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A THERMOD YNAMICALL Y ADMISSIBLE REPTATION MODEL
FOR FAST FLOWS OF ENTANGLED POLYMERS

MARTIN KRÖGER, JIANNONG FANG, HANS-CHRISTIAN ÖTTINGER

Instituteof Polymers,PolymerPhysics,MaterialsDepartment,ETH Zürich,CH-8092Zürich,Switzerland

ABSTRACT

Numericalpredictionsof a previsouly proposedther-
modynamicallyconsistentreptationmodel for linear
entangledpolymersarepresentedfor shearandexten-
sionalflows. Comparisonswith experimentaldataand
two alternative molecular-basedmodelsare given in
detail. The model presentedin this contribution in-
corporatestheessenceof doublereptation,convective
constraintreleaseandchainstretching,and it avoids
the independentalignmentapproximation. Simula-
tion resultsreveal that the modelat a highly simpli-
fied level with few structuralvariables,i.e., four de-
greesof freedom,is able to capturequalitatively all
featuresof theavailableexperimentalobservationsand
is highlycompetitivewith recentlyproposedmodelsin
describingrheologicalpropertiesof linear entangled
polymers.
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INTRODUCTION

Stress-strainrelationshipsfor polymer melts are the
main ingredientfor the flow simulation of polymer
processing.Thereliability andaccuracy of thesesim-
ulations dependscrucially on the constitutive equa-
tions which describethe nonlinearviscoelasticprop-
erties of the underlying model polymer. Although
the closed-formphenomenologicalmodelshave been
widely usedin researchandcommercialcodes,their
degreeof successis limited becauseof a lackof phys-
ical ingredienton the molecularlevel. For the pur-
poseof realistic modelling, molecular-basedmodels
are uniquely suited. A molecularmodel was elabo-
ratedby Doi andEdwards[1] who extendedthe rep-
tationideaintroducedby deGennes[2] to a tubeidea
in orderto describetheviscoelasticbehavior of entan-
gled polymersin the presenceof ’obstacles’. In ad-
dition to the reptationmechanism,Doi andEdwards
originally assumedinstantaneousandcompletechain
retraction,affine tube deformationby the flow, and
independentalignmentof tube segments. By doing
so, they obtaineda closed-formconstitutive equation
which only involvesthesecondmomentof theorien-
tationvectorfor a tubesegment.For highly entangled,
linearpolymers,theoriginalDoi-Edwards(DE) model
hasbeenextendedto incorporatechaincontourlength
fluctuations[3, 4] andconstraintreleasedueto the

motion of the surroundingchains(so called ‘double
reptation’) [5]. The combinationof thesetwo effects
leadto a refineddescriptionof the linear viscoelastic
properties[6], however, the model is much lesssuc-
cessfulfor thenonlinearproperties.Themajorexper-
imentalobservationsthat the original DE theoryfails
to describein thenonlinearregimearethefollowing:

1. Thereexist irreversibleeffectsin double-stepstrain
experimentswith flow reversal;
2. Overawiderangeof shearrates� abovetheinverse
disentanglementtime ������� the steadyshearstressis
nearlyconstantfor very highly entangledmeltsor so-
lutions or increasesslowly with shearrate for less
highly entangledones. The first normalstressdiffer-
ence �	� increasesmore rapidly with shearrate than
doestheshearstressoverthesamerangeof shearrates.
The slopeof �	� versus� increasesasthe molecular
weightdecreases;
3. Thesteady-stateshearviscosityof differentmolec-
ularweightsmergeinto asinglecurvein thehighshear
rate,power-law regime;
4. The shearstressshows transientovershootsin the
start-upof steadyshearflow at low shearrates. The
strainat which the maximumin the overshootoccurs
increaseswith shearrateathigh rates;
5. Thefirst normalstressdifferenceexhibits transient
overshootsin thestart-upof steadyshearflow atmod-
erateshearrates;
6. Therateof stressrelaxationfollowing cessationof
steadyshearflow is shearratedependent;
7. The steady-stateextinction angledecreasesmore
gradually with shearrate than predictedby the DE
model;
8. Thetransientextinctionangleshowsanundershoot
at the start-upof steadyshearat high shearrates; it
alsoshows an immediateundershootwhen the shear
rateis suddenlydecreasedafterasteadystatehasbeen
reached,finally it reachesa highersteady-statevalue;
9. Steady-statevaluesof the dimensionlessuniaxial
extensionalviscosityarenon-monotonicfunctionsof
extensionrate;

In order to improve the situation,several attemptsof
modifyingtheoriginalDE modelhavebeenmadedur-
ing the last years. The next sectionsummarizesthe
basicequationsof our modelwhich is ableto capture
qualitatively, or quantitatively in most cases,in par-
ticular thenonlinearpropertiesobservedfor shearand
elongationalflows from item1 to 9 above.



MODEL DESCRIPTION

Thestructuralstatevariableschosenaretheconfigura-
tionaldistributionfunction 
���
�������� andthestretching
ratio of the chain contour length ����������� where
 is a unit vectordescribingthe orientationof a tube
segment, � is the position label of a tubesegmentin
the interval [0,1] (the values ���! and �"�#� and
correspondto the chainends),� is the spaceposition
vector, and � � denotestheequilibriumcontourlength
of the chain. After determiningall the state vari-
ables(thehydrodynamicvariablesandtheabovestruc-
turalstatevariables),themodelhasbeenformulatedin
theGENERICformalismby constructingits ’building
blocks’ stepby step[7]. Herewe summarizethefinal
time-evolution equationsfor the structuralvariables.
The equationfor the chain contourlength stretching
and relaxationreads $%�&��$(')� *�,+.-0/�1�2.+43657*�98;: <=<>: ? ,
where$@��$A' denotesthematerialtimederivative,and
thetotalstretchingrateis split into convectiveanddis-
sipativecontributions,*� +.-B/�1B2.+43 �C�D��EGFH�JILK�
G
NM (1)

and

*� 8;: <><>: ? � ��;O P ���Q�RTS �U�AVW���X� (2)

where EGF is thevelocity gradienttensor, KU
D
�M is the
spatial dependentsymmetricsecondrank alignment
tensordefinedby

K�
D
�MZY [ ��]\ � [ \9^ 
��=
_�B�`�a���a
D
b� (3)S
is the numberof entanglementsegmentsper chain

which is givenby cC�edc"f ( c is themolecularweight
of the chainand dc�f is the averagemolecularweight
betweenentanglementpointsalongonechain), � O is
thecharacteristicstretchingtime, P ���Q� is theeffective
springcoefficientassumedas[7]P ���Q��� R P � S�JV)gh�U�AVW���B�i���,j"V)���4kml 5 � l 5n�D5o�� l P�p �l � (4)

whichhasthestandardFENEtypespringbehavior for
large extensionsand the term proportionalto P l en-
suresthatthecontourlengthis alwayspositive. While� j is the maximumpossiblestretchingratio of the
chaincontourlengthwhich is equalto thesquareroot
of the numberof Kuhn stepsper entanglement� fq :�,j��srTt��vu q , where r lt Ysw l �=� f �"�xu lq � fq is
the’ tubediameter’andaverageend-to-enddistanceof
theentanglementsegmentatequilibriumand u q is the
lengthof theKuhnstep(which is twicethepersistence
length), P � can be estimatedfrom the probability of
smalldeviationsfrom theequilibriumcontourlength.

If we denotethe molecularweight betweenentangle-
mentsfor polymer melts as c f , then dc f for poly-
mer solutionscanbe estimatedby using the relationdc fzy c f ��{ �}| l , where { is the volume fraction of
polymer[8]. Thevaluesof r t and u q for somepoly-
mermeltscanbecalculatedfrom therelevantexperi-
mentaldatatabulatedin theliteraturewherethevalues
of c f arealsogiven. The valueof u q is calculated
from thecharacteristicratio ~�� . Basedontheseavail-
abledata,thevaluesof � j for severalimportantmelts
areused.
Thediffusionequationfor theconfigurationaldistribu-
tion functiontakestheform$o
$W' ��V��� 
)�H�X�`� V 
D
� l�� � �UEGFH�a� � 
�
L�V �� � � *� 3=-03 
��NV *� 8;: <><>: ?� 
 (5)
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where *��3=-03���V ���� �JV ���� *�,8�: <><>: ? (6)

This drift velocity for � reflectsa rescalingof thepo-
sition label for the tube segmentwhen the chain re-
laxesin thetube.Thethird term(creation/destruction
term)on theright sideof Eq. 5 compensatesfor con-
figurationslost or gainedat theboundaries.Theterms
involving second-orderderivativesin Eq.5 areof irre-
versiblenatureandexpresstheerraticreptationalmo-
tion alongthe chaincontour(second-orderderivative
with respectto 
 with theorientationaldiffusioncoef-
ficient $ ), respectively. Theform of $ is

$�� ��)�.� � �� � V � l *� 8�: <><=: ?� � � V *� 8�: <><>: ?� �4�	� (7)

whereH �=�Q� denotestheHeavisidestepfunction. The� � -term is interpretedas representing‘double repta-
tion’, and the � l -term representsthe convective con-
straint releasemechanism. The quantities ����� � andVz*�98;: <><>: ?T��� determinetheconstraintreleaseratedueto
the lossof entanglementscausedby reptationmotion
andchainretractionof sidechains,respectively. The
parameters����� l determinethe transferrate from the
constraintreleaserate to the relaxationrateof chain
orientation,herewe take ��� � � l ������� . This choice
is motivatedby thework of Meadet al. [9] in connec-
tion with theappearanceof their switchfunction.The
argumentis thattheconstraintreleasecausesnot only
chainsegmentsreorientation,but alsocontourlength
shortening(this effect is not explicitly taken into ac-
counthere). The role of the parameters� �}� l is to ap-
portiontheeffectsof constraintreleasebetweenthese
two effects.



Whenthe chainis unstretched,the constraintrelease
causesonly chain segmentsreorientation;when the
chainis highly stretched,theconstraintreleasecauses
mainly chain contour length shortening. Hence,the
parametersmustbechosenin suchaway thatthey ap-
proachunity when � is nearunity, andapproachzero
when � is large. To our knowledgecurrentresearch
is performedto offer a refined interpretationof the
switch function, which thenshouldbetterreflect the
stretchhardeningfactor in our FENE chain. Sucha
modificationis expectedto beof relevancewhennon-
Gaussianeffects becomedominant,in particular for
strongelongationalflows.
Conservation of the total probability implies the
boundaryconditions

�A�
� ��� O. ��¡� �(�
� �J� O¢ H�J�C ,� (8)

where �
N���`�0£��A�¥¤W
��=
_�B�`�0��� \ ^ � �¦� . At the chain
ends,weassumerandomorientationby specifyingthe
distribution


���
����`�a���Z� �§ � � � � 
 � Vn���}�¨�©�C ,���¡� (9)

whichis commonpractice,but hasbeenopenedto dis-
cussionin Ref.[10]. Theextrastresstensorconsistsof
two contributions,namely, the original Doi-Edwards
contribution, plus a contribution associatedwith the
chainstretching,�ª�=���_�)«Q¬`­v®�¯Dg RTS 5 P ���Q�a�H���@VW���4k°K=
G
NM&± (10)

In theseexpressions,« ¬ is thenumberdensityof poly-
mers. The plateaumodulus ² � ³ , is still given by the
Doi-Edwardsexpression² � ³ � ^´ S « ¬ ­ ® ¯ .
The modelaccountsfor doublereptation,convective
constraint release,and chain stretchingand avoids
the IA approximationby the drift term and the cre-
ation/destructionterm. It hasbeenverifiedto possess
thefull structureof GENERIC,in particular, thetime-
structureinvarianceof reversibledynamics.
Numericalresultsfor shearandelongationalflowsob-
tainedfrom the stochasticmodel summarizedabove
aregoingto bepublished.

CONCLUSIONS

A thermodynamicallyadmissiblereptationmodel[7]
that includeschain stretching,doublereptation,and
convective constraintrelease,and that avoids IA ap-
proximationis numerically investigatedfor transient
andsteadypropertiesin shearandextensionalflows.
Quantitativecomparisonsaremadewith experimental
dataof entangledpolystyrenesolutionin shearflows.
We find thatthemodelis ableto capturequalitatively,
or quantitatively in mostcases,all thenonlinearprop-
ertiesobservedfor shearflows summarizedin the in-
troductionfrom item 1 to item 9.

It has beenverified to possessthe full structureof
GENERIC,in particular, thetime-structureinvariance
of reversibledynamics.Themodelhasonly fourstruc-
turaldegreesof freedom,onefrom thepositionlabel � ,
two from the unit orientationvector 
 , andonefrom
the chainstretching � . We assume� � ���;Oµ� RTS

for
our model. In addition to the plateaumodulus ² � ³
andthereptationtime � � , our modelhastwo basicpa-
rameters,namely

S
, thenumberof entanglementsper

chain which is proportionalto the molecularweight
(andcanbeexpressedin termsof theRouseandrepta-
tion time), andthemaximumstretch�,j , beingequal
to the squareroot of the numberof Kuhn stepsper
entanglementsegment.Remainingfour modelparam-
etershave beenintroducedbut actuallyassignedwith
thevalues� ���}� l � P ��� l �¶� .
Comparisonwith two recentlyformulatedmodelsby
Hua et al. [11] andMeadet al. [9], respectively, in
shearflowsarepresented.
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