mzuriCh ETH Library

Mathematical Analysis of Minnaert
Resonances for Acoustic
Metamaterials

Doctoral Thesis

Author(s):
Fitzpatrick, Brian

Publication date:
2018

Permanent link:
https://doi.org/https://doi.org/10.3929/ethz-b-000287325

Rights / license:
In Copyright - Non-Commercial Use Permitted

This page was generated automatically upon download from the ETH Zurich Research Collection.
For more information, please consult the Terms of use.



https://doi.org/https://doi.org/10.3929/ethz-b-000287325
http://rightsstatements.org/page/InC-NC/1.0/
https://www.research-collection.ethz.ch
https://www.research-collection.ethz.ch/terms-of-use

Diss. ETH No. 25214

Mathematical Analysis of Minnaert
Resonances for Acoustic Metamaterials

A thesis submitted to attain the degree of
DOCTOR OF SCIENCES of ETH ZURICH
(Dr. sc. ETH Ziirich)

presented by
BRIAN FITZPATRICK

BSc. Computer Science and Information Technology, National University of Ireland
Galway

MSc. Mathematical Modelling, University of Limerick
born on 16.04.1980

citizen of Ireland

accepted on the recommendation of
Prof. Dr. Habib Ammari, ETH Ziirich, examiner
Prof. Dr. Richard Craster, Imperial College London, co-examiner

Prof. Dr. Gilles Lebeau, Université de Nice Sophia-Antipolis, co-examiner

2018






Abstract

The propagation of acoustic waves in bubbly media has long been of interest in the
mathematics, physics, and engineering communities. In recent years, the interest in
this subject has heightened with the advent of acoustic metamaterials that exhibit
spectacular properties such as absorption of practically all incoming acoustic energy
(super-absorption), and the ability to focus acoustic waves beyond the diffraction limit
(super-focusing). The key mechanism underlying these and other extraordinary prop-
erties involving acoustic wave propagation through a liquid containing bubbles is the
phenomenon of sub-wavelength resonance. Sub-wavelength resonance occurs when an
object resonantly couples with an incident wave whose wavelength is much larger than
the characteristic size of the object.

In this thesis, it is first shown that a single arbitrary shaped bubble in an infinite liquid
possesses a sub-wavelength resonance called the Minnaert resonance. This resonance
is due to the high contrast in mass densities between the bubble and the surrounding
medium and it makes the air bubble an ideal sub-wavelength resonator (the bubble can
be more than two orders of magnitude smaller than the wavelength at the resonant
frequency). Then, slighlty below the Minnaert resonant frequency, with an appropriate
bubble volume fraction, a high contrast effective medium is obtained, making the sub-
wavelength focusing of waves achievable.

Using bubble dimers, it is proved that the effective mass density and bulk modulus
of the bubbly fluid can both be negative over a non-empty range of frequencies. A
bubble dimer is a system that consists of two identical separated spherical bubbles. It
features two slightly different sub-wavelength resonances, called the hybridized Minnaert
resonances.

The opening of a sub-wavelength phononic bandgap is demonstrated by considering a
periodic arrangement of bubbles and exploiting their Minnaert resonance. It is shown
that there exists a sub-wavelength bandgap in this bubbly crystal. The sub-wavelength
bandgap is mainly due to the cell resonance of the bubbles in the quasi-static regime and
is quite different from the usual bandgaps in photonic and phononic crystals, where the
bandgap opens at a wavelength which is comparable to the period of the structure. Fi-
nally, this sub-wavelength bandgap is used to demonstrate cavities, very similar to those
obtained in standard photonic and phononic crystals, albeit of deeply sub-wavelength
dimensions. The key idea used to obtain a cavity of this nature is to increase the size of
a single bubble inside the crystal, thus creating a defect.
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Résumeé

La propagation d’ondes acoustiques dans les milieux a bulles a récemment fait I’objet de
trés nombreuses études expérimentales. En effet, les propriétés acoustiques des milieux
a bulles sont fascinantes. Il a notamment été mis en évidence que le couplage entre
les bulles pouvait conduire a des effets de super-focalisation, de bandes interdites sub-
longueur d’onde mais aussi que ces milieux a bulles pouvaient jouer le role d’absorbeurs
acoustiques ou encore d’émetteurs cohérents d’ondes acoustiques. Toutes ces propriétés
extraordinaires trouvent leur origine dans la notion de résonance sub-longueur d’onde.

Dans cette these, nous décrivons tout d’abord la pulsation & basses fréquences d’une bulle
d’air de forme quelconque dans un liquide. Nous introduisons la notion de résonance
sub-longueur d’onde et nous obtenons une formule asymptotique de cette résonance
basse fréquence en fonction du contraste entre les densités de I’air et du liquide. Nous
démontrons ensuite les propriétés de super-focalisation d’un nuage de bulles illuminé a
une fréquence légérement supérieure a cette fréquence de résonance. Nous démontrons
également qu’une couche de bulles peut se comporter a certaines fréquences résonantes
sub-longueur d’onde comme un absorbeur parfait pour des ultrasons. En utilisant des
dimeres de bulles, qui peuvent étre approchés par la somme d’un monopole et d’un dipole
résonants, nous obtenons, grace a un effet d’hybridation des résonances, des matériaux
acoustiques a indices négatifs pour une certaine bande de fréquence.

D’autre part, nous démontrons 'existence d’'une gamme de fréquences pour laquelle
la propagation dans un cristal de bulles n’est pas autorisée au-dessus d’une certaine
fréquence de résonance critique. Contrairement aux matériaux structurés a 1’échelle de
la longueur d’onde qui mettent en jeu des effets de périodicité pour créer une bande inter-
dite, ici celle-ci est uniquement due a la réponse en opposition de phase des résonateurs
sub-longueur d’onde. Enfin, nous démontrons la possibilité de piéger une onde acous-
tique dans une cavité sub-longueur d’onde.
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Introduction

The purpose of this thesis is to understand acoustic wave propagation through a liquid
containing bubbles. Bubbly media have fascinating acoustic properties. For example, a
very small volume fraction of air bubbles in water is enough to modify the effective veloc-
ity of sound in the medium [25] 37, [56], [65]. One of our motivations is the use of bubbles
in super-resolution medical ultrasonic imaging [43]. At particular low frequencies known
as Minnaert resonances [86], bubbles behave as strong sound scatterers. The enhance-
ment of their acoustic signature allows for the use of ultrasonic techniques to detect,
localize, and characterize them inside a visco-elastic opaque medium [65]. Bubbles are
present in many other important applications. The extraordinary acoustic properties of
bubbly media are being used to design new acoustic materials. The Minnaert resonance
of the bubbles persists when they are no longer embedded in a liquid, but in a soft elastic
medium [33} [72].

A remarkable property of spherical bubbles is that they oscillate harmonically, pulsating
with a breathing mode characterized by their Minnaert frequencies, provided that the
contrast in densities between the gas inside the bubbles and the surrounding liquid is high
[51]. Many interesting physical works have been devoted to the acoustic bubble problem,
some examples being the super-absorption of acoustic waves [72], sub-wavelength focus-
ing using ultrasound time-reversal mirrors [65], and the characterization of bandgaps in
structured bubbly media [7(]. Nevertheless, the characterization of Minnaert resonances
for arbitrary shaped bubbles and the analysis of the propagation of acoustic waves inside
bubbly media at the Minnaert frequencies have been longstanding problems.

Sub-wavelength resonance

In general, if an acoustic wave impinges upon an object that is small in comparison
with its wavelength, the effect of the object on wave scattering is negligible; the object
is essentially invisible. However, at sub-wavelength resonant frequencies, the scattering
of waves from the object is greatly enhanced and can have a noticeable effect on wave
propagation. It transpires that gas bubbles in water are very strong sub-wavelength
resonators. The low frequency resonance of bubbles arises due to the high contrast in
mass densities between the air in a bubble and the surrounding liquid. This resonance
is called the Minnaert resonance in honor of the Belgian physicist Marcel Minnaert
who first derived the resonant frequency of an air bubble in water [86]. The Minnaert
resonance frequency can also be obtained by linearizing the Rayleigh-Plasset equation
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which governs the radial displacements of a spherical bubble in an infinite liquid driven
by an incident pressure wave [40].

Recently experimental physicists have exploited the sub-wavelength resonance properties
of bubbly media to experimentally demonstrate the possibility of deeply sub-wavelength
control of acoustic waves [65], [72, [70, [71]. They have shown that it is indeed possible to
achieve effects such as super-absorption and super-focusing of acoustic energy in real-
world situations.

It is necessary to gain a precise understanding of how these effects arise in order to build
upon them and advance the field of acoustic metamaterials. The aim of this work is to
develop this knowledge by performing a rigorous mathematical modeling and analysis of
the sub-wavelength resonance properties of bubbly media.

Contributions

To obtain precise control over the properties of acoustic metamaterials, and thus control
acoustic wave propagation, we need to remove limitations on what parameters we are able
to work with. Hence, in many sections of this work we do not limit ourselves to spherical
air bubbles. Instead we work with arbitrary shaped acoustic sub-wavelength resonators,
of which spherical objects are a special case. The frequency response of a resonator is
dependent on its shape so by deriving formulas for arbitrary shaped resonators we pave
the way to gaining precise control over the frequency ranges at which sub-wavelength
resonance effects can occur. We derive the Minnaert resonance of an arbitrary shaped
resonator in an infinite liquid in Chapter [2] and show that it reduces to the standard
Minnaert resonance formula if the shape is chosen to be a sphere. In addition, we obtain
a rigorous monopole approximation of the field scattered by the bubble in terms of a
scattering coefficient that blows up near the Minnaert resonance frequency.

In order to explain the super-absorption phenomenon, in Chapter[3] we consider a bubble
meta-screen which is a periodic array of bubbles above a reflective surface. We derive an
approximation for the scattered field in terms of an effective reflection coefficient that
characterizes the response of the meta-screen to incident acoustic waves. We derive a
quasi-periodic Minnaert resonance formula and show that as we approach this resonance
the reflection coefficient goes to zero, thus explaining the incredible absorption properties
of bubble meta-screens.

Phononic crystals constructed using bubbly media have been experimentally shown to
have sub-wavelength bandgaps which are frequency ranges in which wave propagation
is prohibited. These frequency ranges corresponds to the case when the characteristic
size of the bubbles in the crystal is much smaller than the wavelength. In Chapter [ we
prove that such a bandgap exists and that it occurs when the contrast in mass densities
between the bubbles and the surrounding liquid is sufficiently high. Furthermore, we
show that this bandgap opens slightly above a critical resonance.

xii
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In Chapter [ we consider the time-reversal of acoustic waves. In general, it is not possible
to focus time-reversed acoustic waves in a liquid into regions smaller than half the oper-
ating wavelength due to the Rayleigh diffraction limit. However, if the liquid contains a
large number of air bubbles and the excitation frequency is near the Minnaert resonance
frequency it becomes possible to overcome this limitation and achieve super-focusing
of acoustic waves. We derive a point scatterer approximation for the propagation of
waves in a bubbly fluid and use this to numerically show that sub-wavelength focusing
of acoustic waves is indeed achievable.

Another method of achieving super-focusing of acoustic waves is through the use of
double-negative metamaterials. These are materials in which the effective material pa-
rameters both become negative simultaneously, thus giving rise to a negative effective
refractive index which can be used to construct an acoustic super-lens. In Chapter [6] we
introduce the notion of a bubble dimer, which consists of two identical bubbles that are
close together, but not too close, in comparison to their size. While a single bubble has a
Minnaert resonance, a bubble dimer has hybridized Minnaert resonances. We prove that
using a bubbly media consisting of these bubble dimers, when the excitation frequency
is near the hybridized Minnaert resonances, it is possible for both the effective mass
density and the effective bulk modulus to become negative simultaneously.

In Chapter 7| we extend our work on bubbly phononic crystals in Chapter [4 by considering
the case when the crystal features a defect. To create a defect we slightly enlarge one
of the bubbles in the periodic array. The presence of this defect gives rise to a localized
mode which decays exponentially away from the defect. We prove the existence of a
defect mode in a bubbly crystal constructed from spherical bubbles.

In summary, the work in this thesis rigorously explains several recent discoveries in
experimental physical acoustics and sheds new light on the phenomenon of acoustic
sub-wavelength resonance in acoustic metamaterials.

The results of this thesis are published in [, 6} 1T, [7, 10, [9].
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1. Preliminaries

In this thesis we consider problems involving the scattering of acoustic waves by one
or more bubbles embedded inside some homogeneous liquid. Here we introduce various
physical parameters and mathematical objects that will be used frequently throughout
this work.

1.1. System parameters

We denote by pyp, ks, vp, kp the mass density, bulk modulus, wave speed, and wavenumber
of gas inside a bubble. The corresponding parameters for the background medium are
p, Kk, v, k. The following relations hold:

v=\/? N e (L.1)
p Po v Ub

We also introduce two dimensionless contrast parameters:

P ky v pors. (1.2)

1.2. Regime

We assume that the wave speeds outside and inside the bubble are both of order one,
i.e., the contrast between the wave speeds is not significant. We also assume that there
is a large contrast in the mass densities. In summary, we assume that

Ik 1, 7=0(1).

Note that for air and water in standard conditions we have that § ~ 1.2 x 1073.



1. Preliminaries
1.3. Layer potentials
Let G°(x,y) be the fundamental solution of the Laplace equation:

1
—1 — d=2
27T n’x y’? )

(s, y) = 1 (1.3)
- d=3.
Ar |z —y|
Let G*(z,y) for k # 0 be the fundamental solution of the Helmholtz equation:
—*H ko —y), d=2
GH(z,y) = em_y‘ (1.4)
- d=3.
Ar |z —y|

We denote by H' the standard Sobolev space. For a given bounded domain D in R¢
where d € {2 3} with Lipschitz boundary 9D, the single layer potential S¥, : L%(0D) —
HY(0D), HL (R?) associated with wavenumber k is defined by

bc

Spll(x) = - GH(z,y)e(y)do(y), = eR™ (1.5)

We define the Neumann-Poincaré operator IC%* : L2(0D) — L?*(0D) by

kl’
K ) = [ D y)io(y), w e oD, (1.6)

ap Ov(r)

where p.v. stands for the Cauchy principal value. In the case when & = 0 we omit
the superscripts and write Sp and K7, respectively. Note that in three dimensions
Sp : L?(0D) — H'(dD) is invertible [17].

We denote by 0/0v the outward normal derivative and by |+ the limits from outside
and inside D. The following jump relations hold:

(,fy is,’g[w](x) = (ii] + 1c§3*> [Y](z), x€dD. (1.7)

1.4. Quasi-periodic layer potentials

Let Y be the unit cell [0,1]¢ in R%. For a € [0,27)%, the function G** is defined to
satisfy
(D 4 k)G (2, y) = g 5(x —y —n)e™,

nezd



1.5. Floquet transform

where § is the Dirac delta function and G** is a-quasi-periodic, i.e., e **G**(z, y) is
periodic in z with respect to Y. It is known that G** can be written as

el(@mnta)-(z—y)

k2 — [2mn + of2

(;O“k(xvy) = :E:

nezd
if k # |2mn + af for any n € Z¢ [17].

Let D be a bounded domain in R? with a connected Lipschitz boundary satisfying D C
Y. We define a quasi-periodic single layer potential Sg’k : L?(0D) — HY(dD), H} (R%)
by

Sy (x) = . Gk (@, y)(y)do(y), = €R®.

Then S**[¢)] is an a-quasi-periodic function satisfying the Helmholtz equation (A +
k*)u = 0. Tt satisfies a jump formula:

0

W isg”“w] (x) = (i;[ + (ICDa’k)*> [Y](z), a.e.x€dD,

where (lCBa’k)* : L2(0D) — L*(dD) is the operator given by

G*(z, y)y(y)do(y).

(i) =p. | oo

We remark that it is known that Sg’o : L2(0D) — H(dD) is invertible for a # 0 [17].

1.5. Floquet transform

A function f(z) is said to be a-quasi-periodic in the variable € R? if =" % f(x) is
periodic. Given a function f € L?(R?), the Floquet transform is defined as

Flf)(z,0) = Y flz—m)e™™, (1.8)

mezd

which is a-quasi-periodic in x and periodic in . Let Y = [0, 1)d be the unit cell and
BZ :=R4/277% ~ [0,27)¢ be the so-called first Brillouin zone. The Floquet transform
is an invertible map F : L2(RY) — L%(Y x BZ), with inverse (see, for instance, [64} [17])

-1 —L T, o) do
FUl(w) = g7 [ olano) da



1. Preliminaries

1.6. Incident and scattered fields
Define 4™ to be an incident field which we assume to be a plane wave for simplicity:
um(x) — eik@-x
9y

where 6 is a unit vector in R%. For a total field u, we denote by u® := u — v the
scattered field which is subject to the Sommerfeld radiation condition:

—iku®| = O(|x\_(d+1)/2), as ¢ — oo uniformly in

ou®
ov

x
x|

We abbreviate the Sommerfeld radiation condition throughout this thesis by SRC.

1.7. Notation

Denote by £(X,Y’) the space of bounded linear operators between normed vector spaces
X and Y. Denote by (-,-) the L? scalar product, and by ||-|| the associated norm.

We denote the volume of a domain D by |D|.

Denote by lgp € H'(OD) the constant function on dD with value 1. Let ¢y € L%(0D)
be such that [12]

(~37+55) =0 [ w1

oD

The capacity of 0D is defined as

Capp := — (v, Lap) = —((Sp) ' [1ap], Lop) (1.9)

The a-quasi-periodic capacity of 0D is defined as

Capp o == —((S°) " [Lop], Lop). (1.10)



2. Minnaert Resonance of an Arbitrary
Shaped Sub-wavelength Resonator

In this chapter, through the application of layer potential techniques and Gohberg-Sigal
theory we derive an original formula for the Minnaert resonance frequencies of arbi-
trarily shaped bubbles. We also provide a mathematical justification for the monopole
approximation of the scattering of acoustic waves by bubbles at their Minnaert resonant
frequency. Our results are complemented by a numerical simulation which serves to
validate our formula in two dimensions.

2.1. Introduction

In this chapter we derive original formulas for the Minnaert resonances of bubbles of
arbitrary shapes in both two and three dimensions using layer potential techniques
and Gohberg-Sigal theory [I7, 52]. Our formulas can be generalized to multiple in-
teracting bubbles. They are expressed in terms of the capacity and the volume of the
bubble. We also provide a mathematical justification for the monopole approximation
and demonstrate the enhancement of the scattering in the far field at the Minnaert reso-
nances. We show that there is a correspondence between bubbles in water and plasmonic
nanoparticles in that both raise similar fundamental questions [19], 22] 27]. However, the
mathematical formulation of Minnaert resonances is much more involved than the for-
mulation of plasmonic resonances, which are characterized in terms of the spectrum of
the Neumann-Poincaré integral operator [5] 26, 63| 58].

The Minnaert resonance is a low frequency resonance in which the wavelength is much
larger than the size of the bubble [40]. Our aim in this chapter is to provide for the first
time a mathematical framework for investigating bubbles as sub-wavelength acoustic
resonators and rationalizing their extraordinary acoustic properties. Our results have
important applications. They can be used to show that at the Minnaert resonance it
is possible to achieve super-focusing of acoustic waves or imaging of passive sources
with a resolution beyond the Rayleigh diffraction limit [23] 24]. Foldy’s approximation
applies and yields to the conclusion that the medium surrounding the source behaves
like a high contrast dispersive medium [50]. As the dispersion is small, it has little effect
on the super-focusing and super-resolution phenomena. Effective equations for wave
propagation in bubbly liquids have been derived in the low frequency regime where the
frequency is much smaller than the Minneart resonance frequency [31), 32, 59]. In this



2. Minnaert Resonance of an Arbitrary Shaped Sub-wavelength Resonator

chapter, however, we are more concerned with acoustic wave propagation in the resonant
regime and in the behavior of bubbles as sub-wavelength resonators.

The chapter is organized as follows. In Section [2.2] we consider the scattering of acoustic
waves in three dimensions by a single bubble and derive its Minnaert resonances in
terms of its capacity, volume, and material parameters. In Section [2.3| we derive the
point scatterer approximation of the bubble in the far-field. A derivation of the two-
dimensional Minnaert resonance is given in Section In Section we perform a
numerical simulation in two dimensions to illustrate the main findings of this chapter.
The chapter ends with some concluding remarks.

2.2. The Minnaert resonance

We consider the scattering of acoustic waves by a single bubble embedded in a homoge-
neous liquid, subject to the regime specified in Section Assume that the bubble is of
size order one and occupies a bounded and simply connected domain D with 9D € C1*
for 0 < s < 1.

Let u™ be the incident wave defined in Section The scattering problem can be
modeled by the following system of equations:

(A+kHu=0 in R3\D,

(A+kDu=0 in D,

ul— = ul4+ on 0D, (2.1)
;bg:j ) = ;1)?;: N on 0D,

u® = u — u" satisfies the SRC.

The solution u of (2.1 can be written as

{ uin + Sk in R3\D,

(2.2)
SE[tby) in D,

for some surface potentials v, vy, € L?(0D) [14].

Throughout this chapter, we denote by H = L?(0D) x L?(0D) and by H; = H*(0D) x
L%(0D).

Using the jump relations for the single layer potential (1.7)), it is straightforward to
derive that 1 and 1y, satisfy the following system of boundary integral equations:

A(w, 0)[¥] = F, (2.3)
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where A(w, d) € L(H,H1) is given by

Skb Sk
A (.U,5 = D * b * )
(@,9) <§I+IC]Z-§” —3(31 + K ))

v) =)

\IJ - < 5 F - ouin .

¥ 0%

One can show that the scattering problem (2.1)) is equivalent to the boundary integral

equations ([2.3).

The resonance of the bubble in the scattering problem (2.3) can be defined as all the
complex numbers w with negative imaginary part such that there exists a nontrivial
solution to the following equation:

and

Alw, 8)[¥] = 0. (2.4)

These can be viewed as the characteristic values of the operator-valued analytic function
(with respect to w) A(w, §). We are interested in the quasi-static resonance of the bubble,
which is the resonance frequency at which the size of the bubble is much smaller than
the wavelength of the incident wave outside the bubble. In the literature, this resonance
is called the Minnaert resonance [40]. Due to our assumptions on the bubble being of
size order one, and the wave speed outside of the bubble also being of order one, this
resonance should lie in a small neighborhood of the origin in the complex plane. In what
follows, we apply the Gohberg-Sigal theory to find this resonance.

We first look at the limiting case when § = w = 0. It is clear that
Ag = A(0,0) = (_%ISf s _gD) : (2.5)
Let Ajy be the adjoint of A.
Lemma 2.2.1. We have
(1) Ker(Ap) = span {¥o} where

Yy = ag <zg> ;

with o = Sy [1ap] and the constant ag being chosen such that || ol = 1;

(11) Ker(Aj) = span{®o} where
o = bo <]12D>

with the constant By being chosen such that ||| = 1.
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The above lemma shows that w = 0 is a characteristic value for the operator-valued
analytic function A(w, §). By Gohberg-Sigal theory, we can conclude the following result
about the existence of the quasi-static resonance.

Lemma 2.2.2. For any §, sufficiently small, there exists a characteristic value wy = wo(9)
to the operator-valued analytic function A(w,d) such that wo(0) = 0 and wy depends on
d continuously. This characteristic value is also the quasi-static resonance (or Minnaert
resonance).

We next perform asymptotic analysis on the operator A(w,d). Using the expansions in
Appendix we can derive the following result.

Lemma 2.2.3. In the space L(H,H1), we have
A(w,d) := Ag+B(w,d) = A0+w¢4170+w2A2,o+w3A370—1—5./40,1+5w2A2,1+O(w4)+O(6w3),

where

—1 —1 —2 —2
o ’Ub SD,l —v SDJ . Ub SD’Q —v SD,Q
Al,O - < 0 0 > ) AQ,O - (Ub_QK*DQ 0 )

-3 -3
(v, °Sps —v °Spgs {0 0
N (S RN (g yen] 20

0 0
- \0 —QJ*QICB2 '

We define a projection Py from H to H;i by
Pol¥] := (¥, ¥g) Do,

and denote by 3
Ao = Ao + Po.

The following results hold.
Lemma 2.2.4. We have
(i) The operator Ay is a bijective operator in L(H,Hi1). Moreover, Ay[¥g] = ®y.
(ii) The adjoint of Ay, Ay", is a bijective operator in L(H1,H). Moreover, Ay’ [®o] =
0,

Proof. By construction, and the fact that SD is bijective from L?(0D) to H! (aD) [15], we
can show that Ay is a bijective. So too is Ay". We only need to show that Ay” [Do] = Wo.
Indeed, we can check that Pg[6] = (6, ®g)W¥o. Thus, it follows that

Ay [@o] = P§[@o] = (Do, o) Wo = Vo,

which completes the proof. O



2.2. The Minnaert resonance

Our main result in this section is stated in the following theorem. It characterizes the
Minnaert frequencies in terms of the shape of the bubbles.

Theorem 2.2.5. In the quasi-static regime, there exists two resonances for a single bub-

ble:
0) = S0yt ,Cappu 5+ 0(5%)
0= A D " T "sru[D) ’
B Capp .1 . Caphv?
wo1(0) = —y] D V02 — i SrolD| §+0(8

The first resonance wo s called the Minnaert resonance.

Njw

[SI[9Y

),

Proof.
Step 1. We find the resonance by solving the following equation

A(w, 8)[Ws] = 0. (2.7)

Since A(0,0)[¥o] = 0, we may view WU as a perturbation of ¥y and write it as ¥y =
Wy + Wy. In order to uniquely determine ¥, we assume that

(W, ¥g) =0. (2.8)

Note that we let the coefficient of ¥y to be one for the purpose of normalization. Since
Us is defined up to multiplicative constant, (2.8]) holds without loss of generality by
changing Wo + ¥y to o + (U1 — (¥o, U1)Wo) /(1 + (Wo, ¥1)).

Step 2. Since Ay = A + Py, 1D is equivalent to the following
(/io —Po+ B)[Yy+ ¥y] =0.

Observe that as the operator Ay + B is invertible for sufficiently small § and w, we can
apply (Ao + B)~! to both sides of the above equation to deduce that

Uy = (A + B) 1Py [Wo] — ¥ = (Ay + B)"H®g] — . (2.9)

Step 3. Using the orthogonality condition (2.8)), we arrive at the following equation:

A(w, 8) = <(A0 + B)~1[®), %> —1=0 (2.10)

Step 4. We calculate A(w,d). Using the identity

-1

(Ao+B)7" = (1+ Ao‘lB)fl Aot = (1= A B Ay BA Bt L) A

and the fact that . 1
Ao [®o] = Vo,
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we obtain

A(w,0) = —w(A10[¥o], Po) — w? (As0[¥o], Po) — w? (A3 0[Wo], Do)
—6 (Ao [Wo], Do) + w? <«41,0«‘io_1«41,0[‘1’0], @0>

+w? <A1,0A071A2,0[‘P0], (I’o> + B <«42,0/1071a41,0[‘1’o]7 ‘I>0>
w8 (Aro Ao Ao [Wal, o) +wd {Ao1do A o[Wo], Bo )
oo (Arodo” " Arods ™ Asol o], B0 ) + O(w*) + O(52).

It is clear that A7 5[®o] = 0. Consequently, we get

Alw,0) = —w?(A20[Wo], ®o) — w? (A30[To], Po) — & (Ao 1[T0], Po)
+uw? <«42,0/10_1v41,0[‘1’0], q>0> + wé <Ao,1«‘{o_1v41,0[‘1’0], ‘1>0>
+O@W) + 0(52),

In the next four steps, we calculate the terms (A o[Wo], ®o), (As,0[Vol, Po), (Ao,1[¥o], Po),
~ 1 ~ —1
<A2,0A0 -»41,0[‘1’0],¢0> and <A0,1A0 A1,0[‘I/0],‘I>0>-

Step 5. We have

(A20[Wo), ®0) = a0Bovy > (Kp o], Ton) = aoBov, > (o, Kp2[lap))
= —aoo;? [ do(@)s5 anl(@) [ a6 (an)

ooy /D dy /a do(@)G(@.1)S5' [Lop](@)

= —Oéoﬂovb_Q/ dy
D

= —apBov; 2| D).
Step 6. On the other hand, we have

(As0[To], ®0) = aoBov; (Yo, Kps[lap]) = aobovy” <¢0, 4i7r|D|>

_ 7 _ _ 7
= By, 3|D’ﬂ (Sp'[Lap), Lop) = —aoBovy S\D!ECapD-

Step 7. It is easy to see that

(Ao,1[To), @o) = — (¥, Lop) = —a0fo (Sp' [Lan], Lap) = apBoCapp.

10



2.2. The Minnaert resonance

Step 8. We now calculate the term <A0,1A071A170[\Ifo], @0>. We have

Aro[Wo] = <(T_1 - 1)U0_15D,1[¢0]> _ <(T_1 - 1)UO_1£rCaPD> ’
At = () nan) = (1)
We need to calculate
Agt <13D> .
Assume that
o) () = (37t o + oo () = (157)

By solving the above equations directly, we obtain that vy, = %wo, Yy = —%wo. Therefore,
i1 (Lop 30
A (1) = ()
0 0 — 50

~ 1 _ 11 e 1 1
<Ao,1Ao A1,0[‘I’0],‘1>0> =(r"' =1 1§Capp<¢o,]lap> =(1-7"" 1§Cap2DOéoﬂo-

It follows that

Step 9. We calculate the term <A270A0_1A1,0[‘1’o], <I>0>. Using the results in Step 8.,

we obtain

<A2,OAO_1A1,O[\IJO]7(I)O> = <A0_1A1,0[\I’0]7A§,0[(I)0]>

i(r—1 — Do 3
= (87T)bcap1)04050 (10, Kp2[1ap])
i(l— 7 Y3
T i,

Step 10. Considering the above results, we can derive

Alw,d0) = agBo <vb?|D|w2 + !

i(r7! — 18)1)_1Cap% w5>
T

+0(wh) + 0(6%).

7(r~' + 1)v, ®|D|Capp, B
8T

— CapD5

We now solve A(w,d) = 0. Tt is clear that § = O(w?), and thus wo(8) = O(V/9). Write

).

3
2

wo(8) = a162 + azd + O(6

11



2. Minnaert Resonance of an Arbitrary Shaped Sub-wavelength Resonator

We get

(7' + v, *|D|Capp,
8w

(16% + 25+ 0(5%)) 5 + O(3%) = 0.

L,
0 2D] (8% + axd + 0(6%)) + =

(=1 V=1 (a2
Cappd — i(r 1)v~"Cap?
8w

(a3 + 023 + 0(5))’

From the coefficients of the § and &3 terms, we obtain

’U;%D’a% - CapD - 07

; -1 1 73DC . —1_1 —lc 2
s Dlara ¢ T O IDICaD o il = DuiCahy
8T 8T
which yields
Capp
ay = + UV,
D]
i(r7' +1)v"Capp o i(77 — 1)CaphHo?
as = — a
2 167 ! 167v|D|
B i(r~ !t + 1)Cap%v§ i(r—! — 1)Cap%vg
B 167v| D] 167v| D]
_ —iCaphv?
8mv|D|
This completes the proof of the theorem. O

A few remarks are in order.

Remark 2.2.6. Using the method developed above, we can also obtain the full asymptotic
expansion for the resonance with respect to the small parameter 0.

Remark 2.2.7. In the case of a collection of N identical bubbles, with separation distance
much larger than their characteristic sizes, the Minnaert resonance for a single bubble
will be split into N resonances. The splitting will be related to the eigenvalues of a N-by-
N matrixz which encodes information on the configuration of the N bubbles. This can be
proved by a similar argument as in [25].

Remark 2.2.8. Taking into consideration the above theorem, we can deduce that if the
bubble is represented by D = tB for some small positive number t and a normalized
domain B with size of order one, then the Minnaert resonance for D is given by the

following formula
L| [Copg st Cappups 0(5%)
B] " 87v|B| '

WO,O((S) = ;

[N

12



2.3. The point scatterer approximation

Remark 2.2.9. In the special case when D is the unit sphere, we have Capp = 4,
|D| = %”. Consequently,

C
4Pp Vp — \/gvb,

D]
Caphv? 3y}
8rv|D| 20

Therefore, the Minnaert resonance is given by

2
woo() = \/gvbéé—i:;%6+0(6%),
_ B3 L Pb
= 5 i5k pli+0((p)

2.3. The point scatterer approximation

Njw

).

We now solve the scattering problem with the incident field 4" defined in This
models the case when the bubble is excited by sources in the far field (throughout the
chapter, a point z is said to be in the far field of the bubble D if the distance between
x and D is much larger than the size of D).

We need the following lemma.

Lemma 2.3.1. The following estimates hold in H.:

1
o+ B)1F = () ( 212 ) +0(6) + 06

Proof. Let F = Fy + F5, where
uin O w

F = ( éy0)> , hb=F—F = <5a(u2) .
14

0

It is clear that F» = O(w) in H;. Using the fact that

(Ao +B)"1 = Ay " +0(w) +05),

we obtain
(Ao +B)7'[F] = (Ao+B) R+ (Ao + B) " [F),
= Ay '[F]+Ow) +0(9),
. 1
= ) (240 ) + 06 + 00)
—3%0
which is the desired result. O

13



2. Minnaert Resonance of an Arbitrary Shaped Sub-wavelength Resonator

The following monopole approximation holds.

Theorem 2.3.2. In the far field, the solution to the scattering problem has the

following point-wise behavior
u*(2) = g(w, 8, D) (1 + O(w) + O(8) + o(1)) u™ (o) G* (, yo),
where yg is the center of the bubble and the scattering coefficient g is given below:

(i) Regime I: w < /3,
2

9(w,6.D) = O(°5) + O(w);
(ii) Regime II: % =0(1),
9066.0) = Tt B
where
WM = C|%)|Dv§55, v= S 1)8@77_ Coppe _ (718;1}')13'1;)3)@35

(2.11)

(2.12)

are the real part of the Minnaert resonance frequency and the damping constant

respectively. In particular, the Minnaert resonance occurs in this regime.

(iii) Regime IIT: /§ < w < 1,

)
Proof.
Step 1. We write U = au™(yo) ¥ + ¥; with (U1, ¥g) = 0. Then,
(Ao — Po + B)[au(yo)Wo + U1] = F
implies that
(1= (Ao +B)™1Po) [aw™ (o) ¥o + W1] = (Ao + B) ' [F],
which yields
au” (yo)Wo + W1 — au™ (yo) (Ao + B) '@ = (Ao + B)'[F].
As a result, we get

ity — (G0 BEL) (ot B F) W)
1= (Ao + B)~1[®@0], Wo ) A(w,0) ’

14

(2.13)



2.3. The point scatterer approximation

U = (Ao +B)'[F] + au™(yo) (Ao + B) ' [Po] — au' (yo) Wo.

By Lemma [2.3.1] we have

1
Uy = ui () <_2§’120> + O(w) 4+ 0(6).

Step 2. We calculate the scattered far field. Note that

Splvol(x) = - G* (. y)yo(y)do(y) = - G* (2, y0) (1 + O(w) + o(1))o(y)do (y)

= G"(x,40)(Sp' [Lap], Lap) (1 + O(w) + o(1))
= —CapDGk(x, Y0)(1 + O(w) + o(1)).

Therefore,

u’(z) = (aoou™(yo) — %um(yo) +O0(w) + 0(8))Sp [vo] (z)

= —(aoau™(yo) — %um(yo) +O0(w) + O(8))CappG*(x,30) (1 + O(w) + o(1)),

= g(w, 8, D)u"™(yo)G"(z,y0) (1 + O(w) + O(8) + o(1)),
where we have introduced

g(w,d,D) = —(apex — %)CapD. (2.14)

g is called the scattering coefficient of the bubble.
Step 3. We prove that

_ (w?vy 2| D| + 6Capp) Bo + O(dw) + O(w?)
o= RIS . (2.15)

Let F' = F| + F5, where
Ae(). meron= ().

<(A0+8)_1[F1],‘I/0>+<(A0+B)_1[FQ],\I/0> . L+ I
A(w, ) T Aw,0)

Then

@ (yo) =

It is clear that F» = O(dw) in H;y, and thus

I = (Ao + B) ' [F], Wo) = O(6w).

15
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We now investigate I; = ((Ag + B)~'[Fi], ¥y). We have
L = <I Ao B Ay 'BAY B LA R, x110>
= (Ao '[FR],Wo) — (BAo ' [F], @0) + (BAy ' BAy ' [Fi], ®o) + ..
= (F,%0) = (Ao [F1]. B0o) + (Ao 'BAy ' [F1]. B'[@]) + ..
= (Ao IR, (%)) + (Ao BAy R B [@a]) + ...
where we have used the fact that (Fy, ®9) =0 and (Ag_l)*[\llo} = d.
Note that
B*[®o] = wAT o[®o] + w? A o[®Po] + w’ A3 o[Po] + §AG 1[®o] + O(w?) + O(6w?).

Using the facts that

o~ R = ui™ (y0) ( 20 ) L Ow),

— 2o
and
—QIC* 1
ot =0, Apglea =i (% Fhellon])
. 31 5[ . 0
Az ol@0] = o (”b Dol GD]) L A5 [@0] = —fo (11@) ,
we can conclude that
L= = (Ao (R w A5 of®@0] + 845 ,[®0] + O(8w) + O(?) )
1.
= *Qum(yo)ﬂo (w? (o, v, Kp2[Lop]) + 6(tbo, Lop)) + O(dw) + O(w?),
1 )
= 5 (w?v, 2| D] + 6Capp) Bou™ (yo) + O(dw) + O(w?),

which completes the proof of (2.15)).
Step 4. Recall the formula for A(w,d) in the previous section and ([2.15]), we have
29(w,8,D)  —w?v, ?|D| — §Capp, + O(dw) + O(w?)

= -1
Capp o ’
where
- -3
o = v, %Dw®+ i+ Dy, ’D‘Capr?’
8
(=1 — 7)o~ 1Cap2
—Cappé — ir S)U D 5
T

+O(wh) + 0(52).

The asymptotic behavior of ¢ in different regimes follows immediately from the above
formula. This completes the proof of the theorem. O

16



2.4. The Minnaert resonance in two dimensions

Remark 2.3.3. Using the method developed above together with the results of Section[2.4),
we can derive a similar monopole approrimation in the far field for a single bubble in
two dimensions.

2.4. The Minnaert resonance in two dimensions

In this section, we derive the Minnaert resonance for a single bubble in two dimensions
using the same method we developed for the three-dimensional case. The main differ-
ences between the two-dimensional case and the three-dimensional case are as follows:
(1) the single layer potential Sp may not be invertible from L?(0D) to H'(dD) in two
dimensions, while this property always holds in three dimensions. We refer to [17, 07]
for more detail on this issue; (2) there is a logarithmic singularity in the asymptotic
expansion of the single layer potential S]f) for small k. These create some difficulties
which we address here.

ky, _Ck
A(w,6>=< Sp Sb )

Recall that
kp,* k,*
— I+ K" —8(31+ K55

where the boundary integral operators Sfj and ICIB* are defined Section and their
asymptotic expansions are given in Appendix

s -8
= 2.1
Ao <;I +K5 0 ) (2.16)

We denote by

where SkD (resp. S’g’) is defined by |D (resp. with k replaced by ky).

Note that the kernel space of the operator —%I + K7 has dimension one. We choose vy
to be the real-valued function in this kernel space which has unit norm in L?(dD). We
have K%, [tho] = 3%0. One can show that

Splo] =v on 0D (2.17)

for some constant vy (see [17, 97]). There are two cases:
(i) Case I: v = 0.
(ii) Case IL: 79 # 0.

In Case I, it is clear that Sp is not invertible from L?(9D) to H'(9D). In case II, we
can show that Sp is invertible from L?(9D) to H'(9D).

In Case II, we remark that (Lgp,1) # 0. Indeed, assume on the contrary that
<]18D717Z)0> = 0. Then
(Splvol, o) = v0(lap, o) = 0,

which further implies that ¥g = 0. This contradiction proves our assertion.

17



2. Minnaert Resonance of an Arbitrary Shaped Sub-wavelength Resonator

Lemma 2.4.1. In both cases, the operator S is invertible in L(L*(dD), H'(dD)).

Proof. We first show that SkD is injective. Assume that
Splyl = Soly] + m{y, 1ap) = 0 for some y € L*(9D).

In Case I, we have Sply] L v in L?(0D), therefore, ni(y, 1op)(lap,1o) = 0. Since
(1op, o) # 0, we obtain (y, L1yp) = 0. It follows that Sp[y] = 0. But this implies that
y = cipy for some constant c. Using the condition (y,1sp) = 0 again, we derive ¢ = 0,
which shows that y = 0.

In Case II, we have Sp[¢o] # 0. Since Sply] = —nr(y, Lop), we see that y = cipy for
some constant c¢. Therefore,

Yoc + Mc(bo, 1) = c(yo + nr{vo, Lop)) = 0.

Note that o + 1k (1o, Lop) # 0, which follows from the fact that both ~y and (19, 1op)
are real numbers while 7 is a complex number with nonzero imaginary part. Thus we
have ¢ = 0, and y = 0 follows immediately.

The surjectivity of Slf) follows from the fact that SA}% is Fredholm with index zero. This
completes the proof of the lemma. O
We have the following properties for the operator Aj.
Lemma 2.4.2. We have

(i) Ker(Ay) = span{¥o} where

\I/(] = Qp (;fEO)

with
%, in Case I,
Mk
a =
1
Yo + (%o, 8D>77kb, in Case II.

Yo + (Yo, Lop)ni

and the constant ag being chosen such that ||¥ol|| = 1;

Py = By <]12D>

with the constant By being chosen such that || Pl = 1.

(11) Ker(Aj) = span{®o} where

18



2.4. The Minnaert resonance in two dimensions

Proof. We first find the kernel space of Ay. Assume that
Ak Ak
Yo Splys] = Splyl 2
Ao( )=< D Y =0 for some y,y, € L*(0D).
y (=31 +Kp)lwel
We have

Solys — Yl + Mk, Wb, Lop) — mk(y, Lop) = 0 on 0D, (2.18)
(_%1 + K5 = 0 ondD. (2.19)

From ([2.19)), we see that y; is a multiple of 9. We let yp = 109. We now find the function
Y.

In Case I, we have Sply, —y] L 1. Similarly to the proof in Lemma we can derive
that y = ¢y for some constant ¢ which satisfies

Nk, (Yo, Lop) — nkc(o, Lop) = 0.
Thus, it follows that ¢ = n, /7.

In Case II, Sp is invertible. From , we can derive that 19 — y is a multiple of g,
which further implies that y = cig for some constant c. Plugging this back to ,
we obtain
(1 = ¢)v0 + MK, (Yo, Lop) — mec(o, Lop) = 0.

Therefore,

70+ (Yo, Lop) i,

Y0+ (Yo, Lop)mk
Note that v + (o, Lop)nk # 0 because the 7 has nonzero imaginary part. This com-
pletes the proof of the first part of the Lemma.

The second part of the Lemma follows easily from the fact that the operator S’f) is
injective. This completes the proof of the Lemma. O

We next perform an asymptotic analysis in terms of § and w on the operator A(w,d).

Lemma 2.4.3. In the space L(H,H1), we have
A(w,d) := Ag+B(w,0) = Aoy +w? 1nw¢4171,o+w2¢41,270+5u40,1 +0(5w2 lnw)+0(w4 Inw),
where

—20(1) —2c(1)
v, °S —v~*S
Ap1o = ( b ©D,1 D,1

’ —2 (15’* )
vy ICD71 0
_ 1e(l 2 _ 1l 2
1 W 2 (ln v 155)1 + SJ(:),)1) —p2 (lnv 1827)1 + SE)A) (2.20)
1,20 = X « ‘
vy (ln o O+ KD ) 0

0 0
Ao = <0 —<5I+/C;s>>'

19



2. Minnaert Resonance of an Arbitrary Shaped Sub-wavelength Resonator
We define a projection Py by
Po[¥] := (¥, W) Po,
and denote by
Ap = Ao + Po.

With the help of Lemma [2.4.1] we can establish the following results.
Lemma 2.4.4. We have

(i) The operator Ay is a bijective operator in L(H,H1). Moreover, Ag[Wo] = ®y;

(ii) Ay is a bijective operator in L(H1,H). Moreover, Ay [®g] = W.

Our main results in two dimensions are summarized in the following theorem.

Theorem 2.4.5. In the quasi-static regime, there exist resonances (or the Minnaert res-
onance) for a single bubble. Their leading order terms are given by the roots of the
following equation:

2 —1 Cl 70 2 1 a5
w'lnw+ | Inv —1—1—1——>w ——— =0, 2.21
(g 41+ - ) o - g 221

where the constants by, c1 are defined in Section Yo in and a in Lemma
243

Proof. As in Theorem we can show that the resonances are the roots of the fol-
lowing equation
Aw, ) == <(A0 + B) "L dy), \1/0> —1=0.

By a direct calculation, we further have

Aw,0) = —w?nw (A 10[Po], Po) — w? (A1.2,0[Wo], Po)
—8 (Ao 1[Wo], o) + O(w* Inw) + O(6w? Inw).

It is clear that

(A11,0)*[®0] = (BOU{QK(%%[]I@D]) :
(Ar20) (B0 — (ﬂovb‘?(lnv;%&éﬁ[ﬂag] +/C§§?1[18D]>>
2, . ’
0 0
Ao1[Wo] = <_a0vb—2(;[+ ’CE)[C“/JO]) - <_a0avb_2%> .
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2.5. Numerical illustrations

It follows that

(A1,10[%o], ®o) = aoBo(¥o, U§2K%,)1 [Lop]) = cwBoltbo, v, 24b1| D))
= dagfov, *b1|D|(o, Lop);

(A12,0[Yo], o) = aofbo <1/J07 vy 2[In Ub_llcg?l [Lop] + 16532,)1 [18D]>
= dagfov, *Inv, 'b1|D|(vo, Lop) +

040601);2 <77/;07 (201 4 4¢1)|D| + 4by / In |z — y]dy>
D

= aoBovy ?|D|(4b1 Invy ' + 4by + 4er) (o, Lop) + 45104050%2@0,/ In |z — y|dy)
D

= 4dapfov, *|D| (b1 Invy Tb1 + by + c1) (v, Lap) — 4braoBov, 0| Dl;
(Ao [To], ®o) = —aoBoavy *(¥o, Lop),

where we have used the fact

(o, /D iz —yldy) = [ vo(z)do(a) /8 nla — yldy = /D dy /a Ine = glo(a)do(a)

oD
= / —ody = —0|D|
D

in the second equality above. Therefore, we derive that

4b1|D|{vpo, 15p)w? Inw + 4(|D|(b1 In vljl + b1 + 1) (o, Lop) — bm|D|>w2

—ad{1o, 15p) + O(wnw) + O(dw? Inw) = 0.

This completes the proof of the lemma. O

Remark 2.4.6. In the special case when D is the unit disk, we have |D| = m and vy =
0. Therefore, the Minnaert resonance in two dimensions is given by the roots of the
following equation:

C1

1 ad
2 _
by 0

wnw+ (Inv, ' + 1+ —)w b

(2.22)
Remark 2.4.7. We can use the same method as in Section[2.3 to derive the point scatterer

approrimation for the scattering by a single bubble in two dimensions.

2.5. Numerical illustrations

In this section we perform a numerical simulation to validate the formula for the Minnaert
resonant frequency in two dimensions which we derived in Theorem [2.4.5
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2. Minnaert Resonance of an Arbitrary Shaped Sub-wavelength Resonator

Relative error of 0 [%0]

le-1 le-2 le-3 le-4 le-5
1o

Figure 2.1.: The relative error of the Minnaert resonance w. obtained by the two dimensional formula
(2.22) becomes negligible when we are in the appropriate high contrast regime.

We first determine the characteristic value w,. of A(w,d) in (2.4)) numerically. We then
calculate the complex root wy of (2.22)) that has a positive real part. Comparing w,.
and w, over a range of appropriate values of § allows us to judge the accuracy of the
formula.

In order to perform the analysis in the appropriate regime, which was described in
Section we take p = k = 1000 and p, = kp = ¢, where c is chosen such that the
wave speed in both air and water is of order 1 and § € {107}, i € {1,...,5}. We use
29 points to discretize the unit circle used in the calculation of the layer potentials that
form A. Calculating w. is equivalent to determining the smallest w such that A(w, )
has a zero eigenvalue. We have

we = min{w| Mw) =0} A€ o(A(w,9)),

and we approach A(w) = 0 as a complex root finding problem which can be calculated
using Muller’s method [I7, [36]. Muller’s method is applied again in order to find the
root wy satisfying . The resonant frequencies w. and wy, along with the relative
errors, for specific values of ¢ are given in Table In Figure |2.1] it can be seen that
the relative error becomes very small when § < 1, confirming the excellent accuracy
of the formula. In particular, we note that when § = 1073, which is close to the usual
contrast between water and air, the difference between w. and wy is negligible with a
relative error of only 0.0652%.
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2.6. Concluding remarks

1) We Wy Relative error
1071 | 0.261145 — 0.150949: | 0.250455 — 0.134061% 5.8203%
1072 | 0.075146 — 0.0239764 | 0.074681 — 0.0236874 0.6727%
1073 | 0.021001 — 0.0045134 | 0.020987 — 0.0045084 0.0652%
10~* | 0.005950 — 0.000959: | 0.005949 — 0.000959i 0.0062%
107 | 0.001714 — 0.0002214 | 0.001714 — 0.0002214 0.0030%

Table 2.1.: A comparison between the characteristic value we of A(w,d) and the root of the two dimen-
sional resonance formula ll with positive real part wy, over several values of 4.

2.6. Concluding remarks

In this chapter we have investigated the acoustic wave propagation problem in bubbly
media and for the first time rigorously derived the low frequency Minnaert resonances.
Furthermore, we have provided a mathematical justification for the monopole approxi-
mation. Our results are validated by several numerical experiments in two dimensions.
The techniques developed in this chapter can be used in characterizing bubbly media
from spectroscopic measurements of the velocity and attenuation of ultrasound waves.
They can be easily extended to viscous liquids [60]. They definitively open a door for a
mathematical and numerical framework for investigating acoustic wave propagation in
bubbly media. Based on the framework introduced in this chapter, it will be shown in
Chapter [3| that the super-absorption effect can be achieved using bubble meta-screens.
In Chapter [5], we will mathematically justify Foldy’s approximation and quantify time-
reversal and the super-focusing effect in bubbly media probed near and below their
Minnaert resonant frequencies [25].
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2. Minnaert Resonance of an Arbitrary Shaped Sub-wavelength Resonator
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3. Perfect Absorption using
Sub-wavelength Acoustic Resonators

The aim of this chapter is to provide a mathematical and numerical framework for the
analysis and design of bubble meta-screens. An acoustic meta-screen is a thin sheet
with patterned sub-wavelength structures, which nevertheless has a macroscopic effect
on acoustic wave propagation. In this chapter, periodic sub-wavelength bubbles mounted
on a reflective surface (with Dirichlet boundary conditions) are considered. It is shown
that the structure behaves as an equivalent surface with Neumann boundary conditions
at the Minnaert resonant frequency which corresponds to a wavelength much greater than
the size of the bubbles. An analytical formula for this resonance is derived. Numerical
simulations confirm its accuracy and show how it depends on the ratio between the
periodicity of the lattice, the size of the bubble, and the distance of the meta-screen from
the reflective surface. The results of this chapter formally explain the super-absorption
behavior observed in [V. Leroy et al., Phys. Rev. B, 2015].

3.1. Introduction

In this chapter we study the reflection properties of a meta-screen from a mathematical
point of view. Broadly speaking, a meta-screen is a thin sheet with patterned sub-
wavelength structures which has a macroscopic effect on the reflection and transmission
of waves.

One way to design meta-screens is to place microscopic gas inclusions along a periodic
lattice. The properties of such screens have been studied in recent years, with spectacular
results. In [70} [71], it was experimentally shown how the reflection and transmission
coefficients vary with respect to the wavelength of the incoming acoustic wave. It was
later shown how super-absorption may be achieved with these meta-screens [72], i.e.,
vanishing reflection and transmission coefficients.

These phenomena can be explained by the use of sub-wavelength resonators in the de-
sign of the meta-screens. In [2I] for instance, a mathematical justification was given
for a meta-screen made of sub-wavelength plasmonic particles, in which resonance is
due to a negative dielectric coefficient [19]. Helmholtz resonators can also be used in
such designs [23, 95]. Here, we focus on Minnaert bubbles, which act like plasmonic
nanoparticules. We refer the reader to [19} 22] 26, 27, 53] for the mathematical analysis
of resonances for plasmonic nanoparticles.
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3. Perfect Absorption using Sub-wavelength Acoustic Resonators

In the present chapter, we use similar techniques as in [21] to study the reflection prop-
erties of a meta-screen when both the typical size of the periodic cell, and the size of
the bubbles are sub-wavelength, and the contrast 6! is large. We also investigate the
limiting case when the typical size of the periodic cell goes to 0 and § goes to 0, pro-
portional to the square of the typical size of the periodic cell. Note that in the case
where § is a fixed parameter, the usual homogenization techniques can be applied, and a
large literature already exists on describing boundary layer effects [1L 2, 4]. In our case,
because of the excitation of resonance, one must resort to other methods. The idea of
using an unbounded parameter as the size of the cells goes to zero is not new, and is
sometimes referred to as high-contrast homogenization [30), 34, 45]. This technique has
already been successful in explaining some spectacular physical phenomena [29].

Our main result is the following. We consider periodic sub-wavelength bubbles above
a reflective surface (with Dirichlet boundary conditions). Then, under the appropriate
scaling 6 = p(ca)?, the Minnaert resonance can be excited at a fixed frequency of order
one, and the surface behaves as an equivalent surface with Neumann boundary condition
at this frequency at the limit ea — 0. The theorem is valid for all shapes of Minnaert
resonators. When taking into account some extra physical damping effects that do not
appear in our mathematical model [60], this eventually explains the super-absorption
behavior witnessed in [72] (see Remark . The Dirichlet boundary condition is
used only for simplicity of the presentation. Similar effective boundary conditions can
be obtained by using exactly the same approach presented here for a penetrable half-
space.

The chapter is structured as follows. In Section [3.2] we fix the notations of the ex-
periment under consideration, and state our main result, the proof of which is detailed
in Section The proof uses layer potential techniques and asymptotic expansions.
Finally, numerical results are presented in Section

3.2. Statement of the problem

We consider a reflective surface, on top of which small scatterers are arranged along
some periodic lattice. A typical example of such a situation is air bubbles arranged in
water, as described in 72, [71].

Let us fix some notation. We will state our results in dimension d € {2,3}, and write
RY > 2 = (Z,24), with € R! and z4 € R.

The geometry of the meta-screen problem is shown in Figure We let BRi ={x €
RY, 24 = 0} represent the reflective plane, and R% := {z € R?, +x4 > 0) be the upper
and lower half space.

The shape of the bubbles is described by a simply connected domain D C Ri with
smooth boundary dD. The bubbles are arranged periodically along a lattice R of R?~1,
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3.2. Statement of the problem

For instance, if d = 2, then R = aZ for some a > 0. The background medium is
RY \ QF.
+

For € > 0, we denote by ¢ the volume occupied by the bubbles. More specifically, we
set

= |Je(D+R).
ReR

\md—: 0(5)] @LLQ QOO0 QQE...

Figure 3.1.: The geometry of the bubble meta-screen.

We consider the scattering of acoustic waves by this meta-screen.

We assume that § < 1. With appropriate physical units, we also assume that k = O(1),
ky = O(1), and the size of D is also of order one.

Let U™ be the incoming plane wave impinging on the plane 8Ri from the upper half-
space. More specifically,

Uin — Uli{n(X) — ype kX — qufil})_(efikdXd’
where ug is the amplitude of the incident plane wave and k = (k, kq) € R¥™1 x R, with

kg > 0 and |k| = k, is the wave vector. The acoustic scattering problem can be modeled
by the following system of equations (we use capital letters for macroscopic fields)

(A +EHU® =0 in RY \ QF,

(A + KU =0 in QF,

Ua‘i = U€‘+ on 895, (31)
1 3 3

—8U = l@U on 00)F,

py Ov |_  p Ov |,

U =0 on 8Ri.

Similar to diffraction problems for gratings, the above system of equations is comple-
mented by certain outgoing radiation condition imposed on the scattered field U® :=
U€ — U™, More precisely, we are interested in the quasi-periodic solutions such that

US(X +eR, Xy) = e ®RUe(X)
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3. Perfect Absorption using Sub-wavelength Acoustic Resonators

for all X € R¥1 R € R. Therefore in the domain above the layer of bubbles, we
have the usual Rayleigh-Bloch expansion for the scattered field. Then the outgoing
radiation condition can be imposed by assuming that all the modes in the Rayleigh-
Bloch expansion are either decaying exponentially or propagating along the X -direction.
Since in our case we assume that the period of the bubble structure is of order € which
is much smaller than & = O(1), the outgoing radiation condition takes the following
specific form o

US(X) ~ ae FXelkaXa a5 X, — oo. (3.2)

for some constant a. In the general case where U™ is a superposition of plane waves, we
can decompose U™ using Bloch-Floquet theory [93, [17]. We obtain a family of problems
to solve, each one with its own outgoing radiation condition. The final solution is then
the superposition of all these solutions. The solution U¢ to — is to be found in
the set H := {u € H. (RL):u=0on oRL}.

Such problems have been extensively studied using homogenization theory in recent
decades. For instance, the scattered field is well-understood as € — 0, and is of order
e [2 [ 5]. In the present chapter, we study the special case where the contrast ¢ is also
scaled with e — 0. As we will see, such a regime, which is accessible physically, presents
some interesting features.

More specifically, according to [8], there is a resonance phenomenon in the regime Vi~ e
(Minnaert resonance). In the sequel, we fix p > 0, and study (3.1]), with

§ =0, = pe’.

In this case, standard homogenization techniques are no longer applicable and new tech-
niques are needed.

In the absence of bubbles (i.e., D = (}), the solution of (3.1]) is simply
Uo(X) 1= UM X, Xy) — UiNX, —X,) = —2iuge” ¥ sin(kqXy). (3.3)

Note that Up(X) — U™ (X, Xg4) satisfies the outgoing radiation condition (3.2).

In the presence of bubbles, we expect this solution to be perturbed. Our goal is to
describe the main contribution of this perturbation. In order to state our results, we
introduce some extra-notation. First, we introduce a constant ;s defined by

ks | D)
M = )
Chr

(3.4)

where |D| is the volume of D, and C’ER is the periodic capacity defined in Defini-
tion [3.3.5] Then we introduce the scattering function

(3.5)

€M1
gs(,u,a) =
1— |27

+ ’
BM g MlzdeD,R
Iz Il
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3.2. Statement of the problem

where the constant M is defined in (3.26]) below and |I'| is the volume of the fundamental
cell of R. We also introduce the functions ag and «a1: «q is the (unique) solution to the
problem

((Aag=0 inR%\ QL

ol =1 on 90!,

(3.6)
o0 — 00 1s exponentially decaying as x4 — oo,
ag=20 on ORi.
and aq is the (unique) solution to the problem
Ao =0 in RL\ Q1
aily = xzql+ on 991,
(3.7)
a1 — 0,00 is exponentially decaying as x4 — oo,
o] = on 8]1%{{.

The exact values of oo and o, are given in Lemma [3.3.10f below. The function
«g is related to the monopole moment of bubbles, while a; is related to their dipole
moment.

Finally, we introduce a functional space. Let L € RT be large enough so that for
all y € D, it holds that yq < L (hence 0 < yq4 < L). For a € RT, we denote by
S, :=R¥! x (a,00), and we denote by WH>°(S,) the usual Sobolev space with norm

[flwroe(s2) 7= I1f I oo (say + IV Il poo(s,)-

Our main result is the following.

Theorem 3.2.1. There exists C € RT such that, for alle > 0 and all p > 0, it holds that

X
Hmm - o) - (Ui + U5 (%2 )) H < Celgs(,2)
€ Wheo(S,p)
where Uy was defined in (3.3)),
Uf(X) = (2iu0kd)ei(kdXd_E.X) (5a1,oo - gs(/" 5)a0,oo) ,
UpL(X,2) = (2luokg)e™ ™ ¥ [e (a1 (x) — a1,00) — gs(11,€) (a0 (2) — to,00)] ,

and gs(u, €) is defined by . Moreover, Ugy, 1s exponentially decaying as x4 — 00.
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3. Perfect Absorption using Sub-wavelength Acoustic Resonators

The proof of the above theorem will be given in Section The function Uy}, describes
the behavior of the field near the bubbles (at distances of order O(g)), while the function
U§ describes the far field. Both functions have an O(e) part due to the dipole moment,
and a resonant part gs(u,e) due to the monopole moment.

In particular, from the behavior of U® in the far-field, namely
US(X) ~ uge™ FaXatbX) 1y (1 4 2iky (ea1,00 — gs(t, €)0,00)) el(kaXa—kX)

we can write, .
Us(X) ~ R.UMX, —Xy),
where
R. = —1+ 2iky (5a1,oo - gs(H, 6)040,00)

is called the reflection coefficient. As a consequence and in view of the fact that the
solution to the following system of equations

(A—i—kQ)VO:O on Ri,
V — U™ satisfies the outgoing radiation condition ([3.2),

A d
aix‘d =0 on 6R+,

is simply o o
Vo(X) = UN(X, Xg) + UN(X, —Xa),

we obtain
Theorem 3.2.2. In the case when = pyr, in the limit as e — 0, we get

limR. = —1+4+2=1.
e—0

Therefore the equivalent screen has Neumann boundary condition for the wave equation.
Remark 3.2.3. If ju is very close or equal to ppr, then we may neglect the effect of o1 00
for simplicity. Hence, we obtain

eikaM7Cp £ IT| 7

2+
| kaMZCP
© iy

[6CH -
wiy == |D\7 Up (3.8)

be the (quasi-periodic) Minnaert resonant frequency. Using the frequency variable w
instead of n, we see that if w is very close or equal to w}&, then

R.~—-1-2

Let

+
~WM120D,72
va| T
2 ¥
1— (L)Q _ MR

wj\r/[ va L

R(w) ~ —1-2

(3.9)
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3.3. Proof of Theorem .

Note that wj\r/[ has a similar expression to the usual Minnaert resonance wyy found in [8,

86).

20+
wMiCp

Remark 3.2.4. The term npaq = ol in the denominator of 1s called the
radiative damping. It is possible to include more realistic damping effects [60]. In this
case, one should replace Nyag by 1 := Nrad + Nother, Where Nother includes all the remaining
sources of damping. Note that in the particular case where Nother = Mrad SO thatn = 21Myaq,
then at the resonant frequency w = wyr we obtain that R(w) ~ 0. This eventually
explains the super-absorption phenomenon experimented in [79]: all the incoming energy
is dissipated with damping effects.

The proof of Theorem is given in the next section. It relies on the theory of
quasi-periodic layer potentials.

3.3. Proof of Theorem |3.2.1.

3.3.1. Quasi-periodic Green’s functions

We recall in this section the definition and properties of quasi-periodic layer poten-
tials [I7, Part 3]. Recall that R is a lattice of the plane R9~!. We let R* be its reciprocal
lattice, and denote by I' the unit cell of R. For instance, if d = 2 with R = aZ, then
R*=(2n/a)Z and " = (—a/2,a/2).

Quasi-periodic Green’s function without Dirichlet boundary condition. We first in-
troduce, for k € R%, the quasi-periodic Green’s function Gi‘ which is defined by

k .’E) — Z Gk(x)e—iER
ReR
where GX is the Green’s function to the free space Helmholtz equation
(A +k?) G*(z) = do(z)

with the Sommerfeld radiation condition. It is clear that Gé‘ is the solution to the
following equation

(A+K?) Gf(z) = Ze—l’f Sr(Z)) bo(za) = (D _ e~ ERSp(2)) bo(za),  (3.10)
ReR ReR

with the outgoing radiation condition. Here and after, dr(Z)do(x4) denotes the Dirac
mass at the point (R,0). It holds that Gé‘(a;y) = Gé‘(az —v).

We now derive some basic properties for the quasi-periodic Green’s function Gé‘. The
following lemma is needed.
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3. Perfect Absorption using Sub-wavelength Acoustic Resonators

Lemma 3.3.1. The solutions to (02, + ) fo = do are

( 1| | _ 0
517 a =0,
I ivalsl 0
fa(x) pry 21\/ae O( > 9
1 v=ala|
——— < 0.
W !

Proof. Tt is enough to check that f, is the solution to (92, + a)fs, = &o. Recall that in
the sense of distributions, |z|' = 20(z) — 1, where O is the Heaviside function ©(z) :=
1(z > 0), and that |z|” = 20/(z) = 28,. Note also that (|z|')* = 1. The proof follows
by standard calculations. O

We deduce from Lemma the following result.
Lemma 3.3.2. If k =0, then
1 o
GO((7, ) = 12al _ _ L lllea gitea), (3.11)
ﬁ 20~ 2 T

If k € R? satisfies k? < inf{|¢ — k|, £ € R*\ {0}}, then
G(3,24)) — 5 he VTR, (3.19)
Td) =~ = . (3.
f 2ikq|T| o) 2I0|\/]¢ — k|2 — k2

Proof. In order to compute Gé‘(x), we introduce GTé‘(@ = eiE'EGé‘(:E), so that Gjlj‘(x) =

e*ik'fGé‘(x). In particular, Gjlj‘ is the R-periodic solution to (A — 2ik - Vz + k3) Gé‘(m) =
> rer OrR(Z)0o(x4). We consider its Fourier expansion, and write

Gé‘(a’:,xd) = Z Cg(xd)ew'f.
LER*
Thanks to the Poisson summation formula
1 L
)DLCEIIEE Sr
fer Tl /R

we obtain that ¢, must be the solution to

- 1
* 2 2 2
\V%ER, (8xdﬂ7d+k —M—k|)652m50
The proof then follows from Lemma. |3.3.1 O
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3.3. Proof of Theorem .

From (3.12)), we see that ng has an asymptotic expansion of the form

1
ek E : n

where the kernels Gg’ﬁ for n > 1 can be computed explicitly and shown to be smoother
than G%iu [17]. Especially, together with 1) we have

0] al gi(€-D) Pz
C e A0 z
o - @ T g

kqlzg —k-z
Gl () = Bl kT >

(3.14)
2kq|L| teR"\{0}

We will also need the exact formula for Gﬁ. After some straightforward calculations we
find that B 5

i (kd‘l'd‘ — k- i‘) -

—k- 3.15

4kd\F\ gl,ﬁ(x)a ( )

where g 4 is a function independent of k. Explicitly,

oMl ies) £ gy
o= 3 i (e )

(eR*\{0}

Glf,u (z) =

By change of variable ¢ — —/¢, we obtain that
i =14 |zal Y g
i e
gig(z) = = (( ]a;d]> sin(¢ - z) — x cos(¢ - x)) . (3.16)
T2 M;{O} T \\Je? "

In particular, we see that g; ; satisfies the symmetry relations

914(T,xq) = 914(%, —xq) = —g14(—T, xq). (3.17)

Note that there is a singularity in (3.13)) as £ goes to 0. Finally, expanding (3.10) in
powers of ¢ leads to the equations

Oti - Z 6R605
ReR
AGYy = —iRdRdo, (3.18)
ReR
K 2 (—ik - R)"+2
AG +2ﬁ+k G REG;a(n_i_maR(so, VTLZQ

The quasi-periodic Green’s function would be an adequate tool to study the problem
without the Dirichlet boundary condition U = 0 on 8]1%1. In this chapter however, we
study the problem with the Dirichlet boundary condition to explain the phenomenon
seen in [72] for instance.
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3. Perfect Absorption using Sub-wavelength Acoustic Resonators

Quasi-periodic Green’s function with Dirichlet boundary condition We introduce the
quasi-periodic-Dirichlet Green’s function defined by

GY (,y) = Gf((T — § 24 — ya)) — G (T — §, 24 + ya)). (3.19)

This Green’s function is no longer translational invariant (in the sense GX (z,y) # GX (z—
y,0)), but satisfies the Dirichlet boundary condition Gi(x,y) =0 for y € Ri and
T € 6Ri. From (3.12]), we deduce that Gik admits an asymptotic expansion of the
form

G (z,y) ZS"GEJF x,9), (3.20)
n=0
where
Gy (2,y) = G5, (T — U, 24 — ya)) — G4 ((Z — J, 24 + ya))-

Note that Gik is no longer singular as £ goes to 0. This makes the problem with
Dirichlet boundary condition easier to study analytically. Moreover, from we can
check that

Gl(i—‘—(xv y) = G{{&-:O(xv y)

Note that this equality does not hold for the quasi-periodic Green function without
Dirichlet boundary condition (see (3.14)). We also need the expression of Glf’ L We
get

GY 4 (z,y) = 2|F| (de»’vdyd +k- (-9 (|za— ya| — |za+val) — k- g1,4(z,y), (3.21)

with
914 = 914(T — U, %4 — ya) — 914(T — §, Td + Ya)-
From (3.17)), we see that g 4 satisfies the symmetry relation
91+(@,y) = =914 (y, ). (3.22)

Finally, from (3.18)), we deduce that

AYGY (z,y) = Y (=ik - R)Sr(Z — ) (So(xd — ya) — do(xa +ya)),
RER

and that, for n € N,

—il;? ‘R n+2 o
AyGR o (2, ) +EGY (2,y) = > ((n+2)),5R(90—y) (60(za — ya) — do(Ta + Ya)) -
RER '

In particular, if 2,y € D, then, since §p(Z — %) = 0 except for R = 0 (and Z = %), we
have

AmGler = AyGlfHr =0 and VneN, AyGln‘HHr(x,y) = —k2Gﬁ7+(x,y). (3.23)
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3.3. Proof of Theorem .

3.3.2. Quasi-periodic-Dirichlet layer potentials

We now introduce the quasi-periodic-Dirichlet layer potential operators. We denote by
H~'? .= H-'/2(9D) and by HY? := H'/?(9D) the usual fractional Sobolev spaces
on surfaces [77]. In the sequel, we use (-,-) for the HY/2 H~'/2? duality pairing. We
denote by 1gp € H 1/2 the constant function with value 1 on D, and we also introduce

Hy' = {f e H 2 (1op, f) = 0}.

The quasi-periodic-Dirichlet single-layer potential S_lﬁ : H1/2 5 H'/2 and the quasi-
periodic Neumann-Poincaré operator IC};’* : H71/2 5 H-1/2 are respectively defined,
for smooth functions ¢ € C*°(9D) for all x € OD by

SK[Y(z) :== - GY (z,y)(y)do(y),
k
K Tle) = [ o)

For simplicity, we write K% := ng’* and §; = 82. We also introduce the operator
Sk:HY? 5 HL (RY) for all x € R? defined by

loc

SK[p)(x) = [ G ypl)aoly) (3.24)

Lemma 3.3.3.

(i) For all k € R?, the operator SX : H=Y/2 — H'Y2 is bounded and invertible with
bounded inverse. Moreover, for k = 0, it holds that ST = S,.

(ii) For all k € R?, the operator ller’* is compact on HY/2, and the operator ICE‘F 18
compact on H/2.

(11i) (Jump formulae) It holds that
sk| =k =sk ana 9 si = L1y ik
S PO P ov )z 2 t
(iv) Fork =0, it holds that o(K%) = 0(K4) C (—1/2,1/2] and that

Ker <IC+ — ;I) = Span{lsp}, and Ker (IC*+ - ;I) = Span{yy },

where Y € H™Y/% is the (unique) function in Ker (K% — 31) such that (Lop, ) =
1.

(v) The operator (—1I + K?.) acting on Hgl/Q is invertible with bounded inverse.
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3. Perfect Absorption using Sub-wavelength Acoustic Resonators

Finally, we define

CBR = _<SJ:1]18D7]18D>7 (3.25)
My = (¥ zdop)- (3.26)

We have the following result.

Lemma 3.3.4.

(i) For allz € D, S, [f](x) = —1/Cf »., so that S+ [if] = —(1/C} 2 )Lap.

(i) Let o) = (—1I + /Cj_)il [va] € Hgl/Z, where vq is the d-component of the outward
normal v to OD. Then it holds that

Si[vi)(x) = zg— My, VzeD,

so that
S: [ (z) = zalop — M1, Yz € 8D.

n particular,

St zalop] = ¥i — O M1y

Proof. The proof of (i) is straightforward. Let us prove (ii). For all M € R, the function
f(z) := zqg — M satisfies Af = 0 and %f]_ = 4. Together with the jump formulae, we
deduce that

Vo e D, Si[¥y)(z)=x4— M,

where M is chosen so that (1yp,v;) = 0. To calculate M, we notice that
0= (Lop, ¥) = (Lop, S fwa—M1yp]) = (ST '[1], 24—M1op) = —C} o (¥, 2a—M1yp).
The result follows. O

Definition 3.3.5. We call the constant CZSR the periodic capacity of D with respect to
the lattice R.

Remark 3.3.6. The periodic capacity C’BR 18 positive. Both C’J,ER and My depend on
the lattice R.

3.3.3. Equivalent formulation

We now rescale the problem (3.1))-(3.2). Recall that § = §. = ue?. In the sequel, we
denote by X the macroscopic variable and by x := % the microscopic one. We denote
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3.3. Proof of Theorem .

by u(z) := U(ex). With this change of variables, (3.1))-(3.2) are equivalent to

;

(A+e’kH)u=0 inRL\QL

(A+e%k)u=0 inQl

ut|+ = uf|- on ON*,

8815 = e (9615 . on 9N, (327
ut —U 5“11 satisfies an outgoing radiation condition,

ut =0 on 8]1%1,

where the outgoing radiation condition is similar to (3.2)). We use layer potentials to
solve (3.27) in H. We consider the case when the incidence angle is such that k% < k2.

The case k2 > k‘g can be treated in a similar manner. We set k4 = ,/k‘g — k2, and

denote by kj, = (k, kp4) € R? the vector such that |k,| = k. The solution to (3.27) can
be represented by

ey = | V@0~ U@ —za) + SW)(x)  for x € RT\ O, 2s)
S [y () for € Q,

where ¥y,1 € H1/2 are some surface potentials to find [14]. In the sequel, we denote
by H™~ := H Y2 x H™'/2 and by #1t~ := HY2 x H-/2. After some straightforward
calculations and using Lemma we see that is equivalent to finding ¥(e) =
(tp, 1)t € H™~ such that

A(e)¥(e) = F(e), (3.29)
where
Ale) S i (3.30)
€)= eky,* ek, * .
SR —pe? (14 k)
and

F — Uc{rli(a_:u xd)’-‘r - Uérﬁ(f, _xdﬂ-i—
(6) T ) in (7 in/=
555 (Uek($7xd) - Usk(l’, —xd)) |+

ek o
~2iug | sin(ekara) e FT (3.31)
e’ (k‘dud cos(ekqry) — ik - l/sm(ekdyd))

By Lemma A(e) is a bounded operator from H~~ to H*~. We study (3.29) by
using Taylor expansion. Following the decomposition (3.20)), we write

Sj_k — S+ —|— Z 5”371;_’_ and ]Ci_ky* — le_ + Z 5n,Cl;:j-v (332)

n=1 n=1
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3. Perfect Absorption using Sub-wavelength Acoustic Resonators

where the convergence holds in £(H /2, H'/?) and L£(H~'/?) respectively, and where,
for n e N*, ¢ € H /2 and x € 4D,

aG%7+

op Ov(z)

S [)(x) = /8 G @)e)aly) and K (0l(a)

Then we write

Ale) = Ao+ B(e) with B(e) =) " Ay,
n=1

where
—3I+K5 0 Ky 0 Kot —p (31 +K%)

and, for n > 3,
k
ICn,b+ _lulcn—2,+

It is standard to check that the convergence holds in L(H™~,H"~). We would like to
approximate A(¢)~! by Ay'. Unfortunately, this is not possible, since the operator Ay

+
is not invertible. Indeed it is easy to check that Ker(Ay) = Span { (Zi) } In order to

0
handle this difficulty, we perturb the operator Ag (see also the method used in [§]). We

introduce a rank-1 projection operator II € £(H~'/?) defined by
v e H-V2 T[] = (Lop, ¥) v,

and we set

Api=Ag+P and Ale):=Ale)+P, with P:= (12 8>

Lemma 3.3.7. The operator ;l:) 18 bounded and is invertible with inverse

Gt 0, CaleRIDT
-8 (-3 4+ KL+t
Recall that we want to calculate ¥, the solution to (3.29). We introduce
IT 0
Q= 0 ol UV_:=(1-Q)¥ and ¥, :=QV sothat U'="_+4T,.

For the sake of clarity, we introduce the vectors ®1, ®s € H~— and ®3, P, € H™~ defined

by
+ 1
Dy = Yo , $o = 0 , P®3:= oD , and ®&4:= 0 .
0 e 0 1op
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3.3. Proof of Theorem .

Note that U, = a®; for some o € C. The equation (3.29) is therefore equivalent to
(Ao + B(2) = P) (a1 + ¥_) = F(e). (3.33)

From Lemma we deduce that for € small enough, the operator Ao+ B(¢) is invert-
ible, and that its inverse is given by the Neumann series

~ —~ n . —_1q

Ale) ! = (ZFO + B(€)>_1 — Ay i(—l)” (ZFO‘IB(E)) A (3.34)
n=1

— -1
where the convergence holds in L(H*~,H~ ). Applying <.A0 + B(z-:)) to both sides
of (3.33)), and using the fact that P®; = &5 and that P¥_ = 0, we obtain

oty + U —a (A +BE) = (A +BE) Fe).

Finally, we notice that (®3,¥_) = 0. By taking the duality product with ®3, we see
that (3.29)) is equivalent to the following

(. (Ao +56) " o))
- <q>3, (Ao+B()) " @2> | (3.35)

U_ = (;(0 + B(€)>_1 F(e) — a® + « (;lvo + B(£)>_1 .

\

3.3.4. Asymptotic expansions

We now solve (3.35)) using asymptotic expansions in €. We first present some identities
which are needed in the sequel.

Lemma 3.3.8. The following identities hold.
(Z) IC11{,+[113D] =0,

(i) K, [Lop)(x) = —? /D G2 (2, y)dy,

(i) K5 [Lopl(e) = & [ ¥ ().
Proof. First, we recall that Gli_s_(m,y) satisfies (3.23)). In particular,

(i) KX, [Lop)(z) = /8 Day(y)Glf,+(x,y>da<y>= /D A,GY | (2,y)dz = 0.
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3. Perfect Absorption using Sub-wavelength Acoustic Resonators

Also, using (3.23]), we obtain
(i) K84 ol(@) = [ 0,65 (@a)dot) = [ 8,65, @)y == [ G2(wp)ay.

and similarly,

(131) IC3+[]laD / 8,,yG3+(x y)do(y) = —I<:2/ G1+ z,y)d

We start with the calculation of «a.
— -1
Evaluation of <<I>3, (Ao + B(e)) <I>2>. From (3.34]), we have in L(HT—,H ™)

— -1 — - — 2 9 -1
(Ao +B(e)) =4 g (Ao LA A, 1) 42 ([Ao 1,41} Ao = Ay Aedy 1>
— 3~ 1 -1 o~
— g3 ([Ao 1A1] Ao ! + Ao 1-/43-/40 1)
e (Zt{)‘lAJo‘lAQfTo‘l + %‘1A2%‘1Al%‘1) 4O,
(3.36)
Here the remainder term O(e?) is an operator whose norm in £(H+~,H~ ") is dominated

by Ce* for some positive constant C. It holds that 49  ®5 = &1+ P and <.Ao ) Py =
®,4. Moreover, using Lemma [3.3.8| we have

— 1\ K, (1
<Ao Al) Dy = A0y = ( H([) 8D]> =0.
As a consequence, ([3.36)) simplifies into
— ~1
<¢>3, (Ao + B(€)> @2> =1 — &% (B4, Ap(D1 + D)) — &% (D, Az(P1 + P2))
(3.37)
3 Tt 4
£ <‘I>4,«42«40 Ay (®1+ CI)2)> +0(e%),

where the remainder term O(s*) is a number dominated by Ce?* for some positive con-

stant C. Let us evaluate each of the terms on the right hand side of (3.37)). First, it
holds that

(D4, A2 (1 + @2)) = <]laD, K il ]> <]16D, <;I + Ki) ¢Sr> :

Recall that K% [1)f] = 21¢§. By Lemma we have

(et tonlwis) == [ [ @i @ndot@) =~ [ Sl -
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3.3. Proof of Theorem .

Hence,
k2D
(P4, A2(P1 + 2)) = | |

—H= MM M
D’R

where pys was defined in (3.4]). Similarly, using Lemma one gets

(P4, A3(P1 + ®2)) = <]16D7 o [% ]> = —kyCy,

where

o) _// G, ()0 () do(z)dy. (3.38)

Finally, it remains to evaluate <<I>4, Aon_ A (P + <I>2)>. First, we have that

Ay [By + By] = <<Skb i~ ) [¥g ])

[% ]

By noticing that ki, = k, together with the expression ([3.21)), we see that the contribution
of k in Sf b — Sk 1.+ cancels. Hence,

ky, k +1 —1zqyq + . —iM;
<Sl,+ B Sl,'f') [¢0 ] - (kb7d - kd) |F| ,QDO (y)dO’(y) - |F| (kb,d - k;d) Zq

oD

In particular,

(=5 + K5 + I~ [

. —iM,
(=174 K% + T~ [ ] — 7 (ko = ko) (vi = MiCh )

%71«41 [©1+®y] =

On the other hand, we have (using the fact that K, [1sp] = 1sp)

Ksr (1 k7 [, GO (x,y)d
A;¢4 _ ) 27+[ 8D] _ b fD +(fU, y) Yy ) (339)
—p (31 +Ky) 1ap —plap
Altogether, we obtain that
—1
(Pu, Aoy AL(@1+®2)) = =2 ([, GO y)dy, (=31 + K% +11) 7 K i)
_|_iMMIZC$,R

(kpa — ka)-
T

We now compute the first term on the right hand side of the above equation. Let
H : D — C be defined by

H(x) = /8 G )i (0)da), Vo€ D,
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3. Perfect Absorption using Sub-wavelength Acoustic Resonators

and set T = S;'[H|_] and I = Jop Tdo. Thanks to (3.23), we see that AH =0 on D.
Together with the jump relation formulae (see Lemma [3.3.3)), we deduce that

(;IJrICi) 1) = 2 H|_ = K% g)

Therefore .
. _
<—2I+IC1+H> K g =T — Iy

It follows that

<fD xydy,( %I—i—lCi—i—H) kb’ Wo]>

- /D (/aD GY (@) (T - Ivg) (y)da(y)> da
|D|

T | D|
= | S [T—Iyf] (= dx—/H Ydo + 1 =Cy+1 ,
J, 5 7= 1] Chn Chn

where C was defined in (3.38]). It remains to compute the constant I. We have
I =(lop,T) = (Lop, Sy '[H]) = (S; ' [Lop), H) = —Cp vy, H)
= ~Chr [ [ @i @i oot
oD JOD

+
7CD R

= — /{)D - by ()45 (y) (Glff’+(x,y)+G‘ff’+(y,x)> do(z)do(y),

where we performed the change of variable (z,y) — (y,x) to obtain the last equality.
From the expression of Glff; in (3.21)) and the symmetry relation (3.22), we get

iCh iM2CH
I= D’Rkb,d/ $d¢0($)d0($)/ Yao(y)do(y) = 7D’Rkb,d‘
| oD oD |

Altogether, the above calculations yield

— -1
- <<I>3, <Ao + B(a)) <1>2>
iM2|D| inM?CH

e (uar — p) + € (—kyC1) — <—k‘g [01 + T k’b,d] + T’(’%,d - k‘d)) +0(eY)

H-—

L M2
= (uas — p) + €3 IW (KZks.al DI = kg — ka)C ) + O(")

M2k O - MZk.CH
= *(upr — ) (1 + EITDR + ESWTDR +0(eh).
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3.3. Proof of Theorem .

— ~1
Evaluation of <Q>3, (Ao + B(E)) F(5)> From (3.31)), we obtain that

F=ck + €2F2 + 63F3 + 0(64),

k. —i(k - 2)k
F1 = —QiUO ( d:d) 5 F2 = —2111,0 < l( (]m) d$d> 5

1 17 =
Fs3 .= —2iuyg g(kdxd)3 B 5(1{; . $)2kdxd .
pkqvg

with

Using the decomposition ([3.36)) and similar estimates as before, we get

<‘I’3, (vzo + B(€)>_1 F(€)> =€ <‘I’37«1071F1> + &2 <‘I)3,:47071F2>

_ 3 <<1>3, %_1A2%_1F1> e <<1>3, 247,_1F3> +O(EY.

—~ 1 —~—1 —~—1
Note that <<I’3,.Ag F1> = <<I>3,A0 F2> = <<I>3,A0 F3> = 0. Also, using (3.39)), we

have

—1 o~ — 1 _
<‘1>3,«40 Az Ay F1> = <‘I)4,A2Ao F1> = —2lugkqp <118D,%111+ - M10$7R¢6r>
= 2iu0kd,uMlCE7R.

Therefore, we can conclude that

— —1
<(I)3, (.Ao + B(E)) F(€)> = —532iUde,u,M105’R + 0(84).

Evaluation of a. From the above calculations, we deduce that

aQiqudelCE =T 0(62)

o= — .
M2k, ;CF . M2k,Ct
(uar — 1) <1 + 51117’;[”73) + 51u$ + O(g2)

In order to simplify this expression, we recall the scattering function gs(u,e) defined
in (3.5). We can check that

a= (21u0kijJDr7R + 0(5)> - gs(p,e),
in the sense that there exists C € R™, Ve > 0, Vu > 0 such that

o = (2itoka) CF, o9 (1,)| < Celgs )]
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3. Perfect Absorption using Sub-wavelength Acoustic Resonators

Evaluation of W_. We finally calculate ¥_ defined in the second equation of (3.35)).
Using similar calculations as before, we get

U = 8,747{11?1 —ad; + oz;lv(fl(bg +O(e? + |eal)
0 0
= (2iugkyq) | € + gs(p,)CH + O(elgs(p, €)l)-
( 0d>< (wf_MI%M) ( >D,R<%+>> (lgs(1.2)
(3.40)

The remainder term O(e|gs(p, €)|) is an element in the space H™~ whose norm is bounded
by Cel|gs(u,€)| for some positive constant C.

3.3.5. Microscopic scattered field
Recall (3.28), we have

W () = —2iug sin(ekgzq)e T 4wl (),

where u§ := jStEE [1e] is the scattered field. Note that U does not contribute to the field
outside the bubbles. Using (3.40)), we obtain that

ws(@) = (iuoka) [, GG, y) (2 [0 = MiCH 0| + 01, 2)CF ) () ()

+0(elgs (1 €)1)-
(3.41)
We now simplify the above integral by exploiting the decomposition of Gik. Recall that
L > 0 is chosen such that, for all y € D, it holds that 0 < y; < L. Together with ,
we obtain that, for z4 > L, we have GX = Gl_f_’p + Gl‘he, where

ika(Ta—ya) ika(zatya) - i -
k _ € ¢ —ik-z _ _Sm(k?dyd) i(kgzg—k-7)
Cipl@y) = ( 2ikq|T]| 2k T > T T TR ¢ ’
i(0—k)-(2—7) — _
Gljr e(x,y) _ Z e . sinh ( /M _ k|2 _ kad> e*\/mxd.
’ 2eR*\{0} |F| |€ - k|2 — k2

It is clear that Gf‘hp consists of a single propagating mode, while Glfhe consists of the
evanescent modes which are exponentially decaying away from the plane.

Accordingly, we write S}ﬁ = S:p + S}ﬁye, with

Skl = [ Gk @ n)ew)do(y),

oD
SEl@) = [ 6K i),
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3.3. Proof of Theorem .

In particular, in the case when k = 0, we can deduce using (3.11)) that

SOy (z) = —|§| /8 wat()oty). (3.42)
SK0[)(z) = S*Iwm,rl, /8 wav()idoty). (3.43)

for ¢y € HY/% and 24 > L.
Following (3.14)) and (3.19)), we set

o
Sk oWl(@) = —e‘(’“d””d”“'x)m | vab(y)do(y).

and

S 0)(x) = e (stm @+ [ ydwy)do(y)) |

The operators Sfrlfn

Actually, from the expression of GE‘hp and Glj’e, we have the following results.

o and Sike o are good approximations for Silfp and Silfe respectively.

Lemma 3.3.9. There exists C € RT such that, for all e > 0, all xg > L and all
v e H-Y2 it holds that

1

@)+ 2|V (5% - 55,0) 1] (@) < C ol

(5% - 5,0 )

and that

‘ (Sfrlfe - Sj—%e,O) [Qﬁ]

(2) + =

- () < C Wl -2

\ (Silfe - S—Ei-lfe,0> [w]

Now, we determine the functions a; and g defined in (3.6))-(3.7).

Lemma 3.3.10. The function —C'E?RS’;WSF] is the solution to (3.6)), while the func-
tion S’:Wf — M1C'E’R1/)O+] is the solution to (3.7)), i.e.,

—ChrS:lUfl =00 and Splf — MiCP id] = ar.

In particular, from (3.43) and the fact that Gﬁ’:eo 1s exponentially decaying, it holds that

1/ o4 M Chr
Qoo = —— | ya (=Chpuf) = —2R 3.44
1] o (-Co08) = (34)
and
21+
1 / + + o+ —(ya. ) | MiChr
Aloco = — 77 Yya | Y — M:C ¢ = + . (3.45)
T Jap ( ! bR 0> IT| IT|
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3. Perfect Absorption using Sub-wavelength Acoustic Resonators

Finally, we are ready to prove our main result Theorem [3.2.1
Proof of Theorem [3.2.7]

We introduce

ui (@) 1= (2ioka) S, o [& (V1 = MiCH YT ) + 95l1.2) (CH YT | (@)

= (2inkd)eiE(kdxd_E.j) (5061700 - gs(:uv 5)050,00)

and

uh (w) 1= (2ioka) S, [ (0F = MACH Ref ) + 95(11,2) (Ch )| ()

— (2lugkq)e = e (a1 (z) — a1.00) — s (1t €) (0(2) — a0.00)] -

By (3.41) and Lemma we deduce that there exists C' > 0 such that,

g g 13 1 g 13 3]
l[ug = (ui + uBL)l oo s,y + z IV [ug = (uf 4+ upp)l oos,) < C (e +elgs(u,e)]) -

Going back to the macroscopic variable X = zx we can conclude the proof of Theo-

rem 3271

3.4. Numerical illustrations

In this section, all the numerical results are obtained for the two-dimensional case d = 2.
The bubbles are set along a lattice aZ. We follow the approach taken in [8]. Recall

that we are interested in the characteristic value wg € C for which the operator A(w)
becomes singular, where A(w) is the block operator matrix which has a similar expression
to (3.30)), yet depends on w instead of € (and the physical parameters are fixed). We
define

Amin(w) := argmin {|A\|, X € o(A(w))}, (3.46)

where o(.A) denotes the (complex) spectrum of A, and
wy = argmin {|Amin(w)], we€RT}. (3.47)
First, we compare how close the characteristic value w/ is to the Minnaert frequency

wx/[ defined in (3.8)), for realistic systems. We then study the dependence of wj\r/[ with
respect to the geometrical parameters.

46



3.4. Numerical illustrations

3.4.1. Implementation details

Implementation of the quasi-periodic Green’s function Determination of w] requires
the calculation of the quasi-periodic Green’s function for the Helmholtz equation (3.10)).
It is well known that this function suffers from extremely slow convergence. It can be
written in the form

Gﬁ (33 y ZelknaH(l)(k,P )

nEZ

where P, := /(Z — § — na)? + (vq4 — ya)?, and Hél) is the Hankel function of the first

kind of order zero. The terms of the summation are of order O(nfé) for large n, which
makes the function computationally challenging.

In order to accelerate the convergence, we implement Ewald’s method [44], tailored to
two-dimensional problems featuring one-dimensional periodicity [35]. The quasi-periodic
Green’s function is split into two components: a spatial component Gy spat and a spectral
component Gy spec, €.,
Kk
Gti = G fi,spat + Gﬁ spec’

where we set

_ o0 2q 1
G opat (2,y) = Z ’“Z( ) a1 (PRE%), (3.48)
ne” q=0

7ik‘1p(§37g)

1 e ik
G E ikop|rg—yadl f _ &
ﬁspec(‘r y) 4(1 1k2p X |:e Cr1c 26 + |xd yd|
pEZ (3.49)

, ik
+ e—lkzpmd—yd|erfc<l2§:p — |.’L’d - yd|g>:| :

Here, we have denoted by

o
klp_k—i——p, and ko, = \/k2 — k2,

the Floquet wavenumbers along the  and x4 directions, respectively. The functions
E, in (3.48)) are the ¢g-th order exponential integral (we refer to [35] for implementation

details)
( ) /oo efzt d
E, (z):= t.

Finally, £ is the splitting parameter, which we choose to be /7 /d, an appropriate choice
in a low frequency setting. The infinite sums in — converge exponentially
fast, so in practice we approximate them with the finite sums n € [—5,5], ¢ € [-15,15],
and p € [-5,5].
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3. Perfect Absorption using Sub-wavelength Acoustic Resonators

Numerical setup In order to simulate a realistic system, we consider the case of air
bubbles inside water, which can be modeled by setting

p=10x10>kgm™3, p,=12kgm™>, k=22x10°Pa, and k= 1.4x10° Pa.

This choice of parameters means that 6 = 1.2 x 1072, which is much smaller than 1, and
thus ensures that we are indeed in the appropriate regime described in Section [1.2

Regarding the geometry of the problem, we consider (recall that d = 2) circular bubbles,
each of radius r, whose centers are on a lattice of the form (aZ, 3), where 5 > r is the
distance between the centers of the bubbles and the reflective plane (see Figure .

Bw.. @ a Q

Figure 3.2.: Experimental setup for the numerical calculations

OR?

3.4.2. Validation of the Minnaert frequency formula

In this section, we compare w! with w&, i.e., the characteristic value defined in (|3.47))
obtained numerically, and analytical characteristic value given by the formula (3.8)).

In Figure we plot the function w — |Apin(w)| for fixed period a and offset 8, and
different values of r, where Apin is defined in . We clearly observe the resonance
phenomenon, whereby A(-) becomes singular for a precise value of w! (the position of
the minima in the figure).

In Tab we report the values of wJD and w] for the same set of parameters as in

Figure It is clear that there is a very good agreement between our formula (3.8))

for wj\rJ, and the direct computation of w}, even when the bubbles are very far apart.

c
Note also that the wavelength is of order 10cm, while the periodicity of the structure is

of order 1cm, and hence the resonance is indeed of a sub-wavelength nature.

r WZT/[ wr | Amin| (2m)/k
1.0 | 13.692 | 13.674 | —8.4 x 1077 +1.14 x 107°1 | 682 mm
0.5 | 22.103 | 22.091 1.3x 1077 + 1.7 x 107% 422 mm
0.3 | 33.183 | 33.158 | —9.9 x 107® +2.2 x 107 | 281 mm

0.1 | 84.356 | 84.324 1.9 x 1077 +4.1 x 107% 111 mm

Table 3.1.: The values wxf and w} for @ = 10mm, 8 = 2mm and r = 0.1lmm, r = 0.5mm, r = 0.3mm
and 7 = Imm. We also report the values of [Amin(w/ )| and the wavelengths (27)/k.
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10 20 30 40 50 60 70 80 90 100

Figure 3.3.: The smallest eigenvalue (in norm) Amin in the spectrum of A(w), for a period of a = 10mm,
offset f = 2mm, and radii » = lmm (square blue), 7 = 0.5mm (circle red), r = 0.3mm (star
black), = 0.1lmm (plus cyan).

3.4.3. Dependence of the Minnaert resonance with respect to the
geometry

We now study how wj\rj depends on the geometrical parameters of the system. In Fig-
ure [3.4] we plot the Minnaert resonance as a function of the radius of the bubbles r,
for different values of 8. The periodicity a is fixed at a = 10mm. We observe that
when the size of the bubbles increase, the Minnaert frequency decreases (and hence the
corresponding wavelength increases). Also, the farther away the bubbles are from the
plane, the lower the Minnaert frequency.

Similarly, in Figure [3.5] we fix the radius of the bubbles at » = 0.9mm, and we plot the
Minnaert resonance as a function of the periodicity a, for different values of 5. We see
that the Minnaert resonance increases as the bubbles are placed farther away from each
other, but decreases as they get farther away from the reflective plane.

3.5. Concluding remarks

In this chapter we have analyzed an acoustic meta-screen constructed from bubbles
and characterized its response to an incident acoustic wave in terms of an effective
reflective coefficient. We have shown that due to the phenomenon of sub-wavelength
resonance, the response of the meta-screen can range between an equivalent surface
with Dirichlet boundary conditions to an equivalent surface with Neumann boundary
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3. Perfect Absorption using Sub-wavelength Acoustic Resonators

Figure 3.4.: The Minnaert resonance as a function of the radius of the bubbles (in mm). The periodicity
is fixed at @ = 10mm, and the offset is 8 = 2mm (square blue), f = 4mm (circle red),
B = 6mm (star blue), f = 82mm (plus cyan), § = 10mm (losange green).

—B8—38=200]
—0—f=4.00
—%— 3 =6.00
—+—3=2800

& B=10.00

Figure 3.5.: The Minnaert resonance as a function of the periodicity a (in mm). The radius of the
bubbles is fixed at » = 0.9mm, and the offset is § = 2mm (square blue), 8 = 4mm (circle
red), f = 6mm (star blue), § = 82mm (plus cyan), § = 10mm (losange green).

conditions. When the meta-screen is excited near the quasi-periodic Minnaert resonance,
and damping effects are accounted for, the analysis in this chapter explains the super-
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absorption observed experimentally in [72]. We have derived an analytical formula for the
quasi-periodic Minnaert resonance and validated it in two dimensions using a numerical
simulation. In addition we have numerically simulated the frequency response of the
meta-screen to changes in bubble radius and lattice periodicity. The results in this
chapter open a door to designing bubble meta-screens that can absorb practically all
incoming energy in desired frequency ranges.

o1
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4. Sub-wavelength Phononic Bandgap
Opening in Bubbly Media

The aim of this chapter is to show both analytically and numerically the existence of
a sub-wavelength phononic bandgap in bubble phononic crystals. The key to this is an
original formula for the quasi-periodic Minnaert resonance frequency of an arbitrarily
shaped bubble. The main findings in this chapter are illustrated with a variety of
numerical experiments.

4.1. Introduction

The past decade has witnessed growing interest in the fabrication of artificially engi-
neered materials to effectively control mechanical waves such as sound waves. Phononic
crystals which consist of periodic arrangements of components with controlled spatial
size and elastic properties are typical examples. When excited by an acoustic or elastic
wave, phononic crystals may exhibit bandgaps, or ranges of frequencies in which the wave
cannot propagate through their bulk, instead decaying exponentially. The bandgaps in
phononic crystals are due to destructive interference mechanisms from Bragg scattering
of the waves, and can be quite wide. For bandgaps to occur, the period of the structure
(or the lattice constant) must be of the order of the wavelength and the contrast in
the material parameters must be large [17, [16], 13, [47, [54, [78]. This limits the use of
phononic crystals in applications targeting low frequencies, because phononic crystals
would require impractically large geometries [83] [96].

Based on the realization that composites with locally resonant microstructures can ex-
hibit effective negative elastic parameters at certain frequency ranges, a class of phononic
crystals that exhibits bandgaps with lattice constants two orders of magnitude smaller
than the wavelength have been fabricated [81]. By varying the size and geometry of the
microstructure, it was experimentally shown in [81] (and analytically verified using a
simple model in [80]) that one can tune the frequency ranges over which the effective
elastic parameters are negative. More recently, resonance has been shown both exper-
imentally and numerically to be another way in which elastic waves can be prevented
from propagating in the material [83].

In this chapter, to demonstrate the opening of a sub-wavelength phononic bandgap, we
consider a periodic arrangement of bubbles and exploit their Minnaert resonance [86]. As
shown in Chapter 2, the Minnaert resonant frequency depends on the bulk modulus of
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4. Sub-wavelength Phononic Bandgap Opening in Bubbly Media

the air, the density of the water and the shape of the bubble. In the dilute regime, it has
been proven in [25] that around the Minnaert resonant frequency, an effective medium
theory can be derived. Furthermore, above the Minnaert resonant frequency, the real
part of the effective modulus is negative and consequently, the bubbly fluid behaves
as a diffusive media for the acoustic waves. Meanwhile, below the Minnaert resonant
frequency, with an appropriate bubble volume fraction, a high contrast effective medium
can be obtained, making the super-focusing of waves achievable [24]. These findings
show that the bubbly fluid functions like an acoustic metamaterial and indicate that
a sub-wavelength bandgap opening occurs at the Minneaert resonant frequency [70].
We remark that such behavior is rather analogous to the coupling of electromagnetic
waves with plasmonic nanoparticles, which results in effective negative or high contrast
dielectric constants for frequencies near the plasmonic resonance frequencies [19] 22].

In this chapter, we provide a mathematical and numerical framework for analyzing
bandgap opening in bubble phononic crystal at low frequencies. Through the applica-
tion of layer potential techniques, Floquet theory, and Gohberg-Sigal theory we derive
an original formula for the quasi-periodic Minnaert resonance frequencies of arbitrarily
shaped bubbles, along with proving the existence of a sub-wavelength bandgap and es-
timate its width. Our results are complemented by several numerical examples which
serve to validate them in two dimensions. Our results formally explain the experimental
observations reported in [70]. They pave the mathematical foundation for the analysis
of complex bubble-based phononic crystals that could have more than one structural
period and contain bubbles of different sizes and shapes.

The chapter is organized as follows. In Section we formulate the spectral problem for
a bubble phononic crystal and introduce some basic results regarding the quasi-periodic
Green’s function. In Section[d.3]we derive an asymptotic formula in terms of the contrast
between the mass densities of the air inside the bubbles and the fluid outside the bubbles.
We prove the existence of a sub-wavelength bandgap and estimate its width. We also
consider the dilute regime where the volume fraction of the bubbles is small. In Section
[4.4 we perform numerical simulations in two dimensions to illustrate the main findings
of this chapter. We make use of the multipole expansion method to compute the sub-
wavelength bandgap. The chapter ends with some concluding remarks.

4.2. Problem formulation and preliminary results

We first describe the bubble phononic crystal under consideration. Assume that the
bubbles are each of size order one and occupy U,,cza(D + n) for a bounded and simply
connected domain D with D € C%* for 0 < s < 1. To investigate its phononic gap we
consider the following a-periodic equation, subject to the regime specified in Section
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4.3. Sub-wavelength bandgaps

in the unit cell Y = [0,1]¢ for d = 2, 3:

/

(A+EHu=0 in Y\D,
(A +k2)u =0 in D,

ul— = ul4 on 0D, (4.1)
10 10

& =2 on 0D,

ppOv|_  pov|,

eIy, is periodic.

It is known that (4.1)) has nontrivial solution for discrete values of w such as (see [17])

0<w]<wy<---

and we have the following band structure of propagating frequencies for the given periodic
structure:
[0, max w{'] U [min w§, max wy] U [minw§, maxwg|U--- .
(63 (03 6 (63 «

In this chapter we investigate whether there is a possibility of bandgap opening in this
structure.

4.3. Sub-wavelength bandgaps

Let Sg’k and (lCBa’k)* be the quasi-periodic layer potentials defined in Section We
look for a solution u of (4.1) of the form

a,k . oY
SDb W)b] m D7

for some surface potentials v, 1, € L?(0D) [14]. Using the jump relations for the single
layer potentials, one can show that (4.1)) is equivalent to the boundary integral equation

Alw, 8)[¥] = 0, (4.3)

Skb _Sa,k’ 'l/]b
Alw, ) = D D__ U= .
(—%I FIRT ST+ (KM 0]

Throughout this chapter, we denote by H = L?(0D) x L?*(0D) and by H; = H'(0D) x
L?(0D). Tt is clear that A(w, ) is a bounded linear operator from H to Hi, i.e., A(w,d) €
L(H,H1). We can check that the characteristic values of A(w, d) can be written as

where

0<uwi <wy<---.
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4. Sub-wavelength Phononic Bandgap Opening in Bubbly Media

We first look at the limiting case when 6 = 0. The operator A(w,d) is a perturbation

of i i
S b _Sa7
A(w,0) = ( 1 D o b ) (4.4)

We see that wp is a characteristic value of A(w,0) if only if (wo/vp)? is a Neumann
eigenvalue of D or (wp/v)? is a Dirichlet eigenvalue of Y\ D with a-quasiperiodicity on
dY . Since zero is a Neumann eigenvalue of D, w = 0 is a characteristic value for the
operator-valued analytic function A(w,0). Besides, note that there is a positive lower
bound for other Neumann eigenvalues of D and all the Dirichlet eigenvalues of Y\ D
with a-quasiperiodicity on Y, we can conclude the following result by Gohberg-Sigal
theory [17, 52].

Lemma 4.3.1. For any § sufficiently small, there exists one and only one characteristic
value wy = wo(d) in a neighborhood of the origin in the complex plane to the operator-
valued analytic function A(w,d). Moreover, wo(0) = 0 and wy depends on § continuously.

4.3.1. The asymptotic behavior of w{
In this section we assume « # 0. We define
S _Sa,()
A=A, 0= TP TP, (4.5)
—31 + K} 0

We denote by Aj : H1 — H the adjoint of Ag. We can easily check that Ker(Ap) and
Ker(.Aj) are spanned respectively by

(%o (0
Uy = <?;o> and &= (]lap> ,

where ¢y = (S%°) " Sp 1.

We now perturb Ag by a rank-1 operator Py from H to H; given by Po[¥] := (¥, ¥)Po,
and denote it by Ay = Ay + Po.

Lemma 4.3.2. The followings hold:
(i) Ao[Wo] = [|Wol[®o, Ao [Po] = [|Po||*¥o.
(ii) The operator Ay and its adjoint Ay are invertible in L(H,H1) and L(H1,H),

respectively.

Proof. By construction, and the fact that Sp is bijective from L? (0D) to H L(oD) [17],
we can show that Ay (hence Ag") is bijective. The fact that Ao[Wo] = [[Wo* Py is
direct. Finally, by noticing that Pg[0] = (0, $o) Wy, it follows that Ay’ [®g] = Pg[®o] =
|@ol|?Wo. O
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4.3. Sub-wavelength bandgaps

Theorem 4.3.3. For a # 0 and sufficiently small 6, we have

Wf = wnr v/ + 0891, (4.6)
2
where wyy = 61}”'%7% is the (free space) Minnaert resonant frequency and
~ 1 _
¢z := (o, <2f + ’CDQ’O> [Lap])- (4.7)

Proof. Using the results in Appendix we can expand A(w,d) as

A(w,d) := Ag+B(w,d) = Ao+w./417o+w2A270+w3A3,0+5A0,1 +5w2«42,1+0(\w|4+|6w3|)
(4.8)

where

Since Ay = Ay + Py, the equation (@.3) is equivalent to
(Ao —Po + B)[¥o+ ¥4] =0,

where

(U1,T9) =0

Observe that the operator Ao + B is invertible for sufficiently small § and w. Applying
(Ao + B)~! to both sides of the above equation leads to

Wy = (Ay + B) " Po[Wo] — Wo = || Wo|* (Ao + B) @] — Wo. (4.9)
Using the condition (¥q,¥g) = 0, we deduce that (4.3) has a nontrivial solution if and
only if
Aw,8) = 1o (((Ao + B) (@], We) — 1) =0. (4.10)
Let us calculate A(w,d) := A(w, ) ||®o||*. Using the Neumann series
~ ~ -1 . _ ~ ~ ~ ~
(Ao +B)~! = (1 + Ao 18) A= (1 Ay "By Ay 'BA, B - ) Ao
and the fact that Aoil[fl)o] = || W2 ¥y and (Ay ) L[W] = ||o]| " Do, we obtain that

A(w,8) = — w (A1,0[Po], o) — w” (A2,0[Wo], Po) — w” (As0[¥o], Po) — 6 (Ag1[¥o], Do)
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4. Sub-wavelength Phononic Bandgap Opening in Bubbly Media

w? (Arodo " ArolWa], o) +w? ( Aoy AzolWol, Do)
W (Aa 0 Ay A o[Wo], @0 ) + w6 (Aro Ao Ao [Wo], @)
+ w0 {Aoa Ao~ Aso[ o], o)
W (Arodo Arodo” " ArolWol, @0 ) + Ol + 18] lof? + o).

It is clear that A7 3[®o] = 0. Consequently, the expression simplifies into

Aw, ) = — w? (A0[¥o], Bo) — w? (A3 0[Wo], Po) + w? <A2,0/10_1«41,0[‘1’0]7 ‘1>0>

— 6 (Ao, [Wo), Bo) +wd (Ao1o Aro[Wol, Bo )+ O(fwl* + (0] [w]? + 13]2)
(4.11)

We now calculate the five remaining terms.

e Calculation of (A3 o[¥¢], Pg). Using the first point of Lemma we get

(Az0[Wo], Do) = v, > (K altbo], Lop) = v, > (v, Kp2[lap])

/ ol / Gole = y)dydo(w) = —u;” /D Splyol(e)dr =

viCapp’
where we used the fact that Sp[to](x) = —Capp' for all x € D.

e Calculation of (A3 [¥o], ®p). Similarly, using the second point of Lemma we
get,

i|D|

dmvd’

(A30[T0], ®o) = v, (o, Kps[lap]) = v, <?/)07 1|D| D> =

e Calculation of (A 1[¥¢], ®g). We directly have

(Ao.1[To], ®o) = — (%o, < I+ Kp a0> [Lap))-

e Calculation of <A0’1A0_1A1’0[\Ifo], (I)0>. We have
1 (Spalgol| _ 1 =i (Lop
A5 ¥
ST - (k) [ton))
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4.3. Sub-wavelength bandgaps

~ 1 _
Let us calculate Ay’ < gD). We look for (atbo, biyg) € H so that

(“gD) = o+ Py (‘Ij;f’z) - (<“ - beWO]) + (alol? +blol) (1§D> .

By solving the above equations directly, we obtain
~ (1 C —|[o?
Agt( o) = P WO! Yoy | (4.12)
0 [1%0ll” + [1¥oll* \ [1¢0lI*40

iCapp|vol2(wo, (31 + K5™°) [Lap])
dmon([[9o2 + 140l

It follows that

<A0,1Aofl./41,o[\110],(1)0> —

e Calculation of <A2,0A0_1A1,0[\IJ0], <I>0>. Using similar calculations, we obtain

<A2,0A0_1A1,0 [Wo), ‘130> = <Ao_1«41,0 [Wol, A3 [q)0]>

iCap o]l
- 7 ,Kppa[l
4mvf([oll? + lvoll?) (¥0, Kp2[lap])
i[D|]|%oll?

Arvd ([[vhol|2 + 1ol|2)

e Conclusion. Considering the above the results, we can derive from (4.11]) that

D| ic1|D| icieaCapp
A (5 — _ 2 | .3 5 67 4 5 2 52
(@:0) = = g =W eab +wd TR 4 Ol 410 ol + 6P,
(4.13)
where )
C1 = %, (414)
[%0l1* + [[%ol
and .
Co = <q/~;0, <2I + /CB“’()) [Lap]). (4.15)

We now solve A(w,d) = 0. It is clear that § = O(w?) and thus wy(8) = O(V4). We write
wo(d) = 4107 + axd + 0(6%), and get

Dl

2 ¢ |D|
vZCapp

3
47rvb

(aléé +a25+o(5%)> (alé% +a25+0(5%))3
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t ep0 4 ac2Capp (a15% +asd? + 0(5%)) +0(6%) =0.
47wb

From the coefficients of the § and §3 terms, we obtain

D —|D ic1|D i C
—a%2‘7| +c=0 and 2aias 5 | — :1”161’ 3| 116102 aPp _ 0
vy Capp vy Capp 4vy 4muy
which yields
2
vycaCapp
a1 = £y ——= and a9 =0.
VD]
This completes the proof of the theorem. O

Remark 4.3.4. See Appendiz[A.7 for a discussion on the two-dimensional quasi-periodic
Minnaert resonance.

We have
1 1 —a,0\ % a,0y—1
c2 _CapD< oL+ (Kp™)" ) (Sp7) ™ [en], Lop)
1 Capp
= - Sy°)Mlopl, Lop) = =
CapD<( D ) [ 8D]7 8D> CapD ’
and (4.6)) is written as
wi' = wrra + 0(53/2)
2
with wpr o = o0 (ngD <. We can see that

WM, — 0

as a — 0 because (1/2] + (ICBO"O)*) (Sg’o)_l[]lap] — 0 and so Capp , — 0 as a — 0.

We define wj := max, wir,o. Then we deduce the following regarding a bandgap open-
ing.

Theorem 4.3.5. For every € > 0, there exists 69 > 0 and w > w] + € such that
(W] + €, @] C [maxw, min w§] (4.16)
« e}

for 6 < dg.

Proof. Using w{ = 0 and the continuity of w{ in o and &, we get agp and §; such that
w§ < wi for every |a| < ap and § < §;. Following the derivation of (4.6)), we can
check that it is valid uniformly in « as far as |a| > ag. Thus there exists dy < d; such
wi <wj + € for |a| > ap.
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4.3. Sub-wavelength bandgaps

We have shown that max, w{ < wj + € for sufficiently small §. To have min, w§ > w] +€
for small ¢, it is enough to check that A(w,d) has no small characteristic value other
than w{. For a away from 0, we can see that it is true following the proof of Theorem

If o = 0, we have
A(w,d) = A(w,0) + O(9), (4.17)

near wJ with § = 0. Since w) # 0, we have w3 (8) > wi + ¢ for sufficiently small §. Finally,
using the continuity of w§ in a, we obtain min, w§ > wj + € for small §. This completes
the proof. O

4.3.2. Dilute case

We emphasize that our calculations in the previous part hold even for the dilute case as
long as §/n? is small where 7 is the diameter of D.

We state an asymptotic behavior of Capp, when D = nB for a small . Note that
Capp = Cap,p = nCapp. Fix ¢ > 0, the following holds.

Lemma 4.3.6. For |a| > ¢ > 0, we have
Capp , = Capp — Ra(O)Cap% + 0(773), (4.18)

where Ry (z) := G (z) — GO(x).

Proof. Since Ry () is smooth and Ry (x) = Ra(0) + O(|z]) as |z| — 0, we have

Spltne) = | 6@ = n)iu)dot) +Fa0) | dtu)ot)+0 (s19])

0B

= (suldl + (o) [ 340 (s2191)).
with ¢(x) := ¢(nz). Then

(820 1p](nz) =n~" <(SB)1[]163] —NRa(0)(Sp)™" {/a (33)1[183]} +0 (772)> ;

(4.19)

B

and so

Capp , = —n? /83(51%’0)1[1131)](7)56) do(z) =1 (CapB - nRa(O)Cap% + O (7]2))

= Capp — Ra(0)Capp, + O(n*).
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4. Sub-wavelength Phononic Bandgap Opening in Bubbly Media

By this approximation we have wyso ~ wys for a away from 0 and so wj ~ wy;. Com-
bined with Theorem this means that there is a bandgap opening slightly above the
Minneart resonance frequency for a single bubble. It is coherent with the results in [25]
showing an effective medium theory for the bubbly fluid as the number of bubbles tends
to infinity. It is shown there that near and above the Minnaert resonant frequency, the
obtained effective media can have a negative bulk modulus.

4.4. Numerical illustrations

Recall the formula for the a-quasi-periodic Minneart resonance:

[Capp 4 .

« = W CapD,a
approx *— ¥M Capp

We want to compare w with the true a-quasi-periodic resonance
Wsaets Which can be obtained through direct calculation of the minimum characteristic

value of the operator A(w,d) in (4.3) using Muller’s method [g].

We set the density and the bulk modulus of the bubbles to be p, = 1 and xy = 1,
respectively. In order to confirm that the formula becomes accurate in the appropriate
regime, which features similar wavenumbers inside and outside the bubbles along with,
in particular, a high contrast in the bulk modulii, we take the density and the bulk
modulus of the background material to be p = k = §~1 € (10,1000). We assume that
the bubble represented by D is a disk of radius R = 0.0125. In Figure we plot W rop
and w,,., against the contrast 6! and it is clear that the formula provides a highly

accurate approximation when the contrast is sufficiently large.

Next we present numerical examples to illustrate sub-wavelength bandgap openings. As
D is a disk of radius R, we apply the multipole expansion method for computing the
band structure (for the details, we refer to Appendix. As described in [28], the quasi-
periodic Green’s function is unsuitable for bandgap calculations due to empty resonance
phenomenon. Therefore, we make use of the multiple expansion method which is efficient
in the case of disk-shaped bubbles.

We first consider the dilute case. We set R = 0.05, p = x = 5000 and p, = kp = 1. In this
case, we have § = 0.0002. Figure shows the computed band structure. The points
', X and M represent o = (0,0), « = (m,0) and o« = (7, 7), respectively. We plot the
first two characteristic values A(w,d) along the boundary of the triangle ' X M. It can
be seen that a sub-wavelength bandgap in the spectrum of A(w, §) does exist. Moreover,
the bandgap between the first two bands is quite large. It is also worth mentioning
that, by zooming in on the sub-wavelength bandgap (on the right in Figure , one
can see that wj is attained at the point M (that is, & = (m,7)). We used N = 7 for the
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Figure 4.1.: (Dilute case) The band structure of a square array of circular bubbles with radius R = 0.05
and contrast 6! = 5000.

truncation order of cylindrical waves. Further numerical experiments indicate that this
phenomenon is independent of the bubble radius or position.

Next we consider a non-dilute regime. We set R = 0.25 and p = « = 1000 and pp =
kp = 1. In this case we have § = 0.001. Figure [£.2] shows the computed band structure.
Again, a sub-wavelength bandgap can be observed. We used N = 3 for the truncation
order of cylindrical waves in the multipole expansion method.

Finally, in order to verify our conclusion from Lemma namely that w] = max, wy,o =~
wpr when « is non-zero, we fix the contrast to be = = 1000 and observe w] and wys
over a range of bubble sizes in Figure 1.4]

4.5. Multipole expansion method
When D is a circular disk of radius R, the integral equation admits an explicit repre-

sentation. In this case, the solution can be represented as a sum of cylindrical waves
Jn(kr)e™ or Hél)(kr)eine. Here we give a multipole expansion interpretation of the inte-
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Figure 4.2.: (Non-dilute case) The band structure of a square array of circular bubbles with radius R =
0.25 and contrast 6~ = 1000.

gral operator A, which leads to an efficient numerical scheme for computing its bandgap
structure.

Recall that, for each fixed k, «, we have to find a characteristic value of A(w, d) defined
by

Sk —SyF
A(w,d) = 88@1’ 8Sg’k (4.20)
—0
ov |- ov |+

From the above expression, we see that A(w, d) is represented in terms of the single layer
potential only. So it is enough to derive a multipole expansion version of the single layer
potential.

Let us first consider the single layer potential Sg [¢] for a single disk D. We adopt the
polar coordinates (r,#). Then, since D is a circular disk, the density function ¢ = ()
is a 2w-periodic function. It admits the following Fourier series expansion:

in6
=D and",

ne”L

64



4.5. Multipole expansion method

(o3
w

20 T Yexact .

«
approx

[EnY
(63}
T

Il

Frequency
=
o
T
Il

O Il Il Il Il Il Il Il Il Il
100 200 300 400 500 600 700 800 900 1000

5—1

Figure 4.3.: When the contrast § ! is sufficiently large, the a-quasi-periodic resonance w given by The-
orem provides a highly accurate approximation of the true resonance wgyact-

for some coefficients a,,. Hence we only need to compute u := S¥[e"?] which satisfies

[ (A +E)u=0 in R2\ D,
(A+EHu=0 in D,
uly = ul- on 9D, (4.21)
Ou|_ Qu =" on D,
v, ov|,
| u satisfies the SRC.

The above equation can be easily solved by the separation of variables technique in polar
coordinates. It gives
, cJn(ER)HV (kr)e™  for |r| > R,
Sklen?) ={ " 8 _ (4.22)
cH\Y(kR)J,(kr)é™  for |r| < R,

where ¢ = %WR.

Now we compute the quasi-periodic single layer potential Sg’k[eine]. Since

e} i im-«a
Gy ay) = =5 Y Hy (kle —y — ml)e™,

meZ?
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Frequency

Figure 4.4.:

we have
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As the bubbles becomes smaller, the maximum frequency in the first band of the spectrum
of the operator A(w, d), wi, approaches the Minnaert resonant frequency of a single bubble

WM -

Sg,k[eine] _ Sg [einﬂ] + Z S§+m[ein9]eim~a
meZ2,m#0
= SE[e"] + cJ,(kR) Z HW (k) elmfm gime

mezZ>2

Here, D+m means a translation of the disk D by m and (7, 8,,) is the polar coordinates
with respect to the center of D + m. By applying the following addition theorem:

H,Sl)(k?“m)einem _ Z(_1)n—lHy(Lljl(MmDeinarg(m)Jl(k,r)eiw’
leZ

we obtain

SHMem™) = Shle™) + eJn(kR) Y (1) Qu_tJi(kr)e. (4.23)
leZ

where @), is so called the lattice sum defined by

Qn = Z HW (k|m])einarem) gim-e

mEeZ2 m#0

So, from (4.22)) and (4.23)), we finally obtain an explicit representation of Sg’k. For an
efficient method for computing the lattice sum @, see [76].
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4.6. Concluding remarks

In the numerical computations, we should consider the truncated series

N

> anSHe e

n=—N

instead of S5*[p] = 3,z anSey¥[e"7] for some large enough N € N. Then, using e
as basis, we have the following matrix representation of the operator S®*:

S_N-N S_N-(n-1) S-NN a-N
ak S—(N—l),—N S—(N—l),—(N—l) T S—(N—l),N a_(N-1)
SD [QO”@D ~ . )
SN,—N SNN an

where Sy, , is given by
S = cIn(kRYHM (KR)Smn + cJn(kR)(=1)" ™ Qp_mJm (kR).

- . . . aSy*
Similarly, we also have the following matrix representation for 8—§|§D:

SN Sy ey S -
a + + N
05" ] o~ SCwv-n-n vy ey 0 Sty | | e
aV oD : . . )
S§\:}:,*N . . S%N an

where Sﬁm is given by

St = i% ke (HDY + Jp - HY ) (R R)bmn
+ eJu(kR)(~1)" ™ Qu_ kTl (kR).

The matrix representation of A(w,d) immediately follows.

4.6. Concluding remarks

In this chapter we have proved the existence of a sub-wavelength bandgap opening
in bubble phononic crystals. We have illustrated our main findings with a variety of
numerical experiments. We have also covered recently proved results on the effective
medium theory in the dilute case [25]. It is worth mentioning that in [I8], it is proven
that the critical frequency wj is attained at the corner M of the Brillouin zone. Moreover,
above w7, high frequency asymptotic analysis of the Bloch eigenfunctions is performed,
leading to an explanation of the super-focusing of acoustic waves in bubbly crystals.
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5. Sub-wavelength Focusing of Acoustic
Waves in Bubbly Media

The purpose of this chapter is to investigate acoustic wave scattering by a large number of
spherical bubbles in a liquid at frequencies near the Minnaert resonance frequency. This
bubbly media has been exploited in practice to obtain super-focusing of acoustic waves.
Using layer potential techniques we derive the scattering function for a single spherical
bubble excited by an incident wave in the low frequency regime. We then propose a
point scatterer approximation for N bubbles, where N is large, and describe several
numerical simulations based on this approximation, that demonstrate the possibility of
achieving super-focusing using bubbly media.

5.1. Introduction

In this chapter we are interested in acoustic wave propagation in a liquid containing a
large number of bubbles. In particular, we are interested in the effect on the imaginary
part of the Green’s function of exciting bubbles at frequencies near the Minnaert reso-
nance frequency. It is well known that the focal spot size which represents the resolution
limit in imaging is dependent on the imaginary part of the Green’s function due to the
Helmholtz-Kirchoff Theorem [I2]. Physical experiments have shown that it is possible
to focus waves at the sub-wavelength scale by exploiting the strong scattering property
of acoustic bubbles at their Minnaert resonance [65].

By generalizing the approach of Chapter [2| to the case of N bubbles all having the
same radius, we obtain an N x N block matrix in which the diagonal terms represent
bubble self-interaction, while the off-diagonal terms represent the interaction between
different bubbles. By letting the size of the bubbles go to zero we derive the point
scatterer approximation which reduces the problem to an N x NN linear system, which is
recognizable as the classical Foldy-Lax formulation for a scattered field due to a collection
of point scatterers [40].

We numerically simulate the system of point scatterers to analyze the super-focusing
phenomenon observed in [65] and to demonstrate that it is possible to spatially localize
a time reversed signal to a very high degree of accuracy in a bubbly media.

Due to the Helmholtz-Kirchhoff Theorem, the sharper the imaginary part of the Green’s
function, the smaller the focal size and the higher the resolution achieved [12] 23] 24].
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5. Sub-wavelength Focusing of Acoustic Waves in Bubbly Media

To better understand the effect of the bubbly media on the imaginary part of the Greens
function, we excite the point scatterers over a wide bandwidth. By averaging the imag-
inary part of the Green’s function function over a range of frequencies, we demonstrate
that sub-wavelength focusing is achievable in the region slightly below the Minnaert
resonance frequency.

The chapter is organized as follows. In Section [5.2| we formulate the scattering problem
for a single spherical bubble and derive the scattering function. This formula can be
viewed as a particular case of the one derived in Chapter 2] In Section we derive the
point scatterer approximation for a system of N bubbles. In Section we demonstrate
the super-focusing phenomenon by numerically showing that the imaginary part of the
Green’s function becomes sharper when the incident wave frequency is close to the
Minnaert resonance frequency.

5.2. Single bubble

The purpose of this section is to justify the usual scattering function that one can find
in the literature for spherical bubbles.

We consider a single bubble, which will be represented by a sphere D of radius R,
centered at the origin:
D:={z eR’ [z| < R}.

Let u'" be the incident wave defined in Section The scattering problem, subject
to the regime specified in Section [1.2] can be modeled by the following system of equa-
tions:

(A+EHu=0 in R3\D,
(A+kDu=0 in D,

ul— = ul+ on dD, (5.1)
1

—8—u = }@ on 0D,

pOv|_  pov +

ut = u — u” satisfies the SRC.

The solution u of (j5.1]) can be written as

_ { u™ + SE[Y] in R3\D, 5:2)

SP ] in D,

for some surface potentials v, vy, € L?(0D) [14].
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5.2. Single bubble

Using the jump relations (1.7 for the single layer potential, it is straightforward to
derive that v and 1y, satisfy the following system of boundary integral equations:

A(w, 0)[¥] = F, (5.3)
where A(w, d) € L(H,H1) is given by
Skb _Sk
A ’5 — D D ’
9) (-51(;1 +ERY) —GI+ zc’g*))

and

¢b uin
U = C F=1| ...
() = (&)

5.2.1. The breathing approximation

Note that on the surface of the bubble, we have u'™(x) = u(0) + O(kR), and aé‘;n =

O(kR). If the wavelength is much larger than the size of the bubble, ie., kR < 1,
then we may approximate u'™ by »™(0) and % by zero on the surface of the bubble,
respectively. In this case, we may look for solutions to ([5.3) with the right-hand side

1
given by ( 3D> .

Thanks to the spherical symmetry of D, the operator A can be diagonalised by spherical
harmonic functions. We denote by X = L?(0D) x L?(0D), and we define the two-
dimensional subspace X7 of X by

B 1op 0
mewe{ (). () ”

The breathing approximation [40] consists of projecting the equation (5.3)) on X;. More
specifically, we write ¢y, = Cy/,Lop, and we solve the 2 X 2 equation

Cy\  [u™(0)
G e

where A is the 2 x 2 matrix containing the coefficients of A in the basis ([5.4]). The values
of the components of A are deduced from the next lemma (see Appendix for the
proof).

Lemma 5.2.1. It holds that
_eikm Rsin(kR)
|| koo

Ve eR3 |z| > R, Shllap](z) =

and ( ) 2ikR
E* B sin(kR) ;ps e !
(’CD) Mop] = —5—e 2
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5. Sub-wavelength Focusing of Acoustic Waves in Bubbly Media

By introducing the dimensionless parameters x, = kyR and x,, = kR = 213, we obtain
that (5.5)) is equivalent to solving

ia;b i.Tw
. - sin(xp) ¢ sin(zy,)
_ Cb uln(o) _ Tp Loy
A = R with A:=
C 0 el (sin(xy) : sin(zy)

o <xb — cos (xb)> i <xw —isin (m))

After some straightforward calculations, we obtain

(5.6)

C, = [ e Pwg, (1 — apcot (xp)) } uin(O).

sin(zy) (1 — zpcot(zp) —0 (1 —ixy))| R

Note that in the breathing approximation, we assume that xp, x,, < 1 (we will see in the
sequel that xp, x, ~ 0.1 in the regime we are interested in), so that indeed sin(z,,) # 0,
and the expression (5.6) makes sense.

Scattering function

The pressure scattered by the bubble is u® := Sg [¢]. Since v = Cylyp, we obtain
u® = CpSP[1sp], whose expression was given in Lemma Together with (5.6), we
obtain that the value of u°® on the boundary 0D is

u'™(0).

u*(Jz| = R) = —CwR <Sln(xw>ei:cw> _ xy cot (zp) — 1

v
Lw 1—08 — xpcot(xp) + i5—bxb

v
The complex-valued dimensionless function

(1 — mp cot (xp))

xpcot(xp) — 146 — 15@301)7
v

fs(xp) = (5.7)

is called the scattering function. It links the value of the incoming pressure on the
boundary of the bubble to the value of the radiated pressure on the same boundary.
Using the scattering function, we have the following monopole approximation for the

scattered field
oik(|z|~R)

us(x) = fs(wp)u™(0)R (5-8)

||

Let us study the function fs. The Minnaert resonance corresponds to the point xp, = z

such that
TM

1-46

1 -9 —xpcot(zpy) =0 or tan(xpy)=
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5.2. Single bubble

To leading order in 4, we find z; =~ v36 = 0.06. At this particular frequency, it holds
that

fs(xnm) =1

Vb M Vb M

Hence, at the Minnaert frequency, the pressure gains a phase of ¢™/2, and the amplitude

is multiplied by a factor of 70 at the boundary.

In the physical literature (e.g. [70]), the scattering function is usually approximated by
the simpler function

1

2 |
() = 1=i(2) m

Folap) = folmy) = (5.9)

The functions fs(w) and fy(w) are shown in Figure Numerically, we find that

SUPe0,0.1] Js — Is

~ 0.47, so that fs is an accurate approximation of f,.

40 - 80 -
3 _fLS(‘”) _fj(‘*))
* fy(w) " * fs(w)
30 - ) 70 |
E
20 - 60 -
10 b 50 -
3
0 40 |- )
E
-10 b 30 -
20 + 20 +
i
¥|
30 1 10 +
6 A
40 ‘ ‘ ‘ ‘ ‘ 0 ‘
0 002 004 006 008 0.1 0 002 004 006 0.08 0.1
w w

Figure 5.1.: The real part and the imaginary part of fs (solid black line) and ]?5 (blue crosses).
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5. Sub-wavelength Focusing of Acoustic Waves in Bubbly Media

5.3. System of N bubbles

We now consider a set of N disjoint bubbles. In order to keep the notation simple, we
will assume that all the bubbles have the same radius R. This is not a very restrictive
assumption, and this case contains effects we are interested in. The volume occupied by
bubble number j is

Dj::{:ce]R3, \m—ijSR}, 1<j<N.

The distance between the centers of bubble i and bubble j is d;j; = |z; — x;|. The
non-intersecting condition implies that d;; > 2R for all ¢ # j. We finally denote by
D =< j<n Dj the volume occupied by all the bubbles.

We want to solve the Helmholtz equation (A + k?)u = 0 subject to boundary conditions
analogous to the ones in (1.4]). We make the ansatz

u™ + (Zjvzl Sf’)j [1/1]-]) in R3\D,

K . ‘ (5.10)
Sp, i) inD;, 1<j<N.

u =

where 1;,v,;, € L2(8Dj) are layer potentials associated to the j-th bubble. By in-
troducing X := vazl L%*(8D;) x L?(0Dj) , this leads to a system of equations of the
form

uin
0D1
(W) i
7111 o 8Dy
-ADl,...DN = 9 (511)
YN ul® oD
N
(N duin
ovn DN
The operator Ap, . p, has the block diagonal form
My Lia Li3
Lo1 Mo Lo3
ADl,-..,DN = . . . 5
EN,l ﬁ]\ﬂg A MN

where M is the self-interaction for the j-th bubble (see also (5.3)), defined by
ky, _Ck
S D, S D,

M %(—%H(’Cﬁ)*) ~(41+ (kb))

and where, for ¢ # j, £; j encodes the effect of the j-th bubble j to the i-th bubble:
_ck
Lij= (0 SJA?hDj) :
0 _ﬁDi,Dj
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5.3. System of N bubbles

Here, we introduced the operators Sf)i D, " L*(0D;) — L*(8D;) and E’j_i)i D, L*(0D;) —
L?(0D;), which are respectively defined by

0
k _ ok k _ k 2 ,
Such a system is usually called a system of N scatterers for the Helmholtz equation, and
has been the starting point for a large number of articles (e.g. [65]).

5.3.1. The point scatterer approximation for N-bubbles

The point scatterer approximation for the N-bubble system comes directly from the
breathing approximation on each bubble. More specifically, we assume that the pressure
field applied to each bubble is constant on the boundary of this bubble. This is an
accurate approximation when the bubbles are well-separated, i.e., their distance is much
greater than their size. Under this approximation, we can derive an approximate solution
for the system parameters.

We denote by uiz-n the total pressure field incident on the ¢-th bubble D;, and by u] the
pressure field scattered from D;. It is clear that

ul' = u™ 4+ ) s, (5.12)
J#i
Using (5.8), and the fact that |z; — z;| > R (so that e*(=i=25l=F) ~ eiklei=z;l " the
scattered field «(x) far from the i-th bubble can be approximated by

U (z) = —4AmRf4(2)G*(z — x;)ul (). (5.13)

)

By taking x = z; in the above equation and using (5.12)), we obtain the following system
of linear equations for uin:

ult u'™(z1)
u§n+2 47ers(xb)Gk(:z:i—xj)uijn = u(z;), or, equivalently, M| : | = :
7 uy)  \u(an)

where M is the N x N matrix defined by
1 L
M =1, " o (5.14)
AnRfs(wp)G" (2 — x5), i # J.

Finally, the total pressure field is the sum of the incoming wave and all the waves
scattered by the different bubbles. Together with ([5.13)), we obtain

u(z) = u™(z) + Z —4n Rfs(2p)G*(x — x5) Z (MY u™(x;), (5.15)

1<i<N 1<j<N

This is called the point interaction approximation. See also [25] for a rigorous justifica-
tion of this approximation.
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5. Sub-wavelength Focusing of Acoustic Waves in Bubbly Media

5.4. Numerical illustrations

We now perform a numerical investigation of the results that have been observed in [65]
to assist us in developing a mathematical theory that explains the super-focusing phe-
nomenon. We first calculate the imaginary part of the Green’s function for a bubbly
medium over a range of frequencies to ascertain the optimal frequency range for super-
focusing. We then simulate wave propagation through the bubbly medium to evaluate
the actual focusing performance. We begin by defining the syste

5.4.1. System parameters

We take the density of water and air to be p, = 1.0 x 10° kg.m 3, and py = 1.2 kg.m 3,
respectively. We take the bulk modulus of water and air to be kp = 2.07 x 10° N.m~2,
and kp = 127 x 103> N.m~2, respectively. This results in a speed of sound in water of
v~ 1440 m.s~ 1.

We set the common radius of the bubbles to be R = 50 x 1075 m. In light of these
parameters, the Minnaert resonant frequency is wys ~ 59 x 2w kHz. We denote by
Ay = 27/k the wavelength in water. We denote by A} the wavelength at the Minnaert
resonance frequency, with AM ~ 0.025 m. The scattering function f is taken to be

1

()" —1~ia’

fs(w) :=

where a = Qpqq + aip + Quis 18 the damping coefficient which represents dissipation due
to acoustic radiation, thermal damping, and viscous damping [39, [66]. oy, depends on
the ratio of the heat capacities of air, which we take to be v = 1.1, and «,;s depends on
the viscosity of water, which we take to be = 1073 Pa.s.

Although viscous damping is the dominant form of dissipation for very small bubbles,
thermal damping domaintes for the bubble size we are considering at frequencies close
to the Minnaert resonance. We neglect the effect of surface tension for simplicity. If,
however, we were to consider very small bubbles, i.e., such that the radii were less than,
say, 1 x 107° m, then accounting for surface tension would become important [3, [84].

5.4.2. A priori evaluation of focusing performance via the imaginary part of
the Green'’s function

In imaging, the imaginary part of the Green’s function is the point spread function [12,
24]. Thus the sharper the effective (G) is for some inhomogeneous medium (compared
to (@) for the homogeneous background medium), the better the focusing. In this
section we investigate the properties of the imaginary part of the Green’s function in the
case of a bubbly medium. We remark that all simulations in this section are averaged
over 25 bubble cloud configurations to make the results more apparent.
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5.4. Numerical illustrations

We consider a source at the origin surrounded by a cube of uniformly distributed bubbles,
for a range of gas volume fractions, i.e., ® = ¢ x 10~* where ¢ € {0,0.5,1,2}. We denote
by G (z,w) the Green’s function in the presence of the bubbles at frequency w. Using
the point interaction approximation, we have (see )

Gm(z,w) =GV (x) = > _4nRf(w)Gv (x —2;) Y (M 1)y Go (). (5.16)
i J

We set wiin = 15 %27 kHz and wpax = 155 x 27 kHz. In Figurewe plot | (G (z,w))]
when no bubbles are present, and in Figure 5.3/ we plot |$(Gm(z,w))|, for bubble clouds
of increasing volume fraction.

When the volume fraction reaches ® = 2 x 10~* we obtain a very sharp peak over
the origin just below the Minnaert resonance frequency, which indicates that focusing
performance should be greatly enhanced in this frequency regime.

5
1 % 10 1
5
3
9
0
-0.01 0.01
X

1

Figure 5.2.: The normalized imaginary part of the Green’s function when no bubbles are present in the
liquid. The white line indicates the Minnaert resonance frequency was = 3.7 x 10° kHz.

To get a better picture of the enhanced focusing near the Minnaert resonance, we next
consider the average of the imaginary part of the Green’s function over different frequency
intervals [w_,w.] (and again, averaged over 25 bubble cloud configurations):

(I (G (2))) 1= —— / (G (5, w)) . (5.17)

W —wW— Jou_

In Figure we examine the magnitude of this expression for various bubble cloud
concentrations, for three separate cases. First, the averaging is performed over a range
of frequencies just above the Minnaert resonance frequency, i.e., w_ = 1.1 wys and
wy = 2 wyy. In this case the presence of the bubbles can be seen to have a strong effect
on wave propagation and (Im(Gy(x))) vanishes almost completely, indicating a severe
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5. Sub-wavelength Focusing of Acoustic Waves in Bubbly Media

() ®=05x10"" (b)®=1x10""

Figure 5.3.: The imaginary part of the Green’s function averaged over 25 bubble cloud configurations
for increasing bubble concentrations ®. The results are normalized with respect to the
background Green’s function in Figure [5.2l The function peaks over the source at x =
(x1,22,23) " = (0,0,0)7 when the excitation frequency is very near the Minnaert resonance
frequency, indicating the potential for enhanced focusing.

degradation in focusing. Next, we perform the averaging well away from and above the
Minnaert resonance frequency, i.e., w_ = 2 wps and wy = 4 wyy. It is clear that in this
case the effect of the bubbles is greatly diminished and (Im(Gw(x))) appears much the
same as it would in a bubble free system.

Finally, we perform the averaging over a range of frequencies just below the Minnaert
resonance frequency, i.e., we set w_ = 0.8 wps and wy = 0.99 wys. Here, we observe a very
strong peak near the origin, which is indicative of the super-focusing phenomenon. The
full width at half maximum (FWHM) of (Im(Gy,(z))) is approximately A} /72, a huge
increase over the corresponding FWHM for the imaginary part of the background Green’s
function which is approximately A} /2. The results in this section can be explained by
the strong resonant coupling which occurs near the Minnaert resonance frequency.

5.4.3. Simulating wave propagation in a bubbly medium

Our aim in this section is to simulate wave propagation through bubble clouds of in-
creasing gas volume fractions in water, for two cases: (i) a realistic situation in which
thermal and viscous damping are present; (ii) an idealized scenario in which the liquid
is free from thermal and viscous damping.

In both cases, we emit a short impulse signal from the origin that propagates through
the bubbly medium, and record it at a set of receivers (time-reversal mirrors) in the
far-field. We then time-reverse the recorded signals and send them back towards the
source. The initial impulse signal was emitted from a single point, the origin, so we are
interested in how well the time-reversed signals focus back at this point. In particular,

78



5.4. Numerical illustrations
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(c) Averaging over the interval wys x [0.8,0.99]
Figure 5.4.: The imaginary part of the Green’s function averaged over three different frequency regimes
(and also averaged over 25 bubble cloud configurations) for increasing bubble concentrations

P.
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5. Sub-wavelength Focusing of Acoustic Waves in Bubbly Media

we are interested in evaluating the quality of the focusing, which we judge by comparing
the full width at half maximum (FWHM) of the focal spot with the diffraction limit of
a numerical aperture of 1, i.e., Ay /2.

Our results from the previous section suggest that super-focusing is achievable if we
excite the bubbles with a reference frequency wg which is slightly below the Minnaert
resonance frequency. Hence, we choose wp = 57.5 x 27 kHz.

We consider a source, located at the origin Bs = (0,0, O)T, that is surrounded by a cube
containing uniformly distributed bubbles. The length of the cube is L = 0.01 m, which
is approximately half the wavelength at the Minnaert resonance. We consider several
gas volume fractions, i.e., ® = ¢ x 10~* where ¢ € {0,0.5,1,2}. Note that & = 2 x 1074
corresponds to a collection of approximately 380 bubbles. We assume that the water
outside this cube does not contain any bubbles. Finally, four receivers (time-reversal
mirrors) are located at r; = (0.05,0,0)7, ro = (—0.05,0,0)", r3 = (0,0.05,0)" and
ry = (0,-0.05,0)T.

Propagating an impulse signal to the time-reversal mirrors

We begin the simulation by sending a short pulse from the origin. The signal s(¢) (shown
in Figure [5.5a)) is given by

. . t—t
s(t) := sin(wgt) x sin (w(o)> x1T(0<t—ty<T),
T
where
th=2x10"3s, T=0.2x 1073, (5.18)
1 x10
1l
05 |
. §
= 0 % 0
a1
-0.5 |
1 F
-1 . . . ! . . . . . L .
18 19 2 21 22 23 24 2 25 3 35 4 45 5
t %1073 w x10°
(a) The function s(t) given in (5.4.3). (b) The function R(8(w)) given in (5.19). The red

line indicates the reference frequency wgr, and the
black line is the Minnaert frequency ws.

Figure 5.5.
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5.4. Numerical illustrations
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Figure 5.6.: The recording at the first receiver r1(¢) (blue). The red plot is s(t).

To compute the forward problem, the signal is time-Fourier transformed with

s(t) = /R S(w)e . (5.19)

The choice of an appropriate sampling rate and recording time is influenced by two
factors. Firstly, the signal recorded at each receiver must naturally be longer than the
initial impulse signal to capture the multiple scattering of waves among the bubbles.
Secondly, for an inappropriate choice of sampling rate and recording interval, the signals
recorded at each receiver may feature non-zero artifacts prior to ¢y which is non-causal.

Choosing a numerical signal resolution of At = 0.5 x 1076 s, which corresponds to
a sampling rate of 2 Mhz, and a recording interval of [0,7] where T = 1 x 107! s,
captures the multiple scattering and eliminates non-causal artifacts. We remark that
this sampling rate is approximately 35 samples per cycle with respect to the Minnaert
resonance frequency (fy ~ 59 kHz or wys ~ 59 x 27 kHz).

We perform the Fourier Transform using MatLab’s £ft routine, which provides us with
the Fourier transformed values for all frequencies f € [— fmax/2, fmax/2], With frax =
2 x 105 Hz, and Af = 10 Hz. In terms of angular frequency this corresponds to w €
[—Wmax /2, Wmax/2], With wmax ~ 1.3 x 107 Hz, and Aw =~ 63 Hz. A plot of the non-trivial
part of §(w) is given in Figure [5.5b]

Due to the fact that the signal is real-valued, and oscillates near wg, only the frequen-
cies near wg are considered. Upon truncating redundant sections of the spectrum for
efficiency, we are left with approximately 11500 Helmholtz problems to solve. We use
the point scatterer model described in the previous section to solve these problems, and
obtain the frequency domain representations of the recorded signals 7;(w) for 1 < j < 4.
Through application of the inverse Fourier transform, we retrieve the recordings in the
time domain r;(t) (see Figure [5.6). Note that while the initial signal is a short pulse,
the recorded signal is much longer, which is due to the phenomenon of multiple echoing
of waves among the bubbles.
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5. Sub-wavelength Focusing of Acoustic Waves in Bubbly Media

Focusing using time-reversed waves

We now simulate time-reversal. Each receiver now acts as a source, and emits the signal
jj(t) =1;(T —t). Proceeding as in the forward problem, we time-Fourier transform the

rt
J
signal, and then solve the resulting Helmholtz problems.

The time-reversed signal s%(¢), which arrives at the origin at approximately 0.098 s, is
recorded in the interval [—0.03,0.03] on the zj-axis. In Figure we show the result
for the case of water subject to thermal and viscous damping, for various bubble volume
fractions. It transpires that super-focusing is not achieved, even though we have excited
the bubbles with a seemingly optimal frequency. The FWHM of the focal spot for a
bubble volume fraction of ® = 2 x 10~ is approximately )\{\f /2, which is essentially
the same as the FWHM in the background medium, i.e., when there are no bubbles
present. Furthermore, the amplitude of the focal spot is less than half the magnitude of
the corresponding focal spot for a bubble free-medium.

The problem is that since scattering is greatly enhanced due to resonant coupling, a great
deal of energy is lost via dissipation in the medium during transmission. This leads to
a significant degradation in focusing performance. This phenomenon was also noticed
in [65], in which the authors observed that although the Minnaert resonance frequency
was the optimal excitation frequency for super-focusing in an idealized medium, when
thermal and viscous damping were accounted for, the focusing enhancement was lost.

Focusing in an idealized medium

We now repeat the simulation, this time for the case of an idealized liquid free from
thermal or viscous damping, although still subject to radiative damping. The results
are shown in Figure As the volume fraction of the bubble cloud increases, a sub-
wavelength focal spot develops at the origin. A FWHM of approximately )\{\U/‘[ /10 is
achieved, indicating super-focusing. The FWHMs for a bubbly medium subject to ther-
mal, viscous and radiative damping, and a bubbly medium subject only to radiative
damping, are shown in Figure The FWHM for a fully damped bubble-free medium
is also plotted for reference.

We conclude that although the Minnaert resonance frequency provides the theoretically
optimal frequency for focusing in the idealized case, in practical situations it is not
ideal due to amplified dissipation at near resonant frequencies. Thus, examination of
the imaginary part of the Green’s function is not alone sufficient to predict focusing
performance in this medium.

The numerical simulations in this section indicate that further analysis is required to
build a deeper understanding of the interplay between resonant effects in the bubble
cloud and thermal and viscous damping, with the aim being to balance the (theoreti-
cal) enhancement in focusing near the Minnaert resonance frequency with the amplified
dissipation in that regime, and to derive the true optimal frequency regime for focusing
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Figure 5.7.: Focusing in water: Time reversed pressure fields for bubble clouds of increasing volume
fraction @, when the exciting frequency is just below the Minnaert resonance frequency and
acoustic, thermal, and viscous damping are considered. The results are normalized with
respect to the field in the bubble-free case. The greatly enhanced enhanced dissipation at
resonance prevents the occurrence of super-focusing.

in a dissipative bubbly medium. One interesting possibility is the use of bubble clouds
in which the bubble radii are are non-constant. Bubble clouds featuring non-uniform
radius distributions have been shown to match better with theory for wave propagation
in bubbly media near resonant frequencies than monodisperse mixtures [37].

5.5. Concluding remarks

In this chapter we have investigated the phenomenon of super-focusing of acoustic waves
in a liquid containing a large number of bubbles. We formulated a layer potential repre-
sentation of the scattering problem and then derived a point scatterer approximation for
N bubbles, in the low frequency regime. Using this point scatterer approximation, we
numerically analyzed the imaginary part of the Green’s function for the bubbly medium
and asserted that super-focusing may be achievable at frequencies just below the Min-
naert resonance frequency.

Upon numerically simulating acoustic wave propagation, it transpires that this frequency
regime is, in fact, not ideal for super-focusing in practise due to severe degradation of
focusing performance via enhanced dissipation at near resonant frequencies. Further
simulations confirm that the Minnaert resonance provides the optimal excitation fre-
quency only in an idealized medium which is free from thermal and viscous damping.
In this situation a sub-wavelength focal spot with a FWHM of approximately A% /10
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Figure 5.8.: Focusing in an idealized liquid (no thermal or viscous damping): Time reversed pressure
fields for bubble clouds of increasing volume fraction ®, when the exciting frequency is
just below the Minnaert resonance frequency and the only damping considered is acoustic
radiation. The results are normalized with respect to the field in the bubble-free case. A
sub-wavelength focal spot, with a peak over twice as large as that found when no bubbles
are present, is obtained when the volume fraction reaches ® = 2-10~%.

is achieved. It would be very interesting to further investigate the connection between
focusing performance and damping, and derive the correct optimal frequency regime for
super-focusing in a realistic damped medium.
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Figure 5.9.: The full width at half maximum (FWHM) of the focal spot in a bubbly medium subject
to thermal and viscous damping (blue crossses) is approximately M /2 for an excitation
frequency just below the Minnaert resonance frequency. Thus there is essentially no im-
provement in focusing over the case of water without bubbles (black dots). On the other
hand, the FWHM of the focal spot in an idealized bubbly liquid free from thermal and vis-
cous damping (red circles) is one-tenth the diffraction limit at that same frequency. The
results are normalized with respect to the FWHM in the bubble-free case.
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6. Double-negative Acoustic Metamaterials

The aim of this chapter is to provide a mathematical theory for understanding the
mechanism behind the double-negative refractive index phenomenon in bubbly fluids.
The design of double-negative metamaterials generally requires the use of two different
kinds of sub-wavelength resonators, which may limit the applicability of double-negative
metamaterials. Herein we rely on media that consists of only a single type of resonant
element, and show how to turn the acoustic metamaterial with a single negative effective
property obtained in [H. Ammari and H. Zhang, Effective medium theory for acoustic
waves in bubbly fluids near Minnaert resonant frequency. SIAM J. Math. Anal., 49
(2017), 3252-3276.] into a negative refractive index metamaterial, which refracts waves
negatively, hence acting as a super-lens. Using bubble dimers made of two identical bub-
bles, it is proved that both the effective mass density and the bulk modulus of the bubbly
fluid can be negative near the anti-resonance of the two hybridized Minnaert resonances
for a single constituent bubble dimer. A rigorous justification of the Minnaert resonance
hybridization, in the case of a bubble dimer in a homogeneous medium, is established.
The acoustic properties of a single bubble dimer are analyzed. Asymptotic formulas
for the two hybridized Minnaert resonances are derived. Moreover, it is proved that
the bubble dimer can be approximated by a point scatterer with monopole and dipole
modes. For an appropriate volume fraction of bubble dimers with certain conditions on
their configuration, a double-negative effective medium when the frequency is near the
anti-resonance of the hybridized Minnaert resonances can be obtained.

6.1. Introduction

Metamaterials are man-made composite media structured on a scale much smaller than
a wavelength. They raise the possibility of an unprecedented level of control when it
comes to engineering the propagation of waves. A particularly interesting capability
is the prospect of focusing or imaging beyond the diffraction limit. Metamaterials can
manipulate and control sound waves in ways that are not possible in conventional mate-
rials. Their study has also drawn increasing interest in recent times due to their potential
application in cloaking [69) 57, [82].

Metamaterials can be assembled into structures (typically periodic but not necessarily
so) that are similar to continuous materials, yet have unusual wave properties that dif-
fer substantially from those of conventional media. Sub-wavelength resonators are the
building blocks of metamaterials. Because of the sub-wavelength scale of the resonators,
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6. Double-negative Acoustic Metamaterials

it is possible to describe the marcoscopic behavior of a metamaterial using homogeniza-
tion theory, and this results in an effective medium having negative or high contrast
parameters. Metamaterials with negative or high contrast refractive indices offer new
possibilities for imaging and for the control of waves at deep sub-wavelength scales [3§].

As shown in Chapter [2], due to the high contrast between the mass density inside and
outside an air bubble in a fluid, a quasi-static acoustic resonance known as the Minnaert
resonance occurs. At or near this resonant frequency, the size of a bubble can be up
to three orders of magnitude smaller than the wavelength of the incident wave, and the
bubble behaves as a strong monopole scatterer of sound. From Chapter [5]it follows that
the Minnaert resonance phenomenon makes air bubbles good candidates for acoustic
sub-wavelength resonators. They have the potential to serve as the basic building blocks
for acoustic metamaterials, which include bubbly fluids [70, [65) [72].

As shown in [25], around the Minnaert resonant frequency, an effective medium theory
can be derived in the dilute regime. Furthermore, above the Minnaert resonant fre-
quency, the real part of the effective bulk modulus is negative, and consequently the
bubbly fluid behaves as a diffusive medium for the acoustic waves. Meanwhile, as shown
in Chapter 5| below the Minnaert resonant frequency, with an appropriate bubble volume
fraction, a high contrast effective medium can be obtained, making the sub-wavelength
focusing or super-focusing of waves achievable. These properties show that the bub-
bly fluid functions like an acoustic metamaterial, and indicate that a sub-wavelength
bandgap opening occurs at the Minneaert resonant frequency. We remark that such
behavior is rather analogous to the coupling of electromagnetic waves with plasmonic
nanoparticles, which results in effective negative or high contrast dielectric constants for
frequencies near the plasmonic resonance frequencies [5) [19] 22].

In Chapter [} the opening of a sub-wavelength phononic bandgap is demonstrated by
considering a periodic arrangement of bubbles and exploiting their Minnaert resonance.
It is shown that there exists a sub-wavelength band gap in such a bubbly crystal. This
sub-wavelength band gap is mainly due to the cell resonance of the bubbles in the
quasi-static regime and is quite different from the usual band gaps in photonic/phononic
crystals, where the gap opens at a wavelength which is comparable to the period of the
structure [47, [16, [I7]. In [18], the homogenization theory of the bubbly crystal near the
frequency where the band gap opens is further investigated. It is shown that the band
gap opens at the corner (edge in two dimensions) of the Brillouin zone. Moreover, explicit
formulas for the Bloch eigenfunctions are derived. This makes both the homogenization
theory and the justification of the superfocusing phenomenon in the non-dilute case
possible.

In this chapter, we aim to understand the mechanism behind the double-negative re-
fractive index phenomenon in bubbly fluids. The design of double-negative metama-
terials generally requires the use of two different kinds of building blocks or specific
sub-wavelength resonators presenting multiple overlapping resonances. Such a require-
ment limits the applicability of double-negative metamaterials. Herein we rely on media
that consists of only a single type of resonant element, and show how to turn the acoustic
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metamaterial with a single negative effective property obtained in [25] into a negative re-
fractive index metamaterial, which refracts waves negatively, hence acting as a super-lens
[911, 88, [85].

Our main result is to prove that, using bubble dimers, the effective mass density and
bulk modulus of the bubbly fluid can both be negative over a non empty range of
frequencies. A bubble dimer is a system consisting of two identical slightly separated
spherical bubbles. It features two slightly different sub-wavelength resonances, called
the hybridized Minnaert resonances. We establish a rigorous mathematical justification
of the Minnaert resonance hybridization in the case of a bubble dimer in a homogeneous
medium. We analyze the acoustic properties of the bubble dimer, derive asymptotic
formulas for the two resonances, and prove that the bubble dimer can be approximated as
a point scatterer with monopole and dipole modes. The hybridized Minnaert resonances
are fundamentally different modes. The first mode is, as in the case of a single bubble,
a monopole mode, while the second mode is a dipole mode. The resonance associated
with the dipole mode is usually referred to as the anti-resonance. For an appropriate
volume fraction, when the excitation frequency is close to the anti-resonance, we obtain
a double-negative effective mass density and bulk modulus for bubbly media consisting
of a large number of bubble dimers with certain conditions on their distribution. The
dipole modes in the background medium contribute to the effective mass density while
the monopole modes contribute to the effective bulk modulus.

The chapter is organized as follows. In Section [6.2] we introduce some preliminaries on
layer potentials. In Section [6.3] we describe the hybridization phenomenon for a bubble
dimer, prove that two sub-wavelength resonances occur, and compute their asymptotic
expansions in terms of the mass density contrast. In Section[6.4 we prove that the bubble
dimer can be approximated as the sum of a monopole source and a dipole source. In Sec-
tion we derive a double-negative effective medium theory for bubbly media. Finally,
in Section we compute effective mass density and bulk modulus dispersion curves
near the hybridized Minnaert resonances to illustrate the double-negative property of
bubbly media.

6.2. Preliminaries

Recall that in three dimensions Sp : L?(0D) — H'(dD) is invertible and that its inverse
is bounded [17].

Throughout the chapter we assume that D has two connected components D; and Do,
and we use the following notation:

/ f(y)do(y) = f(y)do(y) — f(y)do(y), (6.1)
0D1—0D> 90D1

0Dy
where f is a function defined on 0D = 9Dy U 0Ds.

Finally, we present some useful formulas which are frequently used in the sequel.
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6. Double-negative Acoustic Metamaterials

Lemma 6.2.1. The following identities hold for any ¢ € L2(AD): for j = 1, 2,
(i) Jop, (31 = KD) ¢y)do(y) = 0;
(it) [op, (31 +Kp) é(y)do(y) = [5p, o(y)do(y);
(iii) [op, KDlel = = [p, Splé]
(iv) [op, Kplo] = ilDj|/(47) [op -

Proof. (i) follows from the jump relation (—11 + K},)[¢] = 0Sp[¢]/0v|; and the fact
that Sp[¢] is harmonic in D. (ii) immediately follows from (i). For (iii), we have

e =g [ =~ [ sl
aD; /8D Ovy /dD | | " 8 oD |9C - yl b

Finally, it holds that

i| Dl
T =y, Vp)p(y) = ——— ¢
aD; T 127 /8D /dD ) 4 Jap

which proves (iv). O

6.2.1. Capacitance coefficients

Let 11, ¥p € L?(0D) be given by

1 on 0Dy, 0 on 90Dy,
Splvnl = {0 on 8D; Spla] = {1 on 8D; (62)

Then, using the jump relations (1.7)), it is easy to check that
1 *
ker (—21 + ICD> = span {1, P2} (6.3)
We define the capacitance coeflicients matrix C' = (C;;) by

CZ] = ’Qbiv Za] = 152
0D;

We remark that the matrix C' is positive definite and symmetric.

Suppose Dy and D- are identical balls of radius ry separated by a distance dy such
that the distance between the centers of the balls is dy + 2rg. Then C11 = Cyo, Cio =

90



6.3. Resonance for a dimer consisting of two identical bubbles

(91, C11 > 0, and Ch2 < 0. Explicit formulas for the capacitance coefficients for two
balls can be obtained using bispherical coordinates [67]. We have the following result:

2n+1)T
e
Ciy = 8ma Z o22n )T _ 1’

1
Cra = —8ma ZO 2T 1’
n—=

Co1 = Ci2, Co = Cqy,

where

a =+/do(rg +do/4), T =sinh~*(rp/a).

Lemma 6.2.2. Suppose that D1 and Do are two identical balls. Then the following
identities hold for any ¢ € L?(0D):

(i) Jop, Kby — ¢oldo =0, j=1,%
(ii) [op,_op,(Sp) " Sploldo = 0;
(’l”) f@Dl—aDz (’SD) [yl}do- faD y’b ¢2)d0'(y)
Proof. (i) and (ii) follow from Lemma (iv), the definition of S}, and the symmetry

of D1UDy. For (iii), by letting ¢;(x) := (Sp)~![y:](z) and using the jump relations ([1.7))
and the fact that Sp[¢] is harmonic in D, we can check that

_ 9Sp|¢i] ISp ] >
Sp) yildo —/ 1- ( —
R R R I
OSploi OSp|pi
=/ 1. 98l / Spltr — o] - ploi)
8D1—0Dy 81/ 81/ +
Then, since and Sp[¢i]lap = yi, Green’s identity yields (iii). O

6.3. Resonance for a dimer consisting of two identical bubbles

In this section, we consider the quasi-static resonances of a bubble dimer. Throughout,
we denote by D the normalized bubble dimer which consists of two identical balls Dy
and Do, both with volume one. We assume that the two balls D; and Dy are symmetric
with respect to the origin. Moreover, D; and Dy are aligned with respect to the xi-axis.
For a general dimer featuring two identical balls, we call the unit direction vector along
which the two balls are aligned the orientation of the dimer.
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Let u™™ be the incident wave defined in Section The scattering problem, subject
to the regime specified in Section [1.2] can be modeled by the following system of equa-

tions: )

(A+EHu=0 in R3\D,
(A+kDu=0 in D,

ul— = ul4+ on 0D, (6.4)
1

L0up _10ul ap,

ppOv|_  pOv|,

u® = u — u” satisfies the SRC.

\

The solution to can be represented using the single layer potentials Sf)” and S’f) as
follows [14]:
u™ + SE[y] in R}\D,
u=9q . (6.5)
Sy (o] in D,

where the pair (¢,1) € L?(0D) x L?(dD) is a solution to
Sple] - Spl] =u™

in oD. 6.6
L (—;I - IC%) 91— - (;I - K,’;) ) = 194 o (6.6)

Pb p p O

Skb _Sk
A= ((_;Ifzcgy*) 5 (;If ;cg*)> | (6.7

" ¢ n
<))

It is well-known that the above integral equation has a unique solution for all real
frequencies w.

We denote by

Then can be written as

The resonance of the bubble dimer D in the scattering problem (6.4)) can be defined as all
the complex numbers w with negative imaginary part such that there exists a nontrivial

solution to the following equation:
Af ¢ =0. (6.8)
G

These can be viewed as the characteristic values of the operator-valued analytic function
A§ (with respect to w); see [17].
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6.3. Resonance for a dimer consisting of two identical bubbles

It can be shown that w = 0 is a characteristic value of Af when § = 0. Then Gohberg-
Sigal theory tells us that there exists a characteristic value wy = wy(d) such that wy(0) =
0 and wy depends on § continuously. We call this characteristic value the quasi-static
resonance (or Minnaert resonance). We now present the main result on the quasi-static
resonances of the bubble dimer D.

Theorem 6.3.1. There are exist two quasi-static resonances with positive real part for the
bubble dimer D. Moreover, they have the following asymptotic expansions as 0, defined

by , goes to zero:

wi = 1/ 002 (C11 + Cha) — imid + O(6%/?), (6.9)
Wy = \/(5’05(011 — 012) + 53/2771 + i(52ﬁ2 + 0(55/2), (6.10)
where
Uz% 2
T = m(cn + C12)%,

and M1 and 72 are real numbers which are determined by D, v, and vy,. The two res-
onances wi and wy are called the hybridized resonances of the bubble dimmer D. The
resonance wo is referred to as the anti-resonance.

Proof.
Step 1. Suppose that (¢, 1) is a nontrivial solution to for some small w = w(d).

Using the asymptotic expansions (A.1.1)) of the single layer potential and the Neumann-
Poincaré operator, together with the fact that k = O(w), we have

Spl¢ — ¥ + kySple] — kSp[v] = O(w?),
1 242 33 1 4 2 (6.11)
(=31 + K5 + kEKS 4+ kJKE) (8] — 6 (31 + K3) [v] = O(w* + 6w?).
From the first equation of (6.11)) and the definition of S}, it holds that
1
g aD oD
Then, from the fact that ¢ — 1 = O(w) and the definition of 1;, we obtain
ky — k
v=o+ BBy [ gr0w (6.12)
™ aD

Plugging (6.12)) into the second equation of (6.11)), we get
1 * 242 313 1 *
—§I+ICD (@] + | ki Kp + ky K — 0 5I+ICD [#]
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6. Double-negative Acoustic Metamaterials

- 5(’?; )(1!)1 + wz) ¢ = O(w" + 0w?), (6.13)

where we have used the identity

0Sp 0Sp

vi= 2| il - 8y\ ]
—8595] 0= (31K ) ]

In view of (6.3)), a nontrivial solution ¢ to (6.13]) can be written as
¢ = a1 + bpa + O(w” 4 6), (6.14)

for some nontrivial constants a, b with |a| 4 [b] = O(1).

Step 2. Recall that |Di| = |Ds| = 1, C11 = Ca2, and C12 = C9; < 0. By integrat-

ing (6.13) over 0D;, j = 1,2, and then using Lemma we have, up to an error of
order O(w* + 6w?),

2 .3 soo—1 o —1 5
Y 0(a,8) + 8(aCh + bCh) + = (0 ab) = 0
Ch 47rvb ) 4
w? iw> i(o; b — v )ow
——5b—-—5C(a,b) + 6(aCi2 + bC11) + (v ) (Ci2 + C11)C(a,b) =0
Ch 47rvb 47
(6.15)
where
C(a,b) := a(C11 + C12) + b(Ca1 + Ca2).
Then it follows that for § < 1, the characteristic values of A are given by
wy = wo + O(6%/2), (6.16)

for some wy = O(V/9). Solving (6.15) for w, we find two characteristic values with
positive real parts:

=/0v3(Cr1 + Cr2) + O(8), w2 = /60 (C11 — C12) + O(9),
where the corresponding (a, b)’s are given by
(a,b) = (1,1), (1,-1), (6.17)

up to an error of order O(¢). Plugging these values for a, b and w; into (6.15) and solving
for the O(0) term in w;, we obtain

wi = \/0v2(C11 + Cha) — imd + O(6%%),  wy = /602 (C11 — C12) +0 -6 + O(5%/?).

The proof of the estimate for wy is concluded. We refine the estimate for w9 in the
next step.
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Step 3. Note that Swy is of order §%/2. We perform a further calculation to find an
explicit formula for Swe. Since (a,b) = (1, —1) + O(9), we write

¢ =1 — Py + 5p1 + 02y + 6% + 67264 + O(5%),

and
Wy = 51/2770 + (53/2771 + (52772 + 0(55/2),

where 19 := 1/vZ(C11 — C12). From the symmetry of D, we can normalize ¢ so that
1
¢; L span {111} = ker (—2I+IC}5> , for j=1,2,3,4, in L*D).

Step 4. By using the expansions in Appendix ({A.1.1)), we have
Spleé — ¥ + keSpld] — kSplW] + ki Spl] — k*Splw] + kySple] — K Splw] = 0(6%),

and
1
(_21 KRR, K K kszc%> 9
=8 (31 +Kp + kK3 + k) [¢] = O(5%).

(6.18)

Hence, we get

Y = (Sp + kSp + k2 S%H + k3S3) 71 (Sp + kbSh + ki SH + ki SP) 4] + O(5?)
= ¢+ (Sp + kSp + k*8p) (ks — k)Sp + (ki — k*)Sh + (ki — k°)SD)[¢] + O(6°)
= ¢+ (Sp +kSp) (kg — k*)Sh + (ki — k°)SD) W1 — o] + 6(ky — k) (Sp) ™' Splen] + O(6?)
= ¢+ (ki — k*)(Sp) ' Shltbr — ] + (ki — k*)(Sp) ' SH w1 — 1]
— k(ki — k*)(Sp)"'Sp(Sp) "' Shltbr — tha] + 6(ky — k) (Sp) ' Splen] + O(67).

Plugging this into (6.18) and equating terms of the same order of 6, §3/2, 62, §5/2, we
arrive at

e O(0)-terms:

<_;[ + icz) [61] + ngvy, 2Khlr — ] — (1 — ¢h2) =0, (6.19)

whence ¢; is uniquely determined.

o O(6%?)-terms:

(=57 +Kb) o+ ey bl — va] =0, (6.:20)

whence ¢9 is uniquely determined.
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e O(6%)-terms:

<—;I + KE) (6] + 2n0om vy *Khlibr = e +nvy *Klén] + movy, Kplibr — el

- (;z ; ;c;;,> vy 2 — v=2)(Sp) 8Bl — we] + 61] — v InAKH b1 — tia] = 0.
e O(65/?)-terms:

<—;I + ’CE) [b4] + 2n0m2v;, 2KH W1 — vo] + mgv, 2K lda] + mgvy *KH (1]

+ 3n5m vy Kplr — o] + mgvy "KCh 1 — o]

o (5145 ) (0 = o)S0) Sl v

— v vy 2 = v72)(Sp) ' Sp(Sp) I SH[Y1 — o]

o (5145 [0 =0 )(S0) bl

= (7 +%b ) oa] — mo*Kchlvn — wal =

Step 5. We consider the terms of order O(6%). Integrating over D — 0Dy and using
Lemma [6.2.2] we get

—2nomvy, 2 + /BD .
1— 2

(=0 [ (Sp)Shle — el afo =0 (621

(nbvy *Khle1] — ¢1) + movy, /8D ) K41 — o)

It follows that 77 is uniquely determined from the above equation. Moreover, we can
check that n; is a real number.

Step 6. Finally, we consider the §°/2 terms. Integrating over D, — Dy and using
Lemma [6.2.2] again, we get

Aoy + /a e *Kblon] — dn -+ miey Ko
1— 2

+ / vy "Kp b1 — o] — mi (v, ® — v™%)(Sp) T SH[wr — ¥2] = 0. (6.22)
0D1—0D>

Therefore, 1y is uniquely determined. We also note that 79 is a purely imaginary number.
Indeed, from (6.19), (6.20), we see that I¢p; = 0,R¢p2 = 0. This combined with the
integral representation of K%, K%, K3, yields the desired result.
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Thus we conclude that the resonance frequency wo has the following asymptotic expan-

sion:
Wo = \/5@5(011 — 012) + 53/2ﬁ1 + i52ﬁ2 + 0(55/2), (6.23)

where 71 := 1 and 7 := —iny are real numbers given by (6.21)) and (6.22)), respectively.
O

Remark 6.3.2. The above approach is applicable to a general bubble dimer which may
consist of two non-identical spherical bubbles.

6.4. The point scatterer approximation of bubbles

In this section we prove an approximate formula for the solution u to the scattering
problem for the bubble dimer D = D U Ds.

We need the following lemma which can be proved using a simple symmetry argument.

Lemma 6.4.1. We have

/ yoltb1 — a)dor(y) = / ys(r — 2)do(y) = 0,
oD oD

while

/ (e — da)do(y) = P,
oD

for some nonzero real number P.

In the next theorem, we prove that the bubble dimer can be approximated as a point
scatterer with monopole and dipole modes.

Theorem 6.4.2. For w = O(6'/2) and a given plane wave u™, the solution u to (6.4)
can be approximated as & — 0 by

u(z) — u™(z) = ¢°(W)u™(0)G* () + Vu™(0) - g1 (w)VG(x, k) + O8]z,  (6.24)
when |z| is sufficiently large, where

W) = %(1 + 05V, (6.25)
_ Sv2
@) = (04 (@), gh(w) = /8 S0l +

P26,16:1. 6.26
w2 — w?) A5 (6:26)
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Proof.
Step 1. Let (¢, 1) be the solution to (6.6). Using the asymptotic expansions (A.1.1)),

we have
{ Splo — ] + keSpl¢] — kSpY] = u™™ + O(5), ,
8uln

27
(—;I+IC}5+I<:§IC2D+I<:§’IC%> (6] — 6 (;H/cg) W] = o= 80

+0(6%),

v

where the remainders O(§) and O(6?) are in the operator norm.

From the first equation of (6.27)), and following the same approach used to derive (6.12]),

we obtain
(ko — k)

Y=g+ (W) [ 60— (Sp)T u"] +0(). (6.28)
™ oD
Plugging (6.28]) into the second equation of (6.27]), we get

ou™

5+ 0(6%), (6.29)

1 .
CY[p) = —0 <2I + IC*D> (Sp)~Hu™ + 6
where C§ is defined by

cs16)i= (57 + K16l ) + (KD +RKch — 5 (5145 ) I
- M(wl +¢2)/8D</5-

4

Note that C§'[¢] is equal to the left-hand side of (6.13).

Step 2. Using the Taylor expansion of u™ at the origin, and the fact that Vu™ =
O(w) = O(6%?) and V'™ = O(w?) = O(6), the right-hand side of (6.29) can be
approximated by

auin

s (;I + /C}*;) (Sp)™ u")(x) + 055~ (2)

=6 <;I + IC}5> (Sp) " Hu™(0) + Vu'™(0) - y](z) + 6V (u(0)) - v(z) + O(6%/?)
= —0u’™(0) (1 + ¥2) — 6(Sp) ! [Vu™(0) - y] + 0 + O(6*?).
Therefore, becomes
C5[0] = —0u™(0) (W1 + o) — 6(Sp) ' [Vu'™(0) - y] + O(5°/?). (6.30)

Step 3. In the statement and proof of Theorem we have verified that the charac-

teristic values of C§ are given by and (6.10)), and that their corresponding singular
functions are ¢1, ¢, i.c.,

C2 (1] = C2[s] = 0.
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6.4. The point scatterer approximation of bubbles

Recall from (/6.14) and (6.17) that
¢1 =1+ 2+ O0(6), g2 =11 — 2+ O().

We decompose the solution ¢ € L%(0D) to (6.30) as

¢ = ap1+ boa + ¢3 (6.31)
with ((;51, ¢3> =0 and <¢2, ¢3> =0.
We have
a(C§ = C5")[d1] +b(C5 — C5?) 2] + C5 3]
= —0u"™(0) (1 + ) — 6(Sp) "L [Vu(0) - y]. (6.32)
Since
ws w? —w?
(€5 —C)lésl = —LKhlas] + OGY), j=1.2,

b

we have [[(CY — C3”)[#;]|| = O(6), and hence we conclude from (6.32) that
I¢s]l = O((lal + [b] + 1)d). (6.33)

Integrating (6.32)) over D and then using Lemma we obtain

2 _w2 '
—a (” - LID|+ 0(53/2)> +b0(6%) + ||$3]|O(8) = 26u™(0)(C11 + Cra).  (6.34)
b

Similarly, by integrating (6.32)) over 0D; — D5, we have

OJ2 o w2 .
aO(&) — b ( 2Dy O<63/2>) 6s106) = =5 [ ($p) IVa(0) .
Ub 0D1—0D>
(6.35)
We observe that
a=0(1), b=0("?), |és] = 0(). (6.36)

By solving (6.34)) and (6.35]) for a and b, and then using , we get

U2 . w2 3/2 '
_ _2iDb|(((:;121jw61;1)2) (W™(0) + O(8)) = _m(um(o) o0, (637
"= Dl R (/3D18D2 (Sp)™ ' [Vu(0) -] + 0(5)> : (6.38)

Now we can calculate . By using (6.28]), (6.36)), (6.37]) and ([6.38)), we obtain
¥ = a(l+0(6"2)d1 +bga + ¢3 — (Sp) ™' [u™(0) + Vu'™(0) - y] + O(3)
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w / ) )
OO im0y 4 0())(1 + 0(3M2))61 — wi™(0)en

w? — wi
+bd2 + (Sp) T VU (0) - y] + O(6)
_ W’ +0(8*?)

2 _ .2
w1 w

(u”™(0) + O(8))(1 + O(8" 7)) 1 + bz — V™ (0) - (Sp) " [y] + O(9).

Step 4. Finally, we consider the scattered field u®(x) := u(z) — u™(z) = SE[](z). It
is enough to consider S¥[#1] and S [¢s].

Note that
GMx —y) = GMx) = VG (z) -y + O(3|z| ).

Note also that, due to the symmetry of D; and D5, we have

| st emds) =0, [ wi-vm=o,
oD oD
Therefore, for sufficiently large |x|, we have

Spleil(x) = Sp[en + va](z) + Oz 7)

= [ GF(x —y) (W1 + ) (y)do(y) + O(8|z| ™)
oD

= GF(z)(¥1 + 1) (y)do(y)

oD
VG @)- [y + v (0)daty) + OBl ),
oD
= —2(C11 + C12)G*(2) + 0+ O(d|z|7Y).
Similarly, we have
SPlpa)(x) = SE 1 — o) (x) + O(S|z|™1)

= [ GFa—y)(r = ¢a)(y)do(y) + O(Slz[ ")
oD

— ([ = valy) - 964 (@) + Olal )

The proof is then complete. O

Corollary 6.4.3. For the rescaled bubble dimer sRyD with size s and orientation d, where
Ry represents a rotation transform which aligns the bubble dimer D in the direction d,

we have
1(6,sRyD) = %wl(é,D), (6.39)
1
wa (0, sRyD) = ;wg(é,D), (6.40)
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6.5. Homogenization theory

g (w75a SRdD) 1 _CL)l((S, SRdD)Q/wQ (1 +O(5 )) (641)

Svis
1 _ 3 -1 ) , b 2d-d.
g (0,5, sRaD) = s /8 (S0 RN (R + (g P
(6.42)
Proof. By a scaling argument, one can show that
Cij(sD) = sCy;(D), P(sD) = s>P(D),
and
[ S o)y =5 [ (S0) [ Ran)) ) Rav)s.
d(sRyD) oD
The proof is then complete. O

Remark 6.4.4. The coefficients C11,C1o and P can be explicitly computed using bispher-
ical coordinates. Explicit formulas for C11 and Cia are given in subsection[0.2.1. Using
the same approach as in the derivation of Ci; [67], we can also obtain an explicit formula

for P. It holds that

P = —47ro(ro + do/2) — 8ma? Z(Qn +1)e= @ DT coth((n +1/2)T).

n=0

6.5. Homogenization theory

We consider the scattering of an incident acoustic plane wave u’® by N identical bubble
dimers with different orientations distributed in a homogeneous fluid in R3. The N
identical bubble dimers are generated by scaling the normalized bubble dimer D by a
factor s, and then rotating the orientation and translating the center. More precisely,
the bubble dimers occupy the domain

N .__ N
D" = UlgjgNDj ,

where Dj-v = zjv +sRyvD for 1 < j < N, with zjv being the center of the dimer Dj-v, S
J
being the characteristic size, and R v being the rotation in R? which aligns the dimer
J

Djv in the direction d;v . Here, déV is a vector of unit length in R3.

We assume that 0 < s < 1, N > 1 and that {Z]N :1 <j <N} CQ where Q is a
bounded domain. Let u'™ be the incident wave defined in Section The scattering of
acoustic waves by the bubble dimers, subject to the regime specified in Section [1.2], can
be modeled by the following system of equations:
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6. Double-negative Acoustic Metamaterials

(A+EH)uN =0 in R3\D",

A+ kD =0 in DN,

uN |- =ul|, on 0DV, (6.43)
N N

plbaauy = [1)881: on 0DV,

ulV — i satisfies the SRC,

N

where u”V is the total field and w is the frequency. Then the solution u" can be written

as
w4+ Sk [pN]  in R3\ DV,
Ny (6.44)
Sp[i] in DV,
for some surface potentials 1™V, )Y € L2(OD"). Here, we have used the notations

L2(8DN) = L%(ODYN) x L?(dDY) x --- x L*(dDY),

k
Spr 7] = Z Nd’] ’
1<j<N
k
Splupl= Y Spxlvp):
1<j<N

Using the jump relations for the single layer potentials, it is easy to derive that ¢ and
1y, satisfy the following system of boundary integral equations:

AN (w, 0)[wN] = FV, (6.45)

where

ky _ck N in
AV = (o TS ) ey () ey (8
— 3T+ K20 =031+ KpN) P 6%

One can show that the scattering problem (6.43)) is equivalent to the system of boundary
integral equations (6.45)) [17,[I5]. Furthermore, it is well-known that there exists a unique

solution to the scattering problem (6.43)), or equivalently to the system ((6.45]).

We are concerned with the case when there is a large number of small identical bubble
dimers distributed in a bounded domain and the frequency of the incident wave is close
to the hybridized Minnaert resonances for a single bubble dimer.

We recall that for a bubble dimer z + sRyD, there exist two quasi-static resonances
which are given by

1
wl(évz + SRdD) = ;wl(év D)>
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6.5. Homogenization theory

wa(6, 2 + sRyD) = %wg(é, D).

We are interested in the limit when the size s tends to zero while the frequency is of
order one. In order to fix the order of the resonant frequency, we make the following
assumption.

Assumption 6.5.1. § = p?s? for some positive number p > 0.

As a result, the two hybridized resonances have the following asymptotic expansions:

w1 (0, Djv) = w1 — T s 4+ O(s%),

W?(d’ Djv) = WH,2 + M3ﬁ182 - W477253 + 0(84)5
where

w1 = vpi/ (Cr1 + Cr2), w2 = vppn/(C11 — Ch2).
Moreover, the monopole and dipole coefficients are given by
25(C11 + Ch2)

1—wy (51 Z)]]gv)z/w2
g'(w, 8, DY) = (gij(w, 8, D)), (6.47)

¢°(w, 8, DY) := (14 0(8?)), (6.46)

where
12 Ug $3
(wa(6, DY )? — w?)

ol0.0.0F) = [ (Sp) (Rayo) ) (Rayw); + 5 PA(d)i(d);:
oD

Assumption 6.5.2. w = wys2 + as? for some real number a # 3.

Then

_ 2s(Cu+Cia)
S 1= ""%4 1/‘*’%42
o p2is

© 2|DJwnrg (1P — a) — iptips)

(1+0(s)), (6.48)

P2(d)i(dy)); + O(s%).  (6.49)

We introduce the two constants

o= 2Cu+C) oy o 2
1—wip /wirs’ 2| Dlwar2 (13 — a)

We now impose conditions on the distribution of the bubble dimers.

Assumption 6.5.3. sN = A for some positive number A > 0.
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Note that the volume fraction of the bubble dimers is of the order of s3N. The above
assumption implies that the bubble dimers are Very dilute with the average distance
between neighboring dimers being of the order of

N1/3
Assumption 6.5.4. The bubble dimers are reqularly distributed in the sense that

II;ém|z —zN|>nN 3,

for some constant n independent of N. Here, T]Nfé can be viewed as the minimum
separation distance between neighbouring bubble dimers.

In addition, we also make the following assumptions on the regularity of the distribution
{ZJN :1 < j < N} and the orientation {d;v :1<j <N}

Assumption 6.5.5. There exists a function V. € CY(Q) such that for any f € C**(Q)
with 0 < a < 1,

~ 1
— k N k: <
X, N;G )~ [ G -0 W] < Ot vy (650
17]

for some constant C' independent of N.

Assumption 6.5.6. There exists a matriz valued function B € CY(Q) such that for
fe(CO(Q)2 with0 < a<1,

1 N N N ki N N . k N 1
nax N;(f(zi )-di ) (dfY -V G* (2 —2) ) - Qf(y)BVyG (y—2;5 )dy| < e 1fllco.e (e

(6.51)

for some constant C' independent of N.

Remark 6.5.7. If we let {z]N : 1 < j < N} be uniformly distributed, then V is a positive
constant in Q). We can also let the orientation be uniformly distributed in the unit sphere
in the sense that the average of the matrix dév(dév)T i any neighborhood of any point in

Q tends to a multiple of the identity matriz as N tends to infinity. In that case, B is a
positive constant multiple of the identity matriz at each point.

6.5.1. The homogenized equations

In the same spirit as the point interaction approximation [20, 25, 46 89, 0], we now
formally derive the homogenized equation.

For 1 < 7 < N, denote by

ufhN =4y Sk D [, (6.52)
i#£]
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6.5. Homogenization theory
N
urt = Sﬁ;v [W]]. (6.53)

It is clear that uzN is the total incident field which impinges on the bubble D§V , and

uj’N is the corresponding scattered field. Denote by

Qn = O\ Urgjen B(z)',v5).
Note that the volume fraction of the set UlSjSNB(zév, \/s) is of the order
O(N - s%) =O(N -s)- s%,
which tends to zero as N — oo under Assumption We have

z) =u" + Z ()—i—u N(z), foreach 1< j < N and z € Qy.
1<k<N

Proposition 6.5.8. Under Assumptions[6.5.1],[6.5.2,[0.5.3, we have that, for x € Qp,

s,N ~ 0 Ny, N k 1 N k N

We further assume that
Assumption 6.5.9. There exists some macroscopic field u € C1%(Q) such that
u™(x) — u(x) forx € Qy.

Here the convergence is understood in the sense that for any € > 0, there exists Ng such
that for all N > Ny, we have

[u (2) = u(@)|lcreqy) <€

The above assumption implies in particular that u; (2 M= u(z; N). Therefore

¢*(,8, DY ™ ()G — =) = - Au(z))gGH  — 2,

VuiN () gt (w, 8, DY, 2N ) VGH (@ — 2N) — NAgl(vu(sz).dy)(djy.vak(x—zf)).

On the other hand, we have

z) ~u"+ Z (w,d,D} ( NGF(z—zY Z VuZN V)9 (w, 8, DY )\VGF (z—2)).

J
1<j<N 1<j<N

By letting N — oo, we obtain

—u”‘+/Ag u(y)V(y)G*(x —y) dy+/Ag Vu(y) BYG*(x —y)dy.  (6.54)
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By applying the operator A + k2 to both side of the above equation, we get
(A + E)u(z) = APV u(z) + V- (Aglévu) (z), in Q.
Or equivalently,
V- <I - Aglé) Vau(z) + (k2 — AG°V)u(z) =0, in Q. (6.55)

Therefore, we have shown that the microscopic field uV tends to a macroscopic field u
which satisfies the following effective equation

V - My (z)Vu(z) + My(z)u(z) =0, in R, (6.56)
where
)1 in R3\ Q,
"T)r-Ag'B, 9,
and

M, — k2, N in R3\ Q,
k2 — AG°V, in Q.

Remark 6.5.10. We have derived the effective media theory in a formal way under the
crucial Assumption [6.5.9.  We leave a rigorous justification as an open problem for
future investigation. We refer to [25]] for a similar but easier problem where a rigorous
justification is possible.

6.5.2. Double-negative refractive index media

If the bubble dimers are distributed such that B is a positive matrix with B(z) > C > 0
for some constant C for all x € 2, then we see that for w in the form w = w2 +as? with
a < 137y, and sufficiently large A, both the matrix I — Ag!'B and the scalar function
k% — AG'V are negative. Therefore, we obtain an effective double-negative media with
both negative mass density and negative bulk modulus. On the other hand, for w
in between wys; and wps2 but away from the anti-resonance w2, ' may be small
enough such that the matrix I — Ag! B is positive, while the matrix k2 — Ag°V remains
negative. Then the obtained effective media has negative mass density and positive bulk
modulus.

6.6. Numerical illustrations

In this section, we illustrate the double-negative refractive index phenomenon in bubbly
media by numerical examples.
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We consider a cubic array of identical spherical bubble dimers. Suppose €2 is a cube
with a side length of L = 20, d.e., = [0,20]3. Let a = 0.2 and define a small cube
Q, = [0,a]®. Then © can be considered as a union of small cubes as follows:

Q= U Qo + a(n1,n2,n3).

ni,n2,n3=0,1,...,99

We assume that a bubble dimer is centered in each of the small cubes. Then the total
number of dimers is N = 10° and the periodicity of the dimer array is a = 0.2.

Recall that a bubble dimer is described by z + sR4sD, where z is the center of the dimer,
s is its characteristic size, and Ry is a rotation in R® which aligns the dimer in the
direction d, where d is a unit vector. We set the characteristic size of the dimers to be
s = 0.1. Since D has unit volume, the radius rg of the bubbles comprising the dimers is
ro = s(3/4m)Y/3 ~ 0.005.

Weset p=&=1and p=#r=75x 103 Thenv=9=1,k=k=w, and § = 2 x 1074
We assume that the two bubbles comprising each dimer are separated by a distance of
I = 5rg = 0.0248. Moreover, each dimer is randomly oriented so that the unit vector d is
uniformly distributed on the unit sphere. Under these assumptions, we can easily check

that A =8 x 10%, V ~ ||~ = 1.25 x 1074, and B ~ (2|Q|)~'I = 6.25 x 10~°1.

Now we consider the effective properties of the homogenized media. Recall that the
effective coefficients of the homogenized equation (6.55) are k? — Ag'V and I — Ag'B.
Using the above parameters, we have

K= AV o -3 =w?(1 -3/,
I-Aj'B~(1-g'/2)I. (6.57)
Note that the coefficient I — AG'B can be roughly considered as a scalar quantity. The

scattering functions gy and g; can be computed as follows. Since gy =~ sgg and g1 =~ sgi,
we have from (6.41)) and (6.42)) that

N 2(011+012)
0

w (SSRD ~ —5———
g ( » d ) 1 %/ 2

502

The resonance frequencies wy and wy can be easily calculated using a standard multipole
expansion together with a root finding method such as Muller’s method [I7]. We find
that wy ~ 4.6171 — 0.09267 and wy ~ 5.3253 — 0.00057. Then it is simple to compute §°
and g'.

In the left of Figure we plot the two effective coefficients as functions of frequency.
Clearly, there is a narrow region contained in the interval [5.2,5.4] in which both of
the coefficients are negative. So we expect that the negative refraction occurs in this
frequency region.
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We next consider the refractive index. In view of (6.55) and (6.57)), the effective mass
density p.rsr and the effective bulk modulus k.fs can be computed approximately by

perr 1 =312, keppm(1—3"/w?)t

As usual, we define the refractive index n.y; by

—1
Neff = VPesi\ Fefs-

In the right figure of Figure [6.1) we plot the refractive index as a function of frequency.
It is clear that the refractive index becomes negative in a narrow region contained in the
interval [5.2,5.4], as expected.

effective properties
refractive index
o

. . . . . . . . . . . . . . . .
4.4 4.6 4.8 5 5.2 5.4 5.6 5.8 6 4.4 4.6 4.8 5 5.2 5.4 5.6 58 6
frequency w frequency w

(a) (b)

Figure 6.1.: The effective properties of the homogenized media (a), and the refractive index (b).

6.7. Concluding remarks

In this chapter we derived explicit formulas for the hybridized Minnaert resonances
of a bubble dimer. We have shown that the dimer can be approximated as a point
scatterer with monopole and dipole modes. We have proved that for an acoustic meta-
material consisting of a large number of bubble dimers, both the effective mass density
and the effective bulk modulus of the bubbly fluid can be negative simultaneously near
the anti-resonance of the two hybridized Minnaert resonances for a single constituent
bubble dimer. The results in this chapter demonstrate that by taking advantage of
the hybridized Minnaert resonances, it is not necessary to use two different types of
sub-wavelength resonators in order to obtain a negative effective refractive index in an
acoustic metamaterial.
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7. Sub-wavelength Localized Modes for
Acoustic Waves in Bubbly Crystals With
a Defect

In Chapter [ it was proved that a sub-wavelength bandgap opening occurs in bubble
phononic crystals. To demonstrate the opening of a sub-wavelength phononic bandgap,
a periodic arrangement of bubbles was considered and their sub-wavelength Minnaert
resonance was exploited. In this chapter, this sub-wavelength bandgap is used to demon-
strate cavities, very similar to those obtained in photonic and phononic crystals, albeit
of deeply sub-wavelength dimensions. The key idea is to increase the size of a single
bubble inside the crystal, thus creating a defect. The goal is then to analytically and
numerically show that this crystal has a localized eigenmode close to the defect bubble.

7.1. Introduction

It is well-known in solid state physics that the periodicity of atoms comprising crystals
is responsible for the existence of both conducting bands and bandgaps for electrons.
This property is a consequence of the Floquet-Bloch theory applied to the wavefunction
of electrons. Similarly, electromagnetic and elastic waves propagating in periodic media
are subject to the same formalism giving rise to the existence of ranges of frequencies
for which no propagation is allowed, so-called bandgaps. Such materials are known
as photonic and phononic crystals. At an interface with free space, these types of
crystals act as mirrors for incoming waves, termed Bragg mirrors. Similarly, a point
defect can be created by locally modifying the properties of a crystal. This results in a
cavity if the mode supported by the defect is resonant within the bandgap. Physically,
the underlying mechanism is Bragg interference. In these periodic media, the Bragg
condition typically occurs when the period of the medium scales with the wavelength
[16, 17, 13, 47, 63, 54, [78, [79]. As a consequence, photonic and phononic crystals are
typically structured with a period corresponding to half the operating wavelength. This
constrains the range of applications, specifically in low-frequency regimes where the
wavelength is large [83] [68].

Based on the phenomenon of sub-wavelength resonance, a class of phononic crystals that
exhibit bandgaps with deep sub-wavelength spatial scales have been fabricated [81]. In
Chapter [4], the opening of a sub-wavelength phononic bandgap in bubbly crystals has
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been proved. This sub-wavelength bandgap is mainly due to the cell resonance of the
bubbles in the quasi-static regime and is quite different from the usual bandgaps in
photonic/phononic crystals where the gap opens at wavelengths which, as mentioned
previously, are comparable to the period of the structure. In [I§], it has been further
proved that the first Bloch eigenvalue achieves its maximum at the corner of the Bril-
louin zone. Moreover, by computing the asymptotics of the Bloch eigenfunctions in
the periodic structure near that critical frequency, it has been demonstrated that these
eigenfunctions can be decomposed into two parts: one which is slowly varying and sat-
isfies a homogenized equation, while the other is periodic across each elementary crystal
cell and is varying more rapidly. The asymptotic analysis of wave fields near the crit-
ical frequency where a sub-wavelength bandgap opens rather than the zero frequency
has been performed. This rigorously justifies the observed super-focusing of acoustic
waves in bubbly crystals near and below the maximum of the first Bloch eigenvalue and
confirms the bandgap opening near and above this critical frequency.

In phononic crystals, a point defect can be created by locally removing a scatterer.
This results in a small cavity because a resonant mode is created by the defect within
the bandgap [42, 41, 48] 611, 55l 62, [73], [74]. Following this concept, many components
have been demonstrated based on periodic media such as waveguides using line defects
[94] [75]. However, because of their wavelength scale period, phononic crystals result in
relatively large devices. This seriously constrains the range of applications, especially in
the low frequency regime where the wavelength is large.

If we remove one bubble inside the bubbly crystal, we cannot create a defect mode. The
defect created in this fashion is actually too small to support a resonant mode, while in
a phononic crystal removing one scatterer allows for the existence of a stationary defect
mode since the typical scale of such a defect is the wavelength. This illustrates a strong
difference between Bragg bandgaps and sub-wavelength bandgaps in bubbly crystals.

In order to tackle this issue, we have to physically introduce a resonant defect inside
the crystal of sub-wavelength resonators, and this is achieved by simply detuning one
resonator with respect to the rest of the medium. In the case of the bubbly medium, we
prove in this chapter that by increasing the radius of one bubble, a detuned resonator
is created with a resonance frequency that is upward shifted, thus falling within the
sub-wavelength bandgap.

The aim of this chapter is to prove the existence of this defect mode. Through the appli-
cation of layer potential techniques, Floquet-Bloch theory, and Gohberg-Sigal theory we
derive an original formula for the defect mode frequency, along with proving the existence
of a sub-wavelength localized mode. Our results are complemented by several numer-
ical examples which serve to validate them in two dimensions. They formally explain
the experimental observations reported in [68], [69] in the case of Helmholtz resonators.
This paves the mathematical foundation for the analysis of wave propagation control at
deeply sub-wavelength scales. Sub-wavelength cavities have a high quality factor and a
low mode volume. These two effects are typically associated with the enhancement of
the emission rate of an emitter, the so-called Purcell factor [92].
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7.2. Preliminaries

The chapter is organized as follows. In Section for the readers convenience, we
briefly review the main results of Chapter 4l In Section we use the fictitious source
superposition method introduced in [98] for modeling the defect and characterize the
fictitious sources as the solution of some system of integral equations. In section 7.4
we prove existence of a localized defect mode and derive an asymptotic formula for
the resonant frequency created inside the sub-wavelength bandgap by increasing the
size of a single bubble in terms of the ratio between its radius and the radius of the
original bubbles. In Section we perform numerical simulations to illustrate the main
findings of this chapter. We make use of the multipole expansion method to compute the
defect mode inside the sub-wavelength bandgap. The chapter ends with some concluding
remarks.

7.2. Preliminaries
Here we briefly review the sub-wavelength bandgap opening of a bubbly crystal from
Chapter

Let Y be the unit cell [0,1)? in R2. For a € [0,27)2, the function G®¥ is defined to
satisfy

(Do + K)G (2,y) = > dx —y —n)e™®,
neR?

where 0 is the Dirac delta function and G** is a-quasi-periodic, i.e., e 7 **G¥F(z, y) is
periodic in x with respect to Y.

We recall the quasi-periodic single layer potential Sg’k from Section defined by

SE@ = [ e waiet). e B
It satisfies the following jump formulas:

SH*WI, = SF |

and
0 1

ool 55401 = (2574 (57 ) 1] on oD,

where (lCBa’k)* is the operator given by

(Kp™")*[)(x) = p.v. G, y)e(y)do(y).

op Ov(x)
We remark that it is known that Sg’o : L2(0D) — H1(dD) is invertible for o # 0 [L7].

Assume that a single bubble occupies D, which is a disk of radius R < 1/2 centered at
the origin. Let C = U,,cz2(D + n) be the periodic bubbly crystal. In this chapter, for
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7. Sub-wavelength Localized Modes for Acoustic Waves in Bubbly Crystals With a Defect

the sake of simplicity of presentation, we shall assume that the wave speeds inside and
outside the bubbles are v = v, = 1. Consider the following quasi-periodic scattering
problem:

(A+EHp=0 in Y\D,
(A+k)p=0 in D,

vl = |4 on 0D, (7.1)
1

Lopl _1Opl L ap.,

pOv|_  pdv|,

e Ty is periodic.

It is known that (7.1) has nontrivial solutions for discrete values of w such as
0<wf <w§ <

and thus we have the following band structure of propagating frequencies for the periodic
bubbly crystal C:
[0, max w{'] U [minws, maxwy] U - -
(0% (e (03

In Chapter [4] it was proved that there exists a sub-wavelength spectral gap opening in
the band structure. Let us briefly review this result. We look for a solution of (|7.1))
which has the following form:

83l Y\ D,

_ {S’g[wa] - (7.2)

for some densities ¢, 1* € L?(0D). Using the jump relations for the single layer
potentials, one can show that (7.1) is equivalent to the boundary integral equation

A% (w, 6)[®%] =0, (7.3)
where i i
A, 8) = ( T ) R (SOZ) .
—3+Kp7 =5+ (Kp™)") Y
Since it can be shown that w = 0 is a characteristic value for the operator-valued

analytic function A(w,0), we can conclude the following result by the Gohberg-Sigal
theory [17, 52].

Lemma 7.2.1. For any d sufficiently small, there exists a characteristic value w$ = w{(6)
to the operator-valued analytic function A%(w,d) such that w§(0) = 0 and w{ depends
on § continuously.
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7.3. Integral representation for bubbly crystals with a defect

The next theorem gives the asymptotic expansion of w{* as 6 — 0.
Theorem 7.2.2. For o # 0 and sufficiently small 6, we have

CapD,a +

3/2
T O0%), (7.4)

wi = wpr

where the constants Capp , and Capp are given by

2

a,0\ —
CapD,a = _<(3D ) 1[]1<9D]a ]18D>7 Capp = "R

and wyy is the (free space) Minnaert resonant frequency satisfying (wyr)? Inwyr = O(6)
as 6 — 0.

Let w] = max, w{*. The following theorem specifies the sub-wavelength bandgap open-
ing.

Theorem 7.2.3. For every e > 0, there exists 69 > 0 and w > w] such that

[w] + €,@] C [maxw, min w§| (7.5)

for d < do.

7.3. Integral representation for bubbly crystals with a defect

7.3.1. Bubbly crystals with a defect: problem formulation

Consider now a perturbed crystal, where the central disk D is replaced by a defect
disk Dy of radius Ry with R < Rq < 1/2. Let Cq = Dy U (UneZ2\{0,0}D + n) be the
perturbed crystal and let e = Ry — R > 0 be the perturbation of the radius. We consider
the following problem:

(A+EHu=0 in R?\Cy,

(A+kDu=0 in Cg,

ul— = ul|4 on 0Cy, (7.6)
1 ou 10u
ﬁ% - = ;5 s on 8Cd

As discussed in Subsection the unperturbed problem (with C instead of Cy in ([7.6])),
has the following essential spectrum for the propagating frequencies:

[O,moz?xw‘f‘] U [ngnwg‘,mgxwg‘] U---
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In fact, it can be easily shown that the perturbed crystal problem (7.6 has the same
essential spectrum. This is because the essential spectrum is stable under compact
perturbations [49].

In this chapter, we want to show that by modifying the central bubble D, there exists
a frequency w®, slightly above max, w{*, which results in a non-trivial solution to the
problem . The solution u associated with the frequency w® should be localized since
w® lies in the bandgap. Moreover, it is of a sub-wavelength nature.

7.3.2. Effective sources for the defect

It is difficult to obtain the boundary integral formulation of the problem directly.
Here we consider the effective source solution which models the defect D, by placing non-
trivial sources onto the boundary of the central bubble D of the unperturbed crystal C.
Since the geometry of the unperturbed crystal is periodic, we can use the Floquet-Bloch
theory. This is motivated by the fictitious source superposition method introduced in
[98].

Let us consider the following problem:

(A+ k)i =0 in R2\ C,

(A+kDia=0 in C,

ly — |- = [ 0,0 on dD +m, m € 72, (7.7)
10u 1 0u

;% +_E$ 7:.95171,(070) on 0D + m, mEZQ,

where f, g are the source terms and d,, ,, is the Kronecker delta function. Note that the
non-zero sources are present only on the boundary of the central bubble D.

If the source terms f and g satisfy some appropriate conditions, then we will have
u=14 in (R?\ Dg)UD.

Once this is achieved, the original solution u can be recovered by extending the solution
u to the whole region including Dy \ D with boundary conditions on 9D and dDy. The
conditions for the effective sources f and g, which are necessary in order to correctly
model the defect, will be characterized in the next subsection.

7.3.3. Characterization of the effective sources

Here we clarify the relation between the effective source pair (f, g) and the density pair

(@, ).
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7.3. Integral representation for bubbly crystals with a defect

First we consider the integral equation for the solution u inside the central unit cell Y.
Inside Y, the solution @ can be represented as

X {H+Sg[¢] inY \ D, %)

TS ) in D
D ¥ :

Here, the pair (¢,%) € L?(0D)? satisfies

k
4, (7= S0 ~Sh o\ _ ( Hloo—f 7.9)
(0 88w —60,8b)) \@ 8,Hlop — g
Next, let us consider the central cell Y in the original problem (7.6|). The central cell Y’
contains a defect bubble D, and no sources. Inside Y, the solution u is represented as

u H+S8p [ha] Y\ Dy,
Sy [d] in Dy,

Sk — Sk Hlsp
Ap, <@d> = ( e ” ) (¢d> = ( s ) (7.10)
Ya &,SDbd|_ —60,Sp, |+ (0 0vH\op,
In order for the effective sources f and g to model the defect D, correctly, we should

impose v = u in (Y \ Dg) U D. In other words, the following conditions should be
satisfied:

where

Spleal = Sple] i Dy, (7.11)
and B
Shyltbal = Shl] in Y\ D. (7.12)

Since D and Dy are circular disks, we can use a Fourier basis for functions on 0D or
0Dy in polar coordinates (r,6) to make ([7.10)-(7.12)) more explicit. Let us write ¢ and
1) in the form of Fourier series:

0(0) = pne™, P(0) =) e
nez nez
Similarly, we also write ¢4 and 14 as
0a(0) =D ane™, $a(0) =Y tane™.
neZ nez
We define the subspace Vi, of L?(0D)? as
in@}

Vinn = span{e™’} x span{e m,n € Z.

Similarly, let V,¢, be the subspace of L?(9D,)? with the same Fourier basis.
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It is known that (see, for instance, [I1])

Shle) =

Y (1) inf >
O S (713

2 HY (kR)J,(kr)e®,  0<r<R.

Therefore, the operator Ap in (7.9) has the following matrix representation as an oper-
ator from V., to Vi,

()R [ Ju(kyRVHS (kyR) — —Ju(kR)H" (kR)
(AD)VW"%Vm’n’ = (5mn(5mln/ ! (1) (1) / ’
2 kyJ), (kyR)Hy, ' (kyR) —6kJn(kR)(Hy ') (kR)
(7.14)
Similarly, the operator Ap, in (7.10)), as a mapping from V4 to Vr‘fl,n/, is represented
as follows:

(Ap,) s s CmRa (kR H (Ra)  —Ja(kR)H (kRa)

d - min .
ViV 2 \ k! (kRa)HSY (kyRa)  —0kJy(kRa) (HSV) (kRy)
(7.15)

Now, we consider ([7.11)) and (7.12]). We have from (7.13)) that, inside Dy,

. _ iR .
Sgb [0d] = Z gOnSkD” [eme] _ (2)7T Z SOnH,(ll)(kbR)Jn(ka)eme

ne”L nez

i 0 |

_ (2”3 3 %WHS)%R)JH(W)@M
HY (kR
neZ n bty

(1)
Hy’ (kyR)
SBZ[E ©n (1)( b )6zn0}‘
nez Hn'(kpRa)

Similarly, outside D,

Shlv] = S, [%”’" arr”" )

So, from (|7.11)) and ([7.12)), we see that

()= ()

where the operator Py : L?(0D)? — L?(0Dy)? is given by

HY (lyR) 0
(1)
P :5mn5m/n’ Hn (kde)
P18, 0 Jn(kR)
Jn(de)
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7.3. Integral representation for bubbly crystals with a defect

In the same way, we can obtain that

( H’8Dd ) _,P€< H‘BD >
— 2 3
0vH\op, 0y H|sp

where the operator Py : L?(0D)? — L?(0Dy)? is given by

Jn(kRg) 0
Jn(kR
<P2>Vn—>VT‘riL = 5mn (0 ) JT/l(de)
J! (kR)

Therefore, using (7.10), we arrive at

Ab <¢> = (P2) " Ap,P1 <¢) = ( Hlop ) . (7.16)
(& G O H|op

(A5 — Ap) (90) - (f ) . (7.17)
P g

We have obtained an explicit relation between the pair (¢,) and the effective sources
(f,9). If the effective sources f and g satisfy (7.17), then the pair (f,g) will result in
the generation of the same scattered field as the one induced by the defect bubble D,.
In other words, % = u outside D4\ D. In what follows, for convenience of notation, we
identify the solution @ with the original one wu.

Thus, (7.9) yields

7.3.4. Floquet transform of the solution

Here we derive an integral equation for the effective source problem ((7.7)). We apply the
Floquet transform to the solution u with the quasi-periodic parameter « as follows

u = Z u(z —m)e' ™™,
meZ2

The transformed solution u® satisfies

(A +EHu® =0 in Y\D,

(A+kD)u® =0 in D,

uly —uto = f on 0D, (7.18)
1 0u® 1 ou®

-— ———| = oD

povi|, ppOv ’_ g OmaE

el Ty is periodic.
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The solution u® can be represented using quasi-periodic layer potentials as

o | S%F W], Y\ D,
u =
SPleal, in D,

where the pair (p®, 1) € L2(0D)? is the solution to

o (0)- (s ) (o) () o
(G 0,Sp |- —00,8p" 1) \v* -9

Since the operator A, is invertible for small enough w and ¢ [I1], we have

© —f
= A%w,8) ! .
(W) ) (9)

The original solution u can be recovered by the inversion formula as follows

! *(z)da
u(z) = (27T)2/BZU (x)da. (7.20)

Then, inside the region D, the solution u satisfies
uw= 8" [1/ ©da].
Pr2em)? Jpy

Similarly, inside the region Y \ D, we have

1 okt o k 1 a 1 f N -
w= o [ S Wa = bl oty [ tda) + ks /Bzme;n#o (- — m)e ™ da

Note that the second term in the right-hand side satisfies the homogeneous Helmholtz
equation (A + k?)u = 0 in Y \ D. So, in view of (7.8)), we can identify ¢, and H as

follows: . .
= / p*da, = / Y*da,
(2m)? Jpz (2m)? Jpz
and .
H = / SEWY(- — m)e™da.
(2m)2 Bzmegn#o

Therefore, from ([7.19)), we get the following result.

Proposition 7.3.1. The density pair (p,v) and the effective source pair (f,g) satisfy

(:Z) = <(271r)2 - Aa(w,é)lda> <:£> (7.21)

for small enough w and §.
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7.4. Sub-wavelength localized modes

7.3.5. The integral equation for the effective sources

Here we derive the integral equation for the effective source pair (f,g). We have the
following result.

Proposition 7.3.2. The effective source pair (f,g) € L?(0D)? satisfies the following
integral equation:

€ f — € (w _ w L Y(w -1 o f = 0
ME(w) <g> = (I—l—(AD( ,0) — Ap( ,5))(%)2 BZA (w,6)"'d ) <g> (())

(7.22)
Proof. Applying AB; to 1D we get
- ¥ (] _ Hlop
(G 9 9 Hlop

Then, by (7.16]), we have

@ f @

(4 g (G
So, from ([7.21)), we obtain

41 1 ay—1 -1 f _ 0
<( ApLAp +1) (7(%)2 ) da) + A )

Finally, applying Ap, to the above, we get the desired result. O

Thus, if we find a value of w in the bandgap such that there exists a non-trivial solution
pair (f,g) to (7.22)), then we have found a resonant frequency for the localized mode.

7.4. Sub-wavelength localized modes

7.4.1. The resonant frequency of the localized mode

Here we prove that a frequency for the localized mode can exist slightly above max, w{'.
In what follows, we omit the subscript in w(* for ease of notation. We also do not make
explicit the dependence on §.

We need to study the characteristic value of the operator M€ appearing in . Let
us first analyze the operator |, BZ(.AO‘)*IdOz. Since w® is a simple pole of the mapping
w = A%(w)~ ! in a neighborhood of w®, according to [17], we can write
ﬁa
A%(w)™ ! = + R*(w), (7.23)

W — w%
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where the operator-valued function R(w) is holomorphic in a neighborhood of w®, and
the operator £* maps L?(0D)? onto ker A%(w®,d). Let us write
ker A*(w®) = span{®“}.

Then, again from [I7], it can be shown that

o_ (0% )0
<(I)a7 %Aa}w:waq)a>

Hence the operator M€ can be decomposed as

1 L 1
MG:I+(A€D_AD)<27T>2/BZW—Q) dOK+( 6D—./AlD)(2T)2 BZRadOé.

Note that the third term in the right-hand side is holomorphic with respect to w.

Denote by o* = (7, 7) and w* = w(™™_ In [I8], it was proved that, using the symmetry
of the square array of bubbles, w® attains its maximum at a« = a*. Since we are assuming
that each bubble is a circular disk, we can derive a slightly more refined result as shown
in the following lemma.

Lemma 7.4.1. The characteristic value w, attains its maximum at o = o*. Moreover,
for a mear o, we have

1
w =w* — §C§|OJ — o2+ o(Ja — a.?).

Here, cs is a positive constant depending on §.

In view of the above lemma, we can expect that the operator || BZ wf% becomes singular
when w — w*(= max, w®). Let us extract its singular part explicitly. Before doing this,
we introduce some notations. Denote by A* = A™™ &* = &™) and £* = £,
We also define a small neighborhood V' of w* which excludes the real interval (—oo,w*],

namely,
V=Alw—w"| <r}\ (—o0,w"],

for some small enough r, > 0. By Lemma we have

1 £e 1 1
_ata =L da +b
(27)2 /BZUJ—OJO‘ a (272 [gzw—w*+§C5|a—a*|2 o+ by (w)

7
(21)2 Jja—ar|<1 w — w* + Jesla — a*[?

= L*

da + bg(w).

Hereafter, b; means a bounded function with respect to w in V. Then, using the polar
coordinates o — i, = (', 6'), we get

1 L 1 1 2mr! /
(2m)? /BZ oo (2m)2 /0 W — Wy + 357" dr' +ba(w)
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7.4. Sub-wavelength localized modes

1
e 1 — * .
omes n(w — wy) + bz(w)

Here, the usual principal branch is taken for the logarithm and so the operator [ BZ wf%da
has a branch cut on (—oo,w*]. We also observe that, for w € V|

In(w — &) (A5 (@) — Ap()) = In(w - w)(Ap(w") — Ap(w)*) + bs(w).

Therefore, the integral equation ((7.22) can be rewritten as

M) (f ) = (1+ P (g 0r) - Ap)L” + R W) (f ) - <O> ,

g 2mces g 0

where R€ is analytic and bounded with respect to w in V' and satisfies R¢ = O(e). We
first consider the principal part N¢(w), namely,

Ne:w—=s N(w) =T+ 5 ! log(w — w*)(Ap (w*) — Ap(w*))L*.

ey

Let us find its characteristic value @, i.e., @ € V such that there exists a nontrivial
function ® satisfying N¢(@0)® = 0. Equivalently, we have

e (A = Ap)(w*)P”
1 _
Sy 0B “@*,%A*} o+

(®*,®) = 0.

w=w*

Then, by multiplying by ®*,

. R (@ ( E17—J4D)(W*)‘1’*>>
o, 3)(1 log (& — —0.
( >< + omes og(& — w*) @, LA a7

~

Since (®*, </I\>) = 0 would imply ® = 0, we get

1 (@ (A — Ap)(w*) %)
14+ —1 —
T ey 108 ) (@, LAx| @)

= 0. (7.24)

w=w
Before solving the above equation for w, we need the following lemmas whose proof will
be given in Subsection [7.4.2

Lemma 7.4.2. The following results hold:

(i) For small enough 0, we have

d 2
(9%, @A*(w*,6)¢*> ~—w* lnw*R? > 0.

(ii) For small enough 6 and €, we have

2
(0%, (Ap(w*,8) — Ap(w*,0)) D) ~ 47re< - R?(w*)%nw* + 5) > 0.
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In view of Lemma [7.4.2 we see from that
@ — wy = exp (— 2mes (D, —A* PN P*, (A (w*) — .AD(w*))q)*>_1).

We can also see that the right-hand side is positive and goes to zero as € tends to zero.
In other words, & — w* as € — 0. Now we turn to the full operator M¢. Recall that

¢ = N¢+ Rfand R€ is holomorphic, bounded and satisfies R = O(e) in V. So by
Gohberg-Sigal theory [I7], we can conclude that there exists a characteristic value w® of
the operator-valued function M*® near w*. Let us denote its associated root function by
®¢. We choose ®¢ so that (®*, ) = 1. Then, as in the derivations of (7.24), we can
obtain

(@%, (A — Ap)(w") @)

1 * d * *
<¢' 7%“4 ‘w:w*¢ >

log(&o — w™) + (®*, R (w)®*) = 0.

2mces
Note that (®*, R (w)®€) = O(e).

Therefore, we have proved the following theorem which is the main result of this chap-
ter.

Theorem 7.4.3. For small enough € and 9, there exists one frequency value w® such that
the problem (7.6) has a nontrivial solution and w® is slightly above w*. Moreover, we
have

2
s 5
2 (2 (ur

) +o(1),

. _ w*(—Inw*)
w® —w, =exp (— )

2(—Inw*) 4 0)
as € — 0.

Remark 7.4.4. Since we is slightly above w* = max, w®, we have that w® is located in
the bandgap region. This means that the corresponding function uc, the solution to ([7.6)),
should be localized around the defect.

7.4.2. Proof of Lemma m

Proof of (i). Recall that (w*)?Inw* = O(§) as § — 0 [11]. Hence we need the
low frequency asymptotics of the operator A*(w*,d). We use the following asymptotic
expansions of the Hankel function for small argument:

1)\/ 2Z1 ’L
(HM) (2) = ;g—;zllnz%—O()
(HDY (2) = —%é ~ et o0().

Straightforward computations show that, for small &,

bl = g [ oot =5 [ o= yPotu)dot) + O,

122



7.4. Sub-wavelength localized modes

and

klnk
4

Kb = =20 | o= yv)ot)doty) + O

Also, by the symmetry argument for o* = (7, 7), one can see that

SE 6] = Sple] + O(kInk), (7.25)
and
d porr 1  klnk - :
b= g [ otwdot) = [ o= uPotn)doty) + O(h).

Recall that ker A*(w*, ) is spanned by ®*. Let us write

w=()
/l/}*

and assume that ®* is chosen so that |, ap ¢ = 2mR. Next we consider the kernel of the
limiting operator of ker A*(w,d) when w =0, § =0, i.e.,

. Sp —s0
A(O’O):<—1I+K* 0 )
2 D

It is known that ker(—47 + K%,) is one dimensional (see, for instance, [I5]). We choose
an element ¢} € L2(0D) such that

1
(-31+5p)lil =0 [ wi=2em
2 oD

Then we define 95 = (S%a*)_l[SD [¢0]] and denote

(I)O’* _ SOS )
Yo

It can be shown that ®* — ®%* as § — 0.

Since D is a disk, ¢j = alpp for some positive constant a > 0. Since faD vy = 2mR
implies a = 1, by (7.25)), we get 5 = 1op + o(1) as 6 — 0. Therefore, for small §, we
have

<q) ,@A (W ,(5)(13 >% <(I)0’ ,@A (w ,5)@0’ >

d d a* d *
~ (Lop. -8 [Lap]) — (Lop, 7-Sp™ [Lap)) + (Lap. (K1) [Lap))

dw d
*1 * R2
i / (x —y,v(z))do(y) = —w* Inw*—.
47 oD 2
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Since w* Inw* < 0, the conclusion follows. O

Proof of (ii). Using asymptotic expansions of the Bessel function J,(z) and the Hankel
function H,(ll)(z), for small z, straightforward computations yield

Rd In Rd —Rd In Rd
(ADd)VO%aVO% ~ 7}%3((”*)2 Inw* _s )
and
(Pl)vooﬁvo% ~ | InRq ) (P2)v0r10 — Voo ~ Ry
0 1 0 )
Therefore,

(A%)Voo—ﬂ/oo = (P2_1‘ADdP1)V00—>V00
( RyInR —Ryln R)

" \-lRRyw et —5f

RInR —RInR InR —InR
~ 1 p2 2 te R, %\2 * :
—5 R (W) Inw* —0 —5(W")*nw*  J/R
Finally, we obtain

s {() (i )0

The proof is then completed. O

7.5. Numerical illustrations

Here we provide numerical examples showing the existence of the sub-wavelength local-
ized modes.

Implementation. For numerical computations, we discretize the operator M€ appear-
ing in ([7.22)). Recall that it is given by

ME(w) = <1+ (A5 (w0, 6) — Ap(w, 8))—— Aa(w,é)_lda)

(27)2 BZ

We use the Fourier basis for the discretization as in [I1]. Specifically, we use e, n =
—N, ..., N as a basis where N is the truncation order.
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The operators Ap and Af, are already represented in the Fourier basis in (7.14) and
(7.16]), respectively. We next consider the operator A%. In [I1], it was shown that, the
operators S®* and 8Sg’k / 8V‘§D have the following matrix representations in the Fourier

basis:

k aSa,k‘ n
) ~ N D ~ [ Q,E\N
Sla) |3D ~ (Sfr[z,n)m,n:fN) v ‘8D ~ (Sfr[z,n)m,n:fN’

where the matrix elements Sy, , and gﬁnn are given by

TR TR
St = (KR HD (kR) o — o= (k) (1) Qe Jon (K ),
~ 1 )
e ii—k—ZgR(Jn-(HT(}))’+J;L~H7(}))(I<:R)5W (7.26)

TR (1) Qo b ().

Here, @), is the so-called lattice sum defined by

Qn — Z Hr(Ll) (k:|m|)em arg(m)eim-a'
meZ2,m#0

For an efficient method for computing the lattice sum @,,, we refer the reader to [76].
From ([7.26)), the matrix representation of A% immediately follows.

It remains to consider the integral [ BZ(.AO‘)_lda. We compute the two-dimensional
integration with respect to o using Gauss quadrature. The discretization (My, ,,) of the
operator M¢(w) follows. To find the resonant frequency for the localized mode, we apply
Muller’s method [I7] to the determinant of the matrix (My, ,,). The maximum frequency
w™* of the first band can be used as a good initial guess.

Example 1. We first consider a dilute case where the radius of the bubble is small
compared to the periodicity. We set the radius to be R = 0.05. For the material
parameters, we use p = k = 5000 and p, = kp = 1. In this case, we have § = 0.0002. In
Figure we show the computed band structure for this dilute case and the frequency
w® for the localized mode. Specifically, the frequency w® is the characteristic value of
ME near w*. The black circles represent the band structure of the unperturbed crystal
C. The horizontal red line corresponds to the frequency w® for the localized mode. The
band strucutre is computed in the exactly same way as in [d] The points G, X and M
represent o = (0,0), o = (m,0), and o = (m, 7), respectively. We used N = 7 for the
truncation order of the Fourier basis.

To better illustrate the results, we also plot the magnified sub-wavelength band by
changing the range of w to a low frequency region {w : w € (0,0.39)} (the right figure
of Figure . In the first band, the maximum of w is attained at the point M (or
a = o = (m,7)). The maximum frequency w* of the first band is w* ~ 0.2591. The
computed frequency for the localized mode is w® ~ 0.2846. So the shift of the frequency
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Figure 7.1.: (Dilute case) The black circles represent a band structure of the unperturbed crystal with
radius R = 0.05, § = 1/5000. The horizontal red line represents the frequency of localized
mode for the perturbed crystal Cq with e = 0.03 x R = 0.0015.

is w® — w* &~ 0.0254 > 0. Clearly, the frequency w® is located slightly above the sub-
wavelength band. As desired, the frequency w€ lies in the bandgap region. Note that
w® is also in the sub-wavelength regime. Therefore it indicates the existence of a sub-
wavelength localized mode.

Example 2. Next we turn to the non-dilute case. We set the radius to be R = 0.25.
For the material parameters, we use p = x = 1000 and p, = Kk = 1. This means
0 = 0.001. In Figure we show the computed band structure for this non-dilute
case. The maximum frequency w* of the first band is w* &~ 0.2039. The computed
frequency w€ for the localized mode is w® = 0.2398. So the shift of the frequency is
w® — w* & 0.0359 > 0. Again, the frequency w® is located above the sub-wavelength
band. We used N = 3 for the truncation order.

7.6. Concluding remarks

In this chapter, we have proved for the first time the possibility of localizing waves
at a deep sub-wavelength scale. We have considered a bubbly crystal and produced a
localized mode by increasing the size of one bubble. We have illustrated our findings
with numerical experiments. Our results in this chapter shed light on the mechanism
behind the control and guiding of waves at deep sub-wavelength scales. It would be
very interesting to investigate the robustness of such sub-wavelength defect modes with
respect to spatial disorder. A further challenge is the possibility of guiding waves at
deep sub-wavelength scales using line defects. Another interesting problem we plan to
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Figure 7.2.: (Non-dilute case) The black circles represent a band structure of the unperturbed crystal
with radius R = 0.25, 6 = 1/1000. The horizontal red line represents the frequency of
localized mode for the perturbed crystal Cq with e = 0.03 x R = 0.0075.

tackle is to prove or disprove the existence of fundamental limits on the Purcell factor
in sub-wavelength bandgap materials.
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A. Appendix

A.1. Asymptotic expansions

We recall some basic asymptotic expansion for the layer potentials in three and two
dimensions from [17]; see also the appendix in [19].

A.1.1. Asymptotic expansions in three dimensions
We expand the Green’s function Gy with

in

47!

oiklz|

GM(z) = ——— = Goz) + Zk"Gn(x), with  Gp(x) :=—
n=1

 4rr|a|

"l (A

In particular, Gy(x) = —ﬁ. Developing in powers of k the equation (A + k2)G* = &y
leads to
Vn>1, AGnis=—GChy. (A.2)

We first consider the single layer potential:

Shlvl(z) = . G*(z,y)¢(y)do(y), = €0D.

We have the following asymptotic expansion:

Sk =8p+ f: k"Sp n, (A.3)
st
where
SpalY](z) = - Gz — y)(y)dy
= —Zﬂ/@D (il — )" _n?’)nlzb(y)da(y)-
In particular, we have
solile) = = [ et (A1)
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i

Soalvle) = ~1= [ wwiot), (A5)
Spaldl(@) = —— / & — yl(y)do(y). (A.6)

Lemma A.1.1. The norm ||SD]H£ L2(9D),H' (D)) is uniformly bounded with respect to j.
Moreover, the series in is convergent in L(L?(0D), H'(0D)).

We now consider the boundary integral operator ICIB* defined by

0G*(x,y)

’CIB*W](UU) =L, T(a;)l/}(y)da(y), x € 0D.
We have
Kyt =Kph+ kK + k2 Kpo+..., (A7)
where
' Gy (z —
Koalile) =~ [ 2 uiyyaay)

o (il —y)"
= o nov() ¥(y)do(y)

_ el /BD lz — y" 3z — y) - (@) (y)do(y).

47n!
In particular, we have
Kby = 0
Koalole) = g [ EZ D y)doty),
Kpalil@) = 53 | @) viewin(w)

Lemma A.1.2. The norm ||[Kp | z(r2apy) s uniformly bounded for j > 1. Moreover,
the series in is convergent in E(LQ((?D))

Using (A.2)), we deduce the following useful identities.

Lemma A.1.3. It holds:

(i) Kpallop)(z) = /a . OG;(V‘”” — / A,Ga(z — — /D Go(z — y)dy,
(i) Kpa[lap](x) = /a i aG;(f — / A,Gs(z — = /D Gi(z —y)dy =
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A.1.2. Asymptotic expansions in two dimensions

In two dimensions, the single-layer potential for the Helmholtz equation is defined by

Shvl(z) = - G*(z,y)¢(y)do(y), =€ 0D,

where G*(z,y) = —%Hél)(k\x —y|) and H(()l) is the Hankel function of first kind and
order 0. We have

_ZH (k| — y]) = 7 In |z =yl +m + Y (b Ikl -yl + ;) (Klz — y])*,
j=1

where

1 i (-1 1 it K1

blz—giﬂ, 1——8%( ln2—1—%)
Thus,
Sk =38k + Z (k¥ Ink) SH), + Z K9S5) (A.8)
= =
where
Spl)(x) = Spl¥](x) + m o, (A.9)
and

SEW@ = [ nle—uPudet)

SPLW)(x) = /@D | = y[* (b In [ — y| + ;) (y)do (y).

We next consider the boundary integral operator IC%’k defined by

k T
Kl = [ 25 udo), o op,

We have
K _ICD+Z (k% Ink) K +Zk291CDJ : (A.10)
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where
(1) _ Oz -yl
Ky = [ b vdety).
—yl%(p, _ )
(2)+ _ / 0 (lz =y (bjIn|z — y| + ¢;))
JC\ T = do .
p; W) - e ¥(y)do(y)
Lemma A.1.4. The following estimates hold in L(L?(0D), H*(0D)) and L(L*(0D), L?(0D)),
respectively:

Sk = Sh+k2mkSH) + k2S5, + Ok Ink);
K = Kp+ k2 mkKDS + kKN + Ok k).
Lemma A.1.5. The following identities hold:
(i)
KHh (@) = 4b1[D);
(i1)
K3 [1)(x) = (2by + 461)|D| + 4by /D In |z — y|dy,

where by and & are the complex conjugates of by and ci.

Proof. First, we have

KO @) = b /a 2y =)oy
_—_— Ay — xf?
ap Ov(y)

— b [ Ay-aldy
B D
— 4by|D.

do(y)

We now prove the second identity. We have

Oy — z>(byIn |z — ¢
e = [ Clbhlzizall,,,

- /D A,y — 2251 In |z — y| +&1))dy

— 45|D|+ by / Aylly — 22 n |z — ylldy
D

= 451|D|—|—l_)1/41n|33—y|]dy+l_)1/ 2dy+l_)1/ ly — z|?Aln |y — z|dy
D D D
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= (2by +46)|D| + 4by /Dln |z — y|dy,
where we have used the fact that
/D ly — z|?Aln |y — z|dy = 0, for z € dD .
This completes the proof of the Lemma. O

A.1.3. Asymptotic expansions in three dimensions for quasi-periodic
operators

For the a-quasi-periodic Green’s function G**, we have

o 27rn+a) (z—y)
o,k _ a0 2/ 047# « O 20
G (x,y) =G —i—Zk G,)" =G (x,y) Zk Z \27rn+04\2€+1)’ (A.11)
=1 nezd
when o # 0, and k — 0.
From (A.11)), we decompose the single layer potential as
SpP =830+ > k¥*SE, with SH )= | G (x—y)v(y)dy, (A.12)

=1 oD

where the convergence holds in £(L?(0D), H*(0D)). Similarly, the asymptotic expansion
for the operator (lCBa’k> is

0o 7 xr —
(K™ = (Kp™) +)K¥* (K ) with  (K$ ) [¥](x) == /é)D Wwy)dy’

(=1

where the convergence holds in £(L?*(0D), L*(dD)).

A.2. Subwavelength bandgap opening in two dimensions

The aim of this appendix is to check that formula ) holds in the two-dimensional
case, where wjy is the (free space) Minnaert resonant frequency and ¢o is defined by (4.7).
Note that for a # 0, the quasi-periodic single layer operator Sy L2(8D) — HY(OD)
is invertible. Moreover, the definitions in Section [1.7] of both the capacity and the a-
quasi-periodic capacity remain valid.

In the two-dimensional case, using the asymptotic expansions in as k — 0, the
asymptotic expansion (4.8)) should be replaced with

A(w,0) := Ag+B(w,d) = Ay +w? lnwA1,170+w2A1,270+5.A071 +O((5w2 lnw)—i—O(w4 Inw),
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where Ay is defined by (4.5), and
—2o(1
A1 = “ SD’)l 0 ;
v UI:QICS?I’* 0
B vb_2 (ln 0;181(31?)1 + 81(327)1) —0_2831
Aigo=1 _, Ino-LeW 4 @0
(3 (nvb pa1 T D,l) 0

0 0
Ao1 = (o —(31+ ucg“’)*)) ‘

Using the definition of the free space Minnaert resonance in dimension two in [2} it is not
difficult to see that (4.6)) holds.

A.3. Proof of Lemma 5.2.1

This is a classical result, which is a special case of a more general result. It is usually
proven using the properties of spherical Bessel functions (see for instance [87]). We
include here a simple proof for completeness.

Step 1: Proof for S’f) with x € 9D.
Let us first prove the result for Sf). We have that for z € 0D,

1 eiklm_m
Shltop@) = —3- | Trdotu)

Since the problem is invariant under rotation, it is sufficient to compute the integral for
x = (0,0, R). We use the spherical coordinates

OD 3y = (y1,y0,y3) = (Rsin¢cosh, Rsinpsinf, Rcos )"

with 0 < 0 <27 and 0 < ¢ < 7. Then, for y € D, it holds that

lzt —y|=R Sin2¢_|_(1 —COqu)Q — 92Rsin <Q25> :

so that

Splap)(z) = —

onR2 [T o2ikRsin(g)
mh / ¢ °~ sin (¢) do.
Am Jo 2Rsin ()

Together with the equality sin(¢) = 2sin(¢/2) cos(¢/2) and the change of variable u =
sin(¢/2), we end up with

SR =— sin (kR) . (A.14)

1
SphLap)(x) = —R/ ek2huqy = —R (e -

ik2R __ 1) eilcR
0
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A.3. Proof of Lemma

Step 2: Exact expression of S§[1yp] with z € 9D.
From the previous step, we can easily deduce an expression of SkD [1op] on R3*\ D. Indeed,
the function S¥[1sp] outside D is the (unique) solution to the Dirichlet equation

(A + EHu =0,
. ikR

— Sk [lp] = —
“lop pllap] k

sin(kR),
together with the Sommerfeld radiation condition. The solution is therefore

sin eiklel
Shltopl(x) = ~2E — (A15)

Step 3: Proof for (K%)".
For all x € 9D, jump formula for the layer potentials lead to

(ich)" [tanl(e) = 575 Sbitonl| @)~ 5.

Together with (A.15)), we obtain

_ Rsin(kR) GikR (_1 N ik:) 1 sin(kR)eikR B e2ikR.

(kh) avlte) = k R "R
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