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Abstract

We look at the behaviour of the Sherrington-Kirkpatrick Hamiltonian as we move around the hypercube.
Changes of the Hamiltonian along the edges of a face of the hypercube are encoded by a random variable
called square pattern. We give a complete description of a distribution of square pattern. We calculate
the probability of a vertex being a local optimum and determine the typical value of energy at it. We
consider possible generalisations to radius 2 local optima.
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1 Introduction

Throughout the years, physicists proposed many models to describe phenomena in condensed matter physics,
with the special focus being on the magnetic disorder. The exploration started with ferromagnetic models,
perhaps the simplest and most popular being the Ising model (see [13] for a nice introduction). A completely
new branch of the field emerged in the 1970s with the introduction of spin glass models. An overlaying
picture in most of these models is that of a countable weighted graph G = (V, E') with a random variable o;
at each vertex i € V. A set of edges E together with weights on edges determine the covariance structure
of 0 = (0i)ien. Usually, o takes values in %, = {£1}" as in the already mentioned Ising model or as in
Sherrington-Kirkpatrick model, where most of our attention will lie. However, there are numerous generali-
sations to larger spaces X, for example, see the Edwards-Anderson model or XY model.

To every realisation of o = (01,049, ...,0,), called configuration, we associate Hamiltonian H, (o), sometimes
also called energy of o due to its usage in physics. Depending on the model it is either a real number or a
random variable and it represents how closely aligned coordinates of o are between themselves with respect
to the underlying covariance structure. Next, we define (possibly random) Gibbs’ measure G,, on ¥, given
by

exp(—BH,(0))

GH(O') = Z—’

where  is a tuning parameter that in physics represents the inverse temperature, and Z,, is a normalising
constant. This definition is not crucial to us and we only mention it here for a general overview of what the
field is about and to motivate the calculations in this thesis. Interested reader might want to take a look
at [16]. Having a measure on %,,, one can start exploring typical configurations at different temperatures.
What phenomena can one observe? What happens when we take n — 00?7 Are there some critical values of
B, where the behaviour of ¢ changes abruptly?

Spin glass models generalise ferromagnetic spin models in two ways. First, they allow for negative weights
on the graph edges. Consequently, sometimes disorder states are preferred. Furthermore, weights on graph
edges are random. That makes Hamiltonian random, which means Gibbs’ measure is a random measure,
further complicating calculations. The name “glass” comes from similarities between the disorder of particles
in real glass (e.g. windows) and the preferred chaotic disorder in spin glass. Often, these models are used
to describe the behaviour of physical particles and it is desirable that they take into account their spatial
positions, e.g. (Euclidean) distances between them. This can be done by choosing a particular type of graph
G. However, most such models are, at least at present, intractable, though they are still extensively studied
using Monte Carlo methods. To get around this, G is usually assumed to be a clique with edge weights being
independent and equally distributed random variables, resulting in a symmetrical framework. Such a family
of models is called mean field spin glass and it has been extensively studied.

Mean field spin glass models have applications in many fields, among others in physics, chemistry, neural
networks and theoretical biology. It is an area where it is feasible to run simulations and get good numerical
results, but putting them on rigorous footing requires a lot of hard work. Most of the progress was made
by physicists in a heuristic, yet ingenious way. See books |17] and [21] written by Parisi and others for
some ideas. Later, mathematicians, led by Michel Talagrand and Francesco Guerra, formalised the field and
proved a bunch of important results. Two volume series "Mean Field Models for Spin Glass” by Talagrand
([26] and [27]) gives an exhaustive, rigorous and well-motivated overview of the current state of the field. In
particular, the first chapter deals with the Sherrington-Kirkpatrick model.

We stay at the level of Hamiltonian H,,(c), not going into Gibbs’ measure G,,. We explore the landscape of
H, (o) and look at optimisation problems connected to it. While motivation comes from physics, our approach
is very mathematical. There are many different spin glass models, each having its peculiar characteristics.
Some high-level ideas and techniques appear in many of them, though often very model-specific arguments



need to be used. As there is no “right” model, the most important is a general picture we get from studying
mean field spin glass. Even understanding a single model is a huge task, let alone all of them. We work in
the simplest one of them, the Sherrington-Kirpatrick model.

1.1 The Sherrington-Kirkpatrick model

Let 3, = {£1}"™ be an n-dimensional hypercube. The Sherrington-Kirkpatrick model has a Hamiltonian
H, : ¥, — R defined as

Hy(0) = ZUingij, (1)
i<j

where (gi5), < are independent standard Gaussians (see Appendix A for a collection of facts about normal
random variables we will use). From now on we suppress the dependency on n. Let’s look at the example to
see how this could model a real-life situation. Assume we have 2 tables available and n people to sit down.
Unfortunately, not all of them are friends. We can imagine g;; indicates how fond of each other people ¢
and j are, with g;; < 0 meaning they are enemies. Here, we completely unrealistically assumed feelings are
always mutual. For a person i, we have o; = 1 if we sit him at table A and o; = —1 if we sit him at table
B. The Hamiltonian H (o) describes how well we have done with our sitting o. Replacing tables with plus
and minus electric states and people with particles gives a model of magnetism.

Often, the Hamiltonian in the Sherrington-Kirkpatrick model is defined slightly differently. For example, in
[26] we come across

H(O‘) = —%Zaiajgij—i—hZai. (2)
1< 2

There are multiple reasons for this. Making the Hamiltonian more complicated results in lighter Gibbs’
measure expressions. As these are often the object of interest, many authors choose more convoluted defini-
tions. In addition, equation better captures the physical intuition. The most aligned configurations have
the highest Hamiltonian, but in nature, we find the most stable configurations at the lowest energy levels,
hence the minus in front. The term h )", o; represents the external magnetic field acting on spins o. The
square root of n is included for normalisation reasons when considering the normalisation constant Z in G.
However, our focus lies on the Hamiltonian H and so we stick to the simpler definition .

For a fixed o, the Hamiltonian H (o) is a simple object. All g;;’s are independent normal random variables
and thus H (o) ~ N (0, (3)), a centred normal with variance (}). In the words of our little analogy, i being
friends with j and j being friends with k, tells us nothing about the relationship between i and k. The
situation is more complex if we consider the relations between values of the Hamiltonian at different o’s.
Let d be a Hamming distance on X, that is the proportion of coordinates where o and ¢’ differ,

1
d(U, 0'/) - - Z Il{c,i#g;}.
i
Since everything is symmetric, the covariance structure is completely determined by distances d.

Lemma 1.1. Let ¥ = {£1}". For any 0,0’ € ¥ and d the Hamming distance on X, we have

TLQ n

Cov (H(0), H(0")) = 5 (1 — 2d(o, o))’ - 7 (3)

Proof. For a fixed o, the hamiltonian H (o) is a centred random variable. Hence,
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As it turns out this is a very rich covariance structure. Consequently, the landscape of H(o), i.e. values the
Hamiltonian takes at the edges of the hypercube, is very complicated.

This master thesis is about exploring the local landscape around a vertex o = (01,09, ...0,,). Let’s introduce
some notation that describes moving around the hypercube X. First, there is a trivial global spin change

—0 = (—01,—02,...,—0y). As o and —o represent the same partition of (0;); in two sets, it is clear that
H(o) = H(—0). We define

i) .
O'( ) = (01, ey 04—1y —04,0i41, ...,O’n)

to be a neighbour vertex of o that differs only in coordinate ¢. To keep the notation lighter we will write
H (o) = H(c™). For a set I = {iy,...,i,} we define o/ and H' in an analogous way. Note that the order
in which we change spins doesn’t matter. For example,

(H(i))(j)(g) - (H(j))(j)(o—) - H({i,j})(g).

For 0 < |I| < n, values of H(c) and H! (o) are almost surely different and from lemma we can see that
their correlation decreases as the size of I increases.

For a vertex o and two coordinates i, j, consider the square with vertices {o, 0,0 o{#1D}, The Hamil-
tonian takes different values at the vertices of the square and moving along the square edges we can measure
energy differences. Signs of these height changes are encoded in a square pattern. In the first part of the
thesis, we explore different square patterns. They are completely described by a four-dimensional subvector
of H(0)sex, resulting in easier calculations while still inheriting the original covariance structure. We find
that square patterns with matching opposite sides are much more likely to happen. In addition, we are able
to give precise probabilities with which different square patterns happen. At the end of Section 2, we look
at how these probabilities change if we condition on H (o) having a particular energy value.

Another interesting object is a global minimum of Hamiltonian H(c) over all ¢ € X. Getting good estimates
of its energy levels was perhaps at the heart of mean field spin glass research for many decades. In 1979
Giorgio Parisi, in [20], provided a nonrigorous variational formula describing the free energy that has the
following result as a corrollary.

Theorem 1.2. Let ¥ = {£1}", H(o) the Sherrington-Kirkpatrick Hamiltonian and ¢ > 0 a constant. Then,

_3
2

n~2min H(o) — —c in probability. (4)

oex

It was numerically estimated in [7] that ¢ ~ 0.7632. There are also some good bounds known. In a celebrated
paper, [25], Talagrand proved Parisi formula.



The proof of the above theorem is well beyond the scope of this thesis. In Section 3 we focus, instead,
on local optima. Section 2 and Section 3 can be read independently from each other. A lot of important
algorithms for finding high-energy configurations are greedy and stop at local minima/maxima. Therefore,
it is important to have a good understanding of them. How many local optima do we expect to see? At
what energies do they typically appear? We look at two paths one can take when trying to answer these
questions. In the first part of Section 3, we follow 1] and dive into measure concentration theory mixed with
some manipulation of normal random variables. In the second part of Section 3, we take a more analytical
approach of [28] and look at distribution theory while calculating (too) many integrals. We try to extend
both approaches to get similar results about radius two local optima.



2 Square patterns

Uniformly at random choose any vertex o € ¥ and two coordinates i, j. We fix all of that for the rest of the
chapter. Consider a square S = {0, o®, o), 0({i’j})}. The random variables

HW (o) —H
Zi(0) = M = - Z OkOiGik, ()
ke[n]\i
HY (o) — H(o
Zs(o) = % == > ox0gik (6)
keln)\j
HYuib () = HO (o
Zs(o) = ( )2 (@) i Z Ok0;gjk + 0i0;Gij, (7)
ken]\i.j
Z4(0) = Z1(0) + Z3(0) — Z2(0) (8)

represent changes in the Hamiltonian as we move along edges of the square. Above we have quietly chosen
a direction in which we measure height differences and we set o as a ”central point”, i.e. we always measure
away from it. From now on dependencies on o will be implicit.

N
/7
Zy

N 2 Z3 AN

Z
N
7

Figure 1: Directions of Z;’s

Square pattern is a random variable P = (21, 22, 23, 24) € PM = {+, —}*, where for 1 <i < 4,

+ if Z; > 0,
Zy =

Our goal in this Section is to completely describe the probability distribution of P. Even though PM consists
of 16 states, there are different symmetries that make our calculations easier. The pairs of edges equipped
with (Z1,Z3) and (Z2, Z4) play the same role and the choice of whether to first consider i or j direction,
when numbering Z;’s was arbitrary. A map (21, 22, 23, 24) — (22, 21, 24, 23) is called diagonal symmetry and
it’s invariant under probability measure P, i.e.

]P)[(Zla 22, 23, 24)] = ]P[(ZQa 215 %4, 23)]

Intuitively, we reflect differences in the Hamiltonian across the diagonal of S, see Figure
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Figure 2: Example of diagonal symmetry

Similarly, all vertices o € 3 play the same role and we were just as likely to start with any other vertex in
the square S, but with the same two directions ¢ and j. Then we would be looking at the same square, but
from a different central point, resulting in observing different square pattern. Necessarily, these two square
patterns are equally likely to be observed, since they depend only on our perspective. Therefore,

P[(21, 22, 23, 24)] = P[(23, —21, —24, 22)] = P[(—22, 24, 21, —23)] = P[(—24, —23, —22, —21)]-

Positional symmetry is a collection of maps (z1, 22, 23, 24) — (23, —21, —24, 22), (21, 22, 23, 24) — (—22, 24, 21, —23)
and (21, 22, 23, 24) — (—24, —23, —22, —21), all corresponding to a version of described change in perspective.
See Figure [3] below.

S > °
/N + + AN

® > Py
o

Figure 3: Example of positional symmetry
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We say pmq,pmo € PM are related if we can get from one to another using a sequence of diagonal and
positional symmetries. It is easy to see this is an equivalence relation on PM. We call its equivalence classes

square classes. There are four of them:

e Normal square class consists of four patterns: (+,+,+,+), (—,+,+,—), (+,—,—,+) and (—, —, —, —).
. > ® b > i
+ —

/N + + AN /N — — N\
+ _
® > ® . > o
a ag
. > * * > )
— +
N + + N /N — — /N
— +
" > ® ¢ ) °
a ag

Figure 4: Normal square class

o Level 1 epistasis (EPy) square class consists of eight patterns: (—,+,+,+), (+, +,+, =), (—, —, —, +),
(+7 T T _)7 (+7 ] +7 +)’ (+a +7 ) +)5 (_a +7 ) —) and (—7 ) +a _)
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Figure 5: Level 1 epistasis square class
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o Level 2 epistasis (EP») square class consists of two patterns: (—,—,4+,+) and (+,+,—, —).

s > 'y [ > ®
N — + AN AN+ N
—_ +
¢ > * . > ®

o o

Figure 6: Level 2 epistasis square class

e Impossible square class consists of two patterns: (+,—,+,—) and (—,+, —,+).

> ’ > ’
- +

N — + AN AN+ — A
+ _

. > o . > o

a a

Figure 7: Impossible square class

The event Z; = 0, for some %, is null, hence we are inside of one of the square classes almost surely. We
ignore that issue from now on by working on the appropriate subspace of measure 1. Within any square
class, all square patterns happen with the same probability, so it’s enough to calculate the probability with
which each of the selected class representatives appears. Since Z; + Z3 = Zs + Z4, impossible class can’t
happen. Furthermore, the sum of probabilities is 1 and calculating probabilities with which each of the two
epistasis classes appear gives a complete description of the distribution of S.

Epistasis classes are characterised by the number of opposite sides of the square that differ, for example,
z1 = + and z4 = —. Level 1 epistasis has one non-matching side, level 2 epistasis has two. In contrast,
normal class has both opposite sides matching. We show that opposite sides are highly correlated, so they
are not very likely to be different. In theoretical biology, the term epistasis is used to describe, loosely
speaking, the possibility of different outcomes in different individuals under the same mutation. There are
numerous causes for this phenomenon. Some are environmental (pathogens, temperature), while other are

11



purely stochastic, for example, errors in genes. Different mathematical models were proposed throughout the
years to try to capture the effect genes have on phenotype. The most popular is the NK model, see [29], but
the Sherrington-Kirkpatrick model is sometimes also used. A biological take on epistasis can be found in [10].

Let Z = (Zy,Z5, Z3)" € R be a multivariate normal random variable. The square S having a certain square
pattern is equivalent to Z being in a certain subset of R3. Thus, we only need a good description of Z and
the appropriate subset of R3. The mean of Z is 0 and the covariance matrix is

n—1 1 —1
Yi=Cov((Z1,22,7Z5)" )= 1 n—-1 n-3]. (9)
-1 n—-3 n-1

We would prefer to work with a standard normal random variable, so we choose a basis in which corresponding
quadratic form is given by a diagonal symmetric bilinear form. One can check that if we take a basis

Jo—
L vn—1
Zy + Z3
Ry = ——
? V2n
221 - (n - 1)22 + (n - 1)23
Rs =

2(n—1)

then R = (R, Ry, R3)” is a multivariate normal random variable with mean 0 and identity as a covariance
matrix, i.e. R;’s are pairwise independent.

We express Z in terms of R. Sign patterns correspond to signs of coordinates of Z (together with Z,), which
in turn corresponds to different regions in R-coordinate system. We get

Z1 =+vn— 1Ry,

R1 n
Zy=——=+/5R2—R
2T m—1 V2

R1 n
o = — —Ro+ R
’ m*\ﬁ 2+ Hfs
Z4:<\/n—1— >R1+2R3.

2
vn—1
Notice that the only class with a non-zero limit probability of appearing is normal square class. This can be
explained by the covariance between opposite sides of the square increasing with n. There are O(2") squares

in 3. This quick growth might subsidise for the decay of epistasis square patterns and we might still expect
to see a lot of them as n grows.

12



2.1 Level 2 epistasis

Let A be an event that the square S has a pattern (+,+, —, —). This corresponds to the system
Ry >0
R1 n
R3 < —R
3 — + 5 12
R1 n
R3 < R
3 — 5 ft2
1 2
R3 < = —Vvn— 1 R1
2 n—1

Recall R;’s are independent and P(R; > 0) =

1
5

The rest of the calculations (and the thesis in general) rely heavily on manipulation of normal random
variables. We once again point to Appendix A, where one can find a collection of terminology and facts
about Gaussians. Given two independent random variables A and B we are often interested in the maximum
M = max(A, B). If we know their pdf’s fa, fg and cdf’s F4, F, we have a good description of M. An
elementary calculation gives

Fuy(z) =P[M < z]

and upon differentiating

fu (@) = fa(x)Fp(x) + Fa(z)f5(x).
For this Subsection, we set A = |\/§R2|, B = ‘@Rll and M to be the corresponding maximum.

Upper bound
For every ¢ > 0, we can bound
PIA]J=P[A| R <cvVn—1]P[Ri < cvVn—1]+P[A| Ry > cvn—1|P[Ry > cvn —1]
1
iP[A\Ogngcx/n—l ~1—|—1-]P’[R120\/n—1]

1
§P[R32M—c]+IP’[R120\/n—1].

IN

IN

Gaussian tails decay exponentially, so we have a good control over P [R1 > cv/n — 1|. The first term can
calculated as

P[Rs > M — | = /OwFM(x)fRS(m—c)dx

e L))l )
1

= E(Il + IQ),

13



where

I = /Oﬁerf <;ﬁ) erf (‘”\}?) exp <(x 20)2) do < % G + ec> (1+c?),

for some constant €, depending on c¢ that goes to 0 as ¢ — 0, and

)

8

The above upper bounds for I; and Iy are derived in Appendix C. Combining this with upper bounding
Gaussian tails (Lemma |A.1) gives

1
]P(A)g§]P’[R32M—c]+IP[R12C\/n—1

1
<—U + 1)+

1 < cz(nl))
RN Vrmovn—1 P\TT o
2v2 (1

< (2 +ec> (1+02)+\/%%exp (?) +o<;).

_1
Now we choose ¢ = n~3 to see that

Similar approach can be used (see Appendix C) to lower bound

}P’[A}z;/f-i—o(i).

Putting it together, we have a precise asymptotic behaviour of (+, 4, —, —) pattern. Since all patterns in a
square class are equally likely, we have proved the following theorem.

Theorem 2.1. Probability of observing level 2 epistasis satisfies

42
lim n-P(EP;) = a2

n— 00 s

2.2 Level 1 Epistasis

There are 8 different sign patterns that give rise to level 1 epistasis. Since they are all equally likely it
is enough to calculate the probability of event B = (+,+,+,—), or equivalently the probability that the
following inequalities hold for R = (Ry, Ry, R3) standard centred normal random variable in R?,

Ry >0
Rl n
R —R
8 < n—1+\/;2
R1 n
Rs < —/=R
ST V-1 \/;2

1

R >1<2 1>R
- —n—
375 =1 1

14



Let X = \/3|Ry| and ¥ = ¥ "2_1 |R1]. Then X and Y are independent half-normal random variables with
variances 3 and ”Tfl respectively. Both are also independent of R3. Conditioning on R; > 0, our system is

equivalent to

Ry Ry

X+ <R <Y+7.
vn—1 3 vn—1

(10)
Upper bound

Having in mind we can upper bound P(B), for ¢ > 0, as

P(B) [B|Ri <cvn—1|P[Ri <cVn—1]+P[B| Ry >cVn—1]P[R; > cVn—1

PIX <R3 <Y +c-14+1-P[R; >cVn—1].

P
1
2
We have control over Gaussian tails of Rq. As for the other term, we can calculate

PIX<Ry<v+d= [ / Py (9 + ©) = Frey(@)) fx (2) fy (5) Loy oy ddy
2V/2

= ——=-(J1 — J2),
=)
where
[e’e) [e’s) T L2 _i f
J :/ / erfc<>e ne n—ldyd:c<<1+c\/>+ol>
' 0 z—cA0 \@ 2 2 ()
and

00 y+c 2
Yy+c _x2 2y C\/i ™
Jo = / / erfc () e~ me n1dxdy > (14 (o(1 ,

bounding once again being done in Appendix C. Therefore, we have

1
PB < SPIX < Ry <Y +¢-1+1-P[Ri > evn —1]
2 1 2(n—1
_L(J1*JQ)+767 (2 :
my/n(n —1) cy/2m(n—1)

IN

e (ﬁ\f ! \/;Tn>

1

Taking ¢ = n~3 and letting n — co we get
1 1

P|B| < +o|l —|.

Ly (\/ﬁ)

Doing very similar calculations (Appendix C) for the lower bound results in the following theorem.

Theorem 2.2. Probability of observing level 1 epistasis satisfies

lim v/n-P(EP)) = :ﬂ

n—oo

15



Every time one of the pairs of opposite sides of the square differs and the level of epistasis increases, the
probability of observing such a pattern is multiplied by ﬁ The following simple problem might shine some

light on where the ﬁ decay is coming from. Let X ~ N(0,1) and Y ~ N(0,1) be independent standard

normal random variables. What is P[Y > /nX | Y > 0]? It’s exactly the integral of joint Gaussian density
over the area shaded in Figure

Y =N

Figure 8: Shaded area represents P[Y > \/nX | Y > (]

Gaussian density is circularly symmetric, meaning that the value of pdf at a point depends only on its
distance from the origin. Hence, it’s enough to calculate the angle o between y = nx line and y-axis. That
is,

P[Y>\/HX\Y>O]=%,
which can be easily calculated as
i arctan <1) = L +o0 (1) .
27 Vn 21/ Vn
On a high level, appearance of epistasis for a pair of sides is having Y > /nX | Y > 0, for X and Y

independent standard normals. Opposite sides of the square S are much more correlated than adjacent

sides, so each pair acts “independently” enough to force an extra —= decay if mismatched.
Yy g vn

16



2.3 Square patterns conditioned on energy

We still work with the same fixed square S, but this time we also have access to the energy value (Hamilto-
nian) at the vertex o. If this value is typical for a global maximum, we intuitively expect to see a decrease
in energy when we move to a randomly chosen neighbour. In particular, it is not likely that we are at a local
minimum. We expect to see more minuses than pluses on the edges of the square S. In this Subsection, we
formalize and generalize this intuition. We look at how conditioning on ¢ having a certain energy changes
the expected number of different square patterns.

)
levels are of order n. It follows from the corollary of the Parisi formula (Theorem2 11.2), mentioned in the
introduction, that typical value of energy at a global maximum/minimum is of order ni. Paper [1] shows
that the Hamiltonian typically has the same order at local maxima/minima. See Section 3 and in particular
theorem for more details. Note that typical value and expected value are two different concepts. Ez-
pected value is a weighted mean of possible outcomes, while typical value is a type of outcome that happens
with a high probability. Imagine drawing of I > 1 lots. There is only one ticket that pays out [, all other
tickets are worthless. The expected (average) prize is then 1, but the typical price is 0.

The Hamiltonian H = H(o) is a centred normal random variable with variance ("i so its typical energy

We still work with Hamiltonian differences Z7, Zs, Z3 and Z, from equations —. This time the vector
of interest is Z = (H, Z1, Z, Z3)T. It has one dimension more than Z before. However, we condition on H,
so effectively we still need to integrate over different subsets of R3. The covariance matrix of Z is

) -1 —(n-1) —(n-3)

—(n—1 n—1 1 -1
f(nf?)) -1 n—3 n—1

Recall that (Z1, Z2, Z3) ~ N'(0,%), with ¥ is given (9). Conditioned on H = h, the distribution of random

vector (21, Zy, Z3) ~ N (u(h),¥’), where
2h 2(n — 3)h\ " 2h
= (22 YT
and
Z’zZ—ﬁ(n—l,n—Ln—i&)T (n—1,n—1,n—23)
n—3 -1 -3

= (1+0(1)) -1 n—-3 n-—5
-3 n—-5 n—-3

See discussion about Gaussians in Appendix A for more details. We are only interested in a limit behaviour
as n — 00, so it’s enough to work up to o(1) term. We proceed as in non-conditioned case and find a basis
that up to a o(1) terms diagonalises a quadratic form associated to 3(h). One such basis is

Z
Ry =L
1 \/ﬁ
372y — Zs
Ry =223
2 2/n
221 — TLZQ + TlZg
R3 = .

n

A vector (R, Ra, R3) is a standard Gaussian with identity as a covariance matrix and mean m’ = (%, ﬁ, O (

where p = u(h); = —%. Denote by
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We can express (Z1, Za, Z3, Z4) as

Zy = (14 o(1))V/nR,

72 = (14 of0)) (T + Viaka + o)
Z3=(1+0(1)) (—?ﬁ% +vnRy + 3R3)
Zy = (1+o0(1))(VnR: + 2Rs).

We are only interested in a limit behaviour, hence we can ignore o(1) terms.

We denote by P the conditional probability measure P[ - | H = h]. Diagonal symmetry is still invariant
under this measure, i.e.

P[(Zla 22,23, Z4)] - P[(ZQa 21, %4, Z3)]
However, conditioning on energy value at o introduces a distinguished point in the hypercube and we no
longer have invariance of positional symmetry. Consequently, there are many more square classes to consider.

There is another symmetry-type equality that can help us reduce the number of cases we need to calculate.
Normal random variables are symmetric around zero and so

P[(21, 22, 23, 24) | H = h] = P[(—21, =22, —23, —24) | H = —h].

We call this sign symmetry. There are two different types of energy we will condition on. For k € R, there
is a typical energy h = kn that we are likely to see at a randomly chosen point and an extreme energy
h = kn?®/? we usually find at local optima. The behaviour of square patterns depends on the conditioning we
choose. We only do sample calculations for the square pattern (—, +, 4, +). Other cases follow analogously.

Denote by D = (—,+, 4+, +) the pattern of interest. It is equivalent to the system

Ry <0
R’
2L nR
\/ﬁ \/EQ
B Vi

- YR
Jn 37

Rs > —gRL

R3 >
R3 >

m

To further ease the notation write m, = N For ¢ > 0 denote by D, the following system

Ry <0
R3>mc—\/ﬁR2

Rs >mc—?R2

Rs > —gRL

18



We use the usual bounds on Gaussian tails to get

P[D] = P[D|Ry >m —c\/n]- P[Ry >m —cy/n] + P[D| Ry < m —cy/n|- P[Ry <m — ¢\/n]

1 An
<P|D.|Ri >m —cyn|-P|[Ri >m —cyn|+1- exp | ——
< PID.| B > o] Pl > m = e +1- —— e ()

1 n
— P[D,] + exp (=2
[De] cV2mn p( 2)

For this bound to be useful, we want ¢ > ﬁ We will later pick ¢ = n~3. We can calculate

P[D,] = P[D. | Ry < 0] &(—m)

vn

= (I)(*m) -P |:R3 — M > max (\/ERQ, 7%R2, *7

R1m0> |R1<0:|

Denote by A = —y/nRs, B = —@Rg and C' = —4}21 —m. | Ry < 0. Unless R; is really small in absolute
value compared to ¢, C is greater than zero and so is the maximum. In that case Ry can only make a
difference when it is negative, but then A > B. Hence, P[D.] is equal to

B(-m) ( | Fa et i, (0 e do + E) , (11)

where E = [["° Fa(2)Fo (%) fry (¢ 4+ me) d, for M = max(A, B), is an error term. Cumulative distribution
of A is that of a Gaussian, while we use equation (A33) for Fg, to finally get

e—m2/2 00

PID ox (1 o(1) =~ | (1 +oerf (J% + Z%)) (z + me) exp <_; (z+ mc)Q) dz+®(—m)E. (12)

Typical energy levels

At typical energy levels h = kn, for some k € R, giving m = f%. We let ¢ = n~/3. For some constant

L > 0, independent of n, we can bound

O(—m)E < &(—m) /Omc Fo(2)fr, (¢ +m.) da

< % /Omc (x + m,) exp (—; (x+mc)2) da

This integral is of a similar form as the other integral in , the only real difference is the range over which
we are integrating. Now we take limits. All the integrands are bounded by 1 and so limits commute nicely
with integrals by the Dominated convergence theorem. We further note that for a € (0, o],

a 22 o2
/ e~ Tdr=1—e" 7 <d?
0
which converges to 0 with a rate higher than a when a converges to 0. For a = oo, it is equal to 1. That

means that ®(—m)E is dominated by the first term in . Furthermore, the limit values of integrals don’t
depend on k.
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All in all, we see that the lim, . v/n P[D,] is a constant independent from k. Let D’ be the following
system

R <0

R3 > —\/ERQ
Rs3 > —gRg
R3 > —gRl.

Since R; < 0, we can trivially add the left inequality in

1 n
P[D'| < P[D] < P[D.] + ex (-) 13
(D)< PID) < PID + —— e (=5 (13)
Calculating P[D'] is the same as calculating P[D,.] with m = 0 and ¢ = 0. Hence,

lim /n P[D'] = lim v/n P[D,,-1).

n—oo n—00

Taking limits in we see that lim,,_,. /n P[A] is a constant that doesn’t depend on a value of k in
h = kn. By the Central limit theorem

H

(m)*

— N(0,1),

implying

P[H = O(n)] = 1.
Therefore, the constant must be the one from Theorem [2.2] i.e.

. 1
As long as we are at typical energy levels the precise value of energy at o doesn’t influence the limit proba-
bilities of square patterns of S. The contribution of ¢ is not too extreme and gets overwritten by other points.

Extreme energy levels

The situation is different if we condition on h = kn?, i.e. we are at very high energy levels. The conditioning
here is much more drastic and the probabilities of observing different sign patterns depend on the value of
k. In this case m = —2k. Once again we look at equation . Using the same reasoning as above we see
that the error term E is dominated by the integral term. Taking limits we get, with the help of Dominated
convergence theorem,

i —m?/2 m
Jim. VnPlA, 15] xe (1 +erf (\@)) :

Going through calculations we see that the m. term completely disappeared in the limit and so it follows

from that

Tim /7 P[A] o e/ (1 +erf (\%)) = 2 (1 —erf (\@k)) .
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Sign pattern P[] x E[;;les‘t:;Sls
(+,+,+, ) (1—erf (V2F))® 0
(=== ) (1 + erf (V2k))” 0
(1) [ e (1—erf(V2k)) 1
(+,— ) | e (1—erf (V2k)) 1
(+,+ =) | e (1 —erf (V2k)) 1
(+,+,+ ) | e (1 —erf (V2K)) 1
(+,—,—,—) e—2K (1 + erf (V2k)) 1
(—+,—,—) e~ 2 (1—|—erf(\/§k)) 1
(=, — +,—) | e 2 (14 erf (vV2k)) 1
(=, = —+) e~ 2 (1—|—erf(\/§k:)) 1
(+,—, = +) 1—erf (V2k)° 0
(=44, —) 1—erf (v2k)° 0
(+,+,—,—) e 4K 2
(= =+, +) ek 2
(+,—,+.—) 0 2
(=4, —+) 0 2

Table 1: Limit probabilities of different square patterns when conditioned on H (o) = kns.

We can do similar calculations for other square patterns, using different symmetries to reduce the amount of
work required. The results are given in table |[I} Note that limit probabilities are appropriately normalised
by

Epistasis level
2

n

For A C R, we would like to use a version of Bayes formula to draw some conclusions about

lim P[H (o) € A | Square pattern].

n—oo
However, for A a subset of typical energies, the square pattern doesn’t give us any information about the
exact level of energies. For A a subset of extreme energies, the probability of observing such energies at a
randomly chosen point is a Gaussian tail probability and decays exponentially. We are unlikely to be in such
a state and specifying a square pattern doesn’t alter the rate of exponential decay.

Yet, we can take a step in this direction and define a family of measures on R, indexed by square patterns
P, and given by

Epistasis level of S
2

up(z) =n -P[P|H(o)=1], VzeR

The measures indexed by square patterns with more minuses than pluses have negative mean, confirming our
intuition that we are more likely to see more minuses if we are near local maxima. Similarly, square patterns
with more pluses than minuses result in measures with a negative mean. If a square pattern has two pluses
and two minuses, then its measure is symmetric around zero. Increasing the level of epistasis decreases the
variance of the underlying measure. For example, both S = (4, —, —,+) and S’ = (4, +, —, —) have means
E.s[1] = Eug, [1] = 0, but Var, [1] ~ 0.235 and Var,_, [1] ~ 0.111. We are less likely to see epistasis near
high energy points. In particular, epistasis is unlikely to happen near global maxima.
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3 Local optima

Previous Section alluded to the richness of the landscape of the Sherrington-Kirkpatrick Hamiltonian. In
this Section, we continue our exploration by looking at local optima. For o € .4 € [n], define

T’l:TZ(O') Zzw:— Z 030535, (14)
JEIN\i
a difference in Hamiltonian after flipping ith coordinate. A vertex o is a local minimum if T; > 0 for all
i € [n]. A global minimum is a vertex that minimises H (o) over all ¢ € ¥. Local maximum and global
maximum are defined analogously.

As already mentioned in the introduction, getting rigorous results about global minimum is extremely hard
and it took decades of time and numerous advances in our understanding of spin glass models, before
Talagrand in [25], building on the work of others, finally proved the celebrated Parisi formula that describes
the behaviour of global minimum. To state the precise formula we would need to introduce a lot of extra
notation that’s not too important for our purposes. Instead, we only restate its corollary.

Theorem 3.1. Let ¥ = {£1}", H(o) the Sherrington-Kirkpatrick Hamiltonian and ¢ > 0 a constant. Then,

n=2 melg H(o) — —c in probability. (15)
It was numerically estimated in |7] that ¢ &~ 0.7632. It was proven in [15] that ¢ < \/g ~ 0.7979.

We focus, instead, on local optima. We show that the expected number of local optima grows exponentially
as n — oo and we find the exact rate of growth. We also touch on techniques Adario-Berry et al used in [1]
to derive a version of theorem for local optima. They showed, roughly speaking, that the typical value
of the Hamiltonian at a randomly chosen local minimum is dn? for d ~ —0.506. A precise statement of the
result can be found as theorem [3.12] We demonstrate two techniques, currently available in the literature,
for counting local optima. First, we consider a recent approach [1] by Adarrio-Berry et al. It uses measure
concentration ideas, with a special focus on large deviation theory techniques. In the second part of this
Section, we look at an older and more analytical approach [28] due to Tanaka and Edwards.

Although less special than global optima, locally optimal configurations are still worth considering. The
Hamiltonian takes extreme values at them and it was shown in [3] and |12] (both papers show the result for
a local optimum of weighted MaxCut problem, but there is a one-to-one correspondence between the prob-
lems; see [1] for more details) that they can be computed in polynomial time by various greedy algorithms,
making them quickly accessible. Here, by greedy algorithm, we mean any algorithm travelling along vertices
of the hypercube, that at every step makes a choice based only on information available from its current
position and its neighbours. Surprisingly, many such greedy algorithms tend to terminate at local optima
with much more extreme energies than we would expect to see. For example, as qualitatively shown in
[12], a basic greedy algorithm that chooses its next move uniformly at random among all neighbour vertices
with lower energy usually terminates at a local minimum with energy level around —0.7n2. That’s closer to
typical values of global minimum than of local minimum. The phenomenon further hints at the diversity of
the Hamiltonian landscape near local extrema.

We take a step further and try to generalise the above. A vertex o € X is a level k local optima if the
Hamiltonian takes more a extreme value at it than at any point within (graph-theoretical) distance k away.
Such optima can still be computed easily by greedy algorithms and they behave more like global optima as
k increases. We will focus on level 2 local optima. For ¢ # j, define

HW3) () — H(o) Z

ij\0) = = —

2

OROigki — Y 01050, (16)
ken]\{i,j} leln\{i,5}
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a difference in the Hamiltonian to a configuration two spins away from o. We say o is a radius 2 local
minimum if T;; > 0 for all ¢ # j. We define radius 2 local mazimum in the same way. Note that o being
radius 2 local minimum is not enough for o to be a level 2 local minimum as it can still fail to be a level
1 local minimum. However, to make calculations easier we will focus on radius 2 local optima. They still
ensure there is an extreme value at o or one of it’s neighbours and it can be determined in a linear time
where exactly it is. The improvement of calculations to proper level 2 local optima should not be too hard.

3.1 Measure concentration approach

3.1.1 Logarithmic Sobolev inequlities

Before we delve deeper into local optima, we take a detour and explore concentration of functions of Gaus-
sian random variables. Measure concentration theory is a branch of probability that explores how random
variables concentrate around their mean. It generalises the notion of variance. Most of this section follows
l4], a good exhaustive book on concentration of functions of independent random variables.

Perhaps the most basic concencration inequality is Markov inequality.
Theorem 3.2 (Markov inequality). Let X be a nonnegative random variable. Then, for all t > 0,

P[X > 1] < y.

Proof. Let Y = tl x> . On a coupled probability space, X > Y and hence
E[X] > E[Y] = tE[1{x>4] = tP[X > t].
O

This is a rather weak inequality. We can strengthen it by simple algebraic manipulation to get exponential
bounds.

Theorem 3.3 (Chernoff inequality). Let Xi,..., X, be independent and identically distributed real-valued
random variables. Then, for allt > 0,

1 § : AX
. > < 1 _ .

Proof. For all A > 0 and i € [n], Markov inequality applied to an increasing function f(x) = e® gives
P[X; > t] < e MEe .

Using the independence of X;’s,

<P[X; >t Vi

PlZXiznt

P[X, > "

< (efAtEe)‘Xl)n )

Taking logarithms and optimising over A > 0 gives the result. O
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The bound we obtain from Chernoff inequality is often sharp. It gives the correct rate of asymptotic decay for
the average of n independent and identically distributed random variables. However, to get good estimates
of more complicated functions of independent random variables we need smarter methods. There are many
possible approaches. Mostly, they take into account specific properties of functions and don’t generalise too
well. One of the most fruitful directions to take, which can be adapted to a lot of different settings, is a class
of logarithmic Sobolev inequalities. It’s complicated to even define what exactly these inequalities are and
we will only be touching on some techniques we need on our way to proving theorem For more details
on the topic, we refer to [2].

We start by defining an entropy of a non-negative integrable random variable Y. Let ®(z) = xlogz, where
we extend it to [0, 00) by setting 0log0 = 0. Then,
Ent(Y) =E®(Y) — ®(EY).

Note that is not the same as more common Shannon entropy, though it is closely related to it. See Chapter
4 of [4] for more details. By Jensen’s inequality, Ent(Y) > 0. The entropy Ent(Y) is finite if and only if
®(Y) is integrable.

For X = (X1,...,X,) and i € [n], denote by E(*) the conditional expectation

EQ =E[-| (X1,..., Xi 1, Xis1,. -, Xn)]

and define the corresponding conditional entropy by
Ent® (V) =ED®(Y) — & (E@')Y) .

One of the most important properties of the entropy is its sub-additivity. The proof of the following theorem
can be found on page 105 of [4].

Theorem 3.4. Let X1,...,X, be independent random variables and let Z = f(X1,...,X,), for f a mea-
surable and nonnegative function such that Z and ®(Z) are both integrable. Then

Ent(Z) < 2 XL: E [Ent(i) (Z)} .

For any function f : R®™ — R we introduce another functional

(f) = 5E [Z (Fx0) -7 (X“’))Q] :

7

where X is obtained by resampling the ith component of X. This functional usually appears in the context
of Efron-Stein-type inequalities and has deep implications. Similarly, entropy is widely used all over measure
concentration. For us, these functionals are just a stepping stone. Now we state our first Sobolev-type
inequality.

Theorem 3.5. Let X = (X1,...,X,) be a uniformly distributed random variable on ¥ = {£1}" and let
f 2 = R be any function. Then

Ent (f*(X)) < e(f(X)).
Proof. Write Z = f(X). The discrete version of theorem [3.4] states

Ent (22) < 3B [Ent® (2%)] .

Hence, if we can show that for all i € [n],
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Ent(® (22) < E®) [(f(X) —f (X@))Q] :

the result follows upon taking expectation. Note that each X; = +1, so conditioned on X, Z can only
take two values, say a and b, with equal probability. It is then enough to prove the following inequality

2 2 212 2 12
a 9 b 5 a“+0 a®+0b 1 9
— — — < — —
5 loga” + 2logb 5 log 5 _2(a b)*,

for any a,b € R, which follows from simple calculus arguments. O

Now we have all the tools to prove the key theorem of this section

Theorem 3.6. Let N = (Ny,...N,,) ~ N(0,1,,) be a standard multivariate normal random variable and let
f:R™ = R be almost everywhere continuously differentiable function. Then

Ent (f(N)?) < 2E [|[VF(N)[?] .

Proof. We start by proving the result for n = 1, that is for N being a one-dimensional standard normal
random variable, and then use entropy sub-additivity to extend it to higher dimensions. We also assume
that f is a twice differentiable function with compact support. This is a big enough set of functions that we
can lift our result to the set of almost everywhere continuously differentiable functions by standard density
arguments using the monotone convergence theorem. Finally, we assume f is square integrable since other-
wise, the proof is trivial.

For i € [n], let €; be independent Rademacher random variables, that is uniform random variables that take
values in {#1}. Denote their normalised sum by

1 n
S, = — €.
n \/ﬁ ; 1
Logarithmic Sobolev inequality on a hypercube that’s described in theorem [3.5] implies

2

Ent [f (sn)Q] <E|>_ <f (Sn) — f <Sn + 69\;;]'))

-8 [S (s 2)

The supremum K = sup,, | f”(X)]| of a twice differentiable function f with compact support is a finite number.
Hence, using Taylor approximation, for all j € [n],

and hence

Ent [f (sn)Z] < 2B [f(Sn)?] + o0 (%) . (18)

On the other hand, by the central limit theorem,

S, — N in distribution.
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Convergence in distribution can be characterised by test convergence of expectation of all continuous, uni-

formly bounded functions. Since f2? and f’ are such functions, we have

lim Ent [f (Sn)z} = Ent [f(N)ﬂ

n— oo

and

Jim E[f (5] = E[/ ().

Taking limits in equation the case n = 1 is proven.

For n > 1, by theorem
Ent (f(N)?) < DB [Ene® (F(V)2)].
i=1

Conditional on all but one coordinates, the result in case n = 1 implies that, for all i € [n],

Ent(® (£(N)?) < 2E9 [(0:f(N))?] .
Taking expectation and noting Y, 9; f(N))? = ||V f(N)|]? finishes the proof.

O

At the beginning of the discussion, we improved Markov inequality by using simple algebraic manipulations.
In a similar vein, if f satisfies extra requirements, we can improve theorem [3.6] to get exponential concentra-
tion bounds on a function f of a Gaussian. The approach we use is known as Herbst’s argument. We have

the following inequality.

Theorem 3.7. Let N = (Ny,...N,) ~ N(0,1,) be a standard multivariate normal random variable and let
f :R* = R be almost everywhere continuously differentiable function satisfying |V f(N)||*> < af(N) for

some constant a > 0. Then, for all0 < X < %,

log E [emm} < AE[f(N)] (1 +3 anA) .

Proof. Write Z = f(N). We use theorem with g(N) = e to bound

bue (<)) < 26 19 7]

— X7 vz
2
al2

<—E (ZeM].

Recalling the definition of entropy the above inequality reads

2
AE [Ze] — E [e}] log E[e*] < %JE (Ze*].

Let G(\) = logE [eA(Z *E[Z])]. After some manipulation, our inequality can be written as a first order

differential equation

1 a\ ., G(\) _ aE[Z]
(Az)G(A) ST
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We notice

(-5)eon-2 - (33w

Since G(0) = G'(0) = 0 and G’(\) > 0 for all A > 0, we can simply integrate the differential inequality from
0 to A (as long as + — > 0) to get

e < aX2E[Z]

2
< 5T for all /\G{O,a>.

The final form follows after some re-arranging.
O

In the next Section, we bring our attention back to local optima. We use theorem [3.7] to bound the proba-
bilities of observing them.
3.1.2 Radius one local optima

We follow [1]. To get the probability of o being a local minimum we need to integrate T' = (T1,..,T,) € R",
for T;’s defined in , over the subspace where all its coordinates are positive. The random vector T is a
multivariate centred normal random variable with covariance matrix

Y= (n—-2)1I,+1,17,
where I, is a n-dimensional identity matrix and 1,, = (1,...,1) € R™.

We can use the Sherman-Morrison formula (A37) to get the inverse

1 1
yl= I,— 1,17 .
n—2 2n — 2

It is easy to see that the eigenvalues of ¥ are 2n — 2 with multiplicity 1 and n — 2 with multiplicity n — 1.
However, one might try to determine the eigenvalues using theorem 1 from [5] to get some practice for the
radius two case.

We have

1 Ty-1
P[o is local minimum] = ——— / exp (—H> dx. (19)
(2m)2 det(X)2 J(o,00) 2

For all coordinates z; of z in the subspace (0,00)", |z;| = z;, and so can be further calculated as

P[o is local minimum] = — 1 - — / exp ( Ik _ 13 ) de
(2m) % (2n —2)2(n —2)" 7 J(0,00)" 2(n—2)2n—2) 2(n-—2)

- 1 ox & =l N,
=7 (277)2(2n—2)§(n—2)TL21./n p(?(n—2)(2n—2) 2(n—2))d'

Using the substitution y = \/%, we get

—9 2
Plo is a local minimum] = 2”\/51[3 exp <4(|1|fﬂ11)> ’

where R ~ N(0,I,) is a standard multivariate Gaussian.
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2
Precisely evaluating E exp ( Jfﬂll)) is difficult even in the limit. The following lemma provides us with fairly

strong bounds.

Lemma 3.8. Let R be an n-dimensional multivariate standard Gaussian. Then, for all 0 < \ < %,

2nA
AE||R|? < logEexp (A|R||}) < AE|R|? <1 + 1_2m> '

Proof. Since exp(z) is a convex function, the left-hand side follows directly from Jensen’s inequality. For the
right-hand side, we use theorem [3.7| with f(z) = ||z||?. The gradient is

(Vf(R)); = 2[|Rl1sign(R;)
and so |[Vf(R)|? = 4nf(R). Using the theorem with a = 4n gives the result. O

The expectation is
2
E|[R|? = nE [R}] +n(n — DE[|R:|]* = n +n(n — 1);.

Plugging this in lemmaﬁ with A = ﬁ, we get

-2
9-n /27; —5 eXP (4(nn 0 + ;) < P[o is a local minimum)]

Plo is a local minimum] < 27" n—2e " 4" n —2
7 = m—2 P\\dm-1) "2¢) 0 )

and

Overall, we have proved the following theorem.

Theorem 3.9. For every o € X, we have
1 1 1
— —log2 < lim —logP[o is a local minimum] < — — log 2.
21 n—oo 1 T

The bounds are approximately % —log2 ~ —0.534 and % —log2 ~ —0.375. In [1], Adarrio-Berry et al use
large deviation theory to precisely evaluate the above probability in the limit as n — oco. See the first few
chapters of |9] for a thorough introduction to this interesting field. We give a quick overview of what they do.

Large deviations of ||R[|; = >, |R;| can be bounded by theorem as

]. . A
- > < |R1| _
. logP[||R|1 > nx] < /{rzlfo <logIEe )\x) .

For all z > 0, define

iy () == sup ()\1: —log Ee’\|Rl|) ,
A>0

known as the Fenchel-Légendre transform of log Eef1l. The moment generating function can be easily

calculated by completing the square to the Gaussian integral.

oo
Ee? Frl :/ e 2 e_%dx
0 \/27‘(’

a2 1 0 @on?

= 2¢e2 /e2dx
21 Jo

2

=2e> B(N).
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In [1], they give a more quantitative description of large deviations of |R||; by taking into account special
properties of normal random variables. They show the next key lemma.

Lemma 3.10. Using the same framework as above, for every x > \/g and every n € N, there ezists a real

number ry,(x) with

for some k > 0 independent of n and x, such that

PRy > na] = e~0=(=H+ra@)n,

For F'(z) nice enough non-decreasing function on R, with F' > 0 and F(—o0) = 0, we can write

X
F(X):/ F’(t)dy/{KX} F'(t)dt

— 00

and after taking expectation and using Fubini’s theorem

(oo}
EF(X) = / F'(t)P[X > t]dt.
They use a multidimensional version of this idea together with lemma|3.10|to calculate E exp (AI%E)). After

lots of bounding they arrive at the main result of the paper.

Theorem 3.11. For every o € ¥, we have

1
lim —logP[o is a local minimum] = a* — log 2,
n—oo M

where o = R (v*) and v* is a unique mazimiser of

72

R@) = = — ()

over T > \/E
T
1

By lemma 5= < af < % Numerical evaluations show a* = 0.199. Similar calculations, also done in

[1], describe the energy at a local minimum. With a high probability, the Hamiltonian is concentrated on a
small interval around %n% More precisely,

Theorem 3.12. Let 0 € X. Then there exists constants €9 > 0,L > 0, and ng such that for all 0 < € < ¢
and n > ng,

P {1)2 —e< n*%H(a) < —% + €| o is local minimum| > 1 — exp (Lv/n — eQn) .

Numerical considerations show % ~ 0.506. The following corollary follows immediately from theorem

Corollary 3.13. Let a* be defined as above and let L be the number of local minima. Then,

1
lim —logE[L] = a”.

n—o00 N,
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3.1.3 Radius two local optima

We try to generalise the above to radius 2 local optima. To ease the notation write N = (). Let

T= (T12»T13a cee aT1n7T237 vy dop, . T(n—2)naT(n—1)n) € RN»

for Tj; defined in . We define a “distance” function d that tells us how far apart are two coordinates of
T. More specifically,

d(,Tijkal) = |{Z’ k} N {]al}|

Then T has the following covariance matrix

2n—2) if d=2,
C=Cov(T)=<n-2 if d=1,

4 if d=0.
Using ansatz
a if d=2,
cCl'={b ifd=1,
c ifd=0

and solving the system of equations for different values of d, we get

4 3 2 .
n"—14n"4+74n“—170n+144 lf d _ 27

a= , 4(8—6n+n?)?
-1 _ _ n”—8n+14 : _
C = b= _42(7274)% if d= ].,
¢ = Sfndid if d=0.

— 2(8—6n+n?)?
Considering the limit behaviour we have, all as n — 00, @ — +,b — —7- and ¢ — 5+3. Let M be an N x N
matrix given by Mz, 7, = 1 if and only if d(Z;; Zx;) # 0. Then, we have

C™l=clyli +(b—c)M + (a —b)ldy.

Square matrices of dimension (Z) that are of the form Map = f(JA N B|), for A, B sets of cardinality k
are sometimes known as the adjacency algebra of the Johnson association scheme. Their eigenvalues are
well-understood and are described in theorem 1.1 of [5]. In particular, it gives the eigenvalues of C' as
A1 = 4(n — 2)? with multiplicity 1, Ay = (n — 4)? with multiplicity (n — 1) and A3 = 4 with multiplicity

(g) — n. Hence, the determinant of C' is

D = det(C) = 4(n — 2)?(n — 4)("~DygN-",

Recall that o is a radius 2 local minimum, denoted LM2, if and only if T;; > 0 for all ¢ # j. We calculate

1 _ 2T =1
P[LM;] = T/ exp (362036) dx
2 (

A (-l B0 oo,
(27‘()7D§ (0,00)N 2 2 2

Note that in the second line, in order to get norms, we used that all coordinates are positive, hence z;; = |z;;]
for every coordinate ¢j. We use it once again to rewrite the middle integrand as
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TMe=3 S el ] = 3 Jmlz,
]

i€[n] \J€E€[n]\7 i€[n

where @; =} o\, [%i;]. Then, we have

2 _ T _ 2
P[LM-] = %/ exp (—CHxI — (b= c)a” Mw - (e b)||a:||2) dx
(27T)7D§ (0,00)N 2 2 2
_ 1 / ox (Clle =93 =l (ab)||$|§) p
- N 1 p T
(2m)2 D2 J(0,00)N 2 2 2

2 h— |12 . 2
[ e (el OoOTelf (oo blelE)

and using the change of variables y = zv/a — b, we finally get
v L) ARIZ =) S RS
Pl =2 (G yp) Blow (gmny ) 20
where R ~ N(0,1dy) is a standard normal in RY.

One can hope to evaluate in a similar way as in the radius 1 case. However, the author wasn’t able to
make much progress. We give some heuristic reasons showing why it is difficult to proceed. Every global
minimum (almost surely there is only one) is also a radius 2 local minimum, thus LMs > 1. Due to the
richness of the landscape we actually expect to have many more than just one local minimum, but ignore
that for now. Hence,

P[LM,] = 27 "E[LM,] > 27"

On the other hand, as n — oo,

(i)~ ()"

If we want — log P[LM>] = O(n), we need the big expectation term in to cancel most of and after
that we collect the remaining O(n) terms. That requires a very accurate description of expectation term
and bounds similar to lemma (3.8 are not enough.

Even the more convoluted approach of [1], which uses large deviations to evaluate the corresponding expec-
tation in radius 1 case, doesn’t suggest a clear way to proceed. We might try to define

2(a —b) 2(a —b)
and find a very precise quantitative way to describe large deviations of f. But then the coordinates of
f are not even independent. The theory of measure concentration of functions without independence of
coordinates is less developed and much more involved than its independence counterpart and the known
bounds are less sharp. There are still many techniques available for non-independent case, from Markov
random fields to Stein’s method of exchanging pairs to name a few, so there are possible directions to take
from here.
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3.2 Analytical approach

We follow a more analytical approach of |28]. We make a heavy use of distributions (generalised functions),
see Appendix E for a quick introduction to them. There are lots of integrals in the upcoming pages and
from time to time we will exchange the order of integration. We won’t give any comments on why we can
do it. In each case, it’s simply a matter of showing that the integral of absolute value converges and then
using Fubini’s theorem. As absolute values of integrands are mostly exponentials of quadratic forms this is
not too hard.

3.2.1 Radius one local optima

To ease the notation we introduce the weights (g“—)i, but we set them all to 0, i.e. g; = 0 for all . As
already discussed, a configuration o € ¥ is a local minimum if and only if

H® (s
T;(0) = L Zalajg” >0

for all ¢ € [n]. That is equivalent to the existence of a vector A = ();); € R, with A; < 0, such that

o fojgij =\ (22)

J

for all . On the other hand, since g;;’s are all symmetric around 0, the condition for ¢ being a local maxi-
mum is the existence of A = ()\;); € R, with \; > 0, satisfying Note that all o’s are equally likely to be
global minima and each o is as likely to be a local minimum as it is to be a local maximum.

Let G = (gij)i<; be a vector of Gaussian weights. Let §(x) denote the delta function. We treat it as a
distribution. We start calculating

P[o is a local minimum] = P [(1,...,1)" is a local maximum]|

P
E []]'{(1 1)7T is a local maximum}}
=E [E []]'{(1 1)7T is a local maximum} | G]]

—2(E| [ I]( e
(0,00)™ J
Replacing the delta function with its integral representation (B.5)), we get

1 . .
ol /(0700)"(271-)n~/]1{"exp _1;/\”1;@;% ];[d(bi];[d)\i

and after integrating with respect to normal measure,

27‘( /]RD /0 7271_ /7 exp IZ)\ +IZ¢1ZQU Hd¢1HdA Hexp (—) dgl],

i<j

G

where D = w is the dimension of G. After exchanging the order of integration, integral identity (A38))
implies this is equal to

(0,00)™

e (Y N0 - 5 Y6+ ) [T IT o

1<J
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With a change of variables ¢; = vn — 1 ¢; and \; = \/% this can be rewritten as

1 . 1
2m)" /(O,oo)n / P ‘IZ:WZ' "2 Hd@ HdA (23)

The main difficulty in evaluating the above integral is its restriction to the intersection of half-spaces. To
this end, we introduce the well-known Heaviside function, treated as a distribution, given by H(x) = L;>0)-

Then is equal to

1 . 1
W/n/nexp —lzijxm—gzjas T Hd@HH

i<j

z<]

and replacing H with its integral representation (A39)),

ﬁ/n/ne}(p _iz)\i@—%zqﬁ_

Once again, we exchange the order of integration. Integrating with respect to \;’s first gives back delta
function, in particular 6(¢; — ¢;). In order to make our notation more compact we introduce another
distribution

1 )
do; ——eNitidtd),.
(bj H (b H ~>0+ 27T'1 Rt — ié‘ie

z<j

D(®) = lim 10w (%) o)+ Lpv [ E) (%) (24)

em0t T ¢ —ie i 10 ’

where PV is the Cauchy principal value. See equation (A40) for the definition. Our manipulations so far
result in the following expression

Plo is a local minimum] = L /n e Z bid; HD ®i)dei. (25)

2n
L<_]
Such integrals, where we integrate a function of spin configurations against a (complex) spin weight function,

are common in different spin models. There are series expansions in terms of cumulants available that can
be informative, for example, see Section 3 of [28]. However, we take a more direct approach. Rewrite (25)) as

P[o is a local minimum] = — [ exp Z Gidj H D(¢i)de;
" 2#3

‘ﬁ (Z@) =2 01| | 11 Pside

Two sums are of different orders of magnitude. We are interested in limit behaviour, so we ignore the smaller
one. Our probability can then be approximated by

|
o
i
T
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2
(14 0(1))P[o is a local minimum] = 2% exp —% (Z (bl) HD(¢i)d¢i
R™ i i

1 1 n .
== / /R ol <2t2 + ns;@) dtl?[D(@)dq&i

where we used identity (A38). This factorises nicely and can be compactly written as

= L e (cnre) (26)

for

7(#) = 5 ~ log / ¢19 D(6)do.

We can calculate

Do =1+ m ([ [7) 2R o (L
Aetp(¢)d¢—1+eg%+ﬂi<lw+1> e () do
1t im 1 /oo exp(it¢) — exp(—ite) exp (_¢22> i

e—0+ 71 (725
_ .2 [ sin(tg) @2
g [y ()

g4 2 [T sin(9) ¢?
= 1—|—;/0 Texp (—2> do.

Employing the Feynman integration trick in the last line, we finally get
[ e D)o =200 (1)
R
where ®(¢) is a cumulative distribution of a standard normal.

We use Laplace’s method (see Appendix D) to asymptotically evaluate . The unique solution tg to

d @’
ar_, 20 _y
dt D(¢)
was numerically evaluated to be tg ~ 0.5061 and f(tg) ~ —0.19923. Hence,
.1 . .
lim — logP[o is a local minimum] = —¢y — log 2 ~ —0.4939,
n—oo N

This is consistent with Theorem [3.12]

In [28] they go a step further and use a version of the above calculations to get a distribution of energies at
local minima, once more confirming the results of [1].
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3.2.2 Radius two local optima

We try using the same approach to calculate radius 2 local optima. Recall the definition of

HU (o
- )= z g - z 105915

ken leln

A configuration o is a radius 2 local minimum if and only is
Tij (O’) > 0,
for all i < j, or, equivalently, there exist a vector A = (X\;;)i<; € RN with all coordinates positive, such that

Z Ukazgkz“‘ Z Ulg]gl]__ ijs

ken leln

for all i < j. Hence, we can calculate

P[o is a radius 2 local minimum] = E [E []l{(l )T is a radius 2 local maximum} | G]]

R ‘/('O,OO)NH(s Z ki + Z gij — i' Azj

1<j ke[n)\j le[n]\e

G

and replacing ¢ function with its integral representation (B.5), we get

E |E /(o %4Nexp S gt by | DD gkt D g Hd%H‘M

so0) N (27) i<j i<j ke[n]\j 1€[n]\i i<j

We integrate with respect to Gaussian measure. Terms g;; and ¢y, appear together whenever they share
exactly one of the indices. Therefore, the above is equal to

2
T fya for 0| ;
TN exp | =Y dijhij — 5 Y > ¢u [T doi [T dxs
@m)N J0,00)w S i<j 235 k.l i<j i<j
k0 {i,5}
and after substitution ¢; = v/2n — 3 ¢; and \; = \/:3, we have

1 1
e | =iy didi =5 > 0h — 5= D Ay | [Tdoy [ ary,

1<j 1<j i<j i<j 1<j

(0,00)N JR

where
Z Ginbiu + Z dipdji + Z Dikdji-
k<l k<l kL
k,l#i,j k14,5 k,l#i,5
Following the same steps as for radius 1 local optima, we first introduce the Heaviside function to expand

integration limits and then use distribution D, given in equation (24]), to compactly write the probability of
interest as

1
P[0 is a local minimum of radius 2] = o /N exp E Ajj | I D(¢iz)ddi;. (28)
R
Z#J 1<y
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Let’s take a deeper look at Zi# Ajj. For ¢,7,k,1 all distinct, the term ¢;1¢;; appears once in every Az,
for {z,y} C {i,4,k,1}. There are 6 such subsets, each appearing twice, resulting in a factor of 12. For i, k,1
distinct, the term ¢;;¢$; appears once in all A;, with x # k,l. That’s 2(n — 3) appearances in total. Hence,

2 2
S A=6[DY0i| =D ¢, | +@n-3)-6)> (Z‘m) =Y 63
7 k k

i#] 1<j i<j

We approximate A;; to a leading term to write (1 4 o(1))P[o is a local minimum of radius 2] as

2 2
2LN /RN eXp | —7— Z(bzg +nz <Z ¢)ik> HD(¢lJ)d¢ZJ
i k

i<j 1<j

and after referencing identity (A38)),

/RN/n/exp ——t2 Zs +1tz¢”+1ZsZZ¢m dtHdsZHD (i) (29)

i<j 1<j

Multiple uses of equation give that is equal to

n+1/ /exp 77t2 ZS +210g<1>t+51+5j dtHdsi. (30)

1<J

We try to approximate by once again using Laplace’s method. Let

f(t7$1a'~'75n = ZS +Zlog@t+sz+sj)

1<J
We have
of _ ﬁt+z‘p'(t+5i+5j)
ot 3 et tsitsy)

and, for all i,

of (t+ s; + s;)
= —2s; + J
0s; s Z¢t+sl+sg)

Due to a symmetry, a global minimum of f is attained when all s;’s are equal to some s > 0. Note that s
implicitly depends on n. Then

/ /

3 = O(t + 2s) oy O(t + 29)
Hence, t = 3s and s = s,, is a fixed point of
n—13d'(5z)
(@) = 5= Gy

This equation can’t be solved analytically. Numerical considerations show that, although s,, is growing really
slowly, we still have n = o(s,,). Laplace’s method then suggests that, asymptotically,
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Plo is a local minimum of radius 2] e 3 (I>(5sn)(;),

which decays too quickly as n — oco. The richness of the Hamiltonian landscape suggests we should have
more than one radius 2 local minimum and so it seems that Laplace’s method fails.

That’s not too surprising. Laplace’s method tries to approximate the integrals of the form

/ @) gy
RP

for x € RP. The most basic version is concerned with a framework where the number of dimensions p is
fixed. The situation gets much more complicated when p grows with n. As shown in 23], the basic Laplace’s
method is still valid as long as p = o(n'/3), but the situation gets much more delicate for larger p and
sometimes non-trivial correction terms are needed. In [23], there is an example for p = n2. Authors of [23]
also express disbelief in the existence of a version of Laplace’s method, for regimes when p is big compared
to n, that would work for all functions f. They also give a cumulant expansion that can be, under some
extra conditions on f, used to show that Laplace’s method still works. See also [19].

Another idea could be to first exchange the order of integration in to get

1
"H/Rexp(—%ﬂ) /Rnexp —23?+Zlogq>(t+si+sj) Hdsi dt.

(2m) = i

The most of the mass comes from the region where ¢ + s; + s; > 0 for all 4, j. Call this region S. Hence, we
might try lower bounding by

(%;T/Re)(p (-5%) /SGXP <— Z S?> I[dsidt.

The inner integral is a Gaussian integral over a certain subspace and can perhaps be very well approximated.
After that we can use one-dimensional Laplace’s method to evaluate outer integral.

Although the author didn’t manage to generalise approaches of [1] and 28] to a radius 2 case, it is clear that
these directions might be fruitful. All it’s needed is stronger machinery and a bit more ingenuity.
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A Normal random variables

A one-dimensional random variable X has a normal distribution (also called Gaussian) with mean g and
variance 72, if its probability density function is given by

Fr(e) = oo T
x\x)= e 27
V22

We denote it by X ~ N(u,72). If p = 0 we say X is centred and if, in addition, 72 = 1 we say X is a
standard normal (Gaussian) random variable.

The cumulative distribution of normal random variable appears in a variety of seemingly unrelated math-
ematical areas. There exists no closed form expression with elementary functions. For X ~ N (u,72), the
cumulative distribution of X is usually expressed in terms of an error function as

Fx(z) = % (1%&(%)),

where for all z € R,

erf(x / gt
f

A Taylor series of an error function is

1)1 21+1

fz il(2i+1) (A31)

erf(z

Sometimes, it is more convenient to use a complementary error function

erfc =1—erf(z / et dt, Vx>0,
() = =7

which behaves similarly as exponential with quadratic decay. In particular, for all z > 0, we have Chernoff-
type bounds,

L 2 <erfe(x) < e, (A32)
27

as can be seen in [6]. A cumulative distribution of a standard normal random variable is usually denoted by
D(x).

One of the reasons normal random variables are so nice is that they are closed under linear combinations as
long as they are independent. If X ~ N (ux,7%) and Y ~ N(uy,7Z) are independent, then for any a,b € R,

aX +bY ~ N(apx + bpy, 7% + 18).

This is no longer true without the independence assumption. In that case, the linear combination is not
even guaranteed to be a normal random variable again.

In the thesis, we also come across an absolute value of a centred normal random variable, that is Y = | X|
for X ~ N(0,72). This is sometimes called half-normal distribution. Its density is

2 22
fy(l’) = ﬁ@ T 272
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and its cumulative distribution is



Fy(z) = erf <\/52%) .

Let a,b € R, with a > 0. For a Gaussian X ~ A (u,1), we want to calculate the cumulative distribution

functionofW::—c\/ﬁX+b|X<Oi—c\/ﬁX+b\ —cy/nX +b>b. Define§ =2 —pand a=b— p.
Then

Fut - 205000
at(8) ()
1ot ()
et (555" ) - ert(5)
1—erf (%)
Taylor expanding erf around u we get
F(z) ¥ (6 —b:f(&%)) +o <e\/ﬁ ) . (A33)

As described in the following lemma we have good control over the concentration of a normal random
variable. The following lemma bounds the probability of a Gaussian attaining high values, sometimes called
Gaussian tails.

Lemma A.1. Let X ~N(0,1) and t > 0. Then,
1 e

PX >t < \/%e

Proof. An elementary calculation gives

e 2
= e e g
V2r Jo
—t2/2  poo
e
< e dx
V2m Jo
1 e

O

A higher-dimensional generalisation, called multivariate normal, is a random variable X € R™ n > 1, with
a probability density function

—;ex —lx— Iy -
@ = ey p( g B ’”)’
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where p is a mean and variance X is positive definite. We write X ~ A (u, ). Once again X behaves nicely
under linear transformations. More precisely, for any n-dimensional matrix A and b € R", we have

AX 4+ b~ N(Ap +b, AXAT).

If we partition a n-dimensional multivariate normal X = (Xl,Xg)T, with X; € R and X, € R !, and
accordingly partition it’s mean p = (u1, u2)? and covariance

2
E _ T 212 7
o1 oo

then the conditional distribution X5 | X1 = h is a multivariate normal N (u(h),Y’) with mean

1
plh) = 2+ 5 B21(h — )

and covariance matrix

1
EI = 222 — ﬁEnglg.

Somewhat surprisingly the covariance matrix changes, but doesn’t depend on h. A proof can be found in
[11].

B Integral and other identities

Here is a collection of various identities we use in the thesis.

Lemma B.1. Fora,b € R, with a > 0,

/00 2% exp(—(az® + bx))dr = Mjbz) exp (()2) . (A34)

PN 4da2 4da
Proof. See 3.321 in [14]. O

Lemma B.2. For all a,b € R,

~ 1 Va2 1 b2
/0 erfc(bx) erfe(az)dxr = abﬁ(a +b—Va?+b?). (A35)

Proof. Reference is equation 4.7.2 in [1§]. O
Lemma B.3. For all a,b € R,

o 1 va? + b?
/ erf(bz) erfc(ax)dr = —= (H - 1> (A36)
0 bﬁ a
Proof. Reference is equation 4.7.1 in [1§]. O
Lemma B.4 (Sherman-Morrison). Let A € GL,, be a n-dimensional invertible matriz and let b,c € R™.
Then,
AT A1
Adbc)y ="t - — — A37
(A+be) 14 ctA-1h (A37)
Proof. The identity can be found as 3.2.4 in [22]. O
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Lemma B.5 (Integral representation of Dirac delta function). Viewing both sides as distributions,

1

ixt
= — dt.
2T R €

o(x)

Proof. See a discussion in [24].

Lemma B.6. For any a € R,

a2

1 iax—ﬁ -5
— | e Tdr=e¢ 7.
\/27T/R

Proof. Completing the square, we have

L ia;c—%d _é 1 _ (iagw)z p
Tz | € zar=e¢ 2 —— [ € x.
\/ﬁ R \/ﬂ R

Writing

_ (la—=)?
f(a) :/e T dx,
R

the integrand is nice enough that we can swap the order of integration and differentiation to get

- / 9 e g,
da  Jg Oa
[ 0
=i

(ia—:c)2
—e 2 dx
Rax

Hence, for all a, f(a) = f(0). However, f(0) is just the usual Gaussian integral equal to 1.

Lemma B.7 (Integral representation of Heaviside function). Viewing both sides as distributions,

1 1
H('T) = lim — f@lmtdt.
e—0+ 271 Jpt —1ie

Proof. See a discussion in [24].

C Epistasis calculations

Upper bounding level 2 epistasis
We bound

and

(A38)

(A39)



For I, we truncate the Taylor series of an error function (A31)) at a linear term, getting an inequality

(o) < win (1)

The smaller the x, the better the bound. We use it with n in the denominator, so it strength growths as n
increases. We have

nm

T2 @2

0 VT /T

42 (VE
|

S

X

L (5 )
(

_ﬁfﬁu

I, <

T° exp
™

Using the identity (A34)), we can calculate

[ o (-5 e v,

The function h.(z) = z? exp (—%) is symmetric around ¢ (in the sense h.(z) = h.(c — z) for all z). In
particular, it is an even function for ¢ = 0. Furthermore, if we let €. = (fo o(x)dx — f - hc(a:)dx>, then

€. —0asc— 0.

25

2.0

1.5
o e

X< expl-— (x-1)
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Figure 9: ho(z) for c=1 and ¢ = %

Hence, we can bound

A

I < 2 /OOO z2 exp (W) dx

For the integral I5, we have



and using (A32)),

Jggv@aﬁ<v@;)g2mpG§n):o<;>.

Lower bounding level 2 epistasis

Using similar approach as for the upper bound, we have

P(A) — %]P’[A | Ry > 0]
> JB[Ry > M|

1 (oo}
5 | Fule)sn (oo
0
gl () (58 ) o (-5)
= — erf | —= |erf | — |exp | —— | dz
2v/27 Jo Vvn Vvn PAT2
) (22 2):
= — erf | —= |erf [ — | exp | —— | dx.
227 Jo Vn Vn P2
This time we truncate Taylor expansion of erf after a cubic term to get

(x—%) ifz <1

2
erf(z) > { V7
i if 2 > 1.

Hence, we can further bound

P[A] > 2\/% Oﬁerf(\/xﬁ) erf (’“f) exp <-“§) da
il (1)) E (R () ) (5)
- W\i,m/o ® Pexp <‘”22 dz + o(n)

2 /Oo:cze v dx + o(n)
= Xp | ——
v J, PA\7

= g + o(n),

where we used ((A34]) in the last line.
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Upper bounding level 1 epistasis

J /w/m f(x)—”Z—“’Qdd
1= erfc | —= | e~ e nTdydx
0 x—cNO \/§

(') y+c
Jy = / / erfc (y te
0 0 \/5

Iy = */27?\/”2f1 OOO erfe (%) e~ erfc (W) dz

< g n; ! </Oooerfc (%) erfc (%) d:v+c-erf02(0)> .

With the help of (A35), combined with Taylor expansion of /1 +z =1+ 5 — % ..., we can evaluate this

to get
v [n—=1{( [n—1 \/T \/ 2 \/1 2
< Y- — N e i
sy W s " Vn—1 Vatn)te
_W/n ™
= 1+c¢ 2+0(1) .
We use similar calculations to bound J5 as
e} y+c 2
Yy+c\ _a22 _ 22
J: :/ / erfc ()e n e n-1dxdy
? o Jo V2
= ﬂ/ erfc (y—i—c) erf <W> eiizldy
2 Jo V2 vn
:(1+0(1))T7rn/ erfc <y+c> erf
0
NZZD /OO Y
= (1+o0(1) = fo [ =
(o) ([ erte (2
>(1+ 0(1))ﬂ (/ erfc (y) erf
2 0 2
Y

=1+ 0(1))@ (/OOO erfc (\/§> erf <\%) dy — > .

ot [ (i) -

= (1+ (o(1)) 5

We bound

and

22 _ 2y°
e ne nTdxdy.

For J;, we have
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Lower bounding level 1 epistasis

The calculations are almost identical to finding an upper bound, so we don’t give many comments. We have

PB]>P[N|0< Ry <ecvn—1]-P[0< Ry < evn —1]
EP[X+C<R3<Y]'<1—]P’[R1>C\/n—1]>.

2
We write
PLX e < Ryo< Y= [ [ (Fn @)~ Fry(o+ ) @) fr 0L ey dody
o Jo
2v2
= ————=(J1 — J2),
my/n(n —1)
where
J = / / erfc ( ) e~ ne n1dydx
0 x+c \/5
and

e [ )5
= erfc | —= | e ne n-Tdzdy.
? c 0 \/§
We bound each integral separately. For J; we have
<[ T+c 22 _ 242
J :/ / erfc< >ene n—1 dydx
! 0 x+c \/i
:ﬁ”n—l/ erfc (m—i—c) e_%erfc
2 2 Jo V2
nmw o T V2
> (1+o(1 — / erfc <> erfc dx — ¢ - erfc®(0
( <>><\/8(0 > - (0
nm n 1 2 1 2
=(1 1 — — | —= — 4=+ -
e ))< 8 < W(\/f n 2+"> C))

- (1—|—0(1))? (1 —c g) .

7\/§(£ + C)> dz

3
I
—

—_

Similarly,
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o0 y—c y :(:2 2y2
Jo = / / erfc <) e~ ne n1dxdy
c 0 2

L [ () ()
7 [ () ()

I
S
e
VN
[
+
S|
|
L
N———

Finally, we once again recall Gaussian tail inequality and we have

P[B] > P[X + ¢ < Ry < Y]- (; —P[Ry > cVn — 1})

2v/2 1 1
> Y m(Jl —J2) (2 - me )

> ﬁj(\f_n ((1+o(1)) (2" —c n;) - ;) (; B m/i?f)

Taking cto 0 as ¢ = n_%, we get

D Laplace’s method

Consider the Laplace integral

F(\) = [ h f(z)er @ dg

for f,S € C* and assume S is uniquely maximised at xg, such that f(zg) # 0 and S”(zg) # 0. Such
integrals are very well understood and can be easily asymptotically approximated. We do some non-rigorous
calculations to give some intuition. For precise results with proofs and in a lot more generality see [§].

For = # x,
exp(A(S(z) — S(zg))) = 0 as A — 00.
Hence, for A big enough F'()\) can be approximated by

zo+0
FOO = [ e,
.’Eo—6

for some § > 0. The sharper the peak of S(z) at x, the better the approximation. In a neighbourhood of
xg, we can Taylor expand S(z) as
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1
S(x) ~ S(xg) + 58”(1’0)(1‘ — 20)?
and we approximate f(x) by f(xo). Thus,
’E0+6

F(X\) & f(zg)e @0 / exp (AS" (o) (z — x0>2) dx.

2?0—6

This integral can be approximated, for A\ big enough, in a usual way by Gaussian integral, giving

| —2r AS (o)
F()\) ~ )\S”(.’IJO) f(xﬂ)e .

The exact strength of approximation depends on the particular properties of f and S. However, it is already
correct to the first order term under very mild assumptions. Laplace’s technique can be generalised to a
much broader context. Among others to functions with multiple extreme points, complex integrals and
higher dimensional integrals.

E Distributions

Distribution is a mathematical object generalising the notion of a function. Let A be a set of functions,
called test functions. Distribution associated to f is a continuous linear map

¢—(f,¢)eC
for ¢ € A, usually of the form

¢e/}umem

The idea is that f doesn’t need to be defined pointwise, it only matters how it acts on a set of functions A.
The continuity condition depends on the choice of test functions. The two usual choices for A are:

e Set D(R) of smooth real functions with compact support,
e Set S(R) of Schwartz functions (see below)
A function g is rapidly decreasing if, for all n € N, there exist constants M,, and z,,, such that

[f ()] < My || ™"

for all x > x,,. A function f is Schwartz if f and all its partial derivatives are rapidly decreasing. It is
very hard to construct noncontinuous linear functionals using Schwartz functions as test functions, so for all
practical purposes, one can ignore continuity condition. We can define Fourier transform of distribution. A
set of Schwartz functions is closed under Fourier transforms. When we talk about distributions, we always
mean it with respect to S(R).

One of the simplest examples of a distribution is the Dirac delta function §. It is defined via the integral
[ #@)sta)ds = 50
R
for all test functions f. Its integral representation is given by equation (B.5)).

Given a function f with a unique singularity at some value of z, say at = 0, one can try to make sense of
it in the following way. Define a distribution Principal value of f by
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PV(f):é— (PV(f),¢) = lim f(x)o(z)dx. (A40)
e—0t |z|>e
For nice enough functions f, this definition makes sense. In particular, it is a sensible definition for f(z) = %
and one can show

1 1
lim — =PV () —imd(x).
e=0+ x — ie x

See [30] for more details. We recommend [24] to a reader further interested in a distribution theory.
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