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Abstract : The mitigation of mechanical vibrations forms an important and challenging pursuit of practical 
significance for ensuring the safety and resilience of engineered systems. Recently emerging solutions 
exploiting negative stiffness characteristics have been shown to deliver potent towards vibration mitigation. 
This work studies, in particular, the vibration mitigation potential of the K-Damper, a negative stiffness device 
here explored for structural protection of frame structures. In an experimental setting, a physical model of a 3-
storey frame is created with the attenuation device deployed at the base of the structure. The resulting 
geometrically nonlinear behaviour is exploited for the realization of a negative stiffness mechanism, effectuated 
by means of a space-efficient mounting configuration. Shaking table tests are performed under harmonic 
inputs and seismic excitation, with the performance of the system cross-assessed against the non-retrofitted 
structure. We report on the efficacy of the K-Damper device in mitigating vibrations under two-dimensional 
base excitation, revealing significant vibration reduction, both in terms of accelerations and inter-storey drifts, 
showing potential towards practical applications.  

1 Introduction 
A major challenge in engineering lies in the control of mechanical vibrations of civil structures. The problem 
arises due to both the significance of such structures as well as due to the large mass that is mobilized and, 
consequently, the large resulting energy. The large inertial forces and large displacements, which form typical 
consequences of seismic input on buildings, pose great difficulties for vibration mitigation measures.  

There are several techniques that have been studied in the literature and implemented in practice to mitigate 
vibrations on large structures. These involve active or passive solutions, based on the presence or absence 
of the requirement for external power supply. A well establish passive solution is the tuned mass damper 
(TMD) (Tuan and Shang 2014) and an extension of it, the tuned liquid damper (TLD) (Ruiz, Lopez-Garcia, and 
Taflanidis 2016). This concept involves a linear oscillator that is attached to a primary system from which it is 
able to absorb energy, when the natural frequency of the former is matched to the one of the latter. A limitation 
of this concept is the requirement of large masses as well as the narrow range of frequencies that it is able to 
influence. On the other hand, active or semi-active devices can prove to be more efficient on several occasions 
with respect to their passive counterparts (Miah et al. 2017), by offering advantages such as vibration mitigation 
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capabilities under broad frequency ranges. However, there are disadvantages in the use of the these solutions, 
namely the requirement of power supply, maintenance and sensor faults (Suresh et al. 2010).  

A recently emerging technology aiming at controlling mechanical vibrations and waves lies in the form of 
metamaterials (Colombi et al. 2020; Kalderon, Mantakas, and Antoniadis 2023; Kanellopoulos et al. 2022; 
Kalderon et al. 2022). Such configurations are typically arranged in repeating patterns of a fundamental design 
called the unit cell. They are characterized by extraordinary properties that are not found in nature. One such 
property is negative stiffness, which occurs when the “restoring” force is at the direction of the external forcing 
instead of resisting to it (Sarlis et al. 2013). Exploitation of this feature can lead to efficient vibration mitigation 
targeting a specific frequency range, which can be tailored to structural applications (Wenzel, Bursi, and 
Antoniadis 2020; Chondrogiannis et al. 2022; Chondrogiannis, Dertimanis, and Chatzi 2023).  

Incorporating the concept of negative stiffness, the KDamper device has been designed (Antoniadis et al. 
2018), which aims at vibration mitigation in mechanical or civil structures in the framework of passive control. 
It attempts to overcome several of the drawbacks associated with passive devices, aiming at limited external 
mass requirements and wide frequency ranges of influence. The system merges the advantageous features 
of negative stiffness and the conventional TMD, resulting in a device that imparts exceptional damping 
capabilities to the structure (K. A. Kapasakalis, Antoniadis, and Sapountzakis 2020; A. G. Mantakas et al. 
2022). By integrating the supplementary negative stiffness component, the damper's inertial forces are 
augmented, substantially decreasing the requirement for a large external mass. Furthermore, the careful 
distribution of stiffness and mass components within the device creates a system that is statically and 
dynamically stable. This allows for the design of the KDamper  to maintain a positive initial stiffness of the 
structure, thereby avoiding potential instabilities. In the work of Mantakas et al. (A. Mantakas et al. 2023) the 
effectiveness of the KDamper is experimentally studied in one dimension, verifying its capabilities in vibration 
mitigation. 

In the current work, the KDamper device is integrated to a 3-dimensional frame structure in a space-efficient 
design. It follows the architecture of the NegSV device (Chondrogiannis et al. 2023) in terms of geometry and 
the implementation of the negative stiffness mechanism. However, contrary to the NegSV, the KDamper is 
placed at the bottom storey of the building, while it introduces flexible members that are rigidly incorporated 
via cables in the NegSV. Experimental tests are performed on the model structure via 2-dimensional shaking 
table excitation. The corresponding observations along with analytical findings show the capabilities of the 
protective device in efficiently mitigating vibrations. The applicability of the proposed design indicates the 
potential for real applications and offers the possibility of retrofitting existing structures. 

2 The Extended -KDamper  

2.1 Concept and application  

The proposed vibration absorption concept is an extension of the KDamper referred to herein as the Extended-
KDamper (EKD) system, illustrated in Figure 1. In a similar way to the KDamper, the EKD incorporates a 
system of masses, negative stiffness (NS) and positive stiffness elements as well as artificial dampers. The 
main variation pertains to a change of the system’s configuration, where the positive stiffness spring (kP) 
connects the damper mass (mD) to the base of the system while the negative stiffness element (kN), is attached 
between the damper mass (mD) and the mass of the protected system. Additional dampers are considered 
operating in parallel to the corresponding stiffness elements kN and kP, namely cN and cP respectively. In the 
current work, the EKD device is incorporated to a multi–storey frame structure, where it is placed at the base 
of the system connecting the ground level to the fist storey, as shown in Figure 1.  

The equations of motion of the 1st storey, for base excitation ug take the form: 

 � ˜ � � � ˜ � � � � � ˜ � � � � � ˜ � � � � � ˜ � � �  � �� � � � � � � � � �
1 1 1 1 1( ) ( ) ( ) ( ) 0st st g st g N D N Dm u c u u k u u c u u k u u   (1) 

Whereas for mass mD they take the form: 

 � ˜ � � � ˜ � � � � � ˜ � � � � � ˜ � � � � � ˜ � � �  � �� � � � � � � � � �
1 1( ) ( ) ( ) ( ) 0D D P D g P D g N D N Dm u c u u k u u c u u k u u   (2) 

Subsequently, the equations of motion of the 2nd and 3rd storeys take the form: 
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 � ˜ � � � ˜ � ˜ � � � � � � � ˜ � ˜ � � � � �  ���� �� �� ��
2 2 1 3 2 1 3(2 ) (2 ) 0st st stm u c u u u k u u u   (3) 

 � ˜ � � � ˜ � � � � � ˜ � � �  ���� �� ��
3 3 2 3 2( ) ( ) 0st st stm u c u u k u u   (4) 

 

  

Figure 1: (left)-Comparison between K-Damper and EKD. (right)-retrofitted setup with the EKD. 

2.2 The negative stiffness mechanism  

The key components of the KDamper device is the inclusion of a negative stiffness element, which further 
needs to be deployed in an actionable manner within a structure. In the current campaign negative stiffness is 
achieved with the use of a triangular arch configuration, as shown in Figure 2, capitalizing on the bi-stable 
properties of this scheme. When the linear springs kd are at their natural length the system lies in one of the 
two stable positions 1 and 3 in a triangular arrangement. However, an additional equilibrium position exists 
(position 2), where the two springs are aligned while being compressed. The equilibrium path of the 
configuration then exhibits negative stiffness around this unstable position, as implied by the negative slope in 
the force-displacement curve.  

 

Figure 2: Triangular arch configuration. (left)-Geometry, (right)-equilibrium path. 

The nonlinear equilibrium path graphed in Figure 2 can be approximated via a 3rd order polynomial (Al-
Shudeifat 2014) as follows: 
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where � G �  � G � ��� H .  

The value of negative stiffness around � G �  �� 0 can be deduced by calculating the slope of the equilibrium path 

�G� 
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�G����

0
N

dP
k

d
resulting to � N ak k .  

The triangular arch mechanism is here exploited as the negative stiffness element of the KDamper device, 
upon activation of its unstable equilibrium position (position 2). This is placed in series with the positive stiffness 
element kp, while both are connected in parallel to the columns of the first floor, the latter providing positive 
stiffness kst, as depicted in Figure 1. Although, intuitively, one would expect the triangular arch to transition to 
one of the stable equilibrium positions, this can be restricted by the positive stiffness elements of the setup, 
satisfying the following conditions, referring to the stability of mass mD and of the base storey respectively: 

 

� � � ! � Ÿ � ! � �

�˜�˜
� � � ! � Ÿ � ! � �

� � � �

stability of               : 0

stability of base storey : 0

D N P N P

st PN P
st N

N P st P

m k k k k

k kk k
k k

k k k k
  (7) 

2.3 Design and optimization  

Fluctuations in the EKD stiffness parameters can occur for various reasons, such as changes in temperature 
and imprecise modeling of manufacturing tolerances, which cannot be accurately incorporated in the 
mathematical process. Consequently, if the absolute value of kN increases and/or the values of kP and kst 
decrease by factors �0N�����0P�����D�Q�G���0st, respectively, it could lead to system instability. The stiffening behaviour of 
the negative stiffness unit shown in Figure 2 ensures that the most unfavourable condition in terms of stability 

is around � G �  �� 0 , where the negative stiffness takes its maximum absolute value.  

Following the derivation of the equations of motion, efficient parameters should be determined serving towards 
a desired vibration mitigation strategy. To this extend, there are two important areas where the device must 
prove to be beneficial, when the protected structure is subjected to dynamic excitation. These refer at reducing 
the overall acceleration response, while limiting the bottom storey drifts, and therefore the base shear. In this 
direction the following parameters of the device are considered in the optimization process: 

1. The maximum absolute (initial) value of the negative stiffness element: kN; 

2. The damping coefficients of the viscous dampers employed in the EKD: cN and cP; 

3. The stability factors �0N�����0P�����D�Q�G���0st. 

To achieve an optimal design for the EKD, time domain analyses are performed in Matlab environment. The 
model is stimulated with a series of seismic accelerograms, serving as design and optimization basis. The 
primary objective function is set as the relative displacement (drift) between the structure's base and the slab 
of the first floor. In the optimization process, a newly developed metaheuristic algorithm known as the harmony 
search algorithm (HS) is employed (Geem, Kim, and Loganathan 2001). Similar to genetic algorithms (GA), 
HS possesses a range of advantageous traits that make it well-suited for a variety of optimization challenges. 

3 Experimental design  

3.1 Description of the experimental setup  

In the current study, the capabilities of the EKD on mitigating vibrations are evaluated via experimental testing 
on a 3 dimensional structure, shown in Figure 3. The specimen is a 3 storey shear-type frame with a square 
plan view of 520 mm side with four columns, of circular cross section, one at each corner. The corresponding 
slabs are manufactured from aluminum sheets of 5 mm thickness, while the columns are formed from 4 mm 
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diameter stainless steel rods. The properties of the model are reported in Table 1. The differentiation of the 
mass value in the first storey accounts for the presence of the mechanical equipment (KDamper device). 

 

Figure 3: Overview of the experimental setup. 

The experimental campaign is carried out with the use of a multi axial shake-table testing facility, located at 
the IBK Structures Laboratory at ETH Zürich. A 6-degree-of-freedom shaking table device (by MTS) is utilized 
to apply bi-axial horizontal base excitation, operating in displacement control mode. The structural response 
is recorded in terms of displacements, monitored by optical trackers placed along the two principal axes, as 
depicted in Figure 3. This instrumentation enables tracking of three-dimensional motion in space using 
photogrammetry and optical triangulation techniques, accurately determining the 3D position of the LED 
targets affixed to the corners of each slab. The employed sampling rate is fs = 200 Hz. 

Table 1. Properties of the physical frame model. 
 
Storey No.  Height (mm)  Mass (kg)  Stiffness (N/m)  
1 300 5.6  4.4�Ø103 

2 300  3.9  4.4�Ø103 

3 300 3.9 4.4�Ø103 

3.2 The KDamper design  

The illustration in Figure 4 shows a CAD model, designed using Solidworks software, of the assembled 
Extended-KDamper device, which is deployed in the bottom storey of the protected structure. In this 
application, four identical mechanisms are symmetrically positioned, two devices aligned along each principal 
direction of the structure. This device comprises pre-stressed spring elements (noted as kN springs) that induce 
a negative stiffness effect when brought to their unstable equilibrium position, as discussed in Section 2.2. 
These spring elements are hinged on one end to the slab of the first floor and to a sliding carriage on their 
other end. The carriage is able to slide along the corresponding rail guide, as depicted in the right part of Figure 
4, the latter ensuring the alignment of the mechanism. These carriages serve the purpose of the additional 
mass of the EKD mD. Subsequently, extension coil springs are placed connecting the sliding carriage to the 
base of the frame, serving the purpose of the kP stiffness elements. Although additional dampers are not 
introduced in the experimental EKD device, as required by its designing, damping is present in all of the 
components of the structure due to friction at the joints and the sliding mechanism. The properties of the EKD 
device, as measured on site, are summarized in Table 2.  
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Figure 4: CAD model of the Extended-KDamper implementation. (left)-Bottom storey retrofit. (right)-Negative 
stiffness mechanism. 

Table 2. Properties the Extended-KDamper device. 
 

Property  Value  
mD 0.78 kg 

kN -613 N/m 

kP 1028 N/m 

kst 4.4�Ø103 N/m 

cst 5 N�Øs/m 

cN 10 N�Øs/m 

cP 5 N�Øs/m 

 

Figure 5 depicts analytical results of the analysis of the system in the frequency domain. Note that stiffness 
proportional damping is assumed in these analytical calculations in order to be in line with the equations of 
motion of Sec. 2.1. (Eqns. (1)-(4)). On the left subfigure the eigenmodes of the system are graphed reporting 
the corresponding frequencies. Two system states are compared, namely the uncontrolled (UCL) and the 
controlled via the EKD case (CL). It is observed that the first mode is considerably altered in the retrofitted with 
respect to the original, while higher modes are practically unaltered both in terms of shape and frequency. On 
the right subplot, the transfer function of the system is represented for the top storey acceleration, which 
confirms the previous observations. The response around the first mode is highly mitigated, while the presence 
of the device does not influence higher frequencies. In order to influence higher frequency modes, either the 
device needs to be placed at a higher storey, or multiple KDampers should be introduced at various levels of 
the structure (K. Kapasakalis et al. 2023). 
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Figure 5: Comparison of the uncontrolled and controlled structure with the EKD device. (left)-Eigemodes (mD 
shown in dashed line). (right)-Transfer function of the top storey acceleration. 

4 Experimental r esults  
To assess the performance of the device in terms of vibration mitigation, the retrofitted structure is compared 
to the unprotected under base excitation. In a first step, the frequency response of the two setups is identified. 
For this purpose a sine-sweep input is applied at the base of the system and the corresponding displacements 
of the storeys are recorded along one direction. The transfer function of the system is calculated as the ratio 
of the output over input Fourier transforms, computed in Matlab environment via a Fast Fourier Transform (fft 
function). Figure 6 shows the comparison between the transfer functions of the uncontrolled and controlled 
systems. It is observed that the EKD is able to mitigate the response of the controlled system for a frequency 
range around the fundamental natural frequency of the structure. This is in line with the analytical findings, 
described in the previous section. The peak that is centred around 3.5 Hz, which is not predicted by the 
analytical model is worth elaborating on. Recall that the equations of motion of the structure (Eqns. (1)-(4)) 
have been derived for a simplified 1-dimensionality assumption. In reality, experiments are performed in the 
physical world that inevitably consists of 3 spatial dimensions. Therefore, the simplified analytical model, in its 
current form, cannot capture the rotational mode of the building around the vertical axis. One should account 
for these degrees of freedom in a more detailed model, however, this does offer valuable insights in the 
functionality of the KDamper and is here omitted.  

 

Figure 6: Transfer function of the top storey acceleration for the uncontrolled and controlled systems. 

In a final step of this study, the performance of the EKD is evaluated on the retrofitted building, and compared 
to the uncontrolled structure, for realistic earthquake input. Figure 7 shows the response of the structure in its 
controlled and uncontrolled states for seismic excitation along the primary x axis of the model. Two earthquake 
records are reported in the current work (PEER Center 2022), which are scaled with a factor of 0.4 with respect 
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to their original intensity. Additionally to an actual record, an artificial accelerogram is created, whose spectrum 
matches the one proposed in EC8 (agR = 0.36 g, ��I = 1, soil type D, S = 1.35, ag = ��I · agR = 0.36 g), according 
to the methodology proposed my Ferreira et al. (Ferreira et al. 2020). It is observed that the EKD can efficiently 
mitigate vibrations at the protected structure both in terms of accelerations and inter-storey drifts, ultimately 
reducing the base shear demand. A similar behaviour is observed for both input excitations, where 
accelerations and inter-storey drifts are reliably mitigated in the controlled system, showing potential towards 
practical applications.  

  

(a) Kobe, Japan 1995 (b) Artificial input according to EC8 

Figure 7: Dynamic response of the controlled system with the EKD and comparison to the uncontrolled for 
seismic base excitation for the top storey accelerations and bottom storey drifts. 

5 Conclusions  
In the current work, the concept of the Extended-KDamper has been implemented in a 3-dimensional frame 
structure. A three-storey building model is retrofitted with the protective device and its dynamic response is 
assessed, identifying the benefits in terms of vibration mitigation. Experimental tests are performed on the 
physical model using 2-dimensional base excitation via a shaking table facility. The EKD is mounted at the 
bottom storey of the frame in a space efficient manner, conveniently incorporating the required mechanical 
components of the device.  

The characteristics of the modified structure are initially identified analytically in the frequency domain studying 
the eigenmodes and the transfer function of the system. Comparison to the uncontrolled structure reveals 
significant suppression of the response around the fundamental natural frequency, compared to the 
uncontrolled case. Although higher frequencies are not influenced by the existence of the protective device, 
these play a less significant role in the dynamic response of the system, as the fundamental frequency is the 
predominant one under excitation of wide frequency range content. Confirming that assumption, the response 
of the system in further studied under realistic earthquake input. It is observed that vibrations are reliably 
mitigated in these scenarios, indicating that the suppression of the first eigenmode is sufficient for the overall 
improvement of the dynamic response of the building. It is shown that the inclusion of the KDamper device 
can limit both accelerations and inter-storey drifts in the system, contributing towards the improvement of 
structural safety.  

In the current case study, an applicable design for the KDamper device is proposed that can be conveniently 
implemented for structural applications. An extension of the concept to full scale would require careful 
designing of the, yet small scale, mechanical components and their connection to the primary structure. An 
important advantage of the device is the possibility for retrofitting of existing buildings, which are the main 
structures that are currently under higher risk in the fleet of a modern city. 
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