0 1 0
0 0 1

, C = c l


1 0 0
0 1 0
0 0 1

, K = EI

l3


(β1l)4 0 0

0 (β2l)4 0
0 0 (β3l)4

, W = v(xc),

and f(t) =


f1(t)
f2(t)
f3(t)

, where fi(t) = −2ρAl

βil

cos βil + cosh βil

sin βil + sinh βil
e0ω

2 cos ωt for i ∈ {1, 2, 3}.

We consider the master–slave synchronization setup for the state observer design.
The system matrices fulfill Assumption 4.1 (i)–(ii). The excitation f(t) meets Assump-
tion 4.1 (iii) since max |ë(t)| = ω2e0 < ∞. Assumption 4.2 (i) is fulfilled using the same
reasoning as in Example 4.1 and the impacts are modeled using the generalized Poisson’s
impact law, which fulfills Assumption 4.2 (ii) according to Theorem 3.14. Therefore, the
slave system is a.i.s and the Lyapunov function (4.19) capturing the mechanical energy of
the error dynamics tends to zero. The Lyapunov function can be split up into the energy
content of each of the eigenmodes as

V (t) =
3∑

i=1
Vi(t), where Vi(t) = 1

2
ρAl(umi − usi)2 + 1

2
EI

l3 (βil)4(qmi − qsi)2.

The time evolution of the Lyapunov function V (t) as well as the energy content V1(t),
V2(t), V3(t) of the eigenmodes are depicted in Figure 4.5. The Lyapunov function is plotted
using a logarithmic axis for a simulation with the set of parameters ε = 0.7, ρAl = 1 kg,
EI
l3

= 1 N/m, c l = 0.085 Ns/m, e0 = 0.03 m, ω = 9.5 rad/s, gr = 0 m, qm0 = (0.05; 0; 0) m,
qs0 = −(0.14; 0.023; 0.0081) m, um0 = us0 = (0; 0; 0) m/s.

Figure 4.5 also shows the time evolution of the vertical displacement wm(t, xc) and
ws(t, xc) for the master and the slave system at the location of the support . The vertical
displacement of the master system is restricted to wm(t, xc) ≥ 0 due to the geometric
unilateral constraint. The slave system, however, is subjected to a switched kinematic
unilateral constraint and therefore there is no restriction on the sign of the vertical dis-
placement ws(t, xc).
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Figure 4.5: Lyapunov function V (t) and the energy contents Vi(t) of the first three eigen-
modes (top) and the time evolution of the vertical displacement at the location of the
support (bottom) for the impacting beam model.

The eigenmodes are decoupled during non-impulsive motion and their energy is non-
increasing due to the positive definiteness of the damping matrix C. The only coupling
of the eigenmodes is due to the support. At collision time instants, energy may transfer
between the first two eigenmodes. The energy content of the first and second eigenmode,
i.e., V1(t) and V2(t), may increase at impacts, but their sum is non-increasing. The third
eigenmode is not influenced by the impact since the support is chosen to be located at a
node of this eigenmode and it is therefore decoupled from the other eigenmodes.

The attractive incremental stability property of the impacting beam model is due to
the maximal monotonicity of the impact law and the internal damping. This property
persists for an arbitrary number of eigenmodes (or generally Ansatz functions) and other
models for the internal damping as long as the system matrices remain positive definite.

△

4.2.3 Observer Dynamics with Position Jumps
The observer presented in Section 4.2.2 uses only the Boolean contact information of
the observed system. However, the value of the (vanishing) constraint distances is un-
used. This additional information could be used to improve the observer design. For this
purpose, we introduce a new type of constraints called switched geometric unilateral con-
straints, which are accompanied with a constraint force in the kinematic equation. This
extension improves the synchronization rate and extends the applicability of the observer
presented in Section 4.2.2, but it entails several difficulties. The generalized coordinates
are no longer absolutely continuous, but discontinuous. The unphysical concept of po-
sition jumps is feasible because the slave system is not a physical system. Furthermore,
it raises the question of a suitable metric for the position jumps. Energy considerations
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imply the use of the stiffness matrix for the metric. Other metrics such as the identity
metric or the metric induced by the mass matrix which are typically used in e.g. the
Gear-Gupta-Leimkuhler method are not energy-consistent.

The observer (slave system) is a replica of the observed system (master system) except
for the constraints. The observer system is subjected to switched geometric unilateral
constraints and the dynamics is written in the compact formK 0

0 M

dq

du

 =

 Ku

−Cu − Kq + f(t)

dt +

W σ

W λ

dt +

W Σ
W Λ

dη. (4.22)

The new concept of switched geometric unilateral constraints extends switched kinematic
unilateral constraints with position jumps by introducing the constraint forces σ and
impulses Σ in the kinematic equation. Therefore, the generalized velocities u(t) are
generally no longer the time derivative of the generalized coordinates q(t). The same holds
for the constraint velocities γ(u(t), t) and the constraint distances g(q(t), t) = WTq+η(t)
given by (4.4). Furthermore, the generalized coordinates q(t) are no longer absolutely
continuous, but they are assumed to be functions of special locally bounded variation.

The force law for the constraint forces λ of the switched kinematic unilateral con-
straints is described by the inequality complementarity

−λi ∈

NR+
0
(γi) if χi(t) = 1,

0 if χi(t) = 0,
(4.23)

and the impact law for the constraint impulses Λ is given by the inclusion

−Λ ∈ Hχ(t)(γ̄). (4.24)

The operator Hχ(t) is chosen such that it is identical to the operator Hg in (4.6) if the
same constraints are closed or switched on, respectively.

The i-th switched geometric bilateral constraint ensures that the i-th constraint is
closed when χi(t) = 1 and imposes no constraint otherwise. Therefore, the constitutive
laws for the constraint forces σ and the constraint impulses Σ of the switched geometric
bilateral constraint are given by

− σi ∈

∂Ψ{0}(gi)
0

if χi(t) = 1,

if χi(t) = 0,
(4.25)

− Σi ∈

∂Ψ{0}
(
g+

i

)
0

if χi(t) = 1,

if χi(t) = 0.
(4.26)

If the observer is initialized with the same initial conditions as the observed system and
the switching functions χ(t) are generated by the constraint distances of the observed
system, then both solutions are identical. This statement is the content of the following
proposition.

Proposition 4.5 Let (qm(t); um(t)) denote the solution of the master system described
by (4.2)–(4.6) and let (qs(t); us(t)) denote the solution of the slave system described
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by (4.22)–(4.26) for the same admissible initial conditions. Then, both solutions are
identical if the Boolean switching functions χ(t) in (4.23)–(4.26) are generated by the
constraint distances gm(t) of the master system.

Proof. The only difference between the master and the slave system are the unilateral
constraints. The condition that χ(t) is generated by gm directly implies that the force
laws (4.5) and (4.23) as well as the impact laws (4.6) and (4.24) are identical. For the
constraint forces σ and constraint impulses Σ, we seek an explicit expression in order to
show that both vanish for the considered solutions.

Using the index set I(t) = {i | χi(t) = 0} of the closed constraints at a certain point
in time, we introduce the following notation. A subscript I indicates that only the closed
constraints are considered, e.g. W I = {. . . , wi, . . . }, gs,I = (. . . , gs,i, . . . )T, where i ∈ I.

We multiply the kinematic equation in (4.22) from the left by WT
IK

−1 and obtain

WT
I

(
q̇s dt +

(
q+

s − q−s
)
dη
)

= WT
Ius dt + WT

IK
−1W σ dt + WT

IK
−1W Σ dη.

Substituting (4.4) and using the absolute continuity of η(t) yields

ġs,I dt +
(
g+

s,I − g−s,I

)
dη = γs,I dt + WT

IK
−1W σ dt + WT

IK
−1W Σ dη.

The force law (4.25) (written on velocity level) and the impact law (4.26) imply ġs,I = 0
and g+

s,I = 0, since the inverse of ∂Ψ{0} is the zero function, and we obtain σI = −L−1
I γs,I

and ΣI = −L−1
I g−s,I , where LI := WT

I K−1W I . We define the matrix II as the matrix
obtained by taking the identity matrix I ∈ Rm∗×m and removing all columns with an
index i /∈ I. The force and impact laws state σi = Σi = 0 ∀i /∈ I, which implies
σ = II σI and Σ = II ΣI . Together with γs,I = IT

I γs and g−s,I = IT
I g−s , an explicit

form for σ and Σ is obtained as

σ = −IIL
−1
I IT

I γs, (4.27)
Σ = −IIL

−1
I IT

I g−s , (4.28)

where the product of matrices IIL
−1
I IT

I ∈ Rm∗×m∗ is positive semi-definite.
The absolute continuity of the generalized coordinates qm of the master system, and

therefore of the generalized constraint distances gm, implies g−m,I = 0 for a given set I.
Together with (4.28), we obtain that q−m = q−s implies Σ = 0, which yields q+

m = q+
s

almost everywhere w.r.t. dη. Analogously, the absolute continuity of qm implies γm,I = 0
for a given set I. Together with (4.27), we obtain that um = us implies σ = 0, which
yields q̇m = q̇s almost everywhere w.r.t. dt. Finally, we obtain (dqm; dum) = (dqs; dus),
which, together with identical initial conditions, concludes the proof.

In order to state the a.i.s. of the observer, we will make the following assumptions.

Assumption 4.3

(i) The switching functions χ(t) are generated by an absolutely continuous function.

(ii) The impact map Hχ(t)(γ̄) is maximal monotone for any χ(t).
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Assumption 4.3 is identical to Assumption 4.2 except that Assumption 4.3 (i) is relaxed
compared to Assumption 4.2 (i).

Theorem 4.6 System (4.22)–(4.26) for given switching functions χ(t) is attractively
incrementally stable in the sense of Definition 4.1 if the Assumptions 4.1 and 4.3 are
fulfilled.

Proof. The proof of this theorem is given in Appendix A.5.2.

Any solution of the slave system (4.22)–(4.26) approaches the solution of the master sys-
tem (4.2)–(4.6) according to Theorem 4.6 together with Proposition 4.5 if the Assump-
tions 4.1 and 4.3 are fulfilled. Therefore, the slave system can be used as a state observer.
The additional use of position jumps increases the decay rate of the synchronization error
compared to the state observer without position jumps presented in Section 4.2.2, which
is illustrated in the following two examples.

Example 4.3 (Double mass impact oscillator) We revisit the example of the double mass
impact oscillator shown in Example 4.1. The system consists of two masses coupled by
spring-damper elements and the upper mass is harmonically forced. Figure 4.6 depicts
the synchronization setup with the coupled master (left) and slave system (right). Both
systems are described by (4.22)–(4.26) subjected to switched geometric unilateral con-
straints. The switching functions χ(t) are generated by the constraint distances gm of
the master system. Therefore, the (real) master system is subjected to geometric uni-
lateral constraints, whereas the (artificial) slave system is a perfect replica subjected to
switched geometric unilateral constraints that are switched on when the corresponding
constraints of the master system are closed. The generalized Poisson’s impact law is cho-
sen with a global coefficient of restitution of ε = 0.8. The same system parameters and
initial conditions as in Example 4.1 are used. The Assumptions 4.1 and 4.2 are fulfilled
in Example 4.1, which implies that Assumptions 4.1 and 4.3 are fulfilled here as they are
less restrictive. Therefore, the slave system reproduces the full state of the master system
using only the impact time instants.

The Lyapunov function (A.13) is shown in Figure 4.7 for the observer presented in
this section with position jumps (solid) as well as for the observer without position jumps
presented in Section 4.2.2 (dashed). Both observers tend to the observed system, but the
observer including position jumps has a higher synchronization rate.

Figure 4.8 shows the time evolution of the distance between the ground and the lower
mass. Depicted is the master system (black, solid), the slave system including position
jumps (black, dashed) and the slave system without position jumps (gray). The observer
with position jumps tends faster to the master system since it additionally imposes a
projection of the generalized coordinates. Both observers reproduce the full state of the
observed system using only the impact time information also in the presence of accumu-
lation points. △

Example 4.4 (Chain of rocking blocks) The second example consists of a chain of blocks
which are connected by spring-damper elements as depicted in Figure 4.9. Each block
can move vertically and rotate about its center of gravity. The lowest block is connected
to the harmonically moving ground. Between each neighboring block and between the
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Figure 4.6: Master-slave system unidirec-
tionally coupled by the Boolean switch-
ing functions χ(t).

Figure 4.7: Lyapunov function with position
jumps (solid) and without position jumps
(dashed).

Figure 4.8: Time evolution of the generalized coordinate and velocity of the lower mass of
the double mass impact oscillator for the master system (black, solid), slave system with
position jumps (black, dashed) and without position jumps (grey).
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Figure 4.9: Master-slave system unilaterally coupled by the switching functions χ(t) for the
chain of rocking blocks example.

lowest block and the ground there are on both sides unilateral constraints. Only small
deflections are assumed for which the system can be considered to be linear time-invariant
with symmetric and positive definite system matrices. The generalized Poisson’s impact
law is chosen with a global coefficient of restitution of ε = 0.9, which is maximal mono-
tone according to Theorem 3.14. The master system is subjected to geometric unilateral
constraints and the slave system is subjected to switched geometric unilateral constraints.
The system parameters are chosen such that the Assumptions 4.1 and 4.3 are fulfilled and
the slave system is a.i.s. according to Theorem 4.6.

The coupled system is simulated with a chain consisting of 10 blocks, which corre-
sponds to 20 degrees of freedom. As for Example 4.3, the observer including position
jumps as well as the observer without position jumps presented in Section 4.2.2 are im-
plemented. The time evolution of the constraint distance and coordinate of a constraint
(bottom right constraint in Figure 4.9) is shown in Figure 4.10 for the master system
(black, solid), slave system with position jumps (black, dashed) and without position
jumps (gray). The Lyapunov function for both observers is depicted in Figure 4.11 using
a logarithmic scale. During the time interval 4 ≤ t ≤ 8, the Boolean switching func-
tions χ(t) are generated by the master system, and the slave system (having switched
constraints) acts as a state observer. For illustrative purposes, the switching functions
are generated by the slave system itself for t ∈ [0, 4). Both slave systems are subjected
to geometric unilateral constraints during this time interval, that is, there is no coupling
between the master and the (identical) slave systems.

The slave systems are initialized using initial conditions which are very close to the
initial conditions of the master system. The uncoupled case shows that the master and
the slave system do generally not synchronize without any coupling. Furthermore, the
solutions will diverge for any small initial error because the system has extreme sensitivity
on initial conditions. Therefore, there is no local synchronization and the zero-solution of
the error dynamics is unstable in the uncoupled case.

△
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Figure 4.10: Time evolution of the constraint distance and coordinate of a constraint (bot-
tom right in Figure 4.9) for the master system (black, solid), slave system with position
jumps (black, dashed) and without position jumps (gray). The systems are decoupled dur-
ing the time interval 0 ≤ t < 4 for which there is generally no (local) synchronization.

Figure 4.11: Lyapunov function for the coupled chain of rocking blocks system with position
jumps (solid) and without position jumps (dashed) using a logarithmic scale.
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4.3 Observer Design Including Rigid Body Mode
The objective of this section is to use the observer design presented in Section 4.2.3
including position jumps and apply it to systems with a rigid body mode, that is, the
observer system is allowed to have a free rigid body motion. For example, the classical
bouncing ball system has a rigid body mode since the ball is not connected to the ground
with a force element such as a linear spring, which manifests itself in a positive semi-
definite stiffness matrix. The nonsingularity of the stiffness matrix leads to two main
difficulties. The metric given by the mechanical energy is no longer positive definite, and
the stiffness matrix is no longer a suitable metric for the position jumps.

4.3.1 Dynamics of Observed System
A in Section 4.2.1, the mechanical system for which we will design a state observer is
an n-DOF linear time-invariant multibody system subjected to geometric unilateral con-
straints. The dynamics including the force and impact laws is described by the set of
equations (4.2)–(4.6), which we do not reprint here.

The class of mechanical systems considered in this section has one rigid body mode,
which is influenced by one of the unilateral constraints. Therefore, the stiffness matrix
is singular which conflicts with Assumption 4.1. We will make the following assumptions
on the mechanical system with the rigid body mode.

Assumption 4.4

(i) The system matrices M , C and K are constant with M = MT ≻ 0, C = CT ≽ 0
and K = KT ≽ 0. Furthermore, K and C have the same nullspace and are of
rank n − 1.

(ii) The generalized force directions wj, collected in the matrix W = [w1, w2, . . . , wm]∈
Rn∗×m, are constant and linearly independent and there is a constraint which influ-
ences the rigid body mode.

(iii) The time-dependent external forcing f(t) is bounded, that is, supt∈R ∥f(t)∥ ≤ fmax
for a given bound fmax < ∞.

Consequently, the mechanical system has a rigid body mode which is described by the
eigenvector corresponding to the zero eigenvalue of K and C. The force direction corre-
sponding to the constraint influencing the rigid body mode will be referred to as wRBM
and we assume, without loss of generality, that wRBM = wm. Consequently, the force
directions fulfill

wm = wRBM /∈ range (K),
wj ∈ range (K) ∀j ∈ {1, 2, . . . , m − 1}.
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4.3.2 Observer Dynamics
In the following, we present the design of the state observer for the class of mechanical
systems described by (4.2)–(4.6) including a rigid body mode. We assume that the model
of the observed system is known, but the only available measurement is the time informa-
tion when the impacts occur, i.e., which contacts are closed and which are open. We use
a master–slave synchronization setup, where the observed system is the master system
and the state of the slave system is the estimate.

The slave system is a replica of the master system with two major modifications.
First, the slave system is subjected to switched kinematic unilateral constraints instead
of geometric unilateral constraints. Secondly, the kinematic equation is extended with a
constraint force which influences (only) the rigid body mode. Therefore, the non-impulsive
dynamics of the slave system is described by

q̇ = u + K⊥wRBM σ,

Mu̇ + Cu + Kq = W λ + f(t).
(4.29)

The matrix K⊥ is used instead of the inverse K−1 (cf. (4.22)) due to the singularity of
the stiffness matrix. It is defined using the Moore–Penrose pseudoinverse K+ as

K⊥ :=
(
I − K+K

)
and corresponds to the orthogonal projector onto null (K). Therefore, it ensures that the
constraint force σ has only an influence on the nullspace of K. Here, the projector K⊥

is given by the Cartesian product of the normalized eigenvector of the stiffness matrix K
corresponding to the zero eigenvalue and fulfills K⊥K⊥ = K⊥ and KK⊥ = 0.
Remark 4.2 The choice of the metric in the kinematic equation is critical. The matrix K⊥

is chosen because the product KK⊥, which appears later in the Lyapunov analysis,
vanishes. If, for example, the Moore–Penrose pseudoinverse K+ is used instead, then the
product KK+ appearing in the Lyapunov analysis would neither vanish nor would be
equal to the identity matrix due to the singularity. △
The constraint distances g and constraint velocities γ are defined as for the master sys-
tem by (4.4). The constraint force σ implies that the generalized velocities u(t) and
the constraint velocities γ(u(t), t) are no longer the time derivative of the generalized
coordinates q(t) and the constraint distances g(q(t), t), respectively.

As the constraint force σ might become arbitrarily large, the impulsive dynamics has
to be extended by the impact equation of the kinematic equation given by

q+ − q− = K⊥wRBM Σ,

M (u+ − u−) = W Λ,
(4.30)

where Σ is the constraint impulse of the kinematic impact equation. The generalized
coordinates q are no longer absolutely continuous, but special functions of locally bounded
variation.

The switched kinematic unilateral constraints impose the force law

−λi ∈

NR+
0
(γi) if χi(t) = 1,

0 if χi(t) = 0,
(4.31)
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and the impact law

−Λ ∈ Hχ(t)(γ̄), (4.32)

where χ(t) : R → {0, 1}m are external Boolean switching functions. The operator Hχ(t)
is chosen such that it is identical to the operator Hg in (4.6) if the same constraints are
closed or switched on, respectively.

The switched geometric bilateral constraint ensures that the constraint corresponding
to the force direction wRBM is closed (i.e., g+

RBM=0) for χRBM(t) = 1 and imposes no
constraint otherwise. Therefore, the constraint force σ and constraint impulse Σ are
obtained as

σ ∈

∂Ψ{0}(gRBM) if χRBM(t) = 1,

0 if χRBM(t) = 0,
(4.33)

and

Σ ∈

∂Ψ{0}(g+
RBM) if χRBM(t) = 1,

0 if χRBM(t) = 0.
(4.34)

If the slave system is initialized with the same initial conditions as the master system
and if the constraints of the slave system are switched on whenever the constraints of the
master system are closed, then both solutions are identical. This statement is the content
of the following proposition.

Proposition 4.7 Let (qm(t); um(t)) denote the solution of the master system described
by (4.2)–(4.6) and let (qs(t); us(t)) denote the solution of the slave system described
by (4.29)–(4.34) fo the same admissible initial conditions. Then, both solutions are identi-
cal if the Boolean switching functions χ(t) in (4.31)–(4.34) are generated by the constraint
distances gm(t) of the master system.

Proof. The proof of this proposition is given in Appendix A.5.3.

In the following, we will show that the slave system described by the observer dynam-
ics (4.29)–(4.34) is attractively incrementally stable for which we will make the following
assumptions.

Assumption 4.5

(i) The switching functions χ(t) are of class Km and are generated by an absolutely
continuous function.

(ii) There exists a maximal time interval for which the constraint influencing the RBM
is open or superfluous, i.e., ∀t ∃t∗ ∈ (t, t + Tmax) such that ΛRBM(t∗) ̸= 0 for a given
Tmax ∈ (0, ∞).

(iii) The impact map Hχ(t)(γ̄) is monotone for all χ(t). Furthermore, Hχ(t)(γ̄) is strongly
monotone in γ̄RBM for ΛRBM ̸= 0 and the inverse H−1

χ(t)(−Λ) is strongly monotone
in −ΛRBM.
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Assumption 4.5 is more restrictive than the Assumption 4.2 due to the complicacy of the
rigid body mode. Note that commonly used impact laws such as the generalized Newton’s
impact law or the generalized Poisson’s impact law are strongly monotone if none of the
constraints are superfluous and inverse strongly monotone for a single constraint with a
coefficient of restitution less than one.

Theorem 4.8 System (4.29)–(4.34) for given switching functions χ(t) is attractively
incrementally stable in the sense of Definition 4.1 if the Assumptions 4.4 and 4.5 are
fulfilled.

Proof. The proof of this theorem is given in Appendix A.5.4.

We have shown that the master system can be written using the equations of the slave
system as shown in Proposition 4.7. Furthermore, any two solutions of the slave system
approach each other due to the a.i.s shown in Theorem 4.8. Therefore, synchronization
of the master–slave system is guaranteed.

Example 4.5 (Robotic Leg) We illustrate the synchronization-based observer using the
example of a 3-DOF robotic leg as depicted in Fig. 4.12. The hip is vertically guided
and the thigh as well as the shank are connected by rotational joints with spring–damper
elements. All three parts have non-zero mass and gravitation is present. The master and
the slave system are subjected to a switched unilateral constraint between the foot and
the harmonically moving ground. The switching functions are generated by the constraint
distance of the master system in both cases. Therefore, the master system is subjected
to a geometric unilateral constraint according to Proposition 4.7.

A perfectly elastic generalized Poisson’s impact law is chosen for the normal direction.
We introduce friction with a sufficiently large friction coefficient in order to prevent the
foot from sliding on the ground. The frictional impacts [77] are chosen to be inelastic.
Therefore, the friction can be modeled as two opposing switched unilateral constraints
acting in the tangential direction together with a perfectly inelastic impact law. Since
these constraints are switched on whenever the constraint in the normal direction is closed,
it does not change the presented analysis of the observer dynamics.

The system is nonlinear and therefore not linear time-invariant. Nevertheless, large
spring constants are chosen such that the configuration of the leg remains close to the
equilibrium position. Therefore, the geometric nonlinearities remain small. The param-
eters are chosen such that the solution of the master system is chaotic and the jumping
height is bounded. Thus, the switching function χ(t) is of class K and there exists a
maximal time interval for which the constraint is open or superfluous. Since the Assump-
tions 4.4 and 4.5 are fulfilled2, the system is attractively incrementally stable according
to Theorem 4.8. Therefore, the synchronization error tends to zero and the slave system
reproduces the full state of the master system using only the impact time instants.

A simulation of the master–slave system is depicted in Fig. 4.13. Shown are the
foot positions and the foot velocities of the master system (solid) and the slave system

2The system is a.i.s. although the impact law in normal direction is not inverse strongly monotone.
The inverse strong monotonicity is not a necessary condition here, since the rigid body mode is not
decoupled from the remaining dynamics.
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Figure 4.12: Master-slave synchronization setup for the hopping leg example. The unidirec-
tional coupling consists of the Boolean switching function χ(t).

(dashed). The position and velocity of the ground is shown in gray. During the time
interval 4 ≤ t ≤ 8, the Boolean switching function χ(t) is generated by the master
system and the slave system (having switched constraints) acts as a state observer. For
illustrative purposes, the switching function is generated by the slave system itself during
the time intervals 0 ≤ t < 4 and 8 < t ≤ 16. Therefore, both systems are subjected
to a geometric unilateral constraint during these intervals and there is no coupling. The
uncoupled case shows that the master and the slave system do generally not synchronize
without any coupling. Furthermore, the solutions will diverge for any small initial error
because the system has extreme sensitivity on initial conditions . Therefore, there is no
local synchronization and the zero-solution of the error dynamics is unstable.

Fig. 4.14 shows a magnification of the foot velocities. The master system and, thus,
the slave system repeatedly experience accumulation points, which is inherently part of
the dynamics also in this case of a perfectly elastic impact law. The accumulation points
are followed by an interval of persistent contact and a subsequent flight phase.

The time evolution of the Lyapunov function (A.21) for this simulation example is de-
picted in Fig. 4.15. During the time interval where the observer is active, the impact time
instants of the master and slave system coincide. The Lyapunov function is discontinuous
but non-increasing and it tends to zero. The impact time instants do not coincide during
the uncoupled time intervals and the Lyapunov function shows a ‘peaking behavior’ [27].

△

4.4 Conclusions
The presented observer designs for mechanical systems subjected to (multiple) unilateral
constraints use only the Boolean information of the impact time instants, that is, which
contacts are open or closed. The full states of the observed systems are reproduced for any
initial conditions and also in the presence of accumulation points. The observers are based
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Figure 4.13: Foot position and velocity of the master (solid) and slave system (dashed).
The systems are decoupled at the beginning and the end of the simulation for which there
is generally no (local) synchronization.

Figure 4.14: Magnification of the foot velocities showing a simultaneous accumulation point
followed by an interval of persistent contact.

Figure 4.15: Time evolution of the Lyapunov function for the robotic leg example.
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on master–slave synchronization, where the solution of the slave system (observer) tends
to the solution of the master system (observed system). Synchronization is guaranteed
because the slave system is attractively incrementally stable and the solutions of the slave
and master systems are identical if they are started using the same initial conditions.

The property of maximal monotonicity of the impact maps is of prime importance
for the attractive incremental stability because it guarantees that the distance between
solutions is non-increasing at impact time instants. The concept of switched unilateral
constraints is necessary to exploit the maximal monotonicity property of the impact law.
The impact maps depend on the set of potentially active constraints. If we consider two
different impact processes of a system with geometric unilateral constraints, then the set of
closed constraints and thus the impact time instants differ. In this case, it is meaningless
to evaluate the maximal monotonicity condition of the impact map. This problem does
not occur for switched kinematic unilateral constraints as the switching functions are an
external input and therefore identical for all considered solutions.

In the master–slave synchronization approach, the information of the impact time
instants is fed from the master system to the slave system, which corresponds to a uni-
directional synchronization. The switched unilateral constraints ensure that the discon-
tinuities of the observer and the observed system occur at the same time instants. This
approach is no longer applicable if the coupling is inherently bidirectional, for example, in
the case of two identical impact oscillators coupled by a spring–damper element. In the
case of bidirectional synchronization, the impact time instants do generally not coincide
as presented in Chapter 5.

The observers with switched kinematic unilateral constraints use only the time infor-
mation of the impacts of the master system while the value of the (vanishing) constraint
distances is unused. This additional information is used by the observers with switched
geometric unilateral constraints. These constraints introduce position jumps, which is
feasible since the observer is not a physical system. The extended observers improve the
synchronization speed and the assumptions on the switching functions can be relaxed,
e.g. it allows for persistent constraints (constraints which close and do not open again).
Furthermore, the concept of switched geometric unilateral constraints allows to extend
the observer to systems with a rigid body mode such as legged robots.

If the slave system is attractively incrementally stable and admits a steady state solu-
tion, then it is uniformly convergent. The property of uniform convergence has generally
useful implications such as uniqueness of the steady state solution or that a periodic input
implies a periodic output. In observer design, however, the focus lies on tracking the ref-
erence trajectory generated by the observed system and uniform convergence is therefore
not a necessary requirement.

The observers proposed in the chapter are applicable to passive systems which are not
necessarily strictly passive. Other approaches assume strict passivity which is enforced
through continuous measurements of the state, for example in the case of a Luenberger
observer. The novelty of the approach presented in this chapter is that mechanical systems
are considered, which are typically only passive, and no continuous measurement of the
state are used. Finally, the presented state observer is, strictly speaking, a state detector
as the observed system may have non-observable states which are unaffected by any
unilateral constraints.



Chapter5
Bidirectional Synchronization

In this chapter, the synchronization problem of bidirectionally coupled mechanical sys-
tems subjected to a single geometric unilateral constraint is addressed. The impacts of
the individual systems, induced by the unilateral constraint, generally do not coincide
even if the solutions are arbitrarily ‘close’ to each other. The mismatch in the impact
time instants demands a careful choice of the distance function to allow for an intuitively
correct comparison of the discontinuous solutions resulting from the impacts. A distance
function induced by the quotient metric is proposed, which is based on an equivalence
relation using the impact map. The distance function obtained in this way is continuous
in time when evaluated along jumping solutions.

Synchronization properties of diffusively coupled differential equations and impulsively
coupled maps are generally studied through the analysis of the error dynamics which de-
scribes the difference between the states of the systems [160, 12, 161]. The error dynamics
is typically characterized by a smooth differential equation or map and, consequently, lin-
earization techniques and bifurcation theory have allowed to describe the convergence
properties of the error dynamics and to study the effect of the interaction network. In
this manner, the effect of the network topology, coupling strengths and delays of the
network interaction on (master-slave, partial or global) synchronization is relatively well-
understood for smooth systems [163, 10, 184] as well as for phase-coupled oscillators,
which are naturally analyzed using Poincaré sections [126]. In contrast, synchronization
of nonsmooth systems has received significantly less attention and, to the best of the au-
thor’s knowledge, the problem of synchronization for unilaterally constrained mechanical
systems has not yet been addressed.

Because impacts of unilaterally constrained mechanical systems are a consequence of
collisions and therefore are state-triggered events (i.e., occur at a certain position), they
generally do not occur at the same time instants for nearby trajectories. Therefore, one
expects a small time-mismatch of the impact time instants even for arbitrarily close initial
conditions. A small Euclidean synchronization error prior to the first impact therefore
does not imply that the Euclidean error is small during the time in between the im-
pacts of two neighboring trajectories. As an illustrative example, Fig. 5.1 shows the time
evolution of V (t) = ∥q1 − q2∥2 + ∥q̇1 − q̇2∥2 evaluated along the solutions of two syn-

The results presented in this Chapter are published in [15, 16].
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Figure 5.1: ‘Peaking behavior’ of the Euclidean synchronization error.

chronizing 1-DOF impacting systems with the generalized coordinates q1(t) and q2(t) and
discontinuous generalized velocities q̇1(t) and q̇2(t). This ‘peaking phenomenon’ of the
Euclidean synchronization error has also been observed in [27, 40, 61, 97, 119, 127] and
implies that the Euclidean synchronization error dynamics is generally unstable in the
sense of Lyapunov. Consequently, the existing synchronization results are not applicable
to mechanical systems with unilateral position constraints. An exception is the case of
synchronization between a mechanical system and an observer, in which the impacts of
the observer state can be made to coincide with the impacts of the mechanical system, as
exploited in Chapter 4.

Recently, focusing on the stability of jumping trajectories, the ‘peaking phenomenon’
has been addressed for hybrid systems in the framework of [82] by considering stability
in terms of a novel distance function which takes the jump characteristics into account
[27, 26]. This approach has been extended in [166] towards incremental stability. These
approaches, however, are not applicable if the time between state jumps can be arbitrarily
small, as occurs generally in unilaterally constrained mechanical systems (especially in
Zeno events, i.e., accumulation of impact time instants) since the hybrid system framework
employed is not suitable to investigate solutions after the occurrence of Zeno behavior.

In this chapter, the generic synchronization problem for mechanical systems subjected
to a geometric unilateral constraint is established. Furthermore, the synchronization prob-
lem of mechanical systems with one degree of freedom, possibly featuring accumulation of
impacts, is investigated in more detail. Synchronization between the systems is induced
either by an intrinsic incremental stability property or by an interaction law.

The outline of this chapter is as follows. In Section 5.1, the model of the mechanical
system under study is presented in terms of a measure differential inclusion. Subsequently,
in Section 5.2, a distance function, inspired by [177], is proposed, which is suitable to com-
pare discontinuous solutions of mechanical systems with multiple degrees of freedom and
a single geometric unilateral constraint. This distance function defines when solutions are
considered close to synchronization or when they are synchronized. The synchronization
problem formulation, which is established based on the presented distance function, is
applicable to generic mechanical systems with a unilateral constraint. Synchronization
defined in this manner corresponds to the intuitive notion of synchrony. The synchro-
nization problem does not suffer from the ‘peaking phenomenon’ and can deal with ac-
cumulation of impacts. In Section 5.3, Lyapunov arguments are used to investigate this
synchronization problem for the one-dimensional case and provide conditions on the in-
dividual systems and their interaction law which guarantee that synchronization occurs.
The non-expansive nature of most commonly used instantaneous impact laws, including
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the generalized Poisson’s and Newton’s impact law with global coefficient of restitution,
is exploited in the Lyapunov function design to guarantee non-increasing behavior of
the Lyapunov function over the impacts. Furthermore, interaction laws to enforce syn-
chronization using finite forces generated by the interaction network are designed, which
are illustrated using numerical examples in Section 5.4. Conclusions are formulated in
Section 5.5.

5.1 Dynamics of Mechanical Systems with a Single
Unilateral Constraint

Let us consider an n-DOF mechanical system subjected to a single frictionless geometric
unilateral constraint. The dynamics of such a system is only briefly reviewed here as it
is discussed in detail in Chapter 2 and Chapter 3. The state of the system is described
by the generalized coordinates q(t) ∈ Rn and velocities u(t) ∈ Rn. The non-impulsive
dynamics is described by the kinematic equation and the equation of motion given by

q̇ = u,

Mu̇ − h(q, u, τ , t) = wλ,
(5.1)

where h(q, u, τ , t) is a function of the state (q; u), the coupling forces τ and the time t

explicitly. Throughout the chapter, we will use the notation (q; u) =
(
qT uT

)T. The
mass matrix M = MT ≻ 0 is symmetric and assumed to be constant and positive defi-
nite. The motion of the system is restricted by a single scleronomic geometric unilateral
constraint g(q) ≥ 0, where g : Rn → R is an affine function of q. The constraint ve-
locity γ(q, u) = dg(q(t))

dt
= wTu is the time derivative of the constraint distance g, where

w =
(

∂g
∂q

)T is the generalized force direction.
The force law for the constraint force λ is described by the inequality complementarity

condition

−λ ∈ NR+
0
(g) :=

0 if g > 0,

(−∞, 0] if g = 0.

The admissible set of states is A := {(q; u) ∈ R2n | g(q) ≥ 0}. The boundary of A is
partitioned as bdry A = bdry A+ ∪ bdry A− with bdry A+ := {(q; u) ∈ R2n | g(q) =
0, γ(q, u) ≥ 0} and bdry A− = {(q; u) ∈ R2n | g(q) = 0, γ(q, u) < 0}. An impact is
imminent if the state is in bdry A− because an impact is required for the state to remain
in the admissible set A. The impulsive dynamics is described by the impact equation

M (u+ − u−) = wΛ (5.2)

together with the impact law

−Λ ∈ Hg(γ̄). (5.3)

In unilaterally constrained mechanical systems, infinitely many impacts can naturally
occur in a finite time interval, known as Zeno behavior or the accumulation of impact time
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instants. Hence, a complete description of the dynamics cannot be given in the hybrid
dynamical systems framework [82]. This motivates the measure differential inclusion
formulation (5.1)–(5.3), which can be written in the compact form (see [136, 135, 119, 38])

dq = udt,

Mdu − h(q, u, τ , t)dt = wdP,

dP ∈
{
λdt + Λdη

∣∣∣−λ ∈ NR+
0
(g), −Λ ∈ Hg(γ̄)

}
.

To formulate the synchronization problem in the next section, we will employ an
explicit impact map from pre- to post-impact states. Namely, the impact equation (5.2)
together with the impact law (5.3) results in an explicit impact map Z̄ : (q; u−) 7→
(q; u+) = Z̄(q; u−), where we note that the generalized coordinates q are not altered by
the impact map.

We adopt the following assumption on the impact map Z̄.

Assumption 5.1 Consider the impact map Z̄ : R2n → R2n.

• If the domain of Z̄ is restricted to bdry A, then the map Z̄ is non-expansive in the
metric A = diag(K, M ), where M ∈ Rn∗×n∗ is the mass matrix and K ∈ Rn∗×n∗

is an arbitrary symmetric positive definite matrix. This property can be written as
∥Z̄(q1; u−1 )−Z̄(q2; u−2 )∥A ≤ ∥(q1; u−1 )−(q2; u−2 )∥A ∀ (q1; u−1 ), (q2; u−2 ) ∈ bdry A,
where ∥ · ∥A : x 7→

√
xTAx is the norm induced by the inner product with the

metric A.

• Admissible velocities are unchanged: (q; u−) ∈ A\bdry A− ⇒ Z̄(q; u−) = (q; u−).

• Post-impact velocities are admissible: (q; u−) ∈ bdry A− ⇒ Z̄(q; u−) ∈ bdry A+.

The condition of non-expansivity of Z̄ is equivalent to Lipschitz continuity of Z̄ (in the
metric A) with Lipschitz constant equal to one [169].

Assumption 5.1 is a natural assumption, which is fulfilled for the commonly used
generalized Newton’s impact law for a single constraint. As shown in Theorem 3.12, the
impact law of the generalized Newton’s impact law for a closed constraint is given by

−Λ ∈ Hg(γ̄) =


2(1+e)

e−1 proxR+
0
(− 1

G
γ̄) if 0 ≤ e < 1,

NR+
0
(γ̄) if e = 1,

(5.4)

and the impulsive force is zero if the contact is open. Here, the Delassus-operator G :=
wTM−1w is scalar and not a function of q. The parameter e ∈ [0, 1] is the coefficient of
restitution and captures the energy dissipation of the impact. The explicit expression for
the impact map Z̄ for the generalized Newton’s impact law (5.4) is given by

Z̄

 q

u−

 =

 q

Zq(u−)

 =

 q

(1 + e)proxM
TC(q)(u−) − eu−

,

where TC(q) =


{
u|wTu ≥ 0

}
if g(q) = 0,

Rn if g(q) > 0.

(5.5)
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The impact map Zq in (5.5) from pre- to post-impact velocities is non-expansive in the
metric M for closed constraints according to Theorem 3.12 such that Assumption 5.1 is
indeed fulfilled for Newton’s impact law.

In the following section, we consider the synchronization problem for mechanical sys-
tems of the form (5.1)–(5.3). The ‘peaking phenomenon’, which appears when the Eu-
clidean synchronization error is considered, is induced by the nature of the underlying
system. In order to obtain a distance function which is continuous when evaluated along
solutions, the impact map Z̄ is explicitly used in the construction. The property of
non-expansivity of Z̄ leads to a great simplification in the construction of the distance
function.

5.2 Synchronization Problem
For smooth systems, where solutions are continuous functions in time, we consider two
solutions as synchronized if they are equal. In the case of nonsmooth systems, we need to
take the discontinuous behavior of the solutions into account. We do so by introducing
the following definition.

Definition 5.1 Two solutions x(t), y(t) are called synchronized at time t if x+(t) = y+(t).

Using the right-limit in Definition 5.1 is a small but considerable change compared to the
smooth case. At impact time instants, two solutions are considered synchronized if they
are mapped to the same post-impact state and, for continuous motion, it agrees with
the notion of synchronization for smooth systems. We note that the right-hand limits in
Definition 5.1 can be replaced by left-hand limits without altering the defined property
of the solutions if the impact map Z̄ is invertible (e.g., Newton’s impact law with e > 0).

In Section 5.2.1, we define the synchronization set as a subset of the admissible state
space such that it corresponds to synchronization in the sense of Definition 5.1. Fur-
thermore, solutions are considered close to synchronization if they are close to the syn-
chronization set. This notion of distance is introduced in Section 5.2.2 and it is used to
formulate the synchronization problem for systems of the form (5.1)–(5.3) in Section 5.2.3.

5.2.1 Synchronization Set
Following Definition 5.1, we say that two states x = (qx; ux) and y = (qy; uy) are
synchronized if they are identical or if they are mapped to the same point in the state
space by the impact map Z̄, which yields the equivalence relation

x ∼ y ⇔ Z̄(x) = Z̄(y). (5.6)

Similarly to the synchronization manifold defined for smooth systems (see, e.g., [160]),
we define the synchronization set S := {(x; y) ∈ A2 | x ∼ y}. The synchronization set S
can be partitioned as

S = S00 ∪ S01 ∪ S10 ∪ S11 (5.7)
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with the four subsets defined by

S00 =


x

y

 ∈ S

∣∣∣∣∣∣x, y ∈ int A ∨ x, y ∈ bdry A+

, (5.8)

S01 =


x

y

 ∈ S

∣∣∣∣∣∣x ∈ bdry A+ ∧ y ∈ bdry A−
, (5.9)

S10 =


x

y

 ∈ S

∣∣∣∣∣∣x ∈ bdry A− ∧ y ∈ bdry A+

, (5.10)

S11 =


x

y

 ∈ S

∣∣∣∣∣∣x, y ∈ bdry A−
. (5.11)

If two states are equivalent, then either both states are in the interior int A or both
are on the boundary bdry A of A. The partitioning (5.7)–(5.11) distinguishes whether
the states x or y are immediately prior to an impact or not. More precisely, x has an
imminent impact if (x; y) ∈ S10 ∪S11 and y has an imminent impact if (x; y) ∈ S01 ∪S11.
Let us illustrate the synchronization set S and its partitioning (5.7)–(5.11) by an example.

Example 5.1 The equivalence relation (5.6) and the partitioning (5.7)–(5.11) are illus-
trated using a 1-DOF mechanical system with the state vector (q; u) ∈ R2. We consider
a single constraint g(q) = q ≥ 0 with a generalized Newton’s impact law. The impact
map (5.5) simplifies to  q

u+

 = Z̄

 q

u−

 =

 q

Zq(u−)


with Zq(u−) =

−e u− if q = 0 ∧ u− < 0,

u− otherwise.

(5.12)

A necessary condition for the equivalence of two points in the state space x = (qx; ux)
and y = (qy; uy) is qx = qy because the impact map Z̄ does not alter the generalized
coordinate. In the case of open constraints (here: qx = qy > 0), two states x and y are
equivalent if and only if the velocities are identical and the synchronization set consists
only of the region (x; y) ∈ S00 as depicted in Fig. 5.2(a). The case of closed constraints
(here: qx = qy = 0) is depicted in Fig. 5.2(b) for a partially elastic impact and in Fig. 5.2(c)
for a completely inelastic impact. The region (x; y) ∈ S01 captures the case where y is
mapped to x by the impact (i.e., ux = −euy) and vice versa for (x; y) ∈ S10. The region
S11 fills the entire quadrant ux < 0, uy < 0 in the case of a completely inelastic impact.

△

We have now defined equivalence of points in the state space. However, we are interested
in the synchronization of trajectories and therefore it is necessary to compare trajectories
point-wise in time. Since the velocities are discontinuous at impact time instants, the state
is undefined as it jumps from one point in the state space to another. To deal with this
problem, we introduce [x] := {x̃|x̃ ∼ x} as the equivalence class of x using the equivalence
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Figure 5.2: Partitioning of the synchronization set S for open constraints (a), closed con-
straints with e ∈ (0, 1] (b), and closed constraints with e = 0 (c).

relation (5.6). Furthermore, let A/∼:= {[x] | x ∈ A} denote the quotient space, which is
the set of all equivalence classes. Since the quotient map is constructed using the impact
map of the dynamics, the solutions x(t) on the quotient map are continuous in time,
that is, [x−(t)] = [x+(t)], and we can define [x(t)] := [x+(t)] for all t. Therefore, two
solutions x(t), y(t) are synchronized at time t according to Definition 5.1 if they belong
to the same equivalence class at time t, that is, if [x(t)] = [y(t)].

5.2.2 Distance Function
We will now introduce a notion of distance between two points x and y in the state
space in order to measure how far two solutions are away from synchrony at a certain
time t. In contrast to the similar distance notions introduced in [26] and [41], the distance
function introduced here exploits the physical properties of the impact map Z̄. In order
to avoid the ‘peaking phenomenon’ when evaluated along solutions, two states should also
be considered close if one state has just experienced an impact and the other state is still
on the verge of an impact. Using the equivalence relation (5.6), this can be achieved by
defining the distance function d(x, y) as

d(x, y) = inf


N∑

j=0

∥∥∥xj − yj
∥∥∥
∣∣∣∣∣∣N ∈ N0, x = x0, yj ∼ xj+1 for 0 ≤ j < N, yN = y

, (5.13)

where ∥ · ∥ : x 7→
√

xTx denotes the Euclidean norm. The distance function d is the
quotient metric on the quotient space A/∼ obtained by the equivalence relation (5.6),
cf. [42]. The quotient metric is indeed a metric on the quotient space if Assumption 5.1
on the impact map Z̄ is fulfilled, which is shown in the following proposition.

Proposition 5.1 Let Assumption 5.1 be fulfilled. Then the quotient distance func-
tion d(x, y) in (5.13) is a metric on the quotient space, that is, ∀x, y, z ∈ A

(i) d(x, y) = 0 ⇔ (x; y) ∈ S,

(ii) d(x, y) = d(y, x),

(iii) d(x, y) ≤ d(x, z) + d(z, y).
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Proof. The proof of this proposition is given in Appendix A.6.1.

Conditions (ii) and (iii) in Proposition 5.1 are also fulfilled if the distance function d is
considered on the original space A. Additionally, x = y implies d(x, y) = 0, however,
the converse is not true as d(x, y) = 0 merely implies x ∼ y. The distance function d is
therefore only a pseudometric on the space A.

The distance function d is continuous in time when evaluated along solution x(t) and
y(t), since it fulfills d(x, y) = d(x∗, y∗) ∀x ∈ [x∗], y ∈ [y∗] by construction and solutions
of (5.1)–(5.3) are continuous in time on the quotient space. The distance function at
impact time instants can thus be defined as d(x(t), y(t)) := d(x+(t), y+(t)), as the result
is not altered if the left limit for x(t) or y(t) would be taken.

In the next step, we construct a simpler (quotient) distance function dA(x, y) which is
equivalent1 to the distance function d if the impact map is non-expansive. In the definition
of the distance function d in (5.13), the points xj+1 ∼ yj can be seen as intermediate
points. The number of these points, denoted by N , is generally unbounded. The new
distance function dA(x, y) is simpler in the sense that at most two intermediate points
are necessary as shown in the following theorem.

Theorem 5.2 Let Assumption 5.1 be fulfilled and let d(x, y) be the quotient distance
function in (5.13) with the equivalence relation (5.6). Let dA(x, y) be defined by

dA(x, y) := min
{
dA

00, dA
01, dA

10, dA
11

}
, (5.14)

where

dA
00 = ∥x − y∥A, (5.15)

dA
01 = inf

∥∥∥x − y0
∥∥∥

A
+
∥∥∥x1 − y

∥∥∥
A

∣∣∣∣∣∣
x1

y0

 ∈ S10

, (5.16)

dA
10 = inf

∥∥∥x − y0
∥∥∥

A
+
∥∥∥x1 − y

∥∥∥
A

∣∣∣∣∣∣
x1

y0

 ∈ S01

, (5.17)

dA
11 = inf

∥∥∥x − y0
∥∥∥

A
+
∥∥∥x1 − y1

∥∥∥
A

+
∥∥∥x2 − y

∥∥∥
A

∣∣∣∣∣∣
x1

y0

 ∈ S01 ∧

x2

y1

 ∈ S10

 (5.18)

with A = diag(K, M ), where M is the mass matrix and K is a symmetric positive
definite matrix. Then the distance functions d(x, y) and dA(x, y) are equivalent. Fur-
thermore, if A is the identity matrix I, then dA(x, y) = dI(x, y) = d(x, y).

Proof. The proof of this theorem is given in Appendix A.6.1.

Theorem 5.2 bears similarity with [177, Lemma 2.1], which considers one-dimensional
systems with Newton’s impact law. In contrast to [177], Theorem 5.2 is more generically
applicable to multi-dimensional systems and the impact law is only assumed to be non-
expansive (which includes Newton’s impact law, but allows for more generic impact laws).

1Let dα, dβ : E × E → R be two distance functions on a set E. Analogously to equivalence of
norms, the distance functions are called equivalent if there exist two numbers c1 > 0, c2 > 0 such that
c1dα(x, y) ≤ dβ(x, y) ≤ c2dα(x, y) ∀x, y ∈ E.
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Figure 5.3: Distance function dA(x, y) for Example 5.1 for (a) dA
00, (b) dA

01 and (c) dA
11.

Remark 5.1 If K in A = diag(K, M ) is the stiffness matrix of the considered mechanical
system, then ∥ · ∥A corresponds to the metric of the mechanical energy of the system. △
Example 5.1 (revisited) We revisit Example 5.1 in order to illustrate the distance func-
tion dA in (5.14)–(5.18). We write an intermediate point (x1; y0) ∈ S10 as x1 = (0; −z),
y0 = (0; ez) with z > 0. The functions (5.15)–(5.18) can therefore be written as

dA
00 =

∥∥∥∥∥∥
qx

ux

−

qy

uy

∥∥∥∥∥∥
A

,

dA
01 = inf

z>0


∥∥∥∥∥∥
qx

ux

−

 0
ez

∥∥∥∥∥∥
A

+

∥∥∥∥∥∥
 0

−z

−

qy

uy

∥∥∥∥∥∥
A

,

dA
10 = inf

z>0


∥∥∥∥∥∥
qx

ux

−

 0
−z

∥∥∥∥∥∥
A

+

∥∥∥∥∥∥
 0

ez

−

qy

uy

∥∥∥∥∥∥
A

,

dA
11 = inf

z1>0
z2>0


∥∥∥∥∥∥
qx

ux

−

 0
−z1

∥∥∥∥∥∥
A

+

∥∥∥∥∥∥
 0

ez1

−

 0
ez2

∥∥∥∥∥∥
A

+

∥∥∥∥∥∥
 0

−z2

−

qy

uy

∥∥∥∥∥∥
A


with A = diag(k, m) positive definite. The term dA

00 corresponds to the Euclidean distance
in the metric A, which is depicted in Fig. 5.3(a). The term dA

01 consists of the sum of
two Euclidean distances, where the intermediate point (0; −z; 0; ez) ∈ S10 is chosen as
depicted in Fig. 5.3(b). Note that the term dA

01 vanishes for x = Z̄(y) ̸= y. The terms dA
10

is the symmetric case to dA
01, that is, dA

10(x, y) = dA
01(y, x). The term dA

11 is the sum
of three Euclidean distances using the intermediate points (0; ez1; 0; −z1) ∈ S01 and
(0; −z2; 0; ez2) ∈ S10 as depicted in Fig. 5.3(c). △

Remark 5.2 In [26], which focuses on hybrid systems formulated in the framework of [82]
with invertible jump laws, a related distance function d̃(x, y) has been introduced as

d̃(x, y) = min
z∈S

∥∥∥∥∥∥
x

y

− z

∥∥∥∥∥∥. (5.19)
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The distance function d̃ and the quotient distance function d are equivalent under
certain assumptions on the impact map Z. More specifically, if Assumption 5.1 is ful-
filled and if there exists a constant α ∈ (0 1] such that 1

α
Z̄ restricted to bdry A− is

non-contractive (i.e., strictly expansive) in the metric A, then the distance functions de-
fined by (5.13) and (5.19) are equivalent. This statement is proven in Proposition 5.3 in
Appendix A.6.2. Let us consider, for example, the generalized Newton’s impact law for
a single geometric unilateral constraint for which the impact map Z̄ is given by (5.5). If
the coefficient of restitution e is sufficiently larger than 0 (i.e., if 1 > (1 − e2) cond(M ),
where cond(M ) is the condition number of the mass matrix), then there exists a con-
stant α ∈ (0, 1] such that 1

α
Z̄ restricted to bdry A− is non-contractive in the metric A

as shown in Lemma 5.4 in Appendix A.6.3. Together with Assumption 5.1, this implies
that the distance function d̃ in (5.19) and the quotient distance function d in (5.13) are
equivalent for this example.

If the distance functions d and d̃ are equivalent, then any statement using stability in
the sense of Lyapunov does not depend on the choice of either distance function. In the
case of a completely inelastic collision, the equivalence cannot hold as cond(M ) ≥ 1 by
definition. This is due to the fact that the definition of d̃ in (5.19) uses only one interme-
diate point, whereas the definition of d allows for more intermediate points. In any case,
both distance functions vanish if and only if the considered states are equivalent according
to Proposition 5.1. The present formulation of the distance function d is preferred as it
is the most natural choice of a metric on the quotient space. Furthermore, in contrast
to (5.19), the distance function d(x(t), y(t)) evaluated along solutions x(t) and y(t) is
guaranteed to be a continuous function in time. Consequently, d(x(t), y(t)) is also defined
at impact time instants. △

5.2.3 Synchronization Problem
In the following, the synchronization problem is defined for mechanical systems of the
form (5.1)–(5.3) using the quotient distance function d. Given two trajectories x(t)
and y(t), the error signal e(t) = d(x+(t), y+(t)) is a continuous function in time, since
d(x−(t), y−(t)) = d(x+(t), y+(t)), which allows us to formulate the synchronization prob-
lem as follows (confer [32] for definitions of synchronization for smooth systems).
Definition 5.2 (Synchronization Problem) Consider two mechanical systems described
by (5.1)–(5.3) with solutions x(t) = (qx(t); ux(t)) and y(t) = (qy(t); uy(t)) for the initial
conditions x−(t0), y−(t0) ∈ A. Let the coupling forces τ x and τ y acting on the first
and second system, respectively, be defined by a static interaction law (τ x(t), τ y(t)) =
(κx(x(t), y(t), t), κy(x(t), y(t), t)) and let the distance function d be defined by (5.13).
The coupled systems are said to achieve local synchronization if for each ε > 0 there
exists a δ(ε) > 0 such that

d(x(t0), y(t0)) < δ(ε) ⇒ d(x(t), y(t)) < ε, ∀t ≥ t0 (5.20)

and there exists a δ0 > 0 such that

d(x(t0), y(t0)) < δ0 ⇒ lim
t→∞

d(x(t), y(t)) = 0. (5.21)

Furthermore, the coupled systems are said to achieve global synchronization if (5.20) and
(5.21) are fulfilled and δ0 in (5.21) can be chosen arbitrarily large.
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Figure 5.4: Two identical unilaterally constrained 1-DOF mechanical systems subjected to
an external forcing f(t) and coupling forces τx and τy.

The quotient distance function d gives a natural notion of distance when comparing
solutions and it is therefore appropriate in the definition of the synchronization problem.
If two solutions x(t) and y(t) are close at a certain point in time (i.e., d(x(t), y(t)) is small)
and if the solutions are far away from the constraint, then the Euclidean distance ∥x(t) −
y(t)∥ is small as well. The Euclidean distance might be large in the vicinity of the
constraints even if the solutions are arbitrarily close to each other w.r.t. d. However,
generally for unilaterally constrained mechanical systems, the width of the ‘peaks’ of the
Euclidean distance tends to zero as the solutions approach each other, see [27, 26].
Remark 5.3 In the next section, the two systems in Definition 5.2 are coupled by the
forces τ x and τ y, which are used to achieve (local/global) synchronization. For τ x = 0,
Definition 5.2 describes a master–slave synchronization problem where x(t) and y(t) are
the solutions of the master and slave system, respectively. In this case, synchronization
requires the solution of the master system to be an asymptotically stable solution of the
slave system with respect to the distance function d, as defined in [27]. Here, we consider
the generic case of mutual synchronization. △

5.3 1-DOF Mechanical Impact Oscillators
In this section, the synchronization problem for a 1-DOF mechanical impact oscillator
as depicted in Fig. 5.4 is considered. Even though this is a canonical representative of
the class of mechanical systems presented in Section 5.1, the synchronization problem
including accumulation points has remained unsolved for this case. This shows that the
theory of synchronization of impacting systems including accumulation points is still in
its infancy. The one-dimensional case is a challenging first step and serves as stepping
stone in the direction of more general systems.

In the following, we design a Lyapunov function for the 1-DOF system which enables
us to construct sufficient conditions for local synchronization in the sense of Definition 5.2
without any interaction. Furthermore, we design a synchronizing interaction law and
construct sufficient conditions for global synchronization for the coupled case.

The states of the two coupled systems are denoted by x = (qx; ux) and y = (qy; uy).
The equation of motion is described by (5.1) with h(q, u, τ, t) = −cu − kq − f(t) − τ . The
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impact equation is given by (5.2). The stiffness k and the damping c are assumed to be
strictly positive. Without loss of generality, we choose m = k = 1 as well as w = 1 and
g = q. This can always be achieved by rescaling the states and time. The equations of
motion of the coupled system are obtained as

u̇x + cux + qx = λx − f(t) − τx with q̇x = ux a.e.,
u̇y + cuy + qy = λy − f(t) − τy with q̇y = uy a.e.

(5.22)

The external forcing f(t) in (5.22) is identical for both systems, whereas the coupling
forces τx and τy are generally unequal. The two systems are coupled if the force τx

depends on the state y and/or vice versa for τy and x. The unilateral constraints are
closed if qx = 0 or qy = 0, respectively, and the constraint forces obey the Signorini
conditions

−λx ∈ NR+
0
(qx), −λy ∈ NR+

0
(qy). (5.23)

The generalized Newton’s impact law is chosen and completely inelastic collisions are
excluded, that is, the coefficient of restitution fulfills e ∈ (0 1]. The corresponding impact
map Z̄ fulfills Assumption 5.1 and is given by (5.12) as

Z̄

 qx

u−x

 =

 qx

Zqx(u−x )

, Z̄

 qy

u−y

 =

 qy

Zqy(u−y )


with Zq(u−) =

−e u− if q = 0 ∧ u− < 0,

u− otherwise.

(5.24)

Remark 5.4 Collisions with e = 0 dissipate the entire energy of a 1-DOF system, which
typically leads to finite-time synchronization after a few impacts, also in the absence of
any coupling. △
As we are interested in the synchronization problem for the system described by (5.22)–
(5.24), we aim to study the evolution of the quotient distance function d defined in (5.13)
along solutions. Since the mass is normalized to be equal to one, the matrix A in (5.14)–
(5.18) can be chosen as the identity matrix. Additionally, Theorem 5.2 implies that the
distance function dI is identical to d. Therefore, we can reduce the complexity of the
problem by considering the simpler distance function dI .

In order to design the interaction laws

τx(t) = κx(x(t), y(t), t), τy(t) = κy(x(t), y(t), t) (5.25)

and to study synchronization of the coupled system (5.22)–(5.24), we will now present a
Lyapunov function suitable for investigating synchronization according to Definition 5.2.
A naive approach would be to choose the candidate Lyapunov function given by 1

2(dI)2 =
1
2 min

{
dI

00
2
, dI

01
2
, dI

10
2
, dI

11
2} and differentiate this function with respect to time. How-

ever, this approach requires explicit knowledge of the intermediate points which have to
be obtained by solving the minimization problem in the definition of dI

01, dI
10 and dI

11,
see (5.16)–(5.18). In order to avoid this complication and to obtain an explicit definition
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for a Lyapunov function, we approximate the minimizers in (5.16)–(5.18) and obtain the
following candidate Lyapunov function:

V (x, y) := min{V00(x, y), V01(x, y), V10(x, y)}, (5.26)
where V00 := 1

2 d̂2
00, V01 := 1

2 d̂2
01, V10 := 1

2 d̂2
10, (5.27)

d̂00 :=
√

(qx − qy)2 + (ux − uy)2, (5.28)

d̂01 :=


√

(qx + qy)2 +
(

qx+qy

qx+eqy

)2
(ux + euy)2 if uxqy − uyqx > 0,√

q2
x + u2

x +
√

q2
y + u2

y if uxqy − uyqx ≤ 0,
(5.29)

d̂10(x, y) := d̂01(y, x). (5.30)

Remark 5.5 The Lyapunov function (5.26)–(5.30) can be written as V = 1
2 d̂2, where

d̂(x, y) := min{d̂00(x, y), d̂01(x, y), d̂10(x, y)} is an explicit approximation of the distance
function dI in (5.14)–(5.18). First, we note that d̂00(x, y) = d00(x, y). Furthermore,
the function d11 in (5.18) is neglected, since d11 can be bounded from below2 using
d00. The function d̂01(x, y) is obtained by selecting in (5.16) the intermediate point

(x̃1; ỹ0) ∈ S10 with −x̃1 = 1
e
ỹ0 = (0; z01) and z01 =


uxqy−uyqx

qx+eqy
if uxqy − uyqx > 0,

0 if uxqy − uyqx ≤ 0.

Therefore, (x̃1, ỹ0) acts as an approximation of the minimizer in (5.16), thereby generat-
ing an upper bound for d01(x, y). Analogously, the function d̂10(x, y) is an approximation
of d10(x, y). An interpretation of the approximation of the intermediate point will be given
later in Lemma 5.5. △
Fig. 5.5 depicts level sets of the distance function dI = d (gray) and of the approxi-
mation d̂ = min{d̂00, d̂01, d̂10} (black) in the qy-uy-plane for three different choices of x.
Depending on the intermediate points, we can distinguish between four regions for dI =
min{dI

00, dI
01, dI

10, dI
11} and three regions for d̂ = min{d̂00, d̂01, d̂10}. These regions are sep-

arated by dashed lines in Fig. 5.5. If the points x and y are close, then the distance
functions are given by dI = dI

00 and d̂ = d̂00, respectively, and the level sets are concentric
circles. If the points x and y are close to the constraint but not close to each other, then
the minimum is no longer attained using the Euclidean distance. The dotted line running
through the origin and x is given by uxqy − uyqx = 0 and it is used in the definition
of d̂01 and d̂10, see (5.29). We note that d̂ = d̂00 on the line uxqy − uyqx = 0. Further-
more, we have d̂ < d̂10 in the region uxqy − uyqx > 0 and, analogously, d̂ < d̂01 in the
region uxqy − uyqx < 0. Consequently, the distance function d̂ can be written as

d̂ =


min{d̂00, d̂01} if uxqy − uyqx > 0,

d̂00 if uxqy − uyqx = 0,

min{d̂00, d̂10} if uxqy − uyqx < 0.

(5.31)

The candidate Lyapunov function V is positive definite in the distance function dI ,
which is shown in the following lemma.

2The lower bound is explicitly given in the proof of Proposition 5.3. The necessary conditions are
fulfilled for the impact map (5.24) with e ∈ (0, 1] as shown in Lemma 5.4 given in Appendix A.6.3.
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Figure 5.5: Level sets of the distance functions dI(x, y) = d(x, y) (gray) and d̂(x, y) (black)
for e = 0.5 and three different choices of x.

Lemma 5.5 Let V be the function defined in (5.26)–(5.30) and let the quotient distance
function d in (5.13) be defined using the impact map Z̄ in (5.24). Then,

1
2

d2(x, y) ≤ V (x, y) ≤ 1
2

(
d(x, y)

e

)2

.

Proof. The proof of this lemma is given in Appendix A.6.4.

Note that Lemma 5.5 implies V (x, y) = 1
2d2(x, y) for e = 1.

The candidate Lyapunov function (5.26)–(5.30) measures the distance between two
states. A scalar function V (x(t), y(t)) is obtained when it is evaluated along solutions x(t)
and y(t) of (5.22)–(5.24). The function V in (5.26)–(5.30) is locally Lipschitz3 in both
arguments and the considered solutions are functions of special locally bounded variation.
From [119, Prop. 6.3] it follows that the candidate Lyapunov function is of special locally
bounded variation as well. Therefore, the differential measure dV has a density V̇ with
respect to the Lebesgue measure dt and a density V + − V − with respect to the atomic
measure dη, i.e., dV = V̇ dt + (V + − V −)dη. In the following, the densities V̇ and
(V + − V −) are evaluated for system (5.22)–(5.24), see Lemmas 5.7 and 5.6, respectively,
which is used later for the Lyapunov-based stability analysis.

Lemma 5.6 The Lyapunov function (5.26)–(5.30) evaluated along solutions x(t), y(t)
of (5.22)–(5.24) satisfies

V (x+(t), y+(t)) − V (x−(t), y−(t)) ≤ 0 ∀t.
3The Lyapunov function is not Lipschitz at qx = qy = 0 with |ux| + |uy| ≠ 0. However, this occurs

only at distinct points in time because qx = 0, |ux| ̸= 0 as well as qy = 0, |uy| ̸= 0 can only hold for a
Lebesgue negligible set of time. Because the jumps in the Lyapunov function V + − V − at these points
in time are well defined (see Lemma 5.6), the differential measure of V can nevertheless be written as
dV = V̇ dt + (V + − V −)dη.
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Proof. The proof of this lemma is given in Appendix A.6.5.

The density V̇ is generally given by V̇ = ξT(ẋ; ẏ) with ξ ∈ ∂V (x, y), where ∂V (x, y)
denotes the Clarke’s generalized gradient of V (x, y) [48]. In the following, we consider the
three cases (i) V00 < min{V01, V10}, (ii) V01 < min{V00, V10} and (iii) V10 < min{V00, V01}.
In these cases, the generalized gradient consists of a single element, that is, the gradient in
the classical sense. The case for which the generalized gradient is set-valued is considered
later separately.

Lemma 5.7 Let the Lyapunov function V in (5.26)–(5.30) be evaluated along solu-
tions x(t), y(t) of (5.22)–(5.24). Consider the cases (i) V00 < min{V01, V10}, (ii) V01 <
min{V00, V10} and (iii) V10 < min{V00, V01}. Depending on the case, the density V̇ is equal
to

(i) V̇00 = −c(ux − uy)2 + (ux − uy)(−τx + λx + τy − λy), (5.32)

(ii) V̇01 = −c
(qx + qy)2

(qx + eqy)2 (ux + euy)2 − (1 − e) qx + qy

qx + eqy

(
1 + (ux + euy)2

(qx + eqy)2

)
(uxqy − qxuy)

+ (qx + qy)2

(qx + eqy)2 (ux + euy)((λx + eλy) − (1 + e)f − (τx + eτy)), (5.33)

(iii) V̇10: symmetric to case (ii). (5.34)

Proof. The proof of this lemma is given in Appendix A.6.6.

Lemmas 5.5–5.7 show that the Lyapunov function (5.26)–(5.30) is positive definite in the
quotient distance function, it is non-increasing at discontinuities and the density V̇ in the
different cases takes a simple form. Therefore, the proposed Lyapunov function is suitable
to study the synchronization problem of the mechanical system (5.22)–(5.24).

Let us first consider two solutions which both keep a minimal distance from the origin,
that is, stay away from accumulation points and grazing trajectories. Then, the constraint
forces are zero almost everywhere, since there are no persistent contacts. If the external
forcing f satisfies a certain bound, then local synchronization can be achieved without
any coupling, which is stated in the following theorem.

Theorem 5.8 Let x(t) and y(t) be the solution of (5.22)–(5.24) with τx = τy = 0 for
the initial conditions x−(t0), y−(t0) ∈ A and let V (x(t), y(t)) be the Lyapunov function
defined by (5.26)–(5.30) evaluated along the solutions. Let the external forcing be bounded
by |f(t)| < fmax < ∞. If there exists a constant r1 > 1+e

1−e
fmax such that qx(t)+ |ux(t)| > r1

and qy(t) + |uy(t)| > r1 for all t ≥ t0, then dV ≤ 0 and limt→∞ V (x(t), y(t) = 0 for all
initial conditions with d(x−(t0), y−(t0)) < e

2r1. Therefore, local synchronization in the
sense of Definition 5.2 is achieved.

Proof. The proof of this theorem is given in Appendix A.6.7.

The region of attraction in Theorem 5.8 shrinks to zero for e → 0. However, the condi-
tion d(x−(t0), y−(t0)) < e

2r1 can be replaced by d̂(x−(t0), y−(t0)) < 1
2r1, where d̂ is the

approximated distance function in (5.26)–(5.30), and Theorem 5.8 still holds.
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In the following, we will design an interaction law for τx and τy such that global
synchronization is achieved without a boundedness assumption of the external forcing f
and also in the presence of accumulation points and grazing trajectories, that is, the
conditions qx(t) + |ux(t)| > r1 and qy(t) + |uy(t)| > r1 for all t ≥ t0 are not required
anymore. The proposed interaction law for the coupling forces τx and τy is given by (5.25),
where

κx =


−f if qx > 0 ∧ qy > 0 ∧ min{V01, V10} < V00,

−f if qx > 0 ∧ qy = uy = 0,

0 otherwise,

(5.35)

κy =


−f if qx > 0 ∧ qy > 0 ∧ min{V01, V10} < V00,

−f if qx = ux = 0 ∧ qy > 0,

0 otherwise.

(5.36)

Using the interaction law (5.35)–(5.36), the right-hand sides in (5.22) (without im-
pacts) become discontinuous. Therefore, we will consider Filippov-type solutions of sys-
tem (5.22)–(5.24) together with (5.35)–(5.36) [60].

We note that the coupling forces vanish if the solutions are synchronized. The proposed
interaction law compensates the external forcing f(t), whenever necessary such that the
density V̇ of the Lyapunov function (5.26)–(5.30) evaluated along solutions is non-positive.
Using this interaction law, the global synchronization problem is solved as shown in the
following theorem.

Theorem 5.9 Let x(t), y(t) be the Filippov-type solutions of system (5.22)–(5.24), where
the coupling forces τx, τy are given by the interaction law (5.35)–(5.36) and let the Lya-
punov function V (x(t), y(t)) be defined by (5.26)–(5.30) evaluated along the solutions.
Then dV ≤ 0 and limt→∞ V (x(t), y(t) = 0 for all initial conditions x−(t0), y−(t0) ∈ A.
Therefore, global synchronization is achieved in the sense of Definition 5.2.

Proof. The proof of this theorem is given in Appendix A.6.8.

Corollary 5.10 Let x(t), y(t) be the Filippov-type solution of system (5.22)–(5.24) for
the initial conditions x−(t0), y−(t0) ∈ A using the interaction law

τx = κx(x, y) + kdux + kpqx,

τy = κy(x, y) + kduy + kpqy

(5.37)

with kp, kd ≥ 0 and κx(x, y) and κy(x, y) given by (5.35)–(5.36). Then, global synchro-
nization is achieved in the sense of Definition 5.2.

Proof. The differential gain kd simply increases the damping constant c. The proportional
gain kp increases the stiffness and another rescaling of the states and time is necessary
to obtain the normalized equations of motion (5.22). Theorem 5.9 is applicable to the
rescaled systems, which implies global synchronization in the sense of Definition 5.2.
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Figure 5.6: Solutions x(t) and y(t) of the 1-DOF mechanical impact oscillators. The inter-
action law is switched on at t = 20.

The interaction law (5.37) extends the interaction law (5.35)–(5.36) with a PD-type cou-
pling and generally increases the synchronization speed. The coupling forces do not vanish
if the solutions are synchronized and the limit sets of the uncoupled systems are therefore
not preserved in the coupled case. Furthermore, the stiffness and damping constants of
the impact oscillators considered in this section (see (5.22)) are assumed to be strictly
positive. This assumption can be dropped when the extended interaction law (5.37) is
used with kp, kd > 0.

5.4 Numerical Examples
The synchronization problem of a 1-DOF mechanical impact oscillator is illustrated with
several numerical examples. Consider system (5.22)–(5.24) with a damping constant c =
0.01 and a coefficient of restitution e = 0.8. The external forcing is chosen as f(t) =
1 + 2 cos t + cos 3t. During the first part of the simulation, the two mechanical systems
are uncoupled. The interaction law (5.35)–(5.36) is switched on at t = 20.

The solutions x(t) = (qx(t); ux(t)) and y(t) = (qy(t); uy(t)) for the initial condi-
tions x(t0) = (1; −0.2) and y(t0) = (1.1; 0.1) are depicted in Fig. 5.6. No synchronization
is achieved in the uncoupled case even though they are initialized close to each other. This
does not contradict Theorem 5.8. Namely, the solutions diverge quickly at t ≈ 3, where
both solutions are close to the origin and the assumptions of Theorem 5.8 are violated.
After the interaction law is switched on at t = 20, the distance between the solutions
decreases and synchronization is achieved in accordance with Theorem 5.9.

Fig. 5.7 shows the Lyapunov function V (x(t), y(t)) = 1
2 d̂(x, y) defined by (5.26)–

(5.30) (solid black line). It is continuous in time except when both constraints are closed
at the same time, that is, when one solution has an impact and the other is in persistent
contact. The Lyapunov function is an approximation of 1

2(dI(x, y))2 as discussed in
Remark 5.5, and the quotient distance function d defined in (5.13) is identical to the
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Figure 5.7: The Lyapunov function V (x, y) (solid black) is non-increasing and tends to zero
after the interaction law is switched on at t = 20 and it approximates 1

2d2(x, y) (dashed
black). The (Euclidean distance) function V00(x, y) = 1

2∥x − y∥2 (gray) shows the undesir-
able ‘peaking behavior’.

Figure 5.8: Coupling forces τx and τy. The interaction law is switched on at t = 20.

distance function dI in (5.14)–(5.18) according to Theorem 5.2. The Lyapunov function
is therefore an approximation of 1

2d2(x, y) (dashed black line), which is continuous in
time. The (Euclidean distance) function V00(x, y) = 1

2∥x(t) − y(t)∥2 (gray line) shows
the undesirable ‘peaking behavior’ of the Euclidean synchronization error. The Lyapunov
function is initially very small and increases rapidly at t ≈ 3, where both solutions are
close to a grazing trajectory. After the interaction law is switched on at t = 20, the
Lyapunov function is non-increasing and tends to zero as stated by Theorem 5.9 (see
magnification in Fig. 5.7).

The coupling forces τx and τy may differ only if one of the contacts is persistent, which is
the case right after the interaction law is switched on at t = 20, see Fig. 5.8. The coupling
forces are discontinuous in time. Furthermore, the jump heights of the discontinuities are
in the order of the external forcing and do not tend to zero while the Lyapunov function
tends to zero. The time average of the coupling forces for a moving window with fixed
width, however, tends to zero as the solutions synchronize. The influence of the coupling
force does therefore tend to zero as well. Furthermore, all limit sets of the individual
systems are also present in the coupled case because there are no coupling forces if the
solutions are synchronized.

In consideration of the feasibility of the application of this interaction law in a digital
control setting, the simulation is repeated in which the coupling forces, given by the
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Figure 5.9: Solutions x(t) and y(t) (left), Lyapunov function V (x, y) (right) and coupling
forces τx and τy (right). The interaction law is switched on at t = 20 and the coupling forces
are filtered by a zero-order hold filter with a time interval of 0.2.

interaction law (5.35)–(5.36), are filtered with a zero-order hold (ZOH) filter with a time
interval of 0.2. Therefore, the coupling forces change no more than five times per unit
time interval and they are held constant in between. The same parameters and initial
conditions as in the previous simulation are used and the results are depicted in Fig. 5.9.
The solutions x(t) and y(t) approach each other and stay close to synchronization also
with the ZOH filter as depicted to the left in Fig. 5.9. The Lyapunov function and the
coupling force are shown to the right in Fig. 5.9. The effect of the ZOH filter is prominent
in the time evolution of the coupling force. The Lyapunov function occasionally increases,
especially at t ≈ 25 where both solutions are close to the origin. A time interval of 0.2
for the ZOH filter is challenging in this example, but clearly shows the robustness of the
interaction law (5.35)–(5.36).

Let us now illustrate that our results also apply in the presence of the accumula-
tion of impact events. Fig. 5.10 shows the solutions for system (5.22)–(5.24) using the
same damping constant and external forcing as before. The initial conditions are chosen
as x(t0) = (1; −0.2) and y(t0) = (1.1; 2) and the coefficient of restitution is lowered
to e = 0.4. The coupling forces are given by the interaction law (5.35)–(5.36) and the
interaction law is switched on for the entire simulation. Both solutions have an accumu-
lation point at t ≈ 7 after which both solutions are in persistent contact for some time
interval. Because the system is one-dimensional, the solutions are synchronized if they are
both in persistent contact, that is, finite time synchronization is achieved. The coupling
forces vanish if the solutions are synchronized, and the solutions remain synchronized in
the absence of any disturbances.
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Figure 5.10: The interaction law (5.35)–(5.36) does not prevent accumulation points, and
finite time synchronization is achieved for the one-dimensional mechanical impact oscillator.

5.5 Conclusions
In this chapter, the synchronization problem for mechanical systems subjected to a sin-
gle geometric unilateral constraint inducing impacts is investigated. In order to define
and investigate the synchronization problem for nonsmooth systems with jumping state
evolutions, it is necessary to use a distance function which is more sophisticated than
the Euclidean distance function. A distance function suitable to compare discontinuous
solutions is the one induced by the quotient metric, where the equivalence relation is the
equivalence kernel of the impact map. The quotient distance function is continuous in
time when evaluated along solutions. The resulting synchronization problem does conse-
quently not suffer from the ‘peaking phenomenon’ like the Euclidean distance function.
Therefore, it is suitable to define stability in the sense of Lyapunov and leads to an intu-
itive notion of synchrony. This quotient distance function can be simplified significantly
for generally used impact laws due to their property of monotonicity and, equivalently,
the non-expansivity of the corresponding impact maps.

The definition of the synchronization problem together with the distance function
induced by the quotient metric are of generic value and can directly be extended to,
for example, Lur’e-type systems and/or systems with multiple contacts. The presented
simplification of the distance function is however not possible for multi-contact collisions
for which the distance function generally comprises of the infimum over an unbounded
number of intermediate points.

The synchronization problem for a 1-DOF mechanical system is investigated using
Lyapunov stability analysis. The presented Lyapunov function is constructed using an
approximation of the distance function. The same approach is applicable to construct a
candidate Lyapunov function for mechanical systems with multiple degrees of freedom.

Local synchronization for a 1-DOF forced mechanical system is shown without any
coupling forces if both solutions keep a minimal distance from the origin. This minimal
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distance ensures that any possible increase of the Lyapunov function due to the external
forcing is compensated by the decrease due to the monotonicity of the impact law.

An interaction law is presented which achieves global synchronization also in the pres-
ence of grazing trajectories and Zeno behavior. The coupling forces compensate the
external forcing whenever necessary, but they are chosen such that they do not dominate
the overall dynamics. In particular, they vanish if the solutions are synchronized and all
limit sets of the uncoupled systems are therefore preserved in the coupled case. In order
to increase the synchronization speed, the interaction law can readily be extended by a
PD-type coupling. This extension enlarges the applicability of the presented interaction
law to systems with no viscous damping or vanishing stiffness such as the bouncing ball
example. The coupling forces are discontinuous and do not tend to zero as the solutions
approach each other. However, the time intervals with non-vanishing coupling forces tend
to zero, i.e., the time average for a moving window with fixed width tends to zero as well.

The feasibility in a digital control setting is shown with a numerical example where
the coupling forces are filtered with a zero order hold filter for which the synchronization
error still tends to and remains close to zero. This numerical example also shows the
robustness of the presented interaction law.



Chapter6
Chaos Synchronization

The maximal Lyapunov exponent of a nonsmooth system is the lower bound for the pro-
portional feedback gain necessary to achieve full-state synchronization. This statement
is proven in this chapter for the general class of nonsmooth systems in the framework
of measure differential inclusions. The results are used to estimate the maximal Lya-
punov exponent using chaos synchronization, which is illustrated on a mechanical impact
oscillator.

The spectrum of Lyapunov exponents is an important characteristic of limit sets.
It measures the exponential convergence or divergence of nearby trajectories, thereby
capturing the sensitivity of solutions with respect to initial conditions [172]. For example,
an attractive limit cycle has only negative Lyapunov exponents (except possibly one at
zero corresponding to the freedom of phase [87]). A positive maximal Lyapunov exponent
implies instability of the limit set (i.e., equilibrium, limit cycle, periodic or quasi-periodic
solution) or it can be an indication for a chaotic attractor [83, 131, 102].

The existence of the Lyapunov exponents is a subtle question for non-conservative
systems [180, 149]. The mathematic foundation for the existence is given by the multi-
plicative ergodic theorem of Oseledec [147] (cf. [171]). It states that, if there exists an
invariant measure of the flow, then the Lyapunov exponents exist for almost every point
with respect to that measure. For further literature on ergodic theory of differentiable
dynamical systems, see [57, 14].

Algorithms to find the spectrum of Lyapunov exponents of smooth systems are well
established [57, 24, 25]. The spectrum can be computed numerically by linearizing the
differential equations along the nominal solution. Time integration of the linearized equa-
tions yields the fundamental solution matrix from which the spectrum of Lyapunov expo-
nents can be obtained. Numerical errors during the integration process will always turn
any initial error in the maximally expanding direction [140, 102] (i.e., the direction corre-
sponding to the maximal Lyapunov exponent), which can be compensated by repeatedly
applying a Gram-Schmidt reorthonormalization. The estimation of Lyapunov exponents
from experimental time series of systems with unknown dynamics has been presented
in [204, 176, 56, 70].

Dynamical systems with a discontinuous right-hand side exhibit discontinuities in

The results presented in this Chapter are published in [20, 116, 22].
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the evolution of the fundamental solution matrix. The jumps can be described using a
saltation matrix and the jump conditions for transversal crossings of the discontinuity
surfaces are given by the authors of [4] in their study of the stability of periodic motion.
The numerical computation of the Lyapunov exponents with jump conditions including
the motion on sliding surfaces is shown in [35]. The theory of [4] has been applied to
Filippov-type systems in [117] with an emphasis on mechanical systems with Coulomb
friction.

In [138], a model-based algorithm for the calculation of the spectrum of Lyapunov
exponents is presented for dynamical systems with discontinuous motion and illustrated
using the example of a one-dimensional mechanical oscillator with Coulomb friction. The
method presented in [138] has been applied in [3] to the rocking block example.

Two diffusively coupled identical smooth systems synchronize despite the complicated
dynamics of the individual systems if the coupling strength is large enough [159]. The
minimal value of the coupling parameter for which the synchronization set is (attractively)
stable is determined by the maximal Lyapunov exponent of the individual systems. This
relation arises from the competitive behavior of the separation due to the trajectory
instability (dominated by the maximal Lyapunov exponent) and the convergence due to
the coupling. Estimating the maximal Lyapunov exponent using the critical coupling
necessary for synchronization has been proposed in [67, 207] for continuous nonlinear
systems and has been continued in [208, 68], which also includes the study of the behavior
after the instability point of synchronized chaos. The relation between the maximal
Lyapunov exponent and stable chaos synchronization has been presented in the more
recent work [10] in the context of complex networks.

The method of estimating the maximal Lyapunov exponent using chaos synchroniza-
tion has been considered in [182] for nonsmooth systems and in [183] for discrete maps.
In [182, 183], however, the increase of the initial perturbation is assumed to be uniform
in time, which is only the case if the Jacobian of the vector field (continuous or discrete)
is constant (i.e., for linear time-invariant systems). The application of this method has
been presented in [66] for a multi-body system with dry friction.

Before stating the main result for nonsmooth systems in Section 6.2, smooth systems
are considered in Section 6.1 in order to introduce the basic concepts and notation. The
results are applied to estimate the maximal Lyapunov exponent of a mechanical impact
oscillator in Section 6.3.

6.1 Smooth Systems
The dynamics of a smooth system is given by

dx

dt
= f(x, t), (6.1)

where the vector field f : Rn ×R → Rn is continuously differentiable in its first argument
and continuous in its second argument. We denote the solution of (6.1) for the initial
conditions x(t0) = x0 as x(t) = φ(t, x0, t0), where the dependence on initial conditions is
written explicitly. We introduce the perturbed solution x(t) + ∆x(t) = φ(t, x0 + κe, t0)
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Figure 6.1: An infinitesimal sphere of perturbed initial conditions Bκ(t0) deforms into an
ellipsoid φ(t1, Bκ(t0), t0) under the flow of a smooth dynamical system. The Lyapunov
exponents capture the average exponential growth or decay rate of the semi-principal axes
of the ellipsoid.

obtained using the perturbed initial conditions x0 + κe with ∥e∥ = 1 and κ > 0 small.
The dynamics of the perturbation ∆x(t) is obtained as

d(∆x)
dt

= f(x + ∆x, t) − f(x, t) = A(t)∆x + o(∥∆x∥), (6.2)

where A(t) := ∂f(x,t)
∂x

∣∣∣
φ(t,x0,t0)

is the linearization of the vector field f along the unper-
turbed solution and o denotes the (small) Landau-order symbol1. An infinitesimal sphere
of perturbed initial conditions Bκ(t0) := {x(t0) + ∆x(t0) | ∥∆x(t0)∥ ≤ κ} deforms into
an ellipsoid φ(t1, Bκ(t0), t0) := {φ(t1, x0, t0) | x0 ∈ Bκ(t0)} under the flow of a smooth
dynamical system [187], which is illustrated in Figure 6.1 for a 2-dimensional system. The
perturbation ∆x tends to zero for κ → 0. Therefore, we introduce the normalized pertur-
bation ξ(t, e, t0) := limκ→0 ξκ(t, e, t0), where ξκ(t, e, t0) := ∆x

∥∆x0∥ = φ(t,x0+κe,t0)−φ(t,x0,t0)
κ

.
The limit exists because O(∥∆x∥) = O(∥∆x(t0)∥) = O(κ), where O denotes the (big)
Landau-order symbol2. Taking the limit κ → 0 of (6.2), divided by κ, yields

lim
κ→0

dξκ

dt
= A(t)ξ. (6.3)

The vector field f is continuously differentiable in its first argument, which implies local
uniform convergence of limκ→0

dξκ

dt
. Using [170, Theorem 7.17] together with (6.3) yields

dξ

dt
= A(t)ξ. (6.4)

Let Φ(t, t0) be the fundamental solution matrix, which is the solution to the matrix differ-
ential equation dΦ

dt
= A(t)Φ for the initial conditions Φ(t0, t0) = I. Then, the normalized

perturbation can be written as ξ(t, e, t0) = Φ(t, t0)e. The singular values σi of Φ, defined
1The (small) Landau-order symbol o is defined as f(x) ∈ o(g(x)) ⇔ fi(x) ∈ o(g(x)) ∀i ⇔

limx→a

∣∣∣ fi(x)
g(x)

∣∣∣ = 0 ∀i with a ∈ R.
2The (big) Landau-order symbol O is defined as f(x) ∈ O(g(x)) ⇔ fi(x) ∈ O(g(x)) ∀i ⇔

limx→a

∣∣∣ fi(x)
g(x)

∣∣∣ < ∞ ∀i with a ∈ R.
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by σi(Φ) :=
√

eigi(ΦTΦ) , are the semi-principal axes of the ellipsoid ξ(t, e, t0) corre-
sponding to the unit sphere of perturbed initial conditions ξ(t0, e, t0). The spectrum or
Lyapunov exponents are defined by λi := limt→∞

1
t

ln σi and, thus, capture the average
exponential growth or decay rate of the semi-principal axes of the ellipsoid. The maximal
Lyapunov exponent λmax = maxi{λi} captures the long-term behavior of the dominat-
ing direction. The largest singular value is the spectral norm, which is the matrix norm
induced by the Euclidean norm, and the maximal Lyapunov exponent can be defined as

λmax := max
e

lim
t→∞

1
t

ln ∥ξ(t, e, t0)∥. (6.5)

Up to this point, we have discussed the perturbation dynamics of the smooth dynam-
ical system (6.1) and we have defined the maximal Lyapunov exponent in (6.5) using the
normalized perturbation ξ. In the following, we consider the error dynamics of two identi-
cal smooth systems with a unidirectional diffuse coupling. For this purpose, system (6.1)
is accompanied by a replica together with a proportional error feedback as

dx

dt
= f(x, t),

dy

dt
= f(y, t) − k(y − x),

(6.6)

where k ∈ R is the coupling gain. The initial conditions are chosen as x(t0) = x0 and
y(t0) = x0 + κe, which are the same initial conditions as for the perturbation dynamics.
Let z := y − x denote the synchronization error of the coupled dynamics (6.6). Using
the linearization A(t) = ∂f(x,t)

∂x

∣∣∣
φ(t,x0,t0)

, the error dynamics is described by

dz

dt
= A(t)z − kz + o(∥z∥). (6.7)

The error z is of the order of the initial error z0, which itself is proportional to κ. Analo-
gously to the normalized perturbation ξ, we define the normalized synchronization error as
ζ(t, e, t0) := limκ→0

z
κ
. Taking the limit κ → 0 of (6.7), divided by κ, and using z ∈ O(κ)

yields

dζ

dt
= A(t)ζ − kζ. (6.8)

By comparing (6.4) and (6.8), we find that

ζ = Φ(t, t0)e−k(t−t0)e = ξe−k(t−t0). (6.9)

Local synchronization of the coupled system (6.6) is achieved if there exists a constant c >
0 such that limt→∞ ∥z(t)∥ = 0 ∀∥z0∥ < c. Hence, local synchronization is achieved if the
limit of the normalized synchronization error ζ(t, e, t0) tends to zero as t → ∞ for all e.
The ‘worst case’ of all possible limits can be written using (6.9) together with (6.5) as

max
e

lim
t→∞

∥ζ∥ = max
e

lim
t→∞

∥ξ∥e−k(t−t0) = lim
t→∞

e(λmax−k)(t−t0),
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from which follows that local synchronization of the coupled system (6.6) is achieved if
(and only if) the coupling gain k is larger than the maximal Lyapunov exponent λmax:

lim
t→∞

∥ζ(t, e, t0)∥ = 0 ∀e if and only∗ if k > λmax. (6.10)

The star in (6.10) denotes that k = λmax is excluded in the converse. No statement can
be made for the case where k is exactly equal to λmax because, for this case, the stability
and attractivity is determined by higher-order terms.
Remark 6.1 Every strange attractor has a positive maximal Lyapunov exponent [187, 131]
and, thus, a positive critical coupling gain kcrit (i.e., the minimal coupling gain necessary
to achieve local synchronization). However, the derived results are also applicable to other
limit sets than chaotic attractors. For example, an attractive equilibrium has a negative
maximal Lyapunov exponent and thus the critical coupling gain is negative as well. △
If the initial conditions are exactly orthogonal to the direction corresponding to the maxi-
mal Lyapunov exponent, then the synchronization error tends to zero for a coupling gain k
smaller than λmax. However, any slight error or uncertainty will turn any initial error in
the direction of maximal expansion [140, 102], that is,

∃e : lim
t→∞

∥ζ(t, e, t0)∥ = 0 ⇒ lim
t→∞

∥ζ(t, e, t0)∥ = 0 for almost all e.

Therefore, in practice, local synchronization is achieved if and only if the coupling gain k
is larger than the critical coupling gain kcrit = λmax.

6.2 Non-Smooth Systems
The nonsmooth dynamics is written in the form of a measure differential inclusion as

dx

dµ
∈ F(x, t). (6.11)

The solution for admissible initial conditions x−(t0) = x0 is denoted by x(t) = φ(t, x0, t0).
Solutions are generally discontinuous, but assumed to be of special locally bounded varia-
tion. The density dx

dµ
in (6.11) is the density of the measure dx with respect to a positive

Radon measure dµ and can, as shown in Section 2.1, be defined as

dx

dµ
(t) := lim

ε→0

dx(Iε)
dµ(Iε)

, (6.12)

where Iε(t) := (t−ε, t+ε) with ε > 0 is the open time interval centered at t. The solutions
are absolutely continuous almost everywhere (a.e.) (i.e., for almost all t ∈ R with respect
to the Lebesgue measure) and have at most countably many discontinuities, at which
the solutions are undefined. However, the one-sided limits x−(t) = limτ↓0 x(t − τ) and
x+(t) = limτ↓0 x(t + τ) are well defined on the entire time axis.

Analogously to the smooth case presented in Section 6.1, we consider a reference solu-
tion x(t) = φ(t, x0, t0) and a perturbed solution (x + ∆x)(t) = φ(t, x0 + κe, t0) for sys-
tem (6.11), where the initial conditions x0 +κe with ∥e∥ = 1 and κ > 0 are assumed to be
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Figure 6.2: An infinitesimal sphere of perturbed initial conditions Bκ(t0) does generally not
deform into an ellipsoid φ(t1, Bκ(t0), t0) under the flow of a nonsmooth dynamical system.

admissible for all κ ≥ 0. The set of perturbed solutions φ(t1, Bκ(t0), t0) := {φ(t1, x0, t0) |
x0 ∈ Bκ(t0)} for an infinitesimal sphere of perturbed initial conditions Bκ(t0) := {x−(t0)+
∆x−(t0) | ∥∆x−(t0)∥ ≤ κ} is generally not an ellipsoid as compared to the smooth case,
see Figure 6.2. Let us proceed by defining the normalized perturbation as

ξ(t, e, t0) := lim
κ→0,κ/∈Eξ

κ(t)
ξκ(t, e, t0), (6.13)

where ξκ(t, e, t0) := ∆x
κ

and Eξ
κ(t) := {κ ∈ R+

0 | ξ−κ (t, e, t0) ̸= ξ+
κ (t, e, t0)}. To ensure that

the normalized perturbation exists a.e., we will make the following assumption.

Assumption 6.1 The difference between two solutions of system (6.11) is almost every-
where of the order of the initial difference, that is, φ(t, x0 + κe, t0) − φ(t, x0, t0) ∈ O(κ)
a.e.

Assumption 6.1 together with O(κ) ⊂ o(1) implies continuous dependence on initial
conditions, which can be written as limκ→0 φ(t, x0 + κe, t0) − φ(t, x0, t0) = 0 ∀e. Fur-
thermore, continuous dependence on initial conditions implies uniqueness of solutions in
forward time.
Remark 6.2 Assumption 6.1 is generally restrictive for nonsmooth systems. For example,
mechanical systems subjected to frictionless unilateral constraints do generally not have
continuity on initial conditions [150]. Furthermore, the stated assumption does omit
grazing trajectories (i.e., ‘collisions’ with zero relative velocity) because the Poincaré map
at a grazing trajectory has an infinite slope (due to a square-root term in the Poincaré
map [53, 146, 38]). Assumption 6.1 does, however, allow for accumulation points, which
is a phenomenon describing (countably) infinitely many impact events in a finite time
interval.

If Assumption 6.1 is not met, then the normalized perturbation ξ(t, e, t0) tends (or
jumps) to infinity in finite time. In this case, the maximal Lyapunov exponent does not
exist and, considering two identical, coupled systems, no local synchronization can be
achieved with a finite coupling gain k. △
If the unperturbed solution has a discontinuity at time t, then the one-sided limits
of φ(t, x0 + κe, t0) − φ(t, x0, t0) are not necessarily of order O(κ), because the discon-
tinuities of φ(t, x0 + κe, t0) and φ(t, x0, t0) do generally not occur at the same points
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Figure 6.3: Assumption 6.1 implies that the normalized perturbation ξ(t, e, t0) exists for
almost all t.

in time for κ > 0. However, Assumption 6.1 implies that the discontinuity points of
φ(t, x0 + κe, t0) tend to the ones of φ(t, x0, t0). Therefore, ξ exists for almost all t ∈ R,
which is illustrated in Figure 6.3. It shows an unperturbed solution φ(t, x0, t0) with a
discontinuity at t = 1 and a kink at t = 5. The perturbed solutions φ(t, x0 + κe, t0) tend
almost everywhere to the unperturbed solutions for κ → 0, that is, limκ→0 ∆x = 0 a.e.
The jump in φ yields a peak in the normalized perturbation ξ (i.e., ξ is undefined at
this point) and the kink in φ yields a jump in ξ. Therefore, due to Assumption 6.1, the
normalized perturbation ξ(t, e, t0) exists for almost all t.

Since (6.11) has a unique solution in forward time by Assumption 6.1, the density dx
dµ

is unique as well and the dynamics can be written as a measure differential equation

dx

dµ
= f(x−, t), (6.14)

where f(x−, t) ∈ F(x, t).
The dynamics of the perturbation ∆x is governed by d∆x

dµ
= f(x−+∆x−, t)−f(x−, t).

Dividing by κ and substituting the definition of ξκ yields

dξκ

dµ
= f(x− + κξ−κ , t) − f(x−, t)

κ
. (6.15)

The convergence of ξκ to ξ is not uniform because the discontinuities of φ(t, x0+κe, t0)
and φ(t, x0, t0) do generally not coincide (see example depicted in Figure 6.3 at t = 1).
The density dξκ

dµ
does therefore not converge to dξ

dµ
at the discontinuity points and we

cannot simply take the limit of (6.15) as κ → 0. In order to deal with this problem, we do
not consider the density dξκ

dµ
for a singleton {t}, but rather on an open time interval Iε(t) =

(t − ε, t + ε) with ε > 0. Using the notation (f ⊙ dµ)(Iε) =
∫

Iε
fdµ [58], the ‘widened’

density dξκ

dµ
for the interval Iε is obtained as

dξκ(Iε)
dµ(Iε)

= (f(x− + κξ−κ , t) ⊙ dµ)(Iε) − (f(x−, t) ⊙ dµ)(Iε)
κ dµ(Iε)

. (6.16)
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The right-hand side of (6.16) can be considered as the time average over the interval Iε

of the one-sided directional derivative of f in the direction of ξ−κ . The vector field f
is non-differentiable and not even semidifferentiable [169]. In the following, we show
that the one-sided directional derivative is nevertheless well-defined if the solution and its
perturbation is not discontinuous on the boundary of the open time interval Iε. Therefore,
we rewrite (6.16) as

dξκ(Iε)
dµ(Iε)

= (f(x− + κξ−κ , t) ⊙ dµ)([t0, t + ε) \ [t0, t − ε])−(f(x−, t) ⊙ dµ)([t0, t + ε) \ [t0, t − ε])
κ dµ(Iε)

= (φ−(t + ε, x0 + κe, t0)−φ+(t − ε, x0 + κe, t0))−(φ−(t + ε, x0, t0)−φ+(t − ε, x0, t0))
κ dµ(Iε)

= 1
dµ(Iε)

φ−(t + ε, x0 + κe, t0) − φ−(t + ε, x0, t0)
κ

− 1
dµ(Iε)

φ+(t − ε, x0 + κe, t0) − φ+(t − ε, x0, t0)
κ

.

According to Assumption 6.1, the limits limκ→0,κ/∈Eξ
κ(t+ε)

φ−(t+ε,x0+κe,t0)−φ−(t+ε,x0,t0)
κ

and
limκ→0,κ/∈Eξ

κ(t−ε)
φ+(t−ε,x0+κe,t0)−φ+(t−ε,x0,t0)

κ
exist as long as the solution φ is not discon-

tinuous on the boundary of the time interval Iε. Considering only values of ε /∈ Eφ
ε :=

{ε ∈ R+ | φ−(t − ε, x0, t0) ̸= φ+(t − ε, x0, t0) ∨ φ−(t + ε, x0, t0) ̸= φ+(t + ε, x0, t0)}, the
‘widened’ density dξ(Iε)

dµ(Iε) is obtained using (6.13) as dξ(Iε)
dµ(Iε) = limκ→0,κ/∈Eξ

κ(t±ε)
dξκ(Iε)
dµ(Iε) , where

Eξ
κ(t ± ε) = Eξ

κ(t − ε) ∪ Eξ
κ(t + ε).

In the final step, we let ε tend to zero while omitting the values ε ∈ Eφ
ε and use

limε→0 Iε = {t} and (6.12) to obtain dξ
dµ

= limε→0,ε/∈Eφ
ε

dξ(Iε)
dµ(Iε) . Together with (6.16), the

density dξ
dµ

is obtained as

dξ

dµ
= lim

ε→0,ε/∈Eφ
ε

lim
κ→0,κ/∈Eξ

κ(t±ε)

(f(x− + κξ−, t) ⊙ dµ)(Iε) − (f(x−, t) ⊙ dµ)(Iε)
κ dµ(Iε)

. (6.17)

Figure 6.4 shows the limit ε → for the example depicted in Figure 6.3. The crosses at t = 1
and t = 5 mark the values of the functions dξ(t), dµ(t) and dξ

dµ
(t).

Remark 6.3 The solution to (6.17) generally cannot be written using a fundamental solu-
tion matrix Φ(t, t0) in the form ξ(t, e, t0) = Φ(t, t0)e. The reason is not the discontinuous
behavior of ξ as this can be captured using a discontinuous fundamental solution matrix
as ξ+(t, e, t0) − ξ−(t, e, t0) = S(t, t0)e, where S(t, t0) := Φ+(t, t0) − Φ−(t, t0) is referred
to as saltation matrix. The use of a fundamental solution matrix implies ξ(t, −e, t0) =
−ξ(t, e, t0), which does generally not hold for nonsmooth systems. △
Similarly to (6.5) in the smooth case, we use the normalized perturbation ξ to define the
maximal Lyapunov exponent for a nonsmooth system as

λmax := max
e

lim sup
t→∞,t/∈Eξ

t

1
t

ln ∥ξ(t, e, t0)∥, (6.18)
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Figure 6.4: The desired density dξ
dµ(t) is obtained by using the intermediate step of the

‘widened’ density dξ(Iε)
dµ(Iε) for the interval Iε and then considering the limit dξ(Iε)

dµ(Iε) → dξ
dµ(t).

where Eξ
t is the discontinuity set of ξ.

In the following, we consider the synchronization problem in order to compare the
maximal Lyapunov exponent to the critical coupling gain. The coupled dynamics consists
of the nonsmooth system (6.14) and a replica with an error feedback of the form

dx

dµ
= f(x−, t),

dy

dµ
= f(y−, t) − k(y − x) dt

dµ
.

(6.19)

The error feedback with the coupling gain k ∈ R has only a density with respect to the
Lebesgue measure dt because we do not consider any impulsive feedback.
Remark 6.4 The coupled dynamics (6.19) does not generally arise from (6.11) accompanied
with dy

dµ
∈ F(y, t) − k(y − x) dt

dµ
, because the (unique) selection f(y−, t) ∈ F(y, t) is

generally influenced by the coupling term. △
The same initial conditions as for the perturbation ∆x are chosen, that is, x−(t0) = x0
and y−(t0) = x0 + κe. The dynamics of the synchronization error z = y − x is obtained
as

dz

dµ
= f(x− + z−, t) − f(x−, t) − kz

dt

dµ
. (6.20)

Analogously to the smooth case, the normalized synchronization error is defined
as ζ(t, e, t0) := limκ→0,κ/∈Eζ

κ(t) ζκ(t, e, t0), where ζκ(t, e, t0) := z
κ

and Eζ
κ(t) := {κ ∈

R+
0 | ζ−κ (t, e, t0) ̸= ζ+

κ (t, e, t0)}. The limit ζ exists a.e. according to Assumption 6.1.
It will prove advantageous to introduce ζ̂κ := ζκek(t−t0) together with its limit ζ̂ =
lim

κ→0,κ/∈Eζ̂
κ(t)

ζ̂κ = ζek(t−t0). The density of ζ̂κ w.r.t. dµ is obtained from (6.20) as

dζ̂κ

dµ
= f(x− + κ e−k(t−t0)ζ̂

−
κ , t) − f(x−, t)

κ e−k(t−t0) , (6.21)
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where d(ζ̂κe−k(t−t0))
dµ

= d(ζ̂κ)
dµ

e−k(t−t0) − kζ̂κe−k(t−t0) dt
dµ

has been used. As for the normalized
perturbation, we cannot directly take the limit of (6.21) for κ → 0. Therefore, the same
steps as performed between (6.15) and (6.17) are applied to (6.21) in order to obtain the
density dζ̂

dµ
as

dζ̂

dµ
= lim

ε→0,ε/∈Eφ
ε

lim
κ→0,κ/∈Eζ̂

κ(t±ε)

(
f(x− + κ e−k(t−t0)ζ̂

−
, t) ⊙ dµ

)
(Iε) − (f(x−, t) ⊙ dµ)(Iε)

κ e−k(t−t0) dµ(Iε)
.

(6.22)

Due to e−k(t−t0) > 0 ∀t ∈ R, we can replace κ in (6.22) by κ̂ = κ e−k(t−t0) > 0 and obtain

dζ̂

dµ
= lim

ε→0,ε/∈Eφ
ε

lim
κ̂→0,κ̂/∈Eζ̂

κ̂(t±ε)

(
f(x− + κ̂ζ̂

−
, t) ⊙ dµ

)
(Iε) − (f(x−, t) ⊙ dµ)(Iε)

κ̂ dµ(Iε)
. (6.23)

The initial perturbation ∆x−(t0) = κe and the initial synchronization error z−(t0) = κe
are identical and, thus, the initial normalized perturbation ξ−(t0, e, t0) = e and the
initial normalized synchronization error ζ−(t0, e, t0) = e are identical as well. Together
with ζ̂

−
(t0, e, t0) = ζ−(t0, e, t0)ek(t0−t0) = e we obtain that the initial conditions of ξ and ζ̂

are identical. Furthermore, the dynamics of ξ, given by (6.17), and the dynamics of ζ̂,
given by (6.23), are identical as well, which yields ξ(t, e, t0) = ζ̂(t, e, t0) a.e. Therefore,
using ζ(t, e, t0) = ζ̂(t, e, t0)e−k(t−t0), the relation between the normalized disturbance ξ
and the normalized synchronization error ζ is obtained as

ζ = ξe−k(t−t0) a.e. (6.24)

The set of discontinuities Eξ
t of ξ and Eζ

t of ζ coincide. The only difference between the
nonsmooth result (6.24) and the smooth result (6.9) is that ζ and ξ are discontinuous in
the nonsmooth case and, thus, not defined on the entire time axis.

From (6.24) together with the definition of the maximal Lyapunov exponent in (6.18)
we obtain the maximal increase of an infinitesimal disturbance along solutions as

max
e

lim
t→∞,t/∈Eζ

t

∥ζ∥ = max
e

lim
t→∞,t/∈Eξ

t

∥ξ∥e−k(t−t0) = lim
t→∞

e(λmax−k)(t−t0).

Local synchronization of the coupled systems (6.19) is therefore achieved if (and only if)
the coupling gain k is larger than the maximal Lyapunov exponent λmax, that is,

lim
t→∞,t/∈Eζ

t

∥ζ(t, e, t0)∥ = 0 ∀e if and only∗ if k > λmax. (6.25)

The star in (6.25) denotes that k = λmax is excluded in the converse, because, as in the
smooth case, no statement can be made for the case where k is exactly equal to λmax.
Remark 6.5 In the case of finite time convergence or superstable limit sets [187] (e.g.,
an accumulation point for a one-dimensional mechanical system) the decay of any initial
perturbation is faster than exponential. The maximal Lyapunov exponent for these limit
sets is equal to −∞. Therefore, the synchronization gain k can be chosen negative and
arbitrarily large and still achieve local synchronization. However, the result (6.25) is only
applicable as long as the synchronization error is small. △
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Figure 6.5: Duffing oscillator with two opposing geometric unilateral constraints.

As for the smooth case, any slight error or perturbation will eventually turn any initial
error in the direction of maximal expansion, which yields

∃e : lim
t→∞,t/∈Eζ

t

∥ζ(t, e, t0)∥ = 0 ⇒ lim
t→∞,t/∈Eζ

t

∥ζ(t, e, t0)∥ = 0 for almost all e.

The maximal Lyapunov exponent can be estimated using the minimal proportional feed-
back gain for which synchronization is achieved, that is, kcrit = λmax.

6.3 Numerical Example
We apply the method of estimating the maximal Lyapunov exponent using chaos synchro-
nization to the example of a mechanical Duffing-oscillator with two geometric unilateral
constraints as depicted in Figure 6.5. The state vector x = (q; u) consists of the co-
ordinate q and velocity u. The impact oscillator is excited by an external, harmonic
forcing f0 cos (ωt). The further system parameters are the mass m, the nonlinear stiffness
coefficient k(q) = k̄ (q2 − 1) and the viscous damping coefficient c. The opposing unilat-
eral constraints located at q = ±qc can be written as g = (q + qc; −q + qc) ≥ 0, which
yields C = [−qc, qc] as the admissible set for q. The force directions the corresponding
constraint forces λ and constraint impulses Λ are given by W = dg

dq

T. The force law is
given by Signorini’s condition and the generalized Newton’s impact law with a restitution
coefficient e is chosen to describe the impact process [75].

The Radon measure dµ is decomposed in a Lebesgue measure dt and an atomic mea-
sure dη = ∑

i dδti
, which is the sum of Dirac point measures dδti

at the discontinuity
points ti as shown in Section 2.1. The dynamics can be written in the form of a measure
differential inclusion (6.11) as

dx

dµ
=

 u dt
dµ

1
m

(
−c u − k̄ (q2 − 1)q + f0 cos (ωt)

)
dt
dµ

+ 1
m

W P

, (6.26)

where

P =
{

λ
dt

dµ
+ Λdη

dµ
| −λ ∈ NR+

0
(g), −Λ ∈ Hq(γ̄)

}
.

The force and impact laws are described using the sets NR+
0

and Hq, which are presented
in Chapter 3. The dynamics described by the measure differential inclusion (6.26) can be
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written in the explicit form (6.14) as

dx

dµ
=

 u dt
dµ

1
m

proxTC(q)

(
−c u − k̄ (q2−1)q + f0 cos (ωt)

)
dt
dµ

+ (1+e)
(
proxTC(q)(u−) − u−

)
dη
dµ

,

where proxTC(q) is the proximal point function to the tangent cone

TC(q) =


R+

0 for −qc = q,

R for −qc < q < qc,

R−0 for q = qc.

The viscous damping coefficient c is chosen as bifurcation parameter. A brute force
diagram is generated for the system parameters m = k̄ = f0 = ω = 1, qc = 0.5, e = 0.65
for the range c ∈ [0, 2.3] and is depicted in Figure 6.6 (top). It is generated using a sweep
down of the bifurcation parameter and shows the position qk

P at the Poincaré sections
(here, stroboscopic map with period time T = 2π

ω
). The critical coupling is determined

numerically for the solutions depicted in the bifurcation diagram. The critical coupling
is used as estimate of the maximal Lyapunov exponent of the corresponding solution and
is depicted in Figure 6.6 (bottom).

As expected, the estimated maximal Lyapunov exponent is positive for the chaotic
attractors. Furthermore, except for small values of the damping coefficient, the periodic
windows correspond well to negative values of the estimated maximal Lyapunov exponent
(λmax at zero is not considered). The coupled system is considered to be synchronized if the
synchronization error becomes smaller than a certain threshold and a finite time horizon
is chosen in order that the algorithm terminates. Therefore, the maximal Lyapunov
exponent is generally overestimated, especially for small values of the damping coefficient c
due to slow error decay rates.

6.4 Conclusions
The critical coupling gain for local synchronization of two identical nonsmooth systems
with unidirectional diffuse coupling is given by the maximal Lyapunov exponent. This
statement holds for the general class of nonsmooth systems with solutions of special locally
bounded variation under the assumption that the maximal Lyapunov exponent exists.

The maximal Lyapunov exponent can directly be estimated using chaos synchroniza-
tion in computer simulations. Using this method in an experimental setup would require
a mutual coupling for which the critical coupling gain is half the critical coupling gain
compared to unidirectional coupling. However, an experimental approach is not straight-
forward as a diffuse coupling for mechanical systems requires access to the kinematic
equation. Furthermore, the measure differential inclusion describing the dynamics of the
system is transformed to a measure differential equation before the coupling is applied.
This approach is feasible for a computer simulation, but not for a physical system such
as a mechanical system including Coulomb friction.
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Figure 6.6: Brute force diagram (top) and estimation of the maximal Lyapunov expo-
nent λmax (bottom) with the viscous damping coefficient c as bifurcation parameter. The
chaotic solutions correspond to λmax >0, while the periodic windows correspond to λmax <0.



Chapter7
Concluding Remarks

‘Results! Why, man, I have gotten a lot of results!
I know several thousand things that won’t work.’

Thomas Alva Edison, 1910 [ii]

In this thesis, synchronization phenomena of nonsmooth systems with a special focus
on mechanical systems are investigated using various mathematical frameworks including
measure and integration theory, convex and set-valued analysis and functional analysis. In
the following, the main contributions of this thesis are recapitulated and recommendations
for further research on this topic are given.

7.1 Contributions
The equations of motion of nonsmooth mechanical systems including impacts are derived
in Chapter 2. Starting with the principle of virtual work and using a Radon measure
instead of the classical Lebesgue measure, Lagrange’s equations of the second kind are
derived. The presented Lagrange’s equations comprise the non-impulsive as well as im-
pulsive motion. This combined formulation is beneficial for analysis purposes as it is
not necessary to consider the continuous equations of motion and the impact equation
separately. For example, using the combined formulation, it is shown under which condi-
tions a nonsmooth mechanical system is conservative or dissipative, which are properties
especially useful for Lyapunov analysis.

Important mathematical properties of the force and impact laws of perfect unilateral
constraints are revealed in Chapter 3. Three different types of constraints are considered,
namely geometric, kinematic and the conceptually new switched kinematic unilateral
constraints. A key issue is the identification of the mathematical entities in which the
properties of interest become apparent. The set-valued force and impact laws are inves-
tigated using variational analysis, which is a framework that puts calculus of variations
and set-valued analysis in the scope of optimization, control and stability theory.

A central role plays the property of maximal monotonicity, which is a stronger con-
dition than dissipativity. The maximal monotonicity allows the use of the Minty param-

117
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eterization, which describes the parameterization of a (maximal monotone) set-valued
function using two (maximal non-expansive) single-valued functions. Applying the Minty
parameterization to the set-valued force and impact laws of perfect unilateral constraints
of a mechanical system shows the existence of unique generalized accelerations and post-
impact velocities for which explicit expressions are obtained.

Various representations of impact laws of perfect unilateral constraints are investigated
and it is shown, how these formulations together with their properties transform. Special
attention is paid to the generalized Newton’s impact law and the generalized Poisson’s
impact law, which are the most commonly used inequality impact laws. Explicit expres-
sions of these specific impact laws are given and it is shown under which conditions these
impact laws enjoy the property of maximal monotonicity.

A special focus lies on the property of maximal monotonicity. Maximal monotonicity
implies existence and uniqueness of the evolution problem as mentioned before. Further-
more, this property implies energetic consistency of the constraint forces and constraint
impacts. Most importantly, the property of maximal monotonicity implies that the dif-
ference between discontinuous trajectories is non-increasing, which is directly used for the
design of the observers presented in Chapter 4.

The state observers are based on master-slave synchronization, where the master sys-
tem is the observed system and the slave system acts as state observer. The unidirectional
coupling consists only of the impact time instants of the observed system. Using switched
constraints, it is ensured that the impacts of the master and slave systems coincide. The
key property of the state observers to achieve synchronization is attractive incremental sta-
bility, which guarantees that all trajectories of a system approach each other independent
of the initial conditions. The maximal monotonicity is essential for the attractive incre-
mental stability of the state observer. After a brief synchronization phase, the observer
replicates the full state of the observed system, independently of the initial conditions
and even in the presence of accumulation points (i.e., Zeno behavior).

The concept of switched kinematic unilateral constraints is extended to switched geo-
metric unilateral constraints, which introduce constraint forces in the kinematic equation
and render the generalized coordinates discontinuous. The introduction of position jumps
increases the synchronization rate and extends the applicability of the observer to sys-
tems with a rigid body mode. Using this extension, the proposed observer is applicable
to legged robots using only contact switches at the feet, thereby tremendously decreasing
the need for sensory equipment.

The switched kinematic unilateral constraints ensure that the discontinuities of the
observer system and the observed system occur at the same time instants. This is no
longer the case for mutually coupled systems as presented in Chapter 5. The mismatch of
the impact time instants implies that the Euclidean distance function is no longer suitable
to define and investigate the synchronization problem for impacting multi-body systems.
This problem is resolved by resorting to the quotient metric, where the equivalence relation
is the equivalence kernel of the impact map. Because the quotient distance function is
continuous in time when evaluated along discontinuous solutions, it is suitable to define
stability in the sense of Lyapunov and leads to an intuitive notion of closeness to synchrony.
The definition of the synchronization problem and the distance function induced by the
quotient metric are of generic value and can directly be extended to Lur’e-type systems.
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The mathematical foundation described above is used to design a control law for
a canonical mechanical system subjected to a unilateral constraint. It is shown using
Lyapunov stability analysis that the presented control law is guaranteed to achieve global
synchronization also in the presence of grazing trajectories and accumulation points.

Full-state synchronization of two identical nonsmooth systems can be achieved if the
systems are coupled with a sufficiently large proportional feedback gain. A lower bound
for the critical gain is given by the maximal Lyapunov exponent of the individual systems.
This statement is proven in Chapter 6 for the general class of nonsmooth systems in the
framework of measure differential inclusions.

The spectrum of Lyapunov exponents is an important characteristic of limit sets as it
captures exponential convergence or divergence of nearby trajectories. The determination
of the Lyapunov exponents of nonsmooth systems is in the research community a topic
of ongoing research. The presented results provide a straightforward method to estimate
the maximal Lyapunov exponent of nonsmooth systems using chaos synchronization.

7.2 Recommendations
Many problems have remained unsolved. In this last section, recommendations are given
for further research on synchronization of nonsmooth systems.

In Chapter 3 it has been shown that variational analysis is a powerful framework for
the investigation of impact laws. There is an eminent need to develop new impact laws for
which the results obtained by the variational analysis constitute a solid foundation. This
approach has been used in [202] for the development of an impact law for the three-ball
Newton’s cradle for which the generalized Newton’s and Poisson’s impact laws do not
reproduce the outcomes of experimental observation.

The observer designs presented in Chapter 4 raise many research questions. First, the
presented observers are designed for linear time-invariant systems. It would be desirable
to extend the class of observed systems to Lur’e type systems, which are systems that
can be decomposed into a linear part with a nonsmoothness in the feedback loop. This
generalization would put the results in a general framework of nonlinear systems theory.
The presented observer designs are expected to be applicable to these types of systems
if the nonsmoothness in the feedback loop is maximal monotone. Another generalization
would be to allow nonaffine constraint distances to include other nonlinearities besides the
unilateral constraints. It is expected that full-state synchronization can still be achieved
as shown in the example of the robotic leg in Section 4.3, but generally only local results
concerning attractivity can be achieved.

Secondly, the robustness of the observers with respect to system uncertainties is un-
known. For the case of bounded uncertainties, no exact reconstruction of the observed
state is possible, however, the attractive stability of the error dynamics might be relaxed
using the notion of practical stability [112]. Special attention needs to be paid in the
case that the switching function carrying the information of the impact time instants is
imperfect, for example, if some of the impacts are missed. One approach to tackle this
problem is to use the internal constraint distances of the observer for the detection of a
potential miss. Then, multiple possible solutions of the observer are simulated in parallel
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and those solutions which have a poor correspondence with future measurements of the
impact time instants are rejected. Furthermore, in the setting of an uncertain set of sys-
tem parameters (constant or slowly time-varying), the idea of adaptive control might be
applicable as proposed in [143] in order to design adaptive state observers which estimate
the uncertain parameters as well as the state of the observed system simultaneously.

Thirdly, the presented observers use only the information of the impact time instants.
The synchronization speed could, however, be improved if additional measurements of the
states are available. The additional information could be used by extending the presented
observer designs using the concept of a Luenberger observer, which would only influence
the non-impulsive dynamics. Special attention is required if the continuous measurement
is corrupted by noise because classical low-pass filtering would not be appropriate. This
is the case because a lot of the information content is in the high frequencies due to the
nonsmooth time evolution of the state.

The definition of the synchronization problem presented in Chapter 5 together with
the distance function can directly be extended to more general system classes such as
mechanical systems subjected to multiple constraints or Lur’e-type systems. The compu-
tation of the distance function is elaborate in the case of multi-contact collisions, because
the presented simplifications cannot be used. Furthermore, the synchronization problem
for a mechanical system with one degree of freedom is presented using a Lyapunov func-
tion which is based on an approximation of the distance function. The same approach is
expected to be applicable for mechanical systems with multiple degrees of freedom.

A method has been presented in Chapter 6 to estimate the maximal Lyapunov expo-
nent using chaos synchronization and the method has been demonstrated using a numer-
ical example. It is however not straight-forward how to use this approach experimentally
for mechanical systems as the diffuse coupling requires access to the kinematic equation,
which is generally no feasible. Furthermore, the transformation from the measure dif-
ferential inclusion to a measure differential equation is not possible for certain physical
systems such as a mechanical system including friction.

Nonsmooth systems have the possibility to attain limit sets in a finite time, for ex-
ample, a bouncing ball with a partly elastic collision. In the presented synchronization
problems, finite-time synchronization might occur. However, it is unknown how finite-
time synchronization can be guaranteed for either unidirectional or bidirectional coupling.
A requirement is that the observer does not require explicit knowledge of the trajectory
as has been used in, for example, [167].

In most applications, state-feedback controllers cannot be applied directly because
only part of the state is measured. Therefore, the use of a state observer is common
and the state-feedback controller uses the estimated state provided by a state observer.
Consider for example the application of a legged robot where only the impact time instants
between the feet and the ground are measured. Defining a desired trajectory of the
robot (e.g., a walking gait), the control problem becomes a reference tracking problem
which, in this case, is a controlled synchronization problem as presented in Chapter 5.
The state necessary for the control problem could be obtained by a state observer as
presented in Chapter 4. In the case of a legged robot, the three rigid body modes given
by the translation in the horizontal plane and the rotation around the vertical axis are
unobservable, however, they are not needed for the stabilization problem.



AppendixA
Proofs and Technical Results

. . . ; et que, considérant combien il peut y avoir de
diverses opinions, touchant une même matière, qui
soient soutenues par des gens doctes, sans qu’il y en
puisse avoir jamais plus d’une seule qui soit vraie,
je réputais presque pour faux tout ce qui n’était que
vraisemblable.

René Descartes, 1637 [iii]
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A.1 Product Rule for Discontinuous Functions
Consider a function φ = φT

1φ2 ∈ SLBV (R,R) which is the product of two functions
φ1, φ2 ∈ SLBV (R,Rn). The function φ is undefined at those time instants at which φ1
or φ2 is discontinuous. The density of φ with respect to the Radon measure dµ, however,
is well defined for every point in time.
Lemma A.1 Let the function φ = φT

1φ2 ∈ SLBV (R,R) be the product of two functions
φ1, φ2 ∈ SLBV (R,Rn). Then, the density of φ w.r.t. dµ is given by

dφ

dµ
=
(
φ−1 + α

(
φ+

1 − φ−1
))T

(
dφ2

dµ

)
+
(

dφ1

dµ

)T(
φ+

2 − α
(
φ+

2 − φ−2
))

, (A.1)

where α ∈ R is arbitrary.
Proof. Substituting the differential measures dφi

dµ
= φ̇i

dt
dµ

+
(
φ+

i − φ−i
)

dη
dµ

∀i ∈ {1, 2} in
(A.1) and using φ+

i
dt
dµ

= φ−i
dt
dµ

= φi
dt
dµ

yields

dφ

dµ
=
(
φ−1 + α

(
φ+

1 − φ−1
))T

(
φ̇2

dt

dµ
+
(
φ+

2 − φ−2
)dη

dµ

)

+
(

φ̇1
dt

dµ
+
(
φ+

1 − φ−1
)dη

dµ

)T(
φ+

2 − α
(
φ+

2 − φ−2
))

=
(
φT

1φ̇2 + φ̇T
1φ2

) dt

dµ
+
(
φ+

1
T
φ+

2 − φ−1
T
φ−2

)dη

dµ
,

where we recognize dφ
dt

= φ̇ = φT
1φ̇2 + φ̇T

1φ2 and dφ
dη

= φ+ − φ− = φ+
1

T
φ+

2 − φ−1
T
φ−2 .

Lemma A.1 for which φ is a general continuous bilinear mapping of two functions of locally
bounded variation has first been presented in [133, 135] for the special cases α ∈ {0, 1

2 , 1}.
Common extensions of the domain of the function φ are φ := φ+ and φ := φ̄ :=

1
2(φ+ + φ−). The former renders φ right-continuous, whereas the latter is motivated by
symmetry. For α = 1

2 , (A.1) is symmetrical in φ1 and φ2, that is,

dφ

dµ
= φ̄T

1

(
dφ2

dµ

)
+
(

dφ1

dµ

)T
φ̄2,

where φ̄i := 1
2

(
φ+

i + φ−i
)

∀i ∈ {1, 2}.
The case of Lemma A.1 for which φ is a symmetric bilinear form is important with

regard to the kinetic energy of a mechanical system. This special case is formulated in
the following corollary and can also be found in [119].
Corollary A.2 Let the function φ = 1

2φT
3Aφ3 ∈ SLBV (R,R) be a quadratic function

with φ3, ∈ SLBV (R,Rn) and A = AT ∈ Rn×n. Then, the density of φ w.r.t. dµ is given
by

dφ

dµ
= φ̄T

3A

(
dφ3

dµ

)
,

where φ̄3 := 1
2(φ+

3 + φ−3 ).
Proof. Use Lemma A.1 with φ1 = φ3 and φ2 = 1

2Aφ3.
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A.2 Extension of Barbalat’s Lemma
Barbalat’s lemma is a useful tool in stability analysis of nonlinear systems, in particular for
invariance-like theorems for non-autonomous systems. It is originally defined for uniformly
continuous functions. Here, we extend Barbalat’s lemma for special functions of locally
bounded variation which are asymptotically absolutely continuous (AAC). Functions of
this class approach an absolutely continuous function asymptotically in forward time and
the atomic measure therefore tends to zero.

Definition A.1 A function f : R → R of special locally bounded variation is called
asymptotically absolutely continuous if there exists an absolutely continuous function g :
R → R such that

lim
t→∞
t/∈E

|f(t) − g(t)| = 0,

where E is the set of discontinuity points of f .

The proof of the extension of Barbalat’s lemma is based on the proof of [107, Lemma 8.2].

Proposition A.3 (Barbalat’s Lemma for Asymptotically Absolutely Continuous Func-
tions) Let f : R 7→ R be a special function of locally bounded variation on [0, ∞) which is
asymptotically absolutely continuous. If the limit

lim
T→∞

∫ T

0
f(t)dt (A.2)

exists and is finite, then

lim
t→∞
t/∈E

f(t) = 0, (A.3)

where E is the set of discontinuity points of f .

Proof. We will establish a proof by contradiction. Let us assume that the conclusion (A.3)
does not hold, then ∃c1 > 0 ∀T1 > 0 ∃t > T1 : |f(t)| ≥ c1. Since the function f is
asymptotically absolutely continuous, there exists an absolutely continuous function g
such that ∃T2 > 0 : |f(t) − g(t)| < c1

4 for almost all t > T2. Therefore, there exists a
time t∗ > max{T1, T2} with |f(t∗)| ≥ c1 and |f(t) − g(t)| < c1

4 for almost all t ≥ t∗. Due to
the absolute continuity of g(t), which is a stronger condition than uniform continuity, there
exists a constant time lapse ∆t > 0 such that |g(t) − g(t∗)| < c1

4 ∀t∗ and ∀t ∈ [t∗, t∗ + ∆t].
The triangle inequality yields |f(t∗)| ≤ |f(t∗) − g(t∗)| + |g(t∗) − g(t)| + |g(t) − f(t)| +

|f(t)|. Therefore, |f(t)| is bounded from below by |f(t)| ≥ |f(t∗)| − |f(t∗) − g(t∗)| −
|g(t∗) − g(t)| − |g(t) − f(t)| > c1 − c1

4 − c1
4 − c1

4 = c1
4 for almost all t ∈ [t∗, t∗ + ∆t], which

is illustrated in Figure A.1. Since f(t) has the same sign for almost all t ∈ [t∗, t∗ + ∆t],
we obtain ∣∣∣∣∣

∫ t∗+∆t

t∗
f(t)dt

∣∣∣∣∣ =
∫ t∗+∆t

t∗
|f(t)|dt >

∫ t∗+∆t

t∗

c1

4
dt = c1

4
∆t. (A.4)

For every T1 > 0 there exists a t∗ > T1 for which (A.4) holds. This is in contradiction
with the existence of the finite limit (A.2).
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Figure A.1: The function g ∈ AC remains within the bound g(t) ∈ (g(t∗) − c1
4 , g(t∗) + c1

4 )
(light gray) and the function f ∈ AAC remains withing the bound f(t) ∈ (g(t)− c1

4 , g(t)+ c1
4 )

(dark gray) for almost all t ∈ [t∗, t∗ + ∆t]. Hence, |f(t∗)| ≥ c1 yields that |f(t)| is bounded
from below by |f(t)| > c1

4 for almost all t ∈ [t∗, t∗ + ∆t].

Figure A.2: The function u(t) does tend to zero even though its integral does converge (top).
Therefore, the converse of Proposition A.3 does not hold. Proposition A.3 is indirectly
applicable here as u(t) is square-integrable (bottom).

The converse of Proposition A.3 does not hold. Consider, for example, the function u ∈
SLBV defined by

u(t) :=


0 if t < 1,
1
t

if t ∈ ∪
n∈N[e2n e2n+1),

−1
t

for t ∈ ∪
n∈N[e2n+1 e2n+2).

The function u(t) tends to zero and is therefore asymptotically absolutely continuous. Its
integral remains in the interval [0, 1] but does not converge as t → ∞, see Figure A.2 (top).
Note that u(t) is not integrable since limt→∞

∫∞
−∞ |u(t)|dt = limt→∞

∫∞
1

1
t
dt = ∞. The

function u(t) is, however, square-integrable since
∫∞
−∞ u2(t)dt =

∫∞
1

1
t2 dt = 1 < ∞. The

extended Barbalat’s lemma can be applied to u2(t) since u2(t) is asymptotically absolutely
continuous, which yields limt→∞ u2(t) = 0 ⇒ limt→∞ u(t) = 0. The function u2(t) and
its integral are shown in Figure A.2 (bottom).

A similar example is given by the function sinc(t) := sin(t)
t

. It is not integrable, but the
integral

∫∞
−∞ sinc(t)dt = π exists and is bounded. The sinc function is square-integrable

since
∫∞
−∞ sinc2(t)dt = π, which implies that it tends to zero, that is, limt→∞ sinc(t) = 0.
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A.3 Existence of a Steady State Solution
In [205], Yakubovich proves a lemma which formulates that if a non-autonomous dif-
ferential inclusion (or discontinuous differential equation with solutions in the sense of
Filippov) with bounded right-hand sides exhibits a compact positively invariant set C,
then the existence of a solution that is bounded for all t ∈ R is guaranteed. The differ-
ential inclusions considered in [205] are not guaranteed to have uniqueness of solutions in
forward (and backward) time. Consequently, the solutions of the considered differential
inclusions do not enjoy continuity with respect to the initial condition. The technical
difficulties which arise due to the non-uniqueness of solutions are handled in the proof
of [205] by using an elegant choice of subsequences of solution curves. The non-uniqueness
of solutions results in a set-valued propagator φt,t0(x0) which maps each point x0 in the
state space at time t0 to a set of points at time t. Although not explicitly mentioned
in [205], an essential ingredient in the proof of [205] is that the propagator of the con-
sidered differential inclusion is an upper semi-continuous set-valued map with compact
images (see also [181], Theorem 4.11). Hence, every compact subset K of the state space is
mapped by the propagator to a compact subset φt,t0(K) of the state space. Furthermore,
the proof in [205] also relies on the fact that the solutions of differential inclusions are
absolutely continuous in time.

In [119] it has been suggested that the lemma of Yakubovich may be extended to
measure differential inclusions for which the solution curves are discontinuous in time.
Here, we make this assertion more precise by modifying lemma of [205] such that it is
valid for a certain class of dynamical systems which are characterized by the following
properties:

P1 For each point x0 in the admissible subset A of the state-space R2f and for each
time-instant t0 ∈ R, there exists a unique forward solution curve φ(t, t0, x0) ∈ A
for almost all t ≥ t0.

P2 The solution curve φ(t, t0, x0) may be discontinuous in time t but is of locally
bounded variation.

P3 The propagator, defined by the mapping φt,t0(x0) = φ(t, t0, x0), is a (single-valued)
continuous map, i.e., the solutions are continuous with respect to the initial condi-
tion x0.

Property P2 implies that the left-limit φ−(t, t0, x0) and the right-limit φ+(t, t0, x0) exist
for all t ∈ R. The modified lemma, presented below, is on the one hand more general as
it also applies to measure differential inclusions, and on the other hand more restrictive
because it is only applicable to systems with continuity with respect to the initial condition
(and therefore uniqueness in forward time).
Proposition A.4 (Modification of Yakubovich [205], Lemma 2) Consider a dynamical
system enjoying the properties P1–P3. If C ⊂ Rn is a compact positively invariant set
such that

x0 ∈ C ⇒ φ(t, t0, x0) ∈ C for almost all t ≥ t0

independent of t0, then there exists a solution curve x̄(t) ∈ C for almost all t ∈ R.
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Proof. We set C0 = C and denote by C1 the set of all points x ∈ Rn which are the images
of the propagator φ+

0,−1(x0) = φ+(0, −1, x0) with x0 ∈ C0:

C1 := {x ∈ Rn | x = φ+(0, −1, x0), x0 ∈ C0},

or we may use the short-hand notation C1 = φ+(0, −1, C0). It holds that C1 ⊂ C0 because
C0 is positively invariant. Similarly, we define the sets Cj = φ+(0, −j, C0). The sets Cj are
generally not positively invariant but they are nested. Namely, if A ⊂ B, then it holds for
any continuous mapping f that f(A) ⊂ f(B). Similarly, because φ+(−j, −(j+1), C0) ⊂ C0
due to the positive invariance of C0 and because of the definition of the sets Cj, it holds
that Cj+1 ⊂ Cj, i.e. the sets are nested such that

C0 ⊃ C1 ⊃ C2 ⊃ . . . (A.5)

The existence of solution curves implies that the sets Cj are nonempty. Furthermore, for
any continuous mapping f it holds that if A is compact, then also f(A) is compact. The
propagator φt,t0(x0) is assumed to be continuous with respect to the initial point x0 and,
therefore, the sets Cj = φ+(0, −j, C0) are compact. From (A.5) and the fact that the sets
Cj are nonempty and compact, it follows that there is a point a0 ∈ ∩ Cj. The solution
curve φ(t, 0, a0) remains in the positively invariant set C0 for almost all t ≥ 0 because
a0 ∈ C0. Moreover, due to the fact that a0 ∈ Cj it follows that there exists a point aj ∈ C0
and a solution curve x̄(t) = φ(t, −j, aj) with x̄(0) = a0 such that x̄(t) ∈ C0 for almost
all t ≥ −j. Since j is an arbitrary integer, the solution curve fulfills x̄(t) ∈ C for almost
all t ∈ R.
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A.4 Proofs of Chapter 3

A.4.1 Proposition 3.1
Proposition 3.1 Let W (q) = [w1(q), w2(q), . . . , wm(q)] ∈ Rn∗×m be the collection of
m generalized force directions wi(q). If all force directions fulfill ∂wi(q)

∂q
=
(

∂wi(q)
∂q

)T, then
γ := WT(q)u and δs := WT(q)δq fulfill

δγ = (δs)·. (A.6)

Proof. The condition ∂wi(q)
∂q

=
(

∂wi(q)
∂q

)T can be written using index notation as

∂W j
i(q)

∂qk
= ∂W k

i(q)
∂qj

, (A.7)

or, in words, the tensor ∂W j
i(q)

∂qk is symmetric with respect to its first and last argument.
The variation of γ = WT(q)u is obtained using index notation as

δγi = W j
iδuj + ∂W j

i

∂qk
δqkuj

= W j
i(δqj)· + ∂W j

i

∂qk
q̇jδqk.

Using ∂W j
i

∂qk q̇jδqk = ∂W j
i

∂qk q̇kδqj, which follows from the symmetry condition (A.7) of the
tensor ∂W j

i

∂qk , yields (A.6) in index notation as

δγi = W j
i(δqj)· + ∂W j

i

∂qk
q̇kδqj

= W j
i(δqj)· +

(
W j

i
)·

δqj

=
(
W j

iδqj
)·

=
(
δsi
)·

.

A.4.2 Theorem 3.11
Proof of Theorem 3.11 (page 49). In the first part of the proof, we derive the impact
mappings S and Z. For this purpose, the generalized Newton’s impact law (3.29) is
written using the local impact equation (3.27) together with ξ = γ+ + Eγ− as

−(γ+ − γ−) ∈ GNRm+
0

(γ+ + Eγ−).

The normal cone inclusion transforms by (3.5) to the explicit equation

γ+ = −Eγ− + proxG−1

Rm+
0

((I + E)γ−)
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from which follows (3.48) using the orthogonal cone decomposition.
The mapping Z is obtained from the mapping S using Proposition 3.7 as

u+ = (P + F S ◦ WT)(u−) = (I + F (S − I) ◦ WT)(u−)
= u− − F proxG−1

(Rm+
0 )⊥

(
(I + E)WTu−

)
.

The formulation (3.49) of the mapping Z is obtained by changing the metric of the
proximal point function from G−1 = FTMF to M using the transformation rule (3.7)
in Proposition 3.4 together with T ⊥C = F (Rm+

0 )⊥ from (3.42).
The statement that H is maximal monotone if and only if G − EGE is positive

semi-definite is shown in the remaining proof. Using the mean constraint velocity

γ̄ = 1
2

(γ+ + γ−) = (I + E)−1
(

ξ − 1
2

(I − E)GΛ
)

expressed using ξ = γ+ + Eγ− and (3.27), the condition for monotonicity of the impact
map −Λ ∈ H(γ̄) takes the form

0 ≤ − (Λ2 − Λ1)T(γ̄2 − γ̄1)
= − (Λ2 − Λ1)T(I + E)−1(ξ2 − ξ1) (A.8)

+ 1
2

(Λ2 − Λ1)T(I + E)−1(I − E)G(Λ2 − Λ1) ∀(γ̄1, −Λ1), (γ̄2, −Λ2) ∈ G(H).

The first term on the right-hand side can be written as

−(Λ2 − Λ1)T(I + E)−1(ξ2 − ξ1) = −
n∑

i=1
(1 + εi)−1(Λ2i − Λ1i)(ξ2i − ξ1i),

where −ξ1i ∈ NR∗+
0

(Λ1i), −ξ2i ∈ NR∗+
0

(Λ2i). This term is nonnegative because of the
maximal monotonicity of the normal cone NR∗+

0
. The second term is nonnegative if

(I+E)−1(I−E)G ≽ 0, which is true if and only if the symmetric part of (I−E)G(I+E)
is positive semi-definite. Therefore, H is monotone if 1

2((I −E)G(I +E)+(I +E)G(I −
E)) = G − EGE ≽ 0.

The maximality of H follows from the maximality of S (or Z), where the relation
between the mappings S (or Z) and H is shown in Corollary 3.9.

The converse is shown by construction of a counter-example. If G − EGE is not
positive definite, then there exists an eigenvector ζ with a strictly negative eigenvalue κ <
0, that is, (G−EGE)ζ = κζ. The eigenvector is uniquely decomposed as ζ = ζ(+) −ζ(−)

with ζ(+) = proxRm+
0

(ζ) and ζ(−) = −proxRm−
0

(ζ). The pre-impact velocities

γ−1 = −(I + E)−1G(I + E)ζ(−),

γ−2 = −(I + E)−1G(I + E)ζ(+)

are mapped by (3.48) to the post-impact velocities γ+
1 = −Eγ−1 , γ+

2 = −Eγ−2 , where
−G(I + E)ζ(−) ∈ (Rm+

0 )⊥ and −G(I + E)ζ(+) ∈ (Rm+
0 )⊥ have been used. The given

choice of pre-impact velocities therefore implies ξ2 = ξ1 = 0 and Λ2 − Λ1 = G−1(γ+
2 −
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γ−2 ) − G−1(γ+
1 − γ−1 ) = −G−1(I + E)(γ−2 − γ−1 ) = (I + E)ζ(+) − (I + E)ζ(−) = (I + E)ζ

for which the condition for monotonicity (A.8) transforms to

1
2

ζT(I − E)G(I + E)ζ = 1
2

ζT(G − EGE)ζ = 1
2

κ∥ζ∥2 < 0.

Hence, H is not monotone if G − EGE is not positive semi-definite.

A.4.3 Theorem 3.12
Proof of Theorem 3.12 (page 50). We begin by deriving the impact map H in (3.51).
Using the mean constraint velocity and (3.27), we express ξ as

ξ = γ+ + εγ− = 1 + ε

2
(γ+ + γ−) + 1 − ε

2
(γ+ − γ−) = (1 + ε)γ̄ + 1 − ε

2
GΛ.

The generalized Newton’s impact law −Λ ∈ NRm+
0

(ξ) for ε = 1 is equivalent to −Λ ∈
NRm+

0
(γ̄), where the cone property of the normal cone NRm+

0
has been used. For ε ∈ [0, 1),

we proceed by inverting the normal cone and using the cone condition to obtain

−2(1 + ε)
1 − ε

γ̄ − GΛ ∈ NRm∗+
0

(Λ).

The equivalence (3.5) together with the positive homogeneity of the proximal point func-
tion allows us to write

−Λ = −2(1 + ε)
1 − ε

proxG
Rm∗+

0
(−G−1γ̄).

The impact mappings (3.52) and (3.53) follow by substituting E = εI in the formu-
lations given in Remark 3.5 and using F WT = P⊥ together with (3.23) of Lemma 3.6.

It remains to be proven that the function Φ given in (3.54) is the dissipation function
of the impact map H. The case ε = 1 is trivial. For the case ε ∈ [0, 1), we invoke
Lemma 3.3 to obtain the subdifferential of the dissipation function as

∂Φ(γ̄) = 2(1 + ε)
1 − ε

∂
1
2
(
distG−1

Rm+
0

(γ̄)
)2

= 2(1 + ε)
1 − ε

G−1
(
γ̄ − proxG−1

Rm+
0

(γ̄)
)

= 2(1 + ε)
1 − ε

G−1proxG−1

(Rm+
0 )⊥(γ̄)

= −2(1 + ε)
1 − ε

proxG
Rm∗+

0
(−G−1γ̄),

where the proximal point transformation of Proposition 3.4 together with −G−1(Rm+
0 )⊥ =

Rm∗+
0 has been used. Hence, the generalized Newton’s impact law with a global restitution

coefficient has an impact map H which is cyclically maximal monotone. The correspond-
ing convex dissipation function Φ is positive homogeneous of degree 2.
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A.4.4 Theorem 3.13
Proof of Theorem 3.13 (page 51). In the first part of the proof, we derive the impact
mappings S and Z. The impact law of the compression phase of the generalized Poisson’s
impact law (3.30) is written using γC = γ− + GΛC as

−ΛC ∈ NRm+
0

(γ− + GΛC).

The compression impulses ΛC as a function of the pre-impact velocities γ− are obtained
by inverting the normal cone and transforming using (3.5) and (3.7) as

−γ− ∈ NRm∗+
0

(ΛC) + GΛC ,

ΛC = proxG
Rm∗+

0
(−G−1γ−),

ΛC = −G−1proxG−1

(Rm+
0 )⊥(γ−). (A.9)

The impact law of the expansion phase (3.31) is written using ΛE = Λ−ΛC = G−1(γ+ −
γ−) − ΛC as

γ− + G(I + E)ΛC ∈ GNRm+
0

(γ+) + γ+,

which transforms by (3.5) to the explicit form

γ+ = proxG−1

Rm+
0

(
γ− + G(I + E)ΛC

)
.

Replacing ΛC using (A.9) yields the mapping S in (3.57). The mapping Z in (3.58) is
obtained by substituting (3.57) in (3.43) of Proposition 3.7 as

u+ = Z(u−) = (P + F S ◦ WT)(u−)
= P u− + F proxG−1

Rm+
0

(
WTu− − G(I + E)G−1WTF proxG−1

(Rm+
0 )⊥

(
WTu−

))
= P u− + proxM

FRm+
0

(
F WTu− − F G(I + E)G−1WTproxM

F (Rm+
0 )⊥

(
F WTu−

))
= proxM

TC

(
P u− + P⊥u− − F G(I + E)G−1WTproxM

T ⊥C

(
P⊥u−

))
= proxM

TC

(
u− − F G(I + E)G−1WTproxM

T ⊥C

(
u−
))

,

where the transformation rule (3.7) in Proposition 3.4 and Lemma 3.6 together with (3.39)
and (3.40) have been used.

In the remaining part of the proof, we show that H is maximal monotone if G−EGE is
positive semi-definite. This proof is first shown in [123]. We define ΛP := ΛE −EΛC and
use γC = γ− + GΛC and γE = γC + GΛE to manipulate the condition for monotonicity
of the impact map −Λ ∈ H(γ̄) as

0 ≥ (γ̄2 − γ̄1)T(Λ2 − Λ1) = 1
2

(γ+
2 + γ−2 − γ+

1 − γ−1 )T(ΛC
2 + ΛE

2 − ΛC
1 − ΛE

1 )

= 1
2

(γC
2 + γ−2 − γC

1 − γ−1 )T(ΛC
2 − ΛC

1 ) + 1
2

(GΛE
2 − GΛE

1 )T(ΛC
2 − ΛC

1 )
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+ 1
2

(γ+
2 + γC

2 − γ+
1 − γC

1 )T(ΛE
2 − ΛE

1 ) + 1
2

(−GΛC
2 + GΛC

1 )T(ΛE
2 − ΛE

1 )

= 1
2

(γC
2 + γ−2 − γC

1 − γ−1 )T(ΛC
2 − ΛC

1 ) + 1
2

(γ+
2 + γC

2 − γ+
1 − γC

1 )T(ΛE
2 − ΛE

1 )

= 1
2

(2γC
2 − GΛC

2 − 2γC
1 + GΛC

1 )T(ΛC
2 − ΛC

1 )

+ 1
2

(2γ+
2 − G(ΛP

2 + EΛC
2 ) − 2γ+

1 + G(ΛP
1 + EΛC

1 ))T(ΛP
2 + EΛC

2 − ΛP
1 − EΛC

1 )

= (γC
2 − γC

1 )T(ΛC
2 − ΛC

1 ) − 1
2

∥ΛC
2 − ΛC

1 ∥2
G

+ (γ+
2 − γ+

1 )T(ΛP
2 + EΛC

2 − ΛP
1 − EΛC

1 ) − 1
2

∥ΛP
2 + EΛC

2 − ΛP
1 − EΛC

1 ∥2
G

= 1
2

(2γC
2 − GΛC

2 − 2γC
1 + GΛC

1 )T(ΛC
2 − ΛC

1 )

+ 1
2

(2γ+
2 − G(ΛP

2 + EΛC
2 ) − 2γ+

1 + G(ΛP
1 + EΛC

1 ))T(ΛP
2 + EΛC

2 − ΛP
1 − EΛC

1 )

= (γC
2 − γC

1 )T(ΛC
2 − ΛC

1 ) − 1
2

∥ΛC
2 − ΛC

1 ∥2
G

+ (γ+
2 − γ+

1 )T(ΛP
2 − ΛP

1 ) + (γC
2 + GΛE

2 − γC
1 − GΛE

1 )TE(ΛC
2 − ΛC

1 )

− 1
2

∥ΛP
2 − ΛP

1 ∥2
G − 1

2
∥ΛC

2 − ΛC
1 ∥2

EGE − (ΛP
2 − ΛP

1 )TGE(ΛC
2 − ΛC

1 )

= (γC
2 − γC

1 )T(ΛC
2 − ΛC

1 ) − 1
2

∥ΛC
2 − ΛC

1 ∥2
G

+ (γ+
2 − γ+

1 )T(ΛP
2 − ΛP

1 ) + (γC
2 − γC

1 )TE(ΛC
2 − ΛC

1 )

− 1
2

∥ΛP
2 − ΛP

1 ∥2
G + 1

2
∥ΛC

2 − ΛC
1 ∥2

EGE

=
∑

i

(1 + εi) (γC
2,i − γC

1,i)(ΛC
2,i − ΛC

1,i)︸ ︷︷ ︸
≤0

+ (γ+
2 − γ+

1 )T(ΛP
2 − ΛP

1 )︸ ︷︷ ︸
≤0

−1
2

∥ΛP
2 − ΛP

1 ∥2
G︸ ︷︷ ︸

≥0

− 1
2

∥ΛC
2 − ΛC

1 ∥2
G−EGE.

Therefore, the condition for monotonicity is fulfilled if G−EGE is positive semi-definite.
Finally, the maximality of H follows from the maximality of S (or Z), where the relation
between the mappings S (or Z) and H is shown in Corollary 3.9.

A.4.5 Theorem 3.14
Proof of Theorem 3.14 (page 51). The impact mapping (3.59) and (3.60) follow by sub-
stituting E = εI in the impact mappings S and Z presented Theorem 3.13 as

γ+ = S(γ−) = proxG−1

Rm+
0

(
γ− − (1 + ε)proxG−1

(Rm+
0 )⊥

(
γ−
))

= S(γ−) = proxG−1

Rm+
0

(
−εγ− + (1 + ε)proxG−1

Rm+
0

(
γ−
))

,

u+ = Z(u−) = proxM
TC

(
u− − (1 + ε)P⊥proxM

T ⊥C

(
u−
))

= Z(u−) = proxM
TC

(
−εu− + (1 + ε)proxM

TC

(
u−
))

,
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where the orthogonal cone decomposition and P⊥T ⊥C = T ⊥C have been used.
The maximal monotonicity of impact map −Λ ∈ H(γ̄) directly follows form Theo-

rem 3.13 together with G − EGE = G(1 − ε2) ≽ 0.
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A.5 Proofs of Chapter 4

A.5.1 Proposition 4.1
Proof of Proposition 4.1 (page 59). For the boundedness condition, we aim to construct
a globally attractive compact positively invariant set. Hereto, we consider the quadratic
Lyapunov candidate function

V (q, u) = 1
2

∥∥∥∥∥∥
q − qr

u

∥∥∥∥∥∥
2

P

with qr = −M−1W G−1gr and P =

 K αM

αM M

.

The constant vector qr fulfills WT(q − qr) = g. Furthermore, using (4.2) and (4.4), the
density of the Lyapunov function w.r.t. dt is found as

V̇ = −

∥∥∥∥∥∥
q

u

∥∥∥∥∥∥
2

Q

+ αqT
r Kq − qT

r (K − αC)u + (αg + γ)Tλ + (α(q − qr) + u)Tf , (A.10)

where Q =

 αK 1
2αC

1
2αCT C̄ − αM

.

According to the Schur complement condition [98, Theorem 7.7.7], the matrix P is
positive definite if α2 < λ−1

max(M ) λmin(K) =: c2
1, where λmax(A) and λmin(A) denote the

maximal and minimal (real) eigenvalue of a given symmetric matrix A, respectively.
The matrix Q is positive definite if α fulfills α > 0 and α < λmin(C̄) (λmax(M ) +
λ−1

min(K) λ2
max(C̄))−1 =: c2. Therefore, we choose α between 0 < α < min(|c1|, c2) in

order that both matrices P and Q are positive definite.
The constraint forces λ and the constraint velocities γ as well as the constraint forces λ

and the constraint distances g are complementarity variables according to (4.5). There-
with, the density (A.10) can be bounded from above by

V̇ ≤ −λmin(Q)
(
∥q∥2 + ∥u∥2

)
+ β1∥q∥ + β2∥u∥ + β3, (A.11)

where β1 = α (∥Kqr∥+fmax), β2 = ∥(K −αCT)qr∥+fmax and β3 = α∥qr∥fmax. The qua-
dratic term in (A.11) will dominate far away from the origin, which implies the existence
of a bound δ1 > 0 such that V̇ < 0 for all ∥q∥ + ∥u∥ > δ1.

The change of the Lyapunov function due to impacts is given by

V + − V − =

 (q − qr)
1
2(u+ + u−)

TαM (u+ − u−)
M (u+ − u−)

 = αgTΛ + γ̄TΛ,

where (4.2) and (4.4) have been used. The constraint impulse Λi of a constraint i vanishes
for gi > 0. The impulse Λi may only be positive if the constraint distance gi = 0
vanishes and thus Λ and g are complementarity variables. Furthermore, the impacts
are dissipative, according the maximal monotonicity of Hg together with the natural
condition, which yields V + − V − ≤ 0.
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We have found that the differential measure of V fulfills dV < 0 for all ∥q∥+∥u∥ > δ1
and V + − V − ≤ 0 everywhere. Let δ2 = max∥q∥+∥u∥≤δ1 V (q, u). Consequently, the
set {(q; u) ∈ R2n | V (q, u) ≤ δ2} is compact positively invariant and every solution
starting outside of this set will approach it in forward time. Therefore, every solution is
bounded in forward time. Furthermore, the existence of a compact positive invariant set
together with continuous dependence on initial conditions of the solutions curves imply the
existence of a bounded steady state solution. This conclusion follows from Proposition A.4
presented in Appendix A.3, where the corresponding lemma of Yakubovich is extended
to measure differential inclusions.

A.5.2 Theorem 4.6
Proof of Theorem 4.6 (page 72). We will proof the property of a.i.s. by showing that all
solution curves are globally uniformly attractively stable. For this purpose, consider two
arbitrary solutions (q1(t); u1(t)) and (q2(t); u2(t)) for given switching functions χ(t).
The position and velocity errors are given by e = q1 − q2 and v = u1 − u2, where
the index is used to distinguish between the two solutions. The error dynamics follows
from (4.22) asK 0

0 M

de

dv

 =

 Kv

−Cv − Ke

dt +

W (σ1 − σ2)
W (λ1 − λ2)

dt +

W (Σ1 − Σ2)
W (Λ1 − Λ2)

dη.

(A.12)

The constraints forces and impulses are given by (4.23)–(4.26), where the switching func-
tions χ(t) are the same for both considered solutions. We introduce the Lyapunov function

V (e, v) = 1
2

e

v

TK 0
0 M

e

v

 = ∥v∥2
M + 1

2
∥e∥2

K , (A.13)

which is positive definite on the error states and gives a notion of distance between these
two solutions. We evaluate V along solutions e(t), v(t) and the differential measure dV
contains the densities with respect to the measures dt and dη. Corollary A.2 shown in
Appendix A.1 yields, together with the symmetry of K and M , the differential measure

dV =

ē

v̄

TK 0
0 M

de

dv

,

where ē := 1
2(e+ + e−) and v̄ := 1

2(v+ + v−). Substituting the error dynamics (A.12)
and using the local kinematic quantities (4.4), we obtain

dV =

e

v

T Kv

−Cv − Ke

dt +

WTe

WTv

Tσ1 − σ2

λ1 − λ2

dt +

WTē

WTv̄

TΣ1 − Σ2

Λ1 − Λ2

dη

= −∥v∥2
C̄ dt +

g1 − g2

γ1 − γ2

Tσ1 − σ2

λ1 − λ2

dt +

ḡ1 − ḡ2

γ̄1 − γ̄2

TΣ1 − Σ2

Λ1 − Λ2

dη,
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where ḡ := 1
2(g+ + g−) and C̄ := 1

2(C + CT) is the symmetric part of the damping
matrix C. The switching functions χ(t) are an external input and thus identical for
both considered solutions. The term (g1 − g2)T(σ1 − σ2) vanishes according to (4.25)
and (γ1 − γ2)T(λ1 − λ2) is nonpositive because the force law (4.23) is monotone. The
impact law (4.26) yields (ḡ1 − ḡ2)T(Σ1 − Σ2) = (1

2g−1 − 1
2g−2 )T(Σ1 − Σ2). The differential

measure dV therefore simplifies to

dV ≤ −∥v∥2
C̄ dt +

(1
2

g−1 − 1
2

g−2

)T
(Σ1 − Σ2)dη + (γ̄1 − γ̄2)T(Λ1 − Λ2)dη.

The constraint impulses Σ1 and Σ2 are explicitly derived in the proof of Proposition 4.5.
The monotonicity of the impact map Hχ(t)(γ̄) according to Assumption 4.3 (ii) implies
(γ̄1 − γ̄2)T(Λ1 − Λ2) ≤ 0 and we obtain

dV ≤ −∥v∥2
C̄ dt − 1

2
∥g−1 − g−2 ∥2

IIL−1
I IT

I
dη. (A.14)

The matrix C̄ is positive definite and IIL
−1
I IT

I is positive semi-definite. Hence, we
have dV ≤ 0 and the equilibrium at the origin is uniformly stable [119]. Furthermore,
since the Lyapunov function V is bounded from below and non-increasing, the limit

V∞ := lim
t→∞

V (e(t), v(t)) = lim
t→∞

(1
2

∥v(t)∥2
M + 1

2
∥e(t)∥2

K

)
(A.15)

exists and lies in the interval 0 ≤ V∞ ≤ V (e−(t0), v−(t0)).
The Lyapunov function V (e(t), v(t)) tends to an absolutely continuous function (con-

stant function) and both summands in (A.13) have a nonpositive density with respect
to dη. Therefore, we conclude that ∥v(t)∥2

M , ∥e(t)∥2
K and are asymptotically absolutely

continuous as well. From (A.14) and (A.15) follows

V∞ − V (e−(t0), v−(t0)) ≤ − lim
t→∞

∫
[t0,t]

∥v∥2
C̄ dt − lim

t→∞

∫
[t0,t]

1
2

∥g−1 − g−2 ∥2
L−1

χ(t)
dη. (A.16)

Since the left-hand side in (A.16) is finite, we deduce that

lim
t→∞

∫
[t0,t]

∥v∥2
C̄dt < ∞. (A.17)

We cannot invoke Barbalat’s lemma [107] since the solution v(t) is not uniformly con-
tinuous in time. The extension of this lemma is presented in Appendix A.2 for the
class of asymptotically absolutely continuous functions to which ∥v∥2

C̄
belongs. Apply-

ing the extended Barbalat’s lemma to (A.17) yields limt→∞ ∥v(t)∥2
C̄

= 0. The positive
definiteness of C̄ implies limt→∞ v(t) = 0. Substituting the limit of v into (A.15) yields
limt→∞ e(t) = c for some c satisfying V (e−(t0), v−(t0)) ≥ 1

2∥c∥2
K ≥ V∞ ≥ 0. In the next

step, we show that c = 0. Therefore, we integrate the equality of measures (A.12) over a
time interval ∆T = [t, t + ∆t] with an arbitrary ∆t > 0 and obtainK 0

0 M

e+(t + ∆t) − e−(t)
v+(t + ∆t) − v−(t)

 =
∫

∆T

 Kv

−Cv − Ke

dt +
∫

∆T

W (dS1 − dS2)
W (dP 1 − dP 2)

,
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where dSi := σi dt + Σi dη, dP i := λi dt + Λi dη for i ∈ {1, 2}. It proves useful to
introduce the quantities s̃∆t(t) = 1

∆t

∫
∆T (dS1 − dS2) and p̃∆t(t) = 1

∆t

∫
∆T (dP 1 − dP 2),

which can be regarded as the average constraint forces of the error dynamics over the
time lapse ∆T . Subsequently, we take the limit t → ∞ and use v(t) → 0 and e → c for
t → ∞. The integrated equality of measures, divided by ∆t, yields0

0

 =

 0
−Kc

+ lim
t→∞

W s̃∆t(t)
W p̃∆t(t)

,

which describes, in an averaged sense, the equilibrium of forces at infinity. Since the
columns wi of W are linearly independent, we obtain

Kc = lim
t→∞

m∑
i=1

wip̃∆t,i(t), (A.18)

from which we deduce that each of the limits limt→∞ p̃∆t,i(t) has to exist. Let I be the
set of constraints for which the limit limt→∞ p̃∆t,i(t) does not vanish for any ∆t. The
error in constraint distances for these constraints vanish due to the force and impact
laws (4.25)–(4.26), that is, g1,I − g2,I = WT

Ic = 0. We multiply equation (A.18) from
the left by WT

IK
−1 and obtain

0 = WT
Ic = WT

IK
−1 lim

t→∞

∑
i∈I

wip̃∆t,i(t) = LI lim
t→∞

p̃∆t,I(t),

where the notation introduced in Proposition 4.5 has been used for LI and p̃∆t,I . The
positive definiteness of LI yields limt→∞ p̃∆t,I(t) = 0 and we obtain c = 0. Therefore,
the equilibrium at the origin (e; v) = 0 is globally uniformly attractively stable, which
concludes the proof.

A.5.3 Proposition 4.7
Proof of Proposition 4.7 (page 78). First, the force laws (4.5) and (4.31) as well as the
impact laws (4.6) and (4.32) are identical if the Boolean switching functions χ(t) are
generated by the constraint distances gm(t). Secondly, we seek an explicit expression for
the constraint force σ and constraint impulse Σ in order to show that both vanish for the
considered solutions. Since the inverse of ∂Ψ{0} is the zero function, the impact law (4.34)
for χRBM(t) = 1 can be written as g+

RBM,s = 0, where gs are the constraint distances of
the slave system. Multiplying the impulsive kinematic equation in (4.30) from the left
with wT

RBM and substituting (4.4) and g+
RBM,s = 0 yields

Σ = −
(
wT

RBM K⊥wRBM
)−1

g−RBM,s. (A.19)

The scalar wT
RBM K⊥wRBM is non-zero since wRBM /∈ range (K) and, thus, wRBM /∈

null (K⊥). The absolute continuity of the generalized coordinates qm, and therefore of
the generalized constraint distances gm, implies g−RBM,m = 0 for χRBM(t) = 1. Together
with (A.19), we obtain that q−m = q−s implies Σ = 0, which yields q+

m = q+
s . Furthermore,

the generalized coordinates qs of the slave system are absolutely continuous.
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The force law (4.33) for χRBM(t) = 1 can be written on velocity level as ġRBM = 0.
Using similar steps as before, we obtain

σ = −
(
wT

RBM K⊥wRBM
)−1

γRBM,s. (A.20)

The absolute continuity of qm implies γRBM,m = 0 for χRBM(t) = 1 almost everywhere.
Together with (A.20), we obtain that um = us implies σ = 0. Therefore, we obtain q̇m =
q̇s almost everywhere, which, together with identical initial conditions, concludes the
proof.

A.5.4 Theorem 4.8
Proof of Theorem 4.8 (page 79). We will show that all solution curves of system (4.29)–
(4.34) are globally uniformly attractively stable. For this purpose, consider two solutions
(q1(t); u1(t))) and (q2(t); u2(t)) for given switching functions χ(t). The state vector of
the error dynamics is given by xe = (e; v), where e = q1 − q2 and v = u1 − u2 are the
position and the velocity errors between these two solutions. We introduce the (pseudo)
Lyapunov function

V (xe) = 1
2

∥v∥2
M + 1

2
∥e∥2

K , (A.21)

which is only positive semi-definite since the stiffness matrix is positive semi-definite.
The differential measure of the Lyapunov function dV contains a density V̇ with

respect to the Lebesgue measure dt and a density V + − V − with respect to the atomic
measure dη. The density V̇ is obtained using the non-impulsive dynamics (4.29) as

V̇ = vTMv̇ + eTKė

= vT(−Cv + W (λ1 − λ2)) + eTKK⊥wRBM(σ1 − σ2),
= −∥v∥2

C + (γ1 − γ2)T(λ1 − λ2),

where KK⊥ = 0 has been used. Due to the maximal monotonicity of the force law (4.31),
we obtain V̇ ≤ −∥v∥2

C , which is a negative semi-definite function in xe.
The jump in the Lyapunov function at impulsive time-instants is obtained using the

impulsive dynamics (4.30) as

V + − V − =1
2

(v+ + v−)TM (v+ − v−)

+ 1
2

(e+ + e−)TK(e+ − e−)

=1
2

∥v+∥2
M − 1

2
∥v−∥2

M

+ 1
2

(e+ + e−)TKK⊥wRBM(Σ1 − Σ2).

(A.22)

The last term in (A.22) vanishes due to KK⊥ = 0. The monotonicity of the impact
map Hχ(t)(γ̄) according to Assumptions 4.5 (iii) implies non-expansivity of the mapping Z.
Both considered solutions are described by the same impact map Hχ(t)(γ̄) because the
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switching functions χ(t) are an external input and thus identical for both solutions. The
non-expansivity condition yields V + − V − ≤ 0. Consequently, the Lyapunov function V
cannot increase neither during continuous nor discontinuous flow. Since the Lyapunov
function V is bounded from below and non-increasing, the limit

V∞ := lim
t→∞

V (xe(t)) = lim
t→∞

(1
2

∥v∥2
M + 1

2
∥e∥2

K

)
(A.23)

exists and lies in the interval 0 ≤ V∞ ≤ V (xe(t0)). Note that ∥e(t)∥2
K is absolutely

continuous in time and V (xe(t)) tends to an absolutely continuous function (constant
function) as shown in (A.22). From these two observations, we conclude that ∥v(t)∥2

M

must tend to an absolutely continuous function as well.
From V̇ ≤ −∥v∥2

C and V + − V − ≤ 0 follows

V∞ − V (x−e (t0)) = lim
t→∞

∫ t

t0
dV ≤ − lim

t→∞

∫ t

t0
∥v(τ)∥2

Cdτ. (A.24)

Since the left-hand side in (A.24) is finite, we deduce that

lim
t→∞

∫ t

t0
∥v(τ)∥2

Cdτ < ∞. (A.25)

We can apply the extended Barbalat’s lemma, presented in Appendix A.2, to (A.25) since
∥v(t)∥2

C is asymptotically absolutely continuous, which yields the limit

lim
t→∞

∥v(t)∥2
C = 0. (A.26)

We introduce an orthogonal decomposition of the position error as e = e∥ + e⊥, where
e∥ = K+Ke and e⊥ = K⊥e. The velocity error v = v∥+ v⊥ is decomposed accordingly.
Using this decomposition, (A.26) yields limt→∞ v∥ = 0, since K and C have the same
nullspace and, thus, Cv = Cv∥.

An impact with ΛRBM ̸= 0 occurs at least once every time interval [t, t + Tmax] due
to Assumption 4.5 (ii). Using (A.22) and Assumption 4.5 (iii), the Lyapunov function
is non-decreasing at these time instants only if γ̄RBM,1 = γ̄RBM,2 and ΛRBM,1 = ΛRBM,2,
which imply γ−RBM.1 = γ−RBM,2. Therefore, the lower bound of V implies limt→∞ v⊥ = 0
using a contradiction argument1.

Substituting limt→∞ v = 0 into (A.23) yields limt→∞ e∥ = c for some c satisfying
1
2∥c∥2

K ≤ V (xe(t0)) and K+Kc = c. In the next step, we show that c = 0.
The error dynamics is governed by the equality of measures

Mdv + Cvdt + Kedt = W (dP 1 − dP 2), (A.27)

where dP 1 = λ1dt + Λ1dη and dP 2 = λ2dt + Λ2dη are the constraint impulse measures.
Integrating the equality of measures (A.27) over the time interval [t, t + ∆t] yields

M(v+(t + ∆t) − v−(t)) + C(e∥(t + ∆t) − e∥(t))

+ K
∫ t+∆t

t
e∥(τ)dτ =

∫
[t,t+∆t]

W (dP 1 − dP 2),
(A.28)

1 We assume the contrary, i.e., limt→∞ v⊥(t) ̸= 0. Then, limt→∞ γ−RBM,1 − γ−RBM,2 ̸= 0 implies
V + − V − ≤ −β < 0 for some constant β > 0 at least once every time interval [t, t + Tmax]. Therefore,
the Lyapunov function decreases unboundedly, which is in contradiction with V ≥ 0.
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where ∆t > 0 is arbitrary. For the second term in (A.28), we used Cė = Cv, since K
and C have the same nullspace.

Similar to the proof of Theorem 4.3, it proves useful to introduce the quantity p̃∆t(t) =
1

∆t

∫
[t,t+∆t](dP 1 − dP 2), which can be regarded as the average constraint force of the error

dynamics over the time lapse [t, t + ∆t]. Subsequently, we take the limit t → ∞ and use
v(t) → 0 and e∥(t) → c for t → ∞. The integrated equality of measures (A.28), divided
by ∆t, yields

Kc = lim
t→∞

W p̃∆t(t) = lim
t→∞

m∑
i=1

wip̃∆t,i(t),

which is, in an averaged sense, the equilibrium of forces at infinity. The columns wi of
W are linearly independent from which we deduce that each of the limits limt→∞ p̃∆t,i(t)
has to exist. Moreover, it holds that λ1,i(t) = λ2,i(t) = 0 and Λ1,i(t) = Λ2,i(t) = 0 for
χi(t) = 0. Taking a small enough ∆t, we conclude that the limit of p̃∆t,i(t) must vanish,
since each switching function χi(t) is of class K by Assumption 4.5 (i). Finally, c fulfills
K+Kc = c and, therefore, Kc = 0 implies c = 0.

The Lyapunov function is only positive semi-definite since it is independent of e⊥.
For χRBM(t) = 1, we have e⊥ = 0 according to (4.33). Otherwise, limt→∞ u = 0 implies
limt→∞ e⊥ = 0, since Assumption 4.5 (ii) together with (4.34) implies that e⊥

+ = 0 at
least once every time interval [t, t + Tmax]. Therefore, we obtain limt→∞ xe = 0 which
shows global attractivity. Uniform stability of xe = 0 does not directly follow from
dV ≤ 0, since V is only positive semi-definite. The missing part for stability is that e⊥ is
bounded by V . However, this is the case because the maximal possible increase of ∥e⊥∥
in any interval [t, t + Tmax] is bounded by ∥v∥. Since ∥v∥ is bounded by V and Tmax is
a constant, ∥e⊥∥ itself is bounded by V . Therefore, xe(t) = 0 is uniformly stable, which
concludes the proof.
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A.6 Proofs of Chapter 5

A.6.1 Proposition 5.1 and Theorem 5.2
The infimum in the definition of the distance function d in (5.13) is attained if Assump-
tion 5.1 is fulfilled, which is shown in Theorem 5.2. Since this result is used in the proof
of Proposition 5.1, the proof of Theorem 5.2 is given before the proof of Proposition 5.1.

Proof of Theorem 5.2 (page 90). Using the equivalence of the norms ∥ · ∥ and ∥ · ∥A, the
distance function d in (5.13) is equivalent to

d̄A(x, y) := inf


N∑

j=0

∥∥∥xj − yj
∥∥∥

A

∣∣∣∣∣∣
N ∈ N0, x = x0, yj ∼ xj+1 for 0 ≤ j < N, yN = y

. (A.29)

Note that, if A is the identity matrix I, then d in (5.13) is identical to d̄A(x, y) =
d̄I(x, y). In the remaining proof, we will show that the distance function d̄A in (A.29) is
identical to the distance function dA given by (5.14)–(5.18).

The intermediate points (xj+1; yj) in (A.29) are restricted to the synchronization set S
and we will show that it suffices to consider intermediate points in S01 ∪S10 only. First, we
consider the two consecutive summands ∥xj −yj∥A +∥xj+1 −yj+1∥A with an intermediate
point (xj+1; yj) ∈ S11. The sum is identical to ∥xj − yj∥A + ∥z − z∥A + ∥xj+1 − yj+1∥A

with two intermediate points (z; yj) ∈ S01, (xj+1; z) ∈ S10 and z such that z = Z̄(z).
Therefore, every intermediate points in S11 can be replaced by two intermediate points in
S01 ∪ S10. Secondly, we consider two consecutive summands ∥xj − yj∥A + ∥xj+1 − yj+1∥A

with an intermediate point (xj+1; yj) ∈ S00, which can be written as ∥xj − yj∥A + ∥yj −
yj+1∥A. The triangle inequality implies that this sum is always larger than or equal to
∥xj − yj+1∥A, which shows that it is not necessary to consider intermediate points in S00.
Therefore, (A.29) can be simplified to

d̄A(x, y) = inf


N∑

j=0

∥∥∥xj − yj
∥∥∥

A

∣∣∣∣∣∣
N ∈ N0, x = x0,

xj+1

yj

 ∈ S01 ∪ S10 for 0 ≤ j < N, yN = y

. (A.30)

In the next step, we show that it is sufficient to consider at most two intermediate
points in (A.30). To do so, we define d̄A

N<2(x, y) := inf
{∑N

j=0 ∥xj −yj∥A

∣∣∣∣N ∈ {0, 1}, x =
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x0, (xj+1; yj) ∈ S01 ∪ S10 for 0 ≤ j < N, yN = y
}

and derive a lower bound of

d̄A
N≥2(x, y) := inf


N∑

j=0

∥∥∥xj − yj
∥∥∥

A

∣∣∣∣∣∣
N ∈ N≥2, x = x0,

xj+1

yj

 ∈ S01 ∪ S10 for 0 ≤ j < N − 1, yN = y


(A.31)

for the case where
d̄A

N≥2(x, y) < d̄A
N<2(x, y). (A.32)

Let us assume that (A.32) holds. We note that (xj+1; yj) ∈ S01 ∪ S10, for j =
0, 1, . . . , N − 1, implies xj+1, yj ∈ bdry A and the map Z̄ restricted to bdry A is non-
expansive in the metric A by Assumption 5.1. Therefore, ∥xj −yj∥A ≥ ∥Z̄(xj)−Z̄(yj)∥A

for 1 ≤ j < N − 1 and ∑N−1
j=1 ∥xj − yj∥A ≥ ∑N−1

j=1 ∥Z̄(xj) − Z̄(yj)∥A holds. The triangle
inequality implies ∑N−1

j=1 ∥Z̄(xj) − Z̄(yj)∥A ≥ ∥Z̄(x1) − Z̄(yN−1)∥A. Hence, d̄A
N≥2(x, y)

can be lower bounded by

d̄A
N≥2(x, y) ≥ inf

∥∥∥x − y0
∥∥∥

A
+
∥∥∥Z̄(x1

)
− Z̄

(
y1
)∥∥∥

A
+
∥∥∥x2 − y

∥∥∥
A

∣∣∣∣∣∣x1

y0

,

x2

y1

 ∈ S01 ∪ S10

. (A.33)

Under the assumption (x1; y0) ∈ S10, Z̄(x1) = y0 together with the triangle inequality
implies ∥x−y0∥A +∥Z̄(x1)− Z̄(y1)∥A ≥ ∥x− Z̄(y1)∥A, which violates (A.32). Therefore,
if (A.32) holds, then (x1; y0) in (A.31) satisfies (x1; y0) ∈ S01 and, thus, Z̄(x1) = x1.
Analogously, (A.32) implies Z̄(y1) = y1. Hence, assuming (A.32), the lower bound (A.33)
takes the form

d̄A
N≥2(x, y) ≥ inf

∥∥∥x − y0
∥∥∥

A
+
∥∥∥x1 − y1

∥∥∥
A

+
∥∥∥x2 − y

∥∥∥
A

∣∣∣∣∣∣
x1

y0

 ∈ S01,

x2

y1

 ∈ S10

.

(A.34)

The lower bound (A.34) will be attained as such pairs (x1; y0), (x2; y1) are allowed
in (A.34), that is, it is not necessary to consider more than two intermediate points
if (A.32) holds. Also considering the case where (A.32) does not hold, we distinguish
between the following four cases for the distance function d̄A:

d̄A(x, y) = inf

∥x − y∥A,
∥∥∥x − y1

∥∥∥
A

+
∥∥∥x2 − y

∥∥∥
A

,
∥∥∥x − y0

∥∥∥
A

+
∥∥∥x1 − y

∥∥∥
A

,

∥∥∥x − y0
∥∥∥

A
+
∥∥∥x1 − y1

∥∥∥
A

+
∥∥∥x2 − y

∥∥∥
A

∣∣∣∣∣∣
x1

y0

 ∈ S01,

x2

y1

 ∈ S10

. (A.35)
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It remains to be proven that the infimum is a minimum. To do so, we first note that
S10 ∩ {(x; y) | ∥x∥A + ∥y∥A ≥ β} is closed for all β > 0. Furthermore,

inf

∥∥∥x − y1
∥∥∥

A
+
∥∥∥x2 − y

∥∥∥
A

∣∣∣∣∣∣
x2

y1

 ∈ S10

 < ∥x − y∥A (A.36)

implies that there exists a sequence {(x2
j ; y1

j)}j∈N with (x2
j ; y1

j) ∈ S10 ∀j ∈ N such
that limj→∞{∥x − y1

j∥A + ∥x2
j − y∥A} < ∥x − y∥A, which, using the triangle inequality

∥x∥A + ∥y∥A ≥ ∥x − y∥A, implies that ∥x2
j∥A + ∥y1

j∥A > β for some β > 0 and any
j sufficiently large. Furthermore, (A.36) yields ∥x2

j∥A + ∥y1
j∥A ≤ ∥x − y1

j∥A + ∥x∥A +
∥x2

j − y∥A + ∥y∥A ≤ ∥x − y∥A + ∥x∥A + ∥y∥A ≤ 2(∥x∥A + ∥y∥A). Hence, for any
sufficiently large j, it holds that (x2

j ; y1
j) is contained in the set Sc

10 := S10∩{(x2
j ; y1

j) | β ≤
∥x2

j∥A + ∥y1
j∥A ≤ 2(∥x∥A + ∥y∥A)}. Therefore, limj→∞(x2

j ; y1
j) lies in the compact set

Sc
10 and the infimum in (A.36) is a minimum. Analogously, we find that the infimum is

attained if

inf

∥∥∥x − y0
∥∥∥

A
+
∥∥∥x1 − y

∥∥∥
A

∣∣∣∣∣∣
x1

y0

 ∈ S01

 < ∥x − y∥A. (A.37)

Lastly, we consider the case

inf

∥∥∥x − y0
∥∥∥

A
+
∥∥∥x1 − y1

∥∥∥
A

+
∥∥∥x2 − y

∥∥∥
A

∣∣∣∣∣∣
x1

y0

 ∈ S01,

x2

y1

 ∈ S10


< inf

∥x − y∥A,
∥∥∥x − y1

∥∥∥
A

+
∥∥∥x2 − y

∥∥∥
A

,
∥∥∥x − y0

∥∥∥
A

+
∥∥∥x1 − y

∥∥∥
A

∣∣∣∣∣∣x1

y0

 ∈ S01,

x2

y1

 ∈ S10

 (A.38)

and find a sequence of points {pj}j∈N, with pj = (x1
j ; y0

j ; y1
j ; x2

j) ∈ S10 × S10, such that
the limit limj→∞ ∥x − y0

j∥A + ∥x1
j − y1

j∥A + ∥x2
j − y∥A is smaller than the right-hand side

of (A.38). Again using the triangular inequality, we observe that ∥ limj→∞(x2
j ; y1

j)∥ > β
and ∥ limj→∞(x1

j ; y0
j)∥ > β for some β > 0. Hence, for sufficiently large j, the points pj

satisfy pj ∈ Sc
10 ×Sc

10, which is a compact set. Consequently, the infimum on the left-hand
of the inequality (A.38) is attained.

The infimum is attained for all the possible cases d̄A(x, y) = ∥x − y∥, (A.36), (A.37)
and (A.38). Therefore, we can replace the infimum in (A.35) by a minimum, which proves
d̄A(x, y) = dA(x, y) with dA given by (5.14)–(5.18).

Proof of Proposition 5.1 (page 89). Conditions (ii) and (iii) are fulfilled because the quo-
tient distance function d(x, y) is symmetric and subadditive by construction.

The implication ‘⇐’ of condition (i) follows directly from (5.13) by choosing N = 1,
y0 = y and x1 = x. The implication ‘⇒’ of condition (i) uses a result shown in the proof
of Theorem 5.2, that is, the infimum in (5.13) is attained if Assumption 5.1 is fulfilled.
Therefore, a vanishing distance function implies that there exists a set of points yj ∼ xj+1

such that each summand ∥xj − yj∥ in (5.13) vanishes. The transitivity of the equivalence
relation concludes the proof.
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A.6.2 Proposition 5.3
Proposition 5.3 Let Assumption 5.1 be fulfilled. Let there exists a constant α ∈ (0 1]
such that 1

α
Z̄ restricted to bdry A− is non-contractive in the metric A, that is,∥∥∥∥∥∥Z̄

q1

u−1

− Z̄

q2

u−2

∥∥∥∥∥∥
A

≥ α

∥∥∥∥∥∥
q1

u−1

−

q2

u−2

∥∥∥∥∥∥
A

∀

q1

u−1

,

q2

u−2

 ∈ bdry A−. (A.39)

Then, the quotient distance function d(x, y) in (5.13) and the distance function d̃(x, y)
in (5.19) are equivalent.

Proof. The quotient distance function d in (5.13) is equivalent to the distance function dA

in (5.14)–(5.18) as shown in Theorem 5.2. Furthermore, the positive definiteness of A
implies that the distance function d̃ defined in (5.19) is equivalent to

d̃A(x, y) = min
z∈S

∥∥∥∥∥∥
x

y

− z

∥∥∥∥∥∥
Ã

, where Ã =

A 0
0 A

. (A.40)

Hence, we will prove Proposition 5.3 by showing the equivalence of dA and d̃A. The
synchronization set S in the definition (A.40) can be divided into two parts as

d̃A(x, y) = min
{
d̃A

02(x, y), d̃A
1 (x, y)

}
,

where

d̃A
02(x, y) = min

z∈S00∪S11

∥∥∥∥∥∥
x

y

− z

∥∥∥∥∥∥
Ã

, (A.41)

d̃A
1 (x, y) = inf

z∈S01∪S10

∥∥∥∥∥∥
x

y

− z

∥∥∥∥∥∥
Ã

. (A.42)

Assumption 5.1 implies that the impact map Z̄ restricted to the domain A\ bdry A−
is the identity transformation. Furthermore, the non-expansivity of Z̄ together with the
non-contractivity of 1

α
Z̄ both in the metric A and restricted to the domain bdry A− imply

that Z̄ restricted to bdry A− is a bijection. Therefore, the set S00 ∪ S11 is closed from
which follows that the minimum (A.41) exists and it is obtained as

d̃A
02(x, y) = min

z∗∈A

∥∥∥∥∥∥
x

y

−

z∗

z∗

∥∥∥∥∥∥
Ã

= 1√
2

dA
00(x, y), (A.43)

where dA
00 is given by (5.15). The infimum (A.42) can be written as d̃A

1 (x, y) = inf{∥(∥x−
y0∥A; ∥x1 − y∥A)∥ | (x1; y0) ∈ S01 ∪ S10}. Therefore, (A.42) can be bounded by (5.16)
and (5.17) using the equivalence of the Euclidean norm and the 1-norm as

1√
2

min{dA
01, dA

10} ≤ d̃A
1 ≤ min{dA

01, dA
10}. (A.44)
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The distance function dA
11 can be bounded from below by a multiple of dA

00 by deriving
a lower bound for the middle summand ∥x1 − y1∥A in (5.18) with (x1; y0) ∈ S01 and
(x2; y1) ∈ S10 such that x1 = Z̄(y0) and y1 = Z̄(x2). Exploiting the non-contractivity of
1
α
Z̄, we get ∥x1 − y1∥A = ∥Z̄(y0) − Z̄(x2)∥A ≥ α∥y0 − x2∥A. Consequently, dA

11(x, y) ≥
inf{∥x − y0∥A + α∥y0 − x2∥A + ∥x2 − y∥A | y0 = Z̄(y0) ∧ x2 = Z̄(x2)}. Using α ∈ (0 1]
and the triangle inequality, we obtain

dA
11(x, y) ≥ α inf

{
∥x − y0∥A + ∥y0 − x2∥A + ∥x2 − y∥A

∣∣∣y0 = Z̄
(
y0
)

∧ x2 = Z̄
(
x2
)}

≥ αdA
00(x, y). (A.45)

Equation (A.43) implies 1√
2 min{dA

00, dA
11} ≤ 1√

2dA
00 = d̃A

02. Substituting (A.45) in (A.43)
yields d̃A

02 = 1√
2dA

00 ≤ 1√
2

1
α
dA

11. Together with α ∈ (0 1], an upper bound for d̃A
02 is ob-

tained as d̃A
02 ≤ 1

α
min{dA

00, dA
11}. The inequality 1√

2 min{dA
00, dA

11} ≤ d̃A
02 ≤ 1

α
min{dA

00, dA
11}

together with (A.44) yields 1√
2dA(x, y) ≤ d̃A(x, y) ≤ 1

α
dA(x, y). Therefore, the quotient

distance function d defined in (5.13) and the distance function d̃ defined in (5.19) are
equivalent.

A.6.3 Lemma 5.4

Lemma 5.4 Let the impact map Z̄ be defined by (5.5) with a coefficient of restitution e ∈
[0, 1]. If the condition number cond(M ) of the mass matrix fulfills 1 > (1−e2) cond(M ),
then there exists a constant α ∈ (0, 1] such that (A.39) holds, that is, 1

α
Z̄ restricted

to bdry A− is non-contractive in the metric A = diag(K, M ), where K ∈ Rn∗×n∗ is
some symmetric positive definite matrix. Furthermore, if e = 1, then (A.39) holds with
equality and α = 1.

Proof. Consider the domain of the impact map Z̄ in (5.5) restricted to (q; u−) ∈ ∂A−,
i.e., g(q) = 0 and u− /∈ TC(q). The proximal point function in (5.5) simplifies to
proxM

TC(q)(u−) = (I − M−1 wwT

G
)u−, where I is the identity matrix and G = wTM−1w

is the scalar Delassus-operator. Substituting into the impact map (5.5) yields Zq(u−) =
(I − (1 + e)M−1 wwT

G
)u−. We find ∥I − (1 + e)M−1 wwT

G
∥2

M = M − (1 − e2)wwT

G
, where

wTM−1w
G

= 1 has been used. Hence, for a given α and (q1; u−1 ), (q2; u−2 ) ∈ ∂A−,∥∥∥∥∥∥Z̄
q1

u−1

− Z̄

q2

u−2

∥∥∥∥∥∥
2

A

− α

∥∥∥∥∥∥
q1

u−1

−

q2

u−2

∥∥∥∥∥∥
2

A

= ∥Zq(u−1 ) − Zq(u−2 )∥2
M − α2∥u−1 − u−2 ∥2

M + (1 − α)∥q1 − q2)∥2
K

=
(
u−1 − u−2

)T
P
(
u−1 − u−2

)
+ (1 − α)∥q1 − q2)∥2

K

with P := ((1 − α2)M − (1 − e2)wwT

G
). Therefore, the inequality (A.39) is fulfilled if

the matrix P is positive semi-definite for some α ∈ (0, 1]. For two matrices P , Q ∈
Rn∗×n∗, let P ≽ Q denote that P − Q is positive semi-definite. We note that M ≽
λmin(M )I, where λmin(M ) denotes the minimal eigenvalue of M . Furthermore, since wwT

wTw

is a projection matrix with wwT

wTw
≼ I, we obtain wwT

G
≼ λmax(M )wwT

wTw
≼ λmax(M)I, where

λmax(M) denotes the maximal eigenvalue of M .
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Let α =
√

1 − (1 − e2) cond(M ) and observe α ∈ (0, 1] follows from the assumption
in the lemma. We obtain P = (1 − α2)M − (1 − e2)wwT

G
≽ ((1 − α2)λmin(M ) − (1 −

e2)λmax(M))I = 0. Finally, e = 1 yields α = 1 and (A.39) is fulfilled with equality.

A.6.4 Lemma 5.5
Proof of Lemma 5.5 (page 96). The quotient distance function d is identical to dI in
(5.14)–(5.18) according to Theorem 5.2. Thus, we show the relation between dI

01 and
d̂01. The definition of dI

01 (5.16) is rewritten explicitly using (5.9) and (5.24) as

dI
01(x, y) = min

z≥0


∥∥∥∥∥∥
qx

ux

−

 0
ez

∥∥∥∥∥∥+

∥∥∥∥∥∥
 0

−z

−

qy

uy

∥∥∥∥∥∥
.

Because the explicit solution to this minimization problem is cumbersome and thus
not suited for differentiation necessary in the Lyapunov analysis, an approximation is
used. The approximated intermediate point z01 = max

{
uxqy−uyqx

qx+eqy
, 0
}

used in the ap-
proximation d̂01 of dI

01 is the solution to the slightly altered minimization problem z01 =
argminz≥0{∥(qx; ux) − (0; ez)∥ + e∥(0; −z) − (qy; uy)∥}. As we are using a non-optimal
minimizer, we directly obtain an upper bound dI

01 ≤ d̂01. A lower bound for d01 is obtained
by

dI
01 ≥ min

z≥0


∥∥∥∥∥∥
qx

ux

−

 0
ez

∥∥∥∥∥∥+ e

∥∥∥∥∥∥
 0

−z

−

qy

uy

∥∥∥∥∥∥


=

∥∥∥∥∥∥
qx

ux

−

 0
ez

∥∥∥∥∥∥+ e

∥∥∥∥∥∥
 0

−z

−

qy

uy

∥∥∥∥∥∥
∣∣∣∣∣∣

z=z01

≥ e

∥∥∥∥∥∥
qx

ux

−

 0
ez

∥∥∥∥∥∥+

∥∥∥∥∥∥
 0

−z

−

qy

uy

∥∥∥∥∥∥
∣∣∣∣∣∣

z=z01

= ed̂01,

where e ∈ (0, 1] has been used. Analogously, an upper and lower bound for dI
10(x, y) is

obtained by d̂10(x, y) ≥ dI
10(x, y) ≥ ed̂10(x, y).

We have already noted that dI
00 = d̂00. Furthermore, equation (A.45) in the proof of

Proposition 5.3 (the necessary conditions for Proposition 5.3 are fulfilled for the impact
map (5.24) with e ∈ (0, 1] as shown in Lemma 5.4 given in the Appendix) implies dI

11 ≥
αdI

00 with α = e and, thus, we obtain

dI = min{dI
00, dI

01, dI
10, dI

11} ≤ min{dI
00, dI

01, dI
10} ≤ min{d̂00, d̂01, d̂10} = d̂

as well as

d̂ = min{d̂00, d̂01, d̂10} ≤ min{dI
00,

1
e

dI
01,

1
e

dI
10} ≤ min{dI

00,
1
e

dI
01,

1
e

dI
10,

1
α

dI
11} ≤ 1

e
dI .

These inequalities together with V (x, y) = 1
2 d̂2(x, y) yield 1

2(dI)2 ≤ V ≤ 1
2(dI

e
)2, which

concludes the proof.
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A.6.5 Lemma 5.6
Proof of Lemma 5.6 (page 96). At a given point in time, we can distinguish between four
cases depending on whether the right- and left-limits of x and y agree or not. For the
case x− = x+, y− = y+, the function V is continuous. If the state y jumps and x does
not, then u−x qy−u−y qx = −u−y qx ≥ 0 and u+

x qy−u+
y qx = −u+

y qx ≤ 0 together with (5.31) im-
ply V − = min{V00(x, y−), V01(x, y−)} and V + = min{V00(x, y+), V10(x, y−)}. Consider-
ing ux > 0, we obtain V − = V01(x, y−), which implies together with the impact law (5.24)
that V + = V00(x, y+). Furthermore, the impact law yields V00(x, y+) = V01(x, y−).
Analogously, ux < 0 yields V − = V00(x, y−) = V10(x, y+) = V +. Since the candidate
Lyapunov function is symmetric, we can immediately conclude that V + −V − = 0 also for
the case where the state x jumps and y does not. The differential measure V + − V − is
only non-zero if both solutions jump simultaneously. In this case, the density is obtained
as V + − V − = V00(x+, y+) − V00(x−, y−) = −(1 − e2)V00(x−, y−) ≤ 0, where the impact
map (5.24) has been used. Combining all four cases concludes the proof.

A.6.6 Lemma 5.7
Proof of Lemma 5.7 (page 97). For case (i) the generalized gradient of V consists of the
single element ∂V (x, y) = {∇V00(x, y)}. Together with the equation of motion (5.22), we
obtain (5.32). For case (ii) we note that the term uxqy − qxuy is positive as we have seen
in (5.31). The differential measure V̇ evaluated using ∂V (x, y) = {∇V01(x, y)} yields

V̇01 = ∇V01(x, y)T

ẋ

ẏ


=(qx + qy)(ux + uy) − (qx + qy)2

(qx + eqy)2 (ux + euy)(qx + eqy)

+ (qx + qy)
(qx + eqy)

(ux + euy)2

(qx + eqy)2 ((ux + uy)(qx + eqy) − (qx + qy)(ux + euy)) (A.46)

−c
(qx + qy)2

(qx + eqy)2 (ux + euy)2 + (qx + qy)2

(qx + eqy)2 (ux + euy)((λx + eλy) − (1 + e)f − (τx + eτy)).

The first two terms in (A.46) can be written as (qx +qy)(ux +uy)− (qx+qy)2

(qx+eqy)2 (ux +euy)(qx +
eqy) = (qx+qy)

(qx+eqy)((qx + eqy)(ux + uy) − (qx + qy)(ux + euy)). Together with (qx + eqy)(ux +
uy) − (qx + qy)(ux + euy) = (1 − e)(uxqy − uyqx), we obtain V̇01 = (qx+qy)

(qx+eqy)(1 − e)(uxqy −
uyqx)+ (qx+qy)

(qx+eqy)(ux +euy)2 (1−e)(uxqy−uyqx)
(qx+eqy)2 − c (qx+qy)2

(qx+eqy)2 (ux +euy)2 + (qx+qy)2

(qx+eqy)2 (ux +euy)(−(1+
e)f −(τx +eτy)+(λx +eλy)), from which (5.33) follows. Finally, the case (iii) is symmetric
to case (ii), since V10(x, y) = V01(y, x).

A.6.7 Theorem 5.8
Proof of Theorem 5.8 (page 97). The density (V + − V −) is non-positive according to
Lemma 5.6. If the minimum is attained by two minimizer, then this happens either
at a (Lebesgue negligible) point in time or the solution curve runs along the boundary of
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two regions for which the density V̇ is single-valued and agrees with the limits from either
side of the boundary. Furthermore, the set of points in time for which the density V̇ is
undefined due to impacts is Lebesgue negligible. Therefore, the density V̇ defined for
almost all t and is equal to either V̇00, V̇01 or V̇10 given in Lemma 5.7 depending on the
minimizer in the definition of V .

Since the assumption qx + |ux| > r1 and qy + |uy| > r1 excludes persistent contact,
Lemma 5.7(i) yields

V̇00 = −c(ux − uy)2. (A.47)

In the following we will show that

V̇01 ≤ −c
(qx + qy)2

(qx + eqy)2 (ux + euy)2. (A.48)

According to Lemma 5.7(ii) together with τx = τy = 0 and λx = λy = 0, (A.48) holds if
Q := −(1 − e) qx+qy

qx+eqy

(
1 + (ux+euy)2

(qx+eqy)2

)
(uxqy − qxuy) + (qx+qy)2

(qx+eqy)2 |ux + euy|(1 + e)|f | ≤ 0. Using
|f | < fmax yields

Q ≤ −(1−e)(qx + qy)2

qx + eqy

((
1+ (ux + euy)2

(qx + eqy)2

)
uxqy − qxuy

qx + qy

− |ux + euy|
qx + eqy

1 + e

1 − e
fmax

)
. (A.49)

In order to simplify (A.49) further, it is necessary to find a lower bound for uxqy−qxuy

qx+qy
.

Therefore, we assume that the condition

d̂(x, y) <
1
2

r1 (A.50)

is fulfilled for all x(t), y(t) and we argue later (see below (A.52)) that this condition is met.
The condition (A.50) together with (5.29) yields qx < 1

2r1. Together with qx + |ux| > r1,
we obtain |ux| > r1 − qx > r1 − 1

2r1 = 1
2r1 and, analogously, we find |uy| > 1

2r1. The
condition (A.50) together with (5.29) also implies |ux + euy| < 1

2r1, where 1 ≤ qx+qy

qx+eqy
≤ 1

e

has been used. The sign of ux and uy is given by ux > 0 and uy < 0 as any other choice
leads to a contradiction. To be specific, the velocities ux and uy cannot have the same
sign as uxuy > 0 together with |ux| > 1

2r1, |uy| > 1
2r1 and |ux + euy| < 1

2r1 yield the
contradiction 1

2r1 > |ux + euy| = |ux| + e|uy| > (1 + e)1
2r1. Furthermore, ux < 0 and

uy > 0 yield uxqy −qxuy ≤ 0, which contradicts V = V01. The desired lower bound follows
from ux > 1

2r1, uy < −1
2r1 as uxqy−qxuy

qx+qy
>

1
2 r1qy+qx

1
2 r1

qx+qy
= 1

2r1. Substituting uxqy−qxuy

qx+qy
> 1

2r1

and fmax < 1−e
1+e

r1 in (A.49) yields

Q ≤ −(1 − e)(qx + qy)2

qx + eqy

1 + (ux + euy)2

(qx + eqy)2

1
2

r1 − |ux + euy|
qx + eqy

r1

. (A.51)

The term Q is non-positive because the term
(
1 + (ux+euy)2

(qx+eqy)2

)
1
2r1 − |ux+euy |

qx+eqy
r1 = 1

2r1
(
1 −

|ux+euy |
qx+eqy

)2
in (A.51) is non-negative. Therefore, (A.48) holds if the condition (A.50) is

met. The symmetry of V01 and V10 immediately yields

V̇10 ≤ −c
(qx + qy)2

(eqx + qy)2 (eux + uy)2. (A.52)
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Summarizing, V + − V − ≤ 0 together with (A.47), (A.48) and (A.52) imply that the
Lyapunov function is non-increasing, that is, dV ≤ 0. Together with d(x−, y−) ≤ 1

2r1
assumed in the theorem and Lemma 5.5, we obtain that condition (A.50) is fulfilled as
d̂(x, y) ≤ d̂(x−, y−) ≤ 1

e
d(x−, y−) ≤ 1

2r1.
In the following, we will write V (t) instead of V (x(t), y(t)) in order to keep the

derivation concise. Because the candidate Lyapunov function V is non-increasing and
bounded from below, it attains the limit

lim
t→∞

V −(t) = V∞

with 0 ≤ V∞ ≤ V −(t0). In the following, we show that V∞ = 0. Using (V + −V −) ≤ 0 and
the differential measure dV , the candidate Lyapunov function can be written as V −(t) =
V +(t0) +

∫
(t0 t) dV ≤ V −(t0) +

∫
(t0 t) V̇ dt. Taking the limit as t → ∞ yields

V∞ ≤ V −(t0) + lim
t→∞

∫
(t0 t)

V̇ dt. (A.53)

We split the time interval I∞ = (t0, ∞) into the three sets I∞00 = {t ∈ I∞ | V (t) = V00(t)},
I∞01 = {t ∈ I∞ | V (t) = V01 ̸= V00(t)} and I∞10 = {t ∈ I∞ | V (t) = V10 ̸= V00(t)} and
rewrite (A.53) as

V∞ ≤ V −(t0) +
∫

I∞00

V̇00dt +
∫

I∞01

V̇01dt +
∫

I∞10

V̇10dt. (A.54)

The unboundedness of I∞ implies that at least one of the cases (i) dt(I∞00 ) = ∞, (ii)
dt(I∞01 ) = ∞ or (iii) dt(I∞10 ) = ∞ holds. The three integrals in (A.54) are non-positive
and thus bounded from below as V∞ ≥ 0. Let us first consider case (i). Substituting (A.47)
into

∫
I∞00

V̇00dt > −∞ yields
∫

I∞00

c(ux − uy)2dt < ∞. (A.55)

The function (ux(t) − uy(t))2 is not absolutely continuous and therefore we cannot in-
voke Barbalat’s lemma. However, the function V −00 considered on I∞00 is asymptotically
absolutely continuous (see Definition A.1). Furthermore, (qx(t) − qy(t))2 is absolutely
continuous and c > 0. According to the definition V00 = 1

2(qx − qy)2 + 1
2(ux − uy)2, we ob-

tain that (ux(t) − uy(t))2 is asymptotically absolutely continuous when considered on I∞00 .
Therefore, we can apply the extended Barbalat’s lemma2 presented in Appendix A.2
to (A.55) and obtain limt→∞

t∈I∞00
(ux(t) − uy(t))2 = 0. This limit together with the definition

of V00 yields V∞ = limt→∞
t∈I∞00

1
2(qx(t) − qy(t))2. The non-impulsive dynamics of qx − qy is ob-

tained by (5.22) with τx = τy = 0 and λx = λy = 0 as (u̇x − u̇y)+c(ux −uy)+(qx −qy) = 0,
from which follows that limt→∞

t∈I∞00
|u̇x(t) − u̇y(t)| = limt→∞

t∈I∞00
|qx(t) − qy(t)| =

√
2V∞. The in-

dividual velocities ux(t) and uy(t) are assumed to be functions of special locally bounded
2Small adjustments are necessary to apply the mentioned lemma here. Since we consider only the

domain I∞00 ⊂ R, the limit limt→∞ is substituted with limt→∞
t∈I∞0

and the proof is adjusted accordingly.
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variation and, consequently, the velocity difference ux(t) − uy(t) is a function of special
locally bounded variation as well. Therefore, the limits limt→∞

t∈I∞00
|ux(t) − uy(t)| = 0 and

limt→∞
t∈I∞00

|u̇x(t) − u̇y(t)| =
√

2V∞ imply limt→∞
t∈I∞00

|u̇x(t) − u̇y(t)| = 0, that is, V∞ = 0 in
case (i).

We will use the same reasoning as in case (i) to show that V∞ = limt→∞
t∈I∞01

1
2(qx(t)+qy(t))2

holds in case (ii). The inequality (A.54) implies
∫

I∞01
V̇01dt > −∞ and, substituting (A.48),

yields
∫

I∞01
c (qx+qy)2

(qx+eqy)2 (ux + euy)2dt < ∞. The asymptotic absolute continuity of V −01 and
(qx+qy)2 when considered on I∞01 together with the definition of V01 yield that (qx+qy)2

(qx+eqy)2 (ux+
euy)2 is asymptotic absolutely continuous as well when considered on I∞01 . The extended
Barbalat’s lemma yields limt→∞

t∈I∞01

(qx+qy)2

(qx+eqy)2 (ux + euy)2 = 0 and, together with the definition

of V01, V∞ = limt→∞
t∈I∞01

1
2(qx(t)+qy(t))2. In the following, we will use a proof of contradiction

to show that V∞ = 0 in case (ii) as well.
Let us assume that V∞ > r2 for some r2 > 0. Taking the limit limt→∞

t∈I∞01
of (5.33) in

Lemma 5.7(ii) and substituting limt→∞
t∈I∞01

|ux + euy| = 0 yields

lim
t→∞
t∈I∞01

V̇01 = lim
t→∞
t∈I∞01

−(1 − e) qx + qy

qx + eqy

(uxqy − qxuy). (A.56)

In the derivation of (A.48), we have noticed the two inequalities uxqy−qxuy

qx+qy
> 1

2r1 and
qx + qy < 1

2r1. The latter implies 1
qx+eqy

≥ 1
e

1
qx+qy

> 1
e

1
1
2 r1

. Substituting into (A.56) yields
limt→∞

t∈I∞01
V̇01 ≤ −1−e

e
limt→∞

t∈I∞01
(qx + qy)2. Together with assumption V∞ = limt→∞

t∈I∞01

1
2(qx(t) +

qy(t))2 > r2, we obtain

lim
t→∞
t∈I∞01

V̇01 ≤ −21 − e

e
r2. (A.57)

The limit (A.57) implies that the integral
∫

I∞01
V̇01dt is not bounded from below, which

contradicts V∞ ≥ 0. Therefore, V∞ = 0 must hold in case (ii). The symmetry of V01 and
V10 immediately yields V∞ = 0 also in case (iii).

The Lyapunov function V is positive definite in the distance function d as shown in
Lemma 5.5. Consequently, dV ≤ 0 implies ∀ε > 0 : d(x(t0), y(t0)) < min{eε, e

2r1} ≤ eε ⇒
d(x(t), y(t)) < min{ε, 1

2r1} ≤ ε, ∀t ≥ t0. Furthermore, V∞ = 0 implies d(x(t0), y(t0)) <
min{e ε, e

2r1} ⇒ limt→∞ d(x(t), y(t)) = 0. Therefore, local synchronization is achieved
according to Definition 5.2, which concludes the proof.

A.6.8 Theorem 5.9
Proof of Theorem 5.9 (page 98). Let V (t) = V (x(t), y(t)) be the candidate Lyapunov
function defined by (5.26)–(5.30) evaluated along the solutions of (5.22)–(5.24) with τx,
τy defined by (5.35)–(5.36). As we have seen in Theorem 5.8, the density (V + − V −) is
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non-positive according to Lemma 5.6. In the following, we will show that the differential
measure V̇ is bounded from above almost everywhere by

V̇ ≤ −c(ux − uy)2 if V = V00, (A.58)

V̇ ≤ −c
(qx + qy)2

(qx + eqy)2 (ux + euy)2 if V = V01 ̸= V00, (A.59)

V̇ ≤ −c
(qx + qy)2

(eqx + qy)2 (eux + uy)2 if V = V10 ̸= V00. (A.60)

First, we consider the case for which both constraints are open and the constraint forces
vanish. The interaction law (5.35)–(5.36) yields κx = κy = 0 for min{V01, V10} ≥ V00 and
κx = κy = −f for min{V01, V10} < V00. Substituting λx = λy = 0 and κx = κy = 0 into
Lemma 5.7(i) yields that (A.58) is fulfilled. Furthermore, substituting λx = λy = 0 and
κx = κy = −f into Lemma 5.7(ii) and (iii) yields that (A.59) and (A.60) are fulfilled
because uxqy − qxuy > 0 for V01 < V00 and uxqy − qxuy < 0 for V10 < V00.

Secondly, we consider the case qx = 0 and qy > 0. Note that we only need to consider
persistent contact in the evaluation of V̇ as {t | qx(t) ∧ ux(t) ̸= 0} and {t | qx(t) ∧ ux(t) =
0 ∧ u̇x(t) ̸= 0} are Lebesgue negligible. Persistent contact of x yields λx − f(t) − τx = 0
according to (5.22). Furthermore, the definition of the candidate Lyapunov function
yields V = V00 if one state is in persistent contact and the interaction law (5.35)–(5.36)
yields κx = 0, κy = −f . Substituting into Lemma 5.7(i) yields (A.58). Analogously, if
qx > 0 and y is in persistent contact, then (A.58) is fulfilled with κx = −f and κy = 0.
Finally, if both contacts are persistent, then both states are identical, the candidate
Lyapunov function is zero and there are no coupling forces.

The coupling forces switch depending on the state and the solution concept of Filippov
is used such that sliding modes may occur. According to the interaction law (5.35)–
(5.36), we need to consider the following three switching surfaces: (a) qx > 0, qy > 0,
min{V01, V10} = V00, (b) qx = ux = 0, qy > 0 and (c) qx > 0, qy = uy = 0. In
case (a), the convexification of (5.35)–(5.36) yields τx = τy ∈ [−|f |, |f |]. However, any
choice of τx = τy together with λx = λy = 0 fulfills (A.58) according to Lemma 5.7(i).
In case (b), the convexification of (5.35)–(5.36) yields τx ∈ [−|f |, |f |] and τy = 0. A
persistent contact qx = 0 implies λx − f(t) − τx = 0 according to (5.22) and V = V00.
Together with λy = 0, Lemma 5.7(i) yields (A.58). Finally, the case (c) is symmetric to
case (b). Therefore, the differential measure dV fulfills (A.58)–(A.60) for almost all t also
on the sliding surfaces.

The remaining part of the proof is very close to the proof of Theorem 5.8. The
candidate Lyapunov function V (t) in not increasing neither during continuous flow nor
at discontinuity points, that is, dV ≤ 0. Furthermore, V is bounded from below, thus
attaining a limit limt→∞ V −(t) = V∞. In the following, we show V∞ = 0.

As in the proof of Theorem 5.8, the time interval I∞ = (t0, ∞) is split into the
three sets I∞00 = {t ∈ I∞ | V (t) = V00(t)}, I∞01 = {t ∈ I∞ | V (t) = V01 ̸= V00(t)} and
I∞10 = {t ∈ I∞ | V (t) = V10 ̸= V00(t)}. Furthermore, dt(I∞) = ∞ implies that at least one
of the cases (i) dt(I∞00 ) = ∞, (ii) dt(I∞01 ) = ∞ or (iii) dt(I∞10 ) = ∞ has to hold. Using the
same arguments as in the proof of Theorem 5.8, it holds for case (i) that (ux(t) − uy(t))2

considered on I∞00 is asymptotically absolutely continuous. The extended Barbalat’s
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lemma presented in Appendix A.2 implies limt→∞
t∈I∞00

(ux(t) − uy(t))2 = 0 and, thus, V∞ =

limt→∞
t∈I∞00

1
2(qx − qy)2. Analogously for case (ii), we obtain limt→∞

t∈I∞01

(qx+qy)2

(qx+eqy)2 (ux + euy)2 = 0

and, thus, V∞ = limt→∞
t∈I∞01

1
2(qx + qy)2. Case (iii) yields limt→∞

t∈I∞10

(qx+qy)2

(eqx+qy)2 (eux + uy)2 = 0

and, thus, V∞ = limt→∞
t∈I∞10

1
2(qx + qy)2. As we have seen before, V = V00 always implies

λx −f(t)−τx = λy −f(t)−τy. The non-impulsive dynamics of qx −qy is obtained by (5.22)
as (u̇x − u̇y) + c(ux − uy) + (qx − qy) = 0, which is valid for almost all t ∈ I∞00 . In case (i),
together with V∞ = limt→∞

t∈I∞00

1
2(qx − qy)2 and using the same arguments as in the proof of

Theorem 5.8 yields V∞ = 0. For the cases (ii) and (iii), we consider the evolution of qx+qy.
Because λx−f(t)−τx = 0 and λy−f(t)−τy = 0 whenever V = V01 ̸= V00 or V = V10 ̸= V00,
the dynamics is obtained using (5.22) as (u̇x+u̇y)+c(ux+uy)+(qx+qy) = τx+τy+2f(t) = 0,
which is valid for almost all t ∈ I∞01 ∪I∞10 . Together with V∞ = limt→∞

t∈I∞01

1
2(qx+qy)2 in case (ii)

and V∞ = limt→∞
t∈I∞10

1
2(qx + qy)2 in case (iii), we obtain V∞ = 0 also in these cases.

Condition (5.20) is fulfilled with δ(ε) = eε using dV ≤ 0 and Lemma 5.5. Furthermore,
limt→∞ V (t) = 0 together with Lemma 5.5 yield that condition (5.21) is fulfilled for any δ0.
Therefore, global synchronization is achieved in the sense of Definition 5.2.
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Notation

dx differential measure of x

dt Lebesgue measure
dδi Dirac point measure
dη atomic measure, sum of Dirac point measures, dη := ∑

i dδi

dµ Radon measure, e.g., dµ = dt + dη
dx
dµ

density (also called Radon–Nikodým derivative) of x w.r.t. dµ

a.e. almost everywhere (w.r.t. Lebesgue measure if not stated explicitly)
f ⊙ dµ measure with density f w.r.t. dµ, (f ⊙ dµ)(A) :=

∫
A fdµ

f ◦ g concatenation of functions, (f ◦ g)(·) := f(g(·))
f ◦ A concatenation of function and matrix multiplication, (f ◦ A)x := f(Ax)
O, O (big) Landau-order symbol: f(x) ∈ O(g(x)) ⇔ fi(x) ∈ O(g(x)) ∀i

⇔ lim supx→a

∣∣∣fi(x)
g(x)

∣∣∣ < ∞ ∀i with a ∈ R
o, o (small) Landau-order symbol: f(x) ∈ o(g(x)) ⇔ fi(x) ∈ o(g(x)) ∀i

⇔ limx→a

∣∣∣fi(x)
g(x)

∣∣∣ = 0 ∀i with a ∈ R
δ variation, e.g., δε is the variation of ε

∂ partial derivative or subdifferential
AC(I, A) space of absolutely continuous functions I → A

BV (I, A) space of functions of bounded variation I → A

SLBV (I, A) space of functions of special locally bounded variation I → A

C∞(I, A) space of infinitely differentiable functions I → A

C∞c (I, A) space of infinitely differentiable functions with compact support I → A

φ+(t) left-limit of function φ(t) at t, φ+(t) := limτ↓0 φ(t + τ)
φ−(t) right-limit of function φ(t) at t, φ−(t) := limτ↓0 φ(t − τ)
φ̄(t) mean value of function φ(t) at t, φ̄(t) := 1

2(φ+(t) + φ−(t))
∥x∥ 2-norm of the vector x, ∥x∥ :=

√
xTx

∥x∥R R-norm of the vector x, ∥x∥R :=
√

xTRx

bdry C boundary of set C
int C interior of set C
cl C closure of set C
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R extended real number line, R := R ∪ {−∞, ∞}
Rn+

0 nonnegative orthant of Rn, i.e., space of real, nonnegative n-tuples
Rn∗ dual space of n-dimensional Euclidean space Rn

K⊥ orthogonal cone to convex cone K ⊆ Rn, K⊥ ⊆ Rn

K◦ polar cone to convex cone K ⊆ Rn, K◦ ⊆ Rn∗

NC normal cone to the set C ⊆ Rn, NC(x) ⊆ Rn∗

ΨC indicator function of the set C ⊆ Rn, ΨC(x) ∈ R
TC tangent cone to the set C ⊆ Rn, TC(x) ⊆ Rn

T ⊥C orthogonal tangent cone to the set C ⊆ Rn, T ⊥C (x) ⊆ Rn

proxR
C proximal point function to the set C ⊆ Rn in the metric R, proxR

C (x) ∈ Rn

distR
C distance function to the set C ⊆ Rn in the metric R, distR

C (x) ∈ R+
0

(x; y) column vector consisting of the vectors x and y, (x; y) := (xT yT)T

I identity matrix
E restitution coefficient matrix
A ≻ B ⇔ A − B is positive definite
A ≽ B ⇔ A − B is positive semi-definite
G Delassus-matrix, G := WTM−1W

P⊥ M -orthogonal projector onto M−1WRm∗, P⊥ := M−1W G−1WT

P M -orthogonal projector onto the nullspace of WT, P := I − P⊥

F inverse of linear map WT : P⊥Rn → Rm, F := M−1W G−1

H impact map (set-valued), H : γ̄ ⇒ −Λ ∈ H(γ̄)
H̃ impact map (set-valued), H̃ : ū ⇒ −f η ∈ H̃(ū)
S impact mapping (single-valued), S : γ− 7→ γ+ = S(γ−)
Z impact mapping (single-valued), Z : u− 7→ u+ = Z(u−)
Z̄ impact map (single-valued), Z̄ : (q; u−) 7→ (q; u+) = Z̄(q; u−)
ϕ dissipation function, H(γ̄) = ∂Φ(γ̄)
D dissipation of impact, i.e., negative impact work, D(γ̄) := −γ̄TΛ
limt→∞

t∈S
f(t) limt→∞

t∈S
f(t) = f∞ ⇔ ∀ε ∃c ∀{t ∈ S|t > c} : |f(t) − f∞| < ε

x ∼ y equivalence relation
[x] equivalence class of x
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