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Abstract

SRB measures present a useful class of invariant measures that help understand
the chaotic nature of random dynamical systems. Inspired by a paper from Alex
Blumenthal and Lai-Sang Young from 2018 titled ”Equivalence of physical and SRB
measures in random dynamical systems” this BSc project discusses the existence
of SRB measures in chaotic random motions. We look at an innovative geometric
construction of SRB measures via a graph transform approach that uses adapted one-
sided charts. By pushing forward the stationary measures and approximating the
unstable manifolds with pushed forward leaves we show that the sample measures
are SRB.
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Chapter 1

Introduction

Invariant measures are a good way to investigate the chaotic nature of dynamical
systems. Since a system can have infinitely many invariant measures, some present
themselves as more helpful than others. A useful class of measures with interest-
ing geometric and dynamical structures are the Sinai-Ruelle-Bowen measures (SRB
measures). They are well studied in the deterministic setting and were first intro-
duced by Sinai, Ruelle and Bowen in the 1970s in [10, 8, 3] to study the behaviour
of chaotic topological attractors. The notion of SRB measures can be extended to the
random setting but the existence of such measures is however not always guaran-
teed. Based on that observation, this paper is dedicated to discussing the existence
of random SRB measures in chaotic random system as well as their construction.

1.1 Brief overview

Motivated by the paper [2] written by Alex Blumenthal and Lai-Sang Young in 2018
with the title ”Equivalence of physical and SRB measures in random dynamical sys-
tems”, one way of showing the existence of random SRB measures is to find physical
measures of the system and show that they have random SRB properties. In this con-
text, physical measures are invariant measures where the time average converges to
the space average. A remarkable result from Alex Blumenthal and Lai-Sang Young is
that SRB measures exist in chaotic ergodic C2 random dynamical systems. It turns
out that the sample measures µω are under these assumptions SRB.

1.2 Objective

The general goal of this bachelor project is to become familiar with the core concepts
of random dynamical systems, a topic which is usually not covered in undergraduate
courses. More specifically, the objective is to work through the paper [2] in order to
understand the relation between physical and SRB measures as well as the construc-
tion to get there. Additionally, we present complementary proofs and explanations
for selected statements.
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Chapter 1. Introduction 2

We note that Alex Blumenthal and Lai-Sang Young are not the first to look at a
relation between physical and SRB measures as the paper [5] written by François
Ledrappier and Lai-Sang Young in 1988 discusses a similar result. What makes the
paper [2] unique, is that it presents a geometric construction of SRB measures by
pushing forward the stationary measures and introduces a novel approach of work-
ing with finite pasts using adapted one-sided charts. We think that this gives a good
geometric idea of the underlying mechanics and makes the result approachable for
someone new to RDS.
To make it easier to distinguish between any original content and the established
contributions of Alex Blumenthal and Lai-Sang Young, we refer to Table A.1 in the
appendix for a selection of the major new contributions. We want to emphasize that
this list is only a selection of some of the original work. A lot of additional smaller
explanations, comments and proofs were added which cannot be clearly separated
from the content in [2].

1.3 Construction of the SRB property

The construction of the SRB property is in itself straightforward but requires a lot
of technical work. Using the fact that the sample measures can be seen as the weak
limit of pushing forward the stationary measure from time −∞ to time 0 we will
show that they are SRB. We will see in Chapter 6 that the main idea for showing the
SRB properties is that we can push forward a foliation of a small localized region
(later called the ”source” set) from −∞ to 0 such that a positive fraction of graphs
(elements of the pushed forward foliation) get aligned with local unstable leaves
at time 0 in a small region (later called the ”target” set). The idea is to partition
parts of the stack of unstable leaves in finer and finer partitions so that the pushed
forward leaves are fully contained in the elements of the partitions. By choosing
a partition that eventually only contains one single unstable leave, we show that
a positive fraction of pushed forward leaves gets aligned with a part of the local
unstable manifolds.
How does this partitioning help us show the SRB property? We will construct at
time −∞ a measure that looks similar to the Lebesgue measure but is supported
on a small region. We will then push this measure forward and support it on our
partition that eventually contains single leaves. By choosing the source and target
sets small enough, we can show that we have absolute continuity for the conditional
measures with respect to the Lebsegue measure for a positive fraction of the unstable
leaves as well as bounded densities from above and below which will conclude the
SRB property.

1.3.1 Geometric construction

Below, there is a rough graphical explanation of the introduced construction. It
intents to motivate the steps in Chapters 2-6 and present the overall strategy. This
section already presupposes knowledge about RDS and a proper introduction will
be done in Chapter 2. Denote by {fω} the random dynamical system and fix ω ∈ ΩZ
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with Ω being a Polish space. We write fnθ−nω for the push forward function from time
−n to time 0 where θ is the shift operator on ΩZ and fθ−nω a C2 diffeomorphism on
a Riemannian Manifold M onto itself. Since we only work with small regions in M
we can confuse a set Λ ⊂ M with a subset in Tx∗M where x∗ ∈ Λ. Assume that the
below steps are well defined. The construction goes as followed.

1. Following Figure 1.1, take at time 0 the group of local unstable leaves (here
the W u-leaves) of Λ and bundle most of them into a partition of open sets
βm = {βm,k} for some m ∈ N. Assume that the partitions βm are nested, i.e.,
each βm,k ⊂ βm−1,k′ for some k′.

    

 

 

 

Figure 1.1: On the left, construction of the local unstable laves (W u-leaves) on
Λ. On the right, the partition βm of a fraction of the unstable leaves.

2. Next choose a big enough n such that this and the next step hold. We take
at time −n a subset B such that the set gets pushed forward into Λ via fnθ−nω.
We construct a foliation Fn

− on B using parallel planes at time −n (the parallel
planes will later end up being the u-graphs and are parallel to the unstable set
of a reference point in B). We push forward Fn

− to time 0 and end up by the
construction with a partition on part of Λ. We call the elements in this new
partition the W n-leaves. The process is shown in Figure 1.2.

 

 

 

Figure 1.2: Pushing forward the foliation Fn
− with fnθ−nω from time −n to time 0

in order to create the Wn-leaves.

3. We overlay the W n-leaves with the W u-leaves. By the choice of n, a positive
fraction of W n-leaves ends up fully inside the elements of βm (see Figure 1.3
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on the left). We choose next a finer partition βm̃, m̃ > m and see that the
fraction of W n-leaves from before is not necessarily anymore contained in the
single βm̃,k̃ (see Figure 1.3 on the right).

 
 

 

Figure 1.3: Overlaying the W u-leaves (blue), Wn-leaves (green) and the partition
βm (yellow) on the left. A deeper view of the element βm,k of the partition βm
overlayed with part βm̃,k̃ of the finer partition βm̃ is shown on the right. Note that
while a fraction of Wn-leave is fully inside single elements of the partition on the
left, there is a Wn-leave that is only partly contained in βm̃,k̃ on the right.

4. Remember that we started at time −n and went to time 0. By choosing a new
ñ ∈ N, ñ > n, we can find a new foliation W ñ that is again fully contained in
the βm̃,k̃ (see Figure 1.4 at the top). Iteratively, we choose again a finer parti-
tion (increasing m̃) and as a response go further back in the past (increasing
ñ). We will show in the remainder of this paper that letting m̃, ñ → ∞ results
in that we get a positive fraction of single W n-leaves ξn, that get aligned with
their corresponding unstable leaves ξ (see Figure 1.4 at the bottom).

 

 

Figure 1.4: At the top, we have an iteration from past n to ñ with ñ > n to create
a new fraction of W ñ-leaves that are contained in βm̃,k̃. At the bottom, we have the
alignment of the ξn-leave and ξ-leave as m̃, ñ → ∞. The Wn-leave ξn represents
here the leave that with each iteration of n and m ends up in the same element of
the respective partition as ξ the W u-leave.

The above geometric construction will be done in more detail in Chapter 6. Chapters
2, 3, 4 and 5 will occupy the technicalities.
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1.4 Structure

This thesis follows closely the paper [2] and is organised similarly in order to make
it easier to follow the content and retrace the steps.

1. Chapter 2 presents the overall setting and background information needed for
the paper. It covers a brief introduction on random dynamical systems and
important findings which will later be useful.

2. Section 2.3 concludes Chapter 2 by presenting the main results as well as a
proof.

3. Chapters 3-6 are dedicated to proofing the proposition which was assumed for
the main result.

4. Chapter 3 discusses the construction of graph transforms when considering
adapted one-sided charts. It covers the problems which appear when working
with adapted graph transforms and how they can be resolved.

5. Chapter 4 constructs the so called ”source sets” and ”target sets” and disinte-
grate the stationary measure µ in the ”source set” onto the so called u-graphs.

6. Chapter 5 constructs a foliation of pushed forward u-graphs from time −n to
time 0 (also called W n-leaves). We discover that for big enough n the stack of
W n-leaves starts to resemble the stack of local unstable leaves.

7. Chapter 6 is dedicated to the geometric construction. It proves the SRB proper-
ties by looking at finite partitions with compact subsets on the stack of unstable
leaves. We introduce a new measure and show the desired properties using the
results from Chapters 4 and 5.

1.5 Historical evolution

We briefly mentioned that the paper from Alex Blumenthal and Lai-Sang Young is
not the first to show an equivalence between physical and random SRB measures.
A proof for a random dynamical system constructed with diffeomorphisms first ap-
peared in [5] written by François Ledrappier and Lai-Sang Young in 1988. Using an
expression for the entropy of the RDS they showed the random SRB properties for
sample measures. 14 years later, in 2002, Pei-Dong Liu, Min Qian and Fu-Xi Zhang
generalised these results for endomorphisms in [7]. Using the Pesin Formula they
showed the random SRB properties as a consequence of the entropy of the system.
Alex Blumenthal and Lai-Sang Young take in [2] a more modern and geometric ap-
proach by constructing the sample measures directly with no need for a detour into
the entropy. We think that this makes the result more approachable and presents a
visual idea of what happens.
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Chapter 2

Setting, definitions and concepts
concerning RDS

2.1 Setting and the random dynamical system

Before we dive into the interesting field of random dynamical systems, we need to
do a bit of preliminary work. It is important to first get familiar with the overall
setting as well as a few basic definitions.
First up we have the notion of a Polish space.

Definition 2.1 (Polish space). A Polish space is a space that is homeomorphic to a
complete metric space that has a countable dense subset.

Remark 2.2. The group of Polish spaces is extremely big and diverse as the following
two examples show.

1. Rn is a Polish space for n ∈ N, as well as any open or closed subset of Rn.

2. Every locally compact Hausdorff space with a countable basis is a Polish space.
(See [11] for a proof)

With this definition out of the way, take now a Polish space Ω, a Borel probability
measure P and a compact Riemannian Manifold M. We consider the Borel measur-
able mapping ω → fω going from Ω to Diff2(M), where Diff2(M) is the space of all
C2 diffeomorphisms from M onto itself equipped with the C2 norm. With the help
of this mapping, we can construct so called random dynamical systems, commonly
abbreviated as RDS. The following definition is taken from [1].

Definition 2.3 (RDS). A measurable random dynamical system on the measurable
space (M,B) over (or covering, or extending) a metric dynamical system (T, Ω̃,P, θ)
with time T is a mapping

φ : T× Ω×M →M, (t, ω, x) 7→ φ(t, ω, x),

with the following properties:

(i) Measurability: ϕ is B(T)⊗F ⊗ B,B-measurable.

7
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(ii) Cocycle property: The mappings ϕ(t, ω) := ϕ(t, ω, ·) : M → M form a cocylce
over θ(·), i.e. they satisfy

φ(0, ω) = idM for all ω ∈ Ω (if 0 ∈ T)
φ(t+ s, ω) = φ(t, θ(s)ω) ◦ φ(s, ω) for all s, t ∈ T, ω ∈ Ω.

Note that the below definition (taken from Chapter 1 in [2]) looks slightly different
from Definition 2.3.

Definition 2.4 (RDS according to Alex Blumenthal and Lai-Sang Young). Let Ω
be a Polish space and let P be a Borel probability measure on Ω. Let M be a compact
Riemannian manifold and consider a Borel-measurable mapping ω 7→ fω from Ω →
Diff2(M), the space of C2 diffeomorphisms from M onto itself equipped with the C2-
metric. A random dynamical system consists of compositions of sequences of maps
from {fω, ω ∈ R} chosen i.i.d. with law P . For ω = (ωn)n∈Z ∈ ΩZ and n ∈ Z, we
write

fnω =


fωn ◦ · · · ◦ fω1 n > 0

Id n = 0

f−1
ωn+1

◦ · · · ◦ f−1
ω0

n < 0

The following lemma shows that this issue is of no concern to us as Definition 2.4
implies Definition 2.3.

Lemma 2.5. Definition 2.4 constructs a C2 RDS according to Definition 2.3.

Proof. Set Ω̃ := ΩZ and P := ⊗ZP as the corresponding product measure. Further-
more, define θ(n) : Ω̃ → Ω̃ as the n-times left-shift operator for n ∈ N and set T := Z.
It can be shown that (T, Ω̃,B, θ) is an ergodic continuous dynamical system. Define
the mapping φ as

φ : T× Ω̃×M →M, (t, ω, x) → φ(t, ω, x) :=


fωt ◦ · · · ◦ fω1(x) t > 0

x t = 0

f−1
ωt+1

◦ · · · ◦ f−1
ω0

(x) t < 0

.

The next step is to prove that φ is a random dynamical system. We see that φ is
generated by the time-one mapping φ(1, ω) =: ψ(ω) with

ψ(ω) := fω1 :M →M

and
φ(t, ω) = f tω.

It follows from the definition of fω for ω ∈ Ω that fω ∈ Diff2(M) and ω → fω is Borel
measurable. Because φ(t, ω) is a composition of maps in Diff2(M) by construction, it
is itself in Diff2(M). The cocycle property is satisfied because we have for all s, t ∈ T
and all ω ∈ Ω̃ that

φ(t+ s, ω) = f t+sω = f tθ(s)ω ◦ f sω = φ(t, θ(s)ω) ◦ φ(s, ω).

This concludes that φ is a C2 RDS.
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2.2 Definitions and concepts concerning RDS

We briefly mentioned in Chapter 1 that this thesis intends to push forward the so
called stationary measure using the RDS to get the sample measures. Before we do
that, it is a good idea to introduce these two measures.

Definition 2.6 (Stationary measure). Let (Xn) be a Markov chain on M associated
with a RDS. The chain has fixed X0 ∈ M and Xn+1 = fωn+1(Xn). Let µ be a Borel
probability measure on M. The measure µ is said to be stationary if for all Borel sets
E ⊂M,

µ(E) =

∫
P(E|x)µ(dx).

Here, P(E|x) is the so called transition probability of the chain and is defined by

P(E|x) = P{ω : fωx ∈ E}.

Definition 2.7 (Sample measures). Suppose µ∗ is a probability measure on M×ΩZ

with marginal P on ΩZ, e.g. πΩZµ∗ = P with πΩZ(x, ω) = ω being the projection onto
ΩZ. We call the family of probability measures {µω, ω ∈ ΩZ} the sample measures or
disintegration of µ∗ on M -fibers if:

1. for all B ∈ B(M), ω 7→ µω(B) is measurable

2. for all continuous functions ϕ :M × ΩZ → R, we have∫
ϕ(x, ω)dµ∗(x, ω) =

∫ (∫
ϕ(x, ω)dµω(x)

)
dP(ω).

One may ask why these two types of measures are important to us. The following
well known lemma shows that the sample measures can be interpreted as the weak
limit of pushing forward the stationary measure, i.e. (fnθ−nω)∗µ→ µω as n→ ∞. This
important relation will later help us show that sample measures are SRB measures
without having to compute them. We refer to Part I. in [1] for the well known proof.

Lemma 2.8.

(a) A Borel probability measure µ on M is a stationary measure if and only if µ×P+

is an invariant measure of τ+ :M × ΩZ+ →M × ΩZ+
.

(b) Given µ as in (a), there is a unique τ -invariant probability measure µ∗ on M×ΩZ

that projects onto µ × P+. Here, the function τ denotes the skew-product map
τ :M × ΩZ →M × ΩZ with τ(x, ω) = (fω1x, θω).

(c) The measures µω are invariant in the sense that for each ω = (ωn) ∈ ΩZ,

(fω1)∗µω = µθω.

(d) For P-a.e. ω ∈ ΩZ,

(fnθ−nω)∗µ→ µω weakly as n→ ∞.

It follows that µω depends only on ωn for n ≤ 0.
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Going back to the construction of the RDS we have

fnθ−nω = fω0 ◦ fω−1 ◦ · · · ◦ fω−(n−1)

as well as

(fnθ−nω)
−1 = f−1

ω−(n−1)
◦ · · · ◦ f−1

ω0
= f−n

ω

and it follows
(fnθ−nω)∗µ(A) = µ(f−n

ω (A))

for all A ∈ B(M). Item (c) in Lemma 2.8 thus shows that µω can be interpreted as
the push-forward measure from −∞ to 0 along ω ∈ ΩZ.
Before we look at the concept of random SRB measures we need the notion of the
Lyapunov exponent.

Definition 2.9 (Lyapunov exponent). Let {fω} be our RDS. Given (x, ω) ∈M × ΩZ

the Lyapunov exponent of (x, ω) is defined as

λ(x, ω) = lim
n→∞

log ||Dfnω (x)||
n

.

Lyapunov exponents are very useful as they help us understand the dynamics of
the RDS. If the system inhibits certain properties (see [1] for further information),
the total number of different Lyapunov exponents of the system is smaller than the
dimension of M. For almost every (x, ω) ∈ M × ΩZ the tangent spaces TxM can
then be decomposed using the so called Oseledets-splitting to study where the system
exhibits contraction and where expansion. These findings are summarized in the
Multiplicative Ergodic Theorem (MET). We refer to Chapter 4 in [1] for the MET on
Manifolds and Proposition 4 in [2] for the specific case used in this thesis. The next
proposition introduces a lot of important notation.

Remark 2.10. Following Chapter 4 in [2] we

a) denote by Γ the set of full measure generated by the MET,

b) write Eu
(x,ω) for the unstable set at (x, ω) ∈ Γ and

c) write Ecs
(x,ω) for the center-stable set at (x, ω) ∈ Γ.

Proposition 2.11. Assume the RDS has a strictly positive Lyapunov exponent λ0. Fix
δ0, δ1, δ2 > 0 with δ0, δ2 ≪ λ0 and δ1 sufficiently small, and let λ = λ0 − δ0. Shrinking
Γ by a set of µ∗-measure 0 (and continuing to call it Γ), there are defined on Γ

(i) a Borel measurable family of invertible linear maps

L(x,ω) : Ru × Rcs → TxM,

with Ru = RdimEu
, Rcs = RdimEcs

, L(x,ω)Ru = Eu
(x,ω) and L(x,ω)Rcs = Ecs

(x,ω), and

(ii) a measurable function l : Γ → [1,∞) satisfying e−δ2 ≥ l◦τ
l
≤ eδ2 ,
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with respect to which the following hold. Let the chart at (x, ω) be given by

Φ(x,ω) : B(δ1l(x, ω)
−1) →M with Φ(x,ω) = expx ◦ L(x,ω),

and define the connecting maps between charts to be

f̃(x,ω) = Φ−1
τ(x,ω) ◦ fω ◦ Φ(x,ω) : B(δ1l(x, ω)

−1) → Ru × Rcs.

Then

(a) for any y, y′ ∈ Φ(x,ω)B(δ1l(x, ω)
−1), we have

d(y, y′) ≤ |Φ−1
(x,ω)y − Φ−1

(x,ω)y
′| ≤ l(x, ω) d(y, y′)

and

(b) f̃(x,ω) satisfies

(b1) |(df̃(x,ω))0u| ≥ eλ|u| for u ∈ Ru and |(df̃(x,ω))0v| ≥ eδ0|v| for v ∈ Rcs,

(b2) Lip(f̃(x,ω) − (df̃(x,ω))0|B(δl(x,ω)−1)) ≤ δ for all δ ∈ (0, δ1), and

(b3) Lip(df̃(x,ω)) ≤ l(x, ω).

Definition 2.12 (Uniformity sets). We define or fixed l0 ≥ 1 the uniformity set at l0
as

Γl0 = {(x, ω) ∈ Γ : l(x, ω) ≤ l0}.

Remark 2.13. For the remainder of this thesis, we let Bu(r) = {u ∈ Ru : |u| ≤ r},
Bcs(r) = {v ∈ Rcs : |v| ≤ r} and write

B(r) = Bu(r) +Bcs(r),

where | · | denotes the euclidean norm on Ru and Rcs. For w = u + v ∈ Ru × Rcs we
define the norm |w| = max{|u|, |v|}.
We briefly mentioned the notion of unstable manifolds in Chapter 1. They are an im-
portant aid for studying the properties of the chaotic system and are defined through
the Unstable Manifold Theorem.

Definition 2.14 (Big-Lip function). Let f : Rm → Rn be a continuous function. The
Big-Lip function Lip is defined as

Lip(f) = lim sup
r→0+

sup∥x−y∥Rm≤r∥f(x)− f(y)∥Rn

r
.

Theorem 2.15 (Unstable Manifold Theorem). Assume the setting of Proposition
2.11, i.e. let Γ be the invariant set of full measure, generated by the MET and shrunk by
a set of µ∗-measure 0. Let δ > 0 be sufficiently small. Then there exists a unique family of
measurable-varying maps {g(x,ω) : Bu(δl(x, ω)−1) → Rcs}(x,ω)∈Γ and a constant C > 0
such that

g(x,ω)(0) = 0 and f̃(x,ω)(graph(g(x,ω))) ⊃ graph(gτ(x,ω)),

for every (x, ω) ∈ Γ. Moreover,
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1. g(x,ω) is C1+Lip, and (dg(x,ω))0 = 0,

2. Lip(g(x,ω)) ≤ 1/10, Lip(dg(x,ω)) ≤ Cl(x, ω) and

3. if z1, z2 ∈ f̃−1
(x,ω)(graph(gτ(x,ω))), then

|f̃(x,ω)z1 − f̃(x,ω)z1| ≥ (eλ − δ)|z1 − z2|.

The local unstable manifolds at (x, ω) are defined as

W u
(x,ω),δ = Φ(x,ω)(graph(g(x,ω))).

The global unstable manifold is defined as

W u
(x,ω) =

⋃
n≥0

fnθ−nωW
u
τ−n(x,ω),δ.

Lastly we need the notion of the disintegration and of conditional measures on an
arbitrary partition P of a measure space M. Similarly to sample measures, the condi-
tional measures discuss the original measure restricted to an element in the partition.
The following definition is taken from [9].

Definition 2.16 (Disintegration and conditional measures). Let µ be a measure
on M and P a partition of M into measurable sets. Denote by

π :M → P with π(x) = P ∈ P if x ∈ P

the natural projection into the partition. We turn P into a measure space (P , B̂, µ̂),
by letting

Q ∈ B̂ ⇔ π−1(Q) ∈ B,
and

µ̂(Q) = µ(π−1(Q)).

A disintegration of µ with respect to P is a family of probability measures {µP : P ∈
P} such that for every E ∈ B one has

1. µp(P ) = 1 for µ̂ for almost every P ∈ P .

2. P ∈ P 7→ µP (E) ∈ R is B̂-measurable.

3. µ(E) =
∫
µP (E)dµ̂(P ).

Each measure µP is called a conditional measure on the partition P .

Definition 2.17 (Random SRB measures). Let {fω} and µ be given. We say the µω
are random SRB measures if

1. fnω has a positive Lyapunov exponent µ∗-a.e. and

2. for P-a.e. ω ∈ ΩZ, the sample measure µω has absolutely continuous condi-
tional measures on unstable manifolds with respect to the Lebesgue measure.
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The following definition for physical measures is taken from [14].

Definition 2.18 (Physical measure). Let f :M →M be an arbitrary map and µ an
f -invariant probability measure. We call µ a physical measure if there is a positive
Lebesgue measure set V ⊂M such that for every continuous observable φ :M → R,

lim
n→∞

1

n

n−1∑
i=0

ρ(f ix) =

∫
φ dµ

for every x ∈ V.

It follows directly from Birkhoff’s Ergodic Theorem that every ergodic invariant mea-
sure is a physical measure.
We refer to [2] for the construction of stacks of unstable leaves S (see Proposition 11
in [2]) and any further concepts that are not covered in this chapter but are used in
the rest of this thesis.

2.3 Results

The goal of this section is to present the main results of this thesis and explain how
they can be deduced from a proposition that will be proven in Chapters 3-6.

2.3.1 Main Theorem

The main result is the sample measures are random SRB measures in the context of
an ergodic chaotic RDS.

Theorem 2.19 (Main Theorem). Let {fω} be a RDS satisfying∫
log+∥fω∥C2 dP (ω),

∫
log+∥f−1

ω ∥C2 dP (ω) <∞,

and let µ be an ergodic stationary measure. We assume that

1. µ≪ Leb with a continuous density, and

2. {fnω+} has a positive Lyapunov exponent (µ× P+)-a.e.

Then the µω are random SRB measures.

By the above assumptions, our chaotic system {fnω+} has already a positive Lyapunov
exponent (µ×P+)-a.e.. We further know that an arbitrary ω+ ∈ ΩZ+ can be extended
to a ω ∈ ΩZ by choosing a past ω− ∈ ΩZ− and recall that the measure µ∗ projects
onto µ × P+. Consequently, item (1) in Definition 2.17 follows directly. It is left to
prove that for P-a.e. ω ∈ ΩZ the sample measures µω have absolutely continuous
conditional measures on unstable manifolds. For the rest of this thesis, we are in the
setting of the Main Theorem.
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2.3.2 Main Proposition and proof of the results

To prove the Main Theorem, it is enough to show the following proposition.

Proposition 2.20 (Main Proposition). For all sufficiently large l0 > 1, there is a
positive P-measure set of ω and a small constant c > 0 for which the following hold. On
each Γl0,ω with

Γl0,ω = {x ∈M : (x, ω) and l(x, ω) ≤ l0}

there is a stack Sω of local unstable manifolds with the following properties:

(a) A fraction ≥ c of µω is supported on Sω, i.e. µω = ν1 + ν2 where ν1, ν2 are both
positive measures, and ν1 is supported on Sω with ν1(Sω) ≥ c.

(b) Let Ξ be the partition of Sω into unstable leaves. Then the conditional probabilities
of ν1 on elements of Ξ are absolutely continuous with respect to the Lebesgue
measure, with densities uniformly bounded from above and below.

The proof of the Main Proposition will occupy the rest of the paper and can be found
in Chapters 3-6. Assuming that this proposition holds we will now prove the Main
Theorem.

Definition 2.21 (Subordinate to unstable manifolds). Assume the setting of our
RDS. We say a partition η of M ×ΩZ is subordinate to unstable manifolds if for µ∗-a.e.
(x, ω), η(x, ω) is a relatively compact subset of the global unstable manifold W u

(x,ω).

Here, η(x, ω) is the element of the partition containing (x, ω).

It can be shown that the definition of SRB measures is equivalent to the measure µ∗

having absolutely continuous conditional measures on elements of a partition η that
is subordinate to unstable manifolds (see [6] for further details).

Proof of the Main Theorem 2.19 assuming Proposition 2.20 holds. Following the proof
of the Main Theorem in [2], the set-up is the following. Let η be a partition ofM×ΩZ

subordinate to unstable manifolds. Let a function fη be defined by

fη :M × ΩZ → (M × ΩZ)/η , fη(x, ω) 7−→ η(x, ω)

where (M × ΩZ)/η is equipped with the induced quotient topology on the partition.
Using the function fη we denote by µ∗

T the quotient measure of µ∗ on (M×ΩZ)/η. For
µ∗
T -a.e. element α of η, let mα be the Riemannian measure on α. Using the quotient

measure, we define a measure ν on M × ΩZ by letting

ν(A) =

∫
mα(A ∩ α) dµ∗

T (α)

for every Borel set A ⊂ M × ΩZ. It can be shown that ν is sigma-finite. Using
Lebesgue’s decomposition theorem for sigma-finite measures µ∗ and ν (see [12] for
more information and a proof) we find new measures µ∗

ac and µ∗
⊥ such that

a) µ∗ = µ∗
ac + µ∗

⊥,
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b) µ∗
ac ≪ ν and

c) µ∗
⊥ and ν are singular.

The measure µ∗
ac is preserved by τ since µ∗ is τ -invariant. We have µ∗

ac ≪ µ∗ and
(τ, µ∗) is ergodic. This implies that µ∗

ac is ergodic and since M ×ΩZ is τ -invariant we
get that µ∗

ac(M × ΩZ) ∈ {0, 1}. Assume that µ∗
ac(M × ΩZ) = 1, then

0 ≤ µ∗
⊥(A) ≤ µ∗

⊥(M × ΩZ) = 0

for every Borel set A ⊂ M × ΩZ and it follows that µ∗ = µ∗
ac. By construction of ν

this means that µ∗ has absolute continuous conditional measures on almost every
element of η and consequently, µ∗ is SRB.
Assume via contradiction that this is not true and µ∗ = µ∗

⊥. Since µ∗
⊥ and ν are

singular, there exists a Borel set A ⊂ M × ΩZ with ν(Ac) = 0 and µ∗
⊥(A) = 0.

By the definition of both measures and using the relation µ∗ = µ∗
⊥ we get that

mα(A
c ∩ α) = 0 and µ∗

α(A ∩ α) = 0 for µ∗
T -a.e. α ∈ η. This implies that for µ∗

T -a.e.,
α ∈ η mα and µ∗

α are mutually singular.
Note that we can choose by Proposition 2.20 a set B ⊂M ×ΩZ with µ∗(B) > 0 such
that for every (x, ω) ∈ B, the unstable leave corresponding to (x, ω) has a nontrivial
absolute continuous part. Hence, we can find a µ∗

T -positive measure set of α ∈ η
where the µ∗

α have a positive absolute continuous component. This contradicts that
mα and µ∗

α are mutually singular and we conclude that µ∗ is an SRB measure.



Chapter 2. Setting, definitions and concepts concerning RDS 16



Chapter 3

New chart systems and iterated graph
transforms

Recall from Chapter 2 that the measure µ∗ projects onto µ × P+. While the sample
measure for µ∗ are µω, the sample measures for µ × P+ are given by µ. This is true
since we have by Fubini for a continuous function ϕ :M × ΩZ+ → R the relation∫

ϕ(x, ω+) d(µ× P+)
Fubini
=

∫
ΩZ+

∫
M

ϕ(x, ω) dµ dP+.

We will see in Chapter 4 that a good way to study µ∗(Θ) for a subset Θ ∈M × ΩZ is
to project it to M × ΩZ+ where the sample measures have a much simpler form.
Motivated by above, we are interested in using charts defined at (µ×P+)-a.e. (x, ω+)
to push forward graphs from time −n to time 0. We will look as preparation at
pushing forward graphs starting at time 0 using functions of the form fnω+ for n ∈ N.
However, before working with (x, ω+) instead of (x, ω) we need to address a problem.
Even though we have for x ∈M and ω ∈ ΩZ with future ω+ ∈ ΩZ+ that

fnω+(x) = fnω (x),

there is no intrinsic notion for the unstable set since it depends on the past (which
we do not know). The paper [2] introduces in their Chapter 3 a way around by
presenting the approach of adapting one-sided charts to the two-sided case. The
construction roughly goes as follows. Denote by Γ+ ∈ M × ΩZ+ the projected set of
Γ onto M × ΩZ+

.

1) Start with a point (x, ω+) ∈ Γ+.

2) Select a proper past ω− ∈ ΩZ− such that (x, ω) := (x, (ω−, ω+)) ∈ Γ.

We discuss in Section 3.1 how this allocation of the past is best chosen since there
are possible many suitable pasts.
Using the constructed (x, ω) ∈ Γ we can use in a next step results from Chapter
2 to look at the push forward mechanism and graph transforms. We have briefly
mentioned in Section 1.3 that we are going to push forward leaves of a partition of
a localized set. Assume that the following steps are all well defined.

17
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Take a small ball B around x and a foliation P of B. Denote by ξ ∈ P the leave of the
foliation that goes trough ξ and assume that there is a Lipschitz continuous function
g : Bu(δl(x, ω)−1) → Rcs that describes the leave, in the sense that

Φ(x,ω)(graph(g)) ⊂ ξ.

Note that it is much easier to study the function g than the set ξ since we do not know
how ξ exactly looks like. In a next step we construct the so called graph transform
T(x,ω)g of g. The graph transform is the mapping T(x,ω)g : Bu(δl(τ(x, ω))−1) → Rcs

with
f̃(x,ω)graph(g) ⊃ graph(T(x,ω)g).

In other words, it is the function that describes the one-time pushed forward ξ and
the process can be iterated. By looking at the properties of the k-times graph trans-
forms we can directly make assumptions about the k-times pushed forward leave ξ
for k ∈ N. Note that if we find for example that the graph transform aligns with the
function that describes the local unstable leave, we can conclude that the pushed
forward leave also resembles the unstable leave (which is exactly what we want to
show).
We will see in this chapter that if we assume that our initial g is properly bounded,
we can find a big enough k such that if we focus g on a smaller region, the k-times
graph transform is also properly bounded.

3.1 Measurable selection of the past

We already briefly mentioned that for a given (x, ω+) ∈ Γ+ there are potentially
many pasts that suffice the above construction. Which one do we choose? Since the
allocation is not unique, the idea is to find a measurable function that allocates a
past for us.
The next lemma shows that such a function exists since Γ ∈ M × ΩZ is here a
countable union of compact sets by construction. We will prove this lemma using an
application of the Kuratowski-Ryll-Nardzewski measurable selection theorem. See
Lemma 14 in [2] for the application and [13] for the measurable selection theorem.

Lemma 3.1. Given any Borel set Θ ⊂ M × ΩZ that is a countable union of compact
subsets, there is a Borel measurable function

ω̂− : Θ+ → ΩZ−

with the property that for any (x, ω+) ∈ Θ+, we have

(x, ω̂(x, ω+)) ∈ Θ, where ω̂(x, ω+) := (ω̂−(x, ω+), ω+) ∈ ΩZ.

Proof. Let us define X = M × ΩZ+
, Y = ΩZ−

. Take any Borel set Θ ⊂ X × Y which
is a countable union of compact sets {Gi}i∈N , i.e.

Θ =
⋃
i∈N

Gi.
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If Θ+ is the projection from X × Y to X then

Θ+ =
⋃
i∈N

Gi
X ,

where Gi
X denotes the projection of Gi onto X. By applying Lemma 14 in [2] we

get that for every i ∈ N we have a Borel measurable mapping ω̂−
i : Gi

X → Y with
the property that (x̃, ω̂−

i (x̃)) ∈ Gi for all x̃ ∈ Gi
X . Let us define for i = 0 the subset

H0 = G0. For i ∈ N>0 we define H i = Gi \
⋃i−1
j=0G

j. It is clear that the {H i}i∈N are
disjoint Borel subsets because the Gi are compact and hence Borel. We define the
mapping

ω̂− : Θ+ → ΩZ−
, ω̂−(x̃) = ω̂−

i (x̃) if x̃ ∈ H i
X .

The function ω̂− is well defined because the H i
X are disjoint and the union covers

Θ+. Borel measurability follows from the fact that ω̂−
i |Hi

X
is Borel measurable for

every i ∈ N. Indeed, for all B ⊂ Y and B measurable we get

(ω̂−)−1(B) =
⋃
i∈N

(ω̂−
i |Hi

X
)−1(B) ∈ B(Θ+),

where we used the fact that (ω̂−
i |Hi

X
)−1(B) ∈ B(Θ+) for all i ∈ N. Hence the function

ω̂− is Borel measurable and by setting x̃ = (x, ω+) ∈ Θ+, we get

(x, ω̂(x, ω+)) ∈ Θ, where ω̂(x, ω+) := (ω̂−(x, ω+), ω+) ∈ ΩZ.

Remark 3.2. We must be careful when working with one-sided charts. The above
constructed past is somewhat random (even though measurable) and there is no
guarantee that ω̂(τ+(x, ω+)) = θ(ω̂) holds. Hence before pushing forward/backwards,
we always have to first allocate a past to retain measurability and then do the push.
Proposition 6 in [2] shows that the continuity of the unstable sets depends on the
past. Even though our allocation from above is measurable it is not necessarily
continuous. As a consequence, the continuity of the unstable sets is not guaranteed
which makes it harder to bound the slopes of our graphs. We have seen in Remark
16 in [2] that Êu

(x,ω+) and Ecs
(x′,ω+) are uniformly separated when (x, ω+) and (x′, ω+)

are sufficiently close. Uniform separation means in this case that the angle between
both subspaces can be bounded from below. Since this is not the case here, our
graphs can be difficult to bound and the graph transforms can possibly have large
slopes.

3.2 Adapted single graph transform

We are now going to look at a single graph-transform from time k to k + 1. The
computations follow the same structure as in Section 2.3 in [2], with the difference
of having possibly large slopes. For the remainder of this chapter, we define

Φ̂(k) := Φ̂
(k)

(x,ω+), f̂ (k) := f̂
(k)

(x,ω+), l̂(k) := l̂
(k)

(x,ω+).
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The main observation in this section is stated in the next lemma. It shows that for
an initially bounded graph g it can be difficult to control Lip(dT (k)g) as it is not only
bounded by l̂(k) but also Lip(dg) needs to be considered.
Based on the results in this paper we propose an alteration for item (ii′) in Lemma
3.3 to the original version (Lemma 17 in [2]). Since g can be seen as the function at
time k and the graph transform T (k)g as the transformed function at time k + 1, we
changed item (ii′) to graph(T (k)g) ⊂ B(δ(l̂(k+1))−1 ( item (ii′) was originally given
by graph(T (k)g) ⊂ B(δ(l̂(k))−1). This alteration holds in the scope of the below proof
and the rest of the paper.

Lemma 3.3. For any K0 > 0, there exist constants r1 = r1(λ, δ0, K0) ∈ (0, 1), C1 =
C1(λ, δ0, K0), C2 = C2(λ, δ0, K0) such that the following holds when δ < r1. Let k ≥
0, ρ ∈ (0, K−1

0 ], and let
g : Bu(ρδ(l̂(k))−1) → Rcs

be a C1+Lip map from which (i) g(0) = 0, (ii) graph(g) ⊂ B(δ(l̂(k))−1) and (iii) Lip(g) ≤
K0. Then the graph transform

T (k)g : Bu(ρ′δ(l̂(k+1))−1) → Rcs with ρ′ = min{ρe
λ
2 , 1}

is defined, and is a C1+Lip map for which

(i′) T kg(0) = 0,

(ii′) graph(T (k)g) ⊂ B(δ(l̂(k+1))−1),

(iii′) Lip(T (k)g) ≤ K0e
−λ

2 ,

and

(iv′) (a) |(dT (k)g)0| ≤ e−
λ
2 |(dg)0|,

(iv′) (b) Lip(dT (k)g) ≤ C1l̂
(k) + C2Lip(dg).

The proof for (iv′)(b) is given in [2] and will not be repeated here. We will instead
focus on items (i′), (ii′) and (iii′). The following lemma will present itself useful.

Lemma 3.4. The map f̂(x,ω) can be written in the form

f̂(x,ω)(u, v) = (A(x,ω)u+ g
(1)
(x,ω)(u, v), B(x,ω)v + g

(2)
(x,ω)(u, v))

where g(1)(x,ω)(0, 0) = dg
(1)
(x,ω)(0, 0) = g

(2)
(x,ω)(0, 0) = dg

(2)
(x,ω)(0, 0) = 0, (u, v) ∈ Ru ⊕ Rcs and

the following holds

∥A(x,ω)∥ ≥ eλ

∥B(x,ω)∥ ≤ eδ0 .

Furthermore, it holds

∥(dg(1)(x,ω), dg
(2)
(x,ω))z1 − (dg

(1)
(x,ω), dg

(2)
(x,ω))z2∥ ≤ δ∥z1 − z2∥.
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It can be proven that the graph transform is given by

ĝ = T (k)g := πcs ◦ f̂ (k) ◦ (Id× g) ◦ ϕ−1

with

ϕ : Bu(ρδl̂−1) → Ru, ϕ(u) = πu ◦ f̂ (k)(u, g(u)).

For the remainder of this section, we are going to write f̂ = f̂ (k) and l̂ = l̂(k). The
first step is to find a suitable choice for r1.
We claim that the constant r1 = r1(λ, δ0, K0) can be taken small enough such that for
every δ ∈ (0, r1) we have for all z ∈ B(δl̂−1) that

df̂zC(K0) ⊂ C(K0e
−λ

2 ),

with C being the invariant cone defined as

C = C(K0) = {u1 + u2 : u1 ∈ Ru, u2 ∈ Rcs, and |v| ≤ K0|u|}.

Proof of claim. Take u = u1 +u2 ∈ C ⊂ Ru⊕Rcs and df̂z(u) = w1 +w2 ∈ Ru⊕Rcs for
z ∈ B(δl̂−1). Then

|w1| = |πu ◦ df̂z(u)| = |πu ◦ df̂z(u) + πu ◦ df̂0(u)− πu ◦ df̂0(u)|
≥ |πu ◦ df̂0(u)| − |πu ◦ (df̂0(u)− df̂z(u))|
= |Au1| − |πu ◦ (df̂0(u)− df̂z(u))|
≥ eλ|u1| − δ|u1 + u2|

= eλ|u1| − δmax{|u1|, |u2|} ≥ (e
λ
2 − δmax{1, K0})|u1|

by the definition of the norm |u1 + u2| = max{|u1|, |u2|} and because |df̂0 − df̂z| ≤
|z|l̂ ≤ δ for z ∈ B(δl̂−1). Similarly, we get for w2

|w2| = |πcs ◦ df̂z(u)| ≤ |πcs ◦ df̂0(u)|+ |πcs ◦ (df̂0(u)− df̂z(u))|
= |Bu2|+ |πcs ◦ (df̂0(u)− df̂z(u))|
≤ eδ0|u2|+ δmax{|u1|, |u2|} ≤ eδ0|u2|+ δmax{1, K0}|u1|.

This leads to the estimate

|w2| ≤ eδ0|u2|+ δmax{1, K0}|u1| ≤ (eδ0K0 + δmax{1, K0})|u1|

≤ eδ0K0 + δmax{1, K0}
e

λ
2 − δmax{1, K0}

|w1|.

Because δ0 ≪ λ we can choose r1 > 0 small enough such that for δ ∈ (0, r1)

eδ0K0 + δmax{1, K0}
e

λ
2 − δmax{1, K0}

≤ e−
λ
2K0 (3.1)

and w1 + w2 ∈ C(e−λ
2K0).
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Let us now show that ĝ exists and is well defined.

Proof of existence and well definedness. Note that from the construction of ĝ, showing
the existence and well definedness of ĝ is the same as showing that ϕ is invertible on
ϕ(Bu(ρδl̂−1)). This is the same as saying that ϕ is injective.
Take u, ũ ∈ Bu(ρδl̂−1) with ϕ(u1) = ϕ(u2). Then

πu ◦ f̂(u, g(u)) = πu ◦ f̂(ũ, g(ũ)),

which is equivalent to the following, using Lemma 3.4.

0 = |Au− Aũ+ g(1)(u, g(u))− g(1)(ũ, g(ũ))|
≥ |Au− Aũ| − δ |(u, g(u))− (ũ, g(ũ))|
≥ (eλ − δK0)|u− ũ|
≥ |u− ũ|

This implies |u − ũ| = 0 and u = ũ. We conclude injectivity and the existence of an
inverse of ϕ : Bu(ρδl̂−1) → ϕ(Bu(ρδl̂(−1))).

We continue with showing the properties of the graph transform.

Proof of (i′). We have the relations g(0) = 0, f̂(0) = 0 as well as ϕ(0) = πu(0) = 0
which is the same as ϕ(0)−1 = 0. We conclude

ĝ(0) = πcs ◦ f̂ ◦ (Id× g) ◦ ϕ(0)−1 = πcs ◦ f̂ ◦ (Id× g)(0) = πcs(0) = 0.

As (ii′) is a direct consequence of (iii′), we first prove (iii′).

Proof of (iii′). Let û2, û2 ∈ Bu(ρδ(l̂(k+1))−1) and define u1 := ϕ−1(û1), u2 := ϕ−1(û2).
We get

|ĝ(û1)− ĝ(û2)| = |πcs ◦ f̂ ◦ (Id× g)(u1)− ◦f̂ ◦ (Id× g)(u2)|
= |πcs ◦ (f̂(u1 + g(u1))− f̂(u2 + g(u2)))|

for ui ∈ Ru, g(ui) ∈ Rcs and |g(ui)| ≤ K0|ui|, i = 1, 2. Applying the mean value
theorem we find ξ ∈ B(δl̂−1) such that

|ĝ(û1)− ĝ(û2)| ≤ |πcs ◦ df̂ξ(u1 − u2 + g(u1)− g(u2))|.

From Lip(g) ≤ K0 we get |g(u1)−g(u2)| ≤ K0|u1−u2| and so u1−u2+g(u1)−g(u2) ∈
C(K0). We rewrite df̂ξ(u1−u2+ g(u1)− g(u2)) = w1+w2 with w1 ∈ Ru, w2 ∈ Rcs and
see that (w1 + w2) ∈ C(e−λ

2K0) by construction. Then

|ĝ(û1)− ĝ(û2)| = |πcs ◦ (w1 + w2)| = |w2|
≤ eδ0|g(u1)− g(u2)|+ δmax{1, K0}|u1 − u2|
≤ eδ0K0|u1 − u2|+ δmax{1, K0}|u1 − u2|
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≤ (eδ0e−
λ
2K0 + δe−

λ
2 max{1, K0})|û1 − û2|

In the last line, we used that |dϕ−1
û | ≤ e−

λ
2 for all û ∈ Bu(ρδ(l̂(k+1))−1). We conclude

Lip(T kg) ≤ eδ0e−
λ
2K0 + δe−

λ
2 max{1, K0}

= e−
λ
2 (eδ0K0 + δmax{1, K0})

≤ e−
λ
2 (e−

λ
2K0(e

λ
2 − δmax{1, K0}))

≤ K0e
−λ

2 ,

where we used in the second inequality the estimate (6.1).

Proof of (ii′). From (iii′) we get the estimate Lip(T (k)g) ≤ K0e
−λ

2 . Using ĝ(0) = 0 we
have for u ∈ Bu(ρ′δ(l̂(k+1))−1)

|ĝ(u)| = |ĝ(u)− ĝ(0)| ≤ K0e
−λ

2 |u− 0| = K0e
−λ

2 |u|.

This implies
|ĝ(u)| ≤ K0e

−λ
2K−1

0 e
λ
2 δ(l̂(k+1))−1 ≤ δ(l̂(k+1))−1.

Remark 3.5. The constants C1 and C2 are given by

C1 = e−λmax{1, K0}2 + (eδ0K0 + δmax{1, K0})max{1, K0}2e−
3λ
2

C2 = e−λ(eδ0 + δ) + (eδ0K0 + δmax{1, K0})(eδ0 + δ)e−
3λ
2 .

In general, C2 > 0 as K0 can be arbitrarily big. This makes it hard to bound
Lip(dT (k)g) when we wish to iterate the graph transform again. We see however that
we can fix K0 small enough, denoted by K̄0, such that K̄0 <

1
10

and C2(K̄0)e
δ2 < 1

and write
C̄i = Ci(K̄0).

We further take r1 small enough, denoted by r̄1, such that the cones C(K̄0) are in-
variant under df̂z on B(r̄1(l̂

(k))−1).

3.3 Iteration of graph transforms

Having done one iteration, we are interested in what happens when we do it k times.
The next proposition shows that given a graph g we can find a big enough k̄ and a
small enough r̄1 such that the k̄-times graph transforms gk̄ can be bounded nicely for
all k̄ ≥ k on a small ball dependent on r̄1.

Proposition 3.6. Given K0, λ0, δ0, there exists C̄ ≥ 1 (independent of K0), m0 =
m0(K0) and r̄0 = r̄0(K0,m0) > 0 for which the following hold. Let r0 ≤ r̄0. Then
there exists m1 ∈ Z+ depending on Lip(dg) in addition to the constants above with the
following properties. Let

g : Bu(r0(l̂
(0))−1) → Rcs



Chapter 3. New chart systems and iterated graph transforms 24

be a C1+Lip map with (i) g(0) = 0 and (ii) Lip(g) ≤ K0. For k > 0 let

gk = T (k−1) ◦ · · · ◦ T (0)g

be the graph transforms of g on B(dk(l̂
(k))−1) with dk = r0 for k ≤ m0 and dk = r̄1 for

k > m0. Then for all k ≥ m0 +m1,

gk : B
u(r̄1(l̂)

−1) → Rcs

is defined and satisfies

Lip(gk) ≤ K̄0, |(dgk)0| ≤ e−
kλ
2 |(dg)0|, and Lip(dgk) ≤ C̄l̂(k).

Proof. The proof consists of two parts. In the first part, we construct an m0 and r̄0
such that Lip(gk) ≤ K̄0 and |(dgk)0| ≤ e−

kλ
2 |(dgk)0| for k ≥ m0. In the second part,

we construct an m1 such that Lip(dgk) ≤ C̄l̂(k) for k ≥ m0 +m1.

1) If K0 ≤ K̄0 we set m0 = 1. We now assume K0 > K̄0 and set m0 such that
K0e

−m0λ
2 < K̄0. Define

K
(k)
0 := K0e

− kλ
2 .

Using the same procedure as in the proof of Lemma 3.3 and Remark 3.5, we find for
every 0 ≤ k ≤ m0 an r̄(k)0 > 0 (dependant on K0) such that for z ∈ B(r̄

(k)
0 (l̂(k))−1) we

have (df̂ (k))zC(K(k)
0 ) ⊂ C(K0e

−λ
2 ). Set

r̄0 = min{ r̄(k)0 | 0 ≤ k ≤ m0}.

Then r̄0 > 0 and for 0 ≤ k ≤ m0 and z ∈ B(r̄0(l̂
(k))−1) we have that

(df̂ (k))zC(K0e
− kλ

2 ) ⊂ C(K0e
− (k+1)λ

2 ).

Since g : Bu(r0(l̂
(0))−1) → Rcs, it follows from Lemma 3.3 that for r0 ≤ r̄0,

g1 : B
u(min{e

λ
2 , 1}r0(l̂(k+1))−1) → Rcs.

Because λ is the positive lyapunov exponent we have e
λ
2 ≥ 1 and hence

g1 : B
u(r0l̂

(1))−1) → Rcs

and

g1(0) = 0 graph(g1) ⊂ B(r0(l̂
(1))−1) Lip(g1) ≤ K0e

−λ
2 .

By construction of r̄0, we can reapply Lemma 3.3 to g1 to get g2. By induction, it
follows for all 0 ≤ k ≤ m0,

gk : B
u(r0(l̂

(k))−1) → Rcs.

Especially for m0 we get Lip(gm0) ≤ K0e
−m0λ

2 < K̄0. By construction, the invariant
cones C(K̄0) are preserved on B(r̄1(l̂

(k))−1), which implies Lip(gk) ≤ K̄0 for k > m0.
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By the same argumentation, we get also |(dgk)0| ≤ e−
kλ
2 |(dg)0| for all k.

2) Since there is an expansion in Ru under f̂ we define m
′
1 big enough such that

gm0+m
′
1

is defined on all of Bu(r̄1(l̂
m0+m

′
1)−1). Furthermore, K̄0 is defined such that

C̄2e
δ2 < 1 by Remark 3.5. The Lip(dgk) of the first m0 − 1 transforms are not neces-

sarily bounded by K̄0 and Lip(dgm0) can be arbitrarily big. We start our iteration in
m0 and set a = Lip(dgm0). Applying repeatedly Lemma 3.3 gives the inequality

Lip(dgm0+i) ≤ C̄1

(
(l̂m0+i) + C̄2(l̂

m0+i−1) + · · ·+ C̄i
2a
)
.

Using the relation e−δ2 ≤ l◦τ
l
≤ eδ2 (recall from Proposition 2.11),

Lip(dgm0+i) ≤ C̄1

(
(l̂m0+i) + C̄2e

δ2(l̂m0+i) + · · ·+ C̄i−1
2 (eδ2)i−1(l̂m0+i) + C̄i

2a
)
.

Because C2 < 1 by construction we define the converging series

C̄ = 2C̄1

∞∑
i=0

(C̄2e
δ2)i.

Using l : Γ → [1,∞) we get

Lip(dgm0+i) ≤
1

2
C̄(l̂(m0+i)) + C̄1C̄

i
2a(l̂

(m0+i)) ≤
(1
2
C̄ + C̄1C̄

i
2a
)
(l̂(m0+i)).

Choosing m1 big enough such that C̄1C̄
m1
2 a < 1

2
C̄ and m1 ≥ m′

1 implies

Lip(dgk) ≤ C̄l̂(k), for all k ≥ m0 +m1.

Next, we present the distortion estimate for positive times. The lemma corresponds
to Lemma 19 in [2].

Lemma 3.7. Write a0 = Lip(dg). Then for any k ≥ m0 +m1, there exists a constant
D = D(K0, a0, r0, l̂

(0), l̂(k)) with the following property. Write γj = Φ̂(j)(graph(gj)) for
0 ≤ j ≤ k and let p1, p2 ∈ γk. Then,∣∣∣∣ log det(dfkω+|Tγ0)((fω+)−1p1)

det(dfkω+|Tγ0)((fω+)−1p2)

∣∣∣∣ ≤ D.

Note that D does not depend on k, except through the value of l̂(k).

The proof in [2] is straightforward and uses a similar distortion estimate to Lemma
9 in [2] considering positive time. We will motivate here an explanation of the main
inequality in the proof in [2]. Set pik = pi and pi0 = (fkω+)−1(pik) and for 0 ≤ j < k

define pij = f jω+pi0 ∈ γj. We have
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∣∣∣∣ log det(dfkω+ |Tγ0)(p10)
det(dfkω+ |Tγ0)(p20)

∣∣∣∣ ≤ ∣∣∣∣ log det(dfm0+m1

ω+ |Tγ0)(p10)
det(dfm0+m1

ω+ |Tγ0)(p20)

∣∣∣∣+∣∣∣∣ log det(df
k−(m0+m1)

ω+ |Tγm0+m1
)(p1m0+m1

)

det(df
k−(m0+m1)

ω+ |Tγm0+m1
)(p2m0+m1

)

∣∣∣∣.
Rewriting dfkω+ and using the chain rule we get

dfkω+(pi0) = d(f
k−(m0+m1)

(θm0+m1 )+(ω+)
◦ fm0+m1

ω+ )(pi0)

= df
k−(m0+m1)

(θm0+m1 )+(ω+)
(pim0+m1

) ◦ dfm0+m1

ω+ (pi0).

Because pij ∈ γj it follows that det(dfk−(m0+m1)

ω+ |Tγm0+m1
)(pim0+m1

) is well defined. Us-
ing the standard determinant and logarithmic rules, the inequality follows.

We finish this chapter by stating sufficient conditions for switching axes. Let the
mapping ǧk : Dom(ǧk) ⊂ Êu,(k) → Ecs,(k) be given by ǧk = L̂

(k)

x,ω+ ◦ gk ◦ (L̂(k)

(x,ω+)−1.

Lemma 3.8. For any l̂ > 1 there exists r3 = r3(l̂) with the following properties. Let
k ≥ m0 +m1 and let r3 = r3(l̂

(k)). Then

(a) Dom(ǧk) contains Êu,(k)(r3), and

(b) if |(dgk)0| ≤ (20ľ(k))−1 holds, then we have Lip(ǧk) ≤ 1/10 on Êu,(k)(r3).



Chapter 4

Source and target sets and
construction of u-graphs

In light of Proposition 2.20 we only need to push forward a localized section of µ to
show the SRB property. This chapter introduces the so called ”source set” and ”target
set” as well as a disintegration of µ in the ”source set” onto the so called u-graphs.
The u-graphs will be later used to approximate the unstable leaves by pushing them
forward. We will set in Chapter 6 that to find an upper and lower bound for the
densities from Proposition 2.20, we need to control the distortion along the graph
transforms of the u-graphs. The idea is to take small enough source and target sets
such that we can control this distortion but also to take them big enough such that
the set of points that go from the source set to the target set has positive measure.

4.1 Uniformity sets of µnω-typical points

Take l0 > 1 and fix a compact subset Θ0 ⊂ Γl0 as well as n ∈ Z+. We define

Θn = Θ0 ∩ τ−nΘ0

to be the set of all points (x, ω) which are in the uniformity set Θ0 at times 0 and n.
The skew product map τ is a diffeomorphism so τ−1 is continuous. Because Θ0 is
compact, the set τ−nΘ0 is also compact and we can use Lemma 3.1 in Chapter 3 to
define a measurable selection

ω̂n : Θ+
n → ΩZ−

with (x, (ω̂n(x, ω), ω+)) ∈ Θn for every (x, ω+) ∈ Θ+
n .

Take ω ∈ ΩZ. We define x−n = f−n
ω x as the pushed back point x at time −n. This lets

us define a subset of µnω-typical points

Mn
ω = {x ∈M : (x−n, (θ

−nω)+) ∈ Θ+
n }

and
Mω = {x ∈M : (x, ω) ∈ Θ0}.

The next lemma shows that we have in some sense a convergence of Mn
ω to Mω as

n→ ∞.

27
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Lemma 4.1. For any δ > 0, there exists a constant N0 = N0(δ) ∈ N such that for any
n ≥ N0 , we have that Mn

ω ⊂ Nδ(Mω). In particular,

lim
n→∞

sup
x∈Mn

ω

dist(x,Mω) = 0.

Before we can prove the lemma we need the following auxiliary lemma.

Lemma 4.2. For any sequence {xn} ⊂ M converging to a point x ∈ M for which
xn ∈Mn

ω for all n, we have that x ∈Mω.

Proof. Let us take a sequence {xn} ⊂ M converging to a point x ∈ M for which
xn ∈Mn

ω for all n. For n ≥ 1 write xn−n = f−n
ω xn and define ω̌n ∈ ΩZ as

ω̌n = θn
(
ω̂n(xn−n, (θ

−nω)+), (θ−nω)+
)
.

We have by construction of ω̂ that (xn−n, θ
−n(ω̌n)) ∈ Θn. This implies that

(xn, ω̌n) = τn(xn−n, θ
−n(ω̌n)) ∈ τnΘn ⊂ Θ0.

We further see that ω̌n → ω as n → ∞. Hence, (xn, ω̌n) ∈ Θ0 for all n ∈ N and
(xn, ω̌n) → (x, ω) as n → ∞. Because Θ0 is compact it follows that (x, ω) ∈ Θ0 and
we conclude that x ∈Mω.

Proof of Lemma 4.1. Mω can be seen as the projection of the fiber M×{ω} restricted
to Θ0 onto M. Because M × {ω}|Θ0 is compact and the projection continuous, Mω

is compact. Assume by contradiction that there exists a δ > 0 and there does not
exist an N ∈ N such that we have for any n ≥ N0 that Mn

ω ⊂ Nδ(Mω). This lets us
construct an infinite sequence {xn(i)}i∈N ⊂ M with xn(i) ∈ M

n(i)
ω \ Nδ(Mω), for all

i ∈ N. Because M is compact, {xn(i)} has a convergent subsequence {xñ(i)}i∈N with
limit x ∈M. By Lemma 4.2 holds x ∈Mω but

0 = dist(x,Mω) = lim
i→∞

dist(xñ(i),Mω) ≥ δ > 0

gives a contradiction and the proof follows.

4.2 Accumulating µnω-mass

We are interested in this chapter in finding a set of ω ∈ ΩZ such that Mn
ω has suffi-

ciently large µnω-mass for infinitely many n. These ω are then used to construct the
target and source set. The set-up for this section is the following.

Set β0 > 0 to be very small and fix l0 > 1 sufficiently large such that µ∗Γl0 ≥ 1−β0/3.
Because every measurable set can be approximated by compact sets, we can fix a
compact set Θ0 ∈ Γl0 with µ∗(Θ0) ≥ 1− β0/2 so that µ∗(Θn) ≥ 1− β0 for each n ≥ 0.
The last inequality holds because µ∗ is a τ -invariant probability measure and

1 ≥ µ∗(Θ0 ∪ τ−nΘ0) = µ∗(Θ0) + µ∗(τ−nΘ0)− µ∗(Θ0 ∩ τ−nΘ0)
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≥ (1− β0/2) + /(1− β0/2)− µ∗(Θn)

= 2− β0 − µ∗(Θn).

Hence, we get
µ∗(Θn) ≥ 1− β0.

Lemma 4.3. Let c > 1. For each n ≥ 1 define

G(n) = {ω ∈ ΩZ : µnω(M
n
ω ) ≥ 1− cβ0},

and set G = lim
n→∞

G(n) = ∩N≥1 ∪n≥N G(n). Then we have

P(G) ≥ c− 1

c
.

Proof. The main trick in this proof is that we claim

θ−nG(n) = {ω ∈ ΩZ : µ{y ∈M : (y, ω+) ∈ Θ+
n } ≥ 1− cβ0}.

Proof of the equality. We find

Mn
θnω = {x ∈M : (f−n

θnωx, ω
+) ∈ Θ+

n } = {x ∈M : ((fnω )
−1x, ω+) ∈ Θ+

n }.

Because fnω is a diffeomorphism we have that for x ∈ Mθ−nω there exists a y =
(fnω )

−1x ∈M such that fnωy = x. Hence,

Mn
θnω = {x ∈M : ((fnω )

−1x, ω+) ∈ Θ+
n } = fnω{y ∈M : (y, ω+) ∈ Θ+

n }.

Using µnθnω = (fnω )∗µ we get

θ−nG(n) = θ−n{ω ∈ ΩZ : µnω(M
n
ω ) ≥ 1− cβ0}

= {ω ∈ ΩZ : µnθnω(M
n
θnω) ≥ 1− cβ0}

= {ω ∈ ΩZ : µnθnω(f
n
ω{y ∈M : (y, ω+) ∈ Θ+

n }) ≥ 1− cβ0}
= {ω ∈ ΩZ : (fnω )∗µ(f

n
ω{y ∈M : (y, ω+) ∈ Θ+

n }) ≥ 1− cβ0}
= {ω ∈ ΩZ : µ{y ∈M : (y, ω+) ∈ Θ+

n } ≥ 1− cβ0}.

Because θ−nG(n) depends only on the positive times, and θn is P invariant, we have

P+((θ−nG(n))+) = P(θ−nG(n)) = P(G(n)).

By construction µ∗ projects onto µ× P+ and we get

1− β0 ≤ µ∗(Θn) = (µ× P+)(Θ+
n )

=

∫
Θ+

n

d(µ× P+)
Fubini
=

∫
ΩZ+

∫
M

1Θ+
n
dµ dP+
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=

∫
ΩZ+

µ{y ∈M : (y, ω+) ∈ Θ+
n } P+(dω+)

=

(∫
(θ−nG(n))+

+

∫
ΩZ+\(θ−nG(n))+

)
µ{y ∈M : (y, ω+) ∈ Θ+

n } P+(dω+).

The estimates

µ(A) ≤ 1, for all A ⊂M,

µ{y ∈M : (y, ω+) ∈ Θ+
n } < 1− cβ0, for all ω+ ∈ ΩZ+ \ (θ−nG(n))+

lead to
1− β0 ≤ P+((θ−nG(n))+) + (1− cβ0)(1− P+((θ−nG(n))+)).

Rewriting this inequality results in

c− 1

c
≤ P+((θ−nG(n))+) = P(G(n)).

Taking the limit over n concludes the proof,

P(G) ≥ c− 1

c
.

One may ask how this can help in finding the source and target sets we talked about
at the beginning of this chapter. The next lemma shows that we can choose such sets
in a way that traveling from the source to the target set has a positive µnω-mass. By
the initial assumptions holds µ ≪ Leb. We write the Radon-Nikodym derivative as
ψ := dµ

dLeb
and define the constant α0 = β0/Leb(M). We get

µ{ψ ≥ α0} =

∫
{ψ≥α0}

ψ dLeb

=

∫
M

ψ dLeb−
∫
M\{ψ≥α0}

ψ dLeb

≥ 1−
∫
M

α0 dLeb

= 1− β0.

Lemma 4.4. For any ϵ > 0, there exists a constant c = c(ϵ) > 0 such that for any
ω ∈ G, we have the following. There are points p̂− ∈ {ψ ≥ α0}, p̂ ∈ M, and a sequence
ni → ∞ for which

µnω(M
n
ω ∩B(p̂, ϵ) ∩ fnθ−nωB(p̂−, ϵ)) ≥ c for all n = ni.

Proof. Take ω ∈ G arbitrarily. Because G = ∩N≥1 ∪n≥N G(n), we can fix a sequence
ni → ∞ with ω ∈ G(n) for all n = ni. By the initial assumptions, ψ is continuous.
Then {ψ ≥ α0} ⊂ M is a closed subset of the compact set M, hence also compact.
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We can choose a finite cover of {ψ ≥ α0} using open balls with radius ϵ and centers
pj ∈ {ψ ≥ α0}, 1 ≤ j ≤ J. For each n = ni, we estimate:

c− :=
1

J
(1− (c+ 1)β0)

≤ 1

J
µ(f−n

ω Mn
ω ∩ {ψ ≥ α0}) =

1

J
µ
( J⋃
j=1

(f−n
ω Mn

ω ∩B(pi, ϵ) ∩ {ψ ≥ α0})
)

≤ 1

J

J∑
j=1

µ(B(pj, ϵ) ∩ f−n
ω Mn

ω ).

The first inequality follows from the following computation. Take A,B ∈ B(M). We
estimate

1 ≥ µ(A ∪B) = µ(A) + µ(B)− µ(A ∩B),

which gives
µ(A ∩B) ≥ µ(A) + µ(B)− 1

and the inequalities

µ(f−n
ω Mn

ω ) = µnω(M
n
ω ) ≥ 1− cβ0,

µ({ψ ≥ α0}) ≥ 1− β0.

Setting A = f−n
ω Mn

ω and B = {ψ ≥ α0} results in

µ(f−n
ω Mn

ω ∩ {ψ ≥ α0}) ≥ µ(f−n
ω Mn

ω ) + µ({ψ ≥ α0})− 1

≥ (1− cβ0) + (1− β0)− 1

= 1− (c+ 1)β0.

By going back to the estimate of c−, we see that for each i there must exist a j = j(i)
with

µni
ω (f

ni

θ−ni
B(pj) ∩Mni

ω ) = µ(B(pj, ϵ) ∩ f−ni
ω Mni

ω ) ≥ c−.

Because J is a finite number and our set {ni : i ∈ N} is infinite, according to the
pidgeonhole principle there must exist a ĵ− ∈ {1, . . . , J} such that pj(i) = pĵ− for
infinitely many i. We refine (ni) such that

µni
ω (f

ni

θ−ni
B(p̂−, ϵ) ∩Mni

ω ) ≥ c−.

for p̂− = pĵ− . Because M is a compact set, we can fix a finite cover of M with open
balls of radius ϵ and centers p′j ∈M, 1 ≥ j ≥ J ′. For each n = ni, we estimate:

c :=
c−
J ′ ≤

1

J ′µ
n
ω(f

n
θ−nB(p̂−, ϵ) ∩Mn

ω ) =
1

J ′µ
n
ω

( J ′⋃
j=1

(B(p′j, ϵ) ∩ fnθ−nB(p̂−, ϵ) ∩Mn
ω )
)

≤ 1

J ′

J ′∑
j=1

µnω(B(p′j, ϵ) ∩ fnθ−nB(p̂−, ϵ) ∩Mn
ω ).
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Using the same pidgeonhole principle argumentation as before, we can refine (ni)
one last time to get

µni
ω (B(p̂, ϵ) ∩ fni

θ−ni
B(p̂−, ϵ) ∩Mni

ω ) ≥ c

for a chosen p̂ = p′
ĵ

and ĵ ∈ {1, . . . , J ′}. We find c > 0 with c(ϵ) = c.

In the context of Lemma 4.4, the set B(p̂−, ϵ) can be interpreted as the ’source set’
and B(p̂, ϵ) as the ’target set’.

4.3 Disintegration of µ in the ”source set” onto u-
graphs

We fix ω ∈ G and a constant ϵ > 0. Assume that Lemma 4.4 has been applied to
obtain p̂−, p̂ ∈M as well as a sequence (ni) and c = c(ϵ). For n = ni, define the sets

Λn =Mn
ω ∩B(p̂, ϵ) ∩ fnθ−nωB(p̂−, ϵ) and Λn− = f−n

ω (Λn).

In Chapter 2.4 in [2], the stack of unstable leaves Sω through B(x∗, ϵ) ∩ Γl0,ω is
constructed using the switching of axes onto local graphs. Here we do a similar
construction. Our goal is to disintegrate µ onto the leaves of a smooth foliation Fn

−
such that the leaves of Fn

− (restricted to a small enough set) can be seen as graphs
corresponding to x ∈ Λn− going from open subsets of Êu,(0)

(x,(θ−nω)+) to Ecs
(x,(θ−nω)+). These

graphs are the so called u-graphs.
The foliation Fn

− is defined in the following way. We first fix a point pn− ∈ Λn−. As
the discussion is entirely local and the exponential map is a local diffeomorphism
we can confuse a neighbourhood of qn− in M with a subset of Tqn−M via expqn− . The
foliation Fn

− is defined to be the collection of the (dimEu)-dimensional hyperplanes
in Tqn− parallel to Êu,(0)

(qn−,(θ
−nω)+). The following Lemma states that such u-graphs exist

and can be constructed.

Lemma 4.5. For all sufficiently small ϵ > 0 depending on l0, ψ and α0, there exist
constants K− = K−(l0), r− = r−(l0, ϵ) for which the following hold for all ω ∈ G.
Assume Lemma 4.4 has been applied. Let n = ni, and let Fn

− be as above. Then for
every x ∈ Λn−,

(a) there is a function h−x = h−(x,(θ−nω)+),

h−x : Bu(r−(l̂
(0)

(x,(θ−nω)+))
−1) → Rcs with Lip(h−x ),Lip(dh

−
x ) < K−,

such that if Fn
−(x) is the leaf of Fn

− containing x, then

Φ̂
(0)

(x,(θ−nω)+)(graph(h
−
x )) ⊂ Fn

−(x);

(b) Φ̂
(0)

(x,(θ−nω)+)B(r−(l̂
(0)

(x,(θ−nω)+))
−1) ⊂ {ψ ≥ α0/2}.



33 4.3. Disintegration of µ in the ”source set” onto u-graphs

Proof. Because ψ is continuous by assumption, we can choose ϵ > 0 small enough
such that N2ϵ{ψ ≥ α0} ⊂ {ψ ≥ α0/2}. Because p̂− ∈ {ψ ≥ α} by construction it
follows that B(p̂−, 2ϵ) ⊂ {ψ ≥ α0/2}.
We fix n = ni. Because Λn− is sufficiently small, uniform separation between Ê(qn−,(θ

−nω)+)

and Ecs
(x,(θ−nω)+) for x ∈ Λn− follows from from Remark 16(a) in [2]. This can be inter-

preted as that the angle between both subspaces is bounded from below for qn− and x
close enough. Because the Fn

−(x) are all parallel to Ê(qn−,(θ
−nω)+) we conclude uniform

separation between Fn
−(x) and Ecs

(x,(θ−nω)+) for x ∈ Λn−. Since Φ̂
(0)

(x,(θ−nω)+) preserves

angles we have a uniform separation between (Φ̂
(0)

(x,(θ−nω)+))
−1Fn

− and Rcs. The angle
between both subspaces is bounded which implies that we can find a K− < ∞ with
the following property: choose a function h−x that satisfies Φ̂(0)

(x,(θ−nω)+)(graph(h
−
x )) ⊂

Fn
−(x), then we have Lip(h−x ) < K− and Lip(dh−x ) < K−.

Because Lip(h−x ) < K−, we shrink r− small enough to ensure that
Φ̂

(0)

(x,(θ−nω)+)(graph(h
−
x )) ⊂ B(p̂−, 2ϵ). Using B(p̂−, 2ϵ) ⊂ {ψ ≥ α0/2} we conclude (b).

In a last step, we need to find constants which work for all n. We observe from the
above argument that the constants depend on the modulus of continuity of x →
Ecs

(x,(θ−nω)+). Because the subset Θ+
n ⊂ Θ+

0 is compact, such a modulus of continuity
exists. Taking the supremum over all these moduli of continuity results in a new
modulus of continuity for all n and we can construct constants by the same procedure
as above but independently of n.
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Chapter 5

Geometry of pushed forward u-graphs

This chapter discusses what happens when the u-graphs get pushed forward by fnθ−nω.
Using the findings from the previous chapters we get that for n → ∞ the pushed
forward u-graphs resemble the local unstable manifolds.

5.1 Construction of the stack of W n-leaves

The set-up of this chapter is the following. Fix a small β0 > 0 and an l0 > 1 such that
µ∗{l ≤ l0} ≥ 1 − β0/3. Take Θ0,Θn ∈ Γ as in Section 4.2 and choose the constant
c = 2 such that P(G) ≥ 1/2, according to Lemma 4.3. Fix ω ∈ G.
We wish to perform the following steps.

(1) Find suitable ’source’ and ’target’ sets B(p̂−, ϵ∗) and B(p̂, ϵ∗) for ϵ∗ chosen small
enough and a sequence {ni} corresponding to Lemma 4.4 such that the follow-
ing is well defined.

(2) Find a reference point x∗ ∈Mω ∩B(p̂, ϵ∗) and a box E∗(r∗) = Eu
∗ (r∗)×Ecs

∗ (r∗),

E
u/cs
∗ (r∗) := Ex∗,ω to construct W u-leaves according to Theorem 2.15, for r∗

chosen small enough. Find a big enough n to perform a switch of axes on the
n times pushed forward u-graphs (called the W n-leaves).

We refer to Chapter 5.1 in [2] to see how these parameters need to be chosen and
that they are well defined. Assume the set-up above and define hx := h(x,ω) =
T (n−1) ◦ · · · ◦ T (0)h−x−n

for n big enough and h−x−n
as in Lemma 4.5 with x−n ∈ Λ−

n . We
define

W n
(x,ω) := Φ̂

(n)

(x−n,(θ−nω)+)graph(hx).

Using Chapter 2.4 in [2], let S := Sω =
⋃
x∈Λ ξ(x) be the stack of unstable leaves and

Ξ the partition of S whose elements are the leaves ξ(x) along x ∈ Λ, where

Λ := B(p̂, ϵ∗) ∩Mω.

Here, ξ(x) is the W u-leaf through x ∈ Λ and has the form ξ(x) = expx∗graph(γx) for
some γx : Eu

∗ (r∗) → Ecs
∗ (r∗) with Lip(γx) ≤ 1.

Similarly, we wish to construct a stack of W n-leaves, denoted by Sn, using the fol-
lowing lemma from [2].
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Lemma 5.1. There exists N∗ ∈ N, depending on all the parameters mentioned in the
construction above, such that the following holds for all n = ni ≥ N∗.

(a) For each x ∈ Λn, we have that the connected component of W n
(x,ω) ∩ expx∗E∗(r∗)

containing x coincides with expx∗graph(γ
n
x ), where γnx : Eu

∗ (r∗) → Ecs
∗ (r∗) is a

C1+Lip-mapping with Lip(γnx ) ≤ 1.

(b) The partition Ξn of Sn =
⋃
x∈Λn ξn(x) into leaves ξn(x) := expx∗graph(γ

n
x ) is

measurable.

5.2 Limiting properties of W n-leaves

We wish to study the behaviour of Sn as n → ∞. For that, we have a look at what
happens to γnx and γy if x, y are close. The proposition below states that for x, y close,
we can expect γnx and γy to be close for big enough n. The proposition is important
because it implies directly that lim supn→∞ Sn ⊂ S.

Proposition 5.2. For any ϵ > 0, there exists ñ0 = ñ0(ϵ) ≥ N∗ and η̃ = η̃(ϵ) > 0 with
the following property. For any n = ni ≥ ñ0 and any x ∈ Λn, y ∈ Λ with d(x, y) < η̃,
we have that ∥γnx−γy∥ < ϵ where ∥·∥ refers to the uniform norm on C(Eu

∗ (r∗), E
cs
∗ (r∗)).

The idea of the proof is to choose the simplest function we can think of and show
that it can approximate γnx and γy by being pushed forward. This function turns out
to be the zero function.

Proof. We use for simplicity the notation of a two-sided chart. Assume (x, ω′) and
(y, ω) are such that ωi = ω′

i for all i > −n and n as in the proposition. Denote the
zero function as 0 : Ru → Rcs. First, consider 0 as a function in the chart at τ−k(y, ω)
for some k ≪ ñ0 and define 0ky : B

u(δl−1
0 ) → Rcs to be given by

0ky := Tτ−1(y,ω) ◦ · · · ◦ Tτ−k(y,ω)0.

Secondly, consider 0 as a function in the chart at τ−k(x, ω′), with 0k,nx : Bu(δl−1
0 ) →

Rcs be given by
0k,nx := Tτ−1(x,ω′) ◦ · · · ◦ Tτ−k(x,ω′)0.

Performing a switching of axes results in functions γ̃ky , γ̃
k,n
x : Eu

∗ (r∗) → Ecs
∗ (r∗) for 0ky

and 0k,nx respectively. Next, we use the triangle inequality to obtain

∥γnx − γy∥ ≤ ∥γnx − γ̃k,nx ∥+ ∥γ̃k,nx − γ̃ky∥+ ∥γ̃ky − γy∥. (5.1)

We see that the norm depends for a given ϵ on the choices of k = k(ϵ, l0) and ñ0 =
ñ0(k, ϵ, l0). The following Lemma will present itself as useful.

Lemma 5.3. Let g1, g2 : Bu(δl(y, ω)−1) → Rcs be Lipschitz graphing maps in the chart
at (y, ω). For i = 1, 2, let ǧi := (L(y,ω)◦· · ·◦L−1

(y,ω))|Eu
(y,ω)

(2r∗), and assume that graph(ǧi) ⊂
Eu

(y,ω)(2r∗) × Ecs
(y,ω)(

1
2
r∗) with Lip(ǧi) ≤ 1/10. Let γi : Eu

∗ (r∗) → Ecs
∗ (r∗) be such that

expx∗graph(γi) = expx∗E∗(r∗) ∩ expygraph(ǧi). Then Lip(γi) ≤ 1/5, and

∥γ1 − γ2∥ ≤ C̃|g1 − g2|,
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where C̃ = C̃(l0) > 0 and | · | being the uniform norm on C(Bu(δl(y, ω)−1,Rcs). The
same holds when (y, ω) is replaced by (x, ω′).

(i) For the first and third term of the RHS in (5.1):
The idea is to use the contraction estimate from Lemma 8 in [2] for |0ky − g(y,ω)| and
g(y,ω) being the graphing map of the unstable manifold in the chart at (y, ω). Note
that it follows from the Unstable Manifold Theorem (Theorem 2.15) that g(y,ω) =
Tτ−1(y,ω)gτ−1(y,ω). With a simple induction we get the iteration

g(y,ω) = Tτ−1(y,ω) ◦ · · · ◦ Tτ−k(y,ω)gτ−k(y,ω).

By construction, the inequality Lip(gτ−m(y,ω)) ≤ 1/10 holds for 0 ≤ m ≤ k. In order to
apply Lemma 8 in [2] we additionally need that Lip(Tτ−(m+1)(y,ω) ◦ · · · ◦ Tτ−k(y,ω)0) ≤
1/10 for m ≤ k. We have Lip(0) = 0 ≤ 1/10 and using the first part of Lemma 8 in
[2] results in the Lip of all graph transforms of 0 being bounded by 1/10. Finally, we
are allowed to use the construction estimate from Lemma 8 in [2] on |0ky−g(y,ω)| and
get the bound

|0ky − g(y,ω)|′ = |Tτ−1(y,ω) ◦ · · · ◦ Tτ−k(y,ω)0− Tτ−1(y,ω) ◦ · · · ◦ Tτ−k(y,ω)gτ−k(y,ω)|′

≤ ck|0− gτ−k(y,ω)|′ = ck|gτ−k(y,ω)|′

≤ ck.

For the moment, take a continuous map h : Bu(δl(y, ω)−1) → Rcs. Recall that the
norm | · |′ is defined as

|h|′ := sup
u∈Bu(δl(x,ω)−1),u̸=0

|h(u)|
|u|

.

Note that we have

|h(u)| = |h(u)|
|u|

|u| ≤ |h|′|u| ≤ |h|′ δ

l(y, ω)−1
≤ |h|′

for all u ∈ Bu(δl(y, ω)−1) and so
|h| ≤ |h|′.

Applying Lemma 5.3 results in the estimate

∥γ̃ky − γy∥ ≤ C̃|0ky − g(y,ω)|
≤ C̃|0ky − g(y,ω)|′

≤ C̃ck.

Because c ∈ (0, 1), we choose k big enough that C̃ck < ϵ/3. Similarly, we want to
use Lemma 8 in [2] on |0k,nx − hx|. For the lemma to be k-times applicable, we need
Lip(Tτ−(m+1)(x,ω′) ◦ · · · ◦ Tτ−k(x,ω′)0) ≤ 1/10 and Lip(Tτ−(m+1)(x,ω′) ◦ · · · ◦ Tτ−n(x,ω′)h

−
x−n

) ≤
1/10 for all 0 ≤ m ≤ k. We do not need to worry about the graph transforms of 0k,nx
as the claim follows by the same argumentation as above provided that we start in
the chart at (x, ω)′ instead of (y, ω). For the graph transforms of h−x−n

to be bounded
by 1/10, we need to choose ñ0 big enough such that ñ0−k ≥ m0+m1, where m0,m1
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are as in Proposition 3.6. Applying first Lemma 5.3 and then the contraction estimate
from Lemma 8 in [2] k-times gives the suitable estimate

∥γnx − γ̃k,nx ∥ ≤ C̃|0k,nx − hx|′

≤ C̃ck|0− Tτ−(k+1)(x,ω′) ◦ · · · ◦ Tτ−n(x,ω′)h
−
x−n

|′

≤ C̃ck

≤ ϵ/3.

(ii) For the second term of the RHS in (5.1):
The first step is to show the following property. Given 0 < ϵ̄ ≪ 1 to be determined,
we claim that for η̃ small enough and ñ0 large enough depending on lo, k and ϵ̄, the
following hold for x, y with d(x, y) < η̃ :

(a) d(f−k
ω x, f−k

ω y), dH(E
u/cs

τ−k(x,ω′)
, E

u/cs

τ−k(y,ω)
) < ϵ̄, and

(b) f−i
ω′ x ∈ Φτ−i(y,ω)B(1

2
r∗l(τ

−i(y, ω))−1) for all 0 ≤ i ≤ k.

We recall the estimates e−δ2l ≤ l ◦ τ ≤ eδ2l and ∥df−1
ωn

∥ ≤ l1(ω)e
|n|δ2 ≤ l0e

|n|δ2 . For item
(b) and d(f−k

ω x, f−k
ω y) < ϵ̄ we have

l(τ−i(y, ω)) ≤ l0e
iδ2 ≤ l0e

kδ2

because ex is monotonous increasing. Using the norm properties of ∥·∥ and the chain
rule gives

Lip(f−i
ω ) ≤ ∥df−i

ω ∥ = ∥d(f−1
ω−(i−1)

◦ · · · ◦ f−1
ω0

)∥

≤
i∏

j=1

∥df−1
ω−(j−1)

∥

≤
i∏

j=1

l0e
jδ2 = li0e

i(i+1)
2

δ2

≤ lk0e
k(k+1)

2
δ2 ,

where we used the monotonicity of ex and l0 > 1 in the last step. For d(x, y) < η̃ we
find a δ > 0 with

d(f−k
ω x, f−k

ω y) ≤
supd(x,y)≤η̃ d(f

−i
ω x, f−i

ω y)

η̃
η̃ = (Lip(f−i

ω ) + δ)η̃

and δ → 0 as η̃ → 0 due to continuity. It follows that

d(f−k
ω x, f−k

ω y) ≤ (lk0e
k(k+1)

2
δ2 + δ)η̃.

Because δ is small for η̃ small, we can choose η̃ small enough (depending on l0, k, η̄)
such that (lk0e

k(k+1)
2

δ2 + δ)η̃ < ϵ̄ and

d(f−k
ω x, f−k

ω y) < ϵ̄.
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We see that for item (b) we have l(τ−i(y, ω)) ≤ l0e
kδ2 . Note that for 0 ≤ i ≤ k we

have f−i
ω′ x = f−i

ω x. Showing the relation f−i
ω x ∈ Φτ−i(y,ω)B(1

2
r∗(l0e

kδ2)−1) for all 0 ≤
i ≤ k is enough to show item (b). This is equivalent to proving that Φ−1

τ−i(y,ω)
f−i
ω x ∈

B(1
2
r∗(l0e

kδ2)−1) which is the same as showing that

d(Φ−1
τ−i(y,ω)

f−i
ω x, 0) = d(Φ−1

τ−i(y,ω)
f−i
ω x,Φ−1

τ−i(y,ω)
f−i
ω y) ≤ 1

2
r∗(l0e

kδ2)−1.

Recall from the construction that r∗ depends solely on l0. The RHS depends thus
only on l0 and k. By the continuity of Φ−1

τ−i(y,ω)
we can choose ϵ̄ > 0 small enough

and dependent on l0, k such that for f−k
ω x, f−k

ω y satisfying d(f−k
ω x, f−k

ω y) < ϵ̄ we have
d(Φ−1

τ−i(y,ω)
f−i
ω x,Φ−1

τ−i(y,ω)
f−i
ω y) ≤ 1

2
r∗(l0e

kδ2)−1. Hence, we can choose ϵ̄ sufficiently
small such that

f−i
ω′ x ∈ Φτ−i(y,ω)B(

1

2
r∗l(τ

−i(y, ω))−1) for all 0 ≤ i ≤ k,

which concludes item (b).

To control dH(E
u/cs

τ−k(x,ω′)
, E

u/cs

τ−k(y,ω)
) we use the continuity of the unstable- and center-

stable sets in the uniformity sets. By construction of ω and ω′, it holds ωi = ω′
i for all

0 ≤ i ≤ ñ0 − k. We apply Proposition 6 to τ−k(y, ω), τ−k(y, ω) ∈ {l ≤ l0e
kδ2} and find

an n0 = n0(ϵ̄, l0e
kδ2). For dH(E

u/cs

τ−k(x,ω′)
, E

u/cs

τ−k(y,ω)
) < ϵ̄ to hold, we require ñ0 ≥ n0 + k.

Now let 0yx : Bu(δl(τ−k(y, ω))−1) → Rcs be the function whose graph is the com-
ponent of (Φτ−k(y,ω))

−1expf−k
ω xE

u
τ−k(x,ω′) in Bu(δl(τ−k(y, ω))−1) containing the point

(Φτ−k(y,ω))
−1f−k

ω x. By item (a) above and using the continuity of unstable directions
in the uniform sets we can choose ϵ̄ sufficiently small such that Lip(0yx) < 1/10,Lip ≤
1, and |0 − 0yx| as small as we want. Because x and y are really close, projecting
Eu
τ−k(x,ω′) into the chart of τ−k(y, ω) results in almost an alignment of the graph with

Bu(δl(τ−k(y, ω))−1), which can be interpreted as the graph of 0. These properties,
together with item (b), ensure according to Lemma 8(a) in [2] that the graph trans-
form

0y,k,nx := Tτ−1(y,ω) ◦ · · · ◦ Tτ−k(y,ω)0
y
x : B

u(δl(τ−k(y, ω))−1) → Rcs

is well defined. Because |0−0yx| can be as small as we wish for, choosing ϵ̄ sufficiently
small we can use the contraction estimate to guarantee |0y,k,nx − 0ky| ≤ ϵ

3C̃
. The last

important thing to note is that if we look at expx∗E∗(r∗) ∩ expygraph(0
k,y,n
x ), it is by

construction precisely expx∗E∗(r∗) ∩ expxgraph(0
k,n
x ) = expx∗graph(γ̃

n,k
x ). This lets us

apply Lemma 5.3 once more to get ∥γ̃k,nx − γ̃ky∥ ≤ ϵ/3 and we conclude the proof with

∥γnx − γy∥ ≤ ϵ.
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Chapter 6

Proof of the SRB properties

This chapter is dedicated to proving Proposition 2.20. Using the results from Chap-
ters 4 and 5, we can properly do the geometric construction we outlined in Section
1.3. By finding a new measure using partitions of the stack of unstable leaves (corre-
sponding to ν1 in Proposition 2.20) we complete the proof of the Main Proposition.

6.1 Construction of partitions respecting unstable man-
ifolds

Assume the setting of Chapter 5. Our goal is to find a measure ν1 with support
on S that suffices the condition of Proposition 2.20 to show the SRB properties.
For that, we need to show that the conditional probabilities of ν1 on Ξ are absolutely
continuous with respect to the Lebesgue measure. As we will see below, our measure
of interest is the limit of measures that are supported on Sn rather than S. To study
the conditional measures we will group the unstable leaves in S into finer and finer
substacks so that they still contain intact W u-leaves.
In the rest of Chapter 6 we will use the notation of Chapter 5. First, define the
measure

µ̃nω := µnω|Λn .

Refining the sequence {ni}, we can assume by Lemma 2.8 that µ̃nω converges weakly
to a measure µ̃ω as n → ∞. Because we have µ̃nω ≤ µnω, we note that µ̃ω ≤ µω.
By Lemma 4.1 it follows that also µ̃ω is supported on Λ because the µ̃nω are clearly
supported on Λn and Λn ∈ Λ for all n = ni. From Lemma 4.4 we get

µ̃ω(Λ) ≥ c∗ > 0,

where c∗ := c(ϵ∗) as in Lemma 4.4. Next, we write for S ∈ expx∗E∗(r∗)

diamcs(S) = sup
u∈Eu

∗ (r∗)

diam(S ∩ expx∗(u+ Ecs
∗ (r∗))).

Lemma 6.1. There is a decreasing sequence of compact subsets ∆1 ⊃ ∆2 ⊃ · · · of Λ
with the following properties:
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(i) Each ∆m is partitioned into disjoint compact subsets {∆m,k, 1 ≤ k ≤ Km} and
the {∆m,k} are nested in the sense, that each ∆m+1,k ⊂ ∆m,k′ for some k′.

(ii) The sets Sm,k :=
⋃
x∈∆m,k

ξ(x) are compact and pairwise disjoint among 1 ≤ k ≤
Km.

(iii) We have
lim
m→∞

max
1≤k≤Km

diamcs(Sm,k) = 0.

(iv) Defining ∆∞ =
⋂
m≥1∆m, we have µ̃ω(∆∞) ≥ 1

2
c∗.

The idea of the proof is to find a subset which is transversal to the Ξ-leaves. We
project the stack of unstable leaves S onto this set and then find suitable compact
subsets with a finite collection of disjoint subsets and big enough measure. Projecting
these sets back to S gives the desired sequence of compact subsets as in the lemma.
We will focus in this proof on showing properties (i)− (iv) using the construction in
the proof of Lemma 28 in [2].

Proof. For ease of notation, we write in the following proof µ̃ = µ̃ω. Define Σ =
expx3E

cs
∗ (r∗) and choose x ∈ Λ arbitrarily. By construction, Lip(γx) ≤ 1 for x ∈ Λ and

γx : Eu
∗ (r∗) → Ecs

∗ (r∗) and therefore we can assume that graph(γx) ∩ Ecs
∗ (r∗) = {p}

for p ∈ graph(γx). Because this holds for all x ∈ Λ, and expx∗ is a diffeomorphism,
we can assume that Σ is transversal to the Ξ-leaves comprising S. Set Σ̂ = Σ ∩ S
and define π : S → Σ̂ as the projection along the Ξ-leaves. This lets us define the
transverse measure µ̃T = µ̃Tω on Σ̂ which can be seen as the push forward measure
of µ̃ using π. For each m ≥ 1 let Qm be a partition of Σ into cubes of lengths ≈ 1/2m

with the following properties:

(1) The sequence Qm,m ≥ 1 is increasing, i.e., Qm+1 ≥ Qm for each m ≥ 1.

(2) We have ∨∞
m=1Qm ⊜ ϵ, the partition of Σ̂ into points µ̃-mod 0; and

(3) For each C ∈ Q, we have µ̃T (∂C) = 0.

With Q fixed, the next step is to find finite collections Q̌m,m ≥ 1, of disjoint compact
sets. We do this via the following inductive procedure.
We state that we can fix an increasing sequence c1 ≤ c2 ≤ · · · < 1 for which∏∞

m=1 cm = 1
2
. Is this choice well defined? Assume it is true, then

∞∏
m=1

cm =
∞∏
m=1

elog(cm) = e
∑∞

m=1 log(cm) =
1

2
,

which is equivalent to
∞∑
m=1

log(cm) = log(
1

2
).

Let dm = log(cm) < 0. The above statement is the same as finding d1 ≤ d2 ≤ · · · < 0
such that

∞∑
m=1

dm = log(
1

2
)
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which is possible as we can set for example dm = 1
2m

log(1
2
).

To start, for each C ∈ Q1 fix a compact subset Č ⊂ C∩π(Λ) for which dist(Č, ∂C) > 0
and µ̃T (Č) ≥ c1µ̃

T (C ∩ π(Λ)). Set Q̌1 = {Č : C ∈ Q1} so that

µ̃T (
⋃
C∈Q1

Č) =
∑
C∈Q1

µ̃T (Č)

≥ c1
∑
C∈Q1

µ̃T (C ∩ π(Λ))

= c1µ̃
T (Σ̌) ≥ c1c∗.

Next, we construct successively Q̌1, Q̌2, · · · of disjoint compact subsets with the rule
that

(i)′ for each Č ∈ Q̌m, we have that Č ⊂ Č ′ for some Č ′ ∈ Q̌m−1, and

(ii)′ for each Č ′ ∈ Q̌m−1, we have µ̃T (
⋃
Č∈Q̌m,Č∈Č′ Č) ≥ cmµ̃

T (Č ′).

Finally, with the {Q̌m} constructed, we define the array of compact sets ∆m,k as fol-
lows: for each m ≥ 1 and 1 ≤ k ≤ Km := |Q̌m| we define ∆m,1, . . . ,∆m,Km to be
the collection of sets of the form Λ∩ π−1(Č) as Č ranges over Q̌m. Λ and π−1(Č) are
compact by construction, so are the ∆m and ∆m,k for m ≥ 1, 1 ≤ k ≤ Km <∞. Items
(i) and (ii) from the lemma follow directly.

Recall that Qm is a finite collection of cubes of lengths ≈ 1/2m. Following the con-
struction of the Q̌m we expect the lengths of the different Č ∈ Q̌m to go to zero for
m→ ∞ and conclude item (iii) from the lemma.

We get for ∆m,m ≥ 1,

µ̃(∆m) = µ̃
( Km⋃
k=1

∆m,k

)
= µ̃

( ⋃
Č∈Q̌m

Λ ∩ π−1(Č)
)

= µ̃
( ⋃
Č∈Q̌m

π−1(Č)
)
= µ̃T

( ⋃
Č∈Q̌m

Č
)
,

where we used in the last line that µ̃ is supported on Λ. For m ≥ 2 holds, using
property (i)′ in the construction,⋃

Č∈Q̌m

Č =
⋃

Č′∈Q̌m−1

( ⋃
Č∈Q̌m,Č∈Č′

Č
)

and we get, using property (ii)′ in the construction

µ̃(∆∞) = µ̃
( ⋃
Č∈Q̌m

π−1(Č)
)
= µ̃

( ⋃
Č′∈Q̌m−1

( ⋃
Č∈Q̌m,Č∈Č′

π−1(Č)
))
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= µ̃T
( ⋃
Č′∈Q̌m−1

( ⋃
Č∈Q̌m,Č∈Č′

Č
))

≥ cmµ̃
T
( ⋃
Č′∈Q̌m−1

Č ′)
= cmµ̃(∆m−1).

It follows via a simple induction that µ̃(∆m) ≥ c∗
∏m

l=1 cl. Because the ∆m are B-
measurable for m ≥ 1, we can use continuity from above and get

µ̃(∆∞) = µ̃
( ⋂
m≥1

∆m

)
= lim

m→∞
µ̃(∆m).

For item (iv) we conclude

µ̃(∆∞) = lim
m→∞

µ̃(∆m)

≥ c∗

∞∏
l=1

cl

=
1

2
c∗.

Given ∆∞ as above, define:

S∞ :=
⋃

x∈∆∞

ξ(x).

Next, we wish to slightly enlarge the partitions from above so that they contain intact
W n-leaves but still converge to S∞.

Corollary 6.2. There is a decreasing sequence of open sets

U1 ⊃ U2 ⊃ . . . with
∞⋂
m=1

Um = S∞

and a sequence of partitions βm = {βm,k} of Um into finitely many disjoint open sets,
with the properties, that

(i) the partition βm are nested, i.e., each βm,k ⊂ βm−1,k′ for some k′ ;

(ii) each βm,k contains intact leaves of the compact substack Sm,k, and

(iii) for each ξ in S∞, if βm,k(ξ) is the element of βm containing ξ, then βm,k(ξ) ↓ ξ as
m→ ∞.

Proof. Assume that the construction of Lemma 6.1 has been applied to find such a
suitable sequence of compact subsets ∆1 ⊃ ∆2 ⊃ · · · of Λ. Note that for m ≥ 1, the
sets Sm,k are compact and pairwise disjoint among 1 ≤ k ≤ Km. Denote by

ϵ(k,k
′)

m =
1

3
dist(Sm,k,Sm,k′), k, k′ ∈ {1, 2, . . . , Km}, k ̸= k′,
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the pairwise distance between Sm,k and Sm,k′ . The Sm,k are compact and it follows
ϵ
(k,k′)
m > 0 for k ̸= k′. Because |Km| <∞, set

ϵ̃m = min{ϵ(k,k′)m : k, k′ ∈ {1, 2, . . . , Km} and k ̸= k′} > 0

and
ϵm = min{ϵ̃m,

1

2m
} > 0.

Next we construct partitions βm = {βm,k} for m ≥ 1. Set

βm,k := Nϵm(Sm,k), 1 ≤ k ≤ Km

and
Um =

⋃
1≤k≤Km

βm,k.

By construction, the βm,k are open and disjoint for 1 ≤ k ≤ Km and Um is open for
m ≥ 1. Note that ϵm ≤ ϵm−1 for m ≥ 2 and ϵm → 0 for m→ ∞. We conclude

U1 ⊃ U2 ⊃ . . .

and
∞⋂
m=1

Um = lim
m→∞

Um

= lim
m→∞

Km⋃
k=1

Nϵm(Sm,k)

= lim
m→∞

Km⋃
k=1

Nϵm(
⋃

x∈∆m,k

ξ(x))

= S∞

Items (i) and (ii) follow directly by construction and Lemma 6.1(i). Take ξ in S∞
and denote by βm,k(ξ) the element of βm containing ξ. We have

lim
m→∞

βm,k(ξ) = lim
m→∞

Nδm(Sm,k)(ξ)

using the same notation. From Lemma 6.1(iii) item (iii) follows immediately and
we conclude the proof.

6.2 Pushed forward measures and their conditional
densities

In Corollary 6.2 we constructed sequences of open disjoint sets so that their union
converges to S∞. The following lemma states that we can always find a big enough
n such that parts of the W n-leaves are contained in the elements of the partition.
This is important since we know from Proposition 5.2 that for big enough n, the
W n-leaves start to resemble the W u-leaves.
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Lemma 6.3. For each m ≥ 1, there exist ηm > 0 and Nm ∈ N with the property that
the following hold for all n = ni ≥ Nm.

(a) Define

Λnm,k := Λn ∩Nηm(∆m,k), Snm,k :=
⋃

x∈Λn
m,k

ξn(x).

Then Snm,k ⊂ βm,k.

(b) Letting Λnm =
⋃Km

k=1 Λ
n
m,k, we have

µ̃nω(Λ
n
m,k) ≥

2

3
µ̃ω(Λm,k), hence µ̃nω(Λ

n
m) ≥

1

3
c∗.

Proof. For each m ≥ 1, let ϵm > 0 be as in the proof of Corollary 6.2. Because expx∗
is continuous, we find δm such that for all x, y ∈ E∗(r∗) it holds

d(x, y)Tx∗M < δm ⇒ d(expx∗(x), expx∗(y))M < ϵm.

Applying Proposition 5.2 for δm gives constants Nm ∈ N and η̃m > 0 such that for any
n = ni ≥ Nm and any x ∈ Λn, y ∈ Λ with d(x, y) < η̃m, we have that ∥γnx − γy∥ < δm
where ∥·∥ refers to the uniform norm on C(Eu

∗ (r∗), E
cs
∗ (r∗)).

The functions γnx and γy are defined on Eu
∗ (r∗) and so

d((v1, γ
n
x (v1)), (v1, γy(v1)))Tx∗M < δm

for all v1 ∈ Eu
∗ (r∗). It follows that

d(expx∗(v1, γ
n
x (v1)), expx∗(v1, γy(v1)))M < ϵm

for all v1 ∈ Eu
∗ and

dist(ξn(x), ξ(y)) < ϵm.

We conclude Snm,k ⊂ βm,k for ηm = 1
2
η̃m because we consider the closure of Nηm(∆m,k).

For (b) we assume that µ̃nω converges to µ̃. Choose Nm big enough such that (a) holds
and additionally,

µ̃nω(∆m,k) ≥
2

3
µ̃(∆m,k)

for all 1 ≤ k ≤ Km and n = ni ≥ Nm. We find

µ̃nω(Λ
n
m,k) = µ̃nω(Nηm(∆m,k)) ≥ µ̃nω(∆m,k)

≥ 2

3
µ̃(∆m,k).

Note that the sets Λnm,k are disjoint in k and so

µ̃nω(Λ
n
m) = µ̃nω(

Km⋃
k=1

Λnm,k) =
Km∑
k=1

µ̃nω(Λ
n
m,k)
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≥ 2

3

Km∑
k=1

µ̃(∆m,k) =
2

3
µ̃(∆m)

≥ 1

3
c∗,

where we used Lemma 6.1(b) in the last line.

Until now, we have worked with µω|Λn
m

to ensure that we are catching a definite
fraction of µnω. To prove Proposition 2.20, we are interested in µnω|Sn

m
, where Snm =⋃Km

k=1 Snm,k. The important step is finding a part of µnω|Sn
m

which has controlled con-
ditional densities. Recall from Section 4.3 that we disintegrated µ on the leaves of
Fn

−, and then pushed them forward via fnθ−nω. The foliation Fn
− is defined on a ball

B ⊂ {ψ ≥ α0/2}, where ψ = dµ
dLeb

is the Radon-Nikodym derivative. Define

νn− =
α0

2
Leb|B and νn = (fnθ−nων

n
−)|Sn .

Since B ⊂ {ψ ≥ α0/2}, we have νn− ≤ µ and νn ≤ µnω for all n.
Furthermore, denote by (νnξ )ξ∈Ξn the disintegration measures of νn along Ξn with
transversal measure νnT on Sn/Ξn. For ξ ∈ Ξn, let ϕ(ξ) denote the leaf of Fn

− con-
taining fnω ξ. By construction of the W n-leaves, the measure νnξ is (fnθ−nωLebϕ(ξ))|ξ
normalized.
The next Lemma presents a lower bound of νn. It states that the disintegration mea-
sures νnξ are absolutely continuous and have controlled densities.

Lemma 6.4.

(a) For measurable C ∈ Λn, νn(C) ≥ α0

2∥ψ∥|∞ · µnω(C)

(b) For almost every ξ ∈ Ξn, νnξ is absolutely continuous with density ρnξ : ξ → (0,∞)
satisfying the distortion estimate∣∣∣∣ log ρnξ (p1)ρnξ (p2)

∣∣∣∣ ≤ D̄

for any p1, p2 ∈ ξ. Here D̄ = D̄(l0, K−, r−) > 0, where K−, r− are as in Lemma
4.5; D̄ is independent of ξ and n.

In the scope of this project, we will present the proof for item (a) and the absolute
continuity of the νnξ .

Proof. For the estimate in (a) we have

µnω(C) = µ(f−n
ω C) =

∫
f−n
ω C

ψ(x) dx

≤ ∥ψ∥∞Leb(f−n
ω C)

= ∥ψ∥∞
2

α0

νn(C).
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Rearranging this inequality yiuelds νn(C) ≥ α0

2∥ψ∥|∞ · µnω(C).
For (b) we show that νn is absolutely continuous. Take a set C ⊂M with Leb(C) = 0
and compute

νn(C) = (fnθ−nων
n
−)|Sn(C) = νn−(f

−n
ω (C ∩ Sn)) = α0

2

∫
f−n
ω (C∩Sn)∩B

dx

=
α0

2

∫
f−n
ω (C∩Sn)

1B dx.

A substitute with y = fnω (x) results in

νn(C) =
α0

2

∫
C∩Sn

1B(f
n
θ−nω(y))| det(Dfnθ−nω)(y)| dy = 0

due to Leb(C) ≥ Leb(C∩Sn) = 0. Because C was chosen arbitrarily and measurable,
νn is absolutely continuous for all n. Recall from Definition 2.16 that we have for
E ∈ B the representation

νn(E) =

∫
νnξ (E) dν̂

n(ξ).

Take C̃ ∈M, νn measurable with νn(C̃) = 0. Then

νn(C̃) =

∫
νnξ (C̃)dν̂

n (ξ) = 0.

Because the disintegration measures are always non-negative, it follows that νnξ (C̃) =
0 for almost every ξ ∈ Ξn. We conclude that for almost every ξ ∈ Ξn, νnξ is absolutely
continuous with densities ρnξ : ξ → (0,∞).

6.3 Passing to the weak limit as n → ∞ and complet-
ing the proof

At last, we will conclude the Main Proposition in this section. Let νnm := νn|Sn
m
. Using

Lemma 6.4 we have that for every m,

νnm(Snm) ≥
α0

6∥ψ∥∞
µnω(Snm) ≥

α0

6∥ψ∥∞
µnω(Λ

n
m)

and from Lemma 6.3(b)

νnm(Snm) ≥
α0

6∥ψ∥∞
c∗ (6.1)

for every n = ni ≥ Nm. We fix such a sequence n(m) for each m. By Lemma 6.3(a)
follows that n(m) → ∞ as m → ∞. Denote by ν∗ any limit point of the sequence
ν
n(m)
m as m → ∞. Note that the set Snm converges to S∞ for m → ∞ and ν∗ is



49 6.3. Passing to the weak limit as n→ ∞ and completing the proof

supported on S∞. Moreover, ν∗ ≤ µω follows from νnm ≤ νn ≤ µnω and that µnω
converges weakly to µω for m → ∞. Note that the lower bound (6.1) passes to
ν∗(S∞) because it is a limit of νnm(Snm) as m → ∞. Denote by ν∗ξ the conditional
measures of ν∗ on the leaves ξ ∈ Ξ. In a last step we wish to deduce properties of the
conditional measures of ν∗ on leaves of Ξ from those of νnm on Ξn which we already
discussed.
Let Cu ⊂ Eu

∗ (r∗) be a cube. We let ˆLeb(Cu) = Leb(Cu)/Leb(Eu
∗ (r∗)), and define

VCu := expx∗(C
u + Ecs

∗ (r∗)).

Recall that Snm =
⋃Km

k=1 Snm,k with Snm,k being disjoint for 1 ≤ k ≤ Km and Snm,k ⊂ βm,k.
Thus we have by construction Snm ∩ βm,k = Snm,k and for n = n(m) we have νnm|Sn

m,k
=

νnm|βm,k
. The next Lemma deduces properties of disintegration of ν∗ on the leaves of

Ξ using the property of the disintegration of νnm on leaves of Ξn.

Lemma 6.5. There exists A > 1 such that for any Cu ⊂ Eu
∗ (r∗), we have, for all large

enough m and n = n(m) :

1

A
· ˆLeb(Cu) ≤ νnm(βm,k ∩ VCu)

νnm(βm,k)
≤ A · ˆLeb(Cu). (6.2)

It follows that for almost every ξ ∈ Ξ, we have πu∗ν
∗
ξ ≪ ˆLeb with

d(πu
∗ ν

∗
ξ )

dLeb
∈ [ 1

A
, A], where

πu is the projection onto Eu
∗ (r∗) along Ecs

∗ .

Proof. By absolute continuity of νnξ , there exists a p0 ∈ ξ such that 1
D
< ρnξ (ξ)(p0) < D

for some D ∈ [1,∞). Using Lemma 6.4(b) we get the following estimates. For every
p ∈ ξ it holds

| log
ρnξ (p)

ρnξ (p0)
| ≤ D̄

which is equivalent to
1

eD̄
ρnξ (p0) ≤ ρnξ (p) ≤ D̄ρnξ (p0)

and we get
1

eD̄D
≤ ρnξ (p) ≤ eD̄D.

Set A := eD̄D and note that 0 < A < ∞. It follows directly that (6.2) holds for πu∗ν
n
ξ

instead of νnm but then by Definition 2.16(3) it must also hold for νnm.
Let m and k be fixed. By construction of νnm we have

ν
n(m′)
m′ (βm,k ∩ VCu) = νn|Sn(m′)

m′ ∩βm,k
(VCu) = νn|Sn(m′)

m′ ∩Sn
m,k

(VCu)

and
ν
n(m′)
m′ (βm,k ∩ VCu) =

∑
k′:βm′,k′⊂βm,k

ν
n(m′)
m′ (βm′,k′ ∩ VCu)
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for all m′ ≥ m and all k′ for n(m′) big enough (which works because n(m′) → ∞ for
m→ ∞). Using (6.2) leads to∑

k′:βm′,k′⊂βm,k

ν
n(m′)
m′ (βm′,k′ ∩ VCu) ≤ A · ˆLeb(Cu)

( ∑
k′:βm′,k′⊂βm,k

ν
n(m′)
m′ (βm′,k′ ∩ VCu)

)
= A · ˆLeb(Cu) · νn(m

′)
m′ (βm,k)

and ∑
k′:βm′,k′⊂βm,k

ν
n(m′)
m′ (βm′,k′) ≥

1

A
· ˆLeb(Cu)

( ∑
k′:βm′,k′⊂βm,k

ν
n(m′)
m′ (βm′,k′)

)
=

1

A
· ˆLeb(Cu) · νn(m

′)
m′ (βm,k).

We conclude that for βm,k fixed, (6.2) holds with νnm replaced by νn(m
′)

m′ . Letting m′ →
∞ we get that (6.2) holds for ν∗ in place of νnm.
Next, we let m → ∞ and run through all βm,k in βm,k. Take ξ ∈ Ξ with ξ ∈ S∞. It
follows from Corollary 6.2 that

lim
m→∞

ν∗(βm,k ∩ VCu)

ν∗(βm,k)
= ν∗ξ (VCu) = πu∗ν

∗
ξ (C

u).

Recall that ν∗ is supported on S∞ and we can conclude that the above inequality
holds for almost every ξ ∈ Ξ. Take C ∈ Eu

∗ (r∗) with ˆLeb(C) = 0. By the same steps
as above we have for almost every ξ ∈ Ξ that

πu∗ν
∗
ξ (C) ≤ A · ˆLeb(C) = 0

and πu∗ν
∗
ξ ≪ ˆLeb. Let ρ̂ξ be a Radon-Nikodym derivative of πu∗ν

∗
ξ . Set

D+ = {x ∈ Eu
∗ (r∗) : ρ̂ξ(x) > A}, D− = {x ∈ Eu

∗ (r∗) : ρ̂ξ(x) <
1

A
}

and assume ˆLeb(D+), ˆLeb(D−) > 0. By the properties of the Lebesgue measure there
exists a cube C+ ∈ Eu

∗ (r∗) with ˆLeb(C+) > 0. This results in

πu∗ν
∗
ξ (C

+) =

∫
C+

ρ̂ξ(x) ˆLeb(dx) > A · ˆLeb(C+)

which contradicts (6.2) and so ˆLeb(D+) = 0. Similarly, we find ˆLeb(D−) = 0. Since
the Radon-Nikodym derivative is by definition defined up to a set of Lebesgue mea-
sure 0, we find

d(πu
∗ ν

∗
ξ )

d ˆLeb
∈ [ 1

A
, A].

It follows directly from Lemma 6.5 that the conditional probabilities of ν∗ on ele-
ments of Ξ are absolutely continuous with respect to the Lebesgue measure and that
the densities are uniformly bounded from above and below.
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6.3.1 Concluding the Main Proposition

While the paper [2] concludes the proof at this point, we want to give a short
overview of why the Proposition 2.20 is now indeed proven.

1. In Chapter 4, Lemma 4.3, we constructed a P-measure set G with P(G) ≥ c−1
c
.

At the beginning of Chapter 5 we set c = 2 and get the positive P-measure set
G of ω with P(G) ≥ 1

2
.

2. Fix ω ∈ G and denote by Sω the stack of unstable leaves on Λ as in Chapter 5.
Let ν1 = ν∗ and c = α0

6∥ψ∥∞ c∗ as in Equation (6.1). It follows from the definition
of ν∗ and the discussion in Section 6.3 that ν∗(Sω) ≥ ν∗(S∞) ≥ c.

3. It follows directly from Lemma 6.5 that the conditional probabilities of ν1 on
elements of Σ are absolutely continuous with respect to the Lebesgue measure
and have densities uniformly bounded from above and below.

At last, we have finally shown the Main Proposition and can conclude the Main
Theorem.



Chapter 6. Proof of the SRB properties 52



Chapter 7

Conclusion

7.1 Summary and overview

In this thesis we showed that SRB measures exist in a C2 ergodic chaotic random
setting. SRB measures do not only exist but they are the sample measures and can
be constructed form the stationary measure by pushing it forward from time −∞
to time 0 along an ω ∈ ΩZ. To prove the SRB properties of the sample measures,
we saw that it is enough to look at a local stack of unstable leaves Sω with parti-
tion Ξ on which a part of µω, denoted by ν1, is supported and has positive measure.
Further, if if we prove that the conditional probabilities of ν1 on elements of Ξ are
absolutely continuous with respect to the Lebesgue measure and have densities uni-
formly bounded from above and below, then µω is SRB.
In Chapter 2 we introduced the necessary definitions and concepts concerning RDS.
Using adapted one-sided charts, we showed that by choosing a small enough source
set and target set, the distortion along the graph transforms can be controlled and
k-times graph transforms are properly bounded if we do enough iterations of an
initially bounded map g enough times on the source set (Chapter 3). The controlled
distortion estimates are later used in Chapter 6 to present upper and lower bounds
for the densities on the disintegration. In Chapter 4 we then used that the sample
measures of µ × P+ are µ and used the adapted one-sided charts to project µ∗ onto
µ × P+ to construct the source and target sets. We found a sequence of {ni} such
that the set points which get pushed forward from the source set to the target set at
time n = ni has positive µnω measure. The bounded graph transforms and the source
and target sets are then used in Chapter 5. There, we constructed concrete u-graphs
that go from the source set into the target set and pushed them forward to create
the W n-leaves. Next we performed a switch of axes to compare them to the unstable
leaves and showed that the stack of W n-leaves Sn starts to resemble the stack of
unstable leaves S (specifically lim sup

n→∞
Sn ⊂ S).

At last, we proved in Chapter 6 the SRB properties via a geometric construction
which we first introduced in Section 1.3. By pushing forward νn−, a scaled Lebesgue
measure that is supported on a small set, we can construct new measures νn that are
supported on Sn. Using the distortion estimate, we show that conditional densities
of νn can be bounded from above and below. By partitioning parts of the stack of
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unstable leaves into nested partitions of open sets which eventually only contain
single unstable leaves, we saw that we can choose small enough source and target
sets such that positive parts of the u-graphs get mapped into the partitions. Using
the controlled densities on the W n-leaves and the fact that we can approximate a
portion of the unstable leaves with W n-leaves as n → ∞, we found a measure ν1
that is supported on S with ν1(S) > c for some c > 0 and has absolute continuity of
the conditional probabilities which concludes the proof.

7.2 Reflection and achievements

The paper [2] by Alex Blumenthal and Lai-Sang Young serves as a good source to
become familiar with random dynamical systems as well as the disintegration of
measures. Its non-trivial nature, the fact that a lot of experience is presupposed
and that it leaves out a few steps which are probably obvious to the advanced reader
challenged me to fully understand the topic and to do my own research on unfamiliar
concepts. I fully achieved my original goals by providing explanations for almost
every little detail from scratch and thoroughly explain the main result in [2].
I have learnt a lot about the process of showing absolute continuity of the conditional
probabilities. It was totally new to me that by pushing forward a scaled version of
the Lebesgue measure and supporting it on stacks of leaves which eventually end
up being the single unstable leave we can make assumptions about the conditional
measure on the unstable manifolds. I learnt the benefit of using one-sided charts for
finding the source and target set and the process of bounding the distortion (some-
thing which is normally not always possible) by choosing a small enough source set
which in turn leads to the bound of the conditional probabilities. In general, I think
its fascinating how we were able to show the SRB by pushing forward u-graphs
which, at the beginning, seem to have nothing to do with the unstable leaves but
eventually get aligned with them due to the chaotic properties of the system.

7.3 Future work

For future work it would be interesting to look at a concrete example where we
can see how the u-graphs evolve over time and how we can choose the source sets
to control the distortion as well as observe the alignment with the unstable leaves.
Since SRB measures are an interesting class of invariant measures it would be fas-
cinating to look at a real world application and see how they can concretely help in
analysing properties of a random dynamical system. As an example, the paper [4]
studies climate dynamics and discusses SRB measures as time-dependent invariant
measures for random attractors.
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Selection of significant original contributions

Chapter Location Details

1 All The whole chapter is original researched
content, especially Section 1.3.

2 Lemma 2.1 The fact that both RDS definitions give rise
to the same RDS.

Proof of Theo-
rem 2.19

Detailed explanation using Lebesgue’s de-
composition theorem and Proposition 2.20.

3 Lemma 3.1 The proof of the measurable selection of the
past using the Kuratowski-Ryll-Nardzewski
measurable selection theorem.

Lemma 3.3 We prove (i′), (ii′) and (iii′) by introducing
Pesin theory.

Proposition 3.6 Detailed construction of m0 and m1 so that
the graph transforms are properly bounded.

4 Lemma 4.1 We show why it is enough to prove the aux-
iliary Lemma 4.2.

Lemma 4.3 Thorough and detailed explanation of the
important steps in the proof.

Lemma 4.4 Additional explanations on why the in-
equalities in the proof hold.

5 Proposition 5.2 A lot of additional technical explanations
get provided. Detailed discussion on why
we choose the initial zero functions and the
process of bounding the norms.

6 Lemma 6.1 The technicalities of the construction of
the partition and explanation on why items
(i)− (iv) follow from the partitions on Σ.

Corollary 6.2 Full proof of the corollary.

Lemma 6.3 Full proof of the lemma.

Lemma 6.4 Full proof of item (a) and the absolute con-
tinuity of νnξ .

Lemma 6.5 Detailed technicalities of the lemma using
our acquired knowledge from writing this
project. We present clear explanations on
why the limits can be taken to construct the
bounds for the conditional measures on the
unstable leaves.

Table A.1: A selection of original work done in this project.
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