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6-TORSION AND INTEGRAL POINTS ON QUARTIC SURFACES
S. CHAN, P. KOYMANS, C. PAGANO, AND E. SOFOS

ABSTRACT. We prove matching upper and lower bounds for the average of the 6-torsion
of class groups of quadratic fields. Furthermore, we count the number of integer solutions
on an affine quartic surface.
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1. INTRODUCTION

One of the main invariants of class groups of quadratic fields Q(v/D) is the size h,(D)
of their n-torsion. It has been investigated by several mathematicians: By the work of
Gauss [32] in 1801 the average of ha(D) for D < 0 is a constant multiple of log |D| when
ordering the number fields by —D. Davenport and Heilbronn [I9] proved in 1971 that
h3(D) has a constant average, while, Fouvry and Kliiners [27], 28] in 2007 showed that
h4(D) is on average a constant multiple of log |D|. The influential work of Smith [50] in
2017 established the complete distribution of hy (D). There are no other values of n for
which the right order of magnitude is known. For general n, there is work on bounds
for h, (D) on average by Soundararajan [52], Heath-Brown—Pierce [34], Frei-Widmer [30]
and Koymans—Thorner [40].

The Cohen-Lenstra conjectures [I7] predict that h, (D) is of constant average for n odd
and is log | D| on average for n even. Let D' (X) and D~ (X) be the set of respectively
positive and negative fundamental discriminants with absolute value up to X. In this
paper we establish the right order of magnitude for the 6-torsion:

Theorem 1.1. For all X > 5 we have
XlogX < > he(D)< XlogX and XlogX < > he(D) < XlogX.
DeDH(X) DeD™(X)

This marks the first time that Nair-Tenenbaum techniques are applied in arithmetic
statistics, clarified in the subsequent remark:

Remark 1.2 (Idea of the proof of Theorem . Using the Davenport—Heilbronn para-
metrisation we turn the sum Y he(D) into an average of the function 2*(™ over the
values m assumed by a polynomial in 4 variables, where the integer vectors lie in a subset
of R* with spikes. This average is a special instance of sums of the following form:

%f(ca)X(Ca)v (1.1)
where
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e A is a countable set,

e x: A —[0,00) is any function of finite support,

e ¢, is an “equidistributed” sequence of positive integers,

e f is a non-negative arithmetic function being multiplicative or more general.

In our companion paper [I0] we prove upper bounds for such sums; here we provide its
applications.

1.1. Applications to arithmetic statistics. The following is a more general version
of Theorem [L.1] on mixed moments:

Theorem 1.3. Fix any s > 0. Then for all X > 5 we have
X(log X)) '< Y h(D)hs(D) < X(log X)*

DeDT(X)

and
X(log X)) '< Y ho(D)’hs(D) < X(log X)* 7,
DeD—(X)
where the implied constant depends at most on s.

Remark 1.4 (Independence). Theorems [I.1]and [L.3]are the first results establishing the
right order of magnitude for h,, when n has more than one prime factor. Since hg = hohs,
the underlying problems are related to independent behavior of hy and hs. One cannot
exclude a priori that hy(D) and h3(D) correlate in a way that hs(D) attains very large
values when hy(D) is large.

Davenport and Heilbronn [I9] proved that hs(D) has constant average when D ranges
in DT(X). We show that the D responsible for this fact are those for which hy(D) is
essentially (log|D|)"%82. For a real number ¢ > —1 define

o(e) = —1%5 +log(1 + ¢) (1.2)

and note that ¢(¢) > 0.

Theorem 1.5. For every fized constants €1 € (0,1) and €5 > 0 and all X, z3, 24 > 1 with
(log X)(1+=2)1082 < > e have

Zl/logQ log(1+¢1) 1
(D) - D« x| (i) |
DeDﬂ)%EJD(X) (log X )(—e1) Z;(€2)/10g2

ha(D)¢(23,24)

where the implied constant depends only on €;.

We will use the companion paper to give certain bounds for the frequency of atypical
values of additive functions in Theorem [3.2] This has certain algebraic applications that
we describe now.

Malle’s conjecture [44] regards the number of extensions K/Q with prefixed Galois
group when ordered by their discriminant Agx. The case of the full symmetric group
S, has attracted special attention; here, the largest n for which asymptotics are known
is n = 5 due to Bhargava [3]; this was later extended and generalized by Shankar—
Tsimerman [49] and Bhargava—Shankar—Wang [5].

We will prove that for the vast majority of Ss-extensions, the cardinality of rami-
fied primes can only lie in a specific interval. This was first studied by Lemke Oliver—
Thorne [42], who proved that the cardinality of ramified primes is distributed according to
the Gaussian distribution of approximate centre loglog |Ax| and length (loglog |Ag|)*/2.
Our work complements this by proving that the cardinality can only lie outside the in-

terval with probability that decays exponentially fast.
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Theorem 1.6. For every fized constants €1 € (0,1) and g5 > 0 and all X, z1, z0 > 1 with
(14 e9)loglog X < z9 we have

#H{ K quintic S5 : |Ag| < X,w(Ag) > 20} < X exp (—c(e2)22)
and
8{ K quintic S5 : [Ax| < X,w(Ak) < 21}
< Xexp(—log(l+e1)((1—e)loglog X — z)),
where the implied constants depend only on &;.

Since f{K quintic S5 : |[Ag| < X} has order X due to Bhargava [3], one sees from
Theorem |1.6| that w(Ag) must typically lie in the interval (21, 22).

Malle’s conjecture for cubic S3 fields was first established by Davenport—Heilbronn [19].
The error term was later greatly improved by Bhargava—Shankar—Tsimerman [4] and
Taniguchi—-Thorne [53]. Our next result shows that for 100% of Sj fields, the number of
ramified primes w(Ag) lies in a prescribed interval, giving an analog of Theorem .

Theorem 1.7. For every fized constants 1 € (0,1) and €3 > 0 and all X, z1, 20 > 1 with
(14 ¢e2)loglog X < 29 we have

#{K cubic S5 : |Ag| < X, w(Ak) = 22} < X exp (—c¢(e9)22)
and
8{K cubic S; : |[Ax| < X,w(Ag) < z1}
< Xexp(—log(l+e1)((1—e1)loglogX — 21)),
where the implied constants depend only on ;.

1.2. Applications to Diophantine equations. We count the number of integer solu-
tions of certain Diophantine equations, examples of which are the quartic affine surface

2.2, .2 2 _
riry +a5+x; =N

and the affine quartic threefold z?z3 + z3z3 + 22 = N. More generally, our work will
cover the equation

whose number of variables is roughly half the degree of the equation.
For N € N let

> /—=N\ 1 —1\1
L(l,x_n) = (> and b(N) = <1—{—<> >
(L, x-n) mgl ) () pl_][V o0
Theorem 1.8. Fiz k € N and let N range through positive square-free integers 3 (mod 8).
o The number of x € ZF+? satisfying (1.3)) is
= b(N)*L(1, x_n)NZ (log )",
where the implied constant depends only on k.
o The number of x € Z2**1 satisfying

(@1 @) + (Tpgr - 2p)? + 2y = N

is < b(N)2*F=D (1, X_N)N%(log N)2=D “where the implied constant depends only
on k.
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e The number of x € Z3 satisfying
(1 )+ (Togr -+ 22k)” + (@1 - x36)* = N

is =< b(N)3F VL1, y_n)N2(log N)**=D  where the implied constant depends only
on k.

The upper bound in the first bullet point in Theorem follows from earlier work
of Henriot [35, Theorem 3]. All cases of Theorem are special cases of the more
general Theorem [4.T], which allows us to put general multiplicative weights on the integer
solutions z; of

2 2 2

Its proof is given in and is based on Theorem and deep estimates of Duke [21]
for the Fourier coefficients of cusp forms. It is worth mentioning that matching upper
and lower bounds for the number of solutions of

af+a3+p° =N, (x1,75 €Z,p prime),

were given via the semi-linear sieve by Friedlander and Iwaniec [31, Theorem 14.5] on
the assumption of the Generalized Riemann hypothesis and the Elliott-Halberstam con-
jecture.

o} )

FIGURE 1.1. Weighted points on the sphere for N = 1716099 and N =
1707035

Remark 1.9 (Bias). The term L(1, x_n)N'/? corresponds to the number of terms in
the sum by a classical result of Gauss, whereas, (log N)¥~1 is the average of the k-th
divisor function. The shape of b(/N) is biased towards integers N having many prime
divisors p = 1(mod 4) below log N. It is possible to combine this with the work of
Granville-Soundararajan [33, Theorem 5b], to find infinitely many N such that

#{x € NO: (2129)% + (2324) + (z576)% = N} > (loglog N)*/?(log N)3 N2,

This is in constrast with the typical size, which is (log N)>N'/2 because L(1,x_y) and
b(NN) possess a limiting distribution due to the work of Chowla—Erdés [16] and Erdés—
Wintner [25].
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The bias is illustrated in the three-dimensional plots in Figure [I.I] They depict points
x € N® with % | 22 = N, where each x is colored based on the magnitude of [T2_, 7(z;).
The equations respectively have 960 and 936 solutions in N®. Among the six primes that
divide 1716099, only one is 1 (mod 4). However, in the factorization of 1707035, four
primes are involved, and all except one are 1 (mod 4).

The ideas behind the proof of Theorem are not specific to sums of three squares.
We generalise the results to equations without specific shape, with the only provision that
they have enough variables compared to the degree. The end result is to study multiplic-
ative functions over the coordinates of integer solutions of these Diophantine equations.
Problems of this type have been considered by Cook-Magyar [I8] and Yamagishi [56] in
the case of the von Mangoldt function.

Theorem 1.10. Fiz any s > 0 and assume that f : N — [0,00) is a multiplicative
function satisfying 7(m)~* < f(m) < 7(m)® for all m, where T is the divisor function.
Assume that F € Zlxo,...,x,] is a smooth homogeneous polynomial of degree d with
n =4+ (d—1)2¢ such that F = 0 has a non-zero integer solution. Then ones has for all
B>1

> f(lwg---ay|) < BPH {exp ((n+ 1> Y —1) 1))} :

x€(Z\{0})"+ p<B p
max |z;|<B,F(x)=0

where the implied constants depend at most on F' and s.

The proof is based on Birch’s circle method [7]. The term B""'~9 represents the
number of terms in the sum over x. It will be clear from the proof that the assumption
f(m) = 7(m)~* is only needed for the lower bound.

1.3. Polynomial values. Nair and Tenenbaum proved upper bounds for the average of
arithmetic functions evaluated over values of polynomials in [46]. Such sums are omni-
present in number theory: their work was crucial in many different problems. Examples
include

e Equidistribution of CM points ([39]),

e Manin’s conjecture for counting rational points on surfaces ([14], [13]),
e Mass equidistribution ([36]),

e Unit fractions ([24]).

Such sums are of type as can be seen by taking y to be the indicator function of
an interval and ¢, to be the value of the polynomial at an integer a. However, also
covers any polynomial in any number of variables. In §5| we shall prove Theorems
and [I.16] These results respectively give matching upper and lower bounds for

> fleE)), (1.4)

XEZ"MR
Q(x)#0
where R is a bounded subset of R" and )(x) is an arbitrary polynomial in any number
of variables. This is straightforward for polynomials without too many singularities but
when @) is very singular there is high probability that a small power of a prime divides
its values. The new ingredient needed is an estimate by Pierce-Schindler—Wood [47,
Lemma 4.10] giving elementary proofs to statements regarding the Igusa zeta function.
We state one of the corollaries first. For &, m € N denote the number of representations

of m as the product of k natural numbers by 7 (m).
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Theorem 1.11. Let k > 2,n > 1 be arbitrary integers, let £ be any positive real number
and let () be an integer ereduczble polynomial in n variables. Then for all X > 2 we have

X"logX)*'< Y Q) < X"(log X)F .
x€(ZN[—X,X])"
Q(x)#0
Remark 1.12 (Previously known cases). Erdds [26] dealt with the case f =n =1,k =2
and Linnik [43] withn =1, all £,k > 1 and deg(Q) = 1. Later, Delmer [20] worked in the
cases when ¢ > 1,k = 2,@Q is irreducible and n = 1, Nair-Tenenbaum [46] for all ¢, k, Q
and when n = 1, and de la Breteche-Browning [11] whenever n =2, ¢ > 1,k > 1 and Q
is homogeneous. Asymptotics for the divisor function over the values of polynomials in
more than one variable have been achieved by various authors, see, for example the work
of de la Bretéche-Browning [12], Zhou-Ding [57] and the list of references therein. It is
worth mentioning that in the case k = 2,¢ = 1 and () a single irreducible polynomial in
one variable, only the cases corresponding to linear and quadratic polynomials are known
to satisfy an asymptotic, see the work of Hooley [37] and Bykovskii [15].

Theorem follows directly from our next two results. Denote
_ Hy e (Z/qz)" : Q(y) = 0(mod ¢)}
0q(q) =

qn
for any Q € Z[zy,...,x,] and ¢ € N.
Definition 1.13. Let D C R™ be bounded. We let
X(D) :=sup {lnglzagﬂxA IX € D} :

Definition 1.14 (A class of functions). Fix A > 1,¢ > 0,C > 0. The set M(A,¢,C) of
functions f : N — [0, 00) is defined by the property that for all coprime m,n one has

f(mn) < f(m) min{ A% Cn<}.

Theorem 1.15. Fix A > 1 and let D be a bounded set. Let () be an arbitrary non-constant
integer polynomial in n variables without repeated polynomial factors over Q and let f be
a function such that for every e > 0 there exists C' > 0 for which f € M(A,¢e,C). Then

Yo QX)) < X(D)*(log2X (D)™ > fla)og(a),

XEZ"ND a<X(D)"
Q(x)#0

where r denotes the number of distinct irreducible polynomial factors of () over Q and
the implied constant depends at most on A, f,n and Q.

For the corresponding lower bound to hold it is necessary that D is not too small; this
explains the condition on D in our next result:

Theorem 1.16. Keep the notation and assumptions of Theorem[1.15 Assume, in addi-
tion, that D contains an open sphere of radius at least X > 1 and that f : N — [0, 00) is
a multiplicative function such that

for each T >1 one has inf{f(m):Q(m) < T} > 0.
Then there exists a positive constant Oq that depends on ) such that

> QX)) > X"(log2X)™" 3 f(a)

xEZ"ND a<X
Q(x)#0

where the implied constants depend at most on A, f,n and Q.
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Notation. For a non-zero integer m define

Q(m) = va(m)>
plm
where v, is the standard p-adic valuation. Define P*(m) and P~(m) respectively to be
the largest and the smallest prime factor of a positive integer m and let P*(1) = 1 and
P~(1) = 4o00. For a real number = we reserve the notation [z] for the largest integer not
exceeding x. Throughout the paper we use the standard convention that empty products
are set equal to 1. Throughout the paper we shall also make use of the convention
that when iterated logarithm functions logt,loglogt, etc., are used, the real variable ¢ is
assumed to be sufficiently large to make the iterated logarithm well-defined.
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Foundation and the ETH Ziirich Foundation. Part of the work of SC was supported by
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residence at the MSRI in Spring 2023.

Structure of the paper. In §2| we recall the necessary results from [I0]. Sections
respectively contain the proofs of Theorems and on the 6-rank. In we
prove Theorem that provides tail bounds for the probability of large values of additive
functions in the general setting of Theorem [2.3] This is then applied in Sections 3.5
and to prove Theorems [1.541.6| and respectively on hs, Sy and S3 extensions.
Sections [£.1}{4.6] contain the proof of Theorem [4.1] on sums of three squares; this is more
general than Theorem [I.§] The proof of Theorem on general Diophantine equations

is located in §4.7 Lastly, in and we prove respectively Theorems [I.15] and

on averages of arithmetic functions over values of arbitrary polynomials. They are then
applied in to prove Theorem [I.11]
2. PREREQUISITE LEMMAS
In this section we recall the required bounds proved in [10].

Definition 2.1 (Density functions). Fix k, A1, Ao, B, K > 0. We define the set D(k, A1, Ay, B, K)
of multiplicative functions h : N — R, by the properties

e for all B < w < z we have

[I (1—hp)" < <logz>ﬁ<1+ - ) (2.1)

» prime log w log w
w<p<z
e for every prime p > B and integers e > 1 we have
B
h(p®) < —, (2.2)
p
e for every prime p and e > 1 we have
h(p®) < p=h (2.3)

Let A be an infinite set and for each 7" > 1 let x7 : A — [0,00) be any function for
which

{a € A: xr(a) >0} is finite for every T' > 1. (2.4)
7



We also assume that

lim Z xr(a (2.5)

T—>+oo

Assume that we are given a sequence of strictly positive integers (c,)aea indexed by A
and denoted by

C:={c,:a€ A}
We will be interested in estimating sums of the form
Z xr(a)f(c
acA
where f is an arithmetic function.
We will need the following notion of ‘equi-distribution’ of the values of the integer
sequence ¢, in arithmetic progressions. For a non-zero integer d and any 7' > 1, let
CaT)= > xrla).
acA
ca=0(mod d)
Definition 2.2 (Equidistributed sequences). We say that € is equidistributed if there
exist positive real numbers 0, £, K, A1, A2, B, K with max{6,{} < 1, a function M : Ry, —
R-; and a function hr € D(k, A1, Ao, B, K) such that

Cy(T) = hT(d)M(T){l + O( I a- hT(p))2> } + O(M(T)™%) (2.6)
(T)

B<p<M
ptd

for every T > 1 and every d < M(T)?, where the implied constants are independent of d
and 7.

It is worth emphasizing that in this definition the constants 6,&, k, A1, Ao, B, K are all
assumed to be independent of T'. For example, the bound hz(p®) = O(1/p) in holds
with an implied constant that is independent of e, p as well as T'. From now on we shall
write M for M(T). We are now ready to state the main result in [10].

Theorem 2.3. Let A be an infinite set and for each T > 1 define xr : A — [0,00) to
be any function such that both and hold. Take a sequence of strictly positive
integers € = (Ca)aca- Assume that € is equidistributed with respect to some positive con-
stants 0,&, k, A\, Ao, B, K and functions M (T) and hy € D(k, A1, A2, B, K) as in Defini-
tion[2.9 Fiz any A > 1 and assume that f is a function such that for every e > 0 there
exists C > 0 for which f € M(A, e, C), which is introduced in Definition[1.14 Assume
that there exists o > 0 and B > 0 such that for all'T > 1 one has

sup{c, : a € A, xr(a) >0} < BM?, (2.7)
where M = M(T) is as in Definition[2.2 Then for all T > 1 we have

Yoxr(a)f(c) <M T (1—=ho(p) Y f(a)

acA B<p<M a<M

where the implied constant is allowed to depend on o, A, B, B, 0,¢ K, Kk, \;, the function
f and the implied constants in (2.6)), but is independent of T and M.

Let us now recall the corresponding lower bound proved in [10].

Theorem 2.4. Keep the notation and assumptions of Theorem[2.3. Assume, in addition,
that f : N — [0,00) is a multiplicative function for which

for each L > 1 one has inf{f(m): Q(m) < L} >0
8



and that the error term in Definition [2.9 satisfies

Cy(T) = hp(d)M(T) { 1 + 0700 [T Q=hep)?|;+OMT))
B<p<M(T)
pld

whevever d < M(T)?. Then for all T > 1 we have
Y xr(a)f(ca) > M(T) I (1—=he(p) > fla)hr(a),

acA p<M(T) a<M(T)

where the implied constants are independent of T and M.
We finish this section with lemmas that will be needed in the forthcoming applications.

Lemma 2.5. Let Q € Z[xy, ..., x,] be non-constant and without repeated factors over Q.
Then as x — oo one has

H{x e Fy : Q(x) = 0}

=r 14 0(1)),
DR o1+ 0(1)
where 1 is the number of distinct irreducible factors of Q in Q[xy, ..., x,]. Furthermore,

there ezists a constant ¢ = ¢(Q) such that for x > 2 one has

[ (1= 220 o)+ (o)),

where the implied constant depends on Q).

Proof. We factor Q over Q as ¢o [}, Q; with ¢q in Q*, with Q; € Z|[xy, ..., 1,] irreducible
and with the property that if (); occurs in the factorisation, then so does each of its
Galois conjugates. We write S = {Q1, ..., Q,} for the set of factors obtained in this way.
Let K/Q be the number field obtained by adding all the coefficients appearing in the
factorisation. Since the factors come as Galois orbits, the field K must be Galois. The
group Gal(K/Q) acts on S by permuting the factors. By the Lang—Weil bounds [41] we

have that
Hx ey : Q(x) =0} cop) ( 1 >
mn - + 0 3
p p p2

where cg(p) denotes the number of distinct irreducible factors of @) defined over FF,,, when
one factorizes the polynomial @ mod p in F,[zy,...,x,]: in other words the irreducible
factors in the F,-factorisation that remain irreducible factors in the F,-factorisation. We
now wish to express the function cg(p) as a function of the Artin symbol of p in K/Q,
for sufficiently large primes p.

For a prime p that is also unramified in K/Q, Art(p, K/Q) defines a conjugacy class
in Gal(K/Q), which we view as permutations on S via the action. The number of fixed
points of the resulting permutation is independent of the element in the conjugacy class,
and we denote this function of Gal(K/Q) as g — Fix(g). This defines a function on suffi-
ciently large primes via p — Fix(Art(p, K/Q)). We claim that for p sufficiently large we
have that cg(p) = Fix(Art(p, K/Q)). Indeed, observe that since ) has no repeated factors
over Q, it follows that its reduction modulo p has no repeated factors in F,[xy, ..., x,]
provided that we take p sufficiently large. Furthermore, for p sufficiently large, choosing
any prime p above p in Z, we have that all of the elements of S remain irreducible when
reduced modulo p.

We claim that if:

(P1) @ has no repeated factors modulo p,
9
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(P2) all of the elements of S remain irreducible modulo p,
(P3) p is unramified in K/Q,
(P4) ¢ is coprime to p,

then cg(p) = Fix(Art(p, K/Q)). To see this, let us fix a prime p of Ok lying above
p. Recall that there is a unique element o € Art(p, K/Q) such that o(p) = p and
o(a) = o mod p for each o in Of. Now let us reduce each @; modulo p. The factors
Q); remain distinct thanks to (P1) and also remain irreducible thanks to (P2). Since p is
unramified thanks to (P3), we can find the unique element o as above. Furthermore, ¢
being non-zero makes sure that ) is not 0 modulo p. Thus, the reduction of the Q; is
truly the factorisation of ) modulo p.

If 0(Q;) = Q;, then all of the coefficients v of @Q); satisfy v¥ = v when reduced modulo
p, i.e. they are all in F,. So each fixed point of o gives an irreducible factor of @) over
F, that is already in F,. Conversely, suppose that ¢(Q;) # Q;. Since the factors remain
distinct modulo p by (P1), then o(Q;) and @Q); are also distinct factors modulo p. But this
means that the polynomial ); modulo p and the same polynomial with all coefficients
raised to the power p are different factors of ) modulo p. In other words, Q; is not
defined over F,. Hence we have precisely proved that under the assumptions (P1)-(P4),
the quantity Fix(Art(p, K/Q)) equals the number of F-irreducible components of Q that
are defined over F,, i.e. it equals cq(p).

Recall that each of (P1)-(P4) is satisfied for all sufficiently large primes. By the
Chebotarev density theorem we obtain the following for all x > 2,

tH{xeFy:Q(x)=0} deca1(K/@)FiX(g)> T < T )
T - (Bsae ) e O ()

Using partial summation we obtain a constant B depending only on () such that

3 H{x € Fpy : Q(x) =0} _ (decal(K/@) Fix(g)
1Gal(K/Q)

from which one can deduce an asymptotic for the product over primes p < z in the
statement of the lemma by taking logarithms.

To complete the proof, it suffices to observe that if G is a finite group acting on a finite
set X and if Fix(g) denotes the number of fixed points of an element ¢ in G viewed as
permutation of X, then

) (loglogz) + B+ O(1/logx), (2.8)

n
pszT p

EQGG FlX(Q)
1G
equals the number of orbits of G acting on X. In our case the number of Gal( K /Q)-orbits
acting on S is r, thus completing the argument. U

Lemma 2.6. Let Q) € Z[x,...,x,] be non-constant and without repeated factors over
Q. Then for any prime p the number of x € (Z/p*Z)" for which Q(x) = 0 (mod p?) is
O(p™2), where the implied constant depends at most on Q.

Proof. For a point t in (Z/pZ)" satisfying Q(t) = 0 (mod p), we denote
N(t) =4 {x € (Z/p*Z)" : Q(x) = 0 (mod p*) and x =t (mod p)} .
By definition, we have that
tHx e @) Qx) =0(mod )} = 3 N(b).

te(Z/pZ)"
Q(t)=0(mod p)
10



Suppose that t in (Z/pZ)" satisfies both Q(t) = 0(mod p) and VQ(t) Z 0 (mod p).
Then Hensel’s lemma implies that N(t) = p"~'. The Lang-Weil estimates [41] imply
that the number of t € (Z/pZ)" for which Q(t) = 0 (mod p) is O(p"!), hence,
t{x e @/p’2)": Qx)=0(mod p*)} =0™ )+ Y. N().
te(Z/pZ)"

Q(t)=0(mod p)
VQ(t)=0(mod p)

Since one has the trivial bound N(t) < #{x € (Z/p*Z)" : x =t (mod p)} = p", it is
sufficient for the proof to show that

2{t € (Z/pZ)" : Q(t) = 0 (mod p), VQ(t) = 0 (mod p)} = O(p" 7).
Since ) has no repeated polynomial factors over Q, it follows that it has no repeated

polynomial factors over I, for all sufficiently large primes p. For these p we therefore see
that the intersection Q(t) = VQ(t) = O defines a subvariety of A of codimension at

least 2. The Lang—Weil estimates [41] therefore provide the required bound O(p"~2). O

Lemma 2.7. Fizx any positive real numbers cy, ¢y, ca, c3 and assume that F: N — [0, 00)
is a multiplicative function such that

F(p°) < min {j: 5602 } (2.9)

for all primes p and e > 1 and F(p°) < c3/p* for all p,e > 2. Fiz any C,C" > 0 and
assume that G : N — [0,00) is a function such that for all coprime positive integers a,b
one has G(ab) < G(a) min{C%®) C'b2/2}.

Then for all x > 1 we have

> F(n)G(n) <<eXp( > F(p )

n<x co<p<x
P~ (n)>co

where the implied constant depends at most on ¢; and C,C".

Proof. We define a multiplicative function H’ such that when p is prime and e > 2 one
has H'(p®) = min{C®, C'p*2¢/?} while H'(p) = G(p). It is not difficult to show that for
all coprime positive integers a,b we have G(ab) < G(a)H'(b). Hence, G(b) < H'(b) for
all b and therefore the sum in the lemma is at most

> Fn)H'(Mm)< ][] 1+ZF(pe)H’(pe))<exp( > F(pe)H’(pe))

n<e n<e e=1 co<p<z,e=>1
P~ (n)>co P~ (n)>co

due to the inequality 1+ z < e valid for all z € R. Let & be a positive integer that will
be specified later. The contribution of e > €& is at most
p01 Zp—ECZHI(pe) < C/pcl Zp—602/2 < Olpcl—GCQ/Q(]_ . 2—02/2)—1 < pcl—602/2‘
e>¢ e>¢

Taking & to be the least positive integer satisfying 2(c; + 2)/cy < € yields the bound
< p~2. The contribution of the terms in the interval [2, €] is

e 8 C3 e 1 1
. FEIH () < ) FR)C <5 ), P <5 < .
2<e<E 2<e<€ 2<e<€E p p

Thus, the overall bound becomes

exp > F)H'(p°)| <exp| > F(p exp| > O(1/p%)
co<p<Lz,e=1 co<p<x co<p<LT
11



which is sufficient because H'(p) = G(p). O

Lemma 2.8. Assume that Q € Zxy,...,x,] is non-constant. Then for all e > 1 and
primes p we have

p~"{x € (Z/p°Z)" : Q(x) = 0 (mod pf)} < p~*/ 4@,
where the implied constant depends at most on Q).

Proof. If @) is homogeneous then the bound follows from [47, Lemma 4.10]. If not, then
we can work with the homogenized version )1 of ), which is a homogeneous polynomial
in n + 1 variables having the same degree satisfying Q;(x,1) = Q(x). Thus, using the
homogeneity of )y, one has

tHz € (Z/pL),x € (Z/p°Z)" : Q1(x,2) = O}'

H{x € (Z/p"Z2)" : Qx) = 0} =

(p—Dpe!
Applying [47, Lemma 4.10] to @1 shows that the numerator in the right hand-side is
& pelnt)=e/deg(@1) which is sufficient. O
Lemma 2.9. Let Q € Zxy,...,x,| be a non-constant polynomial having no repeated

factors over Q. Fiz any A\ > 0,C € [1,2) and assume that G : N — R N [0,00) is
multiplicative, that G(p) = X for every prime p, that G(p°) < C°® for all e € N and
primes p and that for all € > 0 there exists C'(¢) > 0 such that G(b) < C'(e)b° for all
beN.

Then there exists a positive constant c that depends on Q) and G, such that when x — oo
we have
tH{x € (Z/mZ)" : Q(x) = 0 (mod m)}

mn

~ c(log )",

> G(m)

1<m<z

where 1 is the number of distinct irreducible factors of Q in Q[xy, ..., x,].

Proof. We employ Wirsing’s result [55, Satz 1] with

fo(m) = G(m)ﬂ{x € (Z/mz)" mcg(}f) = 0 (mod m)}

By [51, Lemma 2.7] we have fo(p?) < G(p°) deg(Q) < C®deg(Q) if @ is primitive, which
implies a similar bound for non-primitive ¢). This means that the assumption [55, Equa-
tion (3)] is met. To verify [55, Equation (4)] we note that

S X Q=0 s HxEF Q69 =0

n—1 n—1
PST p PST p

is asymptotic to Arz/logx by Lemma and the assumption that G is constantly A on
the primes. Hence, as x — oo, [55, Equation (5)] gives

S folm) ~ ¢ ——T] (1 T Zg(pe)ﬁ{x € (Z/p°Z)" : Q(x) = 0})

C
en
m<zr lOg £ p<z ex1 p

for some positive constant ¢’. Finally, using an argument that is similar to the ones in the
proof of Lemma [2.7] and making use of Lemmas [2.6] and 2.8 to control the contribution
of terms with e > 2 shows that when © — oo the last product over p < x is asymptotic

to
. (Z i) HEE ZP2) 5 Qx) = 0})

n
pP<T

12



for some positive ¢’. Injecting ([2.8)) shows that
Z fO(m) ~ c///l_(logx)kr—l
m<zx

for some positive constant ¢”. Noting that

tH{x € (Z/mZ)" : Q(x) =0 (mod m)} _ fo(m)

mn m

G(m)

and using partial summation concludes the proof. O

We shall later need the following substitute of Wirsing’s theorem for multiplicative
functions for which the average over the primes is not known.

Lemma 2.10. Fiz any k € N and assume that [ is a multiplicative function satisfying
0< f(p°) < 7(p)kp=¢ for all e > 1 and primes p. Then for all x > 2 we have

> f(n) < exp (Z f(p)) ,

n<e p<T

where the implied constants depend at most on k.

Proof. The upper bound is evident. For the lower bound our plan is to prove that there
exists 6 = (k) € (0,1) such that

exp (Z f (p)) <) f(n). (2.10)

p<a’ n<e
This is clearly sufficient since
1
Z f(p) <L Z - < 1
0 <p<z P <p<z
To prove ([2.10) we start by noting that for each y € [2,z] one has
Yo fn)= Y fum)?= > fum)?*— > fn)u(n)’.
n<e n<T P+ (n)<y n>x
P*(n)<y P*(n)<y

Since there exists C'(k) > 0 such that

> fn)u(n)? = C(k)exp (Z f(p)) :

P+(n)<y PY

it suffices to show that

> flutn < S exp (z f(p)) .
Py Py

We will see that this holds when y = 2%, where ¢ is a small positive constant that depends
on k. Define 0 = 1/logy so that by Rankin’s trick we have

S fpn)? <z S f(n)u(n)®n®

Pf(iféy Prn)<y
=27 [T(1+ f(p)p7) < z77exp (Z f (p)p") :
Py Py

13



Since e’ < 1+e-tfor 0 <t <1, we see that p° < 1+ e-ologp for all primes p < y,
hence, the sum inside the exponential is at most

S f(p)+0 (OZf(p) 1ogp) < fp)+0 (az lojp) =3 f(p) +0(1).

Py Py Py Py Py

Hence, there exists a positive constant C (k) such that

> f()u(n)* < Ci(k)a™" exp (Z f(p)) :

n>x PSY

Pt(n)<y
Denote Cy(k) = C(k)/(2C1(k)). We want to make sure that 277 < Cy(k); this can be
achieved by taking y = 2° with § = max{1/2, (—log Cy(k))~}. This is because we have
2% = e'/? due to y = 2°. O

3. ARITHMETIC STATISTICS

3.1. 6-torsion. Here we prove Theorems [I.I] using Theorem [2.3] This has an assump-
tion related to a level of distribution result. Similar results have been obtained by [0,
Theorem 1.2], [23, Section 6] and [42, Theorem 2.1]. Here we use the one by Belabas [2]
Théoreme 1.2]. Let g; be the multiplicative function defined as

p/(p+1), ifp>2ande=1

0, ifp>2ande>2

g1 (p%) =4/3, ifp=2ande=2

4/3, ifp=2ande=23

0, if p=2ande>4.

It is not difficult to see that

4
p<X P 7 acx a p<X P ax 3a

Lemma 3.1. Fiz any € > 0. Then for all ¢ € N and X > 2 with q < X157 we have
X

Z (hg(D)—l):;zgl(Q)X—{—O(q —|—X12+6q116>

DE'D+(X) q (10gX)2(lOglOgX)2_E
q|D
and
3 91(q) ( X 15 _1>
hs(D)—1) = — X+0 —|—X16+6q 6 |,
pe BB = =5 (log X)2(log log X7

q|D
where the implied constants are independent of ¢ and X .

Proof. This follows from [2, Théoréeme 1.2] and the remark immediately thereafter. [

We are now ready to begin the proof of Theorem [I.I] The lower bounds follow from
he(D) > ha(D) and genus theory. This idea for the lower bound was further exploited
and investigated in [29, Section 5]. For the upper bounds, we use Theorem with

A = {D fundamental discriminant}, xr(D) = (hs(D) — 1)1 pj<r(D), cp = |D].
14



We let h(q) = g1(¢q)/q and f be the multiplicative function f(n) = 2°(. Lemma
shows that the level of distribution assumption in Definition is satisfied with
4 1 1
M(T)==T, §=— =—.
(D=5 =5 ad =5
Let h(D) be the size of the n-torsion subgroup of the narrow class group. We have
hn(D) < b (D). Since hi (D) = 2°P)=1 and h{ (D) = hj (D)h3 (D), we obtain

> h*(DH > hi(D)

DeDH(X DeD~(X)

= > hD)+ > h(D)+ > (hs(D) — 1) hy (D).

DeD+(X) DeD~(X) DeD+(X)UD~ (X)

The first two sums are readily estimated as O(X log X). For the final sum, the application
of Theorem and (3.1]) yields

Z (hg(D) — 1 h+ Z XX CD < XlOgX

DeDT(X)uD~ (X) DeA

as required.

3.2. Proof of Theorem The proof is as that of Theorem [I.I]with the only difference
being that the bound

23w(a) 9s .
3 <11 (1+;><<(logX)2

a<X a p<X

must be used in place of ({3.1).

3.3. Tail bounds for additive functions. We next study S5 and S3-extensions for
which it will be necessary to turn to the distribution of additive functions. Perhaps the
most famous additive function is w(n), which is roughly speaking normally distributed
with mean loglogn and standard deviation /loglogn by the Erdés-Kac theorem. How-
ever, these type of Erdos—Kac results do not give any tail bounds for the frequency of

very large values of additive functions. We will prove strong tail bounds in the general
setting of Theorem Recall the definition of ¢(e) from (1.2)).

Theorem 3.2. Let A be a set and xr : A — [0,00) be a function for which both
and hold. Fiz any positive constants k, A1, Ay, B, K, C,r and let h € D(k, A1, A2, B, K)
be such that
> h(p) =rloglogz + O(1) (3.2)
psT
and such that for all primes p and integers e > 2 we have h(p®) < C/p?. Fiz any 0, and
let € = (Cq)aca be an equidistributed sequence as in Definition . Assume that there
exists o > 0 and B > 0 such that for all T > 1 one has and M = M(T) is as in
Definition [2.3. Suppose ¢ : N — R is an additive function such that there exists some
constant A > 1 such that

¥(n) < AQ(n),
and that for every € > 0 there exists C > 0 such that ¢(n) < elogm + C.
Then for every fixved constants 1 € (0,1) and 9 > 0 and all T,z > 1 with

7“;1(1 + e9)loglog M < 2o,
15



we have

cle
> xrla) < Mexp < (52) zg) . (3.3)
acA A
¥(ca)>22

Further assume that there exists some constant [11 > 0 such that

> (1- e)* /A (p) < r(1 = 1) loglog z + O(1), (3.4)

pP<T

then for all T,z > 1
log(1 +&1) (

1

Z xr(a <<Mexp<

acA
P(ca)<21

where the implied constants depend on €;, A, C,C, a, B, é, 0,¢, K, Kk, \;,0b and the implied
constants in (2.6]), but are independent of z;, T and M.

rAy (1 —e1)loglog M — 21)> , (3.5)

Proof. Fix a number § > 1, which will be specified later. Define the multiplicative
function f5(c) = B¥©). If ¢(c) > 2, then 1 < 7% f4(c), hence,

Z xr(a) < 5ZQZXT a) f5(Ca)-

acA acA
fa(ca)>22

The assumptions on ¢ imply that fz € M(ﬁ“i, elog 3, 60) for every € > 0. We can thus
bound the sum in the right-hand side by Theorem [2.3] hence,

E;:wm%<§i< 11 “_h@NEZHMW%O, (3.6)
T B<p<M k<M

where the implied constant is independent of zo, T and M. We estimate the sum over

k in (3.6) by applying Lemma with F = h and G = 3%. This yields, by combining
with (3.2]), the upper bound

E:WMM%%Kwp&MEZMM><G%ﬂ@w

k<M p<M
By (3.2), we also have
[T A—nhp) <exp|— > h(p)| < (logM)™" (3.7)
B<p<M p<M

This allows us to bound the right-hand side of (3.6]) by

< M<1OgM) S < M exp <</~§A_1) — logﬁ) ZQ>

[ 1+ &9
due to our assumption (log M)" < exp(z2/(A(1 + &5))). Define § = (1 + £5)"/4. Then
BA — ( E9 C<€2)
Pl gp= = ~ log(1+&3)) = - =22,
A rey =7 15, el +e) A
This concludes the proof of (3.3]). ~
To prove (3.5) we fix 8 = (1 — ;)4 € (0,1) so that
gh —1 ¢(—&1)
T legf=— <0. 3.8
Al(l — 51) Al ( )

16



If ¥(c) < 2z, then 57* fz(c) > 1, hence,
Y xr(a) <A77 Y0 xr(a) fa(ca)

acA ac€A;
fa(ca)<z1

The assumptions on ¢ imply that fz € M(1,¢€, 1) for every e > 0. We can thus bound
the sum in the right-hand side by Theorem [2.3] hence,

294 xr(a) < é\/jzl ( IT a- h(P))kZ W(k)h(/{?)) : (3.9)
¢(g¢z€)<zl Bepsit <M

where the implied constant is independent of z;, T and M. We estimate the sum over k

in (3.9) by applying Lemma with F' = h and G = 3%. By ({3.4)), this yields the upper
bound

> B W h(k) < exp (Z W’h@)) < (log M)™

k<M p<M

Combining with (3.7)), this allows us to bound the right-hand side of (3.9) by

M i i
< B (log M)(ﬂAlfl)r < M exp ((6‘41 — D)rloglog M — z; log 6)

< M exp ((log B) (7“[11(1 —¢1)loglog M — 21>> ,

due to —log 8 < 1 B il from (3.8). Finally observe that

1 1
log f = R log(1 —&1) < I log(1 + 1)

since 1/(1 —e;) > 14 ¢;. This concludes the proof of (3.3)). O

3.4. Proof of Theorem Recall that 1/2 < hy(D)27%(P) < 1. Hence, hy(D) > 2
implies that w(D) > 22 We use Theorem [3.2{ with 1) = w, 25 = (log z4)/(log 2) and

log 2
A = {D fundamental discriminant}, x7(D) = (h3(D) — 1)1 pj<r(D), cp = D.

As in the proof of Theorem [I.T, we pick h to be the multiplicative function defined by
h(q) = g1(¢)/q. We can check that is satisfied with » = 1. Lemma |3.1| shows that
the level of distribution assumption in Deﬁnitionis satisfied with M (T) 5T, =5
and &£ = 3—12 The rest of the assumptions of Theorem n be readily Verlﬁed To bound

the contribution of the cases with ha(D) < z3 we use (3.5)) with z; = (log 23)/(log 2).

3.5. The proof of Theorem We use Theorem [3.2] with
A= {K quintic 55}, XT(K) = ]1|AK\<T(K), cxk = Ak, Y = w.

To show that (cx) is equidistributed, we use Bhargava’s parametrization of Ss-extensions.
The estimates from [45, Theorem 6] implies that

13
Ca(T) = h(d) 55T + O(Tm)

foralld <T 4%0, where h is multiplicative, and satisfies the properties that

+1)(p* +p+1 1 1
h(p) = 4(29 3)(19219 ) :+O<2>
pr+pi+2p°+2p+1 p D
for p > 5, and h(p°®) < h(p?) < 1/p? for all e > 2. Moreover h(p®) =0 foralle > 5, p > 5
and also h(p®) =0 for p € {2,3,5} and e sufﬁmently large (e > 100 suffices). Hence

is satisfied with M(T) = (=T, 0 = ;2 and 5 Welet p =wandr=A=A, = 1

400



The assumption 1)(n) < elogn + C is met due to the bound w(n) < (logn)/(loglogn)
that is a consequence of the Prime Number Theorem. An application of Theorem
then concludes the proof.

3.6. The proof of Theorem [1.7] The arguments are similar to the ones in the proof of
Theorem The only difference is that the uniformity estimates are imported from the
work of Bhargava—Taniguchi-Thorne [0, Theorem 1.3]. Specifically, with the notation

A = {K cubic S3}, x7(K) = Ljag<r(K), cx = Ak

one has

4
12¢(3)

foralld <T %, where the implied constant is absolute and h is multiplicative satisfying

oo

Cu(T) = h(d) T+ O(T?)

p+1)/(P*+p+1) ife=1,
h(p®) = { O(1/p?) if e = 2,
0 ife>3

for every prime p > 3. We also have h(2¢) = 0 and h(3°) = 0 for sufficiently large e. Since
h(p) = 1/p + O(1/p?) we can employ Theorem [3.2 with ¢ = w and r = A = A4, = 1.

4. DIOPHANTINE EQUATIONS

4.1. Three squares. Denote L(1,x_n) = > o0_ (’N) m~!, where (%) is the Legendre

m=1 m
symbol. A theorem of Gauss states that for positive square-free N = 3 (mod 8) one has
8

tH{x €Z® af+a5+a5 =N} = ;L(l,X,N)Nl/Q.

The main result of this section allows to put multiplicative weights on each variable. For
N € N and an arithmetic function f we define

cr(N) ==1]] <1 + (j) W_D). (4.1)

p|N p

Theorem 4.1. Fiz any A > 0,5 > 0,ay, 9,3 € {0,1} and let o = 33, ;. Assume
that f : N — [0,00) is a multiplicative function such that f(ab) < 7(a)®f(b) holds for all
a,b € N. Then for all positive square-free integers N = 3 (mod 8) we have

> ; 1/2 flp) -1 1
S L Aeh™ < L0 )N [evesp (o 5 bt

xe (Z\{0})? =1 P O (log N)
$%+x§+x§:N

where the implied constant is independent of N.
If, in addition, for each L > 1 one has inf{f(m) : Q(m) < L} > 0, then for all positive

square-free integers N = 3 (mod 8) we have

3 ; 1/2 «a f<p)_1 1
> LA™ LN (e(N) esp |0 32 “{log M) )
xe(2Z\{0})? i=1 pen P -

o2 +ai+ai=N

where the implied constant is independent of N.
18



The case a = 1 corresponds to imposing weights on one coefficient only; its proof is
given in §4.3| It is a straightforward combination of Theorem [2.3]and work of Duke [21],
the details of which are recalled in §4.2l The proof in the cases with a = 2,3 require
additional sieving arguments and for reasons of space we give the full details only in
the harder case @ = 3. Specifically, in §4.4] we transform the sums into ones where
I3, f(|zs]) is replaced by f(IT2_, |2i|). Subsequently, in we prove the requisite level
of distribution for the transformed sums. Finally, in we prove Theorem

4.2. Input from cusp forms. The main result in this subsection is Lemma [4.4} it
regards the number of solutions of 2% + 23 + #2 = N, with each xz; divisible by an
arbitrary integer d;. This is closely related to work of Briiddern—Blomer [8, Lemma 2.2]
in the case where each d; is square-free. The proof of Lemma [£.4] combines the work of
Duke [21] with that of Jones [38]. We recall |21, Theorem 2, Equation (3)]:

Lemma 4.2 (Duke). There exists a positive constant k such that for every positive def-
inite quadratic integer ternary form q and every square-free integer N one has
N
tH{x € Z® : q(x) = N} = kL(1, x,.n)6(q, N)£ + O(DCNY/2-1/30)
VD
where the implied constant is absolute, D is the determinant of the matriz (9*q/dx;0x;),
(—2Ddisc(@(\/ﬁ)))

m

Xq.N @S the Dirichlet character x,n(m) = and

S(a.N) = [ Jim ﬂ{x € (Z/pZ)3 :q(x) =N (mod pk)}.

2
2D A—00 p

Note that the definition of & in [21, Equation (4)] involves a finite value of A, however,
this is equivalent since these densities stabilise owing to the fact that N is square-free.
We now specify the constant x. When ¢ = 3% | 22 we have D = 8, hence,

163) 1
e cat v g+ i =Ny = DUy (VY L vunm)
2v/2 el m

where N'(m) = #{x € (Z/mZ)3 : 23 + 22 + 22 = N (mod m)}m™2

Lemma 4.3. For any integer N = 3 (mod 8) and t > 3, the number of solutions of
22 + 22 + 22 = N (mod 2%) is 4°.

Proof. Since N = 3 (mod 8) every z; must be odd. Let x1,z run through all odd
elements (mod 2') and then count the number of z3 for which 22 = a (mod 2'), where
a =N —z7 — 23 (mod 2"). Here N = 3 (mod 8), hence, a = 1 (mod 8). Now we use the
following fact: for ¢ > 3 and each a € Z/2'Z with a = 1 (mod 8), the number of solutions
of 22 = a(mod 2') is 4. This gives a total number of solutions 27! - 2071 . 4 = 4%, O

In particular, N'(16%) = 1. We obtain
K > /—4NN 1 B
tH{xe€Z: 23+ a5+ 25 =N} = ﬁ\/ﬁ EZ: <m> -~ + O(NY2-1/30),

By [, Theorem B, page 99] this equals &ﬁ\/_ N, where £ :=>°_ (—N> L By Siegel’s

m
theorem we have £ > N~1/%0 hence,

K 16 1 1
s x O (N1/30£) =0 (wo) )

which shows that x = 32v/2/7.
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Lemma 4.4. For each ¢ € N* and positive square-free N = 3 (mod 8) we have

3
ﬂ {X €L%: ) (i) = N} = 2 L(1 X w)h(©NY2 4 O((creacs) PN'27/),

i=1

where the implied constant is absolute, hy(c) is given by

of{plercacs} (=) 1 /-1
s () (o) (2)
€162€3 pleieacs p pleicacs p p
p divides exactly one c;
and
2 'f C1C2C3, (42)
ged(ey, eo,03) =1, (4.3)
. N
p divides exactly two ¢; = <> =1, (4.4)
P
p | N,p divides exactly one ¢; = p =1 (mod 4). (4.5)

Proof. We use Lemma with ¢ = 32, c?2? so that D = 8(cicac3)?. Let us note that

=173

disc(Q(v/N)) = 4N, hence, the character x, x(m) is given by

—2-8(cicoc3)? - AN
m

) — (g) 1(ged(2¢ica¢3,m) = 1).

Therefore, the value of the corresponding L-function at 1 is

1 1 _ L(Lx-v) m (i- (=%)
( (_,fv)) 2 p '
p2cicaes | 1 — —2~ pleicacs
p p#2

To work out the term & we use the work of Jones [38]. In the terminology of [38,
Theorem 1.3] we take Q = Y°7_,(c;r;)?,m = N. When p # 2 divides exactly one of the
c;, say, cz, then we take a = ¢i,b; = 0 and [38, Equation (1.5)] shows that the p-adic
factor in & equals

1(p | N)2 (1 _ 1) 1(p=1(mod 4)) + 1(p} N) <1 ! <1>> |
p P\P
If p divides exactly two of the ¢;’s, say ¢ and c3 then by taking a = ¢} in [38, Equa-
tion (1.4)] shows that the p-adic factor in & becomes 2 or 0, according to whether (%) =1
or not. Finally, since N is square-free, there is no prime p that divides every ¢; since that
would imply that p? divides N. Furthermore, by Lemma the 2-adic density equals
1. OJ

4.3. The one-variable case. The case a; = 1, a5 = a3 = 0 can be treated in a straight-
forward manner and we deal with it in this subsection. We use Theorem 2.3 with

8
A= (Z\{0})? co = |y1], T = N,xn(a) = Liny (v + v3 +v3), M(N) = ;L(l,X—N)N”Q-

To show that assumption (2.6) holds we use Lemma to infer that

3 xwla) = §L(1, X-n~)Gn(d) N2 + O(d2N/2=1/30),
T

d\eyﬁ‘
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where Gy is multiplicative and defined as

PG (p) = 1(p #2)2" PN 1(p | N = p=1(mod 4)) <1 - <_N>> (1 - <_1>> :

p\p p\p

We have N'/27¢ <« M(N) < NY2*¢ for every fixed ¢ > 0 by Siegel’s theorem. Now
let 6, ¢ be positive constants that will be fixed later. For all d < M(N)? and any fixed
positive constant €, we have

2 N1/2-1/30 M(N)120+1—1/15+e'

Hence, holds for some £ > 0 as long as 120 < 1/15. In particular, it holds when
6 = 107%. Assumptions (2.2)-(2.3) hold due to the bound Gy(p®) < p~¢ that is valid
with an absolute implied constant. One can take x = 10 in due to the estimate
Gy (p) < 10/p that holds for all primes p.
Thus, Theorem [2.3] shows that
Y. flm)<M®N) I (Q-Gnyp) X fla)Gnla).

x€(Z\{0})3 1<p<M(N) a<M(N)
:p% +x§ +x§:N

By Lemma we infer that

I[I a-Gnyp) > f(a)GN(a)xeXp( > (f(p)—l)GN(p)),

1<p<M(N) a<M(N) p<M(N)
where the implied constants are independent of N. The sum over p equals
-1 —1 —1 1 1
z(p)f@)+ s ohe x e v )

pIN p p<N MNP mv)<p<n
pIN

We have M(N) > N'/* by Siegel’s theorem, thus, the error term is < 1+ N~Y4w(N) is

bounded, something that suffices for the proof of the upper bound. To prove the lower
bound we apply Theorem [2.4] in the same manner.

4.4. Transformation. To transform the sums in Theorem a preliminary step is to
show that for most integer solutions of z? + z3 + 22 = N the common divisors of each
pair (z;,x;) are typically small. In Lemma we show that these divisors are frequently
smaller than any fixed power of /V, while in Lemmas we show that these divisors
are smaller than a power of log N. The latter task combines equidistribution in the form
of Lemma [4.4| with a “level-lowering” mechanism that is grounded on work of Brady [9].

Lemma 4.5. Fiz any s > 0 and § € (0,1/6). Then for any positive square-free integer
N =3 (mod 4) we have

> > (7(21)7(22)7(23))* < NV2OPL(1, x_n),

e>N? xe(Z\{0})3,c|(x1,22)
x% +m§+z§:N

where the implied constant depends at most on 0 and s.

Proof. Since ¢? | 22 + 23 = N — a2, we obtain the upper bound

Les N >0 (N —a3) < N*> #{|zs] < NYZ: 2| N — 22,
c>y |x3|<N1/2 c>y
c?|N—a2

We shall now split in two ranges:

N <c¢< NY*%  and c¢> NY?79,
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For the second range we write D = (N — 22)/c* and note that D < N?. Swapping
summation thus leads to

S t{las SN2 A N3y < Y. #{e,a3€Z: N =1} + D}

c>N1/2-8 1< DLN?2S

Since D > 0, the unit group of Q(v/—D) is bounded independently of D. From the
theory of binary quadratic forms we can then infer that

t{c,13 € Z: N =25+ D*} < Y (m> <. N,
m|N
where the implied constant depends only on €. This gives the overall bound
< N36+26 < N4E+2§L(17X7N)

by Siegel’s estimate. Using § < 1/6 we see that 2§ < 1/2 — ¢, thus, taking € = §/8 gives
the bound N/27%/2[(1, x_x), which is satisfactory.
We next deal with the first range. Splitting in progressions we get

N1/2 N1/2
Hflesl SN2 | N—23} < Y +1] < N°¢ +1].
e/ 2L c? c?
c?|N—t2

Summing over the range N? < ¢ < NY279 this gives < NY279%¢ which is acceptable
upon choosing a suitably small value for e. O

The proof of the next two results uses crucially that the range ¢ > N? has already been
dealt with.

Lemma 4.6. Fiz arbitrary s > 0 and let 3 = 60(100s — 1)/7. For any ¢ € N* and
positive square-free integer N = 3 (mod 8) we have
541 3 7-( )6+3
Z (T(x1)71(22)7(23))" < L(1, x_ )N/ (loglog N)?*(log N)*? H

x€(Z\{0})? ;| Vi i=1
:c%—i—z% +x§:N

G

I N1/2_1/100(010203)12,
where the implied constant depends at most on [ and s.

Proof. The function H(8) = 0 logy(d~1)+(1—0) logy(1—48) ! satisfies H(7/6000) > 1/100.
Taking 6 = 7/6000 we see that the assumption 78 4+ 60 = 6000s allows us to use [9,
Theorem 4]. This yields the following bound for the sum over x in the lemma:

<gs . (T(d)7T(da)T(ds)) t{x € (Z\ {0})* : af + 25 + 25 = N, [c;, di] | 2V},
digﬁl}%w

where [-, -] denotes the least common multiple. By Lemma H this can be bounded by

3
< Z (HT >1oglogN) (L N1/2H (e:,d ] +N1/2_1/30H[Ci,di]12>,

deN3 “ti=1 1=1
d; <N®/2v;

where we used the following standard bound for ¢t = ¢;cacs,

11 (1 + ;) <] (1 — ;) h = qﬁét) < loglogt. (4.6)

plt plt
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Using [¢;, d;] < ¢;d; we can see that the second part of this sum is

3
3 3
< N1/271/30 H C}Q ( 2 : T(d),b’d12) < N1/271/30+19.55<log N)?)(Zﬁfl) H 612

A
i=1 d<NS/2 =1

which is < NV21/30H200[Tcl2 Our choice § = 7/6000 makes sure that this is <
NY2-110TT 12 The first part of the sum is < L(1, x_x)(loglog N)2N'2T] S(c;), where
7([e, d 7(c ged(e, d

S(e) =Y 7(d)? (e d]) < ) 3 T(d)B“d)

d<N [c, d] € a<n

Writing m = ged(c, d) and d = mt, the sum over d can be seen to be at most

T(d)ﬁ+1 T(t)ﬁﬂ

domy. <m0 < 7(c)" " (log N)*",
m|c d<N d mlc t<N t
m|d
which is sufficient. O

Lemma 4.7. Fiz any positive A and s. Then for any positive square-free N = 3 (mod 8)
we have

Z Z (7(z1)7(22)7(23))° Ka,s L(1, X_N)Nl/Z(log N)P(S)*A/27

c>(log N)A xc(Z\{0})3,c|(x1,x2)
CE%—‘,—(E% +SE§:N

=6- 2(60008*60)/7

where p(s) and the implied constant depends at most on A and s.

Proof. Fix any 6 > 0. By Lemma we can discard the contribution of ¢ > N°. For the
remaining ¢ we employ Lemma 4.6| with 5 defined by 75 + 60 = 6000s. We obtain

< ¥ <L<1, X-w) N (log log N)?(log N)Z”'?W(CZZM N 1/2_1/10%24>
log N)A<c<N?
< (L(gl,)x_N)Nl/Q(log N)3.25+1—A/2 + N1/2-1/100+255
Choosing sufficiently small § and using Siegel’s bound we obtain
N~ 1/100+256 < N —1/1000 < L(I,X_N)(log N)3-25+1—A/2’
which is sufficient. (]

Define for N, mqy, ms, m3 € N the function

Rum(N) := > F s 5°).
ye(Z\{0})?:), (mymyy:)*=N
ged(yi,y;)=1Vi#]
Lemma 4.8. Fiz any A > 0. In the setting of Theorem [/.1] we have

3 3 L 1, y_ N1/2
S e« Y R [rtm o LN
xe(Z\{0})? =1 meN®, {17 =1 (log N)
o2+z2+a2=N max m;<(log N)4

where p(s) is as in Lemma the implied constant depends at most on s, A and

ged(my, 2m;) = Vi # 5 p| mymoms = <p> =1 (4.7)
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Proof. By our assumption f < 7° and Lemma we may write the sum over x as

3
> [T £ () + O(L(1, x-x)N"?(log N) =4/,

x€(Z\{0})3 @2 +x3+aZ=N i=1

ged(z;,25)<(log N)AVis
For {i,j,k} = {1,2,3} we let m; = ged(z;,zx) so that the m; are coprime in pairs
due to ged(zy, g, x3) = 1 that can be inferred from the fact that N is square-free and
N =3, 22. Hence, letting y; := z;/(m;my,) we see that m; = ged(x;, x) is equivalent to
1 = ged(mygy;, mjyi). We obtain

3
2 S5 T FGmma)™ + O(L(1,x- )N (log N) 4/2#749)
m€N3 Z (mjmkyl) NZ:1
gcifﬁz(ggjiv)lf‘v\;# ed{yy)=1irtd

We omitted the condition ged(y;, m;) = 1 as it is implied by the fact that N is square-free
and a sum of integer multiples of m? and y?. Our assumption f(ab) < 7(a)®f(b) allows
us to write

3
Hf mymey;)® H k) ()™ = fyysys®) HT m;)*s,

since the y; are pairwise coprime and f is multiplicative. The condition that each prime
divisor p of m; must satisfy (%) = 1 comes from the fact that each m; divides two of the

coeflicients of Zi(mjmkyi)z and is coprime to the third. Finally, if one of the m; is even,
then 4 divides N — (m;myy;)?, which is impossible owing to N = 3 (mod 4). O

4.5. Level of distribution. Throughout this subsection m is a fixed vector in N® sat-
isfying (4.7)). For positive integers d, N define

2 2 2 _ N
C(N) = c g8 . (mamay)® + (mimays)” + (mamays) oL
) =1 {y ged(yi, y;) = Vi # j,  d | y1yays

The main result is Lemma 4.11} it gives a level of distribution result for Cy(N) that will

subsequently be fed into Theorem [2.3] to bound R, (N).
We start with a sieving argument that deals with the coprimality of the v;.

Lemma 4.9. Keep the setting of Theorem and fix any 0 € (0,1/9). For all m as
in (4.7) and all d € N we have

Ca(N) = > > p(b1) (b)) p(b3) Cp a(N) + O(N2HOL (1, X)),

deN3 d=d;dods beN3 max b;<N% Vi
ng(di,dj):1V’i7£j ng(bi,bj)ZJ.V’i;éj
ng(di,mi):l\Vi gcd(bi,dimj):l\di#j

where §; = 6/100, 92 = 6/10, 93 = 0, the quantity Cp 4(N) is given by
ﬁ{t S Z3 N = (mgmg[dl, bgbg]tl)Q + (mlmg[dg, blbg]tg)z + (mlmQ [dg, blbg]t3>2}
and the implied constant depends at most on §.

Proof. Since y; are coprime in pairs in Cy(NV), we can write d = dydyds where d; | y; and
the d; are coprime in pairs. Then, Cy(N) becomes

o (mamgyr)? + (mamgy2)® + (mimays)® = N,
> ﬂ{y €ENIOD®: ey = ik ] d, | i } .

deN3 d=d;dads
ng(di ,midj )ZlVi#j
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The condition ged(d;, m;) = 1 comes from the fact that N is square-free and the sum of
squares equation. We now use the expression >, |1, vs) p(by) to detect the coprimality of

yo and y3. The contribution of by > N%/1% will then be at most
m(d) Y HteZ’ ]+ 154+ 15 = N,by | (2, t3)} < 7(d)NPOL(1, x )

by >N3/100
by Lemma . We have d < N due to d | y192y3, hence, the bound 73(d) < N°/4%°
shows that the contribution is < NY27/40L(1 ). Next, we use Yp,((, 4s) t(b2) to
detect the coprimality of 4, and y3. The contribution of by > N9/10 is
<n(d) Y H{teZP i+ +15 = N,bo | (y1,y3)} < T3(d)NYEO00020 (1 )

b1<N6/100
b2>N5/10

by Lemma This can be seen to be < N'/279/10[(1 y_y) as before. Finally, using
Dbs|(yr,0) #(b3), We can see that the range by > N % contributes

< 73(d) > Bt € Z3 12 412 412 = N,bs | (t1,t2)} < NY2O0L(1 ).
b1<N5/1007b2<N6/10
b3>N?

We thus obtain the expression claimed in the lemma. The conditions of the form
ged(by, babsdymamg) = 1 in the lemma come from the fact that N is square-free. Fi-
nally, the vectors t having ¢; = 0 for some ¢ contribute at most

L T(d)NOH2H%p (N) < N?,

which is acceptable by the assumption 6 < 1/9. O
We next apply Lemma 4.4, Denote
b=0bibobs, m=mmoms and &;:= [ »
p=3(mod 4)
pl(d,N)

Lemma 4.10. Keep the setting of Lemma [{.9 and fix any w > 0. For all d € N and

m € N? as in (4.7) with the additional restriction maxm; < (log N)® we have

Cd(N) _ §L(1, X—N)N1/2M1M2 + O<d12N1/2+max{505—1/30,—6/800} (log N)lOOwL(l’ X—N))a
s

where the implied constant depends at most on § and w. Here

0 G))

B Hpl(d.b))
_ s (plopim) H(0) o tpldipfom} RN S AR P
My =Y 277 b2 2 IT (1 v ot {pld:plomNT

and

beN3 plo.ptm p
x ged(d, b)3Hpldpim} ot{pldplm.pib} 11 <1 1 (—1>> (1 1 (—N)) |
pld p b p D
pfom

where the sum is over b satisfying the further conditions
€y | bibabsm, ged(b;, 2b;m;) = 1Vi # j,

and (%) =1 for all primes p | bibabs with p{m.
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Proof. We employ Lemma with ¢; = mjmy[d;, b;bi] to estimate Cy(N) in Lemma .

The error term is

3
< Tg(d)d12N1/2_1/30<10g N)lOOw H Z 624 < d12N1/2—1/30+505(10g N)lOOwL(l’ X*N)
i=1 p< N
by Siegel’s bound and 73(d) < N°~%7%2[(1,y_y) that is implied by d < N3.

To deal with the main term let us recall that the m; are pairwise coprime and use the
coprimality conditions on the b;,d; to see that is always met. Denote b := bibybs.
Note that a prime p divides exactly two of the ¢; if and only if p | bm. In addition, p
divides exactly one of ¢; if and only if p divides d but not bm. We get the main term

iL(l,xN)Nl/QWﬁH (1 - (_N>> 7

plm P\ P

where £ is the sum

* o(mb) (1) 11(b2) p(b3) < 1 <—N ) 1(2 4 d)2Hpldpiom)
2.2 (b1babs)2 pbgmbg 1= p> y F(d
ptm
1/-1 1 /=N 1\ L(ptN)
Ao | (@ N).ptom = p=1{mod 4) T (l_p (p)) (1_p (p)) ()
ptbm

with " taken over b € N? satisfying b; < N% for all i, ged(b;, 2b;m;) = 1 for all i # j,
and, with the further property that each prime divisor p of b that does not divide m must
satisfy (%) = 1. The multiplicative function §(d) is defined as

Z ng(dl, b2b3) ng(dQ, blbg) ng(d37 blbg),
dENS,d:dldeg

where the sum is subject to ged(d;,d;m;b;)) = 1 for all i # j. To analyse it at prime
powers p* we use that d; are coprime to infer that §(p*) equals

ged(p®, babs)L(p  bymy) + ged(p®, bibs)L(p 1 bama) + ged(p®, bibe)L(p § bsms).

Since b; are coprime in pairs and square-free we see that if p | bibebs then the above
becomes 2p because ged(b;, m;) = 1 for all i« # j. If p { bibobsmimoms then the sum
becomes 3. If p 1 bibebs and p | mymamg then it becomes 2. Thus, §(d) equals

HPIOADY g0 (p, ) 3HPI:piom) Q8 (pI(dm):pi0}

Using (4.6)) we see that the contribution of b with b; > N? for some i is

ow(b1babs) -
< L(1,x_n)NY?(loglog N)*7(d)6*Dd Z 72<<L<1,X—N)N1/2d2N 72@1“(51.’
=, (bibabs)
Jib;>N%

which is acceptable since min §; > §/800. To conclude the proof we note that the condition
pld,p| N,ptbm = p=1(mod 4) is equivalent to €4 | bm. O

Finally, we simplify the main term in Lemma The error term will be obtained by
taking 0 = 80/120003. Denote for a prime p,

1 /-1
szl—]; ? .
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Lemma 4.11. Fiz any @ > 0. For all m € N? as in ([4.7) with maxm; < (log N)%, all
square-free positive integers N = 3 (mod 8) and all d € N we have

Cd(N) — M(N)QN(d) + O(deA]Vl/Zfl/1200030(10g N)loowL(l, XfN))a
where the implied constant depends at most on w. Further,

8 gw(mimams) 1 6
o e ) (%)
ptm

2 2
<m1m2m3) plmimams p 1mams3 p
(£H=1
P
and

gn(d) =1(p | (d,N) = p =1 (mod 4))]1(2d+d>

) 1 (= 5))
L+ - 1——(—]].
g pmil;lzm:s ( i p> Mmll;lzm3 ( - %) (1 - i) E v p p

C.
pld pld,(5)=1 pfmimams

2ﬁ{p\d:p|m1m2m3N} 3ﬁ{P|d?Mm1m2m3}

Proof. Let &(b) be the number of b € N* with b = bbbz and ged(b;, bjm;) = 1 for all
1 # ] USlng 2ﬁ{p|d:p’[bm}2ﬁ{p|d,p|m,p’(b}2ﬁ{p|(d,b)} = QW(d) we can write

2w(d) 1/-N
My = Mg3#pldpmy = c <1 — - ()) ,
2ﬁ{p‘d-meN} pIC};}[{m p p p

where M3 is given by
ottty () ged(d, b) 2HplbphmN.pldy

> - : 60 II ¢° II o
b:ptm,pl|d p

bEN, 24, 4|bm b getplbpim pld} plb,ptm : plb,ptm

plbptm=(3)=1 pld

For a prime p we have &(p) = 1(p t mimz) + L(p { myms) + 1(p f mams). Since the
m; are coprime in pairs, &(p) becomes 1 or 3 according to whether p divides m or not.
Hence, &(b) = 3HPIb»m} for all square-free b, thus, Mz can be written as

i olptny (D) ged (d, b) 2bmm ol

-2
) 2 II e

2 b:ptm,p|d P p
bEN,2/b,¢ g|bm b Belplopmpld} plb,pim plb,ptm
plbptm=>()=1 pld

Let us show that if the sum over b is non-empty then €; = 1. To see that, assume there
is a prime p | €;. Then the condition p | €4 | b implies that p | m or pt m and p | b.
In the first case, the condition present in M; shows that (%) = 1, which violates the
condition p | €; | N. In the second case, we have p{m and p | b, hence, the condition in
the sum over b shows that (%) = 1, which is a contradiction.

Now, factor the square-free b as boby, where by | m and b; is coprime to m. We can
thus write M3 = M, Ms, where

weg e ()

2
bo|m plm p plm p
pld pid

and M5 is given by

) b1) ged(d, by) 72\ Helbrpld} )

6ﬂ{p‘b }M( 1 ( ) H c H C 2

2 , 7

b1€N,ged(by,2m)=1 by 3 Hall .
P\blﬁ(%)zl b
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where we used the conditions by | m and ged(b;,m) = 1 to infer that by, b; are coprime
and thus split 1(bgb1). The Euler product for M; equals

I (-%) I ey

(2)=1 (2)=1

which concludes the proof. O

4.6. The proof of Theorem [4.1, We apply Theorem with A being the set of
vectors y € (Z \ {0})? satisfying ged(y;,y;) = 1 for all i # j and ¢, = |y1y2y3|. Further,
we let T = N and yn(a) = Ly ((mamsyr)? + (mimzy2)? + (mymays)?). To verify
assumption (2.6) we use Lemma [4.11] Note that 2°(™ T],,,(1 — 1/p) > 1, hence

N'Y2L(1, x-n) < NY2L(1, x-x)
(log N)= = (mymams)?

< M < NY2L(1,x_n) (4.8)

with absolute implied constants. Fix any strictly positive constants & and 6 satisfying
120 + € < 1/600015. For any positive integer d < M?; the error term in Lemma is

<« MYPNV2L(1, y_ ) N~1/1200080 100 £T)100% o 71120 £r—1/1200030 (15 £y 106
by the lower bound (4.8]). Using the upper bound of the same inequality we obtain
o« MIV/OO00LSHI20 T (7 1y y1/2400060 (100 NYI0Bw o r1=1/600015+126 (10 p7)1+106

by the bound L(1,x_y) < log N. The error term is O(M!~¢) as we have chosen ¢ so
that 1260 + ¢ < 1/600015. This verifies assumption of Theorem [2.3] The remain-
ing assumptions are easily seen to hold since the function gy in Lemma satisfies
pegn(p®) = O(1) for all e > 1 and primes p with an absolute implied constant. Hence,
one has for all m with maxm; < (log N)4

> fly1yays|) < M(N)T(M(N)),
ye(Z\{0})3:> " (mjmpy;)?°=N
ged(yi,y; ) =1Vi#j

where

Ty)= I[ Q@=9n®)D_ fla)

1<p<Ly a<y

and the implied constant depends at most on s and w. We have T'(y) < exp(S(y)) by

Lemma [2.10 where S(y) is
6 > f( +32 ; +O( > 1+Zl>.

p|N Py plmimams p p|N p
p=1(mod 4) PN P>y
The main term is
1
3> ( ) fp) =1 + 3 Z < > ) .
pIN p<y pN P
P>y

The sum over p | N,p > yis < w(N)/y < (log N)/y. Thus, with c;(N) as in (4.1]), there
exists a positive constant v = v(s) such that for all y > log N one has

1T <1+]1?>”<<T(y)c( exp(?)z ; )<< 11 <1+1>”.

plmimams Py plmimams p
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Injecting the upper bound into Lemma and using that M(N) < N we get

3 L(1, y_n)N/2 1
Z H f(lx]) < (1, x 11;]/)2 ® + L(l,X_N)Nl/ch(N)?’ exp | 3 Z & S
xe(z\{0})3 =1 (log N)A/2=r oo
x%+z§+x§:N

where

3 2s v
T(m;) 1
S= > 11 - 11 <1 + ) :
meN3, [{7) =1 t plmy
max m;<(log N)A
Since [1,,,(1+1/p) < 7(m) we can see that S is bounded. Enlarging the value of A allows
the logarithmic exponent A/2 — p(s) to exceed any given number and it thus completes
the proof of the upper bound in Theorem when each a; is 1.
To prove the lower bound in Theorem [.1] we note that

3
> HfMZ/ }: [T /(i)
xe(Z\{0})3 =1 xe(Z\{0})3, 3, a2=Ni=1
o24z2+a2=N ged(z;, xj) 1Vz;£j
and apply Theorem[2.4]to estimate the right-hand side sum. This has a level-of-distribution
assumption that can be verified using the case m; = my = m3 = 1 of Lemma [£.11] The
residual stages in the proof are indistinguishable to those for the upper bound.

4.7. General Diophantine equations. The proof of Theorem [1.10| is based on an
application of Theorem [2.3] This has specific assumptions; we start by verifying the
ones related to the level of distribution in Lemma and proceed by verifying the ones
related to the growth of the sieve density function in Lemmas [4.1414.15[

Lemma 4.12. Let F € Z[xy, ..., x,] be as in Theorem[I.10 Then for every 0 < i < n
we have #{x € (ZN[-B, B])"™ : F(x) = 0,z; = 0} < B"~¢, where the implied constant
depends only on i and F'.

Proof. 1t is necessary to recall the definition of the Birch rank %(g) of a polynomial g €
Z|wo, 71, ..., Tpy], where m € N. Denoting the homogeneous part of g by ¢°, the number
B(g) is defined as the codimension of the affine variety in C™*! given by Vg¢’(x) = 0.
Note that B(g) = m + 1 when ¢” is smooth. Returning to the proof of our theorem we
note that setting x; = 0 in the polynomial F'(x) will produce a homogeneous polynomial
F; in at most n — 1 variables. We claim that F; will have degree d. If not, then F; must
vanish identically, which can only happen when each monomial of F; contains z;; hence,
x; would divide F'(x) and this would contradict the assumed smoothness of F.

By [48, Lemma 3.1] one has B(F;) > B(F) — 2, since in the notation of [48] one has
ljli = 1 and R = 1. Recalling that F' is smooth one sees that B(F) = n + 1. Hence,

B(F)=n—1>(d—1)29" = (deg(F;) — 1)24sF)-1,

Hence, F; satisfies the assumption on the number of variables for Birch’s work [7]. In
particular, [7, Equation (4), page 260] applied to F; gives

ﬂ{XE(Zm[—B,B])niF(l’o,l’l,...,$i,1,0,$i+1,..., )_O}<<Bn deg(Fi) _ Bn d
which is sufficient. ]

For a prime p define

L X (Z/p"D) F() = 0 mod p7))
P S Yo pmn .
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Combining [7, Equation (20), page 256] with [7, Lemma 7.1] we see that the limit con-
verges and, furthermore,
oy =1+ 0(p) (4.9)

for some positive A = A(F'). The corresponding density over R is given by

+o00
O = / / exp(2miyF(x))dxdy.
—oo Jx€[-1,1]n 1
It converges due to [7, Lemma 5.2]. Finally, we let
o(F) := o [[ 0p-
P

Lemma 4.13. Keep the assumptions of Theorem and assume that F' = 0 has a
Q-point. Then there exist positive constants =, 3, both of which depend on F', such that
for all g € N and B > 1 with ¢ < BZ one has

t{x € (Z\{0})"*"! : max |z;| < B, F(x) = 0,q | 20 - xn} = o(F)B""'"(hp(q)+O(B™")),
where the function hp : N — [0, 00) is defined by

1 x € (Z/p™Z)*+ : p™ | F(x),p @ | 2 - - 2y
het) =TT 1 t{x € (z/p"2) pm|n (x),p"@ | 2o 0 }
plqo'pm—H—oo p

and the implied constant is independent of q.

Proof. Adding back the terms for which xg---x, = 0 shows that the counting function
equals
tH{x € (ZN[-B,B])"" : F(x) =0,x =t (mod ¢q)} + O(&),
where £ = #{x € (Zn[-B,B))"" : F(x) = 0,29+ -z, = 0}. By Lemma we
have £ = O(B"4), which is satisfactory. To deal with the main term we partition in
progressions to convert it into
> tH{x € (ZN[-B,B])"": F(x) =0,x =t (mod ¢)}.

te(zZ/qz)" !
to--tn=0(mod ¢q)

We now employ [22, Lemma 4.4] to deduce that the cardinality equals
O_OOBn—I—l—d H O_p(t,pvp(q)) H o, + O(Bn+1_d_on),
plq plq
where 7, M are positive constants that depend only on F,

op(t pk) = lim ﬁ{x € (Z/p™Z)" : F(x) = 0(mod p™) , x = ¢t (mOd pk>}

m—+o00 pm”

and the implied constant depends at most on F. The contribution of the error term is

< Bn+1—d—on Z 1 < Bn—&—l—d—on—Q—n—s—l.

te(zZ/qz)" !
to-tn=0(mod q)

STy the assumption ¢ < BZ implies that ¢™*"t1 < B2, thus the

error term is O(B"T1747/2) which is satisfactory. The main term contribution becomes

MATIE D S | ot
te(Z/qZ)"+ plg Ip
to--tn=0(mod q)

Letting = :=

where we have used the fact that o, > 0 for all primes p. This is guaranteed by [7,

Lemma 7.1] and the assumption that F' = 0 is non-singular and has a Q-point. It is
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straightforward to see that the sum over t forms a multiplicative function of ¢ by using
the Chinese Remainder Theorem. Its value at a prime power p* is

LIRS SR

— hI_E —
m——+00

Ip PP te@mrmn it xe@pmzymh, phix—t

t0~~~tn50(mod pk) F(x)=0(mod p™)

which can be seen to coincide with hy(p*) by interchanging the order of summation. [

The next result will be used to study hp at prime powers. Its proof is analogous to [48,
Lemma 3.4].

Lemma 4.14. Keep the assumptions of Theorem . Fiz any i # j € ZN[0,n] and
o, € ZN[0,00). Then there exists g > 0 that depends only on d such that

; t{x € (@/pmz)" ' p™ | F(x),p* | 20,p" | 25} 1
m—lg-loo pm" B paJrﬁ

(L+0@~")),

where the implied constant depends at most on 1,7 and F.

Proof. Let m > max{«, 8} + 1. Then

Ij{x c (Z/p™Z)"™ : p™ | F(x),p™ | i, p° | xj} = > N(zy, ), (4.10)
(z1,22)€(Z/p™L)?
P |z1,pP |22

where N(z1,22) = #{y € (Z/p"Z)""' : Fy, 2,(y) = 0 (mod p™)} and

le,:m(y) = F(y(b e Y1, T Yid 1y - -5 Y1, L2, Yj41, - - 7yn)

The expression
1

— Z exp <2m a Fxl,m(y))
p a€Z/p™ZL p™

is 1 or 0 according to whether F,, ,, (y) is divisible by p™ or not. Writing a = p™ b for
some b € (Z/p'Z)* the expression becomes

b 1
72 Z exp (27TZpth1,z2(Y)> T
)*

t=0 be(Z/p'Z

1 & b
7m Z Z exp (27TlptFm1,a:2 (Y)> :

p 1=1 be(Z/p'2)"
Hence,

T SIS S exp <2m£thl,m(Y)>-

N(zy, x3) = p™* 2
P i1 be(z/ptz) ye(z/pmz)n—1

Replacing y by its value (mod p’) does not affect the exponential, thus,

m(n— m(n— . —t(n— b
N (w1, 2) = p™"=) 4 p™ Q)Zp tn=1) > > exp <2mptFx1,x2(Z)>-

t=1 bE(Z/p'L)* z€(Z/ptZ)"—1

We can view Fj, ,,(y) as a polynomial in y since x;,x are fixed. It will be non-

homogeneous and its degree d part is homogeneous and equals Fyo(y). By [48, Lemma 3.1]

one has B(F,, ,) = B(F) — 4 =n — 3, since one must take |jl; = 2 and R =1 in [4§].

Our assumptions ensure that n —3 > 1+ (d — 1)2%, thus, [7, Lemma 5.4] shows that, for

every fixed positive €, the sum over z is < p"~1=#+9) where u = K(F,, ,,)/(d — 1) and

K(g) is defined in [7, Equation (8), page 252] as B(g°)2-%*!. Note that [7, Lemma 5.4]
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is unaffected by the lower order terms coming from z, x5, since the proof is based on a
Weyl differencing process in [7, Lemma 2.1]. We obtain

N([L’l, 1‘2) _ pm(n—2) + O(pm(n—Q) Zpt(l—u-‘re)) ]

t=1

We aim to show that 1 — pu < —1. Using B(F}, »,) = n — 3 we obtain

—d+1 _ 2yp—d+l —d+1

d—1 d—1 d—1
where we used our assumption n > 4 + (d — 1)2¢ in the last step. Let e = 27¢/(d — 1)
and o =—-24+pu—e€ sothat 1 —p+e=—-1—pp < —1 and

m

Zpt(l—u+e) < pl—,u-i-e _ p—l—uo.
t=1

Therefore, N (1, x5) = p™" 2 (1+O(p~'~#)), which can be injected into (&.10]) to obtain
t{x e @/pmz)""  p" | F(x),p° | 20,p” | 25} = p™ P14 O(p~' 7))

since the right-hand of (4.10) has p?™~ 2" terms. Dividing by p™" concludes the proof.
U

Lemma 4.15. Keep the assumptions of Theorem[1.10, let p be a prime and assume that
F =0 has a Q,-point. There exist positive constants 0,0y that depend only on F such
that for all e > 1 we have

n+1
p

where the implied constant depends at most on F.

hr(p) = (1+0(p™"%))  and hp(p©) < pir—/+D),

Proof. We have

Jj{X € (Z/pmz)n—H :pm | F(X),p | Zog - xn}
pmn

:iﬂ{xe@/me)”“:p’"!F<X>’p‘””1‘}+0< 2 &n’)’

mn
p 1<i<j<n

where

e _ Hxe (Z/pmZ)"!  p™ | F(x),p | wi,p | 25}
LV mn :
p

By Lemma with @ = 8 = p we see that & ; < 1/p®. To estimate the sum over
0 <7 < n in the main term we use Lemma [4.14 with o« = p, 8 = 0 to obtain

" (1+0()

D

i=0 p

n+1

+O0(n*p?) = +O(p~t7).

Our assumptions ensure that o, > 0 and recalling (4.9) proves the claimed estimate on
hr(p).
To bound hp(p¢) note that if m > e > n and x € (Z/p™Z)" is such that xy-- -z, =
0 (mod p°) then there exists 0 < ¢ < n such that v,(z;) > e/(n +1). By Lemma
with § = 0 and « given by the least integer satisfying o > e/(n + 1) we infer that
hr(p®) < Cp~+D for some positive constant C' = C(F) by taking m — oo in the
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definition of hp(p®). If e € [1,n) then we use the trivial bound hr(p®) < p™*'. Thus, in
all cases we have shown that

maX{C p”“}
pn+l
Letting v = (log C')/(log 2), we infer that C' < 27 < p?, hence,

hr(p©) <

hF (pe) < pmax{%n—l—l}—e/(n—&—l)

Y

thus, concluding the proof. Il

To prove Theorem [1.10] we can assume with no loss of generality that F' = 0 has a
Q-point so that the set € := {|zg---z,| : x € (Z\ {0})""!, F(x) = 0} is non-empty. Let
A= {x e (Z\{0})" : F(x) = 0} and for every a = x € A define ¢, = |zg- - z,|.
Define xp : A — [0, 00) by

xB(x) = 1 g(max{|z;| : 0 < i < n}).
By Lemma [4.13] there exist Z, 8 > 0 such that for all ¢ < BZ one has

> xs(a) = o(F)B"""4(hp(q) + O(B™7)).

acA

qlca
This shows that the property in Definition is fulfilled for M = o(F)B"'74 In
particular,

sup{cq : xg(a) > 0} < sup{|zo- - - z,| : max |z;] < B} < B « M/ (ntl=d),
thus, (2.7) holds with o = -+ Note that hp € D(n+1,1/(n+1),6p, B', K) for some

n+1—d
positive constants B’, K that depend only on F' due to hp(p®) < hr(p) and Lemma[4.15

We can thus employ Theorem [2.3] to deduce that

Yoo flzo-x)) <« BT (1= he(p) Y- fla)he(a),

x€e(z\{o})n+1 p<M asM
max |z;|<B,F(x)=0

where M = o(F)B"*'=¢. By Lemma we can bound the product over p < M by
< exp(—=(n+ 1) ,<p 1/p). Combmlng this with the succeding lemma completes the
proof of Theorem [1.10]

Lemma 4.16. Keep the setting of Theorem [1.10. For every fized constant v > 0 and
each B > 1 we have

> fla) <<exp<(n+1)zf<p)),

a<B"Y p<B p
where the implied constant depends at most on f, A,y and F'.

Proof. We will apply Lemma with G = f. It is clear that f satisfies the required
assumptions. We next verify the required assumptions for hg: the bound holds
for hp(p®) due to Lemma and the fact that hp(p®) < hp(p). It remains to prove
the estimate hp(p®) < 1/p* for all e > 2. Since hp(p®) < hr(p?) it suffices to bound
hr(p?). To do so we note that if x € (Z/p™Z)"*! is such that F(x) = 0 (mod p™) and
p? | xo -+ - x,, then either there exists ¢ such that p? | z; or there are i # j such that p | x;

and p | z;. In the first case we may employ Lemma with a = 2 and = 0 and in
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the second case with = 1 and 8 = 1 in order to obtain the bound hp(p*) < p~2. Now
Lemma [2.7 implies that

> fla)hp(a <eXp<Zf )

a<BY <B7

where the implied constant only depends on f and F. Using the estimate for hr(p) from
Lemma and noting that f(p) < A and > p~2 < oo, we can rewrite the sum over
p < B7 as
_ f(p) 4
> f@hep)=(n+1) > == +0((n+1)A).
p<B? p<Br P
Therefore
> fla)hr(a) < exp (n+1)ZM :
a<B"Y p<B7Y p

where the implied constant depends at most on f, A, n and hr. To conclude the proof
we note that for all 0 < v; < 72 one has

> @gA > ——Alog 2 +0(1/log B) < 1,
Bn<p<B2 P B <p<B2 P 71

thus, one can replace the condition p < B” by p < B at the cost of a different implied
constant. 0

5. POLYNOMIAL VALUES

In this section we give upper and lower bounds for sums of the form ({1.4)).

5.1. Proving equidistribution. Here we prove the necessary results that will be fed
into Theorems to yield Theorems [T.T5H1.16}

If po denotes the largest prime dividing all coefficients of @) then for p < pg we have
0o(p°) < 1< pg/p for all e > 1. For all other primes we use [51, Lemma 2.7] to obtain

en _ P +deg(@
0q(p°) < Qp” (5.1)
Furthermore, Lemma [2.§] gives
c Co
0Q(p°) < o/ deg(@ (5.2)
for a positive constant Cy that only depends on ). Finally, Lemma [2.5| shows
[1(1 = 0q(q)) = c(logz)™"(1 + O(1/log x)), (5.3)

P
where 7 is the number of irreducible components of () and ¢ is a positive number depending
only on Q.
The following definition is based on [54, Definition 2.2]. Write |-| for the usual Euclidean
norm on R* for k£ € N.

Definition 5.1 (Regions). Let n, M > 1 be integers and let L > 0 be a real number. We
say that a subset S of R™ is in Reg(n, M, L) if

(1) S is bounded,
(2) there exist M maps ¢1,..., ¢y : [0,1]"1 — R" satisfying
9i(x) — ¢i(y)| < LIx —y]

for x,y € [0,1]" ' and i = 1,..., M such that the images of ¢; cover 95S.
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Lemma 5.2 (Widmer, [54, Theorem 2.4]). Each S € Reg(n, M, L) is measurable and
satisfies

1#(SNZ") —vol(9)] < n* M max(L" ! 1).
Lemma 5.3. Let D € Reg(n, M, L). Then for allw € [—1,1]" and t > 1 one has
tH{x € Z"N (tD + w)} = vol(D)t" + O(t" 1),
where the implied constant depends on n, M, L, but is independent of t and w.
Proof. This follows from Lemma [5.2 O

Lemma 5.4. Let B € Reg(n, M, L) and let Q € Z|xy, ..., 2, be non-zero. Then for all
ceR" qge N R>1 withq < R we have

H{x € 27N (RB+c) : Q(x) £ 0,q | Qx)} = ag(a)vol(B)R"(1 + O(q/R)) + O(R™™),
where the implied constant depends on n, B and @, but is independent of R and q.
Proof. We may assume that @) is non-constant. We will first show that

Hx € Z"N(RB+c): Q(x) =0} < R,

where the implied constant depends at most on n, B and ). We will proceed by induction
on n. The case n = 1 is easy, so now suppose that n > 1. Observe that we may certainly
assume that the variable z,, occurs in ). Expand @ as

Qr1,. .. x) = iQi(l’l, e Tp1) T,
i=0

with m > 1 and Q,,(z1, ..., z,_1) non-zero. By the induction hypothesis we may bound
the number of zeros of Q. (z1,...,zn-1). If Qu(z1,...,2,-1) # 0, then there are at
most m possibilities, say a, ..., a,,, for x,,. We may find B such that B is contained in

[—B, B]". Then we can employ Lemma in dimension n — 1 to see that the number
of integer vectors in x € Z" N (R[—B, B]" + ¢) for which z,, = a; is < R"!, where the
implied constant depends at most on n and B. We can thus add back the missing terms
with Q(x) = 0 at the cost of a negligible error term depending only on n, B and Q.

Note that for every ¢ € R and y' € Z/qZ there exists a unique y € Z N [¢, ¢ + q) such
that y = ¢/ (mod ¢). Using this for every y; and ¢; allows us to to split in progressions in
order to obtain

H{xe€Z'N(RB+c):q|Qx)}= > #HxeZ'N(RB+c):x=y(modq)}, (5.4)
(e

where 7 is the product of intervals [, [c;, ¢; + ¢q). Letting x =y + gz we infer

ﬂ{xEZ"ﬂ(RB—l—c):xzy(modq)}:ﬁ{zeZ"ﬂ(?B—l—c;y)}.

Since y; € [¢i,¢; +q) and R/q > 1 we can use Lemma [5.3| with w = (c — y)/q to obtain
R - R" Rnfl
jj{z ezZ"N (B+c>} :V01(8)+O< _1>,
q q q" q"
where the implied constant depends at most on n and B. Injecting this into (5.4) gives
H{x € Z"N(RB+c):q|Qx)} = 0q(q)(vol(B)R" + O(¢R" ")),

which completes the proof. O
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5.2. Upper bounds. We have [—1,1]" € Reg(n,2",2). Thus, by Lemma [5.4 with B =
[—1,1]" and ¢ = 0 we have

Hx e Z"NT[-1,1]": Q(x) #0,¢ | Qx)} = 00(@)2"T"(1+ 0(¢/T) ) + O(T"),
whenever ¢ < 7', where the implied constant depends at most on n, ) and B. In partic-
ular, if ¢ < Tl/ 2 then the right-hand side becomes

00(@)2"T" (1 +O(1/VT)) + O(T"12).
Thus, we can use Theorem with

={xeZ":Q(x) #0},¢ ={|Q(x)] : x € A}, xr(x) = 1o 1)(max |z;]),
since it shows that the assumption of Definition [2.2] holds with

1 1
h = M(T)=2"T"0=—,=—.
0Q; ( ) ) An ) 5 m
Note that assumption (2.1)) is satisfied with £ = r due to (5.3)), while assumptions (2.2))-
(2.3) hold respectively due to (5.1)-(5.2]). Hence for all 7" > 1 we have

> flee) <1 [ (1-eelp) > fla

x€Z"NT[—1,1]" p<T™ a<T™
Q()#0

where the implied constant depends at most on A, () and n. By the product over
p < T™ is asymptotic to (logT")~"

To complete the proof of Theorem let us note that since f > 0 and D is contained
in X(D)[—1,1]" we can write

> flex)) < > F1QE)))-

xX€Z"ND X€Z"NX (D)[—
Q(x)#0 Q(x)#0

As we have seen, this is

< X(D)"(log2X(D))™" f(a)eq(a),

which is sufficient.

5.3. Lower bounds. By assumption D contains a set of the form ¢ + XU, where U is
the unit ball in R™. Since f > 0 we deduce that

> flexh = > flem).

x€Z™ND XEZ™N(c+XU)
Q(x)7#0 Q(x)#0

We may thus employ Theorem with
A={xeZ":Q(x)#0},€={|Q(x)] : x € A}, x4(x) = Ly xu(X).

Note that U can be parametrised by a single function in n — 1 variables by using trigo-
nometric functions, thus, we can use Lemma [5.4] to obtain

Hx € Z"Ne+ XU : Q(x) #0,q | Q(x)} = volU)0g(9) X" + O(deg(Q)* VX" 1),

whenever ¢ < X, where the implied constant depends at most on n and (). The proof

can now be completed by following the same steps as in the final stage of the proof of

Theorem [L.16
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5.4. Proof of Theorem When D = [—X, X]|", the parameter X (D) in Defini-
tion satisfies X (D) < 2X. Thus, Theorem yields that

Y Q) < X"(log X)™ Y m(a)0q(a).

x€Z"N[— X, X]" a<x™
Q(x)#0

A lower bound can be given by employing Theorem with D = [—X, X|". This is
allowed since the sphere in R™ with radius X and centre at the origin is contained in
D. To conclude the proof we use Lemma with G = 7f. To see that G satisfies the
required assumptions we recall that for primes p and all e > 1 one has
o (e+k—=1)(e+k—2)---(e+1)
and 74(p°)* < e« <, (3/2)¢. Hence, Lemmacan be employed
and C' = 3/2; it yields
4
> 7i(a) oqla) < (log X)*.

a<X

so that 7,(p)* =

k,e
with r = 1, A = k*
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