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Abstract

Manipulating waves at scales much smaller than the operating wavelength
(so called subwavelength scales) is classically di Ccullt, but has wide ranging
applications in wireless communications, super-resolution biomedical imaging,
quantum computing.

This thesis focuses on localisation properties at subwavelength scales and
analyses two classes of phenomena.

Non-Hermitian skin e [edt: the phenomenon whereby a large proportion of
the eigenmodes of an open chain of resonators is localised at one edge
of the system.

Bulk localisation in Hermitian systems: typically induced by defects or
disorder.

Throughout this thesis, we extensively use Toeplitz theory and Chebyshev
polynomials showing deep laying links between these mathematical objects
and the investigated physical phenomena.






Sommario

Manipolare onde su scale molto piu piccole della lunghezza d’onda della
perturbazione incidente ¢, in generale, una sfida complessa. Tuttavia, questa
capacita trova applicazioni in una vasta gamma di ambiti, che spaziano dalla
comunicazione senza fili ai computer quantistici, fino ad arrivare a strumenti
per I'imaging digitale a super-risoluzione.

Questa tesi si concentra sulle proprieta di localizzazione delle onde su tali
scale microscopiche e analizza due fenomeni in particolare.

E [Cefito pelle non hermitiano: il fenomeno per cui la maggior parte dei
modi propri di un sistema aperto di risonatori risulta localizzata a
un’estremita del sistema.

Localizzazione in sistemi hermitiani: tipicamente indotta dalla presenza
di difetti o disordine.

Nel corso di questa tesi, utilizziamo in modo estensivo la teoria delle matrici
di Toeplitz e dei polinomi di Chebyshev, mettendo in luce connessioni profonde
tra questi strumenti matematici e i fenomeni fisici analizzati.
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CHAPTER 1

Introduction

Typically, small objects do not behave well in wave physics. Indeed, it is
usually di Ccult to distinguish objects smaller than the operating wavelength
(see, for example, the Rayleigh criterion) or, more generally, interact with a
wave through an object whose size is not comparable to the wavelength, i.e.
at the subwavelength scale. Nevertheless, as for many things that cannot be
easily done, subwavelength interaction has many applications including but
not limited to highly e Lcieht solar panels [129], communication technologies
[111], qguantum computing [125, |/130], and biomedical imaging [61].

Despite recent strong interest, the field of subwavelength physics has almost
a century of history starting with the pioneering work of Minnaert [106]|
on the properties of air bubbles in water, which are due to the very diLerent
density of air and water. In this thesis, we consider exactly this type of acoustic
subwavelength systems created by high-contrast inclusions into a background
medium (as air bubbles in water).

The reason for considering this kind of subwavelength systems is twofold.
On the one hand, systems like this have successfully been developed experi-
mentally both in phononics, by injecting gas bubbles into polymer gel [83, 84,
and in photonics, by coupling nanorods [117]. On the other hand, theorists
have predicted a series of phenomena that these materials could display, in-
cluding superabsorption [85], cloaking [40], and negative material parameters
(26, 1117].

The theoretical studies of these system had, at the start of this thesis, been
almost exclusively focused on the three-dimensional case relaying on elegant
methods from the theory of Gohberg and Sigal on meromorphic operator-
valued functions and layer potential techniques. These systems are inherently
complicated due to long-range interactions between the resonators, so that the
“noise” in the model prevents a full exploration of the properties of the system.
To this topic, we present the following extract from Haldane’s 2016 Nobel
Prize Lecture [68]:

Looking back at how this new field of topological quantum
matter has developed since the initial discoveries in about
1980, I am struck by how important the use of stripped down
“toy models” has been in discovering new physics. It also
used to be thought that one-dimensional models were just
“homework exercises” to be carried out before tackling the
“real” three-dimensional systems. In fact, partly because the
el[edts of quantum fluctuations are more dramatic in low
dimensions, we have found many interesting phenomena, in



doing so, a whole new way to look at condensed matter, and
the exotic “topological states” that quantum mechanics make
possible.

This work considers therefore mostly one-dimensional systems of subwavelength
resonators, with the goal of understanding the mathematical principles govern-
ing these physical systems and illustrating how to tackle the three-dimensional
analogues.

The typical system we will consider is illustrated in Figure 1.1 We will
use

K
D= Dj:= xR
i=1
to symbolise the set of subwavelength resonators.
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Figure 1.1. A chain of N subwavelength resonators, with
lengths (“i)1 i ~ and spacings (Si)1 i N 1-

As a scalar wave field u(t; x) propagates in this heterogeneous medium, it
satisfies the one-dimensional wave equation:
1 @2 1
(x) @t Ox  (x)0x
The parameters (x) and (X) are the material parameters of the medium. We
consider piecewise constant material parameters:

u(t;x) =0; tx)2R R:

i X2D;; q i xX2Dj;
) = X 2 RnD; an ) = X 2 RnD;
where the constants j; 2 Rsp and j; 2 C. The other usual magnitudes
are given by
r_ r_
i ! ! i
v= —vi== — ki=—ki=—; i =—:
i \Y Vi

Up to using a Fourier decomposition in time, we can assume that the total
wave field u(t; x) is time-harmonic:

u(t;x) = <(e "u());
for a function u(x) that solves the one-dimensional Helmholtz equation:
12 d 1 d
Wu(x) dx W&u(x) =0; X2 R; (1.1

which will be the object of our studies.
In this framework, one is interested in finding subwavelength eigenfrequen-
cies and eigenmodes.
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Definition 1.1 (Subwavelength eigenfrequency). A (complex) frequency 1( ) 2
C, with non-negative real part, satisfying

1()Y0 as 10 (1.2)

and such that the wave equation (1.1) admits a nontrivial solution u for ! =
1() is called subwavelength eigenfrequency. The solution u is called a sub-
wavelength eigenmode.

The presence of high-contrast inclusions — which lend themselves perfectly
to an asymptotic analysis — has been successfully exploited to develop e [edtive
theories for the resonance problem in this setup [19, [24, 28]. The result
is expansions of the resonances in terms of density ratios j, which are all
assumed to be of order . These are given by the eigenpairs of the generalised
capacitance matrix C.

We can solve the resonance problem in this system through a linear eigen-
value problem.

Theorem 1.2. There exist exactly N subwavelength resonant frequencies as
T 0, namely

h=pi+oo;

where ( )1 i n are the eigenvalues of C. Furthermore, let u; be a subwavelength
eigenmode corresponding to !; and let a; be the corresponding eigenvector of
C. Then

>x<X .
i) = aPv;)+0o();

where V;j solves the outer problem with Dirichlet boundary conditions on the
j™ resonator and ai(J) denotes the j™ entry of the eigenvector a;.

The generalised capacitance matrix C in Theorem [L.2] is is given by

Cij = ;i;j 1+ —+— ij —ij+ 1 i) N (1.3)

c=L bvic:



The matrix C has thus the following tridiagonal form:
1
S17 S+ Sz

(1.4)

The overarching theme of this thesis is localisation and is separated into
two parts that we now introduce.

1.1. Non-Reciprocal Subwavelength Systems

In wave physics, reciprocity refers to the invariance of physical phenom-
ena under the location swap of source and observation and is tightly linked to
symmetric operators. In this part, we aim to study non-reciprocal phononic
systems. We will study the non-Hermitian skin e [edt (NESE), the phenomenon
by which wave propagation is usually amplified in one direction and attenu-
ated in the other; see [144] where the term “non-Hermitian skin e [edt” was
first coined. This phenomenon is unique to non-Hermitian systems with non-
reciprocal coupling and is known as condensation of eigenmodes. The skin
e [edt has been the subject of intense research in the past decade [70, 86, 92,
122, 1146]. The novelty of the research presented in this thesis is its study in
the framework of subwavelength physics and the link to Toeplitz theory, which
is absent in the literature.

In order to do so we look at the the following variation of the time inde-
pendent Helmholtz equation:

12 d d 1 d
(X)u(x) x) dXu(x) x 0 dXu(x) =0:

The imaginary gauge potential (x) [70] is added inside the resonators to
break reciprocity. One may remark that this is the same di [erkntial equation
governing a non-reciprocal spring, which is one of the mechanical setups in
which the skin e [edt has been experimentally observed [62].

This part is structured as follows

Chapter [2 develops first the mathematical model for the non-Hermitian skin
e [edt in one dimension and presents then specific studies of some of
its features. It presents the findings of [3, |79, |44];

Chapter [3]: is the only chapter entirely dedicated to three-dimensional phys-
ics and develops the theory of the skin e [edt in this setup with long-
range interactions presenting the findings of [4];

Chapter [4]: presents a specific application of the skin e[edt that allows for
tunable localisation presented in [10];
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Chapter [5]: develops the tool of the generalised Brillouin zone for non-reciprocal
problems by adding an imaginary part to the quasiperiodicities from
[11].

1.2. Localisation in Hermitian Systems

The second topic we cover is localisation in Hermitian systems. While it
is clear from Bloch’s theorem that in a periodic medium the eigenmodes have
to be delocalised, that is, extended to the entire structure, once the periodicity
is broken, localised modes, that is, concentrated around few resonators, can
exist. It goes without saying that localising a wave in specific spatial regions
at the subwavelength scale is of great interest in applications, as it allows for
enhanced sensing, noise control, and energy harvesting to name a few.

A great deal of inspiration comes again from condensed matter physics
(CMP), in this case specifically from topological insulators and their ability to
generate localised modes. A particularly well-studied example that is widely
spread outside of CMP is the Su-Schrie [er-Heeger (SSH) model [131] that
consists of a defected one-dimensional lattice composed of dimers, that is, a
lattice with two resonators or particles in its unit cell. The juxtaposition of two
finite lattices with di Lerknt cells generates a localised mode at the interface. Of
particular interest for these systems is the association of a topological invariant
with them, which can predict the existence of these localised modes.

The first project of this part, presented in Chapter [g] is a bit of an outlier
as it handles a non-Hermitian system. Nevertheless, the localisation dynamic
and the tools we use (namely a variant of the SSH model) fit well into this part.
Specifically we look at chains in which dimerisation is given by the introduction
of on-site energy gain and loss. The SSH-like defect arises from an error in the
periodicity of the material parameters.

The next two works in this part concern SSH-like models in the standard
Hermitian subwavelength regime. In Chapter [7} we fully characterise these
localised interface modes with the help of Chebyshev polynomials.

In this part, two other chapters are present. Chapter [g]is dedicated to the
truncated Floquet-Bloch transform (TFBT). The TFBT can be seen as a join-
ing piece between the spectral theories of finite systems and infinite periodic
systems. On the one hand, it is known that the spectrum of finite systems con-
verges to that of an infinite system (under suitable boundary conditions). On
the other hand, Bloch’s theorem says that the spectrum of an infinite periodic
system is given by the union of the band functions over all the quasifrequen-
cies. We show that one can very accurately assign to every point in the finite
spectrum a quasifrequencies so that these two convergence results mean the
same.

Finally, Chapter @ handles disordered systems and their spectral properties.
We aim to show that the results of wave localisation in “ordered” systems as
in the SSH case can be generalised to disordered systems. By disordered, we
mean systems that are not even locally translationally invariant; the disorder
is thus in the spatial distribution of the resonators. This can be seen as a first
attempt to construct a consistent picture of how wave localisation occurs at
subwavelength scales in disordered systems of subwavelength resonators.
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CHAPTER 2

Non-Hermitian Skin E [edt in One Dimension

Understanding the skin e [edt in non-Hermitian physical systems has been
one of the hottest research topics in recent years [32} 80, 82, 86, |87, (92, (97,
114, (124} 1127, (139, (144, |146, (150, 151, (153, |154]. The skin e[edt is the
phenomenon whereby the bulk eigenmodes of a non-Hermitian system are all
localised at one edge of an open chain of resonators. This phenomenon is unique
to non-Hermitian systems with non-reciprocal coupling. It has been realised
experimentally in topological photonics, phononics, and other condensed mat-
ter systems [60} 62, 94| |140]. By introducing an imaginary gauge potential,
all the bulk eigenmodes condensate in the same direction |70, (122, (146]. This
has deep implications for the fundamental physics of the system. For example,
the non-Hermitian skin e [edt means that the conventional bulk-edge corres-
pondence principle is violated. This section is dedicated to demonstrating that
a non-Hermitian system with an imaginary gauge potential exhibits an eigen-
mode condensation that is typical of the skin e [edt. To this end, we will make
extensive use of the theory of Toeplitz matrices and operators. The results in
this chapter are from [3, [7-9, [44].

2.1. The Gauge Capacitance Matrix

In this chapter, we will use the same notation as in Chapter [Il We will
consider the following variation of the time independent Helmholtz equation:

12 d d 1 d o _
Wu(x) (x)&u(x) dx W&u(x) =0; X2 R; 2.1)

for a piecewise constant coe Lcieht

;7 X2D;
X) =
() 0; x2RnD:
This new parameter extends the usual scalar wave equation to a generalised
Strum-Liouville equation via the introduction of an imaginary gauge potential
[70, [146]. Alternatively, one may think of (2.1) as a damped wave equation
where the damping acts in the space dimension instead of the time dimension.
In these circumstances of piecewise constant material parameters and as-

can be rewritten as the following system of coupled one-dimensional equations:



2.1. The Gauge Capacitance Matrix

8 )2
u(x) + u'(x) + ﬁu(x) =0, x2D;

b
12
u(x) + \'/—Zu(x) =0; X 2 RnD;
UROGR) UG = 0; foralll i N:
§du

dx o x) =

du Ry —
&R(Xi)_

du 2.2)
dx
du
ax |

(xH); foralll i N;
L
x<R; foralll i N;
d .
> W‘;jw iku(x) = 0; x 2 ( Lixy) [OR: L)

where for a one-dimensional function w we denote by

wjL(X) = Sli!rrg) w(x s) and wjr(x) = éi!rrg) w(X + S)

s=>0 s=>0

if the limits exist.

We are interested in resonances ! 2 C such that has a nontrivial
solution. We will look for the subwavelength modes within this regime, which
we characterise by satisfying ' ¥ 0as ¥ 0. This limit will recover sub-
wavelength resonances while keeping the size of the resonators fixed.

In all what follows, we will denote by H(D) the usual Sobolev spaces of
complex-valued functions on D.

We can immediately see that ! = 0 is a trivial solution to correspond-
ing to an eigenmode that is constant across all resonators. In what follows, we
will restrict attention to other solutions of (2.2).

The use of the Dirichlet-to-Neumann map has proven to be an e [edtive
tool to find solutions to that lend themselves to asymptotic analysis in
the high-contrast regime. Hereafter, we will adapt the methods of [57] to .

The first step is to solve the outer problem

8
0 12 —0 K L.  Ry.
%W(X)+V2W(X)—O, X2Rn (X7iX);
i=1

%W(XFR) =% foralll i N; (2.3)
dw .
T a0 kw0 =00 x 2 1;x5) [OR; L)
for some boundary data f-* 2 C?N. Its solution is simply given by
8 .
3fre & XD x x5
w(x) = _aie'™ +bhie " (xR xk,); (2.4)
'fﬁe ik(x xﬁ,); XEI X:

10
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where a; and b are given by
L}

a; 1 e ikxt, g ikxf fR _
bi 2isin(ks;j) el gikxf f||:|-1 ’

as shown in [57, Lemma 2.1]. The second and harder step is to combine the
expression for the outer solution with the boundary conditions in order
to find the full solution. We will handle this information through the Dirichlet-
to-Neumann map.

Definition 2.1 (Dirichlet-to-Neumann map). For any k 2 C which is not of
the form n =s; for some n 2 Znf0g and 1 i N 1, the Dirichlet-to-
Neumann map with wave number k is the linear operator Tk : c2N 1 ¢c2N
defined by

’

THEESR), ¢ nl= W (Ry

dx 10 N
where w is the unique solution to (2.3).

We refer to [57, Section 2] for a more extensive discussion of this operator,

but recall that T ¥ has a block-diagonal matrix representation
o

Ole ik O 1
f%e AK(s1) y
1 AX(s
B &= (s2) | g E 2.5)
fy Ak
£R A*(sn 1)) _ R
where, for any real * 2 R, AX(“) denotes the 2 2 symmetric matrix given by
1
k cos(k) k
Kpey -— sin(k*) sin(k*) .
ATC) -—g K K cos(k*) A (2.6)
sin(k*) sin(k*)
Consequently, TX is holomorphic in k in anelghbourhood of the origin and
admits a power series representation Tk n oK"Tn, where
O 1
0
A%(sy)
A%(sy)
To = 7 : @7
A’(sn 1))
0

and A%(s) := limy 1 g A(S).
The above properties of the Dirichlet-to-Neumann map will be crucial to
find subwavelength eigenfrequencies. We will use T K and TX interchangeably.

11



2.1. The Gauge Capacitance Matrix

2.1.1. Characterisation of the Subwavelength Eigenfrequencies.
The Dirichlet-to-Neumann map allows us to reformulate (2.2) as follows:

8
12 I
%um(x) + u'(x) + 2U=0 x2 (<t xRY;
du 1y Lotk i : 2.8
&R(xi)— Tv[ul; 81 i N; (2.8)
du Ry LS R. H .
-&L(Xi)_ T v[ul; 81 i N:

We can then further rewrite (2.8) in weak form by multiplying it by a test
function w 2 HY(D) and integrating on the intervals. Explicitly, we obtain
that u is solution to (2.8) if and only if

a(u;w) =0 (2.9)
for any w 2 H1(D), where
X Z X'? 12
a(u;w) = uw'  u'w Suwdx
i=1 X& Vi
WO TV Ulf + W) TV [uly: (2.10)

i=1
We also introduce a slightly modified bilinear form

3 Zx Zg T F
ar. (u;w) = uw'  ulwdx + udx  wdx
i=1 xk Xk xk
'
X 4 X2 RyT 41, 1R Lyt 2L -
) ?UWdX +  WOG) T v[uly +W(xp) T v[ul;
i=1 Xi b

(2.11)

This new form parametrised by ! is an analytic perturbation of the ap. form,
which is continuous and its associated variational problem is well-posed on
HY(D) and so ay. inherits this property. Specifically, for every summand of
<(ap: ) and for any " > 0, the following holds:

X Z Z s Zw Zas
u'o’ dx u'o + udx  Tdx
i=1 xt xk xk xk
N " AN 2
0,2 0,2 2
ku kLz(XiL;Xfe) 7ku kLz(XiL;X?) ?kukLz(xiL;xiR) + " udx
i=1 i
< " AN 2
— 01,2 2 )
= 1 @1 > )ku kLz(XiL;X,iQ) ?kUkLZ(xiL;xiR) + " udx
1= i

From the compactness of the injection of H* into L? and since "' is small enough,
it follows that <(ap. ) satisfies a Garding inequality. On the other hand, it

12
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follows from the explicit form (2.5) of the Dirichlet-to-Neumann operator that
=(ap; (u;u)) =0;

implies that u is constant on each [x}; x®]. But, <(ap. (u;u)) = 0 for u constant
on each [xk; xR] implies that the constants are all zero. Thus one obtains the
well-posedness of the associated variational problem.

We exploit this, by defining the h;(!; ) functions as the Lax-Milgram
solutions to the variational problem

ar; (hj(Y; )w)= wdx (2.12)

for every w 2 HY(D) and 1 j N. In the following lemma, we show that
the functions h; allow us to reduce (2.9) to a finite-dimensional N N linear
system by acting as basis functions.

Lemma 2.2. Let ! 2 C and 2 R belong to a neighbourhood of zero such that
air. is coercive. The variational problem (2.9) admits a nontrivial solution
u u(l; )ifandonly if the N N non-linear eigenvalue problem

(I C(; )x=0

has a solution ! and x := (Xj(¥; ))1 i ~, where C(!; ) is the matrix given
by
Z s !
C(h ) (€Y% )i ij N = hj(¥; )dx : (2.13)
X 1 ij N

Proof. This can be shown using the arguments presented in [57, Lemma
3.4].

Subwavelength eigenfrequencies are thus the subwavelength values for which
I C(!; ) is not invertible.

2.1.2. Discrete Approximation of the Subwavelength Eigenfre-
quencies and the Gauge Capacitance Matrix. In high-contrast, low-
frequency scattering problems, recent work has shown that capacitance matrices
can be used to provide asymptotic characterisations of resonant modes [18].
Capacitance matrices were first introduced to describe many-body electro-
static systems by Maxwell [104], and have recently enjoyed a resurgence in
subwavelength physics. In particular, for one-dimensional models like the one
considered here, a capacitance matrix formulation has proven to be very e [edt-
ive both in e Cciehtly solving the problem and in providing valuable information
on the solution [5, 57|. Therefore, we seek a similar formulation for the case
of subwavelength resonators with an imaginary gauge potential.

In the case of systems of Hermitian subwavelength resonators (i.e., when

= 0), the entries of the capacitance matrix are defined by

B g .

2.14
o, 0 (2.14)

Cij =

13



2.1. The Gauge Capacitance Matrix

where is the outward-pointing normal, D; the it" resonator and Vi : R ¥ R
the solutions of the problems

8
d2 — N E L. JRy.
WVi =0; X2Rn (X;X);
Li=; (2.15)
2Vie) = i X2 0 x);
Vix)=0() asjxj T 4;
with j;j denoting the Kronecker symbol; see [18].
Here, the formulation for the non-Hermitian system (2.2) is di Cefent from

the Hermitian case. The following definition is in agreement with the three-
dimensional case for the skin eledt [4]. We let R = Rnf0g.

Definition 2.3 (Gauge capacitance matrix). For 2 R , we define the gauge
capacitance matrix C 2 RN N py

. Z
H Di e *dx @D; @

where Vj is defined by (2.15).

It is easy to see that the gauge capacitance matrix is tridiagonal, non-
symmetric, and is given by
8

1

(2.16)

— i=j=1
s11 e 1 1
‘i zi . i
— : — 1<i1=]<N;
sil e 7 sii1l e’ !
R R _
Cij = s1 e 7 1 1=3 1 N 1 (2.17)
— i‘_; 2 i=j+1 N;
Sjl e i
- N ; i:j:N;

sy 11 e N
while all the other entries are zero. More visually, we can display the capacit-
ance matrix for ‘4 = “ and s =s; for all i as

Q

14




Chapter 2. Non-Hermitian Skin Effect in One Dimension

The following proposition is a central result. It shows that to leading order
in the gauge capacitance matrix encodes all the information of subwavelength
eigenfrequencies.

Proposition 2.4. Let ' 2 Cand 2 R belong to a small enough neighbourhood
of zero. Then, the matrix C(!; ) from (2.13) has the following asymptotic
expansion:

2

Cc(!; )=|+\!/§|_ oL lc L r+oq+ ) (2.19)

Here,
L =diag(“1;:::;°N) (2.20)
is the lengths matrix.
Proof. We need to show that unique solution h;(!; )with1l j N to
the variational problem (2.9) has the given integral asymptotic behaviour as

I, ¥ 0. From the definition of ai; , the function hj  h; (1; ) satisfies the
following di Lerkntial equation written in strong form:

8 L
0 0 !2 X Z P E L. Ry.
h_] hj 72hj + h_] dX 1(XL XR) —_ 1(XL XR) In (XI ’XI ),

Vi i=1 X i=1
% ciljhxj(xiL) =T é[hj]iL foralll i N;
dhj . R fh. R i .
- &(xi )= Tv[h]ly foralll i N:
(2.21)

Since T v is analytic in 12, it follows that hj(¥; ) is analytic in 12 and
there exist functions (hj.2p:k)p ok o such that hj(Y; ) can be written as the
following convergent series in H(D):

>
hj(1; )= 120 Khjony: (2.22)
p;k=0
By using the power series expansion of the Dirichlet-to-Neumann map and
identifying powers of I and , we obtain the following equations characterising
the functions (hj.2p:k)p ok o
1
N Zx ) 1
% Jopk j + ) h 2pik AX Liiyry = _zhj:zp 2k + Loy op ok
i=1 X Yj

dh X :
szk L)— V%TZn[hj;Zp 2n:k 1]Ii_; 1 i N;

§ n=0
X 1
k R
sz <) = V%TZH[hj;Zp ok 10 10 N;
n=0

(2.23)

15
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2.1. The Gauge Capacitance Matrix

with the convention that h;j.op.c = 0 for negative indices p and k. It can then
be easily obtained by induction that

i
(X% R
hjzpo = —pp3g  foranyp 0, 1 j N
Vit
Then, for p =0 and k = 1, we find that hj;o;1 satisfies
8 x Zy 1
u . "hio. -0 inD:
% hjo1  hjox - hjo1dX loayey =0 inD;
dhj.o: . :
E C;)’?,l(xli_) =Tolhjooly foralll i N; (224
dhj.o. .
: (;)f'l(x?) =Tolhjool} foralll i N:
From ) with £5R := hj0,00¢F) = =4 for 1 i N, we obtain
Tolhj0,0]f = O;
L 11 . .
Tolhj:o0:0li = T, U G i for2 i N;
. ‘1 ' (2.25)
To[hj;o;o]iR = g (D ij forl 1 N 1
j o
= Tolhji0,0IR = O:
The general solution for the ODE
y? ay’+b=0
is given by
1€ ax bx
X) = + — +
y(x) a a 2
for two constants ; and . So the solution to (2.24) on 1,..,x, is given by
Z R
e X Xj
hj;O;l =1 + x hj;O;l dx + 2;
X
having derivative
Z R
d < . 1 Xj
—NnNin1 = + — s.0- :
dXhJ’O'l 1€ XiL hj,O,l dx
Imposing the transmission conditions on the derivatives,
128
L 1
e T+ = hjpadx= Tolhjo0lf;
Xj
R
1€ < hj.0;1 dx = TO[hj;O;O]E?;
Xi

16



Chapter 2. Non-Hermitian Skin Effect in One Dimension

we obtain a value for the integral

Z €.
d hi-0:1 dX = Tolhjoolie ™ Tolhjoli
4 e @ ewy

which combined with (2.25) yields the result after some careful algebraic ma-
nipulation.

Definition 2.5 (Generalised gauge capacitance matrix). The generalised gauge
capacitance matrix C is given by

C =L Dv?eC ;

where

L is the diagonal matrix having as diagonal entries the lengths of the
resonators Li.j = “j;

D is the diagonal matrix having as diagonal entries the ratio of the
densities of the resonators D = i;

V is the diagonal matrix having as diagonal entries the wave speed
inside the resonators Vj.j = vj.

The following corollary, whose proof is similar to analogous results in [56],
describes how the gauge capacitance matrix characterises the nontrivial solu-
tions to (2.2).

Corollary 2.6 (Discrete approximations of the eigenfrequencies and eigen-
modes). The N subwavelength eigenfrequencies ; satisfy, as ¥ 0,

pP_
L= i+0(),
where ( )1 i n are the eigenvalues of C . Furthermore, let u; be a sub-

wavelength eigenmode corresponding to !; and let a; be the corresponding ei-
genvector of C . Then

>x<X .
u) = advj(x) +0();
]

where V;j are defined by (2.15) and a0 denotes the j™ entry of the eigenvector.

Lemma 2.7 (Properties of the gauge capacitance matrix).

(1) Recall the Hermitian capacitance matrix C, defined in (2.14). Then,
forany 1 i;j N,; it holds that

17



2.2. The Skin Effect in Monomer Systems

(2) For equally spaced identical resonators: sj =s; 4= “forall 1 i
N, the gauge caé)acitance matrix is almost ToeplitZ¥ taking the form

1 .
— =j=1
sl e =1
?coth( ‘=2); 1<i=j<N;j
Ci;j = . 1 (2.26)
— 1 i=jJ 1 N;
% sl e ° 1= '
1 .
- — ; =1 =N
sl e =1

2.2. The Skin E[edt in Monomer Systems

We will first consider a system of equally spaced identical resonators (monomers),
that is, a chain of N resonators with sj =sand ‘4 =“foralll i N. For
this case, the particular structure of the capacitance matrix allows us to apply
existing results concerning the spectra of tridiagonal Toeplitz matrices, which
are briefly recalled in Appendix [Al

We now turn to the question of eigenmode condensation. We will begin
by proving that the skin e[edt occurs in a finite system of subwavelength
resonators.

For the monomer case, the particular structure of the capacitance matrix
allows us to apply existing results concerning the spectra of tridiagonal
Toeplitz matrices; see Appendix [Al Applying the explicit formula for the ei-
genpairs of perturbed tridiagonal Toeplitz matrices from Lemma[A.10[to C ,
we obtain the following theorem.

Theorem 2.8. The eigenvalues of C are given by
1=0;

=< = P — = ; : :
k—scoth( 2) + s e 1jcos N(k 1) ; 2 k N (2.27)
Furthermore, the associated eigenvector ay satisfies the following inequality,

for2 k N,
ia% e 7 foralll i N; (2.28)

for some x (L+e7)2.

Here, as) denotes the it component of the k™ eigenvector. It is easy to

show that the first eigenvector a; is a constant vector (i.e., ag') is the same for
all ). From Theorem |2.8 we can see that the eigenmodes display exponential
decay with respect to both the site index i and the factor

Of particular interest is the application to the gauge capacitance matrix
C of a well-known result in Toeplitz theory recalled in Lemma [A.8], which

states that the eigenvectors present exponential decay if the corresponding

8Meaning, Toeplitz up to perturbation in the top left and bottom right corners.

18



Chapter 2. Non-Hermitian Skin Effect in One Dimension

eigenvalues lay in a specific region of the complex plane. These results show
that the localisation of the eigenvectors of both the finite and semi-infinite
capacitance matrices depends on the Fredholm index of the symbol of the
associated Toeplitz operator at the corresponding eigenvalue or, equivalently,
of its winding number.

Definition 2.9 (Fredholm). Let X be a Banach space and B(X) the set of
bounded linear operators on X. We say that an operator A 2 B(X) is a Fred-
holm operator if ImA is a closed subspace in X and

dimKerA < 1; dimCokerA< 1;
where CokerA = X=ImA. The index of the Fredholm operator A is defined as
Ind A :=dimKer A dimCoker A: (2.29)

Indeed, the Toeplitz symbol of the Toeplitz operator associated to the
capacitance matrix C encloses the ellipse E  C given by
2 —(7)2
<@? , =@

z b2E ., 1
a+c a c

where a;b and c are the below diagonal, diagonal and above diagonal elements
of the Toeplitz operator. In particular, the boundary of the ellipses is drawn
by @ ae' +b+ce ! so that the winding in the interior of the ellipse is
negative for > 0 and positive for < 0. It is thus easy to show that

2 (C)nf0g) 2int(E) and 020QE: (2.30)

Specifically, every eigenvector having the corresponding eigenvalue laying
in the region of the complex plane where the Fredholm index (or equivalently,
the winding number of the symbol) is negative has to be exponentially localised.
This shows the intrinsic topological nature of the skin e [edt.

The non-normal nature of this system calls for the study of the pseudo-
spectrum.

Definition 2.10. Let " > 0. Then, 2 C is an "-pseudoeigenvalue of A 2
CN N jf one of the following conditions is satisfied:

(i) is a proper eigenvalue of A + E for some E 2 CN N such that
KEk "
(i) k(A 1)uk <" for some vector u with kuk = 1;
(iii) k(A Nkt "
The set of all "-pseudoeigenvalues of A, the "-pseudospectrum, is denoted by
«(A). If some nonzero u satisfies k(  A)uk < ", then we say that u is an
"-pseudoeigenvector of A.

By the equivalence of norms in finite dimensions, any norm can be used.
For a general treatment of pseudospectra, see [137].

In Figure 2.1} we display the convergence of the pseudospectrum and the
topologically protected region of negative winding number. We note that the
trivial eigenvalue 0 is outside of the region as the winding number is not defined
there. As a consequence, the corresponding eigenvector is not localised.
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2.2. The Skin Effect in Monomer Systems

0:00100

(a) N = 30. (b) N = 70.

0:50 A
0:25
T

0:00 \v
0:25 4
1:0 T T T T 0:50 T T T
0 10 20 30 0 10 20 30
Site index Site index
(c) Eigenvectors. (d) Selection of 4 eigenvectors.
Figure 2.1. "-pseudospectra of C for " = 10 X for k =

1;:::;5. Shaded in grey is the region where
the symbol fr has negative winding, for T being
the Toeplitz operator corresponding to the semi-
infinite structure. Figure shows the eigen-
vectors of the capacitance matrix superimposed
to display an exponential decay, while Figure[2.1d]
shows 4 selected eigenvectors.

The explicit formula for the eigenvalues from Lemma [A.10] also provides
some information on the distribution of density of states. The property of co-
sine to have minimal slope when it is close to its maxima and minima causes
eigenvalues to cluster at the edges of the range of the spectrum. This is demon-
strated by the nonuniform distribution of the black dots in Figure [2.7]

We conclude this section with a qualitative analysis of the spectral de-
composition of C . In Figure [2.2a, we show the eigenvector localisation as a
function of the site index for finite arrays of various sizes. The localisation of
a vector v is measured using the quantity kvk4 =kvk,. After rescaling the site
index, we expect there to be some invariance in the size N of the array, based
on the formulas of Lemma Figure [2.2B] shows, on the other hand, the
singular values of the eigenvector matrix, again with the indices normalised.
The number of nonzero singular values is a proxy for the dimension of the
range of the matrix. This has an exponential dependence on N. As a result,

20



Chapter 2. Non-Hermitian Skin Effect in One Dimension

Figure 2.2 shows that as N increases, despite the number of eigenvalues that
grow like N, the rank of the matrix of eigenvectors is fixed.

0:8 1 e b
e 10 24
. N 3
w10 S 10 6+
........... 50 %
.......... 100 2 10 10
....... 200 Z »
500 e S
0:00 0:25 0:50 0:75 1:00 0:00 0:25 0:50 0:75 1:00

Eigenvector index transformed to [0; 1] Singular value index transformed to [0; 1]

(a) The eigenvector localisation % (b) The singular values of the eigen-

does not depend on N after rescal- vector matrix decay exponentially in
ing. N. This shows that the rank of the

eigenvector matrix is independent of
the size.

Figure 2.2. AsN T 1, arbitrarily many eigenmodes become
close to parallel. Here, this is shown in the case
s=“=1land = 0:5. The flattening of the lines
in Figure [2.2b] is a numerical artifact.

We will return to monomer systems in Section [2.4] after considering systems
of dimers.

2.3. The Skin E[edt in Dimer Systems

In this section, we will show that the skin e [edt — whose existence has been
shown in the previous section — is a feature present also in dimer systems. To
do this, we will use quite di [erknt tools from those used for monomers, namely
Chebyshev polynomials.

2.3.1. Chebyshev Polynomials. Chebyshev polynomials are two se-
quences of polynomials related to the cosine and sine functions, denoted re-
spectively by Th(x) and Un(X). In particular, the Chebyshev polynomials of
the first kind are obtained from the recurrence relation

To(x) = 1;
Ti(X) = X;
Thr1(X) =2XTh(X) Tn 1(X);

and the Chebyshev polynomials of the second kind are obtained from the re-
currence relation

(2.31)

Uo(X) = 1;
Ui (x) = 2x;
Un+1(X) = 2xUn(x)

(2.32)
Un 1(X):
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2.3. The Skin Effect in Dimer Systems

A Chebyshev polynomial of either kind with degree n has n di [erknt simple
roots, called Chebyshev roots, in the interval [ 1;1]. The roots of T,(x) are

+ 1=
XKk = CO0S u 0 k n 1
n
and the roots of U,(X) are
k
Xk = COS Porar 1 k n (2.33)
It is also well-known that for 1 x 1andany n 0, we have the upper

bounds
i) JTa(Mj=1 jUn(x)j JUn(D)j=n+1 (2.34)
Although both T, (x) and U, (x) are highly oscillating in the interval [ 1;1],
they have some monotonicity properties outside [ 1;1].

Proposition 2.11. Let n 2 N. Then,
(i) Ton+1(X) is strictly increasing for x 2 ( A1; 1) [(1;+1). Ton(X)
is strictly increasing for x 2 (1;+21) and strictly decreasing for x 2
( 1, 1)
(ii) Uzn+1(X) is strictly increasing for x 2 ( A1; 1) [ (L;+1). Uxn(X)
is strictly increasing for x 2 (1;+21.) and strictly decreasing for x 2

a; 1),
(iii) (Uanég) is) strictly decreasing for x 2 ( 1; 1) [(1;+1).
Proof. We only show point (iii), which is the less standard result. Con-
sidering the derivative of Uk 1(X), we have
Uk (X)
Uk 1(x) " _ Uk (GQUL 1 (X)) UL(QUk 1(X) (2.35)
Uk (X) UZ(X) ' '

A well-known property of Chebyshev polynomials is that
(kK + DTi+1(X)  XUk(X).
x2 1 '
where T (x) are the Chebyshev polynomials of the first kind. Thus, to demon-
strate the negativity of (2.35) for jxj > 1, we only need to show that

Up(x) =

0> Uk(X)[KTk(X) XUk 1(X)] [(K+D)Tk+1(x) XU()IUk 1(X)

= Uk(KTk(¥) (K + DTi+1()Uk 1(X): (2.36)
It is also well-known tEat
_ 3 (Un() + Up <(9); ifn 1
T-(X)Un(X) = ;(U‘+n(x) U na00): ifn ¢ 2 (2.37)
So that becomes
UM +Uo()) U0 Ug0) = o) (ECED,
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Chapter 2. Non-Hermitian Skin Effect in One Dimension

By Ux(X) >2k+1;k>0;x2( Ad; 1)[(1;+21) and the proof is complete.

We show in Figure [2.3) the behaviour of the Chebyshev polynomials of the
first and second kinds and illustrate the opposite behaviors of T,,(x) and Un(X)
for x inside and outside the interval [ 1;1]. We will see in the subsequent

sections that the two diLerkent outside and inside behaviors correspond to the
skin e [edt and interface modes, respectively.

>

\
1
1
1
1
|
1
|
1
1
|
|
1
1

2
°

I
>
&
L
-

= Ta(0

. 7 -7 To(x)

1:00 . 1074 - ——= To(X)
1:.00 0:75 0:50 0:25 0:00 0:25 :

(d

Figure 2.3. The Chebyshev polynomials of first (Figures|2.3
and [2.3b) and second (Figures [2.3c| and [2.3d

kinds on a narrow interval (Figures|2.3aland|2.3c
where one observes the oscillating behaviour and

on a wide interval (Figures and [2.3d) where
the monotone behaviour is visible (note the sym-
metrical log y-axis with linear threshold 2).

2.3.2. Spectra of Tridiagonal 2-Toeplitz Matrices with Perturba-
tions. Let Agfﬂl be the tridiagonal 2-Toeplitz matrix of order 2m + 1 with
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2.3. The Skin Effect in Dimer Systems

perturbations (a;b) in the diagonal corners, that is,

1
1t+a
1 2 2
2 1 1

Hv) B . .

ASY, = o2 : (2.38)
1 2 2
2 1+b

Here, i; i; i, i = 1;2 and a;b are in R. Denote furthermore by Ag";;b) the

tridiagonal 2-Toeplitz matrix of order 2m with perturbations (a;b) in the di-
agonal corners, that is,

1
1+a 1
1 2 2
2 1 1
o) _ . .
AR = L2 D (2.39)
2 1 1
1 2+b

We assume throughout that the o [=diagonal elements in (2.38) and (2.39) are
nonzero and satisfy the following condition:

i i>0 i=L2
We first consider the eigenvalues of Ag?;]oll and Ag?,;?) and define the poly-
nomials

P— m X X
Pm(X) = 1122 Un ( 1)(2912)1221 L 22

where U, is the Chebyshev polynomial of the second kind defined in (2.32).

It is well-known (see, for instance, [43, |67, [LO0]) that the characteristic poly-
(0;0)

nomials of the 2-Toeplitz matrices A2m+1;A§?;10) are respectively

a0 ()= 1)Pn(X)

. (2.40)

and
A%O)(X) =Pn(X)+ 2 2Py 1 (¥):

More generally, it can be shown that the characteristic polynomials of Aé?;]bll; Agﬁb)
are respectively

Aéif’ll(x):(x 1 a b)P,(X) +(@b(x 2) a11 b 2P, 1 (X
and
aen(®) =Py )+ @( 2 ) +b( 1 X)+ab+ 2 )Py 1(X)

+ab 4 1Pm Z(X)Z
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Chapter 2. Non-Hermitian Skin Effect in One Dimension

In particular, for the case when 1= > = ; j= j;J = 1,2, the character-

istic polynomials of A& and AR are respectively

acm (=< a PR+ ab(x ) af b3 Py
(2.41)
and
Ag () =Pn )+ (a+b)( ) +ab+ F Py g (x)+ab TPy 2(x)
(2.42)

for the corresponding P, (X)’s.

We next present explicit formulas for the eigenvectors of tridiagonal 2-
Toeplitz matrices with perturbations at the diagonal corners, that is, the
matrices Ag‘?‘ﬂl and Ag"ﬂ’), through a direct construction. We start by in-

troducing the following two families of polynomials.

Definition 2.12. We define the two families of polynomials g ** @;p{?* @) py

657 %°()=¢ PSP =
and the recurrence formulas

6" )= PP gl V) (243)
P PO =020 ) (2:44)
where
— 2 2. (2.45)
11

The recurrence formulas (2.43) and (2.44) can be simplified as follows.

Proposition 2.13. If p{» ¥( ) and ¢ ” V() satisfy (243) and (2.44) re-

spectively, then

pLP()= @+ )P P0)  pLriP() (2.46)
and _ _ _

a0 =0 @+ )"0 orv() (2.47)
with

PP P()= o pPY0)=C ) (2.48)

K" = ¢ P20 = , (2.49)

where is defined in (2.45).

Proof. From (2.43) and (2.44), we have
PO = ") gm0

which gives
6P )= W) PP
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2.3. The Skin Effect in Dimer Systems

Substituting the above identity into (2.44)) yields (2.46)). Similarly, from (2.43),
it follows that (oo Coi o) Coi o)
PPV C)=a” V)P ()

which together with (2.44) yields (2.47). By Definition (2.49) can be

easily verified.

For later use of the Chebyshev polynomials, we further normalise the poly-
nomials p{ » “( );ql P 9( ). This can be achieved by setting

1+ 2
= (2.50)
with
2_ 22,
11
and
pﬁpq)()_l (pia) 149 4 2. q((pq)()_ (pq) 1+2 + 2
(2.51)
Thus, from (2.46) and (2.47)), we respectively get
BV =2 BP0 BP0 (2.52)
and (pa) (pa) (pa)
t11<f-”1q()—2 Q") v (2.53)

Equations (2.52) and (2.53) are the Chebyshev three-point recurrence formula.
Also, from ( - the |n|t|al polynomials are given by

bgp;q)()z o pgp?q)()zz B

. . (2.54)
quvq)(): . qép-q)()z(z_,_)p_kp q.

Now, we characterise the eigenvectors of Ag?;bll and A(a ) by the “Cheby-
shev like” polynomials introduced above.
. (a;h) . . .
Theorem 2.14. The eigenvector of Ay, in 1; associated with the eigen-
value ( is given by

x= @000 S0 BTOCsET O SsCa R 00

R G S SRR

(2.55)
where g ;b P @) are defined as in (2.51) with
a=0(1 ) p=(1+a r)
and s;  are respectively given by
r
+
s= L2 _ (1 0 2 ) (11% 22), (2.56)
12 2 1122
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Chapter 2. Non-Hermitian Skin Effect in One Dimension

The eigenvector of A%’) in (2.39) associated with the eigenvalue  is given
by the first 2m elements of x in (2.55).

Proof. We first demonstrate that the eigenvector of Aé?;]bll in (2.38) as-
sociated with the eigenvalue  has the following form:

. 1 ) .
x= " (i — (1 OR" V() = 6V

1 1 () R 1 1 m 1 (piq) .
— — (1 r) Pt (r)iiisy — — (1 P 1 (r);
1 2 1 2

m . >
i 0 V() (2.57)

where ¢ ** @ ();p'? @ () are the polynomials defined as in Definition
with ¢ =( 1 ) p=(1+a r), and  is given by

r=(l r)(2 r):

11

To prove (2.57), we consider
(A2m+1 )X =0;

where

1 1 1
X = Xi; —1( 1 X2 > X3,  — - (1 r)Xom;

Considering the first row, we can choose
X1=(1 ) X=(1+a ).
Then by the second row, we have
1
1X1 *1( 1 (2 )X+ 1x3=0;

which gives
X3 = X2 Xi:
The third row is

201 e+ (1 ) S x3s (1 1) = x4=0
1 2 2

and thus,
Xq4 = ﬁxz + X3 =X3 X2;
11
where = % Continuing the process, we can easily verify that
Xok+1 = rXek Xok 1, k=1, ;m;
Xok = Xok 1 Xok 27 k=2, ;m:
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2.3. The Skin Effect in Dimer Systems
By the definition of g * ©( ,);p{® ®( ) in Definition .12} we note that
Xok+1 :qf( P q)( r), k=0, m;
X =pP V() k=1 m;

with ¢ =( 1 r); p=( 1+a ). This proves (2.57).
Finally, by (2.50) and (2.51), we can write (2.57) as (2.55). This completes
the proof.

Remark 2.15. By (2.54), in Theorem , the initial values of pﬁp; q)( r)
and qﬁ Piad ) are

BEO(D=C1 D BPO(D=26(1 ) %
BO(n=C1+a ) B"O(D=@c+ )1 ) =

We now present a detailed characterisation of the eigenvalues of Aé?;bll

and AR,

Theorem 2.16. Let m be large enough. The eigenvalues ’s of Aé?;]bll are
all real numbers. Except for at most 11 eigenvalues, we can reindex the ,’s to
have

| | | , . . .
3< h< < L 3 minf g g maxfF g g Fi< < [< &

In particular, fork =3; ;m 3,
k L N (k 2
Cos m min y . 5y( k) max y ;Y ( K Ccos m
(2.58)
with
yoo= D&y D) 11 22 (2.59)

2 1122

Proof. The proof is divided into two steps.
Step 1. Note that Agi;bll has the same eigenvalues as the Hermitian matrix

O  +a pT T 1
11 p.2 2 2
2 2 1 11
o
H = 11 2 ;
P 1 1 2 P 2 2
p_2_
22 1%+b
(2.60)
which can be seen from computing jxI Agi;bllj = jxI  Hj using Laplace
expansion on the last row. Thus the eigenvalues of Aé?;]bll are real numbers.

To demonstrate 1» we first analyse the eigenvalues of Aé?goll, i.e., the case
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Chapter 2. Non-Hermitian Skin Effect in One Dimension

when a = b = 0. Note that by (2.41) the eigenvalues f (g of Agﬁ’,;oll are the
roots of the polynomial
Qam+1(X) = (x  1)Pm ( 2(X)):

By the definition of P, (x) in (2.40), to find the roots of Qam-+1(X) (except the
trivial root x = 1), we only need to find the solutions of

Um(y) = 0; (2.61)
where y is defined by (2.59). By (2.33), the solutions are given by
Kk
= —0 k=12, m:
Yk = COS — 1 m
From (2.59)), it is not hard to see that the ,’s corresponding to yx = cos %

should belongto ( A;minf 1; 2g]or [maxf 1; »0;+21). Therefore, the |’s
can be reindexed in order to have

| | | : . . r r .
1< 2< < 5, minf 1; g maxf 1; 20 m< < 2< 1

with ‘
I — ry — . — 1.9 R
= =cos —— ; k=12, ;m:
Y «k y( ) m+ 1
Step 2. We now turn to the case when (a;b) & (0;0). Consider Agi;bll's
principal submatrices Ag?;]o) and
1
2 2
2 1 1
Dim’1 = 12 1
SRR
2 1

Denote the eigenvalues of Ag;;o) by t1; ;tom, assuming that they are

distributed in decreasing order and the eigenvalues of DE%O)l by gi;  ;%m 1.

assuming that they are distributed in decreasing order. Since the eigenvalues

of Ag‘?{]o) and Dé%o)l are the same as those of some Hermitian matrices like

(2.60), by the Cauchy interlacing theorem, we thus obtain that

ttm Om 1 tm 1 Oom 2 tb ot (2.62)
Applying the same arguments as those in Step 1 to the eigenvalues fg,g of
Dé%o)l, we have that the g,’s can be reindexed to have
0l <0< <gm i minfy; o9 maxf i g gf, 1< <gf<of
with ‘

y o =y@)=cos - ; k=1 m L (2.63)
By (2.62), except for at most 6 t,’s, the eigenvalues of Agﬁo) can be reindexed

to have

th<th< <tl,, minfq; ,g maxf i, g t,,< <ti<t}
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2.3. The Skin Effect in Dimer Systems

In particular, since 1» is decreasing on the left of 12; 2 and increasing on
the right, by (2.63) we have for k = 2; 3; m 2,

K LU . N . (k 1
cos — min y t. ;y(t) max y t. ;y(t) c0S
m m
S. . (a;0) . . . . (a;b) R .
imilarly, as Ay, is a principal submatrix of A5 1, by the Cauchy interlacing
theorem, we have that, except for at most 11 eigenvalues, we can arrange the
eigenvalues in such a way that

| | : . . r r r.
3< 4< < ;3 minf g 29 maxf 1; 29 3< < ;< 3

In particular, fork =3; ;m 3,

n o n

(0]
s S miny Loay(D omaxy Loy(p o oes E2

m

This completes the proof.

Theorem 2.17. Let m be large enough. The eigenvalues f g of Ag"ﬁ]b) are all

real numbers. Except for at most 12 eigenvalues, we can reindex the ’s to
have

| | | H . . r r .
3< 4< < mg4 minf g, g maxf 1; 20 [, 4< < ;< 3

In particular, fork =3; ;m 4,
n o n o
cos k+1) mny L y(l) maxy L ;y(L)  cos k2
m m
(2.64)

with y(x) being defined by (2.59).

Proof. The proof is divided into two steps.
Step 1. Similar to the case of Aé?];bll, the eigenvalues of Ag";‘]gb) are all real
numbers. To demonstrate (2.64), we first analyse the eigenvalues of Aé%o).

Note that by (2.58) the eigenvalues f (g of ALY are the roots of

2m
Qom(X) =P ( 2(X)) + 2 2Py 1 ( 2(X)):

Similarly, in order to find the roots of Q,m(X), we only need to find the solutions

fykg to
s

%m+—%@mMFm (2.65)

Define
s

fm=wm+4%@mmx
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Chapter 2. Non-Hermitian Skin Effect in One Dimension

Without loss of generality, we suppose that m is an odd number. Note that

the roots of Uy, 1(y) are cos km; k=1;2; 'm 1and
Um 1(y) >0 fory 2 cos % ;cos & k=0, ;0L
Um 1(y) <0 fory2 cos &*2 . os G =g, ;m3:
(2.66)
Note also that
1 k k
< ——<—; k=1, :m
m m+1 m
and . . .
1
cos — <cos —— < oS u k=1; m:
m m+1 m
Recalling that the roots of U, (y) are cos %; k =1;2; ;m, we are now
ready to estimate f(y). We have
2 3
f cos —— >0, f cos —— <0; f cos —— > 0;
m+1 m+1 m+1

Thus, the solutions fy,g to f(y) = 0 satisfy that, except for only at most two
Yk’s, after reindexation,

k (k+1)

ck=1; 'm 1
m+11 m+1 1 1 1

Yk =C0S k; k2

Then, similarly to the discussions in Step 1 of the proof of Theorem [2.16| we
can reindex the ,’s to obtain

| | | : . . r r r
1< 2< < m 1 Mminf 1; g maxf 1; 20 m1< < 2< 1

with

(k+1) e N k
cos =~ mny G ooy() maxy g y(E)  cos
fork =1;2; ;m. Analogously, we can prove the result for the case when m

is an even number.

Step 2. Similarly to Step 2 in the proof of Theorem [2.16] by considering

principal submatrices of Agfr;]b) and utilising the result in Step 1 together with

the Cauchy interlacing theorem, we can prove the statement.

2.3.3. Capacitance Matrix. We consider a system composed of dimers

— thatissi =sjsoforalll i N 3and‘=“foralll i N —
governed by (2.1). The gauge capacitance matrix from (2.17)) takes the form
o 1
€1 1
12 2
2 1
C = 1 2 X (2.67)
2 1 1
1 €2
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2.3. The Skin Effect in Dimer Systems

where

1= = = o 2= o o
s11 e sl e sl e s11 e

€1= — 7, e, = eq;

1 5.1 e 2 1

1= 51 e < 2 = 51 e €y

_ — ‘; Z:f -
s11 e Sl e

We may remark that all rows of C sum to 0 and thus 1 2 ker(C ). We
will see that this is the only eigenvector of C that is not localised.

The first result consists of showing that the eigenvectors of the capacit-
ance matrix exhibit an exponential decay and that, therefore, the eigenvectors
condense. Its proof is almost a direct application of the eigenvector formula

in Theorem[2.14] In particular, employing we only need to control
the “Chebyshev-like” polynomials b /(' ); g * ©( )'s. This then utilises the
boundedness of Chebyshev polynomials in [ 1;1] shown in and the ei-
genvalue distribution derived in Theorem [2.16] Thus, we see that the interface
modes and the skin e [edt actually correspond to the opposite behaviors of the
Chebyshev polynomials in and outside the interval [ 1;1]; see Figure
Lemma 2.18. Except for at most 11 eigenvalues f g of Ag‘ﬂl, the corres-
ponding eigenvectors X in Theorem satisfy
| e
ix®j  Mj % (2.68)

for some constant M > 0 independent of the ,’s, where xU) is the j™ com-
ponent of x. The estimate (2.68) also holds for the eigenvectors x of AED

2m

associated with the eigenvalue  in Theorem [2.14] except for at most 12 r’s.

Proof. By Theorems and 2.17) all the ’s of AZ), and A are

real numbers, and except for at most 11 ’s of Aé?;]bll, we have

r:(r 1)(rp 2) 11 22 _ o5, (2.69)
2 1122

for certain 2 [0; ]. Now we will demonstrate thatpﬁp; 2 ( ,)and qﬁ Pia) ()
are bounded for , = cos ,. The idea is to represent them with Chebyshev
polynomials, although they are not Chebyshev polynomials straightforwardly.

To do so, we separate bﬁ pi a) (x) as follows

B (%) = Uk(X) + Vi 1(X)

with
uoX)=(C 1 ) uX)=2x( 1 )
v 1(x) =0; vo(x) = &
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Chapter 2. Non-Hermitian Skin Effect in One Dimension

Note that by (2.58), we have bS™ @ ( 1) = uo( ) +v 1( ):p{™ () =
ui( r) +vo( r). By (2.52), it is not hard to check that

Uk+1(X) = 2Xu(X)  uk 1(X);

Vk+1(X) = 2xvk(X) vk 1(X);

and
uX)=(1 )y uxX)=2x( 1 )

Vo(x) = & vix) =2x 2

Thus, both uk(x); vk(x) are Chebyshev polynomials of the second kind after
scaling. By (2.34), we have for 1 x 1andk =0;1, ;
(o . . . . . ..a.
B ) i+ v 100] k+Dj 1 ko
It is not hard to see that, for  satisfying 1' . 1 rjandj2jare uniformly
bounded. That is,
B Pe0i kM x2[ 11

for some M > 0.
To demonstrate the boundness of the quantities qﬁ pi q)( r) We separate
them as
B P2 () = uk() + wie(x) + Vi 1(3)

with
uX)=(1 a ) mxX)=2x(1 a r);
Wo(X) = 2a; wi(X) = X(2a);
v 1(x) =0; vo)=(1 r) +-2

It is not hard to see that ux(x); vk(x) are Chebyshev polynomials of the second
kind after scaling and wy (x) are Chebyshev polynomials of the first kind after
scaling. In the same fashion, by we can show that jqi i) )j are
bounded by kM for some M>0. Taking into account the formula of the eigen-
vector x in Theorem [2.14] it is enough to demonstrate (2.68). The result for
Agi;b) follows from Theorem This completes the proof.

The natural consequence of this theorem is the condensation of the eigen-
vectors of the gauge capacitance matrix.

Theorem 2.19. All but a few (independent of N) eigenvectors of the gauge
capacitance matrix C satisfy the following estimate:

ix®j Mje bz (2.70)
where x@) is the j™ component of the eigenvector x.

Lemma [2.18 and Theorem [2.19 are stated to hold up to a finite number of
eigenpairs. This is due to the fact that the proof relies on multiple applications
of Cauchy’s interlacing Theorem. Nevertheless, numerically, we can verify that
there is exactly one eigenvector which is not localised. More precisely, in Figure
we show that only the eigenvalue 1 = 0 satisfies jy( j)j 1 fory asin
(2.59). In Figure [2.4b we plot the eigenmodes of a system of 25 dimers.
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Eigenvalue index i

(a) The black dots show the value y( ;)

for the eigenvalues ; of C . The
red line show the boundaries of the
stability zone y = 1. Only for
0, y( ) lays outside of this zone.
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(b) Eigenmodes superimposed on one
another to portray the skin e [edt: all
modes except one are exponentially
localised on the left edge of the sys-
tem.

Figure 2.4. Eigenmode localisation for a system of 25 dimers
(N=50), ‘i=1,s1=1,s,=2and =1.

It is interesting to note that the eigenvalue 0 is both the only outlier of
Figure [2.4a) and the only point laying on the trace of the eigenvalues of the
symbol of the 2-Toeplitz operator.

2.3.4. Infinite Periodic Case. For the infinite periodic case, we con-
sider a one-dimensional system composed of N periodically repeated disjoint
subwavelength resonators. We assume that for some “ >0, “j = “ forall i 2 Z.
We use the same notation as in Chapter [6| Specifically, L is the size of the
unit cell and  denotes the quasiperiodicity parameter of the Floquet-Bloch
transform.

Similar to the finite case, we are first interested in resonant frequencies
I ()forany in the first Brillouin zone Y = ( ;]. In the periodic case,
we call A I () band functions.

In order to get the quasiperiodic capacitance matrix one needs to apply
similar modification as in the finite case to the procedure of Chapter [6| where
the reader can find the details of the derivation.

Definition 2.20 (Quasiperiodic gauge capacitance matrix). For 2 R, we

define the quasiperiodic gauge capacitance matrix C © 2 RN N py
C-.:- := B ‘i ‘ Li ‘ - + ‘j ‘ B
i sil e 7 si;1 e Y i 0

ig+n+ € D)

1

= = iN 1
sjl e i o

i L

N
+ e -—
SN(l

ey 2.71)

The following results hold, with the usual notationof C * =L DV?2C : .
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Chapter 2. Non-Hermitian Skin Effect in One Dimension

Proposition 2.21. The N subwavelength band functions ( @ ,); ; n sat-
isfy,as 10,
P
=" +0():

1
where ( ;)1 i n are the eigenvalues of C * . We select the N values of pii
having positive real parts.

Lemma 2.22. For N =2 and “; = “, = *, the eigenvalues of C : are given
by

(e +1)(s1+5) pie =2p(4slsz cosh( i L)+d)
1 2 (e 1) S1S2 '
P _,P -
(e +1)(s1+s2)+ 2e (4s15, cosh( i L)+d)
2= 2 (e 1) S1S2 ’

where d = cosh( )(s1  s2)? + (S1 + S2)2. On the other hand, for N =1 (i.e.,
when s; =s; =sand ‘3 = “ = L="°+5), we have

e et +1 eel _—

1= 2= S(e 1) ’ ( . )

and C ' can be considered as a scalar.

The band theory of C * is very rich because of the non-Hermitian structure
of the matrix. Indeed one might rapidly see that for some general 1 i;j N,

Cij &Cj:

From now, we will consider systems of periodically repeated dimers, that
is, N =2, and “; = “ = 1. The band functions ! present very interesting
symmetries as the following lemma shows. This behaviour is observed in Fig-
ure [2.5, where we see the symmetry of the real parts and the antisymmetry of
the imaginary parts.

Lemma 2.23. Let 2 R . Then,
C: =C :

Therefore, the real part of the eigenvalues is symmetric and the imaginary part
is antisymmetric with respect to 7A@

The following lemma establishes the exceptional points of the system where
the eigenvalues and eigenvectors of the quasiperiodic gauge capacitance matrix
simultaneously coalesce.

Lemma 2.24. Let N = 2 and 0 < . Then the two eigenvalues of C -
coalesce if and only if = and
cosh( ) s 6s1Sp;+55 +(s1+52)2=0: (2.73)

The geometrical multiplicity of the eigenvalue is then 1.
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(a) Real and imaginary parts of I; for (b) Bands @ I, plotted in the com-
i = 1;2. We observe the symmetries plex plane.

of Lemma [2.23} the real parts are

symmetric and the imaginary parts

are antisymmetric with respect to
A

Figure 2.5. Band functions of a periodically repeated dimer

with s; =1, s, = 2 and

= 0:5. For both I,

and 1,, we observe points E;.», 2 C with non-
zero winding (see Proposition [2.25)).

Proof. The eigenvalues coalesce if and only if

tr(C * )
which reads

2¢sch? 5 4s;s, cosh(

i L)+ cosh( )(s1

4det(C ' ) =0;

$2)? + (51 + S2)?

252
2s7S5

Comparing real and imaginary parts, we recover the sought formula.
In order to establish the geometric multiplicity of the eigenvalue, which

=0:

reads tr(C 'T)=2, we need to find the dimension of the kernel of C 'T  tr(C 'T)=2.
After some algebraic manipulation, we obtain .
1 (232 1) (s1 e sp)~
T T — 1
c 2 tr(C t)= (e 85115252) ¢ (s1 )SSSZ '
(e 1)sis2 2s1S2
so that its eigenvectors read
q
v = pi e cosh( ) s 6S1Sp+S? +(s1+S2)2 es;+(e 1)s;+s;
2e 81 2%
which obviously agree for as above.
We denote by
c(S1;82) (2.74)
the unique critical satisfying (2.73).

In Figure [2.6] we consider a periodic chain of dimers having s; = 1 and

so = 2. We plot the two eigenvalues in the complex plane as
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Figure 2.6. Eigenvalue behaviour in the complex plan as
varies over the Brillouin zone for di[erent values
of for a system of periodically repeated dimers
with s; = 1 and s, = 2. The value ¢(1;2) =
0:73899 corresponding to a system with excep-
tional point signs the change from open to close
band structure.

the Brillouin zone, from =L to =L. Lemma [2.24] tells us that, for these

parameter values, the eigenvalues will coalesce when . = 0:73899. The cross-
ing of this critical . corresponds to a fundamental behavioural change in the
band functions. This observation leads to the following results.

Proposition 2.25. Consider a system of periodic dimers with spacings s; and
S and band functions I; for i = 1;2. There exists complex points E; 2 C with

non-zero winding of I; fori=1;2ifandonly if 0 < < ¢(S1;S2).

Proof. The main observation of the proof is that for 0 < < (s1;52)
we have, for = (12) the permutation of two symbols,

<(!it)&<(!t(i)); :(!it):: !E(i))
while for > (s1;s2) the opposite happens
<(1H) =<(1%)) =5 &=(1T):

This is easily seen from the fact that tr(C ‘C)? 4det(C ‘T) changes sign at

= (s1;s2) as we can see from the formula in the proof of Lemma [2.24
Combining this with Lemma [2.23 we can conclude that !; draws a closed
curve on the complex plane if and only if 0 < < ((S1;S2). The nontriviality
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<(1) <(1)
(a) Band function without winding (b) Band function with winding and
(< =09). non-zero vorticity ( =05 < ).

y

S$1=S2

(c) Relation between the dimer spa-
cing s1, Sz, ¢ and vorticities.

Figure 2.7. Band function winding and its relationto .. The
crossing of . induces a change in the winding of
the band functions and thus of the vorticity
Computed for a system of N = 2 periodically
repeated resonators with spacing s; = 1and s, =
2.

of the winding then follows by the fact that the real and imaginary parts of
I, are periodic with period Zf

Corollary 2.26. The vorticity
Z _
= 2i "0 g, 1))d (2.75)

of a system of periodically repeated dimers is non-zero integer if and only if
0< < ((s1;52).

In Figure [2.7, we plot just one of the eigenvalues in the complex plane, to
fully illuminate the behaviour we observed in Figure [2.6] We can clearly see
the fundamental change that occurs at the transition when crosses the value

c(s1;82). Whereas when < . the eigenvalue forms a single closed loop,
when >  this loop is broken open to form a C-shaped curve that connects
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Chapter 2. Non-Hermitian Skin Effect in One Dimension

to the other eigenvalue to form a single loop. At the transition between these
two states, when = , the two eigenvalues form two touching closed loops.
In Figure C), we show how the critical value  varies as a function of the
spacing ratio between the two resonators. Of course, when s; = s, the system
is just a single repeating resonator so this critical value vanishes. Otherwise,
it is strictly positive.

2.4. Stability of the Skin E [edt

The non-Hermitian skin e [edt is a very strong localisation phenomenon and
there is significant interest in understanding how it behaves in the presence of
imperfections and disorder |32}, 136 64, |69, {70, 93|, 1102, [114]. In this section,
we present a stability estimate of the skin e [edt. We illustrate the stability of
the skin e [edt for monomer systems of subwavelength resonators. For the case
of dimer systems, we can derive similar results based on the constructions in
Sections and 2.3

In the monomer case, we rewrite the gauge capacitance matrix as

— ib).
c =T
for T defined by
o) 1
+a
T = L E (2.76)
+b
witha= ;b= ; = L2~ =coth( ‘=2); =i~

In order to study the stability of the non-Hermitian skin e[edt with re-
spect to random imperfections in the system design, we either add random
errors to the positions of the resonators (keeping the length of the resonators
unchanged) or to the -term and then repeatedly compute the subwavelength
eigenfrequencies and their associated eigenmodes. The perturbations in the
positions and in the values of the -parameter are drawn at random from uni-
form distributions with zero-mean values. Since these random perturbations
aledt only the tridiagonal entries of the gauge capacitance matrix € of the
randomly perturbed system, we can write in both cases that

— P@b)
e %, (2.71)
+a+" 4 +" g 0 0 0
+ " -2 + " -2 + " 2 Ll 0 0
+" N1 +" N1
0 0 0 +" +b+" N
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2.4. Stability of the Skin Effect

We first derive stability results for the eigenvalues of T,E,a;b). This is based on

the crucial observation that the tridiagonal matrix T,E,a;b) always has the same
eigenvalues as a Hermitian matrix. Thus, we first recall the following well-
known Weyl theorem for the stability of eigenvalues of Hermitian matrices; see
[126, Theorem 1.1.7], [65, Theorem 8.1.6] and [116, Theorem 10.3.1].

Proposition 2.27. Let A and E be N N Hermitian matrices. For k 2
f1;:::;Ng, denote by k(A + E); «(A) the k" eigenvalue of A + E and A,
respectlvely Assume that these are arranged in decreasing sequence. Then,

j K(A+E) (A KEkz;
where KEk> is the operator norm of E.

Now, we introduce the following result for the stability of the eigenvalues
of T,S,a;b); see [7] for a detailed justification. From this we can state that the

eigenvalues of matrices of type T,fla;b) with a;b 2 R are stable under physical
perturbations. We remark here that physical means perturbing either the

geometry or the imaginary gauge potential. It is well-known that T(a ® s not
stable under arbitrary perturbations, but these do not occur as a result of
physical modifications to the system.

Proposition 2.28. The eigenvalues of T and P are all real numbers.

Let £ g; FO, g be respectively the eigenvalues of T*® and P&, arranged in
decreasing sequences. Assuming that

max (" 551" k)t ) = (2.78)
with ™ min( j;j j), then we have
P Gy
where

Ci(: = Bt (2.79)

Proof. Note that all the ’s are real since T,Ela;b) has the same eigenvalues
as the Hermitian matrix

O p__ 1
+ a 0 0 - 0 0
P— P— o = 0o o0
o P— P— . 0 o
A= e (2.80)
Hnoommoomnoomnomnommopgn
o o 0o o0 = P— 4y

which can by seen from jxI T(a b)j = jxI Aj by expanding the determinant
along the last row. Here, j j denotes the determinant. In the same manner, all
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Chapter 2. Non-Hermitian Skin Effect in One Dimension

the P ’s are real, as 'b,fla;b) has the same eigenvalues as the Hermitian matrix

o
+a+" X1:2 0 0o ::: 0 0
X2:1 +" X2:3 0o ::: 0 0
@b _ 0 X3:2 +" 3 Xg4 i 0 0
: : : : +n N 1 XN LN
0 0 0 0 @ XNN 1 +h+" .\
where
q -
Xjj+1 =Xj+1j= ( +" ) +"j+1); =1, ;N L

We also use the condition that * min(j j;j j) above to make sure that
( +"5)C+"5+1) 06j=1 ;N L

Now, we can make use of Theorem [2.27] to analyse the stability of the eigen-
values of A. Let

d P— .
8j+1 = §+1j = (+" ;j)( +" 1) ;o 1=1 N1
and
Gi="4 1=1 N
Since
q s
INGESINTIEEI Sy By BP R . L R R A
P 1+%&L; 1
we have the estimate
_ _ i L
18;5+1) J12 i N N 1:
(a;b)
We decompose E " as
A+ E;

where Ej;j = &5, fori=j;i=j+1i=] 1, and Ej;; =0 for other i;j. In
particular, the following estimate holds:

kEks = max kEvk; J—Jp”— +1 "

kvko=1
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2.4. Stability of the Skin Effect

The above estlmate can be derived from the fact that

B11V1 + BoVo

E &:1V1 + BoVvo + Bravs
SNEERN 2VN 2+By 1N 1VN 1+ BN LNVUN
BN 1V 1+ BuNVN
o 170 1 0 1
0 B11vp 8oV
&:1V1 &oVo ld—‘2 :3V3
= : + :
BN 1N 2VN 2 BN LN 1VN 1 =N 1 NVN
BN 1VN 1 BN VN
where v = (v1;:::;vN)~ with the superscript > denoting the transpose.

Leveraging Theorem [2.27] then proves the statement.

Applying Proposition to the eigenvalues of T,El ) (stated in Lemma )
yields the following stability estimate, first derived in [7].

Theorem 2.29. For the eigenvalue b, of the perturbed capacitance matrix &
with

jmax 7 GBI gkl ) = (2.81)
and ™ min( j;j j), we have bl =", and
b= +" = + zpfcos % +" k=2, :N; (2.82)

with j"j Ci(; ;™™1 k N and Cy( ; ;") being defined by (2.79). In
particular, all the b,’s are real numbers.

Remark 2.30. We can apply Proposition [2.28 and Theorem [2.3]] to derive
similar stability results for T,E,O;O). This corresponds to many examples of the
non-Hermitian skin e [eck in condensed matter theory and quantum mechanics.
The stability results presented here can therefore be immediately applied to these
examples. For the eigenvalues of tridiagonal Toeplitz matrices with various
perturbations at the corners, we refer the reader to [148, [149].

Next, we estimate the stability of the eigenvectors of C = T,&l ). For K
an eigenvalue of C , we let

| g
_ _ wn G+Dk 1) P (GO _
pi( k)= sin N sin. = (2.83)
for j =0; N 1: Note that
r_
piCi jj 1+ — 5 j=0 N L (2.84)

The following results hold.
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Chapter 2. Non-Hermitian Skin Effect in One Dimension

Theorem 2.31. For 'b,&l; ) defined by 1; and satisfying 1) with ™

min(j j;j j) and its eigenvalues P, = | +";k =2; ;N defined by (2.82),
the corresponding eigenvectors are given by

R = po( k) + o kisP1( )+ 1( K);s? P20 W)+ 20 K);

N 1 > (285)
st ten 1(K)+F N (W) s k=20 N
where s= - and Pj( «) is defined in (2.83). Moreover, we have
I r_
jiCsYpiCi - di 1+ — 5 jJ=01 N L (2.86)
and _
iV ki J=01 N L (2.87)
where
TR L j
ki = B J(JJ? J )Ji a"‘rk+( '")+a r ( ;")
with
e (53"
S 2
= joos KD, Caly oY) icos KDL Gl ) T
N N
(2.88)

Co(; ;)= ‘H‘;dii+l and ar;a ; being bounded constants. In particular,
for those indices k such that

RN E) 1
G M Ne+ <1, (2.89)
the corresponding eigenvector still has an exponential deﬁgy p_
As a result, there exists a constant c¢ such that if < 2 1and
"< N2’ then we still have an exponential decay for all the corresBondlng ei-
genvectors ®y;2 k  N; of b,f,a D). Furthermore, if we require = to he

even smaller, then this exponential decay will remain for even larger values of

Proof. Inequality (2.86)) is a direct consequence of (2.95) and (2.84). The
rest of the argument consists of proving (2.87). For fixed , we see that

C G+ !
LGl G

and will analyse the constants M;j. We consider the eigenvalue problem

M; " (2.90)

P b me=0; (2.91)

where Ry is (2.85). For simplicity, we abbreviate pj( ) as pj and j( k) as j
in the proof. Based on the first row in (2.91), we have

(+ +" 1 k "o+ o)+ ( +" 1)s(pr+ 1)=0:
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2.4. Stability of the Skin Effect

This gives
" "Wpo*+Taspr+( + +" a0 ok "Wo+( +"a)s1=0;
where we have used ( + K)Po + sp1 = 0. Let o =" by appropriately

scaling the eigenvector. Then
Mo =1
and
"a "Wpo+"aspr+( + +" g "W).
( +")s .

Denote Co( ; ;) = LLBI*" + 1. Then we have

1=

("M "Opo+ " ;1S|01j (+ +FT e M)

IRV (+ s 7 (+"ps
J i(L+8)(2C2( 5 ") +9)" Pi+2” Ticos &P jracy(s i)
07 s Gi s
jiGi+"

(k1) j+ZCz(IJ; D R

= s(1+5s)(2Cy( ; ;™) +s)+ s+ 2jcos
Gi "] N
where we have used Theorem [2.29]in the second inequality. Therefore,
k 1) . 2C(; ;"M"
(D, 2 "
We now analyse the relation between Mj 1; M; and Mj+1. Based on the

(G + 1)™ row of (2.91), we have
(+"gen)s! 205 1+ 5 DFC+ ek O EF DFC T ) TPt ja1) =0
which yields
(+" G+ 1+ § DFC +" jrr k "SEF F( + §1)SPPjeat je1) =0
Making use of the identity
Pj 1+ ( KSPj + $7Pj+1 =0;

we can eliminate some items to arrive at
"R 1+ (e TSP+ aSTPjet

O+ e i+ ek TS H( " e)s? jar =0

Therefore,

M1 =s(1+5s)(2Ca( ; ;") + )+ s+ 2jcos

j+1

_aiwaPi 1+ (e TSPy G+1SPPjer + ( +" ) j 1+ +F" ek "KS

( + " ’j+1)32
( +" ;j+1)52
+( +" H-+1)j ;_'_( +" ;j+1" k ;k)Sj
( +" j+1)s ( +" j+1)s
=+ 1+ 3
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Chapter 2. Non-Hermitian Skin Effect in One Dimension

For the term Iy, by (2.84) we have

j" G+1Pi 1 (" ivr "WSPE " SR+, "L +2C(; M)s+5%)j j(1+9)
( +" j+1)s? G "s?
j}J"1+2Cx;;ﬁs+§ ﬂ+$"=ﬁ;J"Cd;;WT
For the term Iy, by (2.90) we obtain that
O T NI PR I S 1D (1) S N jigi+m ™
. — P M; 1" T M; 1™
S O T o (I R T (I R T A R (I B I A
For the term I3, by Theorem and estimate (2.90), it follows that
pi‘ H myn
( +" e ok "Wsj. 2 Jeos (kNl) j*+2C( 5 )"
T Gi s i
J ] : (k 1) . 2C(; ;M jiGi+m .
———  2jcos + — M™
i ) N " Gi mii
Therefore, we have
- . . ...+" j+1 . k 1 . C ; ;""
) j+1) W 2 jcos ( N ) ]+ Z(p ) Mj+Mj 1 +C3(; ;") ™

By (2.90), the recurrence relation is

M =2 joos S G vy s ) @ o)

Define
W = M; + (2.93)
with
_ Cs( 5 3"
2 joos (D j4 C2bi )
Then (2.92) yields

. k 1 . Co( )"
This is a linear recurrence relation. To solve it, we consider the roots of its
characteristic equation

r2 =2 jcos (k Nl) j+C2(p; ) re+1;
which are given by (2.88)). Thus we have
Wi=a.rl (M +ar (55"

with a4+;a being chosen to satisfy the initial conditions
lf0=M0+ ; |-\’|:1=M1+ .
It is not hard to see that a+;a are bounded. Now, by (2.93), M; reads

Mj=awr, (D +a g (53"
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2.4. Stability of the Skin Effect

and we thus have
N I8 (0 s B SR DI
i G oy kG ra g G
This proves (2.87).

Before applying Theorem [2.31] to show the stability of the skin e [edt, we
illustrate numerically the results stated there. In particular, we consider typical
values in physical applications. We let = 0:15, = 3:15 (which corresponds
to“=s=1and = 3)and " satisfy (2.89). The results are presented in
Figure 2.8, where we show the eigenvectors of a 50 50 matrix on a logarithmic
axis. If the perturbations are su Lciehtly small 'gmt the condition (2.89) is
satisfied, then all the eigenvectors still have the (' =) decay rate. However,
when the perturbations are large enough that condition does not hold
for some indices, the corresponding eigenmodes have a much lower decay rate.

10 3 A 10 34
10 10 4 10 10
10 17 4 10 17 |
10 24 10 24 |
10 31 4 10 31 ]
0 20 40 0 20 40
Site index j Site index j

(a) Exponential decay of the eigen- (b) Decay of the eigenvectors for " not

vectors for " satisfying (2.89). The satisfying (2.89). The eigenvectors
eigenvectors superimposed on one superimposed on one another on a
another on a semi-log pjgt. The red semi-log pl The red dashed line
dashed line represents (= Y. We represents (= M. We observe sev-
observe the same decay rate as the eral eigenvectors with lower decay
unperturbed case. rate than the one in Figure@

Figure 2.8. Numerical illustration of the stability of the ei-
genvector decay rate predicted by Theorem [2.31]
The Toeplitz matrix has coe [ciehts = 0:15,

= 3:15 and is of size 50  50.

Now, since a perturbation of order ™ to the spacings fsjg between the
subwavelength resonators or the coe [cieht results in an O(") perturbation
in the nonzero entries of the gauge capacitance matrix C , Theorem [2.3T] can
be immediately applied to € to obtain the stability of the eigenvectors of
C and the skin eledt in the structure. We present below a corollary for a
simplified stability estimate on the spectrum of C .

Corollary 2.32. Let € be defined by 1) Assume that 1; holds with
" min( j;j j). Then the normalised eigenvector Ry corresponding to the
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Chapter 2. Non-Hermitian Skin Effect in One Dimension
eigenvalue bk = k+";k=2; ;N, defined by 1; is given by
Re=xk+ ; k=2, N

where X is the eigenvector of C and ¢ satisfies

k kki Ci"
for some constant C; independent of ", when
S Iai+"
] Gi " ke ( )

with ri.+( ; ;') being given by (2.88). In particular, % still has an exponen-
tial decay.

It is important to notice that the asymptotic approximations of the res-
onant eigenfrequencies and eigenmodes through the spectrum of the gauge
capacitance matrix hold also for the perturbed structure. The stability of the
spectrum of the gauge capacitance matrix C implies the stability of the skin
eledt in the subwavelength regime. In particular, we have the following co-
rollary on the stability of the eigenfrequencies and eigenmodes of the system

@1).
Corollary 2.33. Let

3 3

[ max (" gii" gl gl 5 coth(5)" =1 (2.94)
and
it . r_ .
xg) = - ° sin J(le) —sin G 1)I£Ik ) ; (2.95)
fory=1; ;N:
For a perturbed structure of resulting in such that
si=s(l+"); 1i=1;, ;N; (2.96)

with j"jj " for " su [ciehtly small, the N subwavelength eigenfrequencies b;

of (2.1) satisfy, as ¥ 0,

bi =1; +0O( +p ");

where (¥i)1 i ~ are the eigenfrequencies for the unperturbed structure. Fur-
thermore, let b; be a subwavelength eigenmode corresponding to B; and let a;

be the corresponding eigenvector of * 1C . Then, for ‘a;;i = 2; ;n; given
by (2.95) and those index i satisfying

r_

: JiGJ+Y :

J Gi v "l
with ri.+( ; ; 1), Bbeing given by (2.88),(2.94), respectively, we have

>x<X .
)= alVj)+0( +"); i=2 ;N;

J
where the V;j’s are defined by (2.16).
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2.4. Stability of the Skin Effect

Proof. By the formula of the gauge capacitance matrix for general struc-
tures (2.17), we can derive that

j:nf;aX;N(J ST 1), ;coth(7) =b (2.97)

for the gauge capacitance matrix € in (2.77) corresponding to the perturbed
structure (2.96). The resonant frequencies b;i’s of the perturbed structure

satisfy a_
Bi=v, Di+0()
where b;’s are eigenvalues of the corresponding (perturbed) capacitance matrix
in (2.77). Theorem shows that
bi= i+ il i N for jij-";
where ’s are eigenvalues for the gauge capacitance matrix of a %rfﬂ:t struc-
ture Theorem Consequently, througﬁlihe asymptotic 1; = v, i+0()

(see Corollary , we recover b; = v, D; + o()=5L+0( + Ioﬁ). Us-
ing Corollary [2.32, a similar procedure applies to perturbed eigenmodes and
eigenvectors.

Remark 2.34. The stability results obtained here can be generalised to the
dimer case where one can use the characterisation of the eigenvalues and ei-
genvectors given in Section [2.3]

We will provide now numerical evidence of the stability of the non-Hermitian
skin e [edt and show how it competes with an Anderson-type localisation of the
eigenmodes in the bulk when the disorder is large. We can consider perturba-
tions in both the geometry and the local values of the damping parameter (i.e.,
the imaginary gauge potential). For the sake of brevity, we fix the size * of the
resonators and independently perturb the spacing s between the resonators.
The numerical experiments presented here are for the discrete approximation
and not for the damped wave equation (2.1).

We consider the following perturbation:

si=1+"; " U e (2.98)

Here, we recall that U; «.q is a uniform distribution with support in [ ";"].
In Figure we study how the eigenmodes of a system of 30 subwavelength
resonators behave as the disorder increases. These results are averaged on
the basis of 500 independent realisations. We show the relative proportion of
eigenvalues that fall within the region of negative winding of the associated
Toeplitz operator, as well as the proportion of eigenmodes accumulating at
the left edge (which for this and the following figures has been defined as the
number of eigenvectors that attain their maximal values, in absolute terms, in
one of the first four resonators). We consider values of disorder strength that
are small enough to ensure that the resonators do not overlap. Both of these
guantities are constant for small strengths of the disorder and then decrease
once the strength of the disorder passes a certain threshold (as predicted by
Theorem 2.31). The intersection of these two sets is also shown.
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T T T T
0:1 0:2 0:3 0:4

Disorder strength "

0:0

(a) Eigenmode accumulation and to-

IPR

pological winding. The dashed
line shows the average proportion
of condensated eigenvectors. The
dash-dot line shows the average ei-
genvalues in the topologically pro-
tected region. The solid line shows
the proportion of eigenpairs with
both eigenvalues in the protected
region and eigenvectors at the left
edge.

0:45
0:40
0:35 °_
0:30 ©
0:25 5
w
0:20 5
0:15 §
\ 2
| 0:10 3
0:05
0:00

/

0:8

0:4 4

0 50 100

Eigenvector index i

(c) Similar plot as in Figure but

using IPR as localisation meas-
ure. No significant dilerknce is
noticed.

kvika
kvika

©))

0:45
0:40
0:35
0:30
0:25
0:20
i 0:15
i 0:10 ¢
0:05

0:00

0:8

0:4

Disorder strength

0:2 4

0 20 40
Eigenvector index i

Eigenmode localisation. Each line
shows the average eigenmode loc-
alisation for a di [erknt value of the
disorder strength ". For small ",
the localisation is due to the skin
e [edt while, for large ", it is con-
sequence of the Anderson localisa-
tion.

1:50 -
0:9969
1:25 1 0:9798
0:9626
1:00 A 0:9454
075 4 0:9283
0:9111
0:50 0:8940
0:8768
0:25 A 0:8596
0:8425

0:2
Disorder strength ™

0:4

(d) The color scale shows the average

proportion of eigenvalues that lay
in the topologically protected re-
gion for dilerent values of . The
left yellow zone is the stability re-
gion.

Figure 2.9. Competition between the non-Hermitian skin ef-
fect and Anderson localisation when perturbing
the geometry. The non-Hermitian skin e [edt
shows stability with respect to random perturb-
ations. Outside of the stability region, there is
competition with Anderson localisation.
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2.5. General Periodic Systems

We notice very similar trends in the three lines in Figure [2.9a, with small
di Lerknces due to the imperfect formulation of the accumulation measure and
the perturbations. On the other hand, Figure [2.9b] shows the localisation of
the eigenvectors of € from for di [erknt strengths of the disorder. The
localisation of the eigenvectors is measured using the quantity kvikq =kvijks
and the dilCerkent lines correspond to diCerknt strengths of the disorder ". We
notice that the lines are indistinguishable, indicating that the localisation of
the eigenvectors is independent of any random perturbation of the positions of
the resonators.

Figure [2.9d] shows similar stability properties to those in Figure 2.9a, but
here the relative number of eigenvalues that fall within the region with negative
winding is plotted for dilerknt values of ™ and . On the left side of the
figure, we see the topologically protected region: for these values of any
small perturbation size " will not cause any eigenvalue to exit the region, and
thus the corresponding eigenvector remains accumulated at the left edge of the
structure.

In Figure [2.9¢] the localisation of the eigenvectors is measured using the
inverse participation ratio (IPR) defined as kvjks=kviks,. IPR is commonly used
to distinguish Anderson localised and extended eigenmodes [96, |110]. Notice
that the results in Figure are similar to those in Figure [2.90]

The results in Figure [2.9 show how the proportion of eigenvectors localised
to the left edge of the system decreases as the disorder increases. Studying in
the eigenvectors themselves, as shown in Figure 2.10] for three di[erent values
of the strength of the disorder, we see that increasing the disorder means an
increasing number of eigenvectors that are localised in the bulk rather than
at the left edge. This behaviour is typical of Anderson-type localisation in
disordered systems and demonstrates the internal competition between the
skin e [edt and Anderson localisation.

2.5. Topological Origin of the Skin E [edt for General Periodic
Systems

We will now elucidate the topological origin of the skin e [edt in polymer
systems of subwavelength resonators through Toeplitz theory. The monomer
and dimer systems are special cases of this. A generalisation of the existing
theory for k-Toeplitz matrices and operators will be needed.

2.5.1. Spectra of Tridiagonal k-Toeplitz Operators. We character-
ise first the spectra of tridiagonal k-Toeplitz operators and prove that their
associated eigenvectors exhibit exponential decay. This type of operators and
their associated truncated operators, i.e. matrices, are crucial in the study of
one-dimensional polymer systems of subwavelength resonators [18, 55]. We
define a tridiagonal k-Toeplitz operator by
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1.0 1.0
0:5 4 0:5 0:5 4
0:0+ 0:04 0.0
0:5 054 05 4
1.0 T T T 1:0 1+ T T T T T T T
0 10 20 30 0 10 20 30 0 10 20 30
Site index Site index Site index

(a) Single realisation with (b) Single realisation with (c) Single realisation with

disorder strength " = disorder strength " = disorder strength " =
0:1. All eigenmodes 0:2.  One eigenmode 0:4. One eigenmode
are accumulated on the localised in the bulk is localised in the bulk is
left edge. highlighted in red. highlighted in red.
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I 0:0- © emvecocceccosescese o0 o ooo 0:0 4 :C'IVVV \..L\Vz\
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(d) Relation between the eigenvalues in the topologic-
ally protected region and the condensation of ei-
genvectors in a single realisation with " = 0:4. Ei-
genvalues laying outside the protected region and
the corresponding eigenvectors are shown in red.

Figure 2.10. Stability of the non-Hermitian skin e[edt un-
der perturbations of the geometry. Eigenmode
condensation on the left edge of the structure
with some eigenmodes localised in the bulk.
Single realisations with N = 30, s = “ = 1,
and " = 0:1;0:2; 0:4; 0:4 for Figure [2.10a} [2.106}
[2.10c] and [2.10d] respectively. This should be
compared with Figure where there is no
disorder.
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2.5. General Periodic Systems

where aj;bi;ci 2C for i 2 Nand Aj;j =0if ji  jj>1fori;j 2 N. Its finite,
truncated, counterpart will be called a tridiagonal k-Toeplitz matrix.
To characterise the spectrum of tridiagonal k-Toeplitz operators, we intro-
duced the notions of Fredholm operator and Fredholm index in Definition [2.9
Tridiagonal k-Toeplitz Operators. Observe that the tridiagonal k-Toeplitz
operator A presented in can be reformulated as a tridiagonal block
Toeplitz operator, where the blo(%ks repeat in a i—periodic way:

Ay A1
A= gAl Ao §, (2.100)
with
@) 1
a; b 0 0
v , Oy ol
Ci1 ap bz .. :
Ac=Bo . 0 A 1=§ §
0 .o
Ck 2 ak 1 bk 1 by O 0
0 0 Ck 1 ak
and
O 0 ¢t
Alzgf - O§
0 0

Let T be the unit circle in C. The symbol of the tridiagonal block Toeplitz
operator (2.100) (and thus also of the tridiagonal k-Toeplitz operator (2.99))
is defined by

f:TuHCkk
ZA A 1z Y+ A +AZ (2.101)
or explicitly
o a1 b, 0 ::: ckz 1
C1 o b2 0
f(z) = 9 C2 3 bg (2.102)
0 0 ek 2 a1 bk 1

bz 0 i 0 o1

We will write A = T(f). In the following sections, we will characterise the
spectrum of the operator T (F) based on its symbol f(z).

2.5.2. Hardy Spaces. To better understand the connection between the
symbol ¥ and the operator T (F) itself, it is necessary to introduce the so-called
Hardy spaces.
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Chapter 2. Non-Hermitian Skin Effect in One Dimension

Definition 2.35. The Hardy spaces H? := H2(T) and H? := H2(T) are
defined by

H2:=ff 2 L(T) : f, = 0 for n < 0g;
H? :=ff 2 L*(T): f,=0forn O0g;

where T, denotes the Fourier coe Lciehts of f.

The spaces H? and H? are closed, orthogonal subspaces of L? := L2(T).
Hence, one may write

L2=H2 H2:
Denote by P the projection of L? onto H?. The functions
1 1
p:ein
2 n=0

form an orthonormal basis of H2. An important property of functions in H?
is given by the following theorem [49, Theorem 6.13].

Theorem 2.36 (F. and M. Riesz). If f is a nonzero function in H?2, then the
set fel 2 T : f(e't) = 0g has measure zero.

It is well-known [137] that for a Toeplitz operator T () with symbol f 2
L1, T(f) is the matrix representation of the operator

H2 ¥ H% g A P(fg)
in the above orthonormal basis. A similar notion holds for block Toeplitz
operators. We denote by (H2)X the k-dimensional vector space whose entries

are elements of H2. If I is the orthogonal projection of (L2)k onto (H2)* and
f 2 (L1)K X, then T(F) is the matrix representation of the operator

(H)K 1 (H2)%, g7 B(fg); (2.103)

where fg is the usual matrix-vector multiplication. To see this, generalise the

Fourier transform to be an isomorphism map : L2(T)K ¥ “2(Z2)K so that
PN _ 0 n&j
(z'ei) = a(n) == & n=j:

Then applying the convolution theorem to

XK
fg = fij(2)gj (2)ei
i=1j=1
with £j(z); gj(z) being respectively elements of f;g, one could justify that
T(F) is indeed the matrix representation of the operator (2.103).

Note that the (H2)K equivalent of Theorem holds verbatim with H?2
replaced by (H2)K. With this in mind, we are now able to prove a generalisation
of Coburn’s lemma (for the Toeplitz case, see [49, Proposition 7.24] or |34,
Theorem 1.10]).
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Theorem 2.37 (Coburn’s lemma; tridiagonal k-Toeplitz version). Let f 2
C* K(T) be the symbol of a tridiagonal k-Toeplitz operator such that det(f(z))
does not vanish identically on T. Then one of the following statements holds:

(i) T(F) has a trivial kernel;
(ii) T(F) has a dense range;
(iii) Theleading (k 1) (k 1) principal minor of Ag has a nonzero kernel.
In particular, there exists some zo 2 C [f1g such that ker(z, n o+
Ao) \ ker(Al) & 0.

Proof. It is not hard to see that the adjoint of T (f) is T(f>), where the
superscript > denotes the transpose. Assume that T (f) has a nontrivial kernel
and a nondense range, i.e., conditions (i) and (ii) do not hold. This implies

that T (f>) has a nontrivial kernel as well. Hence there exist nonzero functions
g+; hs 2 (H?)X such that
fgr =g 2(H?)* and f h.=h 2(H?) (2.104)

where g = (9 1,0 2 ;g ) and h = (h ;;h ;h ). Since
g+; hs 2 (H?)X, there exist two sequences of vectors (Vn)n; (Wn)n 2 CK such
that

W (2.105)

for z = el , where we have absorbed the factor 912: into v, and wp. This
allows us to write

g =z A 1vi+ (Agvi +ArVy)
>

+  Z"(A 1Vne2 + AgVne1 + Arvp) (2.106)
n1

=z A v

where we have used that g 2 (H?)X in the last equality. Similarly, using that
h 2 (H2)K, we obtain the following expression for h :
h =z A7 wi+ @Ay Wi+A 1 W)
x nr—> _ _
+ Z'(A1 Wn+2 +Ag Wp+1 +A 17 Wp) (2.107)
n 1
=z TA] wi:

By Theorem [2.36] it follows that g+;h+ & 0 almost everywhere on T. We
define

:=h,g =h,fg. = hy) g+ =h g
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Chapter 2. Non-Hermitian Skin Effect in One Dimension

It holds that > 2 L!. Moreover, , = (ﬁ>g+)n =0forn Oand ’y =

(h>g )n=0forn 0 since by , , and ,
X

—=
hyg = z "Wo A 1vi;
n 1

ﬁ>9+ = Zn(A71>W1)>Vn1
n 1

Hence ” = 0. This implies A71>W1 ?vhpand A 1v1 2w,y forn 1. Thus,
either v, ? ex or wy 2 kerﬂl>. However, if wy 2 ker Ay, then by (2.107)

f>h+=h =7 1A71>W1:0:

Since hy 2 (H2)K, for almost all z 2 T, h+(z) 2 CX is well-defined. Hence,
det T~ must be zero for almost all z 2 T and since det ¥ : T ¥ C is continuous,
detf = det(f) must vanish identically, contradicting our assumption. In
particular, cx & 0. A similar argument for A 1v1 ? wp;n 1 also shows that
wWp ? e and by & 0.

By the above arguments, we conclude that if T (f) has nondense range and
nontrivial kernel, then v, ? e, for n 1 and for any vy, defined by (2.105).
Since fgs+ = g 2 (H?2)X, by expansion (2.106) it holds that A 1vnso +
AoVn+1 FAivp =0 forn 1. Since vy, 2 e for n 1 it follows that v 2
ker(A1). Hence it holds that A 1vh+1 + Agva = 0 for n 2. Note that the
expansion (2.106) also gives A 1vo+Agvi = 0. Therefore, A 1Vn+1+Agvn =0
for n 1. Furthermore, since the image of A ; is confined to the span of ey
and vh ? e forn 1, we have

Aok 1)  HVnlik 1=0;

where Aoji 1) (« 1) is the leading principal (k 1) (k 1) submatrix of
Ao. This also means that Agj 1y « 1) cannot have full rank. On the other
hand, one can compute that

(@) 1

(z 'A 1+ Ag)Vn =g 6 E; n 1 (2.108)

o v Yz pv®

where vr(,j) is the j™ element of v,. Considering the case when n = 1, by

(2.106), we know that vil) & 0, for otherwise,
fgr =g =z A 1vi =0;

which contradicts the assumption that det f does not vanish identically on T.
Since by & 0, by (2.108) there exists some zg 2 C [f1.g such that v; lies in the
kernel of z, XA 1 + Aq. Therefore, it holds that ker(z, *A 1+ Ag) \ ker(A;) &
0.

55



2.5. General Periodic Systems

Spectra of Tridiagonal k-Toeplitz Operators. We now provide a full char-
acterisation of the spectra of tridiagonal k-Toeplitz operators. We begin by
first recalling (and generalising) a few theorems on Toeplitz operators. The
first important theorem is a consequence of [63| Chapter 23, Theorem 4.3]. Its
counterpart for Toeplitz operators was already established in [63, Chapter 23,
Corollary 4.4].

We denote by (); ess() the spectrum and the essential spectrum of the
operator, respectively. We define

det(F)=F 2 C: det(f(2) )=0; 92 2 Tg: (2.109)

We first have the following theorem characterising the essential spectrum of
T ().

Theorem 2.38. The operator T () in (2.100) is Fredholm if and only if det(f)
has no zeros on T. Furthermore, the essential spectrum of T (f) is given by

ess(T(F)) = det(F):

Proof. The first part has been proven in [63, Chapter 23, Theorem 4.3].
For the second part, note that 2 (T (F)) if and only if T (F) is not a
Fredholm operator. By the first part, this happens only if det(f(zo) )=0
for some zp 2 T. That is, is an eigenvalue of f(zg). On the other hand, if

is an eigenvalue for some zo 2 T, it holds that det(f(zp) ) = 0, which
concludes the proof.

We now recall the following Theorem due to Gohberg [63, Chapter 23,
Theorem 5.1].

Theorem 2.39. Let f : T ¥ CK X be such that T(f) is a Toeplitz operator.
Then, T () is Fredholm on the space 2 if and only if det(f) has no zeros on
T, in which case

IndT(f) = wind(det(f(T));0);
with wind(det(f(T)); 0) being the winding number about the origin of the de-
terminant of f(z) withz 2 T.

Using this theorem together with Theorem [2.37, we are now able to es-
tablish one of the main results in this section, an optimal characterisation of
the spectra of tridiagonal k-Toeplitz operators. Before stating the theorem, we
first define

wind(F) :=F 2Cn  gec(F) : wind(det(F(T)  );0) & 0g: (2.110)

Consider the following lemma.

Lemma 2.40. For 2 Cn ¢ss(T(F)), the determinant det(f(z) ), where
T is the symbol of the tridiagonal Toeplitz operator T given in (2.102), has the
form

¥ ¥
det(Fz) )=( D ci)z+( D bi)z T+g( ) (2111)
i=1 i=1
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Chapter 2. Non-Hermitian Skin Effect in One Dimension

where g is a polynomial in  of degree k, defined by (2.112). In particular,
there are at most 2k 2 C such that det(f(z) ) = 0 admits a double root.

Proof. The case when k = 1;2 is easy to verify. For the case when k 3,
by repeated Laplace expansion, we can show that

b, 0 i 1 0
as . .
det(f(z) )=( Db ¢ . - poz !t
: . . . 0
0 Il Ck 2 Ak 1 bk 1
C1 ap bo 0 0
0 Co as b3
k+1 ' 0
+( D™ etk 1
bk 3
Ck 3 ak 2
0 0 Ck 2
a1 by 0 0
c1 & b> : :
+(@ ) o 0
: : : bk 1
0 D 0 ¢k 2 ak 1
a1 by 0 0
C1 az bo :
bk 1€k 1 0 0
: - bk 3
0 D 0 ¢k 3 ak 2
ap bo 0 i 0
C3 as b3 ' :
bkCk 0 0
: : : bk 2
0 i 0 ck1 ak 1
Hence (2.111)) holds for
g( ) =det(Ao ) byckp( ); (2.112)
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where

az

C3 as b3

p( )=

WY /AR 00
P o
N
o
o
x =~
|
Np e

bk 2
0 Dl 0 ¢k 1 ak 1

To demonstrate the last claim, we write
det(f(z) )=(Az+Bz ) +g() (2.113)

with A = ( 1)'<+1(Q';=1ci); B =( 1)'<+1(Q';=1 bi). By multiplication with z,
we obtain that
zdet(f(z) )=Az>+B+g( )z
Thus, only when
g( )*> 4AB=0;
we have a double root. Since g( ) is a polynomial of order k, we have at most
2k solutions  of the above equation so that the root is a double root.

We therefore may alternatively write

1 [
; k+1 Y Y 1 ] ) )
wind(f) = 2Cn get(F) :wind (1) ( c)z+( bz~ ; g() &0
i=1 i=1
(2.114)
Furthermore, by decomposing
¥
det(f(z) )= (i@ )
j=1
where j(z);1 ] s k; are the eigenvalues of the matrix f(z2), wge) obtain
< X =
wind(f) = _ 2Cn gee(F): wind( (T) ;0) &0 _
8 1= )
< D < =
=_ 2Cn ge(F): wind( j(T); )&0_: (2.115)
z i=1 :

Here, the winding number wind( ; ) of a non-closed curve :[a;b] ¥ C at
some point 2 C is defined as

wind( ;)= HILO ) _ae(@ ),
where arg can be taken to be any continuous branch of the argument.

Note that the representations (2.110), (2.114), and (2.115) have their own

pro and contra. We now establish the following theorem for the spectrum of
the operator T (F).
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Chapter 2. Non-Hermitian Skin Effect in One Dimension

Theorem 2.41. Let f 2 CK X(T) be the symbol of a tridiagonal k-Toeplitz
operator T (f). Denote by Bg the leading (k 1) (k 1) principal minor of
Ap. It holds that

det(F) L wina(f)  (T(F)  aet() L wina(F) L (Bo);
where get(F); wina(F) are given by (2.109), (2.114), respectively.

Proof. The first inclusion is an immediate consequence of Theorems[2.3§
and 2.39] For the second inclusion, note that if

2 (TENNC get(®) L wina(F)); (2.116)

then it must hold that T(f) I is Fredholmand Ind(T(f) 1) = wind(det(f
); 0) = 0. Based on the definition (2.29), this implies that

dim Ker(T(F) 1) =dim(ZnIm(T(F) 1)) (2.117)

Moreover, since 2 (T(F)), T(f) I has a nontrivial kernel and nondense
image. By Theorem [2.37] this implies that must be an eigenvalue of By.

This characterisation is optimal. It cannot be made more precise, as it
cannot be guaranteed that an eigenvalue of By with wind(det(f  );0) =0
is also an eigenvalue of T (f). To illustrate this, consider

_ 0 1+ 3z
f@= 3,15,

The determinant of this symbol is given by det(f) = (1+3z)(1+3z 1). We
have wind(det(f(T));0) =0 and detf(z) & 0;8z 2 T. In this case, Bo =0 is
just the upper left entry of f(z). Furthermore, by (2.29), if 02 (T (f)), then
the kernel space of T (f) must be nontrivial. Since

0] 1
0100
11350
1
T(F)=B0 3 0 1 ;
0 011

one can check that, after scaling, the only possible eigenvector of T (F) corres-
ponding to the eigenvalue 0 is u = (1;0; 2;0;4;:::)~. However, u does not
lie in *2, which means that 0 8 (T (f)).

On the other hand, consider

_ 0 1+2z
D= 1401 1

The determinant is det(f) = (1 +2z)(1+2z ). Hence, 0 2 4ee(F) and
wind(det(f(T)); 0) = 0. Therefore, by Theorem , the operator T (f) is
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either invertible or has a nontrivgl kernel. By explicitly writing down T (f)
1

0100
1

= BoO
T(F) 0

ON -

2
0
1

k=

we find that @ = (1;0; 3;0;3;:::)™ satisfies T(f)@ = 0. Then in this case,
@a2“2and 02 (T(F)).

Remark 2.42. Note that (2.114) and (2.115) also provide ways to compute
wind(F) explicitly.

For the sake of completeness, we will devote the last part in this section to
tridiagonal k-Laurent operators that are defined as

(0} 1

_ A Ay A §
L(f) —g AL As A L ; (2.118)
with the generating symbol f being (2.102). Using the identification L(f ) =
L(f) , which we have used to characterise the spectrum of tridiagonal k-

Toeplitz operators, one can obtain an explicit characterisation of the spectrum
of tridiagonal k-Laurent operators as a consequence of |63, Chapter 23, Corol-
lary 2.5]. The following theorem holds.

Theorem 2.43. Let £ 2 (L(T)1)K K and denote the associated tridiagonal
k-Laurent operator L(f). Then, it holds that

(L(F) = ess(L(F)) = qet(F)
with  get(F) being defined by (2.109).

2.5.3. Eigenvectors of Tridiagonal k-Toeplitz Operators. Now that
we have characterised the spectra of tridiagonal k-Toeplitz operators, we will
venture onwards to explore their eigenvectors. The following theorem is the
second main result of this section.

Theorem 2.44. Suppose  ¥_;cj 6 0and _;b; & 0. Let f(z) 2 CK ¥ be the
symbol (2.102) and let 2 Cn ¢g5(T(F)). If

X
wind( j(T); ) <0
j=1
for j being the eigenvalues of f(z), then there exists an eigenvector X 2 2 of

T (f) associated to and some < 1 such that
X i e dicke 1. & q.
Py Cdj=ke N T (2.119)
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where C > 0 is a constant depending only on ;ap;bp;cp for1 p k.

Proof. Let 2 C be such that

wind( j(T); ) = wind(det(f(T)  );0) <O:
i=1

Since Q'i‘zl hi & 0; Q'i‘zl ci &0, by Lemma, det(f(z) ) isameromorphic

function in C, with poles at 0 and .. Then the argument principle implies that
det(f(z) ) =0fortwovalueszy;zo withl1<?1 jzj;j = 1;2, counted with
multiplicity. Moreover, since det(f(zj) ) =0, we find that is an eigenvalue
to f(z;j) and hence there exists an associated eigenvector vi. Assume for now
that z; & z,. Consider the vectors defined by
ui = (Vi z vz Avii)T i 2 120 (2.120)

The vector u; satisfies the eigenvalue equation T (f)u; = u; in all but the first
row. Since us; U, are linearly independent, there exists a linear combination
of them that is indeed an eigenvector of T (F).

Next, we consider the case where z; = z, and first suppose that dim Eig(f(z1); ) >
1, where Eig(f(z1); ) denotes the eigenspace of f(z;) associated to the eigen-
value . Then there exist linearly independent eigenvectors vi;v, of f(z;1)
associated to and we can use

ui = (Vi 2, vz Avisi)™ i 2 F12g; (2.121)
to construct an exponentially decaying eigenvector of T (f). Finally, it remains

to treat the case when z; = z, and dimEig(f(z1); ) = 1. Denote v; the
eigenvector of f(z;) associated to . We will construct a vector v, such that

Uz = (V55 2, vy + V7 2 2vy + 2z, v )T (2.122)

satisfies the eigenvalue problem in all but the first row (for the intuition behind
this choice of u, see Remark [2.45). Similarly to the previous arguments, this
is enough to construct the eigenvector of T(f). By explicitly writing down
(T(F) Ju, = 0 (except for the first row), we find that v, must satisfy the
condition

(Ar+ (A0 Dzt +A 1z, vo= (Ao )+2A 1z;M)vy; (2123)

which is also a su [cieht condition. From Lemma [2.40} it is not hard to see
that for all € in a small neighborhood of , the equation det(f(z) ©) has
two distinct roots. Let (*j)j be a sequence converging to zero. We define
("j) = +"j. Then by the previous observation, we may assume that to each
("'j) there exist two distinct roots z1("j); z2("j) of the equation det(f(z)
(")) = 0. Let w1("j); w2("j) be the corresponding unit eigenvectors. We
may assume that

wi("j) ¥ vy wo(Mj) ¥ ova: (2.124)

The limit of w;("j) (or a subsequence thereof) exists by a standard compactness
argument and it must be an eigenvector of f(z1) associated to . In particular,
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for each j it holds that

Ar+ (Ao Nzl THA 1zi() 2 wa (") =0;
Ar+ (Ao C'inzC) T+A 1z() 2 we(y) =0
We define
z(p=uly) bzt
Then we have
wi("j)  hwa (M) wa (") iwa("))
z("j)

+ (Ao ("j))zl("j) Ywi (")) Zz("jl(i?;vl("j);VVz("j)iVV2C])
R216)) Pwi("j)  za("j) Chwa (M) wa("p)iwa("y)
z("j)

Further expansion of this expression then yields
wi("j)  hwa ("), wa (") iwa("j)
z("j)
z1("5) Twa () w3 wa ()i ()
z("j)
121("j) 2w (") hwa (M) wa(")iwa ()
z("j)
= (Ao (..j))(zl("j) boz() 1)2‘3{15'});Wz("j)iWZ("j))
1(21("j) 2 () z)hwl("j);WZ("j)iWZ("j):

z("y)

AL

+ A 0:

Ay

+(Ao ()

+A

(2.125)

A

Consider now the sequence
wi("j)  hwa("j); wa (") iwa (")
z("j)
If a bounded subsequence exists, we may define v, as the limit of this sub-

sequence. In this case, it is not hard to see that v, satisfies the condition
(2.123)). Otherwise, there exists a subsequence of

wa("j)  hw (") wa (i) iwa("j)
z("j)
whose norm tends to infinity. Define
w("j) = kwi("j)  hwa (M) wa (M) iwa(M)k:
Then (upon passing to said subsequence) it holds that
2("i) y g
w("j)

(2.126)
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Multiplying with this yields

wi("j)  hwa (M) wa("j)iwe ("))

w("j)

+ (Ao (..j))zl("j) Lowi(g)  hwa (M) wa () iwa ()

w("j)
121("j) 2(wi("j)  hwa () wa(')iwa(")))
w("j)

z1") 1 z2("p) T ohwa (M) wa (M) iwa ()
w("j) .

2(') 2 z(") 2 hwa (') wa(")iwa(')
w("j) '

Ay

+A

= (A ("))

+ A 1

wi("j) wa("j)
w("j)

In the limit, the right-hand side tends to 0. Thus v, = lim-; xg
satisfies

A1+(A0 )211+A 1212 vy = 0:

This indicates that v, is an eigenvector. But from the construction of v», it
becomes apparent that v, must be orthogonal to v;, which contradicts the
assumption that the eigenspace of f(z;) associated with is one-dimensional.
Therefore, the sequence

wa (") hwa (") wa (M) iwa (")
z("j)
is uniformly bounded and arguments for the first case already demonstrate the
existence of such v, satisfying Q2.123).

The exponential bound in (2.119) is clear by the construction of the vectors
u; and uo.

Remark 2.45. The motivation behind comes from the one-dimensional
case: Let f(z) = cz+a+bz ! and suppose that zq is a zero of z(f(z) )
with multiplicity 2. Then the first derivative of z(f(z) ), a + 2zc must
also have vanished at zg. Through an explicit calculation, one can verify that
v=(12zyt+1;2y2+22y1;:::) satisfies (T(F)  )v =0 in all rows but the
first. Hence, there exists a linear combination of v and (1;z,%;z,%:::) that
satisfies the eigenvector problem.

Remark 2.46. Note that the constructive approach used in the proof of [137),
Theorem 7.2] does not work here. We have used a new approximation approach
to construct the eigenvectors.

2.5.4. Pseudospectra of Tridiagonal k-Toeplitz Matrices. In this
section, we will apply the results of the previous section to matrices. As already
described by Trefethen in [121], the spectrum of a non-Hermitian matrix is
very sensitive to small perturbations. For this reason, it is often advisable to
study their pseudospectra, rather than their spectra. For the convenience of the
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reader, we recall the definition of pseudoeigenvalues and pseudoeigenvectors in
Definition

We consider the family of tridiagonal k-Toeplitz matrices fANg of various
dimensions obtained as N N finite sections of the infinite operator T (F).
Results on the pseudospectra of the family of Toeplitz matrices can be found
in [121]. On the other hand, the spectra of tridiagonal k-Toeplitz matrices are
fully understood and closed-form characteristic polynomials have been found
in [42].

Let us also introduce the sets

r:=F 2C:wind(det(f(Ty) ); 0) > 0g; (2.127)
R:=f 2C:wind(det(f(TR) );0) < Og; (2.128)

where T, =fz 2 C:jzj=rgand let -(An) be the set of "-pseudoeigenvalues
of An.

The connection between the eigenvectors of a tridiagonal k-Toeplitz oper-
ator and those of the associated tridiagonal k-Toeplitz matrix can be made
with an argument similar to [137, Theorem 7.2]. The first N components of
an eigenvector of the Toeplitz operator can be used as the "-pseudoeigenvector
of the tridiagonal k-Toeplitz matrix Ayn. Since we have proven the existence of
an exponentially decaying eigenvector in Theorem [2.44] we can conclude with
the following statement on tridiagonal k-Toeplitz matrices.

Thegem 2.47. ICSt TANQ be a family of tridiagonal k-Toeplitz matrices such
that <, bj &0, ~*_,ci6 0. Then, forany r<1land =>r, we have

L Y0CTE)+ »)  «(Ax)  for " =max(Cyi;dN=keC,) IN=ke 1.
(2.129)
where - is a closed unit disk of radius " and C1; C, are constants depending

onr; ,and aj;bj;cj for 1 j Kk but independent of N. In particular, for
the corresponding 2 [ ¥, there exist nonzero pseudoeigenvectors v(N)
satisfying

k(AN WNK

K max(Cs; dN=keC,4) dNke 1 (2.130)

such that

vV CsdN=ke di=ke 1. jf 2 1=,

maxijv™j  CsiN=ke dN Dke 1 it 2 .

1 j N; (2131

where Cg3; Cy4; Cs are constants independent of N.

Proof. Firstly, we note that the inclusion (T(f)) + = «(AN) s

triviality valid for any matrix or operator. Secondly, by symmetry,  must
satisfy an estimate of the type (2.129) if " does. Thus, all we have to prove

is 1= « (AN)-

Givenanyr <1,let 2 " bearbitrary. Since wind(det(f(T1) );0) <
0, similarly to the arguments in the proof of Theorem [2.44], we can show that
det(f(z) ) =0 for two values z;;z, with 1 < JzjJ;J = 1,2, counted with
multiplicity. Also, since det(f(z;) ) = 0, we find that is an eigenvalue
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to f(zi) and hence there exists an associated eigenvector vi. Assume for now
that z; & z,. Consider the vectors defined by

ui = (V77 iz vz, N> i 2 1 2g; (2.132)
where without loss of generality we assume that N is divisible by k. This
vector satisfies the eigenvalue equation Anuj = u;j in all but the first and

last rows. Since ug;u, are linearly independent, there exists a normalised
linear combination v(N) = a;u; + aouy so that (Axy VM) = 0 in all but
the last row. It is not hard to see that

k(An VMK Cymaxfijzyj INTKe*L:jz,j dNzke+lg. (2.133)

where Cs depends on a;j;bj;cj; butnoton N. Thensince 1 <1 jzj;j =
1;2; we obtain the bound

k(An VN cg dNzke 1. (2.134)

which proves the claim (2.130) if z; & z,. If the roots z;;z, are distinct for all
2 1=r then the function

n(C D An)

SUD —aN=ke 1

N 1

is a continuous function of on the compact set 17"; its maximum provides
the constant C; in (2.129) that is independent of ; N, and we can take =rr.

In the case where z; = z,, one can resort to a similar argument as the one
in Theorem 2.44] to utilise

dfe+l S\,

— >, 1,,~. 2,0 o
U =(Vvy; Z97Vy,; 239V, iz % TvL)T,
dNe+1
U= (V5 2, vy + Vi 2, 2vy w2z, 0 iz KT VS (2.135)
N dNe+2
+(d?e )z, < vi)~

to construct the pseudoeigenvector. This yields a similar bound except that
C; IN=ke 1 jn (2.130) is replaced by an algebraically growing factor at worst
dN=keC, N=ke 1 Then since the function

NCT An)
sup ————————=-
N plszkerd'\‘='<e !

is a continuous function of on the compact set 17", its maximum provides
the constant C, in (2.129). Finally, (2.131) is deduced from the constructions

and @.135).

2.6. Two-Scale E [edtive Model for Defect-Induced Localisation
Transitions

The eledt is known to persist in the presence of small disorder; however,
when su Lciehtly large defects are added, Anderson-type e [edts can cause ei-
genvectors to be localised within the bulk of the system (away from the edge);
see Section 2.4 The most common setting in which to study these e [edts
is the non-Hermitian Anderson model, which is typically a nearest-neighbour
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Hamiltonian with a random potential (independent on each site) and non-
reciprocal coupling strengths [69, [70]. Many studies have considered this
model’s spectral properties in the presence of periodic boundary conditions
to understand its topological features and how its complex spectrum behaves
in the presence of disorder [32, 36, 64, 69, 70, 93, 114]. However, one of the
most exciting features of non-Hermitian systems is that altering the boundary
conditions can drastically aledt their bulk properties, as shown in [114] and
in Chapter 5| Indeed, in a finite-sized model with open or fixed boundary
conditions at the edges, the skin e [edt can occur [4} 80, (82, (87, (92, |97, 1115,
124, (127, 144 {150, 151, 153, (154]. In this case, when imperfections are
introduced, there is the additional challenging question of predicting where ei-
genvectors will be localised since the site where the maximal amplitude occurs
is the result of competition between the localisation in the bulk induced by the
defect and the localisation due to the skin e [edt at the edge [132]. This work
develops an e[edtive model to illuminate this competition and the resulting
transition between the two regimes.

To demonstrate our two-scale method, we consider a model that is a vari-
ant of the non-Hermitian model we have considered so far by looking at the
eigenvalues of the Laurent operator L(F) where

fz)=v+ez+e z %

We derive the critical defect strength at which the localisation transition occurs
and introduce a two-scale ansatz to derive an e [edtive model that holds close
to this point. This gives quantitative predictions for eigenvectors on either
side of the transition, which are localised either at the edge or at the defect,
as captured by the e [edtive model.

2.6.1. Defect-Induced Localisation. To examine the fundamental mech-
anism of the transition from localisation due to the skin e [edt to defect-induced
localisation in the bulk, we study the spectrum of a perturbation H of L(f) by
a single defect on the diagonal. That is, we suppose that H;.; = v+d ;.o where
d 2 R characterises the magnitude of the defect and ,.m is the Kronecker
delta. Adding a small defect will not be su [cieht to cause localisation in the
bulk as the eigenvalues will still be within the spectrum of L(f) and therefore
topologically protected. In this section, we will denote the topological region
associated with f by W.

The localisation transition occurs at a nonzero critical defect strength given
by d = 2sinh . To understand this value, notice that as the negative tail
of an eigenvector u transitions from growth to decay, it must have a constant
amplitude at the transition point. That is, u™ = ( 1)" for n 0 at the
transition between the two regimes.

We begin by considering the case of a positive defect, such that we are
interested in solutions of the diLerknce equation

vu™ + 2sinh + ") pou™ +e U™ D u™D =Egy™:  (2.136)

where the defect d = 2sinh  + ™ has been chosen to be an O(") perturbation
away from the critical defect strength d = 2sinh  (which leads to the largest
eigenvalue being exactly on the boundary of W). We introduce the continuous
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Chapter 2. Non-Hermitian Skin Effect in One Dimension

long-scale variable = "n and will seek a two-scale solution in terms of n and
. For convenience, we elect to switch the O(") part of the defect onto the
long-scale variable . To do so, we make the association .o =" ( ). Thisis

a standard equivalence (used in e.g. [99]) and is taken to give the appropriate
normalisation between the Kronecker and Dirac deltas when rescaling. This
can be seen formally by c%mparing the eéoressions

1

1
1= ()d = ("'n)" dn; (2.137)
1 1
and * Z 4
1= no = n;0 dn; (2.138)
n= 1 1

where integration with respect to the discrete variable n should use the count-

ing measure. This leads to the di[erknce equation

vu® +2sinh ou™+ "2 (JuM+e u® D
(2.139)
+e u™D = gu:

We seek a two-scale solution u™ = ( ;n). We can Taylor expand in the
long-scale variable to see that

u® D= noD= (in D " (in D

+%"2 (:n 1+:::: (2.140)
u = (+mn+) = (in+D+" (in+l)

+%"2 (;n+1)+:::; (2.141)

where the subscripts are used to denote dilerkntiation with respect to that
variable. In addition to this Taylor expansion, we will seek solutions of (2.139)
in terms of asymptotic expansions:

= O4pr Wpr2 @40 (2.142)
E=EQ+"E® +2g@ 4+:::: (2.143)
Substituting (2.140)—(2.143) into (2.139) yields a hierarchy of equations in

". At leading order, we have
v OC;n)y+2sinh no @QCiny+e  OC;n 1)

2.144
+e OCn+1)=® O(;n). (2149
This has solution
OC;in)=fHU™(n); (2.145)
with eigenvalue E© = v + 2 cosh ,(Where
Uty = - noo (2.146)

(e 2)" n>0;

and () is some long-scale function that is not yet determined. This form of
the leading-order solution (2.145)) is consistent with the traditional applications
of high-frequency homogenisation to Hermitian systems [39, 41,|99]. It is given
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2.6. Two-Scale Effective Model

by U™*(n), which is the mode that exists when " = 0 (and is reminiscent of
a standing wave, at least on the left of the defect site), modulated by some
slowly-varying amplitude function f( ). Determining f( ), which describes
the long-scale variation of the eigenvector at leading order and thus captures
whether the eigenvector is localised at the defect or not, is the primary goal of
this analysis.

Collecting the terms at order ", we have the equation

v OCiny+2sinh no O(;n)+e O(C;n 1)
e O(:n D+e D(:n+l)+e O(:n+1) (2.147)
— EO (1)( ,n)+E(1) (0)( ;n):

A solution for () with the same form as (2.145) exists provided that
e Oc:n D+e OC:n+1)=E® O(.n): (2.148)

Inserting the expression (2.145) for () gives di[efknt behaviour depending
on the sign of n (and consequently of ). If n <0 we have that

2sinh f () =E®F(); (2.149)

whereas for n > 0
2sinh £ () =E®F(): (2.150)

We elect to capture this sign change using the continuous variable  (since
sgn( ) = sgn(n), where sgn(x) = jxj=x is the standard sign function), yielding
the first-order ODE

2sinh £ ()= E®sgn( )Ff(): (2.151)

This equation represents a crucial dilerence from the application of high-
frequency homogenisation to the corresponding Hermitian system, as in [99].
When = 0 and the system is Hermitian, the left-hand side vanishes, meaning
E®M = 0 and the defect eigenvalue is an O("2) perturbation of E(. In this
case, if & 0 then E® & 0. However, is not su [cieht to determ-
ine either the function £( ) or the constant E®. We must proceed to higher
orders of " and return to later.
We can also collect the terms at order "2, which yields the equation

v @(Ciny+2sinh no @Ciny+ () O(:n)

+e @C:n 1) e ®C;n 1)+%e O©Oc:n 1)
. (2.152)

+e O(:n+1)+e (1)(;n+1)+§e O :n+1)

=@ @C:n)+ED O :n)+E@ O n):
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Chapter 2. Non-Hermitian Skin Effect in One Dimension

Once again, a solution for @ with short-scale dependence given by (2.146)
can be constructed provided that the other terms cancel. Assuming the -
dependent part of (1 also satisfies (2.151), we are left with

() OCm+ze OCin 1

. (2.153)
+ ie OC:n+1)=E®@ O :n):
Substituting @ ( ;n) = f( )U*(n) from gives
OFOU*M+2e £ (HU*()
. (2.154)
+oef ( YW (n) = E@F()UT(n);
forn <0 and
OFOUT M +5e & F (HUT()
(2.155)

+ %e e 2 f (HUT(n) =E@F()HU*(n);
for n > 0. In either case, this can be rearranged to give a Schrddinger eigen-
value problem for f( ) and E®:

cosh £ ()+ ()F()=E®f(): (2.156)

The Schrodinger eigenvalue problem (2.156)) is our e [edtive model for the
localisation at the defect site. We first observe that it has a decaying solution
f() ¥ 0as ¥ 1 for positive E@ if and only if > 0. To see this, we
multiply by f and integrate to obtain

yA 1
[cosh f f]1 cosh (F)>2d + f(0)?
Z . 1 (2.157)
=g® f2d ;
1

from which it is clear that lim « 1 f f =0 only if > 0 (since we expect
E® > 0 so that the eigenvalue will fall outside of W and not be localised at
the left edge of the system due to the skin e [edt). When > 0, the solution

can be found using Fourier transforms. We let = 1 and then in Fourier space
(2.156) becomes
cosh 28( )+ f(0) = E@H( ); (2.158)

from which we find that

)= (0 : (2.159)

E® +cosh 2

Applying the inverse Fourier transform yields the solution

S 1

f(0) E®@ .
f()=-pPp————ex : 2.160
O) 2" E® cosh P cosh 1] ( )
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2.6. Two-Scale Effective Model

) P—— .
Inspecting the value at = 0 shows that 2 E® cosh = 1, from which we
have that

1
E@ = Toosn (2.161)

Fixing the normalisation of f( ) to be such that sup jf( )j = f(0) =1, gives
that

f()=exp

ij 2.162
2cosh 1) ( )

Now that we have identified ( ), we can use (2.151) to find the value of E®.
Di Lerkntiating (2.162) yields

()= 5san(FC) (2163)

which can be compared with to see that
E® =tanh : (2.164)
Bringing this all together, we have found that, if and only if =1 >

0, there exists an eigenvector localised at the defect site n = 0 which has
eigenvalue

1
E=v+2cosh +"tanh +"2——— +:::; 2.1
Vv oS tan 4 cosh ; (2.165)
and leading-order profile
u™ =U*(n)exp i'mj o+ (2.166)

2 cosh

where U™ (n) was specified in (2.146)).

When < 0, the eledtive model is still solvable but its solution
will not decay as ¥ 1. Indeedyve expect the general solytion of
to be of the form f( ) = Aexp( E®=cosh )+ Bexp( E®@=cosh ).
The constants A and B will be dilerent for < 0and > 0 to account for
the discontinuity in the derivative f ( ) at = 0 that is introduced by the

( ) term. Matching the solutions such that f( ) is continuous and f ( ) has
a jump of magnitude (cosh ) ' at =0 leads to the normalised solution

f()=-exp seosh 11 (2.167)
where we have let = 1. Noting that
1
f () =sgn( )2003h (), (2.168)
and . .
T O= 20050 32T * goen OFO (2.169)

we can see that substitution into yields the corresponding eigenvalue
E® = (4cosh ) ! (which is unchanged from < 0). However, the switch
from decay to growth on either side of the defect has led to a change in sign
in (2.168), such that substitution into leads to E® = tanh .
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Chapter 2. Non-Hermitian Skin Effect in One Dimension

Combining the analysis for the > 0and < 0 cases, we find the leading-
order profile of the eigenvector to be

(M =y+ i'nj +:o 2.17
u UT(mexp 51N , (2.170)
with associated eigenvalue
1
E=v+2cosh +" tanh +"2— 2.171
Vv oS an 2 cosh ( )

The above analysis can be repeated for the case of a negative defect. Here,
we study the di[erkence equation

vu™  2sinh ou® "2 (YJuM+e u®™ D

te U™ = . (2.172)

and proceed to seek solutions in terms of expansions similar to (2.142) and
(2.143). The leading-order equation is

v (0)( an) 2sinh n:0 (0)( ;n)+e (0)( ‘n 1)

2.173
+e OCn+1)=@ O n). (2173)
This admits the solution
O ;n)y=Ff()u (n); (2.174)
with eigenvalue EC =v  2cosh , where
n .
um= (Y n o (2.175)

(e?) n>0:

Once again, the goal is to find the long-scale function f( ).
Collecting the terms at order " gives the equation

v OC;n) 2sinh o OCin)y+e OC;n 1)
e Oc:n D+e D:n+)+e O :n+1) (2.176)
=E® D¢ n)+ED O . n):
As above, we want that
e OCin D+e OC;n+1)=e® O(;n); (2.177)

which leads to the first-order ODE
@
2sinh

F(O)= sgn( )f(); (2.178)

which is the same as (2.151) up to a change of sign of the constant on the
right-hand side.
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2.6. Two-Scale Effective Model
Proceeding to the order "2 terms, we find the equation
v @C;n) 2sinh no @Cin) () °Cin)+e %(;n 1)
e (in Deze °(in D+e *(in+d)
+e 1(;n+1)+%e °(in+1)

=E° ?(;n)+E' '(;n)+E* °(C;n):
(2.179)

Using the same procedure as above, we arrive at the equation

OFOU () Ze £ (U (1 1)

%e f (WU (n+1)=EPF()U (n);

(2.180)

which leads to a Schrédinger eigenvalue problem for f( ) and E®, which is
analogous to (2.156):
cosh f ()+ ()f()= E@f(): (2.181)

Repeating the analysis of (2.156)) but with the sign of the eigenvalue changed,
we see that (2.181) admits a decaying solution for f( ) if and only if >0
and E® < 0. Thus, letting =1 leads to the solution

f()= i 2.182
()=exp Sl (2.182)
along with
1
E@= 2.183
4 cosh ( )
Using (2.178), this leads to
EM = tanh : (2.184)
Finally, we can conclude that, if and only if = 1 > 0, there exists an
eigenvector localised at the defect site n = 0 which has eigenvalue
1
E=v 2cosh “tanh "2 +:; 2.185
v c0S an Zcosh ; ( )
and leading-order profile
1
(n) — HLLI 4
u U (n)exp > cosh j"nj (2.186)

where U (n) was specified in (2.175).

The analysis for the < 0 case is again similar to the previous section.
We find that the exponentially decaying solution (2.182) switches to an ex-
ponentially growing mode. Thus, we obtain the general expressions for the
eigenvector

u™ =U (n)exp i'nj +ii (2.187)

2cosh
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Figure 2.11. The maximal or minimal eigenvalues for a sys-
tem with either (a) a positive defect or (b) a
negative defect, respectively. Numerical val-
ues for a 29-site system with a single defect
d= (2sinh + ') at the center are compared
to the asymptotic formula for = 0:4
and v =1.

and its associated eigenvalue

E=v 2cosh " tanh "2

1
+ 2.188
4 cosh ( )

which hold for 2 f 1;1g.

2.6.2. Time-Domain Simulations. It is informative to compare the
spectral results from the previous sections with the time-domain response of
the non-reciprocal lattice. General dynamic aspects of the non-Hermitian skin
e [edt were recently explored in detail in [88], so we focus on the eledt of
adding an on-site defect here. We consider the dynamics of the time-dependent
Schrédinger equation

i(;jtu(”)(t) = HuM(t); (2.189)

where H is the non-Hermitian Hamiltonian defined at the beginning of Sec-
tion [2.6.1] studied above (and we have disregarded the Planck constant in this
non-dimensional model). We use Euler time stepping to simulate solutions to
(2.189), given an initial Gaussian wave packet at position ng with momentum
k and width , given by

(N ng)?
4 2

uMt =0) = exp(ikn) exp (2.190)

)a
The results are presented in Figure 2.13] where a system with N = 99 sites is
modelled with non-reciprocity = 0:05 and background potential v = 1. The
initial wave packet is taken to have width = 3 and momentum k = 5.

When there is no defect and the wave packet is initialised at the centre
of the array (ng = 0), we see propagation in both directions, as depicted in
Figs. [2.13(a) and [2.13(b). The non-reciprocity leads to an asymmetric ampli-
fication mechanism: the amplitude grows when a wave propagates to the left,
whereas it shrinks when it propagates to the right (notice that Figure [2.13(b)
is a zoom of Figure [2.13((a) to the right of no, with the color scale restricted
so that the small-amplitude waves are visible). When waves reach the edges of
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Positive defect

Negative defect

o S &
-0 -5 0 5 10 005 0 5 10 20 5 0 5 10 0 -5 0 5 10
—o— Eigenmode - - E ective amplitude: f( n)ju (n)j

Figure 2.12. The maximal or minimal eigenvectors of a 29-
site system with a defect in the center. (a)-
(e) show the eigenvector with the largest ei-
genvalue in a system with a positive defect
d =2sinh + ", The e[edtive amplitude pre-
dicted by our two-scale model is shown
in a dotted line. Inset shows the eigenvalues
in the complex plane with W shaded and the
eigenvalue of the plotted eigenvector circled in
red. (f)-(j) show the analogous eigenpairs for a
negative defect d = (2sinh + ™). =04
and v = 1 are used throughout and the values
of 2f 1;1g and "™ > 0 are shown above each
plot.

the lattice they are reflected and subsequently experience the opposing ampli-
fication or decay phenomenon, as they travel back in the other direction.

When a su [ciehtly large defect is added to the system at n = 0, the
analysis from the previous section shows that a localised eigenvector can be
created at the defect site. In Figure c)—(f) we consider a system with a
large defect at n = 0 (with " = 10 and = +1) to emphasise the resulting
behaviour. When the wave packet is centred at the defect site (ng = 0), the
localised eigenvector is strongly excited, which means that a large proportion
of the energy is localised, as shown in Figure c). It can also be observed
that a small proportion of the energy escapes in either direction in this case,
due to the fact that the initial wave packet is relatively wide compared to
the localised eigenvector (which is very strongly localised in the case of this
large defect). As expected, the energy that escapes to the left of the defect is
repeatedly amplified by the non-reciprocity (whereas the amplitude is damped
as it moves to the right).

When the initial wave packet is centred away from the defect site, the
defect is best interpreted as an interface at which waves are transmitted and
reflected. In Figs. [2.13(d) and [2.13(e), the wave packet is initialised to the
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Chapter 2. Non-Hermitian Skin Effect in One Dimension

Figure 2.13. The dynamic behaviour of the non-Hermitian
lattice with a defect. We simulate a system
of N = 99 sites with non-reciprocity = 0:05
and background potential v = 1, given an ini-
tial Gaussian wave packet with =3
and k = 5. (a) shows a system with no defect
and the wave packet initialised at np = 0. (b)
shows the same data restricted to n 0 with
the colour axis rescaled to highlight the small
amplitude waves (that have been strongly at-
tenuated by the non-reciprocity). (c) shows the
same system with a defect added to the central
site (at n = 0) with " = 10 and = +1. (d)
shows the same system with a defect as (c), but
with the wave packet initialised to the left of the
defect, at ng = 25. (e) shows the same data
restricted to n 0. (f) shows the system with
the wave packet is initialised to the right of the
defect, at ng = 25.

left of the defect, at np = 25. Energy is mostly reflected by the defect and
the small proportion that is transmitted is subsequently attenuated by the
damping mechanism (visible in Figure [2.13(e)). Conversely, in Figure [2.13(f)
the wave packet is initialised to the right of the defect, at np = 25. Again,
most of the energy is reflected. However, the small portion of energy that is
transmitted is subsequently amplified, such that it has significant amplitude
by the time it reaches the left-hand edge of the array.
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In summary, in the time domain, the non-reciprocity is most easily inter-
preted as an amplification mechanism. The system behaves very similarly to
a traditional Hermitian lattice, with the caveat that the amplitude increases
with each step to the left and decreases with each step to the right. This is
consistent with other studies of similar systems [88]. For example, this non-
reciprocal amplification phenomenon was recently used to create a dynamic
tunneling-like response in [78].

2.7. Concluding Remarks

In this chapter, we have derived from first principles the mathematical
theory of the non-Hermitian skin eledt arising in subwavelength physics in
one dimension. Through a gauge capacitance matrix formulation, we obtained
explicit asymptotic expressions for the subwavelength eigenfrequencies and ei-
genmodes of the structure. This allowed us to characterise the system’s funda-
mental behaviours and reveal the mechanisms behind them. In particular, the
exponential decay of eigenmodes (the skin e [edt) for a system of finitely many
resonators was shown to be induced by the Fredholm index of an associated
Toeplitz operator. We also showed how the system behaves as its size becomes
large and developed appropriate tools to understand this spectral convergence.

Based on a stability analysis of the eigenvalues and eigenvectors of the
gauge capacitance matrix, we have proved the robustness of the non-Hermitian
skin e [edt with respect to random changes of the strength  of the directional
damping (i.e. the imaginary gauge potential) and the spacing s between the
resonators. We have also elucidated the topological origins of such robust-
ness in our setting. Under random perturbations, the eigenmodes that remain
localised at the edge of the structure are precisely those whose associated ei-
genvalues (which remain real valued) remain within the region of the complex
plane corresponding to negative winding of the symbol of the corresponding
Toeplitz operator. As the strength of the disorder increases, we have shown
numerically that an increasing number of eigenmodes become localised in bulk
as their corresponding eigenfrequencies leave the region of negative winding.
This leads to a competition between the non-Hermitian skin e [edt and Ander-
son localisation in the bulk. We have developed a two-scale e [edtive model
that gives insight into the fundamental mechanism that causes eigenvectors
to transition between localisation at an edge and at a defect site in the bulk
due. Our e[edtive model reduces localisation at either the edge or the defect
site to the growth or decay of a long-scale modulation function. Meanwhile,
the short-scale oscillations of eigenvectors are captured by a modified standing
wave. As well as providing new intuition, our model gives accurate predictions
of the profiles of eigenvectors on either side of the localisation transition, even
for large values of the asymptotic parameter and in small arrays (with edge
e [edts due to fixed boundary conditions).

Furthermore, based on new explicit formulas for the eigenpairs of perturbed
tridiagonal block Toeplitz matrices, we have analysed the non-Hermitian skin
e [edt arising in dimer systems of subwavelength resonators and shown its topo-
logical origin. We have also proved the localisation of interface modes between
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systems of resonators with imaginary gauge potentials with opposite signs. Fi-
nally, we have established new results on the spectra and pseudo-spectra of
tridiagonal k-Toeplitz operators and matrices. In particular, we have proved
the connection between the winding number of the eigenvalues of the symbol
function and the exponential decay of the associated eigenvectors (or pseudo-
eigenvectors). By doing so, we have elucidated the topological origin of the
non-Hermitian skin e [edt in general one-dimensional polymer systems of sub-
wavelength resonators with imaginary gauge potentials. We also numerically
verify our theory for these systems.
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CHAPTER 3

Non-Hermitian Skin E [edt in Three Dimensions

The generalisation of the previous chapter on the skin e [edt in one dimen-
sion to higher-dimensional systems is important. Although it is well-known
that the skin eledt can be experimentally realised in three-dimensional sys-
tems [153] 154|, there is no mathematical framework to theoretically sup-
port the condensation e [edt in three dimensions. In this chapter, we consider
three-dimensional systems of subwavelength resonators with imaginary gauge
potentials. As in the one-dimensional case, using an asymptotic methodo-
logy, we can approximate the subwavelength eigenfrequencies and eigenmodes
of a finite chain of resonators by the eigenvalues of the gauge capacitance
matrix C . The main dilerknce compared to the one-dimensional case is
that the three-dimensional gauge capacitance matrix is not tridiagonal. Its
o [=diagonal entries account for long-range interactions, which is inherent in
three-dimensional systems. Nevertheless, inspired by the nearest-neighbour
approximation in quantum mechanics, we consider a range k-approximation to
keep the long-range interaction to a certain extent, thus obtaining a k-banded
gauge capacitance matrix C, . Using techniques for the Toeplitz matrices and
operators, we prove the exponential decay of the pseudoeigenvectors of such
k-banded matrix and demonstrate that they approximate those of the gauge
capacitance matrix Cy, well. We numerically verify our results by showing that
the long-range interactions aledt only the first eigenmodes in the system. A
tridiagonal (nearest-neighbour) approximation of the gauge capacitance mat-
rix, provides a good approximation for the higher modes, which successively
improves as we increase the range of interactions. The results in this chapter
are from [4].

3.1. Problem Setting

We will consider an array of material inclusions that are identical in size
and shape and have an imaginary gauge potential in their interior. To be more
precise, we let D [0;1) R? be a simply connected, bounded domain of class
CLs for some 0 < s < 1. Here CLS is the Holder class of those functions on R?
such that the partial derivatives are Holder continumé with exponent s. Then
we consider a one-dimensional array given by D := !\':1 Di, where Dj is the
translated domain Dj := D + (dj; 0;0)~, with the superscript > denoting the
transpose; see Figure [3.1]
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A resonant frequency ! 2 C is such that <(1) > 0 and there exists a
nontrivial associated eigenmode u solution to

8 _
u+12u=0 in R3nD;
§ u+1%u+ @u=0 in D;
U+ U =0 on @D; (3.1)
@u @u
— — =0 on @D;
5 . @ ‘

- u satisfies an outgoing radiation condition:

Here, is the outgoing normal to @D, j+ and j denote the limits from the
outside and inside of D. As in the previous chapter, the parameter >0 is a
nondimensional material contrast parameter that will be assumed to be small,
such that the system is in a high-contrast regime. Finally, the first-order dir-
ectional derivative with coe Lcieht & 0 corresponds to an imaginary gauge
potential within the resonators. This directional first-order damping term is
motivated by the imaginary gauge potentials from condensed matter theory.
It breaks the time-reversal symmetry of the problem and is the crucial mech-
anism responsible for the condensation e [edts that will be analysed here. For
the outgoing radiation condition (which reduces to the Sommerfeld radiation
condition for ! real), we refer the reader to [14, |66, 138].

As before, we are interested in the subwavelength regime. We look for the
subwavelength resonant frequencies and their associated eigenmodes for the
system of resonators D within this regime, which we characterise by satisfying
I ¥ 0as ¥ 0. Asitwill be seen in Section[3.3, an asymptotic analysis leads
to a discrete approximation of in terms of a the gauge capacitance matrix.
By investigating the Toeplitz structure of the gauge capacitance matrix in
Section 3.4 we will prove in Section [3.5] the condensation of the subwavelength
eigenmodes at one edge of the structure D. It is worth emphasising that the -
term is added only inside the subwavelength resonators and its e [edt would be
negligible without exciting the structure’s subwavelength resonant frequencies.
The high-contrast regime (¥ 0) is therefore essential for observing the non-
Hermitian skin e [edt in the subwavelength regime.

DOO0OLOEOO0O

Figure 3.1. A chain of identical spherical resonators with ra-
dius r, equally spaced with a distance d between
each centre. The arrows indicate the direction-
ality introduced by the first-order damping term
(with strength ) in the model (3.1).
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3.2. Fundamental Solutions and Single Layer Potentials

Let G' be the outgoing fundamental solution of the Helmholtz operator
+ 12: Let S} be the associated sir?le layer potential

Sh: 2L%@D) A @DG’(x y) Od (y):

V\/le define the Neumann—Poincaré operator associated to G' to be the operator

Ko :L2(@D) !ZLZ(@D) given by

Ko [ 100 = oD @@XG!(X y) (d (v); x2@D; 2L*@D): (32)

Note that K} ig the L2-adjoint of K" : L?(@D) ¥ L?(@D) defined by
@
Kp'l 1= —
@D © vy
We recall the following well-known results regarding S5[ ]; see, for instance,
[28, [112].

G '(x y) (y)d (y); x2@D; 2L2@D): (3.3)

Lemma 3.1 (Jump conditions). For the single layer potential SE!,, it holds

Sol li.=Sol i : 2L*@D): (3.4)
The associated Neumann-Poincaré operator K,!D; satisfies
1 :
Fsbl] = Gi+xE [} 2L%@Dy (35)

It is also well-known that S2 : L2(@D) ¥ H(@D) is invertible. Here, H!
is the usual Sobolev space of square-integrable functions whose weak derivative
is square integrable.

We now turn to the operator with an imaginary gauge potential + 12+

@x,. The following result provides a fundamental solution for this operator.

Proposition 3.2. Introduce

exp( x1=2 + ip 12 2=4jxj)

1
Y(x) = 3.6
G' (x) T (36)
where the principal branch cut of the square root is used. Then, G' satisfies
G'+1°G'+ 0,,G'= ¢ iInR%: (3.7)

exp(ip 12 2=4jxj)

Proof. Observe that F'(x) = is a fundamental solu-

tion of the Helmholtz operator ~ + 12 2:44{)(1Letting
G'(X) =F'(x)e *272 (3.8)
we have
+12 0 =4 R =e M + 17+ @ G'(X) (3.9)
= o(x); (3.10)

which proves the claim.
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Observe that G' does not satisfy the vanishing boundary condition as
jxj T A; nevertheless, we will use G' to represent the solution inside the
compact domains Dj, as the behaviour of G! as jxj ¥ 1 does not aledt the
solution.

We now define the single layer potential associated to G' by

z

& . 2L%@D) ™ @DG’(x y) ()d (y): (3.11)

Analogously to (3.2)), we also define the Neumann-Poincaré operator associated

to (3.6) by

R [160= °
@

—G'(x y) (y)d (v); x20D; 2L*@D): (3.12)
D X
Since G' has the same singularity as G' at the origin, similarly to Lemma[3.]}

we can obtain the following jump conditions for the normal derivative of §,!3;
across @D.

Lemma 3.3. The Neumann—Poincaré operator IQE);. satisfies

@@3!3; [1 = %I +RY. [ I (3.13)

The following result will be of use to us.

Proposition 3.4. The operator $3. : L?(@D) ¥ L?(@D) is injective and
hence has a left inverse

Proof. We assume that §°D; [ ](X) =0for x 2 @D. For x 2 R3, we define
uandv as

ux) =82 [ 1(x) and v(x) =e X 2u(x):
Since u+ (@x,u =0, we find that v satisfies the modified Helmholtz equation
8 2
5 -v ZV =0;
=Viep = 0;
“v(X)=0 jxj ! asx ¥ 1:

(3.14)

The modified Helmholtz equation is well-known to have a unique solution;
indeed, if we multiply (3.14) with v and integrate by parts, we have
Z 2
jrvi? + —jvi*> d =0
R3 2
which shows that v(x) = 0, and hence u(x) = 0. Finally, from Lemma 3.3 we
have that
@u @u
= — =0
e + @

which proves the claim.
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Chapter 3. Non-Hermitian Skin Effect in Three Dimensions

3.3. Gauge Capacitance Matrix Approximation

We are looking for nontrivial solutions to the non-reciprocal Helmholtz
problem in the subwavelength regime. Problem can be reformulated
using layer potential techniques. In fact, there exist density functions and
such that the solution u of (3.1) can be represented as

§I5 [ ]; x 2 D,

= 3.15
ux) SAlI; X 2 RenD: (3.15)
Hence, for I small enough, (3.1) is equivalent to
A(l; ) =0; (3.16)
with A(!; ):L?@D) L?@D) * H(@D) L?@D) being given by
sl sy
I+ Ry, Gr+KL)
Note that for ' = =0, we have .
& S8~
A(0;0) = D o: D 1
CO=" 1 e o (318)

In the next result, we show that %I + R%. has a nontrivial kernel. The
main idea of the capacitance approximation is that the subwavelength resonant
modes arise as perturbations of these kernel functions for small (but nonzero)

Lemma 3.5. If D consists of N connected components D;, i.e., D = S:\Ll Di,
then the kernel of the operator %I+Iﬂg; :L2(@D) ¥ L2(@D) is N-dimensional
and spanned by

i=(83.) ' en; i=1:0N: (3.19)
Here (as usual), gp, denotes the indicator function of @D;.

Proof. Let ; be defined by (3.19). Introduce u = $3. [ i]. From (3.7),
the function u satisfies the following equation:

u+ @Qu=0 inD;: (3.20)

Moreover, u = 1 on @D;j. Denote by v(x) = u(x) 1in Dj. Then, by integrating
by parts over D;, \éve have

0= V V+ Vi@y,Vv dXx
ZP o z z
= v— d jrvjidx+ - @x,v? dx (3.21)
Z@Di @ ZDi 2 ZDi
@v
= v—d jrvi? dx + = Ve
op; @ D;j 2 op;

where 1 is the first component of the outgoing normal to @D;. Since v vanishes
on @D;, the first and third terms in (3.21) are zero. We can conclude that
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3.3. Gauge Capacitance Matrix Approximation

rv=0and v = 0. It follows that u = 1 in Dj. Therefore, by the jump
relation (3.13)),

@U _ 1 0; A,
Conversely, assume that 2 L?(@D) satisfies
1 .
SRy [1=0

Then, u = §g; [ ] satisfies in D together with the Neumann boundary
condition @u=@ j = 0 on @D. Let F(x) = e *ru(x) for x 2 D. Then
F satisfies the following curl-div system of equations in D with a vanishing
normal component on @%:

3r F=0 in D;
r (¢ F)=0 inD; (3.22)
-F =0 on @D:

From the uniqueness of a solution to (3.22) (see, for instance, [2, Sect. 2.2]), it
follows that u is constant inside each connected component D; of D. Therefore,

N )
i= (83 ) ' eoil;
i=1
for some constants c;.

The following result follows from Lemma 3.5

Lemma 3.6. The kernel of the operator 31 +R2. :L2?(@D) ¥ L?(@D) is
spanned by

i=e™ gp,; i =10 N: (3.23)
Proof. For any 2 L2?(@D), by using the jump conditions (3.13), we
have
1 g g
;o SI+RR [ = ex— & []d
2 ' 8D @ ’
= e S [1+rEe™) r& [ ] dx
z""
= e S [ ]+ eX0S3. [ ] dx
Di

(3.24)

where h ; i denotes the L? scalar product on @D;.

On the other hand, since for =0, 21 +KY : L2@D) ¥ L2(@D) is
Fredholm of index zero and RY. K} : L?(@D) ¥ L?(@D) is compact (as G°
and G° have the same singularity at the origin), the operator %I + R%;
L2(@D) ¥ L2(@D) is also Fredholm of index zero. From Lemma [3.5] it then

84



Chapter 3. Non-Hermitian Skin Effect in Three Dimensions

follows that the dimension of the kernel of 31 +RY. is N. This completes
the proof.

We now introduce the gauge capacitance matrix, which allows us to reduce
the problem of finding the subwavelength eigenfrequencies and eigenmodes to
a finite-dimensional eigenvalue problem.

Definition 3.7 (Gauge capacitance matrix). The gauge capacitance matrix

z

oN— e X2(sB) U epyl00dx:  (3.25)

Di e X dx @D;j
The following results hold.

Theorem 3.8 (Discrete approximations).
(i) The N subwavelength eigenfrequencies !; of (3.1) satisfy, as ¥ 0,
pP_
1, = n+0(); (3.26)

where ( n)1 n N are the eigenvalues of Cy;
(i) Let vy be the eigenvector of C, associated to . Then the normalised
resonant mode up associated to the resonant frequency !, is given by

Va S'"(x)+0O() inR3nD;

un(X) = v g!n(x) +0() inD;: 3.27)
where o 1
S [ (%)
ehpo=B i K (3.28)

N (69)

Proof. We make use of the functional approach first introduced in [29]
(see also [18]). In view of (3.18), by using Lemmaﬁ we have the kernel basis
functions of A(!; )at =1 =0:

$2.) 1 ep;
ker(A(0;0)) = spanf igi=p;:n; i = ((SDg)) 1[[ @@DDi:Il]

For ! in a small neighbourhood V of 0, we have the following pole-pencil
decomposition:

1 ! th;ij

L — .
§I+RD; - !2 +R(!)7
j=1
where the right- and left-kernel functions ; and ; are normalised such that
1 1 .
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3.3. Gauge Capacitance Matrix Approximation

and the operator-valued function ! ® R(1) is holomorphic on V. Here, we
can take ( j)}L;

—(.p X .
| Cje ! @D;j »
for normalisation factors Cj. We have

‘ :
i’ §+|QE>;; [l = @%Cjexl@

=C;j e &[]+ e™@,S5 [ ] dx

§Ié; [ I]d

Dj 7
= jj !ZCJ' e X1 dx:
Dj
It then follows that
i= Rt e oD;"
e X1 dx 1
Dj
Hence we have the kernel functions
1 0

ker(A (0;0)) = spanf igi=1;::N; =

For small , we can write
AL ) =A0)+ LY )
We have
0=A(1;0) *A(1; ) 1=A(1;0) A0 +L)[

This leads to

KL
I+?+RL [ 1=0;

or equivalently,
("’1 + KL+ 1?RL)[ ]1=0;

N
where K = h ;1 j. Since L=1Lg+ b with Lo being independent of 1!
i=1
and P satisfying (in the operator norm) kPk = O(! ) uniformly in ¥ 2V, the
subwavelength resonances are approximately the square roots of the eigenvalues
of KLy restricted to ker(A(0;0)). This is given by the gauge capacitance
matrix Cy,. Finally, (3.28) follows from the representation formula (3.15).

Remark 3.9. Theorem [3.8] can easily be generalised to a setting with general
material parameters. Assume that the resonator D; has wave speed v; and con-
trast parameter ;. Correspondingly, let v be the wave speed in the surrounding
medium. Assume that ; =O( ), fori=1;:::;N;and 0 < 1. For such a
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Chapter 3. Non-Hermitian Skin Effect in Three Dimensions

system of resonators, the resonance problem reads

8 12
u+-—u=0 in R®nD;
v
12
U+ﬁU+ @u=0 inDj; i=1;:::;N;
i
Uis uj =0 on @D;
@u @u :
eY Y=o on @Dj; 1=1;::1;N;
s, @ '

~ u satisfies an outgoing radiation condition.
(3.29)
It can be easily seen that the gauge capacitance matrix Cy, = (Cy)ij ;1) =

VA
Vi

C L=

N i;j D,
provides as in Theorem [3.8]leading-order approximations to the N subwavelength
resonant frequencies of and their associated resonant eigenmodes. In
fact, the N subwavelength resonant frequencies of and their associ-
ated eigenmodes are respectively approximated by and (3.27), where
( )1 n N and (vp)1 n N are respectively the eigenvalues and associated ei-

genvectors of Cy, defined by (3.30).

3.4. Toeplitz Structure of the Gauge Capacitance Matrix

In this section, in order to demonstrate the non-Hermitian skin e[edt in
three-dimensional systems of subwavelength resonators, we derive some prop-
erties of the gauge capacitance matrix C,. In particular, we show that it is,
up to a small perturbation, a Toeplitz matrix. In order to do that, we need
to establish some convergence results, characterising the matrix in the limit
when the number of resonators goes to infinity. This is a generalisation of the
approach used in [20]. In particular, we look at periodic chain structures with
only one single resonator in the unit cell. This structure is an equidistant chains
of resonators. Formally, we let I; 2 R3 denote the lattice vector generating the
linear lattice

= fmlyjm 2 Zg:
Without loss of generality, assume that I, is aligned with the x;-axis. Denote
by Y R3 the fundamental domain of the lattice. The dual lattice of

denoted by , is generated by 1, satisfying 1 I =2 . The Brillouin zone
Y is defined as

Y =(R f0re0)=

As before, we let D denote the periodically repeated resonator and consider
the infinite structure of resonators given by

D+m:
m2
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3.4. Toeplitz Structure of the Gauge Capacitance Matrix

For any function f 2 L2(R®), tgg Floquet transform of f is defined as
FIFI(x; ):=  f(x m)e ™ x; 2R

m2

Extending the set of equations (3.1)) to the infinite structure and applying the
I:8quuet transform with u (x) := F[u](x; ), we obtain

u +12y =0 inYnD;
u +1%2u + @u =0 inD;
uj, uj =0 on @D;
%u . @z@u =0 on @D;
U (X1;X2;X3) is -quasiperiodic in xg;
u (X1;X2;X3) satisfies an -qu&siperiodic outgoing radiation

condition as = x5 +x3 ¥ 1:

(3.31)
We refer to [24] for a precise statement of the -quasiperiodic radiation condi-
tion. We can proceed as in the usual case and define the quasiperiodic function
outside the resonators as
X eikix y mj

Ky — i m.
G *(x;y): Ix vy m mje ; (3.32)
m2
together with the quasiperiogic single layer potential
Sp 1 109:= G Heay) 0)d 0 X 2R (3.33)

for 2 L2?(@D). The series in converges uniformly for x and y in compact
sets of R, x &y, andk 6] +gjforallq2 . Repeating the procedures
in Section 3.2, we can generalise the concept of quasiperiodic capacity first
introduced in [25] to and define the gauge capacitance matrix as follows.

Definition 3.10. If & 0, the g%uge quasiperiodic capacity is given by

O = R e’(Sp)) M enld (x): (334
D 0D

The above introduced gauge capacity is a “dual-space” capacitance repres-
entation. The infinitely periodic system with only one resonator in a unit cell is
equivalent to an infinite chain of equidistant resonators which has a “real-space”
capacitance representation through the inverse Floquet-Bloch transformation
(for details, see |16, 20]) given byZ

-1 S
Cij = i ®e d : (3.35)
It is clear from the definition above that C is a Toeplitz matrix. We now return
to the finite system. Let Dy denote a finite chain of N equidistant resonators
and Cy, be the corresponding gauge capacitance matrix. We can extend Dy to
a larger chain Dr with R resonators and denote by Cy, the corresponding gauge

capacitance matrix. We then let & be the embedded N N-size centre block
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Chapter 3. Non-Hermitian Skin Effect in Three Dimensions

of C. We call & the truncated gauge capacitance matrix with size N N.
Following the same steps as those in [16], we have the following theorem.

1im (&)i = Cij: (3.36)

Proof. As shown in [16], for given 2 L?(@D), we have

Sp L 1=SB [ 1+R [ ; (3.37)
where R =o0(1) as R ¥ 1. From the Neumann series, we have
(Sp?) 'l epl=(SB.) ‘I 1+0(D); (3.38)
with > .
= eapne M (3.39)
imj<Njlij
Finally, we have as R ¥ 1 that
Z Z
1 0 o
= R X1 0y 1 i (0
9Ty gemax gt o) L kT Tad el
— X1 0 1 ) + )
P ek p, ¢ (5B L anld +o) (3.40)

= (@N)i;j +0(1):

The next results show that the matrix Cy, has a Toeplitz structure up to
some small perturbation.

Lemma 3.12. We have the following estimate of the matrix entries:

K

@+ min(i;N i))(1+ min(j; N j)); (3.41)

iICWii (&Y
for some constant K independent of N.

Proof. Defining x‘1 to be the x;-coordinate of the center of Dj, we can

compute
Z

e Syt Syl [ epyld |

iICi &iji=1 -
Z

R
Dj e Xdx @D;

— i _ (x1 xi) 1 1 ) .
Rt Dax o, on Som [ ep;1d ]
Di !

K

L+min@N_ D)L +minG:N_])’

(3.42)

for some constant K independent of N. Here, the last inequality follows from
the proof of |20, Lemma 3.1].
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3.4. Toeplitz Structure of the Gauge Capacitance Matrix

Lemma 3.13. We have the following estimate:

1 1 K « geog = e .
G Gyl Gaming N iya+ming:N gy T BEEN

for some constant K independent of N.

Proof. From Theorem [3.17] it follows that for every " > 0, there exists
a large enough R such that j(&)i; Ci;jj < ". The desired estimate follows
from Lemma [3.12 and the triangular inequality.

The following classical result allows us to describe the decay property of
the entries of the gauge capacitance matrix. We refer, for instance, to [79] for
its proof.

Lemma 3.14. If f 2 BV (T), then for the n' Fourier coe [cieht P(n) it holds

. . VarT(f)_ ]
i =t neo (3.44)

Here, T is the unit circle, BV (T) is the set of functions of bounded variation
on T, and Var(T) is the total variation of f.

Finally, from Lemma [3.14] we obtain the following decay estimate for the
entries of the gauge capacitance matrix.

Proposition 3.15. For i & j, there exists a constant K, independent of N,
so that
. K
ICil  ——: (3.45)
R LI
Proof. We first note that by exactly the same arguments as in [21, Sec-
tion 3.3], we can showthat @ ® : is piecewise di [erentiable whose derivative

is absolutely integrable over Y . It follows that it has bounded variation. B
definition (3.35), C;; is the (i j)™ Fourier coe [cieht of ® © , so Lemma
shows that

(3.46)

iCii] !
Pl i
Finally, we generalise this decay estimate to the finite gauge capacitance

matrix. We will use the following classical notion of the (regular) capacitance
matrix.

is defined by ~

Cn)iyj = @D_(SE))N) ' eyl d (x): (3.47)

It is well-known that the diagonal coe Lciehts (Cy )i:i are positive while
the o [=diagonal coe [ciehts (Cy)i;j; i & j are negative [24]. The capacitance
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coe [ciehts are equivalently given by (see, for example, [18])

@V;j(x)
@

CN)ij = d (x); (3.48)

@D;
where Vj is given by the solution to the following problem:
= Vj=0; x 2 R®nDy;
>Vj X) = @p;(X); x2@Dn; (3.49)
Vi) =0(@xj 1); x ¥ 1

We begin with the following lemma, which states that the capacitance coe [=_1
cient associated to any given resonator can only increase if we add additional
resonators.

Lemma 3.17. Let Dy and Dy +1 be collections of N and N + 1 resonators,
such that Dn+1 = DN [ Dn+1- Forall 1 <1;jJ <N, we then have

Cn)ij  (Cn+1)ije

Proof. Let Vy;j and Vn+1;j be respectively the unique solutions to the
problems
8

8
= VN =0 x2R¥nDy; = VN1 =0; x 2 R3nDp1;
Unj(X) = ep;(X); X2 @Dn; UN+1i(X) = gp;(X); X 2 @Dn+1;
“Vni() = 06X ) x ¥ a; “VN+1j(X) =0@xj 1); x ¥ A

From the maximum principle, we observe that 0 < Vpn;j(X);VNn+1;j(X) < 1.
Then we define w(x) = Vn;j(X) Vn+1;j(X). Note that w satisfies

8
§ w=0; X 2 R®nDpn+1;
w(x) =0; X 2 @Dn;

§O<W(x)<1; X 2 @DN+1;

Twx)=0(xj b; x ¥ 4
Again, by the maximum principle we have 0 < w(x) < 1 in R®nDy+1. To-
gether with the boundary condition w = 0 on @Dy, this implies that

%W 0; x2@Dy:
From (3.48), we then have
z

(Cn+1ij  (CN)ij = @—Wd

0;
@D; 0

which proves the claim.

We now have the following decay estimate of the gauge capacitance coe [=—1
cients.

Proposition 3.18. Let d;;j be the distance between D; and Dj. For i & j,
there exists a constant K, depending only on the shape of D; and Dj, such that
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3.4. Toeplitz Structure of the Gauge Capacitance Matrix

j(CN)i;jj Kdi;jl. In particular, we have a constant K', independent of N,
such that

. . K"
CN)ii) 3.50
O (3.50)
Proof. We begin by observing that
z
. iR X1 4
J(CN)”JJ J D-e deX @Dle jd J
'Z (3.51)
Ky J jid

@D;
for some constant K;. Moreover, we have

1 )

where Vj is defined as in (3.49). In the same way as in the proof of Lemma|3.17|
the maximum principle and boundary conditions implies that

ovj
@
From (3.51)), it therefore follows that

0 on @Dy n@D;j:

JCN)iji Kai(CN)ils (3.52)

where (Cn)i;j are the regular capacitance coe [ciehts, defined as in (3.48).
Now, let D, = D; [ D; be the resonator structure consisting solely of the two
components D; and Dj, and let C, be the 2 2 capacitance matrix associated
to D,. Following [22, Lemma 4.3], for i & j, we then have

. . K
1(C2)12) < diz
;)
for some constant K,. Moreover, since (Cn)i;j and (Cz)1;2 are both negative,
we have from Lemma B.17 that

. .. ) K
JCNijI (C2)12) < dfz
[ |

This, combined with (3.52), proves the claim.

Figure shows the decay rate (in the considered configuration) of the
entries of the gauge capacitance matrix, which is in accordance with Propos-
ition [3.18] We note that the decay rate is close to ji jj " for r 2. The
precise decay rate depends on the geometry of the resonators. In the dilute
limit (when the resonators are asymptotically small), the decay rate will ap-
proach r = 1 [22]. Here, we use the multipole method, as described in [25,
Appendix C], to compute the associated gauge capacitance matrix.
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Figure 3.2. Decay of the entries of the gauge capacitance
matrix for N = 100 and = 1 in log-log scale.
The x-axis represents the index ji  jj and the
y-axis displays the absolute value of (Cy,)i;j-

3.5. Non-Hermitian Skin E [edt

As shown in item (ii) of Theorem (3.8, at leading-order in , each sub-
wavelength resonant mode up, of is determined by an eigenvector of the
capacitance matrix Cy,. Thus, the non-Hermitian skin e [edt is related to the
exponential decay of the eigenvectors of the gauge capacitance matrix Cy,. Al-
though a precise characterisation of the exponential decay of eigenvectors of
a dense Toeplitz matrix remains an open problem, we can demonstrate the
exponential decay of the pseudoeigenvectors v of C, satisfying

k CN | Vk2 <
kaz

for a certain pseudoeigenvalue and small ". Here, I denotes the identity mat-
rix. Demonstrating the exponential decay of the pseudoeigenvectors of Cy, is
still nontrivial. A standard approach is to make use of a tridiagonal approxim-
ation similar to the nearest-neighbour approximation in quantum mechanics,
where we only consider interactions between neighbouring resonators. This
results in a tridiagonal gauge capacitance matrix Cy., defined as in 1) for
k = 2. The non-Hermitian skin e[&gat for such a model has been thoroughly
discussed in Sections [2.2] and [2.3] However, due to long-range interactions
between the resonators, the elements of Cy, slowly decay, as shown in (3.50),
making the nearest-neighbour approximation inaccurate. For example, the
first several modes of Cy in Figure 3.6 di [ed considerably from those of Cy.,.
A straightforward generalisation of the nearest-neighbour approximation is a
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range k-approximation, where we consider the interactions of neighbouring k-
resonators. This results in a k-banded gauge capacitance matrix Cy., defined
by (3.53). In the next subsection, we shall characterise the exponential de-
cay of the pseudoeigenvectors of Cy. and in Subsection we shall show
that these pseudoeigenvectors approximate well the pseudoeigenvectors of the
matrix Cy;, given large enough K.

3.5.1. Exponential Decay of Pseudoeigenvectors of k-Banded Gauge
Capacitance Matrices. We first define a k-banded gauge capacitance matrix
Cnik from Cy as

= v orii disk

Nk i 0; forji jj k;
and demonstrate the exponential decay of its pseudoeigenvectors. We let, for
i Ji<k

1 i;j N; (3.53)

with C;; being defined by (3.35). The matrix whose (i;j)™ entry is a; j is a
Toeplitz matrix, whose symbol is given by

> ]
f(2) = ajz!: (3.55)
= k1
Define T:=fz2C:jzj=1gand T, :=fz 2 C: jzj =rg. Let I(f(T); ) be
the winding number of f(T) around in the usual positive (counterclockwise)
sense.

Define .
X
G))= - (3.56)
g=i
P S
Then, according to Abel’s criteria, j1=1 %H‘Z)Z is convergent for any

ki <kz and j+k; 1. The following result on the pseudoeigenvectors of Cy.,
holds.

Theorem 3.19. For e(xgy "> 0, we can choose an inte%?r k > 0 so that

& P ‘s 2
max@%; (_|+21+k_,12+k)A
ok (1+1])
with () being defined by (3.56). Let be any complex number with I (F(T); ) &
0 for f defined by (3.55). For some < 1 and any su Lciehtly large N > 4k,
there exist nonzero pseudoeigenvectors v(N) of Cy ., with kv(N)k, = 1 satisfying

P
K Cnux vMk, <max Cp;CoNK 1 N 22 k10" (357)

such that

v Cad L ifIET) )>0;

_ _ 1 j N; 3.58
maxjj v(N) ] Cs N i; i I(f(T); ) <O; ] (3.58)
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where Cq; C,; and C3 are independent of N. In particular, the constant can
be taken to be any number so that 1 > rwith I (F(Ty); )>0o0ri 1>1

withl £ T: ; <0.

Proof. Before proving this theorem, it is worth noticing that the two
situations in depend on the sign of : the first one corresponds to
> 0 and condensation at the left edge of the structure while the second one
corresponds to < 0 and condensation at the right edge. We now turn to the
proof and decompose the k-banded matrix Cy., as

Chk =A+M;
where the entri8es of the matrices A and M are respectively given by
Cyn- ;1 i kiorN (k1) i N;
S Cni gy i k;or k 1) i N
Al = s ji ji<kk<i<N (k1) (3.59)
" 0; I T
and 8
30; 1 i kiorN (k 1) i N;
Mi;j = > Cnik i Ciji Ji Ji<kk<i<N (k 1) (3.60)
-0; ioii ke

Note that, based on the definition of C;; in (3.35), A is a k-banded perturbed
Toeplitz matrix. By the results in Section [2.5] we have that for any complex
number with I (F(T); ) & 0, where f is defined by and for some <1
and su Cciehtly large N > 4Kk, there exist nonzero pseudoeigenvectors v(N)
with kv(Nk, = 1 satisfying

k(A Y)v®™k, max CpCoNK T N 2k*2

such that

N B
v Cs i L ifI(F(T); )>0;

maxjj v j o Ca NI ifI(R(T); ) <0 1 j N (361

where Cy; C,; Cs are independent of N. To prove (3.57), we estimate kM v(Nk,.
By the definition of M, we have Mv(®) j=0forl j kN (k 1)

i N.Fork+1 j bYc k wehave

- (N) . . j_kl (N) . j_kl - .. (N) .
J Mv 1=l Mj,q Vv J IMj.ql) v J
g=j+1 k a g=j+1 k g
it
K
— L 13, kv, =1, N > 4k
) EET) by Lemma [3.13, kv(Nk, and
qg=j+1 k
1 I g K .
T+j  1+q 1+ 472 Kitk
a=j+1 k
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where (j +2 k;j + k) is defined as in (3.56)). Therefore,
b k & 5
. . j+2 k;j+Kk
i MV 2 K)? a 1+_J2 )
j=k+1 J j=k+1 ( J)
where the last inequality is from the condition on k. Similarly, we can also
prove that

< (K™,

i MV 2 < ( K)Z
i

j=bNc+k
ForbBc k+1 j bYc+k 1, wehave
b It
i Mv® =i Mjq v Mjii v
g=j+1 k a g=j+1 k g
b & K

by Lemma [3.13, kv(Wk, = 1;N > 4k

q:J.+1k(1+b%c k+1)(1+b%c k+1)

ZTK (since N > 4k):

It follows that

b%% 1 2
j MV(N) j2 8( K)

,— . 8( K)?™:

j=b%c k+1
Combining all above estimates, we have
kMvNMk, < KpW;
and
K Crux vV, kA )vNk, + kMvNk,

P
<max C;;CpoNK 1 N 2k+2 4 ™ gm

We have demonstrated exponential decay of the pseudoeigenvectors of the
k-banded matrix Cy., for su [Ciehtly large N. In particular, by Theorem
when the winding number I (f(T); ) for the corresponding symbol f is nonzero,
then there must be pseudoeigenvectors of ~ with certain exponential decay. On
the other hand, we stress that the exponential decay property of the pseudoei-
genvectors may not be valid for general Toeplitz matrices; see [137].

Finally, we numerically illustrate the results in Theorem([3.19] In particular,
Figures [3.3 and show, respectively, the symbol functions of the k-banded
Toeplitz matrices Cy., for = 1 evaluated on the unit circle T. As predicted
by Theorem [3.19, all the points inside the circle are the pseudoeigenvalues of
Cnik for large enough N, including the black dots, which are the eigenvalues

of the gauge capacitance matrix Cy,. Figure shows the eigenvectors of C,
corresponding to the black and red dots. In particular, the localised eigenmodes
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Chapter 3. Non-Hermitian Skin Effect in Three Dimensions

in gray are the pseudoeigenmodes of Cy.,.. As seen from Figuresand the
winding numbers and the positions of the pseudoeigenvalues correctly predict
the exponential decay of the corresponding pseudoeigenmodes. As seen in red
in Figures [3:3b]and [3:4b}, the non-localised mode corresponds to the eigenvalue
of Cy, outside the enclosed region with nonzero winding.

x107°

Imaginary part

1 2 3 4 5 6

Real part x107¢ "o 10 20 30 40 50
(a) Symbol function f(T) and eigen- Position of the resonators
values (asterisks) plotted in the (b) Eigenmodes of Cy.

complex plane.

Figure 3.3. Chain of resonatorswith N =50and = 1; sym-
bol function of Cy., showing a winding number
equals to 1. Here, we choose k = 10.

x107°

Imaginary part

1 2 3 4 5 6
Real part x10° Yo 10 20 30 40 50
(a) Symbol function f(T) and eigen- Position of the resonators
values (asterisks) plotted in the (b) Eigenmodes of Cy.

complex plane.

Figure 3.4. Chain of resonators with N = 50 and = 1;
symbol function of Cy., showing a winding num-
ber equals to 1. Here, we choose k = 10.

3.5.2. Exponential Decay of Pseudoeigenvectors of Gauge Capa-
citance Matrices. In Subsection[3.5.T] we have demonstrated the exponential
decay of the pseudoeigenvectors of the k-banded gauge capacitance matrix Cy.,
corresponding to  so that I (f(T); ) & 0and numerically illustrated it. In this
section, we demonstrate that, for su [ciehtly large k, the pseudoeigenvectors

97



3.5. Non-Hermitian Skin Effect

of Cy.x having the exponential decay property are also pseudoeigenvectors of
Cyn - In particular, we have the following theorem.

Theorem 3.20. For any "1 > 0, we can choose an integer k > 0 so that
(0} 1
1 X

max @
Jj=k

Then, for any unit pseudoeigenvector of Cy., satisfying

k Cux 1 v®Wko "y (3.62)
and
v(N) ; viN)
jl,-zl,,N, or CNJ, — ,,N,
max;jj v(N) il ] max;j v(N) il ]
(3.63)
for some constant Cand0< <1 "1, we have
-
1 "1 p 1 1
(N) "ot 1 T+ " k
k CN I vitk, 2 KC 71 ) 1 1 71 1 5
(3.64)
Proof. By Proposition [3.18] we have
. . K
il (3.65)

for some constant K. We decompose Cy, as follows
Cn =Cyk T L+R;
where the matrices L and R are respectively defined by
Cn i 1k
L).. = N ij
(L) 0; i j<k;
and C

Ryy= Mt Dok
! 0; i j> k
In order to prove (3.64), we estimate kLv(N)k, and kRv(N)k,. Since kvNk, =

1 implies max; v('\')j 1, (3.63) gives

v ¢ 1§ o Njor vV e N1 ON: (3.66)
j j

First, for vN satisfying
v(N) cil 1 j N; (3.67)

i
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Chapter 3. Non-Hermitian Skin Effect in Three Dimensions

we calculate kLv(g)kz. Note that the entries of Lv(™) are given by
30, 1=1:5k
(LvNy; = < XK _ (3.68)

Define

©
QR

It is not hard to see that

X

q=k+1
X K

KC % q Kk 1= KC !
q:k+1J g
x 4 _

= KC ——g) 9 =s)) @

:k+1q

1
.
:LC@ 17151 Q( :S)j LYAN

1
X -
:%@ ql#sj a( =s)i IA
j ks @
_ 1

X .
S5@ 7T (=) A (by @)

KC K q

KC 1 "
j 1 1 Ill
Thus, combining the above estimates, we obtain that

ul
1 ||1 % X 1 1 "1 p
-1 : KC-—— 1 P (3.71)
1] 2 (1]
1" jeker 00D 1"

where the last inequality is from the condition on k in the theorem.
Next, for v(N) satisfying

kLviMk,  KC

v e N N (3.72)
i
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we estimate kLv(Nk,. The entries of Lv(N) are given by (3.68). By (3.65)

[(BDNES 8 CN v * JCN g i VY]
! q=k+1 Nk K ket N Ak 1k
X X
KC %N(qk)zKC 1 ~Nn1dGo.
q=k+1J a q:k+1q
Further estimating, we have
X _
j(LV(N))jj KC N 1G a
A=kt o 1
KC N 1 j+k+1)@ X k q (k+1)A
KC N 1@ 8 o kDA
K qg=k+1
KC n 1 jrxeny 1 .
k 1 '
Therefore, combining the above estimates yields
\V4
u
b ¢
kLv(Nk, KC 1 ¥ 2(N 1 j+(k+1))
k 1 i
-
KC ( 1 1 (3.73)
2
‘ 1 1 % 1
K " k .
€T 1 2

where the last inequality is from the condition on k in the theorem.
In the same fashion, we can prove that for v(N) satisfying (3.67), we have
.
1 1
kRv®Nk,  KC" -~ ———;
v 2 1] 1 2
and for v(N) satisfying (3.72), we have
1" L
kRV(N)kz Kclilp"li
Therefore, we arrive at

kCy Dv®™Wky k Cyy 1 vWk; + kLv™Wk; + kRvWk,
|
1" Pojw ok 1 1
= 1 Pege k2

L1 + KC .
2 " 1 1 27

which completes the proof.
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Chapter 3. Non-Hermitian Skin Effect in Three Dimensions

Theorem [3.20] elucidates that, for su [ciehtly large k > 0, an exponentially
decaying pseudoeigenvector of the k-banded matrix Cy., is also a pseudoeigen-

vector of the gauge capacitance matrix Cy,. Theorems and indicate
that the pseudoeigenvectors/eigenvectors of the gauge capacitance matrix are
exponentially decaying when 1(f(T); ) is not zero with ¥ being the symbol
associated with a su Lciehtly large k-banded submatrix. In particular, together
with the numerical results in Figures 3.3 and[3.4] it is shown that most of the
eigenmodes of Cy, have the exponential decay property, as most of the eigen-
values of Cy, lies inside f(T). This verifies the non-Hermitian skin e [edt of the
resonating system (3.1).

Figure shows the first 20 eigenvectors v;j’s of the gauge capacitance
matrix C, (black line) and the corresponding 20 pseudoeigenvectors v;(*)’s of
the k-banded matrix Cy., for k =10 (blue line). We observe that, as predicted
by Theorem [3.20, pseudoeigenvectors (and hence, eigenvectors) with stronger
exponential decay can be better approximated by corresponding pseudoeigen-
vectors of the k-banded matrix.

0.2 . .
0.2 0.2 0.2 0.2
0.1
0.1 0 0 0 0
0.1 .
0 -0.2 -0.2 02
0 50 0 50 0 50 0 50 0 50
, 0.5 0.5
0.2 0.4 0.4
02 02 0 0
0 0 0
-0.2 -0.2 -0.2
0.5 0.5
0 50 0 50 0 50 0 50 0 50
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0 0 0 0 0
0.2 0.2
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0.4 0.4 0.4 0.4 0.4
0.2 0.2 0.2 0.2 0.2
0 0 0 0 0
0.2 -0.2 0.2 0.2 0.2
0.4 -0.4 0.4 0.4 0.4
0 50 0 50 0 50 0 50 0 50

Position of the resonators

Figure 3.5. The first 20 eigenmodes of the gauge capacitance
matrix Cy, are in black. And the blue modes are
the pseudoeigenmodes of the 10-banded matrix
Cnik- The eigenmodes are normalised. Here, we
choose N =50 and =1.

In Figure [3.6] we compare the eigenvectors of the tridiagonal capacitance
matrix Cy., and those of Cy. It is first shown that although the nearest-
neighbour approximation is insu [cieht to approximate all the exponentially
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3.6. Numerical Illustrations of the Non-Hermitian Skin Effect

decaying eigenvectors of Cy,, it does approximate the ones decaying fast enough.
Secondly, we observe that, for the first several modes, due to long-range interac-
tions, the non-Hermitian skin e [edt in three-dimensional systems of resonators
is less pronounced than that predicted by the nearest-neighbour approxima-
tion. Thus, long-range interactions mainly a[edt the first several eigenmodes
in systems of subwavelength resonators.

“'f 0.4 0.4

0.2 02
0.1 0.2 0.2
0.1 0 0 0
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0 -0.2 0.2
0.2
0.4 0.4 0.4 0.4 0.4
0.2 0.2 0.2 0.2 0.2
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0.2 0.2 0.2 0.2 L0.2
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0.4 0.4 0.4 0.4 0.4
0.2 0.2 0.2 0.2 0.2
0 0 0 0 0
0.2 -0.2 0.2 0.2 -0.2
0.4 -0.4 0.4 0.4 0.4

0 50 0 50 0 50 0 50
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Figure 3.6. The first 20 modes of the tridiagonal part of the
matrix (in blue) and the full matrix (in black).
Here, we choose N =50 and =1.

It is worth emphasising that in view of the asymptotic expansion (3.27)
of the subwavelength eigenmodes un of in terms of the eigenvectors of
the gauge capacitance matrix, the condensation of the eigenvectors of Cy, im-
mediately translates into the condensation of u, at one edge of the physical
structure.

3.6. Numerical lllustrations of the Non-Hermitian Skin E [edt

In this section, we provide a variety of additional numerical illustrations
of the skin e[edt. We begin by studying the stability of the skin e[edt in the
presence of disorder. We also compute the skin e [edt in two-dimensional lattice
structures. Throughout this section, we set the material contrast parameter to
be =10 ° and consider identical spherical resonators of radius r = 0:3 with
separation distance d = 1.
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Chapter 3. Non-Hermitian Skin Effect in Three Dimensions

3.6.1. Numerical Simulations of the non-Hermitian Skin E [edt
in Chains of Subwavelength Resonators. In Figure 3.7, we consider a
chain of 100 identical equidistant spherical resonators in one line aligned with
the x;-axis. We plot all the eigenmodes in one graph and demonstrate the
condensation of the eigenvectors at one edge of the chain. The condensation
becomes more pronounced with increasing . Furthermore, changing the sign
of changes the direction of condensation.

0 10 20 30 40 50 0 10 20 30 40 50 0 10 20 30 40 50
Position of the resonators Position of the resonators Position of the resonators

(a) Eigenmodes for = 0:5. (b) Eigenmodes for = 1. (c) Eigenmodes for = 1.

Figure 3.7. For N = 50, we plot all the eigenmodes for dif-
ferent values of . The red line symbolises the
average of the absolute value of the amplitudes.

We say that an eigenmode is condensated if the ratio between the norm of
its restriction to the first 20% resonators and its entire norm is greater than
80%. We then count the number of condensated eigenmodes and compute the
ratio to N (the total number of eigenmodes). In Figure[3.8, we plot the portion
of condensated eigenmodes when increasing or N.

1,
081
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g
= 2 0.6}
206} =
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(=%
& S04l
©0.4r¢ A
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0.2}
0.2}
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Strength of the gauge potential
Number of resonators N & gause b 7

(b) Proportion of condensated eigen-

(a) Proportion of condensated eigen- modes with N = 100 and increasing

modes with =1 and increasing N.

Figure 3.8. Proportions of condensated eigenmodes.

To further quantify the non-Hermitian skin e [edt, we introduce the concept
of degree of condensation.
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3.6. Numerical Illustrations of the Non-Hermitian Skin Effect

Definition 3.21. Consider a chain of N spherical resonators along the xi-

mode u, we define the degree of condensation as the vector d, 2 RN, where

kujfx X:ilgkz .
(du)i_Tkz fori=1;:::;N: (3.74)

Here, the vector Ujg, i has the same first i entries as u but all the others

are set to 0. Hence, (dy);j captures the proportion of an eigenmode contained
in the first i entries.

We now consider in Figure[3.9 the stability of the non-Hermitian skin e [edt
in terms of the positions of the resonators. Define the uniformly distributed
random variables " Up e for i = 1;:::;N. We perturb the center of the
resonators xi1 to xil(l + ";) and repeat the experiment 100 times while fixing

= 1. For each perturbation, we compute the average degrees of condensation.
The stability result is similar to the one in the one-dimensional case from
Section 2.4

g g
-2 0.8 el
[} [}
%] %]
< 0.6 =]
=i =
o o
o o
=04 =
8 8
: o
e 0.2 ] A &
() = =Without perturbation () = =Without perturbation
—— With random perturbations —— With random perturbations
0 L m y 0 L m m
1 10 20 30 0 10 20 30
Index of the resonators Index of the resonators

(a) Average degrees of condensation (b) Average degrees of condensation with
with " = 0:1, computed over 100 " = 0:2, computed over 100 realisa-
realisations. tions.

Figure 3.9. Average degree of condensation (averaged over all
the eigenmodes for each realisation) for diLerknt
strengths of geometric disorder. Grey lines are
the randomly perturbed modes while the red line
represents the unperturbed case. Here, we choose
N =30and =1

Next, in Figure [3.10, we consider the stability of the non-Hermitian skin
eledt in terms of . Define the uniformly distributed random variables ";
Up »ep for i =1;:00 N We perturb to (1 + ") in the it" resonator and
compute the average degrees of condensation over 100 runs while fixing the
equidistant resonator structure. Again, the stability result is similar to the
one in the one-dimensional case.
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Figure 3.10. Average degree of condensation for dilerent
strengths of disorder in . Grey lines are the
randomly perturbed modes while the red line
represents the unperturbed case. Here, we
choose N =30and =1.

3.6.2. Numerical Simulations of the Non-Hermitian Skin E [edt
in Other Three-Dimensional Structures. Until now, we have only con-
sidered the non-Hermitian skin e[edt in chains of subwavelength resonators
(i.e., structures with a one-dimensional lattice). In this section, we numeric-
ally demonstrate that the non-Hermitian skin e [edt also occurs in structures
with a higher dimension of the lattice. Without loss of generality, we can al-
ways, after translations and rotations, assume that the factor aligns with the
x1-axis. Hence, the mathematical model still holds.

In Figure .11, we consider a rectangle structure with two chains of res-
onators. We observe that 90% of the eigenmodes are localised in the first 10
resonators.

Finally, in Figure 3.12) we consider a rhombus structure with multiple rows.
We observe that 90% of the eigenmodes are localised on the left 20% of the
structure. The sudden jump in degrees of condensation is due to the edge
e [edts in each line.

3.7. Concluding Remarks

In this chapter, we have first introduced a discrete formulation for com-
puting the subwavelength eigenfrequencies and eigenmodes of a system of sub-
wavelength resonators with an imaginary gauge potential supported inside the
resonators. This approximation is based on the gauge capacitance matrix.
Unlike the one-dimensional case studied in Chapter [2, due to long-range in-
teractions in the system, the gauge capacitance matrix is dense. We have
considered a range k-approximation to keep the long-range interactions to a
certain extent, thus obtaining a k-banded gauge capacitance matrix. By prov-
ing exponential decay of the pseudo-vectors of the matrix through Toeplitz
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(a) A rectangle structure with two
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eigenmodes of the rectangle for

= 1. The red line represents the
average amplitude.

Figure 3.11. Numerical simulations of the non-Hermitian
skin e[edt in a double chain system of reson-

ators.
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resonators respectively. (b) Degrees of condensation for all the
eigenmodes of the rectangle struc-
ture for = 2. The red line rep-

resents the average amplitude.

Figure 3.12. Numerical simulations of the non-Hermitian
skin e[edt in a rhombus of resonators.

matrix theory, we have deduced the condensation of the eigenmodes at one
edge of the structure. We have illustrated this non-Hermitian skin e[edt in a
variety of examples and illustrated its stability with respect to imperfections
in the system. Our results in this chapter give mathematical foundations of
the skin eledt in non-Hermitian systems with long-range coupling in three

dimensions.
A challenging further problem is to generalise these results to dimer struc-

tures as done in the one-dimensional case in Chapter [2l Another challenging
problem is to prove that when the strength of the disorder increases, there is a
competition between the non-Hermitian skin e [edt and Anderson localisation
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Chapter 3. Non-Hermitian Skin Effect in Three Dimensions

in the bulk as recently shown numerically in the one-dimensional case. In con-
nection with this, it would be important to prove that all the eigenvalues of the
gauge capacitance matrix are real and random perturbations of the positions
of the resonators or/and the parameter inside the resonators leave them on
the real axis but make some of them jump outside the region with non-trivial

winding numbers.
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CHAPTER 4

Tunable Localisation in Parity-Time Symmetric
Systems

In this chapter, we consider a mirrored system with two imaginary gauge
potentials and study the phase change of the spectrum from purely real to com-
plex when gain and loss are introduced in a balanced way into the system as
a function of the gain to loss ratio. This ensures that parity—time (PT -) sym-
metry is preserved as this ratio increases. Crucially, the parity—time symmetry
of the system is reflected in the gauge capacitance matrix C , ensuring that
it is pseudo—Hermitian, that is, there exists some invertible self-adjoint matrix
M so that the adjoint (C ) of C is given by (C) = MC M 1. We ob-
serve that the eigenmodes of the parity—time symmetric system decouple when
going through an exceptional point, that is, a point where the corresponding
gauge capacitance matrix is not diagonalisable. Tuning the gain-to-loss ratio,
we change the system from a phase with unbroken parity-time symmetry to a
phase with broken parity-time symmetry where the condensed eigenmodes at
one edge are decoupled from the ones at the opposite edge of the structure.
To understand this behaviour we extend the standard Toeplitz theory to en-
compass symmetrical parameter changes across an interface. We show that
the intrinsic nature of this switch from unbroken to broken PT -symmetry is
due to a change in the topological nature of the mode. Furthermore, we are
able to show that as the number of resonators is increased, the amount of tun-
ing required for exceptional points and the corresponding decoupling to occur
goes to zero. This leads to an increasingly dense concentration of exceptional
points. The results in this chapter are from [10].

_ AL : _ 4 &
Vi = ez ; vi=e 2
141
s s 35:58 s s
Fes--l Fo=--l Fe - Fes--l Fos--l
Di D, Dn 1 Dn DnN+1 DnN+2 Don 1 Don
% %

Figure 4.1. A chain of 2N one-dimensional identical and
equally spaced resonators. Material parameters
and sign of the imaginary gauge potentials de-
pend on the resonator’s position.
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4.1. Properties of the Generalised Gauge Capacitance Matrix

We will only consider monomer systems, that is, ‘§ = * 2 Rso for all
1 1 Nandsij=s2Rsgforalll i N 1, and apply an imaginary
gauge potential as illustrated in Figure [4.1]

On the one hand, the gauge capacitance matrix is given by

o
+

1
cC = %2#“ N (4.1)
+

with

:1e 1e=coth(=2); :1e; =1e;(4.2)
because of the sign change of the imaginary gauge potential. On the other
hand, we have to model the complex (and varying) material parameters. Thus,
we consider the generalised gauge capacitance matrix

ei||\|‘ 0

C=vC with V = 0 |e iy

2 CN 2N (4.3)

The same result as the one stated in Corollary [2.6] holds for the system de-
scribed by Figure [4.I]when considering the generalised gauge capacitance mat-
rix from (generalising the proof presented in [3] is easily achieved by the
same procedure as the one used in [5]). Throughout this section, C * and C
are 2N 2N matrices.

In this section, we will study extensively non-diagonalisability of C - .

Definition 4.1. A setup for which C * is not diagonalisable is called an ex-
ceptional point.

Specifically, we will study setups where the geometry and imaginary gauge
potentials remain fixed and the material parameters (here modelled by ) lay
in a specific range.

4.1. Properties of the Generalised Gauge Capacitance Matrix

Let P 2 RN 2N pe the anti-diagonal involution, i.e., Pij = iaN i+1
and D = diag(L;e ;:::;(e )N L@ )N L:iiive ;1) 2 RN 2N W refer,
for instance, to [10] for the precise definitions of pseudo-Hermitian and quasi-
Hermitian matrices. Here and elsewhere in this section, M denotes the adjoint
of M: (|\/| )i;j = Mj;i.
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Proposition 4.2. The generalised gauge capacitance matrix has the following
symmetry:

PC'P=C:: 4.4)
For the unmodified gauge capacitance matrix C , we have
PC P=C: (4.5)
Proposition 4.3. Let M+ = PV D . Then, M : is invertible and Her-
mitian, and we have
M- C> =(C"')M": (4.6)

Since C © as in (4.3) is pseudo-Hermitian, its spectrum must be invariant
under complex conjugation [10], that is,

(C )= (C:)
For the case =0, the matrix C® = C satisfies an even stronger notion
of Hermiticity.

Proposition 4.4. Let C =C =% asin (4.1). Then, C is quasi-Hermitian
with metric operator D, that is,

D! =)D 4.7)

As a quasi-Hermitian matrix, C is diagonalisable with real spectrum.
Finally, we characterise the kernel of C © .

R2N

As a consequence of Proposition the eigenspaces of C * are always
one-dimensional. Consequently, the kernel of C * is also one-dimensional and

The fact that C * is tridiagonal allows us to determine the eigenvectors
recursively. The symmetry of C * across the interface in the middle will
yield very similar forms for the first and second half of its eigenvectors. The
eigenvalues will then be characterised by a compatibility condition across this
interface.

Proposition 4.6. Let the a [neltransformation : C ¥ C be defined by
i
o1
( )::eﬂzej:e ! —smha coshE: (4.8)

For 2 C an eigenvalue of C ', the corresponding eigenvector is given by
v = (X;y)”, where
>

x= Po( (Niez P () iez Pl () ;

y=C ez Pual () ez P (NPl ()

(4.9)
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4.1. Properties of the Generalised Gauge Capacitance Matrix

Here, Ph(X) = Un(X) +e 2Up, 1(X) is the sum of two Chebyshev polynomials
of the second kind, with Pg = 1. Specifically, Un+1(X) = 2xUn(X) Up 1(X)
for n 1 with Up(x) =1 and U;(x) = 2x. Furthermore, we have

cr=e »_NC ) _ o PnaC (), (4.10)

Pn o2 () PO (D)
which yields the following characterisation of the spectrum of C : :
PnC CDPNC (D)
Pv 1 (OPn 2l () (1D

That is, 2 C is an eigenvalue of C : if and only if it satisfies (4.11).
Moreover, its corresponding eigenspace is always one-dimensional.

Proof. We will prove the theorem by showing that (C : v =0. We
consider the equation 1

el ( + ) el

el el ¢
el el el X
el el e | y
el el e !
el eli( +)
(4.12)
We write X as
s_ s_1, sS_1, S_Iy 1 1.

x=0xp; —x1; - X - X3 - XN A

and y as
o s Iy 1 S_14 s_ 1, S 1>
y=0 - YN L5 — Y — Y2 —YnYoA
From the first row in (4.12)), we can choose
+ e i
Xo=1, X1= ——p——:
For the second to the (N 1)™ row in (4.12)), we have
sS_1Ij S _Iin S 1w
— xj+( el) - Xj+1 + - Xj+2 =0;

forj =0; ;N 3. This gives

e! i
xj+z=%f)xj+1 Xj; J=0,1, N 3 (4.13)
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Thus
Xi=PjC (): J=0 ;N L
Now we consider the last N rows. As we have chosen xg = 1, yg should be
a constant C. Then by the last row in (4.12), we have

+ e
Yo=C;, y1= —p——=C:
By the 2N 1)t to the (N + 2)'" row in (4.12), we have

el .
Yj+2 = 4(9—7))/j+1 yi» 1=0;1;, ;N 3
Thus
yi=CPi( () i=0 ;N L
By the above representations, from the N and N + 1™ rows in (4.12), we

have s_ 1y s Iy 1

- P ()=C - Pnoa(C O))

T s 1y (4.14)
- Pv 2C ()D=C —  PnC ()

where we have used the N row and relation forj =N 2 to compute
the first element of y (the treatment to the N + 1 row is similar).

Based on 1) we can now replace all the — above by e . Then solving
the above equations for C yields and (4.11). As we did not introduce any
additional constraints when constructing the eigenvector form , equation
must be the only condition on the eigenvalues 2 C of C * and is thus
satisfied if and only if is an eigenvalue. Furthermore, from equations
and , we can see that for a given eigenvalue the corresponding eigen-
vector is uniquely determined (up to constant factor). Hence, the eigenspace
corresponding to  must always be one-dimensional.

These final two facts immediately yield the following characterisation for
the exceptional points of C * .

Corollary 4.7. An exceptional point occurs when (4.11) has less than 2N
distinct solutions.

We aim to use this corollary to show that for a given > 0, any nonreal
eigenvalue 2 CnR of C * must have passed through an exceptional point.
However, we must first formalise the notion that an eigenvalue “has passed
through” an exceptional point. To do this, we would like to associate each
eigenvalue j of C © with some corresponding continuous path ( ) such that

precisely because exceptional points occur, we cannot choose these paths in a
canonical fashion, as at these exceptional points, two eigenvalue paths ()
and j( ), i & j, meet and cannot be distinguished. What we can do is the
following: Let0 < ’< > be fixed. For any simple eigenvalue of C ", we can
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then define the maximal unique continuous eigenvalue path : 2[o; 7 ¥ C
such that () is always an eigenvalue of C © forany 2[o; "Jand (") =
o is chosen to be the largest < Y such that () is an exceptional point, or
zero, whichever is greater.
For some 0 < !< 5 and 2 C eigenvalue of C ", we can then say that
has passed through an exceptional point if and only if g is greater than zero.
Note also that because C is diagonalisable, (0) is never an exceptional point.
We can now state the following result.

Corollary 4.8. Let0 < '< 5 and let 2 C be an eigenvalue of C » . If is
in CnR, it must have passed through an exceptional point.

Proof. We consider the eigenvalue path : 2[ o; "] ¥ C as above and
aim to prove that o > 0. We assume by contradiction that o = 0. Because C
has a real spectrum we must have (0) 2 R, and there must exist some largest

r such that ([0; () R. Because (%) 2 CnR we know that < '. But
now because of the conjugation symmetry of the spectrum of C * , ( ) must
be a double eigenvalue and thus an exceptional point by the previous corollary.
Because (0) cannot be an exceptional point we must have 0 = o< < !,
which yields a contradiction. Therefore, we must at least have ¢ = >0
and must have passed through the exceptional point ( ).

This corollary is very useful because it allows us to prove the existence of
exceptional points merely by the fact that some eigenvalues are nonreal.

The final result of this section characterises the relation between factors
C and C- for complex conjugate pairs ; of C & .

Corollary 4.9. Let ; ;2 C be a pair of eigenvalues of C ° and let C ;C-
be the corresponding factors as defined in (4.10). Then, we have

cc-=1 (4.15)
In particular, we have jC j=1for 2R.

Proof. Because P, has real coe [ciehts, we have

PnC () =Pn( ()
This fact, together with (4.10), yields the desired result.

4.2. Eigenvalue of the Generalised Gauge Capacitance Matrix

In this section, we study the eigenvalues of the generalised gauge capacit-
ance matrix C - for the system described in the previous section. We prove
that for small all the eigenvalues of C * are real, which corresponds to the
coupled regime. We also prove the existence and density of exceptional points.
Finally, we approximate the locations of the eigenvalues. Understanding the
movement of eigenvalues will prove to be a crucial prerequisite to understand-
ing the decoupling behaviour of the eigenvectors in the next section.
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4.2.1. Coupled Regime. This subsection is dedicated to the case where
all eigenvalues of C  are real. We will show that for small the eigenvalues be-
have similarly to those of the gauge capacitance matrix C =% . Consequently,
as we will show in Section u also the eigenvectors of C * will have a form
similar to that of C =% .

Proposition 4.10. For any N 2 N and > 0, there exists an " > 0 such
that for 0 < " all the eigenvalues of C * are real. For a real eigenvalue
of C ¢, the eigenvector = (x;y)”~ decomposed as in Proposition [4.6, has the
following symmetry:

y=¢ Px (4.16)

for some 2 [0;2 ). In particular, we have jx@j = jy@N+1 Dj for j =
1::::N.

Proof. For =0, we have C:* = C which is quasi-Hermitian and thus
diagonalisable with real spectrum. From Proposition we know that the
eigenspace for any eigenvalue is one-dimensional. Therefore, C must have 2N
distinct eigenvalues to be diagonalisable.

Now, because the eigenvalues of a matrix depend continuously on its entries,
the map @ (C: ) must be continuous and there exists some " > 0 such
that the eigenvalues remain distinct for 0 < ". Because C - is pseudo-
Hermitian, its spectrum must be invariant under complex conjugation and real
eigenvalues can only become complex pairwise, after meeting on the real line.
Thus, for small enough, no two real eigenvalues of C - could have met and
become complex, ensuring that (C * ) R.

The last part follows by the same argument as Corollary [4.9] together with

2R.

4.2.2. Existence of Exceptional Points. In this subsection, our aim
is to show that regardless of N and , all eigenvalues must pass through an
exceptional point as increases from 0 to .

Theorem 4.11. Let > 0 and N 2 N. Then, all except two eigenvalues
2Cof C: for = 5 must have passed through an exceptional point. The
remaining two eigenvalues experience an exceptional point at = .

In line with Corollary to show that an eigenvalue of C: for =
5 has passed through an exceptional point, it sulced to show that lies
in CnR. In fact, for = 5 we will show that the spectrum of C ' lies
entirely on the imaginary axis. All nonzero eigenvalues must thus have gone
through an exceptional point. Two eigenvalues will turn out to be zero, yielding
another exceptional point exactly at = 5. We will proceed by giving a useful
characterisation of the purely imaginary eigenvalues of C © for = 5, which
is based on the characteristic equation (4.11)).
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4.2. Eigenvalue of the Generalised Gauge Capacitance Matrix

Lemma 4.12. Let > 0 be fixed and = 5. Then, € 2 iR is a purely
imaginary eigenvalue of C * if and only if

SC)=PnCCNPNCC ) ePna( (PN 2 C D=0 (417)
where
i =€ and ()= #:

Proof. Suppose that € is an eigenvalue of C : for = 7. The result
then follows immediately from the characteristic equation (4.11) and realising

that 2(&)= ( ).

Thus, every real zero of (4.17)) corresponds to a purely imaginary eigen-
value i of Cz' . Note that because S( ) is invariant under 7 , it must
be even and its zeros must be symmetric about the origin.

Proposition 4.13. S( ) has exactly (2N  2) distinct real zeros and a double
zero =0.

The main idea of the proof is to exploit the heavily interlaced nature of
the Chebyshev polynomials, which will prove to be a robust source of zeros of
their composites. This will allow us to guarantee and bound N real zeros for
Pn and (N 1) real zeros for Py + PNy 1. The evenness of S( ) will then
allow us to use these results to guarantee zeros of S as well. We will exploit
the heavily interlaced nature of the Chebyshev polynomials in order to find a
robust source of zeros of their composites. This will allow us to guarantee and
bound n real zeros for P, and n 1 real zeros for P, + P, 1. The evenness of
S( ) will then allow us to use these results to guarantee zeros of S as well.

We begin with the following facts about such interlaced polynomials.

Definition 4.14. For a dilerkntiable function f : [a;b] ¥ R with a simple
zero X 2 R, we define the sign of x to be positive if p’(x) > 0 and negative if
p'(x) < 0, and write signx = 1.

Remark 4.15. Multiplying ¥ by some positive diLerentiable function g > 0
has no impact on the sign or locations of the zeros of gf.

Furthermore, for a polynomial with positive leading coe [Lcieht and only
simple zeros, the largest zero has a positive sign, and every smaller zero has
alternating signs.

Lemma 4.16. Let p and g be polynomials with real coe Lciehts. Then, the
following can be said about the zeros of p q:

(i) Let x and y be zeros of p and q respectively with no other zeros between
them. If they have opposing signs, then p g must have zero between
X and y.

Furthermore, if degp > degq, then we also have the following results:

(ii) Let x and y be the smallest zeros of p and q respectively. If x <y and
they have equal sign, then p g must have a zero z < x <Y;
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(iii) Let x and y be the largest zeros of p and g respectively. If y < x and
they have the same sign, then p g must have a zeroy < x < z.

Proof. (i) We assume, without loss of generality, that x has positive sign
and y has negative sign. Because neither p nor q have other zeros between x
and y, we know that q(x) > 0 and p(y) > 0. Because p(x) = q(y) = 0, we
get p(x) qg(xX) <O0andp(y) q(y)=>0. Thus, p ¢ has a sign flip in (X;y)
and by the intermediate value theorem, there must exist a z 2 (X;y) such that
p(z) a(z) =0.

For (ii) we assume without loss of generality that the signs of x and y are
negative. Since by assumption y is the smallest zero of q, we have q(y’) > 0
for all y? <y including y* = x. Thus, we have p(x) q(x) =0 q(x) <0.
Now, because both x and y have negative sign and are the smallest zeros, we
know that limyos 1 p(z%) =limys 1 q(z") = 1. But because p has a higher
degree than ¢, there must exist some z' < x such that p(x) q(x) > 0. Hence,
p g has a sign flip and by the intermediate value theorem, there must exist
some z < x with p(z) q(z) =0, as desired. The proof of (iii) is analogous to

(ii).

Remark 4.17. Because Lemma [4.16] only relies on the sign and locations of
the zeros of p and g as well as their asymptotic growth, any zero guaranteed
by Lemma [4.16] continues to be guaranteed after multiplying either of them by
some positive function. We can state this as follows. Let p;q be as above and
T;g > 0 be positive continuous functions with g(x) = O(f(x)) as jxj ¥ 1.
Then, Lemma [4.16| guarantees the same number of zeros for p g and fp gq,
with the same bounds.

We can now use this machinery to find the zeros of P, as well as those of
Pn + Pn 1-

Lemma 4.18. For any >0, P, has n real zeros in ( 1;1).

Proof. We first recall that P, = U, +e  “2U,, 1. We will now use the
previous lemma to look for zeros of U, (e 72U, 1). We will denote re-
spectively the roots of U, and e “2Up, 1 as

n+1 Kk n k
Xy =c0s — = k=1::::n; =cos —— ;k=1:::;n 1;
k n+1 Yk n
andhave 1<x3<y;<xp <y, < <Xpn 1<VYn 1<Xpn<1 We assume
without loss of generality that n is even and we have

signxk = ( 1% signyk = (D)%

because Uy has positive leading coe [cieht and e =2U, 1 has negative lead-
ing coe [cieht. Hence, the zeros of U, and e “2U, 1 are fully interlaced
and we can use Lemma i) n 1 times to get n 1 zeros, (zj)iL,, of
Un ( € :2Un l):

1<X1<y1<Z<Xp<yp<z3< <Zn 1<Xp 1<Yn 1<Zpn <Xp <1
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1.0 0:5 0:0 0:5 1.0

Figure 4.2. lllustration of the result in Lemma [4.18. The
Chebyshev polynomials of the second order, Uy
and Us, are shown in blue and red with their
respective zeros marked by triangles. The ori-
entation of these triangles marks the sign of the
corresponding zero. The polynomials P4 for dif-
ferent values of are drawn in dashed lines for
various values of , with their zeros marked in
purple dots. For = 0, the zeros of P, are ex-
actly the intersections of Us and Us. We can see
that, independently of , the zeros of P, always
occur between two zeros of U4 and Uz of opposite
signs, or to the left of the smallest zero of Uy —
as predicted by Lemma[4.16

which are already bounded in ( 1;1). Furthermore, we can use Lemma|4.16(ii)
to get another zero of Up, (e 2Up 1), 21 < X1 <Vi1.
It remains to show that also 1 < z;. We use

Uc( 1) =( DXk +1);
and the fact that n is even to get
Un( )=n+1>e 72U, 1( 1)=e n:

By the same argument as in Lemma , thesignof U, ( e 72U, 1) must
have flipped between 1 and x; and thus, z; 2 ( 1;X1). This concludes the
proof.

Lemma 4.19. P, +P,, 1 has at least n 1 real zeros in ( 1;1) forany > 0.

Proof. We use the definition of P, and the recursion formula for the
Chebyshev polynomials to get
Pn+Pn 1:OOUn+e :ZUn 1+Un 1+e :2Un 2:O

O (x+e Z+1)U, 1 fl_fz_:ziu" > =0:
>

0
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It is thus equivalent to look for intersections of S; == (2x+e “2+1)U, 1 and

S;=(1 e 72U, 2. We know that the zeros of S; are xx = cos ”Tk s k=
L:i;n landx = 1* = while the zeros of S, are yy = cos nilk k=
1;::::n 2.

We note that the zeros xx and yx do not depend on . Hence, only x

depends on  and moves from 1 to % as ¥ 1. For > 0small enough,
we have

X <X1<y1 < <Xn 2<VYn 2<Xp 1:

We assume without loss of generality that n is even and use the fact that S;
and S, have positive leading coe Lciehts to get

signxc = ( DXL signye = ( DX
This allows us to use Lemma i) in order to find n 2 zeros of S; Sy,

the fact that y, » < X, 1 both have positive sign to get another zero y, » <
Xn 1<2zp 1 0fS; S, by Lemma [4.16(iii). The results thus hold for >0
small enough.

It remains to show that increasing > 0 leaves the number of such zeros
unchanged. If we gradually increase from zero to infinity, then X moves
from 1to % and only one of the three following statements hold for a small
enough change in

(i) x does not cross any zero Xy Or Y;
(i) x passes through a zero xy of Sy;
(iii) x passes through a zero yy of S,.

In the first case, no zero changes sign and the order of zeros is unaledted.
Because of this, the conditions for Lemma [4.16] remain exactly the same and
we continue to find n 1 zeros of S; S5, although possibly at slightly di Lerent
locations.

For the second case, we move from X < Xx to Xx < X . We assume
without loss of generality that signx = 1;signxyx = 1 for x < Xx. Because
the signs of zeros alternate, xx and x change sign after this interaction. But
the big picture remains unchanged as S; continues to have a zero of negative
sign followed by a zero of positive sign and thus leaving the number of zeros
the same.

Finally, in the third case, we move from X < yx < Xk+1 t0 Yk < X < Xk+1.
We assume without loss of generality that signx = 1 which by the above
argument makes sign xx+1 = 1 and signy, = 1. Lemma[4.16{(i) then delivers a
zero z of S; S, with X < z <yk. As x passes through yx no sign change
occurs, since X and yk belong to di Cerent polynomials. We can thus continue
to apply Lemma [4.16(i) to get a zero z of S; S, with yx <z < x and the
total amount of zeros of S; S, remains unchanged.

This concludes the proof. We refer to Figure [4.3) for an illustration of
second and third kind transitions.

We can now combine the results of this subsection to finally prove the
desired statements.
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’
A A 4
i~ kY
\
\
T T T A
2 1 0 1 2
©)

Figure 4.3. Illustration of the main proof idea in Lemmal4.19,
The two polynomials in solid blue and dashed
red symbolise (2x +e 2 + 1)U, 1 and (1
e “2)Up o, respectively. Their zeros are marked
by triangles with orientation determined by their
signs. Intersections of these polynomials then
correspond to zeros of P, +P, 1 and are marked
as purple circles. As we move from (A) to (B)
to (C), s increased and the special zero x ,
marked in green moves to the right while the
other zeros remain stationary. From (A) to (B), a
transition of the second kind occurs, and from (B)
to (C), a transition of the third kind occurs, as
described in the proof of Lemma [4.19, Notably,
both transformations leave the total number of
zeros unchanged.

Proof of Proposition [4.13l Recall that
SC)=PnC ()PnC C ) ePna( ())Pn2(C(C ))=0

As mentioned above, S( ) is even and its zeros must be symmetric about the
origin. This allows us to focus on 0 without loss of generality. Furthermore,
because kerC © & 2, we know that = 0 must be a zero of S. Moreover,
because S( ) is an even polynomial, = 0 must be a double zero.

It thus remains to show that S( ) has N 1 real, distinct, and positive
zeros. We will assume that > 0 for the rest of this proof.

We now aim to prove that Py( (1)) and e Py 1( (1)) are always
positive for > 0. Later, Remark [4.I7 will allow us to ignore these factors.
Recall that

1 . .
()= 2455 = —smhi cosh E (4.18)

Because cosh§ >1forall =>0,wehave ( )< cosh§ < 1. But,
from the previous corollary, we know that all the zeros of Py and Py 1 lie in
( 1;1). If we assume that N is even, then, without loss of generality, we can
conclude that

Pn 1 () <O0<Pn( () for >0
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1024 — eN !

4 10°6 10° 1(I)1 2 10'3 10t
N

Figure 4.4. Distribution of the exceptional points for varying
N. For any N, the system exhibits a trivial ex-
ceptional point at = 5. All other exceptional
points concentrate in the interval [0; e=N] and be-
come increasingly dense as N grows.

This ensures that Py( (- ))and e Py 1( (1)) are positive for > 0.

On the other hand, by the same argument we can see that Lemma
guarantees N 1 positive zeros > 0 for Pn( (1)) + Py 12( ()). More
concretely, by Lemma there are N 1 roots 2 ( 1;1) of Pn( ) +
Pn 1( ). By (4.18), this corresponds to N 1 positive

Finally, because the N 1 distinct zeros as well as the bounds that Lemma[4.19]
guarantees for Pn( () +Pn 1( () stem from Lemma [4.16] Remark
states that they are also guaranteed for S( ), and we find the desired N 1
distinct positive zeros of S( ).

We can then combine the arguments of this subsection to prove The-
orem 4111

Proof of Theorem[4.11l For =0, all the eigenvalues are real and for

= 5 all except two eigenvalues are purely imaginary by Proposition [4.13

The two non-purely imaginary eigenvalues are both zero, causing an excep-

tional point by Corollary [4.7, By Corollary 4.8} all nonzero purely imaginary

eigenvalues must have passed through an exceptional point by = ». Further-

more, these eigenvalues are distinct, which ensures that they passed through
that exceptional point before = .

4.2.3. Asymptotic Density of Exceptional Points. We are now in-
terested in showing that exceptional points do not only occur (as shown in the
previous subsection), but also cluster creating a parameter region with high
density of such points. Many of the results developed in this subsection will
also be used in Section [4.2.4) and Section [4.3 as they enable the asymptotic
characterisation of the eigenvalue locations and eigenvector growth.

The main aim of this subsection will be to prove the following result.

Theorem 4.20. Let 0 < < 5 and > 0 be fixed. Then, there exists an

No 2 N such that for every N Ng, the corresponding C © has exactly two
real eigenvalues.
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By Corollary , this ensures that all other 2N 2 eigenvalues in CnR
must have already passed through an exceptional point before

We start by stating a helpful reformulation of the characterisation (4.11))
for real eigenvalues.

Proposition 4.21. 2R is a real eigenvalue of C  if and only if

Pn(C ()
Pn 2( ()

Proof. Because Py has real coe Cciehts and 2 R is real, we have

PnC () =PnC () =PnC ()
Plugging this into the characteristic equation yields the desired result.

=ez2; (4.19)

The transformation () = e ! lsinhj cosh , maps the real line
R onto a line (R) in C rotated by around the point  cosh. This
provides a very geometric view of the zeros of equation (4.19). In fact, the real
spectrum of C * corresponds to intersections of the line  (R) and a level set

of A jp':N(l(>)j:

P .
NO) g,
Pn o1()

Thus, in order to understand the real eigenvalues of C * , it is crucial to
understand the level sets of j Pn() j. We begin by recalling a well-known

Pn o2()
equivalent definition of Chebysh'\(‘evlpolynomials:

n+1 (n+1)
Un( )= 30D 7
P

2 +1 1
wherea( )= + + 1p 1.
The following two lemmas allow us to characterise the mapa( ):C ¥ C
d.

in terms of its inverse as well as the convergence of PZNl toaasN ¥

(C')\R= (R)\ 2C:j

Lemma 4.22. The map a : Cn[ 1;1] ¥ fz 2 C j jzj > 1g is a bijective
holomorphic map with holomorphic inverse given by
al:fz2Cjjzj>1g ¥ Cn[ 1;1]

o1l 1 r2+1 o2 o1 (420
zZ=re !§(z+2)= cos” +i sin ”:

Although a can be defined on all of C, it fails to be regular at [ 1;1]. This
region is characterised by a 1(fz 2 Cjjzj = 1g) =[ 1;1]. In particular, the
level sets of a are empty for jaj < 1, ellipses for jaj > 1 and a line segment for
jaj=1.

Proof. The fact that a is holomorphic away from [ 1; 1] follows from the
fact that for outside [ 1;1] the two square roots incur their branch cuts
simultaneously, which cancels them out.
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x| > T T T
-1.0Y -1 2 1 0 1

(a) GraphofC3 @ jPZN(l())j cut o1 (b) Intersection of  (R) (in blue
by the plane C fezg dashed) with the level set

f 2 cC: joj = ezg (in

black). The latter can be seen in

Figure [4.5a Intersection points are
shown in red. The preimage of these
are the real eigenvalues of C * .

Figure 4.5. Geometrical interpretation of the eigenvalues of
C ' as given by Proposition In this view,
we can also clearly see the exceptional points,
where two real eigenvalues meet and become com-
plex. Namely, this happens exactly when (R)
goes from passing through one of the inner re-
gions in (b) to moving past them and two red
crosses meet.

We now investigate the inverse and set a( ) equal to some z = re'”. We
have

P—P— . s .
a( )= + +1 1=rel" = 2 1=r%?" 2re"" + 2

O = %(rei’ + %e 7y

The first implication occurs because we move over and then square both
sides of the equation. We have thus identified a potential inverse in (re’’) =
F(re’” + e 7). Therefore,
2 2
i r<+1 i r
< (re' )= cos”; = (re')= sin ”:
(re”) 2r (re”) 2r

Now, we plug this potential inverse (re'”) into a to check if it is actually one.
We assume that 0 < 7 < 5 and treat the casesr > 1, r < land r = 1,
separately. In the first case, (re'’) lies in the first quadrant which ensures
that

, Loa——a e
a( ()= (re)+  (e)+1 (e) 1= (re)+  (re)? L
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We then plug in the definition of (re'’) to get
r

a( (rei’))=%(rei’ +%e 7y + (%(rei’ %e )2

Analogous arguments as above show that 3(re'” fe '") is again in the first
quadrant as long as r > 1. This allows us to cancel the root with the square
and get a( (re'’)) = 3(re'” +fe ")+ 3(re'” le ") =re", as desired.

We now move to the second case where r < 1. This gives a negative
sign to r22r1 < 0 and shows that (re'’) lies in the fourth quadrant as a
consequence. The first consolidation of roots then works the same as above.
However, once we get to 2(re'” e ") we see that it now lies in the second
guadrant. Thus, we incur a negative sigh when we remove the root and get to
a( (re') = F(re" +1e ) L(re" +1le ")y =1e " & rel". Hence, in this
case, (re'’) is not an inverse. Because this was the only candidate, we can
conclude that there exists no 2 C such that a( ) has an absolute value less
than one.

In the case where r = 1, we have < (re'’) = cos ”;= (re'”) = 0. After
plugging this into a, analogous arguments as above show that a( ) = e'” for
some 2Cifandonlyif =cos”and0 ~ :

For a defined as above, the case r > 1 shows that it is injective, r < 1
shows that it is surjective and r = 1 characterises the degenerate region.

The fact that the inverse is holomorphic can be seen immediately from its
formz A %(z + 7 1) because we are away from zero.

The following result allows us to approximate PZNS.()) in terms of a( ) with
an asymptotically small erroras N ¥ 1.

Lemma 4.23. Let 2 Cn[ 1;1]. We have

Pn() 0y 2n+2 l+e 2
P a() ) RO e e s 2ja( ) 2

for all n 2 N large enough such that ja( )j 2"*2 < &-. In particular,

Pn() unv:
Pn 1( ) ) a( )

as n ¥ 71 outside any "-neighbourhood of [ 1;1], i.e., B+([ 1;1]) =fz2C:
2[ L1:jz yj<"g.

Proof. Recall that we can write the Chebyshev polynomials as follows

n+1 (n+1)
Un( )=

20 +1 1
Using this fact and P, = U, +e2 U, 1, we find that

Pn() _a()™' a() ™Y+eza( )" eza() "
Pn1() a( ) a() n+eza( )"l eza() "D’

124



Chapter 4. Tunable Localisation in Parity-Time Symmetric Systems

which after some algebraic manipulation yields

. Pn() N 2ne2 i1 a() %ja() t+e zj .
JPn 1( ) a( )J_Ja( )J j]_+a( ) lg 3 a( ) 2n+1(a( ) l14e ?)J

By Lemma |4.22, we know that ja( )j 1 which we can use in the above
inequality to obtain that

Pn( ) . . 2n42 1+e 2
Pr () 200 10D 1 ja()j 'e 2 2ja( )j 2+

The condition ja( )j ?"*? < - ensures that the denominator in the above
fraction is always larger than zero.

We can now use this inequality to prove uniform convergence. By Lemmaf4.22]
forany " >0,U-:=Ff 2Cjja( )j<1+"gisan arbitrarily small neighbour-
hood of [ 1;1]. We now fix " > 0 arbitrarily small and look at the complement
D: = CnU-. By definition, we know that ja( )j 1+ " on D-. Therefore, we
get

Pn( ) i 2N+2 1+e 2
Pn 1() a() 1+ 1 1+ le z 2(1+") 2n*l

if we choose n 2 N large enough such that (1 +") 2"*2 < & This bound is
independent of and goes to zeroasn ¥ 1. Hence, the convergence must be
uniform.

By an analogous argument, we can find that

0
Pn_ ()" yasn ¥ 1
I:)n 1

away from [ 1;1].
Now that we have a solid understanding of the properties of a and the
convergence of Pn()_ to a, we can return to proving the matter at hand. We

Pn 1()
are looking for solutions 2 R of j%j = e2, since they correspond to
the real eigenvalues of C * . To simplify notation, we introduce
CPoC () o . o
F =j———-] ez and F =ja ez:

Note that in this notation, the results of the previous two lemmas can be
summarised and extended as follows.

Proposition 4.24. For agiven 0 < <, and >0, we have

(i) F,(0) =0 for all n2 N [flg;
(iF,()Y 1Lasjj¥® Aforalln2N[flg;

Gii) F, "V F, and (F) "1 (F;1) asn ¥ 1;
(iv) (F1) *(0) = f0;pg for some 0 < p 2 R and (F)'(0) <0 < (F1)"(p).

Proof. (i) follows from the fact that 0 is an eigenvalue of C - for F,, and
a straightforward calculation for F4 . Similarly, (ii) follows from the fact that
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4.2. Eigenvalue of the Generalised Gauge Capacitance Matrix

Pn has degree n and from Lemma (iii) is the consequence of Lemma4.23
together with the fact that the derivative of the absolute value exists and is
continuous away from zero. Finally, (iv) follows from (i) and the fact that by
Lemma [4.22) the level sets of a are ellipses, which are convex.

Armed with these facts, we can now prove that all but two trivial eigen-
modes go through exceptional points for arbitrarily small 'sasN ¥ 1.

Proof of Theorem[4.20. In our notation, we are looking for zeros of
Fy and aim to prove that there exist exactly two for N large enough. By
Proposition (ii), we know that Fy, can have no zeros for large. We can
thus restrict our search to some large, closed and thus compact set K R.
Using Proposition (iii) and the fact that a is continuously diLerkntiable,
we can find an open neighbourhcod U =( ;") [(p ™;p+"™) Kof0Oand

p such that ja%j > c; > 0 on U. We can now use the fact that (Fy)" """ (F )’
to find an N1 2 N such that j(FN)Oj >4 >0o0nUforall N Nj. For such
N, Fy thus has at most two zeros in U.

By Proposition (iv), we know that F, & 0 outside U. Because it is
continuous and K is compact there must be some c; such that jF;j>c, >0
on K nU. By Proposition (iii), we can now find some N such that
jFni=> % =0o0n KnU. For such N, Fy thus has no zeros in KnU.

Finally, to prove that F, actually has two zeros as well, we note that by
Proposition (iv) there must be some 0 < g < p such that F4 (q) <c3 <O0.
By Proposition (i) there must exist some N3 such that Fy(q) < $ <0
forall N Ngs. Proposition (i) and the intermediate value theorem then
guarantee that Fy,(q) has two zeros. We can now pick Ng = maxfNz; N2; N3g
and we are done.

4.2.4. Eigenvalue Locations. In this subsection, our aim is to under-
stand the position of the eigenvalues in the complex plane. This will prove
crucial in understanding the behaviour of the eigenvectors in Section As
we shall observe, for fixed and increasing N, they move arbitrarily close to
the two line segments () *(( L,ADL( ) *( 1;1]).

The following result holds.

Proposition 4.25. Let 0 < < =2 and let > 0 be fixed. For any " >0
small enough, there exists an Ng 2 N such that for any N Npg, all but exactly
two eigenvalues of C ¢ lie in an "-neighbourhood of K = ( ) ([ L;1) [
( ) (I 1;1]. In fact, due to the conjugation symmetry of eigenvalues, we
have

(CHNB-(( ) ' 1) =N L (4.21)

for = 1.

Proof. We recall that 2 C is an eigenvalue of C * if and only if it
solves the characteristic equation (4.11):

Pl () PuC ()
Py ( (PN 1( () (4.22)
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Using Lemma [£.23] we find that

PnC (D) PnC () ung:
PN 1( ( )) PN 1( ( )) = a( ( ))a( ( ))

asN ¥ 1 outside an "-neighbourhood of K := () ([ LADL( ) *( 1;1D.
The same holds for the derivative by an analogous argument.

Claim: a( ( )a( ()) =e has exactly two solutions and they both
lie on the real line.

We begin by proving that such solutions must be real, i.e., 2 R. The
fact that the product a( ( ))a( ()) = e 2 R must be real implies
that a( () must have arguments dilering only in sign. We note that
by Lemma the set of all 2 C with Arga( ) = 7~ is given by

rr+1 . r?

2r c0s ! 2r

These sets form the upper and lower part of the right branch of a hyperbola in

the right half complex plane, with focal point 1. The characteristic equation
of this hyperbola is

1.
sin” r2[11)

< =0_,
cos?”  sin?” '
Any solution of a( ( ))a( ()) = e must thus have 1 = () and
0 = ( ) on opposite branches of this hyperbola. We assume without loss
of generality that 1 is in the upper branch.
By definition we must also have ( ) *( )= =( ) ( 2). Note that
the inverse of  is given by
10y — ¢ + Y
() 0) sinhi( cosh 5):

The next step in showing the claim is to prove that for 1; , on opposite
branches on the parabola , = ~7 must hold. We argue by contraposition and
assume that , & 7 for some 1; » as above. Because ~7 is the only other
point with the same absolute value as 1 on this branch of the hyperbola,
we must have j 1j & j 2j. We assume without loss of generality that j 1j <
j 2j. Because 1 and  lie on the branch in the right half plane this implies
J<C i < j<(2)j and j=( 1)j < j=( 2)j. But then also j 1 + cosh;j <
j 2+coshsjand thus, j( ) *( 0)i<j( ) ( 2)i. Therefore, ( ) *( 1) &
() ( 2), proving the contrapositive as desired.

It remains to show that for 1 and , = ~7 on the hyperbola, =
( )Y )=( ) Y »)isreal. We note

(H)AD=C H)D=C ) 2=C) ()
which proves that = ( ) ( 1) 2 R, and the first part of the claim is shown.
We have thus shown that any solution ofa( ( ))a( ()) =e must
be real. But for real this equation simplifies to

jaC. () =ez;
and by the previous section, we know that there exist exactly two solutions
fO;pg R, which concludes the proof of the claim.
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4.3. Eigenvectors of the Generalised Gauge Capacitance Matrix

We now know thata( ( ))a( ( )) =e hasexactly two solutions. Since the
left-hand side of the characteristic equation (4.11) and its derivative converge
uniformly to a(  ( ))a(  ( )) outside any small "-neighbourhood of K, we
can use a similar argument to the one in the previous section to find that,
for N large enough, must have exactly two solutions outside of this
neighbourhood.

Because the equation is equivalent to a polynomial of degree 2N, it must
have exactly 2N solutions in total. But because only exactly 2 of these solutions
may lie outside the small "-neighbourhood of K, the remaining 2N 2 must lie
in this neighbourhood, as desired. Because the solutions are invariant under
complex conjugation they distribute symmetrically into N 1 each in the the
upper and lower half of K. The proof is then complete.

1=2i -

1=2i 4

0 2 2

Figure 4.6. Eigenvalue locations close to the two line seg-

ments () ' LADLC ) ' 1)) for =
0:2, =1and N =60.

4.3. Eigenvectors of the Generalised Gauge Capacitance Matrix

As shown in Section [2.3] systems with an imaginary gauge potential are
known for the presence of the skin e[edt, i.e., the condensation of eigenvectors
at one edge of the system. This condensation is exponential as shown in
Section [2.3] The system studied here has a much more peculiar property. The
symmetric change in sign in the gauge potential implies that condensation
occurs on both edges of the system for small values of or N. However, the
non-Hermiticity introduced by can change this symmetry. The exponential
nature of the modes has been shown to be caused by the Fredholm index of the
Toeplitz operator associated to the system. The system studied here presented
in Figure [4.1] does not yield a Toeplitz matrix; nevertheless, we will show that
the same theory can be modified to be used in this situation.

4.3.1. Exponential Decay and Growth. As our matrix C © is split
into two parts by an interface we define the upper and lower symbols of C -

128



Chapter 4. Tunable Localisation in Parity-Time Symmetric Systems

as
f:TtrcC
e Mel(e! + + ') (4.23)
We further define the upper and lower regions of topological convergence as
E =fz2C: wind(f ;z) <0g; (4.24)

where wind(f ;z) denotes the winding number of f around z.
These concepts are closely linked to our formalism based on Chebyshev
polynomials. The following result holds.

Lemma 4.26. We have

E = ( ) Ya(re' ) forr2[le™); 2[0;2) :

Proof. We will focus on the uppercase E = E, and f = f__ as the lower
case follows analogously. Algebraic manipulation then yields the following form
for the symbol:

f @ )=¢ coth Jcos +i sin + coth

Thus, (e ) moves clockwise around an ellipse as  goes from0to2 and E
must be the interior of this ellipse, by the definition of the winding number.

We now turn to () (a (re' )) for r 2 [1;e ); 2 [0;2 ) and aim
to show that this also fills out the same ellipse. It is su [cieht to show that
g:= A ( ) Ya (re')) traces the same ellipse as above for r = e 2. This
follows from Lemma , as letting r vary from 1 to e =2 amounts to filling up
the interior of the ellipse drawn out by g. Algebraic manipulation once again
yields

g( )=¢ coth_cos i sin + coth

This traces the same ellipse as above, with the sole dilerence that the para-
metrisation is shifted by , concluding the proof.

Thus, by Lemma it makes sense to lighten the notation and use
E =E,andE =E .

Lemma |4.26|also justifies calling E  “regions of topological convergence”.
Namely, for an eigenpair ( ;v) of C : , Proposition gives the following form
for the eigenvector:

v =(x®; 1 x Ny @y (N)y>

with x3) = (e )} 'Pj 1( () andyd =(e 2)N Py j( ().
The rates of growth for the left and right parts of this eigenvector are then
given by
X0 P () Yyt P i ().

X0 " CCR A () Yo TR ()
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4.3. Eigenvectors of the Generalised Gauge Capacitance Matrix

Focusing on the left part, we notice that its asymptotic growth behaviour

is determined by whether j%j is smaller or larger than ez. Further-
J

more, we have M T a( ()). Thus, x decays or grows asymptotic-

O
ally exactly if ja( ( ))j is smaller or larger than ez, respectively. But, by
Lemma we can see that lies in E if and only if ja( ( ))] < ez,
justifying our naming.

For y, the growth rate is exactly the inverse of the growth rate of x with

() replaced by ( ). Thus, the above reasoning also holds for y with

“growth” and “decay” as well as the sign of is flipped.

By Proposition [4.25] we know the approximate locations of the eigenvalues
of C : . We will now make use of that and the topological convergence to
formally prove the above intuition.

Theorem 4.27. let0< < =2, >0 and let N be large enougkﬁ. Fix, in

addition, 0 < 1. Consider an eigenpair ( ;v) of C & fulfilling Proposi-
tion [4.6] Then, one of the following three cases realises:
)If 2B (@E [@E )= , theneither =0andv =1 or no

conclusion is made;
(i If 2E \E n , then there exist some By;B2;Cy;Cs > 0 inde-
pendent of N so that

jvj<cie By and jv@N*! Dj < Cue B

for1 j N. In particular, if also 2 R, then C; = C, and

Bl = Bg.
(iii) If 2E 4E n |, then there exit some B;C > 0 independent of N
so that
jv®j<ce B> if 2E;
jveN+l Dj<ce B> if 2E ;
forl J 2N.
In particular, for 4 5, case (ii) never realises for N large enough.

Proof. Consider the x part of the eigenvector as described in Proposi-
tion We have
xG+D L P () .
X0~ P ()
Thus, X presents an exponential decay if

PiC () ..
5T ) <ez: (4.25)

gpecifically so that " from Proposition is smaller than P P—— and thus
B-(( ) ' L) E

130
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The same argument for y shows exponential growth if

P () ..
B () = R

We distinguish now two cases and assume without loss of generality that lies
in the upper branch B-(( ) ([ 1;1])), and thus 2 E .

Case 1: 2E

Let 0 <" < , then for maxfN1; N2g < J < N with Nq as in Lemmal4.23/and
N2 as in Proposition [4.25 the following estimate holds

PC () P ()
Pyl () P () A )+at ()

ll+l+ll<e=2;

where the second to last inequality follows from Lemma [4.23 and Proposi-
tion [4.25 For y we observe

PC () P ()
Pra( () P (p 20 O)rat ()

u+(e:2 )<e:2,

where the second to last inequality makes additional use of the fact that for
2E n wemusthaveja( ())j<e 2

Case 2. RE

Let the constants as in Case 1, but ensure additionally "+(e 2+ ) 1<e 2,

Then x still presents exponential decay

PiC_ () PiC_ ()
Pi 1C (D) P 1(C ()

ll+l+ll<e:2

a( () +a( ()

because of 2 E . On the other side, for y, we have

Pi «C () PiaC () 1 N 1
PiC () PiC () aC () aC ()

"+ P+ ) l<e

Note that Case 1 proves item (ii) and Case 2 proves item (iii). It is clear
that = 0 falls into (i) and that the corresponding eigenvector is given by 1
(see for example [3]). For 2 R, by Corollary and the argument in its
proof, we conclude that the absolute value of the entries of the eigenvector v
must be symmetric with respect to the index N.

The last statement of the theorem follows from a geometrical argument.
For = ; the major axis of the ellipse E  and the line ( ) *(R) lay per-
pendicular to each other and intersect at 0 while j( ) *( 1)j > 0. Therefore
there exists a "-neighbourhood of ( ) ([ 1;1]) not intersecting E  and
Proposition [4.25 shows the statement.

The implications of Theorem[4.27|are important as it shows that the eigen-
vectors of C © are not only exponentially decaying or growing but also that
the non-Hermiticity introduced by manifests itself at a macroscopic level as a
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4.3. Eigenvectors of the Generalised Gauge Capacitance Matrix

decoupling of the eigenvectors. While for = 0 the eigenvectors always present
a symmetric exponential decay, the non-Hermiticity introduced by > 0 brings
the eigenvalue to eventually migrate to the complex plane and out of one of
the two regions E or E . As a consequence of this, the symmetry is broken.
It is also interesting to notice that this process occurs pairwise. Since C -
is pseudo-Hermitian, the eigenvalues come in complex conjugated pairs and,
as is varying, they meet pairwise at an exceptional point. After the excep-
tional points, one of the eigenvectors will be decaying, while the other will be
increasing. The decoupling of the eigenvectors is illustrated in Figure [4.7]

From the proof of Theorem [4.27], we can read out the decay or growth rate
of the eigenvectors.

Upper branch Lower branch
2E 2 E 2E 2 E
x| e = e 2 <1 >1
y| >1 <1 e = e

Table 4.1. Approximated decay and growth rate of the left
and right part of an eigenvector of the capacit-
ance matrix depending on the location of the cor-
responding eigenvalue. Values greater than 1 cor-
respond to growth and lower than 1 correspond to
decay. Here, upper and lower branches refer re-
spectively to 2 B«(( ) ([ 1;1])) as in Pro-

position @}

4.3.2. Topological Origin. This section is devoted to illustrating the
topological origin of the specific condensation properties of C - ’s eigenvectors
that have been shown in Theorem[4.27] Especially, in Theorem[4.27|we demon-
strate the condensation properties by the specific behaviours of a( ), while here
we concentrate on the Fredholm index theory of the symbol of the Toeplitz op-
erator, which directly leads to considering E  in defined by symbols f .
Instead of considering the eigenvector of a Toeplitz operator, we analyse the
pseudoeigenvector of the corresponding matrix C - to keep the boundary of
the system. We first present the topological origin of case (ii) in Theorem [4.27

Theorem 4.28. Suppose that 2 E \E . Forsome 0 < < 1 and
su Lciehtly large N, there exists a pseudoeigenvector v of C - satisfying
k(C )VK . N 1
Tk max(C1; NCy)
such that
ML eN Y j=1 N
max; jVij
=_WNil CsN 2N I j=N+1; ;2N;
maxi jVij
where Cq; Cy; C3 are constants independent of N.
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Figure 4.7. Decoupling of the eigenvectors of the gauge ca-
pacitance matrix. The macroscopic behaviour
of the eigenvectors (exponential decay/growth) is
predicted by the location of the eigenvalues in the
complex plane with respect to the region of to-
pological convergence defined in displayed
here as trace of (4.23). Looking at the two high-
lighted eigenvalues (red and blue), Figure (A-C)
correspond to item (ii) in Theorem[4.27)while (D)
corresponds to item (i).

Proof. We first consider the pseudoeigenvectors of
e Tyande ' Ty

where
+

o) 1 o
+
(4.27)

Since T is a Toeplitz matrix with only a perturbation on the first element, by
the theory for the pseudoeigenvector of T, in [8], we have that for each 2 E ,
there exist nonzero pseudoeigenvectors x satisfying

kel Ti  )xk

. N 1
ok max(Cgs; NCs)
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such that
iji i1 i _ 1. N

———— CgN 1 - =1, N; 4.28

max; jxij 6 J (4.28)
where Cy; Cs; Cg are constants independent of N. On the other hand, observing
that

T =PTP;
where P is the anti-diagonal involution. Therefore, by the same argument, for
2 E , there exist nonzero pseudoeigenvectors y satisfying

ke "Tr )yk . N 1
kyk max(C7; NCsg)
such that
1Yil N . : — . CNI-
——=— (CgN J =1; :N; 4.29
maxijyij ! (4.29)

where C7;Cg; Cg are constants independent of N. Now, we construct the
pseudoeigenvector of C © asv = ;( . Note that the only di[erknce between

ei T,

¢ e ' T,

are two elements in the centre of the matrix. Together with (4.28) and (4.29),
we can conclude that for 2 E \E , the pseudoeigenvector v satisfies that
k(C - vk

kvk

max(C1;NCp) N 1

such that C

ivii j 1. i — - SN -
OGN =L N,
Vi) CsN 2N J: j=N+1; ;2N;

max; jvij

where Cjq; Cy; Cz are constants independent of N. This completes the proof.

Now, we present the topological origin of case (iii) in Theorem |4.27

Theorem 4.29. Suppose that 2 E 4E . Forsome 0 < <1 and sul=1
ciently large N, there exists a pseudoeigenvector v of C  satisfying

k(C - vk . N 1
T max(C1; NCy)
such that
W eNT L =1 2N 2E,
max; JVi)
max; JVi)

where Cq; Cy; C3 are constants independent of N.
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Proof. We consider the pseudoeigenvectors of e' Tj;e ' T,, where T}; Ty
are defined by (4.27). For 2 E 4E and 2 E , there exist nonzero
pseudoeigenvectors x satisfying

k(e' T xk
% max(Cg4; NCs) N 1
such that
J%i] Pl i 4 N
— N X =1; 'N; 4,
max; iXij Ce J (4.30)

where Cy4; Cs; Cg are constants independent of N. On the other hand, since
2E 4E and 8 E , we have

2fz2C: wind(f ;z) <0g

for £ defined in (#.23). Therefore, from Section [2.5) there exist nonzero
pseudoeigenvectors y satisfying

ky(e 'T7 )k

. N 1
o max(C7; N Cg) (4.31)
such that
1Yil i 1. 4. NI
—23-  CogN J % =1 :N; 4,32
maxijyij . (4-32)

where C7; Cg; Cg are constants independent of N. Thus, by (4.31),

ke "Ty  )yk N 1
C4;NC :
kyk max(Ca; NCs)
Now, we construct the pseudoeigenvector of C* as v = 'i'(y . Note that

the only diLerknce between

ei T|

s e ' T,

are two elements in the centre of the matrix. By all the above arguments, one
can justify that

kC: vk

. N 1
Uk max(C1; NCy)

and
M eNT =1 N
maxi jVij

where Cy; Cy; C3 are constants independent of N. This proves the theorem for
thecasewhen 2E 4E and 2E . Forthecasewhen 2E 4E and
2 E , the justification is similar.
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4.4. Concluding Remarks

This chapter extensively studies both qualitatively and quantitatively parity-
time symmetric structures of one-dimensional subwavelength resonators equipped
with two kinds of non-Hermiticity: an imaginary gauge potential (leading to
a directional decoupling) and complex material parameters (on-site gain and
loss). Our results are multifold. First, we have used Chebyshev polynomials
to give formulas for the eigenvalues and eigenvectors of the generalised gauge
capacitance matrix, which has been shown to approximate the resonance prob-
lem at subwavelength scales. Then we have studied the phase change of the
spectrum, varying from purely real to complex as a function of the on-site
gain and loss parameter . Parallel to the spectral change, the eigenvectors go
through a decoupling procedure.

Similar systems have been analysed in the quantum mechanical setting
[77]. The framework presented there dilerk from ours as no edge e[edts are
considered. Our results can be easily generalised to include these simpler
systems by replacing the polynomials Pn(z) = Un(z) + e “2U, 1(z) with the
Chebyshev polynomials Un(z). Furthermore, our analysis presents deep in-
sights into both the phenomenological landscape of e [edts and crucially also
into the mathematical foundations of the studied systems and associated phys-
ical phenomena.

Our work in this chapter lends itself to a number of generalisations. On
one hand, more exotic PT -symmetric structures might be analysed. On the
other hand, the explicit theory we have developed in the current work relied on
the rather simple structure of the generalised gauge capacitance matrix that
in one dimension takes a tridiagonal form. As shown in Chapter 3| higher-
dimensional systems do not enjoy this property, having a dense capacitance
matrix. Nevertheless, since we were able to relate the decoupling of the ei-
genvalues to the winding numbers presented in Section [4.3] and since these
topological magnitudes can similarly be computed in higher dimensions, we
conjecture that very similar results can also be obtained in those setups.
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CHAPTER 5

Generalised Brillouin Zone for Non-Reciprocal
Problems

Various physical systems are modelled through Toeplitz matrices and op-
erators and variations thereof. In the previous and following chapters, we have
seen systems of subwavelength resonators in (classical) one-dimensional wave
physics, but also other systems such as the tight-binding model with nearest
neighbour approximation in condensed matter theory [53, 107, (108, 115,
136] falls into this category. The tools developed in this chapter apply to all
of these models. The system we consider is typically composed of resonators
or particles, all of which we will call sites in this chapter.

In spatially periodic Hermitian systems, the band structure of the spec-
trum of the underlying periodic diLerkential operator is described by the band
theory in terms of the Floquet-Bloch wave functions. The frequency or energy
spectrum is computed over the Brillouin zone (the set of quasiperiodicities
which are real) and consists in general of bands separated by gaps.

A fundamental question is to consider what happens when the number of
subwavelength resonators or atoms gradually increases generating an infinitely
periodic lattice (to form a chain, a screen or a crystal). In electronic structures,
it is known that the addition of every new atom adds one more energy level,
and, in the limit when the number of atoms goes to infinity, we get continuous
bands. A similar result holds in subwavelength wave physics [20].

In this chapter, we consider the same question for non-reciprocal systems as
in Chapters[2Jand[3] As shown in Section[2.3]the Floquet-Bloch transform with
real quasiperiodicities fails to capture the spectral properties of non-reciprocal
systems. In order to rectify this, we introduce the notion of generalised Bril-
louin zone by allowing the quasiperiodicities to be complex. We prove that
this generalisation of the Brillouin zone into the complex plane accounts for
the unidirectional spatial decay of the eigenvectors. We refer the reader to |33,
75,1115, 1128, (143, 144, (152] for some earlier formal results obtained by the
physics community in this direction mostly on one-dimensional non-Hermitian
tight-binding models described by tridiagonal Toeplitz matrices.

In this chapter, we consider the more general setting of polymer systems
and study three subclasses of such systems: finite, semi-infinite, and infinite.
These physical systems are, respectively, modelled by tridiagonal k-Toeplitz
matrices, tridiagonal k-Toeplitz operators, and tridiagonal k-Laurent operat-
ors. It is worth emphasising that Hermitian systems modelled by said operators
are insensitive to boundary conditions, causing the semi-infinite and infinite
spectrum to coincide and the finite system to converge to that limit, both
under open or periodic boundary conditions. However, in the non-reciprocal
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setting, the skin e[edt significantly enriches the behaviour of the underlying
di Lerkntial operators and causes their spectra to diverge. Classical Floquet-
Bloch theory cannot capture the localised modes and exponentially converging
pseudoeigenvalues break spectral convergence, as the spectral limit of the finite
Toeplitz matrix is no longer the Toeplitz operator.

The main idea to rectify these issues is to extend the classical Brillouin zone
into the complex plane to model non-reciprocity. Due to the non-reciprocal
sensitivity to boundary conditions, the appropriate generalisation will depend
on the boundary conditions and the limit of interest. With this approach, we
find explicit characterisations of the generalised Brillouin zones.

Our results agree with [115] and apply to polymer systems characterised by
tridiagonal k-Toeplitz matrices. It is expected that these results will generalise
to time-modulated systems where non-Hermitian skin e [edts arise as studied
in [103].

The results of this chapter are from [11].

5.1. Physical Systems and Their Mathematical Models

We assume that the interactions between the sites repeat periodically with
period k, so that if the interactions are all the same k = 1 holds. We denote
by L the spatial period of recurrence.

In all of the aforementioned examples, the following modelling applies:

Finite systems: are composed of a finite number of sites. These are modelled
by tridiagonal k-Toeplitz matrices;

Semi-infinite systems: are constituted by an infinite number of sites but
only in one direction from a fixed origin. These are modelled by
tridiagonal k-Toeplitz operators;

Infinite systems: are constituted by an infinite number of sites where no
point is a privileged choice of origin. These are modelled by tridiag-
onal k-Laurent operators.

In the literature, these three cases are also known as open boundary con-
ditions, semi-infinite boundary conditions, and periodic boundary conditions
[115]. The subsequent theory recently introduced in [11] applies to all physical
systems that can be modelled through these mathematical objects.

5.2. Floguet-Bloch Theory in the Hermitian Case

Floquet-Bloch theory is the appropriate tool for analysing periodic sys-
tems in the Hermitian case, in particular because Floquet’s theorem relates
the spectra of the infinite operator to the spectra of the corresponding qua-
siperiodic operators. Here, the Hermiticity of the system is reflected in the

Hermiticiy of the matrices and operators, i.e., M =M = M.

One may quickly notice that when studying a tridiagonal system associ-
ated to a tridiagonal k-Laurent operator L(f) (defined in Appendix [A) and
denoting by  the quasiperiodicity, the operator associated with the Floquet-
transformed system is simply given by the symbol f(e ' 1). By the results in
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Section [2.5, we find that

L i L
(L(F) = (F(e " 7)) (5.1)
2y
where Y =] =L; =L) is the first Brillouin zone. This exactly mirrors

the Floquet-Bloch decomposition of the spectrum for a periodic self-adjoint
elliptic operator.

Combining the Bauer-Fike theorem together with [34, Corollary 6.16]
shows that for these Hermitian systems, the spectrum of the finite system
converges to the spectrum of the infinite one, meaning that

(Tmk(®) ™70 (L(F)) (5.2)

in the Hausdor [sknse. Recall that T (f) denotes a k-Toeplitz matrix of
order mk and T (F) a k-Toeplitz operator as defined in Appendix [E} On the
other side, the Hermiticity of the symbol immediately implies that

(T(F) = (L)

Recall that, under the assumption of PT-symmetry, non-Hermitian sys-
tems obtained by making the resonator material parameters complex valued
support exceptional points [5] |21]. Moreover, the analysis of infinite periodic
structures can be restricted to the standard (real) Brillouin zone [5]. As a
result, the spectrum of the finite structure converges to the band structure of
the infinite one. In fact, as shown in [3], away from exceptional points, these
non-Hermitian systems with complex material parameters can be mapped to
a Hermitian system under an appropriate transformation. That is, they are
equivalent to a Hermitian one away from exceptional points.

5.3. The Non-Reciprocal Case

We now shift our focus to the case of non-reciprocal systems, that is, the
case where the matrices and operators we are working with are no longer
Hermitian. Non-reciprocal systems are peculiar for having eigenmodes which
are condensed on one edge of the system, as shown in Chapter 2 and therefore
present a privileged choice of origin, making a semi-infinite system the natural
corresponding physical structure.

We consider the following prototypical example:

0 2+ 5
f= o,1 ", 0 (5.3)
z

10

and look at the spectra plotted in Figure 5.7]
We observe the following:

(i) The symbol f(z) is no longer collapsed and now has nonempty in-
terior. This will prove to be the crucial di Lerknce between the nonre-
ciprocal and the reciprocal cases, as in the nonreciprocal setting the
spectra  (LgF)) and (T (f)) no longer agree.

(i) (L(F)) = oy (F(e I L) still holds even in the nonreciprocal
case. Nevertheless, nonreciprocal systems have a privileged choice of
origin, as they present an exponential decay in their eigenmodes. One
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iR X (Tw 2(F))
i — ((f)
— ()
R
1 1

Figure 5.1. Spectra of the di [erknt mathematical objects re-
lated to the symbol £ from (5.3)).

would wish that the Floquet-Bloch decomposition could model this
decay and cover (T(f)) and not only (L(f)).

(iii) The convergence (Tmk(F)) ™" ¥  (L(F)) does not hold anymore
and neither does (Tmk(F)) ™" X (T (F)). The spectrum of Tmk(F)
is purely real while the ones of L(f) and of T(f) have nontrivial
imaginary parts.

In the following sections, we address issues (ii) and (iii) and resolve both
of them.

5.3.1. k-Toeplitz Operators and the Generalised Brillouin Zone.
As it can be seen for the non-Hermitian skin eledt in Chapter [2 the clas-
sical Floguet-Bloch transform with real quasiperiodicities 2Y fails to cap-
ture nonreciprocal decay and only covers the k-Laurent operator L(a) ( T (a)
(identity still holds). In order to rectify this, we extend the allowable
quasiperiodicities into the complex plane. This is a natural extension. In fact,
considering the quasiperiodicity condition

ux+L) =e't ux);

one immediately notices that decaying functions (as are the eigenmodes of
nonreciprocal systems) cannot be described through this relation for 2 R.
However, this would be the case if we allowed 2 C. This concept of general-
ising the Brillouin zone to the complex plane was first proposed in [144], and
then further elaborated in [145].
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Definition 5.1. For a tridiagonal k-Toeplitz operator with symbol

o a by O 0 CkZ
ct a b 0
. 0 c
f:zA (5.4)
: bk o O
0 Ck 2 a 1 bk 1
brz 10 0 Ck 1 ak
with nonzero o [=diagonal entries we define the nonreciprocity rate as
¥ b
=In 21 (5.5)
j=1 °
Furthermore, we define the generalised Brillouin zone to be
B = +i j 2[ =L; =L); 2][0; =L] ; (5.6)

where L denotes the physical length of the unit cell.

We aim at showing that this expansion of the Brillouin zone allows us to
reinstate the Floquet-Bloch theorem in a physical sense, which we encompass
in the following theorem.

Theorem 5.2. Consider a tridiagonal k-Toeplitz operator with symbol f as
in (5.4) and with nonzero o[=diagonal entries and let B be the generalised
Brillouin zone from (5.6). Then,

(T(F) = (Fe "-C*); (6.7

+i 2B

S . i
up to at most (k 1) points which may be in (T (F)) butnotin — ,, .5 (F(e 'tC *1)y),
Furthermore, for every 2 (T (F)), the Brillouin zone B contains exactly two
corresponding quasiperiodicities

+i 2[ =L; =L)+i[0; =2L)];
"+i%=(C =L H)+i( =L ) 2[ =L; =L)+i[ =2L); =L]
such that . 2 (a(e "tC *1))y = (a(e "LC "+ M)). Here, denotes the shift
— Qx 1
'_ Arg( i=1 Ci)'
Remark 5.3.
From now on, we will take L = 1 without any loss of generality. To
reintroduce L, we simply rescale B by 1=L and all occurrences of +i
in formulas by L. o
We will also use +i and z =e 'C *I) interchangeably and refer
to them as associated.
For a given quasiperiodicity +1i 2 B with 2 [0; =(2L)], we
call "+i%with "= =L and ®= =L the conjugate
quasiperiodicities.
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In the above definition, we have assumed that > 0. However, this is
not necessarily the case. If <0, then the eigenmodesﬂ of T(a) will
turn out to be exponentially growing and we observe a negative decay
parameter . We can then let 2 [ =L;0] and all the arguments
below work analogously.

As A e '(*1) js periodic in  with period 2 we consider the
equality with respect to modulo 2 and choose the convention 2
[ )

For reciprocal systems (i.e., for = 0), the generalised Brillouin
zone reduces to the standard Brillouin zone, e [eckively making B an
extension of Y .

To prove Theorem [5.2] we will need some intermediate results from Sec-
tion [2.5] providing insights into the spectrum of T (a).

Proposition 5.4. Consider a symbol a(z) as in (5.4). Then,
det(@ [ wind(@  (T(@)  det(®) [ wina(@) L (Bo);

where
@t(@ = 2C:det(a(z) )=0;9z2S! ;

wind(@) = 2Cn get(a): I(det(a(Sl)) ;0)60 ;
and Bp2ck 1 k1,

The k 1 points mentioned in Theorem [5.2] are the points in  (Bp). We
point to Section [2.5 for details on Bo.

Lemma 5.5. Let T(a) be a tridiagonal k-Toeplitz operator with symbol a(z)
as in (5.4). Then, we have

detaz) )= (@) +g() 12 2C;
where )
¥ ¥ )
@=( D) ( c)z+( bzt (5.8)
i=1 i=1

and g( ) is a polynomial of degree k.

As a consequence of the above two results, we can see that if we define E
to be the ellipse (with interior) traced out by (S?1), then we have

det(® = ( 9) '(@E) and  wina(d) =( g) '(intE): (5.9)
The following results hold.
Lemma 5.6. The map
B YT E
+i A (e (1))

8While these eigenmodes u are eigenmodes in the symbolic sense (T (a) 1)u =0, they no
longer lie in “2 due to their exponential growth.
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is well-defined, surjective and for every 2 E, there exist unique
2[ ;1 2[0 =2]

such that
()= +i; "+i':

Furthermore, if we denote by E the (with interior) ellipse traced out by
([ ; ]+1i), thenwe have E =E and intE , E , for 0 1 <
2 =2.

Proof. We denote p = Arg(Q;f:1 Cj)iq = Arg(Q}‘:l bj) and find
1

o
¥ A4
@) =( D*"@C c)z+( bz 'A
i=t i=t
o 1

A d _ A g :
=( D) @C jepePz+( jhyjeiz A
i=1 i=1

o 1
=( 1)k+1@(vjcjj)ei(p+Q)=2e i(q p)=22+(ijjj)ei(p+f1)=2ei(q P=2, 1A
j=1 j=1
0 « g 1
=( DR OZO( jej)(ze '@ PP+ ( jbjj)(ze '@ PP) 1A
Jj=1 j=1
=K &(ze ' *?);
— w1 Qe Fug Qx 1
where K := (1) =1 pop =AQ Tjo g and

V. - Y. - 1
€@ =( ighz+( bz *
e 2 Sl ¢ 200
=A =A*
We can now study the ellipse traced out by €(z) which is unrotated and centred
at 0. If we respectively denote by a; b its semi-major and semi-minor axis, then

we find that A = aTb Note that >0 impliesbh=A* A =>0. If we now
allow 2]0; ], we find the ellipse

€e (N =Aee! +A%e e*:

The semi-minor axis of th(i)s ellipse is thus given by
1

A" A 1 Y.. ov..o Y.. ov..o
e =20 bt g C gt it A

b=

2 j=1 j=1 j=1 j=1
where in the last equality we have factored out ! = and used =
In }‘le E—jj We can see that b decreases from (A* A )=2to0as ”increases

from 0 to 1=2 and reaches (A* A )=2for ®=1. Thus, € '( *1)); 2
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[ ; ] shrinks uniformly as increases from 0 to =2 and so must . Re-
stricting to [0; ] also ensures that is well-defined, i.e., (¢ ( *1 )2 E
and that is subjective. We can also see thatb @ bif @ 1 " which
implies €(e ( *1)) = € i€ +iC ) Using this fact, we find that

(e i( +i )) — Ke(e i( + =2+i )) — Ke(e i( =2 +i( )))
= (e 1€ +C Oy

Since (z) = is a quadratic equation, it follows that ()= +i ;(
) +i( ) .

An immediate consequence of this lemma is that for a given quasiperiod-
icity +1i wehave (F( +i)) = (F('+i%). We show graphically
the statement of Lemma [5.6] in Figure 5.2l We can prove Theorem [5.2] using
LemmaB.8

Proof of Theorem 5.2l We first remark that by Proposition [5.4 we
may consider get(d) [ wing(@) instead of (T (a)) by taking into account
(k 1) points that we may miss.

We begin by proving the uniqueness statement. Let 2 (T (a)). From
we know that this is equivalent to g( ) 2 E. By Lemma there
exist unique 2[ ; 1, 21[0; =2]suchthat ( +i)= ('+i %=

g( ). This is equivalent to det(a( +i ) )=det(a( "+i % )=0
by Lemma 5.5, which also implies that + i is the unique quasiperiodicity
gich that 2 (a( +i)) = (a( *+i "). This also ensures (T (a))

+i2s @(C +1i)).

To show (T (a)) +iog @(C +i)),welet 2 (a( +i )) for some

+i 2 B. After going backwards through the above argument, we find that
this implies that g( )= ( +i )2 E. But, g( ) 2 E is equivalent to

2 get(@) [ wing(d) as desired.

eE= ( ;)

¢ ;)+i =2 T ;)+i) 20 =2

Figure 5.2. Parametrisation of the ellipse E by for 2
Y ~*Tland 2[0; =2]. As increases from
0 to =2 the corresponding ellipse drawn out by

(Tt +i ) shrinks uniformly.

Here, a last technical result before a central finding of this chapter.

Lemma 5.7. Let A be a tridiagonal operator on ‘(C) or a matrix on C" "
with non-zero entries in the o [=diagonals. Then its eigenspaces have at most
dimension one.
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Proof. We consider the following tridiagonal operator on the (potentially
unbounded) sequence space “(C):

Oa]_ by O 1
ci ax by §
A= 0 ¢ .o :

Suppose that there exists an eigenvalue 2 (A) with corresponding eigen-
vector u = (ug;:::) 2 “(C). Then, the entries of u satisfy the following set
of equations: u, = (a1 Jui=h, and uj+1 =  (¢i 1U; 1 + (& Ju;i)=bj+1
for i = 2;:::. Thus, this recursive relation uniquely determines u from uj.
Let now u’ be another eigenvector to . Because the recursive relation is lin-
ear, picking ¢ := u)=u; yields u’ = cu and u’; u must be linearly dependent.
Because u’ was arbitrary, this proves that the eigenspace can have at most
dimension one.
This argument functions analogously for the matrix case.

At the beginning of this section, we have motivated the introduction of an
imaginary part with the heuristic of taking into account the possible decay of
the eigenvectors. This heuristic is made formal with the following proposition.

Theorem 5.8. Let 2 get(F) [ wing(F), with the uniquely determined cor-
responding quasiperiodicities +1i ; "+i ! Let uy;u, be the eigenvectors of
f( +i ), f( "+i Y associated with that eigenvalue . Then, we can obtain a
symbolic eigenvector T (f)u = u of the Toeplitz operator as a linear combina-
tion of the ( +1i )-quasiperiodic extension &; and the ( *+i ")-quasiperiodic
extension @&, of ug;u,, respectively. Furthermore, all eigenvectors u of T ()
are of this form. Here, the ( + i )-quasiperiodic extension of a vector v is
defined as

e=v"z vz v
for z=-e '( *1)  Consequently, for every j 2 N,

jud=j _

1u0)] (5.10)

Proof. We first notice that |a; and &, are linearly independent for +i 2
Bwith +i & "+i "[g].

Furthermore, we can see that both satisfy T(a)a; = a; in all but the
first rov. We can thus find a linear combination of @; and &, which also
satisfies the first row and is thus a proper eigenvector of T(a). For the case
where +i = %+i ? which occursifandonlyif = =2and =0 or

= , we refer the reader to [8, Proof of Theorem 2.9]. Finally, because the
eigenspaces of tridiagonal operators with nonzero o [-diagonal elements are at
most one-dimensional (see Lemma5.7), we know that all eigenvectors of T (a)
must take this form.

Remark 5.9. Theorem [5.8 hence justifies why is called the nonreciprocity
rate, as it directly translates into the decay rate of the eigenvector, a peculiarity
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iR X (Tw 2(F) iR — (L(F)
i +  (Cao 2o(F) i — (L)
+(Two 2(F)) ()
A + Ty
+ + + +
+ +
+ +
R R
1 1 1 1
+ +
+ +
+ + + +
4 o, F
1 1

Figure 5.3. Illustration of the three spectral limits. We
see that the eigenvalues of the circulant mat-
rix C, 10(f) (green) arrange around the symbol
curve and hence converge to the Laurent oper-
ator limit L(f). The eigenvalues of the Toep-
litz matrix T, 10(f) (red) arrange around the
collapsed symbol £ (as defined in the proof of
Theorem [5.10) and hence converge to the col-
lapsed Toeplitz (or Laurent) operator T (). The
"-pseudospectrum of Tk (F) corresponds exactly
to the interior of the symbol curve and thus con-
verges to the actual Toeplitz limit T (f).

of nonreciprocal systems. However, in the generic case an eigenvector u of T (a)
will be a linear combination of a; and &, with decay rates and and
thus has decay rate maxf ; g which is maximised if = =2. Hence, the
actual maximal rate of decay is =2.

We can also see that the construction in Theorem 5.8 is independent of the
actual entries of T(a) in its first row. Hence, it continues to work even if the
upper left edge of T (a) is perturbed.

5.4. Three Spectral Limits

Having restored the Floquet-Bloch decomposition for the Toeplitz operator
limit T(f), we now aim to understand how and if finite Toeplitz matrices
Tmk(F) converge to this limit as m ¥ .. Crucially, while in the Hermitian
setting the symbol f(z) is collapsed, in general its eigenvalues trace out a path
with nonempty interior. Any point in this interior is exponentially close to a
pseudoeigenvalue of Tk (F) in the limitm ¥ .. This in turn causes the finite
system and its limiting spectrum to be highly sensitive to boundary conditions.
Figure [5.3]shows the finite spectra under di [efkent boundary conditions as well
as the pseudospectrum. The collapsed symbol causes their respective limits
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to coincide in the Hermitian setting, but we can see that they diverge in the
nonreciprocal setting.

The appropriate generalisation of the Brillouin zone depends on the limit
of interest and does not necessarily match the generalised Brillouin zone for
the Toeplitz operator limit T (f) as defined in Equation . For open and
periodic boundary conditions, we will now characterise the limiting spectrum
and give the appropriate generalised Brillouin zone. Finally, we will investig-
ate the limiting pseudospectrum and see how this connects the two boundary
conditions.

5.4.1. Open Limit. First, we aim to characterise the limiting spectrum
(Tmk(F)) as m ¥ 1A, which corresponds to a growing finite system. The
main idea is that for nonreciprocal tridiagonal systems, we can perform a
change of basis to obtain a similar symmetric system. The symbol of this
system is collapsed, and we can recover the traditional spectral convergence
and decomposition. Then we may transform back into the original basis in
order to achieve a Floquet-Bloch relation, but with a Brillouin zone shifted
into the complex plane to account for the exponential decay of the eigenvectors.

Theorem 5.10. Let T (f) be a tridiagonal Toeplitz operator with symbol f(z)
and entries bj;ci&0foralll1 1 k. We then have

lim  (Tmk(F)) = (F(e -+ =GLhy.
mL 2y

Proof. We begin by defining the diagonal change of basis Dy 2 C™K MK

_ Tok@i i
Omdii = 5 @ 1
i.e., the diagonal matrix given by the cumulative products of the o [=diagonals
of Tmk(a). For the sake of simplicity, we assume that bjc; = 0 for the rest
of this proof. Nevertheless, note that the arguments can be extended to gen-
eral nonzero o [=diagonals after accounting for branch cuts of the square root.
Using Dk, we can now perform a change of basis and find that T(e)mk =
Dkamk(a)Dmi is symmetric and remains tridiagonal k-Toeplitz, justifying
our notation and making a a well-defined symbol. This can be seen by com-
paring the entries and holds even if Dk or Trk(@) contain complex entries.
While T (&)mk is symmetric, it is in general non-Hermitian or even not normal,
as it can contain complex values. However, being symmetric ensures that the
symbol a is collapsed and allows us to apply the classical Toeplitz theory of
convergence (namely Equations and (5.2)). In this case, we get

n!i!ml (Tmk(a)) =m“!m1 (Tmk(@) = (L(a)) = (a(e iL ):
2Y

It remains to show that (a(e ' )) = (a(e "¢ *' =2))). This follows from
the fact that D, la(e '* )Dix =a(e - 1 =CL)):

(Dmk)i 1:i 1 and  (Dmk)oo = 1;

This result is illustrated in Figure 5.3 where the spectrum of the Toeplitz
matrix on the left-hand side (corresponding to the open boundary condition)
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converges to the spectrum of the Toeplitz operator with the collapsed symbol
T (#) on the right-hand side. As we just proved, the appropriate generalised
Brillouin zone to decompose the spectrum of this operator is the classical
Brillouin zone, shifted into the complex plane:

Bogc = +i =(2L)j 2Y

Consequently, for tridiagonal Toeplitz systems with open boundary con-
ditions, shifting the Brillouin zone by =(2L) restores spectral convergence
and the Floquet-Bloch decomposition. This corresponds to the fact that in
the tridiagonal case, all eigenmodes have the same rate of decay. That is, this
decay is the maximal decay that is explicitly given by =(2L).

5.4.2. Periodic Boundary Conditions and the Laurent Operator
Limit. We can impose periodic boundary conditions on T (F) and get the
tridiagonal k-circulant matrix

=Ck for i = 0;j = mk;
(Cmk(F))ij = _ bi for i = mk;j = 0; (5.11)
" (Tmk(F))ij otherwise:
The following result holds.

Theorem 5.11. Let Ck(F) be a tridiagonal k-circulant matrix as above.
Then we have the following spectral decomposition:

nl:l 2 ij=m
(Cmk(F)) = (fFe” "™™):
Jj=0

Furthermore, if we letm ¥ 1,

m_ .
(Cmk(F)) = fe? 1) ¥ fie 't )= (L(F): (5.12)
j=0 2y

Proof. We begin by proving the first equality. The right inclusion follows
from the fact that extending any eigenvector of a(e? 4=™) quasiperiodically
yields an eigenvector of Cri(a). The left inclusion follows from multiplicity,
as the right-hand side yields m  k eigenvalues. The proposition continues to
hold even in the case where some a(e? 1=™) might not be diagonalisable, since
the same argument can be carried out for generalised eigenvectors.

S? (in the Hausdor Csénse) as m ¥ 1 and equation Equation (5.1).

We have thus shown the analogue of Theorem [5.10] for periodic boundary
conditions. As we can see in Figure 5.3 the imposing of periodic bound-
ary conditions on the finite system causes the spectrum of C«(f) to diverge
drastically from the spectrum of T (f). This corresponds to the fact that
while the eigenmodes of Tk (f) have a decay of =2L, imposing periodic
boundary conditions forces the eigenmodes to be decay-free, causing a large
perturbation. The non-Hermitian nonreciprocity thus causes the system to be
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highly sensitive to boundary conditions. Figure [5.3 further illustrates how the
spectrum of the circulant matrices Cmk(f) arranges around the symbol curve
and thus converges to the Laurent operator limitasm ¥ 1. The above the-
orem therefore shows that the appropriate Brillouin zone for this setting is the
classical Brillouin zone with no decay:

Bpec =Y

5.4.3. Pseudospectrum and the Toeplitz Operator Limit. Finally,
we investigate the pseudospectrum of the finite system Tmk(a). Crucially,
while the spectrum of Toeplitz matrices is highly sensitive to boundary condi-
tions, the pseudospectrum is not and using [34} Corollary 6.16], we find that
it converges to the Toeplitz operator limit.

Theorem 5.12. Consider a continuous symbol f 2 L1 (T%; CK X) so that T (f)
is tridiagonal. Then, for every " > 0,

Him (Tmk(F) = (T (F)): (5.13)

In particular, the previous theorem implies that
lim lim - (Tm(F) = lim ~(T(F) = (T(F):

Hence, by Theorem [5.2, the appropriate generalised Brillouin zone to re-
cover the pseudospectral limit is the same as for the Toeplitz operator:

B= +i j 2[ =L =L); 21[0; =L]

In particular, this Brillouin zone is of higher dimension than the previous two
Brillouin zones (i.e., a two-dimensional region in C dilerknt from the previ-
ous TL =Y ) as it contains a range of possible decay rates. Furthermore, it
contains the shifted Brillouin zone of the open boundary condition and the
classical Brillouin zone of the periodic boundary condition as special cases
( = =(L)and =0). Thisis in line with the fact that the Toeplitz oper-
ator spectrum contains both the Laurent operator spectrum and the collapsed
Toeplitz spectrum, as seen in Figure 5.3 The open and periodic boundary
condition settings thus correspond to the maximal decay and zero-decay ex-
tremes of a range of possible pseudospectral decays, captured by the Toeplitz
operator spectrum.

5.5. Concluding Remarks

In this chapter, we have considered spectral properties of non-reciprocal
systems. We have introduced the notion of a generalised Brillouin zone by
allowing the quasiperiodicities to be complex and proved that this shift of the
Brillouin zone into the complex plane accounts for the unidirectional spatial
decay of the eigenmodes and leads to correct spectral convergence properties.
Our results in this chapter prove rigorously how the spectral properties of a
finite structure are associated with those of the corresponding semi-infinitely or
infinitely periodic lattices and give explicit characterisations of how to extend
the Hermitian theory to non-reciprocal settings. Based on our theory, we have
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characterised the generalised Brillouin zone for both open boundary conditions
and periodic boundary conditions.
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Part 2

Localisation in Hermitian Systems






CHAPTER 6

Interface Modes Induced by Material Parameter
Defects

We start this new part with a chapter that does actually not belong here
as it does not handle Hermitian systems. Nevertheless, we consider reciprocal
systems and the techniques used also apply for Hermitian systems, so this is
the best fit.

This chapter studies one-dimensional periodic systems with energy gain or
loss. In classical wave systems, sources of amplification and dissipation of en-
ergy can be modelled by non-real material parameters making the underlying
system non-Hermitian, meaning that the left and right eigenmodes are distinct.
We consider both Hermitian and non-Hermitian systems of subwavelength res-
onators. We look at these two cases separately, as they present deep underly-
ing di Lerences. The main result we present here is that it is possible to design
subwavelength structures where certain frequencies cannot propagate and are
trapped near a defect in the periodicity of the material parameters. Note that
in contrast with Part 1 where nonreciprocal systems are studied, here we con-
sider non-Hermitian systems that are reciprocal. As shown in [3], such systems
behave as Hermitian ones away from their exceptional points.

The results in this chapter are from [5].

6.1. Setup

To study this periodic problem, we use Floquet-Bloch theory (see, for in-
stance, [24} 81]).

Definition 6.1. Given f(x) 2 L?(R), the Floguet transform of ¥ with period
L is defined as

> _
FIFI(x; )=  f(x nL)e -
n2Z

The Floquet transform is an analogue of the Fourier transform in the peri-
odic case. Also for the Floquet transform, the original function may be re-
covered from the collection of the transformed ones via the following Plancherel
type inversion:

z
LT
F ol(x) = o 90 )d
L

A function f : R ¥ Cis said to be -quasiperiodic if e ' *f(x) is periodic.

We note that F[F](x; ) is -quasiperiodic in x (with period L) and periodic
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6.1. Setup

in  (with period Zf). We will thus be interested in quasiperiodicities laying
in the first Brillouin zone Y = R:%z =( ol
We will denote b (x) = F[u](x; )e ' *. Inserting b (x) into (1.1) and
using the periodicity of the material parameters (x) and (x), we find that
b (x) solves
12 d . 1 d . o .
(x)b ) d—X+| ) d—x+| b (x) =0, x2R; (6.1)
where X @ b (x) is L-periodic.
The following lemma describes the subwavelength resonances, that is, !
for which (6.1) has a nontrivial solution in the Hermitian case.

Lemma 6.2. Let 2 Rsgand j= 2 Rsg for all i. Then there exists a
family of real non-negative eigenfrequencies (!,)p2n such that, for any p 2 N:

(i) A I, isan analytic, 2 =L-periodic function of forany p 1;
(i) A 1, is an analytic 2 =L-periodic function except as 2 ZTZ,
where it has a linear behaviour:

1, ¢ j+O( ?asjjro;
corresponding to the crossing of the branches !y and !, . Further-
more, a direct computation shows that

URL

0 %dx
C= "R Wwas 10 (6.2)

0 ﬁdx
(iii) For any 2 ( =L; =L), there exists a nontrivial L-periodic func-
tion u, (x) solution to (6.1) with ¥ = 1. T_he f}mction up (X) is
called a Bloch mode and can be chosen analytic with respect to the

parameter 2 R;

(iv) By convention, one can choose

0=1,0<1, 1,

where !p=O is the p" eigenvalue of the symmetric eigenvalue problem

(6.1) at =0;
(V) ', =0with 2 ;¢ ifandonlyif =0 andp =0, whichis
associated to the constant Bloch mode. As a consequence,

!, >0foranyp 1orforp=0with &0G0;

(vi) ', =1, and u,(x) is a Bloch mode for the quasiperiodicity

Proof. All these properties result from the fact that

d . 1 d
— 4+ -
dx (x) dx
form a holomorphic family of Hermitian operators on the space of ngr((o; L)),
where ngr((o; L)) is the usual Sobolev space of periodic complex-valued func-

tions on (0;L). Rellich’s theorem ensures in particular that 72 (!p)2 is
analytic, and hence !, is analytic for all values of  except maybe !, at

Y| +i

p
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= 0. However, the parity property implies that (,)> = O( ?)as ¥ 0,
and then 1,=j jis analytic in
The value of ¢ in can be found as follows. Denoting o( ) := (1,)?,
we find by di [erentiating with respect to  that

o() d_ . 1 d a
0 dx ' T ax g %00
0
_ 50 S1od 4, 1. .
ey by (x) +1i ) dX+| by (x) + dx+| (X)I by (x) :
(6.3)
Setting = 0 and using that ¢(0) = 0 and by(X) ug is a constant, we
obtain that §(0) =0, and then {u(x) = 0. Then, di[efentiating with
respect to and setting = 0, we obtain
d 1 d * o, . %0 1
ix G dx  a2U0T Tyt gt

From Fredholm’s alternative, this equation admits a L-periodic solution if and
only if

Z g
0(0) 1 .
Ug 2——Ug dx=0;
0 (x) (x)
which yields R
L 1
B0) _ o Godx
- F\L 1 1
2 0 G X

and hence (6.2) holds. The asymptotic expansion (6.2)) is obtained then from
the formula

SOL(1><)dX_le=\I=1‘i+1 L Ii:\lzl‘i

0ol LU e LNy
— P!\l_l"_'_ L P'i\|=1‘l
_Vlszz\il‘i+VZ L Pz\l_l‘i
=vZ +0O( )

We recall from [24] that the subwavelength spectrum of the operator asso-
ciated to (1.1) is given by

:NI:1 I: 1
p=0 2Y ]

both in the Hermitian case and the non-Hermitian case induced by complex
material parameters.

This describes the band structure of the subwavelength spectrum of (L.I):
for each p the spectrum traces out bands !, as varies. In the Hermitian case,
the spectrum is said to have a subwavelength band gap if, forsome0 p N

pi

155
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1, max !p < min !p+1. In the non-Hermitian case, a subwavelength band
gap is a connected component of Cn . A band is said to be non-degenerate if
it does not intersect any other band.
Consequently, we study the equivalent one-dimensional spectral problem
in the unit cell Y for the function u(x; ):=t (x)e! *= F[u](x; )for 2V :
8

12
C;szu(x)"'\-,zu()(; )=0; x2RnC;
d2 12
) —u(x; )=0; 2D+ LZ;
e u(x) + V2 ulx; )=0; x2Di+LZ
Ur(GT: ) UL ) =0; 8n 2 Z; 60
du du '
dx n; ) dx (x5; )=0; 8n2z
R L
du du
o R ) g (R ) =0 8n2Z
R L
Tu(x+L; )=u(x; )t for almost every x 2 R;

and consider the subwavelength resonances for the scattering problem (6.4)
by performing an asymptotic analysis in the low-frequency and high-contrast
regimes

1 70 as LIN0L (6.5)
For this, we adapt the Dirichlet-to-Neumann approach of [55, 57| to the one-
dimensional quasiperiodic problem (6.4).

6.2. Quasiperiodic Dirichlet-to-Neumann Map

In this section, we characterize the Dirichlet-to-Neumann map of the Helm-
holtz operator on the domain Y with the quasiperiodic boundary conditions.
We give a fully explicit expression of this operator in Proposition be-
fore computing its leading-order asymptotic expansion in terms of in Corol-

lary [6.6]

In all what follows, we denote by H(D) the usual Sobolev space of complex-
valued functions on D and let Héer(R) be the usual Sobolev space of periodic
complex-valued functions on R and H},,. (R):=fu:e ' *u2 H3,(R)g.

Throughout this chapter, we also denote by C?N:  the set of quasiperiodic
boundary data (fiL;R)izz satisfying

LR _ i LgLR.

fon=¢ "5

where f|- (respectively, f) refers to the component associated to x} (respect-
ively to xR®) for i 2 Z. The space of such quasiperiodic sequences is clearly of
dimension 2N. The following lemma provides an explicit expression for the
solution to exterior problems on RnC.

Lemma 6.3. Assume that k is not of the form k = n =s; for some nonzero
integer n 2 Znf0g and index 1 i N. Then, for any quasiperiodic sequence
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(F7F)1 i n 2 CN7 | there exists a unique solution wg 2 Hie. (R) to the
exterior problem:

8
= & e We(x) =0; X2RnC;
dX2 | — Y, )

we Ry = £, 81 i N; (66)
“we(x+ L) =e' bwe(x); X2 RnC:
Furthermore, when k & 0, the solution w, reads explicitly
we (x) = aie™ +bie " if x 2 R;xb,);  8i2z; (6.7)
where a; and b; are given by the matrix-vector product
1
. 1 ikxk, ikxR R
g o 1 _elteooe 4 T (6.8)
bi 2isin(ksi) el ik fig

Proof. ldentical to [57, Lemma 2.1].

Definition 6.4 (Dirichlet-to-Neumann map). For any k 2 C which is not of
the form n =s; for some n 2 Znf0g and 1 i N 1, the Dirichlet-to-
Neumann map with wave number k is the linear operator Tk : c2N 1 c2N
defined by

TR [ i N = ddV\)I: x- ) L N; (6.9)

where wg is the unique solution to (6.6).

The condition that k 2 C is not of the form n =s; for some n 2 Znf0g
and i 2 Z is equivalent to state that k? is not a (quasiperiodic) Dirichlet
eigenvalue of ?=dx? on RnC. We consider a minus sign in on the
abscissa x: because Tk [(ij;R)l i nIFR is the normal derivative of w, at

xR, with the normal pointing outward the segment (x+; x®). This convention
allows us to maintain some analogy with the analysis in the three-dimensional
setting considered in [55, Section 3].

In the next proposition, we compute Tk explicitly.

Proposition 6.5. The Dirichlet-to-Neumann map T admits the following
explicit matrix representation: for any k 2 Cnfn =s;jn 2 Znf0g; 1 i

N 1g, f )10 N TS F] (0% [F5R) 5w is given by

OT"? [fﬁl OflLl
T [f17 fr
: E:Tk: ok (6.10)
TS [flg Ty
TX [FIR gt
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with
k cos(ksn ) Kk i 1
sin(ksn) sm(ksN)
AK(s1)
Tk = AX(s2)
A(sn 1))
Kk i L k cos(ksn)
sin(ksN)e “sin(ksn)
(6.11)
where for any real © 2 R, AK(*) denotes the 2 2 symmetric matrix given by
k cos(k*) k
Kfey .— sin(k“) sin(k®) )
sin(k*) sin(k*)

We will thus use T% and T% interchangeably.

Proof. Following the proof of [57), Proposition 2.1], it is easy to infer that
||

TR )

AK i . .
S foralli 2 Z;
Tk[f]|+l ( I) fL

( Tl i+1

where we extend (F7); i N by quasiperiodicity. The values of (T [FR; Tk [f]L,,
follow, with 1 i N 1. Then, we obtain the following values at xl and
xR by using the quasiperiodicity:

Ll

dwf - dw, - R R
GO o L( N A 1 =A) l
dT( N+1) € < (X7) i+1 1
which yields (6.10).

Remarkably, the 2N 2N matrix associated to TK is Hermitian. It can
be verified that the solution w, to with k & 0 converges as k ¥ 0 to
the solution to the same equation with k = 0. As it can be expected from the
matrix representation , the operator TK s analytic in a neighbourhood
of k = 0. In all what follows, we denote by r the convergence radius

maxy i N Si
We identify TK  with the matrix T of (6.17).
Corollary 6.6. The Dirichlet-to-Neumann map T% can be extended to a
holomorphic 2N 2N matrix with respect to the wave number k 2 C on the

disk jkj < r. Therefore, there exists a family of 2N 2N matrices (T,,)n2n
such that T&  admits the following convergent series representation:

>
TR = K'T,;  8k2C withjkj<r: (6.13)

n=0
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The matrices T, and T, of this series explicitly read

o 1 g Ll
SN SN
Ao(s1)
Ao(s2)
To = . . (6.14)
Ao(sn 1)
Ll
SN
O .
35N Isye 1L
Az(s1)
= ; (6.15)
_ Az(sn 1)
Isnel b Isn
where for any “ 2 R, Ag(“) and Ax(“) are the 2 2 matrices given by
oo 1= 1= o ‘=3 =6
AO( ) i 1:5 1:l ] AZ( ) L L:6 L:3 (616)

Proof. The result is immediate when one notices that for a given “ > 0,
the matrix AX(*) of is analytic with respect to the parameter k on the
disk jkj* < , and its components are even functions of k. The expressions for
To and T, follow by computing the Taylor series of A,

Remark 6.7. The expression (6.14) for To can be more conveniently stated
in terms of its action on a vector f (), ; n 2C%N as

% f]l_ *(fL eILfN)
[flF = —(fL R )); 2 i N;

(6.17)
To [FIF = (f.+1 ), 1 i N L
=To [FIR =f e F (%
g even more simply
% K el — R k?si 1 o ler 4y.
TS [fly = i)+ 3 fr+ oty + O
k 1 8i27Z
. Si
ST R = SRy )+ Aot + O

for any quasiperiodic sequence (fiL;R)izz 2 C2N:

6.3. Subwavelength Resonances

The one-dimensional problem (6.4) can be rewritten in terms of the Dirichlet-
to-Neumann map as a set of coupled ordinary di [erential equations posed on
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the pgriodic segments C:

¢ 12
% BE Tz Uk ) =0 x2bi+Lz
1
du L i
- xb)y= TV [uk forall i 2 Z; (6.18)
§ g%(X?) = TV R for all i 2 Z;

- u(x +L) =u(x)e' - for almost every x 2 R;

where for a function u 2 Héer; (R), we use the notation
TV TV [ue™)izz)

Definition 6.8. Any frequency ! () such that (6.18) admits a nontrivial solu-
tion u is called a scattering resonance [156]. Subwavelength resonances are
those which in addition satisfy

' ()X¥0as YO

The associated nontrivial solution u (! (); ) is called a subwavelength res-
onant mode.

6.3.1. A First Characterisation of Subwavelength Resonances Based
on an Explicit Representation of the Solution. Let us first state a charac-
terisation of the subwavelength resonances which relies on a finite-dimensional
parametrisation of the solution u.

Lemma 6.9. The subwavelength scattering resonances ! to the wave problem
(6.18) are the solution to the 2N 2N nonlinear eigenvalue problem

aj

A (1) b =0; (6.19)
"1 N
where A (Y; ) isthe 2N 2N matrix given by r
o eikixk o ikixk
A(Y; ):=idiag k; gikix® o ikixt
LN (6.20)

I . eikiXIi‘ e ikiXIi‘
Tv  diag oikix® o kxR
1i N
with T v being the 2N 2N matrix defined by (6.10). Furthermore, resonant
modes to (6.18) correspond to (aj bi)]; by the formula

u(x) = aje’ > + e x;  8x 2 (xk; xk): (6.21)

Proof. Any solution u to (6.18) can be written as (6.21]) and the boundary
condition of (6.18)) reads

iki(aie " pe Ty TV R =0;

which can be rewritten as (6.19).
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Remark 6.10. With the characterisation of Lemma 6.9, we reduce the spectral
problem (6.18) to a nonlinear finite-dimensional eigenvalue problem (6.19). We
will exploit this property in the numerical computations.

6.3.2. Characterisation of the Subwavelength Resonances Based
on the Dirichlet-to-Neumann Map. Multiplying by a test function v 2
H(D) and integrating on all the intervals (xt;xF), (6.18) can be rewritten
in the following weak form: find a nontrivial u 2 H(D) such that for any
v 2 HY(D),

a (u;v) =0; (6.22)

where a is the bilinear form on HY(D) H?(D) defined by

: ._XZ X dudv 12 _ g

a (uv):= e dx dx —uv dx

3 h

2
Vi

i
VORT VUl + )T vl
i=1
Following [57], we introduce a new bilinear form a,. on H1(D) H(D):
" #
X Eofguay LR A
a,;. (u;v) = ——dx + udx v dx
> % dx dx xk Xk
X 22 e Lo ot L#
v uvdx + [V(X{)T v [ulf + V)T v [uly] o (6.23)
i=1 %

The bilinear form a,. (u;v) is obtained by adding the rank-one bilinear forms
R R
(u;v) ¥ udx P vdx to the bilinear form a . Clearly, a,. is an analytic

perturbatio'n in 1 and of the bilinear form ao;0 defined by
ag,o(U; V) = KT OIVdx+Z XE{udxz XiRvdx :
PRI L g dxdx T e T e T

which is continuous coercive on H1(D). From standard perturbation theory,
a,. remains coercive for su Lciehtly small complex values of ! and
" In order to characterise the subwavelength resonant modes, it is useful to
introduce h; (!; ) the solution to the variational problems
z xR
ar; (i (1 v) = vdx 8v2 HY(D): 81 j N: (6.24)
X
In the following lemma we show that the functions h; (1; ) allow us to reduce
to a finite-dimensional N N linear system by acting as basis functions.

Lemma6.11. Let ! 2 Cand 2 R belong to a neighbourhood of zero such that
a,. is coercive. The variational problem (6.22) admits a nontrivial solution
u u(!; )ifandonly if the N N nonlinear eigenvalue problem

(1 C (1 )x=0 (6.25)
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has a solution ! and X := (xi(Y; ))1 i N, where C (!; ) is the matrix given
by

Z yn !
C ) €& g ~ni= (o )dx : (6.26)

% 1ij N

When it is the case, ! is a subwavelength resonance and an associated resonant

mode u (!; ) solution to (6.22) (equivalently, to (6.4) and (6.18)) reads

X
u(r; )= X (45 )h; (5 ) (6.27)
i=1

with h; (1; ) being defined by (6.24).

Proof. The variational problem (6.22) reads equivalently

zs !
a (u;v) =0, ay. (u;v) " udx ay. (Uj;v) =0
=y (6.28)
b s
» U udx u; =0
i=1 Xj

B&/ integrating both sides of (6.28) on (x+;xF), we find that the vector x :=
R

>:Li u(; )dx , Solves the linear system

1

yA »Z Z
u(t; )dx h; (¥; )dx u(l; )dx=0; 1 i N;
L

xk j=1 X X;

R
Xj

that is exactly (6.25). Conversely, if (6.25) has a solution, then the second line
of (6.28) shows that the solution to (6.22) is given by (6.27).

Subwavelength resonances are therefore the characteristic values ' 1()
for which I  C (I; ) is not invertible.

6.3.3. Asymptotic Expansions of the Subwavelength Resonances.
We now show the existence of N subwavelength resonances forany 2Y and
compute their leading-order asymptotic expansions in terms of . We start by
computing explicit asymptotic expansions of the functions hj (Y; ) solutions
to (6.24). Here and hereafter, the characteristic function of a set S is written
as 1s.

Proposition 6.12. Let ' 2 C and 2 R belong to a small enough neighbour-
hood of zero. The unique solution h;(!; ) with1 j N to the variational
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problem (6.24) has the following asymptotic behaviour as !; ¥ 0:

- 1,
J(-, )— "Tj ij‘Jz (x}-xR)
leo.... i) 1 1 1 1
+ f2‘,é..,N‘g(J) 1(x|.- SR ) = — 4+ — 1x'—-'XR
HENER) S N ()]
1f1;:::;N lg(j)l 1j € I Ll
[ L - L
STas e R e o)
Nj el b 2
+ oo 1(XL X2) +Rjo1 +O((P°+ )%);

1 N SN

where B;.0.1 is some (quadratic) functions satisfying
Z o+
Bj.0.1 dx = 0; 81 i N:

Xj

Proof. From the definition of a,. , the function h; h; (1; ) satisfies
the following di [erkntial equation written in strong form:
8 1

o 12 ¥ L ) &
% Whj ?hj + ) h dx 1(XLXR)—1(XLXR) in (X Xi);
b i=1 X i=1

dh; '
—2(xp)= Tv [hf foralll i N;

§ dx
- dh (xR)— TV I} foralll i N:
(6.30)
Since T v¢ is analytic in 12, it follows that h; (¥; ) is analytic in !? and
there exist functions (hj.2p:k)p ok o such that h; (¥; ) can be written as the
following convergent series in H(D):

> 2p k
hy (Y5 ) = 12 "hyzpk: (6.31)
p;k=0

By using Corollary [6.6| and identifying powers of ! and , we obtain the fol-
Iowmg equations characterlsmg the functlons (hj:2p:k)p 0k o

¢ b ' 1 _
ax ——5Nj2pk + ) h':2p;k dX  Lwxry = Vihj;Zp 2kt 1(x};x;3) op ok InD;
i=1 X ]

dhj;2p:k X1 .
a0 D= TanlNizp anic alis 10 N;

§ n=0
X 1
K .
sz <) = VﬁTzn[hj;Zp ank 1l 10 N;
n=0

(6.32)
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with the convention that h;j.op.c = 0 for negative indices p and k. It can then
be easily obtained by induction that

Loy ]
hj:2p:0 = 2p p+1 foranyp O0; 1 j N
Vit ]
Then, for p =0 and k = 1, we find that hJ .0:1 satisfies
8 1
& 2 _
i=1 i
dh . .
% Ofo L) =T, [hjoolk foralll i N; (6.33)
= th,O,l Ry — . R : .
X (X7) = Tg [hj:00];  foralll i N:
From (6.17) with f-'F := hjo.0(x;") = ij=j for 1 i N, we obtain
8 11 ;
Tolhj.0.0lf = *S*( 4§ onje ' b
i
1 1 .
To[hj;o;o]li‘ = ij (i Dj for 2 | N;
Si1
1 1 .
To[hj;o;o]iR = ; (i+1)j ij for 1 | N 1;
1 1 .
—TO[hj;O;Om =-—— ¢ - 1j Nj
i SN

Here and in the rest of the text ;; is Kronecker delta. Multiplying (6.33) by
1(X%;X?) and integrating by parts, we find that
Z \R h i
! 1 L R
hjondx = = To [hjo0li + To [hj00li

Xt i
1 1 1 .
_77 (i 1)j ij)+f2;:5Ng (i+1)j ij)f1;usN 19
= ( )1 (i) + — ( )1 (i)
ijS |
1 1 ; 1 1 ;
oo Nie Phy i+ T O TR TR IVE
Ij N i j°N
I850Iating the diLerknt cases yields

L lein ifi=1j=N:

1 N SN
SRS ti=i L2 j N;

i 1isSi

1 e i P i T . .

> 2;:; Ng(.l)+ 15N 1g(.|)+ 1j iN IfI:J;

i Sj 1 Sj SN

1 1 e - .

— ifi=j+1;1 j N 1,

i i+1Sj

1 1 ; - .

— — e b ifi=N;j=1

1 N SN
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Using Fredholm’s alternative, this allows to infer that hj,o;1 can be written as

h _ 1f2;:::;Ng(j) 1 1 1 1 N . )
j;0;,1 — 2 o« _ (XI-‘ xR ) 3 o . - (XL;XR)
le Sjl j 17 1 jsjlsj -
lfl;:::;N 1g(j) 1 u o i L
+— 0 Ll ok )yt L))
jj+1 Sj J+L N+ 21 SN LR
i L
Nj €
+t o e+ B .
2N SN Loy Bj.01; (6.34)

where 8j.0.1 is a function (in fact, a second order polynomial) satisfying
YA

%
L

Xj

for any 1 i N, with the convention sy = sn. Furthermore, 8j.0.1 is
identically zero on (xt; xR), where i 2 fj  1;j;j + 1g.

Next, we define the (quasiperiodic) capacitance matrix similar to the three-
dimensional case [21, 22].

Definition 6.13 (Quasiperiodic capacitance matrix). Consider the solutions

V; :R ¥ R of the problem
8
s d _ _
in =0 in RnC;
§Vi X) = ij for x 2 Dj; (6.35)

"V, (x+mL)=e MV, (x) forallm?2z;
for 1 i;j N. Then the capacitance matrix is defined coe [cieht-wise by
z
o

C
en; @

i d;
where is the outward-pointing normal.

Lemma 6.14. The capacitance matrix is given by

c.o— 1 L 11 1 el el b
ij— i 1 —+ — i — i+ 1j iN 1i jN
1 si1 0D 5 s 5 'a*D s SN
that is,
Ciei 2 ot t
N il i+1i 1 N
S1 S1 S2 S2
C = :
1
DL SN 1
e 1 1 41
SN SN 1 SN 1 SN
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Proof. One notices that the solutions V; to (6.35) forl i N 1lare
given by
8 1
§$1@ X)X XX
1; xtox xR
Vi () = ' '
E ;I(X X)), XR X Xfaas
-0 else;

while for bigger and smaller i we multiply by the corresponding el ™ factor.
Derivation with respect to the outward-pointing normal and integrating on the
boundary just means

dv;
i = X ] O5) +

Evaluating (6.36)) concludes the proof.

av.

C Vi
dx

) (6.36)

Corollary 6.15. We have the following asymptotic expansion for the matrix
C (1; ) defined in (6.26)):

C()=1+12v 2Lt Llc L +o?+ )%, (6.37)

where L is the length matrix L := diag((*j)) and V = diag((vi)) the material
parameter matrix.

Proof. Integrating the asymptotic expansion (6.29) of h;(!; ) on the
interval (xt; xR), we obtain

12
Cii(h; )= 1+ ——
I,j( ) Viz‘i 1
1f1;:::;N 1 (') 1 1 1 1 1f2;:::;N (') 1
+ 2 iG Y o —— Y i ..g -
i S ij Si1 S ii S
P HINE T NIINE o124 )2y,
N1 SN 1N SN
(6.38)
This yields the result.
It is thus useful to introduce the generalised capacitance matrix
Cg =V2LC : (6.39)

Proposition 6.16. Assume that the eigenvalues of Cg are simple. Then the
N subwavelength band functions ( A !.); ; N satisfy to the first order

=1
P
I = i+0();
where ( ;)1 i ~ are the eigenvalues of the eigenvalue problem
Ccai = ;ai; 1 i N: (6.40)

We select the N values of pii that have positive real parts.

166



Chapter 6. Interface Modes Induced by Material Parameter Defects

Remark that in the Hermitian case, it is possible to reformulate (6.40) into
a symmetric eigenvalue problem so that the eigenvalues are real.

Proof. From Lemmal6.11, we know that (6.18) has a solution if and only
if
(I C (% )x=0

for some nonzero x. Applying the asymptotic expansion from Corollary [6.15|
we obtain that the above equation is equivalent to

0=12v 2L Ix L(C) 1|L_{Zl_>}+0((!2+ )?2)
=y

. VZL(C ) 1y=!f2y+0((!2+ )%);

meaning that 22 must be approximately an eigenvalue of V2L(C ) ! = Cg.

We refer to [56) Proposition 3.7] for a generalisation of Proposition [6.16
The capacitance matrix also provides an approximation of the eigenmodes.

Lemma 6.17. Let u be a subwavelength resonant eigenmode corresponding
to ! from Proposition [6.16] Let a be the corresponding eigenvector of the
generalised capacitance matrix. Then

>x<X .
u )= a®v; ) +0();
]
where V; are the functions from (6.35) in Definition and a0’ denotes the

j entry of the eigenvector.

Proof. We sketch the proof, referring to [56] for more details. We con-
sider the case N = 2 as N > 2 is only notationally more di [cult. Let u (x)
be a resonant eigenmode. According to Lemma [6.11, we may represent the
resonant mode (inside the resonators) as

u (x) = *1aWh; +a®h, +0():

Remark that we used the change of basis L ! in Proposition [6.16, so the
approximation of the x of Lemma [6.11] is L 'a. The asymptotic expansion
of Proposition shows that h; = L1p, +O( ), so that we get the result
inside the resonators.

In order to obtain a solution outside, we may apply Lemmal6.3] Expanding
the result of Lemma[6.3] for small , we obtain a linear interpolation between
the boundary points, that is, Vj outside of the resonators.

6.4. Hermitian Case

In this section, we analyse in more detail the Hermitian case. For simplicity,
we consider the case where vi = v, for all i for some vy 2 R>g. We note that in
this case the eigenvalue problem may be simplified by finding eigenvalues
of L(C) ! and multiplying the eigenvalues by vtz,.
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6.4. Hermitian Case

In the general case, we have to solve the generalised eigenvalue problem
C ai=v,? iLai (6.41)

After a change of basis, we recover a symmetric eigenvalue problem having the
same eigenvalues as (6.41)

L 2C L zbi=v,2 ib;: (6.42)

From (6.42), we see that in the Hermitian case the subwavelength resonances
are real.

6.4.1. Dirac Degeneracy and Zak Phase. We first prove the following
result.

Lemma 6.18. The eigenspace associated to C has dimension at most two.

Proof. This is a consequence of the tridiagonal structure of C : one can

extract from C p L a full-rank minor of dimension (N 2) (N 2) which

is an upper triangular matrix with diagonal & s

The following lemma concerns degeneracies of the capacitance matrix.

Lemma 6.19. Assume that N = 2. The only configuration such that
admits a double eigenvalue is the one with “; = “, and s; = s,. Moreover, this
double eigenvalue occurs at = -, and C T =2s;1, where I is the identity
matrix.

Proof. Problem (6.42) reduces to find the eigenvalue of
o

1 11
L L 141 <1 1 lai L o« 26 2
LicLziz0 s1 sz 1 L s1 S2 1 ZA:
1 lgiL « 3¢ 32 141 <1
S1 S 1 2 S1 S 2
(6.43)
The characteristic polynomial of this matrix is
1 1
P()=det L 2C L =2 I
1 1 1 1 1 1 1.1 1 1L ?
= -t 4 —+t- 5 17T -t e
S1 S2 S1 S2 " S1 S2
2
1 1 1 1 1 1
— 2 - - ‘11+‘21 +‘ 1c 1 4+ = 7+7eIL
S1 S S1  S2 S1  S2

Therefore, a multiple eigenvalue occurs when the discriminant of this second
order polynomial vanishes, which is the case when

#
2 2
1 1 2 1 1 1 1 .
O: i N nll+‘21 4‘11521 R 7+7eIL
S1 S2 S1 S2 S1 S2
2 2
1 1 1 1.
— i Tl 111 ¢21 2+4‘11¢21 7+7e| L
ST S S1  S2
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This readily implies “; = “,, and then

W 00

1 1
— + —cos( L)=0;
S1 So

W

1
—sin( L) =0:
5, SinC L)

For this system to admit a solution with 0 < s;; s, itis necessary that = |,
and then we must have s; = s,.

Therefore, we study the eigenvalues of C for regularly spaced dimers of
resonators (i.e., N = 2, ‘4 = “, and s; = s2). Let us rewrite (6.43) only in
terms of s; and “1:

1 1 1 el 2cos( L=2)
L2CL:2=_— -
’ ’ ‘57 e ' F2cos( L=2) 1
The eigenvalues of this matrix are
2 L 4 L
= 1 cos — = sin®> —
2 L 4 L
= 1+cos — = cos®? —
1( ) s, > o) 7
An associated family of eigenvectors read
1 1
e i+ e i—
Subwavelength resonances then read
2 . L
Iy = P—W Zsin —— +0O();
151 4
(6.44)
2 1 L
I, =p—w 2 cos — +O():
151 4
Hence, at leading order in , a band inversion occursat = . Furthermore,
(6.44) shows that at = - the bands form a Dirac degeneracy. The slopes
of the two bands do not vanish at the Dirac degeneracy and satisfy
d

d7j 1o = d—j N
Typically, breaking the symmetry of the structure results in the Dirac cone to
open into a band gap [23, Section 4]. We show this in Section [6.4.2

The following lemma gives explicit formulas for the eigenvectors of the

capacitance matrix.

Lemma 6.20. Assume that ‘1 = “,. Then, the eigenvalues of the capacitance
matrix are given by

1 1 1 1 .
1 =‘ll = 4 = 7+7e| L :
S1 So S1 So
1 1 1 1 .
S1 So S1 So
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6.4. Hermitian Case

An associated pair of eigenvectors is given by
1 1 1 1

U =Ps i 2=P; i (6.45)
where is the argument such that
11t e (6.46)
S1  $S2

Definition 6.21 (Zak phase). For a non-degenerate band !;, we let u; be a
family of normalised eigenmodes which depend continuously on . Then we
define the (Hermitian) Zak phasezas

_S e
= , uj,@

where h; i denotes the usual L? inner product.

»zak -

i u. d; (6.47)

J

Using Lemma [6.20, we obtain the Zak phase of the structure.

Proposition 6.22. Let N =2 and “; = “,. Then, we have
Jaak if s1 so;
J 0if s; <sy:

We can prove Proposition [6.22 using a similar approach to the one in [22].
We suggest a dilerknt proof whose presentation is postponed to Section [6.5]
where it will result as a special case of the more general Theorem [6.26]

6.4.2. Localised Edge Modes Generated by Geometrical Defects.
In this subsection, we study an infinite structure composed of two periodic
parts. We consider these structures to have a geometrical defect in periodicity;
see Figure [6.1]

Such structures have been studied in the case of tight-binding Hamiltonian
systems [50, 52| [54] and for an SSH chain of resonators in R® [22].

Sq Sy Sy i Sy S St
F---- F---- F---- ¢ F---d F---- F----

Figure 6.1. Infinite structure with a geometrical defect.

The peculiarity of such defect structures is the support for edge modes.
These modes have frequencies that lay in the band gap and thus are particularly
robust with respect to perturbations. Furthermore, they are spatially localised
near the defect.

To show the existence of an edge mode, we compute the subwavelength
resonances of a finite but large array having the same geometrical defect. In
the three-dimensional case, it has been shown that this is indeed an accurate
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Chapter 6. Interface Modes Induced by Material Parameter Defects

approximation [20]. Figure[6.2c|shows the existence of edge modes. Figure
illustrates that the frequencies of the edge modes are well-separated from the
bulk and lay inside the band gap. This figure is of particular interest as it
suggests that the spectrum of the finite approximation that does not lay in
the band gap converges to the continuous spectrum of the periodic structure.
In Figure [6.2B] we consider the frequencies in the band gap and compute a
convergence scaling roughly as O(n 1°), where n is the number of resonators
in the structure. This exponential convergence is due to the fact that the
dimension of the lattice is equal to that of the physical space |20, 89, 90, 95].

As mentioned above, edge frequencies laying in the band gap are typically
robust to perturbations. In Figure [6.2d, we show that these frequencies are
only minimally influenced by slightly perturbing the distances between the
resonators via

§=si+"; "i N(@O; ?

with N(0; 2) being a uniform distribution with standard deviation  and
mean-value zero. In particular, they remain in the band gap. We thus call
these edge modes topologically protected.

6.5. Non-Hermitian Case

In the non-Hermitian case studied in this chapter, the material parameters
i are complex with non vanishing imaginary parts. As we want to analyse the
influence of the complex material parameters, we assume for the rest of this
section that the size of the resonators is constant, i.e., ‘4 = “¢ foralll i N.
A particular case of this non-Hermitian setup are systems with parity-time
(PT)-symmetry. Originating from quantum mechanics, this terms defines a
system where gains and losses are balanced, that is, vi = V3 in the case of a
dimer of resonators.

6.5.1. Non-Hermitian Zak Phase.

Definition 6.23 (Non-Hermitian Zak phase). The non-Hermitian Zak phase
28k for 1 j N, is defined by
. Z
»zak . | . @uj . @Vj .
=~ Vi;—— + Ui;—— d ;
i 2y i'g i'g

where u; and v; are respectively the left and right eigenmodes.

We immediately remark that Definition [6.23] is a generalisation of Defini-
tion [6.27] as left and right eigenmodes are equal in the Hermitian case.
The following lemma is [27, Lemma 3.5].

Lemma 6.24. Let uj and v; be a bi-orthogonal system (i.e., hvj;uji = jj)
of eigenvectors of the generalised capacitance matrix defined by (6.39), so that
Lemma [6.17| holds. Then, the Zak phase can be written as

YA

,J;ak - — E % d +0(): (6.48)
v @
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Figure 6.2. Edge modes generated by geometrical defects.
For the infinite structure, we use N =2, “j =1,
S1=2,5 =1

We will now derive an explicit formula for the non-Hermitian Zak phase.
This, as the non-Hermitian version is a generalisation of the Hermitian one,
will allow us to prove Proposition [6.22]

Remark 6.25. Consider an eigendecomposition
M =UDU !

of a matrix M, where U is an invertible matrix with columns given by (right)
eigenvectors and D a diagonal matrix. Then, a basis of left eigenvectors is given
by the columns of the matrix V := (U 1) . Furthermore, the two matrices are
bi-orthogonal, meaning that V U = | so that the left and right eigenvectors
satisfy hvj; Uji = ij-
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Let U( ) be an eigenbasis of the generalised quasiperiodic capacitance mat-
rix and V( ) = (U( )) ! be the corresponding bi-orthogonal basis according
to Remark [6.25 Then, defining

v ( )@@U( y=U >@@U( y=3( );

the Zak phase take the following form according to Lemma [6.24

Z
k= = Jii( )d  +0(): (6.49)
Y
leta=2+Landb( )= & ¢ S'ZL , so that the generalised capacitance

matrix is given by

via  vib( )

Ce= () 2a

with eigenbasis given by the columns of U( )

a0 2 Ta(E ZEAAZNOE  aMd vA)+ a2l VAZ+ aAvEp( )P

2v3b( ) o 2v3b( ) o
a(vi Vi) fb( ) a(vi v+ Fb())

2v3b( ) 2v3b( )

Actually, if b( ) = 0, then this formula for U( ) does not work. However, as we
will be later interested in integrating this quantity and the set ¥ :b( ) =0g
has zero measure, we can just work with the formula above.

In particular, for a non-degenerate C, we have

Uy t=_ 1 2b() +a(v; v ,'Zm
av3b( )F(b( ))  2v3b( ) a(vi Vi) f(b( ))
so that
_ () 0 Prarm+ a(vi v3) 5i00) 0 250y:

N BB () 8 a3b( ) TO() @

By periodicity, we know that b( ) draws a closed path in C. Remark that
f(b( )) is a closed curved tracing a line (or two segments), so that integrating
over it always results in zero. Reformulating the above in terms of path integral
we get

z
_ 1 0 P
§ Jia( )d = ?QW@ ¢ f(( )))d
a(v; vi) ol 0574
N J2 v b() Te()E ¢
11 8y
2 v b( )0 ’
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so that (6.49) becomes

1
1 B ?% 1 £ £
,J;akzzzg Sdz+( 1Y*tai Vi) p—dz Zdz§+0( ):
b

P
—& ) | g2 1@
=0 =P

(6.50)

Thus, we have shown the following theorem.

Theorem 6.26. Consider a geometrical structure with N = 2 and ‘1 = *»
with a non-degenerate corresponding band structure. Then the Zak phase has
the following asymptotic expansion: ;
Z -
. iv1S1+ S 1 ]
PECDT T M VD) Pz desg(s) +O();
(6.51)
where is the closed path
) =s, 1 +s, el
and f is defined along as

2 ..
f2) = s, +s,7 T V) +Avivdjzj®

One remarks already here that for the ségecial case vZ = v3 one obtains

L1 1

1 Z 1 3 Ifs—>s—;

szak — —_ — 2 1
zak — —— Zdz = 6.52
PT T Ty 1L ¢

B So Sl’

as in this case the Zak phase is known to be quantised [22] so that we can drop
the asymptotic factor. This proves Proposition [6.22]

In general, the integrals above are tedious to evaluate because of the non-
holomorphicity of the integrand but we can check numerically that the integral
is not zero and not constant, showing the non-quantisation of the Zak phase in
the non-Hermitian case. Some values of this integral are shown in Table [6.1]

sis2] w1 | va | 3=(P)
112 [1+21:38i |1 142 0:408
11 [1+1:38i |1 1:42i 2:420
111 |1 1:42i|1+1:38i 2:420

Table 6.1. Values of the perturbation factor P defined in
(6.50) for various geometrical and material con-
figurations.

In the PT-symmetric case, the system is degenerate. It has twice a double
eigenvalue. The following result in that case can be shown explicitly.
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Lemma 6.27 (PT-symmetric Zak phase). Assume that N = 2 and v, = V7.
Then

=00

Proof. For this proof, we denote by ’J?a"(v) the Zak phase for vi = v.
Let also = (1 2) be the permutation of two elements. Asymptotically, the
Zak phase solely depends on the eigenvectors of the generalised capacitance
matrix. We first show that ~2k(v) = ’Z%‘l?)(v). To this end, we remark that
using the definition of the capacitance matrix

2

—u2~ _ Vo O a b()
Cc=VC = 4 g b() a
and the permutation matrix

P= 10
we obtain the following relations:
v2=pv?p ! and C =PC P =C
So,
Co=PV?P P(C )P '=PCgP 1}

and Q and Cg are similar via a permutation matrix. However, Q =V2C
and so the eigenvectors of V2C  are a permutation of the eigenvectors of Co-
By symmetry around the origin of the Brillouin zone and Definition [6.23] of
the Zak phase, we conclude that ~23(v) = ’Z"’E'j‘)(v).

We now show that ~Z(v) = ’Z%‘lf)(v), which will complete the proof.
Remark that the eigenvectors of the capacitance matrix given by show

that complex conjugating both material parameters leads to permuted and
conjugated eigenvectors. Lemma [6.24] leads to the desired conclusion.

6.5.2. Localised Edge Modes Generated by Material-Parameter
defects. We have shown in Section [6.4] that defects in the periodicity of the
system can lead to edge modes. Recently, it has been shown that edge modes
can also be generated in the non-Hermitian case via defects in the material
parameters rather than in the geometry [27]. We follow a similar approach to
the one in [27], showing that for a one dimensional chain of resonators one can
explicitly identify the edge modes.

In this section, we consider the case of equally spaced dimers (i.e., with
two identical resonators per cell), that is,

N=2, “1="%% s =55 (6.53)

We denote by vi(m) the material parameter of the i*" resonator of the m™ dimer
and similarly for the resonator itself.

Definition 6.28 (Localised edge mode). A solution u to (6.18) is said to be
a simple eigenmode if it corresponds to a simple eigenvalue ! scaling as O( ).
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- - - b - - -

D D } VEO) f I VEO) | I Vgl) | } Vgl) f

Figure 6.3. Infinite structure with material parameter defect.

A solution is said to be localised if it is bounded in the LZ2-sense, that is,
RiUM)j?dx < 1.

As we have seen in Proposition [6.12]and Lemma[6.17} inside the resonators
a subwavelength resonant mode is almost constant
ux) =u"+0(); X2 Di(m): (6.54)
The following proposition is from [27].

Proposition 6.29. Any localised solution u to (6.18) corresponding to a sub-

wavelength frequency ! satisfies o

o 1 > ymei mL T
m4i mL u1 €
e (V)
—y12Bm2z .
te fe e K= R L (6.55)
2
m2Z m27 (v3)?
We consider the t%pological defect
0; ¢ 0;
vim = iM% and vim = veem % (6.56)
Vo m>=>0; vi m>0:

The following lemma, which is from [27], exploits the symmetry in the
defect to obtain a decay rate of the mode.

Lemma 6.30. Let

U= ufe!™: U= ufe' ™ U= ue' M up= ufe! M
m 0 m=>0 m 0 m=0

Then, there exists some b 2 C independent of satisfying jbj < 1 and

Uy = bU3; Us = bUzZ

Using the same notation as in Lemma we have

ume' mL — = U, +U; = Uy + bU3; UEnGi mL — Uz + Uz = Uz + bUy:
m2Z m2Z
Furthermore, the topological defect (6.56) implies
X meimL_U2+$_U2

m % vi vz V3

72 bU3,
m2Z Vj 1
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x ug ei mL Uj Uy Us 1

2 — — .
o 2 V2 + v2 2 ?bu“'
m2Z Vg ) 2 1 2 1

This allows us to rewrite Proposition [6.29] as follows.

Proposition 6.31. Assume that a structure as in has a defect as in
(6.56). Then, there is a localised mode in the subwavelength regime correspond-
ing to the frequency ! only if B(C ) ®A has an eigenvalue 2 C independent
of the quasiperiodicity . Here,

1 b 1 v,2 by ?
b 1 bv, v,

Particular of the one-dimensional case is the explicit -dependence of the
capacitance matrix, as seen in Definition [6.13, which allows us to prove the
next theorem.

Remark that it has been shown in [27] that the decay rate of edge modes

in the case of (6.53) must be either of

O s 1
1 2 2 2 g2
b =-@3 1 1 91 1 +TIA, (6.57)
2 V5 V5 V5

whichever has magnitude smaller than 1.

Theorem 6.32. Assume that a one-dimensional structure as in has a
defect given by (6.56). Then thge always exists a simple eigenmode, which —
if vi & V3 or vi =V ;= v with ~ 8j=(v?)j j<(v?)j — is also localised.
The frequency of the mode in the subwavelength regime satisfies
r_
—+0();
1

where

p_
_ 8vi( 3vi+vi D+3v))
St 7v2+3v2 D +9v2

with D = % %‘zﬁ+9.

Proof. The condition about localisation arises from 'iBe form of the decay
rate given in (6.57). For vi & V; or vi = v := v with * 8j=(v?)j  j<(v?)]
either b or must have magnitude smaller than one. However, in the v, =
V7 .= v with = 8j=(v?)j > j<(v?)j case both jb j = 1 making it impossible to
have localised modes.

For the eigenvalue computations, we assume without loss of generality that
s; =1 and introduce it again in the last step.
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The eigenvalues of B(C ) A are given by
_ Vv 20,2 2 2 2
iTig Cia(b°vy  vi) +b(vz vi)<(Cy2)
[
=K
-q - -
+ (D (Cuv3 v3)+b(vi vI)<(Cyp))? (12 1)(b?v vi)((Cyy)?  (Cioi?)

and we will show that ¢ is independent of the gquasiperiodicity. We assume
without loss of generality that b = b , since the case b = by can be proved
similarly. Inserting the explicit coe Lciehts of the capacitance matrix, we obtain

K 2b2vZ+b v? v3 (cos(L )+1) 2v2

r

+ viv§ (202 2) b2vi v§ (cos(L ) 1)+ 2b2vZ+b vZ Vi (cos(L )+1) 2v? 2

while in order to show independence from , it is enough to consider the term

b v2 v3 (cos(L )+1)
q

+ (202 2) b2v§ v§ (cos(L ) 1)+ 2b2v3+b vZ v3 (cos(L )+1) 2v2 2.
(6.58)

Inserting into (6.58) the value of b from (6.57)), we obtain after some careful
algebraic manipulations

V.
_ u pP— P—
P3 vi v 8 ov] 3vivi D 16vivi+3v; D+9v; (cos(L )+3)
I {z
=B
p_
vZ v3 3vZ vi D+3 (cos(L )+1)
I {z
=A
: — vf 14v2 e . L
with D == =%} L + 9. In order to verify independence from the quasiperi-

v; V5
odicity, it is now enough to prove that 2B = A?. A direct computation shows
that

A2=Dvi+6 DVA2 6 DvA+ovt 18vAvZ+ovd
—18v) 62 D 322+ 6vi D + 184
= 2B:
In particular, we have
_ 8B( 3+ D+3d).
T W2+ D+oZ

As in Section [6.4.2] we provide some numerical simulations to visualise the
edge mode. We first compute the bands ! for the left infinite structure. These
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6.6. Concluding Remarks

are shown in Figure [6.4a) while Figure [6.4b] shows their traces in C. In these
plots, we add separately the edge mode frequency predicted by Theorem [6.32]

In Figure we show the edge mode computed for a finite but large
array of resonators.

As Theorem [6.32] provides an explicit formula for the edge mode frequency,
it is particularly interesting to compare the subwavelength resonances of a finite
structure with an increasing number of resonators with the band structure and
predicted edge mode frequency — both structures having the same material
parameter defect. We do this in Figure In Figure [6.4d] we show that the
convergence of the relative error j1,, 1j where I; is the subwavelength edge
resonance in a finite structure with i resonators and ! is the subwavelength
edge resonance predicted by Theorem[6.32] scales roughly as O(n *°) and is in
the order of magnitude of the machine precision with structures composed of
20 or more resonators.

As in the Hermitian case, we want to show that the edge mode is robust
with respect to perturbations, this time in the material parameters. In Fig-
ure [6.47, we compute the subwavelength resonances of a finite but large array
of N = 100 resonators having a material parameter defect with some random
perturbation given by

e=vi+@i) "i; "i N(@O )
where
. 1
= diag P=—
2jvij
We remark that the edge mode predicted by Theorem [6.32] is stable with re-
spect to perturbations in the material parameters. The stability is, however,
less strong than in the Hermitian case. This is to be expected due to the
non-quantisation of the Zak phase in this setup. Figure [6.4f shows that there
is a second isolated frequency supported by this setup not predicted by The-

orem [6.32] However, this frequency is not isolated from the bulk even for very
small perturbations.

6.6. Concluding Remarks

In this chapter, we have presented the mathematical theory of one-dimensional
infinitely periodic chains of subwavelength resonators. We have analysed both
Hermitian and non-Hermitian systems. Subwavelength resonances and asso-
ciated modes can be accurately predicted by a finite-dimensional eigenvalue
problem involving a capacitance matrix. We were able to compute the Her-
mitian and non-Hermitian Zak phases, showing that the former is quantised
and the latter is not. Furthermore, we have shown the existence of localised
edge modes arising from defects in the periodicity in both the Hermitian and
non-Hermitian cases. In the non-Hermitian case, we have provided a complete
characterisation of the edge modes.
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CHAPTER 7

Topological Interface Modes

In this chapter, we consider wave localisation at the interface between two
systems of finitely many subwavelength resonators. These resonators are ar-
ranged in pairs or dimers, such that the model we consider shares many of the
features of the Su-Schrie [ertHeeger (SSH) model in qguantum mechanics [101),
131]. We show the existence of exponentially localised interface eigenmodes
in this finite structure. These interface modes have been subject to numer-
ous studies in the context of infinite structures. A particular focus has been
on studying the topological properties of infinite periodic structures and then
introducing carefully designed interfaces to create the so-called topologically
protected eigenmodes [22]. These modes have significant implications for ap-
plications, since they are expected to be robust with respect to imperfections
in the design. These concepts have been widely studied in a variety of settings,
most notably in guantum mechanics for the Schrédinger operator [52, 54 and
more recently for related continuous models of classical wave systems in [41}
45, 191} 1120, |133, |134]. In finite-sized systems, these eigenmodes have been
observed both experimentally and numerically; see, for instance, [22} 138, /155
and the references therein.

As mentioned before, here we consider the far less-explored but more real-
istic physical setting of interface modes in finite dimer structures. We present
a one-to-one correspondence between the position of the eigenfrequency in the
spectrum of the corresponding infinite periodic structure (i.e., in the asymp-
totic spectral bulk, its boundary, or the asymptotic spectral gap; see Defini-
tion and the behaviour (localised versus delocalised) of the corresponding
eigenmode. Our results hold for any finite and large enough chain of dimers
with a geometric defect satisfying a mild condition. Furthermore, we show
that the eigenfrequencies lying in the gap converge exponentially as the size of
the structure goes to infinity and provide an explicit and simple formula for
the limit.

The results in this chapter are from [6].

7.1. Dimer Chains with a Geometric Defect

Systems of repeated dimers (that is, sj =s; 2 for3 i N) are of partic-
ular interest because the corresponding infinite structure can be studied with
Floquet-Bloch band theory as shown in Chapter [6; when the two repeating
separation distances are distinct, this provides a nontrivial example of a band
gap between the subwavelength spectral bands. Here, we consider systems of
dimers with a defect in the geometric structure, so that at some point the re-
peating pattern of alternating separation distances is broken. This is inspired

181



7.1. Dimer Chains with a Geometric Defect

by the famous Su-Schrie [erftHeeger (SSH) model from quantum settings and
is the canonical example of a topologically protected interface mode [131]. It
is a system of N = 4m + 1 for m 2 N resonators such that

si=sj o for3 i 2m;
Sj =Sj+2 for2m+1 1 4m 2;

where we typically assume S1 = Sym+2 and Sz = Spyma+1 SO that the system is
symmetric with respect to the center of the (2m + 1)t resonator with spa-
cings s; and sy. A sketch of this system with a geometric defect is shown in

Figure[7.0]

S1 S2 S2 S1 S2 S2 S1 S2 Sp S1
] Fo---l ol ] Fo---l Fo---l ol ] Fo---l F----

D D D3 Dom 2 Dom 3 D2m Dom+1 Dom-+2 Dom+3 Dom+4 Dum 2 Dam Dam+1

Figure 7.1. Dimer structure with a geometric defect.

For such systems, the geometric symmetries mean that the capacitance
matrix from has the following tridiagonal block structure:

1
C = :: 2 ( 2 ; (71)
2 1
1 2

1 2
2 1
1 €
where
1= 55 2= s, =st+s,t =25, e=st (72

It will be useful to have notation for the top left (2m+1) (2m+1)-submatrix
C; and the bottom right (2m + 1) (2m + 1)-submatrix C, (as highlighted
by the shading in (7.1)). Figure [7.2b]|shows the spectrum and the eigenvectors
of the capacitance matrix (7.1). It is immediately clear that there exists a
spectral gap and there exists a localised eigenmode associated to an eigenvalue
in the gap.
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(a) Eigenvalues of (7.1). As red cross (b) A selection of eigenvectors of C from

a specific eigenvalue lying isolated (7.1). All eigenvectors are superim-
from the others. posed and with unit norm. The red

solid eigenvector corresponds to the
red cross eigenvalue in Figure

Figure 7.2. Eigenvalues and eigenvectors of the capacitance
matrix (7.1) for N =41;s; =1 and s, = 3.

7.2. Perturbed Tridiagonal 2-Toeplitz Matrices

In this section, we will briefly recall results established in Section [2.3/about
eigenvalues and eigenvectors of tridiagonal 2-Toeplitz matrices with perturba-
tions on the corners.

Denote by
(@] 1
+a 41 0 0 ::: O 0
1 2 0 2 0 0
: 0 0 0 0
Agi’i)l( 2= L ::2: L ::1: Lo 2 R (e
DILooinoninotiion 2
0 O 0 0 ::: o +b
(7.3)
and
o 1
+a 1 0 O 0
1 2 0 0 0
: 0 0 0
AgakYb)( 1 2) = o ::2: o ::1: 2 RA
0 0 0 0 ::: 1 +b
(7.4)

the prototypical tridiagonal 2-Toeplitz matrices with perturbations on the
corners.

7.2.1. Eigenvalues. We define the polynomials

2 2 2
P () :=( 1 2)" Uk (x )2 L2 . (7.5)
1 2
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7.2. Perturbed Tridiagonal 2-Toeplitz Matrices

where Uy is the Chebyshev polynomial of the second kind, as well as the

function

2 3 3
y(z) = 27: (7.6)
12

The following proposition holds.

Proposition 7.1 (Eigenvalues). The characteristic polynomials of A&, and

AL are respectively

aen ()= a DPeO+ ab(x ) af bF P ()
(7.7)
and
aet () =P )+ (@+b) (- X)+ab+ § P 109 +ab FP 209
(7.8)

7.2.2. Eigenvectors. We start by defining two families of polynomials
pﬁﬁ;l‘“)(x) and qgjj1 %) (x) as solutions to the recursion relations

p(()p?q)(): o pgpiq)()zz o+ P .

(7.9
BP0 =2 K720 BP0
and
(p?q)()z : (p;q)()z(z_,_) + P __a.
0 CH ) p (7.10)
(Jf'lq)( y=2 q((pv q)( ) quvlq)( ):
where = ,= 1. Then we state the following result.

Proposition 7.2. Let be an eigenvalue of Agiﬂ)l ;15 2). Then, using

:=y( ) wherey is as in (7.6), the eigenvector corresponding to is given by

x= @700 S0 OETPOMTO 00 S KT ();

s KSR OTV0) (7.11)

If is an eigenvalue of Agak;b)( ; 1, 2), then the corresponding eigenvector is

given by

x= @700 S0 RO 00 S OBTO();

s OKSYO) (7.12)

In both cases, ¢ = ( ), p=(C +a ).

The last result of this subsection is on the structure of the eigenvectors for
the capacitance matrix C defined by (7.1).
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Chapter 7. Topological Interface Modes

Proposition 7.3. Let ( ;Vv) be an eigenpair of C and let :=y( ). Then v
is given by

where x = (X(D; x@;: 11, xCmM); x@M+1)y> 5 R2M*1 g a5 in (7.1T) with =
( ), p=( +a )and =0 or 1 for all x except for x 2 spanflg
where =0.

Proof. We will prove (7.13) by showing that (C 1)v = 0 in two steps.
Step 1. In the first step, we consider the first 2m + 1 rows of (C Dv:

@) +a . 1

1
=0; (7.14)

2 2

where we put instead of x(™ to show that we will not use this entry in what
follows as we only need the first 2m rows of to determine the 2m + 1
entries of X. We write x as

1 1 m 1 m

1 1 1
X = Xi; —1( )X2; —ZX3; , — = ( ) Xom; > Xom+1

(7.15)
Considering the first row of (7.14), we can choose
x1=( ) xXe=(+a )

Then by the second row, we have

1
1X1 *1( )% + 1% =0;
which gives
2
X3 = 7( 5 ) X2 X1:
1
The third row is
20 e+ ) = oxa () = xa=0
1 2 2
and thus,
2
X4 = —SXo + X3!
1
Continuing the process, we can easily verify that
2
Xok+1 = %sz Xk 1, 1 k m (7.16)
1
5
Xok = Xok 1 —5Xok 25 2 k m (7.17)
1
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Applying to (7.16) the same manipulations as those used in the proof of The-
orem [2.14] it is now easy to see that X is of the form (7.11)).
Step 2. We conclude the proof by considering the last 2m rows. By

SCS =, and C has only simple eigenvalues [57] we can immediately conclude
that any eigenvector v of C must satisfy Sv = v and thus obtain the desired
result.Note that provides us with explicit expressions for the 4m + 1
eigenvectors of C.

7.3. Asymptotic Spectral Gap and Localised Interface Modes

In this section, we will prove the existence of a spectral gap for a de-
fectless structure of dimers. Furthermore, we will demonstrate that a direct
relationship exists between an eigenvalue being within the spectral gap and
the localisation of its corresponding eigenvector.

7.3.1. Asymptotic Spectral Gap. We first show the existence of a spec-
tral gap for the capacitance matrix of an unperturbed structure of dimers.

By physical considerations we assume 1; > <0and ;< 5. It will often
be useful to shift C in order to have most diagonal entries zero, to this end, we
introduce z(X) = x

Definition 7.4 (Spectral bulk and gaps). Consider a finite structure of res-
onators. We define the asymptotic spectral bulk  and asymptotic spectral
gap of the structure as the spectral bulk and spectral gap (also known as band
gap) of the associated infinite periodic system, respectively.

The spectral gap and the spectral bulk of infinite periodic dimer systems
have been computed in Lemma [6.20

Proposition 7.5. Consider a system of repeated dimers (without defect) with
N = 2m resonators. Denote by Cy the associated capacitance matrix and let
be the asymptotic spectral bulk. Then

—_— 2 2 2 2
= lim (Cn)= 0;,— — =+ —
NET1 (N) So [ S1 S1 So
where lim denotes the Hausdor LIlimit. Consequently, the asymptotic spectral
gap is
2 2
= —— R:
Sy S1

Proof. From (7.8) we see that any eigenvalue of the capacitance matrix
of a structure of dimer without defect — that is, a capacitance matrix of the

form Cy = AS 2 2 — satisfy
0=Pn( )+ ( 222+2 Py, 1( )+ 5 2Py 2()

= P PUnmW+( 22425 P D WU D+ T DPUm 20y);
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Chapter 7. Topological Interface Modes

where for ease of notation we use z for z( ) and y for y(z( )). Using the
recurrence relation of the Chebyshev polynomials of the second kind we get
that

0= 1 J'[2yUm 1(y) Um 20y)]
+( 222425 1P Wi i)+ I DUm 2(y)
20=Unm I 222+2 %) PP T+ TPyl
> 0=Umn :MI( z+ 2)+ 1]
So the eigenvalues are given by
= +(1+ 2, = +(2 1)

and
s

k.

+ 2

242 1 ,C08 2;

forl1 k m 1. The sought result follows now directly from inserting the
definition of ; 1; o in terms of s; and s, as in (7.2).

We will refer to spectral bulk and spectral gap of the physical system and
of the capacitance matrix interchangeably, using Theorem

7.3.2. Localised Interface Modes. In this subsection, we will prove
that an eigenvalue in the gap is associated with an eigenvector that is ex-
ponentially localised in the sense that it decays exponentially away from the
interface in both directions, within the limits of the finite structure.

Definition 7.6 (Localised interface mode). Let v(x) be an eigenmode. Then
we say that v is a localised interface mode at the point Xg, if both jv(X Xg)j for
Xo <X 2D and jv(xg X)j for xo > x 2 D decay exponentially as a function
of x 2 D. The same terminology applies to the corresponding eigenvector of
the capacitance matrix.

Proposition 7.7 (Eigenvectors of C). Let C 2 R*™M*+1 4m+1 pa the capacitance
matrix of a defect structure as illustrated in Figure and let ( ;v) be an

eigenpair of C. Then, there exists jrj 1 independent of m and A;B;&;B 2 R
dependent on m such that

if y( )?>1:
v@m 2 1) = gei 4+ @y i

with A = =60 @) = o(k) and B = 1) = O(r™ 1) as

1 1
m ¥ 1 for cq;c2 2 R independent of m. The same asymptotics (with

a slight di [erent formula) hold for & and B;
ify( )2 <1:

v2m 2D = Acos(j )+ Bsin(j );
v@em 2 1) = &eos(j ) + Bsin(j );
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withr=¢l and A;B;&: B boundedasm ¥ 1
ify()>=1:r= 1and

V(jzm 2jj) = Ar] + Br.l j’

vazm 2 1) — g+ g

. 1 m m
with A = © ﬁcqlrrznrmclﬁz ©M and B = % asm ¥ 1 for
c1;C2 2 R independent of m. The same asymptotics (with a slightly

di [erent formula) hold for & and B.

Proof. It is enough to consider the p.” ® and 4 * @ part of the ei-
genvector in Proposition [7.2] as the rest is a multiplicative factor. We only
consider b(k P o) a5 the procedure for qﬁ pia) g exactly the same. Let ( ;v) be
an eigenpair and recall from the recurrence formula

BEPO =2 K7 V0 BRV0);
where = y( ). This is a two-term recurrence formula with characteristic
equation

X2 2 X+1=0 (7.18)

having none, one or two roots r; and r» in exactly the cases delineated in the
proposition. The formulas for the eigenvectors follow. By Vieta’s formula, we
know that the two roots of satisfy rir, =1 so one of them must satisfy
jrij 1. The constants A; B; &; B 2 R follow from the initial conditions
with the values expressed in Proposition [7.3

The eigenvector in the case when y( )2 > 1 is exponentially localised in
the interface, as we can rescale the eigenvector to make

V(jzm 2jj) = Br i +Arj1
v@m 2 1) =gy i 4+ &Rp:

where O(B) = O(B) = O(1) and O(Ar}) = O(&r) =o(4+);j =1, ;2m.

We note that the three cases presented in Proposition [7.7] correspond to

2 , 2 and 2@ , respectively. We show this behaviour in Figure[7.2]

In order to show that a localised eigenvector exists, it is thus su [cieht and

necessary to prove the existence of an eigenvalue in the asymptotic spectral
gap. We will do this in the next section.

7.4. Existence, Uniqueness, and Convergence of the Eigenvalue in
the Gap

In this section we will prove the existence of a unique eigenvalue in the gap
for the defect structure and consequently the existence of a unique localised
interface eigenvector. Furthermore, we analyse the behaviour as the size of
the system grows, specifically the limiting behaviour as N ¥ 1. We will
show that the eigenvalue of C lying in the asymptotic spectral gap converges
exponentially fast to a value in the gap.
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Figure 7.3. Eigenvector behaviour based on the location of

eigenvalue. Computation performed with N =
81l;s1 =1, =3.

7.4.1. Existence. We first show the existence of an eigenvalue in the

band gap. We start by remarking that by performing Laplace expansion on
the top block of rows 1 i 2m + 1, we obtain that the determinant of
C 2 RUM*+D) (4m+1) is given by

detC =detASs . )(; 1 2) detANY(; 1 2)

2m
2det AR s o) det ADD (4 ), (7.19)

where a = b = 5. We observe that the last term has ; and , switched.

Consequently, the characteristic polynomial p(x) of C is given by

pP(x) = ([(x 2 (1 2IPn+(201 2 )
i (1 25Pni(®
(X 2) I:)m 1 (X) +

oo N

2§ Pm 2()) INCRIIN G

as one swiftly remarks that Aé?;b)( 7 1, 2) and A0
matrices.

om (3 1, 2) are similar
For the sake of brevity, we rewrite
PO = p@o . . 00 AGIPR () +BPy 1 ()
5 E()Pm 1 () +F (P 2(X)
where A(X); B(X); E(X); F (x) are defined as

A(X) = X 1, BX)= 201 2 ) 4

22 (1 2%
E(X) = x 2 F)= 2 %

For simplicity, we abbreviate A(x); B(x); E(x), and F(x) as A;B;D, and F,
respectively, in the subsequent discussions. Thus, 2 is an eigenvalue if and
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7.4. Existence, Uniqueness, and Convergence
only if
Apm()"'BPm 1() = %Epm 1()+Fpm 2() (7-20)
5Pm 10) Pm 2()
Pm () Pm 1()
In the above step, we were able to divide by ) ( ) because it is nonzero in
2m

as will be shown in Propositionm In addition, P, ( ) = ( 1 z)k U (y( )

withy( ) := % and 2 corresponds to the case wherey( ) < 1.
Since the Chebyshev polynomials Ui ()’s only have roots in ( 1;1), P, 1 ()
and P, ( ) are nonzero in  and we were able to divide by them in (7.21).

Moreover, since

» Pm() A+ Pm 1() E+F (7.21)

+1 +1
y+ IC)yz 1 y IC)yz 1
U = p— ;
m(Y) 2|~'y2 1

Pm 1( )
Pm()

[A+BL]= 2L[E+FL]
. L2(3F)+L( 2E B) A=0;
from which we get the condition
B E 3 IC)4A|:§+|32 2BE 3+E2 §
2F 2 '

On the other hand, by the recurrence formula of U, for 2 wherey(z( )) <
1,

the limit L( ) =limmx 1 exists for all 2 R. Then,

L()=

(7.22)

P 2
L()= tim tm1 Oy v 1.’

=N
N

mil Pm( ) 12 2 % %
(7.23)

by using again the shorthand z for z( ) and y for y(z( )). Now, an algebraic

manipulation shows that conditions and have exactly one common
solution o2 given by

1 d

Z( 0)25 9% 1412+9§ 1 2 . (7.24)

Proposition 7.8. Consider a perturbed structure of dimers as illustrated in
Figure [7.I, For N large enough there exists at least one localised interface

eigenvector of C with eigenvalue i(N) in the band gap
Proof. Denote by
Pm 1() Pm 1() Pm 2()
mC) Pn() 2 Pn() P 10)
f1:=[A+BL()] SLO)[E+FL()I;
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and note that f1.( ) = limm 1 fn( ). By there existsa ¢ in the band
gap such that 1 ( o) = 0. Furthermore, by the above formula of 41 ( ), we
have f1( ¢ f1( o+ ) <0 for some = 0 satisfying [ o o+ ]
By the sign-preserving property, we have f( o Yfm( o+ ) < 0 for
large enough m, which proves the existence of roots of f,( ) in the band gap
By Proposition [7.7] the corresponding eigenvector is a localised interface
eigenvector.

7.4.2. Uniqueness. We now show the uniqueness of the eigenvalue in
the band gap. We will use the following result about the monotonicity of
Chebyshev polynomials of the second kind.

Lemma 7.9. Let k 2 N, then
Uk 1(X)
Uk(X)
is strictly decreasing for x 2 ( 1; 1) [(1;+21) for any k 2 N.

The proof is analogous to the one of Proposition 2.11]

Proposition 7.10. There exists at most one eigenvalue of C as defined in (7.1
lying in the asymptotic spectral gap = (2=sp;2=s1). In particular, for m large
enough, there exists exactly one eigenvalue in

Proof. Considering the compression of C obtained by removing the cent-
ral row and columon we obtain a block diagonal matrix with blocks given by

1
+ 2 1
1 2
2 1
B = _ . ) and PBP;
2 1
1
where P = antidiag(1;:::;1). Remark that the same assumptions as stated

before Definition[7.4 on the coe Lciehts of B hold, except that now b = 0, that
is, the matrix B is of the type Agﬁo) and its characteristic polynomials is thus
given by
Pm()+ 22+ 5 Py 1(X):
Consequently, we see from that is an eigenvalue of B if and only if
12 _ Um 1(y).

S g (R

=L(2) =R(2)

(7.25)

by using again the shorthand z for z( ) and y for y(z( )). Remark that L(z)
in is strictly monotonous increasing with a pole of order one at ».
Furthermore, by Proposition R(z) is strictly monotonically increasing on
( 1 2;0) and strictly monotonically decreasing on (0; » 1).
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7.4. Existence, Uniqueness, and Convergence

We first consider the case 2 , < 3 < 5, which equates to the pole of L(z2)
lying outside of the gap . In this case we have

_ 1 m _ .

L(1 2)= 7, 1< m+1_R(1 2);
m

L(. 1= 1< m+1=R(2 1)

sothat L(z) <R(z)forallz2( 1 2, 2 1)

Thecase 1 2  is similar. The pole z = 5, is now in the interval of
interest, but now L(z) > 0 > R(z) forz 2 ( 1 2; 2) and R(z) < L(2)
forz 2 (2; 2 1) by the same argument as the one in the previous case.
Thus there can be at most one eigenvalue in the gap. For m large enough, by
Proposition [7.8] there exists exactly one eigenvalue in the gap.

Remark 7.11. We remark that if one can show the existence of an eigenvector
in the band gap for the capacitance matrix C with general size m, then by

Proposition [7.10, it is unique.

7.4.3. Convergence. Finally, we show the exponential convergence of
the resonant frequency in the gap and conclude the section by the following
theorem.

Theorem 7.12. Consider a perturbed structure of dimers as illustrated in Fig-
ure[7.1, For N large enough there exists a unique interface mode with eigen-
frequency !i(N) in the band gap. The associated eigenfrequency !i(N) converges
to

v ]
W] = -
=pt: 8 14, 9,8.3 (7.26)
2 Sl S1S2 SZ S1 Sy

exponentially as N ¥ 2. In particular, for N big enough,
it 1 Wj< e BN (7.27)
for some A;B > 0 independent of N.

Proof. The limit ; can be computed from (7.24). The only part left to
prove is the convergence rate. Denote by 0y 2 R® the zero element of that
vector space and by v;.n the 12-normalised localised eigenvector associated to

i(N). Then, we remark that

O 1
@)
2ViN
00 1 V-(l)
(N) ZA iN 2 20,02 o w
(CN+4 i )@Vi;N = ON 6 =4 Z(Vi;N) = N (7.28)

02
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Chapter 7. Topological Interface Modes

Remark also that the same estimation holds if we replace Cn+4 in (7.28) with
Cn+4k for any k 2 N. This shows that i(N) is an "-pseudoeigenvalue of Cn +4x
for any k 2 N for every " > "\. Since Cy is normal, we have j ; i(N)j "N

On the other hand, for N big enough, i(N) is close to ; and the formulas of
Proposition [7.7] yield

Vil =0();  kvinke=O0(€SN)  asN ¥ 1 (7.29)

for some C; > 0. So if vi.;ny needs to be normalised vl(l,\)I decays exponentially.
By (7.28), "N decays exponentially, which proves (7.27).

We note that, combined with Proposition [7.7, Theorem [7.12] also gives
the decaying rate of the interface mode for a structure with su Lciehtly many
resonators.

10 24 4y

10 54 +y

error
+

10 8- +y

10 M+ +

Figure 7.4. Convergence of the eigenvalue in the gap (y-axis
in log scale). We display the left-hand side of
(7.27) for a structure with s; =1 and sy = 2.

7.5. Stability Analysis

Interface modes of SSH-like structures are well-known to be stable, i.e.,
perturbations of the system aledt them only slightly. In this section, we show
that perturbation in the geometry has limited e[edt on both the resonant
frequencies and the associated modes and we quantify this e [edt.

To this end we consider a system of N = 4m + 1 resonators as shown in
Figure [7.T but the spacings s; are now perturbed:

gsl +8; 1 1 2m; iodd;
S,+8; 1 0 2m; 1even,
Si = . . s . (7.30)
§sl +&; 2m+1 1 4m; 1 even;
“so+8; 2m+1 i 4m; i odd:
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Furthermore, we denote

S Y% i om e
si(s1+ %)’ ’ '
) Sz(Si—E); 1 1 2m; ieven;
. L 2m+1 i 4m; 1 even; N
% si(s1+8§)’ ' '
sz(széiﬂé.)’ 2m+1 i 4m; i odd:

The following proposition handles stability of the eigenvalues and is a direct
application of the well-known Weyl theorem.

Proposition 7.13. Let ® be the capacitance matrix associated to the structure
described in (7.30) and let

= maxJ) i (7.32)

Then, the eigenvalues b, (sorted increasingly) satisfy
P2 1 kN (7.33)
where i are the eigenvalues of C.

Proof. Weyl’s theorem states the same result but with the bound of
replaced by k& Ck. However, for a tridiagonal matrix M with 1 in its
kernel, KMk 2max; jMji 1)) +]Miji+1)] by the Gershgorin circle theorem so
we obtain the result.

Applying Proposition [7.13| to our system of dimers where the perturbations

& are in the interval ( ; ) forsome > 0, we obtain that the eigenvalue
perturbation is bounded by
2 2 1 1
+ =2 S+ +0(% a 10
si(st )  sa(s2 ) ST (9

In order to analyse the stability of the eigenvectors, we will use the Davis—
Kahan theorem [47], which needs some preliminary introduction. Let E and
F be d r matrices with orthonormal columns such that span(E) = E and
span(F) = F. The canonical angles between E and F are defined as

- 1 ; :
j=cos - j 1 J

where j are the r singular values of ETF. We denote by

the canonical angles’ matrix.
The Davis—Kahan theorem states the following.
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Chapter 7. Topological Interface Modes

Theorem 7.14. Let S and § be two d d symmetric matrices with eigenvalues
1 2 d
& & €

respectively. Fix 1 r s dandletV and ¥ be the matrices having
as columns the eigenvectors corresponding to j and € forr j s. Let
span(V) =V and span(¥) = ¥. Define

=infff €: 2[s (;€2( L€ [[E 1 1)
If >0, then

ksin (V: @)k, o Sk Ska.

where sin  (V;®)ii = sin( (V; ®)ii).

As a direct consequence of Theorem [7.14, we have the following theorem
for the stability of the interface eigenmodes.

Theorem 7.15. Let" < 3 & & in(7.32). Letv and b be the eigenvectors

corresponding to the eigenvalues ; and B in the gap of C and ®, respectively.
Then

6]

v bk, 22 (7.34)
p_
2 2"
_ 7.
0 2"7 ( 35)
where =minfj i Pijij i bPitjgand o=minfj i w0 1o

The a priori estimate (7.35) holds for ¢ > 2".

Remark that for s; =1 and s, = 2 and m large we have ¢ 0:219 so that
the a priori estimate (7.35) holds for " < 0:1. However, this a priori estimate
is suboptimal as Figure [7.5b] shows.

Proof of Theorem [7.15l The proof iig11nediately follows from Theorem|[7.14]
with r = s by using the bound kv ik, 2sin  (v; ) [147].

In Figure [7.5 we show numerically the high stability of the interface modes.
We consider perturbations of the type & U( ; ) where we call the per-
turbation size, and we display the latter as percentage relative to the reson-
ator’s size. Figure shows that the interface eigenfrequency (lying in the
gap) is only minimally perturbed even by perturbation in the size of 20%.
We remark that numerically the bound of can even be sharpened to
i< Ki % Figureshows kv Wk, for various perturbation sizes and
normalised v and . The black lines shows the average over 10* runs while
the gray area encloses the range from the minimum to the maximum value of
kv bk,.
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o 4 i

5.0% 10.0%  15.0%  20.0%

Perturbation size

(a) Spectrum of the capacitance matrix
with perturbations given by &
U( ; ). For every perturbation
size the spectrum of one realisation
is shown. The eigenvalue in red cor-
responds to the localised interface

0:20 A

0:15 4

Oika

_0:10 1

kvi

0:05 A

0:00 4

5.0% 10.0%  15.0%  20.0%

Perturbation size

(b) Stability of the interface mode. The
solid black line shows the average dis-
location over 10 runs, while the gray
area encloses the range from the min-
imum to the maximum dislocation
observed over these realisations.

mode.

Figure 7.5. The interface eigenvalue and the corresponding
interface mode are very stable also in presence
of big perturbations. Simulations in a system of
N = 41 resonators with s; =1 and s, = 2. Per-
turbations are uniformly distributed in ( ;)
where we call the perturbation size, expressed
relatively to the resonators’ sizes.

7.6. Concluding Remarks

In this chapter, we have quantitatively characterised interface eigenmodes
in finite, dimer systems of subwavelength resonators with a geometric defect
and proved the exponential decay of their associated eigenmodes. Our char-
acterisation is based on (broken) translation invariance properties of the as-
sociated capacitance matrix together with properties of Chebyshev polynomi-
als. The 3-term recurrence relation satisfied by the Chebyshev polynomials is
shown to be useful for analysing spectra of tridiagonal (perturbed) 2-Toeplitz
matrices.

Following this line of research, it would be very interesting to generalise
the results obtained in this paper to extended (known also as multi-band)
SSH models, exhibiting exponentially localised interface eigenmodes with cor-
responding eigenfrequencies inside the multiple subwavelength band gaps of
the structure [98, (142]. These structures correspond to models with k 3
subwavelength resonators in each unit cell, and thus to k-band models. An-
other highly interesting direction would be to extend the current results to
finite dimer systems of three-dimensional subwavelength resonators. In the
case of three-dimensional systems of subwavelength resonators, the main dif-
ficulty occurs from the long-range interactions between the resonators, which
lead to a slow decay of the o [=dliagonal terms of the corresponding capacitance
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matrix. Nevertheless, in view of the results on k-banded approximations of
three-dimensional capacitance matrices in Chapter [3 together with the conver-
gence spectral results as the size of the structure goes to infinity in [16, |20], it
may be possible to prove existence and uniqueness of localised eigenmodes in
finite chains of subwavelength resonators in three dimensions, as numerically
shown in [22]. Another very interesting problem is to relate the localisation
el[edt at the interface to the statistics of the eigenvalues of the capacitance
matrix under random perturbations in the parameters of the system. This
would extend the well-known Thouless localisation criterion [136] to interface
eigenmodes.
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CHAPTER 8

Truncated Floquet-Bloch Transform

The Floquet-Bloch theorem is one of the most widely used tools in the
study of infinite systems. Considering a lattice RY with fundamental
domain Y and a function f(x) decaying su [ciehtly fast, then the Floquet-
Bloch transform of f is defined as

> .
UIFIx; )= f(x m)e ™ x; 2RY: (8.1)

m2

The Floguet-Bloch transform U[F](x; ) is periodic in and -quasiperiodic
in x, that is, U[f](x+m; ) =el MU[f](x; )form 2 . Itis therefore enough
to know the function U[F](x; ) in the fundamental domain Y in the x-variable
and in the first Brillouin zone Y :=RY9= in the -variable. Here, is the
dual lattice of

The Floquet-Bloch theorem states that if L is a self-adjoint di Lerkntial
operator with coe Lciehts that are periodic with respect to the lattice , then
its spectrum is decomposed as

L
L= (L)) (8.2)
2Y

where L( ) is the original operator restricted to act on functions defined on
the torus Y. Remark that if L is elliptic, the operators L( ) have compact

resolvents and hence discrete spectra, say 1( ) 2( ) ::: counted with
their multiplicities. Then becomes
L L
(L) = n(): (8.3)
n2N 2y

The study of infinite periodic systems is therefore widespread in the lit-
erature. Nevertheless, they are mostly nonphysical and just a mathematical
approximation of large, finite systems. However, in this chapter, we show that
the band functions ,( ) are very physical and represent the limit of their
discrete equivalent as the size of the finite system grows. The results in this
chapter are from [13].

We consider linear eigenvalue problems as the discrete equivalent of par-
tial dilerkntial equation (PDE) problems. These discrete models are used
in particular in practice in photonics and phononics [18, |19] to approxim-
ate the resonant eigenfrequencies and eigenmodes of systems of high-contrast,
subwavelength resonators. We again refer the reader to |18, 19] for their deriv-
ations from continuous PDE models. Analogous models appear in condensed
matter models under the tigh-binding approximation. We restrict our analysis
to periodicity with respect to a one-dimensional lattice.
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8.1. Notation and First Results

Averaging

UG+ L) = exp(im

L FlF]
a 1 O 1

a1 az aiz a4 ais aie ua up o) D 1
Q1 Az aAz3 dp4 QAps Ae uz uz ua uz
A31 a2 az3 aAzq a3 aAsze Us = us us @ Ug g
Qa1 Q42 Q43 44 Qg5 A4p Us Ug Us Us
ds; As2 as3 ds4 Ass Ase Us Us
A1 Ae2 Ae3 des QAes Aeb Us Us

Figure 8.1. Illustration of dilerent steps behind the trun-
cated Floquet-Bloch transform in reconstructing
the quasiperiodicity of an eigenmode. The map F
is the discrete Fourier transform and is defined
in (8.8).

Our approach is illustrated in Figure[8.I] The eigenmodes of a finite system
of dimers can be modelled by a linear eigenvalue problem (we will see that
the involved matrix has a Toeplitz structure due to the spatial periodicity).
We regroup the entries of the eigenvector by the position in the unit cell.
These vectors present a quasiperiodic behaviour (expected by the periodicity
of the problem) whose quasiperiodicity can be extracted through the discrete
Fourier transform (DFT). This quasiperiodicity is asymptotically the same as
the one of the mode propagating through the infinite system with the same
eigenfrequency.

The main result of this chapter is Theorem [8.25 is from [13]. It shows
that the procedure outlined in Figure [8.1] recovers the quasiperiodicities of the
eigenmodes associated to large finite systems.

8.1. Notation and First Results

For this chapter, we will make the following assumption.

Assumption 8.1. Throughout this chapter, we make the following assump-
tions:

(i) We consider symbols with enough regularity, that is, f : T* ¥ CK ¥
continuous and piecewise dilerkntiable, and whose image are Her-
mitian matrices, i.e., (e' )ij = (el )j.i.

(ii) Eigenvectors are considered to be “?-normalised and the eigenvalues
are sorted so that jfori<j.

(iii) No band crossings occur, that is, the images of the band functions
p: Tt ¥ R are disjoint for all p.
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(iv) p: T! ¥ R are continuously di [erentiable away from 0 for all p.
(v) There are no van Hove points, that is, %(e' ) & 0 for any ¢! 2
Tinf 1g.
We will denote the set symbols that satisfy these assumptions as Cy .

Note that this implies T (f) to be Hermitian and we have the symmetry
property p(e' )= ple ).

A well-known result is that the eigenvectors of a circulant matrix are the
Fourier modes.

Lemma 8.2. Let Cy(F) be a 1-circulant matrix of size m and (e' ) its only
band. The eigenvalues of C,(f) are (e' i) and the eigenvectors are given by

where j =2 Jﬁ forO j m 1and the superscript > denotes the transpose.

As we can see, the spectrum of C,(F) is given by applying the band func-
tion to a uniform sampling of quasiperiodicities ; 2 [0;2 ).
To better capture the symmetry (el ) = (e ' ), we can instead consider
i 2 ;) by shifting the index by b%'c and define the following set of
guasiperiodicity samples.

Definition 8.3 (Discrete Brillouin zone). For m 2 N, we define the discretised

Brillouin zone as "

Y= 2

m i= & iom o1 (8.4)

j Im
m 2

Using this definition, we can write (Cm(f)) = (e'Ym) and have the sym-
metry (e' i) = (el ). We further note that although C.(f) has coincid-
ing eigenvalues, it remains diagonalisable, as the eigenvectors !j.,, form an
orthonormal basis.

To extend Lemma(8.2)to the block Toeplitz case, we define the quasiperiodic
extension as follows.

Definition 8.4 (Quasiperiodic extension). Fix some e! 2 T! and consider a
vector u 2 CK. Then, the -quasiperiodic extension of u of size mk 2 N is
given by

Proposition 8.5. Let Ck(f) be a k-circulant matrix with bands 1;::: .

p(ei i) with corresponding eigenvector
QPm(up(e' 1);e' i):

As in the 1-circulant case, these eigenvectors form a complete orthonormal
basis.
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8.1. Notation and First Results
8.1.1. Delocalisation.

Definition 8.6 (Delocalisation). Let (un)m be a sequence of unit vectors in
2(N). Then (Um)m is said to be delocalised if limm s 1 kumkq = 0.

Localisation and delocalisation of vectors in the finite regime is much more
tricky and we will avoid to introduce a formal definition. Nevertheless, we will
use the term localised informally to indicate vectors v for which kvkq =kvk; is
“large” and delocalised for those with kvkq =kvky close to 0.

The truncated Floquet-Bloch transform can only work with delocalised
eigenvectors: this is clear from the ¢! ™ factor in (8.1). We hence seek to
show that the matrices of our interest present a lot of delocalised eigenvectors.
A first, rather simple result, shows that we have eigenvectors converging to 0
weakly, but this will not be su [cieht.

Lemma 8.7. Let T; Ty be self-adjoint, bounded linear operators on a Hilbert
space H. Let 2 45(T) and m;um be an eigenpair of Ty, with , X
and kupk = 1. If T, ¥ T strongly, then uy, has a subsequence up, weakly
converging to 0.

Proof. Because kumk = 1 is bounded, we use the Banach-Alaoglu the-
orem (see [35, Theorem 3.18]) to find a subsequence uy that weakly converges
to u 2 H. From [35, Proposition 3.13], we know that this implies

hunp; Xni ¥ hu;xi  for all x, ¥ X strongly.
We now aim to show that u = 0. For any x 2 H, we have
h(T MU Xi =0T To)un;Xi =hun; (T Tu)xi ¥ 0;
since (T Tp)x ¥ 0 strongly. At the same time, we have
h(T nUn; XI = hup; (T X+ ( n)Xi ¥ hu; (T )Xi =h(T Ju; Xi;

because ( n)X ¥ 0 strongly. Putting the two equalities together, this
implies that h(T Ju;xi = 0 for all x 2 H. Assuming u & 0 would imply
that u 2 H is an eigenvector of T, a contradiction because lies in the essential
spectrum.

Remark 8.8. While we would like to prove delocalisation, i.e., kupkq ¥ 0,

Lemma only ensures the weaker version: For all j 2 N, we have juﬁ)j LIN0)
asn @ 1. Unfortunately, this does not rule out ‘spiky’ eigenvectors, where the
spike keeps moving to the right as n increases. It is well known, for example,
that the sequences (en)n, Where ed) = n;j converges weakly but not strongly to
0.

To fix the issue pointed out in Remark [8.8] we first need an intermediate
result. We use the following notation for the standard inclusion map “2(N) ¥
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“2(2)
J:?(N) ¥ “2(2)
X 30
TN = 6 <o

and the projection map “?(Z) ¥ “?(N)
P:*(2) ¥ “3(N)
(Xj)j2z A (Xj)jan:

Lemma 8.9. Consider a symbol f 2 Cy  and denote by sy the unitary left-
shift operator acting on *2(Z) by shifting a sequence by q entries to the left,
that is,

Sq: (Xj)j2z A (Xj+q)j2z: (8.5)

Let ( m)m Z be a sequence of indices. Then, s  IJTmk(F)Ps . is again a
bounded, linear, self-adjoint operator and we have

S ndTm(F)Ps ¥ L(F)stronglyasm ¥ 1

if and only if 1, 2 f0;K;::: mkg and infinitely separated from 0 and mk, i.e.,
jmiTLandjmk j ¥ L asm?¥ 1.

Proof. The assumption of , being between 0 and m and infinitely sep-
arated ensures that s  JTm(F)Ps  accumulates arbitrarily many nonzero
entries to both sides of the origin. Where they are nonzero, these entries match
the entries of the Laurent operator because the k-Laurent operator is invariant
under shifts by multiples of k. We can then repeat classical arguments from
[34], Section 6.1] and [34), Section 6.4] to conclude; see [13].

We can now show delocalisation for the eigenvectors of Toeplitz matrices.

Proposition 8.10. Consider a symbol f 2 Cy . Let 2 o(T(f)) and
( m;um) eigenpairs of Tpk(F) with o ¥ and kumk = 1. Then, there exists
a subsequence up strongly converging to 0 with respect to k k1 .

Proof. For now we consider the non-block case, i.e., k = 1. We de-

eigenvector of T (F). After possibly taking subsequences, we can now dis-
tinguish three cases: Either j mj is bounded, jm mj is bounded or both
are unbounded. The first case is handled by Remark [8.8 and the second one
can be handled similarly. We shall now focus on the last case and embed
Tm(f) and uy, into “?(Z) with J. Then we can apply Lemma to find
that s  JTm(f)Ps ¥ L(f) strongly. s um is now a sequence of eigen-
vectors of s [ ITm(F)Ps with 2 ess(T(F)) = ess(L(F)) see [63]. We
apply Lemma 8.7] to find a subsequence s , un weakly converging to 0. Finally,
because n is the index of the maximal entry of u,, we have that

kunk, =ks unky = (s ,un)® =hs un;eoi ¥ 0;
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where we have used the fact that s , un converges weakly to 0.
The proof in the block case, k > 1, works analogously by choosing mn
to be the first index of the block of up containing its maximal entry, i.e.,
m = bargmax,,>zjumj=kck. We then get hs  un;epi ¥ Oforp=0;:::k 1,
yielding the desired result.

While Proposition [8.10 only proves the existence of a delocalised sub-
sequence we can immediately use it to prove that any sequence of eigenvectors
with eigenvalues converging to the essential spectrum must be delocalised.

Corollary 8.11. Consider a symbol T 2 Cx k. Let 2 &s(T(F)) and a
sequence ( m;Um) of eigenpairs of Tk (f) with ,, ¥ and kumk = 1. Then
Um must be delocalised.

Proof. Suppose by contradiction that for some ™ > 0, uy, is such that
kumk4 =" for all m 2 N. Then, by Proposition [8.10, we find a subsequence
Un of um with kunk, ¥ 0, a contradiction.

For large finite Toeplitz matrices, the bulk of eigenmodes is thus delocal-
ised, allowing us to reconstruct quasiperiodicity information.

8.2. Truncated Floquet-Bloch Transform

The key tool that we will use is the discrete Fourier transform.

Definition 8.12 (Discrete Fourier transform). We define the discrete Fourier
transform as
F:cmrycm
1,
Ml W (8.6)
uad pl: u®e 12 ms 0 j m 1L
m

s=0
We recall the shorthand j =2 L and 1jm = (Ll 350056l i(M D)>
and find the foIIov(v)ing matrix representation of F:

_ 1 o _ 1
J J - !O;m -

F=@1yp, 10 1, 1 A=@ D A 8.7)
j J — !r?"n Im

We also recall that the discrete Fourier transform is a unitary isomorphism.

When considering block Toeplitz matrices T (F) 2 C™ ™K it is often
useful to utilise the following unitary decomposition

k fimes
:ka ] (Cm)k — ém }[ﬂ CrT{1
U (q(u);iiz; k()

where ,(u) 2 C™ denotes the pt" section of u, given by ( ,(u))® = uP+sk
for s =CQ' :o;m 1. Here, we equip C™ C™ with the canonical norm

kuk = $_ k p(u)k’.

(8.8)
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We can now define the truncated Floquet-Bloch transform, which is just a
particular packing of the discrete Fourier transform.

Definition 8.13 (Truncated Floquet-Bloch transform). We now define the
truncated Floguet-Bloch transform as the section-wise discrete Fourier trans-
form

. myk myk
T:(C™* 1 (C™ 8.9)

which is again a unitary isomorphism. For vectors u 2 C™, we will often
write T (u) to mean T ( (u)) when it is clear from the context.

The truncated Floquet-Bloch transform defined in Definition [8.13 has, at
first sight, little to do with the one originally presented in [16} 20]. However,
they are very closely related, as Figure [8.2] shows. The formulation of Defini-
tion has a couple of advantages. The first is computational, although this
is only minor and only occurs for very large structures. The second one is the
mathematical framework, which thanks to the vast literature on the discrete
Fourier transform, will allow us to prove various theorems.

T T T
0 2

Figure 8.2. The *“original” truncated Floquet-Bloch trans-
form presented in [16, 20] in blue and the ver-
sion from Definition with indices scaled as
r®2 ~for0 r minred. The plot shows
the two techniques applied to an eigenvector of a
circulant matrix of size 20 20.

Intuitively, the j®™ ‘row’ of T (u) contains the Fourier coe [Ciehts with
respect to j 2 Y,,, obtained by taking the discrete Fourier transform of u
sectionwise for each of the k sections. To extract quasiperiodicity information
from the truncated Floquet-Bloch transform, it is thus useful to denote the
rows as follows.
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Definition 8.14 (Truncated Floquet-Bloch projection). We define the j™ trun-
cated Floquet-Bloch projection for1 jJ m as

Ti.cmk » ck
(8.10)

For some u 2 C™K this corresponds to calculating the truncated Floguet-Bloch
transform of T (u) 2 (C™)K and taking the j™ ‘row’ of the result.

A good way of picturing what TJ does is to look at Figure where we
plotted in red (T4 (u))o j m 1. What we are actually interested in is the index
of the biggest Fourier coe Lcieht, as this one is the one that leads the periodic
behaviour of u. The following definition is a better behaved version of taking
argmax of (TJ(u))o j m 1 to identify the peak quasiperiodicity.

Definition 8.15 (Discrete quasiperiodicity). Let u 2 C™ . Then the discrete
quasiperiodicity associated to u is %\éen by
L i 2
Qm(u) = il ) 7
i2Y¥m

where we extend TJ to negative indices j by taking j modulo m.

This amounts to taking the weighted average of quasiperiodicities, using
TI(u) Z to measure resonance strength. We take the absolute value j jj to
account for the symmetry p,(e' )= p(e ').

8.2.1. Truncated Floquet-Bloch Transform and Circulant Matrices.
To elucidate the truncated Floquet-Bloch transform we investigate how it in-
teracts with the eigenvectors of circulant matrixes Cp(F).

Example 8.16. By Proposition [8.5] the eigenvectors of Cpm(F) are given by
the quasiperiodic extension of symbol matrix eigenvectors: QPm(up(e' ¢);e' ).
Their section decomposition is given by

and

Intuitively, because the circulant eigenvectors are the s-quasiperiodic exten-
sions of the symbol eigenvectors, each of their sections must be proportional
to Ys.m. Applying the discrete Fourier transform section-wise, we find that
for every section, the only nonzero Fourier coe [cieht is at entry s. Because

up(e' ) =1 this yields TI[QPm(up(e' =);e' )] 2= js» and we can find
that

) ) >
Qm(QF’m(Up(eI s);e' =) = J jljs= s

i2Y¥m
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For eigenvectors of Ci(F) we can thus recover the quasiperiodicity using
the Floquet-Bloch transform. _ _

This reconstruction also respects the symmetry ,(e' ) = p(e ') as fol-
lows

Qm<lePm(upg<s):e‘ *)) + ©2QPm(Up(e' *);e' *)))
= j jiGcai® js +jcaf® 5 s)
i2Y¥m
=jai? s+l s = (o +ica®

where we assumed s > 0 without loss of generality. For any u in the eigenspace
of p(e' %), Qm(u) thus returns the quasiperiodicity j sj.

Having observed that the truncated Floquet-Bloch transform recovers the
quasiperiodicity of circulant matrix eigenvectors, we now aim to extend our
understanding to pseudoeigenvectors. This will then enable us to extend the
quasiperiodicity recovery to more complex systems.

Definition 8.17. For A2 C" " a normal matrix and -~ 2 C, we can decom-
pose C" into the near and far eigenspaces:
M M
E- = Eig o«(A) and EZ = Eig +(A)
"2 (A) "2 (A)

P IS

with decomposition C" = E+ E7.
For a normal matrix A, if ( ;u) is a pseudoeigenpair of A, then u is well

approximated by vectors laying in the near eigenspace of . The following
result makes this formal.

Lemma 8.18. Let " > 0. Let A2 C" " he a normal matrix and let ( -;u-)
be an "'2-pseudoeigenpair, i.e., K(A  =)u-k < "? and ku-k = 1. Then, decom-
posing u- = u, +u» 2 E~ EZ, we find that

kuok <" and u > 1 "2z

Proof. We assume without loss of generality that A does not have double
eigenvalues. We diagonalise A = UDU with UU = Id and Id being the
identity. Then, we write @« := U u- and calculate

"> kAur  «lauek® =kUDU u+ ~UILU u-k® =kDa- 1,8k

X .
=k(D ~lpeki= ji -jeWj
j=1

Denoting by u; the unit eigenvector associated to j, we find that

jeWj? = jha-; ¢jij? = jhUe-; Ug;jij? = jhu-; ujij*:
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If we now restrict the above sum to E.7, then we obtain that

nd o =< b TN
J SV e Jousu )

( ZuH2E? uw2e?

and thus
s

e
"> jhu-; Uij2 = kuok:
ui2e?

Finally, orthogonality yields
1=ku-k? = Uy 2 + kuok?
Az
25

and thus uy >p1 "2,

Lemma 8.19. Let T be a continuously dilerentiable symbol and let o =
p(e' ©) where e' ©6& 1. Then for " small enough

(o " o+")\ Cuk(F)  pE"m ") (8.11)
— 9 1 H
where = ZJWJ and
Ym»(0)= Co " o+ HLC o " o+ ") \Vpy
Proof. For " = 0 small enough, the entire "-neighbourhood of g is con-
tained in the band, as ¢ liesits interior, i.e., [ o ™ o+"] int p(T!). Since

the bands do not cross each other, thisyields[ ¢ "; o+"]\ ¢(T) & ? if and
only if ¢ = p. By the symmetry IO(ei )= ple ') of the band functions we
can restrict ourselves to TX \ H for now, where H := fz 2 C j =z > 0g denotes
the upper half of the complex plane. Because we have assumed that | has no
van Hove points, it must be injective on T*\ H and we can find the continuous
inverse ,t:[ o " o+" ¥ T'\H. Since ,!is defined on a compact set,
it is Lipschitz continuous with constant C; = max oy , = 0+"]j(p)0(71pl(0))j‘
Furthermore, for * small enough, we can use the fact that ( p)’( ,*( ")) is
continuous around ¢ = pl( 0) to instead choose the Lipschitz constant

= 2j(pTleio)j C1, which is well defined, as we assumed no van Hove
points.

We can use the Lipschitz continuity of ! to bound
n o

(o ™o+ p e 2(o0 " o+ HLC o ™ o+ ")
where we incurred o because of the band function symmetry. Finally, we
use (Cnk(F)) = [p po(fei ij j2Yn0) to get the desired inclusion.

Definition 8.20 (Convergent pseudoeigenpair). Let T, be a sequence of nor-
mal operators strongly converging to some normal operator T. We say that
a sequence of tuples ( m;um) with kunk = 1 is a convergent sequence of
pseudoeigenpairs to  if , ¥ and kThum mUnmk ¥ 0asm ¥ 1.
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Chapter 8. Truncated Floquet-Bloch Transform

Note that the fact that T, and T are normal implies that uy, is a Weyl
sequence for T at and thus 2 ¢ss(T).

The following result shows that, analogously to Example [8.16] the trun-
cated Floquet-Bloch transform converges to an approximate Kronecker delta
vector also for convergent pseudoeigenvectors of circulant matrices.

Proposition 8.21. Consider a symbol f 2 Cy ¢ and let ( m; um) be a conver-
gent sequence of pseudoeigenpairs of Ck(F) where m ¥ o= p(e' °) such
thate' © & 1. Let " > 0 be su [ciehtly small and m large enough such that
KCrk(P)Um  mumk<"2andj m oj <", then we have
< . 2 =< - 2
Tium) “<"® and Tium) “>1 "%
20y, Co)° Jni2Y, (o)

where
4!'

I p)E o)
Y. isasin Lemma and (Yo, ( 0))*=YpnnYy. (o)

Proof. Using Lemma(8.18, we can decompose Uy = U 2 E +u» 2 E”.

Because €' © & 1, o must be away from the band edge and inside the pt"
band. Lemma [8.19 then applies for " small enough to obtain

(m " m*)N Co®) (o 2% 0+2)\ Cri(F)  ple™™ );
where is given by (8.12) and Y as in Lemma|[8.19] Consequently, we have
M
ug 2 E- Eig q(ka(f)) = F

q:ei S
52Ym; (o)

(8.12)

which allows us to orthogonally decompose Uy = Vi 2 F+ + v-» 2 F.7 and by
E- F-, we have vy u, and kvok  ku-k.

~ Now we want to understand T (uy) and first aim to show that Ti(uy) =
TI(v2) if j2Y,. (o), which by the linearity of TJ is equivalent to proving
TJI(v,) = 0 for such j. We can write

> . )
vy = csQPm(up(e' 5);e' °);
SZYm; ( 0)
but by Example we know that TI[QPm(up(e' 5);e' =)] 2= js and
X
: 2 .
Ti(v) “ = icsi® jsi

SZYm; (Q))

equals zero for j 2Y,,. ( o), as desired.
Finally, we calculate
X

Tium) = Tivs) °
j2(Ym; ( 0))° j2(Ym; ( 0))° i2Ym

= KT (vo)k? < "2

X X

Ti(vs) 2
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and

i 2 >< i 2 2
Tium) “=1 Tiuy) "=>1 "<
i2Ym. (o) 20y, C0))°

Corollary 8.22. Consider f 2 Cx ¢ with C(F) the corresponding sequence
of circulant matrices. Let ( m;Um) be a convergent sequence of pseudoeigen-
pairsto o= p(e' °) such thate' ° & 1. Then,

0= m"!ml Qm(um):

8.3. Periodic Structures

In this section, we will apply the newly defined truncated Floquet-Bloch
transform from Section[8.2)to spatially periodic physical systems and show that
as the size of the system grows the truncated Floquet-Bloch transform allows
us to recover the band structure accurately and e Lciehtly. We first illustrate
a simpler system (a single resonator with only nearest-neighbour interactions)
and then provide a full generalisation of our result.

It has been shown [20, Theorem 4.1.] that any eigenmode of the infinite
structure has a corresponding approximation in its large, finite counterpart.
Furthermore, the bulk of eigenmodes of a finite system are such approximations
of infinite eigenmodes.

Proposition 8.23. Let el 2 Tl and f 2 Cy . Consider an eigenpair
( (e" );u(e")) of f(e' ). Then, there exits a sequence (M;jm) N? and
eigenpairs Tm(F)Umij) =  (m:jm)YU(m;jm) SO that

mimy ¥ (€) and Kumj.y QPm(u(e'); )k ¥ 0 asm ¥ 1:
(8.13)

Here, QPn(u(e' ):e' ) denotes the quasiperiodic extension from Definition .

We aim to show that Proposition [8.23 can be reversed through the trun-
cated Floquet-Bloch transform by recovering the limiting quasiperiodicity from
a finite eigenmode.

8.3.1. Single Resonator or Particle with Only Nearest-Neighbour
Interactions. Structures obtained by repeating periodically a single resonator
or a particle keeping only nearest neighbour interactions are modelled with a
Toeplitz matrix of the following form:
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Chapter 8. Truncated Floquet-Bloch Transform

qota 1 a 0 0 0 0 1
a a a O 0 0
0 a1 a ap 0 0
Cm = 0 o .o 0 0 G2oRrmm: (814)
0 0 0 0 ap az
0 0 0 O a1 ata

This is the case in one-dimensional systems of resonators [5| [55] but also
a common approximation in condensed matter physics; see, for instance, [19].
The following result holds.

Proposition 8.24. Let M, 2 C™ ™ be any of T (F) for f(z) =a 1z 1 +
ap + a1z! or Cn, from (8.14). Consider a sequence of eigenpairs ( m;Um) of
Mm suchthat ¥ 2Rasm ¥ 1. Then, =f(e'°) with

0= m“!ml Qm(Um):
Proof. It is well-known that the eigenpairs of T, (f) are given by

(m;s) = Ao + 2a1 COS 1 1 s m;
(ms) — m sl q; ;

where m ensures that Uys) is normalised. Denoting
gs:[0;1) IR
X ™ sin( xs); s2N;
P .
a straightforward computation yields gs = 5, 0s;n€'™ with

< 1 n
-0 else;
ifs=2ror
1 1 1
9sn =~ o n)+1+2(r+n)+1

if s =2r + 1. In the first case s = 2r, we trivially get Qm(Um;s)) = s=m.

(8.16)

On the other hand, for s = 2r + 1, jgs:nj? has a peak for n = r and decays
quadratically from there. Therefore, it follows from a bounding argument that
liMm 1 Qm(Um;s)) = limm e 1 s=m in this case.

On the other hand, we note that since a | = a;, T takes the form f(ei )=
ap + 2a; cos( ) and

m:s) ¥ a0 + 2a1cos( o) = F(e' °);
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8.3. Periodic Structures

with ¢ = limp s 1 s=m, which concludes the proof for T, (f). For C,, one
may observe that, using the explicit formulas from [3] and the linearity of F,
the argument presented above can be repeated as is.

We present in Figure [8.3] the band structure reconstruction for systems
of dimers with only nearest-neighbour interactions. The reader may notice
that every even quasiperiodicity is exactly reconstructed already in m = 20,
while for the odd quasiperiodicities, we need larger system sizes to accurately
reconstruct them. This phenomenon is due to the di Lerence between the decay

patterns of (8.15) and (8.16)).

o

- | N - |
— P
3.0 3.0 o
254 ol o) 254 £ S
)
204 o ) 204 &P

154

€ Quy: j)
10)
2()

3:0 4

2554

&
2.0 { @&

1:0 4
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@ m=20 (b) m =50 (c) m=280

Figure 8.3. Band structure reconstruction for systems with
only nearest neighbour interactions (eigenpairs of
Cm from (8.14)). The solid lines show the traces
of the symbol’s eigenvalues (i.e., the actual peri-
odic bands) while the green circles show the re-
constructed discrete bands.

8.3.2. Systems of Resonators with Long-Range Interactions. In
Section [8.3.1] we have presented for the convenience of the reader the simplest
possible system and an explicit proof for the reconstruction of the band struc-
ture though finite systems using the truncated Floquet-Bloch transform. Now,
we will present our results in full generality.

Theorem 8.25. Let f(z) = Pnzz anz" 2 Cy i be such that aj,; = O(n P)
for some p > 1. Consider a sequence of eigenpairs ( m; Um) of Tmk(F) so that

m¥ 2Rasm ¥ 1 with = (e °) 2 (T(F)) fore' & 1 and
kumk = 1. Then

0= m”!ml Qm(um):

We remark that the assumption on the limit of , and un, is rather weak.
A well-established result states that the spectrum of a Toeplitz operator is
composed of the essential spectrum and at most a site of finitely many isolated
eigenvalues; see Appendix [Al

Proof of Theorem [8.25] The proof is now the combination of various
steps prepared in the previous sections. Let " > 0 and consider an eigenpair
Tm(F)um = mum. Then, by the assumption on the decay of the Fourier
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Chapter 8. Truncated Floquet-Bloch Transform

coe Lciehts of f, we can approximate Tm(f) by Tm(fI') for some r. We may
choose m large enough so that

KTm(FYum  mumk <™
Note now that by Corollary Um must be delocalised, i.e. kumka ¥ O.
Furthermore, (Crn(FI"1) and T (FI)) diedonly in a fixed number, say Ky, of

entries (independent of m) uniformly bounded by K,. By possibly increasing
m, we can assume that K;Kokumkq <™. Then,

ka(f[r])Um mUmK = k(Cm(f[r]) Tm(f[r]))um + Tm(f[r])um mUmK
KCmF)  TonFEM)umk + kT (FMuym  mumk
< KiKokumkq +" < 2™
As a last step, we can apply Corollary [8.22] to conclude the proof.

We elucidate the result of Theorem [8.25 with two applications. The first
one, presented in Figure[8.4] reconstructs the band structure of the capacitance
matrix associated to a one-dimensional chain of 100 dimers in three dimensions.
This should be compared to |20, Figure 4]. Figureﬁshows instead the band

3:0

2:5 1

2:0 A

151 0 ( Q) »
— 1()
—_— 2()

3 2 1 0 1 2 3

Figure 8.4. Band reconstruction for a three-dimensional di-
mer system composed of 100 resonators. Fourier
coe [cieht of the matrix of interest decay slowly
with approximately O(n 2). Nevertheless, the
band structure is perfectly reconstructed.

reconstruction of T (F) for
>x 1
f(z) = ——zP: (8.17)
2ipj
p2z

We observe a very fast reconstruction of the band structure, which is already
distinguishable for N = 10 and very well approximated for N = 30.

213



8.4. Aperiodic Structures
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Figure 8.5. Band reconstruction for Ty, () with T as in (8.17)
with exponentially decaying Fourier coe [ciehts.

8.4. Aperiodic Structures

The Floguet-Bloch transform is a well-established tool to analyse periodic
systems. It is, therefore, no wonder that its truncated counterpart works so well
for periodic vectors as proved in the previous section. In this section, we show
that its power extends far further by applying it to aperiodic structures, which
are not encompassed by the standard Floquet-Bloch transform. We consider
in particular three types of defected structures: SSH-like structures, dislocated
structures, and structures with compact defects. All of these structures arise
naturally from a periodic model (here a system of dimers). We will show
that the truncated Floquet-Bloch transform recovers the band structure of the
model and the localised eigenmodes inside the bandgap.

8.4.1. SSH-Like Structures. In this subsection, we consider an SSH
model, which supports one localised mode. We recall that the corresponding
capacitance matrix is given by

1
CassH = & 2 2 :
2 1
1 2
1 2
2 1
1 €

(8.18)
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In Chapter [7} it is shown that there exists exactly one eigenvector v 2 R*m*!
of Cgssn 2 R*™M*1 4m*1 which is exponentially localised, loosely meaning

v@2m i) pe Bi- A2R:B>0; (8.19)
while all other eigenvectors u 2 R*™*! behave like
ul2m D A5 sin(B1j) + Azcos(Bzj); A1 Az Bi;B, 2 R: (8.20)

We refer the reader to Chapter [7] for a more precise statement on the eigen-
vectors of Cgssy. One may remark that eigenvectors of the form are
approximately the eigenvectors of the unperturbed structure (see Section .
So, it is clear that for these eigenvectors the result of Theorem [8.25 holds. On
the other hand, is localised and thus Theorem does not hold. In
Figure[8.6] we illustrate how the reconstruction of the band structure works. In
particular, Figure [8.6b] shows how localised and delocalised modes are di [erent
in front of the truncated Floquet-Bloch. This diLerknce can be explained with
the uncertainty principle: a vector and its Fourier transform cannot both be
localised. Remark that the eigenvectors of Cgssy cannot directly be fed into Q
as the latter expects a vector of even dimension, while the SSH structure has
an odd number of resonators due to the defect. We consequently zero-pad the
eigenvectors before applying Q.

8.4.2. Dislocated Structures. The second aperiodic system we consider
is that of a dislocated structure. This Kind of structure, which has been widely
studied [15, |50, |71], are composed of a dimer structure which gets separated
into two structures with a distance d between them; see Figure It is
well-known that this dislocation generates a midgap frequency associated to
a topologically protected localised interface mode. We show in Figure [8.7D]
that exactly as for SSH structures, also for dislocated structures the discrete
Floquet-Bloch transform perfectly recovers the band structure of the originally
periodic system and isolates the localised eigenmode.

8.4.3. Compact Perturbations. The last aperiodic system we consider
is the one with compact perturbations obtained here by perturbing the material
parameters of one resonator. If C is the matrix associated to the unperturbed
system, then in order to analyse the perturbed system we look at eigenvalues
of BC, where

B =diag(1;:::;1;1+ ;1;:::;1) (8.21)
with 2 R. It is clear that the method introduced in [17] can be used to
analyse the eigenvectors of BC, showing that the eigenvectors associated to
eigenvalues in the spectral bulk are delocalised and are approximately the ones
of the defectless structure. However, the eigenvectors associated to eigenvalues
in the gap are exponentially decaying. A full and rigorous analysis of the
existence and uniqueness of eigenvalues in the gap could be performed using
the same tools as those in [6]. Here, we are content with simply analysing
the band structure, which we do in Figure [8.8 In Figures [8.82] and [8.8c, one
notices that in the presence of perturbations that do not generate eigenvalues in
the gap, all eigenvectors are delocalised and the reconstruction of the periodic
band structure is flawless. In Figures [8.8b and [8.8d] we look at perturbations
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(a) The localised eigen- (b) The truncated
vector uyo and a delo- Floquet-Bloch pro-
calised eigenvector. jection for the eigen-

vectors of Figure [8.6a
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(c) Reconstructed band structure and
band structure of the periodic model.

Figure 8.6. The truncated Floquet-Bloch reconstructs the
band structure associated to (8.18). Note that
the band structure is the same as the one of the
periodic structure from Figure[8.3]with the excep-
tion of the localised mode that stands out. Fig-
ures (a) and (b) illustrate the uncertainty prin-
ciple.

that generate eigenvalues in the gap. Here the reconstruction of the band is
successful as well, but the pairs (Q(u); ) associated to localised eigenvectors
stand out again, due to the delocalised nature of the discrete Fourier transform
of these vectors.

8.5. Concluding Remarks

In this chapter, we have provided the mathematical foundations of the
truncated Floquet-Bloch transform. We have applied the proposed method
for finite systems of resonators to characterise both delocalised and localised
eigenmodes. We have illustrated its e [ciehcy and accuracy in a variety of
numerical examples. Following this line of research, it would be very inter-
esting to generalise the method and the results obtained in this chapter to
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(a) Dislocation occurs in a system of dimers by (b) The truncated Floquet-Bloch

increasing the intra-dimer spacing to an ar-
bitrary distance d.

transform e [edtively recovers
the band structure of the ori-
ginal (periodic) system, here
shown as red and black solid
lines. Blue crosses show the
guasiperiodicity and eigen-
value of the localised mode.

Figure 8.7. The truncated Floquet-Bloch transform can be
applied to a dislocated system to recover the band
structure of the underlying periodic system.

more general disordered structures than those studied in this chapter. An-
other very interesting problem is to apply the truncated Floquet-transform to
non-Hermitian systems in particular those exhibiting a skin e [edt (accumula-
tion of the eigenmodes at one edge of the structure) based on our previous

results in [3, |11].
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(b) Positive defect, eigenmodes super-

imposed. Localised eigenmodes are
highlighted with colours.
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(d) Positive defect, reconstructed band

structure. Eigenvalues associated to
localised eigenmodes are highlighted
with the same colours as in (b).

Figure 8.8. Band reconstruction for a compact defect of the
type of (8.2I). For negative defects, no localised
modes are generated and the band is recovered
flawlessly. For positive defects, localised modes
are generated and the corresponding eigenvalues
stand out in the reconstructed band structure.
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CHAPTER 9

Localisation in Disordered Systems

9.1. Motivation and main results

In this chapter, we show that results and wave localisation mechanisms
similar to the periodic case can be obtained in disordered systems. Our work
in this chapter can be seen as a first attempt to construct a consistent picture of
how wave localisation occurs at subwavelength scales in disordered systems of
subwavelength resonators. By disordered, we mean systems that are not trans-
lationally invariant. It is worth emphasising that here the disorder is in the
spatial distribution of the resonators. We will show that localised eigenmodes
can be created in these systems, under some conditions on the spatial distri-
bution of the resonators, by randomly varying the material parameters of the
resonators. To do so, we need to introduce the notions of bandgap and defect
midgap eigenmode. Recall first from [19] that in dimension three the matrix
C corresponding to a system of subwavelength resonators is a nonsingular real
symmetric M-matrix, i.e., it is diagonal dominant, all of its o [=diagonal terms
are negative, and its Cjj entry decays as the distance between the resonators
Di and Dj for large enough ji  jj, showing long-range interactions in the res-
onator’s system; see [59, (118, |119, [141]. Recall also that in dimension one
the matrix C is a real tridiagonal symmetric matrix and O is an eigenvalue of

> denotes the transpose.

Our first goal in this chapter is then to introduce the notions of bandgap
and midgap eigenvalue for C and/or C and to construct several disordered
systems that exhibit these phenomena. Then, assuming that C exhibits a
bandgap, we show that by randomly perturbing the material parameters of
the resonators, as in [17], we can evolve localised eigenmodes from extended
eigenmodes and study how the localisation length and the portion of localised
eigenmodes in the system vary as the amount of disorder is increased. By
that kvka =kvkg := max jvij=( jvii?)¥2 is close to 1.

While for finite periodic strluctures the associated eigenmodes are approx-
imately linear combinations of Bloch eigenmodes of the corresponding infinite
structure, this fact is in general not true for disordered systems. However,
as first observed by Edwards and Thouless [51], if we repeat the disordered
structure periodically, then a localised eigenmode must be an eigenmode of the
obtained periodic structure for any quasiperiodicity. In other words, by looking
at the sensitivity of the eigenmodes to the quasiperiodic boundary conditions,
we can distinguish between localised and delocalised eigenmodes. While the
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delocalised eigenmodes of the disordered structure are sensitive to the peri-
odisation of the structure, the localised ones are very insensitive. Conversely,
if a Bloch band of the obtained periodic structure is flat (i.e., independent
of the quasiperiodicity), then such an eigenfrequency corresponds either to a
localised eigenmode or to one of the edges of the bandgap. By this reasoning,
we introduce natural notions of localisation and bandgap in disordered struc-
tures. The strategy is as follows: by periodising the disordered finite structure
and looking at the variation of the eigenfrequencies of the infinitely periodic
structure as a function of the quasiperiodicity we can detect band edges and
consequently also the existence of a bandgap in the distribution of the eigen-
values of the capacitance matrix C. We may also detect localised eigenmodes
inside such bandgaps. We recall that the quasiperiodic eigenfrequencies of the
infinite system are obtained as the eigenvalues of the quasiperiodic capacitance
matrix C ; see [18, 19]. A remarkable finding is that, depending on the dis-
order, “hybridised bound eigenfrequencies” may exist. These eigenfrequencies
do correspond to quite localised eigenmodes (they are less localised than those
in the bandgap) and accumulate as the number of resonators increases while
the number of localised eigenmodes stays finite. Such “hybridised bound ei-
genmodes” do not exist in periodic systems of subwavelength resonators. They
also don’t occur in dislocated chains of resonators or finite chains of SSH type.
In both cases, the structure is composed of two half-periodic systems having
the same band structure. In some sense, to display such hybridised bound
eigenmodes, disordered systems must di[en significantly from periodic ones
and break even local translation invariance. Hybridised bound eigenmodes
can then occur for resonant frequencies that are partially supported in these
systems whereas defect modes that are supported nowhere are fully localised.

Our results in this chapter generalise those obtained on the localisation of
electrons in disordered lattices |1} (105, /109, |136] to classical systems of sub-
wavelength resonators where, despite being in the low-frequency regime, the
subwavelength resonances of the system interact strongly with the disorder.
For similar results on the continuous Schrédinger model, we refer the reader
to [72] and the references therein. It should be noticed that the localisation
mechanism for the continuous Schrddinger model, which is due to potential
wells is fundamentally diLerent from the discrete models studied here. To our
knowledge, the landscape localisation theory [30, 58| |96] is one of the most in-
triguing ways to detect localised eigenfunctions in the continuous Schrédinger
model. An eLledtive potential (known as a landscape function) finely governs
the confinement of the localised eigenfunctions. In this picture, the boundaries
of the localisation subregions for low-energy eigenfunctions correspond to the
barriers of this e [edtive potential, and the long-range exponential decay char-
acteristic of localisation is explained as the consequence of multiple tunnelling
in the dense network of barriers created by this e [edtive potential. In [45],
a landscape theory for the generalised capacitance matrix is developed and
used to predict wave localisation positions in random and aperiodic systems of
subwavelength resonators. In [59], it is shown that the landscape localisation
theory is valid for all M-matrices.
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In this chapter, we show that starting, as in the finite periodic case, from
a disordered structure exhibiting a bandgap, we can introduce localised eigen-
modes by perturbing the material parameters of some resonators. Furthermore,
we implement Thouless’ criterion [135] for disordered subwavelength systems
of resonators. Finally, we compare the performance of the landscape function
for the detection of localised eigenmodes in perturbed periodic systems with
that in disordered systems when hybridised eigenmodes occur. We also show
that the behavior of the fractal dimension related the eigenmodes of randomly
perturbed disordered systems [31] can be used to identify the mobility edges
even in the presence of hybridised eigenmodes. We focus on one-dimensional
models for the simulations to simplify the computations. Nevertheless, there
is no reason to expect di Lerent results in three dimensions, as our methods are
based on the properties of eigenvectors and not on the structure of the involved
matrices.

The results of this chaper are from [12]

9.2. Bandgaps

It is well known that the subwavelength part of the spectrum of periodic
systems of subwavelength resonators where there are N resonators per unit
cell is given by the union of the first N band functions as a result of Floquet—
Bloch’s theorem [18, [19]. Recent results obtained in [13} 20] have shown
that the subwavelength part of the spectrum of the infinite system can be
approximated by the subwavelength eigenfrequencies associated with large size,
finite systems. Furthermore, the boundary of the essential spectrum gives the
mobility edges discriminating between localised and delocalised eigenmodes.

This theory does not apply to disordered systems, but the distinction and
prediction of whether a frequency corresponds to a localised or a delocalised
eigenmode are still highly relevant. To do that, we generalise the idea intro-
duced in [51] where the sensitivity of the eigenvalues to the choice of periodic
or antiperiodic boundary conditions was used as a criterion for localisation, as
follows. The main dilerknce between a localised and a delocalised eigenmode
is its magnitude at the edges of the system: While a localised eigenmode is
exponentially small at the edges, a delocalised eigenmode is proportional to a
constant there. Consequently, localised eigenmodes are not sensitive to qua-
siperiodic boundary conditions, while delocalised eigenmodes are. It is there-
fore natural to consider the system with quasiperiodic boundary conditions at
its edges. Denote by @ I, the i" Bloch band function of the system.

We consider three families of disordered systems:

SSH: Inspired by the SSH model, its quantum-mechanical analogue, this
model is composed of two periodic systems with dilerent unit cells
joined together. In [6], this system is studied in wave physics in the
subwavelength regime;

Dislocated: This model is composed of an array of dimers, one of which gets
dislocated by increasing the intra-resonator distance. We point to [15]
for a study of this model;
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Disordered blocks: This model, which actually generalises the other two,
consists of a random arrangement of fixed blocks of resonators (di-
mer blocks and monomer blocks), with known band structure. The
disordered block systems in this chapter will always consist of two
distinct building blocks, which are randomly sampled to generate an
arbitrarily large disordered system.

The family of systems consisting of disordered blocks is more strongly dis-
ordered than both the SSH and dislocated system, as even local translation
invariance is violated. The eigenmodes are thus no longer given (at least loc-
ally) by Bloch eigenmodes, making it impossible to obtain any dispersion rela-
tion. Consequently, numerical methods such as the truncated Floquet-Bloch
transform, which allows the recovery of the band structure for the SSH and
dislocated systems (as shown in Chapter [8| and ), fail to recover anything in
the disordered block case.

However, while strongly disordered systems might no longer exhibit the full
band structure of their periodic counterparts, we can still observe the familiar
notions of band regions and bandgaps.

9.2.1. Band Variation and Flat Bands. In Figure 9.1, we show the
Bloch band functions for a (a) periodic, (b) SSH, (c) dislocated, and (d)
disordered block structure, obtained by imposing quasiperiodic boundary con-
ditions on the respective finite systems. This corresponds to computing the
eigenvalues of the quasiperiodic capacitance matrix C : (C;;) defined as in
the previous chapters by

z
@ -
Cii == N 9.1
ij oo, 8 (9.1

system). Here, ; is the solution to the Laplace equation in cell Y containing
the set of resonators D with the boundary condition j = iion @Dj, which are
guasiperiodic with quasiperiodicity in the Brillouin zone Y associated with
Y (i.e., such thate ' X j () is periodic); see [5, |18]. The N band functions
of the system are then given by the Bloch band functions 2Y A 1,()
mapping a quasiperiodicity  in the Brillouin zone to the pt" eigenvalue of C .

For any eigenvalue of C we can then calculate the variation of the corres-
ponding band function as an analogue of Thouless’ energy [51} |136] in wave
physics in the subwavelength regime. Observing Figure 9.1 we remark the
following:

(i) In all cases there is a rigorous or intuitive idea of what a bandgap for
these structures is: the interval (1;2);

(i) As expected, defect “bandgap” frequencies associated to localised ei-
genmodes have an essentially flat Bloch band function reflecting their
insensitivity to boundary conditions;

(iii) The closer the Bloch band functions are to the bandgap, the flatter
they are;

(iv) Flat bands need not be isolated and may appear in dense regions.
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Figure 9.1. The band functions when imposing quasiperiodic
boundary conditions to a (a) periodic, (b) SSH,
(c) dislocated, and (d) random block system.
For each band the colour indicates its variation.
There is an obvious bandgap given by the inter-
val (1;2). At the edges of this gap the variation
is lower. The systems (b) and (c) have a defect
midgap eigenmode (in light blue) while system
(d) has an accumulation of near-to-zero-variance
bands.

Physically, a structure cannot have a perfectly flat Bloch band function,
as Floquet-Bloch’s theorem would then imply a non-empty point spectrum,
which is impossible because of the translation invariance property of the sys-
tem. Nevertheless, Figure b—c) shows that numerically flat bands can be
identified with localised eigenmodes.

To distinguish which bands should be considered flat, we suggest comparing
their variations with that of the lowest band function. This approach has
several advantages. In one dimension the lowest band function is guaranteed
to be associated to a delocalised eigenmode, whereas in all dimensions it lays
the edge of a band. Furthermore, the variation of the Bloch band functions
strongly depends on the size of the system, compared with other variations
cancelling this dependence.
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9.2. Bandgaps

9.2.2. Localisation and Hybridised Bound Eigenmodes. A natural
guestion that arises at this point is whether or not a low band function variation
also indicates a high localisation. This is shown to be true in Figure [9.2] for
all four cases presented in Figure 0.1l The clear clustering shows that the
variation of the Bloch band function is an accurate proxy for localisation.
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Figure 9.2. Variation of the Bloch band function A I,
versus localisation degree of vi. Except for (a),
which has no localised eigenmodes, the clear clus-
tering shows that the variation of the Bloch band
function is an excellent mean to identify localised
eigenmodes. The plots correspond to the same
structure as in Figure 9.1}

Figure d) shows a region — the interval (2;3) — which is filled out
by essentially flat band functions. In Figure d) it can be seen that even
though these eigenmodes do not lie in the bandgap, they are nevertheless quite
localised and exhibit very low band function variation. We classify them as hy-
bridised bound eigenmodes as they are distinct from both extended eigenmodes
in the band and strongly localised eigenmodes in the bandgap. Furthermore,
one notices that for large systems of the same kind, eigenvalues accumulate in
this region but the corresponding eigenvectors are localised. This argument
would suggest the existence of eigenvalues embedded in the essential spectrum
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for the corresponding infinite structure. As they appear only in strongly dis-
ordered systems as opposed to periodic (or locally perturbed periodic) systems,
their existence seems to depend on the violation of local translation invariance.

9.2.3. Mobility Edges and Bandgaps. In all four systems of Figure[0.],
we observe that the regions of high band variation, are flanked by more flat
bands at the edges. Thouless’ theory of localisation thus also applies to wave
physics in the subwavelength regime: Regions of high band variation corres-
pond to pass bands and are flanked by a mobility edge, which can be detected
by using the band variation. In strongly disordered systems, where even local
translation invariance is broken, hybridised bound eigenfrequencies may accu-
mulate into regions resembling pass bands. Although these hybridised bound
eigenfrequencies all have comparatively low band variation, it is still signific-
antly higher than that of midgap eigenfrequencies and goes down towards the
region edges, suggesting a similar mobility edge transition as in the pass band
case.

Outside of pass bands and hybridisation regions, we find only strongly
localised, isolated midgap eigenmodes induced by defects. Thus, these regions
are natural candidates for bandgaps in disordered systems of subwavelength
resonators. We can identify them as the gaps between regions of eigenvalues,
flanked by flat bands indicating mobility edges.

9.3. Block Disordered Systems

Systems of randomly sampled resonator blocks, as illustrated in Figure
and Figure turn out to be rich models of disordered systems in one di-
mension as they are amenable to analysis using a powerful propagation matrix
approach. We will find a deep agreement between the notions introduced in the
previous subsection and the propagation matrices of the constituent resonator
blocks.

9.3.1. Construction. We shall begin by giving a more thorough account
of the construction of block disordered systems to enable further analysis later
on: Subwavelengh block disordered systems are an array of subwavelength
resonators D = ;Z; Bj consisting of M blocks of resonators Bj sampled ran-
domly and arranged linearly.

Note that a single resonator block may contain more than one resonator,
in particular two for a dimer block. We denote M the total number of sampled
blocks and N the total number of resonators. Consequently, we always have
M N.

Example 9.1. A simple but rich disordered system is obtained by sampling
from two blocks S and D with probability ps and pp, respectively. S denotes
a single resonator block with | =s =2 and D a dimer resonator block D with
I, =1, =1and s; = 1;s, = 2. A single example realisation with M = 14 of
this system could then be described by the chain

SSSSDSSSSSDSSS  or S*DS°DS?;
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Figure 9.3. A block disordered system consisting of two single
resonator blocks S and a dimer block D arranged
in a chain as SDS. It thus consists of M = 3

where SX and DX denote k repetitions of the single or dimer block, respectively.
In Figure 9.3 another realisation with chain SDS is illustrated.

In this chapter, we will only consider blocks sampled independently from
a finite collection (that is, of size two) of blocks. A crucial consequence of this
kind of sampling is that as the number of sampled blocks M goes to infinity,
any local arrangement of blocks must occur infinitely often almost surely.

9.3.2. Propagation Matrix. The theory of propagation of waves in one-
dimensional disordered systems has a long tradition dating back to Saxon and
Hutner [123]. We refer in particular to |73} |74] and their theory based on the
propagation matrix using Moebius transformations. This approach identifies a
frequency in a bandgap if the largest eigenvalue 4« Of the corresponding total
propagation matrix has a magnitude larger than one. The results obtained in
this framework are mostly limited to [73, Theorem II] which only partially
characterises the resulting band structure. They show that, in a system com-
posed of various blocks, the intersection of the bandgaps of the single blocks
must be part of the bandgap of the total system (if certain mixing conditions
are met).

In the subwavelength regime the propagation matrix Py.s( ) for a single res-
onator of length | and spacing s to the subsequent resonator can be formulated
as

ux+l+s) _ 1 Is s u(x) )
dx+1+s) — 11 u) OO ©2)
i

where is the contrast parameter and the frequency is given by 1 = P—

Propagation matrices for blocks consisting of multiple individual resonators can
then be obtained by multiplying the constituent single resonator propagation
matrices.

In Figurewe can then see [73, Theorem I1] at work, as in the common
bandgaps of the constituent blocks (i.e. when max = 1 for all blocks) the
density of eigenmodes is zero. However, our method for identifying mobility
edges, outlined in the previous subsection, allows us to obtain a richer clas-
sification. In Figure [9.4] we see that using the variation of the Bloch band
functions, we not only recover the entire bandgap but also identify hybridised
bound eigenmodes, which are not covered by propagation matrix theory.
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Chapter 9. Localisation in Disordered Systems

(a) Disordered block structure com- (b) Disordered block structure com-
posed by a monomer (single res- posed of two dimers with di [erknt
onator) and a dimer. band structures.

Figure 9.4. Comparison of propagation matrix approach (via
its greatest eigenvalue, as lines in the plots) and
the band function variation (coloured vertical
lines in the plots). Where there are no such
lines, the density of eigenmodes is zero. One
observes the richness in behaviours due to the
possible combinations of in/out of band regions
for both structures and the consequent existence
of delocalised, hybridised bound, and localised ei-
genmodes. For each system M = 100 blocks were
sampled randomly.

In the bandgap the density of eigenmodes is zero and only defect modes
can occur, while both the band and hybridisation regions support resonant
modes. However, by comparing their band variations, we can distinguish these
modes even without knowledge of the underlying block structure. Figure 0.5
illustrates that while for eigenvalues in the pass band the band variation re-
mains unchanged as the number of blocks M increases, for eigenvalues in the
hybridisation region the band variation decreases exponentially. These results
are in line with the intuition that the distinction between pass band, band gap
and so on, which is only truly sharp in the infinite limit, becomes sharper as
the system size is increased and is thus sensible for large finite systems.

9.3.3. Fractal Density of Eigenmodes. As outlined in the previous
subsection, the density of eigenmodes of disordered systems can be divided
into three types of regions: Band regions where the density is nonzero and the
corresponding eigenmodes are delocalised, gaps where the density is zero and
hybridisation regions which also exhibit a nonzero spectral density.

In this subsection, we aim to better understand the density of eigenmodes
in these hybridisation regions as well as the localisation behaviour of the cor-
responding eigenmodes.

As an illustrative example, we shall again consider disordered systems as
in Example 0.7 but with a low density of dimer blocks, namely pp = 0:1, since
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Figure 9.5. Median band variation in the lower spectral re-
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gion ([0; 1]) corresponding to the pass band and
the upper spectral region ([2;3]) corresponding
to the hybridisation region as a function of the
number of blocks sampled M. We consider dis-
ordered systems as in Example 0.I with M = 10
up until M = 200 blocks sampled and a high
concentration of dimers pp = 0:9. The results
are averaged over 100 independent realisations of
the disordered system.
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Figure 9.6. Density of eigenmodes in the upper spectral re-

gion [2; 3] for the disordered system as in Ex-
ample 0.7 with a low concentration of dimers
(pp = 0:1) and M = 10° block sampled. The
horizontal lines denote various types of simple di-
mer defect modes.
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Chapter 9. Localisation in Disordered Systems

the fundamental mechanisms at work are most plainly visible in this regime.
In Figure [9.6] we can see that in this regime the density of eigenmodes in the
hybridisation region is of fractal nature. In line with [48], there is a clear ex-
planation for this phenomenon: At low dimer density pp = 0:1, the dimers that
do occur can be seen as defects in an array of identical single resonator blocks.
These defect modes can be calculated by taking the defect and attaching an
infinite number of single resonators to both sides, i.e. STDS1, S1TDDS?T,
S1DSDS? and so on. Now, if these defect modes lie in the band gap of the
single resonator (which they do for the dimers under consideration), attaching
these single resonators amounts to imposing exponentially decaying boundary
conditions.

We now turn our attention back to the arbitrarily large disordered system
with arbitrarily many ‘dimer defects’ as a consequence. Each dimer block
introduces defect modes in the hybridisation region, and because these defect
modes are exponentially decaying when passing through single resonators, they
barely interact with other defects causing the actual eigenvalue introduced to
be exponentially close to the eigenvalue of the defect mode. This can be
observed in Figure [9.6] where the peaks in probability density perfectly align
with the defect modes. The fractal nature of the density of eigenmodes is
then explained by the relative probabilities of the defect types. For example,
a defect of type D occurs roughly 10 times as often as a defect of time DD
because pp = 0:1. However, because the defect modes for D; D?; D3;::: type
defects form a dense subset of [2; 3], the density of eigenmodes of the disordered
system will also become nonzero in a dense subset of [2; 3] as the number of
blocks sampled M increases.

As the density of dimers increases, the mechanism remains the same. How-
ever, the stronger hybridisation of the dimer eigenmodes causes the defect
eigenmode peaks to be less pronounced.

9.4. Defect Frequencies

Having identified a method of creating strongly disordered systems with
well-defined bands and bandgaps we are now in a position to investigate local-
ised defect eigenmodes in the disordered setting. There are multiple strategies
on how to modify a periodic structure of subwavelength resonators with a
bandgap to support localised defect eigenmodes [18} |19]. In this section, we
consider one of these — the most suited for disordered systems — and show
that it generates localised eigenmodes in disordered structures.

In this section, we consider a structure of any type known to have a bandgap
in the sense of Section W and seek to slightly modify the system to get (at
least) one localised eigenmode centred on some specific resonator, indexed by
Ig.

The creation of a localised eigenmode occurs by modifying the wave speed
inside the resonator ig. This approach is particularly suited to a disordered sys-
tem because it does not rely on any geometrical assumption. Mathematically,
this translates to considering the eigenvalues of the generalised capacitance
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matrix C =V C with V is now given by
VJZ_ 1
jiD1j

—— Vig+ )? i
V o= W
V% N
iDNJ

In principle, there is no reason why this procedure should generate localised
eigenmodes also for disordered systems, after all, there is no clear (periodic)
structure that is perturbed. However, the underlying bandgap structure sup-
ports the presence of these eigenmodes.

In Figure 0.7, we show the result of this procedure on a structure com-
posed of disordered blocks as in Figure a). Two eigenvalues jump into
the bandgap and their corresponding eigenmodes become localised around the
index ig at which the perturbation is performed. We note that the two eigen-
modes have very dilerent decay rates. As in periodic systems, this is due to
the di Lerknt distances that the two eigenvalues in the gap have from the bands.

9.4.1. Defect Eigenmode Prediction. The capacitance matrix approx-
imation of the system delivers the following modal decomposition of the Green
function G(!) associated with the system of resonators:

==
=€ 1Py t=" ©3)
i - J
for 12 not being an eigenvalue of C, where Iy is the N N identity matrix
(with N being the number of resonators) and ( j;u;) are the eigenpairs of C.

Away from the spectrum of C, we can thus predict the outline of the ei-
genmode associated with an excitation at the it" resonator by G(!)e;j, where
(ei)]N; denotes the standard basis of RN. The absolute error in predicting
the defect eigenmode vq4 via G(1q)e;, is of the order of 10 13 with 14 being
the defect eigenfrequency. Remark that for this computation one can use the
unperturbed generalised capacitance matrix providing an accurate a priori es-
timation of the defect eigenmodes. However, the defect eigenfrequency 14 still
needs to be computed.

The modal decomposition can generally be used to show that, as in
the periodic case, the defect midgap eigenvalues are associated with localised
eigenmodes. This follows from the fact that the generalised capacitance mat-
rix has entries that decay at least as the inverse of the distances between the
resonators. Furthermore, by [76], when a nonsingular matrix has geometric-
ally decaying entries, then its inverse also has a similar decay with a possibly
di Lerent rate.

At the beginning of this section, we have commented on the di Lerent decay
rates of the defect eigenvectors showing in Figure 9.7, This e[edt turns out
to have an interesting origin. In Figure [9.8) we show that the position of the
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Figure 9.7. Defect modes for a disordered system as in Ex-
ample 9.7 with M = 100 blocks and a defected
dimer in the middle (i = N=2; = 0:2). Left:
Spectrum of the defected system with two de-
fect frequencies in the bandgap. Right: The two
eigenmodes corresponding to the defect frequen-
cies. The upper / lower triangle marks corres-
pond to the upper / lower defect frequency and
the mark colour indicates whether the respective
site belongs to a single resonator block (blue) or
dimer block (red). The eigenmodes are exponen-
tially localised about the defected site, with their
rate of decay closely matching the predicted de-
cay (dashed line) obtained by taking the expected
decay in the blocks. The outline of the localised
eigenvectors is e[edtively predicted by the dis-
cretesGreen function of (9.3) up to an error of
10 13,

defect eigenvalue depends on which of the blocks is chosen for the perturbation.
Recall that we are considering a disordered block structure composed of two
types of blocks — dimer blocks and monomer blocks — arranged in a random
manner. In the left part of Figure [0.8] we see that if we perturb one of the
single resonator blocks the upper defect eigenmode stays fixed while the lower
defect eigenmode moves across the bandgap. For larger perturbations, the
lower eigenmode ceases to move, and the upper defect eigenmode moves up
instead. If we instead perturb a dimer block, we see the opposite picture.
Perturbation causes the upper defect eigenmode to move into the upper gap
while the lower defect eigenmode barely moves. Remark furthermore that if one
happens to know beforehand that the last eigenvalue of a band is a hybridised
bound eigenfrequency with eigenmode localised around some resonator, then
perturbing that precise resonator makes the eigenvalue immediately jump into
the bandgap avoiding the initially flat part of the blue curve in Figure [9.8(b).
Note that in Figure 0.7|we perturb a dimer block inducing a large jump for the
upper defect eigenvalue and a small jump for the lower one. This is reflected
in the two very di[erknt decay rates of the corresponding eigenmodes.
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9.4. Defect Frequencies

Once the defect frequency is known, we can employ the propagation matrix
formalism to find precise defect rate predictions for block disordered systems.
We denote Lx (1) = Inj (Px(!?))j the Lyapunov exponent at frequency !
where Py denotes the total propagation matrix of the single resonator block
X =S or dimer block X = D, respectively, and () selects the eigenvalue
with the lowest absolute value. We note that because detPx = 1 we must
always have Lx(!) 0.

Recall that the single resonator S is sampled with probability ps and the
dimer D with probability pp. The decay of some defect mode with eigenfre-
quency ! after K random blocks is thus given by the random variable

Y — eLs(!)xeLD(!)(K x)1 (94)

where X Bin(ps; K) is sampled from the binomial distribution. Therefore,
the expected decay after K random blocks is given by

E[Y]= (pse-s(*) + ppeto(M)K: (9.5)

As we can see in Figure 0.7} this prediction matches the actual decay rate very
closely. At this point, we note that this decay rate argument is also able to
predict the decay of hybridised bound eigenmodes between sites of localisation
but fails to account for the collocation induced by hybridisation. However,
because defect modes only resonate at their defect site (in the case of a single
defect) the decay prediction applies without any issue.
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g Bands 1
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(a) Defected single resonator. (b) Defected dimer resonator.

Figure 9.8. Defect eigenfrequency as a function of positive
material parameter perturbation strength. We
are perturbing the structure from Figure a).
Left: Perturbation of a single resonator block cre-
ating a large jump in the lower eigenvalue. Right:
Perturbation of a dimer resonator block creating
a large jump in the upper eigenvalue.

9.4.2. Dimer Defect. Another interesting e [edt recently observed in [17]
for the periodic case is the repulsion e [eck occurring when two adjacent reson-
ators are perturbed by the procedure illustrated at the beginning of the section.
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Figure 9.9. When perturbing juxtaposed resonators two ei-
genvalues jump into the bandgaps. The distance
between these eigenvalues depends on the dis-
tance between the perturbed resonators. In any
case, the eigenvectors display opposed nature.

Level repulsion means that when randomness is added to the entries of a mat-
rix, the eigenvalues tend to separate. In periodic systems, such a perturbation
induces two coupled eigenmodes to jump into the bandgap and to be localised
once with a dipole (odd) symmetry and once with a monopole (even) sym-
metry. We analyse this situation for disordered systems. In Figure 9.9 we plot
the two largest eigenvalues when such a perturbation is performed observing
the same level of repulsion seen in periodic structures.

9.5. Stability Analysis

A natural question that arises when studying the bands and bandgaps of
disordered systems is whether they are stable under perturbation.

To that end, in line with the previous section, we investigate the behaviour
of our disordered systems as the wave speeds inside the resonators are per-
turbed globally. Recall that the spectra of these systems are described by the
eigenvalues of V C where V is a diagonal matrix encoding material parameters
and sizes of the resonators, namely Vi = vi2 i=jDij and the entries of C depend
only on the geometry of the resonators.

In the unperturbed case, all resonators have the same wave speed v; = 1.
We now globally perturb the wave speed as follows:

Vi=vit

where the perturbations ; U[ ; ] are independently drawn from the uni-
form distribution U[ ; ]Jwith supportin[ ; ]. In particular, we note that
such perturbations destroy the prior block structure of our disordered block
systems.

This setup resembles the one found in [17] for the purely periodic case.
Indeed, many observations from the periodic case still hold in the disordered
bandgapped setting. Figure[0.10/demonstrates that the two statistical phenom-
ena, which dominate the periodic case, continue to do so in the disordered case.
Namely, level repulsion pushing the eigenvalues apart, as demonstrated by the
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increasing mean eigenvalue separation and Anderson localisation causing a
complete localisation of the eigenmodes, as demonstrated by the decreasing

mean band variation and increasing degree of localisation.
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(a) Level Repulsion: Mean eigen-
value separation as a function
of the perturbation strength

(b) Anderson localisation: Mean eigen-
mode localisation kuk, =kuk, and
mean band variation as a function of
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Figure 9.10. Level repulsion and Anderson localisation under
material parameter perturbation (averaged over
100 random realisations). The material para-
meters of the double pass band system from
Figure[9.4(b) are perturbed uniformly with per-
turbation strength

These two forces are illuminated further in Figure[9.11] The starting point
is the disordered system with two pass bands introduced in Figure [9.4(a).
Without perturbation, we can see that the density of eigenfrequencies is evenly
distributed into the two bands, with slightly higher density at the band edges.
For small perturbations the bandgap remains unaltered, this is due to Weyl’s
spectral stability result and the inherited Hermitian nature of the problem. As
the perturbation strength increases, the band edges begin to dissolve as level
repulsion causes the eigenvalues to spread out, causing a progressive closing
of the bandgap. This also illustrates why the lower band is more resistant
to perturbation, as the eigenvalues cannot spread out below zero. At the
same time, Anderson localisation causes the eigenmodes to localise, where
again the eigenmodes in the upper band are more susceptible. Furthermore,
for large perturbation strength, the bandgap vanishes and the majority of
eigenmodes become fully localised as the system transitions from a disordered
but structured system to a fully random and unstructured one.

Finally, in Figure [9.12 we compare the perturbation response to the peri-
odic dimer system. For all three systems, the observed behaviour mirrors the
one observed in Figure [9.1T] as the eigenvalues spread out and the eigenmodes
become localised. In particular, the global perturbation seems to make no
distinction between extended eigenmodes and hybridised bound eigenmodes,
both becoming completely localised for large perturbation strengths.

The material parameter perturbation is general in the sense that both
spacing and resonator size perturbations cause the same localisation behaviour.
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Figure 9.11. Density of eigenfrequencies and band variation
under material parameter perturbation (aver-
aged over 100 random realisations). We again
perturb the double pass band system from Fig-
ure b) uniformly. The colours mark the
mean band variation in the corresponding bin.
As the perturbation strength increases the dens-
ity of eigenfrequencies spreads out, converging
to the expected e * distribution [17] and the
eigenmodes become localised.
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(A) Periodic system. (B) Disodered system with (C) Disordered system with
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Figure 9.12. Band variation and spectral distribution of dif-
ferent systems under material parameter per-
turbation (averaged over 100 random realisa-
tions). We perturb the periodic dimer system
from Figure a) and the single and double
pass band disordered systems from Figure a
and b) uniformly. The colours mark the band
variation of the eigenmode at the corresponding
point. The behaviour is the same in all cases,
as the eigenvalues spread out and the corres-
ponding eigenmodes become increasingly more
localised.

This is not surprising, given that perturbations in the material, spacing, and
size of the resonators induce equivalent perturbations in the governing matrix
VC.
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9.6. Prediction of wave localisation positions and mobility edges

In this section, we first consider the landscape function and compare its
performance of the landscape function for the detection of localised eigenmodes
in perturbed periodic systems with that in disordered systems when hybridised
eigenmodes occur.

The landscape function first introduced in [58] has already been used to
predict wave localisation in subwavelength resonator systems [45]. The pre-
diction is through the computation of the solution u of

VCu=1; (9.6)

where 1 is the vector of only ones. We note that generally in one dimension
this procedure does not work. However, it might be applied using the pseudo-
inverse. In Figure(9.13] where the entries of the solution u of are plotted,
we show that the localisation landscape can also be used for the detection of
localised eigenmodes even in the presence of hybridised bound eigenmodes.
Comparing Figure 09.13(a) and Figure [9.13(b), we observe an increased noise
level due to the hybridised bound eigenmodes. However, this e [edt is orders of
magnitude smaller than the pattern induced by the defect material parameter.

0 20 40 60 80 0 20 40 60 80
Site index Site index

(@) Periodic structure of dimers with (b) Disordered structure with hybrid-

material parameter defect at the ised bound eigenmodes from Fig-

site index 40. ure 0.4(a) with additional material
parameter defect at the site index
40.

Figure 9.13. The landscape function predicts the localisation
induced by material parameter defects in dis-
ordered systems even in the case when hybrid-
ised eigenmodes occur.

We note that in Figure [9.13] we consider double pass band systems. By
decreasing the material parameter in the defected resonator, a localised ei-
genmode emerges from the edge of the second pass band into the bandgap of
the system. This makes the entries of the landscape function u achieve their

236
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minimum at the location of the defected resonator. We also note that the
landscape function does not clearly detect hybridised bound eigenmodes.

As discussed in [37) 45|, one of the limitations of landscape theory is that
it only reveals useful information about the lowest eigenmodes (or, after trans-
lation, the highest eigenmodes). Here, the shape of the localised eigenmode
appearing in the middle of the spectrum is very nicely predicted by the land-
scape function. The double pass band is the key here. In some sense, the
landscape function is better suited for detecting localised eigenmodes in sys-
tems with multiple pass bands than in monomer systems. Such behaviour of
the landscape function may be rigorously justified based on Chebyshev poly-
nomials, in a similar way to [6].

9.6.1. Fractal dimension of localised eigenmodes for predicting
mobility edges. Finally, we show that the behaviour of the fractal dimension
related the localised eigenmodes of randomly perturbed systems can be used to
identify the mobility edges in disordered systems even when hybridised bound
eigenmodes occur.

Specifically, in this framework, the fractal dimension of an eigenvector v 2
RN of the capacitance matrix C is defined as

L( ;v):= In(fi:v2<N gj) 9.7)

for 2 R; see, for instance, [31]. We note two interesting values for L.:
L( ;1=k1k) = In(N) for < 1 and undefined for 1, and L( ;e) =
In(N) for every  where ¢; is an element of the standard basis.

10 9:
8 87
85
6
4 34
3.47:
2 3.87(
0
2 5 7
ector index i

(@) Periodic structure.  (b) Disordered structure (c) Periodic structure with

0.000 10 0.000

—0.464 —0.467
—0.928 8 —0.934
—1.392 —1.402
—1.857 — 6 —1.869 —

0 25 50 75 100

with hybridised bound single material para-
eigenmodes from meter defect at index
Figure [0.4a) with 50.

material parameter

defect at index 50.

Figure 9.14. The fractal dimension shows a clear dilert
ence between locally translation invariant struc-
tures and disordered structures. A clear phase
change between the delocalised and the hybrid-
ised bound eigenmodes can be observed in (b).
The eigenvectors are arranged in ascending or-
der with respect to their corresponding eigen-
values.
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As shown in Figure 0.14] the fractal dimension indicates a clear phase
change when moving from the first band to the second band Figure b).
Here, two observations are in order. On the one hand, the fractal dimension
of the first band is qualitatively indistinguishable from the one of a periodic
structure. On the other hand, the bound states show a much richer fractal di-
mension and the two localised states induced by the material parameter defect
stick out — as in Figure c) — by having the lowest fractal dimension.

The periodic case in Figure a) and the defected structure in Fig-
ure c) behave similarly except for the localised eigenmode in the latter.

9.7. Concluding Remarks

In this chapter, we have shown how to extend the mechanism of sub-
wavelength localisation under random perturbation of the material parameter
from periodic systems of resonators to spatially disordered systems of resonat-
ors. By imposing quasiperiodic boundary conditions on the disordered system,
we have introduced natural generalisations of the notions of bandgap, mobil-
ity edge, and midgap defect eigenmode. We have also introduced a localised
eigenmode prediction based on the discrete Green function of the disordered
system of resonators. We have observed the existence of hybridised bound
eigenmodes in structures where local translation invariance is broken. In sys-
tems consisting of a random resonator block array, the necessary condition for
the occurrence of such hybridised bound eigenmodes is that the bandgaps of
the constituent resonator blocks are not identical. Finally, we have shown that
both the landscape function and the fractal dimension of eigenvectors of the
capacitance matrix can be applied to detect, respectively, localised eigenmodes
and mobility edges in disordered structures even in the presence of hybridised
eigenmodes.

On the one hand, our results in this chapter open the door to the study
of wave localisation in other classes of disordered structures such as quasiperi-
odic ones (see, for instance, [46]) as well as in non-Hermitian systems of sub-
wavelength resonators with gauge potentials studied in Chapters[2 and 3] On
the other hand, our findings here motivate the study of the distributions of
the eigenvalues and the localisation properties of the eigenvectors of products
of two matrices; one is a diagonal matrix with independent randomly per-
turbed entries and the other is an M-matrix [59, 118, 119, (141]. The study
of random M-matrices with correlated entries would also be of great interest
in wave physics in the subwavelength regime. In general, little is known about
the statistical properties of eigenvalues and eigenvectors of random matrices
whose entries are correlated.

238



APPENDIX A

Toeplitz Theory

We include this chapter mainly as reference for well established results in
Toeplitz theory.

Let k 2 N and consider a complex matrix-valued function f : T1 ¥ Ck K
on the unit circle T C represented by its Fourier series

>
f(z)=  asz’ (A1)
s2Z

where ag 2 CX k.
The k-Toeplitz operator associated to f from (A.I) is the operator on “2(N),
the set of square summable sequences, given by

(0] 1
d a1 a2

dp Qo a 1
Th=8_ ., . &

Let now n;k 1 and define the projections
Pn:“?(N) ¥ “2(N)
(X1;X%2;:0:) @ (Xq; 00Xy 0;0;::0): (A.2)

Then, the k-Toeplitz matrix of order mk for m 2 N associated to the symbol
T is given by

Tk (F) = PmkT (F)Pmk:
Tmk(F) can be identified as an mk  mk matrix.

Remark A.1. When k = 1, k-Toeplitz matrices and operators are simply
known as Toeplitz matrices and operators.

Consider a Hermitian Toeplitz operator T (f) with continuous symbol f :
T! ¥ CK K. Then, its essential spectrum is given by

L .
ess(T(F)) = (f(e' )):

el 2T1

This follows from [34] Theorem 6.5].

Definition A.2 (Band functions). We can then continuously label the eigen-
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For these bands, we also define the corresponding eigenvector band func-
tions up : T1 ¥ C* mapping e' to the eigenvector corresponding to the eigen-
value Io(e‘ ). We make u,o(ei ) unique by requiring it to be unit length and
fixing a polarity, i.e., =up(e' )@ =0 and <up(e' )@ > 0.

We will now introduce two special kinds of Toeplitz matrices.

Definition A.3 (Banded matrices). We call a Toeplitz operator r-banded if it
has only r nonzero o[=diagonal blocks. Note that the symbol of an r-banded
Toeplitz operator is therefore a Laurent polynomial:

X

f(2) = asz®:
jsi r

P
Definition A.4 (r-banded approximation). For any symbol f(z) = ,,asz° 2
Ck k we can thus define the r-banded approximation as

X
) = agz’
isi r
and call T (F["]) the r-banded approximation of T (f).

Definition A.5 (Circulant matrix). A k-circulant matrix of size mk mk is
a k-Toeplitz matrix such that its blocks satisfy
aj=amij, J=1l::m L
Spectral properties of Toeplitz matrices. For an operator A we de-
note by
sp(A) =f 2C:A is not invertibleg

the spectrum of A. For some " > 0, we denote by sp..(A) the pseudo-spectrum
of A defined equivalently [137, Section 4] by

2sp(A) ., k(A ) k>n1
- 2 Sp(A+ E) for some E such that kKEk <™
> 25p(A)or k(A )uk <™ for some u such that kuk = 1:

The spectrum of a Toeplitz operator is well understood, as the next lemma
shows [34, Theorem 1.10].

Lemma A.6. Let T(F) be a Toeplitz operator with symbol ¥ 2 L1, Then
sp(T) = T 2C:T {; not Fredholm? [T 2C:Ind(T ) & 0g;

='SPess(T)

where Ind(A) is the Fredholm index of A. In particular, for ¥ continuous we
have

sp(T)=F(TH[Ff 2C:w(f; )&0g;

where w(f; ) is the winding number of f around
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Chapter A. Toeplitz Theory

From Lemma [A.§ we can see that the spectrum of a Toeplitz operator
potentially has nonzero measure in the complex plane. It is therefore impossible
that the spectrum of a sequence of Toeplitz matrices converges to the one of a
Toeplitz operator in general. However, the following result from [137), Theorem
7.3] shows that such a convergence result exists if we consider pseudospectra.

Lemma A.7. Let T(F) be a Toeplitz operator with continuous symbol. Then
forany " >0

Jim sp-(Tn (F)) = sp-(T (F));
in the Hausdor [Cmetric, meaning
sp-(T)=Fz22C:9z2y 25p-(Tn) i 2zn ¥ Zz0:

While Lemmadescribes the convergence of the pseudospectra of Ty (),
we also know how the corresponding eigenvectors behave. For example, we have
the following lemma, from [137, Section 7].

Lemma A.8. Let T (f) be a Toeplitz operator with continuous symbol. Let 2
C be such that w(f; ) < 0. Then, if T is su Lciehtly smooth, the corresponding
eigenvector decays exponentially. Furthermore, there exists some M > 1 such
that isa M N pseudoeigenvalue of Ty (F) with corresponding eigenvector vy
satisfying
MR g
max; jvg)j
where vg) is the j™ component of v.
Spectrum of tridiagonal Toeplitz matrices. As the capacitance matrices
we handle are tridiagonal, we now focus on the well-understood theory of tridi-
agonal Toeplitz matrices. We will denote N N tridiagonal Toeplitz matrices

by their diagonal entries
Ob 1

a b c
a b

The eigendecomposition of tridiagonal Toeplitz matrices is well understood, as
the following result [113] Section 2] shows.

Lemma A.9 (Eigenvalues and eigenvectors of tridiagonal Toepliz matrices).
The eigenvalues of Ty (a;b; c) are given by

k=b+2p§cos 1 k N;

N+1 '’
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and the corresponding eigenvectors

a _ a % . ik . . .
= - in 1 k nandl i N
Yk c M Nw1 and ’

where u{" is the it coe [cieht of the k™ eigenvector.

The spectral theory of tridiagonal matrices that are almost Toeplitz has
been the object of many studies. In this work we are interested in N N

matrices with the modified T?)eplitz structure 1
b+a c

a b ¢
B (a;b;c) = : (A.3)
a b c
a b+c

For matrices of the type By (a;b; c) the spectral theory is fully understood
as well, as the following lemma [149, Theorem 3.1] shows.

Lemma A.10. Suppose that ac & 0, a+b+c =0 and let be an eigenvalue of
Pn(a;b;c) then either = 1 :=0 and the corresponding eigenvector is vy = 1
or

— P : :

= k:=b+2 accos N(k 1) ; 2 k N;

and the corresponding eigenvector

a = asin ji(k ) argsin G Dk 1) ;
c N c N '

Vo =
for2 k Nandl jJ N:

It should be noted that condition a + b + ¢ = 0 guarantees that | = 0.

Proposition A.11. Let N 2 Nand ( i:n;uin) forl 1 N and ( i:N;ViN)
for 2 i N be the eigenpairs of Ty (a;b;c) and Fy(a;b;c), respectively, so
that the conditions of Lemma [A.10] are satisfied. Then there exists an injective

J NORN inJ O as N T 1

kv (iyn Uink B0 as N T A

Proof. This is now trivial using the explicit formulations from Lem-
mas [A.9 and [A10

Despite not having a surjective mapping, there is only one eigenvalue of
the perturbed matrix that cannot be approximated via the Toeplitz matrix,
and this eigenpair is explicitly known ( 1 =0, v = 1).
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