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Abstract 

In recent years, air pollution finally has been recognized as a global, pressing 
issue [1-3]. The resulting increase in environmental awareness leads to a 
tremendous rise in demand for low-cost CO2 sensors, which are key 
components of air quality monitoring [2] and "smart home" [4] applications. 
In order to access these high-volume, price-sensitive markets, technologies 
that offer low cost (<$10), sensitive (<50 ppm) and compact (mm-sized) CO2 
detection are required.  

Among the large number of different gas sensing schemes, optical 
absorption sensors are known for their high selectivity, fast response time, 
and long-term stability [5]. Furthermore, for certain gases such as CO2, 
optical absorption sensing is the only reliable detection method currently 
available [5]. Within the field of optical gas sensors, non-dispersive infrared 
(NDIR) sensing at mid-infrared (mid-IR) wavelengths is a compact and 
relatively low-cost measurement principle. Owing to its simplicity, it is one 
of the commercially most relevant optical gas sensing schemes to date [5-
7]. Commercial NDIR CO2 sensors offer sensitivities on the order of 30 ppm 
in centimeter-scaled systems at prices around $50 - $100 [8-10]. In order to 
prevail in above-mentioned markets, mid-IR gas sensors must substantially 
scale down in both size and cost without compromising performance. 
Unfortunately, the simple scaling of NDIR sensors by sheer size reduction 
approaches an intrinsic limitation resulting from their use of discrete sensor 
components and dielectric interference filters. 

In this thesis, an all-metamaterial optical gas sensing concept has been 
developed that overcomes the integration limit of conventional NDIR 
sensors. Key to its design are metamaterial perfect absorbers (MPAs), which 
serve as optical filter elements that are integrated into the membranes of 
on-chip thermal emitters and detectors. Combining MPAs on the emitter 
and the detector side cascades their individual filter functions, yielding a 
combined narrowband resonance that is matched to the absorption band of 
the target gas, in this case CO2. The MPAs' angle-independent filter 
characteristics allow for a non-resonant cavity design that "folds" the 
required cm-long absorption path into a mm-sized cuboid cavity, thereby 
reducing the absorption volume by a factor of 30 when compared to 
conventional cavity designs. The all-metamaterial gas sensor exhibits a 
decrease in energy consumption by 80% when compared to commercial 
solutions without compromising performance (CO2 sensitivity 22 ppm, 
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humidity cross sensitivity 1.2 ppm/ %rH). The sensor architecture 
developed in this thesis offers a viable path toward compact and low-cost 
mid-infrared gas sensors without trade-offs in sensitivity or robustness. 

This cumulative dissertation is structured as follows: 

Chapter 1 serves as an introduction to this thesis. After motivating the 
research, it provides an overview on the state of the art in non-dispersive 
optical gas sensing. The chapter concludes with the vision of an all-
metamaterial optical gas sensor. 

Chapter 2 summarizes the theoretical backgrounds relevant to the 
interdisciplinary field of metamaterial optical gas sensing. First, an 
introduction to absorption spectroscopy and non-dispersive infrared gas 
sensing is given. The principles of thermal emission and detection are 
established, followed by an overview on electromagnetics, plasmonics, and 
the concept of metamaterials. The chapter concludes with an introduction 
to the theory of integrating spheres. 

Chapter 3 demonstrates an on-chip thermal light source exhibiting 
narrowband and efficient mid-infrared emission. The light source's spectral 
properties are tailored by metamaterial perfect absorbers, which are 
integrated into the emitter membrane. Employed in a gas sensing setup, the 
metamaterial light source leads to a 5-fold increase in relative sensitivity 
when compared to a conventional blackbody emitter. 

Chapter 4 presents a CMOS-compatible metamaterial thermal detector 
with a narrowband absorption resonance at 4.29 �Jm. The high selectivity of 
the device leads to a 6.5-fold reduction in humidity cross sensitivity when 
employed in a gas sensing setup. The metamaterial's potential for highest 
integration densities is showcased by the realization of a dual-band detector 
on a single thermopile membrane.  

Chapter 5 demonstrates for the first time an all-metamaterial optical CO2 
sensor. By advantageously combining metamaterial thermal emitters and 
detectors with an efficient non-resonant cavity, the sensor's absorption 
volume could be decreased by a factor of 30 when compared to 
conventional non-dispersive infrared gas sensors. The all-metamaterial 
sensor performs at par with much larger commercial devices, while 
consuming 80% less energy per measurement. 

Chapter 6 summarizes the findings of this thesis and gives an outlook on 
future research.  
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Zusammenfassung 

In den vergangenen Jahren wurde Luftverschmutzung endlich als globales, 
dringendes Problem erkannt [1-3]. Das erhöhte Umweltbewusstsein führt 
zu einer stark ansteigenden Nachfrage nach günstigen CO2 Sensoren für 
Luftqualitätsüberwachung [2] und "smart home" [4] Anwendungen. Hierfür 
werden kostengünstige (<$10), sensitive (<50 ppm) und kompakte (mm-
Abmessungen) CO2 Sensoren benötigt. 

Innerhalb der Vielzahl verschiedener Gasdetektionsmechanismen sind 
optische Absorptionssensoren für ihre Selektivität, schnelle Ansprechzeit, 
und Langzeitstabilität bekannt [5]. Hinzu kommt, dass für manche Gase, zum 
Beispiel CO2, die optische Gassensorik derzeit die einzig verlässliche 
Detektionsmethode ist [5]. Innerhalb der optischen Gassensoren ist die 
nicht-dispersive Infrarot (NDIR) Methode bei Wellenlängen im mittleren 
Infrarot (mid-IR) ein kompaktes und kostengünstiges Messprinzip. Aufgrund 
ihres einfachen Aufbaus zählt sie zu den kommerziell erfolgreichsten 
Detektionsmethoden [5-7]. Kommerzielle NDIR CO2 Sensoren weissen 
Sensitivitäten von ca. 30 ppm auf, haben Abmessungen im cm-Bereich, und 
kosten zwischen $50 und $100 [8-10]. Zukünftig müssen sowohl die Grösse 
als auch der Preis von mid-IR Gassensoren deutlich reduziert werden, wenn 
sich diese in den obigen Anwendungen behaupten sollen. Leider ist die 
Grössenreduktion derzeitiger NDIR Sensoren fundamental begrenzt, was 
primär aus deren Nutzung diskreter Sensorkomponenten und dielektrischen 
Interferenzfiltern resultiert.  

In dieser Dissertation wurde ein metamaterial-basiertes, optisches 
Gasmesskonzept entwickelt, welches das Integrationslimit herkömmlicher 
NDIR Sensoren überwindet. Zentraler Bestandteil dieses Konzepts sind 
perfekte Metamaterialabsorber (MPAs), welche in die Emitter- und 
Detektormembrane integriert werden, und als optische Filterelemente 
dienen. Die Kaskadierung von MPAs auf Emitter- und Detektor ermöglicht 
eine kombinierte schmalbandigen Resonanz, welche auf das 
Absorptionsband des zu messenden Gases (hier CO2) abgestimmt ist. Die 
winkelunabhängigen Filtereigenschaften von MPAs ermöglichen den Einsatz 
einer nicht-resonanten Kavität, welche die erforderliche Pfadlänge im cm-
Bereich in einen mm-grossen Quader "faltet". Dies reduziert das 
Absorptionsvolumen im Vergleich zu herkömmlichen CO2 Sensoren um 
einen Faktor 30. Im Vergleich zu kommerziellen Lösungen weisst der 
metamaterial-basierte Gassensor eine Reduktion des Energieverbrauchs um 
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80% bei konstanter Leistung (CO2 Sensitivität 22 ppm, Feuchte-
Kreuzsensitivität 1.2 ppm/ %rH) auf. Die in dieser Arbeit entwickelte 
Sensorarchitektur ermöglicht kompakte, kostengünstige mid-infrarote 
Gassensoren ohne Einbussen von Sensitivität oder Robustheit.  

Diese kumulative Dissertation ist wie folgt gegliedert: 

Kapitel 1 dient als Einleitung in diese Arbeit. Neben der Motivation des 
Forschungsthemas gibt es einen Überblick über den aktuellen Stand der 
Technik im Gebiet der nicht-dispersiven Gassensoren. Das Kapitel schliesst 
mit der Vision eines metamaterial-basierten, optischen Gassensors. 

Kapitel 2 fasst die relevanten theoretischen Grundlagen dieser 
Dissertation zusammen. Eingangs wird eine Einführung in 
Absorptionsspektroskopie und in die nicht-dispersive Gassensorik gegeben. 
Anschliessend werden die Grundlagen der thermischen Emission und 
Detektion vorgestellt, gefolgt von einem Überblick über 
Elektromagnetismus, Plasmonik und der Theorie der Ulbricht-Kugeln. 

Kapitel 3 stellt eine chip-basierte Metamaterial-Lichtquelle vor, welche 
schmalbandige und effiziente thermische Emission im mittleren 
Infrarotbereich aufweist. In einem Gasdetektionsexperiment eingesetzt 
führt die Lichtquelle zu einer 5-fachen Erhöhung der relativen Sensitivität im 
Vergleich zu einem herkömmlichen Schwarzkörperstrahler.  

Kapitel 4 stellt einen CMOS-kompatiblen, metamaterial-basierten, 
thermischen Detektor mit einer schmalbandigen Absorptionsresonanz bei 
4.29 �Jm vor. Eingesetzt in einem Gasdetektionsexperiment führt die hohe 
Selektivität des Bauteils zu einer Reduktion der Feuchte-Kreuzsensitivität 
um einen Faktor 6.5. Die hohe Integrationsdichte des Metamaterials wird 
durch die Realisierung eines Zweikanal-Detektors auf einer einzigen 
Detektor-Membrane demonstriert.  

Kapitel 5 demonstriert einen rein metamaterial-basierten optischen 
CO2-Sensor. Durch die geschickte Kombination metamaterial-basierter 
Emitter und Detektoren mit einer nicht-resonanten Kavität kann das 
Absorptionsvolumen des Sensors um einen Faktor 30 im Vergleich zu 
herkömmlichen NDIR Sensoren verkleinert werden. Der metamaterial-
basierte Gassensor weist vergleichbare Leistungskennwerte wie viel 
grössere, kommerzielle Sensoren auf, bei einer gleichzeitigen Reduktion des 
Energieverbrauchs um 80%.  

Kapitel 6 fasst die Ergebnisse dieser Dissertation zusammen und gibt 
einen Ausblick auf mögliche zukünftige Forschungsthemen.
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Achievements of this Work 

In this thesis, an all-metamaterial optical gas sensing concept has been 
developed that allows for the sensitive and selective detection of CO2 in an 
ultra-compact form factor. The main achievements of this thesis are 
summarized in the following: 

Optimization and Fabrication of Mid-Infrared Metamaterial Absorbers 
Plasmonic metamaterial perfect absorbers (MPAs) have been numerically 
optimized for simultaneous high absorptivity and low resonance bandwidth 
[J1], [J2]. Optimized structures reached experimental quality factors of up to 
18.5 [J1], which is among the highest reported values for plasmonic 
metamaterials to date. A CMOS-compatible fabrication process has been 
developed that allows for the integration of metamaterials into the 
suspended membranes of thermal emitters and detectors. Because of their 
hermetic encapsulation, the MPAs withstand temperatures of up to 450 °C 
in operation, which makes them suitable for thermal emission applications.  

Narrowband Mid-Infrared Emission from an On-Chip Thermal Light Source 
A narrowband mid-infrared light source has been developed by integrating 
MPA structures into the membranes of chip-scale micro heaters [J2], [C2], 
[C4]. This step endows MEMS membranes with a narrowband (�3 = 15.7) 
and efficient (�#= 0.99) optical bandpass filter functionality at a center 
wavelength of 3.96 �Jm. The MPA's resonance center wavelength is tunable 
throughout the mid-IR by adjusting the resonator geometry, making MPAs 
a versatile technology for a range of spectroscopic applications. The MPA's 
angle-independent emission characteristics were confirmed experimentally, 
and enable compact cavity designs when employed in an NDIR sensor. 

Resonantly Enhanced, Single- and Dual-Channel Thermal Detection 
By integrating MPAs into thermopile membranes, a spectrally selective 
thermal detector with narrowband (�3 = 15.1) and efficient (�#= 0.99) 
absorption at 4.29 �Jm has been created [C3], [C2]. MPAs combine the 
functionality of a blackening layer with that of a spectral filter element in a 
CMOS-compatible fashion. While conventional blackening layers 
significantly increase the thermal mass of the membrane (and thus slow 
down the detector) [11, 12], it could be shown that the MPA does not impair 
the detector's dynamic properties. Furthermore, the high integration 
density of MPAs enabled the integration of two different filters onto the 
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same thermopile membrane, resulting in the first dual-channel thermopile 
detector on a single membrane. 

Design of a Non-Resonant Cavity 
A simple yet efficient non-resonant cavity design was introduced for the first 
time in NDIR gas sensing [J1], [C1]. Analytic predictions backed by numerical 
simulations revealed the potential for centimeter-long absorption paths in 
millimeter-sized cavities. A numerical comparison of different cavity shapes 
showed that even a simple cuboid cavity measuring only 5.7 × 5.7 ×
4.5 mm�7 yields a theoretical path length of 61 mm. This constitutes the 
most compact NDIR cavity to date. 

Development of a Compact and Robust Sensor Package 
For the first time, MEMS components, metamaterial layers, and CMOS 
electronics were monolithically co-integrated on a single silicon substrate 
[J1], [C1]. The resulting detector chip measures only 3.9 × 1.8 mm�6 and 
marks a significant step toward fully integrated NDIR gas sensing. A self-
aligned, robust sensor package based on a chip-on-board (COB) 
configuration was developed that combines all sensor components (emitter, 
detector, cavity) on a footprint of only 5 × 5 mm�6. Owing to the integrating 
character of the optical cavity, the package is both mechanically robust and 
insensitive against misalignment during fabrication, which makes it 
compatible with high-volume, automated assembly processes. 

First Demonstration of an All-Metamaterial Optical Gas Sensor 
An all-metamaterial optical CO2 sensor has been demonstrated [J1], [C1], 
[P1]. By combining MPA-enhanced emitters and detectors with an optically 
efficient cavity, the absorption volume could be reduced by a factor of 30 
when compared to conventional NDIR CO2 sensors, making it the most 
compact NDIR sensor to date. This development was enabled by the angle-
independent, narrowband resonance characteristics of MPAs and their 
seamless integration into MEMS devices. With a CO2 sensitivity of 22 ppm 
and a humidity cross sensitivity of 1.2 ppm/ %rH, the all-metamaterial 
sensor performs at par with commercial sensors, albeit requiring 80% less 
energy per measurement due to its efficient optical design. 
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1 Introduction 

The last decade has been marked by the broad societal consensus that the 
accelerating climate change will have a significant and imminent impact on 
our daily life [13-16]. Along this increased awareness, gas sensors in general, 
and specifically CO2 sensors, experience a tremendous rise in demand [4], 
which can be linked to two factors. 

First, the increased awareness for environmental pollution spurs the 
demand for air quality monitoring and purification systems, especially in 
urban areas [1, 2, 17]. The primary indicator for indoor air quality (IAQ) is 
CO2 [18, 19]. CO2 is an odorless, invisible gas and a natural atmospheric 
constituent. Its atmospheric concentration rose in previous years to a value 
of approximately 400 ppm, see Fig. 1.1. Humans themselves produce CO2 
as a byproduct of cellular metabolism [20], and exhale it at a concentration 
of 40000 ppm (4%), which leads in closed spaces to a build-up of the CO2 
concentration over time. Public authorities recommend CO2 concentrations 
in work spaces to be lower than 1000 ppm [18, 19]. Concentrations up to 
5000 ppm deteriorate cognitive capabilities and cause headaches [21], and 
concentrations above 10% can even lead to coma and death [20]. The direct 
impact of CO2 on the air quality makes CO2 sensors indispensable 
components of IAQ monitoring systems. 

 
Fig. 1.1: Globally averaged greenhouse gas concentrations over a recording period of 
150 years. The atmospheric CO2 content increased from 280 ppm in 1850 to 
approximately 400 ppm in 2020. Figure taken from [13]. 

Second, both environmental and economic concerns drive the demand 
for energy-efficient buildings [22], certified by standards such as "Minergie" 
[23]. Here, demand-controlled ventilation (DCV) can considerably reduce 
the energy consumption of a building [24], and positively contribute to the 
living comfort. In DCV, the ventilation rate is adapted to the air quality of 



1 Introduction 

2 

the room, which is measured by IAQ sensors. Hence, CO2 sensors are also 
key to the heating, ventilation and air conditioning (HVAC) technology of 
modern homes.For both air quality monitoring and HVAC applications, a 
sensor technology is required that reliably quantifies the CO2 concentration 
with a parts per million (ppm) sensitivity over an extended time period 
(years) in a compact form factor (mm-scale) at lowest cost (<$10). CO2 is 
primarily measured using optical sensing schemes, which has two reasons. 
First, in contrast to electrochemical, pellistor, or semiconductor sensors [5, 
25-27], optical gas sensors exhibit simultaneously fast response times, low 
cross-sensitivity and minimal drift [5]. Second, because CO2 is non-
flammable and chemically inert, it is incompatible with most non-optical 
sensing techniques [5] (with the exception of some metal-organic 
frameworks [28, 29]). Unfortunately, the complexity of optical gas sensors 
entails higher unit cost compared to solid-state devices, resulting in prices 
around $50-$100 [5, 9, 30, 31]. As a result, the 2017 share of optical gas 
sensors in the total gas sensor market was only 15% [4]. In order to develop 
optical gas sensors to their full market potential, their unit cost must 
significantly decrease at otherwise unchanged or improved performance. 
The estimated development of the gas sensor market upon a decrease of 
the unit price from $100 to $10 is illustrated in Fig. 1.2. 

 
Fig. 1.2: Potential development of the CO2 sensor market upon a decrease in unit 
price from $100 to $10. Aside the considerable increase in total market volume, 
entirely new markets, such as consumer electronics, can only be accessed with lower-
cost products. 
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With decreasing unit price, entirely new, cost-sensitive market segments 
become accessible, such as above-described consumer electronics (e.g. air 
quality monitors and purifiers) and private HVAC systems. These new 
segments can represent a large share, if not even the majority, of the future 
market. The total market volume can be expected to increase by multiple 
times. 

Driven by this exceptional demand, optical gas sensor technology 
experienced a tremendous development during the previous decade. The 
advent of microelectromechanical systems (MEMS) technology [32] enabled 
low-cost, durable thermal emitters [33-36] and detectors [12, 37-41]. The 
sizes of optical gas sensors continuously decreased down to what is 
technically feasible using discrete sensor components [6, 42]. 

However, the conventional scaling of optical gas sensors by sheer size 
reduction approaches a fundamental limitation. Further miniaturization and 
cost reduction requires simultaneous and coordinated innovations in both 
the sensor architecture and its individual components. 

The all-metamaterial gas sensor developed in this thesis addresses this 
challenge. By advantageously combining metamaterial-enhanced MEMS 
components with a non-resonant cavity design, the all-metamaterial 
sensing concept allows for a significant reduction of both the absorption 
volume and the power consumption at potentially lowest cost, while 
matching the sensitivity and selectivity of state of the art sensors. This 
unique combination allows optical gas sensors to develop their full potential 
and finally tap cost-sensitive, high-volume markets. 

The following chapter outlines the current challenges, state of the art 
technology, and future vision for compact optical gas sensors with a focus 
on CO2 detection. Section 1.1 details the challenge that current optical gas 
sensors face. Section 1.2 provides an overview on the state of the art 
technology in non-dispersive optical gas sensing. Finally, section 1.3 
formulates a vision for future non-dispersive gas sensors and introduces the 
all-metamaterial sensing concept. 



1 Introduction 

4 

1.1 The Challenge: Low-Cost, Compact Optical Gas 
Sensors 

The increasing environmental awareness creates a large demand for 
(optical) gas sensors [4]. In order to access price-sensitive, high-volume 
markets such as consumer electronics and on-demand ventilation, optical 
gas sensors need to down-scale in both size and cost without compromising 
sensitivity or selectivity. These goals entail several technical challenges, 
which can be analyzed separately from each other. 

The size of free-space optical gas sensors is primarily defined by their 
optical path length [5, 6]. Because the absorption coefficient of the target 
gas is a given quantity [43], the optical path length is determined by the 
required gas sensitivity. In the case of atmospheric CO2 detection, optical 
path lengths around 30 - 70 mm are necessary to achieve sensitivities in the 
parts per million (ppm) range [5-7, 42, 44]. The challenge is to integrate the 
required optical path length together with all sensor components (emitter, 
filter, detector) in a minimal absorption volume, respectively a compact 
package. Here, the integration of current optical gas sensors is limited due 
to their use of dielectric interference filters, whose angle-dependent 
transmission characteristics lead to complex, bulky, and optically inefficient 
cavity designs (see also section 1.2).  

In order to reduce the cost of optical gas sensors, all functionalities (light 
emission, optical filtering, gas absorption, optical detection) must be 
consolidated into as few components as possible, and packaged in an 
automated, robust, and scalable process. Here, the sophisticated layer 
structure of dielectric interference filters makes them a considerable cost 
factor in the overall sensor budget. Furthermore, their angle-dependent 
transmission leads to optical designs that require precise alignment of all 
sensor components, which makes the packaging process expensive and the 
sensor susceptible to mechanical impact. 

In summary, replacing the dielectric interference filter would be 
desirable from both a size and a cost point of view. To achieve this goal, a 
holistic approach to the sensor design is required: Instead of improving 
individual components, the entire system must be revised and redesigned. 
This should be achieved without compromising sensor performance, i.e. 
sensitivity, selectivity with respect to the target gas, and total power 
consumption [5]. The key enabler for such a redesign is a technology that 
integrates the filter functionality on-chip in a low-cost, scalable process. 
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1.2 State of the Art: Non-Dispersive Optical Gas Sensors 
Optical gas sensors can be broadly categorized according to their function 
principle into dispersive and non-dispersive systems. 

Dispersive gas sensors, such as dual comb [45-48], quartz-enhanced 
photoacoustic [49, 50], tunable diode laser [51, 52], or cavity ringdown 
spectroscopy [53] are able to resolve single gas absorption lines with 
excellent resolution, leading to parts per billion (ppb) sensitivities [54]. Yet, 
dispersive gas sensors comprise table-top setups [55] and narrowband light 
sources [5], which excludes them from most cost-sensitive, compact 
applications. In fact, for many applications it suffices to resolve entire 
absorption bands (instead of single absorption lines) in a non-dispersive 
fashion [5], resulting in centimeter-scaled, low-cost sensors featuring parts 
per million (ppm) sensitivities [6, 7]. Because of their large relevance for 
high-volume, low-cost applications, this state of the art review focuses 
primarily on non-dispersive systems. 

Within the group of non-dispersive optical gas sensors, two major 
sensing schemes can be differentiated. The function principle of a non-
dispersive infrared (NDIR) gas sensor is illustrated in Fig. 1.3.  

 
Fig. 1.3: Simplified function principle of a non-dispersive infrared (NDIR) gas sensor. 

Light emitted by a broadband light source is transmitted through a 
measurement chamber. Along its propagation, the light is gradually 
absorbed by the target gas. Hence, the light intensity at the optical detector 
correlates with the gas concentration in the chamber. A spectral filter in 
front of the detector with a spectrally narrow (
N200 nm) transmission 
band makes the measurement selective to the absorption band of interest. 
A more detailed explanation of the NDIR function principle is given in section 
2.1.5.  

Most commercial NDIR sensors employ light sources based on a thermal 
emission principle for the generation of mid-infrared radiation [5, 6, 8-10, 
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31]. This entails a relatively high energy consumption per measurement on 
the order of several 100 mJ (see Appendix A), especially for systems using 
micro bulb light sources [5]. Consequently, efforts have been made to 
reduce the energy consumption of NDIR sensors.  

One strategy to reduce the energy consumption of thermal NDIR sensors 
is to suspend the emitter and detector components in vacuum, thereby 
minimizing convection and conduction losses. An energy consumption of 
1.35 mJ per measurement could be shown in an proof-of-concept setup 
using micro-machined thermal components suspended in vacuum [7]. More 
recently, solid-state NDIR sensors using light emitting diode (LED) sources 
and photodetectors have been demonstrated [42], and first commercial 
devices are available [56, 57]. The use of photonic components enables an 
energy consumption of 
N3 mJ per measurement [57], which constitutes an 
improvement of two orders of magnitude compared to thermal NDIR 
sensors [9]. However, the use of photonic components results in sensor 
costs exceeding $100, which makes solid-state NDIR unsuitable for cost-
sensitive applications.  

The optical design of NDIR sensors has been continuously optimized for 
compact dimensions [6, 58, 59]. As described in section 1.1, the goal of 
designing a compact NDIR sensor translates into the challenge of 
incorporating a given path length into a minimal absorption volume. 
Because typical NDIR sensors rely on dielectric interference filters for 
spectral filtering, they face a fundamental integration limit, which is 
illustrated in Fig. 1.4. The beam path of a commercial NDIR CO2 sensor [9] is 
shown in Fig. 1.4a. The optical path from the emitter to the detector is very 
simple, undergoing only a single reflection at the parabolic cavity sidewall. 
The small number of reflections results in a low utilization of the absorption 
volume. At the detector, the light arrives under near-normal incident angles 
in a well-defined and narrow angular range. The reason for such a 
conservative design is illustrated in Fig. 1.4b, which plots the transmission 
spectrum of a dielectric interference filter for various incident angles �à. The 
transmission band shifts with increasing incident angle toward smaller 
wavelengths due to the filter's thin-film interference principle [60]. In 
commercial designs, incident angles > 35° are avoided [6] to guarantee 
good overlap with the CO2 absorption band (4.2 - 4.4 �Jm, see also Fig. 2.13 
in section 2.1.4). The requirement of near-normal incidence on the filter's 
surface limits the volume utilization, and hence size, of today's NDIR 
sensors. 
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Fig. 1.4: a, Beam path of a commercial NDIR CO2 sensor [9]. Photograph taken from 
[9]. b, Transmission spectrum of a dielectric interference filter versus incident angle 
�à. Figure adapted from [61].   

As an alternative to complex cavity designs, the use of integrating 
spheres in optical gas sensing applications has been studied [5, 62-66]. 
Despite their simple construction, integrating spheres offer considerable 
path length enhancements in combination with robust mechanical 
properties [65]. For example, a polytetrafluoroethylene (PTFE)-coated 
integrating sphere used for the detection of CO2 at 2.0 �Jm yielded an optical 
path length of 40 cm for a sphere diameter of 50.8 mm [62]. So far, optical 
gas sensors using integrating spheres were either of dispersive nature (i.e. 
using monochromatic light sources) operating in the near-infrared (NIR) 
wavelength range [63, 64, 66], or were based on solid-state components 
(LED or ASE light sources) operating at ultra-violet [67] or near-infrared [62] 
wavelengths. In this context, diffuse absorption cells have also been 
proposed as a means to reduce the susceptibility of NDIR sensors to 
mechanical and thermal influences [59, 68]. 

Highest integration densities can be achieved using waveguide-based 
absorption cavities [69]. Mid-infrared compatible waveguide technologies 
are based on gallium arsenide [70, 71], germanium [72, 73], chalcogenides 
[74-76], or silicon-based materials [77-79]. Waveguide cavities allow for the 
low-cost integration of meter-long path lengths on mm2-scale footprints 
[80, 81]. Furthermore, they enable resonantly enhanced cavities such as 
micro discs [74], photonic crystal cavities [82], or even two-dimensional 
"integrating sphere" resonators [83]. Also interferometric approaches, for 
example an on-chip Mach-Zehnder interferometer operating at 6 �Jm [70], 
have been demonstrated. However, in terms of integration density it should 
be noted that nearly all waveguide-based approaches rely on externally 
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coupled light sources and detectors. An exception is reference [84], where 
a mid-infrared quantum cascade laser / detector combination has been 
monolithically integrated together with a dielectrically-loaded plasmonic 
waveguide for the detection of H2O in C2H5OH at 6.5 �Jm. Hence, waveguide-
based approaches remain limited to dispersive systems, and the integration 
of all sensor components (i.e. source, cavity, filter, detector) in a low-cost 
(<$10) system is not likely in near future. 

In summary, NDIR is a well-established and widely adapted sensing 
principle. Based on its simplicity, it is one of the commercially most relevant 
optical gas sensing schemes to date [5]. The technical specifications of 
several commercially available NDIR CO2 sensors are summarized in Table 
A.1, Appendix A.  

Photoacoustic (PA) detection is the second non-dispersive optical gas 
sensing scheme. Its function principle is illustrated in Fig. 1.5. 

 
Fig. 1.5: Simplified function principle of a photoacoustic (PA) gas sensor. 

A pulsed light source emits periodically modulated radiation. The 
broadband spectrum is filtered by a spectral filter element to the absorption 
band of the target gas. In the measurement chamber, the light is absorbed 
by the target gas. The absorption process leads to an expansion of the gas 
volume, generating pressure waves due to the periodic modulation of the 
light source. These pressure waves are detected in form of sound by an 
acoustic detector, and the pressure variation is proportional to the gas 
concentration in the chamber. 

The photoacoustic sensing principle used to be employed primarily in 
dispersive systems [49, 50, 85]. However, more recently the advent of 
microelectromechanical (MEMS) technology made low-cost membrane 
emitters and MEMS microphones available, triggering the development of 
low-cost non-dispersive PA gas sensors [86, 87]. Non-dispersive PA sensors 
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can be categorized into open and closed systems [86, 87]. In open PA 
sensors [86, 87], a spectral filter is used to narrow down the broadband 
spectrum to the absorption band of the target gas (see also Fig. 1.5). Hence, 
the microphone is in direct contact with the sample environment. In 
contrast to NDIR systems, open PA sensors profit from a zero-background 
measurement (i.e. when no gas is present, the generated signal is zero), 
which facilitates the subsequent signal processing. Closed PA sensors [88-
90] realize the filter effect by packaging the microphone in a reference 
atmosphere containing only the target gas. In closed PA sensors, no 
dielectric filter element is required. The pressure generation does not take 
place in the measurement chamber as shown in Fig. 1.5, but rather in the 
microphone package [87]. A CO2 sensor based on a closed PA sensing 
principle has been demonstrated [89]. Employing an LED light source and a 
MEMS microphone detector, the system achieved a CO2 sensitivity around 
100 ppm for an optical path length of 12 mm. More recently, two 
commercial sensors based on an open PA principle have been announced 
[91, 92]. 

Independent of their sensing principle, both NDIR and PA sensors rely on 
microelectromechanical system (MEMS) technology [32] for the fabrication 
of low-cost sensor components that are compatible with high-volume 
complementary metal-oxide semiconductor (CMOS) processes. For 
example, MEMS membrane emitters [34-36, 93] are employed as thermal 
light sources in both NDIR and PA gas sensors [33, 92, 94]. Owing to their 
low thermal mass, modulation frequencies up to 100 Hz are possible [95], 
making MEMS emitters also suitable for PA applications [92]. Due to their 
relatively low operation temperature around 600 °C [5, 95], thermal 
membrane emitters exhibit improved spectral efficiencies, as well as 
increased lifetimes compared to conventional micro bulbs [5]. Its 
compatibility with standard CMOS processes allows MEMS technology to be 
co-integrated with electronic circuitry on a single chip [34]. MEMS 
technology also enables the fabrication of low-cost, integrated thermal 
detectors [11, 12, 41, 96, 97] and microphones [32, 98].  

The emissivity of standard CMOS materials is inherently low, which 
makes additional blackening layers necessary for thermal emission 
applications [99]. Unfortunately, these blackening layers limit the lifetime of 
the emitter, and impair its compatibility with CMOS fabrication processes. 
Thermal emission engineering has been proposed as a means to enhance 
and tailor the emission spectrum of MEMS hotplate emitters [100-103]. By 
altering the nanostructure and the constituent materials of the emitter 



1 Introduction 

10 

membrane, its emission spectrum can be tailored across a wide spectral 
range for narrowband thermal emission at a target wavelength with 
efficiencies close to unity [102]. Various thermal emission engineering 
concepts have been demonstrated, such as plasmonic gratings [104-107], 
photonic crystals [108-110], multi-quantum well (MQW) structures [101, 
111, 112], dielectric metasurfaces [113], and metamaterial perfect 
absorbers (MPAs) [114-117]. Although MQW structures offer highest 
resonance quality factors around 100 [102, 111] and have been successfully 
employed in an NDIR sensing  scheme [118], their sophisticated layer 
structure requires an elaborate fabrication process, resulting in high cost. 
The MPA concept employed in this thesis allows for the realization of 
sufficiently narrow resonances (quality factors around 15 [117]) at low cost 
due to its compatibility with large-area fabrication processes [119, 120]. 
MPAs are a very versatile thermal engineering concept, enabling multi-band 
[116, 121, 122], polarization- [123], and angle-independent [124] emission. 
Furthermore, the deliberate engineering of spectral properties is not limited 
to the emitter side, evidenced by the active research field of spectrally 
selective thermal detectors [39, 40, 125, 126]. Also here, the advantages of 
metamaterial-based absorbers has been recognized, and metamaterial-
enhanced detector structures have been proposed [127-129]. 
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1.3 The Vision: All-Metamaterial Optical Gas Sensing 
The large demand for low-cost, energy-efficient, and compact optical gas 
sensors has led in recent years to a remarkable wave of innovations. Ultra-
low power [7] and compact [89] devices have been developed by different 
research groups, while industrial research pushes into the same direction 
[57, 91, 92, 130]. However, the development of a simultaneously 
performant, compact and low-cost optical gas sensor to date still remains a 
challenge. As described in the previous sections, the use of discrete 
components, especially the use of angle-dependent interference filters, 
hinders the integration of current NDIR sensors. To achieve a significant 
reduction in both size (cm-scale to mm-scale) and cost ($100 to <$10), it is 
necessary to simplify the sensor architecture by combining several 
functionalities into fewer components. 

The vision of this thesis is to overcome the integration limit of 
conventional NDIR sensors by combining metamaterial-enhanced emitters 
and detectors with an optically efficient cavity design. An illustration of the 
all-metamaterial optical gas sensing concept is shown in Fig. 1.6.  

 
Fig. 1.6: Vision of an all-metamaterial, integrated NDIR gas sensor. The thermal 
emitter and thermopile detector components are integrated together with read-out 
electronics on a single substrate.  Metamaterial perfect absorber (MPA) structures 
tailor the emission, respectively absorption spectrum of emitter and detector to the 
absorption band of the target gas (e.g. CO2). A simple yet efficient cuboid non-
resonant cavity serves as a gas absorption cell. Because of the combined narrowband 
resonance, no additional filter elements are required.  



1 Introduction 

12 

The all-metamaterial gas sensor comprises a metamaterial thermal 
emitter, a non-resonant cuboid cavity, and a metamaterial thermopile 
detector. The metamaterial perfect absorbers (MPAs), which are directly 
integrated into the membranes of emitter and detector, function as 
narrowband filter elements that tailor the emission, respectively absorption 
spectrum of the device. The seamless integration of the filter functionality 
into the MEMS membranes considerably reduces the complexity and the 
size of the NDIR sensor, enabling an ultra-compact sensor package. By 
integrating MPAs into both the emitter and the detector, the filter 
functionality is essentially distributed between both components. This 
allows to achieve a combined narrow resonance that makes additional filter 
elements obsolete, while simultaneously retaining the angle-independent 
filter characteristics of the individual MPAs. The angle-independent filter 
characteristics allow for the design of a simple yet efficient non-resonant 
cavity. By "folding" the required absorption path into a millimeter-sized 
cuboid, the non-resonant cavity reduces the required absorption volume by 
a factor of 30 compared to conventional NDIR sensors [J1], which makes it 
the most compact NDIR cavity to date. In summary, the envisioned adoption 
of MPAs for non-dispersive gas sensing would constitute a radical change to 
the conventional NDIR sensor design, leading to a simultaneous decrease of 
the sensor's size, complexity, and energy consumption. 
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2 Fundamentals 

This chapter provides the fundamental theory relevant to metamaterial 
optical gas sensing. Owing the interdisciplinary nature of this topic, technical 
fields ranging from spectroscopy over plasmonics to integrating sphere 
theory are covered. The chapter is organized along the building blocks of a 
non-dispersive infrared (NDIR) gas sensor, which are depicted in Fig. 2.1. 

 
Fig. 2.1: Block diagram of a non-dispersive infrared (NDIR) sensor. An emitter radiates 
light into an optical cavity, where the light interacts with the gaseous sample. A 
spectral filter establishes selectivity with respect to the target gas. The thermal 
detector quantifies the transmitted radiant flux, which indicates the gas 
concentration in the cavity. 

In section 2.1, the physics of optical absorption by gaseous species is 
explained.  The basic function principle of an NDIR gas sensor is introduced 
together with its components and their individual functionalities. 

Section 2.2 revisits the physics of thermal emission and thermoelectric 
detection, as the mid-infrared light sources and detectors used throughout 
this thesis rely on thermal principles. 

Section 2.3 establishes the theory of electromagnetic waves and their 
interaction with metal-dielectric nanostructures in the field of plasmonics. 
The concept of metamaterials, a key technology to this thesis, is introduced 
with special focus on metamaterial perfect absorbers (MPAs). 

In Section 2.4, the theory of the optical cavity used in this thesis, the 
integrating sphere, is introduced. The section illustrates how integrating 
spheres manage to combine long optical path lengths with compact 
dimensions, mechanical robustness, and simple fabrication.  

Throughout this chapter, radiometric quantities are used in various 
locations to quantify the energy content of electromagnetic fields. Appendix 
B provides a short introduction into the radiometric quantities and concepts 
relevant to this thesis. 
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2.1 Spectroscopic Fundamentals 
This section covers the fundamentals of light-matter interaction in 
absorbing media, which allow for the optical detection and quantification of 
chemical species. First, the Beer-Lambert law is introduced, which relates on 
the macroscale the intensity of light to its path length inside an absorbing 
medium. Following, the origins of optical absorption on the microscale are 
investigated. Special focus lies on (mid-)infrared absorption resonances, 
which are explained by a mechanical oscillator model. Finally, the non-
dispersive infrared sensing concept employed in this thesis is introduced, 
and relevant sensor key metrics are established. 

2.1.1 The Beer-Lambert Law 
If monochromatic light with an initial radiant flux �0e,�4 travels through a 
medium containing an absorbing species that is characterized by an 
absorption coefficient �Ù and a concentration �?, the radiant flux �0e scales 
with the optical path length �H as 

 �0e = �0e,�4exp(
F�Ù𝛼𝛼𝛼𝛼). (2.1) 

This relationship is commonly known as the Beer-Lambert law [43]. In gases, 
the absorption coefficient is typically expressed in units [�Ù] = 1/ cm, 
whereas the concentration is stated as a relative volume concentration,  

 �?=
�8�Ü
�8

, (2.2) 

where �8�Ü is the volume of the gas of interest (e.g. CO2), diluted in a non-
absorbing gas of volume �8 (e.g. N2). Hence, [�?] = 1, but commonly 
expressed as [�?] = ppm (10�?�: , parts per million) or [�?] = % (10�?�6, parts 
per hundred, or percent). The absorption path length is of unit [�H] = m.  

In general, the absorption coefficient is a function of wavelength and 
concentration (e.g. due to aggregation effects at high concentrations [131]), 
�Ù= �Ù(�ã, �?). From the position and the intensity of the absorption features, 
conclusions on the chemical composition and concentration of the 
absorbing substance can be made. Equation (2.1) is qualitatively sketched in 
Fig. 2.2. 
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Fig. 2.2: The radiant flux �Ôe of light propagating through an absorbing medium is 
related to the optical path length �H inside the medium according to equation (2.1). 

It should be noted that the Beer-Lambert law is originally defined via the 
absorbance �#�5�40F

*  of the species as [131] 

where �ó is the molar attenuation coefficient, [�ó] = m�6/ mol, �?m is the molar 
concentration of the species, [�?m] = mol/ m�7, and �H is the absorption path 
length, [�H] = m. The absorbance in equation (2.3) is defined with respect to 
base 10, 

 �#�5�4= log�5�4
l
�0e,�4

�0e

p= log�5�4
l

1

�6

p. (2.5) 

However, literature also often relates to equation (2.1) as the Beer-Lambert 
law [43], and so does this thesis. The Beer-Lambert law is additive, i.e. the 
total absorbance of a mix of absorbing species can be calculated as the sum 
of the individual absorbance values, 

 �#�5�4= 
Í �=�5�4,�Ü�H�?�Ü
�Ü

. (2.6) 

Equation (2.6) is valid only if the absorption processes in the different 
species do not influence each other [131]. 

                                                           
* Here, the rather unconventional notation �#�5�4 for the absorbance is 
chosen to avoid confusion with the spectral absorptivity �#. 

 �#�5�4= �ó�?m�H, (2.3) 

 �0e = �0e,�410�?�"�Öm�ß, (2.4) 
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2.1.2 The Quantization of Energy and its Interaction with Matter  
To understand the origins of optical absorption in media, the interaction of 
light with matter must be studied on the atomic scale. This can be described 
by the Bohr-Sommerfeld model. Bohr's atom comprises negatively charged 
electrons, which rotate around a positively charged atomic core on elliptical 
trajectories. Each trajectory corresponds to a discrete energy level, and is 
characterized by its quantum number. The transition between two energy 
levels is governed by a number of selection rules, and can only occur when 
the frequency of the absorbed or emitted radiation corresponds exactly to 
the energy difference between the levels. Planck postulated in 1900 that 
energy is emitted or absorbed in quantized form, each quantum carrying the 
frequency-dependent energy [132] 

 �' = �D�å. (2.7) 

Here, �D is Planck's constant. In other words, energy is quantized, and its 
smallest unit depends solely on the frequency of the corresponding 
radiation. Given a system with two possible energy states �' �5 and �' �6, see Fig. 
2.3, a transition between level 1 and 2 is possible if the system can either 
emit or absorb the energy difference. The energy can be emitted in form of 
radiation, which then has the frequency 

 �å�6�5=
�� �'

�D
=

�' �6 
F �' �5
�D

. (2.8) 

Even when illuminated with broadband light, only radiation of the frequency 
�å�6�5 will be absorbed. This produces an absorption spectrum, whose spectral 
features carry information on the energy levels within the atom. 

 
Fig. 2.3: Diagram of a two-level energy system. The two energy states are separated 
by an energy difference �Â𝛥𝛥 = �' �6 
F �' �5. Charge carriers can be excited from level 1 to 
level 2 under absorption of radiation with the energy �D�å�6�5. Excited charge carriers 
can relax from level 2 to level 1 either by dissipating the energy non-radiatively, or 
by emitting a photon with energy �D�å�6�5. 
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In spectroscopy, the energy difference between two energy states is often 
loosely referred to by its associated wave number �G in units cm�?�5, being 
related to the frequency �å and the speed of light �? by 

 �G=
�å

�?
=

1

�ã
. (2.9) 

The wave number can intuitively be understood as the number of wave 
trains per centimeter. 

In direct analogy to the electronic states of an atom, molecules possess 
rotational and vibrational energy states [43, 131]. Also in this case, the 
energy levels are quantized. Transition between energy levels can be 
accompanied by emission or absorption of radiation (typically in the infrared 
frequency range), or by non-radiative energy exchange with the 
environment (e.g. by collisions within gases). If the transition between 
energy levels is excited by radiation, equation (2.8) must be fulfilled. To 
calculate the permitted energy levels, one has to switch to wave mechanics. 
In wave mechanics, Bohr's electron orbitals are replaced by wave functions, 
which are the solutions of the Schrödinger equation for the molecule system 
[131], see section 2.1.3. The corresponding Eigenvalue problem yields the 
permitted energy levels. 

Electromagnetic waves interact with matter over a wide spectral range. 
Depending on the frequency region, different interaction processes give rise 
to the emission or absorption of radiation. Common to all processes is the 
nature of a permanent or induced dipole moment (electric or magnetic), 
which enables the electromagnetic waves to interact with the atom or 
molecule. Fig. 2.4 provides an overview on the involved processes. In the 
radio frequency (RF) regime the energy changes are due to the reversal of 
spin of a nucleus (NMR) or an electron (ESR). In the microwave spectral 
range energy transitions are due to changes in the rotational motions of 
molecules. In the near- and mid-infrared vibrational transitions occur. 
Energy transitions of valence electrons give rise to absorption or emission in 
the visible and ultraviolet region and transitions of inner electrons are 
connected with X-ray radiation. Finally, the rearrangement of nuclear 
particles requires highest energies in form of �Û-radiation. 
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Fig. 2.4: Energy transition processes with related spectral range. NMR: nuclear 
magnetic resonance. ESR: electric spin resonance. Adapted and redrawn from [43]. 

In the mid-infrared spectral range (�G
N600 
F5000 cm�?�5, �ã
N2 
F
16 �Jm), many molecules exhibit strong absorption resonances related to 
the excitation of rotational-vibrational energy transitions. Fig. 2.5 plots the 
absorption coefficient of five atmospheric gases at mid-infrared 
wavelengths. All absorption coefficients are plotted for a relative gas 
concentration of 100%. 

 
Fig. 2.5: Mid-infrared absorption spectrum of five different atmospheric constituents, 
all at 100% relative concentration. Spectra calculated using the HITRAN database 
[133] (�L= 1 atm, �6= 296 K). 

The absorption bands are well-separated, such that they can be thought of 
as a molecular "fingerprint" of the respective species. The clear separation 
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of absorption bands makes the mid-infrared wavelength region particularly 
attractive for optical gas sensing, as it enables a high selectivity (see section 
2.1.5). In the next section 2.1.3, the origin of the rotational and vibrational 
absorption features that give rise to the mid-infrared absorption bands are 
investigated in more detail. 

2.1.3 Infrared Absorption of Diatomic Molecules 
As briefly introduced in the previous section, the energy transitions that 
molecules undergo at infrared frequencies are connected with a change in 
their rotational-vibrational state (i.e. the motion of the molecule's 
constituting atoms relative to each other). To explain the spectral lines of 
atmospheric gases at infrared frequencies, it is helpful to first analyze a 
simple linear diatomic molecule because its motion can be described in 
analogy to a one-dimensional harmonic oscillator known from classical 
mechanics [43]. The molecule's rotational and vibrational motions are first 
analyzed separately from each other, before both motions are combined to 
the rotational-vibrational motion. 

Rotational Energy Levels 
The rigid diatomic molecule is schematically depicted in Fig. 2.6.  

 
Fig. 2.6: Schematic of a rigid diatomic molecule. Each atom is treated as a mass point 
�I �5 and �I �6, connected by a rigid bar of length �H�4 = �H�5+ �H�6. Figure adapted and 
redrawn from [43]. 

It comprises two atoms modeled as mass centers �I �5 and �I �6, connected by 
a rigid bar of length �H�4 = �H�5+ �H�6, where �H�5 and �H�6 are the distance from the 
atoms to the center of gravity �%g. This section investigates the rotational 
energy levels of the rigid diatomic molecule, and the allowed transitions 
between said energy levels. The molecule's center of gravity is defined as  

 �I �5�H�5 = �I �6�H�6. (2.10) 
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The moment of inertia �+n of the molecule is  

 
�+n = �I �5�H�5

�6+ �I �6�H�6
�6 

=
(�6.�5�4)

�H�5�H�6(�I �5+ �I �6). 
(2.11) 

With �H�5 = �I �6�H�4/ (�I �5+ �I �6) and �H�6 = �I �5�H�4/ ( �I �5+ �I �6) follows 

 �+n =
�I �5�I �6

�I �5+ �I �6
�H�4
�6 = �I r �H�4

�6, (2.12) 

where 

 �I r =
�I �5�I �6

�I �5+ �I �6
 (2.13) 

is the reduced mass of the system. To calculate the rotational energy levels, 
the Schrödinger equation must be solved. This results in the quantized 
energy levels [43, 131] 

 �' �Ã=
�D�6

8�è�6�+n
�,(�,+ 1), (2.14) 

where �, = 0,1,2,… is the rotational quantum number. Another result from 
the Schrödinger equation is that �, can only change by a value of 1 between 
neighboring energy transition. This results in the so-called selection rule for 
the rigid diatomic rotator, 

 �� �, = ± 1. (2.15) 

In the ground state �, = 0, the molecule possess no rotational energy. The 
larger the moment of inertia �+n, the smaller becomes the rotational energy 
�' �Ã. The rotational energy levels are  

 
�(�Ã=

�' �Ã
�D�?

=
�D

8�è�6�+n�?
�,(�,+ 1) 

= �$𝐵𝐵(�,+ 1), 
(2.16) 

where the rotational constant �$ is defined as  

 �$ =
�D

8�è�6�+n�?
. (2.17) 

Note that the rotational energy level �(�Ã is in units cm�?�5. Fig. 2.7a 
schematically depicts the allowed energy levels for �, = 0 …5.  

From equation (2.16), the spacing between adjacent energy levels 
results to 
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 �� �(�Ã= 2�$(�,+ 1) (2.18) 

which corresponds to an equidistant spacing of the corresponding spectral 
lines in wave number space by 2�$ as illustrated in Fig. 2.7b. The line spacing 
for typical rotational energy transitions is on the order of 1 …10 cm�?�5 [43]. 

 
Fig. 2.7: Energy scheme and spectral lines of the rigid diatomic rotator. a, Allowed 
rotational energies of a rigid diatomic molecule and allowed transitions between 
energy levels. b, Spectrum arising from the allowed energy transitions. Figure 
adapted from [43]. 

In reality, the atomic bond / connection is not rigid, and the distance �N�4 
between the atoms increases with increasing rotational energy as the 
centrifugal force pulls the atoms apart from each other. The increase in �H�4 
leads to an increase in �+n (equation (2.12)), and hence �$ decreases with 
increasing rotational quantum number. Therefore, the spacing between 
neighboring energy levels increases for the non-rigid resonator less than 
stated in equation (2.18). 

Vibrational Energy Levels 
The vibrational motions of a diatomic molecule can be described in analogy 
to a classic harmonic oscillator, where the two atoms are modeled again as 
two masses �I �5 and �I �6, see Fig. 2.6. To allow for vibrational motions, the 
connection between both atoms in this case is not assumed to be rigid, but 
rather is modeled as an elastic spring with a spring constant �Gs. The atoms 
experience an attractive force between each other's electron clouds and 
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atom cores (the spring gets compressed), whereas they will also be subject 
to a repulsive force coming from the identically charged cores and electron 
clouds (the spring is extended). At the equilibrium distance �Heq = �H�4, both of 
these forces are in balance, leading to a minimum energy state of the 
molecule system. Assuming a linear restoring force �(res = 
F�Gs
k�H
F �Heq
o 
leads to parabolic curve for the vibrational energy of a diatomic molecule,  

 �' =
1

2
�Gs
k�H
F�Heq
o

�6
. (2.19) 

The frequency �åosc at which the resonator oscillates around its equilibrium 
distance �Heq is [43] 

 �åosc =
1

2�è

¨

�Gs
�I r

, (2.20) 

where �Gs is the spring constant and �Ir  is the reduced mass of the system, 
equation (2.13). Like any energy form, the vibrational energy levels of the 
molecule are quantized. The allowed energy states are obtained by solving 
the Schrödinger equation for the one-dimensional harmonic oscillator, 
which yields 

 �' �é = 
l�R+
1

2

p�D�åosc, (2.21) 

where �R= 0,1,2,… is the vibrational quantum number†. In analogy to 
equation (2.16), the energy levels in wave number space are 

 �(�é =
�' �é

�D�?
=

(�6.�=)

l�R+

1

2

p�Gosc. (2.22) 

The allowed vibrational energy levels of a molecule are sketched in Fig. 2.8a. 
In contrast to the rotational energy levels, even in the ground state �R= 0 
the molecule possesses vibrational energy �(�4 = �Gosc/ 2.  This is the primary 
difference to the classical description of the harmonic oscillator, where the 
minimum energy at �H= �Heq is zero. The selection rule resulting from the 
Schrödinger equation is [43] 

 �� �R= ±1. (2.23) 

                                                           
† Please note that naming convention commonly used in literature can lead 
to confusion: The Latin letter �R denotes the vibrational quantum number, 
whereas the Greek letter �å denotes the frequency. 
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Hence, for vibrational motions the energy distance between neighboring 
states is equidistant,  

 �� �(�é = �Gosc, (2.24) 

which corresponds to a single spectral line, see Fig. 2.8b.  

 
Fig. 2.8: Energy scheme and spectral lines of a harmonic oscillator. a, The energy of 
a harmonic oscillator has a parabolic shape, equation (2.19). The allowed energy 
states are equidistant. b, The resulting absorption / emission spectrum contains only 
a single line due to the equidistant spacing of the energy states. Figure adapted from 
[43]. 

In reality, the quadratic potential (2.19)  is only valid for small 
elongations around the equilibrium distance �Heq [43]. For larger elongations, 
it is clear that at a certain bond length, the molecule will dissociate into 
single atoms. The corresponding energy is called the dissociation energy �&0. 
An empirical description of the anharmonic energy of the diatomic molecule 
is the so-called Morse function 

 �' = �&0 �B1 
Fexp�@�=m
k�Heq 
F �H
o�A�C
�6
, (2.25) 

where �=m is a constant for the particular molecule. The Morse function is 
plotted together with the energy of a harmonic oscillator (dashed line) in 
Fig. 2.9. Aside the dissociation behavior for large bond lengths, for small 
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bond lengths the energy increases over-proportionally compared to the 
harmonic oscillator. 

 
Fig. 2.9: Energy scheme and spectral lines of the anharmonic oscillator. a, The 
anharmonic potential takes into account the dissociation of the molecule for large 
bonding lengths (�&eq is the dissociation energy). The spacing between adjacent 
energy states decreases with increasing quantum number �R. At room temperature, 
primarily the ground state �R= 0 is occupied. For a comparison, the energy of the 
harmonic oscillator  is also sketched (dashed curve). b, The spectral lines of the 
transitions are governed by the fundamental resonance at �å
N�Ge and the first and 
second overtone at �å
N2�Ge and �å
N3�Ge, respectively. Figure adapted from [43]. 

The allowed energy states of the anharmonic oscillator result to [43] 

 

�(�é = 
l�R+
1

2

p�Ge 
F 
l�R+

1

2

p

�6

�Ge�Te 

= 
l�R+
1

2

p �Ge �F1 
F �Te 
l�R+

1

2

p�G

�ã�ç�ç�ç�ç�ç�ä�ç�ç�ç�ç�ç�å
"�Þosc"

. (2.26) 

From comparison to (2.22), it can be seen that the energy levels of the 
anharmonic oscillator resemble those of a harmonic oscillator with a 
resonance frequency that decreases with increasing quantum number. 
Hence, also the inter-level energy distance decreases with increasing 
quantum number, see Fig. 2.9a. �Te is a small anharmonicity constant, �Te 
N
0.01. The selection rules for the anharmonic oscillator are 
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 �� �R= ± 1,±2, ±3, …, (2.27) 

which allows for overtones of the fundamental transition ���R= ±1 at 
spectral lines very close to 2�Ge, 3�Ge, etc. [43]. It should be noted that the 
population of the first excited state �R= 1 is at room temperature <1% of 
the ground state population �R= 0 [43]. Hence, in Fig. 2.9a, only the 
transitions originating from �R= 0 are marked. The resulting spectral lines 
are shown in Fig. 2.9b.  

The frequency of vibrational transitions is on the order of �Ge =
500 …5000 cm�?�5 [43]. Hence, the associated frequencies are of much 
higher energy than those connected with rotational transitions. 

Rotational-Vibrational Energy Levels 
In the previous section, it has been found that rotational and vibrational 
states have very different energy spacings (10 cm�?�5 for rotations versus 
3000 cm�?�5 for vibrations). Hence, in first approximation one can assume 
that rotational and vibrational motions take place independently of each 
other. This simplification is known as the Born-Oppenheimer 
approximation, which allows to simply sum up the individual energy levels 
to the total rotational-vibrational energy of the diatomic molecule [43] 

 �' tot = �' vib + �' rot , (2.28) 

 �(tot = �(vib + �(rot . (2.29) 

The selection rules are the same as for the isolated rotational and vibrational 
motion, 

 �� �, = ± 1, (2.30) 

 �� �R= ±1, ± 2,±3, … (2.31) 

The selection rules state that every vibrational change must be accompanied 
by a rotational change. The rotational-vibrational energy levels of the 
diatomic molecule are sketched for �R= 0,1 and �, = 0 …5 in Fig. 2.10a 
together with some transitions.  

Due to their large energy difference, the rotational transition can be 
thought of as a "modulation" on top of the vibrational transition. This results 
in the symmetric formation of two transition groups �� �, = +1 and �� �, = 
F1 
around the vibrational transition frequency 
N�Ge, which are termed P-
branch (�� �, = 
F1) and R-branch (�� �, = +1 ). In between both branches exists 
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a gap, in which the (forbidden) Q-branch would be located (the transition 
rules of most diatomic molecules and CO2 forbid the �� �, = 0 transition). The 
line spacing between the rotational transitions is 2�$ (hence a rigid rotator 
is assumed; see also Fig. 2.7). 

 
Fig. 2.10: Energy scheme and resulting spectral lines of the diatomic molecule. a, 
Exemplary rotational-vibrational energy levels �R= 0,1 and �, = 0 …5 with allowed 
transitions. The transitions can be grouped into a P-branch (�Â𝛥𝛥 = 
F1) and an R-
branch (�Â𝛥𝛥 = +1 ). The distance between vibrational and rotational energy levels is 
not to scale; the separation of the vibrational levels �R is about a factor 1000 larger 
than the spacing between the rotational levels �,. The interruption of the ordinate is 
marked by two parallel lines. Figure adapted from [43]. 

In Fig. 2.7 - Fig. 2.9, all spectral lines have been drawn at the same intensity. 
In reality, the line intensity is determined by the transition probability 
between the different rotational states, and the initial molecule population 
in each rotational level (at room temperature, the thermal energy is not 
sufficient to significantly populate vibrational levels other than �R= 0) [43]. 
It turns out that the transition probability is nearly the same for all rotational 
transitions (e.g. the probability of �, = 0 �\ �, = 1 is the same as for �, = 1 �\
�, = 2), such that the line intensities are directly proportional to the 
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population. The population follows a Boltzmann distribution [43] multiplied 
by a term that takes the degeneracy of the rotational states into account, 
yielding 

 

Population �ß(2�,+ 1) exp
l
F
�' �Ã

�GB�6

p 

=
(�6.�5�8),(�6.�5�;)

(2�,+ 1) exp�F
F
�$�D�?𝑐𝑐(�,+ 1)

�GB�6
�G, 

(2.32) 

where �GB is the Boltzmann constant and �6 is the temperature. The 
population of the rotational states, and hence their line intensity, is 
temperature-dependent. The maximum of the population is located at [43] 

 �,max = 
¨
�GB�6

�t�D�?𝑐𝑐

F

1

2
. (2.33) 

The population for �$ = 5 cm�?�5 at room temperature is plotted in Fig. 2.11. 
The population initially increases with rotational quantum number �, before 
decaying exponentially, leading to a maximum population located at �,max 
N
4, equation (2.33). The line intensities have been indicated schematically in 
Fig. 2.10b as well. 

In reality, the molecule's rotations and vibrations are not independent 
of each other. The bond length of the molecule is not only influenced by the 
centrifugal forces stemming from the rotation motion (see above). It also 
increases with increasing vibrational motion. This leads to a decrease of the 
rotational constant �$ with increasing vibrational quantum number �R, 

 �$�é = �$
F �Ùp 
l�R+
1

2

p, (2.34) 

where �$ is the rotational constant of the isolated rotator,  and �Ùp is a 
proportionality constant that is small compared to �$. The breakdown of the 
Born-Oppenheimer approximation leads to a decrease in line spacing with 
increasing wave number. 
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Fig. 2.11: Population of rotational states �,, equation (2.32). The population initially 
increases with increasing rotational quantum number �,, before decaying 
exponentially. The location of the population maximum �,max is described by equation 
(2.33).  Figure adapted from [43]. 

It should also be noted that if the molecule has a permanent dipole (for 
a diatomic molecule this is identical with the molecule being heteronuclear), 
it is also possible to excite a rotational transition alone; �R= 0. The 
wavelength range of purely rotational transitions lies in the < 10 cm�?�5 
range, respectively the far-infrared (�ã> 50 �Jm).  

2.1.4 The Absorption Spectrum of CO2 
Electromagnetic waves can only interact with vibrational and rotational 
motions if the motion goes along with a change in the molecule's charge 
distribution, as the field needs to interact with the molecule. The charge 
distribution is referred to as the molecule's dipole moment, and vibrational 
or rotational motions are only IR-active if they go along with a change in the 
molecule's dipole moment. This can either be through a permanent dipole 
(e.g. in heteronuclear molecules like CO), or through a dipole that is induced 
during the motion (e.g. the antisymmetric stretch �R�6 of CO2). Consequently, 
diatomic molecules with identical atoms (e.g. O2, N2) are IR-inactive. 

The diatomic molecules analyzed in the preceding section only possess 
one possible vibrational movement. In general, for linear molecules with �0 
atoms exist  

 �<vib = 3�0 
F5 (2.35) 

vibrational degrees of freedom. Because each of the �0 atoms can move 
along 3 axis, in principle there are 3�0 degrees of freedom. However, the 
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translations along the axes are not counted into the vibrational degrees of 
freedom (-3), and neither are the 2 rotational degrees of freedom (-2) that 
exist for a linear molecule (-5 in total). Each vibrational degree of freedom 
has a respective vibrational mode, forming the so-called normal modes of 
vibration [43]. At these normal modes, all atoms of the molecule vibrate at 
the same frequency and in phase.  

For CO2 as a 3-atomic linear molecule, four normal modes of vibration 
exist, which can be excited independently of each other. Fig. 2.12 
schematically depicts those modes. 

 
Fig. 2.12: Schematic illustration of the four normal modes of vibration of CO2.  

For the symmetric stretch �R�5, the outer oxygen atoms move 
symmetrically along the bond direction either toward the central atom and 
away from it. The dipole moment of the molecule does not change during 
this motion, and the symmetric stretch is IR-inactive. 

During the antisymmetric stretch �R�6, the outer atoms move along the 
direction of the bond in the same direction, while the center carbon atom 
excerpts a counter movement. The antisymmetric stretch induces a dipole 
moment, and hence is IR-active at �G�é�. = 2349 cm�?�5 (�ã�é�. = 4.26 �Jm, see 
also Fig. 2.5). 

The deformation motions �R�7 and �R�8 comprise a movement of the atoms 
perpendicular to the bond direction. This can either be in the plane of 
projection (here: �R�7), or normal to it (here: �R�8). Because the movement 
induces a dipole moment, it is IR-active at �G�é�/ = 667 cm�?�5 (�ã�é�/ = 15 �Jm, 
see also Fig. 2.5). The deformations �R�7 and �R�8 are identical aside a rotation 
by 90° and hence occur at the same frequency / wave number. 
Nevertheless, based on their different bending directions, they are 
considered separate modes. Normal modes that occur at the same 
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frequency are called �J-fold degenerated, �J being the number of modes with 
the same frequency. The deformation mode of CO2 is 2-fold degenerated. 

The normal modes of vibration of the CO2 molecule are summarized in Table 
2.1. 

Table 2.1: Normal modes of vibration of the CO2 molecule. Table adapted from [131]. 

Normal 
Mode 

Wave 
Number 

Form of 
Vibration 

Comments 

�œ
Ú 1285/1388 Symmetric 
stretch 

IR-inactive. Resonance 
splitting due to accidental 
degeneration with 2�R�7. 

�œ
Û 2349 Antisymmetric 
stretch 

IR-active 

�œ
Ü, �œ
Ý 667 Deformation IR-active, 2-fold 
degenerated  

 

In the course of this thesis, the antisymmetric stretch �R�6 of CO2 at  
�G�é�. = 2349 cm�?�5, �ã�é�. = 4.26 �Jm has been probed. The absorption 
spectrum of CO2 between 2250 cm�?�5 and 2450 cm�?�5 is shown in Fig. 2.13.  

Although CO2 is a 3-atomic molecule, most of the derivations made in 
the previous section for the diatomic molecule also apply here and can be 
used to explain the spectral shape of the �R�6 absorption band. The absorption 
spectrum of the �R�6 transition exhibits the general characteristics of a 
rotational-vibrational diatomic molecule (compare to the energy and line 
shape diagram Fig. 2.10). Both the P-branch (�� �, = 
F1) and the R-branch 
(�� �, = +1) can be observed, as well as the absence of the Q-branch as the 
transition �� �, = 0 is not allowed for the antisymmetric stretch of CO2. The 
spacing between adjacent rotational states decreases with increasing wave 
number due to the coupling between rotational and vibrational transitions, 
equation (2.34). The line intensity in both branches follows the population 
distribution derived in equation (2.32).  
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Fig. 2.13: Absorption spectrum of the antisymmetric stretch �R�6 of CO2. Spectrum 
calculated using the HITRAN database [133] (�L= 1 atm, �6= 296 K), relative 
concentration 100%. 

Overtones 
In section 2.1.3, the possibility for vibrational overtones of fundamental 
transitions (e.g. 2�å�6) has been introduced. Also the combination of different 
fundamental frequencies is possible, and gives rise to new absorption bands 
[43]. Although these overtones and combination frequencies are much 
weaker than the fundamental transition, they can be of practical relevance 
for gas sensing applications due to the existence of higher-performant or 
lower-cost components in the overtone regime. For example, benefiting 
from high-performance photonic sources and detectors, CO2 has been 
detected in the near-infrared spectral range at the combination frequency 
of �å�é�- + �å�é�. + 2�å�é�/  and 2�å�é�- + �å�é�.  at approximately 2 �Jm [62].  

Although generally weak in nature, overtones might be amplified by a 
resonance due to accidental degeneracy [43]. For example, in the case of 
CO2 the first overtone of the two-fold degenerated deformation �å�7 at �G�6���/ =
1334 cm�?�5 almost coincides with the symmetric stretch �å�5 at �G���- =
1330 cm�?�5. This leads to a resonant energy exchange between both 
transitions, letting the overtone to gain energy at the expense of the 
fundamental. The coincidence of an overtone with a fundamental transition 
accompanied by an energy transfer is known as a Fermi resonance, and 
leads to the resonance splitting for �å�5 as stated in Table 2.1 (note that the 
�å�5 transition is not IR-active). 
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Line Broadening 
The spectral lines of rotational-vibrational transitions are not infinitesimally 
narrow, but are subject to different broadening processes [43, 131, 134] 
giving rise to a finite line width. The broadening processes are briefly 
summarized below: 

Natural broadening: The energy uncertainty of a system with lifetime �Ü�P 
is according to Heisenberg's uncertainty principle �Ü𝛿𝛿 
R�0/ �Ü�P [135]. The 
energy uncertainty results in a frequency uncertainty �Ü𝛿𝛿
R�Ü𝛿𝛿 / �D=
1/ (2�è𝜋𝜋𝜋𝜋), which is known as natural broadening. The magnitude of natural 
broadening is typically small compared to the other broadening processes. 
Natural broadening is a homogeneous process, resulting in a Lorentzian line 
shape [136].  

Collision broadening: In the gas or liquid phase, atoms and molecules 
collide continuously with each other, leading to an exchange of energy and 
hence to a broadening of the energy level. In other words, the vibrational 
and rotational motions are perturbed by the collisions of the molecules. 
Collision broadening is pressure-dependent, and commonly referred to as 
pressure broadening. Because pressure broadening is a homogeneous 
process, it results in a Lorentzian line shape [136]. 

Doppler broadening: the motion of molecules in liquids and gases causes 
their transition frequencies to exhibit a Doppler shift. Because molecules 
move in different directions relative to the detector (e.g. toward it, or away 
from it), this leads to a broadening of the transition line, known as Doppler 
broadening. Doppler broadening is an inhomogeneous process, resulting in 
a Gaussian line shape [136].  

2.1.5 Non-Dispersive Infrared Gas Sensing 
This section explains the operation principle of non-dispersive infrared 
(NDIR) gas sensing. NDIR is of central relevance to this thesis, as the all-
metamaterial optical gas sensor presented in chapter 5 relies on this sensing 
scheme. 

The schematic of an NDIR sensor is shown in Fig. 2.14. It comprises an 
infrared (IR) light source, an absorption cell, spectral bandpass filter(s), and 
at least one IR detector. 
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Fig. 2.14: Schematic of a non-dispersive infrared (NDIR) gas sensor. A light source 
emits broadband radiation, which is guided through an absorption cell to the 
detector. In the absorption cell, the radiation is absorbed by rotational-vibrational 
transitions in the target gas. The broadband spectrum is filtered at the IR detector to 
the narrow absorption band of interest, e.g. of CO2. An optional reference channel 
not sensitive to CO2 can be employed to compensate for source fluctuations and 
ageing effects. 

The light source emits a broadband spectrum with a spectral flux �0e,�›(�ã) 
into the gas absorption cell (
c�0e,�›(�ã) 
g= W/ nm). Common light sources for 
the mid-infrared spectral range are microbulbs [6] and microhotplates [7], 
which both rely on a thermal emission principle, section 2.2.1. The sidewalls 
of the absorption cell are gold-coated to maximize their reflectivity. Inside 
the optical cell, the target gas (in this case CO2) selectively absorbs the mid-
infrared light by rotational-vibrational transitions, section 2.1.4. For CO2 
measurements with sensitivities in the low ppm range, an optical path 
length about �@
N50 mm is necessary [5, 6]. In order to establish a 
selectivity with respect to the target gas, the broadband spectrum must be 
filtered to the narrow absorption band of the target gas, see Fig. 2.5. NDIR 
sensors employ dielectric interference filters as optical filter elements, 
which can be tuned to a wide range of center wavelengths and transmission 
bandwidths. For the detection of CO2, the filter transmission function �6filt (�ã) 
is typically centered on the antisymmetric stretch of CO2 at �ã�é�. = 4.26 �Jm 
with a full width at half maximum (FWHM) of 180 nm [61]. The filter 
characteristic is schematically illustrated in Fig. 2.15 together with the 
absorption bands of CO2, CO and CH4.  After traversing the optical filter, the 
radiant flux �0e,det at the detector results according to the Beer-Lambert law 
(2.1) to 

 �0e,det = 
± �0e,�›(�ã) �6filt (�ã) exp(
F�Ù(�ã)�?𝑐𝑐) �@𝑑𝑑, (2.36) 
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where �0�c,�›(�ã) is the spectral radiance emitted by the light source, �6filt (�ã) is 
the filter transmission function, �Ù(�ã) is the absorption coefficient of the 
target gas and �? its concentration, and �H is the optical path length. For real-
world cavities, the path length �H is a distribution rather than a scalar value, 
which can be accounted for by an additional nonlinearity parameter �@, such 
that �0e,Det �ßexp(
F�Ù(�ã) �?�×�H), see Appendix C. The infrared detector 
(typically a thermopile) translates the radiant flux into an electrical signal 
�5det. For a thermopile detector, the output signal is a voltage and has the 
unit [ �5det] = V. NDIR is a transmission-based principle, which means that the 
target gas concentration is determined by measuring the transmitted 
radiant flux through the cell. The higher the gas concentration inside the cell, 
the lower the detector signal. 

 
Fig. 2.15: Schematic illustration of the NDIR sensing principle. The transmission band 
of the signal channel (red) is centered on the CO2 absorption band at �ãc = 4.26 �Jm. 
Hence, the radiant flux arriving at the detector correlates with the CO2 concentration. 
The transmission band of the optional reference channel (blue) is centered at �ãc =
3.9 �Jm. The reference channel serves for the compensation of source-induced 
intensity fluctuations. Filter transmission functions schematically adapted from [6]. 
Absorption spectra have been calculated using the HITRAN database [133] (�L=
1 atm, �6= 296 K) and plotted at a relative concentration of 100%. At ambient 
conditions, water is the primary cross contaminant, see Fig. 5.5b in section 5.3. 

Some NDIR sensors employ a reference channel [6], which is also 
illustrated in Fig. 2.14 and Fig. 2.15. The reference channel's bandpass filter 
is centered on a spectral band without any absorption resonances, e.g. �ãc =
3.9 �Jm, FWHM 
N90 nm (blue curve in Fig. 2.15). The reference channel 
enables a ratiometric measurement scheme [6], which compensates for 
source fluctuations and ageing effects that otherwise would cause a long-
term drift of the sensor signal. In practice, the compensation of baseline 
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drifts in regular intervals (typically once per week) using an "automated 
baseline correction" (ABC) algorithm is widely accepted in industry [9, 30]. 
As a reference channel increases the complexity and hence the cost of the 
sensor, it should be only implemented when necessary, e.g. for sensors with 
stringent stability requirements, or when an ABC algorithm cannot be 
employed. 

It is now clear what the "non-dispersive" in NDIR stands for: the emitted 
broadband radiation interacts with the sample across a wide spectral range, 
and the entire absorption band is probed. This stands in contrast to 
dispersive sensing systems, which probe a single transition line using 
monochromatic light sources (see section 1.2). 

Key Metrics 
This section defines the most relevant key metrics of an NDIR sensor. It is 
based on the work presented in reference [J1] and chapter 5.  

In order to illustrate the key metrics, Fig. 2.16a schematically sketches 
the detector signal �5d of an NDIR sensor for an increasing gas concentration 
�? over time. As stated in the previous section, the detector signal decreases 
with increasing gas concentration. Here, the concentration �? is assumed to 
be the concentration of the target gas CO2. In Fig. 2.16b, the detector signal 
�5d is plotted against the applied gas concentration �?. In general, this curve 
is non-linear due to the exponential dependence of the transmitted flux on 
the gas concentration, equation (2.1). The sensor's response toward 
changes in the CO2 concentration is quantified by the relative CO2 
responsivity �4CO�.

(�?w), 

 �4CO�.
(�?w) =

1

�5d(�?)
�@�5d(�?)

�@𝑑𝑑
�d
�Ö�@�Öw

. (2.37) 

Note that the relative responsivity is always defined at a given working point 
concentration �?w, as both the slope of the curve �@�5d(�?)/ �@𝑑𝑑 and the intensity 
�5d(�?) depend on �?.  
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Fig. 2.16: Schematic illustration of an NDIR sensor signal. a, Illustration of an NDIR 
sensor signal over time with varying gas concentration �?. b, Signal magnitude versus 
applied gas concentration, from which the relative responsivity can be derived. 

In reality, the sensor will also be sensitive to gases not intended by 
design, which are called cross-contaminants. If the sensor is sensitive to 
more than one species, the respective working point must be extended 
accordingly. For example, in the case of the CO2 sensor presented in chapter 
5, relative humidity (rH) is the major cross contaminant. Hence, equation 
(2.37) must be extended to 

 �4CO�.
( �?w,rHw) =

1

�5d(�?,rH)
�@�5d(�?,rH)

�@𝑑𝑑
�d
�Ö�@�Öw, rH�@rHw

, (2.38) 

where the index "CO�6" marks the responsivity with respect to the target gas 
CO2. In direct analogy, the responsivity with respect to the cross 
contaminant rH can be quantified in the humidity responsivity  

 �4rH(�?w,rHw) =
1

�5d(�?,rH)
�@�5d(�?,rH)

�@rH
�d
�Ö�@�Öw, rH�@rHw

. (2.39) 

The relative responsivities are given in units 
c�4CO�.

g= 1/ ppm and [�4rH] =

1/ %rH, respectively. Equations (2.38) and (2.39) can be combined to the 
cross sensitivity of the sensor with respect to rH, 

 �4rH/ CO�.
=

�4rH(�?w,rHw)

�4CO�.
( �?w,rHw)

. (2.40) 

The unit of the cross sensitivity �4rH/ CO�.
 is 
c�4rH/ CO�.


g= ppm/ %rH.  

Equation (2.38) describes the relative signal change with respect to 
changes in the CO2 concentration. The CO2 sensitivity of the sensor also 
depends on the noise of the sensor signal, schematically illustrated in the 
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"magnifying glass" inset in Fig. 2.16a. NDIR sensors are typically limited by 
the noise of their optical detector, also referred to as "detector-limited 
operation" (see section 2.2.3 "Thermopile Detectors" for a discussion of the 
dominant noise effect in thermopile detectors). The CO2 sensitivity of the 
system is 

 �� �?CO2(�?w,rHw) =
�5noise/ �5d(�?w,rHw)

�4CO�.
( �?w,rHw)

, (2.41) 

where �5noise is the detector noise floor (in units [�5noise] = V/ �¾Hz for a 
thermopile detector), �5d(�?w,rHw) is the sensor signal at the working point, 
and �4CO�.

(�?w,rHw) is the relative CO2 responsivity, equation (2.38). The unit 
of the CO2 sensitivity is [�� �?CO2] = ppm/ �¾Hz. Please note that equation 
(2.41) depends again on the working point (�?w,rHw).  
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2.2 Principles of Thermal Emission and Detection 
The gas sensor developed in this thesis relies on thermal principles to emit 
and to detect mid-infrared radiation. This section summarizes the 
theoretical fundamentals of thermal emission and thermoelectric detection. 
Examples of micro-machined membrane emitters and thermopile detectors 
illustrate the implementation of these principles into practically relevant 
devices. 

2.2.1 Thermal Emission 
All objects at a non-zero temperature radiate electromagnetic energy, which 
is called thermal emission. On the microscale, the origins of thermal 
emission can be found in the fluctuating currents inside an object, which 
arise from particles constantly changing their motion due to various particle-
particle interactions [103]. We encounter thermal emission everywhere in 
our daily life, be it in form of (resistively heated) light bulbs, glowing 
hotplates, or the sun. It is all the more surprising that it took until 1900 to 
theoretically describe the spectral radiance of thermal emission [132]. The 
implicit assumption that the emitted energy is quantized marked the start 
into a new era of physics: quantum mechanics. 

Blackbody Radiation and Planck's Law 
This section derives the spectral radiance of a blackbody emitter. The 
spectral radiance �.e,��  is the optical power that an object at temperature �6 
emits per unit projected area �@𝑑𝑑, per unit solid angle �@�3, and per unit 
frequency �@𝑑𝑑 (see section Appendix B for a definition of the radiometric 
quantities). For arbitrary objects, this function is difficult to obtain. 
However, for a blackbody emitter a closed expression for the spectral 
radiance can be derived.  

A blackbody is a (hypothetical) object that absorbs all incident radiation, 
independent of the radiation's frequency or incident angle. The spectral 
radiance of a blackbody emitter only depends on its temperature and the 
frequency of the emitted radiation. Particularly, its radiance is  independent 
of viewing angle, which makes it a Lambertian source. In practice, a 
blackbody can be approximated by an isothermal enclosure with absorbing 
sidewalls, as shown in Fig. 2.17a. The sidewalls of the cavity enclose a 
radiation field, which is assumed to be in thermal equilibrium with the cavity 
sidewalls at �6= const. Through a small aperture in the enclosure, radiation 
can escape the cavity. The spectral radiance �.e,��  of the escaping radiation 
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depends only on the temperature �6, but not on the shape of the enclosure 
or the composition of its sidewalls.  

 
Fig. 2.17: Schematic illustration of a cavity blackbody. The radiation inside the 
enclosure is in thermal equilibrium with the enclosure sidewalls; �6= const. Figure 
adapted from [137]. 

The spectral radiance of a blackbody can be derived by decomposing the 
radiation field into its normal modes. Multiplying the mode density per unit 
frequency with the average energy per mode yields the spectral energy 
density, or spectral radiance. The derivation provided in this section closely 
follows the argumentation in [137] and [134].  

The mode density in a simple cubic enclosure with side length �H and 
perfectly conducting sidewalls should be calculated. The field inside the 
cuboid can be described by a superposition of plane waves,  

 �q= 
Í �q�Üexp(
F�E(�ñ𝜔𝜔+ �‘�˜))
�Ü

. (2.42) 

From the boundary conditions, it follows that the components of the wave 
vector �‘  must satisfy the condition [134] 

 �G�ë
�6+ �G�ì

�6+ �G�í
�6 =

�ñ�6

�?�6
, (2.43) 

where �? is the speed of light in the medium with refractive index �J, i.e. �?=
�?�4/ �J. Furthermore, the components of �‘  must be integer multiples of �è/ �H,  

 

�G�ë = �0�ë
�è

�H
, 

�G�ì = �0�ì
�è

�H
, 

�G�í = �0�í
�è

�H
, 

(2.44) 

where �0�ë, �0�ì  and �0�í are non-negative integer values. Together with (2.43) 
result the normal modes �ñ�ë,�ì ,�í of the cuboid [134], 
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 �ñ�ë,�ì ,�í =
�è𝜋𝜋

�H

§�0�ë

�6+ �0�ì
�6+ �0�í

�6 . (2.45) 

The resulting mode density per unit volume is [134, 137] 

 �é�Þ�@𝑑𝑑= 
l
�G

�è

p

�6

�@𝑑𝑑, (2.46) 

recast in frequency units as 

 �é�� �@𝑑𝑑=
8�è�å�6

�?�7
�@𝑑𝑑. (2.47) 

Note that the mode density per unit volume is independent of the 
dimension �H of the cuboid, and thus of its volume. The average energy per 
mode is calculated by treating the electromagnetic field as a collection of 
harmonic oscillators [137], each mode corresponding to a single oscillator. 

In his solution to the problem, Planck made the truly revolutionary 
assumption that the resonators can only adopt discrete energy levels  

 �' = �0�D�å. (2.48) 

Hence, energy is quantized. The smallest energy quantum �' = �D�å is only a 
function of the frequency �å, see also equation (2.7). The integer number �0 
in equation (2.48) can be interpreted as the number of photons per mode 
[137]. The probability distribution of �0 follows a normalized Boltzmann 
distribution, resulting in the average occupation number  

 
�0
%=

1

exp�@
�D�å
�GB�6�A
F1

, 
(2.49) 

which is known as the Planck distribution [137]. The average spectral energy 
density results to 

 
�Qe,�K= �é�� �0
%�D�å=

8�è�D�å�7

�?�7
1

exp�@
�D�å
�GB�6�A
F1

. 
(2.50) 

For blackbody radiation, energy density and radiance are related by [103, 
137] 

 �.e =
�?

4�è
�Qe, (2.51) 

leading to the spectral radiance 
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�.e,�� =

�t�D�å�7

�?�6
1

exp�@
�D�å
�GB�6�A
F1

, 
(2.52) 

which is known as Planck's law. The frequency- and wavelength- dependent 
form of equation (2.52) are related by equation (B.19), 

 �.e,�� �@𝑑𝑑= �.e,�� �@𝑑𝑑, (2.53) 

resulting in Planck's law in wavelength units 

 
�.e,�� =

�t�D�?�6

�ã�9
1

exp�@
�D�?

�ã�GB�6�A
F1
. 

(2.54) 

When the blackbody radiation is emitted into a transparent dielectric 
medium, the total emitted power is proportional to the relative permittivity 
�Ýr of the dielectric due to the increased density of photonic states [103, 137]. 

By derivation of equation (2.54), the position of maximum spectral 
radiance �ã�Å

 ,max can be calculated. The result is known as Wien's 
displacement law, 

 �ã�Å

 ,max =
�>��
�6

, (2.55) 

where �>�� 
N�D�?/ (4.965�GB) 
N2.898 �„10�?�7 mK is Wien's displacement 
constant [137]. The maximum of Planck's curve is inversely proportional to 
the temperature �6. The maximum position depends on the parametrization 
of Planck's law (wavelength (2.54), or frequency (2.52)). Wien's law for the 
frequency parametrization results to [137] 

 �å�Å
� ,max = �>�� �6, (2.56) 

where �>�� 
N2.821�GB/ �D
N5.878 �„10�5�4 Hz/K.  

Planck's law (2.53) is plotted in Fig. 2.18a for emitter temperatures ranging 
from �6= 300 °C to �6= 700 °C. Wien's displacement law (2.55) is marked 
by a dashed gray line.  
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Fig. 2.18: Blackbody radiation. a, Spectral radiance according to Planck's law (2.54) 
for ideal blackbodies with temperatures between 300 °C and 700 °C. The 
wavelength of maximum spectral radiance according to equation (2.55) is  marked 
by a dashed gray curve. The relevant spectral band for CO2 sensing from 4.2 �Jm to 
4.4 �Jm is marked by a blue shaded region. b, Radiance emitted into the spectral band 
between 4.2 �Jm and 4.4 �Jm together with the wavelength of maximum spectral 
radiance (2.55). 

For CO2 sensing, emission into the spectral band between 4.2 �Jm to 
4.4 �Jm is relevant (see section 2.1.4). The spectral region is marked in Fig. 
2.18a by a blue shaded region. In Fig. 2.18b, the radiance into the respective 
spectral band is plotted. Despite the wavelength of maximum spectral 
radiance is reached at a blackbody temperature of �6
N406 °C (dashed 
orange line), the emitted radiance increases monotonously with 
temperature. Hence, with respect to the sensor's signal to noise ratio, 
highest emitter temperatures are desirable. In the metamaterial thermal 
emitter presented in chapter 3, the operational temperature  is limited to 
�6
N450 °C by the thermal stability of the employed metamaterial layer. 
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Commercial hotplate emitters reach operational temperatures around �6
N
610 °C [95]. 

Stefan-Boltzmann Law 
The Stefan-Boltzmann law allows for the calculation of the radiant exitance 
�/ e (i.e. the total emitted power per unit area) of a blackbody of temperature 
�6 [138], 

 �/ e = �êB�6�8, (2.57) 

where �êB = 2�è�9�GB
�8/  (15�?�4

�6�D�7) 
N5.67 × 10�?�< W/ (m�6K�8) is the Stefan-
Boltzmann constant. Equation (2.57) can be derived from Planck's law (2.52) 
by integration over all frequencies and the solid angles corresponding to the 
hemisphere above the emitter [137]. Stefan and Boltzmann observed the 
�6�8- dependence of the radiant emittance 20 years before Planck's 
derivation. 

Rayleigh-Jeans Law 
It actually were Lord Rayleigh and Sir James Jeans who introduced in 1900 
[139], respectively 1905 [140], the mode decomposition approach that 
Planck later used in his derivation of the blackbody radiance [137]. However, 
in contrast to Planck they calculated the mode energy using classical physics, 
allowing continuous resonator energies with an average energy per mode 
[137] 

 �'
$= �GB�6. (2.58) 

Together with equations (2.47) and (2.51), this results in the Rayleigh-Jeans 
law, 

 �.RJ,e,�K=
2�å�6

�?�6
�GB�6. (2.59) 

The Rayleigh-Jeans law (2.59) relies solely on classical physics. It 
approximates Planck's law (2.52) in the small frequency regime, �D�å�' �GB�6, 
but diverges toward large frequencies ("ultraviolet catastrophe").  

Thermal Membrane Emitters 
A micro-machined, mid-infrared thermal emitter is shown in Fig. 2.19. It 
comprises a silicon substrate, onto which a suspended dielectric membrane 
with radius �Nmem = 550 �Jm (thickness 𝑡𝑡mem 
N5 �Jm) is fabricated. 
Integrated into the membrane is a metallic heater with radius �Nheater 
N
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300 �Jm allowing for resistive heating of the membrane up to temperatures 
of �6
N650 °C. The footprint of the entire chip is only 1.7 × 1.7 mm�6. The 
small heat capacity of the heater membrane allows for a modulation of the 
thermal emission with frequencies up to �Bmod 
N100 Hz. The electrical 
power consumption of the device in operation is approximately �2heater 
N
140 mW for a membrane temperature of �6
N600 °C. This results in a 
power efficiency of �ß= �2opt/ �2el 
N7%, assuming ideal blackbody emission 
(in reality this is not the case; see section 2.2.2). Hence, most of the 
generated heat is not translated into radiation, but rather dissipated to the 
substrate via thermal conduction and to air via convection and conduction. 

 
Fig. 2.19: Micrograph of a micro-machined thermal emitter. The emitter comprises a 
metallic heater with radius �NHeater 
N300 �Jm, which is integrated into a suspended 
dielectric membrane with radius �NMem = 550 �Jm. The device enables thermal light 
emission by resistive heating of the membrane up to temperatures of  �6
N650 °C. 
Details of the heater structure cannot be shown for confidentiality reasons. 

2.2.2 Emissivity, Absorptivity, and Kirchhoff's Law 
Realistic thermal emitters like the membrane emitter shown in Fig. 2.19 
exhibit a radiance �. that is smaller than the value predicted by Planck's law 
(2.54). The ratio of the flux emitted by an object �0e,emit,object to the flux 
emitted by a blackbody of identical geometry �0e,blackbody is defined as the 
emissivity of the object [137],  

 �Ý=
�0e,emit,object

�0e,blackbody
. (2.60) 

More precisely, the goniomic emissivity of an object is defined by the ratio 
of its spectral radiance to the spectral radiance of a blackbody [103, 137], 
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 �Ý(�à, �ö, �ã, �6) =
�.e,�� ,source(�à, �ö, �ã, �6)

�.e,�� ( �à, �ö,�ã, �6)
, (2.61) 

where �à and �ö are the angles of the object's emission direction in polar 
coordinates. Equation (2.60) is a general definition of an object's emissivity, 
while equation (2.61) also differentiates with respect to wavelength, object 
temperature and emission direction. The latter two are less relevant for this 
thesis, but the emissivity's spectral dependence will be used to tailor the 
emission spectrum of a thermal emitter in chapter 3. The emissivity of 
naturally occurring materials depends on the material itself and its surface 
finish. For example, polished aluminum has an emissivity of �Ý
N0.03 at �6=
300 K  [141]. 

In analogy to the emissivity, the absorptivity �# of an object is defined as 
the ratio of the flux absorbed by the object �0e,abs,object to the flux absorbed 
by a blackbody of identical geometry �0e,blackbody,  

 �#=
�0e,abs,object

�0e,blackbody
. (2.62) 

In thermal equilibrium, the emissivity and the absorptivity of an object are 
closely linked, which is illustrated by the thought-experiment sketched in 
Fig. 2.20 [103, 137].  

 
Fig. 2.20: Schematic of the thought experiment leading to Kirchhoff's law.  

In Fig. 2.20, a non-transmissive object (i.e. �#+ �4 = 1) is placed in an 
isothermal enclosure, �6= const. Eventually, the object will be in thermal 
equilibrium with the enclosure, and the net energy flow between both must 
be zero due to the second law of thermodynamics. For the balance of the 
spectral radiance follows 

[1 
F �#(�à, �ö, �ã, �6)]�.e,�� (�ã, �6)�ã�ç�ç�ç�ç�ç�ç�ç�ç�ä�ç�ç�ç�ç�ç�ç�ç�ç�å
reflected

+ �Ý(�à, �ö, �ã, �6)�.e,�� (�ã, �6)�ã�ç�ç�ç�ç�ç�ä�ç�ç�ç�ç�ç�å
emitted

= �.e,�� (�ã, �6), 
(2.63) 

from which directly follows Kirchoff's law, 
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 �#(�à, �ö, �ã, �6) = �Ý(�à, �ö, �ã, �6). (2.64) 

The optical flux absorbed by an object that is in thermal equilibrium with its 
environment must be re-emitted. Any other configuration would lead to a 
temperature increase of the object or to the violation of the second law of 
thermodynamics. Kirchhoff derived this insight in 1860 [142], 40 years 
before the spectral distribution of thermal emission could be explained. The 
generality of equation (2.64)  for all spectral components and directions is 
proven in [143]. 

2.2.3 Thermoelectric Detection 
Thermoelectric detectors belong to the family of thermal detectors. Thermal 
detectors convert the incident radiation into heat, leading to a localized 
temperature increase. Depending on the type of thermal detector, this 
temperature increase is translated into an electrical signal either by a 
change in potential (thermoelectric), resistance (bolometric) or polarization 
(pyroelectric) of the material.  

In the case of thermoelectric detectors, the induced temperature 
gradient gives rise to a potential difference, which is sensed in form of an 
electric voltage. Thermoelectric detectors are among the oldest infrared 
detectors: Already in 1829 Nobili built the first thermopile, which enabled 
the measurement of small temperature differences using thermoelectricity 
[11]. Because of their indirect detection mechanism via the generation of 
heat, thermal detectors are per se not wavelength-selective, and can be very 
broadband. They are capable of detecting mid-infrared radiation, and 
compatible with room temperature operation. This makes them together 
with their CMOS-compatibility an inexpensive and scalable mid-infrared 
detector technology with widespread use in thermal imaging and sensing 
applications [11]. 

The Thermoelectric Effect 
The thermoelectric or Seebeck effect is named after Thomas Johann 
Seebeck, who discovered in 1821 that when closing a loop of two dissimilar 
metal wires and heating the junctions to different temperatures, a current 
is flowing through the wire loop [144].  

On the microscale, applying a temperature gradient across an object 
excerpts an electromotive force (EMF) on the charge carriers [145]. The 
majority charge carriers diffuse from the hot end to the cold end. This gives 
rise to a potential difference along the temperature gradient, which is 
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known as the Seebeck effect. If the temperature difference is small, it is 
found that the thermoelectric voltage �8TE generated across the ends is 
directly proportional to the temperature difference �� �6 [12, 145], 

 �8TE = 
F�Ùs�� �6, (2.65) 

where the proportionality constant �Ùs is known as the Seebeck coefficient. 
The Seebeck coefficient �Ùs is a material constant, which varies with the 
temperature and the morphology (grain size and boundaries, deposition 
method, etc.) of the material [11, 145, 146]. Seebeck coefficients of 
commonly used materials (poly-Si, Al, Bi) are on the order of 
10's-100's �JV/ K, see for example Table 5.1 in reference [11]. Analytic 
relations for �Ùs of different material categories are derived in [145, 147], 
whereas these expressions often deviate significantly from the measured 
values. It should be noted that the linear relation (2.65) is only valid for small 
�� �6. The generation of a thermoelectric voltage is schematically illustrated 
in Fig. 2.21.  

 
Fig. 2.21: Schematic illustration of the Seebeck effect. a, Generation of a 
thermoelectric voltage in a material with electrons as the majority charge carriers (n-
type). The resulting Seebeck coefficient �Ùs is negative, �Ùs < 0. b, Seebeck effect in a 
p-type material. Here, �Ùs > 0. 

For a material with electrons as the majority carriers (n-type, Fig. 2.21a), a 
negative charge collects at the cold end, and the Seebeck coefficient �Ùs 
results to 

 �Ùs = 
F
�� �ö

�� �6
= 
F

�ö1 
F �ö2

�61 
F �62
< 0, (2.66) 

where �ö1 and �ö2 are the electrical potentials at the left and the right side 
of the slab, respectively. Equivalently, for a p-type material where the 
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majority carriers are holes, �Ùs > 0 (Fig. 2.21b). In metals, both electrons and 
holes contribute to the thermoelectric effect, and �Ùs can be either positive 
or negative, depending on which influence dominates [11]. Unfortunately, 
the thermoelectric voltage generated in Fig. 2.21 cannot be measured 
directly, because the probes of the voltmeter would generate themselves a 
thermoelectric voltage, therefore obstructing �8TE. 

Thermocouples and the Peltier Effect 
Fig. 2.22a shows a configuration that enables the measurement of a 
thermoelectric voltage with a simple voltmeter. Two conductors with 
different Seebeck coefficients �Ùs,1 and �Ùs,2 are connected to form a 
thermocouple.  

 
Fig. 2.22: Schematic illustration of a thermocouple. a, Seebeck effect. A temperature 
gradient �Â𝛥𝛥 across the thermocouple leads to a voltage �8�5�6 at the contacts. b, Peltier 
effect. An current guided through the thermocouple leads to a temperature change 
at the junction. 

If the connection point of the thermocouple ("hot junction") is exposed to a 
temperature �6�5 + �� �6, while its open end ("cold junction") is held at the 
same temperature �6�5, a thermoelectric voltage �8�5�6 across the cold junction 
can be measured that is proportional to the temperature difference �� �6 [12], 

 �8�5�6= 
F�Ù�5�6�� �6= 
F
k�Ùs,2 
F �Ùs,�5
o�� �6. (2.67) 
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Thermocouples can only measure temperature differences (�� �6). To obtain 
the absolute temperature �6�5+ �� �6, also the cold junction temperature �6�5 
must be known. 

If a current is passed through the thermocouple as shown in Fig. 2.22b, 
heat will evolve on one junction side, and be absorbed at the other. This is 
known as the Peltier effect, and commonly used in thermoelectric heating 
and cooling elements [145, 148]. By forcing a current through the junction, 
an electromotive back-force is generated, which transports heat along the 
direction of the majority carriers. The Peltier effect can be seen in analogy 
to Lenz' rule in electromagnetics, which states that the induced current 
counters the origin of the magnetic field. In the thermoelectric case, the 
Peltier effect counters the impressed electric current by building up a 
temperature difference that leads to a counter-directed Seebeck effect. 

The third effect observed in thermoelectricity is the Thomson effect, 
which describes the reversible heating or cooling in homogeneous 
conductors when there is both an electric current flowing and a temperature 
gradient present [145]. Hence, in fact there are three thermoelectric effects. 
However, in common language the Seebeck effect is often referred to as 
"the thermoelectric effect". 

Thermoelectric Efficiency 
To simply maximize �8�5�6 in equation (2.67) for a given temperature 
difference �� �6, it is sufficient to choose materials with large, oppositely 
oriented Seebeck coefficients. However, to also optimize the efficiency of 
the thermoelectric conversion, the materials' electrical conductivity �ê 
should be large (to minimize resistive losses), while their thermal 
conductivity �â should be small (to prevent heat transfer from the hot to the 
cold junction) [11, 146, 148]. These considerations are summarized in the 
thermoelectric efficiency figure of merit �<te [145, 147, 148], 

 �<te =
�Ùs

�6�ê

�â
. (2.68) 

The unit of �<te is [�<te] = 1/ K. In Table 2.2, common thermocouple materials 
are compared with respect to �<te. Based on its large figure of merit, Bi/Sb is 
one of the most commonly used junction pairs. Furthermore, 
thermocouples based on poly-Si (rows 2 and 3) are of special interest, as 
they are compatible with standard CMOS process technology, allowing for 
the fabrication of miniaturized sensors with co-integrated electronics at low 
cost [11]. 
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Table 2.2: Thermoelectric efficiency figure of merit �<te for common thermocouple 
junction pairs at room temperature. Table from [96]. 

Junction Pair �†te [
Ú/ K] 

Chromel/Constantan 1.0 × 10�?�8 

Al/n-polySi or p-polySi 1.1 × 10�?�9 

n-polySi/p-polySi 1.4 × 10�?�9 

Bi/Sb 1.8 × 10�?�8 

Bi0.87Sb0.13/Sb 7.0 × 10�?�8 

n-PbTe/p-PbTe 1.3 × 10�?�7 

n-Bi2Te3/p-Bi2Te3 2.0 × 10�?�7 

 

The thermoelectric effect attracted a lot of research interest in the past, 
as it allows for the direct conversion of thermal energy (heat) to electrical 
energy in thermoelectric generators [145, 147, 148]. Unfortunately, the 
efficiency of this process (�ßTE < 10%) cannot rival that of traditional heat 
engines (�ßc 
N25%). As a result, thermoelectric power generation is today 
used only in niche applications, for example to power spacecraft [148]. 

Key Metrics of Optical Detectors 
The most important key metrics of optical detectors should be introduced 
at this point. This section is based on reference [11], where an in-depth 
introduction is given. 

Most optical detectors (including thermoelectric detectors) exhibit a 
linear relationship between the incident radiant flux �0e on the detector 
surface and the electrical output signal �5d of the detector. In this case, the 
detector responsivity �4d is defined as  

 �4d =
�5d
�0e

. (2.69) 

Depending on the detector type, �5d is either a current or a voltage signal. 
Hence, �4d is given in units of [ �4d] = V/W or [�4d] = A/W . In general, the 
responsivity is a function of wavelength, and equation (2.69) is extended to  

 �4d(�ã) =
�@�5d

�0e,�� (�ã)�@𝑑𝑑
, (2.70) 
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where �@�5d is the change in output signal per change of the spectral radiant 
flux �0e,�� (�ã)�@𝑑𝑑 at the wavelength �ã. Again, [�4d(�ã) ] = V/W or A/W .  

The noise equivalent power (NEP) of a detector is defined as the radiant 
flux on the detector surface that generates a signal to noise ratio (SNR) of 1, 
i.e. that generates a detector signal equal to the noise floor �5noise of the 
detector [11].It relates to the detector responsivity �4d as 

 NEP=
�5noise

�4d
. (2.71) 

The unit of NEP is [NEP] = W/ �¾Hz as the noise signal �5noise is normalized 
to the detection bandwidth, [�5noise] = V/ �¾Hz or A/ �¾Hz.  

The detectivity �&d is simply defined as the inverse of the NEP, 

 �&d =
1

NEP
. (2.72) 

For photonic detector, the noise equivalent power scales with the detector 
area �#d as NEP�ß 
¥�#d [149]. Hence, the normalized quantity  

 �&�Û=

¥�#d

NEP
 (2.73) 

was proposed by Jones [149, 150] as a figure of merit enabling the 
comparison of detectors of the same technology but with different 
detection areas. The unit of �&�Û is [�&�Û] = cm�¾Hz/ W = Jones. As Datskos 
and Lavrik point out, the NEP of most thermal detectors does not scale with 

¥�#d [151]. Hence, when applied to thermal detectors, �&�Û tends to 
overestimate the performance of large-area detectors compared to smaller 
ones. As a result, �&�Û as a figure of merit for thermal detectors should be 
interpreted with caution [11, 97, 146]. 

Thermopile Detectors  
The output voltage of a single thermocouples is on the order of �JV/ K for 
metal thermocouples [11], and hence too low for practical temperature 
measurements. However, by connecting �0 thermocouples in series, their 
individual output voltages (2.67) sum up to 

 �8tp = �0�8�5�6= �0
k�Ùs,2 
F �Ù�æ,�5
o�� �6, (2.74) 

which enables the detection of even minute temperature changes on the 
order of a few �JK. This configuration is called a thermopile. Thermopiles can 
be used for the detection of (mid-)infrared light if their hot junctions are 
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positioned on top of a suspended dielectric membrane as schematically 
illustrated in Fig. 2.23 (here: �0 = 8).  

 
Fig. 2.23: Schematic illustration of a thermopile detector. The incident spectral flux 
�Ô�� (�ã) is absorbed by the suspended thermopile membrane with absorptivity �#(�ã), 
which leads to a temperature increase �Â𝛥𝛥 of the membrane relative to the detector 
substrate. �0 = 8 thermocouples translate the temperature increase into a 
thermopile voltage �8tp , which can be measured across the thermopile contacts. 

The incident radiant flux �0e is absorbed by the membrane, which leads to a 
localized temperature increase ���6 equal to [11] 

 �� �6=
�ì �#(�ã) �0e,�� (�ã) �@𝑑𝑑�4th


¥1 + �ñ�6�ìth
�6

, (2.75) 

where �#(�ã) is the spectral absorptivity of the membrane's absorber layer, 
�0e,�� (�ã)  is the incident spectral radiance, �4th is the thermal resistance of the 
detector area (i.e. the membrane with thermopiles), �ñ is the modulation 
frequency of the signal, and �ìth is the thermal time constant of the detector, 
defined as 

 �ìth = �%th�4th, (2.76) 

with �%th being the thermal capacitance of the detector area. Time constants 
of thermopile detectors are on the order of several milliseconds [11]. The 
temperature increase �� �6 is translated via equation (2.74) into a 
thermoelectric voltage �8tp, which can be measured across the thermopile 
contacts. In order to maximize the thermoelectric signal, the membrane 
should have a large thermal resistance �4th, and a small thermal capacitance 
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�%th. Note that for an unmodulated radiant flux, �ñ = 0, the thermal 
capacitance has no impact on ���6. 

To investigate the theoretical detectivity limit of thermal detectors, an 
idealized thermal detector is assumed, which is perfectly isolated from its 
environment. In this case, heat exchange with the environment via 
conduction or convection is zero, and the only remaining thermal coupling 
is via radiative heat transfer [11]. The specific detectivity �&�Û of such a 
thermal detector is given by [11, 152-154] 

 �&thermal
�Û = 
¨

�#

8�GB�êB(�6d
�9+ �6b

�9)
, (2.77) 

where �# is the absorptivity of the detector area, �GB is the Boltzmann 
constant, �êB is the Stefan-Boltzmann constant (see equation (2.57)), �6d is 
the temperature of the detector, and �6b is the temperature of the 
environment. For a thermal detector with �#= 1, which is operated at room 
temperature �6d = �6b = 290 K, the radiation-limited specific detectivity 
results to �&thermal

�Û = 1.98 × 10�5�4 cm�¾Hz/ W. This is the theoretical specific 
detectivity limit that any thermal detector can reach. Rogalski points out 
that even for cryogenic cooling of the detector, �6d �\ 0, this value would 
only improve by a factor �¾2 [11]. In contrast, spectrally selective 
photodetectors reach background noise-limited detectivities of �&�Û
N3 ×
10�5�5 cm�¾Hz/ W at �ã= 4 �Jm (see Fig. 2.2 in reference [11]). 

Under realistic conditions, the noise of thermopile detectors is 
dominated by thermal noise from the thermocouple resistance, known as 
Johnson noise. The voltage noise of a resistor with resistance �4el is given by 
[11] 

 �8Johnson= 
¥4�GB�6�4el�� �B, (2.78) 

where �6 is the temperature of the resistor, and �� �B is the measurement 
bandwidth. The specific detectivity �&tp

�Û of a thermopile detector that is 
limited by thermal noise results to [11] 

 �&tp
�Û = 
k�Ùs,2 
F �Ù�æ,�5
o�#�4th
¨

�0�#d

4�GB�6�4el
, (2.79) 

where �Ùs,1 and �Ùs,2 are the Seebeck coefficients of the thermocouples, �# is 
the absorptivity of the detector area, �4th is the thermal resistance of the 
detector area, �0 is the number of thermocouples, �#d is the detector area, �6 
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is the temperature of the thermopile, and �4el is its electrical resistance of a 
single thermocouple. Note that �&tp

�Û is dependent of the detector area �#d, 
supporting the argumentation of Datskos and Lavrik (see section "Key 
Metrics of Optical Detectors" above). The specific detectivity of state-of-the-
art micro-machined thermopiles is on the order of �&�Û
N10�;-10�< cm�¾Hz/
W, see [12, 155] and Table 5.3 in reference [11].The micrograph of a micro-
machined thermopile detector is shown in Fig. 2.24. 

 
Fig. 2.24: Micrograph of a micro-machined thermopile detector. The suspended 
dielectric membrane with radius �Nmem = 700 �Jm is fabricated on top of a CMOS 
substrate. �0 = 148 thermocouples are radially arranged around the suspended 
membrane (indicated by dashed white lines) and connected in series to form a 
thermopile. Electronics for pre-amplification and digitization of the thermopile 
voltage are co-integrated on the same substrate.  

The thermopile comprises �0 = 148 Al/n-doped poly-Si thermocouples 
fabricated in a commercial 180 nm CMOS foundry process. The 
thermocouples are radially distributed around the circular membrane, 
which has a radius of �Nmem = 700 �Jm. CMOS electronics for signal 
amplification and digitization are integrated into the same substrate. The 
thermopile detector chip in Fig. 2.24 forms the basis for the metamaterial 
thermal detector used in chapter 5. 



 2.3 Plasmonics and Metal-Dielectric Metamaterials 

 55 

2.3 Plasmonics and Metal-Dielectric Metamaterials 
This section introduces the electromagnetic theory relevant to this thesis. 
After revisiting Maxwell's equations and various dispersion models, 
collective surface charge oscillations in small metallic particles, so-called 
localized surface plasmons (LSPs) are investigated. The concept of 
metamaterials is introduced, and the description of metal-dielectric 
metamaterials is linked to the LSP theory. This section builds on a range of 
very good books [156-158], dissertations [159], and lecture notes [160, 161] 
on electromagnetic theory.  

2.3.1 Maxwell's Equations and the Wave Equation 
Maxwell's equations are the fundament on which the description of all 
electromagnetic phenomena, such as plasmonics or metal-dielectric 
metamaterials, is built. This section aims to provide a concise introduction 
into electromagnetic theory. 

Maxwell's Equations 
Maxwell's Equations describe electromagnetic fields and their propagation 
in arbitrary media. Their differential form is given by 

 �Ï × �q= 
F
�ò�n

�ò𝜕𝜕
 (2.80) 

 �Ï × �t = �v+
�ò�p

�ò𝜕𝜕
 (2.81) 

 �Ï �„�p = �é (2.82) 

 �Ï �„�n = 0 (2.83) 

Faraday's law of induction (2.80) describes how a time-varying magnetic flux 
density �n induces an electric field �q. Ampère's law (2.81) states how an 
electric current density �v or electric flux density �p induces a magnetic field 
�t . Equations (2.82) and (2.83) describe Gauss' law of electric and magnetic 
charge conservation. Here, �é is the electric charge density. There are no 
magnetic monopoles.  

The material relations, or constitutive relations, describe the mutual 
relation between flux densities and fields: 

 �p = �Ý�4�q+ �| (2.84) 
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 �n = �ä�4(�t + �y ) (2.85) 

Here, �| is the electric polarization, and �y  is the magnetization.  

 �Ý�4 
N8.854 �„10�?�5�6 As/Vm, (2.86) 

is the vacuum permittivity, and 

 �ä�4 = 4�è�„10�?�;  Vs/Am 
N1.257 �„10�?�:  Vs/Am (2.87) 

is the vacuum permeability. The speed of light in vacuum is defined by the 
natural constants (2.86) and (2.87) as 

�?�4 =
1


¥�ä�4�Ý�4

N2.998 �„10�< m/s . (2.88) 

The current density �v comprises contributions from the externally applied 
current density �vext, and from the internal current density �ê�q originating 
from the electric field �q, 

 �v= �vext + �ê�q. (2.89) 

In the absence of free charges �é= 0 and external currents �vext = 0, the 
conductivity �ê can be incorporated into the complex permittivity, see [159]. 

The Wave Equation in Optics 
In optics, Maxwell's equations simplify due to the absence of free charges 
(�é= 0) and external currents (�vext = 0). For linear, isotropic, and 
homogeneous media, and if monochromatic electromagnetic fields are 
considered, �q
á= Re
k�qexp(
F�E𝑖𝑖𝑖𝑖)
o, Maxwell's equations can be written in 
the frequency domain (�ò/ �ò𝜕𝜕�\ 
F�E𝑖𝑖) as 

 �Ï × �q= �E𝑖𝑖�ä�4�är �t  (2.90) 

 �Ï × �t = 
F�E𝑖𝑖�Ý�4�Ýr �q (2.91) 

 �Ï �„�q= 0 (2.92) 

 �Ï �„�n = 0 (2.93) 

For materials with a linear response to the applied fields, the material 
relations (2.84) and (2.85) can be rewritten in the frequency domain as 

 �p = �Ý�4�q+ �| = �Ý�4(1 + �ïe)�q= �Ý�4�Ýr �q (2.94) 
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 �n = �ä�4(�t + �y ) = �ä�4(1 + �ïm)�t = �ä�4�är �t  (2.95) 

Here, �ïe and �ïm  are the electric and magnetic susceptibility, which describe 
the response of the electric polarization and the magnetization to the 
electric field �q and the magnetic field �t . �Ýr and �är  are called relative 
permittivity and relative permeability, respectively. 

For the derivation of the wave equation, the curl operator is applied on 
equation (2.90), 

 �Ï × (�Ï × �q) = �E𝑖𝑖�ä�4�ä�å( �Ï × �t ) =
(�6.�=�5)

�ñ�6�Ý�4�Ýr �ä�4�är �q= �G�6�q. (2.96) 

Here, �G is the wave number in the material 

 �G= �ñ
¥�ä�4�är �Ý�4�Ýr =
�ñ

�?�4

¥�är �Ýr = �G�4
¥�är �Ýr, (2.97) 

where �G�4 = �ñ/ �?�4 is the wave number in vacuum. The wave number is also 
called the "propagation constant" (and referred to as �Ú) in the context of 
the propagating waves. Using the identity  

 �Ï × (�Ï × �q) = �Ï( �Ï �„�q) 
F�� �q, (2.98) 

where ��  is the Laplace operator, and keeping in mind that  
�Ï �„�q= 0 (2.92), equation (2.96) simplifies to 

 �� �q+ �G�6�q= 0, (2.99) 

which is called the wave equation or Helmholtz equation for the electric 
field. Starting with the curl of equation (2.91) and performing an analogous 
derivation yields the wave equation for the magnetic field, 

 �� �t + �G�6�t = 0. (2.100) 

The solutions of equations (2.99) and (2.100) have the form of plane waves, 
e.g. �q= �q�4exp (
F�E𝑖𝑖�V) for the propagation in positive 𝑧𝑧-direction. 

Refractive Index, Complex Quantities, Absorption Coefficient 
The refractive index �J is defined as the ratio of the wave number in the 
medium to the wave number in vacuum, 

 �J=
�G

�G�4
=

�ñ
¥�Ý�4�Ýr �ä�4�är
�ñ
¥�Ý�4�ä�4

= 
¥�Ýr�är . (2.101) 
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For naturally occurring materials, �är = 1 at optical frequencies. Hence, for 
the remainder of this thesis, �J= �¾�Ýr  unless otherwise defined. 

In general, both �J= �J�"+ �E𝑖𝑖�"�" and �Ýr = �Ýr
�ñ+ �E�Ýr�"�" are complex quantities, 

which are related to each other as 

 �Ýr
�ñ= (�J�ñ)�6 
F(�J�ñ�ñ) �6  (2.102) 

 �Ýr
�ñ�ñ= 2�J�ñ�J�ñ�ñ (2.103) 

 ( �J�ñ) �6 =
�Ýr

�ñ

2
+

1

2

¥(�Ýr�ñ) �6+ (�Ýr�ñ�ñ) �6 (2.104) 

 �J�ñ�ñ=
�Ýr

�ñ�ñ

2�J�ñ (2.105) 

The imaginary part of the refractive index �J�ñ�ñ is called the extinction 
coefficient. It is linked to the absorption coefficient �Ù of Lambert-Beer's Law 
(�0e(�T) = �0e,�4exp(
F�Ù𝛼𝛼); see also section 2.1.1), as [156, 160]  

 �Ù= 2�J�ñ�ñ�G�4 = 
¨
2�ñp

�6�ñ

�Û�?�4
�6 , (2.106) 

where �ñp is the plasma frequency, see the next section 2.3.2. 

2.3.2 Optical Dispersion  
This section introduces the Lorentz-Drude model, which explains the 
dispersive, i.e. frequency-dependent optical properties (refractive index 
�J(�ñ), relative permittivity �Ý�å(�ñ)) of most metals and dielectrics in the 
optical and infrared domain by modeling the electron as a harmonic 
oscillator subject to an externally applied electric field. The model sums up 
the forces on the electron to solve its equation of motion for the electron 
displacement �ž, from which the relative permittivity �Ýr can be calculated. 
The electron resides in a harmonic potential, leading to a linear restoring 
force 

 �rres = 
F�I eff�ñ�4
�6�ž, (2.107) 

where �I eff is the effective mass and �ñ�4 is the resonance frequency of the 
electron. The electron's motion is damped by a damping force  

 �rd = 
F�Û�I eff
�ò�ž

�ò𝜕𝜕
 (2.108) 
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proportional to the speed of the electron and a collision frequency �Û= 1/ �ì 
with the atomic lattice. For metals at room temperature, �ì~10�?�5�8 s is the 
relaxation time of the free electron gas, yielding �Û
N100 THz [156]. The 
external field �qext exerts a force  

 �rel = 
F�A�qext   (2.109) 

on the electron. Newton's second law sums the forces on the electron, 

 �I eff
�ò�6

�ò𝑡𝑡�6
�ž= 
F�I eff�ñ�4

�6�ž
F �Û�I eff
�ò�ž

�ò𝜕𝜕

F�A�qext. (2.110) 

For a harmonic excitation �qext = �q0exp (
F�E𝑖𝑖𝑖𝑖), the solution of equation 
(2.110) is again harmonic. Translation into the frequency domain (�ò/ �ò𝜕𝜕�\

F�E𝑖𝑖) yields  

 �ž=
�A

�I eff( �ñ�6 
F�ñ�4
�6+ �E𝑖𝑖𝑖𝑖)

�qext. (2.111) 

The macroscopic polarization �| is related to the displacement by 

 �| = �0�–el = 
F�0𝑁𝑁�ž, (2.112) 

where �0 is the carrier number density, and  

 �–el = 
F�A�ž (2.113) 

is the electric dipole moment. With the material relation (2.94) and 
assuming a linear material,  

 �p = �Ý�4�q+ �| = �Ý�4�Ýr �q, (2.114) 

for the relative permittivity �Ý�å follows 

 �Ýr = �Ý�¶ 
F
�ñp

�6

�ñ�6 
F �ñ�4
�6+ �E𝑖𝑖𝑖𝑖

, (2.115) 

with the plasma frequency �ñp defined as 

 �ñp
�6 =

�0�A�6

�Ý�4�I eff
. (2.116) 

�Ý�¶  accounts for the polarization due to free electrons, usually 1< �Ý�¶ < 10 
[156]. Equation (2.115) is a general description. Depending on the 
underlying material and the frequency range, several special cases apply. 
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Drude Model 
The Drude model assumes free electrons in the material (i.e. no restoring 
force, �rres = 0 �\ �ñ�4 = 0), which experience damping by ohmic losses in 
the metal (�Û
M0). The relative permittivity yields 

 �Ýr,D = �Ý�¶ 
F
�ñp

�6

�ñ�6+ �E𝑖𝑖𝑖𝑖
. (2.117) 

Fig. 2.25 plots the Drude model (2.117) for a collision frequency �@= 0.02�Xp. 
The Drude model is the primary model for the description of metals, valid 
for infrared frequencies.  

 
Fig. 2.25: Dielectric function of the Drude model (2.117) with a collision frequency 
�Û= 0.02�ñp. 

Equation (2.117) can be split into its real and imaginary part, �Ýr,D = �Ýr,D�"+
�E�Ýr,D�"�", with 

 �Ýr,D�"= �Ý�¶ 
F
�@
�ñp

�Û�A
�6

1 + �@
�ñ
�Û�A

�6, (2.118) 

 �Ýr,D�"�"=

�ñp
�6

�Û

�ñ 
l1 + �@
�ñ
�Û�A

�6

p

. (2.119) 

At very low frequencies, (�ñ/  �Û) �' 1, it follows that �Ýr,D�"�"�( �Ýr,D�". The 
absorption coefficient (2.106) is used to calculate the penetration depth of 
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the electromagnetic field into the metal. The electric field intensity decays 
to 1/ �A of its original value after the skin depth �Ü [156] 

 �Ü=
2

�Ù
= 
¨

2�Û�?�4
�6

�ñp
�6


¨
1

�ñ
. (2.120) 

Fig. 2.26 shows that the skin depth of noble metals is on the order of 
N20 
F
25 nm at mid-infrared wavelengths. 

 
Fig. 2.26: Skin depth of gold at near- and mid-infrared wavelengths, calculated from 
equation (2.120). The Drude material parameters were fitted to experimental values 
of gold [162], resulting in �0�ñp = 9.01 eV, �0�Û= 0.072 eV, �Ý�¶ = 9.84.  

It should be noted that the Drude model loses its validity for noble 
metals at the boundary between near-infrared and optical frequencies, and 
requires extension by Lorentz resonator terms to take interband transitions 
into account. Nevertheless, for fundamental investigations these effects are 
neglected for now, and equation (2.117) is analyzed at higher frequencies. 

Free Carrier Model 
In a material where the electrons do not experience significant damping or 
a restoring force from the lattice, it follows �Û= 0 and �ñ�4 = 0. Equation 
(2.117) simplifies to the free carrier model, 

 �Ýr,F = �Ý�¶ 
F
�ñp

�6

�ñ�6. (2.121) 

Fig. 2.27 plots the dielectric function of the free carrier against the 
normalized frequency �ñ/ �ñp. 
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Fig. 2.27: Dielectric function of the free carrier model (2.121). 

Equation (2.121) describes the dielectric function of an undamped, free 
electron plasma. Although it is practically not relevant due to additional loss 
mechanisms at higher frequencies, it allows us to develop an intuitive 
understanding of volume plasmons in section 2.3.3. 

Lorentz model 
The Lorentz model is the most general form of equation (2.115), 

 �Ýr,�P= �Ý�¶ 
F
�ñp

�6

�ñ�6 
F �ñ�4
�6+ �E𝑖𝑖𝑖𝑖

. (2.122) 

The Lorentz model (2.122) is plotted in Fig. 2.28 for a resonance frequency 
�X�4 = �Xp and a collision frequency �@= 0.1�Xp. From the imaginary part of 
the dielectric function, it becomes apparent that the Lorentz model is useful 
to take absorption resonances �ñ�4 in the frequency range of interest into 
account. The Lorentz model finds applications in the description of materials 
with bound charges, for example dielectrics at optical and infrared 
frequencies. 

Lorentz terms are also added to the Drude model in order to model the 
interband transition of noble metals (such as gold or copper) at optical and 
UV frequencies. A number of Lorentz oscillators might be required to model 
the dispersion behavior of noble metals accurately [156, 163]. 
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Fig. 2.28: Dielectric function of the Lorentz model (2.122) with  �Û= 0.1�ñp, �ñ�4 = �ñp. 
The imaginary part of the dielectric function is resonantly enhanced around the 
resonance frequency �ñ�4, taking absorption resonances in the frequency range of 
interest into account. 

2.3.3 Volume Plasmons 
This section introduces volume plasmons, which are collective bulk charge 
carrier oscillations in an idealized conductive material. To investigate bulk 
carrier oscillations of an ideal, undamped electron gas, the free carrier 
model (2.121) is inserted into equation (2.97) (�Ý�¶ = �är = 1), which yields 
the volume plasmon dispersion relation 

 
�ñ

�ñp
= 
¨ �F

�G�?�4
�ñp

�G
�6

+ 1 . (2.123) 

Fig. 2.29 plots the dispersion relation (2.123) as a function of the wave 
vector �G�?�4/ �ñp. In the transparency regime �ñ > �ñp, (2.123) has a real-
valued solution, and the electron gas supports propagating transverse 
waves inside the metal. Interestingly, when �ñ approaches �ñp, �Ýr,F �\ 0. 
Thus, �p = �Ý�4�Ýr,F�q=  �Ý�4�q+ �| = 0 also goes to zero, and the electric field is 
a pure depolarization field, �q= 
F�|/ �Ý�4. One can easily show that the 
plasma frequency �ñp corresponds to the natural frequency at which an 
undamped electron gas oscillates [156]. The quanta of these charge 
oscillations are called volume plasmons. 
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Fig. 2.29: Dispersion relation of a free electron gas. In the transparency regime �ñ >
�ñp, propagating waves inside the metal are allowed. At �G= 0, the undamped 
electrons inside the metal collectively oscillate at the plasma frequency �ñp. The light 
line describes the wave propagation �G= �G�4
¥�Ýd  in the surrounding medium (here: 
�Ýd = 1). 

2.3.4 Localized Surface Plasmons 
In this section, localized surface charge oscillations in subwavelength 
particle at optical frequencies, so-called localized surface plasmons (LSPs, 
see Fig. 2.30), are introduced. In contrast to volume plasmons, which were 
introduced in the section 2.3.3, LSPs can be excited by direct illumination of 
light because the nanoparticle geometry acts as source of momentum that 
allows coupling of electromagnetic radiation to LSP resonances. For small 
metal nanoparticles (diameter �@ on the order of 
N50 nm) made out of 
noble metals, the LSP resonance falls into the visible spectrum. The LSP 
resonance is characterized by a strong field localization and amplification in 
close proximity to the particle. Furthermore, the resonance's spectral 
position is highly dependent on the refractive index of the particle 
environment. These characteristics give rise to a multitude of applications 
in sensing [164] (surface-enhanced Raman scattering SERS [165, 166], 
surface-enhanced infrared spectroscopy SEIRA [167]), medical applications 
[168], photovoltaics [169, 170], microscopy [171], or even water purification 
[172]. With respect to this thesis, the LSP theory can be used to interpret 
the electric resonance of the cross-shaped metamaterial resonator (see 
sections 2.3.5 and 3.2).  
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Fig. 2.30: Conceptual sketch of a metallic nanosphere supporting a dipolar localized 
surface plasmon (LSP) resonance. The charge carrier density oscillates between the 
top and the bottom of the sphere, thus being localized in space. The resonant 
oscillation can be excited by direct illumination of light, and leads to a considerable 
enhancement of the sphere's scattering and absorption cross sections compared to 
the non-resonant case. LSP resonances find applications in sensing, cancer therapy, 
and microscopy.  

The investigation of LSPs starts by analyzing the response of a small 
conducting nanosphere to an external electrostatic field. For this simplified 
problem, an analytical solution can be derived.  

Quasi-Static Approximation 
The interaction of a particle with radius �=s with an externally applied 
electromagnetic field �q should be investigated. If the spherical particle is 
small compared to the wavelength of the radiation, 2�=s �' �ã, the phase of 
the harmonically oscillating field across the particle can be assumed 
constant, which corresponds to the case of a particle in an electrostatic field.  

Closely following the argumentation in [156], Fig. 2.31 depicts a sphere 
with radius �=s located at the origin, which is immersed in a uniform electric 
field �q= �' �4�‹�í aligned in 𝑧𝑧-direction. �N and �à are the coordinates of a point 
�2 in the spherical coordinate system. The dielectric functions of the sphere 
and the surrounding dielectric are �Ýs and �Ýd, respectively. The surrounding 
medium is assumed non-absorbing and isotropic. 
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Fig. 2.31: Schematic of a sphere with radius �=s and dielectric function �Ýs in a medium 
with dielectric function �Ýd. The sphere is immersed in an electrostatic field �q in 𝑧𝑧 –
direction. Figure adapted from [156]. 

In the electrostatic approach, the Laplace equation 

 �� �ö = 0 (2.124) 

for the electrostatic potential �ö is solved. For a spherical particle, the 
general solution is of the form [156, 173] 

 �ö(�N,�à) = 
Í 
c�#�ß�N
�ß+ �$�ß�N

�?(�ß�>�5) 
g�2�ß(cos(�à))

�¶

�ß�@�4

, (2.125) 

where �2�ß(cos(�à)) is the Legendre Polynomial of order �H, and �#�ß and �$�ß are 
matching coefficients. This general solution can be split into the potential 
inside the sphere, �öin, and outside the sphere, �öout. Applying the boundary 
conditions at �N�\ �» and �N= �=s (continuity of tangential electric field and 
normal flux density across the sphere boundary) leads to the two equations 
[156] 

 �öin = 
F
3�Ýd

�Ýs + 2�Ýd
�' �4�Ncos(�à)  (2.126) 

 �öout = 
F�'�4�Ncos(�à) +
�Ýs 
F�Ýd
�Ýs + 2�Ýd

�' �4�=s
�7cos(�à)

�N�6
 (2.127) 

inside and outside the sphere, respectively. Equation (2.127) can be re-
written by introducing the dipole moment �– 

 �öout = 
F�'�4�Ncos(�à) +
�–�„𝒓𝒓

4�è�Ý�4�Ýd�N�7
 (2.128) 

that is defined as 

 �–= �Ý�4�Ýd�Ùsphere�q�4, (2.129) 
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where the polarizability �Ùsphere relates the incoming electric field �q�4 to the 
dipole moment �–. Hence, for the polarizability �Ùsphere of a sphere in the 
electrostatic approximation follows 

 �Ùsphere = 4�è�=s
�7 �Ýs 
F �Ýd

�Ýs + 2�Ýd
. (2.130) 

Fig. 2.32 plots the modulus of equation (2.130) in the case of a silver sphere 
with a Drude-like dispersion function (parameters fitted to the experimental 
values of silver [162]) in vacuum (�Ýd = 1). 

 
Fig. 2.32: Magnitude of the polarizability modulus |(�Ýd 
F �Ýs)/ (�Ýd + 2�Ýs)| for silver 
modeled with a Drude dispersion function with parameters fitted to experimental 
values [162], resulting in �0�ñp = 9.01 eV, �0�Û= 0.039 eV, �Ý�¶ = 5. The polarizability 
exhibits a resonant enhancement when the denominator of equation (2.130) 
approaches a minimum. 

The polarizability experiences a resonant enhancement when |�Ýs + 2�Ýd| is 
minimal, which is the case for  

 Re
k�Ýs(�ñ) 
o= 
F2�Ýd (2.131) 

in the case of small or slow-varying Im(�Ýs) around the resonance [156]. 
Equation (2.131) is called the Fröhlich condition. For a spherical particle with 
Drude characteristics (equation (2.117) with �Ý�¶ = 1), the Fröhlich condition 
is fulfilled at the frequency �ñ�4 = �ñp/ �¾3, the frequency of the dipolar 
localized surface plasmon resonance.  

From the Fröhlich condition (2.131) it becomes apparent that the 
localized surface plasmon resonance is very sensitive to the dielectric 
environment of the particle, which gives rise to its widespread use in sensing 
applications [166, 167]. 
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The electric field distribution can be calculated from equations (2.126) and 
(2.127) by �q= 
F�Ï�0 to 

 �qin =
3�Ýd

�Ýs + 2�Ýd
�q�4 (2.132) 

 �qout = �q�4 +
3�”(�” �„�–) 
F�–

4�è�Ý�4�Ýd
�„

1

�N�7
. (2.133) 

So far, the excitation field has been static (i.e. no time dependence). Going 
from electro-static to quasi-static (time-harmonic but spatially independent) 
fields, a plane wave illumination with �q(𝒓𝒓, 𝑡𝑡) = �q�4exp(
F�E𝑖𝑖𝑖𝑖) is assumed. 
This results in a harmonically oscillating dipole moment �–(𝑡𝑡), and scattering 
into the far field, which can be modeled by a radiating point dipole. The 
electric field of a point dipole is [156, 173] 

 

�q=
1

4�è�Ý�4�Ýd
�J�G�6(�” × �–) × �”

exp(�E𝑖𝑖𝑖𝑖)

�N

+ [3�”(�” �„�–) 
F �–] 
l
1

�N�7

F

�E𝑖𝑖

�N�6

pexp(�E𝑖𝑖𝑖𝑖) �K 

(2.134) 

with �G= �G�4
¥�Ýd. From equation (2.134), both the near- and the far-field of 
the plasmonic dipole can be evaluated.  

In the near-field, �G𝑘𝑘�' 1, equation (2.133) is recovered. The respective 
field plot is shown in Fig. 2.33a, normalized to the incident field. A strong 
field localization close to the metal particle surface can be observed, which 
makes the LSP resonance in particular attractive for sensing and imaging 
applications. 

In the far-field, �G𝑘𝑘�( 1, the electric field results to  

 �q=
(�” × �–) × �”

�N

�G�6

4�è�Ý�4�Ýd
exp(�E𝑖𝑖𝑖𝑖). (2.135) 

The plasmonic dipole exhibits a typical dipole antenna radiation pattern, see 
Fig. 2.33b. This case is less relevant for the metamaterial application in this 
thesis, as the interaction of the cross resonator with the metallic backplane 
is located in the near field.- 
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Fig. 2.33: Electric field amplitude of a point dipole source. a, Electric near-field (�G𝑘𝑘�'
1) of a point dipole source, exhibiting a strong field localization. b, Electric far-field 
(�G𝑘𝑘�( 1) of a point dipole source, exhibiting strongly directional emission. Figure 
taken from  [157]. 

An intuitive comparison of the LSP resonance to propagating surface 
plasmon polaritons (SPPs) is given in [157]. In the case of a small metal 
nanoparticle, the shape acts as a source for momentum, forcing the surface 
charge carriers on an oscillation around the particle surface. The added 
momentum can be approximated as �� �G= �J2�è/ �@, where �J is an integer and 
�@ is the particle size. Hence, a discrete set of SPP modes can be excited on 
the nanoparticle. In other words, LSPs can be understood as SPPs that 
constructively interfere with themselves due to the closed boundaries of the 
particle, forming standing, localized surface charge oscillations. 

The Scattering and Absorption Cross Section 
Along with the resonantly enhanced polarizability �Ùsphere, equation (2.130), 
goes a considerable enhancement of the particle's scattering and absorption 
efficiencies, making metallic nanospheres efficient optical antennas.  Their 
scattering and absorption cross section are related to the polarizability 
�Ùsphere as [174] 

 �%scat =
�2scat

�2inc
=

�G�8

6�è
�+�Ùsphere�+

�6
=

8�è

3
�G�8�=s

�: �,
�Ýs 
F �Ýd
�Ýs + 2�Ýd

�,
�6

�ß
�=s

�:

�ã�8
, (2.136) 

 �%abs =
�2abs

�2inc
= �GIm
k�Ùsphere
o= 4�è�G𝑘𝑘s

�7Im 
l
�Ýs 
F �Ýd
�Ýs + 2�Ýd


p�ß
�=s

�7

�ã
, (2.137) 

where �2inc, �2scat, �2abs are the optical powers of the incident, scattered and 
absorbed field, respectively. It becomes apparent that for small particles, 
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�=s �' �ã, the efficiency of absorption dominates over scattering. In Fig. 2.34, 
the cross section moduli |(�Ýs 
F �Ýd)/ ( �Ýs + 2�Ýd)|�6 and Im((�Ýs 
F �Ýd)/ (�Ýs +
2�Ýd)) are plotted for the case of a weakly damped Drude metal (�Û= 0.2�ñp) 
and vacuum (�Ýd = 1). The LSP resonance frequency �ñ�4 is marked by a 
vertical dashed line. 

 
Fig. 2.34: Optical response of the scattering (�%scat) and absorption (�%abs) cross section 
for a small spherical particle. The material properties of the particle are modeled by 
a Drude-like dispersion with parameters �Û= 0.2�ñp, �Ý�¶ = 1, and the surrounding 
medium is vacuum (�Ýd = 1). The nanoparticle shows resonant behavior in both cross 
sections at a resonance center wavelength determined by the Fröhlich condition 
(2.131) (here: �ñ�4 = �ñp/ �¾3). Figure adapted and replotted from [157]. 

The resonant enhancement of both the scattering and the absorption cross 
sections becomes apparent, leading to a strong extinction of light at the LSP 
resonance frequency �ñ�4, which is located at �ñ�4 = �ñp/  �¾3 resulting from 
the Fröhlich condition (2.131) with �Ýd = 1. 

Higher-order modes and Retardation 
In spherical particles, besides the lowest-order dipolar resonance, also 
higher-order oscillations of the charge carrier density can be supported. An 
�H-order mode is characterized by 2�H nodes in the surface charge density 
along the sphere circumference. By solving the Laplace equation (2.124) 
with the use of an expansion in spherical harmonics of order �H, the 
resonance frequency of the �H-polar mode can be derived to [175]: 

 �ñ�ß= 
¨
�H

2�H+ 1
�ñp. (2.138) 
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For �H�\ �» the multipolar resonance frequency �ñ�ß approaches the SPP 
frequency �ñp/ �¾2 [175].  

The quasi-static approximation made in the beginning of this section is 
only valid as long as the phase of the exciting field is constant across the 
particle. Reasonable results can be obtained for particles up to sizes around 
100 nm [156]. For larger particles, a rigorous electrodynamic treatment 
becomes necessary to obtain the correct LSP resonance frequency. Mie 
developed already in 1908 an analytical solution for the spherical geometry 
to understand the color of gold particles in solution [176]. The resonance 
wavelength obtained from a full electrodynamical treatment as a function 
of particle size �=p and resonance order �H is plotted in Fig. 2.35 [175].  

 
Fig. 2.35: LSP resonance frequency of a metal particle with radius �=p versus 
normalized particle size �=p�ñp/ �?�4 obtained from a full electrodynamic treatment 
within the Mie theory [175]. �H denotes the resonance order of the multipolar 
resonance. The quasi-static approximation is only valid for very small particles, where 
the radius �= is small against the "plasma wavelength", �=p �' �?�4/ �ñp, and the 
incoming fields are nearly constant across the particle. With increasing particle size, 
retardation effects set in and the resonance wavelength shifts to smaller frequencies. 
Figure adapted from [175]. 

In this full-wave treatment, the resonance frequency is not only dependent 
on resonance order (as seen in equation (2.138)), but also on the size of the 
particle. As the particle size �=p increases, the resonance frequency shifts to 
lower frequencies. The influence of the non-constant phase of the exciting 
electromagnetic field on the LSP resonance is known as (phase) retardation.  
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Extension to Non-Spherical Particles 
For shapes differing from a simple sphere, the polarizability �Ù becomes 
anisotropic [157]. For simple cases, such as ellipsoidal particles, analytic 
solutions within the electrostatic approximation are possible. Beyond 
ellipsoids, a multitude of shapes can be found in literature [177], for which 
in general a rigorous numerical treatment is necessary. Changing the 
nanoparticle in size and shape gives access to the position of its LSP 
resonance. Especially elongated particles, such as nanorods [178, 179], 
allow for tuning of the resonance center wavelength by means of changing 
the resonator length. Fig. 2.36 plots the LSP resonance wavelength of 
nanorods as a function of their length and width [157, 175].  

 
Fig. 2.36: Dipolar LSP resonance wavelength of gold nanorods versus total rod length 
�.total  for various rod half widths �4. Above a certain threshold length, the resonance 
wavelength scales linearly with rod length. The resonance wavelength as predicted 
by classic RF theory (�ã= 2�.total ) is marked by a green line. Due to the excitation of 
plasmons, the actual resonance wavelength for a nanoantenna of given length is 
shifted to longer wavelengths than predicted from classic RF theory. Figure adapted 
from [157]. 

For a rod length �Hrod > 200 nm, the rods essentially behave like �ã/ 2 
antennas known from classic radiofrequency (RF) design [180], and their 
resonance wavelength scales linearly with rod length. However, in 
comparison to an ideal �ã/ 2-resonator, it should be noted that all resonances 
are shifted to longer wavelengths because of the excitation of SPPs [157]. 
Hence, the example of nanorods links the LSP theory with classical RF 
antenna design. 
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The cross resonators employed in this thesis essentially comprise two 
rotated nanorods (for polarization-independence), each with an 
approximate resonator length �Hcross 
N�ã/ 4 (see e.g. section 3.2). Similar to 
the nanorods in Fig. 2.36, their resonance also shows a linear dependence 
on the resonator length, and experiences a shift toward longer wavelengths 
than expected from RF theory (see Fig. 3.9). Hence, one possibility to 
interpret the electric resonance of the cross resonator is via LSPs. In 
addition, the cross resonator also exhibits a magnetic resonance due to the 
addition of a metal backplane in close proximity, which will be discussed in 
section 2.3.5. 

2.3.5 Metamaterial Perfect Absorbers 
This section provides an introduction into the fascinating field of 
metamaterials (MM), and explains the function principle of the 
metamaterial perfect absorber (MPA) employed in this thesis for the 
narrowband filtering of mid-infrared radiation.  

Since the term "metamaterial" was coined in 2000 by Smith et al. [181], 
MM revolutionized the design of optical devices by enabling designer 
materials with properties beyond those found in nature ("beyond" is 
actually the literal translation of the Greek term "meta" [182]). The range of 
applications is as fascinating as unlimited, spanning from perfect lenses 
[183] over invisibility cloaks [184] to perfect absorbers [114]. This section 
can only give a very coarse introduction into this vast research subject. A 
good overview on optical metamaterial can be found in reference [182]. 

Metamaterials 
A metamaterial (MM) is a nanostructured material with quasi-
homogeneous material properties that can be accessed through the 
geometry of the metamaterial's sub-wavelength unit cells. Most MMs 
exhibit a periodicity in two [185] or even three [186, 187] dimensions with 
a periodicity constant �= that is small against the wavelength of interest �ã, 
typically �=< �ã/ 10. Hence, the incoming wave does not resolve the 
individual unit cells, but rather experiences a homogenized material 
response with effective material parameters �Ýeff and �äeff

‡. This differentiates 

                                                           
‡ In this thesis, the relative material parameters of metamaterials will be 
denoted with the subscript "eff" to emphasize the quasi-homogeneous, 
effective character of these quantities. �äeff and �Ýeff both denote relative 
quantities, equivalent to �är  and �Ýr in naturally occurring materials. 
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MM from other design principles such as photonic crystals, where the unit 
cell size is on the order of the wavelength, �=
N�ã. 

The MM concept can be viewed in direct analogy to nature [182]. In 
naturally occurring crystalline materials, electric dipole fields on the atomic 
scale are also highly inhomogeneous. However, as the length scale of these 
dipoles is tiny against the wavelength of the incoming light, the responses 
of these inhomogeneities are averaged, and the material characteristics can 
be cast into the known homogeneous, macroscopic material parameters �Ýr 
and �är . In analogy to naturally occurring materials, the response of MMs to 
electromagnetic fields can be homogenized and described by effective 
materials parameters �Ýeff and �äeff. This analogy also justifies the perception 
of MMs as "materials" rather than "devices". 

MMs allow for the deliberate design of material properties. Of course 
they are still subject to the laws of physics, but simultaneously open a path 
to synthesize materials characteristics not found in nature, such as a 
negative effective refractive index �Jeff < 0 (so-called "left-handed 
materials" [181, 187]), or optical magnetism [185]. It is important to note 
that these phenomena are physically not forbidden. They simply do not 
occur in natural materials. The MM concept is a universal design principle 
not limited to a specific frequency range. Different examples of MMs are 
shown in Fig. 2.37.  

 
Fig. 2.37: Experimental realization of different metamaterials (MMs). a, First 
experimental realization of a negative refractive index MM at microwave frequencies  
[187]. b, MM unit cells yielding magnetism at optical frequencies  [188]. c, A three-
dimensional acoustic invisibility  cloak [189]. 

Whereas first work on left-handed materials was carried out in the 
microwave regime due to the simple fabrication of the millimeter-sized MM 
unit cells (Fig. 2.37a, [181, 184, 187]), later demonstrations cover the 
electromagnetic spectrum from microwave over infrared (Fig. 2.37b, [114, 
185]) to optical frequencies [186, 190, 191]. The MM design concept is not 
even limited to electromagnetic waves, exemplified by the vivid research 
field of acoustic metamaterials (Fig. 2.37c, [189, 192-194]). 



 2.3 Plasmonics and Metal-Dielectric Metamaterials 

 75 

Especially optical MM attracted considerable research interest due to the 
plethora of intriguing applications, such as perfect lenses [183] and 
invisibility cloaks [191, 195]. With respect to their optical properties, 
materials can be classified by their relative permittivity �Ýr and their relative 
permeability �är , see Fig. 2.38.  

 
Fig. 2.38: Categorization of optical media according to their relative permittivity 
�Ýr and relative permeability �är . Four different cases (�Ýr �4 0, �är �4 0) are possible. 
Wave propagation is supported only in quadrants I and III, where both material 
parameters have the same sign. In contrast, quadrants II and IV only support 
evanescent waves. Naturally occurring materials at optical frequencies are not 
magnetic, �är = 1 (yellow line). The impedance matching case �Ýr = �är  is marked by a 
purple line. Schematic adapted from [182]. 

In this schematic, the �T-axis denotes the real part of �Ýr, whereas the �U-axis 
corresponds to the real part of �är  (in this simplified account, we ignore 
losses and hence the imaginary part of �Ýr and �är). Common transparent 
media, such as dielectrics, are located in the first quadrant, �Ýr, �är > 0. In 
these media, wave propagation is allowed, and the electromagnetic fields �q 
and �t  form together with the wave vector �‘  a right-handed system. 
Materials with a negative permittivity, �Ýr < 0, but �är > 0 are located in the 
second quadrant. Naturally occurring examples for this material category 
are noble metals at optical frequencies, e.g. �Ýr,Au 
N
F115 at �ã= 1.55 �Jm 
[162]. Media in this quadrant do not support propagating waves, i.e. the 
wave equations (2.99), (2.100) have no real-valued solution. The relative 
permeability �är  of naturally occurring materials at optical frequencies is 
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close to its vacuum value, �är 
N1 (yellow line), as their magnetic response 
ceases to follow the external excitation at frequencies around a few GHz 
[182]. Hence, quadrants three and four cannot be accessed with naturally 
occurring materials at optical frequencies. Optical metamaterials with 
artificial magnetism (�äeff < 0) can uniquely access these quadrants. It was 
the quest for negative index materials (�Ýeff, �äeff < 0; third quadrant), which 
motivated the early work on optical metamaterials [182]. 

For this thesis, the condition �Ýr = �är (purple line in Fig. 2.38) is most 
interesting, as it enables impedance matching to free space and hence 
perfect absorption (see section 'Metamaterial Perfect Absorber Function 
Principle'). Hence, a prerequisite for impedance matching is the realization 
of artificial magnetism at optical frequencies, or simply put: access to �är . 

Magnetic Resonances at Optical Frequencies 
The concept of mimicking magnetism with metamaterials at microwave 
frequencies has been proposed by Pendry and co-workers in 1999 [196] 
(based on early work by Hardy in the '80s [197]), and translated to the 
optical regime by Linden & Soukoulis in 2004 [185]. Because of its relevance 
to this thesis, the function principle of the split-ring resonator (SRR) 
structure, which enables optical magnetism, is detailed at this point, closely 
following the argumentation in [198].§  

Fig. 2.39a schematically depicts the SRR unit cell. It comprises a 
rectangular wire loop of side length �H, formed by a metallic wire of width �S. 
The wire loop is cut open at its top, forming a gap of distance �@.  

                                                           
§ In this section, for the sake of simplicity only the scalar amplitudes of the 
electromagnetic quantities are considered, e.g. �q= �' �›�¾, where �›�¾ is the 
unit vector in the direction of �q. 
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Fig. 2.39: Split-ring resonator (SRR). a, Adding a capacitive element to the (inductive) 
wire loop by cutting one side open creates the resonant split ring resonator (SRR) 
circuit. Its resonant coupling to the incident magnetic field �t  gives rise to a resonantly 
enhanced dipole moment �I, equivalent to a resonantly enhanced permeability �äeff. 
b, Equivalent circuit of the SRR. 

The metallic wire loop possesses an inductance �., which is given by the 
inductance of a solenoid 

 �. = �ä�4
�H�6

𝑡𝑡
, (2.139) 

where 𝑡𝑡 is the thickness of the metal wire. In turn, the gap �@ between the 
two wire ends forms a parallel plate capacitor, whose capacitance is given 
by  

 �%= �Ý�4�Ýr,gap
�S𝑤𝑤

�@
, (2.140) 

where �Ýr,gap is the relative permittivity of the material in the spacing 
between the plates. Hence, the SRRs constitutes a resonant �.𝐿𝐿 circuit, as 
shown in its equivalent circuit Fig. 2.39b. Its resonance frequency results to  

 �ñ�Å�¼=
1

�¾�.𝐿𝐿
=

�?�4
�H
¥�Ýr,gap


¨
�@

�S
�ß

1

�H
, (2.141) 

where �?�4 is the speed of light in vacuum, equation (2.88). At resonance, the 
circuit produces resonant circular currents, leading to a resonant effective 
permeability. The corresponding resonance wavelength �ã�Å�¼= 2�è�?�4/ �ñ�Å�¼�ß
�H
¥�S/ �@ scales with the geometry of the resonator, and can be much larger 
than the SRR unit cell size (typically �ã> 10�H), justifying the MM's description 
as an effective medium with a homogenized relative permeability �äeff. 

Each unit cell of the MM behaves like a quasi-static �.𝐿𝐿 resonator in 
response to the time-varying external field. When the incident 
electromagnetic field is aligned with its �* -field normal to the SRR plane, see 
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Fig. 2.39a, a loop current through the wire is induced according to Faraday's 
law. The current direction is such that it counteracts the source of induction, 
in this case the magnetic field �*. If the induced magnetic moment is large 
enough, a negative relative permeability �äeff can occur. The frequency-
dependent expression for the relative permeability can be derived from 
Kirchhoff's loop rule [198], 

 
�7�Å+ �7𝐶𝐶= �7ind , 

�.
�ò�+ind

�ò𝜕𝜕
+

1

�%

± �+𝐼𝐼𝐼𝐼= 
F

�ò�0m

�ò𝜕𝜕
, 

(2.142) 

where �7�Å is the self-induction voltage of the inductance �. due to the 
circulating current �+ind, �7𝐶𝐶 is the voltage drop across the parallel plate 
capacitor �%, and �7ind  is the voltage induced by the time-variant magnetic 
flux �0m,  

 �0m = 
± �$�›�»�@�m= �#loop�$ = �H�6�ä�4�* , (2.143) 

with the loop area �#loop = �H�6. Assuming a harmonic time dependence for 
the magnetic field, �*= �*�4exp(
F�E𝑖𝑖𝑖𝑖), and taking the time-derivative of 
equation (2.142), it follows 

 
�ò�6�+ind

�ò𝑡𝑡�6
+

�+ind

�.𝐿𝐿
= �ñ�6�ä�4

�H�6

�.
�*�4exp(
F�E𝑖𝑖𝑖𝑖). (2.144) 

This leads to a harmonic solution of the form 

 �+ind = �+ind,�4exp(
F�E𝑖𝑖𝑖𝑖), (2.145) 

with 

 �+ind,�4 = 
F
�ñ�6�ä�4�H

�6

�.

�ñ�6 
F
1

�.𝐿𝐿

�*�4. (2.146) 

In direct analogy to the electric dipole moment, equation (2.113), the 
magnetic dipole moment �I is defined as 

 �I = �#loop�+ind = �H�6�+ind . (2.147) 

The magnetization �/, which was first introduced in the material equation 
(2.85), is related to the dipole moment as 
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 �/ = �0�Å�¼�I =
�J�Å�¼

�8
�I . (2.148) 

Here, �0�Å�¼ is the magnetic dipole density, defined as the number of magnetic 
dipoles �J�Å�¼ per volume �8, 

 �0�Å�¼=
�J�Å�¼

�8
=

1

�=�ë�=�ì �=�í
, (2.149) 

where �=�ë, �=�ì , and �=�í are the unit cell periodicity constants in �T, �U, and 𝑧𝑧-
direction, respectively. Note that the magnetization �/ (2.148) can be 
understood as the magnetic analog to the electric polarization �2= �0�Lel, 
equation (2.112). For linear media, from equation (2.95) follows  

 �äeff(�ñ) = 1 +
�/

�*
= 1 
F

�ñ�6 �H�6𝑡𝑡
�=�ë�=�ì �=�í

�ñ�6 
F
1

�.𝐿𝐿

= 1 
F
�(geom�ñ�6

�ñ�6 
F �ñ�Å�¼
�6 , (2.150) 

where �(geom = �H�6𝑡𝑡/ (�=�ë�=�ì �=�í)  is a geometric parameter. Loss terms (ohmic 
losses, scattering), not taken into account so far during the derivation, can 
be summarized in an additional damping constant �Û. Aside the additional 
"�ñ�6"-term in the nominator, this yields the well-known Lorentz-Drude 
resonator model (see equations (2.115) and (2.122)) for the resonant 
permeability �är(�ñ) , 

 �äeff(�ñ) = 1 
F
�(𝐹𝐹�6

�ñ�6 
F�ñ�Å�¼
�6 + �E𝑖𝑖𝑖𝑖

. (2.151) 

Hence, the (macroscopic) effective material parameters can be tailored 
through the geometric parameters of the deep sub-wavelength "meta-
atoms".  

The Lorentz-Drude resonator (2.115) simply describes the response of a 
harmonic oscillator to an external perturbation. In the case of naturally 
occurring dielectrics, these oscillators are electric charges bound to the 
atomic core. In the case of artificial SRR meta-atoms, the circulating current 
mimics the atomic orbital currents responsible for naturally occurring 
magnetization (at low frequencies) [185].   

Optical magnetism was first demonstrated at a wavelength �ã
N3 �Jm 
[185]. In subsequent work, the resonance wavelength was decreased to the 
long end of the visible spectrum by simple down-scaling of the resonator 
size �H [199]. Although outside of the scope of this thesis, it should be noted 
that the simple linear scaling of the resonance center wavelength with 
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resonator size according to equation (2.141), �ã�Å�¼�ß �H, breaks down close to 
visible wavelengths due to increased damping of the electron movement 
close to the plasmon resonance. This leads to a saturation of the resonance 
frequency [200].  

Direct and Indirect Excitation of the Magnetic Resonance 
It turns out that for SRRs fabricated with standard planar fabrication 
methods, the direct excitation of the SRR via the �*-field of a normally 
incident plane wave is not a straightforward task. Fig. 2.40a and Fig. 2.40b 
display the SRR in exactly the same relative orientation to the excitation field 
as in Fig. 2.39 for a normally incident plane wave. It becomes obvious that 
in order to allow direct coupling of the magnetic resonance to the �*-field of 
the incident wave, the SRR has to stand upright.  

 
Fig. 2.40: Comparison of electric and magnetic coupling. a & b, If the magnetic field 
�*  is perpendicular to the SRR plane, coupling via the magnetic field component is 
possible. This coupling case mechanism has also been assumed in Fig. 2.39. However, 
for normally incident plane waves, this means that the SRR must stand upright, which 
is inherently difficult to realize. c & d, For planar fabrication processes, the "classic" 
SRR can only be excited indirectly via the electric field �' . This leads to a comparatively 
weak excitation of the resonator.  

This of course is difficult to realize using planar fabrication methods, and 
hence the first demonstration of optical magnetism relied on indirect 
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excitation of the magnetic resonance via the �' -field, as sketched in Fig. 
2.40c and Fig. 2.40d [185, 201]. This is possible due to the asymmetric 
current distribution in the split ring, and suffices for a proof of concept of 
�äeff 
M1. However, the indirect excitation via the �' -field only leads to a very 
weak resonance (in the retrieved material parameters in [185], the smallest 
relative permeability achieved was �äeff 
N0.8, only marginally smaller than 
the vacuum value �är = 1). 

In order to achieve a strong resonance potentially leading to �äeff < 0, 
direct excitation via the �* -field is required. This becomes possible by the 
transition from SRRs to cut-wire resonators, which is illustrated in Fig. 2.41. 
The figure displays the adiabatic transition from the upright standing SRR of 
Fig. 2.40b to the cross resonator structure used in this thesis. The standard 
SRR is shown in Fig. 2.41a, standing upright on the dielectric substrate (blue) 
(configuration identical to Fig. 2.40b) 

 
Fig. 2.41: Adiabatic transition from SRR to wire above metallic mirror. Blue layers 
denote a dielectric substrate. a, Split-ring resonator (SRR) as shown in Fig. 2.40a/b. 
b, Opened SRR. c, Cut-wire resonator. d, Wire above a metallic mirror. Introducing a 
metallic mirror replaces the bottom wire with the image charge of the top wire. 
Despite exhibiting nearly identical resonance properties as c, the "wire-above-a-
metallic-mirror" resonator constitutes a considerable simplification of the fabrication 
process. Figure adapted and extended from [202]. 

In Fig. 2.41b, the split on the right side of the SRR is opened. This decreases 
the capacitance �%�ß1/ �@, equation (2.140), which increases the resonance 
frequency �ñ�Å�¼ of the resonator. Introducing a second split on the left side 
of the SRR, Fig. 2.41c, transitions the SRR into a cut-wire resonator, and 
further decreases the net capacitance in the circuit [202], hence further 
increasing �ñ�Å�¼. The ohmic current in the left arm of the SRR is replaced by a 
displacement current. The increase in resonance frequency in cut-wire 
resonators compared to SRRs decreases the ratio of the resonance 
wavelength �ã�Å�¼ to the lattice constant �=. While classic SRRs require �ã�Å�¼/ �=
N
10 for justifying the homogenization of effective material parameters [182, 
185], the cut-wire resonator typically has a ratio of only �ã�Å�¼/ �=
N2 [202]. 
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This relaxes the demands on the nanofabrication process, as for a given 
resonance wavelength, the unit cell size increases for cut-wire resonators in 
comparison to classic SRRs. 

Compared to the upright-standing SRR in Fig. 2.41a, the cut-wire pair in 
Fig. 2.41c is certainly easier to fabricate. However, it still requires two 
lithography steps, which must be precisely aligned against each other. A 
considerable process simplification is achieved by placing a metal plane into 
the middle of the gap between the wires, see Fig. 2.41d. The plane acts as a 
metallic mirror, and the bottom wire is replaced by the image charge of the 
top wire, leading to resonance characteristics very similar to the case of the 
cut wire resonator. The configuration shown in Fig. 2.41d allows direct 
coupling of the incident �* -field to the magnetic resonance. Hence, it gives 
rise to a large magnetic moment, potentially enabling �äeff < 0.   

To close the loop to the localized surface plasmon (LSP) theory in section 
2.3.4, it should be noted that the cut-wire resonance in Fig. 2.41c can also 
be interpreted in the framework of LSPs (section 2.3.4, 'Extension to Non-
Spherical Particles') as the hybridization of two separate LSP resonances in 
the cut wires [203, 204]. The hybridization lifts the degeneracy of the 
plasmon modes, leading to two separate resonances (symmetric and 
antisymmetric) with slightly different resonance frequencies. Hence, an 
interpretation in the LSP framework allows for the explanation of resonance 
splitting, which is observed in cut-wire resonators [203]. That said, in the 
case of the metallic mirror, Fig. 2.41d, only the antisymmetric mode exists, 
as the charge distribution of the mirror image is always inverted with respect 
to the charge distribution in the top wire [205]. Therefore, the plasmon 
hybridization model is not further investigated in this thesis. 

Metamaterial Perfect Absorber Function Principle 
The previous section illustrated how metamaterials give rise to magnetic 
resonances at optical frequencies. In this section, the magnetic resonance is 
used to generate a MM structure that resonantly absorbs mid-infrared light 
with near-perfect efficiency, i.e. close to 100%, in a narrow bandwidth. This 
structure is referred to as "Metamaterial Perfect Absorber" (MPA)[114, 117, 
124]. By virtue of Kirchoff's law (2.64), a perfect absorber is also a perfect 
emitter, and MPAs are used in chapter 3 to build narrowband thermal 
emitters. 

The metamaterial perfect absorber (MPA) unit cell is shown in Fig. 2.42. 
It comprises a copper (Cu) cross resonator, a dielectric (AlOx) spacer layer, 
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and a metal (Cu) backplane. The unit cell is sealed with a dielectric (AlOx) 
layer (not shown in this figure).  

 
Fig. 2.42: Metamaterial perfect absorber (MPA) unit cell with geometrical 
parameters and constituent materials. 

The unit cell resembles the "wire-above-a-metallic-mirror" resonator shown 
in Fig. 2.41d, extended by a second, 90°-rotated wire for polarization 
insensitivity. The cross resonator bars constitute �ã/ 4 antennas, yielding for 
a resonance wavelength �ãc = 4.26 �Jm approximate unit cell dimensions 
�=
N2 �Jm, �H
N1 �Jm, and �S 
N150 nm. The dielectric and metal thickness 
are both on the order 𝑡𝑡met 
N𝑡𝑡diel 
N100 nm.  

The function principle of the cross resonator unit cell is illustrated in Fig. 
2.43a and Fig. 2.43b. The incident magnetic field �*  couples directly to the 
magnetic resonance of the cross resonator (compare to Fig. 2.40b). The 
coupling induces antiparallel displacement currents �Find  in the top resonator 
and the metal backplane, leading to a strong magnetic moment �I . The 
current loop is closed by an electric field �'  that drops off in 𝑧𝑧-direction 
across the dielectric spacer layer. The absorptivity �# of the MPA unit cell can 
be expressed as 

 �#= 1 
F �4
F �6, (2.152) 

where �4 is the reflectivity from the structure, and �6 is the transmissivity 
through the unit cell (see section B.4). Because the thickness of the metal 
backplane is large compared to the skin depth of noble metals at mid-IR 
frequencies, 𝑡𝑡met 
N5�Ü, see Fig. 2.26, it follows for the transmissivity �6
N0. 
Hence,  

 �#= 1 
F �4, (2.153) 

and the task of maximizing the absorptivity �# turns into minimizing the 
reflectivity �4. 
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Fig. 2.43: Function principle of the MPA unit cell. a, Cross section of the MPA unit cell, 
showing the direct coupling of the �* -field to the magnetic resonance of the unit cell. 
The induced displacement currents �Find are closed via a vertical �' -field that drops 
over the dielectric spacer. b, Top view on the MPA unit cell. c, Simulated absorptivity 
�#, reflectivity �4 and transmissivity �6 characteristics of the MPA unit cell for �==
2 �Jm, �H= 992 nm, �S= 195 nm, 𝑡𝑡met = 100 nm, and 𝑡𝑡diel = 90 nm (sealing layer 
thickness 𝑡𝑡sealing = 100 nm). At the resonance center wavelength �ãc = 4.26 �Jm, the 
MPA unit cell approaches near-perfect absorption, �# �\ 100%.  

Using Fresnel's equations, the reflectivity �4 from the MPA unit cell can be 
expressed in terms of its wave impedance �<MPA as 

 �4 = �,
�<�4 
F �<MPA

�<�4+ �<MPA
�,
�6

, (2.154) 

where �<�4 = 
¥�ä�4/ �Ý�4 
N377 �3 is free-space impedance. The impedance of 
the MPA unit cell can be expressed by its effective, homogenized material 
parameters �Ýeff and �äeff as 

 �<MPA(�ñ) = 
¨
�ä�4�äeff(�ñ)

�Ý�4�Ýeff(�ñ)
= �<�4
¨

�äeff
�ñ (�ñ) + �E�äeff�"�"(�ñ)

�Ýeff
�ñ (�ñ) + �E�Ýeff�"�"(�ñ)

. (2.155) 

Hence, in order for �4�\ 0 at the resonance frequency �ñres, the structure 
impedance �<MPA must be matched to free space,  

 �<MPA(�ñres) =
!

�<�4, (2.156) 

from which directly follows  

 �äeff
�ñ ( �ñres) =

!
�Ýeff

�ñ (�ñres), (2.157) 

 �äeff
�ñ�ñ( �ñres) =

!
�Ýeff

�ñ�ñ(�ñres). (2.158) 

In other words, to achieve perfect absorption at the resonance frequency, 
the real and the imaginary part of the effective material parameters �Ýeff and 
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�äeff must be matched to each other. This is done by optimizing the unit cell 
geometry (�=, �H, �S, 𝑡𝑡met, 𝑡𝑡diel), which provides access to �äeff( �ñ), equation 
(2.151), and �Ýeff(�ñ) (�ã/ 4 resonance of cross resonator). 

Upon optimization of the unit cell geometry, the reflectivity �4 goes to 
zero, �4 �\ 0, yielding perfect absorption �# �\ 1. The numeric simulation 
results of an optimized MPA unit cell (a = 2 �Jm, l = 992 nm, w = 195 nm, 
tmet = 100 nm, and tdiel = 90 nm; sealing layer thickness tsealing =
100 nm) are plotted in Fig. 2.43c. The MPA achieves near-perfect 
absorption at the resonance center wavelength �ãc = 4.26 �Jm, proving that 
the MM design principle indeed gives full control over the effective material 
parameters �äeff(�ñ) and �Ýeff(�ñ). 

Besides the cross resonator, various other polarization-insensitive 
shapes for the top resonator are possible, such as discs [124] or patches 
[202]. However, it turns out that the cross resonator leads to a particularly 
narrow resonance [206]. An intuitive understanding of this result can be 
created by comparing the resonator once again with a simple �4𝑅𝑅𝑅𝑅 circuit 
(here, a small loss element �4loss has been added to the original circuit of Fig. 
2.39b), whose resonance quality factor is defined as [207] 

 �3 =
1

�4loss

¨

�.

�%
. (2.159) 

In order to maximize �3 for a given loss term �4loss, the ratio 
¥�./ �% should be 
maximized. The cross resonator yields the highest 
¥�./ �%-ratio among the 
different shapes [206], and is used throughout this thesis to realize 
narrowband optical filters based on MPAs. 

Angle-Dependent Resonance Characteristics  
The angle-dependent resonance characteristics of the MPA unit cell is of 
central interest for the application of MPAs as spectral filter elements in 
optical gas sensors (see chapter 5). Fig. 2.44 illustrates the MPA resonance 
for oblique incident fields in the case of transverse magnetic (TM, Fig. 2.44a-
b) and transverse electric (TE Fig. 2.44c-d) polarization. When analyzing the 
orientation of the incident fields under oblique angles relative to the MPA 
unit cell, it becomes apparent that in the case of TM polarization, Fig. 2.44a, 
the incident �* -field does not change its orientation with respect to the MPA 
unit cell. Hence, also under highest angles, a strong coupling to the magnetic 
resonance of the unit cell is possible, and the MPA absorption resonance 
remains centered on its target wavelength, see Fig. 2.44b. In the case of TE 
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polarization, the �*-field changes its orientation relative to the MPA unit cell 
under oblique angles, Fig. 2.44c, which reduces the angular stability of the 
MPA absorption resonance to angles around �à
N60°, Fig. 2.44d.  

It is the direct coupling of the �*-field to the magnetic resonance of the 
MPA unit cell that gives rise to the exceptionally large angular stability of the 
MPA resonance. This favorable characteristic is exploited in the optical 
design of the all-metamaterial gas sensor, see chapter 5, and is a unique 
differentiating factor against conventional dielectric filters, whose 
underlying thin-film interference principle suffers from angle-dependent 
transmission characteristics. 

 
Fig. 2.44: Angle-dependent resonance characteristics of the MPA unit cell. a, 
Transverse magnetic (TM) polarization. The incident �* -field does not change its 
orientation with respect to the unit cell. b, The magnetic resonance can be excited up 
to highest angles. c, Transverse electric (TE) polarization. The incident �* -field 
changes its orientation with respect to the unit cell. d, This limits the angular stability 
of the resonance to �à
N60°. 

In Fig. 2.44b, an additional angle-dependent grating resonance �ãg =
�=sin(�à) [60] can be observed, where �== 2 �Jm is the periodicity of the unit 
cell. This resonance does not appear in Fig. 2.44d, as the �' -field does not 
change its orientation relative to the unit cell (and the grating resonance 
stays below the wavelength range of interest). In the TM case, the grating 
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resonance can be avoided by reducing the periodicity �= of the unit cell, 
shifting the resonance to lower wavelengths outside the band of interest. 

Under oblique angles, the second-order magnetic resonance can be 
excited (see Fig. 2.44b at �à
N3.6 �Jm). As the net magnetic moment for the 
second order resonance averages out under normal incidence (this is the 
case for all even magnetic resonance orders), it can only be excited under 
oblique angles [208]. 

Effective Parameter Retrieval 
For a given MM with features small compared to the wavelength of interest, 
homogenized effective material parameters �äeff and �Ýeff can be calculated 
from the scattering parameters. As this thesis also relies on the underlying 
extraction method, it should be briefly introduced here. This section 
summarizes the work of Smith et al., which is detailed in [209]. 

The goal of the parameter retrieval method is to find the frequency-
dependent, homogenized material parameters �äeff and �Ýeff that reproduce 
the far-field scattering pattern of the MM [182]. For this, the complex 
coefficients for transmission 𝑡𝑡 and reflection �N of a homogeneous 
metamaterial slab of thickness �@ under normal incidence are inverted. 𝑡𝑡 and 
�N can be obtained from the simulated scattering parameters (S-parameters). 
The complex transmission 𝑡𝑡 and reflection �N coefficients are related to the 
impedance �<eff and the refractive index �Jeff by [209, 210] 

 
𝑡𝑡=

1

�Bcos(�Jeff�G𝑘𝑘) 
F
�E
2 �@�<eff +

1
�<eff

�Asin(�Jeff�G𝑘𝑘)�Cexp(�E𝑖𝑖𝑖𝑖)
 

(2.160) 

 �N= 
F
�E

2

l�<eff 
F

1

�<eff

psin(�Jeff�G𝑘𝑘) 𝑡𝑡exp(�E𝑖𝑖𝑖𝑖),  (2.161) 

where �G= �ñ/ �?�4 is the free space wave number. Additionally, the 
normalized transmission coefficient 

 𝑡𝑡�ñ= 𝑡𝑡exp(�E𝑖𝑖𝑖𝑖) (2.162) 

is introduced. From equations (2.160) and (2.161), closed expressions for 
the impedance and the refractive index can be derived [209], 

 �<eff = ± 
¨
(1 + �N) �6 
F 𝑡𝑡�ñ�6

(1 
F�N) �6 
F 𝑡𝑡�ñ�6, (2.163) 
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 cos(�Jeff�G𝑘𝑘) =
1 
F �N�6 + 𝑡𝑡�ñ�6

2𝑡𝑡�ñ�6 . (2.164) 

Causality demands that Re(�<eff) > 0, which defines the root of equation 
(2.163). For the imaginary part of the refractive index follows 

 �J�"�"eff = ±
1

�G𝑘𝑘
Im �Hcos�?�5�F

1 
F�N�6 + 𝑡𝑡�ñ�6

2𝑡𝑡�ñ
�G�I, (2.165) 

where the correct branch is chosen such that �J�"�"eff < 0 for a passive 
material. Choosing the correct branch in equation (2.165) defines the sign 
of the real part of the refractive index, 

 �J�"eff = ±
1

�G𝑘𝑘
Re�Hcos�?�5�F

1 
F �N�6+ 𝑡𝑡�ñ�6

2𝑡𝑡�ñ
�G�I+

2�è𝜋𝜋

�G𝑘𝑘
, (2.166) 

where also the correct branch of the cosine must be chosen by the integer 
�0, ensuring continuity of �Jeff. This is especially difficult for thick MM unit 
cells, where the branches can lie arbitrarily close together [209]. However, 
for the MPA unit cell with a total thickness <500 nm, it follows �0 = 0, and 
the complex material constants can be calculated as 

 �Ýeff =
�Jeff

�<eff
, (2.167) 

 �äeff = �Jeff�<eff. (2.168) 

The extracted effective material parameters for the MPA unit cell are 
plotted in Fig. 2.45a. Both the permittivity �Ýeff and the permeability �äeff are 
resonantly enhanced around the target wavelength �ãc = 4.26 �Jm with a 
Lorentzian dispersion, equation (2.115) (confirming the Lorentz-like 
dispersion function for the SRR permeability in the section 'Magnetic 
Resonances at Optical Frequencies'). Zooming into the matching region, Fig. 
2.45b, it can be seen that indeed the matching equations (2.157) and (2.158) 
are fulfilled, albeit at a slightly decreased center wavelength �ãc 
N4.215 �Jm 
than intended by design. Here, it should be noted that the MM unit cell at 
hand has not solely been optimized for high absorptivity (i.e. impedance 
matching), but also for a narrow bandwidth. Hence, the ideal matching case 
might has been relaxed in favor for a decreased resonance bandwidth in the 
present structure. 
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Fig. 2.45: Retrieved effective material parameters �Ýeff and �äeff for the MPA unit cell. 
a, Both parameters are resonantly enhanced around the center wavelength �ãc =
4.26 �Jm. b, At a wavelength �ã
N4.215 �Jm close to the resonance wavelength, both 
the real and the imaginary part of �Ýeff and �äeff are matched to each other, resulting 
in zero reflection from the MPA unit cell, and hence perfect absorption. 

Fig. 2.46 replots the magnetic permeability �äeff from Fig. 2.45 in full scale. A 
pronounced resonance in the magnetic response of the MPA unit cell 
around �ãc can be observed. In more detail, at �ã
N4.2 �Jm the permeability 
even reaches negative values �äeff < 0. This impressively evidences the large 
magnetic resonance inside the MPA unit cell due to the excitation of a strong 
magnetic dipole moment �I, equation (2.147). 

 
Fig. 2.46: Retrieved effective permeability �äeff for the MPA unit cell (full-scale plot of 
Fig. 2.45). The permeability exhibits a strong resonance around �ãc. At �ã
N4.2 �ä𝜇𝜇 , 
the permeability even exhibits negative values, �äeff < 0. 
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2.4 Integrating Sphere Theory 
This section provides an introduction into the theory of integrating spheres, 
which serve as compact optical absorption cavities in this thesis.  The 
integrating sphere theory is based on the analysis of diffusely reflecting 
surfaces, which have been theoretically investigated as early as 1892 [211]. 
At the dawn of the 20th century, Ulbricht built the first integrating spheres 
to measure the radiant flux of light sources, from which their alternative 
denomination as "Ulbricht spheres" originates. In fact, the measurement of 
radiant flux from luminaires is performed until today using integrating 
spheres, see Fig. 2.47.  

 
Fig. 2.47: Integrating spheres spanning a century. a, A 100" sphere photometer from 
1916. Figure taken from [212]. b, Commercially available integrating sphere with a 
diameter �@= 3 m. State-of-the-art radiant flux measurements still rely on 
integrating spheres to generate a spatially uniform radiance. Figure taken from 
[213]. 

The working principle of an integrating sphere is straightforward: Light 
enters a spherical cavity with perfectly diffuse inner sidewalls via an input 
port. The light is scattered inside that cavity by multiple sidewall reflections, 
before it finally strikes the exit port. The sphere's diffuse reflection 
characteristic leads to a uniform power distribution across its inner surface. 
The sphere sidewalls are made out of materials, which exhibit a high 
reflectivity and diffuse reflection characteristics over a wide temperature 
and humidity range. An example for such a material is 
polytetrafluoroethylene (PTFE; branded under the name SpectralonTM; 
reflectivity �4 > 0.98) for wavelengths between 250 nm and 2500 nm, or 
roughened gold surfaces in the mid- and far-infrared wavelength range. 

From the 1970s on, integrating spheres have been used for optical 
sensing applications. Elterman measured the absorption coefficient of a 
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medium inside an integrating sphere in what he termed "integrating cavity 
spectroscopy" [214]. Fry et al. extended this concept into the "integrating 
cavity absorption meter" [215]. Finally, Tranchart et al. were first to use 
integrating spheres for gas absorption measurements [63] (section 2.4.3). 

2.4.1 Sphere Radiance 
Integrating spheres have been developed for the measurement of radiant 
flux �0e. The incident light gets reflected at the diffuse cavity sidewalls 
multiple times, which "integrates" the radiation leading to a uniform 
radiance �.e (radiant flux density per unit solid angle) across the inner sphere 
surface. Although integrating spheres are used in this thesis as gas 
absorption cavities because of their considerable path length enhancement, 
it is very insightful to develop an expression for the radiance �.e,s of an 
integrating sphere, as it nicely illustrates the multi-pass characteristics of 
this cavity. The derivation in this section is largely based on [216], with 
geometrical input from [217].  

 Fig. 2.48a displays two diffusely reflective surfaces �#�5 and �#�6, which are 
arbitrarily oriented against each other.  

 
Fig. 2.48: Derivation of the exchange/view factor between two surface elements �@�#�5 
and �@�#�6. a, Generic derivation of the exchange factor between two diffuse surfaces. 
Figure adapted and redrawn from [217]. b, Special case of a sphere with radius �N. 
Figure adapted from [216]. 

Two differential surface elements �@�#�5 and �@�#�6 on these two surfaces are 
separated by a distance 𝑡𝑡 from each other. The inclination angles between 
their surface normals and 𝑡𝑡 are �à�5 and �à�6, respectively. Surface �#�5 emits 
radiation with a constant radiance �.e,�5 in all directions. The rate at which the 
radiant energy leaves �@�#�5 and strikes �@�#�6 is the radiant flux �0e,�×�º�-�\ �×�º�.

, 
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where �@�3�6�5= �@�#�6cos(�à�6) / 𝑡𝑡�6 is the solid angle that �@�#�6 subtends from 
�@�#�5. With the total rate at which radiation leaves �@�#�5,    

 �0e,�×�º�-
= �.e,�5�è𝜋𝜋�#�5, (2.170) 

the exchange factor (also referred to as view factor) between both 
differential surface elements results to 

 �@�(�×�º�-�\ �×�º�.
=

�0e,�×�º�-�\ �×�º�.

�0e,�×�º�-

=
cos(�à�5) cos(�à�6)

�è𝑡𝑡�6
�@�#�6. (2.171) 

If the two surface elements are situated on a sphere as sketched in Fig. 
2.48b, then �à�5 = �à�6, from which directly follows 𝑡𝑡= 2�Ncos(�à�5) =
2�Ncos(�à�6). With that, equation (2.171) simplifies to 

 �@�(�×�º�-�\ �×�º�.
=

�@�#�6

4�è�N�6
=

�@�#�6

�#sphere
, (2.172) 

where �#sphere = 4�è�N�6 is the surface area of the sphere. Moving from 
differential to finite surface elements finally yields the exchange factor from 
the surface element �#�5 to the surface element �#�6, 

 �@�(�º�-�\ �º�.
=

�#�6

�#sphere
. (2.173) 

The fractional radiant flux received from a surface element �#�6 of an 
integrating sphere is the same for any radiating point on the surface (i.e. 
equation (2.173) is not a function of �#�5). Hence, the integrating sphere's 
constant radiance across its inner surface results from a combination of its 
spherical geometry and its diffuse reflection characteristics. 

To calculate the sphere radiance �.e,s, the integrating sphere shown in 
Fig. 2.49 is analyzed. An input flux �0e,in enters a spherical cavity, which is 
characterized by its radius �N, its diffuse sidewall reflectivity �4, and the port 
ratio �C= (Ain + Aout)/ Asphere. 

�0e,�×�º�-�\ �×�º�.
= �.e,�5�@�#�5cos(�à�5) �@�3�6�5 

= �.e,�5�@�#�5cos(�à�5)
�@�#�6cos(�à�6)

𝑡𝑡�6
, 

(2.169) 
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Fig. 2.49: An input flux �Ôe,in is diffusely scattered at the sidewall of an integrating 
sphere with radius �N, sidewall reflectivity �4, and port ratio �C= (�#in + �#out)/ �#sphere. 

The radiant flux incident on the sphere's inner surface after the first 
reflection at the diffuse sidewall is 

 �0e,s,�5 = �0e,in�4(1 
F �C). (2.174) 

This argumentation can be continued: After the second (diffuse) reflection, 
the radiant flux incident on the inner surface is 

 �0e,s,�6 = �0e,in �4�6(1 
F �C)�6, (2.175) 

et cetera for further reflections. The total radiant flux incident on the sphere 
surface hence amounts to [216] 

using the geometric series formula.  

�0e,s,tot = �0e,s,�5+ �0e,s,�6+ �0e,s,�7+ �® 
= �0e,in�4(1 
F �C) [1 + �4�5(1 
F �C)�5+ �4�6(1 
F�C)�6+ �®]�ã�ç�ç�ç�ç�ç�ç�ç�ç�ç�ç�ç�ä�ç�ç�ç�ç�ç�ç�ç�ç�ç�ç�ç�å

�Ã 
k�Ë(�5�?�Ú)
o
�Ù�®

�Ù�8�, �@
�5

�5�?�Ë(�5�?�Ú)

 

=
�0e,in�4(1 
F �C)

1 
F�4(1 
F �C)
, 

(2.176) 



2 Fundamentals 

94 

The sphere radiance �.e,s and the total radiant flux �0e,s,tot are related 
through the illuminated area �#sphere and a factor �è (compare to equation 
(2.185) below) by 

The term �.e,s,1 = �@�0e,in�4(1 
F �C)�A/ 
k�è�#sphere
o is the sphere radiance after 
the first reflection (compare to equation (2.174)). Because 
k1 
F �4(1 
F
�C)
o< 1, the sphere radiance �.e,s is enhanced compared to the non-
resonant case �.e,s,�5. 

2.4.2 Sphere Multiplier 
The second part of equation (2.177) describes the radiance enhancement 
inside the integrating sphere due to multiple sidewall reflections.  Therefore, 

 �I s =
1

1 
F �4(1 
F �C)
 (2.178) 

is referred to as the sphere multiplier. In Fig. 2.50, both the sphere radiance 
(2.177) (solid blue curve) and the sphere multiplier (2.178) (dashed orange 
curve) are plotted against the sphere diameter for a sphere with sidewall 
reflectivity �4 = 0.98 and port diameters �@in = �@out = 1 mm. The sphere 
radiance is normalized to its maximum value. With increasing sphere 
diameter, the radiance on the sphere sidewalls decreases, as the incident 
flux �0e,in is distributed across a larger sphere area �#sphere. In view of the 
sphere's intended application as an optical gas sensing cavity, a large signal 
(i.e. a large radiance) at the detector is desirable. However, with increasing 
sphere diameter one can also observe a growing sphere multiplier �I s. As 
will be shown in section 2.4.3, the sphere multiplier is directly proportional 
to the optical path length OPLsphere of the integrating sphere. 

Both the optical path length and the signal level at the detector positively 
contribute to the sensitivity of the gas sensor. Therefore, it is expected that 
a global optimum with respect to the sphere size exists, at which the 
sensitivity of the gas sensor is highest (see also the numerical simulation 
results on the optimal cavity shape in Appendix E, Fig. E.18). 

�.e,s =
�0e,s,tot

�è�#sphere
 

=
�0e,in�4(1 
F �C)

�è�#sphere
�„

1

1 
F �4(1 
F �C)
 

= �.e,s,1�„
1

1 
F �4(1 
F�C)
. 

(2.177) 
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Fig. 2.50: Normalized radiance (solid blue curve) and sphere multiplier (dashed 
orange curve) of an integrating sphere versus sphere diameter for a sidewall 
reflectivity �4 = 0.98 and port diameters �@in = �@out = 1 mm. 

It should be noted that both the sphere radiance and the sphere 
multiplier strongly depend on the sphere reflectivity �4. To illustrate the 
large effect of �4 on the sphere performance, Fig. 2.51 plots �.e,s (normalized) 
and �I s versus �4 for a sphere with diameter �@sphere = 10 mm and port sizes 
�@in = �@out = 1 mm. A decrease of �4 by 5% leads to a deterioration of the 
sphere multiplier �Is by more than 50%. The price of a compact cavity with 
large enhancement is a high sensitivity to optical degradation of the 
"mirrors" (i.e. the cavity sidewalls). 

 
Fig. 2.51: Sphere multiplier as a function of the sphere sidewall reflectivity �4 for a 
sphere with diameter �@sphere = 10 mm and port diameters �@in = �@out = 1 mm. 

2.4.3 Optical Path Length 
Tranchart et al. were the first ones to employ integrating spheres in optical 
gas sensing applications [63]. They  calculated the relative absorption of light 
traversing an integrating sphere that is filled with an absorbing gas to [63] 
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�� �0e

�0e,exit(0)
=

�Ù(�å)OPL�4

1 
F �4(1 
F �Ù(�å)OPL�4)(1 
F�C)
, (2.179) 

where �� �0e is the change in radiant flux at the detector due to the gas 
absorption, �0e,exit(0) is the flux exiting the detector port at zero gas 
concentration, �Ù(�å)  is the absorption coefficient of the gas (see section 
2.1.1), OPL�4 is the optical path length of a single sphere transition, �4 is the 
sphere reflectivity, and �C is the port ratio. If the gas absorption is small, 
�Ù(�å)OPL�4 �' 1, the equivalent optical path length can be written as 

 OPLsphere = OPL�4�I s, (2.180) 

where �I s is the sphere multiplier (2.178). Hence, the sphere multiplier also 
quantifies the path length enhancement that a photon experiences due to 
multiple sidewall reflections inside a spherical cavity. An alternative 
derivation of the sphere multiplier in section E.4 underlines this 
interpretation. 

The path length of a single sphere transition OPL�4 can be calculated by 
deriving the average path length of all photons originating from a given 
point on the sphere surface to their collision point [218]. This equals the 
average physical path length weighted by the fraction of the total radiant 
flux that is emitted into the direction of propagation, 

 OPL�4 = 
± �H(�à)
�0e(�à)

�0e,tot
�@𝑑𝑑

��
�6

�� �@�4
. (2.181) 

Here, �H(�à) is the physical path length (�à is the angle between the trajectory 
of the photon and the normal to the sphere surface at its point of origin), 
�0e(�à) is the radiant flux emitted in the direction of the photon trajectory, 
and �0e,tot is the total radiant intensity emitted into the half sphere. The path 
length between the point of origin and the collision point with the sphere is 
simply 

 �H(�à) = 2�Ncos(�à) . (2.182) 

The radiant flux �0e(�à) emitted from a surface element into the solid angle 
element d�3 = 2�èsin(�à) d�à (angular interval d�à centered at angle �à) equals 
to 

 �0e(�à) = �+e(�à)d�3 = �+e(�à)2�èsin(�à) �@𝑑𝑑. (2.183) 
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Here, �+e(�à) is the radiant intensity of the surface element in the direction �à 
relative to the surface normal, which is related to the normal radiant 
intensity �+e,�4 by Lambert's cosine law, equation (B.10), by 

 �+e(�à) = �+e,�4cos(�à) . (2.184) 

For the total radiant flux emitted into the half sphere follows in analogy to 
equation  (B.11) 
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= �è�+e,0. 

(2.185) 

Inserting equations (2.182), (2.183) and (2.185) into equation (2.181): 

It should be stressed that the analytically derived expression for the 
optical path length of an integrating sphere (2.179) only yields an average 
length. While there have been attempts to describe the actual path length 
distribution of integrating spheres using semi-analytical models [64], this 
thesis relies on the numeric simulation of integrating cavities using ray 
tracing software. Aside the path length distribution, ray tracing simulations 
yield various additional information, such as the distribution of incident 
angles at the detector. Fig. 2.52a shows the ray tracing model of an 
integrating sphere with diameter �@= 5 mm at 𝑡𝑡= 20 ps after the launch 
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of the rays from the emitter. Fig. 2.52b displays the power distribution on 
the detector surface after the simulation converged (𝑡𝑡
N5 ns).  

 
Fig. 2.52: Numeric ray tracing simulation of an integrating sphere. a, Ray tracing 
model of an integrating sphere with diameter �@= 5 mm. b, Power distribution 
histogram at the detector, binned with respect to optical path length OPL and angle 
at the detector �à. Figure adapted from [J1]. 

Ray tracing simulations allow for the implementation of geometries and 
configurations that differ from the ideal sphere: 

1. In conventional integrating spheres, the "first strike spot" is 
shielded from the detector [216] to ensure sufficient 
homogenization of the radiant flux inside the sphere. To allow 
for the lateral arrangement of emitter and detector, shielding 
of the first strike spot has not been implemented for the 
integrating cavities used throughout this thesis. In fact, the 
direct reflection path can clearly be seen in the power 
histogram Fig. 2.52b at �à
N20°, OPL
N10 mm.  

2. The inner surface of the integrating cavities used throughout 
this thesis were not roughened. Hence, they possess rather 
specular reflection characteristics, which has been taken into 
account in the ray tracing simulations. It should be noted that 
the emitter's large-area, wide-angle emission leads also in 
absence of diffusely reflecting sidewalls to a distinct integrating 
sphere character (see e.g. Fig. E.19). 

As a part of this thesis, various cavity shapes have been investigated, see 
section E.5. The metamaterial gas sensor prototype presented in this thesis 
uses a cuboid cavity due to its good volume utilization and simple 
fabrication. Zhang et al. derived an analytical expression for the optical path 
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length of a cuboid cavity from experiments, and showed that cuboid cavities 
offer a robust, simple alternative to integrating spheres for optical gas 
sensing applications [219]. 
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3 Metamaterial Thermal Emitter 

On-Chip Narrowband Thermal Emitter for 
Mid-IR Optical Gas Sensing* 
Alexander Lochbaum, Yuriy Fedoryshyn, Alexander Dorodnyy, Ueli Koch, 
Christian Hafner, and Juerg Leuthold 

ACS Photonics, vol. 4, no. 6, pp. 1371-1380, 2017 

Abstract 
Efficient light sources compatible to complementary metal oxide 
semiconductor (CMOS) technology are key components for low-cost, 
compact mid-infrared gas sensing systems. In this work we present an on-
chip narrowband thermal light source for the mid-infrared wavelength 
range by combining microelectromechanical system (MEMS) heaters with 
metamaterial perfect emitter structures. Exhibiting a resonance quality 
factor of 15.7 at the center wavelength of 3.96 �Jm and an emissivity of 
0.99, the demonstrated emitter is a spectrally narrow and efficient light 
source. We show temperature-stable (resonance wavelength shift 
0.04 nm/ °C) and angular-independent emission characteristics up to angles 
of 50°, and provide an equivalent circuit model illustrating the structure’s 
resonance behavior. Owing to its spectrally tailored, non-dispersive 
emission, additional filter elements in a free-space optical gas sensing setup 
become obsolete. In a proof-of-concept demonstration of such a filter-free 
gas sensing system with CO2 concentrations in the range of 0 - 50000 ppm, 
we observe a 5-fold increase in relative sensitivity compared to the use of a 
conventional blackbody emitter. Our light source is fully compatible with 
standard CMOS processes and tunable in emission wavelength through the 
mid-infrared wavelength band. It paves the way for a new class of highly 
integrated, low-cost optical gas sensors. 

Keywords 
Mid-infrared sensing, metamaterials, thermal emission, optical sensing, 
CMOS technology 

                                                           
* Reproduced with permission from [J2]. Copyright 2017 American 
Chemical Society. Notation adapted for consistency throughout the thesis.  
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3.1 Introduction 
Mid-infrared (mid-IR) optical gas sensing is a robust chemical sensing 
method with numerous applications in industrial process control, building 
automation and environmental sensing [5]. Many molecules exhibit strong 
absorption features at mid-IR wavelengths, which yield characteristic 
absorption line patterns [43, 220]. Currently, emerging technologies like 
indoor air quality monitoring for home automation, and CO2-refrigerated 
air-conditioning systems for automotive drive the demand for sensitive, 
low-cost, and highly compact sensing systems. However, their development 
is hindered by the lack of CMOS-compatible, spectrally efficient, and 
compact mid-IR light sources. 

Mid-IR light sources for sensing applications range from simple 
microbulbs [108] to high-end quantum cascade lasers (QCL) [221]. Within 
the last decade, QCL developed into the standard for light sources in mid IR 
spectroscopy due to their high spectral density and single-mode operation, 
which allows for probing of individual absorption lines to quantify chemical 
species [47, 222]. Nevertheless, the complex and costly fabrication of these 
outstanding mid-IR light sources limits their viability for low cost optical gas 
sensing applications in near future. Fortunately, for most of the 
aforementioned applications, it is sufficient to distinguish between entire 
absorption bands in a non-dispersive infrared (NDIR) configuration, which 
relaxes the requirements on the light source emission bandwidth [5]. For 
that reason, membrane heaters based on microelectromechanical system 
(MEMS) technology recently came up as compact, integrated thermal light 
sources [33, 34, 93]. MEMS heaters are proven to be energy efficient [33], 
allow for rapid modulation owing to their low thermal mass [93], and are 
compatible with standard CMOS foundry processes [34]. Unfortunately, 
standard CMOS materials exhibit inherently low emissivity values and 
broadband emission characteristics following Planck’s law, which makes 
additional blackening layers and (discrete) filter elements necessary. This 
impairs the source’s compatibility with standard fabrication processes and 
increases the overall size and cost of the sensing system. To overcome these 
limitations, thermal emission engineering has been proposed as a means to 
enhance the brightness and tailor the emission spectrum of thermal light 
sources [100, 102]. By deliberate choice of the thermal emitter’s structure 
and its constituent materials, optical resonances within the emitter are 
excited that enhance its emissivity over a limited wavelength range to values 
close to unity. Various concepts for thermal emission and absorption 
engineering have been demonstrated in recent years. Among these are 
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plasmonic gratings [104-106], photonic crystals [109], multi-quantum well 
structures [101, 112], and metamaterial emitters [115, 117]. With regard to 
optical sensing applications, metamaterial emitters are of particular 
interest, as they enable for single- and multi-band [116, 121-123], as well as 
polarization- and angle-independent [124, 208, 223] emission while being 
compatible with low-cost fabrication processes [119, 120]. Yet, a 
narrowband on-chip thermal light source, which is CMOS-compatible and 
thermally stable up to typical application temperatures of 350 °C, is still 
missing. 

In this work, we demonstrate a highly efficient, narrowband on-chip 
thermal emitter for the mid-IR wavelength range. We show selectively 
enhanced thermal emission at a wavelength of 3.96 �Jm with emissivity 
values up to 0.99 over a narrow spectral bandwidth (FWHM = 252 nm, 
�3 = 15.7) by combining MEMS heater technology with metamaterial 
emitter structures. The high resonance quality factor in comparison to other 
metamaterial emitters is enabled by an optimized resonator geometry in 
combination with low-loss constituent materials. An intuitive equivalent 
circuit model of the metamaterial structure provides insights into the 
emitter’s resonance behavior, and experimental characterization results 
match very well with our numerical findings. Finally, we demonstrate the 
emitter’s performance as a light source for filter-free NDIR gas 
measurements in a proof-of-concept experiment. 
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3.2 Device Structure 
The structure of the metamaterial mid-IR light source is illustrated in an 
exploded view in Fig. 3.1a. From bottom to top, it consists of a CMOS 
substrate, a MEMS hotplate, a metamaterial perfect emitter (MPE) structure 
[C4], and an Al2O3 sealing layer. The CMOS substrate, comprising integrated 
electronic components, is realized in a commercially available foundry 
process. On top of the CMOS substrate, the MEMS hotplate is realized as a 
circular, dielectric membrane with integrated metal heater. 

 
Fig. 3.1: Concept of metamaterial perfect emitter (MPE) light source. a, Illustration 
of the MPE light source in an exploded view (dimensions not to scale). The MPE 
structure is deposited in a series of post-processing steps on top of a MEMS hotplate. 
b, Illustration of the MPE unit cell with indicated field lines at resonance (electric field 
�' : red arrows, magnetic field �*: blue arrows). For illustration purposes, the cross-
shaped top resonator is cut along the �T𝑥𝑥-plane, and the front part is solely sketched 
as a wireframe. Critical structure dimensions are outlined in the illustration. 

The employed design allows for resistive heating of the hotplate up to 
temperatures of 450 °C in the center of the membrane, while the substrate 
remains at room temperature. On top of the MEMS hotplate, the circular 
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MPE area is structured for wavelength-selective emissivity enhancement. 
The metamaterial multilayer structure is enclosed by an Al2O3 sealing layer 
to prevent oxidation of the metal structures upon repeated thermal cycling. 
The structure is operated in ambient atmosphere without additional 
packaging. The cross-section profile of the MPE unit cell is shown in Fig. 3.1b. 
The unit cell comprises a cross-shaped top resonator (Cu), which is 
separated from a metal backplane (Cu) by means of a dielectric spacer layer 
(Al2O3).  

The metamaterial's optical properties can be accessed by taking a closer 
look at the resonance behavior of its constituent unit cell. At the resonance 
frequency, the magnetic field �*  couples inductively to the metal-insulator-
metal (MIM) structure and is strongly confined under the center of the top 
resonator, see Fig. 3.2a. The resonantly enhanced magnetic field induces 
antiparallel currents in the top resonator and the metal backplane. The 
resulting current loop is closed by the electric field �' , which drops off in 𝑧𝑧-
direction across the dielectric spacer, see Fig. 3.2b. Hence, the top resonator 
forms together with the backplane a symmetric version of a split-ring-
resonator (SRR) [185]   an artificial magnetic atom [198]. Applying effective 
medium theory, the macroscopic response of the metamaterial to 
electromagnetic waves can be homogenized, and the MPE is modeled as a 
quasi-homogeneous slab with effective material parameters �Ýeff and �äeff 
[209]. The inductively coupled resonance described above results in a 
resonant effective permeability �äeff. Similarly, the top resonator entails a 
resonant effective permittivity �Ýeff. Hence, the unit cell geometry defines the 
effective material parameters of the metamaterial, which is used to tailor its 
emission properties.  

To maximize the emissivity of the structure, one can conversely 
maximize its absorptivity by virtue of Kirchoff’s law. The absorptivity  �#=
1 
F�4
F �6 approaches unity if both the transmissivity �6 and the reflectivity 
�4 vanish. Because the thickness of the metal backplane is large with respect 
to the penetration depth at mid-IR frequencies, the transmissivity through 
the metamaterial is �6= 0. The reflectivity is minimized by adapting the 
structure geometry such that �äeff and �Ýeff are equal, in which case the 
metamaterial’s wave impedance at the resonance frequency is matched to 
free space, 

 �<(�ñ�p�c�q) = 
¨
�ä�c�d�d(�ñ�p�c�q)

�Ý�c�d�d(�ñ�p�c�q)
= 
¨

�ä�c�d�d
�ñ (�ñ�p�c�q) + �E�ä�c�d�d

�ñ�ñ(�ñ�p�c�q)

�Ý�c�d�d
�ñ (�ñ�p�c�q) + �E�Ý�c�d�d

�ñ�ñ(�ñ�p�c�q)
= �<�4, (3.1) 
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and hence �4= 0. To further investigate the underlying loss mechanism, 
the dissipated power density �@𝑑𝑑d/ �@𝑑𝑑= �ê(�q�„�q�Û)/ 2  within the 
metamaterial unit cell is depicted in Fig. 3.2c. The majority of the energy 
dissipation takes place in the metal layers, at the interface to the dielectric 
spacer layer (Fig. D.4). Thus, the quality factor of the structure resonance is 
primarily influenced by the loss characteristics of the constituent metal, and 
copper is chosen as a low-loss, CMOS-compatible option. 

 
Fig. 3.2: Field intensity plots at the resonance wavelength. a, Magnetic field intensity. 
b, Electric field intensity. c, Power loss density. The field plots illustrate the highly 
localized character of the MPE resonance. 
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3.3 Results and Discussion 

3.3.1 Design and Simulation 
The metamaterial unit cell dimensions have been optimized for maximum 
emissivity at the resonance wavelength �ãres = 4.04 �Jm by full-wave FEM 
simulations with periodic boundary conditions. As optimal device 
parameters, we calculated a periodicity �== 2.243 �Jm, top resonator length 
�H= 963 nm, top resonator width �S= 187 nm, and dielectric thickness 
𝑡𝑡diel  = 116 nm for fixed thicknesses of the metal and sealing layers, 𝑡𝑡metal =
𝑡𝑡sealing = 100 nm.  

The simulated reflection, transmission and absorption characteristics are 
shown in Fig. 3.3a. As expected, the transmissivity is zero across the 
investigated frequency range. The absorptivity is resonantly enhanced to 
�#= 0.99 at the resonance wavelength �ãres with a full width at half 
maximum FWHM = 254 nm, which corresponds to a quality factor �3 =
�ã_res/ FWHM = 15.9. To the best of our knowledge, this is the first time a 
metamaterial absorber or emitter approaches bandwidths that are 
sufficiently narrow for non-dispersive gas sensing applications. The 
comparably narrowband resonance in comparison to typical MIM quality 
factors �3 
N10 – 11 [116, 121] can be attributed to a combination of low-
loss constituent materials and an efficient top resonator geometry [206]. 

To further investigate the resonant behavior of the metamaterial 
structure and its matching to free space, the effective material parameters 
�Ýeff and �äeff as well as the structure impedance �<eff have been retrieved from 
the numerical simulation results by inversion of the scattering parameters 
[209]. The retrieved complex material parameters are plotted in Fig. 3.3b. 
Both parameters exhibit Lorentzian-shaped resonances with shifted center 
frequencies, matching their real and imaginary parts to each other at the 
resonance frequency as demanded from (3.1). In the wavelength range 
between 3.96 �Jm and 4.05 �Jm, the MPE exhibits a negative permeability, 
Re(�äeff) < 0, indicative of the metamaterial’s large magnetic response. In 
Fig. 3.3c, the retrieved effective structure impedance �<eff is shown. It 
possesses an inductive character over most of the analyzed frequency 
range, Im(�<eff) < 0. Close to the resonance frequency, the structure 
impedance exhibits a resonance and matches almost ideally to free space, 
i.e. �<eff(�ñ�p�c�q) = 
¥�ä�c�d�d(�ñ�p�c�q) �Ý�c�d�d(�ñ�p�c�q)�¤ �<�4 = (1.14 + �E0.17)�<�4 is 
sufficiently close to �<�4. 
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Fig. 3.3: Simulated structure characteristics. In all plots, real and imaginary parts of 
complex-valued quantities are denoted by solid and dashed lines, respectively. The 
resonance wavelength �ãres = 4.04 �Jm is marked by a vertical, dashed line. a, 
Simulated absorption, reflection and transmission characteristics of the MPE unit cell. 
At the resonance wavelength, the structure exhibits a narrowband absorption 
resonance with peak absorptivity �#= 0.99 and full width at half maximum FWHM =
254 nm. b, Relative effective permittivity �Ýeff and permeability �äeff of the MPE 
structure, as derived from the parameter retrieval procedure. c, Complex impedance 
of the MPE structure. The purple and green lines denote the results derived from the 
parameter retrieval procedure �<PR, and from the equivalent circuit model �<�Ë𝑅𝑅𝑅𝑅, 
respectively. 
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Alternatively, the structure’s impedance can be expressed by an 
equivalent circuit model, which is sketched into the metamaterial unit cell 
in Fig. 3.4.  

 
Fig. 3.4: Equivalent circuit model of the MPE unit cell, representative of the structure’s 
resonance characteristics. 

The induced loop currents in top resonator and backplane are modeled 
by a series connection of an inductor and a resistor (�.�5, �4�5 and �.�6, �4�6), also 
taking into account the energy dissipation within the metal layers. The 
electric field, which is strongly enhanced between top resonator and 
backplane, is modeled by two identical capacitors �%�5�6 connecting the 
inductive elements. Due to the highly localized nature of the structure 
resonance, coupling to neighboring unit cells is negligible in this simplified 
model. Numerical values for the circuit elements were obtained by a 
nonlinear least-squares fit of the total equivalent circuit impedance �<�Ë𝑅𝑅𝑅𝑅 to 
the retrieved structure impedance �<eff. The extracted parameters result to 
�4�5 = 220 mOhms, �.�5 = 17.9 fH, �%�5�6= 0.49 fF, �4�6 = 12.7 mOhms, and 
�.�6 = 1.3 fH. As expected from the high field intensities around the top 
resonator element, its impedance (denoted by �4�5 and �.�5) dominates over 
the respective ground plane values (�4�6 and �.�6). The imbalance between the 
inductive elements �.�5 and �.�6 results in the overall inductive character of the 
MPE impedance within the investigated frequency range. A very good 
agreement of the fit results with the retrieved structure impedance confirms 
the model’s validity. It should be noted that the model is only valid up to 
first-order resonances. Higher order modes and grating resonances need to 
be taken into account by additional circuit elements [206]. 

3.3.2 Fabrication 
Fig. 3.5a displays the metamaterial thermal light source (total size 1.7 mm ×
1.7 mm), bonded to a TO 39 header for testing purposes. The MPE structure 
has been fabricated in a series of post processing steps on a MEMS hotplate. 
Fig. 3.5b shows a micrograph of the fabricated thermal emitter; a magnified 
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detail of the MPE area is depicted in Fig. 3.5c. The MPE area (�@MPE =
400 �Jm) is centered on the suspended membrane (�@mem = 600 �Jm), 
incorporating 
N2.5 × 10�8 MPE unit cells. The heater structure is embedded 
into the dielectric membrane and centered underneath the MPE structure. 
In Fig. 3.5d, a scanning electron microscope (SEM) image of 2× 2 MPE unit 
cells is shown. Actual structure dimensions have been measured from the 
SEM micrographs and verified against the nominal values. In addition to the 
MEMS hotplate emitters, three MPE samples on silicon substrates were 
fabricated for the purpose of optical characterization; each with an MPE 
area of 4 mm × 4 mm, containing 
N3.2 × 10�:  unit cells. 

 
Fig. 3.5: a, MPE light source bonded to TO 39 header for device tests. b, Micrograph 
of circular MEMS membrane (�@mem = 600 �Jm) with centered MPE area (�@MPE =
400 �Jm). c, Detail micrograph of MEMS membrane and MPE area, where individual 
MPE unit cells can be identified. d, Scanning electron microscope (SEM) picture of 2 ×
2 MPE unit cells with structure geometry parameters. 
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3.3.3 Characterization 
Absorptivity and emissivity measurements have been performed to access 
the metamaterial’s optical properties. Measurement results presented in 
Fig. 3.6 - Fig. 3.8 have been acquired from silicon substrate samples. Room-
temperature reflectivity measurements were carried out in the wavelength 
range from 3 �Jm to 9 �Jm by Fourier-transformed infrared (FTIR) 
spectroscopy in combination with a mid-IR microscope. From the results, 
absorptivity curves were calculated and compared to the simulated 
absorption spectra. 

In Fig. 3.6a, the measured absorptivity is shown together with the 
simulated absorption spectrum. The measured absorptivity reaches a 
maximum value �#= 0.99 at �ãres = 3.96 �Jm with a FWHM of 252 nm, 
corresponding to a quality factor �3= 15.7. Relaxing the imposed thermal 
stability requirements, quality factors up to 21.9 have been measured for 
samples without adhesion layer (Fig. D.7). Outside the resonance, the 
structure maintains a very low background absorptivity (�#< 0.04), 
rendering it ideal as a selective emitter. The experimental results are in very 
good agreement with the simulated values, with a shift of the resonance 
wavelength of only �Â�ãres = 80 nm (�Â�ãres/ �ãres = 2%) towards shorter 
wavelengths. The discrepancy between simulated and measured absorption 
spectrum might be attributed to the influence of the adhesion layer (5 nm 
Cr), which has been omitted in the simulation model. To the best of our 
knowledge, this is the first CMOS-compatible MPE structure with 
experimentally confirmed quality factors high enough for applications in 
NDIR gas sensing, where absorption bands in the mid-IR have FWHMs of 
N
100 - 200 nm [5, 43]. 

In view of the MPE’s use as a thermal light source, it is of central interest 
to directly characterize its emissivity at elevated temperatures. A 
temperature-controlled sample holder with a ceramic heating element was 
used to guarantee homogeneous heating of the samples. In Fig. 3.6a, the 
measured emissivity of the MPE structure at 330 °C is shown. Its peak 
emissivity and resonance wavelength show very good agreement to the 
room-temperature absorptivity curve (�' = 0.99, �ãres = 3.96 �Jm), but with 
a slightly larger resonance bandwidth, FWHM = 325 nm (�3 = 12.2). A 
possible explanation lies in the resistivity increase of the MPE’s metal 
portions with temperature, leading to increased losses and thus to a larger 
resonance bandwidth. To investigate the MPE structure’s thermal stability, 
its absorption spectrum after 10 hours of repeated thermal cycling between 
room temperature and 350 °C has been measured. A very good overlap with 
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the initial absorptivity can be observed, confirming the MPE’s stability upon 
repeated thermal cycling. 

 
Fig. 3.6: a, Measured absorptivity and emissivity characteristics of the MPE structure 
(solid lines) in very good agreement to simulation results (dashed line). b, 
Narrowband spectral exitance of MPE (solid lines) approaching the limit of a 
reference blackbody (dashed lines) for all investigated temperatures. Gray lines: 
spectral exitance at peak emission wavelength versus peak emission wavelength. The 
peak emission wavelength of the MPE is nearly independent of temperature (i.e. the 
solid gray line is nearly vertical), whereas the position of the blackbody’s peak 
emission exhibits a considerable temperature dependence (dashed gray line). 

For a direct comparison of the MPE emission to an ideal blackbody, the 
spectral exitance of the MPE structure at various temperatures is plotted in 
Fig. 3.6b together with the spectral exitance of a blackbody reference 
sample. For each temperature, the MPE structure reaches the blackbody 
exitance with a temperature-independent peak emissivity �'= 0.99. The 
resonance wavelength of the MPE structure is solely defined by its unit cell 
geometry and thus should be nearly independent of the sample 
temperature. For selective, narrowband thermal emission from a 
membrane heater, this aspect is of prime importance, as considerable 
temperature fluctuations across MEMS hotplates are inevitable [99]. In Fig. 
3.6b, the observable temperature dependence of the MPE’s resonance 
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wavelength is indeed close to negligible, and a resonance wavelength shift 
�Â�ãres = 6 nm over the investigated temperature range of 150 °C is 
extracted (Fig. D.8). The resonance wavelength against temperature curve 
can be fitted linearly, which yields a resonance wavelength shift coefficient 
�æ�›res,�Í = 42 pm/°C. Division by the resonance wavelength at 350 °C yields 
a normalized value 

 �ê�›res
=

�æ�›res,�X

�ãres,�7�9�4�¹�G
=  1.07 × 10�?�9 °C�?�5. (3.2) 

As the linear thermal expansion coefficient of Cu, �ÙCu = 1.65 ×
10�?�9 °C�?�5 [224], is very similar to this value, the temperature dependence 
of the resonance emission wavelength might be attributed to the thermal 
expansion of the MPE top resonator. In comparison, the blackbody 
reference sample exhibits over the investigated temperature range a peak 
wavelength shift �Â�ãpeak,BB = 1.47 �Jm in accordance with Wien’s 
displacement law. In Fig. 3.7, the extracted emissivity curves are compared 
against the measured absorptivity spectra for each temperature.  

 
Fig. 3.7: Comparison of MPE absorptivity and emissivity curves at different 
temperatures, confirming its temperature-independent emission characteristics. 

Emissivity and absorptivity curves exhibit an excellent agreement over 
the investigated temperature range, validating Kirchhoff’s Law. Both the 
absorptivity and the emissivity curves exhibit a resonance bandwidth 
broadening with increasing temperature. In analogy to equation (3.2), one 
can calculate a normalized coefficient for the change of resonance 
bandwidth, equating for the absorptivity to �ê�| �›abs

= �æ�| �›abs,�Í / �� �ãabs,�7�9�4�¹�G=
5.8 × 10�?�8 °C�?�5, and for the emissivity to �ê�| �›emis

= �æ�| �›emis,�Å
/ �� �ãemis,�7�9�4�¹�G=

5.4 × 10�?�8 °C�?�5, respectively. A very good agreement of the linear fit with 
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the measured resonance bandwidths suggests the nature of the resonance 
broadening to be temperature-related. 

3.3.4 Angular-Dependent Emissivity 
For the intended applications in a free-space optical gas sensing system, an 
omnidirectional (Lambertian) emitter with spectrally selective, angular-
independent emission characteristics is favorable to maximize the signal-to-
noise ratio of the sensing system. 

In Fig. 3.8, the MPE’s angular emission characteristics have been 
investigated, proving its polarization- and angle-independent, narrowband 
emissivity enhancement. In Fig. 3.8a, the simulated angular emissivity for 
transverse magnetic (TM) polarization is displayed. Corresponding 
simulations for TE polarization yield similar results and can be found in Fig. 
D.9. The structure resonance at �ãres = 4.04 �Jm retains high emissivity 
values and a constant resonance wavelength up to emission angles �à
N50°. 
The reason for the dispersion-free emission characteristics lies in the 
strongly localized nature of the inductively coupled MPE resonance [124, 
208, 223] (Fig. 3.2a-b): for TM polarization, the magnetic field maintains its 
orientation with respect to the inductive loop even under oblique angles, 
resulting in the angular-independent emission characteristics observed in 
Fig. 3.8a. At �à
N50° a coupling of the dispersion-free, localized MPE 
resonance with the first-order grating resonance can be observed, leading 
to an anti-crossing behavior [225, 226]. The grating resonance is dispersive 
and has its origins in the periodicity of the MPE structure. The center 
wavelength of a first-order grating resonance is given by �ãg = �=(1 +
sin(�à)) [60], and the numerical results in Fig. 3.8a show good agreement 
with the analytical expression. The grating resonance can be shifted out of 
the wavelength band of interest by appropriate choice of the unit cell 
periodicity �=. Dispersion-free emission characteristics up to �à= 80° have 
been simulated employing a smaller periodicity, which comes at the price of 
a larger resonance bandwidth due to a stronger coupling between 
neighboring unit cells (Fig. D.10). At �ãres,�6 
N3.25 �Jm, the second-order 
resonance of the MPE structure can be observed at oblique angles. Even-
order resonances cannot be excited under normal incidence, as the current 
distribution within the MPE structure is symmetric, and the averaged 
magnetic moment [124] across the structure is zero. At oblique angles the 
current distribution within the structure becomes asymmetric, which leads 
to a non-zero averaged magnetic moment across the structure, allowing for 
the excitation of even-order resonances. To verify the simulation results, 
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emissivity measurements between 2.5 �Jm and 8 �Jm were performed at the 
external port of a modified FTIR spectrometer. The measurement results in 
Fig. 3.8b show an excellent agreement with the numerical simulations. The 
angular-independent emission characteristics of the MPE structure could be 
experimentally verified, and even details like the grating resonance and the 
second-order MPE resonance at oblique angles were resolved. 

 
Fig. 3.8: a, Simulated angular-dependent emissivity of the MPE structure for TM 
polarization. Narrowband, angular-independent emission characteristics up to large 
emission angles can be observed, rendering the structure attractive for free-space 
gas sensing applications. A (dispersive) grating resonance with center wavelength 
�ãg = �=(1 + �O𝑠𝑠𝑠𝑠(�à) ) is identified, exhibiting an anti-crossing with the fundamental 
MPE resonance at �à
N50°. b, Experimental angular-dependent emissivity of the 
MPE structure, confirming the simulation results with excellent agreement. 
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3.3.5 Tunability and Robustness 
In order to assess the practicability of the proposed MPE sources, its 
resonance wavelength tunability as well as its robustness against fabrication 
tolerances have been investigated in an experimental parameter study. 
11 × 11 MPE samples covering �H= 1003 nm ± 50 nm and �S= 155 nm ±
40 nm  at �== 2.432 �Jm have been fabricated. The resonance key figures 
as extracted from FTIR measurements are shown in Fig. 3.9. By varying the 
top resonator length �H, the MPE resonance wavelength shown in Fig. 3.9a 
can be tuned across the mid-infrared wavelength range, which is of practical 
relevance for targeting different molecular absorption bands in the so-called 
“fingerprint region" [43]. The MPE emitter concept proves to be robust in 
peak absorptivity, Fig. 3.9b, and quality factor, Fig. 3.9c, with regard to 
systematic deviations in length and width of the top resonator on the order 
of 50 nm. This is of particular importance for the future transfer of the 
fabrication process to high-volume compatible lithography techniques with 
according tolerances, like deep-UV or nano-imprint lithography [227]. 

 
Fig. 3.9: Extracted resonance key figures for experimental parameter sweep. a, The 
resonance wavelength scales linearly with the top resonator length. b, and c, Peak 
absorptivities and quality factors retain high values �#> 0.92 and �3 > 15.4, 
respectively, across the investigated parameter range. 

3.3.6 Emission from Membrane Heater 
In the previous experiments, the MPE’s emission and absorption 
characteristics at elevated temperatures have been acquired from 
homogeneously heated silicon substrate samples. To investigate the 
influence of temperature variations across the resistively-heated MEMS 
hotplate on the MPE‘s emission characteristics, the total emission spectrum 
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from a MPE-covered membrane emitter has been measured and verified 
against its room-temperature absorption characteristics. The temperature 
distribution across the resistively-heated MPE hotplate has been obtained 
from thermographic measurements. The temperature map of the MPE 
hotplate during continuous-mode operation with a heating power 
�2hotplate = 49.4 mW is shown in Fig. 3.10a.  

 
Fig. 3.10: a, Temperature map of the resistively-heated MPE hotplate, derived from 
thermographic measurements. Temperature values are solely valid on the MPE 
surface, marked by the color-coded area. A maximum temperature �6max = 322 °C is 
measured in the center of the membrane, together with a temperature variation 
�Â𝛥𝛥= 107 °C across the MPE area. b, Measured spectral exitance from MPE 
hotplate, compared to its room-temperature absorptivity. Both curves exhibit a very 
good overlap, confirming the temperature-independent, narrowband emission 
characteristics despite the large temperature variations found on MEMS hotplates. 

A maximum membrane temperature �6max = 322 °C is measured in the 
center of the MPE area, point 1, with a temperature decrease to �6= 215 °C 
at the edge of the MPE area, point 2. The acquired spectral exitance of the 
MPE hotplate, together with the room-temperature absorptivity of the 
same structure, is displayed in Fig. 3.10b. Both graphs exhibit a very good 
qualitative overlap with a resonance wavelength shift of �Â�ãres = �ãres,exit 
F
�ãres,abs = 11 nm. The estimated relative coefficient �Â�ãres/ �Â𝛥𝛥
N
42.6 pm/°C correlates well with results obtained during the emissivity / 
absorptivity comparison in Fig. 3.7. The almost negligible temperature 
dependence of the MPE emission spectrum is of large practical relevance for 
MEMS hotplate emitters, as it considerably relaxes the temperature 
uniformity requirements across the membrane. In addition to the main 
resonance, a spectrally broad background emission with a local maximum 
around �ã
N9 �Jm can be observed in Fig. 3.10b. This is attributed to the 
thermal emission of the dielectric membrane in areas outside of the MPE 
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region (200 �Jm < �N
Q300 �Jm), which shows non-negligible mid-IR 
emission in Fig. 3.10a as well. The main constituent material of the 
membrane, SiO2, exhibits a resonance around 9 �Jm [228], in support of this 
conclusion. The observed background emission could be minimized in future 
iterations by an optimized thermal design of the membrane. 

3.3.7 Proof-of-Concept Experiment 
In a concluding system experiment, two key features of the metamaterial 
light source, on-chip integration and high spectral efficiency, are exploited 
for demonstration of millimeter-scale, filter-free NDIR gas sensing at the 
example of CO2. A schematic representation of the experimental setup is 
provided in Fig. 3.11. 

 
Fig. 3.11: Schematic of the millimeter-scale, filter-free NDIR gas sensing setup. Inset: 
absorptivity spectrum of the MPE employed in the system experiment together with 
the attenuation spectra of atmospheric CO2 and H2O for �?CO2= 400 ppm, rH =
40%, �6= 25 °C, and �L= 1013 hPa. 

The setup comprises a thermal light source (our MPE with �ãres =
4.26 �Jm or a blackbody emitter as a conventional light source) and a single-
channel thermopile detector. Both elements are separated at a distance �@=
4 mm, which corresponds to a reduction in absorption path length by a 
factor > 10 compared to conventional NDIR systems [5]. On the detector 
side, the dielectric filter element becomes dispensable, as the spectral 
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filtering capability is readily integrated into the emitter (see Fig. 3.11 inset 
for the absorption profile of the employed MPE with respect to the 
atmospheric attenuation spectra of CO2 and H2O). Hence, it can be omitted 
and the simplified system configuration is referred to as filter-free. Emitter 
and detector are both located in a measurement container, which is 
connected to a gas mixing system allowing for variable CO2 and humidity 
levels. Reference sensors for total mass flow (MF), temperature (T) and 
relative humidity (RH) are connected to the downstream side of the 
measurement container. The source is driven by a periodic, rectangular 
voltage signal (�Brect = 5 Hz, �8= 1.3 V, duty cycle 55 %), allowing for lock-
in amplification of the pre-amplified thermopile signal (pre-amplification 
factor �) = 4300, lock-in model: Stanford Research SR830, time constant 
�ì = 3 s,  sensitivity �5= 500 mV). We estimate a peak membrane 
temperature of 
N320 °C. 

In Fig. 3.12a, the normalized voltage difference �Â𝛥𝛥/  �8�4ppm of the MPE 
system in comparison to a system employing a conventional light source 
(blackbody emitter, “BB”) is shown for a measurement cycle in dry air with 
CO2 concentrations ranging from 0 ppm to 50000 ppm. Here, �Â𝛥𝛥 is defined 
as the difference between the lock-in voltage at the respective CO2 
concentration and the lock-in voltage at 0 ppm CO2, �Â𝛥𝛥= �8lock-in– �8�4ppm. 
The normalized voltage difference �Â𝛥𝛥/ �8�4ppm corresponds to the fractional 
absorbance of the sensing system [43] and correlates well with the applied 
CO2 concentration profile. A maximum signal variation �Â�8�9�4�4�4�4ppm/ �8�4ppm =
4.8% can be determined over the course of a measurement cycle for the 
MPE system, in comparison to 0.8% for the BB emitter system. The overall 
sensing system is considered to be detector-limited, as the measured 
voltage noise (55 nV/ �¾Hz for the MPE system) is dominated by the 
specified detector noise (45 nV/ �¾Hz ). 

In Fig. 3.12b, the normalized voltage difference �Â𝛥𝛥/ �8�4ppm is plotted 
against the applied CO2 concentration for both systems (MPE and 
conventional BB emitter). An exponential decrease can be fitted to both 
data sets in accordance with the Beer-Lambert law [220]. To quantify the 
relative sensitivity increase due to the employment of a metamaterial-
enhanced emitter, the relative sensitivity in the linear regime of the system 
at the CO2 concentration �?CO2 = 0 ppm is calculated, 

 �O�p=
d �� �8 �8�4�n�n�k�¤

d �?CO2
�d
�ÖCO2�@�4 �n�n�k

. (3.3) 
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Comparing the relative sensitivity of the MPE system, �Or,MPE = 1.7 ×
10�?�8 %/ppm , to the value of the blackbody system, �Or,BB = 3.4 ×
10�?�9 %/ppm , an increase in relative sensitivity by a factor of 5 can be 
determined. This increase can be attributed to the larger fractional 
absorbance of the IR signal due to the narrowband emission characteristics 
of the MPE light source. 

 
Fig. 3.12: a, Normalized voltage difference �Â𝛥𝛥/ �8�4ppm for the MPE and the BB system 
together with the applied CO2 concentration profile. b, Normalized voltage difference 
against applied CO2 concentration for both systems. A 5-fold increase in relative 
sensitivity can be observed for the MPE system. c, The measured sensitivity of the 
MPE system to water vapor decreases by a factor of 9 compared to the reference 
system employing a conventional blackbody. 

Furthermore, the cross-sensitivity of the MPE system to humidity (H2O) 
in comparison to the system employing a conventional light source 
(blackbody emitter, “BB”) has been investigated. As shown in the inset of 
Fig. 3.11, atmospheric humidity levels lead to considerable absorption in the 
vicinity of the CO2 absorption band. Besides exhibiting a high sensitivity to 
the target gas (CO2), the cross-sensitivity of the sensing system to H2O 
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should be minimal to effectively distinguish the target gas against the 
atmospheric background. Both sensing systems (MPE, BB) have been 
investigated at various relative humidity levels between 0% and 50% in 
nitrogen atmosphere (�?CO2 = 0 ppm). From the absolute signal changes 
with humidity and the CO2 sensitivity calibration in Fig. 3.12b, a (parasitic) 
equivalent CO2 concentration change (in units ppm) can be attributed to 
each humidity level (Fig. D.12). The results are shown in Fig. 3.12c. From a 
linear fit to both series, a cross-sensitivity to H2O of �OH2O,MPE=
41.5 ppm/%rH  can be extracted for the MPE system, in comparison to 
�OH2O,BB= 379.6 ppm/%rH  for the system employing the conventional light 
source. This correlates to a 9-fold reduced humidity cross-sensitivity for the 
MPE system in comparison to a blackbody system. 
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3.4 Conclusion 
In summary, we demonstrate an efficient, narrowband mid-infrared light 
source by combining MEMS heater technology with metamaterial perfect 
emitter (MPE) structures. The MPE exhibits a resonantly-enhanced 
emissivity of 0.99 with a quality factor of 15.7 at the center wavelength of 
3.96 �Jm, and features temperature-stable (resonance wavelength shift 
0.04 nm/°C) and angular-independent (up to angles of 50°) emission 
characteristics. Its properties prove to be robust against fabrication 
tolerances, and render the light source attractive for highly integrated, free-
space optical gas sensing applications. Employing the MPE light source in a 
proof-of-concept demonstration of such a sensing system, we measured for 
CO2 concentrations up to 50000 ppm and an absorption length of 4 mm a 
5-fold increase in relative sensitivity compared to the use of a conventional 
blackbody emitter. By explicit optimization of the structure geometry for 
smallest resonance bandwidths, the sensitivity could potentially even be 
further increased. With total dimensions of only 1.7 mm × 1.7 mm and full 
compatibility to standard CMOS materials and processes, the presented 
light source potentially opens the way for a new generation of highly 
integrated, low-cost NDIR gas sensors. Furthermore, due to the reciprocity 
of the underlying working principle, also thermal detectors could vastly 
benefit from MPE structures. 
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3.5 Methods 

3.5.1 Numerical Simulations 
A commercial FEM package has been used for the 3D, full wave optical 
simulations of the metamaterial structure [229]. Frequency-dependent 
material constants for Cu and Al2O3 were taken from literature [228, 230]. 
We employed periodic (Bloch) boundary conditions to account for phase 
shifts over the unit cell. For the incident field, a TEM plane wave with the 
electric field linearly polarized in �T-direction was chosen. The unit cell’s 
reflection and transmission coefficients were derived from its scattering 
parameters. Angular-resolved emission characteristics were simulated using 
a self-implemented Fourier-Modal-Method (FMM) [231]. Up to 91 modes 
per dimension were used to discretize the electromagnetic fields. The 
number of modes was chosen to be uneven between the periodicity 
dimensions in accordance with the polarization of incident light in order to 
reduce to simulation time. 

3.5.2 Device Fabrication 
For the fabrication of the MPE structure on top of the MEMS hotplate, first 
a continuous Cu backplane has been deposited by evaporation, using Cr as 
an adhesion layer. In the next step, the Al2O3 spacer layer has been 
deposited by atomic layer deposition (ALD). A standard e-beam lift-off 
process has been used for the definition of the top resonators. In a 
subsequent process step, the sealing layer has been deposited by ALD. For 
the definition of the circular MPE area, a negative tone resist has been 
structured, followed by dry etching. The fully processed sample has been 
wire-bonded to TO-39 headers. 

3.5.3 Optical Characterization 
Reflectivity measurements have been performed using a Fourier-transform 
infrared (FTIR) spectrometer (BioRad FTS 375C, KBr beam splitter) coupled 
to an infrared microscope (MCT detector, 15× Cassegrain objective). 
Measurements were performed with a resolution of 2 cm�?�5 and every 
spectrum was averaged over 32 measurements. The MPE structure was 
mounted in a custom build sample holder, which allowed for sample 
temperatures between room temperature and 350 °C with temperature 
deviations from the setpoint smaller than 1 °C. The area on the MPE sample 
used for characterization was restricted by an aperture to 200 �Jm ×
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 200 �Jm. To calculate the structure absorptivity, reflectivity spectra were 
normalized to the reflectivity spectrum of an uncoated gold mirror. 

Emissivity and spectral exitance measurements were performed at the 
external port of a FTIR spectrometer (Bruker V70, MCT detector, KBr beam 
splitter). Measurements were performed with a resolution of 2 cm-1 and 
every spectrum was averaged over 100 measurements. Angular-dependent 
emissivity measurements were performed by rotating the sample with 
respect to the FTIR port up to emission angles of 60°. An aperture (�@AP1 =
4 mm) in the image plane of the FTIR was used to limit the area of collection 
on the MPE surface to a spot with diameter �@coll 
N2.2 mm. A second 
aperture (�@AP2 = 3 mm) in the Fourier plane of the FTIR defined the angular 
resolution of the system to ���ö = 2 atan(�@AP2/ 2�B) 
N1.72° (�@AP2 = 3 mm, 
�B= 100 mm). Spectral emissivity curves of MPE structures were calculated 
by normalization of the sample spectrum to a blackbody reference spectrum 
at respective temperatures, which was collected from a carbon black-coated 
reference sample heated to the same temperature as the MPE structure. 

3.5.4 Thermographic Measurements 
Thermographic measurements were conducted on a resistively heated MPE 
hotplate (driving voltage �8= 1.3 V). With a calibrated infrared camera (FLIR 
A6703sc), the emitted radiance from the sample was acquired. The 
temperature on the MPE area was calculated using the experimental 
absorptivity spectrum of the MPE structure and a blackbody emitter model. 
Hence, the obtained temperature values are strictly valid only on the MPE 
area, marked by the color-coded area in Fig. 3.10a. For the calculation of the 
relative resonance wavelength shift �Â�ãres/ �Â𝛥𝛥, an average membrane 
temperature �6mem,avg 
N280 °C was obtained from Fig. D.11 (ambient 
temperature �6ambient 
N22 °C). 
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Sensing* 
Alexander Lochbaum, Yuriy Fedoryshyn, Christian Hafner, and Juerg 
Leuthold 

META'17, the 8th International Conference on Metamaterials, Photonic 
Crystals and Plasmonics. July 25th-28th, Incheon, Korea. 

Abstract 
We demonstrate a dual-channel, CMOS-compatible metamaterial 
thermopile detector, that exhibits near-ideal peak absorptivity values (�#=
0.99), and narrowband absorption characteristics (�3 = 15.1 at 4.29 �Jm). 
The ultra-thin metamaterial perfect absorber (MPA) makes additional 
blackening layers and filter elements obsolete, allowing for highly 
integrated, low-cost optical gas sensing systems. Employed in a non-
dispersive gas sensing setup, the MPA detector leads, in comparison to a 
non-structured thermopile, to a 3.9-fold increase in sensitivity, with a 
simultaneous 6.5-fold decrease in humidity cross sensitivity. 

Keywords 
Metamaterials, thermal detection, mid-infrared sensing 

                                                           
* This chapter is based on reference [C3]. The notation has been adapted 
to ensure consistency throughout the thesis. The original publication has 
been extended by Fig. 4.1b, Fig. 4.2b, Fig. 4.3b, and Fig. 4.4a and their 
description in the main text to further illustrate the detector concept. 
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4.1 Introduction 
The ubiquitous trend towards low-cost integrated sensing solutions, e.g. for 
medical or automotive applications, drives the demand for efficient and 
selective mid-infrared (mid-IR) detectors [2, 5]. Thermopiles are well known 
as a low-cost detector technology for the mid-IR wavelength range [11, 145] 
and are frequently used in non-dispersive infrared (NDIR) gas sensors [5, 11]. 
However, they suffer from a low spectral selectivity due to their thermal 
detection principle [11], and from the low absorptivity values of typical 
thermopile membranes. This makes additional filter elements and 
blackening layers necessary, which limit the size, cost and speed of these 
detectors. Recently, metamaterial perfect absorbers (MPAs) [114] have 
been investigated as a promising candidate to overcome these limitations. 
MPAs with resonantly enhanced absorptivity values close to unity in the 
mid-IR spectral range have been shown [115-117, 124], across a potentially 
narrow bandwidth. However, the limited resonance quality factors of 
actually demonstrated metamaterial absorbers restrict their use for 
selective gas analysis, and the integration of a sufficiently narrowband 
metamaterial absorber on a thermal detector has not been shown for far. In 
this paper, we monolithically integrate for the first time narrowband 
metamaterial perfect absorbers on thermopile detectors and demonstrate 
their performance for sensitive and selective gas analysis in the mid-IR. 
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4.2 Device Concept  
The function principle of the metamaterial thermopile detector is illustrated 
in Fig. 4.1. A metamaterial perfect absorber (MPA) layer (blue) is fabricated 
on top of a suspended dielectric membrane (purple). Light incident on the 
thermoelectric detector in form of a radiant flux �0in  is selectively absorbed 
by the MPA layer, which exhibits a narrowband absorption resonance 
centered at �ãc = 4.26 �Jm. The absorbed radiant flux is translated into heat, 
which leads to a temperature increase of the membrane by �� �6. Thermopiles 
integrated into the suspended membrane translate the temperature 
difference between the chip frame (temperature �6�5) and the dielectric 
membrane (temperature �6�5+ �� �6) into a thermoelectric voltage, which is 
proportional to �� �6. Hence, the spectral absorption characteristics of the 
MPA layer define the spectral characteristics of the overall detector. 

 
Fig. 4.1: Metamaterial thermopile detector. a, Schematic illustration of the detector's 
function principle. The absorbed radiant flux �Ôin is translated into heat, leading to a 
temperature increase of the membrane by �Â𝛥𝛥. The temperature difference creates a 
thermoelectric voltage across the two thermopiles, which are integrated into the 
suspended membrane on its left (�8tp,1) and right (�8tp,2) side. The thermopile voltages 
�8tp,1 and �8tp,2 are summed up to the total detector signal. b, Micrograph of the 
fabricated metamaterial thermopile detector. The metamaterial perfect absorber 
(MPA) covers an area of 270 × 330 �Jm�6. c, Detail view, showing the right-lower 
corner of the MPA area on the suspended membrane. Individual unit cells can be 
recognized. d, Scanning electron micrograph of 4 × 4 MPA unit cells with their 
geometrical parameters. 

The MPA structure has been fabricated in a series of post-processing 
steps on top of thermopile substrates. The metamaterial thermopile 
detector is shown in Fig. 4.1b - Fig. 4.1d. The MPA area measures 270 ×
300 �Jm�6 and is centered on the suspended dielectric membrane. The MPA 
comprises a tow-dimensional array of subwavelength unit cells, see Fig. 
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4.1c-d. Each MPA unit cell consists of a cross-shaped metal resonator made 
out of copper (Cu), separated from the metal backplane (Cu) by a dielectric 
spacer layer (Al2O3). The unit cell's geometrical parameters have been 
optimized by full-wave simulations for resonant absorption at �ãc =
4.26 �Jm. The numerical optimization yields �== 2 �Jm, �H= 1.03 �Jm, �S=
192 nm, 𝑡𝑡metal = 100 nm, and 𝑡𝑡dielectric = 90 nm as the optimal 
parameters. Four unit cells are shown in top-view in the scanning electron 
microscope (SEM) picture in Fig. 4.1d together with their dimensions. In 
total, the MPA area comprises 135 × 150 = 20250 unit cells. Details on the 
MPA unit cell, the employed optimization routine, and the fabrication 
processes can be found in [J2].  
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4.3 Results and Discussion 

4.3.1 Optical Characterization 
The absorptivity of the MPA structure obtained from Fourier-transform 
infrared (FTIR) spectroscopy measurements is shown in Fig. 4.2. The MPA 
absorptivity is resonantly enhanced around the center wavelength �ãc =
4.29 �Jm, and exhibits a near-perfect peak absorptivity of �# =  0.99. The 
quality factor of the resonance �3 = �ãc/ FWHM (FWHM: full width at half 
maximum) is �3 = 15.1. To our knowledge, this is the highest quality factor 
reported for a detector-integrated MPA layer. In Fig. 4.2b, the frequency 
response of the MPA detector is compared against the frequency response 
of a thermopile without any absorber layer ("Bare"), and a thermopile with 
a conventional carbon-black absorber layer ("BB"). Due to its low thermal 
mass, the MPA does not impair the dynamic properties of the thermopile 
detector; its frequency  response corresponds to the curve of the "Bare" 
thermopile (�B-3db = 95 Hz). In contrast, a conventional carbon-black 
absorber increases the detector time constant due to its large thermal mass 
(typical absorber layers are several �Jm thick) by a factor of two, leading to 
a 3-dB frequency of only �B-3 dB 
N40 Hz. 

 
Fig. 4.2: Optical characterization results. a, Comparison of the measured (solid lines) 
and simulated (dashed lines) absorptivity of the MPA structure. The absorptivity of 
the MPA layer is resonantly enhanced around the center wavelength �ãc = 4.29 �Jm. 
The Lorentzian-shaped resonance has a quality factor �3= 15.1. b, Frequency 
response of the MPA detector. Owing to its low thermal mass, the MPA detector does 
not show a decline in frequency response (3-dB frequency �B-3dB = 95 Hz) compared 
to the identical thermopile without any absorber layer ("Bare"). In contrast, the 
thermopile with a standard blackbody absorber layer ("BB") has a 3-dB frequency of 
�B-3dB 
N40 Hz. 
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4.3.2 Proof-of-Concept Gas Measurements 
The high quality factor �3 = 15.1 of the MPA resonance makes the 
metamaterial thermopile detector an attractive candidate for optical gas 
sensing applications. In conventional non-dispersive infrared (NDIR) 
sensors, the broadband spectrum of the light emitter must be filtered 
before detection in order to establish a selectivity to the target gas [5]. In 
the case of the metamaterial thermopile detector, the MPA's narrowband 
filter characteristics make additional filter elements, such as dielectric 
interference filters in conventional NDIR sensors, obsolete. Hence, the MPA 
layer not only acts as an efficient absorber layer, but also provides spectral 
filter capabilities. 

The potential of the metamaterial thermopile detector for gas sensing 
applications has been demonstrated in a series of NDIR gas sensing 
experiments using CO2 as the target gas, which exhibits a strong infrared 
absorption resonance at �ãCO2 = 4.26 �Jm. The experimental gas sensing 
setup is illustrated in the inset of Fig. 4.3a. A commercial hotplate emitter 
(EM) is positioned opposite to the detector under test (DET), separated by a 
metal-coated absorption channel (�H= 18 mm). The emitter is pulsed by a 
rectangular voltage signal using a signal generator (AWG). The resulting 
thermopile signal is lock-in amplified (AMP). 

 
Fig. 4.3: Proof-of-concept CO2 measurements. a, CO2 sensitivity of three NDIR systems 
employing MPA-filtered, non-filtered (“Bare”) and dielectrically-filtered (“BB + 
Filter”) thermopiles. Inset: Schematic of the NDIR gas sensing setup. b, Humidity cross 
sensitivity of the test setups. The setup using the MPA thermopile exhibits a 6.5-fold 
decrease in humidity cross sensitivity compared to the non-filtered thermopile. 

The CO2 sensitivity and the humidity cross sensitivity of the MPA 
detector system has been compared against a system using a thermopile 
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without absorber coating, and a system using a thermopile with carbon-
black absorber coating and a dielectric interference filter (�ãdf = 4.26 �Jm, 
FWHM = 180 nm). The measured CO2 sensitivity of each sensing system is 
shown in Fig. 4.3a. For the MPA detector system, a sensitivity of �� �?CO2 =
9 ppm at �?CO2 = 400 ppm has been measured, outperforming the non-
structured thermopile by a factor of 3.9 and reaching the resolution of the 
dielectrically-filtered absorber system. This result demonstrates the good 
overlap of the MPA resonance with the CO2 absorption band. 

The humidity cross sensitivity of the system quantifies how much the 
filter resonance overlaps with the parasitic H2O absorption lines (see Fig. 
4.4b) relative to the (intended) overlap with the CO2 absorption band. In Fig. 
4.3b, the humidity cross sensitivity of the three sensing systems is plotted 
across the applied relative humidity level. The MPA detector system exhibits 
a humidity cross sensitivity of �4H2O/CO2 = 6.4 ppm/ %rH, which constitutes 
a 6.5-fold reduction compared to the non-structured thermopile system 
(41.8 ppm/ %rH). The reduction can be directly attributed to the 
narrowband absorption characteristics of the MPA in comparison to the 
broadband absorption of a non-structured thermopile. It is valuable to note 
that the humidity cross sensitivity of the dielectric filter system (<
1 ppm/ %rH) is even smaller than the MPA's value, showing that a single 
metamaterial filter cannot achieve the selectivity of conventional dielectric 
interference filters. 

4.3.3 Dual-Channel Thermopile Detector 
To demonstrate the potential of MPAs with respect to their high integration 
density, a dual-channel MPA detector has been realized by incorporating 
two spatially separated MPA areas with different resonance wavelengths on 
the same thermopile membrane.  

The fabricated dual-channel metamaterial thermopile detector is shown 
in Fig. 4.4a. In the left side of the picture, MPA layer "sens" (green box) is 
aligned above the left thermopile. The MPA's resonance wavelength is 
�ãsens = 4.26 �Jm, which aligns with the center wavelength of the CO2 
absorption band. On the right side of the picture, MPA layer "ref" (red box) 
is deposited on top of the right thermopile (please note that the thermopiles 
on the left and the right side are electrically not connected). This channel 
serves as a reference channel, as the MPA's resonance wavelength �ãsens =
3.91 �Jm does not overlap with any gas absorption band.  
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Fig. 4.4: Dual-channel MPA thermopile detector. a, Micrograph of a thermopile 
detector containing two distinct detection areas covered by two metamaterial layers 
with different center wavelengths. The "sense" channel (green) is centered at �ãsens =
4.26 �Jm, the "reference" channel (red) is centered at �ãref = 3.91 �Jm. b, MPA 
absorption bands of "sens" (green) and "ref" (red) channel, together with the 
attenuation spectra of CO2 and H2O at atmospheric conditions (�?CO2 = 400 ppm, 
rH = 40 %rH, �L= 1030 mbar,  �6= 21 °C). 

The measured absorptivity spectra of sense and reference MPAs are 
plotted in Fig. 4.4b together with the absorption spectra of CO2 and H2O. 
The channel configuration resembles the dual channel referencing scheme 
employed in conventional NDIR sensors (see Fig. 2.15 in section 2.1.5). The 
high integration density of MPA allows for the complete integration of the 
dual-channel scheme on a single thermopile membrane, which is not 
possible for conventional, bulky dielectric filters. The difference signal 
between both channels, �8sig = �8sens 
F �8ref is compensated for source drifts 
and ageing effects. The difference signal for a gas measurement spanning 
12 hours is shown in Fig. 4.5. The signal exhibits excellent stability over the 
measurement period with virtually no drift, which demonstrates the 
potential of MPAs for advanced detection schemes. As a result of the small 
detector areas, the dual-channel thermopile detector has not been used for 
quantitative gas analysis (�� �?CO2 > 200 ppm for the measurement shown in 
Fig. 4.5), but should rather serve as a proof-of-concept for the high 
integration density of the MPA filter concept. 
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Fig. 4.5: Dual-channel thermopile signal �8= �8sens 
F �8ref over time for a CO2 
measurement cycle spanning 12 hours. 
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Abstract 
The miniaturization of mid-infrared optical gas sensors has great potential 
to make the 'fingerprint region' between 2 and 10 µm accessible to a variety 
of cost-sensitive applications ranging from medical technology to 
atmospheric sensing. Here we demonstrate a gas sensor concept that 
achieves a 30-fold reduction in absorption volume compared to 
conventional gas sensors by using plasmonic metamaterials as on-chip 
optical filters. Integrating metamaterials into both the emitter and the 
detector cascades their individual filter functions, yielding a narrowband 
spectral response tailored to the absorption band of interest, here CO2. 
Simultaneously, the metamaterials' angle-independence is maintained, 
enabling an optically efficient, millimeter-scale cavity. With a CO2 sensitivity 
of 22.4 ± 0.5 ppm/ �¾Hz, the electrically driven prototype already performs 
at par with much larger commercial devices, while consuming 80% less 
energy per measurement. The all-metamaterial sensing concept offers a 
path toward more compact and energy-efficient mid-infrared gas sensors 
without trade-offs in sensitivity or robustness. 

Keywords 
Metamaterials, mid-infrared sensing, thermal emission, thermal detection 

                                                           
* Reproduced with permission from [J1]. Copyright 2020 American 
Chemical Society. Notation adapted for consistency throughout the thesis. 
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5.1 Introduction 
Mid-infrared (mid-IR) optical gas sensors play a vital role in atmospheric 
sciences, diagnostics, and industrial process control [5, 232]. Ideally, they 
combine high sensitivity and selectivity with drift-free operation. In order to 
prevail in emerging high-volume applications such as home automation, 
next-generation sensors must substantially scale down in size, cost and 
power consumption without loss of performance [2]. 

Optical gas sensors can be categorized according to their operation 
principle as either dispersive or non-dispersive systems. Dispersive gas 
sensors, such as dual comb [45-47, 233] or quartz-enhanced photoacoustic 
[49, 50] spectroscopy, allow for the discrimination of single absorption lines 
with excellent resolution and parts per billion sensitivity [234], but require 
table-top setups [55]. Yet, in many applications, such as ambient CO2 
sensing, reduced size and cost are more important than sensitivity, and the 
non-dispersive detection of entire absorption bands suffices for the 
quantification of a known target gas. And indeed, non-dispersive infrared 
(NDIR) sensors are among the commercially most relevant gas sensors to 
date, providing parts per million sensitivities within centimeter-scaled 
systems [5]. However, their size is still prohibitively large for high volume 
applications, requiring substantial scaling toward smaller, and therefore 
lower-cost, devices. To achieve this goal, to date research has focused on 
improving individual sensor components, such as emitters and detectors. 
For instance, mid-IR photonic diode emitters feature compact devices with 
high brightness and low power consumption [84, 235], but the need for 
epitaxially grown materials results in prohibitive costs for high-volume 
applications. Colloidal quantum dots are promising candidates for low-cost 
detectors [236, 237], although their mid-IR operation is currently limited to 
cryogenic temperatures [238].  

Recent advances in microelectromechanical system (MEMS) technology 
provide a path to fabricate both compact [97] and low-cost thermal emitters 
[34] and detectors [97] using complementary metal oxide semiconductor 
(CMOS) processes [105]. While CMOS technology enables low-cost devices, 
its application for thermal emitters has been hindered by the low emissivity 
of standard CMOS materials. Overcoming this, thermal emission 
engineering emerged as a means to enhance and shape the emission from 
MEMS devices [100, 102, 103]. And indeed, various concepts such as 
photonic crystals [101, 108, 239], plasmonic resonators [104, 106, 107], and 
metamaterial perfect absorbers [114-117], [J2], [C2] have demonstrated 



 5.1 Introduction 

 137 

narrowband and efficient thermal light sources. However, even with 
optimized components, the minimum size of current NDIR sensors is 
fundamentally limited, as their dielectric interference filters suffer from 
angle-dependent transmission [6], leading to bulky and optically inefficient 
cavity designs. To achieve the required miniaturization, a radical change of 
today's sensor architectures is necessary.  

In this work, we introduce an all-metamaterial gas sensor concept that 
overcomes the integration limit of traditional NDIR sensors by combining for 
the first time metamaterial-enhanced MEMS devices with a non-resonant 
cavity design. The angle-independent filter characteristics of metamaterial 
perfect absorbers allow us to "fold" an optical path length of 49 mm into a 
cuboid measuring only 5.7× 5.7 × 4.5 mm�7. Our prototype substantially 
scales down in volume (30 ×) and energy consumption (5 ×) when 
compared to state-of-the-art sensors [6, 30], while providing matching 
performance in both sensitivity (22.4 ± 0.5 ppm/ �¾Hz) and selectivity 
(1.22 ± 0.42 ppm/ %rH). The results indicate that metamaterials indeed 
offer a path toward more sensitive, compact, and energy-efficient mid-IR 
gas sensing solutions that can easily be tuned to other wavelengths, at 
potentially lowest cost. 
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5.2 All-Metamaterial Gas Sensor Concept 
Fig. 5.1 illustrates the all-metamaterial gas sensor concept, comprising a 
metamaterial thermal emitter (A), a free-space, non-resonant cavity (B), and 
a metamaterial thermopile detector (C). 

 
Fig. 5.1: Function principle of the all-metamaterial gas sensor. The electrically driven 
metamaterial thermal emitter (A) radiates narrowband mid-infrared light into a free-
space, non-resonant cavity (B). Inside the cavity, the light undergoes multiple 
sidewall reflections while being absorbed by the target gas CO2. When the light 
reaches the metamaterial thermopile detector (C), its radiant energy is translated 
into a thermoelectric voltage, which correlates with the gas concentration. Emitter 
and detector are equipped with wavelength-selective metamaterial perfect absorber 
(MPA) layers, which spectrally tailor the emitted, respectively absorbed, radiation to 
the absorption band of interest. This renders additional filter elements, such as 
dielectric interference filters, obsolete. 

The metamaterial thermal emitter (A) consists of a suspended dielectric 
membrane equipped with a wavelength-selective MPA layer. Upon resistive 
heating of the membrane, the metamaterial emits mid-IR light tailored to 
the absorption band of the target gas with a broad angular distribution 
following Lambert's cosine law.  

At the heart of our 'filterless' architecture, we replace the conventional 
dielectric interference filter by two metamaterial perfect absorber (MPA) 
layers, which are monolithically integrated into the emitter and detector 
membranes.  Hence, we split the narrowband filter characteristic (quality 
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factor �3 
N23) required for selective optical gas sensing into two elements. 
Individually, each MPA filter only has a modest quality factor (�3MPA 
N16), 
but offers a near angle-independent (> 80°) response. Only the serial 
connection on emitter and detector provides the required selectivity by 
cascading the individual filter functions to a combined resonance with 
quality factor �3casc 
N�¾2�3MPA (section E.1). At the same time, the MPA's 
angle-independent response is maintained, which uniquely enables a highly 
compact, non-resonant cavity design for a millimeter-scale package. Inside 
the non-resonant cavity (B), the target gas selectively absorbs the radiation 
by rotational-vibrational transitions [43, 220]. Multiple sidewall reflections 
lead, in combination with the wide emission cone of the emitter, to a diffuse, 
integrating reflection characteristic and a considerably enhanced gas 
interaction length. After traversing the cavity, the radiation reaches the 
metamaterial thermopile detector (C) integrated on the same substrate. The 
detector's MPA is also tuned to the absorption band of the target gas, such 
that the thermopile signal is a direct measure for the gas concentration. 

The realization of the all-metamaterial gas sensor is depicted in Fig. 5.2 
by a cross section through the prototype in an explosion view.  

 
Fig. 5.2: Explosion view of the fabricated all-metamaterial sensor prototype. The 
metamaterial emitter and detector chips are bonded to a carrier printed circuit board 
(PCB). A silicon spacer and sapphire windows hermetically seal the metamaterial 
components from the cuboid non-resonant cavity. The total footprint of the sensor 
components (emitter, detector) measures only 5 × 5 mm�6. 

Two discrete metamaterial thermal emitter and thermopile detector 
dies are bonded to a printed circuit board (PCB) in a chip-on-board 
configuration. A silicon spacer with two cut-outs for the metamaterial 
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components is affixed on top of the PCB. Sapphire windows, which are 
recessed into the cut-outs, hermetically seal the emitter and detector 
components from the cavity area. Both the silicon spacer and parts of the 
windows are gold-coated, allowing them to simultaneously serve as a 
reflective bottom layer for the cuboid non-resonant cavity, which is 
positioned on top of the spacer. In contrast to conventional NDIR sensors, 
our prototype is mechanically robust and free of critical alignment steps. The 
package measures only 0.8 mm in height (excluding the cavity) with a 
component footprint of 5× 5 mm�6. 
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5.3 Metamaterial Components 
We employ mid-IR MPAs [114, 117, 122, 124, 185], [J2] to tailor the optical 
properties of MEMS membranes.  

The metamaterial thermal emitter (Fig. 5.3a) consists of a silicon 
substrate with a circular, suspended dielectric membrane (�Nmem,E =
550 µm). A metallic heater is integrated into the membrane for the 
generation of thermal emission by resistive heating. On top of this micro 
hotplate, a circular MPA layer (�NMPA,E= 450 µm) has been post-processed 
(see Methods). The MPA layer comprises an array of subwavelength unit 
cells, which collectively modify the spectral emissivity of the covered 
membrane area for efficient, narrowband, and angle-independent emission. 

Each MPA unit cell (Fig. 5.3b) consists of a cross resonator, which is 
distanced from the metallic backplane by a dielectric spacer. Cross and 
backplane form a split-ring resonator [185], which couples inductively to the 
incoming electromagnetic field, resulting in zero reflection (�4 = 0) from the 
structure at the resonance frequency. Here, this equals perfect absorption, 
as �#= 1 
F �4
F �6 (transmission �6
N0 due to the opaque backplane). In 
thermal equilibrium, perfect absorption equals perfect emission, and the 
MPA serves as a highly efficient thermal emitter. The MPA's resonance 
frequency can be tuned across the mid-IR spectral band by altering its unit 
cell dimensions [J2], making this concept easily adaptable to a range of 
target gases. In our realization, the geometry has been numerically 
optimized for maximum absorption at the center wavelength of the CO2 
absorption band (�ãres = 4.26 µm), yielding �== 2 µm, �H= 1013 nm, �S=
146 nm, and 𝑡𝑡diel = 80 nm for fixed 𝑡𝑡met = 100 nm (see Fig. 5.3b for 
parameters and section 5.7.1 for details). 

We characterized the optical absorptivity of �0 = 81 emitters by Fourier-
transform infrared (FTIR) reflectivity measurements on suspended 
membranes. Fig. 5.3c displays an exemplar absorptivity spectrum (blue 
curve). The MPA layer exhibits resonantly enhanced absorption with unity 
absorptivity �#max = 1.014 ± 0.001 (values > 1 can occur due to the 
employed parameter extraction method; see section 5.7.5) and a quality 
factor �3 = 15.77 ± 0.04 centered around �ãc = 4.283 ± 0.004 µm, in 
excellent agreement with numerical simulations (dashed orange curve). 
Across all characterized samples, the resonance key figures �#max, �ãc, and �3 
deviate less than 0.4% from the mean value (see Fig. 5.3c inset), 
demonstrating that typical fabrication tolerances have a negligible influence 
on the MPA resonance. This advantageous property results from the relaxed 
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lithography requirements at mid-IR wavelengths due to the scaling of 
resonator size with center wavelength (�H�ß �ãc), which improves the relative 
accuracy of the fabrication process when compared to visible and near 
infrared resonators. 

 
Fig. 5.3: Metamaterial thermal emitter. a, The MPA layer (�NMPA,E= 450 µm) is 
fabricated on top of a suspended dielectric membrane (�Nmem,E = 550 µm) with an 
integrated metallic heater (scale bar: 1 mm). b, MPA unit cell. c, Spectral absorptivity 
of an emitter MPA layer showing resonantly enhanced, perfect absorption at �ãc =
4.283 ± 0.004 µm. Inset: Box plot of the extracted resonance key figures �#max, �ãc, �3 
for �0 = 81 emitters. d, Normalized spectral emissivity of a resistively heated MPA 
emitter. Inset: Thermal image of the MPA emitter during operation. 

Achieving narrowband and background-free thermal emission from the 
heated membrane is crucial to guarantee a high selectivity of our 'filterless' 
gas sensor. The spectral emissivity (Fig. 5.3d) of a resistively heated MPA 
emitter (hotplate temperature �6HP 
N400 °C, see section 5.7.6) indeed 
exhibits narrowband thermal emission at �ãc = 4.29 µm. The measurement 
also reveals a minor background emissivity �ÝBG 
N0.12, which we attribute 
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to the emission from peripheral parts of the membrane not covered by 
MPAs (also observable by thermal imaging, see Fig. 5.3d inset, area between 
the dashed circles). In future iterations, this offset can be mitigated by 
covering a larger portion of the membrane with MPAs. 

 
Fig. 5.4: Metamaterial thermopile detector. a, The MPA layer (�NMPA,D= 540 µm) is 
post-processed on top of a suspended dielectric membrane (�Nmem,D = 700 µm) with 
embedded thermocouples (scale bar: 1 mm). CMOS circuitry for signal amplification 
and processing is integrated on the same substrate. b, Scanning electron micrograph 
of 6 × 6 MPA unit cells (scale bar: 4 �Jm). c, Spectral absorptivity of a detector MPA 
layer, resonantly enhanced around �ãc = 4.227 ± 0.005 µm. Inset: Box plot of the 
extracted resonance key figures �#max, �ãc, �3 for �0 = 27 detectors. d, Spectral 
responsivity of the MPA detector. 

The metamaterial detector chip (Fig. 5.4a) consists of a silicon substrate, 
onto which a suspended dielectric membrane (�Nmem,D = 700 µm) with 
integrated thermocouples is fabricated. The MPA layer (�NMPA,D = 540 µm; 
6 × 6 unit cells shown in Fig. 5.4b) is deposited on top of the membrane and 
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combines the functionality of a narrowband optical filter with that of an 
efficient absorber layer. CMOS circuitry for pre-amplification and analog-to-
digital conversion of the thermoelectric voltage is monolithically integrated 
on the silicon substrate. The MPA's spectral absorptivity (Fig. 5.4c) exhibits 
perfect absorption �#max = 1.034 ±  0.002 at the center wavelength �ãc =
4.227 ±  0.005 µm, �3 = 18.51 ±  0.06, with a relative deviation of the key 
figures < 0.6% (Fig. 5.4c inset) across the �0 = 27 samples. The 
metamaterial detector's spectral responsivity in Fig. 5.4d exhibits a 
narrowband resonance at �ãc = 4.23 µm, superimposed by a minor 
background absorptivity �ÙBG 
N0.14. Equivalent to the emitter side, this 
background can be attributed to the absorption of membrane areas not 
covered by MPAs. The metamaterial detector yields a high responsivity 
�4D = 140 V/ W. Together with a noise equivalent power NEP= 3 nW/
�¾Hz, the detector's specific detectivity results to �&�Û= 4 × 10�;  cm�¾Hz/ W 
(see section 5.7.7), at par with recently demonstrated nanophotonic 
detectors [97]. 

System simulations reveal that only the combination of two MPA filters, 
on emitter and detector, provides the required selectivity to outperform 
conventional dielectric interference filters (see section 5.7.3). The combined 
absorptivity of such an MPA cascade is plotted in Fig. 5.5a versus incident 
angle. The resonance exhibits a quality factor �3casc = 23.3 (
N�¾2�3MPA,E/D) 
and a large angular stability �àcrit = 73° (�àcrit  is defined as the angle at which 
the absorptivity drops to 0.5). This combination of high quality factor and 
large angular stability is crucial for the integration with compact non-
resonant cavities, and cannot be achieved by conventional dielectric filters. 
Although dielectric filters exhibit quality factors similar to the MPA cascade, 
they suffer from a drastically reduced angular stability �àcrit 
N35° (section 
E.2), which necessitates either bulky or complex optical designs. An 
analytical transmission line model qualitatively explains the MPA's large 
angular stability, and provides physical insights into its function principle 
(section E.3). 
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Fig. 5.5: Angular absorptivity of cascaded MPAs and atmospheric attenuation 
spectrum. a, Angle-dependent absorptivity of the two cascaded MPA filters on 
emitter and detector, obtained from full-wave simulations. The combined MPA 
resonance exhibits narrowband, efficient absorption up to highest angles, in stark 
contrast to the angle-dependent transmission characteristics of conventional 
dielectric filters (section E.2). b, Attenuation spectrum of CO2 and H2O at ambient 
conditions (�?CO2 = 400 ppm, rH = 40 %rH, �L= 1030 mbar,  �6= 21 °C). The MPA 
response depicted in the upper part of the figure shows perfect overlap with the CO2 
absorption band across the entire angular range. 

Fig. 5.5b displays the atmospheric absorption at ambient conditions. The 
cascaded MPA resonance shows a large overlap with the CO2 absorption 
band, which is key for a high CO2 sensitivity. Across the entire angular range, 
the resonance exhibits only little overlap with the parasitic H2O absorption 
lines, which enables the use of an optically efficient, integrating cavity. 
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5.4 Non-Resonant Cavity Enhancement 
The MPA's large angular stability enables the use of integrating optical 
cavities, such as integrating spheres [240], which are attractive candidates 
for optical gas sensing applications due to their considerable optical path 
length enhancement [62, 63, 65, 218], simple geometry, and mechanical 
robustness. 

Until now the use of integrating cavities in NDIR gas sensing has been 
precluded by their diffuse reflection characteristics resulting in a broad 
angular distribution at the detector, which is not compatible with the angle-
dependent transmission of conventional dielectric filters. We introduce a 
cuboid integrating cavity for the all-metamaterial gas sensor because of its 
superior optical path length and good manufacturability. To derive a 
conceptual understanding of our design, we draw an analogy to the 
integrating sphere. 

 
Fig. 5.6: Non-resonant optical cavity. a, Geometrical model of an integrating sphere, 
characterized by its radius �N, sidewall reflectivity �4, and port ratio �C. Multiple diffuse 
sidewall reflections considerably enhance the average optical path length of this 
cavity. The sphere's port ratio �C is defined as the ratio of access port area (input, 
output) to total sphere area.  b, Optical sphere multiplier �I s versus port ratio �C. For 
�C= 5%, the integrating sphere's path length enhancement (sphere multiplier) is still 
�I s = 14, easily outperforming conventional NDIR cells (�I s 
N2). 

For an integrating sphere of radius �N with a perfectly diffuse inner 
surface (Fig. 5.6a), the average optical path length results to 

 OPL�q�n�f�c�p�c= OPL�4 �„�I s, (5.1) 

where OPL�4 = 4�N/ 3 is the mean effective path length of a single 
transition [218], equation (2.186), and 
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 �I s = 
k1 
F �4(1 
F �C)
o
�?�5

 (5.2) 

is the sphere multiplier, which accounts for the increase in path length 
due to multiple reflections inside the cell (equation (2.178); see also section 
E.4). Here, �4 is the sidewall reflectivity and �C= (�#in + �#out)/ �#sphere the 
port ratio of the sphere. �#sphere, �#in, �#out are the respective surface areas of 
sphere, input port, and output port.  

Fig. 5.6b plots the sphere multiplier �Is as a function of the port ratio for 
a gold reflectivity �4Au = 0.98. For a port ratio �C= 5%, the integrating 
sphere still yields a path length enhancement �Is = 14, well beyond 
conventional single-reflection NDIR cells with �I s 
N2, demonstrating that 
integrating spheres could indeed serve as simple yet efficient optical gas 
sensing cavities. For the integrating sphere model in Fig. 5.7a, we choose 
port diameters according to the actual emitter and detector sizes (see Fig. 
5.3 and Fig. 5.4). The integrating sphere characteristic manifests itself in a 
broad angular distribution at the detector (Fig. 5.7b) and an exponential 
path length distribution with an average optical path length OPLav =
54.9 mm (�I s = 16.5). In comparison, a simple cuboid cavity with identical 
outer dimensions (Fig. 5.7c) exhibits a considerably enhanced optical path 
length OPLav = 74.4 mm (Fig. 5.7d) resulting from its larger active volume 
(see section E.5 for a broader comparison of various shapes). The cuboid still 
exhibits traits of an integrating cavity (Lambertian angular profile, 
exponential path length distribution), yet it outperforms the integrating 
sphere under constraints of given outer dimensions due to its superior 
volume utilization. 
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Fig. 5.7: a, Ray tracing simulation of a spherical cavity with diameter �@= 5 mm (g=
5.2%). b, Normalized optical power distribution of the rays reaching the detector, 
binned with respect to their incident angle �à and covered optical path length OPL. 
The simulation yields an average optical path length OPLav = 54.9 mm. c-d Ray 
tracing simulation of a non-resonant cuboid cavity with the same outer dimensions 
as the sphere. The cuboid exhibits a 35% increase in optical path length (OPLav =
74.4 mm) compared to the spherical cavity. 
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5.5 All-Metamaterial Gas Sensing 
The all-metamaterial gas sensor prototype is shown in Fig. 5.8.  

 
Fig. 5.8: The all-metamaterial gas sensor prototype is packaged on a carrier PCB 
together with humidity (rH) and temperature (T) reference sensors (scale bars: 
10 mm). The metamaterial emitter and detector dies are hermetically sealed from 
the cuboid non-resonant cavity by sapphire windows. 

Its cuboid cavity measures 5.7 × 5.7 × 4.5 mm�7 (inner dimensions), and 
is connected to the atmosphere via two ventilation ports (�@= 0.8 mm). An 
external microcontroller modulates the membrane emitter at a frequency 
�Bmod = 5 Hz (see section 5.7.9). The amplitude of the oscillating thermopile 
signal is extracted by a digital lock-in algorithm, and serves as a gas 
concentration read-out. To assess the gas sensing performance of our 
prototype, we expose it to a controlled atmosphere with varying CO2 
concentration and relative humidity (rH) levels. 

The extracted lock-in amplitude in Fig. 5.9 is in good agreement with a 
two-dimensional Beer-Lambert absorption model across the investigated 
parameter range (coefficient of determination �4�6 = 0.9997).  
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Fig. 5.9: The sensor signal ('lock-in amplitude') across the applied CO2 and humidity 
range (�?CO2= 0 - 5000 ppm, rH = 0 – 70 %rH) is in very good agreement with a 
two-dimensional Beer-Lambert absorption model (coefficient of determination �4�6 =
0.9997). 

From a CO2 concentration sweep (Fig. 5.10a) in atmospheric conditions 
(rH = 40 %rH), we extract the CO2 responsivity to �4CO2 = 53.6 ± 0.4 ×
10�?�:  1/ ppm at �?CO2 = 400 ppm, which translates into a CO2 sensitivity 
�� �?CO2 = 22.4 ± 0.5 ppm/ �¾Hz (1�ê). This value matches the sensitivity of 
commercially available NDIR sensors [30], and is in good agreement with the 
value predicted by the system model (�� �?CO2,sim= 15.0 ppm/ �¾Hz). We 
calculate the prototype's optical path length (Fig. 5.10a inset) to OPL=
49.0 ± 0.5 mm (section E.6), in reasonable agreement with the ray tracing 
result (OPLsim = 61.1 mm, section E.7). This proofs that we indeed can 
integrate centimeter-long absorption paths into a simple, millimeter-sized 
cuboid cavity. The prototype exhibits a linear humidity dependence (Fig. 
5.10b) with a cross sensitivity �4H2O/CO2 = �4H2O/ �4CO2 = 1.22 ± 0.42 ppm/
%rH at rH = 40 %rH and �?CO2 = 400 ppm (simulated value: 
�4H2O/CO2,sim= 1.20 ppm/ %rH). Simulations indicate that this number 
could be further reduced to �4H2O/CO2 = 0.04 ppm/ %rH by eliminating the 
membrane’s absorption offset observed in Fig. 5.3d and Fig. 5.4d (section 
E.8).  
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Fig. 5.10: Cross section through Fig. 5.9 along the cut lines 1 and 2. a, Sensor signal 
versus applied CO2 concentration. We measure a CO2 sensitivity �Â�?CO2 = 22.4 ±
0.5 ppm/ �¾Hz at �?CO2= 400 ppm and rH = 40 %rH, at par with commercial 
sensors. Inset: The prototype's optical path length is calibrated to OPL= 49.0 ±
0.5 mm, showing that we indeed can incorporate centimeter-scale path length into 
a millimeter-sized cavity. b, Sensor signal versus applied relative humidity level. The 
sensor exhibits a humidity cross sensitivity �4H2O/CO2 = 1.22 ± 0.42 ppm/%rH  at 
�?CO2= 400 ppm and rH = 40 %rH. 

Because of the modest hotplate temperature �6HP 
N400 °C compared to 
�6HP 
N650 °C for commercial devices, we measure an energy consumption 
of only 61 mJ per measurement, which constitutes a reduction of more than 
80% compared to commercial low-power NDIR sensors using thermal 
components [30]. An attractive side effect of the relatively low hotplate 
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temperature is the metamaterial's long-term stability. Although outside the 
scope of this study, we observed continuous operation of gas sensor 
prototypes over weeks without any sign of performance degradation 
(section E.9). 
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5.6 Discussion and Conclusion 
This work demonstrates the broad potential of plasmonic metamaterials as 
a platform for compact, sensitive, and energy-efficient gas detection 
through the example of a mid-infrared CO2 sensor. The simultaneous 
integration of MPAs on the emitter and the detector cascades their spectral 
responses to match the narrow absorption band of the target gas, for the 
first time realizing this optical functionality in a CMOS-compatible process. 
The high quality factor of the cascaded metamaterials renders additional 
filter elements obsolete, and allows for a degree of miniaturization not 
achievable with conventional optical elements.  

MPAs constitute a paradigm shift in the design of non-dispersive gas 
sensors: Their angle-independent filter characteristics make them uniquely 
compatible with non-resonant cavities, thereby achieving a reduction of the 
absorption volume by more than one order of magnitude.  

The described sensor has been designed for the detection of CO2 at a 
wavelength of 4.26 µm. However, it should be noted that the MPA 
resonance is not limited to this absorption band, and can be easily tuned 
across the mid-infrared spectral range for adaption to other target gases. 
The monolithic integration of MPAs into CMOS devices makes the concept 
highly scalable, opening the path for multi-gas detection or even 
spectroscopic applications on a single substrate. 
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5.7 Methods 

5.7.1 Simulation and Optimization of MPAs 
Numerical simulations of MPA structures have been performed using the 
three-dimensional finite element method solver of CST Microwave Studio 
2019 in frequency domain. Material parameters for copper and alumina 
were taken from literature [228, 230]. The MPA's angular absorption, 
reflection and transmission characteristics were calculated from the 
structure's scattering parameters for both polarizations. For the comparison 
to the reflectivity measurements in Fig. 5.3c and Fig. 5.4c, we averaged the 
angular absorptivity within the acceptance angle of the employed 
Cassegrain lens �àLens = 20° …34° (see "Absorptivity Measurements"). We 
optimized the structure for maximum absorptivity �#(�ãc) at the center 
wavelength �ãc = 4.26 µm and maximum quality factor �3. During 
optimization, the cross width �S, length �H, as well as the dielectric thickness 
𝑡𝑡diel were varied, whereas the periodicity a and the metal thickness 𝑡𝑡met 
remained constant. Across the investigated parameter range, a width �S=
146 nm and dielectric thickness 𝑡𝑡diel = 80 nm turned out to be optimal. We 
yielded different optimal resonator lengths for emitter and detector, as both 
sides differ in adhesion layer thickness. Compared to bulk substrates, the 
suspended dielectric membranes in our structures lead to reduced electron 
backscattering during e-beam exposure, which results in smaller resonator 
dimensions than intended by design. To correct for this shift, we identified 
the optimal cross length experimentally by a parameter sweep. The 
dimensions are summarized in Table 5.2. 

Table 5.1: Optimized MPA parameter dimensions. All resonators share the same 
width �S= 146 nm, periodicity �== 2 µm, metal thickness 𝑡𝑡met = 100 nm, dielectric 
thickness 𝑡𝑡diel = 80 nm, and dielectric sealing layer thickness 𝑡𝑡sealing = 100 nm. 

Description Ti adhesion 

layer thickness 

Numerically 
optimized cross 

length 

Experimentally 
optimized 

cross length 

Emitter MPA 5 978 1013 

Detector MPA 2 994 1029 
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5.7.2 Ray Tracing Simulations 
Ray tracing simulations of non-resonant cavities were performed using the 
geometrical optics module of COMSOL 5.3. For each simulation, we released 
�0 = �t�w�r�"�r�r�r rays dispersed across the emitter MPA surface. The emission 
followed a Lambertian characteristic. The total emitted power �2total = 1 W 
was uniformly distributed across the released rays, �L�Ü(𝑡𝑡= 0) = �2total / �0. 
We used literature values for the material properties of sapphire [241] 
(window material), and a constant refractive index �JSi = 3.4247 (�G= 0) for 
silicon (spacer material). For the gold-coated surfaces of the silicon spacer 
and the sapphire windows, we used specular reflection characteristics, 
whereas the cavity sidewalls have been modeled using mixed specular and 
diffuse reflection (absorption coefficient �#Au = 0.03). For further analysis, 
we exported the properties of all rays reaching the detector into a table 
(typically > 10�8 rays). We exported the ray's optical path length OPL�Ü, the 
angle at the detector �à�Ü, release angle �à�Ü (𝑡𝑡= 0), and the ray power �L�Ü. 
From this data, we calculated the cavity key figures: 

 �à�_�t =
�Ã �à�Ü�„�L�Ü

�á
�Ü�@�5

�Ã �L�Ü
�á
�Ü�@�5

 (average detector angle), (5.3) 

 OPL�_�t =
�Ã OPL�Ü�„�L�Ü

�á
�Ü�@�5

�Ã �L�Ü
�á
�Ü�@�5

 (average optical path length), (5.4) 

 PTF=
�Ã �L�Ü

�á
�Ü�@�5

�2total
 

(power transfer factor from 

emitter to detector). 
(5.5) 

Here, �J is the number of rays reaching the detector. 

5.7.3 System Simulations 
We implemented a semi-analytical system model in Python to compare 
different gas sensor configurations. The system model is based on a modular 
architecture, where each physical step (thermal emission, spectral filtering, 
optical transfer, etc.) is represented in a separate simulation block. We 
described the system's functionality by analytic expressions where possible 
and implemented interfaces to numerical simulation results where 
necessary, e.g. for the description of the optical cavity. Internally, the 
simulation code propagates radiance spectra through the simulation blocks. 
The spectra possess at least one dimension (wavelength), but can generally 
have multiple axes (e.g. angle of incidence, optical path length, etc.). Each 
simulation block can add or remove dimensions. A schematic of the 
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simulation environment modeling the all-metamaterial gas sensor is 
provided in section E.10. 

The system model allows us to calculate the sensor's sensitivity, 
responsivity, and cross-sensitivity as defined in "Gas Sensing Experiments" 
and section 2.1.5. In Table 5.2, we compare various filter configurations. The 
system using MPAs on both the emitter and detector exhibits the smallest 
humidity cross sensitivity (equaling highest selectivity) among all 
configurations. Due to its narrow filter characteristics (and thus largest 
relative signal change), it also exhibits the highest CO2 responsivity. This 
comes at the price of a slightly higher CO2 sensitivity, as part of the CO2 
absorption lines lie outside the MPA resonance. Still, the CO2 sensitivity does 
not vary significantly between the investigated configurations. Additionally, 
the simulation results show that a single MPA filter (on either emitter or 
detector) does not suffice to achieve the low humidity cross sensitivity of 
combined MPA or dielectric filter systems.  

Table 5.2: System simulation results for various filter configurations. The all-
metamaterial system ('MPA on emitter and detector') exhibits a higher selectivity 
(lower humidity cross sensitivity) than the dielectric-filtered system, at a comparable 
CO2 sensitivity. 

Configuration Humidity cross 
sensitivity* 
[ppm/ %rH] 

CO2 
sensitivity* 
[ppm/ �¾Hz] 

CO2 
responsivity* 
[
Ú
Ù�?
ß 
Ú/ ppm] 

MPA on emitter 
and detector 

0.04 15.0 95.8 

Dielectric filter 0.05 12.9 59.0 

MPA only on 
emitter 

1.35 12.1 43.2 

MPA only on 
detector 

1.32 12.5 45.4 

* at �?CO2 = 400 ppm, rH = 40 %rH 

5.7.4 Fabrication of Metamaterial Emitters and Detectors 
The MPA layer stack has been fabricated in a series of post-processing steps 
on top of suspended dielectric membranes. The underlying thermal emitter 
and thermopile detector dies were fabricated in a commercial 180 nm 
CMOS foundry process, followed by post-processing to suspend the circular 



 5.7 Methods 

 157 

membranes. We performed the MPA fabrication process on reticle level (
N
20 × 20 mm�6), each reticle containing either 81 emitter or 27 detector dies. 
The fabrication process is nearly identical on emitter and detector side, 
differing only in the respective adhesion layer thickness. Fabrication starts 
by depositing the metal backplane (Cu) by e-beam evaporation, using Ti as 
an adhesion layer (5 nm on emitter, 2 nm on detector). The dielectric spacer 
layer (Al2O3) is deposited by atomic layer deposition (ALD) at 300 °C. For the 
definition of the cross resonators, first a double-layer, positive-tone resist is 
spin coated on the reticle, followed by e-beam lithography of the cross 
resonators, and e-beam evaporation of the metal layer (Ti/Cu). The lift-off 
process is performed in acetone. A dielectric sealing layer (Al2O3) is 
deposited by ALD to protect the metallic cross resonators from oxidation. 
For the definition of the circular MPA area (�NMPA,E and �NMPA,D in Fig. 5.3a and 
Fig. 5.4a, respectively), we structure a negative-tone resist by e-beam 
lithography, and transfer the resist mask into the underlying layer stack 
using ion beam etching. The etch mask is stripped by dissolving in dimethyl 
sulfoxide (DMSO) and oxygen plasma ashing. A protective resist is spin-
coated on the reticle, followed by dicing into individual dies and a final resist 
removal step in acetone. 

5.7.5 Absorptivity Measurements 
We measured the room temperature spectral absorptivity of MPA 
structures by Fourier-transform infrared (FTIR) spectroscopy. In a first step, 
we measured the sample's spectral reflectivity using an FTIR spectrometer 
(BioRad FTS 375C, KBr beam splitter, mercury cadmium telluride (MCT) 
detector) coupled to a mid-IR microscope (15x Cassegrain lens). The 
measurement area was restricted by an aperture in the microscope's image 
plane to 
N200 × 200 µm�6. Measurements were recorded with a spectral 
resolution of 2 cm�?�5, and each recorded spectrum was averaged over 32 
measurements. To calculate the spectral absorptivity, we normalized the 
measured reflectivity spectra by the reflectivity spectrum of an uncoated 
gold mirror (�éAu = 0.95). Due to atmospheric absorption, we observed 
parasitic CO2 absorption features in the MPA's spectral absorptivity. To 
allow for the extraction of the resonance key figures (�#max, �ãc, �3), we fitted 
a Lorentzian line shape to the absorptivity spectrum (excluding the regions 
affected by the CO2 absorption), and extracted the key figures from the fit. 
This approximation can lead to small parameter errors, such as the 
overestimation of the MPA absorptivity described in the main text. 
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5.7.6 Spectral Emissivity and Thermal Imaging Measurements 
We characterized the metamaterial thermal emitter's normalized spectral 
emissivity using an FTIR spectrometer (Bruker V70, MCT detector, KBr beam 
splitter). The device under test was placed in the focal point of the FTIR's 
external port, and operated in pulsed mode with a modulation frequency 
�Bmod = 61 Hz (heater voltage �8Heater = 1.4 V). Measurements were 
performed using the FTIR's step-scan mode with a hold time 𝑡𝑡hold = 0.7 s 
and a spectral resolution of 8 cm�?�5. The MCT detector signal was amplified 
by an external lock-in amplifier (Stanford Research SR 830, time constant 
100 ms) locked to the modulation frequency of the emitter. The lock-in 
amplifier output was fed back into the FTIR for digitization and subsequent 
calculation of the emission spectrum. To account for the instrument 
response of the spectrometer, we normalized the emission spectrum by the 
emission spectrum of an externally heated carbon-black reference sample 
(sample temperature �6CB = 350 °C). The resulting curve was normalized to 
its maximum, yielding the normalized spectral emissivity shown in Fig. 5.3d. 
The large noise for wavelengths smaller than 3 µm can be attributed to the 
photodetector's small responsivity in this wavelength range, resulting in a 
small signal-to-noise ratio. The thermal imaging measurements shown in 
Fig. 5.3d inset were performed using a calibrated infrared camera (FLIR 
A6703sc). During imaging, the metamaterial thermal emitter was operated 
with a constant heater voltage �8Heater = 1.4 V. 

5.7.7 Detector Characteristics 
We quantified the responsivity of the metamaterial thermopile detector by 
measuring its response to calibrated irradiance values. The calibration setup 
is schematically depicted in the inset of Fig. 5.12. 

It comprises a commercial infrared emitter (Micro-Hybrid JSIR350, 
emitter area 2.2× 2.2 mm�6, with reflector), an optical bandpass filter 
(Edmund optics 4.26 µm center wavelength, FWHM= 120 nm, 1" 
diameter), and either a calibrated thermopile reference detector (Heimann 
HIS A22 Sapphire G4300) or the metamaterial thermopile detector. All 
components are mounted in a 30 mm cage system. Emitter and detector 
are distanced by approximately 25-30 mm. We first used the reference 
detector's known voltage response �4v,Heimann = 55 Vmm�6/ W to calibrate 
the irradiance at the detector plane for a number of heater voltages. For 
this, we modulated the thermal emitter using a rectangular voltage with a 
modulation frequency �Bmod = 2 Hz. From the extracted peak-to-peak 
voltage of the thermopile signal, we could calculate the irradiance (safely 
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assuming the irradiance to be constant across the detector area due to the 
large ratio of the emitter's reflector diameter 7.35 mm to thermopile size 
1.2 × 1.2 mm�6). We then exchanged the reference detector with our 
metamaterial thermopile detector, and applied the same heater voltages to 
the IR emitter as before. 

 
Fig. 5.11: Characterization of the metamaterial thermopile detector's responsivity. 
We can determine the detector's responsivity from measuring its response to 
calibrated irradiance levels. 

The extracted peak-to-peak voltage �5d versus irradiance �' e plot is shown 
in Fig. 5.11. The data points exhibit an excellent linearity with a voltage 
response 

 �4v =
�¼�' e

�¼�5d
= 200.6 Vmm�6/ W. (5.6) 

Together with the detector's active area �#d = 1.43 mm�6, this yields the 
detector's responsivity 

 �4d =
�4V

�#d
= 140 V/ W. (5.7) 

We determined the detector's average noise density in the noise 
bandwidth ENBW= 1 Hz around the heater modulation frequency �Bmod  =
5 Hz in the gas sensing experiments  (see section 5.7.9 "Gas Sensing 
Experiments"), to PSDavg = 416.28 nV/ �¾Hz (Fig. 5.12), translating into the 
noise equivalent power 
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 NEP=
PSDavg

�4d
= 2.97 nW/ �¾Hz (5.8) 

and the specific detectivity 

 �&�Û=

¥�#d

NEP
= 4 × 10�; cm�¾Hz/ W. (5.9) 

 
Fig. 5.12: Noise spectrum of the metamaterial thermopile detector (no illumination). 
The thermopile detector exhibits a flat noise spectrum for frequencies > 4 Hz. Inset: 
Schematic of the responsivity measurement setup. 

5.7.8 Spectral Responsivity Measurements 
We measured the normalized spectral responsivity of the metamaterial 
thermopile detector using an FTIR spectrometer (Bruker V70, KBr beam 
splitter). By placing the metamaterial detector into the focal point of the 
FTIR's sample compartment and using its signal to calculate the optical 
interferogram, we essentially replaced the FTIR's internal detector by the 
metamaterial thermopile. To increase the signal-to-noise ratio, we chopped 
the optical signal falling onto the detector and amplified its output using a 
lock-in amplifier (Stanford Research SR 830, chopper frequency �Bmod =
30 Hz, time constant 300 ms). The amplified detector signal was fed back 
into the FTIR for digitization and spectrum calculation. The FTIR was 
operated in step-scan mode (hold time 2.1 s) with a spectral resolution of 
8 cm�?�5. To compensate for the FTIR's instrument response, we 
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subsequently normalized the generated spectrum by the response of a 
carbon-black coated thermopile detector (�Bmod = 13 Hz, lock-in time 
constant 3 s, step scan hold time 21 s, spectral resolution 8 cm�?�5). The 
resulting spectrum was normalized to its maximum, yielding the normalized 
responsivity shown in Fig. 5.4d. 

5.7.9 Gas Sensing Experiments 
The system setup for the characterization of the all-metamaterial gas sensor 
prototype is schematically shown in Fig. 5.13. 

 
Fig. 5.13: Schematic of the prototype characterization setup. The sensor prototype is 
positioned in a gas-proof measurement chamber (yellow). The CO2 concentration and 
relative humidity inside the chamber are regulated by a mass flow controller (MFC) 
setup. An external microcontroller drives the metamaterial heater using a 
rectangular voltage signal at a frequency �Bmod = 5 Hz with a heater voltage 
�8Heater = 1.4 V. The thermopile voltage is amplified (AMP) and digitized (ADC) on-
chip. Subsequently, the thermopile data is streamed via the microcontroller to a 
computer, where a digital lock-in algorithm is applied. 

The all-metamaterial gas sensor is located in a gas-proof measurement 
chamber (yellow). A regulated gas mixture is directly guided into the non-
resonant cavity through a tube, which guarantees a fast sensor response not 
limited by diffusion effects. The CO2 concentration and relative humidity 
level of the gas mixture are regulated by a custom-built mass flow controller 
(MFC) setup (Sensirion SFC5400, 500 ml/min  and 50 ml/min ). During 
operation, the total flow through the cuboid cavity is kept constant at 
N
100 ml/min . As input gases to the MFC system serve a calibrated CO2 
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mixture (5% CO2 4.0 in N2 5.0), which is diluted in N2 5.0. Reference sensors 
for temperature, relative humidity, absolute pressure, and CO2 
concentration are connected in line to the measurement box.  

�t���� �µ�•������ ���� �u�]���Œ�}���}�v�š�Œ�}�o�o���Œ�� �~�…���U�� �u�������� �>�W���í�ó�ò�ô�•�� �š�}�� ���Œ�]�À���� �š�Z���� ���o�o-
metamaterial prototype. Using pulse-width modu�o���š�]�}�v�U�� �š�Z���� �…���� ���‰�‰�o�]���•�� ����
rectangular voltage signal (modulation frequency �Bmod = 5 Hz, duty cycle 
50%, heater voltage �8Heater = 1.4 V) via an external transistor to the 
metamaterial emitter. The resulting thermopile voltage is amplified (AMP), 
and digitized by an on-chip 24-bit Sigma-Delta analog-to-digital converter 
(ADC). The digitized data is streamed via the µC to a computer, where it is 
processed by a real-time digital lock-in algorithm (averaging time 1s) 
implemented in Python. Section E.11 displays the lock-in amplitude across 
one measurement cycle. The measurement cycle has been performed �0 =
6 times, yielding the sensor key figures' mean values and standard 
deviations discussed in the main text.  

The lock-in amplitude's dependence on the CO2 concentration �?CO2  and 
relative humidity level rH can be described by a two-dimensional Beer-
Lambert model: 

 
�+(�?�G�S�6,rH) = �=��

Signal offset

+ �>�„exp(
F�?�„�?𝐶𝐶�È�6
�× )�ã�ç�ç�ç�ç�ä�ç�ç�ç�ç�å

CO�.  dependence

�„�A�„exp(
F�B�„rH)�ã�ç�ç�ç�ç�ä�ç�ç�ç�ç�å
rH dependence

. 
(5.10) 

Here, �?CO2 is the CO2 concentration, and rH is the relative humidity level. 
�=…�B are fitting parameters. The non-linearity parameter d in the exponent 
of the CO2 concentration helps to account for the broad distribution of path 
lengths in the cavity. Because of the sensor's small humidity dependence, 
we can linearize the exponential decay, yielding the simplified expression 

 �+(�?�G�S�6,rH) 
N�=+ �>
è�„exp
k
F�?�„�?�G�S�6
�× 
o�„(1 
F�B�„rH). (5.11) 

In the following, we define the gas sensing key metrics, which enable a 
comparison to other optical gas sensors. The sensor's response toward CO2 
changes is quantified by its relative CO2 responsivity, 

 �4�G�S�6
k�?�G�S�6,�4, rH�4
o=
1

�+(�?�G�S�6,rH)
�@�+(�?�G�S�6,rH)

�@�?CO2
�d
�Ö�?�K�.�@�Ö�?�K�.,�, ,�p�L�@�p�L�,

 (5.12) 

defined at a working point (�?CO2,0, rH�4). Similarly, the humidity 
responsivity is defined as 
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 �4�p�L
k�?�G�S�6,�4, rH�4
o=
1

�+(�?�G�S�6,rH)
�@�+(�?�G�S�6,rH)

�@rH
�d
�Ö�?�K�.�@�Ö�?�K�.,�, ,�p�L�@�p�L�,

. (5.13) 

Based on these quantities, the sensor's humidity cross sensitivity is 
defined as 

 �4�p�L/ �G�S�6
k�?�G�S�6,�4, rH�4
o=
�4�p�L
k�?�G�S�6,�4, rH�4
o

�4�G�S�6
k�?�G�S�6,�4, rH�4
o
. (5.14) 

The CO2 �Œ���•�‰�}�v�•�]�À�]�š�Ç���š�Œ���v�•�o���š���•���š�Z�����v�}�]�•�����(�o�}�}�Œ���‡���}�(���š�Z�����š�Z���Œ�u�}�‰�]�o�����•�]�P�v���o��
into the CO2 sensitivity 

 �� �?�G�S�6
k�?�G�S�6,�4, rH�4
o=
�æ

�4�G�S�6
k�?�G�S�6,�4, rH�4
o
. (5.15) 
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6 Summary and Outlook 

In this thesis, an ultra-compact, all-metamaterial gas sensing concept has 
been conceived, developed, and characterized. The sensor's ultra-compact 
form factor became possible by the integration of metamaterial perfect 
absorber (MPA) filters into the suspended membranes of thermal emitters 
and detectors, thereby reducing the complexity of the system without 
compromising performance. Owing to the angle-independent resonance 
properties of MPAs, a new type of non-resonant absorption cavity could be 
realized that "folds" the required absorption path into a compact cuboid. In 
sum, this resulted in one of the most compact NDIR sensors to date. The 
following paragraphs briefly summarize the core achievements of this work, 
and give an outlook on future research perspectives. 

On-Chip Mid-Infrared Emitter 
An on-chip thermal light source with a narrowband mid-infrared emission 
spectrum has been demonstrated. The mid-infrared emitter is based on a 
MEMS membrane heater ("micro hotplate") that is equipped with an MPA 
layer. The MPA is designed to exhibit a narrowband (�3 = 15.7) and efficient 
(�#= 0.99) absorptivity resonance at a center wavelength of 3.96 �Jm. 
Employed in a gas sensing setup, the MPA's spectral selectivity leads to a 5-
fold increase in relative CO2 sensitivity when compared to a conventional 
blackbody source. Its spectral tunability (through the resonator geometry) 
and CMOS-compatibility make the metamaterial light source a versatile 
component for a range of low-cost gas sensing applications. 

Single- and Dual-Channel Thermopile Detector 
A spectrally selective thermal detector was created by integrating MPAs into 
the suspended membrane of a thermopile detector. The MPA exhibits a 
resonantly enhanced absorptivity with an efficiency close to the blackbody 
limit (�#= 0.99) across a narrow bandwidth (�3 = 15.1). Hence, the MPA 
unites the functionality of an efficient blackening layer with that of a 
narrowband spectral filter element. Due to its low thermal mass, the MPA 
layer does not impede the dynamic properties of the underlying thermopile 
detector.  Employed in a gas sensing setup, the metamaterial detector leads 
to a 6.5-fold decrease in humidity cross sensitivity due to its spectral 
selectivity. By integrating two spatially separate MPA layers with different 
resonance center wavelengths into the same thermopile membrane, the 
first dual-channel, single membrane thermopile detector has been realized. 
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The device showcases the MPAs' potential for highest integration densities, 
enabling advanced detection schemes and compact optical gas sensors.  

All-Metamaterial Optical Gas Sensor 
An all-metamaterial gas sensor concept has been demonstrated. The sensor 
comprises a metamaterial thermal emitter, a non-resonant absorption 
cavity, and a metamaterial thermopile detector. The simultaneous 
integration of MPAs into both the emitter and the detector cascades their 
individual filter functions, leading to a combined narrow resonance (quality 
factor 23.3) that renders additional filter elements obsolete. Furthermore, 
the large angular stability of MPAs allows for the design of a compact non-
resonant cavity. It "folds" an absorption path of 49 mm into a cuboid 
measuring only 5.7× 5.7 × 4.5 mm�7, making the prototype one of the most 
compact NDIR sensors to date. In comparison to state of the art NDIR CO2 
sensors, the all-metamaterial prototype has a 30-fold reduced absorption 
volume and consumes 80% less energy per measurement while exhibiting 
a comparable CO2 sensitivity (22 ppm/ �¾Hz) and humidity cross sensitivity 
(1.2 ppm/ %rH). Thus, the all-metamaterial sensing concept overcomes the 
long-standing integration limit of conventional NDIR sensors, and opens a 
path toward low-cost, integrated optical gas sensing without trade-offs in 
sensitivity, selectivity, and robustness. 

Outlook and future work 
While this thesis is a first step toward low-cost mid-infrared gas sensors, it 
simultaneously opens the possibility for further research in various 
directions: 

To increase the selectivity of the metamaterial gas sensor, a high 
metamaterial resonance quality factor is desirable. Unfortunately, the 
bandwidth of metal-dielectric metamaterials is inherently limited by 
plasmonic losses [J3]. Recently, thermal emitters based on dielectric 
metasurfaces demonstrated quality factors in excess of 150 [113]. However, 
care must be taken not to trade in resonance bandwidth with angular 
stability (see section E.3).  

The cross sensitivity of the all-metamaterial gas sensor to external 
temperature variations has not been investigated in detail within this thesis. 
Due to its thermal detection principle, a non-negligible temperature cross 
sensitivity must be expected [11, 155]. The closer analysis and 
compensation of this influence is subject to future work. 



  

 167 

The first prototype of the all-metamaterial optical gas sensor was based 
on thermal emitters and detectors. Introducing photonic components into 
the system could improve the power consumption [42] on the emitter side, 
as well as the sensitivity [11] and the temperature cross sensitivity [89] on 
the detector side. However, as already mentioned in section 1.2, to date 
photonic components are prohibitively expensive for high-volume 
applications. Current research indicates that new material systems, such as 
graphene [242-244], could eventually enable low-cost, room-temperature 
solid-state detection at mid-infrared wavelengths. It should be noted that 
solid-state concepts are also compatible with, and benefit from, MPA 
filtering and plasmonic enhancement [245].  

The dual-channel detector presented in section 4.3.3 is one example of 
many new device concepts that the high integration density of MPAs 
enables. Carrying this idea further, highly multi-band or even spectroscopic 
applications could be realized on a single substrate [246, 247]. More 
sensitive detector concepts (see previous paragraph) would beneficially 
contribute to this development, as the sensor concept is currently detector-
limited. 
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Appendix A – Commercial NDIR CO2 Sensors 

Table A.1: Technical specifications of commercially available NDIR CO2 sensors. 
Where available, the specifications for the model with a detection range of 0-5000 
ppm has been listed. The "Dimensions" column is given in unit of millimeters. 

Manufacturer Model Emitter Detector Dimensions Accuracy 
Energy per 

Meas.* 

Alphasense 
IR-AT 

[31] 
One IL 

Dual-

channel TP 
20.0 × 20.0 × 16.5 ± 50 ppm (150 mJ) 

Cubic 
CM1106SL 

[248] 
One IL 

Single-

channel TP 
33.0 × 19.7 × 08.9 

± 100 ppm  

± 5% reading 
45 mJ 

Cubic 
CM1107N 

[249] 
One IL 

Dual-

channel TP 
33.0 × 21.7 × 12.7 

± 50 ppm  

± 3% reading 
250 mJ 

E+E 
E894 

[250] 
Two IL 

Single-

channel TP 
45.0 × 22.0 × 15.0 

± 50 ppm  

± 3% reading 
240 mJ 

Figaro 
CDM7160 

[251] 
One IL 

Dual-

channel TP 
32.0 × 17.0 × 07.5 

± 50 ppm  

± 3% reading 
100 mJ 

GSS 
CozIR-A 

[56] 
LED PD 43.0 × 43.0 × 17.3 

± 50 ppm  

± 3% reading 
1.5 mJ 

GSS 
CozIR-LP 

[130] 
LED PD 31.0 × 19.5 × 08.0 

± 50 ppm  

± 3% reading 
1.75 mJ 

SenseAir 
K30 

[9] 
One IL 

Single-

channel TP 
51.0 × 57.0 × 14.0 

± 30 ppm  

± 3% reading 
400 mJ 

SenseAir 
S8 LP 

[30] 
One IL 

Single-

channel TP 
33.0 × 20.0 × 08.0 

± 70 ppm  

± 3% reading 
360 mJ 

SenseAir 
Sunrise 

[57] 
LED PD 33.5 × 19.7 × 11.5 

± 30 ppm  

± 3% reading 
3 mJ 

Sensirion 
SCD30 

[10] 
One IL 

Dual-

channel TP 
35.0 × 23.0 × 07.0 

± 30 ppm  

± 3% reading 

190 mJ 

Telaire 
T6613 

[252] 
One IL 

Single-

channel TP 
57.2 × 34.7 × 15.2 

± 5% reading  

±30 ppm 
660 mJ 

Telaire 
T6615 

[8] 
One IL 

Dual-

channel TP 
57.2 × 34.7 × 15.2 

± 75 ppm or  

± 10%  
660 mJ 
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Telaire 
T6713 

[253] 
One IL 

Single-

channel TP 
30.0 × 15.6 × 08.6 

± 30 ppm  

± 3% reading 
500 mJ 

Vaisala 
GMM112 

[254] 
One IL 

Dual-

channel PED 
96.0 × 60.0 × 15.0 

± 100 ppm  

± 2% reading 
N/A 

Vaisala 

Carbocap 

GM10 

[94] 

µHP 

Single 

channel TP + 

FP filter 

59.0 × 22.0 × 15.0 
± 30 ppm  

± 3% reading 
N/A 

Winsen 
MH-Z14 

[255] 
One IL 

Dual-

channel TP 
58.0 × 35.0 × 15.0 

± 50 ppm  

±3% reading 
(300 mJ) 

* Estimated from the average power consumption according to the 
datasheet, assuming a supply voltage �8supply = 5 V. "Signal update 
frequency" interpreted as measurement period when measurement period 
not stated. Values in brackets: assumed a measurement period of �� 𝑡𝑡= 1 s 
because no signal update frequency or measurement period provided in the 
datasheet. 
 
Abbreviations 
IL Incandescent lamp 
TP Thermopile 
LED Light emitting diode 
PD Photodetector 
PED Pyroelectric detector 
µHP Micro hotplate 
FP Fabry-Pérot 
N/A Not available from datasheet 
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Appendix B – Radiometry 

Radiometry quantifies the energy content of electromagnetic fields, and the 
flow of electromagnetic energy through optical systems [137]. This section 
provides a brief introduction into radiometric quantities by summarizing the 
comprehensive introduction in [137] with focus on the quantities most 
relevant to this thesis. In contrast to reference [137], the notation of partial 
derivatives ("�ò/ �ò𝜕𝜕") is used for the definition of the radiometric quantities. 
When giving illustrative examples, small differential elements ("�@𝑑𝑑") are 
used. For example, "�@𝑑𝑑" denotes a small area element. All radiometric 
quantities used in this thesis are denoted by a subscript "e". 

B.1 Radiometric Quantities 
The total energy contained in a radiation field is the radiant energy �3e in 
units [�3e] = J. The radiant energy density �Q is defined as  

 �Qe =
�ò�3e

�ò𝜕𝜕
, (B.1) 

where �8 denotes the volume. The unit of �Qe is [�Qe] = J/ m�7. Most of the 
time, the flow of energy (i.e. the energy per unit time) is of interest, which 
is quantified by the radiant flux �0e, 

 �0e =
�ò�3e

�ò𝜕𝜕
 (B.2) 

with unit [�0e] = W. Essentially, all further radiometric quantities are based 
on equation (B.2). The radiant exitance �/ e is the radiant flux emitted from 
a source per unit surface area, 

 �/ e =
�ò�0e

�ò𝜕𝜕
. (B.3) 

The unit of �/ e is [�/ e] = W/ m�6. Correspondingly, the irradiance �' e is the 
radiant flux received per unit area. The remaining quantities have a 
directional character. For this reason, first the solid angle is introduced. The 
solid angle �3 measures the field of view that an object covers ("subtends") 
when seen from a given point, which is called the apex. The situation is 
illustrated in Fig. B.1a. The solid angle �3 is defined as the area �# that the 
object covers divided by the square of its distance �N to the apex [137], 

 �3 =
�#

�N�6
. (B.4) 
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The unit of solid angle is steradian, [�3] = sr. Hence, the solid angle 
subtended by an entire sphere (�#sphere = 4�è�N�6) is �3sphere = 4�è sr.  

 
Fig. B.1: Solid angle and radiance. a, The solid angle that an object subtends from a 
point called the apex equals the ratio of the area �# that the object covers on a sphere 
with radius �N centered at the apex to the radius squared. b, Schematic illustration of 
the radiance �.e of equation (B.5). 

The radiance �.e is defined as the radiant flux �0e per unit projected area per 
unit solid angle, 

 �.e =
�ò�6�0e

�ò�#proj �ò�3
, (B.5) 

with unit [�.e] = W/ m�6sr. Equation (B.5) is schematically illustrated in Fig. 
B.1b. It can be seen that the projected area element �@�#proj  relates to the 
area element �@𝑑𝑑 as 

 �@�#proj = �@�#cos(�à), (B.6) 

where �à is the angle between the observation direction and the surface 
normal of the emitting area element �@𝑑𝑑. The radiant intensity �+e is defined 
as the emitted radiant flux per unit solid angle, 

 �+e =
�ò�0e

�ò�3
, (B.7) 

with units [�+e] = W/ sr. The radiometric quantities discussed in this thesis 
are summarized with their respective units in Table 5.2. 
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Table B.2: Overview on the radiometric quantities used in this thesis. Table adapted 
from [11]. 

Quantity Symbol Unit 

Radiant energy �3e J 

Radiant energy density �Qe J/ m�7 

Radiant flux �0e W 

Radiant exitance �/ e W/ m�6 

Irradiance �' e W/ m�6 

Radiance �.e W/  (m�6sr) 

Radiant intensity �+e W/ sr 

B.2 The Lambertian Source 

B.2.1 Lambert's Cosine Law 
A Lambertian source is defined as an emitter whose radiance �.e is 
independent of viewing angle �à [137]. For such a source, equations (B.5) and 
(B.6) can be combined and re-arranged (in differential notation):  

 �@�6�0e = �.e�@𝑑𝑑cos(�à) �@�3 (B.8) 

Division by �@�3 and integration with respect to the source area yields the 
radiant intensity as a function of �à [137], 

 

�@�0e

�@�3
= �+e = 
± �.e cos(�à) �@𝑑𝑑

source
, 

= �.e 
± �@𝑑𝑑
source�ã�ç�ç�ä�ç�ç�å
�Âe,�,

cos(�à) , 
(B.9) 

 �+e(�à) = �+e,�4cos(�à) . (B.10) 

Equation (B.10) is known as Lambert's cosine law. It states that the radiant 
intensity �+e of a Lambertian emitter is proportional to the cosine of the angle 
�à between the source's surface normal and the emission direction. Most 
incoherent sources approximate Lambertian sources [137]. In particular, a 
perfect blackbody is also a Lambertian source. 
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B.2.2 The Radiant Exitance of a Lambertian Source 
Equations (B.3) and (B.5) relate the radiance �.e of a Lambertian source to 
the radiant exitance �/e as [137] 

 �/ e = 
± �.e cos(�à) �@�3. (B.11) 

Together with the differential solid angle element �@�3 in spherical 
coordinates [11], 

 �@�3 = sin(�à) �@𝑑𝑑�@�î, (B.12) 

the integral can be evaluated to  

 
�/ e = �.e 
± �@�î

�6��

�4�ã�ä�å
�@�6��

 
± cos(�à) sin(�à) �@𝑑𝑑

�� / �6

�4�ã�ç�ç�ç�ç�ç�ä�ç�ç�ç�ç�ç�å
�@�5/ �6

, 
(B.13) 

 �/ e = �.e�è. (B.14) 

Please note that this simple relation only holds for Lambertian sources 
(where �.e is independent of �à and can be brought in front of the integral).  

B.3 Spectral Quantities 
The quantities defined so far relate to the total field energy across the entire 
spectrum. Hence, these quantities are referred to as integral quantities [11]. 
For most* of the integral quantities (e.g. the radiant flux �0e) exists a 
corresponding spectral version with respect to wavelength �ã or frequency �å 
(e.g. the spectral radiances �0e,��  and �0e,�•), which are defined as [137] 

 �0e,�� =
�@�0e

�@𝑑𝑑
, (B.15) 

 �0e,�� =
�@�0e

�@𝑑𝑑
. (B.16) 

                                                           
*Of the radiometric quantities discussed in this thesis, spectral versions 

exist for �0e, �/ e, �' e, �.e, and �+e. 
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For example, �0e,�� �@𝑑𝑑 is the radiant flux in the wavelength interval [�ã, �ã+
�@𝑑𝑑]. Integral and spectral version are related by the integral 

 �0e = 
± �0e,�� �@𝑑𝑑,

�¶

�4

 (B.17) 

 �0e = 
± �0e,�� �@𝑑𝑑,

�¶

�4

 (B.18) 

The frequency- and the wavelength-dependent spectral versions are linked 
through their definitions (B.15) and (B.16). Exemplary for the spectral flux 
�0e, they can be converted into each other by the relation 

 �0e,�� �@𝑑𝑑= �0e,�� �@𝑑𝑑. (B.19) 

B.4 Absorptivity, Reflectivity, and Transmissivity 
This section defines the quantities absorptivity �#, reflectivity �4, and 
transmissivity �6, which are used for the optical characterization of 
metamaterials in chapters 3 - 5. An incident radiant flux �0e,i falls onto an 
object made out of a (partially) absorbing material as shown in Fig. B.2. 

 
Fig. B.2: Illustration of reflectivity, absorptivity and transmissivity through a slab of 
absorbing material. 

The reflectivity �4 of the object is defined as 

 �4 =
�0e,r

�0e,i
, (B.20) 

where �0e,i and �0e,r  are the incident and reflected radiant flux. Equivalently, 
the absorptivity �# is defined as  

 �#=
�0e,a

�0e,i
, (B.21) 
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with �0e,a being the absorbed radiant flux. Finally, the transmissivity is  

 �6=
�0e,t

�0e,i
 (B.22) 

with the transmitted radiant flux �0e,t. Due to energy conservation, 
equations (B.20) - (B.22) must sum up to unity, 

 �4+ �#+ �6=
!

1. (B.23) 

For an opaque object, �6�\ 0 and the absorptivity �# can be calculated as �#=
1 
F�4.
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Appendix C – The Non-Linear Beer-Lambert Law  

In realistic absorption cavities, rays propagating from the emitter to the 
detector experience different path lengths depending on their individual 
trajectory. Hence, rather than by a single path length, a realistic cavity is 
described by a path length distribution, and the radiant flux �0e,d at the 
detector results to 

 �0e,d = 
Í �0e,�4,�Üexp(
F�Ù�H�Ü�?)

�Ç

�Ü�@�5

, (C.24) 

where �0 is the number of rays reaching the detector, and �0e,�4,�Ü is the radiant 
flux of ray �E with optical path length �H�Ü. Equation (C.24) is plotted for a 
numerically simulated cavity in Fig. C.3, blue curve. The path length and the 
optical power (flux) of each ray were obtained from ray tracing simulations 
of an integrating absorption cavity (see section 2.4.3). 

 
Fig. C.3: Concentration-dependent radiant flux of a signal propagating through an 
optical cavity characterized by a path length distribution rather than a single optical 
path length, filled with an absorbing medium (here: CO2 with concentration �?). Blue 
curve: the total intensity comprises contributions from all �0 rays reaching the 
detector, each characterized by an initial radiant flux �Ôe,�4,�Ü and an optical path length 
�H�Ü. Yellow curve: A linear exponential fit does not describe the compound curve 
sufficiently. Green curve: introducing a nonlinearity parameter �@, which accounts for 
the path length distribution, improves the fit considerably. 

To extract the sensor key metrics such as responsivity and sensitivity, it 
might be desirable to describe the concentration-dependent intensity in a 
closed form in analogy to equation (2.1). The orange curve in Fig. C.3 shows 
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the best fit of a single exponent model �0e = �=exp(
F�>𝑏𝑏) to the original 
data. As can be seen from the figure, a single exponent models the intensity 
only insufficiently. The fit quality can be significantly improved by 
introducing a nonlinearity parameter �@, which accounts for the path length 
distribution in the cavity: 

 �0e = �=exp(
F�>�?�×), (C.25) 

see the green curve in Fig. C.3. All sensor key figures in this thesis were 
extracted from fit models using a nonlinearity parameter according to 
equation (C.25). 
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Appendix D – SI "Metamaterial Thermal Emitter" 

This chapter contains the supplementary information of reference [J2].* 

 

 

 
Fig. D.4: Power loss per material in the MPE structure. More than 90% (0.455 W) of 
the stimulated power (0.5 W) are dissipated at the resonance wavelength in the 
metal portions (Cu) of the unit cell, compared to less than 10% (0.036 W) in the 
dielectric (Al2O3) portions. 

 

                                                           
* Figures and the notation were adapted to ensure consistency throughout 
the thesis. 



Appendix D – SI "Metamaterial Thermal Emitter" 

180 

 
Fig. D.5: The validity of the employed parameter retrieval procedure has been 
confirmed by recalculation of the complex scattering coefficient S11 from the 
retrieved material parameters �Ýeff and �äeff. Solid blue lines denote the scattering 
coefficient “S11 PR” as calculated from the retrieved material parameters, orange 
dots denote the scattering coefficient “S11” as derived from full-wave simulations of 
the MPE structure. a, Magnitude of complex scattering coefficient S11. b, Phase of 
complex scattering coefficient S11. 

 

 

 
Fig. D.6: a, Photograph of large-area silicon substrate MPE sample used for optical 
characterization. The total chip size is 6 mm × 6 mm, the MPE structure covers an 
area of 4 mm × 4 mm. The sample contains 
N3.2 × 10�: MPE unit cells. b, 
Micrograph of carbon-black-coated MEMS hotplate employed as reference 
blackbody emitter in the proof-of-concept experiment. The carbon-black coating 
covers a circular area with radius �N
Q100 �Jm centered on the membrane. 
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Fig. D.7: Parameter sweep results for MPE structure without adhesion layer. Top 
resonator length and width vary between �H= 1001 nm to �H= 1101 nm, and �S=
126 nm  to �S= 206 nm , respectively. a, The resonance wavelength scales linearly 
with the top resonator length, in analogy to the results shown in Figure 6a. b and c, 
Peak absorptivity values 0.89 
Q�# 
Q1 are measured across the investigated 
parameter range. d, High quality factors 19.3 
Q�3 
Q21.6 are obtained, owing to 
the absence of an adhesion layer. (d) Absorption spectrum with Lorentzian fit for MPE 
structure with �3 = 21.6 (�H= 1051 nm, �S= 158 nm). The structure resonance 
overlaps with the CO2 absorption band, resulting in minor perturbations of the 
resonance spectrum at the resonance wavelength. Five samples could not be 
measured; respective fields are left blank. 
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Fig. D.8: a, Resonance wavelength �ãres versus sample temperature �6 for spectral 
exitance measurements of MPE structure shown in Fig. 3.6b. Over the investigated 
temperature range, a linear resonance wavelength shift coefficient �æ��res,�Í =
42 pm/°C is extracted from a linear fit to the acquired data points. b, Resonance 
bandwidth (FWHM) versus sample temperature for absorptivity and emissivity 
measurements of MPE structure shown in Fig. 3.7. Linear shift coefficients �æ�ñ��abs,�Í =
160 pm/°C and �æ�ñ��emis,�Í = 174 pm/°C are extracted from the linear fits, equating to 
normalized values �ê�ñ���Ì�Í�Þ =  5.8 × 10�?�8 °�%�?�5 and �ê�ñ���Ð�Ø�Ô𝑒𝑒

=  5.4 × 10�?�8 °�%�?�5 with 
respect to the FWHM at 350 °C. 
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Fig. D.9: Simulated angular-dependent emissivity for transverse electric (TE) 
polarization. For TE polarization, the orientation of the magnetic field with respect to 
the inductive loop changes with incident angle, but due to the strong magnetic 
resonance, the structure retains angular-independent emission characteristics with 
emissivity values of �' = 0.87 at �ãres = 4.04 �Jm and �à= 45°. A grating resonance 
similar to the TM case (denoted by �ãg) is not observed, as the incident electric field 
does not change its angle with respect to the periodic top resonator structure in TE 
polarization (see section 2.3.5). 
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Fig. D.10: Simulated angular-dependent emissivity for MPE structure with periodicity 
�== 1.5 �Jm in transverse magnetic (TM) polarization. Due to the reduced periodicity 
in comparison to the nominal structure, the grating resonance (denoted by �ãg) is 
shifted out of MPE’s fundamental resonance band, and no anti-crossing behavior is 
observed. However, also the coupling between neighboring unit cells is promoted by 
a smaller periodicity, resulting in an increased resonance bandwidth FWHM =
318 nm. At �ãres,�6 
N3.34 �Jm, the second-order MPE resonance is observed under 
oblique angles. 
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Fig. D.11: Horizontal and vertical cross section temperature distributions on the 
metamaterial-enhanced MEMS hotplate. A maximum membrane temperature of 
322 °C could be measured in the center of the MPE emitter area (�N= 0). The 
temperature profile across the MPE emitter area shows a homogeneous surface 
temperature in the region of the heating coil (�N
Q100 �Jm), whereas the 
temperature outside the heating coil (100 �Jm < �N
Q200 �Jm) rapidly decreases to 

N215 °C at the border of the MPE area (�N= 200 �Jm). 

 

 

 
Fig. D.12: Equivalent CO2 concentration (in units ppm) for the MPE and the 
conventional light source (blackbody / “BB”) system against the applied humidity 
profile over the course of one measurement cycle. The (parasitic) equivalent CO2 
concentration change (in units ppm) can be derived from the absolute signal 
variation upon humidity changes and the CO2 sensitivity calibration of each system 
shown in Fig. 3.12b. The MPE system exhibits a considerably reduced cross-sensitivity 
with respect to humidity compared to the system employing a conventional light 
source. 
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Appendix E – SI "All-Metamaterial Optical Gas 
Sensor" 

This chapter contains the supplementary information of reference [J1].*  

E.1 Resonance Bandwidth of Two Cascaded MPA Filters 
Here, we show how the bandwidth of two cascaded MPA filters can be 
related to the bandwidth of a single MPA resonance. We model the MPA as 
a Lorentzian line shape resonance, which is described by the Cauchy 
distribution [256] 

 �B(�ã) =
1

�è𝜋𝜋
�„

�S�6

�S�6+ (�ã
F �ãc)�6. (E.26) 

Here, �ã is the wavelength, �ãc is the resonance center wavelength, and �S is 
the half width at half max of the resonance. Hence, 2�S is the resonance's 
full width at half maximum (FWHM). Cascading two MPAs results in a 
multiplication of their filter functions, yielding the combined filter function 

 

�B(�ã) �6 = 
l
1

�è𝜋𝜋

p

�6

�F
�S�6

�S�6+ (�ã
F �ãc) �6�G
�6

=  
l
1

�è𝜋𝜋

p

�6 �S�6

�S�6+ 2(�ã
F�ãc)�6+
(�ã
F �ãc) �8

�S�6

. 
(E.27) 

As a first-order approximation in the case |�ã
F �ãc|
�6 �' �S, we assume 

 

�B(�ã) �6 = 
l
1

�è𝜋𝜋

p

�6 �S�6

�S�6 + 2(�ã
F �ãc) �6+
(�ã
F �ãc) �8

�S�6�ã�ç�ç�ä�ç�ç�å

N�4

 


N
l
1

�è𝜋𝜋

p

�6 
l
�S
�¾2


p
�6


l
�S
�¾2


p
�6

+ (�ã
F �ãc) �6

. 

(E.28) 

Hence, for the above-made approximation follows the resonance half width 
�Scasc = �S/ �¾2, and hence the quality factor �3casc = �¾2�3. In Fig. E.13, we 
                                                           
* Figures and the notation were adapted to ensure consistency throughout 
the thesis. 
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compare equation (E.27) (blue curve) and equation (E.28) (orange curve) for 
realistic parameters (�S= 150 nm and �ãc = 4.26 �Jm) to get an estimate for 
the FWHM error introduced by the approximation. From the graph, we see 
that the FWHM of both curves differ by 
N10%, thus validating the 
approximation for qualitative analysis. 

 
Fig. E.13: Cascaded MPA resonance. Spectral absorptivity of two cascaded MPA 
filters, each with a Lorentzian line shape (spectral half width �S= 150 nm, resonance 
center wavelength �ãc = 4.26 �Jm). The approximation (orange curve) exhibits a 
FWHM error of 
N10% compared to the full form (blue curve). 

E.2 Angle-Dependent Transmission of Dielectric Filter 
In this section, the superior angular stability of a cascaded MPA filter in 
comparison to a conventional dielectric interference filter is exemplified by 
comparing their angular filter characteristics. 

The cascaded MPA resonance shown in Fig. E.14a remains centered at 
the target wavelength �ãc = 4.26 �Jm up to highest angles (see also Fig. 5.5). 
In contrast, the center wavelength of a dielectric interference filter (Fig. 
E.14b) decreases with increasing angle due to its thin-film interference 
principle. This shifts the transmission band toward the absorption lines of 
H2O, see Fig. E.14c, which increases the sensor's cross sensitivity to 
humidity. As a consequence, the optical design of gas sensors using 
dielectric filters typically aims to provide near-normal incidence on the filter 
surface, which leads to bulky absorption cells due to the inefficient use of 
the absorption volume, or necessitates sophisticated optical cavity designs 
[6]. 
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Fig. E.14: Angular filter characteristics of MPA and dielectric filters and atmospheric 
attenuation spectrum. a, The MPA resonance remains centered at 4.26 �Jm up to 
highest angles. b, The dielectric filter exhibits an angle-dependent transmission 
characteristic due to its thin-film interference function principle. c, Attenuation 
spectrum of CO2 and H2O at ambient conditions (�?CO2 = 400 ppm, rH = 40 %rH, 
�L =  1030 mbar,  �6 =  21 °C). 

E.3 Transmission Line Model of MPA 
In order to provide insights into the MPA resonance's angle-independent 
absorption characteristics, we model its resonance using transmission line 
theory [257], [J3]. 

The MPA's transmission line model is shown in Fig. E.15a. It comprises 
an RLC element with impedance �<RLC modeling the cross resonator, 
connected in parallel to a transmission line �<TML,0 that is shorted, 
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representing the series connection of the dielectric spacer layer (�<TML) and 
the metallic backplane (�<L = 0). 

 
Fig. E.15: Transmission line model of the MPA. a, Transmission line model of MPA 
unit cell. The cross resonator is modeled by an RLC resonant element, the dielectric 
spacer by a transmission line, and the backplane by a short circuit. b, Absorptivity of 
the resonant equivalent circuit as a function of the frequency �B and the phase 
thickness �@(�à). At certain �@�á(�à), the impedance of the MPA is matched to free space, 
resulting in perfect absorption �#= 1. The white dashed lines indicate the matching 
thicknesses at normal incidence, �@�á(0°). The red dashed lines indicate the matching 
thicknesses under a fixed oblique angle, �@�á(20°). 

Our goal is to maximize the MPA absorption A, 

 �#= 1 
F �4
F �6. (E.29) 

As the transmission through the structure equals zero due to the opaque 
backplane, �6= 0, this task amounts to minimizing the reflection �4 from the 
MPA. Using Fresnel's equations, we express the reflection as a function of 
the free space impedance �<�4 = 
¥�ä�4/ �Ý�4 
N377 �3 (�ä�4 and �Ý�4 are the vacuum 
permeability and permittivity, respectively) and the MPA impedance �<MPA, 

 �#= 1 
F�4 = 1 
F �,
�<�4 
F �<MPA

�<�4+ �<MPA
�,
�6

. (E.30) 

Hence, for perfect absorption the MPA impedance must be matched to free 
space, 
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 �<MPA =
!

�<�4. (E.31) 

In the equivalent circuit picture, the incoming plane wave excites the RLC 
resonator, which creates the resonant enhancement necessary for the 
MPA's perfect absorption. Due to the resonator's inductive and capacitive 
components, its impedance is partially imaginary and hence cannot match 
to the (real-valued) free space impedance on its own. For this reason, a 
shorted transmission line is connected in parallel to the RLC resonator. It 
has a purely imaginary impedance (we neglect ohmic losses in the dielectric 
and the backplane in this simplified account), which compensates the 
resonator's imaginary contribution at the resonance frequency.  

Our goal is to derive an expression for the MPA absorption as a function 
of the circuit elements �<RLC and �<TML. To this effect, we express the MPA 
impedance �<MPA  as a parallel connection of the RLC impedance �<RLC and 
the shorted transmission line impedance �<TML (�<L = 0), 

 �<MPA =
�<RLC�„�<TML(�<L = 0)

�<RLC+ �<TML(�<L = 0)
. (E.32) 

The RLC impedance �<RLC equals to 

 

�<RLC(�B) = �4
F
1

�E2�è𝜋𝜋𝜋𝜋

F�E2�è𝜋𝜋𝜋𝜋 

= �4+ �E
¨
�.

�%
�F

1

2�è𝜋𝜋�¾�.𝐿𝐿

F2�è𝜋𝜋�¾�.𝐿𝐿�G. 

(E.33) 

The circuit element values were extracted from full-wave simulations of the 
isolated top resonator in vacuum. For the resonator design employed in the 
all-metamaterial gas sensor, the values result to 
¥�./ �%= 786.7 �3, �¾�.𝐿𝐿=
(2�è�Bc)

�?�5 with �Bc = 70.37 THz, and �4= 16.7 �3. 

The input impedance of a transmission line of length �H, which is 
terminated by a load impedance �<L, can be written as [258] 

 �<TML(�<L) =
(�<L + �<�4) exp(�E𝑖𝑖𝑖𝑖) + (�<L 
F �<�4) exp(
F�E𝑖𝑖𝑖𝑖)

(�<L + �<�4) exp(�E𝑖𝑖𝑖𝑖) 
F(�<L 
F �<�4) exp(
F�E𝑖𝑖𝑖𝑖)
. (E.34) 

Here, �<�4 is the free space impedance, and �Ú is the wave propagation 
constant. With �<L = 0 it follows 

 ZTML(Z�P= 0) = ZTML,0 = Z�4
1 
Fexp(
F�E2�Ú𝛽𝛽)

1 + exp(
F�E2�Ú𝛽𝛽)
. (E.35) 
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In the next step, we replace �Ú𝛽𝛽 by the phase that a plane wave accumulates 
during propagation through the dielectric spacer layer, 

 �<TML,0(�@(�à), �B) = �<�4

1 
Fexp
l
F�E4�è
�@(�à)

�?�4
�B
p

1 + exp
l
F�E4�è
�@(�à)

�?�4
�B
p

. (E.36) 

Here, the phase thickness �@(�à) is defined as 

 �@(�à) = �@��/ cos(�à), (E.37) 

and equals the propagation length of a plane wave inside the dielectric with 
thickness �@��. The plane wave arrives under an angle �à as defined in Fig. E.15a 
on the resonator surface (for the sake of simplicity, we assume a refractive 
index inside the dielectric of �JDiel = 1). 

Combining equations (E.30), (E.32) and (E.36) yields the MPA absorption 

 

�#(�@(�à), �B) = 1 
F �4(�@(�à), �B) 

= 1 
F �p
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�<�4

+
�<TML,0(�@(�à), �B)

�<�4

F

�<RLC(�B)
�<�4
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�„
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�<�4

�p

�6

. 
(E.38) 

Equation (E.38) is plotted in Fig. E.15b around the center frequency �Bc =
70.37 THz for �@(0°) = 0 …8 �Jm. 

At certain phase thickness values �@�á, impedance matching to free space is 
achieved, 

 Re
k�<MPA(�@�á, �Bc)
o= �<�4, (E.39) 

 Im
k�<MPA(�@�á, �Bc)
o= 0. (E.40) 

In Fig. E.15b, the matching thicknesses at normal incidence �@�á are marked 
by horizontal, white-dashed lines, and numerated by their resonance order 
�J= 0 …3. The vertical dashed line marks the resonance center frequency 
�Bc. 

We plot the frequency-dependent absorptivity for the first four resonance 
orders �J= 0 …3 in Fig. E.16a (solid lines). With increasing resonance order 
(and thus, increasing phase thickness), the electromagnetic wave is more 
and more propagating in the (lossless) dielectric, leading to decreasing 
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resonance widths with increasing resonance order. This increases the 
resonance's quality factor 

 �3 =
�Bc

FWHM
, (E.41) 

where �Bc is the resonance center frequency, and FWHM  is the resonance 
full width at half maximum.  

 
Fig. E.16: a, Frequency-dependent absorption for the first four resonance orders �J=
0 …3. With increasing resonance order, the resonance width decreases, while the 
absorption resonance becomes increasingly angle-dependent. b, Extracted quality 
factor �3 and critical angle �àcrit  for resonance orders �J= 0 …3. While the quality 
factor linearly increases with resonance order, the critical angle drops sharply. Hence, 
for maximum angular stability the lowest-ordered resonance �J= 0 should be 
chosen. 

Until now, we considered a normal-incident wave on the MPA resonator. 
Moving to oblique incident angles, we exemplarily sketch �@�á(20°) in Fig. 
E.15b (red-dashed lines). From equation (E.37) it becomes clear that with 
increasing physical thickness �@��, the angular sensitivity of the resonance 
increases, as �@(�à) walks off faster under oblique angles. In other words, the 
higher the resonance order n, the smaller the resonance's angular stability. 
We plot the frequency-dependent absorption for �à= 20° into Fig. E.16a 
(dashed lines). With increasing resonance order, the resonance both shifts 
in center wavelength and decays in absorptivity. 

In Fig. E.16b, we extract the resonance quality factor �3 as defined in 
equation (E.41) for normal incidence, and the critical angle �àcrit  for the first 
four resonance orders. �àcrit  is the angle at which the structure absorptivity 
drops to 0.5 and serves as a measure for the resonance's angular stability. 
While the quality factor increases linearly with resonance order, the angular 
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stability decays rapidly. Fig. E.16b displays a fundamental trade-off between 
angular stability and quality factor inherent to any resonator system. This 
general relation can also be found in other resonators, e.g. in form of a 
phase stability versus quality factor trade-off in plasmonic microdiscs [259]. 

The transmission line model intuitively links the resonator's dielectric 
thickness to its angular stability, motivating small dielectric thickness to 
achieve angle-independent resonance characteristics. We used this insight 
for the design of our metamaterial resonators, which employ a first-order 
resonance (�J= 0) for maximum angular stability.  

It should be noted that while the transmission line model allows insight 
into the resonator's angular characteristics, it is strictly valid only in cases 
where the fields inside the structure propagate in form of plane waves. For 
small dielectric thicknesses and low resonance orders (i.e. �J= 0), 
specialized models such as the one discussed in section 3.3.1, provide more 
accurate results. 

E.4 Integrating Sphere Theory 
The sphere multiplier �I s describes the average number of cavity transitions 
for a photon emitted into the cavity. We derive �I s for a spherical cavity by 
extending the derivation provided in reference [218] to take the port ratio 
�C into account. To start, we consider a population of photons emitted into 
an empty spherical cavity with sidewall reflectivity �4 and port ratio �C. For 
any collision with the sidewall, a fraction �4(1 
F �C) of the photon population 
will be reflected. Accordingly, the rest of the population, 1
F �4(1 
F �C), is 
absorbed. 

�2�á is the fraction of photons absorbed during the �J-th reflection. We can 
write: 

 

�2�5 = 1 
F �4(1 
F �C) 

�2�6 = �4(1 
F �C)
k1 
F�4(1 
F �C)
o 

�2�7 = 
k�4(1 
F �C)
o
�6

k1 
F �4(1 
F �C)
o 

… 

�2�á = 
k�4(1 
F �C)
o
�á�?�5


k1 
F �4(1 
F �C)
o. 

(E.42) 

This allows us to calculate the average number of reflections, for which 
follows: 
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�I = �2�5 �„1 + �2�6 �„2 + �2�7 �„3 + �®+ �2�á �„�J 

= 
k1 
F �4(1 
F�C)
o�„1 + �4(1 
F�C)
k1 
F�4(1 
F �C)
o�„2

+ 
k�4(1 
F �C)
o
�6

k1 
F�4(1 
F �C)
o�„3 + �®

+ 
k�4(1 
F �C)
o
�á�?�5


k1 
F �4(1 
F �C)
o�„�J 

= 
k1 
F �4(1 
F �C)
o

�„�B1 + 2 �„�4(1 
F �C) + 3 �„
k�4(1 
F �C)
o
�6

+ �®+ �J�„
k�4(1 
F �C)
o
�á�?�5

�C�ã�ç�ç�ç�ç�ç�ç�ç�ç�ç�ç�ç�ç�ç�ç�ç�ç�ç�ç�ç�ä�ç�ç�ç�ç�ç�ç�ç�ç�ç�ç�ç�ç�ç�ç�ç�ç�ç�ç�ç�å
�@
k�5�?�Ë(�5�?�Ú)
o

�7�.

 

= 
k1 
F�4(1 
F �C)
o�„
k1 
F �4(1 
F�C)
o
�?�6

 

= 
k1 
F �4(1 
F �C)
o
�?�5

 

(E.43) 

The derivation of the average path length of a single sphere transition OPL�4 
is given in section 2.4.3.  

E.5 Comparison of Non-Resonant Cavity Shapes 
To identify the optimal cavity design with respect to the minimally 
resolvable CO2 value �� �?CO2 for the emitter and detector sizes given in Fig. 
5.3a and Fig. 5.4a, we compared a range of different cavity shapes and sizes 
with each other. Under the given boundary conditions, a half-ellipsoid with 
base radius �== �>= 3.25 mm and height �?= 8.0 mm turned out to be the 
optimal shape. An interesting finding of this study is that a mechanically 
much simpler cuboid shape differs in ���?CO2 only by 12%, making it an 
attractive candidate for a simple yet efficient optical cavity. 

First, we reduced the complexity of the problem by restricting our 
investigation to three base shapes (ellipsoid, half-ellipsoid, cuboid) and by 
varying only the radius (respectively side length) �= and the height �? of the 
shapes, as shown in in Fig. E.17. 



Appendix E – SI "All-Metamaterial Optical Gas Sensor" 

196 

 
Fig. E.17: Comparison of CO2 sensing performance for different cavity shapes. a-c: 
Investigated shapes (ellipsoid, half-ellipsoid, cuboid) with geometrical parameters. 
For each shape, we defined �>= �= to reduce the parameter space. Emitter and 
detector positions are marked by circles. 

We employed ray tracing simulations (5 × 10�8 rays per simulation, 
cavity reflectivity �éAu = 0.97) to determine the average optical path length 
(OPL) and power transfer factor (PTF) from emitter to detector of each 
cavity (see section 5.7.2). In the next step, we employed the ray tracing data 
to simulate the sensor's CO2 sensitivity using a semi-analytical system model 
(see section 5.7.3). It should be noted that the employed ray tracing models 
idealized coupling from emitter and detector to the optical cavity, resulting 
in unrealistically large power transfer factors. Hence, the resulting CO2 
sensitivity �� �?CO2 should be interpreted in arbitrary units (a.u.), and only 
serve for the relative comparison between the different cavity shapes. The 
CO2 sensitivity of the simulated cavities is shown in Fig. E.18. The sensitivity 
maps exhibit flat profiles, as variations within the same shape remain below 
20%. For each shape, the optimal geometry set is encircled by a red frame. 
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Fig. E.18: CO2 sensitivity versus geometrical parameters for ellipsoid a, half-ellipsoid 
b and cuboid c. The optimal CO2 sensitivity, marked by a red frame, between the 
different shapes varies only 12%, showing that the CO2 sensing performance is quite 
insensitive with respect to the cavity shape. 

We summarize the system simulation (�� �?CO2) and ray tracing (OPL, PTF) 
results for these optimal geometries in Table E.3, together with their 
volume, surface area, and port ratio. The half-ellipsoid emerges as the 
optimal shape with respect to ���?CO2. However, it turns out that the CO2 
sensitivity is only weakly shape-dependent. For example, the transition from 
the (geometrically complex) half-ellipsoid to the much simpler cuboid 
results in a minor performance penalty of only 12%. The weak shape-
dependence of �� �?CO2 shifts the focus to other aspects, such as outer cavity 
size (for example, the cuboid has the smallest outer dimensions), 
manufacturability, etc. Based on these insights, we chose a cuboid cavity 
with dimensions �== �>= 5.7 mm, �?= 4.5 mm slightly differing from the 
optimal cuboid for manufacturability purposes. 
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Table E.3: Comparison of optimal cavity shapes. The geometrical parameters of the 
optimal shapes were obtained from Fig. E.18, and are compared in this table 
regarding their CO2 sensing performance (CO2 sensitivity �Â�?CO2), optical 
characteristics (optical path length OPL, power transfer factor PTF) and geometry 
(volume, surface area, port ratio). 

  Ellipsoid Half-Ellipsoid Cuboid 

Dimensions 

(�’ × �• × �Ž) 
[mm] 

8.0 × 8.0 × 
6.5 

6.5 × 6.5 × 
8.0 

5.4 × 5.4 × 
5.6 

�¤�‰CO2  [a.u.] 0.89 (+5%) 0.85 0.95 (+12%) 

OPL  [mm] 97.0 81.4 73.7 

PTF  [%] 24.6 28.0 26.7 

Volume [mm�7] 217.8 177.0 163.3 

Surface area [mm�6] 176.5 169.2 179.3 

Port ratio [%] 2.3 2.4 2.3 

E.6 Optical Path Length Calibration 
To verify the predicted optical path length from ray tracing simulations, we 
resorted to a reference experiment where the simulation results could be 
experimentally verified. By comparing the CO2 responsivity of the all-
metamaterial prototype to the responsivity of reference geometries with 
known optical path lengths, we can calculate its optical path length using 
linear regression. We used a solid aluminum block with a central, end-to-
end bore (diameter 4 mm) as a simple geometry with known optical path 
length. The bore's inner surface was polished, and served as a straight 'pipe' 
cavity. In this simple geometry, the optical path length is primarily defined 
by the cavity's physical length. The metamaterial thermal emitter and 
detector dies were positioned at respective ends of the bore, facing each 
other. We employed three different reference cavity lengths (45 mm, 
55 mm, 65 mm), and calculated their optical path length using ray tracing 
simulations. For each reference geometry, we performed an experimental 
CO2 sweep, from which we extracted the CO2 responsivity. The results are 
summarized in Table E.4. We used orthogonal distance regression to fit a 
linear model to the responsivity data, see Fig. 5.10a inset, and calculated the 
prototype's optical path length to OPL= 49.0 ±  0.5 mm. 
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Table E.4: Optical path length and CO2 responsivity of three reference geometries 
employing linear 'pipe' cavities. We used three reference geometries A-C with known 
optical path lengths and CO2 responsivities to calibrate the prototype's optical path 
length. 

  Ref. cavity 
length A 

Ref. cavity 
length B 

Ref. cavity 
length C 

Physical 
cavity length 

[mm] 
35 45 55 

Simulated 
optical path 
length 

[mm] 
45.6 ± 0.9 56.6 ± 1.4  68.0 ± 2.0 

Measured 
CO2 
responsivity* 

[10�?�:  1/ ppm] 
50.4 ± 5.1 61.3 ± 

10.2 
68.9 ± 
12.4 

* at �?CO2 = 400 ppm, rH = 40 %rH 

E.7 Ray Tracing Simulation of Prototype Package 
The ray tracing simulation results of the cuboid prototype cavity with �==
�>= 5.7 mm, �?= 4.5 mm (Fig. 5.8) are given here. Simulations were 
performed following the procedure described in section 5.7.2. In Fig. E.19 
we plot the normalized optical power distribution of the rays reaching the 
detector, binned with respect to their incident angle on the detector and 
the covered optical path length (OPL). The simulation yields an average 
optical path length �1𝑂𝑂�.av = 61.1 mm and a power transfer factor PTF=
4% from emitter to detector. The power distribution at the detector exhibits 
a broad, Lambertian angular profile covering the entire hemisphere 
(0 – 90°) with an average incident angle of �àav = 38.9°. In combination with 
the observed exponential path length distribution, this underlines the 
integrating character of the prototype cuboid cavity (compare to Fig. 5.7b). 
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Fig. E.19: Power distribution at the detector of the prototype package. Power 
distribution of the rays reaching the detector, binned with respect to their incident 
angle �à and covered optical path length OPL. 

E.8 Influence of Broadband Absorptivity Backgrounds 
In this section, we show by system simulations that the humidity cross 
sensitivity of our prototype sensor can be substantially reduced by 
mitigating broadband absorption backgrounds in the MPA filter spectrum.  

Fig. E.20a shows the angular absorptivity of the MPA cascade with the 
broadband background observed during the spectral emissivity and 
responsivity measurements (see Fig. 5.3d and Fig. 5.4d). The additional 
background absorption increases the water cross sensitivity of the sensor, 
which amounts in simulations to �4H2O/CO2 = 1.2 ppm/ %rH, in good 
agreement with the measured value (1.22 ±  0.42 ppm/%rH ). 

As described in the main text, the broadband absorption background can 
be attributed to the emission / absorption of membrane areas not covered 
by MPAs, which could be mitigated in future iterations by covering a larger 
membrane portion by MPAs. Fig. E.20b shows such a background-free MPA 
spectrum, which results in a simulated humidity cross sensitivity of only 
�4H2O/CO2 = 0.04 ppm/%rH . This result strongly indicates that the humidity 
cross sensitivity of our sensor could be substantially improved by reducing 
the broadband absorption background. The CO2 sensitivity is not affected by 
the broadband absorption offset. 
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Fig. E.20: Influence of background absorptivity on system performance. a, Angle-
dependent absorptivity of the two cascaded MPA filters on emitter and detector with 
broadband backgrounds as observed during the optical characterization (see Fig. 
5.3d and Fig. 5.4d). Box inset: System simulation results. b, Angle-dependent 
absorptivity of MPA cascade without broadband background (ideal filter 
characteristics). Box inset: System simulation results. 

E.9 Long-Term Stability of All-Metamaterial Gas Sensor 
We performed field tests with the all-metamaterial gas sensor prototype to 
investigate its long-term stability under realistic conditions in an office 
environment. In Fig. E.21, we compare the temperature- and humidity-
compensated prototype signal (Fig. E.21a) against the output of a 
commercial NDIR CO2 sensor [9] (Fig. E.21b) across a measurement period 



Appendix E – SI "All-Metamaterial Optical Gas Sensor" 

202 

of eight days. Even at an early prototype stage, the sensor signal shows no 
degradation or drift, indicative of the metamaterial's long-term stability. 

 
Fig. E.21: Continuous CO2 field measurement in an office environment for eight days. 
a, Signal of all-metamaterial gas sensor. b, Reference signal obtained from a 
commercial NDIR CO2 sensor [9]. 

E.10 Schematic of the Semi-Analytical System Model 
In this section, we detail the semi-analytical system simulation model of the 
all-metamaterial gas sensor. A schematic of the model is shown in Fig. E.22. 
Analytical simulation blocks are marked in red, numeric interfaces are 
marked in blue. Below the block diagram, the internal spectra for each 
simulation block are sketched. 

The simulation starts by generating a blackbody spectrum �5(�ã) based on 
Planck's equation (wavelength range: 2 - 8 µm, discretization: 0.1 nm). In 
the second building block, the MPA's angle-dependent filter characteristics 
are multiplied onto the blackbody, adding the incident angle �à dimension 
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(the angular range of 0 - 90° is linearly discretized into 30 bins). The 'Optical 
transfer' block uses tabulated ray tracing data (see section 5.7.2) to map the 
angle-dependent MPA emission spectrum into an angle- and path length-
dependent output spectrum. Hence, this simulation block adds the optical 
path length "OPL"  dimension (the length space is logarithmically discretized 
into 30 bins). Gas absorption is modeled by the analytic Beer-Lambert 
formula. We used the HITRAN spectroscopic database [133] to calculate the 
atmospheric constituents' absorption coefficients. The detector MPA filter 
is simulated in analogy to the emitter filter. In the subsequent 'Detector' 
simulation block, the three-dimensional spectra are numerically integrated, 
yielding the optical power on the detector. The detector's electronic 
functionality (translation into thermoelectric voltage, signal amplification, 
digitization) is modeled in the 'Electronics' block. 

 
Fig. E.22: Schematic of the semi-analytical system simulation. The simulation allows 
for the theoretical modeling of optical gas sensors with different configurations, 
components, and optical filters. Its modular architecture permits the arbitrary 
configuration of building blocks, e.g. to compare dielectrically filtered and MPA 
sensors. The system model applies analytical descriptions where possible (red blocks) 
and has interfaces to numerical simulation results where necessary (blue blocks; 
FEM: finite element method). The model allows for the calculation of all relevant 
system key figures, such as gas sensitivity, responsivity, cross-sensitivity, etc. 

E.11 Sensor Characterization Cycle 
In this section, a typical characterization cycle of the all-metamaterial 
prototype is shown together with the sensor's lock-in amplitude signal. Fig. 
E.23a displays the applied CO2 and humidity levels over time. For each 
humidity step (70 %rH to 0 %rH), a downward CO2 ramp (5000 ppm to 
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0 ppm) is applied. Fig. E.23b plots the time-dependent lock-in amplitude 
(blue). Clear correlation with the CO2 concentration can be observed, 
together with a small dependence on the relative humidity level. At the end 
of each gas step, the lock-in amplitude is extracted across an averaging 
period of 5 minutes (yellow markers). 

 
Fig. E.23: CO2 and humidity profile and measured lock-in amplitude of prototype 
sensor for one measurement cycle. a, Applied CO2 and relative humidity profile. For 
each humidity level, one down-ward CO2 ramp is applied. To collect statistics on the 
extracted key figures, we performed the shown measurement �0 = 6 times. b, Lock-
in amplitude (blue curve) versus time for typical gas measurement cycle. At the end 
of each gas step, the amplitude value is extracted across an averaging period of 5 
minutes (yellow data points). 
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List of Acronyms 

ABC Automated baseline correction 

AC Air conditioning 

Al2O3 Alumina 

ASE Amplified spontaneous emission 

CH4 Methane 

CMOS Complementary metal-oxide semiconductor 

CO Carbon monoxide 

CO2 Carbon dioxide 

COB Chip on board 

Cu Copper 

ENBW Effective noise bandwidth 

ESR Electric spin resonance 

FWHM Full width at half maximum 

HVAC Heating, ventilation, air conditioning 

IAQ Indoor air quality 

IR Infrared 

LED Light emitting diode 

MEMS Microelectromechanical system 

MIR Mid-infrared 

MPA Metamaterial perfect absorber 

MQW Multi-quantum well 

N2 Nitrogen 

NDIR Non-dispersive infrared 

NEP Noise equivalent power 

NIR Near-infrared 

NH3 Ammonia 
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NMR Nuclear magnetic resonance 

O2 Oxygen 

ODV On-demand ventilation 

OPL Optical path length 

PA Photoacoustic 

PD Photodetector 

PED Pyroelectric detector 

Ppb Parts per billion (1 in 10�=) 

Ppm Parts per million (1 in 10�:) 

PSD Power spectral density 

PTFE Polytetrafluoroethylene 

SNR Signal to noise ratio 

Si Silicon 

Ti Titanium 
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List of Symbols 

The symbols used in this thesis are listed below together with their 
physical quantity, grouped into Latin symbols and Greek symbols. Due to the 
large number of topics covered in this thesis, it was unavoidable that some 
symbols are overloaded, i.e. they have two different meanings. These 
symbols are marked below in red. In this case, the contexts in which the 
symbols appear are sufficiently different to avoid any ambiguities. 

Latin Symbols 
�= Metamaterial unit cell periodicity 

�=s Sphere radius 

�=m Molecule constant in Morse function 

�=p Proportionality constant in reduced rotational quantum constant 

�=�ë,�ì ,�í Unit cell periodicity constant in �T, �U, and 𝑧𝑧-direction 

�# Area 

�# Absorptivity (Absorptance) 

�#�5�4 Absorbance 

�#d Detector area 

�>�� / ��  Wien's displacement constant (wavelength / frequency space) 

�n Magnetic flux density 

�$ Rotational quantum constant 

�? Concentration 

�? Speed of light in a medium 

�?CO2 CO2 concentration 

�?�4 Speed of light in vacuum 

�?m Molar concentration 

�@ Distance 

�@ Beer-Lambert non-linearity parameter 

�% Capacitance 

�%g Center of gravity 
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�%th Thermal capacitance 

�%abs Absorption cross section 

�%scat Scattering cross section 

�@ Port diameter 

�p Flux density  

�&d Detectivity 

�&�Û Specific detectivity 

�&eq Dissociation energy 

�q Electric field 

�'  Energy 

�' e Irradiance 

�' e,�� / ��  Spectral irradiance 

�' �Ã/ �é Energy level in frequency units 

�A Elementary charge 

�B Frequency 

�r, �( Force 

�(�Ã/ �é Energy level in wavenumber units 

�(geom Geometry parameter 

�C Port ratio 

�t  Magnetic field 

�D Planck constant 

�0 Reduced Planck constant 

�E Complex number 

�+ Current 

�+e Radiant intensity 

�+e,�� / ��  Spectral intensity 

�+n Moment of inertia 

�Find  Displacement current 
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�, Rotational quantum number 

�v Current density 

�‘  Wave vector 

�G�ë,�ì ,�í Component of wave vector in �T-, �U-, or 𝑧𝑧-direction 

�G Wave number in a medium 

�G�4 Wave number in vacuum 

�GB Boltzmann constant 

�Gs Spring constant 

�H Length (e.g. optical path length), or distance 

�H Resonance order of polar modes 

�. Inductivity 

�.e Radiance 

�.e,�� / ��  Spectral radiance 

�I  Mass 

�I s Sphere multiplier 

�“  Magnetic dipole moment 

�I eff Effective mass 

�I r  Reduced mass 

�y  Magnetization 

�/ e Radiant exitance 

�/ e,�� / ��  Spectral exitance 

�J Refractive index 

�J�Å�¼ Number of magnetic dipoles 

�0 Counting number 

�0 Charge carrier number density 

�0�Å�¼ Magnetic dipole density 

�L Pressure 

�– Dipole moment 
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�Lel Electric dipole moment 

�2 Power 

�| Electric polarization 

�2�ß Legendre polynomial of order �H 

�3 Radiant energy 

�3 Quality factor 

�N Radius, or distance 

rH Relative humidity 

�4 Reflectivity (Reflectance) 

�4d Detector responsivity 

�4CO2/ rH Relative responsivity to CO2 or rH (relative humidity) 

�4el Electrical resistance 

�4th Thermal resistance 

�4v Voltage response 

�5d Detector signal 

𝑡𝑡 Time 

𝑡𝑡 Thickness 

�6 Transmissivity (Transmittance) 

�6 Temperature 

�6filt  Filter transmission function 

�7 Voltage 

�Qe Radiant energy density 

�Qe,�� / ��  Spectral energy density 

�R Vibrational quantum number 

�8 Volume 

�S Width 

�T Elongation 

�Te Anharmonicity constant 
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�< Impedance 

�<vib Vibrational degrees of freedom 

�<eff Effective impedance 

�<te Thermoelectric efficiency figure of merit 

Greek Symbols 
�Ù Absorption coefficient 

�Ùs Seebeck coefficient 

�Ùsphere Polarizability of a sphere 

�Ú Propagation constant 

�Û Collision frequency 

�Ü Skin depth 

�Ý Emissivity 

�Ý�4 Vacuum permittivity 

�Ýeff Effective permittivity 

�Ýr Relative permittivity 

�ó Molar attenuation coefficient 

�à Angle, in particular viewing angle 

�â Thermal conductivity 

�ã Wavelength 

�ä�4 Vacuum permeability 

�äeff Effective permeability 

�är  Relative permeability  

�å Frequency 

�å
ä Wavenumber 

�é Electric charge density 

�é�Þ Mode density per unit volume in �G-space 

�é��  Mode density per unit volume in frequency-space 

�ê Electric conductivity 
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�êB Stefan-Boltzmann constant 

�ì Relaxation time 

�ìth Thermal time constant 

𝜑𝜑  Angle 

�ö  Electric potential 

�0e Radiant flux 

�0e,�›/ �• Spectral flux 

�0m Magnetic flux 

�Ve Electric susceptibility 

�Vm Magnetic susceptibility 

�ñ Angular frequency 

�ñp Plasma frequency 

�3 Solid angle 
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