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Multiresolution Triangular B-Spline Surfaces

A. Dreger, M. H. Gross, J. Schlegel

Department of Computer Science
Swiss Federal Institute of Technology (ETH), Zurich

ABSTRACT

We present multiresolution B-spline surfaces of arbitrary order defined over triangular domains.
Unlike existing methods, the basic idea of our approach is to construct the triangular basis functions
from their tensor product relatives in the spirit of box splines by projecting them into the barycentric
plane. The scheme works for splines of any order where the fundamental building blocks of the sur-
face are hierarchies of triangular B-spline scaling functions and wavelets spanning the complement
spaces between levels of different resolution. Although our decomposition and reconstruction sche-
mes operate in principle on a tensor product grid in 3D, the sparsity of the arrangement enables us to
design efficient linear time algorithms. The resulting basis functions are used to approximate triangu-
lar surfaces and provide many useful properties, such as multiresolution editing, local level of detail,
continuity control, surface compression and much more. The performance of our approach is illustra-
ted by various examples including parametric and nonparametric surface editing and compression.
Keywords: Triangular B-spline wavelets, box splines, multiresolution editing, hierarchical surface
representation, surface compression, decomposition, reconstruction.

1 INTRODUCTION

Multiresolution surface representations have become a fundamental paradigm in geometric modeling
and computer graphics, primarily because they enable to design and edit a surface on different levels
of detail. In addition, the multiresolution approach comes along with many other useful properties,
such as local and global level of detail, efficient surface compression, progressively refinable recon-
struction, error bounds, and mostly fast and handy computational algorithms.

Therefore, many different approaches to multiresolution and hierarchical surface representations
can be found in literature. One of the pioneers was [12], who constructed hierarchies of B-spline
bases, whose tensor product extensions can be used for surface approximations on multiple levels of
detail. Others, such as Chui [6] or Quak [19], designed sets of semiorthogonal wavelets to span the
associated difference spaces and used them in the context of curve and surface design [11] or to
govern surface compression [22] and triangulation [14]. Due to the limitations of tensor product con-
structions various researchers proposed multiresolution surface representations over triangular doma-
ins. Here, [17] or [10], for instance, proposed linear biorthogonal wavelet bases to describe efficiently
triangular meshes. Others, such as [20] or [18], introduced different forms of biorthogonal or orthogo-
nal Haar bases on triangular spherical domains and employed them for various tasks in modeling, ren-
dering and visualization. Nonseparable sampling schemes can also be found in the signal processing
literature [21]. Unfortunately, most of the existing explicit construction schemes for triangular
wavelets only work out for low degrees and have to find a balance between different fundamental
mathematical properties, such as vanishing moments or continuity. Thus, for efficient surface mode-
ling higher order continuous triangular B-spline wavelets are highly desirable.

Whereas the compact wavelet representation imposes tight constraints on the design of the associa-
ted decomposition and reconstruction operators, more general subdivision schemes, like [9], [16] or
[8] turned out to be a promising alternative. Using them [20] in combination with generalized subsam-




pling operators [25] allow to build sophisticated multiresolution mesh editors. In these cases, howe-
ver, the freedom taken for the operator design goes at the cost of over-representations and the basic
building blocks are no longer splines.

Since B-splines have been a fundamental concept in surface modeling and CAGD the motivation
for our research was to point out a simple and efficient alternative for the construction of multiresolu-
tion triangular B-spline surfaces of arbitrary polynomial order. Unlike contemporary approaches ope-
rating directly on the barycentric domain we recalled some fundamental work on box splines from [2]
and [3]. Here, the basic idea was to construct a B-spline basis function over a triangular domain by
projecting a 3D tensor product spline into the barycentric plane. The line integration inherent to the
projection operator raises the degree of the resulting triangular B-spline by 1. This powerful concept
can be extended to hierarchies of B-spline functions and wavelets. We will demonstrate that a multire-
solution hierarchy of triangular scaling functions and wavelets can be constructed effectively by pro-
jection of some 3D tensor product relatives. The raise of degree and continuity of the bases allows us
to generate linear triangular spline wavelets using 3D Haar wavelets. Consequently, we obtain C!
continuous spline surfaces over triangular domains by using linear building blocks in 3D. However, a
fundamental difference to immediate construction is that we create 7 types of triangular wavelets,
instead of 3. A two-scale relationship in the barycentric plane determines the corresponding decompo-
sition and reconstruction operators. Here we accept an over-representation in the pyramid, that is, we
do not sample critically. Interestingly, the sparsity of the data allows to perform the respective push
and pull operation in linear time and generates a hierarchy of control points for surface editing on dif-
ferent levels of detail. In addition, advanced oracles [13] help to identify and to reject unimportant
basis functions thus governing the compression rate. It should be noted that a similar type of projec-
tion was used by [15] to compute hierarchical splats for volume rendering. In this case, however, the
projection was computed via Fourier transforms of the underlying splines and the resulting splat
functions were not considered the bases of a barycentric wavelet transform.

The remainder of this paper is organized as follows: After a brief overview, section 2 addresses the
mathematical details underlying to our approach including projection, two-scale relationship and the
resulting barycentric bases. Section 3 introduces efficient decomposition and reconstruction algo-
rithms. Section 4 discusses some issues on implementation. Finally, section 5 illustrates the perfor-
mance of our scheme for multiresolution representation and editing of parametric triangular surfaces.

2 CONSTRUCTION OF TRIANGULAR B-SPLINE BASES

2.1 Overview

The basic concept of our construction scheme is depicted in Fig. 1. Let (u,v,w) be the coordinates
parametrizing a 2-dimensional triangular domain. We assume in the discrete setting the functional
values to be given at each triangle vertex. In order to define a multiresolution analysis (MRA) we
recall the notion of barycentric coordinates, which span the diagonal plane in a 3D Euclidean space
(x,y,z) and follow the relationship:

u+v+w = Const (1)

Many years ago [3] discovered that triangular B-splines - so-called box splines - can be construc-
ted from 3D tensor product relatives by projection into the barycentric plane E, . Fig. 4 demostrate
that the same idea can be carried over to tensor product B-spline wavelets from [5] or [6], which are
by definition linear combinations of tensor product B-spline bases. The fundamental problem is to
define an MRA in the discrete setting.

Conversely, we observe that the upper interpretation allows to map any functional values defined
over regular triangulations onto the nodes of an equally-spaced 3D tensor product grid.

In principle, this correspondence enables to run any discrete tensor product algorithm in 3D the-



Figure 1: Barycentric plane spanning a 2D subspace in 3D

reby raising the dimension of the problem by one. A fundamental prerequisite, however, is an appro-
priate scheme to project the data values onto the nodal positions in 3D and vice versa.

Generally, the complexity of discrete convolution algorithms scales with the dimension of the data.
However, as we will demonstrate, the decomposition and reconstruction algorithms can be implemen-
ted immediately on the barycentric plane. Thus, it is possible to bound the computational and storage
costs in O(n).

Using these relationships, we can implement a barycentric MRA implicitly in terms of a 3D tensor
product MRA. Since tensor product wavelet constructions compute 7 independent wavelets the bary-
centric projection generates 7 different triangular wavelet types, such as the ones of Fig. 4. A 4:1 sub-
sampling scheme along with the projected wavelets provides an overrepresentation, which however,
does not affect the performance of the approach, since most wavelet coefficients cancel out to zero.

Figure 2:  Conceptual components of a multiresolution editor for triangular B-splines.

We implemented this scheme in a multiresolution editor for triangular surfaces, whose conceptual
components are depicted in Fig. 2. The input data, initially defined over a uniform triangular grid are
decomposed using the barycentric MRA. More precisely, individual push and pull operators enable to
move up and down the hierarchy and generate a hierarchical set of scaling function control points for
editing the surface at different resolutions.

The approximation error and the compression gain are governed by some global oracles which



reject unimportant coefficients from the hierarchy. The remainder of the paper elaborates on the
mathematical and implementation details of the method.

2.2 Constructing bases by projection

As explained above, we deduce the barycentric multiresolution analysis from the 3D-MRA. Thus, to
obtain a barycentric representation we first have to recall some details of the 3D-wavelet transform
(WT). Here the coefficients ¢, ; ; ; of the transform are computed by projection of a function fonto a
set of 3D tensor product bases @, ; ik denoted by:

Com,ijk = Jf(x» v,2)- D, ij, k(X, v, 2)dV (2)
14
m: iteration depth.
i, J, k: indices.
In order to compute the projection of the tensor product basis into the barycentric plane we have to

integrate along a line 7 which is perpendicular to the barycentric plane. Consequently, the respective
barycentric basis @, ; j k(x, y, z) yields as follows:

(bl’l’l, i, ], k(x9 Y, Z) = J‘(pm, i,j’ k(-x + ts y + t, Z+ t)dt (3)
t

The scalar product with any L, function defined on the triangular coordinates (u,v,w) is computed
conformingly by

Cm, i,j, k = Jf(u, v, W) : {pm, i,_i,k(u, v, W)dEb (4)
Eb

This approach can be easily applied to arbitrary wavelets. In section 2.5 we will use B-spline
wavelets of order 1 and 2.
Note that the integration along the direction of projection raises the degree of the triangular B-spline
bases by one. As a consequence, we obtain C? continuous surfaces for 1D-Haar bases and C' conti-
nuous surfaces in case of 1D linear B-splines.

As explained in the upcoming section the discrete implementation does not require an explicit
mathematical representation of the basis, which is, however, given in the case of B-splines.

2.3 Two-Scale-Relationship

The two-scale-relationship links bases functions of different resolution and is fundamental to the
design of decomposition and reconstruction algorithms. In order to derive a two-scale-relationship for
barycentric scaling functions we start from the 3D relatives given by:

Oy ) @y ()0, (2) = (Za(i —220)@,,_ . (%) 5)

. [Za(i -2y0)9,,_ 1, ()

: (Za(i—za))(pm_ L i(2)



X0, Yos 2 offset.
{a;}: discrete filter sequence.
Exploiting the line integration property of (3) yields

(I)m, Xos Yos ZO(X’ Ys Z) = J(Pm, xo('x + t) ' (pm, )’o(y + t) ) (Pm, Zo(Z + t)dt (6)

t

= Z a(i—2xy) -a(j-2y,) alk—-2z,) - J(pm_ 1, l.,j,k(x +t,y+t, z+1t)dt
ik .

with

Q, _ 1,i,j,k(x» ) =0,._ 1,i(x) : (Pm_1,j(y) 0, _ 1,k(x)

To simplify notation a further index transform gives

P vgvp o1 2) = Y Yali+1-2x0) - a(+1-2yg) - a(k+1-2z) (7)

ik Ji
i+j+k =0

‘j@m—1,i+1+x0,j+1+y0,k+1+zo(x+f’y+”Z+f)df

t

[: index.

Due to the infinite range of the integration the integral of the basis function according to point
(i, j, k) equals the integral of the basis function through (i + [, j+ 1, k+1).

This allows to replace the upper integral by a barycentric bases in (i, j, k) thereby forming the
desired relation between two adjacent levels:

Om(x, v, 2) = ) [Za(i+l—2x0)-a(j+l—2y0)-a(k+l—2z0)] (8)

Ljk l
i+j+k=0

“Om-1,i,j, k(X ¥, 2)

Wavelets can be constructed similarly from their 3D counterparts, where 7 different prototypes are
obtained in each level.

2.4 Orthogonality

Although a rigorous mathematical analysis of the orthogonality properties of the bases must be omit-
ted here for brevity, yet it is necessary to briefly discuss about that issue.

Using the scalar product operator e it is easy to prove that even in the case of 3D tensor product
Haar wavelets orthogonality of both wavelets and scaling functions gets lost. As an example, we com-
pare the basis functions from Fig. 4, which are computed from 3D Haar wavelets. In this case, for
instance, the scalar product of @ with wavelet Y~ cancels to zero,

~  ~1 ~  ~1
oy =0=0Lly 9)

while other combinations do not fulfill the orthogonal property, such as



ooy £0=0 Ly 10)

The examination of linear bases yields similar results, particularly since these functions are semi-
orthogonal in 1D.

2.5 Examples

In our implementation we use cardinal B-spline wavelets [6], since they form a canonic extension of
the notion of B-splines, which are fundamental in geometric modeling. It has to be noted, however,
that the construction scheme from above is not restricted to a particular type of wavelet.

Especially, we consider Haar and linear spline bases of fundamental practical importance, because
they enable to approximate piecewise linear and quadratic surfaces in the barycentric setting.

Linear barycentric B-Spline bases

b
a) n A )

»

-0.5 05 -0.5

\j
\j

1t 1
scaling function ¢ wavelet scaling function ¢ wavelet v

Figure 3: a) 1D Haar scaling functions and wavelets. b) 1D linear B-spline bases according to [6].

Applying our scheme to Haar bases with scaling function ¢ and wavelet y, such as in Fig. 3 a),
results in piecewise linear, CY-continuous functions. Fig. 4 a) depicts the bases functions using a con-
tour plot. We observe four different types of bases, PP, PPY, PYY and YWYV, which are dis-
played in Fig. 5 a).

Barycentric quadric B-spline bases
One of the many advantageous properties of B-splines is the automatic continuity control. Therefore,
the use of linear tensor product B-spline bases implies C! continuity and an expanded range of sup-
port. Again, Fig. 3 b) illustrates the 1D versions.

The corresponding barycentric childs are presented in Fig. 4 b). Again, as a fundamental observa-
tion, we distinguish 4 different types of bases functions, as given in Fig. 5 b).

The linear dependency of the basis functions is analyzed in appendix A.

3 ANALYSIS / SYNTHESIS ALGORITHMS

3.1 Barycentric convolution

As mentioned above, the analysis and synthesis algorithms for the barycentric approach are construc-
ted by using the filter sequences {a;} and {b;} of the ID-MRA.

In principle it is possible to run the respective tensor product algorithm in 3D. Here, we recall that
the 3D MRA is computed by sequential convolution and subsampling along the 3 principal axes x, y,
z.

Our implementation represents an optimization of the original 3D-approach. In order to illustrate
the fundamental differences let’s compare a 2D tensor product MRA to a 1D-barycentric multiresolu-
tion analysis which can be thought of as operating along the barycentric line. Fig. 6 illustrates the set-
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Figure 4:  a) Linear barycentric B-spline bases (contour plot) (CO). b) Quadric barycentric B-spline ba-
ses (contour plot) (Cl).

Figure S:  a) 4 types of linear barycentric B-spline bases. b) 4 different types of quadric barycentric B-
spline bases.

ting.

The coefficients on lines orthogonal to the barycentric line are set to equal values (indicated by the
same color in Fig. 6).

A thorough investigation of the convolution process of the 2D-MRA reveals that the convolution
i.e. in x-direction at every point of a unicolored line operates on the same coefficients and conse-
quently computes the same results. That is, the computation along one line has only to be performed
once.

Another fundamental aspect is the direction of convolution. Again, assuming equal coefficients



] > |

~convolution—] N

= B2 :

E £

A

\
2D mesh barycentric line
Figure 6: [Illustration of the sampling scheme in 2D.

along the orthogonal lines, a convolution in x-direction effects the same result as a direct convolution
on the barycentric line, such as indicated in Fig. 7. In addition we observe from Fig. 7, that the bary-
centric line obviously needs to be resampled at every intersection point of our orthogonal lines with
the barycentric line. This conforms to a retriangulation in 3D. Note that the vertices of the triangle
mesh do not neccessarily lie entirely in the barycentric plane (take for instance the samples on the yel-
low line in Fig. 7).

I A L
| = convolutied \
N\
' ' \
| eb— — | | eb— — |

identical convolution operation

Figure 7:  Convolution on the barycentric plane.

The consequences for the overall computational performance of our 3D algorithms can be summa-
rized as follows:

*  Sparsity: The 3D convolution required to implement the decomposition and reconstruction is

sparse and therefore requires only linear time O(n) with respect to the data.

*  Directness: The computational scheme operates immediately on the barycentric plane. Thus,
rather than storing and maintaining a 3D array it is sufficient to design appropriate 2D data
structures.

In this case, a convolution along one of the main axis is expressed by a convolution along one
direction of the triangular mesh. Thus, convolutions in x-, y- and z-direction are equivalent to corre-
sponding operations in u-, v- and w-directions on the barycentric plane.

Unlike convolution, the subsampling has to be modified for direct 2D implementations. In this
case, the last subsampling step is redundant on the triangular mesh, whereas it is needed on the 3D
tensor product grid. To cope with this problem, we restrict subsampling to the last two convolution
directions.

3.2 Decomposition

The resulting decomposition and analysis scheme for the direct barycentric MRA is shown Fig. 8. The
omission of the subsampling in u-direction leeds to a non-critically sampled pyramid whose estima-
tion is shown in Fig. 9.

The corresponding decomposition algorithm can be outlined in pseudo code as follows:
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Figure 8:  Analysis pipeline of the barycentric MRA.

scaling function and wavelet-coefficients (level i +

Initial data:
colu,v]: 1- or 3-dimensional array of function values
alt], b[t]: scaling and wavelet filter kernels for the decomposition

push ()
{
for i <« 0 to N-1 // MRA-level i
// convolution in u-direction using filter a and b
// without subsampling
for u < uy;, to u,,,
for v < vy, to v,
templ[u,v] = Convolution(al[t], c;l[u+tt,v], t)
temp2[u,v] = Convolution(b[t], c;[u+tt,v], t)
// convolution in v-direction using filter a and b
// including subsampling
for u < u,;, to u,,, step 2
for v « vy;, to v,,, step 2
temp3[u/2,v/2] = Convolution(al[t], templ[u,v+t], t)
temp4[u/2,v/2] Convolution(b[t], templ[u,v+t], t)
temp5[u/2,v/2] Convolution(a[t], tempZ2[u,v+t], t)
tempé6[u/2,v/2] = Convolution(b[t], templ[u,v+t], t)
// convolution in w-direction using filter a and b
// including subsampling
for u < uy;, to u,,, step 2
for v « v,i, to v,,, step 2
cijpilu/2,v/2] = Convolution(a[t],temp3[u+t,v+t,t)
dLi+1[u/2/V/2] = Convolution (b[t],temp3[u+t,v+t,t)
d2hﬁl[u/2,v/2] = Convolution(al[t],temp4[u+t,v+t,t)
d3Jﬁl[u/2,V/2] = Convolution (b[t],temp4[u+t,v+t,t)
d4Jﬁl[u/2,V/2] = Convolution(a[t],temp5[u+t,v+t,t)
d5Jﬁl[u/2,v/2] = Convolution(b[t],temp5[u+t,v+t,t)
d6J+1[u/2,v/2] = Convolution(al[t],tempé6[u+t,v+t,t)
d7J+1[u/2,v/2] = Convolution (b[t],tempé6[u+t,v+t,t)
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3.3 Reconstruction

In analogy we derive the reconstruction algorithm in pseudocode:
Initial data:
Scaling coefficients (level N)
cylu,v]
Wavelet coefficients (level 1,...,N)
dj,i[u,V], i=1,...,N; j=1,..7
plt], glt]: scaling and wavelet filter kernels for the recontruction
(semi-orthogonal)

pull()
{
for i < N-1 to 0 // MRA-level i
// convolution in w-direction using filter p and g
// including upsampling
for u < uy;, to u,,,
for v < vy, to v,
templ[u,v] = Convolution(p[t], c;,;[2u+t,2v+t],t)
+ Convolution(q[t], dl,i+l[2u+t,2vt],t)
temp2[u,v] = Convolution(p[t], d2,i+1[2u+t,2v+t],t)
+ Convolution(q[t], d3li+1[2u+t,2vt],t)
temp3[u,v] = Convolution(p[t], d4,i+1[2u+t,2v+t],t)
+ Convolution(ql[t], d5,i+l[2u+t,2vt],t)
temp4[u,v] = Convolution(p[t], dg, ;j,;[2u+t,2v+t],t)
+ Convolution(q[t], d7,i+l[2u+t,2vt],t)
// convolution in v-direction using filter p and g
// including upsampling
for u < uy;, to u,,,
for v < vy, to v,
tempb[u,v] = Convolution(p[t], templ[2u,2v+t],t)
+ Convolution(q[t], temp2[2u,2v+t],t)
temp6[u,v] = Convolution(p[t], temp3[2u,2v+t],t)
+ Convolution(q[t], temp4[2u,2v+t],t)
// convolution in u-direction using filter p and g
// without upsampling
for u < uy;, to u,..
for v < vy, to v,
c;[u,v] = Convolution(p[t], temp5[u+t,v],t)
+ Convolution(q[t], tempé6[u+t,v],t)
}

Note however, that editing or rejection of individual coefficients in the hierarchy requires some
additional postprocessing, because modifying a coefficient leads to inconsistencies along the lines
orthogonal to the barycentric plane.

In our implementation, we modified the synthesis algorithm so that the last convolution step is per-
formed on an extended mesh. This mesh consists of several parallel planes depending on the support
of the bases and the reconstruction algorithm operates on a sparse 3D slice around the barycentric

plane.
3.4 Compression and Complexity

A major advantage of the wavelets is their compression performance due to the vanishing moments.
The rejection of unimportant coefficients is a non-trivial, discrete, global optimization problem in
semiorthogonal settings [13], although experiments have shown that magnitude based rejection
mostly performs well.

Storage expense and computational complexity are mainly influenced by the number of basis
functions. Unlike the direct 2D-MRA [20] which exhibits 4 basis functions the 3D non-critically sam-
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pled setting used in our approach inherently produces 7 coefficients on each level of resolution. This
implies an over-representation of the data which can be organized in a modified pyramidal setup, such
as the one presented in Fig. 9.

d, d, d, -

| d, . -
== B
original size 1 + 1 + 1/44/16...

Figure 9: Pyramidal data structure used in barycentric MRA.

Depending on the maximum decomposition level the storage expense converges to 2 1/3 of the
initial data.

This overrepresentation proposes to investigate possible linear dependencies between individual
types of basis functions. Amazingly, an analysis yields a linear dependency for one of the basis
functions for Haar based constructions, while the linear constructions are linear independent.

4 IMPLEMENTATION

The presented multiresolution analysis approach for triangular data was used to implement a multire-
solution surface editor. Our prototype system comprises the following functionality:

*  Modification of triangular surfaces in several levels of detail (multiresolution editing).

* Piecewise linear and piecewise quadratic basis functions.

*  Pushing and pulling along the hierarchies.

* Editing of hightfields and parametric surfaces.

The scaling function coefficients generated at different levels in the hierarchy form the control
points and enable editing of the shape at different resolutions. The smoothness of the surface and of
the editing operation depends on the polynomial degree of the bases. This is illustrated in Fig. 10,
where we lifted one scaling function coefficient for linear and quadratic representations.

(@) (b)

Figure 10: Editing of an individual coefficient in decomposition level m=3 using Haar bases (a) and li-
near bases (b).

The surface region affected by an individual scaling function conforms to its spatial support and
scales according to (8) exponentially with the decomposition level. Here the power of the multiresolu-
tion editing concept allows the user to push/pull along the hierarchies in order to realize modifications
from rough, global impact to fine grain details.
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