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Abstract

The model of Massively Parallel Computation (MPC) has emerged as a
standard theoretical abstraction for the algorithmic study of large-scale
graph processing. A long line of work in this setting has shown that
many fundamental graph problems admit fast randomized solutions.
Yet, only recently, has a derandomization technique been developed to
reduce the gap between randomized and deterministic algorithms.

One of the main problems now in this area is to understand which
graph problems admit fast deterministic solutions. A key challenge is
not only to obtain round complexities that match randomized ones but
also to bring global memory and total computation guarantees closer to
those of randomized algorithms.

This thesis studies the deterministic complexity of several fundamental
graph problems in the sublinear and linear regimes of Massively Parallel
Computation: Connectivity, Maximal Independent Set (MIS), Maximal
Matching (MM), and Vertex Coloring.

Connectivity: We present the first computation-efficient deterministic
algorithm for general graphs in the strongly sublinear memory
regime of MPC. Our algorithm simplifies the best-known deter-
ministic algorithm and achieves nearly-optimal local computation
time.

MIS and MM: We develop improved deterministic fully-scalable MPC
algorithms parameterized by the sparsity of a graph, which is mea-
sured by its arboricity, running in O(loglogn) time on bounded
arboricity graphs. Moreover, these algorithms are the first to work
also using linear global memory, albeit with a slight loss in the
round complexity.

Coloring: We settle the complexity of O(A)-coloring A-arboricity graphs
in the linear-memory MPC model by providing a strikingly simple
deterministic algorithm running in a constant number of rounds.
Our algorithm works in the relaxed setting where the global mem-
ory allowed is 7 - poly(A). In the other setting, we derive a O(logA)
bound based on the problem of (A + 1)-list coloring.

As a key technical contribution, this paper provides tailored applications
of the MPC derandomization framework based on limited independence.
These applications demonstrate in a number of cases how to match
randomized round complexities while providing global memory and
local computation bounds resembling those of randomized approaches.
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Chapter 1

Introduction

1.1 Distributed Graph Algorithms

Theory of Distributed Computing is a fast-growing research field within
theoretical computer science concerned with the design and analysis of
algorithms for solving computational tasks in massive distributed networks.
Distributed solutions are needed in a broad variety of modern computational
settings such as computer and wireless networks, high-performance, cloud,
and grid computing, blockchain technology, internet of things, mobile agents,
swarm robotics, and many more. Besides technological systems, distributed
computing has a far wider range of applications, for example, systems
based on biological structures, nature-inspired models, and social groupings.
One of the most fundamental and difficult tasks in these decentralized networks
are symmetry breaking problems such as electing a leader or resolving
conflicts for the allocation of shared resources.

To meaningfully abstract the operations that computing entities need to
perform to break the symmetry, many parallel and distributed models have
been proposed. A distributed network is usually represented by an n-vertex
graph, where 7 is the number of entities in the network, and edges of the
graph model the network’s topology. In the classic synchronous message-
passing model, known as the LOCAL model of computation [53], each vertex
of the graph hosts an autonomous processor and each edge connects two
vertices if there is a communication channel between them. The computation
proceeds in synchronous rounds, and, per-round, each processor can send
unbounded messages to all its neighbors. The running time of an algorithm
is measured by the number of rounds of distributed communication that
this algorithm requires; local computation is for free as the focus lies on
communication. One also assumes that vertices have unique identifiers (IDs).
At the end of the computation each node outputs its local part of the solution.
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One aspect that modern algorithms need to deal with is limited memory. In
recent years, in fact, memory has become a major bottleneck due to the ever-
increasing amount of data. This renders many traditional graph algorithms
inefficient, or even inapplicable, and demands novel distributed computa-
tional paradigms, as opposed to the unbounded space and bandwidth of the
LOCAL model. Inspired by popular large-scale data-intensive applications
such as MapReduce [28] and Spark [72], the Massively Paralle] Computation
(MPC) model [31, 45] emerged as a clean, theoretical abstraction of these
computing frameworks and serves as a basis for their algorithmic study.

The MPC Model In the MPC model, the distributed network consists of M
machines with memory S each. The input is distributed across the machines
and the computation proceeds in synchronous rounds. In each round, each
machine performs an arbitrary local computation and then communicates up
to S data. All messages sent and received by each machine in each round
have to fit into the machine’s local space. The main complexity measure of an
algorithm is its round complexity, that is, the number of rounds needed by the
algorithm to solve the problem. Secondary complexity measures are the global
memory usage—i.e., the number of machines times the memory per machine
required—as well as the total computation required by the algorithm, i.e., the
(asymptotic) sum of the local computation performed by each machine.

We primarily focus on the design of fully scalable graph algorithms in the
low-memory MPC model, where each machine has strongly sublinear memory.
More precisely, an input graph G = (V, E), with n vertices and m edges, is
distributed arbitrarily across machines with local memory S = O(n’) each,
for some constant 0 < § < 1, so that the global space is Sgjopa = Q (1 + m).
Secondly, we consider the linear-memory MPC model, in which each machine
has local memory S = O(n). This model is closely linked to the CONGESTED-
CLIQUE one, first introduced by Lotker et al. [56]. There, the communication
graph is complete but the size of messages is restricted to O(logn) bits. By
a beautiful result of Lenzen [51], linear-space MPC results apply also to
CONGESTED-CLIQUE under certain mild conditions [12].

Sparsity as a Complexity Measure As many real-world graphs are believed
to be sparse, it would be desirable to develop algorithms that improve
with the sparsity of graphs [27]. A well-received measure of sparsity is the
arboricity A of a graph: It captures a global notion of sparsity as it does not
impose any local constraints to the graph like bounded maximum degree.
Bounded arboricity graphs include many natural graph families like trees,
planar graphs, graphs avoiding a fixed minor, bounded genus and bounded
treewidth graphs. The study of arboricity-dependent algorithms was initiated
by Barenboim and Elkin [6] and has attracted a lot of attention ever since in
models of both distributed and parallel computing [7, 9, 10, 16, 35, 38, 39, 50].
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These results show that the concept of arboricity covers a wide range of
graphs for which far more efficient algorithms than for general graphs exist.

1.1.1 Graph Algorithms

In the sublinear regime of MPC, fundamental graph combinatorial and
optimization problems have recently gained a lot of attention. There is
a plethora of work on the problems of connectivity, matching, maximal
independent set, coloring, vertex cover, and many more (see, e.g., [11, 13,
22,25, 26, 35, 40]). We study the problem of connectivity in general graphs
and the problems of maximal independent set (MIS), maximal matching
(MM), and vertex coloring parameterized by the arboricity, although without
imposing any upper bound on the value of A. Usually algorithmic approaches
as well as round complexities may differ considerably depending on whether
their success guarantee is with high probability or deterministic. Our focus
is on deterministic algorithms for these four problems, which are among
the most well-studied. We define the problems and survey algorithms most
relevant to our work below. Henceforth, let G = (V, E) be the undirected
input graph.

Connectivity One particularly important graph problem that has received
increasing attention over the past few years in the sublinear regime of MPC
is that of connectivity. This is not only a problem of independent interest,
but it serves as a subroutine for many algorithms such as finding a rooted
spanning forest, a minimum spanning forest, a bottleneck spanning forest,
and a 4-coloring of trees [22, 35]. Moreover, it is closely linked to the widely
believed 1-vs-2 cycles conjecture. This conjecture states that distinguishing
whether an input graph is an n-vertex cycle or consists of two 5-vertex cycles
requires ()(logn) rounds and plays a major role in conditional lower-bounds
for this setting [13, 22, 24, 37, 62, 70]. The problem is defined as follows.

Definition 1.1 (Connectivity Problem) Find a function cc: V. — IN such that
every vertex u € V knows cc(u) and for any pair of vertices u,v € V, u and v are
connected in G if and only if cc(u) = cc(v).

A sequence of works [3, 4, 13, 20, 49, 55] on this problem culminated in
a randomized algorithm by Behnezhad et al. [13] that finds all connected
components of a graph with diameter D in O(log D + loglogu ) rounds.
This time complexity is nearly-optimal due to a Q)(log D) conditional lower
bound [13, 22]. In a very recent breakthrough, Coy and Czumaj [22] obtained
the same round complexity with a deterministic algorithm. Their derandom-
ization approach, however, comes at a cost of (polynomially) heavy local
computation, which makes it impractical for large-scale applications.
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Maximal Independent Set and Maximal Matching The complexity of
finding an MIS and an MM is one of the most fundamental problems in the
area of distributed computing. They have been extensively studied since the
very beginning of the area [1, 9, 34, 44, 57] and are defined as follows.

Definition 1.2 (Maximal Independent Set) Find a set Z C V such that no two
vertices in L are adjacent and every vertex u € V' \ L has a neighbor in T.

Definition 1.3 (Maximal Matching) Find a set M C E such that no two edges
in M are adjacent and every edge e € V' \ M has a neighbor in M.

Randomized MIS and MM One of the recent highlights in low-memory
MPC has been a series of works on the MIS and MM problems in bounded
arboricity graphs. Brandt et al. [16] were the first to break the linear mem-
ory barrier proving an upper bound of O(log3 logn) for trees. Behnezhad
et al. [11] extended it to graphs of arbitrary arboricity giving a general
O(log?log n)-time algorithm that reduces the maximum degree of the graph
to poly(max(A,logn)). The subsequent algorithm of Ghaffari et al. [35] gives
an improved O(loglogn)-time degree reduction. This result combined with
the fastest randomized MIS and MM algorithms for general graphs [40] run-
ning in O(y/log Aloglog A + loglog 1) time, where A denotes the maximum
degree, yields a O(loglogn)-time algorithm for graphs of polylogarithmic
arboricity.

Deterministic MIS and MM The fastest deterministic MIS and MM algorithms
for general graphs run in O(log A +loglog 1) by a result of Czumaj et al. [25].
When restricting our attention to deterministic algorithms in terms of the
arboricity, only a O(log? log 1)-time bound for MIS and MM on trees (i.e.,
A = 1) is known due to Latypov and Uitto [50].

Arboricity Coloring The problem of coloring a graph is a corner-stone local
problem with numerous applications that has been extensively studied. The
goal of a K-coloring algorithm is the following.

Definition 1.4 (K-Coloring) Find a function ¢: V — {1,...,K} such that for
every edge {u,v} € E vertices u and v are assigned distinct colors, i.e., (u) #

¢(v).

There has been a long succession of randomized and deterministic re-
sults based on recursive graph partitioning procedures in the models of
CONGESTED-CLIQUE and linear-memory MPC [5, 19, 43, 66, 67]. The ran-
domized complexity of (A + 1)-Coloring and its (A + 1)-list-coloring gen-
eralization was settled to O(1) time in a breakthrough by Chang et al. [19].
Subsequently, Czumaj et al. [23] proved the same result deterministically.
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Much of the research on this topic has focused on coloring with A + 1 colors.
However, for sparse graphs, the maximum degree A may be much larger
than the arboricity A, and thus an arboricity-dependent coloring would be
more satisfactory. In this regard, Barenboim and Khazanov [10] observed
that any problem in A-arboricity graphs can be solved in O(A) deterministic
time (since there are at most An edges) and presented the first non-trivial
deterministic upper bound of A¢, for any constant ¢ > 0. On the randomized
side, Ghaffari and Sayyadi [39] show that a O(A) coloring can be computed
in a constant number of rounds, settling the randomized complexity of the
problem. Note that any graph admits a 2A-coloring, and this bound is tight.

1.1.2 Deterministic Algorithms and Derandomization

Apart from being of independent interest, it is instructive to view the above
results in a broader context of deterministic algorithms and derandomization.
Derandomization of local algorithms has attracted much attention in the
parallel setting (see [18] for an overview). However, for almost a decade,
(almost) all the research in the domain of Massively Parallel Computation has
focused on the study of randomized algorithms. Only recently, a sequence
of works has aimed at exploring the power of the MPC model in the context
of deterministic algorithms [5, 22, 23, 25, 26]. They demonstrate that several
graph problems can be solved deterministically with (asymptotic) complexity
bounds that compare favorably with those of known randomized algorithms.

These results follow the clever derandomization scheme of [18], which en-
hances classic derandomization methods [58, 61] with the power of (poten-
tially unbounded) local computation and global communication, in spite
of the limited bandwidth. In a nutshell, a randomized process that works
under limited independence is derandomized by computing the conditional
expectation. This technique deterministically returns a result that is at least as
good as the expectation of the randomized process, even when concentration
bounds fail to hold with high probability. On the other hand, the shatter-
ing effect no longer appears under limited independence, as opposed to the
full-independent setting. The lack of the shattering phenomena poses major
challenges in obtaining deterministic algorithms with round complexities
that match those of randomized algorithms, most of which crucially rely
on shattering to have n-dependencies in the running time replaced by A.
In addition, the sublinear regime of MPC requires derandomization methods
that are specifically designed to cope with the limited memory per machine,
for instance via sparsification [25] or partitioning [26].

This quest for efficient derandomization techniques is now one of the main
problems in the area. Unfortunately, current derandomization frameworks
suffer from long local running time (e.g., large polynomial or even expo-
nential in 7°) or large global memory (e.g., superlinear in the input size).
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In fact, as noted in [26], allowing heavy local computation might provide
an advantage in the context of distributed and parallel derandomization.
However, especially in performance-oriented scenarios, these parameters
may quickly become critical. It thus emerges as a natural direction to study
deterministic algorithms whose global memory and total computation are as
close as possible (or even match) those of their randomized counterparts.

1.2 Our Contribution

We introduce several improved deterministic algorithms for the four funda-
mental graph problems presented above in the MPC setting. Our approach
builds upon the best-known randomized algorithms and follows the two-step
derandomization method outlined in Section 1.1.2. We design randomized
experiments for these problems and analyze their local probability of failure
under pairwise or constant-wise independence. Then, we find good random
seeds by invoking the distributed method of conditional expectation or simply
by brute-forcing the search space. While the implementation of this pro-
cess in a constant number of rounds is relatively well-understood, current
derandomization techniques are often inferior in terms of global memory
and total computation bounds. Our algorithms demonstrate in a number
of cases not only how randomized round complexities can be achieved, but
also how memory and computational complexities can benefit from careful
derandomization approaches.

Connectivity We present the first computation-efficient deterministic al-
gorithm for the problem of graph connectivity in the strongly sublinear
memory regime of MPC. The total computation of O(m) significantly im-
proves over the poly(n)-bound! of Coy and Czumaj [22], with no loss in the
round complexity. In fact, our algorithm matches even the state-of-the-art
randomized algorithm [13] in all parameters up to a polylogarithmic factor
in the local running time. While the connectivity algorithm is of indepen-
dent interest, our result provides several other qualitative advantages. For
instance, our analysis relies only on pairwise independence as opposed to
the almost O(logn)-wise independence of [22]. Moreover, to the best of our
knowledge, this is the first derandomization result that uses the framework
of limited independence without incurring a significant loss in one of the
parameters (e.g., in the total computation time), and hence may be of prac-
tical interest. Furthermore, due to their simplicity, our analyses may serve
as a friendly introduction to deterministic algorithms via the framework
of bounded independence and, hopefully, as a stepping stone to a more
systematic development of computation-efficient derandomization methods.

1 An explicit lower bound on the total computation is Q(%), which outweighs the com-
munication cost of O(m).
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MIS and MM We give a deterministic algorithm that matches the random-
ized arboricity-dependent algorithm [35] for both problems in low-memory
MPC. In addition, we obtain the first deterministic strongly sublinear algo-
rithms that use linear global memory for general graphs and as a function of
the arboricity. Our arboricity-dependent result provides the first O(loglog n)-
time algorithm on any graph family other than the family of graphs with
bounded degree. Even for unoriented trees the best previous deterministic
result has running time of O(log?log ).

We begin by derandomizing a key degree-reduction method (parameterized
by the arboricity) of Barenboim et al. [9], which shows that MIS and MM
are reducible to instances with maximum degree poly(A,logn). We first
show that a tighter analysis for the sublinear regime of MPC of Barenboim
et al.’s degree-reduction [9] gives the following: (i) the maximum degree
can be reduced deterministically up to poly(A), even when A = o(logn), (ii)
each high-degree node can select a polynomially (in A) smaller set of low-
degree neighbors, (iii) pairwise independence provides the same guarantees
in expectation. We then incorporate this derandomization in the pipeline
framework of Ghaffari et al. [35] to achieve a deterministic degree reduction
running in O(loglogn) time. An (almost) immediate consequence of this is a
round complexity O(log A + loglogn) by invoking the algorithm of Czumaj
et al. [25] on the remaining graph.

When restricting our attention to the near-linear global memory regime, we
derive three new results. We give the first O(logn)-round deterministic
algorithm based on a slight modification of the derandomization of Czumaj
et al.’s algorithm [25]. The crux in obtaining this is the definition of a
pessimistic estimator that uses only knowledge of the one-hop neighborhood
of each node to find a good random seed. Then, for the family of graphs with

A= 0(2@% ), we prove a O(log A loglog n)-round complexity bound using
our degree-reduction routine followed by a graph exponentiation process.
Further, we improve this bound to O(loglog 1) rounds for graphs of bounded
arboricity (see Section 4.3.2 for a precise statement) by adapting the arboricity
coloring algorithms due to Barenboim and Elkin [6].

Arboricity Coloring We devise a strikingly simple constant-round deter-
ministic distributed algorithm for the problem of computing a coloring with
O(A) colors in the linear memory regime of MPC. This settles the round
complexity of the problem in the relaxed setting where the global memory
allowed is on the order of n - poly(A). Its simplicity lies in the fact that after
one single step of our deterministic graph partitioning procedure, all induced
subgraphs are of linear size and can thus be collected and solved locally,
whereas the state-of-the-art randomized algorithm [39] is based on a more
sophisticated speed up technique via opportunistic information gathering.
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For the setting with linear global memory, we derive a O(A)-coloring algo-
rithm running in O(log A) time by applying the constant-round algorithm
for (A + 1)-coloring and (A + 1)-list coloring due to Czumaj et al. [23]. Both
results improve exponentially upon the A(1)-round algorithm of [10].

Our main technical contribution is a derandomization scheme that overcomes
the inapplicability of the classic method of conditional expectation. In fact,
our derandomization is based on a global quality measure (the arboricity)
that cannot be decomposed into functions computable by single machines.
To circumvent this, we show that we can find a subset of candidate partitions
whose parts can be tested efficiently, yet limiting the local space to be linear
and allowing only a poly(A) overhead factor in the total memory.

1.3 Structure of the Thesis

In Chapter 2, we start with overviewing basic techniques that are frequently
used in the subsequent chapters, with the emphasis on arboricity-based
results and derandomization methods in all-to-all communication models.
We then proceed (Chapter 3) to the connectivity problem. We begin by
reviewing the state-of-the-art randomized and deterministic connectivity
algorithms and continue describing our algorithm based on the paper [33].
In Chapter 4, we turn our attention to MIS and MM. We first introduce the
derandomization and pipelining of the arboricity-based degree reduction.
Next, we present its applications together with algorithms in the near-linear
and superlinear global memory regimes in Section 4.3 and Section 4.4, resp.
Chapter 5 is devoted to arboricity-dependent coloring. After explaining
how to use (A + 1)-list coloring for computing arboricity-based colorings
efficiently, we describe our fast deterministic arboricity-coloring algorithm.
Finally, in Chapter 6, we summarize our findings and discuss potential
improvements.



Chapter 2

Tools and Techniques

This chapter overviews the techniques that make up the algorithmic toolbox
for the design of distributed graph algorithms. Our focus is on introducing
the tools that are employed by the algorithms of the subsequent chapters.
After some necessary notation and definitions, we explain the decomposition
techniques adopted in the LOCAL model in Section 2.2 and those applied
to all-to-all communication models in Sections 2.3 and 2.4. For a broader
overview, we refer the reader to [8, 32].

2.1 Notation and Preliminaries

Let us start by introducing the notations used throughout this manuscript.
For an integer k > 1, we will frequently denote [k] as the set {1,2,...,k}.
Let G = (V, E) be the undirected n-node m-edge graph given in input to our
algorithms. Let the maximum degree of G be denoted by A and the arboricity
of G be denoted by A, which we introduce along with its properties later.
Denote deg (1) as the degree of vertex u in graph G and Ng(u) as the set of
neighbors of u in G (when G is clear from the context, we may omit it). The
distance from u to v, distg(u, v), is the length of the shortest path from u to v.
For a vertex subset U C V or edge subset U C E, we use deg; (1) and Ny (u)
to refer to the subgraph of G induced by U denoted by G[U]. Similarly, for
a vertex subset V' C V, let Ng(V’) be the union of the neighbors of each
v e V', let distg(u, V') be the minimum distance from u to any vertex in V’,
and let disty: (1, v) = distg[y/ (4, ) be the minimum distance from u to v.

Further, we denote G, for integer k > 2, as the graph obtained from con-
necting each pair of vertices at distance at most k in G. Then, the k-hop
neighborhood of a vertex v in G is the subgraph containing all vertices u
satisfying distg(u,v) < k, together with every edge that lies on some path
starting from v with length at most k. The k-hop neighborhood of a vertex
set V! C V is the union of the k-hop neighborhoods of v € V.
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Graph Arboricity

The notion of arboricity characterizes the sparsity of a graph. It is equal to
the minimum number of forests into which the edge set of the graph can
be partitioned. Nash-Williams [63, 64] showed that the arboricity is equal
to the density of the graph, that is, the maximum value of [mg/(ns —1)],
where mg, ng are the number of edges and vertices in any subgraph S. In the
following lemma, we state some basic properties of this parameter. These
play a central role in the design of A-dependent distributed graph algorithms.

Lemma 2.1 (Arboricity Properties [8, 91) Let G be a graph of m edges, n nodes,
and arboricity A. Then

1. m < An.
2. The arboricity of any subgraph G' C G is at most A.
3. The number of nodes with degree at least t > A + 1 is less than An/ (t — A).

4. The number of edges whose endpoints both have degree at least t > A + 1 is
less than Am/ (t — A).

Remark 2.2 While our algorithms may seem to require knowing A, by employing the
standard technique of [46] to run the algorithm with doubly-exponentially increasing
estimates for A in parallel, combined with global communication, we can find an
estimate for A that produces (asymptotically) the same result incurring only a O(1)
factor overhead in the global space and total computation.

2.2 Local Decomposition Algorithms

Symmetry-breaking algorithms often rely on primitives that decompose the
input graph into smaller subgraphs that can be processed separately, in par-
allel or sequentially, faster, and more easily than the original graph. We will
make use of the following coloring algorithm and of a certain graph-theoretic
structure introduced by Nash-Williams [63, 64] as forests-decomposition and
known as H-partition in the setting of distributed computing [6].

Fast LOCAL Coloring

A proper coloring ¢: V > C, for C € N, is a mapping from vertices to colors
such that no two incident neighbors share the same color, i.e., ¢(v) # ¢(u)
for each edge (u,v) € E. In his seminal work, Linial [54] showed that a valid
O(A?) coloring can be computed deterministically within log* 7 + O(1) time.
Specifically, his algorithm, given a proper C-coloring, produces a new legal
coloring with a color palette of size O(Alog? C). The proof relies on a purely
combinatorial structure [29], which can be derandomized using an algebraic
construction based on polynomials [8, 29, 47].
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Lemma 2.3 Let G = (V, E) be a graph of maximum degree A and assume we are
given proper C-coloring of G. There is a deterministic algorithm that computes a
O(A2log? C) coloring of G in O(1) LOCAL rounds. Moreover, if C = O(A3), then
the number of colors can be reduced to O(A?).

As an example of application, a legal C-coloring ¢ can be used for computing
an MIS within C rounds. For i € [C], each vertex v with ¢(v) = i without a
neighbor in the MIS joins the MIS and inform its neighbors about this. Since
vertices colored by color i form an independent set the correctness follows.

A coloring can be useful also when the decision of each node may depend
on nodes within distance k. In fact, such dependencies can be modeled
using the power-k graph G. A valid coloring of G¥ assigns colors to nodes
such that nodes at distance at most k have distinct colors and thus their
decisions are decoupled. The execution of a (coloring) algorithm on GF
incurs a multiplicative factor k overhead in the runtime in LOCAL, while in
all-to-all communication models this will be analyzed on a case-by-case basis.

H-Partition

The arboricity properties seen in Section 2.1 give a surprisingly simple
distributed algorithm that decomposes the vertex set of a graph G into parts
such that each part has degree linear in the arboricity. This decomposition is
known as H-partition and often serves as a basic building block for arboricity-
dependent algorithms [6, 7, 8, 11]. It is defined as follows.

Definition 2.4 (H-Partition) An H-partition H of a A-arboricity graph G param-
eterized by its degree d, for any d > 2A, is a partition of the vertices of G into layers
Hji, ..., Hy such that every vertex v € H; has at most d neighbors in layers with
indexes equal to or higher than i, i.e., U]-L:i L;.

Each layer can be computed easily in a constant number of rounds by apply-
ing the classic greedy peeling algorithm as follows: Repeatedly, vertices of re-
maining degree at most d are peeled off from the graph and form a new layer.
Since the number of vertices of degree larger than d is at most % -n, the size
L of H, i.e., the overall number of layers, is at most [log, ,, n| = O(log% n).

Another of its features is to give a d forest decomposition or, equivalently, an
acyclic orientation of the edges such that every vertex has outdegree at most
d. An edge (u,v) is oriented toward the vertex with a higher index layer in
the given H-partition or, if they are in the same layer, toward the vertex with
a greater ID. By construction, the orientation is acyclic and each vertex has at
most d outneighbors. Now, let each node v assign a distinct label from the
set {1,...,d} to each of its outgoing edges. The set of edges labeled by label
i forms a forest. For a more elaborate proof, we refer to [8].

11
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2.3 Local Simulation via Global Communication

Primitives in Low-Space MPC

There are many well-known MPC primitives that will be used as black-box
tools. These have been studied in the MapReduce framework and can be
implemented in the MPC model with strictly sublinear space per machine
and linear global space. We will use the following lemma to refer to them:

Lemma 2.5 ([41, 42]) For any positive constant J, sorting, filtering, prefix sum,
predecessor, duplicate removal, and colored summation task on a sequence of n tuples
can be performed deterministically in MapReduce (and therefore in the MPC model)
in a constant number of rounds using S = n° space per machine, O(n) global space,
and O(n) total computation.

Finally, observe that these basic primitives allow us to perform all of the basic
computations on graphs deterministically that we will need in a constant
number of MPC rounds. This includes the tasks of computing the degree of
every vertex, ensuring neighborhoods of all vertices are stored on contiguous
machines, sums of values among a vertex neighborhood, and collecting the 2-
hop neighborhoods provided that they fit in the memory of a single machine.
Moreover, it is a common assumption that nodes are assigned to machines in
a balanced way;, i.e., the underlying system takes care of load balancing.

Graph Exponentiation

One central technique that often leads to an exponential speed-up of LOCAL
algorithms is graph exponentiation due to Lenzen and Wattenhofer [52]. This
approach leverages the power of global communication and its main idea is
to let each node send its r-hop neighborhood to each of the nodes in it so that
in one round every node learns the topology of the ball of radius 2r around
itself. By doing so, each node can simulate 2r rounds of any LOCAL algorithm
by computing the choices performed by the nodes in its 2r-hop neighborhood.
In general, a f-round LOCAL algorithm can be simulated in O(%) rounds using
the knowledge of the Q)()-hop neighborhood and allowing a constant-round
global coordination step every ©(r) rounds. However, the main challenge is
to ensure that the amount of information in the r-hop neighborhood of every
vertex is small enough to respect the communication and memory constraints.
We next discuss an application of graph exponentiation in low-memory MPC.

Lemma 2.6 Let G be a graph with maximum degree A < O(n") and let k be the

largest integer such that A¥ < n*. Let Abea LOCAL algorithm that reduces the
problem size, i.e., the number of active nodes or relevant edges, by a factor Q(A)
within t rounds. Then T LOCAL rounds of A can be simulated in O(t -k + )
rounds on a low-memory MPC using local space O(n*) and O(n + m) global space.
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Proof The algorithm consists of two stages. The first stage of the algorithm
applies k graph exponentiation steps interleaved by a O(t)-round simulation
phase, which reduces the space required by the graph exponentiation process.
Fori=0,1,...,k—1, the algorithm performs the following steps:

1. Each node simulates s - - 2! rounds of algorithm A, for constant s > 0.
2. Each vertex learns its 2i+1-h0p neighborhood via graph exponentiation.

In the second stage, each node simulates the remaining O(T — ¢ - k) LOCAL
rounds of algorithm 4 in O(Zlk) MPC rounds, interleaved by a constant-round
global coordination step to update the neighborhood of each node.

We prove by induction that at the end of iteration i, each node knows its
2"1-hop neighborhood. The base case for i = 0 clearly holds. Assume that
each node knows its 2-hop neighbors by the end of iteration i — 1 > 0. By
step number two above, each node v receives the 2i-hop neighborhoods of
the vertices at distance at most 2! from v. From this fact, it follows that every
node learns the topology of its 2'*1-hop neighborhood.

Next, we discuss the correctness of the algorithm. Each node v simulates
locally on its machine 2’ rounds of the LOCAL algorithm A. After this
simulation, v learns its status after 2 rounds of A and communicates it to
each of its 2-hop neighbors. Thus, v can simulate another 2 rounds of
algorithm A, and repeat this process for s - t times in each iteration. This
requires O(s - t) = O(t) MPC rounds per iteration, and O(kt) time overall.

Let us now analyze the space usage of the algorithm. The local memory
constraint is respected as each node uses 0(A?) = O(n°) memory to store
its k-hop neighborhood. To see that also the global memory constraint
is not violated, we show by induction that after step number one of the
above algorithm the global space usage is O(n/ A?™). For the base case
i =0, st executions of A reduce the number of vertices (or edges) to
O(n/A°) < O(n/A?), for s > 2. Now, by induction hypothesis, assume that
iteration i > 0 starts with O(n/A?) vertices (or edges). After the simulation of
s-t-2! rounds of A, the number of nodes (or edges) decreases by a factor ASZ,
since every t rounds of A reduce the problem size by a factor (}(A). Thus,
the global space usage after this step becomes O(1/A252) = O(n/A2"),
as desired. Then, by observing that i + 1-th step of graph exponentiation
may duplicate a vertex or an edge at most A1 times, we deduce that the
total memory occupied is O(n/A2"" - A2+1) = O(n) per iteration. Assuming
that inactive nodes (or edges) require O(n + m) memory, the claim follows.[]
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2.4 Derandomization in All-to-All Models

Derandomization techniques in all-to-all communication models emerged
as a powerful tool to obtain simple deterministic algorithms of complexity
comparable to that of their randomized counterparts. Our approach follows
the derandomization framework of [18, 22, 23, 25, 26], which traces back
to [58]. For a more systematic treatment of derandomization approaches see
for example [2, 17, 59, 60, 69, 71].

The first step is to obtain a randomized process that produces good results in
expectation based on a small search space (i.e., short random seed) by using
random variables with some limited independence. We will use a k-wise
independent family of hash functions, which is defined as follows:

Definition 2.7 (k-wise independence) Let N, k,¢ € IN with k < N. A family
of hash functions H = {h : [N] — {0,1}'} is k-wise independent if for all
I C {1,...,n} with |I| < k, the random variables X; := h(i)' with i € I are
independent and uniformly distributed in {0,1}¢, when h is chosen uniformly at
random from H. If k = 2 then H is called pairwise independent.

The following is a well-known result about its construction:

Lemma 2.8 ([1, 21, 30]) For every N,k,¢ € IN, there is a family of k-wise inde-
pendent hash functions H = {h : [N] — {0,1}} such that choosing a uniformly
random function h from H takes at most k(¢ +log N) + O(1) random bits, and
evaluating a function from H takes time poly(¢,log N) time.

If there is a randomized algorithm, over the choice of a random hash function
h from H, that gives good results in expectation, then one can obtain a result
as good as the expectation by finding the right choice of (random) bits. To
achieve that, if the seed length that defines the family of hash functions H is
small, then one can simply brute force all possible sequences of bits to find
one good seed. Instead, when brute-forcing is undesirable or not possible,
one relies on a distributed implementation of the method of conditional
expectation (or probability). There, one divides the seed into several parts
and fixes one part at a time in a way that does not decrease the conditional
expectation. This is done by having nodes agree globally on each part in a
voting-like manner. Next, we explain both approaches in more detail.

We define an objective function (which is a sum of functions calculable by
individual machines) that is at least (or at most) some value Q, namely

Epen [0S Y gu(h)] > Q.

machines x

1(-) denotes the length-£ bit sequence by the corresponding integer in {0, ...,2¢ — 1}.
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Then, by the probabilistic method, this implies the existence of a hash function
h* € H for which g(h*) is at least (or at most) Q. If the family of hash
functions fits into the memory of a single machine, then each machine x
can locally compute q(h) (which is a function of the vertices machine x is
assigned) for each h. Then, we sum the values q(h) computed by every
machine for each & and find one good hash function #* in O(1) MPC rounds.
When the family of hash functions cannot be collected onto a single machine
but its size is poly(n), i.e., each function can be specified using O(logn) bits,
we can still find one good hash function in O(1) MPC rounds as follows.

Let T = O(logn) denote the length of the random seed and xy = logS =

«logn. We proceed in [ﬂ iterations. We search for a good function /* by

having machines agree on a x-bit chunk at a time. Let 7/ be the subset
of hash functions from H considered at iteration i. Clearly, H{0 = H and
H) D HIHD . We will ensure that E, . [q(h)] > Ejcqpi-n [q(7)] until

H') consists of a single element defining /*. In phase i, for 1 < i < H—‘ ,

we determine H " by fixing the bits at positions 1+ (i — 1) [ﬂ PR E-‘ . We
assume that each machine knows the prefix b chosen in previous iterations.

Next, each machine considers the extension of b by all possible seeds of
length x. Let Hy,..., Hox be a partition of H=1) such that H; contains all

hash functions 1 € H{~1) whose bit sequence consists of b as prefix followed
by the bit representation b; of j.

For every H;, each machine computes locally Ejey;, [q(1)] forall 1 < j < 2%,
This computation can be performed locally by taking each hash function
h € H; and computing g, (), that is the target function for the nodes (or
edges) that machine x is responsible for. Once we know g, (h) for every
h € H;, then Eyey;, [9:(h)] is simply the average of all these numbers. An
alternative way to compute Ejc3;, [9x(h)] is by letting each machine compute
the expected value of g, (h) for each of its vertices (or edges) conditioned on
b o b; (note that each node u can usually compute this probability as it often
depends only on its neighbors and by knowing their IDs, u can simulate their
choices). Using Lemma 2.5, we compute }_nachines x Enen; [7x(7)] by summing
up the individual expectations. Note that by linearity of expectations, it holds
that ¥machines x Erew; [9x(7)] = Epewn, [q(h)]. Then, we are ensured that there
is an index k such that Ejcy, [q(h)] > Q, ie., picking a u.a.r. function
h from H; gives an objective that is at least (or at most) our objective Q.
Thus, we select H?) = H, and extend the bit prefix b < b o by with the bit
representation by of k. In the next iteration, we repeat the same process until
when one good hash function #* is found. Since [)1(} =0(1/a) = O(1), this
distributed implementation of the method of conditional expectation runs in
O(1) MPC rounds.

15
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Concentration Inequalities To show that a randomized process requires
only k-wise independence, we will use the following results. For k = 2,
a bound that is usually satisfactory is easily obtained from Chebyshev’s
inequality, as follows.

Theorem 2.9 (Chebyshev) Let X3, ..., X, be random variables taking values in
[0,1]. Let X = X3 + ...+ X, denote their sum and y < E[X]. Then

Var| X
Pr{|X — E[X]| > E[X]] < VZH
Corollary 2.10 If Xy, ..., X, are pairwise independent, then Var[X| = Y ; Var[X;] <
E[X] and
YO Var[X] 1 1
_ > < < —
Pr(|X ~ E[]| > E[X]] < Bl < oo <

When the expectation of X is small, the following more general tail inequality
due to Bellare and Rompel [14] is often applied: The bound is in terms of 7,
k and the expectation.

Lemma 2.11 (Lemma 2.3 of [14]) Let k > 4 be an even integer. Let Xy,..., Xy
be random variables taking values in [0,1]. Let X = Xy + ...+ X, denote their
sum and let y < E[X] satisfying yu > k. Then, for any ¢ > 0, we have

2% k/2
Pr[|X —E[X]| > - E[X]] <8( 5 ) .
&H

Reducing The Seed Length via Coloring The following technique plays a
central role in reducing the seed length of randomized processes solving local
graph problems. As shown in [5, 25, 26], if the outcome of a vertex depends
only on the random choices of its neighbors at distance at most ¢, then k-wise
independence among random variables of vertices within pairwise distance ¢
is sufficient. Whenever this is the case, we can find a mapping from vertex
IDs to shorter names such that “adjacent” vertices are assigned different
names. This can be achieved via a coloring of the power-t graph G' using the
coloring algorithm introduced earlier in Lemma 2.3. We here adapt a more
explicit 1-round distributed coloring algorithm with O(A2log?(n)) colors by
Kuhn [48] to the MPC model, which leads to the following lemma:

Lemma 2.12 Let G = (V, E) be a graph of maximum degree A < n°. There exists
a deterministic algorithm which computes an O(A*log? n) coloring of G in O(1)
MPC rounds using O(n®) local space, O(n + m) global space, and O(n - poly(A))
total computation.

16
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Proof We start by recalling the high-level idea and then we give an efficient
MPC implementation. We assume that each vertex in G is given a unique
ID between 1 and n. Let p be a prime with 10Alog(n) < p <20Alog(n). It
is well known that such a prime always exists. Moreover, let d = [log(n)].
There exists p*™! > n distinct polynomials of degree at most d over F,. We
denote by f; the i-th such polynomial. Each color corresponds to a tuple over
IF,. Note that there are p?> = O(A?log” 1) such tuples.

Let C; = {(x, fi(x)): x € F,}. Using Ad < p together with the fact that a
non-zero polynomial of degree d can have at most d zeros implies that
each vertex can choose a color c(i) € C; such that c(i) ¢ C; for every
neighbor j. Now, assigning each vertex i the color c(i) results in a valid
coloring. It remains to discuss the MPC implementation. By using the basic
primitives of Lemma 2.5 and the assumption that A < n’, we can assume
that the machine responsible to compute the coloring of the i-th vertex
also stores the IDs of all the neighbors of i. Note that a given polynomial
can be evaluated in time poly(logn, A). Computing the color ¢(i) boils
down to O(A - p?) = poly(logn, A) polynomial evaluations. Hence, the total
computation time is O(n - poly(A)), as desired. O

2.4.1 Example of Pairwise Independent Analysis

In this section, we illustrate a pairwise independent analysis of the random-
ized O(logn)-round algorithm for maximal matching by Israeli and Itai [44].
We find it a useful introductory exercise to bounded dependency analyses
that will be used throughout the paper.

The Algorithm Given a graph G(V, E) with maximum degree A, the algo-
rithm performs the following four steps for O(log n) iterations.

1. Each v € V chooses randomly an adjacent edge and directs it outward.

2. Each vertex such that deg”(v) > 1 selects an incoming edge, where
deg" (v) refers to the in-degree of vertex v. Let Eg be the set of selected
edges, where the orientations are now ignored.

3. Each vertex chooses randomly an incident edge of Es. An edge e € Es
belongs to the matching M if it was chosen by both its endpoints.

4. Remove from G all the edges of M, with all their incident edges to get
G'—the input graph for the next phase.

Theorem 2.13 The above algorithm from [44] computes a maximal matching of an
input graph G in O(log n) LOCAL rounds with high probability using only pairwise
independence.

17
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Our goal is to show that in each iteration every vertex decreases its degree
linearly with constant probability. Let us consider a fixed iteration of the
algorithm. Define the proposal level p(v) of a vertex v € V as the expected
number of incoming edges after the first step of the algorithm, namely

p(v) =Y,

ueN(v) deg(u) .

We say that vertex v is good if p(v) > ¢, for e = 1/4. As we shall see, being
good for a vertex means to be matched with constant probability. For analysis
purposes, we assume wlog? that p(v) is at most 1/2.

Lemma 2.14 If v is good, then v has an incoming edge after step one with probability
at least e/2.

Proof By pairwise independence, we have
Pr[deg”(v) > 1] > Y Pr[uchoosesv] — Y Prlu,u’ choose v]
ueN(v) u,u’'eN(v)
- v 1
N ueN(v) deg(u) ' €N (v deg(”) -deg(u’)

€
> ]
% deg(u >< % deg ) 2

Lemma 2.15 If deg™ (v) > 1, then v is matched with probability at least 1/2.

Proof A vertex with deg™(v) > 1 is part of the matching if the edge that
vertex v chooses in step three is chosen by the other endpoint as well. Since
deg™ (1) < 2 for every u € V and random choices are pairwise independent,
the other endpoint u selects such edge with probability at least 1/2. U

We would like to say that a constant fraction of vertices is good, but this is
unfortunately not true. Therefore, instead of looking just at a vertex v, we
look at the direct neighbors of v. We will show that if the neighborhood of v
contains many good nodes, then the degree of v drops by a constant factor
with constant probability. On the other hand, when there are few good nodes
in v’s neighborhood, chances are that v chooses a bad neighbor that will be
matched with v with constant probability.

Lemma 2.16 If v has at least & ( deglv) good neighbors then its degree shrinks by a
constant factor with probability at least 1/100.

2This can be achieved by restricting the neighborhood of v under consideration. In fact,
every vertex with a neighbor of degree at most 3 has a probability of at least 1/3 of being
matched, thus we can assume that every neighbor has degree at least 4.
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Proof Every good vertex has deg”(v) > 1 with probability at least /2
by Lemma 2.14. Since step one and two of the algorithm use different
randomness, we deduce that every good vertex is matched with probability
at least ¢/4 by Lemma 2.15. Let X denote the number of unmatched vertices
in v’s neighborhood. Using linearity of expectations, the expected value of X
is at most (1 — §) deg(v ) By an application of Markov’s inequality, X is at

£)10des(0) - 98 Jeg(v) with probability at least 1/100. 0

most (1 —

Lemma 2.17 If v has less than deg( ) good neighbors, then its degree shrinks by a
constant factor with probability at least 1/4.

Proof Let us analyze the probability of the event A that v chooses a vertex
u € N(v) such that deg™ (v) = 1. If event A happens, then v is matched with
probability at least 3/4. By pairwise independence and by restricting N(v)
to bad vertices, we have

Pr[A] > )  Pr[vchoosesu]— ) Pr[v,u’ choose u]

ueN(v) v,u' €N (u)
1
> T L ded)
ueNo deg( ) ) 9eg(v) deg (i)
= Z Z (ZuENu) P <€_1)
ueN(v deg ) ( weN(u deg > d g( ¥) !
y 3
weN @) 4deg(v)
>3
-8
By the reasoning above, vertex v is matched with probability at least 3 392.

By a simple application of Markov’s inequality on the expected degree of 7,
the degree of v decreases by a constant factor with probability at least 1/4.0]

We are now ready to prove Theorem 2.13. By the above lemmas, one iteration
of the algorithm decreases the degree of each vertex by a constant factor
with probability at least 1/100. After O(log A 4 logn) = O(logn) rounds,
by Markov’s inequality, every vertex has degree less than one with high
probability. Thus, every vertex is matched or all its neighbors are matched.
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Chapter 3

Deterministic Work-Efficient Massively
Parallel Connectivity

One of the most fundamental problems in the model of Massively Parallel
Computation with strongly sublinear memory is that of connectivity, that is,
determining whether any two vertices are in the same connected component.
A long line of research about connectivity culminated in a randomized al-
gorithm for low-space MPC that finds all connected components of a graph
with diameter D in near-optimal round complexity O(logD + log log% n)

and optimal O(m) space. In Section 3.1, we briefly overview this algorithm
that is due to Behnezhad et al. [13] and builds on that of Andoni et al. [3].
Surprisingly, a recent result of Coy and Czumaj [22] shows how to achieve
the same deterministically. Unfortunately, however, their algorithm suffers
from large local computation time, as we review in Section 3.1. In this
chapter, we describe a deterministic connectivity algorithm that matches
all the parameters of the randomized algorithm mentioned above and, in
addition, significantly reduces the local computation time to nearly linear.
Our result is based on reducing the amount of randomness needed to solve
two algorithmic primitives: Constant Approximation of Maximum Matching
(Section 3.3.1) and Hitting Set (Section 3.3.2). We will see in Section 3.4 how
these two ingredients can be incorporated into the algorithm of [13] to obtain
the first deterministic, derandomization-based algorithm that has efficient
local computation. Moreover, another virtue of our algorithm is its simplicity,
which is why we hope it serves as a starting point for the systematic develop-
ment of computation-efficient derandomization approaches in low-memory
MPC. Our main result is the following;:

Theorem 3.1 (Deterministic Connectivity) There is a strongly sublinear MPC
algorithm that given a graph with diameter D, identifies its connected components
in O(log D + loglogw n) rounds deterministically using O(n + m) global space

and O(m) total computation.
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3.1 Randomized Connectivity Algorithms in a Nutshell

We start by giving some intuition behind the (randomized) connectivity
algorithms by Andoni et al. [3] and Behnezhad et al. [13].

Vertex Contraction The main idea behind connectivity algorithms working
in O(log D) rounds is to repeatedly perform vertex contractions [3]. Contract-
ing a vertex u to an adjacent vertex v means deleting the edge {u,v} and
connecting v to all the vertices adjacent to u. The simplest way to implement
this contraction-based approach is to appoint a random subset of the vertices
as leaders (by letting each vertex become a leader with probability 1 ), and
then to contract non-leader vertices to one of their leader neighbors (if any).
This approach requires O(logn) rounds with high probability.

Vertex Contraction with Levels and Budgets (Andoni et al. [3]) A crucial
observation to speed up the vertex contractions—going back to the graph
exponentiation approach by Lenzen and Wattenhofer [52]—is to let each
vertex expand its neighborhood to neighbors of neighbors by adding new
edges (without changing the connectivity). In fact, if every vertex reaches
degree )(d) by expanding its neighborhood in O(log D) rounds, we can
mark vertices to be a leader with probability ~ 3" As a result, each non-
leader vertex has a leader in its neighborhood and the number of remaining

vertices is O(%).

In their algorithm, Andoni et al. [3] assign a level to every vertex which
has not been contracted yet. Vertices at level i have a budget of b; for
expanding their neighborhood, i.e., each vertex at level i can add at most b;
neighbors. The initial budget by is set to min(n’/2, VI to maintain global
space O(m). At iteration i, every vertex either increases its degree to b; or
finds its connected component. As explained above, we thus can mark leader
vertices with probability lol% and perform contractions to reduce the problem
size to O(n/b;). Hence, the budgets of remaining vertices can be updated
to bi1 = bj ¢, for a small constant ¢, while using the same global space.
Overall, after O(loglog. 1) iterations, there will be a unique vertex left in
each connected componént.

Random Leader Contraction (Behnezhad et al. [13]) To further improve
the round complexity, Behnezhad et al. [13] design an algorithm that applies
vertex contractions and increases the budgets of vertices in an asynchronous
manner, e.g., at a given time two active vertices can have different budgets.
In each round, their algorithm (informally) ensures that each vertex either
learns its 2-hop neighborhood or increases its budget. We here focus on the
routine that defines the budget increase, as this is the only step involving
randomness.



3.2. Comparison with the State-of-the-Art

Consider the subgraph induced by vertices with budget level i. The crucial
observation is that if a vertex has Q(b;) many neighbors of the same level,
then contracting all of them allows us to recuperate ()(b?) budget. If each
vertex is elected as a leader with probability ~ lobg]_", and non-leader vertices
contracted to an arbitrary neighboring leader, then leaders can increase their

level without exceeding the total memory.

Increasing Initial Budget using Matching (Behnezhad et al. [13]) To allow
each vertex to start with a poly logn budget, a randomized constant-round
algorithm (see [13, Algorithm 3]) reduces the number of vertices of G by
a constant factor. By running it for O(loglogn) MPC rounds, the problem
size decreases from n to n/polylogn. Intuitively, this algorithm works by
contracting a constant fraction of the vertices to their lowest-ID neighbors
as follows. Each vertex proposes to be contracted to its neighbor with the
smallest ID. A deterministic conflict resolving phase results in a graph of
size ()(n) consisting of vertex-disjoint paths. Contracting along the edges
of a constant-approximate maximum matching in this graph with maximum
degree 2 results in the removal of ()(n) vertices as desired.

3.2 Comparison with the State-of-the-Art

We next present the main ideas behind the recent deterministic connectivity
algorithm of Coy and Czumaj [22]. In [22], the authors identify and extract
the only two sources of randomization from the algorithms of [3, 13], namely,
random sampling for matching and hitting set. On the one hand, as outlined
in Section 3.1, a constant approximation of matching in graphs with maxi-
mum degree 2 can be used for the initial budget increase. On the other hand,
the random leader contraction can be formulated as a hitting set instance
with all sets of the same size (see Definition 3.4 for a precise definition).

As these are the only steps involving randomness, the constant-round deran-
domization of them immediately leads to a deterministic connectivity algo-
rithm. In fact, their derandomization together with the O(log D + loglog 1)
randomized algorithm due to Behnezhad et al. [13] results in the state-of-the-
art deterministic connectivity algorithm in low-memory MPC [22].

While their adopted derandomization framework is well-established, its
efficient implementation for obtaining a deterministic connectivity algorithm
in low-memory MPC requires overcoming several challenges. Although their
algorithm achieves optimal space guarantees, the computation is suboptimal
for both derandomization steps. We refine these two to obtain a computation-
efficient deterministic connectivity algorithm, as explained next.
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Maximum Matching: The problem of approximating maximum matching in
graphs of maximum degree at most two is solved by searching the space of a
randomized process based on pairwise independent hash functions, which
are specified by (2logn + O(1)) random bits. As each of the O(n?) hash
functions is evaluated O(n) times using poly logn computation, the total
computation is O(n?). We reduce the seed length, i.e., the number of random
bits needed, to O(loglogn) and, as a result, obtain O(n) total computation.

Hitting Set: For a hitting set instance with n elements and a collection
of n subsets of size b, the algorithm from [22] finds a hitting set of size
O(nb~1/%) by derandomizing a simple random sampling approach based
on a O(log,(n))-wise 1/poly(n)-approximately independent family of hash
functions of size poly(n). The (distributed) method of conditional expectation
for this process takes global space O(nb) and poly(n) total computation.

We provide a low-memory MPC algorithm that solves the same hitting set
instance using only pairwise independent random choices with 7 - poly(b)
global space and # - poly(b) total computation. Thus, the dependency on
n improves polynomially when b < n. It turns out that using this hitting
set algorithm as a subroutine in our connectivity algorithm allows us to
obtain an algorithm with total computation O(m). We also note that several
other works [18, 36, 68] solve the hitting set problem deterministically in the
context of graph spanners in CONGEST and CONGESTED-CLIQUE. However,
these are not straightforward to implement in the low-memory MPC model.

Finally, it is worth observing that because of the shorter seeds, the MPC im-
plementation of both primitives is significantly simplified as we can perform
a brute-force search instead of using the method of conditional expectation.

3.3 Derandomization of Algorithmic Primitives

3.3.1 Approximation of Maximum Matching

The first algorithmic step for the derandomization of the connectivity algo-
rithm of [13] consists in solving approximate maximum matching in graphs
of maximum degree two. Coy and Czumaj proved the following theorem:

Theorem 3.2 (Theorem 4.2 of [22]) Let G = (V,E) be an undirected simple
graph with maximum degree A < 2. One can deterministically find a matching M
of G of size at least m/8 = Q(m) in O(1) MPC rounds with local space S = O(n°),
and global space Sgjopa = O(n).

By extending their algorithm with the seed reduction technique mentioned
earlier, we prove the following result.
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Theorem 3.3 There exists an algorithm with the same properties as those in Theo-
rem 3.2 that uses O(n) total computation.

We start by reviewing the main idea used in the algorithm of Theorem 3.2.

Randomized Algorithm The algorithm of Theorem 3.2 is based on deran-
domizing the following simple random process. Let {X,: e € E} be a family
of pairwise independent random variables with X, = 1 with probability
p =1/4 and X, = 0 otherwise. Now, let M be the matching that includes
each edge e with X, = 1 and X, = 0 for every neighboring edge ¢’. The
expected size of this matching is:

E[M|]=) Prlee M]>) PrX.=1]—- ) PrX.=1NX,=1]
ecE ecE E/GE\{L’}:
e'Ne£QD

m
>m-(p=2p%) 2 ¢,

where the second inequality follows from pairwise independence. Hence,
random variables can be specified by a seed of length 2logn + O(1) by
Lemma 2.8. As explained in [22], this allows using the method of conditional
expectation to deterministically find a matching of size at least m/8 in O(1)
MPC rounds.

Reducing the Seed Length We next show how one can further reduce the
seed length to O(loglogn). The main observation is that the above analysis
holds as long as for any two neighboring edges the two corresponding
random variables are pairwise independent. This motivates the following
approach. First, we assign to each edge e a color c(e) from the set {1,2,...,C}
for C = O(log® ) by applying Lemma 2.12, such that two neighboring edges
get assigned a different color. Let {X.: ¢ € [C]} be a family of pairwise
independent random variables with X, = 1 with probability p = 1/4 and
Xc = 0 otherwise. We now include each edge ¢ in M if X, = 1 and
Xc(ery = 0 for every neighboring edge ¢’. The same calculations as above
shows that E[M] > ¥.

MPC Algorithm We are now ready to present our deterministic MPC algo-
rithm that proves Theorem 3.3. In the following, we say that something can
be efficiently computed if there exists a deterministic MPC algorithm running
in O(1) rounds with local space S = O(n’), global space Sgjopa = O(n) and
using O(n) total computation.

Let H = {h: [C] — {0,1}?} be a family of 2-wise independent hash functions
of size at most 22198 C+O() — poly(log n) obtained using Lemma 2.8. Observe
that each hash function i € H defines a matching M (h) that includes each
edge e with hi(c(e)) = 0 and h(c(e’)) # 0 for every neighboring edge ¢’.
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The analysis of the randomized algorithm above implies that choosing a hash
function i uniformly at random from H results in a matching of expected size
at least m /8. In particular, this guarantees the existence of a hash function
h* with M(h*) > m/8. Next, we explain how one can efficiently compute
|M(h)| for every h € ‘H and choose a hash function that yields a matching
of size at least m /8.

First, we efficiently compute the coloring c using Lemma 2.12. Then, since the
size of H is polylogn, we can store one number per hash function on every
machine. Each machine M;, which is responsible for some edges &; C [E],
can compute locally the number of edges M/ (h) C E; in the matching
generated by h € H within a single round. Then, we efficiently aggregate
these numbers across all machines to compute the size of the matching
M(h) =Y MUI(h) for every hash function h. The best h* € H for which
M(h*) > %, breaking ties arbitrarily, yields our approximate maximum
matching. Finally, let us note that the global memory occupied by the hash
functions across all machines M is M- |H| < M- O(n’) = O(n) and the
overall computation performed to evaluate each hash function for every edge
is |#H| - poly(logn) - O(n) = O(n).

3.3.2 Hitting Set

In this section, we give a deterministic MPC algorithm for the following
hitting set variant defined in [22]:

Definition 3.4 (Hitting Set for Leader Election) Let Sy, ...,S, be subsets of [n]
with i € S; and |S;| = b, for each i € [n]. The goal is to find a (small) hitting set
L C [n], that is, a set for which S; N L # @ holds for all i € [n].

Coy and Czumaj [22] gave an algorithm with the same parameters as those
of the random sampling approach in [13], except that they need large poly(n)
computation.

Theorem 3.5 (Theorem 5.6 of [22]) Let b and n be integers with log'®(n) <
b < n. One can deterministically find a subset L C [n] that solves the Hitting Set
for Leader Election problem with |£| < O(n(min{b,S})~1/3) within a constant
number of MPC rounds using local space S = O(n°), global space Sgjopa = O(nb),
and total computation poly(n).

We extend the randomized approach their algorithm relies on by using the
method of alterations and reducing the amount of randomness needed to
prove the following result:

Theorem 3.6 There exists an algorithm with the same properties as those in Theo-
rem 3.5 with two differences. The total computation reduces to O(n - poly(b)) and
the global space increases to O(n - poly(b)).
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We will show in Section 3.4 that the algorithm from Theorem 3.6 together with
minor changes to the parameters of the connectivity algorithm results in a
deterministic connectivity MPC algorithm with near-linear total computation.

Review of Hitting Set Algorithm of Coy and Czumaj

Consider adding each element to £ with probability p = b~!/5. Assuming
full independence, the assumption that b > log'’(1) together with a simple
Chernoff Bound implies that £ is a hitting set with high probability. The high
probability bound still holds with O(log, n)-wise independence, but fails to
hold with o(log, n)-wise independence. As n k-wise independent random
variables require a seed length of Q(klogn), using O(log, n)-wise indepen-
dence would not result in a seed length of O(logn), which is necessary for
an O(1) MPC round derandomization based on the method of conditional
expectation. To shorten the seed length, the authors of [22] use so-called
k-wise e-approximately independent random variables for k = 151log, (1) and
e=n""°In particular, their starting point is the following theorem.

Theorem 3.7 (Theorem 5.2 of [22]) Let loglo(n) < b < n, k be even with k =
15log,(n) > 4,e = n=% and p = b='/5. Then, if X1,Xo,..., Xy are k-wise
e-approximately independent random variables with X; = 1 with probability b=1/5
and X; = 0 otherwise. Then each of the following n 4 1 events holds with probability
at least 1 —9n=3:

. 2]-651, X; > 0 for every 1 <i < n, and
o Y X; < 2nbs.

Next, we explain our randomized approach that bears some similarities with
that of Theorem 3.7 but relies only on pairwise independence and computes
a partial independent set, which can be fixed to become a full hitting set
deterministically. Then, we discuss how to reduce its seed length and its
deterministic implementation on an MPC with strongly sublinear memory.

Pairwise Analysis As a first step, we show that a minor modification to
their randomized hitting set algorithm results in a hitting set of expected
size at most 2nb~1/%, assuming only pairwise independence. As before, each
element joins £ with probability p = b~!/5. In expectation, b-p = b*/°
elements are sampled from each set. Using only pairwise independence
and Chebyshev’s inequality (Corollary 2.10), this implies that a set is bad,
i.e.,, no element is sampled from it, with probability at most 174% Hence, by
adding for each unhit set an arbitrary element to £, at most n/b*/5 additional
elements are added to £ in expectation, resulting in a hitting set of expected
size at most n(b~1/% 4 b=4/%).
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Reducing The Seed Length From the pairwise analysis above, we directly
get a seed length of O(logn). Next, we show how to reduce the seed length
to O(log b), which allows for a simpler brute-force search. We again employ a
coloring idea, which is based on the simple observation that we only require
pairwise independence between elements contained in the same set. Hence,
the goal is to color the elements with poly(b) colors such that all elements in
a given set S; are colored with a different color.

In general, this may not be possible as there might exist elements which are
contained in many sets. Fortunately, a simple calculation shows that there
exist at most 11/b elements which are contained in more than b? different sets.
Hence, by directly adding these elements to £, we can assume “for free” that
each element is contained in at most b? sets, which we will do from now on.

We can then obtain a coloring with the desired properties by finding a
proper coloring in the graph Gy fiict, defined as follows. The vertex set
consists of one vertex for each of the n elements. Moreover, two elements are
connected by an edge if there exists a set which contains both elements. Note
that the maximum degree Aoy f1ict Of Geonfiict 18 upper bounded by b3. This
follows from our assumption that each element is contained in at most b sets.
Therefore, we can efficiently color Gyt with C = O(A?(m flict log2(n)) =

O(b®log® ) colors. For each i € [n], let c(i) denote the color assigned to the
i-th element. Note that it directly follows from the definition of Gy fiict that
all elements in a given set are assigned a different color.

Our randomized process that produces a hitting set with the desired proper-
ties works as follows. Let {X,: ¢ € [C]} be a family of pairwise independent
random variables with X, = 1 with probability p = b=/ and X, = 0
otherwise. We assume that 1/p is a power of 2, i.e., there is ¢ € IN with
2¢ = p'/5. By Lemma 2.8, we can generate these variables with a seed of
length 2(¢ 4+ log C) + O(1) = O(logb). Now, we add each element i with
Xe(iy = 1to L. Then, for each set S; with } s, X.(;) = 0, we add the element
i € S; to L. By the above reasoning, £ is a hitting set of expected size
O(nb=1/5).

MPC Algorithm It remains to discuss the MPC implementation to prove
Theorem 3.6. In the following, we say that something can be efficiently
computed if there exists a deterministic MPC algorithm running in O(1)
rounds with local space = O(n’), global space O(npoly(b)), and using
O(n - poly(b)) total computation. In the preprocessing step, we add all
elements which are contained in at least b? sets to the hitting set and remove
all sets which contain at least one such element from consideration. The
preprocessing step requires computing for each element how many sets it is
contained in. This can be done efficiently by using the colored summation
primitive.
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Next, we explain how to efficiently construct the graph Gy, ict- We generate
the edges of Geonfiict in two steps. First, each set S = {e1, es,...,¢,} creates
(g) entries {{e;, e;}: i # j € [b]}. This can easily be done with poly(b) global
space per set and min(S, poly(b)) local space in O(1) rounds by using the
primitives of Lemma 2.5. Hence, we can efficiently generate all these edges in
parallel. Afterwards, we use the duplicate removal procedure of Lemma 2.5
to remove duplicate edges.

As Geonfrict has maximum degree b3, we can use Lemma 2.12 to efficiently
compute a coloring of Gepfiict With C = O(b° log?n) = poly(b) colors.
As before, we denote with ¢(i) the color assigned to the i-th element. For
0 :=log,(b'/%),let H = {h: [C] — {0,1}} be a family of 2-wise independent
hash functions of size at most 22(/+1°8€)+0(1) = poly(b) such that evaluating a
function from H takes time poly(¢,1log C) = poly(logb) time, by Lemma 2.8.

For each function i € H, we define a hitting set £}, as follows. First, each
element i with h(c(i)) = 0 is contained in L£;, where h(c(i)) denotes the
length-/ bit sequence for c(i) by the corresponding integer in {0, ..., ¢ —1}.
Moreover, if for a given set S; no element contained in it was added in
the first step, then we add element i to £;,. The discussion above implies
that there exists at least one hash function & € H with |£;,| = O(nb~1/5).
Using Lemma 2.5, it is easy to see that for a single hash function € H, we
can efficiently compute £, and its size. As H only contains poly(b) hash
functions, this implies that we can efficiently compute L, for every h € H.
After we have done this, we can output the smallest hitting set L. As
remarked above, £+ has size O(nb~'/%), which finishes the proof.

3.4 Connectivity Algorithm

In this section, we discuss the necessary changes to the randomized connec-
tivity algorithm of Behnezhad et al. [13] and its analysis, in order to prove
the main result of this section. The deterministic approximate matching from
Section 3.3.1 is used to replace steps 5 and 6 of Algorithm 2 of [13]. The
same modification was already done by [22] and they showed that the total
number of vertices drop by a constant factor, assuming that no isolated vertex
exists. Hence, by applying this modified algorithm O(log log% n) times, one
can in O(loglog. 1) rounds ensure that m > nlog® n, for a given constant
C. Moreover, all the steps of the modified deterministic algorithm can be
implemented by invoking the primitives of Lemma 2.5, which in particular
ensures that the algorithm can be implemented with total computation O(m).
Thus, it remains to prove that Algorithm 1 of [13] can be implemented de-
terministically with the same asymptotic complexity and using O(m) total
computation, assuming m > n logc(n) for a sufficiently large constant C. To
this end, Coy and Czumaj proved the following lemma.
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Lemma 3.8 (Lemma 6.3 of [22]) Let S; denote the set of saturated vertices at level
i after Step 2 of the RELABELINTRALEVEL routine in [13], let L; denote the set of
selected leaders at level i after Step 3 of the same execution of RELABELINTRALEVEL,
let B; denote the budget of vertices at level i, let b(v) denote the budget of vertex v,
and let vy, e be arbitrary constants such that 0 < <y,e < 1. If we make the following
modifications to RELABELINTRALEVEL:

o set Biiq = Bi- (min{B;,n})’4,
* replace Step 3 of RELABELINTRALEVEL with any MPC algorithm that in O(1)
rounds selects O (( 15

min{B;n})7
or deterministically, and

> leaders for each level i with high probability

e replace the budget update rule in Step 4 of RELABELINTRALEVEL with

b(v) = b(v) - (min{b(v), n})""%,

then the connectivity algorithm of [13] remains correct with the same asymptotic
local and global space complexity.

We prove the same result as the above lemma using the deterministic hitting
set algorithm from Section 3.3.2. The main technical challenge will be to
ensure that our procedure, which adds a polynomial factor (in b) increase in
the memory and computation required, can be run in parallel using linear
global space and total computation.

Lemma 3.9 Let ¢ > 3 be the smallest integer such that both the global space and
the total computation required by the algorithm from Theorem 3.6 are bounded by
n-b°, and let ¢ = 6/c so that n®¢ < n°. The same result as that of Lemma 3.8 can
be achieved with the following modifications to RELABELINTRALEVEL:

o set Biiq = Bi- (min{B;, n}),
e replace Step 3 of RELABELINTRALEVEL with any MPC algorithm that in O(1)
ISi]
rounds selects O ((min 1B Ty
or deterministically using at most n¢ global space and total computation, and

) leaders for each level i with high probability

* replace the budget update rule in Step 4 of RELABELINTRALEVEL with
b(v) = b(v) - (min{b(v), n})%,

and by replacing the initial budget (%)1/2 assigned to each vertex with (%)UZC in

Algorithm 1 of [13]. Then, the connectivity algorithm of [13] remains correct with
the same asymptotic local and global space complexity. Moreover, the resulting total
computation is O(m).
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Proof We need to show that all claims and lemmas involving the modified
steps of Algorithm 1 of [13] do not affect its correctness nor its bounds
on local and global memory. As in [22], we prove the following three key
properties:

i) for any vertex v, £(v) never exceeds O(loglog,, ,, 1) (cf. [13, Lemma 15]),
ii) the global space used is O(Sgjopar) (cf. [13, Lemma 17]),
iii) the sum of the squares of the budgets is O(Sgjopar) (cf. [13, Lemma 21]).

i) Recall that the budget of each vertex is increased as ;11 = B; - (min{pB;, n°}) %

and that B = (%)1/ % Since the budget of any vertex cannot exceed n,
we have that there are at most O(loglog,, ,, ) levels as required.

ii) Let n; denote the number of vertices which ever reach level i over the
course of the algorithm. In the proof of Lemma 17 of [13], it is shown
that the total sum of the budget increases throughout the algorithm is
O(m), namely

i=1
We extend this claim and prove that the total sum of the global space

used by all hitting set instances over all iterations of the algorithm is
bounded by O(m), that is

L
Y B§-ni = 0O(m).
i=1
Analogously to [22], we first show that ¢ 11 Mip1 < B§ng Specifically,
the number of vertices at level i removed from the graph (i.e., not
marked as a leader) per vertex marked as leader is at least:
1Si\Li| _ 1Sil = [Li| _

Ll L Q ((min{p;, n})") > (min{p;, n})7/2.

It then follows that
Bii1 - niy1 = ([31' - (min{p;, ”e})%)c Mjt1
< (B¢ (min{B;,n*1)?) (ni(min{Bi,n})~"2)
< B -ng.

Using the fact that the maximum possible level for a vertex is L =
O(loglogn), we obtain

M=

=

Bi-mni < L-(By-no) < O(loglogn) - G) T
i=1
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1
where the last inequality comes from the fact that o = (Z)*. Note

that we can assume that m > nlogzoc(n) and therefore each vertex
has an initial budget of By = (m/1)/% > 10og'’(n) > O(loglogn), as
required by Theorem 3.6. This yields

1

O(loglogn) - (%)7 n < (:’;); : (m)% -n = 0(m).

n n
iii) Follows by the same line of reasoning as in property (ii).

By the choice of ¢, repeating the same calculations as in property (ii) proves
that the total computation required by running our deterministic hitting set
algorithm over all instances in each iteration of the algorithm does not exceed
O(m). Moreover, Lemma 2.5 implies that all the other steps of the algorithm
can be implemented with total computation O(m). O

We are now ready to prove Theorem 3.1. We apply Lemma 3.9 using our
Hitting Set for Leader Election algorithm from Theorem 3.6 setting v = %

(Note that m > nlog®(n) for a sufficiently large constant C implies By >
log10 n). Then, it follows directly from Lemma 6.4 of [22] combined with
Lemma 3.9 that copies of our hitting set algorithms can be run in parallel,
for each possible level and in a constant number of rounds, within optimal
global space and O(m) total computation. Thus, we proved that all relevant
aspects of the proof of correctness have been adjusted in comparison to [13,
22]. Finally, as noted in [22], our extension of Lemma 15 in [13] proves
that the number of iterations remains asymptotically the same and that
the deterministic algorithms replacing the O(1)-round random sampling
approach take asymptotically the same number of rounds. Thus, we conclude
that the round complexity is not affected.



Chapter 4

Deterministic MPC Algorithms for MIS
and MM

We study the deterministic complexity of MIS and MM in terms of the
arboricity in Massively Parallel Computation with strongly sublinear memory.
Our O(loglogn)-round algorithm that reduces the maximum degree to
poly(A) is presented in two parts. In Section 4.1, we derandomize a key
degree-reduction primitive by Barenboim et al. [9] which is plugged into the
pipeline framework of Ghaffari et al. [35] (Section 4.2) to obtain our result.
In the near-linear global memory regime (Section 4.3), we give the first
O(logn)-round deterministic algorithm for the problems of MIS and MM.
We further improve this bound to O(log?logn) for poly(log n)-arboricity
graphs and O(loglogn) for graphs with arboricity at most logo(l) log n.
Finally, in the super-linear global memory regime (Section 4.4), we get a
round complexity of O(log A + loglog n) by combining our degree reduction
with a result of Czumaj et al. [25].

4.1 Arboricity-Based Degree Reduction

In this section, we present a fast degree-reduction algorithm based on the
derandomization of the LOCAL arboricity-based degree reduction due to
Barenboim et al. [9]. In a nutshell, this algorithm works in constant-round
iterations. It appoints a set of high-degree nodes with many low-degree
neighbors and let low-degree neighbors with certain properties mark them-
selves with a probability that depends on the current maximum degree.
Marked nodes join the MIS if a marked node does not have any marked
neighbor. Similarly, in the MM case, a low-degree node sends a matching
proposal to a random high-degree neighbor, which accepts one arbitrarily.
The pairwise analysis and its subsequent derandomization shows that in
each iteration the number of high-degree nodes shrinks deterministically

33



4. DEeTERMINISTIC MPC ALGORITHMS FOR MIS AND MM

34

by a factor A and that only a constant-hop neighborhood around (good)
high-degree nodes is involved.

4.1.1 LOCAL Algorithmic Primitive

As the first step, we describe our LOCAL algorithm ArBs-ALG that adapts the
arboricity-based degree reduction from [9]. We will prove the following:

Lemma 4.1 Let A = O(n°). Suppose the input graph G has arboricity at most A
and maximum degree at most A > poly(A). Let Hg := {v : deg(v) > VA}
denote the set of high-degree vertices in G. There is a LOCAL algorithm (ARB-ALG)
that in expectation computes an independent set I (or a matching M) of G such
that |Hg| < |Hgl|/A, where G' is the subgraph of G where vertices in T and their
neighbors (or matched vertices in M) are removed. The algorithm has r = O(1)
round complexity and the following properties.

1. Let H* denote the r-hop neighborhood of Hg. The algorithm involves only
(a subset of) nodes at distance at most r from Hg. Then, vertices outside H"
will stay in G', and their degrees in G’ are unchanged.

2. The state description and (random) seed for each vertex in each round have
length at most polylog(n) bits. The overall information exchanged with
neighbors, the space usage for computing the new state of vertex v, and the
messages sent from v consist of at most deg(v) - poly log(n) bits.

The algorithm has two phases: a preparation phase in which a subset of
low-degree nodes is selected, and an MIS and MM phase in which low-degree
nodes selected in the previous phase form a partial solution. We next present
each of these two phases and discuss their derandomization in Section 4.1.2.

Preparation Phase Let G be the graph under consideration and let H =
{v € V| deg,(v) > V/A} be the set of high-degree vertices. The algorithm
partitions H into three subsets 7, Hgad, Hcood and identifies a subset S C V
consisting of low-degree nodes that are incident to H. Then, it will select a
subset Sgood € S of good low-degree nodes.

Let 7 = {v € H| degy(v) > deg(v)/2} be the set of (high-degree) vertices
that have a majority of their neighbors in H. Roughly speaking, vertices in J
have too few low-degree neighbors and are thus removed from consideration.
It follows that any node v € H’ Ly \ J has deg ;(v) = degs(v)/2 >

V/A/2 since at most deg(v)/2 of its neighbors can be in H. The set H' is
further split in Hgag and Hcood-
Let each node v € H' discard all but 2 - A%® edges such that degy y(v) =

2. A025, Accordingly, let E be the set of remaining edges crossing the cut
(H,V\ H) and define S = {u | v € H and {u,v} € E} to be the low-degree
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neighborhood of H' with respect to E. We now define the subsets Sgooq and
Hpga.d, Hgood meeting the following conditions, where g = A0025,

Good Low-Degree:  Good S-nodes have less than  neighbors in H' and less
than B2 neighbors in S, i.e., Sgood = {1 € S | degz(u) < B,degq(u) < p*}.
Nodes S \ Sgood can be ignored for the rest of the algorithm.

Good High-Degree: Good H-nodes have at least A%* good neighbors in
S, ie., Hgood = {U € H' | degs...5)(0) 2 AO'ZS}, where degs_ 7 (v) de-
notes the degree of v in the respective subgraph. Then, Hgag = H' \ Heood-

Further, let each vertex v € Hgooq select exactly A% nodes among its
SGood Neighbors arbitrarily and discard the other edges incident to v. Then,
since the maximum degree in the graph induced by Sgooq is less than 2,
the neighborhood of v contains a subset T(v) C (Sgood N N(v)) of at least
A%2%/ B* nodes, each pair of which is at distance at least 3 with respect to
Scood- We greedily select T(v) by letting every Sgooq-node send its neighbor-
hood in S to each of the at most B nodes in Hgooq it is incident to. Using
this information, v can compute T (v) locally. Note that the total information
exchanged in this step is only ¥ ,cpr A%% - B2 < |H'| - v/A = O(m). This step
concludes our preparation phase.

We obtain that the number of bad nodes that are in either 7 or Hg,q is upper
bounded by %, which follows immediately from [9, Theorem 7.2]. Thus,
in the next phase, we focus on removing all but a g fraction of Hgooq Nodes.
In particular, each node u € Uyep,, , T(?) € Scood Will take active part in
the MIS (MM) algorithm to remove neighboring Hgooq nodes.

MIS and MM Phase We analyze a simple random sampling approach that
uses limited independence to build an independent set Z (matching M) on
the vertex set Sgood- We prove that as a result of this randomized process
every Hgooq-node is removed from the graph, i.e., neighboring a vertex in
the independent set or matched, with probability at least 1 —1/A(1). This
implies that at most a A2D) fraction of Heoog-nodes survive in expectation.

Independent Set: We sample each node u € Sgooq With probability p = 1/8°
using pairwise independent random variables. Then, u joins the MIS 7 if
none of its (at most %) neighbors in Sgeoq is sampled. Consider now an
arbitrary node v in Hgood. Let {XM}uET(v) be the random variables denoting
the event that u joins 7 and define X = }_, c7(,) Xu to be their sum. We have

Pr[X, = 1] > Pr[usampled] — Y Pr[u, u’' sampled] > p — B*p?, (4.1)
1 €Ng(u)
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where the second inequality follows from pairwise independence. It follows
that the expected number of neighbors of v in the MIS is at least

025

EX]= ) PrX,=1]>—- 5 (p—PB?p )
ueT(v)

Next, we apply Chebyshev’s inequality (Theorem 2.9) to prove the following

upper bound on the probability that v has no neighbors in Z:

VarZ[X] < 5 '

Iz B
For any two vertices in u,u’ € T(v) we have that E[X,X,/] < p? by pair-
wise independence and disjointness of the 1-hop neighborhoods of u and

u'. This together with Eq. 4.1 gives the following bounds on Var[X,] and
COV[XM, Xu/] .

Pr[X = 0] < Pr[|X — E[X]| > E[X]] <

Var[X,] = E[X{] - E[X.]> < p - p*(1 - p?p)* < {r <)
Cov[Xy, Xy] = E[X,X,] — E[X,]E [ w] <pPP—p <1—ﬁ ’p)?
§2ﬁ2}?3

Then, let us simplify the subsequent calculations by observing that

0.25\ 2 0.25\ 2
#=<%4>~@—Wff2;<%4>-ﬁ {r <)

Thus, by applying Theorem 2.9 and plugging in the above bounds, we get

Var[X] < ZweT(v) Var[xw] + Zw,w’eT(v) COV[Xw/ Xw’]
W u?
2ﬁ4 1 2[%7
SA025 —F4B%p A025+B B

where the last equality follows from our choice of p = 1/ and g = A%0%,
We conclude that the expected number of Hgooq-nodes that do not have a
neighbor in the MIS, and therefore survive to this phase, is at most 5| Hgood |/ B-
Combined with the upper bound on J and Hpg,g from [9], the expected
number of remaining high-degree nodes is at most

5A|H| 5|HGood| 10)\|H|
+ < .
p p—A p p—A
Since B = A%9?° > poly(A), the number of high-degree nodes is reduced by

a factor A®(). Thus, after O(1) repetitions of this two-phase procedure, the
number of remaining high-degree nodes is at most |H|/A in expectation.

|«7|+|HBad|+ - |Heood| <
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Matching: Similarly, our goal is to find a matching M that matches all but
Hgood/ AV good high-degree nodes in expectation. We run the following
randomized process. Each u € Sgood chooses an edge {u,v} with u €
T(v) uniformly at random and proposes to v that {u, v} is included in the
matching. Any v € Hgooq receiving a proposal accepts one arbitrarily.

A node v € Hgood has at least |T(v)| neighbors u € Sgooq With deg Scond (u) <

. Thus, the number of proposals that v receives in expectation is at least
prop P
A0‘25

|T(v)| /B = faa Using Chebyshev’s inequality for pairwise independent
random variables (Corollary 2.10), we directly obtain that v is unmatched
with probability at most % Note that the calculations are simplified as
the matching proposal of each Sgood-node does not depend on that of its
neighbors. As in the case of MIS, the overall number of high-degree nodes is
reduced by a factor A by repeating this procedure O(1) times.

Algorithm Properties: Let us now turn our attention to the two properties of
Lemma 4.1.

1. Property 1 is proved by observing that low-degree nodes in Z (resp.
M) are at distance exactly one from Hgood, meaning that nodes at
distance at least three are not removed from the graph and thus the
degrees of nodes at distance at least four from Hgooq remain unchanged.
Moreover, since the algorithm requires O(1) rounds and it is repeated
a constant number of times, the overall running time r is O(1).

2. Property 2 follows from the fact that the size of the messages exchanged
in the two phases is at most deg(v) - poly log(n) for all vertices.

4.1.2 Derandomization and MPC Implementation

We present separately the derandomization of a single run and multiple runs
of the algorithm ARrB-ALG from Lemma 4.1 in low-memory MPC.

Single Run Derandomization Our goal is to turn ArRB-ALG into a fully-
scalable deterministic algorithm with the same guarantees using O(log A +
loglog ) random bits per run. The central observation is that the randomized
steps of vertex sampling and matching proposal need 2-wise independence
only among nodes in T(v) and their neighbors in Sgeod, for every v € Hgood-
We legally color a conflict graph on nodes in Sgood in O(1) rounds, where
every two dependent nodes are incident to each other. Specifically, we use
O((A")?log? n) colors, for some A/, and assign distinct colors to nodes at
distance! at most four. The conflict subgraph of G is constructed as follows.

1Here, the distance between two vertices in Sgooq is with reference to the subgraph on
the nodes Sgood U Hgood including edges with both endpoints in Sgeoq and the union of the
relevant edges for each high-degree node, that is, Uy g oq Uner (o) {4, 0}
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Every v € Hgood adds an edge between each pair of vertices in T(v) U
Ns(T(v)), i.e., the inclusive neighborhood of T(v) in S becomes pairwise
connected. The number of edges that each node v adds is at most

5 A025 7025 ) 2 05
[T(v) UNs(T(0))|” < (54 + g (B~ — 1)) <A™ < deg(v),
which is within our memory constraints and fits into the memory of a single
machine. Then, the resulting degree of each node u € Sgooq is at most

3 ﬁ 0.25
degg(u) + Z T(v) + Z degg(w) | < B+ B T A

v€Hgood NN (1) weT(v) ﬁ
Thus, every Sgood-node has degree at most A’ = A%2 in the augmented graph
and can compute an O(A0'5 log2 n) coloring of Sgooq-nodes in a constant
number of rounds using Lemma 2.12. This concludes our coloring stage.

Next, we use the assigned colors as vertex IDs for the derandomization step.

We map the set of C Cl:dO(A% log? 1) colors to {0, 1}*, for some integer k > 0,
using a 2-wise independent hash family. Without affecting asymptotic results,
we assume that 1/p is a power of 2, i.e., there exists ¢ € N with 2/ = B.

Independent Set: Let H = {h: [C] — {0,1}3/} be a family of 2-wise indepen-
dent hash functions of size at most 2008 A+loglogn) — O (poly(n?)) = O(n%),
for a suitable choice of §, by Lemma 2.8. Every function & € H induces an
independent set Z;, defined as follows. If a vertex v € Sgooq With hi(c(v)) =0
has no neighbors w € N(v) N Sgood With h(c(w)) = 0, then we add v to Z,,.
Then, each machine locally computes the number of Hgoo4-nodes that have
no neighbors in 7 for every hash function h. By the above analysis, there is
one hash function #* € H with |Hgood \ N(Zy+)| < 5|Hcood|/B. We aggregate
these numbers across machines for every hash function and select one such
h*. Then, we add Z;+ to Z and remove nodes in Z;« U N(Z+) from the graph.

Matching: The procedure is analogous to the one above for MIS. Let H =
{h: [C] ~ {0,1}'} be a family of pairwise independent hash functions. Each
h € H defines a matching M, as follows. Each v € Hgoog selects an arbitrary
neighboring vertex u € T(v) with h(c(u)) = v. Note that # can map in an
arbitrary but consistent manner values in [ — 1] to its neighbors’ IDs. Then,
each machine locally computes the number of Hgood-nodes that remains
unmatched. We aggregate these numbers and find one hash function #* € H
with |Hgoeod \ M| < 5|Hgood|/B. We add the edges in My;: to the matching
M and remove matched nodes in M- along with their edges.
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Algorithm Properties: 'While Property 1 follows directly from the same argu-
ment as in the proof of Lemma 4.1, the size of the messages exchanged in the
coloring step is deg(v) - poly log(n) for all vertices except for a subset of ver-
tices in Sgood for which the degree in the conflict graph of the coloring phase
is O(A%%), which may be larger than their degree in G. Therefore, the infor-
mation exchanged at each node is at most max{A®%%, deg(v) - polylog(n)}
bits. The number of edges in the conflict graph is O(m) since every high-
degree node v was responsible for the creation of O(deg(v)) many edges.
With this information, each vertex can then compute its color by exchanging
messages of length at most poly log(n) along every edge. Therefore, the total
space needed is O(n 4+ m). Then, the state of each vertex is determined by
the bits specifying h*, i.e., the chosen hash function, of size O(logn). Lastly,
communicating whether a vertex is in Z (resp. M) requires O(1) bits.

The following lemma summarizes our discussion in this paragraph.

Lemma 4.2 The LOCAL algorithm ARB-ALG can be simulated in O(1) rounds on
an MPC with low-memory with the same guarantees as that of Lemma 4.1 such that
the number of high-degree nodes in G decreases by a factor A deterministically.

Multiple Run Derandomization Let Gy be the graph under consideration.
We assume that every node has collected into one machine its dr-hop neigh-
borhood in Gy and that we are given a proper coloring ¢: V +— [C] of G§ in
input, for which it holds that d - log C = O(6log ). Recall that in G§ nodes at
distance at most 8 in Gy are adjacent to each other. Observe that the coloring
y remains valid throughout the cd simulations of ARB-ALG since edges can
be only removed. We will discuss how to obtain the coloring ¢ later.

With these assumptions, our goal is now to show that cd executions of ArB-
ALG can be simulated in O(c) MPC rounds for some positive constant c. We
group the cd runs of ARB-ALG into ¢ stages consisting of d runs. We first show
that each stage can be implemented deterministically in a constant number
of rounds in the MPC model, using O(n?*) space per machine and O(n + m)
total space. Then, we discuss how to execute ¢ stages sequentially, interleaved
by a constant-round coordination step between any two consecutive stages.
For simplicity, we first consider the MIS case and later extend it to MM.

Implementing one stage: For each execution we employ a 2-wise independent
family H, which maps [C] to {0,1}3¢ with £ = O(log A). Each hash function
from H requires O(log C + log A) bits to be specified. To simulate d execu-
tions at once, we consider a sequence of hash functions h;y, ..., h; that can be
specified using d - O(log C +log A) = O(dlogn) by choosing d = O(log, 1).
Hence, all possible sequences hy, ..., h; of d hash functions from H can be
stored and evaluated on any single machine.
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Therefore, for every high-degree node v, we distribute to the machine desig-
nated to v the entire family H of pairwise independent hash functions. Let
G; denote the graph obtained after the i-th simulation, 0 < i < d; we will
construct Gy, ..., G iteratively. The randomized algorithm at simulation i
takes in input k; chosen i.u.r. from H and runs ARB-ALG on G;_;. The new
graph G; is obtained from G;_; by removal of Z;, U N(Zp,,).

To derandomize these d simulations, each node considers all possible se-
quences of hash functions hy, ..., h; from H. The number of such sequences
is |7—[|d. We go through all sequences of hash functions h = (hy, ..., h;) from
H and find independent sets 7, , ..., Z;, for each sequence. Let M be the
union of the independent sets found in the d executions for the sequence
of hash functions h. Let G" be the graph G, obtained at the end of the
simulations using sequence h. At least one sequence h ensures that the
resulting graph GM has at most ng/ Ag high-degree nodes, where nj is the
number of high-degree nodes in Gg. Our algorithm will select the sequence
h* that minimizes the number of high-degree nodes in the resulting graph
G", and will output G and Z"" to the next stage.

Further, we prove by induction that every high-degree node v € Gy can
determine whether it is still of high degree after d executions of ArRB-ALG
for a fixed sequence h of hash functions, solely based on the (dr)-hop neigh-
borhood of v in Gy. For the base case of d = 1, each high-degree node v
simulates ARB-ALG and finds its set of relevant low-degree neighbors T (v)
for the current simulation. Then, node v must check whether h1(u) = 0
and hy(u’) # 0 for any u € T(v) and u' € Ng_, (1) in Gy, in which case
v € Ng,(Zy, ). Similarly, every low-degree node u adjacent to a high-degree
node can detect whether it is part of (or incident to) the independent set Z,,.
Specifically, node u can simulate ARB-ALG and learn this information using
the knowledge of its r-hop neighborhood.

For the j-th execution, by induction, every node knows the topology of its
(rd — r(j — 1))-th hop neighborhood in G;_;. Recall that every execution of
ARB-ALG takes r LOCAL rounds. Since r(d — (j — 1)) > r, for j < d, every
node v can simulate the j-th execution of ArRB-ALG in G;_; and determine
NGH (v) N (Zy; U Ng,_, (Zy;) ). Hence, v can also compute its degree in G;.

Therefore, for every node v, we run on the machine storing v the algorithm
above: for every sequence h of hash functions from H, check whether v €
" U N(Z") and compute its degree in GR. We can aggregate this information
efficiently and find a sequence of hash functions h* that minimizes the
number of high-degree nodes in G Such sequence of hash functions is
used to define the independent set I . As a result, the obtained graph G
has at most 19/ Ad high-degree nodes as desired.
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Coordination step: It remains to prove that the above simulations can be
repeated c times, resulting in the executions of ¢ - d runs. To achieve that, it
is enough to maintain updated the dr-hop neighborhoods at the beginning
of each stage. Suppose that a node u knows its dr-hop neighborhood at the
beginning of a stage in graph Go. Notice that G; is obtained from Gg by
removing Z« U N(Zy- ). Therefore, to update the dr-hop neighborhood of u
in Gy, it suffices that u knows all nodes in its dr-hop neighborhood in Gy
that are in Zj« U N(Zj+). This can be easily achieved in a single MPC round
by letting every node v € Zj» U N(Zj+) send whether it is part of the current
solution to all nodes in its dr-hop neighborhood in Go.

Extension to Matching: The same approach can be easily extended to maxi-
mal matching by running the matching version of the algorithm ArBs-ALG.
Therefore, we obtain that ¢ - d executions of ARB-ALG can be simulated de-
terministically using O(n*) space per machine and O(n + m) total space;
provided a coloring 1 as defined above and that each node knows its dr-hop
neighborhood. Accordingly, we get a matching M, induced by a hash
function sequence h* from #, that reduces high-degree nodes to 19/ A§".

Let us summarize the above discussion in the following Lemma.

Lemma 4.3 Let G denote the input graph, A denote its maximum degree, and 1 be
a given proper vertex-coloring of G8 with C colors such that d - log C = O(6logn).
Assume that every node in G knows its rd-hop neighborhood in G for some positive
integer d = O(log, n). Then, there exists a strongly sublinear MPC algorithm that
simulates cd executions of the LOCAL algorithm ARB-ALG in O(c) rounds with the
same guarantees as that of Lemma 4.1 such that the number of high-degree nodes in
G decreases by a factor A deterministically.

4.2 Pipelining of Arboricity-Based Degree Reduction

In this section, we present a low-memory MPC algorithm that reduces the
maximum degree of G to poly(A) in O(loglogn) rounds for any input
graph G with maximum degree A = O(n’) and arboricity A. We refer to
this algorithm as ARB-ALG PIPELINED and is summarized in the following
theorem.

Theorem 4.4 There is a strongly sublinear MPC algorithm (ARB-ALG PIPELINED)
that given a graph with arboricity A and maximum degree A = O(n®) deterministi-
cally computes an independent set T and a matching M such that every node in the
resulting subgraph G' has degree at most poly(A), where G’ denotes the subgraph of
G where vertices in I and their neighbors (or matched vertices in M) are removed.
The algorithm takes O(loglogn) MPC rounds and uses O(n“) local space, and
O (m + n) total memory.
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Our approach builds upon the work of [35] that introduces a key pipelining
technique. Their pipeline consists of multiple concurrent simulations of
the randomized LOCAL arboricity-based degree reduction of [9] combined
with graph exponentiation. In the previous sections, we showed that such
LOCAL algorithm can be derandomized and multiple executions of it can be
efficiently simulated on a low-memory MPC. We now adapt their pipeline
framework to the deterministic version of (roughly) the same algorithm.
In the following by ArRB-ALG we refer to the deterministic version of such
algorithm obtained by Lemmas 4.2 and 4.3 .

Partial LOCAL simulation and MPC derandomization As introduced in [35],
the first ingredient for pipelining multiple executions of a LOCAL algorithm,
which involves only some parts of the graph, is the LOCAL simulation with
incomplete information. As the current phase progresses and more vertices
become irrelevant in the current phase, we can start running the next phase
on the vertices that are no longer participating in the previous phase. When
running phase ¢, vertices that have not finished their computation in previous
phases 1,2,...,¢ — 1 are called pending. As the state of pending vertices at the
start of phase / is still unknown, the messages sent from these vertices are
temporarily marked as pending. If a vertex receives a pending message, also
its state becomes pending and so on. Thus, when running phase /¢, we are
only able to simulate the behavior of non-pending vertices. As earlier phases
terminate for some vertex, the state of this vertex in phase ¢ becomes known.
This allows us to remove the pending marks and resume the computation of
phase /. The authors in [35] give the following simple observation:

Observation 4.5 ([35]) Define a LOCAL algorithm A’ that is the same as A except
for the following additional rule: the messages sent from a pending vertex are marked
as pending, and a vertex receiving a pending message becomes pending. If vertex v
has no pending vertices in its R-hop neighborhood, then v’s state after R rounds of
A’ is non-pending, and is the same as its state in A after R rounds.

Using this observation, we adapt ARB-ALG to account for the possibility of
having pending vertices throughout its executions. We remark that ArB-ALG
in MPC is equivalent to its randomized execution in LOCAL where every (non-
pending) node makes its random decision according to the hash function
that MPC machines agreed upon. Thus, we can combine observation 4.5 with
Lemmas 4.2 and 4.3 to obtain the following statement.

Corollary 4.6 Let ng be the number of non-pending vertices whose (r - cd)-hop
neighborhood does not contain any pending vertex in G. The simulation of cd
executions of the LOCAL algorithm ARB-ALG can be done in O(c) rounds on an
MPC with low-memory under the assumptions of Lemmas 4.2 and 4.3 such that ng
is reduced by at least a factor A°® deterministically.
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Moreover, we need the following lemma, which is equivalent to Lemma 5
of [35], to reduce the space usage of MPC simulations. When simulating
R LOCAL rounds of ArB-ALG if we somehow know a subset U of vertices
that will be eliminated by ArB-ALG then we only need to collect v’s R-hop
neighborhood in the induced subgraph G[V \ U] along with the messages
sent from U when they are alive.

Lemma 4.7 Suppose the algorithm ARB-ALG runs on an input graph G = (V,E),
and Uy C V is the set of vertices that are eliminated during the execution of ARB-
ArG. Let U C Uy, and v € V \ U. Then, we can simulate the behavior of v for the
derandomization of d executions of ARB-ALG, provided that we have information of:

1. The dr-hop neighborhood of v in the induced subgraph G[V \ U].
2. A coloring 1 as defined in Lemma 4.3.

3. The complete communication history along every edge (u,w) € E where
u € U and w belongs to the neighborhood defined in Item 1, until u gets
eliminated by ARB-ALG.

Proof Using the complete information history, every vertex v deduces the
state of each node in its dr-hop neighborhood. By doing that, vertex v can
check whether there are any pending vertices in its dr-hop neighborhood.
Similarly, if node v was marked pending at some earlier iteration, by using the
communication history of nodes that are not present anymore at the current
iteration, v can maintain its dr-hop neighborhood updated and resume the
execution of the current phase. Provided that there are no pending marks in
the dr-hop neighborhood, node v can simulate ArRB-ALG by Corollary 4.6. [

Pipelined Algorithm Let A, := Al/zl, where A is the maximum degree of the
input graph. The unpipelined algorithm sequentially runs L = O(loglogA)
phases, where phase (, for £ € [L] runs ArB-ALG for O(log,, 1) times with
degree parameter A,_;, and reduces the maximum degree from Ay_; to A,.

The pipelined MPC algorithm runs in O(loglog n) iterations, each taking O(1)
MPC rounds. In each iteration, there are multiple phases concurrently being
simulated by the MPC algorithm. The start of phase ¢ and that of £ 4-1 are
interleaved by a short lag t = O(1). This means that the simulation of phase ¢
starts at iteration j = (¢ — 1)t + 1, by running INTTIALIZE(/). It is convenient
to denote the current iteration j by j = (¢ — 1)t +i withi > 1, i.e, j is the i-th
iteration since the start of phase /. In each iteration j, the algorithm performs
subroutines SIMULATE(/, j), UPDATE, and ExraND(/,j), concurrently for all
active phases / (i.e, phases that have already started). The pseudocode for
this procedure provided below is precisely the same as [35, Algorithm 1].
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Algorithm 1 Structure of the pipelined MPC algorithm

Number of phases L = O(loglog A).
Lag parameter t = O(1).
for iteration j <— 1,2,...,0(loglogn) do
Let L,ctive be the number of phases that have already started;
if j= (¢ —1)t+1 for some ¢ € [L] then
INTTIALIZE({) (Phase ¢ starts in this iteration)

SIMULATE(?, j) for all £ € [L,ctive] concurrently
UPDATE
ExpanD(/, ) for all £ € [L,ctjve] concurrently

In the following, we include the algorithm explanation and the proof steps
of [35] for completeness with the a few changes for their derandomization.
In iteration j, concurrently for each active phase ¢, SIMULATE(Y, j) performs
(part of) the LOCAL simulation and its derandomization, and removes the
matched vertices (or the independent set and its neighbors) from the graph.
After removing the vertices, in UPDATE we compute the degrees of vertices in
the remaining graph, and update some other information. Then, ExpAND(¥, f)
performs one graph exponentiation step and doubles the radius of the neigh-
borhoods stored in memory. We set an upper bound ©O(log,, 1) on the
number of graph exponentiation steps performed in phase /. Note that
when expanding the neighborhood we may encounter pending vertices. Even
though their degrees may not be upper bounded by A,_;, we include them
in the graph exponentiation process as well.

Let G(j) denote the subgraph induced by the remaining vertices at iteration
j- Let Hy(j) denote the set of vertices v with degg;(v) > Ay, and let
H;/ (j) be the r-hop neighborhood of Hy(j) in graph G(j). From Lemma 4.1
(Property (1)), we observe that vertices outside H, (j) are not affected by
phase 1,2,...,7 in the following iterations j+ 1,7 +2,.... At the end of
iteration j, we maintain the following invariants for all active phases /.

Property 4.8 Let d; := 2r and s := [10/8]. At the end of iteration j, we have:

1. (Number of finished LOCAL executions) For every v € H; (j — 1), if
there is no u € Hf |(j — 1) satisfying distHZ(j_l)(u,v) < sd; - r, then we
have computed v’s state after sd; executions of ARB-ALG in phase /.

2. (Radius of collected neighborhoods) For every v € H;/ (j), we have
collected the following information into one machine:

a) The d;-hop neighborhood of v in graph H/ (j).

b) The communication history during phase ¢ along every edge (u,w),
where vertex u ¢ H/ (j) was eliminated during phase ¢, and w belongs
to the neighborhood defined in (a).
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Next, we describe how to implement INITIALIZE(/), SIMULATE(Y, j), UPDATE,
ExpanD(¥, j) initeration j = (¢ — 1)t +i using O(1) MPC rounds and maintain
property 4.8.

Lemma 4.9 Assume property 4.8 holds at the end of iteration j — 1, for j = (¢ —
1)t 4 i. We can implement SIMULATE(Y, j), UPDATE, EXPAND(Y, j) (concurrently
for all phases £ € [Lactive]) using O(1) MPC rounds so that at the end of iteration j,
property 4.8 holds for all phases ¢ € [Lactive]-

Proof Note that SIMULATE(Y, j) and ExpAND(Y, j) are independent across all
phases ¢ and can be executed concurrently.

* SIMULATE(Y, j). To maintain property 4.8 Item 1, it suffices to simulate
ARB-ALG for s - 2 times. We apply Lemma 4.7, with U being the set
of vertices u ¢ H; (j — 1) which were eliminated during phase ¢. By
property 4.8 Item 2, we already have the (d;_1)-hop neighborhood
of every vertex in H; (j — 1) (as well as the communication history
required by Lemma 4.7) stored into one machine.

Then, we compute a coloring ¢ of non-pending vertices in (H, (j —1))®
where vertices at distance at most 8 are assigned different colors, by
applying Lemma 2.12. Since d;_1 = r2i=1 > 162!, for r > 32, the
number of colors C used by ¢ is at most poly(A) ~log(i) n for i <
log™ n and at most poly(A) otherwise. In particular this implies that
2¢.log C = O(élogn), which satisfies the conditions of Corollary 4.6.

Thus, we can simulate s - 2’ executions of ArB-ALG for allv € H (j — 1)
in O(sd;/d;—1) = O(1) MPC rounds. When we simulate the behavior of
v in phase ¢, we also record its communication history. Since the degree
in phase £ is at most A,_;, messages have size O(A?_, - polylogn).

e UrpATE. After vertices are removed from G(j — 1) by SIMULATE(Y, j), let
G(j) be the induced subgraph of the remaining vertices, and compute
the vertex degrees in graph G(j). Then, for every ¢, delete from H,(j —
1) the vertices whose degree dropped to < Ay and the ones that got
removed, and obtain Hy(j). Then similarly obtain H, (). We also delete
these vertices from the stored neighborhoods.

e ExranD(/,j). To maintain property 4.8 Item 2, we perform one graph
exponentiation step in O(1) MPC rounds as long as AZ" = 0O(n"), i.e,
until the d;-hop neighborhood fits in the memory of a single machine.
This condition implies that we need to stop the neighborhood expan-
sion when d; = 12 = O(alog A, 7). However, executing ArB-ALG for
O(log,, n) times reduces the number of high-degree vertices by a fac-

Q(log,, 1) .
tor A, . Therefore, as soon as i = O(loglog,, n) for phase ,

non-pending high-degree vertices will be removed after O(1) iterations.
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To perform one step of graph exponentiation, every u € H, (j) requests
the neighborhood of every other v in the stored d;_;-hop neighborhood
of u. The new radius becomes 2d;_; = d;. Then it is easy to collect the
required communication history of vertices in this neighborhood. [

Lemma 4.10 At iteration j = (¢ — 1)t + 1, we can implement INITIALIZE({) using
O(1) MPC rounds so that at the end of this iteration property 4.8 holds for phase £.

Proof We apply Corollary 4.6 in phase ¢ to run ARB-ALG on non-pending
vertices for 2s times. This can be done in O(s) = O(1) MPC rounds with
O(n + m) global memory. Then, we collect the 2r-hop neighborhood of
vertices in H, (j) (and their communication history) in O(1) MPC rounds.C]

It remains to show that our algorithm runs in O(loglogn) and satisfies the
local memory and global memory constraints. The proof almost immediately
follows from [35]; we discuss the changes in their proofs that have to be made
in order to simulate the derandomized version of the LOCAL algorithm.

Theorem 4.11 ArB-ALG PIPELINED runs in O(loglogn) rounds, requires O(n®)
for storing the d;-hop neighborhood of each node, and uses O(n + m) global memory.

Proof Runtime: After ¢ - L rounds, all L = O(loglog A) phases have started
their simulation. Recall that in phase ¢ after log, n executions of Ars-
ALG, there are no remaining vertices with degree higher than A,. After
another O(loglogn) rounds, every phase ¢ has at least been running for
i > loglog,, n iterations. Since d; = (log,, n), each phase completes
in O(1) rounds if there are non-pending vertices. By a simple induction,
all phases terminate sequentially within O(loglogn) rounds, proving the
claimed round complexity. The maximum degree of the remaining graph
G(j+L—1)is at most A, = poly(A), as required.

Memory: We give only a proof sketch and refer to [35] for more details.
For every phase / at iteration j and for every node v € H; (j), consider the
(sd; + 2)r-hop neighborhood. Partition vertices in the subgraph H, (j) in ¢
parts defined as PP(j) U... U Pf’l( j) such that P/(j) contains vertices that
have highest degree (A;_,;, A;_,_1] in their (sd; + 2)r neighborhood.

e Vertices in P (j) are called non-pending and each of them can simulate

sd; executions. Thus, at the end of iteration j, we have P{(j) < —i

A(—l
AZH, where the first term follows from sd; executions of ARB-ALG

according to property 4.8, and the second term by the definition of
H{ (j)-

* By the definition of PJ(j), g > 0, vertices in this class have a node in
the subgraph H,_,(j — 1) at distance at most (sd; +2)r, and are called
pending. This yields P} (j) < Hy_4(j —1) - Aésf;ﬁ)r, since every vertex in
Hy_4(j — 1) may slow down vertices at distance at most (sd; + 2)r.
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Using the above upper bounds and the same argument as in [35], by in-

duction, we get that H/ (j) < ﬁ, where i is uniquely determined by j
(-1
for each phase /. Summing up over all phases, we observe that the term

_1\d: —1)d;29t=1) /24 . .
Agi qubli’ = Agi ) ) at the denominator dominates the sum for a suf-

ficiently large t, making the overall summation dominated by a geometric
series.

Then, the local per-node-memory for a node in P/ (j) is at most Agf;l_l A?

polylog n, which account for both the graph exponentiation process and the
communication history.

¢ Local memory: We show it for each vertex based on the part PZ (j) it is
in for 0 < g < /. We consider two cases. When g = 0, we have
P >1= — > 1= nd > AV > A%,

(S—].)di
Af—l

For g € [1,/], it holds that

2 5o A=V o Adit3
—g 2 He—g((=1) 2 1= (20)° > A5 5" > A7

qul

* Global memory: We consider each phase ¢ = O(loglog A) separately,
incurring only a O(1) multiplicative factor overhead. The bound follows
from the same calculations as in [35] by showing that the summation
of the local space used by each node in phase ¢, that is, P (j) - Ad 3

Zﬁ 1 1PI(G) - AZ 23 1, is dominated by a geometric series. O

4.3 Near-Linear Global Space Algorithms

When the maximum degree of the graph under consideration is poly(A) we
switch to another algorithm depending on the desired global space bound.
This section concerns near-linear total space, i.e., O(n + m), and is devoted
to the following theorem.

Theorem 4.12 There is a fully-scalable MPC algorithm that given a graph with
arboricity A computes a maximal independent set and a maximal matching determin-
istically with round complexity on the order of

min logn,
log A -loglogn |’

and O(A'*¢ + loglog n) for maximal matching and O(A?>*¢ + loglogn) for max-
imal independent set, for arbitrary constant € > 0. All the algorithms use O(n®)
local space and O (m + n) global space.
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4.3.1 High-Arboricity Case

When the input graph G has arboricity A = n*), any O(logA)-round
algorithm can afford to spend O(logn) rounds for computing a solution.
Therefore, classic O(logn)-round algorithms such as Luby’s, which rely
only on pairwise independence, are well-suited to obtain O(log A)-round
deterministic algorithms for this class of graphs. The main challenge in
converting these to fully-scalable MPC algorithms is that a machine may not
be able to store the whole neighborhood of a node in its memory.

To overcome such limitation, Czumaj et al. [25] devise a constant-round
sparsification procedure that reduces the maximum degree to O(n°), for
arbitrary constant 5 > 0, while preserving a (partial) solution that decreases
the problem size by a constant factor. Their end-result is the conversion of
each step of Luby’s MIS and MM randomized algorithms into O(1) deterministic
algorithms to obtain O(logn)-round fully scalable deterministic algorithms.

However, their derandomization need to have two-hop neighborhoods stored
on a single machine in order to find a good matching or independent set,
thus requiring O(n!*2%) total space. Our approach is to define a pessimistic
estimator that produces asymptotically the same results and can be computed
using only knowledge of the one-hop neighborhood, i.e., O(min{n’, deg(v)})
local space. We use a lower sampling probability so that nodes neighboring a
sampled node can optimistically assume that will be removed. Since sampled
nodes have a constant probability of being part of the solution, we can then
bound the effect of sampled nodes that are not part of Z (or M).

Theorem 4.13 There is a low-memory MPC algorithm that computes MIS and MM
deterministically with round complexity O(logn) and O (m + n) global space.

Maximal Matching

Our starting point is the maximal matching sparsification procedure of [25,
Section 3], which is summarized in the following lemma.

Lemma 4.14 ([25]) Given in input a graph G = (V,E), there is a strongly sub-
linear MPC constant-round sparsification procedure that returns a subset of nodes
B C V and a subset of edges E' C E with the following properties:

1. For every v € V it holds that degy, (v) = O(n®), forany 5,0 < § < 1.

2. Every node v € B either satisfies } ., ,1ep/ m > %, or is incident to
’ E/ ']
an edge {u,v} € E' whose degree in E' is 0.
3. For the subset B of V it holds that }_,cp deg(v) > %.

Moreover, the algorithm is deterministic and uses O(n + m) total space.
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Lemma 4.14 returns a subset E’ of edges and a subset B of vertices that our
algorithm uses to construct a matching M C E’ that is incident to Q(6|E|)
edges while utilizing O(n 4 m) total space.

We define for each v € B a subset of relevant edges S(v) C E’'(v) such that
Lees(o) m € [%,1], by Property 2. Let H be a family of pairwise
independent hash functions and let & € H map each edge e = {u, v} in E’ to
a value z, € [n3]. We say that e is sampled and joins the set of sampled edges
Sy iff z, < @. Let Sh(v)dZEfS(v) N'Sj, denote the set of edges in S(v) that
are sampled. Then, an edge e = {u, v} € S;,(v) is a matched from u’s side, for a
hash function h, iff {e} = {¢/ € S, | u € €'}, i.e., e is the only sampled edge
in u’s neighborhood. Further, a node v is a matching candidate under h if the
following two conditions hold: (i) |S;(v)| = 1 and (ii) e = {u, v} € Sy(v) is
matched from u’s side.

Lemma 4.15 For an arbitrary hash function h, we can find a matching M, such
that every matching candidate vertex under h is part of Mj,.

Proof Consider the subgraph induced by edges in S;,. Every node v € B
with exactly one sampled edge e* in its neighborhood marks edge e*. Using

this information, every node v can deduce whether it is a matching candidate.

Then, M), consists of marked edges incident to matching candidates. g

Our goal is to define a pessimistic estimator P(h) that lower bounds the
number of edges removed, i.e., M), U N(M}) and that its expected value is
Q(J|E|) over a random choice of i € H. Moreover, its computation should
require only knowledge of the 1-hop neighborhood.

Each node performs the following operations to compute P(h). Let each node
v € B add deg(v) to P(h) iff |S;,(v)| = 1, i.e., v respects the first condition to
become a matching candidate. Next, for each vertex v € B and for each of its
sampled edges e = {u, v} € 5;,(v), node u subtracts deg(v) to P(h) iff edge e
is not matched from u’s side, i.e., there is ¢ = {u,w} € S;, with w # v and
thus v does not respect the second condition. Observe that only matching
candidates positively contribute to P(I). Concretely, we define

P(h) = Y. deg(v) — ) deg(v)- ( Y 1{3ees el D u}> .

vEB: [S;,(v)|=1 vEB {u,v}e€S;(v)

Lemma 4.16 For any node v € B the probability that v is a matching candidate, for
a random hash function h € H, is at least 2%70'

Proof If v has an adjacent edge ¢ with degree 0, then S(v) = {e} and e will
join M}, with probability 1. Otherwise, for any edge e = {u,v} € E’ and any
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h € H it holds that the probability of the event A, thate € S, is

1 1 1
—_— <PrlA) < ——+—.
3degp(e) n3 rlAd = 3deg (e)
Let B, be the event {Jycp.As} that e is not matched from u’s side. Condi-
tioned on A, and using pairwise independence of z, and z., we obtain

Pr(Be | A]< Y Pr[As] <degp(e) -t = 1.
T i - ok 3degp(e) 3

Then, by applying the inclusion-exclusion principle, we get

Pr[|Sy(v)| =1] > 2 Pr[A Y, Prl[A,A]
eeS(v e,e'€S(v), e£e
> Z Pr{A]— Y. ) Pr[A]-Pr[A/]
e€S(v) e€5(v) e'€S(v)
> ) Pr[A (1— Y. Pr[A )
ecS(v) e'eS(v)

where the second inequality follows from pairwise independence. Observe
that Pr[A. A Be] = Pr[A.|Pr[B, | Ac] < 1Pr[A.] by the calculations above.
Hence, the probability that v is a matching candidate is at least

Pr{|Sy(v)|=1]— ) Pr[A.AB)]= 2 Pr[A (— Y PrlA )

e€S(v) eeS(v e'eS(v)

> Z Pr{A ( 3 L degEf( )) Z;'eesz(v)ljr -

ecS(v e’ €S(v
> 1 Z 1 i > 1 t 1.1 1
T3 5 3degp(e) n3) — 9 eesto )degE,( e) 3n2 = 243 3n?’
where the last inequality follows from Property 2. The claim now follows
from 5z — 312 > 55 for n large enough. U

Lemma 4.16 and Property 3 give the following lower bound on [E [P(h)]

= ) deg(v) - Pr[|S;(v — ) deg(v ( Y. Pr[A.A Be])

veEB veEB e€S(v)
=) deg(v) (Pr Su(v)| =1]— ) Pr [Ae/\Be]>
veB eeS(v)
S|E|
> — > —.
= 550 2 9¢8(%) = 300
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Summarized, a maximal matching can be found deterministically in the
MPC model with strongly sublinear space per machine and O(n + m) total
space. Our algorithm applies the sparsification procedure (Lemma 4.14)
followed by the derandomization process described above. By the method
of conditional expectation, using objective function P(h), we select a hash
function h* such that P(h*) > 545 |E|. Then, by Lemma 4.15, the matching
M« matches all matching candidates and decreases the number of edges by
1555 |E|. Repeating it O(logn) times ensures that the returned matching is
maximal.

Maximal Independent Set

In this section, we modify the approach of Section 4.3.1 to find a maximal
independent set with analogous properties. Our starting point is again the
MIS sparsification of [25, Section 4], which has the following properties.

Lemma 4.17 ([25]) Given in input a graph G = (V,E), there is a strongly sub-
linear MPC constant-round sparsification procedure that returns subsets of nodes
B, Q C V and a subset of edges E' C E such that:

1. For every v € BU Q it holds that degy,(v) = O(n°) and that degq(v) =
O(n?), forany 6,0 < 6 < 1.

1

5 . .
degg (1) > 1g or it has a neighbor

2. Every node v € B either satisfies },en,, (o)

u € Q whose degree in Q is 0.

, S|E
3. For the subset B of V it holds that g deg(v) > %.
Moreover, the algorithm is deterministic and uses O(n + m) total space.

Lemma 4.17 returns a subset E’ of edges and subsets B, Q of vertices that
are used to find an independent set Z C Q such that Z U N(Z) is incident
to a linear number of edges. Since by Property 1 every node has degree
O(min{n’,deg(v)}), O(n°) local space and O(n + m) total space suffice.

For each v € B, denote by S(v) C Ng/(v), with },,c5(,) @ €[6/10,1], a

subset of relevant nodes. Let H be a family of pairwise independent hash
functions and let & € H map each node v in Q to a value z, € [1%]. We say

that v is sampled and joins the set of sampled nodes S, iff z, < . Let

Sh(u)d:efS(u) N Sy, denote the set of nodes in S(u) that are sampled for each

u € B. Then, a node v € Q is a independent, for a random hash function #, iff
Sy N Ng(v) = @. Further, a node v € B is ruled under h if the following two
conditions hold: (i) |S,(v)| =1 and (ii) u € S;,(v) is independent.

o
3deg,(v)

Lemma 4.18 For an arbitrary hash function h, we can find an independent set I,
such that every ruled vertex under h is in Z;, U N(Zp,).
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Proof Build the independent set Z;, by adding every independent node under
h to it. By definition, 7 is an independent set. Since each ruled vertex has an
independent neighbor the lemma follows. U

Our goal is to define a pessimistic estimator denoted by P(h) that lower
bounds the number of edges removed, i.e., E(Z;, U N(Z;)), and its expected
value is Q)(62|E|) over a random choice of i € H. The computation of P(h)
should require only knowledge of the 1-hop neighborhood.

Let us think of P(h) as a counter and let each node v € B add deg(v) to
P(h) iff |Sy(v)| = 1, i.e., v respects the first condition for becoming ruled.
Accordingly, for each vertex v € B and for each of its sampled neighbors
u € Sy(v), node u subtracts deg(v) to P(h) iff u is not independent, that is, v
does not respect the second condition for becoming ruled. Observe that only
ruled vertices positively contribute to P(/1). Concretely, we define

P(h) = ) deg(v) — ) deg(v) ( Y, 1{3, 'ENo(u ' e Sh}>

veEB: |S),(v)|=1 vEB uesy(v)

Lemma 4.19 For any node v € B the probability that v is ruled, for a random hash
function h € ‘H, is at least 1‘5%.

Proof If v has an adjacent neighbor 1 with degree 0 in Q, then S(v) = {u}
and u will join Z, with probability 1. Otherwise, for any node u € Q and any
h € H it holds that the probability of the event A, that u € S, is

1

1 1
- < <
3degy(u) n3 ~ PriAd]

~ 3degy(u)

Let B, denote the event {EIM/E NQ(u)u’ € Sh} that u is not independent. Con-
ditioned on A, and by independence of z,, z,/, the probability of B, is
1 1

PrB,| AJ) < ), Pr [Ay] < degy(u) 5 = =.
weNa( Q 3degy(u) 3

Then, by applying the inclusion-exclusion principle and observing that
Pr[Ay,, Ay] =Pr[A,] - Pr[Ay,] by pairwise independence, we get

Pr{|Su(v) >1] > Y Pr{AJ— ) Pr[AJ Pr[A,]
ueS(v) uu' €S(v),
u#tu'
> ) Pr[A (1— ), Pr[A )
ues(v) u'eS(v)
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Observe that Pr[A, A B,] = Pr[A,]-Pr[B, | u € S;] < 3 Pr[A,] by the calcu-
lations above. Hence, the probability that v is ruled is at least

Pr{|Sy(v)|=1]— ) Pr[A,AB,)> ) Pr[A (— Y. Pr[A )

ueS(v) u€es(v)

- T mla (i—lzl,)z; Pr(Al]

ues(v 3 w'es (o) degQ(u )

1 1 1 1 1 ) 1
T 329" T~ a3 2 an a3
MEZS%U) (3 degq (1) n3> 9 uezs%v) degy(u) 3n* — 90 3n?

>

UJ\P—‘

where the last inequality follows from Property 2. The claim now follows

s 1 B
from g5 — 57 > 155 for n large enough. 0

Lemma 4.19 and Property 3 yield the following lower bound on E[P(h)].

E[P(h)] = )_ deg(v) - Pr[|S;(v — ) deg(v) ( Y Pr[A, /\Bu]>

veB vEB uesS(v)

=) deg(v) (Pr Su(0)| =1]— ) Pr[Au/\Bu]>

veB e€S(v)
6?|E|
> > .
> 100 2 9e8(?) = 49

vEB

We are now ready to complete the proof of Theorem 4.13. Our algorithm
applies the sparsification procedure of Lemma 4.17 followed by the deran-
domization process described above. By the method of conditional expec-
tation, using objective function P(h), we select a hash function #* such that

P(h*) > &5 |E|. By applying Lemma 4.18, we then find an independent set

Zy+ incident to all ruled vertices and to at least 16‘500 |E| edges from the graph.
Thus, after O(logn) iterations the returned independent set is maximal.

4.3.2 Low-Arboricity Case

By the algorithm from Section 4.3.1 of round complexity O(logn), we can
assume that A = O(n’/*) for an arbitrary constant § € (0,1). Using this
assumption, we show that one can obtain a constant number of subgraphs
of maximum degree O(n’), which can be processed one at a time using
O(n*) local space. Then, for each subgraph, we run ARB-ALG PIPELINED to
reduce the maximum degree to poly(A) and, following that, a general MIS
or MM algorithm depending on the desired runtime. First, we construct a
H-partition of degree d = n°/3 with O(log,,, n) = O(1) layers. Then, we
process one layer at a time depending on the problem we want to solve as
follows. The pseudocode summarizing the two procedures is given below.
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Maximal Independent Set: We compute an MIS of the subgraph induced by
vertices in H; fori =1, ..., L sequentially. This is possible since each vertex
has at most d neighbors in the same layer. Each time, before proceeding to
the next layer, we remove vertices in higher layers that have a neighbor in the
solution of the layer that we just computed.

Maximal Matching: We compute a matching between vertices in H; and
Hi,...,H;_q fori = 2,...,L such that vertices with degree larger than n,
are matched. Once the matching for the i-th layer is computed, before
proceeding to the next layer, we remove edges incident to the current match-
ing. After this step, every unmatched node has degree O(n°) in the result-
ing graph, and we can thus compute an MM on the remaining vertex set.

Algorithm 2 MPC MIS Arboricity- Algorithm 3 MPC MM Arboricity-

Based Algorithm Based Algorithm
Hq,...,H] def H-partition(G, n%/3). Hi,...,Hp def H-partition(G, n%/3).
fori«+ 1,2,...,L do fori< 2,...,L do
ARB-ALG PreELINED (H;, 7). i-1
Run MIS algorithm on H;. Marcu HiGu-DEG(H;, U H;, M).
G+ G\ (ZUN()). j=1
G+ G\ M.

ARB-ALG PIPELINED (G, M).
Run MM algorithm on G \ M.

Matching High-Degree Nodes The procedure Marcu HiGH-DEG reduces
the maximum degree of G to d°. The algorithm is based on the random
degree reduction technique of [11]. The algorithm consists of two phases: a
marking phase in which a random set of edges incident to nodes in layer i is
marked, and a selection phase in which a valid subset of edges is selected as
part of the matching. The pseudocode of this procedure follows.

Algorithm 4 Matcu Hicu-DeG(H;, (Hy, ..., Hi—1), M)
Every u € U;j H; randomly marks one e = {u, v} with v € H; N N(u).
Let P be the set of marked edges.

if v € H; and degp(v) > 1 then
v adds one incident marked edge to M arbitrarily.

Lemma 4.20 Every vertex in H; with degree at least d° gets removed or all but at
most d° of its incident edges are removed.

Proof Let v be a node in layer i with degree at least d°. Since v has at
most d neighbors in H;, there are at least d® —d > 24% in lower layers.
Let X, be a family of k-wise independent random variables with X, =1
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when node u marks the edge {u,v} and X, = 0 otherwise, for each u €
U(v)d:efN (v)N ;;% H;. Define X = }_,,c(j(v) Xu and observe that by linearity
of expectation [E[X] > 2d, since X, takes value 1 with probability at least 1/d
and |U(v)| > 24°. By applying Lemma 2.11, we obtain

1 k/2
Pr[X =0] <8 <d> <n . (k="7c/9)

We are now ready to present the MPC derandomization of this algorithm.

Let H = {h: V — [d]} be a family of k-wise independent hash functions
specified by a seed of length at most k - (logn +1logd) + O(1) = O(logn) by
Lemma 2.8. Each function h € #H defines a matching M () that includes each
node v € H; with at least one marked edge, i.e., if h(u) = v for u € U(v).

To implement our derandomization scheme, each node v € H; of degree at
least d3 distributes its edges across machines as follows. We group the edges
of v incident to U(v) in blocks of size exactly d> = O(n’), and remove from
consideration the other at most d> — 1 edges. Each block is allocated on a
single machine, which will ensure that such block is marked. A block is
marked for a hash function £ if it has at least one marked edge.

The analysis of the above randomized algorithm together with a union bound
over the set of all blocks implies that choosing a hash function / uniformly
at random from H makes all blocks marked with probability at least n
In particular, this guarantees the existence of a hash function /#* that matches
every high-degree node v € H; for ¢ > 3. Formally, each machine x, which is
responsible for some blocks of edges B;(v) incident to node v, can compute
locally the number of edges {u,v} € Bj(v) such that h(u) = v for each hash
function & € H and determine whether B;(v) is marked. By the distributed
implementation of the method of conditional expectation from Section 2.4
with objective function g, (k) = 1{B;(v) is marked for every v}, we can find
a function h* which makes all blocks marked, in a constant number of
rounds. Then, we compute the matching M (h*) induced by h* by letting
every high-degree node choose one incident marked edge arbitrarily. g

Memory and Running Time Trade-Off

A runtime bound of O(logA + loglogn) as Theorem 4.23, explained in
the next section, while using near-linear global memory would be very
desirable. In the following, we take a step in this direction and show how
one can improve the total space to near-linear while trading off the running

time. Specifically, we prove the O(log Aloglogn) bound of Theorem 4.12.

logn
Whenever A = 0(2‘05%%’8" ), this algorithm achieves sublogarithmic runtime. As
we shall see, the main idea behind it is the application of graph exponentiation
in the framework of Lemma 2.6.

—c+2
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Fori=0,1,...,loglog, n* 4+ O(1), the algorithm performs the following:

1. Run the derandomized version of Luby’s algorithm for 2/ - @(log A)
LOCAL rounds.

2. Each vertex performs one graph exponentiation step until A2 = O(n%).

Lemma 4.21 The above algorithm computes an MIS and an MM deterministically
of an input graph G with maximum degree A = poly(A) in O(log Aloglogn)
round using O(n*) local space and O (m + n) global space.

Proof We apply the MPC simulation result of Lemma 2.6 with maximum
graph exponentiation radius k = ®(loglog, n“), as algorithm A the MPC
derandomization of Luby’s algorithms as explained in Theorem 4.13 (cf. [25,
Section 5]), and the number of LOCAL rounds to simulate T = @(logn). In
particular, algorithm A satisfies the condition that a ()(A) progress in the
problem size is achieved in t = O(log A) = O(logA) LOCAL rounds and the
choice of T = ©(logn) ensures that the returned set is maximal. This proves
that the round complexity is O(log A - loglog), 1), as claimed. g

Applications of Arboricity Coloring

In this section, we describe a O(loglogn)-round algorithm for the family of

graphs with A = logo(l) log n. This improves the previous runtime bound of
Lemma 4.21 by a factor log A and completes the proof of Theorem 4.12.

Lemma 4.22 For a graph G with arboricity A, there is a deterministic low-memory
MPC algorithm that computes an MIS and an MM of G in time O(A**€ + loglogn)
and O(A'F¢ 4+ loglog n), respectively, for any constant ¢ > 0, using linear total
space. The same algorithm runs in time O(loglogn) whenever A is on the order of
log'/?~°log n and log'~° log n, respectively, for some constant § > 0.

Proof Recall that by earlier results, we can assume that G has maximum
degree A < poly(A) = O(n®). First, we compute a degree d = A'*€ H-
partition in O(loglogn) rounds, as follows. This approach is similar to that
of [15, Lemma 4.2]. Let k be the largest integer such that A% < n“. In rounds
i=0,...,k+0O(1), the algorithm performs the following steps:

1. Nodes simulate s - 2 rounds of the H-partition algorithm for s = O(1).
2. Nodes in layers (s - (2 — 1), s - (2! — 1)] remove themselves from G.
3. If i <k, then each node performs one step of graph exponentiation.

The correctness follows from the H-partition algorithm. For the runtime, we
apply Lemma 2.6 with maximum graph exponentiation radius k, as algorithm
A the H-partition algorithm, and the number of LOCAL rounds to simulate
T = ©(log, n). In particular, algorithm A satisfies the condition that a Q(A)
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progress in the problem size is achieved in t = O(1) LOCAL rounds by the
properties of the H-partition. This gives a round complexity of O(loglog, n).

Obtained the H-partition, the MIS result follows from computing a O(A?"€)
coloring in O(log™ 1) rounds applying the algorithm ARrB-LINIAL'S COLORING
by Barenboim and Elkin [6]. Then, an MIS is found by adding the vertices of
each color that have no neighbor in the independent set so far computed.

For the MM case, the algorithm by Panconesi and Rizzi [65] takes in input the
d forest-decomposition produced by the H-partition and returns a maximal
matching in O(d) rounds. A sketch of their algorithm follows. First, compute
in parallel a 3-coloring of each forest in O(log" 1) rounds. In a sequential
fashion, for each forest i € [d]| and color j € [3], node v colored by j sends a
matching proposal over its outgoing edge labeled by i (if any). Each vertex
that has received proposals accepts one arbitrarily. Finally, matched vertices
inform their neighbors that they became matched and delete themselves
from the graph. Since the set of vertices with color j in forest i forms an
independent set, there are no conflicts. Moreover, the matching is maximal
as each edge is either added to the matching or discarded.

For the special case of A = O(log'° log 1) for MM, with constant é € (0,1),
the O(loglogn) bound is achieved by setting € = /(1 — ). A similar
calculation applies to the case A = O(log!/*~*logn) for MIS. O

4.4 Superlinear Global Space Algorithm

In the setting where O(1n!*¢) global memory is allowed, one obtains faster MIS
and MM deterministic algorithms running in O(log A + loglog 1) determinis-
tic time by invoking the algorithm due to Czumaj, Davis, and Parter [25].

Theorem 4.23 There is a fully-scalable MPC algorithm that given a graph with
arboricity A computes a maximal independent set and a maximal matching determin-
istically with round complexity O(log A + loglogn) using O(n*) local space and
O (n'*¢ + m) global space, for an arbitrary positive constant e.

Proof Whenever A = poly(A), we invoke the deterministic MIS and MM
algorithm of [25] that runs in O(log A + loglog 1) rounds on an input graph
with maximum degree A and uses O (n”'g + m) global space. Otherwise,
we first reduce the maximum degree to poly(A) as follows. We apply the
preprocessing step explained in Section 4.3.2 that decreases the maximum
degree to O(n°), for an arbitrarily small positive constant . Then, the
algorithm of Theorem 4.4 can be applied to find a partial solution that
reduces the maximum degree to poly(A) in O(loglogn) deterministic time.[]

57






Chapter 5

Deterministic Arb-Coloring via
All-to-All Communication

In this chapter, we study the complexity of deterministic arboricity-dependent
coloring in the context of all-to-all communication models, that is, when the
underlying communication network is a complete graph. We consider two
well-studied models of distributed and parallel computation: CONGESTED-
CLIQUE and linear-memory MPC, where each machine has O(n) memory.
In these models, Czumaj, Davis, and Parter [23] give a deterministic algorithm
that solves (A + 1) coloring, and its list-coloring variant, in a constant number
of rounds. Henceforth, we will refer to this algorithm as CDP’s algorithm.
Interestingly, the algorithm of CDP implies improved upper bounds for
arboricity-dependent coloring as well, as we prove in Section 5.1. Specifically,
it provides a O(A) coloring of A-arboricity graphs in O(log A) rounds and a
coloring with O(A1€) colors in just O(1) time.

In earlier work, Barenboim and Khazanov [10] gave the first non-trivial upper
bound of O(A?), for any constant ¢ > 0, to O(A)-color a graph. Turning
our attention to the randomized setting, Ghaffari and Sayyadi [39] show
that a O(A) coloring can be computed in a constant number of rounds in
CONGESTED-CLIQUE, with high probability. This settles the randomized
complexity of the problem. Inspired by their work and motivated by our
quest for deterministic algorithms, we take a step forward in addressing the
following natural question about arboricity colorings.

“For what values of A an O(A) coloring can be computed in a constant number of
rounds deterministically in all-to-all models with O(n) local memory?”

We show that a O(A) coloring can be obtained deterministically in O(1)
rounds when the available local space per machine is O(n) and the total
memory is on the order of 1 - poly(A). Whenever A = O(n°), for a suitably
small constant J, our algorithm uses O(n?) total space, and can thus be
implemented in the CONGESTED-CLIQUE model as well.
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To achieve our result, we observe that a key step of the constant-round ran-
domized algorithm of [39] is a binning procedure that partitions the vertices
of an A-arboricity graph in k subsets, each of which induces a subgraph
of arboricity at most O(A/k), for any A = Q(logn). The main feature of
this procedure is that the product of its parameters, i.e., the number of
bins and the arboricity of each part, is linear, that is, O(A/k) - k = O(A).
In this way, a O(A/k) coloring of each part can then be computed sep-
arately and independently. We combine this partitioning step with the
powerful derandomization framework of CDP [23]. This is done by employ-
ing several technical ingredients including, most notably, limited indepen-
dence, pessimistic estimators, the method of brute-forcing (as opposed to the
method of conditional expectation), and randomness reduction via coloring.
As we shall see, the method of brute forcing all possible random seeds incurs
a poly(A) overhead factor in the global space, which appears to be inherent
to the current approach. However, our algorithm is surprisingly simple.
After one single step of our graph partitioning algorithm, each of the k parts
induces a subgraph of linear size and arboricity O(A/k), and thus it can be
solved offline. Moreover, bad-behaving nodes, which were excluded by the
partitioning algorithm due to their high degree, will induce a subgraph of
size O(n) that can be colored locally using a fresh color palette of size 2A.

5.1 Connection with (A + 1) List Coloring

Corollary 5.1 Given a graph G with arboricity A and a parameter d satisfying
2A < d < A, for an arbitrary € > 0, a legal O(d) vertex coloring of G can be
computed deterministically in O(log,,, A) rounds of CONGESTED-CLIQUE and
linear-memmory MPC with optimal global memory.

Proof The algorithm consists of three stages. The first stage computes the
first L = O(log,,, A) layers of the H-partition of G with degree d, and
removes nodes in these L layers from the graph. The number of remaining

nodes whose index layer is higher than L is at most (%) n by the definition
of the H-partition. Since the arboricity of the graph cannot increase, at most

A (%)L n = O(n) edges remain. Thus, the remaining graph can be gathered
in a single machine and colored with d 4 1 colors locally.

The second stage of the algorithm colors vertices in layers L,...,2 in a
sequential fashion using d additional colors. Consider an arbitrary layer
¢ € [2,L]. Each node has a palette of 2d + 1 colors and at most d neighbors
already colored. Let each node discard colors blocked by its neighbors and
observe that layer ¢ induces an instance of (A + 1)-list coloring solvable in
O(1) rounds by CDP’s algorithm. The global memory required to store the
color palettes is 1, - O(d), where n, is the number of nodes in layer ¢. Since
n, < M for ¢ > 2, the algorithm requires 2 - O(d) = O(m) total space.



5.2. Constant-Round O(A) Coloring

In the third stage of the algorithm, we color nodes in the first layer using
the constant-round (A + 1)-coloring algorithm of CDP and a fresh palette of
d + 1 colors, so that the global memory remains linear. The final coloring is a
legal vertex coloring with 3d +2 = O(d) colors, as desired. g

5.2 Constant-Round O(A) Coloring

In this section, we prove the following theorem, which is our main result.

Theorem 5.2 Given a graph G with arboricity A, a legal O(A) vertex coloring of
G can be computed deterministically in O(1) rounds of CONGESTED-CLIQUE and
linear-memory MPC using n - poly(A) global memory.

Algorithm Outline Our algorithm consists of four steps.

* A first preparation step decomposes the graph into a constant number
of subgraphs ensuring that each has maximum degree at most poly(A).

* The second step computes a poly(A) coloring of each subgraph by ap-
plying CDP’s algorithm. This step is crucial to reduce the randomness
required and will be discussed last for ease of exposition.

¢ In the third and main step, we apply a careful derandomization of
our graph partitioning algorithm. Concretely, vertices are randomly
partitioned in many subgraphs By, ..., B; of maximum out-degree O(%)
and size O(}). We show that such a partition exists by using the
concept of pessimistic estimators. Then, a good partition is found by
defining the global quality of a partition as a function of quantities
computable by individual machines. However, doing so requires two
steps. First, we select among all possible partitions those whose parts
have all linear size. Further, for each partition, we locally check how
many bad nodes there are in each of its parts and sum these numbers up
to find a good partition.

¢ Finally, once a good partition is found, each of its ¢ subgraphs can
be O(%)-colored locally while the subgraph induced by bad nodes is
colored with 2A colors (locally as well).

Preprocessing Step: The algorithm computes the first L = O(1) layers of the

H-partition of G with degree AL\ 1+ ,for 0 < 6 < 1%.. The number of edges
induced by unlayered nodes is at most O(n) by the arboricity properties.
Thus, we can gather and color unlayered vertices with 2A colors onto a single
machine. In the rest of the algorithm, we discuss how to color the subgraph
H; induced by the j-th layer, for j € [L], with a fresh palette of O(A) colors.

Since L = O(1), the bound on the overall number of colors follows.
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The Graph Partitioning Algorithm: The graph partitioning is parameterized
by ¢ = A%6. The partition V = By U - - - U By is obtained placing each node v
in a part selected according to a k-wise independent random choice. Denote
deg%" (v) as the outdegree of vertex v in the subgraph induced by the vertices
B C V. We require that the output of the partitioning algorithm satisfies the
following properties. For the sake of the analysis, let us imagine that we are
given an orientation of the edges of G with outdegree 2A.

i) Size of Each Part: Bin i in [{] is good if |B;| = O(7%). Observe that [E[|B;|] =
% = (n"*). Consequently, the probability that |B;| is at most 2 - E[|B;|]
is upper bounded by n~3, for k > 16, by applying Lemma 2.11 with
Xi,...,X, as indicator random variables for the events that the i-th
vertex is placed in B;. Moreover, by the union bound over ¢ bins, with
probability at least 1 — n~2, all bins contain fewer than 27” nodes.

ii) Outdegree of Each Vertex: A node v in bin i is good if deg‘l’g‘i‘t(v) =0(%).
It is required that all v € V but at most n/A® nodes are good in
expectation. We apply Lemma 2.11 with Xy, ..., Xj,e0u(,) as indicator
random variables for the events that each outneighbor of v is placed in
the same bin as v. These variables are (k — 1)-wise independent and
each has expectation £~!. Accordingly, the expected outdegree E[X]
of v is at most 2 = ()(A%*). Therefore, its outdegree is larger than 4}
with probability less than A3, for k > 17, and we can conclude the
required claim.

Finding a Good Partition: Let H be a k-wise independent family of hash
functions h: [n] — [¢]. Each hash function / induces a partition of the graph
into ¢ parts Bi(h),...,By(h). We analyze the likelihood that a randomly
chosen hash function h induces any bad bin and many bad nodes by defining
the following pessimistic estimator P(h):

P(h) = |{bad nodes under h}| + |{bad bins under h}| - n.

Combining the bounds from the previous paragraph gives:

n 1<2n

E[P(h)] = E[|{bad nodes}|] + E[|{bad bins}|] - n < PR

Therefore, by the probabilistic method, there is at least one good hash function
h* that gives no bad bins and at most %\—’; bad nodes. However, P(h) cannot
be easily computed without the orientation used for the analysis. Because
of that, we relax the above conditions and identify first a subset #' C H of
candidate hash functions such that h* € ‘H’ and each h € H' gives a graph
partitioning in which each subgraph has size O(n). We then find a good hash
function by analyzing each of its subgraphs separately and concurrently.
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i) Select Candidate Functions: Observe that every good hash function is in
H'. Indeed, the bound on the size of each part together with the bound
on the outdegree of each vertex gives

2n 4N 2n
veB;(h)

To deterministically find H', we assign each hash function & € H to a
machine xj,. Let each node compute its degree under h and send it to
xp,. The machine x;, is then able to determine whether each subgraph
induced by & has size O(n) by summing up the degrees of vertices in
each particular bin. This process requires a total space of O(An |H)|).

ii) Find a Good Partitioning: For every h € H' and i € [{], we compute a
19 coloring of the subgraph G|[B;(h)] and sum up the number of nodes
that remain uncolored after this coloring step across all bins for each
h. We prove that there is a function h* € H' that leaves only O(n/A)
nodes uncolored, which can be colored locally with a new palette of
size 2A. Since |G[B;(h)]| = O(n), this computation can be made offline
for each subgraph on a single machine, using O(An |H|) total space.

Consider a subgraph G[B;(h)] that satisfies the two conditions above.
This subgraph may have both good and bad nodes. We run the H-
partition algorithm with degree d = % — 1 until when there is no
vertex of degree at most d left. Once this process finishes, we obtain a
decomposition H of B;(h) that can be (d + 1)-colored. Then, nodes in
B! (h)d:efBi(h) \ H induce an uncolored subgraph of minimum degree at
least d + 1. This implies that |[E(G[B;(h)])| > 2* - |B/(h)|. On the other
hand, good nodes in B!(h) contnbute with at most - [B!(h)| edges

and bad nodes with fewer than - A edges. This ylelds

2n

SA
(Bin] < 22 1By + 22

20An _ n
which proves the existence of such good h* € H'. We then find a
partition whose bins can be 10A -colored (with different palettes) leaving

at most ¢ - 43 nodes uncolored across all parts. Hence, uncolored

vertices induce at most A - ﬁ'} = O(n) edges in the original graph.
Reducing the Total Space: The total space requirement of O(An |H|) can be
made on the order of # - poly(A) by reducing the size of H to be polynomial
in the arboricity. To this end, we first note that wlog one can assume that
A< n%*s, for an arbitrary constant ¢, 0 < & < %, as otherwise poly(n) =
poly(A). Second, we observe that k-wise independence is required only
among the random variables associated with vertices that share a neighbor.
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An assignment of nodes to IDs such that no two nodes with a shared neighbor
are assigned the same ID can be equivalently stated as a coloring of the
subgraph H]2 In the subgraph H?, each vertex has degree at most A? =

A?+20 = O(n), by our choice of § and the assumption that A < n2 e, Applying
CDP’s algorithm on H]2 provides a poly(A) coloring in O(1) time, as desired.

We can conclude that our algorithm runs in a constant number of rounds,
properly color vertices with L+ (¢- 1% +21) = O(A) colors, and requires
O(n - poly(A)) global space.



Chapter 6

Conclusion

This work continues a recent long line of work on derandomization in the
sublinear and linear memory regimes of Massively Parallel Computation.
We develop improved deterministic algorithms for several (variants of) funda-
mental graph problems: connectivity, maximal independent set, maximal matching
and vertex coloring. Our results are obtained by applying the nowadays classic
derandomization framework based on bounded independence together with
constant-wise analyses of randomized algorithms, specifically tailored to
each problem. Some of the most intriguing improvements and related open
questions on these problems are the following:

Connectivity: For graphs with diameter o(loglogn), it is open whether
the O(loglogn) term in the running time can be improved, even for
randomized algorithms.

MIS and MM: In the sublinear regime of MPC with near-linear global mem-
ory, we obtained three different runtime bounds, each of which is
asymptotically superior for different values of A. It would be interesting
to explore whether there is a deterministic O(log A + log log n)-round
algorithm with nearly-optimal global memory. Alternatively, whether
the round complexity O(loglog n) of MIS for bounded arboricity graphs
can be extended to graph with arboricity O(log'~° log 1), for constant
0 > 0, as in the case of matching. The latter direction may be seen as
finding a O(A17¢) coloring in graphs of maximum degree poly(A), as
opposed to the current O(A?*¢)-coloring, with constant & > 0.

Coloring: We settled the complexity of deterministic O(A)-coloring A-arboricity
graphs in linear-memory MPC model with global memory # - poly(A).
Improving this bound on the global memory seems to require different
ideas. Another interesting direction would be the study of the ran-
domized (and deterministic) round complexity of arboricity-coloring in
low-memory MPC.
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