E'HZUfICh ETH Library

Quantum Error Correction with
Superconducting Circults

Doctoral Thesis

Author(s):
Lacroix, Nathan

Publication date:
2025

Permanent link:
https://doi.org/https://doi.org/10.3929/ethz-b-000740393

Rights / license:
In Copyright - Non-Commercial Use Permitted

This page was generated automatically upon download from the ETH Zurich Research Collection.
For more information, please consult the Terms of use.



https://orcid.org/0000-0003-2002-9495
https://doi.org/https://doi.org/10.3929/ethz-b-000740393
http://rightsstatements.org/page/InC-NC/1.0/
https://www.research-collection.ethz.ch
https://www.research-collection.ethz.ch/terms-of-use







DISS. ETH NO. 31121

Quantum Error Correction with
Superconducting Circuits

A thesis submitted to attain the degree of

DOCTOR OF SCIENCES
(Dr. sc. ETH Zurich)

presented by

NATHAN LACROIX

born on 29.12.1995

accepted on the recommendation of

Prof. Dr. Andreas Wallra[_&xaminer
Prof. Dr. Christian K. Andersen, co-examiner
Prof. Dr. Markus Miiller, co-examiner

2025






Errare quanticum est, corrigere angelicum.

with apologies to Seneca






Abstract

Quantum computing has the potential to solve problems that are intractable
for the most powerful supercomputers, which has far-reaching implications
for science and technology. However, to realize this potential, quantum
computers must overcome errors arising from decoherence and imperfect
control. Quantum error correction provides a path to bridge the gap between
physical error rates and the extremely low logical error rates required for
guantum computing applications, at the expense of additional qubit resources.

A scalable approach to fault-tolerant quantum computation must address
two overarching challenges: preserving quantum information in idling logical
gubits with a manageable qubit overhead, and performing logical operations
on these qubits e Cciehtly. Superconducting circuits provide a promising
platform for addressing these challenges, but until recently, experimental
demonstrations were limited to error detection protocols or repetition codes,
which do not protect logical qubits from all possible types of errors.

In this thesis, we advance the state-of-the-art in quantum error correction
with superconducting circuits through three main contributions. First, we
implement repeated quantum error correction using the surface code, a leading
approach for error correction due to its high tolerance to errors. Leveraging
17 physical qubits in a superconducting device, we realize a distance-three
logical qubit, the smallest instance of the code capable of correcting an
error occurring on any of the physical qubits. We preserve logical states by
measuring both bit- and phase-flip error syndromes and applying corrections
via a minimum-weight perfect-matching decoder. We achieve a low logical
error probability of 3% per cycle when using a leakage-rejection method that
discards experimental runs in which leakage is detected.

While e [edtive for small-scale experiments, the leakage-rejection approach
used in the surface code cannot be extended to larger system sizes, because
the fraction of retained data decreases exponentially with the number of
qubits. To address this limitation, we present a universal leakage reduction
unit (LRU) based on parametric flux modulation capable of suppressing
leakage with high fidelity and minimal impact on computational states. The
LRU is applicable to both auxiliary and data qubits and operates in just
50 ns with fidelities comparable to single-qubit gates. We integrate the LRU
in a distance-three surface code and demonstrate that it reduces errors with
the key benefit of retaining all the data.

Finally, we implement logical qubits using the color code, which requires
fewer qubits and enables more e [cieht logical operations than the surface



code but involves more complex stabilizer measurements. We scale the
code size and provide evidence that larger logical qubits have lower logical
error rates, an essential principle of quantum error correction that relies
on meeting stringent experimental requirements. Additionally, we realize
transversal single-qubit logical gates and multi-qubit logical operations via
lattice surgery, thereby demonstrating key techniques for error-corrected
logical operations.

Together, these contributions advance the experimental realization of error-
corrected quantum computation in superconducting circuits and strengthen
the evidence that large-scale quantum computation can be realized in practice.

Vi



Résumé

Les ordinateurs quantiques ont le potentiel de résoudre des problémes in-
accessibles aux supercalculateurs les plus puissants, ce qui pourrait avoir
des implications majeures pour la science et la technologie. Cependant,
pour exploiter ce potentiel, ils doivent surmonter les erreurs induites par la
décohérence et un contrdle imparfait. La correction d’erreurs quantiques
permet de combler I'écart entre les taux d’erreur physiques et les taux d’erreur
logiques extrémement faibles requis pour les applications de I'informatique
guantique, au prix d’une utilisation accrue de ressources en qubits.

Afin d’obtenir une méthode de calcul quantique tolérant aux erreurs, I’doit
relever deux défis majeurs : préserver I'information quantique dans des
qubits logiques avec un colt en qubits maftrisé, et exécuter e [cadement des
opérations logiques sur ces qubits. Les circuits supraconducteurs constituent
une plateforme prometteuse pour relever ces défis, mais jusqu’a récemment,
les démonstrations expérimentales étaient limitées aux protocoles de détection
d’erreurs ou aux codes de répétition, qui ne protégent pas les qubits logiques
contre tous les types d’erreurs possibles.

Dans cette thése, nous faisons progresser I'état de I'art en correction
d’erreurs quantiques avec des circuits supraconducteurs a travers trois con-
tributions majeures. Premiérement, nous mettons en ceuvre la correction
d’erreurs guantiques répétée avec le code de surface, une approche de référence
en raison de sa grande tolérance aux erreurs. En utilisant 17 qubits physiques
implémentés avec un circuit supraconducteur, nous réalisons un qubit logique
de distance trois, la plus petite instance du code capable de corriger une erreur
aledtant n’importe quel qubit physique. Nous préservons les états logiques
en mesurant les syndromes d’erreurs et en appliquant des corrections a I'aide
d’un décodeur par appariement parfait de poids minimal. Nous atteignons
une probabilité d’erreur logique par cycle de 3% lorsque nous utilisons une
méthode qui élimine les essais expérimentaux ou une fuite hors de I’'espace de
calcul est détectée.

Bien que cette approche soit e [cade pour des expériences de petite &chelle,
elle ne peut €tre étendue a des systémes plus grands, car la fraction de données
conservées diminue de maniére exponentielle avec le nombre de qubits. Pour
surmonter cette limitation, nous présentons une unité universelle de réduction
de fuites (URF) basée sur la modulation de flux paramétrique, capable de
supprimer les fuites avec une grande fidélité et un impact minimal sur les états
de calcul. L’URF est applicable aussi bien aux gubits auxiliaires qu’aux qubits
de données et fonctionne en seulement 50 ns avec des fidélités comparables a
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celles des portes logiques a un qubit. Nous I'intégrons dans le code de surface
de distance trois et démontrons qu’elle réduit les erreurs tout en permettant
de conserver I’ensemble des données.

Enfin, nous réalisons des qubits logiques en utilisant le code de couleur,
qui requiert moins de qubits que le code de surface et permet des opérations
logiques plus e Ccades, mais implique des mesures de stabilisateurs plus
complexes. Nous augmentons la taille du code et apportons des preuves
gue des qubits logiques plus grands présentent des taux d’erreur logique
plus faibles, un principe fondamental de la correction d’erreurs quantiques
qui repose sur le respect de conditions expérimentales strictes. De plus,
nous réalisons des portes logiques transversales a un qubit ainsi que des
opérations logiques a deux qubits via la chirurgie de maille, démontrant ainsi
des techniques clés pour la mise en ceuvre d’opérations logiques corrigées
d’erreurs.

Ensemble, ces contributions font progresser la réalisation expérimentale
du calcul quantique corrigé d’erreurs dans les circuits supraconducteurs et
renforcent les preuves que le calcul quantique a grande échelle pourra &tre
réalisé en pratique.
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Introduction

In 1947, the invention of the transistor at Bell Labs marked a turning
point in computing, laying the foundation for modern digital technology.
This semiconductor device acts as an electrical switch, controlling the flow
of current and enabling the physical encoding of binary information as 1
(current flowing) or 0 (no current). Over the following decades, transistor
miniaturization fueled an exponential increase in computational power, leading
to about a billion-fold increase in processing power since 1965 [Moore65,
Roser23]. This rapid growth in computational power has transformed many
aspects of modern civilization, ranging from the development of the internet
and large-scale scientific simulations to smartphones and the rise of artificial
intelligence.

Yet there are still many problems that today’s most powerful computers
cannot solve in a realistic amount of time. While future generations of
supercomputers may further extend computational capabilities, some compu-
tational problems may forever remain intractable for traditional computers.

In the early 1980s, Richard Feynman highlighted one such limitation: com-
puters cannot simulate quantum mechanics e [ciehtly [Feynman82]. This
limitation is significant because quantum mechanics underpins the behavior
of atoms, molecules, materials, and biological systems. Accurate simulations
of qguantum mechanical systems could therefore enable advances in chem-
istry [Caol9], materials science [deLeon21], and drug development [Liu22].
Inspired by earlier work on reversible computation [Fredkin82], Feynman
proposed an alternative computing model, known as quantum computing,
which leverages principles of quantum mechanics to simulate quantum systems
e Lciehtly. A key distinction between this model and classical computing lies
in how information is encoded: instead of encoding binary values of 0 or 1
using transistors, quantum computers encode information using quantum
bits (qubits), which can exist in superpositions of both states simultaneously



Chapter 1. Introduction

until it is measured. This quantum mechanical concept of superposition is
famously illustrated by Schrodinger’s thought experiment, in which a cat
can be alive and dead until observed. This fundamental dilerknce allows
guantum computers to process information in ways that classical systems
cannot.

This new computing paradigm sparked a wave of developments in quan-
tum algorithms [Deutsch92, Shor94, Kitaev95, Grover96, Shor97], leading
to potential applications beyond quantum simulation, such as in cryptogra-
phy [Shor94], optimization [Farhil4, Lacroix20], and machine learning [Liu21].
However, executing these quantum algorithms for practical applications re-
quires hundreds to thousands of qubits, and the application of 108 to 10%3
guantum logic gates [Beauregard03, Weckerl4, Reiherl7, Lee21]. To ensure
reliable execution, quantum gate errors must be at least an order of magnitude
lower than the inverse of the total number of gates applied, i.e. about 10~°
to 10714,

Since the first experimental demonstrations of qubits and quantum logic
gates [Monroe95, Nakamura99, DiCarlo09, Isenhower10], advances in material
engineering, control electronics, device design, and calibration protocols have
reduced the physical error rates of quantum operations by several orders
of magnitude [Kjaergaard20, Bruzewicz19]. Recent quantum computations
controlling more than 100 qubits [Kim23, Google Quantum AI25, Bluvstein24]
have achieved average quantum gate error rates in the range of 1072 to 1074
Nevertheless, these error rates remain several orders of magnitude higher than
those required for practical quantum computing applications, as illustrated in
Fig. 1.1. While continued improvements in qubit performance and control are
crucial, it is expected that hardware improvements alone will not be su [cieht
to reach the ultra-low error rates required for practical quantum computing.

A promising approach to bridging the gap between achievable physical
error rates and the low logical error rates required for practical applications
is quantum error correction (QEC) [Shor95, Knill97, Gottesman97, Terhall5].
The underlying principles of QEC are closely related to classical error cor-
rection methods used in telecommunication, such as in the recent Wi-Fi 6
protocol [IEEE21], and in data storage [Zhaol3] but are adapted to the strin-
gent constraints of quantum mechanics (see Section 2.3). In essence, QEC
protects quantum information from undesired and unavoidable interactions
with the environment using the concept of redundancy: a single logical qubit
is encoded across many more physical qubits. This concept is analogous
to transmitting a message multiple times over a noisy telecommunication
channel to ensure that the original message can be recovered. Such redundant



Figure 1.1: Purpose of quan-
tum error correction. Er-
ror per quantum gate operation
of current physical qubits (red-
shaded area) and those required
to run algorithms for practical
guantum computing applications
(green-shaded area). Quantum er-
ror correction provides a way to
bridge the gap between the cur-
rent physical error rates and the
ones required for practical quan-
tum computation.

encoding can exponentially suppress errors in quantum computers, provided
the physical error rates of each quantum operation remains below a crit-
ical threshold [Knill98a], which is around one percent for error-correcting
protocols with the highest error tolerance [Fowler12].

Meeting this threshold imposes strict demands on both the quality of
physical qubits and the fidelity of quantum operations performed between
them. Furthermore, once these requirements are met, achieving su Lciehtly low
logical error rates comes at the cost of a significant overhead in physical qubits.
For instance, current resource estimates indicate that breaking the RSA-2048
encryption protocol [Rivest78] with a quantum computer requires around 20
million physical qubits with QEC, whereas only about 1000 qubits would be
su Lcienht if error correction were not needed [Gidney21a]. Similarly, resource
estimates for simulating the FeMo cofactor of the nitrogenase enzyme, a key
molecule for understanding the mechanism of biological nitrogen fixation?,
would require about 4 million physical qubits with QEC, compared to just a
hundred to a thousand qubits without it [Lee21].

1The FeMo cofactor can split the dinitrogen triple bond at room temperature and standard
pressure, thereby converting widely available in atmospheric nitrogen into biologically
usable forms [Reiherl7]. In contrast, current industrial processes only work at high
temperature and pressure and are thus energy intensive. Simulating the FeMo cofactor
could thus provide insights into how to synthesize nitrogen-based fertilizers in a more
energy e [cieht way.
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While ongoing algorithmic improvements continue to reduce these resource
estimates [Low?25], the physical qubit overhead required for fault-tolerant
quantum computing is expected to remain substantial. Beyond handling qubit
overhead, practical implementation of QEC requires executing operations on
the logical qubits e [ciehtly. The choice of the QEC code plays a crucial role
in these two core challenges, as di Lerknt codes o [erl trade-o [S,Jamong others,
between the number of physical qubits required and the complexity of logical
gate implementations.

Experimental demonstrations of QEC play a crucial role not only in ad-
vancing the development of quantum computers but also in identifying the
most viable path forward, as they account for the full range of practical
constraints and trade-o [sthat ultimately determine the feasibility of di [erent
approaches. In this thesis, we contribute to this e [oft by demonstrating
key building blocks of error-corrected quantum computation using super-
conducting circuits, a prominent platform for quantum computation. We
investigate two promising QEC codes: the surface code and the color code.
The author of this thesis led the work, which was carried out as part of a
broader collaboration at the Quantum Device Lab (QuDev) at ETH Zurich
and at the Google Quantum Al Lab. In the section below, we outline the
topic and results of each chapter, and describe the contributions of team
members.

1.1. Thesis Outline and Contributions

In Chapter 2, we introduce fundamental quantum computing concepts and
describe their implementation with superconducting circuits. This includes
encoding quantum bits (qubits), performing single- and two-qubit operations,
and reading out qubit states. When implemented in practice, these operations
exhibit imperfections that hinder reliable quantum computation. To overcome
this limitation, quantum error correction is necessary to suppress errors to
levels suitable for practical applications. We provide an overview of basic
quantum error correction principles, focusing on the surface code and the
color code — two topological error-correcting codes implemented in this work.

In Chapter 3, we present the first realization of a logical qubit encoded in
the surface code. Using 17 physical qubits — nine to encode the logical qubit
and eight to extract information about errors — we prepare logical states,
characterize the fidelity of these states, and perform repeated cycle of quantum
error correction to preserve them. Nathan Lacroix (N.L.) conceptualized
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the experiment together with Sebastian Krinner (S.K.) and Ants Remm
(A.R.)). N.L. and S.K. performed the main experiment, and N.L. and S.K.
analyzed the data. Frangois Swiadek (F.S.), A.R. and Christian K. Andersen
(C.K.A)) designed the device, and S.K., A.R. and Graham J. Norris (G.J.N.)
fabricated the device. N.L., Christoph Hellings (C.H.) and Sefania Lazar
(S.L.) developed the experimental software framework and N.L., A.R., C.H.,
S.K. and S.L. developed control and calibration software routines. A.R.,
Johannes Herrmann (J.H.), S.K. and C.H. designed and built elements of
the room-temperature setup, and N.L. maintained the experimental setup
together with S.K., A.R., C.H,, S.L., and F.S.. N.L,, S.KK., AR.,, C.H,, S.L.
and C.K.A. characterized and calibrated the device and the experimental
setup. Elie Genois, Agustin Di Paolo and Catherine Leroux performed the
numerical simulations. Markus Miller provided guidance on logical qubit
evaluation methodology aspects. Alexandre Blais (A.B.), Christopher Eichler
and Andreas Wallra C(A.W.) supervised the work.

In Chapter 4, we address leakage out of the computational subspace, one
of the dominant errors limiting the performance of quantum error correction
codes arising from the multi-level structure of qubit implementations. Specif-
ically, we develop a resource-e [cieht and fast leakage reduction unit that
can remove leakage from the transmon second excited state with minimal
impact on the computational subspace. We demonstrate that integrating the
leakage reduction unit in quantum error correction experiments reduces the
total number of detected errors. Our approach requires neither additional
control electronics nor on-chip components. The leakage reduction unit was
conceptualized by N.L., S.K. and Luca Hofele (L.H.). N.L. and L.H. devised
the calibration and characterization methods. N.L. and L.H. performed the
main experiments, and analyzed the data. L.H. and Jakob Ekert measured
the final dataset of the integration of the LRUs in the distance-three surface
code. The experiments were performed on a second-generation 17-qubit
device designed by F.S. and fabricated by Dante Colao-Zanuz, Alexander
Flasby, Mohsen Bahrami Panah, Michael Kerschbaum and G.J.N.. Othmane
Benhayoune-Khadraoui, Alexander McDonald, and Ross Shillito performed
the numerical simulations. A.B., A.W., and S.K. supervised the work.

In Chapter 5, we investigate the color code, which encodes logical qubits
using fewer physical qubits than the surface code and allows for easier logical
operations, albeit with increased decoding complexity and a lower noise
threshold. We demonstrate the operation of a color code logical qubit below
its critical noise threshold by scaling the code distance from three to five
and verifying that this scaling suppresses logical errors. This confirms a
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fundamental principle of quantum error correction: increasing the code
distance (and thus the redundancy) yields lower error rates. We implement
single-qubit logical operations and benchmark them using logical randomized
benchmarking, finding that the error per gate is significantly lower than the
error of an idling error-correction cycle. Additionally, we inject magic states,
a key resource for universal quantum computation, into a distance-three color
code with high fidelity. Finally, we demonstrate logical state teleportation
between distance-three color codes using lattice surgery. N.L., Alexandre
Bourassa (A. Bourassa), Craig Gidney (C.G.), and Kevin J. Satzinger (K.J.S.)
conceived the experiments with inputs from Matt McEwen (M.McE.) and
Cody Jones (C.J.). N.L. and A. Bourassa calibrated the device and performed
the experiments with the support of Andreas Bengtsson, Zijun Chen, M.McE.,
Alexis Morvan, and K.J.S.. N.L. analyzed the data with support from A.
Bourassa. N.L., Johannes Bausch, Francisco J. H. Heras, Lei M. Zhang,
A. Bourassa, and Noah Shutty (N.S.) decoded the data with support from
Volodymir Sivak and Oscar Higgots (O.H.). Adam Zalcman provided input
regarding average fidelity of the teleportation channel. N.S., O.H., N.L.,
Jahan Claes, and Dvir Kafri performed the numerical simulations. Julian
Kelly, C.J., C.G., and K.J.S. supervised the work. The Google DeepMind and
Google Quantum Al teams jointly developed the machine learning decoder.
The Google Quantum Al team sponsored the project, designed and fabricated
the device, built and maintained the cryogenic and control systems, provided
software infrastructure, performed the initial characterization of the device,
and provided relevant guidance.

Finally, in Chapter 6, we place the contributions of this thesis in the
broader context of fault-tolerant quantum computing. We outline clear
next steps for further studying, improving, and scaling QEC codes on the
superconducting platform by extending the work presented in this thesis, and
discuss further research directions for advancing toward fully fault-tolerant
guantum computers.



Quantum Computing with Superconducting Circuits

2.1. Quantum Computing

Computing consists in using algorithms and physical devices to store, process,
and analyze information. While both classical and quantum computing aim
to solve problems through algorithms, they di[ed fundamentally in how they
represent and process information. This section provides a brief introduction
to the key concepts and operations of quantum computing relevant to this
thesis. For a more detailed introduction, see Ref. [Nielsen10].

2.1.1. Quantum Bit (Qubit)

Classical computers encode information in bits, which take values of either 0
or 1 at any given time. Quantum computers, on the other hand, use quantum
bits or qubits, which are described by a quantum state |@[1Here, |-Cis the
Dirac notation for state vectors, often used in quantum mechanics [Nielsen10].
Similar to classical bits, a qubit can be associated with two basis states, |0
and |1Cbut unlike classical bits, a qubit can exist in a superposition of these
states:

|WF a|ot3 1G] with o, CAand |af> + |BJ> =1 (2.1)

This ability to exist in a complex linear combination of basis states is a key
feature of quantum computing.

Due to the principles of quantum mechanics, the amplitudes a and 3 cannot
be measured directly. Instead, a measurement projects the quantum state
onto one of the basis states with probabilities given by |a|? for [0Cand |B|?
for |LL1The power of quantum computing arises from leveraging interference
between these amplitudes within an algorithm (for instance, by amplifying
some and canceling out others) before measurement.
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The amplitudes of a qubit state vector can also conveniently be parametrized
as a function of the polar angle 6 and azimuthal angle ¢ of a unit-vector on a
Bloch sphere [Arecchi72, Nielsenl0],

|y cos(8/2) [0CF e'®sin(6/2) |10 (2.2)

Manipulating the state, i.e. changing the relative amplitudes of its basis
states, can be achieved by rotations around the x-, y-, and z-axis of this
Bloch sphere.

Quantum states commonly used in this thesis include |0Cand |1CJbut also
their equal superpositions

0310
2

|£% and |+i % (2.3)

[0z i1
5
These six single-qubit states are often referred to as cardinal states of the
Bloch sphere or Pauli states of the qubit, for reasons that will become clear
in Section 2.1.2.
When extending to multi-qubit systems, the state of n qubits is described
by a 2"-dimensional complex vector

W= Ojsjo...jn 2. dn L] (2.4)
Jij2.endn

where the coe Lciehts qj,j,..j, encode the amplitudes of all the dilerknt
basis states from |00...01o |11...1[1This exponential growth in state space
underlies the potential computational advantage of quantum computing.

2.1.2. Quantum Operations

Similarly to how classical logic gates (e.g. NOT, AND, and OR gates) ma-
nipulate classical bits to perform computations, quantum algorithms utilize
guantum logic gates and operations that act on qubits. Below, we briefly
introduce some fundamental quantum operations.

Single-qubit gates — These operations manipulate the state of a single
qubit by transforming its amplitudes and can be visualized as rotations on
the Bloch sphere. Mathematically, they are represented by 2 x 2 unitary
matrices that describe their action on any quantum state. One set of relevant
single-qubit gates are the Pauli gates

1 [ = - -
s 01 +_0—-i s5_1 0
X=1 4. V=1 .. 2=, _ - (2.5)
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These correspond to 180-degree rotations about the x-, y-, and z-axes of the
Bloch sphere, respectively. The states |+[]|+i[Jand |0/1[are eigenstates
of X, Y, and Z, meaning that applying the corresponding Pauli gate leaves
these states unchanged up to a global phase.

Other relevant single-qubit gates include the Hadamard gate H which maps
Pauli Z eigenstates to Pauli X eigenstates (and vice-versa), the Phase gate S
which performs a 90-degree rotation around the z-axis, and the T-gate that
introduces a phase shift of 45 degrees,

] 1 1 1 1 ]
11 10 1 0
Hz%l—l’ ST T g emva- (2:6)

Finally, generic single-qubit rotations by an angle 8 about the x-, y-, and
z-axes of the Bloch sphere are given by

] ]
cos(8/2)  —isin(6/2) (2.7)
—isin(6/2) cos(6/2) '
1 [

cos(8/2) —sin(6/2)

X(8) =

Y@= sin(6/2) cos(6/2) (2.8)
. 1

- _ e—|9/2 0

20)= ° ) o - (2.9)

Two-qubit gates — These operations create entanglement between qubits,
a key resource in quantum computing. Important examples include the
controlled-NOT (CNOT) gate and the controlled-Z (CZ) gate, which are
related by local single-qubit rotations, see Fig. 2.1. Their matrices are given

by: 1 — — —
1000 100 0
3 100@ _Elo OE
CNOT—EO 0 12=1ds 1 o (2.10)
0010 000 —1

Measurement — The measurement operation M collapses a quantum state
onto one of the eigenstates of the observable operator, with the probability of
each outcome given by the squared amplitude of the corresponding eigenstate.
Measurements are typically performed in the Z basis, yielding outcomes
|[0Cor |10 To specify the measurement basis explicitly, we use M X, MY ,
or MZ, indicating measurement in the X, Y, or Z basis, respectively. In
practice, an MX (MY ) measurement is implemented by first applying a
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L - wle

Figure 2.1: CNOT gate. Quantum circuit diagram of a CNOT gate (left) and
the equivalent circuit using a CZ gate along with two Hadamard gates (right).

single-qubit rotation that maps the X (Y ) eigenstates to the Z basis, followed
by a standard Z-basis measurement.

Reset — The reset operation initializes a qubit to a known state, typically
|0Cdirrespective of its prior state, ensuring a well-defined starting point for
computation [DiVincenzo00]. To specify the reset basis explicitly, we use RX,
RY, or RZ, indicating initialization to the +1 eigenstate of the X, Y or Z
Pauli operator, respectively. In practice, an RX (RY ) reset is performed by
resetting in the Z basis, followed by a single-qubit rotation that maps the Z
eigenstates to the X (Y) basis.

2.1.3. Quantum Universal Gate Set

Similarly to how combining NAND gates with the ability to copy bits is
su [cieht to implement arbitrary logic in classical computers, a small set of
single- and two-qubit gates, known as a universal gate set, is su Lcieht to
realize any quantum computation because any high-level guantum algorithm
can be decomposed into a sequence of gates from this set [Nielsen10]. For
instance, the Cli[add group’, generated by the gates {CNOT, H, S}, can
form a universal gate set when supplemented with a single non-Cli [and gate,
such as the T-gate.

The existence of universal gate sets is relevant for building quantum comput-
ers in practice because it means that quantum computation can be performed
using only a few diLerkent gates implemented in hardware. Even with only a
few types of gates to implement, building a quantum computer is challenging
because it requires precise control of inherently fragile quantum systems
or the engineering of systems exhibiting quantum mechanical properties,
which typically do not manifest at macroscopic scales. One approach, as

1The Cli[and group consists of operations that map n-qubit Pauli products onto other n-
qubit Pauli products under conjugation. For example, the Hadamard gate H belongs to
the single-qubit Cli[and group because, for any P {1, X,Y,Z}, we have HPH' =P Y]
where PP, X,Y,Z}.
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2.2. Realization with Superconducting Circuits

we shall explore in the next section, is to emulate atomic behavior using
superconducting circuits.

2.2. Realization with Superconducting Circuits

Many technologies have been explored for building quantum computers,
including artificial atoms engineered with superconducting circuits [Kjaer-
gaard20, Blais21], ions in electromagnetic traps [Monroe21, Bruzewicz19],
neutral atoms trapped in optical tweezers [Henriet20], semiconductor quan-
tum dots [Loss98], and photonic systems with linear optics [Knill01]. While
each platform has distinct advantages and challenges, this thesis focuses
on superconducting circuits which we employ in the experiments presented
in Chapters 3 to 5. We provide only a brief overview of how to realize
guantum computers in superconducting circuits, and refer the reader to
Refs. [Kjaergaard20, Blais21] for a more detailed discussion.

2.2.1. Qubit

In superconducting circuits, qubits are realized as artificial atoms engineered
using electrical components. At millikelvin temperatures, the electrical degrees
of freedom in these circuits exhibit quantum-mechanical behavior. The two
lowest energy levels typically define the computational subspace spanned by
the basis states |[0Cand |1LJThe system often includes higher energy levels,
which are usually ignored but can become relevant. These higher levels can
be harnessed to implement two-qubit gates (see Section 2.2.3) but can also
lead to leakage out of the computational subspace, as studied in detail in
Chapter 4.

A foundational circuit is the quantum harmonic oscillator [Blais21], realized
by an LC circuit consisting of an inductor with inductance L and a gapacitor
with capacitance C. This circuit has a resonance frequency w =1/ LC, and
a characteristic harmonic energy potential with equally spaced energy levels
separated by ~w [Blais21], where ~ is the reduced Planck constant.

Although LC circuits are widely used in circuit quantum electrodynamics
for coupling and readout, they are typically not used to encode qubits? because
the equally spaced energy levels prevent selective addressing of individual

2Qubits can be encoded in resonators using advanced methods, such as even and odd
superpositions of coherent states which occupy only even or only odd levels in the
resonator for |[0C&nd |1Cdrespectively. For a detailed overview, see Ref. [Cai2l].
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Chapter 2. Quantum Computing with Superconducting Circuits

transitions. For instance, providing an energy quanta to induce a transition
from |0to |1C¢ould also cause an unwanted transition from |[1[to |2[f
an excitation is already present in the system. This lack of level selectivity
makes it challenging to confine the computational subspace to a two-level
system.

To overcome this limitation, we introduce anharmonicity by replacing the
inductor L in the LC circuit with a Josephson junction — a lossless, nonlinear
inductor [Josephson62]. The key feature of the Josephson junction is that
its inductance depends nonlinearly on the magnetic flux passing through
it. This nonlinearity arises because the supercurrent flowing through the
junction depends sinusoidally on the phase di[erence of the superconducting
condensates across the junction, and the phase di Lerknce is proportional to the
magnetic flux [Josephson62, TinkhamO04]. Physically, a Josephson junction
can be constructed by placing a thin insulating barrier (a few nanometers
thick) between two superconducting electrodes, allowing Cooper pairs® to
tunnel through it.

The Hamiltonian of the resulting circuit, typically referred to as the Cooper-
pair box Hamiltonian, is given by [Bouchiat98, Nakamura99]

~ 1
~ -_— 2 ~
Hepg = (chczgg) — E; cos %CD (2.11)
= 4Ec (A — ng)*> — E; cos § (2.12)

where the first term represents the charging energy stored in the capacitors,
and the second term corresponds to the energy stored in the nonlinear
inductor. Specifically, Ec = e2/2Cs is the total charging energy, where e
is the elementary charge and Cs = C + C; + Cgy is the total capacitance,
including C circuit’s shunt capacitance, the capacitance of the Josephson
junction itself C;, and a gate capacitance Cq if the transmon is connected
to a voltage source with voltage Vg to implement single-qubit gates (see
Section 2.2.2). In the second term of Eq. (2.11), E; = ®gl/2m is the
Josephson energy, where I is the critical current of the junction beyond
which the junction is no longer lossless, and ®g = h/2e is the flux quantum.
n= Q/Ze is the charge number operator representing the number of excess
Cooper pairs on the island (Q is the island charge), and & = 2N/ Dy is
the phase operator, representing the phase dierknce of the superconducting
condensate across the junction. The o[sek charge ng = Qg/2e = CyVy/2e

3These are charge quanta that form at very low temperature when two electrons of opposite
spin in the superconducting metal pair up to form a bosonic state.
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2.2. Realization with Superconducting Circuits

represents the e [edt of an external electric field bias arising from external
sources, including electric field noise and an intentional gate voltage Vg for
control (Section 2.2.2). States satisfying this Hamiltonian are called Mathieu
functions [Arscott64] with eigenenergies En(ng) and anharmonic transition
frequencies ~wj; = Ej — E;.

We operate this system in the transmon regime [Koch07], where E; [EJ.
In this regime, the lowest energy levels are well localized in phase, and the
circuit behaves as a weakly anharmonic oscillator with an energy spectrum
primarily determined by the cosine potential. Consequently, the corresponding
energy levels become insensitive to fluctuations in the gate charge ng, thereby
dramatically reducing sensitivity to environmental charge noise and improving
coherence times. To enable in-situ tuning of the transition frequencies after
fabrication, we place two junctions in parallel to form a superconducting
guantum interference device (SQUID) [Clarke89]. This system acts e [edtively
as a single junction where the Josephson energy E;(®) depends on the
external magnetic flux ® threaded through the loop, see Fig. 2.2a for a
schematic representation.

The Hamiltonian of the tunable transmon reads [Koch07]

Htt = 4Eci? — E3(®) cos P (2.13)
and the flux-dependent Josephson energy is given by
3 T =5 py o TIO o
Ej(®) =Ejscos — 1+d%tan® — (2.14)
Do @9

where Ejs = Ej1+Ej2 = ®g(lc1+1:2)/721 depends on the critical currents I
and I¢ of the two junctions in the SQUID, and d = (Ej2 — Ej1)/E;5 is the
asymmetry between the junctions. In Eq. (2.14), we redefined & = (§,+9,)/2
as the average phase di Lerknce, where ¢, and @, represent the phase di [erknce
of the superconducting condensates across the two sides of the first and second
junction, respectively. In addition, we dropped the o [sek charge ng on the
basis that the frequency of the lower energy levels of the transmon are mostly
insensitive to this parameter, and neglected an o [sek phase term ¢ which is
only relevant for time-dependent flux [KochO7]. The resulting first transition
frequency is
I e I L1
(E1 —Eo)/~=wo1(®) =  8Ec|Es(P)|—Ec 7/~ (2.15)

and the anharmonicity between the first two levels is a = (E, — 2E1)/~ =
W12 — Wo1 = —Ecl"'.
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Chapter 2. Quantum Computing with Superconducting Circuits

In practice, we fabricate the transmon qubit by sputtering a thin film of
niobium onto a silicon substrate and define all features of the circuit (except
for the Josephson junctions) using standard photolithography techniques,
see Fig. 2.2b for an example micrograph image of a flux-tunable transmon
implementing the conceptual electrical circuit shown in Fig. 2.2a. In this
two-dimensional architecture, the transmon’s shunt capacitor is a co-planar
capacitor formed by the transmon’s metallic island, highlighted in yellow
in Fig. 2.2b, and the surrounding ground plane. The junctions forming
the SQUID (Fig. 2.2¢) are fabricated with aluminium electrodes and a thin
aluminium oxide insulating barrier using electron beam lithography in a
Dolan-style [Dolan77] or Manhattan-style [Potts01, Kreikebaum20, Zanuz25]
process. They connect on one side to the transmon island (yellow-shaded
arm in Fig. 2.2c) and on the other to the ground plane.

For typical fabrication parameters, the resulting transmon qubit has a
frequency of wp1/2n [C5GHz and an anharmonicity of a/2n 200 MHz. We
therefore use pulses in the microwave regime to drive transitions between |01
and |1 Jas briefly described in the next section.

2.2.2. Single-qubit Gates

Although the transmon is insensitive to the o [sekt charge ng, it is still possible
to use an external oscillating voltage source to cause a transition between
the transmon states [Blais21]. Specifically, expanding the term Ec(f — ng)2
of Eq. (2.11) yields an interaction term —8Ecngh = —Z%Vgﬁ, which for a
large enough voltage Vgy(t) can induce transition between the transmon states.
When the microwave drive Vy(t) is resonant with the qubit frequency, the
resulting drive Hamiltonian® is

~Q(t) 1 1

2

Hy = cos(@g)X + sin(@q)Y (2.16)

where @q is the phase of the drive signal and Q(t) [vg(t) is the Rabi frequency
as experienced by the qubit, which is proportional to the time-dependent
amplitude of the voltage drive vg(t) [Blais21]. If the bandwidth of the pulse
envelope is much narrower than the anharmonicity of the transmon, such
pulses drive selectively transitions between the ground state and first excited
state of the transmon [Blais21]. The qubit is then subject to Rabi oscillations

4This Hamiltonian is obtained by performing a rotating wave approximation, restricting
the Hamiltonian to the first two energy levels of the transmon, and shifting to the
rotating frame of the qubit transition frequency wo:.
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2.2. Realization with Superconducting Circuits

Figure 2.2: Flux-tunable transmon qubit. a, Conceptual circuit diagram of
an isolated transmon qubit with the capacitive island (yellow) connected to ground
(black) via two Josephson junctions (crossed boxes) and a shunt capacitor with
capacitance C. The current source I, creates a bias current flowing through the flux
line (green) which induces a magnetic flux @ in the loop formed by the junctions.
The charge line (pink) is capacitively coupled to the transmon island (capacitor
with capacitance Cgy) and connected to a voltage source Vy for single-qubit gate
control. b, False-colored (using the same colors as in a) micrograph of the transmon
device presented in Chapter 3. ¢, Zoom on the SQUID formed by the two Josephson
junctions. The junction electrode extending the island is colored in yellow.

between [0C&nd |1[JNakamuraOl, Martinis02] and setting the phase of the
drive to @4 = 0 leads to rotation around the x-axis of the Bloch sphere while
@q = /2 leads to a rotation around the y-axis. Adjusting the duration
and amplitude of the pulse allows to realize arbitrary rotations around these
axes. For rotations around the z-axis, we do not apply any physical pulse
but redefine the phase of subsequent microwave pulses applied to the qubit
in preprocessing [McKay17]. Note that this method is especially convenient
because Z rotations commute with our chosen implementation for two qubit
gates (CZ gates, see Section 2.2.3), which allows to propagate Z rotations
through the circuit for each qubit individually.

To realize single-qubit gates, we therefore apply microwave pulses resonant
with the qubit transition frequency wo; at the input port of the charge line,
which capacitively couples to the transmon island (see pink line in Fig. 2.2a).
The amplitude, phase and duration of the pulse are calibrated to perform
the appropriate rotations. To further suppress leakage to higher levels of
the transmons due to the bandwidth of the drive pluse, we use the approach
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Chapter 2. Quantum Computing with Superconducting Circuits

of derivative removal by adiabatic gate (DRAG). This method consists of
choosing the envelope of the second quadrature of the drive pulse to be the
time derivative of the envelope of the first quadrature [Motzoi09, Gambettall,
Lazar23a].

2.2.3. Two-qubit Gates

Implementing two-qubit gates requires a physical coupling mechanism between
qubit pairs. In the devices used in Chapters 3 and 4, this coupling is
mediated by a A/2 coplanar waveguide (CPW) resonator (Section 2.2.4),
which e [edtively capacitively couples the qubits. The coupling strength, Jqq,
is determined by both the coupling capacitances between the qubits and the
CPW coupler, as well as the length of the CPW section [Remm23a, App. C].
For these devices, the coupling strength is fixed at Jqq/2m = 5MHz once the
device is fabricated.

To dynamically control the interaction, we exploit the detuning between
the transition frequencies of the two qubits. When interaction is not required,
the qubits are operated at a large detuning of approximately 1.5GHz [—Jgd,
e [edtively suppressing their coupling. Conversely, to enable the interaction,
we tune the transition frequencies of neighboring qubits to an intermedi-
ate interaction frequency between their idle frequencies, bringing the non-
computationa| state [20Cinto resonance with |[11[]Strauch03, DiCarlo09].
The coupling  2Jqq/21 7 MHz between these two states induces a coherent
population exchange between them, and after a full oscillation period, all
population returns to |11[With an acquired m-phase relative to the other
computational states (up to single-qubit phases which can be calibrated inde-
pendently), thereby implementing the controlled-phase (CZ) gate described
by the unitary in Section 2.1.2.

In practice, we use a net-zero flux pulse shape to protect the qubits from
low-frequency flux noise and to avoid the buildup of long-timescale distortions
in the flux-control lines [Rol19, Negirneac21]. The flux pulse applied to each
gubit consists of two Gaussian-filtered, approximately 30-ns-long sections,
with a 2.5-ns-long net-zero transition section in between, see Fig. 2.3a for
an example waveform. The amplitudes of the longer sections bring the |20[=]
transition frequency into resonance with the the |11[=transition frequency,
see Fig. 2.3b. We calibrate the duration of these sections to achieve full
population recovery into the |11[$tate. To achieve a controlled-phase of
1, we calibrate the pulse amplitude of the transition section for the data
qubit, which e [edtively controls the phase acquired by the |20 3tate relative
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Figure 2.3: Controlled-Phase (CZ) gate implementation. a, Example of a
net-zero voltage waveform applied at the input of the flux line of the low-frequency
qubit Q. (red) and the high-frequency qubit Qn (blue) to realize a CZ gate between
them. b, Calculated evolution of the eigenenergies for the pulse shapes shown in
panel a.

to the |11 state [Remm23a]. We further describe the calibration of these
parameters in Section 3.3.2.

High-fidelity and low-leakage two-qubit gates rely on a selecting suitable
interaction frequencies and accurate control of the qubit frequency. However,
due to imperfections in the flux line, flux pulses reaching the sample and
controlling the qubit frequency are distorted from the programmed waveforms
on the arbitrary waveform generators (AWGSs). We calibrate digital filters to
compensate for these distortions, as described in detail in Section 3.3.1.

In the device used for the experiment in Chapter 5, we implement two-qubit
gates using a similar approach, but instead of a fixed coupling, the interaction
strength is dynamically tunable via a coupler [Chen14, Collodo20, Foxen20].
This tunable coupling allows for faster gate execution by increasing the
interaction strength during gate operations while minimizing residual coupling
during idle periods. Additionally, it facilitates parallel execution of multiple
two-qubit gates by suppressing interactions between neighboring qubits even
when their frequencies are close or momentarily cross while interacting with
other qubits. However, this comes at a cost of increased device complexity,
the need for additional flux control lines in the experimental setup, and a
higher calibration overhead.
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2.2.4. Coplanar Waveguides

To route signals on the chip and connect circuit elements, we use a two-
dimensional implementation of transmission lines known as coplanar waveg-
uides (CPWs). A CPW consists of a center conductor separated by a dielectric
gap to the ground plane on either side. ldeally, signal propagation follows the
CPW mode, where the ground plane on either side remains at the same electri-
cal potential. However, asymmetries in the circuitry can lead to the excitation
of undesired slotline modes, in which a potential di[erence arises between
the two ground planes [Simons01, Ponchak05]. To suppress these modes, we
place free-standing crossovers known as airbridges [Lankwarden12, Abuwa-
sib13] across the CPW to electrically connect the ground planes, ensuring
they remain at the same potential. Examples of these airbridges can be
seen as the white, plaster-like structures crossing the flux and charge lines
in Fig. 2.2b. The airbridges are fabricated using an aluminum-titanium-
aluminum trilayer process with a two-layer resist photolithography process
with reflow [Besse21, Krinner22]. Beyond spurious mode suppression, air-
bridges also enable CPW sections to cross over one another, which facilitates
the complex signal routing required in our devices.

CPW can also be used to realize two-dimensional resonators by terminating
the waveguide at each end with either a short or an open [Blais21]. The
resonance frequency of these resonators is determined by the geometry of the
CPW and material properties [Goppl08]. On our device, this approach is used
to implement qubit-qubit couplers enabling two-qubit gates (Section 2.2.3),
as well as readout resonators and Purcell filters for qubit measurement
(Section 2.2.5).

2.2.5. Qubit-state Readout

To readout the state of the qubit, we couple the qubit to a readout resonator,
implemented in our devices as a A/4 CPW resonator. The coupling has a
capacitance Cqr and leads to a coupling strength [Blais21]

—1
C nzZ
Ogr = wr,b—c“zre - J (2.17)

between thelﬁ_rs}fsonator mode with bare® frequency w;, and the qubit,
where Z, = L,/C, denotes the characteristic impedance of the resonator. \We

5In this context, "bare” frequency refers to the frequency when the element is uncoupled
from other circuit elements.
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operate the system with a bare resonance frequency of the resonator wyp that
is far detuned from the qubit’s bare transition frequency wo1 p relative to the
qubit-resonator coupling strength gqr, i.€. |gqr/(Wr,b — Wo1,0)| = |9qr /A 11
Under this condition, known as the dispersive regime [Blais04, Wallra [03],
direct energy exchange between the qubit and resonator is highly suppressed,
and their interaction occurs only through virtual photon exchange [Blais04].
When truncating the transmon to a two-level system and performing a
rotating wave approximation, the Hamiltonian of the system can be expressed
as [Blais21]
oo =~0aa— 2015 ata7
disp = ~Wrd'a TZ ~xa'az, (2.18)

where a' (a) is the creation (annihilation) operator of the resonator,

X = —A(gljrl_z‘lég”. (2.19)
is the qubit-state-dependent dispersive cavity shift and [Koch07]
_ gc21r _ gér
Wr = Wrp — A—Ec/~ Wp1 = Wo1,b + N (2.20)

are the dressed frequencies of the readout resonator and the qubit that can
be experimentally measured on the device.
Rearranging terms in the Hamiltonian, we obtain an equivalent form,

Fgisp = ~(0r — x2)a'a — %2, (2.21)

where the first term describes the energy in the readout resonator while the
second term describes the energy of the qubit. In this form, it becomes clear
that the readout resonator frequency is shifted by 2x depending on the qubit
state. Specifically, since Z |03 |0[Ithe resonator frequency for the qubit in
the ground state is o~ °"= @, — x and 0/~ "= o, + X since Z |13 — |10

To probe the resonance frequency of the readout resonator, we couple it to
a transmission line, commonly referred to as the readout line or feedline and
send a microwave readout signal to the feedline near the resonator’s resonance
frequency. When the input signal is at the resonance frequency, it excites
the resonator which re-emits photons both in the forward (transmitted) and
backward (reflected) directions, leading to a drop in transmission. In contrast,
when the signal is detuned, it passes through with minimal attenuation.

19



Chapter 2. Quantum Computing with Superconducting Circuits

Since the resonator frequency depends on the qubit state, measuring the
transmitted signal allows us to infer the qubit state.

However, coupling the readout resonator to the feedline also induces energy
relaxation of the qubit due to the Purcell e[edt [Purcell46] at the rate
Yp = K.rg|c24,r/A2 [Blais04]. Here, K, is the linewidth of the readout resonator
which depends on the strength of the capacitive coupling between the resonator
and the feedline [Goppl08]. For fast readout, K, must be large, but this leads
to a high qubit decay rate into the feedline via the readout resonator. To
mitigate this, we introduce a Purcell filter resonator [Reed10, Walter17] at the
readout resonator’s frequency between the readout resonator and the feedline.
This resonator acts as a band-pass filter, allowing photons at the resonator
frequency to pass while blocking those at the qubit frequency. As a result, the
qubit decay rate is suppressed by a factor K%/4A2 where Kp is the linewidth
of the Purcell filter [Setel5]. Additionally, the Purcell filter modifies the
e [edtive linewidth of the readout resonator; see Refs. [Heinso018, Swiadek?24]
for further details on the readout circuitry used for the devices used in this
thesis.

Dispersive shifts are also observed for higher levels of the transmon, such
that the same method can be applied to distinguish between e.g. the first and
the second excited states of the transmon. In this thesis, we use a readout
scheme that can distinguish between the states |0LJ1|1[Jand |2[1because
the second excited state plays an important role for calibrating two qubit
gates, and because leakage to the |2[3tate is detrimental for quantum error
correction.

In practice, to optimally distinguish between the first three states of
the transmon, we integrate the complex-valued downconverted transmission
signals s(t) with two sets of complex-valued integration weights w;(t) to

obtain [y 1

Ui = Re s(Hw;(t) dt . (2.22)
0
Here, tin¢ is the integration duration and integration weights are

wi(t) = s —sport), (2.23)
wa(t) = sjpdkt) = sjorkt) — (2.24)

W1 (D)(Sprlt) — Sjor{t)) dt
T wi(t), (2.25)

where sj(t) is the averaged measured readout-resonator response for a qubit
prepared in state j CLJOCI1C]20H
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To calibrate the state discriminator, we prepare the qubit in each of the
three basis states (JOLJ|10Jand |20)J and measure the integrated resonator
response yielding a pair of values {us, u,} for each experimental run. Prior to
applying the state-preparation pulses we perform a pre-selection readout and
reject measurements in which the qubit is not in the ground state. We fit the
distribution of measured {uy, u} pairs to a trimodal Gaussian mixture model,
associating each qubit state to one of the Gaussian components, see Fig. 2.4.
Based on the fitted model, we assign the individual readout outcomes to the
most likely qubit state.

2.2.6. State Initialization and Reset

One of the fundamental criteria for reliable quantum computation is the ability
to initialize qubits in their ground state [DiVincenzo00]. This can be achieved
passively by placing the transmon in a cryogenic environment at temperature
T [=wh;/kg, where kg is the Boltzmann constant. However, excess excited-
state population can still arise due to noise from room-temperature electronics
or imperfect thermalization. Active reset methods can be used to ensure reli-
able initialization. One approach is to perform a preselection readout before
starting the computation and reject any experimental run which has qubits
that were not in the ground state at the start of the computation. We use
this approach in Chapters 3 and 4. Resetting qubits during a computation is
also useful, especially in the context of error correction. There are many ways
to achieve this through readout combined to feedback [Risté12, Salathél8],
using a microwave drive [Magnard18], a parametric flux drive [Zhou2l] or a
direct swap with the readout resonator [McEwen21b]. In Chapter 5, we use
this last approach to reset auxiliary qubits to the ground state in between
error correction cycles.

2.2.7. Experimental Setup

To achieve superconductivity, quantum devices fabricated with aluminum and
niobium metal must be operated at millikelvin temperatures. Moreover, they
need to be isolated as much as possible from the electromagnetic environment
to minimize spurious interactions. Therefore, we install the quantum device
in a magnetically-shielded sample holder mounted at the base plate of a
dilution refrigerator [Krinner19] and connect it to the control-electronics
setup located at room temperature as indicated in Fig. 2.5. Input and output
lines for charge control (pink), flux control (green), and readout (purple) are
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Figure 2.4: Single-shot readout characterization. Representative example of
the characterization of the three-state readout scheme for one qubit of the device
introduced in Chapter 3. We show 3000 single-shot measurements for each of the
three state preparations, heralded for the ground state. The blue, red, and black
areas delimit the regions of the integrated quadrature plane in which a measured
data point is assigned to |0CJ|1And |20 drespectively. We indicate the mean (white
dot) and the 1o confidence ellipse (white dashed line) of each Gaussian distribution.
The marginal histogram distributions of u; and u, are shown in the top and right
panel, respectively.

configured with the indicated microwave components for signal conditioning.

DC voltage sources (Bat.) generate a current which passes through a series
of attenuators and filters to induce a magnetic flux in the SQUID-loop of
the transmon qubit and control its idle frequency. AWG generate voltage
pulses at a sampling rate of 2.4 GSa/s to control the qubit frequencies on
the nano-second timescale to implement two-qubit gates. The AWG signal is
combined with the DC bias current using a bias-tee.

Single-qubit drive pulses are generated at an intermediate frequency in the
range of 0-500 MHz by an AWG, and then up-converted (UC) to microwave
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Figure 2.5: Schematic illustration of the experimental setup. Flux lines
(green), drive lines (pink), and readout lines (purple) connect room-temperature
electronics to the device, schematically represented by qubits (yellow), readout
resonators (red) and Purcell filters (dark blue). The background colors indicate the
temperature stages of the experimental setup. We provide additional details about
the components in the legend (white background) and in the text.

frequencies in an analog 1Q-mixer using the continuous-wave signal of a
microwave generator (MWG) as a carrier.

A radio-frequency transceiver (UHFQA) generates multiplexed-readout
pulses at a sampling rate of 1.8 GSa/s. The amplification chain at each readout
port of the sample consists of a wideband near-quantum-limited traveling-wave
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parametric amplifier (TWPA) [Macklin15], a high-electron-mobility transistor
(HEMT) amplifier, and low-noise room-temperature amplifiers (RT-A board).
We add the TWPA pump tone to the input of the amplifier using a 20dB
directional coupler (Dir. coupler), and cancel it interferometrically at the
input of the room-temperature amplifiers by combining the cryostat output
signal with a phase- and amplitude-displaced pump tone that bypasses the
cryostat. After amplification, the signal is down-converted with an 1Q-mixer
in a down-conversion (DC) board and then both digitally demodulated and
integrated using the field-programmable gate-array of the UHFQA.

2.3. Quantum Error Correction

Quantum error correction (QEC) is a method that can protect quantum
information from unavoidable noise provided certain conditions are met. The
very existence of such a method is remarkable because, while error correction
is well-established for classical binary information, quantum information
presents unique challenges. First, quantum states cannot be copied due to the
no-cloning theorem [Wootters82], meaning that a repetition code where an ar-
bitrary quantum state is simply duplicated onto several qubits for redundancy
cannot work. Second, quantum systems are not only subject to bit flip errors
(like classical systems) but also phase flip errors®. Finally, measurement of
a quantum state collapses its superposition, making it di [Ccult to extract
information about errors without destroying the quantum information we
aim to protect.

Fortunately, QEC can overcome these challenges. It introduces redundancy
by expanding the Hilbert space beyond what is strictly needed to represent a
single quantum bit, typically by encoding logical qubits across many more
physical qubits’. This introduces additional degrees of freedom that can be
used to detect and correct errors without disturbing the logical information.
Specifically, QEC codes (i.e., schemes enabling encoding and decoding of
guantum information) are designed such that errors on individual qubits
map the logical information onto distinct, mutually orthogonal subspaces
of the Hilbert space. Measuring carefully chosen observables known as

51n fact, quantum systems are subject to arbitrary continuous errors, but through appro-
priate measurements (see also Section 2.3.1), errors can be projected onto bit flip errors,
phase flip errors, or a combination of both.

“Continuous-variable QEC or bosonic QEC is another approach that encodes the logical
qubit in the larger Hilbert space of a single harmonic oscillator, see Ref. [Cai21] for an
overview of such methods. This approach is not discussed in this thesis.
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stabilizers [Gottesman97] allows to extract information about errors without
revealing or disturbing the logical quantum state.

2.3.1. Stabilizers and Syndrome Extraction Circuits

In classical error correction, parity checks verify whether the sum of selected
bits is even or odd (0 or 1, modulo 2). In quantum error correction, stabilizers
serve as the quantum analogs of parity checks by enforcing correlations
onto qubits without directly measuring their individual states. Typically, a
stabilizer S is an n-qubit Pauli operator that “checks” whether a set of n
qubits satisfy a parity condition in a given Pauli basis. A quantum state | [
is said to be stabilized by S if it is an eigenstate with eigenvalue +1, i.e.

S|pE +|pOd (2.26)

If it is the case, the state satisfies the expected parity condition, and is also
referred to as a state with even parity. Because Sisan n-qubit Pauli operator,
the other possible eigenvalue is —1. A state with eigenvalue —1 is referred
to as a state with odd parity and belongs to a di Lerent subspace where the
stabilizer condition is not met.

For example, consider the stabilizer Z;Z,Z3Z4, which checks the parity
of qubits 1 to 4 in the Z basis without revealing any information about the
eigenvalues of Z1, Z,, Z3, and Z individually. Because the Pauli Z operator
acts on a single qubit as

Z|0F 001 Z |13 — |10 (2.27)

the e[edt of 21222324 on a four-qubit computational basis state |y =
|01020394 CWith q; 0, 1} is given by

2172737 401020304 3 (—1)%+92*9%% |q; goqa04 [ (2.28)

Here, the exponent g1 + g2 + g3 + g4 counts the number of qubits in the |1
state. If this sum is even, the stabilizer measurement yields an eigenvalue of
+1, indicating that the state belongs to the stabilizer’s even-parity subspace.
Conversely, if the sum is odd, the eigenvalue is —1, meaning the state lies
in the odd-parity subspace. More generally, if the quantum state [P s in a
superposition of di Lerknt basis states, measuring the stabilizer projects |Q[]
onto one of its eigenspaces, corresponding to either even or odd parity. This
illustrates how stabilizers enforce parity constraints on quantum states.

25



Chapter 2. Quantum Computing with Superconducting Circuits

This principle provides a framework for constructing so-called stabilizer
codes [Gottesman97], in which logical qubits are encoded in a logical subspace,
or code space, defined as the mutual +1 eigenspace of a set of independent
stabilizer generators Si (hereafter referred to as stabilizers). Importantly,
all stabilizers must commute to ensure a well-defined code space, and must
collectively act upon all physical qubits in the code. Any state that is stabilized
by all Si belongs to the code space and is called a code state [Gottesman97].
To encode a single logical qubit, the code needs two code states, which we can
label |0, C@nd |1, [LJAssuming no error occurs, we do not learn any information
about which of these two states we are in when measuring stabilizers, since
they are both +1 eigenstates of all stabilizers. This is the unobserved logical
information.

However, stabilizer measurements allow to detect whether the system has
remained within the code space or been aledted by an error. This is because
stabilizers are chosen such that they anti-commute with any error that can
aledt the underlying physical qubits. There are various ways to choose
stabilizers to satisfy this requirement, and in this thesis we focus on the
family of Calderbank-Shor-Steane (CSS) codes [Calderbank96]. These codes
include Z-type stabilizers (i.e. multi-qubit Pauli Z operators) to detect X
(bit-flip) errors and X-type stabilizers to detect Z (phase-flip) errors, and
every physical qubit participates in at least one stabilizer of each type.

Since a Z-type stabilizer anti-commutes with a single X error and vice-versa,
a single error flips the stabilizer measurement outcome from +1 when the
state is in the code space, to —1 after the occurrence of the error, thereby
projecting the state out of the code space and into a well-defined error
space associated with the error. Dilerkent errors produce distinct patterns
of stabilizer eigenvalues, known as error syndromes, which allow to infer the
type and location of the error in a process called decoding. Crucially, this
means that even though the physical qubits have experienced an error, the
logical information remains intact: by applying an appropriate correction
based on the syndrome, we can restore the state to the code space without
disturbing or measuring the logical qubit itself.

In practice, directly measuring a multi-qubit Pauli observable that defines
a stabilizer is not straightforward, as standard quantum hardware only
supports single- and two-qubit operations along with individual qubit readout.
Therefore, stabilizers are typically measured using dedicated quantum circuits,
known as stabilizer circuits or syndrome extraction circuits. For each stabilizer,
a sequence of single- and two-qubit gates entangles the relevant data qubits
(those involved in the stabilizer’s Pauli operator) with an auxiliary qubit.
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This process maps the stabilizer eigenvalue onto the state of the auxiliary
qubit, which is subsequently measured. Typically, measuring the auxiliary
qubit in |0Cdorresponds to a stabilizer eigenvalue of +1, while measuring |11
indicates an eigenvalue of —1. These measurements are sometimes also called
parity measurements or syndrome measurements.

Some multi-qubit errors cannot be corrected in a given stabilizer code,
because they map directly one valid code state to another one, therefore
remaining in the code space. By construction, such an error leads to a logical
error, i.e. an error that is indistinguishable from an operation on the logical
qubit and thus cannot be detected nor corrected. Moreover, performing
the stabilizer measurements requires executing quantum operations. These
operations are not perfect and can introduce additional errors, raising the
guestion of whether QEC is feasible at all.

Fortunately, QEC can work provided that the code can tolerate errors
on su [ciehtly many physical qubits and all operations are performed with
su Lciehtly high fidelity, as we discuss in the following subsection.

2.3.2. Code Distance and Error Threshold

A relevant metric that quantifies how well the code can protect quantum
information from errors is the code distance, defined as the minimum number
of independent errors on physical qubits required to map one valid code state
to another [Nielsenl10Q]. In other words, it is the smallest number of errors
needed to implement an undetectable logical operation.

By definition, a code with distance d can detect d — 1 errors, because a
weight-(d — 1) error still produces a non-trivial error syndrome. However, the
code can only correct up to [(d—1)/2C@arrors. If [{d—1)/2dr more individual
errors occur simultaneously, they can move the state far enough in Hilbert
space that it is closer to a di[erkent logical code state than to the original one.
Assuming individual errors are independent and occur with equal probability,
such a high-weight error creates ambiguity as the state becomes more likely
to have resulted from a lower-weight error acting on a di [erknt code state
rather than from this high-weight error aledting the original one. Based on
the error syndrome solely, the inferred recovery operation would be incorrect
and would map the state back to the wrong code state, thereby inadvertently
introducing a logical error.

Increasing the code distance increases the number of independent physical
errors that must occur simultaneously to cause a logical error, and thus
reduces the logical error rate. For certain families of codes, such as the

27



Chapter 2. Quantum Computing with Superconducting Circuits

topological codes studied in this thesis (Section 2.3.4), the code distance can
be increased by extending the qubit lattice on which the code is realized.
However, it also comes at the cost of more physical qubits and additional
stabilizer measurements, which themselves can introduce more errors. This
trade-o Craises the question of whether increasing distance is always beneficial.
The threshold theorem [Knill98a, Kitaev03] answers this question and states
that a QEC code can exponentially suppress the logical error rate as a function
of distance provided that the physical error rates remain below a critical noise
threshold threshold py,. In a simple model where all operations have the same
depolarizing error rate ppn, the logical error rate €4 can be approximated

by [Fowler12]
L1
Bon RN '?@1)/2

€ = - = — 2.29
d = Po ” Po A (2.29)

where po is a constant and A = p/ppn is the error suppression factor which
guantifies how much the logical error rate decreases each time the code
distance increases by two.

The critical noise threshold depends on several factors including the QEC
code, the syndrome extraction circuit, and the decoder used to infer the errors
from the error syndromes. Among known codes, the surface code [Kitaev03,
Fowler12] which we realize experimentally in Chapter 3 has one of the highest
thresholds, with py, [1%6.

If physical error rates are below the critical noise threshold, QEC codes
provide a path to the extremely low error rates required for practical quantum
computation at the cost of a polynomial qubit overhead. In Chapter 5,
we experimentally verify this fundamental principle by demonstrating that
increasing the code distance reduces logical errors in the color code [Lacroix24].

One important assumption of the threshold theorem is that errors are
independent. Correlated errors severely degrade error suppression, but they do
not fully prevent it as long as they remain su [ciehtly localized [Fowlerl13]. For
superconducting circuits, high-energy impact events [McEwen21a], crosstalk,
and leakage out of the computational subspace [Aliferis07] are sources of
correlated errors that pose a threat to QEC performance. This thesis also
investigates methods to mitigate such e [edts for leakage, see Chapter 4.

2.3.3. Logical Operations

Achieving low error rates on an idling qubit alone is not su Lcieht, we must
also be able to realize operations on logical qubits to perform error-corrected
guantum computation. When applying logical gates, it is essential to ensure

28



2.3. Quantum Error Correction

that they do not spread errors in a way that would compromise QEC protocols.
We discuss below methods to realize fault-tolerant logical gates in stabilizer
codes.

Logical Operators

Just as physical qubits have X, Y and Z Pauli operators, encoded logical
qubits can be manipulated using logical operators Xi, Yo and Z,. Like
physical Pauli operators, logical Pauli operators anti-commute with each
other, and applying the same operator twice leaves the logical state unchanged.
Importantly, they commute with all stabilizers of the code, ensuring that
applying a logical Pauli gate keeps the state within the code space.

Logical Pauli operators are multi-qubit Pauli operators acting on a set
of physical qubits, and are defined up to the multiplication by any set of
stabilizers of the code [Gottesman97]. Measuring the state of a logical qubit
in a given basis is achieved by measuring the corresponding logical operator.
This is done by performing single-qubit measurements of all data qubits
in the appropriate basis (e.g., measuring in the Z-basis to measure 2._),
then computing the logical eigenvalue from the product of the individually
measured physical operator eigenvalue (with |0C&nd |1[torresponding to
eigenvalues +1 and —1, respectively).

In stabilizer codes, logical Pauli gates are fault-tolerant because they can be
implemented transversally, a procedure described in the following subsection.
In addition, most CSS codes allow fault-tolerant readout in the X and Z
bases, but not necessarily in the Y basis. For instance, while color codes
support fault-tolerant readout in the Y basis [Bombin06], the surface code
does not [Gidney23], which can lead to a substantial overhead in large-scale
computations [Gidney23].

Transversal Gates

The simplest way to realize a fault-tolerant logical gate is through a transversal
implementation, meaning that the logical gate is implemented by applying the
equivalent operation independently to each physical qubit of the code [Gottes-
man97]. This approach prevents errors from propagating between physical
qubits, thereby preserving fault tolerance. Dilerent codes admit di[lerknt
sets of transversal gates. However, no QEC code can support a universal set
of gates using only transversal operations [Eastin09].
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Even when transversal gates are in principle possible, practical consider-
ations may limit their feasibility. For example, color codes and the surface
code support a transversal CNOT gate, but its implementation requires pair-
wise connectivity between the physical data qubits of the two logical qubits,
which is challenging to implement in a system with 2D nearest-neighbor
connectivity.

Most CSS codes can implement all or a subset of Cli[ardd gates transver-
sally. However, for many codes compatible with a 2D-qubit grid with local
connectivity, non-Cli[aond gates, such as the T -gate, cannot be implemented
transversally. Since a universal gate set requires at least one non-Cli [and
gate, additional techniques are necessary to implement them fault-tolerantly.

One approach is code switching [Kubical5], where the logical state is
transferred between codes that support di Lerknt transversal gates. However,
this typically demands high connectivity between physical qubits. A method
that works with local connectivity is gate teleportation, where an auxiliary
logical qubit prepared in a specific state enables the logical T -gate, as described
below.

Realizing non-Cli [ord gates by gate-teleportation

A well-established approach to implementing a fault-tolerant T-gate is the
gate-by-teleportation method [Terhall5], realized with the quantum circuit
diagram presented in Fig. 2.6a.

The procedure consists in entangling the target logical qubit with an
auxiliary qubit prepared in a magic state [Bravyi05] |A|_'%1: T |+ [Jand
subsequently measuring the auxiliary qubit to e [edtively teleport the e [edt of
the T -gate onto the target. If the measurement outcome of the auxiliary qubit
is |1, Ja corrective S-gate is required on the target. Since all operations in
this sequence are CliLard or fault-tolerant measurements, which are assumed
to be su [ciehtly error-corrected, the fidelity of the T-gate is determined
by the fidelity of the magic state preparation, which is inherently not fault
tolerant [Gottesman97, Litinskil9].

Therefore, to prepare magic states with su Lciehtly high fidelity, we use
a two-step process. First, a raw magic state |AE= T |+ s prepared on
a physical qubit and injected into a logical qubit, yielding a noisy magic
state |A_ C{blue box in Fig. 2.6b). This state injection process is performed
experimentally in Chapter 5 using a distance-three color code. To increase the
fidelity of the logical magic state, magic state distillation [Bravyi05, Litinskil9]
is employed (red box in Fig. 2.6). Distillation protocols take many noisy magic
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Figure 2.6: Fault-tolerant T-gate realization. a, Quantum circuit diagram to
realize a T-gate on a target logical qubit in state |@ Clising an auxiliary logical
qubit prepared in a high-fidelity state |A-f3= T |+_[Ob, High-fidelity magic state
preparation, consisting of the injection of a raw magic state prepared on a physical
qubit into a logical qubit (blue box), and a magic state distillation step (red box),
see text for details.

states as input and probabilistically produce a smaller number of higher-
fidelity ones. If the distillation of a particular run fails, the process must
be repeated until it succeeds. A common example is the 15-to-1 distillation
protocol [Bravyi05], which consumes 15 raw magic states |A[With error rate
p and probabilistically produces a single magic state |A,_'%}vith reduced error
rate 35p3 + O(p*). If the resulting fidelity is insu [cieht, distillation can be
concatenated. Each distillation round adds considerable cost to fault-tolerant
guantum computation. For many quantum algorithm applications, it is
believed that magic state preparation for realizing T-gates constitutes the
largest fraction of the cost of the computation [Terhal15].

To reduce resource overhead, more e Lcieht distillation algorithms [Jones13,
Litinskil9] and alternative state purification methods [Itogawa24, Gidney24]
have been explored. Regardless of these improvements, increasing the initial
fidelity of the injected magic state is always beneficial, as it directly reduces
the amount of purification required. This can be achieved by reducing
physical error rates, by the appropriate choice of the code in which the noisy
magic state is prepared [Bravyil2, Zhang24], by designing a more e [Cieht
encoding circuit [Lil5, Lao22], and possibly by combining any of the above
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with post-selection, where injected magic states are discarded if the stabilizer
measurements suggest that an error may have occurred. Post-selection at this
stage is acceptable because magic state injection is not part of the computation
until used in the gate-by-teleportation protocol. In addition, early rejection
of faulty states avoids wasting distillation resources. Nevertheless, it comes at
the cost of a lower success probability of preparing magic state in a single trial.
This tradeo [Cbletween post-selection and fidelity is explored experimentally
in Chapter 5.

Multiqubit Operations using Lattice Surgery

As introduced previously, many QEC codes support transversal CNOT gates
but realizing these in a 2D architecture is challenging. An established method
to circumvent this issue is lattice surgery [Bombin09, Horsmanl12, Landahl14],
a method for performing multi-qubit logical operations by means of local
operations only and which uses less physical qubits than braiding tech-
niques [Fowler12].

Lattice surgery employs error-corrected multi-logical-qubit parity measure-
ments to realize operations such as the CNOT gate. These parity measure-
ments are realized by dynamically modifying the stabilizer structure of the
logical qubits using merge and split operations. In a merge, two adjacent
logical qubits are combined into a single larger logical qubit by measuring
stabilizers along their shared boundary, e [edtively performing a joint par-
ity measurement in the basis of exposed logical operators at the boundary.
This projects the system into an eigenstate of the product of the measured
stabilizers, e [edtively entangling the two qubits in a way that depends on
the stabilizer outcomes. To ensure fault-tolerance, the merge operation is
typically repeated O(d) times, where d is the distance of the logical qubits
which are merged. The split operation is the inverse process, where a single
logical qubit is separated back into two by stopping to measure the stabilizers
along a chosen boundary. We provide the first experimental demonstration
of such a parity measurement using distance-three color codes in Chapter 5.

2.3.4. Topological QEC codes

In this thesis, we study two CSS codes: the surface code and the color code,
both of which belong to the class of topological codes. These codes protect
guantum information by encoding it in a global property of the qubit lattice,
making it resilient to local errors. The stabilizer measurements act only on
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small regions of the system, and thus they do not directly reveal the encoded
logical state. Concretely, the logical operators are chosen to be global features
of the qubit lattice such as a string of operators on qubits going from one
boundary to another. Increasing the size of the lattice extends the global
topological features that define logical operators, while errors remain confined
to local regions. As a result, a larger lattice increases the code distance and
thus improves the protection against errors; see Section 2.3.2 for details.

The surface code [Bravyi98, Dennis02, Fowlerl2] is a planar realization of
the toric code [Kitaev03] with open boundaries. We use the rotated surface
code variant [Bombin07, Horsman12], which uses approximately half the
number of physical qubits compared to the unrotated variant [Bravyi98] at
equal code distance. The surface code is one of the most promising QEC codes
because it can be implemented on a square qubit lattice where each qubit is
connected to four nearest neighbors, has a high error threshold compared to
most other known codes, and its error syndromes can be decoded e [Ciehtly
and with high accuracy for arbitrary code distance [Fowler12].

Color codes [Bombin06] are a family of self-dual CSS quantum codes,
meaning that X-type and Z-type stabilizers have the same support on the
qubit lattice. Consequently, the logical operators of the code act on the same
physical qubits. This provides the advantage of enabling more transversal
gates compared to the surface code [Bombin06], and allowing more e Lcieht
implementation of multi-logical-qubit gates [Thomsen22]. We study a two-
dimensional color code (or triangular color code) embedded on a hexagonal
data-qubit lattice. When using the superdense syndrome extraction cir-
cuit [Gidney23], the addition of two auxiliary qubits in each hexagonal tile
allows to embed the code on a square qubit lattice with four nearest neighbors
like for the surface code. At equal distance, color codes also require less
physical qubits than the surface code [Bombin07]. This comes at the cost of
a lower noise threshold and the need for more complex decoding strategies.

This thesis demonstrates the first error-corrected qubit encoded in the
surface code across all hardware platforms and the first color code qubit
implemented in a superconducting device. To contextualize these results,
Table 2.1 provides a concise overview of QEC experiments in superconducting
circuits implementing surface codes (including toric codes) and color codes.
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Table 2.1: QEC experiments implementing surface/toric codes or color
codes with superconducting qubits. Jn,k,dK denotes a code with n data qubits
encoding k logical qubits with distance d. Qb. denotes the total number of physical
qubits used for the experiment. Adapted and extended from Ref. [Google Quantum

Al23].

Reference Year Code name  Code size Jn,k,dK Qb. Cycles
[Takital?] 2017 Toric code J4,2,2K 5 1
[Andersen20]* 2019 Surface code J4,1,2K 7 1-11
[Chen21] 2021 Surface code J4,1,2K 7 1-15
[Marques22] 2021 Surface code J4,1,2K 7 1-15
[Krinner22]? 2022 Surface code J9,1,3K 17 1-16
[Zhao22] 2022 Surface code J9,1,3K 17 1-11
[Google Quantum AI23] 2023 Surface code J9-25,1,3-5K 17-49 1-25
[Ye23] 2023 Surface code J9,1,3K 17 1-9
[Gupta24] 2024 Toric code J4,2,2K 7 1
[Lacroix24] 2024  Color code J7-19,1, 3-5K 13-37 1-29
[Lacroix24]? 2024 Color code 2 x J7,1,3K 32 5
[Besedin25]* 2025 Surface code J9,1,3K 17 1-20
[Google Quantum AI25]' 2025 Surface code J9-49,1,3-7K 17-97 1-108

1The author contributed to this work.

2This thesis includes significant contributions to this work.
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As introduced in Chapter 2, the surface code is one of the most prominent
approaches to realizing fault-tolerant quantum computation, primarily due to
its exceptional error tolerance [Kitaev03, Dennis02, Raussendorf07, Bombin09].
Its compatibility with planar, four-neighbor architectures further establishes
it as an ideal candidate for implementation with superconducting circuits,
where achieving long-range connectivity between qubits is challenging.

This chapter details the experimental realization of quantum error correc-
tion using a distance-three surface code logical qubit, the smallest instance
capable of correcting arbitrary single-qubit errors. We begin by introducing
the distance-three surface code layout and the quantum circuit used for
stabilizer measurements (Section 3.1). This is followed by a presentation
of the superconducting device used to implement the surface code, along
with component benchmarks (Section 3.2). Next, we provide a brief overview
of the calibration of the device, emphasizing the calibration of flux line
predistortion filters and two qubit gates (Section 3.3). In Section 3.4, we
evaluate the performance of individual stabilizers, and in Section 3.5, we
demonstrate the initialization of the logical qubit. These elements culminate
in the demonstration of repeated error correction described in Section 3.6.

The work presented in this Chapter serves as the foundation for Ref. [Krin-
ner22].

3.1. Distance-three Surface Code Layout and
Syndrome Extraction Circuit
Experimentally realizing a single distance-three logical qubit in the surface

code requires 17 qubits; nine data qubits to encode the logical qubit and eight
auxiliary qubits to measure the eight stabilizer operators of the code.
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The qubits are arranged in a planar square lattice as displayed in the
schematic in Fig. 3.1a. The data qubits Dj, j = 1...9, (red dots) form a
3 x 3 array and are interlaced with auxiliary qubits Ai, labeled Xi (blue)
and Zi, i = 1...4 (green). Each qubit is connected to two or four nearest
neighbors as indicated by the gray lines in Fig. 3.1a. We define the logical
operators of the code as the product of single-qubit Pauli operators in one
row or column of data qubits,

ZL=Zp1Zp2Zp3 and X = Xp1XpaXpr. (3.1)
The weight-two (or weight-four) stabilizer operators

xi i
7= X; and S"T = Zj (3.2)
i=1 i=1

are products of two (or four) Pauli-X or -Z operators of the data qubits j
located at the vertices of a given data-qubit plaquette.

Measuring a stabilizer 8™ consists in mapping the parity of the two or
four data qubits located at the vertices of the corresponding plaquette to
the auxiliary qubit Ai located at the center of the plaquette. For a Z-type
stabilizer, the auxiliary qubit state remains unchanged if the number of data
qubits in |1[s even (i.e. 0, 2, or 4), see also Section 2.3.1). Conversely, if
the number of data qubits in |1ds odd (1 or 3), the auxiliary qubit state
is flipped. The same principle applies to X-type stabilizers, but with the
number of data qubits in |—L1

In our experiments, the gate sequence implementing the stabilizer mea-
surement consists of four or two controlled-phase (CZ) gates [Strauch03, Di-
Carlol10, Negirneac21], combined with initial and final t/2-rotations on the
auxiliary qubits as depicted schematically in Fig. 3.1b and c, respectively.

The gate sequence for measuring §X' contains additional initial and final
m/2-rotations acting on the data qubits, implementing a basis change from
the Z to the X basis (blue dashed squares in Fig. 3.1b and c). We apply
echo pulses (Y gates) to the data qubits in the middle of the gate sequence
to reduce dephasing of the data qubits and residual coherent coupling to
spectator qubits [Krinner20].

In our implementation, auxiliary qubits are not reset in between successive
cycles of stabilizer measurements. Consequently, if a stabilizer has an odd
parity, the state of the corresponding auxiliary qubit will alternate from
cycle to cycle. Therefore, we infer the stabilizer value sA' in cycle n from
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Figure 3.1: Distance-three surface code layout and syndrome extraction
circuit. a, Conceptual representation of the distance-three surface code consisting
of data qubits (red circles), Z-type (green circles) and X-type auxiliary qubits (blue
circles), with their connectivity indicated by gray lines. The data qubits participating
in the weight-three logical operators Z,_ and X are indicated by solid black lines.
Green (blue) plaquettes indicate X-type (Z-type) stabilizer circuits. b-c, Syndrome
extraction circuits Quantum circuit diagrams for weight-four (b) and weight-two (c)
stabilizers acting between data qubits located on the vertices of a plaquette (red
circles) and the corresponding auxiliary qubit used for Z-type (green) or X-type (blue
circle) stabilizer measurements, where the latter require a basis change (dashed-blue
squares), see text for details.

Single-qubit Y-rotation (

the change in consecutive readout outcomes mA' = +1 rather than by the
measurement outcome in a given cycle, i.e.

sAl = mAL mAt, (3.3)

Here, the readout outcomes are the eigenvalues of the physical z operator,
i.e. +1 if the qubit is measured in [0Cand —1 if the qubit is measured in |1[]

3.2. Device Architecture and Performance
We design and fabricate a 17-transmon-qubit device implementing the schematic

layout shown in Fig. 3.1a to realize the distance-three surface code, see Fig. 3.2
for a false-colored micrograph. The device consists of superconducting-circuit
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elements patterned into a 150 nm-thin niobium film sputtered onto a high-
resistivity silicon substrate using photolithography and reactive ion etching.
The Josephson junctions of the qubits are fabricated using electron-beam
lithography and shadow evaporation, see [Krinner22, Supp. Mat.] for details.

The device features 17 transmon qubits [Koch07] (yellow) capacitively
coupled to each other along the edges of the square lattice with [—TImm
long coplanar waveguide segments (turguoise). The qubits are fabricated
with asymmetric superconducting quantum interference devices (SQUIDs)
[Strand13, Hutchings17] to allow for data qubits to idle at their minimum
and auxiliary qubits at their maximum frequencies, at which the qubits are
to first-order insensitive to flux noise. Data qubits are designed with idle
frequencies 3.7 — 4.1 GHz in a low frequency band and auxiliary qubits with
idle frequencies 5.9 — 6.3 GHz in a high frequency band, as indicated by the
red and green shaded horizontal lines in Fig. 3.3a, respectively. We present
an overview of the device parameters for all qubits in Table 3.1.

There are three key types of operations required to execute the syndrome
extraction circuits: single-qubit gates, CZ gates, and qubit readout. Each of
these operations must be executed with high fidelity to successfully correct
errors of the logical qubit.

On our device, single-qubit X- and Y -rotations are realized by applying 40-
ns-long microwave pulses resonant with each qubit’s idle transition frequency
through a dedicated drive line (pink coplanar waveguide in Fig. 3.2). To min-
imize leakage out of the computational subspace, as well as phase errors, we
implement the derivative removal by adiabatic gate (DRAG) technique [Mot-
z0i09]. Single-qubit Z-rotations are realized using virtual-Z gates [McKay17]
which take zero time as they are implemented through a redefinition of the
reference frame. Single-qubit gates display a mean error of 0.0009(4) as mea-
sured by single-qubit randomized benchmarking [Magesan12], see Fig. 3.3b for
the gate error histogram, displayed as an integrated (cumulative) distribution.

We realize the two-qubit controlled-phase (CZ) gates by tuning adjacent
pairs of data (Dj) and auxiliary qubits (Xi, Zi) into resonance [Strauch03, Di-
Carlo10, Negirneac21] using individual flux lines implemented with coplanar
waveguides (green in Fig. 3.2) shorted near the SQUID loop of each qubit.
As detailed in Section 2.2.3, the data and auxiliary qubits are tuned to
an intermediate interaction frequency Wint and wine — A, respectively, with
wint/21 ranging from 4.4 to 5.6 GHz. During the two-qubit gate, the |11[]
state is in resonance with the [203tate which induces a coherent population
transfer between these states, mediating an e [edtive controlled-Z interac-
tion [Strauch03]. For all qubit pairs on the device, it is always the auxiliary
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Figure 3.2: False-color micrograph of the device. 14.3mm x 14.3mm device
realizing the schematic layout in Fig. 3.1a with 17 transmon qubits, see legend for
circuit elements and text for details. The qubit lattice is rotated by 45 degrees with
respect to Fig. 3.1a.

qubit that goes through the second-excited state |2[_which minimizes leakage
out of the computational subspace for data qubits. We make use of net-zero
flux pulses [Negirneac21], which reduce both the detrimental e [edt of low-
frequency flux noise on qubit coherence and the impact of non-idealities in the
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Chapter 3. Quantum Error Correction in the Surface Code

Table 3.1: 17-qubit device parameters. Qubit parameters, coherence properties
and single-qubit performance for the nine data qubits (top) and the eight auxiliary
qubits (bottom). We also provide, for relevant quantities, the averaged value across
the device in column Q.

Parameter DL D2 D3 D4 D5 D6 D7 D8 D9

Qubit idle frequency, wg/2m (GHz) 3.885 3.994 3.952 3.878 3.895 3.74 4.056 3.993 4.143
Qubit anharmonicity, a/2n (MHz) -184  -184 -183 -184 -186 -184 -181 -183 -181

Lifetime, Ty (us) 29.1 330 655 593 322 602 360 331 259
Ramsey decay time, T){ys) 35,0 135 339 743 461 781 748 414 317
Echo decay time, T§ (us) 46.2 522 493 755 561 893 725 591 363
Single-qubit RB error, & (%) 0.06 0.07 004 004 006 0.06 0.04 0.08 0.06

Readout frequency, wro/21 (GHz)  6.769 6.979 6.88 7.12 7.18 7.032 6.91 7.075 6.868
Qb. freq. during RO, mS/Zn (GHz) 5321 475 5275 425 442 513 4.395 3.993 5.0

Dispersive shift, x/2n (MHz) 20 -22 -19 -16 -15 -16 -23 -20 -24
Disp. shift during RO, X721 (MHz) 7.4 -39 -6.0 -2.0 -2.1 -4.7 3.0 -20 49
Readout linewidth, ke /21 (MHZ) 6.3 7.2 8.3 8.7 35 9.0 8.6 8.2 8.9
Qb.-RR. coupling, gqr/21m (MHZ) 244 269 241 241 238 244 267 265 260
Two-state readout error, [gc)) (%) 0.7 0.5 0.5 0.6 0.8 0.5 2.3 1.3 0.5
Three-state readout error, [53, (%) 4.4 1.0 5.9 2.1 1.6 1.1 3.3 2.1 1.0
Thermal population, P, (%) 2.1 0.7 15 3.8 2.7 2.2 0.0 0.8 1.6
Parameter X1 X2 X3 X4 Z1 z2 Z3 Z4 Q

Qubit idle frequency, wg/2m (GHz)  6.097 5.885 6.022 6.049 6.328 6.192 5.956 6.037 -
Qubit anharmonicity, a/2n (MHz) -170  -174 -170 -170 -163 -168 -171 -170 -177

Lifetime, Ty (us) 124 174 185 126 17.0 427 297 275 325
Ramsey decay time, T/—{us) 56 143 207 289 293 331 480 289 375
Echo decay time, T5 (ps) 158 330 161 331 315 260 536 536 47.0
Single-qubit RB error, [34 (%) 0.16 0.13 0.17 0.14 0.1 0.09 0.07 0.16 0.09

Readout frequency, wro/2n (GHZ) 7.372 7554 7.258 7.461 7.316 7.502 7.2 7.412 -
Qb. freg. during RO, mS/Zn (GHz) 59 5.885 6.022 6.049 6.328 6.191 5.956 5.687 -
Dispersive shift, x/2n (MHz) -28 -19 -32 -26 -47 -29 32 -28 -24
Disp. shift during RO, x72n (MHz) -21 -1.9 -32 -26 -47 29 -32 -28 -35
Readout linewidth, Ke /21 (MHZ) 151 201 130 110 112 122 143 100 10.3

Qb.-RR. coupling, gqr/21m (MHZ) 167 168 167 168 171 170 167 171 213
Two-state readout error, [gc)) (%) 2.7 0.7 0.8 0.8 1.3 0.4 0.4 0.5 0.9
Three-state readout error, [Sc)) (%) 3.9 2.0 1.9 1.6 2.2 1.2 0.9 1.1 2.2
Thermal population, Py, (%) 0.2 0.2 0.5 0.3 0.6 0.5 0.2 0.9 1.1

transfer function of the flux lines on gate fidelities. Given the large designed
detuning of [CZIGHz between the data and auxiliary qubits at their idle
frequencies, we calculate residual-ZZ interaction strengths between qubits
lower than a,,/2n [8lkHz [Krinner20]. It is only during two-qubit gate
execution that o, increases by a factor of approximately 2 to 25, depending
on the interaction frequency wint, Which we partially mitigate using echo
pulses as described in Section 3.1. The coupling strengt{y between auxiliary
qubits and data qubits at the interaction point is about 2Jqq/2n [ 7MHz.
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Figure 3.3: Device architecture and performance. a, Frequency arrangement
in three distinct bands for idling data qubits (red circles), idling Z/X-type auxiliary
qubits (green/blue circles), and readout resonators (violet open circles). The qubit-
frequency tuning ranges are indicated by vertical bars. b, Cumulative distributions
(integrated histograms) of single-qubit gate (pink), simultaneous two-qubit gate
(cyan), two-state (red) and three-state readout errors (light red).

The 24 pairwise CZ gates have a mean duration of 98(7) ns, including two
conservatively chosen 15-ns-long bu [erk at the beginning and the end. We
determine the two-qubit gate error from interleaved randomized benchmarking
experiments [Magesan12] with sets of three gates executed in parallel, as
employed in our realization of the surface code cycle (see Section 3.4). We
measure a mean gate error of 0.015(10). The gate error histogram shows
variations of about a factor of four in two-qubit gate error, see Fig. 3.3b. We
attribute the outliers in the gate error distribution to time-varying microscopic
defects in our device [Zanuz25] (Section 3.3.2).

To perform fast and high-fidelity readout, each qubit is coupled to a
resonant pair of readout resonator and Purcell filter (red- and blue A/4
coplanar waveguide resonators in Fig. 3.2). Each readout resonator is coupled
strongly to the qubit (gqr/2n 189 MHz for auxiliary qubits and gqr/2m 1
252 MHz for data qubits) and has a large e [edtive bandwidth (ke A2m [
10 MHz) [Walterl7, Swiadek24]. The individual Purcell filters both maintain
high qubit coherence, despite the large coupling and bandwidth of the readout
resonators, and reduce undesired measurement-induced dephasing between
qubits which are in close proximity or have similar frequencies [Heinsoo018].
This is particularly important for the simultaneous frequency-multiplexed
readout of groups of four or five qubits using joint feed lines (purple coplanar
waveguides in Fig. 3.2). The readout resonator frequencies are separated by
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Chapter 3. Quantum Error Correction in the Surface Code

about 200 MHz within each feed line and occupy a frequency band extending
from 6.8 to 7.6 GHz (purple points in Fig. 3.3a).

We read out the states of all qubits dispersively by applying frequency-
multiplexed Gaussian filtered microwave pulses of duration 200 — 300 ns to all
four feed lines. We integrate the transmitted signals in a heterodyne detection
scheme for a duration of 400 ns (see Section 2.2.5 for details). Auxiliary
qubits are read out near their idle frequencies while data qubits are read out
at a flux-tuned qubit frequency of [51GHz reducing the data qubit-readout
resonator detuning [Sank16] and thus enhancing the dispersive coupling and
the readout fidelity [Wallra [03, Walterl7, Swiadek24].

With our readout scheme we discriminate the two computational qubit
states and a leakage state, which if undetected or uncorrected for is detri-
mental to any surface code implementation [Aliferis07, Fowlerl3, Ghosh15,
Sucharal5, Bultink20, Varbanov20], as also described in detail in Chapter 4.
We achieve a mean readout assignment error of 0.009(7) when discriminating
the computational states only (two-state readout) and of 0.022(14) when
discriminating the computational states and the leakage state (three-state
readout). The corresponding cumulative distribution for two-state readout
exhibits performance variations on the device of about a factor of two when
disregarding two outliers, while the distribution for three-state readout shows
variations larger by about a factor of two (Fig. 3.3b).

In summary, this device enables the implementation of all essential op-
erations required for the syndrome extraction circuit of the surface code,
achieving mean error rates of approximately 1% or lower. These error rates
are consistent with the requirements for operating the surface code near its
critical noise threshold, as predicted by simulations [Fowler12] and corrobo-
rated by experimental results [Google Quantum Al23], where similar error
rates were observed in a regime close to the threshold.

3.3. Device Tuneup and Calibration

After fabrication, the device is wire-bonded to a 48-port printed circuit board
and enclosed in a magnetically shielded sample holder mounted to the base
plate of a dilution refrigerator [Krinner19]. The air is pumped out of the
system, and the cryostat is cooled until the base plate reaches a temperature
of about 10 mK.

Once thermal equilibrium is reached, measurements can begin. Before
executing the surface code, the device undergoes six main calibration steps:
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3.3. Device Tuneup and Calibration

1.

Initial device characterization and qubit biasing. First, we
verify signal transmission through all readout feedlines and identify
readout-resonator-Purcell filter pairs. The flux bias is adjusted to
bias qubits to their designated idle frequencies at the upper (lower)
flux-noise insensitive bias point for auxiliary (data) qubits. Microwave
generator frequencies for multiplexed readout and drive are chosen
based on measured resonator and qubit transition frequencies. A de-
tailed discussion of these characterization methods can be found in
Refs. [Hanke22, Ekert24].

Single-qubit gate calibration. Using standard time-domain meth-
ods [Hanke22, Hashim24], we calibrate single-qubit m and /2 DRAG
pulses to realize high-fidelity single-qubit gates [Lazar23a].

. Single-shot readout. To ensure accurate qubit state discrimination

in each quantum error correction cycle, we calibrate single-shot readout
by optimizing readout frequency, power, and integration weights (see
also Section 2.2.5) [Walter17, Heinsoo18] on each qubit individually.
For data qubits, we additionally calibrate the amplitude of a flux pulse
that tunes readout parameters in situ [Swiadek24].

Calibration of flux-pulse predistortion filters. To achieve nano-
second-scale control of qubit transition frequencies, we design digital
predistortion filters that compensate for flux-line distortions. This step
is essential for realizing high-fidelity two-qubit gates.

Crosstalk characterization and compensation. An important
requirement for executing the surface code is the individual and inde-
pendent control of the device’s constituents. We characterize three types
of crosstalk: microwave drive crosstalk, flux crosstalk, and measurement-
induced dephasing. The methods used for this characterization are
detailed in Ref. [Krinner22, Supp. Mat.]. For two specific qubit pairs on
the device, we apply an interferometric cancellation pulse to mitigate
drive crosstalk, see Ref. [Remm23a] for a detailed calibration procedure.
Flux crosstalk is compensated by adapting voltage waveforms based
on the measured sensitivity of each qubit to the voltage applied to all
flux lines of the device. Measurement-induced dephasing is not directly
compensated but its characterization allows to verify that the choice of
readout frequencies will not induce excessive additional errors on other
qubits of the device [Krinner22, Supp. Mat.].
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6. Two-qubit gate calibration. Before testing individual stabilizers
(Section 3.4), we calibrate the 24 net-zero sudden two-qubit gates [Ne-
girneac21, Remmz23a] of the device. This procedure consists in choosing
interaction frequencies compatible with the execution of the surface code
cycle, adapting the gate duration to achieve full population recovery in
the computational subspace, and calibrating the phase acquired by the
|11C3tate to implement a high-fidelity CZ gates.

Among these six calibration steps, the calibration of flux-pulse predistortion
filters and two-qubit gates (steps 4 and 6) required particular attention, as
further improving these calibration methods beyond their implementation in
prior work [Andersen19, Andersen20, Lacroix20] was important to achieve the
necessary two-qubit gate fidelities for the successful execution of the surface
code. Below, we provide a detailed discussion of these two steps.

3.3.1. Flux Line Predistortion Filters

Fast and accurate control of the transition frequency of superconducting
qubits using magnetic flux is essential for realizing high-fidelity two-qubit
gates with low leakage [Negirneac21], for reducing errors in dispersive qubit
readout [Swiadek24], and for precisely characterizing and compensating flux
crosstalk between qubits. Thus, it is as essential part of the calibration of
our device to realize quantum error correction (QEC) experiments.

We characterize flux-pulse distortions occurring on time scales from tens
of microseconds down to nanoseconds. The dominant distortion at long time
scales (beyond approximately 100ns) is an exponential decay of the flux
waveform due to the high-pass characteristic of a bias tee (time constant
Typ = 19.2 us), which we employ to combine the constant bias of a low-noise
voltage source with the arbitrary waveform generator (AWG) signal (see
Section 2.2.7). The bias tee also suppresses 1/f noise from the AWG. Further
contributions at long time scales can originate from other filters formed
by parasitic capacitances or inductances together with resistive elements
(attenuators). At short time scales, relevant distortions are caused by low-
pass filters in the output stage of the AWG and at the base plate of the
cryogenic setup. Due to the uncompensated low-pass characteristic, the qubit
reaches the target frequency only after approximately 50 ns. Further possible
causes for distortions at short time scales are the skin e [edt and reflections
due to impedance mismatches [Rol20].

Our obijective is to develop a method to compensate flux-pulse distortions
for arbitrary input voltage waveforms. To this e [edt, we consider the entire
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flux line as an linear time-invariant (LT1) system with impulse response h(t)
that captures the distortions of described above. For such system, convolving
the impulse response with an arbitrary input waveform v(t) produces the
expected distorted signal at the output. Thus, we infer the impulse response
through characterization measurements and subsequently design a digital
predistortion filter with impulse response g(t) such that the cascade of the
predistortion filter g(t) and the physical system h(t) forms a scaled identity
operation. The predistortion filter is applied in a preprocessing step to the
waveforms which we upload to the AWG.

To characterize the flux pulse distortions at timescales ranging from ns
to 100 us, we apply a step-like Gaussian-filtered flux pulse and resolve the
resulting time dependence of the qubit frequency by identifying which drive
frequency induces a transition from |0to |1[Ifor a varying delay At after
applying the step-like flux pulse [Hellings25].

We model this step response as

1

s)= e © u(t) (3.4)
i=1

with the unit step function u(t), and a; and T1; are fit parameters representing
scaling factors and time constants, respectively. The number of reactive
elements (capacitors and inductors) modeled in the step response, N, is
chosen empirically (typically N = 4). The impulse response can be obtained
by taking the time derivative of the fitted step response. Using the Laplace
transform, we then derive an infinite impulse response (I1IR) digital filter
with impulse response hjny(t), which inverts the fitted step response up to a
scaling factor [Hellings25].

After calibrating the IIR filter for time scales down to approximately 50 ns,
we employ the cryoscope method [Rol20] to characterize distortions at time
scales below 50 ns. To this end, we model the cascade of the IIR predistortion
filter and the physical flux control line as an e [edtive LTI system with impulse
response h(t), and aim at reducing short-time distortions with an additional
finite impulse response (FIR) filter g(t). We first characterize the response
of the qubit transition frequency to a rectangular flux pulse a(t) of duration
100 ns without any FIR filter applied to the input signal, i.e., v(t) = a(t).

Following [Rol20], we measure the dynamic phase accumulated by the
qubit during a flux pulse by enclosing the flux pulse between two /2 pulses
and sweeping the phase of the second 1/2 pulse. The pulse sequence of this
Ramsey-type measurement is illustrated in Fig. 3.4a. By truncating the flux
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Chapter 3. Quantum Error Correction in the Surface Code

pulse first at t — At/2 and then, in a second experiment, at t+ At/2, yielding
the dynamic phase 6;_at/2> and 84 at/2, respectively, we approximate the
excursion of the qubit from its idle transition frequency as

- Btratz2 — B—aw2
For (O — Fige = — AL :

(3.5)

where fm(t) is the inferred instantaneous qubit transition frequency during
the flux pulse (in Hertz) and f,y, is the qubit transition frequency at the
upper flux-noise-insensitive bias point (in Hertz).

We apply this procedure on each qubit of the device, see Fig. 3.4 for a
representative example on one qubit. We use 16 di [erent phases of the second
1/2 pulse and averaged over 65536 repetitions, while varying At as function
of t in the range between one and eight times the AWG sampling period
Ts. This leads to standard errors below 1 MHz, which is necessary to obtain
precise estimate of the impulse response to the level that matters for two
qubit gates.

We observe distortions not compensated for by the long time-scale methods
in the initial part of the flux pulse, which are most pronounced in the first
25ns, see purple data points in Fig. 3.4b. This is an interval that was excluded
from the fit in the IR due to the limited time resolution of the spectroscopic
measurement. In fact, the IIR filters for compensating distortions at longer
time scales can contribute to additional distortions at time scales that cannot
be resolved with the spectroscopy method, such as the large overshoot after
the initial falling edge, see the purple markers in Fig. 3.4b.

The FIR filter calibration compensates for short-time distortions indepen-
dently of whether they have a physical origin or whether they are artifacts
caused by the previously applied filters. We describe the transmission through
the cascade of IIR predistortion filters and the physical flux control line by a
generic FIR impulse response

Lt
ht)=  hed(t— L) (3.6)
=0
with L = 120 free parameters h—spaced by the AWG sampling period Ts,
where & is the Dirac impulse. To fit this model to the acquired data set
of measured frequencies fm(t), we use regularized optimization [Wing91,
Borchers13, Hellings25] to avoid overfitting to noise.
The purple line in Fig. 3.4b shows the result of filtering the rectangular
input pulse with the fitted impulse response of the residual distortions, h(t),
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Figure 3.4: Characterization and correction of distortions at time scales
below 50ns. a, Pulse sequence showing envelopes of the /2 drive pulses (blue),
the readout pulse (yellow), and two flux pulses di[ering in duration by At (solid and
dashed green), see text for details. b, Measured (dots) and fitted qubit frequency
excursion (solid lines) with respect to the idle frequency f,y,. when applying a
rectangular flux pulse without an FIR filter (purple), with a single FIR filter (green),
or with two FIR filters (red). The target frequency excursion is shown in black, with
+1% deviation from it indicated with dotted gray lines.

and applying the qubit frequency transformation based on a Hamiltonian
model fitted in a separate calibration procedure. Next, we compute an inverse
FIR filter hj,y via a second regularized optimization [Hellings25, Supp. Mat.].

With the inverse filter applied as a predistortion filter g(t) = hjn(t), we
remeasure ?01(t) (green markers in Fig. 3.4b) and perform the same fitting
procedure as before (solid green line), revealing residual frequency deviations
of up to approximately 8 MHz from the target, corresponding to 1% of the
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total frequency excursion. We attribute these deviations mostly to fact that
the FIR predistortion filter is calibrated based on a characterization data set
that su Lerk from systematic errors of the cryoscope method [Rol20]. These
systematic errors are especially pronounced after rising and falling edges of
the flux pulse. As these systematic errors are caused by turn-o Cffransients,
they are expected to be reduced by the calibrated FIR filter, which reduces
these transients. We thus used the data set obtained with this filter to
calibrate a second FIR filter in order to reduce residual distortions, see the
red markers in Fig. 3.4b, which show the response to a Gaussian-filtered step
function with all predistortion filters applied. With this second FIR filter,
residual distortions are reduced to below +0.7 MHz after 15ns. However, a
slight overshoot of approximately 3 MHz remains after the rising edge, which
we attribute to the residual systematic errors. Further iterations of FIR filter
calibration do not lead to significant improvement.

Understanding the precise impact of these residual distortions on two-
qubit gate fidelity remains an important direction for future work. However,
ensuring the residual frequency deviations remain smaller than y1e coupling
rate between [11[and [20L0f & neighboring qubit pair, i.e., 2Jgq/2M =
7MHz, on the timescale of 1/ 2Jqq = 23 ns ensures accurate control of the
population transfer between the two states. This control is important to
minimize leakage out of the computational subspace as well as swap errors.
The final filter configuration on all qubits of the device meets this requirement,
enabling high-fidelity two-qubit gates.

3.3.2. Two-qubit Gates

The architecture of our device provides flexibility in selecting the interaction
frequency at which neighboring qubits couple to implement CZ gates. We
choose interaction frequencies that enable the parallel execution of three CZ
gates during each of the eight time steps in the quantum error correction cycle,
as indicated by the colors and labels of the qubit-qubit couplers in Fig. 3.5.
The interaction frequencies for a single time step (colored horizontal lines of
same color) are chosen to avoid crossing neighboring qubits on which gates
are executed in the same time step. In addition, the interaction frequencies
in a given CZ gate time step are distributed over the available [2IGHz
frequency range to minimize residual-ZZ couplings between neighboring
qubits performing CZ gates in parallel. The overall, calculated residual-ZZ
coupling during the eight CZ gate time steps, averaged over all 24 qubit pairs
and over the eight time steps, amounts to azz/2mn = 27(37) kHz, which is
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Figure 3.5: Frequency arrangement chosen for the operation of the device.
Measured population loss (gray areas) when flux-tuning qubits from their idle
frequencies (black dots) to wjn for a duration of 100 ns. The chosen two-qubit gate
interaction frequencies are displayed as colored lines corresponding to the color code
used in the conceptual device representation at the bottom of the panel, which
indicates two-qubit pairs between which gates are executed. Gates sharing the same
color are executed simultaneously, in the time step indicated by the label extending
between pairs of qubits

about a factor three larger than with all qubits biased at their idle frequency.

Finally, the interaction frequencies are chosen to minimize population
loss due to interaction with the strongly coupled microscopic defects of
our device. To characterize the defect-mode distribution, we determine
the frequency-dependent population loss for each qubit by measuring the
remaining excited-state population after applying Gaussian-filtered square
flux pulse that tunes the qubit frequency from its idle frequency (black semi-
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circle) to wjn for a duration of ti,y = 100ns, see the gray filled areas in
Fig. 3.5. For most qubits, we observe a constant background population
loss of = 2% over the entire frequency range, with 0 — 3 narrow frequency
bands (=< 50 MHz) exhibiting peak population loss = 25%. We attribute
these population-loss peaks to coherent interactions with defects coupled to
the qubits with a strength of g/2nm = 0.8 MHz. Qubits D7, D8 and X1 display
broader and higher population-loss peaks, likely due to the interaction with
defects coupled to the qubits with g/2m on the order of 1-20 MHz. For these
qubits, the finite interaction during the rising and falling edge of the flux
pulse leads to a population loss tail when crossing the defect. We choose
interaction frequencies for the two-qubit gates that are detuned from all
defects and that avoid crossing strongly coupled defects.

After selecting the interaction frequencies, each two-qubit gate is individ-
ually calibrated by minimizing leakage and tuning the conditional phase
of the |11[3tate to . Leakage is reduced by adjusting the pulse duration
and amplitude o [selt to suppress population in the |20 3tate following the
application of the gate [Remm23Db, Scarato25]. To calibrate the conditional
phase, we sweep the transition amplitude of one qubit and, using a Ramsey
measurement, compare the phase acquired by the lower-frequency qubit when
the interaction is on or o [JILacroix20, Scarato25, Supp. Mat.]. The interaction
is turned on and o [Chy preparing the higher-frequency qubit in |1Cor |0CAt
the start of the sequence, respectively. Parameters are optimized individually,
and the sequential calibration of the pulse duration, transition amplitude, and
amplitude o [sek is repeated iteratively, to reach a target conditional phase
of m while keeping leakage minimal. This optimization is facilitated by the
net-zero pulse parametrization, in which specific parameters predominantly
aledt either phase or leakage [Negirneac21].

The calibration is then refined by simultaneously recalibrating all gates
executed in parallel within the QEC cycle. Moreover, during this fine-tuning
step, neighboring qubits which are not actively participating in gates are
prepared in a superposition state rather than left in the ground state. We
found that this approach helps mitigating spectator e [edts [Krinner20].

3.4. Stabilizer Measurements and Error Correction
Cycle

With all elements in place and calibrated for implementing a surface code,
. . o 2 Ai -
we begin by characterizing the measurement of individual S ' stabilizers. To

50



3.4. Stabilizer Measurements and Error Correction Cycle

Figure 3.6: Stabilizer characterization. Measured (filled bars), and simulated
(red wireframes) average stabilizer values 5 versus data qubit input state, ordered by
number of excitations. Percentages are the experimental (blue, green) and simulated
(red) error of SA'. Gray background indicates odd and white even parity.

this end, we prepare the data qubits Dj of a given weight-two or weight-four
plaquette sequentially in each one of its 22 = 4 or 24 = 16 basis states
composed of |0Cand |1for §%' and |+&nd |—Cor 8 In the beginning of
each experiment, all qubits are initialized by heralding the ground state |01
from single-shot readout.

For each input state, we compute the mean values sA' from [4Ix 10*
measurements of s (colored bars in Fig. 3.6) and find good qualitative
agreement with master equation simulations (red outlines). Here, +1/—1
indicate even/odd parity of the measured state. We define the stabilizer error
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averaged over the 2N input states,

1 AT A
[I=1— N ElsnI - Sﬁ,lidealli 3.7
n=1
where N [{2, 4} indicates the weight of the stabilizer and Sﬁ‘idea, = =*1is the

ideal outcome of the circuit for the n-th data-qubit input state. On average,
the stabilizer error is 3.9(1.3) % for weight-2 stabilizers and 8.2(2.2) % for
weight-4 stabilizers. We attribute the di[erknces between measurements and
simulation mostly to two-qubit gate errors due to microscopic defect modes
changing their frequency on timescales of hours or days [Zanuz25]. Additional
details for the simulations can be found in [Krinner22, Supp. Mat.].

Having verified that all stabilizer measurements perform at high quality
levels individually, we combine them into a surface code cycle, see Fig. 3.7
for a full circuit diagram. We first execute all gate operations implementing

the four S stabilizer measurements (green shaded box). We realize the
necessary two-qubit gates in four time steps in each of which we execute three
CZ gates simultaneously. We choose the order of gate operations to provide
resilience against single auxiliary qubit errors and to avoid interactions with
microscopic defect modes (see Section 3.3.2).

The gate execution is followed by the readout of the Z-type auxiliary qubits
to complete the Z-type stabilizer measurements, see Fig. 3.7a. Simultaneously
with the Z-type auxiliary qubit readout, we start executing the X-type
stabilizer circuits (blue-shaded box), which are equivalent up to an additional

basis change of the data qubits. This allows us to execute the §Z' and §X'
stabilizer measurements in a pipelined approach [Versluisl7], which imposes
fewer constraints on the choice of two-qubit gate interaction frequencies
compared to parallel scheduling [Fowlerl2, Tomital4]. In the pipelined
approach, we achieve an quantum error correction cycle time of t; = 1.1 ps.
A short cycle duration relative to the physical qubit coherence times is
essential to be able to identify errors unambiguously. Moreover, a short
absolute value of t. reduces the execution time of error-corrected quantum
algorithms [vonBurg21, Babbush21].

3.5. Logical State Initialization

To initialize the logical qubit in a logical Pauli eigenstate (such as |01
|1 L+ [aF |[—0J we rely on the fundamental principle that measuring the
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3.5. Logical State Initialization

Figure 3.7: Quantum circuit used to initialize and repeatedly correct
errors on the distance-3 surface code logical qubit. Green (blue) shaded
circuit elements represent the parallel execution of the four Z-type (X-type) stabilizer
circuits. Empty squares indicate single-qubit rotations on data qubits. In the first
cycle the Xi auxiliary qubits are not measured (dashed boxes).

stabilizers projects the system into a well-defined stabilizer subspace (also
called the logical subspace) without altering the value of the logical operator,
as introduced in Section 2.3.1. The initialization procedure consists of two
steps: first, preparing a product state of the data qubits that is in the desired
eigenstate of the target logical operator, and second, performing one cycle of
stabilizer measurements to project the system into the logical subspace.
Consider the example of initializing the logical qubit in |0, L1We begin
by preparing all nine data qubits in the product state |Oﬁg,jwhich isa+1
eigenstate of the logical operator Z L. Since this state is also a +1 eigenstate

1The state |[0CF s a +1 eigenstate of Z\ because Z, is defined as the product of physical
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Chapter 3. Quantum Error Correction in the Surface Code

of the four Z-type stabilizers, their measurement outcomes is +1 after one
cycle of stabilizer measurements if no errors occur. In contrast, each of the
four X-type stabilizers produces a random outcome sX! = +1 with equal
probability because the initial product state |Olf19:is not an eigenstate of
the X-type stabilizers but rather an equal superposition of their eigenstates.
Consequently, the first cycle of X-type stabilizer measurements projects
the system into one of 16 equivalent logical subspaces determined by the
measurement outcomes of the X-type stabilizers. The resulting state is a
mutual eigenstate of all eight stabilizers, and remains a +1 eigenstate of
the logical operator Z,. While |0 Cis typically defined as the +1 eigenstate
of all stabilizers and of Z, (i.e. one specific logical subspace among the 16
possible ones), all subspaces are nominally equivalent. Error correction can be
performed in any of them since subsequent cycles of stabilizer measurements
are expected to yield outcomes consistent with the initial cycle as long as no
errors occur.

To estimate the fidelity of the prepared logical state, we take advantage
of the fact that the target stabilizer state o = |OLD]_ can be expressed
as a sum of only 2° = 512 multi-qubit Pauli operators. This allows us to
compute fidelity by measuring the expectation value of a restricted set of
Pauli operators rather than performing full state tomography, which would
require measuring 4° = 262144 independent Pauli operators [Nielsen10].

Indeed, the target state can be expressed in terms of the projector P,
onto the logical subspace and the projector Po onto the +1 eigenstate of
Z\ [Niggl4, Abobeih22]:

~ ~ o 1 - B i B g
P, = PoPL = 2*9(1+ZL) 1+s™S) (1+S) (3.8)
i=1 i=1

= _— YiPj. (3.9
j_

Here, sX! are the outcomes of the X-stabilizer measurements obtained during
state initialization, I3j are the nine-qubit Pauli operators derived from ex-
panding the product in Eq. (3.8), and the coe [ciehts y; take values of +1 or
—1 depending on the individual outcomes of sXi.

The fidelity Fpnys of the prepared state pe,, with respect to pj s then

z operators acting on a D1, D2, and D3, and each |0Lis a +1 eigenstate of its respective
physical Z operator.
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3.5. Logical State Initialization

given by [Niggl14]

L N R R
Fphys =TT PexpPio, 1 = 517 lb_ﬁhpj@gxp, (3.10)
J:

where [y} ISJ- (], corresponds to the expectation value of the Pauli correlator
Pj in the state Pey,.

We evaluate each of the 512 Pauli operators of Eq. (3.10) with data collected
by executing a single quantum error correction cycle, followed by single-qubit
tomography rotations on data qubits and a readout of all qubits. For each
VP ledxp, We reject leakage events as detected by our three-state readout
scheme and account for readout errors on each of the data qubits involved in
the correlator. Note that apart from leakage rejection we keep all instances
for further data analysis, including those events in which at least one of the
four measured S°' values yields —1. Following Eq. (3.10), we then take the
average over all expectation values to compute Fppys. For |0 CWe find a
quantum state fidelity of Fpnys = 54.0(1)% (dark red bar in Fig. 3.8a). This
value is lower than in a distance-two surface code [Andersen20], which is
expected: as the number of qubits in the system grows and the physical
error rates remain constant, the probability of at least one error occurring
during state preparation increases. Such error leads to a projection into an
orthogonal state and consequently reduces the measured fidelity.

Therefore, in the context of quantum error correction, it is insightful to
compute the fidelity with respect to any state equivalent to the target state up
to a correctable error E. Errors which are correctable by the distance-three
surface code include all single-qubit Pauli (weight-one) errors )2]', \7,—, or
2]‘ on any data qubit j, as well as a subset of weight-two, weight-three and
weight-four errors. For details on how these subsets of higher-weight errors
can be chosen, see [Krinner22, Supp. Mat.].

The fidelity of the prepared state P, With respect to a set of N states

{E. |0} is given by [Abobeih22]

(" 9
Fc = Tr peXpEn|O|_I]]D]_|En
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Figure 3.8: Logical state initialization and repeated syndrome measure-
ments. a, Fidelity of the prepared logical state |0, [[{dark red bar), all correctable
states di [ering from |0 CIby one to four Pauli errors (red bars) and all uncorrectable
states (light red bar). Fidelities are computed as the means over 500 di [erknt cor-
rectable subspaces (see [Krinner22, Supp. Mat.] for details) and error bars indicate
one standard deviation. b-c, Average syndrome elements 0 ' as a function of the
cycle index m for the Z. (filled circles in panel b) and the XL (filled triangles in
panel c) preservation experiment. Open symbols are simulations. The horizontal
black arrows indicate the average syndrome element over all stabilizers and cycles,
see text for details.

where we have made use of Eq. (3.9). We observe that EnP;E,, = ¢jnP;
with cj n = *1 because E,, and P are both tensors of Pauli matrices, and
all matrices in the Pauli group commute or anti-commute. Consequently,

L sz e
Fe=tp Cin V5P Lol (3.11)
512 . . . 7"
n=1j=1

can be computed based on the same set of 512 measured expectation values

[yj P j [lwith the appropriate combination of sign prefactors cj .
We determine the fidelity of the experimentally prepared state with respect
to correctable subspaces including states which are equivalent to the target

state up to correctable Pauli errors of weight i =1, ..,4 and find

(Fw1, Fw2, Fws, Fwa) = [34.3(0), 7.3(5), 0.3(8), 0.1(4)] %.

We observe that weight-one errors account for the majority of errors on data
gubits in the |0_ [State initialization, with higher weight errors having a largely
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3.6. Pauli State Preservation

reduced probability of occurrence, see alsp Fig. 3.8a. Hence, the prepared
initial state has a fidelity of Fc = Fpnys +  j=1 Fwi = 96.0(9) % with respect
to states which are in principle correctable. The 4.0(9)% average infidelity,
which can also be interpreted as the probability of being in a state which
would result in a logical error after a single cycle, is in good agreement with
the probability of logical error per cycle €, = 0.032(1) deduced from the state
preservation of [A, [Jsee Section 3.6. We observe that €, is slightly smaller,
likely due to the fact that the state initialization characterization cannot
correct for auxiliary-qubit readout errors, which require several quantum
error-correction cycles to be detected.

Another way to characterize state initialization is by considering only errors
within the logical subspace [Andersen20]. This approach provides a measure
of how well the target logical state is prepared once the system is successfully
projected into the code space. In this case, we obtain a logical fidelity of
FL = Fpnys/PL = 99.6(2) %. Here,

1 1 g 2
PL=T PopPL = ooz DAPGhe =5420%  (3.12)
i=1

is the experimentally measured probability of preparing a state in the logical
subspace. Thus, conditioned on having successfully projected onto the code
subspace, we find that our initialization method is very likely to initialize the
qubit into the correct target logical eigenstate.

These characterizations confirm that our logical qubit initialization method
reliably prepares the intended logical states. The next step is to perform
repeated stabilizer measurement cycles, construct syndromes from the sta-
bilizer outcomes, and use a decoder to preserve the initialized logical Pauli
states, as detailed in the next Section.

3.6. Pauli State Preservation

Once the first quantum error correction cycle completes the logical state
initialization, we make use of all subsequent cycles for logical state preservation.
In our experiments, we preserve logical Pauli states for up to n = 16 cycles.
In each cycle m = 1,..,n and for each experimental run, we extract eight
stabilizer values s4/. We reject all experimental runs with leakage events
which we detect on auxiliary qubits during the execution of each cycle, and on
data qubits after the last cycle, using our three-state readout. We discuss the
e [edt of leakage rejection and the fraction of experimental runs retained in
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Chapter 4. In each remaining experimental run, changes in stabilizer values
signal the occurrence of errors and are used to construct error syndromes o,
consisting of eight syndrome elements

onl = (1—shl x Al )/2. (3.13)

The elements ¢4\ are inferred in each cycle from the current (m) and the
previous (m — 1) measured stabilizer values with o/ = 1(0) indicating an
error (no error), respectively [Kelly15].

When averaging the syndromes over all individual elements and time, we
find that the average syndrome element o = 0.14 [17k small (see arrows
in Fig. 3.8b,c), indicating that errors are rare and, therefore, allowing for
e [cieht error detection and correction [Chen21]. All syndrome elements
oAl averaged over repetitions of the experiments are approximately constant
as a function of m for m = 2, see Fig. 3.8b and c obtained for preserving
[0 G, Cand |+ Cd|— Cdrespectively. We attribute the small remaining
increase of 6ﬁi with m to the fact that, in the absence of auxiliary qubit reset,
auxiliary qubits initially prepared in the ground state tend to an asymptotic
probability of 0.5 to be in the excited state after m cycles. As a result, with
increasing m, auxiliary qubits su [er from larger decoherence during readout
and during the subsequent idling periods of about 150 ns before the start of
the next quantum-error-correction cycle. Our numerical simulations show the
same feature (open symbols in Fig. 3.8). For m = 1, the averaged syndrome
elements o7\ are reduced because the corresponding reference stabilizer values
are computed from the initial data qubit product state, which we prepare
with high fidelity. In the first cycle, the four values of o7' are smaller than
Ui(_‘ because a quantum-error-correction cycle starts with measurements of

§Z' and errors thus accumulate only during half a cycle.

To evaluate the performance of our distance-three surface code, we extract
the logical error per cycle €. when preserving eigenstates of the logical qubit
operators 2._ and >A<|_ versus the number of executed error correction cycles n.
For each experimental run, we first construct error syndromes, including one
calculated from the final data qubit readout. Then, we use the syndromes
to infer the correction to apply to the value of logical operator z_ = *+1 or
X = %1 determined from the final data-qubit readout. The correction takes
the form of flipping the sign of the logical qubit operator value. If, after
applying this correction in post-processing, the corrected value matches the
expected one from logical state preparation, the error correction is successful,
otherwise, a logical error has occurred.
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3.6. Pauli State Preservation

To determine the correction from the syndrome data, we use a minimum-
weight-perfect-matching decoder [Edmonds65, Dennis02, O’Brienl7]. This
decoder infers the most likely (set of) error(s) that explains the observed
syndrome given the probability of independent errors that can occur on the
device. We infer these probabilities in an error-model-free approach using a
correlation analysis of the syndrome data inspired from Refs. [Spitz18, Chen21]
and detailed in Ref. [Remm25]. We note that for correcting Z, it is su [cieht
to decode only syndromes {2/}, or, equivalently, only {o:X} for X, .

After decoding the error syndromes and applying corrections to z; or x,_ for
all experimental runs, we compute the mean logical qubit expectation values
7. = [A, [and x,_ = X, [as a function of n from a total of 10° experimental
runs, where the available data is reduced by ground-state heralding and
leakage rejection (see Section 4.1 for details). We observe an exponential
decay of [A, [And X, [With n (solid symbols in Fig. 3.9a,b). From the logical
qubit operator expectation values we extract the logical error probability

_1-|@a.m
2

(solid symbols in Fig. 3.10) as a function of n and find a small logical error
per cycle of

(3.14)

1 —_ e_tclTl,L _ tC
2 2T1 L

also indicated on the right hand side of the corresponding data set in Fig. 3.10.
Equivalently, we obtain

gL = = 0.032(1) (3.15)

1 — e_tC/TZ,L tC

5 ot v 0.029(1) (3.16)

EL =

for X_[CINote that p,_ can also be obtained directly by calculating the fraction
of experimental runs in which the value of the decoded logical operator di [erk
from the targeted one.

We compare the state preservation experiments with numerical simulations
based on Monte Carlo wavefunctions (open symbols in Figs. 3.9 and 3.10).
which account for the coherence times, interaction rates and readout errors of
the device. Exponential fits to the simulated expectation values (dashed lines
in Fig. 3.9a,b) yield logical lifetimes of approximately 26 us, corresponding to
error probabilities per cycle of about 2.1%. This is in reasonable agreement
(when rejecting leakage) with the experimental data, despite the complexity
of the quantum error correction circuit and the simplicity of the simulation
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Chapter 3. Quantum Error Correction in the Surface Code

Figure 3.9: Logical state preservation. a, Experimentally determined (full
symbols) and simulated (open symbols) expectation value of the Z_ operator for
prepared |0 [(circles) and |1 [Csquares) and exponential fit (solid and dashed line).
For reference, twice the average physical qubit decay is shown (dash-dotted line).
The extracted decay times are indicated on the right. b, Corresponding data sets
for X, |+ (triangles) and |—_[{diamonds). For reference, the average physical
qubit coherence decay is indicated (dash-dotted line).

model. These simulations provide an upper bound for the performance
achievable with the specified device parameters as further error sources such
as gate control errors, population loss into microscopic defect modes and
measurement-induced dephasing are not included in the simulation model.
Furthermore, we use simulations to project how future improvements in
gate and readout fidelities are expected to reduce the logical error per cycle
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04 r

Logical error probability, p.

0.0 - '.' IR N U N T N S R S R S B S
0 2 4 6 8 10 12 14 16

Number of QEC cycles n

Figure 3.10: Logical error probability. Logical error probability p,_ as a function
of the number n of error correction cycles for |0 Cand |+ [&nd the extracted error
per cycle g_ indicated on the right. Same symbols as in Fig. 3.9a and b. The
dash-dotted line shows the physical two-qubit gate error accumulated over n cycles,
for reference. The inset shows simulation results for g_ in state |0_[{open, green
circles) for an assumed homogeneous distribution of decoherence rates, gate and
readout errors, reduced by factors of x = 2,5 and 10, see text for details. The green
solid line is a fit to 1/x2.

€_. To free the projection from device-specific spread in qubit parameters,
we use the average over all 17 qubits as uniform parameters. We uniformly
reduce all physical error parameters of the numerical model by a factor X,
repeat the simulations of [X._I:and [Zl._ljlersus n, and extract the mean
logical error per cycle g as a function of the improvement factor x. We find
that the simulated error per cycle scales to a good approximation as 1/x?,
see inset in Fig. 3.10, as expected for a code of distance three [Fowler12]. For
reference, we plot the scaled two-qubit physical error per cycle 4 in the
same plot (dash-dotted linge).

A metric commonly used to assess the performance of quantum error
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Chapter 3. Quantum Error Correction in the Surface Code

correction compares the logical error per cycle €. to the dominant error on
the physical level, typically the two-qubit gate error [ [Ryan-Anderson21,
Troutl8]. Such a comparison is particularly relevant in architectures in which
the logical two-qubit gate error is dominated by errors g_ in the quantum
error correction cycles belonging to or following the logical two-qubit gate
operation. The number of required cycles scales in general with d in planar
architectures using lattice surgery and in architectures allowing for transversal
execution of logical two-qubit gates [Raussendorf07, Bombin09, Horsman12,
Landahl14, Gutiérrez19]. The good agreement between measured ( [3%) and
simulated ( [2%6) logical errors g together with their simulated quadratic
scaling suggests that the break-even of per-cycle logical errors with two-qubit
gate errors may be in reach for modest improvements of device performance,
when employing leakage detection or correction.

While a comparison to the break-even point evaluates performance for a
fixed code distance d, a comparison related to the error threshold is necessary
to judge how far one is from reaching the desired sub-threshold regime, in
which € decreases exponentially with d. In fact, simulations based on a
simplified one-parameter circuit noise model [Fowlerl2, Stephensl4] predict
a few percent logical error per cycle at threshold, a rate that is close to the
logical error per cycle observed in our experiment.

3.7. Discussion

In this chapter, we have demonstrated the first realization of quantum error
correction in the surface code using superconducting qubits. By performing
repeated cycles of syndrome extraction and decoding the error syndromes in
post-processing, we successfully preserved logical Pauli states of a distance-
three logical qubit. We achieve logical error rates per cycle that are slightly
larger but comparable to the dominant physical error rate, suggesting that we
are approaching the break-even point. Simulations in the literature [Fowler12,
Stephens14] predict logical error rates of a few percent per cycle at the critical
noise threshold, a rate that is close to the one observed in our work.

To contextualize our results, we compare them to other distance-three
QEC experiments, evaluating both the logical error per cycle, €, and the
QEC operating rate, 1/t;, where t. is the QEC cycle duration. To date,
our logical error rate remains comparable to most subsequent experiments,
highlighting the quality of our early implementation. In addition, we note that
superconducting circuits operate orders of magnitude faster than trapped-ion
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Figure 3.11: Comparison of re-
peated distance-three QEC ex-
periments. a, Logical error per
cycle for surface code, color code,
and Bacon-Shor code experiments

e e T T (green, blue, and red, respectively).
Dots (triangles) indicate trapped-
ion (superconducting) realizations.
Experiments are ordered by pub-
lication date [Ryan-Anderson21,
Krinner22, Zhao22, Sundaresan23,
Google Quantum AIl23, Lacroix24,
Google Quantum AI25, Sun25],
with the experiment presented in
this chapter highlighted in yellow.
b, QEC operating rate 1/t;, given
by the inverse cycle duration. The
labeled arrow pointing downward
indicates the o [-ftame data value
for Ref. [Ryan-Anderson21].

implementations, which is a crucial advantage for scaling toward circuits
requiring tens of billions of error correction cycles.

Despite these results, significant challenges remain to achieve fault-tolerant
guantum computation. One major challenge is that the low logical error rates
achieved in our experiment rely on rejecting runs where leakage out of the
computational subspace is detected. While e [edtive at the distance-three
scale, this approach becomes impractical for larger systems or experiments
with more QEC cycles, as the retained data fraction decreases exponen-
tially with the number of cycles and qubits, assuming constant leakage
rates. Addressing this issue requires the development of active methods
to return qubits to the computational subspace during the error correction
cycle. Such techniques have already been demonstrated experimentally [Mar-
ques23, Miao23, Lacroix25, Yang24, Chen24, Mude24] and are the topic of
Chapter 4. Beyond these methods, it will also be essential to further reduce
leakage rates through improved calibration [Scarato25] and pulse shaping
techniques [Martinis14, Werninghaus21, Lazar23a).

Building on the distance-three error-correction work presented in this
chapter, a key next step is to demonstrate exponential suppression of logical
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errors per cycle with increasing code distance d to validate the core principle
of quantum error correction. Recent experiments have achieved this for
surface code logical qubits, scaling from d = 3 to d = 7 [Google Quantum
AI25], and for color code qubits, scaling from d = 3 to d = 5 [Lacroix24]. The
latter experiment is discussed in detail in Chapter 5. Identifying physical
error mechanisms that limit error correction performance will be crucial to
improve the error suppression factor.

Finally, achieving fault-tolerant quantum computation will require imple-
menting logical operations beyond state preservation. We demonstrate initial
steps towards this goal at the distance-three scale in Chapter 5. Ultimately,
some of these logical operations will also require the ability to decode and
correct errors in real-time [Ryan-Anderson2l1, Google Quantum Al25].
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Quantum error correction (QEC) protocols [Gottesman10, Terhall5] of-
fer a promising path to close the gap between physical error rates achiev-
able on quantum computing devices and the low logical error rates nec-
essary to solve computational problems that are intractable for conven-
tional computers [Preskill18]. However, e Lcieht suppression of logical er-
rors typically relies on the assumption that physical errors occur indepen-
dently both in space and time, and that physical systems used as qubits
have no more than two levels [Knill98b, Aharonov99]. Yet leakage, a phe-
nomenon in which an excitation leaves the two-level computational sub-
space used to perform quantum operations, is a source of highly corre-
lated errors, predominantly due to its long-lived character over many quan-
tum error correction cycles [McEwen21b, Miao23]. Consequently, leakage
poses a significant challenge to achieve fault-tolerant quantum computa-
tion [Aliferis07, Fowlerl3, Ghosh15, Sucharal5, Bultink20, Varbanov20, Bat-
tistel21]. For superconducting circuits, leakage arises predominantly from
control inaccuracies in single-qubit gate operations [Motzoi09, Chenl6, Wern-
inghaus21, Lazar23b], two-qubit gate operations [Barendsl6, Rol19, Col-
lodo20, Negirneac21] and readout [Sank16, Shillito22, Khezri23].

In Chapter 3, we employed a leakage-rejection method that discards exper-
imental runs in which leakage events are detected [Krinner22, Sundaresan23].
However, this method is not suited for large-scale QEC experiments because
the retained data decreases exponentially with the number of cycles and qubits.
To mitigate the e [edt of leakage in large system sizes, so-called leakage reduc-
tion units (LRUs) have been proposed to convert leakage errors into Pauli-like
errors in the computational subspace at regular intervals during the compu-
tation [Aliferis07]. Most proposals for LRUs consist of involved teleportation
circuits [Aliferis07, Fowler13], of auxiliary qubit reset in combination with
periodic swaps between auxiliary and data qubits [Ghosh15], or of dedicated
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filter circuits for the dissipation of only leakage states [Thorbeck21, Ahonen22],
all of which add overhead to quantum error correction protocols or to the
device architecture. Therefore, initial leakage-mitigation schemes for super-
conducting qubits [McEwen21b, Chen21] focused on removing leakage using
a multi-level reset operation [Magnard18, Eggerl8, Zhou2l, McEwen21b].
However, such an operation also resets the states of the computational sub-
space [Fowlerl2] and can therefore only be applied to auxiliary qubits at
the end of an error correction cycle. Such a scheme was recently extended
to remove leakage of data qubits using an additional leakage-swap gate fol-
lowed by a second auxiliary-qubit reset operation [Miao23]. It is only very
recently that a universal LRU, a single operation which can be applied to
both data and auxiliary qubits, has been demonstrated based on the pro-
posal of Ref. [Battistel21] using a second-order microwave-activated coupling
(previously used in Ref. [Magnard18] for qutrit reset) between the leakage
state and the readout resonator [Marques23].

In this chapter, we present a resource-e [Cieht, fast and universal flux-
activated LRU which couples the dominant leakage state of a flux-tunable
transmon qubit to its readout resonator. The engineered coupling, resulting
from a parametric qubit frequency modulation, is a first-order transition
and therefore the LRU can be fast [Beaudoinl12], reaching durations and
fidelities comparable to those of single-qubit gates. Additionally, unlike the
method used in Ref. [Miao023], it can also be performed when the readout
resonator frequency is higher than the qubit frequency, a common architectural
choice [Egger18, Krinner22, Marques23, Wu21] to avoid complications from
readout-induced transitions that arise when the readout resonator frequency
is lower than the qubit frequency [Khezri23, Cohen23].

First, we motivate the need for active leakage reduction by analyzing the
impact of leakage errors in the distance-three surface code state preservation
experiments presented in Chapter 3 and highlighting the shortcomings of
the leakage rejection method (Section 4.1). Next, we introduce the concept
of an LRU designed to address these limitations (Section 4.2). Thereafter,
we describe the calibration procedure and characterization of the LRU (Sec-
tion 4.3). We showcase the benefits of the LRU by integrating it into a
weight-two stabilizer measurement and a distance-three surface code state
preservation experiment (Section 4.4). Finally, in Section 4.5, we provide
proof-of-principle experiments to extend the LRU protocol to further improve
QEC performance in the presence of leakage.

The results presented in this chapter form the basis of Ref. [Lacroix25] and
support the patent application of Ref. [Krinner23].
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Table 4.1: Extracted logical error per cycle €_ for the experiment preserving eigen-
states of Z and of X using the indicated leakage rejection schemes. The per-cycle
leakage rate A. inferred from the retained data after leakage rejection is also indi-
cated.

Leakage rejection e [Zu] el [XW] A
(i) None 0.054(1) 0.049(2) -
(i) Data qubits only 0.049(1) 0.044(1) 0.015(2)
(iii) Aux. qubits only 0.033(2) 0.030(1) 0.075(3)

(iv) Aux. and data qubits 0.032(1) 0.029(1) 0.079(3)

4.1. Impact of Leakage Errors

To study the impact of leakage in our error correction experiments, we use a
high-fidelity three-state single-shot readout scheme [Walterl7, Kurpiersl18,
Magnard18, Lacroix20].

Using this three-state readout scheme, we detect leakage events on auxiliary
qubits during any cycle or on data qubits after the final cycle in each exper-
imental run of the state preservation experiments presented in Section 3.6.
To evaluate the impact of leakage, we compare logical error probabilities g_
under four conditions: (i) without leakage rejection, (ii) rejecting only data
qubit leakage, (iii) rejecting only auxiliary qubit leakage, and (iv) rejecting all
detected leakage events (Table 4.1). For simplicity, we interpret non-rejected
measured |2[=3tates as |1[=8tates during decoding. Without leakage rejection,
the logical error rate increases by an average of 69 % relative to the case
where all leakage events are rejected.

This substantial increase stems from two factors. First and foremost, reject-
ing experimental runs where leakage is detected ensures that only runs with
a higher likelihood of being error-free are retained, which naturally improves
performance significantly [Krinner22, Supp. Mat.]. Second, leakage out of the
computational subspace causes long-time correlated errors because the life-
times of higher transmon states far exceed the quantum error correction cycle
duration. These correlated errors are more detrimental to error correction
codes than typical uncorrelated Pauli errors [Miao23].

While e [edtive, leakage detection and rejection comes with a significant
cost: the exponential loss of usable data as the number of cycles increases.
With constant per-cycle detected leakage rate A¢, the retained fraction of
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runs r decreases approximately as
r=A>L1—-A)" 4.1)

where n is the number of cycles and A is a fitting constant.

Fitting the retained fraction of the state preservation experiments presented
in Section 3.6 to Eq. (4.1) (black lines in Fig. 4.1) yields a per-cycle leakage
rate Ac = 7.9(3) % when rejecting all experimental runs in which leakage is
detected.

Distinguishing between leakage events on data and auxiliary qubits, we
find that the probability for having detected a leakage event on any of the
nine data qubits is about 0.015(2) per cycle and about 0.075(3) for the
eight auxiliary qubits. This amounts to about 0.0017(2) per data qubit per
cycle and 0.0094(3) per auxiliary qubit per cycle, respectively. The higher
leakage rate for auxiliary qubits can be attributed to the chosen frequency
configuration and two-qubit gate scheme [Strauch03, DiCarlo10, Negirneac21],
in which only auxiliary qubits evolve through the second excited state |2[]
Additionally, unlike data qubits, auxiliary qubits are read out during every
cycle, which increasing the likelihood of readout-induced leakage.

Assuming constant leakage rates per qubit and per cycle, it is clear that
leakage rejection becomes impractical as the number of cycles or system size
increases. For instance, extrapolating the current auxiliary qubit leakage rate
of 0.0094(3) to a distance-five surface code suggests that only about three
out of one million runs would be retained after 50 cycles. At distance-seven,
it becomes one in ten trillions runs.

This highlights the need for alternative leakage mitigation strategies, such
as LRUs, which return qubits to the computational subspace, as demon-
strated in the subsequent sections of this chapter. Unlike leakage rejection,
LRUs reduce the impact of leakage by limiting its lifetime and thus reduc-
ing long time-correlated errors. To complement LRUs, further reducing
leakage rates through improved calibration [Scarato25] and advanced pulse
shaping [Lazar23a] will be crucial for future QEC experiments.

4.2. Leakage Reduction Unit Concept

We realize the LRU by coupling the first leakage state of a flux-tunable
transmon qubit, [ to a readout resonator-Purcell filter system which

1To avoid confusion between the transmon states and the Fock states of the readout
resonator, we adopt the following convention for the remainder of this chapter: transmon
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Figure 4.1: Retained fraction of experimental runs after leakage rejection.
Retained fraction for the state preservation experiments of |0, Cand |1, Cpresented in
Section 3.6 when rejecting leakage of data qubits only (red dots), of auxiliary qubits
only (green), and of both (purple). Solid black lines are exponential fits to the data.

is strongly coupled to a feed line acting as a dissipative environment, as
illustrated with a simplified energy-level diagram in Fig. 4.2a and a full circuit
diagram of the system in Fig. 4.2b. For clarity, we consider a single readout
mode in the energy-level diagram although we have two hybridized readout
resonator-Purcell filter modes [Swiadek24], see Table 4.2 for all relevant
device parameters. We realize the coupling by applying a sinusoidal flux
pulse @(t) with amplitude ¢, and modulation frequency wq, to the flux line
of the qubit [Strand13, Caldwell18, Zhou21], as depicted in Fig. 4.2c.
Because the qubit is operated at its upper flux-noise-insensitive bias point
(i.e. with a DC flux bias of gpc = 0), the flux modulation results in a qubit
frequency modulation with leading-order sidebands at +2wy, [Beaudoinl2,
Strand13, Caldwell18]. The qubit-frequency modulation amplitude, denoted
wa, is the detuning between the idle qubit frequency qubit and the average

states are labeled using letters (Jg [Jle]|f CJhDdinstead of numbers (JOCJ1CJ2C]30] as
used elsewhere in this manuscript. Numbers are reserved exclusively to denote the Fock
states in the resonator mode. For consistency, we also adapt the transmon transition
frequency to wge instead of woz.
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Chapter 4. Fast Leakage Reduction Unit for Error Correction

Table 4.2: Qubit parameters. Measured qubit parameters, coherence properties
and error rates of the auxiliary qubit (A) and the two data qubits (D1, D2) used in
the experiment of this chapter. RO stands for readout.

Parameter D1 A D2
Qubit idle frequency, wge/21 (GHZz) 5.041 6.281 4.999
Qubit anharmonicity, a/2n (MHz) -167  -154  -167
Lifetime, T1 (us) 29 21 64
Ramsey decay time, T,—{us) 39 34 79
Echo decay time, TS (us) 51 35 99
Readout frequency, wro/21 (GHZz) 6.816 7.129 6.667
Qb. freq. during RO, wg/2n (GHz) 5.054 6.281 5.572
Dispersive shift, x/2n (MHz) -39 5.0 -40
RO Resonator linewidth, k./21 (MHZz) 6.3 164 8.2
Purcell filter linewidth, kp/21 (MHz) 26.5 35 276
Purcell filter frequency, wp/2n (GHz) 6.855 7.111 6.689
Qubit-RO res. coupling, gqr/21 (MHZ) 175 120 167
RO res.- Purcell f. coupling, 3/2n (MHz) 220 28.8 222
Two-state readout error, [SC)) (%) 056 054 0.2
Three-state readout error, [g()) (%) 129 153 153
Two-qubit gate error, [x4 (%) 0.82 0.73

A-D1 gate leakage rate, Api a (%) 0.01 0.03 n/a
A-D2 gate leakage rate, Aa p2 (%) n/a  0.03 0.00

frequency during modulation. It depends on the flux amplitude @, and the
tunable transmon Hamiltonian. When the high-frequency sideband [top
dashed blue line in Fig. 4.2a] of |[fO[ds resonant with |el[Ipopulation is
transferred from |fOCto |[elCIHere, the first state label corresponds to the
state of the transmon qubit and the second to the Fock state of the resonator
mode. This resonance condition is fulfilled when

20m = [Wef — 0| = |[Wge + O — 0| = A+ af 4.2)

where wge (Wef) is the transition frequency from |g[to [e[(Je[to [fDJat the
bias point, o = wWef — Wge is the transmon anharmonicity, and A = wge — Wy is
the detuning between the qubit frequency and the transition frequency w, of
the readout resonator mode. The overline symbol @y, indicates the transition
frequency from |k[to |Itime-averaged over the duration of the modulation
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4.2. Leakage Reduction Unit Concept

Figure 4.2: Concept of the leakage reduction unit. a, Energy-level diagram of
a transmon qubit with transition frequency wge and anharmonicity a coupled to a
resonator mode with transition frequency w,. Sidebands generated by a modulation
of the qubit frequency are indicated with dashed blue lines. These sidebands enable
the coupling of the leaked state |[fO[to the state |el[Jwhich decays back to the
computational subspace state |e0[1See text for details. b, Circuit diagram of the
elements required for the implementation of an LRU for a flux-tunable transmon
qubit (blue): a flux line (green), and a readout resonator/Purcell-filter system
(purple) coupled to a feed line (black). ¢, Modulating the magnetic flux in the
SQUID loop of the qubit using a Gaussian-filtered modulation pulse ®(t) (green line)
results in a modulation of the qubit transition frequency wqe (blue line), leading to
a parametric coupling to the resonator mode.

pulse, i.e. Wge = Wge — Wa aNd Wef = Wef — Wa.
The resulting coupling strength g depends on the modulation ampli-
tude [Beaudoin12, Caldwell18]

V_
0= 20qrJ1(wa/2wm) (4.3)

with gqr the coupling strength between the qubit and the readout resonator
(Eq. (2.17)), and J1(*) the first Bessel function of the first kind [Watson95].

Realizing the LRU operation consists in maintaining this coupling for the
duration it takes to perform a full swap between |fO[and |e1[JTo understand
how the duration of the LRU, t gy, depends on the parameters gqr, Wa and
wm, We model the resonant time dynamics using a non-Hermitian Hamiltonian
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H [Magnard18, Krinner23] in a frame rotating at the instantaneous qubit
frequency and the frequency of the readout mode [Caldwell18]:

L1 L1
0
H= | e (4.4)
2

where —ik,/2 accounts for dissipation? of the |el[3tate to the readout line
at the e [edtive decay rate of the readout resonator mode K;.

To obtain the time evolution of the system, we solve the time-dependent
Schrodinger equation i% |W(t) =F= H |@(t)[IThe general solution is given by

[W(t) 3= Ag |y [T Pt + Ap |y, [eT A2t (4.5)

where A1, and |;2Chre the eigenvalues and eigenstates of the system,
respectively, and A; , are initial-state-dependent coe Lciehts.
The eigenvalues can be found by diagonalizing the Hamiltonian, leading to

L

. Ky Ky
= —1— +* 2 —
)\1’2 I4 +*= g+ Z . (46)

The corresponding eigenstates, found by solving (H — Ay 21) |[U &= 0 are

given by
1 Lt b !

Y12 = % l;'% C1- & grc %|ell___l 4.7)

1

For the initial state [(t = 0) & [fOLIve have A; = —A, =1/ 2-[1— (K/49)?],
and the population of the states |[FOCand |el[Cas functions of time in the
underdamped regime (K < 4q) are

1
Pirort) = |00 | () [ = e <2 cos? 42 — % t—pL 1
[—1(4.8)
Plesct) = |EL | g() (A = 1le}(ng—Krtlz sin2 g2 — % N
49

2In wave mechanics, dissipation is often modeled using imaginary components because
dissipation-free waves are expressed as complex exponentials, e~'®t. Introducing an
imaginary part to ®, such that @ — @™ ik, modifies the wave to e"© 1t \where the
factor e~ accounts for energy loss due to dissipation.
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1] 1

_K/39__ results from the correspond-
1—(kr/4g)?

ing finite imaginary part of the eigenstates, see Eq. (4.7).

The duration of the LRU is defined as the shortest time it takes to fully
transfer the population from [fO[to |el[leading to Pigor{t) = 0. Solving this
gives

where the phase shift 8 = arctan

N 700 “

In the strongly underdamped regime, where K./4 g, Eq. (4.9) simplifies

to V_
I 2TWm
TRU= 57 =

29 JqrWa
where the second equality follows from substituting Eq. (4.3) and using the
first-order Taylor approximation of J1(X) = x/2 for X = wa/(2wm) I

After the leaked population has been transferred to the readout resonator,
the coupled system decays back to the computational state |e0bn the
timescale of the e [edtive decay rate of the resonator mode k./2m = 16.4 MHz.

When the flux modulation pulse is tuned to satisfy the resonance condition
of the LRU [Eq. (4.2)], an analpgous parametric transition from |e0O[1o
|[g1CWith a coupling strength g/ 2 is detuned by only |a|, as illustrated in
Fig. 4.2a. It is essential to suppress residual driving of this transition because
it aledts the computational subspace. To achieve this, we ensure that the
bandwidth of the |eO[dideband is much smaller than |a| by filtering the rising
and falling edges of the flux pulse using a Gaussian kernel of width o = 5ns.
The resulting voltage pulse applied to the input of the flux line is given by

Ol o

v(t) = V—cos(wmt) erf # —erf > (4.11)

(4.10)

where V; is the voltage amplitude of the pulse, Tg is the duration of the start
and end bulen, erf(:) is the Gaussian error function, T is the duration of
the square-shaped modulation pulse and t L]0, T + 2 - 1g] is the time. This
filtering suppresses the undesired frequency overlap between the |e0[Sideband
and |gl[by several orders of magnitude compared to when no filtering is
applied [Lacroix25, Supp. Mat.]. We further suppress Purcell decay of the
high-frequency |e0Ldideband by using a device architecture with an individual
Purcell filter for each qubit and readout circuit parameters which ensure
that the transmission through the readout resonator-Purcell filter system is
suppressed |a] from resonance [Heinsool18, Krinner22].
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4.3. Calibration and Characterization

We first identify suitable operating points for the LRU, i.e. pairs of (0m, ®3)
satisfying the resonance condition. Specifically, we prepare the qubit in |fCJ
apply a flux modulation pulse with a fixed duration of t = 100ns > 1/k;,
and subsequently measure the transmon qubit with three-state readout [Mag-
nard18]. We sweep the modulation frequency and the modulation amplitude
and identify four resonances yielding low |f[Cpopulation after 100 ns, see
the four slanted spectral lines in Fig. 4.3a. The high-modulation-frequency
resonance doublet corresponds to the parametric transition from |fO[to
|e1drom the qubit into either one of the two resonator-Purcell-filter modes.
We use the highest-frequency resonance of this doublet to implement the
LRU. The two lower-frequency resonances are induced by a second-harmonic
process, see Ref. [Lacroix25, Supp. Mat.] for details. For each of the spectral
lines, the modulation frequency required to reach resonance increases linearly
as a function of the modulation amplitude with a slope of approximately 1/2
as the mean qubit frequency is shifted by w, during flux modulation, see also
Eq. (4.2).

In a second calibration step, we fix the modulation amplitude and frequency,
and vary the duration of the pulse T to extract the minimal duration T gy of
the pulse yielding the lowest population of |f[1For the operating point O =
(wm/21 = 564, wa/21 = 128) MHz [purple circle in Fig. 4.3a], the achieved
parametric coupling g is large with respect to k.74, which results in under-
damped oscillations [Zhou21] of the [f Copulation with a first minimum of
6(1)-10~* after a pulse duration of only 34.5 ns (54.5 ns when accounting for the
rising- and falling-edge bu [erk), see Fig. 4.3b. The exhaustive depletion of the
population in |fLJddown to the single-shot readout accuracy of approximately
7-1074, demonstrates the high e [edtiveness of the LRU. Ultimately, we expect
the residual |fCpopulation to be limited by the thermal occupation of the
readout resonator ( [2310™%), in which case the LRU can drive the transition
in the opposite direction, i.e. from |el[to |[FOLIThe population dynamics of
all three transmon eigenstates are in good agreement with master-equation
simulations [solid lines in Fig. 4.3b], see Ref. [Lacroix25, Supp. Mat.] for
details about the model used in simulations.

To gain further insight into the relationship between the modulation am-
plitude and the duration of the LRU, we measure the time evolution of
the transmon population for four modulation amplitudes [purple markers in
Fig. 4.3a] and extract the corresponding T ry. As expected from simulations,
T ru decreases approximately as 1/w, in our parameter regime, see purple
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Figure 4.3: Calibration of the leakage reduction unit. a, |f[population
after a 100-ns-long LRU as a function of the modulation frequency wn and the
modulation amplitude w,. Four operating points for an LRU are indicated with
purple symbols. b, Experimentally measured (dots) and simulated (lines) time
evolution of the population of |g[(blue), |e[{green), |f {red) of the transmon qubit
initially prepared in |f Clvhen applying the modulation pulse with the parameters
indicated by a purple circle in a. Error bars correspond to the standard error from
25000 single-shot measurements. ¢, Measured (markers) and simulated (line) duration
of the leakage reduction unit, T ry, as a function of the modulation amplitude w,.

markers in Fig. 4.3c.

Although leakage errors can significantly impede the performance of QEC
protocols, they are infrequent, typically occurring at a rate of 0.1-1% per
qubit per QEC cycle [McEwen21b, Krinner22, Sundaresan23]. Consequently,
in practice the LRU acts on a state within the computational subspace most
of the time, and it is therefore imperative to minimize its e [edt on this
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Figure 4.4: E [edt of the LRU on the computational subspace. a, Population
of the transmon states |e[(circles) and |g C{triangles) when inserting a flux-modulation
pulse of duration T before the measurement (blue) or a waiting time of equivalent
duration (gray). The duration of an LRU for the chosen experimental parameters
at the operating point O is indicated by the dashed gray line. b, Contrast of the
Ramsey fringes with (blue) and without (gray) inserting a flux modulation pulse
of duration t between the two /2 X-rotations. Error bars indicate the standard
errors extracted from sinusoidal fits to the Ramsey fringes.

subspace. We investigate the eledt of the LRU on the Z-basis states of
the computational subspace for the operating point O by comparing a Ty
measurement when applying a flux-modulation pulse of duration t (blue),
and a waiting time of equivalent duration (gray), see Fig. 4.4a. We proceed
analogously using a T,—neasurement to evaluate the e [edt on the X-basis
states [Fig. 4.4Db].

We observe only a small e [edt of the flux modulation pulse on short time
scales (T < T ru), With a population transfer from |e (o |g Cof only [COD05(2)
in the T; measurement and a similar reduction in the contrast of Ramsey
fringes in the T,—easurement. These observations suggest that, as required,
the modulated pulse leaves the computational subspace mostly una [edted on
the time scale of the duration of an LRU operation.

We repeat the same measurements for longer time scales to accurately
extract coherence times, and find an e [edtive lifetime of T, = 13.4ps (T, =
10.8 us) when the LRU is applied, compared to T; = 28.8 s (T, = 37.0 us)
when the LRU is not applied. We attribute this e[edtive reduction in
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Figure 4.5: E [edt of the LRU on the computational subspace. a, E [edtive
lifetime T, (circles), dephasing time T {triangles) and pure dephasing time T
(squares) as a function of the modulation amplitude w,. The modulation amplitude
wa = 128 MHz used for the characterization in Fig. 4.5 and in panel b is indicated
with a blue arrow. b, Interleaved randomized benchmarking (blue) performed as
shown in the upper quantum circuit diagram and reference randomized benchmarking
(gray) performed as shown in the lower quantum circuit diagram.

lifetime to population loss due to the repeated crossing of two-level defect
modes [Klimov18, Lisenfeld19] in the frequency spectrum of the transmon
when the modulation pulse is applied [Lacroix25, Supp. Mat.]. The reduction
in Tﬂs ascribed to the decrease in T1 as well as to the decrease in the pure
dephasing time T, = 2T, T,7(2T1 — T resulting from the qubit being away
from its flux-noise-insensitive bias point during the modulation pulse.

We repeat these two characterization measurements for di Lerent operating
points of the LRU and extract the e[edtive coherence times Ty, T,—and
Ty when applying the modulation pulse as a function of the modulation
amplitude, see Fig. 4.5a. For all operating points, we observe that T; < T,
which indicates that errors on the computational subspace are mostly T;-
limited.

The modulation of the qubit transition frequency also induces a coherent
phase rotation of the qubit, which we counteract by applying a virtual Z-gate
of equal magnitude and opposite sign.

To extract the average error of the LRU on the computational subspace,
we perform interleaved randomized benchmarking (iRB) [Magesanl2] in
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which the LRU is benchmarked against a perfect identity operation. For the
operating point O [the coherence times of which are indicated by the blue
arrow in Fig. 4.5a], we obtain an average gate error of 0.25(1)%, see Fig. 4.5b.
In comparison, the error for an idle operation of the same duration as the
LRU is about 0.1%, showing that performing the LRU causes errors on the
computational subspace of the same order of magnitude as coherence-limited
single-qubit gates. The measured error is in good agreement with a calculated
coherence limit [Assad16] of 0.24% which takes into account the reduction in
T, and T,-8uring the LRU. We choose the operating point O for all further
experiments because it provides a good compromise between LRU duration
and errors on the computational subspace.

In addition to characterizing the impact of the flux modulation pulse on
the computational subspace of the targeted qubit, it is crucial to evaluate
its impact on the computational subspace of other qubits. Flux crosstalk
may induce frequency deviations of neighboring qubits, leading to coherent
phase rotation and/or dephasing. To investigate this e [edt, we repeat the
phase-sensitive measurement described in the main text, but measure the
phase of neighboring qubits instead of qubit A whose flux is modulated. For
each qubit i £ A, we compare the phase with and without applying the flux
pulse on qubit A to extract the coherent phase rotation A¢ induced by the
pulse and the loss of contrast of the Ramsey fringes Ac, see Fig. 4.6. We
apply a flux modulation pulse at the operating point O described in the main
text with a duration of 1us (i.e. approximately 30 times longer than the
duration of the LRU at the operating point O) to amplify the resulting errors.

Our results indicate that for a 1-ps-long modulated flux pulse at the
operating point O, all measured qubits, except qubit D2, experience a coherent
phase rotation of |Ad|/m < 0.05, see Fig. 4.6a. This corresponds to |A¢|/m <
0.0016, i.e. |[A¢| < 0.3°, for the duration of a single LRU operation. We also
find that the contrast loss is close or equal to zero within error bars (Fig. 4.6b)
for all measured qubits, indicating that the dephasing of neighboring qubits
caused by flux crosstalk is negligible. These findings suggest that the impact
of flux crosstalk is generally small.

We attribute the larger phase rotation on qubit D2, A¢ = 3.6° for the
duration of an LRU operation, to the larger flux crosstalk between qubit
A and qubit D2. Specifically, the cross-flux ratio [Krinner22], defined as
logg % between qubit A and qubit j, is approximately -2 for j = D2,
corresponding to about 1% crosstalk, whereas for all other qubits it is about
-3 or lower. Here, d®;/dVa is the sensitivity of the flux generated at the
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Figure 4.6: Characterization of flux-crosstalk-induced phase errors. E [edt
of a 1-us-long modulated flux pulse applied to qubit A on the other 13 functional
qubits of the device. a, Coherent phase rotation angle A¢ caused by the modulated
pulse. We extract the phase rotation by comparing two Ramsey measurements in
which we sweep the phase of the second m-half pulse to measure the phase of the
qubit without (gray circles in inset) and with (green dots in inset) applying the
modulated pulse. The inset depicts the measured (dots) and fitted (lines) phase of
qubit D2. b, Loss of contrast Ac of the Ramsey fringes when applying the modulated
pulse, where the contrast ¢ corresponds to the peak-to-peak amplitude of the cosine
as depicted in the inset of a. Error bars (black lines) indicate the standard errors
extracted from sinusoidal fits to the data.

SQUID loop of qubit j when varying the voltage applied to the flux line of
qubit A, see Ref. [Krinner22] for details. When integrating the LRU in QEC
experiments, it is possible to correct such crosstalk-induced coherent phase
rotations by utilizing virtual-Z rotations of equal magnitude and opposite
sign.
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4.4. Integrating LRUs in QEC Circuits

4.4.1. Weight-two Stabilizer

To demonstrate the benefits of using an LRU in QEC experiments despite the
small errors it causes on the computational subspace, we perform repeated
cycles of a weight-two Z-type stabilizer measurement [Krinner22] with and
without LRU, see Fig. 4.7 for the full quantum circuit diagram. The two data
qubits (red dots) are initialized in one of the four Z-basis eigenstates and the
parity of the state is mapped onto the auxiliary qubit (green dot) as shown in
Fig. 4.7. An LRU can be applied to the auxiliary qubit, which is subsequently
measured using single-shot three-level readout [Krinner22]. Scheduling the
LRU before the mid-circuit auxiliary qubit readout, rather than after, avoids
the need for an additional [I50ns delay to allow the readout resonator to
fully empty. This delay is crucial because residual photons in the resonator
when applying the LRU can lead to population transfer from |g1[to |[fOL]
thereby introducing leakage into the system. In contrast, if the LRU is
applied before the measurement, no waiting time is required as the resonator
is intentionally populated for readout right after applying the LRU. The
residual photon number after the LRU (nes - 0.2) is small compared to the
photon population used for readout and therefore does not aledt readout
fidelity. The entire stabilizer cycle of a fixed duration of 0.7 us is repeated m
times.

We find that when the LRU is applied, the accumulation of population in
| Cof the auxiliary qubit after 50 cycles, averaged over the four data-qubit
input states, is reduced by approximately a factor of ten to [3.5-102 [green
dots in Fig. 4.8a], compared to 31072 when the LRU is not applied (gray
dots). We observe a background residual leakage of about 2 - 10~2 on average
after a single cycle, higher than the minimum |f Cpopulation reported in
Fig. 4.3b. We attribute this residual leakage to a frequency collision leading
to state-dependent readout-induced leakage, see Ref. [Lacroix25, Supp. Mat.]
for details. This frequency collision can be avoided in the future by adapting
the design frequencies of the qubits and readout resonators. When considering
solely the accumulation of leakage in addition to this background value, we
calculate that the LRU leads to a 20-fold reduction in leakage accumulation.
Moreover, we find that the application of the LRU to the auxiliary qubit
also reduces leakage accumulation on data qubits, as shown in Fig. 4.8b. We
attribute this e[edt to a decrease in leakage transport [McEwen21b, Mia023]
which arises only when the auxiliary qubit is in [f LIThe di[erences in leakage

80



4.4. Integrating LRUs in QEC Circuits

Single-qubit Y-rotation (

Figure 4.7: Weight-two Z-type stabilizer circuit with LRU. The circuit
comprises of one auxiliary qubit (green dot) and two data qubits (red). The data
qubits are prepared in the four possible eigenstates of the weight-two stabilizer using
optional single-qubit X gates at the start of the circuit.

between the two data qubits are currently not understood.

Furthermore, we extract the e[edtive lifetime of a leakage event in the
stabilizer circuit by post-selecting on runs in which leakage is detected on
the auxiliary qubit and counting the average number of cycles in which
the auxiliary qubit is consecutively read out in |f Cafter the initial leakage
event. We find that the LRU achieves the goal of reducing the leakage
lifetime on the auxiliary qubit to close to a single cycle of the repeated
stabilizer measurements, while the lifetime is on the order of 6 cycles when
no LRU is used, see Fig. 4.8c. In comparison, the |f [=3tate lifetime of the
auxiliary qubit in an independent T; measurement (dashed gray line) is
much longer, approximately 24.6 cycles, which provides further evidence for
leakage transport away from the auxiliary qubit during the repeated stabilizer
measurement.

To further investigate the impact of the LRU on the total number of
detected errors by the stabilizer, we construct the error syndrome in each
cycle om = (1 — Sm - Sm—1)/2 from the current (m) and the previous (m — 1)
measured stabilizer values s, with ¢ = 1 indicating an error and 0 = 0
indicating no error, respectively [Kellyl5, Krinner22]. When averaging over
all circuit runs and possible data-qubit input states, we find that applying
the LRU reduces the mean error syndrome value o from [O15 to O after
50 cycles [Fig. 4.8d].

To investigate whether this reduction of approximately 33 % stems from the
LRU’s ability to suppress time-correlated errors, we calculate the probability
pij of simultaneously observing a syndrome element ¢ =1 at cycle i and j in
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Figure 4.8: Integration of the LRU in a weight-two Z-type stabilizer mea-
surement. a, Leakage of the auxiliary qubit with (green) and without (gray) LRU
in each stabilizer cycle as a function of the number of executed cycles m. b, Leakage
of data qubits D1 (circles) and D2 (triangles) with (red) and without (gray) the
LRU. c, Leakage lifetime in the stabilizer circuit with (green) and without (gray) the
LRU, and in a separate characterization measurement (gray dotted line). d, Mean
syndrome element @ with the LRU (blue dots), with neither the LRU nor leakage-
rejection (gray dots), and with leakage rejection instead of the LRU (dashed gray
line).

the same experimental run [Spitz18],
1

_ [goj [ [aj (I L]

j=c— - 4.12
Pi= 2™ 47 1-2G* 2(6, (3 4(Gi0; ] (4.12)

Here, [T denotes the averaging over experimental runs. We calculate pj; for all
pairs of cycles with i £ j, both with and without applying the LRU (Fig. 4.9),
and observe that using the LRU significantly reduces the average probability
pij (averaged over all pairs of i and j) from 0.022 to 0.005. Crucially, the
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Figure 4.9: Correlated syndrome elements with and without LRU. Prob-
ability p;; for i 8 j of simultaneously observing a syndrome element with a value
of 1 in cycle i and j of the same experimental run without (a) and with (a) the
LRU, respectively. The red bleeding away from the diagonal in a stems from leakage-
induced correlations which are substantially reduced when applying the LRU. Note

that pij = pji-

probability of detecting correlated syndrome elements separated by more
than one cycle® [all values in the matrix depicted in Fig. 4.9b besides diagonal
and first-o [=diagonal terms] is substantially lower when applying the LRU.
This confirms that the LRU strongly suppresses time-correlated errors.

To further assess the performance of our approach, we compare the use
of the LRU to the leakage-rejection method (see Chapter 3 and Section 4.1)
that discards experimental runs in which a leakage event on the auxiliary
qubit is detected using three-level readout, see dashed gray line in Fig. 4.8d.
In the context of this repeated weight-two stabilizer circuit, we find that
employing the LRU results in nearly the same performance as the leakage
rejection method, with the key benefit of retaining all the data.

3Correlations between syndromes in subsequent cycles [first-o [=diagonal terms in Fig. 4.9b]
are expected both with and without LRU due to auxiliary-qubit errors [McEwen21b].
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Chapter 4. Fast Leakage Reduction Unit for Error Correction

4.4.2. Distance-3 Surface Code

To demonstrate that our LRUs can be successfully used in larger-scale devices,
we deploy them in a distance-three surface code realized on a device similar
to the one introduced in Chapter 3. We calibrate the LRUs on the eight
auxiliary qubits, achieving a median LRU duration of 46 ns (excluding 10 ns
bu [ed times before and after the pulse), a median residual leakage population
of 0.3% after applying the LRU, and a median error in the computational
subspace of 0.5% [Hofele24].

To evaluate LRUs in an integrative way, we use them in a state preservation
experiment following the methodology described in Chapter 3: we initialize
the logical qubit in |0 Car |1, Cand perform n =1, ..., 14 cycles of QEC. The
LRUs are applied to the auxiliary qubits after readout in each QEC cycle,
with an idle time of 160 ns between the end of the readout pulse and the start
of the LRU to ensure complete depletion of the resonator before applying the
LRU. This idle time increases the QEC cycle duration by 0.1 us compared to
the one in Chapter 3, leading to a total duration of 1.2us. The LRUs are
executed simultaneously on all auxiliary qubits of the same type.

Averaging over all circuit runs, we find that applying LRUs significantly
reduces the mean error syndrome elements compared to when they are not
applied (blue and gray dots in Fig. 4.10a-b, respectively). Furthermore,
the mean syndrome elements with LRUs are similar to those obtained us-
ing leakage-rejection methods (gray circles connected by a dashed line), as
demonstrated in Section 4.4.1 for a single weight-two stabilizer. These re-
sults confirm that our LRUs function as intended even when deployed on a
large-scale device, providing strong evidence that they can be implemented
at scale to mitigate leakage in QEC experiments.

To further assess the performance of LRUs, we analyze their e [edt on the
integrative metric of logical error rate per cycle. In large distance codes
with low physical error rates, the logical error rate is expected to be several
orders of magnitude lower when using LRUs compared to when they are
not used [Fowler13]. However, in a distance-three code where the physical
error rate is near or above the code threshold, the expected improvement
is much smaller [Miao23, Battistel21] because LRUs do not remove leakage
events but rather prevent them from propagating errors beyond a single QEC
cycle. Since a leakage event can spread errors to neighboring qubits within
one cycle [Miao23] and a distance-three code can only tolerate one error per
cycle, a leakage event significantly increases the probability of a logical error
even when LRUs are employed. Additionally, if background noise from other
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error sources is high, the leakage event itself may still act as an additional
independent error that contributes to logical failures.

In our experiments, we observe that using LRUs improves the logical error
rate from € no Lru = 0.058(2) to g ru = 0.052(1), corresponding to a
relative improvement of about 10(4) %, see Fig. 4.10c. When using leakage
rejection, we find that the logical error rates with and without LRUs are
comparable within error bars, with €S o, = €[5, |gy = 0.038(1). This
important result confirms that LRUs do not introduce significant additional
errors in the computational subspace, since any such errors would not be
post-selected by the leakage rejection method. As expected, the logical
error rate is lower when using leakage rejection, since this method e [edtively
removes leakage events rather than mitigating them, but comes at the cost
of discarding a significant fraction of the data, as discussed in Section 4.1.

Overall, these findings highlight the ability of LRUs to reduce leakage-
induced errors without compromising the computational subspace in large-
scale QEC experiments. Nonetheless, in our implementation, LRUs were
applied only to auxiliary qubits and suppressed only leakage from the second
excited state. In future work, the protocol could be extended to remove
leakage from data qubits and higher-energy states, as demonstrated in proof-
of-principle experiments presented in the next section.

4.5. Extending the LRU

So far, we presented a method to actively deplete the first non-computational
state |f[Jwhich is typically the most populated leaked state [McEwen21b].
Nevertheless, readout-induced state transitions [Sank16, Shillito22, Khezri23,
Lacroix25] and leakage transport during two-qubit gates [Miao23] can also
populate higher-excited state of transmon qubits. Moreover, we applied the
LRU only to auxiliary qubits.

In this section, we detail how the LRU protocol can be extended to suppress
leakage of higher-excited transmon states and how it can be applied to data
qubits.

45.1. Multi-level LRU

Our LRU protocol can be extended to deplete population of higher-excited
transmon states by concatenating pulses with appropriate modulation fre-
guencies. We demonstrate this multi-level LRU protocol to deplete both
|h[(third-excited transmon state) and |f Clising two modulated pulses, see
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Chapter 4. Fast Leakage Reduction Unit for Error Correction

Figure 4.10: Integration of LRUs in a distance-3 surface code. a-b, Z-type
(a) and X-type (b) mean syndrome elements as a function of the number of QEC
cycles in a Z-basis state preservation experiment when applying LRUs (blue) and
when not applying LRUs (gray). Shaded lines correspond to syndrome elements for
each stabilizer while solid lines with filled dots correspond to their average across all
4 stabilizers. The dotted gray line corresponds to the average syndrome elements
over all circuits and stabilizers when the LRU are not applied but we employ leakage
rejection. c, Measured logical error probability as a function of number of QEC
cycles with LRUs (blue) and without (gray) LRUSs. Solid dots are for experiments
without leakage rejection and circles are for with leakage rejection method. Lines
correspond to an exponential fit to extract the logical error rate per cycle.

Fig. 4.11. The modulation frequency of the first pulse (h-LRU) is adjusted
such that the high-frequency first-order sideband of |h0[is resonant with |[F1C]
as depicted in the energy-level diagram in Fig. 4.11a. The [f1[population
then rapidly decays to [FO[JSubsequently, a second pulse (f-LRU) is applied
to transfer population from |fO[to |el[Jas detailed in Section 4.2.
Following a similar calibration protocol as outlined in Section 4.3, we find a
suitable modulation frequency and amplitude for the h-LRU pulse. Thereafter,
we prepare the transmon in |h[Cand sweep the duration of the first pulse Tt
while maintaining 1 = 0ns, see the region to the left of the gray vertical line
in Fig. 4.11b for the time-evolution of the readout-corrected population of
the first four transmon eigenstates. As expected, the |h[Cpopulation (purple)
decreases while the |f[population (red) increases. We identify the pulse
duration Ty = 42ns (vertical gray line) that results in the first minimum in
|hOpopulation. We then repeat the same measurement with 1, = 42ns and
sweeping the duration of the second pulse ¢, see the region to the right of
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g0 ——

Figure 4.11: Multi-level LRU. a, Energy-level diagram of the transmon-resonator
system. The purple (red) dashed line indicates the high-frequency first-order sideband
of |hO{|fOoDdduring the h-LRU (f-LRU) pulse. The yellow arrows illustrate the
rapid decay of |f1[fo |[fOCand |el[Ho |eOCdrespectively. b, Measured time evolution
of the population of [g[(blue), |e({green), |f C{red) and |h[{purple) of the transmon
qubit initially prepared in [h[JThe region to the left of the gray vertical line sweeps
the duration of the h-LRU, T}, while maintaining 1+ = 0ns. The region to the right
of the gray vertical line maintains t, = 42 ns and sweeps the duration of the f-LRU,
Tf.

the gray line in Fig. 4.11b. Similarly to the data presented in Fig. 4.3b, the
|f Cpopulation decreases while the |e[Cpopulation increases.

Accounting for 10-ns-long bu [ers before and after each pulse, we demon-
strate that both |hCand |f[Ctan be depleted within approximately 120 ns,
which is about twice as fast as the approach presented in Ref. [Marques23].

Analogously, even higher excited transmon states can be sequentially de-
pleted and reduced to the computational subspace, at the cost of lengthening
the total LRU protocol duration and increasing the maximal required modu-
lation frequency by []di|/2 for each additional transmon state. In practice,
however, suppressing leakage in |fand possibly |hk likely su [cieht because
leakage to higher excited states is less probable [McEwen21b].
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4.5.2. Data-qubit LRU

In the experiments presented in the main text, the LRU is solely applied to
the auxiliary qubit. We expect to gain most performance in this way because
our device is designed to have lower leakage rates on data qubits [Krinner22].
Nonetheless, at lower error rates, it might be beneficial to also remove leakage
on data qubits [Miao23].

In principle, our LRU protocol can be applied to both auxiliary and
data qubits. However, because the data qubits on our device idle at their
lower-frequency flux-insensitive bias point [Krinner22], the detuning to the
readout-resonator frequency band is larger for data qubits than for auxiliary
qubits.

Therefore, the required modulation frequencies are higher for data qubits
than for qubits biased at their higher flux-insensitive bias points. This reduces
the factor J1(wa/20m) in Eq. (4.3) which results in a lower coupling between
|[fOCand |e1Cd However, this e[edt is partially compensated because data
qubits are designed to have a [40% larger coupling gqr to their dedicated
readout resonator. This coupling could be further increased to ensure the
LRU duration on data qubits is similar to the one on auxiliary qubits for
a fixed modulation amplitude. Moreover, the design of the device could be
adapted to slightly reduce the detuning between the readout resonator and
the qubits biased at their lower flux-insensitive bias point.

As a proof of principle, we demonstrate an LRU on a qubit biased at its
lower-frequency flux-insensitive bias point on a current-generation device,
resulting in a large detuning A/21 = (wy — Wet)/21 = 2 GHz. When driving
at maximal output power, we achieve a modulation amplitude of wa/2m =
91 MHz using a modulation frequency of wy/21 = 967 MHz. This frequency
lies close to the Nyquist limit of our AWG but still enables the depletion of
|f CWith a pulse duration of [70ns, see Fig. 4.12.

While this is about twice slower than the LRU applied to the same qubit
when operated at its higher-frequency flux-insensitive bias point, it is sig-
nificantly faster than the approach presented in Ref. [Marques23] of the
main text. Furthermore, by adjusting the qubit-resonator detuning in future
devices, we expect to be able to perform LRUs on all data qubits with a
similar or even shorter duration.
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Figure 4.12: LRU for qubits biased at their lower flux-noise-insensitive
bias point. Measured time evolution of the population of |g[{blue), |e[_(green)
and |f [{red) for a qubit operated at its lower-frequency flux-insensitive bias point
(wge/2m = 5.155 GHz).

4.6. Discussion

In summary, we have demonstrated a fast leakage reduction unit based on
parametric flux modulation. In an isolated setting, an LRU takes only ns
to remove leakage down to our qubit readout error of 7 - 107*. Moreover, it
is high-fidelity, causing only an error of 2.5(1) - 10~2 on the computational
subspace. Our LRU thus approaches durations and fidelities comparable
to those of single-qubit gates. We successfully integrated the LRU in a
weight-two stabilizer measurement and in a distance-three surface code state
preservation experiment, thereby significantly improving the performance of
these QEC experiments. Furthermore, we show how the LRU protocol can be
extended to mitigate leakage from even higher-excited transmon states using
a sequence of modulated pulses with the appropriate modulation frequencies.
Such a multi-level LRU can remove population from both the state |f Cand
the third-excited transmon state |h[in approximately 120 ns.

The LRU introduced in this work o [erk several advantages compared to
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other recent developments in leakage suppression [Miao23, Marques23]. First,
our LRU is four times faster than the one presented in Ref. [Marques23],
resulting in a reduction of idling errors on all qubits, which often constitute a
substantial fraction of the total error budget [Chen21, Google Quantum Al23].
Second, the modulation pulses are generated by the same electronics which
also generates pulses for the two-qubit gates, avoiding additional cost and
complexity of the experimental setup. Finally, employing parametric coupling
for realizing the LRU enables its use in a wide range of qubit-frequency
configurations.

Although the LRU scheme is generally applicable to all flux-tunable gqubits,
the modulation frequencies required to bridge the detuning between some of
the data qubits and their respective readout resonators on the device used
in this work was too close to the Nyquist limit of the arbitrary waveform
generator (AWG). Reducing these detunings in next-generation devices should
enable the use of LRUs for all qubits.

Integrating and benchmarking the application of LRUs on all qubits in
larger-scale quantum error correction experiments is an important next step.
Recent work [Google Quantum Al25] showed experimentally that, while
reducing leakage on all qubits versus only on auxiliary qubits yields only a
modest improvement at the distance-three scale, the impact becomes signifi-
cantly more pronounced at the distance-five scale. Simulations extrapolating
to even larger distances suggest that leakage increasingly becomes a major
bottleneck that can prevent the exponential suppression of errors [Google
Quantum Al25].

While LRUs reduce time-correlated errors by regularly depleting leakage
states, they do not address all errors induced by leakage. For instance, leakage
occurring early in the error-correction cycle can cause significant phase errors
to neighboring qubits during subsequent two-qubit gates [Miao23]. Advanced
pulse-shaping techniques could help mitigate such e [edts [Varbanov25]. Addi-
tionally, if the LRU is applied after the auxiliary qubit readout in each cycle,
the auxiliary qubits may be read out in their second-excited state. While
this state does not provide the usual stabilizer value — since, by construction,
stabilizer measurements require readout in a computational state — it does
signal the occurrence of a leakage event which provides insights into physical
errors that may have occurred on the device. Developing leakage-aware
decoders [Sucharal5, Kellyl15, Ziad24] that can leverage this information and
do not enforce the use two-level readout or the artificial remapping of the
detected leakage state to a computational state, could further enhance error
correction performance.
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So far, quantum error correction (QEC) implementations with supercon-
ducting qubits [Andersen20, Marques22, Krinner22, Zhao22, Sundaresan23,
Ye23, Hetényi24] have predominantly focused on the surface code [Fowler12]
or variants thereof [Ataides21, Chamberland20]. As discussed in Chapters 2
and 3, the primary reason is that the surface code o [erk a high error threshold
and is compatible with planar, four-nearest-neighbor architectures. However,
it demands significant qubit overhead and has limitations for certain logical
operations [Campbell17], motivating the investigation of alternative planar
codes.

Color codes [Bombin06, Landahl11] allow for more e Lcieht logical oper-
ations and require fewer qubits than the surface code to encode a logical
qubit at a fixed code distance [Bombin07]. The smallest instance of the
color code, the Steane code [Steane96], has been implemented with trapped
ions [Niggl4, Ryan-Anderson21] and neutral atoms [Bluvstein24], demonstrat-
ing logical operations and logical circuits [Postler22, Ryan-Anderson22, Paet-
znick24, Ryan-Anderson24, Mayer24, Bluvstein24, Postler24]. Color codes
can perform all Cliladd gates [Gottesman98] within a single error correc-
tion cycle, and support resource-e Lcieht magic state injection protocols re-
quired to implement non-Cli Ladd gates [Bravyi05, Zhang24, Lee24]. A recent
breakthrough harnessed these features to drastically reduce the overhead re-
quired for non-Cli Lardd gate implementation in surface code architectures [Ito-
gawa24, Gidney24]. Color codes also enable multi-qubit entangling operations
with up to three times less space-time overhead thanks to their capability for
simultaneous fault-tolerant multi-qubit Pauli measurements [Thomsen22].

However, color codes have a stricter error threshold than surface codes due
to their higher-weight stabilizer measurements [Andristll, Landahl11]. Addi-
tionally, they require more elaborate decoding strategies, and conventional
color code syndrome-extraction circuits require higher connectivity than
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four-nearest-neighbors [Landahlll, Takada24], which is di Ccult to realize on
superconducting devices. As a result, error suppression by increasing the
color code size has not yet been demonstrated on any experimental platform.
Nevertheless, recent advances in superconducting qubit performance [Google
Quantum AI25], improvements in decoding algorithms [Baireutherl9, Sa-
hay22, Gidney23, Zhang24, Lee24], and optimized error-syndrome extraction
circuits [Gidney23, Takada24] now open new possibilities for implementing
the color code on existing hardware.

In this chapter, we demonstrate building blocks of fault-tolerant quan-
tum computation using the color code on a superconducting processor. In
Section 5.1, we introduce the color code circuit and its implementation on
a superconducting device. Next, we preserve logical states and suppress
logical errors by increasing the code distance (Section 5.2). Thereafter, we
characterize single-qubit logical Cli [ond gates with randomized benchmark-
ing, realizing logical circuits with up to ten CliLondd gates interleaved with
guantum error correction cycles (Section 5.3). Furthermore, we inject magic
states into the color code with high fidelity (Section 5.4) and perform lattice
surgery [Horsmanl2] to demonstrate multi-logical-qubit operations (Sec-
tion 5.5). This comprehensive demonstration establishes the color code as a
promising approach for resource-e Lcieht, fault-tolerant quantum computation
on superconducting circuits.

The experiments presented in this chapter form the basis of Ref. [Lacroix24].

5.1. Color Codes with Superconducting Qubits

Two-dimensional (or triangular) color codes [Bombin06, Bombinl3], are a
family of topological stabilizer codes [Gottesman97]. They are constructed on
trivalent lattices with three-colorable tiles, meaning that three tiles meet at
each vertex of the lattice and the tiles can be colored (red, green and blue in
this work) such that no two adjacent tiles share the same color. Data qubits
are located at each vertex of the lattice, and each tile has an X-type and a
Z-type stabilizer with supports on its vertices.

Several such lattices exist, each with potentially diLerknt syndrome ex-
traction circuits for stabilizer measurements [Gidney23]. Here, we choose to
implement a code based on a hexagonal lattice embedded in a square grid of
qubits with a superdense syndrome extraction circuit [Gidney23], shown in
Fig. 5.1a-b. This choice is particularly attractive for superconducting qubits
because it only requires nearest-neighbor connectivity on a square grid of
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Figure 5.1: Superdense color code. a, Example tile in the bulk of a red, green,
blue hexagonal lattice employed for the superdense color code. The lattice is
embedded on a square grid of data qubits (golden circles labeled D1 to D6) and
X/Z auxiliary qubits (red, green and blue circles), with their connectivity indicated
by solid gray lines. b, Superdense syndrome extraction circuit for the tile shown in
a, see text. c, Distance-five color code qubit, with one of the distance-three qubit
subsets outlined in purple. Data qubits included in the logical operators X, and
Z\ are circled and connected by a solid black line. Red arrows indicate qubit pairs
interchanged for the implementation of the color code on our quantum device. d,
Deformed code layout after interchanging the qubits to ensure that each readout
line contains only data or auxiliary qubits. The readout lines are oriented diagonally
from top left to bottom right, as shown by two dashed gray lines.

qubits. In addition, this choice enables simultaneous measurement of X- and
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Z-type stabilizers of each tile using two auxiliary qubits labeled X and Z in
Fig. 5.1a, located at the center of each tile.

The superdense syndrome extraction circuit draws inspiration from the
superdense coding protocol, where a Bell pair enables the encoding of two
classical bits [Bennett92]. The superdense circuit is constructed such that
these two classical bits indicate whether a bit-flip error occurred (encoded as
0 for no error, 1 for an error) and/or a phase-flip error occurred (encoded as
0 for no error, 1 for an error) on the data qubits of a given color code tile.

In a nutshell, the two auxiliary qubits of the tile are prepared in a Bell
state, i.e. a shared quantum resource. This Bell state encodes bit-flip errors
in its parity, toggling between even and odd parity depending on whether
a bit-flip error occurred on the neighboring data qubits. Simultaneously, it
encodes phase-flip errors in its relative phase, which flips between positive and
negative depending on whether a phase-flip error occurred. This simultaneous
encoding allows the circuit to identify both types of errors using a single
round of measurements.

The details of this process can be understood by analyzing how the Bell state
evolves throughout the syndrome extraction circuit. Initially, the auxiliary
qubits are prepared in the Bell state |Boo[ = [00[F |11[ Iwhere the first
index (0) represents even parity (symmetric state), and the second index (0)
indicates a positive relative phase. Due to this symmetry, a bit flip on either
auxiliary qubit transforms the state to |B1o[F |01[3 |10 with odd parity
(antisymmetric state). This property allows each auxiliary qubit to check for
bit-flip errors on its three neighboring data qubits using CNOT gates, where
the data qubits act as control. Each CNOT toggles the Bell state between
|Boo C&nd |B1o Liff the data qubit is in the |1[3tate. After all six CNOT gates
(left gray box in Fig. 5.1b of the main text), the Bell state will remain |Bgg [l
if the total number of flips is even, and flip to |B1pCdtherwise.

Similarly, a phase flip on either auxiliary qubit changes the state to |Boi [
|00+ |11 Iwhere the second index (1) indicates a negative relative phase.
This enables detection of phase flips on the data qubits by using the auxiliary
gubits as control in CNOT gates (right gray box in Fig. 5.1b of the main
text). If both bit and phase flips occur, the state becomes |B11 [ |01[= |10[]

Finally, a Bell-basis measurement of the auxiliary qubits determines the
resulting Bell state, producing outcomes 00, 01, 10 or 11 corresponding to
|Bo1 L1 |Bo1 LI [Bor Cand |B1g Lrespectively. Here, the first bit is the outcome
of the Z auxiliary qubit (detects bit-flip errors) and the second bit is the
outcome of the X auxiliary qubit (detects phase-flip errors). This process
reveals whether a bit-flip error, a phase-flip error, both, or none occurred
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on the data qubits. Remarkably, this circuit achieves this even though each
auxiliary qubit interacts with only half the data qubits of the tile.

Note that the Z auxiliary qubit also detects bit-flip errors on the X auxiliary
gubit and vice-versa. In that way, the two auxiliary qubits act as flags for
each other — an important feature for ensuring the fault-tolerance of the
circuit [Lacroix24, Supp. Mat.].

This construction allows the encoding of a single distance-five logical qubit
using 19 data qubits and 18 auxiliary qubits, see Fig. 5.1c. It consists of six
weight-6 stabilizers (two per hexagonal tile) and twelve boundary weight-4
stabilizers (two per quadrilateral tile). The logical operator X (2._) is
defined as the product of the individual Pauli X (Z) operators of data qubits
along a boundary of the triangle.

5.1.1. Implementation on a Willow Quantum Processor

We implement this logical qubit on the 72-qubit Willow processor first intro-
duced in Ref. [Google Quantum AI25]. The device is installed at the bottom
of a dilution refrigerator and wired to custom room-temperature electronics
for control. We use a single control line per flux-tunable transmon [KochQ7]
qubit to realize single-qubit gates and to tune the transition frequency to
implement two-qubit gates and multi-level reset [McEwen21b]. We implement
single-qubit gates using microwave DRAG pulses [Motzoi09] for X rotations
and virtual Z gates [McKay17]. m-rotations and nt/2-rotations have durations
of 35ns and 18 ns, respectively. Controlled-Z (CZ) gates between neighboring
qubits are realized by tuning the transition frequencies of the two qubits such
that the |11[3tate is resonant with the |20[3tate, while also adjusting the
frequency of a tunable coupler to control the coupling strength [Foxen20].
These CZ gates have a duration of 37 ns. The gates are calibrated to jointly
minimize leakage and ensure a conditional phase gate of .

Qubit states are read out dispersively by applying frequency-multiplexed
microwave pulses. The readout protocol, including cavity depletion time,
lasts for 600 ns. Following readout, we perform a 160-ns multi-level reset as
described in Ref. [McEwen21b]. For state preservation experiments, we also
include a data qubit leakage removal (DQLR) procedure [Miao23] lasting
53ns.

We benchmark all operations used to realize the distance-five color code
and show the cumulative distribution of error rates in Fig. 5.2.

The design of this processor favors the simultaneous readout of all qubits
sharing a readout line to minimize measurement-induced dephasing. To

95



Chapter 5. Scaling and Logic in the Color Code

Figure 5.2: Operation errors of the distance-five color code on the 72-
qubit processor. Cumulative distributions of single-qubit gate Pauli errors (red),
simultaneous CZ gate Pauli errors (green), measurement errors (blue), and data-
qubit idle errors during measurement and reset of auxiliary qubits when applying a
dynamical decoupling sequence (gold). The vertical faded lines indicate the mean
value of the distributions.

accommodate this constraint, we swap the roles of auxiliary and data qubits
for certain pairs of qubits, as indicated by the red arrows in Fig. 5.1c. This
adjustment results in the code layout depicted in Fig. 5.1d, where each readout
line contains only data qubits or auxiliary qubits, but no mixture of both.
This ensures that all qubits on each readout line are measured either in each
guantum error correction cycle (auxiliary qubit readout line) or at the end
of the protocol only (data qubit readout line). To avoid the use of costly
swap gate decompositions, we employ circuit transformations that add no
additional operations and preserve the circuit’s fault tolerance, as detailed in
Ref. [Lacroix24, Supp. Mat.]. In addition to these circuit transformations, the
CNOT gates are compiled to a combination of native Hadamard gates and
CZ gates; see Fig. 5.3 for a full circuit diagram of a quantum error correction
cycle on the distance-five logical qubit.
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Figure 5.3: Z-basis state preservation superdense color code circuit for
the distance-five logical qubit. The initialization, quantum error correction cycle
and final data qubit readout are highlighted in green, blue, and red, respectively.
See text for details.
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Chapter 5. Scaling and Logic in the Color Code

5.2. Distance Scaling

First, we demonstrate that the color code is a viable candidate for encoding
logical qubits by testing its memory performance and scaling. Specifically,
we preserve logical states in the X and Z bases through repeated cycles
of error correction, and suppress the logical error per cycle by increasing
the code distance d from three to five. Here, the distance of the code
corresponds to the minimum number of physical qubit errors required to
cause an undetectable logical error. A distance d code can correct any IE'TZ—lEI
independent errors. We compare the performance of the distance-five code
to the averaged performance of three distance-three color code subsets. An
example subset is shown with a purple outline in Fig. 5.1c and d. For each
experimental run, we initialize the data qubits in a product state of the Z
(X) basis, project the logical qubit into the target logical state using a single
cycle of stabilizer measurements, perform n — 1 additional cycles of error
correction and finally measure all data qubits in the Z (X) basis. We obtain
the logical operator value from the product of the relevant data qubits in this
final measurement, and the run succeeds if the corrected logical measurement
after decoding coincides with the target logical state; otherwise, a logical
error has occurred.

We employ similar techniques as described in Refs. [Google Quantum
Al23, Google Quantum AI25] to minimize coherent phase errors in the
circuit [Kelly16], reduce dephasing during idle time on data qubits using
dynamical decoupling, and ensure short-lived leakage errors with multi-level
reset [McEwen21b] on auxiliary qubits and a data-qubit leakage removal
(DQLR) [Miao23] protocol at the end of each cycle.

For each error correction cycle, the auxiliary qubit readout outcomes
correspond to the stabilizer values and indicate the parity of the involved
data qubits (0 for even parity and 1 for odd parity). We construct the error
syndrome g, in which each element is obtained by comparing stabilizer values
in two consecutive cycles and takes a value of 1 if a change of parity is
detected and 0 otherwise. By averaging each syndrome element over 50 000
experimental runs, we obtain the average error detection probability pg for
each stabilizer in each cycle, see Fig. 5.4a for the error detection probabilities
of the distance-five X-basis state preservation experiment.We find that pq
remains nearly constant in the bulk of the error correction cycles, suggesting a
stable error rate throughout the experiment. As expected, weight-6 stabilizers
exhibit a higher error detection probability (pqe = 0.149 when averaging
over all cycles and stabilizers), compared to boundary weight-4 stabilizers
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(Pa.4a = 0.112), which involve fewer gates and are thus less susceptible to
errors, as visualized in Fig. 5.4b.

Because each data qubit in the bulk participates in three stabilizers per
basis (compared to two for the surface code), e [cieht matching-based de-
coders [Edmonds65, Dennis02, Higgott23, Wu23] cannot be used directly [Gid-
ney23]. Therefore, we employ novel decoding strategies [Landahlll, Gid-
ney23, Takada24, Bausch24] to infer whether logical errors have occurred.

To assess the performance of our color code, we initialize a distance-d
logical qubit, measure up to n = 29 cycles of error correction, and compute
the logical error probability p, as a function of n. We then fit p_ to obtain
the logical error per cycle g4 [Krinner22, Google Quantum Al23]. We average
the error per cycle of three dilerent d = 3 subsets to obtain €3 and compute
the error suppression factor Azss = €3/€5. With a neural-network decoder
(AlphaQubit) [Bausch24], we obtain NAg/5 = 1.56(4) and €5 = 0.0110(2).

This significant reduction in logical error with increasing distance suggests
performance below the error correction threshold of the color code, corrob-
orated by Pauli simulations extrapolating to larger distances and varying
noise strengths [Lacroix24, Supp. Mat.]. The observed error suppression
factor is in reasonable agreement with the simulated error suppression factor
/\gi}g = 1.680(4). By varying the strength of individual error sources in simu-
lations, we estimate their relative contributions to 1/AS™ [Google Quantum
Al25]. This analysis suggests that CZ gates are the primary contributors,
accounting for about 39 % of the error budget (including CZ-gate-induced
leakage and stray interactions during CZ-gates). The remaining contributions
are approximately equally distributed among measurement errors, single-qubit
gate errors, and data-qubit idle errors during the measurement and reset of
auxiliary qubits.

5.3. Logical Randomized Benchmarking

Achieving fault-tolerant quantum computation requires not only correcting
errors in idle logical qubits but also applying logical gates that do not
spread errors. Transversal single-qubit logical gates [Eastin09] achieve this
by applying the desired gate independently to each physical data qubit,
keeping potential errors isolated. They are inherently fault-tolerant, simple
to implement, and e [cieht, as they require only a single time step of physical
gates.

One important advantage of the color code over the surface code is its
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Chapter 5. Scaling and Logic in the Color Code

Figure 5.4: Distance scaling experiment. a, Detection probability py as a
function of quantum error correction cycle n for individual stabilizers (faded lines) and
their average (solid line) for an X-basis state preservation experiment in a distance-
five color code. Weight-6 (weight-4) stabilizers are colored in red (gold). b, Detection
probability for each tile of the distance-five color code, averaged over cycles and bases.
¢, Measured logical error p._ for distance-three (green triangles) and distance-five
(blue pentagons) codes averaged over the X and Z bases. Faded symbols correspond
to individual distance-three subsets. The solid lines, shown for the averaged distance
three code and the distance-five code, are fits to p. =€y - (1 —2-g4)" + 1/2, with
fitting parameters €y and €q4. d, Logical error per cycle, g4, versus code distance, d.
Same symbols as c. e, Relative contributions of diLerknt error sources to the error
budget for the color code: CZ errors (CZ), errors from spurious interactions during
two-qubit gates (CZ stray int.), leakage errors during two-qubit gates (CZ leakage),
measurement errors (Meas.), single-qubit gate error (1Q), data-qubit idle error during
measurement and reset of auxiliary qubits (Data idle), reset error (Reset), leakage
due to incoherent heating from |10 [2[{Heating).

ability to perform all single-qubit logical Cli[onid gates transversely. Here,
we implement all 24 gates of the Cliadd group by decomposing them into a
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sequence of Hadamard gates H (m-rotation along the x + z axis of the Bloch
sphere), phase gates S (1/2-rotation along the z axis of the Bloch sphere)
and Pauli X,Y, and Z gates. Specifically, they are obtained from a matrix
product A - B where A [{1,H,S,HS,SH,HSH} and B = {I,X,Y,Z}.

Benchmarking these gates at the logical level presents significant challenges.
Previous experimental e [adts have primarily relied on partial [Postler22] or
full [Marques22] process tomography. However, this method is sensitive to
logical state preparation and measurement (SPAM) errors, which can be
comparable to or even exceed the gate error itself, especially for the surface
code in which Y-basis readout is typically not fault-tolerant [Marques22].
Additionally, it may not accurately capture the performance of gates when
applied within a logical circuit. Similar to how randomized benchmarking
(RB) [Magesan12] provides robust error estimates at the physical qubit level,
logical randomized benchmarking (LRB) [Combesl17] o Lers a more reliable
method for assessing the error of logical Cliland gates within logical circuits.

We therefore characterize the average error of transversal Cli [afd operations
using LRB on a single distance-three qubit. In our implementation, we first
generate logical circuits comprising a sequence of m randomly chosen Cli [and
gates, followed by a Cli Land recovery gate [Magesan12] that returns the logical
qubit to its initial state (JO_in our case). These gates are interleaved with
error correction cycles. The circuits are then compiled into individual gates
compatible with our hardware. During this compilation, single-qubit gates
used for transversal logical gates may be merged with single-qubit operations
from the neighboring error correction cycles. This approach is reasonable
because it could be employed for more complex logical circuits.

To obtain an estimate of the average error per logical Clilondd gate, we
compare these sequences to reference sequences in which no Cli[andd gates
are applied i.e. a standard |0, [State-preservation experiment, as depicted in
Fig. 5.5a.

In a state preservation experiment (no logical gates), subsequent measure-
ments of the same auxiliary qubits are used to construct error syndrome
elements. Applying a logical gate between error correction cycles transforms
the stabilizers, changing how syndrome elements are constructed, as illus-
trated in Fig. 5.5b-d. For instance, a transversal H gate turns an X stabilizer
into a Z stabilizer (and vice-versa). Consequently, the X auxiliary qubit
measurement in cycle n must be compared to the Z measurement in cycle
n + 1 to form a valid syndrome element. Similarly, an S-gate transforms X
stabilizers into Y stabilizers (leaving Z stabilizers una[edted), such that a
phase flip in cycle n flips both X and Z auxiliary measurements in cycle n + 1.
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Chapter 5. Scaling and Logic in the Color Code

We track stabilizer transformations and determine which measurements to
compare in each cycle according to these rules.

We realize LRB in a distance-three color code, varying the number of
randomly chosen Cliladd gates m = 0 to 10, with 25 random sequences
for each m. When compiling these circuits to native physical operations
available on our hardware, single-qubit gates implementing the transversal
gate are potentially merged with those from adjacent error correction cycles
to minimize the total number of operations per qubit. We observe an ex-
ponentially decaying randomized benchmarking fidelity, with the sequence
including transversal Cli[Landd gates decaying slightly faster than the reference
idling experiment (Fig. 5.5e). We extract an average logical-Cli [and gate
error €c,

_1 Pc

€c 2(1 o (5.1)
where pc and p, are the depolarizing parameters of the decaying Cli [ord
experiment and of the reference idling experiment, respectively. pc and p, are
obtained from fitting the average values shown in Fig. 5.5e to the function
Ap™ + 1/2 with fitting parameters A and p [{bc, p1}. The resulting value
€c quantifies the additional error introduced by the logical Cli[ardd gate in
each cycle. Using the neural-network decoder, we obtain ec = 0.0027(3).
This is significantly lower than the logical error per cycle, €3 = 0.0171(3),
underscoring the e Lciehcy of implementing transversal single-qubit gates.

5.4. Magic State Injection

Despite their e Ccieht implementation, transversal gates cannot form a univer-
sal gate set [Nielsenl0, p. 188] required for arbitrary error-corrected quantum
computation [Eastin09]. For the color code, extending the transversal gate set
with a non-Cli [add single-qubit T -gate su [ced to perform all single-qubit log-
ical operations necessary for universal quantum computation. This gate can
be implemented by preparing a high-fidelity resource magic state [Bravyi05]
on an auxiliary logical qubit and consuming it in a gate teleportation proto-
col [Bravyi05, Terhall5], see Section 2.3 for details. In a nutshell, preparing
the high-fidelity magic state consists of two steps: first, injecting a magic
state prepared on a physical qubit into a logical qubit, which is inherently
error-prone because it cannot be performed fault-tolerantly like for Pauli
eigenstates; and second, distilling very high-fidelity magic states from an
ensemble of faulty ones through magic state distillation [Bravyi05]. Here, we
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5.4. Magic State Injection

Figure 5.5: Logical randomized benchmarking. a, Logical-qubit-level reference
(green) and interleaved randomized benchmarking (blue) circuit diagrams, consisting
of error correction cycles (QEC), randomly selected Cliladd gates (Cg,...,Cm),
a Clil[add recovery gate C™! and a Z basis measurement (MZ). b-d, Simplified
circuit diagrams for a tile of the color code indicating measurements included in
an X-stabilizer error-detecting region [McEwen23] spanning across two consecutive
cycles without logical gate (b), and how it changes upon the application of a
logical Hadamard gate H (c), or a logical phase gate S (d) between two error
correction cycles, see text for details. The green, blue, and purple highlighted
sections correspond to regions where the detecting region is sensitive to Z, X, and
both X and Z errors, respectively. A controlled-NOT (CNOT) gate symbol spanning
three qubit wires indicate three consecutive CNOTSs between the auxiliary qubit
and its neighboring data qubits. e, Measured fidelity (symbols) and exponential
fits (solid lines) for the interleaved (blue) and reference (green) sequences versus the
number of logical Cli[and gates m. The data is decoded using the neural-network
decoder. Error bars represent the standard deviation of fidelity over 25 random
Clil[and sequences, each repeated 20000 times.
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Chapter 5. Scaling and Logic in the Color Code

focus on the state injection step.

We begin by preparing an arbitrary state |{Con a single data qubit using
Y - and Z-rotations, parameterized by the polar angle 8 and azimuthal angle
¢, respectively. We then grow into a distance-three color code by initializing
the new data qubits pairwise into Bell states (purple ellipses in Fig. 5.6a),
ensuring the X and Z operators of the injection qubit (indicated with a black
arrow) deterministically extend to X, and Z, [Jones16, Zhang24]. Executing
a single cycle of error correction thereafter projects the distance-three color
code into | Jsee Fig. 5.6b for a simplified circuit diagram. Because the
protocol is applicable to arbitrary states and starts with a single physical
qubit, an error on the injection data qubit cannot be detected. However, it
has been shown to achieve lower error rates than other injection protocols for
CSS codes [Zhang24].

We characterize the injection of arbitrary states by sweeping the polar
angle 6 from 0 to 2m while keeping @ = 0 and performing logical tomogra-
phy. Specifically, we prepare |@_[Cas described above, followed by a logical
measurement in the X, Y, or Z basis. We repeat the circuit 20000 times for
each basis and compute the expectation value of the corresponding logical
operator [Q [F 1 —2mgLwhere g Cis the logical outcome averaged over
all repetitions. As expected for a rotation around the y axis of the logical
Bloch sphere, [Z._Eand [X._Etbscnlate with sinusoidal shapes, while IX]LEI
remains close to zero (see Fig. 5.6¢).

For each point in the sweep, we reconstruct the approximate density matrix

1
BL = 301 + D4, [0+ 0 [0 + (2, () (52)

where | is the identity matrix and oxy,, are the Pauli matrices. We then
calculate the state fidelity

O 1!

F@L.p)= Tr PL PL AL (5.3)

to the target density matrix p. = |g. Wi, |, where Tr denotes the trace
operation. We obtaining an average state infidelity across the sweep of
0.039(3) using the Mobius decoder (Chromobius) [Gidney23] and 0.009(4)
when post-selecting for runs without detectable errors (keeping on average
74.8 % of the runs), see Fig. 5.6d. Note that post-selection is acceptable in this
context because state injection protocols can be repeated until a high-fidelity
resource state is achieved with high confidence [Lil5, Litinskil9, Lao22].
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5.4. Magic State Injection

Figure 5.6: Arbitrary state injection in a distance-three color code. a,
Schematic representation of a d = 3 color code. The arbitrary state | s prepared
on the data qubit indicated with a black arrow. The black line indicates the logical
operators of the d = 3 color code, and the purple ellipses indicate Bell pairs, see text.
b, Simplified circuit diagram for the state injection. Each line corresponds to one of
the data qubits, on which we apply single-qubit Y - and Z-rotations (yellow boxes),
Bell pair preparation circuits (purple boxes), a quantum error correction (QEC) cycle
and a measurement in the X, Y, or Z basis (MXYZ) for logical state tomography. c,
Decoded (semi-transparent circles) and post-selected (solid dots) expectation value
of the logical Pauli operators X (blue), Y L (red), Z, (green) when sweeping the
polar angle 8. The solid lines correspond to ideal expectation values. d, Decoded
(semi-transparent circles) and post-selected (solid dots) infidelities for the prepared
logical state |¢_[1 e, Magic state |[m_[Cinfidelity as a function of rejected data
fraction for |A_[(green squares), |H_[C{blue diamonds), |T_[{(red triangles), see
text. The dashed lines serve as a guide to the eye, and the error bars indicate a 95%
bootstrapped confidence interval. Each state is depicted on the Bloch sphere by an
arrow of the corresponding color.

We then focus on preparing specific magic states. We examine |A_ 3=
(1003 e™4 |1, 0] [HL = cos § [0 [3- sin § |1 [Jand [T 3= cos § 0.3+
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elm/4 sin & 5110 Hwnh B = arccos 1/\/3) correspondlng to the +1 eigenstate
of the X|_ +Y L X._ + Z._, and X._ +Y L+ Z._ operators, respectively. For
these states, we perform an additional numerical optimization to obtain the
maximum likelihood estimate of the experimentally reconstructed density ma-
trix which ensures physicality constraints (all positive eigenvalues and a trace
equal to 1) [Flurasek01] We achieve post-selection infidelities of 0.00083°,
0.0041*3%, and 0.0086X¢, with retained data fractions of 75.2%, 74.6 %, and
75.7 %, respectively. Here, the uncertainty represents a 95% confidence inter-
val calculated using bootstrapping. We also explore partial post-selection, bal-
ancing data rejection with infidelity (see Fig. 5.6e). These high-fidelity magic
states surpass the threshold required for magic state distillation [Bravyi05, Re-
ichardt05], exceed the fidelities achieved in other state injection experiments
in superconducting circuits [Marques22, Ye23, Gupta24, Kim24], and lie on
the Pareto front [Emmerich18] balancing infidelity and data rejection when
compared to state injections on other platforms; see Fig. 5.7.

5.5. State Teleportation using Lattice Surgery

As introduced in Section 2.3.3, lattice surgery enables the e [cieht realization
of multi-qubit fault-tolerant operations, such as the CNOT-gate, with only
nearest-neighbor interactions. In essence, it performs these operations using
fault-tolerant measurements of multi-qubit logical Pauli operators, combined
with conditional operations based on the measurement outcomes.

Here, we showcase the lattice surgery framework using an Mxx parity
measurement, which measures the two-qubit Pauli operator X ;X », along
with a classical Pauli frame update to teleport [Bennett93, Ryan-Anderson24]
a logical state, |¥_[Ifrom one logical qubit to another, represented schemati-
cally in Fig. 5.8a. The protocol starts with two distinct distance-three color
code logical qubits, L1 and L2, initialized in |W_[Cand |0 [Irespectively, using
a single QEC cycle. We then perform the Mxx parity measurement, which
involves a three-cycle lattice surgery merge operation, followed by a split
operation over one cycle, see Fig. 5.8b for a space-time visualization of the
code evolution and Fig. 5.8c-e for spatial cuts at the key stages. In the first
merge cycle, two new X-basis stabilizers are added, indicated by the hatched
tiles in Fig. 5.8d. In addition, the green (red) boundary stabilizers of L1
(L2) are expanded from weight-four to weight-six stabilizers in both bases,
requiring the addition of two data qubits initially prepared in a Bell state.
At the end of the third merge cycle, these data qubits are measured in the
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Figure 5.7: Comparison of magic state injection experiments. Infidelity of
four experimentally realized magic states (see legend) plotted against the rejected data
fraction, r, with r = 0 corresponding to no post-selection. Open symbols represent
implementations with trapped ions, while filled symbols correspond to implementa-
tions with superconducting qubits. Each color represents states realized in a di [erent
study: yellow [Ryan-Anderson21], pink [Egan21], purple [Postler22], brown [Mar-
ques22], red [Ye23], light-blue [Gupta24], dark-blue [Kim24], and green [Lacroix24]
(this work). Some works (including ours) report results with various post-selection
strategies, leading to several symbols for the same magic state to appear multiple
times in the same color. All data points have error bars, but some are too small to
see. The error bars reported from our work correspond to a 95% confidence interval
calculated using bootstrapping.

Bell basis, and the parity measurement outcome mj is determined from the
product of the X-basis merge stabilizers and the Bell measurement outcome.
In the subsequent QEC cycle, we stop measuring the merge stabilizers and
perform instead a QEC cycle on each patch in its original configuration to
complete the split operation. Finally, L1 is measured in the Z basis while
we perform logical state tomography on L2 to reconstruct the teleported
state density matrix. The parity measurement outcome my and L1’s Z-basis
measurement outcome my are used in post-processing to apply a conditional

107



Chapter 5. Scaling and Logic in the Color Code

Figure 5.8: State teleportation in the color code using lattice surgery. a,
Simplified circuit diagram to teleport a state |W, [from logical qubit L1 to a logical
qubit L2 using an XX-parity measurement (Mxx ) realized by lattice surgery, and
Pauli frame updates conditioned on the measurement outcomes m; and m, performed
in post-processing (dashed boxes). b, Space-time block diagram illustrating the
Mx x lattice surgery operation, with horizontal cuts displaying the evolution of the
stabilizers as a function of the quantum error correction (QEC) cycles, as detailed
in c-e. c-e, Representation of the active qubits (colored) and stabilizers before (c)
and after (d) the merge operation, and after the split operation (e). The hatched
tiles indicate stabilizers in the X basis only, while filled tiles indicate both X and
Z stabilizers with support on its vertices. The black line indicates the teleported
logical operator from L1 to L2, after the Pauli frame update.

Pauli frame update ZTI)A(TZ to the state of L2, e [edtively completing the
teleportation of the logical operators from L1 to L2; see Fig. 5.8a. We provide
an example circuit diagram in to teleport |1, [(from logical qubit L1 to logical
qubit L2 in Figs. 5.9 to 5.11.

We experimentally realize the teleportation protocol for four input states
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Figure 5.9: Quantum circuit used to teleport |1, [from logical qubit L1
to logical qubit L2: initialization (part 1). One cycle of QEC, with the data
qubits of L1 are initialized in |L{panel 0). Active data qubits (auxiliary qubits) are
denoted with golden dots (red, green and blue dots), and inactive qubits are shown
in gray. The red, green, and blue tiles indicate X and Z stabilizers with support on
the data qubits located at the vertices of the tile. The black boxes labeled R and
M (Rx and Mx) correspond to reset and measurement operations in the Z basis (X
basis), respectively.

(Jo_ |1 L+ Cand |—.0J and measure the expectation value of the logical
Pauli operators X, Y, Z, of the output state. For each state, only the
expectation value in its corresponding eigenbasis (Z basis for |0, Cand |1, ]
X basis for |+ [Cand |—_Dlshows a large deviation from zero after decoding,
see Fig. 5.12a-d. The decoded eigenvalues are in general agreement with
the ideal expectations (dotted gray wireframe), and reasonably match Pauli
noise simulations based on device benchmarks (black wireframe), except
for @Lljn the X basis states, where the Y-basis results in a non-zero
decoded expectation value. This is unexpected because the teleported logical
state does not commute with the logical measurement basis. Consequently
the logical outcome in an ideal experiment should be fully random, such
that Y1, (3= 0. However, the neural-network decoder detects a bias in the
logical measurement, leading to [Yl, (3= 0.2. The exact source of the bias
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Figure 5.10: Quantum circuit used to teleport |1, [(from logical qubit L1
to logical qubit L2: merge (part 2). Active data qubits (auxiliary qubits) are
denoted with golden dots (red, green and blue dots). The red, green, and blue tiles
indicate X and Z stabilizers with support on the data qubits located at the vertices
of the tile, while the hatched blue tiles indicate X stabilizers only. Double black
lines indicate repeated cycles of the merge operation (3 times), with dashed red
outlines marking Bell-state preparation and measurement operations performed only
in the first or last cycle (see text for details). The black boxes labeled R and M (Rx
and Mx) correspond to reset and measurement operations in the Z basis (X basis),
respectively.

remains to be investigated, although we hypothesize that it is was caused
by a systematic Z-rotation of all the data qubits in the initialization cycle
(before the merge operation) that was uncompensated in these two circuits
specifically. In particular, in our matched basis experiments (i.e. experiments
with a deterministic outcome such as measuring |+ [in the X basis), we
calibrate virtual phases to compensate for the Z-rotations. However, these
phases were not calibrated in the non-deterministic mismatched basis circuits
(e.g. measuring |+ Cin the Y basis). We expect to be able to correct this
phase in future work by performing an appropriate virtual-Z rotation on each
data qubit.

Calculating fidelity with the ideal logical states yields fidelities between
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Figure 5.11: Quantum circuit used to teleport |1 from logical qubit L1
to logical qubit L2: split (part 3). Active data qubits (auxiliary qubits) are
denoted with golden dots (red, green and blue dots), and inactive qubits are shown
in gray. The red, green, and blue tiles indicate X and Z stabilizers with support on
the data qubits located at the vertices of the tile.The black boxes labeled R and
M (Rx and Mx) correspond to reset and measurement operations in the Z basis
(X basis), respectively. At the end of the split cycle (panel 29), L1 is measured in
the Z basis and data qubits of L2 are read out in the X, Y, or Z basis for logical
tomography.

86.5(1) % and 90.7(1) % when decoded with the neural-network decoder
(Fig. 5.12e). These measurements enable us to bound the average fidelity of
the single-qubit teleportation channel, T, at F(T ) = 84.7(1) %, see Ref. [La-
croix24, Supp. Mat.] for a full derivation.

5.6. Discussion

In this chapter, we demonstrate key building blocks of fault-tolerant quan-
tum computation using the color code on a superconducting processor.
Combining improved device performance, compact syndrome extraction cir-
cuits, and novel decoding strategies, we achieve clear error suppression with
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Figure 5.12: State teleportation in the color code using lattice surgery. a-
d, Measured (color), simulated (black wireframe), and ideal (dotted gray wireframe)
expectation values of the Pauli logical operators of L2 after teleporting state |0, ]
|1 CH Cdand |— Cdrespectively. e, Measured (gold bars) and simulated (black
wireframe) teleported state fidelity F of the four logical X and Z eigenstates.

N3/5 = 1.56(4) when scaling the code from distance-three to distance-five.
We characterize transversal single-qubit logical Cli[afd gates using random-
ized benchmarking. Additionally, we demonstrate high-fidelity magic state
injection and successfully teleport logical Pauli states between distance-three
qubits using lattice surgery.

These results highlight that quantum error correction with superconduct-
ing qubits has reached a pivotal stage where the noise threshold may no
longer be the main driver of code choice, and e Lcieht logical operations
are a crucial factor. At present, the surface code achieves better logical
error suppression (on the same processor, A3, = 2.31(2) [Google Quan-
tum AI25]), but simulations suggest that improving physical error rates by
about a factor of four could render the color code more qubit-e Lcieht than
the surface code, as discussed in more details in Chapter 6. Importantly,
the color code’s e Lcieht transversal Cli [and gates and more flexible lattice
surgery would simplify algorithm implementations [Thomsen22]. Color codes
also underpin the most e Lcieht methods to generate high-fidelity magic
states [Itogawa24, Gidney24], which could be used alongside surface code
computation [Litinskil7, Poulsen Nautrupl?, Shutty22]. Quantifying the prac-
tical impact of these advantages for large-scale algorithms requires detailed
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resource estimation studies.

Key goals for future research with color codes include increasing device
performance and size, improving decoding speed and accuracy, demonstrating
logical gate error suppression with growing code size, and characterizing more
of the color code’s unique capabilities for logical gates. As hardware continues
to improve, other quantum error-correcting codes may also become avail-
able for practical implementation. Together, we expect these developments
to accelerate progress toward scalable and resource-e Lcieht fault-tolerant
guantum computation.
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The results presented in this thesis demonstrate key building blocks of
error-corrected quantum computation using superconducting circuits: encod-
ing a logical qubit in physical qubits, performing repeated quantum error
correction on it, and realizing logic operations on logical qubits. However,
the achieved logical error rates are at the percent level, whereas practical
quantum computing applications require error rates below 10719 to reliably
execute billions of quantum logic gates.

In this chapter, we place our results in this broader context and outline
next steps to advance beyond the current state. First, we summarize the
experimental results of the previous chapters. We then compare the super-
dense color code and the surface code, using both the experimental results
of this thesis and simulations at lower physical error rates to evaluate their
ability to suppress errors while minimizing qubit overhead for larger-scale
devices. We also discuss alternative quantum error correction (QEC) codes
that may become relevant as physical error rates continue to improve. Next,
we discuss strategies for further reducing physical error rates. Finally, we
discuss relevant future experimental validations of QEC protocols and logical
operations on intermediate-scale superconducting quantum processors that
pave the way to error-corrected quantum computation.

6.1. Summary of Key Results

In Chapter 3, we demonstrated repeated quantum error correction using the
surface code. We encoded a distance-three logical qubit with 17 physical
qubits, enabling the correction of arbitrary single-qubit error on any of the
17 qubits. We measured a logical error rate of approximately 3% per cycle
(blue star in Fig. 6.1). Although slightly higher than the dominant two-qubit
gate error rate (about 1.5%), this rate is remarkably low given the circuit
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complexity, with each QEC cycle consisting of 24 two-qubit gates and 52
single-qubit gates.

However, these results were obtained by discarding experimental runs for
which leakage from the computational subspace is detected. Without such
post-selection, the logical error rate nearly doubles (semi-transparent blue
star in Fig. 6.1). Moreover, the retained data fraction decays exponentially
with the number of QEC cycles and qubits, and is therefore not suitable for
large-scale QEC circuits. To address this, we introduced a leakage reduction
unit (LRU) in Chapter 4 that actively removes leaked population without
substantially a [edting the computational subspace. By removing leakage after
each cycle of error correction, the LRU suppresses long time-correlated errors,
thereby mitigating the detrimental e [edts of leakage. Beyond demonstrating
its operation in a weight-two stabilizer, we integrated it into a distance-three
surface code and showed that it reduces errors while retaining all data. These
results provide evidence that the LRU is well-suited for large-scale QEC
protocols.

In Chapter 5, we implemented the color code, which encodes logical qubits
using fewer physical qubits than the surface code at equal distance and
enables more e Lcieht logical operations. We characterized single-qubit logical
gates and entangle two distance-three logical qubits via lattice surgery. We
demonstrated for the first time the suppression of logical errors in the color
code by scaling the code distance, achieving a logical error rate of about 1%
per cycle (yellow squares in Fig. 6.1).

The logical error rates achieved with both the surface code and the color
code remain orders of magnitude above the levels required for practical
guantum computing. This naturally raises the question of whether the
surface code or the color code, or perhaps an alternative QEC code, o [erk
the most promising path for large-scale fault-tolerant quantum computation.
We investigate this question further in the next section.

6.2. QEC Code Choice

The choice of an error correction code depends on multiple factors, one of the
most relevant being the number of physical qubits required to achieve a given
logical error rate. For the current physical error rates, experiments suggest
that the surface code requires fewer physical qubits than the superdense color
code to reach low logical error rates, see Fig. 6.1. This observation is based
on Ref. [Google Quantum Al25], which implemented a distance-seven surface
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Figure 6.1: Comparison of the logical error rates in the surface code, the
superdense color code, and the bivariate bicycle code. The logical error per
cycle is plotted as a function of the number of physical qubits required to encode a
logical qubit using the surface code (blue), the superdense color code (yellow), and
the bivariate bicycle code (purple). Star symbols represent results from the surface
code implementation in Chapter 3, with (solid) and without (semi-transparent)
leakage rejection. Square symbols correspond to logical error rates obtained from
the color code implementation in Chapter 5 and the surface code implementation
on a Willow processor [Google Quantum Al25]. Blue and yellow triangles (circles)
indicate projected performance assuming a reduction in physical error rates by a
factor of 3 (6), based on Pauli-noise simulations using an S11000 noise model with
noise parameter p and a most-likely-error decoder [Lacroix24]. Purple triangles
indicate simulated performance for the [[144, 12, 12]] and the [[288, 12, 18]] bivariate
bicycle codes [Bravyi24] on a processor that supports the long-range connectively
required by the Tanner graph. These simulations use a uniform depolarizing noise
model with parameter p = 0.001 and are decoded with a decoder based on belief
propagation with an ordered statistics.

code logical qubit using a similar device as the one used for the color code in
this thesis.

Extrapolating from these results, reaching a logical error rate per cycle of
10~1% would require a distance d = 51 surface code logical qubit, consisting of
2d? — 1 = 5201 physical qubits, assuming physical error rates remain constant
as the device scales. Under the same assumption, the superdense color code
would require a distance d = 89 logical qubit, with more than twice the

117



Chapter 6. Outlook

number of physical qubits, specifically 3d? — = 11881.

However, with modest improvements in physical error rates by a factor
of 3 to 6, Pauli-noise simulations using an S11000 noise model! [Gidney21b]
suggest that the surface code and the color code would require a similar
number of physical qubits (between 300 and 600) to reach logical error rates
of 10719 (yellow and blue open symbols in Fig. 6.1). In this regime, the
color code may even slightly outperform the surface code. These simulations
suggest that as hardware improves, the choice between the surface code and
the superdense color code may be guided by factors beyond qubit count,
such as the ability to implement logical operations e Lciehtly or the ability to
perform real-time decoding.

The simulations described above investigate only the superdense color code
circuit, but it would also be relevant to explore other color code circuits in
future work. For instance, the middle-out color code [Gidney23] is expected to
yield even better performance than the superdense color code when decoded
with a matching-based decoder [Gidney23]. A direct experimental comparison
between the superdense and middle-out color codes could be performed already
on a 17-qubit device, such as the one used in Chapter 3, see Fig. 6.2 for the
layout of the corresponding logical qubits on such a device.

In this thesis, we investigated the surface code and the color code because
they are among the most experimentally accessible quantum error correction
codes due to their high error threshold and ability to operate with nearest-
neighbor interactions in a 2D grid. However, these codes require a large
number of physical qubits to achieve low error rates. Specifically, encoding a
single logical qubit of distance d requires a number of physical qubits n that
scales quadratically with d, n [COXd?). This scaling is a bound that applies
to all 2D stabilizer codes constrained to nearest-neighbor connectivity on a
lattice [BravyilO] and is a major contributor to the high qubit overhead of
fault-tolerant quantum computation.

To increase the encoding rate, i.e., the number of logical qubits per physical
qubit, some degree of long-range interaction must be introduced [Dai24]. The
bivariate bicycle code [Bravyi24], which belongs to the class of high-rate
guantum low-density parity-check (QLDPC) codes [Breuckmann2l], is a
compelling alternative to surface and color codes because it o[erk a much
higher encoding rate while maintaining a comparable error threshold and

1The S11000 model describes depolarizing noise parametrized by a two-qubit gate error rate
p. Other error sources are scaled relative to p: resets incur an error of 2p, measurements
5p, and single-qubit gates and idle errors p/10. Additionally, qubits idling during a
measurement experience an error of 2p.
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Figure 6.2: Comparison of diledent color codes on a 17-qubit device.
Schematic representation of the distance-three superdense color code (a) and the
middle-out (b) color codes. Each colored tile indicates both an X and a Z stabilizer
with support on its vertices. The auxiliary qubits of each tile are shown in the
corresponding color, and data qubits are shown in yellow. Qubits unused on the
device are shown in gray.

requiring only two long-range connections per qubit. For example, using only
288 physical qubits, it can encode 12 logical qubits with distance d = 12
with error rates comparable to d = 11 surface codes qubits [Bravyi24].
Implementing a quantum memory with 12 logical qubits and similar error
rates using the surface code or the superdense color code would require 2892
and 2172 physical qubits, respectively. In a memory setting, the physical
qubit resources per logical qubit for the bivariate bicycle code is expected
to be significantly lower than for the surface code and the superdense color
code (purple symbols in Fig. 6.1).

Another promising approach is the long-range-enhanced surface
code [Hong24], a family of hypergraph product codes [Tillich13] that in-
terpolates between the surface code and constant-rate QLDPC codes by
gradually introducing long-range connectivity. Experimental exploration of
these codes could provide insights into the advantages of long-range con-
nections while limiting the number of such connections that need to be
implemented.

However, performing logical gates in constant-rate QLDPC codes remains
an open area of research. Current approaches suggest that achieving fault-
tolerant logical operations will likely incur additional space and time over-
head [Cross24]. An alternative approach leveraging long-range connectivity
while reducing space overhead and enabling e [Cieht logical gates is code
concatenation [Yamasaki24], where a small inner code is embedded within an

119



Chapter 6. Outlook

outer code. Additionally, code concatenation enables techniques that could
relax decoding requirements and possibly eliminate the need for mid-circuit
measurements [HeulRen24].

Nevertheless, implementing long-range connectivity in superconducting
devices presents significant challenges. In an isolated setting, two-qubit
gates have been demonstrated between qubits separated by 12 mm using
a quantum cavity bus [Majer07], a distance far greater than the typical
sub-millimeter nearest-neighbor spacing. In principle, this could enable
interactions across the 24 < 12 qubit lattice required for the bivariate bicycle
code [Bravyi24]. However, practical implementation would require multiple
buses crossing over other circuit elements, likely necessitating a dedicated
wiring layer. Extending long-range coupling further may involve frequency
engineering with filter resonators [McKay15, Deng25] or qubits [Heya25], or
the emission, transmission, and absorption of microwave photons [Campagne-
Ibarcql8, Kurpiersl18, Besse20].

Beyond e [ants focused on exploring individual QEC codes, another im-
portant direction is the study of interfaces between diLerent codes. So far,
experimental realizations of QEC have primarily explored individual codes,
but large-scale quantum computers may ultimately benefit from hybrid archi-
tectures that leverage the strengths of multiple codes. For example, high-rate
QLDPC codes could be used for guantum memory, while surface or color
codes could be used for computation. Another approach proposes to use
color codes as an e [cieht method for generating high-fidelity T-states re-
quired for universal computation within surface-code-based architectures [Ito-
gawa24, Gidney24]. They may also accelerate logical computation when
combined with surface memories [Poulsen Nautrupl7]. In Fig. 6.3, we present
an example stabilizer layout for a parity measurement between a distance-
three superdense color code and a distance-three surface code, realizable on
a 43-qubit device. Investigating these interfaces experimentally, even on a
small scale, could provide valuable insights into the feasibility and advantages
of such hybrid error correction strategies.

Regardless of the chosen error correction code, the overhead of fault-tolerant
quantum computing is ultimately limited by the underlying physical qubits.
Improving the performance of these physical qubits, as discussed in the next
section, will benefit all QEC code implementations.
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Figure 6.3: Color code to surface code lattice surgery. ZcZs parity measure-
ment between a distance-three color code qubit and a distance-three surface code.
a, The two logical qubits are initialized independently. Relevant logical operators
are shown in black. b, The two qubits are merged using additional boundary Z-type
stabilizers (hatched tiles). One of these stabilizers requires an additional connection
between two qubits of the bottom row of the device. The purple X-type stabilizer
extends to six qubits during the merge, while the purple Z-type stabilizer (darker
color) remains four qubits. ¢, The two logical qubits are split.

6.3. Improving Physical Qubit Performance

Quantum error correction imposes stringent demands on physical qubit
performance, requiring error rates on the order of a percent or lower. In
recent years, these requirements have been met, enabling the first experimental
demonstrations of QEC, including those presented in this thesis. However,
further reduction of physical error rates is essential to decrease the overhead
of QEC.

Errors in physical qubit operations fall into two broad types: coherent
errors, which are unitary errors arising from miscalibration or crosstalk, and
incoherent errors, which result from stochastic decoherence and dissipation.
Most quantum operations are aledted by a combination of coherent and
incoherent errors, making it essential to characterize and mitigate both types
to improve performance.

Improving qubit lifetimes is a promising strategy for reducing inco-
herent errors, as it directly lowers error rates across nearly all opera-
tions. The lifetime can be limited by material losses and coupling to
external control lines [Kono20], which can be mitigated by modifying
the base-layer material [Place2l], optimizing qubit geometry [Wangl5],
and minimizing lossy oxide formation [Bal24]. W.ith such techniques,
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gubits with energy relaxation times of about half a millisecond have been
achieved [Place21, Wang22, Tuokkola24], which is nearly an order of magni-
tude higher than those of the qubits used in the experiments of this thesis.

Nevertheless, increasing lifetime or coherence alone is not su Lcieht, as
coherent errors can fully dominate the error budget. For instance, in Ref. [Ek-
ert24], we performed repeated QEC in a distance-three surface code, but with
an additional variable idle time on all qubits at the end of the QEC cycle.
Doubling the cycle duration with this idle time did not significantly a [edt the
logical error per cycle, suggesting that qubit coherence at their idle point was
not the limiting factor. Instead, it indicates that control errors or decreased
coherence during two-qubit gate operations [Krinner22, Supp. Mat.] were the
dominant sources of error.

Understanding which errors most aledt QEC performance is crucial for
prioritizing improvements, yet this is challenging because the logical error rate
is an integrative metric that does not directly reveal individual error contribu-
tions. One approach to diagnosing errors in situ is to analyze correlations in
syndrome data generated during QEC execution [Remm25], which can reveal
context-dependent error sources relevant to a specific quantum circuit. How-
ever, linking errors to individual operations or operation types can be di Ccult,
as often several physical errors can lead to the same syndrome correlations.
A complementary method is error budget simulations [Chen21, Google Quan-
tum AI23, Lacroix24], which estimate the relative contributions of di [erknt
guantum operations to the total logical error rate per cycle. For the color
code implemented in Chapter 5, simulations indicate that two-qubit gates
account for nearly 40% of the logical error per cycle. While no explicit
error budget simulations were performed for the surface code realization in
Chapter 3, evidence from similar experiments with comparable logical error
rates [Google Quantum Al23] suggests that two-qubit gate errors are also the
dominant source of logical errors.

One major obstacle in improving two-qubit gates is the presence of defects
which behave as two-level systems (TLS) [Lisenfeld19] and can couple to qubits
at specific frequencies. Because common two-qubit gate implementations
rely on tuning the qubit transition frequencies, any strongly coupled TLS
in this frequency range can induce losses or leakage. Moreover, TLS also
threaten the time-stability of the system because they drift in frequency
over time [Zanuz25]. Reducing the density of TLS per gigahertz can be
achieved by minimizing the area of the Josephson junction, where strongly
coupled defects are expected to be located [Zanuz25]. In addition, some
TLS can also be shifted in frequency using strong DC electric fields or
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strain [Bilmes20], allowing the mitigation of particularly problematic TLS
frequency configurations. However, further research is required to understand
the physical origins of these defects and develop methods to eliminate them.

Furthermore, better calibration techniques are required to mitigate leakage
out of the computational subspace, for example by intentionally amplifying it
during two-qubit gate calibration [Scarato25]. Increasing qubit-qubit coupling,
for instance by incorporating a tunable coupler [Collodo20], can result in
faster gates and thereby reduced errors, but comes at the cost of added circuit
complexity and additional control lines.

While two-qubit gates may currently be the performance bottleneck, more
than half of the error budget still stems from other sources. Optimizing
readout speed and fidelity by appropriate design choices and in-situ pa-
rameter tuning [Swiadek24], as well as single-qubit gate performance using
noise-amplifying techniques [Lazar23b] will also be important to reach error
suppression factors of A [3land beyond both in the surface code and the
color code.

Finally, alternative superconducting qubits beyond the transmon [Koch07]
may oled improved coherence and simpler control. The fluxonium
qubit [Manucharyan09], with its larger anharmonicity and longer relaxation
time, has the potential to strongly reduce leakage errors. It also operates at
lower transition frequencies, which simplifies control electronics and may re-
duce coupling to TLSs. The 0-1t qubit [Gyenis21] leverages a symmetry-based
protected subspace, enabling exponential suppression of both relaxation and
dephasing errors, though its practical realization is hindered by fabrication
challenges and parasitic low-frequency modes [Hays25]. The harmonium
qubit [Hays25], which shares the protected structure of the 0-mt qubit, is
designed to overcome these issues by allowing a more feasible capacitance
hierarchy and avoiding low-frequency parasitic modes, potentially enabling
better noise protection in practice. Although these approaches may o [er
better intrinsic protection from decoherence compared to the transmon, scal-
able control and high-fidelity gate operations across many such qubits remain
open experimental challenges.

6.4. Towards Logical Computation
In this thesis, we experimentally demonstrated key building blocks of error-

corrected quantum computers. However, substantial progress is still required
to achieve fully error-corrected logical computation in superconducting cir-
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Figure 6.4: Logical CNOT via lattice surgery. a, Quantum circuit diagram
involving the control and the target logical qubit, as well as an auxiliary logical qubit.
The circuit consists of a parity measurement in the X basis (Mxx) and one in the
Z basis (Mzz). The circuit also includes Pauli frame updates (not shown) based on
the parity measurement outcomes as well as the readout of the auxiliary qubit. The
annotated dashed line indicate relevant parts of the circuit further detailed in panels
b-f. b-f, Schematic representation of the main steps to realize the circuit depicted
in a using the superdense color code. At the start of the protocol, all qubits are
independent of each other, with the logical operators of each qubit relevant for the
circuit indicated with a black line (b). During the X (Z) parity measurements, new
X (2) stabilizers are measured at the interface of the logical qubits, similarly to how
it was done in Chapter 5.

cuits.

A natural next step is to extend the XX parity measurement demonstrated
in Chapter 5 by incorporating a third logical qubit and performing a sequence
of two parity measurements (XX and ZZ) to implement an error-corrected
logical CNOT gate via lattice surgery. Realizing this experiment with distance-
three superdense color codes would require 51 physical qubits; see Fig. 6.4a
for a circuit diagram and Fig. 6.4b-f for an overview of the di[erknt lattice
surgery steps. We also show the equivalent realization using distance-three
surface code qubits, see Fig. 6.5, which uses 65 physical qubits.

Another ingredient of logical computation is the non-Cli[aid T -gate. Re-
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Figure 6.5: Logical CNOT via lattice surgery using the surface code. a-e,
Lattice surgery steps as in Fig. 6.4b-f but for the surface code instead of the color
code.

alizing this gate with high-fidelity requires the injection of T-states (as
demonstrated in Chapter 5) on multiple logical qubits, followed by a distil-
lation circuit that produces one high-fidelity T-state which can be used in
a gate-by-measurement protocol. Distillation was recently performed using
the color code on a neutral atom quantum processor [Rodriguez24], but the
output state was not used to realize a T-gate. Another approach to generate a
high-fidelity T -state is to progressively deform a T -state prepared in the color
code to the surface code [Gidney24]. Implementing either of these approaches
even using distance-three codes requires about 100 qubits.

A fundamentally di [erent method, requiring far fewer qubits, is to dynam-
ically switch codes during computation, one of which admits a transver-
sal T-gate [Kubical5]. As demonstrated experimentally with trapped
ions [Pogorelov25], this can be realized by transitioning between 2D color code
and 3D color codes. However, implementing this scheme in superconducting
qubits would require long-range connectivity.

Once larger processors become available, it will become meaningful to
perform small-scale logical benchmarking circuits such as a logical quantum
Fourier transform. This is an essential subroutine for many quantum al-
gorithms that incorporates all the logical primitives required for universal
guantum computation; see Ref. [Mayer24] for an implementation with three
logical qubits on a trapped-ion processor. Beyond benchmarking the system’s
error-correction performance, these small logical computations will provide
valuable insights into optimizing logical qubit routing, optimizing the foot-
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print and allocation of resources for magic state preparation, and decoding
entire quantum computations in real time. Developing these capabilities
will be essential for scaling up to large-scale quantum algorithms and bring-
ing fault-tolerant quantum computing closer to practical use for real-world
applications.
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