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A B S T R A C T

This work presents a three dimensional, reduced order model of the dynamics of an acoustically
compact aperture, subject to an arbitrary pressure forcing. It provides the time evolution of the
velocity profile across the orifice section as function of the dynamical pressure excitation. The
volume flow can be deduced therefrom, and can thus provide predictions of the fundamental
frequency based orifice impedance. The representation of the nonlinear aperture flow proposed
here establishes a direct mathematical relation to the fundamental equations of fluid mechanics.
This offers a better understanding of the dominant physical mechanisms governing the system‘s
dynamics and allows for good a priori estimates without supporting experiments. The model
assumes that the viscosity induced rotational component of the fluid motion can be reduced
to a discontinuity at the in-flow plane of the thin orifice, without significantly influencing
the normal velocity profile. This seemingly unconventional assumption is solely targeting the
acoustics problem and is validated with direct numerical simulations (DNS) of the aperture flow,
using a compressible solver of the Navier–Stokes equations. Apart from the DNS, the model
predictions are also validated against well established experimental results from the literature.

. Introduction

The dynamics of an acoustically compact aperture has a long history of extensive study, reaching as far back as the seminal work
n sound in [1]. Apart from earlier developments on the linear acoustics of the problem [e.g. 2], a substantial amount of research
ffort has been devoted to experimental and theoretical investigations of the prominent nonlinear effects observed at higher acoustic
orcing amplitudes (see e.g. [3–12] for a survey).

As first experimentally observed in [3], the pressure transmitted through, and by extension, the average velocity in, a compact
perture ceases to be directly proportional to the forcing amplitude at high sound pressure levels (SPLs), indicating nonlinear
ehavior. In particular, the conclusion was reached that the amplitude of the forcing pressure seems to be roughly proportional
o the square of the average fluid velocity over the aperture. This conjecture was later confirmed by numerous other experimental
tudies [e.g. 4–6,8], while the thorough investigation of [7] showed, by means of hot wire anemometer measurements, that for
he total velocity at the center of the aperture this proportionality factor is approximately equal to the fluid density. In good
pproximation, this statement holds true for a wide variety of different media, e.g. air [4,5,7]; water [6] and oil [13].

Based on this influential body of research, several models aiming at describing the aperture dynamics have been proposed,
anging from simple empirical formulas accompanying the experimental data of [3,6,7], to the more advanced fluid mechanical
odels of [9–11,14–16]. Furthermore, the latter works apply a wide variety of modeling techniques, extending from the 1D models

f [9,10], employing empirical parameters and piecewise approximations in the ‘‘linear’’ and ‘‘nonlinear’’ regime, respectively, to
nalytical discrete vortex [11,14,15] and viscous [16] models. Additionally, a linear 3D model of the dynamics of an acoustically
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compact aperture in an infinite rigid wall, based on incompressibility and irrotationality assumptions, has been derived from first
principles in [17, pp. 354–360]. It represents a fluid mechanical analogy to the classical problem of the uniformly electrified disc [cf.
18] and offers a significant improvement in the understanding of the linear problem by providing a detailed linear approximation
of both the space and time behavior of the system.

The assumption of an irrotational flow in each of the half spaces seems severely limiting in light of the experimental work
resented in [19] and to a some extend — the theoretical developments of [20–22]. The former conducts acoustic measurements
nd flow visualizations on a wide variety of geometries and flow conditions, including the case of an orifice without mean flow,
nd discovers a number of similarities. Based thereon, the conclusion is reached, that the observed acoustic losses might be well
xplained by the aforementioned theoretical work pertaining to the bias flow case, where the vortex shedding and convection is
he main contributor to the acoustic losses. This should be, at least to a certain extend, also true in the no mean flow environment,
et resting on experimental measurements and theoretical analysis [10, sec. V] hypothesizes that if global quantities like mass flow
hrough the aperture or analogously, the velocity profile at the in-flow plane are sought, some significant simplifications can be
ade. In particular, based on empirical evidence, albeit surprisingly, [10, sec. V] concludes that ignoring the complicated details of

ortex shedding from the edge of the aperture proves to be a successful design strategy for the zero mean flow problem. Specifically,
hose modeling efforts establish that reduced order representations, completely ignoring the vortex dynamics and only exhibiting the
ffects of tangential velocity jump at the aperture plane, are fully capable of reproducing experimental measurements within good
ccuracy. Furthermore, numerical vortex shedding simulations [23] and the simplified discrete vortex models [11] also show that
ven when the vortex motion is considered carefully, seemingly important details like the path along which the vortex ring travels
rove to be practically irrelevant for the resulting orifice velocity [cf. 11, fig. 11–13]. In fact the vortex sheet induced irrotational
ield they are calculating seems to be the relevant quantity. Additionally, earlier developments [9] based on the yet another different
ssumption of 3D spherical flow also lead to reasonable approximations of the forced aperture behavior as measured in [6,7], despite
he authors’ well founded argument [9, section 2.1.1] that the aforementioned assumptions could only be approximately valid on
he in-flow side of the orifice. The analysis of the experimental findings of [6–8] conducted in [9, p. 34] is also worth considering
ere, since it establishes a quasi-static behavior of the aperture at large forcing amplitudes, where the rather dynamic nature of
he vortex motions reported in [cf. 23, fig. 4] would otherwise be expected to strongly affect the mass flow. Furthermore, since
xperiments on wide variety of different media, e.g. air [7], water [6], oil [13], show essentially identical behavior [see 12, for
urvey] one could reason that viscosity is not a crucial quantity.

The above observations lend credibility, or at least plausibility, to the [10, sec. V] conjecture that the nonuniform acceleration
f the fluid into the orifice due to a uniform pressure forcing is weakly influenced by the specific details of vortex shedding and the
atter can be simplified. Inspired by those developments, we adopt the rather unintuitive assumption of irrotationality within the
wo (separate) half spaces [17, pp. 354–360] and tangential velocity jump at the aperture plane, roughly accounting for vorticity
ffects. This allows us to adopt the powerful Green’s function approach, commonly applied to various problems throughout the
eroacoustics [24] and thermoacoustics community [25–27]. Also note that the aforementioned approach of localizing vorticity at
he aperture plane is successfully applied to the generalized case of a (nonlinear) aperture under grazing flow [28].

The main part of this contribution begins with Section 2, where a 3D fluid mechanical model of an acoustically compact aperture
n an infinite rigid wall is developed. The model is mathematically coherent and derived from fundamental laws under the potential
low assumptions inside the two (separate) half spaces, mostly based on the general strategy employed in [17, pp. 354–360] or [24–
7], however, starting from the nonlinear Navier–Stokes equation and aiming at more accurately representing the dynamics of
he aperture flow, as inspired by the work in [9,10]. This eliminates the need of modeling shortcuts like empirical parameters,
niform velocity assumptions or piecewise approximations as employed by the latter two, while still accounting for the most
elevant nonlinear effects. This offers both, insight into the dominant physics of the problem and a good accuracy, as illustrated in
ection 3 by validation of the model predictions against established experimental results from [7,10], as well as direct numerical
imulation performed for the occasion. Specifically, Section 3.1 utilizes the hot wire anemometer measurements of [7] to validate
he predictions of the velocity amplitude and phase at the center of the aperture, while in Section 3.2 the transients and steady
tate of the average dynamics are explored through comparison with the transmitted pressure measurements in [10]. Subsequently,
ection 3.3 examines the spatial–temporal behavior of the proposed reduced order representation in greater depth by means of
etailed DNS, further assessing the plausibility of the aforementioned assumptions, on which the former rests. After demonstrating
he model effectiveness in estimating both general trends and specific values, and applying it to some outstanding questions in
ection 3.4, the manuscript concludes with an overview of the results derived therefrom in Section 4.

. Aperture model

Based on Ingard & Ising’s experimental observations of marked changes in the near aperture fluid velocity, over very short
istances compared to the sound wavelength [7, fig. 4], it can be concluded [9, p. 9] that the dominant physical mechanism behind
he aperture flow is likely to be of hydrodynamic, rather than acoustic nature and that the near field extends to only several aperture
iameters. Following their deduction, further verified by the experiments of [11], we assume incompressibility in the near field,
hich simplifies the continuity equation to

𝛁 ⋅ 𝒖 = 0, (1)

here 𝛁 ⋅ (⋅) denotes the divergence and 𝒖 is the velocity vector. Conversely, the Navier–Stokes equation becomes
𝜕𝒖 + (𝒖 ⋅ 𝛁) 𝒖 = −

𝛁𝑝
+ 𝜈𝛁2𝒖, (2)
2

𝜕𝑡 𝜌0
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where 𝛁(⋅) denotes the gradient, 𝜕(⋅)∕𝜕𝑡 is the time derivative, 𝜌0 is the fluid density, 𝑝 is the pressure and 𝜈 is the kinematic viscosity.
Resting on the experimental evidence [10] discussed in Section 1, that in the zero-mean flow case the details of vorticity can be
simplified (in contrast to the bias flow case [19,21]), we further assume irrotational flow within the two (separate) half spaces
(i.e. 𝛁 × 𝒖 = 𝟎) and allow for a tangential velocity jump at the aperture to roughly account for vorticity effects. Recalling the form
of the vector Laplacian, 𝛁2𝒖 = 𝛁 (𝛁 ⋅ 𝒖) − 𝛁 × (𝛁 × 𝒖), simplifies (2) to the Euler equation

𝜕𝒖
𝜕𝑡

+ 1
2
𝛁(𝒖 ⋅ 𝒖) + 𝛁𝑝

𝜌0
= 𝟎 (3)

and by extension, 𝛁×(𝛁𝜑) = 𝟎, to a Bernoulli equation for the velocity potential, 𝜑. As indicated by several authors ([9, p. 22]; [10,
p. 943]) studying the simplified case of a 1D velocity through the aperture, 𝑝 should be in phase with 𝒖 ⋅ 𝒖. The validity of this
assumption follows from the observation that otherwise an oscillatory pressure would induce a fictitious bias flow through the
aperture, unrelated to acoustic streaming, and consequently, a nonphysical asymmetry between in- and outflow. The statement
above can be verified by expanding the solution as Fourier series and applying the harmonic balance method to determine the
coefficients, where the propagation of the effect to all velocity components rests on a similar argument (cf. Appendix A). Therefore,
we need to introduce the multiplicative factor 𝐂 = 𝐝𝐢𝐚𝐠 𝐬𝐢𝐠𝐧 𝐮, ultimately resulting in

𝜕𝜑
𝜕𝑡

+ 1
2
𝛁𝜑 ⋅ 𝐂 ⋅ 𝛁𝜑 +

𝑝
𝜌0

=
𝑝∞
𝜌0

, (4)

where 𝑝∞ denotes the far field pressure. Analogously, recalling the form of the scalar Laplacian, 𝛁 ⋅ (𝛁𝜑) = 𝛁2𝜑, transforms (1) to
a Laplace equation for the velocity potential

𝛁2𝜑 = 0. (5)

The geometry of the problem (cf. Fig. 1) dictates vanishing normal velocity at the rigid wall separating the two half-spaces,
hence, the boundary condition for (5) (in cylindrical coordinates) reads

𝜕𝜑
𝜕𝑧

= 0 on 𝑟 ∈ (𝑅,∞) ∧ 𝜃 ∈ [−𝜋, 𝜋] ∧ 𝑧 = 0. (6)

This also permits the straightforward construction of Green’s function with vanishing normal derivative at the boundary [see e.g.
29, p. 57]

𝐺(𝒙|𝒙̃) = 1
4𝜋

1
∑

𝑛=0

1
√

|𝒙|2 + |𝒙̃|2 − 2𝑟𝑟 cos (𝜃 − 𝜃) − (−1)𝑛2𝑧𝑧̃
(7)

nd by the standard transformation and application of Green’s identities

𝜑(𝒙, 𝑡) = ∫𝛺
𝛿(𝒙 − 𝒙̃)
⏟⏞⏟⏞⏟
=𝛁2𝐺

𝜑(𝒙̃, 𝑡) d𝑣 = ∫𝛺
𝐺 𝛁2𝜑
⏟⏟⏟

=0

d𝑣 + ∮𝜕𝛺
𝜑𝛁𝐺 ⋅ 𝐝𝒔
⏟⏟⏟

=0

− ∮𝜕𝛺
𝐺𝛁𝜑 ⋅ 𝐝𝒔, (8)

o express the solution of (5) in each of the half-spaces, 𝑧± ∈ (0±,±∞), in terms of a boundary integral at 𝑧 = 0, i.e.

𝜑± = 𝜑(𝒙±, 𝑡) = ± 1
2𝜋 ∫

𝑅

0 ∫

2𝜋

0

𝑢𝑧0 (𝑟, 𝜃, 𝑡)𝑟 d𝜃d𝑟
√

𝑟2 + 𝑟2 − 2𝑟𝑟 cos (𝜃 − 𝜃) + 𝑧2
, (9)

here the (nonzero) boundary integral (8) is restricted to the orifice of radius 𝑅 due to the boundary condition (6).
We should note that 𝐝𝒔 indicates the outward surface element vector and emphasize that a homogeneous Neumann boundary

ondition on 𝐺 is permissible due to the infinite surface of the boundary [see 29, pp. 38–40]. Additionally, note that due to the
scillatory nature of the considered response, particle displacement takes place only in the narrow near field of the aperture as
iscussed by [9].

Nevertheless, the problem formulation is not yet complete, since the normal velocity inside the aperture is unknown. This missing
oundary condition is determined from the Bernoulli equation (4) by the following argument. Due to irrotationality within the half
pace, (4) is valid in the whole domain of interest, rather than only along individual streamlines. Therefore, we can introduce a
oundary condition on the pressure in the far field, 𝑝±∞, and at the aperture, 𝑝(𝑟, 𝜃, 𝑧 = 0+) = 𝑝(𝑟, 𝜃, 𝑧 = 0−) [cf. 17, pp. 354–360],
ence

𝜕𝜑+
𝜕𝑡

+ 1
2
𝛁𝜑+ ⋅ 𝐂+ ⋅ 𝛁𝜑+ −

𝑝+∞
𝜌0

=
𝜕𝜑−
𝜕𝑡

+ 1
2
𝛁𝜑− ⋅ 𝐂− ⋅ 𝛁𝜑− −

𝑝−∞
𝜌0

, (10)

which provides the relation between near and far field, and the remaining boundary condition on 𝜑 at the aperture.
Under the assumption of uniform, time-dependant forcing pressure differential in the far field away from the aperture, 𝑝(𝑡) =

𝑝+∞(𝑡) − 𝑝−∞(𝑡), or analogously, normally incident plane wave with large wave length compared to the size of the aperture,
substitution of (9) into (10) yields the closed form problem

1
𝜋

𝜕
𝜕𝑡 ∫

𝑅

0 ∫

2𝜋

0

𝑢𝑧0 (𝑟, 𝑡)𝑟 d𝜃d𝑟
√

𝑟2 + 𝑟2 − 2𝑟𝑟 cos 𝜃
+ |𝑢𝑧0 (𝑟, 𝑡)|𝑢𝑧0 (𝑟, 𝑡) =

𝑝(𝑡)
𝜌0

. (11)
3
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Fig. 1. Schematic representation of the normal velocity through a compact aperture in an infinite wall, subject to acoustic pressure forcing. The velocity profile
s illustrated during half-cycle for the linear (top) and nonlinear problem (bottom).

.1. Solution of the linear problem

Consider the linearized (11) [cf. 17, 354–360], which is equivalent to Weber’s classical problem of the uniformly charged disc
nd can be formally solved, e.g. by Mellin transform [for detailed discussion see 30, pp. 334–337]. Further assuming continuity of
he forcing function, the solutions for the velocity potential 𝜑 and the aperture normal velocity 𝑢𝑧0 (cf. Fig. 1; top) read

𝜑(𝑟, 𝜃, 𝑧, 𝑡) = 𝜑(𝑡) sin−1
(

2𝑅
√

(𝑅 − 𝑟)2 + 𝑧2 +
√

(𝑅 + 𝑟)2 + 𝑧2

)

(12)

and

𝑢𝑧0 (𝑟, 𝑡) =
𝜑𝑎(𝑡)

𝜋
√

𝑅2 − 𝑟2
, (13)

respectively, where 𝜑(𝑡) = ∫ 𝑡
0 𝑝(𝑡)∕𝜌0d𝑡. Note that in oblate spheroidal coordinates [see 29, p. 135] the potential is elementary

function of only one space variable and the contravariant velocity component is constant, however, cylindrical coordinates are
more convenient for the further analysis and are thus pertained for henceforth.

2.2. Numerical approximation

Since finding a closed form solution to a nonlinear integral equation like (11) is unlikely in general, it is sensible to apply the
boundary element method to solve it numerically and verify the setup of the method using the exact solution for the linear case.

Due to the simplicity of the problem (𝑢𝑧0 ≠ 𝑓 (𝜃)), (11) can be transformed to a Fredholm integral equation by analytically
integrating w.r.t. 𝜃 in the first term, therefore, even collocation with piecewise constant elements converges [31]. Nevertheless, the
accuracy (and convergence) of the method still relies on the evaluation of element integrals, therefore, this is done analytically here.

The inner integral in (11) can be transformed into algebraic form by performing few algebraic operations [see 32, Lemma 1]

∫

2𝜋

0

𝑢𝑧0 (𝑟, 𝑡)𝑟 d𝜃
√

𝑟2 + 𝑟2 − 2𝑟𝑟 cos 𝜃
= 4∫

Min(𝑟,𝑟)

0

𝑢𝑧0 (𝑟, 𝑡)𝑟 d𝜏
√

𝑟2 − 𝜏2
√

𝑟2 − 𝜏2
. (14)

Since the velocity field is discretized into elements, for any value of 𝑟, the integral in (11) is represented as a linear combination of
the individual element integrals, 𝐼 =

∑𝑁
𝑖=1 𝑢𝑧0𝑖𝐼𝑖. Those can be separated into three groups, depending on the position of 𝑟 relative

to the element: 𝑟 is inside, in front or behind the element. In the first case the element integral reads

𝐼𝑖 = 4

[

∫

𝑟

𝑅𝑖−
∫

𝑟

0

𝑟 d𝜏d𝑟
√

𝑟2 − 𝜏2
√

𝑟2 − 𝜏2
+ ∫

𝑅𝑖+

𝑟 ∫

𝑟

0

𝑟 d𝜏d𝑟
√

𝑟2 − 𝜏2
√

𝑟2 − 𝜏2

]

, (15)

which after inverting the integration order results in

𝐼𝑖 = 4

[

∫

𝑅𝑖−

0

1
√

𝑟2 − 𝜏2 ∫

𝑅𝑖+

𝑅−
𝑖

𝑟 d𝑟
√

𝑟2 − 𝜏2
d𝜏 + ∫

𝑟

𝑅𝑖−

1
√

𝑟2 − 𝜏2 ∫

𝑅𝑖+

𝜏

𝑟 d𝑟
√

𝑟2 − 𝜏2
d𝜏

]

(16)

nd thus,

𝐼𝑖 = 4

[

𝑅𝑖+E

(

𝑟2

𝑅2
𝑖+

)

− 𝑟E

(

𝑅2
𝑖−

𝑟2

)

−
𝑅2
𝑖− − 𝑟2

𝑟
K

(

𝑅2
𝑖−

𝑟2

)]

, (17)

where K and E denote the complete elliptic integral of the first and second kind, respectively. Analogously, one can evaluate the
element integrals in case of 𝑟 being in front

𝐼𝑖− = ∫

𝑅𝑖+

∫

2𝜋 𝑟 d𝜃d𝑟
√

= 4

[

𝑅𝑖+E

(

𝑟2
2

)

− 𝑅𝑖−E

(

𝑟2
2

)]

(18)
4

𝑅𝑖− 0 𝑟2 + 𝑟2 − 2𝑟𝑟 cos 𝜃 𝑅𝑖+ 𝑅𝑖−
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and behind the element

𝐼𝑖+ = 4

[

𝑟E

(

𝑅2
𝑖+

𝑟2

)

+
𝑅2
𝑖+ − 𝑟2

𝑟
K

(

𝑅2
𝑖+

𝑟2

)

− 𝑟E

(

𝑅2
𝑖−

𝑟2

)

−
𝑅2
𝑖− − 𝑟2

𝑟
K

(

𝑅2
𝑖−

𝑟2

)]

. (19)

Note that from here it is simple to obtain both collocation and Galerkin formulation, by choosing any 𝑅𝑗− < 𝑟𝑗 < 𝑅𝑗+ for each
element in the former, or integrating w.r.t. 𝑟 from 𝑅𝑗− to 𝑅𝑗+ in the latter case. Furthermore, similar expressions can be obtained
for any even order spline elements, however, the gains in accuracy are found to be insignificant for the used mesh and a collocation
method is chosen for simplicity.

For the following calculations the aperture is discretized with fifty elements. The collocation points are chosen in the middle
of each element, where the mesh density is increasing towards the edge of the aperture, proportional to the expected gradient (cf.
Fig. 1).

2.3. Effects of finite wall thickness

The previously discussed model assumes infinitely thin aperture, therefore, it needs to be extended if finite thickness, 𝐿 ≠ 0, is
to be considered. The most reliable approach would be to consider finite space with appropriate geometry representing the aperture
and to construct a Green’s function satisfying the corresponding boundary conditions [see e.g. 33–35]. Furthermore, for thick walls
one should also account for the vorticity shed by the leading edge of the aperture and convected inside it [36, p. 6]. On the other
hand, the assumption that streamlines inside the aperture run orthogonal to its cross section seems to yield good results for thin,
i.e. 𝐿 ≪ 𝐷, apertures [see e.g. 17, Chapter 5]. Additionally, constructing Green’s functions for confined spaces would require infinite
series expansion, even for the simplest geometries. Since this study is focused on the thin wall problem, rather than the effects of
wall thickness, and the main reason for considering it at all is comparison to experiments conducted on (technically) sharp edged
orifices, we adopt Howe’s approach for simplicity. This leads to a modified pressure boundary condition at the aperture, namely,
the emergence of inertia term, 𝑝(𝑟, 𝜃, 𝑧 = 0+) = 𝑝(𝑟, 𝜃, 𝑧 = 0−) − 𝜌0𝐿𝜕𝑢𝑧0∕𝜕𝑡 [cf. 17, pp. 354–360], which ultimately results in an
aperture equation of the form

𝜕
𝜕𝑡

(

1
𝜋 ∫

𝑅

0 ∫

2𝜋

0

𝑢𝑧0 (𝑟, 𝑡)𝑟 d𝜃d𝑟
√

𝑟2 + 𝑟2 − 2𝑟𝑟 cos 𝜃
+ 𝐿𝑢𝑧0 (𝑟, 𝑡)

)

+ |𝑢𝑧0 (𝑟, 𝑡)|𝑢𝑧0 (𝑟, 𝑡) =
𝑝(𝑡)
𝜌0

. (20)

3. Results

In this section the predictions of the previously described model are compared to experimental results from the literature and
direct numerical simulations performed for the occasion. Section 3.1 focuses on the experimental velocity data of [7], obtained
by means of hot wire anemometer placed at the center of the aperture. The comprehensiveness of the study allows for detailed
comparison of amplitude, phase and time trace of the absolute velocity at the center of the aperture. Conversely, Section 3.2 is
concerned with the experiments of [10], where the reported data on the transmitted pressure, resulting from complex forcing
patterns, permits a detailed investigation of both transient behavior and steady state spectrum of the average aperture velocity.
Subsequently, in Section 3.3, a direct numerical simulation of the problem is used as a basis for investigating the spatial–temporal
behavior of the reduced order representation in further detail. Consequently, Section 3.4 applies the already validated model to
predict influence of various parameters on the nonlinear aperture dynamics.

3.1. Ingard & Ising’s experiment

In the following we compare our model predictions and the experimental measurements from [7] [cf. Fig. 2(a)–(b)], where to
also study the effects of the aperture diameter on the model, we discuss results for 𝐷 ∈ [7 mm; 9 mm]. The sold lines indicate
predictions for 𝐷 = 8.5 mm and the shaded regions illustrate the results for 𝐷 ∈ [7 mm; 9 mm], where, naturally, the edges closest
to the black lines correspond to 𝐷 = 9 mm.

It is worth mentioning that for most aperture diameters in the range [8.5 mm; 9 mm] [cf. Fig. 2(a)], model predictions fall within
the ±3% accuracy of the velocity measurements reported in [7, table I]. Also note that even the distinguishable deviations at
𝐷 = 7 mm (the reported orifice diameter) and 𝐷 = 9 mm are small in absolute value (<0.5 m∕s), which is somewhat obscured
by the logarithmic scale of the plot. Additionally, we need to emphasize that both amplitude and phase difference refer to the
absolute velocity at the center of the aperture as directly measured by the accordingly placed hot wire anemometer, whose wire
length is small compared to the orifice diameter.

A general trend of the model warranting a detailed discussion is the velocity dependence on the forcing pressure and aperture
diameter. At small forcing amplitudes (and essentially linear response), pressure and velocity are approximately proportional in
amplitude and out of phase (𝑋 ≈ const.; 𝑅 ≪ 1), while in the strongly nonlinear regime the pressure amplitude is proportional
to the squared velocity amplitude [cf. Fig. 2(a)] and the phase difference is decreasing [cf. Fig. 2(b)], which is consistent with
experiments over wide variety of conditions (see e.g. [12] for a survey). Furthermore, the aperture velocity is inversely proportional
to the diameter in the nearly linear range and practically independent of it at high amplitudes. Inspecting (20) reveals that the
only term depending on the aperture dimensions is the rate of change of the specific inertia, hence, at high velocities the system
response is nearly independent of equivalent mass, indicating quasi-steady behavior consistent with the experimental observations
5
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Fig. 2. Comparison between the model predictions and the experimental measurements of [7] for (a) forcing pressure amplitude vs. velocity amplitude at the
center of the aperture, (b) forcing SPL vs. phase lag of the velocity w.r.t. the forcing pressure and (c) time traces at different SPL. The reference pressure of all
dB scales is 28 × 10−6 Pa.

of [8] and [9, p. 34]. Fig. 2(a) illustrates the latter statement, since changes of the aperture diameter, and by extension — mass
inertia, are shown to be important at low velocity amplitudes and to have little to no influence at large ones.

This further lends credibility to the [10, sec. V] hypothesis that the details of the vorticity generation can be drastically simplified
while still accurately capturing the relevant global quantities like the mass flow through the aperture or the velocity profile at
the in-flow plane. In particular, the predominantly quasi-static nature of the aperture at large forcing amplitudes, which is well
reproduced by Eq. (11), would be unlikely to occur if the rather dynamic nature of the detailed vortex motions [cf. 23, fig. 4 or fig.
4 below] are dominating the mass flow. Furthermore, based on dimensional analysis, [9, p. 34] concludes that (i) reactance, which
is conjugate quantity to the apparent mass of the fluid near the aperture and therefore related to the inertia term, is only dominant
at the beginning of the cycle when the amplitudes are small, and (ii) irrotationality in the two half spaces and a tangential velocity
jump at the aperture are reasonable assumptions. For larger amplitudes the behavior of the system seems to be governed by a
quasi-static resistance term. Our model is consistent with these findings, as evident by inspection of Eq. (11), where the inertia term
can be seen to control the balance of momentum at low velocities 𝑢𝑧0 and to increasingly loose importance to the static resistance
term, 𝑢𝑧0 |𝑢𝑧0 |, as amplitudes grow. In this case, the resistance and the corresponding modulation of velocity amplitude, profile and
phase shift are inherently nonlinear effects and the related linear representation yields unusable results at high forcing pressures,
e.g. 𝑢̄𝑐 > 200 m∕s at 𝑝1 = 2000 Pa and even higher near the edges.

Another important feature of the nonlinear aperture flow is the distortion of the input signal due to excitation of higher harmonics
as discussed by several authors [e.g. 6,7,11]. Fig. 2(c) shows the time traces of the velocity predicted by the model for harmonic
forcing at different sound pressure levels (SPLs), where the plotting format of the oscilloscope traces reported in [7, Fig. 2] has been
adopted for comparison reasons. Close inspection of Fig. 2(c) and its counterpart in the aforementioned reference shows that the
general shape of the time trace corresponding to predicted and measured velocity is virtually identical, while Fig. 2(a)–(b) shows
that the same holds also for the amplitude and phase. Again, the linear representation is not equipped for reproducing such effects
and would not experience any velocity trace distortion.

It is also important to emphasize that all of the velocity measurements reported in [7] were obtained by means of a hot wire
anemometer placed at the center of the aperture, and therefore, correspond to 𝑢𝑧0 (0, 0, 𝑡) = 𝑢𝑐 (𝑡). This is relevant for the discussed
results at all amplitudes, since in the quasi-linear regime the velocity profile is non-uniform, while at high amplitudes the phase
difference between velocities at different positions within the aperture becomes significant (cf. Fig. 1).

3.2. Cummings’ experiment

The experiments of [10] consider more realistic forcing functions, leading to waves with complex shape impinging on the
aperture, and therefore, are suitable for studying the transient behavior of the model. Additionally, due to its vary high forcing
amplitude and emerging periodicity, the last example [10, Fig. 15] is also appropriate for investigating the fidelity of the predicted
spectrum in the steady state. Finally, the reported measurements refer to the transmitted pressure, hence, are pertinent for validating
the predictions of the average velocity trough the aperture, in contrast with the point-like nature of the hot wire data discussed in
Section 3.1.

The setup of the aforementioned experiment includes a sharp-edged orifice of 𝑅 = 1.65 mm located in an impedance tube with
𝐷IT = 50 mm, where the periodic forcing pressure, 𝑝1(𝑡), of frequency 𝑓 = 643 Hz is measured shortly before and the transmitted
pressure, 𝑝2(𝑡), shortly after the aperture.

Since the aperture is only described as ‘‘sharp-edged’’, for the following calculations we set 𝐿 = 0. Additionally, on account of
the relative proximity of the measurement point, signal distortions due to nonlinear wave propagation effects are expected to be
6

negligible. Therefore, we assume linear acoustics after the aperture and consequently, the latter is treated as a plane acoustic source
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Fig. 3. Comparison between the model predictions and the experimental measurements of [10] for (a) the time trace and (b) the spectrum, of the transmitted
pressure, 𝑝2(𝑡), resulting from (c) the forcing pressure, 𝑝1(𝑡).

radiating into a tube. Hence, the transmitted pressure in the far field, 𝑝2(𝑡), can be calculated in terms of the impedance of air, 𝜌c,
he average velocity in the aperture, 𝑈 (𝑡), and its area ratio with the tube, 𝜎, as

𝑝2(𝑡) =
𝜌0c
𝐴IT ∫

𝑅

0 ∫

2𝜋

0
𝑟𝑢𝑧0 (𝑟, 𝑡) d𝜃d𝑟 = 𝜎𝜌0c𝑈 (𝑡). (21)

Fig. 3 shows a comparison between the model developed in Section 2 and measurements reported in [10, Fig. 15], where the
esponse is analyzed in terms of the time series data presented in Fig. 3(a) and the spectrum shown in 3(b). The forcing, 𝑝1(𝑡), and
esponse, 𝑝2(𝑡), functions are reproduced from figure 15 of the aforementioned reference using 120 and 170 points, respectively,
hile all intermediate values are determined by linear interpolation as needed.

The forcing pressure, 𝑝1(𝑡), recorded in Fig. 3(c) starts from a standstill, exciting the transient response we want to study, and after
xperiencing some transient behavior of its own in the first cycle, settles to a steady state. The transmitted pressure, 𝑝2(𝑡), follows
similar pattern, where, by inspecting Fig. 3(a) we can conclude that the model predicts this transient response well. Analogously

o 𝑝1(𝑡), the transmitted pressure, 𝑝2(𝑡), reaches a steady state after the first cycle as observed in [10], therefore, we can calculate
he Fourier series expansion of the corresponding periodic signal, resulting in a discrete spectrum with fundamental frequency of
= 643 Hz. A comparison of the absolute value of the Fourier coefficients between predicted and measured response is shown

n Fig. 3(b). By examining the spectrum, we can conclude that the predicted amplitudes of the fundamental frequency component
nd the first eight harmonics are in good agreement with the experimental data. This, in conjunction with the good prediction of
he transient response, suggests that the model presented in Section 2 is also an accurate description of the ‘‘average’’ aperture
ynamics. Comparison with other experiments reported in [10] can be found in Appendix B.

.3. Comparison with DNS

The previous two sections assessed the ability of Eqs. (11) and (20) to predict the center and average velocity through a compact
perture by comparison to experimental measurements. To further validate the model presented in Section 2, we now turn our
ttention to the complete spatial–temporal evolution of the velocity profile at the in-flow plane of the orifice. Since there are no
xperimental studies, directly measuring the relevant quantity, we numerically approximate the problem of 𝐷 = 7 mm aperture in
= 0.1 mm (quasi) infinite wall via a direct numerical simulation, utilizing the compressible solver AVBP. Since a simulation allows

or unique flexibility in exploring the influence of various parameters, we utilize this fact by studying two different fluids – pure air
nd a modified version thereof, where the viscosity is increased 100 times.

The simulated domain is two dimensional (340 mm × 170 mm), the mesh consists of approximately 640 000 conformal
uadrilateral elements, with significant density increase near the aperture (cf. inset in Fig. 4). Approximately half of the elements
re concentrated within two diameters distance from the aperture. The temperature is 300 K and the two simulated fluids are, as
entioned, (1) pure air and (2) air with 100 times higher viscosity. The boundary conditions are as follows: bottom — characteristic

nlet with relaxation towards reference pressure, 𝑝ref = 101 325 Pa, and superimposed isentropic sinusoidal acoustic pressure forcing,
f (𝑡) = 𝑝̄f sin𝜔𝑡, with 𝑝̄f = 160 Pa and 𝑓 = 150 Hz; top — free stream outlet; right — symmetry corresponding to the aperture axis;
eft — slip adiabatic walls; middle - no-slip adiabatic walls forming the separator wall and the aperture.

We start the analysis of the DNS by examining the vorticity shown in Fig. 4. In particular, for the pure air [cf. Fig. 4(a)–(e)] the
esults are consistent with the thin vortex sheet assumption of [11,23], where the vortex motions are also qualitatively similar to
he discrete vortex simulation of the former [cf. 23, fig. 4]. Furthermore, a good agreement with the flow visualizations of [19, fig.
3(a)] can also be observed by comparison to Fig. 4, while inspection of Fig. 5(e) [red line] also shows that the velocity amplitude is
7

onsistent with the measurements in [7, table I]. Interestingly, from Figs. 4(f)–(j) and 5(j), we can conclude that even in the highly
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Fig. 4. Vorticity derived from DNS of a 𝐷 = 7 mm aperture in (quasi) infinite wall forced by an acoustic pressure amplitude of 𝑝̄f = 160 Pa and frequency of
𝑓 = 150 Hz. Sub-panels (a)–(e) illustrate the vorticity for different time instances throughout one acoustic forcing cycle, where the medium is pure air. Sub-panels
(f)–(j) again show the vorticity throughout one acoustic forcing cycle, however, the medium has 100 times the viscosity of air. The inset shows the mesh details
around the aperture edge.

viscous case, where the details of vortex shedding are vastly different, the velocity profile and amplitude remain quite similar. This
observation is also consistent with the comparison [12] of numerous experimental studies conducted with air, water and oil as a
working medium.

Indeed, by further investigating Fig. 5 we can deduce that the velocity profiles obtained from the DNS (red lines) and the
reduced order model (ROM) of Section 2 (black dash-dot lines) exhibit reasonable degree of similarity, regardless of the two orders
of magnitude higher viscosity in sub-panels 5(f)–(j). To also study the temporal behavior of both systems, a time - 𝑡0 - is chosen,
such that the average instantaneous velocity through the aperture is approximately zero and then different phase shifts are applied,
analogous to Fig. 1. The aforementioned velocity profiles agree reasonably well (for both viscosity values) throughout the acoustic
forcing cycle, both in terms of general trends and specific values. Additionally, the phase shift between the total center velocity
and the forcing pressure, 𝜑 ≈ 0.001 s × 150 Hz × 360 Deg = 54 Deg, also agrees well with the experiment in [7, fig. 6]. Of course,
discrepancies exist between the velocity profiles resulting from the DNS and from the proposed ROM, yet the differences in the
global quantities of interest, like the oscillating mass flow, are relatively small as can be deduced from the insets in Fig. 5(e) and
(j). This is an important observation, since the model in Section 2 completely ignores the details of the vortex shedding and only
assumes a velocity jump across the aperture and irrotationality within the half spaces.

Another important piece of information we can extract from the DNS is the pressure distribution, which, as seen in Fig. 6, is rather
uniform apart from the localized low pressure zones induced by the discrete vortices. The aforementioned statement is especially
fitting for the high viscosity case. This further justifies another key assumption of the reduced order model in Section 2, namely, that
the nonlinearity makes substantial contribution only in the hydrodynamic near field of the aperture, extending to 2–3 diameters in
each direction.

In a certain sense, Eq. (11) is the ‘‘least nonlinear’’ representation of the aperture flow, since the acoustic effects are assumed to
be decoupled from the hydrodynamically nonlinear orifice. To solve the velocity profile problem, the incident wave is considered
as an external forcing and to solve the sound propagation problem, the aperture is considered as a plane radiator with already
calculated velocity profile. This approach is successfully applied for the Cummings’ experiment in Section 3.2, and the DNS further
confirms the acoustic compactness in the nonlinear regime also for the setup in [7].

Fig. 5. Velocity at the in-flow plane of a 𝐷 = 7 mm aperture in (quasi) infinite wall forced by an acoustic pressure amplitude of 𝑝̄f = 160 Pa and frequency of
𝑓 = 150 Hz. Sub-panels (a)–(e) compare the velocity profile derived from DNS of pure air (red solid lines) and the reduced order model (ROM) of Section 2
(black dash-dot lines) for different time instances throughout one acoustic forcing cycle, where the inset in sub-panel (e) compares the mass flow

(

∫ 𝜌𝑢𝑧d𝑠
)

predictions. Analogously to Fig. 4, the DNS results shown in sub-panels (f)–(j) derive from a medium with 100 times the viscosity of air, where once more, the
sub-panels illustrate the velocity profile derived from DNS (red solid lines) and ROM (black dash-dot lines), and the inset in (j) compares the mass flows.
8
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Fig. 6. Pressure distribution resulting from a sinusoidal acoustic pressure wave of amplitude 𝑝̄f = 160 Pa and frequency 𝑓 = 150 Hz incident on a 𝐷 = 7 mm
aperture in (quasi) infinite wall. Sub-panels (a)–(e) illustrate the pressure for five equidistant time instances throughout one acoustic forcing cycle, where the
medium is again pure air. Conversely, sub-panels (f)–(j) once more show results (pressure) for a medium with 100 times the viscosity of air.

3.4. Model predictions

After validating the model proposed in Section 2 against the experimental data of [7,10], as well as against the direct numerical
simulation of the previous section, here we use it to address some unexplored aspects of the system behavior. In particular, [7, fig. 7;
fig. 14] use two different experimental techniques to determine the orifice impedance under free space termination (𝑋 ≈ 10 kg∕m2s
vs. 𝑋 ≈ 8 kg∕m2s) and attribute the mismatch between them to large experimental error (≈20%) of the hot wire measurements at
low velocity amplitudes (≈3–5 m∕s). Although such scenario cannot be completely ruled out, a more likely explanation is that while
the impedance in fig. 7 relates the forcing pressure to the fundamental component of the velocity at the center of the aperture,
the resonator measurements in fig. 14 are function of the average aperture velocity. Fig. 7(a) illustrates the discrepancy between
the two impedance definitions (top), caused by the non-uniformity of the velocity profile at low amplitudes (bottom), which is
also consistent with the experimentally observed differences (red line vs. red markers). As expected from the previously discussed
results, the differences decrease with increasing velocity amplitude, since the velocity gradients in radial direction are becoming
less prominent, i.e. the profile flattens. In [7, Fig. 20] a (weighted) superposition of the two measurement techniques is adopted to
determine the (collective) impedance over the whole range of velocities, and as illustrated in Fig. 7(a), the average velocity based
impedance of the model fits this data reasonably well, where the setup is identical to Section 3.1. Furthermore, the center velocity
based impedance of the model fits the hot wire technique [7, fig. 7] reasonably as well, suggesting validity of the hypothesized
cause of the discrepancy. Another unexplored topic of interest is the collective dependence of the average velocity on the forcing
frequency and pressure amplitude (cf. Fig. 7(b) and (c), respectively). An inspection of the former confirms the [7] conjecture that
at high forcing SPL, where resistance dominates, the aperture velocity is nearly independent of frequency. This is also the operating
stage where average and center velocity are practically identical. Furthermore, by studying Fig. 7(c) we can conclude that the forcing
pressure amplitude at which the system starts exhibiting nonlinear behavior is frequency dependent. For example, at 𝑓 = 10 Hz all
considered forcing SPLs (110 dB−170 dB) lead to a strongly nonlinear behavior, while at 𝑓 = 1 kHz even a forcing of 170 dB barely
enters the quasi-steady regime.

Fig. 7. The proposed model is used (a) to explain differences in the impedance based on the average and center velocity (top), depending on their relation
(bottom). The top sub-panel shows comparison with the average velocity based impedance data of [7, Fig. 20] (red dashed line) and the center velocity based
impedance data of [7, Fig. 7] (red circular markers), where the setup is identical to Section 3.1, since the same dataset is analyzed. The model is also applied
to predict the average velocity dependence on (b) forcing frequency and (c) pressure amplitude.
9
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4. Conclusion

The present work introduces a mathematical model describing the dynamics of an acoustically compact aperture under arbitrary
ressure forcing, successfully validates it against well established experimental results and direct numerical simulations performed
or the occasion, and applies it to resolve some issues of interest.

The fluid mechanical model developed in Section 2 is derived from the fundamentals of classical mechanics, albeit under signif-
cant simplifications. This offers advantages in the intuitive understanding of the dominant physics of the problem and facilitates
he modeling of more sophisticated systems by allowing the flexibility of working directly with the continuum representation or
implifying it to a lumped parameter model via nonlinear reduction techniques.

Furthermore, a comparison with established experimental data from the literature shows good agreement in both general trends
nd specific values. In Section 3.1, a detailed collation of model predictions and the hot wire data of [7] exemplifies the good
greement in amplitude, phase and time trace of the velocity at the center of the aperture. In Section 3.2 the transmitted pressure
easurements of [10] confirm the accuracy of the average velocity’s time response and spectrum. Additionally, Section 3.3 explores

he spatial–temporal characteristics of the approximation in greater detail by utilizing a DNS of the problem as reference solution.
Based thereon, in Section 3.4 the model is used to explain experimentally observed discrepancies between different impedance

easurement techniques and to explore the frequency dependence of the aperture dynamics at different forcing pressure amplitudes.
A natural application of this simplified aperture representation would be the modeling of the practically relevant case of a

erforated liner. In first approximation, it might be sufficient to consider contributions with decreasing magnitude to the integral
n Eq. (9). In particular, the latter is defined over the whole infinite plane and for a perforated liner there will be multiple sections
ith nonzero normal velocity and they will all contribute to the inertia term accordingly. Nevertheless, the question of when the
iscrete apertures start to influence each other significantly needs to be carefully addressed before proposing and validating such
odel, and this is beyond the scope of this study.

Finally, we should comment on the limitations of the model proposed in Section 2. In particular, the reduced aperture
epresentation we propose rests on significant simplifications of the flow near field, specifically targeting acoustics applications.
learly, if specific flow features, e.g. vortex generation, are of interest the model is not providing any useful information. As with any
educed order modeling task, we only consider the dominant mechanism responsible for explaining the effects we are interested in,
.e., the nonlinear impedance and acoustic transmission of a compact orifice. Consequently, linear reactance effects are considered,
owever, linear resistance is not, i.e., the latter contains only (relevant) nonlinear terms. For strongly differing use, e.g. acoustic
on-compactness or presence of non-negligible streaming effects, the model is not expected to perform well. Given the reduction of
ll vorticity effects to a velocity jump at the aperture plane, the model should be used with caution for cases not discussed herein.
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ppendix A. Nonlinear resistance

In the following we outline the argument for the specific form of the resistance term of Eq. (4) in greater detail. Starting from
he one dimensional special case of Eq. (3) we have

𝜕𝑢
𝜕𝑡

+ 1
2

𝜕
𝜕𝑧

(𝑢2) + 1
𝜌0

𝜕𝑝
𝜕𝑧

= 0, (A.1)

which simplifies to

𝜕𝜑
𝜕𝑡

+ 1
2

(

𝜕𝜑
𝜕𝑧

)2
+

𝑝
𝜌0

=
𝑝∞
𝜌0

(A.2)

and ultimately leads to the aperture equation

𝜕𝜑
+ 1

(

𝜕𝜑
)2

=
𝑝f , (A.3)
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with 𝑝f (𝑧, 𝑡) = 𝑝̄f sin (𝑘𝑧 − 𝜔𝑡) being the forcing pressure, i.e., the incident wave. Introducing the standard ansatz

𝜑(𝑧, 𝑡) = 𝛹0(𝑧) +
𝑁
∑

𝑛=1

[

𝛷𝑛(𝑧) sin 𝑛𝜔𝑡 + 𝛹𝑛(𝑧) cos 𝑛𝜔𝑡
]

(A.4)

yields the following for the time independent component

𝛹0,𝑧(𝑧) +
1
2

𝑁
∑

𝑛=1

[

𝛷𝑛,𝑧(𝑧) + 𝛹𝑛,𝑧(𝑧)
]

= 0, (A.5)

where (⋅),𝑧 ≡ 𝜕(⋅)∕𝜕𝑧 indicates the spatial derivative. The expressions for the fundamental frequency and its harmonics are more
involved, yet their exact form is not essential for the discussion. Solving the resulting equations is clearly a difficult task, however,
the key point here is that as long as the summation term does not yield zero, there will also be nonzero 𝛹0,𝑧(𝑧), which corresponds to
a constant flow velocity through the aperture due to 𝑢𝑧 = 𝜕𝜑∕𝜕𝑧. In the simplest case of 𝑁 = 1 the expressions for the fundamental
component are concise

𝜔𝛹1(𝑧) − 𝛹0(𝑧)𝛷1(𝑧) = 𝑝̄f cos(𝑘𝑧) (A.6)

𝜔𝛷1(𝑧) + 𝛹0(𝑧)𝛹1(𝑧) = 𝑝̄f sin(𝑘𝑧), (A.7)

ence, it is easy to verify that 𝛹0,𝑧(𝑧) ≠ 0. Furthermore, from the size of the constant term one can deduce that the observed effect
annot be related to acoustic streaming. Analogous conclusion can also be reached when higher harmonics are considered. The
ffect discussed above is directly related to the fact that 𝑓 (𝑧) = 𝑧2 is an even function, hence, the solution to the integro-differential
quation will essentially inherit this behavior and any Fourier series expansion thereof will contain constant terms. The natural
pproach to the issue would be transforming the problematic term in an odd function, i.e. 𝑓 (𝑧) = |𝑧|𝑧, as done by e.g. [10, p. 943].

Fig. 8. Comparison between the model predictions and the experimental measurements of [10] for (a) the time trace and (b) the spectrum, of the transmitted
pressure, 𝑝2(𝑡), resulting from (c) the forcing pressure, 𝑝1(𝑡). This case considers the low amplitude periodic excitation.

Fig. 9. Comparison between the model predictions and the experimental measurements of [10] for (a) the transmitted pressure, 𝑝2(𝑡), through a sharp edged
aperture, resulting from (b) the non-periodic forcing pressure, 𝑝1(𝑡). Additionally, the agreement between predicted and measured (c) transmitted pressure, 𝑝2(𝑡),
through a thick aperture, resulting from (d) the non-periodic forcing pressure, 𝑝1(𝑡), is also shown to be good. Nevertheless, this is not expected in general, since
the effects of aperture thickness are only roughly estimated in the proposed model.
11
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In the three dimensional case the considerations above should be valid in any direction, since it is always possible to assume
ne dimensional wave incident at an arbitrary angle w.r.t. the aperture and then to subsequently apply the presented reasoning.
herefore, we need to propagate the aforementioned transformation to all velocity components, resulting in
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. (A.8)

Appendix B. Further validation of the transmission behavior

This appendix presents further comparison with the transmitted pressure experiments from [10]. In particular, Fig. 8 examines
the aperture dynamics at low-amplitude periodic forcing, while Fig. 9 compares the results for non-periodic forcing. In this particular
case good predictions can be observed also for a thick aperture [cf. Fig. 9(c)–(d)], however, this will not be the case generally, since
the thickness effects are only roughly estimated. For a better treatment of finite thickness apertures we refer to e.g. [33–35].
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