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Zusammenfassung

Um Probleme der geometrischen Realisierbarkeit von Polyedern mit vorgegebe-
nen geometrischen Nebenbedingungen in Zukunft besser losen zu koénnen,
beschreiben wir den Raum der geometrischen Realisierungen eines einfach
zusammenhingenden triangulierten euklidischen Polyeders im R? bis auf
Ahnlichkeit in Abhéngigkeit der Winkel seiner Flichen und der Winkel zwis-
chen seinen Flachen. Dafiir beschreiben wir ihn als Menge seiner Flachendreiecke
mit entsprechenden Verklebungen und als Menge der polyedrischen Kegel,
die er um seine Ecken definiert. Wir berechnen erneut seine Dimension in
glatten Punkten.

Summary

In view of solving problems of geometric realizability of polyhedra with given
geometric constraints, we describe the space of geometric realizations of a
simply-connected triangulated euclidean polyhedron in R? up to similarity in
terms of the angles of its faces and the angles between its faces. To do so we
describe it as the set of its triangular faces glued together correspondingly
and as the set of the polyhedral cones that it defines around its vertices. We
recompute its dimension at smooth points.
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1 Introduction

Polyhedra have been objects of study since antiquity. Nevertheless, funda-
mental questions about their shape remain open. In this thesis we look at
their angles, those of the faces and those between the faces, and pin down
the relationship between them explicitly. We make apparent their interplay
in the intrinsic and the extrinsic geometry of the polyhedron, and open up a
new path of adressing such questions systematically.

For instance, we would like to know how the shape of a polyhedron depends
on the shape of its faces. In his Elements [12], Book XI, Definition 10, Euclid
defines a polyhedron, and its shape by the shapes of its faces: “Equal and
similar solid figures are those contained by similar planes equal in multitude
and magnitude.” However, consider for example the two polyhedra in Figure 1.

Figure 1: Two polyhedra of different shape, but whose faces have the same
shapes.

By a classical result known as Cauchy’s Rigidity Theorem, we know that if
the shapes of the faces of a polyhedron are known, and we in addition require
it to be convex, then the shape of the polyhedron is uniquely determined.
A beautifully simple, yet subtle proof of Cauchy’s Rigidity Theorem can be
found in The Book of Proofs [1]. Its main ideas and strategy are due to
Legendre [?], a first full attempted proof was written out by Cauchy [7], with
major flaws, that were found by Hadamard [15], and fixed by Steinitz [29] and
Lebesgue [18] completing the proof almost one-hundred years later. Cauchy’s
Rigidity Theorem has been generalized to classes of polyhedra with weaker
convexity properties by Alexandrov [3], by Connelly and Schlenker [11], and
Izmestiev and Schlenker [16]. When the polyhedron is not convex, it is in
general difficult to determine the number of shapes for given shapes of the
faces, let alone the actual shapes themselves. For the reader who likes to get
his or her sleeves up, we ask the following question.

Fxercise 1. Are the two polyhedra shown in Figure 1 the only possible shapes
of polyhedra with the same combinatorial structure and given shapes of the
faces?



As a great surprize to many, there are even examples of continuous
families of polyhedra with different shapes, and yet faces of the same shapes.
A polyhedron that is part of such a family is called flexible. By a theorem of
Gluck [13] flexible polyhedra are indeed rare, in the sense that for a given
underlying combinatorial structure the set of simply-connected polyhedra that
is not flexible seen as the coordinates of their vertices in R3 form an open and
dense subset of RV, where V is the number of vertices. Finding new flexible
polyhedra and understanding how they arize is a field of study that is still
wide open. To begin with, they were believed to be inexistent and this belief
became a longstanding open conjecture known as the Rigidity Conjecture.
The first flexible polyhedra are due to Bricard [0], also see [15], are octahedra
with special symmetries. However, since they were self-intersecting, they
were disregarded by the community and the Rigidity Conjecture remained
considered open until it was refuted by Connelly in 1977, who first glued rigid
components to a Bricard octahedron in such a way that at one moment of
its flex it becomes immersed in [9], and then replaced a small neighborhood
of the points at which his polyhedron touches itself by a piece of a Bricard
octahedron that leaves a little space during the entire flex in [9]. Since then
several variants have been found [10,28], one of wich is depicted in Figure 2
below.

Figure 2: Steffen’s polyhedron consists of two Bricard octahedra each with
two faces removed and a roof on top.

The other known examples of flexible polyhedra are several suspensions a
la Bricard [1,21] and polyhedra arizing from clever amendments to Bricards
construction due to Nelson [22]. In [27] Stachel was able to construct a
flexible polyhedral cylinder of infinite length. Other than this relatively short
list of concretely constructed examples we know about flexible polyhedra
in general, that their total mean curvature [2] and their volume [, 25] stay
constant during the flex. These general results are beautiful, yet for the
known examples easy to check. How flexible polyhedra look like in general,



how many they are or what precisely makes them flexible remains wide open.
The question that is dual to the question of flexibility is whether the angles
between the faces determine the angles of the faces. When the polyhedron

is convex this was posed by Stoker [30] and is also still open, and a lot less
about it is known. It has been answered in the affirmative for several special
subclasses of convex polyhedra [17,20,23] and for general convex polyhedra

its infinitesimal version has been proven by Mazzeo and Montcouquiol [19].

In general we might ask whether there exist geometric realizations of a
polyhedron with a prescribed subset of angles of its faces and angles between
its faces, and if so what the set of those geometric realizations looks like.
What is its cardinality, its dimension, does it have structure, and how does
it sit within the set of all realizations with no constraints? To answer such
questions it is natural to define moduli-spaces of geometric realizations of
polyhedra up to preferred transformations such as congruence, similarity
or affine transformations. The approach generally adapted to define such
moduli-spaces, see for instance [32] and [21] and references therein, is to study
under which circumstances certain planar graphs can be lifted into space, and
be seen as the projection of a polyhedron onto a plane. With these methods
it is known that the dimension of the moduli-space of geometric realizations
of a simply-connected polyhedron up to congruence is the number of its edges
at points of the moduli-space at which the polyhedron projects nicely onto
the fixed plane. In addition, it yields local uniqueness criteria of edgelengths
and several combinatorial criteria when subsets of the angles between the
faces are independent parameters. Another approach to moduli-spaces of
convex polyhedra up to similarity can be found in a paper of Thurston [31],
also confer to a more accessible account by Schwartz [26]. His moduli-space
is really the moduli-space of flat-cone spheres with prescribed cone-angles
less than 27, which by a theorem of Alexandrov [3] can always be realized
as unique convex polyhedra. In all of these approaches, it remains a difficult
problem to relate the various geometric data such as face angles, angles
between the faces and edgelengths to each other, which makes it hard to
address specific questions of realizability and to answer uniqueness questions
globally.

In this thesis we make the relationship between the set of angles of the
faces o and the set of angles between the faces § explicit by a set of equations

gx(0,6) =0 (1)

where K is the underlying combinatorial structure of the polyhedron, and
this defines us the moduli-space of simply-connected polyhedra up to similarity
parametrized by their angles. We believe that angles are good parameters



to address our questions with. Furthermore, our equations describe the
polyhedron as a triangulated flat-cone surface whose cones are polyhedral
cones in R®. That this is indeed sufficient to describe a polyhedron is the
object of our main theorem. This description makes it easy to translate
symmetries of the triangulated flat-cone surface of a polyhedron with face
angles ¢ into dependencies of the Equations 1 and similarly into a drop of
rank of D(oLgk), where o gk is the function that sends 0 — gx(0,d). In
the original paper of Bricard [(], he systematically determines which face
angles o of octahedra give rise to flexible polyhedra using the symmetries
of their polyhedral cones. Our approach to flexibility is a generalization of
his and we hope to find a systematic treatment of flexible polyhedra arizing
from symmetries of the underlying triangulated flat-cone surfaces in that
way. Furthermore, we speculate that for reasons of transversality of the
moduli-spaces of polyhedral cones with different face angles, these will be all
up to glueing of rigid parts. We note that the moduli-space of polyhedral
cones has been studied by Kapovich and Millson in [17] using Hodge Theory.
Our approach is more pedestrian and adapted to our purposes. In particular,
in our parametrization of the moduli-space of polyhedral cones in R?® we
can read off directly which subsets of their face angles and angles between
their faces determine each other. In terms of the Stoker Problem this will
enable us to study combinatorially which freedom in the angles of the faces
of a polyhedron is left after choosing all angles between its faces. Similarly,
one can address realization questions with mixed shape data, and for any
particular subset of face angles and angles between faces one can explicitly
compute the set of solutions of possible shapes. We recompute the dimension
of our moduli-space at smooth points as £ — 1, where F is the number of edges
of the polyhedron, and the points of smoothness are characterized as those
realizations where the edges at each cone are triple-wise linearly independent.
Our parametrization can be used to study the structure of the non-smooth
points depending on the combinatorics of the linearly dependent triples of
edges at the polyhedral cones of the realizations.

Acknowledgements [ would like to thank my advisor Prof. Marc
Burger for giving me this opportunity to pursue my own interests, for support-
ing me both professionally and personally throughout a thesis that proved to
be a bumpy ride, for being direct and clear and upright in all matters, and for
always treating me with respect. In addition, I would like to thank the crew
from the Friday afternoon Geometry Café for the beautiful mathematics that
we shared, my office mates who gracefully bore me on all of my bad days,
and a myriad of friends for everything.



2 Concepts, Notation, and Setup

To talk about the combinatorial object underlying a polyhedron we will use the
language of abstract simplicial two-complexes. If K is an abstract simplicial
two-complex, we denote its sets of zero-, one- and two-simplices by Ky, K;
and K5. The geometric realization of K will be denoted by |K|. To increase
readability, we will write s = {s1...$,41} for an n-simplex s = {s1, ..., 8,11}
Its geometric realization will be denoted by [s| = |s1 ... Spy1]-

Recall that an orientation of an abstract simplex s is an equivalence class
of its orderings, where two orderings are called equivalent if one can be taken
to the other by an even permutation. An orientation on a two-simplex induces
an orientation on its one-simplices. If two adjacent oriented two-simplices
induce opposite orientations on the shared one-simplex, we say that they
are consistently oriented. If this is true for all adjacent two-simplices of an
abstract simplicial two-complex K, we say that K s consistently oriented.

Definition 2. A combinatoric is a nonempty, consistently oriented abstract
simplicial two-complex, whose geometric realization is homeomorphic to a
closed connected surface.

Definition 3. A polyhedron is a simplexwise linear and simplexwise injective
map P: |K| — R? from the geometric realization |K| of a combinatorics K
into euclidean R3.

The images of a polyhedron of its zero-, one- and two-simplices are called
its wertices, edges, and faces, respectively. Their numbers will always be
denoted by the letters V', E and F, respectively. Note that our polyhedra are
always triangulated and oriented. Furthermore, a polyhedron may intersect
itself and even degenerate into a plane, but its faces are non-degenerate .

Definition 4. An angle « is the image of a curve in R?, that is congruent to
a closed unit circle segment, possibly degenerated to a point. By abuse of
notation, its length will also be called angle and both will be denoted by the
same letter a.

Definition 5. The angle of a triangle A in R? at its vertex v is the intersection
of the unit circle centered at v with the closed sector defined by A at v.

Let s = {s18983} be a two-simplex of a polyhedron and let its orientation
be given by the ordering (s1s9s3) of s. Let

Ui = P(lso]) = P(ls1])  and 03 = P(|ss]) — P(|s])-

We call the unit normal vector 7 to P(|s|), such that (o7, 0§, 7) forms a
positive basis of R? the inward pointing normal vector to P(|s|). Let P(|t1])

8



and P(|t2]) be two adjacent faces of a polyhedron P. For i = 1,2 let H; be
the closed half-space of R® bounded by the plane containing P(|t;|) and that

contains the inward pointing normal vector 7} to P(|t;|). Then we call the
intersection Hy N Hy the solid dihedron defined by P(|t1]) and P(|ts]).

Definition 6. The dihedral angle between two adjacent faces P(|t;|) and
P(|t2]) of a polyhedron is the intersection of the solid dihedron defined by
them with the unit circle in the plane orthogonal to their common edge and
that is centered at their common edge.

We call two polyhedra simplexwise congruent if they have the same com-
binatoric and map the same one-simplices to congruent edges. In particular,
they also map the same two-simplices to congruent faces. We call them
simplexwise similar if they are simplexwise congruent after a homotethy of
R3. Tt is easy to prove the following.

Proposition 7. Two polyhedra with the same combinatoric are similar, if
and only if they are simplexwise similar and they have the same dihedral
angles at the same one-simplices.

To label the angles of the faces of a polyhedron with combinatoric K we
define the set of corners of K as

Cx = {(ijk) | (ijk) is an order of {ijk} € KQ}/ ~,

where ~ identifies an order (ijk) with the order (kji). With this notation, we
assign to each (ijk) € Ck the angle of the face P(|ijk|) at its vertex P(|j]).
This assignment defines for each polyhedron P with combinatoric K a map

op: Cx — (0, ),

that is, an element
Op € (O, 7T)CK.

We call op the surface angles of P. The set of dihedral angles of P can be
naturally labeled by the set K; of one-simplices of K. We define the map

op: K1 — [0,2m)5,

that is, the element
513 S [0, 271')K17

that assigns to every one-simplex {ij} € Kj the dihedral angle of P at the
two faces adjacent in P(|ij|). From now on the term dihedral angles of P will
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always refer to dp. By Proposition 7 two polyhedra define the same surface
and dihedral angles if and only if they are similar. It remains to find out

which maps
(0,6) € (0,7)°% x [0,27)%

are the surface and dihedral angles of a polyhedron? We answer this question
in 54 for simply connected polyhedra with the following additional property.

Definition 8. We say that the edges of a polyhedron are locally in general
position, if it has no vertex with two colinear or three coplanar incident edges.
Otherwise we call its edges locally in special position.

For o and ¢ as above, we will abbreviate

oijk = o((ijk)) and  0; = d({ij}).

3 Parametrizing intrinsic constraints

A polyhedron is made up of euclidean triangles that are glued along their
edgesthe polyhedro. Therefore, to parametrize a polyhedron, we give a
paramterization of the moduli-space of geometric realizations of a euclidean
triangle below in 3.1. In 3.2 we then patch together parametrizations of
euclidean triangles for each of the two-simplices of K according to K. In
this way we give a complete description of the intrinsic geometry of the
polyhedron.

3.1 Geometric realizations of a euclidean triangle

We parametrize the geometric realizations of a nondegenerate euclidean
triangle in terms of its edgelengths and its angles as follows.

Definition 9. Let
ga: RE x (0,7)* — R?

be defined by

acos3+bcosa—c

gA(a,b,C,Oé,ﬁ,é): bsina—asinﬁ ,
a+fB+y—m
and set
Ta = gx' (0).
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Then, the following is a compact instantiation of the congruence theorems
for euclidean triangles.

Proposition 10. T is a smooth submanifold of R x (0,m)* of dimension 3,
and (a,b,c,c, B,7) € Ta if and only if a, b and ¢ are the edgelengths of a
nondegenerate euclidean triangle with opposite angles o, 3 and vy, respectively.

Proof. We compute

cosf cosa —1 —bsina —asinf 0
Dga=|[—sinf sina 0 bcosa —acosf 0
0 0 0 1 1 1

and find that, for example, columns 3, 2 and 6 form an upper-triangular
3 x 3 submatrix whose diagonal entries are nonzero on R? x (0,7)? and in
particular on TA. Hence,

rkDgan =3

on Ta. Therefore, by the preimage theorem, confer for instance [11], Ta is a
smooth submanifold of R? x (0,7)* of dimension

dim 7a = dim(R% x (0,7)*) —rkD ga = 3.

Note now, that if a, b, ¢ and «, 8 and  are the edgelengths and opposite
angles of a euclidean triangle then it is well known that they satisfy the
claimed equations. Suppose conversly that they satisfy the given equations.
Consider the triangle with vertices A, Z and C that has edgelengths

C=b and AZ =bcosa

and such that
<(AZ,AC) = «.

It is easy to check that it has a right angle in Z and that
ZC = bsina.
Similarly, the triangle with vertices B’, ¢’ and Z’ that has edgelengths
B'C'"=a and B'Z =acosp

and
<):(BIZ/, B/C/) — /B
has a right angle in Z’ and
Z'C" = asin .
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It follows from our hypothesis that ZC' = Z'C", and we can apply a euclidean
isometry to the triangle B’C’'Z’ that takes C’ to C' and Z’' to Z and such
that the image B of B’ is on the opposite side of the line (C'Z) from A. The
resulting quadrilateral defined by A, Z, B and C' has an angle of 7 at Z and
therefore A, B and C' define a euclidean triangle. Its edgelengths are a, b and
¢ =bcosa + acos  and its opposite angles are «, 8 and 7. O

3.2 Geometric realizations of flat cone surfaces with
prescribed triangulation

Let K be a combinatoric and for every map = € RE" abbreviate z;; := x({ij}).
For every two-simplex {ijk} € K, we parametrize a euclidean triangle with
edgelengths z;;, x;; and x;;, and opposite angles o, 0;; and o, i, respectively.
All together, we get the following parametrization.

Definition 11. Let
gm0, m)9% x Rfl — (R?)%2
be the function defined by

. Xij COS Ok + Xif COS Ojki — Tjk
(EJ}?(U, :U)) ({ijk}) = x5 S0 05 — Tk SID O j ,
Tijk + Ojki + Okij — T
and let
T-in ~in) —1

Tg = (k) (0).
Remark 12. Note that (gi2) ({ijk}) is neither symmetric in z;;, 2 and xy;,
nor in o;jx, ojg; and oy;;. This means that strictlty speaking g depends on
the choice of an order of the zero-simplices of every two-simplex. However, if
(v, B,7,a,b,c) € Ta, then they are the angles and opposite edgelengths of a
euclidean triangle and therefore (53,7, a, b,¢,a) € Ta and (v, o, 5, ¢,a,b) € Ta.
Hence, even though gi¢ depends on the choice of an order of the zero-simplices
of every two-simplex of K, the set 7N}1(“ does not, and we omit the choice in
the notation.

Definition 13. Let K be a combinatoric. A flat cone surface triangulated
by K is a function s € RY", such that for every two-simplex {ijk} € K its
values s;;, ;1 and sy; are the edgelengths of a euclidean triangle.

We call the value s;; of s its edgelength at {ij}. In addition, s gives rise
to the map o, € (0,7)°% that maps the corner (ijk) to the angle of the

12



euclidean triangle with edgelengths s;;, s;, and s;, that is opposite to the
edge of length s;;. We call oy, the angle of s at (ijk) and o the angles of s.
In particular, a polyhedron P: |K| — R? gives rise to the flat cone surface
triangulated by K whose edgelengths are the edgelengths of P and whose
angles are the surface angles of P.

Proposition 14. Let K be a combinatoric. Then N,@” is a smooth submanifold
of (0,7)°x x REY of dimension E, and (o,2) € T2 if and only if x is a flat
cone surface triangulated by K and o are its angles.

Remark 15. Recall that a flat-cone surface is a two-manifold that is locally
euclidean except at finitely many points, that are called its cone points.

Proof. Each two-simplex {ijk} € K, contributes three rows to D g, which
we denote by 75, ti;r and w;;, and which, omitting the columns that are zero,
look as follows

Tijk — T4 sin Oijk  —Zik sin Ojki 0 cos Oijk COS O jk; -1
tijk = Lij COS Tk —Zijk COS O jk; 0 sin Oijk  — sin Ojki 0 s

where the first three columns shown correspond to the partial derivatives in
the angles of {ijk}. Since gi* only depends on the angles of {ijk} on {ijk},
the other entries of the first three columns are zero. Suppose now for every
{ijk} € K, there were constants \;ji, tijk, Vijk € R, such that

Z NijkTijk + Z Mijklije + Z VijkUijr = 0. (2)
Then, since each wu;j;, contains an entry 1 in a column whose other entries are
all 0, it follows that v, = 0 for all {ijk} € K,. Together with 2 this implies

Z NijkTijk + Z Mijrtije = 0. (3)
Therefore, reading 3 for the first column means that
—\ijkTij SIN OG5 + [ijkTij cOS 05 = 0, (4)
and reading it for the second column means that
—NijkZik SIN O i — fijkik COS O jg; = 0. (5)

Since z;; and x;;, are nonzero, we can divide Equation 4 and Equation 5 by
x5, respectively @, and get

[Lijk COS Oji; = Ayjk SN 0y, (6)

13



respectively
Nijk SIN O = — [hijk COS O jki. (7)
If cos 05, = 0, then, since oy, € (0, ) it follows that o, = 5 and 6 becomes
0= Nijg-
If cos 0y, # 0, then we can divide Equation 6 by coso;;; and get
Hijk = Aiji tan oy, (8)

Similarly, we note that sinoj; # 0 for o, € (0,7), so that Equation 7
becomes

1

Nisy = — i 9
ijk Nzgktan i ( )
Therefore, substituting 9 into 8, we get
tan Oijk
= s . 10
Mgk /%jktan O i ( )

If j1;5% were nonzero, then we could divide Equation 10 by it and would get
tan o, = — tan oy, (11)

which for oy, 0,1 € (0, 7) means
T — Okji = Oijik- (12)

But, on 7~}‘(“ we have that 0%, 01 and o,; add up to m. Therefore, 12 implies

that oy;; = 0, which contradicts o,;; € (0, 7). It follows that p;;, = 0.
Similarly, substituting 8 into 9, we get

tan Oijk

ik = —Nijk (13)

)
tan Ojki

so that if \;j; were nonzero, then 13 would also imply 11, which again is
impossible. It follows that \;z = 0.

Hence, we have shown that on 7N}1(“ the rows of D g are linearly independent
and that it is therefore of full rank. This proves that 0 is a regular value of
g® so that by the preimage theorem, confer for instance [14], we get that T
is a smooth submanifold of dimension

dim 72 = dim ((0, 7)°% x REY) — dim ((R?)"2)
— (3F+E)—3F =E.

The rest of the claim follows by construction of g and Proposition 10. [

14



Recall that we are aiming to describe polyhedra in terms of their surface
and dihedral angles. Hence, if pc,. denotes the projection

(0, )% x REY — (0, 7)%,
we are interested in the object

Definition 16. ' _
Tt = pon (T2

It is intuitively clear that the angles of a flat cone surface triangulated
by a combinatoric together with one of its edgelengths determine all of its
edgelengths. We prove this in the following.

Proposition 17. For every {ij} € K there is a diffeomorphism
wij: T X Ry — T
In particular, Ti7 is a smooth submanifold of (0,7)°% of dimension
dim 7" = E — 1.

Proof. We start with the following observation for a given (o, z) € %}1{11 For
every {Im} € K\ {ij} choose a path 7, of one-simplices from {ij} to {Im},
that is, a finite sequence of consecutively adjacent one-simplices, whose first
element is {ij} and whose last element is {Im}. Denote this choice of paths

by v := (Wm){lm}ekl\{z‘j}' Denote now
n :inQ :j7y37"‘7y871 :l7y8 =m

the zero-simplices transversed by 7, from ¢ to m. Note that y,..., ys depend
on 7 and on {Im} but we omit this dependence in the notation for the sake
of readability. Denote
Tk = Typypi1s

and compare with Figure 3. By Proposition 14 for every two-simplex {i'j'k'} €
K, the values x5, xj4y and xp are the edgelengths of a euclidean triangle
with opposite angles o(j'k'i’), o(k'i’j") and o(i'j'k"). Therefore, they obey
the law of the sines. In particular, we have,

sin J(yk+1yk—1yk+2)
Sin o (YrYr+2Yh+1)

Tl = T,

for k € {1,2,...,s — 2}, so that

T = To 1 = Slno_(ys—lys—Zys) . San(y2y1y3) xij- (14)

SN0 (Ys—oYsys—1)  sino(y1ysy2)

15



Y3

Ya
g

Y2 =J
Figure 3: In blue: a path 7.

Now, note that o € T;® means that o are the angles of a flat cone surface
triangulated by K, and in particular, that there exists a flat cone surface
s € Rfl triangulated by K, whose angles are 0. Note, furthermore, that if s
is a flat cone surface triangulated by K with angles o, then for every A € R
the tuple (o, As) also satisfies the defining equations of T.*, so that we have
that (o, \s) € T;2. Therefore, for every (o, () € Ti* x R, there is a flat cone
surface triangulated by K, whose edgelength of {ij} is . By our previous

observation its other edgelengths are given by

a7 (0,0) = 52 o(Ys—1Ys—2Ys) sin U(?/leyf})& (15)
Sin o (Ys—2YsYs—1) sin o (y1y3y2)

for {im} € Ky \ {ij} and by ¢ for {ij}. We have now seen, that the map
T xR, T
given by
pij (0,0) := (0,d(0,1)),
where d”(o, £) sends each one-simplex {im} € K; \ {ij} to d] (0,¢) and {ij}
to £, is well defined.

For o € (0,7)°% the denominators in 15 do not vanish and therefore ¢,
is smooth. Furthermore, we find that

(03) o, 2) = (poy (0, x), 45)

defines a smooth inverse function for ¢7; and that it is thus a diffeomorphism.
The inverse function does not depend on the choice of . It follows that gozj
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does not depend on the choice of v and we can henceforth drop the reference
to it. [

4 Parametrizing local extrinsic constraints

In the vicinity of a vertex a polyhedron looks like a polyhedral cone in R3.
To relate the surface and dihedral angles of a polyhedral cone in R? we use
the following trick of Cauchy [7]. We intersect the cone with the unit sphere
centered at its vertex, as shown in Figure 4. This intersection is a spherical

Figure 4: Cauchy’s trick

polygon p, whose edgelengths are the angles of the faces of the cone, and whose
angles are the dihedral angles between the faces of the cone. We parametrize
the geometric realizations of a polyhedral cone in 4.2 by triangulating the
spherical polygon p as shown in 5 and parametrizing the geometric realizations
of the involved spherical triangles. In 4.3 we patch together the realiizations
of the polyhedral cones at all vertices of a polyhedron.

4.1 Geometric realizations of a spherical triangle

We consider the unit sphere S? in R?® centered at the origin. For an introduc-
tion to spherical geometry see [5]. Recall that the intersection of S* with a
plane passing through the origin is called a (spherical) line. A line on S? is a
curve, so that it also makes sense to speak of line segments.

Definition 18. A circuit is a simplicial complex Z = Z, U Z; with zero-
simplices

Zo = {{Il}, ey {xn}},
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where n > 2 and with one-simplices

Z1 = {{$i$i+1} | 1€ {]_, oo,n— ].}} U {{ZL’nlL’l}}

When we want to bring out the number n of zero-simplices of Z we also call
Z an n-circuit.

Definition 19. A spherical polygon is a map p: |Z| — S? from the geometric
realization of a circuit Z into the unit sphere S?, that maps one-simplices to
line segments of lengths contained in (0, 7). If Z is an n-circuit, then we also
call p a spherical n-gon.

We call the images of the zero-simplices of a spherical n-gon its vertices
and the images of its one-simplices its edges. We now take a closer look at
spherical 3-gons.

Lemma 20. Any two distinct points on S? that are not antipodal define a
unique line segment joining them of length less than .

Proof. Any two distinct points A and B on S? that are not antipodal define
two linearly independent vectors in R? and therefore a unique plane passing
through them and the origin. Its intersection with S? is a circle of circum-
ference 27 that contains A and B. Therefore, there are two line segments
joining A and B, and since A and B are not antipodal one of the segments is
strictly greater and the other is strictly smaller than . O

Lemma 21. A spherical 3-gon whose vertices define linearly independent
vectors in R3 is injective.

Proof. Let p be a spherical 3-gon with vertices A, B and C. Suppose there
is a point X in the intersection of the edges AB between A and B and AC
between A and C, other than A. The line segment on AB between A and
X and the line segment on AC' between A and X are both shorter than 7
and hence by Lemma 20 they coincide. Since A, X and B are on the same
line and A, X, and B are on the same line, it follows that B and C' are on
the same line. Therefore A, B and C are coplanar, in contradiction to the
hypothesis. [

An injective spherical 3-gon is a simple closed curve on S? and by the
Jordan Curve Theorem, divides the unit sphere into two regions.

Definition 22. The union of a spherical 3-gon whose vertices define linearly
independent vectors in R? with one of the two regions that it divides S? into
is called a spherical triangle.
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Let p be a spherical triangle. The union of the spherical 3-gon of p with
the other region than that of p will be called the complementary triangle to p.

Definition 23. Let p be a spherical triangle with vertex A. Then the angle
of p at A is the dihedral angle of the two planes defined by the edges of p
adjacent in A and with normal vectors pointing into p.

Lemma 24. Let o, 5 and v be the angles of a spherical triangle. Then either
a,B,v € (0,m) or a, B,y € (m,2m).

Proof. Let A, B and C' denote the vertices of a 3-gon p that are linearly
independent as vectors of R3. Since A, B and C are independent as vectors
of R? we have that B ¢ (AC). Let Hp be the closed half-sphere bounded by
(AC) and that contains B. Furthermore, all distances in a half-sphere are
smaller than 7 and B € Hp it follows, that there is a line segment y45 in Hp
joining A and B of length less than w. However the segment AB also joins A
and B and has length less than 7, so that by Lemma 20 AB = y4p and is
contained in Hg. Similarly BC' is contained in Hg. Let A be the triangle
bounded by p such that the inward pointing normal 7 of Hg points inward
at points of AC. Since AB is contained in Hp the angle « is strictly smaller
than the angle bewteen the two geodesic segments joining A and C, that is
a < m. Similarly, the angle v of A at C satisfies v < 7. Now consider the
closed half-sphere H¢ that contains C' and that is bounded by the line (AB)
passing through A and B. Let ;’) be the iny)ard pointing normal of Hs and
A’ be the triangle bounded by p such that n’ points inward at points of the
line segment AB. Then, as before, we find that the angle o/ of A" at A and
the angle 8’ of A’ at B are strictly smaller than 7. However, A’ can only be
either A or its complementary triangle A¢. If A" was A°, then o/ = 27 — «,
which implies o/ > 7 contrary to what we have shown. Hence, A = A’ and
o/ = a. Therefore A has angles o, 8 = ' and ~y strictly smaller than 7, and
the angels of A¢ are all strictly bigger than . O

25 Spherical Cosine Rule. If a, b and ¢ are the edgelengths of a spherical
triangle and o the angle opposite the edge of length a, then

cosa = cos bcosc + sinbsin ccos a.

Proof. If o € (0,7), then this is the spherical cosine rule proven in [5]. If
a € (m,27) then the complementary triangle with angle ¢ = 27 — « satisfies
the cosine rule. However, since the cosine function is even, this implies the
claim. O

We are now ready to parametrize the geometric realizations of a spherical
triangle as follows.
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Definition 26. Let
g3: (0,7T)6 U ((O,W)S X (7r,27r)3) — R3
be defined by

cosbcos c + sinbsinccosa — cosa
gs(a,b,c,a, B,7) := | cosccosa+sincsinacos f — cosb |,
cosacosb + sinasinbcosy — cos ¢

and set

T3 :=g5'(0).

Proposition 27. The set T3 is a smooth manifold of dimension 3 and
(a,b,c,a, B,v) € T3 if and only if there is a spherical triangle with edge-
lengths a, b and ¢ and opposite angles o, B and vy, respectively.

Proof. The function gs is smooth and its differential has a submatrix

—sin bsin csin « 0 0
<%7%’%> = 0 —sincsinasin 8 0
a I8 Iy 0 0 — sin a sin bsin y

whose diagonal entries are non-zero on its domain. Therefore D g3 is of full
rank 3 on the domain of g3 and in particular 0 is a regular value of g3. By
the preimage theorem 73 is a smooth submanifold of the domain of g3 of
dimension 3.

Furthermore, if a, b and ¢ are the edgelengths of a spherical triangle with
opposite angles o, § and 7, respectively, then they satisfy the spherical cosine
rules. It follwos that (a,b,c,«,5,7v) € T3. Conversly, for a,b,c,v € (0,7)
satisfying the spherical cosine rule, there is a unique spherical triangle A, up to
isometry with edgelengths a, b and ¢ and with angle v opposite to the edge of
length ¢, see [5]. Similarly, since a, b, ¢, 8 € (0,7) and a, b, ¢, « € (0, 7) satisfy
the spherical cosine rule there is a spherical triangle Ag with edgelengths a, b,
¢ and with angle S opposite to the edge of length b, and a spherical triangle
A, with edgelengths a, b, ¢ and with angle o opposite to the edge of length
a. The edgelengths of a spherical triangle determine it up to isometry, cf. [5].
Therefore, A,, Ag, and A, are isometric and have angles «, 8 and ~y opposite
to the edges of lengths a, b and ¢, respectively. If (a,b, ¢, a, 3, 7) satisfy the
cosine rules and («a, 8,7) € (m,2m), then (a, b, ¢, 2T — «, 2w — 3, 2w — ) satisfy
the spherical cosine rules. By the previous argument there is up to isometry
a unique spherical triangle with edgelengths a, b and ¢ and opposite angles
21 — «, 2m — B, and 27 — 7, and its complementary spherical triangle has
edgelengths a, b, ¢ and opposite angles a;, # and 7. O
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Remark 28. We note that in the above proof we have chosen the 3 x 3
submatrix of D g3 that consists of the partial derivatives of g3 by the three
angles «, 0 and ~ of the spherical triangle. This submatrix happens to be
already in diagonal form. In general, eliminating D g3 so that a submatrix
M becomes upper triangular corresponds in the linear system of equations
D g3 = 0 to expressing the variables that correspond to the columns of M in
terms of the variables that correspond to the columns of D g3 \ M. In other
words, we have expressed in the linearization of the equation

93(05757770’767 C) =0

the angles «, § and v of a spherical triangle in terms of its edgelengths a,
b and c. By the Side-Side-Side Congruence Theorem for spherical triangles
this is also possible in the original non-linearized Equation 28. In fact, the
latter also implies the former as follows. By the Side-Side-Side Congruence
Theorem for spherical triangles and by the second part of Proposition 27
the Equation 28 defines («, 3,7) as a function of (a,b,c). However, since
spherical triangles also satisfy the Angle-Angle-Angle Congruence Theorem,
by which its three edgelengths are uniquely determined by its three angles,
Equation 28 also defines an inverse function (a,b,c) in terms of (o, (3,7).
Hence (o, 3,7) as a function of (a, b, c) is a diffeomorphism, and therefore
the corresponding submatrix of D g3, and its complement, is of full rank. By
the same reasoning with the other congruence theorems we conclude that
any set of three partial derivatives of g3 by variables subject to a congreunce
theorem forms a submatrix of D g3 of full rank. Alternatively, one can check
by explicit computation that this is the case.

4.2 Geometric realizations of a polyhedral cone in R?

Let Z be an n-circuit. An abstract cone or abstract n-cone with apexr r* is
the abstract simplicial two-complex C' with zero-simplices

Co = ZpU{z"},
one-simplices
Cr = {{iz*} | i € Zy},
and two-simplices
Cy = {{ija*} | {ij} € Z1}.
Definition 29. A polyhedral cone or polyhedral n-cone is the union of the
planar sectors defined by the images of the two-simplices of a continuous,

simplex-wise linear and simplex-wise injective map P: |C| — R3, from the
geometric realization of a consistently oriented abstract n-cone C' into R3.
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03 As

Figure 5: A possible spherical polygon p and its triangulation

The image of the apex of a polyhedral cone will be called its vertez, the
sectors defined by the images of its two-simplices will be called its faces
and the half-lines bounding its faces will be called its edges. Since its faces
are oriented, we can properly talk about the dihedral angles between them.
Similarly, the the two edges bounding a face define an angle which we call
the angle of the face.

Consider a polyhedral n-cone P with vertex v and its intersection p
with the unit sphere centered at v. Then, p is a spherical n-gon. We
define a triangulation of p as follows, also compare with figure 5. Pick a
vertex of p, which we denote by A; and a vertex adjacent to A;, which
we denote A;. Then denote the other vertices of p by As,..., A, in such
a way that A, Ay, As, ..., A, denote the vertices of p in cyclic order. For
i € {3,...,n — 1} consider the shortest line segment /; on S? from A; to
A; and denote its length by ¢;_5. If no two edges of P are colinear, then
¢; € (0,7) for ¢ € {1,...,n — 3}, so that the line segments [; together with
the edges of p define n — 2 adjacent spherical 3-gons A; with vertices Ay, A;1
and A;,o. If in addition no three edges of P are coplanar, then the spherical
3-gons A; are by lemma 21 injective.

Definition 30. A polyhedral cone is called in general position if any triple
of its edges is linearly independent.

Let therefore P be in general position. Consider the spherical 3-gons A;
and choose for each of them the region of S? into which the inward pointing
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normal vector of P points inward. Together with this choice the spherical
3-gons A; become spherical triangles.

Denote «;, 5; and ~; the angles of A; at its vertices Ay, A;1o and A;,q,
respectively. Then, the representatives in (0, 27) of the angles

0p ==y + -+ ap,

02 =1,

0; := Bico + Vi1,

On := Pns
modulo 27 are the dihedral angles of P for i € {3,...,n—1}. The edgelengths
of p are the angles o4, ..., 0, of the faces of P.

To parametrize p and hence P, we will parametrize he spherical triangles
A;. To define the domain of the parametrization function g,, let A be the set
of spherical triangles A; and set

Ag:=(0,m)* and A := (m,2m)>
Furthermore, for j € {0, 1} set
Al = XtGAAj(t)a

and ' '
QJ = (0,m)" x R} x A7 x (0,m)" 2,

Q, = U Q7.

je{o0,1}~

and

Definition 31. Let
In: Q) — R3(=2)+n

be defined by

93(‘727 01, C1, O, 517’71)
93(03, C1,C2, Qg, P, VQ)

93(On—2, Cn—4, Cn—3, O3, Bn—3, Yn—3)
93(0n—1,Cn—3, On, Qp—2Bn—2Vn—2)

gn(0,0,a, 8,7, ¢) := 0 — (o + -+ an_9) ,
02 —

03 — B1 — 72

577,—1 - ﬂn—3 — Tn—2
571 - Bn—Q
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and set B _
T :=3,50) and T, :=p.(Tp),

where p,, is the projection onto the o- and J-factors.

Proposition 32. If P is a polyhedral cone in general position, then there
is &' = 0p mod 271 such that (op,d") € T,. Conversly, if (0,0) € T,, then
there is a polyhedral cone P in general position, such that op = o and dp = o
mod 27.

Proof. The first implication is true by construction. The converse holds by
construction of 7, and by Proposition 27. ]

Proposition 33. 7, is a smooth submanifold of 2, of dimension 2n — 3.

Proof. The function g, is smooth. Denote 7%, v} and 7% the rows of D,
corresponding to the i-th copy of D g3 in Dy, and sq,...,s, the last n rows
of Dg,. Forie{l,...,n—2},and j € {1,...,n} let X\i; Xy, A\ and y; be
elements in R such that

n—2

Z (Ni71 + Aors 4+ Agrs) + Z:LLJSJ =0. (16)

=1

Note that for every j € {1,...,n} the column a%

entry, which is in the row s; and is equal to 1, Therefore, for every j €
{1,...,n} Equation 16 implies

contains only one nonzero

p; =0 (17)

Furthermore, on (2, the nonzero entries of the column gg” are in the rows ri
and s for each i € {1,... ,n—2}. Therefore, by Equation 16 and Equation 17,
we get that for all i € {1,...,n— 2}

AN =0.

9g 9g
2 oo, we get for every

a5, and

By the analogous argument for the columns
ie{l,...,n—2} ' .

Ay = A5 = 0.
Hence, Dy, is of full rank 3(n — 2) + n on 2, and in particular 0 is a

regular value of g,. By the preimage theorem it follows that 7, is a smooth
submanifold of €2,, of dimension

dim’ﬁ =dim, —rkDg, =2n — 3.
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Remark 34. Alternatively, we may as in and using Remark 28 eliminate D g,
the same way we would eliminate the variables from the equation g, = 0
guided by the congruence theorems for spherical triangles. For instance, for a
polyhedral 5-cone, we can see that all of its surface angles together with two
of its dihedral angles may be chosen freely and uniquely determine all other
involved variables in the following way. Using Cauchy’s Trick we know that
this is equivalent to showing that we may prescribe all edgelengths oy, ...,
o5 and two angles of a triangulated spherical 5-gon p, as shown in Figure 6,
and that they determine p and the triangles of its triangulation up to an
isometry of S2?. Heuristically, the elimination works as follows. For every

Figure 6: A spherical 5-gon p. All blue variables can be chosen freely, all pink
variables are uniquely determined by them.

choice of edgelengths o; and oy and angle 5, there is a spherical triangle A,
with two edges of length o; and o5 and angle between them 5. Furthermore,
by the Side-Angle-Side Congruence Theorem for spherical triangles its other
edgelength c; and angles a; and ~; are uniquely determined. Similarly, the
edgelength ¢y and angles as and v, of As are determined after choosing o3
and [y and from c;, which is given. Then, for any three edgelengths c,, o4
and o5 there is a spherical triangle Az with edgelengths cs, 04 and o5, and
by the Side-Side-Side Congruence Theorem for spherical triangles it is unique
up to isometries of S?. In particular, we may choose o, and o5 freely and
together with the given ¢y they determine the angles ag, 83 and 73 of Ags.
To turn this reasoning into an elimination of D ¢, we reorder the columns
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of D¢, so that

P=\os 'on, oA, oA, oA, an, oA, )
v(;chere %igais the set of partial derivatives of g, by its angles d,..., d5, and
9n 99n.

7%=, and 3%+, are the sets of partial derivatives of g, by the blue, respectively

pink, variables appearing in A; \ A;_;. We reorder the rows of D g, in reverse
order. Then,

1 .
zeros and (—1)s
1
Dgn — Ad CQ Blﬂ ,
Ay |Gy By
Al ]—))1
where
(A5 | C2 | B3), (A2 | C1 | B2), and (A | By) (18)

are D g3 with different arguments, C', and C5 are one-column matrices within
the columns % and % of Dy, respectively, and there are zeros outside
all indicated blocks. Then, by Remark 28, we may eliminate the matrices
of 18, so that A;, A and A3 become upper-triangular matrices A}, A, and
Aj. Performing this elimination with the respective rows of D g, we find an

eliminated D g,, which is given by a matrix

1 .

zeros and (—1)s

D7, ~ A, o B,
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where A}, B! and C] are obtained from A;, B; and C}, respectively, and for
applicable ¢ € {1,2,3}, by elementary row operations. After rearranging the
rows and columns once more, we obtain a matrix

1
1 zeros and (—1)s 0
1
e B,
D g, ~ Ay |t b BY 7
Al | by BY
—1 -1 |1
—1 1
where the last two columns are 222 and 22 the last two rows are the

981 963
derivatives of the components of g, that contain the expressions d; — 2 — 71

and d; — f1, respectively, and where b; and by are the columns of B and
B!, contained in the partial derivatives g—g’; and g%’; of D g,, respectively, and
where (by | BY) = By and (by | BY) = Bj. Hence, we have shown that
D g, \ M, where M contains the partial derivatives by oy, ..., 05 and by d;
and 0, is of full rank. Similarly, one can show that if M is any subset of the
partial derivatives by o; and by ¢; for i € {1,...,n} of cardinality 2n — 3,
then D g, \ M is of full rank.

Proposition 35. 7, and 7T, are diffeomorphic.

Proof. Note that the projection

pn: Tn — Tn
(0-757067ﬁ7,77c> '—> (076>

is smooth and surjective. It remains to construct a smooth inverse function.
Let therefore (¢,0) € T,. Then, by definition of 7, there are

(87,00 |J A x (0,

je{o,1}4

such that

gn(0,0,, 8,7,¢) =0. (19)
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We show that «, 8, v and ¢ are smooth fuctions of ¢ and § by induction on
their components «;, 5;, v; and ¢;.
For ¢ = 1 note that Equation 19 contains the equation

COS ¢1 = COS 01 COS 09 + sin g7 sin g9 oS ds. (20)

Since the cosine function is invertible on (0, 7) Equation 20 implies that ¢; is
a smooth function ¢ (0, d) of o and ¢. Furthermore, note that by Equation 19
7 = d9 is a smooth function ~;(o,0) of o and . In addition Equation 19
contains the equation

COS 09 = COS 01 COS ¢; + Sin o sin ¢ cos o . (21)

Since 0 = 7, is given, we know whether (ay, 31,v1) € (0,7)% or whether
(a1, B1,71) € (m,27)3. The cosine function is invertible both on (0, 7) and
on (m,2m). Therefore, since ¢; = ¢1(0,d) is a smooth function of o and ¢
Equation 21 implies that oy is a smooth function (o, d) of o and 6. By an
analogous argument 31 is a smooth function (1(c,d) of o and §.

Suppose now that «;, 5;, v; and ¢; are smooth functions of ¢ and § for
ie{l,....om—1}and 1 < m < n — 2. Then Equation 19 contains the
equation 7, = 0,41 — Bm_1, which defines by induction hypothesis ~,, as a
smooth function ~,,(c,d) of o and §. Furthermore, by an argument identical
to the argument for the case m = 1 but with shifted indices, we find that c,,,
a,, and f,, are smooth functions «,,(c,6), a,,(c,d) and S,,(0,d) of o and 6.

Hence, we have shown, that a, 3, v and ¢ are smooth functions a(o, J),

B(c,0), v(0,0) and ¢(o,0) of o and §. Define

Vot To — Tn
(0,0) —> (0,0,a(0,9),B(0,0),v(0,0),c(0,0)).

Then v, is a smooth inverse function of p,, so that ¢, and p, are diffeomor-
phisms. O

4.3 The collection of polyhedral cones of a polyhedron

At each of its vertices a polyhedron P defines a polyhedral cone and by
Cauchy’s Trick a spherical polygon. We parametrize the collection of poly-
hedral cones in terms of the dihedral angles dp and the surface angles op of
P and in terms of auxiliary variables coming from the triangulations of the
spherical polygons.

Definition 36. Let K be a combinatoric, and k € K,. Then the abstract
simplicial cone C(k) of K at k is the minimal abstract simplicial two-complex
that contains all simplicies of K that contain k.
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With this notation a polyhedron P: |K| — R? defines a polyhedral cone for
each of its zero-simplicies k € K by the sectors of P(|C(k)|). To triangulate
the corresponding spherical polygon p, as in section 4.2, we need to choose a
cyclic labeling of its vertices. Every vertex of p, is the intersection of the unit
sphere centered at P(|k|) with an edge P(|jk|) of P incident in P(|k|). Instead
of labeling the vertices of py, we will equivalently label the zero-simplices j
that share a one-simplex of K with k.

Definition 37. Let K be a combinatoric and k& € K. Then the set of
zero-simplices j of K that share a one-simplex {jk} with k is called the star
of k in K and is denoted by st k. Its cardinality is called the valency of k and
will be denoted by ny.

Definition 38. Let K be a combinatoric. Then a collection 7 = (7 )ker, of
bijective maps
T {1,...,np} —> stk

such that any two consecutive numbers are mapped to two one-simplices that
share a two-simplex in K is called a triangulation of Ky,. We call the sets

Af’T = {m(1), (i + 1), (i + 2)}
the triangles of T at k and set
ART = (AT =1, oy, — 2}

We are now ready to define for a given combinatoric K and triangulation 7
of Ky a parametrization of the collection of polyhedral cones that a polyhedron
defines around its vertices. Its domain is disconnected and looks as follows.

Definition 39. Let K be a combinatoric and 7 a triangulation of Kj. For
ke Koand j € {0,112 set

A= Xpeper Ajyy and - QP i= ] A
jefo,13anT
and define
QKﬂ- = (O,W)CK X Rfl XkEKo Qk’T X (0’7_[_)71;6—3.

Definition 40. Let K be a combinatoric and 7 be a triangulation of K. Let

~e | 3(nk—2)+
gt Qs — Xier, R (me=2)+me
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be defined by

nglfe(,T(o-J 570[767770)({]{;}) = gnk (Uk76k7akvﬁk7fyk7 Ck) )
where for k € Ky and i € {1,...,n;}

oF = 0 hmisr)  and O = Opr (1)
and o, g%, v¥ and ¢* are the k-components of a, 3, 7, respectively ¢ in the
product

XkeKOQk’T X (0, 7T)nk73.

Definition 41. Let K be a combinatoric and 7 be a triangulation of K.
Then we define B B
T = (9r.) (0).

Proposition 42. Let K be a combinatoric and T be a triangulation of K.
Let g be the genus of the surface |K|. Then,

(0,0,, 8,7,c¢) € %Il(ef e Vk e Ky (o8, 6% a" g5 % ) e T,,.
Furthermore, %Il(eT is a smooth submanifold of Qk  of dimension
dim 7%, = 3F + 69 — 6 = 2E + 6g — 6.

To prove this proposition we will eliminate the linearized system of equa-
tions Dﬁll‘gj = 0. The major challenge in doing so will be to decide on an
order in which we eliminate the variables and which equation we use at what
moment. In terms of the matrix D 'gjll‘éﬁ that means finding a good ordering
of its columns and rows. Once a good ordering is found the proof will follow
from the structure of the reordered matrix D gi¢ .. Note that D gj¢ _ consists
of copies of D g,, for different n = n, depending on k € Kj, and recall from
Remark 34 that we can eliminate D g, in terms of any subset of cardinality
2n — 3 of the partial derivatives by surface and by dihedral angles. Putting it
differently, we can determine all auxiliary variables and any set of three of
the set of dihedral angles and surface angles in the linear system D g, = 0 in
terms of the remaining surface and dihedral angles. Hence, we can eliminate
D 511?,7 by eliminating for every k € K three of the variables o* and 6% and
all auxiliary variables o, 5% +* and c*. However, since every dihedral angle
occurs as the dihedral angle of two polyhedral cones, and we want to eliminate
every copy of D g,, separately from the others, we need to make sure that no
d;; gets chosen to be eliminated twice. Equivalently, to eliminate D@}‘;T we
need to choose for every k € Kj three elements of the set

{ One-simplices of K incident in k } U { Corners of K at k },
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in such a way that our choices for each k£ € K are disjoint. To do so we will
dualize K below and we will make our “choices” by giving “colors” to the
dual object K*.

Definition 43. Let K be a combinatoric. The dual graph of K is the abstract
simplicial one-complex K*, such that

1. there is a bijection *: Ky — K, and

2. two zero-simplices of K* are adjacent in K* if and only if their preimages
under * are adjacent in K as two-simplices of K.

We denote {ijk}* := *({ijk}) and for k € Ky we call the ng-circuit C(k)*,
by severe abuse of concepts, a two-simplex of K* and denote it by k*. We
denote the set of two-simplices of K* by K3.

Remark /4. The dual graph K* of a combinatoric K is well defined up to
adjacency preserving bijections.

Definition 45. Let K be a combinatoric. A path of two-simplices of K* is
an ordered set of two-simplices of K* such that any two consecutive elements
contain a common one-simplex.

Remark 46. Let K be a combinatoric. Every one-simplex of K* is of the form
{{igk}", {gkl}"}

and is contained in exactly two two-simplices, namely 7* and k* of K*, which

we henceforth call adjacent. Every two-simplex of K* contains at least three

zero-simplices of K*. Furthermore, K* is a trivalent connected graph and for

any two one-simplices s; and sy of K* there is a path v of two-simplices of

K* connecting them, that is, such that the first element of v contains s; and
the last element of v contains ss.

Definition 47. Let K be a combinatoric and k] and k5 be two two-simplices
of K* that are adjacent in a one-simplex s . Then an arrow on s is a bijective
map a € {ky, ko J{OM. We say that a points inward to a(1) and that it points
outward of a(0).

Definition 48. Let K be a combinatoric. Then, the set of corners of K* is
defined by
~f,..\| (ijk) is an order of {1, j,k} C K, /
Crer = {@‘71{)‘ where {ij}, {jk} € K; ’

where ~ identifies an order (ijk) with the order (ijk). We say that (ijk) € Ck~
is a corner of K* at 7. Furthermore, for a two-simplex k* of K*, we call the
set of corners (ijl) of K* where {ij},{jl} € k* the corners of k*.
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Definition 49. Let K be a combinatoric. A coloring of K* is a subset
C C Uk« together with a set A of arrows on the one-simplices of K*. We
call the elements of C' U A the colors, call the corners contained in C', and
the one-simplices contained in A colored, and say that a one-simplex of K* is
colored by the arrows on it in A.

Definition 50. A coloring (C, A) of K* is called admissible if for every
two-simplex k* of K* it contains exactly three elements of the following

{Arrows pointing outward of k*} U {Corners of k*}.

Starting with any specific combinatoric K one can easily find many
different admissible colorings of K*. It is also easy to see that there always is
an admissible coloring. For instance, since every two-simplex of K* contains
at least three zero-simplices, one can pick three corners of every two-simplex
of K*. For the purpose of proving Proposition 42 this kind of coloring is
already sufficient. However, to prove Theorem 59 we will want an admissible
coloring that colors as many one-simplices of K* by exactly one arrow, which
is what we achieve in the following lemma.

Lemma 51 (Elimination Pattern). Let K be a combinatoric, and g be the
genus of |K|. Then there is an admissible coloring of K* such that

1. If g = 0, then there is exactly one arrow on every one-simplex of K*
and exactly siz corners of K* are colored. Furthermore, for any two
adjacent zero-simplices i and j of K* the colored corners can be chosen
as the union of the corners of i and the corners of j.

2. If g > 1, then there is exactly one arrow on all except 6g — 6 of the
one-simplices of K* and no corners are colored.

Proof. Let g =0 and ¢ and j be two adjacent zero-simplices of K* and choose
as C' the set of corners of ¢ and of j. We first show that it is possible to
complete C' to an admissible coloring of K™* in such a way that the following
Flow Property is satisfied. Between any two one-simplices k; and kg of K*
there are two paths v = {Z,...Z,} and v = {Z{,..., Z/.} of two-simplices
from kg to kg such that the one-simplex in the intesection of two consecutive
two-simplices Z, and Zy,, of 7 is colored by an arrow pointing into Z,,; and
the one-simplex in the intersection of two consecutive two simplices Z; and
Zy,, of 7 is colored by an arrow pointing into Z;.

Let Wy, W5 and W3 be the three two-simplices of K* that contain ¢ and
such that W; and Wy are adjacent in {ij}. We first complete the coloring
on W; and W5 and W3 to an admissible one with the Flow Property as
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follows. Color the one-simplex in the intersection of W, with W,,; by an
arrow pointing from W, to W11, and the one-simplex in the intersection of
W3 with W by an arrow pointing from W3 into W;. Furthermore, color an a
one-simplex of W3 that is adjacent to a one-simplex that is already colored
by an outward pointing arrow. Also note that the coloring of {W;, Wy, W3}
is such that there is at most one arrow on every one-simplex and that the set
of colored one-simplices is connected.

Suppose now, that S, := {Wy,..., W, } is a set of two-simplices of K*
that is connected by paths of two-simplices, with an admissible coloring that
completes C, that has the Flow Property, such that every one-simplex is
colored by at most one arrow, and such that the set of colored one-simplices is
connected. If S, is the set of two-simplices of K*, then we have colored 3V — 6
one-simplices, where V' is the number of zero-simplices of K, or equivalently,
the number of two-simplices of K*. Let E be the number of one-simplices
of K, and equivalently of K* and F' be the number of two-simplices of K
or, equivalently, the number of zero-simplices of K*. Then the number of
one-simplices without coloring is

E—(3V-6)=E—32+E—F)+6
— —2F +3F
=0,

where the first equation holds by Eulers’ Polyhedron Formula and the third
holds, because every two-simplex of K has three one-simplices, but the set
of two-simplices of K contains every one-simplex twice. This proves the
claim in this case. If S, is not the set of two-simplices of K*, then there
is a two-simplex W,, in S,, that is adjacent to a two-simplex W,,,; that is
not in S,,, and whose shared one-simplex with W,, is colored by an arrow
pointing outward of W,,, and is adjacent to a one-simplex contained by another
two-simplex W, of S,,, see Figure[?]. The one-simplex shared by W,,,; and
W, is either uncolored, or has an arrow pointing from W; into W,, ;. In either
case, we color it by an arrow pointing outward of W, into W;. Then the
coloring on the set S, 1 := S, U{W,, 11} has the Flow Property. Furthermore,
we continue to color one-simplices of W, 1 by sufficiently many outward
pointing arrows until it becomes an admissible coloring together with C', and
in such a way, that the colored one-simplices remain connected. If there is
a one-simplex k; of W, that is colored by two arrows, then by a similar
counting argument as in the above case using Eulers’ Polyhedron Formula
with nonempty boundary, we find that there is an uncolored one-simplex ks
in S,,11. By the Flow Property there is a path v of two-simplices between k;
and ko such that any two consecutive adjacent two-simplices of v are colored
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by an arrow pointing from the second into the first. Then we can successively
move the arrow that points inward to W, from W; from two-simplex of
to the consecutive two-simplex, along the shared one-simplices. Therefore, we
can alter the coloring of 5,1 in such way that every one-simplex is colored
by at most one arrow. Also note, that the alternated coloring still has the
Flow Property and the set of its colored edges is still connected. Since K*
contains finitely many two-simplices there is an N € N such that Sy is the
set of two-simplices of K* and we are back in the previous case.

For the cases of g > 0 we set C' = @ and perform the analogous argument.

]

Proof of Proposition /2. Let 1: {1,...,V} — Ky be a bijective map and
(C, A) be an admissible coloring of K* as obtained by the conclusion of the
Elinimation Pattern Lemma 51. For k € K, denote ()}, the set of colored
corners of k*, and Ay the set of one-simplices of k* that is colored with an
outward pointing arrow. Let C, be the set of columns of D gi¢ _ that consists
of the partial derivatives

i, OG5, 09%, 09k, 0%, q Gfe -
. ) , Y ; ? : 7 7 9 an :
dak 7 OpF T OyF 7 Ock T Doy 001,

for k =1(n), all (ikj)* € Cy and all {jk}* € Aj. Denote R,, the set of rows
of D g . of the components g . ({{(n)}) of gi .. Denote

09+ 09+

Crest = { 80'7 ) 95 }\Uz/zlcf

Choose an ordering of the columns of D gj _ such that
Dy, = (Ci]...|Cv | Crest)

and such that for £ € {1,...,V} the columns

~le

995 -
D, I:{ 81(; }ﬁC@

appear after the other columns in C; in D g} . Rearrange the rows of D gj¢ .
as follows

Ri

Dk, = |
Ry

With the chosen ordering of columns and rows of D gj . we henceforth consider

C; and Ry as submatrices of D g .
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Then, by the definition of gi¢ . the submatrix Ry contains only non-zero
entries in the columns that are the partial derivatives by the variables in
the vectors of, 8%, v%, ¥ &% and 6%, where k = (1) and their intersection
with Ry is D g,, where n = ny, is the valency of k. Hence, by Remark 34
we can fully eliminate R; in such a way that the block R; N C; becomes
upper triangular. Denote C{, respectively D}, the columns obtained from Cy,
respectively D] by this operation and likewise R} the rows obtained from
Ry. Then C} \ D] is upper triangular. Furthermore, D] contains a quadratic
upper triangular submatrix with the same number of columns as D; and that
is contained in rows of D gi¢  that contain otherwise only zeros. Hence, the
other nonzero entries of D} can be eliminated using row operations of D'gfﬁﬁ
without changing D g\ C{. Then the submatrix C{ obtained from C{ by
this operation is upper triangular. We successively repeat the argument for
Csy, ...,Cy and thereby fully eliminate qu'lsz.

We compute the rank of D%’;T by counting its independent columns
U}_,Cy as follows

kDG, = > (3(nk — 2) + (nk — 3)) + 3V,

keKo

where the first term counts the number partial derivatives in the variables o,
A%, 4% and ¢* and the second term counts the cardinality of U}_, Dy, which is
the same as the total number of colors of (C, A). Similarly, we find

dimQf = E+3F+ Y (3(ny —2) + (nx — 3)),

keKo
and thus by the Preimage Theorem, confer e.g. [11], we compute
dim 77, = dim Q. — kDGl (22)
=3F+FE -3V (23)
=3F+6g—6 (24)

where the last equation holds by Euler’s Polyhedron Formula applied to V' and
because in any abstract simplicial two-complex K we have that 3F = 2F. [J
5 Wrapping it up

In this section we reconstruct a simply connected polyhedron from the infor-
mation in its polyhedral cones and in its faces. We define the moduli-space
Tr - of geometric realizations up to similarities of R? of a simply connected
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polyhedron with combinatoric K correspondingly. We compute its dimension
depending on the combinatorc K and reparametrize T . as Tk in terms of
dihedral and face angles only.

5.1 Geometric realizations of simply connected poly-
hedra

To parametrize a simply connected polyhedron we parametrize its collection
of polyhedral cones using §1§7T and its collection of faces using g%. Below we
show that this is sufficient.

Definition 52. Define
§K,71 QK X Rfl — (RB)KQ XkGKo Rg(nk72)+nk
by .
_ Ji(o, @) )
o,0,a,8,7,¢c,x)({k}) == | e ,
9ir(:0,0, 8,7, ¢, 2)({k}) (glK,T(m 5,0 6,7, ¢) ({k})

and set _ ~
Tir = (Gxs)" () and T := p(Tis),

where p is the projection onto the o- and d-factors.
Remark 53. Note that, by definition Ty, = 77, N T2

54 Main Theorem. Let P: |K| — R? be a polyhedron that is locally in
general position, then there is 6' = 0p mod 2w such that (op,d') € Ti. If K
is a combinatoric such that |K| is simply connected then the converse holds,
i.e., if (0,0) € Tk, then there is a polyhedron P: |K| — R3 such that op = o
and dp =6 mod 27.

To construct a polyhedron P: |K| — R? with given surface angles o and
dihedral angles § with (o,9) € Tx we will find a nice sequence of zero-simplices
ki,...,k, € Ky and construct the polyhedral pieces P/ that will be the faces
of P around its vertex P(|k;|). At the same time we will successively fit them
together in a sequence of polyhedral pieces

PiJrl = Pil U Pia

where by abuse of notation we have identified all maps with their image in
R3 We stop the process after finitely many steps at P = Py for some N € N.
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To ensure that we can take the union of P/ and P; in such a way that they
define a well defined map P11, we need to choose the sequence k1, ...k, € K
in such a way that the union of the cones

D(ky, ... ky) = U|C(k:i)|

has no handles. We achieve this by means of the following two lemmas.

Lemma 55. Let K be a combinatoric such that |K| is simply connected
and ky, ..., k, € Ko be zero-simplices such that D(ky, ..., k) is a disc and
K|\ D(ky,...,ky) # @. Then there is a zero-simplez ky1 € OD(ky, ..., ky)
such that D(ky,...kny1) has one connected component and is contractible.

Lemma 56. Let D be a disc and S = 0D be marked with points x4, ...,x, €
S. Then, there is no collection I' of paths in D starting and ending in
{z1,...,2,} such that

1. Every marked point is starting or ending point for some path in I' and
for any two distinct points x;,x; € {x1,...,x,} there is at most one
path v € I' starting in x; and ending in x; or vice versa.

2. No two paths of I' cross.
3. Fvery path v € I starts and ends in distinct points.

4. No path v € T' starts and ends in x;,x; € {z1,...,x,} such that z; and
x; are adjacent in S.

Proof. We prove this lemma by induction on n. For n = 1 any collection of
paths in D starting and ending in {x;} violates condition (3). Suppose now
the statement of the lemma is true for any disc with m € {1,...,n} marked
points on its boundary. Let D be a disc with with n + 1 marked points
X1y, Xne1 €S = 0D. Let ' be a collection of paths in D starting and
ending in {xy,...,x,41} that satisfies conditions (1)-(3). We show that then
[" violates condition (4). Let v € I'. Without loss of generality it starts in x4
and ends in z; for i € {2,...,n+1}. The union S’ of v with the segments of .S
from 1 to xs, from x5 to x3, ..., and from x;_; to z; is a simple closed curve
and by the Jordan Curve Theorem bound a disc D" C D. Then S’ = 9D’ is
marked by i < n+ 1 points x1,...,x;. Let [ C I be the subset of paths that
start or end in {x1,...,z;}. If i = 2, then 7 starts in x; and ends in z, that
are adjacent so that I" violates condition (4). If i # 2, then by condition (1)
there are paths of I" starting in {zo,...,;} and therefore IV # @. Since no
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two paths of I' cross by condition (2) every path that starts of ends in D’
does not cross v and therefore by the Jordan Curve Theorem stays contained
in D’. Tt follows that the paths in T" all start and end in {z1,...,x,} and
that we can apply the induction hypothesis to IV, D" and S’. Since I'" satisfies
conditions (1)-(3) as a subset of I it follows that I violates condition (4).
This means that there is either a path 4/ € I that starts and ends in {1, x;},
or that starts and ends in {x;, 2,41} for j € {2, — 1}. The first case implies
that v and 7/ are two distinct paths in I' from z; to x;, which is impossible
because I satisfies condition (1). In the second case 7' is a path in I' between
two adjacent markings of S so that I' violates condition (4). O

Proof of Lemma 55. Since D(ky, ..., k,) is a closed disc in the sphere |K]|,
its complement

D :=|K|\ D(ky,... k)

is an open disc. Its boundary S := 9D is an edgepath of |K| whose vertices

mark finitely many points on S. If the lemma is not true we will find below

in the remainder of the proof for every vertex |k| of S an edge that starts in

|k| and ends in a vertex |i| of S that is not adjacent to k in S. Since edges

are paths that do not cross each other this is impossible by Lemma 56.
First note that, for every vertex |k| C S,

k| € D(ky, ..., kn) N[C(K)].

Since D(ky,...,k,) and |C(k)| are connected it follows that their union
D(ky, ..., kn, k) is connected. Therefore, if the statement of the lemma
is not true, then for every vertex |k| C S there is a closed path 7 that
is non-contractible in D(ky,..., k,, k). Furthermore, -, is homotopic in
D(ky, ..., kn, k) to a closed simple non-contractible edgepath, which we also
denote by ;. The intersection D N ~; is nonempty, since otherwise v, C
D(ky, ..., k), and since D(ky,...,k,) is simply connected by hypothesis, v
would be contractible in D(ky, ..., ky, k). Furthermore, since 7; is a simple
edgepath its connected components in D are edgepaths starting and ending
at pairwise distinct vertices of S.

Denote by 7,? the connected component of v, in D starting in the vertex
|i| of S and ending in the vertex |j| of S. There is a connected component 7}/
of v, in D such that either |i| or |j| are not adjacent to |k| in S; for otherwise,
since 77/ C |C(k)| and |C(k)| is simply connected, v/ would be homotopic in
|C'(k)| to |ik| U |kj| and 7, contractible in D(ky, ..., k,, k).

Since every connected component ;7 of 7, in D is a subset of |C(k)| and
|C(k)] is simply connected there is furthermore a path 7}’ that is homotopic
to ;7 in |C(k)| and that contains |k|. Let 7 be the path homotopic to 7 in
D(ky, ..., kn, k) obtained by replacing ;7 by 77/
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Consider the connected components v;’ of 7, in D such that |i| or |j] is
not adjacent to |k| in S. Without loss of generality it is |¢| that is not adjacent
to |k| in S. Consider the segments 7 of 3 starting in |k| and ending in |i|.
Then, since i € stk there is an edge |ik| C |C(k)| and since both |ik| and
77 are paths in |C(k)| that start in |k| and end in |i| they are homotopic in
C(k). o

Let 7% be the path obtained from 73 by replacing the segments 7, of 7}/
by the edges |ik| whenever |i| is not adjacent to |k| in S. If for all connected
components 7,7 of ~ for which |i| is not adjacent to |k| in S, the edge |ik|
was contained in D(ky,...,k,) already, then 7, would be contractible in
D(ky,...,kn, k). But ~, is homotopic to 7, in D(ky, ..., k,) U|C(k)| and
therefore 4, would be contractible in D(ky,. .., k,) U |C(k)|. It follows that,
for every vertex |k| of S there is an edge |ik| in D and such that |i| is not
adjacent to |k| in S. O

Lemma 57. Let K be a combinatoric such that | K| is simply connected and let
ki,....ky € Ky be zero-simplices of K such that for everyn € {1,... , N—1}
the set D(ky, ..., k) satisfies the hypothesis of the previous Lemma 55, and
kni1 € Ko satisfies the conclusions of the previous Lemma 55. Then,

|C<kn+1)| M D(kh ceey kn) - U;ilfl Uy U,

where fi,..., fm are consecutively adjacent faces of |K| with the common
vertez |k,.1| and v1 and vo are two edge-paths of | K| that start at a vertex
of fi, respectively f,., not contained in fo,..., fmm_1. That is, the above
intersection looks e.g. as follows,

where the depicted cone is |C(kni1)|, the shaded region is D(ki, ..., k,) and
the unshaded region is its complement in |K|.

Proof. We first note that D(ky) = |C(k1)| is such that for every zero-simplex
|s| € D(k;) in its boundary, the faces it shares with |C(s)| are two adjacent
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faces, and that D(kp) \ |C(s)| is edge-path-connected and satisifies the con-
clusion of the lemma. Now suppose that for some n € {1,..., N — 1} the
set D(ky,...,k,) is such that for every zero-simplex s € dD(ky, ..., k,) the
faces it shares with |C'(s)| are consecutively adjacent, and that the closure of
D(ky,...,k,) \ |C(s)| is edge-path-connected.

Then, if x1, 25 € 0|C(kn11)| N D(ky, ..., k,) are two zero-simplices, there
is a simple edge-path 4 in the closure of D(ky,. .., k,) \ |C(kpt1)| from 21 to
xo. Let 1 and [y be the two distinct edgepaths from x; to x5 on 9|C(kyi1)].
Then v := 4" U f; is a simple closed path and by the Jordan Curve Theorem
bounds two disjoint open discs Dy and D, on | K| such that D, UyU Dy = | K.
Since (3, intersects v only in its starting and ending points, its interior is
contained in either Dq or in Dy. Let without loss of generality Ds be the disc
containing the interior of f5. Then Dy also contains the interior of |C'(k,11)].
It follows, that D; N |C(kp41)| = @.

Since by the previous Lemma 55 the set D(ky, ..., kny1) is contractible, it
follows that Dy or Dy is contained in D(ky, ..., kyr1). If Dy C D(ky, ..., kns1),
then, since Dy N |C(k,11)| = @ it follows that Dy C D(ky,...,k,) and there-
fore the closure Dy U~ of Dy is also contained in D(ky, ..., k,). Since 51 C 7y
we have that 5y C D(ky,...,k,). If Dy is not contained in D(ky, ..., kyy1),
then Ds is contained in D(ky, ..., k,y1). However, then |C'(k,y1)| is a homo-
topy in Dy from (1 to 85 and therefore D, can be retracted to the complement
of the interior of |C'(k,+1)|. Hence , v U 52 bounds a disc in D(ky, ..., ky)
and in particular we have that 8y C D(ky, ..., k,).

It follows, that the intersection D(ky, . .., kyi1)N|C(kny1)| looks as claimed.
Furthermore, for any zero-simplex |s| of 0D(ky, ..., k,y1), the faces in the
intersection of |C'(s)| with D(ky,...,k,11) are again consecutively adjacent,
and D(ky,...,knt1) \ |C(s)| is edge-path connected. This completes the
inductive argument and proves the lemma.

]

Proof of Main Theorem 54. The first part of the statement follows by con-
struction.

For the second part, let K be a combinatoric such that |K| is simply
connected and let (0,d) € Tx. By the definition of Tk the vector o has
as entries the angles of a flat-cone surface ¢: K; — R, triangulated by K.
By Lemma 17 ¢ is determined uniquely from o and the choice of one of
its edgelength. Choose a one-simplex {ij} € K; and set the length of {ij}
equal to ¢;; = 1. Then, Lemma 17 determines ¢ from o and ¢;; = 1 by
@;j(0,1) = (0,0). In the following we construct a polyhedron P with surface
angles o, dihedral angles 0p = ¢ mod 27 and edgelengths /.

Let k1 = 7. We construct a simplexwise affine and simplexwise injective
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map P;: |C(ky)| — R? as follows. By the definition of Tx and by Propo-
sition 33 there is a polyhedral cone C; with underlying abstract simplicial
cone C(k;) and surface angles o* and dihedral angles dc, = 6% mod 27.
Send |k;| under P; to the tip of . Furthermore, send |k| for every k € st ky
under P; to the unique point on the edge C;(|kik|) of C; of distance lj
from P;(]k1]). We have constructed the image of P, of all the zero-simplices
of |C(ky)|. Define P, on any two-simplex |skit| of |C'(k;)| as the affine map
defined by the images under P of its zero-simplices |s|, |k1| and |¢|. This also
defines the image of P; of the one-simplices of |C(k;)|. By the Side-Angle-
Side Congruence Theorem for euclidean triangles the surface angles of P; are
indeed the components of ¢*! and its edgelengths are given by the restriction
of ¢ to the one-simplices of C'(k;). By constuction the dihedral angles of P,
are 6p, = 0¥ mod 2. By construction P, is simpexwise affine and since the
entries of ¢ are positive it is simplexwise injective.

By Lemma 55 there is a subset {k,...,kn} C Ky such that for each n €
{1,..., N} thesubsets |D,| := D(ky, ..., k) of | K| are simply connected, such
that |k,.1| € 9|D,| and such that |Dy| = |K|. Let now n € {1,...,N — 1}
and suppose there is a simplexwise affine and simplexwise injective map
P,:|D,| — R? whose surface angles are given by the restriction of ¢ to the
corners of D,, := U ,C(k;), whose dihedral angles coincide up to 27 with 0
on the one-simplices of D,, and whose edgelengths are given by ¢ restricted
to the one-simplices of D,

In the same way as we contructed P, we construct a simplexwise affine
and simplexwise injective map P.: |C(k,11)| — R? whose surface angles are
given by o restricted to the corners of |C'(k,41)|, whose dihedral angles are o
modulo 27 restricted to the one-simplices of |C'(k,+1)| and whose edgelengths
are given by ¢ restricted to the one-simplices of |C(k,+1)|. By Lemma 57 the
intersection of |C'(ky41)| with D(ky, ..., k,) is given by

|C<kn+1)| M D(kh ceey kn) - Uﬁlfl Uy U,

where f1,..., f., are consecutively adjacent faces and ~; and 7, are egdepaths
starting at a vertex of fi, and of f,,, respectively. The image of fy U...U f,
under P, is a set of consecutively adjacent triangles in R? with the same
edgelengths and dihedral angles beween them, as the image of f1 U... U f,,
under P’. It follows, that P,(f1U...U f,,) and P/ (fiU...Uf,,) are congruent
in R3. Let T be the euclidean isometry that takes the latter to the former
and from now on also denote by P, the map T o P!.

Then, by construction P, and P! coincide on f; U...U f,,,. We now argue,
that P, and P! also coincide on v, and vs. If 71 and 7, are the empty set, or
if they are contained in f; U... U f,,, then the images of P, and P/ coincide
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on v and 7,. Otherwise, consider the vertex |k| of f; in which ~; starts
suppose that |l1| is the adjacent vertex to |k| on ; that is not contained in
fiU...U fm. Then the union of the image P, (|C(k)|ND(ky,...,k,)) and the
image P (|C(k)|N|C(k,11)|) is a set of consecutively adjacent triangles in R?
starting in the line segment P,(|kl;|) and ending in the line segment P/ (|kly]).
It is uniquely determined by the edge P,(|kf;|), the angles of the triangles
and the dihedral angles between any two consecutive triangles. However, the
faces of

C:= B (|IC(k) N D(ky, ... k) U P (1C(R) N [C(knga)])

have by construction the surface angles and dihedral angles beween adjacent
faces of a polyhedral cone. Therefore, C' defines a polyhedral cone and its first
and last edges P,(|kl1|) and P/ (|kl1]) coincide. We repeat the argument for
the next edge of 7; and sucessively for the remaining edges of v; and obtain
that P, and P! coincide on 7. The same argument works for .

Define P, 1: D(ki,...,kny1) — R as P, on D(ky,...,k,) and as P,
on |C(k,+1)|. By the previous arguments the map F,;; is well defined.
By construction it is simplexwise affine, simplexwise injective, and has sur-
face and dihedral angles given by the maps o restricted to the corners of
D(ky, ..., kny1), and § restricted to D(kq, ..., k,.1) and componentwise taken
modulo 27. O

Remark 58. Note that in the above construction the last two faces are implied
as soon as the surrounding ones have been constructed. In particular, the
equations g% (o, z)({ijk}) = 0 for the two corresponding two-simplices {ijk}
are redundant, and may be dropped from the definition of ’7}(,7.

5.2 Dimension of the manifold of geometric realiza-
tions

Theorem 59. Let K be a combinatoric such that |K| is simply connected.
Then Tk.r is a smooth submanifold of Qk , X Rfl of dimension

dim %K,T =F.
Proof. By definition %KJ is the locus of Qg X Rfl where
g2(o,r) =0 and ﬁ?T(a, S, a, B,7,¢) = 0. (25)

By Remark 58 there are two adjacent two-simplices {ijk} and {jkl} € Ko,
such that if we remove the equations

gr(o,2)({ijk}) =0 and  gg(o,2)({jkl}) =0
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from the system of equations 25, then the new system of equations still defines
the same set of solutions Tk .. Define a new function

]il(l: (077T)CK « Riﬁ SN (R3)K2\{{ijk}:{j’€l}}

by
w(o,2)({k}) = i (o, 2)({k}),

and a function
fKI QKJ X Rfl — (Rg)Kz XkEKo R3(nk_2)+nk

by
B (o, z)
fr (0,6, 0, 8,7, ¢c,x)({k}) = (”gvll%T(a, 5,04.6,%0)({%})) '

Then, by the above %KJ = f7(0). By the Elimination Pattern Lemma 51
there is an admissible coloring (C, A) of K* that satisfies the conclusions of
the Lemma 51 and such that its colored corners C' are the corners of {ijk}*,
together with the corners of {jkl}*. By Proposition 42 and by its proof D gi .
is of full rank and furthermore it has a maximal submatrix M of full rank so
that the columns of M contained in af K are the partial derivatives 8f K where

(rst) are the corners of either {zyk} or of {jki}. Tt folows that M and D fin
as submatrices of D fx share no columns of D fx. Since by Proposition 14
we have that D fI is of full rank on (fi2)~1(0), we conclude that D fy is of
full rank on f7(0).

By the Preimage Theorem [11] it follows that Ty, is a smooth submanifold
of Qg . X Rfl of dimension

dim T, = dim (Qp, x REY) — 1k D fr.
We compute

dim (Qx x RY") =)~ (3(ny — 2) + (ng — 3)) + 3F + 2E,

keKy

and

kD fx =1k D f + kD g
= (tkDgg — 6) + kD,

—3F—6+ (Z (S(nk—2)+(nk—3))+3‘/>

keKy
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and obtain

dim Ty, = 3F + 2E — (3F + 3V — 6) (26)
—(E-3V)+E+6 (27)
=—6+E+6 (28)
—E, (29)

where Equation 28 holds by Euler’s Polyhedron Formula applied to V', and
because in every simplicial two-complex K we have that 2FE = 3F. O

Theorem 60. Let K be a combinatoric. For every {ij} € K there is a
diffeomorphism N
VYij: Te X Ry — Tie 7.

In particular, if | K| is simply connected, then Ty is a smooth submanifold of
(0,7)°% x RE* of dimension

dimTKJ =F—1.
Proof. The projection map

Tij - %K,T — T x Ry
(0-7 67(17/877707 x) H (0-7 57 va])

is smooth. Let (0,d,¢) € T x Ry. Then, for every k € K, there are

(ak75k77kack) € U AJ X <O77T)nk737
jefo,13amT

such that (%, 8%, o, Bk, Yk, k) € Tn,.- Recall from the proof of Proposition 35
that ay, B, v and ¢, can be expressed as smooth functions of o* and §*.
Hence «, 3, v and ¢ can be expressed as smooth functions a(o,d), (e, ),
v(0,8) and ¢(0o,d) of o and §. Then the function

77/11']'2 TK X ]R_,_ — %K,r
(0,0,0) — (0,0, a(0,6), 5(0,0),7(0,0),c(0,9),di;(0,0)),

where d;; is the function defined in the proof of Proposition 17, defines a
smooth inverse for ;. O
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