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Abstract
A key question in developmental biology is that of morphogenesis: how a homogeneous
group of cells self-organise into the functional structures that make up an adult organism.
Various experimental studies have been conducted in order to better understand this
process of pattern formation and identify the key components involved. In addition to
this, computational and mathematical models can increase our understanding of these
mechanisms, by testing underlying assumptions and generating new hypotheses regarding
the biological system. The presented thesis aims to contribute to the understanding of
mechanisms of pattern formation during morphogenesis and to improve the capacity of
computational models in their investigation of these processes as follows.

The developing limb has long served as a paradigm for the study of pattern formation.
The �rst part of this thesis (Chapter 2) addresses phalange formation in the developing
chick leg. The main molecular components involved in the process of phalange formation
have been identi�ed by previous studies. However, the mechanisms that regulate the
patterning are as yet unknown. We present a simple computational model that is able to
�t experimental data from our collaborator for the chick and from the literature for the
mouse. We suggest how changes to the model could account for di�erences in phalange
formation between the di�erent digits in the chick leg, and, more generally, how the
model could be applied to examine the divergence of digit formation in di�erent species
through the course of evolution.

Morphogenesis is a process that takes place in time and space and the interactions of the
components involved are often non-linear. Modelling this computationally, for example,
with coupled non-linear partial di�erential equations (PDEs), can result in a model with
a high computational cost. As imaging technologies have advanced, image data is often
generated for its ability to reveal the spatio-temporal distribution of a molecule of interest.
However, this data is often non-quantitative and integrating it into a quantitative model
is a challenge. The second part of this thesis (Chapter 3) presents a heuristic global
parameter estimation procedure to estimate parameters for image-based modelling in
the case where the model has a high computational cost. Global parameter estimation
is a major challenge in computational modelling, however, most methods developed
for this purpose require a large number of iterations and are therefore unsuitable for
computationally costly models. In this chapter we �rst successfully apply the presented
procedure to an image-generating parametric function, with the aim of retrieving the
original parameters. We consequently apply it in a biological setting, by �tting arti�cial
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image data of the developing mouse limb. As a result of the increase in both the use of
computational modelling in biology, and the complexity of such models, the development
of such procedures can play an important role in the cycle of experimentation and
modelling, and thereby increase our understanding of biological processes, such as pattern
formation.
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Zusammenfassung
Eine fundamentale Frage in der Entwicklungsbiologie ist die der Morphogenese: Wie
organisiert sich eine homogene Gruppe von Zellen selbst um jene funktionalen Strukturen
auszubilden, welche einen ausgewachsenen Organismus ausmachen. Diverse experimentel-
le Studien wurden durchgeführt um den Prozess der Strukturbildung besser zu verstehen
und darin involvierte Schlüsselkomponenten zu identi�zieren. Zusätzlich können rech-
nergestützte und mathematische Modelle helfen diese Mechanismen zu verstehen, da sie
es ermöglichen die zugrundeliegenden Annahmen zu überprüfen und neue Hypothesen
bezüglich des biologischen Systems aufzustellen. Die vorliegende Dissertation soll, dazu
beitragen, die Mechanismen der Musterbildung während der Morphogenese besser zu
verstehen und die Leistungsfähigkeit der dazu verwendeten Rechenmodelle zu verbessern.

Die Entwicklung von Extremitäten dient seit langem als Modell für die Erforschung
der Strukturbildung. Der erste Teil dieser Dissertation (Kapitel 2) befasst sich mit
der Phalangenbildung im sich entwickelnden Hühnerembryo. Die in der Bildung der
Phalangen involvierten molekularen Hauptkomponenten wurden in vorhergehenden
Studien identi�ziert. Wie diese Mechanismen die Strukturbildung regulieren ist bisher
jedoch noch nicht bekannt. Wir stellen ein einfaches rechnergestütztes Modell vor, welches
im Fall des Hühnchens an experimentelle Daten von unseren Kollaborateuren und im Fall
der Maus an Literaturdaten anpassbar ist. Wir zeigen auf, wie Veränderungen am Modell
Unterschiede in der Phalangenbildung der einzelnen Finger des Hühnchens erklären
könnten, und allgemeiner, wie das Modell angewendet werden könnte, um die Divergenz
der Fingerbildung bei verschiedenen Arten im Verlauf der Evolution zu untersuchen.

Morphogenese ist ein Prozess, welcher sowohl räumlich als auch zeitlich abläuft und die
Interaktionen der involvierten Komponenten sind oft nicht linear. Die rechnergestützte
Modellierung dieser Prozesse, zum Beispiel mit gekoppelten nichtlinearen partiellen
Di�erentialgleichungen (PDEs), kann zu rechenaufwendigen Modellen führen. Aufgrund
der Weiterentwicklung von bildgebenden Verfahren werden Bilddaten häu�g verwendet,
um die räumlich-zeitliche Verteilung eines bestimmten Moleküls aufzudecken. Solche
Daten sind allerdings oft nicht quantitativ und ihre Einbindung in quantitative Modelle
ist eine Herausforderung. Der zweite Teil dieser Dissertation (Kapitel 3) beschreibt eine
heuristische globale Methode für die Parameterschätzung in der bildgestützten Model-
lierung für Fälle, in welchen das verwendete Modell sehr rechenaufwendig ist. Globale
Parameterschätzung ist eine der grössten Herausforderungen im Bereich der rechnerge-
stützen Modellierung. Die meisten zu diesem Zweck entwickelten Methoden erfordern
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jedoch eine groÿe Anzahl an Iterationen und sind daher für rechenintensive Modelle
ungeeignet. In diesem Kapitel wenden wir die vorgestellte Methode zunächst erfolgreich
auf eine parametrische Funktion zur Bilderzeugung an, um die ursprünglichen Parame-
ter wiederherzustellen. Nachfolgend verwenden wir das Vorgehen in einem biologischen
Kontext an, indem wir künstliche Bilddaten der sich entwickelnden Mausextremitäten
anpassen. Aufgrund der zunehmenden Verwendung sowohl von Computermodellen in
der Biologie als auch der Komplexität solcher Modelle kann die Entwicklung solcher
Verfahren eine wichtige Rolle im zyklischen Prozess von Experimenten und Modellierung
spielen und damit unser Verständnis von biologischen Vorgängen, wie zum Beispiel der
Strukturbildung, verbessern.

iv
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1 Introduction

Sections 1.1.1 and 1.2 are adapted from:
Multerer M.D., Wittwer L.D., Stopka A., Barac D. , Lang C., Iber D. (2018). Simulation
of Morphogen and Tissue Dynamics. In: Dubrulle J. (eds) Morphogen Gradients.
Methods in Molecular Biology, vol 1863. Humana Press, New York, NY.
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Chapter 1. Introduction

1.1 Patterning during Morphogenesis

Morphogenesis (from the Greekmorphé, form, and genesis, creation) is de�ned as the
process that governs the development of an adult organism from a single cell, which has
fascinated humans for millennia. Numerous experimental studies have enabled a descrip-
tion of the processes and key components involved in morphogenesis. However, in many
cases, the mechanisms governing their behaviour still remain unknown. Computational
and mathematical models can help elucidate these mechanisms by integrating the main
biological regulators in order to test the validity of underlying assumptions and make
predictions about the behaviour of the underlying system.

This thesis aims to investigate the mechanisms involved in morphogenesis, with a focus
on the limb as a paradigm for pattern formation. Furthermore, it aims to increase
the potential of computational models in elucidating these mechanisms, through the
presentation of a parameter estimation procedure for computationally costly models.

This introduction �rst gives an overview of spatial patterning as a result of di�erential
concentrations of chemical substances followed by a description of how their dynamics
can be modelled mathematically. The limb as a model for patterning in morphogenesis is
introduced, followed by a brief introduction to parameter estimation and its importance
for computational modelling. The scope and organisation of the following chapters are
detailed in the �nal section of the introduction.

1.1.1 Morphogen Dynamics

A fundamental question in biology is that of self-organisation, or how the symmetry in a
seemingly homogeneous system can be broken to give rise to stereotypical patterning and
form. In 1952, Alan Turing �rst introduced the concept of a morphogenin his seminal
paper �The Chemical Basis of Morphogenesis�, cf. [Turing, 1952a], in the context of
self-organisation and patterning. He hypothesized that a system of chemical substances
�reacting together and di�using through a tissue� was su�cient to explain the main
phenomena of morphogenesis.

Morphogens can be transported from their source to target tissue in di�erent ways.
Transport mechanisms can be roughly divided into two categories: extracellular di�usion-
based mechanisms and cell-based mechanisms [Müller et al., 2013]. In the �rst case,
morphogens di�use throughout the extracellular domain. Their movement can be purely
random, or inhibited or enhanced by other molecules in the tissue. For example, a
morphogen could bind to a receptor which would hinder its movement through the tissue.
Morphogens can also be advected by tissue that is growing or moving. Cell based transport
mechanisms include transcytosis [Dierick and Bejsovec, 1998] and cytonemes [Ramírez-
Weber and Kornberg, 1999].

2



1.1. Patterning during Morphogenesis

According to the transcytosis model, morphogens are taken up into the cell by endocytosis
and are then released by exocytosis, facilitating their entry into a neighbouring cell [Rod-
man et al., 1990]. In this way, morphogens can move through the tissue. The morphogen
Decapentaplegic (Dpp) was proposed to spread by transcytosis in theDrosophila wing
disc, see [Entchev et al., 2000]. However, transport by transcytosis would be too slow to
explain the kinetics of Dpp spreading, cp. [Lander et al., 2002], and further experiments
refuted the transcytosis mechanism for Dpp transport in the wing disc, cf. [Schwank
et al., 2011].

According to the cytoneme model, cytonemes, i.e. �lapodia-like cellular projections,
emanate from target cells to contact morphogen producing cells andvice versa, cf.
[Ramírez-Weber and Kornberg, 1999]. Morphogens are then transported along the
cytonemes to the target cell. Several experimental studies support a role of cytonemes
in morphogen transport across species, see [Kornberg and Roy, 2014, Bischo� et al.,
2013,Sanders et al., 2013]. However, so far, the transport kinetics and the mechanistic
details of the intracellular transport are largely unknown, and a validated theoretical
framework to describe cytoneme-based transport is still missing. Accordingly, the
standard transport mechanism in computational studies still remains di�usion. Here, we
will only consider di�usion- and advection-based transport mechanisms.

morphogen
concentration

distance from morphogen source

cells

Figure 1.1 � Lewis Wolpert's French Flag Model

A key concept for morphogen-based patterning is Lewis Wolpert'sFrench Flag model,
cf. [Wolpert, 1969]. According to the French Flag model, morphogens di�use from a
source and form a gradient across a tissue such that cells close to the source experience the
highest morphogen concentration, while cells further away experience lower concentrations
(Figure 1.1). To explain the emergence of patterns such as the digits in the limb, Wolpert
proposed that the fate of a tissue segment depends on whether the local concentration is
above or below a patterning threshold. Thus, the cells with the highest concentration of
the morphogen (blue) di�erentiate into one type of tissue, cells with a medium amount
(white) into another and cells with the lowest concentration (red) into a third type, see
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Chapter 1. Introduction

Figure 1.1. With the arrival of quantitative data, aspects of the French Flag model had
to be modi�ed, but the essence of the model has stood the test of time.

In the original publication, the source was included as a �xed boundary condition. No
reactions were included in the domain, but morphogen removal was included implicitly
by including an absorbing (zero concentration) boundary condition on the other side.
The resulting steady state gradient is linear and scales with the size of the domain, i.e.
the relative pattern remains the same independent of the size of the domain. This is an
important aspect as the patterning processes are typically robust to (small) di�erences
in embryo size. Quantitative measurements have since shown that morphogen gradients
are of exponential rather than linear shape, see [Gregor et al., 2005,Kicheva et al., 2007].
The emergence of exponentially shaped gradients can be explained with morphogen
turn-over in the tissue, cp. [Lander et al., 2002]. However, such steady-state exponential
gradients have a �xed length scale and thus do not scale with a changing length of the
patterning domain. Scaled steady-state patterns would require the di�usion coe�cient,
the reaction parameters, or the �ux, to change with the domain size, cf. [Umulis and
Othmer, 2013,Umulis, 2009]. At least, an appropriate change in the di�usion coe�cient
can be ruled out [Gregor et al., 2005]. Intriguingly, pattern scaling is also observed
on growing domains [Wartlick et al., 2011]. The observed dynamic scaling of the Dpp
gradient can be explained with the pre-steady state kinetics of a di�usion-based transport
mechanism (rather than the steady state gradient shape) and thus does not require
any changes in the parameter values [Fried and Iber, 2014]. Finally, the quantitative
measurements showed that the Dpp gradient amplitude increases continuously [Wartlick
et al., 2011]. A threshold-based read-out as postulated by the French Flag model is
nonetheless possible because the amplitude increase and the imperfect scaling of the
pre-steady state gradient compensate such that the Dpp concentration remains constant
in the region of the domain where the Dpp-dependent pattern is de�ned, see [Fried and
Iber, 2015]. In summary, current experimental evidence supports a French Flag-like
mechanism where tissue is patterned by the threshold-based read-out of morphogen
gradients. However, these gradients are not necessarily in steady state. Accordingly,
dynamic models of morphogen gradients must be considered on growing domains. To do
so, a mathematical formalism and simulations are required.

1.2 Mathematical Modelling of Morphogen Dynamics

1.2.1 Mathematical Description of Di�using Morphogens

Morphogen behaviour can be modelled mathematically using the reaction di�usion
equation, which we derive here. We assume, for the moment, that there is no tissue
growth and the movement of the morphogen is a consequence of random motion. We
denote the concentration of a morphogen in the domain
 � Rd as c(x ; t), as it is
dependent on time and its spatial position in the domain. Then the total concentration
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1.2. Mathematical Modelling of Morphogen Dynamics

in 
 is
R


 c(x ; t) dx and the rate of change of the total concentration is

d
dt

Z



c(x ; t) dx (1.1)

The rate of change of the total concentration in 
 is a result of interactions between the
morphogens that impact their concentration and random movement of the morphogens.
The driving force of di�usion is a decrease in Gibbs free energy or chemical potential
di�erence. This means that a substance will generally move from an area of high
concentration to an area of low concentration. The movement ofc(x ; t) is called the �ux,
i.e. the amount of substance that will �ow through a unit area in a unit time interval.
As the movement of the morphogen is assumed to be random, Fick's �rst law holds.
The latter states that the magnitude of the morphogens movement from an area of high
concentration to one of low concentration is proportional to that of the di�erence between
the concentrations, or concentration gradient, i.e.

j = � D r c(x ; t); (1.2)

where D is the di�usion coe�cient or di�usivity of the morphogen. This is a measure of
how quickly the morphogen moves from a region of high concentration to a region of low
concentration. The total �ux out of 
 is then

Z

@

j � n dS;

where dS is the boundary of 
 and n is the normal vector to the boundary. Reactions
between the morphogens also a�ect the rate of change ofc(x ; t). We denote the reaction
rate R(c). The rate of change of the concentration in the domain
 due to morphogen
interactions is

Z



R(c) dx:

As the rate of change of the total concentration in 
 is the sum of the rate of change
caused by morphogen interactions and the rate of change caused by random movement,
we have

d
dt

Z



c(x ; t) dx = �

Z

@

j � n dS +

Z



R(c) dx: (1.3)

Now, the Divergence Theorem yields
Z

@

j � n dS =

Z



r � j dx : (1.4)
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Chapter 1. Introduction

Substituting (1.4) and (1.2) into (1.3) and exchanging the order of integration and
di�erentiation using Leibniz's theorem gives

Z




@c
@t

� D � c � R(c) dx = 0 :

Taking into account that this equilibrium holds for any control volume V � 
 , we obtain
the classical reaction-di�usion equation

@c
@t

= D� c + R(c): (1.5)

This partial di�erential equation (PDE) can be solved on a continuous domain to study
the behaviour of morphogens in a �xed domain over time. If there is more than one
morphogen then their respective concentrations can be labelledci (x ; t) for i = 1 ; : : : ; N
where N is the number of morphogens. The reaction term then describes the morphogen
interactions i.e. R = R(c1; : : : ; cN ). This results in a coupled system of PDEs, which,
depending on the reaction terms, can be nonlinear. The accurate solution of these
equations can be di�cult and computationally costly.

It is important to keep in mind that reaction-di�usion equations only describe the average
behaviour of a di�using substance. This approach is therefore not suitable if the number
of molecules is small. In that case stochastic e�ects dominate, and stochastic, rather than
deterministic, techniques should be applied, see [Gillespie, 2007, Berg, 1993, Gillespie,
1977].

1.2.2 Morphogen Dynamics on Growing Domains

In the previous paragraph we introduced morphogen dynamics on a �xed domain.
However, tissue growth plays a key role in morphogenesis and can play a crucial part in the
patterning process of the organism [Kondo and Asai, 1995,Henderson and Carter, 2002].
Growth can a�ect the distribution of the morphogens, transporting them via advection
and impacting the concentration via dilution, see Figure 1.2. In turn, morphogens can
in�uence tissue shape change and growth, for example, by initiating cell death and cell
proliferation respectively. This results in a mutual feedback between tissue growth and
morphogen concentration.

It is then necessary to modify equation(1.5) to account for growth. Applying Reynolds
transport theorem to the left-hand side of equation (1.3) we get

d
dt

Z


 t

c(x ; t) dx =
Z


 t

 
@c
@t

+ div( cv)

!

dx:

For a more detailed derivation, we refer to [Iber et al., 2014]. This results in the
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1.2. Mathematical Modelling of Morphogen Dynamics

Figure 1.2 � Advection and dilution induced by a growing domain. The direction of growth is indicated
by the arrow. Movement of the cells or tissue resulting from growth causes the morphogens to move
(advection). Simultaneously cell division, or growth, dilutes morphogen molecules.

reaction-di�usion equation on a growing domain:

@c
@t

+ div( cv) = D � c + R(c): (1.6)

By the Leibniz rule, there holds div(cv) = cdiv(v) + v � r c. These terms can be
interpreted as the dilution , i.e. the reduction in concentration of a solute in a solution,
usually by adding more solvent, andadvection, i.e. movement of a substance in a �uid
caused by the movement of the �uid, respectively.

1.2.3 Modelling Tissue Growth

The details of the process of tissue growth still remain to be elucidated. It is therefore
an open question of how best to incorporate it into a model. One approach considers the
velocity �eld to be dependent on morphogen concentration, i.e.v(c;x ; t), wherec is again
the morphogen concentration present in the tissue [Iber and Menshykau, 2013,Menshykau
and Iber, 2013]. Another is �prescribed growth�, in which the velocity �eld v(x ; t) of
the tissue is speci�ed and the initial domain is moved according to this velocity �eld. A
detailed measurement of the velocity �eld can be obtained from experimental data. To
this end, the tissue of interest can be stained and imaged at sequential developmental
time points. These images can then be segmented to determine the shape of the domain.
Displacement �elds can be calculated by computing the distance between the domain
boundary of one stage and that of the next. A velocity �eld in the domain can then be
interpolated, for example by assuming uniform growth between the centre of mass and
the nearest boundary point. To this extent, high quality image data is required to enable
detailed measurements of the boundary to be extracted. For a detailed review on this
process see [Gómez et al., 2017, Iber et al., 2015].

There are also other techniques to model tissue growth. If the local growth rate of the
tissue is known, the Navier-Stokes equation can be used. Tissue is assumed to be an
incompressible �uid and tissue growth can then be described with the Navier-Stokes
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Chapter 1. Introduction

equation for incompressible �ow of Newtonian �uids, which reads

�
�
@t v + ( v � r )v

�
= �r p + �

 

� v +
1
3

r (div v)

!

+ f ;

� div v = !S;

(1.7)

where � is �uid density, � dynamic viscosity, p internal pressure, f external force density
and v the �uid velocity �eld. The term !S is the local mass production rate. The
parameter ! is the molecular mass of the cells. The impact of cell signalling on growth
can be modelled by having the source termS dependent on the morphogen concentration,
i.e. S = S(c). Note that the source term results in isotropic growth. External forces as
implemented in the f term can induce anisotropic growth. Based on measurements, the
Reynolds number for tissues is typically small, e.g. in embryonic tissue it is assumed to
be of the order10� 14, see [Iber et al., 2014]. Accordingly, the terms on the left-hand side
of Equation (1.7) can be neglected, as in Stokes' Flow.

The Navier-Stokes description, with a source term dependent on signalling, has been
used in simulations of early vertebrate limb development, see [Dillon et al., 2003]. An
extended anistropic formulation has been applied toDrosophila imaginal disc development
in [Bittig et al., 2008]. It has also been used to model bone development, cf. [Tanaka and
Iber, 2013], and coupled with a travelling wave to simulate the developingDrosophila
eye disc, see [Fried et al., 2016]. In the case of the developing limb, the proliferation
rates were later determined, see [Boehm et al., 2010]. They were then used as source
terms in the isotropic Navier-Stokes tissue model. There was, however, a signi�cant
discrepancy between the predicted and actual growth. The shapes of the experimental
and simulated developing limb were qualitatively di�erent and the actual expansion of
the limb was much larger than expected. This shows that limb expansion must result
from anisotropic processes, and suggested that the growth of the limb could in part be
due to cell migration rather than solely local proliferation of cells.

1.3 The Limb as a Model for Pattern Formation

The complex patterning of the limb, and its location in the body (as a structure that
grows outwards it is both easily observable and experimentally modi�able) render it
a paradigm for studying the processes involved in pattern formation. The limb grows
out, and is patterned, along three axis: the proximal-distal axis (shoulder to �nger), the
anterior-posterior axis (thumb-pinkie) and the dorsal-ventral axis (palms-knuckles). The
basic structure of the limb along the proximal-distal axis is conserved amongst tetrapods
and consists of a proximal stylopod (upper arm/leg), a zeugopod (forearm/shin) in
the middle region and a distal autopod. The autopod consists of the wrist bones
(carpals/tarsals), digits (�ngers/toes) and the bones which link the wrist bones to the
digits (metacarpals/metatarsals). See Figure 1.3A. The bones that make up the digit
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are called phalanges. The structure of the stylopod and zeugopod is generally conserved
amongst tetrapods, the stylopod consisting of a single bone (the humerus/femur) and
the zeugopod of two bones (the radius/tibia and ulna/�bula). This is in contrast to
the structure of the autopod, where the number of carpals/tarsals, digits and phalanges
varies between species.

The main signalling pathways involved in limb development are widely conserved between
di�erent vertebrate species. The limb bud is made up of mesodermal cells surrounded by
an external ectodermal surface and its development is initiated by localised epithelial to
mesenchymal transitions [Gros and Tabin, 2014]. The mesodermal cells express �broblast
growth factor 10 (Fgf10) which induces Fgf8 expression in the surface ectoderm [Ohuchi
et al., 1997]. Fgf8 expression becomes restricted to a structure at the distal dorsoventral
boundary of the limb bud called the apical ectodermal ridge (AER), a key signalling centre
in the developing limb bud [Loomis et al., 1998,Fernandez-Teran and Ros, 2004].Fgf8 in
turn maintains Fgf10 expression, resulting in a positive feedback loop between the AER
and the underlying mesoderm [Ohuchi et al., 1997]. See Figure 1.3B. Experiments that
involve knocking out Fgf10 or Fgf8 in the limb result in lack of limb formation [Sekine
et al., 1999,Min et al., 1998,Lewandoski et al., 2000,Moon and Capecchi, 2000]. The
AER controls the growth and di�erentiation of the limb bud along the proximal-distal
axis [Mariani et al., 2008]. The structures of the limb form in a proximal to distal order
and the mechanical removal of the AER at any time point during limb development results
in the cessation of development of further distal structures [Summerbell, 1974,Rowe and
Fallon, 1982,Rowe et al., 1982].

The other key signalling centre in the developing limb is the zone of polarising activity
(ZPA). The ZPA is a small block of mesodermal tissue on the posterior side of the
developing limb bud which regulates patterning along the anterior-posterior axis through
sonic hedgehog (SHH) signalling. See Figure 1.3B. Experiments which transplanted the
posteriorly located ZPA to the anterior side of another developing chick limb bud resulted
in duplicated digits emerging in the host limb, which were a mirror image of normal
digits [Saunders and Gasseling, 1968,Tickle et al., 1975]. Later, it was shown thatShh
was expressed in the ZPA and that the addition of a bead containing SHH protein to
the anterior side of the developing chick limb bud resulted in the same mirror image
digit duplications [Riddle et al., 1993, López-Martínez et al., 1995, Yang et al., 1997].
In mutants that lack Shh expression in the limb, the only digit that forms is the most
anterior one [Chiang et al., 2001,Kraus et al., 2001].

Dorsal-ventral polarity is thought to be speci�ed by Wnt7a, which is expressed in the
dorsal ectoderm of chick and mouse limb buds [Dealy et al., 1993,Parr et al., 1993]. The
transcription factor En1 is expressed in the ventral ectoderm and represses expression
of Wnt7a, restricting it to the dorsal ectoderm. In mice where the Wnt7a gene was
knocked out, ventral footpads were present on both the ventral and dorsal surfaces of the
paws, demonstrating that Wnt7a is required for dorsal patterning of the limb [Parr and
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McMahon, 1995]. Wnt7a subsequently inducesLmx1b in the dorsal mesoderm [Vogel
et al., 1995]. Lmx1b has been shown to be both necessary and su�cient to specify
dorsal limb patterning through gain of function experiments in the chick [Vogel et al.,
1995,Riddle et al., 1995] and gene targeting in the mouse, [Chen et al., 1998] respectively.

The coordination of the mechanisms that work to pattern each of the three axes is crucial
for normal limb development [Zeller et al., 2009,Rabinowitz and Vokes, 2012,Petit et al.,
2017]. The two key signalling centres in the developing limb bud, the AER and the ZPA,
mutually support each other [Laufer et al., 1994,Niswander et al., 1994].Shh produced
in the ZPA activates the BMP antagonist Gremlin, thereby preventing downregulation of
Fgfs in the AER via BMP [Zúñiga et al., 1999]. Fgfs in turn maintain Shh expression in
the ZPA [Laufer et al., 1994,Niswander et al., 1994]. See Figure 1.3B. The termination
of this positive feedback loop is thought to be caused by the increase in distance between
the ZPA and AER as the limb bud grows and the increase in concentration ofFgfs
from the AER, which inhibits Gremlin [Scherz et al., 2004]. Dorsal signals are also
coordinated with the other two axes. Wnt7a was shown to stimulateShh expression. In
chicks with the dorsal ectoderm removed,Shh expression was dramatically reduced and
the chick limbs lacked posterior skeletal elements [Parr and McMahon, 1995,Yang and
Niswander, 1995]. WhenWnt7a was induced virally Shh expression was restored and
posterior skeletal elements formed [Yang and Niswander, 1995].

Identifying the common mechanisms of limb development is a crucial step in understanding
the mechanisms of pattern formation in the limb. However, the form of a tetrapod limb
can vary widely between species. Legs, wings and �ippers, for example, di�er considerably
in both appearance and function. In addition, di�erences can be seen at the level of an
individual: the forelimb and hindlimb di�er substantially in most species, and in the
individual bones of the limb: for example, the digits in the chick hindlimb each have a
di�erent length and number of phalangeal elements. Understanding how these di�erences
occur is also a vital step in increasing our understanding of pattern formation in the
developing limb. The key signalling pathways involved in limb development (Fgf, Bmp,
Wnt, Shh) are active during the development of other body structures and are vital for
normal embryonic development. Therefore, a change in the regulatory mechanisms that
results in a change in pattern formation in the developing limb should also not adversely
a�ect the development of the rest of the embryo in order to be viable.

Numerous studies have been conducted with the aim of elucidating di�erences in limb
patterning. For example, experiments show that the transcription factors Tbx5 and Tbx4
are key in specifying the forelimb and hindlimb, respectively, in the developing chick limb.
Ectopic expression ofTbx5 in the hindlimb results in the chick leg acquiring a wing like
structure and ectopic expression ofTbx4 in the forelimb results in the forelimb acquiring
a leg-like structure [Rodriguez-Esteban et al., 1999,Takeuchi et al., 1999]. In mammals,
the transcription factor PITX1 appears to be critical in specifying hindlimb morphology.
Pitx1 knockout mice have hindlimbs which are reduced in size and lack hindlimb-speci�c
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structures [Lanctôt et al., 1999,Szeto et al., 1999], whereas ectopic expression ofPitx1 in
the mouse forelimb results in a forelimb with hindlimb characteristics [DeLaurier et al.,
2006].

Similarly, various studies have been conducted with the aim of understanding di�erential
digit development. In experiments performed on the chick, application of ectopic SHH
protein to the interdigit area caused upregulation of Bmp2, Bmp4 and Bmp7 and
posterior transformation of digits, whereas application of Noggin (a BMP antagonist)
resulted in an anterior transformation of digits [Dahn and Fallon, 2000]. It was also
shown that each digit has a unique p-SMAD 1/5/8 activity signature [Suzuki et al., 2008].
Other studies have been conducted with the aim of understanding how species-speci�c
limb characteristics develop, for example, hyperphalangy in dolphins, limb loss in snakes,
digit reduction in bovines, wings in bats and the regenerating capabilities of various
amphibians [Thewissen et al., 2006, Kvon et al., 2016, Lopez-Rios et al., 2014, Booker
et al., 2016,Nacu et al., 2016].

These studies have led to the identi�cation of multiple genes involved in di�erential limb
development. However, the mechanisms that result in di�erential limb morphology are
still largely unknown. For example, in the case of forelimb and hindlimb development,
forelimb and hindlimb speci�c transcription factors have been identi�ed in di�erent species.
In the chick, Tbx5 and Tbx4 have been shown to be critical in forelimb and hindlimb
speci�cation, respectively [Rodriguez-Esteban et al., 1999, Takeuchi et al., 1999]. In
mammals, experiments indicate thatPitx1 is key in hindlimb speci�cation [Lanctôt et al.,
1999,Szeto et al., 1999,DeLaurier et al., 2006]. In addition, there is di�erential expression
of Hox genes along the anterior-posterior body axis at the presumptive locations of fore-
and hindlimb formation [Cohn et al., 1997, Nowicki and Burke, 2000]. However, how
exactly these transcription factors give rise to speci�c forelimb and hindlimb structures in
the limb is still an ongoing area of research. As well as building on our understanding of
pattern formation, uncovering these mechanisms can give us insights into limb evolution
and limb malformations, a condition that is not uncommon in humans and occurs in
about 1 out of 500 births [Moore and Persaud, 1998]. To this end, computational models
can be used to test hypotheses concerning mechanisms of limb patterning and generate
new predictions.

1.4 Parameter Estimation for Computational Models

Computational models are performing an increasing role in biology. They are also
becoming progressively complex due to the simultaneous increase in computational power
available and our understanding of the components involved in the system.In silico models
can be either deterministic or stochastic and can be based on various modelling approaches,
for example, ordinary di�erential equation (ODE), partial di�erential equation (PDE),
stochastic di�erential equation (SDE), Petri Net, Boolean and agent-based modelling
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Figure 1.3 � (A) The core components of the limb are conserved amongst tetrapods and consist of: the
stylopod (upper arm/leg), the zeugopod (forearm/shin) and the autopod (hand/foot). (B) Interactions in
the developing limb. The two key signalling centres are the AER (purple) which expresses Fgf8 and the
ZPA (yellow) which expresses Shh. Normal limb development requires the coordination of mechanisms
that pattern the three limb axes.

approaches. Although models can utilise several di�erent modelling approaches, they all
typically contain parameters whose values are unknown. Parameter estimation is a crucial
problem in computational modelling, as the behaviour of the model, and consequently
the predictions it generates, is dependent on the parameter set used [Ingram et al.,
2006,Geier et al., 2012,Jaqaman and Danuser, 2006,Kreutz and Timmer, 2009].

An approach that is often used to estimate parameters is to attempt to �nd the parameter
set that minimises a set cost function, which measures the level of discrepancy between the
simulation and the data available, over a certain parameter range. Thus, the estimation
problem is transformed to an optimisation problem, and optimisation algorithms can
be used to �nd the parameter set which minimises the cost function [Banga, 2008].
Other approaches have also been applied to estimating parameters in computational
biology models, for example control theory based approaches such as Kalman �lter
based methods [Lillacci and Khammash, 2010]. The Kalman �lter is the optimal state
estimator if the underlying biological system being modelled is known, can be modelled
by a set of linear ODEs and has noise statistics which are Gaussian. Biological systems,
however, are often nonlinear. Another approach is to use Bayesian methods which
infer the posterior distribution over the whole parameter range (the probability of the
parameters given the data) rather than retrieving a point estimate [Wilkinson, 2007].
However, the analytical calculation of the likelihood function is usually not possible
for realistic problems. Approximate Bayesian Computation (ABC) methods, which
involve the approximation of this function through a comparison between observed
and simulated data, have been used in biological parameter estimation [Cohen et al.,
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2015]. However, they involve sampling a large number of parameters, rendering them
computationally intractable in most realistic scenarios. We therefore focus on the former
approach described.

The �rst step in the parameter estimation process is that of de�ning a suitable cost
function that measures the discrepancy of the model output against the data. The data
can be in various forms e.g. a single output value, various concentrations of molecules
at di�erent time steps or image data. This is an important step as the goodness-of-�t
for a certain parameter set will depend on the de�nition of the cost function. Di�erent
cost functions can therefore lead to di�erent parameter sets being identi�ed as the
optimum. For example, in the case of time-series data, if the number of measurements
taken in a certain interval is disproportionately high, and the cost function weights each
measurement evenly, then there will be a bias to the model �tting that interval over
other time intervals. In this case, it may be a good idea to weight the measurements in
such a way as to avoid such biases.

Once the cost function has been de�ned, the next step is to solve the optimisation problem
i.e. to minimise the cost function with respect to the parameters. Local optimisation
methods can be used if the parameters can be restricted to a range such that there is only
one minimum, see e.g. [Fletcher, 2013]. However, biological models are often complex
and nonlinear, which generally results in a cost function which has multiple minima over
the set parameter range. In this case, using a local estimation method would likely result
in the algorithm getting trapped in a local minimum. Therefore, a global optimisation
method is required [Mendes and Kell, 1998,Moles et al., 2003].

Several global parameter estimation methods have been used to estimate parameters in
biological models, see [Moles et al., 2003] and the references therein. These include multi-
start methods, Simulated Annealing and Evolutionary Computation methods (including
Genetic Algorithms, Evolutionary Programming and Evolution Strategies), as well as
various hybrid schemes which combine di�erent optimisation methods. Most of these
algorithms require a large number of independent model simulation steps. Hence, they
are well-suited for models which are computationally cheap to solve but not appropriate
for computationally costly models.

As can be seen with the limb, biological processes can be made up of components whose
behaviour is space and time dependent. For example, the main signalling centres of
the limb, the AER and the ZPA, express di�erent genes to other areas of the limb. In
addition, the interactions between the components is usually complex and non-linear.
This spatio-temporal behaviour can be expressed in terms of nonlinear PDEs, for instance,
reaction-di�usion equations, the solution of which usually entails signi�cant computational
cost. This renders the above mentioned global parameter estimation methods impractical.
The development of parameter estimation procedures that do not require a large number
of simulation steps is therefore required for computationally complex models.
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1.5 Scope and Organisation of the Thesis

This thesis aims to contribute to the understanding of pattern formation during morpho-
genesis, with the limb as a model system. In addition, it aims to increase the capacity
of computational methods in the investigation of spatio-temporal processes, through a
presentation of a parameter estimation procedure for computationally costly models.
The proceeding chapters are organised as follows.

Chapter 2 addresses the question of phalange development in the developing chick limb.
Previous studies have identi�ed key regulatory molecules that are responsible for bone
and joint formation in the autopod. However, the mechanism behind the patterning of
the digit is unknown. We propose a model that integrates BMP and its receptor and
is modulated by FGF. We show that this �ts experimental data from our collaborator
for the chick and suggest how modi�cations to this model could account for di�erent
phalange numbers in chick digits. We also show that our model �ts data from the
literature for the mouse and suggest how the model could be used to gain insights into
how digit formation has diverged during the evolution of di�erent species.

Chapter 3 presents a parameter estimation procedure for computationally costly models.
We �rst propose a cost function for the case where the model output and available data
are images (as pattern formation is a spatial process and image data is a common output
in experiments aimed at investigating such processes). We then propose a heuristic global
parameter estimation procedure which does not require multiple model iterations and
can therefore be used to estimate parameters in computationally costly models. The
procedure was �rst successfully tested on an image-generating parametric function, with
the aim of retrieving the original parameters. We subsequently applied it to a biological
setting through �tting arti�cial image data of the developing mouse limb.

Finally, chapter 4 consists of a summary and discussion of the results and an outlook on
future research directions.
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2 Phalange Development in the
Developing Chick Limb

2.1 Abstract

A fully formed digit consists of phalanges separated by joints, which di�er greatly in
size and spacing amongst tetrapods. Although much work has been done to elucidate
the key components involved in joint and phalange development, little is known about
how phalange number and size are regulated. It has been proposed that the sequential
formation of phalanges is controlled by a Turing mechanism. However, the identities
of the molecular regulators remain unknown. We propose a Schnakenberg-type Turing
model that integrates BMP and its receptor and is modulated by FGF. We show that
this �ts the available experimental data and we suggest how modi�cations to this model
can account for di�erences in phalange number between digits in the chick. We also
apply the model to phalange formation in the mouse and suggest how the model could
be applied to di�erent species, in order to gain understanding as to how digit formation
varies between them.

2.2 Introduction

2.2.1 Overview of Phalange Development

The fully formed digit consists of phalanges separated by joints, of which number, size
and spacing di�ers greatly amongst tetrapods. The chick foot and mouse limb have been
used extensively for the study of pattern formation during digit morphogenesis. The
mouse limb, illustrated in Figure 2.1A, consists of �ve digits, each made up of three
phalangeal elements, except the most anterior digit which consists of only two elements.
The chick foot consists of four digits, each with a di�erent number of phalanges and
di�erent length, as illustrated in Figure 2.1A. This property renders the chick an ideal
system to study the regulation of digit identity.
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The developing autopod consists of digital primordia made up of condensed avascular
cartilige and separated by interdigital mesoderm. Through manipulation experiments in
the chick foot, the interdigital mesoderm was demonstrated to act as a signaling centre
that instructs digits as to their identity, with digital fate being determined by the most
posterior interdigital cue a digit primordium receives [Dahn and Fallon, 2000].

During autopod morphogenesis, the phalanges appear sequentially, with the most proximal
phalange forming �rst and the most distal one last, see Figure 2.1B. Experimental evidence
suggests that the development of phalanges in the limb is regulated as a module rather
than each phalange being regulated individually [Kavanagh et al., 2013]. Thus, barrier
experiments performed in the developing chick limb, wherein a foil barrier was inserted
into the phalanges as they were developing, showed that when such a barrier was placed
into the joint between the �rst and second phalanx the phalanges distal to it developed to
be signi�cantly longer than controls. As this e�ect was not seen when a barrier was placed
at the metatarsal-phalangeal joint, the authors concluded that phalange development
was regulated as a module and that this module was distinct to the metatarsals.

2.2.2 Molecular Mechanisms of Phalange Development

Members of the transforming growth factor � (TGF � ) superfamily, such as bone morpho-
genetic proteins (BMPs), Activins and transforming growth factor � (TGF � ) proteins
are considered to be the main signalling molecules involved in the regulation of digit mor-
phogenesis [Dahn and Fallon, 2000,Montero et al., 2008,Ganan et al., 1996,Merino et al.,
1999b]. They activate transcription factors of the SMAD family with Activin/TGF � s
activating SMADs 2 and 3 and BMPs activating SMADs 1, 5 and 8, and their importance
in digit development has been shown through various experimental procedures.

The implantation of protein-loaded beads from the TGF� superfamily into the developing
limb has been shown to di�erentially impact digit formation. BMP loaded beads (BMP2,
BMP4, BMP7, GDF5) implanted in the developing chick limb have been shown to
increase digit chondrogenesis and inhibit joint formation [Macias et al., 1997, Merino
et al., 1999a,Storm and Kingsley, 1999]. In addition, digit chondrogenesis is inhibited
when a bead loaded with the BMP antagonist Gremlin is implanted at the tip of the
developing chick limb [Merino et al., 1999c]. Exogenous administration of Activins or
TGF � into the interdigital region in the chick limb results in the formation of an ectopic
digit [Ganan et al., 1996, Merino et al., 1999b]. However, interdigital application of
Activin or TGF � loaded beads fails to induce an ectopic digit when BMP signalling is
blocked by implantation of a bead loaded with the BMP antagonist Noggin [Montero
et al., 2008]. Therefore, it has been proposed that Activins and TGF� rather act as
modulators of BMP signalling, potentially by sensitising the autopodial cells to BMP
signalling, rather than being the main regulators of digit morphogenesis [Montero et al.,
2008].
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Figure 2.1 � (A) Illustration of the chick foot (left) and the mouse forelimb (right). The chick foot
has four digits, with phalange number 2, 3, 4, 5 (from anterior to posterior). The mouse forelimb has
�ve digits, each with 3 phalanges, excepting the most anterior digit which has 2 phalanges. (B) Joints
are formed sequentially in the developing digit. Phalanx 1 (P1) emerges �rst, followed by phalanx 2
(P2) and then phalanx 3 (P3). (C) Cells that will form the phalanges continue expressing Sox9 whilst
joint progenitors (interzones) cease to expressSox9 and begin expressingGdf5. (D) Schematic of the
developing digit. The distal ray is extended at the PFR/DC. Gdf5 and Wnt9a are expressed in joint
progenitors and Sox9 in cells that will form phalanges.
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Bmp genes are expressed in the interdigital regions, interphalangeal joints and the AER
during early stages of digit formation [Macias et al., 1997,Merino et al., 1998,Pizette and
Niswander, 1999,Montero and Hurlé, 2007]. The BMP signalling pathway is highly active
during this period with multiple ligands and antagonists being expressed in the interdigital
mesenchyme [Lorda-Diez et al., 2013]. BMP ligands BMP2, BMP4, BMP5, BMP6 and
BMP7 are expressed in the interdigits [Zou and Niswander, 1996,Bandyopadhyay et al.,
2006,Zuzarte-Lu�s et al., 2004]. BMP family members GDF5 and GDF6 are also expressed
in the interdigits as well as the joint interzones [Settle Jr et al., 2003]. BMP receptor
Bmpr1a is expressed at low levels in the undi�erentiated mesenchyme and in areas of
digit chondrogenesis, andBmpr1b is expressed along the digit ray [Montero et al., 2008].

Disruption of the BMP signalling pathway a�ects normal digit formation. Excess BMP
activity interferes with joint formation [Duprez et al., 1996, Zou et al., 1997], and
chick and mouse null mutants of the BMP antagonist Noggin lack joints and fail to
expressGdf5 in the digit ray [Brunet et al., 1998,Tylzanowski et al., 2006]. Conditional
inactivation of Bmpr1a in the mouse limb bud results in almost complete agenesis
of the autopod [Ovchinnikov et al., 2006], whereasBmpr1b mouse mutants show a
complete or almost complete loss of all phalanges except the most distal one [Baur et al.,
2000,Yi et al., 2000]. GDF5 signals through BMPR1B and its activity is inhibited by
Noggin [Merino et al., 1999a,Seemann et al., 2005] andGdf5 null mice show a similar
phenotype to Bmpr1b mutants [Settle Jr et al., 2003,Baur et al., 2000]. A summary of
mutant phenotypes is given in Table 2.1.

BMP signalling has been shown to induce the transcription factor Sox9, a cartilage marker
expressed in the digital rays, and inhibit Gdf5, a joint marker. In the chick, the distal ray
is extended at a zone distal to the digit primordium called the phalanx-forming region
(PFR) [Suzuki et al., 2008] or digital crescent (DC) [Montero et al., 2008]. The PFR/DC
is positive for BMP signalling output p-SMAD1/5/8 [Suzuki et al., 2008,Montero et al.,
2008] and each PFR/DC has a unique p-SMAD1/5/8 activity signature [Suzuki et al.,
2008]. It was proposed that interdigit signaling centres determine digit identity by
signaling to the PFRs/DCs of the digital rays [Suzuki et al., 2008]. The region is made up
of noncondensed, vascularized mesenchyme and cells therein express the cartilage marker
Sox9 and have the potential to become either chondrocytes or joint cells [Suzuki et al.,
2008]. A BMP7 bead implanted at the tip of the growing digit induced Sox9 expression
in the chick. In addition, implantation of a bead of the BMP antagonist Noggin at the tip
of the growing digit inhibited Sox9 expression distally to the bead, demonstrating that
BMP signalling is necessary for the induction ofSox9 in prechondrogenic mensenchymal
cells [Montero et al., 2008].

Cells that will form the phalanges continue to expressSox9 whereas joint progenitors
(interzones) stop expressingSox9 and start expressingGdf5 [Storm and Kingsley, 1999,
Storm and Kingsley, 1996]. See Figure 2.1C-D. BMP loaded beads (BMP2, BMP4,
BMP7 and GDF5) inhibited Gdf5 expression in the developing chick digit [Merino
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et al., 1999a,Storm and Kingsley, 1999]. In addition, application of the BMP antagonist
Noggin induced Gdf5 expression, demonstrating that BMP signalling inhibits Gdf5
expression [Merino et al., 1999a].

In addition to being a key regulator of digit development, BMP signalling has also been
shown to in�uence digit identity. It has been suggested that increased levels of BMP
signalling specify more posterior digit identity [Drossopoulou et al., 2000,Zhang et al.,
2000]. In experiments performed on the chick interdigit, application of ectopic SHH
protein resulted in upregulation of Bmp2, Bmp4 and Bmp7 and posterior transformation
of digits, whereas application of Noggin beads resulted in an anterior transformation of
digits [Dahn and Fallon, 2000]. However, the number of BMP-class ligands expressed
makes it di�cult to draw conclusions from such experimental data [Lorda-Diez et al.,
2014].

The WNT and FGF signalling pathways are also active during digit formation. Canonical
WNT signalling plays a key role in interzone formation and can induce ectopic interzones
[Guo et al., 2004, Hartmann and Tabin, 2001]. The transcription factor c-Jun directs
expression of canonicalWnts in early interzones [Kan and Tabin, 2013]. However, as
this follows Gdf5 onset, and Gdf5 expression is still present in the absence of WNT
ligands [Kan and Tabin, 2013] or � -catenin [Hill et al., 2006] in digit progenitors, this
reinforces the idea that factors upstream of WNT activity direct interzone speci�cation.

FGFs are expressed at the distal end of the digit at the apical ectodermal ridge (AER)
[Mahmood et al., 1995,Vogel et al., 1996].Fgf8 expression switches o� sequentially in
the developing chick leg and wing, such thatFgf8 switches o� later over digits with more
phalanges [Sanz-Ezquerro and Tickle, 2003,Gañan et al., 1998]. In addition, application
of a SHH bead into the interdigital area in the chick resulted in prolongedFgf8 expression
and the development of an extra phalange, which failed to form when the SHH bead
was implanted together with a bead soaked in FGF receptor inhibitor [Sanz-Ezquerro
and Tickle, 2003]. Taken together, this suggests that FGF impacts digit identity. FGFs
have also been shown to inhibit the expression ofBmpr1b. However, whether FGF
impacts digit identity through modulating BMP signalling, or by acting through another
signalling pathway, is unknown.

In summary, experimental research shows that BMP signalling is key in regulating
digit development as well as digit identity. Although other molecules have been shown
to impact digit formation they either act by modulating BMP signalling, e.g. BMP
antagonists Noggin and Gremlin, or act downstream of the pathway, e.g. WNT activity
after the interzone has already been speci�ed. We therefore focus on BMP signalling to
explain phalange patterning, and FGF as a modulating factor, as experimental evidence
suggests it could impact digit identity.
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Table 2.1 � Mutant phenotypes for gene knockouts in the developing limb

Mutation Phenotype Animal Model Reference
Noggin -/- no joints, Gdf5 expression lacking Chick, Mouse *

Bmpr1b -/- phalanges reduced/Gdf5 expression expanded Mouse „

Bmpr1a -/- agenesis of autopod Mouse …

Gdf5 -/- phalanges reduced/fused Mouse Ÿ

2.2.3 Reaction Di�usion Mechanisms for Pattern Formation

Although numerous studies have been done to investigate the molecular regulators
involved in digit formation, the mechanism that regulates phalange number and size
speci�cation remains to be elucidated. In 1952, Alan Turing discovered that pattern
formation in morphogenesis could be the result of the combined reaction and di�usion
of certain chemicals (which he termed morphogens) [Turing, 1952b]. He proposed that
if, without di�usion, the concentrations of the morphogens tended to a linearly stable
uniform steady state, then, under certain conditions, the addition of di�usion to the
system could result in spatial patterning. This was a revolutionary idea, as di�usion
was generally thought of as a smoothing process that resulted in a more homogeneous
distribution of the substances involved.

The general form for a reaction-di�usion equation for two morphogens,A and B , is as
follows:

@A
@t

= DA � A + F (A; B );

@B
@t

= DB � B + G(A; B );

where F (A; B ) and G(A; B ) are the reaction kinetics ofA and B respectively andDA

and DB are the di�usion coe�cients of A and B respectively. It is possible to non-
dimensionalise and scale all such reaction-di�usion systems that lead to spatial patterning
to take the general form

* [Brunet et al., 1998,Tylzanowski et al., 2006]
„ [Baur et al., 2000,Yi et al., 2000]
… [Ovchinnikov et al., 2006]
Ÿ [Storm and Kingsley, 1996,Baur et al., 2000]
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@u
@t

= � u + 
f (u; v);

@v
@t

= d� v + 
g (u; v): (2.1)

The constant d is the ratio of the di�usion coe�cients of the two morphogens. The
conditions for the generation of Turing patterns for reaction-di�usion equations of the
form above are:

f u + gv < 0; (2.2)

f ugv � f vgu > 0; (2.3)

df u + gv > 0; (2.4)

(df u + gv)2 � 4d(f ugv � f vgu) > 0; (2.5)

where f u ; f v ; gu ; gv are the partial derivatives of the functions f (u; v) and g(u; v), with
respect to u and v, evaluated at steady state. Conditions(2.2) and (2.3) ensure that
there is a linearly stable steady state in the absence of di�usion and conditions(2.4) and
(2.5) that that steady state is unstable in the presence of spatial disturbances. For a
derivation of these conditions see [Murray, 2001].

Examining the conditions for pattern generation reveals two di�erent system structures
that can give rise to this type of spatial patterning. This can be seen as follows. From
conditions (2.2) and (2.3), f u and gv must have opposing signs. We can assume, without
loss of generality, that f u > 0 and gv < 0. Then, it is clear from (2.2) and (2.3) that
d > 1, i.e. v di�uses faster than u. From condition (2.4), it can be seen that f vgu < 0.
Therefore, we either havef v > 0 and gu < 0 or f u < 0 and gv > 0. In the case of the
former we have the reaction kinetics near the steady state as illustrated in Figure 2.2A.
The spatial pattern resulting from this system structure is illustrated in Figure 2.2C.
As can be seen, this results in spatial patterns where the peaks of the two morphogens
coincide. In the case of the latter we have the reaction kinetics near the steady state as
illustrated in Figure 2.2B. The spatial pattern resulting from this system structure is
illustrated in Figure 2.2D. This results in spatial patterns where the peak concentration
of one morphogen coincides with the lowest concentration of the other.

One set of reaction kinetics that can result in Turing patterns are those of the Schnaken-
berg reaction [Schnakenberg, 1979] which result in the reaction-di�usion equation:
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@A
@t

= DA � A + k1 � k2A + k3A2B; (2.6)

@B
@t

= DB � B + k4 � k3A2B;

where k1 � k4 are rate constants greater than zero. Non-dimensionalising this equation,
as shown in [Murray, 2001], by setting:

u = A

 
k3

k2

! 1=2

; v = B

 
k3

k2

! 1=2

; ~t =
DA t
L 2 ; ~x =

x
L

;

d =
DB

DA
; a =

k1

k2

 
k3

k2

! 1=2

; b =
k4

k2

 
k3

k2

! 1=2

; 
 =
L 2k2

DA
;

where L is a suitable length scale, results in the following reaction-di�usion equation
(tildes are dropped for clarity):

@u
@t

= � u + 
 (a � u + u2v);

@v
@t

= d� v + 
 (b� u2v);

which is a speci�c form of (2.1). The Schnakenberg reaction kinetics are an example of
the second system structure described wheref u < 0 and gv > 0 i.e. its reaction dynamics
around steady state are as shown in Figure 2.2A and the spatial patterns that result are
as shown in Figure 2.2C. There exist multiple possibilities for di�erent reaction kinetics
for both systems. An example of a reaction-di�usion system that has a system structure
as shown in Figure 2.2B is that of the activator-inhibitor mechanism suggested by Gierer
and Meinhardt [Gierer and Meinhardt, 1972]. This system results in spatial patterns as
illustrated in Figure 2.2D. A comparison of di�erent systems with pattern-generating
properties is given in [Murray, 1982]. These systems or sets of reaction di�usion equations
are generally referred to as Turing mechanisms or Turing models.

Turing mechanisms [Turing, 1952b] have already been suggested for bone formation in
the limb [Zhu et al., 2010] and the spacing of digits in the autopod [Raspopovic et al.,
2014,Badugu et al., 2012]. A Turing pattern has also been suggested as the conceptual
mechanism for the patterning of joints in the digits [Hiscock et al., 2017], however, the
authors do not specify which molecular regulators would act as the main components of
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2.3. Model

Figure 2.2 � Illustration of possible system dynamics about the steady state which result in spatial
patterning. (A) Slower-di�using u is self-activating and activates faster-di�using v, which inhibits u. (B)
Slower-di�using u is self-activating and inhibits faster-di�using v, which activates u. The spatial patterns
that result from the systems shown in (A) and (B) are illustrated in (C) and (D) respectively.

the process. A Turing mechanism based on the molecular regulators previously proposed
for digit formation [Raspopovic et al., 2014] has also been suggested to govern phalange
formation [Cooper, 2015]. However, the model is purely conceptual and is not validated
against any experimental data. Here, we propose a Schnakenberg-type Turing model
comprising of BMP, its receptor, and modulated by FGF as a model for digit formation.
The proposed model �ts the available experimental data and can be used to infer how
disruption to underlying molecular components may account for di�erences in phalange
number between digits in the developing chick.

2.3 Model

Members of the TGF� superfamily are considered to be the main signalling molecules
involved in the regulation of digit development. BMPs form part of this superfamily and
experimental evidence suggests that BMP signalling is the main regulator of this process.
Interestingly, in the developing digit, neither the pattern of expression of the BMP
receptors nor that of the BMP ligands explain the spatial distribution of BMP signalling
in the developing digits [Montero et al., 2008]. The presence of modulating factors has
been suggested as a cause for this di�erence in spatial distribution between BMP receptor
and ligand expression and that of BMP signalling. However, the identity of these factors
and how they cause this patterning is yet to be proposed. A Turing pattern, on the other
hand, resulting from the interaction between the BMP receptor and ligand would also
result in the di�erential spatial distribution observed without the need for additional
components. In addition, it has previously been shown that the BMP receptor-ligand
interaction can result in Turing patterns [Badugu et al., 2012]. We therefore focus on
BMP signalling to explain digit patterning. We include FGF as a modulating factor
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as experimental evidence suggests it could impact digit identity [Sanz-Ezquerro and
Tickle, 2003,Gañan et al., 1998] and FGF signalling inhibits BMP receptor expression
and thereby modulates BMP signalling [Merino et al., 1998].

2.3.1 Equations

The following reaction-advection-di�usion equations are used to represent the dynamics
with the terms to be interpreted as follows. The variablesB , R and F represent the
concentration of BMP ligand, BMP receptor and FGF respectively. � B , � R and � F

are the production rates of B , R and F respectively. The indicator function 1AER is
used to show that Fgf is expressed exclusively in the AER. The di�usion rates ofB , R
and F are denoted byDB , DR and DF respectively. Similarly, � B , � R and � F are the
degradation rates ofB , R and F respectively. BMPs are dimers and one BMP molecule
can therefore bind two receptors [Scheu�er et al., 1999]. The dynamics for the formation
of the receptor-ligand complexC with association rate kon, dissasociation rateko� and
degradation rate � C would then be

_C = konBR 2 � ko� C
| {z }
complex formation

� � C C
| {z }

degradation

:

We assume that receptor-ligand complex formation is fast compared to other processes,
such that the receptor-ligand complex assumes a quasi steady-state, i.e.

C =
kon

ko� + � C
BR 2:

The concentration of the receptor-ligand complex i.e. BMP signalling, is then proportional
to BR 2. Then, assuming mass action kinetics, the terms� C R2B and 2� C R2B represent
the removal of free ligand and receptor respectively via receptor-ligand binding. FGF
has been shown to inhibit BMP receptor expression [Merino et al., 1998]. We model this
inhibition of receptor expression by FGF signalling via a Hill function K 2

F 2+ K 2 in front
of the production term with Hill constant K . We set the value of the Hill coe�cient
to 2 as the Hill function is unknown and the choicen = 2 is particularly numerically
stable. BMP signalling positively regulates receptor production [Merino et al., 1998]. We
model this via the term �BR 2 which represents the upregulation of the receptor due to
BMP signalling and recycling of the receptor. S represents a read-out of BMP signalling,
whose production is induced byBR 2. We useS as the output of the model to evaluate
the �t of the model to the data, with peaks of S corresponding to areas of phalange
formation and the midway point between peaks corresponding to joint interzones. In the
model, S upregulates itself and is also inhibited by FGF. The velocity �eld of the tissue,
due to growth, is denotedu. A schematic of the reaction network is shown in Figure
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2.4A. The reaction-advection-di�usion equations are then:

@B
@t

+ r (uB )
| {z }
adv & dil

= DB � B
| {z }
di�usion

+ � B|{z}
production

� � cBR 2
| {z }

complex formation

� � B B
| {z }

degradation

;

@R
@t

+ r (uR)
| {z }
adv & dil

= DR � R
| {z }
di�usion

+
K 2

K 2 + F 2 (� R + �BR 2)
| {z }

production

� 2� cBR 2
| {z }

complex formation

� � RR
| {z }

degradation

;

@F
@t

+ r (uF )
| {z }
adv & dil

= DF � F
| {z }
di�usion

+ 1AER � F| {z }
production

� � F F
| {z }

degradation

;

@S
@t

+ r (uS)
| {z }
adv & dil

= � S

 
S2

S2 + K 2
S

!

+ � BS

 
(BR 2)2

(BR 2)2 + K 2
BS

! 
K 2

F S

F 2 + K 2
F S

!

| {z }
production

� � SS
| {z}

degradation

:

As can be seen,S is solely an output of the model and the value ofS does not feed back
into the other components in any way. Non-dimensionalising the equations with respect
to space and time by setting

x =

s
DF

� F
X; t =

1
� F

T;

we get
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@B
@T

+ r (uB ) =
DB

DF
� B +

� B

� F
�

� c

� F
BR 2 �

� B

� F
B;

@R
@T

+ r (uR) =
DR

DF
� R +

K 2

K 2 + F 2 (
� R

� F
+

�
� F

BR 2) � 2
� c

� F
BR 2 �

� R

� F
R;

@F
@T

+ r (uF ) = � F + 1AER
� F

� F
� F;

@S
@T

+ r (uS) =
� S

� F

 
S2

S2 + K 2
S

!

+
� BS

� F

 
(BR 2)2

(BR 2)2 + K 2
BS

! 
K 2

F S

F 2 + K 2
F S

!

�
� S

� F
S:

Grouping parameters by settting: gDB = DB =DF ; gDR = DR=DF ; f� B = � B =�F ; f� R =
� R=�F ; f� F = � F =�F ; f� S = � S=�F ; g� BS = � BS =�F ; e� = �=� F ; f� C = � C =�F ; f� B =
� B =�F ; f� R = � R=�F ; f� S = � S=�F , dropping the tildes and denoting T by t for better
readability we obtain:

@B
@t

+ r (uB ) = DB � B + � B � � cBR 2 � � B B;

@R
@t

+ r (uR) = DR � R +
K 2

K 2 + F 2 (� R + �BR 2) � 2� cBR 2 � � RR;

@F
@t

+ r (uF ) = � F + 1AER � F � F;

@S
@t

+ r (uS) = � S

 
S2

S2 + K 2
S

!

+ � BS

 
(BR 2)2

(BR 2)2 + K 2
BS

! 
K 2

F S

F 2 + K 2
F S

!

� � SS:

Fgf expression decreases during this time [Scherz et al., 2004,Gañan et al., 1998]. As
we lack data pertaining to Fgf expression over time, we model FGF production via a
Heaviside step functionHF (t) setting

HF (t) =

8
<

:
� F if t � tF

0 if t � tF
(2.7)
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2.3. Model

for a set time point tF , with tF as a parameter to be estimated. It should be noted that
this is a simpli�cation of the dynamics and the change in Fgf expression over time is
likely smoother in the developing limb [Gañan et al., 1998]. Similarly, asBmp expression
is higher at the distal end of the digit during this time [Francis et al., 1994, Pizette
and Niswander, 1999], see Figure 2.4C, we model BMP production via a Heaviside step
function HB (x) setting

HB (x) =

8
<

:
� B + � �

B if L t � x � x �B

� B else
(2.8)

where L t is the domain size at timet and x �B the non-dimensionalised size of the domain
of higher BMP production. As we do not have data on the precise size of the domain
of higher BMP production, we estimate it to be approximately equal to 25% of the
simulation domain at the �nal time point of the simulation for digit 3. This corresponds
to a non-dimensional length ofx �B = 3 .

Thus, the �nal set of equations reads:

@B
@t

+ r (uB )
| {z }
adv & dil

= DB � B
| {z }
di�usion

+ HB (x)
| {z }

production

� � cBR 2
| {z }

complex formation

� � B B
| {z }

degradation

;

@R
@t

+ r (uR)
| {z }
adv & dil

= DR � R
| {z }
di�usion

+
K 2

K 2 + F 2 (� R + �BR 2)
| {z }

production

� 2� cBR 2
| {z }

complex formation

� � RR
| {z }

degradation

;

@F
@t

+ r (uF )
| {z }
adv & dil

= � F|{z}
di�usion

+ 1AER HF (t)
| {z }

production

� F|{z}
degradation

;

@S
@t

+ r (uS)
| {z }
adv & dil

= � S

 
S2

S2 + K 2
S

!

+ � BS

 
(BR 2)2

(BR 2)2 + K 2
BS

! 
K 2

F S

F 2 + K 2
F S

!

| {z }
production

� � SS
| {z}

degradation

:

2.3.2 Data

We have time series data available from our collaborator Prof. Patrick Tschopp at the
University of Basel. The data was collected every 4 hours over a 76 hour period and
consists of the length of the phalanges over time for the left and right limb of 2 embryos
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Chapter 2. Phalange Development in the Developing Chick Limb

Figure 2.3 � Sample of data used to generate time series of digit development in the chick. In situ
hybridisation (ISH) showing the expression of Gdf5 in digit 3 of the chick leg at 200h of development
(image courtesy of Emmanuelle Grall, University of Basel).

for digits three and four in the developing chick, digits 3 and 4 being the third and fourth
digits respectively from the anterior side of the chick leg. This was measured fromin situ
hybridisation data showing the expression of the joint interzone markerGdf5, see Figure
2.3. The �rst data point for digit 4 is 4 hours after that of the �rst data point of digit
3. As the phalange formation process took place over 60 hours for digit 3 and 72 hours
for digit 4, the simulations are run with simulation time corresponding to a dimensional
value of 60 hours for the digit 3 model and 72 hours for the digit 4 model, respectively.

2.3.3 Model Domain and Growth

The partial di�erential equations (PDEs) are solved on a 1D growing domain representing
the proximodistal axis from the joint separating the digit from the metacarpal to the
AER. This allows us to model developmental dynamics such as the timing of phalange
formation and the ratio of the sizes of individual phalanges to the size of the whole digit.
The domain is split into a mesenchymal region and an AER region, see Figure 2.4B.
The size of the initial domain and growth rate were calculated by �tting the polynomial
a+ bt+ ct2 to time-series data of digit size over time,t, in hours using the fit function in
MATLAB [MATLAB, 2015], see Figure 2.4D-E. For the �t for digit 3, the coe�cients (with
95% con�dence bounds) to 3 s.f. were:a = 312 (202; 422); b = 6 :37 (� 0:349; 13:1); c =
0:321 (0:236; 0:406). For the �t for digit 4, the coe�cients (with 95% con�dence bounds)
to 3 s.f. werea = 344 (264; 425); b = 8 :84 (3:63; 14:0); c = 0 :261 (0:191; 0:331):

We �tted a polynomial to the data rather than the exponential function aebx as the
polynomial was a better �t to the data based on goodness of �t (gof) statistics calculated
using MATLAB. For both digit 3 and digit 4, the polynomial �t had a lower sum of
squares due to error (sse) and root mean squared error (rmse) than the exponential �t
as well as a higher adjusted R-square (adjrsquare) value, all indicative of a better �t. As
the polynomial and exponential �t have a di�erent number of parameters, we use the
adjusted R-square value as this statistic penalises models that have a higher number of
parameters. See Table 2.2 and Table 2.3 for goodness of �t statistics for digit 3 and digit
4 respectively.
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Note: 0 hours represents start of simulation time, this corresponds to a developmental
time point 4 hours later for digit 4 compared to digit 3, due to the experimental data
collected, see section 2.3.2. To model the growth process, simulations were run in two
steps: 1) The system was allowed to reach steady state on the initial �xed domain. 2)
The equations were then solved on a uniformly growing domain.

Table 2.2 � Goodness of �t statistics for digit 3

gof statistic exponential �t polynomial �t

sse 1.5876e+05 1.2484e+05
adjrsquare 0.9843 0.9869
rmse 93.9136 85.6956

Table 2.3 � Goodness of �t statistics for digit 4

gof statistic exponential �t polynomial �t

sse 8.3654e+04 6.0266e+04
adjrsquare 0.9878 0.9907
rmse 70.1486 61.3726

2.3.4 Boundary and Initial Conditions

Zero-�ux boundary conditions are applied for all model components. Initial conditions
for F and S were set to zero. Random initial conditions following a uniform distribution
with a mean of 0.1 and range of 0.01 were applied toB and R.

2.3.5 Parameters

Parameter values such as production rates, di�usion coe�cients and Hill constants are
not available for the in vivo system. We therefore estimate the model parameters through
�tting them to the data, Table 2.4 contains the parameters of the non-dimensionalised
PDEs, with the exception of the following. The receptor resides in the cell membrane
and its di�usion is therefore substantially slower than that of the ligand. The di�usion
constant of membrane proteins is estimated to be several orders of magnitude lower
relative to proteins in solution [Kumar et al., 2010,Hebert et al., 2005]. We therefore �x
the di�usion rate of the receptor, DR , as 100 times less than the di�usion rate of the
receptor DB . We set f� C = e�= 3, so that e� � 2f� C > 0, which is required if the system is to
act as a Schnakenberg type Turing model, see Equation 2.6, asBR 2 should positively
feedback onR. We choose suitable scales for non-dimensionalisation, setting� F =
2:6817� 10� 4s� 1 and DF = 5 :7534µm2s� 1, which are within the range of experimentally
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Figure 2.4 � (A) Network schematic of the reaction network of the model. (B) Diagram of the 1D domain
used for model simulation. (C) Bmp expression in the developing chick limb, reproduced from [Pizette
and Niswander, 1999]. Bmp expression is higher at the distal end of the digit. (D) Growth of digit
3 over time. Data are shown as blue dots and the �t is represented by a red line. Equation for �t:
y = 312 + 6 :37t + 0 :321t2 . (E) Growth of digit 4 over time. Data are shown as blue dots and the �t is
represented by a red line. Equation for �t: y = 344 + 8 :84t + 0 :261t2 . Note: 0 hours represents start of
simulation time, this corresponds to a developmental time point 4 hours later for digit 4 compared to
digit 3, due to the experimental data collected, see section 2.3.2.
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Figure 2.5 � (A) Non-dimensional length over non-dimensional time for mesenchymal area of digit 3 for
the duration of the simulation. (B) Non-dimensional length over non-dimensional time for mesenchymal
area of digit 4 for the duration of the simulation. Area in light red shows the size of the domain with
higher BMP production.

recorded morphogen di�usion and degradation rates [Yu et al., 2009,Kicheva et al., 2007].
The exact di�usion and degradation rate for FGF8 in the relevant tissue are unknown. As
we havex =

p
DF =�F X and t = T=�F , this corresponds to a non-dimensional simulation

time of 58 and 70 for digit 3 and digit 4 respectively with a �nal non-dimensional length
of the mesenchymal area of digit 3 and digit 4 of 12.6 and 16 respectively. See Figure
2.5. We also setx �B = 3 in non-dimensional length, which corresponds to a dimensional
length of 439µm. This corresponds to higher BMP production in approximately the most
distal 25% of the simulation domain at the �nal time point of the simulation for digit 3.
See Figure 2.5.

Finally, we �xed the parameter values relating to S, as this is solely a read-out of the
upstream dynamics and does not in�uence the dynamics of the other model components
in any way. This left us with 10 parameters to be estimated. These are listed in Table
2.5, denotedp(n) for n = 1 : 10, along with the values of the �xed parameters. Tildes
are removed from the non-dimensional parameters for notational clarity.

2.3.6 Evaluation of Model Fit

We look at the variable S as an output, with the assumption that peaks of S correspond
to areas where phalange formation will occur, and the midway point between the peaks
corresponds to sites that will eventually form joints. The size of the phalange domain
is then the distance between adjacent midway points between peaks if the phalange is
neither the �rst nor last phalange at a set time point. The size of the �rst phalange is
de�ned as the distance from the start of the domain to the �rst midway point between
peaks if there are already two peaks, or the total size of the domain if two peaks are
not yet present. The size of the last phalange, when there are at least two peaks, is
de�ned as the distance between the midway point between the two peaks closest to
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Table 2.4 � Set of parameters after non-dimensionalization

non-dimensional parameter terms equal to

gDB DB =DF
gDR DR=DF
f� B � B =�F
f� �
B � �

B =�F
f� R � R=�F
f� F � F =�F
f� S � S=�F
g� BS � BS =�F
f� B � B =�F
f� R � R=�F
f� S � S=�F
fK K
gK S K S
]K BS K BS
]K F S K F S
e� �=� F
f� C � C =�F

tF scaled time point of FGF production decrease
x �B scaled size of region of higher BMP production
AER scaled size of AER

the end of the domain and the end of the mesenchymal domain. See Figure 2.6 for a
schematic of how phalange lengths are calculated, using a pro�le ofS with four peaks
as an example. A parameter set is de�ned as a match if the model matches the times
at which a new phalange is formed (de�ned here as splitting times) in the experimental
data. The matches are then sorted based on the similarity of the model to the data of
the ratio of the lengths of the individual phalanges to the total digit length at the �nal
time point of the simulation. The cost function used to sort the matches is as follows:

X

i

0

@
max

�
1; P i D =TD

P i S =TS

�

min
�

1; P i D =TD
P i S =TS

� � 1

1

A

2

(2.9)

where i is the phalanx number, P iD the length of phalanx i in the data, P iS the length
of phalanx i in the simulation, TD the total length of the digit in the data and TS the
total length of the digit in the simulation. All phalanx and digit lengths referred to are
those at the �nal time point of the simulation.
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Table 2.5 � Final parameter set

non-dimensional parameter terms equal to note

DB p(1) parameter to be estimated
DR 0:01p(1) DR � DB

� R p(2) parameter to be estimated
� B p(3) "
� p (4) "
� F p(5) "
� R p(6) "
� �

B p(7) "
� B p(8) "
AER p(9) "
tF p(10) "
� S 2 read-out
� BS 15 "
� S 3 "
K 8:5 "
K S 1 "
K BS 1 "
K F S 1 "
� C �= 3 Turing condition
x �B 3 size of region of higher BMP production

Figure 2.6 � Schematic depicting how phalange lengths are calculated. An illustration of S over the
mesenchymal domain is shown in blue. The phalange domains are shown above, with the domain edges
and midway point between peaks marked by short, black, vertical lines.
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2.4 Results

2.4.1 Comparison of model and experimental data for digit develop-
ment in the chick

The �rst question we wanted to address was whether the model could result in the
developmental dynamics observed in the data. Based on the evaluation of model �t
described in section 2.3.6, we were able to �nd parameters that �t the developmental
dynamics for both digit 3 and 4. The dynamics ofS for the best match for digit 3 are
shown in Figure 2.7A. Peaks ofS correspond to areas where phalange formation will
occur, and the midway point between the peaks corresponds to sites that will eventually
form joints. As can be seen, phalanges form sequentially in the model: the most distal
peak of S repeatedly splits, corresponding to the formation of a new phalange at the
distal end of the domain. The bias in peak formation in the model is due to higher
BMP production at the distal end of the domain. Comparisons between the model and
the data for the best match for digit 3 and digit 4 are shown in Figures 2.7B and 2.7C
respectively.¶ As can be seen, the model matches the data in terms of both timing of
phalange formation and phalange size, although there is a discrepancy between the model
and data towards the end of the simulation for digit 4, regarding the size of phalanges 2
and 3.

The parameter sets for the best 5 and 251 matches for digits 3 and 4 are shown in Figure
2.7D. We performed a PCA on the normalised parameter sets that were found to be
matches and found that models that match the data for digits 3 and 4 have parameter sets
that occupy di�erent regions in the parameter space, in particular in their score for prin-
cipal component 1 (PC1), see Figure 2.7E. The coe�cients for PC1 forp(1) � p(10) were
found to be [� 0:058; 0:543; � 0:056; � 0:014; 0:149; 0:315; � 0:047; 0:526; 0:311; � 0:450]
(to 3 d.p.). The three parameters that contribute most to PC1 are p(2); p(8) and p(10)
which correspond to the parameters� R , � B and tF respectively. From this we conclude
that our model is able to recapitulate the developmental dynamics of digit development
for digit 3 and digit 4 in the chick and that the parameter sets corresponding to models
that matched the dynamics of digit 3 were in a di�erent region of parameter space to
those corresponding to models that matched digit 4.

2.4.2 Comparison between developmental dynamics of digit 3 and digit
4 in the chick

We next wanted to investigate the cause of the di�erence in developmental dynamics
between digits 3 and 4. The PCA performed on the matches showed that the parameter

¶ The simulations are run for the length of time for which phalange formation occurs, 60h and 76h for
digit 3 and digit 4 respectively, hence the di�erence in time range between Figures 2.4C-D and Figures
2.7B-C.
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Figure 2.7 � (A) Concentration of S for the best match for digit 3 at t = 0 ; 20; 32; 44; 56h post start of
simulation, from left to right. Peaks of concentration represent phalanges and the halfway point between
the peaks represents the joints. The region of the domain with higher BMP production is marked in red.
(B) Comparison between data and model for digit 3. (C) Comparison between data and model for digit
4. Phalanges emerge sequentially as illustrated in Figure 2.1B. Phalanges 1, 2 and 3 are shown in red,
green and blue respectively. Black represents the area from the last joint to the apical ectodermal ridge
(AER). Grey represents a discrepancy in splitting time in the experimental data. Measurements were
collected from two separate embryos. A discrepancy in splitting times corresponds to one embryo having
formed an extra phalange at that time point and the other not having yet formed an extra phalange. (D)
Parameters for best 5 matches for digit 3 and digit 4 (left) and parameters for best 251 matches for digit
3 and digit 4 (right). (E) PCA of parameter sets that �t data for digit 3 and digit 4. Parameter sets that
match data for digit 3 and those that match digit 4 occupy di�erent regions in parameter space.
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sets that resulted in a model that matched the data for digit 3 occupied a di�erent region
in parameter space than those that matched the data for digit 4. We then wanted to
examine in more detail which parameters in our model played the most important role
in di�erentiating between digits 3 and 4. To this end, we used the 5 parameter sets
that best matched the data for digits 3 and 4 (the top 5 matches for both digits). We
looked at whether it was possible to �t a set of digit 3 parameters to digit 4 by only
substantially changing one parameter. We ran a parameter screen in which we took the
5 parameter sets for digit 3 and allowed one parameter to vary signi�cantly (the other
parameters were �xed between� 10% of their original value). In addition to only varying
individual parameters, we also ran 2 additional screens where we allowed 2 parameters
to vary signi�cantly: � b and � �

b, as well as� f and tF . These were run as� b and � �
b both

correspond to the production of BMP and � f and tF to the production of FGF in the
developing digit. Therefore, it was also necessary to examine the e�ect of varying them
pairwise. Similarly, we looked at whether it was possible to �t a set of digit 4 parameters
to digit 3 for the top 5 matches for digit 4.

With this procedure, we were able to identify parameter sets with minimal variation that
�t both digits 3 and 4. To identify which parameters were key in distinguishing between
the digits we looked at the di�erence between the values of the parameters of the original
digit 3 match and that of the new values found that �tted the data for digit 4. These
di�erences were calculated for each parameter across all matches that resulted from all
the parameter screens performed. The di�erences were then normalised with respect to
the average value of that parameter across the original top 5 matches. For example, if a
match was found for digit 4 by varying the parameters for the best match (match 1) of
digit 3, the di�erence for a set parameter p, � p, would then be:

� p =
pd4 � pd3m1

(
P

i pd3mi )=5

where pd4 is the parameter value for the digit 4 match, pd3m1 the parameter value for the
best match to digit 3, match 1, and (

P
i pd3mi )=5 the average of that parameter across

the top 5 matches for digit 3.

The median and interquartile range of these di�erences for each parameter value is shown
in Figure 2.8A for matches found for digit 4 from the top 5 digit 3 matches. Similarly, the
results for the matches found for digit 3 for the top 5 digit 4 matches are shown in Figure
2.8B. For consistency, we always subtracted the parameter value of the digit 4 match to
that of the corresponding digit 3 match. Full results of the parameter screen are shown
in the Appendix, Figures 2.13-2.19. We also calculated the median and interquartile
range for di�erences in parameter value where we included only the screens where that
parameter value was varied substantially. However, with this restriction, the amount of
matches per parameter was reduced, resulting in no values for some parameters. These
results are shown in the Appendix, Figure 2.20.
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The results show that, for most parameters, there are a signi�cant number of matches
where that parameter value increases when going from digit 4 to digit 3 and there are
also a signi�cant number of matches where that parameter value decreases when going
from digit 4 to digit 3. This is shown by positive and negative values for the parameter
change between digit 4 and the corresponding digit 3 match being within the interquartile
range for most parameters. The two parameters that are an exception to this are� �

b and
tF . (The parameter tF was also in the top three parameters that contributed most to
PC1 in the PCA of the matches for digit 3 and digit 4.) For these two parameters, the
normalised change in parameter value between the digit 4 match and the corresponding
digit 3 match is the highest, with no negative values for the parameter change within the
interquartile range. For the parameter tF the mean di�erence between the parameter
value for the digit 4 match and the corresponding digit 3 match from the top 5 digit
3 matches was 2.8h in dimensional time with a standard deviation of 1.1h. The mean
di�erence of tF between the top 5 digit 4 matches and their corresponding digit 3 match
was 5.8h with a standard deviation of 4.9h. For screens where onlytF was allowed to vary
substantially, the mean di�erence between the parameter value for the digit 4 match and
the corresponding digit 3 match from the top 5 digit 3 matches was 5h with a standard
deviation of 1.9h. For screens where onlytF was allowed to vary substantially, the mean
di�erence of tF between the top 5 digit 4 matches and their corresponding digit 3 match
was 10.2h with a standard deviation of 2.9h. From the above we can conclude that,
compared to the model for digit 3, the model for digit 4 with minimal variation in the
parameter set for the digit 3 model would have a higher value of� �

b and tF .

In our model, an increase in� �
b corresponds to higher BMP production in digit 4 than

digit 3 at the distal portion of the developing digit. This is in agreement with previous
experiments performed on the developing chick limb, where the application of Noggin (a
BMP antagonist) caused anterior transformation of digit identity [Dahn and Fallon, 2000].
In addition, application of ectopic SHH protein resulted in ectopic Bmp7 and Bmpr1b
expression and posterior digit transformation, whereas co-implantation of ectopic SHH
with the BMP antagonist Noggin resulted in normal digit development (no posterior
digit transformation) [Dahn and Fallon, 2000].

An increase in tF in our model corresponds to FGF production switching o� later. This
is an agreement with previous experiments performed on the developing chick limb which
showed that, in both chick legs and wings,Fgf8 expression decreased later over digits
with more phalanges [Gañan et al., 1998,Sanz-Ezquerro and Tickle, 2003]. Further, the
development of an additional phalange that resulted from the implantation of a SHH
bead was shown to be blocked when beads containing an FGF receptor inhibitor were
co-implanted with the SHH bead, associating the formation of an additional phalange
with prolonged Fgf8 expression [Sanz-Ezquerro and Tickle, 2003].

In conclusion, compared to the model for digit 3, the model for digit 4 with minimal
variation in the parameter set for the digit 3 model would have a higher value of� �

b and
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Figure 2.8 � (A) Normalised change in parameter value between parameter value for digit 4 and
parameter value for corresponding digit 3 model for the top 5 matches for digit 3. Median is marked in
red, interquartile ranges in blue. (B) Normalised change in parameter value between parameter value for
digit 4 and parameter value for corresponding digit 3 model for the top 5 matches for digit 4.

tF . These correspond to higher BMP production at the distal end of the developing digit
and a later time point at which FGF production switches o� respectively. Both are in
agreement with experimental data available from the literature which relates BMP and
FGF levels to digit identity.

2.4.3 Sensitivity analysis

In order to examine the robustness of the model to parameter perturbations, we performed
a sensitivity analysis for the top 5 matches for digits 3 and 4. We varied the parameters
p(1) � p(10) in addition to the parameter x �B (x �B corresponds to the size of the domain
of higher BMP production). See Table 2.5. Parameters were varied individually by
� 1%; � 5%; � 10%; � 20% and � 50%. We then noted whether the splitting times were
on average earlier or later than in the original match and whether the number of peaks
(phalanges) in the model had increased or decreased. The average result for each digit is
shown in Figure 2.9. The results of the sensitivity analysis for the individual matches
are given in the Appendix, Figures 2.21-2.22.

We found that the robustness of the model to a change in parameter value depended on
the parameter being perturbed. For example, for both digits, a change in� relative to
its additional value resulted in a greater change in the model output than a change in� b

relative to its original value. Overall, the change in model output was as expected based
on the parameters being perturbed. For instance, parameters whose increase is known to
result in Turing patterns with a larger number of peaks, e.g. the production rates� �

b; � b

and � r and the rate of upregulation of the receptor by the complex,� , did indeed result
in additional peaks in the model when their value was increased.

For some changes in parameter values, the behaviour in the model seems unexpected.
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Figure 2.9 � (A) Average sensitivity analysis for the top 5 matches of digit 3. Parameters were varied
individually by � 1%; � 5%; � 10%; � 20% and � 50%. Light red and light blue indicate splitting times
that are on average earlier or later, respectively, than in the original model. Bright red and bright blue
indicate an increase or decrease, respectively, in the number of peaks (phalanges) in the model. (B)
Average sensitivity analysis, as in (A), for digit 4.

For example, for digit 3, a decrease of� r by 20% results in an increase in the number
of peaks, whereas a decrease in 50% results in a decrease in the number of peaks. We
examined this behaviour in more detail, and found that is was due to the change in
parameter value resulting in a model that was either not in Turing space anymore, in
which case there was no spatial patterning resulting from the Turing module, or the
model parameters were almost outside of Turing space, in which case the peaks were not
pronounced enough to be considered as such.

We then examined the impact of changing� r in order to investigate how much one would
need to constitutively produce the receptor to prevent Turing patterns. On average, a
change in 20% of� r disrupts the timing of phalange formation for simulations of digit
3 and digit 4, see Figure 2.9. When� r was doubled, patterning was severely disrupted
for all of the top 5 matches for digit 4 and the top 3 matches for digit 3. When � r was
tripled, most of the domain was outside of Turing space and no patterning was observed
for the top 5 matches for digit 4 and the top 3 matches of digit 3. For the 4th and 5th
best matches for digit 3, patterning was severely disrupted when� r was tripled and most
of the domain was outside of Turing space and no patterning was observed when� r was
quadrupled.

2.4.4 Impact of parameters on phalange ratios

Next, we wanted to investigate what determined the ratio of the phalanges to total digit
size, in particular what impact varying the parameters of the model had on phalange
proportions and whether this was consistent with data from the literature. The variation
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in proportions of phalanges in the chicken and other species was investigated in [Kavanagh
et al., 2013]. The authors discovered there was a correlation between the ratio of the
length of phalanx 3 to phalanx 1 and the ratio between the length of phalanx 2 to phalanx
1 (P3/P1 correlated with P2/P1). See Figure 2.10A. They concluded that phalangeal
variation was restricted in various species and that if one knew the size of two phalanges,
one could reliably predict the size of the third.

We wanted to see whether this was also observed in our model. We simulated individual
variation by varying parameters p(1) � p(10) and x �B between� 10% of their original
value at 0:5% intervals for the top 5 matches for digits 3 and 4 and recorded the ratio
of phalange lengths from the resulting model. For both digit 3 and digit 4 we found a
correlation between P3/P1 and P2/P1, similar to what was observed in biological data
from the literature [Kavanagh et al., 2013]. See Figure 2.10.

As a consequent step, we wished to examine the e�ect of individual parameters on
phalange proportions in our model. To this end, we �rst de�ned a measure of phalange
incongruency i.e. how far the phalanges in a digit simulation were from being equally
spaced. We de�ned this as:

X

i

0

@P iS �
TS

n

1

A

2

(2.10)

where i is the phalanx number,P iS the length of phalanx i in the simulation, TS the
total length of the digit in the simulation and n the number of phalanges in the digit. If
the phalanges are equally spaced the phalange incongruency (as de�ned here) is zero and
any deviation from equally spaced phalanges results in a value greater than zero.

We then looked at how varying the model parameters for the top 5 matches for digits
3 and 4 a�ected the phalange incongruency and length of individual phalanges. We
varied parametersp(1) � p(10) and x �B between� 10% of their original value at 0:5%
intervals and recorded the phalange incongruency and length of the individual phalanges
for the resulting model. Parameter sets that resulted in a di�erent phalange number
or irregular model behaviour such as phalange disappearance were not included in the
analysis. We found that the e�ect of a parameter on both phalange incongruency and
individual phalange length was similar across matches 1-5 for digit 3. See Figure 2.11
and Appendix, Figures 2.24-2.25. For digit 4, the impact of a parameter on phalange
incongruency and individual phalange length was more varied across matches 1-5. See
Appendix, Figures 2.25-2.27.

Generally, in a Turing model with spatially uniform parameters, the resulting peaks
should be uniformly distributed. However, in our model, the parameters are not spatially
uniform, i.e. FGF production is restricted to the distal side of the domain, and BMP
production is also higher on the distal side of the domain. It is therefore unsurprising that
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varying parameters associated with this spatial heterogeneity, i.e.� F ; AER, � �
B and x � B

has an e�ect on phalange heterogeneity, see Figure 2.11 and Appendix, Figures 2.24-2.27.
However, it can also be seen that varying parameters that are spatially homogeneous in
the model, for instance� , � B and � R , also has an e�ect on phalange heterogeneity. Part
of the reason for this could be that the value of these parameters in�uences how many
peaks are formed and therefore the structure of the pattern, which would also be related
to phalange heterogeneity.

It is interesting to note that when a change in parameter value causes a change in
phalange incongruency in our model, the corresponding change in individual phalange
lengths appears to result mostly from changes in the lengths of phalanges 1 and 3,
rather than phalange 2, whose length generally stays fairly constant, even when a change
in parameter value results in a relatively high change in phalange incongruency. In
fact, an increase in phalange incongruency generally coincides with an increase in the
length of phalange 1 and a decrease in the length of phalange 3. A decrease in phalange
incongruency, on the other hand, generally coincides with a decrease in the length of
phalange 1 and and increase in the length of phalange 3. See, for example, the results
for varying x �B in Figure 2.11.

It should be stressed that the e�ect of the parameters on phalange incongruency and
individual phalange length shown in Figure 2.11 and Appendix, Figures 2.24-2.27 only
shows the results of varying the values locally. The parameters were not varied by more
than � 10% as much larger variations often resulted in irregular model behaviour such as
phalange disappearance or a model with a di�erent number of phalanges. Therefore, wider
conclusions about how a certain parameter a�ects phalange heterogeneity or individual
phalange length in general cannot be made from these results.

In conclusion, we observed a correlation between P3/P1 and P2/P1 when we simulated
individual variation in the model by varying parameters p(1) � p(10) and x �B . This is
similar to what was observed in biological data from the literature [Kavanagh et al.,
2013]. We also examined the e�ect of varying individual parameters locally on phalange
incongruency and individual phalange length for the best 5 matches for digits 3 and 4
and found that the relative e�ect of individual parameter change on these factors was
generally conserved between digit and matches. Finally, in our simulations, a change in
phalange incongruency resulting from a change parameter value appears to result mostly
from changes in the lengths of phalanges 1 and 3, rather than phalange 2. This could
suggest that biological variations in phalange proportions between individuals within
species may similarly result from changes in the lengths of phalanges 1 and 3, rather
than phalange 2.
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Figure 2.10 � (A) Individual variation in phalange proportions in the chick and other species, reproduced
from [Kavanagh et al., 2013]. P3/P1 correlates with P2/P1. (B) Individual variation simulated in our
model for digit development in digit 3 by varying individual parameters also shows a correlation between
P3/P1 and P2/P1. (C) Same as in (B) except for digit 4.
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Figure 2.11 � (Left) E�ect of varying parameters p(1) � p(10) and x � B on phalange incongruency for
digit 3 match 1 (top) and digit 3 match 2 (bottom). (Right) E�ect of varying parameters p(1) � p(10)
and x � B on individual phalange lengths for digit 3 match 1 (top) and digit 3 match 2 (bottom).
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2.4.5 Application of model to digit development in the mouse

We further sought to investigate whether our model could be applied to species other than
the chick. The mouse is another organism that serves as a model system for the study of
digit morphogenesis. In the mouse forelimb, each digit has a total of three phalanges,
except the most anterior one which has two. See Figure 2.1A. The mouse phalanges
develop from embryonic day 12 (E12) to E14. See Figure 2.12A, adapted from [Huang
et al., 2016]. We used a timescale of 36 hours (E12.5-E14) and length scale200µm-800µm
with uniform growth for the model. † We ran the model using the parameters from the
model simulations that were the best 5 matches to digit 3 in the chick. Parameters
p(1) � p(10) were as for the matches excepttF which we set at dimensional time 12
hours from the start of the simulation as Fgf8 expression is already low in the mouse
forelimb at E12.5 [Delgado et al., 2008]. For all �ve parameter sets the model matched
the number of phalanges in the wild-type mouse. The concentration pro�le of S and
corresponding digit development over time for the model using the parameters for the
5th best match to digit 3 in the chick is shown in Figure 2.12F. (Plots for the other 4
parameter sets were similar.)

The DupC mouse mutant, engineered by the group of Prof. Stefan Mundlos (Max
Planck Institute) [Franke et al., 2016], shows abnormalities in the digits and joints as a
consequence of a mutation at the Sox9 locus. Joint fusion occurs in the digits of mouse
mutants and in some mutant digits an extra bone is present, see Figure 2.12 B-C. The
mutation leads to ectopic expression ofKcnj2, which has been proposed to be a positive
regulator of BMP signalling [Dahal et al., 2012], in the digit anlagen [Franke et al., 2016],
(Figure 2.12D). It was shown by our collaborators in the group of Prof. Patrick Tschopp
that downstream targets of BMP signalling, Id1 and Msx2, are indeed upregulated in
the DupC mutant.

As ectopic expression ofKcnj2 resulted in upregulation of targets of BMP signalling
there were two ways in which this could be incorporated in our simulation: either by
increasing BMP production, which would result in an increase in BMP signalling, or
by increasing the feedback of BMP signalling to the receptor, which would be a direct
result from the increase in BMP signalling. A schematic of these two options is shown in
Figure 2.12E.

We �rst implemented an increase in BMP activity in the model through an increase in
BMP production. The concentration pro�le of S and corresponding digit development
over time for the model using the parameters for the 5th best match to digit 3 with BMP
production parameters � B and � �

B increased by a factor of 1.75 is shown in Figure 2.12G.
As can be seen, the model shows an increase in the number of peaks, corresponding to
the extra bone seen in the digit of the mutant. It can also be observed that the peaks

†Developmental length and time scales acquired through email correspondence with Dr. Susan
Mackem, data not published.
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are not as pronounced as in the wild-type which could correspond to the joint fusions
observed in the mutant. Increasing� B further eventually leads to a uniformly high level
of S throughout the whole domain due to the parameters being outside of Turing space.
See Appendix, Figure 2.23. This would correspond to joints failing to form when BMP
production is too high, as is seen in the mouse mutant that is null for the BMP antagonist
Noggin [Brunet et al., 1998,Tylzanowski et al., 2006].

We then implemented the increase in BMP activity through an increase in the positive
feedback on the BMP receptor through BMP signalling with similar results. The
concentration pro�le of S and corresponding digit development over time for the model
using the parameters for the 5th best match to digit 3 with � increased by a factor of 2
is shown in Figure 2.12F. (�BR 2 represents the upregulation of the receptor due to BMP
signalling and recycling of the receptor.) In conclusion, our model was able to �t the
dynamics of digit morphogenesis of the wild-type mouse and the DupC mouse mutant in
addition to those of the wild-type chick.

2.5 Discussion

Experimental studies performed on the autopod of the developing chick and mouse have
increased our understanding of the molecular regulators involved in digit formation.
However, the mechanism by which phalange number and size is regulated in digit
morphogenesis still remains to be elucidated. In this chapter, we presented a Schnakenberg-
type Turing model comprising of BMP and its receptor and modulated by FGF as a
model for digit formation. We showed that it was able to �t the available temporal
experimental data for both digits 3 and 4 in the chick (in terms of both the ratios of
the di�erent phalanges to the total digit length, and the time intervals of phalange
formation). In addition, we examined the changes in parameter space that were key
in determining whether the model �t digit 3 or digit 4 and found that the parameters
for BMP production and FGF regulation were the most important in distinguishing
between the two digits, which is in agreement with experimental studies performed on the
developing chick limb. We also showed that the model was able to �t the developmental
dynamics of digit formation in the mouse, based on data available from the literature.

The time series data we acquired from our collaborator consisted of the length of chick
phalanges from digits 3 and 4 in the leg over time. These were measured fromin
situ hybridisation slices showing the expression of the joint interzone markerGdf5. As
the chick digit is curved and the measurements were taken in a straight line, there is
likely to be some discrepancy between the recorded phalange length and its lengthin
vivo. However, the di�erence in size should not be signi�cant, as the curvature for each
phalange is relatively small, see Figure 2.3.

Our model matched the data with respect to timing of chick phalange formation and
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Figure 2.12 � (A) Phalange formation in the developing mouse forelimb over time, reproduced from
[Huang et al., 2016]. (B) Joint fusion in Dup-C mutant mice, reproduced from [Franke et al., 2016]. (C)
Phenotype of adult digit in the mutant mouse displaying extra bone (image courtesy of Daniel Ibrahim,
MPI Berlin). (D) Kcnj2 is expressed in the digit anlagen in Dup-C mice, reproduced from [Franke et al.,
2016]. (E) Schematic for implementing increased BMP signalling in the model. Either BMP production
can be increased, which would result in an increase in BMP signalling, or the feedback of BMP signalling
to the receptor can be increased, which would directly result from the increase in BMP signalling. (F)
Top: concentration pro�le of S over the model domain at the last time point of the simulation shows
three peaks corresponding to the three phalanges in the wild-type mouse. Bottom: dynamics of mouse
model for phalange development. Phalanx 1 is shown in red, phalanx 2 in green and the last joint to
AER in black. (G) Simulation as in (F) but with rate of BMP production increased in the model. (H)
Simulation as in (F) but with increased feedback of BMP signalling to the BMP receptor in the model.
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�t the data well in terms of ratios of phalange size. However, there was a discrepancy
between the model and data for the sizes of phalanges 2 and 3 towards the end of the
simulation for the best match for digit 4, see Figure 2.7B. It can be seen that when
phalanges 2 and 3 form, they �t the data well and then the model diverges from the
data towards the end of the simulation. This is interesting, as the parameter sets that
matched the timings of phalange formation in the model were sorted in order of how well
the ratio of phalanges matched the data at the �nal time point, i.e. matches were not
sorted with respect to how the ratios of the simulation matched the data at intermediate
time points, although the model better �ts the data at these time points. Potentially, this
could be due to non-uniform growth in the in vivo system. For instance, di�erent digit
segments could grow at di�erent rates relative to each other as a result of di�erential
behaviour of the cells therein. Our model was solved on a uniformly growing domain, so
this discrepancy could be due to the model not capturing di�erential phalange growth.

Morphogenesis is a highly regulated process, with signalling networks in�uencing tissue
growth and vice-versa. In our model we de-couple these two processes, by de�ning
the growth of our model domain to match that of our data. The domain growth is
not in�uenced by the dynamics of the components in any way, and this places certain
limitations on how the results of the model can be interpreted. For instance, FGF is
known to result in tissue growth [Ornitz and Itoh, 2015], and this will clearly in�uence
the �nal digit morphology. For example, the elongated phalanges of bats are thought to
be a result of increasedFgf8 expression. TheFgf8 expression domain in the AER of the
bat forelimb is approximately 3 times as wide as that in the mouse [Cretekos et al., 2004].
In addition, Fgf8 is not restricted to the AER in the bat, at later stages of development
it is expressed in the interdigital mesenchyme [Weatherbee et al., 2006]. Our model, in
its current state, would not be able to predict changes in digit morphology that would
result from tissue growth or shrinkage due to modulating FGF. If the impact of signalling
on tissue growth was quanti�ed or an accurate approximation was known, it would be
possible to couple the domain growth to signalling in the model to study its e�ect on
phalange formation. If the function relating signalling and tissue growth is not known, it
would alternatively be possible to study the impact of altering just the growth rate on
digit patterning.

Additional data could be used to further re�ne and test the model. For instance, it was
shown that in the chick each PFR/DC of the digit has a unique activity signature for the
BMP signalling output p-SMAD 1/5/8 [Suzuki et al., 2008]. The level of BMP signalling
for di�erent digits in the model could be compared to see whether this is also the case
in silico . Further, if data were available for p-SMAD activity throughout the digit that
showed di�erential activity depending on digit identity it would be interesting to look at
whether the same is observed in the model. If time series data for phalange development
for additional species were to become available the model could also be �tted to that.
Through the examination of which parameters are key in di�erentiating between digit
morphologies in di�erent species, we could gain insights into the divergence of phalange
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formation through the course of evolution.

We solved our model on a one dimensional domain representing the proximodistal axis
from the joint separating the digit from the metacarpal to the AER. This enabled us to
model developmental dynamics such as the timing of phalange formation and the ratio of
the sizes of individual phalanges to the size of the whole digit. However, digit development
occurs in a three dimensional spacial environment, hence the one dimensional model
necessarily represents a simpli�cation of the process. For instance, experimental evidence
suggests that the signals for digit identity come from the interdigital domain posterior
to the digit [Dahn and Fallon, 2000,Suzuki et al., 2008]. To investigate the in�uence of
molecules di�using across the anterior-posterior axis on digit development, the model
would have to be solved on a two dimensional domain. This would then also facilitate
a comparison between the one dimensional and two dimensional model, and enable us
to better determine the e�ect that simpli�cation to one dimension has on the model
dynamics.

We also make simpli�cations regarding the dynamics of the model components. The
expression ofFgf in the AER decreases during this time [Scherz et al., 2004,Gañan et al.,
1998]. As we lack data pertaining to the concentration ofFgf over time, we implement
this reduction over time in the model via a Heaviside function. However, it could be
that the rate of change of FGF impacts phalange development in the model, for instance
by a�ecting phalange ratios. Similarly, we also implement higher BMP production at
the distal end of the domain [Francis et al., 1994, Pizette and Niswander, 1999] via
a Heaviside function. Di�erent gradients for the production could possibly result in
di�erent dynamics of phalange formation.

A further simpli�cation of our model is the reduction of the molecular regulators involved
in digit morphogenesis to three components, as we assume that the core mechanism
that governs the developmental dynamics of digit development is a Schnakenberg-type
Turing model based on BMP and its receptor and modulated by FGF. This is clearly
a simpli�cation of the biological process, and the behaviour of other proteins, such as
those of the Wnt family, GDF5 and Noggin, to name but a few, have been shown to
in�uence digit morphology [Guo et al., 2004,Hartmann and Tabin, 2001,Brunet et al.,
1998, Settle Jr et al., 2003, Baur et al., 2000]. Our model assumes that the e�ect of
these molecules on digit morphogenesis is either through modulating one or more of
the components of our model, or through acting on the tissue after the interzones have
already been speci�ed. The complexity of the model could be increased, if needed, by
incorporating additional components, for instance Bmp inhibitors, into the model.

In summary, our simple model, consisting of BMP and its receptor and modulated
by FGF, was able to reproduce the phalange patterning dynamics of both the chick
and the mouse. We expect that this type of model could be used to investigate digit
morphogenesis in various contexts and help identify crucial parameters for di�erentiating
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between di�erent digit morphologies. For example, the model could be applied to di�erent
species to study how digit formation has diverged over the course of evolution.
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2.6 Software

The model of the developing digit was solved with COMSOL Multiphysics 5.2 [Comsol,
2015] and MATLAB Livelink (version R2015a) [MATLAB, 2015].

2.7 Appendix
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Figure 2.13 � Matches found for digit 4 by varying the parameters of the top 5 matches for digit 3.
Original digit 3 match is show in blue, digit 4 matches are shown in red. Each row shows the results for
a di�erent digit 3 match (�rst row illustrates results for the best match for digit 3, �fth row shows the
results for the �fth best match for digit 3). Each column shows the results of varying one parameter
signi�cantly (results for parameter 1 i.e. D B , are shown in the �rst column, results for parameter 4, � , in
the fourth column).
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Figure 2.14 � Matches found for digit 4 by varying the parameters of the top 5 matches for digit 3.
Original digit 3 match is show in blue, digit 4 matches are shown in red. Each row shows the results
for a di�erent digit 3 match (�rst row illustrates results for the best match for digit 3, �fth row shows
the results for the 5th best match for digit 3). Each column shows the results of varying one parameter
signi�cantly (results for parameter 5 i.e. pF , are shown in the �rst column, results for parameter 8, pB ,
in the fourth column).
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Figure 2.15 � Matches found for digit 4 by varying the parameters of the top 5 matches for digit 3.
Original digit 3 match is show in blue, digit 4 matches are shown in red. Each row shows the results
for a di�erent digit 3 match (�rst row illustrates results for the best match for digit 3, �fth row shows
the results for the �fth best match for digit 3). First and second columns show the results of varying
parameter 9, AER, and parameter 10, tF respectively. Third and fourth columns show the result of
varying � b and � �

b signi�cantly and � f and tF signi�cantly respectively.
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Figure 2.16 � Matches found for digit 3 by varying the parameters of the top 5 matches for digit 4.
Original digit 4 match is show in red, digit 3 matches are shown in blue. Each row shows the results for
a di�erent digit 4 match (�rst row illustrates results for the best match for digit 4, �fth row shows the
results for the �fth best match for digit 4). Each column shows the results of varying one parameter
signi�cantly (results for parameter 1 i.e. D B , are shown in the �rst column, results for parameter 4, � , in
the fourth column).
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Figure 2.17 � Matches found for digit 3 by varying the parameters of the top 5 matches for digit 4.
Original digit 4 match is show in red, digit 3 matches are shown in blue. Each row shows the results
for a di�erent digit 4 match (�rst row illustrates results for the best match for digit 4, 5th row shows
the results for the 5th best match for digit 4). Each column shows the results of varying one parameter
signi�cantly (results for parameter 5 i.e. pF , are shown in the �rst column, results for parameter 8, pB ,
in the fourth column).
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Figure 2.18 � Matches found for digit 3 by varying the parameters of the top 5 matches for digit 4.
Original digit 4 match is show in red, digit 3 matches are shown in blue. Each row shows the results
for a di�erent digit 4 match (�rst row illustrates results for the best match for digit 4, �fth row shows
the results for the �fth best match for digit 4). First and second columns show the results of varying
parameter 9, AER, and parameter 10, tF respectively. Third and fourth columns show the result of
varying � b and � �

b signi�cantly and � f and tF signi�cantly respectively.
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Figure 2.19 � (A) Full boxplot for normalised change in parameter value between parameter value for
digit 4 and parameter value for corresponding digit 3 model for the top 5 matches for digit 3. Median is
marked in red, interquartile ranges in blue. (B) Full boxplot for normalised change in parameter value
between parameter value for digit 4 and parameter value for corresponding digit 3 model for the top 5
matches for digit 4.
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Figure 2.20 � (A) Normalised change in parameter value between parameter value for digit 4 and
parameter value for corresponding digit 3 model for the top 5 matches for digit 3, including only screens
where that parameter value was varied substantially. Median is marked in red, interquartile ranges in
blue. (C) Same as in (A) except for screens where the parameters were varied pairwise. (B) Normalised
change in parameter value between parameter value for digit 4 and parameter value for corresponding
digit 3 model for the top 5 matches for digit 4, including only screens where that parameter value was
varied substantially. Missing or incomplete boxplots for some parameters are the result of lack of values
for those parameters. (D) Same as in (B) except for screens where the parameters were varied pairwise.
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Figure 2.21 � Sensitivity analysis for individual matches for digit 3. Light red and light blue indicate
splitting times that are on average earlier or later, respectively, than in the original model. Bright red
and bright blue indicate an increase or decrease, respectively, in the number of peaks (phalanges) in the
model.
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Figure 2.22 � Sensitivity analysis for individual matches for digit 4. Light red and light blue indicate
splitting times that are on average earlier or later, respectively, than in the original model. Bright red
and bright blue indicate an increase or decrease, respectively, in the number of peaks (phalanges) in the
model.
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Figure 2.23 � Simulation of mouse digit development using parameters for the �fth best match for
digit 3 in the chick, except with BMP production parameter � B multiplied by a factor of 10. Top:
concentration pro�le of S over the model domain. Bottom: dynamics of mouse model for phalange
development. High � B takes the model parameters out of Turing space, corresponding to a digit made
up of 1 phalange with inter-phalangeal joints failing to form. This is seen in mice null for the BMP
antagonist Noggin [Brunet et al., 1998,Tylzanowski et al., 2006].
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Figure 2.24 � (Left) E�ect of varying parameters p(1) � p(10) and x � B on phalange incongruency for
digit 3 match 3 (top) and digit 3 match 4 (bottom). (Right) E�ect of varying parameters p(1) � p(10)
and x � B on individual phalange lengths for digit 3 match 3 (top) and digit 3 match 4 (bottom).
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Figure 2.25 � (Left) E�ect of varying parameters p(1) � p(10) and x � B on phalange incongruency for
digit 3 match 5 (top) and digit 4 match 1 (bottom). (Right) E�ect of varying parameters p(1) � p(10)
and x � B on individual phalange lengths for digit 3 match 5 (top) and digit 4 match 1 (bottom).
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Figure 2.26 � (Left) E�ect of varying parameters p(1) � p(10) and x � B on phalange incongruency for
digit 4 match 2 (top) and digit 4 match 3 (bottom). (Right) E�ect of varying parameters p(1) � p(10)
and x � B on individual phalange lengths for digit 4 match 2 (top) and digit 4 match 3 (bottom).
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Figure 2.27 � (Left) E�ect of varying parameters p(1) � p(10) and x � B on phalange incongruency for
digit 4 match 4 (top) and digit 4 match 5 (bottom). (Right) E�ect of varying parameters p(1) � p(10)
and x � B on individual phalange lengths for digit 4 match 4 (top) and digit 4 match 5 (bottom).
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3 Global optimization using Gaus-
sian Processes to estimate bio-
logical parameters from image
data

This chapter has been published as:
Barac D , Multerer MD and Iber D. (2018) Global optimization using Gaussian Processes
to estimate biological parameters from image data.Journal of theoretical biology; doi:
10.1016/j.jtbi.2018.12.002.
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3.1 Abstract

Parameter estimation is a major challenge in computational modeling of biological
processes. This is especially the case in image-based modeling where the inherently
quantitative output of the model is measured against image data, which is typically noisy
and non-quantitative. In addition, these models can have a high computational cost,
limiting the number of feasible simulations, and therefore rendering most traditional
parameter estimation methods unsuitable. In this paper, we present a pipeline that uses
Gaussian process learning to estimate biological parameters from noisy, non-quantitative
image data when the model has a high computational cost. This approach is �rst
successfully tested on a parametric function with the goal of retrieving the original
parameters. We then apply it to estimating parameters in a biological setting by �tting
arti�cial in-situ hybridization (ISH) data of the developing murine limb bud. We expect
that this method will be of use in a variety of modeling scenarios where quantitative
data is missing and the use of standard parameter estimation approaches in biological
modeling is prohibited by the computational cost of the model.
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3.2 Introduction

Computational models of biological systems typically serve two purposes: to test the
validity of underlying assumptions and to make predictions about the behaviour of the
system [Kitano, 2002]. Such models often contain parameters whose true values are
unknown. This can be because the parameters correspond to physical constants e.g.
production rates, that are di�cult or expensive to measure accurately, or it can be that the
parameter has no direct biological equivalent that can be determined experimentally. The
behaviour of the model, and hence the predictions derived from it, can di�er depending
on the parameter set used. Consequently, parameter estimation is an important problem
in computational modeling, see [Ingram et al., 2006, Geier et al., 2012, Jaqaman and
Danuser, 2006,Kreutz and Timmer, 2009] and the references therein.

Recent advances in imaging technologies, which enable ever increasing spatial and
temporal resolution, have resulted in widespread use of image data in computational
modeling [Gómez et al., 2017]. The unique advantage of image data such as in situ
hybridization (ISH) or immunohistochemistry (IHC) data lies in is its ability to reveal
the spatial and temporal distribution of a molecule of interest in an anatomically intact
system [Megason and Fraser, 2007]. However, in most cases, this data is non-quantitative
and noisy, making its integration into a quantitative computational model challenging.
In addition, biological processes are generally comprised of a large number of coupled
components that react in a non-linear fashion and whose behavior may vary in both
space and time. This spatio-temporal behaviour can be modelled by coupled non-linear
partial di�erential equations (PDEs), e.g. reaction-di�usion equations, whose solution
usually entails a high computational cost. In this paper, we address the problem of
parameter estimation for image-based modeling in which the model is computationally
expensive and the data is noisy and non-quantitative.

Parameter estimation aims to �nd the set of parameters for which the model best �ts
the available data. To this end, the �rst step consists of de�ning a suitable cost function
which measures the distance between the model output and the available data, and is
therefore dependent on the type of data used. When quantitative data is available, a
common choice for the cost function is the sum of squared deviations (least squares) [Sivia
and Skilling, 2006]. We look at the case where the model output and available data are
images, thus, it is necessary to de�ne an appropriate image metric that compares the
non-quantitative data with the quantitative model output. The image Euclidean distance
(applying the sum of squared deviations to image pixels) is the most commonly used
image metric [Wang et al., 2005]. There exist several other commonly used image metrics,
for instance the generalized Hausdor� distance [Huttenlocher et al., 1993] and the tangent
distance [Simard et al., 1993]. These have generally been developed for the purposes of
pattern recognition, the tangent distance is invariant to some local transformations of the
image and the Hausdor� distance facilitates the comparison of shapes. As we assume the
shape of the domain the model is solved on is �xed, and are rather looking to compare
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the concentrations of components on this domain, we do not require the image metric
to possess these characteristics. We describe a way to de�ne the cost function, taking
into account the non-quantitative nature of the image data. To this end we weaken this
metric to a pseudometric by decomposing the image into areas of high and low intensity,
prioritizing that the model recapitulates those rather than a set gradient, which can vary
between images.

The next step in parameter estimation is the minimization of the cost function with
respect to the parameters. If the cost function has a single minimum (or the parameters
can be restricted to a range such that only one minimum is present) local optimization
methods can be used. These can be gradient-based or direct, see e.g. [Fletcher, 2013]
and the references therein. However, as computational models are often complex and
nonlinear, this generally leads even simple cost functions, such as least squares, to possess
multiple minima. Then, it is necessary to use a global parameter estimation method as
a local one will likely result in the algorithm getting trapped in a local minimum. The
necessity of global estimation methods in biological modelling is discussed in [Mendes
and Kell, 1998,Moles et al., 2003].

There exist several algorithms for global optimization, see [Horst and Pardalos, 2013,Moles
et al., 2003] and the references therein. The earliest and simplest of these methods is
multi-start (running a local method repeatedly from a set of prede�ned initial starting
points). However, this approach usually does not work for realistic applications, due
to its computational ine�ciency. Simulated Annealing is widely applied in global
optimization problems and was shown in [Mendes and Kell, 1998] to give the best
solution in a comparison of parameter estimation methods to estimate rate constants.
Nonetheless, the authors noted the high computational cost of the algorithm. Evolutionary
Computation methods (including Genetic Algorithms, Evolutionary Programming and
Evolution Strategies) are widely used in global optimization [Goldberg and Holland,
1988,Holland, 1992,Fogel et al., 1966,Beyer and Schwefel, 2002]. Based on the concept of
genetic evolution, these methods take an initial population of parameters and iteratively
re�ne it (usually by selecting the best parameters and recombining them in some
way) until an optimum parameter set is found. Hence, these methods also require
a large number of individual simulations. Hybrid methods, i.e. the combination of
di�erent optimization methods, have also been used successfully in parameter estimation
of biological models [Rodriguez-Fernandez et al., 2006b, Rodriguez-Fernandez et al.,
2006a,Fomekong-Nanfack et al., 2007].

An alternative approach is to infer the posterior distribution over the parameters (the
probability of the parameters given the data) instead of just retrieving a point estimate.
This can be achieved using Bayesian methods [Wilkinson, 2007]. As the calculation of
the likelihood function is often analytically and computationally intractable, approximate
Bayesian computation (ABC) methods, which replace this calculation with a comparison
between observed and simulated data, are a popular choice. ABC methods based on
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Markov chain Monte Carlo (MCMC) and sequential Monte Carlo (SMC) have been
successfully applied to biological systems [Toni et al., 2009,Sisson et al., 2007]. As these
involve sampling a large number of parameters to estimate the posterior distribution,
these approaches are usually only feasible for lower-dimensional problems where model
simulation is computationally cheap.

As can be seen, most of the global optimization methods used in biological parameter
estimation require a large number of independent model simulation steps, making them
well suited for models that are computationally cheap to solve, but impractical for
models whose simulation is computationally expensive. Surrogate or response surface
modeling is an approach to global parameter estimation that is applied when the number
of possible model evaluations is greatly limited [Jones et al., 1998]. Response surface
methods aim to estimate the response surface (the surface of the cost function as a
function of the parameters) in an adaptive fashion and usually consist of two steps that
are iterated [Jones, 2001]. In the �rst step, the response surface is estimated using the
model outputs that have been computed thus far. The second step consists of selecting a
suitable next point for evaluation. This is usually based on a tradeo� between exploration
(selecting a point in a region where the model has not been evaluated) and expected
improvement (selecting a point that is most likely to give a lower value of the response
surface). Di�erent functions can be used to estimate the shape of the response surface
from the given data. One such class is regression models, where the response surface is
assumed to take a particular shape (e.g. quadratic or linear) and the surface is �tted
accordingly. This works well if the assumed shape is indeed an accurate assumption of
the response surface, but poorly otherwise [Jones, 2001]. Another class is interpolating
models, where the response surface is made up of basis functions based on the value of the
response surface at known parameter values. Gaussian processes are one example of such
a method [Rasmussen, 2004] and can be used to estimate the response surface and the
uncertainty of that estimate at each point, thereby facilitating step 1 and step 2 of the
response surface method. Although Gaussian processes are applied in biological modeling,
their use is rather restricted to predicting the state variables of a model [Lawrence et al.,
2007,Calderhead et al., 2009], than directly estimating the cost function with respect to
the parameters. In this paper, we apply Gaussian processes to estimate the cost function
and thereby estimate the parameters of our model.

Parameter dependencies are frequently present in biological models [Gutenkunst et al.,
2007]. If a model parameter cannot be unambiguously estimated from the available data
it is said to be non-identi�able. Determining the presence of parameter dependencies
is important as model predictions may di�er depending on the model parameters i.e.,
two sets of parameters that �t the available data equally well may give rise to di�erent
model predictions. Non-identi�able parameters can be either structurally or practically
non-identi�able. A parameter is structurally non-identi�able if the model structure
prevents it from being estimated unambiguously, independent of the quality of the data.
A parameter is practically non-identi�able if the amount or quality of the available data
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(rather than the structure of the model) prevents its unambiguous estimation. Structural
non-identi�ability is reviewed in [Cobelli and Distefano 3rd, 1980] and both structural
and practical non-identi�ability are discussed in [Raue et al., 2009].

For biological systems described by ordinary di�erential equation (ODE) models, various
methods for detecting structural non-identi�ability have been proposed [Chis et al.,
2011]. For arbitrary models, the pro�le likelihood approach, a general approach to
identify structural and practical non-identi�ability, is introduced in [Raue et al., 2009].
The identi�ability of the parameter is investigated by varying it and looking at the
minimum objective function value at each point under all possible values of the remaining
parameters. However, if the model is not analytically tractable and is computationally
costly, calculating this pro�le likelihood may not be feasible. We use multivariate
sensitivity analyses to determine parameter dependencies, and therefore parameter
identi�ability, in our models as the above approaches are not appropriate due to the
models' �black box" nature and high computational cost.

The rest of the paper is structured as follows: in the next section we describe the
parameter estimation process. This is split into two parts: the �rst considers de�ning
the cost function in the absence of non-quantitative data and the second describes the
parameter estimation process. The following section presents the results. To test the
method, we �rst use it with images generated from a parametric function with the goal of
retrieving the original parameters. We then present the result of estimating parameters
in a more complex biological setting with the aim of �tting arti�cial in-situ hybridization
(ISH) data of the developing murine limb bud. The �nal section is the discussion where
we consider the impact of non-identi�ability, the potential limitations of the process and
future work.

3.3 Method

3.3.1 Cost Function

The �rst step of the parameter estimation process consists of de�ning the cost function.
We develop a method for the case where the model is solved on a domain similar to to
that of the shape of the tissue of interest from which our data is obtained, where the data
to be reproduced is non-quantitative, noisy image-data. An example of such data is ISH
data. ISH is a technique in which a complementary strand to the nucleic acid of interest,
with a reporter molecule attached, is applied to the tissue of interest [Hargrave et al.,
2006,McFadden, 1995]. Upon addition of a substrate, a chemical reaction catalysed by the
reporter molecule takes place which reveals the location of a speci�c segment of nucleic
acid, for instance DNA or RNA. Variations in the experimental protocol, for example
leaving the probe to bind for a di�erent amount of time, washing for a longer period,
or, in particular, the length of time of the chemical reaction, result in di�erences in the

75



Chapter 3. Global optimization using Gaussian Processes to estimate
biological parameters from image data

data obtained. In addition, non-speci�c binding of the probe leads to background signal.
The result of this is non-quantitative and noisy image data, wherein the relationship
between the intensity of the staining and the concentration of the nucleic acid of interest
is non-linear, see Figure 3.1A.

From the image data we determine a reference image, the shape of which is identical to
the domain the model is solved on. We identify three separate areas in the data: the area
where the staining is consistently darkest in all the data sets, i.e. the concentration is
highest, the area where staining is consistently low across all data sets and the remaining
area, where the staining is neither high nor low or varies between data sets. These three
areas are marked on the reference image (the high concentration area in black, the low in
white and the rest in gray), see Figure 3.1B. As the data is noisy and non-quantitative
the gradient of gene expression can vary between images of the same gene (Figure 3.1A).
However, usually it is clear which areas of the tissue of interest have reproducibly higher
levels of gene expression and which have lower levels of expression. Therefore, we want
our model to recapitulate those areas of high and low gene expression, rather than a set
gradient, which can vary between images.

We then quantify the di�erence between the output of the model and the reference image.
The reference image is grayscale i.e. black and white. White corresponds to a maximum
pixel value of 255/255, and black corresponds to a minimum pixel value of 0/255. Shades
of gray take on pixel values within this range. In order to compare the output of our
model to the reference image we normalize the output of each component in the model
we wish to compare with respect to its maximum concentration and plot the result in
grayscale, with black (pixel value 0/255) representing the maximum concentration and
white (pixel value 255/255) zero concentration. We now have two grayscale images that
can be compared.

We de�ne the cost function as follows. Areas corresponding to the white area in the
reference image are penalized linearly if their pixel value is smaller than 179/255 i.e. if
the concentration is more than 30% of the maximal value. This means that the penalty is
zero if the pixel value, v, is within the range of 179 to 255 and otherwise equal to179� v.
Similarly areas corresponding to the black area in the reference image are penalized
linearly if their pixel value is larger than 76/255 i.e. the concentration is less than 70% of
the maximal value. Areas corresponding to the gray areas in the reference image are not
included in the calculation. The cost function is then the squared sum of errors across
all pixels across all images (one image for each variable we wish to include in the cost
function), see Listing 3.1.

By splitting the reference image into areas of high, mid and low concentration and
normalizing with respect to the maximum concentration we remove the impact of noise
from the data on the cost function and the problem of comparing non-quantitative data
to the quantitative output of the model. Other thresholds are, of course, possible as well.
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Listing 3.1 � Cost Function

1 for images i
2 for p i x e l i n d i c e s p in image i
3 i f r e f e r e n c e P i c t u r e (p , i ) � 76
4 / * 70% concen t ra t i on = 76 gray va lue * /
5 s co re P i c (p , i ) = max( t e s t P i c t u r e (p , i ) � 76 ,0)
6 e lse i f r e f e r e n c e P i c t u r e ( i , j ) � 179
7 / * 30% concen t ra t i on = 179 gray va lue * /
8 s co re P i c (p , i ) = max(255 � t e s t P i c t u r e (p , i ) � 76 ,0)
9 e lse

10 s co re P i c (p , i ) = 0
11 end
12 end
13 end
14 / * sco re = sum of squared e n t r i e s o f scoreP ic * /
15 s c o r e =

P
i;p scorePic(p,i)2

Figure 3.1 � Representation of the image data in the cost function. (A) Examples of two ISH images
of a mouse limb bud at a similar developmental stage stained to reveal the expression domain of Ptc1.
The images were reproduced from [Zhang et al., 2017] (left) and [Zhu et al., 2008] (right). (B) Idealised
representation of the expression domain of Ptc1 in panel A. Areas with consistently high expression in all
images are shown in black, those with low expression in white. Gray areas indicate areas with ambigious
expression patterns. In the cost function, the simulation output is penalized if the concentration within
the black regions is less than 70% of the maximal concentration and above 30% in the white areas. The
gray area is not considered when calculating the cost.

3.3.2 Parameter Estimation

We use a Gaussian process to estimate the response surface with respect to our parameters.
A Gaussian process is de�ned as a collection of possibly in�nite random variables such that
any �nite collection of them has a multivariate normal distribution. A Gaussian process
is fully de�ned by its mean function, � (x ; � ) and covariance kernel functionk(x ; x0; � ). In
this casex; x0 2 X , whereX is the parameter space. The kernel parameters� are usually
dependent on a characteristic length scale. The characteristic length scale de�nes roughly
how far away two points have to be in order to be almost uncorrelated, see [Rasmussen,
2004] for an overview of Gaussian processes. With the mean and covariance function
de�ned, one can then calculate the expected value of the response surface, which we call
f , at a set point, given the value of f at other points. It is also possible to calculate the
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standard deviation of f at that point, which tells us how likely it is that the value of f
at that point will be close to the expected value calculated.

We use thebayesopt algorithm in MATLAB [MATLAB, 2015] for our parameter estima-
tion process which makes use of Gaussian processes to predict the response surface. It
uses the automatic relevance determination (ARD) Matern 5/2 kernel. This is de�ned as

k(x ; x0j� ) = � f
2
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Here, � is the vector of the kernel parameters. In this case

� m = log � m ; for m = 1 ; 2; :::d and

� d+1 = log � f ;

where d is the number of parameters that are being estimated,� f is the standard
deviation of the response surface and the� m are the characteristic length scales for each
parameter. Bayesopt estimates the parameters� of the covariance function from known
values of the response surface. It then uses Gaussian process regression to predict the
shape of the response surface and selects which point to sample at next. The theoretical
convergence properties of this approach are analysed in [Bull, 2011] and [Vazquez and
Bect, 2010].

As the model to be solved is assumed to be computationally expensive, there is a limit
to the number of feasible iterations. We therefore set a limit to the number of iterations
we allow for the parameter estimation procedure. This number will di�er depending on
the model e.g. a model with a high number of parameters to be estimated or a highly
irregular response surface will generally require more iterations for the identi�cation of
a suitable parameter set. A model that has a very high computational cost will have
a lower number of feasible iterations than a model whose computational cost is less
prohibitive. The set number of iterations is a trade-o� between the accuracy of the
parameter estimation process and the computational cost of the process.

We limit the number of iterations to 400. This is a relatively low number of iterations to
allow and would be a realistic maximal number for an expensive model. For instance,
this number would allow the parameter estimation procedure for a model whose solution
takes 3 minutes to be completed within 24 hours. Estimating a response surface is based
on the knowledge of the values of the cost function at the parameter values sampled thus
far. Therefore, we �rst run the model at parameter values spaced evenly in the sample
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space to gain a rough estimate of the shape of the response surface. We use a Halton
sequence [Moroko� and Ca�isch, 1994] to generate 100 points in the parameter space.
Due to the low-discrepancy property of the sequence, each volume in the parameter
space approximately contains the same number of points, which particularly accounts
for higher dimensions. Hence, a good coverage of the parameter space is obtained. To
generate these points we use the MATLAB functionhaltonset . We choose to use a
Halton sequence rather than selecting points randomly as a Halton sequence distributes
points consistently in space (unlike a sequence of points generated randomly) [Kocis
and Whiten, 1997], see Figure 3.2. See [Moroko� and Ca�isch, 1994] for details on
generating Halton sequences. We input the parameter values at which we have already
evaluated the model with the corresponding value of the cost function into thebayesopt
function as initial (already known) values. We allow the algorithm to run for a further
300 iterations (resulting in 400 iterations in total) and then select the parameter with
the lowest corresponding cost function value that has been sampled by the algorithm as
our optimal parameter.

Figure 3.2 � Comparison of 100 points in 2D drawn from a Halton sequence and randomly (A) 100
points plotted from a Halton sequence. (B) 100 points plotted randomly. The points in panel A are more
evenly distributed than in panel B.

3.4 Results

3.4.1 Estimating the parameters of a test function

To test our parameter estimation procedure we used it to estimate the coe�cients of the
function

f (x ; � ) = max
n

0; 1 � c
�
�
�kxk2 � p(arg x; � )

�
�
�
o

; c > 0;

where

p(�; � ) = � 0 +
M � 1X

k=1

+ � 2k cos(k� ) + � 2k� 1 sin(k� ) + � 2M � 1 cos(M� ); 0 � � < 2�

is a trigonometric polynomial and � = arg x. We set the parameter c to 4. Thus,
the parameter estimation amounts in this case to estimating the2M coe�cients � of
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p(�; � ) from images. We setM = 4 and �x � 2 = 0 (excluding it from the parameter
estimation procedure). We then try to estimate the remaining 7 parameters � =
[� 0; � 1; � 3; � 4; � 5; � 6; � 7]. Visualisations of the parametric function for di�erent parameter
sets are shown in Figure 3.3.

We chose this function as we wanted to test the general e�cacy of the parameter
estimation procedure using a neutral test function with a relatively short simulation time.
The parametric function presented is a continuous function and complex enough such
that a global optimisation algorithm is required to estimate the parameters. There is also
a one-to-one correspondence between the parameter set chosen and the image output
and the sensitivity of the cost function does not vary much between parameters. This
makes it an ideal test function as there are no parameter dependencies so the e�cacy of
the algorithm can be checked by looking at the optimum parameter set found compared
to the original parameter set as well as the similarity between the original image and
the image corresponding to the optimum parameter set found and the value of the cost
function at the optimum parameter set found. We remark that we chose this function
opposed to a biologically realistic one as biologically realistic models usually have a
high level of parameter dependency with the sensitivity of the cost function varying for
di�erent parameters, this would potentially bias our analysis towards one type of model
and we would be unable to check the ability of the parameter estimation procedure to
retrieve the original set of parameters. In addition, biologically realistic models that
result in an image being output, e.g. the solution of reaction-di�usion equations in 2D,
can be computationally costly which would not be practical for the purposes of our test
function.

We ran the parameter optimization procedure with a total of 400 iterations, of which
the �rst 100 were initial Halon points. The range of the parameter space we sampled
across was [0.01,1] for each parameter with the Halton set distributed across the log
of the parameter space. This means that, for all parameters, the number of Halton
points present in the range [0.01,0.1] should be approximately equal to the number
present in the range [0.1,1]. The parameter estimation procedure was also performed
on the log of the parameter space as we assumed changing a parameter from 0.01 to
0.1 would have a similar e�ect to that of changing a parameter from 0.1 to 1. We
found that for 7 parameters we were able to successfully reconstruct the image, with
the algorithm returning an optimum parameter set close to the original one, see Table
3.1. We then tested the algorithm on a more blurred image by changing the value
of c to 2 (corresponding to more ambiguous or noisy image data), on an image with
zero-mean Gaussian noise added and on an image with salt and pepper noise added.
The algorithm was still able to reconstruct the image. See Figure 3.4. To examine
the e�ect of parameters that have little impact on the cost function we added dummy
parameters into the algorithm that had no e�ect on the images. These were input into
bayesopt as parameters to optimize but were not inputs to the parametric function.
The algorithm was still able to �nd a value close to the original parameter set for the 7
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relevant parameters even with 10 dummy parameters added, see bottom row of Table
3.1.

Figure 3.3 � Visualizations of parametric function for di�erent parameter sets. (A) � =
[0:3 0:2 0:1 0:1 0:1 0:1 0:1], (B) � = [0 :5 0:1 0:1 0:1 0:1 0:1 0:1], (C) � = [0 :1 0:3 0:2 0:2 0:2 0:2 0:2].

Figure 3.4 � Images generated from a parametric function with 7 parameters. (A-D) Original images:
(A) image with no noise, (B) represents a more blurred image ( c = 2 ), (C) image with zero-mean,
Gaussian white noise, (D) image with salt and pepper noise. (E-H): Reference images generated from
original images. High (black) and low (white) concentration areas. Gray area is not included in cost
function. (I-L): Example of reconstructed images from optimum parameter after optimization.

We then looked at how decreasing the number of total iterations and changing the
number of initial Halton points (seed number) a�ected the optimization procedure. We
ran the optimization procedure with 200, 300 and 400 total iterations, with 0, 25, 50 and
100 initial Halton points. We found that simulations run with no initial Halton points
performed considerable worse and those with 200 and 300 iterations did not perform as
well as those run with 400 iterations. The results are shown in Figure 3.5A.

We further examined how varying the number of Halton points and the number of points
bayesopt used to predict the response surface a�ected the optimization procedure for
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Table 3.1 � Comparison of original parameters (top) of the parametric function and optimum parameters
found (sample size = 10, centre) and with dummy parameters added (single run, bottom). As the algorithm
is not deterministic, distinct optimal values can emerge in independent runs.

� 0 � 1 � 3 � 4 � 5 � 6 � 7

0.5 0.2 0.1 0.3 0.3 0.2 0.1
0.5 � 0:01 0.19 � 0.02 0.08� 0.02 0.30� 0.02 0.30� 0.02 0.19� 0.01 0.08� 0.02
0.45 0.19 0.05 0.31 0.34 0.19 0.13

a total of 400 iterations. The active set is de�ned as the set of points used to predict
the response surface. The size of this set can be modi�ed by changing the variable
GPActiveSetSize in bayesopt . For example, if bayesopt has sampled at 350 points but
the active set size is 300 then 300 points out of the 350 are selected uniformly at random
without replacement to estimate the response surface. (The previous simulations had
been run with the default GPActiveSetSize equal to the number of iterations.) We tested
each of these points with an active set size of 300 and an active set size of 400. The
results are shown in Figure 3.5B. We found that the lowest median value was for 100
Halton points with GPActiveSetSize = 400. However, simulations run with 25 and 50
Halton points also performed well, whereas those with 200 and 0 Halton points performed
considerably worse. This indicates that, for a set number of iterations, an initial set of
Halton points can greatly improve the parameter estimation procedure, but too many
prevent the algorithm from �nding the optimum.

As a follow up to this, we looked at how varying the number of Halton points and the
number of iterations performed after these initial simulations a�ected the parameter
estimation procedure. We call the latter the number of bayesopt iterations. The total
number of iterations is then the sum of the number of initial Halton points and the
number of bayesopt iterations. We varied the seed number (number of initial Halton
points) in increments of 100, from 0 to 300. We varied the number of bayesopt iterations
from 100 to 400, also in increments of 100. The results are shown in Figure 3.5C. As
expected, with the number of Halton points �xed, the parameter estimation procedure
generally performed better the higher the number of bayesopt iterations. Unexpectedly,
the converse does not appear to be true. With a �xed number of bayesopt iterations,
increasing the seed number does not lead to a smaller minimum objective value. For the
values sampled, the optimum seed number for a �xed number of iterations was 100. This
optimum seed number likely depends on the number of parameters to be estimated, the
range of the parameters and the number of bayesopt iterations and should ideally be
determined before the parameter estimation procedure. This could be done by running
the procedure on a surrogate model which has the same number of parameters to be
estimated as the original problem but is cheaper to compute.

Finallly, we looked at how taking di�erent thresholds to generate the black, white and
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Table 3.2 � Comparison of original parameters (top) of the parametric function and optimum parameters
found for di�erent thresholds (sample size = 10).

� 0 � 1 � 3 � 4 � 5 � 6 � 7

0.5 0.2 0.1 0.3 0.3 0.2 0.1
50/50 0.48 � 0:1 0.24 � 0.17 0.08� 0.02 0.34� 0.12 0.27� 0.07 0.19� 0.01 0.08� 0.02
60/40 0.5 � 0.01 0.2 � 0.02 0.09� 0.02 0.3 � 0.01 0.3 � 0.01 0.19� 0.02 0.1 � 0.02
70/30 0.5 � 0:01 0.19 � 0.02 0.08� 0.02 0.30� 0.02 0.30� 0.02 0.19� 0.01 0.08� 0.02
80/20 0.37 � 0.2 0.41 � 0.38 0.1 � 0.04 0.48� 0.27 0.25� 0.12 0.2 � 0.03 0.07� 0.04
90/10 0.2 � 0.18 0.62� 0.37 0.09� 0.04 0.7 � 0.21 0.22� 0.14 0.22� 0.06 0.05� 0.03

gray areas of the reference image a�ect the parameter estimation procedure. We denote
the thresholds A/B where A represents the percentage above which concentration the
image is taken to be black and B represents the percentage below which concentration
the image is taken to be white. E.g. for previous simulations the threshold would be
70/30 as the area of the image with concentration higher than 70 percent was taken to be
black, and that below 30 percent to be white. The results are shown in Table 3.2. The
corresponding reference images to di�erent thresholds are shown in Figure 3.6. As can
be seen, the parameter estimation procedure works well for thresholds 50/50, 60/40 and
70/30. However, it fails to �nd the correct parameters for both 80/20 and 90/10. This is
due to the increased gray area in the reference images for thresholds 80/20 and 90/10.
As this area is not included in the calculation of the cost function, increasing its size
increases the ambiguity of the concentrations in the image and therefore increases the
di�culty of performing the parameter estimation procedure using the reference image.
The recommendation would then be to use as small a gray area as possible while still
accounting for the uncertainty in the image.

3.4.2 Estimating Network Parameters

We then tested our procedure on a more complex, biologically relevant model with 7
parameters. We based our model on the developing murine limb and �tted it to arti�cial
ISH data of Fgf10 expression. Presumptive limb bud mesodermal cells expressFgf10
which inducesFgf8 expression at the apical ectodermal ridge (AER), a structure at the
distal end of the limb bud. Fgf8 then di�uses into the mesenchyme where it binds to
its receptor to form a signaling complex (F8R). This complex, in turn, upregulates the
expression ofFgf10. We modelled the upregulation of Fgf10 via Fgf8, see Figure 3.7
for a network scheme and the corresponding ISH expression data. We solved our model
on a realistic growing domain with domain size (initial size:160µm from AER to �ank
and �nal size: 240 µm from AER to �ank) and time (5 hours) corresponding to the
development of the limb bud from somite stage 21 to somite stage 24.Fgf10 expression
at the time point corresponding to somite stage 24 was used to compare againstFgf10
expression evaluated at the same time point from arti�cial ISH data (generated with
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parameter set � 0).

The following reaction-advection-di�usion equations are used to represent the gene
expression dynamics with the terms to be interpreted as follows. The variablesCF8 , CF10

and CF8R represent the concentration of FGF8, FGF10 and the FGF8-receptor-ligand
signalling complex respectively. As the receptor is only present in the mesenchyme
[MacArthur et al., 1995,Ornitz et al., 1996], we de�ne the signalling complexCF8R to
be present exclusively in this part of the computational domain. FGF10 and FGF8 are
di�usible and can therefore be present in both the mesenchyme and AER domain.pF10

and pF8 are the production rates of FGF10 and FGF8, respectively. We set our initial
values to zero. The initial expression ofCF10 is then also zero. AsFgf10 is expressed
early in the limb bud, we add an additional production term to CF10: p0Fgf10. The
indicator functions 1Mes and 1AER are used to show thatFgf10 and Fgf8 are expressed
in the mesenchyme and AER respectively. The di�usion rate of FGF10,D , is assumed
to be equal to that of FGF8 as they are both di�usible ligands. The di�usion rate of
the signalling complex is denotedD r . Similarly, d is the degradation rate of FGF8 and
FGF10, and dr that of the signalling complex. FGF8 binds to its receptor at a rate of
kon8 and the unbinding rate of the receptor-ligand complex isko�8 . As the FGF8 receptor
is only present in the mesenchyme, binding and unbinding only occur in that part of
the domain. The total receptor concentration is assumed to be in quasi-steady-state,
we therefore useRTF 8 to denote the receptor concentration, so(RT F8 � CF8R ) is the
concentration of free receptor. Assuming mass action kinetics, the binding and unbinding
terms are 1Meskon8CF8(RT F8 � CF8R ) and 1Mes ko�8 CF8R respectively. Finally, we model

CF8R -induced expression by a Hill function C2
F8R

C2
F8R + K 2

F8R_ F10
with Hill constant K 2

F8R_ F10

and Hill coe�cient 2. The velocity �eld of the tissue, due to growth, is denoted u.

@CF10

@t
+ r (uCF10) = D � CF10 + 1Mes

 

pF10
C2

F8R

C2
F8R + K 2

F8R_ F10
+ p0Fgf10

!

� dCF10;

@CF8

@t
+ r (uCF8) = D � CF8 + 1AER pF8 � dCF8 � 1Meskon8CF8(RT F8 � CF8R ) + 1Mes ko�8 CF8R ;

@CF8R

@t
+ r (uCF8R ) = D r � CF8R + kon8CF8(RT F8 � CF8R ) � (ko�8 + dr )CF8R :

While the length and time scales of the developmental processes are typically well known,
the absolute value of protein concentrations are largely unknown (due to ISH being
non-quantitative). The standard procedure would be to non-dimensionalize the model to
reduce the number of parameters. However, given the available information regarding
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the developmental length and time scales, we will retain dimensional length and time
scales, and only eliminate two parameters by scaling the variables with respect to their
particular production rates, i.e.

CF10 = pF10 ]CF10; CF8 = pF8
gCF8 ; CF8R = pF8 ]CF8R ; and RTF8 = pF8R̂T F8R :

We get

@]CF10

@t
+ r (u ]CF10) = D � ]CF10 + 1Mes

 ]C2
F8R

]C2
F8R +

K 2
F8R_ F10

pF8
2

+
p0Fgf10

pF10

!

� d]CF10;

@gCF8

@t
+ r (u gCF8) = D � gCF8 + 1AER � dgCF8 + 1Mes

�
ko�8 ]CF8R � kon8pF8

gCF8( ]RT F8 � ]CF8R )
�
;

@]CF8R

@t
+ r (u ]CF8R ) = D � ]CF8R + kon8pF8

gCF8( ]RT F8 � ]CF8R ) � (ko�8 + dr ) ]CF8R :

We assumeko�8 � dr ; kon8pF8 . Then, grouping parameters by settting: ^K 2
F 8R_ F 10 =

K 2
F8R_ F10 =pF8

2; gkon8 = kon8pF8 and p̂0Fgf10 = p0Fgf10=pF10 and dropping the tildes for
convenience we obtain the �nal set of equations:

@CF10

@t
+ r (uCF10) = D � CF10 + 1Mes

 
C2

F8R

C2
F8R + K 2

F8R_ F10
+ p0Fgf10

!

� dCF10;

@CF8

@t
+ r (uCF8) = D � CF8 + 1AER � dCF8 + 1Mes

�
� kon8CF8(RT F8 � CF8R )

�
;

@CF8R

@t
+ r (uCF8R ) = D r � CF8R + kon8CF8(RT F8 � CF8R ) � dr CF8R :

The di�usion rate of the ligand, D , is �xed as 100 times higher than the di�usion rate of
the receptor D r . The arti�cial ISH data of Fgf10 corresponds to the production rate
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term of FGF10, i.e. 1Mes

 
F 8R2

F 8R2+ K 2
F 8R _ F 10

!

. The 7 network parameters to be estimated

are then as follows: the di�usion coe�cient for FGF8 ( D), the ligand degradation rate
(d), the signaling complex degradation rate (dr ), the binding rate between FGF8 and its
receptor (kon8), the total amount of receptor (RTF 8) and the Hill coe�cient for enhanced
production of Fgf10 (K 2

F 8R_ F 10). The seventh parameter is the initial FGF10 production
rate (p0Fgf10). We took an initial parameter set � 0 (see Table 3.3) and used it to generate
a reference image for expression ofFgf10 at the time point corresponding to somite stage
24: see Figure 3.8. We then ran our parameter estimation process, using thein silico
data to calculate the cost function. We ran the parameter estimation procedure with 100
Halton points and 400 iterations in total with an active set size of 400. The optimum
parameter set found by the algorithm resulted in an expression pattern that was almost
identical to the input image, see Figure 3.8. However, the optimum parameter value
that was returned varied signi�cantly from our initial parameter set � 0 , with only the
degradation rate of the signaling complex within 10% of the original parameter value,
see Table 3.3.

In order to understand why the algorithm failed to retrieve the original parameter values,
although the image representingFgf10 expression at the optimum value found was almost
identical to the image representingFgf10 expression for the initial parameter set� 0 , we
ran sensitivity analyses for the model. We also ran sensitivity analyses for the parametric
function, where the parameter estimation process had accurately retrieved the original
image as well as the original parameter set.

The results of the single variable sensitivity analysis can be seen in Figure 3.9. The
response curve for the parametric function is convex about the optimum and continuous.
For the parameters in the limb network the response curve for� 2 is discontinuous. For � 7

it is �at, implying that this parameter has no impact on the cost function. For parameters
� 5, � 4 and � 1 the response curve appears almost �at for a wide subset of parameters
about or on one side of the optimum. This could be a reason as to why the optimum
parameters found for parameters� 4, � 7, � 2 and � 5 are di�erent to the initial � 0 .

The results of the multivariate sensitivity analysis, for selected parameters, can be seen
in Figure 3.10B. The impact of the parameters of the parametric function on the cost
function is independent. On the other hand, parameter dependencies can be seen for the
limb network model. For example, if we look at parameters� 3 and � 5 (dr and RTF 8) we
see that if � 3 is �xed at a higher value, the minimum value of the cost function is obtained
by decreasing� 5. If we look at the optimum parameter set that was returned and the
original values of � 3 and � 5 we can see this. For the optimum value returned,� 3 is higher
than the original value and � 5 is correspondingly lower. Similarly, for parameters� 3 and
� 6 (dr and K F8R_F10 ), for the optimum value returned, � 3 is higher than the original
value and � 6 is correspondingly lower.
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Table 3.4 � Optimum parameters found for simpli�ed model

D = � 1 (µm2h� 1) d = � 2 (h � 1) K F 8_ F 10 = � 3 (h) p0FGF10 = � 4

15212 1 0.16 0.019

We further looked at whether it was possible to simplify the model. To this end, we
implemented a direct activation of CF10 by CF8 , thereby removing CF8R from the model
and simplifying the system. This resulted in the following equations:

@CF10

@t
+ r (uCF10) = D � CF10 + 1Mes

 
C2

F8

C2
F8 + K 2 + p0Fgf10

!

� dCF10;

@CF8

@t
+ r (uCF8) = D � CF8 + 1AER � dCF8

with the 4 parameters: D; d; K and p0FGF10. We then ran the parameter estimation
procedure, using the same reference image as for the original model, and performed a
multivariate sensitivity analysis about the optimum found. The optimum parameters
found are shown in Table 3.4 and the sensitivity analysis in Figure 3.10C. Interestingly,
the optimum parameters found were close to the corresponding original parameters of
the original network. However, the image ofFgf10 expression was considerably di�erent
to that of the reference image, see Figure 3.8D. This is likely due to the di�erence in
di�usion rate between F 8 and F 8R, leading to a sharper boundary in the reference image,
resulting in a qualitatively di�erent result when F 8R is removed from the equations.
From the sensitivity analysis it can be seen that parameter dependencies are still present,
even in this simpli�ed model, for instance betweenD and d and D and K .
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Figure 3.5 � Results of the parameter estimation procedure with di�erent settings (A) Minimum
objective function value found for di�erent number of initial Halton points with 200 iterations (left
boxplot), 300 iterations (middle boxplot), 400 iterations (right boxplot). (B) Minimum objective function
value found for di�erent number of initial Halton points with 400 iterations. GPActiveSetSize = 300
(left boxplot), GPActiveSetSize = 400 (right boxplot). Sample size = 10. (C) Mean minimum objective
function value found for di�erent number of initial Halton points and bayesopt iterations. Sample size =
10 for total iterations � 400. Sample size = 5 for total iterations > 400. Values are log scale.
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Figure 3.6 � Reference image for di�erent thresholds. (A) 50/50 (B) 60/40 (C) 70/30 (D) 80/20 (E)
90/10

Figure 3.7 � Model network and gene expression (A) ISH data of Fgf10, expressed in the mesenchyme
(lighter staining), and Fgf8, expressed in the distal AER (darker staining). Image is reproduced from [Sheth
et al., 2013]. (B) Network scheme. FGF8 binds to its receptor and upregulates Fgf10 expression.

Figure 3.8 � Image comparison (A) Fgf10 expression for initial parameter set ( � 0 ). (B) Reference image
from initial parameter set with areas of high (black), low (white), and intermediate (gray) expression
levels. (C) Image of Fgf10 expression corresponding to the optimum parameter set. (D) Image of Fgf10
expression corresponding to the optimum parameter set found with the simpli�ed 2-equations model.
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Figure 3.9 � Sensitivity analysis about the optimum: (A) parametric function and (B) limb model
parameters.

Figure 3.10 � Multivariate sensitivity analysis about the optimum for three di�erent models. (A)
Parametric function, (B) limb model with seven parameters, (C) simpli�ed limb model with four
parameters. Values are log scale.
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3.4.3 Comparison with other algorithms

We then tested how this procedure compared to two other commonly used optimization
algorithms: simulated annealing and genetic algorithm. The functionssimulannealbnd
and ga in MATLAB use simulated annealing and genetic algorithm respectively to search
for a function minimum. We ran both algorithms on our test function to try and retrieve
the original parameters with 400, 700 and 1000 iterations. The results are shown in
Table 3.5. As can be seen, neithersimulannealbnd nor ga succeeded in retrieving the
original parameters of the test function, even when the number of iterations was increased
to 1000. The failure of these algorithms to retrieve the original parameter set can be
attributed to the relatively low maximum number of iterations we allow them to make.
Both simulated annealing and genetic algorithms have been widely applied in the �eld
as global optimization algorithms. However, they are both known to require a large
number of iterations. In some cases millions of simulations are run in order to �nd a
global minimum [Mendes and Kell, 1998], which is several orders of magnitude higher
than the number of iterations we test the algorithms with.

It should be noted that the computational complexity of bayesopt is far higher than
for ga or simulannealbnd . This can be seen by examining their respective run times,
see Table 3.5. To examine this in further detail, we compare the results obtained using
bayesopt and ga (a similar analysis can be made through comparingbayesopt and
simulannealbnd ). When the function ga was run with a maximum of 400 iterations
the optimum found by ga was far from the original input values. The image obtained
with the optimum found was also signi�cantly di�erent from the original image. With
700 iterations ga again failed to retrieve the original parameters, however, the image
obtained by the optimum found was similar to the original image. Using the function
ga with 700 iterations of our parametric function took, on average, 1152 seconds. As
one model simulation, on average, of our parametric function was 1.42s this meant that
994s could be accounted for from just running the simulations. Therefore,ga spent
approximately 158s on operations other than running the simulation (a relatively small
fraction of the total running time). In contrast, running bayesopt with 400 iterations
of our parametric function took 2215s. This meant that 568s could be accounted for
from just running the simulations, and then bayesopt spent approximately 1647s on
operations other than running the simulation (a considerably larger fraction of the total
running time). Consequently, for our parametric function, running 700 iterations of ga is
less costly than 400 iterations ofbayesopt . In contrast, the simulation time for the limb
model is 40 seconds. Runningbayesopt with 400 iterations then takes approximately
400� 40s+ 1647s = 17; 647s. In comparison, running ga with 700 iterations would take
a minimum of 700� 40s+ 158s = 28; 158s. Accordingly, the computational cost of the
model determines which global optimization methods are feasible to employ.
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3.5 Discussion

The importance of global optimization methods for parameter estimation in biological
modelling is well recognized (due to the complexity of the cost function with respect
to the parameters) and numerous methods have been developed for this purpose. Most
require a large number of model simulations to obtain good results. This is not feasible if
the model is computationally costly, thereby prohibiting multiple iterations. In this paper,
we proposed a heuristic global parameter estimation procedure for image-based modelling
where the image data is noisy and non-quantitative and the model is computationally
expensive to solve. To this end, we described a cost function, which measures the distance
between the current and desired output of the model, and a procedure, using Gaussian
process learning, to subsequently perform the parameter estimation.

Using an image-generating parametric function to test the process we showed that, for
seven parameters, this method retrieves the original parameters (and therefore the original
image) when the parameters are independent. We then tested the procedure on a biological
network with arti�cial data. As is often the case in biological models [Gutenkunst et al.,
2007], even with simple networks, there was a high level of parameter dependence in the
network model. Applying the parameter estimation procedure resulted in a parameter
set corresponding to an output image closely resembling the reference image. However,
due to the parameter dependence, the optimal parameter set found di�ered considerably
from that of the parameter set used to generate the reference image.

There are several factors which in�uenced the parameter dependence in our model. For
dynamical models, such as the limb model in our paper, a necessary condition to �x
parameter information is the availability of temporal information. If the time scale is
unknown, there will necessarily be parameter dependence as parameter sets that result
in the same behaviour of the model, di�ering only in the rate of that behaviour, will be
equally valid. In this case, parameter dependence due to lack of temporal information
can be removed by non-dimensionalizing the equations with respect to time. In our limb
model, we only evaluate the similarity of the model to the data at one time point (somite
stage 24). This is one reason we have high parameter dependence: as parameter sets that
�t the data equally well at this point, but result in di�erent gene expression patterns at
later points, have the same cost function value. Evaluating at additional time points,
for instance at later somite stages, would decrease the parameter dependencies in our
model, albeit at an increased computational cost due to increased simulation time of the
model. In particular, this should decrease the dependencies between the degradation of
the receptor dr and the di�usion coe�cient D and the degradation of the receptordr

and the Hill constant K .

In addition, the only read-out we have is the production rate of FGF10 which we compare
against arti�cial expression data. Including read-outs for other variables would decrease
the parameter dependence, as well. For example, there is parameter dependence between
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K and parameters that control the concentration of F8R e.g. dr ; kon8; RTF8 as the
production rate of FGF10 can be modi�ed by either changing the sensitivity of FGF10
to F8R (via K ) or by changing the concentration of F8R. Both the sensitivity K and the
concentration of the FGF8-receptor complex are di�cult to measure. But if data was
available such that, for instance, the concentration of F8R could be added to the cost
function, then the parameter dependence betweenK and RT F8 and K and dr should
decrease. The level of parameter dependence is contingent on the amount of data that is
available to evaluate the goodness of �t of the model. In cases where the concentration
of all the components in the model is known at several time points, the parameter
dependence should be low. However, this is rarely the case in biological modelling, where
either experiments can be expensive to run (prohibiting measurements at several time
points) or substances can be di�cult to measure (in which case the concentration of
several components in the model will be unknown).

Other than testing the validity of underlying assumptions of the biological system, the
main purpose of computational modeling is to obtain predictions. Although additional
experiments can be performed to constrain model parameters [Kreutz and Timmer, 2009],
in most cases, the degree of measurement accuracy required to constrain predictions is
extremely high and therefore impractical [Gutenkunst et al., 2007]. Therefore, the impact
of parameter dependence on model behaviour should be examined. If the model behaviour
is insensitive to certain parameter combinations, then parameter dependence does not rule
out accurate predictions. In this case, the model output that determines model predictions
is as insensitive to certain parameter combinations as the model output that is used to �t
the model, and predictions can be made despite parameter non-identi�ability [Gutenkunst
et al., 2007]. Model predictions under di�erent sets of feasible parameters can be analysed
(the ensemble method) [Battogtokh et al., 2002, Brown et al., 2004]. For example,
uncertainty estimates for the model output can be calculated by generating an ensemble
of feasible parameters and calculating the mean and standard deviation of model output.
This approach is illustrated in [Brown et al., 2004], where experimental veri�cation
con�rms model predictions, despite large parameter uncertainties in the model. However,
in cases where the model is computationally expensive, determining and simulating the
sets of feasible parameters could have a prohibitive computational cost.

When considering which global optimization method to use, an important consideration
is the computational cost of the model. The simulation time of our limb model was
approximately 40 seconds, running 400 simulations therefore took approximately 4.5
hours. The Gaussian process regression algorithm has a time complexity ofO(n3), where
n is the number of training data. Hence, if the simulation is relatively cheap, the ratio
of computational time of the algorithm to the computational time of the simulations
can be high. In this case, global optimization algorithms with lower computational
complexity, such as genetic algorithms, can perform better. However, as mentioned in
the introduction, these algorithms often require a high number of iterations to �nd an
optimum.
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In this paper, we restricted our models to those with seven parameters or less. To apply
this method to estimate a larger number of parameters most likely a larger number of
iterations would be required, and would need to be determined, along with an appropriate
ratio of Halton points (initial seeds) to total iterations. The total number of iterations
required could become prohibitively large for models with a large number of parameters
and high computational complexity. A solution to this could be having a large number
of initial seeds which are computed in parallel (if this is possible), thereby reducing the
number of iterations that have to be performed in serial for the rest of the optimization
procedure. However, as can be seen in Figure 3.5C, having a larger number of initial
seeds does not necessarily lead to better results. It would therefore be useful to determine
the optimum seed number (for the number of parameters to be estimated and the number
of feasible bayesopt iterations) and then run these initial seeds in parallel.

To calculate our cost function, we generated a reference image from the image data
available. This reference image discriminates areas of high and low concentration, as
well as the area that should be excluded from the cost function calculation. Depending
on the features of the data that the model output should match, a di�erent number of
areas can be identi�ed and penalised accordingly. For example, if a subset of the image
should have a medium intensity, this area can also be identi�ed and incorporated into
the cost function, by penalising model outputs that result in concentrations that are
too high or too low. What percentage of the maximum concentration is considered a
high or low concentration depends on the model and data and the cost function can be
implemented accordingly. The parameter estimation procedure can also be applied in
cases where a portion, or all, of the data is quantitative. In this case, the cost function is
simply modi�ed by penalising the di�erence between the model output and the absolute
concentrations expected rather than the maximum concentration output of the model.

We expect that the method described in this paper can be used to perform global
parameter estimation when model simulation is computationally costly and quantitative
data is missing. The step of generating the reference image from the available data could
be automised using image processing. This would facilitate an unbiased determination
of the cost function from the data and the reference image could be updated as new
data becomes available. The method could also be used as a model selection tool [Sivia
and Skilling, 2006], by treating model structure as a parameter, where di�erent network
topologies are compared to see which produces the best �t to the data.

3.6 Software

The parametric function was solved using MATLAB (version R2017b) [MATLAB, 2015].
The model of the developing limb was solved with COMSOL Multiphysics 5.1 [Comsol,
2015] and MATLAB Livelink (version R2017b) [MATLAB, 2015] as described in [Germann
et al., 2012].
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3.8 Appendix

Listing 3.2 � Master Function

1 / * master function runs optimization procedure.
2 Inputs: idx � array of seed number values,
3 max_iters � maximum number of iterations * /
4 function master_function(idx,max_iters)
5 for run_idx=idx
6

7 / * Generate halton sequence of size idx* /
8 p = haltonset(7);
9 X0 = net(p,run_idx);

10 X0 = X0 * 2 � 2;
11 X0 = 10.^X0;
12 X0 = array2table(X0);
13

14 / * Parameters to optimize * /
15 theta1 = optimizableVariable('theta1' ,[0.01,1], 'Transform','log ' ) ;
16 theta2 = optimizableVariable('theta2' ,[0.01,1], 'Transform','log ' ) ;
17 theta3 = optimizableVariable('theta3' ,[0.01,1], 'Transform','log ' ) ;
18 theta4 = optimizableVariable('theta4' ,[0.01,1], 'Transform','log ' ) ;
19 theta5 = optimizableVariable('theta5' ,[0.01,1], 'Transform','log ' ) ;
20 theta6 = optimizableVariable('theta6' ,[0.01,1], 'Transform','log ' ) ;
21 theta7 = optimizableVariable('theta7' ,[0.01,1], 'Transform','log ' ) ;
22

23 fun = @(x)�tFunction([x.theta1 x.theta2 x.theta3 x.theta4 x.theta5 x.theta6 x.theta7 ], num);
24

25 results = bayesopt(fun,[theta1 theta2 theta3 theta4 theta5 theta6 theta7 ], 'Verbose' ,1,...
26 'AcquisitionFunctionName','expected � improvement � plus','MaxObjectiveEvaluation',max_iters,...
27 ' InitialX ' ,X0,'GPActiveSetSize',max_iters)
28

29 end
30 end

Listing 3.3 � �tFunction

1 / * Print image of parametric function for parameter set theta and compare to reference image * /
2 function [ score ] = �tFunction(theta)
3

4 x1 = � 1:.01:1;
5 x2 = � 1:.01:1;
6 [X1,X2]=meshgrid(x1,x2);
7

8 FCoe� = zeros(1,8);
9 FCoe�(1) = theta(1);

10 FCoe�(2) = theta(2);
11 FCoe�(3) = theta(3);
12 FCoe�(5) = theta(4);
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13 FCoe�(6) = theta(5);
14 FCoe�(7) = theta(6);
15 FCoe�(8) = theta(7);
16

17 F = sampleFunction(FCoe�,X1,X2);
18

19 �gure (2)
20 s = surf(x1,x2,F);
21 view ([0,90]) ;
22 colormap(�ipud(gray));
23 s .EdgeColor = 'none';
24 axis o�
25 set(gcf , 'PaperPositionMode','auto');
26 print( ' test_image',' � dpng',' � r0');
27 score = similarityPictures ( 'reference_image.png','test_image.png', 2);
28

29 end

Listing 3.4 � sampleFunction

1 / * Parametric Function generated by calling ReinschEval * /
2 function [ val ] = sampleFunction(FCoe�,X,Y)
3 [TH,R] = cart2pol(X,Y);
4 TH = (TH + 2 * pi) / 2 / pi;
5 for i = 1:size(TH,2)
6 fval (:, i ) = ReinschEval(FCoe�, TH(:,i));
7 end
8

9 val = max (0, 1 � 4* abs(fval � R));
10 end

Listing 3.5 � ReinschEval

1 / * evaluates a trigonometrical expressions of the form
2 s1 = \sum_i=0^n � 1 Fcoe�[i] cos(2 * pi* i * xi)
3 s2 = \sum_i=1^n � 1 Fcoe�[i] sin(2 * pi* i * xi)
4 by the algorithm of Reinsch from Stoer 8. edition page 92f * /
5 if mod(FCoe�, 2)
6 error( 'number of Fourier coe�cients must be even: [a_M,...,a_0,b_1,...b_M � 1]');
7 elseif ~isempty(�nd(angles < 0))
8 error( 'angles must be non � negative');
9 end

10 N = length(FCoe�);
11 M = N / 2;
12 FCoe� = reshape(FCoe�, 1, length(FCoe�));
13 cosCoe� = �iplr (FCoe�(1:M+1));
14 cosCoe�(1) = cosCoe�(1);
15 sinCoe� = [0 FCoe�(M+2:end)];
16 val = zeros(size(angles)) ;
17 / * transform angle into the interval [0,1) * /
18 angles = angles � �oor(angles) ;
19 / * case of cos(2* pi* xi) <= 0 * /
20 ind1 = �nd(angles >= 0.25 & angles <= 0.75);
21 / * case of cos(2* pi* xi) > 0 * /
22 ind2 = �nd(~(angles >= 0.25 & angles <= 0.75));
23 val(ind1) = cos(pi * angles(ind1)) ;
24 val(ind2) = sin(pi * angles(ind2)) ;
25 val(ind1) = 4 * val(ind1).^2;
26 val(ind2) = � 4 * val(ind2).^2;
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27 / * compute value of the cosines * /
28 U = zeros(size(angles)) ;
29 delta = U;
30 for i = length(cosCoe�): � 1:1
31 U(ind1) = delta(ind1) � U(ind1);
32 U(ind2) = delta(ind2) + U(ind2);
33 delta(ind1) = val(ind1) . * U(ind1) � delta(ind1) + cosCoe�(i);
34 delta(ind2) = val(ind2) . * U(ind2) + delta(ind2) + cosCoe�(i);
35 end
36 s1 = delta � 0.5 * U .* val ;
37 / * compute value of the sines * /
38 U = zeros(size(angles)) ;
39 delta = U;
40 for i = length(sinCoe�): � 1:1
41 U(ind1) = delta(ind1) � U(ind1);
42 U(ind2) = delta(ind2) + U(ind2);
43 delta(ind1) = val(ind1) . * U(ind1) � delta(ind1) + sinCoe�(i) ;
44 delta(ind2) = val(ind2) . * U(ind2) + delta(ind2) + sinCoe�(i) ;
45 end
46 s2 = U . * sin(2 * pi * angles) ;
47 val = s1 + s2;
48 end

Listing 3.6 � similarityPictures

1 / * Image metric for calculating distance between reference image and test image (score) * /
2 function [ score ] = similarityPictures (pathReference, pathTest, p)
3

4 / * converts images to grayscale * /
5 if size (imread(pathReference),3)==3
6 referencePicture = (rgb2gray(imread(pathReference)));
7 else
8 referencePicture = imread(pathReference);
9 end

10 if size (imread(pathTest),3)==3
11 testPicture = (rgb2gray(imread(pathTest)));
12 else
13 testPicture = imread(pathTest);
14 end
15

16 scorePic=zeros(840,1120);
17

18 / * Score calculated * /
19 for i=1:840
20 for j=1:1120
21 if referencePicture( i , j )<=76
22 scorePic( i , j )= max(testPicture(i,j) � 76,0);
23 elseif referencePicture( i , j )>=179
24 scorePic( i , j )= max(255 � testPicture(i,j) � 76,0);
25 end
26 end
27 end
28 score = sum(sum(abs(((scorePic).^p))));
29

30 end
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The question of pattern formation in the developing embryo is fundamental in biology.
Various experimental studies have been performed in order to gain insights into this
process, which have unveiled numerous components involved in di�erent types of mor-
phogenetic events in a variety of organisms. Computational models can help elucidate
these mechanisms by facilitating the integration of key biological components in order
to test hypotheses and make predictions about the biological systems in question. The
aim of this thesis was to investigate the mechanisms involved in morphogenesis, focusing
on the limb as a model of pattern formation. In addition, we aimed to increase the
potential of computational models in understanding and uncovering mechanisms through
the presentation of a heuristic global parameter estimation procedure for image-based
modelling.

For decades, the developing limb bud has served as a model system for the study of the
processes involved in morphogenesis. In chapter 2, we addressed the question of phalange
formation in the developing chick leg. Although the main regulatory components involved
in the process of phalange formation have been identi�ed through experimental studies,
the mechanisms that regulate it are still unknown. We proposed a Schnakenberg-type
Turing system as a model for digit formation that consists of BMP, its receptor and is
modulated by FGF. We showed that the model �ts quantitative data from our collaborator
for the embryonic chick and qualitative data from the literature for the embryonic mouse.
In addition, we found that in our model the parameters for BMP production and FGF
regulation were most important in distinguishing between digit 3 and digit 4, which is in
agreement with previously reported experimental studies.

Our model abstracted the process of digit morphogenesis in several ways. It solved a
3D biological process on a 1D domain. The growth of the model domain was set and
therefore decoupled from the dynamics of the network components in the model, and
the molecular regulators involved were reduced to three components. Solving the model
on a 2D domain would allow us to investigate the e�ect of molecules di�using across
the anterior-posterior axis on digit development and compare the results to experiments
performed on the developing chick [Dahn and Fallon, 2000]. We would also be able to
see the e�ect that simplifying to 1D has on model dynamics.

Although we investigated how changes in the model could a�ect phalange formation,
such as the impact of di�erent parameter values of digit morphology, this could be
further explored. For example, it would be interesting to examine whether the change
in concentration of FGF over time a�ects digit formation, for instance whether a slow
decrease in FGF would result in a di�erent digit morphology. Another possibility would
be to look at how incorporating separate growth rates for each phalange segment based
on the data would a�ect the model and whether this gives di�erent results to the current
model which is solved on a uniformly growing domain. The e�ect of growth on the model
could also be looked at in a more general fashion, for example by solving the model on
a domain which grows a set percentage faster or slower than the growth rate obtained

103



Chapter 4. Conclusion

from the data.

Morphogenesis involves the coordination of multiple processes in both space and time.
The advance of imaging technologies has led to an increase in the generation of image-
data. Imaging data has the potential to reveal the spatio-temporal distribution of a
molecule of interest and can therefore be particularly useful in the study of morphogenesis.
Integrating this data, which is often non-quantitative, into an inherently quantitative
model poses a challenge. In addition to this challenge, the spatio-temporal modelling
of such processes, for instance with the use of non-linear partial di�erential equations
(PDEs), can have a high computational cost.

In chapter 3, we presented a global parameter estimation procedure for image-based
modelling where the image data is noisy and non-quantitative and the model is computa-
tionally expensive to solve. Global parameter estimation is a key challenge in biological
modelling. Although numerous global parameter estimation have been developed, the
majority require a large number of iterations to be performed, rendering them impractical
for models with a high computational cost. We described a cost function, followed by a
procedure using Gaussian process learning to perform parameter estimation. The method
was able to retrieve the original parameters when tested on an image-generating para-
metric function and was subsequently applied in a biological setting by �tting arti�cial
ISH data of the developing mouse limb. In a comparison with two other common global
parameter estimation methods (simulated annealing and genetic algorithms), our method
was the only one that managed to retrieve the original parameter values within the set
number of iterations.

It would be interesting to further investigate the capabilities of the procedure proposed.
For example, to examine the relationship between the number of parameters and the
number of model iterations that the procedure would require to estimate them. It could
also be possible to explore whether the optimum number of seed iterations relative to
total model iterations in the procedure changes depending on the number of parameters
to be estimated. The image-generating parametric function is such that the number of
parameters to be estimated can be easily changed. The procedure could also be tested on
other models to investigate the degree to which the results can be generalised: whether
they can be more generally applied or whether they are strongly dependent on the model.

It is important to note that the Gaussian process regression algorithm has a time com-
plexity of O(n3), where n is the number of training data. Compared to other commonly
used global optimisation algorithms, this complexity is high so the computational cost
prohibits running the algorithm for a high number of iterations. The simulation time of
the model is therefore an important consideration when considering which parameter
estimation method to use. For relatively cheap models where it is possible to run a large
number of simulations, an optimisation algorithm with lower computational complexity
would likely be a better choice. The application of this method to estimate a larger
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number of parameters could be computationally expensive.

In addition to parameter estimation, our method can also be used as a model selection
tool. To this end, the model structure would serve as a parameter and di�erent network
topologies would be compared in order to determine which would result in the best �t
to the data. Finally, the method could also be built on and adapted depending on the
model in question. For instance, in order to calculate the cost function, a reference
image (against which the model output will be compared) is required. The generation
of the reference image from the image data available could be automated using image
processing.

Recent advances in imaging technologies have resulted in ever increasing spatial and
temporal resolution of biological samples. For example, the development of light-sheet
�uorescent microscopy has facilitated imaging with high spatiotemporal resolution in
live specimens [Power and Huisken, 2017]. What is more, computational modelling is
becoming ever more widespread in biology and the models themselves are becoming
increasingly complex [Brodland, 2015,Southern et al., 2008]. Although computational
power is also increasing, these models can still have a high computational cost, prohibiting
a large number of iterations to be performed. In these cases, heuristic global parameter
estimation procedures that do not require a large number of model simulations are
important to help generate a useful model. The development of such procedures can
therefore play a part in the cycle between experiments and modelling and thereby improve
our understanding of biological systems, such as those involved in pattern formation.
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