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Abstract

In enumerative geometry, Virasoro constraints were first conjectured in Gromov-
Witten theory with many new recent developments in the sheaf theoretic context.
In this paper, we rephrase the sheaf theoretic Virasoro constraints in terms of primary
states coming from a natural conformal vector in Joyce’s vertex algebra. This shows
that Virasoro constraints are preserved under wall-crossing. As an application, we
prove the conjectural Virasoro constraints for moduli spaces of torsion-free sheaves
on any curve and on surfaces with only (p, p) cohomology classes by reducing the
statements to the rank 1 case.

Mathematics Subject Classification 14F08 - 14H60 - 14J60 - 17B68 - 17B69

1 Introduction

This paper concerns the Virasoro constraints on sheaf counting theories. Given a
moduli space of sheaves M with a virtual fundamental class [M]""" we may produce
numerical invariants by integrating natural cohomology classes — called descendents
— against the virtual fundamental class. The Virasoro conjecture predicts that these
numerical invariants are constrained by some explicit and universal relations. The
main result of this paper is proof of those constraints in the following cases:

Theorem A (=Theorem 6.1) The Virasoro constraints (Conjecture 1.5) hold for the
following moduli spaces when there are no strictly semistable sheaves:

1. The moduli spaces M¢ (r, d) of slope semistable bundles on any smooth projective
curve C.
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2. The moduli spaces M 51:1 (r,c1,¢2) of slope or Gieseker semistable torsion-free
sheaves on any smooth projective surface S with h'0(S) = h*°(S) = 0.

3. Assuming that a necessary wall-crossing formula holds (see Assumption 5.8), the
moduli spaces M f (B, n) of slope semistable one-dimensional sheaves on any
smooth projective surface S with h0(8S) =hn20(s)=0.!

Theorem 6.1 also proves an analog of (1), (2) and (3) in the presence of strictly
semistable sheaves as stated in Conjecture 1.10. The case (2) of the theorem solves
the conjecture of D. van Bree in [63] (see Remark 2.17 for a comparison of our for-
mulation with van Bree’s). In the cases of S = P2 and S = P! x P!, an alternative
proof of (2) was given by the first author in [9] without relying on the previous result
for Hilb"(S) in [48]. The formulation of the other two cases is new; indeed, we pro-
vide a very general conjecture that includes many other interesting cases. The proof
of Assumption 5.8 making (3) self-contained will be addressed in the future.

Our work relies in a fundamental way on the vertex algebra that D. Joyce recently
introduced [21, 26, 31] to study the wall-crossing of moduli spaces of sheaves. We
explain how the Virasoro constraints can be naturally formulated in this language.

Theorem B (=Theorem 4.12 and Theorem 1.9) Let X be a curve or a surface with
pg = 0. There is a natural conformal element w in the vertex algebra V¥ for
which the corresponding Virasoro operators LY are dual to the Virasoro operators
LP*: DX-pa 5 DXP2 for n > —1 on the pair descendent algebra. A moduli space of
sheaves (or pairs) satisfies the Virasoro constraints if and only if its class in V& (or
V& is a primary state.

As a consequence of this description, the wall-crossing machinery developed by
Joyce can be used to prove a compatibility between wall-crossing and the Virasoro
constraints.

Theorem C (=Propositions 3.11 and 3.13) The Virasoro constraints are compatible
with wall-crossing.

Theorem C also holds in the setting of quivers as was shown by the first author in
[9, Theorem 1.2]. This was used to conclude Virasoro constraints for moduli spaces
of semistable (framed) representations of quivers in loc. cit.

Our proof of Theorem A uses this wall-crossing compatibility to reduce the state-
ment to the rank 1 case; for curves, the rank 1 case can be shown directly or via
Joyce-Song wall-crossing, and for surfaces, it was already proven in [47, 48]. We re-
mark that the hypotheses Rh10(8) = h20(S) =0 are currently necessary: h20(8) =0
is needed to have a vertex algebraic interpretation of the Virasoro constraints (cf.
Theorem B), and hence wall-crossing compatibility, and £1:0(S) = 0 is necessary in
the proof of the constraints for the Hilbert scheme of points in [47]; we hope these
restrictions can be lifted in the future.

Un [56), the ring structure of the cohomology of the moduli spaces of one-dimensional sheaves on § = P2
is studied in terms of descendents. It would be interesting to find out whether the Virasoro constraints are
implied by the relations they prove in [56, Proposition 2.6].
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Virasoro constraints for moduli of sheaves and vertex algebras 389

1.1 History

Virasoro constraints The study of Virasoro constraints on curve counts traces
back to the origins of Gromov-Witten (GW) theory and intersection theory on the
moduli space of stable curves, in Witten’s foundational paper [64]. Witten conjec-
tured that integrals of products of descendents — certain natural classes in H ‘(ﬂg,n)
— obeyed some explicit relations. The relations he proposed were equivalent to cer-
tain differential operators, which satisfy the Virasoro bracket relation, annihilating
the partition function which encodes all the integrals of descendents on M, ,,. Wit-
ten’s conjecture was proven by Kontsevich [34] and new proofs were obtained by
Okounkov-Pandharipande [52] and Mirzakhani [45].

In [15], the authors extended the Virasoro conjecture to the GW invariants of a
variety X. Since then, a lot of effort has been put into proving the result for some
target varieties X; most notably, the conjecture is now known when X is a toric
variety (or, more generally, when X has semisimple quantum cohomology) by work
of Givental and Teleman [19, 60] and when X is a curve by work of Okounkov-
Pandharipande [51]. The general case, however, is still out of reach.

In [43, 44], Maulik-Nekrasov-Okounkov-Pandharipande propose a deep connec-
tion between Gromov-Witten invariants and Donaldson-Thomas (DT) invariants of
3-folds. Such correspondence suggested that the DT descendent invariants should
as well be constrained by some sort of Virasoro operators. Almost 15 years ago, not
long after the proposal of the MNOP conjecture, Oblomkov, Okounkov and Pandhari-
pande were able to predict the precise form for the DT Virasoro operators (at least
for X = P3, see [54, Conjecture 8]) from experimental data with X toric. The un-
derstanding of the MNOP correspondence at the time, however, was not sufficiently
explicit to be used effectively to relate the conjectures on the GW and on the DT
sides. Recently, the GW/PT descendent correspondence has been made more effec-
tive and this allowed a proof of the DT Virasoro conjecture when X is a toric 3-fold
in the stationary regime [48].2

Taking a surface S and X = § x P! it is possible to deduce some Virasoro con-
straints for the Hilbert scheme of points on S from the PT Virasoro constraints on X.
The third author used a universality argument in [47] to prove such constraints for
every surface with H'(S) = 0 by starting with the toric results in [48]. Subsequently,
van Bree proposed a generalization of the Hilbert scheme constraints to the mod-
uli spaces of torsion-free stable sheaves on a surface S and made several non-trivial
checks for toric S using localization [63].

While the Virasoro constraints on sheaf-counting theories come historically from
Gromov-Witten theory, they form a rich theory themselves as indicated by the exam-
ples where they can be studied — DT, PT, Hilbert scheme, stable torsion-free sheaves
on surfaces. We show that they have an independent meaning and origin by connect-
ing them to the geometric construction of the vertex algebras of Joyce [26] which
were developed to study wall-crossing.

2The results in [48] are formulated entirely in the theory of stable pairs, also known as Pandharipande-
Thomas (PT) invariants, and not DT invariants. In the stationary regime for toric 3-folds, however, the two
formulations of Virasoro are known to be equivalent.
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390 A.Bojko et al.

Wall-crossing and vertex algebras When Donaldson [13] introduced his in-
variants counting anti-self-dual instantons, they were intrinsically dependent on the
choice of a metric g of the underlying four-manifold. Varying g leads to discon-
tinuous jumps of the invariants along codimension one walls, a phenomenon called
“wall-crossing”. The precise description of the wall-crossing contributions has been
given in [36] and many further studies have been conducted.

With the goal of treating wall-crossing phenomena uniformly, Joyce [27-30] de-
veloped a theory which could be applied in large generality to abelian categories.
Here the metric was replaced by stability conditions and instantons by semistable ob-
jects. Using a Lie algebra structure, he was able to define motivic invariants counting
semistable objects and described how they change when varying the stability condi-
tions. Further refinements to include DT theory of Calabi-Yau 3-folds were consid-
ered by Joyce-Song [32] and Kontsevich-Soibelman [35].

The (virtual) fundamental classes of sheaves are however not motivic outside of
the realm of Calabi-Yau 3-folds, so their theories were not sufficient for studying
other geometries. In a more recent development, Joyce [26] introduced a sheaf-
theoretic construction of vertex algebras (see [10, 33, 37] for a gentle introduction
to this topic).> Vertex algebras are representation theoretic objects introduced by
Borcherds [10] and they give an axiomatization of conformal field theories in two
dimensions [5]. The Lie bracket operation induced from the sheaf-theoretic vertex
algebras was used to describe wall-crossing of virtual fundamental classes counting
semistable objects, as conjectured in [21] and proven in many cases by Joyce [31].
For surfaces, these wall-crossing formulae are related to the work of Mochizuki [46]
where the formulae are presented without vertex algebras.

Wall-crossing has been used in [7, 8] to give explicit formulae for all descendent
invariants of punctual Quot schemes on surfaces and Calabi-Yau fourfolds, and in
[11] to study moduli spaces of vector bundles on curves. However, further structures
coming from the vertex algebra remained a mystery. We fill this gap by giving a geo-
metric interpretation of a natural conformal element in terms of Virasoro constraints.
The conformal element induces a representation of the Virasoro algebra on Joyce’s
vertex algebra [26]. The Virasoro operators {L;, },cz act on the homology of the stack
where wall-crossing takes place, defining a smaller Lie algebra of primary/physical
states [5, 10]. We show that the Virasoro constraints are precisely the statement that
(virtual) fundamental classes of moduli of semistable sheaves are primary states, and
thus are preserved by wall-crossing. We use this new technique, together with a rank
reduction to the case of rank 1, to prove existing and new conjectures about Virasoro
constraints.

1.2 Moduli of sheaves and pairs

Let X be a smooth projective variety over the complex numbers. Typically, we will
restrict ourselves to small dimension X (up to dimension 3) so that the moduli spaces

3See also H. Liu’s work [39] where he extends it to K -theory and multiplicative vertex algebras.
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Virasoro constraints for moduli of sheaves and vertex algebras 391

of sheaves that we consider have a virtual fundamental class in the sense of Behrend-
Fantechi [4].%

The main objects in this paper are moduli spaces M which parameterize
semistable sheaves on X and their cohomology ring. Throughout this Introduction
and Sect. 2, when we refer to a general moduli space M we assume that:

1. M is a projective scheme of finite type.
2. There are no C-points of M corresponding to strictly semistable sheaves.
3. Deformation theory at [G] € M is given by

Tan = Ext' (G, G)
Obs = Ext*(G, G)
0=Ext"%(G, G).

In such conditions, M admits a virtual fundamental class [ M ]Vir € Ho(M) by [4].
There are many examples of moduli of sheaves on curves, surfaces and Fano 3-folds
where all the assumptions are satisfied. To facilitate the exposition, for the introduc-
tion we will also assume that there exists a universal sheaf G in M x X; we will
explain why this is not necessary in Sect. 2.4. Note that a universal sheaf, when
it exists, is non-unique: given a universal sheaf G and a line bundle L on M, the
sheaf G ® p*L is also a universal sheaf (where p: M x X — M is the projection)
parametrizing the same objects.

Later in the paper we will also formulate Virasoro constraints for moduli spaces
M that have strictly semistable sheaves, by using Joyce’s invariant class

[M]™ e Hy(M}E),

which is defined by a wall-crossing formula as we will overview in Sect. 5.3. This
generalization will play an important role in the inductive argument used to prove
Theorem A.

Remark 1.1 The relation between the coarse moduli spaces M and their invariant
classes [M]™ is not obvious in the presence of strictly semistables because there
need not be a map M — /\/lr;(g . So saying that M satisfies Virasoro constraints is an
abuse of terminology that we will repeatedly make throughout this work.

Apart from the moduli of sheaves, we also study those of pairs. We fix a sheaf V
on X and we let P be a moduli space parametrizing a sheaf F' together with a map
V — F (with some stability condition). We make the following assumptions:

1. P is a projective scheme of finite type.
2. There are no C-points of P corresponding to strictly semistable pairs.

4Virasoro constraints are also expected for moduli spaces of sheaves on Calabi-Yau 4-folds, admitting a
virtual fundamental class in the sense of Oh-Thomas [50]. However, we will not consider this case here
and it will be the subject of future work.

@ Springer



392 A.Bojko et al.

3. There is a unique universal pair ¢*V — Fin P x X where g: P x X — X is the
projection.
4. Deformation theory at [V — F] € P is given by

Tan = Ext’([V — F], F)
Obs = Ext!([V — F], F)

0=Ext"!([V = F], F).

In such conditions, P admits a virtual fundamental class [P]'" € H,(P). Various
moduli of pairs on curves and surfaces satisfy these assumptions; Quot schemes with
at most one-dimensional quotients and moduli of Bradlow pairs.

There are two important differences between moduli spaces of sheaves and pairs.

1. The first is the difference in obstruction theory. It is apparent from comparing Ex-
ample 2.6 and the definition of the Virasoro operators in Sect. 2.3 that obstruction
theory dictates their form.

2. The second is the uniqueness or non-uniqueness of the universal object. This dif-
ference will play a crucial role in our treatment of the Virasoro constraints for
moduli of sheaves and for moduli of pairs.

Remark 1.2 When we refer to moduli of sheaves we are mostly thinking about mod-
uli of sheaves without fixed determinant. This is implicit in the obstruction theory
above since when the determinant is fixed the deformation theory should instead use
traceless Ext groups:

Ext' (G, G)o = ker (Ext" (G.G) > H' (ox)) .

We explain how to obtain a fixed determinant version of the Virasoro constraints in
Sect. 2.8 when A0 £ 0 but #7° = 0 for p > 1. Although a conjecture for Hilbert
schemes of points on surfaces with possibly p, = h?>9 > 0 (which have traceless de-
formation theory) appears in [47], our approach in this paper is currently not suitable
to understand it. We hope to pursue this direction in the future.

Remark 1.3 Virasoro constraints that we study for moduli of sheaves naturally gen-
eralize to moduli of objects in a derived category D”(X). Indeed, moduli spaces of
stable pairs on a 3-fold X (with H 1(Ox) =0fori > 0)in the sense of Pandharipande-
Thomas [53] are instances of such. We emphasize here that stable pairs on 3-folds are
subject to Virasoro constraints of sheaf type rather than pair type, despite their name.
This is because virtual classes are constructed using the obstruction theory governed
by Ext! (I®, I*) where I* = [Ox — F] e D(X).

1.3 Universal sheaves and descendents

Descendents on M are defined using a slant product construction with a universal
sheaf G and the maps
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Virasoro constraints for moduli of sheaves and vertex algebras 393

M x X

N

M X.

Definition 1.4 We let DX be the supercommutative algebra generated by symbols
chg'[(y) for i > 0, y € H*(X) (see Definition 2.3). The geometric realization with
respect to a universal sheaf G in M x X is the algebra homomorphism

£g: DX > H*(M)

defined on generators ch?(y) with y € H*(X) by
el (Ch?(y)> = p« (Chitdimx)—r (G) g*y) .

The shift in the index of the Chern character using the Hodge degree of y is non-
standard, but useful for a cleaner formulation of the Virasoro operators. With this
convention, we may think of é@,(ch}{(y)) as being in H“>~"+S(M) (of course M
might be singular, so a Hodge decomposition may not exist). See also Remark 2.4.

The main objects of study in this paper are descendent integrals, i.e., the enumer-
ative invariants obtained by integrating descendents against the virtual fundamental
classes

/ Eg(D), / Ep(D) for DeD¥.
[M]Vir [P]Vir

Note that the descendent invariants of M depend in principle on the choice of uni-
versal sheaf G. For some D in the descendent algebra, however, they do not depend
on this choice; these D form what we call the weight 0 descendent algebra Déto (cf.

Sect. 2.4). For D € Déto we will omit the geometric realization morphism and write

/ _ D=/ &c(D)
[M]Vll‘ [M]Vlr

for any universal sheaf G since it does not depend on such choice.
The Virasoro constraints say that these numbers satisfy some explicit universal
relations. These relations are stated using certain operators

Lwt, DX — DX

V. X X
wio» L DT —>D%, k>-—1

that we will introduce in Sect. 2.

Conjecture 1.5 (Virasoro for sheaves) Let M be a moduli of sheaves as before. Then
/ Lw(D)=0 forany D e DX.
[M]Vlr
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394 A.Bojko et al.

Conjecture 1.6 (Virasoro for pairs) Let P be a moduli of pairs as before. Then
/ ér (L,Y(D)) =0 foranyk>0, D€ DX,
[P]Vll’

In Example 2.24 we illustrate very explicitly how the constraints look like in the
case of rank 2 stable bundles over a curve.

Remark 1.7 The previous Virasoro conjectures for sheaves in [47, 48, 63] require a
specific choice of a universal sheaf and S; operators.> Conjecture 1.5 improves the
formulation by avoiding both of these, and we prove that the two formulations are
equivalent (see Proposition 2.16). Conjecture 1.6 for pairs is new and we provide
convincing evidences by proving it for various geometries in this paper.

1.4 Joyce’s vertex algebra

D. Joyce recently introduced a vertex algebra and a closely related Lie algebra as-
sociated to the derived category DY(X) [21, 26, 31]. Joyce proposes to use his Lie
algebra to study wall-crossing formulae for moduli of sheaves (or, more generally,
moduli of semistable objects in a C-linear abelian or triangulated category).

The vertex algebra is constructed using the homology of the (higher) moduli stack
My parametrizing objects in the triangulated category D?(X). He defines a vertex
algebra structure on

Vo = ﬁo(MX) s

where H, is meant to denote an appropriate shift in the grading of the homology.
The two most important ingredients for a vertex algebra are a translation operator
T and a state-field correspondence Y (—, z); we will recall the definition of vertex
algebras in Sect. 3.1. In our setting, the translation operator is obtained from the
BG,,—action on My the state-field correspondence Y (—, z) is defined in terms of
the map ¥ : Mx x Mx — My induced by taking direct sums and a perfect complex
® on My x Myx. These arise as a consequence of the master space localization
technique that is commonly used for the proof of wall-crossing formulae (for instance
in Mochizuki’s work [46]); the complex ® is closely related to the virtual normal
bundle appearing in the localization formula and thus to the obstruction theory of
Mx.Remark 4.13 uses this observation to explain the relation of Virasoro constraints
to the obstruction theory which we eluded to earlier on.

Associated to the vertex algebra V, is the Lie algebra obtained as the quotient by
the translation operator:

Vo =Vei2/TV,.

The Lie bracket on V. is a shadow of the vertex algebra structure on V, and is ob-
tained by a well-known construction due to Borcherds [10]. Alternatively, it can be

5The Sy operators in [47, 48, 63] do not satisfy Virasoro bracket relations, obscuring the meaning of
Virasoro constraints.
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Virasoro constraints for moduli of sheaves and vertex algebras 395

constructed as the homology H, (M"2) of the rigidification M;l(g = Myx []BGy,; the
two definitions agree when restricted to complexes with non-trivial numerical class,
see Lemma 4.10.

The Lie algebra V, is a natural place where we can compare virtual fundamental
classes of moduli spaces of sheaves; given a moduli space M of semistable sheaves
(or more generally of objects in D”(X )) containing no strictly semistable sheaves,
there is an open embedding M — ./\/lr;(g. If M admits a virtual fundamental class, we
may push it forward along this embedding to obtain a class

[M]'' € Ho(ME) = V.,

where the first appearance of (—) represents an appropriate degree shift. If we fix
a choice of a universal sheaf G in M x X, by the universal property of My we
get amap fg: M — My lifting M < M~®, and thus a natural lift of the virtual
fundamental class to the vertex algebra

[MIE" = (f)«[M]"" € V.
Crucially, Joyce defines more general classes
[M]inv c ‘7.

even when strictly semistable sheaves exist; when [M ]Vir is defined, both classes
agree. _

The classes [M]Y € V, or [M ]Er € V, contain essentially the information of the
(invariant) descendent integrals on M. This is made precise by J. Gross’ [20] ex-

plicit description of V,, which we recall in Sect. 4.2. The cohomologies H®(Mx)
and H '(/\/lr;(g) are closely related to the algebras of descendents DX and Dém, re-
spectively; see Lemmas 4.8 and 4.10 for the precise statements. The pairing between

cohomology and homology then recovers the descendent integrals
H*(Mx) ® HiMx) = C, (D.[M]g) f[ i D
and
HY (M) @ HyM3E) > C, (D, [M]'") 1> e

where the second integral is independent of the choice of G.
1.5 Conformal element and Virasoro constraints

A vertex operator algebra is a vertex algebra V, equipped with a conformal element
w € V4. The main property of a conformal element (see Sect. 3.1 for a precise defi-
nition) is that the operators {L,},cz on V, induced from w via the state-field corre-
spondence satisfy the Virasoro bracket

3

[an Lm] =M —m)Lpyin+ A

12 8n+m,0 -C
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396 A.Bojko et al.

for some constant C € C called the central charge of (V,, ®). One of the goals of this
paper is to explain the Virasoro operators in the descendent algebra previously studied
in terms of a conformal element w in Joyce’s vertex algebra (or some slight variation,
namely the pair vertex algebra). Due to the mysterious role that the Hodge degrees
play in the Virasoro operators in [47], we do not know how to do so in complete
generality, but only under the following assumption:

Assumption 1.8 We assume that the Hodge cohomology groups H?-4(X) vanish
whenever |p —¢| > 1.

This assumption is satisfied for curves, surfaces with p, = 0 and Fano 3-folds,
hence covering the majority of the target varieties in Donaldson-Thomas theory.

The result of J. Gross [20]° shows that, under certain assumption (satisfied for
curves, surfaces and rational 3-folds), Joyce’s vertex algebra V, is naturally isomor-
phic to a lattice vertex algebra from (K *(X), Kgst(X), Xsym); here

K X)=K’X)® K" (X)= H*(X)
is the topological K -theory of X with C-coefficient, K Sst(X ) is the semi-topological
K -theory’ with Z-coefficient and Xsym is the symmetric pairing on K *(X)

Xsym(v,w)zf ch(vv)ch(w)td(X)+/ ch(w")ch(v)td(X).
X X

The construction of a vertex algebra from such data is recalled and summarized in
Theorem 3.5 and follows Kac [33]; it uses Kac’s bosonic vertex algebra construction
in the even part K°(X) and the anti-fermionic vertex algebra construction in the odd
part K L(x).

Kac’s construction produces a conformal element when the pairing xsym is non-
degenerate; unfortunately, due to the symmetrization this is not often the case. It turns
out that this issue can be overcome by using the larger vertex algebra V. The vector
space underlying V& is the homology of the stack of pairs Py ~ Mx x My:

VP = H,(Py).

The construction of the conformal element requires a choice of an isotropic decompo-
sition of the fermionic part (see Theorem 3.5 or [33, Sect. 3.6]). This decomposition
is where the Hodge degrees and Assumption 1.8 come into play, because K'(X)
splits into the isotropic subspaces

KI(X) — K".+1 ® KO+1,.

6Some corrections to the statements in [20] were necessary for purposes of accuracy. We rederive all of
the necessary results about the vertex algebra structure in Theorem 4.7 to make sure that they are true.

"The zeroth semi-topological K-theory K SOS[(X ) is defined as a Grothendieck’s group of vector bundles

modulo algebraic equivalence. By [6, Theorem 4.21] and [2, Theorem 2.3], we have KSS[(X) ~ m9(My).
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Virasoro constraints for moduli of sheaves and vertex algebras 397

which via the Chern character isomorphism correspond to

ko' =@ HPPH(X) and KT =P HPT(X).
p=>0 p>0

It is for the construction of such conformal element that we use the vertex algebra over
the complex numbers while the result of J. Gross [20] works over any field containing
rational numbers, as it relies on the Hodge decomposition. We prove that the Virasoro
operators induced by this conformal element w are dual to the pair Virasoro operators
defined in the algebra of descendents, see Sect. 4.3.

One remarkable aspect of Theorem B is that, while the operators LE“ on the descen-
dent algebra were previously only defined for n > —1, a conformal element provides
fields L for every n € Z and thus a complete representation of the Virasoro algebra.
In particular, this representation now has a non-trivial central charge 2 x (X) which the
positive branch {Lﬁa}nz _1 does not detect. We note that the factor of 2 appears due
to working with the pair vertex algebra VI™; if the pairing Xsym were non-degenerate
we would get a conformal element in V, with central charge x (X). Remarkably, the
Virasoro operators on the Gromov-Witten theory of X (at least if dim(X) is even) are
also known to admit an extension to a full representation of the Virasoro algebra; the
central charge in the Gromov-Witten case is x (X) [17, Sect. 2.10].

This description of the Virasoro operators provides a beautiful formulation of the
Virasoro constraints for sheaves and for pairs in terms of well-known notions in the
theory of vertex operator algebras, namely subspace of primary states (also known as
physical states):

Pyc V., PYcvk

Theorem 1.9 (Sect. 4.4) Assume X is in class D (see Remark 4.2) and satisfies As-
sumption 1.8. Then

1. Conjecture 1.5 is equivalent to the class
[M]vir c §. c V.pa

being a primary state in ﬁo (cf. Definition 3.9).
2. Conjecture 1.6 is equivalent to the class

[PI%y g € VP

vir

being a primary state in Popa (cf. Definition 3.9). Here, the class [P](q* V.F) denotes
the lift of [P]''" € VP to VP induced by the universal pair g*V — F.

While the part (1) in the above theorem was stated for moduli spaces of sheaves
satisfying the assumptions (1), (2) and (3) from Sect. 1.2, the condition of being a
primary state makes sense also for the invariant classes [M]™ without the assumption
(2). This motivates the following generalization of Conjecture 1.5.

@ Springer



398 A.Bojko et al.

Conjecture 1.10 Under the assumptions of Theorem 1.9, the moduli spaces M, pos-
sibly containing strictly semistable sheaves, satisfy Virasoro constraints in the sense
that

[M]™ e Py V.

The proof of Theorem 1.9 is given in Sect. 4.4. We prove in Proposition 3.11,
3.13 that the space of physical states interact nicely with Lie bracket operations:
Po C V is a Lie subalgebra and Pp c VP is a Lie submodule over Po Since wall-
crossing formulae in [31] are always written using the Lie bracket, these Lie algebraic
statements prove a compatibility between wall-crossing and the Virasoro constraints.

1.6 Proof of Theorem A and other results

The main result of the paper is Theorem A, i.e., a proof of Conjecture 1.5 for
semistable sheaves on curves and surfaces with 2% i = h%% = 0. We also denote the
three cases (1), (2) and (3) in Theorem A by (m,d) = (1, 1), (2,2) and (2, 1) where
m denotes the dimension of the underlying variety and d the dimension of the support
of sheaves we consider.

The main ingredient in the proof is an inductive rank reduction argument via wall-
crossing. This is the content of Sect. 5. In each of the 3 cases, we consider the moduli
spaces of Bradlow pairs P, which depend on a stability parameter # > 0. Assuming
that M, contains no strictly semistable sheaves, when 0 < ¢t <« 1 is small there is
a map PO9+ := PI<! — M, which is a (virtual) projective bundle. This geometric
description is equivalent to wall-crossing at the Joyce-Song wall:

[P0+]V11‘ [[M ]vir’ 6(1,0)] .

On the other hand, for large ¢ >> 1 the moduli spaces P° := P!>! are easier to
understand (and sometimes empty). We prove not only that M, satisfy the sheaf
Virasoro constraints (i.e., Theorem A) but also that the moduli spaces of Bradlow
pairs P} satisfy the pair analogue of the constraints:

Theorem 1.11 (Theorem 5.12, Sect. 5.2, Sect. 6) The moduli spaces of Bradlow pairs
P! (see Definition 5.2) satisfy the pair Virasoro constraints (Conjecture 2.18) for
every t > 0 in the 3 settings of Theorem A, i.e., (m,d) = (2,2), (1,1) and (m,d) =
(2, 1) provided Assumption 5.8 holds.

To prove Theorems A and 1.11 we need the following steps:

(i) We prove in Sect. 6 that P.° satisfies Conjecture 1.6. In case (m,d) = (1, 1), we
only need to prove the statement for symmetric powers of curves which we do by
a direct computation in Proposition 6.2. Cases (m, d) = (2, 1) and (2, 2) for slope
stability can be reduced to Hilbert schemes of points, where they were shown to
hold in [47, 48].

(ii) We use the wall-crossing formula (57) between P2° and P2+ to show that PO+
satisfies Virasoro constraints for pairs as well. By induction on rk(«), we know the
Virasoro constraints on the wall-crossing terms. We then rely on the compatibility
between wall-crossing and Virasoro constraints (Propositions 3.11 and 3.13).
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(iii) Finally, we use a projective bundle compatibility for PO?Jr — M,, proved in The-
orem 5.13 to show that the pair Virasoro constraints on Pg* imply the sheaf Vira-
soro constraints on M, . Wall-crossing from slope stability to Gieseker stability in
Corollary 5.7 concludes the proof of Theorem A.

A crucial point in the argument is that we must include moduli spaces M, admitting
strictly semistable sheaves in the induction since they unavoidably appear as wall-
crossing terms. That is, we must prove that [M]™ is in the Lie algebra of primary
states. Because of that, in step (iii) we do not exactly have a projective bundle. How-
ever, by the very definition of the invariant classes [M]™, what we have to prove is
essentially the same as in the projective bundle case. We do this in Theorem 5.13.

In the appendix we explain Joyce-Song wall-crossing, using results of the first au-
thor in [7], which provides an alternative for some of the arguments in Sect. 6. In par-
ticular, we prove that the pair Virasoro constraints hold for punctual Quot schemes.?

Theorem 1.12 (=Theorem A.3) Let X be a curve or a surface and let V be a torsion-
free sheaf on X. Then the punctual Quot scheme Quoty (V, n) satisfies the pair Vira-
soro constraints (Conjecture 2.18).

1.7 Notation and conventions

Except the semi-topological K -group K Sst(X ) which we consider over Z-coefficients,
all cohomology and K -theory groups are assumed to have coefficients in C unless
stated otherwise. We write

K X)=K°X)® K'(X)
for the topological K -theory and we denote by
ch: K*(X) — H*(X)

the isomorphism between topological K-theory and cohomology. The total coho-
mology of a topological space is always understood to be the direct product of the
cohomology groups in each degree, while homology is the direct sum. We will use
the cap product with the cohomology acting on the left. This is the convention fol-
lowed in [12]; it differs from the more usual convention with cohomology on the right
by asign, ie., y Nu= (=D ny fory e H*(X), u € H,(X).

By an obstruction theory on a scheme M we mean a perfect complex E of non-
negative degree together with a map ¢ : EV — L), such that 1%(¢) and A~ (¢) are an
isomorphism and a surjection, respectively. The complex E, or its K -theory class, is
also called the virtual tangent bundle of M (note that by [58] the virtual fundamental
class only depends on the K -theory class [, and in particular does not depend on the
map to ILjs). We will often abuse notation and just call [E (or its K-theory class) the
obstruction theory, leaving the map to ILs implicit. The construction of the morphism
to L/ in all the cases considered is standard, see [23] for sheaves/complexes and e.g.
[46, Sect. 5.3] for pairs.

81t would be interesting to see the implication of Virasoro constraints to the generating series of descendent
invariants of Quot schemes studied in [25].
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o, B Semi-topological K-theory classes in Kgst(X ).

y,8 Cohomology classes on X.

v, w Elements of K*(X).

deg(—) Degree for any graded vector space.

| —| Supergrading taking value in {0, 1}.

chg'[(y) The holomorphic descendent in degree 2i — p + g depending
on the Hodge degree of y € H?9(X).

ch; (y) The topological descendent in degree 2i — |y|.

L, T, R, Virasoro operators on homology and vertex algebra.

Ly, Tu, Ry Dual operator notation on cohomology and descendent
algebra.

Lwt, Weight 0 Virasoro operator on descendent algebra.

1.8 Future directions

There are several open directions regarding the Virasoro constraints for sheaves. The
first obvious direction is to try to improve Theorem A by removing the assumptions
h9%! = 1%2 = 0. The arguments in this paper show that we can get the constraints for
h%1 > 0 as long as we can prove them for the moduli of rank 1 sheaves (isomorphic
to the Hilbert scheme of points times the Jacobian). Finding an argument that works
in general for the Hilbert scheme of points and does not go through Gromov-Witten
theory would be highly desirable. Removing the assumption 2%2 = 0 requires a better
understanding of the constraints in the setting of reduced virtual fundamental classes
for fixed determinant theory (see Remark 2.23).

Sheaf-theoretic Virasoro constraints of Fano 3-folds are of particular interest be-
cause they are related to the original Virasoro constraints in Gromov-Witten theory.
Since wall-crossing compatibility of Virasoro constraints also holds in this case, it
would be interesting to develop wall-crossing techniques for Fano 3-folds that can be
applied to Virasoro constraints.

2 Virasoro constraints

In this section, we formulate the Virasoro constraints for moduli spaces of sheaves
and pairs, denoted by M and P, respectively. These moduli spaces satisfy the num-
bered assumptions in Sect. 1.2 unless otherwise mentioned. We use the notation M,
when the topological type « of the sheaves in the moduli space is relevant.

2.1 Supercommutative algebras

Before we move onto geometry, we note down some useful observations about freely
generated supercommutative algebras and derivations on them. Let D, be a super-
commutative Z-graded unital algebra over C with degree deg(v) =i for any v € D;.

Supercommutativity means that multiplication satisfies

vow = (=DHlPy .y,
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where
lv] €{0, 1}, suchthat |[v|=deg(v) mod?2.
The unit of D, is always going to be denoted by 1 and in general, we will omit
specifying it in the notation.
A superderivation of degree r on D, is a Z-graded linear map

R:Dy—> Doy

satisfying the graded Leibnitz rule
Rw-w)=RW) -w+ (—1)"v. Rw).

Definition 2.1 Let C, be a Z-graded C-vector space. We denote by

Do = SSym[C,]

the unital supercommutative algebra freely generated by C,. Denote by C*® the graded
dual of C,. We define the dual of D, as a completion of SSym[C*®] with respect to
the degree. More precisely, the dual is

D* := SSym[C*] = [ | sSymIC*Y

i=0

where SSym[C*]’ denotes the degree i part of SSym[C*] with the degree induced by
the one on C*.°

Given a linear map f: Co — B, of degree r, there is a unique way to extend f
to an algebra homomorphism SSym[ f] and to a derivation Der(f) of degree r.

The pairing between C, and C* can be promoted to a cap product between D, and
D*.

Definition 2.2 Fix C, and C*® dual vector spaces and let (—, —): C* x Cq — C be
the pairing. Let Do and D*® be as in Definition 2.1. We define a cap product

N: C®* x Dy —> D,

by letting v N (—) for v € C* act as a superderivation of degree —deg(v) on D,
restricting to (v, —) : C, — C. The cap product extends uniquely to

N: D* x Dy — D,

by requiring that (uv) Nu = N (v Nu). Notice that this makes D, into a left D*-
module.

9We follow here the convention that the total homology is the direct sum of the homology groups in each
degree, while cohomology is the product.
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Starting from a map f : C] — C3, there is a dual map fi: Cze = Ci,q. Con-
structing algebra homomorphisms and derivations commutes with taking duals:

SSym[f] = SSym[f]", Der(fT) = Der(f)".
By composing with the projection D, — C, we recover a non-degenerate pairings
(—,—):D*x Dy — C.

An explicit description of the cap product can be obtained after fixing a basis
B C C, and observing that

9
V(=)= (o) —

v
vEB

where % is the superderivation of degree — deg(v) acting on the elements of the basis
Bby 2 (v)=1and Z(w)=0forwe B\ {v}.

2.2 Descendent algebra
Let X be a smooth projective variety over C.

Definition 2.3 Let CH* denote the infinite dimensional vector space over C gener-
ated by symbols called holomorphic descendents of the form

chfl(y) for i>0,yeH*(X)
subject to the linearity relations
ch' (A1y1 + A2y2) = Archi (y1) + Azch (12)
for A1, A2 € C. We define the cohomological Z-grading on CHX by
degchfl(y)=2i —p+q for yeHPI(X). 1)
Finally, we let DX be the Z-graded algebra of holomorphic descendents
DX = SSym[CHX],

which is the completion of the supercommutative algebra generated by ch}'l(y). We
will write chl.{(y) for the element

chil(y) =) chl(y) e D¥.

i>0

Remark 2.4 This algebra of descendents is very similar to the one introduced in [48]
with two small differences. Firstly, we now take a completion with respect to degree;
this makes little difference in practice, but it is important in the comparison between
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DX and H*(Mx) (cf. Lemma 4.8) since we follow the standard convention that the
total cohomology is a product of the groups in each degree. The second difference
is in the grading; in our notation, given y € H?9(X), the symbol chfl(y) should be
thought of as having Hodge degree (i,i — p + g) (recall this from Definition 1.4)
so that the geometric realization is degree preserving. The superscript H stands for
holomorphic part of the Hodge degree and is used to indicate this degree convention.
The original convention appearing in loc. cit. defined the descendents ch?ld(y) as

ch?(y) =i ,_gimen ()

for y € HP9(X). The reason for introducing holomorphic descendents is to give a
natural looking expression for the operator T in Sect. 2.3.

It will sometimes be useful to also consider the shift

chi () =chi -y () =ch )

+155%) i—[9%7 ) +dim X

so that degch;(y) = 2i — |y|; we recall that |y| € {0, 1} is the parity of y as in
Sect. 2.1.

Definition2.5 Leto € K Sst(X ) be a topological type. We define CH§ to be the graded
vector space generated by symbols

ch;(y) for i€Z-g, yec H*(X).

We let ]D)gf be SSym[[CHgf ] The algebra ID)gf comes equipped with an algebra homo-
morphism py : DX — ]D)gf sending
chi_ng(y) if degch?(y) >0

chi'(y) > { [y v -ch(@) if degchf(y) =0
0 otherwise.

Note that abstractly the algebras ]D)gf are independent of «, but the morphisms p,
depend on o by their behavior on the descendents of degree 0. Let M, be a moduli
space parametrizing sheaves of topological type « with a universal sheaf G. Then the
geometric realization factors through py:

DX 2, pX

&i A 2)

H*(Me)
where we still denote by &g the factoring map, which is defined as

66 (chi (1)) = pu (oh,_ sy gy (©)a7) € H¥ ML) 3)
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The map factors since Eq;(ch}{(y)) = fx y -ch() € H%M,,) when deg(ch?(y)) =0
and the degree of &g (chf'(y)) is identical to (1). Given D, D’ € D¥ we say that
“D = D' in DX”if py(D) = pa(D).

Example 2.6 One may lift the Chern classes of the virtual tangent bundle of M, to
DX or ]D)gf . As a topological K-theory class, the virtual tangent bundle is defined as

TY'M = —Rp,RHom(G, G) + Oy .

Using ), ytL ® y[R to denote the Kiinneth decomposition of A,td(X), where
A: X — X x X is the diagonal, and applying Grothendieck-Riemann-Roch, one
computes that

ch(TYM) = —& [ D D (=)= I Oehl(y Lyentl Ry | 41,
i,j=0 t

L L . . . .
where ytL € HPr-9 (X). The reason for the existence of this lift will become ap-
parent from Lemma 4.8. The similarity with Virasoro constraints below is a general
phenomenon which can be used to guess their correct formulation.

2.3 Virasoro operators

In this section we define the Virasoro operators
Ly: DX - DX for k>-—1,

which produce the Virasoro constraints. These operators have two terms, a derivation
term R and a linear term Ty which is quadratic in chiH. The full Virasoro operators
are Ly = Ry + Ty, where

1. Ri: DX — DX is an even (of degree 2k) derivation extended from Ry : CHX —
CHX, where it is defined by

k
Richf! () = | [ TG + /) | ehile ).
j=0

We take the following conventions: the above product is 1 if k = —1 and
chit () =0ifi +k <O0.
2. Tix: DX — DX is the operator of multiplication by the element of DX given by

Te= Y (~DEX= 5 jichfent d(X)).
it+j=k

In the formula above, (—1)dimX’PLchiHch?(td(X)) is defined as follows: let
A: X — X x X be the diagonal map and let

Y vt erf=amdX)
1
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be a Kunneth decomposition of A,td(X) such that y,L € HPr At (X) for some
ptL, th. Then

. _ L . _ L
(=AM X=rTehchf(td(X)) =Y (=) X~ chlf (5 )chf (7).
t

Remark 2.7 The operator L_; = R_;| plays a special role and has a particularly
nice geometric interpretation in terms of G,,—gerbes over M, which we describe
in Lemma 4.9.

The operators {L}x>—1 satisfy the Virasoro bracket relations
[Li, Lel = (€ — k)Lgre € End(DY)

where the bracket denotes the usual commutator of operators [X, Y] =XoY —Y o X.
This was noted in [48]; for a detailed proof see [63, Proposition 2.10]. The unusual
constant factor (£ — k), instead of (k — £), suggests that there might be another set
of more natural Virasoro operators to which {L}x>—1 are dual. This observation is
made into a precise statement in Theorem 4.12.

2.4 Weight zero descendents

One of the issues that arise when dealing with descendent invariants is that a priori
they depend on a choice of universal sheaf G on M x X. Given a universal sheaf G,
the possible universal sheaves are of the form G’ = G ® p*L where L is a line bundle
on M.

Lemma 2.8 Let E: DX — DX [¢] be the algebra homomorphism defined by
E =R

’

then given two universal sheaves G and G' = G ® p*L, the geometric realizations
with respect to the two are related by

' =86 o Elr=c (L) -
Proof We may write

i
{ﬂ
E(chi’ (7)) = ) —rehiL, () =[e‘chl()];
n=0 "
which after comparing to

£e (ch (1) = ps (ch(G ® p*L)g*y) = e P (chi(y)).

yields the result. 0
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In particular, it follows that if D is such that R_{ (D) = 0 then &g (D) = &g/ (D).
This leads to the definition of the algebra of weight 0 descendents. Its geometric
interpretation is summarized in Lemma 4.10 and is related to taking rigidification of
moduli stacks. Roughly speaking, these classify families of sheaves on S x X up to
twisting by line bundles on L — § and the above discussion formulates the precise
interaction between the twisting and the descendents.

0
sst

Definition 2.9 For a topological type o € K¢ (X), we will also denote by

R_1: ]D)gf —>]D)§

the derivation defined on generators by R_ich;(y) = ch;_1(y), where chg(y) is in-
terpreted as . x ¥ - ch(@). We then define

DY, = {D eD¥*: R_1(D) =0},
DX

viow = (D €D : R_1(D)=0}.

For any weight O descendent D € ]vafto, by Lemma 2.8, the geometric realization
&g (D) does not depend on the choice of G. Thus, when D € ]D)ggto we will often omit
specifying the realization map and write

f D= f &c(D)
[M]Vlr [M]Vlr

for any choice of universal sheaf G. The morphism ]D)éto — H*(M) is defined even
without assuming the existence of any universal sheaf G. This fact can be proven

using Lemma 4.10; if M = M,, is a moduli space of topological type «, then it admits
an open embedding t: M <> My® and thus we get a map
DX, 2o DX, —= H*(M8) s H*(M).

wto wto,a

Example 2.10 Given yy, y» € H®*(X) we have

chil(y1)ehfl (1) — chi (y1)eht (1) € DX

wtp

One can also check that the lift of ch(7V*M) to DX is in Dy, using the expression

in Example 2.6. A geometric reason for this is going to be given in Example 4.11.
2.5 Virasoro constraints for sheaves

To formulate the Virasoro constraints for moduli of sheaves, without a canonical
choice of universal sheaf, we must produce relations among weight 0 descendents.
This is achieved by combining the Virasoro operators previously introduced in the
way which we now describe:
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Definition 2.11 The weight 0 Virasoro operator Ly, : DX — D¥ is defined by

(-1 j+1

Lty = ), LR
|
e (+D!

The operator Ly, maps DX to DX . Indeed, using that [R_y,L;] = (j + 1L;_¢

wto *
we find
=D/ i G j+l
R_j oLyt = - LR "+ - + 1L, R”; =0.
1 wio />Z_l (J+1)' J 1 />Z_l (J+1)‘(] ) j—1

In particular, for any D € DX the integral /, 11 §G(Lwiy (D)) does not depend on the
universal sheaf G so we omit the realization homomorphism &g from the notation.

Conjecture 2.12 Let M be a moduli of sheaves as in Sect. 1.2. Then
/ Lw(D)=0 forany D e DX.
[M]Vll'

This formulation is different from the ones which appear in previous works,
namely [47, 48, 63]. There, Virasoro constraints are formulated using a choice of
universal sheaf that is natural in each of the moduli spaces considered.

Definition 2.13 Let M = M, be a moduli space of sheaves of topological type «
and let § € H*(X, Z) be an algebraic class such that fX 8 - ch(a) # 0. We say that a
universal sheaf G is §-normalized if

& (ch}!(8)) =0. )
Given § as in the definition, we define the operators
Li=Re+Tc+S), k>-1,

where

(k+1)!

s P
Se= [x 8 -ch(@)

R ochi;(3).

Remark 2.14 If § is such that |, x 6 - ch(a) # 0 then a §-normalized universal sheaf
always exists (and is unique) as an element of the rational K -theory of M x X. Pre-
cisely, for any universal sheaf G we have

Gs =G @ e 56 @)/ [y i)
in the rational K -theory of M x X that can be thought of as the unique §-normalized
universal sheaf; here we use ¢ to denote a rational line bundle with first Chern class

equal to the algebraic class c € H*(M, Q).
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The geometric realization with respect to Gs is given by &g, = &g o n where
n: DX - DX s

wip, o

1 e\
n_2ﬁ<_fx5'ch(a)> R

Jj=0

Thus, we can talk about the geometric realization with respect to a §-normalized
sheaf even if such a sheaf does not exist in the usual sense. Conjecture 2.15 still
makes sense in this setting and the proof of Proposition 2.16 goes through as well.

Conjecture 2.15 Let M = My, be a moduli of sheaves as in Sect. 1.2 and let G be a
8-normalized universal sheaf. Then

/ EG(L9(D) =0 foranyk>—1, D e DX,
[M]Vir

Proposition 2.16 Conjectures 2.12 and 2.15 are equivalent.

Proof We begin by observing that we have the identity

(GRS
Lutg= Y _ ijR_l : o)
jz=1

that follows from

(D7 i
JZ TES

_ 1 N o
=T o,V (R rall, oRLE) <o

By (5), Conjecture 2.15 clearly implies 2.12.

For the reverse implication we use (backward) induction on k. For every k >
virdim(M) the statement of Conjecture 2.15 is clear by degree reasons. Assume now
that the result holds for every k' > k, and let F = chlf (8) € DX satisfying &g (F) = 0
by (4). The weight 0 Virasoro operator applied to F¥*1 D gives

1 1
0= LW Fk+1D — / L3 R]+ Fk+1D
[, (bur10) G710 fy e (R 0). @

Since R_ is a derivation and R_{ (F) = Chg((S) = fX 8 - ch(@) in ]Dgf, we have
j+1 i+ 1 )
RIN(FID) =Y (J )Rs_l(Fk“)R-’jl‘S(D)
s

s=0

@ Springer



Virasoro constraints for moduli of sheaves and vertex algebras 409

min(k+1,j+1)

i1\ k+D! ey
s=0 ’

in DX, where we denote r = / x & - ch(a). Note also that the operators L‘;. satisfy the
property that L‘;. (FD)=F Li. (D) in ]D)gf for every D. Since by (4) the geometric
realization of F with respect to G is zero, the only terms of (7) contributing to (6) are
the ones with s = k + 1, thus (6) becomes

— (=1’ k+l/ Spl—k
=2 G (YRS )

jzk

By the induction hypothesis, all the terms with j > k vanish and thus the term with
J =k also vanishes, showing that

0= / (D)),
[M]Vlr

which concludes the induction step. |

Remark 2.17 For surfaces or 3-folds X with H'(Ox) = 0 for i > 0, the Hilbert
scheme of points and the moduli of stable pairs, respectively, are moduli of sheaves
in the sense of Sect. 1.2. The canonical universal sheaves in each of these cases are
precisely the pt-normalized universal sheaves and the formulations in [47, 48] coin-
cide with Conjecture 2.15. In [63], the author considers moduli spaces of torsion free
stable sheaves on surfaces with #1:0 = 29 = 0; the sheaves in such moduli spaces
have fixed determinant A. The author uses a geometric realization with respect to the
sheaf G ® det(G)~!/". This is not a universal sheaf for M in the sense we use in this
paper since its restriction to {G} x X is G ® det(G)~/" = G ® A~Y/" rather than G;
however,

G Qdet@G)~ V" @q*Al/r

recovers the pt-normalized universal sheaf of Remark 2.14. The equivalence between
van Bree’s formulation of Virasoro for the moduli of stable sheaves of positive rank
and Conjecture 2.15 is explained by Lemma 2.19.

2.6 Virasoro constraints for pairs

Since for moduli spaces of pairs we have a uniquely defined universal object g*V —
F, there is no need to use the weight O Virasoro operator for pairs. We need, however,
to slightly modify the operators to account for the different obstruction theory.

Let V be a fixed sheaf on X and let P as in Sect. 1.2 be a moduli space of pairs
parametrizing sheaves F together with a map V — F. The moduli P comes equipped
with a (unique) universal sheaf F on P x X and a universal map ¢*V — F. We con-
jecture that descendent invariants obtained by integration on moduli of pairs are con-
strained by Virasoro operators which are similar to the ones introduced in Sect. 2.3.
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Define the operators
L : D¥ — DX
by L,‘(/ =Ry + T,Y where
T) =T — klchy (ch(V)"td(X)).

The operator L,‘(/ can be described in an alternative way that should make its defini-
tion more natural and that will be closer to the vertex algebra language that we will
introduce later. Let

DX,pa — DX ® ID)X

be the algebra of pair descendents. We denote the generators of the first copy of DX
by ch?’v(y) and the generators of the second copy by ch?’r(y). Given the universal
pair ¢g*V — Fon P x X, we have a geometric realization map

Eqrv.m: DXP— H*(P)
that is defined by

sgvm (V) =gy (i) = {({X v =
v (ohf7 () = g (chf' ).

This geometric realization map factors through
]D)X ,pa

§vl \ﬁ(qi‘v,w)
DX 5 g (P)

where &y is defined to send
V() > 8,'/Xy -ch(V) and ch™ () > chf () ;

here §; = 8; 0 is equal to 1 if i = 0 and O otherwise. We define the pair Virasoro
operators L],za: DX-pa _ DX-PA for k > —1, as the sum R],za + Tga where

1. Rga is a derivation defined on generators in the same way as Ry; in other words,
RY' = Ry ® id +id ®R.
2. TEa is the operator of multiplication by the element

: _ L. . —
= Y (—)ImX=rjich T Ven!t 7 d (X)) € DY
itj=k
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where

ch?’f_v = chfl’}— — ch?’v.

The definition of Tl,za suggests an intimate relation between the linear part of the
Virasoro operators and the obstruction theory of the moduli spaces we consider; recall
that the deformation-obstruction theory of the pair moduli space P at V — F is
governed by

RHom ([V — F], F)

and use Example 2.6.
The operators L,Y are obtained from Lia by the following commutative diagram:
]D)X,pa Lia ]D)X,pa
lﬁv l&v
LV
DX —* - DX,
This holds due to the identity

3 (- pydmX=pp ( /X yﬁchm) ch{‘(yf>=2< /X y,L~ch<V>v) chi! ()
t

t

= chl(ch(V)Vtd(X)).

It can be shown that the operators {L/‘c/}kz—l and {Lza}kz_l satisfy the Virasoro
bracket relations.

Conjecture 2.18 Let P be a moduli of pairs as in Sect. 1.2 with universal pair g*V —
Fon P x X. Then

/ &r(L (D)) =0 foranyk >0, D eDX.
[ P]vir
Equivalently, the pair Virasoro constraints can be formulated as

/ Egrvm (YD) =0 forany k >0, D e D
[P]Vlr

2.7 Invariance under twist

Suppose that M = M,, is the moduli space of slope semistable sheaves with respect
to a polarization H with topological type «. Then, the moduli space M’ = My ) is
isomorphic to M by sending a sheaf [F] € M to [F'] = [F ® H]. As expected, the
Virasoro constraints on M and M’ are equivalent as we now proceed to verify.

Suppose that G is a universal sheaf on M x X. The universal sheaf on M’ x X
is identified with G’ = G ® ¢* H via the isomorphism M’ x X = M x X. Define an
algebra isomorphism F: DX — DX by

Fchi(y)) = chil(ec1)y) .
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Then the following diagram commutes:

]D)X 3 H* (M/)

ol

DX 5 F*(M)

Lemma 2.19 The isomorphism F commutes with the Virasoro operators, i.e.
LyoF=Folyfork>—1 and Ly oF =FoLyy.

Thus, Conjecture 2.12 holds for M if and only if it holds for M.

Proof 1t is enough to show that Ly and F commute. Commutativity with Ly, follows
immediately from its definition; the equivalence of Virasoro constraints follows from
the commutativity and the diagram before the Lemma.

The commutativity with the derivation part, i.e., Ry o F = F o Ry, is straightfor-
ward. To show commutativity with the operator Ty we need F(Tx) = Ty (recall that
Ti denotes both an element in DX and the operator which is multiplication by that
element).

FTo= . > (=DImX=rijjichl 1y Lyehl 1y k)
itj=k t

3NN (pydimx-et i!j!,ich?(cl(H)“yf)ch?(m(ﬂ)byf)
alb!

itj=k t ab>0

: 1
oy (—1)dimX—pt=a;y jlﬁch?chlj'-[(cl(H)”*btd(X))
i+j=ka,b>0 alb!

> DI i jrehfTent! (X)) = Ti.
i+j=k

The last line uses the fact that for fixed ¢ > O the sum ) | % vanishes. O
a+b=c

2.8 Variants for the fixed determinant theory

As we pointed out in Remark 1.2, this paper is mostly concerned with moduli spaces
of sheaves without fixed determinant; in other words, our obstruction theories use
full Ext groups instead of traceless Ext groups. This contrasts with the situation
for Pandharipande-Thomas stable pairs or Hilbert schemes of points studied in [47].
There, we see a new term appearing in the Virasoro operators which we now recall.

Definition 2.20 Given a class y € H®(X) denote by R_{[y] the superderivation (of
degree deg(y) — 2) acting on generators by

Roilylehfi(y") = bl (yp").
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For k > —1 we define the operator S; : DX — DX by

St=(k+D! > Ry lochl, (h5)
pF=0

where the sum runs over the terms y,* ® y,® in the Kiinneth decomposition of A1
such that p£ =0.

Remark 2.21 The part of Sy corresponding to the Kiinneth component 1 ® pt is equal
to —rS,'zt where r = chyo(«) = rk(er). When 2%4(X) = 0 for ¢ > 0 the appearance
of the operator Sy is already explained in Remark 2.17 as being related to the pt-
normalized universal sheaf.

We now proceed to explain the appearance of the operator Sy in the more general
case in which A%! £ 0 but #1%¢ =0 for ¢ > 1. Let « be such that r = rk(a) > 0
and M = M, be a moduli space parametrizing semistable sheaves with topological
type «. Let A € Pic(X) be a fixed line bundle such that ¢ (A) = ¢y (o). We let Ma €
M be the moduli space of sheaves on F € M with fixed determiant det(F) = A;i.e.,
M is the pullback

Mp ——— M

L e

{A} —— Pic2(®(X). ®)

The moduli space M has a 2-term obstruction theory given by
Tan = Ext' (G, G)o
Obs = Ext*(G, G)¢ = Ext*(G, G)
0=Ext"*(G, G).

Given such a moduli space, there is a unique universal sheaf (possibly rational, in the
same sense of Remark 2.14) Ga on Ma x X such that det(Gp) = g*A. We suppose
also that the Jacobian Pic®(X) acts on M in the natural way; that is,

[FleM=[F®LleM

for L € Pic’(X). The two main examples to keep in mind are

1. M = Mc(r,d) a moduli of stable bundles on a curve C and A a line bundle of
degree d;

2. M=M f (7, c1, c2) amoduli of stable sheaves on a surface S with p¢(S) =0 and
A a line bundle with ¢ (A) = c¢;. Note that if we take r = 1,¢c; =0 and A = Og
we recover the Hilbert scheme of points on S

M1, 05,n) =5,
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Proposition 2.22 Suppose that X is such that h%9 =0 for ¢ > 1 and M, M are as
described before. Suppose also that the Virasoro constraints (Conjecture 2.12) hold
for M. Then, we have

f s (Lk(D) =0 foranyk > —1, D e DX
[MAJvir

wherel?
1
Ly=L;— —S.
r

Proof We use the tensoring morphism
7: M=MyxPic®(X) > M, (F,L)—>FQ®L.

This morphism is a part of the Cartesian diagram

Ma x Pic®(X) —Z—— M

ixid\[ \[(id,det)

M x Pic®(X) —L— M x Pic () (X)

where f(G,L) =(G® L, A® L") with r = rk(«). The morphism f is essentially
the multiplication by » map of the abelian variety Pic®(X). This implies that 7 is an
étale morphism of degree r2¢ where g = h%!(X) = dim(Pic®(X)).

On the other hand, f respects the obstruction theory because the obstruction the-
ory of M is invariant under tensoring by line bundles. This implies the compatibility
between virtual classes

M = [MAT x [Pic” (X)) =: [M]

and 7, [M]¥" = 28 . [M]'F.

We now apply the above discussion to translate the Virasoro constraints of M to
that of Ma. Let P be the Poincaré bundle on Pic®(X) x X (i.e., the pt-normalized
universal bundle of Pic’(X)) and let G be the pt-normalized universal sheaf on M x
X. Since G = Ga X P is also pt-normalized it follows that (7 x id)*G = G (in
rational K -theory) and thus 7* o £ = &. Using the compatibilities between virtual
classes and Proposition 2.16 we get

/[ (e +shHhm) =0 ©9)

M]Vlr

where

pt_ 1
Sk = —;FL]Cthr] (pt) .

10The — sign in the Sy operator does not appear in [47] due to the fact that in [47] the geometric realization
is taken with respect to —G instead of G4 .
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Recall that g = 1% (X) = h10(X) andlet {ey, ..., eo} € H*'(X) and {f1, ..., fe} C
HYO(X) be basis; let {é1,...,¢) € H™"(X), {f1,..., f¢} € H" " (X) be
their dual basis, meaning that

/e,-éj:(Sij:/ fify-
X X

7y =£&p(chi!(¢))) € HYOPic’ (X)) and p; = Ep(ch(f))) € H*' (Pic(X))

Let

so that
g g
aP)=>1;®e;+ Y p;® fj € H2(Pic"(X) x X).
Jj=1 j=1

The Jacobian is topologically a real torus of dimension 2g and its cohomology is the
exterior algebra generated by the classes {z;, p; }521. Let

8
=Y pjrj € H*Pic’(X)).
j=1

By rescaling the elements of the basis, we may assume that fPicO( X) ]_[fz1 pjTj =

so that w$ € H28(Pic’ (X)) is the class Poincaré dual to a point in Pic(X).
Since chyp(Ga) =r and ch; (Ga) = g*c1(A), we have

Ex(chi'(@)) =r7; and Eg(chg (f;) =rp;

in H* (1\7 ) = H*(Ma x Pic’(X)) where we omit the obvious pullback. Let

1
g!

8
W:ZChOH(JZ\])Ch?(é]) E]D)X so that é@(W) :rza).
j=1

We will apply equation (9) to descendents of the form W& D for some D € DX and
use that to deduce the Proposition. We have

0= f[ e g5 ((Le + SH(WE D)) (10)

vir

=28 /[M]Vir w8 &g (L + Szt)(D)) + /[N &% (Ru(W8)D))

M]vir

=r / &g, (L +SPY(D)) + grPe2 / _ o* ez (Re(W)D)).
[Ma [M]VIr

]Vll’

We now rewrite the second integral in terms of an integral in M. We have

8 8
sa(ReW)) = (k+ D1 Y65 (chll (fehily€)) = rk + DY pjd(chily; @)
j=1 j=1
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Claim1 Let h: M — My be the projection and let D € DX . Then we have
hi (g0~ pj&5 (D)) = &G, (R-1le;1D).

Proofofclaim Let J C H® (1\71) be the annihilator ideal of w8~! pj; in particular,
HZ2(Pic’(X)) C J. By definition,

&5 (cht (1)) = p«(ch(Ga)ch(P)g*y) = pu(ch(Ga) (1 + (p*T)) (g ej) + -+ )g*y)
=&, (ch{'(0)) + i€, (chil(ejv)) + -+

where the terms in ... are all in the ideal J and where we omit all the pullbacks via
the projections M — Mx and M — Pic®(X). Thus,

(D) =&, (D) +1jég, (R_l[ei]D) 4.

Since

8
1
wg_lp-f:(g—l)!/ piT =~
/PicO(X) 7 XE g

the claim is proven. (|

Given the claim, (10) becomes
t g
0=r% / £ca ((Li+SPH(D)) +r7¢ (k+1)! / D Ecs(Roilejlehiy () D))
MA MA j—l
Since k%9 =0 for q > 1, we have

8
Sp=—rsp — Z R_ilejlchily (2))
j=1

so the Proposition follows. O

Remark 2.23 When S is a surface with p, > 0 we do not know a rigorous interpreta-
tion for the terms of the Sy with ytL e H%2(5). Heuristically, these should be related
to a diagram like (8) where the Picard group is interpreted as a derived stack, see [57].

Example 2.24 Let M = M (2, A) be the moduli space of stable bundles on a curve
C of genus g with rank 2 and fixed determinant A € Pic(C) of odd degree; this
is a smooth moduli space of dimension 3g — 3. This moduli space has been stud-
ied a lot in the past and in particular its ring structure and descendent integrals are
completely understood. We use this example to illustrate what kind of information
the Virasoro constraints provide on descendent integrals. Let {eq, ..., e.} C H 0.1
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and {f1,..., fg} C HI*O(C) be dual basis. Newstead proved in [49, Theorem 1] that
the cohomology H*®(M) is generated by the classes!!

n=—2&(chi!(1)), ©=4&(chy(pt), & =—£&(chi'(e;)), v;=£&(chy(f)).

The geometric realization £ is taken with respect to the sheaf G ® det(G)~1/?
(see Remark 2.17). Every descendent can be written explicitly in terms of the classes
n,6,&;,¢;. By [61, (24) Proposition], one can then write every descendent integral
in terms of integrals of products of the classes 7, 8 and

8
r=2 Yt
j=1

These integrals are fully determined in [61, (30)]: for m, k, p such thatm +2k+3p =
3g — 3 we have

/M "okl = (—l)g‘l"’—q,(’:!‘_g!p),22g‘2"’(24 —2)B, (11)

where ¢ =m + p — g + 1 and B, is a Bernoulli number. A careful combinatorial
analysis shows that the Virasoro constraints given by Proposition 2.22 for M are
equivalent to the relations

(g_p)f nmeké-p:_zm/ nm—lek—lé—p-i-l
M M

which of course follows from (11); it would be interesting to have a direct and sim-
pler proof of this identity. Note that the Virasoro constraints do not capture the most
interesting part of (11) which is the Bernoulli number. In some sense this is to be
expected: since the Virasoro constraints hold in great generality (in particular are in-
variant under wall-crossing), it should not be expected that they can capture special
information about particular moduli spaces.

3 Vertex operator algebra

To prove the conjectures from the previous sections, we will apply the wall-crossing
machinery introduced by Joyce which relies on his geometric construction of vertex
algebras. The resulting vertex algebras have been described in many cases as lattice
vertex algebras and as such admit a natural family of conformal elements. This sec-
tion focuses on developing the necessary vertex operator algebra language, includ-
ing the definition of lattice vertex operator algebras in the generality that we need,
Borcherds Lie algebra associated to a vertex algebra and the notion of primary states.

11y [49, 61] the classes 7, 0, Ej, wj, ¢ are called, respectively, o, B, 1[/j+g, wj, Y.
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3.1 Vertex operator algebra

There are many equivalent formulations of vertex algebras. We will follow the defini-
tions and notation in [33]. In particular, vertex algebra for us means Z-graded vertex
superalgebra over C.

Definition 3.1 A vertex algebra is a Z-graded vector space V, over C together with

1. avacuum vector |0) € V,
2. alinear operator T : V4 — V42 called the translation operator,
3. and a state-field correspondence which is a degree 0 linear map

Y: Ve — End(Vy)[z.z7'].

denoted by
Y(a,z) = Za(n)z_"_l ,
nez
where ag) : Vo — Veideg(a)—2n—2 and deg(z) = —2.

They are required to satisfy conditions which can be formulated in many different
ways. We choose our favorite version:

1. (vacuum) T |0) =0, Y (|0}, z) =id, Y (a, 2)|0) € a + zV,[z],
2. (translation covariance) [T, Y (a, z)] = diZY(a, z) forany a € V,,
3. (locality) for any a, b € V,, there is an N > 0 such that

@ —wNY(a,2),Yb,w)]l=0,
where the supercommutator is defined on End(V,) by

[A,B]=AoB— (—1)4IBIBoA.

For later purposes it is useful to note that these axioms imply the two following
identities which were used by Borcherds [10, Sect. 4] to originally define vertex al-
gebras:

) T
a(n)b: Z(_l)\a||b|+l+n+1 ._|b(n+i)a7 (12)
i>0 L
(m
(agmb)me =Y _(=1)! <l. ) [a(mfi)(b(nﬁ)c) — (=DM iy (%‘)C)] :
i>0
(13)

They are a refinement of skew-symmetry and the Jacobi identity to the setting of
vertex algebras. Additionally, we will also use

(Ta)p) =—n-au-1) (14)
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which follows from the more general reconstruction result. To understand it, one
needs to make sense of a product of two fields Y (v, z) and Y (w, z) which naively
could contain infinite sums for each coefficient. For this one uses the following trick.

Definition 3.2 ([33, (2.3.5)]) A normal ordering : —: is defined by

(=DMlwgyvgy if k<0,1>0,

V(W - = .
V() W() otherwise .

In general, this can be extended to any monomial in v by iterating the above op-
eration on the neighboring terms until all terms with non-positive index k are on the
right.

Theorem 3.3 ([33, Corollary 4.5]) Let al,...,a" eV, be a finite collection of ele-
ments and ki, ..., ky, € Z>0, then a general field can be described as follows:
1 dkl Y( | ) dkn
= N a s oo
Kkl k! (do)M Y

Y(a(l_kl_l)~--a?7kfl) 0), 2) Y(@",z2):
To get (14) simply use Ta = a(—3) |0)and compare the coefficients on both sides.
We now recall the definition of an additional structure on vertex algebras called

a conformal element or conformal vector. They induce a homomorphism from the

Virasoro vertex algebra to the given vertex algebra. As we will see in Sect. 4, confor-

mal element in the setting of Joyce’s vertex algebra gives rise to a compact way to

summarize all the information contained in the Virasoro constraints.

Definition 3.4 A conformal element @ on a vertex algebra V, is an element of V4
such that its associated fields L, = w(,+1), defined by

Y(@,2)=) Lyz" 72,
nez
satisfy

1. the Virasoro bracket

n3 —n
[Ln’ Lm] =(n— m)Lm+n + T8n+m,0 -C,

where C € C is a constant called the central charge of w,
2. L =T,
3. and L is diagonalizable.

A vertex algebra V, together with a conformal element w is called a conformal
vertex algebra or vertex operator algebra. We denote by V the conformal grading
on the underlying vector space, where V,” is the i € C eigenspace of L. We denote
the conformal degree by

deg,(@) =i if acVy,

to distinguish it from the original degree on V.
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3.2 Lattice vertex (operator) algebras

We next describe a particular construction of a vertex operator algebra which we will
be working with, called lattice vertex algebras. The following theorem is a summary
(and slight generalization, see footnote 13) of the constructions and statements in [33,
Sects. 3.5, 3.6 and 5.5]. In the rest of the section we will explain the construction in
further detail.

Theorem 3.5 (Kac) Assume that we have the following data:

1. A Zp-graded C-vector space A = Ay @ A1 with a symmetric bilinear pairing
0: A x A — Cwhich is a direct sum of its restrictions Qz: A7 x Az — C.

2. The pairing Q is obtained as the symmetrization of a not necessarily symmetric
pairing g: A x A — C, i.e.,?

Q,w) =g, w)+q(w,v).
3. An abelian group of a finite rank Ay that admits a C-linear inclusion
Ayt ®7 C — Ay

such that the restriction of q to N is integer valued. This makes (Ags, Q) an
even generalized integeral lattice in the sense of [20, Sect. 3].

Then there is a uniquely defined vertex algebra Vo whose underlying vector space is
Ve = (C[Asst] ®Da,
where

Da =SSym[CHA] and CHp = @A L
k>0

The state-field correspondence is determined by equations (20), (17) and (18) and
the translation operator is defined by equation (15).
Suppose moreover that we have:

4. The pairing Q is non-degenerate.
5. A decomposition of A7 as a sum of two maximal isotropic subspaces, i.e.,

Ar=1®1.
Then Vo admits a conformal element w defined as (23) whose central charge is

sdim A :=dim Ag— dim A7.

12we use symmetrization instead of supersymmetrization as in [20].
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We will use the notation v_; = v -t~ % € D and ¢ € C[Ag] for the elements
associated to v € A and o € Agg, respectively. The Z-grading of V, is defined by the
degree assignment

n
deg (" @vly 0"y ) = Y 2ki — o) + O, ).

i=1

A vacuum vector is defined as |0) = e ® 1 € V).

For v € A and k > 0, the creation operator v(_iy on V, is defined as a left multi-
plication by the element v_; € D5. This gives V, the structure of a free D5 -module
with basis {€*}qen,, . Thus, specifying an operator A: V, — V, is equivalent to de-
scribing its commutators with creation operators [A, v(_x)] and its action on the basis
A(e%). The operators that appear are often derivations of the D -module V,, and we
will often define them by describing their action on the generators v_j of D5 and on
the basis e*.

The translation operator 7 is a C-linear even derivation of the D -module V,
determined by

T(v—i) =kv__1, TEe)=e"Qu_;. (15)
Note that when we write «_1 for o € A we are implicitly using the map
Agst = A5t ®7C — Ay

to regard o as an element of Ag. For k > 0, the annihilation operator v is defined as
a derivation of the D -module V, as we explain below, following Kac [33, Sects. 3.6
and 5.4]. The field corresponding to v_j is then obtained as a sum of creation and
annihilation operators:

Y(v_1,2) = Z U(k)Z_k_l . (16)

keZ

We separate the construction of the fields into two cases. If our lattice A is concen-
trated in even degree (i.e., A7 = {0}) we use Kac’s bosonic construction and if it is
concentrated in odd degree (i.e., A = {0}) we use a fermionic construction. In the
general case, we take the tensor product of the two.

Definition 3.6 Suppose that

1. Ay = {0}, then the resulting vertex algebra Vj, = C[Ay] ® D Ag is called a
bosonic lattice vertex algebra. In this case, the action of the annihilation operators
{v) }k=0 for v € Ag is an even derivation on the D Aa-module V5 . determined by

vy (w_p) =k Q(v, w) 81,0, Vi (€)= QW, @) dkoe*, k=>0,1>0.
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Kac [33, Sect. 5.5]'3 endows Vﬁ,. with a vertex algebra structure such that

Y(v-1,2) = Z vz * L,

keZ
and
Y(e%, 2)
— (—1)7@B) ,Q@.p) [_ d(9) —k] [_ %) —k] 17
(=D Z e” exp Zkz exp Zkz (17)
k<0 k>0

on e @D ; in the formula, e stands for the operator sending ePRwtoe P Qu.
Note that the signs g4, g = (—1)¢ (@A) satisfy [33, Equations 5.4.14]. The general
state-field correspondence is set to be

Y(e®@uly vy y.2)

1 dk d*

= o T 1 e — n .
T kilko! k! Y (" 2) (d2)k Y(v_y,2) ok Y, z):. (18)

2. A= {0}, then the resulting vertex algebra V§ , = D, is called a fermionic vertex
algebra, see [33, Sect. 3.6]. It is determined uniquely by setting the annihilation
operators {v()}k=0, for v € A7, to be odd derivations on the supercommutative
algebra DA such that

vy (w—y) = Q(v, w)dg—+1,0, k>0,1>0.

The remaining fields are obtained again by the reconstruction Theorem [33, The-
orem 4.5], which states the analog of (18) without e“.

In general, V, is defined as the tensor product of the two lattice vertex algebras,
V‘ = V6,o ® VT,.

which are associated to Agy ®7 C < Aj and A7, respectively. The resulting fields
are determined uniquely by

Y(ag®ag,2) =Y (a5,2) @ Y (ar, 2)
whenever a; € V?‘, o

We can summarize the above description by formulating the commutation rela-
tions of the operators v as

), wey] = kPP O @, w)Skpespoy,0, (19)

13The construction in [33, Sect. 5.4] is only for the case in which At is a lattice (i.e., a free abelian group)
and Agst ®7 C = Ag, but everything works just fine in this slightly more general setting. This modification
was already considered by Gross in [20, Definition 3.5]. Note also that the case Aggt = {0} corresponds to
what Kac calls the vertex algebra of free bosons, see [33, Sect. 3.5]; this slightly more general construction
can be thought of as interpolating the lattice vertex algebra and the bosonic vertex algebra.
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which holds for all &, £ € Z. If we want to obtain a closed formula for (16), we may
rewrite the annihilation operators in terms of derivatives to get

Yoo =Y veend + Y YKok )

k=0 k>1—|v| weB W~
-
+0W, Bz,

onef @ Dy C V,, where B C A is a basis.

We will later identify Joyce’s vertex algebra with a lattice vertex algebra. For that,
the following proposition, which is a simple corollary of [33, Proposition 5.4], will
be useful.

Proposition 3.7 Let V, be a vertex algebra with the underlying vector space
Cl[Ass ] @ D4 such that:

(i) The vacuum vectoris e® ® 1;
(1) The fields Y ®v_y,z) are given by (20);
(iii) We have

[ZQ(a,ﬁ)]y(eOt’ z)eﬂ — (_1)q(0t,/3)60l+/3 ) (1)
Then V, is isomorphic to the lattice vertex algebra of Theorem 3.5.

Proof By [33, Proposition 5.4], conditions (i) and (ii) imply that V, is uniquely de-
termined by a choice of operators ¢, : Vo — V, for each o € Agg satisfying

co=1id, ¢¢]0)=10), [vw),cal=0forve A, keZ.

For such a choice of operators, the field Y (e“, z) is given by

o o
Y(e®,2) =2z2*P e exp [ - Z %Z_k] exp [ - Z %Z_k]c‘*

k<0 k>0

To show that V, is the lattice vertex algebra we need to show that ¢ acts as (—1)4@#)
on ¢ ® D,. Since ¢, commutes with creation operators, it is enough to show that
ca(eP) = (=1)1@P)eP for all B € A We have

- o T o
Y (e, 7)ef = 72@P exp| — Z %z_k exp [ - Z %z‘k]ca(eﬁ)
T k<0 N k>0
— L 0@B) gy [ N XK k] N YR) k] 8
=z e“exp| Z C _caexp[ Z e
k<0 k>0
_ o i
= 79@P) % exp —Z%sz cqe?
B k<0 -

Extracting the coefficient of z2(®#) from both sides and using (iii) the result follows.
O
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3.3 Kac’s conformal element

Let Vo = C[Ag] @ Dy be a lattice vertex algebra associated to a non-degenerate
symmetric pairing

O:AxAN—Z.

Recall that V, is expressed as a tensor product V, = Vo.e ® V7 - This allows us to
address the construction of the conformal element as

w=wytop, w;eViy,

Let us first fix a basis B of Ag and its dual é@ with respect to Q; we denote by
vE 35 the dual of v € By, so that

Q(, W) =6y, for v, weBj.
Then the bosonic part has a natural choice of a conformal element given by
w—:eo®l Z V_jv_1 €V;5
0 ) —1v- 0,4°
UEB6

See [33, Proposition 5.5]. The central charge of wg is dim(Ag).
We now consider the fermionic part. Recall that we have in the assumptions of
Theorem 3.5 a splitting

A=1&1. (22)

into maximal isotropic subspaces. Given such a splitting, Kac [33, 3.6.14] constructs
a family of conformal elements a)% parameterized by A € C. To give its explicit de-

scription, pick a basis By C [; then its dual basis is denoted by B; C [ with elements
w satisfying Q (v, W) = 8,4 . One then sets

a)%: (1—=2x) Z D_ov_1+ A Z V_oU_1.

veB; veBy

Notice that the expression is independent of a choice of bases By, B; and swapping
land ] only interchanges A and (1 — 1). We set A = 0 and denote'*

oy = Z V_oV_1.

veEB]

The central charge of wy is

2sdim(/) = sdim(A7) = —dim(A7p),

l4ywe suppress the dependence of wy on the choice of / and I for simplicity of the notation.
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by [33, 3.6.16] after plugging A = 0. Therefore, the central charge of the full confor-
mal element w = wgy + w7 is given by

dim(Ag) — dim(A7) = sdim(A) .

Remark 3.8 The choice of the conformal element w is equivalent to the choice of a
splitting (22), so we will often denote the latter piece of data also by w.

The corresponding conformal grading on ¢* ® Dp C V,, depending on the choice
of the splitting w, is determined by the operator

Lo=[z"1{Y (0,2}

:[Z—Z]{% Z Y01, 2)Y(v_1,2) : + Z :a%Y(ﬁ_l,z)Y(v_l,z) :}

veBy veBy
1 . N
= 2 Z TVU(—k)Vk) -t Z kv p—1)ve
keZ keZ
veBa veB]

d 0 d 1
= kv_p— [k—l V(—k) ——— + kv —] — ,0) .
Z U S + Z ( ) V¢ CFrm + kv S + 2Q(Ot @)
k>0 k>0
vEBy vEB]

The last equality is obtained by separating the sum into k > 0 or k < O terms and
using (20) in the form

a ad
V(k—1) = y ﬁ(k_l)Za— for UEBl,k>O.

3ﬁ_k V—k

Specifically, the induced conformal grading is

k ifveAg,
deg,(v-r) =1k  ifvelCAf,
k—1 ifvelCAy,

for each k > 0, while the Z-grading on V, that we started with is given by

2k if ve Ag,
deg(v—g) =312k—1 ifvelC A7,
2%k—1 ifvelCA7.

The conformal grading V{ is useful when it comes to studying Virasoro operators
as we explain now. Starting from the notation for the decomposition

v=1v; +v; € A7, where viel,vpel,
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we label the conformal shift

[0

V_1 ifvEAa,
v?

- (vp)—1 + (Ui)_z ifve At.

We also define a new pairing Q“ (v, w) as

O, w) if v, w € Ag,
Qw(v9w) = Q(vlawi)_Q(vi’wl) ifvawEATa
0 otherwise.

This pairing is non-degenerate and supersymmetric because Q is non-degenerate and
symmetric. Using the shift notation v and a new pairing Q, we can rewrite the
conformal element as

w= % Z U_jv_1 + Z V_2vU_1 (23)

vEBa vEB)
1 Z . n 1 . 1 .
= = V-1V—1 - V_2V_-1— < V-1V-2
2 2 Z 2 Z
vEBy veBy VEB;
1 ~
=5 E e v? .
veB

In the last equality, we use the basis B = ByL By U B of A and {v} denotes the dual
basis to B = {v} with respect to Q®, such that Q“ (v, w) = 8, 4. If we also shift the
notation for the creation and annihilation operators defining vi‘;{) by the formula

Y2y2)=) vz

keZ
the Virasoro operators can be written as
1 ~
L”ZEZ :vz‘j)vf}):, ner. (24)
i+j=n
veB

We also note that shifted creation and annihilation operators are subject to the
bracket relations that are similar to bosonic fields

[v?’)l)’ w?:n)il =nQ0%W, w)81m.0- (25)
This can be shown by dividing into three cases;
Dv,weAg, ivel, wel, ii)vel, wel,

and using the translation formula (14).
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3.4 Lie algebra of physical states

Borcherds [10] associates to any vertex algebra V, a graded Lie algebra
Vo=Ver2/T (V). [a.bl=aqb. (26)

In this section, we study the Lie subalgebra of primary states (also known as physical
states) that is closely related to Virasoro constraints. Algebraic statements in this sec-
tion will translate into a compatibility between wall-crossing and Virasoro constraints
for sheaves and pairs in the geometric setting.

Definition 3.9 ([10], [33, Corollary 4.10]) Let (V., w) be a conformal vertex algebra.
The space of primary states of conformal weight i € Z is defined as

Pi:={aeV?| Ly(a)y=0foralln>1}.
The following assumption is used to construct the Lie subalgebra of primary states.
Assumption 3.10 We have ker(T) NV = {0} for all i <O0.

This assumption is satisfied for the lattice vertex algebras with Kac’s conformal
element because the kernel

ker(T) = span@{e“ ®1 | torsion oc}

consists only of elements with zero conformal weight.
Primary states yield a smaller Lie subalgebra by the proposition below. To state it,
we introduce the Lie subalgebra

V@ =VE/T(VE) S Va/T (V).

The fact that \70“’ is closed under the Lie bracket on V,/T (V,) is a consequence of
the fact V{” is closed with respect to the 0-th product.

Proposition 3.11 ([10]) Let (V., a)) be a conformal vertex algebra satisfying Assump-
tion 3.10. Then 130 := P/ T (Py) defines a natural Lie subalgebra of 176"

Proof We record the proof to be self-contained. For any a € V, and n € Z, we have

Ln(Ta) =[Ln,Tla+T(Ln(a)) 27)
=@+ DLy—1(a) +T(Ln(a)).

This implies that if a € Py then Ta € P;, hence making sense of the quotient 130 =
Py/T(Py).

In order to show that the natural map P/ T (Py) — V{*/T(V{’) is injective, we
need to prove that a € Vi’ with Ta € Py implies a € Py. Suppose that a € V” with
Ta € P;. We use induction on n to prove that L, (a) = 0. The base case n = 0 follows
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from a € V°. If L,_1(a) = 0 for some n > 1 by induction hypothesis, then (27)
implies 7' (L, (a)) =0 since Ta € P;. Since L, (a) € ker(T') has a negative conformal
weight —n, Assumption 3.10 implies L, (a) = 0.1

Finally, this defines a Lie subalgebra because if a, b € P; then

Ly(ab) =[Ln,a@)lb+upy(L,(b))=0, n=>1

hence a )b € Pi. Here we used the fact that if a € Py then the operator a(g) commutes
with any Virasoro operators L, [10, Sect. 5]. O

We give an alternative way to define a Lie subalgebra of primary states that is
related to the weight 0 Virasoro operator. For this new definition, we need a partial
lift of the Borcherds’ Lie bracket.

Lemma 3.12 There is a well-defined linear map '°
[= =1 Vi x V; > Vixj, @b aob, (28)
which makes V4 a representation of a graded Lie algebra V.

Proof 1t suffices to check the factoring property of a(b in the first coordinate. This
follows from (14) because (T'a) ) =0. Il

Proposition 3.13 Let (V.,a)) be a conformal vertex algebra satisfying Assump-
tion 3.10. Then the linear map in Lemma 3.12 restricts to

[—,—]: 1\50 X P; — P;
which makes P; a subrepresentation of V° with respect to the Lie algebra 150.

Proof The proof is similar to that of Proposition 3.11 relying on the fact thatif a € P;
then the operator ap) commutes with any Virasoro operators L. 0

Definition 3.14 Let (V., a)) be a conformal vertex algebra. We define a Lie subalge-
bra

Ko={ae 175"|[a,w]=0}c(\75°, [—,—]).

In the definition above, the operator [—, @] is a linear map defined in Lemma 3.12.
The fact that K defines a Lie subalgebra follows from the representation property
in Lemma 3.12. Connection of Eo to the formulation of the Virasoro constraints
for moduli spaces of sheaves will be explained using the Lemma below; note the
similarity between the weight 0 Virasoro operator introduced in Definition 2.11 and
the formula for [—, w].

15The operator L, decreases the conformal grading by n since [Lg, L] = (—n)Ly.

16We abuse the Lie bracket notation that was originally used for [—, —] : \7, X \7j — \7,~+j.
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Lemma 3.15 Let (V., a)) be a conformal vertex algebra. Then we have

(=D" ~
—w]= E T" oL, V®—> V2.
[—, w] 2 n+ D oLp:Vy — Vp

Proof By (12), we have

— _ _ (_1)n n+1 °
[a,a)]—a(o)a)—nZX_:1 7(n+1)!T Ly(a).

O

From Lemma 3.15, it is clear that Iso C I?O. The next lemma states the converse
when working with lattice vertex algebras.

Proposition 3.16 Let (V,, w) be a lattice vertex operator algebra as in Theorem 3.5
with Ve = C[Ags] ® Da. Then we have Po = Ko on the summands e* Q@ Dp such
that « is not torsion.

Proof Let a be an element admitting a lift a € e* @ D for some non torsion «.
Suppose that a € I?o, ie., apyw = 0. We show that a € fv’o by constructing another
lift of @, not necessarily the same as a, that lies in Pj. Since the pairing Q is non-
degenerate, there exists some b € Ag such that Q(a, b) = 1. In the proof of this
lemma, we denote ¢ @ b_; C V{? simply by b; note that the creation/annihilation
operators associated to b € Ag and the fields induced by b = " ®b_1 €V, are the
same by definition, so the symbol b, is unambiguous. We claim that such b provides
a desired lift of @ defined as

np(@) = —a@be V.
Since (26) defines a Lie bracket, we know that
np(@) € boya+T(V,).
Recall that the operator b(g) acts on e* ® D, as multiplication by Q(c, b) = 1. There-
fore np(a) is indeed another lift of a.
To show that n,(a) € V{* is a primary state in P;, we must show
w41y (a@b) =0 foranyn > 1.
This follows from the assumption a(gyw = 0 and the identity (13)
On+1)(@©0)b) = a©)(@n+1)b) — (@) @) (1))

together with the basic fact that b = ¢® ® b_; € P; [33, page 81]. O
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4 VOA from sheaf theory

The general treatment of vertex algebras in the previous section is now paralleled
by their geometric construction formulated by Joyce [26]. Beginning from the appli-
cation to the moduli stack of pairs of perfect complexes, we compare the resulting
vertex algebras to lattice vertex algebras following the work of Gross [20]. The later
parts of the section are focused on describing the duals of the operators Ly as Virasoro
operators for a natural conformal element.

4.1 Joyce’s vertex algebra construction

We begin by describing the assumptions needed for the geometric construction of the
vertex algebra for perfect complexes following Joyce’s [26].!7 We then follow it up
with how to extend it to pairs of complexes which is the most natural setting to work
in for conformal elements and the rank reduction arguments later on.

We use the notation
Ty HZi — 1_[ Z;
iel jeJ

for projections to components whenever J C I are finite sets, and denote for a K-
theory class K on [] jes Zj the pullback by Kj =} (K). Pushforwards, pullbacks
and duality below are all understood to be derived.

Definition 4.1 1. We work with a (higher) moduli stack My of perfect complexes
on X constructed by Toén-Vaquié [62] which admits a universal perfect complex
G on My x X. The two structures we are interested in are the direct sum map
Y My x Mx — My, such that

(T xidx)"6=G13®G23,
and an action p: BG,, x Mx — My determined by
(p xidx)*(G) = Q1 ® G23

for the universal line bundle Q on BG,,.
2. The second major ingredient in constructing vertex algebras is a complex

Ext=(m1.2),(63 ®G23). (29)

on My x Mx. Denoting by 0: My x My — My x Mx the map swapping
the factors we construct its symmetrization

® = ExtY @ o *Ext

which satisfies 6¥*© = OV,

17The manuscript [26] is not published and the author declares it as an incomplete draft. The main thing
we need from there is the construction of the vertex algebra and the proof that it satisfies the vertex algebra
axioms, i.e., Theorem 4.3, for which the author provides full details.
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3. For any topological type o € KS%(X ) >~ mo(Mx), we denote the corresponding

connected component by M, € Mx. Any restriction of an object living on My
to M, will be labelled by adjoining the subscript (—),. This allows us to express

Xsym(@, B) =1K(Oq,5) = x (&, B) + x (B, @)

for x: K2 (X) x K% (X) — Z the usual Euler form.

sst sst

By the construction of Blanc [6, Sect. 3.4], there exists a topological space S
defined up to homotopy which is assigned to each (higher) stack S. The homology
and cohomology of S are then defined by

Ho(S) = Hy(SYH, H*(S)=H*(SY.

t
Each perfect complex £ on S corresponds to a map S £ Perfc which induces S* £
BU x 7Z and the K -theory class

[€]= €Y @ e K°(SY.
The Chern classes of £ are defined to be the Chern classes of [£].

Remark 4.2 We will only work with geometries where the natural map

Kl (X,Z) — K'(X,7)

i

for the semi-topological K -theory K, (X, Z) in [16] is an isomorphism for all i > 0
and an injection when i = 0. Gross [20] calls the class of such varieties class D; it in-
cludes curves, surfaces, rational 3-folds and rational 4-folds. From [6, Theorem 4.21]
it follows that for such varieties

Ki(X,7Z) fori>0

(MY =K (X, Z) =
(MO =RaX D=1 k0 (%) fori 0.

The vertex algebra on the shifted homology

Vo = @ ﬁo(Ma) (30)

aekf (X)
for the shift
ﬁo (Ma) = H-—ZX (a,0) (Mou (C)

was constructed by [26] as follows:

Theorem 4.3 ([26, Theorem 3.12]) There is a vertex algebra structure on V4 from (30)
defined by
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1. letting 0: x — My be the inclusion of the zero object and setting
0) = 04 (%) € Ho(Mo) .
2. taking t € H (B(Gm) to be the dual of c1(Q) € H> (BGm) and setting
T(u) = p*(t X u) .

3. constructing the state-field correspondence by the formula
Y (. 2)v = (—1)% <°"f’>sz>""<"‘vﬁ>2*[ezT K id(c,-1(©) N (u X v))] 31)

foranyu € ﬁ.(/\/la) and v € ﬁ.(Mﬂ).

While moduli spaces of sheaves (recall Sect. 1.2) nvaturally define an element in
the vertex algebra V, (or the associated Lie algebra V,), this vertex algebra is not
suitable to study wall-crossing in moduli spaces of pairs. Essentially this is due to the
fact that the complex Ext in Definition 4.1 captures the deformation theory of sheaves
but not of pairs.

Thus, when working with pairs we will work with a larger vertex algebra V& that
is constructed from the homology of a stack parametrizing a pair of complexes and
replaces the class Ext by ExtP?, more related to the deformation theory of pairs. It also
turns out that the vertex algebra V& is the adequate place to construct a conformal
element that produces the Virasoro operators.

Definition4.4 1. Let Py := Mx x Mx and denote by V = G; 3 and F = G, 3 the
pullbacks of G via the two possible projections My x Mx x X - Mx x X.
This stack has a natural direct sum map XP?* and a BG,,—action pP?

Zpaiz(EXZ)OUZQZ'P)(XP)(—)’PX,
pP* = (p x p) o (Apg, X idpy): BGy x Px —> Px.

where 07 3 swaps the second and third copy of Mx in Py x Px = M;4.
2. One extends Ext to a perfect complex

Ext = (11,2), (Fi3 @ VallDY @ Fs) (32)
on Px x Px. We introduce its symmetrization
0P = (ExtP*)Y @ (oP*)*ExtP?,

where oP? : Px x Py — Px x Px swaps the two factors.

3. We now work with two copies of the K-theory with the connected components
labeled by Pyra whenever aP? = (a1, an) € K. Sst(X Y®2 and continue to denote by
the subscript (—)qra the restriction of some object to each connected component.
We define the pairing

xPH (P, BP) = x (o2 — 1, B2) = tK(Extgpa gpa) -

@ Springer



Virasoro constraints for moduli of sheaves and vertex algebras 433

and its symmetrization
Xym (@™, BP) == x (@, BP*) + x (BP*, &P*) =1k(Ofp gpa) -
The pair vertex algebra has the underlying graded vector space

VP = Ho(Px) = @ Hao(Par),

ab?

where I-AI. (Papa) = H._zxpa(apa,apa)(Papa). The structure of a vertex algebra is con-
structed exactly as in Theorem 4.3. In particular, the state-field correspondence is
given by

Y, 2o = (1IN A @I S o g id (e (07 Nu )| (33)

for u € I-?. (”Papa), v E I-?. (Pﬁpa). Note that the inclusion of My < Px sending
F +— (0, F) realizes V, as a vertex subalgebra of v,

Remark 4.5 In Joyce’s theory [31, Sect. 8], wall-crossing for pairs plays an important
role in the definition of the invariant classes [M ™. However, the vertex algebra that
he uses to formulate such wall-crossing formulae is not V&". For our purposes, it
will be enough to consider the stack Ny parametrizing triples (U, F, f) where U is a
vector space, F isasheafand f : U ®Ox — F is amorphism (cf. [31, Definition 8.2]
with L = Oy or [8, Definition 2.12] when n = 0). The stack A’y maps to Px by

Q:(U®0Ox — F)> (U Oy, F).

If one replaces ExtP? by
Ext'P? = (771,2)*((]:1,3 ®eVisliD'® ]:2,3> SV 30 W23

in the definition of (33), then the vertex algebra structure on Ay used by Joyce makes
the pushforward €2, in homology into a vertex algebra homomorphism.

When doing wall-crossing in Sect. 5 and in the Appendix 6.3, we only work with
Y (u, z)v where

ueVPh and veV,CVPh.

The restrictions of ExtP? and Ext'P? to Py x Myx C Px x Px coincide, so the re-
sulting wall-crossing formulae remain the same. This was discussed in more detail
for quivers in [9, Remark 3.5 and 3.12, Lemma 4.4] where the comparison of vertex
algebras was stated explicitly.

4.2 Joyce'’s vertex algebra as a lattice vertex algebra

We will now give an explicit description of V, and V& as lattice vertex algebras (see
Theorem 3.5) following Gross” work [20].
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Let A be the Z;-graded vector space
A=Az®A7=K'X) @ K'(X)=K*(X).

Let also Agq = K é)st(X ). Next we need to describe the bilinear forms Q,q on A
extending the natural Euler pairing on Agy = Ksost(X ). Recall that we have a natural
Chern character isomorphism K*®(X) = H*(X). Define the dual (-)Y: K*(X) —
K*(X) by identifying with H*®(X) and setting

degch(v)

ch(v”) = (—1)L : JCh(v) ,
where degch(v) is the cohomological degree. This leads to
-w)¥ = (=DvlyY . ywY, (34)

We define the extension of the Euler pairing to K*(X) as
X(v,w):f ch(vY) - ch(w) - td(X), v,we K*(X).
X

We will denote its symmetrization by xsym:
Xsym (U, w) = x (v, w) + x (w, v).
For the pair version, we let
A=A A=A = AR @AY, AL =AZ

sst sst

Given v € A we will denote by VY = (v,0), vF = (0, v) € AP? the corresponding
elements in the first and second copies of A, respectively. Given two elements

W= (v, v) =v) v, wP = (wr, wy) =w) +wi
their pairing is defined as
X" (0P, wP?) = x (v — vi, w2), (35)
and as usual its symmetrization is
Xf;m(vpa, wP?) = xP (P, wP?) + x P (wP, vPY). (36)
Note that the forms xP? and Xf;m extend the ones in Definition 4.4.(3).
Lemma4.6 The form ng:n is non-degenerate.

Proof Using the decomposition AP* = A @ A the symmetric form Xfyam can be rep-
resented by the block matrix
0 —
e

—X  Xsym

Since clearly y is non-degenerate it follows that Xf;m is non-degenerate as well. [
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The following is a necessary modification of [20, Theorem 5.7] which we write
out in full detail to avoid imprecisions and to include the analog statement for the
pair vertex algebra. We point out that while all the ideas already appear in loc. cit. the
computation of the odd degree fields is not present there and their description has a
degree shift to the correct one. Furthermore, unlike the Definition of the generalized
lattice vertex algebra in [20], we do not rely on the construction of Abe [1].

Theorem 4.7 Let X be a variety in class D (cf. Remark 4.2). Then we have isomor-
phisms of vertex algebras

Ve = C[Asst] @Dy, 37
ypt = C[AE?,] ® Dppa, (38)

where: the left hand sides are the vertex algebras from Joyce’s geometrical con-
struction with the data of Definitions 4.1 and 4.4, respectively; the right hand sides
are the lattice vertex algebras from Theorem 3.5 and the symmetric bilinear forms

g=x,0=xymandq=x, 0= Xsl?;;nv respectively.

We begin the proof of the Theorem by explaining how to identify both sides as
graded vector spaces. Using the universal sheaf G, on M, x X we have for each
aeK Sst(X ) a geometric realization morphism (3)

&, : Dgf — H*(M,).

Lemma 4.8 ([20, Theorem 4.15]) Let X be a variety in class D. Then the map &g, is
an isomorphism,

H*(M,y) = DX,
Similarly,
. ~ X, DA
H*(Pa) =D =D) @D

Proof Gross shows that H®(M,) is freely generated by the Kunneth components of
chx (Gy) € H* (Mg x X). But these are precisely the geometric realization of descen-
dents, see (45). The result for pairs follows from the sheaf version. Il

We know from the previous lemma that
H*(My) = DX = sSym[CHX],
and we define the pairing (—, —): CHo’f x CHp — C given by

Sk,]
k=1’

(et o) = [ 7 -enw (39)

The reader can recall the definition of CHY and CH, in Definition 2.5 and Theo-
rem 3.5, respectively. The pairing above is a perfect pairing, so it identifies the dual
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of the graded vector space CHgf with CHy ; we will use § to denote duals. Recalling
the discussion from Sect. 2.1, we then get an identification between

Hy(Mgy) = H*(Mg)" = (DX)" = SSym[CHX]" = SSym[CHA] =D .

Moreover, by Definition 2.2 the pairing between Do}f and D can be promoted to a
cap product

ﬂ:]D)gx]D)A—HD)A

such that for a basis B of K*(X), we have

1 0
ch () N (=) = 3 u%/xy -ch(w) 7o —. (40)

The isomorphisms Dy = H,(M,) and ]D)gf = H*(M,) identify this abstract cap
product with the topological cap product, i.e.,

DX x Dy — 22— Dy

Jevaxes! et
H*(My) x Hy(My) —“— Ho(M,) @l
commutes where &~ denotes the inverse of the isomorphism £7.

By assembling all the isomorphisms of graded vector spaces ﬁ.(Ma) = e“Dy
we get

HMx)= P HiMo)= P ¢*Dp =ClAw] @Dy (42)

aekd(X) € Asst
and similarly
H,(Px) = C[AR] @ Dar. (43)

To prove Theorem 4.7 it remains to show that the vertex algebra that Joyce defined on
the left hand side and the lattice vertex algebra on the right hand side are compatible
under this isomorphism. We will do this using Proposition 3.7.

Before we analyze the fields required to show that the two vertex algebra structures
are compatible, it will be useful to identify the translation operators on both sides.
Recall Definition 2.9 of the operator R_j : ]D)gf — Dgf .

Lemma 4.9 Under the identification ofDO)f with H*(Mg) = Hy (M), the transla-
tion operator T : Hy(My) — He12(My) (defined in Theorem 4.3) is dual to R_j.
Moreover, the isomorphisms (42), (43) preserve the respective translation operators
on both sides.

Proof We recall the operator
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from Lemma 2.8. We claim that the following diagram commutes:

—Et DX
€oRg, &g,
lfg(\

My) —L— H*(BG,, x My) —=— H*(M,)[(]

The triangle on the left commutes because p*(G,) = Q X G,,. The parallelogram on
the right commutes by Lemma 2.8. It follows that, under the identification ]D)gf =
H*(M,), E = p* and thus R_| = (t\—) o p* where the (+\—) stands for the slant
product with the generator t € Hy(BG,,) dual to ¢ = ¢{(Q) € H*(BG,,). This is
clearly the dual to Joyce’s translation operator defined by T = p, o (r X —).

To show that Joyce’s translation operator agrees with the one constructed in the
lattice vertex algebra it is enough to check equations (15). This is straightforward
with the identification of 7" with the dual of R_;. O

Before we reproduce the proof of Theorem 4.7, we introduce some notation. From
now on we will omit the isomorphism &g, and simply write ch; (y) € H®*(M,). We
also set chy(y) to be fX y - ch(a) € HO%(M,,). We will use the notation chv(y) =
ch;(y) ® 1 and chi}—(y) =1 ® ch;(y) for the generators of ]D)f];fa ID)X ® Dgfz,
we did in Sect. 2.6. We also use the same notation for the images in H*® (Papa) Given
y € H*(X) we let yY = (y,0), y” (0 y) € H*(X)®2. Given yP e H*(X)®?
we introduce the symbol ch; (yP?) € ]D)apa so that ch;(yY) = chly(y), chi(y”) =

hl-]:(y). Given yP* € H*(X)®? and wP* € K*(X)®? we define the pairing

(P, wh?) = f y1 - ch(wy) + / ¥2 - ch(w»).
X X
If {wP?} is a basis of K*(X )GBZ we then have the analogue of (40) for pairs:

1 ad
pa ) — pa . .pa
ch(YP) N (=)= 7 1),E (r~,w >—8w§2}<' (44)

Proof of Theorem 4.7 We will only give the proof of the statement for pairs, since the
sheaf version is easier and a direct consequence. Since we have already identified
the underlying vector spaces, by Proposition 3.7 it is enough to check conditions (i)-
(iii) for the vertex algebra defined by Joyce. The vacuum condition (i) is immediate.
Before we compute the fields necessary in (ii), (iii) we will obtain a formula for the
Chern classes of ®P?, Fix a basis {y} C H*(X) and let {y} € H*(X) be the dual
basis, such that [y y1 - 72 = 8y,.,. Then the class of the diagonal in X x X is

A=) YOy e H (X xX),
14

where the sum is over the basis we fixed. We then have

ch(F) = (1.2)«((idpy x A)w(ch(F)) =) ch/ ) Ry (45)
i>0
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and an analogous formula for V. The term chi]'- (¥) ® y contributes to chy (F) for

k=

2i — |y +degy . deg(y)
— 2 't

Thus,
i+LdeﬂJ
ch(FH)=>"> "L e @@y
Yy i>0

Using Grothendieck-Riemann-Roch as in [20, Proposition 5.2] and being careful with
signs obtained from commuting odd variables we find that

ch(ExtP) =)~ D " (=1 (y, )ch! Y (7) K ch ()
y,6 i,j>0

= Y D (=D P ch; (PP Rch; (™) (46)
yPa sPai j>0

in H*(Px x Px). In the first line, we sum over y, § in our prescribed basis. In the
second line, we sum over the basis

P =yulyty c U (X)®?

and use the definition of xP?. The pairings x, xP* coincide with the ones for K -theory
previously described under the Chern character isomorphism, i.e.,

x(y,8>=/(—1>L“%y-a.td<x>.
X

Note that all the non-zero terms in (46) have |y| = |§| = |¥| = |8, so we replace the
occurrence of any of those parities by |y |. From (46) (and being again careful with
the signs introduced by taking the dual and by (oP?)*) we get the Chern character of
the symmetrization

ch(@P) = > Y (1)) xfm(yP, 8%)ch; @) Bech; (67, (47)
yPa §paj i>0

By Newton’s identities we have

c,-1(OP) =exp [ 3 (— 1)kl (@Pa)z—k—l] 48)
k>0

DD DG i (R F I B N

yPa,OP i j >y P41

X/, 87)ch; (77) R ch; (5™)]
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It suffices to consider the expansion of this exponential up to the linear terms in
Y0, 2) = 2T R 1(c,-1 (P N ™ B -))],

because quadratic terms and beyond annihilate (vpf] X —) for degree reasons. The
constant term of the exponential (48), namely 1, determines the creation part of the
field Y (v, 2) as

SP[eTE B -] = ot )dt (49)
k>0
This uses the fact that
Tk pa pa pa/ pa pa
valzvfkl’ X (vklg_)_v(kl)

for k > 0, see [20, Lemmas 5.3, 5.5] (the first one also follows from Lemma 4.9).
On the other hand, it suffices to consider the linear terms of (48) with i = 1 and
J — |yP? = k = 0 for degree reasons. They determine the annihilation part of the
field Y (v, 2) as

Eia[ Yo D DT R (P, 67

b2 502 k>0
chy (7°) B chyg ) (37) N (0P K — )}

= > D KT B (P, 8P (7P, vP?) chy gy (87N
yPa 52 k>()

= 3 ke ) B P, 5 ey PN (50)
P2 k>0

The sign disappears in the second line due to the interaction between the cap product
and the tensor product [12, 12.17] and reappears in the last line by using

(=P P P xS (P2, 87%)
yP2

= T X (P, 8 = B P, 57
yPa

We can further simplify this expression by replacing descendent actions with deriva-
tives. Let {wP?} C K*(X)®2 = AP? be the basis obtained by applying the inverse of
the Chern character isomorphism to {§P?}. By (44),

DP9

ch,"HNn-—=—— |
i) (= D! o™,

forj>1.
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The _constant descendent action by chy (Spa) is treated separately as a multiplication
by (SP : aP?) on Hy (Pgyra). Therefore, we have

a d
GO= > > xBm@P, whHk! 4 )PP P!

k>1—|vPa| wha 3w—k [uPa|

on He(Pyra). Combining with the creation part (49), this matches exactly with (20),
so we are done with (ii). ' '
For (iii) we are left with computing Y (™, 7)ef™:

Y™, 7)ef™
= (—1x" @A mew‘”’f"’“)z*[e” Mid(c,-1(OP%) N (2" Kef™))]
= (= 1)X" @A) (@B 5 [e ZT(e“pa)@eﬂpa],
where we used the fact that ch; (7P*) N — and ch;(8"") N — annihilate ¢®™, ¢#™" for
any i, j > 0. The 2m(@™B™) coefficient is simply

(_ l)Xpa(api\’ﬂpil) E*(eapa & eﬂ]’)i\) — (_ 1)Xpa(apa’ﬁpa)eapa+ﬂpa ,
as required in (iii), thus finishing the proof. g

_ Recall from Sect. 3.4 that associated to a vertex algebra V, we have a Lie algebra
Ve = Veiy2/TV,. This quotient of V, also has a geometric interpretation observed
by [26] and related to ]D)Wt .« from Definition 2.9. We begin by recalling that the
BG,,—action p on My leads to a rigidification (see [3, Appendix] and [26, Propo-
sition 2.25 (b)]) which quotients out G, - id from the stabilizer of each object in the
moduli stack. We denote it by

MEE = My [BGyy
Lemma4.10 Let X be a variety in class D. Let ch(a) # 0 and n:;g My — /\/ltrxig be

the projection, then (nng)* t H*(My®) — H*(My,) is injective and the isomorphism
of Lemma 4.8 induces

D0 = (1) (H (M) = H*(ME®).
Equivalently, we have the isomorphism
Ho(ME®) = Ho (e 12(MEH) = Voo

Proof A big part of this proof is already due to Joyce [26, Proposition 3.24], [31,
Theorem 4.8, Remark 4.10]. He proves that

Hy(M3®) = Hy(My)/ T (Hy_2(My)),
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when ch(o) # 0. This is the last statement of the lemma. Dually, we have injectivity
of the pull-back and

(e E) (H*(MEE) = (D € H*(My): p*D = 1R D in H*(BG,, x My)).

The isomorphism with ]D)Wt o finally follows from the fact that p* = ¢*R-1 under the
identification H® (M) = ID)gf as we showed in the proof of Lemma 4.9. O

Example 4.11 We continue with the Example 2.10 proving it differently for the full
stack. On M, and ./\/lo, , virtual tangent bundles TV A, and TV‘r./\/lrlg are defined
as the topological K-theory classes of the duals of the natural obstruction theory
complexes.'® Before rigidifying, the virtual tangent bundle is given by

T""My = —RHomyy, (G.0).
and its relation to TVI* M5 in K -theory is
TvirM (nflg) (TVingg) _ O./\/la .

We see from Lemma 4.10 that ch(7"Ir) e ]D)Wt .- This clearly holds for any K -theory

class pulled back from Mrlg .

4.3 Virasoro operators from Kac’s conformal element

Construction of conformal element depends on Assumption 1.8 which we assume
throughout this section. Recall that we need to make a choice of a maximal isotropic
decomposition of K ' (X)®? with respect to a symmetric non-degenerate pairing Xfyam
(recall Lemma 4.6) to define Kac’s conformal element. Hodge decomposition is
a source of the decomposition that we use. Define the subspaces K***!(X) and
K*t1*(X) of K'(X) such that via the Chern character isomorphism we have

Kot > @ HPPTHX), K0 > @G HITHX).
p p

We consider a decomposition of K!(X)®2 =1 @ I given by
[=K"""(X)%, [=K"""x)%, (51)

that is maximally isotropic due to Hodge degree consideration. This defines a con-
formal element w inside V& = (C[Afst] ® Dapa hence the vertex Virasoro operators
LE for all n € Z. On the other hand, we defined in Sect. 2.6 descendent Virasoro

operators L5 for n > —1 acting on the formal pair descendent algebra DX-P2,

181 [62], the stack M is constructed by truncating its derived refinement. Because derived refinements
naturally induce obstruction theories (see [57, Proposition 1.2]), we have a natural obstruction theory on
M, given by the formula that follows as shown in [62, Corollary 3.29]. Because these derived refinements
can be rigidified in the same way as the original stacks, there is also a natural choice of an obstruction

theory on MGE.
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In this section, we prove duality between the two Virasoro operators LE*‘ and Lga
for n > —1. To set up the stage where we state the duality, let «P? € Aﬁ’; and consider
the realization homomorphism

X X,pa
Para : DXPA 5 7P

as in Definition 2.5. By Assumption 1.8, this realization homomorphism is surjec-
tive. Furthermore, descendent Virasoro operators Lga factor through this quotient as
follows from noting that ker(p,) is only generated by symbols of the form ch{){ )
giving us

R (ker(pa)) =0.

. . X
We use the same notation for the resulting operators on ID)ap’f “

Theorem 4.12 For any oP? € Aff, and n > —1, Virasoro operators Lga and Lga are
dual to each other with respect to the perfect pairing

Dfﬁfa ® ™ Dpp — C.
Proof On K*(X)®? we are given a symmetric non-degenerate pairing
pa pa pa\ _ . pa s, pa pa pas,,,pa ,pa
Xoym (VP wP?) = xPA (0P, wP?) + } P (wP?, vP?)
= x(v2 —vi, w2) + x (w2 —wy, v2).

The maximal isotropic decomposition (51) determines the conformal element w €

V& and a new supersymmetric non-degenerate pairing (see Sect. 3.3) Q® = XSPSI;}I)I?.

We use the superscript H instead of w to indicate the relevance to the holomorphic
degree in the Hodge decomposition. This new pairing can be written as

H, paj||,,pa
Xssym (VP wP?) = xHPa(uP2 Py 4 (— )PPy Hopaqpa ypay
pa pa
= x" s — v, w2) + (=DM s —wy, vy),

where x is a pairing on K*(X) defined as

A, w)=(=DP / ch(v)ch(w)td(X) if ch(v) € HP*(X).

The supersymmetric pairing X::’yﬁ’:; allows a simple formulation of the conformally
shifted field:

Y=Y otk TS ki R e vP ek 3T N L (52)
k>0 k>0 §pa

This formula is proven by the non-shifted version for Y(vgal, z) as in (49), together
with a case division analysis as in the proof of (25).

@ Springer



Virasoro constraints for moduli of sheaves and vertex algebras

443

Recall that the vertex Virasoro operator are written as

pa _ 1 . jiLpa Hpa,
Ly =3 E Uiy V() - nez.

i+j=n
vPrepPd

When n > —1, we write Lga = REa + T,f)a where

RP2 ._l Z .~Hpa H,pa TPa ._l Z .~Hpa
L) 5 Yoy Y o L) 5 V)
i+j=n i+j=n
i<0or j<0 i,j>0
vPie pPa veBP?

From the computation (52), we have

1
pa . H.pa opa ~pay. H.pa  pa  pa
=5 Y D KON T s )
i+j=n vPae BPa §pa P2
i,j=0

chf! (8™)chf! (7P N —

] a a
=5 2 Nt (X”’pa(ypa,ﬁpa)ﬂ—l)‘yp”5"‘XH’P*‘((SPE‘,

i+j=n  ova,ypa
i,j=0

chf!3™)chff (7P N —

= Y iljt Yo XM, 8P ehi 6™)eh! (7P N -
i+j=n §pa ypa

i,j>0
oy . H < HF-V —
= > ity 5ty 5 ch! ’]:(S)chj’f Yan-—
i+j=n 8,y
i,j>0

H,pa |
0

Vpa))

= ) i1y (= )dim0=r®) (/a Ly .td(X)) chf‘f‘v(y)ch?f@ n—

i+j=n 8,y
i,j>0
oy i —pL JHF-V H,F
= D0 DI et Y g e g 0 -
i+j=n t
i,j>0

where in the last equality the summation takes over

Ad(X) =)yt eyt
t

This is exactly dual to the multiplication operator Th-.

Now we prove that operators Ry and R} are dual to each other. Let R;,

pa’f

]D)fpf R fpf * be the dual to R™*. For n > —1, both R and RP* annihilate 1 so
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it is enough to show that their commutators with right multiplication by descendents
agree, i.e.,

n
[Rga,’r’ .Ch?(ypa)] =[RP, _Cth(yPa)] = l—[(k +7) k+n(ypa)
=0

Dually, this is equivalent to

n

[ch,‘j(ypa)m,R};a]: [Ttk+ ) |enl, PN .
=0

We finish the proof by showing the required commutator relation. Since xgqym is
a perfect pairing, there is a unique wP? € K (X)P? such that

" .
D Koy (8P, wPh) 57 = P2

opa

From (52), this implies that w(k) k'chH(yP“‘)ﬂ On the other hand, we have

Rpa Z ~H, pa H,pa l Z (— 1)|va| H pa H pa Z ~H, pa H,pa
n KON 2 0 Yoy Yy o
z+]_n i+j=n i+j=n
i<0 j<0 i<0
yPac ppa yPac ppa P pPa

since the dual vP? is defined by supersymmetric pairing XSI-SI},}?I?. Therefore, we obtain

1
H pa H,pa ~Hpa Hpa
[Chk (ypa)ﬂ, Ry ] = E Z [ Wiy >V (]) ]

i+j=n
i<0
veBP?

1 H,pa ~H,pa| H,pa , ~H,pa H,pa H,pa
=u > [“’(k) ) ] Vi) 10, [w(k) V() ]

i+j=n
i<0
veBP?

_ H.pa  pa ~pay H.pa
= _ Z k- Xssym (WP, 0 )v(k+n)
UEBPa

H(k + ) | ehily, (PO,
j=0

where we used the bracket formula (25) with k£ > 0. O

Remark 4.13 To summarize the ideas leading up to this final statement, we explain
where the obvious similarity between T and the virtual tangent bundle (see Exam-
ple 2.6) comes from in general. It is best represented by the diagram
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H,pa
s

sym N/)

l(iv)

pa .
Xssymv X

Meaning of the arrows are explained below.

®

(i)

(iii)

(iv)

represents pullback along the diagonal which restricts ExtP? to the virtual tan-
gent bundle of any pair moduli space mapping to Pyx. This is the content of
assumption [31, Assumption 4.4] and is satisfied in larger generality than our
Definition 4.4.

corresponds to taking ranks of the symmetrization ®P? of ExtP? and then fixing
a choice of an isotropic splitting A?a =1® I of the odd part of AP? as we did
in (22). Out of it, we constructed a supersymmetric pairing which in the case

I = K.’.+1(X)®2, i: K.+1,0(X)®2 ,

led to ngfﬁ. This can be generalized to any setting where the induced pairing is
non-degenerate so that isotropic splitting can be chosen.

is assigning the conformal element for a given choice of an isotropic splitting
in the procedure described in Sect. 3.3 (more explicitly see (23)) and works as
long as Joyce’s construction in Sect. 4.1 leads to a lattice vertex algebra.

is filled in by Theorem 4.12 that fundamentally depends on the comparison be-
tween DX-P2 and H*(Px) contained in the description of the lattice vertex al-
gebra structure on H, (Px) proved in Theorem 4.7. This would again work in a
setting where a similar comparison can be made.

A direct geometric relation represented by the “?” between Virasoro constraints and
the virtual tangent bundle is however unclear.

4.4 Virasoro constraints and primary states

Let M = My, for ch(x) # 0, be a moduli space of sheaves as in Sect. 1.2 with
a universal sheaf G. By the universal property of the stack M there is a map
fo: M — My such that (fg x idx)*G = G where G is the universal complex in
Mx x X. Even without a universal sheaf G, we always have an open embedding
into the rigidified stack t: M — ./\/lr;(g. When a universal sheaf exists this embedding
is the composition

LZM&MX—)Mr;(g.

We define classes in My, M;i(g by

[MI' = L (M1 € HoM),

@ Springer



446 A.Bojko et al.

(M1 = (f)«[M]' € Hi(Mx) = V..

By Lemma 4.10 we may regard the class [M]"'" as being in Borcherds Lie algebra
\7. = Ve42/TV,. Given any G the class [M]?’G?r is a lift of [M]" € Vet2/T V, to the
vertex algebra V, — quotienting by T removes the ambiguity in the choice of G. The
integrals of geometric realizations of descendents D € DX can be expressed in terms
of these classes by

/ , %‘@(D)=/ ,(fG)*(Sg(D))=/ _&g(D).
[M]Vir [M]vir [M1g"

By Theorem 4.8, if X is a variety in class D then &g is an isomorphism between
DX and H*(M,), so knowing the class [M Ig" is precisely the same as knowing all
the descendent integrals. Similarly, by Lemma 4.10 the class [M]'I" € V. contains

precisely the information of integrals of weight 0 descendents D € ]D)g{ _

An analogous situation happens for moduli spaces of pairs and the stack Py . Given
a moduli of pairs as in Sect. 1.2 with universal sheaf ¢*V — F, by the universal
property of the stack Py we have a map

fqrvm: P— Px,
such that
(fgrv.p) x1dx)'V=q"V, (figrv,p) xidx)"F=F.
The classes
(e ‘(/;r*v,m = (figrv.r)«[PI"" € VP

contain exactly the information of the descendent integrals
X,pa
/ ) E(q* V.,F) (D) for De Dapa .
[P]Vlr

A class [M]VIr coming from a moduli of sheaves can also be considered in \7.p ? via
the embedding M x — Px sending G — (0, G).

We now use Theorem 4.12, which states the duality between the Virasoro opera-
tors on the descendent algebra and on the vertex algebra, to prove Theorem 1.9 saying
that the Virasoro constraints holding for some moduli space of sheaves M or pairs
P are equivalent to their respective classes on the Lie/vertex algebra being primary
states.

Proof of Theorem 1.9 We start with part (2) which refers to pairs. Under Assump-

tion 1.8 the morphism pgpa: DXP2 — ID)fp’f % is surjective, so Conjecture 2.18 holds if
and only if

/ Egrvn (L (D) =0
[P]vlr
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for every D € ]D)fp’f * and n > 0. By Theorem 4.12 and the previous observations

/ Egrvm Ly (D) = / sy ALy(D) = / L kWD)
[P (PIy gy LY (PT y x)

Since £ r) defines an isomorphism between Do’fgf * and the cohomology H®(Pyp)
the last integral vanishes for all D if and only if L‘,’,a([P]z’;r*V IF)) =0,ie.,

. pa
[P]‘(/ler*V,F) € PO .

The claim (1) for sheaves follows in a similar way by noting that the operator
Lwt, 18 dual to [—, w] by Theorem 4.12 and Lemma 3.15 and using the equivalente

characterization of primary states in Po provided by Proposition 3.16. g

Joyce defines more generally (under certain conditions, see [31, Theorem 5.7] or
Sect. 5.3) classes [M ]inV € V, even when M contains strictly semistable sheaves;
when it does not contain strictly semistable sheaves, this class coincides with [M T
As in Remark 1.1 and Conjecture 1.10, we say that M satisfies the Virasoro con-
straints if [M]™ is a primary state, i.e.

[M]™ e Py.

5 Rank reduction via wall-crossing

In this section, we will explain the main step in the proof of Theorem A, which
consists of a rank reduction argument via wall-crossing as described in [31, Sect. 8.6]
for positive rank and generalized here to include the case (3). The rank-reduction of
loc. cit. is stated for slope stability only, so we use additional wall-crossing from slope
stability to Gieseker stability to conclude Virasoro constraints for the latter stability
condition, see Corollary 5.7.

We will treat the 3 cases (1), (2), (3) in a uniform way by fitting them into the
general framework of Joyce [31]. Then their virtual fundamental classes viewed as
elements of H, (./\/lr;g) are related in terms of the Lie bracket defined on ‘7..

Let X be a smooth projective variety of dimension m = 1 or m = 2. In the case
of m = 2, we assume that #1%2(X) = 0. Let H be a fixed polarization of X. Given
1 <d < m, we consider the moduli spaces of d-dimensional slope semistable sheaves
F (cf. [24, Theorem 4.3.4, Definition 8.2.7])

My = M;S(M)

with respect to the slope stability n, where « is the topological type of the sheaves
we consider. In our case, we will work with o € K 0(X ) which can be represented
by a non-zero sheaf on X, and we label this subset of K 0(X) by C(X). This fits the
description of the wall-crossing data given in [31, Assumption 5.1 (b)]:'? there is a

19This assumption introduces a quotient K (Coh(X)) of Ko(Coh(X)) with C(Coh(X)) C K (Coh(X))
containing elements represented by non-zero sheaves. The wall-crossing is then expressed in terms of «’s
contained in C(X). In our case, we directly define C(Coh(X)) =C(X).
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morphism
Ko(Coh(X)) - K°(X)

from the Grothendieck group of Coh(X) by smoothness and projectivity of X and
only the zero coherent sheaf has trivial topological K -theory class. The restriction of
this morphism to the semigroup of elements of Ky (Coh(X )) represented by a non-
zero sheaf maps onto C(X) by its definition. We will not mention that « lies in C(X)
from now on.

Recall that u is defined by

_ deg(F)
u(F) = (F)

€ Qu {+4o0}

where deg(F), r(F) are (normalized) coefficients of the Hilbert polynomial Pr(z);
denoting by [zF]P(z) the z* coefficient of a polynomial P,

deg(F) = (d — D[z "1Pr(z) and r(F)=d![z*]1PF(2).

When d = m, the number r(F) is (up to multiplication by a constant) the rank of
F. In general, we regard the number r(F) as a generalized rank; it is a non-negative
integer for every sheaf of dimension at most d. The cases (1), (2), (3) in Theorem A
correspond, respectively, to (m,d) = (1, 1), (2,2), (2, 1).

Twisting by Ox (H) induces isomorphisms

My = My(h).

It is a standard fact that, given a fixed «, for large » all the u-semistable sheaves with
topological type «(nH) are globally generated and have vanishing higher cohomol-
ogy (e.g. [24, Corollary 1.7.7]). Replacing o by o(n H) we shall often assume this to
be the case.

Assumption 5.1 All the p-semistable sheaves F of topological type o are globally
generated and have vanishing higher cohomology H>(F) = 0.

5.1 Bradlow pairs

We now describe the notion of Bradlow stability, depending on a parameter ¢ € R..q,
on pairs (F, s) where s: Ox — F is a section.

Definition 5.2 Lett > 0. A pair s: Ox — F is u’-(semi)stable if it is non-zero and:
1. For every subsheaf G — F we have
(GHD(F) + —
PSR T Fy

2. For every proper subsheaf G < F through which the section s factors

s:0x—>G— F,
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we have

G [
n(G) + (G)( Y (F) + Tk

The symbol (<) stands for < in the semistable case and < in the stable case.

We denote by P., the moduli space of u/-semistable pairs Ox — F with topolog-
ical type [F] = a. These are often called moduli spaces of Bradlow pairs and con-
structed by [61, Sect. l] and [38, 40] for curves and higher dimensions, respectively.20
If ¢ is such that 7 ¢ ( 3 Z then the moduli spaces P/ have no strictly semistable ob-

jects. When this is the case, P, is a fine moduli space with a universal pair
Opixx = F,
admitting a virtual class [Po’t]Vir by the standard argument as recorded below.

Lemma 5.3 Assume that there are no strictly u'-semistable pairs in P.. Then
the moduli space P has a natural 2-term perfect obstruction theory given by
RHom([Op: xx — F1, F) when (m,d) = (1, 1), (2,2), (2, 1).

Proof The construction of a morphism from the dual of RHom([O PixX —> F],F) to
the cotangent complex is standard, see for example [46, Sect. 5.3].
Using the long exact sequence

Ext' (F, F) - H'(F) — Ext ([Ox — F], F) — Ext TY(F, F) - H'T'(F).

Mochizuki [46, Lemma 6.1.14] (see also Joyce [31, Sect. 8.3.2]) showed the vanish-
ing of Ext’ for (m,d) = (1, 1), (2,2) and i # 0, 1. When (m, d) is such that d <1,
then the terms vanish immediately for i # —1, 0, 1 because H>(F) = 0. The vanish-
ing for i = —1 would follow from the injectivity of

Ext’(F, F) — H(F).

Suppose for the contradiction that there exists a non-zero morphism ¢ € Ext®(F, F)
such that ¢ o s = 0. Consider the induced short exact sequence

00— F—>F—>F,—0,

where F| = ker(¢) and F, = coker(¢) C F. By u!-stability of Ox 2 F, we have

t
- F - F F -
w(F) + (F) < u( )+r(F), w(f2) < u(F)+ (F)

Using the usual arithmetic of ratios, this gives the contradiction. 0

20Strictly speaking, these moduli spaces are constructed for Gieseker type Bradlow stability as opposed
to the slope type Bradlow stability in Definition 5.2. However, we need the construction of the moduli
space only when there are no strictly u’-semistable pairs in which case the two stability notions coincide.
When there exist strictly u”-semistable pairs, Joyce’s theory [31] uses only the moduli stacks rather than
the moduli spaces.

@ Springer



450 A.Bojko et al.

These moduli spaces fit in the framework of Sect. 8 of [31]. There, Joyce considers
the abelian category A of pairs U ® Ox — F where U is a C-vector space and
F € Coh(X), and introduces the stability function on such pairs given by

_ deg(F) + t dim(U)

t
wW(U®0O0x — F) "(F)

The w'-(semi)stable pairs with U = C are precisely the u’-(semi)stable pairs in Def-
inition 5.2. Conditions (1) and (2) in Definition 5.2 correspond to looking for desta-
bilizing subpairs of the form 0 — G and Ox — G, respectively.

The stack parametrizing objects in the category A is the stack Ny from Re-
mark 4.5. Hence the moduli spaces P/, admit a map

t Tig rig
P, = Ny° — Py~

i

and thus define a class [P/]"" in the Lie algebras H, (N)r(g) or H, (P;;g ) by pushing
forward [PO’l]Vir € H.(P}) along this map. Moreover, since we have a universal pair
O — T there is actually a lift of this map to the non-rigidified stacks

f(O’F)Z Pot[ — Ny — Px.
This defines a lift of the class [P/]"I"
P15 = (fom) L Pal*™
to the vertex algebras H,(Ny) and H,(Px) = VP when P! does not contain strictly

semistable pairs. This class is in the connected component P([[OX]], to alleviate
notation, we will write

a);

P.o) =Pox].) -

5.2 Limitst - 0and ¢t — oo

Our rank reduction argument will be based on using the wall-crossing formula to
compare the ' Bradlow pairs with 7 small and ¢ large. We now identify the moduli
spaces PJ in these two limits.

Proposition 5.4 ([31, Theorem 8.13, Ex. 5.6]) Let 0 <t < 1/r(a)! and F be a sheaf
of topological type . Then s: Ox — F is u'-semistable if and only if it is ' -stable
if and only if the following three conditions hold:

1. F is semistable with respect to |;
2. s#0;
3. thereisno 0# G C F with u(G) = u(F) such that im(s) € G.

Since the stable objects do not change for such small ¢ we denote by P9 = P!
the moduli of z!-stable pairs for 0 < t < 1 and by 0% the limit stability ! with
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t — 0. The limit stability can be explicitly defined by
1Ot (U ® Ox — F) = (u(F), dim(U)) € (—00, 00] x Z=g

where (—00, 00] X Zs is given the lexicographic order.

Note in particular that if M, has no strictly semistable sheaves then condition
(3) is vacuous, so Po?+ parametrizes stable sheaves [F] € M, together with a non-
vanishing section s € H 0(F) (up to scaling of the section). Assuming 5.1,

POt =Py, (psG)

is a projective bundle over M, with fiber P(HO(F)) 2 PX@~1 over [F] € M,,.

When M, has strictly semistable sheaves, Po?+ plays a crucial role in Joyce’s
definition of the classes [M,]" € I-VI.(M x) in [31, Section 9.1], as we will recall
next. This idea is also present in Mochizuki’s work [46].

Proposition 5.5 ([53, Lemma 1.3]) Let t > 0 be large enough. Then s: Ox — F is
! -semistable if and only if it is 1" -stable if and only if F is pure of dimension d and
coker(s) is supported in dimension at most d — 1.

We denote by P;° the moduli of such pairs and by ©°° the limit stability. We
proceed now to identify this moduli space in the three cases of interest to us, (m, d) =
(1,1D,(2,2),2,D.

1. Suppose that (m,d) = (1, 1) and rk(a) > 1. Then P2° = ¢ since
rk(coker(s)) > rk(F) — rk(Ox) > 0

for any s: Ox — F with rk(F) > 1. Suppose now that rk(c) = 1; then the ele-
ments of PJ° are non-zero pairs s: Oy — F such that F is a torsion-free rank 1
sheaf. A torsion-free rank 1 sheaf on a smooth curve C with a non-zero section
is given by an effective divisor. When ch(«) =1 + n - pt for n > 0 this implies
that

P ={Ox — Ox(E) such that |E| =n} = C!"

is the n-th symmetric power of C.

2. Suppose that (m,d) = (2,2). As before, PJ° = (J whenever rk(a) > 1. Given a
torsion-free rank 1 sheaf F' on a surface S, we get an embedding into its dou-
ble dual F < F"V, which must be a line bundle Og(E) [24, Example 1.1.16].
Twisting by —E gives

s(—E)

Os(—-FE) F(—-FE) —— Og

so F(—E) = Iy is the ideal sheaf of a zero-dimensional subscheme Z C E. Thus,
the moduli space PS° is isomorphic to the nested Hilbert scheme S/[go’"] in [18]
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parametrizing a pair (E, Z) of a divisor E in class 8 € H>(X,Z) and a zero-
dimensional subscheme Z C E of length n, where

/32
ch(ot)=1+,8+7—n~pt.

The isomorphism is given by sending
(E,Z)— (Os — Iz(E)).

The obstruction theory, and hence virtual fundamental class, of P2° is easily seen
to match the ones defined for S/[SO’"] in [18]. Indeed, the obstruction theory of the
latter at (E, Z) (see Proposition 2.2 and the proof of Proposition 3.1 in loc. cit.) is
given by

Cone(RHom(OS(—E), I7) - RHom(1I,~, IZ))
=RHom(Og — I7(E), I7(E)).

3. If m,d) =(2,1) then P;° is shown in [18, Proposition 3.1.5] to also be iso-

morphic to the nested Hilbert scheme S}BO’"J with ch(a) =8 — %2 + n - pt. The
isomorphism sends

(E,Z)— (05 —> Op(2)).

The virtual fundamental classes of PJ° and S/[go’"] are also shown to agree.

5.3 Invariant classes [M]™

When there are strictly semistable sheaves in M, we cannot obtain a class in \7. by
simply pushing forward a virtual fundamental class from H,(M,). However, Joyce
constructs classes [M, ] for every o such that [M, ™ = [M,]"I' when there are
no strictly semistable sheaves. The classes [M,]"™ appear when one writes down
wall-crossing formulae. We will now summarize — and slightly reformulate — the
construction of these classes in [31, Theorem 5.7, Sect. 9] when (m, d) is one of our
three cases.

First, we observe that it is enough to define the classes [M(,(]inV when « satisfies
Assumption 5.1. The definition extends to all & by requiring that [MQ(H)]"‘V is ob-
tained from [M, ]"™ via the map Hy(Mg®) — H, (MS%H)) induced by tensoring with
Ox (H). The argument that this definition is consistent is one of the core arguments
in Joyce’s theory proved in [31, Proposition 9.12].

Let IT: Px — M;}g be the composition of the projection Py — M x onto the
second component with the rigidification map My — ./\/l?(g . We define the K -theory

class T in Px by

T = Rp,F — Op,,
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where p: Px x X — Py is the projection. Then, one defines the class

Ta =T (cx@-1 TN PI IS 5) € HAME ST (53)

o

Alternatively, note that if we define I1, as the composition
I, : PO* Px — MyE

then by Assumption 5.1 the relative tangent bundle Try,, which has fibers

fo.m
—_—

HY(F)/C - s over a pair [s: Ox — F]e POT,
is a vector bundle of rank y (a) — 1 such that
Tl'I(, — f(%,]F)Trel

in K -theory. Equation (53) can be rewritten as
Ta = (M) (cop(Tn,) NIRTTT) € Vo, (54)

which is the form in [31, (5.29)].

Before we begin discussing wall-crossing, we set some notation. We will use o =
(a1, ..., qp) for the vector of K-theory classes and denote by « I « the fact that it is
a partition of «, i.e., o] + - - - + oy = o, where [ always denotes the length of «. When
we write Za,_a we mean a sum over all «q, ..., o7 suchthatay; +--- + o = .

The classes [Ma]in" € V* are now defined by

T, =

-1 I+1 : i i
Y IO b 1, 1, 1. ] D 59)

!

alo
o) =p(er)

Equation (55) provides an inductive definition of the classes [M,]™ by comparing
Yo = x(@[Mo]™ +---

where . .. is expressed in terms of classes [M, 1™ such that r(a;) < r(a). Note that
Assumption 5.1 implies x (o) > 0.

Remark 5.6 When M’ = M, there are no decompositions « = o + --- + o with
I >1, pla;) = u(e) and My, # 9. Hence the right hand side of (55) has only one
non-zero term, so

Ty = x (@) [Me]™.

Recall that without strictly semistable sheaves f: PO?+ — M, is a projective bun-
dle with fibers P(H?(F)) = PX®~! over [F] € M, by Proposition 5.4 and the
discussion following; moreover, [My]"™ = [M,]"" is actually the (pushforward to

H, (Mr)i(g ) of the) virtual fundamental class. Indeed, we have

Fe (cop(Tp) NIPET) = @) [Ma1™
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by the virtual pullback formula [41, Theorem 4.7]. The following heuristic is useful
to keep in mind: the class Y, is constructed so that the intersection theories against
[PO?JF]Vir and Y, are related in a way similar to a projective bundle; the wall-crossing
type formula (55) defines [ M, ]™ by “correcting” Y.

Above we only discussed the case of slope stability, but Joyce defines the classes
[M (t)]™ for any stability condition T satisfying his list of assumptions [31, As-
sumption 5.1 and 5.2]. In particular, this holds when (m,d) = (2,2) and 7 is the
Gieseker stability, by [31, Sect. 7]; note that Gieseker stability coincides with slope
stability when d = 1, so only the (2, 2) case is new.

It is well-known that slope stability u dominates Gieseker stability T in the sense
of [31, Definition 3.8]. In other words — if pg(z) < pr(z) for any two sheaves E, F
and any z >> 0, then w(E) < u(F). The dominant wall-crossing formula stated in [31,
Theorem 5.8, Theorem 7.64] applies precisely to this scenario and takes the form

[Mo (™ =Y Ule; i1, O[[ - [[Ma GOT™, [Mary GOT™], ... ], [May (0)1™]

oo

where U (a; i, T) are the coefficients defined in [31, Sect. 3.2]. Applying the com-
patibility of Virasoro constraints with the Lie bracket that follows from Theorem 1.9
and Proposition 3.11, we reduce Virasoro constraints for Gieseker stability to slope
stability.

Corollary 5.7 If Virasoro conjecture holds for [Me (W)™ forany a, i.e., [Mg ()™ €
Po, then it is also satisfied by [My, (t)]"™ where T is the Gieseker stability.

5.4 Wall-crossing formula for Bradlow stability

When working with pair wall-crossing formulae, we will include « into the partition
abFaby a=(x,1,...,00) and ag + o1 + -+ + o7 = «. Joyce’s wall-crossing
formula (Theorem 5.9 in [31]) between Bradlow stability 1/~ and p'+-stability is

[P 1T =) Ules p'~, ') (56)

oo
[[MO[I ]il’lV’ [[Maz]iIlV’ e [[Mal]inV’ [Patl;r]wr]’ o ]]
where
Ula; =, w*) =U (0. 1), ..., (0,p), (1, x0); 1=, n'+) € Q

are combinatorial coefficients defined in [31, Sect. 3.2]. In particular we have a wall-
crossing formula between the (limit) stability conditions %t and >

[P(SJr]Vlr — Z U(g)[[Mal]inv, [[Maz]inv’ e, |:[M0ll]i1’lv7 [Pg(;)]wr] L ]] (57)

alo
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where
U@ =U((0,ay),.... 0, ), (1,a0); u*, u™) € Q

Equations (56) and (57) are proven as equalities in the Lie algebra I-VI. (Nx) under
some technical assumptions (Assumptions 5.1-5.3 in loc. cit.) on the category Aand
on a set of permissible classes Cpe(,zl). The necessary assumptions are all verified
in Sect. 8 of loc. cit. for the cases (m,d) = (1, 1), (2,2). The case (m,d) = (2,1) is
not treated, but the first author plans to address this in a separate work focusing on
proving them for all pair theories relevant to Joyce’s wall-crossing.

Assumption 5.8 Let A be the abelian category of pairs U ® Ox — F, where F
is a sheaf with dim(F) <1 and U a vector space.21 Then the assumptions in [31,
Assumption 5.1-5.3] hold for this category and a surface S such that 1%2(S) = 0
with

Cpe(A) = {(e, [F]): e=0, 1 and dim(F) = 1} S Z x K2,(S),
S ={u':t eRoyp}.

Remark 5.9 Note that the data used in [31, Assumption 4.4] was constructed in Def-
inition 4.4. Most of the assumptions 5.1 - 5.3 are satisfied by a simple adaptation of
the arguments in [31, Sects. 8.2 and 8.3]. New ideas are needed only for the assump-
tions 5.2(b) and 5.2(h) where one needs to show that the stacks of semistable pairs
are finite type and the moduli spaces of stable quiver-pairs defined in [31, Def. 5.5]
are proper.

An important point in the rank reduction induction that we will use is that there
are no contributions of rank 0 objects in the wall-crossing formula above.

Lemma 5.10 Let o be such that r(«) > 0. If the coefficient U (o) is non-zero, then
r(e;) > 0 foreachi =0,1,...,1.

Proof Lett be awall and let f_ <t < t4 define stability conditions on the two cham-
bers adjacent to the wall. We have the wall-crossing formula between u'--stability
and p'*-stability given by (56). To prove the Lemma it is enough to show that the
coefficients U (a; u'~, u'+) vanish unless r(c;) > 0 for every i, since (57) can be ob-
tained by putting together the u'-/u'+ wall-crossing formulae; in other words, [31,
Theorem 3.11] can be applied iteratively to compute U () in terms of U (a; =, pu'+)
for z_, t1 in adjecent chambers.

Since w'-, u'™ are in the adjacent chambers to the wall defined by , the stability
' dominates (cf. [31, Definition 3.8]) both u/~ and u+. By [31, Theorem 3.11],
U(a; p'=, u'+) =0 unless

w1, a0) =ple) == ule) =pn (1, a).

2lAg opposed to A which was used in [31] to denote the category of all pairs without the restriction on
dimension.
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Since r(a) > 0, u' (1, o) < oo so it follows that r(a;) > 0 foreach i =0,1,...,1.
O

Formula (57) holds a priori in the Lie algebra ﬁ Nx). As explained in Re-
mark 4.5, we can pushforward this identity to the Lie algebra H, (Px) or, equiva-
lently, Vp (recall Lemma 4.10). However, our formulation of the Virasoro constraints
for the pair moduli spaces P! is not in terms of the class [P.]"'" e VP but instead of
its lift [P} ]Vlr OF) € VP to the vertex algebra (see Theorem 1.9). Hence it is desirable
to lift the formula (57) to the vertex algebra. We use the following Lemma to do so:

Lemma5.11 a) Suppose that u € \7. - V.pa and v € VP is such that
chY(phyNv=0.
Then
chY (pt) N [@, v] =0

where the bracket is the partial lift to the vertex algebra from Lemma 3.12.
b) Letu,v e V (a ) with tk(a1) > 0 be such that

chY(pt)y Nu=0=ch} (pt) N v
andu =7 in 17.pa. Then u =v in VP2,
Proof Since Xfyam is non-degenerate by Lemma 4.6, there is w € K*(X )®2 such that
xm(w, =) = (pt¥', —).

Comparing (20) and (44) it follows that ch})(pt) N — = w(1). Using the identity (13)
we have

Ch};(pt) N[u, vl =wa (o) = uo)(wayv) + (woyu) 1v — (wayu)o)v.

By hypothesis w(yv = 0. Since u € V, both wyu = w(1yu = 0 as the pullbacks of
chY (pt), chy (pt) to H*(M ) both vanish.
For the second part, suppose that u — v = T'(x). Consider the operator

. (_1)j ) v P
7t = ]Z(:) e T <ch1 (ot N )

on V.p (@1.02)" note that this is dual to the operator n from Remark 2.14. It follows

from Lemma 4.9 that
[eh (pt) N —, T] = chy (pt) N — = rk(er1)
from which it is easy to show that n' o T = 0. Thus, by the assumption,

u—v=n"(u—v)=n"(Tx)=0. O
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We can use the lemma to lift the previous wall-crossing formula to an equality

[P e =D U@  [[Mo 1™, [[Mo, ™. [[Ma 1™ [P 1S )] - 1]

oo

(58)

holding in V&, where all the brackets on the right hand side are the partial lift of the
Lie bracket to the vertex algebra. To deduce this from the lemma we note that

ch' (pt) N [PL 1 ) =

since the pullback of ch})(pt) to PO’ZO is £o(chy (pt)) = 0. By part a) of the lemma the
right hand side is also annihilated by ch}/(pt) and by part b) we must have equality —

both sides live in V. (L) and their classes in V* agree by (57).

5.5 Rank reduction of Virasoro

We can now explain the rank reduction argument for proving Virasoro on M, as-
suming that it holds for the stable pair moduli space PJ°. We described these spaces
explicitly in Sect. 5.2.

Theorem 5.12 Working with (m,d) = (1, 1), (2,2), suppose that the pair Virasoro
constraints (Conjecture 2.18) hold for PJ° for every a with r(a) > 0. Then the Vira-
soro conjecture holds for My, PO" for every a with r(a) > 0 and t € [0+, o], i.e.,

[M]™ € Py and [PLI™ e PP".
If the Assumption 5.8 holds, then the above is true also for (m,d) = (2, 1).

The strategy of the proof is quite simple: we will argue by induction on r(«) and
we will prove (assuming the induction hypothesis) that

P ) € B L (P T € P2 Y € Fo B 1™ < Fy

Implications (I) and (IIT) will follow from (58), (55) and the compatibility between
wall-crossing and Virasoro constraints proven in Propositions 3.11 and 3.13.

The implication (II) is a projective bundle compatibility. We will postpone its
proof until the next section, see Theorem 5.13, and prove Theorem 5.12 assuming it.

Proof of Theorem 5.12 We argue by induction on r(«). The base case is when r () >
0 is minimal and is dealt essentially in the same way as the induction step. Assume
then that [M,/]™ € Py for every a’ such that 0 < r(a’) < r(a); note in particular that
this holds vacuously if r(«) is minimal.

To prove implication (I) we consider the wall-crossing formula (58) and we look
at each individual summand

[[Mo, 1™, [[Ma, 1™, [[Me ™ [PTE ) )---1]
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with Zgzo“i = « and non-vanishing coefficient U(«) # 0. By hypothesis,

[P vir ¢ PP® Moreover by Lemma 5.10 we have fori =1, ...,/ that
ap 1O, F) 0

0 <r(o) <rlo)+rao) =r(@).
So the induction hypothesis applies and
[Mai]inV ePy for i=1,...,1.
By Propositions 3.11 and 3.13 we have
(Mo, 1™ [[ Mo ™. . [[Ma ™ [PETS )). - ]] € P

SO [Pg*]‘(’gf) € Pg *. The exact same argument shows that [ P! Vg)’]F € Pé’ * for any
t > 0: just replace the 0+ /oo wall-crossing formula (58) by the ¢ /0o wall-crossing.

For both implications (IT) and (IIT) we will assume that « satisfies Assumption 5.1.
This is enough to prove the result for every « since we may replace o by a(m H) for
large enough m so that «(m H) satisfies the assumption. As explained in Sect. 5.3,
Joyce classes [M,]™, [Ma(mH)]i“" are related by the automorphism H,(Myx) —
H,(Mx) induced by — ® Ox(mH). This automorphism preserves physical states
by Lemma 2.19.

The implication (II) is precisely Theorem 5.13. So we are left with implication
(III). For that, we use (55) and induction as in (I). The left hand side of (55) is
T, € 150. The right hand side is the sum of the leading term y (r)[ My "™ with terms
of the form

[ [[MaJ™, Mo, ™), ... ], [ Mo 1™]
withl > 2, o - o and p(o;) = (o). The latter condition implies that r(ct;) > 0, and
since [ > 2 it follows that 0 < r(¢;;) < r(«). Thus the induction hypothesis guarantees
that [M,, "™ € P, so by Proposition 3.11 we get
[ [[Ma 1™, (Mo, ™), ], (Mo 1™ ] € Py

Finally this implies that the leading term also satisfies Virasoro, i.e.,

[Mo]™ € Py
since x (o) > 0 by Assumption 5.1. O

5.6 Projective bundle compatibility

We recall the reader of the notation IT, I, Trel T, introduced in Sect. 5.3. For
ease of notation, we omit the superscript “pa” from now on when it is clear from the
context that we use the pair Virasoro operators.
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Theorem 5.13 Let o be a class satisfying Assumption 5.1. Suppose that POE)Jr satisfies

the pair Virasoro constraints (Conjecture 2.18), i.e., [PO?JF]% F) € Pé)a. Then

Ty = M (cy@-1(TH N [PO?J“]%’F)) € Py
satisfies the sheaf Virasoro constraints.

Proof We ought to show that fTa Lwi (D) =0 for any D € ]Do’f where we use the

suggestive integral notation to denote the pairing between a homology class Y, €
Ho(Mg?) and a cohomology class Lwiy (D) € D\}N(to’a > H(My®).
We have the following commutative diagram:

*
HLX

H*(P(1,0)) ¢ H*(Mz)

&, 2
N E

X,pa X
.<—)
D(l,a) Dwto,a

Hence we can Compute:
Lwiy(D) = / Lwty (D)
/Ta (Mo (cuop(Trig)NLPEH T
= [, MaltuD)eon(Tn,)
[P£+]v1r

= /[P0+]vir &r (Lwio (D)Cy(@)—1)

o

—1/ .
- Z (j +)1)' /[‘P0+]vir %-F (Lj(Rj_-il_lD)CX(a)_l) (59)

- j=—1
We use ¢y (@)1 € DX to denote the element in the algebra of descendents
Cr@)—1 = Cy(@)—1 (RpsF) € H* (M) =DX .
The penultimate equality is using that
Tn, = (f0.5) T = (f0.5)*(Rp+F — O) = Rp,F - O.

We can calculate ¢, 4)—1 more explicitly: by Grothendieck-Riemann-Roch we
have

ch(Rps«F) = p«(ch(F)A(X)) = £7 (che (td(X))) ;
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and by Newton identities it follows that

c(RpF) =67 [exp [ D (=D'(¢ = Dichy(td(X))
£>1

We denote by ¢ the corresponding element in the algebra of descendents and we
let ¢; be the degree i part of ¢, i.e.,

Y ci=c=exp| > (=D = Dlchy(td(X))

i>0 =1

Let n = x (@) — 1. We shall now argue that the integral at the end of (59) vanishes
assuming that PO([)‘|r satisfies the pair Virasoro constraints. For convenience, from now
on we leave implicit the geometric realization map &r in all the integrals against

P0+ vir
[Py

We start with the j = —1 and j = 0 terms in the last line of (59), which we treat

together. Their sum vanishes by simple degree considerations:

/[PM]V“ (LoR=1(D) = R_1(D))cn =/

¢ [PEH)vir

(Lo — id —nid)(c,R=1 (D))

= [, eraon=0. ©

o

Note that we used
£r(chl (td(X))) = / ch()td(X) = x(@)=n+1.
X

Consider now j > 1. By the Virasoro constraints on Pg* we have

_ O (il _ j+
0_/”’0+ L; (R} (D)C”)_/[Pg+]vir Li (R (D))en

- ]VIT

T RTYDIR;(en) — ! ~ch; (td(X)RH (D)e,. 61)
[PEH e [PEH)vir

We analyze the term where the derivation R; applies to ¢,; we may do so using the
interaction between an exponential and a derivation:

Rj(©)=| D (=D (€ + j)lchey ;X)) | c,
>1

SO

Rilcn)= Y (=D* alch, (td(X))cp.
a=j+1,b>0
a+b=n+j
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Using the Newton identities and the fact that Ty, is a vector bundle of rank 7, the
geometric realization of the above is

ERi@)= Y (=" alehy(Tn,)ep(Tn,) = jleh;(Tn,)ea(Tr,)
a>j+1,6>0
a+b=n+j
=&p(jlch; (td(X))cn) - (62)

It follows that the two last terms in (61) cancel out and we are left with

g 8 =0 ®

o

for j > 1. Using (60) and (63) for every j > 1 we have shown that the last integral in
(59) vanishes, and we are done. Il

Remark 5.14 We can formulate the previous Theorem more abstractly as follows: let
ue V.p?l @) be such that

1. ch’(y)Nu=0fori >0,y € H*(X);
2. cp(RpsF)Nu=0forb > y(a).

Then
u € PP = M (cye-1 (T Nu) € Fy.

The first condition is used when formulating the pair Virasoro constraints in terms
of L,? as in Conjecture 2.18. Condition (2) was used in (62); in the setting of the
Lemma, it is a consequence of the fact that Ty, is a vector bundle of rank y (a) — 1.

6 Virasoro for P2°
In this section, we finish the proof of the main result of this paper:

Theorem 6.1 Let X be a curve or a surface with h'"0 = h?9 = 0. Then the mod-
uli space M of slope or Gieseker semistable torsion-free sheaves on X satisfies the
Virasoro constraints, i.e.,

[M]™ e Py.

Under Assumption 5.8, the same statement holds for the moduli spaces of slope
semistable one-dimensional sheaves on such surfaces.

When there are no strictly semistable sheaves, the above statement proves Con-
jecture 1.5 in the cases (m,d) = (1,1),(2,2) and (2, 1) under Assumption 5.8 as
shown in Sect. 4.4. More generally, this theorem provides strong evidence for Con-
jecture 1.10 even when there exist strictly semistable sheaves.
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In order to prove Theorem 6.1, we are left to prove the Virasoro constraints for
P2 by Theorem 5.12. This is what we now proceed to do. Recall that we explained
in Sect. 5.2 that these moduli spaces are:

1. symmetric powers C™l for curves,
[0,n]

2. nested Hilbert scheme § 8 (both in the torsion-free and torsion cases).
In the case of the symmetric power of curves, we give an elementary and direct proof
in Proposition 6.2.

Recall from Sect. 5.2 that when rk(«) = 1, there is an identification

P> = pot

so it is enough to prove Virasoro constraints for the latter moduli space in this case.
Under Assumption 5.1, the natural map P3+ — M, is a projective bundle — see
Remark 5.6. For a general o the map is a virtual projective bundle, see Sect. 6.2. This
structure can be used to show the equivalence between Virasoro constraints on PO+
and M,,. Indeed, the implication from Pg* to M,, was already used in the general rank
reduction argument (Theorem 5.13). We will prove the implication from M, to Po(t)+
in Corollary 6.4. It will follow from the formula (65), expressing the class of Po(l)+
in terms of M, using Joyce’s Lie bracket. Although this formula can be interpreted
as a wall-crossing formula (see Remark A.1) we will give a direct proof from the
definition of the Lie bracket.
Concretely, for surfaces, this virtual projective bundle is identified with the map

Sl[go’"] — st

that forgets the divisor £ and remembers the 0-dimensional subscheme Z. Virasoro
constraints were proven for Hilbert schemes of surfaces with KOl =0in[47, 48]. In
Sect. 6.3 we use this to prove the constraints for nested Hilbert schemes and finish
the proof of Theorem A (2), (3).

Finally, we point out that some of the results in this section can alternatively be
shown using Joyce-Song wall-crossing, which we discuss in the Appendix. In partic-
ular, Proposition 6.2 is a special case of the more general Theorem A.3.

6.1 Symmetric powers of curves

Symmetric powers C"! parametrize divisors E € C of degree n or, equivalently,
non-zero maps of the form O¢c — Oc¢(E). They come equipped with a universal pair

Ocinxec = Ocinyc(E)

where €& C Cl"l x C is the universal divisor.
Let

fe;¥_, cHYN(O), {f¥52, S HY(©)

/ﬂﬁZ—/QEZM-
X X

be basis such that
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Proposition 6.2 Let C be a curve and n > 1. Then the pair Virasoro conjecture (cf.
Conjecture 2.18) holds for the symmetric powers C™™ i.e., [C[”]](O oE) € V&

Proof Let f: C" — C!™l be the projection from the n-fold product C" = C*" to the
symmetric product; f is a finite morphism of degree n!. The pullback via f of the
universal pair

Ocxcim = Oy (E)
toC x C"is
Ocnxc — Ocnxc (D)

where A =3)""_| A; and A; € C" x C is the pullback of the class of the diagonal
C C C x C via the projection onto coordinates i and n + 1. By the push-pull formula
we have

/ Eoum (D) = n! f Eoe)(D).
cn clnl

Thus Virasoro for symmetric powers may be formulated entirely as a relation
among integrals in C”. Let us denote by «; € H*(C") the pullback of a class
o € H*(C) via projection onto the i-th coordinate with i =1, ...,n. We compute
descendents in H*(C"); in the formulae below and from now on, we omit the geo-
metric realization morphism £ a):

= ]_[pti=%n"

ICn], [I|1=kiel

chil (1) = nchfl (pt) — Ochll | (pt) =n—

k
chi (ej) = ch' (ej)chy! (pt) = Chg(ej)%
k—1
() = el ey o0 = ehll () o',
where

chiie) =Y eji. i)=Y fii,

i=l i=1
g n
6= chi'(fjchi(e;). n=chil(ph =) pt.
j=I1 i=1

The formulae above show that the geometric realization map factors through the
ring

D = Cln, {chfl ()Y, fchi (FHY ],
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formally generated by symbols 7, chg(e i) ch’l{( fj)- Moreover the Virasoro operators
are well defined on D€ . Indeed, define

Do =R +79: 5 - B¢
as follows:

1. Ry is a derivation on D€ defined on generators by
Ren =n"". R(chii(e,) =0, Re(chi (/) = (k+ Dn“chi'(f)).
2. ?,f) is multiplication by the element
(1 — 9)kn* —nn* +kon*—' € D¢

Claim 2 The following square commutes:
D¢ —— D¢

|t e
D¢ e H*(C™)
Proof The proof is a straightforward computation. O

We now take an element

8
D=x" ]—[ chll(f)% chfl(e;)b7 € DC.
j=1
Then we have

LO(D) = (¢t + (k+ Da)y*D + (1 — 9)kn*D — mn*D + k6n* ' D

where a = Z§=1 a;. By degree reasons, the integral of L,? (D) vanishes unless k +
a + £ = n; when that is the case, it simplifies to

L9(D) =k(a — g)n*D + kon* ' D.
To finish the proof we are required to show that
(g—a) . n"D:/ﬂ n*~'eD. (64)
We use the following easy claim:

Claim 3 The integral
g
/ T Tehf (£ chff (e )™
¢ i=1
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vanishes unless aj =bj € {0, 1} forevery j=1,...,gand k + £ + Z§:1 aj=n.lIn
that case, the integral is equal to
/ n" =n!

By the claim we may assume that a; = b; € {0, 1}, otherwise both sides of (64)
vanish. Letting J = {1 < j < g: a; =1} we have

/” N1 T [ bt (fj)chl (e))

jelJ

8
=3 [ e entien [T ehllcfpebiie)
=1

jeJ

=y fc T enfl (S en) [T ehif())ehe))

te[g\J jeJ
= (g~ 1/hn!=(g~ a)f" n T (peng e
¢ jeJ
showing (64) and concluding the proof. |

6.2 Virtual projective bundle compatibility

Let M = M, be a moduli space with a universal sheaf G as in Sect. 1.2, without
strictly semistable sheaves. If H z1(G) = 0 for every sheaf [G] € M, then Rp,G =
p«G is a vector bundle of rank x («) and we may form the projective bundle

f: P=Py(Rp.G)—> M.

This projective bundle is naturally a moduli space of pairs: it parametrizes non-zero
pairs of the form Oy — F such that [F] € M.

More generally, H. Park considers in [55, Sect. 4] the situation in which
HZ?(G) = 0. In this case, we have a virtual projective bundle f: P — M where

P =Py (Rp«G) := ProjSym*h°(Rp.G)") .

The morphism f comes equipped with a natural relative perfect obstruction theory.
By [41], there is a virtual pullback f ' Ao(M) > A.(P) between Chow groups. It
is easily seen that the sheaf obstruction theory on M, the pair obstruction theory
on P and the relative obstruction theory on f are compatible in the sense of [41,
Corollary 4.9], hence

[P]Vir — f’[M]VII‘ k
The moduli space P comes equipped with a unique universal pair
Opxx = F = f*GQ).

Note that F does not depend on the choice of G.
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The virtual pullback relation between the virtual fundamental classes can be trans-
lated to Joyce’s vertex algebra framework as follows:

Proposition 6.3 Let f: P — M be a virtual projective bundle as described before.
Then we have:

[PIG g = [[M1, 0T, (65)
X@IMI = T (€01 (T N [P 5 ) - (66)

In the first formula, the bracket is the partial lift to the vertex algebra in Lemma 3.12
and e1'9 is the class of the point {(Ox, 0)} in Hy(P(1,0)) € Ve,

Proof The second statement (66) is a consequence of [55, Theorem 0.5 (2)]. For the
first formul we give a direct proof straight from the definition of the bracket. We do
so by evaluating both sides against descendents

D e ]D)(l a) = H*(Pa,a)) -

By a similar argument to the one in Lemma 5.11 a) it is enough to consider D €

]D)X - D p) since otherwise both sides would vanish.
We start with the left side:

f , D=/ ,E]F(D)=/ & (D)
[P]Vir [P]Vir f![M]V"

(O,IF)
= deg <f* (Ercay(D)N f![M]Vir)>-
By Lemma 2.8 we have
Ercn(D) =Y~ fec (R D)c (O
j=0 J:
and the argument in the proof of Proposition 4.2 in [55] shows that
Feler @MY 0 FIIMIT) = 51—y @+1 (Rp<G) N M,

where s; (Rp.G) = ¢;(—Rp+G) are the Segre classes of Rp,G. Putting everything
together, we find

/[P]m D=3 = / &6 (RL D)3y (@11 (RPG). (67)

ror j>0 M]v1r

The analogous formula for the pairing with the right hand side can be deduced
directly from Joyce’s definition of the fields (31). Since [M ]Vlr is a lift of [M """ we
can compute the bracket by

[[M]vir’ 6(1,0)] RCSZ -0 Y([M]VII' Z)e(l,O) .
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Recall that R_ is dual to T and note that the pullback of ®P? to M via the map
M =M x {(Ox,0)} — Po,a) X Pa,0)

is precisely —Rp.G. Using these two facts one checks that

/ D=yt / &6(R) | D)ci(—Rp.G).  (68)
Y([M]Er,z)e“v“) j,iZO ] : [MVir
Clearly taking the residue in (68) gives (67), finishing the proof of (65). O

As a result, we get compatibility of the Virasoro constraints with respect to (vir-
tual) projective bundles.

Corollary 6.4 Let f: P — M be a virtual projective bundle as described before. Then
the sheaf Virasoro constraints on M imply the pair Virasoro constraints on P, i.e.,

[M]" e Vo= [PI 5 € Vg

If f: P — M is actually a smooth projective bundle (i.e., R'p,G = 0) we have the
converse implication

(P15 € Ve = [M] € Vo.

Proof The first implication follows from the first formula in Theorem 6.3, Propo-
sition 3.13 and the straightforward fact that (1.0 e Pg ®. The converse implication
follows from Theorem 5.13. U

Remark 6.5 For the second implication, we really need f to be a smooth projective
bundle. This is due to the fact that in the proof of Theorem 5.13 we used that Ty, is
a vector bundle of rank x (o) — 1, see Remark 5.14. Indeed, if the moduli space M is
such that p,G =0 (e.g. if M = My u) for m sufficiently negative) then P is empty
but the Virasoro constraints on M are non-trivial.

6.3 Nested Hilbert scheme

We now treat the base cases for parts (2), (3) of Theorem A. Let S be a surface with
WOl =p02 = 0. Let Sg)’"] be the nested Hilbert scheme as in [18]. It parametrizes a
pair of subschemes

ZCECS

where E is a divisor in class 8 and Z C E is a 0 dimensional subscheme of length 7.
We have universal subschemes

ZCECS,
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where we use S = § x S,[SO’"]. As explained in Sect. 5.2, the nested Hilbert scheme

SIE}O’"] can be seen as a moduli of Bradlow pairs in 2 ways, by looking at a point
(E,Z) e Sg)’”] either as

Os— Iz(E) or Os— Op(Z).

That is,
[0.n] ~ poo
Sﬁ _P(l,,B,—n+,32/2)
~ po
= P(O,ﬁ,n—ﬂ2/2) .

Each description comes with a natural universal pair, namely

Og—12z(€) and Og— Og(2).

The first description allows us to describe S/[SO’”] as a virtual projective bundle over the

Hilbert scheme of points on S. Let @ be such that ch(e) = (1, 8, —n + B%/2). Since
a does not decompose as o] + a with r(a;) > 0, a pair Og — F is u'-(semi)stable
if and only if F is torsion free if and only if F is stable, so the moduli space P/ does
not change with ¢ and we have a map

f:PX=PM 5 M,.
Since %! = 0 there exists a unique line bundle Lg with ¢i(Lg) = 8. Hence,
My ={Iz®Lg: Z < X is 0 dimensional of length n} = M ,0,—») = N

Note that the deformation theory of M, is smooth (see e.g. [14, Proposition 2.2]),
so under the isomorphism above the virtual fundamental class [M,] coincides with
the usual fundamental class [S].

We claim that if Sg)’”] is not empty then the map f is a virtual projective bundle as
described in the previous section. For this we need to show thatif F =1, ® Lg € M,

then H>(F)=0.If Sl[go’"] is not empty then there must exist a divisor E C § in class
B. Considering the long exact sequence on cohomology obtained from

0—0s— Os(E)=Lg— Op(E) =0

and using that H2(Os) = 0 it follows that H2(Lﬁ) = 0. Then the long exact sequence
on cohomology associated to

0—-1z7QLg—>Lg—>0z@Lg—0

shows that H>(Iz ® Lg) = 0.

Proposition 6.6 The nested Hilbert scheme S/[go’"] satisfies the Virasoro constraints
with either of the two descriptions as a pair moduli space, that is,

vir vir
[S/[ﬁo’n]] € Pga and [Sl[go’”]] € Pga .
(0,12(8)) (0,0¢(2))
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Proof We begin with the first statement. It was proven in [47, Theorem 5] that the
Hilbert scheme S = M ,0,—n) satisfies Virasoro constraints; see Remark 2.4 and
Proposition 2.16 for a comparison between the formulation in loc. cit. and ours. By
Lemma 2.19, it follows that Virasoro constraints hold for M,, for any « of rank 1. By
Corollary 6.4 and the discussion preceeding this Proposition,

[0,n] vir _ rpooyvit  _ [ pO+qvir pa
[Sﬁ ](0,12(5»_[[)“ orn =P on el -

We now deduce the second statement from the first. The dual of Og(Z) in K -theory
can be computed to be

O0s(2)' = -0e(=2)® Os(€) = —12() + Os..
In the first equality we used [22, Example 3.41] and in the second we used
Oc(=2)=0g -0z =—-(0s(=8) — 12).
As a consequence,
(Oe(2) - 0s5)" =—1z(8).
Define the involution |: DX:P2 — DX.P2 by
I(chi"” (1)) = = (=1 Pehi™ Y (),
I(chi™" Y (1)) = —(= D Pehi T ().
By the previous computation of duals, we have

§0,062) =§0,1z6) 0.

We can see straight from the definition of the pair Virasoro operators Lia (see
Sect. 2.6) that

loLf" = (=DfLP ol

With all these observations, the equivalence between the two statements becomes
clear. Indeed,

/[5;3"1]““ = /[sgo,n]]vif §0.0¢(2) (L (D))
(0.0g(2))
= / e 50,12 (LT (D))
[5]
= (=Dt f[sm,ﬂ]m 0.1z (L (D))
B

@ Springer



470 A.Bojko et al.

—(_1)k pa _

=(-1) /l;[O,n]]Vir Lk (D)) =0.
B lo1z©)

vir

This shows that [S/[go’"]]
(0,0¢(2))

€ Pg * as well and finishes the proof. g

Appendix: Joyce-Song wall-crossing and punctual Quot schemes

In Sects. 5 and 6 we have explored equivalences between Virasoro constraints in
different moduli spaces that ultimately led to the proof of Theorem A. Some of these
equivalences are shown in the following diagram:

Mn M,ﬁ,n
n 0,n
clnl Sg
Jac(C) Sln]

(A.1)

where M, and Mg, denote the moduli of zero-dimensional and one-dimensional
sheaves, respectively. The labels RR, JS and PB stand for rank reduction (Theo-
rem 5.12), Joyce-Song wall-crossing and projective bundle compatibility, respec-
tively. The rank reduction argument was the main content of Sect. 5. The projective
bundle compatibility was explained in Sect. 6.2 and used in Sect. 6.3 to show that
the Virasoro constraints hold for nested Hilbert schemes. This appendix concerns the
remaining arrow: Joyce-Song wall-crossing expresses the virtual fundamental class
of moduli of pairs in terms of the classes of moduli of sheaves.

A general formulation of Joyce-Song wall-crossing formula is proved in [7, The-
orem A.4], and we recall it below, see (A.4); in the case of moduli of vector bundles
on curves it appears already in [11, Theorem 2.8]. For the symmetric power of curves
the consequence of (A.4) is

1 . .
[ 00 =D o [ T [ [TM T O] ] (A2)

nkn

where ¢(1:9 € VP is the class of a point {(Ox, 0)} in the component P gy and M,
is the moduli space of 0-dimensional sheaves of length 7.

In particular, this formula together with Lemma A.2, which shows that [Mn]inV S
P, gives an alternative proof of the Virasoro constraints for the symmetric power
of a curve (Proposition 6.2). More generally, the same approach proves the Virasoro
constraints for punctual Quot schemes Quoty (V, n) on curves and surfaces, which
are of independent interest and for which we do not know a direct proof without
wall-crossing techniques. We also remark that the first part of Proposition 6.3 is a
special case of the Joyce-Song wall-crossing.
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A.1 Joyce-Song pairs and wall-crossing

Joyce-Song stable pairs are named after their first appearance in the work of Joyce
and Song [32, Sect. 12.1]. Let X be a curve or a surface, « € C(X) and let V be a
fixed torsion-free sheaf on X such that

Ext=2(V, F) =0. (A.3)

Recall that pr(z) denotes the reduced Gieseker polynomial of a sheaf F' where we
will also use the notation py(z) := pr(z). Joyce-Song pairs consist of a sheaf F and
a morphism

v F
with the following stability condition:

1. F is Gieseker-semistable;
2. s #0;
3. thereisno 0 # G C F with pr(G) = pr(z) such thatim(s) € G.

We denote the resulting moduli space by ngx. It has an obstruction theory at each
[V—>F]eP o given by

RHom([V — F], F),

which is 2-term by (A.3). Denote by [P0+ 1VI* the resulting virtual fundamental class.

When V = Oy, this stability condmon is essentially the one in Proposition 5.4,
except there stability is given in terms of p-stability and we now work with Gieseker
stability because of a technicality explained in [7, Rem. A.3]. This makes no differ-
ence in our applications, because we either work with sheaves supported in dimen-
sion < 1 or ideal sheaves, in which cases PO+ o, coincides with the previously defined

POJr Note also that Assumption 5.1 implies the vanishing Ext=2(Ox, F) =0. As ex-
plamed in [7] (see Definition A.1 and the discussion afterwards), one can construct a
1-parameter family of stability conditions that connects the Joyce-Song stability to a
stability condition in which the stable objects are U ® V — 0 for some vector space
U and 0 — F for some Gieseker stable F.

The author then used Joyce’s general theory to show the following wall-crossing
formula for any X = C, S (cf. [7, Theorem A.4]):

A 1 A .
0+ vir _ v].0
(PRI = Y (M 1, [ [0 1, 000] )
oo
Pa; =DPa
where e[V1-0 ¢ VP* s the class of a point in the component P [y o). This formula

holds in V*, but using Lemma 5.11 and the same argument that appears after the
Lemma, we can lift it to V&*:

1 . .
Py gy = D g [(Ma ™ [ [Ma ™, IO ]] A
aka
Pa; =Pa
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We recall the argument: clearly ch}/(pt)ﬂ annihilates both [ng; z{‘f* y.m and V1o,
so by Lemma 5.11 a) it annihilates both sides of (A.4) and by part b) of the same
Lemma (together with the original wall-crossing formula in 4 %), we conclude (A.4).

The necessary assumptions for wall-crossing formulae to hold, similar to the ones

alluded to in Assumption 5.8, were explicitly checked in [7, Appendix].

Remark A.1 Suppose that « is such that there are no Gieseker strictly semistable
sheaves of type «. Then condition (3) in the definition of Joyce-Song pairs is vac-
uous and Pg::l admits a description as a virtual projective bundle (cf. Sect. 6.2)

Pt =Py, (Rp«(¢*VY ®G)).
Under this assumption, there are no decompositions o = o1 + - - - + o with py, =
Da> My; # 9 and [ > 1. In this case, (A.4) becomes

[P\?L]&r*v,m _ [[Ma]inv’ e([[v]],O)] )

When V = Oy this is precisely the formula (65), for which we gave a direct proof.
A.2 Application to Quot schemes

One special case of Joyce-Song pairs are punctual Quot schemes, and we can use
(A.4) to give a proof of the Virasoro constraints for them. We currently do not have a
direct proof of these without wall-crossing techniques.

For X = C, § and a fixed torsion-free sheaf V on X, the Quot scheme Quoty (V, n)
for X = C, S parameterizes equivalence classes of surjective morphisms V — F
from V to a zero-dimensional sheaf F. When V is a vector bundle, the virtual funda-
mental classes

[Quoty (V, n)]Vir

were constructed by Marian-Oprea-Pandharipande [42, Lemma 1.1] (see Stark [59,
Proposition 5] for a more detailed proof). It was remarked in [7, Sect. 1.1] that the
same obstruction theory given at each [V — F] € Quoty (V, n) by

RHom([V — F1, F)

is perfect of tor-amplitude [—1, 0] whenever V is more generally torsion-free. To ap-
ply (A.4), we use the identifications of moduli spaces and virtual fundamental classes

P\(;—; = Quotx(V,n), [PS:;]vir — [QUOtx(V, n)]vir

following immediately from their descriptions above; note that we are writing n for
the K-theory class of the sheaf (’)g?”. To prove the Virasoro constraints for Quot
schemes, we first show that the invariant classes counting zero-dimensional sheaves
satisfy them. Note that M,, has virtual dimension 1, which makes a direct proof ac-
cessible.
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LemmaA.2 Foranyn > 0andany X = C, S, the class [M,,]™ is primary, i.e.,
(M, ™ € Py.
Proof By Proposition 3.16, it is sufficient to prove that

/ (k= 80)(D)=0 forall k>0, DeD¥,
[M,, Y

where [M,]™ € V, is the unique lift of (M, ]™ e V. satisfying chlf(l) N [M,]™.
Since Lg acts as the multiplication by the conformal degree 1, the case k = 0 follows.
On the other hand R{(D) annihilates [M, ] by degree reasons. In conclusion, it
suffices to prove that f =T =

Recall the definition otJ T from Sect 2.3 leading to

Ti= Y DO D2+ D2 ] ehlf (7 eh ()

where A, (td(X)) =), J/SL ® VSR. Therefore it suffices to consider the Kunneth com-
ponents satisfying | pZ'| = | pR| which is further restricted by pL + pR > dim(X). On
the other hand, chg(—) has a property that (after realization)

fxyv Unpt lf p? _QV _0

chH =
(Vs) { if pt=gF>0 or pt>gXk.

These vanishing properties are enough to prove that f[ M, w11 =0when X =C.
When X = S, we additionally need that

chf (12 N [M, ™ = chH (y2*) N [M,]™ =0 (A5)

for all y1-2 € H'2(X) and y>* € H>*(X). This follows from [7, Lemma 4.2], but
we make the argument used to prove it explicit in terms of descendents. Note that
both chH(y1 2y and chH(y2 *) use the first Chern character ch(F) of the universal
complex over Mpt X X 2?2 By the construction of invariant classes, they lie in the
image of the pushforward map

Ly - Ho(/\/npt) — He(Mppt)

where ¢ : Nypt = N, npty <> Mpupt denotes the open immersion from the stack of
zero-dimensional coherent sheaves of length n. Then the extra vanishings (A.5) fol-
low from the geometric fact that (¢ x idx)*F is the universal zero-dimensional sheaf
on Nt x X hence (¢ x idx)*ch; (F) =0. O

We now conclude the precise version of Theorem 1.12. Because of
Quotc(O¢,n) = C",

Proposition 6.2 is a consequence of this more general result.

22Recall that Mt is the stack of all perfect complexes with class npt.
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Theorem A3 If X = C or X = S with h*°(S) = 0, punctual Quot schemes
Quotx (V, n) satisfy pair Virasoro constraints, i.e.,

vir

[QuotX(V, n)](p*V,IF) € Pé)a .

Proof As a corollary of (A.4), we obtain the wall-crossing formula for Quot scheme
involving invariant classes of zero-dimensional sheaves:

vir 1 inv inv
[Quoty (V. )]Gy oy = D 7 (1M ™. [ [[Ma] L VEOT. 7).

nkn
Using Lemma A.2 and Proposition 3.13, we conclude the result. g
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