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Zusammenfassung

Suspensions
•usse durch por•ose Medien, welche Material ablagern oder ero-

dieren, treten in verschiedensten Gebieten und L•angenskalen auf. Das wohl

bekannteste Beispiel ist das Filtern von Fl•ussigkeiten, welches nat•urlichweise

vorkommt, wenn Grundwasser durch das Erdreich sickert oder k•unstlich, in

Wasseraufbereitungsanlagen. Ziel dieser Doktorarbeit ist die Ablagerung und

Erosion in por•osen Medien zu untersuchen. Dazu wurden numerische Mo-

delle entwickelt und spezi�sche Aufbauten mit verschiedenen Flussgegeben-

heiten simuliert. Im ersten Modell wird der Fluss mithilfe der Navier-Stokes

Gleichungen berechnet und die mitgef•uhrten Teilchen mit der Konvektions-

Di�usions-Gleichung. Diese massgeblichen Gleichungen werden mit der Lattice-

Boltzmann-Methode gel•ost, welche ideal ist f•ur Fl •usse mit komplexen R•andern.

Die Ablagerung h•angt von der lokalen Teilchenkonzentration ab und die

Scherkraft •uber einem Grenzwert verursacht die Erosion. Mit diesem Modell

wurde die Kanalbildung in por•osen Medien untersucht. Es zeigte sich, dass

Fl•usse, die durch einen konstanten Druckunterschied getrieben werden, im-

mer entweder in vollst•andiger Verstopfung oder vollst•andiger Erosion enden.

Bei konstantem Einstr•omen hingegen bilden sich stabile Kan•ale.

Angeregt durch Experimente [1] wurde das erste Modell erweitert, dabei

wurde die por•ose Matrix statisch und nur abgelagertes Material ist erosions-

anf•allig. Hierbei hat sich herausgestellt, dass ein druckbedingter Erosionsme-

chanismus verantwortlich sein muss f•ur die in Experimenten beobachteten

erosiven Br•uche. Die Einf•uhrung dieses Mechanismus in das Modell f•uhrte

dazu, dass die Spr•unge im Druckunterschied, welche einem erosiven Bruch

folgen, und die Potenzverteilung der Spr•unge nachgebildet werden konnten.
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Eine Parameterstudie der Scherkrafterosion und der Erosion durch Druck

hat gezeigt, dass erosive Br•uche nur in einem mittleren Bereich des letzte-

ren auftreten. Weitere Untersuchungen best•atigten, dass die Verteilung der

Spr•unge weder von der Reynolds-Zahl, noch von der Schmidt-Zahl abh•angen.

Um Ablagerung und Erosion auf einer mikroskopischen Skala zu untersu-

chen wurde ein weiteres Modell entwickelt. Zu diesem Zweck wurde eine Kop-

pelung von Lattice-Boltzmann- und Diskreter-Elemente-Methoden benutzt.

Teilchen in einer Fl•ussigkeit, welche durch eine Pore 
iesst, k•onnen durch

Koh•asionskr•afte zusammenklumpen. Eine Adh•asionskraft zwischen Teilchen

und der Porenober
•ache f•uhrt nat •urlicherweise zur Ablagerung dieser. Mit-

hilfe dieses Modells konnten die erosiven Br•uche reproduziert werden. Es

hat ausserdem gezeigt, dass der kritische erosive Druckunterschied linear

vom Ablagerungsvolumen und invers vom Porendurchmesser abh•angt.

Die Ergebnisse dieser Doktorarbeit tragen dazu bei, die interne Erosion

in por•osen Medien besser zu verstehen, welche wichtig ist f•ur D•amme und

Erdb•oden, wo speziell das \Piping" ein ernsthaftes Problem darstellt. Des

Weiteren sind die hier presentierten Studien zur Erosion durch hydraulischen

Druck relevant f•ur die Sandproduktion, welche bei•Olquellen und•ahnlichen

Gewinnungen auftreten kann.
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Abstract

Suspension 
ow through porous media featuring deposition and erosion is

a process that occurs in many areas and at di�erent scales. Prominent ex-

amples include �ltering of particle-laden 
uids, happening naturally when

groundwater seeps through soil, or arti�cially, in water treatment plants.

This thesis aims to study erosion and deposition in porous media. To that

goal numerical models were developed and speci�c setups and 
ow conditions

simulated. In a �rst model the Navier-Stokes equations and the convection-

di�usion equation are used to describe suspension 
ow through a porous

medium. These governing equations were solved with the lattice Boltzmann

method, which is ideal for 
ows with complex boundaries. Deposition de-

pends on the local concentration of particles, and the shear force above a

certain threshold is responsible for erosion. Using this model we studied

channelization in porous media. We found that a 
ow driven by constant

pressure loss can only result in complete clogging or total erosion of the

porous medium. Whereas constant in
ux leads always to the formation of

stable channels.

Motivated by experimental �ndings [1] the initial model was extended

by keeping the porous matrix static and only allowing deposited matter to

be eroded. We hereby found that there must be a pressure induced erosion

mechanism causing the experimentally observed erosive bursts. Incorporat-

ing such mechanism we were able to replicate not only the jumps in pressure

loss that follow such burst, but also the power-law distribution of these

jumps. By studying the parameter space for the shear and the pressure

induced erosion mechanisms, we found that erosive bursts only occur in an
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intermediate range of values for the latter. Furthermore we found that the

distribution of jumps does neither depend on the Reynolds number, nor on

the Schmidt number of the suspension 
ow.

To study the deposition and erosion at a microscopic scale a new model

was developed. To that end coupled methods of lattice Boltzmann and dis-

crete elements were used. Suspended particles 
owing through a pore model

can cluster together when a cohesive force is introduced. An additional

adhesive force between particles and the pores' surface leads naturally to

deposition of these particles. With this microscopic model we were not only

able to reproduce the erosive bursts found with the previous model, but also

found that the erosive pressure depends linearly on the deposited volume

and inversely on the pores' diameter.

The �ndings of this thesis help to advance the understanding of internal

erosion in porous media, this is relevant for dams and soils, where speci�cally

the \piping erosion" is a serious issue. Furthermore, our study of erosion

due to hydraulic pressure is relevant for sand production, which can occur

in oil wells and other extraction operations.
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Chapter 1

Introduction

1.1 Motivation

Flows of particle-laden 
uids can exhibit deposition and also erosion. These

processes occur in a broad variety of natural and arti�cial settings. Seepage

of groundwater or riverbed erosion are naturally occurring examples, whereas

�lters are arti�cial applications. Industrial �lters can be found everywhere,

from large scale �lters in re�neries, over diesel particulate �lters in trucks,

down to the co�ee �lter. In all of these examples the deposition of particles is

bene�cial, but also erosion is sometimes valuable, for example when cleaning

your mountain bike with a hose, or 
ushing the toilet. However many a

time deposition and erosion lead to unwanted e�ects, such as the clogging of

pipes, or internal erosion in dams or dikes. When the 
ow is super�cial these

processes can be observed easily, however when they occur within a porous

medium, their e�ect is much harder to gauge. Whether to optimize an

industrial �lter or to mitigate sand production in oil wells, it is important to

understand the e�ects of erosion and deposition in porous media. Especially

because these e�ects can rarely be observed or measured while they are going

on. Hence, this thesis aims to better the understanding of these processes

and to investigate cause and e�ect for erosion and deposition in porous

media.

Erosion can be caused mechanically or by chemical means. In this thesis

the erosion caused by the 
uid 
ow was studied, which is purely mechanical

1



CHAPTER 1. INTRODUCTION

erosion. Some of the �ndings presented here might translate to chemical

processes, but others will be di�erent.

While these processes have been studied for decades and a great deal

is already known about �ltration [2], many models only solve erosion and

deposition with empirical laws. Very often Darcy's law for the 
uid 
ow is

assumed a priori and e�ective one dimensional partial equations are solved

to model the evolution of the �lter. In this thesis, models are introduced

to solve the 
uid-
ow in three dimensional systems and consider the forces

exerted by the 
ow as a local mechanism for erosion. With these models the

evolution of the porous structure was studied.

1.2 Structure and organization

This work is organized as follows:

In Chapter 2 , background information will be provided that is relevant

for readers not familiar with the �eld of 
uid dynamics and suspension 
ows.

While in each of the following chapters a di�erent model will be introduced

and studied, there are governing equations and concepts relevant for all of

them.

In Chapter 3 , a model of suspension 
ow through porous media featur-

ing erosion and deposition is presented. The suspension 
ow is described by

the Navier-Stokes and the convection-di�usion equations. Erosion depends

only on the shear stress exerted by the 
uid. The evolution of a porous

medium is studied, where suspended particles and porous matrix are of the

same material and channelization thereof can be observed.

In Chapter 4 , an extension of the model introduced in Chap. 3 is

presented that features an additional, pressure induced erosion mechanism.

Furthermore, the initial porous matrix is non-erodible and presents an upper

bound for the porosity. This model provides an explanation for the erosive

bursts found experimentally by Bianchiet al. [1]. The jumps in pressure

loss are compared with experimental data and a parameter study for the

models' variables is conducted.

2



1.2. STRUCTURE AND ORGANIZATION

In Chapter 5 , a model is presented that allows to study erosion and

deposition at microscopic scale. While the 
uid 
ow is still described with

the Navier-Stokes equations, suspended particles are no longer treated as

a concentration convected by the 
uid, but single particles are modeled

with a discrete element method. The suspended particles experience drag

force from the 
uid, repulsive forces when overlapping with each other and

a cohesive force when close to each other. Also, there is a pore structure

constricting the 
uid 
ow and repulsing particles, and an adhesive force

when particles are close to the pores' surface.

3





Chapter 2

Background Information

This section provides background information and an overview over the most

important governing equations and methods, that are used in the following

chapters to build models that adequately describe suspension 
ow through

porous media and the e�ects of erosion and deposition.

2.1 Navier-Stokes equations

The equations that describe the 
uid 
ow are the Navier-Stokes equations,

which are written here in a non-dimensional form (see Ref. [3]), they consist

of the continuity equation,

@�
@t

+ r � (� u) = 0 ; (2.1)

and momentum conservation equation

@u
@t

+ ( u � r )u �
1

Re
� u = �r p; (2.2)

where Re is the Reynolds number. The solution of this equation yields the


uid velocity �eld u, the 
uid density � and 
uid pressure �eld p. However,

as there are �ve unknown quantities (� , u, p) but only four equations so far,

one from Eq. (2.1) and three from Eq. (2.2), an additional equation of state

has to be de�ned (see Ref. [4]). Assuming that the 
uid is isothermal and

isentropic, the equation of state reads

p = �c 2
s; (2.3)

5



CHAPTER 2. BACKGROUND INFORMATION

wherecs is the speed of sound and equal tocs =
p

RT0, with the gas constant

R and temperatureT0. In all following chapters the Navier-Stokes equations

are solved in the incompressible and isothermal limit. Note that for the non-

dimensional Navier-Stokes equations the only parameter is the Reynolds

number

Re =
UL
�

; (2.4)

which is the ratio of inertial and viscous forces, with the characteristic length

L, characteristic speedU and kinematic viscosity� . Thus for a given bound-

ary condition the only relevant measure is the Reynolds number, it fully

describes the 
ow pattern and is an indicator whether the 
ow is laminar

or turbulent. The Navier-Stokes equations usually have an external source

term, however in this work we focused on 
uid 
ow driven by pressure dif-

ference or just constant 
ow conditions, thus we have neglected any forcing

term in Eq. (2.2). Solving these time-dependent partial di�erential equa-

tions can be challenging and analytic solutions exist only for rather simple

geometric boundary conditions. This gave rise to a whole research area

which is the computational 
uid dynamics (CFD) that aims to numerically

solving various 
uid systems. There are several methods capable of tackling

CFD, the �nite element method (FEM) or �nite volume method (FVM) are

probably the most popular in engineering software.

2.2 Lattice Boltzmann method

In this work however the lattice Boltzmann method (LBM) [4] was employed,

which has become ever more popular in the last decades. It is very versatile,

works well with complex boundaries and is highly parallelizable. It derives

from the Boltzmann equation

@f
@t

+ v � r f + a �
@f
@v

=
�

@f
@t

�

coll

; (2.5)

wherea is the acceleration due to external forces andf (x; v ; t) is the phase

space density function giving the probability of particles to be at placex

and have velocity v at time t. The right hand side is the collision term

6



2.2. LATTICE BOLTZMANN METHOD

specifying the particle-particle interactions. The Boltzmann equation can

be discretized and using several assumptions (see Ref. [3]) the lattice Boltz-

mann equation

f i (x + ci �t; t + �t ) � f i (x; t) = 
( f ; f eq) (2.6)

can be derived. The distribution functionsf i belong to a lattice node and a

discrete velocity vectorci (see Fig. 2.1), the right hand side is the collision

operator andf eq
i are the equilibrium distribution functions. The equilibrium

distribution functions are given by

f eq
i = ! i �

�
1 + 3

(ci � u)
c2

s
+

9
2

(ci � u)2

c4
s

�
3
2

u2

c2
s

�
; (2.7)

where cs is the speed of sound and! i are the weights associated with the

velocity vectors. In this work we use the two-relaxation-time (TRT) collision

operator because its accuracy is less susceptible to the viscosity than the

single relaxation collision operator by Bhatnagar-Gross-Krook (see Sec. 3.3.2

for more details). Lattice Boltzmann models are usually denoted by DM QN ,

where M is the dimension andN the number of velocity vectors, in �gure

2.1 a D2Q9 LBM is shown. In this work we use a D3Q19, which means

the lattice spans in three dimensions and there are nineteen velocity vectors

f c0; :::; c18g.

The algorithm implementing equation (2.6) is split into two steps, �rst

the collision step

f �
i (x; t) = f i (x; t) + 
( f ; f eq); (2.8)

and second, thestreaming step

f i (x + ci �t; t + �t ) = f �
i (x; t): (2.9)

As the collision of a distribution function only depends on the local distri-

bution functions (f = f f 0; :::; f 18g) and also the streaming only a�ects the

neighbors de�ned by the velocity vectorsci , both can be executed in parallel

on a computer which makes this algorithm highly e�cient for parallelization.

7



CHAPTER 2. BACKGROUND INFORMATION

Figure 2.1: The lattice Boltzmann method uses discrete lattice nodes (blue

circles) and a set of discrete velocity vectors (red arrows).

The 
uid density is the sum over all distribution functions at a given point

in space and time

� (x; t) =
X

i

f i (x; t); (2.10)

which is also called the zeroth moment. The �rst moment is then the sum

over the distribution functions times the velocity vectors, which yields the

local 
uid momentum density and the 
uid velocity can be calculated as

follows

u(x; t) =
1
�

X

i

f i (x; t)ci : (2.11)

Using this method the 
uid 
ow can be fully calculated and also other prop-

erties such as the shear force exerted by the 
uid can be determined.

2.3 Convection-di�usion equation

In chapters 3 and 4 the motion of suspended particles is described using the

convection-di�usion equation. This is appropriate when suspended particles

are small, neutrally buoyant and do not signi�cantly in
uence the 
ow of

the 
uid. Using these assumptions the suspended particles are described

8



2.3. CONVECTION-DIFFUSION EQUATION

as a concentration that gets transported by the 
uid and di�uses within it.

The convection-di�usion equation

@C
@t

+ r � (Cu) = D� C + S (2.12)

is coupled to the Navier-Stokes equation such thatu is the 
uid velocity,

C is the concentration of suspended particles,D is the di�usion coe�cient

and S is an external term. The external term in our models acts as a sink

when deposition occurs, then concentration is removed at the 
uid-solid

boundary, and it acts as a source when erosion occurs at the boundary.

In our model this term depends not only on the concentrationC, but also

on the 
uid shear force or 
uid pressure (see Sec. 3.2.2 for details). The

di�usion coe�cient D has the same physical units as the 
uid viscosity� ,

the ratio between them is named the Schmidt number

Sc =
�
D

: (2.13)

Disregarding the external term in Eq. (2.12), the Reynolds number and

Schmidt number fully specify a 
uid and concentration 
ow solution.

9





Chapter 3

Channelization in Porous

Media

This chapter is reprinted with minor editing from R. J•ager, M. Mendoza,

H. J. Herrmann: \Channelization in porous media driven by erosion and

deposition", Phys. Rev. E 95, 013110 (2017), Ref. [5]. Copyright (2017) by

the American Physical Society.

3.1 Introduction

The goal of this work was to develop a model that allows to study ero-

sion and deposition in a generic porous media. For solving the 
uid 
ow

the Navier-Stokes equations are solved using a lattice Boltzmann method

that allows generic solid boundaries (see Sec. 3.3.1). The transport of sus-

pended particles is described by the convection-di�usion equation which is

also solved using another lattice Boltzmann scheme (see Sec. 3.3.3). In this

chapter only the shear force exerted by the 
uid onto bounding surface is

considered as an erosive mechanism. We study the changes of the porous

structure induced by the deposition and erosion of matter on the solid sur-

face and found that when both processes are active, channelization in the

porous structure always occurs. The channels can be stable or only tempo-

rary depending mainly on the driving mechanism. Whereas a 
uid driven by

a constant pressure drop in general does not form steady channels, imposing

11



CHAPTER 3. CHANNELIZATION IN POROUS MEDIA

a constant 
ux always produces stable channels within the porous struc-

ture. Furthermore we investigate how changes of the local deposition and

erosion properties a�ect the �nal state of the porous structure, �nding that

the larger the range of wall shear stress for which there is neither erosion

nor deposition, the more steady channels are formed in the structure.

Fluid 
ow through a porous medium can erode and/or deposit material

and thereby change the shape of the solid boundaries, which in turn alter

the path of the 
ow. These processes are responsible for shaping a variety of

landscapes, some examples are meandering rivers [6], coastal erosion [7] and

seepage [8]. In industrial applications these processes also play a crucial role

and are sometimes desired and sometimes disruptive, e.g. mechanical �lters

take advantage of deposition whereas in oil wells erosion produces sand that

can damage the pumps, requiring expensive counter-measures. While these

processes are easily observed in surface 
ows, it is much more di�cult to do

so when they occur within. Albeit there is an abundance of applications,

the evolution of structures exposed to erosion and deposition is in general

not easily predictable and usually requires the use of numerical techniques.

Erosion is the mechanical wearing of solid material by the shear force

exerted by the 
uid. The erosion rate is assumed to be proportional to the

magnitude of the wall shear force [9, 10]. For the erosion and deposition two

thresholds for the shear force are introduced. Above a critical threshold the

shear stress is high enough to erode matter from the solid surface whereas

below a lower threshold the adhesive force of the suspended particles is

dominant and deposition occurs. In the range between the thresholds there

is locally no net change of mass at the surface. While this is an heuristic

approach, it is well-founded, as it is consistent with the Hjulstr•om curve

[11] which describes a gap between the erosion and the sedimentation 
ow

velocity for all grain sizes. To accurately describe the erosion and deposition

induced by the wall shear force and adhesive forces within a porous media,

the Navier-Stokes equations must be solved and the trajectories of suspended

particles have to be calculated. A commonly used approach is to describe the

suspended particles as a solute [12, 13, 14], whose evolution is given by the

12



3.1. INTRODUCTION

convection-di�usion equation. Even though these equations can be written

down easily, solving them with realistic boundaries de�ned by the porous

structure cannot be done analytically. Hence we develop a numerical model

based on the lattice Boltzmann method (LBM), which is a very powerful

tool to resolve 
uid behavior in 
ows through porous media [15], that allows

to describe the erosion induced by wall shear stress and also the deposition

of 
uid entrained matter.

Using our model we �nd that when both erosion and deposition are ac-

tive, channels within the porous structure form. Mahadevan et al. [16] and

Kudrolli et al. [17] already studied channelization in porous media using ex-

periments and two-dimensional e�ective models for deposition and erosion.

In both cases the 
uid is modeled using Darcy's law, which corresponds to

a scale much larger than the pore size, and therefore, prohibiting the use

of local shear stress forces at the solid boundaries to characterize the ero-

sion and deposition processes. In particular, in the model of Mahadevan et

al. the erosion depends on the pressure gradient of the 
uid and Kudrolli

et al. consider erosion and deposition depending on 
uid velocity. In our

model however, the Navier-Stokes equations are solved to resolve the 
uid


ow at pore scale and erosion can be considered to depend on the local shear

stress exerted by the 
uid onto the solid surface. Our goal is to study the

microscopic physics of erosion and deposition and the resulting macroscopic

changes of the three-dimensional porous structure. Since we want to study

the interplay between erosion and deposition we only consider consolidated

porous media; and hydraulic pressures that are high enough to erode mate-

rial, but do not lead to a decompaction or 
uidization of the porous medium

[18].

This paper is organised as follows: in Sec. 3.2 we present the set of

di�erential equations needed to understand the erosion and deposition pro-

cesses in porous media; in Sec. 3.3, we introduce our model and perform

some validations; and Sec. 3.4 shows the results of our study on erosion and

deposition in porous media including the channelization process. Finally, in

Sec. 3.5 we summarize our results and conclusions.
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3.2 Theory

3.2.1 Fluid and particle dynamics

There are several mechanisms that are responsible for the mechanical ero-

sion and deposition and have to be considered to get the full description of

evolution of the porous structure. First, the 
uid 
owing through a porous

medium is described by the incompressible Navier-Stokes equations, which

consist of the continuity equation,

@�
@t

+ r � (�~u ) = 0 ; (3.1)

and momentum conservation equation

@~u
@t

+ ( ~u � r )~u � � � ~u = �
r p
�

+ ~f ; (3.2)

where~u is the velocity �eld of the 
uid, � is the 
uid density, � the kinematic

viscosity, p the hydrostatic pressure, and~f an acceleration due to external

forces. In our approach, the 
uid contains suspended particles that are

entrained by the 
uid and can be deposited onto the solid surface. The

suspended particles that we consider are small, get transported by the 
uid,

di�use within it and are neutrally buoyant. Therefore they are described

by the convection-di�usion equation, which yields the mass concentration of

solid particles in the 
uid. This equation reads:

@C
@t

+ r � (C~u) = r � (DrC );

whereD is the di�usion coe�cient and C is the particle concentration. Note

that the concentration inside the porous medium will also change due to

deposition and erosion as we will describe in the following section. Fur-

thermore the concentration is assumed to be low, such that the change in

rheology and the momentum exchange between 
uid and suspended parti-

cles is negligible. By solving the Navier-Stokes and the convection-di�usion

equations, we describe the evolution of the 
uid and the suspended particles

through the porous media.
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3.2.2 Erosion and deposition

The wall shear stress (WSS) exerted by the 
uid on a solid surface is de�ned

by:

� w � � (y = 0) = �
@u
@y

�
�
�
�
y=0

; (3.3)

where � = �� is the dynamic viscosity,u the 
uid velocity parallel to the

surface, andy the distance from the surface. When the WSS overcomes the

cohesive forces of the solid, solid matter is eroded and entrained by the 
uid.

On the other hand, when the adhesive forces, e.g. Van der Waals forces, are

stronger than the erosive and other repulsive forces, particles within the


uid are deposited on the solid surface. Through these processes the solid

surface and thus the boundary is altered and the 
ow changes. We consider

slow erosion and deposition, where the change of the surface is much slower

than the 
uid 
ow velocity. Hence, the boundary can be considered quasi-

static (or evolving slowly), i.e. non-moving, and only the magnitude of the

deviatoric shear stress and not the hydraulic pressure has to be taken into

account for the evolution of the surface. The shear force is calculated from

the deviatoric shear tensor given by:

� ab � �
�

@ua
@xb

+
@ub
@xa

�
; (3.4)

multiplied with the surface normal vectorn̂, yielding the shear force~� = n̂�� .

The WSS is now the tangential part of the shear force which is obtained with

the following expression:

� w =
p

(n̂ � � )2 � (n̂(n̂ � � ))2; (3.5)

the details for calculating the WSS are shown in section 3.3.6. In the case of

erosion, we assume that this WSS works as a wearing force producing sand

or silt out of solid matter which is entrained with the 
ow. The erosion is as-

sumed to be linearly proportional to the wall shear stress, this erosion law is

widely used and experimentally veri�ed [10, 9]. The erosion is proportional

to the stress gap, i.e. the WSS excess above some critical threshold and

depends on the density and toughness of the solid matter. This dependency
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is incorporated in an erosion coe�cient� er and a critical shear stress� er be-

low which no erosion occurs. The porous medium is considered consolidated

and incompressible such that the normal component of the stress tensor can

be neglected and other erosive processes, such as 
uidization [18] are not

considered. For the deposition law we also assume a threshold of the WSS

below which deposition occurs. The deposition of matter is also considered

linearly proportional to the WSS below the threshold, hence at the critical

deposition shear stress� dep no deposition occurs. The deposition is naturally

dependent on the concentrationC of solid matter in the 
uid. This gives us

an erosion and deposition law, which written in di�erential form, looks as

follows:

_m =

8
>>><

>>>:

� � er (� w � � er ); � w > � er ;

+ C
C0

� � dep(� dep � � w); � w < � dep ;

0; � er � � w � � dep ;

(3.6)

where _m is the change in mass per unit area andC0 is the fully saturated

concentration. In the following the relative concentrationC=C0 will be simply

referred to asC. While the linear relation of erosion to wall shear stress

is an empirical law, it is well established and reasonable for a variety of

materials such as cohesive soils, clay and materials of similar properties

[9, 10, 19]. Furthermore, as we are considering wall shear stresses which

are in the vicinity of the critical shear stress, higher order terms would

only contribute minimally to erosion. The deposition of particles is usually

assumed to be proportional to the concentration/ C [12, 13, 14], when

the solubility is zero, however recent experimental �ndings [20] show that

deposition decreases with increasing 
ow speed, thus we chose the simplest

form that takes this into account, but converges to/ C for low 
ow speeds.

The erosion coe�cient � er and the deposition coe�cient � dep depend on the

properties of the solid matter, e.g. the cohesive forces [11].
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3.3. NUMERICAL IMPLEMENTATION

3.3 Numerical implementation

Our numerical model is based on the lattice Boltzmann method (LBM) [3]

with an improved two-relaxation-time (TRT) collision operator [21, 15]. In

order to compute accurately solid boundaries and shear stress forces we also

implement and analyze di�erent interpolation and extrapolation schemes

[22, 23, 24]. In particular, this avoids the use of the stair-case approximation

for curved boundaries. In this work, parameters are written in numerical

units, the conversion from numerical to physical units is illustrated in the

section 3.3.7.

3.3.1 Lattice Boltzmann method

To resolve the 
uid 
ow at pore scale we use the D3Q19 lattice Boltzmann

method (LBM) [3], which means the model is based on a three-dimensional

lattice with nineteen discrete velocity vectorsf ~c0; :::;~c18g. In contrast to

other computational 
uid methods that solve the Navier-Stokes equations

directly, the LBM solves the underlying discrete Boltzmann equation [25]:

f i (~x + ~ci ; t + 1) � f i (~x; t) = 
( ~f ); (3.7)

wheref i are distribution functions associated with the discrete velocity vec-

tors ~ci , and a generic collision operator 
. Considering the Bhatnagar-Gross-

Krook (BGK) approximation for the collision operator the lattice Boltzmann

equation gets the following form [25]:

f i (~x + ~ci ; t + 1) � f i (~x; t) = �
1
T

[f i � f eq
i ] ; (3.8)

whereT is a relaxation time, that is related with the kinematic viscosity of

the 
uid by � = ( T � 1=2)c2
s. The equilibrium distribution function is given

by [3]:

f eq
i = ! i �

�
1 + 3

(~ci � ~u)
c2

s
+

9
2

(~ci � ~u)2

c4
s

�
3
2

~u2

c2
s

�
; (3.9)

where� and ~u are the local density and velocity of the 
uid, ! i are weights

(associated with the discrete velocity vectors) and the speed of sound is
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CHAPTER 3. CHANNELIZATION IN POROUS MEDIA

given by c2
s = 1=3. The values of the weights! i and discrete velocities~ci

can be found in Ref. [3].

The 
uid density is computed from the zeroth moment of the distribution

function, i.e. � =
P

i f i , and the 
uid velocity from the �rst moment,

~u =
P

i f i~ci =� . Using the Chapman-Enskog expansion it can be shown that

Eq. (3.8) with Eq. (3.9) converges to the Navier-Stokes equations Eqs. (3.1)

and (3.2) in the continuum limit [3].

3.3.2 Improved collision operator

The algorithm for the generic lattice Boltzmann equation (3.7) can be split

into collision part

f �
i (~x; t) = f i (~x; t) + 
( ~f );

and streaming part

f i (~x + ~ci ; t + 1) = f �
i (~x; t):

For the BGK collision operator (see Eq. (3.8)) the discretization error

is viscosity dependent [26], however this problem can be mitigated in two

di�erent ways; one is to simply increase the resolution which will decrease

the error; and the other is to use a multi-relaxation-time (MRT) collision

operator [26]. The two-relaxation-time (TRT) collision operator is by far

the most e�cient and its accuracy for porous media is as good as any other

MRT method [21, 15]. The TRT method splits the distribution functions

into symmetric and asymmetric partsf �
i = ( f i � f �i )=2, where�i is the index

of the velocity vector pointing in the opposite direction ofi , i.e. ~c�i = � ~ci .

The projected equilibrium distribution functions readf eq;�
i = ( f eq

i � f eq
�i )=2.

For the TRT method the full collision operator 
( ~f ) reads:

f �
i = [ f i � T � 1(f +

i � f eq;+
i ) � T 0� 1(f �

i � f eq;�
i )]; (3.10)

where the second relaxation timeT 0 is a free parameter relaxing the

asymmetric part of the distribution functions. To minimize the dependency

of the viscosity the parameter � � (T � 1=2)(T 0 � 1=2) is chosen to be
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constant (� = 0 :1) and therefore the second relaxation time is determined

asT 0 = 1=2 + � =(T � 1=2) [27]. The collision for the distribution functions

f i and f �i can be calculated simultaneously via Eq. (3.10), which allows the

implementation of the TRT to be almost as fast as the one of the single-

relaxation-time (BGK) approach.

3.3.3 Solving the convection-di�usion equation

To model the convection-di�usion with the lattice Boltzmann method a sec-

ond set of distribution functions gi can be used to describe the mass con-

centration of the solute [28] within the solvent:

gi (~x + ~ci ; t + 1) � gi (~x; t) = �
1
Ts

[gi � geq
i ] (3.11)

Here, the equilibrium distribution is similar to the one for the 
uid (see Eq.

(3.9)) with the concentration instead of the density:

geq
i = ! i C

�
1 + 3

(~ci � ~u)
c2

s
+

9
2

(~ci � ~u)2

c4
s

�
3
2

~u2

c2
s

�
:

The di�usion coe�cient is related to the relaxation time Ts, D = ( Ts� 1=2)c2
s.

For the TRT method the evolution of the solution is calculated analogously

to Eq. 3.10 with the symmetric and asymmetric splittingg�
i and the second

relaxation parameterT 0
s = 1=2+� =(Ts� 1=2). Analogously to the calculation

of the 
uid density, the zeroth moment of the concentration distribution

function gi is the concentration of the solute,C =
P

i gi , and via a Chapman-

Enskog expansion, one can show that the lattice Boltzmann equation (3.11)

converges to the convection-di�usion equation. Note that the positivity of

the kinematic viscosity and di�usivity requires T ; Ts > 1=2, and the model

becomes unstable forT ! 1=2. For the simulations shown in this paper we

only used the relaxation times 1 and 0.6, however we found our model stable

for values down to 0.503.
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3.3.4 Solid mass �eld to identify 
uid and solid do-

mains

To distinguish 
uid and solid domains we introduce a new variable, a scalar

mass �eld that is de�ned on the lattice, for 
uid nodes the mass is zero, for

solid nodes the mass is one and for interface cells the mass is between zero

and one:

m(~x) =

8
>>><

>>>:

1; solid node

0; 
uid node

(0; 1]: interface node

If the mass is one, the cell is still an interface node if there is a neighboring


uid node. Interface nodes have both solid and 
uid matter and therefore

also non-zero distribution functionsf i > 0. When an interface node becomes

a solid node the distributions are set to zerof i = 0. When a solid node

becomes interface the distribution functions are linearly extrapolated so as

not to introduce an arti�cial pressure or velocity gradient as was done by

Yin et al. [29]:

f i (~x) =
P

i ! i [2f i (~x + ~ci ) � f i (~x + 2~ci )]P
i ! i

;

where the sums run over all neighbors (~x + ~ci ) that are 
uid nodes.

When the solute is locally deposited onto the solid surface or solid matter

is eroded and added to the 
uid the concentration �eld is changed locally by

the mass di�erenceC(~x; t+1) = C(~x; t)+ �m (~x; t). For this mass in-/ejection

not to introduce any arti�cial momentum into the 
uid, the mass change is

equally distributed according to the weights:gi (t +1) = gi (t)+ ! i � �m . This

guarantees that the local momentum of the exchanged mass is zero as we

have ~p�C = �m
P

i
! i � ~ci = ~0.

3.3.5 Color gradient

The solid and 
uid domains are de�ned by the mass scalar �eldm(~x) (see

section 3.3.4). To get the normal vector of the surface we de�ne the color
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gradient in the following way:

n̂(~x) := �

P

i
m(~x + ~ci ) � ~ci

P

i
m(~x + ~ci ) � jj~ci jj 2

This equation de�nes the orientation of the surface and allows to compute

the normal and tangential part of 
uid properties, e.g. the shear force.

3.3.6 Calculation of the wall shear stress

The tangential wall shear stress acting on a surface is calculated from the

shear stress tensor� given by the 
uid. There are two ways to compute the

shear stress tensor. For the LBM the shear stress tensor can be calculated

from the non-equilibrium part of the distribution functions:

� ab(~x) =
�

1 �
1
2�

�
�
X

i

f neq
i � (~ci )a(~ci )b; (3.12)

where f neq
i = f i � f eq

i and (~ci )a denotes the componenta of the discrete

velocity vector i . Additionally, Thampi et al. [30] propose a very accurate

way to calculate derivatives of physical properties in LBM. From this we can

calculate the shear tensor as:

� ab =
�
T

X

i

! i � (~x + ~ci )
�
ua(~x + ~ci )(~ci )b + ub(~x + ~ci )(~ci )a

�
; (3.13)

where the prefactorT depends only on the weights and discrete velocity

vectors and needs to be computed just once:

T = c2
s

X

i

! i~ci � ~ci :

We found that Eq. (3.13) is more accurate for calculating the shear tensor,

but it requires that all neighboring nodes are 
uid nodes. Therefore we use

Eq. (3.13) wherever possible and Eq. (3.12) elsewhere. The wall shear force

can be calculated as the product of the normal vector~n on the boundary

surface times the deviatoric shear stress~� = ~n � � . Since the boundary in
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general does not lie on a 
uid node we linearly extrapolate the shear stress

onto the boundary as follows:

~�w =
P N f

i [(1 + �) ~� (~x) � � ~� (~x + ~ci )]
N f

;

where~� (~x) is the shear force at the interface cell, � = 1� m(~x) is the relative

distance from the node to the wall and the sum runs over all neighbors (~x+ ~ci )

that are 
uid nodes. For the erosion and deposition law we only take into

account the absolute value of the tangential component of the wall shear force

(see Eq. (3.5)). The unitary normal vector to the surface can be calculated

by the color gradientn̂ of the mass �eld (see section 3.3.5). The normalized

surface vector must be multiplied by the surface area to �nd the total WSS

acting within an interface cell onto the surface, the total surface vector is

then ~n = n̂ � � 
. For each interface node we need to estimate the surface area

that is exposed towards the 
uid, this area� 
 is estimated as the area of the

plane de�ned by the surface vector ^n, cut by the cells boundary, hence the

surface is piecewise 
at. Therefore the area is unity if the surface is parallel

to the lattice planes and is maximum
p

3, e.g. when ^n = (1 ; 1; 1)=
p

3. The

total mass exchange caused by the erosion and deposition law within an

interface cell is then�m (t) = _m(t) � � 
 � �t .

3.3.7 Conversion from numerical to physical units

For comparing numerical with experimental �ndings, numerical units have

to be converted to physical units, a very instructive recipe how to do this

is written by J. Latt [31]. Here we provide an example for converting the

units of the simulation shown in �gure 3.5, for this purpose we match three

parameters, namely the 
uid density� , the viscosity � and the length scale

�x . The parameters are matched using the assumption that the diameter

of the spheres building the porous medium is 1.4 mm; and the 
uid is a

heavy crude oil [32] with density� = 1000 kg/m3 and viscosity � = 10� 3

m2/s. Hence all other parameters can be calculated using the unit conversion
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scheme shown in [31], e.g. for the time scale:

� p = � l
�x 2

�t
=) �t =

� l

� p
�x 2; (3.14)

where� l is the viscosity in numerical units, and� p in physical units.

parameter numerical units physical units

� 1 1000 kg/m3

� 1/6 10� 3 m2/s

�x 1 0.1 mm

�t 1 1:7 � 10� 6 s

� er 1 0.017 s/m

� c 2.8 �10� 3 9689 Pa

Table 3.1: This table shows an example conversion from numerical to phys-

ical units. The �rst three parameters (�; �; �x ) were set to match the 
uid

properties of a heavy crude oil and a porous structure of pore size 1.4mm,

the other parameters (�t; � er ; � c) can be calculated from the �rst three as

shown in Eq. (3.14).

Note that � er and � c are di�cult to match with experimental data, since

they depend highly on the material and the formation of the porous medium.

For instance, while the erosion coe�cient is close to values reported by

Bonelli et al. [10], the erosion threshold is almost two orders of magnitude

higher.

3.3.8 Boundary interpolation scheme

The commonly used no-slip boundary condition in LBM is imposed by the

bounce-back method, which puts the boundary either on lattice nodes (on-

site bounce-back) or in the middle of two lattice nodes (half-way bounce-

back). In order to allow for boundaries that are more generic and do not

lie on points restricted by the lattice one has to modify the bounce-back

method. There are several interpolation schemes to account for generic
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boundaries. Two of the most widely used schemes are from Bouzidi et al.

[23] and Filippova et al. [22]. The interpolation scheme from Filippova was

improved by Mei et al. [24] to allow for lower viscosity. We implemented

both methods and compared them simulating the Poiseuille 
ow through

a pipe of radiusR. The analytical solution for the velocity pro�le of the

Poiseuille 
ow is as follows:

u(r ) =
� P

4��L
(R2 � r 2);

wherer is the distance to the center of the pipe,R is the radius of the pipe,

with a 
uid driven by a pressure drop � P over lengthL. For a force driven


uid the pressure drop can be substituted by the driving force, �P=L !

F . For simulating the Poiseuille 
ow, we set the mass �eld to zero inside

m(r < R ) = 0 and outside to one m(r > R ) = 1. For interface cells

the mass depends on the distance to the centerm(r ' R) = 1 � (R � r ).

Here we switch o� the erosion and deposition of solid material. The 
uid

is driven by a constant force in the direction of the pipe and we employ

periodic boundary conditions at the inlet and outlet, hence only a one layer

cross-section of the pipe has to be stored. The two-norm of the error of the

stationary 
ow �eld ~u, as de�ned in section 3.3.9.1, was compared for the

two interpolation schemes and the half-way bounce back (see �gure 3.1).

It was found that both interpolation schemes show very similar accuracy

(second order) and are indeed superior to the classical half-way bounce back

scheme (�rst order).

These interpolation schemes can also be used together with the TRT

collision operator and we observe that there is no considerable di�erence in

accuracy when compared with BGK (see �gure 3.1). For stability reasons

we settled on using the interpolation by Mei for our model.

3.3.9 Validation

To verify that our model for erosion and deposition is working properly a

setup is used where the 
ow �eld, the WSS, and hence also the surface

evolution can be calculated analytically. For this purpose we consider pipe
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Figure 3.1: Poiseuille 
ow through a pipe with a given driving force 10� 6

and T = 0:6 (in lattice units). The two-norm of the error E(u) (see section

3.3.9.1) of the 
ow �eld for the Bouzidi and the Mei interpolation schemes

and the half-way bounce back, combined with the BGK or the TRT (denoted

by TRT) collision operator, are compared. The interpolation schemes show

similar accuracy and scale better than the simple bounce back.
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ow where the 
uid is described by Poiseuille 
ow. The setup used for the

simulations is the same as already described in section 3.3.8, except that

now the interface cells and hence also the surface evolve according to the

erosion and deposition laws as described in section 3.2.2.

3.3.9.1 Error measurement

To measure the di�erence between an analytic velocity �eld~utheory and a

numerical computed �eld ~usim a measure for the error must be de�ned. It

is common practice to use the two-norm of the di�erence:

E(u) :=

vu
u
u
u
t

P

~x

�
~usim (~x) � ~utheory (~x)

	 2

P

~x
~u2

theory (~x)
;

where the sum runs over all nodes in the 
uid domain. This measure allows

to evaluate the accuracy of a 
uid dynamics computation (see �gure 3.1).

3.3.9.2 Validating erosion: Erosion of a pipe

To measure the erodibility of cohesive soils the hole erosion is commonly

used (see e.g. Ref. [33]). In this test water is 
owed through a soil pipe

under constant pressure drop and the soil is eroded and thus the pipe grows

in width. Bonelli et al. [10] developed an analytical theory to predict the

evolution of the pipe given speci�c properties of the soil and 
uid. They

found a scaling law for the evolution of the radius that depends on the

pressure � P driving the 
uid, the critical shear stress � c and the erosion

coe�cient � er :

R(t)
R0

= 1 +
�

1 �
� c

� P

� �
exp

�
t

ter

�
� 1

�
; (3.15)

the erosion time ister = � gL=� P � er with the density � g of the erodible soil.

We use the same setup except that instead of a pressure di�erence driving

the 
uid we introduce a constant driving forcej ~F j � � P=L in the direction

of the pipe. The force is implemented for the BGK as derived by Guo et al.
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[34] and for the TRT as described by Seta et al. [35]. The pipe erosion law

derived by Bonelli shows good compliance with hole erosion experiments

and is analytically exact for slow erosion. The wall shear stress depends

only on the driving force and pipe radius:� w = j ~F j � R(t)=2. For low erosion

coe�cients our simulations show excellent agreement with the erosion scaling

law as can be seen in �gure 3.2. The 
ow is quasi-steady and for all times

close to the analytical Poiseuille pro�le. However as the erosion rate increases

with larger pipe radius the condition of slow erosion breaks down at some

point. We can observe in �gure 3.3 that for low erosion coe�cients (� er !

0) the simulated erosion of the pipe is close to the theoretical scaling but

deviates for higher erosion coe�cients.

3.3.9.3 Validating deposition: Clogging of a pipe

To verify that our model also works properly for deposition, we start with

an initial steady Poiseuille 
ow through a pipe, set a constant particle con-

centration and set the deposition threshold above the wall shear stress. For

Poiseuille 
ow we know that the WSS is� w = j ~F j � R(t)=2 and the deposition

law is given by _m = ( � dep � � w) � C � � dep. Thus we can derive a di�erential

equation for the radius:

_R(t) = � depC
�

j ~F jR(t)
2

� � dep

�
;

which is solved by the exponential function:

R(t) =

 

R0 �
2� c

j ~F j

!

exp
�

j ~F j� depC
2

t
�

+
2� dep

j ~F j
; (3.16)

where we assume a constant concentrationC over time.

In �gure 3.4 we see that the simulations are in good agreement with the

analytic prediction, however this prediction is only valid for slow deposition

where the 
ow �eld is quasi-steady and therefore close to the Poisseuille

pro�le at all times.

27



CHAPTER 3. CHANNELIZATION IN POROUS MEDIA

Figure 3.2: Pipe erosion for di�erent erosion coe�cients. Initial pipe radius

is R(0) = 60 (in lattice units), the erosion was started after a steady 
ux

� =
R


 �u was reached ((�(t +1) � �( t))=�( t) < 10� 10). The time is rescaled

by the erosion coe�cient � er . A relaxation time T = 0:6 was used, the

erosion threshold is zero,� er = 0, and the driving force is 10� 6 (in numerical

units). The theoretical curve (blue line) is given by equation (3.15).
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Figure 3.3: Convergence of the erosion time for small erosion coe�cients.

The plot shows the di�erence between the measured erosion time and the

theoretical oneter =t�er . The setup is the same as in the simulations shown

in �gure 3.2, only the erosion coe�cients are di�erent. We see that the

boundary interpolation scheme improves the accuracy of the erosion time

ter . The theoretical erosion time ist �
er = � g=� er j ~F j, denoted by the dashed

line. The erosion timeter is measured by �tting the measured pipe radii (see

�gure 3.2) to the analytic equation (3.15).
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Figure 3.4: A pipe with initial radius 60 (lattice units) is clogged by the

matter suspended within the 
uid, the deposition threshold is set to� dep =

8� 10� 5, the relaxation time is T = 0:6, the driving force 10� 6 (in numerical

units) and the concentration to C = 1. The smaller the radius becomes,

the lower is the WSS and the deposition will attain a linear behavior _m !

(� dep) � C � � dep. The theoretical expression is given by equation 3.16.
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3.4 Results

Our model is now applied to simulate erosion and deposition in a soft porous

medium, by soft we mean that all solid matter within the simulation is erodi-

ble. For these simulations we use two basic setups, the �rst is to impose a

constant pressure drop between the inlet and outlet, and the second en-

forces a constant 
ux at the inlet. For both setups the 
uid driving forces

are assumed to be much stronger than gravitational forces and therefore the

latter is neglected. The 
ux is imposed using inlet boundary conditions as

described by Kuzmin et al. [36]. Due to computational power restrictions

it is challenging to simulate a porous medium of the same size as occurring

in nature or in experiments. To minimize the �nite size e�ects we employ

periodic boundary conditions at the walls. The porous medium consists of

randomly placed spheres (of radius 7.1 grid points), if a sphere is cut by a

wall, it will continue on the opposite side of the wall. E�ectively this setup

is equivalent to a porous medium with recurring pattern and in�nite width.

Spheres can also overlap and are placed until a porosity of 0.5 is reached.

The inlet and outlet regions (z < 20 andz > 120 cells, respectively) are kept

free of solid matter. The dimensions of the simulation box are 100� 100� 140

(xyz, where z is the 
ow direction). The particle concentration is �xed to

C = 0:1 at the inlet, however it changes within the porous medium due to

deposition and erosion. Since we are interested in laminar 
ow; and higher

relaxation time parameters achieve faster convergence to stationary states;

the relaxation times are set toT = Ts = 1 for all following simulations. For

both setups we �rst use a sharp transition between deposition and erosion,

i.e. � er = � dep.

3.4.1 Constant pressure drop

For a constant pressure drop we �nd that there is a critical value for the

erosion/deposition threshold (see �gure 3.5). When the threshold is set be-

low this critical value, the porous medium will completely erode and the


ux will diverge. On the other hand, if it is set above the critical value

31



CHAPTER 3. CHANNELIZATION IN POROUS MEDIA

the porous medium clogs completely and the 
ux goes to zero. We also

see that the total time, until a �nal state is reached, increases when we go

from eroded to clogged �nal states (see �gure 3.5). The reason behind this

is simple, clogging will reduce the 
ow and slow down the process, whereas

erosion increases the 
ux and thus is a diverging process. The total mass of

a clogged medium increases for low thresholds, but only slightly (see �gure

3.5), this is due to a slower clogging process, which allows to �ll up more

pores with solid matter. The time it takes for the system to reach its �nal

state grows the closer the threshold is to the critical one. However, before

the porous medium is completely eroded or clogged, we see the formation

of channels within the porous structure (see �gure 3.6). The size of the

largest channel formed will decide whether the medium will end up eroded

or clogged, as already seen in the veri�cation examples (section 3.3.9), a

pipe and analogously also a channel with a constant pressure drop will al-

ways continue to clog or erode (see section 3.4.2). The critical threshold is

however not generic, it depends not only on external parameters but also on

the initial porosity and on the speci�c inner structure of the porous medium.

For example, it increases for higher pressure drop or larger pores, because

the occurring shear also increases. As will be seen in the next application,

there is in theory a critical pipe radius for which there is neither erosion nor

deposition, however such a con�guration is very unstable and even small


uctuations in the 
ux or shape will lead to an outcome of complete ero-

sion or clogging (see section 3.4.2). Therefore we can conclude that when

considering a sharp transition between erosion and deposition, there are no

con�gurations for constant pressure drops that lead to steady non-trivial

structures.

3.4.2 Constant pressure drop channel instability

For Poiseuille 
ow through a pipe the wall shear stress is given by:

� =
� P
L

R
2
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Figure 3.5: A porous medium with initial porosity 0:5 is evolved by a 
uid

that is driven by a relative pressure drop of 0:02. The inlet solute concen-

tration is 0:1, the coe�cients � dep = 102, � er = 10 and T = Ts = 1:0.

We measure the time until there is no more deposition or erosion and the

total mass of erodible matter contained in the �nal structure. The critical

threshold (dashed vertical line) is at 2:803� 0:002� 10� 4. Below the criti-

cal threshold, the medium ends up completely eroded, there is no more solid

mass in the simulation; above, it ends up clogged. The size of the simulation

box is 100� 100� 140, where the inlet and outlet (each a length of 20 cells) are

constrained from deposition to avoid changing the inlet boundary conditions

of the 
uid. While speci�c numbers for time and total mass change with the

system size, the two regimes of clogging and complete erosion remain.
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Figure 3.6: Snapshots of the evolution of the porous medium for constant

pressure drop and the shear threshold� c = 2:8 � 10� 4 just below the critical

value (see �gure 3.5). The solid domain is shown in solid gray, the 
uid in

transparent color; low velocity 
uid is shown in light blue, medium velocity in

green, and high velocity in red. In this case the medium ends up completely

eroded. Snapshot I (t = 1) shows the initial stage, II (t = 3 � 105) shows

when discrete channels are formed, and at stage III (t = 4:5 � 105) we see

that smaller channels vanish while the biggest one grows.

The critical radius for which there is neither erosion nor deposition would be

Rc = 2� cL=(� P). However, for a sharp transition between erosion and de-

position (� c = � er = � dep) a small 
uctuation in radius or pressure di�erence

will lead to complete erosion or complete clogging:

R > R c ) � (R) > � c ) _m < 0 ) _R > 0 (3.17)

R < R c ) � (R) < � c ) _m > 0 ) _R < 0 (3.18)

These equations illustrate why a channel is unstable under constant pressure

drop (see section 3.4.1).

3.4.3 Constant 
ux

Contrary to the constant pressure drop, a constant 
ux leads to a �nal state

of the porous medium with stable channels. For the case of a sharp transition

from deposition to erosion (� dep = � er ) the medium ends up having only one
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Figure 3.7: Steady one channel state after erosion and deposition for a

threshold � c = 5 � 10� 5. The 
ow direction is annotated by the (red) ar-

row. At the inlet the shape is more squared and wider, further inside the

channel narrows and its shape more closely resembles a circular pipe.

channel. As can be expected due to symmetry reasons it closely resembles a

pipe, as the pipe is the only channel form that has a uniform constant WSS

for steady 
ow. The 
ow then also closely resembles Poiseuille 
ow, the

di�erence to a perfect pipe stems from the fact that the inlet and outlet are

not a pipe but rectangular by construction and so disturb the form slightly,

see �gure 3.7 as an example.

We have found that the pipe is a bit wider at the inlet and then narrows

slightly towards the outlet.
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The pipe radius was measured in the middle of the simulation box (z =

70), which is of the same size as for the constant pressure drop simulations

(100� 100� 140). For Poiseuille 
ow we know that the relation between

radius and 
ux is given by � = ( �= 8� )(� P=L) � R4 and the WSS by� =

(� P=L)(R=2), from which we can �nd the critical radius

Rc =
�

4� �
�� c

� 1
3

: (3.19)

The critical WSS � c is the same as the erosion and deposition threshold

� c = � er = � dep. The formula for the critical radius shows that the radius

depends on the imposed 
ux �, the dynamic viscosity � (= �� ) and the

shear threshold� c and we can show that a pipe with this radius is indeed

stable (see section 3.4.4). We compare the measured radius of the channel

with the expected radius and �nd that they are in very good agreement (see

�gure 3.8). Theoretically, having two or more pipes with the same radius

could also be a steady con�guration, it would however only be meta-stable,

small 
uctuations would result in clogging one pipe and widening the other

(see section 3.4.5).

3.4.4 Constant 
ux channel stability

For a Poiseuille 
ow through a pipe with constant 
ux, the 
ux is determined

by � = ( �= 8� )(� P=L)R4, and the shear by� = (� P=L)(R=2). Thus, we

can derive an equation for the shear depending on the 
ux:

� (R) =
4� �
�R 3

:

From this it is easy to see that the pipe with critical radiusRc is stable, for

a sharp transition from erosion to deposition (� c = � er = � dep) :

R > R c ) � (R) < � c ) _m > 0 ) _R < 0 (3.20)

R < R c ) � (R) > � c ) _m < 0 ) _R > 0 (3.21)

These equations show that for the same 
ux a larger pipe will result in

lower 
ow velocity and thus in a lower shear, which results in deposition;
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Figure 3.8: At the inlet a constant 
ux � = 10 with constant velocity

u = 0:001 is imposed, the inlet solute concentration is set to 0.1 and the

relaxation parameters to one,T = Ts = 1. The erosion and deposition

coe�cients are the same as in the previous setup (�g. 3.5). The radius

of the channel is measured in the middle of the simulation box (z = 70),

the expected radii are calculated from equation 3.19. The system has to be

larger than the diameter of the pipe, otherwise additional boundary e�ects

will occur.

and vice versa for pipes with radii smaller than the critical one. This is the

reason why a constant 
ux will always form one stable channel (see �gure

3.8).

3.4.5 Stability analysis for a two channel state

A �nal state with two (or more) pipes is theoretically possible for sharp

transitions (� c = � er = � dep) and would yield a critical radius of

Rc;2 =
�

2� �
� c�

� 1
3

;

where we assume the pipes lie far apart and hence assume a Poiseuille pro-

�le for both 
ows. This is stable for perturbations that are symmetrically
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occurring for both pipes. However a perturbation of just one pipe will widen

one and clog the other pipe. Assume there is a perturbation of 
ux and the


ux in one channel increases by� �, since the total 
ux is constant, the 
ux

in the other channel decreases by the same amount. The WSS in the �rst

channel now increases:

� 1 !
2� (� + � �)

�R c;2
> � c;

thus the �rst channel will start to erode and the second will clog until it

vanishes. Even though this is only a sketch it shows that con�gurations

with two (or more) channels are unstable.

3.4.6 Constant 
ux and gap

After �nding the steady state solutions for a sharp transition we now study

a system with a gap between deposition and erosion. This means that there

is a range of WSS for which matter is neither removed nor attached. For

small gaps we found that the �nal con�guration still features one channel

(see �gure 3.9), which however deviates more and more from a perfect pipe,

the wider the gap, its form depending on the original porous structure. For

even larger gaps we found that there are steady states with more than one

channel, the number of channels depends not only on the gap but also on

the 
ux and the size of the simulation box. The smaller the pipe formed

by erosion/deposition without a gap, the more channels can be expected for

a �nal state with gap. We can also see in �gure 3.9 that the permeability

monotonously decreases for increasing gap until there is a minimum, which

is also where many distinct channels are formed. The permeability increases

again when going to even larger gaps which leads to �nal structures that

do not show distinguishable channels but depend strongly on the original

porous structure. For very large gaps there is neither erosion nor deposition

and the porous structure is static, in the setup of �gure 3.9 this is the case for

gaps larger than 8�10� 3. Note that � = 0 corresponds to the solution shown

in �gure 3.8, while changing� c or the system size changes the permeability

and the number of channels; it also limits the range of �; the qualitative
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behavior is the same as long as� c is such that both erosion and deposition

are active. The �nal state depends strongly on the local deposition and

erosion, the stronger the 
ow changes the porous structure, the less the

�nal state depends on the original structure. Although the gap in this case

cannot be adjusted, the �nal structure can be in
uenced by adjusting the


ow velocity and hence the shear within the porous medium. Mahadevan

et al. [16] concluded that channelization can arise due to the preferential

erosion induced by the 
ow. As channelization cannot progress further when

there is only one channel left we showed that this e�ect is stronger the smaller

the di�erence between deposition and erosion thresholds.

3.5 Conclusion

We have found that erosion and deposition within porous media always lead

to channelization. However stable channels for any material can only be

expected if the 
uid features a constant 
ux. For a 
uid driven by constant

pressure drop, the �nal con�guration is either completely clogged or com-

pletely eroded. On the other hand a constant 
ux will always leave at least

one stable channel. This statement is also supported by the experimental

�ndings of Alem et al. [20], they tested deposition in a �lter, and found

only completely clogged �nal states for constant pressure drop, but steady

state con�gurations for constant 
ux. We also showed that the �nal state

of a porous medium altered by erosion and deposition crucially depends on

the balance between the two e�ects and a circular pipe is formed when the

transition is sharp. While speci�c values such as permeability or number of

channels change with the system size; and the threshold for erosion and de-

position; the qualitative behavior remains the same. Our numerical �ndings

may help to better understand and mitigate internal erosion in embankment

dams [37] and also in naturally occurring 
ows through porous media. In

our model gravity is not considered, if gravitational forces are not negligible,

buoyancy and sedimentation of suspended particles play a role, hydrostatic

pressure increases towards the lower part of the 
uid and also the rate of
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Figure 3.9: Starting from the simulation shown in �gure 3.8 with the thresh-

old � c = 4 � 10� 4 we introduce and increase a gap � between the deposition

� dep = � c� �
2 and the erosion threshold� er = � c+ �

2 . In addition to measuring

the �nal permeability, the number of channels was counted at the inlet and

the outlet. For each gap, we made simulations for four random porous media

made of solid spheres (with radius 7.1 grid points) with di�erent seeds for

the random number generator (for the placement of the spheres). The �rst

range (I) includes �nal states with only one channel, in the second range (II)

there are multiple channels and bifurcations. In the third range (III) chan-

nels are not distinguishable anymore, but the medium is a porous structure

that depends strongly on the original structure.

deposition changes [38]. To study these e�ects in the future, it is possible to

incorporate gravitational forces into our model by adding an external force

to the 
uid dynamics equations and by making the deposition dependent on

particle density.
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I II III

Figure 3.10: Snapshots of the �nal state of the solid structure after erosion

and deposition for di�erent gaps � between erosion and deposition thresh-

olds. These snapshots show examples for the three di�erent regions painted

in �gure 3.9. The �rst snapshot (I) corresponds to a gap of � = 4 � 10� 4,

the second (II) to � = 5 :4 � 10� 4 and the third (III) to � = 7 � 10� 4.

While our model allows to simulate erosion and deposition for a variety of


uids and materials, it cannot capture other interesting phenomena in 
ows

through porous media such as decompaction and 
uidization [18]. However,

extensions of the model to study these e�ects can be a subject of future

research.
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Chapter 4

The Mechanism behind Erosive

Bursts

This chapter is reprinted with minor editing from R. J•ager, M. Mendoza, H.

J. Herrmann: \Mechanism behind Erosive Bursts in Porous Media", Phys.

Rev. Lett. 119, 124501 (2017), Ref. [39]. Copyright (2017) by the American

Physical Society.

Bianchi et al. [1] found in deep �ltration experiments that under cer-

tain conditions deposition is countered by events of erosive bursts where

previously increased pressure loss through the �lter decreases suddenly in a

jump. Using our model presented in chapter 3 and changing the structure

such that there is a static porous structure and only deposited matter can

be eroded we tried to reproduce the experimental results. However we found

that using a model based on shear erosion alone cannot explain the erosive

bursts in deep bed �lters. Thus we investigated whether another mechanism

of erosion could be responsible for these bursts. In this chapter the resulting

model and �ndings that were published in Ref. [39] are presented.
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4.1 Introduction

Erosion and deposition during 
ow through porous media can lead to large

erosive bursts that manifest as jumps in permeability and pressure loss.

Here we reveal that the cause of these bursts is the re-opening of clogged

pores when the pressure di�erence between two opposite sites of the pore

surpasses a certain threshold. We perform numerical simulations of 
ow

through porous media and compare our predictions to experimental results,

recovering with excellent agreement shape and power-law distribution of

pressure loss jumps, and the behavior of the permeability jumps as func-

tion of particle concentration. Furthermore, we �nd that erosive bursts only

occur for pressure gradient thresholds within the range of two critical val-

ues, independent on how the 
ow is driven. Our �ndings provide a better

understanding of sudden sand production in oil wells and breakthrough in

�ltration.

Erosion and deposition give rise to a plurality of applications and phe-

nomena: Filtration in industrial processes, internal erosion in dams [19],

and braided rivers [40], to name but a few. Some of these phenomena have

grave economical and monetary impact such as the performance reduction

in water treatment �lters or the sand production in oil wells [41]. While

it is well known that changes in 
ow conditions or internal structure can

lead to erosion in �lters [42, 43, 44, 20], only recently Bianchi et al. [1]

conducted experiments to study the appearance of erosive bursts in porous

media, �nding that the resulting jumps in pressure loss follow a power-law

distribution. In these experiments suspensions of deionized water carrying

50�m quartz particles are pushed with a peristaltic pump through a �lter

made of 1 mm glass beads measuring simultaneously pressure drop, 
ux and

particle concentration.

Similar behavior has been observed in the past in di�erent experiments.

Fluctuations in the permeability were found in acidic 
ow experiments through

porous rocks, where dissolution and precipitation alter the porous structure

[45, 46, 47]. Sahimi et al. [48] also measured such 
uctuations in fractured

carbonate oil reservoirs. They proposed that either dissolution or hydrody-
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namic forces are responsible for the increase in permeability. Nevertheless,

the internal mechanism responsible for the power-law distribution of erosive

bursts is still unclear. Here, we address this issue by analyzing the erosive

process at pore scale employing advanced numerical techniques.

Numerical models have been already used extensively to study erosion

and deposition in porous media. For instance, Mahadevan et al. [16] intro-

duced a model that shows how 
ow induces channelization in porous media.

Kudrolli et al. [17] found that the porous medium evolves into a con�g-

uration that minimizes erosion. Bonelli et al. [49] introduced a model to

describe su�usion.

Yamamoto et al. [50] solved numerically the convection-di�usion equa-

tion using the lattice Boltzmann Method (LBM) simulating the 
ow of soot

suspended in exhaust gas. Soot particles in contact with the �lters' surface

are deposited with a given probabilityPD . Using an X-ray tomography (CT)

scan of a diesel particulate �lter they reproduced the deposition of soot and

the increased pressure drop inside the �lter. However, to the best of our

knowledge, there are no models able to describe erosive bursts in porous

media.

Based on the work of Yamamoto et al. [50], we proposed an extended

model [5] that allowed us to study erosion due to shear force, showing that

static channels can form but no re-opening of clogged channels was observed.

This model was not able to reproduce the erosive bursts found in Bianchi's

experiments [1], and therefore, another mechanism for erosion must be act-

ing. We introduce here an additional erosive mechanism where deposited

matter is eroded if a critical pressure gradient is exceeded, which can lead

to the unclogging of jammed channels. This is motivated by the fact that

high hydraulic pressure leads to 
uidization in granular matter, which after

a decompaction phase can develop �nger-like channels [18]. In this letter,

we show that this new ingredient is able to reproduce erosive bursts found in

deep �ltration, including its power-law behavior. Furthermore we study the

conditions under which erosive bursts occur and �nd phases where bursts

are predominant and others where they are not observed. This happens
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Figure 4.1: Setup for simulations imposing constant 
ux in thez-direction,

grey is the non-erodible initial porous matrix, brown is deposited matter

and other colors indicate the magnitude of the 
ow velocityj~uj of the 
uid,

where blue denotes low, and red high speeds.
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whether the 
ow through the porous medium features a constant 
ux or a

constant pressure loss. The evolution of the porous structure, consisting of

the �lter and the deposited matter, can be compared to the evolution of

braided rivers [40], while some channels clog or change shape, others will

unclog through erosion.

4.2 Model description

In our model, the 
ow is governed by the Navier-Stokes equations and the

suspended particles are described by their particle concentration following

the convection-di�usion equation [5]:

@C
@t

+ r � (C~u) = r � (Dr C); (4.1)

where C is the particle concentration,~u is the 
uid velocity and D is the

di�usion coe�cient. Here we will consider D to be equal to the kinematic

viscosity and hence the Schmidt number isSc= �=D = 1. While that may

be much lower than for common 
uids, we have found that the qualitative

behavior does not change for higher Schmidt numbers (Sc � 100, see Sec.

4.4). To solve the Navier-Stokes and the convection-di�usion equations we

employ a lattice Boltzmann method [26, 15, 50, 5]. The 
uid solver yields


ow properties, such as the velocity~u or hydraulic pressureP on lattice

sites.

Shear erosion occurs when the shear stress exerted by the 
uid overcomes

the cohesive strength of solid matter [49]. Our previous model [5] only in-

corporated such a shear dependent erosion and was motivated by the work

of Yamamoto et al. [50]. Shear erosion is proportional to the di�erence

between the wall shear stress� w and a threshold for shear erosion� c [51]:

_m = � � er (� w � � c), where _m is the eroded mass per area and time, and the

threshold � c and the coe�cient � er depend on the speci�c composition of

the solid matter and the 
uid. We introduce here another erosive mecha-

nism besides the wall shear stress. This erosion occurs when the hydraulic

pressure gradient acting on deposited matter exceeds a certain threshold
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jPa � Pbj=Lab > � c, where Pa and Pb are the hydraulic pressure acting on

deposited matter between two opposite pointsa and b, Lab is the distance

betweena and b, and � c is a material speci�c positive constant. The hy-

draulic pressurePa =
P

�;� � �� n� n� is calculated from the momentum 
ux

tensor � �� = P � �� + �u � u� � � �� [52] and the unitary vector~n normal to

the solid surface at pointa (details are shown in section 4.4).

While the erosion due to wall shear stress is a continuous process grinding

away matter at the surface, the hydraulic pressure induces erosion that sud-

denly removes large pieces of deposits from the static matrix. We model this

detachment by dissolving the deposited matter layer by layer into the 
uid


owing through the porous matrix while locally increasing the concentration

of suspended particles. After the erosion of the �rst layer the pressure on

the new surface is similar to the pressure before, but the distance is shorter,

thus ful�lling automatically for the next layer the condition for erosion. The

erosion continues through the deposited material until a channel opens and

the hydraulic pressure equalizes. Solid matter is represented by a mass in-

dex (0 � m � 1) on the same lattice which we use to identify the interface

between solid and 
uid. The hydraulic pressure is measured for all interface

cells and the maximum gradient determined. When the criterion for erosion

is ful�lled deposited matter in the cells is dissolved.

For channel 
ow the wall shear stress is proportional to the 
ux, hence

increasing the 
ux or decreasing the wall shear threshold has the same e�ect.

We write the critical wall shear threshold in dimensionless units by dividing

by a characteristic shear, the same can be done for the threshold of the

hydraulic pressure induced erosion� c:

Tc =
� cl �

��u �
; F c =

� cl �

�u � 2
; (4.2)

where l � is a characteristic length,� the 
uid density, � the kinematic

viscosity and u� the characteristic speed. The characteristic speed is 
ux

divided by the cross area 
 of the porous system, the density� and the

porosity � : u� = � =
 �� .

To test our model, we perform numerical simulations, with a setup similar
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to �ltration experiments [43, 20, 1]. The �lter consists of a porous matrix

of non-erodible matter (see Fig. 4.1). This porous matrix is static and

presents an upper bound for the permeability. The simulation box is a

rectangular lattice of size 100� 100� 140 (xyz), where inlet (z < 20) and

outlet (z > 120) are kept free from solid matter and the length of the

porous matrix isL = 100. The porous matrix is built from randomly placed

spheres with diameterl � = 14:1 lattice cells. They can overlap and are

placed in the simulation box until a porosity of � � 0:5 is reached. The

outlet (z = 1:4L) has open boundary conditions and transverse directions

(x; y = f 0; Lg) have periodic boundaries. Just as in �ltration experiments a


uid carrying particles 
ows through the �lter and some particles can deposit

onto the solid matrix. We impose either a constant 
ux or constant pressure

loss through the porous medium and at the inlet the particle concentration

is kept constant.

4.3 Results

First we study the evolution of the �lter when a constant 
ux with Reynolds

number Re = u� l � =� = 0:17 is imposed. Each simulation starts with a clean

porous matrix which does not contain erodible matter. The 
uid carrying

suspended particles (constant concentration at the inletC0 = 10% of to-

tal volume) is then pushed through the porous structure and deposition of

particles leads to a decrease in permeability. While the permeability de-

creases, the macroscopic 
uid pressure measured between the in- and outlet

(P = Pin � Pout ) of the porous structure keeps increasing. The hydraulic

pressure gradient can increase even more on a local scale, which also in-

creases the force acting on deposited material. When this force is high

enough deposited matter detaches suddenly, i.e. much faster than deposi-

tion and shear erosion alter the surface. We indeed �nd that the macroscopic

pressure during an erosive burst jumps and its decay (see inset in Fig. 4.2)

is very similar to the one reported in experiments [1]. Furthermore we �nd

that the size distribution of these jumps follows a power-law with an expo-
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Figure 4.2: Histograms of the size of pressure jumps of experimental [1]

and simulation data. The jumps are rescaled by the average jump height

(� P̂i = � Pi =� �P). The slope of the histogram indicated by the blue line

was found to be� 2:0� 0:1. The inset shows an example of a typical jump in

the experimental (red dashed line) and the simulation data (green line), the

x-, and y-axis are dimensionless pressure (P̂ = P=� P) and time (t̂ = t=� t,

� t is the duration of the jump).
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nent � sim = 2:0 � 0:1 (see Fig. 4.2), which agrees within error bars with the

exponent found by experiments� exp = 1:88� 0:09 ([1]). This slope does not

depend on the inlet 
ow speed and hence the Reynolds number (see Sec.

4.4). Thus our simulation adequately describes the erosive bursts occurring

in deep �ltration experiments, and the erosive mechanism due to hydraulic

pressure is apparently responsible for the experimentally observed bursts.

Bianchi et al. [1] found that there is a minimum concentration required

for erosive bursts to appear. This is also con�rmed by our simulations. In

Fig. 4.3, we observe that the bursts start to appear for concentrations around

C � 1%. Furthermore, in the experiments the presence of three di�erent

phases was reported: for low concentration, erosive bursts do not appear

and no clogging is present; for intermediate particle concentrations, there

are erosive bursts but no subsequent clogging; and for high concentrations,

erosive bursts occur and the porous medium eventually clogs. We �nd the

same qualitative behavior as in the experiments (see Fig. 4.3), where the

constant 
ux is only imposed up to a maximum pressure loss (see Sec. 4.4

for details). Furthermore, we also found that the frequency of the bursts

increases linearly with the concentration (see Sec. 4.4).

Additionally we found that depending onTc jumps occur only within a

certain range ofF c (see Fig. 4.4). WhenF c is below this range there is no

clogging of pores and hence no erosive bursts. For high values ofF c there is

no erosion due to hydraulic pressure. Thus we �nd three phases separated

by two critical values of F c.

We also studied deposition and erosion for constant pressure lossP =

Pin � Pout imposed between in- and outlet, instead of constant 
ux. Here we

de�ne the characteristic speed asu� = K 0P=��L� , where K 0 is the initial

permeability and L is the length of the porous matrix. As opposed to the

case of constant 
ux, in this case the porous medium can completely clog

and there are no 
uctuations in the pressure loss. However sudden erosive

events can still occur, because the local pressure di�erence can vary when

matter is deposited. We set the threshold for shear erosionTc such that the

porous medium would completely clog, if channels could not reopen. For very
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Figure 4.3: The average relative jump in permeability< � K > =K 0, where

K 0 is the initial permeability. In the �rst regime (I) there are no jumps in

permeability, in the second (II) there are jumps, and in the third (III) there

are jumps but the porous medium eventually clogs.
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Figure 4.4: The average jump size< � P > normalized by the average

pressure �P is shown for di�erent values ofF c and Tc. While for low values

(I) and high values ofF c (III) there are no jumps, for an intermediate range

(II) there are substantial jumps.
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high thresholdF c the local pressure di�erence is never high enough to lead to

reopening (see Fig. 4.5), and for very lowF c any matter obstructing the 
ow

will immediately detach. Here, we found again that for an intermediate range

of F c there is a intermittent regime where sudden erosive bursts are observed

and the permeability 
uctuates strongly. We found that the transition from

the open phase to the clogged phase looks similar for di�erentTc, and when

we rescaleF c as follows:

F c !
F c

Tc
/

1
P

� c

� c
; (4.3)

the measured permeabilities collapse (see Fig. 4.5), showing that the transi-

tion is only dependent on the ratio of the thresholds of the two erosive mech-

anisms. Sampaio et al. [53] developed an analogous model for an electric

system, where a network of fuse-antifuse devices under a constant potential

drop exhibit di�erent phases: metallic, intermittent and insulating. Hence

even though the operating conditions di�er widely from imposing constant


ux, here also three distinct regimes are found where only the middle range

features conductive jumps and hence bursts in current, as can be seen in the

inset of �gure 4.5.

Our study shows that it is the re-opening of channels induced by hy-

draulic pressure that leads to the erosive bursts found in deep �ltration

experiments. We found that depending on material strength and 
ow con-

ditions erosive bursts only occur for a certain range of thresholds for pressure

induced erosion. We were able to reproduce the power-law behavior of pres-

sure loss jumps found experimentally when erosive bursts occur in porous

media. Furthermore we found that the power-law found by Bianchi et al.

[1] is universal in the sense that the exponent does not depend on Reynolds

number nor on 
uid properties. For both constant 
ux and constant pressure

loss we found three phases. The �rst phase appears where the strength of

deposited matter against pressure induced erosion is very weak and any de-

posit obstructing 
ow is re-entrained immediately. For intermediate strength

some pressure has to build up to erode deposits, in this phase we can ob-

serve erosive bursts. In a third phase the strength against pressure induced

erosion is too high for it to be a relevant mechanism for erosion and shear
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Figure 4.5: Permeability change for constant pressure loss simulations. The

plot shows the relative permeability after an initial deposition phase (K 0

is the permeability of the initial porous matrix), the error bars show the

minimum/maximum permeability measured after the mean permeability has

converged (there are still 
uctuations due to bursts). For lowF c there is

only slight deposition, as 
ow obstructing deposited matter gets immediately

re-suspended. For highF c the porous medium completely clogs and the

permeability goes to zero. Within an intermediate range the permeability


uctuates around a �nite value and rapid pressure jumps alternate with slow

pressure increase. The inset shows the average relative jump in permeability.

For the open phase (I) and the clogging phase (III) no jumps are observed,

whereas for the transient phase (II) the relative jumps increase in size for

higher F c.
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erosion is predominant. Thus we can conclude that it is not su�cient to

only consider shear induced erosion in the study of erosion in porous media,

but one has also to consider re-opening of channels induced by hydraulic

pressure to be able to reproduce the behavior of erosive bursts and jumps

in permeability in porous media.

Our �ndings help to better understand the erosive mechanisms in deep

�ltration, sudden sand production in oil wells and the evolution of erosion

in dams and dikes. A future endeavor would be to construct experiments

that allow to identify the strength of actual materials against shear and

hydraulic pressure induced erosion and to characterize porous media for

erosive behavior.

4.4 Numerical details and additional results

In this section numerical details are provided of how the hydraulic pressure

exerted on solid boundaries, is calculated. Also several results are shown

which are not the main �ndings of this chapter, but may be of some interest.

4.4.1 Calculating the hydraulic pressure gradient

To calculate the hydraulic pressure acting on a surface the momentum 
ux

tensor � needs to be calculated. In the lattice Boltzmann method (LBM)

this can be done by using the distribution functionsf i and the equilibrium

distribution functions f eq
i :

� �� =
X

i

�
1
2�

f eq
i +

�
1 �

1
2�

�
f i

�
c�

i c�
i ; (4.4)

where~ci are the lattice speed vectors of the LBM and� is the relaxation

time. The normal vector n̂ to the surface is given by the color gradient of

the mass �eld:

n̂(~x) := �

P

i
m(~x + ~ci ) � ~ci

P

i
m(~x + ~ci ) � jj~ci jj 2

: (4.5)
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The solid mass �eldm is a scalar �eld (0 � m � 1) specifying the fraction of

a cell that is solid matter. When depositing or eroding matter (m(~x; t+ �t ) =

m(~x; t) � �m ) the exchanged matter�m is removed respectively added to the

concentration �eld (C(~x; t + �t ) = C(~x; t) � �m ). Note that C is a volume

concentration, giving the volume of solute divided by the total volume. See

reference [5] for the description of the algorithm. Thus while suspended

particles are approximated using the convection-di�usion equation and hence

point-like, they still occupy a volume, the volume of deposit is equal to

Vdeposit = m(~x; t) � �x 3: (4.6)

The hydraulic pressure is then calculated by summing up over all elements:

P =
X

�

X

�

� �� n� n� : (4.7)

This hydraulic pressure is measured on the surface of deposits, after which

the maximum occurring pressure gradient through the deposit is calculated

as follows:

r Pa = max
b

jPa � Pbj
jj~xa � ~xbjj

; (4.8)

wherea and b are two points on opposite sides of a deposit. The calculated

maximum pressure gradientr P is then compared with the threshold for

hydraulic pressure induced erosion� c.

4.4.2 Jump size distributions for di�erent Reynolds

numbers

When increasing the magnitude of the imposed 
ux, the porous matrix clogs

faster and also the pressure loss increases faster. However we found that even

though the size of the pressure loss jumps changes, the power-law behavior

still persists (see Fig. 4.6).
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Figure 4.6: Histogram of pressure loss jumps for di�erent Reynolds numbers.

The slope for the combined measurements is� = 2 � 0:1.
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Figure 4.7: Jump size distributions for di�erent Schmidt numbersSc.

4.4.3 E�ect of Schmidt number on erosive bursts

We found that increasing the Schmidt number leads to faster clogging of the

porous medium and hence a faster increase of the pressure loss. However

the overall behavior is still the same, the pressure loss jumps due to erosive

bursts and the size of these jumps follow a power-law (see Fig. 4.7). The

average jump size increases with increasing Schmidt number.

4.4.4 Boundary conditions reproducing experimental

operating conditions

In order to obtain the three phases observed, a more precise modeling of

the experiment was required. For this purpose we imposed a constant 
ux

until a critical pressure dropPmax , was reached (representing the maximum

pressure handled by the pump), and after that, this pressure drop was kept

constant. In our simulations, we usedPmax = 1:1P0.
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4.4.5 Frequency of erosive bursts as function of con-

centration

Figure 4.8: The frequency of jumps (N number of jumps,T time from �rst to

last jump) is plotted versus the concentrationC for two di�erent porosities

� .

When the minimum concentration to allow erosive bursts is reached the

frequency of jumps increases linearly (see Fig. 4.8) with the concentration.

For very high concentrations (C � 20%) we found deviations from this linear

behavior for � = 0:7.
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Chapter 5

Clogging at Pore Scale and

Pressure Induced Erosion

In this chapter a model to study deposition and erosion of single particles

at microscopic scale is presented to investigate the clogging and erosive pro-

cesses in a pore. We have found that the particle diameter, concentration,

and adhesive forces rule the way particles are deposited, and therefore, char-

acterize the clogging process. Furthermore we study the hydraulic pressure

that induces erosive bursts and conclude that this pressure depends linearly

on the deposited volume and inversely on the pores' diameter. While cohe-

sion does not play an important role for erosive bursts, the adhesion is the

main force initiating clogging and when overcome by the hydraulic pressure,

erosive bursts are triggered. Finally, we show that the magnitude of erosive

bursts depends also on the pore length, particle diameter and pore size.

5.1 Introduction

Erosion in porous media plays an important role in a variety of systems, for

example sand production in oil reservoirs [54, 55] or breakthrough in wa-

ter treatment plants. Bianchi et al. [1, 56] recently discovered that critical

bursts in �lters follow a power-law and studied their statistical properties.

With a theoretical model we investigated these erosive bursts using computer

simulations [39] and found that they occur when the local 
uid pressure over-
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comes the forces keeping deposited matter in place and blocked pathways get

unclogged. In this model we took several simplifying assumptions, namely,

the motion of suspended particles was described by a concentration �eld,

and the deposition rate depended on the concentration at the surface of the

porous matrix. While this model allowed us to study relatively large porous

media, the deposition or erosion of single particles and the e�ect of particle

size or pore size on the erosive behavior are still open questions. To answer

these questions, studies at microscopic scale need to be performed.

While there are already studies of clogging and unclogging of microscopic

channels, both experimental and theoretical, to our knowledge there is none

yet that considers the phenomenon of erosive bursts. For example Sendekie

et al. [57] studied the relation between hydrodynamic conditions and chemi-

cal properties of clogging, Agbanglaet al. [58] studied the e�ect of repulsive

DLVO forces on clogging using numerical simulations that couples computa-

tional 
uid dynamics (CFD) with a discrete element method (DEM). Even

though computationally expensive, coupled CFD-DEM models have become

very popular to tackle a variety of problems. Zhouet al. [55] for example

used such a model to study liquid-induced erosion in weakly bonded sand,

Lomin�e et al. [59] used it to model piping erosion.

Hence we developed a model to investigate the erosive bursts on a smaller

scale, where individual suspended particles are considered. These particles

experience a short range cohesive force that can lead to clustering or 
ocking

and an adhesive force that is responsible for the deposition on a solid surface.

We model a solid pore using voxels that de�ne the 
uid domain boundary

and interact with suspended particles. Our model is based on the one by

Lomin�e et al. and as they do, we use a lattice Boltzmann method (LBM)

to resolve the 
uid 
ow through the pore space and to calculate the 
uid

drag exerted on each suspended particle. We also use a discrete element

method (DEM) and a dash-dot force to calculate the interaction between

particles. However we implemented cohesive forces that can dynamically

attach and detach particles depending on the balance of cohesive and other

forces. The cohesive force has a similar form as proposed by Zhouet al.
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[55], though cohesive bonds can be formed and broken dynamically. Also we

model an adhesive force acting between suspended particles and pore surface.

The interaction between particles and pore surface also features a Coulomb

friction force, that restricts deposited particles form sliding along the surface.

With these ingredients we are not only able to model the deposition and

erosion of single particles or clusters of particles, but also investigate the

dependencies of pore and particle speci�cs on erosive bursts. We have found

that cohesion plays a minor role and the adhesion is the decisive force leading

to erosive bursts. Finally we �nd that the pressure required to initiate an

erosive burst is linearly dependent on the deposition length, which we de�ne

by the deposited volume divided by the pore area. Thus showing that our

previous assumption that a critical pressure gradient has to be overcome to

initiate an erosive burst [39] seems indeed reasonable.

This paper is organized as follows: in section 5.2 the model will be de-

scribed in detail, section 5.3 will show the results and in section 5.4 conclu-

sions will be drawn and an outlook given.

5.2 Model description

The purpose of this study is to simulate erosion and deposition at a mi-

croscopic scale, where individual particles are entrained by a 
uid. These

suspended particles experience a drag force from the 
uid and in turn in-


uence the 
uid via moving boundary conditions. The particles also have

repulsive forces that restricts overlap and short range cohesive forces that

pull them together if two of them are close to each other. Furthermore, there

is a static solid matrix, that represents a pore shape through which the 
uid

is driven, and particles that are close to its surface experience an adhesive

force pulling them towards the surface. A Coulomb friction acts on particles

that are in contact with the pores' surface.

To describe the 
uid and particle dynamics we base our model on the

one proposed by Lomin�eet al. [59], where the lattice Boltzmann method is

used to calculate the 
uid 
ow and a discrete element method is used for
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Figure 5.1: Setup for the simulations, in the inlet region (I) particles are in-

serted until a certain inlet particle concentrationCin � C0 is reached. When

particles leave the outlet region (II) they are disregarded. The particles 
ow

freely through region (III) and reach the pore structure (IV) which in this

case is a simple constriction with the shape of a cylinder.

the particle dynamics. Lomin�e et al. used their model of cohesive particles

and 
uid-particle interactions to research erosion in a granular media. As we

want to study deposition and erosion of particles in a single pore we model

the particles in a similar way but the structure of the pore is static and

described using voxels, such that the interaction between particles and wall is

di�erent from the particle-particle interaction. Furthermore, we incorporate

a simpli�ed cohesive force by introducing a short range force that acts when

particles are close together. The same is done when particles approach a

wall, this adhesive force has the same form but can have a di�erent amplitude

than the cohesive force. Hence we investigate cohesive and adhesive forces
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and their e�ect on deposition and erosion. Note however that we consider

suspended particles which are of micrometer scale and very short range and

weak attractive forces. These can be Van der Waals forces or other attractive

forces, for instance contact friction due to the roughness of particles and pore

surface.

5.2.1 Fluid dynamics

To solve the Navier-Stokes equations we use the lattice Boltzmann method

(LBM) (see [3]). The lattice Boltzmann equation describes the dynamics of

discrete distribution functions f i that discretize 
uid density and velocity

�elds at each point of a lattice:

f i (x + ci ; t + �t ) � f i (x; t) = 
( f ); (5.1)

where 
 is the two-relaxation-time collision operator as shown by Talonet al.

[15]. The 
uid is driven by a constant inlet 
uid velocity implemented as

described in Ref. [60] or by a constant pressure loss between in- and outlet.

To solve the boundary conditions for the LBM more accurately we em-

ploy an interpolation scheme developed by Meiet al. [52] where bounced

back distribution functions are corrected according to the distance and the

velocity uw of the boundary. The hydrodynamic drag force exerted on a

suspended particle is calculated as follows (see Ref. [52, 59]):

Fh =
1
�t

X

i

(2f �
i � 6�! i uw � ci ) ci ; (5.2)

where the sum runs over all distribution functions that are bounced back

from a particle wall whose velocity is denoted byuw . The distribution func-

tions are corrected by the second term in the sum of (5.2), thus the equation

simply sums all momenta exchanged between 
uid nodes and particle. The

LBM takes into account the position and velocity of the particles' wall. To

accomplish this the intersection points of lattice Boltzmann vectors and the

spheres surface has to be determined, this boundary problem is solved as

described in Ref. [61].
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5.2.1.1 Lubrication force

When two particles come very close together, such that there are no 
uid

nodes between them anymore, the hydrodynamic force calculated in Eq.

(5.2) becomes very lopsided as it considers void of 
uid nodes as vacuum.

Therefore we correct the hydrodynamic force acting on a particle in this case

using the lubrication force (see Ref. [62])

Flub = 6���a 2v=h; (5.3)

where v is the relative velocity between particles,h the distance between

them and a = Ri Rj =(Ri + Rj ), where Ri and Rj are the radii of the two

particles. This lubrication force diverges forh ! 0 and is not appropriate

for extremely short separations, thus we introduce a cuto� ath � 0:01R

which can be associated with the roughness of the particles.

5.2.2 Particle dynamics

5.2.2.1 Particle-particle interaction

Particles in our model are simple spheres and the Verlet integration algo-

rithm, standardly used in DEM, is used to calculate their motion. The

particle-particle interactions are described using the dash-dot model [63].

The repulsive force in this model is described by a sti�nesskn which acts as

a spring if two particles overlap and for numerical stability a damping term

is added with damping coe�cient kd:

Fn = kn � + kd
_�; (5.4)

� is the positive overlap. The cohesion is modeled with an additional term

if the distance between particles is very small, smaller than a fraction (h �

0:03(Ri + Rj )) of the radii of involved particles:

Fc = hkc
Ri Rj

Ri + Rj
; (5.5)

whereFc is the cohesive force between two particles denoted byi and j . The

cohesive force depends on the radii of the particles which is motivated by the
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van der Waals forces between two spheres [64]. A similar cohesive force was

used by Zhouet al. [55]. Note that we are only modeling a very simpli�ed

cohesive force of short range whose amplitude can be tuned by changing

the cohesion coe�cientkc. To calculate the total force from particle-particle

interactions, equations (5.4) and (5.5) have to be added up for all interacting

particles:

Fpp =
X

j

(Fn;j + Fc;j ) n̂ j : (5.6)

5.2.2.2 Particle-wall interaction

The pore structure is modeled using voxels that are placed on the same grid

as used by the LBM for the 
uid solver. The voxels have a mass index

between 0 and 1, for mass index 0 it is a 
uid node and for one a solid cell

(see Ref. [5]). Using this scheme we can construct any pore shape desired,

however �nding an analytic solution for an adhesive potential between pore

wall and particles is unrealistic and also unnecessary. Thus we treat the

particle-wall interaction in the same way as the particle-particle interaction

where voxels behave like very large particles and are static. The dash-dot

model shown in Eq. (5.4) is used again with a di�erent sti�ness for the

repulsive force and there is an adhesive force analogous to the cohesive force:

Fa = hkaRi ; (5.7)

whereh is the distance between the particle and the wall,ka is the adhesion

coe�cient and Ri the particles' radius. We use the same cuto� as for the

cohesive force (h � 0:03Ri ). The dependence on the radius of the particle is

here motivated by the Van der Waals force between a sphere and a wall [64].

A particle adhering to a wall could slide in tangential direction when only the

aforementioned adhesive and the repulsive forces are considered. Therefore

a frictional force is introduced that hinders the particle from moving in the

tangential direction as long as the particle adheres to the pore wall. This

friction is a simple dynamic Coulomb friction which is proportional to the
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normal force between particle and wall:

Ff � �F n ; (5.8)

with a constant friction coe�cient � , acting in the tangential direction. The

total particle-wall force is calculated by summing up all the interactions

between particle and wall-voxels:

Fpw =
X

k

(Fn;k + Fa;k ) n̂ k + Ff;k t̂ k ; (5.9)

wherek runs over all voxels interacting with the particle. Note that this sum

usually does not include very many voxels as the adhesion is a short range

force and the normal force from the dash-dot model prevents large overlaps.

5.2.3 Coupling of 
uid and particles

Since we consider small sized suspended particles we can neglect the rotation

of the particles since the rotational energy is much smaller than the kinetic

energy. The total force acting on a particle is then the sum of all interactions:

F = Fpp + Fpw + Fh; (5.10)

and the motion of particles simply follows Newtonian mechanics:

•x =
F
M

: (5.11)

To calculate the trajectories of particles the Verlet algorithm is employed,

unfortunately choosing the same time step for the LBM and the DEM is

either extremely slow or unstable. Thus we adopt the scheme from Lomin�e

et al. [59], where several DEM time steps are calculated between steps of

the LBM:

�t DEM =
�t

NDEM
: (5.12)

The time steps for the DEM has to be small enough for stability reasons, the

higher the sti�ness coe�cient in Eq. (5.4) the smaller the DEM time step

needs to be. When the two solvers are coupled, the DEM takes into account
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a fraction of the hydrodynamic force in each time step, the 
uid solver only

requires the position and velocity of the particles. The setup of a typical

simulation is depicted in Fig. 5.1, where the inlet boundary is at the left

side of region I and the outlet boundary at the right side of II. The surface of

the pore structure is shown in region IV. In the inlet region (I) particles are

introduced with a diameter drawn randomly from a Gaussian distribution

of an average diameterd = 1 and a standard deviation of 0:1d. While the

diameters do not vary very much, this should prevent crystalline structures

of clustered particles. We de�ne the diameter to be one and scale all other

lengths accordingly. The particles are placed with a minimum distance of

0:25d to each other.

5.3 Results

In our �rst set of simulations we set a constant 
uid velocity at the in-

let boundary. We declare the diameter of particlesd as the characteristic

length in the system and relate all lengths such as the pore diameter or pore

length to it. Recently we introduced a model that was able to reproduce

and explain erosive bursts in porous media [39]. In this model particle 
ow

is approximated using the convection-di�usion equation. Here we model the

deposition and erosion using more fundamental principles. When the adhe-

sive force is strong enough such that particles deposit inside the pore space,

the pressure through the pore increases. When a certain pressure is reached

the hydrodynamic forces exceed the adhesive forces and the deposited par-

ticles get re-entrained. This is accompanied by a sudden reduction in 
uid

pressure loss through the pore model. To verify that we are indeed �nding

the same erosive behavior we compare this jump in pressure with the previ-

ous model and the experimental data from Ref. [1] in �gure 5.2. And indeed

we �nd that the shape of the pressure jump in the current simulation, which

we call the Microscale Simulation agrees with the previous model and the

experimental data.
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Figure 5.2: The experimental data stems from Ref. [1] and shows a jump

in pressure loss caused by an erosive burst. Data from our previous model

reproducing erosive bursts are shown by the continuous line and data from

the here presented model is shown in dashed red line.

5.3.1 Critical erosive pressure

One goal when developing this model for erosion and deposition at micro-

scopic scale was to study if we could de�ne a conclusive criterion for the

pressure that initiates an erosive burst. In our previous model [39] we as-

sumed that this critical pressure is proportional to the width of the deposit

that has to be dislodged

Pcrit = Ldep� c; (5.13)

where Ldep is the width of the deposit and� c is the threshold for erosion.

As we here have a single pore, we can measure the pressure on both sides

of the pore easily. We can also measure the deposited volumeVdep, which

we measure by summing up all volumes of particles that are deposited and
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Figure 5.3: Three snapshots of a simulation are shown, the numbers in the

snapshots relate to time and pressure shown in the graph. The �rst snapshot

(1) shows a state before any deposition has taken place, in the second (2) the

deposition and pressure loss has reached a local maximum (peak pressure)

and in the third (3) an erosive burst has unclogged the pore space. The color

of the particles from blue to yellow indicates the experienced 
uid drag per

mass for each particle. The rainbow colors indicate the 
ow speed of the


uid.

located inside the pore radius. Deposited particles are particles that are in

a cohesive or adhesive bond and have zero or very low velocity, such that

moving 
ocks of particles are not counted as deposited particles. In �gure

5.4 we see that there indeed seems to be a linear relation between critical

pressure and deposited volume.

The width of the deposit can be estimated by dividing the deposited

volume by the pore cross section area
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Figure 5.4: Pressure loss peaksP[Pout ] are plotted versus the deposited

volume Vdep[Vpore] from 100 simulations with di�erent random seeds. The

dashed line is a linear �t with slope 1:15(1) and the Pearson correlation

coe�cient 0 :71(1) suggests positive correlation.

Ldep =
Vdep

D 2�= 4
: (5.14)

Now we investigate whether this relation holds if we change the pore speci�cs,

�rst we change the length of the pore and check if the relation between the

critical pressure, inducing an erosive burst, and the deposition width is still

the same. In �gure 5.5 we show a set of simulations where the color shows

to what pore length a speci�c point belongs.

While on average longer pores lead to a higher critical pressure, the

relation between pressure and deposited width is constant. Second we change

the pore diameter, while keeping everything else the same, including the ratio

between inlet area and pore cross section area. We found that for a given
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Figure 5.5: Twelve simulations were run for a range of di�erent pore lengths

L = f 0:14; :::; 7:75g and constant pore diameterD = 3:52. The lengths are

given in dimensionless units by dividing by the particle diameterd. The

pressure peaks show an approximate linear correlation against the deposited

length Ldep. The Pearson correlation coe�cient is 0:91(1). The dashed line

is a linear �t over all data points with coe�cient 0 :27(1).

pore diameter the points (P; Ldep) are linearly correlated, however they do

not fall onto the same line. Thus we calculated the slope for all of them

and, using an exponential �t, found that the more generic relation between

critical pressure and deposited width is

P = KL depD � ; K = 0:91� 0:04 (5.15)

� = � 1:01� 0:04: (5.16)

Thus our simulations indicate that the critical pressure is inverse propor-

tional to the pore diameter. In �gure 5.6 we show the simulation results for

di�erent pore diameters and rescale thex-axis according to Eq. (5.15).
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Figure 5.6: A set of simulations was run for di�erent pore diametersD =

f 0:18; :::; 7:04g[d] and constant pore lengthD = 4:22[d]. The pressure peaks

are plotted againstLdep=D. Smaller pore diameters exhibit larger critical

pressure, the same adhesive coe�cient was used for all simulations. The

dashed line is the graph of equation (5.15) with� = � 1.

5.3.2 Theoretical analysis of the critical erosive pres-

sure

We did a theoretical analysis that shows where the numerically found rela-

tion between critical erosive pressure and pore diameterP / Ldep=D comes

from. We know that an erosive burst occurs when hydrodynamic forces over-

come the adhesive forces. The total hydrodynamic force can be estimated

as the pressure loss times the pore cross section area

FH � P
D 2�

4
: (5.17)
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Now just as for the deposited width we assume that all deposited particles

are packed tightly together inside the pore, furthermore we assume that

there is a mean value for the adhesive forcef a per area between particles

and surface. The total adhesive force is then approximated by an integral

over the surface that is shared by the deposited particles and the pores'

surface:

FA =
X

k

Fa;k �
Z

�

f a = f a� = f a�DL dep: (5.18)

Just before an erosive burst, the drag forces are equal to the adhesive forces,

thus we can write the equation:

FH
!= FA ) (5.19)

P
D 2�

4
!= f a�DL dep ) (5.20)

P =
4f aLdep

D
(5.21)

or as function of the deposited volume

P =
16f aVdep

�D 3
: (5.22)

Using a mean �eld approximation for adhesive forces, our analysis shows that

the relation between critical pressure and pore diameter follows naturally.

While the exact pressure that induces an erosive burst depends on the spe-

ci�c con�guration of deposited particles and pore geometry, an analytically

derived estimate seems to serve well for many purposes.

5.3.3 Parameter phase space

In this section we present our studies concerning the parameter phase space.

First we investigated how the cohesive and adhesive forces in
uence the

clogging behavior. Thus we ran a large set of simulations where only the

coe�cients of these forces were varied, the results are shown in �gure 5.7.

When the maximum pressure loss rises abovePmax [Pout ] > 0:3, the pore

can be considered clogged. Thex-axis is in linear scale and one can see
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Figure 5.7: Parameter phase space diagram for adhesiveka and cohesivekc

coe�cients. The pore length is L = 6:45[d], the pore diameterD = 3:52[d].

that changing the adhesion within one order of magnitude changes the de-

position behavior completely, from no deposition to severe clogging. On

the other hand the cohesion coe�cient was changed over several orders of

magnitude but no signi�cant change in the clogging behavior was observed.

Going further we studied how the particle diameter, or more generic the ra-

tio between particle and pore diameterd=D changes the clogging behavior.

Again we consider a pressure loss above 0:3Pout as clogging. The diagram

in �gure 5.8 shows the maximum pressure loss reached in the simulations.

The simulations show that larger particles lead to larger pressure build-up

and consequently to larger erosive bursts. Another very important param-

eter is the inlet particle concentrationCin . Experiments (see Ref. [1]) have

shown that the particle concentration is a crucial factor for the clogging and

erosive behavior in deep bed �ltration. Therefore we run a set of simula-

tions where onlyCin is varied. The result is shown in �gure 5.9 and shows
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Figure 5.8: Parameter phase space diagram for adhesive coe�cientka and

particle diameter d. Since we change here the particle diameter, lengths are

given in units of the pore diameterD, the pore length isL = 1:2[D].

that while for low concentrations there is no clogging, above a certain con-

centration (dashed line atCin � 0:013) there is clogging and consequently

erosive bursts, which can be seen by the average jump in pressure loss� P.

This result is in qualitative agreement with the observations shown in the

experimental work by Bianchiet al. [1].

5.3.4 Constant pressure loss

In this section we present our results for a constant pressure loss, imposed

between in- and outlet. Since the deposited particles are not packed dense

enough to have total clogging, there is always a small 
ux of 
uid remaining

in this scenario. However we see in �gure 5.10 that below a certain pressure

loss there are no particles passing through the pore. Above this threshold
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Figure 5.9: At the inlet di�erent particle concentrations are set Cin =

0; :::; 0:1. The average pressure loss jump is measured for all simulations.

The pore length isL = 4:23d and the pore diameterD = 3:52d. For low

concentrations (range I) there is no clogging, while for higher concentrations

(range II) there is severe clogging.

the particle 
ux increases rapidly.

5.3.5 Clogged pore as a porous medium

The simulations with constant pressure loss have shown that even when the

pore is clogged such that no particles pass, there can still be light 
uid 
ow.

Thus we can consider the clogged pore as a small scale porous medium itself.

Using the same setup as in �gure 5.4, we measure the porosity� inside the

pore. Then we estimate the pressure gradient using the Kozeny-Carman

equation
P
L

=
150��

d2

(1 � � )2

� 3

�
A

; (5.23)
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Figure 5.10: For a constant pressure loss we measure average particle� particle

and 
uid 
ux � 
uid , normalized by the total 
ux. Up to a certain pressure

(P � 0:35) particles are only deposited and there is no particle 
ux through

the pore, above this pressure there is erosion of particles and a �nite particle


ux is measured at the outlet. The adhesion coe�cient iska = 0:05.

where A is the pore cross section area and � is the 
ux. This estimated

pressure gradient is compared with the measured one, �gure 5.3 shows that

while both show similar behavior, the measured pressure gradient is higher

than the one expected from theory. An explanation could be that the de-

posited particles are not packed as tightly as required by equation (5.23)

or that the particles actually start to move when the pressure gradient is

high enough. Thus clogging of porous media can be viewed as porous media

on two scales, where the pore space itself can be the container of a smaller

porous medium that however depending on adhesive forces can be eroded

thus the whole permeability of the large porous medium depends strongly

on adhesive forces of the deposit.
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Figure 5.11: The dashed line shows the pressure gradient estimated using

equation (5.23), the other line shows the measured gradient. The simulation

was run with constant in
ux condition.
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5.4 Conclusion and outlook

We presented a new model to investigate erosion and deposition at micro-

scopic scale. We use simple adhesive and cohesive forces and study their

e�ect on the clogging and erosive behavior inside a pore. While the adhe-

sion proved crucial for clogging, the cohesion showed little in
uence. Note

that this might only be true for particles close to pore size and short range

forces. Our results con�rm our previous �nding [39] that the hydraulic pres-

sure gradient acting on deposit is an erosive mechanism that can lead to

erosive bursts. The critical pressure gradient causing an erosive burst was

studied and we found that it depends strongly on the particle size and pore

length. Furthermore we found that it depends linearly on the deposited vol-

ume and is inverse proportional to the pore diameter cube (see Eq. (5.22)).

A further step would be to have a more complex model for the cohesive

and adhesive forces such as the simpli�ed Johnson-Kendall-Roberts (JKR)

model [63] or use non-spherical particles. Also more complex pore shapes

could be studied which is easily doable with the here presented model. In-

stead of just having one pore one could extend the static matrix to several

pores or a full porous medium, however for this the code would need to be

up-scaled for large computational clusters.

5.5 Model details

5.5.1 Model parameters

Table 5.5.1 shows the model parameters used that are kept the same through-

out all simulations, if not explicitly stated otherwise. Many of the parame-

ters are only relevant for stability and performance. The damping coe�cients

are chosen to be half of the critical damping.
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description symbol value

Fluid density � 1

Particle mass density � p 2.3

Fluid viscosity � 1=6

Number of DEM steps per LBM step NDEM 100

Number of time steps per simulation T=�t 106

Cohesive coe�cient kc 0.1

Adhesive coe�cient ka 0.1

Particle sti�ness kn 0.1

Particle-particle damping kd 0:5
q

kn m i m j

(m i + m j )

Particle-wall sti�ness kw 0.1

Particle-wall damping kq 0:5
p

kwmi

Friction coe�cient � 0:1

Table 5.1: Table of model parameters.
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Conclusion and Outlook

6.1 Summary and conclusion

In this thesis three numerical models were presented and each allowed to

study di�erent aspects of erosion and deposition in porous media. Following

is a short summary of these models and conclusions drawn from their results.

In the �rst model the 
uid is described with the Navier-Stokes equations

and the 
ow of particles with the convection-di�usion equation. The porous

matrix is of the same material as the suspended particles. Suspended matter

can deposit onto the solid surface and the deposition rate is proportional to

the local concentration of particles. Solid matter is eroded if the shear force

exerted by the passing 
uid exceeds a certain threshold. Upon deposition

and erosion the surface of the porous structure changes and particle concen-

tration decreases respectively increases locally. Using two di�erent driving

mechanism for the 
ow, constant pressure loss and constant in
ux, the evo-

lution of the porous structure was studied for various shear thresholds for

erosion. It was found that a constant pressure loss with constant inlet par-

ticle concentration only has two possible outcomes. When the threshold for

erosion is low, the porous medium is completely eroded and the 
ow starts

to increase inde�nitely. Is the threshold high, the medium will clog up until

there is no more 
uid passing. Contrarily the behavior for constant in
ux

is very di�erent. When choosing the same threshold for erosion and deposi-

tion, meaning there is always either of the two active, channels form in the
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porous structure until the medium evolves into a pipe that experiences the

same shear force on the whole surface. In the case of laminar 
ow there is

a simple formula predicting the radius of said pipe. If there is a gap be-

tween deposition and erosion, there are still channels forming in the porous

structure, but they do not evolve into a pipe.

The second model is an extension of the �rst where the initial porous

structure is non-erodible and only deposited matter can be eroded by the


ow. Motivated by experimental �ndings [1], an additional erosive mech-

anism has been introduced in this model. This erosion occurs when the

gradient of the hydraulic pressure acting on two sides of deposited matter

exceeds a certain threshold. After this the deposited matter is eroded and

re-suspended in the 
uid. The subsequent jump in pressure loss was com-

pared to experimental data and both, power-law statistics and shape of the

jumps were in excellent agreement. Therefore it could be concluded that it is

a pressure induced erosion mechanism which is responsible for erosive bursts

and can lead to an intermittent regime where slow deposition is frequently

alternating with fast erosive bursts. Simulations also showed that these ero-

sive bursts strongly depend on the erosion threshold and can continuously

change the 
ow paths through the porous medium. In river bed formation

there is an analogous phenomenon called braided rivers, where high loads of

sediments and steep slopes lead to ever changing 
ow paths.

In the �rst two models the suspended particles is considered a concen-

tration and deposited matter is a solid. While in reality suspended particles

also in
uence the 
uid while being carried in it. This simpli�cation requires

much less computational power than calculating the motion of single par-

ticles. The drawback being that a�ects of particle sizes cannot be studied.

Also the deposition and erosion is then a simpli�ed process, while shear force

and hydraulic pressure are constitutive forces of the 
uid drag force that is

exerted by the 
uid on the deposited particles. In the third developed model

coupled methods of lattice Boltzmann and discrete elements were used, sim-

pli�ed cohesive and adhesive forces were incorporated to study the clogging

and erosive behavior in a single pore. It was found that adhesion plays a
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major role in clogging when considering particles of comparable size as the

pore size. Short range cohesion did not in
uence the clogging much when

there is no clustering before particles enter the pore. With this microscopic

model erosive bursts as found with the previous could be reproduced. Fur-

thermore this model shows that the critical pressure leading to an erosive

burst depends on the deposited volume and pore length, but is inversely

proportional to the pore diameter.

Instead of modeling one speci�c experimental case the studies presented

in this thesis have a more generic scope. First the evolution of a porous

medium under particle deposition and shear erosion was studied. A sec-

ond study revealed that apart from shear erosion there must be a pressure

induced erosion present in porous media. The third study showed that adhe-

sion is the relevant e�ect when considering clogging at pore scale and erosive

bursts.

6.2 Outlook

While the conducted studies presented in this thesis were extensive con-

sidering 
ow conditions and model parameters, not many results could be

compared one to one with experimental �ndings. It might be worth while

to classify suspension 
ows and porous materials to see which erosive mech-

anisms are present in them. On the other hand it would be handy to have

experimental data of erosion thresholds to be able to simulate speci�c mate-

rials. Furthermore, while in this thesis only mechanical erosion was consid-

ered, the models are easily adaptable to include chemical reactions. Another

extension could be to consider 
ows of di�erent 
uids (see e.g. [65, 66])

which can be miscible or not. Also, the lattice Boltzmann method used in

this thesis is not optimized for high Reynolds numbers, studying erosion in

turbulent 
ows might prove interesting but would require an optimized 
uid

solver.

While the microscopic model was used to study particle deposition and

erosion at pore scale, if up-scaled it can be used with a complete porous
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medium instead of a single pore. However this is computationally very de-

manding and a multi-node cluster implementation would need to be pro-

grammed to run simulations within reasonable times. The microscopic

model could also be extended to non-spherical particles or more complex

adhesive and cohesive potentials.
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