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1 Introduction

The AdS/CFT correspondence for the case of AdSs is an interesting toy model that has the
potential to allow for quantitative tests of the duality even in the stringy regime. Indeed,
unlike the higher dimensional cousins, strings on AdSs with pure NS-NS flux have an
exactly solvable worldsheet description in terms of a WZW model based on s((2, R) [1-3].
In a similar vein, the dual CFT is a 2-dimensional conformal field theory for whose analysis
also powerful tools exist. This opens the possibility that one may be able to identify an
exact dual pair for which both sides of the duality are exactly solvable. Recently, very good
evidence has been presented that this is indeed possible: it was shown in [4], following [5]
(see also [6]), that the pure NS-NS background of AdS3 x S? x T* with minimal flux (k = 1)
through AdS3 (and S?) has exactly the same spacetime spectrum as the symmetric orbifold
theory of T* in the large N limit. It was furthermore shown in [7] that also the algebraic
structures, i.e. the operator algebra of the chiral fields, agree between the two descriptions.
This gives very strong credence to the idea that these two descriptions are indeed exactly
dual to one another.

Given the success of this correspondence, one may ask whether there are other examples
of this kind. In this paper we show that a similar result holds for string theory on AdSs x
S3 x 82 x S! with pure NS-NS flux: for the minimal value of the flux through one of the
two S3, say kT = 1, the spacetime spectrum of string theory is equivalent to the symmetric
orbifold of Sy (in the large N limit), where x is related to the flux through the other



S3, k = k= — 1. (Here S, denotes the supersymmetric WZW-model on S® x S'.) More
specifically, we check this statement on the level of the spectrum (or partition function), and
we also confirm that we reproduce the correct spacetime algebra from the worldsheet via
a DDF construction following [8, 9]. In particular, this gives in a sense a direct derivation
of the proposed dual CFT of [10], see also [11, 12] for earlier attempts.

While the general philosophy of the approach is quite similar to what was done in [4, 7],
there are a number of technical difficulties one has to overcome. First, the relevant hy-
brid formalism (that we employ to make sense of the theory with k™ = 1) had not been
developed before, and we sketch its derivation. It involves the WZW model based on the
superalgebra 9(2,1; «), whose structure is somewhat more complicated than psu(1,1|2)
that was relevant for the case of T4 [4]. In particular, we need to work out the fusion
rules and the characters from first principles. We also make a guess about the structure of
the indecomposable representations (whose structure is again somewhat more complicated
than for the case of psu(1,1|2);). Finally, we show that, following [7], the analysis can also
be done for k* > 1, in which case the resulting dual CFT is the symmetric orbifold of large
N = 4 Liouville theory.

The paper is organised as follows. We begin by explaining our conventions for the
description of string theory on AdS3 x S? x S3 x S! in the RNS formalism in section 2. In
section 3 we explain how to rewrite these degrees of freedom in a hybrid-like formalism;
the resulting theory then involves the WZW model on the superalgebra d(2, 1; ), together
with a free boson, two pairs of topologically twisted fermions and some ghosts, see eq. (3.6).
In section 4 we then study the representation theory of 9(2, 1; ), and specialise to the case
kT = 1 in section 5. We explain the structure of the representations, study their fusion
rules, and then make a proposal for the full worldsheet theory. The physical state condition
is then studied in section 6; we also explain there how the spacetime BPS states (and in
particular the moduli) arise from the worldsheet perspective. In section 7 we then study the
algebraic structure of the spacetime theory from the worldsheet, following [7], and establish
the result for general values of the flux. We end in section 8 with some discussion of our
result. There are a large number of appendices to which some of the technical material
has been relegated. In particular, we explain in appendix B the Wakimoto representation
of 9(2, 1; a)g; we derive the characters of 9(2, 1; ) at level kT = 1 as well as their modular
properties in appendix D; we explain the free field realisation of 9(2, 1; ) for kt =k~ = 1in
appendix E; and we study the indecomposable nature of the representations in appendix F.

2 The worldsheet theory

In the RNS-formalism, the worldsheet theory is described by the WZW-model
si2,R)Y @ su2) @ su@) Y @ u(1)® (2.1)

together with the usual superconformal ghost system. Here, g,(:) denotes the NV = 1
superconformal affine algebra of g at level k. Criticality of the background requires the
three levels to be related according to

1 1 1

T=m (2.2)



As is well known, the fermions of this algebra can be decoupled, leading to

sl(2, ]R),(Cl) = 5l(2,R)g1+2 @ 3 free fermions, (2.3)
5u(2)](€1ﬁ2 > s5u(2),+_o @ 3 free fermions. (2.4)

We shall denote the decoupled currents by #“ and ¢ (e with levels k + 2 and &+ — 2,
respectively. Here, a € {+,—,3} is an adjoint index of s[(2,R) or su(2). Similarly, we
denote the corresponding fermionic partners as 9% and y(#)?. Finally, the free boson of
the S! will be denoted by 0® and the corresponding fermion by A. The relevant commu-
tation relations are spelled out in appendix A. The AN/ = 1 superconformal currents on the
worldsheet are defined by

O O R (O R R e ()
b (A L O Dy D

-
’ — x(3px (P8 _ L3 (g (h)— 4 x(”‘@x(“*))
n ki_( H OBy L = 4 (- %<—)+)>
— By (8 — L (g ()= 4 X(*)fax(fH))
(0POP) — 1(AaA) : (2.5)

( I (ST ) - %(zp?’ww*))
1 - - —
_ kj(%HBX(“‘?’ L LD 4 0 (F) L (D3 (D () ))
1/ o o o
— F(%( )3X( )3 + %(,}i/( )+X( ) + (=) X( )+) + k%(x( )BX( )+X( ) ))

n %(acm) . (2.6)

?r'\i—* +
N | =

G(z) =

The N = 1 superconformal structure on the worldsheet allows us to define the BRST
charge as

QBRST = fdz (C(T + 3Ta) +7(G + %Ggh)> : (2.7)

Here, 78" and G#&" are the AN/ = 1 generators of the superconformal ghost system; this
consists of a bc system with A = 2 and a (v system with A = , whose OPE’s we take to

be (see also [7]) 1 ,
b(z)e(w) ~ ——,  Blz)y(w) ~ -

w z—w

(2.8)

In these conventions, the N/ = 1 superconformal algebra of the ghost system is then

Tan(2) = —2b(3c) — (9b)e — 35(09) — 5(9B)7, (2.9)
Gan(2) = (0B)c+ 38(0c) — 307, (2.10)

which realises the A/ = 1 superconformal algebra with central charge ¢ = —15.



2.1 Bosonisation

In order to relate this description to the hybrid formalism it is convenient to bosonise the
fermions as

OH(2) = 7 (44 7)(2), 0H(2) = 1 (D) (2), (2.11a)
OHy(:) = =), OHL() = =), (2.111)

OHs(z) = i

&'

%(AXH?’)(Z) | (2.11¢)

This bosonisation scheme reduces to that of [7] in the limit v — 1, in which the geometry
degenerates to AdS3 x S3 x T%. The bosons are normalised as

8Hz(z)8HJ(w) ~ m .

(2.12)

We also choose the same bosonisation of the superconformal ghost system (the v system)
as there, i.e. we write

B(z) = e ¢ XE) gy (2) v = e?(2)x(2) (2.13)

where the two bosons ¢(z) and x(z) have background charge Q4 = 2 and Q, = —1,
respectively, and OPEs

6(2)6(w) ~ —log(z —w),  x(z)x(w) ~ log(z — w). (2.14)

The energy-momentum tensor for the free-field representation then takes the form

T=T+TX, (2.15)
T¢ = —1(9¢)* + 0%¢, (2.16)
T = 1(0x)* + $0°x. (2.17)

Finally, the picture charge is defined as

Qpic = fdz (Ox — 09) . (2.18)

3 The hybrid formalism

Next we want to rewrite these degrees of freedom in a way that makes spacetime super-
symmetry manifest. This can be done by passing to a 9(2,1;a)r WZW-model, thereby
leading to the natural analogue of the ‘hybrid formalism’ for this background; as far as we
are aware, the hybrid formalism for AdS3 x S? x S? x S! has not been developed before.



3.1 Defining free field variables

We start by defining the vertex operators, cf. [7]
pa,ﬁ _ e%(aH1+BH2+aBH3+H4+H5f¢>) : (3.1a)
Haﬁ — e%(aHl‘f‘ﬁHz—OéﬁHB—Hzl—HS‘l'(b) , (31b)
which obey the free field OPEs

ea'yeﬁts

PP ()07 (w) ~ (3-2)

z—w

We have suppressed the cocycle factors in the expressions. These fields have conformal

weight 1 and 0, and picture numbers (—31) and (), respectively. The indices o, 8 € {+, —}

are spinor indices of s[(2,R)x @ su(2),+. Note that we have explicitly broken the second
1
5-
In the case of AdS3 x S? x T4, one can construct out of these fields the affine algebra

psu(1,1]2);. Analogously, as we shall now explain, we can define a (2, 1; o), affine algebra

su(2) symmetry: p®? carries charge 4% under su(2);-, while that of 67 is —

in our case (and it will be part of the hybrid formulation). To start with, we define

k+

gabt — paf
P Tk 1 k)

(J67), (3.3)
which define half of the supercurrents in 9(2,1; ). They are also part of the Wakimoto
construction of 9(2, 1; ) that is described in detail in appendix B, see eq. (B.7).

3.2 Remaining fields

In order to construct the remaining fields of the hybrid formalism (and complete the con-
struction of 9(2, 1; a)x) we now recall that the bosonic generators of 9(2, 1; ) form the Lie
algebra s[(2, R), ®5u(2),+ ®su(2),—. The original boson d® corresponding to S! commutes
with 9(2,1; )k, and can be directly added to the theory. (It is naturally defined in the
(0)-picture.) This accounts for all bosonic degrees of freedom. Furthermore, we have not
used the bc ghosts in our reformulation and they simply continue to be also part of the
hybrid description.

As regards the fermions, we can define four more fermions which commute with the
p*P’s as well as with the #%%’s. As in [7], they are given by

eHa—o¢+x 7 eHs—¢+x 7 e Hato—x , e Hs+é—x 7 (3'4)

where we have also made use of the boson y that was introduced in the bosonisation of
the superconformal ghosts, see eq. (2.13). The conformal weights of the first two fermions
is one, while that of the last two fermions is zero; thus they define 2 pairs of topologically
twisted fermions (i.e. two bc systems of conformal weight 1 and 0). Finally, we replace the
other boson ¢ from the bosonisation of the superconformal ghosts by the combination

p=2¢—Hy—Hs—x, (3.5)



that commutes with all the above fields, and defines the new ghost field of the hybrid
formalism. As in [7] one then checks that the central charge of all of these fields is equal
to zero, i.e. that we have accounted for all degrees of freedom. Thus, we have reassembled
the RNS degrees of freedom as

0(2,1; ) @ u(1) @ 2 pairs of topologically twisted fermions from eq. (3.4) (3.6)
@ bc and p ghosts. .

While this construction is fairly parallel to the case of T*, there is one important
difference: the su(2),- currents that appear in 9(2, 1; ), see egs. (B.8), (B.9) and (B.10a),
do not correspond to the correct spacetime supersymmetry currents. One can repair this
by redefining the generators of (2, 1; )y as

KO3 .= KO3 4 9¢ — oHs5, (3.7)
KO~ = KO~ —2(9¢ — 9H5)7, (3.8)
3 kT
af— . qafB— v _ af
S 1= SO0 4 (00 — OH5)0°7 (3.9)

without changing the commutation relations of 9(2, 1; ). Here, 4 is the free field appearing
in the Wakimoto representation of sl(2,R),-_o, see appendix B for details. However,
this redefined (2, 1; «); algebra does not commute any longer with the remaining free
fermions (3.4).

We should mention that we can also express the physical state conditions in terms
of these new variables, which entails rewriting the BRST operator (2.7). The explicit
expressions are quite complicated (as already in the T* case [13, 14]) but since we will not
need them for our purposes, we have not written them out explicitly.

4 Representations of 9(2, 1; )

For the following, it is important to understand representations of 9(2, 1; «) in detail. The
bosonic subalgebra of 9(2, 1; «) is s[(2, R) ®su(2) &su(2). While the representations of su(2)
that appear are the familiar finite-dimensional spin ¢ representations, the representations
of s[(2,R) that are relevant are either discrete lowest (or highest) weight representations
that we denote by .@i (or 27 in the case of lowest weight); the other class of s[(2, R)
representations that appear are the continuous representations that are neither highest nor
lowest weight and that will be denoted by %ﬁ . In either case, j determines the value of the
quadratic Casimir of s[(2,R)

1
C=—J3Js + 5 I To +Jo I (4.1)

as C = —j(j — 1), and in the case of the continuous representations A € R/Z denotes the
fractional part of the J3-eigenvalues. Since the Casimir C is invariant under j — 1 — j,
we may assume without loss of generality that Re(j) > 1/2. More details about our
conventions can be found in [4, 7].



4.1 Long representations

Next we want to understand the structure of the representations of 9(2, 1; ). The fermionic
generators of 9(2, 1; ) form a Clifford algebra, and the representations of 9(2, 1; «) are thus
generated from an irreducible representation of the bosonic subalgebra sl(2, R) & su(2) &
su(2) by the action of these fermionic modes. We shall mainly focus on the case where the
representation with respect to s[(2,R) is a continuous representation,! and we shall label
the representations of su(2) by their dimension m*. A generic (long) multiplet decomposes
then with respect to the bosonic subalgebra as

s 1
(¢ 2, m*,m")

it
(¢, m*+1,m™ +1)
(%ﬂ% mt+2m"7) 2. (%jJr% m*, m™) (‘Kﬂ% m", m~ + 2) (4.2)
A3 ’ e R A+l : :

(¢, mt +1,m +1)
(‘fj+1g m*, m")
>\+§ ) )
For small m*, additional shortenings occur; for example if m™ = 1 — this case will be
important below — the representation shortens to

j_l
3 _
(Cg?\+%71’m )
(67,2,m™ +1)
Jjt+3 _ it3 - i+s _
(€/13m7) (6 11m7) (6 1lm +2) . (4.3)

(@', 2,m™ +1)
it -
((g)\+% ) 15 m )
However, even in this case, the multiplet still contains a representation with m™* > 3.

In the following we shall mainly be interested in the 9(2, 1; ) representations that can
appear as (Virasoro) highest weights of an affine 9(2, 1; «) representation at k* = 1. Then,
because of the usual representation theory of s1(2);, see also the analogous discussion in [4],
only 9(2,1;a) representations with m* < 2 are allowed. The above argument therefore
shows that only ‘short’ representations of 9(2, 1; «) are then possible.

4.2 Short representations

We have analysed systematically the (short) representations with m*™ < 2. The analysis
is fairly parallel to the case discussed in detail in [4], and up to relabelling, the only
representations with this property have the form

(¢],2,m)
i—3 j+3 (4.4)
(€H§JJH+1) %LEJJH—D,

where j (with PRe(j) > 1/2) will be determined momentarily. Note that if the multiplet
was a discrete multiplet (i.e. if the continuous representations ‘5; were replaced by the

IThe situation for the discrete representations is essentially identical.



discrete representations .@i), we could easily determine the relevant shortening condition:
it requires that the lowest weight state, i.e. the state in (91—1/2’ 1,m+ 1) is BPS, and
hence saturates the familiar BPS bound [12, 15|, which in the above parametrisation (see
also [16, 19]) takes the form

j=1-(+3)+1. (4.5)

Here we have defined v = and expressed the su(2)-representation via its spin,
m=2/+1.

The same result is also true in the continuous case, as we shall now explain. One way

_a
14+a

of seeing this is to decompose the d(2, 1; «)-Casimir into its bosonic and its fermionic pieces

CD(Q,hOé) — ngzvl;a) + C?e(ﬁ’;ll;a) , (46)

CE(()QS,l;a) — CSI2R) 4 yosu@s 4 (1 y)od- (4.7)
2,1« 1 « v,

Cfae(rm ) — _56041651/5%5057561 L (4.8)

The fermionic Casimir can be computed explicitly on the representations of the bosonic
subalgebra with the result?

CD(Q,I;a)

ferm

_ 2(2,1;0)
) =7 Cferm

= —(1—7)(20+1). (4.9)

(¢].2m (%j;?LmH)

On these two representations of the bosonic subalgebra, the full 9(2, 1; ) Casimir therefore
takes the values

3y

C2(2152) i 2y = =0 =D+ +A=e+1) =, (4.10)
\o<m
I e k(R TR ()
O\ ,4,1m
—(1=y)(20+1). (4.11)

Demanding the two expressions to be equal reproduces then (4.5), in which case the Casimir
simplifies to
COl) — 4 (1 =) (£ + 3)%. (4.12)

We should mention that for the minimal value of ¢ = 0, the third term in (4.4) is absent,
i.e. the representation is ultrashort, and takes the form

. ;1
(63,2,1) @ (4, 1,1,2) (4.13)

with j =1— 1.
In the limit v — 1, 9(2, 1; ) degenerates to psu(1,1]2) and the second su(2) becomes
an outer automorphism. Then the short representation reduces as

(47,2, m)

e 3 0
L 1 = m x ((%2,2)@2-(% 1,1)) L (414)
(%j+§,1,m+1) (%ﬂié,l,m—l) A A3

i1
20ne can also work this out on the third representation ((5;+271,m — 1), but the analysis is more
complicated in that case.



The expression in the bracket on the right hand side is the short representation of psu(1,1|2)
that was discussed in [4]. Similarly, the shortening condition (4.5) just becomes j = % in
this limit, again in agreement with [4].

The continuous representations CK)\] of sI(2, R) are indecomposable for j =X and 1—j =\,
i.e. for A = £j (mod Z). The same property carries, of course, also through to the d(2, 1; )

representations. For the above short representations this becomes
A=tj=2N, MN=(0-7y)(+iH+1. (4.15)

In each case, there is a discrete subrepresentation, and we can define the continuous rep-
resentation such that the discrete subrepresentation is either highest of lowest weight.
Altogether there are therefore four cases.

In addition there is another degeneration that occurs if the Casimir of a s[(2, R) repre-
sentation vanishes, since it contains then the trivial representation as a subrepresentation.
There are two ways in which this may occur in (4.4). First, we can formally set m = 0, in
which case we just keep the left-hand-factor

(%§+%,1,1), (4.16)

where we have used that m = 0 leads to £ = —% and hence to j = % in (4.5). This then
contains the trivial representation for A = % The other case arises for

1
=——¢cZ 4.17
m 1—~ € £>0, ( )
since then (4.5) leads to j = 1. (This is obviously only possible provided that (1 — )~ is
an integer.) In this case the middle representation in (4.4) can contain the trivial s[(2,R)
representation, and then the two other terms will be absent. Thus, we conclude that also

<%)},2,m = 1i7> (4.18)

is a consistent multiplet. Note that there is no analogue of this in the limit v — 1.

5 The 0(2,1; &) WZW-model at kT =1

In the following we shall concentrate on the WZW-model based on 9(2, 1; ) with &£+ = 1.
We shall set £~ = k + 1 with k € Z>, as this will be convenient below. With this choice
of parameters, we then have

k+1 1

k=y=_—5 sothat (1-7) , (5.1)

see (2.2).



5.1 The affine short representations

As we have explained in the previous section, the only allowed ground state representations
are the short continuous representations of 9(2,1;a) of eq. (4.4). We will denote the
resulting affine representations by % f, where ¢ = 2m + 1. Since the su(2),- ground state
representations must have spin less or equal to %k*, ¢ is allowed to take only the values
¢ € {0, %, ..., 5} — note that the multiplet (4.4) also contains a representation with m 4 1.
This bound was noted in the discrete case already in [15].

As we have explained above, the ground state representations of % f become indecom-
posable for A = +)\; (4.15) and the same is, of course, also true for the affine representations.

We shall denote the corresponding discrete subrepresentations by
l 4 0 4
9.+ CFy,, Y.L C T, (5.2)

where =+ refers to whether the representation is lowest weight (+), i.e. runs to the right, or
whether it is highest weight (—), i.e. runs to the left. Note that for v # 0, 1, the parameter
A & %Z, and hence Ay and — Ay never differ by an integer (and hence never define the same
representation).

The other representations that will be relevant for us is the vacuum representation
Z of 9(2,1;a), — this is the affine representation based on the trivial representation of
0(2,1; ) — as well as the representation .#’, whose ground state representation is (4.18).
Note that, because of (5.1), (1 —v)~! = k + 2 is an integer, and hence this representation
exists for all k. As we shall see below, see eq. (5.5¢), £’ arises naturally by applying the
joint spectral flow in the two affine su(2)’s to the vacuum representation.

Thus, up to now, we have the following irreducible modules of 9(2,1; ), for kT =1

Iy, 9., 4., 2, &, (5.3)

where ¢ runs over £ € {0,%,...,5} and A € R/Z with A # £\,

5.2 Spectral flow

For the following it will be important that (2, 1; ), possesses a spectral flow automorphism
o. On the bosonic subalgebra sl(2,R); ® su(2),+ @& su(2)y—, we define it to act by a
simultaneous spectral flow on sl(2, R); @ su(2),+,

o (Jy) = T+ 526m.0, (5.4a)

o (J5) = Tz (5.4b)

o (KD?) = KP4 g, 0, (5.4¢)
oV (KR = K5, (5.4d)
o (K" = K, (5.4¢)
o (5257 = s;/f%w 5 (5.4f)

In particular, this spectral flow keeps the supercharges integer moded. As we will see
below, see also [1], these spectrally flowed representations will have to be included in order

~10 -



to get a well-defined worldsheet theory; we therefore need to extend (5.3) by their spectrally
flowed images.

We should mention that we have made an artificial choice in flowing in su(2);+, and not
in su(2),-. This is reflected by the existence of another spectral flow p, which flows simul-
taneously in the two su(2)’s. This spectral flow does not generate any new representations,
and it satisfies p? = 1.3

Since spectral flow maps representations to representations, there are in fact a number
of identifications. In particular, we have

() =T P =92 WD) =2 ()
o(L) =92, o L) =g _, (5.5b)
(L) =292, AT (5.50)
o =g, AL T (5.50)

Finally, as in the case studied in [4], the CFT is actually logarithmic, and one also needs
to consider indecomposable representations. We have already seen that for A = +); the
module % f becomes indecomposable and contains a discrete subrepresentation. As it turns
out — thls is typical for logarithmic CFTs — % f itself does not appear in the spectrum
of the theory, but it is instead part of an even larger indecomposable module. While
these indecomposable modules lead to many technical complications, most of our results
are largely unaffected by this subtlety, see also [14, 17]. We have therefore relegated the
analysis of these indecomposable representations to appendix F.

5.3 The fusion rules

Next we want to describe the fusion rules of the model. For the case of psu(1,1|2); that
was discussed in [4], there exists a free field realisation from which the fusion rules can be
deduced. We are not aware of such a free-field representation in the present case, except
for k = 0; this free-field realisation for x = 0 is discussed in appendix E.

We therefore have to resort to other methods. In particular, we can use a continuum
version of the Verlinde formula to determine the typical fusion rules, i.e. those that do
not involve indecomposable representations.? The calculation is somewhat lengthy, see
appendix D, but it leads to the simple result

1

g~£1 fézw@ L3 O“ZB 5‘£3+2 5‘ 2 5\53
FhxF NMQ< Ty BF, G 0T e (B ) (56)
£3=0

1 1
Here, fob are the su(2), fusion rules, and, by definition, .7, * and .%#, * are considered
to be zero. Since the Verlinde formula is blind to indecomposability issues, it is conceivable
that some modules on the right hand side are actually part of a bigger indecomposable

3This is to say, p® is an inner automorphism that maps each representation to itself. However, p? does
not act trivially on the individual states.
“For the case of psu(1,1]2)1, this was also done in [4].
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module. In fact, if Ay + Ao + % = A4 1 for some f3, then we expect indecomposable
modules to appear. While it is difficult to derive this for general k, we can use our knowledge
from the free-field realisation at k = 0, see appendix E, and from the psu(1,1|2); analysis
(which arises for kK — 00) to make a reasonable guess for the indecomposable structure in
general. This is also described in appendix F.

As in [4], the fusion rules are compatible with spectral flow,

PUI(FL) X o (F) = 0 (K ). (57)

and they reduce to the ones for psu(1,1]|2); in the limit k — oco. In that limit, s1(2),41
becomes an outer automorphism, and we therefore get from (5.6)

1

0 0 ~ 0 3 ~1( 40

T X P, = G(J@Aﬁrkﬁé) @ 5?)\21—&-)\2—1—% S0 (‘gA1+A2+§) (5:8)
~ 0 0 —1 0
:0’(9/\1_"_)\2_’_%)@2-?/\)\1_’_/\2_’_%@0' (‘g\/\1+>\2+%)’ (59)

where the isomorphism breaks the outer automorphism su(2); this then reproduces
eq. (4.17) of [4]. As a second cross-check, we notice that they reduce, for k = 0, to

ﬁf\)l X ﬂf\g = J(ﬁo

Maneo1) @I 1), (5.10)

M+Ao+5

thereby reproducing the special case derived in appendix E from the free field realisation.

5.4 The Hilbert space and modular invariance

With these preparations at hand, we can now write down the complete worldsheet spec-
trum. It takes the form

g
= P My % dX 0¥ (Fy) @ 0w (F) (5.11)
’LUGZ 16:0,[7:0 [0’1)

where M7 is any su(2),, modular invariant. In appendix D, we determine the S-matrix for
the modular transformations of the characters, see eq. (D.42)

S(w’/\’g)7(w/7)\/7e/) = —3 sgn(Re(T)) e%i (w/A+wA/_2&12))S;Z(2) s (512)

where SZ‘,@) is the standard modular S-matrix of su(2),. The S-matrix in (5.12) is formally
unitary, and hence the spectrum (5.11) is (formally) modular invariant. This is true for
any modular invariant of su(2),, since the S-matrix is of tensor product form, i.e. the (-
dependence only appears in su(2), S-matrix, which factors out from the rest, see eq. (5.12).

In writing down (5.11) we have ignored the subtlety that the fusion rules require us to
consider also some indecomposable modules. There is a general recipe for how to deal with
this issue that was already explained in some detail in [4]; we have sketched some aspects
of this in appendix F.
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In appendix D, we have also derived the characters of the spectrally flowed represen-
tation o% (ﬁf), which take the form

2 K+1

ch [wa (ff)] (t,u,v;7) = qumw)wy

w
2

292 (t+12t+1) : 7_) 192 (t—i—g—’u T

% Z o2mi(A - 3)n 5(t — wr —n) ) xO(w;7). (5.13)

4
nez 77(7')

Here, u, v and t are the chemical potentials of su(2)1, s1(2).41, and s[(2, R), respectively,
which we write as

— e2m7’ — e2mt — e27rzu

. z=em, (5.14)

We have also included a (—1)F factor in the character, and X,(f) (v;T) is the su(2), affine

q ) T

) Y

character, for more details see appendix D.3. At this point, the appearance of su(2), is
somewhat mysterious, since we started out with su(2); @ su(2).4+1 C 9(2, 1; ). However,
its appearance is very natural from a spacetime perspective since the dual theory is ex-
pected [10] to be the symmetric orbifold of S, which also contains a su(2), algebra; this
will be explained in more detail in section 6.

We should also draw attention to the delta function which appears in the character.
As in the case discussed in [4], it means that the character localises on solutions which map
the worldsheet torus (with modular parameter 7) holomorphically to the boundary torus
(with modular parameter ¢). This is the hallmark of a topological string theory and hence
suggests that also AdS3 x S? x S? becomes essentially topological at k* = 1.

6 Physical states in string theory

Now we are ready to compute the full string theory spectrum of our theory. As we shall
see, it will turn out to equal the partition function of the symmetric orbifold of Sy, nicely
confirming the prediction of [10], see also [9]. Here S, is the N' = 1 supersymmetric
WZW-model on S? x S! (with & units of flux through the S?), which exhibits in fact large
N = (4,4) supersymmetry.

6.1 The theory S, and its symmetric orbifold
Let us begin by reviewing briefly the S, theory [10, 12, 18]. The S, theory is defined by

514(2),(;_3_2 S u(1)Y = su(2), ® u(1) @ 4 free fermions, (6.1)

and possesses large N/ = (4,4) superconformal symmetry whose R-symmetry group is
5U(2)x41 Bsu(2)1 ®u(l). Some background material about the large ' = 4 superconformal
algebra can be found in [12, 16, 19].

For the comparison with the worldsheet answer, we will need the partition function of
the S, theory, which is explicitly given (in the NS sector) as

s (25211) 0 (252:1)
n(t)?

Zgns (w,v;t) = Z5U(2)n (v;t) O(7). (6.2)
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Here, O(7) is the momentum-winding sum of the free boson, u and v are the chemical
potentials for su(2)..1 and su(2);, respectively,® while ¢ is the modular parameter, and

Zau(2), ( ZMEZ Xn v;t) ()(v t) (6.3)

is the partition function of su(2),. The central charge of this theory equals

_ 6(k+1)

PR (6.4)

and the formula in the R-sector is obtained upon replacing 95 by 9Js.

Given the partition function of the seed theory, it is straightforward to work out the
partition function of the N-fold symmetric product [10, 20, 21], and the partition function
of the single particle states equals

N
Nc Nc cw /
o g Ne N cw_cw ,Ng .t
ZgymN (s, (W, v3t) = a7~ 2T 2= < g 421 p 24 s (u,v; 1)
w=1 odd

N

+ Z xcﬂxczli)ZS (u,’u;qj})) . (6.5)
w=1 even

Here ' denotes the orbifold projection, which ensures that only states with h — h € Z are

kept (resp. h—h € Z+5 L for fermions in the NS-sector). Since we are interested in the large

N limit, we will strip off the prefactor x g %; in the holographic setting, it corresponds
to the divergent vacuum contribution.

6.2 Adding the remaining matter and ghost fields

Now we want to reproduce this answer from our worldsheet description. Recall that the
complete worldsheet theory has in addition to 9(2,1;a); an additional u(1) current, four
topologically twisted fermions, as well as the bc and p ghost system, see eq. (3.6). The
additional fields are all free, so it is a trivial matter to compute their partition functions.
For the free bosons describing S', we have

o)
[n(r)]2’

where ©(7) is the momentum-winding sum. We have already accounted for eight fermions

Zg (1) = (6.6)

on the worldsheet (since we constructed 9(2,1;a) out of 8 fermions). So there should
not be any additional fermionic contributions to the partition function, and indeed the
p ghost cancels the four topologically twisted fermions, as was discussed in [4]. Finally,
the bosonic ghosts remove two neutral oscillators. Thus the full partition function of the
worldsheet theory is simply obtained by multiplying the partition function of (2, 1;a)x
with ©(7) - [n(7)|*.

5To keep the notation simple, we have not introduced a chemical potential for the u(l) factor. It is
straightforward to include it and in fact the analysis of this paper carries through directly.
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6.3 The mass shell condition

Finally, we need to impose the mass shell condition on the worldsheet, i.e. we need to
demand that Ly = 0. For this it is convenient to rewrite the delta function in (5.13) as an
infinite sum — this is in fact how the delta function was obtained in the first place — so
that the character reads

w? K

D) T
> Z :L,mq—mw ( 2 0
mEZ+A+3

w
2

Imposing the mass shell condition now amounts to solving

w? w Rose

7 ay hosc: = ) :
n 1) mw + 0 = m 4(/£+2)+ ” (6.8)

where hog is the conformal weight coming from the oscillator part (i.e. the theta-functions,
the eta-functions and the affine su(2),; character). Thus one term in the infinite sum of (6.7)
is picked out, for a specific choice of A (which is thereby also fixed). We correspondingly
solve the mass shell condition for the right-movers. Since A is the same for both left- and
right-movers, this imposes the additional condition

hosc — hose = 0 mod w . (6.9)

In terms of the character, imposing the two mass shall conditions can thus be implemented
by removing the infinite sum, replacing 7 — %, including the appropriate prefactor (coming
from the first term in (6.8)), and imposing the constraint (6.9). Using the theta-function
identities

w o w ow | UMY L) w even ,
- _4z:F4{ 2( ) v (6.10)

¥

o0 o
Zstring (1, v;t) = Z x%f%ZSNEI (u,v; £) + Z x%:fch?; (uw,v; ), (6.11)

w=1 odd w=1 even

where c is given by (6.4). This then agrees precisely with the large N limit of (6.5). We
note in passing that this works for any modular invariant of su(2),.

We should mention that we have restricted the calculation here to the w > 1 sector.
It is easy to see that there are no physical states in the w = 0 sector, while the states from
the w < —1 sector have the interpretation of out-states in the dual CFT [3, 4], and hence
should not be included in the partition function.
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6.4 The BPS spectrum

It is instructive to understand how the BPS spectrum arises from the worldsheet. Recall
that the single-particle BPS spectrum of the symmetric orbifold of S, is [10, 12]°

cN
12

Plrh=tet =607 =tu=01@[h=00 =00 =Lu=0]. (6.12)
£=0
Here, [h = hgps({T, ¢, u), ", ¢, u] denotes a large N' = 4 BPS multiplet in the represen-
tation (¢1,¢~,u) of the R-symmetry algebra su(2) @ su(2) @ u(1). This BPS spectrum also
agrees with the supergravity BPS spectrum for AdS3 x S3 x S3 x S! [19, 22].

The different states in eq. (6.12) arise as follows. There is a BPS representation in
every w-twisted sector, provided that w ¢ (k + 2)Z. In order to describe it, we write

w=m(k+2)+20+1 (6.13)

for some m € Z and { € {0,%,...

Then we consider the (2¢+m(k+1), m)-fold spectral flow of the ground state representation

, 5}; this is possible since w is not divisible by (x 4+ 2).

of spin (0, ¢) of su(2); ®su(2),41. This gives a state in the w twisted sector which is indeed
BPS. It was furthermore shown in [10] that all BPS states arise in this manner.

This structure can be directly translated to the worldsheet: BPS states come from the
representations

gD (Y (i even),  and am(””)”"“(ﬂ_%;;_g) (modd).  (6.14)

To see this, we first recall that the m-fold spectral flow on su(2), maps the spin-¢ represen-
tation back to itself if m is even, and to § — ¢ if m is odd; the resulting state therefore sits in
the correct representation of su(2),41. This leaves us with determining the \-parameters,
which can be computed by requiring that the sl(2, R) weights agree with the BPS bound
up to an integer. We see that we obtain precisely the values at which the modules become

indecomposable. (Strictly speaking, we should therefore replace .# fz by its indecomposable
1 K41

analogue 95_5 and ﬁ_a)\_jil by I.% g, see appendix F for more details). The fact that

2
BPS states live in indecomposable representations is typical for supergroup theories [14, 17].
Finally, we discuss the moduli of the theory. Moduli of large N = 4 theories are

superconformal descendants of (¢7,67,u) = (3, 3,0) BPS states [12]. These can come
from the vacuum representation or the large N' = 4 BPS representation labelled by [h =
%, 0t = %, (= %, u = 0]. These states in turn come from the worldsheet representations
o(FY) ~ LB o(#,). (6.15)
1/2 1/2
AP~ o @2 )@ (@) (6.16)

The module .Z contains a single physical state, namely the vacuum itself, which corre-
sponds to the spacetime vacuum. The actual moduli therefore come from the represen-
tation U(%>07 +) which indeed appears twice. This reflects the situation in the dual CFT,

5There are some additional BPS states in the N-twisted sector, which disappear in the large N limit [10].
We therefore do not consider them here.
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where one of the moduli comes from the untwisted sector and changes the radius of S?,
whereas the other modulus carries one away from the symmetric orbifold point. The two
moduli in the theory are exactly on the same footing, in agreement with the fact that the
geometry of the two-dimensional moduli space is the upper half plane [12].

7 The spacetime DDF operators

In the previous sections we have shown that the spacetime partition function of string
theory on AdSs x S3 x S3 x S! coincides with the partition function of the symmetric
orbifold of S, if kT = 1. In this section we want to establish that also the algebraic
structure of the two sides agree, thus extending the analysis of [7] to the present setting.
Moreover, we show that the correspondence can be extended to the case of kT > 1, in
which case the dual CFT becomes the symmetric orbifold of large N' = 4 Liouville theory.
Most of the arguments are very similar to what was done in [7], and we shall therefore be
rather brief.

7.1 Spacetime operators

In [9] the DDF operators generating the large N' = 4 superconformal algebra were con-
structed for the background AdSz x S? x S3 x S!. The analysis was performed in the RNS
formalism assuming that k¥ > 2, and it is a priori not clear whether the construction
continues to make sense also for k¥ = 1. Using similar arguments as in [7] (where the
corresponding problem was studied for the case of AdS3 x S? x T*), we have checked that
the DDF operators of [9] are also well-defined for k* = 1.

Let us denote the large N/ = 4 spacetime algebra generators (our conventions fol-
low [10]) by

L, G2, KH*  Un, O, (7.1)
where £,,, are the modes of the spacetime energy momentum tensor, G, # those of the space-
time supercharges, while K% )% and Uy, define the R-symmetry generators. In addition,
there are four free fermions that are denoted by Oy 8,

As was explained in [7] — the argument is essentially the same here — the modes
of this algebra can take values in %Z (or i(Z + ) in the case of fermions). By the
same reasoning as in [7] this then suggests that the spacetime states that arise from the
continuous representations on the worldsheet are in general (i.e. for arbitrary k™ and k™)
described by the symmetric product orbifold of

large N/ = 4 Liouville theory with (K™, k7). (7.2)

We shall review the construction of large N' = 4 Liouville theory in the following section,
and explain the crucial steps in this derivation in section 7.3. In section 7.4 we will then
demonstrate that large N' = 4 Liouville theory reduces, for k* = 1, to S.. Furthermore,
since for kT = 1 the entire worldsheet spectrum comes from the continuous representations,
this is in fact a complete description of the theory.
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7.2 Large N = 4 Liouville theory

Let us first discuss large N = 4 Liouville theory, which does not seem to be well-known.
We shall first assume k+ > 2, and study the case of kT = 1 in section 7.4. To motivate
the construction of this theory, we consider a free boson coupled to the curvature of the
worldsheet (i.e. with background charge), together with the su(2),+_o @ su(2),-_o ® u(1)
R-symmetry and 8 free fermions. (This is basically the same field content as for the
worldsheet theory in the RNS formalism, except that the s[(2, R) factor has been replaced
by a boson with screening charge.) It was noticed in [23] that this theory supports large
N = 4 supersymmetry with levels k™ and k= for the two su(2) currents. The free boson

with screening charge Q = (k\;El) leads to a continuous spectrum, whose gap above the

vacuum equals
=1 (k—1)?
Ay = = ) )
DY Ak (7.3)

We can combine this with arbitrary su(2),+_ and u(1) representations, thus leading to

the general formula for the gap

(k=17 Tt +1) (0 +1) u?
Beew= g T T Yy (7.4)
(r+5r (e +5H? k-2 u?
_ 7.5
R e (7.5)

where we have used (2.2). We should note that, generically, all the BPS representations
lie below this gap since

Agﬂg—’u — hBps (£+, 0, u) = Z = ot (7.6)

k 207 +1 20+ 41\

(1 200+ 1 27+ ) >0,
where we have used the expression for the BPS bound, see e.g. eq. (A.13) of [10]. The only
BPS states that appear in large AN/ = 4 Liouville theory therefore arise if

2£—+1+2£++1 _

k= ko

The fact that such solutions exist is related to the fact that also the continuous sector of
the worldsheet theory of AdS3 x S3 x S? x S! contributes to the BPS spectrum [10].

The full spectrum of large N' = 4 Liouville theory is obtained by taking the diagonal

1. (7.7)

modular invariant of all of the representations that lie above the gap (and have allowed
su(2),+_o and u(1) representations). We should note that in large N' = 4 Liouville, each
representation appears precisely once, whereas in the free bosons realisation from above,
each representation appears twice since opposite values of the momentum lead to the same

Virasoro representation.

7.3 The Liouville spectrum from the worldsheet

Next, we want to reproduce this Liouville spectrum directly from the worldsheet. Solving
the mass-shell condition in the spectrally flowed sector leads to

1 2 —(p— 2

i+0p k Rt 4+1) (e +1) u 1

4 . o2 -
wh+4w + s + = e 5
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where N is the contribution to the conformal weight from the oscillator part. Solving this
equation for the conformal weight h of the dual CFT yields
k 2 AZJF,Z*,U, N p2

h:@( —1)+T+E+—. (7.9)
This matches exactly the form expected from the symmetric orbifold of large N = 4
Liouville: the first term is the universal ground state energy of the twisted sector, which
equals ﬁ(uﬂ —1), where ¢ = 6k is the central charge of the ‘seed theory’, while the second
term describes the gap in the w-cycle twisted sector. Since the modes are %—fraetionally
moded in the w-cycle twisted sector, the contribution of N has to be divided by w. Finally,
the term % leads to a continuum in the spectrum (since p is any real number corresponding
to the momentum of the long string). Furthermore, the representations belonging to p and
—p are identified on the worldsheet — they describe the same sl(2,R) representation —
and appear only once in the spectrum, as appropriate for N' = 4 Liouville, see the comment
at the end of the previous section.

In order to conclude from this that the complete spectrum matches we use again a
character argument (as in [7]). To compute the relevant characters, we again make use of
the free-field construction of [23]. Both the worldsheet theory as well as Liouville theory has
8 free fermions (after imposing the physical state conditions on the worldsheet). In addition
also the bosonic degrees of freedom match: the su(2),+_o @ su(2),— _o ®u(l) algebra is the
same on both sides and the sl(2, R); factor has the character of a free boson after imposing
the physical state conditions. This reproduces the contribution of the Liouville boson.

Thus, we have matched the spectrum as well as the chiral algebras on both sides of the
duality. Since Liouville theory is believed to be uniquely characterised by this data (and
the same should be true for large N' = 4 Liouville), this goes a long way towards proving
the duality in this case.

We should stress that the ‘symmetric orbifold of Liouville theory’ contains single-
particle states for which only one copy is in the ground state of Liouville theory, while
the other copies are in the ‘vacuum’ — this is part of the spectrum as determined from
the dual worldsheet analysis. (This is different from the naive definition of the symmetric
orbifold where the ‘vacuum’ would not be allowed for any copy.) As a consequence, the

Etk—

effective central charge scales as 6N o and the spectrum has the correct density at

large conformal dimension.

7.4 The case of kT =1

Upon setting k™ = 1, the construction of N/ = 4 Liouville theory breaks down since the
level of the corresponding bosonic algebra is —1, which makes the theory non-unitary.
Instead, the superconformal algebra collapses to Sk, i.e. as chiral algebras we have the
equivalence [24]

Akt =1,k =k +1) =su(2), ®u(l) &4 free fermions, (7.10)

mirroring exactly what happens on the worldsheet.
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Contrary to the k* > 2 case, the S, theory (and hence also A, at k* = 1) contains
only BPS representations. This just follows from the fact that the conformal weight of a
representation with su(2) spin £~ and u(1)-charge u is

— (/- 2
Ae_uzé(ﬁ —|—1)+ u

= - . A1
’ P 2 hsps (0,4~ ,u) (7.11)

As a consequence, any large N = (4,4) theory at k™ = 1 cannot have a continuum (such as
the one that appears in Liouville theory). Furthermore, the above DDF analysis predicts

that the CFT dual of string theory on AdS3 x S x S3 x S! must be a symmetric orbifold,
+

whose seed theory has large N’ = 4 superconformal symmetry with levels k* = E orldshect

For k™ = 1, the seed theory must therefore be S,, thus inevitably leading to the proposal
of [10] (for kT =1).

8 Discussion

In this paper we have found a family of examples that relate a solvable worldsheet theory
describing strings on AdS3 to a solvable family of 2d CFTs. The relevant backgrounds
describe string theory on AdSs xS x S2 x S! with pure NS-NS flux and minimal flux through
one of the two S3’s, while the dual CFTs are symmetric orbifolds of the so-called S, theory,
the simplest conformal field theory with large N' = 4 superconformal symmetry [12, 18].
We have shown that the spacetime spectrum of the worldsheet theory agrees precisely with
the dual symmetric orbifold CFT in the large N limit. We have furthermore shown that the
spectrum generating fields on the worldsheet (the DDF operators) obey the same algebra
as those of the symmetric orbifold. This gives strong support to the identification of the
dual CFT that was proposed in [10], see also [9]. Our results are a natural generalisation
of the results obtained for the T* case in [4, 7].

We have also analysed the situation where the NS-NS flux through both spheres is
bigger than its minimal value (k* > 1), and in this case, our analysis suggests that the
dual CFT is the symmetric orbifold of large N/ = 4 Liouville theory. In this case the
spectrum of the symmetric orbifold is entirely accounted for in terms of the continuous
representations on the worldsheet, while the role of the spacetimes states that originate
from discrete representations on the worldsheet is less clear.” Again, this mirrors precisely
what was found for the T* case in [7].

It is suggestive that, apart from some small technical differences, the analysis (as well
as the resulting picture) that we find here is quite similar to that obtained in the T*
case. This suggests that similar results may also hold for other backgrounds (say with less
supersymmetry), and it would be interesting to explore this. It would also be interesting
to probe these dual pairs in more detail, say, by comparing their 3-point functions, or by
computing 1/N corrections (which should correspond to higher genus corrections from the
worldsheet viewpoint). In any case, we feel that these three dimensional examples will
provide a useful testing ground for various aspects of the AdS/CFT correspondence.

"Note that if one of the levels takes the minimal value, say k* = 1, then the worldsheet spectrum does
not contain any discrete representations.
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A Conventions

A.1 The RNS formalism of strings on AdS3; x S3 x S3 x S!

The bosonic generators on the worldsheet give rise to sl(2, R) g2 @ 51(2)5+_o D su(2)- _o,
together with one free boson. Their modes satisfy the commutation relations

[ In) = =" 52 mbpnino s (A.1a)

[y ] = i/m+n , (A.1b)

[ I ) = (k+2)mbnin0 =2 Frpinp (A.lc)
['%/W(Li)?)v %(i)g] = # M40 ; (A.1d)
58, 0] = o (A.le)
A 7] = (= 2)mbm im0 + 2,50 (A1)
(0D, 0Py ] = MOyyinp - (A.1g)

There are moreover ten fermions on the worldsheet, which we denote by 1%, y(¥)% and .
We take them to have anticommutation relations

{0703} = 56,10, (A.2a)
{505} =kdriso, (A.2D)
{3, x§ 3}_* r+5,0 (A.2¢)
(XX = K 60, (A.2d)
{Ar As} = drgs0 - (A.2e)

Out of the bosonic currents at level k + 2, k™ — 2 and £~ — 2 and the free fermions,
one can define ‘supersymmetric’ currents at level k, k™ and k~, respectively

=757 (w ), (A.3a)
= 734 ¢+¢ ), (A.3b)
FEE %(i)i + kj(X(i)?’X(i)i) 7 (A.3c)
KEB _ ()3 +k%(x(*’+x(i)*)v (A.3d)
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whose zero modes correspond to the global (bosonic) generators of the spacetime super-
symmetry algebra. Via picture changing, we can also write them in the canonical (—1)
picture, where they simply read

J:I: _ w:ﬁ:e—¢’ J3 — w?)e—(ﬁ, K(:I:):t — X(i)ie_¢, K(:I:)3 — X(:t)3e—q5 ) (A4)
A.2 The 0(2,1; o) algebra
We take the affine Kac-Moody algebra to be defined by

[J;Q;w Jg] = _%km(sm-i-n,ﬂ s (A.5a)

[T Ja] = £ min (A.5b)

(5 Ty = kmbmano — 2o s (A.5c)

[Km:t)3a Kr(zi)g] = %kimém-‘rn,()y (A5d)

[KG3 KB = 1k HE (A.5e)

[Kn;t)+’ qu:t)—] = kiméern,O + 2K7(n:t-‘2§z ) (A.5f)

[T S22 = (0" St (A.5g)

(K5, 8777 = 5(0)°, St (A.5h)

(K, S50 = 50, Snlk (A.50)
{5957 gHvey — kmeo‘“aﬁ”swéern,o — 86”57p(0a)°‘“JﬁL+n + 780‘“8'7”(0,1)5”[(,(,:22

+ (1= )P (0P KL ) (A.5))

Here, «, 3, ... are spinor indices and take values in {+,—}. On the other hand, a is an

su(2) adjoint index and takes values in {4, —, 3}. It is raised and lowered by the standard
su(2)-invariant form. Explicitly, we have

(J_)+— = 2a (0-3)_7 = _1a (03)++ = 17 (G+)_+ = 27 (AGa)
(o) =1, (03)7" =1, (03)7" =1, (040) T =-1, (A.6b)
(U_)—— = 27 (0-3)—}—— = ) (0-3)_+ == 17 (O—+)++ =—-2. (A6C)
€8 is the epsilon symbol with e~ = 1. Finally, v, k* and k~ are related to a and k by
Q (a+ 1)k _
= k=t k= k. AT
e PO, (+1) (A7)

We note that unitarity requires k*, k™ € Z>o.

B The Wakimoto representation of 0(2,1; a)g

In this appendix, we explain the Wakimoto representation that is used in the derivation of
the hybrid formalism for AdSz x S x S3 x S! in the main body of the paper.
We start with four pairs of topologically twisted fermions (or be systems), satisfying

ay pBé
p(2) 07 (w) ~ ==

(B.1)

z—w
Furthermore, we also have the bosonic s((2,R)xy2 @ su(2)g+_o @ su(2),- _o currents #¢
and ¢ (e,
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B.1 The root system of (2, 1; )

To continue systematically, let us recall the basic idea of the Wakimoto representation.
Starting from the root system of a Lie (super)algebra, one first constructs a realisation of
the (nilpotent) positive roots in terms of S systems. Then one extends this construction
to the positive Borel subalgebra by introducing as many free bosons as the rank of the Lie
algebra. Finally, the generators for the negative roots are then uniquely fixed by requiring
them to satisfy all the OPEs. This procedure requires the breaking of some symmetries.
For 9(2, 1; @)k, a minimal choice is to break the su(2),- symmetry and keep the rest of the
bosonic subalgebra manifest.

In the context of 9(2,1; «)x, we pick as Cartan subalgebra Jg’, K(g+)3 and K(g_)g, and
take the simply roots to be

ar = (1,0,0), as = (0,1,0), az=(-%,-3.3). (B.2)

The first two roots are bosonic, while a3 is fermionic, so this corresponds to the distin-
guished choice of simple roots.® The step operators corresponding to the positive roots
are then

Jt ’ K+ ’ K+ ’ gab+ ’ (B.3)
for o, g € {+,-}.

B.2 Constructing the Borel subalgebra

We first explain how to construct J* and Kt The topologically twisted fermions lead
to the generators of s[(2,R)_o @ su(2)2

1
J(f)a §Ca(0a)a'y€ﬂ5 (paﬁe'yé) ) (B4)
a 1 a (87
K0 = Seay(07)5(p7707°) (B.5)

where the different constants were explained in appendix A. We then define

Jo= gy e K = (a4 O (B.6)

which can be checked to agree with (A.3a)—(A.3d). Next we introduce a Wakimoto repre-
sentation for su(2);- _, in terms of a 3y system? together with a free boson 9y, see e.g. [26].
Then the remaining elements of the Borel subalgebra are

Et N
af+ _ af _ aB
KO+ =3, (B.5)
_ k= . A 1 o
K3 = 73X +(B7) + 55047666(17 Bmﬁ) ) (B.9)

where the explicit form of K(7)3 is obtained by demanding the OPEs of 2(2,1; ).

8Recall that in Lie superalgebras, there is no unique choice of simple roots, see e.g. [25].
In order to distinguish this from the By system of the superconformal ghost, see eq. (2.13), we denote
the relevant fields here with a hat.
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B.3 The complete algebra

The remaining fields are much more complicated, but they can be found by a direct com-
putation and are uniquely determined. Explicitly they are given as

K™ = —(849) — k™04 — V2k~ (0x) — €aress(p™P07°4)
b Sea(0a)aneas (000070 (7O 4 17002
— Mew(ga)w (gaﬁmé ((%/(-F)a + %K(f)(+)a>> 7 (B.10a)

_ k‘+\/k‘7_ afB o k* af pz of
5 ) 0 e ) - 07)

3k + 2%
o B a_ v T ANV S(f)a
+ealoals (9 (/ GETa )>
(o), (Qaw <_’f_ e "*—Q’f:) K(f)(+>a>>

Cay€ss (eaﬂamé)

kt + k- 4kt +k
kt(2k™ + 1) Et (kT +2k7)
TR T gges M A\ T AR V@M@M@Vﬂ B.10b
2 k) O 12(k+ + k)2 m (B-10b)

The energy-momentum tensor becomes in terms of the defining fields

2.~

1 _ _ 1ooa . O°X 500n
T=3 G5 (ST I+ 7 I ) 508000+ = (509)
_I_

1
kTt

which is the standard energy-momentum tensor of s[(2, R)xio @ su(2)p+_o D s1U(2)4— _o,
together with the four pairs of topologically twisted fermions.

We should note that, in the limit £~ — oo, the above formulae lead to the construction
for psu(1,1]2)x [7, 13, 27, 28].

(%<+>3%<+>3+§ (%<+>+%<+>—+%<+>—%<+>+)) —eareas(*P07%), (B.11)

C The short representation of (2, 1; )

In this appendix, we will display the short representation (4.4) explicitly. We will denote
the states that appear by

|m,m4y,m_) | meZ+ A\, my € {—3,3}, m_e{-5,....5}, (C1)
|m,0,m_, +) | meZL+i+A, m_ € {— Zil ...,&71 . (C.2)

For the action of the bosonic subalgebra we choose the conventions that for s[(2, R) we have
Jo ljym)y =m [j,m) g |jym) = (m £ ) lm+1) (C3)
while for the spin ¢ representation of su(2) we set

K3 |6, m) =m|t,m) , KT |,m)=(LFm) |[{,m+1). (C4)
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The states are then not unit normalised, but this convention is nevertheless convenient.
The action of the supercharges is

ﬂ,2m+
S bmomm-) = 362577( m+§,0,m- + 3, +)
(WH— oz])(’% m_ ) }m +5,0,m_ + %,—>> , (C.5a)

o m4a(—N(y+1)—m_ N
o7 Im, 0,m_, +) = al G \j;z—(ﬂ( 2 )\m+2,§,m_+’;>, (C.5b)

Sgﬁ’y|m707m—7_> = ’m+%’§’m_+%> ' (C5C)

o
V2041
One can check directly that this defines a representation of 9(2,1;«) (in the conventions
of egs. (A.ba)—(A.5j)), provided that

j=0=N(+3)+3, (C.6)

see eq. (4.5) in the main text.

Note that for £ = 0, the states |m,0,m_,—) are never produced by the action of
the generators, and hence can be decoupled from the multiplet, see eq. (4.13). Similarly,
the states

|m,my,m_) , m e j+Zso, (C.7)
|’I7’L,0,’I7’L,,:|:> ) mejF % + ZEO (CS)

form a subrepresentation, which is the discrete representation on which ¥- . is based, while
the states

|m,m4y,m_) | m € —j+ Z<o, (C.9)
Im,0,m_,£), me—j+ti+Zq (C.10)

form the discrete subrepresentation which gives rise to ¥~ _ in the affine algebra. In order
to obtain the other two discrete representations (which give rise to %. _ and ¥« , in the
affine algebra), one has to replace j by 1 — j in the continuous representations of sl(2, R).

D Characters and modular properties at kT =1

In this appendix, we determine the characters of 9(2,1; ) for k™ = 1. To do so, we exploit
the conformal embedding (which only exists for £ = 1) [29, 30]

sl(2,R), B su(2); ®su(2),- Co(2,1;0)k. (D.1)

The modular properties of the characters will allow us to prove modular invariance of the
full spectrum, see eq. (5.11). It will also allow us to compute the fusion rules via the
Verlinde formula. We will use the conventions of the main text, so in particular

K41

k=1, k  =a= 1, k=~= ) D.2
: a=kKk+1, 1= (D.2)
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D.1 Admissible su(2) WZW-models

We begin by discussing sl(2, R) at level k = ”+1 . On the level of the algebra (i.e. disregard-
ing the hermitian structure, which does not matter for the calculation of the characters),

this algebra is isomorphic to
SU(2) s . (D.3)

K42
While the level of the su(2) algebra is negative (and hence the model is non-unitary), the
level is what is called admissible, see e.g. [26, 31]. (In the following we will mostly follow
the notation of [32].) To explain what this means we write

k+1 K+3 p
2= == D4
n+2+ k+2 q’ (D4)

where p = k + 3 and ¢ = k + 2. Admissibility amounts to the condition that ged(p,q) =1
and p € Z>2, ¢ € Z>1, all of which are obviously satisfied. The fact that the algebra
is admissible means that the vacuum representation has a null-vector at level (p — 1)g =
(k + 2)2. This singular vector restricts the representation theory of the admissible su(2)
WZW-model significantly. The admissible irreducible representation of su(2) at this level
are [33], see also [34]

Lo, re{l,... k+2}, (D.5)
75, red{l,....,s+2}, sc{l,....k+1}, (D.6)
Ersxs re{l,...,k+2}, sed{l,...,k+1}, (D.7)

where A € [0,1) encodes the quantisation of the J3-eigenvalue mod Z. We denote the
conformal dimension of the ground states by A, ,, where

((k+2)r = (K +3)s)* = (5 + 3)
A(r + 2)(r + 3) ’

and we have the field identification A, = Agi3_;x42-5. As a consequence &, ;) and

Ay = (D.8)

Ext3—rrt+2—s,) describe the same representation.
The characters of the representation &, 5 x were determined in [32]

XVlr
ch[& s 2] (t;7) 2 Z ™ (D.9)
meZ+A

where z = ¢?™* is the chemical potential of s[(2,R). Here, x,Y(7) is the character of the
representation (r, s) of the corresponding Virasoro minimal model of central charge

ir _ 9 _ 6
=1 (k+2)(k+3)’ (D-10)

which are explicitly [26]1°
A\{}Sr _ 214 (CVir _ 1)

1r q "
Xoa (1) =

e Z (qf(qu-qu—pS) — q(pﬂ—f)(qf—S)) . (D.11)
LeZ

2miT

10The modular parameter g = e should not be confused with the parameter ¢ of the Virasoro minimal

model.
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The expression in (D.9) is a bit formal because of the infinite sum over m, which converges
nowhere (and will lead to a sum over delta functions as in [4]).

The theory has again a spectral flow symmetry, which we shall denote by o. It acts
on the representations as [32]

o(L0) = Dibys rpit (D.12a)
o ML) = Doiarit s (D.12b)
0(Zrs) = Dissrpiios- (D.12¢)

Finally, there are short exact sequences analogous to (F.3a)—(F.3d), which read
0— Dy — Ersnne — Drysrpios — 0, (D.13a)
00— s — Ersr. — 9&—‘,—3—7",/@—&-2—3 — 0, (D.13b)

where

Nﬁzr_l nts (D.14)

2 2k+2)
Hence, for A = £\, &, 5 becomes indecomposable.

D.2 The branching rules of 9(2,1; & = k + 1), into its bosonic subalgebra

After this interlude we now return to the case of 9(2,1;a = k + 1); with k™ = 1. We want
to understand the branching rules of the representations of 9(2, 1; «); under the conformal
embedding (D.1). For the case of the vacuum representation of 9(2,1;a); (and generic
k # Q), this was worked out in [30]. This result can be generalised to k € Z>¢, and we find

K+2
L =D Lo @ M oy © AT, (D.15)

where %2(5:11) denotes the spin ¢ representation of su(2),,; and similarly for the level 1
factor.

By exploiting the spectral flow rules (5.5a)—(5.5d) and (D.12a)—(D.12c) together with
the short exact sequences (F.3a)—(F.3d) and (D.13a)-(D.13b), we can read off from this

the branching rules of all modules,

K42

< + = @ kit 3—rat1-20 @ '///(+2z+1 mod 2 ® A (D.16a)
n+2

G- = @ r2e41 ® Mo 1 o s ® AT, (D.16b)
n+2

A= @ r2et1 @ At 1 o s ® A, (D.16¢)
n+2

g = @ wt3—rrp1—20 @ ///(lzeﬂ mod 2 ® A, (D.16d)
n+2

Ty = Gratriaperrit @ o1 mod 2 © AT (D.16e)
r=1

—97 —



D.3 The characters

Given that we know the characters of the individual factors of the above branchings, it
is now straightforward to compute the complete characters of 9(2,1; ), for kT = 1. In
particular, the character of the spin-¢ representation of su(2), is explicitly given as

K+2 K+2
() _ @geil)(vn’) — @(_2;_)1(1);7')

Ch[% ](’U, T) - I
o o (v;7) - 0% (v: 7)

(D.17)

where v is the chemical potential of su(2),- with z = €*™_ and the theta functions are
explicitly
OB (vr)= Y g (D.18)
n€Z+gy
We introduce similarly chemical potentials ¢ and u for the subalgebras s[(2, R), and su(2);+,
respectively,!! and define

T = e27mt , y = e2mu ’ 5= eQﬂw 7 q= e27r17' , (Dlg)

where 7 is the modular parameter of the worldsheet. The characters we are interested in are

3 (+)3 (—)3 _c
ch[o¥(Z3)] (t,u,v; 1) = tr g (70) (xJOyKO 2Ko 7 glo 24) : (D.20)
Because of the zero-modes, they contain in particular a sum of the form
Z e27l'i(t7w7')m — eQﬂ'i(t*’LUT)A Z e27ri(t7w7')m (D21)
meZ+A\ meZ
= eZmilt—wn)A Z O(t —n —wr) (D.22)
nez
=) e¥M§(t —n — wr). (D.23)
nez

We want to show that the full character can be written as

w2 K w .
ch[o?(F{)] = ¢ =D :p2<r~:rl2>wy5 Z e2m()‘+%)”5(t —n—wr)
nez

191 (t+7§+v : 7_) 191 (t+?§—v : 7_) h[
n(r)?
We should stress that it is, from this perspective, somewhat surprising that on the right-

x M) (o). (D.24)

hand-side an su(2),, character (rather than an su(2),; character) appears. We should also
mention that, with the exception of the additional su(2), character, this formula is almost
identical to the psu(1,1]2); characters computed in [4].

In order to prove (D.24) it is sufficient to consider the unflowed sector, since the spectral
flow (5.4a)—(5.4f) gives immediately the generalisation to any w. To start with we rewrite
the characters of su(2); as

(1) . _ 1 n?2 n __ 1 mTH .
chl.A,, ](u,r)f—T) Z "y =271 o (u;271), (D.25)

nGZ—i—mTH

11n particular, t will play the role of the modular parameter in the dual CFT.
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where we have used that su(2); is equivalent to a free boson at the self-dual radius. We
also rewrite the Virasoro minimal model characters (D.11) as

(D.26)

Vi (20(5+2) (k+3) —s(k+3) +r(r+2))2 (20(542) (5+3)—s(k+3)—r(r+2))2
IT — 4(k+2)(k+3) _ 4(k+2)(k+3)
XT‘ S q q
éeZ
1 2
- = Z e Z q(m+2)(n+3)m ) (D27)
n(7)

= MLt arimy sty
It then follows from a direct computation that

2 myVin (r)ch Y J(u; T)eh [ D) (05 7)

Xy 2041 r+2¢+1 mod 2
ch[.Z{](t, u,v;T)
-2 Zrﬂ "o
meZ+ 0+
+2 M
HZ r+2€+1 mod 2] (u’ T) Z m
- 0® o
r=1 77 /U ) 1( )) TTLEZ+)\+€+%1
% Z en Z q(n+3)n2+(n+2)(n+3)p2Z(n+3)n ) (D28)
g, n::t HEZ+%

4 T
PEZ+ s — st
The expression remains unchanged when extending the sum over r from 1 to 2x + 6 and

dividing the result by a factor of 2. Next we want to rewrite the sums over n and p by
introducing

en(20 +1) - r+1
2 t2) b=n 677(/14-2)])6%4-54-72 (D.29)

The determinant of the matrix describing this change of variables is x 4+ 3, which can

a=enp+n€l+

be absorbed by restricting the summation over the 2(x + 3) values of r to just r = 1,2.
Thus (D.28) becomes

chlz™
Ch[ﬁﬂ (t,u,v;7) = [ r;r2£+1 mod 2] (43 T) Z o
5 () (O (vi7) - 0% (v: 7)) "
r=1,2 7] 1 \YUs Y TN+ L
X Z en Z (R 2)a* b2 (x4 2)arth (D.50)
ST aenr )

beZte4 TEL
®(H+2) ®(N+2)

m (v57) — (v57)
_ Z Z T 20+1 - —20-1

2
T:172m€Z+)\+E+% 77(7_>2(@1 (U; T) - 6(—%0}’ T))

X LA 1 o ) (5 7B 2] (057) (D.31)
_ chl ) (vi) O (e 1yl (v
- ?7(7_)2 mgA [‘// ]( ’ )h[%l ]( ’ )
+ Z mmch[//l(l)](u; T)Ch[///él)](v;T)) . (D.32)

mGZ—i—)\—F%
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Here, we have first used the fact that the expression only depends on the product en
and hence we can trivially perform one of the two sums. In the final expression we have
rewritten the result in terms of affine su(2), characters.

Next we rewrite the two su(2); characters in terms of free fermion characters, i.e. we
use (G.4) and (G.5),

Do (45 7)02(45" 7) — D1 (M5 7)1 (U505 )

21(r)? ’
[.///(1)](u; T)Ch[%él)]<v;7) _ ﬁz(“z“’ﬁ)%(ugv;;)UZFT?;(u;v;T)ﬁI(T*;’;T)  (D3)

chl ] (u; T)ehl M (vs7) = (D.33)

Thus we finally arrive the result

S amehly ) (ws el )oir) + Y @V (us )ty V] (v )
mEZ+\ MEZ+N+3

192 (t+u+v . 7.) 192 (t+157v : 7_)

= > " pESE , (D.35)

mEZ+A+3

which reproduces (D.24) upon turning the infinite sum over m into a delta function as
n (D.23).

D.4 Modular properties

Next we want to study the modular behaviour of the characters (D.24). To obtain good
modular properties, we insert a (—1)¥ in the character, which amounts to the replacement
Yo — 1. Moreover, to match the conventions of [4], we include a (—1)" in the character.
This merely defines what state in the representation is counted as being fermionic and which
as bosonic. We have indicated these changes by a tilde in the character. Our calculations
follows [4] and are inspired by [1, 35]. For the S-modular transformation we find

chlo® (F))(tu,vi7) = B GRITE DA (gl (L v v 1) (D.36)
sgn(Re(7)) inlttw) ooy (kt2)+4(26+3)) omim(A+1) s (t W —mT
= =2 ea(kF)r 1)w mim s =—""
iT ¢ (=1) mze:Ze ’ ( T )
,191 t+u+v; T 191 t+u—v; T % ,
% ( 2 77()7)4( 2 ) Z 522(2)Xg)(v;7_) (D.37)

m? K+l _ mimw
= —isgn(Re(7)) Y ¢ g7en My T o™ Wi e2m O 2) (1) V(¢ + w — mr)
meZ

t+u+v t+u v

o (S 2y~ (v1)2?)

Here the prefactor e2r‘s+2 comes from the general transformation properties
of weak Jacobi forms of index —k = Zi;, k™ = 1 and k= = k + 1, respectively, see

e.g. [36], and we have used the modular transformations of the theta-functions. We have

— 30 —



also used the modular properties of the su(2), characters. In the final step we have set
t = m7 —w (because of the ¢ function), and used that both m and w are integers. Finally,
as in [4] we have inserted the formal identity

(%) = rsgn(Re(r)) 6(x), (D.39)
which follows by writing
1 22
d(z) = lim e 2 . (D.40)
e—0 \/27r€

Here we have put the branch cut of the square root on the imaginary axis, which is the
reason for the jump in (D.39) at this point. Note that the sign cancels out once we combine
the left-movers with the right-movers.

The expression (D.38) can now be written as

> Z/ AN S0, o) Chlo® (Fa)](t,u, 0 7) (D.41)

w'eZ V=

with

S(w,)\,Z),(w’,)\/,Z’) = —isgn(Re(T)) 627” (w/>\+w)\’ ;(lsfé))sa,@) s (D42)
thus obtaining the S-matrix (5.12). As in [35], it is not independent of 7, but this depen-
dence cancels out in physical calculations. The S-matrix is (formally) unitary, meaning

Z Z / >\H Sgw A, g (w” A @//)S(w//7>\//7g//)7(w/7>\/75/) = 5w,w/ (5()\ — )\/ mod 1)5@75/ . (D.43)
IIEZZ// 0

Moreover, it is clearly symmetric. These properties suffice to deduce that the diagonal
modular invariant is indeed modular invariant.

D.5 The Verlinde formula

We now use the formal S-matrix to derive the typical fusion rules using a continuum version
of the Verlinde formula; the following derivation is parallel to appendix C.6 of [4]. For this,
we also need the S-matrix element of the vacuum with a continuous representation. It
follows from the exact sequences (F.3a)—(F.3d), together with the identifications under
spectral flow (5.5a)—(5.5d), that we have a resolution of the vacuum module as

. _>0,4K+7*2£ (9&{)\2) — ... _>O.3Ii+7 (10}\_5)\%)
Ly 3RS (ff)\%%) iy g2H2U45 (9fz) iy g2m45 (ﬁf\)o)
—>025+3(9\40) _)_.__>025+3—2e(9£/\2) _)U__mn+3(gz_%m)
5
_>JH+1(3;A% ) — e (F) — e 0(FY) — L —0.  (D.44)
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Thus we can write the vacuum character as

[N1RS

o0

ch[Z](t,u,v; 1) Z 1)% (ch[ 242m(r+2)+1 (ﬁfe)}(t,u,vﬁ)
_ Ch[O.Q(erl)(nJrZ)*%fl(yf}\e)](t’ uw;T)) , (D.45)
and hence find for the S-matrix element of the vacuum and a continuous representation

Svac,(w,\0) Z Z ( (2j+2m(k+2)+1,2.5),(w A\ — S(2(m+1)(ﬁ+2)72j71,7)\j,j),(w,)\,f))-
m=0 j=0

(D.46)

By using the explicit form of the S-matrix (D.42) together with the su(2), S-matrix

/
Ssu(Q) . 2 sin (W(2£ —+ 1)(2€ + 1)) ’ (D.47)

o\ k42 K+ 2

one finds after some algebra

i(=1)"sgn(Re(r)) S, *
Svac,(w,)\,ﬁ) = = 9 (254_1) (D48)
cos (B52) + 2 cos(27r)\)

Thus the Verlinde formula becomes

(w3,A3,03) S(wr A1) (wAf)S(wz,Az,éz)(wA,f)SE‘wr A3,03) (w,\,0)
N i = 5 [ - I (1 g
wEZ =0 vac,(w,\,L)

= <5w3,w1+w2+15(/\3 =M+ —13)

g r tun 106 (Ag = A1+ Ag + 1))N§;ZQ

l3+2 L:
+ Oug s 126 (A = A1+ Ao + 5) (N, 2 N£f£22) , (D.50)

where, fo’@ are the su(2), rules,

1 ’fl — €2| S 53 S min(ﬁl + EQ,K, - fl — 52)

(D.51)
0 otherwise

Ny, =07ty + lo + l3) {

We take them by definition to be zero if one of the indices does not take values in
{0,1 CTERT

E The free field realization of 9(2,1; ), at kt =k~ =1

E.1 The symplectic boson theory

Let us begin by explaining the free field realisation of sl(2,R); /5 in terms of a single pair
of symplectic bosons. This theory and its fusion rules were analysed in detail in [37-39],
see also [4] for some background explanations.
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The (pair of) symplectic bosons £ with o = =+, satisfy the commutation relations

[0 0] = €P6m, (E.1)

They give rise to an 5[(2,R); /5 affine algebra by setting

T = —1¢a(0")ap (€7 )m (E.2)

Both & and &, are spin—% fields and possess therefore NS- and R-sector representations.
The NS-sector highest weight representation is described by

g10)=0, r23, ae{+ -}, (E.3)

and gives the vacuum representation of the theory. On the other hand, the R-sector
representations of the symplectic boson pair have a zero-mode representation on the states
|m) with action

& Im)=v2Im+3), & |m)=v2(m—3)|m—3), (E4)

so that, in terms of the sl(2,R) generators we have,

Rim) = mlmy,  CUER) jmy = = . (E.5)

16

Thus the R-sector representations of the symplectic boson are labelled by A € R/ %Z,
describing the eigenvalues of J§ mod %Z, see also appendix C.1 of [4]

Each symplectic boson representation decomposes into two sl(2, R), /2 representations,
since the s((2,R); /2 currents are bilinear in the symplectic bosons. The NS-sector represen-
tation decomposes into the two modules 73 and J#7, which can be thought of as the vacuum
and vector representation, respectively. Similarly, the R-sector representations decompose
into the representations &\ and &), /2, where now A € R/Z describes the eigenvalues of Jg
mod Z. At A = %, %, the modules become indecomposable, as can be seen from (E.4). The
relevant modules that are required for the description of the full theory are in fact even
bigger, and involve the indecomposable representations . and .’ [39], whose composition

series takes the form!2

/\ /\

T .S (E.6)

\/ \/

The representation . is closely related to &4 and &34 since, on the level of the
Grothendieck ring, we have

&1ya~ o(Hy) @ o) = S~ o(&3/4) ‘771(@@1/4) ; (E.7)

12Note that, unlike the situation discussed in appendix C.1 of [4], we are considering here these modules
as representations of sl(2,R)1 /2, not as representations of the symplectic boson theory.
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while the analogous statement for .’ is
I~ o(Eyg) ® o () - (E.8)
Here o denotes the spectral flow of the symplectic boson theory which acts via
o) =& e (E.9)

=32

The fusion rules of this theory were worked out in [39], and are explicitly

O-(g)\-i'ﬂ—i) @O-_l(g)\-l-u—&-i)v Atpu#0,

ENXE =S, Apu=0, (E.10a)
S, A4 p= % ,

E\ X S aQ(é@H%) B2-E\ P J—Q(é;%) , (E.10b)

EX S =2E)D2- Erp1 @ o2&, (E.10c)

I xS 2SS xS 2 SN2 S Do S, (E.10d)

I xS 2o SNo2 S Do HS). (E.10e)

E.2 The explicit form of the free field representation

In order to describe the free field realisation of 9(2, 1; ) at k™ = k= = 1, we now combine a
symplectic boson pair with four free fermions, which we take to satisfy the anticommutation
relations

{¢gﬂa l@&} = 6a766§5r+s,0 . (E]_l)

The generators of 9(2, 1; a) are then given by

T =~ 1a(0")ap(EE)m. (E.122)
KD = i(aa)a'yeﬁé(?/’aﬁlbﬁa)m, (E.12b)
K = ieav(aa)ﬁa(ibo‘%ﬁa)m, (E.12¢)

SplY = \2(5%57)% (E.12d)

The spectral flow automorphism of 9(2, 1; ), acts on £ as in (E.9), while on the fermions
we have

o) = ¢a (E.13)
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E.3 The fusion rules

With this free field realisation at hand, we can evaluate the fusion rules directly in this
case. Using the conformal embedding (D.1), the 9(2, 1; ) representations decompose as

L= (Hp,1,1) @ (4,2,2), (E.14a)
L' = (4,2,2) ® (H1,1,1), (E.14b)
FY=(6\,2,1) @ (641.1,2), (E.14c)
F:— o (s 1) B0 (S,2,2), (E.14d)

1
T2 =Y 1, 1)D0o (S, 2,2), (E.14e)

where we have denoted the 5u(2)1 representatlons by the dimension of their ground state

representations. Furthermore, 9 and 7 : are indecomposable representations that will

be introduced in appendix F. If A + p # 0, 1, the fusion rules are then

;3
Ty x F)=((6,2,1) @ (Gri101, 2)) x (&,,2,1) (E.15)
= 0(E 12 1) 80 (6,1 1. 2,1)
@J(g)\+”+1,1 2)do~ (éa')\ﬂl 1,1,2)
= 0(Prpput) 0 (Fyppr1) (E.16)

The other cases work similarly, and the complete fusion rules are therefore

H(Freyt) O U Fia)s A+ uAO,
FYx T = (g%) A p=0, (E.17a)
o(72). Au=1,

FYx T2 = 0} (FD )02 (F) oo (FY,,), (E.17b)
FOx 72 = 0 U(FD) & 20 (5 Do), (E.17c)
TEXTEIDTE X T2 2 o(T2) @20 (T @0} (T2), (E.17d)
T2 X TE2o(T2) @20 N(T2) @ o (T3 (E.17¢)

E.4 The characters

Finally, it is straightforward to compute the characters using this free field realisation.
Let us demonstrate how to do this for ch[.ZV](t,u,v;7). The symplectic boson R-sector

representation has the character

Z 1 1 1 = Z 77(7_)27 (E.18)

melzx 17 [Inz (X —22¢") (1 —272¢") me 37+

where we have used that the chemical potentials of the oscillators can be absorbed into the
zero modes, which allows us to rewrite the denominator in terms of the eta function. For
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the character of sl(2,R); /2, we have to keep every second state, and thus obtain

xm
ch|&\|(t; ) = . E.19
AlEn = 3 oo (B.19)
On the other hand, the character of the four free fermions equals
o (M55 m) V2 (4575 ) — (M) (M5 T)
ch[(2, 1)}(u, v;7) = 2n(r)? : (E.20a)
ﬁu—f—v;ﬁu; gm;ﬁu;
eh[(1,2))(u, v 7) = L2CET)(FE ) + (R (5T (E.200)
2n(7)?
Combining these ingredients according to (E.14c), we finally obtain
0 . _ z™ utv. uU—"v.
ch[Z(tu,vir) = Y H(T)ﬁg(%m)ﬁz(%m), (B.21)
mEeZ+N 3

which matches with the general formula (D.24).

F The indecomposable modules

In this appendix, we discuss the atypical modules appearing in the (2, 1; o) WZW-model
at kT = 1. We make an educated guess for their structure, which passes many non-trivial
tests.

F.1 The indecomposable modules

One strategy to determine the possible indecomposable modules is to study the represen-
tations that appear in fusion products. In the typical case we have, see (5.6)

1 1
0 ~ ¢ ztta =2 ~1( gt
Fx X Fpy = G(‘g/\ﬁkz—%) @ JA1+)\2+% ® ‘gAH-Ag-s-% So ("4/\1+>\2+%) : (F.1)

If several modules on the right hand side of the fusion rules become indecomposable, we
expect them to join to form one big indecomposable module. This happens when

Mtz €{EN 1, EN 1}, (F.2)

since we have the exact short sequences of modules'3

09, — F,— 9. _—0, (F.3a)
09— F,— %, >0, (F.3b)
09, —FL, — 9 _—o0, (F.3¢)
09— F, — 9L, >0, (F.3d)

13The notation here is a bit cavalier since the modules % , that appear as the middle term in the first
two lines have different indecomposable structures (since one contains a discrete highest weight and the
other a discrete lowest weight representation).
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The cases £ = 0 and £ = 5 are special, since then two of these values are simultaneously

attained, but some modules are not present. One finds that the following modules can join
up to form bigger indecomposable modules:

1
T2~ T\ o2 (FLy,), (F.4a)

¢ =3 1 g1
ﬂ>mgglé@a Y70, e, 51 (F.4b)
1l 5 &

2 2

¢ 3 1 gt 1

9<Nﬁ_ki%@o— (ZLy,), Le{3.1,...,5}. (F.4d)

In order to describe the precise structures of these indecomposables, we first use the
short exact sequences (F.3a)—(F.3d) to decompose the modules in the Grothendieck ring as

TEnd  0d o2 D,)®oHD), (F.5)
_1 _1
Tindg P09 2 oo (9i]) oo (#1), (F.6)
7.8~ 09i_eo(@l) e (gl), (F.1)
—1 -1 _ -
Ting o9 oo (9 )eo 1 (9L). (F.8)

Because of the identifications under spectral flow, see egs. (5.5b)—(5.5d), the right hand
side always contains two isomorphic modules, and hence the indecomposable structure is

99 _ g2
VRN
7ii a9 9, 7L (gf< \g L (Fow)
NS
o (92 1) \1(%,{
8 gl
77 o292 ) \gg L. TE (gé/ \g % (F.9b)
AN
\<g< —1%/

Here, we have used again composition diagrams to display the indecomposable structure,
see also appendix E. Note that the bottom and top modules are always identical via the
spectral flow identifications.
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F.2 The atypical fusion rules

A heuristic way to determine the fusion rules of these indecomposable representations
consists of writing them in terms of their summands as in (F.4a)—(F.4d). We then apply
the naive generalisations of the typical fusion rules (5.6), and finally reassemble the result,
so that the only representations that appear are the typical representations we considered
before, together with those given in (F.4a)—(F.4d).

Unfortunately, the general formula is rather clumsy, so let us just work out one example
to illustrate the idea. We consider

1 1
T2 X T2~ (T3, @0 (foxo))x(ffo@f?(«?gxo)) (F.10)
1 1
~o(7),)07¢ oo (73,) 020 (7)) 20 (F7)
2 2
820370, Joo 3 (70, Yeo (72, Jeo (7)) (F.11)

1
2

~ Tle20~ (T2 oM T2 ) mo(FL ) @202 (F

"”HM\H

Joo P (F2,,).  (F.12)

The other cases work similarly, and the resulting products define an associative ring, which
should therefore agree with the fusion ring.

F.3 The atypical Hilbert space

Finally, we discuss the structure of the atypical Hilbert space. Naively, we would construct
an atypical Hilbert space as

=@ @) e (7 o () ea (7]

wWEZ g—g

While this contains now only modules which close under fusion, there are two problems
with this proposal. First, locality requires that Ly — Lo acts diagonalisably, since otherwise
the complete correlation functions would be multi-valued. In addition, (F.13) does not
agree with (5.11) on the level of the Grothendieck ring, and hence would not be modular
invariant. As explained in [40, 41], the true Hilbert space is obtained by quotienting out
an ideal Z C HDAVe from HIve,

atyp atyp
To construct this ideal, we note that there are natural long exact sequences

+1 Ty Sy g2l Sy S wtet
Ha“’ (92)<—> ot (9>)SH_ ot (727)

S—

)

<3_+>O_w+2n+5(9>%) <s_+>...&>gwﬁ(ﬁ+2)+2€(g>f) Sy S w+3n+5(g>“ 1)7 (F.14)

S— S— S— S— S—

AT

&)O_w+n+3(y<%ﬂ)<_> H w+2(f-e+2)+2£(ye)H <_> oVt (7

S—

[

where s; maps to the right and s_ to the left. The map s; maps the two upper right
elements of the composition diagram of (F.9a) or (F.9b) to the two lower left elements
of the next term in the sequence. Similarly s_ maps the two upper left elements of the
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composition diagram to the two lower right elements of the previous term in the sequence.
There are in fact 2(k + 2) such sequences, that are characterised by w € {0,1,...,2x + 3}.
For each such sequence, let us denote the n-th term in the sequence by o% (% ”), so that

sy 0v(2") — aw(%”ﬂ) (F.15)

for n € Z. Furthermore, we denote the elements of the indecomposable modules by
2 "[e1, 9], where €; € {0,1}. [e1,e2] = [0,0] denotes the top element, [e1,e2] = [1,0]
the left element, [1,e2] = [0, 1] the right element and [e1,e2] = [1, 1] the bottom element.
We thus have, cf. [4]

s10Y (27" [e1,62] = oV (27 [e1 + 1, e9] (F.16)
s (Z™)[e1,e2] = o (2" ) [er,e2 + 1]. (F.17)

The ideal Z by which we have to quotient out is then generated by

2k+3
=P P (s: 0T -1055) (" (27) @ o (27F)). (F.18)

w=0 neZ

This leads to the following identifications in the naive atypical Hilbert space,

O’w(%n)[61+1,€2]®(7w(%—”)[51,52] NUw(gbrn_l)[61,52]@01”(%-”_1)[6_1,&:24-1] , (F.lg)
O’w(%n)[61,62+1]®0‘w(%”)[51,§2] NUw(%n+1)[61,52]®0w(%”+1)[51—1—1,52] . (F.20)

This ‘gauge freedom’ allows us, for example, to set €1 = &7 = 0, so that

fixed J fixed ¢—1
(yf)gauge Xe NyA£_2%7 (gf)gauge Xe Nﬁ%f_y {c {%’1’_“’%—&—1}' (F.Ql)

Hence, the indecomposable modules become after gauge-fixing the moral analogue of the
continuous representations for A = +,. The resulting space of states has then essentially
the same form as (5.11), and hence is in particular modular invariant.

G Theta functions

Our conventions for the theta functions follow [42]

9 [g] (Z; 7_) = Z ewi(n+a)2’r+27ri(n+a)(z+,8) (Gl)

nez
_ eQm‘a(z-{—ﬁ)q%z lo—o[ (1 _qn) (1+qn+a—%e%ri(z+ﬁ)) (1+qn—a—%e—2m‘(z+ﬁ)) )

n=1

In this language the four Jacobi theta functions are

1 1 0 0
1915’[9% y 1925’[92 y 1935’[9 s 1945’[91 y (Gg)
2 0 0 2
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and we have the identity

\]

Do (452 7)02 (4525 7) = V2(u; 27)93(v; 27) + I3(u; 27)92(v; 27) (G.4)
o (%ﬂ, T)% (“5”;7’) = —V9(u; 27)03(v; 27) + I3(u; 27)02(v; 27) | (G.5)

which comes from the equivalence of four free fermions to su(2); @® su(2);.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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