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Overcoming the curse of dimensionality
in the approximative pricing of
financial derivatives with default risks

Martin Hutzenthaler* Arnulf Jentzen™
Philippe von Wurstemberger®

Abstract

Parabolic partial differential equations (PDEs) are widely used in the mathemati-
cal modeling of natural phenomena and man-made complex systems. In particular,
parabolic PDEs are a fundamental tool to approximately determine fair prices of
financial derivatives in the financial engineering industry. The PDEs appearing in
financial engineering applications are often nonlinear (e.g., in PDE models which
take into account the possibility of a defaulting counterparty) and high-dimensional
since the dimension typically corresponds to the number of considered financial as-
sets. A major issue in the scientific literature is that most approximation methods
for nonlinear PDEs suffer from the so-called curse of dimensionality in the sense that
the computational effort to compute an approximation with a prescribed accuracy
grows exponentially in the dimension of the PDE or in the reciprocal of the prescribed
approximation accuracy and nearly all approximation methods for nonlinear PDEs in
the scientific literature have not been shown not to suffer from the curse of dimension-
ality. Recently, a new class of approximation schemes for semilinear parabolic PDEs,
termed full history recursive multilevel Picard (MLP) algorithms, were introduced
and it was proven that MLP algorithms do overcome the curse of dimensionality for
semilinear heat equations. In this paper we extend and generalize those findings to a
more general class of semilinear PDEs which includes as special cases the important
examples of semilinear Black-Scholes equations used in pricing models for financial
derivatives with default risks. In particular, we introduce an MLP algorithm for the
approximation of solutions of semilinear Black-Scholes equations and prove, under the
assumption that the nonlinearity in the PDE is globally Lipschitz continuous, that the
computational effort of the proposed method grows at most polynomially in both the
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dimension and the reciprocal of the prescribed approximation accuracy. We thereby
establish, for the first time, that the numerical approximation of solutions of semilinear
Black-Scholes equations is a polynomially tractable approximation problem.

Keywords: curse of dimensionality; high-dimensional PDEs; semilinear PDEs; semilinear Kol-
mogorov PDEs; multilevel Picard method.
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1 Introduction

Parabolic partial differential equations (PDEs) are key mathematical tools to model
natural phenomena and man-made complex systems. In particular, parabolic PDEs are
used in the financial industry to model fair prices of financial derivatives. The use of
PDEs for option pricing originated in the work of Black, Scholes, & Merton (see [12, 80])
which suggested that the price of a financial derivative satisfies a linear parabolic PDE,
nowadays known as Black-Scholes equation. The derivation of their theory is based
on several assumptions which are not met in the financial practice and consequently
various changes and extensions to the original pricing model have been developed.
One key modification of the initial Black-Scholes model is to include the possibility of a
defaulting counterparty (cf., e.g., Burgard & Kjaer [17], Crepey et al. [28], Duffie et al.
[37], and Henry-Labordere [56]). Such extended models suggest that the price process
of a financial derivative satisfies a certain semilinear PDE (cf. (1.1) in Theorem 1.1
below and Subsections 4.2-4.3 below). Typically, semilinear parabolic PDEs can not be
solved explicitly and it is therefore a very active topic of research to solve such PDEs
approximately (see below for a rough overview of the literature).

The PDEs appearing in financial engineering applications are often high-dimensional
since the dimension corresponds to the number of financial assets (such as stocks,
commodities, interest rates, or exchange rates) in the involved hedging portfolio. A major
issue in the scientific literature is that most approximation methods for nonlinear PDEs
suffer from the so-called curse of dimensionality (see Bellman [8]) in the sense that the
computational effort to compute an approximation with a prescribed accuracy ¢ > 0
grows exponentially in the dimension d € IN of the PDE or in the reciprocal !/ of the
prescribed approximation accuracy (cf., e.g., E et al. [40, Section 4] for a discussion
of the curse of dimensionality in the PDE approximation literature) and nearly all
approximation methods for nonlinear PDEs have not been shown not to suffer from the
curse of dimensionality. Recently, a new class of approximation schemes for semilinear
parabolic PDEs, termed full history recursive multilevel Picard (MLP) algorithms, were
introduced in E et al. [39, 40] and it was proven, under restrictive assumptions on the
regularity of the solution of the PDE that they overcome the curse of dimensionality
for semilinear heat equations. Building on this work, [63] proposed for semilinear heat
equations an adaption of the original MLP scheme in [39, 40]. Under the assumption that
the nonlinearity in the PDE is globally Lipschitz continuous [63, Theorem 1.1] proves that
the proposed scheme does indeed overcome the curse of dimensionality in the sense that
the computational effort to compute an approximation with a prescribed accuracy ¢ > 0
grows at most polynomially in both the dimension d € IN of the PDE and the reciprocal
1/¢ of the prescribed approximation accuracy.

In this paper we generalize the MLP algorithm of [63] and the main result of this
article, Theorem 3.24 below, proves that the MLP algorithm proposed in this paper
overcomes the curse of dimensionality for a more general class of semilinear PDEs which
includes as special cases the important examples of semilinear Black-Scholes equations
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used in pricing models for financial derivatives with default risks. In particular, we show
for the first time that the solution of a semilinear Black-Scholes PDE with a globally
Lipschitz continuous nonlinearity can be approximated with a computational effort which
grows at most polynomially in both the dimension and the reciprocal of the prescribed
approximation accuracy. Put differently, we show that the approximation of solutions
of such semilinear Black-Scholes equations is a polynomially tractable approximation
problem (cf., e.g., Novak & Wozniakowski [85]). To illustrate the main result of this
paper, Theorem 3.24 below, we present in the following theorem, Theorem 1.1 below,
a special case of Theorem 3.24. Theorem 1.1 demonstrates that the MLP algorithm
proposed in this article overcomes the curse of dimensionality for the approximation of
solutions of certain semilinear Black-Scholes equations.

Theorem 1.1. Let T € (0,00), p,B,q € [0,00), a, 3 € R, © = U2 ,Z", let f: R — R
be a Lipschitz continuous function, for every d € I let ||-||g. : R? — [0,00) be the
Euclidean norm on R, let &4 € RY, d € N, and g4 € C*(R%, R), d € N, satisfy that

SUpgen vens (s + Ifallat) < oo, let ug € C12([0,T) x R%,R), d € IN, be polyno-

mially growing functions which satisfy foralld € N, t € (0,T), x = (z1,22,...,24) € R?
that uq(T, x) = gq4(x) and

d
(Za) () + | Y LBHEE (Zee) (1, 2) | + + f(ua(t,z)) =0, (1.1)
=1

d
Zawi(g,—zj)(t,x)
i=1

let (2, F,P) be a probability space, let R’: Q@ — [0,1], # € ©, be independent Upo,1)-
distributed random variables, let R’ = (R{)icjo,r): [0,T] x Q — [0,T], 6 € ©, be the
stochastic processes which satisfy for allt € [0,T], € © that RY =t + (T — )R, let
W = (W) e 5 ay: [0,T] x 2 — R%, 6 € ©, d € N, be independent standard Brow-
nian motions, assume that (W%%),ci gco and (R?)gco are independent, for every d € N,

0€0,te(0,T],sclt,T],z=(1,22,...,24) € R let X" = (X2 iction ay: Q@ —
R? be the function which satisfies for alli € {1,2,...,d} that
X0 = giexp((a— B) (s — 1) + BWES — w0TY), (1.2)

let Vii®  [0,T] x R4 x Q = R, M,n € Z, 0 € ©, d € N, be functions which satisty for all
d,MneN,0€0,te0,T], x € R? that V7 (t,x) = 0 and

Mn,fk

Z f <V$7(g,k,m) (REG,k,m)’ Xd,(@,k,m),w))

t’Rge,k,r,n)
M" d,(0,n,—m),x
gd(Xt,T )‘|
)

n

—1
Vil ey = Yo U

Mn—Fk
k=0

m=1

d,(0,k,—m 0,k,m d,(0,k,m),x
_]l]N(k)f(V]\L(kfl )(RE ),X ( ) ))

o +
LRI

D um

m=1

(1.3)

and for every d,n, M € N, t € [0,T], * € R? let Cy ps.n, € N be the number of realizations
of one-dimensional standard normal random variables which are used to compute one
realization of Vﬁgl(t,x) (see (4.42) below for a precise definition). Then there exist
functions N = (Na,c)dgen,cc(0,1]: N x (0,1] = IN and ¢ = (¢5)se(0,00) : (0,00) — (0,00) such
that for alld € N, e € (0,1], § € (0, 00) it holds that Cqn, .,N,. < cs dTFFTap)2+0)g=(2+9)
and )

(B[lua(0,60) — Vir® . (0.€0P]) " <. (1.4)

Theorem 1.1 is an immediate consequence of Theorem 4.4 below. Theorem 4.4, in
turn, is a consequence of Theorem 3.24 below, the main result of this paper. We now
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provide some explanations for Theorem 1.1. In Theorem 1.1 we present a stochas-
tic approximation scheme (cf. (Vﬁ;ﬁl) M,nden in Theorem 1.1 above) which is able to
approximate in the strong L2-sense the initial values (u4(0,&4))qen of the solutions of
uncorrelated semilinear Black-Scholes equations (cf. (1.1) in Theorem 1.1 above) with
a computational effort which grows at most polynomially in both the dimension d € IN
and the reciprocal 1/ of the prescribed approximation accuracy € > 0. The time horizon
T € (0,00), the drift parameter « € R, the diffusion parameter § € R, as well as the
Lipschitz continuous nonlinearity f: R — R of the semilinear Black-Scholes equations
in Theorem 1.1 above (cf. (1.1) in Theorem 1.1 above) are fixed over all dimensions (cf.
Theorem 4.3 for a more general result with dimension-dependent drift and diffusion co-
efficients and dimension-dependent nonlinearities which may additionally depend on the
time and the space variable). The approximation points £; € R?, d € N, and the terminal
conditions g4: R?* - R, d € IN, of the PDEs in (1.1) in Theorem 1.1 above are both allowed
to grow in a certain polynomial fashion determined by the constants p,B,q € [0, c0).
The idea for the full history multilevel Picard scheme (cf. (iji) M,deN,neN,,0co in Theo-
rem 1.1 above) is based on a reformulation of the semilinear PDEs in (1.1) as stochastic
fixed point equations. More precisely, the Feynman-Kac formula (see Proposition 3.22
below and, e.g., Beck et al. [5, Theorem 1.1, Theorem 3.7, & Corollary 3.9]) and the fact
that for all ¢ € [0, 7] it holds that R?, § € ©, are independent U[;,7)-distributed random
variables ensure that the solutions ug4: [0,7] x R* — R, d € NN, of the PDEs in (1.1)
and the solution processes Xff’_e(sc) = (X,fff(:z:))se[t,T]: [t,T] x Q — R%, t € [0,T], x € RY,
d € N, 0 € ©, of the stochastic differential equations (SDEs) associated to the PDEs in
(1.1) satisfy that foralld € IN, § € ©, t € [0,T], z € R? it holds that

ualt, z) = E[g(xgﬁv”) (T - t)f(ud(Rf,X;{gg))} . (1.5)
Moreover, note that (1.3) assures that foralld, M,n € N, 0 € ©,t € [0,T], x € R< it holds
that

n—1
BVii, ()] = Y (T = B[ (Vi (B, XG0T
k=0
- z z 1.6
— i) (VRS (RO X)) 4 Bl O

= B[ga(X20") + (T = 0 (Vi (R X000) ]

Combining this with (1.5) illustrates that, roughly speaking, for every d, M € N, § € ©
the sequence of random fields VJ@’?": Qx1[0,T] x R? - R, n € Ny, behave, in expectation,
like Picard iterations for the stochastic fixed point equation in (1.5) above. In each
iteration in (1.3) the expectation of the Picard iteration for the stochastic fixed point
equation in (1.5) is approximated with a multilevel Monte Carlo approach on a telescopic
expansion over the full history of the previous iterations. According to the multilevel
Monte Carlo paradigm the number of samples in each level is chosen such that computa-
tionally inexpensive summands (corresponding to small £ € {0,1,2,...,n— 1} in (1.6)) of
the telescope expansion get sampled more often than computationally expensive ones
(corresponding to large k € {0,1,2,...,n—1} in (1.6)). Roughly speaking, the conclusion
of Theorem 1.1 above states that for every d € IN, ¢ € (0, 1] there exists a natural number
N € N such that (i) it holds that Vﬁ’,?\,((), &) approximates u4(0, £;) in the strong L?-sense
with accuracy ¢ and such that (ii) it holds that the computational effort to compute
Vﬁ,”?\,(o, ¢4) is essentially of the order d'+2(¥+P9<=2 (cf. (1.4) in Theorem 1.1 above for
the precise formulation). Remarkably, this is exactly the computational complexity of
standard Monte Carlo approximations of the solutions of the PDEs in (1.1) in the special
case where the nonlinearity f vanishes (cf.,, e.g., Graham & Talay [51]).
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We now point out a selection of other approaches from the scientific literature to
numerically approximate solutions of nonlinear parabolic PDEs. Deterministic approx-
imation methods, such as finite element and sparse-grid methods, can be found, for
example, in [34, 98, 99, 101]. There are also a number of approximation methods for
nonlinear parabolic PDEs in the scientific literature whose derivation is based on proba-
bilistic concepts. Several methods leverage a connection between parabolic PDEs and
backward stochastic differential equations (BSDEs). For example, [2, 9, 10, 13, 15, 16,
20, 21, 22, 23, 29, 30, 31, 32, 42, 43, 35, 36, 44, 45, 46, 47, 48, 49, 50, 60, 73, 74, 75,
76, 77,78, 82, 83, 86, 87, 88, 89, 93, 94, 95, 100, 106, 107, 108] use discretizations of
the associated first-order BSDEs and [14, 24, 41, 53, 72, 109] use discretizations of the
associated second-order BSDEs to conceive approximation methods for parabolic PDEs.
Other probabilistic approaches include approximation methods based on branching
diffusion processes (cf., e.g., [19, 56, 58, 59, 79, 92, 97, 102, 105]) and approximation
methods based on nested Monte Carlo simulations (cf., e.g., [103, 104]). Recently, a
further class of methods based on deep learning has turned out to be very successful
in approximating solutions of high-dimensional PDEs (cf,, e.g., [3, 6, 7, 11, 18, 38, 54,
55, 57, 61, 69, 84, 91, 96]), although theoretical results assuring their convergence are
still lacking (cf, e.g., [52, 62] for partial error analysis results of deep learning based
methods). Lastly, we refer to, e.g., to [39, 40, 63, 64] for other MLP approximation
methods, which are closely related to the method proposed in this paper.

The remainder of this paper is structured as follows. In Section 2 we prove a well-
known distributional flow property for the composition of independent solutions fields of
a stochastic differential equation (SDE) (see Lemma 2.20 below). This distributional flow
property will be a key assumption in the abstract treatment of the stochastic fixed point
equations which we study in Section 3. Section 3 also (i) introduces the MLP algorithm
in Subsection 3.1, (ii) provides a complexity analysis in the setting of stochastic fixed
point equations in Subsections 3.2-3.5, and (iii) carries over this complexity analysis to
the case of semilinear Kolmogorov PDEs in Subsection 3.6; see Theorem 3.24 below. In
the last section of this article, Section 4 below, we apply the result for general semilinear
Kolmogorov PDEs in Theorem 3.24 to semilinear heat PDEs (see Subsection 4.1) and
semlinear Black-Scholes PDEs (see Subsection 4.2 and Subsection 4.3). Such PDEs are
widely used in derivative pricing models which aim to incorporate default risks of the
involved derivative counterparty into the pricing process.

2 On a distributional flow property for stochastic differential
equations (SDEs)

In our analysis of the proposed MLP algorithm in Section 3 below we will make use of
random fields which satisfy a certain flow-type condition (see (3.3) in Setting 3.1 below).
The main purpose of this section is to establish, under suitable assumptions, that solution
processes of SDEs enjoy this flow-type property; see Lemma 2.20 in Subsection 2 below
for details. In our proof of Lemma 2.20 we employ a series of elementary and well-known
results which we establish in Subsections 2.1-2.7 below. Many of these elementary
results are not only used in the proof of Lemma 2.20, but are also employed in our error
analysis of the proposed MLP algorithm in Section 3.

2.1 Time-discrete Gronwall inequalities

In this subsection we present in Lemma 2.2 and Corollary 2.3 two elementary and
well-known time-discrete Gronwall inequalities (cf., e.g., Agarwal [1]).

Lemma 2.1. Let K € IN, a € [0,00), (Br)ke{o,1,2,....k-13 € [0,00), (€x)re{o,1,2,....k} <
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[0, o] satisfy for all k € {0,1,2,..., K — 1} that ¢; < co and

K-1
> ﬂkek‘| . 2.1)
k=0

ek S a+

Then it holds that e < oc.

Proof of Lemma 2.1. Note that the hypothesis that Vk € {0,1,2,..., K — 1}: ¢ < o©
implies that

o+

K—-1
> 6;@64 < 0. (2.2)
k=0

This and (2.1) establishes that ex < co. The proof of Lemma 2.1 is thus completed. O

Lemma 2.2. et N € N, a € [0, OO), (/Bn)ne{071,27...,N71} - [0, OO), (E'n)ne{0,172,...,N} -
[0, 0] satisfy for alln € {0,1,2,..., N} that

e < a+

n—1
Z 51&1«] (2.3)

k=0

(cf. Lemma 2.1). Then it holds for alln € {0,1,2,..., N} that

n—1 n—1
en < [H(l—i—ﬁk) Saexp<25k> < oo0. (2.4)
k=0 k=0

Proof of Lemma 2.2. Throughout this prooflet (u,)nef0,1,2,...53 € [0, 00] be the extended
real numbers which satisfy foralln € {0,1,2,..., N} that

n—1
Z ﬁkuk] . (2.5)

k=0

Uy =+

We claim that for all n € {0,1,2,..., N} it holds that

n—1
Uy = [H(Hﬁk) (2.6)
k=0
We now prove (2.6) by induction on n € {0,1,2,..., N}. For the base case n = 0 observe
that (2.5) ensures that
Uug = o (2.7)

This proves (2.6) in the base case n = 0. For the induction step {0,1,2,...,N — 1} >
(n—1) - n e {1,2,..., N} observe that (2.5) implies that for all n € {1,2,..., N} with
Uno1 = [H;;;(f(l v m)} it holds that

n—1 n—2
Up = O + Z Bkuk] =a+ Z Brur | + Brn—1Un_1
k=0 k=0 (2.8)
n—1
= Up—1 + Brn-1Un—1 = (1 + Bn—l)un—l =« [H (1 + 51@)
k=0

Induction thus establishes (2.6). Moreover, note that (2.3), (2.5), and induction prove
that for all n € {0,1,2,..., N} it holds that

€n < Up. (2.9)
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This and (2.6) establish that for all n € {0,1,2,..., N} it holds that

n—1
en < [H(H—ﬂk) (2.10)

k=0

The fact that for all = € R it holds that (1 + z) < exp(x) therefore ensures that for all
n € {0,1,2,..., N} it holds that

n—1 n—1 n—1
en < a lH(Hﬂk) <a [Hexp(ﬂk)] = aexp (Zm) (2.11)
k=0 k=0 k=0
The proof of Lemma 2.2 is thus completed. O

Corollary 2.3. Let N € NU {0}, o, € [0,00), (€n)nenonio,n] € [0,00] satisfy for all
n € No N [0, N] that

enga‘f'ﬂ

n—1
Z ek] (2.12)
k=0

(cf. Lemma 2.1). Then it holds for alln € Ny N [0, N| that
en < a(l+pB)" < aefm < . (2.13)

Proof of Corollary 2.3. Note that Lemma 2.2 establishes Corollary 2.3. The proof of
Corollary 2.3 is thus completed. O

2.2 A priori moment bounds for solutions of SDEs

In this subsection we establish in the elementary result in Lemma 2.7 below for
every p € [0,00) a bound on the p-th absolute moment of the solution of an SDE with a
deterministic initial value, a one-sided linear growth condition on the drift coefficient
of the SDE, and a linear growth condition on the diffusion coefficient of the SDE (cf.
(2.39) in Lemma 2.7 below). Our proof of Lemma 2.7 employs standard Lyapunov-type
techniques from the literature to establish the desired a priori moment bound (cf., e.g.,
Beck et al. [4, Subsection 3.1] and Cox et al. [25, Section 2.2]). These Lyapunov-type
techniques are the subject of the elementary and essentially well-known results in
Lemma 2.4-Lemma 2.6 below.

Lemma 2.4. Letd,m € N, T,C1,Cy € [0,00), let (-,-) : R x R? — R be the Euclidean
scalar product on R, let ||-|| : R? — [0, 00) be the Euclidean norm on R%, let ||-||: R¥*™ —
[0, 00) be the Frobenius norm on R4*™, and let pu: [0, T|xR?* — R%, o: [0, T]xR? — RI*™,
and V,,: R? — (0,00), p € [2,00), be functions which satisfy for all t € [0,T], = € R4,
p € [2,00) that

max{(z, u(t,2)), [lo(t,2)[|I"} < C1 + Co |l and  Vp(w) = (1+[z]*)”*. (2.14)
Then
(i) it holds for all p € [2,00) that V,, € C>=(R%, (0,00)) and
(i) it holds for allt € [0,T], z € R%, p € [2,00) that

% Trace(a(t, x)[o(t,x)]* (Hess Vp)(x)) + (u(t, x), (VVp)(x))

(2.15)
< p(p2+1) (%2 + Co) V(@) + (p+1)|Ch| 2.
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Proof of Lemma 2.4. Throughout this proof let o; ;: [0,7] x RY — R, i € {1,2,...,d},
j € {1,2,...,m}, be the functions which satisfy for all ¢ € [0, 7], = € R? that

o11(t,x) o12(t,x) ... o1m(t )
o9.1(t,x) o22(t,x) ... oom(t, )

o(t,z) = , ) . " e ROm, (2.16)
O'd’l(t,x) deg(t,l') N O’d’m(t,x)

Note that the chain rule, the fact that the function R? 5 z s 1+||z|* € (0, c0) is infinitely
often differentiable, and the fact that for every p € [2,00) the function (0,00) > s —
st e (0, o0) is infinitely often differentiable establish item (i). It thus remains to prove
item (ii). For this, observe that the chain rule ensures that for all © = (z1,...,z4) € R4,
i,j€{1,2,...,d}, p € [2,00) it holds that

(W) = (1+1?) " - 20) = pV(e) [ s @17)

and

&) 2 5-1 2 5-1 9
=p{% (14 ll21) ]xj—l—p(l—FxH) [ij]

- - _ (2.18)
(5 - 1) (14 1ol?) " @y 40 (14 12) T 10 0)
_ _ Ti%; 1150)
= Pl = 2Vol@) ey PV @) T
_ . Tz, 103 ()
= pVol@) | (0 = 2) i + e
This implies that for all t € [0, 7], z = (21,...,24) € R?, p € [2,00) it holds that
3 Trace(ff(t, )[o(t, 2)]* (Hess Vp) (2)) + (u(t, ), (VV;)(2))
= Z Z oik(t, x)ojk(t I)(dx ge7) () | + (u(t, x), (VVp)(2))
k=114,5=1
(z) U 104 ()
_ pW(= x5 iy 2(u(t,z),x)
-2 > D oukltw)ojult ) ((p_ 2) @i 1+|\m||2) MR
k=11i,j=1
m 2
_ @ [ -2 ot | 20u(t.z).z)
=72 | Ty Z [Z U I I e S we o
(2.19)

In addition, note that the Cauchy Schwarz inequality assures that for all ¢t € [0,T],
x = (r1,...,74) € R? it holds that

m m d d
S [Sorteoin] <32 [Siew?] [ 220
=1 L2 k=1 1 =1 ( : )
2 2 2 2
= lllo (& )™ [l=]™ < fllo(t, )7 (1 + [[=]]7).
EJP 25 (2020), paper 101. http://www.imstat.org/ejp/
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This, (2.14), and (2.19) demonstrate that for all t € [0,T], € RY, p € [2, 00) it holds that

3 Trace(o(t, z)[o(t, x)]* (Hess V) (z)) + (u(t, z), (VV,)(x))
< g [E=2Uetal? | oo | 2t )y o

-2 L [|]? L[| L [|]? 2.21)
C1+Co||z|? .
< Bp—2+1+2)8tldDy o)
< 2 (0 [ ] 4+ CoVi(a) = 2 (11 + 2] 4+ oV (a))
Young’s inequality (with p = p/2, ¢ = p/(p—2) = p‘;/fl for p € (2, 00) in the usual notation of

Young’s inequality) hence proves that for all ¢ € [0,7], z € RY, p € (2, 00) it holds that

1 Trace(o(t, z)[o(t, z)]* (Hess V) (2)) + (u(t, 2), (VV,)(2))
< plp+1) |Cl|p/2 N ’(1 + HxHQ)p/Z_l‘P/(p—z)

-7 p/2 P/(p—2)

+ CaVp(x) (2.22)

(p+ DI + (P2 (52 4 C2) ) Vo(a).
Moreover, note that (2.21) ensures that for all t € [0,T], x € R¢ it holds that
5 Trace(o(t, x)[o(t, z)]* (Hess V2)(x)) + (u(t,z), (VV2) () < 3(Cy + CaVa(z)).  (2.23)

Combining this and (2.22) establishes item (ii). The proof of Lemma 2.4 is thus completed.
O

Lemma 2.5.Letd,m € IN, T,p € [0,00), £ € RY, let (-,-) : R? x R? — R be the Eu-
clidean scalar product on R?, let p € C([0,7] x R4, RY), ¢ € C([0,T] x R4, RI*™),
V € C%(RY,(0,00)) satisfy for allt € [0,T], x € R? that

1 Trace(o(t, z)[o(t, z)]* (Hess V)(2)) + (u(t, z), (VV)(z)) < p, (2.24)

let (Q, F, P, (IF¢)+c(0,17) be a filtered probability space which satisfies the usual conditions,
let W:[0,T] x Q@ — R™ be a standard (2, F, P, (Fic[o,77))-Brownian motion, and let
X:[0,T] x Q@ — R be an (Fy);e(0,7/B(R?)-adapted stochastic process with continuous
sample paths which satisfies that for all t € [0, T it holds PP-a.s. that

t t
thﬁ—l—/ ,u(r,Xr)dr—F/ o(r, X, )dW,. (2.25)

0 0

Then it holds for all t € [0,T)] that
E[V(X,)] < V(€) + tp. (2.26)

Proof of Lemma 2.5. Throughout this proof assume w.l.o.g. that 7" > 0 and let V: [0, 7] x
R? — (0,00) be the function which satisfies for all ¢ € [0, 7], » € R¢ that

V(t,z) =V(x) —tp+ Tp. (2.27)

Note that the fact that V € C?(R<, (0, 0)) ensures that for all ¢ € [0, 7], z € R? it holds
that

1) Ve C?([0,T] x R%, (0,0)),

amn (59t x) = —p,

EJP 25 (2020), paper 101. http://www.imstat.org/ejp/
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(1) (V,V)(t,z) = (VV)(z), and
(IV) (Hess, V)(t,z) = (Hess V)(x).
Observe that items (I)-(IV) and (2.24) show that for all € [0, 7], = € R it holds that
(2V)(¢, 2) + L Trace(o(t, z)[o(t, 2)]* (Hess, V)(t, 2)) + (u(t, z), (Vo V) (t, 7))

= —p+ 1 Trace(o(t,2)[o(t, )" (Hess V)(z)) + (u(t, z), (VV)(z)) (2.28)
<—-p+p=0.

Combining this with Beck et al. [4, Lemma 3.1] (withd =d, m =m, T =T, O = RY,
p=uoc=0,V=V,7r=t X =X fort € [0,7] in the notation of Beck et al. [4, Lemma
3.11) demonstrates that for all ¢ € [0, 7] it holds that

E[V(t, X,)] < E[V(0, Xo)] = V(€) + Tp. (2.29)
Therefore, we obtain that for all ¢ € [0, 7] it holds that

E[V(Xe)] =E[V(Xy) —tp+Tp] +tp—Tp=E[V(t, Xs)|+tp—Tp

(2.30)
SV +Tp+tp—Tp=V(E) +tp.
The proof of Lemma 2.5 is thus completed. O

Lemma 2.6. Let d,m € IN, T, py,p2 € [0,00), £ € RY, let (-,-) : R? x R — R be the
Euclidean scalar product on R?, let u € C([0,T] x R*, R%), o € C([0,T] x R, R4*™),
V € C%(RY,(0,00)) satisfy for allt € [0,T], € R? that

1 Trace(o(t, z)[o(t, 2)]*(Hess V)(2)) + (u(t,z), (VV)(2)) < p1V(2) + pa, (2.31)

let (Q2, F, P, (IF¢)+c(0,77) be a filtered probability space which satisfies the usual conditions,
let W:[0,T] x Q@ — R™ be a standard (2, F, P, (Fic[o,77))-Brownian motion, and let
X:[0,T] x @ = R? be an (Fy),c(0,71/B(R?)-adapted stochastic process with continuous
sample paths which satisfies that for all t € [0, T it holds PP-a.s. that

t t
X, zf—i—/ w(r, Xr)dr—i—/ o(r, X, )dW,. (2.32)
0 0
Then it holds for all t € [0,T] that
E[V(Xy)] <P (V(€) +tp2) . (2.33)

Proof of Lemma 2.6. Throughout this proof assume w.l.o.g. that p; > 0 (cf. Lemma 2.5)
and that 7' > 0 and let V: [0,7] x R? — (0,00) be the function which satisfies for all
t €[0,7), z € R? that

V(t,z)= e*Plt(V(x) + Z—f) (2.34)

Note that the fact that V € C?(R%, (0,0)) ensures that for all ¢ € [0, 7], » € R¢ it holds
that

I Ve C*([0,T] x R%, (0,00)),
(D (FP)(t, ) = —pre " (V(z) + 22),

(I (V,V)(t,z) = e P(VV)(x), and
(IV) (Hess, V)(t,z) = e~ "1t (Hess V)(x).

EJP 25 (2020), paper 101. http://www.imstat.org/ejp/
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Observe that items (II)-(IV) and (2.31) assure that forall ¢t € [0,T], = € R< it holds that

(’%’)(t,x) + %Trace(a(t,x)[a(t,x)]*(Hessz V)(t,x)) + {(u(t, z), (Vo V) (¢, z))
= e Pt (—p1 (V(z) + Z—f) + 5 Trace(o(t, x)[o(t, )" (Hess V) (2)) + (u(t, ), (VV)(ac)>)
< e P (=p1V(2) = p2 + p1V (@) + p2) = 0.
(2.35)

Combining this with Beck et al. [4, Lemma 3.1] (withd =d, m =m, T =T, O = RY,
p=p o=0,V=V,7r=t X =X fort € [0,7] in the notation of Beck et al. [4, Lemma
3.11) demonstrates that for all ¢ € [0, 7] it holds that

E[V(t, X,)] < B[V(0, Xo)] = V() + 2. (2.36)
Therefore, we obtain that for all ¢ € [0, 7] it holds that

BV (X0] = B[en (e VX0 + £2]) 2] = e BV Xo] - 2

(2.37)
<t Vo+a]-g-evOrE - g

P1 P’

The fact that for all a € R it holds that e* — 1 < ae® hence ensures that for all ¢ € [0,7] it
holds that

E[V(X,)] < PV () + (pite”")22 = e (V(€) + tp2) (2.38)

The proof of Lemma 2.6 is thus completed. O

Lemma 2.7. Letd,m € N, T,C;,Cy € [0,00), £ € R, let (-,-) : R? x R? — R be the
Euclidean scalar product on R%, let ||-|| : R? — [0,00) be the Euclidean norm on R¢,
let [|-]|: R™*™ — [0,00) be the Frobenius norm on R¥™, let u € C([0,T] x R, R%),
o € O([0,T] x R4, RI*™) satisfy for allt € [0,T], x € R? that

max{(z, u(t, z)) , [lo(t,2)[|*} < Cy + Ca [|z|?, (2.39)

let (Q, F, P, (F¢)c(0,1)) be a filtered probability space which satisfies the usual conditions,
let W:[0,T] x Q@ — R™ be a standard (2, F, P, (Fic[o,77))-Brownian motion, and let
X:[0,T] x @ = R? be an (Fy),e(0,71/B(R?)-adapted stochastic process with continuous
sample paths which satisfies that for all t € [0, T] it holds P-a.s. that

t t
X =¢ —|—/ w(r, X, )dr —|—/ o(r, X, )dW,. (2.40)
0 0

Then it holds for all p € [0,0), t € [0,T] that

B < (0 + 177 + 20720 4 DI ) exp (B (12,00 () + C2)1)

< max{T, 1} (14 €))% + (p + DIC1|"*) exp (2RI < o,
(2.41)

Proof of Lemma 2.7. Throughout this proof let (p§”))pe[m),(pgp))pe[m) C [0, o) satisfy
for all p € [2, 00) that

pV) = HEL (224 ¢5)  and ) = (p+ )Gy (2.42)

EJP 25 (2020), paper 101. http://www.imstat.org/ejp/
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and let V,: RY — (0,00), p € [2,00), be the functions which satisfy for all p € [2,0),
z € R? that
Vola) = (1+ )7 (2.43)

Observe that Lemma 2.4 and (2.39) assure that for all t € [0,7], € R?, p € [2,00) it
holds that V,, € C*°(R, (0, 00)) and

1 Trace (o (t, @)[o (t, z)]* (Hess V) () + (u(t, 2), (VV,)(2)) < pP' V(@) + o). (2.44)
Lemma 2.6 hence implies that for all ¢ € [0, 7], p € [2,00) it holds that

B[ X)) < BV, (X0)] < ™" (Vo(©) + o)
(1127 + 1o+ 1)ICa ) exp (2552 (222 4 o))

( 1 + ||§|| p/z tmm{p/Q 1}(p+ 1)|Cl|p/2> exp (P(P+3) (]]_( ,oo)( )+02)t> .
(2.45)

This, Jensen’s inequality, and the fact that for all p € [0, 2] it holds that 3?2 < p+ 1 assure
that forall ¢ € [0,T7], p € [0,2) it holds that

B[ X|") = ENM}ﬁmy<@M&QDM

p/2
(@+ 1)+t + iCa]) exp (25 ot |
L €% + 7237211 ) exp (P Cat)

L4 1Y 4 emin 0 (4 1)[C 72 exp (LE2 (1 00y (B) + Ca)t)
(2.46)

(
(

<
<
=

Combining this with (2.45) implies (2.41). The proof of Lemma 2.7 is thus completed. O

2.3 Temporal regularity properties for solutions of SDEs

For the proof of our strong L?-error estimates for Euler-Maruyama approximations
in Subsection 2.4 we need Corollary 2.9 below, which asserts that, under suitable
conditions (see Corollary 2.9 below for details), solutions of SDEs have a certain temporal
regularity property. To prove Corollary 2.9 we employ (without providing a proof) a
well-known temporal regularity property for solutions of SDEs from the literature stated
in Lemma 2.8 below (cf., e.g., Da Prato et al. [33, Proposition 3], Cox et al. [26, Corollary
3.8], and Jentzen et al. [67, Proposition 4.1]). Additionally, we offer in Lemma 2.11 below
a self-contained proof of an explicit temporal regularity estimate for solutions of SDEs
with deterministic initial values which will be used in Subsection 2.8.

Lemma 2.8 (Temporal regularity of solutions of time-homogeneous SDEs). Let d,m € N,

€ (0,00), let ||| : R — [0, 00) be the Euclidean norm on RY, let (Q, F, P, (F;)¢c(o,7)) be
a filtered probability space which satisfies the usual conditions, let W: [0,T] x Q — R™
be a standard (0, F, P, (F)c(o,r))-Brownian motion, let yi: R — R?, o: R — R¥™ be
globally Lipschitz continuous functions, and let X : [0, T]xQ — R¢ be an (F,)co,77/B(R?)-
adapted stochastic process with continuous sample paths which satisfies that IE [||Xo HQ} <
oo and which satisfies that for all t € [0,T] it holds P-a.s. that

t t
X, = X +/ M(Xs)ds—&-/ o(X,) dW,. (2.47)
0 0

EJP 25 (2020), paper 101. http://www.imstat.org/ejp/
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Then it holds that

E[|X, — X.[2])"
Sup{( Il |;5|1?2|| D" [0,00]: t,5 € [O,T],taés} < 0. (2.48)

Corollary 2.9 (Temporal regularity of solutions of time-inhomogeneous SDEs). Let d,m €
N, T € (0,00), L € [0,00), let ||| : R* — [0,00) be the Euclidean norm on R, let
(Q, F,P,(F;)ici0,1]) be a filtered probability space which satisfies the usual conditions,
let W: [0,7]xQ — R™ be a standard (€2, F, P, (Ft);c[o0,1))-Brownian motion, let y: [0, T] x
R? - R? and o: [0,T] x R? — RY*™ be globally Lipschitz continuous functions, and let
X:[0,T] x @ = R? be an (Fy);c(0,71/B(R?)-adapted stochastic process with continuous
sample paths which satisfies that |E [HXOHQ} < oo and which satisfies that for all t € [0,T]
it holds P-a.s. that

¢ ¢
Xt:X0+/ u(s,Xs)ds+/ o(s, Xs)dWs. (2.49)
0 0

Then it holds that

— x|z "2
- { (E[IX: = X,)

[t — s[>

€ [O,oo]:t,sE[O,T],t;és} < oo. (2.50)

Proof of Corollary 2.9. Throughout this proof let |-||: R¢** — [0, 00) be the Euclidean
norm on R*!, let Y: [0, 7] x © — R*! be the stochastic process which satisfies for all

t € [0,7] that
t
Y, = (Xt) ; (2.51)

and let ji: R — R and 6: R4 — R(4+1)*™ be the functions which satisfy for all
Y= (y1,Y2, -, Ya+1) € R that

iy) = ( 1
PO \p(minfmax{y, 0}, T}, (9, - yas1))

jod — 0 (d+1)><m 2
a(y) (U(min{max{yl, 0}, T3, (ya, ... ,yd+1))) R ’ (2.53)

> e R and (2.52)

Observe that the hypothesis that  and ¢ are globally Lipschitz continuous functions and
the fact that R > y — min{max{y, 0}, T} € R is a globally Lipschitz continuous function
assure that i and ¢ are globally Lipschitz continuous functions. Moreover, note that it
holds for all ¢ € [0, 7], z € R? that

g((t,x))_(u(;x)) and &((t,x))—<a(2x)). (2.54)

This and (2.49) assure that for all ¢ € [0, 7] it holds P-a.s. that

v — ( t ) B fotlds
X Xo+ [y u(s, Xs)ds + [ o(s, Xs) AW,

- (x,)* / (o) 25+ / (o) == Yo+ / Al¥a)ds + / G(Ho)dWs.

(2.55)

EJP 25 (2020), paper 101. http://www.imstat.org/ejp/
Page 13/73


https://doi.org/10.1214/20-EJP423
http://www.imstat.org/ejp/

Overcoming the curse of dimensionality for pricing with default risks

The fact that & and ¢ are globally Lipschitz continuous functions and Lemma 2.8 (with
d=d+1, m=m,T=T,u=p 0c=a, X =Y in the notation of Lemma 2.8) hence
prove that

(E0: - val)”

sup < 00. (2.56)
t,s€[0,T],t#s |t - S|1/2
Hence, we obtain that
1 1
wp  CEURG = XP)™ (Ll sl X - X))
t,5€[0,T),t#s |t — s|'/? T 4,5€[0,T] ts |t — s|'/2
T (2.57)
(01 - vali?)
= sup 0.
t,s€[0,T],t#s |t - S|1/2

The proof of Corollary 2.9 is thus completed. O

The following very elementary and well-known result will be helpful in the proof of
Lemma 2.11 below and will be repeatedly used throughout this paper.

Lemma 2.10 (A consequence of Holders inequality). Let (2, F, 1) be a measure space
and let f: Q — [0, 00] be an F/B([0, 0])-measurable function. Then

Uf dw} < u(® /\f 2 p(dw). (2.58)

Proof of Lemma 2.10. Note that Holders inequality demonstrates that

[/Qf(w)u(dw)ré (/ ) ([1sePu dw) ] oo
n(@) [ 17 ().

The proof of Lemma 2.10 is thus completed. O

Lemma 2.11 (Explicit temporal regularity for solutions of SDEs with deterministic initial
values). Let d,m € N, T € (0,00), L € [0,00), £ € RY, Iet ||| : RY — [0,00) be the
Euclidean norm on RY, let ||-||: R®*™ — [0,00) be the Frobenius norm on R**™, let
(Q, F,P,(IF¢)¢cj0,7]) be a filtered probability space which satisfies the usual conditions,
let W: [0,T7]xQ — R™ be a standard (2, F, P, (Ft);c[0,1])-Brownian motion, let yi: [0, T] x
R? = RY, o: [0,T] x R* — R¥*™ be functions which satisfy for all t,s € [0,T], z,y € R?
that

max{||u(t, ) — u(s,y)ll llo(t, 2) — o (s, )} < L(It = 5| + [l = yll), (2.60)

and let X: [0,T] x Q — R be an (Fy)co,r//B(R%)-adapted stochastic process with
continuous sample paths which satisfies that for all t € [0,T] it holds P-a.s. that

t t
Xy =¢ —|—/ (s, Xg)ds —|—/ o(s, Xs)dWs. (2.61)
0 0

Then it holds that

21\ /2
Sup{ (E[HXt — Xl ]) € [0,00]: t,s €[0,T),t # 5}

|t —s]'/2 (2.62)
2
< (1 + lglhy exp (10(max{]|(0, 0)]1, lo(0, 0, L, 1} + LT)*(T + 1)(L +1)) < ox.
EJP 25 (2020), paper 101. http://www.imstat.org/ejp/
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Proof of Lemma 2.11. Throughout this proof let (-,-) : R x R — R be the Euclidean
scalar product on R? and let C € (0, c0) be given by

C = 2(max{[|(0,0)[|, [lo(0, )|, , 1} + LT)". (2.63)

Note that (2.60) and the triangle inequality assure that for all ¢ € [0, 7], z € R? it holds
that

It @) < 1110, 00| + L(Jt] + [|=[l) < C + L(|t[ + |lz]]) ~ and (2.64)
llo (. )l <l (0, 0)Il + L(J¢] + [l=]l) < C + L(Jt] + l|]])- (2.65)
This assures that for all ¢ € [0,7], € R? it holds that

(, pu(t, @)
< 2l lut, )| < [l]] (1120, 0)]] + L(t + [lz]]))

(2.66)
< [|z) max{[|x(0,0)|| + LT, L}(1 + ||z]|) < 2max{[|x£(0,0)|| + LT, L}(1 + ||=|*)
< C(1+ ||=]f).
In addition, note that (2.65) implies that for all ¢ € [0, 7], » € R? it holds that
llo(t, )|
< ([lo(0,0)[I + Lt + [|2]1))* < (max{|lo(0,0)| + LT, L})*(1 + ||z[))? 2.67)

< 2(max{||o (0, 0)| + LT, L})* (1 + |l[|*)
< O(L+ |lal).

Moreover, observe that (2.61), Lemma 2.10, Tonelli’s theorem, and It6’s isometry demon-
state that for all ¢ € [0,7], s € [¢,T] it holds that
2] >1/2

(EIIX, — X, 7)) = (E ‘/tsu(an)dT+/: o, X,) WY,
/ts o(r, X,) dW,

«(<] ) (0] )

<t ([ Bl o] @) ([ fiot xo) 0

(2.68)

2

/ pu(r, X) dr
t

/3

The triangle inequality, (2.64), and (2.65) therefore ensure that for all t € [0,T1], s € [t,T]
it holds that

(B[IX; - X.[%])"

s 1/2
g g 2
< (sl 4 1) <|t sttec o ([ B[+ 107 ar) ) 2.69)

(/t ﬁdr)% N (/:E[HXTP} dr)WD _

Furthermore, note that (2.66), (2.67), (2.61), and Lemma 2.7 (withd=d, m=m, T =T,
Ci=0C,0=0C,¢(=¢& p=pu, 0 =0, X =X in the notation of Lemma 2.7) assure that
for all ¢ € [0, 7] it holds that

< (lt—sl”+1) ('t— s|?C+ L

E[IX 7] < (14 16)%) + 63C) exp (5C1) < ((1+ [¢I°) +3CT ) exp (5CT).  (2.70)

EJP 25 (2020), paper 101. http://www.imstat.org/ejp/
Page 15/73


https://doi.org/10.1214/20-EJP423
http://www.imstat.org/ejp/

Overcoming the curse of dimensionality for pricing with default risks

This, (2.69), the fact that C' > 1, the fact that for all z € [0, o0) it holds that max{z, 1+x2} <
e”, and the fact that for all z,y € [0, c0) it holds that \/z + y < /2 4 ,/y demonstrate that
forall ¢t € [0,77], s € [t,T] it holds that

(BIIX: — X,|2)) "
1 1 1 2 1/2
< (T"*+41) <|t —s|2C + L|t — s|'? [T+ [((1 + |1€]I*) + 3CT) exp (5CT)] D

<[t — s [1 4 €)*] 7 exp(T2 + C + L)(1 + T + [(1 + 3CT) exp (5CT)]7*) 2.71)
< |t — (1 + ||€]]) exp(T? + C + L)2exp (4CT)
< |t —s|2(1+ €l exp(C(Tl/z F1+L+1+ 4T)

<|t-— s|1/2(1 + ||£]|) exp (SC(T +1)(L+ 1))
This implies (2.62). The proof of Lemma 2.11 is thus completed. O

2.4 Strong error estimates for Euler-Maruyama approximations

Our proof of the flow-type property of solutions of SDEs in Subsection 2.8 below
makes use of Euler-Maruyama approximations of solutions. For that reason we present in
this subsection explicit strong L?-error estimates for Euler-Maruyama approximations in
Proposition 2.12 and Corollary 2.13 below. The results in this subsection are essentially
well-known (cf., e.g., Kloeden & Platen [71, Chapter 10] and Milstein [81]).
Proposition 2.12 (Strong convergence of the Euler-Maruyama method). Let d,m, N €
N, T € (0,00), L € [0,00), let ||-]| : R* — [0,00) be the Euclidean norm on RY, let
Il : R**™ — [0, 00) be the Frobenius norm on R4*™, let (0, F, P, (Fy);c(0,7)) be a filtered
probability space which satisfies the usual conditions, let W: [0,T] x Q — R™ be a stan-
dard (9, F, P, (F)se[o,r))-Brownian motion, let ¢: Q — R be an Fo/B(R")-measurable
function which satisfies thatE[||g||2} < oo, let ji: [0,T]xRY — R%, o: [0, T] x RY — RIx™

be functions which satisfy for all t,s € [0,T], z,y € RY that
max{||u(t, z) — p(s,y)|, llo(t, ) — o (s, )1} < L(Jt = s| + [l = yl), (2.72)
let X: [0,T]xQ — R* be an (Fy);e(0,7)/B(R?)-adapted stochastic process with continuous

sample paths which satisfies that E [HXOHz} < oo and which satisfies that for all t € [0,T]
it holds P-a.s. that

¢ ¢
Xt:X0+/ u(s,Xs)ds+/ o(s, Xs)dWs, (2.73)
0 0

let tg,ty,...,ty € [0,T) satisfy that
0=ty <t1 <t < ... <ty =T, (2.74)
and let X: {0,1,...,N} x Q — R¢ be the stochastic process which satisfies for all
n€{1,2,...,N} that
XO = C and X’n =dp_1+ ﬂ(tn—la Xn—l)(tn - tn—l) + U(tn—ly Xn—l)(th - th,l)-
(2.75)
Then it holds that

(E[HXT - XNH2D1/2 < [(E“Xo - C||2D1/2 + pelx [t — tk1|1/2]

(U DPA4 VDY) (14 sup SIS o
57T€[0,T],S7§7‘

(2.76)
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Proof of Proposition 2.12. Throughout this proof assume w.l.o.g. that tg < t; < t3 <
<ty let (hn)neqi2,...ny € (0,T], H € (0,T], K € [0,00] satisfy foralln € {1,2,...,N}
that hy, = |tn — th— 2,..,N} |t , and

E[|X, — X,|[2])"
Ko wp  EIX X

) 2.77
5,7€[0,T),s5r |s — r|"/2 ( )

let t: [0,7] — {to,t1,to,...,tn} be the function which satisfies for all s € [0, T] that
t(s) = max ({to, t1,...,tn} N[0, 8]), (2.78)
and let n: [0,7] — {0,1,2,..., N} be the function which satisfies for all s € [0, 7] that
n(s) =max({n €{0,1,2,...,N}: ¢, < s}). (2.79)

Note that the hypothesis that E {||X0||2} < 00, the fact that p and o are globally Lipschitz

continuous functions, (2.73), and Corollary 2.9 imply that K < co. Next observe that
(2.75) and induction assure that foralln € {0,1,2,..., N} it holds P-a.s. that

n

Z O(th—1, 1) Wy, — Wi, _,)
1 (2.80)

tn in
=(+ /0 ,u(t(s) n(s)) ds + / 0’({(8), Xn(s)) AWs.

Z p(te—1, X—1)(tr — th—1)

k=1

X, =X+ +

This and (2.73) imply that for all n € {0,1,2,..., N} it holds P-a.s. that

tn tn
Xt, — X, = Xo f<+/ 18, Xs) = pu(t(s), Xags >)ds+/ (8, Xs) — o (t(s), Xus)) AW
0 0

tn

tn
— Xy Ct /0 15, X0) — p(tls), X)) ds + /O o (5, X.) — o (t(s), X)) AV,
tn

+/n/¢(f(5)7Xt(s)) — 11 (t(s), X ))d5+/ o (t(s), Xi(s)) — 0 (t(s), Xus)) dWs.
0 0 )
(2.81

The triangle inequality hence proves that for all n € {0,1,2,..., N} it holds that

< (E[1x0 - 7)) ( T)W
< :/Otnff(&Xs)—U(f(S%Xt(s)) : 2D/2 (2.82)
<

S N
E / 1(t(s), X)) — p(t(s), Xags)) ds ] )
0

T s 27\ /2
+ <E /0 U(t(s),Xt(s)) 70(1(( ) n(s ))dW ]) .

H/ (5, Xs) = n(t(s), Xy(s)) ds

+
=

Lemma 2.10, Tonelli’s Theorem, and It6’s isometry therefore imply that for all n €
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{0,1,2,..., N} it holds that

B[ix., - %))

1/2

< (B[ cr?])"+ (7 [ B[l x) o) 50) ] )
+ (/Ot E |||a s, Xs) — ot (s),Xt(s))\HQ} ds>1/2 (2.83)
+ (T/O ]E HM ), Xi(s)) — (f(S),Xm))HZ} d5>1/2

o ([ Bl %) o). )] 05)
0
This and (2.72) show that for all n € {0,1,2,..., N} it holds that
1/2
(B[I1x:, - 217))
21\ Y2 T Y2
< (B[I%0 - ¢I?]) +Lﬁ(/ B (|s = t(s)] + |1 Xe = X0 [)?] d )
0
T 1/2
+L</O B[ (|s - t(s)| + [|X. Xt<s>H)]d3) (2.84)
tn ) /2
+Lx/f</0 E|[| X = Xuco | }ds>

tn ) /2
+L</ E[| X = Xaio ] ds> .
0

This, the triangle inequality, and the fact that for all s € [0, 7] it holds that |s — t(s)| < H
imply that for all n € {0,1,2,..., N} it holds that

(B[1x., — 207])"

< (B[1xo - 7)) + 2 +vD)

1/2
\FH+(/ B[||X, — X | d )] .85
" Y
L+ VT) (Z nE[||Xe, Xk_1||2}> .
k=1

The fact that for all =,y € [0, o0) it holds that (z + y)? < 222 + 2y hence proves that for
alln € {0,1,2,..., N} it holds that

E|IX, - Xal?]

<2 ((E[uco - gﬂ)w + L(L+VT)

VTH + (/OT B[ X, - X ] d8>1/2D2

+2L2(1 + VT)? <thm[||xt“ Xk_1||2]>.

(2.86)

The discrete Gronwall-type inequality in Lemma 2.2 (with N =N, a=2( (E[[| X, — ¢||?] )1/2
2
+ L(l + \/T)[\/TH + (fOTE[HXS — Xt(s)”ﬂ dS)l/ZD , (6n)n€{0,1,2,...,N71} =
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(2L2(1 + VT)?hnt1)nefo1,2,..N-1} (€n)nefo1,2,.. N} = (E[Hth - Xn”z})ne{o,l,Q,...,N} in
the notation of Lemma 2.2) and the fact that Zszl hy = T therefore show that
2
B[ X0y — x|
21\ 72
<2 (B[I%— <)) + L0+ V)
- exp (2L2(1 + \/T)2T) )

VTH + </0T B[ %, - X I d8>1/2D2

(2.87)

This and the fact that for all s € [0, 7] it holds that |s — t(s)| < H imply that

(E[1xr - av1?])”
<V2 ((E[HXO - gﬂ)vz +L(1+VT) [VTH + (TKQH)1/2D exp (L2(1+ VT)*T).
(2.88)

The fact that H < T+ H hence assures that

(E[1xr - 2017])”

<2 ((E[HXO - gHQDl/Z + L+ VT)WWT(VT + )WH(1 + K)) exp(L3(1+ VT)*T)
<V2 ((]E[HXO - <|\2D1/2 + VHexp(L(1+VT) 2\/:?)) exp(L3(1+ VT)*T) (1 + K)
")

< ((E{IXO —CIIZD + f) exp((l + L)1+ VT)*) (1 + K).
(2.89)
This implies (2.76). The proof of Proposition 2.12 is thus completed. O

Corollary 2.13. Let d,m,N € N, T € (0,00), t € [0,T], s € [t,T], L € [0,00), let
|-l : R4 — [0, 00) be the Euclidean norm on R%, Iet ||-||: R¢*™ — [0, c) be the Frobenius
norm on R¥*™, let (Q, F, P, (IF+)reo0,m)) be a filtered probability space which satisfies the
usual conditions, let W: [0,T] x Q — R™ be a standard (2, F, P, (IF;),.c[o,r])-Brownian

motion, let ¢: Q@ — R? be an F;/B(R?)-measurable function with ]E[||C||2} < oo, let

p: [0,T] x R — R4, o: [0,T] x R* — R¥*™ be functions which satisfy for all r, h € [0, 7],
z,y € RY that

max{||p(r, ) — p(h, Y|, llo(r,z) — o(h,y)ll} < L(lr = bl + 2 = y])), (2.90)

let X: [t,s] x Q — R% be an (]Fr)re[t,s]/B(IRd)-adapted stochastic process with continuous

sample paths which satisfies that |t [HXtHz} < oo and which satisfies that for all r € [t, s]
it holds IP-a.s. that

Xr:XtJr/ u(h,X],)dh+/ o(h, Xp) dWy, (2.91)
t t
letrg,m1,...,7N € [0,T] satisfy that

t=ro<r1<ra<...<rny=s, (2.92)

EJP 25 (2020), paper 101. http://www.imstat.org/ejp/
Page 19/73


https://doi.org/10.1214/20-EJP423
http://www.imstat.org/ejp/

Overcoming the curse of dimensionality for pricing with default risks

and let X: {0,1,...,N} x Q@ — R? be the stochastic process which satisfies for all
ne€{l1,2,...,N} that

XO = C and Xn - Xn—l + /J(Tn—h Xn—l)(rn - Tn—l) + O'(Tn—la Xn—l)(Wrn - Wrn,1)~
(2.93)
Then it holds that

(B[1x. - avi])”

< [(elim =)o, s (00 ) s

(1 sup ({EUZ=X DY € (0,00 (r,h € [1,],r # 1)} U{0))) < oo

Proof of Corollary 2.13. Throughout this proof assume w.l.o.g. that s > t. Observe that
Proposition 2.12 (withd =d, m=m, N =N, T =s—t, L = L, (, F,P,(F,),cjo,17) =
(QF, P, (Fiir)reo,s—1)r Wedreor) = Wiar — Wi)rejo,s—1, ¢ = ¢ (01, @) reio,1),2ere =
(u(t + Ta‘r))re[o,s—t],weRd' (U(Tvz))TE[O,T],wE]Rd = (ot + T7I))re[0,s—t],mERd' (XT')TE[07T] =
(Xttr)reo,s—1) En)nefo1,..8y = ("o = Hnefo,1,...8} (Xn)nefor,... Ny = (Xn)nefo,1,...,n) in
the notation of Proposition 2.12) establishes that

(E[HXtHsft) - XN||2} )1/2

2 Y2 1/2
< — —t — X —
- [(E[”XHO <l D * ke(lsoe N} Iric =8 = (ri—1 =0l (2.95)

_ 21\1/2
cexp((1L+ L)1+ V/[s— 1)) <1+ sup IRt L) ><oo.

r,h€[0,s—t],r#h

This implies (2.94). The proof of Corollary 2.13 is thus completed. O

2.5 On identically distributed random variables

The next elementary and well-known result, Lemma 2.14 below, provides a sufficient
condition for two random variables to have the same distribution.

Lemma 2.14. Let (2, 7,P) be a probability space, let (E,d) be a metric space, let
X,Y: Q — FE be random variables which satisfy that for all globally bounded and
Lipschitz continuous functions g: F — R it holds that

Elg(X)] = E[g(Y)]. (2.96)

Then it holds that X and Y are identically distributed random variables.

Proof of Lemma 2.14. Throughout this proof for every n € IN let h,: [0,00) — [0, 1] be
the function which satisfies for all » € [0, c0) that

hy(r) = max{1 — nr, 0}, (2.97)

for every closed and non-empty set A C E let Ds: E — [0,00) be the function which
satisfies for all e € F that
Da(e) = inlf4 d(e,a), (2.98)

aec

and for every n € IN and every closed and non-empty set A C E let fa,,: E — [0,1] be
the function which satisfies for all e € F that

fan(e) = hn(Da(e)). (2.99)
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Note that the triangle inequality assures that for all closed and non-empty sets A C E
and all ej,eq € E, a € A, € € (0,00) with Da(e1) > Da(e2) and d(ez,a) < Da(es) + ¢ it
holds that

[Da(e1) — Da(ea)| = Da(er) — Da(es) < d(er,a) —d(es,a) +¢

(2.100)
< d(ei,ez) +d(ea,a) —d(es,a) + & =d(e1,e2) +¢.

The fact that for all closed and non-empty sets A C E and all e € E, € € (0,00) there
exists a € A such that d(e,a) < D 4(e) + ¢ hence assures that for all closed and non-empty
sets A C F and all ey, e5 € E it holds that

|DA(€1) — DA(62)| S d(el,eg). (2101)
Moreover note that for all n € IN, r1, 79 € [0,00) with r; < r9 it holds that
|hn (1) = hn(r2)| = [hn(r2) — Bn(r1)] = ha(r1) — ha(r2)

= max{1 — nry,0} — max{l — nry,0}

=max {1 — nr; — max{1 — nry,0}, — max{1 — nry,0}}

<max{l —nry — (1 —nrg),0} = max{n(ry —r1),0} = njr; —ra|.
(2.102)

Combining this with (2.101) establishes that for all closed and non-empty sets A C E
and all n € IN, ey, e; € F it holds that

|faner) = fan(ez)| = |hu(Daler)) — hu(Dalez))| < n[Daler) - Dales)| < nder, ez).
(2.103)

This demonstrates that for every closed and non-empty set A C FE and every n € IN it
holds that fa,: E — [0,1] is a globally bounded and Lipschitz continuous function. Next
observe that the fact that for all closed and non-empty sets A C E and all ¢ € A it holds
that D 4(e) = 0 assures that for all closed and non-empty sets A C Eandalln e N,ec A
it holds that

fA,n(e) = hn(Dale)) = hn(0) = 1. (2.104)
Moreover, note the fact that for all closed and non-empty sets A C Fandalle € E\ A
there exists n € IN such that D 4(e) > % and the fact that for all » € IN it holds that h,, is
a non-increasing function assure that for all closed and non-empty sets A C F and all
e € E\ A there exist n € IN such that for all m € {n,n + 1, ...} it holds that

fam(€) =hm(Da(e)) < hpm(E) =max{l - 2, 0} = 0. (2.105)

n

Combining this and (2.104) establishes that for all closed and non-empty sets A C E and
all e € F it holds that
lim fan(e) =1a(e). (2.106)
n—oo
The theorem of dominated convergence, the fact that for all closed and non-empty sets
A C E and all n € IN it holds that f4,: E — [0,1] is a globally bounded and Lipschitz

continuous function, and (2.96) therefore imply that for all closed and non-empty sets
A C F it holds that

P(X € A) = B[14(X)] = lim E[fa.(X)] = lim E[fan(Y)] =El14(Y)] = P(Y € A).

(2.107)
The fact that B(E) = G({A C E: Aisclosed}), the fact that {A C E: Ais closed} is
closed under intersections, and the uniqueness theorem for measures (see, e.g., Klenke
[70, Lemma 1.42]) hence assure that for all B € B(E) it holds that

P(X € B) =P(Y € B). (2.108)
The proof of Lemma 2.14 is thus completed. O
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2.6 On random evaluations of random fields

This subsection collects elementary and well-known results about random variables
originating from evaluations of random fields at random indices.

Lemma 2.15. Let (Q,F), (S,S), (E,€) be measurable spaces, let U = (U($))ses =
(U(s,w))seswen: SxQ — E be an (S®F)/E-measurable function, andlet X : 1 — S be an
F/S-measurable function. Then it holds that the function U(X) = (U(X(w),w))wea: @ —
E is F/E-measurable.

Proof of Lemma 2.15. Throughout this proof let X': 2 — S x Q be the function which
satisfies for all w € €2 that

X(w) = (X(w),w). (2.109)

Observe that the hypothesis that X : Q0 — S is an F/S-measurable function assures that
X:Q — S xQisan F/(S ® F)-measurable function. Combining this with the fact that
U:SxQ— Eisan (S®F)/E-measurable function demonstrates that

UX)=UoXx (2.110)
is an F/&-measurable function. The proof of Lemma 2.15 is thus completed. O

A proof for the next two elementary and well-known results (see Lemma 2.16 and
Lemma 2.17 below) can, e.g., be found in [63, Lemma 2.3 and Lemma 2.4].

Lemma 2.16. Let (), 7, P) be a probability space, let (S,0) be a separable metric space,
let U = (U(s))ses: S x Q@ — [0,00) be a continuous random field, let X: Q — S be a
random variable, and assume that U and X are independent. Then it holds that

EU(X)] = [ BIU()] (X (Pcs)(s). @111)

Lemma 2.17. Let (2, F,P) be a probability space, let (S,d) be a separable metric
space, let U = (U(s8))ses: S x Q@ — R be a continuous random field, let X: Q —
S be a random variable, assume that U and X are independent, and assume that
JsE[U(s)[] (X(P)p(s))(ds) < co. Then it holds that (X (P)gs))({s € S: E[|U(s)]] =
oo}) =0, E[|U(X)]] < oo, and

EU(0] = [ B0 (X (Pacs)(ds). 2112)

2.7 Brownian motions and right-continuous filtrations

The next result, Lemma 2.18 below, states that a Brownian motion with respect
to a filtration is also a Brownian motion with respect to the smallest right-continuous
filtration containing the original filtration (cf. (2.113)). Lemma 2.18 and its proof are
very similar to Prévot & Rockner [90, Proposition 2.1.13].

Lemma 2.18. Let m € N, T' € (0,00), let (Q, F, P, (F;)c[0,17) be a filtered probability

space, let W: [0,T] x 2 — R™ be a standard (2, F, P, (IF);c[0,r])-Brownian motion, and
letH, C F, t €0,T), satisfy for all t € [0,T] that

Neeer Fs 1t <T
H €] (2.113)
IFT =T
Then it holds that W is a standard (2, F, P, (H;).c[0,7)-Brownian motion.
EJP 25 (2020), paper 101. http://www.imstat.org/ejp/
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Proof of Lemma 2.18. Throughout this prooflet ||-|| : R¢ — [0, 00) be the Euclidean norm
on RY, for every n € N let h,: [0,00) — [0,1] be the function which satisfies for all
r € [0,00) that

hy(r) = max{1l — nr,0}, (2.114)

for every closed and non-empty set A C R? let D4: R? — [0, 00) be the function which
satisfies for all z € R? that
Da(z) = in1f4||:c—a||7 (2.115)
ac

and for every n € IN and every closed and non-empty set A C R? let fan: R? — [0,1] be
the function which satisfies for all z € R¢ that

fan(x) = hp(Da(x)). (2.116)

Observe that the fact that IV has continuous sample paths, the fact that for all ¢ € [0,T),
s € (t,T], k € N it holds that W, — Whin{t+1/x,s) and H; are independent, Klenke [70,
Theorem 5.4], and the theorem of dominated convergence assure that for all ¢ € [0,T),
s € (t,T), B € H; and all globally bounded and continuous functions g: R? — R it holds
that

Elg(W. ~ Wo)Le] = E| (Jim g0, = Wangrs1ye)) ) 12]
= kILI&E[g(WS - Wmin{t+1/k,s})13]
= lim E[g(Ws — Wiinge11/,5})| E[15]

k—o00
=E ng{}lo g(Ws — Wmin{t+1/k,s}):| P(B) = E|g(Ws — W,)] P(B).

(2.117)

Next note that the fact that closed and non-empty sets A C R? and all 2 € R4 it holds
that D4(x) = 0 < = € A assures that for all closed and non-empty sets A C R? and all
z € RY it holds that

lim fan,(z)=14(z). (2.118)

n—oo

Moreover, note that the fact that for every n € IN it holds that h,: [0,00) — [0,1] is a
continuous function and the fact that for every closed and non-empty set A C R? it holds
that D4: R? — [0,00) is a continuous function assure that for every n € IN and every
closed and non-empty set A C R? it holds that fa,: R? — [0,1] is a continuous function.
Combining this, (2.117), (2.118), and the theorem of dominated convergence shows that
forallt € [0,7), s € (t,T), B € H; and all closed and non-empty sets A C R it holds that

P({W, — Wy € A} 1 B) = B[14(W, — Wi)1p] = lim B[ fan(W, — Wi)1p]

= Tim (E[fa.u(W, = W) P(B)) = E[14(W, — W3)] P(B)

= P{W, — W, € A}) P(B).
(2.119)

This proves that for all ¢ € [0,7), s € (t,7], B € H; it holds that (15)~'({},{0}, {1}, {0,1})
and (W, — W;)"1({A € R¢: Ais a closed set}) are independent. The fact that {A C
R?: Ais a closed set} is closed under intersections, the fact that G({4 C R?: Aisa
closed set}) = B(RY), and Klenke [70, Theorem 2.16] hence assure that for all ¢ € [0,7),
s € (t,T], B € H, it holds that W, — W, and B are independent. This implies that for
allt € [0,T], s € [t,T] it holds that W, — W; and H, are independent. Combining this
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with the hypothesis that W is a Brownian motion, and the fact that W: [0,7] x Q — R™
is an (H;).ep0,r)/B(R™)-adapted stochastic process establishes that 1W: [0,7] x & — R™
is a standard (2, F, P, (IH;);c[0,7))-Brownian motion. The proof of Lemma 2.18 is thus
completed. O

2.8 On a distributional flow property for solutions of SDEs

In this subsection we prove a distributional flow property for solutions of SDEs in
Lemma 2.20 below. The idea for the proof of Lemma 2.20 is based on the observation that
if we replace solution processes of SDEs by Euler-Maruyama approximations the flow-
type condition trivially holds (cf. the argument below (2.146) in the proof of Lemma 2.20
below). To prove Lemma 2.20 below we also need, besides several auxiliary results of
the previous subsections, the following well-known statement (see Lemma 2.19 below).
Lemma 2.19. Letd,m € IN, T € (0,00), t € [0,T], s € [t,T], let (0, F, P, (F,),cjo,7]) be a
filtered probability space which satisfies the usual conditions, let W: [0,T] x Q — R™ be
a standard (Q, F, P, (F,),c[o,1])-Brownian motion, let yu: [0,7] x R* — R% and o: [0,T] x
R? — R?*™ be globally Lipschitz continuous functions, let X = (X, (z)),eft,s],zvera: [t 5] X
R? x Q — R? be a continuous random field which satisfies for every x € R? that
(Xr(2))refts) ¢ [t 8] x Q2 — R% is an (F,.) ¢, /B(R?)-adapted stochastic process and which
satisfies that for all r € [t, s], z € RY it holds P-a.s. that

X, (z)=2a+ /tT w(h, Xp(x)) dh + /tr o(h, Xp(x)) dWp, (2.120)

and let &: Q — R? be an TF;/B(R?)-measurable function with [|\§||2] < o00. Then for all
r € [t,s] it holds P-a.s. that

X (&) =¢+ /;M(h, X (€)) dh + /t o (h, X3 (€)) dW,. (2.121)

Proof of Lemma 2.19. Throughout this proof assume w.l.o.g. that s > ¢, let
(W) nego,1,2,... Ny NeNre,s) C [t ] satisfy forall N € N, n € {0,1,2,...,N}, r € (¢, 5]
that u'" =t + w for every N € IN, 7 € (t, 5] let X" = (XN (%)) neo,1,2,.... N} zeRa
{0,1,2,...,N} x R? x Q — R be the continuous random field which satisfies for all
ne{l,2,...,N}, z € R% that X" (z) = = and

X207 (@) = AN @)+l AN @) C5 o (7 AN @) (W =W ), (2.122)
let ||-]| : R® — [0,00) be the Euclidean norm on R, let [|-[|: R**™ — [0,00) be the
Frobenius norm on R%*™, and let L € [0, ) satisfy for all 7, h € [0, 7], z,y € R? that

max{[lu(r, ) — p(h,y)|, llo(r,z) = o(h,y)ll} < L(lr = 2l + |z = yl)). (2.123)

Note that (2.120), (2.122), (2.123), Corollary 2.13 (withd=d, m=m, N =N, T =T,
t=t s=m, L = LI (Qafa]Pv (]Fh)hE[O,T]) = (Qafa]Pv (]Fh)hE[O,T])I W = WI C = U=HW,
o =0, (Xh)he[t,s] = (Xh,)he[t,r]' (T’n)ne{0,1,..4,N} = (Ufy’r)ne{o,L...,N}: (Xn)ne{o,l,...,N} =
(Xf’r(x))ne{o,h..,zv} for N € N, z € R%, r € (t,s] in the notation of Corollary 2.13),
and Lemma 2.11 (withd =d, m=m, T =r—t,{ =z, L = L, (,F,P,(Fn)necio,m) =
(QF P, (Frir)reior—1) Whlnep,r) = With = Winejor—1, (1(hs 2))nejo,r),eers = (1(t +
h, %)) hepo,r—t),eerds (M 2))hejo,r,eere = (0t + B 2))nco,r—t,zerds (Xn)nepr) =
(Xt4n)neo,r—y for x € RY, r € (t,s] in the notation of Lemma 2.11) assure that for
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allz € RY, N € N, r € (t, 5] it holds that

(B[1% @) - 2 @7]) "

1/2 L
<[(eli o))"+ g i 50

cexp (14 L)*(1 +VT)") (1 +  sup (E['X’L(Tﬁ_ﬁ’/(f)”2])1/2>
h,le(t,r],h#l

< ”\/ﬁt exp((1 + L)1+ x/f)‘*)

(14 (1 Jall) exp (10(max{la(t, 0)lllo (¢ 0) I, L, 1} + LT)(T + 1)(L + 1)) )

< (”\/%”') exp (12 (max{|u(t, 0)[|, llo (¢, 0) I, L, 1} + LT)*(1 + LY*(1 + VT)*) .
(2.124)

This ensures that for all r € [t, s], z € R% it holds that lim sup y_, ., E[|| X,.(z)—Xn " (2)]?] =
0. This and the fact that for all r € [t,s], z € R N € N it holds that X" (z): Q@ — R?
is (W), — Wy: h € [t,7])/B(R%)-measurable imply that for all r € [t,s], z € R? it holds
that X,.(z): Q — R4 is (&(W), — Wi: h € [t,r])U{A € F: P(A) = 0})/B(R%)-measurable.
Combining this with the fact that ¢£: Q — R? is an F;/B(R?)-measurable function and
the fact that W: [0,T] x & — R™ is a standard (2, 7, P, (F,.),¢[o,7))-Brownian motion
demonstrates for all 7 € [t,s], N € N it holds that (X,(z) — Xy (%)),cre and € are
independent. Lemma 2.16 and (2.124) hence assure that for all N € IN, r € (¢, 5] it holds
that

B[, (6) - 23]
- /Rd E[HXr(x) - XJZ\\f[’T(w)Hﬂ (£(P)(ray)(dz)

exp(12(max{[|12(0,0) ][l (0,0)[I,L,1}+LT)?(1+L)> (14+VT)*) 2
< 7~ (T+llzl)| (€MP)pmwa)(dr)
R4

ax o 2 2 4
< {exp(%(m UL O L1+ LT (141) (VD) )} 5 (HE[IIfHQD-

(2.125)

Next observe that the hypothesis that i and o are globally Lipschitz continuous func-
tions, the hypothesis that E|||£ ||2} < 00, and the existence theorem for the solutions of
SDEs (see, e.g., Karatzas & Shreve [68, Proposition 5.2.9]) prove that there exists an
(Fr)rept,s)/B(RY)-adapted stochastic process Y': [t,s] x Q — R? with continuous sample
paths which satisfies that for all € [t, 5] it holds PP-a.s. that

T

Yr:§+/ u(h,Yh)dr+/ o(h,Yy) dW,. (2.126)
t t

Moreover, observe that (2.122) ensures that forall N € N, n € {1,2,...,N}, r € (¢, ]
and all functions ¢: Q — R? it holds that XON "(¢) = ¢ and

AN (C) = X+ pun T, X0 (0) ST o (g X)) (Wr = Wiynr ). (2.127)

Combining this, (2.123), the fact that E[||Y|*] = E[|l¢|"| < oo, and (2.126) with Corol-
lary 2.13 (withd =d, m=m, N=N, T =T, t=t,s =7, L = L, (O, F, P, (F)nco.r]) =
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(2, F, P, (Fp)neor) W=W,(=§ p=w0=0,(Xn)neit,s) = Yn)nept.r) ("n)nefo.1,...N}
= (U nego,1,..Np (Xn)nefo,r,ny = (X7 (E))neqo,1,....83 for N € N, r € (t, 5] in the
notation of Corollary 2.13) demonstrates that for all N € IN, r € (¢, 5] it holds that

(<[~ 2]
< (el ) s s - o]

(2.128)
cexp((1+ L(1+ VT)!) (1 +  sup <E“’(;;:;?J2”“>

h,le[t,r],h#l

sup
V4 h—1|1/2
N h,l€[t,r],h#l ! |

_ Vir-tlee(a40)’a4vT)") <1+ (lE[m—YzI|2])”2> < oo

The triangle inequality and (2.125) hence show that for all r € (¢, 5] it holds that

(B[l - ])”
< lim sup {(E{er(g) - X]I\ym(g)||2:| )1/2 n (IE[HX]{,VW(O - Y7"||2} )1/2]

N —oc0

< [limsup (]E[er(g) - XJJ\]\’,T<£)H2D1/2] + [limsup (E[Hé\f]{\,{n-(f) - YTHQDVT —0.

N—o00 N—o0
(2.129)

Combining this with the fact that (X,.(¢)),cp,s and (Y;),cp,s are continuous random
fields demonstrates that

P(Vrelts]: X.(6) =Y,) =P(Vre(ts]NQ: X,(§) =Y,) =1. (2.130)

This and (2.126) prove that for all r € [¢, s] it holds P-a.s. that

T

Xr(g)=5+/tru(h,xh(5)) dh+/ o (h, X3 (€)) AW, (2.131)

t

The proof of Lemma 2.19 is thus completed. O

Lemma 2.20. Letd,m € IN, T € (0,00), let u: [0, T]xR? = R% and o: [0, T] xR¢ — RI*™
be globally Lipschitz continuous functions, let (2, F,IP) be a complete probability space,
let (F})se(0,r) and (F?)icpo, 1) be filtrations on (2, F,IP) which satisfy the usual conditions,
assume that F} and F% are independent, for every i € {1,2} let W*: [0,T] x Q — R™
be a standard (Q,]—",]P, (]Fi)te[O,T])-Brownian motion, and for every i € {1,2} let X =
(X{ (@) sepe e eere: {(ts) € [0,T]?: t < s} x R x Q — R? be a continuous random
field which satisfies for every t € [0,T], x € R? that (X{ ,(#))se,r): [t,T] X @ — R is
an (F%) et r/B(R%)-adapted stochastic process and which satisfies that for all t € [0,T],
s € [t,T], » € R it holds P-a.s. that

Xti’s(x) =z +/ u(r, Xfr(x)) dr —|—/ a(n Xgr(x)) dW,f. (2.132)
t t

Then it holds for all r,s,t € [0,T], € R?, B € B(R?) witht < s <r that P(X},(z) = z) =
1 and
P(X;, (X?.(x)) € B) =P(X/,(x) € B). (2.133)

Proof of Lemma 2.20. Throughout this prooflet r,s,t € [0, 7], z € R¢ satisfy that t < s <

7, let (u))neqo1,2,. . NyNen C [t 8], (V) )neqo1,2,. Ny, New C [s,7] satisfy for all N € N,
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n € {0,1,2,...,N} that v} =t + ”(g Y and vV = s+ ”(r ) for every N € N let
AN:{0,1,2,...,2N} x Q — ]Rd and yN ZN:{0,1,2,...,N} x Q — RR? be the stochastic
processes which satisfy for all n € {1,2,..., N} that

XV =2, XN =& pul N B o) XN ) (W — Wiy ), (2.134)
‘XN+71 7XN+'IL 1+,LL( Up— 13XN )(Tis) +U(U7Iy—17XJ<fV+n—l)(Wvl,¥ 7W1}N_1); (2135)
Y=o, OV =Nl YN DR ol YN (W2 - WE ), (2.136)
Z¥ =Yy, and  ZY =ZN 4 p(v) erlv—l)(r D 4o, 711\[—1)(W1)151V_W5N71),
(2.137)

let G, CF, he€[0,T],and H, C F, h € [0,T], be the sigma-algebras which satisfy for all
h € [0,T] that

Niecch G :h<T
Gn=6(FLUF2) and H,={ '€mI (2.138)

Gr ch="T,
let (-,-) : R? x R? — R be the Euclidean scalar product on R¢, let ||-] : R? — [0, 00) be
the Euclidean norm on R¢, and let ||-]|: R¥*™ — [0, 00) be the Frobenius norm on R4*™,

Note that the hypothesis that (IF} )teo,r) and (I )te[o 1) are filtrations on (Q2, 7, IP) which
satisfy the usual conditions and (2.138) imply that (IH;)c[o,7 is a filtration on (2, 7, P)
which satisfies the usual conditions. Moreover, observe that (2.132) assures that

P(X},(z) =2)=1. (2.139)

Furthermore, note that the hypothesis that ;1 and ¢ are globally Lipschitz continuous,
(2.132), (2.134), (2.135), (2.136), and Corollary 2.13 demonstrate that there exists a real
number C € (0, co0) which satisfies that for all N € IN it holds that

(EMX;T(QC)_XQAJ[VH%VQS\/C;v and  (B[]|X2,(2) y}Q’HD T (2.140)

This implies that

1/2 C
lim su (]E{ Xlr z) — XN QD < limsup — = 0. (2.141)
N—>oop X @) 2l N%@p\/ﬁ

Moreover, observe that the hypothesis that 1 and o are globally Lipschitz continuous
implies that

h h,y)|I?
sup (y, u(h,y)) + H|02'( DIE _ (2.142)
he[0,T],ycR4 L+ lyll
Lemma 2.7 therefore demonstrates that

B[ X2, )| < oo (2.143)

Next note that the fact that for all h € [0,7], | € [h,T] it holds that W}! — W}, T},
and F? are independent assures that for all h € [0,7], | € [h,T] it holds that W;! —
W} and Gy, are independent. This, the fact that W': [0,7] x © — R¢ is a Brownian
motion, and the fact that W*: [0,7] x Q@ — R% is an (Gp,)pepo,7)/B(R*)-adapted stochastic
process imply that W': [0,7] x @ — R? is a standard (Q2, F, P, (Gh)nhejo,r7)-Brownian
motion. Lemma 2.18 and (2.138) hence ensure that W!: [0,T] x Q — R¢ is a standard
(Q, F, P, (Hp)pe[o,11)-Brownian motion. Combining this, the fact that (2, 7, P, (Hy)ne[0,77)
is a filtered probability space which satisfies the usual conditions, the fact that for all
y € R% it holds that (X, (y))ne(s,): [5,7] x @ — R* is an (Hp)pe(s,,)/B(R?)-adapted
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stochastic process, (2.132), the fact that Xﬁs(z): Q — R?is H,/B(R?)-measurable, and
(2.143) with Lemma 2.19 (withd =d, m=m, T =T,t =5, s =1, (Q, F, P, (Fp)repp,m)) =

(L F,P,(Hp)nep,r), W=Wh p=p 0 =0, (Xa®)nepsyert = (X2 0))nefs,r]yere
¢ = X7 ,(z) in the notation of Lemma 2.19) proves that for all h € [s, 7] it holds P-a.s. that

h h
X1, (X2, (2)) = X2,(2) + / p(1, X2 (X2, (2)))di + / o (1, X1 (X2, (2)))dW. (2.144)

The fact that (Q, 7, P, (Hx)neo,77) is a filtered probability space which satisfies the usual
conditions, the fact that W*: [0,7]xQ — R%is a standard (2, 7, P, (Hp,)e[0,77)-Brownian
motion, the fact that yﬁ : Q) — R9is Hy/B (]Rd)-measurable, the hypothesis that ;¢ and o
are globally Lipschitz continuous functions, the fact that (X, (X7, (2)))nefs,r * [5,7] X2 =
R is an (Hp)pes,)/B(R%)-adapted stochastic process with continuous sample paths,
(2.143), (2.137), and Corollary 2.13 (withd =d, m =m, N =N, T =T,t =35, s =

w(h,y)—p(l, o(h,y)—o(l,z
P L= SUDL ey et () e e (B F P (Fuaeor) =
(Qafa IP7 (Hh)hE[O,T})' W= Wll C = y]]\\/']' H=pn =0, (Xh)he[t,s} = (Xsl’h(XtQ,s(x)))hE[s,r]r
(rn)nefo1,..nr = (W )neto1,..N1 (Xn)neo1,.. Nt = (Z)nefo1,...n3 for N € N in the
notation of Corollary 2.13) hence demonstrate that there exists a real number K € (0, 00)

which satisfies that for all N € IN it holds that

(B[lxtcuon - 227])" < & |(BIxt@ - 930]) "+ ] @aas)
This and (2.140) imply that

Y 1
lim su ( [ X X2S —ZN QD <11msu K[ ] =0. (2.146)
Furthermore, observe that (2.134)-(2.137) assure that for all N € IN it holds that XQJ}{,
and Z ]]\\,’ have the same distribution. This, (2.141), and (2.146) imply that for all globally
bounded and Lipschitz continuous functions g: R? — R it holds that

Bo(XL, (X2,@)] = lm Blg(z¥)] = lm Elg(x)] =Blo(X}, ()] (2.147)

Lemma 2.14 hence assures that X, (X7 (z)) and X}, (z) are identically distributed.
Combining this with (2.139) completes the proof of Lemma 2.20. O

3 Full history recursive multilevel Picard (MLP) approximation
algorithms

In this section we present the proposed MLP scheme and perform a rigorous complex-
ity analysis. First, we introduce our MLP scheme (cf. (3.5) in Subsection 3.1 below) as
an approximation algorithm for a solution (cf. u in Setting 3.1 in Subsection 3.1 below)
of a certain type of stochastic fixed point equation (cf. (3.4) in Subsection 3.1 below) in
Subsection 3.1. Subsequently, the goal of Subsections 3.2-3.4 is to obtain an estimate for
the L2-error between the MLP scheme and the solution of the stochastic fixed point equa-
tion (see Proposition 3.15 and Corollary 3.16 in Subsection 3.4 below). In Subsection 3.5
we estimate the computational effort needed to simulate realizations of the MLP scheme
and combine this with the L?-error estimate in Corollary 3.16 to obtain a computational
complexity analysis for the MLP algorithm in Proposition 3.18. Finally, in Subsection 3.6,
we exploit a connection between stochastic fixed point equations and viscosity solutions
of semilinear Kolmogorov PDEs (see Proposition 3.22 in Subsection 3.6.1 below) to carry
over the complexity analysis of Subsection 3.5 to semilinear Kolmogorov PDEs. This
culminates in Theorem 3.24, the main result of this paper, which demonstrates that our
proposed MLP algorithm overcomes the curse of dimensionality in the approximation of
certain semilinear Kolmogorov PDEs.
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3.1 Stochastic fixed point equations and MLP approximations

Setting 3.1.Let d € IN, T € (0,00), L € [0,00), © = UX,Z", u € C([0,T] x R, R),
g€ C(RYLR), feC(0,T] x RY x R, R) satisfy forall t € [0, 7], € R%, v,w € R that

|f(t, z,v) — f(t,z,w)| < Ljv — w|, (3.1)

let (Q2, F,IP) be a probability space, let R?: @ — [0,1], § € ©, be independent U -
distributed random variables, let R’ = (R).cj0,r): [0,T] x @ — [0,T], 6 € O, be the
stochastic processes which satisfy for all ¢t € [0,T], § € O that

R =t 4+ (T -t)RY, (3.2)

let Xe = (th,s(x))se[t,T],tE[O,T]@E]Rd: {(t,S) (S [O,T}ZZ t S S} X Rd x Q = Rd, 0 ¢ @, be
independent continuous random fields which satisfy for all r, s,¢ € [0, 7], x € R%, 0,9 € O,
B € B(R?) with t < s < r and 6 # 9 that P(X/,(z) = 2) = 1 and

P(X{,.(X/,(z)) € B) =P(X{,.(z) € B), (3.3)
assume that (X?)sco and (R?)gco are independent, assume for all ¢ € [0,7], = € R¢ that

E(lg(X07 @) + [ 1f(r, X0, (), u(r, X0, (z)))| dr] < oo and

u(t,x) =E

T
9(XPr(2)) +/t Fr, X2, (@), u(r, X7, (2))) dr] ; (3.4)

and let Vi - [0,T) x R x Q@ = R, M,n € Z, 0 € ©, be functions which satisfy for all
M,nelN,0€0,te(0,T], z € R that V{ ,(t,2) = 0 and

M"
1 n,—m
Vipn(t,2) = Mn[zgwsz’» ><x>)]

m=1

+2Mnk

_]lm(k)f(R(ka) X(ka) ( ) V]\(/Ielic 1m)(R(0km) X(ka) (l‘)))‘|

Mk

0,k,m (0,k,m 6,k,m 6,k,m 0,k,m
Z f(R( : X ¢, R k)m)( ) V](wk )(RE ) Xt(Rw k)m)(:z:)))

tR(ka) tR(Bk ,m)

(3.5)

3.2 A priori bounds for solutions of stochastic fixed point equations

In our L2-error analysis (see Subsection 3.4 below) of the MLP scheme introduced
in Setting 3.1 we need to estimate expectations involving the solution of the stochastic
fixed point equation. This estimate is carried out in Lemma 3.3 below. In order to prove
Lemma 3.3 we need the elementary and well-known time-reversed Gronwall inequality
in Lemma 3.2.

Lemma 3.2 (Time-reversed time-continuous Gronwall inequality). Let T, «, 5 € [0, 0)
and lete: [0,T] — [O oo} be a B([0,T7])/8B(][0, oo])-measurable function which satisfies for
allt € [0,7] thatfo dr<ooande()<oz+6j; r)dr. Then

(i) it holds for all t € [0,T] that e(t) < aexp(B(T — t)) and
(ii) it holds that sup,¢[o 7y €(t) < aexp(8T) < oo.

Proof of Lemma 3.2. Throughout this prooflet ®: [0,7] — [0,7] and €: [0,T] — [0, co] be
the functions which satisfy for all ¢ € [0, T that

B(t)=T—t and () =e(®(t)) = (T —1). (3.6)
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Observe that the integral transformation theorem (see, e.g., Klenke [70, Theorem 4.10])
implies that for all ¢ € [0, 7] it holds that

t
/ e(r)dr = / €(®(r)) Borelyg 4 (dr) = / €(s) @(Borely ) B ([0,4])) (ds)
0 [0,¢] a([0,1]

. 3.7)
= / €(s) Boreljp_; 71(ds) :/ e(s) ds.
[T—t,T) T—t
Hence, we obtain that
T T
/ e(r)dr = / e(r) dr < . (3.8)
0 0

Moreover, observe that (3.6), (3.7), and the hypothesis that for all ¢ € [0, 7] it holds that
et) <a+p ft r) dr assure that for all ¢ € [0, 7] it holds that

ct)=eT —-t)<a+p TT e(r)dr =a+ 5/; e(r)dr. (3.9)
—t

Combining this and (3.8) with Gronwall’s integral inequality (cf, e.g., Grohs et al. [52

Lemma 2.11]) demonstrates that for all ¢ € [0, T] it holds that
e(t) < aexp(fBt). (3.10)

Hence, we obtain that for all ¢ € [0,7] it holds that

et)=e(T — (T —1t)=e(T —t) <aexp(B(T —t)) < aexp(B8T). (3.11)
This establishes items (i)-(ii). The proof of Lemma 3.2 is thus completed. O

Lemma 3.3. Assume Setting 3.1, let ¢ € R%, C € [0, oo| satisfy that

T /2
C=(IE[Ig(XS,T<£))2])1/2+ﬁ</O E[|f(t, X3 (£),0)%] dt) 7 (3.12)

and assume that fOT (E[|u(t, X87t(§))|2})1/2 dt < oco. Then
(i) it holds for all t € [0, T that (E[\u(t,X&t(g))P])vz < Cexp(L(T —t)) and

(ii) it holds that sup;eo 7y (E[|u(t, Xg,t(g))|2})l/ * < Cexp(LT).

Proof of Lemma 3.3. Throughout this proof assume w.l.0.g. that C' < oo and let p;: B(R9)
—[0,1], t € [0, T, be the probability measures which satisfy for all t € [0,7], B € B(R%)
that

u(B) = P(X(,(§) € B) = P(X;,(€) € B) = ((X0,4(8))(P)s(ra)) (B) (3.13)

(cf. (3.3) or item (iv) in Lemma 3.6). Note that (3.4) and the triangle inequality ensure
that for all ¢ € [0, 7] it holds that

d

1/5

X,?T ) + ft (r Xt07 (2),u(r, X?,.(z))) dr} ‘2 ut(dz)>

([.Ie
< ([ IBla(xta ) P ut(d2)>1/2
.

< (r, X2, (2), u(r, X2,(2))) dr”2 ut(dz)>l/2.
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Jensen’s inequality hence assures that for all ¢ € [0, 7] it holds that
0 21\Y/2 0 2 &
(Ellate. 8P < ([ i@ miaa))
1/2
( / {(L (X2, (), ulr, X9,(2)) | dr) } ut<dz>> :

Furthermore, observe that (3.13), the fact that X° and X! are independent and contin-
uous random fields, (3.3), and Lemma 2.16 demonstrate that for all ¢ € [0, 7] it holds
that

( /R E[Jo(x2r ()] M(d@)w = (B[l @) = (B[lo(x3)])

(3.16)

(3.15)

/2

In addition, note that Minkowski’s integral inequality (cf., e.g., Jentzen & Kloeden [65,
Proposition 8 in Appendix A.1]), (3.13), the fact that X% and X! are independent and
continuous random fields, (3.3), and Lemma 2.16 imply that for all ¢ € [0, 7] it holds that

(/ {( T f(r X0,(2), u(r,Xgr(z)))‘dr)Q} Mt(dz)>l/2

1/2

/ (/ E |f TXtr( ), (T,XET(Z)))‘Q} Mt(d2)> dr
R4

:/ (B[ 1 (r. X0, (58 ). utr. X0, (X @) ] ) ar

(3.17)

= [ (Bt 8,0t 8, O] v

Moreover, observe that (3.1) ensures that for all t € [0, 7], * € R%, v € R it holds that
|f(t, @, 0)] < [f(t2,0)] + [f(t,2,0) — f(t,2,0)] < [f(t,2,0)] + Llv]. (3.18)

This, (3.17), and the triangle inequality imply that for all ¢ € [0, 7] it holds that

(] e[ty )

(3.19)
< [ (E[lrtxg@0]) " a1 [ lutr X3, €0P)” ar

Furthermore, note that Lemma 2.10 assures that for all ¢ € [0, 7] it holds that
T 0 9 1/2 T 0 2 1/2 ?
/ (E“f(rvXO,r(g)vo)‘ :|) dr = / (E“f(r?XO,'r(g)ao)‘ :|) dr
t t

T e
: <(T_t)/ E[‘f(r, Xg,r(§)70)’2] dr) (3.20)

T /2
gﬁ(/o E||£(r, X8,(©),0)["] dr) .

1/2

EJP 25 (2020), paper 101. http://www.imstat.org/ejp/
Page 31/73


https://doi.org/10.1214/20-EJP423
http://www.imstat.org/ejp/

Overcoming the curse of dimensionality for pricing with default risks

Combining this with (3.12), (3.15), (3.16), and (3.19) implies that for all ¢ € [0, T it holds
that

(E[Ju(t, X))

" T Y2
< (eflstr@)F]) v ([ Bt sti00f] o)

T (3.21)
L [ (Bl X3, ©)P)”

T
_ C—i—L/t (E[Ju(r, X2, (€)2])"* dr.

The hypothesis that fOT (B[|u(t, ngt(g))\‘l])l/? dt < oo and Lemma 3.2 (with T =T, a = C,
B =1L, (e(t))icpor = ((]E[Iu(t,X87t(§))|2])1/2)t6[0)T] in the notation of Lemma 3.2) hence
establish items (i)-(ii). The proof of Lemma 3.3 is thus completed. O

3.3 Properties of MLP approximations

In this subsection we establish in Lemma 3.6 below some elementary properties
of the MLP approximations (cf. (3.5) in Setting 3.1 above) introduced in Setting 3.1
above. For this we need two elementary and well-known results on identically distributed
random variables (see Lemma 3.4 and Lemma 3.5 below).
Lemma 3.4. Let d, N € NN, let (Q, F,P) be a probability space, let X;: Q@ — R%, k €
{1,2,..., N}, be independent random variables, let Y,: @ — R4, k € {1,2,..., N}, be
independent random variables, and assume for every k € {1,2,..., N} that X} and Y}, are
identically distributed. Then it holds that (35—, Xi): Q@ — R and (35, ¥3): Q — R
are identically distributed random variables.

Proof of Lemma 3.4. Throughout this proof let X,2): @ — R™? be the random variables
which satisfy that

X=(X1,....Xy) and 9=(V1,...,Yn) (3.22)

and let f € C(RV? RY) be the function which satisfies for all v;,vs, ...,y € R? that
flui,ve,...,0N8) = Zgﬂ vy. Observe that the hypothesis that (X)re(1,2,...,n} are inde-
pendent, the hypothesis that (V%) ke{1,2,..,N} are independent, and the hypothesis that
for every k € {1,2,..., N} it holds that X} and Y} are identically distributed random
variables assure that for all (Bx)req1,2,...,n} € B(R%) it holds that

P(Xc (B xByx...x By)) =P(Vke{1,2,...,N}: X}, € By)

N
P(X; € By) = [[ P(Yi € Bx)
1 k=1
(Vk€{1727...7N}1 Yi EBk)
(Q_)E (Bl XBQX...XBN)).

I
==

(3.23)

|
=,

This, the fact that

BRN) = &((By x By x ... x By) € P(REN): (Vk € {1,2,...,N}: By € BR)),
(3.24)

and the uniqueness theorem for measures (see, e.g., Klenke [70, Lemma 1.42]) imply
that it holds for all B € B(R"4) that

P(X € B)=P(Y € B). (3.25)

EJP 25 (2020), paper 101. http://www.imstat.org/ejp/
Page 32/73


https://doi.org/10.1214/20-EJP423
http://www.imstat.org/ejp/

Overcoming the curse of dimensionality for pricing with default risks

Hence, we obtain that for all B € B(R9) it holds that
P (S X € B) =P(f(X)€ B) =P (X e [}(B))

(3.26)
=P (9 e 1(B) =P (f() € B) =P (Vi€ B).

This shows that (,; X;): @ — R%and (3, Vi): Q — R are identically distributed
random variables. The proof of Lemma 3.4 is thus completed. O

Lemma 3.5. Let (12, F,P) be a probability space, let (S,0) be a separable metric space,
let (E, ) be a metric space, let U,V: S x Q — E be continuous random fields, let
X,Y: Q — S be random variables, assume that U and X are independent, assume
that V and Y are independent, assume for all s € S that U(s) and V (s) are identically
distributed, and assume that X and Y are identically distributed. Then it holds that
UX)=UX(w),w)wea: 2 = EFand V(Y) = (V(Y(w),w))wea: @ — E are identically
distributed random variables.

Proof of Lemma 3.5. First, note that Grohs et al. [3, Lemma 2.4], the fact that U and V
are continuous random fields, and Lemma 2.15 ensure that U(X) and V(Y') are random
variables. Next observe the hypothesis that U and X are independent, the hypothesis
that V and Y are independent, the hypothesis that for all s € S it holds that U(s) and
V(s) are identically distributed, the hypothesis that X and Y are identically distributed
and Lemma 2.17 demonstrate that for all globally bounded and Lipschitz continuous
functions ¢g: £ — R it holds that

Elg(U(X))] = /SE[Q(U(S))] (X(P)5(s))(ds)
(3.27)

:/SE[Q(V(S))} (Y (P)s(s))(ds) = E[g(V(Y))].

Combining this with Lemma 2.14 assures that U(X) and V(Y) are identically distributed.
The proof of Lemma 3.5 is thus completed. O

Lemma 3.6 (Properties of MLP approximations). Assume Setting 3.1 and let M € IN.
Then

(i) for all § € ©, n € Ny it holds that Vj\%’n: [0,7] x R? x Q — R is a continuous random
field,

(ii) for all @ € ©, n € Ny it holds that Vi .: [0,T] x R? x @ — R is (B([0,T] x R*) @
S((RUMyeco, (X @) yco))/B(R)-measurable,

(iii) forall§ € ©, n € Ny, t € [0,T), z € R? it holds that
(INN[0,n]) x N) > (k,m) —

6,n,—m
(X7 (@) tk=n
6,k,m 6,k,m 0,k,m 0,k,m 6,k,m

[f(Ri )7X1€(‘R(8,k,)m)(x)?vj\(/[)k )(RE )7Xt(R(9,k,)m) (33))) N

o e tk<n

0,k,m 0,k,m 0,k,—m 0,k,m 0,k,m
= (R (B X O @), Vg™ (RO, X G (@)
(3.28)

is an independent family of random variables,

(iv) for all t € [0,T], s € [t,T], € R* it holds that X/ (z): @ — R, 0 € ©, are
identically distributed random variables, and
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(v) for all n € Ny, t € [0,T], € R? it holds that Vi,  (t,z): @ — R% 0 € ©, are
identically distributed random variables.

Proof of Lemma 3.6. We first prove item (i) by induction on n € INy;. For the base
case n = 0 observe that the hypothesis that for all § € © it holds that V;, = 0
demonstrates that for all 6 € © it holds that V}; ,: [0,T] x R? x © — R is a continuous
random field. This establishes item (i) in the base case n = 0. For the induction step
Ny > (n—1) - n € Nletn € N and assume that for every k € No N [0,n), § € © it
holds that V&k: [0,7] x RY x Q — R? is a continuous random field. Combining this,
the hypothesis that g and f are continuous functions, and the fact that for all § € ©
it holds that R?: [0,T] x Q — [0,7] and X?: {(t,s) € [0,7)>: ¢t < s} x R? x Q — R?
are continuous random fields with (3.5), Grohs et al. [3, Lemma 2.4], and Lemma 2.15
proves that for all # € © it holds that V; : [0,7] x R* x @ — R? is a continuous
random field. Induction thus establishes item (i). Next we prove item (ii) by induction
on n € INyg. For the base case n = 0 observe that the hypothesis that for all § € ©
it holds that V;, = 0 demonstrates that for all # € © it holds that Vy, ,: [0,7] x
R? x Q@ — Ris (B([0,T] x RY) ® (RO yce, (X@P)yeo)) /B(R)-measurable. This
implies item (ii) in the base case n = 0. For the induction step Ny > (n — 1) —
n € Nlet n € N and assume that for all k¥ € Ny N [0,7), 0 € © it holds that Vi ,
is (B([0,T] x R?) ® S((ROD)yeo, (X)) yeco)) /B(R)-measurable. Combining this, the
fact that f and g are Borel measurable, and the fact that for all # € © it holds that
X0 {(t,s) € [0,T)>: t < s} x RY x Q — R is a continuous random field with (3.5) and
Lemma 2.15 proves that forall § € ©, ¢ € [0, 7], = € R? it holds that

S(Virn(t,x))

On,—m 0,k,m
C 6((Xt(,T )(fﬁ))me{1,z,...,Mn}7 (R! ))me{l,Q,....,M"*’C},kelNoﬂ[O,n)v

0,k,m
(XM () me 2 M} keNgn0m): (

X (Okm.0))
t,R!

me{1,2,....Mn=k} keNoN[0,n),9€0>

X (0:k=m.))

0,k,m,0
(R( ))7n€{1,2 ..... JVI"*’C},ICG]NOO[O,n),ﬂG(—%( me{l1,2,....M"»—k} keINN[0,n),9€0>

0.k, —m,9
(R( ))7716{1,2,...,]\/I"*k},kG]Nﬂ[O,n),ﬂé@)

€ & ((ROM)peo, (XM )yeo )
(3.29)

Moreover, observe that item (i) and Grohs et al. [3, Lemma 2.4] ensure that for all
0 € © it holds that Vy;, is (B([0,T] x R?) ® &(V}},,))/B(R)-measurable. Combining
this with (3.29) demonstrates that for all § € © it holds that Vy; , is (B([0,7] x R?) @
S((RU)yeo, (X)) yeo))/B(R)-measurable. Induction thus establishes item (ii). Fur-
thermore, observe that item (ii), the hypothesis that (X%)yce are independent, the
hypothesis that (R?)¢co are independent, the hypothesis that (X%)gco and (R?)gco are
independent, and Lemma 2.15 prove item (iii). Next observe that (3.3), the hypothesis
that (X?)pco are independent, Lemma 2.17 (with S = R, U = g(X! (1)), X = X/, (x)
forg € C(RYL,R), t € [0,7T), s € [t,T], x € RY, 6,9 € O in the notation of Lemma 2.17),
and the fact that for all ¢ € [0,7], € R, 6 € © it holds that P(X/,(z) = z) = 1 assure
that forallt € [0, 7], s € [t,T], x € RY, 6,9 € © with § # o and all globally bounded and
continuous functions ¢g: R¢ — R it holds that

Blo(X!,(@))] = Blo(X0, (X2 @))] = [ Blo(X(2)] (K@) (Phagun) (@)
(3.30)

= /Rd 9() (X7 () (P)p(re)) (dz) = E[g(X{ ()] -
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Combining this with Lemma 2.14 demonstrates that for all t € [0,7], s € [t,T], = € RY,
0,9 € © it holds that X{ (z): @ — R% and X/ (z): @ — R are identically distributed
random variables. This establishes item (iv). Next we prove item (v) by induction on
n € INy. For the base case n = 0 observe that the hypothesis that for all § € © it holds
that V}j; = 0 demonstrates that for all ¢ € [0,7], z € R? it holds that Vy, ;(t,z): 2 — R<,
0 € O, are identically distributed random variables. This establishes item (v) in the
base case n = 0. For the induction step Ny > (n — 1) - n € N let n € N and as-
sume that for all k € Ny N [0,n), t € [0,T], z € R* it holds that V} ,(t,2): Q@ — R,
6 € ©, are identically distributed random variables. This, the hypothesis that (X%)yce
are independent, the hypothesis that (R’)gco are independent, the hypothesis that
(X%)gco and (R?)gco are independent, item (ii), Lemma 3.4, and Lemma 3.5 (with S =

0,k,m 0,k,—m
0.T] xR, E=R, U= (f(s,9.Varr ™ (5,9) — In(k) (5.9, Vige ™ (5,9))) (o) €[0T X"

¢,k,m I,k,—m
Vv = (f(svyv VJ\(L]C )(Svy)) — In(k)f(s,y, V]\(J,k—l )(s’y)))(s,y)e[O,T]x]Rd’ X =
(R, x 6 (@), ¥ o= (R, X () for 0,9 € ©, ¢ € [0,T], @ € RY,

k € NoN[0,n), m € N with § # ¢ in the notation of Lemma 3.5) assure that for all
tel0,T], xz € R%, ke Ny N [0,n), m € N it holds that
0,k,m 0,k,m 0,k,m 0,k,m 0,k,m
(FRORm X ORD (@), VigE™ (RS X PR, (@)

t’REG,k.m,) t’Rie,kJn)

(3.31)
60,k,m 0,k,m 0,k,—m 0,k,m 60,k,m
— () F(ROPM, X (@), Vi (RS, X))

t7RE8,k,m,) t}R§9,k,m) 0co

are identically distributed random variables. Items (iii)-(iv), (3.5), and Lemma 3.4
therefore ensure that for all ¢ € [0, 7], z € R? it holds that Vy;  (t,z): @ = R%, 0 € ©, are
identically distributed random variables. Induction thus establishes item (v). The proof
of Lemma 3.6 is thus completed. O

3.4 Analysis of approximation errors of MLP approximations

Proposition 3.15 and Corollary 3.16 in Subsection 3.4.5 below present estimates for
the L2-approximation error of the MLP scheme (cf. (3.5) in Setting 3.1 above) introduced
in Setting 3.1 with respect to the solution of the stochastic fixed point equation (cf. (3.4)
in Setting 3.1 above) for every iteration (cf. n € IN in (3.5) in Subsection 3.1 above)
and every Monte Carlo accuracy (cf. M € IN in (3.5) in Subsection 3.1 above) of the
MLP scheme. The essential idea for the proof of those statements is to decompose the
L?-approximation error into a bias and a variance part and to analyze them separately
(see Subsections 3.4.1-3.4.3). This approach leads to a recursive inequality (cf. (3.89) in
the proof of Proposition 3.15 below) which can be treated using an elementary Gronwall
inequality, proven in Subsection 3.4.4 (see Lemma 3.12). For the proofs of the statements
in this subsection we need some elementary and well-known results (see Lemma 3.7,
Lemma 3.10, and Lemma 3.14) which we state and prove where they are used.

3.4.1 Expectations of MLP approximations

Lemma 3.7. Assume Setting 3.1, let § € ©, t € [0,T], let Uy: [t,T] x  — [0,00] and
Us: [t,T] x 2 — R be continuous random fields which satisfy for all i € {1,2} that U;
and RY are independent and ftT]EHUg(r)H dr < oco. Then it holds for all i € {1,2} that
Borel, )({r € [t,T]: E[|Us(r)[] = 00}) = 0, E[|U2(RY)|] < oo, and

(T —t)E[Ui(RY)] = /tTIE[Ui(r)] dr. (3.32)

Proof of Lemma 3.7. Throughout this proof assume w.l.0.g. that ¢t < T'. Observe that (3.2)
implies that Rf is U, y-distributed. Combining this with the fact that U; is continuous,
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the fact that U; and Rf are independent, and Lemma 2.16 assures that
(T~ OEE)] = (T~ ) [ EU0)] (R Phagem) )

[t.7]

— (T 1) /[ B ) ) (3.33)

zg_g/t E[Ul(r)]dr:/t E[U ()] dr.

In addition, note that the fact that Rt is U;,1-distributed, the fact that Us is continuous,

the fact that U and RY are independent, the hypothesis that ft [|Us2(r)]] dr < oo, and
Lemma 2.17 ensure that Borel, 7({r € [t,T]: E[|Us(r)|] = oo}) = 0, E[|U2(RY)|] < o,
and

(T — OE[U(RY)] = (T — 1) / E(Us ()] (RS (P)s(g77)) (dr)

[t,T]

— (T 1) /[ | BIS() ) ) (3.30)

— =g [ Baena = [ e

Combining this with (3.33) establishes (3.32). The proof of Lemma 3.7 is thus completed.
O

Lemma 3.8 (Expectations of MLP approximations). Assume Setting 3.1 and assume for
allt € [0,T], z € R* that [ E[|f(r, X2, (x),0)|] dr < co. Then

(i) forall M € N, n € Ny, t € [0,T), s € [t,T], z € R? it holds that

B[V, (5, X0 (@)[] + (T = OBV, (RS, X0 o ()
+ (T = OB |f (R, X0 gy (), Vi (R, X g ()
T (3.35)
— B[V (5 X0, ()] + / E[[V00(r, X0, (2))]] dr
- ,
+ / E[I1(r, X0, (2), Vi (r, X0 (2)))[] dr < o0

and

(ii) forall M,n € N, t € [0,T], z € R? it holds that

B[V (t0)] = B

o8 [ S0 R ) 0] @30

Proof of Lemma 3.8. Throughout this prooflet M € IN, 2 € R?. Observe that Lemma 3.7,
items (i)-(ii) in Lemma 3.6, and the fact that for all n» € IN it holds that Vz\o4,n' X%, and RO
are independent demonstrate that for all n € Ny, ¢ € [0, 7] it holds that

(T = BV, (R}, X7 <>>|} (T = || (B, X7 gy (@), Vi (B, Xf g (2) |

. . (3.37)
= [ BIVa X2 @)l e+ [ B X0 0. Vi X2, )] ar
t
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Next we claim that for all n € Ny, t € [0,T], s € [t,T] it holds that

T
E[[VE.(5, X0, ()] + / B[[VE . (r, X0, (2))[] dr
¢ (3.38)

T
+ / E[|f(r, X, (2), Vo (r, X2, (2)))]] drr < ox.

We now prove (3.38) by induction on n € INy. For the base case n = 0 observe that
the hypothesis that VJBLO = 0 and the hypothesis that for all ¢ € [0,7] it holds that

ftTEHf(r, X?,(x),0)|] dr < oo imply that for all ¢ € [0, 77, s € [t, T] it holds that

T
E(Viyos. X0 @] + [ EVio(r X2, @)l dr
t (3.39)

T
/ E[|f(r, X7,( )7V131,0(T,X?,T(93)))|]d7“:/t B[ f(r, X¢,(2),0)]] dr < oo.

This establishes (3.38) in the case n = 0. For the induction step Ng > (n —1) = n € IN
let n € IN and assume that for all k € Ny N [0,n), t € [0,T], s € [¢,T] it holds that

T
B[V (s, X0, ()] + / B[V (. X0, ()] dr
t (3.40)

T
+ /t E[|f (r, X2, (2), Vo u(r, X0,(2)))|] dr < oo.

Note that (3.5) and the triangle inequality ensure that for all ¢ € [0, 7], s € [¢,T] it holds
that

M™

B[ (ROEm, X080 @) Vg™ (ROR, x 08X @) )|

m k,m k,—m m k,m
+ (R | £ (ROF, X ORI (X0 (), Vi ™ (ROFm, x (on)(X?,s(a:))))H].

(3.41)

Furthermore, observe that (3.3), (3.4), and item (iv) in Lemma 3.6 assure that for all
meZ,tel0,T), s € [t,T]it holds that

Elg(xX% ™ (X0, @) = Bllg(X5 ™ @)|] = Bllg(Xr@)]] <00 (3.42)

Moreover, note that Lemma 3.7, the hypothesis that (X%)gco are independent, the
hypothesis that (R?)gce are independent, the hypothesis that (X?)yceo and (R?)gceo are
independent, items (i)-(ii) & (iv)-(v) in Lemma 3.6, (3.3), and Lemma 2.16 demonstrate
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that for all ¢, j,l,m € Z, k € Ny, t € [0,T], s € [t,T] it holds that

T_S)EHf(R(OJm) X(ORJ((:”?)M)(XS,S@)) V(ON) (R(ij) X(Oj(ﬁ)m)(xgs(x)))ﬂ]

:/ EHf(r X O3 (X0 (2)), VO (r ,Xs(?;j’m)(X?,s(x))))H 0
T
/ /RIE r s VapE ) || (X8 (XD, () (P) ey ) () e .43
T
:/ . E[|f(7",y7V18[,k(7', y))H (Xgr(x)(IP)B(Rd))(dy) dr

T
:/ E[|f(r, X?,(2), Vi e (r, X0 (2)))]] dr.

S

Combining this with (3.40), (3.41), and (3.42) establishes that for all ¢t € [0, 7], s € [t, T
it holds that

E[|Varn(s, X7 ()]

M k
<ZM" k Z / rXgr(x),Vzejyk(r,Xgr(x)))Hdr
m= 1 Aln
x| Blte 300 s 3 | )+ 31 | Bl

n—1 .7
—[Z/ﬂmmxmmmmmmmmmw
k=0"*

+1n(8) [ Bl £ X0 @), Vi (2 X8 @) ] | + Bl (X0 )|

n—1 T
<25 [T Bl X0, Vi X5, )
k=071

FE[lo(X0p(@)]] < oe.

(3.44)

Hence, we obtain that for all ¢ € [0,7] it holds that

T
/ E[|Vyy . (r, X¢, ()] dr < (T —1) sEpT]E[IVJSI,H(S,X?,S(JJ))I]
t selt,

1) (2 [Z / E[|f(r, X0, (x), Vipi (r, X{,. () [] dr
k=0"?t

+E[|9<X2T<x>>u) .

(3.45)

The hypothesis that for all ¢t € [0,7] it holds that ft E[|f(r,X{,(x),0)]] dr < co and
the fact that for all ¢t € [0,7], x € RY, v € R it holds that |f(t,x v)| < |f(t,z,0)| + L|v|
therefore assure that for all ¢ € [0, T] it holds that

/ B[|£(r, X2, (2), Vo (r, X0, () |] dr

, (3.46)

T
g/t E[|f(r, X?,(z),0)] dr+L/ B[V, (r. X0, (2))]] dr < oo.

t
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This, (3.44), and (3.45) establish that for all ¢ € [0,T], s € [t,T] it holds that

T
B[V (s X2 (D] + [ EIVEy(r X0, @) dr
! (3.47)

/ E[|f(r, X7, (2), Vi, (r, X7, (2)))|] dr < oc.

Induction thus proves (3.38). Combining (3.37) and (3.38) establishes item (i). Next
observe that (3.5), (3.38), items (i)-(ii) & (iv)-(v) in Lemma 3.6, the hypothesis that
(X%)gco are independent, the hypothesis that (R?)gceo are independent, the hypothesis
that (X%)gco and (R%)gco are independent, and Lemma 3.5 ensure that for all n € IN,
t € [0,77] it holds that

B[V, 2)]
1 X 0,n,—m

:Mn(zE[g(Xw &)
Z [Z B (R X ), VI (RO X ) |
k=

m=1
0,k,m 0,k,m 0,k,—m 0,k,m 0,k,m
- jl]N(k) {f(R( ) X(R(o k)'m) ($)7V1517k_1 )(RE )7Xt(lR(0,k,)m) (I))ﬂ ]

n—1
~1) ( S E[F(RD. X0 (@), Vig (B, X] g ()]
k=0

- ﬂm(k)E{f(R?,XgRg (z), VJOVI,kq(R?a XtO,Rg (@))}) + E[Q(X?,T(x))]

= (T = B[ (R, X0 o (@), Vi1 (R, X0 g (2))) | + B[ (XP(2))]
(3.48)

Lemma 3.7, items (i)—(ii) in Lemma 3.6, the fact that for all n € N, it holds that VZ\(}[,n' X0,
and RV are independent, (3.38), and Fubini’s theorem therefore imply that for all n € IN,
t € [0, 7] it holds that

T
E[VY . (t2)] = / E[f (r, X0, (), V& o1 (r, X0, (2)))] dr + B[g(X00(2))]
' . (3.49)
— B | (X0 (x)) + / £ X0 (), Vo (r, X0, (1)) dr |

This establishes item (ii). The proof of Lemma 3.8 is thus completed. O

3.4.2 Biases of MLP approximations

Lemma 3.9 (Biases of MLP approximations). Assume Setting 3.1 and assume for all
t €[0,T), x € R? that ftT]EHf(r, X?,.(2),0)|] dr < co. Then it holds for all M,n € N,
t €[0,7], x € R? that

T
’u(t,x) — E[V&m(t,x)] ’2 < LQT/t EHu(r, Xgr(x)) — V]eﬂn_l(r, Xﬁr(x))|2] dr. (3.50)
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Proof of Lemma 3.9. Note that Lemma 3.8, the hypothesis that for all t € [0, 7], » € R9 it

holds that ftT E[|f(r, X{,(x),0)]] dr < oo, (3.1), (3.4), and Tonelli’s theorem demonstrate
that for all M,n € N, t € [0,T], = € R? it holds that

’u(t7 x) — E[V&,n(ﬁ) x)} ’

E

T
o(r o)+ [ 10000t 38, )]

—E

o8+ [ X0 V0 X D)

E

(3.51)

/t Fr X0, (@), u(r, X7, (2))) = f(r, X2, (2), Vig oo (r, X7, (2))) d?‘]

IA

E

T
/t | (r, X7 (@), ulr, X7 (2))) = f (1, X0, (@), Vi (r, X, (2))| dr]

A

E

T
/t Lju(r, X0, (2)) — Vi o (r, X0, ()] dr]

L / E[[u(r, X0, (2)) = Vi1 (r. X0, (2))]] dr.

Lemma 2.10 and Jensen’s inequality hence show that for all M,n € N, t € [0,T], z € R?
it holds that

fut, 2) — B[V, (t,2)]

<12 (/t E[|u(r, X, (2)) = Vi1 (r, X0, (2))]] dr)

T (3.52)
2
<L 0) [ (Bllulr X2, @) = Vi (X2, @)]) ar
t
T 2
< L2T/ El|u(r, X, (2)) = Vi1 (r, X{(2))]7] dr.
t
The proof of Lemma 3.9 is thus completed. O

3.4.3 Estimates for the variances of MLP approximations

Lemma 3.10. Letn € N, let (2, F,P) be a probability space, and let X1, Xo,..., X,: Q@ —
R be independent random variables which satisfy for alli € {1,2,...,n} that E[|X;|] < co.
Then it holds that

Var <ZX1> = IE“IE[E:L:l X -r, Xiﬂ
= n " (3.53)
= ZE[\E[XJ — Xiﬂ = ZVar (Xi).

i=1 i=1

Proof of Lemma 3.10. Note that the fact that for all independent random variables
Y,Z: Q — Rwith E[[Y| + |Z]|] < o it holds that E[|[Y Z|] < o0 and E[Y Z] = E[Y] E[Z] (cf.,
e.g., Klenke [70, Theorem 5.4]) and the hypothesis that X;: @ - R, i € {1,2,...,n}, are
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independent random variables assure that
E[[B[ 25, Xi] - X, X[
- E[\E;’,l (Blxi] - X))

W=1 (3.54)

n

E[|E[X,] — X;/*]

i=1 J=1,i#]
= B[EX:] - Xi|*].
=1
The proof of Lemma 3.10 is thus completed. O

Lemma 3.11 (Estimates for the variances of MLP approximations). Assume Setting 3.1
and assume for allt € [0,7], = € R? that j;TIEUf(r, X?,(2),0)|] dr < co. Then it holds for
all M,n € N, t € [0,T], x € R? that

B(|Vi) 0t 2) — B Vi (t,2)] ]

< e (BllaCxn @) + 7 [ B[ X0, @), 0] ar)

e S ([t 000D Vi )]

(3.55)

T
2
. / Bl X0, 0) = Vi s X2 @) ] ar ).
¢
Proof of Lemma 3.11. Throughout this proof let M,n € N, t € [0,T], * € R%. Observe
that Lemma 3.10, item (i) in Lemma 3.8, the fact that for all § € © it holds that
]E[|g(X?T(x))|] < 00, item (iii) in Lemma 3.6, and (3.5) imply that

E [m& w(t,2) = B[Vip, (t2)] [P] = Var(Viy . (¢, 2))

ZVar(Mn (X0 (o )))

n—1M"~k
0,k,m 0,k,m 0,k,m 0,k,m 0,k,m
+ Z Z Var <(T 5 |:f<R( ) X( R k)m)( )aV]\(/[,k: )(Rg )aX;R(o,k.,)m)(x))>

k=0 m=1 t

k.m k,m Jk,—m Jk,m Jkm
= () (B X GG @), Vige™ (R %Xj?Rgo,k?m)(w)))])'
(3.56)

Moreover, note that item (iv) in Lemma 3.6 and the fact that for all Z € EI(IP; R) it holds
that Var(Z) < E[|Z|?] ensure that

M
0 n7 m n
Z Var(Mn ( )( ))) M Var( (XtOT( ))) (3.57)
= s Var(9(XP7(2))) < 3w (E[lg(X{r ()] ).
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In addition, note that items (i)-(ii) & (iv)-(v) in Lemma 3.6, the hypothesis that (X 9)969
are independent, the hypothesis that (R?)sce are independent, the hypothesis that
(X%)pco and (R%)pco are independent, the fact that for all Z € £!(IP;R) it holds that
Var(Z) < E[|Z|?], and Lemma 3.5 show that for all £ € IN;, N [0, n) it holds that

Mk

— 0,k,m 0,k,m 0,k,m 0,k,m 0,k,m
5 Var<g;nzz (RO, XL, (0 VI (RO, X008, ()
m=1 t g

thEU,k,m) t7R§0,k,m)

k,m k,m k,—m Jk,m k,m
— (k) (R, X ORI @), Vg (REOE, X ’(x)))D

= M""* Var (ﬁti {f (R&X?,Rg (@), Viri (B, X3 go (1‘)))

- JllN(k‘)f<Rg7ngg (), Virh-1 (B, X} gy (@))]) (3.58)

Mk (T_$)2
#V&r (f(R?,XgR?(m),V&k(Rg,XgR?(a:)))

0001 Xy 0 Vs (.5 )

IA

(10, X0 ). Vi (8, X))
2
(8 (R X gy o), Vi (B XDy ) ]

Lemma 3.7, the fact that X° and R° are independent, and the hypothesis that for all
0 € © it holds that V]?L0 = 0 therefore demonstrate that

t}Ri(J,O,WL) +

M"
— 0,0,m 0,0,m 0,0,m 0,0,m 0,0,m
ZVM(%M(R,E X (), ViT ™ (RS %X{REU,O?m)(x))))
m=1 (3.59)

(T 1)

_#)2 T
Bl X2y, 08) = T2 [ Bl X200, 0P) dr

<
=T

In addition, observe that (3.1), (3.58), the fact that for all =,y € [0,00) it holds that
|z +y|? < 2(|z|? + |y|?), items (i)-(ii) & (v) in Lemma 3.6, the hypothesis that (X%)gce are
independent, the hypothesis that (R?)sco are independent, the hypothesis that (X%)gceo
and (R?)yceo are independent, and Lemma 3.5 assure that for all k € NN [1,n) it holds
that

n—k 0,k, 0,k,
M £, R{O-Fm) £, R{OF ™)

Mk
Z Var <(T—t) |:f<REO,k,m)7X(O,k,m) (a:),V]\(ﬁ’:’m) (Rgo,k,m)’X(O,k,m) (x)))
m=1

t’RgU,kJn) t)Rio,k,'m)

Jk.m Jkm Jk,—m Jk.m Jk.m
= f(ROR X O (@), VigE (REOE, X ><w>))D

T2 2 (3.60)
< o0 E[LQIVJSUC(R?,XISR? (2)) = Vigp—1 (B, X7 go(2))| }
2L%(T—1)? 2
< L (Eﬂv&k(}zg,xg}%? (1)) — (R, X0 o (@) ]
2
V8 (R XDy 0) — (R X0y )] )
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Lemma 3.7, items (i)-(ii) in Lemma 3.6, the hypothesis that (X 9)969 are independent, the
hypothesis that (R?)gco are independent, and the hypothesis that (X%)gco and (R%)gco
are independent hence ensure that for all £ € IN N [1,n) it holds that

Mk

— 0,k,m 0,k,m 0,k,m 0,k,m 0,k,m
Z Var <1($nt2 [f(RE )7X£7R(o,k?nz)( ) Vjélk )(R( ) Xt( R(o k)m(x)))
m=1 ¢

0,k,m 0,k,m 0,k,—m 0,k,m 0,k,m
— PR X (@) Vi (R >X5R<M>m><x>))D

, (3.61)
< %(/t ]EUV]&),C(T,XS’T(x)) — u(r, Xto)r(w))ﬂ dr
T 2
—|—/t E“Vﬁ[’kfl(r,X?’,,(x)) —u(r7X2T(x))| } dr).
Combining this with (3.56), (3.57), and (3.59) establishes that
B||Vira(t,2) — B[Viy, (b)) ]

< ﬁ(EUg(X?,T(wm )+ &z / E[|f(r, X0, (2).0)?] dr
+ Z QLQI(TLT )] </t UV}V)M (r, Xg,_(sc)) — u(r, Xgr(w))lz} dr

T
+/t B[ Vip o (r X0, @) = u(r, X, ()] dT) (3.62)

T
< (Eng(XET(x))F] +7 [ Bl X2, @) 0] dr)
+ Z i ( / B |[u(r, X7, (@)) = Vi (r, X0, @) ] dr

2
+ / B [u(r, X0, (@) = Vi o (r, X0, ()] dr>.
t
The proof of Lemma 3.11 is thus completed. O

3.4.4 On a geometric time-discrete Gronwall inequality

Lemma 3.12. Let o, 3 € [0,00), M € (0,00), (€n,q)n,qeN, C [0, 00| satisfy for all n,q € Ny

that .
« — €k, q+1
ena < ypra B2 Mn_<k+1>] : (3.63)
k=0
Then it holds for all n,q € Ny that
a(l+ )"
€n,q < M+ (3.64)

Proof of Lemma 3.12. Throughout this proof assume w.l.0.g. that 5 > 0. We prove (3.64)
by induction on n € INy. For the base case n = 0 observe that (3.63) assures that for all

q € Ny it holds that
«

€04 < J07q = M0+q(1 +8)° < (3.65)
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This proves (3.64) in the base case n = 0. For the induction step Ng > (n — 1) > n € N
observe that (3.63) ensures that foralln € IN, ¢ € INg with Vi € NgN[0,n),p € Ny: € <

(iﬁﬁ)p it holds that

(%

Mntaq

+5

€n,q

-1 148)*
nz: O‘]E{Hﬂq)ﬂ

Mn—(k+1)
k=0

"i a(l+ B)*
M
k=0

) = (55

Induction hence establishes (3.64). The proof of Lemma 3.12 is thus completed. O

n—1

€k,q+1 @
Z Mn—(k-+1)] < Mnt+a +6
k=0

= a(l+p)k _a
Z Mn—(k+D)+(k+q+1) | — pfnta +8
n—1

> (1+p*

k=0

M”+‘1 P

Q
_M"+‘1<1+ﬂ

T L+ 8"

(3.66)

M”"“I

3.4.5 Error estimates for MLP approximations

Corollary 3.13. Assume Setting 3.1 and assume for all t € [0,T], = € RY that

ftTEHf(r, X?,(x),0)|] dr < oo. Then it holds for all M,n € N, t € [0,T], z € R that
E[|u(t,z) — V]ef,n(ta a:)|2}

T
< e (Blla(xer@)F] +7 [ B[S0 X0, @) 0F] ar) (3.67)

T
+ZM#£%/EWMﬂHM—WhMWMMﬂM

Proof of Corollary 3.13. Throughout this prooflet M,n € IN, t € [0,T], x € R%, C € [0, o0],
(ex)kenonion) C [0, 00] satisfy for all & € Ny N [0,72) that

T
=E[|g(X?r(2)?] +T/t E[|f(r, X{,.(x),0)*] dr (3.68)

and -
v = [ B[Julr X0, @) = Virslr X0, @) ] ar. (3.69)
t

Note that item (i) in Lemma 3.8, the bias variance decomposition of the mean square
error (cf., e.g., Jentzen & von Wurstemberger [66, Lemma 2.2]), the hypothesis that
for all s € [0,7], z € R? it holds that [ E[|f(r, X, (2),0)[] dr < oo, Lemma 3.9, and
Lemma 3.11 demonstrate that

E[|u(t, l‘) - VJ\OLn(t? x)|2]
= B[|Viru(t,0) = BIVip (6 2)]*] + [utt 2) = BIVE . (¢, 2]

n—1
< %+ Z 2LPT (¢) + ej,_q) + L*Ten (3.70)
c . 2L2T 2L%T 4L%T
< gt Z AECk| T Z M- =TT ek < Mn + Z i (k+1)ek‘
k=
The proof of Corollary 3.13 is thus completed. O
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Lemma 3.14. Let T € [0,00), ¢ € N and let U: [0,T] — [0, 0] be a B([0,T])/B([0, >])-
measurable function. Then

T tq—l T T tq
—_— U(r)drdt = — U(t) dt. (3.71)
/o (q—l)!/t (r)dr /o aU®

Proof of Lemma 3.14. Observe that Tonelli’s theorem assures that

/OT(qtq__l)!/tTU(r)drdt

T T tq—l
:/0 /0 = 1)!U(T)Tl{(t,r)e[o,T]2; <oy (t,r) drdt

PO (3.72)
= /0 /0 ] U(r) Ti(e,v)e0,7)2: t<v} (t,r)dtdr
T o g1 T
:/0 /0 mdtU(r)dr:/O aU(r)dr.
The proof of Lemma 3.14 is thus completed. O

Proposition 3.15. Assume Setting 3.1, let ¢ € R?, C € [0, oo] satisfy that

T /2
C= (E[|9(X8,T(§))|2])1/2 +VT (/0 E[|f(t,Xg,(£),0)/%] dt) exp(LT), (3.73)

and assume for all t € [0,7], = € R? that fOT (E[|u(r, Xg,r(gmz})l/? dr +
ftT E[|f(r, X{,(x),0)|] dr < co. Then it holds for all M € N, n € N, that

" oxp(M4
(Bu(0.6) - Vi, (0.0) " < L2 RG]

Proof of Proposition 3.15. Throughout this proof assume w.l.0.g. that C' < oo, let M € NN,
let e, 4 € [0,0], n,q € Ny, be the extended real numbers which satisfy for all n,q € INg
that

(3.74)

eno = B[[u(0,€) = Vi ,,(0,6)’]  and (3.75)
1 [T
€ngtl = WA Pl Ef|u(t, X,,(€)) — Varn (t, X0, ()] dt, (3.76)

and let u;: B(R?) — [0,1], t € [0,7], be the probability measures which satisfy for all
t €[0,7), B € B(R?) that

ue(B) = P(XY,(6) € B) = P(X},(6) € B) = ((X§,(6)(P)s(an) (B) (3.77)
(cf. item (iv) in Lemma 3.6). Note that the fact that for all z,y € [0,00) it holds that
(z +y)? > 2? + y? assures that

T
2 > |B[lg(xX0 ()] + T / E[|£(t X$,(6),0)%] dt| exp(2LT)

T (3.78)
> Bllo(X8r(@)F] +T | BlI7e X80, 0P] .

Next observe that items (i)-(ii) in Lemma 3.6, the hypothesis that (X 9)969 are indepen-
dent, the hypothesis that (R?)sco are independent, the hypothesis that (X?)sco and
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(Re)geg are independent, Tonelli’s theorem, Corollary 3.13, and Lemma 2.16 ensure that
foralln € IN, ¢t € [0,T] it holds that

EJult, X8.(6) = Vit (1 XD F] = [ Bllutt.) = Vit 2] ()

<.
Ra

T
- Z ikl / E[IU(nX?,T(Z)) *V&,k(r,X?,r(Z))ﬂ dr] pui(dz) (3.79)

k=0

:(/R B{lg(X07 (2))P] utdZJrT/ [ Bl X220 ) ar)

2 2
+ Z Mﬁwﬂ) / /le |u (r, X0 V&’k(r7X2T(z))| } pe(dz) dr.

e (Bl (X02 )P +T [ BlIFr X2, (.00 ar)

Moreover, observe that (3.77), (3.78), the fact that X° and X! are independent and
continuous random fields, (3.3), and Lemma 2.16 imply that for all ¢ € [0, 7] it holds that

T
/ E[jg(X07 ()] juldz) + T / / E[|f(r, X0, (2),0)%] jue(dz) dr
R4 t R4
— B[lg(X0n (XL, ()P + T / E[|f(r, X0, (XL,(6).0)] dr (3.80)

T
= B[lg(X0(€)F] +T / E[|£(r. X3,(€),0)] dr < C*.

In addition, note that (3.77), items (i)-(ii) in Lemma 3.6, the hypothesis that (Xe)(,e@
are independent, the hypothesis that (R?)gco are independent, and the hypothesis that
(X%)gco and (RY)gco are independent, (3.3), Lemma 2.16, and Lemma 3.5 assure that
foralln € Ny, t € [0,7], r € [¢,T] it holds that

[ B[ X8, = Vi X0 ] ()
= B[[u(r, X2, (X3,1(6))) = Vi (r, X2, (X8 ()] (3.81)
= BJu(r, X§,.()) ~ Vifa(r, X8, €)[]
Combining this with (3.79) and (3.80) ensures that for all n € IN, ¢ € [0, 7] it holds that
Uu(t KRl6)) = Vit X5, ©)F)

T
< Mn + Z M§L<1:‘F+1>/ EUU(T’ X&({)) 7V181»’“(T’ ngr(g))ﬂ dr.

k=0

(3.82)

The fact that P(Xg (&) = ) = 1, the fact that for all n € NN it holds that Vy;,,, X°, and
RO are independent, Lemma 3.5, and (3.75) hence imply that for all n € IN it holds that

€n,0 = E“U(O Xgo(f)) - VJ\%n(Oan}o(fmz]

T
<ot Z sty [ [lutr X8, ) ~ Vit X3, (€[] ar

(3.83)
c? 22 = €k,1
= 0] +4L°T? | Y VT |
k=0
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Moreover, observe that Lemma 3.14 (with 7' =T, ¢ = ¢, (U(r))recpo,1) = (E[Ju(r, X3 .(£)) —
Virn (1 X0 () *D)rejo,r) for n € Ny, ¢ € IN in the notation of Lemma 3.14) and (3.76)
demonstrate that for all n € Ny, ¢ € IN it holds that

qg—1

1 T ga-1 T 2
o ( | o= Bl X8,0) = Vi 58,0 ]drdt>

T a ) (3.84)
= o ( | SElutt, X8, ~ Vi (. K86 dt)

=Tengr1-

This, (3.76), and (3.82) imply that for all n,q € IN it holds that

1 T a1
€ng = g (/0 Q=11 E[lu(t, X3 ,(€)) = Vira(t X5,(6)%] dt)

CQ T tqfl
< -
= Tapin /O TR

n—1 ) T tqfl T
+ kz:o Mné(LkJrTl)Tq (/0 G- 1) /t E“u(r, Xgﬂ,(g)) _ V&,k(n X87,.(§))|2] dr dt)

c* T1¢ 2 = Tek,g+1 C? 22 = €k,q+1
= it o +4L*T kZ:O A | = (gD +4L*T ,;JiMMHD .

(3.85)

Furthermore, note the fact that fOT (E[|u(r, ngr(f))|2])l/2 dr < oo and Lemma 3.3 prove
that

sup B[lu(t, X(,(6)]°] < C*. (3.86)
te[0,T

The fact that P(X{ (£) = £) = 1 and the fact that Vy; , = 0 hence assure that

2
e0,0 = [u(0,9)* = E[Ju(0, X 1(§))?] < C? <

Moreover, observe that (3.86) and the fact that VJ\%O = 0 ensure that for all ¢ € IN it holds
that
1 (T et

€0, = ﬁ 0 (C] — 1)! E“u(th(()),t(g))F] dt < ﬁ

(¢g—1)! =T MO(q!)’
(3.88)

CQ /T tq_l _02 T4 C2
0

Combining this, (3.83), (3.85), and (3.87) demonstrates that for all n, ¢ € INg it holds that

n—1
Z €k,g+1
Mn—(k+1)

CQ
€ng < Ty + AL

M™(q) P
C*M1 22 = €k,q+1 C? exp(M) 22 = €k,q+1
= S + 41T kz_o T | S g HALPT I;) Tt |
(3.89)
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Lemma 3.12 (with a = C? exp(M), 8 = 4L*T?, M = M, (€n,q)n,qeNy = (€n.g)n,qen, in the
notation of Lemma 3.12) therefore proves that for all n,q € INy it holds that

C?exp(M)(1 4 4L2T?)"

€n,g < i (3.90)
This implies that for all n € INj it hold that
C?(1 +4L?T?)" exp(M
E[[u(0,£) = Var,(0,6)]*] = eno < ( )" exp(M), (3.91)

M'IL

The fact that for all =,y € [0,00) it holds that \/z +y < \/x + \/y hence demonstrates
that for all n € Ny it holds that

e _ C(V1+4L?T?)" exp(%) - C(1+2LT)" exp(X)

(EHU(ng) - V]ef,n(ovg)|2]) M"/2 = M"/z

(3.92)
The proof of Proposition 3.15 is thus completed. O

Corollary 3.16. Assume Setting 3.1, let ¢ € R?, C € [0, oc] satisfy that
T /2
C = | (B[lg(X0r(©)2)" + VT ( / E[|£(t, X0,4(€), 0] dt) exp(LT),  (3.93)
0

and assume for all t € [0,7T], = € R? that fOT (E“u(nx&(@”z})v?dr T
JTE[|f(r, X0, (2),0)|] dr < . Then it holds for all N € IN that

N
(1 + 2LT)
E[|u(0,€) — VO v (0,6)[2 1/2<c{‘/g(] . (3.94)
(E[lu(0,6) = Vi 5 (0,P]) 7 < NI
Proof of Corollary 3.16. Proposition 3.15 establishes Corollary 3.16. The proof of Corol-
lary 3.16 is thus completed. O

3.5 Complexity analysis for MLP approximation algorithms

In this subsection we consider the computational effort of the MLP scheme (cf. (3.5)
in Setting 3.1 above) introduced in Setting 3.1 and combine it with the L?-error estimate
in Corollary 3.16 to obtain a complexity analysis for the MLP scheme in Proposition 3.18
below. In Lemma 3.17 we think for all M,n € N of Cj;,,, as the number of realizations
of 1-dimensional random variables needed to simulate one realization of Vl\(i[,n(t, x) for
any# €0,te[0,T], z € R<. The recursive inequality in (3.95) in Lemma 3.17 is based
on (3.5) and the assumption that the number of realizations of 1-dimensional random
variables needed to simulate X, (z) forany 6 € ©, t € [0,T], r € [t,T], 2 € R? is bounded
by ad.

Lemma 3.17. Letd € N, a € [1/d,00), (Car,n) Mnez < [0, 00) satisfy for all n, M € IN that
CM,O =0 and

n—1

CM,n < adM™ + Z [M(n_k)(ad + 1+ CM,k + Il]N(k)CM,k_l)} . (3.95)
k=0

Then it holds for all n, M € IN that Cps,,, < ad (5M)™.
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Proof of Lemma 3.17. First, observe that (3.95) and the hypothesis that for all M € N it
holds that Caso = 0 imply that foralln € IN, M € INN [2, 00) it holds that

n—1
(M~ "Cprn) < ad—i—z “Fad + 14 Carp + I (k)Car—1)]
k=0
n—1 n—1 n—2
= ad + (ad + 1) Z M Z M~ Chs Z M_(k+1)ckf,k]
k=0 k=0

n—2

= ZM *Car
k=0
ZM chk]

Z M‘kCM’kl .
k=1

<ad+ (ad+1)

o+ 0+ 37)

=3ad+2+ (1+ 3

The discrete Gronwall inequality in Corollary 2.3 (with N = oo, a = 3ad+2, 8 = (1+ &),
(€n)neN, = (M‘(”“)CM’(HH))HEM for M € INN [2,00) in the notation of Corollary 2.3)
hence ensures that for all n € Ny, M € NN [2,00) it holds that
(M= D¢y 1) < (Bad +2) (24 5)" . (3.97)
This establishes that for all n € IN, M € INN [2, c0) it holds that
Crrn < (Bad +2) (2+ 24)" ' M™ < (5ad)3" ' M™ < ad(5M)". (3.98)

Moreover, observe that the fact that C; o = 0 and (3.95) demonstrate that for alln € IN it
holds that

n—1 n—1
Cipn < ad+ Z(ad +1+4+Crp+1In(k)Ciio1) <ad+n(ad+1)+2 Z Cir-  (3.99)
k=0 k=1

Hence, we obtain for all n € IN, £k € NN (0, n] that

k—1 k—1
Cip<ad+kad+1)+2) Ciy<ad+n(ad+1)+2) Ci. (3.100)
=1 =1

Combining this with the discrete Gronwall inequality in Corollary 2.3 (with N =n — 1,
a=ad+n(ad+1), =2, (e)ren,no,n] = (C1,k+1)keNyn(o,n) for n € IN in the notation of
Corollary 2.3) proves that for all n € IN, k € INy N [0, n) it holds that

Ci i1 < (ad + n(ad + 1))3". (3.101)

The fact that for all n € IN it holds that (1 + 2n)3"~! < 5" hence shows that for alln € N
it holds that

Cin < (ad+n(ad+1)3" ' =ad (1+n(1+ 24))3" " <ad(1+2n)3""" < adb”,

(3.102)
Combining this with (3.98) completes the proof of Lemma 3.17. O
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Proposition 3.18. Assume Setting 3.1, et £ € R?, C € [0,00), a € [1,00), (Crt.n) Mnez C
INy satisfy for all n, M € IN that

n—1

Caro =0, Cyvp < adM™ + Z [M(”_k)(ad +1+Cri + ]llN(k’)CM,kfl)} , (3.103)
k=0

T /2
and C= (E[|9(X8,T(€))|2])/2+ﬁ</0 E[|£(t, X0,(€),0)[] dt) exp(LT),

(3.104)

and assume for all t € [0,7], = € RY that fOT (EHU(T,X&T(E))PD%dr 4

ftT E[|f(r, X?,(x),0)|] dr < co. Then there exists a function N: (0,00) — IN such that for
alle, ¢ € (0,00) it holds that

(E[Ju(0,€) = VI n.(0,0)]?])* <e  and (3.105)
Cn..n. < ad max{1l,C*} |sup M%# (min{1,e})~ % < o0 (3.106)

nelN
Proof of Proposition 3.18. Throughout this proof let x € (0, c0) be given by
k= +e(l+2LT), (3.107)

let N: (0,00) — IN be the function which satisfies for all ¢ € (0, c0) that

. Al E]"
stmln{nE]N.C[\/ﬁ] <5}, (3.108)

and let § € (0,00). Note that (3.108) and Corollary 3.16 assure that for all € € (0,0) it
holds that

N
(B[Ju(0,6) - VY. v, (0,6)2]) * < © L/?T] <e. (3.109)

Moreover, observe that (3.108) ensures that for all € € (0, 00) with N, > 2 it holds that

K N:.—1
C [} > e (3.110)
N 1

Lemma 3.17 and (3.103) hence show that for all € € (0, c0) with V. > 2 it holds that

N.—1 246
Cx..v. € ad (5NN < ad(5N.): [C {Nﬁl] 51]

(5NE)N€/£(NE_1)(2+5) (3.111)
(N. — 1)(Ne=D(1+5/2)

(5n)n,{(n—1)(2+6)
n— 1)<n1><1+6/z>] :

_ ad02+5€—(2+5) |:

< ad(C*tig—(2+9) sup [
nelNN[2,00) (

Next note that for all n € INN [2, c0) it holds that

) n—1 n—1
n" n 1
= =11 < . 3.112
(n— 1) (nl) " (+n1) nEen G112
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Furthermore, observe that the fact that x > /e and the fact that Vbe < 4 imply that for
alln € NN [2, 00) it holds that

n(2+96) (\/E)eré 4o (n=1)(2+9)
(2+9)

n(2+9 I-£2+6 H(nfl)(2+5)

V5

5N 6H<n71)(2+6) < )
< (V)

(3.113)

I
~~ N/~
B
X
~—
2
[}
+
N/

Combining this, (3.112), and the fact that for all n € IN it holds that n < (4 + 8LT)"
demonstrates that

(5’[7,)”;‘{(”_1)(2—"_6) r n" 5n/€(n—1)(2+6)
neﬁﬁgm) (n —1)(n=1H(+9/2) - nen?ggm) [(n—1)(»=1 (n— 1)<(n1>6>/2]
< ] '6n5nli(n71)(2+5)
= nell\?rlﬁl[g,oo) I (n — 1)((77,71)6)/2
_ (3.114)
n(4 + 8LT)™(2+9)
< sup ((n—1)5)
n€NN[2,00) L (n - 1) /2
[(4 4 8LT)™B3+9)
< sup % :
n€NN[2,00) L (n - ]-) " /2
In addition, observe that
(4 + 8LT)"(B3+9) 545 (4 + 8LT)™3+9)
e e | = HSETTsup | s
’ 117 (3.115)
44 8LT
= (44 8LT)**% sup % < oo.
nelN n /2
This, (3.111), and (3.114) prove that for all € € (0, 00) with N. > 2 it holds that
4 + 8LT)(n+1)(B+9)
Cn..N. < ad 2o —(2+5) sup {( + n<35>/2 ] < 0. (3.1106)
nelN

Next note that the hypothesis that C; o = 0, (3.103), and the fact that 3 <

(n+1)(3+8)
SUp,, v %} < oo assure that for all € € (0, 00) with N, = 1 it holds that
n

Cn.n. =C11 <2ad+ 1< 3ad
(3.117)

4 + 8 T)(n+1)(3+9)
< avd max{1,C?**%} [sup (4 )

eN nm/2 } (min{1,¢})~ ™) < 0o,

This and (3.116) demonstrate that for all £ € (0, 00) it holds that

4+ 8ILT (n+1)(3+96)
Cn..n. < ad max{1,0?*%} [Sup (4 )

o)/ :| (min{l,g})_(2+5) < oo. (3.118)
nelN

Combining this with (3.109) completes the proof of Proposition 3.18. O

3.6 MLP approximations for semilinear partial differential equations (PDEs)

In order to carry over the complexity analysis for the approximation of solutions of
stochastic fixed point equations in Subsection 3.5 to the approximation of solutions of
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semilinear Kolmogorov PDEs we present in Subsection 3.6.1 a result establishing a one
to one correspondence between viscosity solutions of semilinear Kolmogorov PDEs and
solutions of stochastic fixed point equations (see Proposition 3.22 in Subsection 3.6.1
below). This correspondence combined with the complexity analysis in Proposition 3.18
yields Proposition 3.23 in Subsection 3.6.2 below. Considering this complexity analysis
over variable dimensions shows that our proposed MLP algorithm overcomes the curse
of dimensionality in the approximation of solutions of certain semilinear Kolmogorov
PDEs (see Theorem 3.24 in Subsection 3.6.3 below, the main result of this paper, for
details).

3.6.1 Viscosity solutions of semilinear PDEs and stochastic fixed point equa-
tions

In this subsection we briefly recall the notion of viscosity solutions in the case of a
suitable class of parabolic PDEs (see, e.g., Crandall, Ishii, & Lions [27] and cf. Def-
inition 3.21 below) and we display in Proposition 3.22 a well-known correspondence
between viscosity solutions of semilinear Kolmogorov PDEs and solutions of stochastic
fixed point equations. The following presentations are modified extracts from Beck et
al. [5].
Definition 3.19 (Symmetric matrices). Let d € IN. Then we denote by $4 C R%*¢ the set
given by

$q={AcR¥: A= 4"} (3.119)

and we call $, the set of all real symmetric (d x d)-matrices (we call $; the set of all
symmetric (d x d)-matrices).

Definition 3.20 (Degenerate elliptic functions). Let d € N, T € (0,00), let O C R? be
an open set, and let F € C((0,T) x O x R x R? x $4,R) (cf. Definition 3.19). Then we
say that F' is a degenerate elliptic function on (0,T) x O x R x R? x 8, (we say that F
is a degenerate elliptic function) if and only if for allt € (0,T), € O, r € R, p € RY,
A, B € 84 withVv € R?: v*(Av) < v*(Bv) it holds that

F(t,z,r,p,A) < F(t,z,r,p, B). (3.120)

Definition 3.21 (Viscosity solution). Letd € N, T € (0, ), let O C R? be a non-empty
open set, and let F € C((0,T) x O x R x R? x $4,R) be a degenerate elliptic function
(cf. Definitions 3.19 and 3.20). Then we say that u is a viscosity solution of

(%u) (t,x) + F(t,z,u(t, z), (Vau)(t, ), (Hessy u)(t,x)) =0 (3.121)

for (t,x) € (0,T) x O if and only ifu € C((0,T) x O,R) is a continuous function from
(0,T) x O to R which satisfies for allt € (0,T), x € O, p € C2((0,T) x O,R), k € {0,1}
with p(t,z) = u(t,z) and (—1)*(¢ — u) < 0 that

(D" (&) (t,x) + Ft,2,0(t,x), (Vo) (t, ), (Hess, ¢)(t,2))] < 0. (3.122)
Proposition 3.22. Letd,m € N, L,T € (0,00), let (-,-): R x R? — R be the Euclidean
scalar product on R?, let||-|| : RY — [0, 00) be the Euclidean norm on R, Iet ||-||: R*™ —

[0, 00) be the Frobenius norm on R4*™, let pi: [0, T] x R — R¥ and o: [0, T] x R¢ — RI*™
be globally Lipschitz continuous functions, let f € C([0,T] x R? x R, R), g € C(R%,R) be
at most polynomially growing functions, assume for allt € [0,T], z € R%, v,w € R that

‘f(t,:l@l))*f(t,d?,ﬂ))‘ SL|’U*U}|, (3123)
let (Q, F, P, (F¢);c(0,77) be a filtered probability space which satisfies the usual conditions,

t
and let W: [0,T] x @ — R¢ be a standard (F;),c(o,7-Brownian motion. Then
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(i) for every t € [0,T], + € R? there exists an up to indistinguishability unique
(IFs)se[t,r-adapted stochastic process (X s(v))serr): [t,T] x Q@ — R® with con-
tinuous sample paths which satisfies that for all s € [t,T] it holds P-a.s. that

X (@) = o + / 1, Xo(2)) dr + / o(r, X0 () AW, (3.124)
t t

(i) there exists a unique at most polynomially growing function u € C([0,7] x R4, R)
which satisfies that u r)xra: (0,T) x R — R is a viscosity solution of

(%)(t, x) + % Trace (J(t, x)[o(t, z)]* (Hess, u)(t, x))
+ (u(t,z), (Vou)(t,z)) + f(t,x,u(t,z)) =0 (3.125)

for (t,x) € (0,T) x R? (cf. Definition 3.21) and which satisfies for all + € R? that
wT,z) = g(x),

(iii) there exists a unique at most polynomially growing function v € C([0,T] x R¢, R)
which satisfies for all t € [0,7], =z € R? that E[lg(Xr(z))| +
L1 £ (s, Xe.(x), 0(5, Xt5(2)))| ds] < oo and

T
v(t,z) = E|g(X,1r(z)) +/t f(s, X s(),v(s, Xy,5(2))) ds| , (3.126)

and
(iv) it holds for all't € [0,T], x € R? that u(t,z) = v(t, ).
Proof of Proposition 3.22. First, observe that the hypothesis that ¢ and ¢ are globally
Lipschitz continuous functions implies that

S AV s llor(t, )

t€[0,T],z€ R4 1+ ||z

< o0. (3.127)

Combining this, the hypothesis that f and g are at most polynomially growing functions,
the hypothesis that ¢ and o are globally Lipschitz continuous functions, and (3.123) with
Beck et al. [5, Corollary 3.9] establishes items (i)—(iv). The proof of Proposition 3.22 is
thus completed. O

3.6.2 MLP approximations in fixed space dimensions

Proposition 3.23. Let d,m € N, T € (0,00), L,K,p,C;,C2,& € [0,00), a € [1,00),
€eRY, © =02 ,7Z" let (-,-) : R x RY — R be the Euclidean scalar product on R?, Iet
|- : RY — [0, 00) be the Euclidean norm on RY, let ||-|| : R¥*™ — [0, c0) be the Frobenius
norm on R¥*™, assume that

¢ = 4K T (LH2+p(p+2)(Cat1)) ((1 + el + (2p + 1)|01|P/2) : (3.128)

letg € C(R4,R), f € C([0,T] x RY x R, R) satisfy forallt € [0,T], x € R, v,w € R that

max{|g(z)[,|f(t,,0)[} < K1+ [|z|”)  and  [f(t,2,v) — f(t,z,w)| < Llv — w],
(3.129)
let p: [0,T] x R — R? and o: [0,T] x R? — R?*™ be globally Lipschitz continuous
functions which satisfy for allt € [0,T], x € R? that

max{<x7u(t,;v)> ) |||J(t7$)||‘2} <Ci+ 0y HCE”2 ’ (3.130)
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let (0, F,P) be a complete probability space, let R?: Q — [0, 1], § € ©, be independent
Uo,1)-distributed random variables, let R’ = (RY);c(0.7): [0,T] x 2 — [0,T], § € ©, be the
stochastic processes which satisfy for allt € [0,T], 0 € © that

Rl =t + (T -t)RY, (3.131)

let (FY);ej0,7), 6 € O, be filtrations on (Q, F,P) which satisfy the usual conditions, as-
sume that (IF5.)sco is an independent family of sigma-algebras, assume that (F%)gco
and (R’),_,, are independent, for every 6 € © let W: [0,T] x Q — R™ be a standard
(0, F, P, (F?);c[0,))-Brownian motion, for every § € © let X? = (X! (2))se(7),te(0,7),vere :
{(t,s) € [0,T)?: t < s} x R% x Q — R< be a continuous random field which satisfies for ev-
eryt € [0,T], x € R? that (X! (2))sepe,r: [t,T] x @ — R% is an (F?) ;e r1/B(R?)-adapted
stochastic process and which satisfies that for allt € [0,T], s € [t,T], € R? it holds
P-a.s. that

X () =2+ / p(r, X7 (x)) dr + / o(r, X! (x)) dW/, (3.132)
t t

let Vi ,,: [0,T]xRYxQ — R, M,n € Z, 6 € ©, be functions which satisfy for all M,n € N,
0€0,te(0,T], z € R that Vi, ,(t,x) = 0 and

Vit z)
L [
O,n,—m
| Dot o)
m=1
(T -1 = 0 9 0 0 0
- Jk.m Jk,m Jk,m Jk,m Jk.m
o [ S £(ROE X ORI, (), VR (RO, X0 (0)
k=0 m=1
0.k, 0,k,m 0,k,—m 0.k, 0.k,
a0 (R, XA (0, VT (R m%xg,m;:?,n)@)))],
(3.133)
and let (Car,n)mnez C Ny satisfy for all n, M € IN that Cps0 = 0 and
n—1
Crn < adM™ + Z [M("fk)(ad +1+4+Crp + jllN(k’)CM,k—l)} . (3.134)
k=0

Then

(i) there exists a unique at most polynomially growing function v € C([0,T] x R%, R)
which satisfies that u| r)xra: (0,7) x R? — R is a viscosity solution of

(%)(t7 x) + % Trace (o(t, x)[o(t, z)]" (Hess, u)(t, :I:))
+ (u(t,z), (Veu)(t,z)) + f(t,z,u(t,z)) =0 (3.135)

for (t,x) € (0,T) x R? (cf. Definition 3.21) and which satisfies for all + € R? that
w(T,z) = g(x),

(ii) it holds for all M € IN, n € INy that

" exp( M
(B[Ju(0,6) - V3, ,0,62)) " < 2 +2LZ\4T,3/26XP( 2) _ o, (3.136)

and
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(iii) there exists a function N: (0,00) — IN such that for all €, € (0, 00) it holds that

1
(E[Ju(0,&) =V » (0,0]])* <e  and (3.137)
Cn..n. < ad max{1,¢>T} |sup M%# (min{1,e})~?*) < 0. (3.138)

nelN

Proof of Proposition 3.23. Throughout this proof let (pgq))qe[(),ooL(pg‘”)qe[ow C [0,00),
C € [0, 00] satisfy for all ¢ € [0, 00) that

pi) = WG 0 — (¢4 1)|Cy]", and (3.139)
1/5

T
= (Eng(X&T(a)PJ)/%ﬁ(A B[/t X3,(6).0) dt) LT (3.140)

Observe that the fact that ¢ and o are globally Lipschitz continuous functions, (3.129),
and item (ii) in Proposition 3.22 assure that there exists a unique at most polynomially
growing function u € C([0, 7] x R¢, R) which satisfies that u| )xra: (0,7) x R* — R is
a viscosity solution of

(%)(tv iL’) + % Trace(a(t, .’E)[O(t, SU)]*(HQSSI ’U,)(t, 1'))
+ (u(t,z), (Vou)(t,z)) + f(t,x,u(t,z) =0 (3.141)

for (t,x) € (0,T) x R? and which satisfies for all z € R? that u(T,z) = g(z). This proves
item (i). In addition, note that the fact that x and ¢ are globally Lipschitz continuous
functions, (3.129), (3.132), and Proposition 3.22 assure that for all ¢ € [0,7], z € R? it

holds that ]E[|g(XtOT(x))| + ftT |f(r, XD, (), u(r, X?,.(2)))| dr] < oo and

T
u(t, ) = B |g(X0p(2)) + /t £, X0, (), ulr, X9, (2))) dr | (3.142)

Moreover, observe that the hypothesis that i and ¢ are globally Lipschitz continuous
functions, the fact that for all 6, € © with 6 # o it holds that 5. and IFY. are independent,
(3.132), and Lemma 2.20 assure that for all 0,9 € ©, r,s,t € [0,T], x € R¢, B € B(R%)
with ¢ < s <7 and 6 # ¢ it holds that P(X/,(z) = z) = 1 and

P(x! (X7, (x)) € B) =P (X!, (z) € B). (3.143)

Next note that the hypothesis that i and o are globally Lipschitz continuous functions,
(3.130), (3.132), and Lemma 2.7 (withd =d, m =m, T =T —t, C; = Cy, Cy =
Gy, § = =, (M(Ta y))rE[O,T],yGRd = (N(t +r, y))rG[O,T—t],yeRd' (J(Tv y))rE[O,T],yG]Rd = (U(t +
8 y))TE[O,T—t],yE]RdI (97]:7]?7 (]FT)TE[O,T]) = (Q’f7IP7 (IF?—H")TE[O,T—t])' (WT)TE[O,T] = (Wto-&-r*
WtO)TE[O’T,t], (Xr)repo, ) = (X2t+r(x))re[O,T,t] fort € [0,T), + € R in the notation of
Lemma 2.7) assure that for all z € R%, t € [0,77], s € [t,T], q € [0, 00) it holds that

B[] X0 @)]|"] < max{T, 13 ((1+ 2])72 + o) et (3.144)
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For the next step let &, p € [0, 00) satisfy forall ¢t € [0,T], € R¢ that
lu(t, z)] < &1+ ||z||"). (3.145)

This, Tonelli’s theorem, and (3.129) assure that for all ¢ € [0, 7], z € R? it holds that

T
Ry M AERS X

T
<E[K(1+ X0 r(2)]P)] +/t E[K (14X, (@)?) + L |u(r, X}, (2))|] dr
T
< K(1+E[|IX{7(2)]P]) +/t K1+ E[|X).(2)P]) + L& (1 + E[| X, (2)|IP]) dr

< (U (T = ) K (1 max{T, 1} (1 + )72 + pf) 77

+(T—-t)LR (1 + max{T, 1} ((1 + ||xH2)P/2 + pgp)) ep(lp)T> < .
(3.146)

Moreover, observe that (3.129), (3.144), (3.145), and the triangle inequality demonstrate
that for all t € [0,7], = € R¢ it holds that

T s T
| @l x5, ©)F)  ar+ [ Ellfr. 52 @0 dr
T 1/2 T
< / (B[180+1X8,©I)]) " dr + / E[K(1+ X0, ()|)] dr

T

T
S/O K1+ (B[I1X5,(OI*]) /Q)dr+/ K(1+E[| X0, ()|P] ) dr (3.147)
<TR (1 + [max{T, 1} ((1 + |l€1?)P Jrp(z;c-)> p)T] 1/2>

+(T =K (1+max{T,1} (1 + [l2]*)"* + o) "7 < o0,

Combining this, (3.129), (3.133), (3.142), (3.143), (3.146), the fact that (X?)sco are in-
dependent, and the fact that (X%)gce and (R%)gceo are independent with Proposition 3.15
(withd=d, T=T,L=Lu=ug=g f=f R =R, X0 =X, Vfj  =Vf . =6
C =C for M,n € Z, 0 € © in the notation of Proposition 3.15) proves that for all M € NN,
n € Ny it holds that

1, C(1+2LT)" M
(E[Ju(0,€) — Vi, (0,)12]) " < 1+ M3/26Xp(2). (3.148)

Next observe that (3.129), (3.144), and the triangle inequality imply that

El(x €)' < (B[l + X8 ©])
<K (1+ EB[IX3©17])") (3.149)

K(1+ [max{T 1} ((1+||g||2)1’ (2”)) ‘”T} />.
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In addition note that (3.129), (3.144), and the triangle inequality imply that

T /2
( | Bl g 0.0 dt)
T /2
< ( / E[|K(1+1X8,()17)[’] dt)

T 12
<K ﬁ+</ E[[1X3,(6)]1?"] dt)

(3.150)

2p 1/2
< KVT (1+ [max(T, 1} (1 + g7 + p§) 7] )
Combining this and (3.149) with (3.139) and (3.140) demonstrates that

1/2
C < 2K max{T,1} (1 + {Inax{T, 1} ((1 + H§||2)P + p(22p)) epf”)T} > LT
2p(2p+3)(Ca+1) ]/
< 2K (max{T, 1})"" (1 (s ey + o i) ] ) oot

< 2K (14 (L4 [gI7)7 + V2 + D|C1[72) enrH/(E 0T ) o1

< 4K T EA2FPEH2)(C41) ((1 +I€1%)72 + (2p + 1)|01|”/2) < €< 0.
(3.151)

This and (3.148) establish item (ii). In addition, observe that (3.129), (3.133), (3.134),
(3.142), (3.143), (3.146) (3.147), the fact that (Xe)geg are independent, the fact that
(X% gco and (R%)gco are independent, (3.151), and Proposition 3.18 (withd =d, T =T,
L=Lu=ug=g f=f X°=X°, V&n:V&n,fzﬁ,C:C,a:a,CM’n:CM}nfor
M,n € Z, 8 € © in the notation of Proposition 3.15) prove that there exists a function
N: (0,00) — IN such that for all ¢, € (0, c0) it holds that

(E[Ju(0,€) — V. x.(0,6)]?])* <& and (3.152)

n(nd/2)

Cn..n. < ad max{1,0?*%} [sup (4+8LT)(3”)("*”] (min{1,e})~ @+
nelN

(3.153)
(3+8)(n+1)
< avd max{1,¢2+%} [stelnpiI %] (min{1,e})~ ) < o0
This establishes item (iii). The proof of Proposition 3.23 is thus completed. O

3.6.3 MLP approximations in variable space dimensions

Theorem 3.24. Let T € (0,00), a,¢, K € [1,00), L,p,P,’B,q,C1,Cy € [0,00), © =
U, z", for every d € N let ||||ga : R? — [0,00) be the Euclidean norm on R¢, let
(-, )ga : RYxR? — R be the Euclidean scalar product on R%, and Iet |-|| ;: R¥¢ — [0, 00)
be the Frobenius norm on R**%, for every d € N let ¢, € R¢ satisfy that ||£4|ga < cd?, for
everyd € IN let g; € C(R%, R), f4 € C([0,T] x R? x R, R) satisfy forallt € [0,T], z € R?,
v,w € R that

max{|ga()|, | fa(t,z,0)[} < Kd¥(1+|z|}.)  and  [fa(t,z,v) = fa(t, 2, w)| < Llv—wl,

(3.154)
forevery d € IN let jiq: [0,T] x R* — R% and 04: [0,T] x RY — R¥*4 be globally Lipschitz
continuous functions which satisfy for allt € [0,T], z € R¢ that

max{(z, pa(t, 2))ga ; lloa(t. 2|3} < C1d" + Cs [l (3.155)
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let (0, F,P) be a complete probability space, let R?: Q — [0, 1], § € ©, be independent
Uo,1)-distributed random variables, let R’ = (RY);c(0.7): [0,T] x 2 — [0,T], § € ©, be the
stochastic processes which satisfy for allt € [0,T], 0 € © that

Rl =t + (T -t)RY, (3.156)

let (Ff’e)te[oj], d € NN, 0 € O, be filtrations on (2, F, P) which satisfy the usual conditions,
assume for every d € IN that (F%’e)ee@ is an independent family of sigma-algebras,
assume that (F%%) e pco and (R(’)ee@ are independent, for every d € IN, § € © let
W0 10,T] x Q — R? be a standard (2, F, P, (Ff’e)te[o7T])-Brownian motion, for every
deN 0c0let X = (X")(2)seprriiciomvere: {(ts) € [0,T)%:t < s} x R? x
2 — RY be a continuous random field which satisfies for every t € [0,T], z € R? that
(X (@))seper: [t T) x Q@ — R is an (F40) ., 71/B(R?)-adapted stochastic process and
which satisfies that for allt € [0,T], s € [t,T], x € R? it holds PP-a.s. that

ng(:c):x—i—/ pa(r, X0 () dr—i—/ oa(r, X5 () AW, (3.157)
t t

let V]\‘i’ﬁl: [0,T] x R x Q— R, M,neZ,0€0,deN, be functions which satisfy for all
d,MneN,0€0,te0,T], x€R? that V7 (t,x) = 0 and

d,0
Viin(t, @)
1 [ &
d,(0,n,—m
= 3 | 22 9a(Xiy w]
m=1
n—1 (T t) Mk
- 0,k,m d,(0,k,m d,(0,k,m 0,k,m d,(0,k,m
+ Z Mn—k Z fd (Rg o )’Xt,}(%ie’k’m)> (x)7VM,(k )(Rz(t )7Xt,}(%§9,k,'m)) (Z‘)))
k=0 m=1
0,k,m d,(0,k,m d,(0,k,—m 6,k,m d,(0,k,m
- :ﬂ-]N(k)fd<RE )7Xt’1(%$0,k,m)) (x)ﬂVM,(k—l )(Rg )7Xt’1(2$9.k,m)) (m)))‘| )
(3.158)
and let (Cy,nn) M nez,daen C No satisfy for all d,n, M € IN that Cy a0 = 0 and
n—1
Cantm < adM™ + ) [MW"” (ad + 1+ Caarp + In(k)Canrk-1)| - (3.159)
k=0

Then
(i) for every d € IN there exists a unique at most polynomially growing function

ug € C([0,T] x R*,R) which satisfies that ug|(o ryxra: (0,T) x R* — R is a viscosity
solution of

(%)(t, x) + % Trace(ad(t, x)[oa(t, z)]" (Hessy uq)(t, x))
+ {pa(t,x), (Vaua)(t, z))rae + fa(t, z,uq(t,z)) =0 (3.160)

for (t,x) € (0,T) x R? (cf. Definition 3.21) and which satisfies for all + € R? that
ug(T,x) = ga(x) and

(i) there exists a function N = (Ng.)gen,ce(0,00): IN X (0,00) — IN such that for all
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deN,e,d € (0,00) it holds that

(E[lua(0.€0) — Vie® n, (0.€0P])* <c  and (3.161)
(249) n
CaNg. Na. < 00 [4p+2 JeT(L+24p(p+2)(Ca+1)) (Cp i |Cl|p/2)} [Slelﬁ M%#

.d1+(q3+max{pq,(Pp)/2})(2+6) (min{LE})—(Q—HS) < oo,
(3.162)

Proof of Theorem 3.24. Throughout this proof let (£5)sc(0,00) € (0,00), (€a)aen < [0, 00)

(3+8) (n+1)
satisfy for all § € (0,00), d € IN that 85 = [SUPnEJN %} and

Co = AKd¥ T2 (14 ggl7)”? + (2p + DIC1a"?) . (3.163)

Observe that Proposition 3.23 (withd =d, m =d, T =T, L =L, K = Kd¥, p=p,
Ci1=Cdl, Co=Ch,a=0,6 =64, g=ga, [ = fa, 1t = pa, 0 = 04, R = RY, F? = F47,
W =wdl, X0 = x40, v = V", Crn = Cantn ford € N, M,n € Z, 0 € © in the
notation of Proposition 3.23) proves that for every d € IN

(I) there exists a unique at most polynomially growing function ug € C([0, 7] x R%, R)
which satisfies that ug4|(o r)xre: (0,T) x R — R is a viscosity solution of

(%)(t, z) + 1 Trace(oa(t, z)[oa(t, z)]* (Hessy ug)(t, z))
+ (pa(t, ), (Vyua)(t, z)yge + fa(t,z,uq(t,z)) =0 (3.164)
for (t,x) € (0,T) x R? and which satisfies for all € R¢ that uy(7T,z) = g4(z) and

(I1) there exists a function Ny = (Ng,c)z¢(0,00): (0,00) — IN such that for all ¢, € (0, c0)
it holds that

(B[la(0,€0) = V2, 0.60P]) "< and (3.165)

CaNg .. Na. < admax{l,€%} 85 (min{1,e}) "™ < co. (3.166)

Observe that item (I) proves item (i). Moreover, note that the hypothesis that for all
d € IN it holds that ||£4||g« < ¢d? and the fact that (2p + 1) < 47! imply that forall d € IN
it holds that

€y < AKd¥ T EH2Hp(p+2)(Cat1) ((1 + [ed?|?)"2 + (2p + 1)|cldP|p/2)

< 4Kd£BeT(L+2+p(p+2)(Cg+1)) (dpq(l +C2)p/2 +d(Pp)/2(2p+ 1)|Cl|p/2)

(3.167)
< ¥ +max{pq,(Pr)/2} 4 = ST (L+2+p(p+2)(C2+1)) (2p/2cp + 4p+1|Cl|P/2)
< ¥ max(pa, (P2} gp+2 [ T(L+2+p(p+2)(C2+1)) (Cp + |Cl|p/z) > 1.
This and (3.166) demonstrate that for all d € IN, J,e € (0, c0) it holds that
Can. N, <a |:4p+2K6T(L+2+p(p+2)(CQ+1)) (Cp T |Cl|p/2)](2+6)
e e = (3.168)

.d1+(‘13+maX{pq,<PP>/2})(2+5)55(min{LE})—(2+5) < oo,

Combining this and (3.165) establishes item (ii). The proof of Theorem 3.24 is thus
completed. O
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4 MLP approximations for PDE models

The MLP scheme for semilinear Kolmogorov PDEs (cf. (3.158) in Theorem 3.24 above)
proposed in Subsection 3.6 can only be implemented for semilinear Kolmogorov PDEs
for which an explicit solution of the corresponding SDE is known. In this section, we
consider the MLP algorithm for two examples of such semilinear Kolmogorov PDEs,
semilinear heat equations (see Subsection 4.1 below) and semilinear Black-Scholes
equations (see Subsections 4.2-4.3 below). Apart from specifying the linear part of
the PDE we also choose a particular nonlinearity (cf. (4.46) in Corollary 4.5 below) in
Subsection 4.3 to obtain a PDE, which is used in the pricing of financial derivatives with
default risk (cf., e.g., Han et al. [54, (10)] and Duffie et al. [37]).

4.1 MLP approximations for semilinear heat equations

Theorem 4.1. Let T € (0,00), k,p,B,q € [0,00), O = U2, Z", for every d € N let
|||ga : RY — [0, 00) be the Euclidean norm on RY, for every d € IN let &; € R? satisfy that
[|€allga < Kd%, for every d € N let g4 € C(R%, R), fa € C([0,T] x R? x R, R) satisfy for all
t€[0,T], z € RY v,w € R that

max{|ga(2)|, |fa(t,z,0)[} < wd¥ (1 + |l2llfa)  and  [fa(t,2,v) = fa(t,z,w)| < Ko —w],

(4.1)
let (2, F,P) be a probability space, let R’: Q — [0,1], # € ©, be independent U 11~
distributed random variables, let R = (R{)icjo,r): [0,T] x Q — [0,T], 6 € ©, be the
stochastic processes which satisfy for allt € [0,T], 0 € © that

RY =t + (T -t)RY, (4.2)

for every d € IN let W%?: [0,T] x Q — RY, 0 € O, be independent standard Brownian

motions, assume that (Wd a)delN peo and (Re)eea are independent, for every d € NN,

6cOlet X0 = (Xtds ( ))sG[t,T],tE[O,T],xG]Rd: {(t7 S) € [O,T]2Z t < S} x R4 x Q — R? be the
function which satisfies for all't € [0,T), s € [t,T], * € R? that
Xil (@) =+ W =W, 4.3)

let V]\‘i’i: [0,T] x R x Q — R, M,neZ,0€0,deN, be functions which satisfy for all
d,MneN,0€0,te0,T],x€R? that V79 (t, ) = 0 and

d,0
VM’m(t, x)

| [
d,(0,n,—m
= 3 | 2 9alXix w]
m=1
(T —t (6,5.m) 5 (0,,m) 4,(0,k,m) ( p(0,ksm)  <rds(0,F,m) (4.4)
+Z M k Z fa ( ) tR(9k7n)($)7V]\4’7k7 ' (Rt7 ’ ?XtR(Glcm)(x)))
k=0
0,k,m d,(0,k,m d,(0,k,—m) 0,k,m 6,k,m
- jl]N( )f (R( ) Xt IE:!(G k, m)) (1’) VM(k 1 (R( ) Xt 1;(9 k, rn)) ((E)))] )
and let (Cg,vn) M nez.daen C N satisfy for all d,n, M € N that Cq a0 = 0 and
n—1
Cann <dM™ + Z {M("_k) (d4+1+Cqnmp+ ]l]N(k)Cd,M,k—l)} . (4.5)
k=0
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Then

(i) for every d € IN there exists a unique at most polynomially growing function
ug € C([0,T] x R*, R) which satisfies that ua| o ryxre: (0,T) x R* — R is a viscosity
solution of

(%a)(t,2) + 3 (Agua)(t,x) + fa(t,z,uq(t,z)) =0 (4.6)

for (t,x) € (0,T) x R? (cf. Definition 3.21) and which satisfies for all + € R? that
uq(T,x) = ga(x) and

(i) there exist functions N = (Na,c)deN,c(0,00): IN X (0,00) = IN and ¢ = (¢5)s5¢(0,00) :
(0,00) — (0,00) such that for alld € IN, £,6 € (0,00) it holds that

1
(B[lua(0,60) = Vir° . (0.€0P])* <& and 4.7)
CaNg .. Na. < Cs dl+(m+mdx{pq’p/2})(2+‘s)(mm{l e~ (2+9) (4.8)

Proof of Theorem 4.1. Throughout this proof assume w.l.o.g. that x > 1, assume w.l.o.g.
that (Q, F, P) is a complete probability space, for every d € Nlet (-, )ga : R x R = R
be the Euclidean scalar product on R¢ and let ||-[|,: R**¢ — [0,00) be the Frobenius
norm on R%*¢, let py € C([0, 7] x R%, R%), d € N, and o4 € C([0,T] x R, R¥*?), d € N,
satisfy foralld € IN, t € [0, 7], = € R¢ that

pa(t,z) =0 and  o4(t,x) = IRa, (4.9)

and foreveryd € N, 0 € ©, t € [0,T] let Ff’e C F be the sigma-algebra which satisfies
that

-y Neery SO re[0,) U{Ae F: P(A)=0}) :t<T w10
L s(®WE e [0,T) U{A e F: P(4) = 0}) =T, '

Note that (4.10) implies that for every d € IN, 6 € © it holds that (]Ff’e)te[oj] is a filtration
on (2, F,P) which satisfies the usual conditions. Moreover, observe that (4.10) and
Lemma 2.18 demonstrate that for every d € IN, 0 € © it holds that W%?: [0, T] x Q — R4
is a standard (Q, F, P, (" )t€[07T]) -Brownian motion. Next note that (4.3) and (4.9)
assure that for every d € NN, § € O it holds that X%’ is a continuous random field
which satisfies for every ¢ € [0,7], € R? that (X;")(2))secprry: [t T) x @ — R? is an
(F49) sepr,r)/B(R?)-adapted stochastic process and which satisfies that for all ¢ € [0, 7],
s € [t,T], z € R% it holds P-a.s. that

x +/ tra(r, Xg;e(x)) dr +/ oa(r, Xg’ra(x)) AW = g+ W W = Xg’f(a:). (4.11)
t t

In addition, note that foralld € IN, ¢ € [0, 7], € R? it holds that
max{(z, pa(t, @) ga s lloa(t, @) 3} = max{0,d} = d. (4.12)

This, (4.1), (4.2), (4.4), (4 5), (4.9), (4.11), and Theorem 3.24 (withT =T, a =1, c ==k,
K=krL=krp=pP=LB=P,¢q=q C=10C=0,8& =&, 94 = 9a, fa = fa
a = Hd, Oa = Oa, RO — RO Fd@i]FdO Wd@iwde X0 — Xd@ ijnfvl\d4n'
Camn = Camn ford € N, M,n € Z, § € © in the notation of Theorem 3.24) establish
that
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(I) for every d € IN there exists a unique at most polynomially growing function
ug € C([0,T] x R?, R) which satisfies that ua| (o r)xre: (0,7) x R — R is a viscosity
solution of

(%)(t, x) + % Trace(I]Rd [Iga]” (Hess, uq)(t, x))
+ (0, (Vaug)(t, 2))ge + fa(t,x,uq(t,z)) =0 (4.13)

for (t,x) € (0,T) x R? and which satisfies for all € R? that uq(T, ) = ga(z) and

(I1) there exists a function N = (Na,c)den,c€(0,00): IN x (0,00) — IN such that for all
deN, e,d € (0,00) it holds that

1
(B[[ua(0.60) — Ve v, (0.60)])"* <& and (4.14)
(2+96) T (3+8) (n+1)
CaNg . Ny < {4p+2H6T(N+2+p(p+2)) (KP + 1)} [sup %
neEN (4.15)

- @ BAmax{pa,r/2) (249) (1nin {1, £1) 72+ < o0,

Note that item (I) establishes item (i). Moreover, observe that item (II) establishes
item (ii). The proof of Theorem 4.1 is thus completed. O

4.2 MLP approximations for semilinear Black-Scholes equations

Lemma 4.2. letd € N, T ¢ (0,00), (ai)ie{172,_“7d}, (ﬂi)ie{l,Z,“.,d} C R, let <,> : R4 x
R? — R be the Euclidean scalar product on R¢, let ¥ = ((1,...,(q) € R¥*? satisfy
for all i € {1,2,...,d} that {¢;,¢;) = 1, let (0, F,P) be a complete probability space,
let W: [0,T] x Q — R? be a d-dimensional standard Brownian motion, and let X =
(XE @) sete) eefom)vert i 2.y {(15) € [0,TP: 1 < s}xR?xQ — R be the function

t,s

which satisfies for alli € {1,2,...,d},t €[0,T], s € [t,T), z = (z1,72,...,74) € R? that

2

Xt(zs)(:r) = x; exp ((ai — @)(s —t)+ B¢, Ws — Wt>> . (4.16)

Then it holds that X is a continuous random field which satisfies that for all t € [0,T],
s € [t,T)], z € R? it holds P-a.s. that

s [ X @) .
Xy o(z) =2+ : dr+/ diag (51X (@), ..., BaX(D (2)) S dW,. (4.17)
t t
X5 ()
Proof of Lemma 4.2. Throughout this prooflett € [0,7], s € (0,T], x = (1, Z2,...,24) €

RY, let f;: [0,7] x R* — R, i € {1,2,...,d}, be the functions which satisfy for all
i€{1,2,...,d}, r€[0,7], w € R? that

filr,w) = i exp((or — Ly 4 8, (G w) ), (4.18)

let B = (B(i))ie{m,_“’d}: [0, 5 —1] x Q — R? satisfy for all r € [0, s—t] that B, = Wy, — W,,

andlet (V) € R, i,j € {1,2,...,d}, satisfy forall i € {1,2,...,d} that ¢; = () e12...a-
Observe that It6’s formula (cf., e.g., Karatzas & Shreve [68, Theorem 3.3.6]) assures
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that for all ¢ € {1,2,...,d} it holds PP-a.s. that

X (@) = fils —t,Wy = W) = fils — t, Bo_y)

:fi(0730)+/s_t(6f1) (r, B) dr+2/ (3%) ¢.B,) aB?
0
1 d s—t anL B d
w33 [ (54) emar

j=1

(4.19)

= £i(0, Bo) + /H<a- — B fi(r, By) dr + Edi/s_tﬁ-dﬁf(r B,)dBY
K3 b 0 1 2 (2 b) T j:1 0 159 (2 b) T T

1 ot ,
T3 Z/o |Bi|2|<i(3) ’2fi(7", B,)dr
j=1

The fact that for all i € {1,2,...,d} it holds that Z; e ])] (¢;,¢) = 1 and the fact

that for alli € {1,2,...,d}, r € [0, s — t] it holds that f;(r, B;) = Xt(ft)JrT( ) hence assure
that for all ¢ € {1,2,...,d} it holds P-a.s. that

. s—t
X{(@) = +/ (ai - B
0

d
L) 38R [DICOP| ) X8 @) dr
j=1

/ B.XD, (2)(G)"dB,

(4.20)
=x; + /0 O‘th( t)—H“( dr + / ﬂth( t)+7"( )(Gi) dB,
ot [ ax@ars [ sxderan,
This implies (4.17). The proof of Lemma 4.2 is thus completed. O

Theorem 4.3. Let T € (0,00), £,p, P, q € [0,00), (a,i)ief1,2.. ), dENs (Ba,i)ief1,2,....dy,deN
C R, © =U;L,Z" satisfy that sup e icq1,2,...,.a} Max{|aa,ql, |Bd,l| } <k, foreveryd € IN let
(-, )ga : R x RY — R be the Euclidean scalarproduct on R? and let ||||ga : R* — [0, 00)
be the Euclidean norm on R, for every d € N let {4 € R, ¥y = (Ca1, -+ -, Ca.a) € RXY
satisfy for all i € {1,2,...,d} that ||{]|ge < kd?
pa: [0,T] x R — R? and o4: [0,T] x RY — R¥*? be the functions which satisfy for all
t€0,7), x = (z1,72,...,24) € R? that

pa(t,x) = (@g121, - - -, 0d,d%q) and  oy(t,z) = diag(Ba121,- - ., Baaxa) Xy, (4.21)

for every d € IN let g4 € C(R%,R), fa € C([0,T] x R? x R, R) satisfy for all t € [0,T],
z € R, v,w € R that

max{|ga(z)], | fa(t,2,0)[} < kd¥ (1 +||z[|}a)  and  [fa(t,2,0) = fat,z,w)| < Ko —wl,

(4.22)
let (2, F,P) be a probability space, let R?: Q — [0,1], # € ©, be independent Ujo,1)-
distributed random variables, let R’ = (R{)icjor: [0,T] x @ — [0,T], 6 € ©, be the
stochastic processes which satisfy for allt € [0,T], 0 € O that

R =t4+ (T -t)RY, (4.23)
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for every d € N let W¢9: [0,T] x Q — RY, 6 € ©, be independent standard Brownian
motions, assume that (Wd %) yen oeo and (R%),_, are independent, for every d € IN, 6 &

© let X0 = (X{""'(2))sepu, 1) eef0.1) were (1,2, .ay : {(£:8) € [0,T]2: ¢ < s} x REx Q — R
be the function which satisfies for all t € [0,T], s € [t,T], = = (v1,22,...,74) € RY,
i€{1,2,...,d} that

. 2
X0 () = wiexp (@i = P5E) (5 =€) + BaslCass W = W )a ) (4.24)

let Vii® : [0,T] x R4 x Q = R, M,n € Z, 0 € ©, d € N, be functions which satisty for all
d,MneN,0€0,te0,T], v €R? that V7 (t, ) = 0 and

wﬁ@m
9 N, —m
Mn Z gd )(x))‘|
Sy [ (O,m) 4 dy(6,k,m) @k (plfkm) (o)
— 9.k, d,(0,k d,(0,k 0.k d,(0,k
S| 2o Fa(BOE X @) Vi (RO, X (@)
k=0 m=1
0,k,m d,(0,k,m d,(0,k,—m 6,k,m 0,k,m
— () (B XSG ) Vi (RO, XM (x)))] ,
(4.25)
and let (Cgavr.n)Mmnez.dex C WNo satisfy for all d,n, M € IN that C4 a0 = 0 and
n—1
Canmpn <dM™ + Z {M("_k) (d4+1+Cqnp+ Il]N(k)Cd,M,k—l)} . (4.26)
k=0

Then

(i) for every d € IN there exists a unique at most polynomially growing function
ug € C([0,T] x R*,R) which satisfies that ug| o ryxre: (0,T) x R* — R is a viscosity
solution of

(8"d)(t )+ = Trace(ad(t x)[oa(t, z)]" (Hess, ud)(t,x))
<,u'd(ta x)v (vzud)(ta x)>]Rd + fd(ta xz, ud(ta :]C)) =0 (4.27)
for (t,x) € (0,T) x R? (cf. Definition 3.21) and which satisfies for all + € R? that
ug(T,x) = ga(x) and

(i) there exist functions N = (Ngc)aen, cc(0,00): IN X (0,00) = IN and ¢ = (c5)s5¢(0,00) :
(0,00) — (0,00) such that for alld € IN, ,6 € (0,00) it holds that

(E[Jua(0,€0) = Vi, (0.601) " < and (4.28)
CaNg. Ny < c5dTFFPOCET) (1in (1 1) =49, (4.29)

Proof of Theorem 4.3. Throughout this proof assume w.l.o.g. that x > 1, assume w.l.o.g.
that (Q, 7, P) is a complete probability space, for every d € N let |H \||d R4*4 — [0, 0) be

the Frobenius norm on R4*¢, foreveryd € IN, i € {1,2,...,d} let Cdl €R,je{1,2,...,d},
satisfy that (4; = (Cc(l?z‘))je{l,l...,d}' and foreveryd € IN, § € ©, ¢t € [0,T] let ]Ffe C F be
the sigma-algebra which satisfies that

Necrr S(SWEHre[0,f)u{Ae F:P(A)=0}) :t<T

PO - ) (4.30)
S(6WH:re0,T))U{A e F: P(A) =0}) t=T.
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Note that (4.30) implies that for every d € N, § € O it holds that (]Ff’e)te[O,T] is a
filtration on (2, F,P) which satisfies the usual conditions. Moreover, observe that (4.30)
and Lemma 2.18 demonstrate that for every d € IN, § € O it holds that W%9: [0, T] x

Q — R? is a standard (Q, F, P, (F" )te[o,T]) -Brownian motion. In addition, note that
(4.21) and the fact that supgen jeq1,2,...,ay || < & imply that for alld € N, ¢t € [0,7],
r = (z1,29,...,74) € R it holds that

(4.31)

(x, pa(t, x) ZI QgiTi <

Furthermore, observe that (4.21), the fact that supgcy jeq1.2,..4) [8ai> < %, and the
hypothesis that foralld € IN, i € {1,2,...,d} it holds that ||(4|/z. = 1 assure that for all
deN,t€0,T)], z = (z1,72,...,74) € R? it holds that

d d d
2 i) 12 i) 12
lloatt oI5 = > |Basiil] " =D (1Bl Y- |57

i,j=1 i=1 j=1 (432)

d

2 2
< kil ICaillpa = £ llzllRa -
i=1
This and (4.31) ensure that foralld € IN, ¢ € [0, 7], z € R? it holds that

max{(z, pa(t, z))ga , [loalt, 2[5} < & z]fa - (4.33)

Next note that (4.21), (4.24), and Lemma 4.2 (withd = d, T = T, (ai)ie{l,__ﬂd} =
(aai)ieqr,..ay (Bidieqr,.ay = Bai)ieqr,...ap © = Sa, (Q,F,P) = (Q,F,P), W = We,
X = X%? for §# € ©, d € N in the notation of Lemma 4.2) demonstrate that for all d € IV,
0 € O it holds that X949 is a continuous random field which satisfies for every ¢ € [0, T],
x € R? that (X;")(2))seprr: [t T] x @ — R is an (F®?) ¢, 17/B(R)-adapted stochastic
process and which satisfies that for all ¢ € [0,7), s € [t,T], * € R? it holds P-a.s. that

Xg’f(a:) = x—|—/ ,ud(r, ng(a:)) d7‘—|—/ Ud(r, Xzf(a:)) dWTd’e. (4.34)
t t

Combining this, (4.22), the fact that for all d € IN it holds that p4 and o4 are globally
Lipschitz continuous functions, and (4.33) with Theorem 3.24 (with T =T, a =1, ¢ = &,
K=k L=rp=p P=0P=P,q=q C1=0,C2 =~ 8 =&t 9a = 9d, fa = fa,
pa = pd, 04 = g, (0, F,P) = (Q, F,P), R =RV, I = 0, w0 = o xdo = xdo,
fo’?n = foﬁl, Camn =Campnford eN, § € ©, M,n € Z, in the notation of Theorem 3.24)
establishes that

(I) for every d € IN there exists a unique at most polynomially growing function

ug € C([0,T] x R?, R) which satisfies that ua|(o r)xre: (0,7) x R? — R is a viscosity
solution of

(%)(t, x) + % Ttauce(ad(t7 x)[oq(t, z)]" (Hess, uq)(t, x))
+ (pa(t, ), (Vyua)(t, z))ga + falt,x,uq(t,z)) =0 (4.35)

for (t,x) € (0,T) x R? and which satisfies for all € R¢ that uy(T,z) = g4(z) and

(I1) there exists a function N = (Ng,c)dgen,c€(0,00): IN x (0,00) — IN such that for all
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deN,e,§ € (0,00) it holds that

(B[[ua(0.60) — Ve v, (0.60)P])* <& and (4.36)

[4p+2HeT(n+2+p(p+2)(n+1))Hp} (2+9) {S (448KT) B+ (n+D)

Cd,Ng o Nae < (57D

nelN (4.37)
. dl-l-(‘«l;H-pq)(2+5)(min{l7 5})—(2+5) < oo,

Observe that item (I) proves item (i). Furthermore, note that item (II) establishes item (ii).
The proof of Theorem 4.3 is thus completed. O

Theorem 4.4 in an immediate consequence of Theorem 4.3 above. The proof of
Theorem 4.4 is therefore omitted.

Theorem 4.4. LetT € (O OO) Ky D, B, q € [0 OO), (ad,i)ie{l 2., d} deN» (ﬁd 1)16{1 2,...,d},deN
C R, © = U2, Z" satisty that sup e je(1.2,....a) Max{|aa,il, [Bal*} < &, for everyd € N let
(-, )ga : R4 x RY — R be the Euclidean scalarproduct on R? and let ||||ga : R? — [0, 00)
be the Euclidean norm on R, for every d € N let {5 € R, ¥4 = (Ca1,- .-, Ca.a) € RIX4
satisfy for all i € {1,2,...,d} that ||{4]|ga < kd? re = 1, let f: R — R be a
Lipschitz continuous function, for every d € N let g4 € C(R%, R) satisfy for all t € [0,T],
x € RY that

lga(x)| < kd¥ (1 + ||z][}a), (4.38)

let (2, F,P) be a probability space, let R’: Q@ — [0,1], # € ©, be independent U 11~
distributed random variables, let R = (R{);cjo,r): [0,T] x Q — [0,T], 6 € ©, be the
stochastic processes which satisfy for allt € [0,T], 6 € © that

R =t 4+ (T -t)RY, (4.39)

for every d € N let W%9: [0,T] x Q — RY, 6 € ©, be independent standard Brownian
motions, assume that (Wd e)de]N peo and (R? )9e@ are independent, for everyd € IN, § €
© let X0 = (X{""'(2))se o1 eef0.1) were i1z, ..ay : {(£:8) € [0,T]2: t < s} x REx Q — R
be the function which satisfies for all t € [0,T], s € [t,T), * = (x1,22,...,24) € RY,
i€{1,2,...,d} that

X0 (@) = a2 exp <(adl 1Basl” il® )(s = t) + Bai{Cai, WP Wtd*9>Rd) , (4.40)

let VM [0, T xRExQ— R, M,n€Z,0c0,de N, be functions which satisfy for all
d.MneN,0€0,te0,T], x <R’ that Vy;{(t,x) = 0 and

4,0 ) e 4,(0,km) [ (0,k.m)  ~rd,(6,k,m)
Vi (t,a) = I;} | f(VM’k (R X (m)))
M™ d,(0,n,—m)
d,(0,k,—m) [ (0,k,m) ,(0,k,m) gd(Xt,T ()
= () (Vi (RO X @) | + > ,
(4.41)
and let (Cq,vn) M nez.aen C N satisfy for all d,n, M € N that Cq a0 = 0 and
n—1
Camn <dM™ + Z {M(”_k) (d4+1+Cqnmp+ ﬂ]l\l(k)cd,]w,k—l)} . (4.42)
k=0
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Then

(i) for every d € IN there exists a unique at most polynomially growing function
ug € C([0,T] x R*,R) which satisfies that ua| o ryxre: (0,T) x R* — R is a viscosity
solution of

d
o) Ba,iBa,jTiT;{Cd,i,Cd,j o
(%)(t,x)—&— Z d,iPd,jT IJ2<d d7>Rd(8$ig;j)(t’x)

i,j=1

+ f(ug(t,z)) =0 (4.43)

d
Z QT (%) (t, )
i=1

for (t,x) € (0,T) x R? (cf. Definition 3.21) and which satisfies for all + € R? that
uq(T,x) = ga(x) and

(i) there exist functions N = (Ng)den, c€(0,00): N x (0,00) = IN and ¢ = (c5)s5¢(0,00) :
(0,00) — (0,00) such that foralld € N, £,6 € (0,00) it holds that

(E[Jua(0,€2) = Vi, (0.601) " < and (4.49)
CaNg..Ng. < Cs dH(mJ“pq)(er‘s)(mm{l e})~+9), (4.45)

4.3 MLP approximations for the pricing of financial derivatives with default
risks

The next result, Corollary 4.5 below, is an immediate consequence of Theorem 4.4
above. The proof of Corollary 4.5 is therefore omitted.

Corollary 4.5. Let T, R, ~y;, vn, v, vp, € (0,00), p,B,q € [0,00), € € [0,1), o, B ER, f €
CR,R), © = U2 ,Z" satisfy for all u € R that y; < v, v; > vy, and

f(u)=—Ru—(1—¢) [mm {fyh,max {m, EZZ Zi; (u—wvp) + ’yh}H u, (4.46)

for every d € IN let ||'HRd : R — [0, 00) be the Euclidean norm on R4, let ¢, € R, d € NN,

MZEM < oo, let g9 € CMRYLR), d € N, satisfy that

SUD e, zeRd W < 00, let (2, F,P) be a probability space, let R?: Q — [0,1], § €
©, be independent U 1)-distributed random variables, let R’ = (R{);cjo.7): [0,T] x Q —
[0,T], @ € ©, be the stochastic processes which satisfy for allt € [0,T], § € © that R =
t+(T—t)RY, foreveryd € Nlet W = (Wa04), ;5 1 [0,T]xQ — R%, 0 € O, be inde-

pendent standard Brownian motions, assume that (W‘“’)dEIN sco and (729)9ee are inde-

pendent, foreveryd € N, 0 € © let X%/ = (Xtdf (%)) selt,1),te]0,7),0cR ic{1,2,...d} - 1(t;8) €
[0,T)%: t < s} x R x Q — R? be the function which satisfies for all i € {1,2,...,d},
te[0,7),s€[t,T)], x = (x1,22,...,74) € R that

satisfy that supgep

Xtd,jf’i’(x) = x; exp ((a — %2) (s—1t)+ ,B(Wsd’e’i — Wtd’g’i)) , (4.47)

let Vii® : [0,T] x R4 x Q = R, M,n € Z, 0 € ©, d € N, be functions which satisty for all
d,MneN,0€0,te0,T], xR’ that V79 (t, ) = 0 and

4,0 (T 1) e d,(0,k,m) [ 1o(0.ksm)  rd,(0,k,m)
s _ m m m
Vitn(t:0) = 3 Jpme | 20 S (Vane ™ (RS, X @)

k=0 m=1

M™ d,(8,n,—m)
4,(0,k,—m) [ 1o(0,km)  rdy(8,k,m) 9a(Xy 1 (z))
- ]l]N(k)f(VM,k—l (R Xt RLOE) (l’)))] + [ 2—:1 Mn )
(4.48)
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and let (Cq,vn) Mnez.aew C N satisfy for all d,n, M € N that Cq a0 = 0 and

n—1
Camp <dM™ + Z {M(n_k) (d+1+Caqnr+ ﬂlN(k)Cd,M,k—l)} . (4.49)
k=0

Then

(i) for every d € N there exists a unique at most polynomially growing function
ug € C([0,T] x R*, R) which satisfies that ua| o ryxre: (0,T) x R* — R is a viscosity
solution of

(Za)(t,x) +

— Rug(t, x)

i

d
Z |6|2£in2 (%)(t,x) + axi(%)(t,x)
=1

—(1—¢) {min {fyh,max {*yl, EZ::ZZ; (ua(t,z) — vp) + ’yh}H uq(t,z) =0 (4.50)
for (t,x) = (t,(x1,22,...,74)) € (0,T) x R? (cf. Definition 3.21) and which satisfies
for all v € R? that uy(T,z) = ga(r) and

(i) there exist functions N = (Ngc)aen,cc(0,): IN x (0,1] — IN and ¢ = (¢5)se(0,00) :
(0,00) — (0,00) such that foralld € IN, ¢ € (0,1], § € (0,00) it holds thatCq n, . N, . <
cs AP B+pa)(2+0) . —(2+6) gpg

(B[Jua(0.60) — Var® . (0.60)2]) " <. (4.51)
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