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Abstract We develop a power series representation and estimates for an effective action of
the form

f ef(‘b"/’)d,u(qﬁ)
ERrmes

Here, f(¢, ¥) is an analytic function of the real fields ¢ (x), ¥ (x) indexed by X in a finite
set X, and du(¢) is a compactly supported product measure. Such effective actions occur in
the small field region for a renormalization group analysis. The customary way to analyze
them is a cluster expansion, possibly preceded by a decoupling expansion. Using methods
similar to a polymer expansion, we estimate the power series of the effective action without
introducing an artificial decomposition of the underlying space into boxes.
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840 T. Balaban et al.

1 Introduction

We would like to propose a tool for use in the construction of certain bosonic field theo-
ries. To provide a context for the application of this tool, we start with a very schematic
description of a typical Wilson style renormalization group construction.

One first expresses, formally, all quantities of interest as functional integrals like

[ eA Y dp(@)

G¥)=In —f A0 (D)

All of the correlation functions, for example, may be expressed in terms of derivatives of
G(W) with respect to the source field W. The integration field & contains infinitely many
degrees of freedom. But some of those degrees of freedom are more important than others.
Therefore one factors the measure du(®P) = ]_[zc:1 d (@), with the less important degrees
of freedom having smaller index £, and expresses

f A9, HZI de(@e)
[ eAOere2) T dpwe(gyr)

G(¥)=In
Now one performs one integral at a time. Precisely, define the “effective action at scale n”

to be

A rr i) =T L i i)
n s Pn+1s Pn425 - -« feA(O,wu--,wn,Ow) l_[ZZI d’u[(gp()

Then we have the recursion relation

[eA-1Ddp, (p)
[ eA-109dy, (¢)

An(¥) =1In

where ¢ = ¢, and ¥ = (Y, @41, Puy2, - - ).

Typically, the total contribution arising from large ¢ fields, for example field configura-
tions with ¢ or appropriate derivatives large, is very small, reminiscent of large deviations
in probability theory. On the other hand, contributions arising from integrals over regions
where ¢ is small are physically important and must be analyzed in some detail. This “small-
field part” is extracted by replacing the measure du,(¢) by a measure dfi,(¢) that is sup-
ported on fields that obey (model and scale dependent) smallness conditions. Standard tools
to prove the existence and control properties of

[ 1D, (@)

1
" A 0D d g, ()

(1.1)

are polymer expansions [5, 8—10]. In the case that the actions are real analytic functions of
the fields, we propose a related but different approach.

To avoid technical details, we assume that the fields are defined on a finite set X (that
is, the fields are elements of R¥). Think of X as an approximation to space, which is, for
example, Z¢ or R?. Fix a normalized measure do(¢) on R that is supported in |¢| < r for
some constant 7. Thus

/|t|"du0(t) <rk forallkeN (1.2)
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Power Series Representations for Bosonic Effective Actions 841

We endow RX with the ultralocal product measure

du(@) = [ do(6(x)) (1.3)

xeX

Furthermore, we consider functions f (y; ¢) that are analytic on a neighbourhood of the
origin in R¥ x R¥ (the space of all pairs (v, ¢) of fields). We think of f(1/; ¢) as playing
the role of A,_ (¥, ¢) in (1.1). In this note, we introduce norms for such functions that
ensure the existence and analyticity of

f ef(‘”;‘z’)du(d))
f e/ D du(p)

whenever the norm of f(y; ¢) is small enough. The norms are based on the power series
expansion

gW)=In (1.4)

i) = Z DA X Vi YYD Y (X)) - D ()

of f around the origin in R¥ x RX. Here the coefficients are chosen to be invariant under
permutations of Xy, ..., X,, and yy, ..., y,. In addition to the existence of the logarithm (1.4),
we obtain estimates on the coefficients in the power series expansion

g =Y > b X)) YD) Y ()

m>0xp,..., xm€eX

Here is a simple example of one of these norms. Fix « > 0 and define

If (@) = ) k"(4r)"max max > e X Xt X))
xeX 1<i<m+n
m,n>0 X[ Xyp g €X

lg@)l = «™ max max Z ’b(xl,...,xm)’

xeX 1<i<m
m=>0 X{snXm€X

In a typical application, X is, for example, a discrete torus approximating a lattice, and the
coefficients a, b are translation invariant. The maxima in the norms are introduced to break
translation invariance.

The main result, Theorem 3.4 states that if || /|| < 11—6 then the logarithm g (1) exists and

lgll < A
~ 1161l

We consider more general norms than those given above. See Definitions 2.6 and 3.1. In
particular, when X is a metric space, spatial exponential decay may be incorporated. See
Definition 2.5.

The algebraic structure of the proof of Theorem 3.4 is similar to that of the construction
of the logarithm using polymer expansions [10, Sect. V.7]. Expand e/ V:®) as

1+Z. Yo AZ)--AZY

Zy.n Zg CX
pairwise dls_lomt
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842 T. Balaban et al.

where A(Z) is the sum of all products of monomials in the power series expansion of f for
which

o the union of the supports for the ¢ fields in the monomials' involved equals Z, and
o the intersection graph of the supports for the ¢ fields in the monomials involved is con-
nected.

Since the measure du(¢) is ultralocal,

. = 1
v/ef(lﬁ,¢)du(¢):1+zﬁ Z D(Zy) - D(Zy)
k=1 "

Zy . ZycX
pairwise disjoint

where ®(Z) = f A(Z)du(¢). If the “pairwise disjoint” condition were not there, the right
hand side would be exactly exp{)_,_y ®(Z)} and taking the logarithm would be trivial. We
use a standard procedure, that appears in all derivations of cluster expansions, to treat the
“pairwise disjoint” condition and get the representation for the logarithm.

The restriction to ultralocal measures (1.3) is too severe to be directly useful. In part (i)
of Proposition 1, we discuss the behaviour of our norms under linear changes of vari-
ables that might be used to diagonalize the covariance of a measure of interest. Part (ii)
of this proposition controls the behaviour of these norms under substitutions like f (i, ¢) =
g( 4 ¢) that occur in renormalization group steps.

We developed the methods described in this paper in order to apply them to the (time-)
ultraviolet analysis of a model for a Bose gas. For these models we must deal with complex
rather than real fields [1, 2]. In a more technical paper [3], we develop analogs of the results
of this paper for complex fields, as well as extensions and generalizations that are adapted
to the geometry and scales of a large field/small field analysis of many-boson systems. As a
sample application of the tool proposed here, [4] contains a complete description of the pure
small field part of the (time-)ultraviolet analysis of the partition function for such a Bose
gas.

2 Norms

In this section we specify the precise class of norms that we will use. We start by introduc-
ing some notation that will allow us to write the Taylor expansion of an analytic function
f, ..., ¥y) of s fields in a compact form.

Definition 2.1 (n-tuples)

(i) Letn € Z withn > 0 and X = (X1, ...,X,) € X" be an ordered n-tuple of points of X.
We denote by n(X) = n the number of components of X. Set

X)) = (x)) - P(Xy)
If n(X) = 0, then ¢ (X) = 1. The support of X is defined to be

suppX = {xj,...,x,} C X

IThe support for the ¢ fields in the monomial a(X; )% (X) - - ¥ (Xm)P(¥1) - - ¢ (yn) in the power series
expansion of f is the set {yy,...,yn} C X.
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Power Series Representations for Bosonic Effective Actions 843

(ii) For each s € N, we denote?

X® = U X" x oo x X"

ny,...,ng=0

The support of (Xi,...,X,) € X® is

supp(X1, ..., X,) = | supp(X))

j=1
If (X1,...,%_1) € X®D then (Xi,...,X,_;, —) denotes the element of X having
n(x;) =0. Thatis, X ={—} and ¢(—) = 1.

(iii) We define the concatenation of X = (Xj,...,X,) € X" and y = (¥, ..., ¥m) € X" to be

- -

Xoy:(Xlﬁ"'axnayh"'aym)EXn+m
For (Xi,...,X), (¥1,....¥s) € X®
i, .. X))o (¥ih..,¥) =X 0y, ..., X, 0¥)

Definition 2.2 (Coefficient Systems)

(i) A coefficient system of length s is a function a(X, ..., X,) which assigns a number to
each (X, ...,%,) € X, It is called symmetric if, for each 1 < j <s, a(X;,...,X,) is
invariant under permutations of the components of X;.

@ii) Let f (41, ..., ¥y) be a function which is defined and real analytic on a neighbourhood
of the origin in R*'*!, Then f has a unique expansion of the form

fALaY) = Y aGr . XY ED Y (R

(X[ ,...,.X5)€X®)

with a(Xi, ..., X,) a symmetric coefficient system. This coefficient system is called the
symmetric coefficient system of f.

Definition 2.3 (Weight Systems) A weight system of length s is a function which assigns
a positive extended number w(X, ..., X,) € (0, o] to each (Xi, ..., X,) € X and satisfies
the following conditions:

(a) Foreach 1 < j <s, w(Xy,...,X,) is invariant under permutations of the components

of )_ij.
(b)

w((§la'~'3§X)O(§,17"~5§’S)) 5w(;(lv"'a§s)w(§71’"'75;5‘)

forall (X;,...,%,), (J1,...,¥s) € X® with supp(X,, ..., X,) Nsupp(¥1,...,¥s) # 0.

2We distinguish between X"1 x --- x X"s and X1 We use X"1 x --- x X"s as the set of possible
arguments for 1 (X1) - - - V5 (Xs), while X175 is the set of possible arguments for 1 (X] o --- o Xy),
where o is the concatenation operator of part (iii).

@ Springer



844 T. Balaban et al.

Example 2.4 (Weight Systems)

(1) Ifky, ...,k are functions from X to (0, co] (called weight factors) then

K n(},-)

w&r, .o %) =[] [« (xie)

j=1 =1

is a weight system of length s.

(ii) Letd : X x X — R be a metric. The length of a tree T with vertices in X is the sum
of the lengths of all edges of T (where the length of an edge is the distance between its
vertices). For a subset § C X, denote by t(S) the length of a shortest tree in X whose
set of vertices contains S. If m > 0, then

w(X; 3’(3) — emr(supp(gl’w;‘x))
ooy Xy

is a weight system of length s.
(iii) If wi(Xy,...,X,) and wo (X1, ..., X,) are two weight systems of length s then

w3(§17 RN ;(;) - wl(ila LR ;(S)wz(;(ls ey ii‘)
is also a weight systems of length s.

Definition 2.5 Assume that X is a metric space. Given constants «; € (0,00] for j =
1,...,s and amass m > 0 we call

j=1

the weight system with mass m that associates the constant weight factor «; to the field ;.
It follows from Example 2.4 that these are indeed weight systems.

Definition 2.6 (Norms)

(1) Let w be a weight system and a a coefficient system of length s. We define the norm of
a with weight w to be

lal, = max max max E w(il,...,i3)|a(§],...,ig)|
xeX 1<jss lSISnj
ny,...,ng>0 nj#0 (X1 1o Xg)EX ] X x X TS

&j)y=x

Here (X ;); is the i " component of the n j-tuple X;. The term in the above sum with
ny,...,ny =01s simply w(—, ...,—)‘a(—,...,—)’.

(i) Let w be a weight system and f (v, ..., ¥,) be a function which is defined and analytic
on a neighbourhood of the origin in R*'X!. The norm, || f||,, of f with weight w is

defined? to be |a|,, where a is the symmetric coefficient system of f.

3This definition also applies when f depends only on a subset of the variables ¥/, ..., ¥s.
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Power Series Representations for Bosonic Effective Actions 845

Remark 2.7 Let a be a (not necessarily symmetric) coefficient system of length s and

f@L) = ) aG . X)) Y (K

(X1,...X5)€X®)

Then || |l < |a|, for any weight system w. We call a a (not necessarily symmetric) coef-
ficient system for f.

Remark 2.8 Our motivation for the norm of Definition 2.6 is the following. As in the intro-
duction, write

fef'(llf;d:)dﬂ((p)
gW)=Ih——""—"—= b(Xp, .. X)) Y (X)) -+ Y (Xy)
[ el O0du(e) gxl.;@,ex ! !
Then b(xy, ..., X,) is an n point connected correlation function. If w (X) is the weight system

with mass m that associates the constant weight factor 1 to the field ¢ as in Definition 2.5,
then

max max E w(xl,...,x,,)’b(xl,...,xn)‘
xeX 1<i<n
(X[ e Xn)EX
X; =X

is a norm for the n point connected correlation function which takes into account its (typical)
translation invariance and tests for exponential decay with mass m. The norm | g||,, is the
sum over n of the norms of all of the n point connected correlation functions.

3 The Logarithm

Definition 3.1 A weight system of length 2 “gives weight at least p to the last field” if
wy) = p"VwE; -)

for all (X,y) € X®.

Example 3.2 Assume that X is a metric space. Given a constant k € (0, oo] and a mass

m > 0, the weight system with mass m that associates the constant weight factor « to the
field ¥ and the constant weight factor p to the field ¢ gives weight at least p to the last field.

Example 3.3 Let w be a weight system of length 2 that gives weight at least r to the last
field. Recall that r is the radius of support for the measure d . (¢), defined in (1.3). If £ is an
analytic function for which 4 (0; ¢) is constant,* then

| / hws 9@ <10 o)l

4To see the need for this restriction, consider h(Y;d) = D gex ¢)(x)2 and w(X;y) = #"® . Then
I fhdullw =1X]| f |t\2d,u0(t) while ||2]ly = r2, independent of | X|.
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846 T. Balaban et al.

Theorem 3.4 Let w be a weight system of length 2 that gives weight at least 4r to the last
field If f(Yr; @) obeys || fll» < 11—6, then there is a real analytic function g(r) such that

[/ Vdu)

fef(oi‘f’)du(qb) o G.1

and

gl < — e
T 161 /1.

Proof Let a(X; y) be the symmetric coefficient system for f. By factoring e/ V39 out of the
integral in the numerator of (3.1) and e/ @9 out of the integral in the denominator, we may
assume that f(1;0) =0 so that a(X; —) =0 forall X € XD,

We first introduce some shorthand notation.

o The bulk of this proof concerns the integral over ¢, with i just being viewed as a para-
meter. For this reason we write

a@ =) a&yYE) (32)

xex(®
With this notation

f@i¢)= Y a@e¢®

yex

and

. 21

o0 1 . ) i i
=145 Y aG-a@oeGEn -G ()
=1

%CX yl,,:.igex(l) B
Z=suppy | U--Usuppyy

since a(y) = 0 unless n(y) > 1.

In a typical application the coefficient a(y) has decay properties that tend to keep the com-
ponents of ¥ (and the X components hidden inside a(y)) close together. We would like to see
similar decay properties in the coefficients of g. In the expansion (3.3), the coefficient a(y,)
keeps the components of y; close together, ..., the coefficient a(y,) keeps the components
of ¥, close together. But there is no reason for the components of y; to be close to the com-
ponents of y;, unless, by coincidence, the supports of §; and ¥; happen to intersect. Hence
we will keep careful track of when the supports of y; and y; happen to intersect. This leads
us to the following definitions.

o Let Xy,..., X, be subsets of X. The incidence graph G(Xy,..., X;) of Xy,..., X, is
the labelled graph with the set of vertices {1, ..., £} and edges between i # j whenever
X;NX;#W.Foryy,...,y. € XV we write G(¥1, ..., ¥,) for G(suppyj, ..., suppye).

SThere is nothing magical about the choice of “4” in “gives weight at least 4r”. This “4” may be replaced by
any number strictly larger than 1 if one adjusts the final bound appropriately.
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Power Series Representations for Bosonic Effective Actions 847

o A collection yy,...,¥, € XV is called connected if the incidence graph G(¥,...,¥.)
is connected. For a subset of Z C X we denote by C(Z) the set of all ordered n-tuples
(1,--.,¥a), n €N, that are connected and for which Z = suppy, U - - - U suppy,. We call
such an n-tuple a connected cover of Z.

We now group the vectors ¥y, . .., ¥, appearing in (3.3) into intersecting “clusters”. Given
a subset Z of X and yy,...,y, € X with Z = suppy; U - -- U suppyy, there is a (unique,
up to labelling) decomposition of {1, ..., £} into pairwise disjoint subsets /i, ..., I, and a
decomposition of Z into pairwise disjoint subsets Zy, ..., Z, such that, foreach 1 < j <n,
(§i.i € I;) is aconnected cover of Z;. This decomposition corresponds to the decomposition
of G(¥i, ..., Y¥¢) into connected components. Therefore

00 L
S=1EY YL Y ) > a@)--al)

=1 n=1 """ Zy...ZnCX 1 U--Ulp={1,....t} Vion¥e
pairwise disjoint 77,..., In pairwise disjoint (y; ,g[ )gC(Z )
nonempty
X (Y1) - (ye) 3.4

The next step is to reduce the combinatorial redundancy in this formula. Fix, for the
moment, pairwise disjoint nonempty subsets Z, ..., Z, of X and £ > n. Then

> Yo a@)-aGIe )¢ G0)

11 U-Ulp=({1,....¢} Vioo¥e

Iy, Iy, pairwise disjoint (yl zgl JGC(Z )

Il
]
M
M

a(y)---a§)o§) - o Fe)

kpseokn=1 Ij.ndncfl,....0} Voo
ky+-thkn=€ Iy,..., In p:urw1se disjoint  (y;, zel )EC(Z )
1=k
4 - o -
= E P E ayi)---a(yooy) - ¢(ye)
Kpoknz1 L T GeFreC)
ky+tkn={

(G g " Fe)EC(Zn)

E | | { E a(;’l,j)"'a(s;kj,j)(p(s;l,j)"'¢(§’kj,j)}
Kfooknzl j=1 / G1,joeFi;, )ECZ )
ky+-thkn=t J

Inserting this into (3.4) and exchanging the order of the n and ¢ sums, we have

SeEyn Y Y g, T s

n=1 t=n ' Z1oenZnCX  kpoknzl = @1, oYk, )EC(Z))
pairwise disjoint k]+ +hkn=t J
nonempty

x a(yi, )P §1,) - ’¢(§’kj,j)}

SR B MD 3N 1 (TR SRR

Pl ! ZponZnCX Ky kn =1 j=1 0T @ ;. )ECE))
pairwise disjoint
nonempty

x a(yi; o 1,) - '¢(§’kj,j)}
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848 T. Balaban et al.

As the measure . factorizes with each factor normalized, and the different Z;’s are disjoint,
/1‘[{«1»@1.»--~¢>(5y’k.,.,,z>}du<¢):1'[/¢(§1_j)---¢>(§k.,.,j>du(¢>
j=1 j=1

and we have

/ D du(g) =1 +Z Z HCD(Z ) (3.5)

..... Zncx =1
palrwnse disjoint

where, we define, for ) = Z C X, the function ®(Z)(y) by

()= Z Z a@y1)---a(ye) / PE) - G (3.6)

i K (1. F)EC(Z)
and ®(9) =
We now deal with the “pairwise disjoint” condition in (3.5). If we define
n_ O fZNZ #P
¢8(2.2)= l 1 if Z and Z’ are disjoint

and G, = {{i, j} C N?|1 <i < j < n} is the complete graph on {1, ..., n}, then

/f“M’)du((ﬁ)—l—i—Z > 11 ;(z,,Z)l'[<1><Z)

" Z1,.nZnCX {i,j)€Gy

n=1
:1+Z% > (Z I1 C(Z,,Z)—l)]_[q>(zj)
j=1

8CGnli,jleg

by the binomial expansion. Here, whenever a product ]_[[i,j}eGn or I—[{i. jjeg 1s empty, as is
the case for n = 1, it is given the value one. We may identify each g C G,, with the labelled
graph on the set of vertices {1, ..., n} that has an edge joining vertex i and vertex j if and
only if {i, j} € g. Denote by G, the set of all graphs (connected or not) on the set of vertices
{1,...,n} that have at most one edge joining each pair of distinct vertices and no edges
joining a vertex to itself. Define

1 ifn=1
Zi,.... 2, = .
p(Z1, ) { degn n{lﬂ,j}eg ({(Z,-, Zj) - 1) ifn>=2

In this notation

/f(‘/’¢)du(¢)—l+2 . Z p(Zl,...,Z,,)l_[q?(Z_,*)

Z1ZnCX j=1

Now let C, C G, be the set of all connected graphs on the set of vertices {1, ..., n} that have
at most one edge joining each pair of distinct vertices and no edges joining a vertex to itself.
Set

"z 7)) = 1 ifn=1
Y loeeesLy)= decnn{i,j}eg(g(zi’zj)_1) ifn>2
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Power Series Representations for Bosonic Effective Actions 849

Note, in particular, that p7 (Zy, ..., Z,) =0if G(Z,, ..., Z,) is not connected (since, in this
case, at least one factor of ]_[[i.j}eg (¢(Z;, Z;) — 1) vanishes for each g € C,). By a standard
argument (see, for example [8, Theorem 2.17]),

[ fap=3 T saew]]ee) 37)
J=

n= 1 b ZnCcX

(By “In” we just mean that the exponential of the right hand side is [ e/du.)
Let, for any connected graph G € C,,

1 ifn=1
tG)= { S eees (=D ifn > 1
8CG
The bound
[t(G)] < #{spanning trees in G}

is due to Rota [7]. For a simple proof see [10, Theorem V.7.A.6]. If G(Z,, ..., Z,) is con-
nected, we have that

P'(Zi,... Zy= Y, (=DE=t(G(z,....Z))

and hence
o7 (Zy,....Z)| <#{tee Ton{l,....n}|IT|=n—1,T CG(Z,...,Z,)} (3.8)

To get a, not necessarily symmetric, coefficient system for In f ef d . above we first con-
struct a coefficient system for each ®(Z). For each (X, y) € X, set

R |
a&N=y - . Y aGiy)- a(xk,yk)/cb(y)du(qa) (3.9)

k=1 '(ilw...yk)eC(suppy) X xL
¥ioroyg= Xjo--oXy =

if n(y) > 1 and a(X; ) = 0if n(y) = 0. By (3.6) and (3.2),

DW= Y AXNYER
&ypex®
suppy=Z2

Therefore, by (3.7),
ln/efdu= Y d®YE
xex(®

where, forx e X,

a(®) = Z > Y~ p"(suppyi,....suppy.) [ [aX;:¥)  (3.10)

il ..... xneX(l) Vi yneX® j=1

X| 00Xy =X
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850 T. Balaban et al.

Also

f ef(ll/;«i:)dﬂ )
=2

ne——— - =

©;0)
[e!@Pdu(p) =
x#—

gW) = a' Xy (X)

so that a’, excluding the constant term a’(—), is a, not necessarily symmetric, coefficient
system for g. By Remark 2.7,

lgllw < la'lw (3.11)

We now bound the coefficient system a’(X) for g(1/). Equation (3.10) expresses the out-
put coefficients a’(X) in terms of the intermediate coefficients a(X;y). Equation (3.9), in
turn, expresses the intermediate coefficients a(X; y) in terms of the input coefficients a(X; y).
These formulae lead to the following bounds.

For each nontrivial X € XV, by (3.10) and (3.8),

|a<x>|<2 > > > Ha(x,,y,

"‘l ..... xneX(l) Fiveoms ynEX(l) T spanning tree j=]

X ooy =X for G(yy,----¥n)

=1
=> = D > > > Gy @G )|
n=1 """ T labelled tree with . xneX(l) yex® T yneX(l)

vertices 1,..., n
X 00Xy =X yjoo¥yn=y
TcGy1,....¥n)

=LY Y &y (3.12)

n=1 ° T labelled tree th yex(l)
vertices 1,...,

where

alrG&y= Y > laGu¥ol-laG: )l
Fpodnex® % gpex®
y=yjo-o¥n  X=X|o-o¥n
TCGY ¥

There is a similar bound for a(X; y). Since, for every (¥, ..., ¥x) contributing to (3.9),
G(¥1,...,¥x) is connected and hence contains at least one tree, and since the measure

dpo(¢(x)) is normalized and supported on [—r, r], we have

CLCHED I DD L laidol ol

I N = i
y= Vl° -o¥k X=: l° oxk
TCG(y1.-¥k)
[e]
_y ! "DlalrX; ¥ 3.13
=27 r"lalr (x;y) (3.13)
k=1 """ T labelled tree with
vertices 1,..., k

where

lalr (% y) = Z Do laGi ¥yl laGa: ¥l

o X ()
X_Xl o- OXk

@ Springer



Power Series Representations for Bosonic Effective Actions 851

To complete the proof of Theorem 3.4, we use two lemmata. The first, Lemma 3.5, below,
provides bounds on |a|r in terms of @ and on |a|7 in terms of a. The second, Lemma 3.6,
below, bounds the sums that result from the application of the first lemma.

We introduce, for each o > 0, the auxiliary weight system

.. .. o n(y)
we (X, y) = w(Xx; y)<5>

By parts (i) and (iii) of Example 2.4, w, is indeed a weight system. Clearly w,, = w. Fur-
thermore

wE; —) <wi (X ¥) (3.14)

for all (X,¥) € X®, by Definition 3.1, with p = 4r.
By (3.12), (3.14) and Lemma 3.5, with @ = w and o’ = wy,

o0
1 ~
@' —a'(-)], f;; >k,

T labelled tree with
vertices 1,...,n

fi > ¥ i,

dy,..., T labelled tree

with coordination
dy+- +d”72(” B numbers d,....dn

Yoo it iall],

dy,..., dn Thlabellezld tree
— _ with coordination
dy+-tdn =2(n—1) numbers d,....dn

i

§|,_.
™

Now apply Lemma 3.6 with ¢ = ||d|,,, = |a|,,, and v =1 to get

lalw,

la'|y < —2— (3.15)
1 —38lalw,
By construction, |r"®|a|7 (X; ¥)|uw, = ||@|7 |u,, . Hence, by (3.13) and Lemma 3.5, with
w = w,,, followed by Lemma 3.6,
=1
W< g 2 el
k=1 T labelled tree with
vertices 1,....k
=1
k
SN NI S R
k=1 [ T labelled tree
bty =31) nmber o
< lalw (3.16)
1 —8laly
since wy, = w.
Combining (3.11), (3.15) and (3.16) yields
el jals Sl
" ST 06lal, 1= 161 /T O
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Lemma 3.5 Let w be an arbitrary weight system of length 2 and define the weight system
' by

o' % ¥) =2"Vw ;)
Let T be a labelled tree with vertices 1, ..., n and coordination numbers d,, ..., d,. Let b be

any (not necessarily symmetric) coefficient system of length 2 with b(—; —) = 0. We define
a new coefficient system by by

br(x;y) = E E bX1;¥1) - b(Xp; ¥n)
F1eIneXM zp L Fpex®
y=¥|o--o¥n X=X 0--0%p
TCG(yq...¥n)

Then
|br|, <di!---d,bl},
Proof For any pair N= (N1, N») of nonnegative integers, let b; (X, ¥) denote the restriction

of b(X;y) to (n(x),n(y)) = N. That is,

ba(Gg) = {PED @ =Ny =,

X;y .
0 otherwise
Then
br = E bﬁ/(l)’m.];](n)
N VN
where
by, jmw (X, y) = E E by X3 ¥1) - byo Xu; ¥n)
¥ dneX®D %y Rpex®
Y=yjomofn  X=Xjomokn
TCGF 1.0
Since
‘bT’w < Z by »
N NN
and
bl =Y |bgl,,
NEN%
it suffices to prove that, for any NV, N® e N2,

lbio,jm

Py

n
J=ditd [ |bso
j=1

Furthermore, since T is connected, part (b) of Definition 2.3 ensures that
n

oY) <[ o))

j=1
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- - -

forallX,,...,X, e XD and y;,...,¥, € XD suchthat X=%X;0---0X,, y=¥y,0---0Y,
and T C G(yi, ..., ¥x). So it suffices to consider v = 1.

Fix any NO . N® ¢ N2. Quickly review the definition (Definition 2.6) of
by, jwle- Fix any x € X and select one component of

(;(,5’):(5210"'0;4;1,;’10"'05’;1)

to be anchored at x. By permuting {1, ..., n}, we may assume that the one component is
in (X1, y1). For notational simplicity, we consider the case that the component is the first
component X; ; of X;. The other cases are virtually identical. Thus it suffices to prove that

> D by Gai Y0l b G )l 3.17)

F1rineX® 7 inex®
TCG1.-n¥n) il,lz"

is bounded by d,! - - - d,! ]_[2:1 Do) o lw=1-

View 1 as the root of 7. Then the set of vertices of T is endowed with a natural partial
ordering under which 1 is the smallest vertex. For each vertex 2 < j < n, denote by 7 (j)
the predecessor vertex of j under this partial ordering. For example, if T is the tree in the
figure

7T 3 4 5

then 7(7) =n(3) =n(4) =2, 7(2) = 7 (5) = 6 and 7(6) = 1. The condition that T C
G(¥1,...,¥,) ensures that, for each 2 < j < n, the support of y; intersects the support of
¥x(j)» so that at least one of the n(y;) components of y; takes the same value (in X) as some
component of ¥(;. Note that n(y;) = N’ and in particular is fixed by N, Denote it n.
So

(317) Sl_[[l’ljl’lﬂ(j)] l<I:Inla<Xn Z Z 1_[|bﬁ(j)(§j;yj)|
Smjsn

j=2 1<pjSngyy  Floen ynex(M - %p..gnexM j=1
for all 2<j<n Yj,mj:Yﬂ(j),pj X1,1=X
for all 2<j<n

Since

n n n

[10nme] =TTn7 <[Tle;2]
j=1

Jj=2 j=1 j=

it suffices to prove that

> 2 T2 bso &yl <] ]lbso

FoendneX®D %y gpex® j=1 Jj=1
Yjom;=Vz(j).p; X, 1=X
for all 2<j<n

/
@ lw=1
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854 T. Balaban et al.

for all choices of (m, p;)a<j<n, satisfying 1 <m; <n(y;) and 1 < p; <n(¥(;)). But this
is done easily by iteratively applying

i) - (o O -
E E 2"001bgo X5 ¥ )1 < b
jjexh  x;ex®
Yj.mj:y/?(j).pj

o' lw=1

starting with the largest j’s, in the partial ordering of 7', and ending with j = 1. (For j =1,
substitute X; ; = x for f’j,mj = ffn(j),pj ) O

Lemma 3.6 Let 0 <& < ¢ and v € N. Then

(o)

1 L1 (8e)
ot 2 D hldilet < g

n=v dy,....dn Thlabellzd tree
et dp=2(n—1) With coordination
dyFtdn =20n=1) numbers dy,....dn

Proof First suppose that v > 2. By the Cayley formula (see, for example [6, Theo-
rem 1.4.1]), the number of labelled trees on n > 2 vertices with specified coordination num-
bers (dy, d, ...,d,) is

(n—2)!
1_[;7:1 (d; — 1!

The number of possible choices of coordination numbers (dy, d,, ...,d,) € N" subject to
the constraintd; +d, +---+d, =2(n —1) is (2(””__1;_1) = (2"”__13) < 2273 Therefore

=1

1oood 1g"
Yol XY aea
n=v dy,....dn T labelled tree

—2(n—1) With coordination
dyttdn =20n=1) numbers dy,....dn

o0 1 .
SX_:n—l Z dy---de

dy,....dn
dj+-tdp=2(1—1)

o0
I 1 (8¢)"
< 22n 32n n o~ _
<D i =81 —8

n=v

For n =1, d; = 0 and the number of trees is 1, so the n = 1 term is &. So the full sum for

v =1 is bounded by ¢ + % (lgfii = - -

4 Linear Changes of Variables and Substitutions

In this section, we consider the effect of linear changes of variables on the norms of Defini-
tion 2.6 with the weight systems of Definition 2.5. Such changes of variables arise naturally
during the course of the execution of a Wilson style renormalization group construction. For
example, if ¢, is a critical point of the action .A,_; (¥, ¢), it is natural to use the translation
¢ = ¢ + ¢.; and the change of variables é = +/C¢ can be used to diagonalize the quadratic

form ) #X)C (X, y)p(y)-
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We fix any m > 0 and set, for a linear map J from RX to RX with kernel J(x, y),

MW = max{supZemd""W(x, V)l sup Y em® | (x, y)l}

xeX yex yeX xeX

For « > 0, we denote by w, the weight system of length one with mass m that associates
the constant weight factor « to the field v. That is

mt({Xy,....Xp}) .n

we(Xg,...,X,)=e K

Similarly, for k, > > 0, we denote by w,, the weight system of length two with mass m that
associates the constant weight factor « to the field ¥ and the constant weight factor A to the
field ¢.

To simplify notation, we write [|g ()|« and || f (¥, @) [l for [|g(¥) l|w, and || f (¥, §)llw,; -
respectively.

Proposition 1 Let g be an analytic function on a neighbourhood of the origin in RX .

(i) Let J be an operator on RX with kernel J (x,y). Define g by

§W)=g(¥)

Letk > 0and set k' =« ||| J|||m- Then 121l < lIglle-
(ii) Define f by

fW: o) =g +¢)
Then || flli. = 118 llc+2-

Proof (i) Let a(X) be a symmetric coefficient system for g. Define, for each n > 0,
axi,.ox) =y a .y [ [T x0)
Y1, Yn€X =1

Then a(X) is a symmetric coefficient system for g. Since

T({x1, %) STV L YD+ Y d(ye X

=1

we have

n

=1

and hence

wK(X],"~»Xn)|é(xlv"-sxn)|

< Z w,(/(yl,...,yn)|a(y1,...,y,,)|H[%emd(yz.xww(ybxl)”
=1

Y- Yn€X
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856 T. Balaban et al.

We are to bound

Il =) maxmax > we(xi.....x)|@xXi ... %)
xeX 1<j<n
n=0 X[ ... Xp €X
x =X

< max max Z Z wy! (yl,...,yn)|a(y1,...,y,,)|

xeX l§j<n
n>0 77T X[, xnex Vi, Yn€X

< [T[5em e |s e xol] 1)
K
=

—_

Fixany n > 0,x € X and 1 < j <n. By definition, for each £ # j and y, € X

K omdexo) g L mdtyexo)
E — , LX) = E — J(ye,xe) <1
P (Ye, X¢) ~ 071 e (¥e, Xp) <

xpeX

Therefore

n

YooY wee ol T[S0 [ e xo]

X oeees xneX Yi- y,,eX =1
X;

Szgemd(y,x).l(y,x) Z w,(/(yl,...,yn)}a(yl,...,y,,)|

yeX ¥i.-¥Yn€X
y

Szgemd(y,xﬁ(y,x)r&a} > welyiyw|alyn. )|

yeX YseYn€X
5]
< max we (¥1s - Y |a@yn, -y
€
¥ Yi-s¥Yn€X
yj=y

since, once again, Zy x Se ™YY J(y, x) = ZyeX HIJIHIm "% J (y, x) < 1. Consequently,

(4.1) is bounded by

max max we (Y15 -+ - yn)}a(yls B Yn)| = llglle
1<j<n yeX
n>0 Yo ¥n€X

This proves part (i) of the proposition.
(ii) Let a() be a symmetric coefficient system for g. Since a is invariant under permu-
tation of its U components,

W)= a@y +p@= Y a®o )(”(")(*f(”>w(i>¢®
aeXx™® %, yex(
so that
cooy e o (0 +n(Y)
a+(x,y)—a(xoy)< nG) )
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is a symmetric coefficient system for f. We have

Iflles =) max max Y we(&y)|a, &)
peX 1<i<k+t
k, >0 zexk yext
(X¥);=p
%7 k+1¢ S -
= max max E T SIPPRY)) k) L ‘a(x o y)‘
peX 1<i<k+t £
k,£>0 zexk yext
X¥);=p
k+¢ 17 . -
= E «*2*max max E "t (supp(x.Y)) ‘a(x o y)‘
Y4 peX 1<i<k+t
k,£>0 xexk yext
X¥);=p
k+¢ . .
= «“ A max max E " (supP(n) |a(u)’
L peX 1<i<k+f
k€20 dexkte
u;=p

= E (k + A)" max max "7 (SuPP(@) |a(ﬁ){
peX 1<i<n 4
n=0 iex”

u;=p

= &l O
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