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Abstract
Fractals play an important role in nonlinear science. The most important parameter when
modeling a fractal is the fractal dimension. Existing information dimension can calculate the
dimension of probability distribution. However, calculating the fractal dimension given a mass
function, which is the generalization of probability, is still an open problem of immense interest.
The main contribution of this work is to propose an information fractal dimension of mass
function. Numerical examples are given to show the effectiveness of our proposed dimension.
We discover an important property in that the dimension of mass function with the maximum
Deng entropy is ln 3

ln 2 ≈ 1.585, which is the well-known fractal dimension of Sierpiski triangle.
The application in complexity analysis of time series illustrates the effectiveness of our method.

Keywords : Fractal; Information Dimension; Probability Distribution; Mass Function; Shannon
Entropy; Deng Entropy; Sierpiski Triangle; Time Series.

1. INTRODUCTION

Fractals are very common in nature.1 Fractals were
first proposed to measure the characteristics of the
length of the coast.2 As the field progressed, it
became widely used across many different areas. In
the analysis of time series, the fractal characteris-
tics of wind speed curves3 and interbreath interval
signals4 were examined. The properties of fractals
and self-similarity are reflected in many real com-
plex networks.5,6 The relationship between vulner-
ability and fractal dimension was studied.7 How to
detect the Wada boundary8,9 has attracted much
attention. Recently, the Wada index was proposed
to determine fractal basin boundaries.10 The frac-
tal dimension plays a vital role in fractal theory.
To date, a lot of measures11 have been proposed to
determine the fractal dimension. Hausdorff dimen-
sion is a classical dimension.12,13 However, it is
not an easy task to obtain the accurate value.
Thus, many other fractal dimensions were devel-
oped like information dimension,14,15 correlation
dimension,16 and box dimension.17,18

The uncertainty measurement is a topic of
immense interest because it can be applied to
the uncertain environments.19,20 Many models
have been proposed, including probability theory,21

Dempster–Shafer evidence theory.22,23 Probability
is a well-known representation of information. The
information volume of a probability can be mea-
sured with Shannon entropy.24,25 In addition, mass

function in evidence theory is a generalization of
probability set to describe uncertainty, which is
also called basic probability assignment (BPA).
The uncertainty of mass function can be mea-
sured by Deng entropy.26 In contrast to proba-
bility distribution, mass function has been widely
applied due to its ability in dealing with uncer-
tain information.27,28 Many measures and param-
eters have been developed to study properties of
mass function such as entropy29 and information
volume.30

Recently, the academic community has been con-
cerned with fractals of mass function.14,31 However,
determining the fractal dimension of mass function
is still an open problem. In this paper, we have
proposed information dimension of mass function
based on Deng entropy and fractal theory. Impor-
tantly, we discover that the dimension of mass func-
tion with the maximum Deng entropy is 1.585,
which is the same as the fractal dimension of Sier-
pinski triangle. Many other interesting points are
discussed. The complexity of time series is analyzed
using the proposed dimension.

The following are some Preliminaries.
Entropy is very important in complex sys-

tems.32,33 There are many different kinds of entropy
function such as Tsallis entropy34 and Renyi
entropy.35 In information theory, Shannon entropy
plays an important role.36,37 As part of our litera-
ture review, we will introduce these concepts briefly.
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1.1. Shannon Entropy

Given a probability distribution P = {p1, p2, . . . ,
pn}, Shannon entropy is defined as follows25:

HS = −
∑

i

pi log(pi). (1)

If and only if pi = 1
n , Shannon entropy reaches max-

imum

Hmax S = log(n). (2)

1.2. Fractal and Information
Dimension

Fractals have been widely studied38 and the fractal
dimension is also attracting a lot of focus.8,39 For
example, the fractal dimension of Sierpinski trian-
gle is ln 3

ln 2 ,40 the fractal dimension of Koch curve
is ln 4

ln 3 ,41 and the fractal dimension of Cantor sets
is ln 2

ln 3 .42 Information dimension, as a kind of frac-
tal dimension, also plays a critical role in dealing
with probability distribution. For a discrete proba-
bility P = {p1, . . . , pn}, its information dimension
is defined as follows15:

lim
n→∞

− 1
q−1 log

∑
i p

q
i

log(n)
. (3)

Note that the numerator is Renyi entropy. When
q = 1, Renyi entropy degenerates to Shannon
entropy. This paper only focuses on the first-order
information dimension that when q = 1.

Dr = lim
n→∞

−∑i pi log(pi)
log(n)

. (4)

1.3. Mass Function

Mass function is an important aspect of evidence
theory, which is an extension of probability theory.
Θ denotes the framework of discernment in evidence
theory22,23

Θ = {ω1, . . . , ωN}, (5)

the power set of Θ is 2Θ,

2Θ = {A1, A2, . . . , A2N }
= {∅, {ω1}, . . . , {ωN}, {ω1, ω2}, . . . , {Θ}}. (6)

The mass function is defined as follows22,23:

m : 2Θ → [0, 1]. (7)

This mapping satisfies

m(∅) = 0, (8)∑
Ai⊆2Θ

m(Ai) = 1, (9)

where Ai is called focal element when m(Ai) > 0.
Mass function can be seen as a generalization of
probability distribution, which is more efficient in
dealing with uncertainty.43,44

1.4. Deng Entropy and Maximum
Deng Entropy

Recently, a new entropy called Deng entropy has
been proposed to measure uncertainty of mass func-
tion.26,45 Given a mass function: ({A1, . . . , A2N } :
{m(Ai), i = 1, . . . , 2N}), its Deng entropy is
obtained as

HD = −
∑

Ai⊆2Θ

m(Ai) log
(

m(Ai)
2|Ai| − 1

)
, (10)

where |Ai| is the cardinal of focal element Ai.
When the mass function is a Bayesian struc-

ture,23 Deng entropy degenerates to Shannon
entropy.

When the mass function satisfies the condition

m(Ai) =
2|Ai| − 1∑

Ai⊆2Θ 2|Ai| − 1
. (11)

Deng entropy reaches the maximum, which is
shown as follows26:

Hmax D = −
∑

Ai⊆2Θ

m(Ai) log
(

m(Ai)
2|Ai| − 1

)

= log
∑

Ai⊆2Θ

(2|Ai| − 1). (12)

In probability theory, Shannon entropy reaches
maximum when all results have equal probability.
However, in evidence theory, Deng entropy postu-
lates that when the uncertainty of mass function
reaches the maximum, multiple subsets should have
more assignment. In addition, some other exten-
sions of Deng entropy are proposed.46

The rest of the paper is organized as follows.
Section 2 presents the information dimension of
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mass function. Some numerical examples are given
in Sec. 3. An application in time series is given in
Sec. 4. This paper ends with a brief conclusion.

2. A NEW PROPOSAL FOR
INFORMATION DIMENSION
OF MASS FUNCTION

In this section, the new dimension is proposed and
we begin with some fundamental definitions. For
the convenience of the reader, we also provide the
proof to the properties that are being discussed.

Definition 1. For a framework of discernment Θ,
the power set is 2Θ = {A1, A2, . . . , A2N }, a mass
function is m. Its information dimension is defined
as follows:

Dm =
HD

log
∑

Ai⊆2Θ(2|Ai| − 1)m(Ai)
, (13)

where HD is Deng entropy, (2|Ai| − 1) is the size of
power set of the focal element Ai.

Property 1. When m(Ai) = 1, |Ai| = 1, both 0 in
numerator and denominator of Eq. (13), we defined
Dm as follows:

Dm = 0(m(Ai) = 1, |Ai| = 1). (14)

Proof. Given a framework of discernment Θ =
{ω1, . . . , ωN}, a mass function is m(Ai) =
a,m(A1) = · · · = m(Ai−1) = m(Ai+1) = · · · =
m(A2N−1) = b, where |Ai| = 1.

When a → 1, b → 0, the mass function degen-
erates into m(Ai) = 1, |Ai| = 1. According to
Eq. (10), we have

lim
a→1,b→0

HD =

⎛
⎝−a · log(a) +

∑
j �=i

−b · log

×
(

b

2|Aj | − 1

)⎞⎠→ 0. (15)

Thus,

Dm → 0. (16)

The special case with the condition (m(Ai) =
1, |Ai| = 1) in Property 1 indicates that the infor-
mation is deterministic, so its information dimen-
sion is 0.

Property 2. When mass function degenerates
into probability, the proposed dimension degener-
ates to Renyi information dimension.

Dm =
HD

log
∑N

i=1(2|Ai| − 1)m(Ai)

=
∑N

i=1 −pi log(pi)
log
∑

(21 − 1)pi

=
HS

log(N)
= Dr, (17)

where N is the number of focal element, HS is Shan-
non entropy. For denominator, the elementary event
is no longer split in probability theory, which is rep-
resented by the value of any exponent of 1.

In the case of one mass function or probability
distribution, only a number is obtained by Eq. (13).
However, in the next section, when the mass func-
tion changes in a certain regularity, the number
either stays the same or converges gradually to a
constant, indicating that there is scale invariance
between Deng entropy and the splitting of the mass
function. Therefore, the number is used to repre-
sent this property and named as the “information
fractal dimension”.

3. NUMERICAL EXAMPLES

In this section, we provide some numerical examples
to better illustrate the definition of the proposed
dimension. In order to verify the results easily, all
examples below use log 2 for the purpose of calcu-
lation. Nevertheless, base two or base e (or others)
does not affect the result. In Eq. (13), the numerator
and the denominator will be different for different
bases. However, we have proposed the dimension as
a ratio reflecting scale invariance. As long as the
logarithm of the numerator and denominator has
the same base, the result will not change. For con-
venience, we just use log in the following.

Example 1. A framework of discernment is Θ =
{ω1, ω2}, a mass function is

m(ω1) =
5
6
, m(ω1, ω2) =

1
6
.
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Its Deng entropy and information fractal dimension
are

HD = −5
6

log
(

5
6

)
− 1

6
log

(
1
6

22 − 1

)

= 0.9142,

Dm =
0.9142

log[(21 − 1)
5
6 + (22 − 1)

1
6 ]

=
0.9142
1.1381

= 0.8033.

Example 2. Given a framework of discernment Θ,
(|Θ| = 1, 2, . . . , 20). A mass function is m(Θ) = 1.
The result is shown in Table 1. In Fig. 1, x-axis is
Deng entropy and y-axis is log(2|Θ| − 1)1.

As can been seen from Table 1, the dimension of
|Θ| = 1 is 0. It means the complexity of a definite

Table 1 The Convergence Process of Example 2
(m(Θ) = 1).

|Θ| HD log
P

i(2
|Ai| − 1)m(Ai) Dm

1 0 0 0
2 1.5850 1.5850 1
3 2.8074 2.8074 1
4 3.9069 3.9069 1
5 4.9542 4.9542 1
6 5.9773 5.9773 1
7 6.9887 6.9887 1
8 7.9944 7.9944 1

. . . . . . . . . . . .
19 18.9999 18.9999 1
20 20.0000 20.0000 1

Fig. 1 The result of Example 2, where |Θ| = 1, 2, . . . , 20.

Table 2 The Convergence Process of
Example 3 (m(A) = 1

N ).

|Θ| HS log
P

i(2
|Ai| − 1)Pi Dr

1 0 0 0
2 1 1 1
3 1.5850 1.5850 1
4 2 2 1
5 2.3219 2.3219 1
6 2.5850 2.5850 1
7 2.8074 2.8074 1
8 3 3 1
9 3.1699 3.1699 1
10 3.3219 3.3219 1

Fig. 2 The result of Example 3, where N = |Θ| =
1, 2, . . . , 10.

information is 0. Figure 1 indicates a linear relation-
ship between Deng entropy and the size of split of
mass function when |Θ| = 2, 3, . . . , 20. The value of
the slope is 1 and this means that the information
dimension of the total uncertainty case is 1.

Example 3. Consider a framework of discern-
ment Θ, (|Θ| = 1, 2, . . . , 10). A mass function is
({A1, A2, . . . , AN}, m(Ai) = 1

N )), where |Ai| = 1.
The information dimension of this mass function
is 1. The results of Dr are listed in Table 2 and
Fig. 2.

Compared with Examples 2 and 3, m(Θ) = 1
means total uncertainty in evidence theory and
average distribution in probability theory m(Ai) =
1
N has equal information dimension. The calculation

2250110-5
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Table 3 The Convergence Process of Example 4
(m(Ai) = 1

2N −1
).

|Θ| HD log
P

i(2
|Ai| − 1)m(Ai) Dm

1 0 0 0
2 2.1133 1.7834 1.1850
3 3.8877 2.9691 1.3094
4 5.5500 4.0186 1.3811
5 7.1610 5.0260 1.4248
6 8.7428 6.0214 1.4520
7 10.3048 7.0418 1.4690
8 11.8523 8.0095 1.4798
9 13.3886 9.0058 1.4867
10 14.9162 10.0034 1.4911
. . . . . . . . . . . .
21 31.4965 21.0000 1.4998
22 32.9974 22.0000 1.4999
23 34.4981 23.0000 1.4999
24 35.9985 24.0000 1.4999
25 37.4989 25.0000 1.5000

of Example 3 is

Dr =
∑N

i=1 −pi log(pi)

log
∑N

i=1(2|Ai| − 1)Pi
=

− 1
N log( 1

N ) × N

log(1 × N)
=1.

(18)

The calculation of Example 2 is

Dm =
−1 × log( 1

2N−1
)

log(2N − 1)1
= 1. (19)

Equation (19) can be rewritten as

Dm =
− 1

2N−1
log( 1

2N−1
) × (2N − 1)

log(1 × (2N − 1))
. (20)

From the above equations, the case of m(Θ) = 1,
|Θ| = N and the case of average distribution in
probability, where the number of elementary events
is 2N−1, are equivalent in expressing the complexity
of information.

Example 4. Given a framework of discernment Θ,
|Θ| = N = 1, 2, . . . , 25. Its power set is 2Θ =
{∅, A1, A2, . . . , A2N−1}. A mass function with aver-
age assignment in power set is m(Ai) = 1

2N−1
. As

can be seen from Table 3 and Fig. 3, with the
increase of the size of Θ, Dm is changed but even-
tually goes to 1.5. Different from Examples 2 and 3,
which is a constant from the beginning, we assume
that for this example the convergent value is the
final information fractal dimension of mass function
with average distribution in power set.

Fig. 3 The result of Example 4, where |Θ| = 1, 2, . . . , 25.

Fig. 4 The result of Example 5, where |Θ| = 1, 2, . . . , 20.

Example 5. Given a framework of discernment Θ,
|Θ| = 1, 2, . . . , 20 and a mass function with maxi-
mum Deng entropy: m(Ai) = 2|Ai|−1P

Ai⊆2Θ
(2|Ai|−1)

. Fig-

ure 4 shows the result and Fig. 5 is a Sierpinski
triangle.

From Table 4, with the size of Θ increasing, Dm

is a convergent sequence. The dimension of mass
function with the maximum Deng entropy is 1.585,
which is the well-known fractal dimension of Sier-
piski triangle.

Finally, we conclude the results from Examples 2,
4 and 5 with a picture. Figure 6 shows that there
is a linear relationship between Deng entropy and
the size of split of mass function. However, given
any mass function like Example 1, is there a special
distribution form of mass function that has the
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Fig. 5 Sierpinski triangle, whose fractal dimension is ln 3
ln 2 ≈

1.585. Interested readers can refer to Ref. 47 for the full con-
struction steps.

Table 4 The Convergence Process of Example 5

(m(A) = 2|A|−1P
(2|Ai|−1)

).

|Θ| HmaxD log
P

i(2
|Ai| − 1)m(Ai) Dm

1 0 0 0
2 2.3219 1.9757 1.1752
3 4.2479 3.1071 1.3672
4 6.0224 4.0970 1.4699
5 7.7211 5.0679 1.5235
6 9.3772 6.0434 1.5516
7 11.0077 7.0265 1.5666
8 12.6223 8.0157 1.5747
9 14.2266 9.0091 1.5791
10 15.8244 10.0052 1.5816
11 17.4178 11.0029 1.5830
12 19.0084 12.0016 1.5838
13 20.5971 13.0009 1.5843
14 22.1845 14.0005 1.5846
15 23.7711 15.0003 1.5847
16 25.3572 16.0001 1.5848
17 26.9429 17.0001 1.5849
18 28.5283 18.0000 1.5849
19 30.1136 19.0000 1.5849
20 31.6988 20.0000 1.5849

same dimension? What does the calculated dimen-
sion actually mean?

There is still no common agreement on the inter-
pretation of dimension, but one plausible explana-
tion is related to the degree of freedom. In Euclidean
Space, one-dimensional space means that a particle
can only move in one direction. In two-dimensional
space, particle can move in two orthogonal direc-
tions, and for three-dimensional, particle can move
in three orthogonal directions. The higher the

Fig. 6 Information dimension of Examples 2, 4 and 5.

dimension, the more directions a particle can move;
more variables are needed to measure it. However,
we postulate here to express information fractal
dimension as complexity. That is to say, the larger
the information dimension is, the more complex the
information represented by a mass function will be.

4. APPLICATION IN THE
COMPLEX ANALYSIS OF
TIME SERIES

In the area of signal processing,48,49 the complex-
ity of the time series analysis has always been a
hot topic.39,50 In the physiologic area, complex-
ity represents the adaptability of a system in a
dynamic environment. Thus, the signals from a
healthy system will be more complex than a patho-
logical system.51 Entropy is an important tool when
handling uncertainty, many entropy-based meth-
ods have been proposed to analyze the complex-
ity of signal from biological systems.52–54 Among
them, the method named EoE has a good perfor-
mance because it considers the casual information
by using Shannon entropy twice.52 Recently, a gen-
eralized method BEoE based on belief entropy was
developed, in which more hidden information were
extracted from time series.55 Inspired by BEoE, we
proposed the BDoD model to analyze the complex-
ity of time series. Specifically, we use information
fractal dimension to replace the belief entropy. The
result illustrates the effectiveness of the proposed
method.

4.1. Belief Dimension of Dimension
Method

First segment:
Step 1: Input a time series xi = {x1, x2, . . . , xm},

the width of window τ .
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Step 2: Find the range of xi is [xmin, xmax], divide
[xmin, xmax] into k1 equal slices: [Bs, Bs+1],
where s = 1, 2, . . . , k1.

Step 3: Divide xi into n windows: wτ
j , j =

1, 2, . . . , n, where n = m/τ .
Step 4: Determine the mass function of each win-

dow according to:
m(Bs) = p

τ , where p is the number of xi

in wτ
j satisfying xi = Bs

m(Bs, Bs+1) = P
τ , where P is the number

of xi in wτ
j satisfying Bs < xi < Bs+1.

Step 5: Calculate information fractal dimension of
each window, the result is a sequence
{Eτ

j }.
When the information dimension sequences are

calculated of all-time series, we have

Second segment:

Step 6: Find all values in information dimension
sequences. The value with the highest num-
ber of occurrences in the first k2 is used as
the interval [lr, lr+1], where r = 1, 2, . . . ,
k2.

Step 7: Determine the mass function of each infor-
mation dimension sequence again according
to
m(lr) = q

n , where q is the number of Eτ
j

satisfying xi = Bs

m(lr, lr+1) = Q
n , where Q is the number of

xi in wτ
j satisfying lr < xi < lr+1.

Step 8: Calculate information fractal dimension of
dimension BDoD, output this result.

4.2. Data Description and
Parameters Setting

All data is taken from the following databases on
PhysioNet56 (a) BIDMC Congestive Heart Failure
Database, (b) Long-Term AF Database and (c)
MIT-BIH Normal Sinus Rhythm Database. The
subjects of each database are 15, 84 and 18, respec-
tively. For one sample sequence of subjects, we
choose 70 points as time series of each database
to analyze their complexity. Three time series are
shown in Fig. 7. For convenience, we use BIDMC,
AF, NSR to represent these three time series.
The subjects from MIT-BIH Normal Sinus Rhythm
Database are healthy, the other two are pathol-
ogy. Thus, the final information dimension of NSR
should be higher than BIDMC and AF.
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Heartbeat number
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1

1.2

1.4
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me

The time series of BIDMC

(a)
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(b)
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The time series of NSR

(c)

Fig. 7 The interbeat interval time series (70 datas) of three
representative subjects.

After the necessary noise processing, the pro-
posed BDoD method is applied to these time series.
Clearly, the length of every signal m is 70. The
width of window τ is 5 and k2 is 7. Readers can refer
to Ref. 52 for more details about the parameter set-
ting. We will discuss these results in the following
section.

4.3. Experimental Results

The results of BDoD and BEoE are listed in
Tables 5, 6 and Fig. 8. It is worth noting that the
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Table 5 The BEoE Result of BIDMC, AF, NSR.

Subject Mass Function BEoE Value

BIDMC m(B1) = m(B3) = 1
14 , m(B2) = 12

14 0.5091

AF m(B5, B6) = m(B6, B7) = 1
14 , m(B6) = 4

14 , m(B7) = 8
14 1.2117

NSR m(B2) = m(B5, B6) = 1
14 , m(B4) = m(B5) = 2

14 , m(B6) = m(B7) = 4
14 1.7273

Table 6 The BDoD Result of BIDMC, AF, NSR

Subject Mass Function BDoD Value

BIDMC m(l1) = m(l3) = 1
14 , m(l2) = 12

14 0.4634

AF m(l5, l6) = m(l6, l7) = 1
14 , m(l6) = 4

14 , m(l7) = 8
14 0.8495

NSR m(l2) = m(l5, l6) = 1
14 , m(l4) = m(l5) = 2

14 , , m(l6) = m(l7) = 4
14 0.9568
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Fig. 8 The results from our experiments. The left column is the result by using BEoE method, the right column is BDoD.
The result of BDoD is consistent with BEoE that BIDMC < AF < NSR. As expected, the complexity of NSR is highest.
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entropy has seven levels

{B1, B2, B3, B4, B5, B6, B7}
= {1.0986, 1.5990, 1.7716, 2.0489, 2.1535,

2.4308, 2.7081}.
The seven levels of information fractal dimension
are

{l1, l2, l3, l4, l5, l6, l7}
= {1, 1.2340, 1.3777, 1.4190, 1.4594,

1.4696, 1.4805}.
From Fig. 8, the curves of NSR fluctuate wildly

both in two methods. On the contrary, the curves of
BIDMC are very flat. As expected, the BEoE result
of the healthy subject from NSR is the highest, the
value of the pathology from BIDMC is the low-
est. As for AF, because it is a pathological sig-
nal, the final information dimension is 0.8495 less
than the value of NSR. In addition, comparing
BIDMC and AF, the BDoD method has BDoDAF >
BDoDBiDMC showing that the time series of AF is
more complex, which is same as the result of BEoE.
Above all, the information fractal dimension can
effectively find the difference between health and
pathological signals, and can clearly distinguish dif-
ferent pathological signals.

5. CONCLUSION

How to determine the fractal dimension of uncertain
information is still an open problem. In this paper,
an information fractal dimension of mass function
is proposed. The proposed method not only can cal-
culate the dimension of probability distribution in
probability theory, but also the mass function in
evidence theory as well. Some interesting properties
have been discussed. Importantly, we discover that
the dimension of mass function with the maximum
Deng entropy is 1.585, which is the same as the
fractal dimension of Sierpinski triangle. Our con-
clusion is well supported by our experiments using
three biological signals analyzed by using the BDoD
method. The results reveal that the information
fractal dimension is a good measure of complexity.
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and Kullback-Leibler divergence, IEEE Trans. Inf.
Theory 60 (2014) 3797–3820.

36. C. Wang, Z. X. Tan, Y. Ye, L. Wang, K. H. Cheong
and N.-G. Xie, A rumor spreading model based on
information entropy, Sci. Rep. 7 (2017) 1–14.

37. S. G. Babajanyan, A. E. Allahverdyan and K. H.
Cheong, Energy and entropy: Path from game the-
ory to statistical mechanics, Phys. Rev. Res. 2
(2020) 043055.

38. J.-B. Liu, J. Zhao, J. Min and J. Cao, The Hosoya
index of graphs formed by a fractal graph, Fractals
27 (2019) 1950135.

39. A. Yilmaz and G. Unal, Multiscale Higuchi’s frac-
tal dimension method, Nonlinear Dyn. 101 (2020)
1441–1455.

40. D. Ettestad and J. Carbonara, The Sierpinski trian-
gle plane, Fractals 26 (2018) 1850003.

41. B. Jia, Bounds of the Hausdorff measure of the Koch
curve, Appl. Math. & Comput. 190 (2007) 559–565.

42. I. Baek, Hausdorff dimension of perturbed Can-
tor sets without some boundedness condition, Acta
Math. Hungar. 99 (2003) 279–283.

43. L. Xiong, X. Su and H. Qian, Conflicting evidence
combination from the perspective of networks, Inf.
Sci. 580 (2021) 408–418.

44. F. Xiao, GIQ: A generalized intelligent quality-based
approach for fusing multi-source information, IEEE
Trans. Fuzzy Syst. 29 (2021) 2018–2031.

45. Y. Song and Y. Deng, Entropic explanation of power
set, Int. J. Comput. Commun. Control 16 (2021)
4413.

2250110-11

Fr
ac

ta
ls

 2
02

2.
30

. D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
if

ic
.c

om
by

 S
W

IS
S 

FE
D

E
R

A
L

 I
N

ST
IT

U
T

E
 O

F 
T

E
C

H
N

O
L

O
G

Y
 Z

U
R

IC
H

 (
E

T
H

) 
on

 1
0/

17
/2

2.
 R

e-
us

e 
an

d 
di

st
ri

bu
tio

n 
is

 s
tr

ic
tly

 n
ot

 p
er

m
itt

ed
, e

xc
ep

t f
or

 O
pe

n 
A

cc
es

s 
ar

tic
le

s.



2nd Reading

July 3, 2022 15:17 0218-348X 2250110

C. Qiang, Y. Deng & K. H. Cheong

46. N. Balakrishnan, F. Buono and M. Longobardi, A
unified formulation of entropy and its application,
Physica A 596 (2022) 127214.

47. H.-O. Peitgen, H. Jürgens and D. Saupe, Chaos and
Fractals: New Frontiers of Science (Springer Science
& Business Media, 2006).

48. L. Saunoriene, P. Palevicius, G. Laukaitis, M. Tru-
siak, K. Patorski and M. Ragulskis, Diagnostics
measure for roller bearings based on variable moire
gratings, Opt. Lasers Eng. 133 (2020) 106137.

49. C. Wu, J. Yang, M. A. F. Sanjuán and H. Liu,
Stochastic resonance induced by an unknown linear
frequency modulated signal in a strong noise back-
ground, Chaos 30 (2020) 043128.

50. M. Rafique, J. Iqbal, S. A. A. Shah, A. Alam,
K. J. Lone, A. Barkat, M. A. Shah, S. A. Qureshi
and D. Nikolopoulos, On fractal dimensions of soil
radon gas time series, J. Atmos. Sol.-Terr. Phys.
227 (2022) 105775.

51. M. Costa, A. L. Goldberger and C.-K. Peng, Mul-
tiscale entropy analysis of complex physiologic time
series, Phys. Rev. Lett. 89 (2002) 068102.

52. C. Hsu, S. Y. Wei, H. P. Huang, L. Hsu, S. Chi
and C. K. Peng, Entropy of entropy: Measurement
of dynamical complexity for biological systems,
Entropy 19 (2017) 550.

53. H. Azami, A. Fernández and J. Escudero, Multi-
variate multiscale dispersion entropy of biomedical
times series, Entropy 21 (2019) 913.

54. C. F. Hsu, P.-Y. Lin, H.-H. Chao, L. Hsu and S.
Chi, Average entropy: Measurement of disorder for
cardiac RR interval signals, Physica A 529 (2019)
121533.

55. H. Cui, L. Zhou, Y. Li and B. Kang, Belief
entropy-of-entropy and its application in the car-
diac interbeat interval time series analysis, Chaos
Solitons Fractals 155 (2022) 111736.

56. BIDMC congestive heart failure database, long-
term AF database and MIT-BIH normal sinus
rhythm database, https://archive.physionet.org/
physiobank/database/.

2250110-12

Fr
ac

ta
ls

 2
02

2.
30

. D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
if

ic
.c

om
by

 S
W

IS
S 

FE
D

E
R

A
L

 I
N

ST
IT

U
T

E
 O

F 
T

E
C

H
N

O
L

O
G

Y
 Z

U
R

IC
H

 (
E

T
H

) 
on

 1
0/

17
/2

2.
 R

e-
us

e 
an

d 
di

st
ri

bu
tio

n 
is

 s
tr

ic
tly

 n
ot

 p
er

m
itt

ed
, e

xc
ep

t f
or

 O
pe

n 
A

cc
es

s 
ar

tic
le

s.


	INTRODUCTION
	Shannon Entropy
	Fractal and Information Dimension
	Mass Function
	Deng Entropy and Maximum Deng Entropy

	A NEW PROPOSAL FOR INFORMATION DIMENSION OF MASS FUNCTION
	NUMERICAL EXAMPLES
	APPLICATION IN THE COMPLEX ANALYSIS OF TIME SERIES
	Belief Dimension of Dimension Method
	Data Description and Parameters Setting
	Experimental Results

	CONCLUSION


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 900
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 900
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages false
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


