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Even powers of divisors and elliptic zeta values

Dedicated to Igor Frenkel on the occasion of his 50" birthday

By Giovanni Felder® at Berkeley and Ziirich and Alexander Varchenko® at Chapel Hill

Abstract. We introduce and study elliptic zeta values, a two-parameter deformation
of the values of Riemann’s zeta function at positive integers. They are essentially Taylor
coefficients of the logarithm of the elliptic gamma function, and inherit the functional
equations of this function. Elliptic zeta values at even integers are related to Eisenstein se-
ries and thus to sums of odd powers of divisors. The elliptic zeta values at odd integers can
be expressed in terms of generating series of sums of even powers of divisors.

1. Introduction

Let k be a positive integer. The generating function of the sum of k-1st powers of
divisors of positive integers

S oi(n)q",  orei(n) =3 dF
n=1

d|n

converges in |¢| < 1. If kK — 1 is odd, it has interesting transformation properties under the
modular group SL(2, Z). Indeed, it is closely related to the Eisenstein series

1 _
G()=5 ¥ (mt+n) k.
(m,n)#(0,0)
Let
—27i k
Dilg) =) S o

(k - 1)' n=1
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Then
Gi(1) = (k) + Dilq), q=e", k=2,4,6,...,

w
where {(s) = >_ n~* is the Riemann zeta function. For k > 4, these functions are modular
n=1

forms of weigﬁt k:

Gk<jziz>:(cr+d)k(?k(r), <i’ Z)eSL(2,Z).

See [3] for proofs of these facts, but notice that there Gy denotes in our notation Ga;/2. As
Gr(—1/7) = t* Gy (1), it follows that, if k is even,

lim %Dy (%) = {(k).

T—>

In other words, we may regard %Dy (e ") as a one-parameter deformation of the zeta
value {(k), and this is also true if k is odd. For odd k, however, Dy (g) does not have ob-
vious modular properties. The purpose of this note is to show that Di(g) can be embedded
into a two-parameter deformation of {(k), the elliptic zeta value at k, which obeys identities
of modular type. These identities are essentially equivalent to modularity in the even case
but are of a different nature in the odd case. They are related to (and a consequence of ) the
three term relations of the elliptic gamma function [1].

Acknowledgments. The first author wishes to thank Daan Krammer for a useful
discussion. We are grateful to Don Zagier for several interesting comments and sugges-
tions, and for providing the material of Section 5.

2. Differences of modular forms
Let H be the upper half-plane Imz > 0.

Proposition 2.1. Let k be an even positive integer. Suppose Z(t,0) is a holomorphic
function on H x H admitting an expansion

o]
_ n,,m __ 2t __ 2mnio
Z(t,0) = > apmq"r", gq=e™", r=e7,
n,m=0

and obeying Z(t,0) = —Z(a,7). Then the following statements are equivalent:
(i) Z(r,0) = G(t) — G(a) for some modular form G of weight k.
(i) Z obeys the three-term relations

Z(t,0) = Z(t,7 + 0) + Z(z + 7,0),

Z(t,0) = T_kZ<—l,g> +g_kZ(_E7_l>’
't g o

for all 6,7 € H such that 6/t € H.
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Proof. 1t is easy to check that if G is a modular form then G(7) — G(o) obeys the
three-term relations. Conversely, let us extend a, , to all integers n,m by setting a, , =0
if n or m is negative. The first three-term relation implies that @, » + dpm—n = an m. It
follows that a, ,, = ay—m,m if n > mand a, ,, = a, m—n if m > n. By the Euclidean algorithm
we see that for n,m >0, a, ,, = ay y, where N = (n,m) is the greatest common divisor.
But ay y = 0 since Z is odd under interchange of ¢ and r. Thus only a, ¢ = ao ,, may be

non-zero and Z(z,0) = g(1) — g(a) with ¢(r) = Z an0q". In particular, g(tr + 1) = g(7).
n=1

The second three-term relation can then be written as h(t) = h(a) — h(a/t)r*, where
h(t) = g(r) — t™%g(—1/7) is holomorphic on the upper half plane. If we take the second
partial derivative of this identity with respect to 7 and g, we obtain

zh"(z) + (k + 1)h'(z) = 0,

with z = /7. Thus &’ is homogeneous of degree —k — 1 and /(z) = ar =% + b for some a, b.
Inserting back in the identity for 4 shows that b = —a. Then G(r) = g(z) + a obeys
G(t+ 1) = G(1) and G(—1/1) = t*G(z) and is thus a modular form of weight k. []

3. Elliptic zeta values

We now define two-parameter deformations of the values of the zeta function at
positive integers, which we call elliptic zeta values:

Cri)* & 1 g = ()
=i A=g)a-r)

qg= 6271117 = (32711(77 ke Zgl-

(1) Zk(T,O’) = —

Clearly, Zi(t,0) = —(—1)*Z (o, 7). The relation to the functions Dy is obtained by ex-
panding the elliptic zeta values in a power series in ¢ and r. The result is the following.

If k is even, then
Zi(t,0) = Di(r) — Di(q).
If k is odd, then

Zk(T, O') = Dk(q) + Dk(l") + 2( bZ%le(qarb).

The sum is over pairs of relatively prime pairs of positive integers «, b.

Theorem 3.1. (i) Let k = 4. Then Zj obeys the three-term relations
Zi(t,0) = Zi(t, 7+ 0) + Zk(t + 0,0),

1 1
Zk(T, O-) = T_ka <__7g) + (_J)_ka <_£7 __)7
T T g

g

for all 6,7 € H such that 6/t € H.
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(i1) 11rr(1) lim 6% Zy(z,0) = (k) if k = 2.
(iii) For k=1, 1irr(1) lim (6Z;(7,0) + In(—2nic)) is the Euler constant y=0.577...

(the logarithm is real if ¢ is imaginary).
In particular, by taking the limit of Z; as t — ico we obtain

lin%(aDl(ehw) + In(—2rnic)) =7,

ag—

lim " Dy(e¥) = ((k), k=2,3....

We prove Theorem 3.1 in the next section.

Remark on SL(3,7). The three-term relations in Theorem 3.1 have an interpreta-
tion as SL(3,Z) 1-cocycle properties parallel to the ones discussed in [1] for the elliptic
gamma function. We only sketch the construction here as the details are the same as in the
case of the elliptic gamma function [1]. First of all, one notices that the three-term relations,
the symmetry Z(z,0) = —(—1)*Z;(0,7) and the periodicity Zy(t + 1,0) = Zi(,0) con-
tinue to hold if we extend the domain of Z; to Im7 # 0, Ima =+ 0, by setting

Zi(—1,0) = Zi(z,~0) = (=1)"Zk(z,0).

We pass to homogeneous coordinates and set Zy(x1, x2,x3) = x3¥Zx(x1/x3, X2/x3). This
function is homogeneous of degree —k and holomorphic on the dense open set of C* de-
fined by the conditions Im x;/x3 = 0 (i = 1,2). Our identities relate values of Z; at points
related by the SL(3, Z)-action on Cifk >4,

Zi(x1, X2, X3) = Zie(x1 + x3,%2,%3) = Zi(x1, X2 + X3, %3) = —Zi (X2, X1, —X3),

Zi(x1,X2,x3) = Zi(x1, X1 + X2, %3) + Zi (X1 + X2, X2, X3),

Zk(xl,xz, X3) = Zk(—X3, xz,xl) + Zk(X1,X3, —X2).

Let e; (i & j) be the elementary matrices in SL(3,7), with 1 in the diagonal and at the
position (i, j), and zero elsewhere. These matrices generate SL(3, Z). A consequence of the
identities is that if we set

(1‘7( ) Zk(Xl - x27x17x3)7 ¢L’32(x) = Zk(xz - X3,X3,X1), ¢e,-/-(x) = 17 J + 27

(k = 4) then ¢ extends (uniquely) to a 1-cocycle (4,),cs13,7) Of SL(3 Z) with values in
the space of holomorphic functions with open dense domain in C°, i.e., one has
$gn(x) = ¢,(x) + ¢,(g7"x) for all g, € SL(3,Z) and x in a dense open set.

4. The elliptic gamma function
Theorem 3.1 follows from the results of [1] where the properties of modular type for

Ruijsenaars’s elliptic gamma function [3] were discovered. In the normalization of [1], the
elliptic gamma function is defined by the double infinite product
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o 1 qj+1},./+le—2m'z

I'(z,tr,0)= []

J./=0 1 — qu/eZm'z )

zeC, 1,0 H.

It obeys the functional relation I'(z + ¢, 7,0) = 6y(z,7)I'(z, 7, o), which is an elliptic version
of Euler’s functional equation for the gamma function. Here 6y denotes the modified theta
function

0 . . . .
Oo(z,7) = [](1 — ¢/ e =) (1 — ¢/e*™), zeC,teH.
=0

The Euler gamma function I'(z) is recovered in the limit

B _.I'(0z,7,0)
) ) = ilg(l) rl—l»rznm (. 7)’ I'(o,7,0)

Theorem 4.1 ([1], p. 54). Suppose t,0,0/t € H. Then
I'(z,r,0) =T (z+1,1,0+7)(z,7+0,0),
I'(z/7,—1/t,0/7) = einQ(Z;T"’)F((z —-1)/0,—1/0,—1/0)T(z,7,0),
for some polynomial Q(z;7,0) of degree three in z with coefficients in Q(z, o).

It follows from the Weierstrass product representation

z+1)= e_yzﬁ(l +z/j)e”
=1

that the values of { at positive integers are essentially Taylor coefficients at 1 of the loga-
rithm of the Euler gamma function:

L)
> J

(~2)/.

™8

(3) InI'(z+1) = —yz+

J

Here y = hrn < > 1/j—1In n> is the Euler constant. The elliptic analog of this formula

involves the elhptlc zeta values:

I(z+0,1,0) & Z(1,0)

2.

4 In -
( ) F(Uv T J) j=1 J

(—z)’.

This formula, with Z; defined by eq. (1), is an easy consequence of the summation formula
for InI'(z,7,0) ([1], p. 51):

i & sin(nj(2z — 7 — o))
25 jsin(mj7)sin(njo)

Inl'(z,7,0) = —



200 Felder and Varchenko, Elliptic zeta values

Proof of Theorem 3.1. The first claim of the theorem is proved by taking the loga-
rithm of the identities of Theorem 4.1 and expanding them in powers of z — g.

Taking the limit of (4), by using (2) to compare it with (3) implies (ii).

In the same way we can deduce (iii). However, if n =1, we have to take into
account the factor 0y = in (2): we obtain y = lim lim (O'Zl (‘L‘ o) +1In6y(s,7)). Since

In0y(o, 7) = In(—27io) plus terms that vanish in theJlTrnrlt the proof is complete. []

By using the explicit formula for the polynomial Q (see [1]), we also obtain the
exceptional relations for k = 1,2, 3:

Theorem 4.2. Let 1 < k < 3 and suppose t,0,6/t € H. Then

Zi(t,0) = Z(t,7+ 0) + Zk(t + 0,0),

1 1
Zk(T,O') = Tﬁka (—,O-> + (—a)’ka <—T, —) + inay,
't o o
where
IR B BTN L1 L
a= 2 2t 20 61 60 610’ = T o 10’ a3_‘m'

5. A direct proof of the three-term relations of Theorem 3.1

We thank Don Zagier for providing the following alternative direct proof of the three
term relations of Theorem 3.1, which does not use the elliptic gamma function. As the case
where k is even follows easily from the modular properties of the Eisenstein series, it is
sufficient to consider the case where k is odd. The proof is based on an alternative formula
for Zi(z,0) for k = 5 odd, which could be seen as a more natural definition of the elliptic
odd zeta values. Let ¢(n) be the sign of n (¢(n) = 1,0, —1if n > 0, n = 0, n < 0 respectively)

and set &(a,b) = % (¢(a) +&(b)). Then

ey (a,b)
(5) Zi(z,0) _Eg—(ar+ba+c)k (k odd = 5),

where >’ means a sum over all (a,b,c) + (0,0,0). To deduce this formula, rewrite (1) as

Zi(t,0) = P XN ) g = =, kodd,
(k - 1) /,m=0j=1
. . k (—Zni)k E ok -
then use the Lipschitz formula ) (p+n) " = k=1 S e (pe H k = 2).
neZ - ) =1

By using (5) it is easy to prove Theorem 3.1 (i): the three-term relations follow from
the obvious identities ¢(a — b, b) + ¢(a, b — a) = &(a, b), &(a,b) = &(—c,b) + &(a, c).
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It should be possible to prove also the identities in the exceptional cases where
k = 1,3 using this method, but suitable summation procedures should be applied to make
sense of the series (5), which are not absolutely convergent.
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