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On Uniqueness and Stability for Supercritical Nonlinear
Wave and Schrodinger Equations

Michael Struwe

1 Introduction

In a previous paper [10], it was shown how uniqueness of classical solutions to critical

nonlinear wave equations like

Uy —Au+u’ =0 onR xR? (1.1)
with data
(W), = (wo,u1) € CF x CF (R?) (1.2)

can be obtained in the a priori much larger class of distribution solutions satisfying
the energy inequality. At a conference at the Bernoulli Center of EPFL Lausanne in June
2004, I pointed out that the method can be applied without any changes also in the su-
percritical case when the nonlinearity f(u) = u’ is substituted by the function f(u) =
u?**1 for any k € N, in any number of space dimensions. In fact, as we show here, the
same method also works for more general nonlinearities and in the case of nonlinear

Schrédinger equations.
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2 Michael Struwe
2 Nonlinear wave equations

Consider the Cauchy problem for the equation

U —Au+mu+f(u)=0 onR xR" (2.1)
with data
(W), = (wo,w1) € CF x CF (R™), (2.2)

where m > 0 and where f = F/ for some C2-function F : R — R satisfying
0 <uf(u) < CF(u) (2.3)

with some uniform constant C. Moreover, we request polynomial-type behavior in the
sense that for all R > 0 there exist numbers ¢ = ¢(R) > 0, C = C(R) such that the condi-

tions
Flu +w) — F(w) — f(ww > eF(w) — Chw]? (2.4)
as well as
Flu+w) — F(w) — fww < CF(w) + Chwl?, (2.5)
[f(u+w) — f(u) — ' (ww| < CF(w) + Clw? (2.6)

hold true for all w whenever [u| < R. Clearly, we may assume that ¢ < 1. The conditions
(2.3)-(2.6) are satisfied for F(u) = |ul? for any p > 2; however, they fail to hold, for exam-
ple, when F(u) = e — 1.

For classical solutions u of (2.1), upon multiplying (2.1) by u; and integrating

over any time-slice [0, t] x R™, one easily finds the energy identity

E(u(t) = |

(—Duz - L F(u)) dx = E(u(0)), (2.7)
{t}xR"
where Du = (u, Vu) is the space-time gradient. Moreover, these solutions have spatially
compact support and therefore together with their derivatives are uniformly bounded on
any such time-slice.

In the case of nonlinearities with “supercritical” growth, the Cauchy problem
(2.1), (2.2) is not known to admit global smooth solutions. However, by results of Se-

gal [6], Lions [5], and Strauss [8], assuming (2.3) we always can obtain weak solutions
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to this equation with Du, mu € L*(R;L?(R™)) and with F(u) € L[> (R;L'(R"™)), satisfying

(2.1) in the sense of distributions and such that the energy inequality
E(u(t)) < E(u(0)) (2.8)

holds for all t; see, for instance, [7, Chapter 6.2] or [9, Theorem 3.1]. We call such solutions
“of energy class.” Note that the map t — Du(t) € L*(R") is weakly continuous for energy-
class solutions u of (2.1). The condition (2.8) and strict convexity of the [?-norm then
imply that the initial data are continuously attained in the H'-norm.

We can now state the following uniqueness result.

Theorem 2.1. Suppose u € C® (R x R") is a classical solution to (2.1) with Cauchy data
(w,ue)),_, = (wo,ur) € CF¥ x CP (R™), where f satisfies (2.3)—(2.6). Also let v be an energy-
class solution to (2.1), (2.2), satisfying (2.8). Then u = v. O

Theorem 2.1 is a consequence of the following stability result.

Theorem 2.2. Suppose u € C®(R x R™) is a classical solution to problem (2.1), (2.2),
where f satisfies (2.3)—(2.6). For (vo,v1) € H' x L?(R") with F(vy) € L'(R™), let v be an
energy-class solution to (2.1) with Cauchy data (v,v¢) = (vo,v1) and satisfying the

lt—o

energy inequality
E(v(t)) < E(V(0)) Vvt (2.9)

Then, letting w = v — u, if m > 0 and if u in addition is uniformly C'-bounded in space-

time, for all t > 0 with constants C; = C;(u), the following estimate holds:
E(w(t)) < Cre2'E(w(0)). (2.10)

If m = 0 or if u fails to be uniformly bounded, for any time T > 0 and any 0 < t < T with a
constant C = C(u, T), there holds

E(w(t) + w2, < C(E(w(O)) n ||w(0)||i2). (2.11)
O
Proof of Theorem 2.2. For ease of notation in the following, we consider only forward

time t > 0. Observe that w satisfies the equation

wig —Aw+mw+f(u+w) —f(u) =0 onR xR" (2.12)



4 Michael Struwe

in the sense of distributions. Expand
1 2] 2 | 2
Z\Dv\ = zIDu| +Du-Dw+ Z\Dw\ , (2.13)

and so on, so that

E(v) =E(uw) + I +11, (2.14)
where

[=(dE(u),w) = JRn (Du- Dw + muw + f(u)w)dx (2.15)
and with

1= J § (M + (F(u+w) — F(u) — f(u)w)) dx. (2.16)

Choosing smooth functions i € C§ (]0, t[) with 0 < nyx < 1 and converging almost

everywhere to the characteristic function of the set [0,t] as k — oo, we find

I(t) — I(0) = lim Jt nk£<dE(u),w>ds, (2.17)

where

d

a(dE(u),w> = JRH 3 (Du-Dw + muw + f(u)w)dx

sy

= (Weewe + Vu - Vwy + muwy + f(u)wy)dx (2.18)
Rn

+ J (Wwie + Vug - Vw + mugw + f/(u)wuy ) dx

may be interpreted in the distribution sense. Upon integrating by parts in the gradient

terms and using (2.1) and (2.12), respectively, we then obtain

%<dE(u),w> = J (f(w) + ' (wWw — f(u + w))udx. (2.19)

Using the assumption (2.6) on F, with a constant C = C(u), we find

—%(dE(u),W> < CJ (F(w) +w?)dx. (2.20)

n
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If m > 0, from (2.17), (2.20), we obtain
t

10) — 1(t) < CL E(w(s)) ds.

Moreover, estimating
ol <2 [ pwtspwisaxds + [wo
<, L, (0w o))+ o).
we have
ol < || Ewts))as + CEOw0).

In the case when m = 0, we use Minkowski’s inequality to bound
t
(ol < | el s+ [0

Holder's inequality then gives

w7, < ZTL [we(s)]|2ds + 2[|w(0)]|7, < 4TL E(w(s))ds +2[|[w(0)|7.,

and from (2.20) we obtain that

1(0) - I(t) < C(1+T2) J: E(w(s))ds + CT||w(0)y|iz.

By (2.4) for the remaining term in the expansion (2.14), we have

<|Dw|2 + mw?

II(t) > J 3

+ eF(w) — Cw2> dx
{t}xR"

> eE(w(t)) — Cw(b)7.,

while at time t = 0 by (2.5) we have

o<

s

< CE(w(0)) + C[w(0)]?,

+ CF(w) + Cw2> dx

<|Dw|2 + mw?
O} xR™ 2

and the latter is bounded by E(w(0)) if m > 0.

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)

(2.28)
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From (2.7), (2.9), and (2.14) now we obtain
0 < E(v(0)) — E(v(t)) = 1(0) — I(t) + I1(0) — TI(t). (2.29)
If m =0, in view of (2.26) and (2.28), we find

II(t) < I(0) — I(t) + I1(0)

t ) (2.30)
<C(1+T?) J E(w(s))ds + CE(w(0)) + C(1+ T)||w(0)[|{
0

and with (2.25), (2.27) we obtain

E(w(t)) + [w(t)]|{, < CII(t) + Cllw(v)||7,
<C(1+T?) E E(w(s))ds + CE(w(0)) + C(1 + T)HW(O)HiZ.
(2.31)

On the other hand, if m > 0, we may use (2.27), followed by (2.29) and then (2.28)
together with (2.21) and (2.23) to conclude

E(w(t)) < CII(t) + CHW(’()HiZ < CJO E(w(s))ds + CE(w(0)). (2.32)

The desired estimate follows from Gronwall's inequality. |

Note that in the preceding proof assumption (2.5) is only used to bound the terms
1(0), I1(0) which vanish in the case of Theorem 2.1.

As already remarked in [10], Theorem 2.1 is similar to the uniqueness result of
Ladyzenskaya for the Navier-Stokes equations [4]. Moreover, Theorems 2.1 and 2.2 are
related to results of Dafermos [1] and DiPerna [3] for hyperbolic systems of conserva-
tion laws; see also Dafermos [2, Chapter 5.3]. Note, however, that in contrast to [2] we do
not require the energy to be nonincreasing in forward time. Thus, as we will presently
explain, Theorem 2.1 also can be used to establish convergence in the energy norm of
standard approximation schemes for (2.1), which in general only yield energy-class so-
lutions.

For functions fy with primitive Fi(s) = jg fi(r)dr, k € N, consider solutions uy to

the Cauchy problem
U er — Aug + mug + fi(ug) =0 onR x R™ (2.33)
with Cauchy data

(uk,uk‘t)‘t70 = (uko,uk1) eH' x 12 (Rn). (2.34)



Uniqueness and Stability 7

Theorem 2.3. Suppose (2.1) admits a smooth solution u € C* (R x R™) for given Cauchy

data (u,uy) = (uo,uy) € CP x CP(R™), and let (ux) be a family of energy class so-

lt=o

lutions to (2.33), (2.34), where f satisfies (2.3)—(2.6) and where the functions fy satisfy
condition (2.3) with a uniform constant C for all k € N. Also suppose that as k — oo there

holds fx — flocally uniformly, while
(uko,uk1 N Fk (uko)) — (LLo,lh , F(UO)) in ]‘l1 X I_z X ]_1 (Rn) (235)
Then there is strong convergence in the energy norm

(i, Wieyt, Fre (W) — (w1, F(w))  in LS (RyH! x L2 x L' (R™)). (2.36)

Proof of Theorem 2.3. In view of the energy inequality (2.8), as k — oo, we have

2
By (e (1) = L} N (M + Fk(uk)> dx < By (1 (0)) — E(w(0)).

(2.37)

Hence, for a subsequence (1), we have Duy, — Dv weakly-* in L* (R; L2(R™)) and wy, — v
almost everywhere as k — oo; moreover, u(0) = uo — v(0) = w(0) in L?(R™). In view of
(2.3) and (2.37), it follows that fi (ux) — f(v) in L] (R x R™)). Passing to the limit in the

weak form

J J (U@t — Ve Vo — mug@ — fic (ug) @) dx dt + J uredx=0 (2.38)
o Jrn {0}xR"

of (2.33) for any ¢ € C3 (R x R™), we then see that v weakly solves (2.1) with v{(0) = uy;
that is, v also satisfies (2.2). Finally, (2.37) together with weak lower semicontinuity on

the one hand and Fatou’s lemma on the other yields
E(v(t)) < lim inf £ (ux (1)) < lim inf £ (ux(0)) = E(u(0)) = E(v(0)) (2.39)
— 00 — 00

for almost all t, and v is an energy-class solution of (2.1), (2.2). From Theorem 2.1 then we
conclude that v = u. The inequality (2.39) together with (2.7) now shows that E(u(t)) =

liminfy_, . Ex(ux(t)) and therefore that

k— o0

[Du(t)||,» = liminf ||[Dw(t)|| ., J F(u(t))dx = lim ian Fre (uk(t)) dx
k— oo Rn Rn
(2.40)
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for almost every t > 0. Hence, Du;, — Duin L?(R™), Fi(ux) — F(u) in L' (R™) strongly as
k — oo for almostallt > 0.

To see that the convergence is uniform, observe that u is smooth by assumption
with compact support, locally uniformly in time, and therefore also is bounded, locally
uniformly in time. Since Fy(s) by (2.3) is nondecreasing in s for s > 0, at any point in

space-time, we either have [w;| > |u| and

Fic(ux) = Fie(w) = F(u) —o(1), (2.41)
or ug| <|ul < C=C(u,T) and

‘Fk(uk) —F(w)| < |[F(u) = F(w)| + o(1) < Clu —u| +o(1) (2.42)

with an error o(1) — 0 locally uniformly in time as k — oo. It follows that

J Fi (ux)dx > J F(uw)dx —o(1), (2.43)
{t}xR" {t}xR"
and then that

IDu()]|7, — [[Du®)]|?, < 2(Ex (we(t)) — E(u(t)) + o(1) < o(1), (2.44)

where o(1) — 0 locally uniformly in time. Write

H(DukDu)<t)y|§z—\|ouk(t)||§z|\Du<t)||§zzL  (Dux—Du)-Duds
tixR™

(2.45)
and observe that with error o(1) — 0 as k — oo, we have
Yrod
J (Duy — Du) -Dudx:J J — ((Dux — Du) - Du)dx ds + o(1). (2.46)
{t}X]R“ 0 n dt

We may use (2.1) and (2.33) to shift all second derivatives occurring in the integral on the
right to the smooth factor u. From weak space-time [2-convergence Duy — Du, it then
follows that

J (Dux —Du) - Dudx — 0, locally uniformly in t, (2.47)
{t} xR

which together with (2.44) yields strong convergence Duy (t) — Du(t) in L?(R") as k —
00, locally uniformly in time. When combined with (2.37), (2.41), and (2.42), this fact then
also gives locally uniform convergence F (1 (t)) — F(u(t)) in L' (R™). Since this argument

applies to any subsequence, the assertion follows. |
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3 Nonlinear Schrodinger equations

Consider now the Cauchy problem for the equation

iy —Au+mu+f(u)=0 onR xR"™ (3.1)
with data
w,_, =up € CF (R™"). (3.2)

Again we assume m > 0 and that f satisfies conditions similar to the ones in Section 2,
adapted to the complex setting. We suppose that f is of the form f(u) = uF’(ju/?/2) for
some smooth (C2-) function F: R — R. The analogue of (2.3) then is the condition

0 < sF'(s) < CF(s) (3.3)

for some constant C, while instead of conditions (2.4)—(2.6) we require that forall R > 0
there exist numbers ¢ = ¢(R) > 0, C = C(R) such that for all w there hold

F('“ +2Wz> —F(u2|2> —fw) w= eF<|W22> — Chwl?, (3.4)

‘F(lwzwz) _F(”T'z) — () W]+ [F( W) — () — (@f(w), w)]

(3.5)
2 |W‘2
+ [f(w+w) = f(u)|w < C( |w|* +F =)
provided |u| < R. Here and in the following for brevity we denote by
a-b="Re(ab) (3.6)

the Hermitian inner product.

Similar to (2.7), the energy identity

(M + F(“T'Z» dx = E(u(0)) (3.7)

will be valid for sufficiently regular solutions u of (3.1), as can be seen by taking the Her-

E(u(t) = |

{t}xR"

mitian inner product of (3.1) with u; and integrating. Upon testing (3.1) with the func-

tion iu, we also find the conservation law

w2 = [[w©)l - (3.8)



10 Michael Struwe

for the charge of system (3.1). Observe that in contrast to the case of (2.1), classical so-
lutions to (3.1), (3.2) need no longer have spatially compact support. However, in many
cases, it is possible to exhibit solutions that are bounded in any H’-norm; see, for in-
stance, Strauss [9]. These solutions together with their derivatives again will be uni-
formly bounded on any time-slice and will also decay sufficiently fast near spatial in-
finity for (3.7) and (3.8) to hold.

Just as in the case of the wave equation, for nonlinearities with “supercritical”
growth, it is not known if the Cauchy problem (3.1), (3.2) will admit global smooth so-
lutions. However, if we assume (3.3), standard approximation procedures yield the exis-
tence of weak solutions uwith Vu, mue L® (R; L?(R™)) and such that F(u) € L* (R; LT (R™)),

satisfying (3.1) in the sense of distributions and so that the energy inequality
E(u(t)) < E(u(0)) (3.9)

holds for all t; see Strauss [9, Theorem 3.1]. For these “energy-class” solutions again the
map t — Vu(t) € L?(R™) is weakly continuous and (3.9) ensures that the initial data (3.2)
are assumed continuously in H'. Finally, also (3.8) holds for almost every time t.

We then have the following uniqueness result.

Theorem 3.1. Suppose u € (5o L (R;H*(R™)) solves (3.1) with Cauchy data u,_, =
up € CP (R™), where f satisfies (3.3)—(3.5). Also, let v be an energy-class solution to (3.1),
(3.2), satisfying the energy inequality (3.9). Then u = v. O

Again, Theorem 3.1 is contained in the following stability result.

Theorem 3.2. Suppose u € () 5o L (R;H?(R™)) solves (3.1) with Cauchy data u, , =
ug € C(R"), where f satisfies (3.3)—(3.5). For Cauchy data v|, , = vo € H'(R") with
F(vo) € L'(R™), let v be an energy-class solution to (3.1), satisfying the energy inequality

E(v(t)) <E(v(0)) WVt (3.10)
Then, if m > 0, letting w = v — u, for any time t > 0 with uniform constants C; = C;(u),

E(w(1)) < CreCE(w(0)). (3.11)
If m =0, for any time T > 0 with a constant C = C(u, T),

EWw(®) + [w®); < C(Ew(©) + w7 ), (3.12)

uniformly for0 <t < T. 0
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Proof. The proof is very similar to the case of the wave equation. Again we consider only
forward time t > 0.

The function w satisfies the equation
iwg —Aw+mw+f(u+w)—f(u) =0 onR x R™. (3.13)

Expanding as in Section 2, for any t > 0, we have

E(v) = E(u) + I+1I, (3.14)
where

I:<dE(u),w>:JRn (Vi Vw + mu- w4 f(w) - w)dx (3.15)
and with

11 =J ) <|Vw|22+mw2 + <F(“+2W|2> —F<1;|2) ~f(u) ~w)>dx. (3.16)

With . € C3(]0,t[) approximating the characteristic function of [0, t] as before,
again we find

1(0) - 10) = Jim Lnk%@uu),mds. (3.17)

To compute the time derivative, it is convenient to use the equation

d EF lu+ sw|?
ds|,_, dt 2

s=0
_4d4d [utsw) d
= aglsoF( 7 ) = g fW W) - w,
yielding that
d
Ef(u) v <df(u))w> Uy (3.19)

Therefore, upon integrating by parts, we have

d
a(dE(u),w>

d
JR“ E(Vu-VW—&-mU'W"‘f(u) -w)dx (3.20)

J ' ((—Au+mu+f(u)) -we+ (— Aw+mw + (df(u), w)) - uy)dx,
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which is well defined as a distribution on ]0, t[. Using (3.1) and (3.13), respectively, and

observing that (iu) - w¢ 4+ (iw) - uy = 0, in view of assumption (3.5) we then obtain

B ) = (R w) — )~ (f(w),w)) - wedx
CJ <| 2+F<|V§|Z)>dx.

We first consider the case when m > 0. In this case, the L?-norm of w is bounded

(3.21)

by the energy and upon inserting (3.21) into (3.17) we obtain

10) — 1(t) < CJ E(w(s))ds. (3.22)

As in Section 2, by using the assumptions (3.7), (3.9) together with the expansion (3.14),

we obtain
0 < E(v(0)) — E((v(t)) =1(0) — I(t) + I1(0) — II(t). (3.23)
By (3.4), similar to (2.27), we have the lower bound

2 2
II(t)EJ-{t} ) <M+EF(W)—CWZ> dx > eE(w(t)) — C[w(t)|>,, (3.24)
X n

while (3.5) allows to estimate

2 2
H(O) < J (M + CF(W) + CWZ> dx < CE(W(O)) + CHW(O)HiZ,
{0} xR

(3.25)

and the latter again is bounded by E(w(0)) if m > 0. In order to conclude, however, we still
need to derive a bound for the L?-norm of w. Observe that the argument from Section 2
cannot be used in the case of the Schrodinger equation since the time derivative is not

part of the energy.
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Fortunately, the bound (3.9) suffices to justify testing equation (3.13) with the

function iw. Also using (3.5), in the distribution sense, we can bound

d lw|?

a||w\|{z = zJRn (f(w) — flu+w)) - (iw)dx < C; J . (wl2 + F(T)) dx  (3.26)

with a constant C; = Cy(u) > 0. If m > 0, we may further estimate the last term in (3.26)

by the energy to find

w2 < [wo)?, + CJO E(w(s))ds < CE(w(0)) + CJO E(w(s))ds, (3.27)

similar to (2.23). Inserting the bounds (3.22), (3.24), (3.25), and (3.27) into (3.23), we ob-

tain

E(w(t)) < CII(t) + C|lw(v)[|7, < CE(w(0)) + Cr E(w(s))ds (3.28)
0

in this case and we conclude from Gronwall’s inequality.
On the other hand, if m = 0, from (3.26), we have

t
W2, < S )] + ¢y JO eCr I IE (w(s))ds, (3.29)
yielding the bound
2 t
1(0) = I(t) < C|jw(0)||> + CJ E(w(s))ds. (3.30)
0

instead of (3.22) with constants C = C(u, T). Inserting the bound (3.30) into (3.23) and
using (3.29) together with (3.24), (3.25), we then also find

E(w(t)) +|[w(t)7, < CII(t) + Cw(t)] ;.
(3.31)

t
0

< C(E(W(O)) + Hw(O)Hiz) + CJ E(w(s))ds

with constants C = C(u, T), as claimed. [ |
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