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Introduction

Heisenberg and Pauli! have recently made substantial progress in the formulation of
the general quantum mechanical laws for electromagnetic and material wave fields
through the systematic development of Dirac’s method of second quantization. In ad-
dition to certain deeper lying technical difficulties a characteristic difficulty of a more
formal nature appeared; the momentum conjugate to the scalar potential vanishes
identically. The formation of the Hamilton function and the commutation relations
cannot be carried out without further work. Three methods have been proposed to
date to resolve these problems. They do, to be sure, fulfill their objective but they
can hardly be viewed as satisfactory.

1. The first Heisenberg-Pauli method is a purely analytical artifice?. Certain terms
are added to the Lagrange function, multiplied by a small parameter €. These have
the effect that the above-mentioned momentum no longer vanish. In the final result
one then takes the limit € = 0. However, the e-terms lead to unphysical caculational
complications® and destroy the characteristic invariance of the Lagrangian under
the gauge invariance group.

2. The second Heisenberg-Pauli method?* , however, uses this invariance in an essential
way. The scalar potential is given a certain arbitrary value, e.g. zero; then the
Hamiltonian method delivers one less equation of motion. Supposing the missing
equation of motion is C' = 0, then one finds as a consequence of the gauge invariance
of the Hamiltonian that C' = constant. The choice of the value 0 for this constant

* Originally published in German “Zur Quantelung der Wellenfelder” in Annalen der
Physik 397, 113 (1930). Submitted for publication on March 18, 1930
** Translated by Donald Salisbury, Max-Planck-Institut fiir Wissenschaftsgeschichte, Berlin
and Austin College, Sherman, TX, USA and Kurt Sundermeyer, Max-Planck-Institut fiir
Wissenschaftsgeschichte, Berlin. e-mail: DSalisbury@austincollege.edu

# Deceased 23 March 1974.

! W. Heisenberg, W. Pauli, Zeit. F. Phys. 54, 1 (1929); 59, 168 (1930). In the following
referred to as H.P.I and H.P.IIL.

2 H.P.I, pages 24-29, 30 ff.

3 Cf. L. Rosenfeld, Zeit. F. Phys. 58, 540 (1929).

4 H.PIL
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signifies a restriction to one of many distinct and independent systems of terms. But
distinguishing a component of the 4-potential necessitates a proof of the relativistic
covariance of this method, and this check is very cumbersome.

3. The Fermi method® consists also in adding terms to the Lagrangian in such a
manner that no momentum vanishes identically. In order that the resulting field
equations agree with the usual equations certain constraints must be fulfilled; then
it must be shown that when these constraints hold on a t = constant slice they
continue to hold under propagation in time. The disadvantage of this method is
that once again the gauge invariance is destroyed.

The identical vanishing of the cited momentum component is by no means an isolated
phenomenon; the origin is just the gauge invariance of the Lagrangian as is shown
in detail below in a simple, comprehensive discussion. In an analogous fashion, i.e.,
more generally, the appearance of identical relations between variables and conjugate
momenta is to be expected in all cases in which the Lagrangian permits a suitably
built group. In investigating these relations in the especially instructive example of
gravitation theory, Professor Pauli helpfully indicated to me a new method that al-
lows one to construct a Hamiltonian procedure in a definitely simpler and natural
way when identities are present, without being subjected to the disadvantages of the
earlier methods. In the following the subject will be treated first from a general group
theoretical perspective, and then illustrated with the help of physical examples®.

1 Part one: General theory
1.1 Assumptions about the Lagrange function and the underlying group

We consider any dynamical system defined through the field quantities
Qo(xt, 22, 23, 1) that depend on the spatial coordinates z', 2%, 23 and the time co-
ordinate 2* = ¢t (and not, as in H. P., 2* = ict!). We need to make no assumptions

about the Lagrange function £ (Q; ‘Zg) as long as we remain in the framework of

the classical theory, i.e., we work only with c-numbers. If, however, we were to con-
sider the @) variables as g-numbers (while the spacetime coordinates always remain
c-numbers) then we would have to take into account that the rule for the derivative of
the function of a function would lose its general validity”. If we want to keep certain
properties of the Lagrange function that follow from this rule (and this will be the
case) we are forced to make certain restrictive assumptions about the function £ such
that these properties are valid in spite of the failure of the said derivative rule. It
turns out that from the mathematical point of view these restrictions will have to
be extensive, though for physically interesting Lagrangians they are fulfilled. They
concern on the one hand the analytical nature of the Langrangian: It must be at most
quadratic in the derivatives of the @, and furthermore, the ordering of mutually
non-commutative quantities.

To abbreviate we often write (o, instead of 9Qa

81” )
9Qa  Furthermore we will suppress the summation sign following the familiar rule.

With these agreements our ansatz for the Lagrange function takes the form

2L = Qo A" (Q)Qp,4 + QuuB™(Q) + B (Q)Qaw +C(Q)- (1)

5 Cf. H.P.II, page 171, footnote.

6 Here I want to stress once and for all that in the special cases treated in the works H.P. I
and H.P.IT the path to the desired generalization frequently suggested itself to me. It would
serve little purpose in the following to refer to each and every instance in which this occurred.

" Cf. HPI, p. 18, further p. 14, footnote 1.

and also Qa instead of Qq 4 =
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Although only the Qo do not commute with the Q,, we must nevertheless retain a
fixed factor ordering for the remaining derivatives since certain operations, di4 for
example, convert quantities to others that no longer commute such that the result of
such operations depends on the original factor ordering.

Since c-number considerations are often superior from the point of view of gen-
erality and elegance we will in the following use them for a first survey, and, later,
we will indicate the appropriate modifications required for g-numbers. However, to
avoid unnecessary repetition we will also refer to commutation relations as c-numbers,
whereby we of course mean the corresponding Poisson brackets.

We turn now to the definition of the transformation group that the Lagrangian
function permits (the precise sense to be specified shortly). We are in no way at-
tempting in this investigation to address the most general situation. Rather, we seek
a description that is sufficiently general that in the physical applications the deeper
interconnections are clearly evident. We do not therefore ask for the most general
group from which for a given Lagrangian identities of the type mentioned above will
result. Rather we will take as our basis a special yet extended class of continuous
infinite groups, which as we will show, lead to identities for an arbitrary Lagrangian
(c-number-)function®.

We characterize our group through its infinitesimal transformations. We assume
that both the z¥ and the @, transform in a certain way. Namely, the dz* (respec-
tively the 6Q,) depend on ry arbitrary real functions {"(z) (r = 1,2,...7¢) and their
derivatives up to order k (respectively j); the coefficients of these derivatives must be
real, and (here is the group specialization) the dz” depend only on 2 while the §Q,
depend only on ¥ and @, (and not on derivatives of the Q). Explicitly [1],

ox¥ = a?o(x)fr (x) + al? () gj; + a7 7 (z) 8m?k%wT ? (2)
I3 JEem
5Qa = ng (.’L’, Q)gr ((E) + cgﬂ‘(xa Q) gi" + ng'?:"r(x’ Q) Bz?..g.az" :

In addition we have the essential assumption®,
j>k+1. (3)

Concerning the commutation relations relating to the functions that appear in (2),
the £” must be c-numbers, and this property should be preserved in all transformations
of the group (2) (corresponding to the understanding that the £" depend only on
the x¥). Since the a depend only on the z¥ we may also consider them to be c¢-
numbers. Then the dz¥ are also c-numbers, as they must be in order that we may
treat the ¥ as c-numbers.

The most important groups appearing in physics are of this type (cf. the second
part of this work).

It remains for us to express the fact that the integral

/ Ldxtdx?da?da?,

is invariant under the transformations (2). For this purpose we introduce a few
concepts.

8 The method that is used here furthermore gives an immediate response to the general
question that was just posed. For Lagrange functions that exhibit a specific form the group
does not even need to be infinite in order that identities result.

o - o7te _
9 We set (agjg =¢ and (Boc)fl =0 [2].
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Besides the “local” variations d®(x, @, %g, ...) we have the “substantial” variation

o b
0P =0d— 00" (4)

if we represent transformed quantities with a prime, then we have

5 = &2 Q(2');. .| — Plas Qa); .,

while
5P = &3 Q' (@) ] - Bl Q)i ),
The following important formulae result (also for g-numbers):
do d
0* = o 5
dzv  dxzv (5)
and i d i doz”
x
= b — .
5dw” dzv o dzf dxv (6)

A quantity K is called a scalar density (with respect to the group) when it transforms
with the following properties:

d
0K Kox") =0 7
+ 0 (k) =0, 7)
or, according to (4),
déz”

K+ K =0. 8

+K (8)
Quantities depend in general on two kinds of indices, first on indices «, 3,7, ... whose

range is that of the index « in Q. Secondly, they depend on the indices u, v, . . . which
as with the index of ¥ range from 1 to 4. In particular the index r in £" represents one
or more systems of indices of the form (o, 3,...;u,v,...), numbered in an arbitrary
one-dimensional sequence. The indices of type «, (3, ... could in their turn be multiple
and in particular contain systems of indices pu, v, .. ..
A contravariant tensor K" is defined through the transformation property [3]
déz” 5, 00Qp

SK = Ko1 - K

daxt Q. 9)

in the g-number case this definition contains an arbitrariness in the underlined term
that we will remove by setting

85Qs 1 85Qs 960
Bv B _ Bv I¢] B -But
K 0. =2 (K 00, T 0g. )

where ' is the Hermitian conjugate (adjoint) to z. [In the following we will use the

notation 1
z=, (x4 z).]

With this assignment a Hermitian tensor remains a Hermitian tensor under an arbi-
trary transformation of the group.
A covariant tensor K, has the transformation property

dsa 960,
a Kgy ;
mar TR 90,

the variation of mixed tensors Kup..7%" ,,,...™ is formed in analogy with (9) and (10).

Koy = —K (10)
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A tensor density K transforms as the product of a tensor K with a scalar
density IC, namely

déx” 00Q 3 déxt
R S — KT 11
dxt 0Qa dxt (11)
We are now in position to formulate the invariance condition with respect to the
Lagrangian function. In order that the integral [ Ldz'dz?dz3dz* be invariant, fol-
lowing from well-known arguments'®, £ must be a scalar density up to a divergence
L' = 97 Explicitly:
S+ L)+ (L + )P — o (12)
dzV '
Since as we have said we are not concerned with complete generality, we will be
satisfied in treating in order the following characteristic cases:

1. £/ =0, i.e., L is itself a scalar density:

doxz?
oL+ L =0; 13
+ dzv ’ (13)
2. L' contains second derivatives
_ 0Qa
Qavp = oxvoxP
only linearly, i.e.,
d

L = v.ap o 14
P Q)Qu, (14)

and j =0 (cf. Eq. (3)).
In both cases the investigation splits into two steps:

a) Implementation of the Hamiltonian method;
b) Proof of covariance of the Hamiltonian procedure under the relevant group.

We begin with the first case.

1.2 The conjugate momenta and the identities

Henceforth we assume condition (13) is satisfied.
First we set

oL
av — 15
P 000y’ (15)
and we take as momentae ar
pr=prt= "7, (16)
0Qa

We confine ourselves first to the classical c-number theory.

We substitute into (13) 6Qq, Qa,, and dz” through their values given in (2) and (6)
as functions of " and derivatives. That way we obtain several identities in expressing
the fact that the coefficients of respective derivatives of £ have to vanish identically.

10 ¢f. eg. E. Noether, Gott. Nach. (1918), p. 211. The divergence ((11’;: appears if the integral
I Ldz' ... dz" is not invariant for an arbitrary integration domain but only when K” vanishes
on the boundary.
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These identities generally contain the Q, not only through the just introduced func-
tions P% but also through other relations (e.g., through the other P*” v # 4). They
are not of interest in solving the system of equations (13) for Qq; they simply repre-
sents relations that each solution QQ(Q, P) must fulfill automatically. If some of the
identities under consideration contain only the @, (along with spatial derivatives)
and the P, then the situation is fundamentally different. Then they signify that the
equations (16) are not mutually independent so that the general solution will depend
on arbitrary parameters (more precisely, spacetime functions).

The last case always occurs with the group (2). The highest derivatives of £”
in (13) are

aj+1§r
dz° ...0x7dxv’

according to the assumption (3) the corresponding identities read

Z”PO‘”CZ;'T =0'2, (17¢)
where the summation runs over all permutations of the numbers v, o, ..., 7. For the
case v =0 = ... =T = 4 one has in particular

4.4 _
P-4 =, (18c)

since the ¢ contain only the Q, we have in (18c) r( identities of the last type considered
that we will call “proper” identities. Furthermore it is easy to see that in general (i.e.,
in the case that the Lagrange function possesses no special properties ) that no more
proper identities appear. Hence, the general solution Qa (Q, P, ) of (16) depends on
ro arbitrary parameters \.

In the previous methods mentioned in the introduction one proceeded either
through the destruction of the invariance properties of the Lagrangian (methods 1
and 3) or through the choice of a special solution Qu(Q, P, %) (method 2). In con-
trast the fundamental idea of the new method is to construct the Hamilton function
as usual with the help of the general solution Q,(Q,P,\) with undetermined A",
without for the moment worrying about the proper identities. Field equations and
commutation relations have the canonical form, with the former containing the A”".
In this canonical formalism the proper identities ultimately become constraints. We
will see that in addition to its simplicity the method has the big advantage that the
proof of covariance can be carried out without difficulty.

1.3 Transition to g-numbers

We must first investigate how the relations described above have to be refashioned in
passing to g-numbers. According to (1) the relation (15) reads

ov 1 oV (0774 (0774
P = 0™ +p h=p>, (19)

with
pow — Aau;ﬁ#Qﬁ’u +Bau. (20)

' Equation numbers appear with an appended ¢ when they have unlimited validity only
for c-numbers.
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A bar over an index of the form p : p signifies that the index ranges from 1 to 3; the
summation convention will also hold for barred indices. With this notation according

o (19) and (20) we write
P =p%,
: 21
{pa :AaﬁQﬁ +'Da7 ( )

Aaﬁ = Aa4;ﬁ47
{Da = AOA;ﬁ#Qﬁ,u + Ba4'

We assume in this equation that

where we define
(22)

Aow:ﬂu — Aﬁu;m’?

and in particular that

Aaﬁ _ Aﬁa

which implies of course no restriction.
The considerations of the previous paragraph yield instead of (17c) and (18c¢)

DT = (23)

and
catp® = 0. (24)

Since in particular (24) holds identically in the Q. we have according to (21)

AP =0, (25)

ci’r"4D°‘ =0; (26)

the coefficients in the Lagrange function must satisfy, among others, these conditions
in order that it possess the required density property. We emphasize the relations (25)
and (26) for later use.

We cannot proceed further without knowing something about the commutation
relations [Qq, Q. If we were to know the Q)3 as functions of the @, and P, then
we would be able to derive the value of [Q,, Qg] from the canonical commutation
relations, which, as we have said, we wish to retain. But it is not even clear a priori
whether we can from (21) derive the Qg as functions of the matrices P, or only as
functions of the matriz elements of P*. The only way we can overcome this problem
is to make tentatively an assumptwn about the [QQ,QB] on grounds of which the
solution of (21) takes the form Q. (Q, P, \) and to check later whether the assumption
is compatible with canonical commutation relations.

A selfevident assumption is the following: the [Qq, @3] should be anti-Hermitian'?

functions of Q. and Q,,,, but not of the @, (respectively the P<) [4] (Whether

undetermined factors like 6(0) appear when @, and Qﬁ are taken at the same location
is irrelevant). We now quote a few immediate conclusions from these assumptions:

1. According to (20) both [Qq,p?"] and [Qa,p®"T] are anti-Hermitian functions of
the @ and the @, alone.

2. The [Qu, Qp); [Qa, p?"] and [Qu, p?* ] commute with every function of the Q, and

12 A g-number z is said to be anti-Hermitian when z' = —z.
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3. We have
[Qa, ™) = [Qa ™). (27)

Therefore instead of (23) and (24) we can write

> e TP =0, (28)

Fr=ch P =0. (29)

From (25) it follows that the N linear equations
APQp + QA = 2(P* — D), (21)
are not independent, rather that the determinant |A%”| has the rank N —r(. Since

it is symmetric there exists a nonvanishing principal minor of degree N — ry; we
will denote the corresponding indices with a prime:

AP £ 0,

while the remaining indices will be doubly primed: p”,v”,... The determinant
| A" | as well as its reciprical | Ay g/| are symmetric, and we have

AP Agry =89, (30)
where as usual 05 equals 0 or 1 depending on a # 8 or a = f3.

If we succeed in finding a special solution Q%(Q,P) of (21), then the most general
solution has the form:

Qﬁ = Q% + )\Txﬁm

where the A" are rg arbitrary parameters and the xg, represent ry independent solu-
tions of the homogeneous equations

Aaﬁxgr + xgr.ABa =0.

According to (25) we can now choose

zor = gt
and write
Qo= Q)+ N, (31)

Furthermore I maintain that

{Q%/ = % {Aﬁ,V, (/PV/ - DV,) + (/PV/ - D7/>AV,E,} (32)

Q%// - O

is a special solution of (21). If this is verified, then we have actually succeeded in
solving (21) for the @ 3: the solution (31) manifestly has the required property since by

virtue of the canonical commutation relations [Qq, Qg] is an anti-Hermitian function
of the Qo and Qq, ;-
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Substituting (32) into the left hand side of (21) [5], which for the moment we will
call 7,,, one obtains

7o = A Ay (P = D) 4 (PY DY) Ay}
o { Aoy (P = DY) 4 (P DY) Ay} A5
= A Ay (PY = DV) + (P = DY) Ay g A7
+ ;A‘W P =D A p] + ;[AW, pY — DA%
= A7 Aoy (PY = DY)+ (PY — DY) Ay A7

by virtue of the second implication of our assumption [6]. For @ = o we deduce
already from (30)

T =2(P* - D).

Now according to the theory of linear equations and using our assumption regard-
ing [Qa, Qg the identities (29) are equivalent to

’Pa// _ Aa//ﬁ/A/a,’YIIP'y/’
and in the same manner (26) is equivalent to
'Da// _ Aa//ﬁ/A/H,’YID’Y/ )

It follows that also . . /”
T =2(P* —D“),

whereby the proof is completed that (31), (32) represent the most general solution
of (21) in agreement with the canonical commutation relations.

1.4 Construction of the Hamiltonian
Classically the Hamiltonian reads
H=P"Qa — L;

in every quantum mechanical approach we must demand that

OH oL
00u ~  0Qus’ (33)

a property that will prove itself indispensible in the elaboration of the theory [7].

We have )
oL oL 0
(), ) ()
8Qa,u pa aQa,V Qa 8Qa,u po

and since according to (31 and (32), (aaQQ" ) does not contain the P* we can write
o,V 'Pa

oL _( o« 9Qp 4
(aQa,V)pa <8Qa,u)Qa + <8Qa,u>7)a P ’
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The ansatz )
H=Q.,P*—-L, (34)

therefore satisfies the desired condition (33). Since by (25) and (26)
LIQ;Q(Q, P, V)] = L(Q,Q),
using the notation (29) we can write
H="Ho+ \NFp, (35)

with ) .

Now we set the canonical commutation relations

{ [Qa(r), Qs(r")] = [P*(r), PP (r')] = 0, 37
[Pa(r)v Qﬁ(r/)] = WCSSCS(I‘ - I‘/), w = Qh;iv
as well as the field equations ]
[H7 Qa] = onu
[H, P = wPe, (38)
where we use the notation
A= /Adwldede; (39)

the integration domain must be chosen in such a manner that field quantities assume
a constant value on the boundary, indeed, such values that £ vanishes there [8].

In addition to (37) and (38) we have the proper identities (29) F, = 0 as con-
straints. But it must be proven that it is permissible to set all of the F,. simultaneously
to zero; in other words, that the F,. commute with each other, at least on account of
the constraints F,. = 0 themselves.

The following observations will serve not only this purpose, but are also the basis
for the proof of covariance to be adduced later on.

We define first the energy-momentum pseudo tensor

GY = P Qup — 0L, (40)

13

and then the energy-momentum pseudo density is
Gu =G =P"Qayu—0.L, (41)
whose fourth pseudo component is the Hamiltonian function (34):
H =G, =G

The components of the total momentum are then G, and the total energy is H.
The CR (commutation relations) of H with the Qq, P are given by (38). Con-
cerning the G, we first find referring to (37) that

{ (G (x), Qu(r)] = wiPe5(r — 1),

(42)
G, (x), P*(r')] = —wPo P,

13 The prefix “pseudo” signifies that the relevant quantitie are not tensors.
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then
dd

“ v

G, 2(Q,P)] =
and therefore more generally,

do 0P

W o = G, P(Q,P,x)| + W (43)
From this it follows immediately that [9]
(G, Gv] =0 (44)

this constitutes an expression for the commutability of the derivatives diy whose

physical content is the constancy in time of the G, that follows from equations (38),
(37)14.

1.5 Quantum-mechanical expression of the infinitesimal transformations
of the group

In this paragraph we prove the the proposition:
wd*P(Q,P) = M, D], (45)

where

M =P6Qq — G02". (46)

This should hold on account of the field equations (38) and the CR (31), under the
assumption that £ is a scalar density.
To prove this proposition it will suffice to show that

W(S*Qa = [M, Qa]v
WP = [M,Pe].

According to (37) and (42), considering that by (2) dQ, contains only the Q, (and
not the P%),
dQa

dxH

(47)

[M7 QOZ] = wéQa -
Now according to H.P.I, equation (20),

Szt — [624H, Qu).

[5$4H,Qa] _ wa(éz‘lH) _ 5I4[H,Qa],

ope
a a(6z* a(6z
[batH, PO = —w{ G0 _ 2, (gQafj)} (48)
= 0ul[H, P +w b’ B

The first relation (47) therefore follows referring to (4), using in addition the first field
equation (38).
Similarly, referring to the second field equation (38) and equation (33) one finds
[e3 65 [e3 v
LM, Po = —POYS — 4 (o)
_ 717;:‘ St 4 pov dsx? (49)

d$V )

_ 06Q szt d
= _phb an + PR, — o (PYoxY).

1 In case the A" contain the z* explicitly, (44) holds only because of the constraints (29).
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It remains only to show that the right hand side of (49) is equal to §*P*. We
therefore calculate dP¢ directly, or more generally 6P*”. First we have

oL oL oL 9o
67)041/ =5 ( ) _ ( ) _ Qﬁ,u7 (50)
aQa,u aQa,u aQﬁ,,u aQa,u
for c-numbers in general, and certainly for q-numbers whenever £ has the form (1)
and a;gf * does not contain the Qo (respectively, the P®). The latter is true in our

case according to the formula (6) that gives

0 0 d dox?
0Qp.u = { 0Qs = Qs 4 }

0Qa v 0Qq, | dzt
_ 8(5@561, _ déx 5.
0Qs " dam
Substituting this into (50) yields
06Q) dox¥  9(L)
av _ _pPr B ap .
oP P 90, +P duoht + 0Qu’
now using (13) we deduce
20Q dox” doxH
av _ _ ppv B ap _ pav .
OPY = —-P 90, +P oo P dait (51)

i.e., as the comparison with (11) instructs us: P*” is a tensor density. From (51)
with reference to (4) for §*P = §*P** the expression (49) follows immediately. The
formula (45) is hereby proven.

1.6 The F, as special infinitesimal transformations

We consider a fixed but arbitrary slice 2* = x3. On this slice we consider the trans-

formations of our group (2) that are defined through the conditions [10]

r _ [ o¢" _ _ ([ ¥ _
(gj)i4zzé N <8I°>z4:mg T <8w”---8w*>z4:m3 -0
(695? gaw> T 0, if all of the o ... 7 are not equal to 4, (52)
rt=x]

6]57‘ pr— Er
CEDD

where the €” are arbitrary spatial functions.
On account of the assumption (3) these transformations do not lead out of the
x* = 23 slice. They constitute at every point in this slice a finite continuous subgroup

of the group (2), whose infinitesimal transformations are given by
wé'®(Q,P) = [e" F, D).

(The Q, P, F are hereby taken at 2 = z3.)
Lie’s second theorem on finite transformation groups declares when applied to this
subgroup that at every point of the slice

[Fo, [Fo, @] = [ [Fr, @] = cr 2, 2,
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where the L are the point (z', 2% 23, 23) dependent group “structure constants”. By

the Jacobi bracket identity the left hand side is simply equal to
[[-7:87-7:r]7¢] ;

we therefore obtain [11]
[Feo, Fr] = Lo Fu. (53)

From here follows the still needed fact required for the establishment of the method
presented in section 4 that because of F,. = 0 the F, must commute with each other.

1.7 The infinitesimal transformation M as integral
of the motion

Let us return for the moment to the pure c-number theory. We set
MY = rPaV(SQa _ gZ(;xN7 (54)

and
oL d 0L

0Qu  dax 9Q.,,’

S0 is easy to see, the assumption (13) is equivalent to

Lo =

amM”

oy LA Qa =0 (56¢)

taking into account that according to (46) and (54)
M=M*
and using the notation (39) we have [12]

dmMv

=0
dxv ’

then it follows from (56¢) that

dM

= L8 Qo (57¢)

Now it is well-known that the Hamiltonian equations (38) (by virtue of the proper
identities (29)] are equivalent to the Lagrangian equations

LY =0.
Consequently by (57¢), due to (13) and (38),

aM

ot =0 (58)

holds.

Equation (56¢) cannot be carried over to g-numbers. Nevertheless the derivation
of (58) succeeds through use of the very same assumptions (13) and (38), only un-
der somewhat different circumstances. Both relations (13) and (38) were essential
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in the derivation of (43) and (45). Let us apply these latter results to the identity (5),
whereby we let @ depend only on @ and P:

(M., =[G 0] + 0.
[[QV,M] +wgﬁ,§5} =0

using the Jacobian identity, or finally

dmM
.4] o,

In particular % is a c-number (generally dependent on z*). But this c-number, as a

sum of g-numbers only, can be nothing other than zero. This conclusion is confirmed
through a somewhat wearysome calculation of ‘Z/\ff

Interesting conclusions regarding the relation between M and the functions F,.
can be drawn from (58). Under integration by parts M takes the form

M= /dxldxzdx?’z./\/l 818 (59)

where

NI = F,. (60)
Equation (58) is then put as follows:

] i+1e¢r 1ET
/dwd:c?d:cg’z:/\/"a & /dwdw2d3ZdN ¢

8 4)1+1 dx4 3I4 7’

From there one concludes through comparison of coefficients that

i dNrH_l ) )

Nt =— ok (i=0,1,...,5—1), (61)

and AN
= "= 0. 2
N, 0, o 0 (62)

(60) and (61) yield
) T,
i (_1)i—t C_ .

N, (-1) (dat)i=i (1=0,1,...,7), (63)

and M therefore assumes the remarkable form

. ] Zf azgr

1,273 /
M= /dx dx*dx Z dx47 (02 (63")

The first identity (62) is according (60) trivially F, = 0, the second shows, however,
that on account of the field equations and the identities (29)

dHLF,

iy = (64)
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This provides the answer to the question to what extent differentiation of the con-
straints (29) yields new relations [13].
If in particular j = 1, then the only new equations are ‘;fg =0, ie.,

oF,
Y ot

If the Lagrangian is of the form (1), i.e., if (35) holds, then referring to (53) this last
equation becomes

[H, Fr] + = 0.

OF; s
[Ho, Fr] g + L ANF =0,
or since F, =0 5
T
[Ho,]:r] +w8x4 =0;

since neither the constraints or the new equations contain the A" the latter remain
essentially undetermined. (This is however different in case j > 1 since then already

the (fl;f)z contain the A".) As a consequence of the essential indeterminateness of the
A", 1o field equations of the form

wP® = [H, P
are missing [14]. The equations
dF, OF,
0 T o_ . T o
NT = d{[;4 —O, 1.e. [Ho,j T]+w8x4 —0

just barely suffice as a replacement [15].

In the case j = 0 the missing field equations are replaced by the identities F,. =0
themselves, which according to (64), i.e., ‘;fg =0, evolve in time.

We want to make one last observation with regard to the formula (63"). Let us
inquire into the subgroup of our group that leaves all of the points of the slice 2% =

invariant; this group is obviously a normal subgroup. The conditions

sz¥ =0 for 2t = x}
imply that
aé-r ak:g’r'
L E— =...= =0
(é- )174—:23 (aIU)E‘L_z‘l |:3x" . 81'7- P —t '
0 0
in view of (63’) the infinitesimal transformation then reads
(
i=j o
i TVF.
S = /dIldIQdIS Z (—1) (dat)i—s si", (65)
i=k+1

[

- )
where @, Fr. is taken at 24 = 24 and the
(dz?t)d 0

aigr
|:(8:E4)1 :| zi=x}

are arbitrary spatial functions [16]. The group S is at every point of the slice a 79(j —k)
parametric invariant subgroup. The group (52) considered in Section 6 is a subgroup
of this group.

Sir
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1.8 Covariance of the procedure under the group action

Using the results obtained so far we are now in position to easily settle the question
whether the procedure is covariant.

The formula (45) implies that for an arbitrary group transformation every func-
tional &(Q, P) is subject to a similarity transformation of the form

¢ =S7'ps (66)

where according to (58) S is time independent.

Furthermore, as is easy to see'® that formula (45) is also true for infinitesimal
transformations A of the group, i.e., it holds when all of the field quantities are
subject to the infinitesimal transformation M,

WIN = M, N], (67)

hence, more generally,
N =57INS. (67

From (66) the covariance of the CR (37) follows immediately. According to (35) the
Hamiltonian consists of only @) and P dependent functional Hy and a term A" F, that
according to section 6 represents a special infinitesimal transformation A/. On account
of (66) and (67") the canonical field equations are also subject to a (constant in time)
unitary transformation, under which, as is well known, they remain invariant.

All that remains to investigate is the variation of the left hand sides F, of the
identities (29). According to (67) they vary as

w6* Fr = [M, F,]. (68)

Thus it follows from the fact that the group S defined in (65) is an invariant subgroup,

i=j .
s dj 1’7:5
M, Fr] = Z Y (dgt)yi—i (68)
i=k+1

According to (68) and (68") we therefore have §*F, = 0, i.e., the proper identities F, =
0 are invariant, due indeed to the identities themselves and possible time derivatives
thereof.

15 1f one replaces @ in
& = i IV, ]

by
. 1
=0+ (M,
w
and @' by
&=+ M,
w

then it follows after an easy calculation that

~ 1 1 ~
& =¢ é
+w N+W[M,N], ,

cf. also E. Noether, Gott. Nach. (1918), p. 252 [17].



L. Rosenfeld: On the quantization of wave fields 79

1.9 Extension of the theory to the “second case” of Section 1.1

We indicate briefly how the theory above is extended to the “second case” defined in
Section 1.1.
Our group would then have the simple form:

ox¥ =0,
6Qa = Corl’. (69)
With p
[ v,ap
E - dx" [f (Q)Qa,p] (14)
we have according to (12) -
S(L+L)=0. (70)
1. Let us next calculate §£’. I maintain that £’ takes the form
_ d _
I av
oL = da (R §Qa) (71)
or
o= (e (72)
Codey T

Because we obtain first

oL = d {apr cgr§ Qa,p + [V d(carg") } ;

 dav 8Qﬁ dxP
if we set " 9
o dfv-ep v,Bp
re’ = — dap + Qg,p 9Q. s (73)
and
.Y =r“car, (74)
so we have
R AT N (75)
Coder 7T dzr ar '

Now we use (70) and write out the requirement that the coefficients of the second
derivatives of the {" vanish identically. Since £ contains no second derivatives of
the £", we have according to (75)

(fV% + fP¥)eqr = 0. (76)
As a consequence (75) is reduced to
- d
oL = Z.ven).
@)

Now we set
R = r™¥ (77)

and notice that instead of (74) we can also write
7, = R car, (74)

thus we have proven formulas (71) and (72).
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. Now we set up the analogues of the identities (28) that in the first case contain
the proper identities (29). For that purpose we must simply set the coefficients of

the jﬁ: in (70) equal to zero. We obtain

(P +R*)eqr = 0. (78)

In particular for v = 4:
('PO‘ + Ra4>co¢r _ 07

or, once again substituting

Fr =P%%q, and 7, =7,

Fr+I.=0. (79)

. The identities (79) are proper, i.e., we have

0L,

. =0. 80
90., (80)
Instead of directly proving (80) we will prove more generally that
a(rﬁpcﬁr) — _ a(’rﬁycﬁ"') , (80/>
0Qa,v 9Qa,p

from which (80) follows via (74) when v = p = 4.

For this purpose we set equal to zero the coefficient of £ in (70): it is a term linear
in the second derivative Qq, ., with coeflicients that only depend on . Since this
term vanishes identically for arbitrary Qa,,., we can in particular assign c-number
values to the Qo ., and then separately set to zero the coefficients of the Q4 -
Using the formula that is valid for arbitrary £?(Qa; Qa.v):

0 d oK d oKr
Kr asWa,v) = ’ 81
0Qus ™ Q00 = o0 4 0, e
we find for these coefficients according to (71 and (73) [18]
8(rﬁpcﬁr) A(rPvcg,) )
aQa,V aQa,p '
setting this expression equal to zero gives (80').
By the way, according to (81) it follows furthermore from (73) that
orev - afu,ﬁp B afu,ap - aRau' (82)
0Qpp  OQa 0Qs  9Qp,’
therefore instead of (80") we can write
O(RPrPcg, O(R e,
( Cﬁ ) J— ( Cﬁ )' (83)

aQa,u aQa,p

. The calculations of Sections 1.3 and 1.4 can be applied word for word to the present
case with P* + R taking the role of P* [19].
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The derived expression M for the infinitesimal transformation, as derived in Sec-
tion 1.5, undergoes an analogous modification since P*” is no longer a tensor
density!6.
Rather, we have according to (50) and (70)

. ol oL

SPOV = _Pﬁu Qﬁ _ ( )7
0Qa  0Qa,
but by (71), referring to (81),

(6L _ I(RP*6Qs) n d O(RPPSQg)

0Qar  0Qa dz? 0Qaw

i.e., taking (83) into account

. 20Qs  O(RP6Qz)  d I(RPY6Qp)
av _ __ppr B8 B B8
P =P 0. 90, T der 00, (84)
In particular due to (80), for v = 4 this becomes [20]
- a6 I(RP45 pis
5po — _ps99Qs _ O(R™5Qs) L 4 IR 5Qﬁ)7
aQa aQa dxr aQaaP
ie., ~
woP = [N, P, (85)
with -
N = (P +RN6Q,. (86)
Once again on account of (80) we also have
wiQu = [N, Qul, (87)

so that we have in A/ the desired extension of M.
From expression (86) it follows exactly as in Section 1.6 that the left hand sides
Fr+I, of the proper identities commute as a consequence of the identities themselves.
The considerations of Section 1.7 concerning the constancy in time of the M as
well as the proof of covariance of Section 1.8 can be carried over without change to N
In particular, since it is assumed here that j = 0, the identities F,. + Z, = 0 play the
role of the missing field equations.

1.10 Observations concerning the simultaneous treatment of multiple groups

In case the Lagrangian admits several groups the above theory is still applicable
considering that the infinitesimal transformation of the direct product of the relevant
groups consists of the sum of infinitesimal transformations of the individual groups.
In particular the F,. of each individual group commute not only with each other (due
to F, = 0), but also with the F, belonging to other groups. It is also permissible
that “case 17 (£ is a density ) may apply to some groups, and “case 2” treated in
Section 9 may apply to others. For the latter case we must simply replace the F,
by F, + Z,; these once again commute not only among themselves but also with the
remaining F,..

It follows from this observation that one may treat independently the individual
groups admitted by the Lagrangian.

16 Although neither P nor R®” are tensor densities, it is easy to show that P + R
is a tensor density.
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2 Part two: Applications
2.1 The Lagrange function

We wish to construct a Lagrangian that includes not only electromagnetic and ma-
terial fields, but also the gravitational field. Concerning the latter, we will adopt the
one-body theory proposed by Fock!” and Weyl'®: we describe the gravitational field
through the introduction at every point of four orthogonal vectors h; , (i = 1,2, 3,4)
and we demand that the laws of nature be covariant under z-dependent Lorentz trans-
formation of the “Vierbeine”. This covariance, which we want to call “genuine bein
covariance” following Levi Civita!? is fundamentally different from the “local bein
covariance” demanded by the Einsteinian theory of Fernparallelismus in which all of
the tetrads are rigidly linked (constant Lorentz transformations of the tetrads). In
agreement with Fock (and contrary to Weyl) we describe the material field through a
four-component wave function ¢ = (11, ¥2, 13,%4). For the electromagnetic field we
select as variables the components ¢,, of the four-potential®®.

The Lagrangian is composed additively of three parts that correspond to the three
designated fields (and simultaneously contain the field interactions).

Letting
09y, 09
E, = - r 88
. ozt Odxv (88)
represent the electromagnetic field tensor, then the radiation term in the Lagrangian is
1 v
£ = A B &M, (89)
with
EM = B,

where b’ is the determinant of h;, and the E#" are the contravariant components of
the tensor E,,,.

In order to specify the matter term we choose a specific system of Dirac matrices.
Let us start from the Pauli matrices?!

w- (i) () (3)

Thus let us set

We now introduce the notation
e, =—1, eg =1, (92)
so the matrices a; are Hermitian and they have the commutation property
A Okl + QL em = 2€mO0mik- (93)

17 V. Fock, Zeit. F. Phys. 57, 261 (1930).

18 H. Weyl, Zeit. F. Phys. 56, 330 (1929).

19 Berliner Berichte 1929, p. 137.

Since we have set z* = ct we have ¢4 = —¢, where ¢ represents the scalar potential.
This differs from the Fock matrices (loc. cit.) only slightly. The essentially different
feature of the specialization is o4 = 1 (In Fock’s notation o9 = 1).
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Furthermore we need the matrix

o= (?é) (94)

(where the ones represent two-row identity matrices).

With regard to the latin indices a sum over doubly repeated indices is understood,
whereby the factor ey, is to be ignored when counting the number of indices. In addition
to the h;, the contravariant h;” also appear, and they satisfy the relations [21]

hihiy = erdp,
{ ekhth7M = 5,’1, (95)
which express the orthogonality of the tetrads in the space with metric
uv = ekhk,#hk,w (96)
Defining
ohy Ohy
l P N
= — 97
npo' 6$U axp ? ( )
and
27mkl = (ni;crhgzhg + W;’ﬁ;h?hz + n;]jcrh?nhf>h/7 (98)
and ) N
B e 1) _ he
C = 4 CROm Ok Ymkt + w%hl h, (w = 2m.> ) (99)
and finally
77 = erarhih, (100)
then the matter term in the Lagrangian reads
* o 81/} 2% /
Ruwy™ | v P eioqCip | — mesp*oph’. (101)
x

(z* is the complex conjugate of x. Rx is the real part of . Iz is the imaginary part
of z.)
Now we have (cf. Fock, loc. cit., formula (24)),

ov°
ei(aCr + ClTozl) = g0’
and consequently
o w 0
I * g _ — * O .
w (7 P elOélCﬂ/)> 9 920 (W y7Y) (102)
We can therefore take as the matter term
W = wip* <7” 88;{)7 - elalC'ﬂ/)) — mcp* ok, (103)

instead of (101).
For the gravitational part we take ;ﬁg , where kK = 8;f (f = Newton’s gravitational
constant) and

1 I oo’ pp'h/ l .
elnpgg g 77p’o’7

/ , 1 ’ ’
G = ekemlpghlphz q°° h'n’;,c,, - 2ekeméghf hyg7? h'n’;,U, v
(104)
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as is easily checked (cf. e.g. Weyl, loc. cit.) that G differs from the scalar curvature
density R by a divergence

_ d » O(h7H')
R=G— 2d:1:” (elhl ope ) (105)
Altogether we have therefore
L= 1Q+S+W (106)
2k '

In contrast to the usual form of relativity theory where the field quantities g,,,, were
not vectors but were rather second rank tensors, the two constituent parts G and

2 dg, (elh;’ a(ng ,)) of R in (105) are scalar densities under the general relativistic

transformation group. On the other hand G is not by itself bein invariant, but R is.

2.2 The gauge invariance group

The simplest group admitted by our function L is the gauge invariance group for which
the «¥ and the h;, remain invariant while the ¢, and 1 transform as follows [22]

6¢u = aftm
{51/)——%&/)- (107)

Under this group 6£ = 0.
In order to ease the comparison with the general theory we se

¢U:QU7 1/):@57

t22

so that we have

with, hence, the single resulting identity
Pt =0. (108)

This follows directly from the explicit calculation of the P":

(109)

PHY — gvu7
p(w — ww*,yu'

In order to discuss this simple example further we first disregard gravitation, i.e.,
we set h;, = 0;, [23].
The Hamiltonian then takes the form

H = Ho + AP, (110)

where H is for example the special Hamiltonian function selected in H.P.IT that does
not contain P*.

22 Since the v are not Hermitian it is necessary to make some small modifications in order
to adapt these variables to the formalism. There is no need to go into these details here.
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The field equations read

le/ : [H07Qu]a
CQu= A, (111)
wQs = [Ho, Qsl;
WP = [Ho, P*], (a=1,...,5). (112)

Since we also have j = 1 we have a constraint?® besides (108)
[Ho, P4 = 0. (113)

So A in (111) remains completely undetermined and the fourth equation (112) is
replaced by (113).
The infinitesimal transformation M reads here:

M= / { aafy g — 651/1*741/)} datda?da®,
or through integration by parts

4v
M = / g Pt_¢ o€ + ey | b detda?da®.
Ox? oxv

The square bracket is nothing other than i[Ho, P4, or 754, so that
_ 9 q  LdPY\ 153
M _/{8:E4P _gd:z‘l dx' dx*dz?, (114)

in agreement with (63').
According to the general theory P4 = 0 must hold due to the field equations and
the identities; this is in fact the continuity equation of electricity.

2.3 General relativistic covariance

For an arbitrary coordinate transformation

ox¥ = ¢, (115)
we have ek
Shiy = —hi aiy, (115')
and, furthermore,
5¢V = _¢# gii y "
{ 51— 0. (115™)

The Lagrangian behaves as a scalar density under this transformation.

We retain the notation of the previous paragraphs for the momenta conjugate to
¢, and 1), and we represent the momenta P** conjugate to the h; , by P;* so the
inproper identities (28) read in the present case

BolE +E7) & hi (P + PIY) =

23 Tn the notation of H.P.IT (113) reads C' = 0.
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taking into account that £#” 4+ £¥* = 0 they reduce to
PYH PR =0, (116)
and have the four proper identities
Pl =0, (117)

as a consequence.
The straightforward calculation in fact gives (116) since G and W depend on the
Nl only through the 72, and

o,

_ SHSV _ SV SK
Oy 5,)50 )

pe>
i.e., is antisymmetric in g and v. One finds

Pt = [négg”g“” + 2emp, by (97 by = g7 hi)
—eimpohf (hy g7 — hi'g®")eih’ ] ,, (118)
l

p)
R4 qamagerey 5l
iv,p

The infinitesimal transformation M takes the form

n
M=— /dwldx2dx3 {(“)f (hi,;fpf + ¢u7)4> =&

0
Ot (hi,upzy + (bupy) + gu:| } 3

ox?

let us consider in particular the translation £# = e# = const so that ‘;ﬁf = 0 yields
the energy-momentum conservation law

G, = const.

for a linear transformation we derive from M the generalization of the angular mo-
mentum conservation law (cf. H.P.IL, p. 177).

According to the general theory (Sect. 1.7) the setting of the coefficients of &
equal to zero yields a constraint

0
Gut o, (hisaPY + 0, P") = 0. (119)

F. Klein?* has already observed in another context that (119) is equivalent to four
field equations [25].

2.4 The true bein covariance

For this group we have [26]
dz¥ =0, d¢, =0,

0hiy = er&ihi, (i = —&ki)s (120)
and based on (120) one easily shows that

1
oY = o CRSikQiOn Y- (120)

24 Gott. Nach. 1918, p. 185.
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We have here an example of the “second case” treated in Section 1.9, since G is only
locally invariant and only W is truly bein invariant; M and &£ are also true bein
invariants.

For the purpose of calculating formula (74)

temporarily select as a variable

, Ik = Z(‘;k), it will be most useful to
QY = h'hy.
Then according to (105)
v, 1 VS
l’ L _Kelhl6p7
and according to (120)

Cl,a(ik) = 5il€khghl — (5kleih?h’.

Referring now to (71) one easily finds that

d
(W'hYRE — B'hPRY). (121)

" 1
I(ik) = Heiek dP

To calculate F;. = F;1) it will be more convenient to return to the original variables
Q1o = hio and @5 = 9. Then we have to set

Cla(ik) = Oiekhi,o — Orieihi o,

and in addition, by (120"), we set

Cs(ik) = i(ekaiaw — ejapa;)).
We have accordingly
Fiiry = Pjexhi, — Preihi, + Zekelh/h?w*(alaiak — o).
Now according to (98)

OYmiji OVYmijit 114
h v ihiu:hh 5zm6 '_(Si’ém;
ahi,u,4 Crllk, 3hk,,,,4e s l( kj 7Ok )

then according to (118) we set

8’7mjl

N w
Py =P/ —R4elw*alamajwej b
1,0,4

(122)

where 751” represents the momentum in the absence of matter. Then the F ;) simpli-
fies, as it must, to ) 3
f(ik) = P;’ekhk,,, — P};eihiyy. (123)

According to (121) and (123) the six proper identities read

dp (W' hihy — W hih}) =0, (124)

- ~ 1
P erhi, — Preihiy + . CiCk g

which can also be obtained directly from (118).
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2.5 Supplementary observations on the gravitational and matter fields

1. After having sketched in the previous paragraphs how the Fock-Weyl one-body
theory can be quantized, we would like to briefly address a point that is treated
differently by Fock and by Weyl, namely the construction of the energy-momentum
tensor 7;” of matter. The Fock approach leads to a non-symmetric tensor and seems
for us to be inappropriate. We prefer the Weyl definition

, oW
TV = Shs (125¢)

that because of the field equations gives a symmetric tensor. However, since Weyl
works with a two-component ¢ while we want to stay with Fock’s four-component
theory, it would not be redundant to repeat here mutatis mutandis the Weyl cal-
culation of 7;".

The symmetry of 7;” follows immediately from 0¥/ = 0, where ¢ is the varia-
tion (120), (1207), for it follows from setting to zero the coefficients of &;;, that

1.6
T  exhi,y — T eihiy, = —2R 52} (exoviay — e;ap;),

i.e.,
Zuekhk,u - Zcueihi,u =0

using the field equations

5W:O and ow

o oy
This equation expresses the fact that the tensor [28]

0.

1 v
e =cie T hy

is symmetric with respect to ¢ and k.
Instead of (125¢) we can just as well set

., ORW
T,V = Shiy (126¢)

which will give a real-valued tensor 7;”. It is more convenient to calculate

/R
’ZZU = 5h):v = —ephp hi TP = eih’Ti’)V. (127¢)

Based on (103) we find
T/, = Rwi*oy 20— eprahdy — hiy W

+RY erhy i b 6‘zp {V*amagy}
OYmki d a')’mkl} (128C)

w *
—Rieiciery  aamart | it — o0 ont.
with W = ,}, W.
We confine ourselves now to special relativity in setting

v __ j—
hi = eihi)l, = 61'1/'
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Then (128¢) becomes?
= Ruia 2% — 8, W — elrai,
+RY epe,,a?;iglﬁ a0, a,10), (129¢)
W = Rwe,i*a, 2¥ oun — M oY — epethtapd,.
In particular we then have [29]

0 * *
T,s = Rwv*a, 8:@/; — et a,he, + mc* o),

i.e., the energy operator is

h O e
H=q, <2m' P Cgbp) —+ mco. (130c)
Furthermore we have
—Rwp 20 —eprys, +RY 2 wrasanm)
- dzv v 48 p e
if we set
a1 = U3 (131)

and also cyclically, then we have for example

T =R ) —evrvon+ {0000 = e}

The momentum operator is therefore:

h 0 e
— v 132
2 Oxv c¢ (132¢)

v =
on the other hand we get for the angular momentum:

, 0 40

M, = 2°T!, — 2T, = R -
1= 0" Ty —2°Tpp = Rwy? 5)903 T 92

) Y — cp*Plrtps — 27 o]

wf 50 * s 0 * 3 0 * 5 0 *
+ 4 {I oxl (1/’ Hﬂ/’) -z Ox2 (1/) le -z ox3 (1/) ,ul’l/)) +x Ol (1/’ ,u3’l/)) y
and consequently for the corresponding operator

h 0 0 e i
My = 2mi <x2 o3 v 3x2> B C(x2¢3 — o) + /2‘1' (133¢)
2. In the preceeding we have assumed Bose-Einstein statistics for the tetrads h;,,
i.e., we have chosen a minus sign in the bracket symbol for the CR’s. One could
ask whether it would be possible to apply Fermi statistics to the tetrads. The
criterion for the admissibility of CR’s with a plus sign is the following (cf. H.P. I,
29): the usual bracket symbols (with the minus sign) [G,, Qal, [Gu, P®] must

25 (Cf. also H. Tetrode, Ztschr f. Phys. 60, p. 858, 1928. Fomulae (13) and (16) as well as
the text on p. 862.
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assume the same value when one replaces the minus sign in [Qq,Qgl, [P, P7],
and [Qn, P”] with a plus sign.

Applying this criterion the answer with reference to the tetrads is no, since one
sees from the form of the Hamiltonian (quadratic in the P®) that in the transition
from a plus to a minus sign [Ho, Q] undergoes a change; in the bracket symbols
belonging to the constituents of Hy the two terms quadratic in the P are different,
and the differences do not compensate each other.

3. The pure (vacuum) gravitational field could be described by the g,, instead of
the h; . Then we would be dealing with another variety of the “second case” and
due to the general covariance group we would obtain four identities of the form
(P + Rk, = 0.

Summary

1. When the Lagrangian function £(Qu; Q) transforms under the group?®

v = a0 (x)¢" (x
{10, o ciotaie @) )

0Qa = b, (@, Q)™ + 5, 0%,

as a scalar density, then there hold identities between the ) and the conjugate
momenta P of the form
Fro=Pl =o. (29)

In case £ + L', but not L, is a scalar density, where £’ is linear in the second
derivatives of the @, then P* + R** appears everywhere in place of P*.
2. Consequently the solution of the equations

oL
P = .
0Qa
for the Qo takes the form
Qa = QU(P, Q)+ X'cy,, (31)
with arbitrary spacetime functions \".
The Hamiltonian thereby takes the form
H="Ho(P,Q) + \"F;. (35)

The basic equations of the theory are the canonical field equations, the canonical
CR’s, and the constraints

dF,
F.=0 and dat =0.

3. The infinitesimal transformations of the group can be expressed as
wd*P = [M, D). (45)
M =P*Qq — Guoz". (46)

26 For the purpose of clarity we specialize the formulas to the physically important case
j=1
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(@ is an arbitrary function that depends only on @ and P; G, is the (pseudo)
energy-momentum density).

A special case of M on an arbitrary slice 2* = 2§ is " F,.. It follows from F, = 0
that the F, commute amongst themselves, i.e., that the constraints F, = 0 are
compatible.

Furthermore, due to the field equations,

aM

it =0 (58)

from which it follows that

0T dF,
M= / dz'dz?da® {}'T 8; - d; gr}. (63")

and because of the field equations (temporal evolution of the constraints)

2
& =0. (64"
(dxt)?

4. The basic system of equations is invariant under the group.

5. The electromagnetic field, the Dirac material field, and the gravitational field in-
cluding all interactions were treated as examples. The relevant groups are the
gauge invariance group, the true Bein covariance group, and the group of general
relativity theory.

In particular, as regards gravitation, it is not possible to quantize the corresponding
field quantities with Fermi statistics.

Acknowledgements. 1 express my sincere thanks to Prof. Pauli for his suggestion to undertake
this work and for his valuable advice.

Comments

[1] An ellipsis is missing in these equations. They should read

" kgr
{ dz¥ = al(2)€" (x) + ay?(2) g + ..+ ar 7T (@) 5,0 S
o 7‘ o...T 3
0Qa = cor(2, Q)" () + car(2, Q) g + - + €& (2, Q) 7. Spur -

[2] Note that with these definitions Rosenfeld is accomodating the inclusion of transforma-
tions for which dz" = 0, in which case he is evidently taking & = —1. Thus the local
Lorentz and U(1) transformations treated in Part 2 will also satisfy the condition

j>k+1,

where £k = —1 and j = 0. See equation (120).

[3] This is a generalization of the notion of contravariant that applies also to variations
that are not generated by coordinate transformations. Thus as we shall see internal
gauge transformations are included. When the o become coordinate tensor indices one
recovers the usual coordinate definition.

[4] The commutator will not depend on either Qq or P*.

[6] The reference is to the rewritten form of equation (21) that follows equation (29).
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[6] The line containing the commutators may be written as the nested commutator

[7]

[8

9
10

]

]
]

1 «g’ ’ ’
) [A PP -1 A

This expression vanishes by virtue of the second implication.
This classical equality is established by Rosenfeld in Ann. de P'LH.P. (1932), 25.
If the spatial boundary is taken to be finite it appears to be sufficient for Rosenfeld to as-
sume that the field quantities take the same constant value at each coordinate boundary.
See the remark [9] preceding equation (44). On the other hand if Rosenfeld is contem-
plating a falloff behavior at spatial infinity he needs to assume that the Lagrangian
asymptotically approaches zero. An alternative not mentioned by Rosenfeld would be
to treat a spatially compact manifold.
The correct expression would be ng gy] 7215} =0.
These transformations played an important role much later in Dirac’s Hamiltonian
formulation of general relativity in 1958 where he found canonical variables that were
invariant under these transformations. Bergmann called such variables D-invariant in
recognition of Dirac’s discovery. Such variables were however isolated in a different but
related context by Paul Weiss in 1938.
More precisely,

[Fo(@, 20), Fr(a',25)] = 6° (@ — @) o Fe (@, 75).
Recall that Rosenfeld is confining himself here to transformations for which éz* = 0.
Rosenfeld evidently assumes that the variations vanish on the spatial boundary.
There is a puzzle here. As Rosenfeld notes, the requirement that arbitrary time deriva-
tives of the constraints F,. = 0 vanish is an internal consistency requirement. It is
independent of the analysis of the generator M that he has just undertaken. With this

i1z . .
t (‘fix4)f+’1 = 0 may be viewed as a consistency check.

What Rosenfeld has actually proven here is that on account of the requirement that
We are to understand the presence of arbitrary functions as Rosenfeld’s definition of
“missing” .

We are still considering here the special case 7 = 1.

Keep in mind that in this definition k+ 1 <4 < j, so these derivatives need not vanish.
Rosenfeld is demonstrating here that the cumulative variation in ¢ obtained by first
performing an infinitesimal transformation generated by A and then followed by a
transformation generated by M can be written as a transformation generated by M
followed by a transformation generated by an altered generator, namely N + :}[/\/L/\/]
The transformed fields under the first transformation are labeled by a “prime”, whereas
the transformed fields under the second transformation are denoted with a “tilde”. Thus

requirement in mind, the result tha

= 0, the generator M must vanish. But he never says this explicitly.

¢ =a+ W9

and to be unambiguous Rosenfeld should denote the second transformed field as (¢')
and not (9’), Thus

@) =o'+ :;[M’qﬂ =+ iW,@H {M,rp+ iw,qﬂ}
=d+ ulj[/\ﬂép]-i- ulj[/\/lﬁls] — wlz ([@7 [/\/'7_/\/1]] + [N7[€157/\/l]])
1
1

—ot ! [N+ LMt im@]]

D+ . [N+ :)[M,N],é]} ,

where in the second line the Jacobi identity was used and in the third line we ignore
terms of order (i)3 Equivalently, he has computed the generator of the commutator



(19]

)
=

s
=

)
N

(24]

(25]
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of the two transformations generated by A and M; this infinitesimal commutator is
generated by ! [M,N].

Rosenfeld does not employ the identity (81) to prove (80). The key observation here is
that the coeflicients of Qa,.p in 77, must vanish, where 77 := r*’c4,. But since

orf orf
Tf,p = 8Qa Qa,p + 8Qa VQa,Vw
the desired coefficient is
orf " ory 0
OQaw  Qa,

This is (80").
Rosenfeld does not say this explicitly in the text, but it does turn out that the particular
solution QY is still given by (32), as we now show. The new identity is

car (P +R™) = car (A“‘*Qﬁ + R + D‘“) =0.

Then since R** and D are independent of Qg, if follows that cq, is still a null vector,
ie.
Cor AP = 0,
and furthermore
car (R* +D%) =0.

1"
Now as in case 1 we can use the null vector, labeled by ", c:, = A'V//B/Aﬂ/a/ and

/ " 1" .
¢y =—6),. So we deduce that since

!’ (PY+ R =0,

and ,
&l (R +D%) =0,
cg“Pa = c:],“Da7
or " " - ’ ’
pe’ _pe — g ﬂAB’a’ (Pa —Da>.
Recall (80).
We have corrected an obvious typographical error in the second of equations (95).
Note that in cgs units, the dimension of the four-potential ¢, Iis
mass*/?length'/*time™, and the dimension of the descriptor & is therefore
mass'/?length® *time ™. The factor 2 ¢ is therefore dimensionless.
This specialization to the flat case should read

hiw = €iiu,

as it is correctly expressed immediately following equation (128c).

This claim appears to be false because one cannot ignore the generally time dependent
terms at spatial infinity.

Felix Klein was apparently the first to publish the analogue of the identity (56c¢), for
Einstein’s first order Lagrangian of 1916, though it is really an application of Noether’s
second theorem whose origins predate Klein’s paper. Rosenfeld does not give an explicit
proof that his expression is equivalent to the four non-dynamical Einstein equations. He
seems to argue, rather, that since this is a vanishing expression that does not involve
accelerations it must be equivalent.

(56[,, = Euei.

Rosenfeld apparently means by “locally invariant” what we would call today “covari-
ant”.
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28]

29]
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The Rosenfeld expression should actually be 77, = ex7;"hi,,. Transcribing in modern
notation this is
11K Ip K
T =T"e,.
The mass term appears with the wrong sign in Rosenfeld’s matter Lagrangian. The
corrected expression is therefore

1o} e
i

T/OO = —ihcth I _
they (&ca he

¢a) b+ m .
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