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Abstract

Laser spectroscopy of muonic atoms has been recently used to probe prop-
erties of light nuclei with unprecedented precision. We introduce nuclear
effects in hydrogen-like atoms, nucleon structure quantities (form factors,
structure functions, polarizabilities), and their effects in the Lamb shift and
hyperfine splitting (HFS) of muonic hydrogen (μH). Updated theory pre-
dictions for the Lamb shift and HFS in μH are presented. We review the
challenges of the ongoing effort to measure the ground-state HFS in μH
and its impact on our understanding of the nucleon spin structure.To narrow
down this search, we present a novel theory prediction obtained by scaling
the measured HFS in hydrogen while leveraging radiative corrections. We
also summarize recent developments in the spectroscopy of simple atomic
and molecular systems and emphasize how they allow for precise determi-
nations of fundamental constants, bound-state QED tests, and New Physics
searches.
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μH: muonic hydrogen

Proton charge
radius: definition via
slope of the electric
Sachs form factor,
rp =

√
−6G′

Ep(0)

ep scattering:
electron–proton
scattering

μD:
muonic deuterium
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1. INTRODUCTION

Muonic hydrogen (μH)—a hydrogen atom with the electron replaced by a muon—has an en-
hanced sensitivity to the structure of the proton and its short-range effects in general. The en-
hancement factor compared with that of H is of order (mμ/me)3 ≈ 107, making μH a neat lab-
oratory for studies of the proton structure. The same applies to other muonic atoms, where the
neutron structure can be explored, along with the structure of the atomic nucleus as a whole.

The last decade has witnessed a remarkable breakthrough in the laser spectroscopy of muonic
atoms, starting from the long-awaited observation of the 2S-2P transition in μH by the CREMA
Collaboration (1, 2).This transition appeared to be quite far from the predicted value, which made
it very difficult to find and very intriguing when found. It inferred a proton charge radius, rp, which
was spectacularly (7σ ) smaller than the state-of-the-art value of that time [see CODATA 2010 (3)
in Figure 1]. The CODATA value comprised decades of rp determinations using the traditional
techniques: electron–proton scattering (ep scattering) and H spectroscopy. This resounding dis-
crepancy, known as the proton radius puzzle, stirred a wealth of activity at the intersection of nu-
clear, particle, and atomic physics, reaching out to physics beyond the Standard Model (BSM) (for
recent reviews, see References 4–7). The subsequent measurement of the muonic deuterium (μD)
Lamb shift (8) revealed a similar discrepancy for the deuteron charge radius, rd (see Figure 2).
The two discrepancies are, in fact, related by the H-D isotopic shift measurement of the 1S-2S
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ep scattering, dispersive analysis
Lin et al. 2022

Alarcón et al. 2019
Lorenz et al. 2015

Belushkin et al. 2007

Figure 1

Selection of recent proton charge radius determinations from CODATA (3, 13, 14), muonic atoms (1, 2, 11),
H spectroscopy (14–19), ep scattering (20–25), and dispersive analysis of ep scattering (26–29). The vertical
band is aligned with the μH 2013 value (2). Abbreviations: ep scattering, electron–proton scattering; μD,
muonic deuterium; μH, muonic hydrogen.

2.12 2.13 2.14 2.15

2018
CODATA

2014

μD spectroscopy
Lensky et al. 2022

Kalinowski 2019
CREMA 2016

rd (fm)

ed scattering
Sick & Trautmann 1998

H-D isotope shift and rp (μH)
Antognini et al. 2013

D spectroscopy
Pohl et al. 2017

Figure 2

Deuteron charge radius determinations from CODATA (13, 14), ed scattering (42), μD spectroscopy (8, 11,
12), H-D isotopic shift and μH Lamb shift (2), and D spectroscopy (43). The vertical band is aligned with
the value from the isotopic shift (2). Abbreviations: ed scattering, electron–deuteron scattering; μD, muonic
deuterium; μH, muonic hydrogen.

www.annualreviews.org • Nucleon Structure in and out of Muonic Hydrogen 391

A
nn

u.
 R

ev
. N

uc
l. 

Pa
rt

. S
ci

. 2
02

2.
72

:3
89

-4
18

. D
ow

nl
oa

de
d 

fr
om

 w
w

w
.a

nn
ua

lr
ev

ie
w

s.
or

g
 A

cc
es

s 
pr

ov
id

ed
 b

y 
E

T
H

- 
Z

ur
ic

h 
on

 1
0/

17
/2

2.
 S

ee
 c

op
yr

ig
ht

 f
or

 a
pp

ro
ve

d 
us

e.
 



μp scattering:
muon–proton
scattering

Rydberg constant:

R∞ = α2mec
2h

HFS: hyperfine
splitting

transition (9), which constrains the difference, r2d − r2p . They are sometimes commonly referred
to as the Z = 1 radius puzzle, emphasizing that no such discrepancy has been found in muonic
helium (10). Using the theory updates of References 11 and 12, the rp value obtained from μD
via the isotopic shift is in agreement with the value extracted directly from μH on the per-mille
level.

Today,more than a decade after the radius-puzzle installment, there is some consensus, adopted
also by the CODATA group (13), that theμHvalue is not only an order of magnitudemore precise
but also more accurate. The problem with the previous extractions may simply lie in unaccounted
systematic uncertainties—a rather boring solution of the puzzle, at least in comparison with most
of the other proposals. This view is corroborated by some of the recent (re-)measurements using
H.With the exception of the H(1S-3S) transition measurement by Fleurbaey et al. (18), the other
four new measurements in H yielded smaller radii than the CODATA 2010 measurements: three
of them in agreement with the muonic results (16, 17, 19), and a very recent one of the H(2S-
8D) (15), though in some tension, which calls for further experimental determinations.

On the side of ep scattering, the recent PRad experiment (20) found the smaller value of rp,
in agreement with μH, confirming several analyses of scattering data that agree with the muonic
result (21, 22, 26–29).The initial-state radiation experiment at MAMI has a larger uncertainty and
thus does not allow discrimination between the small- and large-radius scenarios at the moment
(30).

Complementing the picture with these latest results diffuses the discrepancy quite considerably
(see Figure 1). Nonetheless, the jury is still out and a new round of experiments is underway,
including first measurements from muon–proton scattering (μp scattering) by the MUSE (31)
and AMBER Collaborations (32), improved ep scattering measurements from PRAD-II (33) and
the PRES Collaboration at MAMI, and spectroscopy measurements of H in Rydberg states (34),
He+(1S-2S) (35, 36), and simple molecules such as HD+, H+

2 , and H2 (see Section 5.3).
It is also interesting to look beyond the puzzle. What else can be learned from the muonic

atoms in conjunction with atomic spectroscopy and scattering experiments? Likewise, howwill the
improved rp and other structure information extracted from muonic atoms impact the precision
of other experiments and, more generally, contribute to a better understanding of the Standard
Model and beyond?

For example, the proton radius from μH, in combination with the 1S-2S transition in H, leads
to the most precise determination of the Rydberg constant, R∞. In combination with the H-D
isotopic shift, it leads to the most precise determination of the deuteron radius. The latter, com-
bined with the measured Lamb shift inμD, provides a stringent test for the theory of the deuteron
structure, viz., the nucleon–nucleon interaction. The proton radius, combined with spectroscopy
of H, D, HD+, and other simple systems, can be used to perform precision tests of bound-state
QED for few-body systems, affecting the precision of various fundamental quantities. While at
the moment HD+ can barely favor the muonic results (37), its potential is enormous. On the scat-
tering side, the precise value of rp allows for a better determination of the proton electric form
factor (eFF) GEp(Q2). These are some of the ins and outs that will be addressed in this article.
Obviously, with increasing precision one becomes sensitive to certain BSM scenarios, beyond the
ones proposed to explain the puzzle in the first place (e.g., 38–41).

Another topic of interest here concerns the ongoing efforts to measure the ground-state hyper-
fine splitting (HFS) in μH.The CREMACollaboration is aiming at the measurement with 1 ppm
relative accuracy by means of pulsed laser spectroscopy. In parallel, two other collaborations, at
J-PARC (44) and RIKEN-RAL (45–49), are developing measurements of this transition using dif-
ferent techniques. The HFS resonance is two orders of magnitude narrower than the 2S-2P line
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Bohr radius:
aB = (Zαmr)−1, with
reduced mass
mr = mM/(m + M),
where m andM are the
lepton and nucleus
masses

eVP: vacuum
polarization due to
electrons

Finite-size effects
Muon
Proton

a b c d e

Figure 3

Major corrections discussed in the text, including finite-size, radiative, and proton self-energy corrections. The cyan blobs represent the
finite-size effects; the thin and thick lines represent the muon and proton, respectively.

width, and hence difficult to find.We shall examine the prospects for an accurate prediction of this
transition, which will help guide the upcoming searches, and discuss what can be learned when
this transition is found.

This review is organized in the following way. Section 2 provides a brief introduction to the nu-
clear structure corrections with an emphasis on radiative corrections important for μH. Section 3
is devoted to evaluations of the proton polarizability contribution. Section 4 provides updated
theory predictions for the μH Lamb shift and the HFS in H and μH. In Section 5, we elaborate
more on the central role of HD+ spectroscopy and H to extend the impact of the proton radius
measurement to other precision quantities and possibleNewPhysics searches. Section 6 presents a
list of future prospects.Note that we are using natural units (� = c= 1), unless otherwise specified.

2. BRIEF INTRODUCTION TO NUCLEAR EFFECTS
IN HYDROGEN-LIKE ATOMS

Muonic atoms have a distinctly small Bohr radius and, therefore, a larger sensitivity to nuclear
structure and to short-range effects in general. While the finite-size contribution is increased by
the aforementioned factor of 107 relative to normal atoms, the QED effects contributing to the
2S-2P splitting increase only by a factor of 50, promoting the finite-size contribution to be the
second largest contribution, trumped only by the one-loop vacuum polarization due to electrons
(eVP; see Figure 3a and section 2.2 of the Supplemental Text). The literature accounting for
these effects is very extensive (see, e.g., 50–54). And nevertheless, the work on accurate calculations
of these effects will continue in the foreseeable future, as the ongoing experiments bode new
leaps in precision. Important for this program is the progress on the nuclear side since many of
the corrections require the input of nuclear and nucleon form factors and structure functions. In
this section and in Section 3, we briefly describe how these ingredients are entering the atomic
calculations; some numeric results for μH are discussed in Section 4.

The starting point is, of course, the Coulomb problem solved by using either the Dirac or the
Schrödinger equation (55). A short recap of the quantum mechanical Coulomb problem is given
in section 1 of the Supplemental Text. It assumes a point-like nucleus with the electric charge
Ze, whereas the effects beyond this approximation come as perturbative corrections to the Lamb
shift, fine structure, and hyperfine structure. The perturbation series is organized in powers of
the fine-structure constant α = e2/4π , and mass ratios. Among the nuclear structure effects, we
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Effects from nuclear excitations
Muon
Proton

a b

t-channel cut

c
s-channel cut

Figure 4

(a) The 2γ exchange with the (b) t-channel and (c) s-channel cuts. The cyan blobs represent effects from
nuclear excitations.

distinguish (i) the finite-size effects, which come from the electromagnetic distributions in the
nucleus (e.g., Figure 3b–d), and (ii) the polarizability effects (Figure 4a) caused by deformations
of the distributions within the atom. The former can be entirely described by the elastic form
factors, such as GE(Q2) and GM(Q2) in case of a spin-1/2 nucleus (e.g., the proton), whereas the
latter require a more complicated input, viz., structure functions. The two types of effects are also
treated quite differently, as can be seen in the following derivation of the leading and next-to-
leading nuclear contributions.

2.1. Finite-Size Effects

Let us start by discussing the finite-size effects, which can be described through the charge, Friar,
and Zemach radii, as well as higher moments of the electromagnetic distributions.

2.1.1. Lamb shift. The main nuclear effect in the Lamb shift comes from the nuclear charge
distribution ρE(r), which, in momentum space, is described by an eFF GE(Q2), a function of the
photon virtuality, Q2 = q2 − q20. The corresponding potential is (see Figure 3b)

VeFF(|q|) = −4πZα

q2
[
GE (q2) − 1

] = 1
π

∫ ∞

t0

dt
t

ImGE (t )
4πZα

q2 + t
, 1.

neglecting the relativistic effects, such as the dependence on the energy transfer q0 (retardation)
and recoil corrections,which can be treated within the Breit-potential formalism (cf.Reference 56,
chapter IX, section 83). The two forms of the potential in Equation 1 are related by the once-
subtracted dispersion relation:

GE (Q2) = 1 − Q2

π

∫ ∞

t0

dt
t

ImGE (t )
t + Q2 − i0+ , 2.

where the integration is done over the time-like region, in which the form factor develops a dis-
continuity associated with particle production, with t0 being the lowest threshold. For the proton,
for instance, the leading discontinuity is associated with two-pion production, i.e., t0 = 4m2

π .
In principle, the absorptive part of the form factor, ImGE (t ), is known empirically (for the

proton, see, e.g., 26–29).However, here we use the dispersive representation simply as a convenient
analytical tool. In coordinate space, where the Coulomb potential is given by −Zα/r, the form-
factor correction takes the following form:

VeFF(r) = Zα

π

∫ ∞

t0

dt
t
ImGE (t )

1
r
e−r

√
t , 3.
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Friar radius:
rFriar = 3

√
〈r3E 〉(2)

Wave function at the
origin:
φ2
nS (0) = 1/(πa3Bn

3)

which, in fact, is the Yukawa potential with the dispersed mass given by
√
t. As a result, the first-

order perturbation theory contribution to the classic (2S-2P) Lamb shift is given by

E〈eFF〉
2S-2P ≡ 〈

2S|VeFF|2S
〉 − 〈

2P|VeFF|2P
〉 = (Zα)4m3

r

2π

∫ ∞

t0

dt
ImGE (t )

(
√
t + Zαmr )4

. 4.

Since Zαmr 	 √
t0, the denominator can be expanded (assuming the atomic Bohr radius is much

larger than the nuclear size), yielding

E〈eFF〉
2S-2P = (Zα)4m3

r

12

∞∑
k=2

(−Zαmr )k−2

(k− 2)!
〈
rkE

〉 = (Zα)4m3
r

12

(〈
r2E

〉 − Zαmr
〈
r3E

〉 + . . .
)
, 5.

where
〈
rkE

〉
is the kth moment of the charge distribution ρE(r):

〈
rkE

〉 = 4π
∫ ∞

0
dr r2+kρE (r) = (k+ 1)!

π

∫ ∞

t0

dt
ImGE (t )
t1+k/2

. 6.

The first term in Equation 5 is the famous charge radius correction, appearing at order (Zα)4.
For a discussion of the self-energy diagram for the bound and free protons (cf. Figure 3e) in the
context of the proton charge radius definition, we refer readers to section 3 of the Supplemental
Text. To compute the next term of order (Zα)5 correctly, we ought to take this correction to the
second-order perturbation theory:

E〈eFF〉〈eFF〉
2S-2P =

∑∫
n 
=2

∣∣〈2S|VeFF|nS
〉∣∣2 − ∣∣〈2P|VeFF|nP

〉∣∣2
E2 − En

∼=−2(Zα)5m4
r

π

∞∫
0

dQ
Q4

[
GE (Q2) − 1

]2 = (Zα)5m4
r

12

(〈
r3E

〉 − 1
2

〈
r3E

〉
(2)

)
, 7.

where we have kept only the terms of order (Zα)5 and introduced the third Zemachmoment (57):

〈
r3E

〉
(2) = 48

π

∞∫
0

dQ
Q4

[
G2
E (Q

2) − 1 + 1
3

〈
r2E

〉
Q2

]
, 8.

with the corresponding radius called the Friar radius.One sees that the second-order contribution
essentially replaces the third radius, appearing in Equation 5, with the Friar radius term. To order
(Zα)5, the finite-size correction is then given by

E f .s.
2S-2P = (Zα)4m3

r

12
〈
r2E

〉 − (Zα)5m4
r

24
〈
r3E

〉
(2). 9.

Similarly, to compute the complete order (Zα)6 correction, one needs to take this potential to
the third order, and so forth. The first corrections that affect P-levels begin at order (Zα)6. Thus,
up to this order, the entire effect can be deduced from a δ(r)-function potential, which provides
an easy generalization for the nS-level shift:

E f .s.
nS = 2π

3 Zα
(〈
r2E

〉 − 1
2Zαmr

〈
r3E

〉
(2)

)
φ2
nS(0), 10.

where φ2
nS(0) is the wave function at the origin. The Friar radius contribution obviously plays a

more significant role in μH than in H, and it was an initial suspect to resolve the proton radius
puzzle (58). However, in that scenario, the Friar radius was so large that the expansion in radii
would be invalidated (59, 60). The present consensus is that this contribution is at least an order
of magnitude smaller than what is required for the explanation of the puzzle. Furthermore, there
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Fermi energy:
EF = 8(Zα)4m3

r (1+κN )
3mM

are relativistic corrections, which can be treated within the Breit-potential formalism or, alterna-
tively, by considering the two-photon (2γ ) exchange, as discussed below. Also important are some
radiative corrections, which come from combining the finite-size and QED effects. In muonic
atoms, the eVP plays an especially prominent role and produces sizable radiative corrections to
the finite-size effects shown in Figure 3c and d (see Section 2.3).

2.1.2. Hyperfine splitting. Assuming a spin-1/2 nucleus, the HFS arises from the magneti-
zation properties of the nucleus described by the magnetic form factor (mFF) GM(Q2). For the
S-levels, the corresponding potential is given by the following (omitting recoil corrections):

V F
mFF(|q|) = 4πZα

3mM

[
F (F + 1) − 3

2

]
GM (q2) = 4Zα

3mM

[
F (F + 1) − 3

2

] ∫ ∞

t0

dt
ImGM (t )
q2 + t

, 11.

where F = 0 or 1 is the total spin, κN is the anomalous magnetic moment of the nucleus, and
GM(0) = 1 + κN is the value of the magnetic moment in units of Ze/2M. The corresponding
coordinate-space potential is directly proportional to the magnetization density ρM(r). Details
regarding the charge and magnetization densities and the coordinate-space potentials are given
in section 2 of the Supplemental Text.

The first-order contribution yields the following HFS interval of the nS-level:

E〈mFF〉
nS-HFS = (

1 − 2Zαmr〈rM〉)EF

n3
+ O[(Zα)6], 12.

where EF is the Fermi energy, and
〈
rM

〉 = 4π
∫ ∞
0 dr r3ρM (r) is the linear magnetic radius. At the

second order, the interference with the eFF potential of Equation 1 gives

E〈mFF〉〈eFF〉
nS-HFS = Zαmr

(〈rM〉 − rZ
)EF

n3
+O[(Zα)6], 13.

thus canceling the linear magnetic radius term from the first order, and installing instead the
Zemach radius:

rZ = − 4
π

∫ ∞

0

dQ
Q2

[
GE (Q2)GM (Q2)

1 + κN
− 1

]
. 14.

The Fermi energy contribution is not a finite-size effect, as it is already present for a point-like
nucleus. The leading finite-size effect in the HFS is therefore of order (Zα)5:

E f .s.
nS-HFS = −(2Zαmr/n3)EF rZ. 15.

At this order, the polarizability corrections also begin to appear. We consider them next.

2.2. Two-Photon Exchange and Polarizability Effects

Thus far, we have considered effects that stem from the one-photon exchange and its iterations,
such that the nucleus stays intact and in its ground state.There are also effects coming fromnuclear
excitations, which can be assessed only through a 2γ exchange (see Figure 4a). This description
goes beyond the elastic form factors and involves instead the polarizabilities and inelastic structure
functions, as can be seen in what follows.

The 2γ exchange shown in Figure 4a introduces, in general, a correction V2γ (p′ − p; p′, p),
which depends on the relative momenta of the initial and final states, p and p′, as well as the
momentum transfer q = p′ − p. These are four-momenta, but the energy effects can safely be
neglected because they are suppressed by (Zα)2mr. The dependence on |p| = |p′| is suppressed
by Zαmr and will, to leading order (LO), be neglected too. The dependence on |q| is a bit more
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subtle because of possible logZα terms. To see this, let us write a dispersion relation for the graph
of Figure 4b in the Mandelstam variable t = q2 = −Q2, for fixed s � (m + M)2:

V2γ (t ) = 1
π

∞∫
0

dt ′
ImV2γ (t ′ )
t ′ − t − i0+ = V2γ (t = 0) + t

π

∞∫
0

dt ′
ImV2γ (t ′ )

t ′(t ′ − t − i0+ )
, 16.

where in the second equation we have a once-subtracted relation, thus introducing the forward
scattering amplitude,V2γ (t= 0).The remainder with nonvanishingmomentum transfer is referred
to as the off-forward amplitude.

The absorptive part, ImV2γ (t ), corresponds with the discontinuity across the t-channel cut,
which starts at 0 because the photons are massless. As a result, the expansion in t is nonanalytic.
When calculating the level shifts in perturbation theory, this nonanalyticity translates into logZα

contributions.
Let us see this for the Lamb shift, where we can make use of the arguments leading to

Equation 4 and arrive at the following:

E〈2γ 〉
2S-2P = (Zαmr )3

8π2

∞∫
0

dt
t ImV2γ (t )

(
√
t + Zαmr )4

17a.

= V2γ (0)φ2
2S(0) +

(Zαmr )3

8π2

∞∫
0

dt
[

t
(
√
t + Zαmr )4

− 1
t

]
ImV2γ (t ). 17b.

Let us focus on the leading polarizability effect, which comes from the electric αE1 and magnetic
βM1 dipole polarizabilities of the nucleus. Knowing how they enter the Compton scattering am-
plitude, we can obtain their contribution to ImV2γ (t ). Note that our consideration of the 2γ cut
shown in Figure 4b involves only the real Compton scattering and static polarizabilities. The ex-
pression is rather lengthy (61); here, we quote only the polarizability potential in the well-known
long-range limit and the singular short-range limit:

V2γ (r) = 1
4π2r

∞∫
0

dt ImV2γ (t ) e−r
√
t r→∞= −α αE1

2r4
+ α (11αE1 + 5βM1)

4πmr5
+ O(1/r6), 18a.

r→0= αm log(mr)
2πr3

(αE1 − βM1) +O(1/r3). 18b.

Note that the prefactor of α is coming from the lepton line, whereas the polarizabilities contain
Z 2α; hence, in total the order is (Zα)2 as expected.The entire potential is negative-definite (attrac-
tive), provided αE1 > βM1, and assuming the electric polarizability is a positive-definite quantity.
This potential, however, is not very useful to compute the contribution to the S-states because of
the singular short-range behavior. Anticipating that, we have introduced the subtracted dispersion
relation in Equation 16, leading to Equation 17b. The integration over t is now convergent, with
the short-range contribution regularized, and for the leading-Zα contribution to the nS-shift, we
obtain the following:

E〈2γ 〉
nS = {

V2γ (0) + 4α(Zα)αE1 log[2n(Zα)−1] + O[(Zα)3]
}
φ2
nS(0). 19.

It remains now to calculate V2γ (0), i.e., the forward 2γ exchange, as it apparently gives the larger
contribution, of order (Zα)5. For this, one can make use of the s-channel dispersion relations for
the forward Compton amplitude (see Figure 4c), which allows one to express everything in terms
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Chiral perturbation
theory (χPT): an
effective field theory of
low-energy QCD

of integrals of the structure functions, F1, 2(x, Q2), measured in inclusive electron scattering. Un-
fortunately, one of these dispersion relations requires a subtraction too, which precludes the use of
a purely data-driven approach. Still, most of the existing calculations are based on the data-driven
approach, in conjunction with somemodel-building of the subtraction function. Alternatively, one
can calculate the entire (Zα)5 contribution using chiral perturbation theory (χPT) or lattice QCD.
More details on evaluations of the forward 2γ -exchange contribution can be found in Section 3.

Similar consideration can be done for the HFS. There are two important differences: The
contribution of order (Zα)6 logZα is absent, and the order (Zα)5—the forward 2γ -exchange
contribution—can be expressed in terms of the spin structure functions without a subtraction (see
Section 3 for details). There is an interesting order (Zα)6 contribution coming from the neutral-
pion exchange, which couples to the lepton through the chiral anomaly (62–65). However, it is
not very relevant at the current level of precision. It might become so once the μH 1S HFS is
measured.

2.3. Radiative Corrections

The largest corrections in muonic atoms involve the eVP, which also produces radiative correc-
tions to the finite-size effects via the mechanisms shown in Figure 3c and d. They are respectively
referred to as VP1 and VP2.

2.3.1. VP2 correction. The diagram shown in Figure 3d appears from the interference of
the finite-size correction VeFF (Figure 3b) with the Uehling potential (Figure 3a) in the second-
order perturbation theory. To avoid lengthy considerations, we cast the finite-size effects into
a δ(r)-function potential, as remarked above (valid for contributions that influence only the
S-levels). The eVP effect then amounts to correcting the wave function at the origin, appearing
in Equation 10, as follows:

φ2
nS(0) → φ2

nS(0)
[
1 + α

π
C1(nS)

]
, 20.

where C1(nS) is known analytically for the case of one-loop eVP (see 66, equation B3). This is the
universal eVP correction to any δ-function potential, including the forward 2γ -exchange correc-
tion considered in Section 3.

2.3.2. VP1 correction to the Lamb shift. This correction (Figure 3c) corresponds to the
following potential:

VeFF,VP1(|q|) = −4πZα

q2
[
GE (q2) − 1

]
�(q2), 21.

where �(Q2) is the scalar part of the vacuum polarization. Using the dispersive representation,
the correction to Equation 4 reads as follows:

EVP1
2S-2P = (Zα)4m3

r

2π

[ ∞∫
t0

dt
ImGE (t ) Re�(−t )

(
√
t + Zαmr )4

+
∞∫

4m2
e

dt
[ReGE (−t ) − 1] Im�(t )

(
√
t + Zαmr )4

]
22.

= (Zα)4m3
r

2π

[ ∞∫
4m2

e

dt [ReGE (−t ) − 1]︸ ︷︷ ︸
≈ 1
6 t

〈
r2E

〉 Im�(t )
(

1
(
√
t + Zαmr )4

− 1
t2

)
+ O

( Zαmr√
t0

)]
.
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hVP: vacuum
polarization due to
hadrons

μVP: vacuum
polarization due to
muons

Within the indicated approximations this correction affects only the charge radius contribution:

E f .s.
2S-2P = 1

12 (Zα)4m3
r

[
(1 + δVP12S-2P )

〈
r2E

〉 − 1
2Zαmr

〈
r3E

〉
(2)

]
,

δVP12S-2P = 1
π

∞∫
4m2

e

dt t
[

1
(
√
t + Zαmr )4

− 1
t2

]
Im�(t ). 23.

Substituting the one-loop expression for the eVP [i.e., Im�(1)(t ) displayed in equation 14 of the
Supplemental Text], we obtain the following:

δ
VP1(1)
2S-2P = ακ

6π (1 − κ2)2

[
κ(4κ2 − 7) + 4κ4 − 10κ2 + 9√

1 − κ2
arccos κ

]
, with κ = Zαmr

2me
. 24.

For μH, δVP1(1)2S-2P � 2.155 × 10−3. Note that this correction affects both the S- and P-levels.

2.3.3. VP1 correction to hyperfine splitting. The eVP radiative corrections to the HFS are
treated similarly. In this case the potential corresponding to the diagram shown in Figure 3c is

V HFS
mFF,VP1(|q|) = 8πZα

3mM
GM (q2)�(q2). 25.

Going through the same steps as in Equation 22, one finds the following effect on the ground-state
HFS:

EVP1
1S-HFS = 8(Zα)4m3

r

3πmM

[ ∞∫
4m2

e

dt ReGM (−t )︸ ︷︷ ︸
≈(1+κN )

Im�(t )
(

1(√
t + 2Zαmr

)2 − 1
t

)

− 4Zαmr

∫ ∞

t0

dt
ImGM (t )
t3/2

Re�(t ) + O
(

(Zαmr )2

t0

)]
. 26.

The first term is not a finite-size correction because it affects only the Fermi energy term, albeit
differently for each nl. For the ground state, its effect is EF(1 + δVP11S-HFS), where the one-loop eVP
gives the following:

δVP11S-HFS = 1
π

∞∫
4m2

e

dt
[

1(√
t + 2Zαmr

)2 − 1
t

]
Im�(1)(t )

= α

3πκ3
1

[
2κ1 + 1

3κ
3
1 + 2 − κ2

1 + 2κ4
1√

κ2
1 − 1

arccoshκ1 − π

]
, with κ1 = Zαmr

me
. 27.

For μH this amounts to about a 2% correction to the Fermi energy or, in absolute terms,
0.37465 meV. This is a fairly large effect, and one must consider the next term in Equation 26,
which eventually leads to a Zemach radius correction, rZ(1 + δVP1Z,1S ) (for more details, see section 5
of the Supplemental Text).

2.3.4. Combining VP1 and VP2. We note that this formalism applies to all the vacuum polar-
ization contributions, including, for instance, vacuum polarization due to hadrons (hVP) or due to
muons (μVP) in H.However, in these cases one can expand in Zα before the t-integration, which
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VVCS: forward
doubly virtual
Compton scattering

simplifies things considerably. For example, the VP2 and VP1 corrections become equal at LO,
with their combined effect given by

δVP1+VP2
1S-HFS = −8Zαmr

π

∞∫
t0

dt
Im�(t )
t3/2

+O(Z2α3). 28.

Plugging in the one-loop VP with a lepton with mass m
, or a charged scalar with mass mπ , one
obtains 3

4Zα2(mr/m
 ) and 1
8Zα2(mr/mπ ), respectively. The latter result can be used to estimate

the hVP contribution.

3. EVALUATIONS OF THE FORWARD TWO-PHOTON EXCHANGE

It has been long known (67, 68) that the forward 2γ exchange (Figure 4a) is a convenient way to
access the order (Zα)5 effects due to inelastic nuclear structure, viz., the polarizability effects. The
main ingredient in this calculation is the nuclear Compton scattering amplitude—or,more specif-
ically, the forward doubly virtual Compton scattering (VVCS) amplitude, which, for a spinless or
an unpolarized nucleus with spin, is decomposed into two tensors:

T μν (p, q) =
(

−gμν + qμqν

q2

)
T1(ν,Q2) + pμpν

M2
T2(ν,Q2), 29.

where p and q are the four-momenta of, respectively, the nucleus, with p2 = M2, and the photon.
The scalar amplitudes T1 and T2 are functions of the photon energy and virtuality, ν = p · q/M,
Q2 = −q2. A similar decomposition exists for spin-dependent VVCS,which contributes then to the
HFS. For a spin-1/2 nucleus there are two spin amplitudes, S1 and S2. The forward 2γ -exchange
contributions to the Lamb shift and HFS have the following generic form:

E〈2γ 〉
nS = φ2

nS(0)
2∑
i=1

∫ ∞

−∞
dν

∫ ∞

0
dQ2 Ki(ν,Q2)Ti(ν,Q2), 30a.

E〈2γ 〉
nS-HFS = φ2

nS(0)
2∑
i=1

∫ ∞

−∞
dν

∫ ∞

0
dQ2 K̃i(ν,Q2)Si(ν,Q2), 30b.

where Ki and K̃i are some kernel functions. Further notations and formulas can be found in Ref-
erences 69 and 70, as well as section 4 of the Supplemental Text. In particular, it is important to
realize that the Born part of the VVCS amplitudes is expressed in terms of the elastic form factors.
It yields the finite-size effects, considered in the previous section, together with the recoil correc-
tions. The non-Born part yields the polarizability contribution.Note that these are not always the
same as the elastic and inelastic 2γ -exchange contributions, which refer to the contributions of
elastic and inelastic parts of the structure functions.

The VVCS amplitudes can be calculated in χPT, but the more traditional approach is the
data-driven evaluation using the structure functions. Anticipating the forthcoming discussion, let
us remark that the two approaches presently agree on the polarizability contribution to the Lamb
shift of μH, but disagree for the HFS by several σ . The new experimental data on the proton spin
structure from the JLab Spin program may be very helpful to resolve the latter discrepancy.

3.1. Lamb Shift in Muonic Hydrogen

The VVCS amplitudes in Equation 30 are not measurable directly, but they can be related to the
inclusive scattering data by the fundamental principles of unitarity and causality, viz., the optical
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Table 1 Forward 2γ-exchange contributions to the 2S shift in muonic hydrogen (µeV)

Reference E (subt)
2S E (inel)

2S E (pol)
2S E (el)

2S E〈2γ〉
2S

Data-driven dispersive evaluation
Pachucki 1999 (75) 1.9 −13.9 −12(2) −23.2(1.0) −35.2(2.2)
Martynenko 2006 (76) 2.3 −16.1 −13.8(2.9)
Carlson et al. 2011 (77) 5.3(1.9) −12.7(5) −7.4(2.0)
Birse & McGovern 2012
(78)

4.2(1.0) −12.7(5) −8.5(1.1) −24.7(1.6) −33(2)

Gorchtein et al. 2013
(79)a

−2.3(4.6) −13.0(6) −15.3(4.6) −24.5(1.2) −39.8(4.8)

Hill & Paz 2017 (80) −30(13)
Tomalak 2019 (81) 2.3(1.3) −10.3(1.4) −18.6(1.6) −29.0(2.1)
Leading-order baryon chiral perturbation theory
Alarcón et al. 2014 (82) −9.6+1.4

−2.9
Lensky et al. 2018 (83)b 3.5+0.5

−1.9 −12.1(1.8) −8.6+1.3
−5.2

Lattice QCD
Fu et al. 2022 (84) −37.4(4.9)

aAdjusted values due to a different decomposition into the elastic and polarizability contributions.
bPartially includes the �(1232)-isobar contribution.

theorem and dispersion relations (70–72). Exploiting the s-channel cut (see Figure 4c), one
hopes to express everything in terms of the nuclear structure functions. For the spin-independent
amplitudes, we have

T1(ν,Q2)=T1(0,Q2) + 32πZ2αMν2

Q4

∫ 1

0

dx x
1 − x2(ν/νel )2 − i0+ F1(x,Q2), 31a.

T2(ν,Q2)= 16πZ2αM
Q2

∫ 1

0

dx
1 − x2(ν/νel )2 − i0+ F2(x,Q2), 31b.

where νel = Q2/2M.
Unfortunately, the dispersion relation for T1 requires a subtraction, which means that not eve-

rything is expressed in terms of the structure functions (here,F1 and F2). The amplitude T1(0,Q2),
i.e., the subtraction function,1 is an additional unknown in this equation. It is not well constrained
by experimental data, and hence, in a purely data-driven approach its modeling leaves some room
for imagination. At the beginning of the proton radius puzzle, a large subtraction-function con-
tribution was even proposed to resolve the discrepancy (74), yielding the missing 310 μeV in the
μH Lamb shift. In all the other existing models, however, this contribution appears to be much
smaller, by two orders of magnitude [cf.E(subt) inTable 1]. The modest 2γ -exchange contribution
was corroborated by χPT calculations, where this problem of model dependence does not arise.
These results are also displayed in Table 1, which lists the following 2γ -exchange effects in the
μH Lamb shift:

� E(subt): the subtraction function
� E(inel): the inelastic structure functions
� E(pol) = E(subt) + E(inel): the polarizability contribution

1The conventional subtraction is done at ν = 0, but a subtraction at ν = iQ can be used to diminish the inelastic
structure-function contribution and simplify the calculations (73).
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� E(el): the elastic structure functions (same as the Friar radius with recoil)
� E〈2γ 〉 = E(el) + E(pol): the total 2γ exchange

Despite the moderate effect of the subtraction function, it constitutes the largest uncertainty
of the data-driven evaluations. Models of the subtraction function for the proton are constrained
atQ2 = 0 by the magnetic polarizability βM1, and at asymptotically largeQ2 by perturbative QCD
(78). There is a new idea (85) of how to further constrain it from the dilepton electroproduction
(e−p → e−p e−e+), but that would be an extremely challenging experiment. There is hope that it
can soon be calculated in lattice QCD (84, 86–90).

3.2. Hyperfine Splitting in Hydrogen and Muonic Hydrogen

For the HFS, the 2γ -exchange effects are conventionally split into Zemach radius, recoil, and
polarizability contributions (91):

E〈2γ 〉
nS-HFS = EF

n3
(
�Z + �recoil + �pol

)
. 32.

Note that all of these effects begin to contribute at order (Zα)5.While the elastic contributions are
known to better than 1%, the absolute uncertainty of the numerically large Zemach radius contri-
bution is not negligible. Still, the largest uncertainty comes from the polarizability contribution.
In what follows, we discuss the Zemach and polarizability contributions in more detail.

3.2.1. Zemach radius and correlation with the charge radius. The Zemach radius contri-
bution, defined as �Z = −2ZαmrrZ, can be evaluated based on empirically known form factors
using Equation 14. For example, the recent dispersive analysis of the nucleon electromagnetic
form factors from the Bonn group (26) yields the following:

rZp = 1.054
(+0.003
−0.002

)
stat

(+0.000
−0.001

)
syst fm, �Z(μH) = −7403+21

−16 ppm. 33.

On the other hand, one can determine this contribution from the experimental HFS, given pre-
dictions for the remaining theory contributions. So far we have the measurements of the 1SHFS
in H and the 2S HFS in μH. The corresponding extractions of the Zemach radius are shown in
Table 2 and compared with the form-factor determinations. Since baryon χPT (BχPT) gives a
smaller prediction for the polarizability contribution than data-driven evaluations do, it also gives
a smaller Zemach radius. This discrepancy is discussed below (cf. Figure 6).

There is an appreciable linear correlation between the Zemach and charge radii (see Figure 5).
The gray dashed line in Figure 5 represents the usual dipole approximation, 1/(1 + Q2/�2)2, for
the form factorsGE andGM. This correlation is of course more general, given that the proton size
is set predominantly by one QCD scale, �QCD. Essentially all the empirical parameterizations of
the form factors, shown by data points, follow this trend too. For comparison,Figure 5 shows our
present determination of rZp from H (blue band) and rp from μH (solid pink line). The upcoming
1SHFS measurement in μH is expected to have a big impact on the precise determination of rZp.

3.2.2. Polarizability contribution and the spin structure functions. The polarizability con-
tribution is at least an order of magnitude smaller than the Zemach term, but it produces a rela-
tively large uncertainty. Here we look at it in more detail. This contribution is usually split into

Table 2 Determinations of the proton Zemach radius, rZp (fm)

ep scattering μH 2S HFS H 1S HFS
Lin et al. (26) Borah et al. (92) Antognini et al. (2) BχPT (62) Volotka et al. (93) BχPT (62)
1.054+0.003

−0.002 1.0227(107) 1.082(37) 1.041(31) 1.045(16) 1.012(14)

Abbreviations: BχPT, baryon chiral perturbation theory; ep scattering, electron–proton scattering; HFS, hyperfine splitting; μH, muonic hydrogen.
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Lin et al. 2022
Borah et al. 2020
CREMA 2013
Distler et al. 2011
Dipole form factor
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Bradford et al. 2006
Arrington et al. 2007
Arrington & Sick 2007

Figure 5

Correlation between the Zemach and charge radii of the proton. The results shown are from Lin et al. (26),
Borah et al. (92), the CREMA Collaboration (2), Distler et al. (59), Kelly (140), Bradford et al. (141),
Arrington et al. (142), and Arrington & Sick (143). Abbreviations: BχPT, baryon chiral perturbation theory;
HFS, hyperfine splitting.

terms, in correspondence with the two spin structure functions, g1 and g2:

�pol =�1 + �2 ≡ Zαm
2π (1 + κN )M

(δ1 + δ2), 34a.

δ1 = 18

∞∫
0

dQ
Q

κ0(Q2) I (pol)1 (Q2) + 16M4

∞∫
0

dQ
Q3

x0∫
0

dx κ1(x,Q2) g1(x,Q2), 34b.

δ2 = 96M2

∞∫
0

dQ
Q3

x0∫
0

dx κ2(x,Q2) g2(x,Q2), 34c.

where x0 is the inelastic threshold,which usually is associated with pion production.The kinematic
functions, κi, have a particularly simple form for H since one may neglect the electron mass,

κ0(Q2) = 1, κ1(x,Q2) = γ (Q2/x2)
[
4 + γ (Q2/x2)

]
− 9

4 , κ2(x,Q2) = γ (Q2/x2) − 1
2 , 35.

with γ (t ) ≡ (
1 +

√
1 + 4M2

t

)−1. For the more general form, see equation 37 of the Supplemental
Text. Note that only the recoil corrections to the Zemach term are contained in �recoil, whereas
the polarizability contribution includes the corresponding recoil effects in itself.

The quantity that stands out in the evaluation of �1 is I
(pol)
1 (Q2), which is the polarizability (i.e.,

non-Born) part of the first moment of g1:

I (pol)1 (Q2) = I1(Q2) + 1
4F

2
2 (Q

2), I1(Q2) ≡ 2M2

Q2

∫ x0

0
dx g1(x,Q2), 36.

where the Pauli form factor, F2(Q2), comes from the nonpole piece of the Born term. There is a
large cancellation between the two terms in I (pol)1 , which is hard to achieve precisely in empirical
evaluations. In fact, at the real-photon point they cancel exactly, I (pol)1 (0) = 0, as a consequence of
the GDH sum rule (94, 95): I1(0) = − 1

4κ
2
N . There is also a sum rule for the slope, I ′(pol)1 (0), relating

it to the nucleon spin polarizabilities (96, 97). However, in the data-driven evaluations these
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Table 3 Polarizability contribution to the hyperfine splitting of hydrogen and muonic hydrogen

Hydrogen Muonic hydrogen
Reference �pol �1 �2 �pol �1 �2

Data-driven dispersive evaluation
Faustov et al. 2006 (102) 2.2(8) 2.6 −0.4 470(104) 518 −48
Carlson et al. 2008, 2011

(91, 103)
1.88(64) 2.00(63) −0.13(13) 351(114) 370(112) −19(19)

Tomalak 2019 (81) 1.91(54) 364(89) 429(84) −65(20)
Zielinski 2017 (104) 1.51 1.95(95) −0.44
Leading-order baryon chiral perturbation theory
Hagelstein & Pascalutsa

2016 (62)
0.12(55) 0.05(52) 0.07(17) 37(95) 29(90) 9(29)

+ �(1232) excit.
Hagelstein 2018 (105) −0.16 0.48 −0.64 −13 84 −97

Values are in parts per million.

relations are satisfied only approximately. In the future, it would be desirable to develop the em-
pirical parameterizations of structure functions with built-in constraints from various sum rules.

The present data-driven evaluations also suffer from the poor knowledge of g2. The data
are scarce in the entire kinematic region relevant to �2 (98). The data from the JLab g2p
experiment (99–101) may soon improve this situation. Their preliminary data have been used
by Zielinski (104) to estimate the effect of �2 in H (see Table 3). In Table 3, we also show the
result of LO BχPT (62), which finds a relatively small polarizability effect. The uncertainty of
the LO calculation is estimated as 30% [� (M� −Mp)/GeV] for the contributions from the
longitudinal-transverse and helicity-difference cross sections, σLT and σTT, respectively (see
equation 20 of the Supplemental Text for their relation to the spin structure functions). An
inclusion of the �(1232)-resonance excitation (105) does not change this situation. It increases
the effect in the individual �1 and �2 contributions but cancels out from the total �pol, as can
be seen by comparing the last two rows of Table 3. A complete next-to-leading-order BχPT
calculation, as is done for Compton scattering observables (106, 107), is needed here to elucidate
this result and reduce the uncertainty.

Figure 6 provides a graphic illustration of the present discrepancy between the data-driven
evaluations and the LO BχPT.The upcoming 1SHFSmeasurement inμHwill be able to address

BχPT LO

0 100 200 300 400 500 600–100

Tomalak 2019

Carlson et al. 2008

Faustov et al. 2006

Dispersion relation

Δpol (μH) (ppm)

Hagelstein & Pascalutsa 2016

Figure 6

The polarizability contribution to the hyperfine splitting in μH (62, 81, 102, 103). For the corresponding
values, see Table 3. Abbreviations: BχPT, baryon chiral perturbation theory; LO, leading order; μH,
muonic hydrogen.
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this discrepancy because, combined with the H, it allows for a separate assessment of the Zemach
and polarizability contributions.More details on this separation are given in the following section.

4. THEORY UPDATES AND FUTURE MUONIC HYDROGEN
EXPERIMENTS

4.1. Lamb Shift in Muonic Hydrogen

The two CREMA measurements of 2SF=1
1/2 -2PF=2

3/2 and 2SF=0
1/2 -2PF=1

3/2 transitions (2) allowed for a
determination of the 2SHFS, discussed further on, and the Lamb shift:

THE LAMB SHIFT OF μH (THEORY UPDATE)

E2P-2S(μH) =
[
205.0074︸ ︷︷ ︸

Uehling

+1.0153︸ ︷︷ ︸
rp indep.

+0.0114(3)︸ ︷︷ ︸
hVP

+0.0006(1) − 5.2275(10)
( rp
fm

)2

︸ ︷︷ ︸
f.s. corr.

−E〈2γ 〉
2S︸ ︷︷ ︸

2γ exchange

]
meV 37.

Eexp
2P-2S(μH) = 202.3706 (19) stat (12) syst meV = 202.3706 (23) total meV. 38.

On the theory side, the updated summary for the μH Lamb shift (taking into account the latest
results from References 54, 66, 108, and 109) is given in Equation 37. The most important im-
provement comes from the NLO calculation of the hVP (66). The accuracy is still limited by the
2γ exchange, finite-size effects, and the hVP.

Using the best data-driven evaluation of the 2γ exchange (78),�E〈2γ 〉
2S = −33(2)μeV,we obtain

the following:

rp(μH) = 0.84099(12)syst(23)stat(3)hVP(8)f.s.(23)2γ fm = 0.84099(36) fm. 39.

The uncertainty of the radius is limited in equal parts by the precision of the 2S-2Pmeasurements
and the prediction of the 2γ -exchange contribution, with the measurement accuracy limited by
statistics. The systematic uncertainty of 300 MHz is mainly given by the frequency uncertainty
of the laser pulses delivered by the Raman cell, the last stage of the laser system used to generate
the pulses at 6 μm. The typical atomic physics systematics, such as Stark, collisional, and Zeeman
shifts, are strongly suppressed in the tightly bound μH atom.

An upgrade of the CREMA 2010 setup (1) holds the potential to improve the 2S-2Pmeasure-
ments by at least a factor of 5, an improvement that can be reached by increasing the statistics
by 25 and reducing the systematics by 3. The statistical improvement could be achieved mainly
by having a longer data-taking time (from 1 to 5 weeks) and by increasing the laser pulse energy
(from 0.2 to 1 mJ), accompanied by slight overall improvements of the setup, including X-ray de-
tection efficiency, muon beam rate, multipass cavity performance, and laser repetition rate. The
systematic uncertainty could be reduced by using novel optical parametric down-conversion tech-
nologies under development for the measurement of the HFS in μH.This technology, capable of
delivering pulses with few-millijoule energy and a bandwidth smaller than 100 MHz in the 6-μm
region, enables one to increase both the laser pulse energy and the frequency control.

4.2. Hyperfine Splitting in Muonic Hydrogen

The improved 2S-2P measurements discussed above will also improve the precision of the 2S
HFS measurement. However, a new level of precision will be reached in the upcoming CREMA
measurement of 1S HFS (110). The schematics of this experiment are shown in Figure 7 and
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Figure 7

Setup, principle, and level scheme of the CREMA hyperfine splitting (HFS) experiment. (a) The setup in which the muon beam is
stopped in a hydrogen gas target and the formed μH atoms are excited by the laser pulse. A successful excitation of the HFS transition
leads to a μH atom with extra kinetic energy that efficiently diffuses to one of the target walls where X-rays are produced. Panel adapted
from Reference 110. (b) Probability (normalized to the number of entering muons) that a μH is reaching the target walls versus time at
typical target conditions and laser performance. The laser excitation occurs at 1.0 μs. The laser-induced events are clearly visible.

explained in the sidebar titled Principle of the CREMA Hyperfine Splitting Experiment. On the
theory side, the updated summary for the HFS in μH is given in Equation 40. Compared with a
previous compilation by Peset et al. (7), we have included hVP (111), weak (51), and two-loop eVP
corrections in second- and third-order perturbation theory (112), as well as some higher-order

PRINCIPLE OF THE CREMA HYPERFINE SPLITTING EXPERIMENT

The HFS experiment by the CREMA Collaboration follows the sequence illustrated in Figure 7. A negative muon
of 11 MeV/c momentum passes an entrance detector triggering the laser system and is stopped in an H2 gas target
(∼1mm thickness, 0.5 bar pressure, 20 K temperature), wherein aμH atom is formed.While the laser pulse is being
generated, the μH atom is deexciting to the F = 0 sublevel (see inset in Figure 7) of the 1S-state and thermalizing
to the H2 gas temperature. After 1 μs, the μH is thermalized and the generated laser pulse of few-mJ energy at a
wavelength of 6.8 μm (equivalent to a frequency of 44 THz and an energy of 0.18 eV) is coupled into a multipass
cavity surrounding the muon stopping region. The multiple reflections occurring in this toroidal cavity allow the
illumination of a disk-shaped volume with a diameter of 15 mm and a thickness of 0.5 mm with a laser fluence of
O(10) J cm−2. The on-resonance laser pulse excites the muonic atom from the singlet F = 0 to the triplet F = 1
sublevels. Within a short time, an inelastic collision between the μH atom and one H2 molecule of the gas target
deexcites the μH atom from the triplet back to the singlet sublevels. In this process, the HFS transition energy is
converted into kinetic energy: On average, the μH atom acquires 0.1 eV of kinetic energy; the rest goes to the H2

molecule.With this extra kinetic energy, which is much larger than the thermal energy, theμH atoms start diffusing
in the H2 gas and reach the target walls 100–400 ns after laser excitation, as shown by the peak in Figure 7b. At the
gold-coated target walls the muon is transferred from μH to the nucleus, forming muonic gold (μAu∗) in highly
excited states. The μAu∗ deexcitation produces various X-rays of MeV energy, which are used as a signature of
a successful laser-induced transition, so that the HFS resonance can be exposed by counting the number of μAu
cascade events after laser excitation as a function of the laser frequency.
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Fractional
uncertainty of a
quantity X:
δ(X) = σX/X, with σX
the absolute
uncertainty

radiative corrections (113). For the radius-independent term, we are keeping the error estimate
from Reference 114, which does take into account missing higher-order recoil corrections. The
radiative corrections to the 2γ exchange are discussed in section 5 of the Supplemental Text.

Once a high-precision measurement of the 1SHFS in μH is available, it can be used together
with H to accurately disentangle the Zemach and polarizability contributions, �Z and �pol, with
unprecedented precision. This is possible because the eVP corrections to the 2γ exchange differ
betweenH andμH (cf. Equations 40 and 41). Anticipating 1 ppm accuracy for theμH1SHFS ex-
periment, the Zemach radius will be determined with 5 × 10−3 relative uncertainty and �pol(μH)
with 40 ppm absolute uncertainty. It will thus lead to the best empirical determination of the pro-
ton Zemach radius from spectroscopy without the uncertainty associated with the polarizability
contribution.

THE HYPERFINE SPLITTING OF MUONIC HYDROGEN (THEORY UPDATE)

E1S-HFS(μH)=
[
182.443︸ ︷︷ ︸

EF

+1.350(7)︸ ︷︷ ︸
QED+weak

+0.004︸ ︷︷ ︸
hVP

−1.30653(17)
( rZp
fm

)
+ EF

(
1.01656(4)�recoil + 1.00402�pol

)
︸ ︷︷ ︸

2γ incl. radiative corr.

]
meV 40.

E2S-HFS(μH)=
[
22.8054︸ ︷︷ ︸

1
8 EF

+0.1524(8)︸ ︷︷ ︸
QED+weak

+0.0006(1)︸ ︷︷ ︸
hVP

−0.16319(2)
( rZp
fm

)
+ 1

8EF

(
1.01580(4)�recoil + 1.00326�pol

)
︸ ︷︷ ︸

2γ incl. radiative corr.

]
meV

4.3. Pinning Down the 1S Hyperfine Splitting in Muonic Hydrogen

The success of the 1S μH HFS experiments relies critically on the precision and accuracy of the
theory prediction. The CREMA Collaboration is expecting 2 h of data-taking time per frequency
point to observe an excess of events over background. The 1S HFS resonance would need to be
searched in a more than 40-GHz-wide frequency range to be compared with a line width of about
200 MHz at FWHM resulting from Doppler broadening (60 MHz), laser bandwidth (100 MHz),
and collisional effects.We estimate the search range to cover a ±3σ band over the present spread
of 2γ -exchange theory predictions (cf. Figure 8). Given the limited access to the PSI accelerator
facility, it is important to further narrow it down as much as possible.

THE HYPERFINE SPLITTING OF HYDROGEN (THEORY UPDATE):

E1S-HFS(H)=
[
1418840.082(9)︸ ︷︷ ︸

EF

+1612.673(3)︸ ︷︷ ︸
QED+weak

+0.274︸ ︷︷ ︸
μVP

+0.077︸ ︷︷ ︸
hVP

−54.430(7)
( rZp
fm

)
+ EF

(
0.99807(13)�recoil + 1.00002�pol

)
︸ ︷︷ ︸

2γ incl. radiative corr.

]
kHz 41.

The 1SHFS in H has already been measured with a fractional accuracy of δ = 7 × 10−13 (115,
116):

E exp
1S-HFS(H)= 1420.405751768(1)MHz. 42.
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The corresponding theory prediction is compiled in Equation 41.Compared with a previous com-
pilation by Volotka et al. (93), we have recalculated the μVP correction, which agrees with Refer-
ence 117. We have also updated the hVP, rescaling the recent result obtained for muonium (66).
These μVP and hVP results are considerably larger (roughly by a factor of 3 and 5, respectively)
than quoted in Reference 93.

InReferences 114 and 118, this high-precisionHFSmeasurement was already exploited to con-
strain the 2γ -exchange contribution and its effect in theHFS ofμH.Here we shall use a somewhat
different procedure, where all the uncertainty of rescaling from H to μH is limited to radiative
corrections. Combining the empirical and theoretical values for the 1S HFS in H (Equations 41
and 42), we deduce a subset of the 2γ -exchange contribution, containing the Zemach radius and
polarizability corrections:

EZ+pol
1S-HFS(H) = EF(H)

[
b1S(H)�Z(H) + c1S(H)�pol(H)

] = −54.900(71) kHz, 43.

where b1S(H) � 1 + 2 × 10−5 + 0.01846 − 5α/4π and c1S(H) � 1 + 2 × 10−5 are the radiative
correction factors shown explicitly in Equation 41. The correction factors correspond to, respec-
tively, the one-loop eVP correction to the wave function (see Equation 20) and the one-loop eVP
insertion in the elastic 2γ -exchange diagram (see equation 43a of the Supplemental Text), as
well as self-energy and muon anomalous magnetic moment corrections to the Zemach radius
contribution (see equation 45 of the Supplemental Text). We choose not to lump in here the
recoil corrections because they are known rather precisely. We use �recoil(H) = 5.33(5) ppm and
�recoil(μH) = 846(6) ppm (81, 103).

To go from H to μH, we assume that only the radiative factors scale nontrivially with the
reduced mass, and that �Z and �pol scale linearly:

�i(H)
mr (H)

= �i(μH)
mr (μH)

, i = Z, pol. 44.

This scaling is obvious for the Zemach contribution (cf. Equation 15), whereas for the polarizabil-
ity contribution this has been verified numerically to better than 2% (103). Therefore, the sum of
Zemach radius and polarizability corrections in μH, EZ+pol

nS-HFS(μH), can be expressed via the one in
the H 1SHFS, EZ+pol

1S-HFS(H), as follows:

EZ+pol
nS-HFS(μH)= EF(μH)mr (μH) bnS(μH)

n3EF(H)mr (H) b1S(H)
EZ+pol
1S-HFS(H)

− EF(μH)
n3

�pol(μH)
[
c1S(H)

bnS(μH)
b1S(H)

− cnS(μH)
]

︸ ︷︷ ︸
=−6×10−5 for n=1
=−5×10−5 for n=2

45.

where b1S(μH) � 1 + 0.00402 + 0.01846 − 5α/4π , b2S(μH) � 1 + 0.00326 + 0.01846 − 5α/4π ,
c1S(μH) � 1 + 0.00402, and c2S(μH) � 1 + 0.00326 are the radiative correction factors shown
explicitly in Equation 40. The second term in Equation 45 is negligible because the coefficient
given by the square brackets is very small. We thus evaluate only the first term and obtain the
following:

EZ+pol
1S-HFS(μH) = −1.318(2)meV, EZ+pol

2S-HFS(μH) = −0.1646(2)meV. 46.

The main source of uncertainty here is the 2γ -recoil contribution�recoil(H). Adding the 2γ -recoil
contribution �recoil(μH) to Equation 46, we obtain a prediction for the full 2γ -exchange and hVP
contributions to the HFS in μH:

E〈2γ〉
1S-HFS(μH) = −1.161(2)meV, E〈2γ〉

2S-HFS(μH) = −0.1450(2)meV. 47.
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Figure 8

Experimental values and theoretical predictions for the 1S and 2SHFS in H and μH (2, 62, 81, 91, 103, 114, 115). Abbreviations:
BχPT, baryon chiral perturbation theory; HFS, hyperfine splitting.

With this, we arrive at a complete prediction of the HFS in μH:

E1S-HFS(μH) = 182.636(8)meV, E2S-HFS(μH) = 22.8134(9)meV, 48.

where we have also included an uncertainty due to possible scaling violation of �pol at the level
of 2% [assuming a very generous size for this contribution, �pol(μH) = 400 ppm]. Our result
is shown inFigure 8 together with the existingμH2SHFSmeasurement.The theory predictions
based on the empirical HFS in H (Equation 48) are up to a factor 5 better than results that do not
use the H HFS.

Note that all theory predictions shown in Figure 8 are in agreement, even though the data-
driven dispersive evaluations and the BχPT prediction disagree in the polarizability contribution
(cf. Figure 6, Table 3). This is because most works use the experimental H HFS to refine their
prediction for the total 2γ -exchange effect. Hence, the discrepancy in polarizability is compen-
sated by slightly different Zemach radii.

In the future, reversing the above procedure to obtain a prediction of the 2γ -exchange contri-
bution to the 1SHFS inH from ameasurement of the 1SHFS inμHmight allow for a benchmark
test of the H HFS theory. This, however, would also require further improvements for the recoil
corrections from 2γ exchange, as well as for the uncertainty from missing contributions in the
μH theory. Note that a slightly better benchmark test (δ ∼ 2 × 10−9) of bound-state QED for hy-
perfine transitions can be achieved for the muoniumHFS, which theMuSEUM experiment (119)
aims to measure with δ ∼ 2 × 10−9 relative accuracy. To test the muonium HFS on this level, the
MuMass experiment (120, 121) has to determine themμ/me ratio to better than δ ∼ 1× 10−9 from
the 1S-2S transition in muonium.

5. BOUND-STATE QED TESTS OF SIMPLE ATOMIC
AND MOLECULAR SYSTEMS

The simplicity of two- and three-body atomic-molecular systems combined with the precision of
laser spectroscopy permits unique confrontations between theory and experiments.The predictive
power of bound-state QED, however, depends on the knowledge of fundamental constants such
as the masses of the involved particles, α, R∞, and nuclear properties such as the nuclear charge
radii or magnetic moments.

While the μH and μDmeasurements have been taken into account in the CODATA 2018 ad-
justment of the fundamental constants yielding rp = 0.8414(19) fm (13), its uncertainty is five times
larger than the uncertainty from the muonic measurement alone (2) (cf. Equation 39). Hence,
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δ = 6 × 10–12

Bound-electron g-factor
δ = 4 × 10–11

Theory tests

HD+
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μH (2S-2P)
δ = 1 × 10–5

rp(δ = 4 × 10–4)

H (1S-2S)
δ = 4 × 10–15

R∞(δ = 8 × 10–13)

Penning trap
programs

me, Mp, Md in atomic units

me/Mp (δ = 2 × 10–11)

HD+

δ(rot) = 1 × 10–11

δ(rot–vib) = 3 × 10–12

Figure 9

Simplified scheme showing the impact of rp(μH) on improving fundamental constants and bound-state QED tests. Abbreviation: μH,
muonic hydrogen.

the rp value from CODATA 2018 does not completely reflect the potential of the μH(2S-2P)
measurements. We thus sketch in the following the impact of rp(μH) by combining it with some
selected measurements and corresponding theory predictions in simple systems with distinctive
precision and sensitivity.Figure 9 illustrates the impact of theμH spectroscopy and its connection
to H,HD+, and Penning trap measurements that leads to cutting-edge tests of bound-state QED
for H-like systems, simple molecular systems, and bound-electron g-factors while improving
on fundamental constants such as the rp, rd, R∞, me, and Mp. Throughout this section we use
SI units.

5.1. Muonic Hydrogen to Hydrogen: Testing the Hydrogen Energy Levels
and Extracting R∞
Even though the recent H(2S-8D) measurement (15) is at some tension with the μH results, here
we exploit the agreement between the rp values from H (16, 17, 19) and μH to illustrate the
potential of combining μH and H measurements for testing the H energy levels and improving
on R∞, the most precisely known fundamental constant and a major player in the adjustment of
fundamental constants. R∞ also sets the energy scale for atoms, ions, and molecules, such that
precise predictions of transition frequencies in these systems require its precise value.
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R∞ fractional
accuracy:
δ(R∞) = 8 × 10−13

In a simplified form, the H energy levels with principal quantum numbers n and angular mo-
mentum l can be expressed as follows:

f thnl ≈ −R∞c
n2

1
1 + me

Mp

+ QEDnl

n3
+ δl0

α c4

3π a3B �3
r2p
n3

+ . . . . 49.

The first term accounts for the Bohr structure corrected for the finite proton massMp. The sec-
ond term,QEDnl, scaling dominantly as 1/n3, accounts for radiative, relativistic, and higher-order
recoil effects, while the third term is the finite-size effect. The relevant unknowns in this equa-
tion are thus R∞ and rp; in comparison, the uncertainties of all the other constants involved can
be neglected.

Hence, to determine both R∞ and rp, two transition frequency measurements in H are needed,
while QEDnl is taken from theory.When combining the twomost precise measurements in H, the
H(1S-2S) transition with precision δ(1S-2S) = 4.2 × 10−15 (122) and the H(1S-3S) transition with
precision δ(1S-3S) = 2.5 × 10−13 (18), a Rydberg constant with a fractional precision of δ(R∞) =
3.5 × 10−12 can be obtained.

A more precise R∞ value can be determined by combining the H(1S-2S) with the μH(2S-2P)
measurements. Inserting rp(μH) into the H(1S-2S) theory prediction,

f th2S-1S(H) =
[
0.74960091418756

R∞c
Hz

− 7126781916(1813) − 1368229
( rp
fm

)2
]
Hz, 50.

and comparing it with the measured transition (122),

f exp2S-1S(H) = 2466061413187035(10)Hz, 51.

yields a Rydberg constant of

R∞c = 3.2898419602509(11)rp (24)H−theory × 1015 Hz, 52.

with a total uncertainty of 2.7 kHz corresponding to δ(R∞)= 8× 10−13. Even though Equation 50
accounts for several recent updates—hVP (66), two-loop and three-loopQED contributions (123)
[e.g., the previously neglected light-by-light contribution BLbL

61 (nS) at order α2(Zα)6 m lnZα], and
inelastic three-photon (3γ ) exchange (124; for a recent review, see 125)—the obtained value is in
perfect agreement with equation 22 in Reference 43.Note from Equation 52 that the R∞ accuracy
is limited by the uncertainty of the H theory (2.4 kHz), while the uncertainty from rp(μH) is only
1.1 kHz.

A test of the H energy levels requires combining theory and measurement of three transitions
in H: two of them to determine R∞ and rp, the third to check for consistency. This test is presently
limited by the uncertainty of the third best measurement in H (the 1SHFS excluded) and by the
correlations of the various contributions to the energy splittings. Hence, a more sensitive way to
test the H energy levels is to use the precise rp(μH) value and to combine it with the two most
precise measurements in H: the H(1S-2S) and H(1S-3S) transitions. Agreement between theory
and experiment has been verified on the 1 × 10−12 level, limited by theory.

5.2. μ4He+ and He+: Testing Higher-Order QED and Nuclear Models

An interesting test of bound-state QED can be obtained when the ongoing efforts to measure the
1S-2S transition in the H-like He+ ion at LaserLaB (Amsterdam) (35) and MPQ (Garching) (36)
will be accomplished. To understand the interplay between measurements in He+,μ4He+, H, and
μH, we express the He+(1S-2S) with explicit Z-dependence:

f th2S-1S(He+ ) ≈ 3Z2cR∞
4

1
1 + me

Mα

+ QEDHe+
(
Z3.7,Z5...7) − 7(Zα)c4

24π a3B �3
r2α , 53.

(1 kHz) (9 kHz) (40 kHz) (61 kHz)
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with Mα being the alpha-particle mass. The Bohr structure scales only with Z 2, the finite size
with Z 4; the one-loop QED contributions scale approximately as Z 3.7, while the challenging
higher-order contributions [e.g., the two-loop B60 term at order α2(Zα)6m, the three-loop C50

term at order α3(Zα)5m] scaling as Z 5. . .7 are strongly enhanced in He+. Equation 53 illustrates
the uncertainties: An uncertainty of 1 kHz is expected from the LaserLaB experiment in the first
phase (35), while an analysis of typical systematic effects of the MPQ experiment promises un-
certainties far below that level, on the order of Hz (36). The 9 kHz is from the uncertainty of
R∞(μH + H) (Equation 52), the 40 kHz represents the present uncertainty of the QED the-
ory (123, 125), and the 61 kHz is the uncertainty resulting from the alpha-particle charge radius,
rα = 1.67824(13)exp(82)th fm, from μ4He+(10) spectroscopy limited by the uncertainty of the 2γ -
exchange contribution in μ4He+ (126, 127).

By considering these uncertainties, it is clear that the 1S-2S transition inHe+ can be tested after
completion of the measurement in He+ down to an accuracy of about 60 kHz limited by rα from
μ4He+. This corresponds to a test at the 6 × 10−12 level. Even though the energy levels in H are
tested on the 1 × 10−12 level, He+ has a superior sensitivity to higher-order QED contributions
that scale with Z 5 = 32 and Z 6 = 64.

To further push the QED test in He+ requires reducing the uncertainty of rα , which
is achievable by progressing the 2γ - and 3γ -exchange contributions in μ4He+: E〈2γ 〉A+N

2P-2S =
9.34(20)N (11)AmeV (126), where A and N are the nuclear and nucleon contributions, and
E〈3γ 〉
2P-2S = −0.150(150)meV (10). In order of importance, the 2γ -exchange theory can be advanced

by improving on the nucleon polarizability contribution (primarily the neutron), on the nuclear
polarizability contribution (whose precision is presently limited by the spread from various pa-
rameterizations of the nuclear potential), and on the eFF needed to compute the elastic part (126,
127).

Conversely, the comparison theory-measurement via Equation 53 can be used to extract rα to
a better precision than from μ4He+. With rα from He+, the comparison theory-measurement in
μ4He+ can be used to determine the 2γ -exchange contribution in μ4He+, providing a precise
benchmark for nuclear theories to guide future advances.

5.3. HD+, H+
2 , and H2: From rp to me and the Bound-Electron g-Factor

An impressive improvement has been witnessed in recent years in HD+ theory (128) and exper-
iments (37, 129, 130), so that the precision reached has become sensitive to the proton radius
puzzle. The transition frequencies in HD+ can be expressed as follows:

f = cR∞

[
KNR

(
me

Mp
,
Mp

Md

)
+ α2KQED

(
α,

me

Mp
,
Mp

Md

)
+ kp

(
r2p

)
+ kd

(
r2d

)]
, 54.

where the first term corresponds to the nonrelativistic energy, the second one to QED and rel-
ativistic corrections, and the last two to finite-size corrections. HD+ thus provides independent
access to R∞, me/Mp, Mp/Md, rp, and rd, where me/Mp and Mp/Md are electron-to-proton and
proton-to-deuteron mass ratios, respectively.

Agreement between theory and experiment in HD+ has been demonstrated for various tran-
sitions (37, 129, 130) down to the 10−11 level, representing the best tests of quantum three-body
predictions. For the rotational transitions presented in Reference 37, the comparison theory-
experiment is limited to the 5 × 10−11 level by the me/Mp uncertainty, while the uncertainties
of R∞, rp, and rd play a minor role. Nonetheless, the reached precision is sensitive to the proton
radius puzzle: The rp value from μH is favored as it yields to a better agreement between theory
and experiment (37).
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Conversely, we can equate theory and experiment in HD+ to extract me/Mp with a fractional
precision of δ(me/Mp) = 2 × 10−11 (37, 129), i.e., a factor of 2 better than what is achievable
when combining the electron mass of δ(me/M12C5+ ) = 3 × 10−11 (131) with the proton mass of
δ(Mp/M12C5+ ) = 3 × 10−11 (132) as obtained from Penning traps.Theme/Mp ratio fromHD+ can
then be combined withMp (132) from Penning traps to improve on me. This allows an extraction
of the bound-electron g-factor from the measurement of Reference 131 to be confronted with
corresponding theoretical predictions (133): Agreement on the 4× 10−11 level is observed,making
this the best test of any bound-electron g-factor.

The precision recently reached in HD+ has established a link between rp and the electron,
proton, and deuteron masses. The rapid progress observed in recent years in HD+ theory and
experimental techniques promises a fruitful exploitation of this link that connects two very active
precision fields: laser spectroscopy of simple atoms and Penning traps (133).The potential ofHD+

roots in theHz to kHz line widths is given by the tens-of-milliseconds lifetimes of its ro-vibrational
states. This has to be compared with the MHz line widths of the recently measured 2S-4P and
1S-3S transitions in H. Even higher precision is expected in H+

2 given the daylong lifetimes of its
states. Novel quantum logic schemes and state preparation methods are being developed for this
purpose (134). Also, spectroscopy of H2, D2, and HD—cornerstones of quantum chemistry—will
soon need precise values of rp and rd, expanding the impact of the μH and μD measurements to
chemical bonds and four-body QED (135, 136).

5.4. New Physics Searches

Precision spectroscopy of atoms and molecules could sense energy shifts caused by BSM physics
involving a low-mass and weakly coupled sector that escapes detection in high-energy colliders
(39, 40, 137). These searches typically involve a comparison between theoretical predictions and
experiments that eventually will be limited by hadronic effects. In our context, the explicit way to
search for BSM physics is to look for deviations between rp values as extracted from the various
systems: ep scattering, H, μH, and molecules. Any deviation might reveal an inconsistency of the
theoretical framework pointing to the existence of BSM physics. Presently, these searches are
limited by the uncertainty of the rp as determined from measurements other than μH.

Along these lines of investigation, Reference 15 highlights that R∞ extracted from H tends to
decrease as the n of either the upper or lower state increases. Such a trend could be explained by a
fifth force expressed as a Yukawa-like potential with a large length scale (138) mitigating the new
tension between μH and recent H measurements (15).

A recent study (139) highlighted the peculiar sensitivity of μH, μD, and H(1S-2S) to a dark
sector with masses in the keV–GeV range. The sensitivity presented in this study is greatly en-
hanced when accounting for the upcoming measurement of the 1S HFS in μH and improved
determinations of rp.

The implicit way to exploit rp for BSM searches is to simply use its accuracy to improve other
fundamental constants, increasing the predictive power of our theories. Advancing the 2γ - and
3γ -exchange contributions is essential.

6. FUTURE PROSPECTS

6.1. Experimental Prospects

Experimental prospects include the following.

1. Precise measurement of the 1S HFS in μH: Three collaborations [CREMA (110),
FAMU (48, 49), and J-PARC/Riken (44)] are aiming at a measurement with up to 1 ppm
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relative precision to extract the 2γ -exchange contribution. The narrow line width (relative
to the 2S-2P splitting) promises improvements in a second phase.

2. Improved 2S-2P measurements in μH: An upgraded CREMA 2010 setup (1, 2) holds the
potential to improve the 2S-2P measurements by at least a factor of 5. This can be ob-
tained principally by increasing the data-taking time and using a laser technology capable
of delivering millijoule-scaled pulses at 6 μm with bandwidths smaller than 100 MHz un-
der development for the HFS experiment. Improving the 2S-2Pmeasurements by 5 would
pave the way for rp(μH) and R∞ determinations down to δ(rp) � 1 × 10−4 and δ(R∞) � 1 ×
10−13, respectively.

3. He+ 1S-2S measurements (Section 5.2): Two groups (35, 36) are addressing this transition
using novel frequency comb and trap technologies. Completion of their experiments will
contribute to the proton radius solution and enable testing of the higher-order QED con-
tributions (scaling as Z 5. . .7) in the He+ ion when assuming rα from μ4He+. Conversely,
comparing theory with experiment in He+ yields an alternative and improved determina-
tion of rα that can be used to extract the 2γ -exchange contribution inμ4He+ benchmarking
nuclear and nucleon models.

4. Ultraprecision spectroscopy in simple systems: Spectroscopy of H, HD+, H+
2 , H2, and He

has the potential to not only resolve the proton radius puzzle but also improve fundamental
constants and theory tests to unprecedented levels of accuracy.

5. Proton radius from scattering experiments: The upgraded PRad experiment (PRad-II) will
reduce the experimental uncertainties by a factor of 3.8 and reach down to the Q2 range
of 10−5 GeV2. The μp scattering experiments by the MUSE (PSI) and AMBER (CERN)
Collaborations are underway. The PRES Collaboration is building a new experiment in
the A2 Hall of MAMI to measure ep scattering using, for the first time, overdetermined
kinematics, i.e., detecting both the scattered electron and the recoil proton.

6. Spin structure functions: Results from the g2p experiment at JLabHall A (101) will improve
evaluations of the polarizability contribution in the H and μH HFS.

6.2. Theory Prospects

Theory prospects include the following.

1. Lattice QCD calculations: Direct calculations of the nucleon radii using lattice QCD will
soon reach a precision comparable to that of the ep scattering experiments. Also highly
anticipated are the lattice calculations of the polarizability effects in the μH Lamb shift.

2. Next-to-leading-order χPT calculations: The present next-to-leading-order χPT calcula-
tions, which agree with the wealth of low-energy Compton scattering data, can be extended
to muonic atoms to improve the predictions of the polarizability effect.

3. Theory prediction of μH HFS with ppm accuracy: The accuracy of the present empirical
constraint on the μH HFS (see Section 4.3) is limited by missing higher-order QED con-
tributions and recoil effects. An improvement in these directions is desirable for finding this
transition experimentally and for the interpretation of results.

4. QED for H S-levels: The two most precise measurements in H are the S-level transitions.
They are measured with δ(1S-2S) = 4.2 × 10−15 (122) and δ(1S-3S) = 2.5 × 10−13 (18)
relative precision, and thus have a smaller uncertainty compared with the uncertainty of the
theoretical predictions. An improvement on the theory side will allow for a better extraction
of the Rydberg constant and, in turn, better tests of the H energy levels.

5. Nucleon 2γ -exchange contribution: The biggest uncertainty in the μ4He+ is presently
given by the nucleon 2γ -exchange contribution. Improving the latter, and in particular the
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neutron 2γ -exchange contribution, will allow for an improved extraction of rα , which can
then be used for QED tests of He+.
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