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Abstract

This thesis is concerned with the inductive bias of (deep) neural networks
(NNs) NN : X — ). For commonly used loss functionals L, a large set of
functions f : X — Y minimizes L equally well. Therefore, it is up to the
learning method (e.g., a NN architecture, with certain hyper-parameters
including a certain training algorithm) to choose one function among all
functions with su Cciehtly small loss. The preference underlying this choice
is an inductive bias. Our main theorem derives a regularization-functional
P on function space that exactly mimics the preferences of ¢?-regularized
deep ReLU-NNs with su [ciehtly many neurons per layer. Interestingly, we
can prove that this preference structure over functions cannot be mimicked
by any shallow Gaussian process (GP). This result contrasts prominent
results stating that other large-width limits of NNs are equivalent to GPs
[Jacot et al., 2018, Neal, 1996].

We analyze the dilerknces between “deep inductive biases” such as
those we have characterized for deep ¢*-regularized ReLU NNs (with vari-
ous hyperparameters) and “shallow inductive biases” such as those of GPs
(including certain large width limits of deep NNs). Both in the context of
multi-task learning and in the context of uncertainty quantification, we
can pinpoint these dierknces very precisely.

From our main theory, we derived a lossless compression algorithm that
can provably reduce the number of neurons of an ¢2-regularized ReLU-NN
without changing the function represented by the NN. In our numerical
experiments, we can reduce the size of trained NNs by a factor of up to
100 almost without changing their predictions.

We also extend the theory of a NN-based learning method (PD-NJ-
ODE), which can forecast irregularly, incompletely, and noisily observed
time series, and discuss its inductive bias.

Further, we developed multiple NN-based improvements for combina-
torial auctions. To this end, we introduced a NN architecture with an
inductive bias tailored to monotonic value functions. Additionally, we in-
troduced an uncertainty quantification method for NNs and used it for
exploration in the spirit of Bayesian optimization. Moreover, we developed
a new training algorithm that can deal with loss functionals, which enforce
global linear inequalities.
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Zusammenfassung

Diese Arbeit behandelt die induktive Verzerrung von (tiefen) neuronalen
Netzen (NN) NN : X — ). Typischerweise gibt es viele verschiedene Funk-
tionen f: X — Y, welche die Trainingsdaten gleich gut erkléren. Daher
liegt es an der Lernmethode (z. B. einer NN-Architektur mit bestimmten
Hyperparametern einschlielich eines bestimmten Trainingsalgorithmus),
eine Funktion aus all diesen Funktionen auszuwahlen. Die dieser Wahl
zugrunde liegende Praferenz ist eine induktive Verzerrung. Unser Haupt-
theorem leitet ein Regularisierungsfunktional P auf dem Funktionenraum
her, das die Praferenzen von éz-regularisierten tiefen ReLU-NNs mit hin-
reichend vielen Neuronen pro Schicht exakt nachbildet. Interessanterweise
konnen wir beweisen, dass diese Praferenz tiber Funktionen durch keinen
GauB-Prozess (GP) nachgeahmt werden kann. Dieses Ergebnis steht im
Gegensatz zu prominenten Resultaten, die zeigen, dass andere Limiten
von NNs &quivalent zu GPs sind [Jacot et al., 2018, Neal, 1996].

Wir analysieren die Unterschiede zwischen “tiefen induktiven Verzer-
rungen”, wie wir sie fir tiefe ¢2-regularisierte ReLU-NNs (mit verschiedenen
Hyperparametern) charakterisiert haben, und “flachen induktiven Verzer-
rungen” wie die von GPs (einschlieBlich Limiten von tiefen NNs). Sowohl
im Kontext des Multi-Task-Lernens als auch im Kontext der Unsicherheits-
Quantifizierung kénnen wir diese Unterschiede genau definieren.

Aus unserer Haupttheorie haben wir einen verlustfreien Kompression-
salgorithmus abgeleitet, der nachweislich die Anzahl der Neuronen eines
£2-regulierten ReLLU-NNs reduzieren kann (in unseren Experimenten um
einen Faktor von bis zu 100), ohne die Vorhersagen zu verandern.

Wir erweitern auch die Theorie einer NN-basierten Lernmethode (PD-
NJ-ODE), die unregelmaRige, unvollstandige und verrauschte Zeitreihen
vorhersagen kann, und diskutieren ihre induktive Verzerrung.

Ausserdem haben wir mehrere NN-basierte Verbesserungen fir kombi-
natorische Auktionen entwickelt. Hierfiir haben wir eine NN-Architektur
mit einer auf monotone Wertfunktionen zugeschnittenen induktiven Verz-
errung eingefuhrt. Zusatzlich haben wir eine Methode zur Unsicherheits-
Quantifizierung fur NNs eingefiihrt und sie fur die Exploration im Sinne der
Bayes’schen Optimierung eingesetzt. Wir haben auch einen neuen Train-
ingsalgorithmus entwickelt um globale lineare Ungleichungen einzuhalten.
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Chapter 1

Introduction

When one attempts to learn an unknown function f: X — Y from finitely many
observations (™", yi™™") € X x Y (i.e., training data), there are infinitely many
functions that fit the training data equally well, if for example X = R%n and ) =
R%ut  The choice of a learning algorithm for one of these functions over another
is called inductive bias.? Di[erent methods can have di [erent inductive biases,
thus, di[erent methods can result in dilerent functions for the same training
data (see Figure 2.7.10). For certain (deep) neural network (NN) architectures,
trained with certain training algorithms, we mathematically characterize their
inductive bias: For NN-based learning methods, these preferences over functions
are typically not explicitly formulated but only given via preferences on the
parameters 6 (e.g., a preference for low ¢>-regularization HGH?) or only given even
more implicitly via algorithms that operate on the parameters (e.g., gradient-
descent with respect to 6 without explicitly mentioning any preference). In
this thesis, we prove theorems that exactly translate these forms for implicit or

1In the most typical examples, the set of functions that achieve zero training loss
are dense in any LP-space with p < co. In this sense, the loss functional L alone does
basically not tell us anything about the learned function.

2\We split the inductive bias into two steps: the first step of choosing a loss functional
L that captures the observations (e.g., square-loss and eventually some pre-processing
of the data) and the second step of the learning method applied to L (e.g., a NN trained
with gradient descent on L) choosing one function f. In this thesis, we only focus on the
second step (except for Section 4.3.3, where we also discuss the inductive bias imposed
by the choice of the loss L).



2 Chapter 1

explicit regularization on the parameter space into relatively easy-to-interpret
explicit regularization functionals P on the function space for certain learning
methods.

1.1 Organization of the Thesis

Chapter 1 introduces the topic to a wider audience by giving motivation, intuition,
and perspectives without stating precisely formulated mathematical proofs.

Chapter 2 corresponds to our paper Heiss et al. [2019] (for which we also
formulated a generalization to multiple dimensions in Heiss et al. [2023]). There
we prove that the inductive bias of a randomized shallow neural network (also
called random feature model or extreme learning machine) is very similar (or
for certain hyper-parameters even identical) to a classical learning method.

Chapter 3 corresponds to our paper Heiss et al. [2021b], where we show that
a certain deep NN has an inductive bias very di[erent from classical shallow
learning methods. We study this di Cerknce in particular in the case of multi-task
learning.

Chapter 4 summarizes six of our more applied papers Heiss et al. [2022,
2021a], Andersson et al. [2024], Weissteiner et al. [2022a, 2023], Soumalias et al.
[2024] and discusses the relevance of inductive biases in these works:

1. Since infinitely many diCerent functions can fit the training data equally
well, there can be uncertainty o(x) on the exact value of f(x). In Heiss
et al. [2022] we introduce a method that quantifies this uncertainty ¢ and
we discuss the inductive bias of estimating uncertainty o for this and other
methods.

2. In Heiss et al. [2021a] we exploit the theory on the inductive bias of
Chapter 3 to develop an algorithm that can reduce the number of neurons
of a certain architecture without changing the learned function.

3. In Andersson et al. [2024], we generalize a learning method PD-NJ-ODE
and its theory. PD-NJ-ODE has an inductive bias tailored for forecasting
based on the history of irregular observations over time.

4. In Section 4.4 we summarize multiple techniques that we developed to im-
prove the market design of combinatorial auctions significantly compared
to the state of the art according to our simulations:
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(@) In Weissteiner et al. [2022a] we introduce a new NN-architecture
due to its superior inductive bias for this application (exploiting
monotonicity of bidders’ value functions).

(b) In Weissteiner et al. [2023] we apply techniques from Heiss et al.
[2022] to make our mechanism’s decisions “more curiosity-driven”.

(c) In Soumalias et al. [2024] we introduce a new more practical mecha-
nism that involves training on a new loss functional based on global
linear inequalities that f should satisfy rather than the classical
supervised losses that only give point-wise information on f.

1.2 P-Functional Theory

A trained NN VN : X — Y both depends on the loss functional L (which
typically depends on some sort of training data) and on the NN architecture
and its hyper-parameters. We introduce the notion of P-functional theory to
separate these 2 e [edts:

e The loss-functional L is typically explicitly given (e.g.,
L(f) = 2N (f\(x}“a‘”)—yi“a‘”)z for explicitly given training data
(@i, yim) ny) and tells us very explicitly that functions f with

] b |
a low loss L(f'\) are preferred over functions with a large loss, but the
loss L alone does not fully specify the preference over functions of the
complete model (e.g., there can be infinitely many functions f satisfying
L(f)=0).

e Also the architecture and its hyper-parameters (including the hyper-
parameters of the training algorithm which is used) influence which func-
tion NN VN : X — Y we obtain from training. However, the influence
of the architecture and its hyper-parameters on the resulting function is
usually much less explicit. How do certain architecture choices influence
the preference over functions from X to )?

The goal of P-functional theory for a given learning method® (e.g., a NN archi-
tecture and its hyper-parameters) is to find a functional P :}>* — R (which is

3Mathematically, we define a learning method to be a map M which maps a loss-
functional L to a set of functions £ OX - Y. Usually, such a set of functions only
contains one function f. Allowing the learning method to output a set of functions
can be useful if the learning method is defined via an optimization problem that
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independent of the loss L) such that for any su Lciehtly regular loss functional L
the resulting functions from the learning method solve the optimization problem

R cargmin L (f) + AP(f).
|

There are learning methods for which no such P exists. However, we show in
Chapters 2 and 3 that certain deep learning methods converge to learning meth-
ods for which such P-functionals exist as the number of neurons per layer tends
to infinity. Furthermore, we derive explicit expressions for these P-functionals
and observe that they are surprisingly easy to interpret.

Di Cerknt learning methods (e.g., di [erent NN-architectures or di Cerent hyper-
parameters) correspond to dilerent P-functionals. The long-term goal of this
line of research, which we call P-functional theory, is to find the corresponding
P-functional for as many learning methods as possible and to derive for which
learning methods no such P-functional exists.

As the functions resulting from di [erknt learning methods are optimal with
respect to di[erent P-functionals corresponding to di [erknt prior beliefs, there
will never be “the perfect learning method” that is optimal with respect to all
supervised learning problems. However, P-functional theory can help scientists
and engineers to decide which network configuration is best suited for their
applications, as it tells how the learned functions behave and what risks they carry
in choosing diCerent learning methods. Moreover, it makes learning methods
based on neural networks comparable to other learning methods.

By using P-functional theory, it is sometimes possible to show that two very
di [erkent supervised learning algorithms can be proven to result in (almost) the
same functions, even though these functions can be represented by very di [erent
formulas (including e.g. neurons, decision trees, piece-wise polynomials,...). In
that case, deciding which algorithm to choose reduces to comparing the compu-
tational costs.

It will be interesting to see on the one hand which network configurations cor-
respond to known* regularization-functionals (see Chapter 2). On the other, P-
functional theory can uncover novel, easy-to-interpret regularizing P-functionals

might not have a unique solution. An example for a learning method is M(L) &
{NN 0 SFargmin L (NN )+ [13}. This mathematical definition of a learning
method is not suitable for non-deterministic learning algorithms, but within this thesis,
we see that some non-deterministic learning algorithms converge to a deterministic one
as the number of neurons tends to infinity.

4By “known” regularization functionals, we mean P -functionals that are already
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that can lead to an improved understanding of why the corresponding network
configurations generalize better than methods from classical statistics in certain
situations (see Chapter 3).

At the heart of P-functional theory lies the question whether the behavior
of neural networks of a certain architecture, whose parameters are optimized to
find a (non-unique) minimizer of L using a certain algorithm, can be related to
(unique) solutions argming (L(f)+AP(f)) of optimization problems on function
space that include a certain regularization term P.

1.3 Explicit vs Implicit Regularization

In statistical learning, it is a common practice to add an explicit regularization
term® to the loss function to enforce a certain inductive bias explicitly. Interest-
ingly, some of our examples of learning methods for which a P-functional exists
do not contain any explicit term responsible for regularization in the implemen-
tation of the algorithm: In Chapter 2 we study a specific NN-architecture that
is only trained via gradient descent based on L without any explicit regular-
ization. However, in the same chapter, we show that these gradient dynamics
implicitly regularize the trainable parameters of the NN which we can translate
to a regularization of the learned function as the number of neurons tends to
infinity. This phenomenon is known in the literature as “implicit regularization”
[Neyshabur et al., 2014, Neyshabur, 2017, Li and Liang, 2018, Kubo et al., 2019,
Soudry et al., 2017, Poggio et al., 2018, Gidel et al., 2019] (also known as “implicit
bias”[Soudry et al., 2017]).

In general, both explicit regularization terms and implicit subtleties of the
implementation of the algorithm can influence the inductive bias of a learning
method.

commonly used as explicit regularization functionals in practice such as P(f) =
= (F7(x))? dx which is used as explicit regularization for natural cubic smoothing
splines.

5E.g., if the estimator is parameterized by , then I:@]is a popular regularization
term, that we call “?-regularization, preventing the parameters from becoming unnec-
essarily large.
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1.4 Parameter Space vs Functions Space

Many di [erent parameters 6 can lead to the same function f'= NN .° For the
generalization performance, only the resulting function f‘matters independently
of its parametrization. Usually, it is hard to compare the inductive bias of two
learning methods if they are coming from two entirely di Lerent families of learn-
ing methods, because they use entirely di [erknt ways to parametrize functions
or some non-parametric methods don’t parametrize them at all. However, in
Chapter 2 we can show the equivalence in function space of the infinite-width
limit of a certain NN-based learning method and the non-parametric natural
cubic smoothing spline regression.

While we present some intermediate results on the inductive bias on param-
eter space, the final goal of this thesis is to understand the inductive bias on
function space via P-functionals.

If the learning method is defined as
M(L) = {N/\/ 3 = argmin L (NN ) + Haug},

where HeH; is an explicit L2-regularization, then the there exists a corresponding
P-functional which can be written as
- 2
P(f)= " nf . 10z

However, this expression for P becomes harder and harder to interpret as the

number of neurons increases. Therefore we are interested if there are more

interpretable equivalent formulations of P. We are also interested in the limit as

the number of neurons tends to infinity. In Chapters 2 and 3 we show examples

where the P-functional is much easier to interpret in the limit of infinitely
many neurons than the P-functionals of the same learning methods with finitely
many neurons. In Chapter 2 we show results for a randomized learning method,
where for any finite number of neurons n the corresponding P-functional Pn,

is random and Pn;1(f) = oo for every twice weakly dilerentiable, non-a [nel
function f. However, when we consider the limit of infinitely many neurons of

1n other words the map [CNIN is not invective (for classical NN-architectures),
i.e., [ ~OXIX ONN (x) = NN -(x). For example, swapping two neurons within
one layer does not change the function NN [X - Y (for classical NN-architectures).
Later we will see examples where multiple di [erent non-unique optimal parameters ™
exist, but they all correspond to the same function NN [X - Y.
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exactly the same learning method, the resulting learning method is deterministic
and corresponds to a deterministic P-functional Po, which fulfills Peo(f) = o0
for every not twice weakly dilerentiable function f. There we can see that
liMn_ e Pn:1(f) does not have to be the same as Peo(f).

1.5 Prior vs Posterior

Deciding which inductive bias is desirable can usually not be answered objec-
tively but depends on one’s prior belief. (We can ask ourselves the question
why the rather vague expression “inductive bias” became fashionable while the
mathematical very precise expression “Bayesian prior” already exists.)

In classical Bayesian statistics, one defines first a prior distribution over all
possible functions f: X — ) to then compute the posterior over these functions.
The posterior distribution over functions can then be used to compute a posterior
mean as estimator f\ Additionally one can also obtain credible bounds from the
posterior (e.g., quantiles of the posterior of f(z)) to quantify the uncertainty.

This classical Bayesian approach comes with 2 major challenges:

< In practice it can be very di [cullt to formulate a prior which properly
captures one’s intuition.

e Calculating the posterior from the prior (even approximately) can be
computationally very costly.

But do practitioners really have more intuition on which properties their
prior satisfies rather than on which properties their posterior fulfills?

An alternative approach is to directly specify what properties an approx-
imation of your posterior mean f should satisfy without explicitly specifying
the prior. And if one is interested in uncertainty quantification one can directly
specify what properties one’s credible bounds should satisfy (see Section 4.1).

Often practitioners have quite a strong intuition that they want their es-
timator f to be as simple/flat as possible, meaning that it should not oscil-
late more than necessary to fit the data, which means that they prefer LP-
norms of the second (or the first) derivative to be not unnecessarily large.
This sometimes leads them to the choice of a Gaussian Process (GP) with
Gaussian kernel as prior because samples of this prior are almost surely very
smooth as they are almost surely in C* with locally bounded derivatives. How-
ever this prior leads often to a mean posterior f that wildly oscillates in-
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between the training data (see Figure 1 in Cheng et al. [2024], where they
also provide a theoretical explanation). If you want a GP as prior such that
the mean posterior solves argming Y%, (f(z{™") —yi”"“")2 + AP with P(f) =

o (7 (@) d + 5((]“(0))2 + (f'(O))Z),7 then samples from this prior are al-
most surely almost everywhere not twice di [erentiable.® For some practitioners,
this might feel counter-intuitive that the prior which gives more probability to
functions with (infinitely) large P results in an estimator with much smaller P.

In Section 3.5 we discuss another example where a prior leads to a counter-
intuitive result: Deep Bayesian neural networks (BNNs) converge to a shallow
Gaussian process as the number of neurons per layer tends to infinity and thus
lose their ability to benefit from multi-task learning, while the maximum a
posteriori (MAP) on parameter space corresponds to a di[erent P-functional
which fosters multi-task learning.

Therefore, if a Bayesian approach is used, one has to have in mind that the
prior might be counter-intuitive. But there is another approach:

In practice, using estimators f with a reasonable inductive bias without spec-
ifying any prior is very common. This can be done by more directly specifying
which properties the estimator f\ should have, for example via regularization.
However, this approach is less common when it comes to uncertainty estimation.
In Section 4.1 we discuss a method that quantifies uncertainty by directly speci-
fying desiderata on how credible bounds should behave without specifying any
prior.

Within this thesis, we describe the inductive bias of NN-architectures via
P-functionals rather than via prior distributions on function space.

71f one would set " = 0, this would still be a reasonable inductive bias, however it
would not correspond to a proper prior anymore on any function-space that at least
contains all constant functions.

8This is analogous to the well-known fact that a Brownian motion is almost surely
almost everywhere not di Lerentiable, while the mean posterior, given a Brownian motion
as prior, minimizes the L2-norm of the first derivative among all the functions that fit
through the observations and the origin.
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1.6 Shallow vs Deep: Sharing of Circuits

In Chapter 3 we show that some deep learning methods have a very di[erent
inductive bias than shallow learning methods. However, we also discuss in Chap-
ter 3 that some other deep learning methods have exactly the same inductive
bias as certain shallow GPs. We precisely characterize mathematically the ability
to benefit from multi-task learning in Definition 3.2.4° and prove that many
shallow learning methods are not able to benefit from multi-task learning (see
Propositions 3.4.1, 3.4.3 and 3.11.1), while certain deep learning methods are
able to do so (Proposition 3.4.2).

Note that Definition 3.2.4 only depends on the learning method as an abstract
map M which maps a loss function L to a set of functions f. Definition 3.2.4
does not directly check if a deep NN appears in the formulation of a learning
method M. Definition 3.2.4 only depends on the inductive bias of the learning
method. Since most classical shallow learning methods are not able to benefit
from multi-task learning, and most deep learning methods are able to benefit,
Definition 3.2.4 could be used as a definition of whether an inductive bias is

“shallow” or “deep”.*°

However, Definition 3.2.4 does not capture all the particularities that the

9Note, that Definition 3.2.4 is formulated in a way that, not being able to benefit
from multi-task learning clearly means that under no circumstances the method could
benefit in terms of generalization from adding further task. On the other hand being
able to benefit from multi-task learning according to Definition 3.2.4 only requires
di [erknt tasks to influence each other, which can, in theory, both be an advantage or a
disadvantage depending on the unknown true function (see Section 3.11).

10NN with 3 layers (1 input-layer, 1 hidden layer, 1 output layer) where all parameters
are optimized can benefit from multi-task learning (Proposition 3.4.2) and we consider
them as a deep learning method, while we also call them shallow NNs. In Sections 3.4.2
and 3.11.3-3.11.5 we discuss that there are di[erknt levels of multi-task learning and
that NNs with multiple trained layers have much more powerful multi-task abilities.
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inductive biases of most deep learning methods have in common. For example
even in the case of 1-dimensional outputs (i.e., without any form of multi-task
learning) the inductive biases of typical deep learning methods are fundamentally
di Cerent from the inductive biases of shallow learning methods, as we explain
in the following.

In the literature these particularities are described with words such as “com-
positional” [Schulz et al., 2017], “hierarchical” [Chen et al., 2021], or “circuits”
[Cammarata et al., 2020]. From the formulation of the P-functional in (3.3.3),
one can see that that ¢?-regularized deep NNs (see eq. (3.3.3)) prefer functions
that can be expressed as a composition of functions with low complexity™. We
now demonstrate the implications of such a compositional inductive bias based
on two examples: one mathematical toy example that can be easily understood
and one more advanced example that is more relevant for real-world applications
but is too complex to be understood with full mathematical rigor. Before starting
to explain these two examples we quickly explain what circuits are: A circuit is
a (small) sub-network of a NN [Olah et al., 2020]. Some circuits correspond to
interpretable functions and some of these functions are shared approximately
across dilerent NNs trained on diCerknt but related tasks [Cammarata et al.,
2020].

Example 1.6.1. We consider a periodic function f that periodically repeats
a complicated function § multiple times. Then we train a deep NN NN by
optimizing its parameters ¢ with ¢2-regularization on a loss L that uses data,
which cover su Cciehtly many repetitions of f su Cciehtly well. In such an NN
typically®? the first hidden layers build a circuit that represents a function h
that maps all su Lciehtly well covered periods approximately to the same vector
representation and the last hidden layers build a circuit which recovers the
complicated function J approximately from this representation as visualized in
Figure 1.6.1. The explanation for this from a P-functional-theory perspective is
that the Sobolev-norm®® Hf\”Wk:l(R) of any function f that repeats j m times is

11Depending on the details of the configuration of the architecture, “low complexity”
can mean that some Sobolev-norm is low or something in this spirit. For certain
architecture configurations, we exactly quantify what “low complexity” means, e.g.,
eq. (3.3.4).

12\We made this experiment for a specific NN as described in Section 3.10. For this
NN we derived its P (for the case of perfect optimization rather than gradient descent)
which allows to explain its behavior. We expect similar behavior on a high level for
many other deep learning methods with su Cciehtly many layers, but absolutely not for
some special cases such as infinitely wide BNNs or NTK-limits (see Proposition 3.4.3).

13The statement holds for anything that integrates over a non-negative function of a


https://en.wikipedia.org/w/index.php?title=Sobolev_space&oldid=910223537
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Figure 1.6.1: The details for this example can be found in Section 3.10.

at least m times larger than Hf“wk;l([o_T - Inadeep NN, the first hidden

» Tperiodicity.
layers can learn the simplest possible function h with the properties described
above which does not become more complicated with increasing complexity of f,
so that the last layers only have to recover j once instead of repeating it m times.
In this example, one additional period for ~ adds much less complexity than
adding another repetition of . So we can easily see from the inner optimization
problem in eq. (3.3.3) that the first hidden layers should learn h such that the last
hidden layers only have to learn j once (instead of f which repeats j multiple
times).

In Figure 1.6.1 and section 3.10 this example is formulated with dou: = 7
output dimensions to demonstrate a phenomena related to multi-task learning.
But the same example could also be used to explain the learned circuits if there
was only a one-dimensional output as long as f is complicated enough and
repeated su [ciehtly many times.

Splitting the function f into these 2 circuits has fundamental advantages in
terms of generalization (even in the one-dimensional case):

1. In the case of noisy data, the noise can be filtered out more easily once the
correct feature transformation h is learned, because for each repetition of

local property of a function. Sobolev-norms without the pth root outside of the integral
(i.e., [gkip(R) with p < o) satisfy this, where the local properties are the first k weak

derivatives.
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J the data from all other repetitions of j can be helpful. If the data is
uniformly distributed over m repetitions of f, then learning the function
f after the feature transformation h is approximately as easy as learning
f with a shallow architecture without h with m times more data points.
(We hypothesize that if f is su [Cciehtly complex, then for su [ciehtly large
m, in the asymptotical case as the number of data points tends to infinity,
h will be learned very well, while the error of learning f will dominate. We
also hypothesize that the mean squared error between f and the unknown
true f will be asymptotically approximately m times higher for a shallow
NN compared to a deep NN.)

2. Also in the noiseless case, a “deep” inductive bias can o [erl strong advan-
tages over a generic “shallow” one. If there are regions in the input space
X that do not contain any training data, then the deep NN would be
able to interpolate more correctly in these regions, if these regions are
better covered by training data in other repetitions of f. If ["is su Lciehtly
complex, m su [ciehtly large, and the overlaps of the ranges of J that are
su [ciehtly well covered by data points in multiple repetitions of f are
su [Cciehtly large, the deep NN would learn a good approximation of 4 in
the first hidden layers.

Since Chapter 3 is more mathematically rigorous than this introduction,
we focus in Section 3.10 on multi-task learning, where can give an example in
Section 3.10 (see the proof of Proposition 3.4.2 for an even more rigorously cal-
culated through example) where adding further tasks significantly improves the
generalization behavior, while we can proof in Propositions 3.4.1, 3.4.3 and 3.11.1
with absolute mathematical rigor that adding further tasks does not have any
influence for certain other methods (whose inductive biases we consider to be
“shallow” therefore). We think that the advantages of “deep inductive biases” in
the one-dimensional setting are similarly fascinating as their multi-dimensional
counterparts. However, we were not able to come up with any definition that
captures the di [erence between “shallow” and “deep” inductive biases with the
same generality, succinctness, and mathematical rigor as in Definition 3.2.4. The
challenge in finding such a definition is that a shallow GP would generalize even
slightly better than our deep NN if one chooses a GP with a periodic kernel with
the correct periodicity.™* The di[efence is that the same NN architecture could

141n general there always exists an arbitrarily well-specialized GP for every specific
task that will generalize even better in this specific task just by using more task-specific
prior knowledge.
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also deal very well with any other periodicity or with not periodic functions that
a GP with a fixed kernel would struggle with. The deep NN could even come up
with other feature transformations that have nothing to do with periodicity. We
think it would be interesting for future research to find a definition that classifies
learning methods M into “deep” and “shallow” ones without using multi-task
learning. (The need for such definitions as Definition 3.2.4 arises as some learning
methods that are defined via deep NNs actually result in a “shallow” inductive
bias as we discuss in Chapter 3.)

Abstractly these m intervals in X, corresponding to the m repetitions of f,
can be seen as m dilerknt languages that can all be translated to one language
by h.

Example 1.6.2. In Figure 1.6.2 we visualize a similar situation as the one from
the previous example, but this time for a large language model (LLM) rather
than for a toy example. We denote by J that the function gives the answer®®

| Applyknowledge
[l aboutthe world
I

0292020202001

Detectlanguage

Figure 1.6.2: Hypothesis of the high-level circuit structure of LLMs. This figure is
highly styled. In practice, “Translate to English” should be understood as “mapping to
an abstract feature/concept embedding with a bias towards English”.

to any English prompt. We assume that the LLM was trained on m dilerent

15Technically speaking an LLM obviously only outputs the probability over the
next token rather than directly outputting the complete answer. But on this level of
abstraction for this highly stylized problem, these technical details are not our main
focus.
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languages and we denote the function that translates any of these m languages
into English by k. (Note the parallels to ~, f and m in the previous example.)
Further, we denote by h the function that detects in which of the m languages
the prompt was formulated (or more precisely which language is expected for
the answer). Finally, we denote by r the function that translates the answer
given by f into the language given by h.

Next, we discuss some assumptions that would lead to such circuits in a
deep NN: We assume that the complexity P(f) is significantly higher than
the complexity of translating and detecting languages. This seems plausible
since J° must encode a variety of knowledge about our world across multiple
fields of expertise. Therefore it is plausible to assume that mP(f) > P1(h) +
Py(h) + P3(J) + Pa(r),*® where P; denotes the P-functional corresponding to
the corresponding sub-architectures and P denotes the P-functional of the full
architecture. Thus, a deep NN would rather use the circuits h, h, f,r than using

So, from a P-theory perspective, it seems very plausible that such circuits
should appear in LLMs, but does this really happen in practice? Recently,
Wendler et al. [2024] used methods from interpretability research to show that in
certain Llama models, the middle layers actually encode semantically meaningful
tokens, but in English rather than in the correct language in their experiments.
Only in the last layers, the LLM starts to encode the next token in the correct
language in their experiments.

At first sight, P-functional theory would suggest that the language used in
the middle layer should be the simplest language or maybe a new even simpler
neutral language (only used by LLMs). But further considerations also raised by
Wendler et al. [2024] make it plausible why English is chosen for j: For a limited
amount of training data even comparably simpler but still quite complicated
functions such as the translation functions h and r are not learned perfectly.
Since English was presumably the most common language in the training dataset
the continuation of English prompts had the biggest influence on the training

16This inequality holds under the following assumptions. It is plausible to assume
that!’ P1(h) < mcy, P2(h) < mcz and P4(r) < mcq, while P3(F) < c3 should be
independent from m. Then, a su [cieht condition for the inequality would be c¢1 + ¢ +
Cq + %3 < P (F). It is plausible to assume ¢, [cil=c4 [c3l= P (F). When we assume
for example 5max(5cz;c1;Cq) < C3 < %P(f) the inequality would be satisfied already
form=2.

18Using independent circuits for di [erent languages means that for every input lan-
guage i only one circuit f; is active and that there is no overlap between the circuits.
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loss L(f). And intuitively the highest quality for English text continuations is
achieved when h and r are as simple as possible in the case of English text
continuation, which is intuitively the case when j uses English. (A more unlikely
alternative hypothesis would be that objectively English could be a simpler
language to learn for LLMs out of linguistic reasons.)

Probably the actual circuits in modern LLMs are not exactly as visualized
in Figure 1.6.2. For example, it is plausible that these circuits have some overlap.
But on a high level, the circuits of modern LLMs could have a similar structure
as shown in Figure 1.6.2. Note that each of these circuits consists of multiple
hidden layers and each of these circuits can be divided into multiple sub-circuits.
However, it is still far from being uncovered, how to divide these circuits into
easy-to-interpret sub-circuits for modern LLMs.

The advantage of the circuits h, h, J,r is that once the comparably simpler
circuits h, h,r is learned su Cciehtly well, knowledge about our world acquired
during training in one language automatically is also applied correctly in other
languages.

1.6.1 Is the inductive bias of human brains rather
“deep” or “shallow”?

Obviously, we cannot answer this question with a rigorous mathematical proof,
so everything in this sub-sections should be taken with a grain of salt. We will
discuss this question based on an example related to Example 1.6.2. We consider
two humans Alice and Bob, who have never perceived any information on any
statistics regarding the trading of bananas. Both of them speak German, but
only Alice speaks Chinese (we assume Bob’s training data set did not contain
any Chinese texts). So, both of them would not be able to answer the German
guestion

Aus welchem Land importiert China die meisten Bananen?

due to their lack of knowledge of the trading of bananas. Assume now we modify
the training set of Alice and Bob by adding the Chinese dialog

—(_Gf*ﬂal

to their training set (weighted high enough to ensure they can reproduce this
dialog). Intuitively speaking, Alice would now be able to answer the German
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guestion

Aus welchem Land importiert China die meisten Bananen?

correctly (because she can apply the knowledge obtained via the Chinese lan-
guage also in the German language), but Bob wouldn’t (because he cannot
extract the required information from the Chinese text).'®

While no practically relevant shallow model comes to our mind that could
reproduce both Alice and Bob in this situation based on their di[erent training
datasets, Example 1.6.2 suggest that deep LLMs would behave like Alice and
Bob in this situation:

“shallow™:

@

(b)

We consider three cases:

In the first case, we consider a generic shallow learning method such
as a shallow GP with any commonly used kernel (e.g., Gaussian
kernel based on Hamming distance). Then this model would not
see any similarity between the Chinese question and the German
question, since they have no tokens in common even though they
have the same semantical meaning. For a shallow method, the kernel
is fixed and even Alice’s training data cannot change the kernel. So
no matter if you train the generic shallow model with Alice’s training
data or with Bob’s, the correct Chinese dialog in the training data set
does not imply that they can answer the German question, since the
model does not see any similarity between these two versions of the
same question. To summarize there is no obvious reason why generic
shallow learning methods would reproduce Alice’s behavior in this
situation. For other generic “shallow” learning methods such as k-
nearest neighbor algorithms, it is even more obvious that the correct
Chinese dialog in the training data set does not help to answer the
German question as these two formulations of the question are not
close in any generic metric.

In theory one could create a shallow model that incorporates already
some extremely sophisticated prior information on how semantically
equivalent sentences in di [erent languages have the same meaning —

191f you don’t speak German and Chinese but still want to make the “self-test” if
your inductive bias is “deep” or “shallow”, translate the German texts into one language
that you speak fluently and translate the Chinese text into another language that you
speak fluently.
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©

e.g., a shallow (GP-)model with an extremely sophisticated feature
transformation (h, k) (or kernel) that incorporates already transla-
tion and language detection. (Note that in practice nobody has been
able to formulate such a feature transformation without learning it
from data.) Then both Alice’s and Bob’s training data would let
the model learn to answer this question semantically correctly, but
in Chinese even as a response to the German question. Whereas a
human trained on Alice’s data would answer the German question
correctly in German and a human trained on Bob’s data would not
know the correct answer in any language.

Actually one can artificially create degenerate shallow models that
reproduce both Alice’s and Bob’s in this situation, but we do not
expect any realistic shallow model with relevant real-world applica-
tions to reproduce both Alice and Bob in this situation. In theory,
one can also define a degenerate learning method that completely
ignores all training data and always learns the hard-coded behav-
ior of Alice faiice. This method would even give the correct answer
to the German question if it was only trained with Bob’s data (or
no data at all). This method corresponds to a degenerate GP with
mean faiice and kernel 0 as prior. But this method is obviously not
universal and does not deserve to be considered “deep”. This would
not really pass the test, because it always gives the correct answer
and thus does not reproduce Bob’s mistake. But this can easily be
circumvented with an even more degenerate model: For example,
one could define a learning model that ignores all the training data
except checking if there is a su Ccieht amount of Chinese text in the
training data. This learning method could just be defined in a hard-
coded way to “learn” Alice’s behavior faiice in case the training data
contains a su [cieht amount of Chinese text, and otherwise, always
“learn” Bob’s behavior fgon. However, this learning method could
only learn two dilerknt behaviors and is thus neither universal nor
a Gaussian process. This learning method would pass this specific
“deep-inductive-bias-test” regarding banana imports in China, but

its inductive bias does not deserve to be considered “deep”.?°

20Hard-coding these models would be practically impossible. One could hard-code
simpler degenerate models that do not implement complicated functions such as fajice,
but only hard-code the response to the German question. These degenerate models



18

Chapter 1

“deep”: Alice: Trained on Alice’s training dataset the deep LLM could build a

Bob:

circuit structure h, h, ,r similar to the one from Example 1.6.2. If h
can translate both German and Chinese well into her “pivot-language”
(e.g., her mother language or English), h can detect the languages Chi-
nese and German correctly and r can translate her “pivot-language”
well into Chinese and German, then incorporating some additional
information on banana imports in China into J presumably only
slightly increased P3(f) while allowing to reproduce the Chinese
dialog on banana imports. When Alice is now asked the question
in German, the question gets translated to her “pivot-language” by
h and h detects German. Then j can answer the question in her
“pivot-language” and r can translate it back to German.

Trained on Alice’s training dataset the deep LLM has no incentive
to learn any translation circuits if the training dataset does (almost)
only contain German texts. If there are multiple languages highly
present in Bob’s training data set the deep LLM has the incentive
to learn a circuit structure h,h, f,r, but since the only Chinese
training data is this one very short dialog on banana imports it does
not pay o[ for the LLM to include Chinese into h,h,r. Instead, a
more parsimonious alternative for the LLM is to simply introduce
a very simple new circuit f, which is only responsible for the very
simple task of continuing this very short Chinese dialog token by
token without interacting with the other circuits while the other
circuits stay inactive for Chinese input tokens. Even if the LLM
tries to incorporate the Chinese dialog into the circuit structure
h,h, J,r, there is no reason why h should translate it correctly.
could translate the Chinese dialog to anything (which does not have
to be related to bananas at all) as long as it is finally translated back
to the Chinese dialog. Thus, there is no reason why the deep LLM
should be able to answer the German question correctly when it was
trained with Bob’s training data.

Experiments with humans by Schulz et al. [2017] suggest that “Participants
consistently chose compositional (over non-compositional) extrapolations and
interpolations of functions.” and that “Taken together, these results support the

make it hard to mathematically define a “deep-inductive-bias-test”, but these degenerate
models have no real practical relevance as they are practically impossible to implement
or they only pass this specific version of the test and not other analogous tests.
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view that the human intuitive theory of functions is inherently compositional.”.

1.7 Generalization performance

A widespread rumor says “Deep learning only works well, if you have a huge
amount of training data.”. From a learning theory perspective, it is challenging for
any method to learn an infinite dimensional object such as a function from a small
amount of training data. However, the question is if deep learning generalizes
better or worse than other methods when being trained on a small training
dataset. In Chapter 2 we see that certain NNs generalize very similarly to
some classical learning methods. And in Chapter 3 we see that certain deep
NNs generalize much better than classical shallow learning methods in certain
settings.

In Section 4.4 we demonstrate the success of NNs for an applied problem
where the NNs can only be trained on very small datasets.

This thesis does not focus on deriving results on upper bounds for the gen-
eralization error (even though such results could be easily derived via standard
techniques such as Rademacher complexity as corollaries from P-functioal the-

ory.).
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Chapter 2

How (Implicit)
Regularization of ReLU
Neural Networks
Characterizes the Learned
Function — Part I: the 1-D
Case of Two Layers with
Random First Layer

Abstract

In this paper, we consider one-dimensional (shallow) ReLU neural networks
in which weights are chosen randomly and only the terminal layer is trained.
First, we mathematically show that for such networks ¢>-regularized regression
corresponds in function space to regularizing the estimate’s second derivative
for fairly general loss functionals. For least squares regression, we show that the
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trained network converges to the smooth spline interpolation of the training
data as the number of hidden nodes tends to infinity. Moreover, we derive a
novel correspondence between the early stopped gradient descent (without any
explicit regularization of the weights) and the smoothing spline regression.

2.1 Introduction

Even though neural networks are becoming increasingly popular in supervised
learning, their theoretical understanding is still very limited. The most important
open questions in the mathematical theory of neural networks nowadays include
the following:*

. Generalization: Why and under which conditions can neural networks
make good predictions of the output for new unseen input data even
though they have only been trained on finitely many data points? How
does the trained function behave out of sample? How can one get control
of over-fitting?

1. Gradient Descent: When training neural networks, a typically very high-
dimensional non-convex optimization problem is claimed to be solved by
(stochastic) gradient descent quite fast. What happens if the algorithm
is stopped early after a realistic number of steps depending on a certain
starting point?

I11. Expressiveness: How expressive are neural networks (with a finite num-
ber of nodes)? Shaham et al. [2018], Bianchini and Scarselli [2014], Ito
[1991], Leshno et al. [1993]

IV. Summary: What are the advantages and disadvantages of di [erknt ar-
chitectures? What are the advantages and disadvantages of considering
neural networks in approximation/prediction tasks compared to other
methods such as Random Forests or Kernel-based Gaussian processes?
In both theory and applications, it is of great interest to gain a precise
understanding of 1V, much of which could be achieved by answering I-II1I.

The goal of this work is to contribute to answering these questions by rig-
orously proving Theorems 2.3.9 and 2.3.16 that almost completely resolve ques-
tion I (cp. eq. (2.4.2)) for the class of wide randomized shallow neural networks

1The literature agrees with questions I-I11 to be central [Poggio et al., 2018]. Ques-
tion IV motivates the importance of questions I-111 by summarizing them and conclud-
ing their implications.
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(RSNs) with ReLU activation (i.e., WRRSNSs). These answers together with the
intuition acquired from Sections 2.1.1 and 2.1.2 give quite extensive insights to
I and thus V.2

The result of this work can be seen in analogy to mean field theory in ther-
modynamics: like we are understanding the collision behavior of each particle,
we understand the training behavior of each neuron” *. However, due to the
extensive number of interactions between particles/neurons, the complexity in-
creases in a way that the individual behavior of a particle/neuron no longer
gives direct insight into the overall system’s behavior. In both cases, taking the
limit to infinity allows us to precisely derive the system’s behavior in terms of
interpretable macroscopic laws/theorems (see Theorem 2.3.9°).

2.1.1 The Regression Problem in Machine Learning

Let X and Y be an input and output space, respectively. Assume further, we
observe a finite number N e N of i.i.d. samples (2", 4i™") € X x Y with
1€ {1,...,N} from an unknown probability distribution P on X x ). Given
an additional realization (X,Y)(w) of (X,Y) ~ Pp, for which we can only
observe X (w) but not Y (w), the goal is to make a suitable prediction (X (w))
of Y(w). Thus, for a given cost function C : Y x Y — R, we are interested
in an estimator f: X — Y with low risk, i.e., for which the expected cost
E[C (f(X).Y)] is minimal. However, since Pp is unknown, this risk cannot be
calculated. In supervised machine learning, one hence tries to learn an estimator
f based on the given training data (m}ra‘”,yi‘”’““ X A common heuristic
is to minimize a suitable training loss L(f) over a suitable class of functions #,
ie.,

min L(f).
[l

2\We also contribute to answering question 111 within the results marked with a “
Remark 2.2.2, Corollary 2.2.3, Lemma 2.2.4 and Remark 2.2.5 in Section 2.2. These
results form an independent storyline.

3

4Notation remark: To improve the readability of the paper, we use partially trans-
parent fonts to encourage the reader to skip these details.

5Theorem 2.3.9 results from letting the number of neurons n tend to infinity. In
thermodynamics, Brownian motion particle movements or heat equations result from
taking the limit of the number of particles to infinity.
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Remark 2.1.1 (Setting). Throughout this work, we consider X = RY with input
dimension d € N and )V = R. The concepts of this paper apply to supervised
learning in general, but within this paper, we focus primarily on regression.
Moreover, this paper’s main contribution Theorem 2.3.9 (linking regularization
of parameters to regularization on function space) holds for fairly general (non-
negative) loss functionals L : L5 — Rso that need not even depend on training
data (see Assumption 4). Note however, that Theorem 2.3.16 linking gradient
descent to regularization of the parameters is derived for least squares loss L as in
(2.1.1) . For ease of exposition, we consider
this squared loss throughout the paper with the exception of Section 2.3.1. Finally,
we denote by 17?2 the set of twice weakly di [erentiable functions.

Historically, linear regression GauR [1809, 1823], Legendre [1805] was among
the first methods used within supervised learning. Here, one restricts oneself
to a tiny subspace of all functions: the space of ned)linear functions. This
choice indeed favors parsimony: if the number of samples N is larger than the
input dimension d there exists a unique® function f that fits through the
training data best, i.e. minimizes the training loss

(f\(mtram train)2 .

Mz

(2.1.1) L(f):=

1

Although this approach is still extensively used in real-world applications, the
space of linear functions often is not su LCcieht, as true relations between input
and output are mostly more involved if not highly non-linear. Ideally, the class
‘H would hence be chosen to be more expressive, so as to be able to approximate
well these underlying maps from input X onto output Y.

As a consequence, the challenge nowadays is to choose the “most desirable”
function [ out of the infinitely many functions with equal training loss L(f\)
This opens the question of what the mathematical meaning of “most desirable”
could be. At least intuitively, engineers have quite specific convictions (also
known as inductive bias) which functions are not desirable (see Figures 2.1.1
and 2.1.2). This intuition could be formalized mathematically as a Bayesian

6The solution of a least square linear regression is unique, if there are d linearly
independent training data points X"
. If the tralnmg data points are drawn as i.i.d. samples from a
distribution that is absolutely continuous with respect to the d-dimensional Lebesgue
measure, this is almost surely the case, if d <N.


https://en.wikipedia.org/w/index.php?title=Inductive_bias&oldid=901756495
https://en.wikipedia.org/w/index.php?title=Independent_and_identically_distributed_random_variables&oldid=910267759
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Figure 2.1.1: Example: Given these N = 11 training data points (x"";ytrain) (black
dots) there are infinitely many functions f that perfectly fit through the training data
and therefore have training loss L (f) = 0. Intuition often tells us that one should prefer
the straight blue line over the oscillating red line, even though both functions have zero
training loss L (f) = 0.

Figure 2.1.2: Example: Given these N = 120 training data points (x}{"a"; yfrain) (black
dots) there are infinitely many functions f that perfectly fit through the training data
and therefore have training loss L (f) = 0. For many applications our intuition tells
us that we should prefer the smooth blue line =7 over the oscillating red line, even
though the smooth function £~ results in training loss L (f =) > 0.
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prior knowledge’ [Bishop, 2006, e.g. page 22].

One approach to capture a common intuition about the prior knowledge is
to directly regularize the second derivative of f Therefore, in the case of input
dimension d = 1, the spline regression Reinsch [1967], Craven and Wahba [1978],
Kimeldorf and Wahba [1970] is frequently considered in order to choose the
function f which minimizes a weighted combination of the integrated square of
the second derivative and the training loss L.

Definition 2.1.2 (spline regression). Let Vie {1,...,N}:z{™" yi"™" ¢R and

“One could theoretically formulate this prior knowledge regarding the unknown
distribution of (X;Y) on X xY as a (probability)-measure on the space of all prob-
ability measures on X x Y. If the prior measure is a probability measure, one can
work perfectly rigorously in the framework of classical Bayes law. If the prior measure
is not a probability measure, we speak of an improper prior, which can also lead to
good results in applications. Consider for instance the very restrictive improper prior
measure that assigns measure 0 to the set of all non-linear functions and weights all
linear functions the same. (Since this measure assigns oo to the subspace of all linear
functions, it is an improper prior.) This improper prior leads to the least square linear
regression in the case of i.i.d. normally distributed noise. The simple intuitive prior
knowledge “I am absolutely sure that frv e is linear, but I consider all linear functions
as equally likely.” is captured quite well by this improper prior and the solution of the
corresponding Bayesian problem can be computed quite fast (linear regression). But for
most real-world applications, a more realistic intuitive prior knowledge such as “I cannot
exclude any function for sure, but | have some vague feeling that fyyye is more likely
to be a ‘simpler’, ‘smoother’ function than a ‘heavily oscillating’ function.” is harder
to mathematically formalize and calculating the solution of such Bayesian problems
is often not tractable. Still, Bayesian theory can be considered a very powerful and
general abstract theoretical framework without explicitly solving Bayesian problems
and even without explicitly writing down priors.


https://en.wikipedia.org/w/index.php?title=Independent_and_identically_distributed_random_variables&oldid=910267759
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X € Rso. Then the (smoothing®) regression spline /= : R — R is defined® as

L(f)= PLHE
—
1 ° A N train train 2 < ” 2
(2.1.2) fHleargmin 3 (f(@™) - ui™") T +A (f (z)) dz
FICPR) | i=1 —oo
=F (F)

and for a given function g : R - Rxo the weighted regression spline fgE is
defined® as

(2.1.3)
L(F)= PYF)E
) N » ) " 2
fo e argmin |3 (F(@ ) - 4) 42 g(0) G @),
fI;gZIZ(R) i=1 supp(g) 9(13)
supp(f ) [supp(g9)
=[F :9(F)

The hyperparameter A\ controls the trade-o Cbetween low training loss and
low squared second derivative. See f~ in Figure 2.1.2 for an example of the
regression spline (which corresponds to the weighted regression spline fgE with
constant weight g = ¢ > 0).

Letting the regularization parameter X tend to zero in (2.1.2), one obtains
the smooth spline interpolation, i.e. the “smoothest” C2-function interpolating
the observed data.

81n the literature, the spline regression is often called (natural) (cubic) smoothing
spline, but in this text = will simply be called regression spline.
9We use the notation a {s} to define a as the unique element s of the set {s}
(i,e. alEs). I
The

(weighted) regression spline fgLJ is uniquely defined

. The “argmin” is defined as the set of all minimizers:

(argmin) argminF(s) E{s 3 [F(s)=minF(s) } S O[sTS
s[S s=
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Definition 2.1.3 (spline interpolation). Let Vie {1,...,N} : z{™" 4" ¢ R,
with zi" distinct, and A € R»o. Then the (smooth) spline interpolation f5% :
R — R is defined'® as:

10

(2.1.4) 5% = lim e argmin ( (f"(x))zdz).
-0+ TR (R); —oo
Fxfrainy=yrain ;g

The Definitions 2.1.2 and 2.1.3 can also be seen as solutions to Bayesian
problems Kimeldorf and Wahba [1970]**.

2.1.2 A paradox of neural networks

As argued above, within a regression problem one might have an intuition about
certain attributes of solution functions f that are particularly “desirable”. More-
over, these ideas of suitability could be incorporated directly by including certain
regularization terms to the learning problem, such as seen in the popular ex-
ample of the spline regression fgm. Surprisingly, however, standard algorithms
applied to train neural networks

are able to find “desirable” functions f without explicit regularization.
This paradox shall be discussed throughout the present section. In particular,
we will demonstrate two severe misassumptions typically made in the classical
approach to explain supervised learning using neural networks.

The paradox can be observed for deep Goodfellow et al. [2016] as well as for
shallow™? neural networks. This paper resolves the phenomenon rigorously only
in the context of wide randomized shallow neural networks (RSNs) with ReLU
activation (i.e. WRRSN, cp. Section 2.3). For simplicity, we outline the paradox
for shallow neural networks defined below.

10 Analogous to footnote 9, the spline interpolation 5% is uniquely defined and the
unique solution to the right-hand side optimization problem in eq. (2.1.4) if N > 2,
since xi"@" are distinct.

11 More precisely, Definitions 2.1.2 and 2.1.3 can be seen as limits of Bayesian problems
[Kimeldorf and Wahba, 1970, p. 502]. Definitions 2.1.2 and 2.1.3 cannot be solutions of
a classical Bayesian problem with a proper prior (cp. footnote 7 on page 26, [Kimeldorf
and Wahba, 1970, eq. (4.1) on p. 501] and Wahba [1978]).

12)n the literature shallow neural networks are also referred to as “simple deep neural
networks” or “two-layer (deep) neural networks” [Gidel et al., 2019, Section 1.1 p. 3].
These three terms are all reasonable, since such a network consists of three layers
of neurons (input- hidden - output), therefore it has two layers of weights and biases
((v;b) - (w;c)) and thus one hidden layer of neurons.
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Definition 2.1.4 (shallow neural network?). Let the activation function o :
R — R be a non-constant Lipschitz function. Then, a shallow neural network is
defined as N : RY > R s.t.

n d
NN (x)::Zwa(bk+ka;jxj)+c ,
k=1 j=1

with
e number of neurons n € N and input dimension d € N,
= weights v e RY, wx €R, k=1,...,n and

e biases ceR, bk eR, k=1,...,n.
Weights and biases are collected in
0:= (w,b,v,c)e =R"xR"xR™YxR.

Paradox 1. The paradox of how the training of neural networks leads to solution
functions that are surprisingly sensible from a Bayesian perspective (summarized
in Figure 2.1.3) consists of two parts:

1. In the literature it is often claimed that the goal of training a neural
network is to find parameters

(2.1.5) 6= argmin L (WN ),
(]

such that the corresponding neural network f‘:: NN cfits through the
training data as well as possible (where goodness of fit is characterized by
the loss L).

However, such an optimal neural network AN/ =might have bad general-
ization properties. First, if the number of hidden neurons n > N is larger
or equal than the number of training data points N, there are infinitely
many (2.1.5)-optimizing shallow neural networks NN —that generalize
arbitrarily badly™®, even if there is zero noise ¢; = 0 on the training data.

13For RelLU activation functions, one can prove, that for every training data

(xtrain; ytrainy N} there exist infinitely many NN —such that the d-dimensional

Lebesgue-measure of the set { x [+1; 1]d ONN (x)3> 9999 } is larger than 99% (2

and L(NN =0, if n=N and n = 1. This implies that there exist di Lerent global
optima NN —of L that are arbitrarily far from each other in any LP-norm.
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Second, if n < N -2, then NA/ =¢an be unique, but NN/ —might still over-
fit to the noise on the training data (see Figure 2.1.4). As a consequence of
the universal approximation theorems Cybenko [1989], Hornik [1991], we
have that large neural networks N —(or any other universally approxi-
mating class of functions) can potentially behave arbitrarily badly (as, for
instance, in Figure 2.1.1) in-between the training data =" while keeping
the training loss arbitrarily low, i.e. L (NN i< ¢, exactly because of their
universal approximation properties. (If a very small number of neurons
n <« % were chosen, over-fitting of AV —would not pose such a severe
problem, however, in that case, neural networks would lose their universal
approximation property (which is one of their main selling points) and
therefore AN/ —could not achieve a low loss L (NN o))

Paradoxically, however, extremely large (trained) neural networks NA
typically generalize very well in practice. Indeed, Theorems 2.3.9 and 2.3.16
will demonstrate how well neural networks AN with an infinite number
of neurons behave in between the data.

2. The objective function in optimization problem (2.1.5) (in the case of
typical activation functions) is a almost everywhere di Lerkntiable function
on the finite-dimensional vector space . Thus, for solving (2.1.5), it seems
evident to use a (stochastic**) gradient descent algorithm (where the
gradient can be calculated via the backpropagation algorithm in the case
of neural networks).

However, there are no known guarantees that these algorithms converge to
a global optimum for a general, typically non-convex optimization problem.
Moreover, numerical experiments show that if the algorithm continues for
a reasonable time, the solution function obtained is still quite far from
being optimal (w.r.t. the target function L, that the algorithm claims to
try to optimize.) (e.g. Figure 2.1.4).

14stochastic gradient descent poses immense computational advantages in the case
of a very large number N of training observations (computing an approximate gradient
based on small batch is computationally much cheaper than calculating the exact
gradient on the entire data set). Within the present work, stochastic gradient descent
can be treated equivalently to ordinary gradient descent as we are considering the
regime of constant / =T with diminishing learning rate - 0 and N [N fixed. In
this regime the two methods become equivalent to the continuous gradient flow.
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True Problem in Application: =2
Bayesian Problem with realistic prior

1. Modelling
b &

OVERPARAMETERIZED MODEL OF REALITY!

6—<argmin L(NN ), f=ANN &
(=]

————

. 2
zIi\i1 (NN (xii:raln )_ygral ny

2_ Computing approx. solution of optimization problem
EARLY-STOPPED GRADIENT DESCEND!

0% =0' -4V LNN +),
6° ~ 0,

f\ZIN./\/ T

WORKS VERY WELL!

Figure 2.1.3: Paradox 1: 1. It would not be desirable for neural networks to solely mini-
mize the training loss L. 2. The (stochastic) gradient descent algorithm (also known as
the backpropagation algorithm) typically does not succeed in finding a global optimum.
Nevertheless, the algorithm results in functions f= NN + that are surprisingly useful
for a wide range of practical applications.
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Figure 2.1.4: Example: Let N = 100 training samples (x{™@";ytrain) pe scattered uni-
formly around the true function fyye =0 and consider a shallow neural network NN
with n = N = 100 hidden nodes. After 10000 training epochs of Adam SGD Kingma
and Ba [2014] the neural network does not converge to the global optimum NN (red
line) with L(NN =0, but to a more regular function NN + (green line) which is
closer to the true function fyrye.
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2.1.3 Resolving Paradox 1: Implicit Regularization

In the following, we like to resolve the paradox described above. Moreover, at
the end of this section, a short overview will be given, showing how this work
contributes to a better understanding of the aforementioned phenomenon.

Points 1, 2 and the observation that neural networks are very useful in
practice can be true at the same time:

As discussed above, an “optimal” network NN —would typically perform
quite poorly in practice (cp. 1). However, such a network is hardly obtained as a
solution from a generic training process involving a gradient descent based algo-
rithm. The reason being that, fortunately, the backpropagation algorithm which
was designed to yield trained networks close to AN —y minimizing the training
loss L does not achieve ~ this goal (cp. 2, i.e. typically L (NN +) > L (NN o).
Instead, it surprisingly succeeds in reaching a much more desirable objective by
not only minimizing the training loss L but also implicitly*® regularizing the
problem. Hence, the typically bad generalization property 1 of NA/ —does not
contradict the great out-of-sample performance of N\, which is observed to
be the much more regular (see Figure 2.1.4).

This phenomenon is known in the literature as “implicit regularization”
[Neyshabur et al., 2014, Neyshabur, 2017, Li and Liang, 2018, Kubo et al., 2019,
Soudry et al., 2017, Poggio et al., 2018, Gidel et al., 2019] (also known as “implicit
bias”[Soudry et al., 2017]). It demonstrates that questions | and 11, i.e. the gen-
eralization properties of neural networks and the use of gradient descent-based
methods in their training are strongly linked in practice.

In applications, the phenomenon of implicit regularization is frequently ob-
served [Hastie et al., 2009, Maennel et al., 2018, Neyshabur et al., 2014, Neyshabur,
2017, Li and Liang, 2018, Kubo et al., 2019, Poggio et al., 2018]. Nonetheless, the
theory behind it is still largely unexplored [Li and Liang, 2018, Kubo et al., 2019,

151n the limit of infinite training time T - oo, the gradient descent method can
converge to a global optimum. As we will see in the sequel, even though there typically
are infinitely many global optima this limit will be a very specific representative (cp.
Definitions 2.3.3 and 2.3.7, Theorems 2.3.9 and 2.3.16 and eq. (2.4.1)). Nonetheless,
the training process is typically stopped after a few epochs (with training time T [Cco).
The corresponding solution NN+ typically satisfies L(NN +) CLINN ohand is
much more desirable (cp. Definition 2.3.5 and eq. (2.4.2)).

16« mplicitly” means that one uses exactly the same algorithm (gradient descent on
the training loss L cp. Figure 2.1.3) that one would use, if one did not care about
regularization, but running the algorithm surprisingly results in a very regular solution
function NN .
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Poggio et al., 2018, Maennel et al., 2018]. The contribution of this work (sum-
marized in Figure 2.1.5) is proving very precisely in which manner the implicit
regularization e [edts occur when training a so-called randomized shallow neural
network (RSN) (a specific type of neural network with one hidden layer and
randomly chosen first-layer parameters ) with a large number
of hidden nodes and ReLU activation (i.e., a WRRSN) using a gradient
descent method. RSNs (also known as “extreme learning machines”) are success-
fully applied in various settings [Huang et al., 2006, Herrera et al., 2021a]. As
we shall see in the following, for such a network (as a function from X to )))
the second derivative is implicitly regularized during training. More precisely,
we will characterize the solution function obtained in infinite training time for
wide networks with a large number of hidden nodes (cp. Definition 2.3.5 and
Theorems 2.3.9 and 2.3.16). In a typical setting, this limit is very close to a
regression spline ", whose theory is highly understood [Reinsch, 1967, Craven
and Wahba, 1978, Kimeldorf and Wahba, 1970].

Remark 2.1.5 (P-Functional). In supervised learning, P-regularized loss mini-
mization models, i.e.,

R cargmin L (f) + AP(f),
|

are typically quite easy to interpret and have nice theoretical properties (e.g.
Definition 2.1.2). Each of these models is fully characterized by its regularizing
functional P (e.g. P = P in the case of weighted smooting spline re-
gression fy').*" " Our key finding is that other supervised learning algorithms
(such as standard neural network algorithms) that are typically not considered
as P-regularized loss minimization, in fact are equivalent to P-regularized loss

17The letter “P” can be motivated by the fact that the P -functional penalizes less
regular functions f LY, assigning to them a large value of the penalty P (f). Moreover,
it expresses a certain prior belief 1° of which types of functions should be preferred in the
supervised learning task.

18
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=]

minimization with a speci