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Abstract
We present progress on three old conjectures about
longest paths and cycles in graphs. The first pair of
conjectures, due to Lovász from 1969 and Thomassen
from 1978, respectively, states that all connected vertex-
transitive graphs contain a Hamiltonian path, and that
all sufficiently large such graphs even contain a Hamil-
tonian cycle. The third conjecture, due to Smith from
1984, states that for 𝑟 ⩾ 2 in every 𝑟-connected graph any
two longest cycles intersect in at least 𝑟 vertices. In this
paper, we prove a new lemma about the intersection of
longest cycles in a graph, which can be used to improve
the best known bounds toward all the aforementioned
conjectures: First, we show that every connected vertex-
transitive graph on 𝑛 ⩾ 3 vertices contains a cycle (and
hence path) of length at least Ω(𝑛13∕21), improving
on Ω(𝑛3∕5) from DeVos [arXiv:2302:04255, 2023]. Sec-
ond, we show that in every 𝑟-connected graph with
𝑟 ⩾ 2, any two longest cycles meet in at least Ω(𝑟5∕8)

vertices, improving on Ω(𝑟3∕5) from Chen, Faudree,
and Gould [J. Combin. Theory, Ser. B, 72 (1998) no. 1,
143–149]. Our proof combines combinatorial arguments,
computer search, and linear programming.
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1 INTRODUCTION

One of the oldest and most fundamental research areas in graph theory is concerned with longest
cycles† in graphs. In particular, sufficient conditions for the Hamiltonicity of a graph, that is, the
existence of a cycle of length 𝑛 in a graph on 𝑛 vertices, have been widely studied, going back
to the classical result of Dirac [19] stating that every graph with minimum degree at least 𝑛∕2 is
Hamiltonian for all 𝑛 ⩾ 3. Theminimum degree condition is tight in Dirac’s theorem, so to obtain
similar results for sparser graphs one needs to add additional constraints, such as connectivity
conditions. For 2-connected regular graphs, the degree condition was improved to 𝑛∕3 by Jackson
[33] and later to the tight 𝑛∕3 − 1 by Hilbig [32], answering a question of Szekeres (see [33]).
For 3-connected regular graphs, asymptotically confirming a conjecture‡ independently made by
Bollobás [8] and Häggkvist [31], Kühn, Lo, Osthus, and Staden [37] showed that minimum degree
𝑛∕4 + 𝑜(𝑛) is sufficient to guarantee the graph being Hamiltonian. More generally, in the same
paper, they also considered some sufficient conditions on the length of the longest cycle of a graph.
An old conjecture of Bondy [9], confirmed by Wei [47], says that for all 𝑟 ⩾ 3, every sufficiently
large 2-connected regular graph on 𝑛 vertices with degree at least 𝑛∕𝑟 has a cycle of length at least
2𝑛∕(𝑟 − 1). Kühn, Lo, Osthus, and Staden [37] considered a generalization of this conjecture for
𝑡-connected graphs and showed that degree at least 𝑛∕𝑟 + 𝑜(𝑛) guarantees a cycle of length at least
min{𝑡𝑛∕(𝑟 − 1), (𝑛 − 𝑜(𝑛))}.
In contrast to the dense case, sufficient conditions for Hamiltonicity that also address sparse

graphs, with, say, a constant average degree, seem to be rather scarce. The positive results that
apply to sparse graphs can be roughly clustered into three (mostly orthogonal) research directions:
conditions related to pseudo-randomness such as expanders (see, e.g., the recent breakthrough
[20]), toughness conditions [7, 16], and symmetry conditions such as vertex-transitivity. Note that
for dense vertex-transitive graphs, that is, of degree 𝑑 = Θ(𝑛), a lower bound of (1 − 𝑜(1))𝑛 on the
maximum cycle length follows from the aforementioned results: Indeed, every connected vertex-
transitive graph of degree 𝑑 is 2(𝑑 + 1)∕3-connected [26], and thus the results from [37] discussed
above imply the existence of a cycle of length (1 − 𝑜(1))𝑛.
In fact, even stronger results hold: Christofides, Hladkỳ, and Máthé [15] showed that all con-

nected vertex-transitive graphs of degree of orderΘ(𝑛) contain aHamiltonian cycle. Our firstmain
result concerns longest cycles in general connected vertex-transitive graphs.
There are two main open problems in the study of Hamiltonicity on vertex-transitive graphs

that are commonly attributed to Lovász and Thomassen, respectively. The first is a conjecture
posed by Lovász [40] in 1969 and asserts that every connected vertex-transitive graph admits a
Hamiltonian path. The second is a conjecture by Thomassen from 1978 (see, e.g., [6], Conjec-
ture 1 and the references therein) and states that apart from finitely many exceptional graphs, all
connected vertex-transitive graphs even contain aHamiltonian cycle. In fact, to this date, only four
connected vertex-transitive graphs on at least 3 vertices are known, which do not have a Hamil-
tonian cycle (one of which is the infamous Petersen graph). It is worth mentioning that Lovász
originally posed his conjecture in the opposite form, but nowadays the abovementioned positive
version has become standard. Curiously, Babai [5] has proposed a conjecture contradicting Lovász

† Throughout this paper, a longest cycle in a graphwill be defined as a cycle attaining themaximumpossible length among
all cycles in the graph.
‡ Their conjecture was made for general 𝑡-connected 𝑑-regular graphs, 𝑡 ⩾ 3, and said that 𝑑 ⩾ 𝑛∕𝑡 + 1 is sufficient to
guarantee Hamiltonicity. However, this was disproved for 𝑡 ⩾ 4 by Jung [35] and independently by Jackson, Li, and Zhu
[34].
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LONGEST CYCLES IN VERTEX-TRANSITIVE AND HIGHLY CONNECTED GRAPHS 2977

conjecture, namely that there exists an absolute constant 𝜀 > 0 such that for infinitely many 𝑛,
there exists a connected vertex-transitive graph of order 𝑛 with no path of length larger than
(1 − 𝜀)𝑛. Despite half a century of study, during which the conjectures of Lovász and Thomassen
received much attention by the research community, they remain wide open today. In particular,
for 44 years the best known general lower bound on the maximum length of a path or cycle in a
connected vertex-transitive graph on 𝑛 ⩾ 3 vertices remained Ω(

√
𝑛) due to Babai [4], and only

recently this boundwas improved toΩ(𝑛3∕5) by DeVos [18]. There is some further recent evidence
of this conjecture being true though: Indeed results of Draganić, Montgomery, Munhá Correia,
Pokrovskiy, and Sudakov [20], together with earlier results on expansion properties of random
Cayley graphs obtained by Alon and Roichman [1], imply that random Cayley graphs with gener-
ator set of size at leastΩ(log 𝑛) are Hamiltonian. Formore related work, we refer to the surveys [2,
38] on the partial progress toward Lovász’ and Thomassen’s conjectures. As our first main result,
we obtain the following improved lower bound for the length of longest cycles in vertex-transitive
graphs.

Theorem 1.1. Every connected vertex-transitive graph on 𝑛 ⩾ 3 vertices contains a cycle of length at
least Ω(𝑛13∕21).

The second main result of our paper addresses a related old conjecture about longest cycles in
graphs from 1984, which is commonly attributed to Smith.

Conjecture1.2 (cf. Conjecture 5.2 in [29] and Conjecture 4.15 in [10]). For all 𝑟 ⩾ 2, every two
longest cycles in an 𝑟-connected graph meet in at least 𝑟 vertices.

Smith’s conjecture has been verified for all values 𝑟 ⩽ 6 by Grötschel [29] and for 𝑟 ∈ {7, 8} by
Stewart and Thompson [43]. Furthermore, Gutiérrez and Valqui [30] recently proved the conjec-
ture for 𝑟 ⩾ (𝑛 + 16)∕7. Regarding general values of 𝑟, Burr and Zamfirescu (see [10]) proved that
every two longest cycles in an 𝑟-connected graph must meet in at least

√
𝑟 − 1 vertices, and this

boundwas improved toΩ(𝑟3∕5) by Chen, Faudree, and Gould [13] in 1998. For further background
on Smith’s conjecture and related problems, we refer to the survey article [42] on intersections of
longest cycles and paths in graphs. Our secondmain result gives the first asymptotic improvement
of the lower bound toward Smith’s conjecture since the result of Chen, Faudree, and Gould from
26 years ago.

Theorem 1.3. There is a constant 𝐶 > 0 such that for all 𝑟 ⩾ 2, every two longest cycles in an 𝑟-
connected graph meet in at least 𝐶𝑟5∕8 vertices.

We obtain both our main results, Theorem 1.1 and Theorem 1.3, from the following key lemma,
which can be seen as a “local” version of Theorem 1.3. We denote by 𝑄+

3
the bipartite graph

obtained from the 3-dimensional hypercube 𝑄3 by adding one of the diagonals. Alternatively, 𝑄+
3

is the graph obtained from 𝐾4,4 by removing a matching of size 3.

Lemma 1.4. Let 𝐶1 and 𝐶2 be two longest cycles in a graph 𝐺. If 𝑘 ∶= |𝑉(𝐶1) ∩ 𝑉(𝐶2)| > 0 and 𝑆

is a minimum vertex separator between 𝐴 ∶= 𝑉(𝐶1) ⧵ 𝑉(𝐶2) and 𝐵 ∶= 𝑉(𝐶2) ⧵ 𝑉(𝐶1) in 𝐺, then

|𝑆| ⩽ ex(2𝑘, {𝑄+
3

, 𝐾3,3}) = 𝑂(𝑘8∕5).
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2978 GROENLAND et al.

The proof of this lemma is themain bulk ofwork in this paper. It is partly computer-assisted and
will be presented in Sections 3 and 4. Theupper boundon the extremal function ex(𝑛, {𝑄+

3
, 𝐾3,3}) =

𝑂(𝑛8∕5) follows from the bound ex(𝑛, 𝑄+
3

) ⩽ 𝑂(𝑛8∕5) thatwas first proved byErdős and Simonovits
[21], see also the recent work of Füredi [24] for an independent proof and related results.
Lemma 1.4 strengthens a corresponding result byDeVos (see the proof of Lemma 3 in [18]), who

proved that 𝑆 as in Lemma 1.4 must satisfy |𝑆| = 𝑂(𝑘2) instead of |𝑆| = 𝑂(𝑘8∕5); this is obtained
by a simple application of Menger’s theorem.
Note that using the upper bound of ex(𝑛, {𝑄+

3
, 𝐾3,3}) ⩽ ex(𝑛, 𝑄+

3
) is not necessarily wasteful, as

it may seem at first. Namely, a well-known open conjecture by Erdős and Simonovits [22] states
that for any finite family of graphs  the Turán number of the family  is within a constant factor
of the minimum among the Turán numbers of members of  (see Conjecture 1 in [22]). Since it is
known that ex(𝑛, 𝐾3,3) = ( 1

2
+ 𝑜(1))𝑛5∕3 (see [11, 23]), this would imply that ex(𝑛, {𝑄+

3
, 𝐾3,3}) and

ex(𝑛, 𝑄+
3

) are of the same order.

2 PROOF OF THEOREM 1.1 AND THEOREM 1.3

In this section, we explain how to deduce both Theorems 1.1 and 1.3 from Lemma 1.4. We start
by recording the following folklore observation about intersections of longest paths and cycles in
graphs, which we will need repeatedly, see, for example, [51] for a reference.

Observation 2.1. Let𝐺 be a connected graph. Then any two longest paths in𝐺 meet in some vertex.
Additionally, if 𝐺 is 2-connected, then any two longest cycles in 𝐺 meet in some vertex.

Let us now continue by first proving Theorem 1.3.

Proof of Theorem 1.3. Let𝐺 be an 𝑟-connected graph, and let𝐶1, 𝐶2 be two longest cycles in𝐺. Since
𝑟 ⩾ 2 by assumption, Observation 2.1 implies that the cycles 𝐶1 and 𝐶2 must overlap in at least
one vertex. This implies 𝑘 ∶= |𝑉(𝐶1) ∩ 𝑉(𝐶2)| > 0. So by Lemma 1.4, a smallest vertex-separator
𝑆 between 𝑉(𝐶1) ⧵ 𝑉(𝐶2) and 𝑉(𝐶2) ⧵ 𝑉(𝐶1) in 𝐺 must have size at most |𝑆| ⩽ 𝑂(𝑘8∕5). On the
other hand, since 𝐺 is 𝑟-connected, we must have |𝑆| ⩾ 𝑟, implying 𝑘 ⩾ Ω(𝑟5∕8), as desired. □

Let us now turn to the deduction of Theorem 1.1, which is slightly more elaborate.

Proof of Theorem 1.1. In the following, let us define a longest cycle transversal as a set 𝑆 ⊆ 𝑉(𝐺) that
intersects every longest cycle of𝐺. For 𝑘 ∈ ℕ, let 𝑠(𝑘) denote the smallest integer 𝑠 such that every
2-connected graph 𝐺 containing two longest cycles 𝐶1 and 𝐶2 such that |𝑉(𝐶1) ∩ 𝑉(𝐶2)| = 𝑘 has
a longest cycle transversal of size at most 𝑠. DeVos [18, Lemma 3] showed that 𝑠(𝑘) ⩽ 𝑘2 + 𝑘, and
the remainder of the proof in [18] directly shows that the length of the longest cycle in a connected
vertex-transitive graph on at least 𝑛 ⩾ 3 vertices is at least

min
𝑘∈ℕ

max

{√
𝑘𝑛,

𝑛

𝑠(𝑘)

}
. (1)

We next show how to obtain the improved upper bound 𝑠(𝑘) = 𝑂(𝑘8∕5) from Lemma 1.4. Given
two longest cycles 𝐶1 and 𝐶2 in a 2-connected graph 𝐺 with |𝑉(𝐶1) ∩ 𝑉(𝐶2)| = 𝑘, by Lemma 1.4,
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LONGEST CYCLES IN VERTEX-TRANSITIVE AND HIGHLY CONNECTED GRAPHS 2979

there exists a vertex-separator 𝑆 of size at most𝑂(𝑘8∕5) between𝑉(𝐶1) ⧵ 𝑉(𝐶2) and𝑉(𝐶2) ⧵ 𝑉(𝐶1)

in 𝐺. We now claim that 𝑆 ∪ (𝑉(𝐶1) ∩ 𝑉(𝐶2)) (which is of size ⩽ |𝑆| + 𝑘 = 𝑂(𝑘8∕5)) intersects
all longest cycles in 𝐺. Indeed, for any longest cycle 𝐶 in 𝐺, since 𝐺 is 2-connected and since
by Observation 2.1 any two longest cycles in a 2-connected graph must intersect each other, we
must have 𝑉(𝐶) ∩ 𝑉(𝐶𝑖) ≠ ∅ for 𝑖 = 1, 2. Hence, either 𝐶 contains a vertex in 𝑉(𝐶1) ∩ 𝑉(𝐶2) or a
segment of 𝐶 forms a path from𝑉(𝐶1) ⧵ 𝑉(𝐶2) to𝑉(𝐶2) ⧵ 𝑉(𝐶1) in𝐺, in which case, this segment
(and thus 𝐶) must be hit by 𝑆. This shows that indeed, 𝑠(𝑘) ⩽ 𝑂(𝑘8∕5).
Plugging our improved bound 𝑠(𝑘) = 𝑂(𝑘8∕5) into (1) yields Theorem 1.1. Indeed, let 𝐶 > 0 be

an absolute constant such that 𝑠(𝑘) ⩽ 𝐶𝑘8∕5 for all 𝑘 ⩾ 1. The minimum of the expression

max

{√
𝑘𝑛,

𝑛

𝐶𝑘8∕5

}

among real values 𝑘 > 0 is achieved for a value of 𝑘 for which the two bounds
√

𝑘𝑛 and 𝑛∕(𝐶𝑘8∕5)

are equal, and setting √
𝑘𝑛 =

𝑛

𝐶𝑘8∕5

yields

𝑘 = 𝑛(1−1∕2)∕(1∕2+8∕5)∕𝐶1∕(1∕2+8∕5) = Θ(𝑛
5
21 ).

Plugging this into the above then gives the desired lower bound of
√

𝑘𝑛 = Θ(𝑛1∕2+5∕42) =

Θ(𝑛13∕21) on the length of a longest cycle. This proves Theorem 1.1. □

3 REDUCTION TO COMPUTER SEARCH

In this section, we introduce definitions that are required to formalize our computer-based
approach and prove Lemma 3.4, which will be used to prove Lemma 1.4. Of course, we cannot
simply consider all possible graphs in our computer search, and rather do a brute-force search
over the possible “skeletons” that may arise.
While reading the definitions in this section, the reader may wish to keep the following con-

struction of an auxiliary bipartite graph in mind as motivation. Given a graph 𝐺 with two longest
cycles 𝐶1 and 𝐶2 and a collection of vertex-disjoint paths  from 𝐶1 − 𝑉(𝐶2) to 𝐶2 − 𝑉(𝐶1), we
may define a bipartite graph as follows. The vertices are the connected components of 𝐶1 − 𝑉(𝐶2)

and 𝐶2 − 𝑉(𝐶1), and there is an edge between two such components if there is a vertex-disjoint
path 𝑃 between them with 𝑃 ∈  .
An ordered bipartite graph is a triple = (𝐻, 𝜎𝑋, 𝜎𝑌), where

∙ 𝐻 = (𝑋, 𝑌, 𝐸) is a bipartite graph,
∙ 𝜎𝑋 is a total order on 𝑋, and
∙ 𝜎𝑌 is an total order on 𝑌.

Given an ordered bipartite graph = (𝐻, 𝜎𝑋, 𝜎𝑌), an-configuration is a tuple 𝜏 = (𝜏ℎ)ℎ∈𝑉(𝐻),
where 𝜏ℎ is a total order on the neighbors of ℎ for each ℎ ∈ 𝑉(𝐻). Associated with this configu-
ration, we create what we call a configuration graph, denoted by 𝐺𝜏, defined as follows. First we
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2980 GROENLAND et al.

create a vertex 𝑣𝑥,𝑦 for each 𝑥 ∈ 𝑋 and 𝑦 ∈ 𝑁𝐻(𝑥) and let 𝐶𝜏
1

∶= {𝑣𝑥,𝑦 ∶ 𝑥 ∈ 𝑋, 𝑦 ∈ 𝑁𝐻(𝑥)}. We
turn this into a cycle using the orders (𝜎𝑋, (𝜏𝑥)𝑥∈𝑋) “lexicographically.” That is, we consider the
total order ⩽𝐶𝜏

1
obtained by

𝑣𝑥1,𝑦1
⩽𝐶𝜏

1
𝑣𝑥2,𝑦2

if 𝑥1 <𝜎𝑋
𝑥2,

𝑣𝑥1,𝑦1
⩽𝐶𝜏

1
𝑣𝑥1,𝑦2

if 𝑦1 ⩽𝜏𝑥1
𝑦2.

We place edges to turn 𝐶𝜏
1
into a cycle,† adding an edge between the smallest and largest vertex

in this order and otherwise adding edges between vertices that are consecutive in the total order.
Although 𝐶𝜏

1
is undirected, we also fix a cyclic order on it, which arises naturally by following the

order described above. We define 𝐶𝜏
2
analogously by switching the roles of 𝑋 and 𝑌. Finally, we

define 𝐺𝜏 as the union of 𝐶𝜏
1
and 𝐶𝜏

2
together with the edges {{𝑣𝑥,𝑦, 𝑣𝑦,𝑥} ∶ {𝑥, 𝑦} ∈ 𝐸(𝐻)}}. We will

call these “edges corresponding to 𝐻” the cross edges. We call 𝐶𝜏
1
and 𝐶𝜏

2
themain cycles of 𝐺𝜏.

Roughly speaking, our goal in this section is to show that when𝐺𝜏 is a configuration graph for 𝜏

an (𝐻, 𝜎𝑋, 𝜎𝑌)-configuration, where 𝐻 ∈ {𝑄+
3

, 𝐾3,3}, then there exists no assignment of “lengths”
to its edges such that 𝐶𝜏

1
and 𝐶𝜏

2
are both longest cycles. In fact, provided that 𝐶𝜏

1
and 𝐶𝜏

2
have the

same length, we will always be able to find a longer cycle with special properties. The latter will
allow us to also find a longer cycle in the setting of Lemma 1.4 in our next section.
Given a configuration graph 𝐺𝜏, we say an edge {𝑣𝑥1,𝑦1

, 𝑣𝑥2,𝑦2
} of 𝐶𝜏

1
is dangerous if 𝑥1 ≠ 𝑥2, and

analogously for the edges of 𝐶𝜏
2
. Edges of 𝐶𝜏

1
and 𝐶𝜏

2
are otherwise said to be safe. We say a cycle

in 𝐺𝜏 is good if it has no dangerous edges from 𝐶𝜏
1
or has no dangerous edges from 𝐶𝜏

2
(or from

neither).
We also need an appropriate formal definition for the length of cycles in configuration graphs.

Given a configuration graph𝐺𝜏, we say aweight function on it is a function𝑤 ∶ 𝐸(𝐺𝜏) → ℝ⩾0 such
that 𝑤(𝑒) ⩾ 1 for every cross edge 𝑒, and such that 𝑤(𝐶𝜏

1
) = 𝑤(𝐶𝜏

2
), where we define the weight

of any subgraph 𝐽 of 𝐺𝜏 by 𝑤(𝐽) ∶=
∑

𝑒∈𝐸(𝐽) 𝑤(𝑒). We say a cycle 𝐶 in a weighted configuration
graph (𝐺𝜏, 𝑤) is long if its weight is strictly greater than that of the main cycles of 𝐺𝜏, that is if
𝑤(𝐶) > 𝑤(𝐶1) = 𝑤(𝐶2).
The next lemma will be useful for checking for the existence of good long cycles independent

of the weight function.

Lemma 3.1. Let = (𝐻, 𝜎𝑋, 𝜎𝑌) be an ordered bipartite graph and let 𝜏 be an-configuration. If
there are two good cycles 𝐶 and 𝐶′ in 𝐺𝜏, which together contain all of the edges of its main cycles, as
well as at least one cross edge, then for any weight function 𝑤, (𝐺𝜏, 𝑤) contains a good long cycle.

Proof. As 𝐶 and 𝐶′ together contain all edges of the main cycles, and at least one cross edge 𝑒

(which has nonzero weight),

𝑤(𝐶) + 𝑤(𝐶′) ⩾ 𝑤(𝐶1) + 𝑤(𝐶2) + 𝑤(𝑒) > 2𝑤(𝐶1),

and so 𝑤(𝐶) > 𝑤(𝐶1) or 𝑤(𝐶′) > 𝑤(𝐶1). □

Given an ordered bipartite graph = (𝐻, 𝜎𝑋, 𝜎𝑌) and an-configuration 𝜏, we define a linear
program LP,𝜏 as follows. We create a variable𝑤𝑒 ⩾ 0 for each edge 𝑒 of 𝐺𝜏 and put the constraint

† If 𝐶𝜏
1
has only one vertex, this yields a loop in the graph, and if 𝐶𝜏

1
has two vertices, this creates parallel edges.
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LONGEST CYCLES IN VERTEX-TRANSITIVE AND HIGHLY CONNECTED GRAPHS 2981

𝑤𝑒 ⩾ 1 for all cross edges 𝑒 of𝐺𝜏. We also have the following constraint that bothmain cyclesmust
have the same weight: ∑

𝑒∈𝐸(𝐶𝜏
1
)

𝑤𝑒 =
∑

𝑒∈𝐸(𝐶𝜏
2
)

𝑤𝑒.

Finally, for every good cycle 𝐶 in 𝐺𝜏, we create the following constraint:∑
𝑒∈𝐸(𝐶)

𝑤𝑒 ⩽
∑

𝑒∈𝐸(𝐶𝜏
1
)

𝑤𝑒.

We are only interested in the feasibility, so we may set the objective function to 1. This linear
program is not feasible (there are no solutions) if and only if for every weight function 𝑤, (𝐺𝜏, 𝑤)

contains a good long cycle. We record this fact below.

Observation 3.2. Let  = (𝐻, 𝜎𝑋, 𝜎𝑌) be an ordered bipartite graph and let 𝜏 be an -
configuration. Then LP,𝜏 is infeasible if and only if for all weight functions 𝑤, (𝐺𝜏, 𝑤) contains
a good long cycle.

Proof. By definition of LP,𝜏 and by definition of a weight function, an edge-indexed vector
(𝑤𝑒)𝑒∈𝐸(𝐺𝜏) is feasible for LP,𝜏 if and only if (1) the corresponding mapping 𝑤 ∶ 𝐸(𝐺𝜏) → ℝ,
defined as 𝑤(𝑒) ∶= 𝑤𝑒 for every 𝑒, is a weight function; and (2) we have 𝑤(𝐶) =

∑
𝑒∈𝐸(𝐶) 𝑤𝑒 ⩽∑

𝑒∈𝐸(𝐶𝜏
1
) 𝑤𝑒 = 𝑤(𝐶𝜏

1
) for every good cycle 𝐶. The latter is equivalent to saying that there exist no

good long cycles. Hence, it follows thatLP,𝜏 is feasible if and only if there exists aweight function
𝑤 such that (𝐺𝜏, 𝑤) contains no good long cycle. The claim of the lemma now follows by negating
both sides of this equivalence. □

Given that there are many possible configurations to consider, the following lemma will allow
us to significantly reduce computation time. A reader who is not interested in the computational
efficiency can safely skip over the concepts of substructures that we define below and consider
performing a brute-force search instead.
Given two ordered bipartite graphs = (𝐻, 𝜎𝑋, 𝜎𝑌) and′ = (𝐻′, 𝜎′

𝑋
, 𝜎′

𝑌
), we say that′ is a

subgraph of  if 𝐻′ is a subgraph of 𝐻 and we have the following conditions on the restrictions
of the orders: 𝜎𝑋|𝑋′ = 𝜎′

𝑋
and 𝜎𝑌|𝑌′ = 𝜎′

𝑌
.

Furthermore, if′ is a subgraph of, 𝜏 is an-configuration, and 𝜏′ is an′-configuration,
then we say that 𝜏′ is a subconfiguration of 𝜏 if 𝜏′

ℎ
= 𝜏ℎ|𝑉(𝐻′) for every ℎ ∈ 𝑉(𝐻′).

Finally, let 𝜏′ be a subconfiguration of 𝜏,𝑤 be a weight function on𝐺𝜏, and𝑤′ be a weight func-
tion on 𝐺𝜏′ . We say that 𝑤 extends 𝑤′ if these weight functions are compatible with this relation,
that is if they respect the following two conditions.

∙ If 𝑒 is a cross edge of 𝐺𝜏′ (which is necessarily also a cross edge of 𝐺𝜏), then 𝑤′(𝑒) = 𝑤(𝑒).
∙ Let 𝑖 ∈ {1, 2} and suppose 𝑣, 𝑤 ∈ 𝑉(𝐶𝜏′

𝑖
) ⊆ 𝑉(𝐶𝜏

𝑖
) satisfy 𝑣𝑤 ∈ 𝐸(𝐶𝜏′

𝑖
). If 𝑃 is the unique

path†between these vertices in 𝐶𝜏
𝑖
that contains no other vertices of 𝐶𝜏′

𝑖
, then 𝑤(𝑃) = 𝑤′(𝑣𝑤).

We are now ready to show that it is sufficient to find good long cycles in subconfigurations.

†When 𝐶𝜏′

1
has only two vertices 𝑥 and 𝑥′, we distinguish “the edge from 𝑥 to 𝑥′” and “the edge from 𝑥′ to 𝑥” to obtain a

unique path here. When 𝐶𝜏′

1
contains only one vertex 𝑥, this path refers to the loop on 𝑥.
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2982 GROENLAND et al.

F IGURE 1 The three ordered bipartite graphs (𝐻, 𝜎𝑋, 𝜎𝑌) that need to be considered up to equivalence, as
defined in Lemma 3.4. The permutations 𝜎𝑋, 𝜎𝑌 are implicit in the drawings.

Lemma 3.3. Let ′ and  denote ordered subgraphs, 𝜏′ an ′-configuration and 𝜏 an -
configuration. Suppose that 𝜏′ is a subconfiguration of 𝜏 and 𝑤 is a weight function on the
configuration graph 𝐺𝜏 which extends a weight function 𝑤′ on the configuration graph 𝐺𝜏′ . If
(𝐺𝜏′ , 𝑤′) contains a good long cycle, then (𝐺𝜏, 𝑤) also contains a good long cycle.

Proof. Any vertex of 𝐺𝜏′ has a corresponding vertex in 𝐺𝜏. When there is an edge between two
vertices of 𝐺𝜏′ for which there is no edge in 𝐺𝜏, instead there will be a path following one of the
main cycles in 𝐺𝜏. This gives a corresponding cycle in 𝐺𝜏 for each cycle in 𝐺𝜏′ . By the definition
of the extension of weight functions, these cycles always have the same weight. Furthermore, if
a cycle is good in 𝐺𝜏′ , then its corresponding cycle is good in 𝐺𝜏. This is because whether edges
(that are not cross edges) are safe, depends on which vertices in the cycles they connect, and safe
edges in 𝐺𝜏′ correspond to (paths consisting of) safe edges in 𝐺𝜏. This proves the lemma. □

We note that there is another issue that we will need to address to reduce the computation time
of our computer search. For an arbitrary bipartite graph 𝐻 with bipartition (𝑋, 𝑌), there could be
up to |𝑋|!|𝑌|! possible ordered bipartite graphs. Luckily, symmetry can be used for the graphs of
interest to us in order to reduce this number. We will detail the more general criterion in the proof
of the main result of this section, which we now proceed with.

Lemma 3.4. Let  = (𝐻, 𝜎𝑋, 𝜎𝑌) be an ordered bipartite graph such that either 𝑄+
3
or 𝐾3,3 is a

subgraph of 𝐻, and let 𝜏 be an-configuration. For any weight function 𝑤 on 𝐺𝜏, (𝐺𝜏, 𝑤) contains
a good long cycle.

Proof. By applying Lemma 3.3, we may assume 𝐻 ∈ {𝑄+
3

, 𝐾3,3}.
In our code, we have first implemented checking for equivalence between ordered bipartite

graphs. We generate all possible ordered bipartite graphs with 𝐻 ∈ {𝑄+
3

, 𝐾3,3}, and then test for
equivalence: There are up to equivalence only two ordered bipartite graphs for 𝑄+

3
, and of course

only one for 𝐾3,3, as depicted in Figure 1. The equivalence is checked by verifying whether the
ordered bipartite graphs admit the same collection of configurations graphs (up to graph isomor-
phism). For an ordered bipartite graph = (𝐻, 𝜎𝑋, 𝜎𝑌), we place a cycle on the vertices in 𝑋 and
a cycle on the vertices in 𝑌 in the cyclic orders given by 𝜎𝑋 and 𝜎𝑌 , respectively (adding also the
edge between the last and first vertex). If, between two such auxiliary graphs, there exists an iso-
morphism such that𝑋 gets mapped to𝑋 or to 𝑌, then the set of configuration graphs remains the
same (up to relabeling). This follows directly from the definition of the configuration graphs.
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LONGEST CYCLES IN VERTEX-TRANSITIVE AND HIGHLY CONNECTED GRAPHS 2983

We then run a computer search to check that for every configuration 𝜏 on these three ordered
bipartite graphs, every weighted configuration graph resulting from 𝜏 contains a good long cycle.
As there are many configurations even on these three ordered bipartite graphs, we proceed by
adding edges iteratively. Indeed, it is a direct consequence of Lemma 3.3 that it is sufficient to
check the condition for at least one subconfiguration of every possible configuration.

(1) We fix an order on the edges of 𝐻. Let ∅ = 𝐻0 ⊂ 𝐻1 ⊂ ⋯ ⊂ 𝐻|𝐸(𝐻)| = 𝐻 be a sequence of
subgraphs in which one edge is added at every step.† We will write 𝑒𝑖 for the unique edge in
𝐸(𝐻𝑖) ⧵ 𝐸(𝐻𝑖−1).

(2) At step 𝑖 = 0, let 𝑆0 be the set containing only the empty configuration.
(3) At step 𝑖 ∈ {1, … , |𝐸(𝐻)|}, we construct 𝑆𝑖 as follows. For each (𝐻𝑖−1, 𝜎𝑋, 𝜎𝑌)-configuration

𝜏′ ∈ 𝑆𝑖−1, consider every (𝐻𝑖, 𝜎𝑋, 𝜎𝑌)-configuration 𝜏 such that 𝜏′ is a subconfiguration of 𝜏.
Let 𝑅𝑖 be the set of these configurations. Add 𝜏 to 𝑆𝑖 if the criterion of Lemma 3.1 cannot
guarantee that every weighted configuration graph on 𝜏 would contain a good long cycle.

(4) Finally, we create a set 𝑆 as follows. For every 𝐻-configuration 𝜏 in 𝑆|𝐸(𝐻)|, we add 𝜏 to 𝑆 if
themore powerful linear program criterion fromObservation 3.2 cannot guarantee that every
weighted configuration graph on 𝜏 would contain a good long cycle.

If 𝑆 is empty, the theorem is a direct consequence of of Lemmas 3.1 and 3.3 and Observation 3.2.
This is indeed the case. We have implemented this algorithm in Mathematica [48]. The code

is available in [28], and is thoroughly commented. A summary of results per step (number of
configurations in 𝑅𝑖 , 𝑆𝑖) is presented in Table 1. The computation took under 1 h 49 min‡ on a
2020 MacBook Air with M1 chip and 16 GB ram running Mathematica 13.0.0.0. □

4 PROOF OF LEMMA 1.4

We will now deduce Lemma 1.4 from Lemma 3.4.

Proof of Lemma 1.4. Let 𝐶1 and 𝐶2 be two longest cycles in a graph 𝐺 such that |𝑉(𝐶1) ∩ 𝑉(𝐶2)| =

𝑘 > 0. Let 𝑆 be a minimum vertex separator between 𝐴 = 𝑉(𝐶1) ⧵ 𝑉(𝐶2) and 𝐵 = 𝑉(𝐶2) ⧵ 𝑉(𝐶1)

in 𝐺. Suppose toward a contradiction that |𝑆| ⩾ ex(2𝑘, {𝑄+
3

, 𝐾3,3}) + 1.
By Menger’s Theorem, there are at least ex(2𝑘, {𝑄+

3
, 𝐾3,3}) + 1 vertex-disjoint paths with one

endpoint in 𝐴 and one endpoint in 𝐵. Fix such a collection  . We also fix total orderings on 𝐶1

and 𝐶2 by choosing a smallest element and a direction.
We define an ordered bipartite graph as follows. Let 𝑋 be the set of connected components of

𝐶1 − 𝑉(𝐶2) and let 𝑌 be the set of connected components of 𝐶2 − 𝑉(𝐶1). The sets 𝑋, 𝑌 inherit a
total order from 𝐶1, 𝐶2, respectively.
We add an edge between 𝑥 ∈ 𝑋 and 𝑦 ∈ 𝑌 if there is some 𝑃 ∈  with one endpoint of 𝑃 in the

connected component 𝑥 and the other endpoint in 𝑦.

†Although our implementation does not optimize this order, it appears one canmake the computation quicker by selecting
an order on the edges of 𝐻, which prunes the most configurations earliest in the process. In particular, as is intuitive,
maximizing the number of cycles appearing in 𝐻𝑖 in the first steps generally reduces the number of configurations that
appear in later steps, with some caveats.
‡Of course, the computation time could be greatly reduced through various optimizations, for instance, by implementing
the code in a lower level language or by using better pruning heuristics.
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2984 GROENLAND et al.

TABLE 1 Summary of results per step for the computer-search algorithm presented in the proof of
Lemma 3.4. Refer to Figure 1 for the vertex labels.

𝑖 𝑒𝑖 |𝑅𝑖| |𝑆𝑖|
1 {𝑎1, 𝑏1} 1 1

2 {𝑎1, 𝑏2} 2 2

3 {𝑎1, 𝑏3} 6 6

4 {𝑎2, 𝑏1} 12 12

5 {𝑎2, 𝑏2} 48 36

6 {𝑎2, 𝑏3} 216 120

7 {𝑎3, 𝑏1} 360 360

8 {𝑎3, 𝑏2} 2160 684

9 {𝑎3, 𝑏3} 6156 72|𝑆| 0

(a) Results for the ordered bipartite
graph with 𝐻 = 𝐾3,3.

𝑖 𝑒𝑖 |𝑅𝑖| |𝑆𝑖|
1 {𝑎1, 𝑏2} 1 1

2 {𝑎1, 𝑏3} 2 2

3 {𝑎2, 𝑏2} 4 4

4 {𝑎2, 𝑏3} 16 12

5 {𝑎3, 𝑏2} 36 36

6 {𝑎3, 𝑏3} 216 120

7 {𝑎1, 𝑏4} 360 360

8 {𝑎2, 𝑏4} 2160 684

9 {𝑎4, 𝑏4} 2052 2052

10 {𝑎2, 𝑏1} 8208 8208

11 {𝑎3, 𝑏1} 49248 8838

12 {𝑎4, 𝑏1} 53028 7492

13 {𝑎4, 𝑏2} 89904 12|𝑆| 0

(b) Results for the first ordered bipartite
graph with 𝐻 = 𝑄+

3 .

𝑖 𝑒𝑖 |𝑅𝑖| |𝑆𝑖|
1 {𝑎1, 𝑏2} 1 1

2 {𝑎1, 𝑏3} 2 2

3 {𝑎2, 𝑏2} 4 4

4 {𝑎2, 𝑏3} 16 12

5 {𝑎3, 𝑏2} 36 36

6 {𝑎3, 𝑏3} 216 120

7 {𝑎1, 𝑏4} 360 360

8 {𝑎2, 𝑏4} 2160 684

9 {𝑎4, 𝑏4} 2052 2052

10 {𝑎2, 𝑏1} 8208 8208

11 {𝑎3, 𝑏1} 49248 11586

12 {𝑎4, 𝑏1} 69516 508

13 {𝑎4, 𝑏2} 6096 0|𝑆| 0

(c) Results for the second ordered bipartite
graph with 𝐻 = 𝑄+

3 .

For each edge 𝑥𝑦 with 𝑥 ∈ 𝑋 and 𝑦 ∈ 𝑌, there is a unique such path that we will denote by
𝑃𝑥𝑦 . Indeed, suppose on the contrary there were two such paths 𝑃𝑥𝑦 and 𝑃′

𝑥𝑦 . Let 𝑣 and 𝑣′ be the
endpoints of 𝑃𝑥𝑦 and 𝑃′

𝑥𝑦 , respectively, in 𝑥 and let 𝑢, 𝑢′ be the endpoints of 𝑃𝑥𝑦, 𝑃′
𝑥𝑦 , respectively,

in 𝑦. Let 𝑄 be the path between 𝑣 and 𝑣′ in 𝑥 and 𝑄′ be the path between 𝑢 and 𝑢′ in 𝑦. This gives
two cycles

𝑄 → 𝑃𝑥𝑦 → (𝐶2 ⧵ 𝑄′) → 𝑃′
𝑥𝑦 → and

𝑄′ → 𝑃𝑥𝑦 → (𝐶1 ⧵ 𝑄) → 𝑃′
𝑥𝑦 →,

which together cover all edges of 𝐶1 ∪ 𝐶2, plus at least two more. Hence one of the two cycles
above is longer than 𝐶1 and 𝐶2, contradicting that they are longest cycles. Thus, there is a unique
such path.
This concludes the description of the ordered bipartite graph  = (𝑋, 𝑌, 𝐸). By what we have

shown in the previous paragraph, we have |𝐸| = ||.
We next define an-configuration 𝜏. Let 𝑥 ∈ 𝑋. In the configuration graph 𝐺𝜏 of 𝜏, there will

be |𝑁𝐻(𝑥)| copies of 𝑥 in 𝐶𝜏
1
, one per neighbor 𝑦 ∈ 𝑌 of 𝑥. We order the neighbors of 𝑥 according

to the order in which these “edges” (paths from ) intersect the original cycle 𝐶1. To be precise,
we consider the paths 𝑃𝑢1,𝑣1

, … , 𝑃𝑢𝑑,𝑣𝑑
∈  incident with the connected component of 𝐶1 ⧵ 𝐶2

corresponding to 𝑥 ∈ 𝑋, with 𝑢1, … , 𝑢𝑑 ∈ 𝑉(𝐶1) numbered in order of the total ordering we fixed
on 𝐶1. As we argued above, 𝑣1, … , 𝑣𝑑 are vertices in distinct components 𝑦1, … , 𝑦𝑑 ∈ 𝑌, and this
is the order we place on the neighbors of 𝑥.
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LONGEST CYCLES IN VERTEX-TRANSITIVE AND HIGHLY CONNECTED GRAPHS 2985

F IGURE 2 The above depicts a bipartite graph 𝐻 (left) together with a possible configuration graph 𝐺𝜏

(right). The colored edges are safe.

We obtain a configuration graph 𝐺𝜏 with main cycles 𝐶𝜏
1
and 𝐶𝜏

2
as described in Section 3. We

included an example in Figure 2. Recall that 𝐶𝜏
1
contains vertices 𝑣𝑥,𝑦 for 𝑥 ∈ 𝑋 and 𝑦 ∈ 𝑁𝐻(𝑥).

We define a weight function 𝑤 ∶ 𝐸(𝐺𝜏) → ℝ⩾0, considering the two types of edges
separately.

∙ If 𝑒 = 𝑣𝑥,𝑦𝑣𝑦,𝑥 is a cross edge with 𝑥 ∈ 𝑋 and 𝑦 ∈ 𝑌, then we have defined a path 𝑃𝑥𝑦 ∈  . We
set 𝑤(𝑒) as the length of 𝑃𝑥𝑦 .

∙ Otherwise, the edge is contained in one of the main cycles. Since both cases are analo-
gous, we describe the case for an edge 𝑒 = 𝑣𝑥,𝑦𝑣𝑥′,𝑦′ of 𝐶𝜏

1
with 𝑥, 𝑥′ ∈ 𝑋 and 𝑦, 𝑦′ ∈ 𝑌. Let

𝑢𝑥𝑦, 𝑢𝑥′𝑦′ ∈ 𝑉(𝐶1) denote the endpoints in 𝐶1 of 𝑃𝑥𝑦, 𝑃𝑥′𝑦′ ∈  , respectively. We set 𝑤(𝑒) as
the length of the arc of 𝐶1 from 𝑢𝑥𝑦 to 𝑢𝑥′𝑦′ , in the direction we chose for the total ordering
on 𝐶1.

Since |𝐸| = || ⩾ ex(2𝑘, {𝑄+
3

, 𝐾3,3}) + 1, it follows that the bipartite graph 𝐻 = (𝑋, 𝑌, 𝐸) con-
tains either 𝑄+

3
or 𝐾3,3. Thus, by Lemma 3.4, (𝜏, 𝑊) contains a good long cycle 𝐶𝜏. The

vertices 𝑣𝜏
1
, … , 𝑣𝜏

𝓁 of 𝐶𝜏 correspond to vertices 𝑣1, … , 𝑣𝓁 of 𝐺. The path that was used to define
the edge 𝑒 = 𝑣𝜏

𝑖
𝑣𝜏

𝑖+1
of 𝐶𝜏 has length 𝑤(𝑒) and is between 𝑣𝑖 and 𝑣𝑖+1. Therefore, we obtain

a closed walk 𝐶 in 𝐺 of length 𝑤(𝐶𝜏). Since 𝐶𝜏 is long, 𝑤(𝐶𝜏) > 𝑤(𝐶𝜏
1
) and the length of 𝐶

is strictly larger than the length of 𝐶1. What remains to show is that 𝐶 is in fact a cycle.
The vertices 𝑣1, … , 𝑣𝓁 are distinct because the vertices 𝑣𝜏

1
, … , 𝑣𝜏

𝓁 are distinct, but we need to
show the paths between them do not intersect internally. The paths corresponding to cross
edges are chosen to be internally vertex-disjoint and only intersect 𝑉(𝐶1) ∪ 𝑉(𝐶2) in their end-
points. For 𝑖 ∈ {1, 2}, the paths corresponding to edges from 𝐶𝜏

𝑖
correspond to internally disjoint

arcs of 𝐶𝑖 . It remains to rule out intersections between the arcs of 𝐶 on 𝐶1 and 𝐶2: By the
definition of good, there exists some 𝑖 ∈ {1, 2} such that all arcs of 𝐶𝑖 that are used by 𝐶

are part of a connected component of 𝐶𝑖 − 𝑉(𝐶3−𝑖) and thus do not intersect any of the arcs
that 𝐶 uses from 𝐶3−𝑖 . This shows 𝐶 is indeed a cycle, contradicting 𝐶1 being the longest
cycle.
We conclude that |𝑆| ⩽ ex(2𝑘, {𝑄+

3
, 𝐾3,3}) as desired. □
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2986 GROENLAND et al.

F IGURE 3 Example of a weighted configuration graph on an ordered bipartite graph with 𝐻 = 𝑄3, for
which there does not exist any good long cycle. The weight edges are specified as edge labels. Dangerous edges
are dashed.

5 FURTHER REMARKS

In this paper, we presented progress on two old conjectures about longest cycles via Lemma 1.4.
Any further improvement on this lemma directly improves the bounds toward the conjectures,
and in particular it is possible that our 𝑂(𝑘8∕5) upper bound can be improved to 𝑂(𝑘). This would
imply that every two longest cycles in an 𝑟-connected graphmeet in at leastΩ(𝑟) vertices and that
every connected vertex-transitive graph on 𝑛 ⩾ 3 vertices has a cycle of length at least Ω(𝑛2∕3).
One direction toward improving the bounds in Lemma 1.4 is to prove a result analogous

to Lemma 3.4 for a graph 𝐻 with a better extremal number than 𝑄+
3
. In fact, Chen, Faudree,

and Gould [13] already took a similar approach back in 1998 and proved a result analogous to
Lemma 3.4 for𝐻 = 𝐾3,257 without the aid of a computer, via a result analogous to our Lemma 3.1,
the Erdős–Szekeres theorem and the pigeonhole principle. The perhaps most natural attempt is
to consider the complete bipartite graphs 𝐾2,𝑡, since their extremal functions satisfy ex(𝑛, 𝐾2,𝑡) =

Θ(𝑛3∕2) ≪ 𝑛8∕5. However, one can show that for every fixed integer 𝑡 ∈ ℕ, there exist (weighted)
configuration graphs on an ordered bipartite graph of 𝐾2,𝑡 without good long cycles. Similarly,
by computer search, we found that Lemma 3.4 is false when 𝑄+

3
is replaced by 𝑄3: There are

(weighted) configuration graphs on an ordered bipartite graph of 𝑄3 without good long cycles.
Indeed, these can be obtained with only slight modifications to the code in [28], see Figure 3 for
an example.
In the course of our research, we observed that several other well-known open problems can

be directly linked to lower bounds for the longest paths and cycles in connected vertex-transitive
graphs. We believe it is worth recording these relationships here, as they might spark further
progress on the problem in the future.
We first need some notation. Given a graph 𝐺, a longest path transversal in 𝐺 is defined as

a set of vertices 𝑆 such that 𝑆 intersects every longest path in 𝐺. Denote by lpt(𝐺) and lct(𝐺) the
minimumsize of a longest path and cycle transversal in𝐺, respectively. Furthermore, let us denote
by mipc(𝐺) and micc(𝐺), respectively, the largest number 𝑘 ⩾ 1 such that for every collection of
𝑘 longest paths (cycles, respectively) in the graph 𝐺, there exists a vertex that is common to all
of these 𝑘 paths (cycles). If all longest paths (cycles) in 𝐺 meet in a single vertex, then we set
mipc(𝐺) = ∞ or micc(𝐺) = ∞, respectively. We observe the following lower bounds on longest

 14692120, 2025, 10, D
ow

nloaded from
 https://londm

athsoc.onlinelibrary.w
iley.com

/doi/10.1112/blm
s.70134 by E

th Z
urich, W

iley O
nline L

ibrary on [17/10/2025]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



LONGEST CYCLES IN VERTEX-TRANSITIVE AND HIGHLY CONNECTED GRAPHS 2987

cycles and paths in vertex-transitive graphs in terms of these parameters. The two lower bounds
in terms of lpt(𝐺) and lct(𝐺) were already stated in a slightly different language in the paper of
DeVos [18].

Proposition 5.1. If 𝐺 is a connected vertex-transitive graph on 𝑛 ⩾ 3 vertices, then 𝐺 contains a
path of length at least 𝑛

lpt(𝐺)
− 1 and a cycle of length at least 𝑛

lct(𝐺)
. Furthermore, 𝐺 contains a path

of length at least 𝑛1−1∕mipc(𝐺) − 1 and a cycle of length at least 𝑛1−1∕micc(𝐺).

Proof. It is easy to observe that𝐺 must in fact be 2-connected: Removing a leaf of a spanning tree of
𝐺 leaves a connected graph, and since𝐺 is vertex-transitive, thismeans that removingany vertex of
𝐺 leaves a connected graph. Hence, by Observation 2.1, any two longest paths and any two longest
cycles in𝐺 intersect each other. A key observation is that if a mapping 𝜙 ∶ 𝑉(𝐺) → 𝑉(𝐺) is drawn
uniformly at random from the set of all automorphisms of𝐺, then, since𝐺 is vertex-transitive, for
every fixed vertex 𝑢 ∈ 𝑉(𝐺), its image 𝜙(𝑢) is uniformly distributed among all vertices of 𝐺.
The proofs of the two statements for paths and cycles are completely analogous, which is why

in the following, we only give the arguments for the two lower bounds on the maximum length
of a path. Fix some longest path 𝑃 in 𝐺, as well as minimum-size longest path transversal 𝑆. Let 𝜙

be a random automorphism of 𝐺. Then clearly, the image 𝜙(𝑃) is also longest path in 𝐺 and thus
must be hit by 𝑆. This implies

1 ⩽ 𝔼[|𝑉(𝜙(𝑃)) ∩ 𝑆|] =
∑
𝑣∈𝑆

ℙ(𝑣 ∈ 𝜙(𝑉(𝑃))) =
∑
𝑣∈𝑆

∑
𝑢∈𝑉(𝑃)

ℙ(𝜙(𝑢) = 𝑣) =
|𝑆||𝑉(𝑃)|

𝑛
.

Rearranging now yields the desired lower bound |𝑃| = |𝑉(𝑃)| − 1 ⩾
𝑛

lpt(𝐺)
− 1.

Let us now move on to the second lower bound. Let 𝑘 = mipc(𝐺). Then every collection of 𝑘

longest paths in 𝐺 meet in a common vertex. Let 𝜙1, … , 𝜙𝑘 be 𝑘 independently and uniformly
drawn random automorphisms of 𝐺. Then the images 𝜙1(𝑃), … , 𝜙𝑘(𝑃) form a collection of 𝑘

longest paths in 𝐺 and thus must meet in a common vertex. This implies

1 ⩽ 𝔼

[||||||
𝑘⋂

𝑖=1

𝑉(𝜙𝑖(𝑃))

||||||
]

=
∑

𝑣∈𝑉(𝐺)

ℙ

[
𝑘⋀

𝑖=1

{𝑣 ∈ 𝑉(𝜙𝑖(𝑃))}

]
=

∑
𝑣∈𝑉(𝐺)

𝑘∏
𝑖=1

ℙ[𝑣 ∈ 𝑉(𝜙𝑖(𝑃))]

=
∑

𝑣∈𝑉(𝐺)

𝑘∏
𝑖=1

∑
𝑢∈𝑉(𝑃)

ℙ[𝜙𝑖(𝑢) = 𝑣] = 𝑛 ⋅
(|𝑉(𝑃)|

𝑛

)𝑘

=
|𝑉(𝑃)|𝑘

𝑛𝑘−1
.

Rearranging now yields |𝑉(𝑃)| ⩾ 𝑛1−1∕𝑘 and thus |𝑃| ⩾ 𝑛1−1∕mipc(𝐺) − 1, as claimed. This
concludes the proof. □

Given the lower bounds on the length of longest cycles from Proposition 5.1, it is natural to
ask for the state of the art on bounds for the parameters lpt(𝐺), lct(𝐺), mipc(𝐺), micc(𝐺), and we
conclude with a discussion of these.
A famous question asked by Gallai [25] in 1966 is whether lpt(𝐺) = 1 for every connected graph

𝐺, that is, whether all longest paths meet in one vertex. This was answered in the negative by
Walther [45], who constructed a connected graph 𝐺 on 25 vertices with lpt(𝐺) = 2. A smaller
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2988 GROENLAND et al.

counterexample on 12 vertices was found independently by Walther and Zamfirescu [46, 50].
Later, Grünbaum [27] constructed a connected graph𝐺 on 324 vertices with lpt(𝐺) = 3, and amaz-
ingly, this remains the best known lower bound for connected graphs to this date. In particular,
it is still an open question, raised by both Walther and Zamfirescu [49], whether there exists an
absolute constant 𝑐 > 0 such that lpt(𝐺) ⩽ 𝑐 for every connected graph 𝐺. Note that this would
immediately yield a lower bound of Ω(𝑛) on the maximum length of paths in vertex-transitive
graphs. The question of Walther and Zamfirescu is currently out of reach, and in fact, all the
knowngeneral upper bounds for longest path and cycle transversals in connected and 2-connected
graphs grow polynomially in 𝑛, see the recent sequence of papers [36, 39, 41] on this problem. The
current state-of-the-art bounds are lpt(𝐺) ⩽ 5𝑛2∕3 for all connected 𝑛-vertex graphs and lct(𝐺) ⩽

5𝑛2∕3 for all 2-connected 𝑛-vertex graphs by Kierstead and Ren [36]. Unfortunately, these only
provide lower bounds of orderΩ(𝑛1∕3) on longest paths and cycles in vertex-transitive graphs, but
improving the upper bounds on lpt(𝐺) and lct(𝐺) to 𝑛𝑜(1), for instance, would be very interesting.
Let us now turn to the parameters mipc(𝐺) and micc(𝐺). A well-known and longstanding

conjecture, popularized by Zamfirescu since the 80s, asks whether every three longest paths in
a connected graph must intersect in a common vertex, that is, whether mipc(𝐺) ⩾ 3 for every
connected graph, see, for example, [3, 12, 14, 17, 42, 44, 51]. By Proposition 5.1, the truth of this
conjecture would directly yield an improved lower bound of Ω(𝑛2∕3) for longest paths in vertex-
transitive graphs. Similarly, it remains open whether micc(𝐺) ⩾ 3 for every 2-connected graph
𝐺 [42], which would give the same improved lower bound for longest cycles in vertex-transitive
graphs. In fact, it is even possible that mipc(𝐺) ⩾ 6 for every connected 𝐺 and micc(𝐺) ⩾ 6 for
every 2-connected 𝐺, which would yield much improved lower bounds of Ω(𝑛5∕6) for longest
paths and cycles in vertex-transitive graphs.
We believe that because of this, the problems of bounding the parameters lpt(𝐺), lct(𝐺),

mipc(𝐺), micc(𝐺) on vertex-transitive graphs deserve further attention.
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