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I. Zusammenfassung

Im Allgemeinen l•asst sich einN -Elektronen-System quantenmechanisch auf zwei
verschiedene, im Prinzip•aquivalente, Arten beschreiben. Die Klasse der wel-
lenfunktionsbasierten Methoden beschreibt ein System durch eine elektronische
Wellenfunktion, die von 3N r•aumlichen Koordinaten sowieN zus•atzlichen Spin-
koordinaten abh•angt. Diese Wellenfunktion ist ein hochdimensionales komplexes
Objekt, welches zwar f•ur jedes System eindeutig de�niert, aber f•ur gr•ossere Sys-
teme schwer zu handhaben ist.

Andererseits ist ein System mit allen seinen Eigenschaftenebenfalls durch seine
Grundzustandselektronendichte eindeutig bestimmt. Diese Beschreibung hat den
Vorteil, dass die Elektronendichte nur von den drei kartesischen Raumkoordi-
naten abh•angt. Somit ist es im Prinzip m•oglich ein 4N -dimensionales Problem
auf ein dreidimensionalen Problem zu reduzieren, was den Rechenaufwand quan-
tenchemischer Studien massgeblich verringert und die Analyse grosser Systeme
erlaubt. Da noch nicht f•ur alle Teile des Energiefunktionals geschlossene analy-
tische Ausdr•ucke bekannt sind, haftet der Dichtefunktional-Theorie (DFT) der
teilweise unberechtigte Makel einer approximativen, schwer handhabbaren Me-
thode an. Nichtsdestotrotz hat sich die DFT durch die Entwicklung von immer
besseren Approximationen f•ur die unbekannten Beitr•age im Energiefunktional
zu einer Standardmethode f•ur die Analyse von grossen Systemen etabliert.

Da die Grundzustandselektronendichte ein System eindeutig de�niert, sind durch
sie auch alle molekularen Eigenschaften bestimmt. Die elektronische Energie
kann in einem st•orungstheoretischen Ansatz als Taylorreihe entwickelt werden,
was molekulare Eigenschaften als Energieableitungen nacheinem St•orungspara-
meter zug•anglich macht. F•ur einige spektroskopische Techniken kann die Berech-
nung von spektroskopischen Parametern, als Alternative zuder Energieableitung,
auch auf einfache chemische Deskriptoren wie z. B. die Kontaktdichte (Elek-
tronendichte am Ort des Atomkerns) zur•uckgef•uhrt werden. Die Kontaktdichte
wird im dritten Kapitel dieser Arbeit ausf•uhrlich untersucht f•ur verschiedene
Systeme, wie zum Beispiel die Serie HgFn(n = 1, 2, 4) von Quecksilber
uoriden,
wobei sowohl absolute als auch relative Kontaktdichten am Ort des Hg-Kerns
im Rahmen von relativistischen Vier-, Zwei- und Ein-Komponenten-Methoden
betrachted werden. Desweiteren werden das Gold-Atom und dessen Fluoride
und Hydride (AuH, AuH 3, AuF, AuF 3) untersucht, wobei der Fokus auf der
Abh•angigkeit der Kontaktdichte von der Struktur liegt. Die Korrelation zwischen
der Kontaktdichte und der experimentell bestimmten chemischen Isomeriever-
schiebung in der M•ossbauerspektroskopie wird im vierten Kapitel anhand einer
Auswahl von 14 Eisenkomplexen thematisiert.

v



vi I.Zusammenfassung

In den meisten quantenchemischen Methoden wird die Elektronendichte aus einer
Wellenfunktion berechnet und ist somit von der Wahl des Hamilton-Operators
und dem Ansatz f•ur die Wellenfunktion abh•angig. Hier wurden Elektronen-
dichteverteilungen von Kohn{Sham (KS) DFT-Berechnungen mit Ergebnissen
aus wellenfunktionsbasierten Methoden verglichen. F•ur Subsystemans•atze der
DFT, wie dem Frozen-Density Embedding (FDE), welches auf der Aufteilung
der Gesamtelektronendichte in Subsystemelektronendichten basiert, existieren
jedoch nur sehr wenige Studien und bis zu dieser Arbeit keine, die die konstru-
ierte Elektronendichte in chemischen Bindungen explizit analysiert. Zu Beginn
des zweiten Teils dieser Arbeit werden deshalb Elektronendichteverteilungen
in Frozen-Density Embedding (FDE), f•ur Subsysteme die durch koordinative
(BH3NH3), ionische (TiCl4) und � -R•uckbindungen (Cr(CO)6) verbunden sind,
untersucht. Bei der Optimierung eines Subsystems wird die Umgebung durch
ein Modelpotential beschrieben, was die Untersuchung der r•aumliche Verteilung
der Dichtefehler in FDE erm•oglicht. Dies wurde erreicht, indem die Modellpo-
tentiale aus FDE-Rechnungen f•ur kleinere Systeme ((H2O)2, FHF � , BH3NH3

und CH3CH3), mit genauen Referenzpotenzialen aus KS-DFT-Berechnungen f•ur
das Gesamtsystem verglichen worden sind. F•ur die Berechnung dieser Referenz-
potentiale aus den Subsystemelektronendichten wurde eineiterative Optimie-
rungsmethode in das quantenchemische Programmpaket ADF implementiert.



II. Abstract

Any N -electron system can be described by two di�erent quantum mechanical
frameworks, which are in principle equivalent. There is, onthe one hand, the
class of wave function based methods with the electronic wave function as its
central quantity, which depends on 3N spatial coordinates andN additional
spin coordinates. This wave function is uniquely de�ned foreach system, but
it is a fairly complex high-dimensional object, which is di�cult to handle for
larger systems.

On the other hand, there is the framework of density functional theory (DFT),
in which any system with all its properties is fully determined through its
ground-state electron density. DFT has the advantage that the electron density
only depends on three spatial coordinates, i.e., a 4N dimensional problem is
reduced to a threedimensional one, which decreases the computational cost
of quantum chemical studies signi�cantly. This allows for the calculation of
large systems, for which wave-function based methods are not yet feasible.
Because some contributions to the total energy density functional are unknown
in terms of closed analytical expressions, DFT is occasionally considered as a
semi-empirical method which is not systematically improvable. Nevertheless,
several improvements in the approximation of the missing parts of the energy
functional helped establishing DFT as the standard method for large molecular
systems.

Because a system is fully determined by its ground-state electron density, all
molecular properties can be calculated from it. For this reason, the electronic
energy is expanded in a Taylor series, which gives access to the molecular prop-
erties in terms of energy derivatives with respect to the perturbation strength.
As an alternative to the energy derivative formulation, thecalculation of spec-
troscopic parameters can sometimes be reduced to simple chemical descriptors.
One example is given by the chemical isomer shift in M•ossbauer spectroscopy,
which can be reduced to the contact density (electron density at the position
of the atomic nucleus). The contact density for di�erent systems is analyzed in
detail in chapter 3 of this thesis. For the series HgFn (n = 1, 2, 4) of mercury

uorides, absolute and relative contact densities are investigated in the con-
text of relativistic four-, two- and one-component methods. A second contact
density study investigates the gold atom and its 
uorides and hydrides (AuH,
AuH3, AuF, AuF 3) with a focus on the structure dependency of the contact
density. The correlation of the contact density with experimentally determined
chemical isomer shifts in M•ossbauer spectroscopy is then discussed in chapter
4, regarding a selection of 14 iron compounds with various types of ligands.

vii



viii II.Abstract

In most quantum chemical methods, the electron density is calculated from a
wave function, and therefore depends on the choice of the Hamiltonian operator
and the ansatz for the wave function. We investigated in thiswork the electron
density distributions from Kohn{Sham DFT calculations by comparing them
to electron densities obtained from wave-function based methods. Consider-
ing subsystem formulations of DFT, as for instance frozen-density embedding
(FDE), which is based on a partitioning of the total electrondensity into sub-
system densities, only few studies exist. We present in the second part of
this thesis the �rst study investigating the electron density distributions con-
structed in frozen-density embedding (FDE) with respect tobond formation
between the subsystems. We considered subsystems bound by acoordination
bond (BH3NH3), an ionic bond (TiCl4) and for Cr(CO)6 which exhibits � back-
bonding. During the optimization of a subsystem, the environment is mimicked
by a model potential which allows an investigation of the spatial distribution of
the error in the electron density in FDE. This was achieved bya comparison of
model potentials obtained from FDE calculations for small molecules ((H2O)2,
FHF � , BH3NH3 and CH3CH3)) with accurate reference potentials from KS-DFT
calculations of the whole system. For the calculation of thereference potentials
an iterative optimization method was implemented into the Amsterdam Density
Functional (ADF) package.



1. Introduction

Electron densities obtained from quantum chemical calculations and from exper-
iments, especially from X-ray di�raction, are a powerful quantity for structure
and reactivity studies in chemistry. Topological analysesof these electron densi-
ties and their negative Laplacians provide a deeper understanding of bonding in
molecules and complexes [1{5]. The importance of X-ray di�raction experiments
for structure determination is obvious from its early history. The discovery of
X-ray di�raction in crystals by von Laue et al. [6] was followed by Bragg's
idea [7] that one may determine the arrangement of the atoms in a crystal
with this new technique. Once the tremendous potential of X-ray di�raction
experiments for structure determination was recognized, also organic compounds
(urotropine [8], 1923) as well as biological systems like proteins (e.g., sperm
whale myoglobin [9], 1958) were investigated in X-ray di�raction experiments.
Another prominent example was provided by Watson and Crick [10] who re-
solved the double helical structure of deoxyribose nucleicacid (DNA) in 1953.

Experimental electron densities are determined from a di�raction pattern from
which one can calculate generalized structure factors [11](coe�cients of the
Fourier series of the electron density) that depend on a scattering vector and
are described by an intensity amplitude and a phase factor. The amplitudes of
the phase factors are obtained from experiment whereas the phase information
is missing. This `phase problem' was solved by Hauptman and Karle [12, 13],
who developed direct methods for the calculation of the phase factors. For
systems that contain heavy nuclei, there exists also the so-called Patterson
method [14,15]. In practical applications one usually doesnot use these Fourier
transform methods but a di�erent approach, in which structure factors are �rst
estimated from a guess density for the sought-for structurewhich is constructed
from the atomic densities. The charge density and the structural parameters
are then adjusted in a �tting procedure to the experimentally obtained parame-
ters, employing either the method of least squares or entropy maximization [16].

In theory, the many-electron wave function 	n (r 1; � � � ; r N ; t), with r i denot-
ing a vector containing the coordinates of electroni and n being the index
of the electronic state (which we, however, skip in the following for the sake
of brevity), is the central object for the calculation of molecular properties in
quantum chemistry. Hence, also the electron density of any molecule or solid can
be calculated from this wave function. In principle, a system containing a given
number of electrons and atomic nuclei is fully determined byits wave function,
which has no physical meaning in the sense that it is not an observable. On

1



2 1. Introduction

the other hand, the external potential (and therefore the energy) of a system is
| owing to the �rst Hohenberg{Kohn theorem [17] | fully deter mined by its
ground-state electron density� GS (r ) which is an observable available in theory
and experiment.

The Hohenberg{Kohn theorems are the foundation for the development of den-
sity functional theory (DFT) [18] and its extensions, e.g.,time-dependent DFT,
conceptual DFT, current-density functional theory and subsystem DFT. These
methods are based on the electron density rather than on the wave function
as central quantity for the calculation of molecular properties and chemical
descriptors. All contributions to the total energy are represented by function-
als which depend on the electron density only, such that the total energy and
in principle even the wave function 	( r 1; � � � ; r N ; t) = 	[ � (r ; t)] are given as
functionals of the density. Early attempts to de�ne such density functionals
were made by Thomas [19] and by Fermi [20] presenting the �rstkinetic-energy
density functionals in 1927/28. Molecular properties and chemical descriptors
are then de�ned as derivatives of the total-energy density functional E[� ] with
respect to external perturbations.

In practice, the electron density is usually calculated from a wave function
(even within DFT ! Kohn{Sham DFT). For this, one has to choose a suitable
approximate Hamiltonian operator and an ansatz for the wavefunction. In
order to arrive at a consistent theory that overcomes all pitfalls and covers all
interactions and e�ects important for the chemistry of the whole periodic table,
including heavy atoms, one must apply a theory which is basedon the Dirac
equation [21, 22]. A comprehensive description of matter istherefore given by
the Dirac{Coulomb{Breit (DCB) or the Dirac{Coulomb (DC) Ha miltonian [23]
which we use as the standard reference when we investigate the performance or
accuracy of any approximate relativistic method (the electron{electron interac-
tion is usually approximated by the instantaneous Coulomb interaction). The
most important approximate Hamiltonian operators will be discussed in detail
in the theory section of this thesis.

Di�erent types of many-electron functions are known as approximations to the
exact wave function and are built from one-electron functions, i.e., from orbitals
 i (r ). Such an independent particle model in which the wave function can be
assembled from an anti-symmetrized product ofN one-electron functions en-
tirely neglects the correlated motion of the electrons and causes therefore errors
in the description of systems containing more than one electron. It is therefore
important to carry out a systematic analysis of the method-inherent approxima-
tions to ensure that a su�ciently high accuracy for electrondensities obtained
from quantum chemical calculations can be guaranteed (correlation e�ects on
the electron density will be discussed in section 2.3.2 of this thesis).

The aim of this thesis is to analyze the di�erent facets of theelectron density
in quantum chemical methods and to present studies which underline the im-
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portance of calculating accurate electron densities for spectroscopic techniques.
In chapter 2, we provide all relevant theoretical aspects ofthe electron density
and how it is calculated in several frameworks either based on the Galileian
or Einsteinian principle of relativity. Then, we continue in chapters 3 and 4
with the most di�cult case for such calculations, i.e, the electron density at
the position of the atomic nucleus and its application in spectroscopy. We �rst
consider the mercury atom and the series of mercury
uoridesHgFn (n=1,2,4),
which are analysed in detail. In the second part of chapter 3,the focus lies on
the gold complexes AuH, AuH3, AuF and AuF3, and the structure dependence
of the contact density. The correlation of the calculated contact density and
experimental chemical isomer shifts is analysed in chapter4 for a series of 14
iron complexes. In the last chapter, we present an extended study on frozen-
density embedding, starting with an analysis of the electron density distribution
for di�erent types of bonds connecting the subsystems. In the second part of
chapter 5, an iterative optimization technique for reconstructing the e�ective
embedding potential from a KS-DFT subsystem electron density is presented.
The reconstructed potentials are then compared to approximate ones obtained
from (FDE) calculations.
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2. Electron Density in Quantum Theory

In this chapter, which is based on our review in Ref. [24] (seealso the list of
publications in the appendix), we shall report all relevantaspects of the elec-
tron density in quantum theory, starting from fundamental concepts of quantum
theory, continuing with several choices for the Hamiltonian operator and wave
function approximations and their e�ects on the accuracy ofthe electron density.

2.1 De�nition of the Electron Density Distribution

For the simplest case, i.e., for a system containing only oneelectron, the square
of the absolute value of the wave function can | according to Born [25] | be
interpreted as a probability density distribution from which one can determine
the probability of �nding the electron at a given in�nitesim ally small volume
at position r = ( x; y; z) in space. In order to determine the probability in a
�nite volume, integration is necessary. The probability of�nding the electron
anywhere in space must be equal to one at any time,

Z + 1

�1
d3r j	( r ; t)j2 = 1: (2.1)

Born's interpretation of the wave function of a single electron can be gen-
eralized to an N -electron system, described by the normalized wave function
	( r 1; r 2 � � � ; r N ; t) = 	( f r i g; t),

� (r ) != N
Z + 1

�1
d3r2 � � �

Z + 1

�1
d3rN j	( f r i g; t)j2 (2.2)

(note that spin coordinates are not considered, at this stage because these some-
what arti�cial coordinates are not present in relativistic theory; see below).
Quantum mechanics states that for any observable a corresponding operator
exists, which yields a set of eigenvalues being the possibleresults of a measure-
ment. Therefore an operator can also be assigned to the electron density. The
expectation value of this density operator

� r =
NX

i =1

� (3) (r � r i ) (2.3)

yields the particle density at a given positionr . Here � (3) (r � r i ) = � (x �
x i )� (y � yi )� (z � zi ) denotes the three dimensional delta distribution. The

5



6 2. Electron Density in Quantum Theory

electron density can then be expressed as an expectation value of this density
operator

� (r ) != h	( f r i g; t)j� r j	( f r i g; t)i

=
Z + 1

�1
d3r1

Z + 1

�1
d3r2 � � �

Z + 1

�1
d3rN 	 � (f r i g; t) � r 	( f r i g; t); (2.4)

where in contrast to the �rst de�nition of the electron density the integration is
now carried out over all dynamical variables. The charge density � c is directly re-
lated to the electron density via the negative elementary charge: � c(r ) = � e� (r ).

The propagation of this expectation value in time can then bedescribed by the
Ehrenfest theorem, which allows us to express the total timederivative of an
expectation value as an expectation value of the partial time derivative of the
operator and an expectation value of the commutator of the operator with the
Hamiltonian:

d� (r ; t)
dt

=
d



	( f r i g; t)

�
� � r

�
� 	( f r i g; t)

�

dt

=
�

	( f r i g; t)

�
�
�
�
@�r
@t

�
�
�
� 	( f r i g; t)

�

| {z }
= 0

+
i
~

�
	( f r i g; t)

�
�
�
� [H; � r ]

�
�
�
� 	( f r i g; t)

�

| {z }
�r � j

: (2.5)

The partial derivative of the density operator with respectto time vanishes in
this equation, because this operator does not depend on time. If one chooses a
Hamiltonian and a wave function, the second term can be evaluated and yields
the negative divergence of the current density. Because theposition r does not
depend on the timet, the total derivative in Eq. (2.5) is equal to the partial
derivative d� (r ; t)=dt = @�(r ; t)=@t, and one therefore arrives at the continuity
equation

@�(r ; t)
@t

+ r � j = 0; (2.6)

which is the fundamental equation de�ning both the electrondensity and the
current density j [23]. The deduction of the continuity equation from the
expectation value of the density operatorh	( f r i g; t)j� r j	( f r i g; t)i uniquely
de�nes the density distribution of anN -particle system. The continuity equation
can alternatively be deduced from the Heisenberg equation of motion written
for the density operator [23], which is omitted here for the sake of brevity.

2.2 Dependence on Wave Function and Hamiltonian

From the continuity equation, it is clear that one has to choose a wave function
and a Hamiltonian operator (see Eq. (2.5)) in order to resolve the electron
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density and the current density. We will therefore give a brief overview on
approximations to the electronic wave function and on the di�erent Hamiltonians
relevant to chemistry before proceeding with the analysis of the electron density.

2.2.1 The Wave Function

The most general ansatz for the total wave function of a molecule consisting
of N electrons andM nuclei,

	( r 1; � � � ; r N ; R 1; � � � ; R M ; t) = 	( f r i g; f R I g; t); (2.7)

depends on all nuclear coordinates, the coordinates of the electrons and time
(if an absolute time frame is assumed). Since we are interested in the calcu-
lation of the stationary electron density, we look for a time-independent wave
function that depends only parametrically on the nuclear coordinates. After
the separation of time (by a product ansatz) and of the nuclear coordinates
(Born{Oppenheimer approximation [26{28]), one arrives atthe time-independent
electronic wave function 	 m (f r i g) for electronic statem, which has to be approx-
imated. A simple product ansatz (Hartree product) of one-electron functions
(orbitals) violates the Pauli exclusion principle, because the wave function is
no longer antisymmetric with respect to the exchange of any two electronic
coordinates. A corrected ansatz explicitly implements thePauli exclusion prin-
ciple and can also be expressed as a normalized determinant of a set of all N
occupied orbitals,

� k(f r i g) = A
NY

i =1

 k i (r i ) =
1

p
N !

�
�
�
�
�
�
�

 k1 (r 1) � � �  k1 (r N )
...

. . .
...

 kN (r 1) � � �  kN (r N )

�
�
�
�
�
�
�

(2.8)

with A denoting the antisymmetrization operator given by

A =
1

p
N !

 

1 �
X

ij

Pij +
X

ijk

Pijk � � � �

!

(2.9)

where Pij stands for all permutations of the two electronsi and j , Pijk for all
possible permutations of the electronsi , j and k and so forth. The so-called
Slater determinant � k contains either the N orbitals with the lowest energy
(corresponding to the ground state in a one-determinant picture) or orbitals
with higher orbital energy. In practical applications, a basis set is introduced
to represent the one-electron functions.

In general, linear combinations of Slater determinants canbe set up to yield
eigenfunctions of the squared spin operator. These linear combinations are
called con�guration state functions (CSFs)

� l =
X

k

blk � k (2.10)
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with f blk g being known expansion coe�cients. The single-determinantor single-
CSF ansatz can be improved by subsequently adding more and more CSFs. If all
(in�nitely many) possible determinants are considered in the linear combination,
one obtains the so-called full con�guration interaction (FCI) wave function

	 FCI
m (f r i g) =

X

l

clm � l (f r i g) =
X

l

X

k

clm blk

 

A
NY

i =1

 k i (r i )

!

; (2.11)

with f clm g denoting the CI expansion coe�cients of the CSFs. With such a
complete many-electron basis set of CSFs, any many-electron function can be
expressed as a linear combination of these many-electron basis functions. The
FCI wave function covers therefore all electron-correlation e�ects.

However, FCI calculations are only feasible for small molecules, since the number
of excited determinants form one-electron basis functions andN electrons is
given by

� 2m
N

�
[29]. For this reason, the FCI wave function is approximatedin

order to be able to perform calculations also for larger molecules. As a �rst
step, the expansion of the FCI wave function is rewritten in asystematic way
by grouping the CSFs according to the degree of orbital substitution (called
excitation)

	 FCI
m = cm;0� 0 +

X

(aj ;i j )

cm;(aj ;i j ) � i j
aj

+
X

(aj ;i j );(ak ;i k )

cm;(aj ;i j );(ak ;i k ) � i j ;i k
aj ;ak

+ � � � ; (2.12)

with f � i j
aj g denoting all singly excited determinants which can be obtained from

the ground-state determinant, f � i j ;i k
aj ;ak g all doubly excited determinants and so

forth. Obviously, the simplest approximation is obtained by truncating the ex-
pansion after a certain class of terms (truncated CI). Taking all singly excited
determinants into account is referred to as CIS (CI-Singles) whereas incorporat-
ing also the doubly excited determinants yields CISD (CI-Singles-Doubles)et
cetera. A major drawback is the violation of size-consistency in the truncated
CI approach, i.e., the energy of two identical molecules at in�nite separation is
not equal to two times the energy of a single molecule.

Di�erent variants of truncated CI approaches exist. In truncated CI, the excited
determinants are all obtained from the ground-state determinant. If also from
other reference determinants excited determinants are produced, we arrive at
the multi-reference CI (MRCI) approach. Sometimes it is also convenient to
de�ne a restricted orbital space (active space), incorporate all excited deter-
minants within this space and reoptimize the orbital basis which is known as
complete-active-space self-consistent-�eld approach (CASSCF).

There exists an approximation to the FCI wave function whichovercomes the
size-consistency problem of the truncated CI approach. This is the coupled-
cluster (CC) approach. For the coupled-cluster approximation, we �rst de�ne
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an excitation operator

T =
1X

k=1

Tk ; (2.13)

which contains all possible excitations from the ground-state determinant such
that the operator Tk , when acting on the ground-state determinant, produces
a linear combination of all possiblek-fold excited determinants,

Tk � 0 =
X

(a1 ;i 1)��� (ak ;i k )

t i 1 ;��� ;i k
a1 ;��� ;ak

� i 1 ;��� ;i k
a1 ;��� ;ak

; (2.14)

with the expansion coe�cients t i 1 ;��� ;i k
a1 ;��� ;ak

called cluster amplitudes (they can be re-
lated to the CI coe�cients). The coupled-cluster wave function is then obtained
through an exponential ansatz

	 CC
0 = exp(T)� 0 (2.15)

which can be Taylor expanded

exp(T) =
1X

n=0

1
n!

"
1X

k=1

Tk

#n

= 1 + T1 + T2 + � � � +
1
2!

T2
1 + T1T2 +

1
3!

T3
1 + � � � : (2.16)

If the summations are not truncated, the coupled-cluster wave function is equal
to the FCI wave function. Even if the excitation operatorT is truncated after
single excitationsT = T1 (CCS) or double excitationsT = T1 + T2 (CCSD), the
expansion of the exponential function contains higher excitations than a corre-
sponding truncated CI through products of exitation operators like T1T2, the
so-called disconnected clusters. This is also the reason why the coupled-cluster
method is size-consistent even in its truncated form. Practical applications,
employing a truncated excitation operator, require expressions which contain a
�nite number of terms. This can be achieved using a Baker{Campell{Hausdor�
expansion leading to a series of nested commutators such that the electronic
energy is calculated as

E =


� 0

�
�H + [ H; T ] +

1
2!

[[H; T ]; T] +
1
3!

[[[H; T ]; T]; T]

+
1
4!

[[[[H; T ]; T]; T]; T]
�
�� 0

�
(2.17)

Because the coupled-cluster approach is non-linear in the amplitudes as can be
deduced from Eq. (2.16), the corresponding equations for the calculations of
the amplitudes are solved by projection.
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2.2.2 The Hamiltonian Operator

The Hamiltonian for a system ofM nuclei and N electrons, including all one-
electron terms and two-particle interactions, is given by

H =
MX

I =1

tn (I ) +
NX

i =1

te(i ) +
MX

I =1

MX

J = I +1

vnn (I; J )

+
NX

i =1

NX

j = i +1

vee(i; j ) +
MX

I =1

NX

i =1

vne(I; i ) (2.18)

with tn (I ) and te(i ) denoting the kinetic energy operators for nucleiI and
electrons i . vnn (I; J ) is the repulsion energy operator between nucleiI and
J , vee(i; j ) the electron{electron repulsion operator of electronsi and j and
vne(I; J ) describes the attraction of electroni and nucleusI . The explicit form
of the expressions for the operators is de�ned through the basic physics on
which an approximation to the exact Hamiltonian relies. When one aims at
an adequate description of all elements in the periodic table, including heavy
metal atoms like actinides, the Dirac{Coulomb{Breit Hamiltonian is the most
suitable choice for chemistry. It is deduced from the Einsteinian relativity prin-
ciple using classical electromagnetic �elds [23]. There may exist extreme cases,
where quantum electrodynamical (QED) corrections play a role (i.e., where a
quantization of the electromagnetic �eld [photons] is necessary), but we consider
these cases to be unimportant for general chemistry.

For the DCB Hamiltonian we �rst introduce the one-electron Dirac Hamiltonian
hD (i ) for an electron in an external potential. It contains all one-electron
operators and the Coulomb interaction between the single electron and the
nuclei (in Gaussian units; used throughout)

hD (i ) = c� i �
�

pi +
e
c
A

�
+ ( � i � 1)mec2 � e� �

MX

I =1

Z I e2

jr i � R I j
: (2.19)

External electromagnetic �elds, represented by the vectorpotential A and the
scalar potential � , are introduced via minimal coupling which ensures Lorentz
covariance of the one-electron Dirac equation of motion. For an isolated atom,
molecule or crystal we haveA = 0 and � = 0. In the more general case of a
system containing M nuclei and N electrons, the DCB Hamiltonian includes
the one-electron Dirac Hamiltonian as

HDCB =

MX

I =1

p2
I

2mI
+

NX

i =1

"

c� i �
�

pi +
e
c
A

�
+ ( � i � 1)mec2 � e� �

MX

I =1

Z I e2

jr i � R I j

#

+
MX

I =1

MX

J = I +1

Z I ZJ e2

jR I � R J j
+

NX

i =1

NX

j = i +1

g(i; j ) (2.20)
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with I and i being the particle indices,R I and r i the coordinates,Z I � e and � e
the charges,pI and p i the momenta, andmI and me the masses of the nuclei
and the electrons, respectively. The speed of light is denoted asc. � i is a Dirac
� matrix for the i -th electron, where � = ( � x ; � y; � z) is a three-dimensional
vector of four-by-four matrices

� x =

0

B
B
@

0 0
0 0

� x

� x
0 0
0 0

1

C
C
A ; � y =

0

B
B
@

0 0
0 0

� y

� y
0 0
0 0

1

C
C
A ; � z =

0

B
B
@

0 0
0 0

� z

� z
0 0
0 0

1

C
C
A ; (2.21)

which are built from the Pauli spin matrices � = ( � x ; � y; � z)

� x =
�

0 1
1 0

�
; � y =

�
0 i

� i 0

�
; � z =

�
1 0
0 � 1

�
(2.22)

and � i = diag(1; 1; � 1; � 1) is a diagonal matrix. There are di�erent levels of ap-
proximation for the electron{electron interaction. The Coulomb{Breit operator
reads [23]

g(i; j ) =
e2

jr i � r j j

�
1 �

� i � � j

2
�

(� i � (r i � r j ))( � j � (r i � r j ))
2jr i � r j j2

�
: (2.23)

It is often convenient to employ the Gaunt operator [30,31] to approximate the
Breit operator. A rigorous approximation to the DCB Hamiltonian is obtained
in the non-relativistic limit by substituting the Coulomb{ Breit operator by the
instantaneous Coulomb interaction (which we already adopted for the electron{
nucleus interaction). The resulting DC Hamiltonian neglects retardation e�ects
of the electron{electron interaction which arise from the transmission of the
interaction due to the �nite value of the speed of light.

Since the � i and � i parameters in the one-electron Dirac Hamiltonian have
a 4� 4 structure, it immediately follows that the one-electron functions have
four components. Owing to the 2� 2 superstructure of the Hamiltonian (see
Eq. (2.21)) they are grouped into two 2-spinors, that are forhistorical reasons
denoted as large (L) and small (S) component,

 i =

0

B
B
@

 1
i

 2
i

 3
i

 4
i

1

C
C
A =

�
 L

i

 S
i

�
: (2.24)

Since the Dirac Hamiltonian possesses a 2� 2 superstructure, any other operator
O can also be expressed as

O =
�

OLL OLS

OSL OSS

�
: (2.25)

The Dirac equation for a single electron yields two sets of solutions, namely
positive (electronic) and negative (positronic) energy eigenstates. The electronic
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eigenstates describe either freely moving electrons or electrons which are bound
by an external potential, whereas the positronic states lead to conceptual and
practical di�culties. Dirac interpreted all the positroni c states to be occupied
by electrons such that the excitation of an electron from this `sea of electrons'
produces a positively charged `hole' (Dirac hole theory). With this interpreta-
tion, Dirac predicted the existence of an anti-particle, which contains the same
mass as the electron but carries the opposite charge. In practice, the positronic
states are not occupied in a quantum chemical calculation. The positronic states
lead to the consequence that the Hamiltonian is no longer bounded from below
because any electron can in principle take an in�nitely large negative energy,
which may result in a variational collapse during the optimization of the wave
function. Another related pathology of the Dirac formalismis known as the
Brown{Ravenhall [32] disease, or continuum dissolution. In fully relativistic
calculations these pathologies are circumvented by technical tricks that can be
formalized in terms of iteratively optimized projection operators.

However, the positronic solutions are not relevant to chemistry and their cal-
culation is therefore an unnecessary burden. We now discusstwo possibilities
to avoid the calculation of these positronic states by decoupling the large and
the small components of the spinor. Eliminating two components from the
spinor yields e�cient two-component methods. They can either be projected
out, e.g., by the use of the generalized Douglas{Kroll{Hess(DKH) unitary
transformation technique [33{35] or they are eliminated inthe so-called regu-
lar approximations [36]. Recently, e�cient four-component formulations of the
unitary block-diagonalization in one shot hold promises for future routine appli-
cations [37{42]. However, low-order regular approximations and DKH schemes
are su�ciently accurate, e�cient and well-embedded in quantum chemistry pro-
gram packages tailored for routine quantum chemical calculations (like, e.g.,
MOLCAS [43] or ADF [44,45]).

The Douglas{Kroll{Hess transformation technique is basedon an idea by Dou-
glas and Kroll [46] which was later rediscovered and turned into a practical
method by Hess [33]. The DKH formalism has then further been developed
by Reiher and Wolf [34, 35, 47{51]. The general unitary DKH transformation
block-diagonalizes the Dirac Hamiltonian,

hbd = UhDUy =

0

B
B
@

h+
0 0
0 0

0 0
0 0

h�

1

C
C
A ; (2.26)

resulting in two decoupled two-component matrix operatorsh+ and h� for the
electronic and the positronic eigenstates, respectively.The unitary transfor-
mation is constructed as a product of in�nitely many unitary transformations
U = U1 � � � U3U2U1U0 each Taylor-expanded in terms of an anti-hermitian op-
erator. In practical applications, the expansion of the unitary transformation
is usually truncated.
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Also the wave function ~ = U must be transformed in the same way. If
expectation values of hermitian operators are calculated in the DKH picture,
one must take care that the operators are transformed, too. The neglect of
these transformations leads to the so-called picture change error (PCE) [52{54].
As a consequence, the electron density in the DKH picture is not obtained by
simply summing up weighted squares of the DKH orbitals. The picture change
error for any operator O is given by

PCE(O) =
D

~	 L j ~OLL j ~	 L
E

�
D

~	 L jOLL j ~	 L
E

; (2.27)

whereOLL denotes the upper left block ofO (see Eq. (2.25)), while~OLL denotes
the upper left block of the transformed operator ~O. The notation reads then
as DKH(n; m), with n being the order of the DKH transformation of the wave
function and m the order of the DKH transformation of the property operator.
If no property operator is employed, the notation is simply given by DKHn,
with n being the order of the transformation of the wave function.

A second way to reduce the four-component Dirac Hamiltonianto a two-
component Hamiltonian is given by the regular approximation approach, which
was introduced in 1986 by Heullyet al. [55], Durand [56] and Changet al. [57]
and re-discovered by van Lenthe, van Leeuwen, Baerends and Snijders [36,58{61].
It relates the small component of the four-component wave function via the
energy-dependentX -operator to the large component. The starting point for
the regular approximation is the Dirac equation in split notation after applying
an energy shift ofmec2

c� � p S
i + V  L

i =
�

i~
@
@t

� mec2

�

| {z }
! " i

 L
i ; (2.28)

c� � p L
i � 2mec2 S

i + V  S
i =

�
i~

@
@t

� mec2

�

| {z }
! " i

 S
i ; (2.29)

The energy-dependentX (" i )-operator is obtained from the lower part of the
Dirac equation as

 S
i =

c� � p
" i � V + 2mec2
| {z }

X (" i )

 L
i =

c� � p
2mec2 � V

�
1 �

" i

V � 2mec2

� � 1

 L
i

=
c� � p

2mec2 � V

1X

k=0

�
" i

V � 2mec2

� k

 L
i (2.30)

and can then in the next step be expanded in a geometric serieswith the
expansion parameter" i =(V � 2mec2). The expanded form of theX -operator is
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then inserted in the upper part of the Dirac equation and yields
 

V +
(� � p)c2

2mec2 � V

"
1X

k=0

�
" i

V � 2mec2

� k
#

(� � p)

!

 L
i (r ) = " i  L

i (r ): (2.31)

Truncation of the X -operator after the zeroth-order termX 0 = c� �p=(2mec2� V )
leads then to the two-component ZORA Hamiltonian

hZORA = � � p
c2

2mec2 � V
� � p + V: (2.32)

The order of the regular approximation is thus determined bythe order of
the expansion of the energy-dependentX -operator in terms of " i =(V � 2mec2).
The derivation of the ZORA Hamiltonian is related to a Foldy{Wouthuysen
transformation [62,63]

U0 =

0

B
B
B
B
@

1
q

1 + X y
0X 0

1
q

1 + X y
0X 0

X y
0

�
1

q
1 + X 0X

y
0

X 0
1

q
1 + X 0X y

0

1

C
C
C
C
A

; (2.33)

yielding

U0hDU� 1
0 =

1
q

1 + X y
0X 0

hZORA
1

q
1 + X y

0X 0

: (2.34)

The ZORA Hamiltonian is then obtained by truncating the expansion of the

reciprocal square root 1=
q

1 + X y
0X 0 = 1 � 1=2X y

0X 0 + � � � after the zeroth order
term which is simply unity. Since only the four-component wave function is
normalized and not the large component, it has to be normalized such that

 ZORA =
q

1 + X y
0X 0 L describes the normalized ZORA wave function.

The DKH and the ZORA Hamiltonian reduce the number of components in
the wave function from four to two. So-called scalar-relativistic one-component
methods are obtained by neglecting all spin-dependent terms in the DKH and the
ZORA Hamiltonian. A further approximation, which also reduces the dimension
to one, is given by the non-relativistic limit of the Dirac equation, where the
speed of light approaches in�nity. The result is the one-component many-electron
Schr•odinger equation with the corresponding Hamiltonian,

Hnon� rel: =
MX

I =1

p2
I

2mI
+

NX

i =1

p2
i

2me
+

MX

I =1

MX

J = I +1

Z I ZJ e2

jR I � R J j

+
NX

i =1

NX

j = i +1

e2

jr i � r j j
�

NX

i =1

MX

I =1

Z I e2

jr i � R I j
; (2.35)

being the standard reference for non-relativistic calculations.
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2.2.3 Electron Density Distribution for Di�erent Choices o f Hamil-
tonian and Wave Function

The next step in the calculation of the electron density and the current density
is to choose and insert a Hamiltonian operator and an ansatz for the wave
function into the continuity Eq. (2.5), which contains the commutator of the
Hamiltonian and the density operator. First, we discuss thecase in which the
many-electron wave function is approximated by a single Slater determinant.
The electron density � (r ) is then calculated by inserting the de�nition of the
Slater determinant given by Eq. (2.8). By applying the Slater{Condon rules
[64,65] for the calculation of matrix elements, the integrals containing the Slater
determinants collapse to a sum of one-electron integrals

� (r ) = h�( f r i g) j� r j �( f r i g)i =

*

�( f r i g)

�
�
�
�
�

NX

i =1

� (3) (r � r i )

�
�
�
�
�
�( f r i g)

+

=
NX

i =1



 i (s)

�
�� (3) (r � s)

�
�  i (s)

�
; (2.36)

for which we choose the arbitrary integration variables. The sum of these
one-electron integrals yields the trace of the density matrix, whose diagonal
elements de�ne orbital densities

� (r ) =
NX

i =1



 i (s)

�
� � (3) (r � s)

�
�  i (s)

�

=
NX

i =1

 y
i (r ) i (r ) =

NX

i =1

j i (r )j2; (2.37)

where  y
i denotes the transposed and complex conjugate of the four-component

orbital  i (if 	 i denotes a one-component orbital, then the daggery is replaced
by a star � for complex conjugation as transposing is inapplicable). Proceeding
now with the insertion of the DCB Hamiltonian in the right hand side of
the continuity equation in (Eq. 2.5), all multiplicative operators cancel in the
commutator so that it reads

@


	

�
� � r

�
� 	

�

@t
=

i
~

*

	

�
�
�
�

NX

i =1

[c� i � p i ; � (3) (r � r i )]

�
�
�
� 	

+

= � r � cN


	

�
� � 1� (3) (r � r 1)

�
� 	

�
: (2.38)

From this equation, we can de�ne the current density
j DCB

!= cN


	

�
� � 1 � (3) (r � r 1)

�
� 	

�
for any type of four-component wave function.

Hence, in the case of a single Slater determinant (SD), the electron density and
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the current density are then given as

� SD
DCB (r ) =

NX

i =1

 y
i (r ) �  i (r ) =

NX

i =1

j L
i (r )j2 + j S

i (r )j2; (2.39)

j SD
DCB (r ) = c

NX

i =1

 y
i (r ) � � �  i (r ): (2.40)

In contrast to the DCB Hamiltonian, the electron density in the DKH framework
is not obtained as the sum of squared DKH-orbitals. The latter deviates from
the electron density, especially in the region around the nucleus. At larger
distances from the nucleus, these errors decrease [66,67].It is possible to relate
the square of the Dirac 4-spinors to the square of the two-component DKH
spinor by the introduction of a position-dependent error �� i (r )

j i; 4comp(r )j2 = j i; DKH (r )j2 + � � i (r ): (2.41)

Considering the evaluation of expectation values of operators, inserting trans-
formed wave function, one must not forget to transform the operator, too. The
position-dependent error � � (r ) in the calculation of the electron density van-
ishes, when the transformed (picture-change corrected) density operator ~� r is
employed [68]. The electron density obtained in this way is then equal to the
Dirac electron density. The continuity equation is obtained in the same way
as for the Dirac{Coulomb{Breit Hamiltonian, but with the tr ansformed density
operator and Hamiltonian applied. Then, the continuity equation reads

@
@t



U 	

�
�U � r U y

�
� U 	

�
=

�r � cN
D

U 	
�
�
�U (1) � 1� (3) (r � r 1)U (1)y

�
�
� U 	

E
: (2.42)

The electron density and the current density are therefore obtained as

� SD
DKH (r ) =

NX

i =1

D
~	

�
�U � (3) (r � r i )U y

�
� ~	

E
(2.43)

j SD
DKH (r ) = c

NX

i =1

D
~	

�
�
�U (i ) � i � (3) (r � r i )U (i )y

�
�
� ~	

E
(2.44)

In the case of more than one electron, the unitary transformation is given as
the direct product of N unitary transformations U =

N N
i =1 U(i ) .

Similar to DKH, the calculation of the electron density causes problems in the
ZORA approach [52]. The electron density and the current density obtained
from

� SD
ZORA (r ) =

NX

i =0

 y
i; ZORA (r ) �  i; ZORA (r ) (2.45)

j SD
ZORA (r ) = c

NX

i =0

 y
i; ZORA (r ) � � �  i; ZORA (r ) (2.46)
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are only an approximations to the Dirac densities, since theelimination of the
small component causes a picture-change and introduces therefore an error.
An improved ZORA electron density (ZORA-4 density) is obtained by a back-
transformation of the small component and the introductionof a scaling factor.
Following van Lenthe and Baerends [52] a small and a large component density
is de�ned for each orbital:

� S
i (r ) =

c2(� � p i  i; ZORA (r ))y(� � p i  i; ZORA (r ))
(2c2 � V)2

: (2.47)

� L
i (r ) =  y

i; ZORA (r ) �  i; ZORA (r ) (2.48)

The ZORA-4 density, which is normalized to one, is then calculated as

� SD
ZORA � 4 =

NX

i =0

� L
i + � S

i

1 +
R

� S
i d3r

: (2.49)

Inserting the non-relativistic Schr•odinger Hamiltonian into the continuity equa-
tion

@


	

�
� � r

�
� 	

�

dt
=

~
2mei

NX

i =1

�

r 2

i 	
�
�� (3) (r � r i )

�
� 	

�
�



	

�
�� (3) (r � r i )

�
� r 2

i 	
��

(2.50)

yields the non-relativistic (NR) electron density and current density. In the case
of a wave function approximated by a single Slater determinant, it is given by

� SD
NR (r ) =

NX

i =1

 �
i (r ) i (r ) =

NX

i =1

j i (r )j2 (2.51)

j SD
NR (r ) =

~
2mei

NX

i =1

[ �
i (r )r  i (r ) � (r  i (r )) �  i (r )] : (2.52)

2.2.4 Methodological Aspects: Density Functional Theory a nd Current-
Density Functional Theory

In the introduction it was mentioned that the ground state ofa system is not
only fully determined by its ground-state electronic wave function 	 0, but also
by its ground-state electron density� 0(r ). Since the wave function depends on
3N spatial coordinates (plusN additional spin coordinates), and since it is a
fairly complicated object to handle, it would be preferableto have a theory
which is solely based on the electron density, depending only on three spatial
coordinates. For this reason, we give here a brief overview on density functional
theory and its relativistic extension, namely current-density functional theory,
which are in the Kohn{Sham formulation both single-determinant methods. As
discussed in the introduction, all properties of a system (especially the total
energy) can be expressed as functionals of� 0(r ). The major drawback of DFT
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is that the analytical expressions for some of the energy contributions are not
known and thus some parts of the total energy must be approximated. Con-
temporary DFT is therefore not suited for highly accurate calculations, because
the achievable accuracy strongly depends on the choice of the approximate den-
sity functionals. On the other hand, DFT is a simple, computationally not
very demanding method which even includes electron correlation e�ects via an
additional energy functional and it allows one to perform calculations on large
molecules.

The most widespread implementations of DFT are within the Kohn{Sham (KS)
formalism [18], in which an arti�cial reference system of non-interacting electrons
is introduced that yields exactly the same electron densityas the interacting
system. The energy contributions are partitioned in the following way (in
Hartree atomic units)

E tot [� ] = Ts[� ] + Vext [� ] + J [� ] + EXC [� ] + ENN

= �
N=2X

i=1



 KS

i jr 2j KS
i

�
+

Z
d3r � (r )vext (r )

+
ZZ

d3r d3r 0 � (r )� (r 0)
jr � r 0j

+ EXC [� ] + ENN : (2.53)

with Ts[� ] denoting the kinetic energy of the non-interacting reference system,
Vext [� ] the external potential energy which is caused by the nuclei, J [� ] the
Coulomb interaction of the electrons,ENN the nuclear repulsion energy,vext

the external potential and EXC [� ] being a sum of the non-classical part of the
electron{electron interaction and the di�erence between the kinetic energy of
the non-interacting reference system and that of the interacting system. The
exchange{correlation functional is the only unknown term in this expression and
hence its approximation determines the accuracy of the whole calculation. The
(non-relativistic) KS orbitals are calculated from the Kohn{Sham equations,

�
�

~2

2me
r 2

i + vext (r ) +
Z

d3r
� (r )

jr � r 0j
+

�E XC [� ]
�� (r )

�
 KS

i (r ) = " i  KS
i (r ); (2.54)

which are obtained by employing the Lagrange method of undetermined mul-
tipliers to the variational procedure applied to the energyexpression. The
KS equations are one-electron equations that exhibit many similarities to the
Hartree{Fock equations which are the basis of almost all wave-function-based
methods.

There exists a relativistic generalization of DFT called current-density functional
theory, which is based on fundamental relativistic concepts. The �rst require-
ment for this extension is a generalization of the Hohenberg{Kohn theorems
which has been given by Rajagopal and Callaway [69]. The functionals then
depend not only on the electron density� (r ), but also on the current density
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j (r ). Both combine to the relativistic 4-current j � (c�; j ).The total electronic
energy in a four-component Kohn{Sham model then reads

E tot [�; j ] = Ts[�; j ] + Vext [�; j ] + J [�; r ] + EXC [�; j ]: (2.55)

Following Rajagopal and Callaway [69], the most general form of the relativistic
KS-DFT equations reads

h
c� �

�
p +

e
c
A e� (r )

�
+ � mec2 � e� e� (r )

i
 i (r ) = " i  i (r ) (2.56)

where the Dirac Hamiltonian is clearly visible and supplemented by e�ective
electromagnetic potentials de�ned as

� e� (r ) = � ext (r ) �
e
c

Z
d3r 0 � (r 0)

jr � r 0j
+ c

�E XC [�; j ]
�� (r )

;

A e� (r ) = A ext (r ) �
e
c

Z
d3r 0 j (r 0)

jr � r 0j
+ c

�E XC [�; j ]
� j (r )

; (2.57)

where the external potentials� ext and A ext represent the interaction between
the electron and the nuclei in the case of isolated molecules.

2.3 Analysis of Approximate Electron Densities

Approximate wave functions and the speci�c choice of the Hamiltonian operator
can cause errors in the calculation of the electron density,which have to be
investigated systematically. The �rst part of this section focuses on the e�ect
of approximate Hamiltonian operators, whereas the second part deals with the
e�ects of the correlated motion of the electrons on the electron density.

2.3.1 E�ect of the Approximate Hamiltonians

After the publication of the Dirac equation in 1928, Hartree[70] was the �rst
to analyze the distribution of the charge and current in the Dirac formalism,
but his publication did not contain any graphical representations of the electron
density. The �rst graphical representation of the four-component Dirac electron
density was then presented by White [71, 72], who investigated the angular
distribution of the charge density for hydrogen-like atoms(highly positively
charged one-electron ions). He presented normalized radial charge densities
for di�erent orbitals and made a few qualitative comments onthe di�erence
between the Schr•odinger and the Dirac electron densities.After these pioneering
studies, it took more than three decades until the �rst more detailed comparison
between relativistic and non-relativistic charge densities was presented by Burke
and Grant [73] considering a hydrogen-like atom with a nuclear charge number
Z = 80, i.e., Hg79+ . These authors compared the radial densities obtained
with the Dirac{Coulomb Hamiltonian to non-relativistic ones and drew general
conclusions from it. The radial densityD(r ) is given by

D(r ) = r 2
Z �

0

Z 2�

0
sin#d#d' 	 y(r )	( r ) = P2(r ) + Q2(r ); (2.58)
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which is thus equal to the sum of the squares of the radial functions Q(r ) and
P(r ) of the four-component wave function. The most general observation corre-
sponds to a contraction of the relativistic density pro�lestowards the nucleus,
which is most pronounced for the core-penetratings- and p1=2� shells. The
degree of the contraction is a�ected by the absolute value ofthe relativistic
azimuthal quantum number analogj� j = j + 1

2. For large j� j values, the rela-
tivistic density pro�les resemble strongly the non-relativistic ones, whereas the
contraction is largest for j� j = 1. A second observation concerns the nodes of
the radial wave function, where the normalized radial electron density vanishes
in the non-relativistic case, but not in the relativistic one. The relativistic radial
electron density is zero only atr = 0.

A number of publications appeared in the following years which investigated
how relativistic e�ects a�ect the electron density [74{78], i.e., the di�erences
between the Dirac and the Schr•odinger picture. In 1993, vanLenthe, Baerends
and Snijders reported the regular approximations [36, 58, 59, 61] to the Dirac
Hamiltonian and compared ther -weighted square root of the electron density
for di�erent orbitals of an uranium atom. For all of the outer shells, the rel-
ativistic contraction is fully recovered and r

p
� (r ) obtained from the ZORA

Hamiltonian can hardly be distinguished from the Dirac results, except at the
position of the minima, where it approaches zero in contrastto the Dirac result,
which is always larger than zero. The only signi�cant di�erence is observed for
the innermost shell, where the ZORA Hamiltonian is able to recover a large
part of the relativistic contraction, but not all of it. Furt hermore, the maximum
for the 1s1=2 orbitals is too large compared to the Dirac result. Another study
by Autschbach and Schwarz [79] compares the relativistic change of the radial
density for hydrogen-like atoms with a nuclear charge number of Z = 1 and
Z = 100. These authors compare the Dirac density to two di�erent approxima-
tions, namely the Pauli (which is not discussed here as it is only of historical
importance) and the ZORA Hamiltonians arriving at a similar conclusion as
van Lenthe, Baerends and Snijders.

DKH electron densities were presented by van W•ullen and Michauk [80] who
emphasize in a brief discussion that the electron density obtained from the
two-component wave functions (neglecting picture-changee�ects) is not equal
to the Dirac density due to the picture-change error. As explained above, the
DKH electron density, approximated by the sum of the squaredDKH orbitals,
is su�ciently accurate for the valence region of an atom, butthe error increases,
the smaller the distance from the nucleus is (this subject isfurther analyzed in
section 3). Picture-change-a�ected DKH density were also analyzed in Ref. [67],
considering a hydrogen-like mercury atom withZ = 80.

Eickerling et al. [66] presented the �rst systematic investigation of the e�ects of
an approximate two-component Hamiltonian and the scalar-relativistic DKH10
Hamiltonian on the electron density and its topology by comparing to the
four-component Dirac Hamiltonian and to the non-relativistic limit, namely the
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Schr•odinger Hamiltonian. The study features a comparisonof di�erence electron
densities obtained from three relativistic and the non-relativistic Hamiltonian
for a homologous series of acetylene complexes M-C2H2 with M = Ni,Pd,Pt and
in addition an analysis of the negative Laplacian at the bondcritical points
(BCPs), which are minima of the electron density on the bonding axis and
maxima on the axis perpendicular to the bonding axis. The most signi�cant
di�erence between the four-component Dirac density and thenon-relativistic
one, considering all BCPs, is observed for the M-C2H2 BCP in the case of M
= Pt, where it amounts to 0.06 e�A � 3. The study concludes that scalar rela-
tivistic methods cover most relativistic e�ects, though there are still di�erences
to the electron densities obtained from two-component methods. Concerning
the negative Laplacians, the deviations can be larger whichmakes it a more
sensitive measure than the electron density itself. Furthermore, the size of the
relativistic e�ects is estimated to be of almost the same size as correlation e�ects
in four-component DFT calculations.

In order to provide a closer look at the accuracy of approximate relativistic
Hamiltonians, we discuss the results for the homologous acetylene-complexes
given by Eickerling et al. [66] in more detail. The di�erence electron densities
� rel:(r ) � � nonrel: (r ) obtained from four-component Dirac, ZORA-SO (includ-
ing spin-orbit e�ects) and scalar-relativistic DKH10 calculations are shown in
Figures 2.1a), d) and g). Although the relativistic e�ects are expected to be
most pronounced for the case of M = Pt, one can observe signi�cant di�erences
even for the nickel complex. The di�erence electron densitymap for the nickel
complex contains di�erent circular minima and maxima due tothe changes in
the radial extension of the atomic sub-shells. The innermost circular region of
positive di�erence exhibits four maxima around the nickel atom, from which the
one oriented in the direction of the acetylene ligand is morepronounced in the
case of DKH10 than for the ZORA-SO or the four-component Dirac density.
These maxima correspond to local charge concentrations of the valence region
of the nickel atom. Moreover the scalar-relativistic DKH10Hamiltonian yields
two more contour lines of negative di�erence than the Dirac or the ZORA-SO
di�erence densities in the region around the carbon atoms ofthe acetylene lig-
and. From the results of the nickel complex one obtains a �rstindication that
the scalar-relativistic DKH10 Hamiltonian recovers less of the relativistic e�ects
than the ZORA-SO Hamiltonian.

The di�erence density maps for the palladium complex are depicted in the Fig-
ures 2.1b), e) and h). Here the situation is similar to the nickel complex, but
the relativistic e�ects are more pronounced. The four maxima in the valence
region of the metal atom are also present here and two additional maxima are
observed in the metal-ligand binding region that are not present in the nickel
complex. The scalar-relativistic DKH10 results show de�ciencies in the maxi-
mum which is oriented towards the acetylene ligand as for thenickel complex,
and also the two maxima in the bonding region of the Dirac di�erence density
map are better recovered by the ZORA-SO result than by the DKH10 one.
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The di�erence density for M = Pt is shown in the Figures 2.1c),f) and i). As
expected, the relativistic e�ects are the largest for this complex, which contains
only one maximum in the positive di�erence region around thePt atom, on
the opposite site of the acetylene ligand. This maximum is only present in
the case of the four-component Dirac and the ZORA-SO result,but not in
the scalar-relativistic DKH10 one, which points to the importance of spin{orbit
e�ects on the electron density. When comparing to the other two complexes,
the maximum is almost one order of magnitude larger.

Figure 2.1: Di�erence densities in the molecular plane, � 4comp(r ) � � nonrel (r ) for
a) Ni(C 2H2), b) Pd(C 2H2), c) Pt(C 2H2), � ZORA (r ) � � nonrel (r ) for d) Ni(C 2H2), e)
Pd(C2H2), f) Pt(C 2H2) and � DKH10 (r ) � � nonrel (r ) for g) Ni(C 2H2), h) Pd(C 2H2),
i) Pt(C 2H2). Values of positive and negative di�erence densities are indicated by
solid and dashed lines, respectively. Contour lines are drawn at � 2, � 4, � 6, � 8 �
10n e�A � 3 with n = 0 ; 1; 2. Note that the axes labels denote grid points. (The Figure

is reprinted with permission from G. Eickerling, R. Mastale rz, V. Herz, W. Scherer, H.-J. Himmel,

M. Reiher. Relativistic E�ects on the Topology of the Electr on Density. J. Chem. Theory Comput. ,

3 (6) (2007) 2182-2197. Copyright 2010 American Chemical Soc iety)
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2.3.2 Signi�cance of Electron Correlation | Fe(NO) 2+ as an Example

In section 2.2.1, it was mentioned that an independent-particle model used for
the electronic wave function (Hartree{Fock theory) does not consider e�ects in
the wave function which arise due to the correlated motion ofthe electrons.
Early studies analyzing correlation e�ects on the electrondensity were presented
by Bader and Chandra [81] for the H2 molecule, which was also subject of a later
study by Baerendset al. [82]. Bader and Chandra compared electron densities
obtained from extended Hartree{Fock and Hartree{Fock (HF)calculations to
understand, how correlation e�ects a�ect the electron density. Following their
paper, the electron density is in the case of HF overestimated in the central
bonding region, whereas it is underestimated in the region around the nuclei.
The authors also presented di�erence density plots for the Li2 molecule arriving
at the conclusion that in this case, the correlation e�ects on the charge density
are negligible, because they are of the same magnitude as theaccuracy of the
density distribution itself. Smith [83] extended the studyof Bader and Chandra,
incorporating H+

3 in a comparison of CI and HF electron densities, regarding
also the di�erence between the atomic densities obtained from these calculations.

During the 1980s, various studies [84{87] presented correlation densities of sys-
tems larger than H2. Stephenset al. [84] analyzed the in
uence of electron
correlation on the partitioning of the electron density into atomic contributions
(a decomposition to be discussed in section 2.4.2) using BeOand CO as model
systems. The study states that the so-called zero-
ux surfaces (compare sec-
tion 2.4.2) are not very much a�ected by electron correlation. Gatti et al. [87]
started then a systematical study investigating correlation e�ects on the charge
density as well as on the Laplacian and on atomic properties of many three-
atomic molecules. These authors compared the electron density obtained from
CI calculations to HF calculations, drawing similar conclusions as Bader and
Chandra [81]. The electron density in the bonding region is decreased by the
consideration of correlation e�ects.

In 1991, Kraka, Gauss and Cremer [88] undertook the systematic investigation
of correlation e�ects in M�ller{Plesset perturbation theory of n-th order (MPn).
They took into account calculations up to �fth order and compared also MP2
to HF for the CO molecule. The correlation corrections to theelectron density
oscillate up to �fth order. The e�ects are smaller at the equilibrium geometry
and grow with interatomic distance. Cremer and He [89,90] then published two
further studies that consider electron correlation as covered by density func-
tional theory in comparison to wave function based methods.Within the local
density approximation (LDA), electron density is enhancedin the bonding re-
gion and around the nuclei. Compared to gradient-correcteddensity functional
calculations, the e�ects of the LDA functional are partially reduced, because
electron density is shifted back from the bonding region andthe region around
the nuclei into the valence region of the molecule.
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The study of Eickerling et al. [66] also contains a part that considers correlation
e�ects on the topology of the electron density. The authors employ the same
model systems as for the study of relativistic e�ects and present a comparison
with results obtained from Dirac{Hartree{Fock (DHF) and DFT calculations.
Incorporation of correlation e�ects lowers the values of the density at the C-
C and the C-H bond critical points for all model systems, which is in good
agreement with the studies of Bader and Chandra [81] and of Gatti et al. [87].
For the case of the M-C bond critical points, there is no cleartrend visible.
Considering M = Pt and M = Ni, the electron density is also lowered at this
bond critical point, whereas due to an error cancellation the values for M =
Pd are almost equal for DHF and DFT.

Two very recent papers by Jankowskiet al. [91,92] investigate dynamical corre-
lation e�ects on the electron density for DFT calculations considering the noble
gas atoms neon and argon. The authors state that even though dynamical
correlation e�ects on the electron density are weak, the shape of the curves
is very sensitive to the changes in the electron density. Dynamical correla-
tion e�ects are not well represented by density functionalswhich contain either
the VWN5 [93] or the LYP [94] correlation functional. Better results are ob-
tained when orbital-dependent OEP2-f [95] correlation functionals are employed.

We report here results that we have obtained for our review onthis subject [24],
i.e., correlation densities (� CASSCF (r ) � � HF (r ), and � DFT (r ) � � HF (r )) obtained
from CASSCF and DFT calculations fortransition metal complexes.

All Hartree{Fock, CASSCF and DFT calculations, that we shall present in this
section were performed with theMolpro 2009.1 [96] quantum chemical soft-
ware package in combination with the second-order Douglas{Kroll{Hess Hamil-
tonian [33,46,47] and the atomic natural orbital basis sets(ANO-RCC) [97{99]
for which we omitted the second set of polarization functions. In the DFT cal-
culations, we employed the BP86 [100, 101] density functional to approximate
the exchange{correlation energy. Owing to the large size ofthe basis set, we
did not consider a counter-poise correction. The electron densities were calcu-
lated with Molpro (not including the picture-change e�ects) and obtained on
a cubic grid with step-size 0.02 Bohr (not optimized for relativistic calculations)
and then visualized with Mathematica [102]. The coordinates of the lin-
ear Fe(NO)2+ was obtained from a BP86/TZVPP geometry optimization with
Turbomole [103,104] whereas the coordinates for the bent Fe(NO)2+ complex
were taken as a subset from a larger complex from the supporting information
of Ref. [105]. We choose a linear and a bent Fe(NO)2+ structure as model
systems. The result from a CAS(13,13) calculation shall serve as reference
density, in which static correlation is included but the CAScan be considered
su�ciently large to cover also a substantial amount of dynamic correlation as
is evident from a detailed study of the spin density of [Fe(NO)]2+ [106] (for
the consideration of addition dynamic correlation e�ects CASPT2 caculations
would be required). Considering the Hartree{Fock orbital energies, the largest
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CAS feasible was chosen, including the 13 orbitals depictedin Fig.2.2, for the
linear complex and in Fig.2.3 for the bent one. The aim of thisinvestiga-
tion is to �nally compare DFT results to the CASSCF referencein order to
analyze to which extent correlation e�ects are covered by (semi-empirical) DFT.

Figure 2.2: DKH2-HF molecular orbitals 14-26 of the linear Fe(NO)2+ complex,
which were employed in the CAS(13,13) calculation. (Figure is reprinted with permission

from S. Fux, M. Reiher. Struct. Bonding , 2011, Copyright Springer GmbH)

Figure 2.3: DKH2-HF molecular orbitals 14-26 of the bent Fe(NO)2+ complex, which
were employed in the CAS(13,13) calculation. (Figure is reprinted with permission from S.

Fux, M. Reiher. Struct. Bonding , 2011, Copyright Springer GmbH)
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The correlation density � CASSCF (r ) � � HF (r ) in the plane of the bonding axis
for the linear nitrosyl complex is shown in Fig.2.4 a). It takes values between
� 0.10 Bohr� 3 and 0.05 Bohr� 3 which already shows that the correlation e�ects
on the electron density are not very large as noted in previous studies [91,92].
Around the iron atom, the correlation density exhibits four minima on the
bonding axis and the axis perpendicular to it. These minima are surrounded
by four maxima, such that one can conclude that electron density is shifted
from the bonding axis to regions around the nuclei. The correlation density
of the nitrogen and the oxygen atoms shows in contrast to the iron atom a
di�erent behavior. Here the di�erence density exhibits minima on the axis per-
pendicular to the bonding axis, but for larger distances, also maxima can be
observed. There is one minimum on the bonding axis between the nitrogen and
the oxygen atom. The di�erence density� DFT (r ) � � HF (r ) and the di�erence
between both correlation densities is shown in the Figures 2.4 b) and c). In
general DFT recovers most of the regions of positive and negative di�erences
from the CASSCF correlation density. At the four maxima around the iron
atom, DFT overestimates the correlation density, whereas the minima on the
bonding axis are broader than in the case of the CASSCF reference. Summa-
rizing our results, it can be stated that the major part of thedi�erences in the
correlation density is located directly around the atoms, but there are also four
regions close to the iron nucleus where the correlation density vanishes totally.
At larger distances, the correlation density tends to decrease quickly.

In the case of the bent structure, the correlation density� CASSCF (r ) � � HF (r )
along the bonding axis is shown in Fig.2.5 a). The absolute size of the cor-
relation e�ects on the electron density is comparable to theone for the linear
geometry. In the region around the iron atom, the situation is reversed, as
the maxima are now located on the bonding axis and the axis perpendicular
to it. Considering the nitrogen and the oxygen atoms, part ofthe electron
density is shifted from the N� O bonding region to the nuclei as for the linear
geometry. In addition, electron density is also shifted from both ends of the
nitrosyl ligand to the axis perpendicular to the N� O bonding axis. The dif-
ference density� DFT (r ) � � HF (r ) and the di�erence between both correlation
densities is shown in the Figures 2.5 b) and c). As for the linear geometry, DFT
recovers the correlation density reasonably well, except of some de�ciencies at
the iron and the oxygen atom. Therefore the di�erence density distributions
around the nuclei are almost identical when comparing CASSCF and DFT for
both geometries. They exhibit maxima directly at the nuclei, surrounded by
minima at intermediate distances, followed again by maximawhich are located
on the bonding axis and perpendicular to it.
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Figure 2.4: Di�erence densities along the bonding axis of a linear Fe(NO)2+ complex,
for DKH(2,0) calculations. a) � CASSCF (r ) � � HF (r ), b) � DFT ;BP86 (r ) � � HF (r ) and
c) � CASSCF (r ) � � DFT ;BP86 (r ). Values of positive di�erence correspond to red solid
lines, whereas values of negative di�erence are indicated by blue dashed lines and
the solid black line denotes the region of zero-di�erence. Contour lines are drawn at
� 2, � 4, � 8 � 10n e�A � 3 with n = � 2; � 3; � 4; � 5. The contour values start at � 2�
10� 5 e�A � 3 and are then always doubled until � 8� 10� 2 e�A � 3. (Figure is reprinted with

permission from S. Fux, M. Reiher. Struct. Bonding , 2011, Copyright Springer GmbH)
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Figure 2.5: Di�erence densities along the bonding axis of a bent Fe(NO)2+ , for
DKH(2,0) calculations. a) � CASSCF (r ) � � HF (r ), b) � DFT ;BP86 (r ) � � HF (r ) and c)
� CASSCF (r ) � � DFT ;BP86 (r ). Values of positive di�erence correspond to red solid lines,
whereas values of negative di�erence are indicated by blue dashed lines and the solid
black line denotes the region of zero-di�erence. Contour lines are drawn at � 2,
� 4, � 8 � 10n e�A � 3 with n = � 2; � 3; � 4; � 5. The contour values start at � 2�
10� 5 e�A � 3 and are then always doubled until � 8� 10� 2 e�A � 3. (Figure is reprinted with

permission from S. Fux, M. Reiher. Struct. Bonding , 2011, Copyright Springer GmbH)
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2.4 Electron Density in Conceptual Theories

In this section, we give a short overview on two conceptual theories, namely
conceptual density functional theory (CDFT), which is a powerful tool to in-
vestigate concepts of chemical reactivity in terms of chemical descriptors, and
atoms in molecules an interpretative theory which divides amolecule into atomic
basins in order to de�ne molecular properties as sums of properties of the atomic
basins.

2.4.1 Conceptual Density Functional Theory

Many principles of chemical reactivity like electronegativity, chemical hard-
ness/softness and frontier orbital theory had been proposed mostly as rather
phenomenological descriptive concepts some decades ago. Many pioneering stud-
ies discussed for instance the Mulliken electronegativity[107{110], the hard and
soft acid and base (HSAB) principle [111{115] and frontier molecular orbital
concepts [116{121]. These concepts were then later uni�ed and rigorously de-
�ned in the framework of conceptual DFT. Conceptual DFT was de�ned by
Parr and co-workers [122], who recognized that the electronegativity can be
de�ned as the negative of the derivative of the energy with respect to the num-
ber of electrons for a constant external potential. A detailed description of the
history of conceptual DFT and various reactivity descriptors can be found in
Ref. [123]. In principle, conceptual DFT relies on a Taylor series expansion of
the total-energy density functional [124] with respect to perturbations in the
external potential v(r ) and the number of electronsN
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�v (r )@N

�
� v(r )d3r + � � � : (2.59)

The external potential and the number of electrons are both functionals of the
electron density. The derivatives of the energy with respect to either the exter-
nal potential or the number of electrons or both of them can beidenti�ed with
several chemical descriptors, shown in Table 2.1, that are related to chemical
reactivity.

The mixed derivative which is �rst order in the external potential and in the
number of electrons is called the Fukui functionf (r ). It can be interpreted in
two di�erent ways. The de�nition as a derivative of the electron density implies
that it represents the change in the electron density� (r ) at the point r when
the number of particlesN changes. However, the Fukui function characterizes
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also the response of the chemical potential with respect to aperturbation in the
external potential. One distinguishes between left and right hand derivatives of
the electron density with respect toN ,

f + =
�

@�(r )
@N

� +

v(r )

� � N +1 (r ) � � N (r ) (2.60)

f � =
�

@�(r )
@N

� �

v(r )

� � N (r ) � � N � 1(r ) (2.61)

where thef + describes a nucleophilic andf � an electrophilic attack. Both can
be approximated by a �nite di�erences formula, expressing them as di�erences
of the electron density of the system in the initial state andafter the addition
or subtraction of an electron (at the geometry of the neutralsystem). Other
approaches for the calculation of the Fukui function can be found in Refs. [125,
126].

Table 2.1: Descriptors de�ned within conceptual DFT as energy derivatives.
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Because the chemical reactivity descriptors (especially the Fukui function), are
useful tools in the analysis of chemical reactions also for those mediated by
heavy metal containing catalysts [127], it is important to investigate the in
u-
ence of relativistic e�ects on them. For the Fukui function,i.e., for the reactivity
towards nucleophilic and electrophilic attacks, such a study was carried out by
De, Krishnamurty and Pal [128], who investigated two gold clusters (Au19 and
Au20), focusing on relativistic e�ects on vibrational frequencies and on the Fukui
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function. The authors employed e�ective core potentials (ECPs) to replace the
core electrons of the gold atoms in both, the relativistic and the non-relativistic
calculations. They �nd that the incorporation of relativistic e�ects results in
minor changes of the Fukui function. A second, more detailedstudy by Sablonet
al. [129] investigates the e�ect of relativistic Hamiltonianson the Fukui function
and presents a comparison of four-component Dirac{Coulomb, scalar-relativistic
ZORA, spin-orbit ZORA, ECP and non-relativistic calculations. PbCl2, Bi2H4

and (CH3)2SAuCl were chosen as model systems. In contrast to the �rst study
of De et al. [128], Sablon and co-workers report changes in the reactivity, when
incorporating relativistic e�ects in molecules other thangold compounds. The
scalar-relativistic calculations and the ECP calculations describe the model sys-
tems equally well. The two-component spin-orbit ZORA Hamiltonian and the
four-component DC Hamiltonian yield similar results. Comparing these to the
scalar-relativistic results shows only minor variations.

From the data set which is used in Ref. [129], Figure 2.6 was created, which de-
picts the Fukui function f � (r ) (reactivity towards an electrophilic attack) for the
0.0004 a.u. iso-density surface of the three above-mentioned model systems. The
results, obtained from two-component spin-orbit ZORA (PbCl2), four-component
Dirac (Bi 2H4), scalar-relativistic ZORA ((CH3)2SAuCl) and non-relativistic cal-
culations (all model systems) are shown in this Fig. 2.6. In the case of PbCl2
the major changes in the Fukui function when employing a relativistic Hamil-
tonian are observed directly at the Pb atom, where the relativistic e�ects are
expected to be most pronounced. The non-relativistic results predict the Pb
atom to be the preferred position for an electrophilic attack, whereas the spin-
orbit ZORA calculations indicated the opposite, i.e., an attack at one of the two
chlorine atoms. For the case of Bi2H4, the four-component Dirac calculations
predict a high reactivity at both bismuth atoms on the opposite side of the
hydrogen atoms. Regarding the non-relativistic results, the reactivity on the
whole isosurface is signi�cantly lowered. Only in the case of the gold complex,
the scalar-relativistic result exhibits only minor changes at the gold and the
chlorine atoms when comparing to the non-relativistic calculations.
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Figure 2.6: The Fukui function f � (r ) mapped on the 0.0004 a.u. iso-density surface.
The relativistic results have been obtained with the spin-orbit relativistic ZORA
approach for PbCl2, the four-component methodology for Bi2H2 and the scalar
relativistic ZORA approximation for (CH 3)2AuCl. The color scales are chosen in
such a way that red (f� (r ) values not higher than 1.0� 10� 4 a.u. for a) and b),
3.0� 10� 5 a.u. for c) and d) and 5.0� 10� 5 a.u. for e) and f) indicates regions of
poor reactivity towards electrophilic attacks, whereas blue (f� (r ) values not lower
than 2.0� 10� 4 a.u. for a) and b), 1.5� 10� 4 a.u. for b) and c) and 1.7� 10� 4)
corresponds to highly reactive zones. (Figure is reprinted with permission from S. Fux, M.

Reiher. Struct. Bonding , 2011, Copyright Springer GmbH)
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2.4.2 The Quantum Theory of Atoms in Molecules

Bader's atoms in molecules (AIM) theory [1,2,130] is an interpretative theory
which divides the electron density in a molecule into atomicbasins f 
 i g such
that it is possible to de�ne propertiesG(
 i ) of an atom i in a molecule, which
can then be determined as integrals over the property density � G(r ) of the
corresponding basin,

G(
 i ) =
Z



d3r � G(r ): (2.62)
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These `atomic' properties are then additive and sum up to molecular properties
if all basins are taken into account. In the limiting case of asingle atom, the
AIM property must be equal to the corresponding property of the free, unbound
atom. The individual atoms in a molecule are in this context separated from
each other by the interatomic surfaces (IAS), which are usually called zero-
ux
surfaces. At each point of the IAS, the normal vectorn (r ) is orthogonal to
the gradient of the electron density, which is expressed through the so-called
zero-
ux boundary condition

n (r ) � r � (r ) = 0 : (2.63)

AIM was �rst formulated by Bader [1] as a non-relativistic theory and later
extended to the relativistic regime by Cioslowski and Karwowski [131]. There
is still an ongoing discussion if the partitioning of the molecule in terms of open
quantum systems (atoms) is uniquely de�ned through the zero-
ux boundary
condition in the non-relativistic case [132{137]. Cioslowski et al. [131] already
showed that due to a certain arbitrariness in the expressionfor the relativis-
tic Lagrangian density, the partitioning of the atoms is notuniquely de�ned
in four-component theory. For the two-component SO-ZORA Haltionian, the
nonuniqness of the partitioning was reported by Anderson and Ayers [138].



34 2. Electron Density in Quantum Theory



3. Contact Density

In this chapter, which is partly based on Ref. [139], we consider the most dif-
�cult case for electron densities: the contact density (i.e., the electron density
at the position of the nucleus). We shall give a short introduction on relevant
theoretical aspects as well as an overview to the historicalcontext of contact
density studies. The chapter is then continued with studieson mercury 
uo-
rides, a selection of gold complexes, and ends with some considerations on the
contact spin density.

The contact density is dominated by the core-penetratings-orbitals which are
known to be strongly a�ected by relativistic e�ects. The usual point charge
approximation of the nuclear charge density in the determination of the elec-
tronic density must therefore be carefully examined in the calculation of contact
densities. In non-relativistic theory this approximation results in a cusp of the
electron density at the position of the nuclei [140]. In relativistic theory the elec-
tron density shows a weak (integrable) singularity at the nucleus. This limiting
short-range behavior is, however, an artifact of the simplepoint charge model
and is radically di�erent for the more physical model of an extended nucleus.
In the relativistic case it is already common to introduce anextended nucleus
model [141{143] (for a comprehensive review on the available nuclear charge
distribution models we recommend Ref. [144]), because thisfacilitates the use
of Gaussian type orbitals (GTOs). GTOs have zero slope at thenucleus, which
is consistent with the exact solutions for extended nuclearmodels [68,145{147]
in both non-relativistic and relativistic theory [148]. This feature thus makes
GTOs a natural expansion set for relativistic orbitals for which one may rely on
well-established basis sets augmented by steep functions (as, e.g., demonstrated
recently for contact densities at iron nuclei [147]).

There are in general two approaches to include these models into calculations.
Either the calculation is performed for point-like nuclei and e�ects of �nite
nuclei are considered via perturbation theory, or they are directly incorporated
in the calculation. The perturbative approach can be found in early stud-
ies [149, 150] on contact densities, whereas the direct consideration should be
more consistent [147, 151]. For the major part of practical applications, it is
su�cient to use a simple model for the positive charge distribution in the atomic
nucleus [141, 152]. Two simple models are the homogeneous charge distribu-
tion and the Gaussian charge distribution [151]. A more complex model for
the nuclear charge density distribution is given by the three parameter Fermi
model [153].

35
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3.1 General Considerations

3.1.1 Relation to Spectroscopic Techniques

The contact density plays an important role in the model theory of many spec-
troscopic techniques. An adequate theoretical description of the �eld shift in
electronic transitions in high-resolution atomic electron spectra (�rst achieved
by Ehrenfest [154, 155] and further developed by Rosenthalet al. [149] and
Breit [150]) is for instance closely related to the di�erence of the contact densi-
ties for both electronic states that are involved in the transition. Also the isotopic
�eld shift in the rotational spectrum of a diatomic molecule is proportional to
the �rst derivative of the contact density with respect to the bond length of
the molecule, whereas the isotopic �eld shift in the vibrational energy depends
on the second derivative [156, 157]. Finally, the contact density is important
for M•ossbauer spectroscopy, because it can be correlated with experimentally
determined chemical isomer shifts (IS) [75, 76, 158], as it is demonstrated in
chapter 4 of this thesis. The isomer shift depends on the di�erences of the
contact density of the emitter source and the absorber compound [159]. In
order to be able to calculate these properties for atoms of the whole periodic
table, one must ensure that the contact density can be calculated with su�cient
accuracy.

3.1.2 Calculation of the Contact Density

As already pointed out in chapter 2, the electron density at the point r in
space is calculated as the expectation value of the density operator �̂ r for a
normalized wave function 	. Assuming that the position of the nucleus is at
the origin of the coordinate system, we can calculate the contact density as

� 0 = � (0) = h	 j �̂ 0 j	 i : (3.1)

The expression for the contact density simpli�es for one- and four-component
(single determinantal) wave functions 	1c=4c to a sum over the squared absolute
values of the occupied orbitals.

� 1c
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i (0)j2 + j 4c;S
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with  4c;L
i and  4c;S

i denoting the small and the large component of a four-
component orbital. But when considering a two-component framework as DKH
or ZORA, the contact densities calculated with the same approach as for one-
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and four-component wave functions exhibit large de�ciencies at the position of
the nucleus [52]. The density operator has to be subject to a property operator
transformation in order to avoid picture-change errors, when changing from the
Dirac picture to the two-component picture [68].

A second possibility for the calculation of the contact density is given by a
�nite �eld strategy, where the density operator multiplied with a varying �eld
strength � is added to the Hamiltonian operator, such that the total energy
becomes a function of�

Ĥ = Ĥ0 + � � �̂ r ; (3.4)

which makes the contact density accessible as the energy derivative with respect
to the �eld strength

� 0 =
dE(� )

d�

�
�
�
�
� =0

: (3.5)

This strategy is sometimes employed in coupled-cluster calculations to avoid
the calculation of the total wave function. In the standard energy expression
for truncated coupled-cluster, only part of the wave function is required [160].

3.1.3 Historical Note

Early attempts to obtain fully relativistic electron density distributions con-
sidering �nite-nucleus e�ects can be dated back to Rosenthal et al. [149] and
Breit [150], who included the e�ects of a �nite nuclear charge distribution via
perturbation theory. A direct treatment of the �nite nuclear charge distribution
model employing a three parameter Fermi model was �rst presented by Fricke
and Waber [151], who calculated M•ossbauer isomer shifts. An example for a
study of the contact density in the approximate relativistic DKH framework is
given by Mastalerzet al. [68], who analyzed the DKH contact density for di�erent
orders of the DKH transformation and investigated the e�ectof picture-change
corrections and di�erent nuclear charge distribution models. In a second study,
Mastalerz et al. [147] investigated the basis set convergence for the calcula-
tion of contact densities at �nite nuclei. We select some results of the �rst
study by Mastalerz, considering the hydrogen-like Hg79+ highly charged ion for
a more detailed discussion. Because the study focuses on theelectron density
at the position of the nucleus, the authors decided to analyze the 1=r2 weighted
radial density D(r ) (see Eq. 2.58) for the Hg79+ ion. The authors compared
the weighted radial density obtained from fully numerical four-component and
scalar relativistic DKH(2,0), DKH(5,0), DKH(2,2) and DKH( 9,9) calculations.
They state that the electron density for point-charge nuclei features in both
cases (Dirac and DKH(n,0)) the weak singularity at the position of the nu-
cleus, leading to a huge error in the core region. The DKH(2,0) and DKH(5,0)
curves cannot be distinguished from each other. Hence, already a low-order
transformation of the orbitals is very accurate. In the caseof a �nite-nucleus
model, the weighted radial density approaches �nite valuesat the position of the
nucleus in all cases, which can easily be reproduced by Gauss-type basis func-
tions. The picture-change-a�ected DKH(n,0) curves exhibit large errors in the
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close vicinity of the nucleus and are located above the Diraccurve, whereas the
picture-change corrected DKH(n,n) contact densities match the Dirac contact
densities (as would the picture-change-corrected DKH(n,n) and Dirac curves),
even for the second-order DKH transformation of the property operator.

For extended systems, for instance solids, molecular properties are often cal-
culated within solid-state density functional theory, where mostly the simple
model of an uniformly charged sphere is employed, as, e.g., shown by Svane
and Antoncik [161].

3.2 Mercury Fluorides HgF n (n = 1, 2, 4)

In this section, which is based on Ref. [139], we present a mercury study that
focuses on relativistic calculations of the contact density in the atom as well
as for the series of mercury 
uorides HgFn (n = 1, 2, 4). Among the mercury

uorides, which have been studied for various practical reasons [162], HgF4
has in particular attracted attention in recent years [163,164] since its the-
oretical prediction in 1993 [165]. This compound was discovered by matrix
spectroscopy [166, 167], but has not yet been obtained in macroscopic yields.
However, once this would have been accomplished, a solid sample of this ma-
terial may be subjected to
 -radiation in a M•ossbauer experiment in order to
determine the oxidation state of Hg in HgF4. This can then clarify a theoretical
prediction by Pyykk•o et al. [168] who assigned an extraordinarily high oxidation
state of +IV to Hg (considering the fact that the common oxidation state of
Hg in chemical compounds is only +II).

3.2.1 Methodology

As a starting point for this study, we extensively tested single-determinant
approaches as Hartree{Fock and density functional theory screening various
density functionals for the exchange{correlation energy (LDA (VWN5) [93,169],
BP86 [100,101], BLYP [94,100,170], B3LYP [100,171,172], CAMB3LYP [173],
PBE [174] and PBE0 [175]). The in
uence of the nuclear potential on the
value of the contact density in the core region is very large,which explains
that qualitatively good results are already obtained from single-determinant
approaches such as Hartree{Fock. The in
uence of correlation e�ects on the
electron density was already discussed in section 2.3.2. Itis in general not very
large, but reaches a maximum in the core region. Therefore, these e�ects should
be included in the calculation to reach a better accuracy. Toinclude correlation
e�ects properly, M�ller-Plesset second-order perturbation theory (MP2), and
coupled cluster calculations including single excitations, double excitations and
perturbative corrections for triple excitations were carried out (these results were
provided by Stefan Knecht). We further investigated the approximation of the
full Dirac{Coulomb (DC) Hamiltonian operator by the scalar-relativistic spin-
orbit free DC [176,177] Hamiltonian operator, by the e�ective two-component
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framework X2C [178], the one-component scalar-relativistic DKH [34,35,47{51]
Hamiltonian operator and the non-relativistic L�evy{Leblond [179] Hamiltonian
operator.

Table 3.1: Exponents � of the additional tight s- and p-functions which were
employed to augment the basis sets for Hg.

Basis set 1sts-exponent 2nds-exponent p-exponent
Dyall TZ [30s24p15d11f4g1h] 864721150.0 230133640.0 130716620.0
Dyall QZ [34s30p19d13f7g4h1i] 864477130.0 230139440.0 194566990.0
ANO-RCC [25s22p16d12f4g2h] 993262470.3 227944396.6 91654636.2

The basis sets employed in the calculations contain Gaussian type orbitals in a
fully uncontracted form (except of the data from Tab. 3.7). The small-component
basis was generated through the restricted kinetic balancecondition [180]. In
the DIRAC [181] calculations, triple-� (TZ) and quadruple-� (QZ) basis sets of
Dyall [182, 183] were employed for mercury, where as ANO-RCC[97{99] basis
sets were used in the DKH calculations. In order to increase the 
exibility of the
basis sets in the core region, they were augmented in an even tempered fashion
by two steep s� functions and one steepp� function. The resulting basis
sets are in the following denoted by TZ+2s1p, QZ+2s1p and ANO-RCC+2s1p.
These additional exponents are presented in Table 3.1. As a basis for the

uorine atoms, we chose the correlation-consistent triple-� aug-cc-pVTZ (ATZ)
and the quadruple-� aug-cc-pVQZ (AQZ) basis sets from Dunninget al. [184].
Regarding the grid in the numerical integration scheme for the DFT calculations,
the .ULTRAFINE option in DIRAC [181] was chosen to ensure that it is
su�ciently dense in the core region. This option implies theuse of the radial
integration scheme developed by Lindh, Malmqvist and Gagliardi [185], which
performs a two-dimensional Lebedev angular integration.

3.2.2 Structures and Reaction Energies

Structural parameters for the mercury 
uorides are presented in Table 3.2 (see
also Appendix B), whereas visual representations are givenin Fig. 3.1. We
decided to select the bond lengths for HgF2 and HgF4 from a combined theo-
retical and experimental study by Wanget al. [166]. They performed CCSD(T)
calculations, employing a small core ECP [186] for mercury in combination with
an augmented valence basis set and the AQZ basis set for the 
uorine atoms.
The Hg{F bond lengths for the linear, D1 h-symmetric HgF2 and the square
planar D4h-symmetric HgF4 molecules are 1.914�A and 1.885 �A respectively,
which is in good agreement with the SO-DFT data given by Kimet al. [187]
(SO-PBE0, 1.912�A and 1.884�A). Considering the Hg{F bond length in HgF,
there are several values available in the literature [162,187{189]. It was therefore
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optimized in a four-component FSCC calculation. The obtained bond length,
2.007 �A is shorter than most values from the literature.

Figure 3.1: Visual representations for the structures of HgFn (n = 1, 2, 4)

FHg FF Hg Hg
FF

F

F
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Table 3.2: Spectroscopic constants (re and ! e) for the ground state of the radical
202Hg 19F calculated at the four-component Fock-space CCSD level correlating 40
electrons (Hg 5s5p4f 5d, F 2s2p). The energy truncation threshold for active virtual
spinors was set at 95 and 107 Hartree, respectively.

molecule method basis sets (Hg/F) re (Hg-F) [�A] ! e [cm� 1]
HgF 4c-FS-CCSD QZ+2s1p AQZ 2.007 513.5a

HgF CCSD(T) [187] ECP ATZ 2.028 480.6
HgF SO-PBE0 [187] ECP ATZ 2.036 457.2
HgF SO-M06-L [187] ECP ATZ 2.085 422.8
HgF NESC/B3LYP [189] DZb ATZ 2.080 -
HgF B3LYP [162] ECP AQZ 2.076 414.7
HgF MP2 [188] ECP 6-311+G� 2.045 444.4
HgF2 CCSD(T) ECP AQZ 1.914 -
HgF4 CCSD(T) ECP AQZ 1.885 -
a exp. value [190]: 490.8 cm� 1

b contracted Dyall DZ basis was used.

The synthesis of the HgF4 complex is subject to several theoretical and exper-
imental studies [162,164{166,187,191]. For the investigation of the stability of
HgF4, we consider the elimination reaction (loss of F2) in the gas phase

HgF4 �! HgF2 + F 2: (3.6)

This particular elimination reaction of the tetra
uoro compound is exothermic
for all other group 12 tetra
uorides MF4(M = Zn, Cd). Pyykk•o et al. [168]
predicted the stability of the mercury tetra
uoride already in 2002 on the basis
of a theoretical study. We present the reaction energies forthe elimination reac-
tion in Table 3.3. Zero-point vibrational energy corrections were obtained from
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scalar-relativistic calculations employingGaussian09 [192]. For the mercury
atom, a small-core ECP was used in combination with an augmented valence
basis set and an aug-cc-pVTZ (aug-cc-pVQZ) basis set for the
uorine atoms.
For the F{F bond length in F2 we chose the experimentally determined value
of re = 1:41193�A.

Table 3.3: Reaction energies at 0 Kelvin (in kJ mol� 1) for the elimination reaction
HgF4 ! HgF2 + F 2 in the gas phase calculated at di�erent levels of theory within
a four-component framework. Values initalics do not contain zero-point vibrational
energy corrections. Calculations at the four-component spin-orbit free level are
indicated with the abbreviation sfDC. Values marked with th e acronym DCG were
obtained based on the Dirac{Coulomb{Gaunt Hamiltonian using a molecular mean-
�eld approximation.

method basis set reaction energy
MP2 TZ+2s1p +67 (+73 )
CCSD TZ+2s1p + 1 (+ 7 )
CCSD(T) TZ+2s1p +31 ( +37 )
CCSD(T)/DCG TZ+2s1p +29 ( +35 )
CCSD(T)/sfDC TZ+2s1p +20 ( +26 )
B3LYP/sfDC TZ+2s1p +41 ( +48 )

TZ+2s1p +52 (+59 )
B3LYP QZ+2s1p +54 (+61 )

TZ+2s1p +60 (+67 )
PBE0 QZ+2s1p +62 (+69 )

TZ+2s1p +52 (+59 )
CAMB3LYP QZ+2s1p +52 ( +60 )
previous work: +36.3 [164], +35.5 [191], +9.5 [191]

+27.4 [166], +41.0 [187], +24.3 [187]

Our calculations predict the reaction to be endothermic, which pronounces the
stability of HgF 4 at 0 Kelvin in the gas phase. The lowest values for the reaction
energy were obtained for the CCSD calculations, which predicts a reaction energy
of only 1 kJ/mol for the aug-cc-pVTZ basis set and 7 kJ/mol forthe aug-cc-
pVQZ basis set. The DFT results are on the order of 50-60 kJ/mol, which is
by 10-20 kJ/mol higher than previous estimates by Kimet al. and Riedel and
coworkers. The MP2 value is of the same order as the DFT results. The most
accurate coupled cluster results when including triples corrections suggests that
the reaction energy is of the order of 20-30 kJ/mol, which is also supported
by scalar-relativistic calculations of Kim et al. (27.4 kJ/mol) and Riedel and
coworkers (24.3 kJ/mol).
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3.2.3 Contact Density

The contact density for the mercury atom (absolute values),and the series of
mercury 
uorides (relative to the values of the atom) is shown in Table 3.4. It
contains four-component coupled-cluster benchmark results for the DC Hamil-
tonian operator as well as Hartree{Fock values for the DC anda set of ap-
proximate Hamiltonians, e.g., X2C and DKH. The lower part of the table
incorporates results obtained from four-component DFT calculations for a se-
lection of exchange{correlation density functionals. Forthe sake of completeness,
also non-relativistic results (L�evy-Leblond Hamiltonian, denoted as LL) were
included.

Table 3.4: Calculated mercury contact densities for the Hg atom and themercury

uorides HgF n (n=1,2,4). All values are in atomic units a� 3

0 . The acronym sfDC
refers to the spin-orbit free DC Hamiltonian operator. LL is the non-relativistic
4-component L�evy-Leblond Hamiltonian.

Method Hamiltonian Hg HgF HgF 2 HgF4

HF DC 2363929.12 � 114.48 � 127.92 � 98.09
HF DCG 2354927.26 � 113.83 � 127.16 � 97.22
HF sfDC 2342622.43 � 115.59 � 130.69 � 103.52
HF LL 361818.93 � 11.92 � 13.35 � 6.77
HF X2C 2358245.44 � 114.06 � 127.40 � 97.43
HF X2C[pce] 7579179.34 � 712.55 � 432.86 � 350.65
HF DKH(10,8) 2338434.57 � 106.85 � 130.33 � 103.18
HF DKH(10,0)[pce] 6817441.98 � 314.24 � 384.14 � 308.62
CCSD(T)[all] DC 2364016.40
CCSD(T)[cv] DC 2363990.74 � 95.11 � 110.46 � 104.16
CCSD(T)[v] DC 2363952.83 � 95.35 � 110.55 � 101.54
CCSD[all] DC 2364013.22
CCSD[cv] DC 2363988.25 � 94.33 � 116.59 � 105.16
CCSD[v] DC 2363952.22 � 94.39 � 115.93 � 102.18
MP2[all] DC 2364050.05
MP2[cv] DC 2364020.01 � 95.10 � 121.99 � 124.34
MP2[v] DC 2363963.15 � 96.78 � 118.88 � 115.16
LDA DC 2362802.35 � 74.38 � 99.03 � 113.69
BLYP DC 2373687.69 � 72.82 � 95.88 � 111.48
B3LYP DC 2370863.15 � 85.86 � 105.87 � 113.54
PBE DC 2372713.57 � 75.11 � 98.74 � 113.42
PBE0 DC 2370507.83 � 91.30 � 111.07 � 115.62
LDA DKH(10,8) 2339638.76 � 74.10 � 103.42 � 120.46
BLYP DKH(10,8) 2352793.40 � 69.15 � 99.04 � 116.82
B3LYP DKH(10,8) 2348854.44 � 76.07 � 109.20 � 119.11
PBE DKH(10,8) 2352139.39 � 72.91 � 101.82 � 118.75
PBE0 DKH(10,8) 2348693.73 � 81.65 � 114.01 � 120.89
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From a �rst observation of the table, it is obvious that the non-relativistic L�evy-
Leblond Hamiltonian is not a good choice, when investigating a core property
like the contact density. It yields values which are one order of magnitude
smaller than those obtained from any relativistic Hamiltonian. The reference
for the comparison of the contact density is given by the four-component DC-
CCSD(T) values, which includes spin-orbit e�ects and electron correlation to
a su�cient amount. On the other hand, when neglecting spin-orbit e�ects, as
for the scalar-relativistic DKH(10,8) Hamiltonian, we shall compare the results
to the sfDC Hamiltonian. The e�ect of correlating only a part or all of the
core electrons, in addition to the valence electrons, is notsigni�cant (0.003 %)
for the absolute value of the contact density of the mercury atom, but can be
up to 2.5 % (HgF4) when considering contact densities relative to the atom.
Since all of our test systems, except for HgF, are closed shell systems we do not
expect correlation e�ects to have a large in
uence on the contact density. This
statement can be corroborated by an inspection of the Hartree{Fock result for the
mercury atom, which exhibits only a small deviation (compared to the absolute
magnitude of the contact density) from the CCSD(T) result. Consideration
of the results obtained from Hartree{Fock and all post Hartree{Fock methods
reveals a trend of a non-monotonous decrease of the contact density relative
to the atom along the series of mercury 
uorides, which can berelated to a
change in the populations of the 6s1=2 orbital of mercury. As can be seen
from Table 3.5, DFT overestimates the gross population of the 6s1=2 orbital of
mercury and does therefore not reproduce this trend.

Table 3.5: HF and DFT (LDA) electron con�guration and charge Q of mercury
(gross populations) are presented for the series HgFn (n=1,2,4) of mercury 
uorides.

HF LDA
HgF HgF2 HgF4 HgF HgF2 HgF4

5d 9.93 9.74 8.98 9.90 9.71 9.22
6s 1.08 0.68 0.48 1.36 0.97 0.61
6p 0.11 0.07 0.07 0.19 0.20 0.28
Q 0.88 1.51 2.47 0.55 1.12 1.89

A closer look on the Hartree{Fock contact densities leads tothe conclusion,
that spin{orbit e�ects should be included, because the error for contact density
obtained from the sfDC Hamiltonian reaches from approximately 1 % for the
absolute value up to 5 % (HgF4) for the ones relative to the atom. The two-
component X2C and the scalar-relativistic one-component DKH(10,8) Hamilto-
nian perform very good in comparison with the DC and the sfDC Hamiltonian,
respectively. We report a somewhat larger error for the DKH(10,8) result for
HgF, which is not further discussed here. The importance of the property
operator transformation in approximate one- or two-component frameworks is
highlighted by the PCE a�ected contact densities which are by more than a
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factor of two larger than the corrected ones. We �nish the analysis of Table 3.5
with a discussion of the DFT contact densities. All density functionals feature
contrary to the CCSD(T) refence values a monotonous decrease of the contact
density along the series of mercury 
uorides, as already mentioned above. The
error is for all functionals of similar magnitude (around 0.5 %). Only the LDA
functional exhibits an error (0.05 %), smaller by one order of magnitude, for
the contact density of the mercury atom,.

We continue with two aspects of the contact density within the DKH framework,
which we shortly discuss here.

Table 3.6: HF contact densities (Dyall TZ+2s1p basis set) for the mercury atom,
employing the DKH( n,m) Hamiltonian operator for n=9,10 and m=2{8. All values
are given in Bohr� 3.

m DKH(9, m) DKH(10, m)
2 2683978.79 2683955.51
3 2174488.75 2174467.89
4 2417897.48 2417875.53
5 2298423.81 2298402.37
6 2353435.48 2353413.83
7 2328725.13 2328703.57
8 2339783.41 2339761.81

First we present the Hartree{Fock contact densities for theDKH(9,m) and
DKH(10,m) Hamiltonian (m = 2 � 8) in Table 3.6, which indicate the conver-
gence behavior of the property transformation in the DKH framework. It can
clearly be seen that even orders of the property transformation approach the
in�nite-order result from above, whereas odd orders approach it from below.
The DKH(10,8) is su�ciently converged with respect to the sfDC result in
Table 3.5.

Table 3.7: DKH(10,8)-HF contact densities (ANO-RCC+2s1p basis set) relative to
the mercury atom for both, the fully decontracted basis set, and for the partially
decontracted (only s- and p-shells) basis set. All values are given in Bohr� 3.

Decontraction Hg HgF HgF2 HgF4

fully decontracted 2338434.57 � 106.85 � 130.33 � 103.18
s- and p-shells decontracted 2338434.26 � 106.87 � 130.38 � 103.06

Second, we want to point to the role of the contraction of the basis set. For
this study, we employed totally decontracted basis sets, but as can be seen
from Table 3.7, it is su�cient to decontract only the s- and p-shells of the basis
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sets. This can help to save computational time by introducing an error which
amounts to 0.01 %.

3.2.4 Comparison to the E�ective Density

The chemical isomer shift in M•ossbauer spectroscopy (see chapter 4) can in a
series of approximations be related to the contact density of the source and the
absorber nucleus. In the last step of this series, the e�ective density (electron
density integrated over the nuclear volume) is replaced by the contact density. In
this study, we reassessed this approximation by calculating the e�ective density
for the series of mercury 
uorides. In Table 3.8 we present a comparison of the
e�ective density and the contact density along the series ofmercury 
uorides,
relative to the mercury atom.

Table 3.8: Contact and e�ective densities di�erences relative to the Hg atom
(HF/QZ+2s1p). All values are in atomic units a� 3

0 .

contact density e�ective density
HgF -114.54 -103.05
HgF2 -127.85 -115.01
HgF4 -98.09 -88.22

As can be seen, the e�ective density is always larger than thecontact density
by an order of 10 %. The systematic nature of this di�erences allows for the
suggestion to include this di�erence in a correction factorfor the calculation of
the chemical isomer shift, as proposed by Neese [193,194].

3.2.5 Conclusion from the Study on Mercury Fluorides HgF n (n =
1, 2, 4)

In this study on the contact density of mercury 
uorides HgFn (n = 1, 2, 4),
we present benchmark results obtained from sophisticated correlation methods
employing the fully relativistic Dirac{Coulomb Hamiltonian and in addition
many results for approximative relativistic Hamiltonians with a focus on the
Douglas{Kroll{Hess framework, for which we analyzed the convergence behavior
of the property operator transformation and the in
uence ofcontraction of the
basis set on the contact density. As the most important observation, we report
a non-monotonous decrease in the contact density along the series HgFn (n =
1, 2, 4) of mercury 
uorides, for all results obtained from Hartree{Fock and
post Hartree{Fock methods. This trend can be attributed to achange in the
population of the 6s1=2 orbital of mercury. Due to an overestimation of the
6s1=2 population of mercury, the DFT results favor a monotonous decrease of
the contact density along the series of mercury 
uorides, which is in contradic-
tion with the CCSD(T) results.
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Furthermore, we investigated the stability of HgF4 by considering the elimination
of di
uoride in the gas phase. The CCSD(T) calculations predict the reaction
to be endothermic by 31 kJ/mol (DFT results: � 50{60 kJ/mol, depending on
the choice of the exchange{correlation functional) and therefore not favored.
In a last paragraph, we reassess the approximation of the e�ective density by
the contact density for the calculation of chemical isomer shifts in M•ossbauer
spectroscopy. The comparison of the contact density to the e�ective density
reveals that the contact density systematically overestimates the contact density
by an order of 10 %. This systematic error could be included ina correction
factor for the calibration of contact densities for the calculation of chemical
isomer shifts.

3.3 Gold Hydrides and Fluorides

After having studied mercury, we take one step back in the periodic table of
the elements and consider the element gold, which is also perfectly suited to
investigate relativistic e�ects. For a detailed review on the theoretical chem-
istry of gold and its complexes, we refer to a collection of three large reviews
by Pyykk•o [195{197], where he collects theoretical results for many di�erent
gold compounds. The197Au isotope is M•ossbauer active and therefore subject
to numerous experimental M•ossbauer studies [198{208]. Inorder to provide
theoretical results which can be correlated to the experimentally determined
chemical isomer shifts (see chapter 4) it is important that we are able to cal-
culate accurate contact densities for gold species. As the insights gained from
the study on mercury cannot simply be transferred to gold complexes without
further considerations, we start again with a basis set study on the bare atom,
in order to assess an augmentation scheme for Dyall's triple-� and quadruple-�
basis sets. We then investigate the small gold complexes AuH, AuH3, AuF and
AuF3 by comparing the performance of several exchange{correlation functionals
against Dirac{Hartree{Fock reference values. The overallfocus of this study
lies on the structure dependence of the contact density, which we analyze in
detail for both gold 
uorides in the context of the DKH framework.

3.3.1 Methodology

The DHF calculations on the gold atom for calibration of the basis set were
performed with the numerical atomic structure programGRASP [209]. All
other DHF calculations were, in analogy to the mercury study, performed with
DIRAC8 [181], employing the triple-� and quadruple-� basis sets of Dyall. All
DKH calculations were performed with a locally corrected version (see appendix
C) of the MOLCAS 7.6 [43] software suite, employing the ANO-RCC basis
sets with decontracteds� and p� shells. Considering the quality of the grid,
the .ULTRAFINE (DIRAC8 ) and the LMG (MOLCAS ) option were chosen
to ensure that it is su�ciently dense in the core region. These options imply
the use of the radial integration scheme developed by Lindh,Malmqvist and
Gagliardi [185], which performs a two-dimensional Lebedevangular integration.
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The geometries of the small gold complexes AuH [210], AuF [211] and AuF3

[212] were taken from experimental studies, whereas the geometry for AuH3

was obtained from a theoretical study of Balabanov and Boggs[213], who
optimized it in a CCSD(T) calculation, employing Stuttgart ECPs [214, 215].
Visual representations of the geometries were rendered with PyMOL [216,217].
Additional geometry optimizations for the second part of this study were carried
out for AuF and AuF3, employing several DFT functionals (LDA [93, 169],
BP86 [101, 218], BLYP [94, 100, 170], B3LYP [100, 171, 172], CAMB3LYP [173]
PBE [174], PBE0 [175], B97D [219]) with theTurbomole 6.3.1 [103, 104]
software suite, employing a small core ECP [214, 215] in combination with a
valence basis set for gold, and def2-TZVPP basis sets [220] for all other atoms.
In order to ensure that the obtained structures are minima onthe potential
hyper surface, frequency analyses of the optimized structures were carried out
with the SNF 4.2.1 [221] software suite.

3.3.2 Contact Density for Small Gold Compounds

Visual representations of the small gold complexes AuH, AuH3, AuF and AuF3

containing all important structural parameters as bond lengths and angles are
presented in Fig. 3.2. To assess a suitable augmentation scheme for the Dyall
triple- � and quadruple-� basis sets, we performed a basis set calibration study
on the electron density at the innermost grid point� IGP , because the contact
density is not available in GRASP . We augment the basis set in an even
tempered fashion by steeps- and p- functions to compare its results afterwards
to the numerical data.

Figure 3.2: Visual representations of the structures for AuH, AuH3, AuF and AuF 3,
containing structural parameters from Refs. [210{213].
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The results of our basis set study are reported in Table 3.9. The largest change
for � IGP can be attributed to the addition of the �rst steep s- function, which
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increases its value by more than 1%, but is too large, as can beseen by
comparison with the numerical result. By adding the �rst steep p-function, the
value of � IGP further increases.

Table 3.9: Electron density for the gold atom at the innermost grid point � IGP

(which is a good approximation for the contact density), calculated with GRASP
for di�erent augmentation schemes of the Dyall triple-� and quadruple-� basis sets.
All values are given in Bohr� 3.

add. func. Dyall TZ Dyall QZ
{ 2151913.64 2152874.19
1s 2183332.60 2184264.86
1s1p 2184532.53 2184432.15
2s 2179856.91 2180794.91
2s1p 2181056.83 2180962.20
2s2p 2180897.63 2180999.35
3s 2181261.97 2182197.06
3s1p 2182461.89 2182364.34
3s2p 2182302.69 2182401.49
numerical 2181911.49

Adding more tight functions makes� IGP oscillating around the numerical ref-
erence value. A su�cient agreement with the numerical valueis obtained for
a +2s1p augmentation scheme (s- exponents: 8.7630004E+08, 2.3322497E+08,
p-exponent: 1.2912619E+08). We proceed with the HF and DFT contact den-
sities for the gold complexes AuH, AuH3, AuF and AuF3, which are presented
in Table 3.10. Because all gold complexes under investigation are closed-shell
systems, we expect them to be dominated by a single con�guration (Slater
determinant) such that correlation e�ects can be neglectedand Hartree{Fock
should give good reference values. Similar to the study on the mercury 
uo-
rides, all density functionals, except LDA give very poor results for the absolute
contact density, which is somewhat counter-intuitive, because one would expect
the density functionals that include gradient correctionsor even information on
the molecular orbitals (occupied and/or virtual) to give more accurate results
than those of local density approximation. The error for theLDA functional is
in the case of the gold hydrides almost an order of magnitude smaller than for
all other density functionals. The hybrid functional B3LYP performs slightly
better than the GGA ones. For many applications, not absolute but relative
contact densities are important. Considering the contact density di�erences
between AuH3 and AuH as well as between AuF3 and AuF, it becomes clear
that the situation is even worse than for the absolute contact densities, with
respect to the magnitude of the error.
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Table 3.10: HF and DFT contact densities for the gold complexes AuH, AuH3, AuF
and AuF3, employing the Dyall TZ+2s1p basis set in combination with the fully
relativistic DC Hamiltonian. All values are given in Bohr � 3.

Method AuH AuH 3 � AuH ;AuH 3 AuF AuF 3 � AuF ;AuF 3

HF 2181122.76 2181130.98 8.22 2181033.30 2181087.27 53.97
LDA 2180003.25 2180004.10 0.85 2179929.05 2179942.17 13.12
BP86 2190124.87 2190125.57 0.70 2190053.74 2190064.70 10.96
BLYP 2190023.51 2190023.67 0.16 2189954.42 2189964.09 9.67
PBE 2189117.78 2189118.87 1.09 2189046.13 2189057.87 11.74
PBE0 2187108.15 2187110.31 2.16 2187028.83 2187050.30 21.46
B3LYP 2187439.08 2187439.95 0.87 2187363.37 2187380.75 17.38
CAMB3LYP 2188305.70 2188306.43 0.73 2188225.40 2188249.27 23.87
SAOP 2190734.90 2190736.71 1.81 2190639.70 2190664.34 24.64

For most functionals, the error in the contact density di�erence is larger than
the di�erence itself. Surprisingly the LDA functional, which gives the most
accurate DFT values for the absolute contact density, yields very erroneous
relative contact densities, whereas for two of the hybrid functionals (PBE0,
SAOP), the situation is reversed. The reason for this behavior lies in the fact
that the absolute value is dominated by conserved core contributions, while the
relative contact densities are sensitive to the valence shell for which the modern
functionals are optimized.

3.3.3 Structure Dependence of the Contact Density

The structure of a molecule depends on many di�erent factors, as, for instance,
on the electronic state, the environment and so on. In quantum chemistry, when
performing calculations, this is mostly done for a single molecule in the ground
state without taking into account the environment (solvent, crystal) at all.
Usually structural parameters are taken from experiment (X-ray crystallographic
data), if available. If no experimental data is available, the structure is optimized
in a calculation, employing di�erent methods depending on the system size.
For larger molecules density functional theory is often theonly feasible method.
Contemporary DFT introduces errors into the description ofelectron exchange
and correlation phenomena, which a�ects the electronic energy of a structure
and therefore also the structure optimization itself. The size of these errors is
hard to estimate. For studying the dependence of the contactdensity on the
structural parameters as, for instance, on the bond length,we chose AuF and
AuF3 as test systems. We optimized the structures withTurbomole 6.3.1
for di�erent exchange{correlation functionals. The results of these structure
optimizations are presented in Table 3.11. As can be seen by inspection of the
results, the errors with respect to the experimental value is of the order of 2{5
picometers. As a rule of thumb, structures obtained from DFToptimizations
exhibit errors in a range of� 2{10 picometers with respect to the experimental
value when transition metal atoms are involved. We therefore investigate, how
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the contact density for the DKH(4,4) Hamiltonian changes with respect to a
modi�cation of the Au{F bond length by a few picometers. As a reference value
for Hartree{Fock we take the experimental value, whereas weuse bond lengths
from Table 3.11 as a reference value for the DFT part of the study.

Table 3.11: Structural parameters for AuF and AuF 3. In order to compare with the
literature data, both structures were optimized with Turbomole 6.3.1 employing
di�erent density functionals.

Molecule AuF AuF 3

Functional Au{F1 [ �A] Au{F1 [ �A] Au{F2,3 [ �A] F2{Au{F3 [ � ]
B3LYP 1.950760 1.889631 1.908158 171.646
BLYP 1.965266 1.921845 1.937957 169.764
BP86 1.943045 1.900727 1.919843 170.226
LDA 1.896760 1.861917 1.885142 171.192
PBE 1.944392 1.900738 1.919914 170.380
B97D 1.952448 1.903575 1.921170 170.296
Exp. 1.918449 1.893 1.913 155.0

Figure 3.3: DKH(4,4) HF contact densities for AuF (blue) and AuF 3 (red) for the
experimental bond length, indicated by the zero point of the x-axis and for distorted
geometries, where the experimental bond length was varied by � 6 pm to +6 pm
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In the case of the linear AuF molecule, we change the Au{F bondlength by
� 6 pm to +6 pm in steps of 1 pm. For the AuF3 molecule, which is of C2v

symmetry, the bond lengths were also symmetrically distorted by � 6 pm to
+6 pm in steps of 1 pm. We performed the analysis for Hartree{Fock and
three density functionals (LDA, BLYP and B3LYP). The results are depicted
in Figures 3.3, 3.4, and 3.4.
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Figure 3.4: DKH(4,4) B3LYP contact densities for AuF (blue) and AuF 3 (red) for
the Au{F bond length obtained from the B3LYP structure optim ization, indicated
by the zero point of the x-axis and for distorted geometries, where the experimental
bond length was varied by � 6 pm to +6 pm
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Figure 3.5: DKH(4,4) BLYP contact densities for AuF (blue) and AuF 3 (red) for
the Au{F bond length obtained from the BLYP structure optimi zation, indicated
by the zero point of the x-axis and for distorted geometries, where the experimental
bond length was varied by � 6 pm to +6 pm
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Figure 3.6: DKH(4,4) LDA contact densities for AuF (blue) and AuF 3 (red) for
the Au{F bond length obtained from the LDA structure optimiz ation, indicated by
the zero point of the x-axis and for distorted geometries, where the experimental
bond length was varied by � 6 pm to +6 pm
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From an inspection of the three Figures, it is obvious that the contact density
behaves almost linear in the region of� 6 picometers around the reference value
for the bond length. In order to evaluate the change in the contact density
per picometer, we performed linear regressions for the available datasets of the
contact density, resulting in a �t function of the form

� (0) = � � � d + � (3.7)

with d denoting the bond length (in �Angstrom), � the change in the contact
density per �Angstrom and � the intersection with the vertical axis plus the
constant value of 2226710 Bohr� 3. The results of the linear regression are
reported in Table 3.12.

Table 3.12: Linear regression parameters for the datasets obtained within the study
on the structure dependence of the contact density.

AuF AuF3

� [Bohr� 3� �A � 1] � [Bohr� 3] � [Bohr� 3� �A � 1] � [Bohr� 3]
HF 237.06 2227186.78 169.80 2227113.26
LDA 192.08 2227091.53 165.33 2227051.51
BLYP 164.65 2245792.22 146.21 2245767.55
B3LYP 182.73 2241275.43 166.37 2241265.95
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For AuF, the change in the contact density per picometer is larger for the HF
result (2.37 Bohr� 3/pm) than for the DFT ones (1.65{1.92 Bohr� 3/pm), hardly
depending on the choice of the exchange{correlation functional. For AuF3 we
�nd no signi�cant di�erence between the HF result (1.70 Bohr� 3/pm) and the
DFT results (1.46{1.66 Bohr� 3/pm). Compared to the absolute magnitude of
the contact density, the change caused by distortion of the structure is negligible
at all. When considering the contact density di�erence between AuF and AuF3

(which is approximately 50 Bohr� 3 for the DHF reference from Table 3.10) a
change of 2:37� 1:70 = 0:67 Bohr� 3/pm can become signi�cant. It corresponds
to more than 1 % of the relative contact density and can therefore become
important, when relative contact densities are utilized tocalculate for instance
chemical isomer shifts in M•ossbauer spectroscopy.

3.3.4 Conclusion from the Study of Gold Hydrides and Fluorid es

We started our study with a basis set calibration for the Dyall triple- � and
quadruple-� basis sets, which results in an augmentation scheme adding two
tight s- and one tight p-function. With the augmented basis sets, we performed
a contact density study on the gold hydrides (AuH, AuH3) and the gold 
uo-
rides (AuF, AuF3), where we compared the results of several density functionals
against Dirac{Hartree{Fock reference values. We arrived at the conclusion that
DFT yields poor results for both, the absolute and the relative contact density.
Within the range of density functionals, LDA exhibited the smallest error for
absolute contact densities, whereas all functionals produce signi�cant errors for
contact density di�erences, larger than the contact density di�erence itself.

In the second part, we investigated the structure dependence of the contact
density within the DKH framework. Plots of the contact density as a function
of the Au{F bond length were presented that revealed a linearbehavior of the
contact density within a range of � 6 pm around the `optimal' bond length.
Through a linear regression, the change in contact density per picometer could be
determined for the HF results, as well as for three di�erent exchange{correlation
functionals (LDA, BLYP, B3LYP). We found that the structure dependence of
the contact density is not signi�cant, when considering absolute contact density
values, but one must be careful when calculating relative contact densities,
because the error due to a distortion of the structure can be up to 1 % per
picometer, which can be signi�cant, depending on the type ofapplication one
requires the contact density for.

3.4 Contact Spin Density

As a last aspect in the chapter on the contact density, we shortly discuss the
contact spin density (CSD), which is de�ned as the di�erenceof the � - and
� -electron density at the position of the nucleus

� CSD = � � (0) � � � (0): (3.8)
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The contact spin density is an important chemical descriptor in the model theory
of electron paramagnetic resonance (EPR) spectroscopy, where it is used to cal-
culate the Fermi contact interaction (FCI), which describes the isotropic part of
the spin{spin coupling. A proper description of the hyper�ne structure of heavy
atoms dates back to Breit [222,223]. The Fermi contact interaction was origi-
nally derived from a transformation of the four-component Dirac Hamiltonian
to the two-component Pauli Hamiltonian. For a comprehensive review on the
calculation of EPR parameters, we refer to a collection, edited by Kaupp [224].
An extended review on the origin and calculation of the Fermicontact interac-
tion has been given by Kutzelnigg [225]. The treatment of EPRparameters in
a fully relativistic framework or in an approximate two-component framework
is in detail described by Harriman [226]. Relativistic analogs for the Fermi con-
tact interaction for the ZORA Hamiltonian are discussed by Autschbach and
Ziegler [227].



4. M•ossbauer Spectroscopy

In this chapter, we shall review the theoretical foundations of M•ossbauer spec-
troscopy, followed by a detailed study on a set of 14 iron complexes containing
various types of ligands.

4.1 Introduction

Molecular properties of heavy element compounds are known to be a�ected by
relativistic e�ects [77,228,229], especially if they are probed at a heavy atomic
nucleus. One such property is the contact density, i.e., theelectron density
at the center of an atomic nucleus (see chapter 3 of this thesis). The contact
density can be related to the chemical isomer shift [230{235] that is observed
in M•ossbauer spectra if the frequency of the
 -radiation absorbed by a nucleus
(absorber nucleus) in a solid is not equal to the one emitted by a source nucleus
of the same element.

Figure 4.1: Schematical representation of the M•ossbauer isomer shift� as the energy
di�erence between two nuclear transitions with the energies ES and EA .

SE EA

EAd= SE  - 0

d

shift in the spectrumsource absorber

Rephrased in terms of relative energy, the energy di�erencebetween ground and
excited states of the absorbing compound is di�erent from that of the emitting
compound (see Fig. 4.1). This relative energy shift is usually expressed in terms
of the speed of the source relative to the absorber which creates the Doppler
shift necessary to bring the emitter and absorber into resonance.

Each of these energies can be calculated as the electrostatic interaction between
electronic and nuclear charge distributions in the particular states. However,
usually some well-investigated approximations are made inorder to reduce the
energies to descriptors like the contact density. First of all, one assumes that the
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change in electronic charge distribution for the ground andexcited nuclear states,
which are characterized bynuclear charge distributions of di�erent extension,
can be neglected. Then, it is assumed that the electronic charge distribution is
approximately constant over the size of the atomic nucleus and hence can be
described by a single value, namely by the contact density. For a homogeneously
charged, spherical nucleus, one then obtains a simpli�ed expression for the energy
di�erence � E IS due to the isomer shift,

� E IS =
2�
5

Z
�
nA (0) � nS(0)

� �
R?2

� R2
0

�
; (4.1)

wherenA (0) and nS(0) denote the contact density of the absorberA and source
S nuclei, while R? and R0 are the nuclear radii in the excited and ground states,
respectively. Z is the nuclear charge. Some authors (see e.g. Refs. [236,237]) de-
rive the isomer shift on the basis of the Poisson equation, �V spher = � 4�� (0), i.e.
from the potential V spher of a spherically averaged electronic charge distribution.

By employing an extended-nucleus model one may also go beyond the contact
density approximation and explicitly calculate the changein nucleus-electron
interaction corresponding to the nuclear transition measured in M•ossbauer
spectroscopy. This approach has been pursued by Filatov andco-workers
[158, 238{241] who introduce a di�erence in radius between the ground and
excited state nucleus as a �nite perturbation that can be used to numerically
di�erentiate the electronic energy. Another advantage is that such a �nite dif-
ference scheme is also applicable to methods for which it is di�cult to obtain
the relaxed density directly.

An alternative approach, that works well for light elements, is based on the fact
that the errors in the density arising from the approximation of the nucleus by
a point charge model, and by calculating the wave function ina non-relativistic
framework, are almost exclusively atomic in nature. This feature makes it possi-
ble to derive corrections that scale non-relativistic contact densities, calculated
with a GTO basis set and a point nucleus model, towards the true values.
Such a useful pragmatic approach to the isomer shift has beensuggested by
Neese [193,194] who employed non-relativistic density functional theory to cap-
ture valence-shell e�ects on the contact density, while thedi�cult-to-capture
atomic contributions were absorbed in �t parameters upon parameterization
against experimental results.

4.2 Theoretical Foundations of M•ossbauer Spectroscopy

The e�ect of recoilless nuclear resonance absorption of
 -rays has been discovered
and utilized by R. L. M•ossbauer during work for his doctoralthesis in Heidelberg
and Munich. Preliminary observations were reported by Kuhn[242] in 1929,
and later by Malmfors et al. [243] and Moon [244]. Kuhn published a negative
result, the absence of resonance lines, and drew the conclusion that too much
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energy is lost due to a recoil of the absorbing compound. Moonthen proposed to
introduce a moving source in order to shift the emission lineto reach resonance.
He could observe resonance lines for some of his samples, butnot for all of
them. As can be seen in Fig. 4.2, the recoil energy is inverse proportional to
the mass of the system under investigation.

Figure 4.2: Simpli�ed scheme of 
 -ray resonance process of two atoms.
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In solids, the recoil energy is transmitted via so-called phonons (lattice vibra-
tions). Because the mass in solid systems is huge, the recoilenergy is sometimes
too small for a phonon excitation (zero-phonon process). The probability of
such a zero-phonon process is given by the Debye{Waller factor f [234,245]

f (m; T; � D ) = exp
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3E 2
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+
�
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� D

� 2 Z � D =T

0

x
ex � 1

dx

#!

(4.2)

with E 
 denoting the energy of the
 -quantum, m the mass of the nucleus,
kb the Boltzmann factor, T the temperature and � D the Debye temperature.

 -ray resonance is observed only for zero-phonon processes.Since a zero-phonon
process is mandatory in order to observe resonance, M•ossbauer spectra cannot
be recorded for liquids or gases. Possible M•ossbauer probes are either solids
or frozen liquids. As already mentioned in the introduction, if the source
and absorber nucleus di�er in their chemical environment, the emission and
the absorption line in a spectrum are shifted apart from eachother (chemical
isomer shift). This shift can be measured by introducing a moving source (IS
shift was �rst measured by Kistner and Sunyar [246] in 1960).The speed of
the source is modi�ed, such that the emission line is shiftedby the Doppler
energy, until resonance is reached (see Fig. 4.3). Therefore, the chemical isomer
shift is in most publications expressed in units ofmm=s (Doppler velocity).
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Figure 4.3: Schematical representation of a M•ossbauer experiment.
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The corresponding energy di�erenceE IS is hence calculated from the Doppler
velocity vD by multiplication of a conversion factor

E IS =
E 


c
� vD (4.3)

with E 
 denoting the energy of the
 -quantum and c the speed of light. The in-
troduction of the moving source allows the measurement of tiny relative energies,
which makes M•ossbauer spectroscopy one of the most sensitive spectroscopic
techniques known. Furthermore, M•ossbauer spectroscopy provides information
on the environment of the active nucleus, such as oxidation state and spin state,
local symmetry and the size and direction of the intrinsic e�ective magnetic
�eld. If an element is M•ossbauer active or not, depends on the Debye{Waller
factor f (probability for zero-phonon processes) and on the availability of sources
which produce an excited nuclear state of the element of interest. The latter
problem can be circumvented by the use of synchrotron radiation as a source.
Nowadays 100 di�erent 
 transitions in 80 Isotopes of 43 elements have been
employed to record M•ossbauer spectra. Among those,57Fe is the most promi-
nent M•ossbauer active nucleus. It has a large Debye{Wallerfactor and plays
a major role in biological systems (metalo-enzymes) as wellas in material design.

From a theoretical point of view, it is of great importance tobe able to calculate
the energies of the nuclear transitions as accurate as possible. In order to achieve
this goal, di�erent factors that lead to splittings of the nuclear energy states,
as for instance hyper�ne interactions, have to be considered:

� electric monopole interaction (chemical isomer shift)

� electric quadrupole interaction (quadrupole splitting)

� magnetic dipole interaction (nuclear Zeeman e�ect)

For the derivation of the hyper�ne interactions and throughout, we shall use
atomic units. The electrostatic interaction between a nuclear charge distribution
� n(r ) (such that

R
� nd3r = Z ) and the Coulomb potential V(r ) caused by the

environment of the nucleus is given as

Eel =
Z

� n(r )V(r )d3r; (4.4)
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and is a good starting point for the derivation of the splitting of nuclear energy
states by hyper�ne interactions. Following G•utlich et al. [234,245], we perform
Taylor series expansion of the potentialV (r ) around the position r 0 = (0 ; 0; 0)

V(r ) = V(r 0)
| {z }

V0

+
3X

i =1

�
@V
@ri

�

0

r i +
1
2

3X

i;j =1

�
@2V

@ri @rj

�

0

r i r j + � � � : (4.5)

Insertion of the expansion into Eq. (4.4), yields

Eel = ZV0 +
3X

i =1

�
@V
@ri

�

0

Z
� n(r )r i d3r (4.6)

+
1
2

3X

i;j =1

�
@2V

@ri @rj

�

0| {z }
Vij

Z
� n(r )r i r j d3r + � � � (4.7)

Here, the mixed second derivatives of the potentialV(r ) with respect to the
coordinatesr i and r j denote the electric �eld gradient tensorV = f Vij g (EFG)

Vij =
Z

� (r ) �
�

3 � r i � r j � � ij r 2

r 5

�
d3r (4.8)

where � (r ) stands for the electron density. Because contributions higher than
second order are very small, the expansion can be truncated after second or-
der. The �rst term ZV0 describes the interaction of the electrons with a point
charge at the center of the nucleus and is therefore not of interest. The second
term corresponds to the electric dipole interaction that vanishes due to sym-
metry considerations because atomic nuclei do not possess an electric dipole
moment [247]. The only term left over is the second order term, which can be
simpli�ed by performing a principal axes transformation, such that the electric
�eld gradient tensor becomes diagonal,

E (2)
el =

1
2

3X

i =1

Vii

Z
� n(r )r 2

i d3r: (4.9)

The integral in the energy expression can be separated into an isotropic and
an anisotropic contribution

E (2)
el =

1
2

3X

i =1

Vii

Z
� n(r )

�
r 2

i �
r 2

3

�
d3r +

1
6

3X

i =1

Vii

Z
� n(r )r 2d3r: (4.10)

By evaluating the isotropic contribution and employing Poissons di�erential
equation (� V(r ))0 = 4 � �� (0) to the electric �eld gradients, we can simplify
the second term of the energy expression in order to yield

1
6

3X

i =1

Vii

Z
� n(r )r 2d3r =

2
3

�� (0)Z


r 2

�
: (4.11)
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From the �rst term of Eq. (4.10), we obtain the principal components Qii

Qii =
Z

� n(r )
�
3r 2

i � r 2
�

d3r (4.12)

of the nuclear quadrupole moment (NQM) tensorQ. Coming back to the energy
expression, after all modi�cations we arrive at

E (2)
el = �

2
3

�� (0)Z


r 2

�
+

1
6

3X

i =1

Vii � Qii = E I + EQ (4.13)

The energyE I � �E of the nuclear monopole interaction gives rise to the chemi-
cal isomer shift, whereas the energyEQ corresponds to the quadrupole splitting.

The energy for a nuclear transition from an excited state (e) to the ground
state (g) is given by

� E = ( �E )e � (�E )g =
2
3

�Z� (0)
h


r 2
�

e
�



r 2

�
g

i
; (4.14)

with hr 2i e being the mean square radius of the excited state andhr 2i g the mean
square radius of the ground state. The isomer shift� between a source and an
absorber reads therefore

�E = (� E)A � (� E)S =
2
3

�Z [� A (0) � � S(0)]
h


r 2
�

e
�



r 2

�
g

i
; (4.15)

and hence� A (0) and � S(0) denoting the contact density of the absorber and
the source nucleus. Because the exact nuclear charge distribution of an atomic
nucleus is not known, we assume a nucleus of spherical symmetry with radius
R and a constant charge density over the nuclear volume� n (r ) = 3 Z=4�R 3.
With this assumption, we can evaluate the mean square radii as hr 2i = 3=5R2

and obtain the following expression

�E =
2
5

�Z [� A (0) � � S(0)] (R2
e � R2

g): (4.16)

Since the change of the atomic radius in the nuclear transition between an
excited and the ground state is very small, we make a further assumption by
setting Re+ Rg � 2R and Re � Rg � �R arriving at the well known �nal formula
for the chemical isomer shift,

�E =
4
5

�ZR 2 [� A (0) � � S(0)]
�

�R
R

�
: (4.17)

The resulting Doppler velocity is then given as

vD =
c

E 


4
5

�ZR 2 [� A (0) � � S(0)]
�

�R
R

�
: (4.18)

The change of the nuclear radius can be obtained from experiment, such that
it is possible to determine the chemical isomer shift from the contact density
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di�erence of the source and the absorber compound.

An alternative approach to calculate the chemical isomer shift in M•ossbauer
spectroscopy within the framework of density functional theory was proposed
by Filatov and Kurian [238,239,241]. For their purpose, theelectronic energy
is expanded in a Taylor series

� E 
 =
@Eel(R)

@R

�
�
�
�
R= R0

� R +
1
2

@2Eel(R)
@R2

�
�
�
�
R= R0

(� R)2 + � � � (4.19)

By truncating the series expansion after the linear term andinsertion into
Eq. (4.15), the �nal expression for the isomer shift is givenas

� =

 
@Eael(R)

@R

�
�
�
�
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�
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@R

�
�
�
�
R= R0

!

� R: (4.20)

Both approaches can be related to each other by straightforward evaluation of
the derivatives with respect toR.

4.3 M•ossbauer Spectroscopy for Iron Compounds

Among all known M•ossbauer active nuclei,57
26Fe is the most prominent one.

G•utlich et al. [234] stated already in 1978 that more than 90 % of the thou-
sands of publications on M•ossbauer spectroscopy are related to iron compounds.
Iron is of great importance in biochemical studies, becauseit is essential for
life, which can be corroborated with a citation from Ref. [248],

\Among those elements essential for life, iron enjoys a status of extraordinary im-
portance. It is involved in storage and transport of oxygen,in electron transport,
in the metabolism of N2 and H2, in the reduction of ribotides to deoxyribotides
(precursors of DNA), in oxidation and hydroxylation of a host of inorganic and
metabolites and, �nally, in the decomposition of utilization of hydrogen peroxide.
In spite of its abundancy in the earth's crust, the profound insolubility of the
ferric ion at neutral pH has demanded the evolution of special ligands which
can dissolve, transport and make available the element to aerobic organisms.
This a�ords yet another, for the most part relatively new, class of iron binding
molecules the function of which is the transport of iron itself ".

In addition to the many experimental studies available, iron is also subject to
theoretical bioinorganic studies, as for instance in the analysis of model systems
for metalo-proteins containing iron-sulfur clusters [249, 250]. M•ossbauer spec-
troscopy is perfectly suited as an analytical tool to investigate iron complexes,
due to its extraordinary high probability for zero-phonon processes (Debye{
Waller factor of Fe at room temperature,f � 0:91 [234,245]).
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4.3.1 Computational Details and Structures for Iron Compou nds Fe1{
Fe14

For this theoretical M•ossbauer study, we investigate a setof 14 iron compounds
(Fe1{Fe14), taken from Ref. [193] and optimized withTurbomole [103,104] by
Dr. G. Barone, employing the BP86 [101,218] exchange{correlation functional in
combination with the Ahrlichs TZVPP basis set [251]. The optimized structures
were then visualized withPyMOL [216,217] and are presented in Tables 4.3,
4.4 and 4.5. The selection of iron complexes covers di�erentoxidation states of
iron (+II, +III) as well as di�erent total charges (-4, -3, -2 , -1, 0, +1, +2, +3)
and a variety of spin multiplicities (1, 2, 5, 6), as can be seen from Table 4.1.
The Cartesian coordinates for these complexes can be found in Appendix A.
The focus of this study lies on the correlation between the contact density and
the experimentally determined chemical isomer shift for this set of the iron
compounds Fe1{Fe14.

Table 4.1: Chemical formulae, charges and spin multiplicities of iron com-
pounds 1-15. The acronym pyS4 denotes the dianionic ligand 2,6-bis-(2-mercapto-
phenylthiomethyl)pyridine.

compound chemical formula charge spin multiplicity � (exp.)
Fe1 Fe(II)(H 2O)6 +2 5 1.39 mm/s [252]
Fe2 Fe(II)Cl 4 � 2 5 0.90 mm/s [253]
Fe3 Fe(III)(H 2O)6 +3 6 0.50 mm/s [252]
Fe4 Fe(III)F 6 � 3 6 0.48 mm/s [254]
Fe5 Fe(II)(SCH3)4 � 2 5 0.65 mm/s [255]
Fe6 Fe(III)Br 4 � 1 6 0.25 mm/s [253]
Fe7 Fe(III)Cl 4 � 1 6 0.19 mm/s [253]
Fe8 Fe(II)(pyS4)(PH 3) 0 1 0.34 mm/s [256]
Fe9 Fe(II)(pyS4)(NO) 0 2 0.33 mm/s [256]
Fe10 Fe(III)(SCH3)4 � 1 6 0.25 mm/s [255]
Fe11 Fe(II)(pyS4)(CO) 0 1 0.19 mm/s [256]
Fe12 Fe(III)(pyS4)(NO) +1 1 0.04 mm/s [256]
Fe13 Fe(II)(CN) 6 � 4 1 � 0.02 mm/s [254]
Fe14 Fe(III)(CN) 6 � 3 2 � 0.13 mm/s [254]

All calculations of the contact density were performed witha locally corrected
(see Appendix C) version ofMOLCAS 7.6 [43]. We employed the B3LYP
[100,171,172] exchange{correlation functional in both, the non-relativistic and
the scalar-relativistic DKH(4,4)-DFT calculations. The correlation diagrams
were obtained from the mathematics softwareMathematica [102]. Consider-
ing the basis sets for the calculation of the contact density, we follow the rec-
ommendations of Neese given in the computational details section in Ref. [193].
For smaller ligands Neese recommends the Ahlrichs TZV(P) basis set, whereas
he uses smaller basis sets for iron complexes containing pyS4 ligands. Since,
Neeses description of the smaller basis set is somewhat ambiguous (

"
a basis
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set of polarized double zeta quality\), we decided to use theAhlrichs pVDZ
basis set. For anions, the basis sets are augmented with one set of di�use s-
and p-functions (Pople-style di�use functions) [257]. Neese developed [193] an

Table 4.2: Size of the ligand basis sets. Polarization functions were omitted for
hydrogen. The notation +2D represents the augmentation of the basis set by one set
of di�use s- and p-functions. Note that the values in parentheses give the number
of primitive basis function, whereas the values in bracketsrepresents the number of
contracted basis functions.

Element pVDZ TZVP TZVP+2D
H (4s)! [2s] (5s)! [3s] {
C (7s4p1d)! [3s2p1d] { (12s7p1d)! [6s4p1d]
N (7s4p1d)! [3s2p1d] { (12s7p1d)! [6s4p1d]
O (7s4p1d)! [3s2p1d] (11s6p1d)! [5s3p1d] (12s7p1d)! [6s4p1d]
F { { (12s7p1d) ! [6s4p1d]
P (10s7p1d)! [4s3p1d] { {
S (10s7p1d)! [4s3p1d] { (15s10p1d)! [6s5p1d]
Cl { { (15s10p1d) ! [6s5p1d]
Br { { (18s14p7d) ! [7s6p3d]

iron basis set for the calculation of spectroscopical properties, which is based
on the Ahlrichs DZ basis set [258]. The s-part is completely decontracted and
augmented with 3 additional steep functions (5478814.4698437, 2191525.7879375
and 876610.31517500). In addition, the p-part is augmentedby two additional
functions with Wachters exponents (0.13491500000, 0.04184300000). The d-part
is already of triple-zeta quality and remains unchanged. Finally one polarizing
f-function (1.598000000) from theTURBOMOLE basis set library is added
All of the basis functions were obtained from the EMSL basis set exchange
library [259{261], except of the di�use function for the Bromine basis set [262]
and the basis set for iron.

To study the e�ects of a �nite nucleus and a relativistic treatment of the elec-
trons, we also performed calculations employing the scalar-relativistic DKH(n,m)
Hamiltonian in combination with a �nite nuclear charge distribution.

In order to ensure that the numerical integration grid is su�ciently dense in the
core region, theLMG option was chosen, which implies the use of the radial
integration scheme developed by Lindh, Malmqvist and Gagliardi [185], which
performs a two-dimensional Lebedev angular integration.
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Table 4.3: Structures of iron compounds Fe1{Fe6.

Fe1: [Fe(II)(H 2O) 6]2+ Fe2: [Fe(II)Cl 2�
4 ]

Fe3: [Fe(III)(H 2O) 6]3+ Fe4: [Fe(III)F 6]3�

Fe5: [Fe(II)(SCH 3)4]2� Fe6: [Fe(III)Br 4]�
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Table 4.4: Structures of iron compounds Fe7{Fe12.

Fe7: [Fe(III)Cl 4]� Fe8: [Fe(II)(pyS 4)(PH 3)]

Fe9: [Fe(II)(pyS 4)(NO)] Fe10: [Fe(III)(SCH 3)4]�

Fe11: [Fe(II)(pyS 4)(CO)] Fe10: [Fe(III)(pyS 4)(NO)] +
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Table 4.5: Structures of iron compounds Fe13 and Fe14.

Fe13: [Fe(II)(CN) 6]4� Fe14: [Fe(III)(CN) 6]3�

4.3.2 Contact Density and Correlation with the Isomer Shift s

In this section, we investigate the contact density and its correlation to experi-
mental isomer shifts. The contact density for the 14 iron compounds Fe1{Fe14
is presented in Table. 4.6.

Table 4.6: Contact densities for iron compounds Fe1{Fe14. The values presented
in a.) were taken by visual inspection of Fig. 1 in [F. Neese,Inorg. Chim. Acta
337, 181 (2002)], the ones in b.) from non-relativistic DFT calculations (B3LYP),
the ones in c.) from DKH(4,4)-DFT calculations (B3LYP).

Compound a.) [Bohr� 3] b.)[Bohr � 3] c.)[Bohr� 3]
Fe1 11814.5 11814.50 14380.43
Fe2 11815.5 11815.18 14381.33
Fe3 11816.5 11816.18 14382.51
Fe4 11816.6 11816.10 14382.44
Fe5 11816.1 11816.21 14382.65
Fe6 11816.9 11816.85 14383.46
Fe7 11817.0 11816.85 14383.43
Fe8 11816.8 11816.32 14382.76
Fe9 11816.9 11816.83 14383.49
Fe10 11817.2 11817.29 14384.02
Fe11 11817.3 11817.06 14383.69
Fe12 11817.6 11817.47 14384.19
Fe13 11818.4 11817.42 14384.10
Fe14 11818.4 11817.85 14384.63

The �rst row a.) contains values that were obtained from visual inspection
of Fig. 1 in Ref. [193]. Neese employs [193] a non-relativistic DFT scheme,
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calculating the contact density for a point charge representation of the nucleus.
For the calculation of the chemical isomer shifts, these contact densities must
be scaled with a correction factor, that accounts for relativistic and �nite-
nuclear e�ects via a scaling factorS(Z ), which depends on the nuclear charge
number. This scaling factor was originally derived by Shirley [159] from results
of the one-electron Dirac equations. Shirley tabulated thevalues for atoms up to
Z = 96. An updated set of scaling factors from Dirac{Hartree{Fock calculations
was later presented by Mallow and co-workers [75, 76]. For the calibration of
our results, we reproduced the contact densities of Neese, employing a locally
modi�ed version of the MOLCAS 7.6 quantum chemistry software package,
adapting all settings from Neese's work. The small di�erences in the results can
be attributed to di�erences in the grid and basis set that were employed. In
a next step, we keep the basis set, but change from a point charge nucleus to
an extended �nite nuclear charge distribution and employ the scalar-relativistic
DKH(4,4) Hamiltonian. These results are shown in c.) of Table. 4.6.

Figure 4.4: Correlation between the experimentally determined chemical isomer shift
and the calculated contact density for the iron compounds Fe1{Fe14. The contact
density was calculated in a non-relativistic DFT framework, employing the B3LYP
exchange{correlation density functional in combination with a basis set as described
in the computational details section.
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As can be seen by inspection of the contact densities, the introduction of a
�nite nucleus and a relativistic treatment of the electronsincreases the contact
density by around 20 %, whereas the di�erences between two arbitrarily chosen
compounds are conserved. The consequence for the correlation to the chemical
isomer shifts is discussed next.
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Correlation plots for the non-relativistic and the DKH(4,4) contact densities,
obtained from DFT calculations are shown in Figs. 4.4 and 4.5. Since the
Doppler velocity required to reach the resonance conditiondepends linearly on
the di�erence of the contact density of the emitter and the absorber nucleus,
there must be a linear correlation of the results, if for a series of measurements
a single emitter compound was used in combination with various absorber
compounds.

Figure 4.5: Correlation between the experimentally determined chemical isomer
shift and the calculated contact density for the iron compounds Fe1{Fe14. The
contact density was obtained from DKH(4,4) DFT calculation s employing the B3LYP
exchange{correlation density functional in combination with a basis set as described
in the computational details section.
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This gives rise to a simple linear scheme of the form

� = � � (� A
0 ) + �; (4.21)

as already proposed by Neese [193]. We therefore carried outlinear regressions
for the data of the correlation plots. For the non-relativistic results, the �t
function that was used in the correlation plot in Fig. 4.5 corresponds to

� = � 0:419122� (� 0 � 11800) + 7:3316 (4.22)

the quality of the �t is determined by the R factor, which amounts for the �rst
correlation plot to R = 0:9446. For the scalar-relativistic results, we obtain

� = � 0:330384� (� 0 � 14370) + 4:70451 (4.23)
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which corresponds toR = 0:9378. In both cases, the linear correlation is
obvious. It is counter-intuitive that the non-relativisti c results for a point
charge nucleus correlate better with the experimental isomer shifts, than those
obtained from DKH(4,4) Hamiltonian in combination with a �n ite nucleus. This
can be explained by the fact that the di�erence densities forarbitrarily chosen
compounds are conserved. The accuracy of the correlation between the contact
density and the chemical isomer shift relies therefore not solely on a reasonable
description of the core region, but rather on a good description of the valence
region and the accuracy of the grid, that is employed. These factors can lead
to subtle changes in the contact density di�erence for two arbitrarily chosen
compounds that worsen the correlation with the chemical isomer shifts.

4.3.3 Conclusion from the Study on M•ossbauer Spectroscopy of Iron
Compounds

In this section, we presented the theoretical foundations of M•ossbauer spec-
troscopy. We demonstrated, how the chemical isomer shift (in terms of energy
or of Doppler velocity) is calculated from the nuclear transitions of the emit-
ter and the absorber nucleus, which can then be approximatedby the contact
density. In a study on a set of 14 iron compounds, we investigated the linear
correlation between the contact density and the chemical isomer shift, obtained
from experiment, for contact densities obtained from both,non-relativistic and
scalar-relativistic DKH(4,4) DFT calculations. It should be mentioned, that
the e�ect of a scalar-relativistic treatment of the electrons for a �nite nucleus
leads to an increase of the contact density by about 20 %, whencomparing to
the non-relativistic results, but the di�erences between two arbitrarily chosen
compounds are conserved. These results provide the key conclusion that the
accuracy of the correlation between the contact density andthe chemical iso-
mer shift relies not solely on a reasonable description of the core region, but
rather on a good description of the valence region and the accuracy of the grid
employed.
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5. Density-Based Subsystem Theories

In this chapter, based on Refs. [263,264], we provide a detailed analysis of elec-
tron densities for a subsystem DFT approach, and present an iterative scheme
to construct kinetic-energy potentials for this approach.

The quantum chemical description of biomolecules is challenging because of the
the large size of such molecules. Such calculations also produce a large amount of
data, which becomes increasingly di�cult to interpret. Subsystem approaches,
in which a large system is divided into its constituting fragments, o�er a theo-
retical description which is not only more e�cient, but also provides a picture
that is much more accessible for a chemical interpretation (for recent reviews,
see Ref. [265,266]). Most prominent examples of such approaches are combined
quantum mechanics/molecular (QM/MM) mechanics schemes [267{271], which
allow one to focus on a speci�c region of interest, as well as methods for describ-
ing proteins in terms of their amino acid building blocks [272{274], in which
all subsystems are treated on an equal footing.

An early attempt for such an embedding approach was presented by Kim and
Gordon [275], and recently further developed by Iannuzzi, Kirchner and Hut-
ter [276]. We will study here a subsystem version of DFT, namely frozen-density
embedding (FDE), which was introduced by Senatore and Subbaswamy [277] in
1986 and later adapted by Cortona [278], who employed it to study properties of
solids within DFT. Wesolowski and Warshel [279] then extended the formalism
in 1993 such that it can also be applied to molecules partitioned into smaller
building blocks. The FDE scheme provides a subsystem description that is in
principle exact.

Therefore, the FDE scheme can be employed in two di�erent ways. First, it
can be used as an e�ective environment model by using an approximate frozen
density to model the environment [279, 280]. In this case, itis possible to
obtain an accurate description of an active subsystem of interest, but it will
in general neither be possible to correct for de�ciencies ofthe frozen density
nor to describe a polarization of the environment density. This strategy has,
for instance, successfully been applied to model solvent e�ects on molecular
properties [280{284] and to account for environment e�ectson free energies
in solution and in proteins [285{288]. Second, the FDE scheme can be used
as a subsystem alternative to conventional KS-DFT calculations by iteratively
exchanging the roles of the frozen and nonfrozen subsystemsin so-called freeze-
and-thaw cycles [289]. This allows the frozen density to change, so that in
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principle it should be possible to obtain subsystem densities that add up to
the correct total electron densities, even if the initial densities do not ful�ll the
required criteria. However, whether such a freeze-and-thaw procedure eventually
converges to the correct total density has recently been questioned [290]. Such
a subsystem DFT formulation can be generalized to time-dependent (TD) DFT
to allow for a description of coupled electronic excitations [291,292] as well as
the calculation of polarizabilities and other general response properties [293],
following the earlier work on TDDFT within the two-partitio n FDE context
[294, 295]. Of course, intermediate setups, in which only parts of the frozen
density are updated, are also possible [296].

5.1 Formalism

The density of the full N -electron system is partitioned into an `active' subsystem
� 1, and a second subsystem� 2, representing the environment (`frozen' subsystem)

� tot (r ) = � 1(r ) + � 2(r ): (5.1)

The total energy E tot [� tot ], appearing in Eq. (2.53), can then be rewritten as a
bifunctional [289] which depends on both subsystem electron densities � 1 and
� 2,

E tot [� 1; � 2] = ENN +
Z

d3r (� 1(r ) + � 2(r ))( vnuc
1 (r ) + vnuc

2 (r ))

+
1
2

ZZ
d3r d3r 0 (� 1(r ) + � 2(r ))( � 1(r 0) + � 2(r 0))

jr � r 0j
(5.2)

+ Exc[� 1 + � 2] + Ts[� 1 + � 2]; (5.3)

where vnuc
1 (r ) and vnuc

2 (r ) are the electrostatic potentials of the nuclei of the
subsystems.

Except of a few special cases, the subsystems cannot be expressed in terms
of canonical Kohn{Sham orbitals of the full system with the consequence that
the kinetic energy cannot be partitioned entirely. There always remains a term
which depends on both subsystem electron densities, the so-called non-additive
part of the kinetic energy

Tnadd
s [� 1; � 2] = Ts[� tot ] � Ts[� 1] � Ts[� 2]: (5.4)

Tnadd
s [� 1; � 2] is commonly approximated by a kinetic-energy density functional.

For a given environmental density (e.g., obtained from a KS-DFT calculation
of the isolated subsystem), the total energy bifunctional can then be minimized
with respect to the active subsystem by the use of the Lagrange method of
undetermined multipliers with the constraint that the number of electrons in
the subsystem is constant.
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The electron density� 1 can then be expressed in terms of canonical (subsystem)
Kohn{Sham orbitals,

� 1(r ) = 2
N1=2X

i=1

j (1)
i (r )j2: (5.5)

These orbitals can be evaluated by solving the Kohn{Sham equations with
constraint electron density (KSCED),

�
�

1
2

r 2
i + vKSCED

e� [� 1; � 2](r )
�

 (1)
i (r ) = " i 

(1)
i (r ) (5.6)

where the e�ective potential vKSCED
e� [� 1; � 2](r ) = vKS

e� [� 1](r ) + vemb
e� [� 1; � 2](r ) is

divided into a sum of a KS e�ective potential and an e�ective embedding
potential which read

vKS
e� [� 1](r ) = vnuc

1 (r ) +
Z

d3r 0 � 1(r 0)
jr � r 0j

+
�E xc[� 1]

�� 1

vemb
e� [� 1; � 2](r ) = vnuc

2 (r ) +
Z

d3r 0 � 2(r 0)
jr � r 0j

+
�E nadd

xc [� 1; � 2]
�� 1

+
�T nadd

s [� 1; � 2]
�� 1

: (5.7)

The FDE approach is in principle equivalent to KS-DFT, giventhat either the
exact expression for the non-additive kinetic energy or forthe corresponding
kinetic-energy potential are known. Because both of them are unknown, the
accuracy of FDE strongly relies on the choice of the approximate kinetic-energy
functional. In order to improve on the quality of the obtained electron density,
Wesolowski and co-workers [289] proposed the use of so-called freeze-and-thaw
cycles, in which the active and the frozen subsystems are exchanged in an
iterative fashion.

5.2 Early Studies

Since FDE has been proposed, a number of studies investigatethe accuracy of
FDE in an indirect way, in terms of criteria as for instance interaction ener-
gies [289,292,297{300], equilibrium geometries [301], solvent e�ects [280,281,283]
and molecular properties [293] like dipole moments [302{305] and ESR hyper-
�ne coupling constants [282,306]. A more detailed review onthe applications of
FDE can be found in Refs. [265,266,307{309]. However, only very few studies
analyze explicitly the electron density and compare them toreference electron
densities obtained from KS-DFT calculations on the full model system.

The �rst studies dealing with embedding electron densitieswere presented in
1996 by Stefanovich and Truong [310] who chose the Li+ � � � H2O complex as a
model system and compare the electron deformation density which is de�ned
as the di�erence between the total electron density and the sum-of-fragments



74 5. Density-Based Subsystem Theories

electron density for both FDE and KS-DFT results. Wesolowski et al. [297]
investigated the hydrogen bonded system (FH� � � NCH) presenting also electron
deformation densities. These publications contain only a brief discussion of the
electron densities and do not systematically analyze the in
uence of di�erent
factors on its accuracy.

The �rst more detailed study concerning the accuracy of the electron density
obtained from embedding calculations was presented by Kiewisch et al. [311].
This study focuses on a systematical investigation of di�erent factors like the
choice of the basis set, the use of supermolecular basis set expansion (including
basis functions, located at the positions of the nuclei of the frozen subsystem) for
the optimization of the active subsystem, the number of freeze-and-thaw cycles
and the choice of the exchange{correlation functional as well as the kinetic-
energy functional. In addition also the changes in the topology of the electron
densities were taken into account by analyzing the negativeLaplacian at the
bond critical points of the model systems, which can according to Bader [1]
be used to characterize the type of a chemical bond. The studyfocuses on
weakly bound systems, namely H2O� � � F� , F{H{F � and an adenine{thymine
DNA base pair, in which the subsystems are connected by hydrogen bonds
of di�erent strength. The study states that the choice of thekinetic-energy
functional, which is used for the approximation ofTnadd

s [� 1; � 2], plays only a
minor role, whereas the application of ghost basis functionleads to a signi�cant
improvement of the accuracy of the electron density. In general, FDE works
quite well for such weakly interacting model systems and theaccuracy which
is reached when applying an adequate supermolecular basis set in combination
with the PW91k kinetic-energy density functional is su�cient for many practi-
cal applications when about �ve freeze-and-thaw cycles areapplied. The major
part of the de�ciencies of the embedding density is located in the bonding
region, which contains the border between the subsystems, and arise due to
approximation of Tnadd

s [� 1; � 2].

5.3 FDE electron densities for coordination and ionic bonds

In this section, we further extend the scope of the study of Kiewisch et al. to
systems containing coordination bonds and ionic bonds, adopting the conditions
from the previous study by Kiewischet al. (PW91k, supermolecular basis set
and �ve freeze-and thaw cycles). Ammonia borane is chosen asa model system
for donor{acceptor bonds, whereas titanium tetrachlorideand chromium hex-
acarbonyl are incorporated to study ionic bonds of di�erentstrength.

All calculations for this electron density study were performed using the FDE
implementation [281, 296] in the Amsterdam Density Functional (ADF ) pack-
age [44, 45, 281]. The BP86 exchange{correlation functional [101, 218] and the
TZP basis set from theADF basis set library [44] were employed throughout
this work. In all FDE calculations, the supermolecular basis set expansion [298],
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in which the basis functions of both subsystems are employedto expand the sub-
system electron densities, was used. The electron densities of both subsystems
were relaxed in �ve freeze-and-thaw [289] cycles. The kinetic-energy component
of the embedding potential was approximated using the PW91kgeneralized-
gradient approximation (GGA) kinetic-energy functional, which has the same
functional form for the enhancement factorF (s) as the exchange functional of
Perdew and Wang [312], and which was parameterized for the kinetic energy
by Lembarki and Chermette [313]. The di�erence and deformation densities
are de�ned as � supermol � � frag and � supermol � � emb where � supermol denotes the
electron density obtained from the supermolecular KS-DFT calculation, � frag is
the superposition of the electron densities of the isolatedfragments, and � emb

is the electron density from the FDE calculation.

In the course of the present work, we discovered an inconsistency in the ADF
implementation of the PW91k functional for the spin-restricted case. Instead of
using s = jr � j=2�k F with kF = (3 � 2� )1=3 as the argument of the enhancement
factor F (s), 21=3s was employed yielding an enhancement factorF (21=3s). For
details on the de�nition of the PW91k functional and the corresponding expres-
sions for the spin-restricted and spin-unrestricted case,see Refs. [280,298,313].
This means that the PW91k functional used in previous application of the FDE
implementation in ADF e�ectively corresponds to a \scaled PW91k" functional
with the values A = 60:575, A1 = 0:074534,A2 = 0:16762, A3 = 0:0510025
A4 = 62:996, and B1 = 0:22925� 10� 4 for the parameters in the enhancement
factor instead of the original parameters by Lembarki and Chermette [313].
Since the magnitude of the gradient correction to the embedding potential is
rather small in most cases, the e�ect of these scaled parameters in F (s) does
not lead to signi�cant changes in molecular properties calculated in earlier
work. The changes in the electron densities and negative Laplacians reported
in Ref. [311] are� 0.01 e�A � 3 and < 0.1 e�A � 5, respectively. A re-evaluation of
the excitation energies calculated for 220 snapshots of acetone in water [280]
showed that the average deviation is smaller than 0.01 eV [314]. The changes in
the excitation energies reported for the structure in Figure 4 in Ref. [281] are of
the order of 0.001 eV. Similar results were also observed forexamples from the
study of pigment molecules in Ref. [292] and the test calculations presented in
Ref. [291]. For the water-in-water system investigated in Ref. [283], where both
the absolute excitation energies and the solvent shifts aresigni�cantly larger,
we found somewhat larger deviations of approximately 0.05 to 0.07 eV; the
relative errors in the solvent shifts are about 3 to 5 % and thus still very small.
The mean polarizabilities in this system change by less than0.1 a.u. For the
NMR shieldings of the bimolecular complexes studied in Ref.[315] deviations
of the order of 0.5 ppm are found.
The electron density and the negative LaplacianL(r ) were obtained on a grid of
points (step-size 0.01�A) from a locally modi�ed version of the DENSF -utility
program of the ADF package. The search for stationary points in the electron
density was performed with the programIntegrity [316]. The isocontour
plots of the di�erence densities andL(r ) were prepared using aMathematica
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script [317,318].
For the supermolecular and the embedding calculations, thecontour lines are
drawn at 2, 4, 8 � 10n e�A � 3 for n = 3, 2, 1, 0, � 1, � 2. For the di�erence
density, the contour lines are drawn at� 2, 4, 8 � 10n e�A

� 3
for n = � 1, � 2, � 3,

� 4. Blue dashed lines indicate negative values, red solid lines indicate positive
values and the black line corresponds to a zero di�erence.

5.3.1 Ammonia Borane

The �rst molecule that we analyze in this study is ammonia borane. For the
FDE calculation the molecule was divided into a BH3 and a NH3 fragment.
These two subsystems are connected by a dative bond with a bonding energy of
187.1 kJ/mol, which is comparable to F� H� F� , which was the most strongly
interacting system discussed in Ref. [311] with a bond energy of 185.9 kJ/mol.
In F� H� F� , the two subsystems are connected by a very strong hydrogen bond,
whereas in ammonia borane the interaction takes place between two uncharged
fragments that form a dative bond. The optimized structure of ammonia bo-
rane is shown in Figure 5.1a). The B� N distance is 1.66�A (exp.: 1.58�A [319]).

Contour plots of the electron density for the supermolecular and the FDE calcu-
lation are shown in Figures 5.1b) and c). The di�erence of thesupermolecular
density and the superposition of the isolated fragment densities is shown in
Figure 5.1d). Signi�cant changes upon bond formation can beobserved: The
electron density is increased in the bonding region and in the BH3 moiety,
whereas it is decreased around the nitrogen atom. An exception is a ring of
increased electron density around the nitrogen atom that isperpendicular to
the bonding axis. The di�erence of the supermolecular density and the density
from the FDE calculation is shown in Figure 5.1e). The di�erences on the
bonding axis are smaller than in Figure 5.1d), which means that FDE works
qualitatively correct and shifts electron density towardsthe bonding axis, al-
though there are still some de�ciencies. The dipole moment obtained from the
supermolecular calculation is 5.34 Debye. The sum of the dipole moments of the
isolated fragments is 2.08 Debye, and the FDE result is 6.75 Debye. FDE thus
reproduces changes in the dipole moment due to the formationof the dative
bond in a qualitative manner, but overestimates the reference value from the
supermolecular calculation.

The values for the electron density and the negative Laplacian at the BCPs
are shown in Table 5.1. The di�erence of the supermolecular density and the
superposition of the isolated fragment densities at BCP3, which is located at the
border of the two subsystems, is 0.2753 e�A � 3, which means that there are large
changes upon the formation of the bond. By comparing the coordinates of BCP3
, one notices that thex-coordinate of BCP3 is shifted towards the nitrogen atom
by the FDE scheme, whereas the other BCPs are almost unchanged. The shift
of 0.07�A for BCP3 is larger than the shifts that were observed in Ref.[311] in
the analysis of hydrogen-bonded systems with FDE. Regarding the di�erence
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density, one can observe that the value of the electron density from the FDE
calculation is too low in the region around H3, whereas in theregion around
H6, it is too high.
The di�erence density at BCP3 is an order of magnitude largerthan the dif-
ference density at BCP1 and BCP2, which are located in the center of their
corresponding fragments. Compared to the superposition ofthe isolated frag-
ment densities at BCP3 (0.4382 e�A � 3) we note that FDE works qualitatively
correctly but overcorrects the density in this region. Alsothe error in the
negative Laplacian at BCP3 di�ers considerably from the values of BCP1 and
BCP2. Compared to the analysis of hydrogen bonded systems inRef. [311], the
di�erence of the electron density in the boundary region of the two subsystems
is not very large, but the discrepancies in the negative Laplacian are more
pronounced. The sign of the negative Laplacian is an indicator for the type
of bonding in a molecule [1]. One would expect a positive signfor a covalent
bond, but not for a coordination bond. The negative Laplacian at BCP3 is
positive for FDE but negative for the supermolecular calculation, which means
that the bonding region is not described entirely correctly. In summary, ammo-
nia borane represents a more challenging system for FDE thanthe previously
studied hydrogen bonded systems although qualitative changes in the electron
density upon bond formation are described correctly.
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Figure 5.1: a) BP86/TZP optimized structure of ammonia borane (BH 3NH3). The
double labeling of some atoms means that there are two atoms that di�er only in
their z-coordinate and are therefore overlaying in the picture. Note that the color
change along the N� B bond is arbitrary and thus not related to the partitioning i nto
subsystems. b) Supermolecular density, c) embedding density, d) di�erence density
� super � � frag , e) di�erence density � super � � emb. (Figure is reprinted with permission from

S. Fux, K. Kiewisch, C.R. Jacob, J. Neugebauer, M. Reiher. Chem. Phys. Lett. ,461,(2008) 353-359.

Copyright Elsevier)
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Table 5.1: Coordinates r BCP (in units of �A) of the BCPs and values of � (r ) in
e�A � 3 and L(r ) in e�A � 5 at the bond critical points of ammonia borane.

r x;BCP r y;BCP � (r ) L(r )
BCP 1 sup 1.93 0.69 2.22 9.59

emb 1.93 0.70 2.22 10.00
di� 0.00 � 0.01 0.00 � 0.41

BCP 2 sup � 0.13 � 0.54 1.12 2.27
emb � 0.14 � 0.54 1.06 1.67
di� � 0.01 0.00 0.06 0.60

BCP 3 sup 0.53 0.00 0.71 � 1.77
emb 0.60 0.00 0.87 1.09
di� � 0.07 0.00 � 0.16 � 2.86
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5.3.2 TiCl 4

Titaniumtetrachloride is a tetrahedral complex with Td symmetry and even
stronger interactions between the central metal atom and the ligands. The
optimized structure is shown in Figure 5.2a). The Ti� Cl distance is 2.19�A (exp.:
2.18�A) and the Cl� Ti � Cl angle is 109.47� . The reference data were taken from
Ref. [320]. For the FDE calculation, the complex was dividedinto a negatively
charged Cl� and a positively charged TiCl+3 fragment. Initial FDE calculations
converged very slowly and the electron density obtained wasunreasonable. If
TiCl +

3 was treated as the frozen fragment, a spurious charge transfer from
the Cl� fragment to the TiCl+3 fragment took place. The SCF procedure for
the TiCl +

3 fragment only converged if one enforced a non-aufbau solution with
one unoccupied orbital with a lower orbital energy than the highest occupied
molecular orbital (HOMO). These di�culties are due to a well-known problem
of the FDE embedding potential at the frozen system [304], inparticular close
to the nucleus. The problem originates from the inability ofthe available GGA
kinetic-energy functionals to compensate the large nuclear attraction su�ciently.
In earlier examples this incorrect behavior caused a wrong orbital ordering
only at a very large distance between the subsystems. The present example
demonstrates that for certain choices of subsystems the embedding potential
fails to produce the correct orbital occupation even at the equilibrium distance.
A practical solution to this problem was suggested in Ref. [304] by applying a
position-dependent correction that enforces the right behavior of the embedding
potential at the frozen subsystem. This long-distance correction resulted in an
aufbau solution with the expected order of orbitals in our case, i.e., the spuriously
low-lying orbital was shifted to higher energies.
Contour plots of the electron density for the supermolecular and the FDE cal-
culation are shown in Figure 5.2b) and c). The di�erence of the supermolecular
density and the superposition of the densities of the isolated fragments is shown
in Figure 5.2d). Due to the complex formation, electron density is transferred
from the Cl� fragment towards the titanium atom. The most important change
occurs in the center of the TiCl+3 fragment. The di�erence of the supermolecu-
lar density and the density from the FDE calculation is shownin Figure 5.2e).
Near the titanium atom the electron density from the FDE calculation is too
low, whereas it is too high at Cl1 perpendicular to the Ti� Cl bond. Also in the
center of the Ti� Cl2 bonding region FDE overestimates the electron density,
although the di�erences are small.
The values for the electron density and the negative Laplacian are shown in
Table 5.2. At BCP1 near the border of the two subsystems the di�erence of
the supermolecular density and the electron density from the FDE calculation
and the di�erence of the negative Laplacian are rather small(� 0.03 e�A � 3

and 0.25 e�A � 5, respectively); at BCP2 these deviations are even smaller.The
negative Laplacian has the correct sign at both BCPs. The values of the
di�erence density in titaniumtetrachloride are one order of magnitude smaller
than in ammonia borane. Moreover, there is only a slight shift in the x-
coordinate of BCP1.




































































































































































































































