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ABSTRACT

Low-pass spectral analysis (LPSA) is a recently developed dynamics retrieval algorithm showing excellent retrieval properties when applied
to model data affected by extreme incompleteness and stochastic weighting. In this work, we apply LPSA to an experimental time-resolved
serial femtosecond crystallography (TR-SFX) dataset from the membrane protein bacteriorhodopsin (bR) and analyze its parametric sensitiv-
ity. While most dynamical modes are contaminated by nonphysical high-frequency features, we identify two dominant modes, which are lit-
tle affected by spurious frequencies. The dynamics retrieved using these modes shows an isomerization signal compatible with previous
findings. We employ synthetic data with increasing timing uncertainty, increasing incompleteness level, pixel-dependent incompleteness,
and photon counting errors to investigate the root cause of the high-frequency contamination of our TR-SFX modes. By testing a range of
methods, we show that timing errors comparable to the dynamical periods to be retrieved produce a smearing of dynamical features, ham-
pering dynamics retrieval, but with no introduction of spurious components in the solution, when convergence criteria are met. Using model
data, we are able to attribute the high-frequency contamination of low-order dynamical modes to the high levels of noise present in the data.
Finally, we propose a method to handle missing observations that produces a substantial dynamics retrieval improvement from synthetic
data with a significant static component. Reprocessing of the bR TR-SFX data using the improved method yields dynamical movies with
strong isomerization signals compatible with previous findings.

© 2023 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (http://
creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/4.0000178

I. INTRODUCTION

Time-resolved serial femtosecond crystallography (TR-SFX) is
emerging as a prominent technique to investigate the structural
dynamics of light-sensitive proteins, at the atomic level with subpico-
second time resolution.' * In a typical experiment, protein microcrys-

patterns from individual crystals in random orientations. Only a small
fraction of the reciprocal lattice points in the resolution range of inter-
est is measured in an individual diffraction pattern (frame), giving rise
to significant data incompleteness. In addition, other stochastic effects
such as partiality (that is, stochastic weighting of intensities) and pho-

tals embedded in a viscous medium are brought into the interaction
region in a continuous fashion. Crystals are photoexcited by a pump
laser pulse, and, after a certain time delay, the structure is probed by
an x-ray pulse from a free-electron laser (FEL). Since this interaction is
destructive, no more than one diffraction pattern can be obtained
from one crystal. A dataset consists of tens of thousands of diffraction
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ton counting errors affect the data.

Stochasticity is commonly dealt with by binning-and-merging.’
In this approach, the pump-probe delay range is divided into time
bins. Equivalent reflections from all frames within a time bin are aver-
aged. This allows to mitigate the stochastic errors and, at the same
time, obtain a complete set of intensities per bin, which can be
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subsequently used, together with intensities from the protein resting
state, to calculate difference-electron density maps, which highlight
the light-induced structural changes. Numerous studies have been
published to date where the ultrafast dynamics of light-sensitive pro-
teins could be accessed by binning-and-merging TR-SFX data (see, for
example, Refs. 6-12). Yet, this approach can only provide limited
dynamical information. Effective mitigation of stochasticity by averag-
ing typically requires a large number of frames (of the order of tens of
thousands, i.e., a significant fraction of the entire dataset), thus result-
ing in broad time bins. This can imply a loss of timing information, in
favorable conditions with relatively small timing uncertainty and short
pump and probe pulse durations.

In this work, we explore the application of a recently proposed
dynamics retrieval method, the low-pass spectral analysis (LPSA), to
the processing of TR-SFX data. LPSA is presented in detail in Ref. 13,
where it is shown that excellent dynamics retrieval can be achieved
from synthetic data affected by extreme data incompleteness and
partiality. The quality of the reconstructed dynamics is found to be
superior to that from binning-and-merging. Compared to other
sophisticated dynamics retrieval techniques, the singular spectrum
analysis (SSA),'* and the nonlinear Laplacian spectral analysis
(NLSA),"'® a similar reconstruction quality is achieved by LPSA, but
with significant computational advantages.

The purpose of the present work is to present and discuss the
LPSA of an experimental TR-SFX dataset. After adaptation of the
formalism from Ref. 13, to explicitly account for nonhomogeneous
time labels (Sec. IT), we present the LPSA of the TR-SFX dataset
published in Ref. 10, collected from the membrane protein bacteri-
orhodopsin (bR) (Sec. IIT). In Sec. IV, we use a synthetic dataset to
rationalize our findings from the experimental data. Simulated
data offer the opportunity to isolate individual pathologies that are
known to affect TR-SFX data and investigate their impact on the
analysis. In Sec. IV A, we clarify how increasing timing uncertainty
(pump-probe jitter) affects the accuracy of dynamics retrieval. The
outcomes of increasing levels of homogeneous data incompleteness
and pixel-dependent incompleteness are analyzed in Secs. IV B
and IV C, respectively. In Sec. IV D, we account for the effect of
photon counting errors by introducing Gaussian noise into the
dataset. In Sec. IV E, we propose an alternative procedure to han-
dle missing observations, which is of particular interest when data
contain a relevant static component, and apply it to our bR TR-
SEX dataset in Sec. V. TR-SFX LPSA results are discussed in Sec.
VI, based on the insights gained from the synthetic data.

Il. FORMALISM

While the time evolution of the system gives rise to an intrinsi-
cally one-dimensional data manifold, various sources of stochasticity
impact the diffraction experiment, making the data space trajectory of
the dynamical system unrecognizable. Such effects can be mitigated by
using a combination of data concatenation and data filtering by sub-
space projection in supervector space. This can be achieved, for
instance, by using a set of data-driven basis functions, as is done in
NLSA. An alternative approach is LPSA, where a set of orthonormal
trigonometric functions is used as subspace basis."” In this section, we
summarize the LPSA formulation from Ref. 13 and extend it to gen-
eral, not necessarily uniformly distributed single-frame time labels.
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We consider m reciprocal lattice points in the resolution range of
interest, and denote with Xij the diffraction intensity related to the lat-
tice point i at time point ¢;. The m-tuple x; = (xy;, ...,xmj)T, thus, rep-
resents the diffraction pattern at time point #. As a consequence of
timing uncertainty, a measured #; from the experiment generally differs
from the time point ¢; that the vector x; truly corresponds to. Since the
t is unknown, the ordering of the measured time points tjis used to
order the vectors, i.e., the index j of x; reflects the ordering,

h<th<---<t<---<t,

for a total of S sampled time points.

A. g-fold concatenation

Through g-fold concatenation, one obtains from data vectors
xj € R™ (super-)vectors X, € R"™7. Hence, we form

Xq Xvtq-1 Xxs
Xi=|: |,nX = s Xs g1 =
X1 Xy XS—q+1
(1)
The mean time point associated with X, is
S R e
¥ =3 ; tj. 2

For a sufficiently large concatenation parameter g, the statistical uncer-
tainty of the 7, is small in comparison to the statistical uncertainty of
the nominal time points ¢, In this sense, the time labels of the super-
vectors X, can be made much more accurate than the time labels of
the data vectors x;, assuming that the timing uncertainties are primar-
ily statistical. Note, however, that through the construction described
by Eq. (1), the uncertainty of the ¢; remains reflected in the ordering of
the data vectors appearing in each supervector.

B. Low-pass filtering

Because data incompleteness, partiality, timing uncertainty, and
noise compromise the components of the X, the one-dimensional
manifold describing the dynamical evolution of the system is not read-
ily recognizable. To alleviate these issues, the low-pass projector
DD € R, with s =S — q+ 1, was introduced in Ref. 13. By
explicitly considering the set of mean measured times {7, }, the projec-
tor is now built using

W, 4 = cos (jot,), (3)
l//1/,2'1'#»1 = sin (]wfll)y (4)
2n
0=—, (5)
ts - tl
with v=1,...,55 j=1,....jmax and ¥, is a constant vector.

Orthonormalization of the vectors ¥y, ..., ¥,; ., yields the columns
of @. A reduced data representation, where only frequency components
below and including the cutoff value j,,c are retained, is given by

A=X®, (6)
with A € R™* and k = 2jpay + 1.
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C. Modal decomposition

The reduced data representation is singular-value decomposed

A=U0xvVT, (7)
where U = (uy, ..., u,), with 4; columns of U € R"""; £ € R"™,
with elements X; = ;65 V = (vy,...,v,) with v; columns of

Ve Rk”; and r < k is the rank of A. In this framework, we compute
the matrix

r
X = Zaiuiw? € RMqXS, (8)
i=1
whose columns X, capture the points X(Z,) on the manifold more
faithfully than the columns of the original X do. Here, 7 is the number
of LPSA modes retained, and the chronograms w; = ®v; € R* are
orthonormal basis vectors for the subspace of relevant functions of
time, sampled at the time points 7,,.

D. Trajectory reconstruction in data space

According to Eq. (1), for S>> g, most data vectors x; appear in
the original supervector matrix X q times. However, in the matrix X
obtained in Eq. (8), this property is not preserved. Therefore, there is
no unique way to recover from X the trajectory in data space.
Consider the uth m-component block in the vth column of X

5(5“) = Z oiuw,; € R™. 9)
i=1
Let us assume that g is an odd number. Then, Eq. (1) would suggest
that the vector

1 & :
B, = Z Xl(/[zul]/zﬂﬂ) (10)

is the same, irrespective of whether one chooses p =0, or p=1,..., or
p = (g — 1)/2. Hence, each of these choices gives a permissible recon-
struction of the dynamics in data space. For a p chosen, we associate
with x,, the time point
o o (an
= Lv+(g—1)/241)- 11
2+ luzfp (v+la=1]/2+1)

v

The choice p = (g — 1)/2 corresponds to the standard reconstruction,
also present in SSA'* and NLSA."”

I1l. DYNAMICS RETRIEVAL FROM A TR-SFX DATASET

In this section, we present the LPSA of a TR-SFX dataset from
bR in the first picosecond after photoactivation. The interested reader
is referred to Ref. 10 for a detailed description of sample preparation,
experimental conditions, binning-and-merging procedure, and results.

A. Data collection

Data were collected at the Linac Coherent Light Source of the
SLAC National Accelerator Laboratory from bR microcrystals in the
lipidic cubic phase.”” The sample was delivered to the interaction
region using a high-viscosity injector.”® Crystals were photoexcited
using a 529 nm pump laser with a pulse duration of 100 fs. The struc-
ture was probed using an XFEL pulse with a duration of 50 fs. For

each single-shot pattern recorded, in the following referred to as a
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frame, the pump-probe delay #; was measured with a timing-tool."” A
dataset from the protein in the resting state was also collected, with no
photoactivation of the sample.

B. Data reduction

Data extraction from the diffraction frames is carried out in
CrystFEL.” This includes data indexing, with prior detector distance
optimization for individual experimental runs, intensity integration,
and solution of indexing ambiguity in space group P6;.

We use customized code to account for the symmetry of the
Laue group and map the diffraction intensities from individual frames
to the set of m unique reciprocal space triplets (h, k, I). We count
m = 22727 unique reflections in the resolution range between 20 and
1.8 A. Of these, only approximately 2% are measured in an individual
frame. Following Refs. 16 and 13, we assign a value of zero to missing
observations. That is, we map data incompleteness to matrix sparsity.

Frame-dependent scale factors are calculated in CrystFEL® and
applied to reflections from individual frames using customized code.
A multiplicative frame-dependent constant is employed to account for
variations in crystal size and beam flux, and a Debye-Waller factor is
used to correct for varying levels of crystal disorder, which result in
different intensity decay rates with increasing resolution.

From the pump-probe delay distribution of 206181 light-
activated frames, we randomly select and discard frames, with the pur-
pose of obtaining an approximately uniform distribution over time.
We obtain a dataset comprised of S= 119507 light-activated frames,
covering roughly the first picosecond after photoactivation (Fig. 1).

The probability of observing a certain reflection is not homoge-
neous throughout the data matrix but rather decreases with increasing
resolution, that is, with increasing modulus of the corresponding
transferred wavevector Q. To account for this fact and following Ref.
16, we apply a redundancy-based scaling. We divide each intensity
value by the number of times the corresponding (h, k, I) triplet is
observed across the entire dataset. The fact that this scaling is neces-
sary and appropriate is demonstrated in Sec. I'V C.

C. LPSA results

LPSA involves two main parameters, the concatenation number g
and the cutoff value ji,x, defining the maximal frequency jiax employed

3500 4

[ a2

2500

number of frames

2000 L

1500 -

1000 -

500

0-r T T T
-200 0 200 400 600 800 1000
time [fs]

FIG. 1. Distribution of pump-probe delay times of 119507 bacteriorhodopsin diffrac-
tion frames used as input to LPSA.
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to build the projector’s basis functions. Other parameters involved are the
number of modes 7 employed in the dynamics reconstruction and the
number of copies 2p + 1 over which the averaging of reconstructed data
vectors is performed. We show in supplementary material Fig. 1 that the
value of p has little impact on the quality of the reconstruction. Hence, in
what follows we adopt p = 0, to reduce the computational cost.

1. Parameter optimization strategy

To select an appropriate (g, jmax, ) Set, we carry out parameter
scans. We calculate the singular-value spectra of the reduced data rep-
resentation A with a fixed value of g and varying jmay, and, in turn,
with fixed jimayx and variable g. Similarly, we calculate the indicator L,
whose definition is introduced in Ref. 13 and reported hereafter for
completeness, quantifying the deviation from local linearity of the
reconstructed trajectory, as a function of the number of modes
employed. We denote with {x;} the sequence of time-ordered recon-
structed data vectors related to the time points {¢;}, with x; = x(%;).
From any pair of temporally neighboring reconstructed data vectors,
xj_1 and x;, we can construct a local linear approximation to x(t),
which we call xU)(t),

x<j)(t) =Xj_1 + (12)
Local linearity implies that the two immediate temporal neighbors of
x;_1 and xj, ie, x;_, and xj;, lie close to the points x(f)(tj_z) and
xU) (tj41), respectively. We, therefore, define

o . :
LV [|xj—z — 2t ) + |xpr — 2D (G20l (13)

2
The average over all LU} represents our measure of deviation from
local linearity L.

In favorable cases, these indicators allow one to select the appro-
priate number of modes to be employed in the reconstruction. A sharp
decrease in the spectra when a certain value of 7 is exceeded indicates
that additional modes make a negligible contribution to the recon-
struction. A concomitant increase in L indicates that modes beyond

the 7th contribute mainly noise to the reconstructed trajectories (see
Ref. 13). Once the number of modes is selected, the convergence of the
solution can be assessed by calculating, with fixed jiax, the correlation
coefficients between pairs of successive solutions obtained by progres-
sively increasing g and, in turn, with fixed g, the correlation between
solutions obtained by increasing jmax.

2. Parameter optimization results

Figures 2 and 3 present the results of parameter scans from the
LPSA of the bR TR-SFX dataset. The singular-value spectra of A and
the indicator L as a function of the number of modes employed are
shown in Figs. 2(a) and 2(b), respectively, using a fixed jmax = 20 and
varying the value of g. Similarly, Figs. 3(a) and 3(b) present spectra
and deviation from local linearity, respectively, now using varying val-
ues of jmax with fixed g=15001. Singular-value spectra consistently
show that all modes after the first one have a similar weight [Figs. 2(a)
and 3(a)]. This means that, for a given (g, jmax) Set, no convergence
with respect to the number of modes employed in the reconstruction
can be expected, since each additional mode introduces new features
with a weight similar to the previous one.

Using as a guide the end of the plateau section in the deviation
from local linearity observed in Fig. 3(b), we adopt the tentative value
7 =6 and calculate the correlation between successive solutions
obtained by increasing jmax in steps of one (Fig. 4). Dips in correlation
correspond to new features adding up to the solution when increasing
Jmax Dy one unit and are expected to occur when ji,y lies below the
high-frequency end of the dynamical spectrum of the system.
Unexpectedly, correlation dips are observed up to jmax = 38, corre-
sponding to physically implausible high frequencies.

Inspection of LPSA chronograms w; helps to clarify the issue.
We observe that low-order modes are contaminated by high fre-
quencies, corresponding to periods down to a few tens of femtosec-
onds, which are not physically sound, considering the long
duration of the pump pulse (~100 fs FWHM). Figure 5 shows that
all modes after the first two are dominated by such spurious fea-
tures. As can be observed by comparing chronograms 3-6 at differ-
ent jmax values, these high-frequency features are jn.x-dependent,
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FIG. 2. LPSA of bR TR-SFX data. LPSA g-scan with jnax = 20. (a) Singular-value spectra. (b) Deviation from local linearity of the solution with p =0 as a function of the num-
ber of modes employed 7. (c) Correlation coefficient between successive solutions obtained with increasing g, calculated with p=0and r = 2 modes.
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FIG. 3. LPSA of bR TR-SFX data. LPSA jmax-scan with = 15001. (a) Singular-value spectra. (b) Deviation from local linearity of the solution with p =0 as a function of the
number of modes employed 7. (c) Correlation coefficient between successive solutions obtained with jiax and jmax -+ 1, calculated with p=0 and r = 2 modes.

which explains the lack of convergence at plausible jn,x values
observed in Fig. 4.

We, nevertheless, observe that the first two bR LPSA modes are
barely affected by high-frequency contamination (Fig. 5). They also
appear to be stable with varying jm.x. In addition, the deviation from
local linearity L as a function of the number of modes shows a large
increase after the second mode [Figs. 2(b) and 3(b)]. By selecting only
the first two modes, the solution appears to be stable both as a function
of g [Fig. 2(c)] and as a function of jiax [Fig. 3(c)]. We call this a
quasi-solution because convergence with respect to 7 is not fulfilled.
Difference-electron-density maps calculated using these two modes
(see map calculation details in Sec. V) show isomerization features
compatible with previous findings (supplementary material Fig. 2).

In Sec. IV, we use a synthetic dataset to investigate the root
cause of high-frequency contamination of LPSA modes. Using
model data, we can isolate different sources of stochasticity, which are
known to affect TR-SFX data and analyze their impact on dynamics
retrieval.

1.002

1.000 = -

0.998 -

0.996 -

0.994 A

correlation coefficient

0.992 -

0.990 T T T T T
10 20 30 40 50

Jmax

FIG. 4. LPSA of bR TR-SFX data with g =15001. Correlation coefficient between
successive solutions obtained with jmax and jmax + 1, calculated with p=0 and 6
modes.
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IV. DYNAMICS RETRIEVAL FROM SYNTHETIC DATA
AFFECTED BY STOCHASTICITY

In this section, we seek to identify the root cause of the behavior
observed in our TR-SFX dataset, particularly that of the singular-value
spectra as well as the high-frequency contamination of the chrono-
grams. To this end, we use a model dynamical system to investigate
the impact of various sources of stochastic errors, which are known to
be relevant in TR-SFX datasets, individually and in combination. We
employ the same model as was used in Ref. 13,

x(t) = (1 — e="%))[A + Bcos (3wt) + Csin (10wt)]
+ e [D + Esin (7wt) 4+ Fsin (11wt + /10)],  (14)
shown in Fig. 6(a), with f, corresponding to the middle of the time

interval considered, A, B, C, D, E, and F noncollinear vectors € R™,
with components

A; = cos [0.61],

B; = sin [3.0yi + 7/5],
C; = sin [0.8yi + 7/7],
D; = cos [2.1y],

E; = cos [1.2yi + n/10],
F; = sin [1.8yi + m/11]

(15)

fori=1,...,mand y = 2n/m.

Stochastic weighting (partiality) and extreme data incompleteness,
with a level of 98.2% missing observations distributed homogeneously
in space and time, were included in the model studied in Ref. 13.
Partiality was modeled by multiplying each intensity value by a random
number extracted from a uniform distribution comprised between zero
and one. It was shown that LPSA can achieve excellent dynamics
retrieval, superior to binning-and-merging, and similar to SSA and
NLSA. Here, we study the impact of timing uncertainty (Sec. IV A),
increasing homogeneous incompleteness and pixel-dependent incom-
pleteness (Secs. IV B and IV C), and photon counting errors (Sec. IV D).
Unless stated otherwise, missing observations are assigned a value of
zero, mapping data incompleteness to matrix sparsity. In Sec. IV E, we
show that a modified handling of missing observations is required to
obtain optimal results from datasets with a large static component.

10, 034101-5
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i A. Timing uncertainty

Timing uncertainty represents an important challenge in TR-

0 SEX. It is well known that once the delay line is adjusted to fulfill a cer-

tain pump-probe delay requirement, the effectively generated delay jit-

ters considerably. Jitter values are generally large (100-200 fs root

3 mean squared deviation'”), and the determination of the pump-probe

2500 1 : delay can be improved at the individual shot level, by using a timing-

5000 I L S tool, which is normally characterized by a substantially smaller uncer-

i ‘ Ce R tainty (see, for example, Refs. 19 and 20). Here, we investigate how the

0 5000 10000 15000 20000 25000 30000 extent of this residual stochastic error affects the quality of dynamics
J retrieval.

FIG. 6. (a) Underlying dynamics x(t) [Eq. (14)], with x; the i-th component of data TO. simulate .the rdandorp Componen.t al(?f the p(l;mp _pr.Obeatf]fmm(gi
vector x; = x(4;). Here, m=7000 and S = 30000. (b) Incomplete (98.2% missing uncertainty, we introduce in our partiality- and sparsity-atfecte

observations) and partial input data. Missing entries are assigned zero values gen- model data increasing levels of timing errors using the following pro-
erating a sparse input data matrix. cedure. We calculate model estimates at a set of homogeneously
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calculated with ¥ = 10 modes and p = 0.

distributed, but not necessarily equally spaced, underlying time values
I‘]—. To mimic the experimental error, we assign to each time point fj a
corresponding #, which is meant to represent the measured value and
is extracted from a normal distribution centered on ¢; and with stan-
dard deviation Gjiyer. Frames are then ordered based on the values of ¢.
We express the timing error g in terms of fractions of Ty, the
shortest period present in the dynamics [Eq. (14)].

We analyze datasets with 98.2% sparsity, partiality, and increas-
ing timing error Gjiyer in the range between 0.1 and 1.0T . All tested
jitter values introduce errors on the order of the frames. The rationale
behind LPSA parameter selection is outlined in Sec. III C 1. As men-
tioned in Sec. I1I, p=0 is employed in all reconstructions [Eq. (10)]
because this is the computationally cheapest option, and the quality of
the retrieved signal does not depend substantially on the choice of p
(supplementary material Fig. 1).

Figures 7 and 8 show the LPSA parameter selection procedure
for our sparse and partiall model data, with timing error

Gjitter = 0.1Tmin. Figures 7(a) and 7(b) present the singular-value spec-
tra and the deviation from local linearity as a function of the number
of modes 7, for a set of low-pass spectral analyses performed by keep-
ing a fixed value of jya = 100 and varying g. The concomitant sharp
decrease in singular value and increase in deviation from local linearity
when the number of modes exceed 10 indicate that modes beyond the
10th contribute mainly noise to the reconstruction. Figure 7(c)
shows the correlations between successive solutions, obtained with
Jmax = 100 and by progressively increasing the values of g. The solu-
tion appears to be relatively stable in the range between g =2001 and
q=5001.

With g = 4001, we analyze the results obtained with varying jimax.
Figures 8(a) and 8(b) show singular-value spectra and deviation from
local linearity for various values of jn.. Consistent with Fig. 7, 10
modes appear to be an appropriate choice. Figure 8(c) shows the cor-
relation coefficients between pairs of successive solutions obtained by
increasing jmax progressively and using 10 modes. We observe that
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local linearity of the solution with p=0 as a function of the number of modes employed . (c) Correlation coefficient between successive solutions obtained with increasing

Jjmax. calculated with ¥ = 10 modes and p = 0.
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d (I)]. Parameters

used in the analyses and correlation between the retrieved dynamics and the ground truth are reported in Table |.

the solution is stable in the ji.x-range between 50 and 300. The set
(q = 4001, jmay = 100,7 = 10, p = 0) is used to retrieve the dynam-
ics, and the result is shown in Fig. 9(a).

For comparison, we also apply NLSA to our dataset.”'® The
results of NLSA-parameter optimization are shown in supplementary
material Fig. 3. The quality of the retrieved dynamics, shown in Fig.
9(b), is found to be similar to that from LPSA. The same dataset is
treated by binning-and-merging. For a fixed bin size, intensities from
all frames within a sliding window of that size are averaged. The best
bin size is determined by calculating the correlation between the slid-
ing average and the ground truth (Fig. 10), a generally unavailable
metric. The best binning-and-merging outcome is shown in Fig. 9(c).
The reconstruction quality from binning-and-merging is inferior to
that from LPSA and NLSA, with a correlation to the ground truth of
0.9424 compared to 0.9826.

Figure 9 presents a summary of the results obtained by progres-
sively increasing the timing uncertainty in our dataset up to the value
Gjitter = 1.0Tmin. LPSA, NLSA, and binning-and-merging are carried
out with optimized parameters, using model data with timing uncer-
tainty of 0.1T i, [panels (a)-(c)], 0.3Tmin [panels (d)—(H)], 0.5Tmin
[panels (g)-(i)], and 1.0Tyn [panels (j)-(1)]. We observe that LPSA
and NLSA produce very similar results in terms of quality of the

retrieved dynamics. With relatively low values of gjitr in the range
between 0.1 and 0.5Tmin, LPSA and NLSA provide superior dynamics
retrieval compared to binning-and-merging. The quality of the
retrieval decays quickly with increasing timing uncertainty; with
Gjitter = 1.0Tmin, most dynamical features cannot be retrieved.

Although the quality of the retrieved dynamics is critically affected
by increasing timing uncertainty, the main impact appears to be the
smearing of dynamical features, provided that we operate in parameter
space regions of solution stability. Importantly, we do not observe a con-
tamination of the solution from spurious high-frequency features of the
kind found in our experimental dataset. High-frequency contamination
of the reconstructed dynamics can be observed in regions of parameter
space lacking solution stability. This is recognizable particularly at low
values of g (supplementary material Fig. 4).

B. Data incompleteness

We now introduce in our model data with partiality and no timing
uncertainty, various levels of data incompleteness (matrix sparsity).
Particularly, we compare input data with sparsity levels of 98% and
99.9%. Figure 11 shows the frequency spectra of the time evolution for
some of the input data pixels. Spectral features related to the system’s

TABLE I. Parameters used in the analyses reported in Fig. 9 and correlation coefficient between the retrieved dynamics and the ground truth.

LPSA NLSA Binning
Parameters Parameters Parameters
Gjitter q  Jmax P r cC q b log,e 1 P 7 cC Bin size cc
0.1 Ty, 4001 100 (g—1)/2 10 0.9826 101 3000 1.0 50 (q—1)/2 6 09854 1001 0.9424
03Th;, 4001 100 0 10 0.8903 4001 3000 1.0 50 (¢g—1)/2 10 0.8814 1201 0.8444
0.5Tmin 2001 100 0 4 0.7966 1001 3000 1.0 50 (q—1)/2 5 0.8006 2001 0.7827
1.0 Tyin 4001 100 0 4 0.7434 1001 100 1.0 50 (q—1)/2 3 0.7442 4001 0.7275
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dynamics are clearly visible at the low-frequency end of the spectra for
the 98% sparse data [Figs. 11(a)-11(e)]. An overlap between these features
and low-frequency noise components can be observed for the 99.9%
sparse dataset [Figs. 11(f)-11(j)]. Data sparsity affects the noise spectrum
of the time evolution of the system. In particular, increasing sparsity gen-
erates a shift toward lower frequencies of the noise spectrum, producing
an overlap between dynamical and noise spectral components.

Figure 12 shows the LPSA singular-value spectra [panels (a) and
(e)] and the deviation from local linearity as a function of the number
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FIG. 12. LPSA of synthetic data with partiality, no timing uncertainty, and sparsity
levels of 98.0% [(a)-(d)] and 99.9% [(e)—(h)]. Parameter scan along the jmax-axis
with fixed g =4001. (a) and (e) Singular-value spectrum. (b) and (f) Deviation from
local linearity of the solution with p=0, as a function of the number of modes
employed 7. (c) and (g) Correlation coefficient of the solution with p=0 with
respect to the ground truth, as a function of the number of modes employed r. (d)
and (h) Correlation coefficient between successive solutions calculated with
increasing jmax, With ¥ = 10 and ¥ = 9 modes, respectively.
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of modes employed [panels (b) and (f)] for the two datasets described
earlier, and with varying jmax. The singular-value spectra for the 99.9%
sparse dataset do not show a decay to negligible values [panel (e)], a
behavior that is similar to our TR-SFX dataset (Sec. I1I). Nevertheless,
the singular-value spectra and the measure of deviation from local lin-
earity [panels (e) and (f)] present a sharp decrease and increase,
respectively, corresponding to 7 =9 modes. With this choice, the
solution converges with respect to jmax [panel (h)]. Inspection of the
first 9 chronograms does not reveal a significant contamination from
nonphysical high frequencies (supplementary material Fig. 5).
Consistently, the solution obtained with optimized parameters (@ =
4001, jmax = 100,7 = 9, p = 0) does not show any prominent spuri-
ous features (supplementary material Fig. 6). Compared to data with
lower sparsity, the reconstruction quality deteriorates with higher spar-
sity, as the measurement of the correlation to the ground truth shows
[Figs. 12(c) and 12(g)].

C. Pixel-dependent data incompleteness

TR-SFX data incompleteness is not homogeneous over reciprocal
space, but rather it increases with resolution (or modulus of the trans-
ferred wavevector Q). To study the impact of this fact, we introduce in
our partial model data with no timing uncertainty, a pixel-dependent
sparsity level, with values comprised between 84.74% and 99.87%, to
mimic the levels of data incompleteness found in our TR-SFX dataset.
LPSA of these input data shows a rather poor quality of dynamics
retrieval [Fig. 13(b)].

To account for the effect of pixel-dependent sparsity, we apply
the redundancy-based scaling procedure first presented in Ref. 16 and
described hereafter. For each pixel i = 1, ..., m, we divide the mea-
sured intensities x;(¢) by the number of times the (N;) pixel i is
observed in the dataset. This has the effect of scaling pixels with
respect to each other so as to compensate for the variability in the
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FIG. 13. LPSA of synthetic data with partiality, no timing uncertainty, and pixel-
dependent (time-independent) sparsity levels similar to those of TR-SFX datasets,
ranging between 84.74% and 99.87%. (a) Ground truth. (b) Dynamics retrieval from
LPSA with g=4001, jmax = 100, p=0, and 10 modes. The correlation to the
ground truth is 0.8183. (c) Dynamics retrieval from LPSA with q=4001,
Jjmax = 100, p=0, and 10 modes. Input data were subjected to redundancy-based
scaling to account for the pixel-dependent sparsity level. The correlation to the
ground truth is 0.9860.
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number of observations. The LPSA result obtained using these data
preparation procedure is shown in Fig. 13(c), with a remarkable
improvement over the result without scaling.

D. Gaussian noise

Although photon counts are known to follow a Poisson distribu-
tion, for simplicity of implementation, we mimic this effect by consid-
ering Gaussian errors in our model dataset. Such an approximation is
in most cases well justified, as a Gaussian distribution approximates
closely a Poisson distribution for intensity expectation values exceed-
ing ten photons. First, using partial data with pixel-dependent sparsity
and no timing uncertainty, we introduce Gaussian noise. Then, we
repeat the same procedure using model data that include a pixel-
dependent static component (pedestal),

L(t) = x(t) + C+i/C, (16)

where x;(t) is given by Eq. (14), i is the pixel index ranging from 1 to
m=7000, C=3, and various values of C' are used to yield a small
(C' =1000), medium (C' =600), and large (C' =250) static
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FIG. 14. Fourier spectra of several traces x;(t) with i=200 [(a) and (f)], i=500
[(b) and (g)], i= 1000 [(c) and (h)], i=4000 [(d) and (i)], and i= 15000 [(e) and (j)].
Data are affected by Q-dependent sparsity, partiality, and no timing uncertainty.
(a)-(e) Data with no pedestal and no noise. (f)-(j) Data with large pedestal and
Gaussian noise with ¢ = |J|"/2.
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component. Individual observations are affected by Gaussian noise,
with a standard deviation & = [;()|"/%, where Ji(t) is obtained from
I;(t) by considering the effects of data incompleteness (sparsity) and
partiality. By including a time-independent contribution, we account
for the fact that TR-SFX data present a relatively large static compo-
nent and a relatively small dynamic one, since most atoms contribut-
ing to the structure factors do not move significantly over the time
scales examined. The value of the static component is pixel-
dependent, to mimic the fact that diffraction intensities tend to
decrease with increasing resolution.

Figure 14 shows the Fourier spectra of the time traces of a few
individual pixels from model data with partiality, pixel-dependent
sparsity, and no timing uncertainty. Panels (a)-(e) show spectra from
data with no static component and in the absence of Gaussian noise
(6 =0). Panels (f)-(j) show the Fourier spectra of the same pixels, now
from data with a large static component, and ¢ = |J |'/2. While low-
frequency dynamical features are clearly visible in the first dataset,
spectral components of the dynamics are completely overwhelmed by
noise features in the second dataset. LPSA singular-value spectra for
the two datasets are shown in supplementary material Fig. 7. We
observe that while the first dataset presents a clear decay of the relative
weights of the modes after the tenth [panel (a)], in the second dataset,
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all modes after the first one have a similar weight [panel (b)]. This can
be attributed to noise features dominating the dynamics.

Figure 15 presents the evolution of some of the chronograms
with increasing static component and Gaussian noise (see supplemen-
tary material Fig. 8 for a complete version, including the first 10
modes). Clearly, high-frequency, spurious features contaminate the
chronograms when a larger static contribution is included, and
Gaussian noise is considered. As noise grows with ¢ = |J| 2 an
increase in the static component produces an increase in the amplitude
of noise, while the size of the time-dependent component of the signal
stays constant. With a large pedestal, low-frequency noise components
overwhelm the components originating from the system dynamics, in
the frequency spectra of the data, hampering the separation of physical
features from noise.

E. Treatment of missing observations

The analysis of data with a substantial static component reveals a
suboptimal dynamics retrieval even in the absence of Gaussian noise.
To exemplify this fact, we present the LPSA of synthetic data with a
pixel-dependent static component, pixel-dependent incompleteness
and partiality, and with no timing uncertainty and no Gaussian errors.
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FIG. 15. Chronograms from LPSA of synthetic data with Q-dependent sparsity, partiality, no timing uncertainty, Gaussian noise o, and various levels of pedestal. LPSA was

performed with ¢ =4001 and jmax = 100.
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In the procedure adopted so far (Refs. 13 and 16) which we now call
procedure 1, unmeasured entries are assigned a value of zero, and
intensities are weighted to account for the pixel-dependent redun-
dancy (Sec. IV C) prior to LPSA. Using procedure 1, we observe high-
frequency contamination of the chronograms (supplementary material
Fig. 9) from the LPSA of data with a large static component. In addi-
tion, the time-dependent components of the retrieved dynamics
appear to be suppressed in comparison to the static one [Fig. 16(b)].

A modification of the treatment of missing observations (proce-
dure 2) allows to address both issues. Rather than assigning a value of
zero to missing data matrix entries, we now compute the time average
x; of the N; existing measurements of pixel i. We assign this average
value to missing observations. To emphasize the dynamical compo-
nent, we subtract the pixel-dependent average X; from all (S) observa-
tions of that pixel. The resulting intensity deviation matrix is highly
sparse. While unmeasured entries are assigned to zero values, similar
to procedure 1, measured values now represent intensity deviations
from the average. This procedure allows to reduce the strong disconti-

FIG. 16. LPSA of data with partiality, pixel-dependent sparsity, and pixel-dependent
static component (pedestal) 3 + /600, with i = 1, ..., m. (a) Underlying dynamics
(ground truth). (b) LPSA of intensities according to procedure 1, with parameters
q=4001 and jnax = 100. Reconstruction with p=0 and 7 modes. CC to the
ground truth: 0.9017. (c) LPSA of intensity deviations following procedure 2 (Sec.
I\VE), with parameters ¢=4001 and jnax = 100. Reconstruction with p=0 and

nuities in the input data, which are generated by procedure 1, when a
large static component is present in the data. The immediate effect of
this is the mitigation of the high-frequency contamination of the chro-
nograms (supplementary material Fig. 9).

We account for the pixel-dependent incompleteness of the

summation of the first 9 modes to the average. CC to the ground truth: 0.9608.
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matrix to the previously subtracted static component, by left-
multiplication of the intensity deviation matrix by the diagonal
matrix with elements S/N;, prior to LPSA. The dynamics of the
system is retrieved by adding the summation of the 7 relevant
LPSA modes to the average,

¥

x(t) =%+ ot (17)

=1

The results of procedure 2 are shown in Fig. 16(c), with a remarkable
improvement over procedure 1.

V. LPSA OF A TR-SFX DATASET WITH AN IMPROVED
TREATMENT OF MISSING OBSERVATIONS

Because of the limited extent of the structural changes happening
on subpicosecond timescales, and the typically small excitation frac-
tion, i.e., most molecules in the crystals remain unpumped, TR-SEX
data are expected to include a large static component and a relatively
small time-dependent contribution. We, therefore, present the LPSA
of the bR TR-SFX dataset introduced in Sec. I1I, now handling missing
observations according to procedure 2 (Sec. IV E), to optimally deal
with data presenting a significant static component.
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A. Parameter optimization results

We calculate intensity deviations according to procedure 2 (Sec.
IV E) and carry out LPSA parameter scans. To discriminate between
physical features and artifacts, we analyze the evolution of the leading
chronograms as a function of the parameters involved. Figures 17 and
18 show the evolution of the first two chronograms with varying jmax
and fixed g= 15001, while Fig. 19 shows chronogram 1 as a function
of g, with fixed jax = 20. The time evolution of mode 1 (chronogram
1) is dominated by low-frequency features that persist with varying
parameters. Low-amplitude, high-frequency oscillations are also pre-
sent. These are parameter-dependent and identified as spurious. On
the other hand, chronogram 2 does not show persistent oscillations
with varying parameters. This indicates that chronogram 2 is over-
whelmed by noise and needs to be discarded.

Figure 20 shows the correlation coefficients between successive
solutions obtained using only the first dynamical mode, with varying g
and fixed jmax = 20 [panel (a)] and varying jmax with g= 15001 [panel
(b)]. The solution is relatively stable in the g-range around g = 15001
and with jmax > 15. This is consistent with the observation that the
first mode is dominated by low-frequency oscillations, which are con-
served with varying parameters. The measurement of the deviation
from local linearity L shows a large increase after the first mode
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