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Uniform boundedness for finite Morse index
solutions to supercritical semilinear elliptic
equations
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In this paper, we investigate the case of general supercriti-

cal nonlinearities inside convex domains, and we prove an
interior a priori L* bound for finite Morse index solution
in the sharp dimensional range 3 < n < 9. As a corollary,
we obtain uniform bounds for finite Morse index solu-
tions to the Gelfand problem constructed via the continuity
method.

1 | INTRODUCTION

Given Q C R" a bounded domain, and f : R — R a nonnegative C' function, we consider a
solution u : Q — R to the following semilinear equation

—Au=f(u) inQ,
u=0 on 9Q.
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4 | FIGALLI and ZHANG

Note that, by the nonnegativity of f and the maximum principle, u > 0 inside Q (unless u = 0).
Set F(t) := fot f(s)ds. Then (1.1) corresponds to the Euler-Lagrange equation for the energy

functional
£lu] := /('Wz ~ F(w)) dx
Q 2

Consider the second variation of &, that is,

2

Gl eureti= [ (1var - g ax

de? le=

Given a subdomain Q' C Q and k € N, u is said to have finite Morse index k in Q', and we write
ind(u, Q") = k, if k is the maximal dimension of a subspace X, C C}(Q') such that, for any ¢ €

X\ {0},
QuE) := / (IVEP - f)e?) dx < 0.
Q/

Also, u is said to be stable in Q' if ind(u, Q') = 0 (i.e., Q,(£) > 0 for all £ € CL(Q)).
1.1 | Finite Morse index versus uniform boundedness

The idea of using a bound on the Morse index to characterize the uniform boundedness of a solu-
tion to a semilinear elliptic equation was first introduced in the seminal paper [1]. In this work, as
well in several other subsequent papers (see for instance [21, 27]), the authors considered (variants
of) the subcritical case, namely

n+2
fO=(@+t)2°, ae>0,

and they proved that the boundedness of solutions is equivalent to the boundedness of the Morse
index.!
In the critical case, namely

n+2

f@) = (a+u)r2, a >0,

the finiteness of the Morse index does not imply the boundedness of the solutions. Indeed it is not
difficult to check that the functions

n-2
2

uvnn —2)
Ug (X) = (W) —al ,u>0 1.2)

+

I'Note however that this result does not cover the full subcritical case: as shown in [22, Lemma 5 and Theorem 1(iii))],
for f,(t) =AQ +t)’,A>0and p < "2 there exists a family u; of solutions with Morse index 1 with [lu;||zeo(5,) — o0
as 1 — 0. In other words, in the subcritical case, both upper and lower bounds are needed on f in order to show the
equivalence between boundedness in L* and boundedness of the Morse index.
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UNIFORM BOUNDEDNESS FOR FINITE MORSE INDEX SOLUTIONS | 5
. . . . . vnn-2 n—2
are solutions with Morse index 1. In particular, choosing a, := (%) 2 sothatu, , =0on
" .

0By, and letting 4 — 0, one can construct a family Morse index 1 solutions in B; whose L* norm
goes to infinity (see, e.g., [8]).

The supercritical case, instead, is much less understood. The special case where f is a polyno-
mial or an exponential function has been studied in [16] and [11], respectively. There, the uniform
boundedness of solutions is obtained by proving suitable Liouville-type results. Unfortunately,
this approach does not seem suitable for general nonlinearities.

We finally mention a recent result [15], where the authors investigate the regularity and
symmetry properties of finite Morse index solutions.

1.2 | Main result: Finite Morse index solutions with supercritical
nonlinearities are uniformly bounded

Very recently, in [9] the authors investigated the properties of stable solutions for all nonlin-
earities, and they proved uniform boundedness when 3 < n < 9,” and interior W' estimates in
all dimensions.

In this paper, we exploit these results to develop a series of new tools for finite Morse index
solutions (cf. Section 1.3.3 below) that allow us to prove a universal L* bound for solutions to
(1.1) when f grows superlinearly in a suitably quantified way.> As common in these problems,
we assume that f(0) > 0 (actually, we quantify this assumption by asking that f(0) > ¢, > 0, so
to better emphasize the dependences in our L* bound). This assumption is particularly natural
in the superlinear case, since the Derrick-Pohozaev identity prevents the existence of nontrivial
solutions (see [17, Theorem 1, Page 515]).

Actually, because of applications to the Gelfand problem described in Section 1.4 below, it
will be convenient to prove a more robust result that establishes a uniform bound whenever
the nonlinearity is of the form Af, where 4 € [0, /T] for some fixed A. Also, for the sake of
generality, it is interesting to observe how the bound depends on f. So, instead of considering
a fixed nonlinearity f, we assume that f belongs to a locally compact C' family. As shown in
Section 1.3.2 below, this assumption can be considerably weakened if f is assumed to be convex.

Theorem 1.1. Let3 <n <9, Q C R" a bounded convex domain, and c, > 0. Consider
Kc{heC(R): h>0,h >0 h(0)>cyl,

and assume that K is compact for the C1._(R) topology. Let A > 0, and let u € C2(Q) solve

loc

—Au=Af(uw) inQ,

1.3
u=0 on 0Q, -3

2In the stable case, the case n = 2 is a consequence of the case n = 3 by noticing that a stable solution in two dimensions
is also stable in three dimensions (by looking at it as a function constant in the third variable). This is why the results in
[9] hold for n < 9. This is not the case anymore when ind(u) > 0, and indeed a change of behavior of finite Morse index
solutions between dimension n = 2 and dimension 3 < n < 9 was already observed in [22]. In particular, as [22, Fig. 1 b,
pag. 245] shows, there exists a curve of two-dimensional solutions with Morse index 1 that blows-up in L®.

3 Our quantitative superlinarity assumption (1.4) already appeared in the paper [26] (see also [13]), where the author proved
the uniqueness of solutions to (1.3) for small values of 1.
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forsome f € K and A € [0, A]. Finally, assume that ind(u, Q) < k and that there exist ¢, t, > 0 such
that

O <% +e)F(t) forall t > t,, (1.4)

where F(t) := /Ot f(s)ds. Then

lullecq) < Cln,k, K, 4, ¢, o, Q).

Remark 1.2. We observe that, as a consequence of (1.4), it holds

n+2
fO=ctn2™  vi>0, 1.5)

n+2

with ¢, 1= f(O)t, "2
Indeed, (1.4) can be rewritten as

F(t) forall t>t,,

so it follows from Grénwall inequality that

2n
—+€

F(t) > F(t@(%)

Inserting this information in (1.4), we get

_z_n —¢ h+2

ft) > (% +€>F(t0)t0 "2 S forall £ ¢,

Also, since f is increasing we have F(t,) > f(0)t,, and therefore

——Z_¢ n+2
f0 2 1O +e), = ot orez g
f(0) for 0 <t <t

which implies (1.5).

Remark1.3. As mentioned before, the dimensional range 3 < n < 9 follows from [9, Theorem 1.2],
since boundedness of stable solutions for all nonlinearities is true only under this assumption.
However, for some particular choices of nonlinearities (e.g., f(u) = (1 + u)? for suitable values
of p), we believe that our ideas and techniques could be applied also in higher dimension (cp.

[12D).
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UNIFORM BOUNDEDNESS FOR FINITE MORSE INDEX SOLUTIONS | 7

1.3 | About Theorem 1.1: extensions and tools used in the proof

We first discuss some possible extensions and generalizations of Theorem 1.1, and then we briefly
present the three key ingredients behind its proof.

1.3.1 | On the convexity of Q
The convexity assumption on Q in Theorem 1.1 allows us:

- to focus only on interior regularity, since the regularity near the boundary is handled via the
moving plane method, see Lemma 2.8 below;

- to apply the classical Derrick-Pohozaev argument on convex domains, see the argument after
(3.9).

We believe that a nontrivial modification of our techniques could be used to analyze the
boundary behavior inside general smooth domains. However our proof strongly relies on the
Derrick-Pohozaev argument, and this requires Q to be at least star-shaped (see, e.g., [17, Theo-
rem 1, Page 515]). Hence, it looks likely to us that by combining the ideas developed in this paper
with the boundary regularity from [9], one should be able to extend Theorem 1.1 to (sufficiently
smooth) star-shaped domains.

1.3.2 | A result for convex nonlinearities

The assumption that the nonlinearity f belongs to a family K that is compact for the Clloc(lR)
topology can be removed, if one assumes the nonlinearities to be convex and to be dominated by a
fixed continuous nonnegative function g : R — R. More precisely, if f is a convex function such
that 0 < f < g and (1.4) holds, then [|u||;~q) < C(n, k,g,A,¢,t, Q).

Indeed, the compactness assumption in Clloc is used only to apply Proposition 2.3. If all the
nonlinearities are convex, then the bound 0 < f < g guarantees compactness in Cﬁ) .- Therefore,
one only needs to check that Proposition 2.3 holds if f; are convex functions satisfying f; — f, in

Cl% (R). This can be done by suitable adapting the notion of stability for convex functions, defining

Qu) = [ (V8P - 71 e?) dx
Q/

fO—-ft—1)

T

with f7.(t) := lim,_ s L0=/0
T

= SUPr

Indeed, with this definition, the results from [9] still apply. In addition, the following lower
semicontinuity property holds:

t;j—>t, fj— finC) (R) = f'_(t)Slijrr_l)glf(fj)’_(tj),

and this allows one to show that upper bounds on the Morse index are preserved. We leave the
details to the interested reader.
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1.3.3 | Main tools

As mentioned before, the proof of Theorem 1.1 is based on a series of new important results for
finite Morse index solutions. These are:

(i) A general stability result for bounded Morse index solutions stating that, for 3 <n <9,
these families are weakly compact in W2 and they converge in ClzOC outside finitely many
points (see Proposition 2.3). This result relies on the smoothness of stable solutions forn <9
obtained in [9], and on a slight improvement of it proved in Appendix A.

(ii) A uniform W2 integrability estimate for finite Morse index solutions (see Proposition 2.6).
This result depends both on the supercriticality assumption (1.4) and on the interior W2
estimates for stable solutions, cf. [9].

(iii) A e-regularity theorem for finite Morse index solutions stating that, if the W'? norm of a
solution inside a ball B, decays sufficiently fast for r € [¢, 1] with ¢ <« 1, then it decays all the
way to the origin (see Proposition 2.7).

It is worth observing that while (i) needs the dimensional restriction n < 9, both (ii) and (iii) hold
in every dimension. Besides playing a crucial role in proving Theorem 1.1, we believe that these
results have their own interest.

1.4 | An application to the Gelfand problem associated to analytic
supercritical nonlinearities

Given f : R — R nonnegative and increasing, and 4 > 0, the so-called Gelfand problem for f
consists in studying the nonlinear elliptic problem

—Au=Af(u) inQ,

u=20 on 6Q.
This problem has a long history: it was first presented by Barenblatt in a volume edited by Gelfand
[18], and a series of authors studied it later, in particular in the range where u is stable; we refer
the interested reader to [2-4, 6, 14] for a complete account on this topic.

In this paper we want to study the solution curve associated to the Gelfand problem: we look for

acontinuous curve 4 : [0, 00) — [0, 00) with 1(0) = 0, and for a one-parameter family of solutions
{us}s>0, such that

—Aug = A(s)f(u;) in Q,
u; =0 on 0Q.

When Q = B, the cases f(t) = (1 + at)?, @, 8 > 0, and f(t) = ¢, have been fully understood in
[22] via ODE methods. In particular, when 3 < n < 9, the authors proved that there are infinitely
many turning points in the solution curve s = (A(s), [l (q), ) for suitable values of . Later,
similar phenomena were observed for special functions f or in low dimensional domains with
suitable symmetries (see, e.g., [10, 11, 20, 23, 24] and the reference therein).

Assume now that Q is a convex set of class C3, let C(l) (5) denote the Banach space of C! functions

on Q that vanish on dQ, and consider the following open subset of Cé(ﬁ) endowed with the C!
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UNIFORM BOUNDEDNESS FOR FINITE MORSE INDEX SOLUTIONS 9

topology:
O:={ueClQ) : u>0inQ, d,ulsn <0} (1.6)
where v denotes the outer unit normal to Q. Following [10], assume the map
O3uw fu) e Cc’(Q)

to be real analytic (as noted in [10], this is the case for instance if f is analytic). Then, thanks
to our Theorem 1.1, one can apply the global analytic bifurcation theory developed in [5, Sec-
tion 2.1] to show the existence of a piecewise analytic continuous curve [0, c0) 3 s — (A(s), Uy),
with (4(0), uy) = (0, 0), such that both |||~ (o) and ind(u;, Q) tend to infinity as s — co. More-
over there exists a sequence (A(s;), u,) such that ||ug, ||« (q) — oo and each point of this sequence
is either a bifurcation or a turning point. This is a complete statement:

Theorem 1.4. Let 3<n <9, QCR" a bounded convex domain of class C3, and f>0an
increasing analytic function satisfying (1.4). Let

S :={(Au) ER, X CHQ) : —Au—Af(u) =0

and — A — Af'(u) is invertible with bounded inverse}.
Then there exist two continuous mappings

h iRy >Ry,  hy:Ry - ClQ,
so that, denoting h = (hy, h,), we have:

() h: R, - Sandlim,_ ind(h,(s), Q) = c.

(ii) h is injective on h=1(S) with h;(s) # 0, and real analytic at all points s € h™1(S).

(iii) The set h™1(S \ S) consists of isolated values.

(iv) For every point s, € h™'(S \ S) there exists an injective and continuous reparameterization
s = y(0), o0 € [-1, 1], such that s, = y(0) and hoy is a real analytic function whose derivatives
might only vanish at 0.

(v) There are infinitely many values of s > 0 where h(s) € 5 \ S is either a bifurcation or a turning
point. Namely, either in every neighborhood of h(s) there exists a solution of (1.1) which is not in
the image of h (and then h(s) is a bifurcation point), or the previous case do not happen but h;
is not locally injective (and then h(s) is a turning point).

Proof. Let @ be as in (1.6), and define the analytic map
F:iR,xO-ClQ), T u:=-u+1A®w),
where A(u) := (=A)"![f(u)], and (—=A)~! denotes the inverse of the Dirichlet Laplacian in Q.

Arguing exactly as in the proof of [10, Theorem 1] (see also the remark after the statement of the
theorem), the result follows from [5, Section 2.1]. O
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Remark 1.5. It was pointed out in [10, Remark 4] that, when Q is a c? strongly convex domain
with certain symmetries, a careful modification of [25] gives that, the image of h is a smooth curve
with only infinitely many turning points but not bifurcation points. Also, this property in generic
in a neighborhood of such domains. We expect a similar result to hold also in our setting.

1.5 | Structure of the paper

The paper is organized as follows. In Section 2 we present a series of results on finite Morse index
solutions, which will be crucial for proving Theorem 1.1. Then, in Section 3 we prove Theorem 1.1.
Finally, in a first appendix, we show that [9, Theorem 1.2] holds also for W' stable solution
that are C2 outside one point. This result is used in the proof of Proposition 2.3. Then, in a second
appendix, we describe how the method in [9] implies uniform boundedness of solutions whenever
the spectrum of —A — f'(u) is bounded from below.

2 | TECHNICAL TOOLS ON FINITE MORSE INDEX SOLUTIONS

Let us fix some notation. For x € R" and r > 0, we denote by B,(x) the Euclidean ball centered at
x with radius r. The center is usually omitted when x is the origin. By aB we mean the ball with
the same center as B but a times its radius. We write constants as positive real numbers C(-), with
the parentheses including all the parameters on which the constants depend. We note that C(-)
may vary between appearances, even within a chain of inequalities. Sometimes we use C,,, ¢, to
emphasize that a constant depends only on the dimension.

The goal of this section is to prove several new important results on finite Morse index solutions
that will be used in the next section to prove Theorem 1.1. First, we need to introduce a notion of
weak solution with bounded Morse index.

Definition 2.1. Let ' C R” be an open set, and let f : R — R be nonnegative. We say that
ue WI’Z(U) is a weak solution of —Au = f(u)in U if f(u) € L} (V) and

loc loc
/ Vu - Vedx =/ fwedx  VoeClu).
v v

Assume in addition that f is of class C'. Then we say that u has finite Morse index k € N in U,
and we write ind(u, V") =k, if f'(u) € Llloc(U) and k is the maximal dimension of a subspace
X C CL(V) such that

Qu(®) 1= / (IVER = f/@E) dx <0 VEe X\ 0}
U

As we shall see below, whenever f” > 0 it is possible to prove an a priori bound on the LllOC norm
of f'(u) in terms of the Morse index. Then, by Fatou’s Lemma, this a priori bound holds for all
weak solutions that are limits of smooth solutions (see Proposition 2.3 below).

Lemma2.2. Let U" C R" bean openset, let f : R — R be nonnegative, increasing, and of class C*,
and letu € Wllo’g(l/‘) be a weak solution of —Au = f(u) in U" with ind(u, U") < k. Then:
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UNIFORM BOUNDEDNESS FOR FINITE MORSE INDEX SOLUTIONS | 11

@ If {U‘i}i.:“]l is a disjoint family of open subsets of U", then u is stable in at least one set U;.

(ii) The following uniform bound holds:

2
f/w)dx < C,(1+k)nr"=2 VB CU. 2.1)
B,(%)

Proof. To prove (i) we note that, if by contradiction u was unstable inside each set U}, then there
would exist functions &; € C1(V;) such that

[ (V&P - rag) dx <o
v

k+1

Since the functions {§;} " have disjoint support, this implies that

/ (IVE]? = ff(w)é?)dx <0 V& e Span(éy, ..., §pp) \ {03,
v

therefore ind(u, V") > k + 1, a contradiction.
We now prove (ii), following the ideas in [19, Theorem 5.9]. Given an open set @ and a pair of
sets E, F C O, the p-capacity between E and F inside O for p > 1 is defined as

Cap,(E, F, O) = inf{||v||€vl,p( o - VEAE, F)},

where A(E, F) denotes the class of all functions v € W P(©) that are continuous in © and satisfy
v=1onE, and v =0on F. In particular, if A = B,(z) \ B,/»(2) is an annulus such that 24 :=
By0(2) \ By/4(2) is contained inside B,,(X), to control Cap, (A, d(2A), B,,(X)) we can choose the
function v, ,(x) := min{1, (4p~!|x — z| — 1);,(2 — p~*|x — z|), } to obtain

2
Cap,(A, 8(2A), By (X)) < vz pllwrz = c(m)Al' . (22)

Let us now consider the metric space X := B,,(X) endowed with the Euclidean metric. In this
space, we call “X-annuli” sets of the form

(Bp(z) \ Bp/Z(Z)) N BZr(X-)

for some z € B,,(%).

Define the measure on X given by o := yp (z)f'(u)dx, and let ¥ € N be a large constant to be
fixed later. Since o has no atoms, we can apply [19, Theorem 1.1] to deduce the existence of a family
of Euclidean annuli {4; := B, (z;) \ By, /2(zi)}_,, with z; € B,,(%), such that

f’(u)dxsco(n)x/ f(w)dx Vi=1,..,k+1 (2.3)

By(%) Br(¥)NA4;

and {(24;) N B,.(X)}_, are pairwise disjoint.
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12 | FIGALLI and ZHANG

With no loss of generality we can assume that B,.(%) N A; # @ (otherwise (2.3) would imply
that /Br ® f'(w)dx = 0 and the result would be trivially true). Let us split these annuli into two
families: if p; < r/4 then we say that i € I, otherwise we say thati € I,.

Note that, since B,(X) N A; # @, for i € I, it holds (24;) N B,,(X) > ¢,r" for some dimensional
constant ¢,, > 0. Hence, since the sets {(24;) N B,,(¥)};cz, are disjoint, we deduce that #7, <N,
for some dimensional constant N,, > 1.

On the other hand, when i € I, since B.(X) N A; # @ and p; < r/4 it follows that (24;) N
B,,(X) = 24;, hence the sets {24;};c;, are pairwise disjoint. Also, it follows from (2.2)
that

2
- 1-2
Cap,(A;, 0(24;), By (X)) < C(m)|A;| . (2.4)
Now, fix x := N, + 2(k + 1) so that #7; > 2(k + 1). Since the sets {24;};c7, are pairwise dis-

joint and contained inside B,,(X), there exists a subset of indices I{ C I, such that #I{ >k+1
and

1 .
[24;] < k_+1|B2r| Viel],
that combined with (2.4) gives

2
Cap,(A;, 24y, By () < Cy(m)(1 + k)12 Vie Il (2.5)

Now, assume by contradiction that (2.1) does not hold with C,, = 4C,C;(N,, + 1), namely

2
f'w) > C,(1+k)nr"2, (2.6)
B,(x)

where Cy and C; are as in (2.3) and (2.5). Then, since 2(N,, + 1)(k + 1) > x, combining (2.6), (2.5),
and (2.3), we get

Cap, (As, 3(2A,), By (%)) < (2Cox)"! /
B,.(%)

fu)dx < %/ fuydx, VieT!.

A
Choose functions &; € C1(24;) that almost minimize the capacity
Capz(Ai’ 6(2A1)5 BZF(X))y

so that

Wl N

/ IV&i|*dx < /f’(u)dxsg/ ffwéEdx  Viell.
Bay(®) A 3 /B,

Since the sets {2Ai}iez{ are pairwise disjoint and #I{ > k + 1, we conclude that {51-}1-61{ spans a

(k + 1)-dimensional subspace of C}(B,,(%)) where the stability inequality fails. This contradicts
ind(u, B,,(X)) < k and concludes the proof. O
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UNIFORM BOUNDEDNESS FOR FINITE MORSE INDEX SOLUTIONS | 13

We now prove a crucial convergence result for weak W2 limits of smooth solutions with
bounded Morse index. Note that, a consequence of Proposition 2.3 below, limit of smooth solu-
tions with bounded Morse index are still smooth. However the result does not provide any uniform
bound on the sequence u;. In particular, it could be that [|u;|| ~ — oo, as the example provided
by (1.2) shows.

Proposition2.3. Letn <9, U C R" anopenset,andu; € C?(U) a sequence of functions satisfying
—Au; = f;(u;) inv

with f; : R — R nonnegative, increasing, and of class Cl. Assume that

ind(u;, V') < k for somek € N, sup; lujllwizary < +oo, fj = foo in CIIOC(R).
Then there exist a subsequence uj(,,y and a discrete set Z,, C U’, with #Z, < k, such that

Ujim) = Uco in WLZ(U): Ujim) = Uso in CIZOC(U \ z:oo)’

and u, satisfies

~Algy = foolties) NV, flolties) € LL (U, ind(tee, Q) < K, ey € C2(V).

. is stable around x:

Proof. Given x € U, for any j we denote by r; , the largest radius where u;

rjx = sup{r € [0, dist(x,dV")) : ind(u;, B.(x)) = 0},
Then, we define

Foox i= limsup Fjxs Zo ={xeU : Foox = 0}.
J—>00

We claim that X, is a discrete set of cardinality at most k.
Indeed, suppose by contradiction that X, contains k + 1 points xy, ..., X1, and fix

. . . 1 .
0<r<min{ min dist(x;,d1)),= min |x;— x| ;.
1<i<k+1 2 1<ii<k+1

Since r;,, — 0as j — oo (because x; € L), for j large enough u; is unstable inside each of the
balls {Br(xi)}'i‘:f. However, since these balls are disjoint (by the choice of r), Lemma 2.2(i) provides
the desired contradiction.

Consider now a family of compact sets {K;},<n such that U" \ £, = U¢Ky, and for any ¢ con-
sider the covering of K, given by {B, _ Jax (X)}xek, - By compactness, there exists a finite set of points
{xiticz, C K¢ suchthatK, C Uieg, B, /2 x,(x;). Note that, since each set Z, isfinite, foreach ¢ € N

we can choose a subsequence j,(m) such that

Foo, = 1M 7, 0m) x, VieI;U..UZ,.

m—oo
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14 | FIGALLI and ZHANG

Then, by a diagonal argument we can find a subsequence j(m), independent of ¢, such that
Foop = WM Tjgmy Vi€ UgenIe.

Since the functions uj,, are uniformly bounded in WL2(U), up to extracting a further subse-
quence, there exists a weak limit in W12(V") that we denote by u,,. We now want to show that
U, satisfies all the desired properties.

First of all, for each ¢ € N we define the open set

O 1= Ve, B, j2.x,(xi) D Kp.

Since u () is stable on B, . (X;) and 7jgm) x; = Feox; a8 M — o0, it follows by [9, Theorem 1.2]
and elliptic regularity* that

letjomllc2eo,) < Cea Vm>1,Va e (0,1),

which implies that u(,,) — u, in C?(Oy). Since U, O, = U\ I, this proves the convergence in
Ch U\ Za).

To show that u,, solves the desired equation, by the Clz0 U\ Z) convergence it follows
immediately that

_Auoo zfoo(uoo) an\Zoo

Then, since u,, € WH3(U") and X, consists of finitely many points (hence it has zero
W2-capacity), the equation —Auy, = f (1s,) must hold inside the whole domain V.
We now note that, thanks to Lemma 2.2(ii),

2
/ f;.(m)(uj(m)) < Cn(l + k)"}’n_z VBZr(J'c) cvlU.
By(%)

Since f ; (m)(u i(m)) are nonnegative and converge pointwise to f I (uy)inside U\ =, (andsoa.e.),
Fatou’s Lemma implies that

2
féo(uoo) < Cn(l + k);rn_z VBZr(X) cv,
B.(X)

thus f,(us) € Ly (V).
Now, to prove the bound on the index, assume by contradiction that there exists a k + 1

dimensional subspace X’ C CL(V") where
Qu(®) i= [ (IVEF - fiuua)f?) dx <0 VEEX'\(0)
v

We claim that also Qj(,) is strictly negative on X’ \ {0} for m sufficiently large. Indeed, if not,
by homogeneity there exists a sequence £, € X’ \ {0}, with ||, [|c1 = 1, such that Q () (£,) >

4Recall that n < 9, and note that f j are uniformly C! on compact set since they converge to f,.
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UNIFORM BOUNDEDNESS FOR FINITE MORSE INDEX SOLUTIONS | 15

0. Since X’ C CL(V) is finite dimensional, all functions &, live in a fixed compact set and, up
to a subsequence, they converge in C}(V") to a limiting function &, € X’ with ||, |lc1 = 1. In
particular,

/ |V§m|2dx_’/ [VE,|*dx as m — co.
v v

Also, since f;.(m)(u im)§ 2 are nonnegative and converge pointwise to f5, (1, )£2 inside U\ Z,
(and so a.e.), Fatou’s Lemma implies that

m— oo

lim inf / I iy @jom)ém 2 / fo(ue)és dx.
v v
Combining these two facts, we deduce that
0 < limsup Q(m)(§m) < Quo(€co);
m—oo

a contradiction since &, € X"\ {0}. Hence Qj,, is strictly negative on X’ \ {0} for m suf-
ficiently large, which is impossible since ind(uj(,,), U") < k. This contradiction proves that
ind(uy,, V") < k.

Finally, to prove that u,, € C?>(U’), we recall that finite Morse index solutions are locally
stable (see for instance [14, Proposition 1.5.1] or [12, Proposition 2.1]). Hence, we can apply
Proposition A.1 and elliptic regularity around each of the points in X, to deduce that u,, €
c2(). O

Our next goal is to show a uniform W2 integrability estimate for finite index solutions. It is
for this result that the growth assumption on f plays a crucial role. Before stating and proving it,

we first recall the following simple estimate that can be found, for instance, in [9, Lemma A.1].

Lemma 2.4. Let f : R — R be a nonnegative function, and let v € C? solve —Av = f(v) inside
B,(X). Then

/ f)dx < Cnr_z/ |v] dx.
Br/Z(x) Br(x)

We begin by proving a uniform W2 integrability estimate for stable solutions, that will be used
below to address the general case.

Proposition 2.5. Let f € C! be nonnegative, and let u € C? be a nonnegative stable solution to
—Au = f(u) in B,.(X) for some r € (0,1]. Assume that f satisfies (1.5) for some c¢; > 0. Then there
exists 8 = 8(n,€) > 0 such that

/ [Vul?>dx < C(c;,n)p°  forall0 < p < 2 .7
Bo(%)

Proof. With no loss of generality we can assume X = 0.
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16 | FIGALLI and ZHANG

By Holder inequality, (1.5), and Lemma 2.4, for any ball B,,(z) C B, it holds

n+2

e
n-2 n+2
(p_” / u dx> <C(n)p™ / un—z " dx
By(2) By(2)

<C(n,c))p™ fu)dx < Cop=27" / udx, (2.8)

Bo(2) Byy(2)
where Cy = Cy(n,c1). Let § = 8(n,€) > 0 be small enough so that
n—2 n+2 n-—2
< 5 _5><n—2+€>_227_5’ (2.9)

and define

n+2
G(z,p) :=max< 1,y sup S_T_é/ udx %,
Bs(y)CB,(2) By()

where y € (0,1) is a small constant to be fixed later. Then, thanks to (2.8) and (2.9), whenever
By,(z) C B, we have

n+2

w w 2 =
G(z,p) <G(z,p)n—2" <1+ yn- sup s 2 / udx
Bs(»)

B(y)CB,(2)
n_+2+€ _n_+2_5 L+€
<14 Cyyn—2 sup § 2 / udx <14+ Cyyn2 G(z,20). (2.10)
Bs(y)CBp(Z) Bas(y)

We now claim that G(0, »/2) is uniformly bounded.
To show this, consider the quantity

Q:= sup G(z,p/2).

ZEB,,p<r—|z|

Note that, since u is of class C?, Q is a finite constant. Also, we can assume that Q > 2 (other-
wise there is nothing to prove). Consider now z € B, and p < r — |z| such that G(z,p/2) > Q/2.
Since Q/2 > 1, it follows from the definition of G that there exists By(y) C B,/>(z) such that

n+2

ys_T_5 /B oy ¥ > Q/3. We can now cover By(y) with N,, balls {Bs/4(yk)}]:;1 with y, € By(y) C
B, /,(z), where N, is a dimensional constant, and observe that

n+2 n+2 n
Q < ys_T_é/ udx < ys_7_5 Z/ udx
3
B(y) k=1 Bs/a(yk)

n+2 N N
<y(s/4) 2 ° D / udx <Y Gy, s/4). (2.11)
k=1 Bs/a(yk) k=1
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UNIFORM BOUNDEDNESS FOR FINITE MORSE INDEX SOLUTIONS 17

Note now that, since s < p/2 and yy € B, /,(2),

pd+s<lzl+E+E<izl4p<r

In particular By, (i) C By, and it follows by (2.10) and the definition of Q that

4 4
Gk, s/4) 1+ Coy 2" "Gy, 5/2) S 1+ Coy 2 Q.

Combining this bound with (2.11), this yields
Q _y e KR
3 =" 1+ Coyn2 Q) <N,| 1+ Coyn2Q ),
and by choosing y small enough (depending only on C,, and the dimension), we conclude that
Q < 4N,,, and therefore
n+2

y sup S_T_a/ udx < G(0,r/2) <Q <4N,, (2.12)
B,(0)

s<r/2

as desired.
Recall now that, by [9, Theorem 1.2], if u is stable on a ball B then
. _nt2
IIuIIWLz(;B) < C(n)(diam(B)) 2 |lullLi(p).

2
Combining this estimate with (2.12), we obtain (2.7). O
We next improve this result to solutions with finite Morse index.
Proposition 2.6. Let f € C' be nonnegative, and let u € C? be a nonnegative solution to —Au =

f@) in B.(x) for some r > 0. Assume that ind(u, B,(X)) < k for some k € N, and that f satisfies
(1.5) for some c¢; > 0. Then

/ |Vu|>dx < C(cy,n,e)kp®  forall p € (0,r/4),
By(X)

where § = 8(n, €) > 0is as in Proposition 2.5.

Proof. Let M > 1 be a fixed constant®, define the set Q° := B,(X), and consider the covering of
QO given by {B),-1 0(2)}zeqo- By Besicovitch Covering Theorem, there exist a dimensional constant
N,, € N and a subfamily of balls {Bg}felo C {By-1,5(2)}zeqo such that

1< Z Xg0 (») <N, forally € Q°. (2.13)
tel

5 One can choose M to be any constant larger than 1, for instance M = 2. However, for notational convenience we prefer
to use the notation M instead of fixing its value, as we believe that the estimates become easier to follow.
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18 | FIGALLI and ZHANG

In particular, since these balls have radius M ! p and are contained inside By, (%), it follows that
#1, |By-15] < Ny|Boyl = #1, < 2"M"N,,.

Moreover, since each pointy € B,,(x) is covered by at most N, balls of radius M ~1p, then the same
is true if we double the radius of the balls: more precisely, there exists a dimensional constant
N, € N such that®

1< Y tp®) <N, VyeQ (2.14)
tel, )

Let ussplit {232 teer, Into N, / subfamilies of balls, where the balls of each subfamily are disjoint. As
ind(u,) < k, we can apply Lemma 2.2(i) to each subfamily. Then we deduce that, except for at most
N/ k balls, say BY, ..., Bgo with ko < Nk, the function u is stable inside each ball {2B)}rez\11....ko}-
Thus by Proposition 2.5, we have

/0 IVu|2dx < C(c;, n)M—%p0 VI,\{1,..,ko}

By

Now, we consider the set Q! := Up<r <k, Bg and the covering {By;-2,(2)},¢q1- Again by Besi-

covitch Covering Theorem, there exists a subfamily of balls {Bé}fell C {By-2p(2)},eqr such
that

1<y X <N, forallyeQ'. (2.15)
fell )

Also, since these balls are contained inside | J, _, <Ko 232, it follows that (recall that k, < NJ,k)
#Il |BM—2p| S kOanBZM_lpl = #Zl S 2"Mnk0Nn S ZHMHN;ank
Furthermore, as before,

1< ) tpO) <N,  VyeQl.
=

.....

and therefore

/1 |Vu|?dx < C(c;, M=% Ve eI\ {1,..,ki}

Be

6 A simple way to see this is to note that, as a consequence of (2.13), we can split {Bg}gelo into N,, subfamilies of balls, where
the balls of each subfamily are disjoint. This implies that the centers of the balls of each subfamily are at mutual distance
at least 2M 1 p. Then, if we double the radius, the overlapping for each of these subfamilies is bounded by a dimensional
constant C,, > 1.
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UNIFORM BOUNDEDNESS FOR FINITE MORSE INDEX SOLUTIONS 19

To continue this construction, define

Q% := B
1<t<k,

2
e

Then, we can apply the very same argument used for Q! to find a family of balls {B? Yeer,, with
#I1, <2"M"k;N, < 2"M"N/! N,k, such that

/ |Vu|? dx < C(cy, )M~ p? V¢ eI, \{1,..,k}, withk, < Ny k.
B}

.....

with K 1= N;enQ’,” and
/, |Vu|2dx < C(cy, )M 780,
B}
t

X Ve €I \{1,...k;}, #I; < 2"M"N}N,k, k; < N)k.

Since K has measure zero (because |Q/| < kilBp-iol < N;lk|BM—jp| — 0as j — o0), we have

(o]
/|Vu|2dx=/ VuPdx< ) ) /,|Vu|2dx
Qo QO\K j=0 eI \{1,...k;} 7 B

J
t

< C(cl,n)<z #IjM‘j‘S)pa < C(cy,n, 8) k pd.
=0

Recalling that § = 6(n, €), this concludes the lemma. O

The next result is a powerful e-regularity theorem which shows the following: given y € (0, 1),
if the W12 norm of a solution in a ball B, decays like r"~2*?" for r € [¢, 1] with ¢ small enough,
then it decays all the way to the origin.

Proposition 2.7. Let g : R - R be a continuous nonnegative function, let u € C*(B,) solve
—Au = f(u) for some increasing function f : R — R of class C' satisfying 0 < f < g and (1.4),
and assume that ind(u,B;) < k and fBl |u] < M. Then, for any y € (0,1) there exists my =
my(n, g, €, ty, k,M,y) € N such that the following holds:

Suppose that

/ |[Vu|?dx < r"—2+2r Vre[27™,1].
By,

7Here one could note that, since u is smooth, every ball sufficiently small is stable and therefore Q/ is empty for j
large enough, hence K = . However this information is not needed, and this proof also applies to weak solutions with
bounded index.
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20 | FIGALLI and ZHANG

Then

/ [Vul?dx < r—2+2%r Vre[o,1] (2.16)
B,

and |[u(0)| <M + C(n,y).

Proof. We begin with the proof of (2.16). For that, it suffices to prove the following implication: if

/ |[Vul|?>dx < r"=2+% Vre[27™ 1]
B

r

for some m > m, then

/ |[Vu|?dx < r"=2+% Vr e [27m+D 1],
B,

Indeed, iterating this result with m = m,, m; + 1, ..., the result follows.
To prove the implication above, we argue by contradiction. If it was false, we could find a
sequence of functions u; € C %(By),and f i € C!(R) satisfying (1.4), such that

—Au; =fj(uj), fjincreasing, 0 < f; < g, ind(uj,Bl) <k, / lujl <M,
By
and a sequence m j — oo, such that
/ [Vu;|*dx < pt=2t2 Vre[27™,1] (2.17)
B,

but

|Vu;2dx > r"=2*%  forsomer; € [27("HD, 27m]. (2.18)

B,

We introduce the notation A, := B, \ B, ;.
We first note that, as a consequence of (2.17) and the bound /31 luj| < M, it follows that

lujldx <M +C(n,y). (2.19)
A —(mj+1)

Indeed, thanks to (2.17), for any 27" < s < r <1 we have

£ = f
6B, 4B,
r |V, ()]
< [Vu;(zy)ldy | dt = _— dx
s 4B, B, \Bs x|

< ][ lu;(ry) — ;(sy)] dy
0B,
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UNIFORM BOUNDEDNESS FOR FINITE MORSE INDEX SOLUTIONS 21
< |V () <
< Z/ ﬁdx < 226("_1)/ |Vu;| dx
t=1" Ayt x| t=1 Ayt
m; m; 1/2
=) ) 2—5][ |Vuyldx < C(n) Y 27 <][ |Vuj|2dx>
=1 Ayr =1 Ayt
mn; mn;
< Cm) Y 27270V =C(n) Y 277 < Cln.y), (220)
=1 =1
therefore
V Iujldx—][ lujldx| < C(n,y),
Ay Az—(mj-+1)
and (2.19) follows.
To simplify the notation, we set r; := 27"/, and we define
a; :=][ u;dx, w;(x) :=rj_y[uj(rjx)—aj],
A2rj
so that
2—
]{4 wj =0, —ij = hj(w]), hj(t) = Vj yfj(aj + rj./t). (221)

Note that ind(w;, B,n;) < kand 0 < h; < rjz._yg(aj + rj.'t), so it follows from (2.19) that h; — 0 in

C..- Also (2.17) and (2.18) imply that
/ |Vw;|?dx < 202120 VO <€ <m;
Bzg

and

/ |Vw;|2dx > 27(1=2+20),
By

(2.22)

(2.23)

Thus, thanks to Proposition 2.3 and a diagonal argument we deduce that, up to a subsequence,

. 1,2
Wj = Wy in WIOC(IR”), w;

= We in G (R"\ 3,,),

where X, has cardinality at most k, and w, satisfies (by (2.22) and (2.21))

—Aw, =0 in IR”,][
A

2 2t

Wy =0, / [Vwe, |?2dx < 20(n=2+21) ¢ > 0.
B
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Then it follows from Liouville Theorem for harmonic functions that w., = 0,% and therefore

w; = 0in WoAR"Y,  w; > 0inC2 (R"\Z,), #I, <k

loc

We now want to get a contradiction with (2.23).
Consider the annuli

B, \ By, B3\ By, Bjis \ Biyar-

Since #X. <k, there exists i €{l,..,k+1} such that (Biy1 \ B) NZy =¥. In particu-
lar, if we fix ¢ € C°(B; 5 /4) nonnegative such that qolgm/4 =1, then w; - 0 in C? on

{Vop # 0}
Now we first test the equation for w; (see (2.21)) with w;¢ to get

2—
r y/ fj(aj+r§./wj)chpdx=/ —w;Aw;p dx
Bin B

=/ IVw;|*¢ +w;Vw; - Vo dx (2.24)
B

i+1

= / |Vw;|*p dx + o(1),

B

where o(1) denotes a quantity that goes to 0 as j — oo, and the last equality follows from the C?
convergence of w; to 0 on the set {Vg # 0}.
Similarly, testing (2.21) with (Vw; - x)p, we obtain

/B rjz._yfj(aj + r;.'wj)(ij - X)p dx

i+1

:/ —Aw;(Vw; - x)p dx
B

i+1

=/B D*w;Vw; - x¢ + |Vw;|*¢ + (x - Vw;)Vw; - Ve dx

i+1

(1—%)/& |ij|2godx—%/Bﬁ

+1 i+

|Vw;|*Ve - x dx + o(1)
1

=(1 _ %) /B IVw; 2 dx + o(1).

i+1

¥ Indeed, by Liouville Theorem w,, must be a harmonic polynomial, and the bound /, , IV [2dx < 26242 for ¢ > 0
N

implies that w,, must be constant (recall that y < 1). Finally, since f a, Weo = 0 we deduce that w,, = 0.
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Also, if we define F;(t) := /0[ fj(z) dz, then we can rewrite the first term above as follows:

2-y ¥ .
/B r; fj(aj+rjwj>(ij X)p dx

i+1
=/ r;_zyV[Fj<aj+r§wj>—Fj(aj)] -Xx@dx
= — 2_27-F- +rlw; ) = Fi( ) d
= nB i+ rjw,; j(@))|pdx

i+1

2—y[ ¥ ]
+/B r; »Fj<aj+rjwj>—Fj(aj)_x-Vgodx
+1

f

2-2y [ ]
= —n/ r v Fj<aj +r;.'wj) —Fj(aj)|pdx +o(1),
Bin ) i
and we eventually get

=2y VAP _n-2 P
r /B‘ [Fj<aj + rjwj) F](a])]godx == /B‘ [Vw;|*p dx + o(1). (2.25)
i+1 H

+1

Now, given a constant N > 0, we define the set
Sy = {x €B;, : rjy.le(x)l SN}.

Since w; is uniformly bounded in W'2(B;,,) and a ; is uniformly bounded, for any N > 0 fixed
we have

rjz_—y/s [Fj<aj + rj.'wj> —Fj(aj)]godx -0,
N

-1

r’ / fj(aj + r;wj>quodx -0,
SN
so it follows from (2.24) and (2.25) that

rjz._y/ fj(aj+r3.’wj)wjgodx= / |Vw;|*e dx + o(1) (2.26)
Bi+1\SN

B

and

r}z._zy/ [Fj (aj + r;wj> — Fj(aj)]cpdx = nz_—nz/ |ij|2go dx + o(1). (2.27)
Bi+1\SN Bi+1
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Note now that, thanks to (1.4), the fact that a; is uniformly bounded (see (2.19)), and that 0 < f; <
g, there exists a large constant N = N(M, n, ¥, t, €) such that, for all j,

<n2_nz + %)[Fj([+aj)_Fj(aj)] <fit+apt Vi=N.

Combining this inequality with (2.26) and (2.27), we get

2n €\n—2 5 2
— : < .
<n—2 + 2) T /B‘ [Vw;| qo_/B [Vw;[“¢ + o(1),
1

i+ 1+1

or equivalently

(n—2)
4n

/ IVw; 29 < o(D).

i+1

This contradicts (2.23) and concludes the proof of (2.16).
Now, to prove that bound on |u(0)|, we observe that (2.16) allows us to deduce the validity of
(2.20) for all 0 < s < r < 1. In particular this implies that

[][ ] dx — [u()l] < C(n.p),
Ay

s0 |u(0)| £ M + C(n,y) as desired. O
Finally, we conclude this section with a useful consequence of the moving plane method.

Lemma 2.8. Let Q C R" be a bounded convex domain, and let u € C*(Q) solve (1.1) for some
increasing positive function f : R — R of class C'. Then there exists p, = po(Q) € (0, 1) such that

max u = max u,
Q Qo

where Qg :={x € Q : dist(x, dQ) > py}.

Proof. Recall that, since f > 0, the maximum principle implies that u > 0 (unless u = 0, in which
case the result is trivially true). Then, since Q is bounded and convex, the result follows by the
classical moving plane method (see also the footnote inside [9, Proof of Corollary 1.4] for more
details). O

3 | UNIFORM FINITE MORSE INDEX: PROOF OF THEOREM 1.1

Let us assume, by contradiction, that there exists a sequence of C? solutions u y

u; =0 on 0Q),

J
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UNIFORM BOUNDEDNESS FOR FINITE MORSE INDEX SOLUTIONS | 25

where ind(u;, Q) < k, the functions f; : R — R satisfy all the assumptions in the statement of
the theorem, 0 < 1; < A, but lujll o) = o0 as j — oo. Sincei fj € K which is a compact family,
up to a subsequence f; — f in Cl (R)and Aj = Ay € [0,4]. Define

loc

f(©) :==supfi(t) VieR, (3.1)
J

sothat 0 < f; < f for all j. Since the functions f ; are locally uniformly Lipschitz (by the CllOC
compactness), f is a continuous function.
We distinguish two cases, depending on the value of 1.

31 | Thecased, >0
Since 1; — A, it follows from Remark 1.2 that, for j large enough,
n+2

Aifi(t) > eptn2’c Vt>0, for some ¢; > 0. (3.2)

Thanks to this bound, it follows from [9, Proposition B.1] that
lujlizi@) < Co = Coler, Q). (3.3)
Also, if we define Q. :={x € Q : dist(x, 0Q) > 7}, then (3.2) and Proposition 2.6 yield
IVu;liz2,) < C1 = Cile,Q,0) VT >0.

Since t > 0 is arbitrary, Proposition 2.3 and a diagonal argument imply that, up to a subsequence,

Uj = U inW AV, uj = uy inC2_(Q\ Zy), (3.4)

loc loc

for some discrete set X, C Q with #X, < k, and some function u,, € C*(Q).
Let po € (0,1) and Qg be given by Lemma 2.8, and define

o o 1 . .
Zgo :=Qonzoo:{x1,---,x€} (fsk)y Fo :=§mln{p0’1£€l%2€|xi_'xll}'

Then it follows from (3.4) that, for any p € (0, ry),

max . — ¢ ey — as j — oo.
max [u; = tollca(s, \B,(2) = O S

In particular, since u,, € C%(Q), there exists a constant C > 0 such that that following holds: for
any p € (0,r,) there exists j, € N such that

@1

max ||Vl e, (2)\B,(£)) < VijZp (3.5

1<i<?

We now make the following:
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Claim. There exist C,? > 0 such that max; <;<¢ ||l 15,1, < C for all j sufficiently large.
Assuming for a moment that the claim is proved, since u; — u, in CIZOC(Q \Z,) and uy, €
C%(Q), it follows from the claim that

sup [|u;ll Le(qy) < 0,
j

where Q is given by Lemma 2.8. But then Lemma 2.8 implies that sup i lujllLeq) < oo, a contra-
diction to our initial assumption. Hence, in the case f,(0) > 0, the theorem is proved provided
we can show the claim.

To prove the claim, it suffices to control [|u;|| By, () for each i. With no loss of generality, we
can fixi = 1 and assume that £; = 0. Then, thanks to (3.2) we can apply Proposition 2.6 to get the
following estimate: for any r € (0,7,/2) and any z € B,, given p € (0, 2r) it follows from (3.5) that

/ |Vu; |2 dx 5/ |Vuj|2dx=/ |Vuj|2dx+/ |Vu;|* dx
B,(2) B BP BV\BP

<C?+CIB| <C' (% +1")  VjZjp,. (3.6)

2r

Also, it follows from (3.3) that

][ uj < |B | 'Co=: M, M =M(nryc;, Q). 3.7)

By,

Fix y :=1/2, and let my € N be the constant provided by Proposition 2.7 with g = Af (see
(3.1)). Then, with C’ as in (3.6), we choose first 7 € (0,r,) such that C'F < %, and then we fix

p € (0,27) such that C’p¢ < 27(=1=17n=1 With these choices it follows from (3.6) that, for any
r € [27"0F, 7] and any z € By-mgj,

/ [Vu;|* dx <C'(p° +1r") < 2~mo(n=D=1pn=1 4 c/ppn—1
B,(2) (38)

rn—l + %rn—l — rn—l’

provided j is sufficiently large. Hence, applying Proposition 2.7 to the functions u;,(x) :=
u;(z + Fx) with f = 7?2, f; (note that 0 < 7?1, f; <4;f; < Af), thanks to (3.7) we conclude that
lu;j(z)| = |u;,(0)] < M + C(n) for all j sufficiently large, for all z € B,-mor. Choosing 7 : = 27"0F,
this proves the claim and concludes the proof of this case.

32 | Thecasei, =0

Let M = ||Vu;|l2(q)- We prove the result by contradiction, distinguishing between two cases.

Casel. M; — 0 as j — oco. In this case, Proposition 2.3 implies that u; — 0 in C12OC outside a set
L, consisting of at most k points. Since ||Vu;||2(q) — 0, with the same notation as in the case
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As > 0, we deduce that (3.8) holds around each point X; € £, N Q. Also, by Poincaré and Holder
inequalities,

lujlizi) < Cn, Dllujlirz ) < Cn, DNIVu;llir2q) = 0.
Hence, arguing exactly as the previous case, thanks to Proposition 2.7 we deduce that |u;(z)| <
o(1) + C(n)for all j sufficiently large, for all z € By-my(X;). This implies that sup i 14l oo () < 00,

a contradiction.

Case 2. M; are uniformly bounded away from 0. Consider v; := %, so that
j

As in the proof of Proposition 2.7, we multiply the equation satisfied by v; both by v; and by

x-Vvu - Since v i >0,0 jlm =0, and Q conveg, as in the classical Derrick-Pohozaev argument
(see, e.g., [17, Proof of Theorem 1, Page 515]) the boundary terms “have the right sign”, and we get

A
Aﬁ/fj(MjUj)ijjdx=/|ij|2dx+0(1)=1+0(1),
j Q Q

and

A _ —
2 _ n-2 2 _nh-2
M2 /F( jvj)dx > o /Q|ij| dx +o0(1) = o +o(1).

~.

Now, set Sy :={x € Q : M;v; < t,} and note that, since f'; satisfies (1.4),

2n .

Also, since 1; — 0 and M is bounded away from 0,

— [ fiMv)Mjv;dx < / filto) todx — 0,
MJZ. So = M2

j 7%
A j
2/ F; (M Uj)dx< 2 / Fj(to)dx—)o
M j So
Therefore, combining all together,

/1.
1+o(1) = — fi(Mv)M,v;dx
Q\Sy

2n /1;' 2n n—2
> — (M;v; >
_<”—2+€>M2. /Q\SOFJ(MJv])dx_<”_2+€> o +0(1),

J

a contradiction for j large enough, which concludes the proof of the theorem.
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APPENDIX A: BOUNDEDNESS OF STABLE SOLUTIONS IN B, \ {0} FOR3 <n <9
It was shown in [7] that, if 3 <n <9 and u € W“2(B,) N C%(B, \ {0}) is a radially symmetric
stable solution to (1.1) in Q = B, \ {0}, then

lullzeo(s,) < Cllullzics,)-
Namely removing a point does not influence the interior estimate of the radially symmetric
stable solutions.

The aim of this appendix is to show that, combining the approximation argument in [7] with
some modifications of the arguments in [9], we can prove the following generalization of [9,
Theorem 1.2] which is used in the proof of Proposition 2.3:

Proposition A.1. Let3 <n <9, and letu € W"2(B,) N C*(B, \ {0}) be a stable solution to
—Au=f(u)  inB\{0},
with f : R — R nonnegative, increasing, and of class C'. Then
lulleosy) < Cllullis,)
for some universal constant C > 0.

We begin by proving the following generalization of [9, Lemma 2.1]:

Lemma A.2. Let3<n <9, and let u and f be as in Proposition A.1. Then, for any y € B, and
0<p<2—|y|lwehave

[ =y vaplx-yde <o IVul dx, (A1)
Bao/3(y) By(3)\B2p/3(»)
and
/ |Vu|2dx§C/ [Vu|? dx. (A2)
By B3/2\B1
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Proof. For simplicity of notation, given 0 < r < s < 1, we define A(s,r) := B, \ B;.
We shall first prove the following improved version of (A.1): foranyy € B and0 < p < 2 — |y|
we have

/ |(x—y)-Vu|2|x—y|‘"dxSCpZ‘”/ [Vul? dx. (A.3)
Bop/s() Bo(")\B75/8(y)

We only prove (A.3) in the case y = 0, the general case being analogous.’
Fix0 < 6 < € < p,7n € CL(A(6,2)), and consider & = (x - Vu)n as test function in the stability

inequality for u. Then, by the very same computation as the one in [9, Proof of Lemma 2.1, Step
1], we have

0< / (G- V)2 |Vl + 2(x - Vu)Vu - V() — |Vul?x - V(*) = (n — 2)|Vu|*n?) dx.
A©,2)

If we now choose 7 = min{|x|1_5 , e1_5}§ with ¢ € CL(A(6,2)), then inside A(e, 2) the formulas
are identical to the ones in [9, Proof of Lemma 2.1, Step 2]. Therefore, in the integrals over A(e, 2)
we have exactly all the terms appearing in [9, Equation (2.2)], and the only difference concerns
the integrals over A(6, €). Note that, inside A(6, €), it holds

[Vn|? = e* " V¢, V(n*) = 2e*7"¢ V.

Thus, we obtain

0< / <_—(n — 2)210 - x| Cx - Vu)*e2 — 2| Vu2 x> ¢ x - V¢
A(g,2)

+4|x]>M(x - Vu)¢ Vu - V¢ — (n = 2)|x| ¢ (x - VE(x - Vu)?

X (x - Vu)2|V§|2> dx
e / (Ge- VUPIVER + 40k - Vg V- V¢ = 2| VuP (- V¢)
A(B,¢)

—(n —2)|Vu|*¢?) dx.

We now choose ¢ € CL(A(8, p)) such that 0 <¢ <1, ¢ =1 inside A(20,p/2), |V¢| < C/0 in
A(6,20),and |V¢| < C/pin A(7p/8, p). With this choice, the formula above implies

W / |x|_"(x . Vu)z dx
4 A(e, 7p/8)

Ssz‘”/ [Vul|? + Cez_”/ |Vu|? dx,
A(76/8,p) A(6,26)

so0 (A.3) follows by letting first © — 0 and then € — 0 (recall that 3 <n <9).

9 Actually the case y # 0 is simpler, since for y = 0 the function x ~ |x — yI7"2(x — ) - Vu(x) (that is used as a test
function is the stability inequality) is more singular at the origin.
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Note now that (A.3) readily implies (A.1). Also, as a consequence of (A.3) applied with y € B, /g

and p = —, we have

2 X — 2
/ | Vu| dxg/ xX=Y -Vu| dx
lx — Y| B77 () |x —yl
64

SC/ |Vu|2dx§C/ [Vul? dx.
Bu(W\B77 (») B3/5\B,

8 64

Hence (A.2) follows by averaging the inequality above with respect to y € B; /s. [
We can now prove the following analogue of [9, Lemma 3.1]:'°
Lemma A.3. Let3 < n <9, and letu € W"2(B,) N C*(B, \ By ) be a stable solution to
—Au=f(u)  inBy\ By,

with f : R — R nonnegative, increasing, and of class C'. Assume that

/ |Vu|2dx25/ [Vul|? dx
B B,

for some § > 0. Then there exists a constant Cgs such that

/ [Vul|? dx §C5/ |x - Vul|?dx.
B3/2\B1 B33 \B1

Proof. Assume the result to be false. Then, there exists a sequence of stable solutions to —Au;, =
fir(u) in B, \ {0}, with f;, : R — R nonnegative, increasing, and of class C', such that

/|Vuk|2dx25/ |Vuy|? dx,
B B

1 2

(A.4)
/ |Vuy|?dx =1, and / |x - Vu |? dx — 0.
B3/2\B1 B3»\B1
Now, thanks to (A.4) and (A.2),
/ |V |? dx < l/ |Vuy |? dx g/ |Vuy|? dx = 9 (A.5)
é ) )
B3/2\By

19Tn Lemma A.3 we require 3 < n < 9 since we proved (A.2) as a consequence of (A.3), and the latter bound requires this
dimensional restriction. However, for n > 10 one could combine our approximation argument with [9, Proof of Theorem

7.1] to show that
[ -y var -y ar< e [ Vul d.
B7p/3(y) By(»)\B7p/5()

foranya < 2(1 + v/n — 1). In particular, choosing a = 2 and arguing as in the proof of Lemma A.2, one proves the validity
of (A.2) in every dimension. As a consequence, one can show that Lemma A.3 holds in every dimension.
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Therefore, since uy is stable in B, \ By /s, it follows from [9, Proposition 2.4] and a standard scaling
and covering argument that

C
IVuilic24r(85,\8)) < ClIVUkll28,\B, 1) < 5

This implies that the sequence of superharmonic functions

U = Uy —][ Uy
B35\By

satisfies

villcrss 0\ < Cllvkllzzgs, ,\6) < €

(thanks to (A.5) and Holder and Poincaré inequalities), as well as
IVoelomg sy =1 Moelwana, s <€ [l VoPdx 0.
B35 \B;

Thus, as in the proof of [9, Proposition 2.4], up to a subsequence we have that v, — v strongly in
W12(B; ), \ By), where v is a superharmonic function in B; , \ By satisfying

||VU”L2(33/2\B1) =1 and x-Vu=0 ae.inBs; \B;.

Again as in the proof of [9, Proposition 2.4], this implies that v is constant in B;/, \ By, a
contradiction that proves the result. O

‘We can now prove the main result of this appendix.

Proof of Proposition A.1. The argument is similar to the one in [9, Proof of Theorem 1.2], with
some minor modifications.
Given y € B; and p € (0, 1) we define the quantities

D(p,y) :=p*™" /

|[Vu|>dx and R(p,y) :=/ |x —y|7*|(x —y) - Vu|? dx.
B,(»)

B,(»)

We claim that there exists a dimensional exponent o > 0 such that

R(p.y) S Co*IIVulllyy, VP €(0,1/4), y € By. (A.6)

To prove this claim, note that (A.3) implies that

R(p,y) < sz‘"/ |Vu|? dx Vo€ (0,1/4), y € B;. (A7)
B3p/2(5)\Bo(¥)
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Hence, if D(p,y) > %D(Zp, y) and 0 & B,y \ By /a(y), then we can apply Lemma A.3 with §
1/2 to the function u(y + p -) to we deduce that

pz_”/ |Vul? dx st_”/ [(x —y)- Vu|>dx
B3p/2(y)\Bp(y) BSp/Z(Y)\Bp(y)
<C(R(3p/2,y) — R(p,¥))

for some universal constant C. Combining this bound with (A.7) and using that R is
nondecreasing, we deduce that, whenever D(p,y) > %D(Zp, y)and 0 & By,y) \ Bp/a(y)s

R(p,y) < C(R(20,y) — R(p,))- (A8)
We note that 0 & B,y \ B,/2(y) is equivalent to saying that either p > 2|y| or p < [y|.
Thus, fixed y € By, if we define a; := D(2772,y), b; := R(27/72,y),and N := |—log, |y|]

(so N = oo if y = 0), then there exists a universal constant L > 1 such that:

(i) bj < bj_, forall j > 1 (since R is nondecreasing);
(ii) aj +bj < La;_; forall j > 1 (by (A.7));
(iii) if a; > %aj_l then b; < L(bj_; — b;), forall j € N\ {N —2,N —1}"! (by (A.8)).

1+e L
Therefore, if we choose € > 0 such that 27¢ = %, and we definec; := ajb jandf 1= (27%) 1+ €
(0, 1), then the proof of [9, Lemma 3.2] shows that
¢jy1 < 0c; forall j e N\ {N —2,N -1},
which implies that
¢;<6ley for1<j<N-2, ¢; <6/ Ney forj>N. (A.9)

Also, as a consequence of (i) and (ii) above, we have

en—1 = ay_;byo1 < (Lay_)°by_s < Léeyn_y, (A10)
ey = ayby < (LPay_,)°by—p < L*cy_,.

Hence, combining (A.9) and (A.10) we easily deduce that
¢; <L¥677%, Vjx1
As in the proof of [9, Lemma 3.2], this implies that

. , . .
bj < Clag + b)) < CIIVulll,, 61 Vjx1,

so (A.6) follows by choosing a > 0 so that 272* = 6.

'The condition on j guarantees that either 27772 < |y| or 27772 > 2]y .
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‘We now observe that, thanks [9, Proposition 2.5] and a standard scaling and covering argument,
we have || VU||L2(B3/2\31) <Cllu ”Ll(Bz\B]/z)- Hence, combining this bound with (A.6) and (A.2), we
obtain

R(p,y) S Cp*|lulllyy ) Vo €(0,1/4), y €By.

Thanks to this estimate, the argument in [9, Proof of Theorem 1.2, Step 2] implies that

[u(x) —u®)|
[ulcay) 1= sup —————— < Cllulli(s,,
CHB) x;éyepBl |x - yla Li(B2)

and the conclusion follows by the interpolation estimate

Nullzeoes,) < C([ulca,) + lullis,))-

APPENDIX B: UNIFORM BOUNDEDNESS OF SOLUTIONS WITH SPECTRUM
BOUNDED BELOW
Although not relevant for this paper, it is interesting to observe that, by simply adapting the argu-
ments in [9], one can deduce an a priori bound in L* for solutions of —Au = f(u) whenever
the spectrum of the linearized operator —A — f’(u) is contained inside [—A, +o00) for some finite
constant A > 0. Also, for finite Morse index solutions, the constant A depends only on n and on a
maximal finite dimensional subspace X; on which Q,, is negative definite. Unfortunately one can-
not hope in general to control A in terms only on the Morse index, as can be seen by considering
the family of solutions (1.2) (which has index 1).

To present this result, consider u € C?(B,) a solution to —Au = f(u) in B, with ind(u, B,) < k,
and define

0ul5.] = /B (VE- V¢ - [lw)E¢) d.

2

Since ind(u, B;) < k, there exists a k-dimensional set X} C C1(B;) such that, for any £ € C}(B,),
we can write & = & + & with &, € Xi, Q,[¢',&'] > 0,and §,[¢’,&,] = 0.
Now, since X, is finite dimensional,

sup 1§11 ooy =2 Ak < 0,
§€Xk, ”EHLZ(Bl)

so it follows from Lemma 2.2(ii) (and a covering argument) that

in /B (1982 - 'az?) dx

EEin “5”1‘2(31):1

>—  sup  |I€l7. /f’(u)dxz—CnAz,
Xy ) S,
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which implies that

/ VERdx > / () - A)E2dx  VEeClB), (B.)
B

By 1
where A 1= CnAi. In other words, the spectrum of the operator —A — f”(u) on L?(B;) is bounded
from below by —A.
In [9, Theorem 1.1], whenever 3 < n < 9, the authors proved an a priori L* estimate!? for solu-
tions of —Au = f(u) satisfying (B.1) with A = 0. The goal of this appendix is to show how to extend
such a result to the general case A > 0.

Proposition B.1. Let3 <n <9, let f : R — R be nonnegative, increasing, and of class C', and let
u € C%(B,) solve —Au = f(u) and satisfy (B.1) for some A > 0. Then

lullreoes, ) < CNUllLics,)-

The proof of Proposition B.1 is very similar to that in [9, Sections 2 & 3], the main differences
being in two interior estimates that we present here. Once the two lemmas below are available,
the proof follows by the same argument as in [9], and we leave the details to the interested reader.

Lemma B.2. Letu € C?(B;) be as in Proposition B.1. Then, for any ) € CL(B;), we have

/ ((n=2)n+2x - Vpn|Vu|?> = 2(x - Vn)Vu - V(n?) — |x - Vu|>(IV9)?> + Ap*)dx <0. (B.2)
By

Thus, for any ¢ € CL(B,), we have

("_2)+°_”) / x| 7" [x - Vul2(1 = Alx|?)e? dx
By

< / (=21x[>7"|Vul*¢(x - Vo) + 4]x[>7"(x - Vu)pVu - Vo dx
By

+(2 = n)|x|™x - Vul*@(x - Vo) + |x|>7"|x - Vul?*|Ve|?) dx (B.3)

In particular, for0 < r < %min{l,A‘l/z},
/ |x]7"x - Vu|?dx < C(n)r2‘”/ |Vu|? dx. (B.4)
By BBr/Z\Br

Proof. We proceed as in [9, Lemma 2.1] and sketch the proof here. First we choose & = (x - Vu)y
in (B.1), with € C1(B,), to get

/ (AGx - Va) + f'(w)(x - Vi) (x - Vup? dx < / (x - Vu)’(|Vn|? + An?)dx. (B.5)

By By

12 Actually, [9, Theorem 1.1] provides a universal C* bound for some a > 0. Analogously, also in the general case A > 0
one can prove an interior bound on ||ul|c«.
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Then by noticing that

A(x - Vu) = x - VAu + 2Au = —f"(u)(x - Vu) + 2Au, (B.6)
we conclude (B.2). Then (B.3) follows by taking » = |x|_n7_2qo, and (B.4) follows by further
choosing ¢ as a cut-off function supported in Bs, /, with ¢ = 1 on B,. O

Lemma B.3. Let u € C%(B,) be as in Proposition B.1. Write

|D?u - Vul|?

A= D2 2 _
(' u Vup?

2
> when |Vu| # 0, and A =0 when |Vu| =0.

Then, foranyn € Ccl(Bl), we have

/AZndeS(1+A)/ |[Vu|?|Vn|? dx

By By

Proof. We follow the argument of [9, Lemma 2.3] and again sketch the proof. Set u; := d;u. Mul-
tiplying both side of the equation —Au; = f’(u)u; by u;n?, and summing over i = 1,...,n, we
get

/ <Z|V(um)|2—|Vu|2|n|2>dx= [ arvury ax
By i By

On the other hand, choosing £ = |Vu|z in (B.1), we have

IV(IVulmI? + AlVul>n*dx > [ f'(w)|Vu|*n*dx.
B, By

Thus we obtain

[Vul?|n|? + A|Vu|*n? dx > /
B

(Z_ VGl - IV(IVuln)I2> dx,

By

and we aconclude the lemma by noticing that

DIV = V(I Vulp? = A%

L
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