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A THERMOD YNAMICALL Y ADMISSIBLE REPTATION MODEL
FOR FAST FLOWS OF ENTANGLED POLYMERS

MARTIN KROGER, JIANNONG FANG, HANS-CHRISTIAN OTTINGER
Instituteof Polymers PolymerPhysics MaterialsDepartmentETH Zurich, CH-8092Zurich, Switzerland

ABSTRACT

Numericalpredictionsof a previsouly proposedher

modynamicallyconsistentreptationmodel for linear
entangledolymersarepresentedor shearandexten-
sionalflows. Comparisonsvith experimentadataand
two alternatve molecularbasedmodelsare given in

detail. The model presentedn this contribution in-

corporateghe essencef doublereptation,corvective

constraintreleaseand chain stretching,and it avoids
the independentalignmentapproximation. Simula-
tion resultsreveal that the modelat a highly simpli-

fied level with few structuralvariables,i.e., four de-
greesof freedom,is ableto capturequalitatively all

featuref theavailableexperimentabbsenationsand
is highly competitive with recentlyproposednodelsin

describingrheological propertiesof linear entangled
polymers.

KEYWORDS: POLYMER MELT, RHEOLOGY, REPTA-
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INTRODUCTION

Stress-straimrelationshipsfor polymer melts are the

main ingredientfor the flow simulation of polymer
processingThereliability andaccuray of thesesim-

ulations dependscrucially on the constitutve equa-
tions which describethe nonlinearviscoelasticprop-

erties of the underlying model polymer  Although

the closed-formphenomenologicainodelshave been
widely usedin researchand commercialcodes,their

degreeof successs limited becausef alack of phys-
ical ingredienton the molecularlevel. For the pur-

poseof realistic modelling, molecularbasedmodels
are uniquely suited. A molecularmodelwas elabo-
ratedby Doi and Edwards[1] who extendedthe rep-

tationideaintroducedby de Genneg?] to atubeidea
in orderto describetheviscoelastidehaior of entan-
gled polymersin the presenceof 'obstacles’. In ad-

dition to the reptationmechanismpDoi and Edwards
originally assumednstantaneouand completechain
retraction, affine tube deformationby the flow, and
independenalignmentof tube sgments. By doing

S0, they obtaineda closed-formconstitutve equation
which only involvesthe secondmomentof the orien-

tationvectorfor atubesegment.For highly entangled,
linearpolymerstheoriginal Doi-Edwards(DE) model
hasbeenextendedo incorporatechaincontourlength
fluctuationg3, 4] andconstrainteleasedueto the

motion of the surroundingchains(so called ‘double

reptation’) [5]. The combinationof thesetwo effects
leadto a refineddescriptionof the linear viscoelastic
properties[6], however, the modelis muchlesssuc-
cessfulfor the nonlinearproperties.The majorexper

imentalobsenationsthatthe original DE theoryfails

to describdn the nonlinearegimearethefollowing:

1. Thereexist irreversibleeffectsin double-stefstrain
experimentswith flow reversal;

2. Overawiderangeof shearatesy abosetheinverse
disentanglementime 1/7, the steadyshearstressis
nearlyconstanfor very highly entangledneltsor so-
lutions or increasesslowly with shearrate for less
highly entangledones. The first normal stressdiffer-
enceN; increasesnorerapidly with shearrate than
doegheshearstresoverthesamerangeof shearates.
The slopeof N; versusy increasesasthe molecular
weightdecreases;

3. Thesteady-statshearviscosityof differentmolec-
ularweightsmermeinto asinglecurvein thehighshear
rate,power-law regime;

4. The shearstressshows transientovershootdn the
start-upof steadyshearflow at low shearrates. The
strainat which the maximumin the overshootoccurs
increasesvith shearateathighrates;

5. Thefirst normalstresdifferenceexhibits transient
overshootsn the start-upof steadyshearflow at mod-
erateshearates;

6. Therateof stressrelaxationfollowing cessatiorof
steadyshearflow is shearatedependent;

7. The steady-statextinction angle decreasesnore
gradually with shearrate than predictedby the DE
model;

8. Thetransientextinction angleshowvs anundershoot
at the start-upof steadyshearat high shearrates; it
also shavs animmediateundershootvhenthe shear
rateis suddenlydecreasedftera steadystatehasbeen
reachedfinally it reaches highersteady-statgalue;
9. Steady-statealuesof the dimensionlesainiaxial
extensionalviscosity are non-monotonidunctionsof
extensionrate;

In orderto improve the situation,several attemptsof

modifyingtheoriginal DE modelhave beenmadedur-

ing the last years. The next sectionsummarizeghe
basicequationf our modelwhich is ableto capture
qualitatvely, or quantitatvely in mostcases,n par

ticularthenonlinearpropertiesobsenedfor shearand
elongationaflows fromitem 1 to 9 above.



MODEL DESCRIPTION

Thestructuralstatevariableschoseraretheconfigura-
tional distribution function f (u, sr) andthestretching
ratio of the chain contourlength A = L/Ly where
u is a unit vectordescribingthe orientationof a tube
segment, s is the positionlabel of a tube sggmentin

the intenval [0,1] (the valuess = 0 ands = 1 and
correspondo the chainends),r is the spaceposition
vector and Ly denoteghe equilibriumcontourlength
of the chain. After determiningall the state vari-

ableg(thehydrodynamiwariablesandtheabove struc-
tural statevariables)themodelhasbeenformulatedin

the GENERICformalismby constructingts 'building

blocks’ stepby step[7]. Herewe summarizethefinal

time-evolution equationsfor the structuralvariables.
The equationfor the chain contourlength stretching
and relaxationreadsDA/Dt = Aconvect + }\dissip,

whereD /Dt denoteghe materialtime derivative,and
thetotal stretchingrateis splitinto corvective anddis-
sipative contributions,

}\convect =A(Vv):(uu) 1)
and
/'\dissip = Tlscé—;)(/\ - 1)7 (2)

whereVv is the velocity gradienttensor (u u) is the
spatial dependensymmetricsecondrank alignment
tensordefinedby

(uu) E/Olds/d3f(u,s,r)uu, (3)

Z is the numberof entanglemensegmentsper chain
whichis givenby M/ M, (M is themolecularweight
of the chainand M, is the averagemolecularweight
betweenentanglemenpoints along one chain), 7, is
the characterististretchingtime, ¢()\) is the effective
springcoeficientassumeas[7]

A 4+A+1
A2cyt
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which hasthe standard~ENEtypespringbehaior for
large extensionsand the term proportionalto ¢, en-
sureghatthe contourlengthis alwayspositive. While
Am IS the maximum possiblestretchingratio of the
chaincontourlengthwhich is equalto the squareroot
of the numberof Kuhn stepsper entanglemeniVg:
Am = dr/bk, whered? = R?*(N¢) = biN§ is
the’tubediameter'andaverageend-to-endlistanceof
theentanglemendggmentatequilibriumandbxk is the
lengthof the Kuhnstep(whichis twice thepersistence
length), ¢; can be estimatedfrom the probability of
smalldeviationsfrom the equilibriumcontourlength.

c(A) = , (4)

If we denotethe molecularweight betweenentangle-
mentsfor polymer melts as M€, then M€ for poly-

mer solutionscan be estimatedby usingthe relation

Me¢ ~ M¢/¢t2, where is the volume fraction of

polymer[8]. Thevaluesof dr andbk for somepoly-

mer meltscanbe calculatedrom the relevant experi-

mentaldatatakulatedin theliteraturewherethevalues
of M€ arealsogiven. The valueof bk is calculated
from thecharacteristicatio C,. Basedntheseavail-

abledata thevaluesof \,, for severalimportantmelts
areused.

Thediffusionequatiorfor theconfigurationadistribu-

tion functiontakestheform

Dl 2 (1-20) vt uf]

0. Adissi
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where ) )
Stot = —X (S - 5) )‘\dissip (6)

This drift velocity for s reflectsa rescalingof the po-
sition label for the tube sgmentwhen the chainre-
laxesin thetube. Thethird term (creation/destruction
term) on theright sideof Eq. 5 compensatefor con-
figurationslost or gainedattheboundariesTheterms
involving second-ordederivativesin Eq.5 areof irre-
versiblenatureandexpressthe erraticreptationalmo-
tion alongthe chaincontour(second-ordederivative
with respecto u with theorientationadiffusioncoef-
ficient D), respectrely. Theform of D is

1 1 Adissi —Adissi
D= 6 517__d _ 52 d1}s\snp H( c/l\lss1p) ’ (7)

whereH(z) denoteshe Heaviside stepfunction. The
d1-term s interpretedas representingdouble repta-
tion’, andthe §,-term representshe corvective con-
straint releasemechanism. The quantities1/7; and
—}\dissip /A determindheconstrainreleaseatedueto

the lossof entanglementsausedy reptationmotion

andchainretractionof sidechains,respectiely. The
parameters); » determinethe transferrate from the
constraintreleaserate to the relaxationrate of chain
orientation herewe take §; = d, = 1/A. Thischoice
is motivatedby thework of Meadetal. [9] in connec-
tion with the appearancef their switchfunction. The
argumentis thatthe constraintreleasecausesot only

chainsggmentsreorientation but alsocontourlength
shortening(this effect is not explicitly takeninto ac-
counthere). Therole of the parameters; » is to ap-
portionthe effectsof constraintreleasebetweerthese
two effects.



Whenthe chainis unstretchedthe constraintrelease
causesonly chain segmentsreorientation;when the
chainis highly stretchedthe constraintreleasecauses
mainly chain contourlength shortening. Hence,the
parametersmustbe choserin suchaway thatthey ap-
proachunity when X is nearunity, andapproactzero
when A is large. To our knowledgecurrentresearch
is performedto offer a refined interpretationof the
switch function, which then shouldbetterreflectthe
stretchhardeningfactorin our FENE chain. Sucha
modificationis expectedo be of relevancewhennon-
Gaussiareffects becomedominant,in particularfor
strongelongationaflows.

Conseration of the total probability implies the
boundaryconditions

of __oi
ds ="~ Bs
where f(s,r) = [ f(u,s,r)d® = 1. At thechain

endswe assume@andomorientationby specifyingthe
distribution

|5:1 = 07 (8)

f(u,S,I‘):%é(hﬂ—l), s=0,1, (9)

whichis commonpractice but hasbeenopenedo dis-
cussionn Ref.[10]. Theextrastresgensorconsistof
two contributions, namely the original Doi-Edwards
contribution, plus a contribution associatedwith the
chainstretching,

7(r) = npksT[3Z + c(A\)A(A — 1)] (uu). (10)

In theseexpressionsp,, is thenumberdensityof poly-
mers. The plateaumodulusG%, is still given by the
Doi-EdwardsexpressionG%, = £ Zn, kgT.

The model accountsfor doublereptation,corvective
constraintrelease,and chain stretchingand avoids
the IA approximationby the drift term andthe cre-

ation/destructiorterm. It hasbeenverifiedto possess

thefull structureof GENERIC,in particular thetime-
structureinvarianceof reversibledynamics.
Numericalresultsfor shearandelongationaflows ob-
tainedfrom the stochasticmodel summarizedabore
aregoingto bepublished.

CONCLUSIONS

A thermodynamicallyadmissiblereptationmodel[7]
that includeschain stretching,double reptation,and
corvective constraintreleaseand that avoids IA ap-
proximationis numericallyinvestigatedfor transient
and steadypropertiesin shearand extensionalflows.
Quantitatve comparisonsiremadewith experimental
dataof entangledholystyrenesolutionin shearflows.
We find thatthe modelis ableto capturequalitatively,
or quantitatively in mostcasesall the nonlinearprop-
ertiesobsenedfor shearflows summarizedn thein-
troductionfrom item 1 to item 9.

It has beenverified to possesghe full structureof

GENERIC,in particular thetime-structurénvariance
of reversibledynamics. Themodelhasonly four struc-
turaldegreesof freedom onefrom thepositionlabels,

two from the unit orientationvectoru, andonefrom

the chain stretching\. We assumery/7s = 3Z for

our model. In additionto the plateaumodulusG%,

andthereptationtime 74, our modelhastwo basicpa-
rameterspamelyZ, the numberof entanglementper
chainwhich is proportionalto the molecularweight
(andcanbeexpressedn termsof theRouseandrepta-
tion time), andthe maximumstretchA,,, beingequal
to the squareroot of the numberof Kuhn stepsper
entanglemenseggment.Remainingfour modelparam-
etershave beenintroducedbut actuallyassignedwvith

thevalues\dy o = c1 20 = 1.

Comparisonwith two recentlyformulatedmodelsby

Huaetal. [11] andMeadet al. [9], respectiely, in

sheaiflows arepresented.
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