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The modelling and simulation of high-dimensional
multiscale systems is a critical challenge across all
areas of science and engineering. It is broadly believed
that even with today’s computer advances resolving
all spatio-temporal scales described by the governing
equations remains a remote target. This realization
has prompted intense efforts to develop model-order
reduction techniques. In recent years, techniques
based on deep recurrent neural networks (RNNs) have
produced promising results for the modelling and
simulation of complex spatiotemporal systems and
offer large flexibility in model development as they
can incorporate experimental and computational data.
However, neural networks lack interpretability, which
limits their utility and generalizability across complex
systems. Here, we propose a novel framework of
interpretable learning effective dynamics (iLED)
that offers comparable accuracy to state-of-the-art
RNN-based approaches while providing the added
benefit of interpretability. The iLED framework is
motivated by Mori—-Zwanzig and Koopman operator
(KO) theory, which justifies the choice of the specific
architecture. We demonstrate the effectiveness of
the proposed framework in simulations of three
benchmark multiscale systems. Our results show that
the iLED framework can generate accurate predictions
and obtain interpretable dynamics, making it a
promising approach for solving high-dimensional
multiscale systems.
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1. Introduction

The accurate forecasting of critical phenomena, such as weather systems and epidemics, depends
on the veracity and efficiency of numerical simulations. These simulations frequently rely on
models governed by partial differential equations (PDEs) that describe the intricate interplay
of multiphysics and multiscale processes. Notable examples include models for turbulence [1],
climate systems [2], neuroscience [3] and oceanic dynamics [4]. Owing to substantial progress in
numerical techniques, algorithms, software and computational hardware, we are now exploring
simulation capabilities far beyond what was conceivable just a few decades ago. However, it is
becoming evident that the reliability and energy costs of simulations are reaching their limits
[5]. Multitudes of spatiotemporal scales in such systems present high, if not insurmountable,
barriers for classical numerical methods. Multiscale methods aim to resolve this issue by judicious
approximations of the various scales and the interactions between physical processes occurring
over different scales.

Throughout the years, several powerful frameworks have been introduced, such as the
equation-free framework (EFF) [6-8], the heterogeneous multiscale method (HMM) [9,10] and
the fLow aVeraged integatoR (FLAVOR) [11]. These frameworks owe their success to the ability
to separate scales within system dynamics and effectively capture the exchange of information
across those scales. While it is clear that EFF, HMM and FLAVOR have transformed the
field of multiscale modelling and simulation, their full potential remains limited by two key
challenges: (i) the accuracy of coarse-grained dynamics propagation depends heavily on the time
integrators used and (ii) inefficient information transfer, particularly from coarse to fine scales,
significantly constrains their effectiveness. An alternative and very potent approach are reduced-
order models (ROMS) [12,13] aim to capture the effective system dynamics, and they can also lead
to interpretable descriptions allowing better understanding of the underlying system [14,15]. The
success of ROMs hinges on identifying the low-dimensional sub-spaces, on which the dynamics
of a system can be summarized. The existence of such low-dimensional sub-spaces has been well
established for systems ranging from the one-dimensional Kuramoto—-Shivashinsky (KS) equation
[16] to highly complex fluid mechanics problems [17]. Linear reduction methods such as the
proper orthogonal decomposition have attracted significant attention as foundations of ROMs [18]
thanks to their simplicity and stability. Indeed, they can be used to build analytical ROMs-based
governing equations and the chosen proper orthogonal decomposition (POD) modes [19,20].
However, they have shown limitations for the reduction of highly nonlinear dynamics [21-24],
such as those encountered in turbulent flows or chemical reactions. Various approaches have been
proposed to address these limitations such as online basis adaption strategies [25] or extensions to
nonlinear projection-based reduced-order modelling [26,27], which are able to achieve significant
speedups. More recently, the potential of deep learning methods in the context of model reduction
has become a major topic of research. Neural autoencoders can be used to optimally represent
the low-dimensional, nonlinear manifolds on which dynamical systems evolve [28,29]. The latent
space identified by these autoencoders can then be used in combination with dynamical modelling
approaches to construct reduced models of any system of interest.

More importantly, the deployment of autoencoders for identifying latent space dynamics can
be combined with the ideas of EFF, HMM and FLAVOR. This is the core idea of the recently
proposed framework of learning effective dynamics (LED) [30]. LED deploys neural network
autoencoders for dimensionality reduction of the high-dimensional samples, thus identifying
the structure of the latent space via a nonlinear mapping. A second type of neural network
architecture, the LSTM [31], is then deployed to learn the dynamics of the reduced system. While
this framework has shown promising results its functioning remains non-interpretable. In this
work, we present interpretable LED (iLED) that employs for its latent dynamics a theoretically
grounded, dynamical model that replaces the LSTM currently in use. The method of iLED is
constructed around interpretable linear dynamics and completed by a physically motivated
nonlinear closure. The proposed framework is closely related to the Mori-Zwanzig theory [32,33]
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and Koopman operator (KO) theory [13,34,35]. We note that the latent variables are chosen not
only regarding their potential to reconstruct the high-dimensional system of interest but also to
have a close-to-linear dynamics that can be effectively closed with nonlinear terms.

The use of Mori-Zwanzig and Koopman theories allows our model to have a strong inductive
bias, which is not the case with black-box models such as neural ordinary differential equations
(ODE) and stochastic differential equations (SDE) [36,37]. Approaches inspired by dictionary
learning that select the potentially nonlinear terms for the dynamics from a pre-defined set of
candidate functions [38—40], are interpretable as well but suffer from poor generalization and do
require problem-specific knowledge. iLED does not require the definition of a set of candidate
functions or any knowledge regarding the governing equations of the system of interest.

There are a number of potent approaches involving linear models for describing the
latent dynamics. Two notable cases are models based on KOs [35,41,42] and dynamic mode
decomposition (DMD) [43,44]. The KO approaches rely on the assumption that the latent space
dynamics are Markovian and, as such, they may not capture possible memory effects. DMD can
capture certain time dependencies, but it has limitations in systems with strong nonlinearities.
Other approaches that can lead to interpretable solutions [45] include modified recurrent neural
network (RNN) architectures [46], incorporating physical constraints as virtual observables [40] or
restricting the dynamics of the latent space [15,47]. Moreover, there are some models that employ
existing ROMs and learn a closure term [20,48].

The iLED, presented in this article, employs temporal dynamics with explicit linear and
nonlinear components allowing for higher flexibility and interpretability. It is based on both Mori—
Zwanzig formalism [32,33] as well as KO theory [34,35]. We emphasize that the present method
is non-intrusive and can be deployed to model systems for which the governing equations are
unknown.

The remainder of this article is structured as follows: in §2, we present the general
methodological framework with special attention on the connection between our novel
framework and Mori-Zwanzig formalism as well as KO theory. Computational aspects related to
training the framework and generating predictions are discussed in §2d. Afterwards, we present
three numerical illustrations in §3 and demonstrate the accuracy and interpretability of iLED over
classical deep learning modelling approaches. Section 4 summarizes the contribution of this work
and suggests directions for future research.

2. Methodology

In this section, we present the iLED framework and focus on its connections with KO theory and
Mori-Zwanzig formalism. We consider high-dimensional, potentially nonlinear system whose
state @ € R% evolves in time according to an operator F:

do

— =F(D). 2.1

— =F(®) @1
This system can result from first principles and may represent the numerical discretization of
a PDE such as the Navier-Stokes equations. In the following, we provide the motivation for the
choice of neural networks to carry out dimensionality reduction (§2a), the theoretical justifications
for our proposed interpretable reduced dynamics framework (§2b) and summarize the iLED
architecture in §2d.

(a) Dimensionality reduction

We consider systems where the dimension dg of the full-order system in equation (2.1) can be
exceedingly high compared with the actual intrinsic system dimension. We assume that there
exists a mapping D : R% i R%, with d, < d,, such that @ ~ D(z). To identify and exploit this
reduced dimensionality, the mapping D can be extracted from data using machine learning
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methods. Classical reduced-order modelling methods leverage linear reduction approaches [18]
to construct a basis that builds a matrix V € R**% on which both the system’s state & and the
dynamics F can be projected:

Vg =z, (2.2)
dz T
5 =V EVa) +e (2.3)

where ¢ is an unknown error term. These linear reduction approaches have the important
advantage of being interpretable as they are able to retain parts of the original model F.
Despite numerous successes with ROMs [49,50], linear reduction can be inefficient, in terms of
dimensionality reduction when compared with nonlinear approaches such as neural networks.
In many dynamical systems, their effective reduced-order dynamics evolve on strongly nonlinear
manifolds [30]. The use of neural autoencoders to learn these reduced manifolds allows for a
higher degree of reduction, as well as better reconstruction accuracy. Thus, we propose to learn
two parameterized nonlinear mappings, a decoder D(-;85) and an encoder £(:; 6;), such that

@ =D(z;6p), (2.4)
z=E(P;0;), (2.5)

where 85 and 6, are the parameters of the decoder and encoder and are learned during training
of the neural networks.

However, using a nonlinear encoder/decoder structure, the dynamics of the reduced-order
system have to be learned afterward or concurrently, as nonlinear dimensionality reduction does
not allow for the direct reduction of the original model F. Existing works [51,52], and more
recently, the LED framework [30] have demonstrated that these reduced dynamics could be
directly learned using RNNs:

Zi41 = RNN(z4, By; 6ran ) (2.6)

where h is a memory term and Oy are the parameters of the RNN. At the same time, these models
have limited interpretability and, unlike KO or DMD, they cannot be justified by dynamical
systems theory.

(b) Framing iLED within the Mori—Zwanzig formalism

The iLED framework is based on both Mori-Zwanzig formalism [32,33] as well as KO theory
[34,35]. We first define the KO that acts on observable functions g of the state of high-dimensional
systems @, before introducing the generalized Langevin equation (GLE) for a reduced subset of
these observables. We subsequently define an appropriate closure term for the GLE and introduce
a neural network architecture.

(i) KO theory and the generalized Langevin equation

This section introduces the connection between KO theory and Mori-Zwazig formalism, which
is the basis for our iLED architecture. This connection has been established in previous work
[53,54]. KO theory can quantify the dynamics of an observable of a high-dimensional system and
has been employed extensively within ROMs [35,55,56]. For the high-dimensional system &(t, @),
a KO model can be used to represent the dynamics of the system instead of equation (2.1). More
specifically, an observable g : R% - R of the system & is advanced in time by the KO model,
denoted below as X;:

Kg(Do) = g(D(t, o). (2.7)

Operator X is linear, and generally infinite dimensional. For practical purposes, its operating
space can be separated in an observed subspace (7(;) defined as the space spanned by a chosen set
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,,,,,

observables can then be expressed on the basis defined by the set M UM :

i[gM]ZL[ gM]z[LMMme][gM ]’ 2.8)
dt | g5 8 Lyive Lo || 8w

where L is a linear operator that corresponds to the infinitesimal generator of KX;, gy =
[8,:8,s-»8),] are the chosen observables and gz:=1[8,,,1 &0 >8] are the orthogonal
observables. Note that the operator L is separated in four parts, with Ly, the dynamics in the
observed subspace, L; the orthogonal dynamics and L3z, and L, 5; the exchanges between the
observed and orthogonal subspaces.

We note that by employing this decomposition, the orthogonal observables are still infinite
dimensional, whereas the chosen observables are finite dimensional. While we would need to
identify a Koopman-invariant subspace if we wanted to model the dynamics of these observables
only using KO theory, we derive an equation for their dynamics based on Mori-Zwanzig
formalism [53,54]. In case our chosen observables should be within a Koopman-invariant
subspace, the additional terms with regard to the orthogonal observables/subspace vanish [54].

In more detail, the system in equation (2.8) can be solved for gz; as follows:

t
gt = f =i Loz, g (s)ds + elanigs=(0), > 0. (2.9)
o

Finally, using equation (2.9) in equation (2.8), an expression for the dynamics of the observables
8¢ is obtained:

t
d(;g—?‘ = L8 + Loor | Mt L g(5)ds + Ly e g2(0). (2.10)
The above expression describes the dynamics of the partially observed state of a system and
has the same form as the generalized Langevin equation derived in Mori-Zwanzig formalism. It
still depends on the unobserved part of the initial condition (gz7(0)) via the last term and thus is
not a closed equation for gy, only. However, this last term is often modelled as noise or simply
ignored in several modelling approaches [53,57-59]. In the following section, the conditions under

which this term can be accounted for are explained in more detail.
(ii) Closing the GLE

The last term in equation (2.10) depends on information that is unavailable as it is orthogonal to
the observed subspace. However, this term vanishes if the history of the observed subspace is
known, and the orthogonal dynamics (L3;) are dissipative. Indeed, if the history of the system
is known, we can rewrite equation (2.9) for any initial condition [gy(—7), gz7(—7)],7 > 0:

t
g = / et Loz g (s)ds + e+ lani g=r(—1). (2.11)

The last term in equation (2.11) vanishes for 7 — oo, if the orthogonal dynamics Lyq; is
dissipative. This is often a reasonable assumption as, for instance, in the case of orthogonal
(unobserved) subspace corresponds to the small scales of a dynamical system. Under such
hypothesis, we obtain the following closed equation for the dynamics of the observed subspace:

t
gyt = f et~ Loz, 8 (s)ds, (2.12)

q t
= giﬂ =Lacn8a + Lyor / et Lz 8o (S)ds. 2.13)
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Figure 1. iLED architecture: the high-dimensional system is encoded to a lower-dimensional representation using the
encoder &. The lower-dimensional representation is propagated in time using a linear and a nonlinear part based on
Mori—Zwanzig formalism. With the help of a decoder 2, the high-dimensional system is subsequently reconstructed.

In the following subsection, we show that the various operators expressed in the closed
GLE (equation (2.13)) can be learned from data to derive an interpretable and theoretically
sound model for the reduced dynamics of physical systems. We will model the observed
subspace g only, whereas the orthogonal unobserved subspace gz; will not be explicitly
represented.

(c) The iLED architecture

To construct the iLED architecture, we first identify the observables g,; with the learned subspace
of the neural encoder & so that gy, =z =&(P;6,). We then approximate the various operators
(Lacaes Lagaes Ly L) that express the different parts of the Mori-Zwanzig formalism in
equation (2.13). The nonlinear part of the dynamics in equation (2.13) accounts for the exchanges
between the unobserved and observed subspaces when the dynamics is not closed on the observed
subspace [54].

The observed dynamics Ly, can be directly learned as a linear operator, denoted Ay € R%*%
below. However, because both operators L3z,, and L, 5; are possibly infinite dimensional, they
need to be approximated. We propose to learn these operators as nonlinear transformations of the
observables z. Justifications for this choice will be detailed in §i.

We introduce two neural networks ¥,(+;8) : R%*4%: s R%: and W,(+;0) : R% — R%, where d,,
is a user-defined parameter, and model the orthogonal dynamics L37; as a negative diagonal
operator Ay € R%*% This choice is consistent with the assumption that the orthogonal dynamics
is dissipative and significantly simplifies certain computations such as the initialization of
the non-Markovian (or memory) term in the model. This leads to the iLED architecture
in figure 1.

The key part of this novel architecture is the temporal dynamics of the iLED state z:

t
%z =Agz+ ¥, [z, / elt=s)4e qfe,z(z)ds] (2.14)
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We note that the operator ¥; now also takes as argument the reduced state z itself. This choice
ensures that the nonlinear part of the iLED model has access to the state at the current time. In
terms of the framework derived above this corresponds to the network ¥, learning an identity of
the state in part of its output so that ¥,(z) = [z, ...] and the corresponding entries of the diagonal
matrix A going to —oo. Indeed, the integral in equation (2.14) is a low-pass filtering of the
trajectories of each dimension of ¥,(z) with a cutoff frequency which grows with —4;, the iy, entry
in the diagonal of A. Thus, 4; going to negative infinity implies that no frequency is filtered in the
trajectory, which is equivalent to directly considering the state at the current time.

This proposed iLED architecture allows us to directly learn the various terms of the Mori—
Zwanzig formalism from data. The details on the training strategy are given in §2d.

The idea of learning latent dynamics based on KO and Mori-Zwanzig formalism has been
recently employed in another scientific publication [60], which has been posted after the release
of the preprint of our work. Their approach also relies on a nonlinear autoencoder architecture
to identify the latent dynamics, but the nonlinear terms in the Mori-Zwanzig formulation are
approximated with a different neural network architecture.

(i) Remarks on the approximation of an infinite linear operator

Deep neural networks are universal approximators for nonlinear operators when both the given
input and output of the operator are compact [61]. The universal approximation theorem states
that there is a sequence of neural networks that can approximate the targeted operator but does
not provide further details regarding the size of the networks involved as well as an error rate.
However, even if the number of neurons and layers is finite, approaches such as the deep operator
network [62,63] and Fourier neural operators [64] have shown good approximations. Here, the
subspace is infinite and not necessarily compact. The KO, our starting point in equation (2.7), is
generally represented by a finite-dimensional operator with reasonable accuracy. In fact, this is
a key assumption for all main data-driven Koopman models [55,65,66]. We assume a similar but
less strict assumption holds here, and thus are dealing with a finite-dimensional orthogonal space
whose operators can be approximated by neural networks.

(d) Training the iLED architecture

A key difficulty in the present methods is the choice of the latent dimension d,. The best choice is
a dimension close to the intrinsic dimension of the problem at hand. In the common case where
it is unknown, several approaches can be used to select this parameter [67-70]. One is to directly
apply hyperparameter optimization approaches such as grid search to the problem, i.e. train
autoencoders with increasing latent dimensions and select the dimension when the reconstruction
performance of the autoencoder starts to plateau. However, this can be expensive when applied to
problems that use high-dimensional representations such as fluid flows. To avoid these expensive
computations, statistical analysis such as estimation of the correlation dimension [70] or of the
fractal dimension [69] can be employed to approximate the dimension of the attractor. Both of
these approaches were used to obtain a first guess of the latent dimension in the experiments
presented in this paper.

Having chosen this latent dimension d,, we can set up the model for the latent dynamics. We
first rearrange the integro-differential equation (2.14) into a coupled system of ODEs. First, we
define an intermediate term h:

t
h(t) = f et=ey,  (2)ds. (2.15)
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This h term corresponds to the memory of the model, which can be advanced in time in parallel of
the reduced-order state as follows:

% =Agz + ¥,(z, h),
Y (2.16)
E = q’s’z(z) + A@h

With this time-continuous architecture, iLED can be used in combination with any standard
ODE integrator. In this work, we used the semi-implicit Runge-Kutta (siRK) scheme [71] to
advance the iLED state [z, k] in time. This scheme takes advantage of dynamics that efficiently
separate a linear and a nonlinear part and is very efficient for the simulation of stiff dynamics,.
The latter feature is important for iLED as the dynamics can be stiff and unstable before being
fully trained. The corresponding equations can be found in equation (A 1) in appendix A.

The siRK integration scheme is used in combination with the adjoint scheme for back-
propagating through an ODE [36] to train the iLED architecture. We train the model in an end-
to-end fashion, that is to say, both the neural autoencoder {&, D} and the dynamics are optimized
simultaneously, using the combined loss:

L= Lrec + aLforecast’ (217)

where L. and Lyecast are, respectively, the reconstruction and forecast losses, and a controls
their relative importance.

The reconstruction loss £, drives the autoencoder to accurately reconstruct the true full-order
trajectory @;":

N,
1 t

Lree =7 2 llor — DE@B (2.18)
i=1

We note that different loss functions for the reconstruction loss that reward the selection of
observables or add additional constraints to the latent representation could be employed. We
have opted for the well-known autoencoder reconstruction loss to also minimize the number
of hyperparameters involved in the loss function. The forecast 1oss L¢ecast Pushes the model to
accurately predict the reduced state z:

N,
1 <.
Lforecast = ﬁt Z ”Zti - 8(@:)”%, (219)
i=1

where £ is calculated according to equation (2.16).

This aggregated loss is sufficient to train the iLED architecture. However, additional terms can
be added to improve performance. Appendix B details the various additions that were used to
obtain the results presented in this work. This includes a regularization term employed to penalize
the magnitude of the nonlinear part of the iLED dynamics, effectively ensuring that the linear
part upholds as much of the dynamics as possible. We note that this penalty-based approach is
however not able to guarantee that all linear parts of the dynamics are compeletly represented by
Ay, but similar approaches have succesfully been used in other cases. For instance, the authors of
[72] use it to enforce residuals when learning the solution to PDEs. Appendix C provides more
details regarding other design choices such as the initialization for the memory term h. The next
section presents the numerical experiments carried out to demonstrate the abilities of the iLED
method.

3. Numerical experiments

The capabilities of iLED are demonstrated on three benchmark problems: the FizHugh-Nagomo
(FHN) model, a simple one-dimensional equation with periodic dynamics; the chaotic dynamics
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Figure 2. Visualization of the FHN model’s dynamics. The evolution of the full state for a subset of the test trajectory is presented
on the left. The right-hand side of the plot displays the latent manifold learned by an autoencoder using latent dimension
d,=2.

presented by the KS equation; the incompressible Navier-Stokes equations describing flow
around a cylinder in two different Reynolds numbers (100 and 750).!

(a) Example 1: the FHN model

The FHN model [73] has been extensively used in biology, physics and neuroscience for the study
of the dynamics of excitable systems. The model consists of two coupled PDEs that describe the
dynamics of a fast-acting variable u(x, t) € R,x € 2 = [0, L], t € [0, T], inhibited by a slower variable
o(x, t) ER:

du d%u 3

E—Du@+u—u -0, (31)
dv 3%

E = Dvﬁ + e(u — a0 — OC()). (32)

This separation of time scales is controlled by parameter ¢, set here to € = 0.006. The other model
parameters are chosen as follows: D, =1, D, =4, L =20, oy =—0.03 and a; =2, to replicate the
experiment presented in [30]. The computational domain € is discretized using a grid of N =101
points. The problem is solved starting from five different initial conditions using the Latice-
Boltzmann method [74]; its implementation is provided in [30]. The data is sampled at rate
At =15 to obtain five trajectories of 451 s each. Two of those trajectories are set aside for validation
and the others are used for training. An additional trajectory of 10*s is simulated for testing
purposes.

By training various autoencoders to reconstruct the training trajectories described above, we
determined that the optimal latent dimension was d, = 2, as the reconstruction accuracy evaluated
from the validation trajectories saturates for higher dimensions. This result is consistent with
the oscillatory nature of the dynamics and highlights the efficiency of nonlinear dimensionality
reduction. Indeed, a linear method such as principal component analysis (PCA) requires up to
16 latent dimension (see [30] figure 2A) to achieve the same level of accuracy. A smaller latent
dimension is useful as it leads to faster computation in the latent space. A visualization of the
system evolution, as well as the corresponding latent trajectory, is presented in figure 2.

An iLED dynamical model is also trained at the same time as the autoencoder, using the
procedure described in §2d (the hyperparameters used are detailed in appendix Da). Figure 3
presents the results obtained by simulating the final model on the test trajectory. The figure shows
that the iLED model is able to accurately reconstruct the full-order system state from the latent

IThe code for the aforementioned numerical illustrations is available at https://github.com/cselab/iLED.
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Figure 3. Forecasting performance of the iLED method on the FHN case. From top to bottom: true inhibitor field, predicted
inhibitor field and absolute error between the two. The right-hand side presents the true and predicted latent trajectory for
an integration period of 8000 s. NB: only the inhibitor v field is presented for clarity, as it is more difficult to predict than the
activator field u.
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Figure 4. Norm of the different parts of the dynamics during the simulation of the iLED model of the FHN case.

state z. Moreover, the dynamics is accurately captured: the model remains on the true latent
attractor even after a very long integration.

TheiLED is particularly well suited for this case and highly interpretable. Owing to the optimal
latent dimension d, = 2, the linear part of the iLED dynamics exhibits a single natural frequency,
aligning with the periodic nature of the dynamics. The learned frequency is approximately
5.74 mHz, while the primary frequency extracted from the true system data using a Fourier
transform is 5.37 mHz. This comparison demonstrates that the operator has accurately captured
the driving frequency of the system, allowing the linear part of the iLED model to support most
of the dynamics. A close examination of the norm of the dynamics separately for the linear and
nonlinear terms (figure 4) confirms this result: The figure clearly shows that the dynamics is
mainly supported by the linear term, the contribution of the nonlinear term being approximately
one order of magnitude smaller. It is important to note that the nonlinear term still plays a role in
this case, as the learned latent attractor is not perfectly circular. We have investigated this in more
detail in appendix Dd. The predictive quality of iLED is influenced by the quality of the training
data and thus more data samples should be able to further increase the accuracy of the method.
Moreover, adding additional nonlinear latent variables and thus increasing the dimension of h
will be in our opinion positive for the predictive accuracy. We note that this, however, will increase
the runtime for both training and predictions.
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Figure 5. Two views of a training trajectory for the KS case (see text).

(b) Example 2: the KS equation

The KS equation [75] serves as a model for a broad range of physical systems. It is a
prototypical example of a nonlinear PDE and exhibits a rich variety of behaviours, including the
emergence of self-sustained oscillations, the formation of coherent structures and the occurrence
of spatiotemporal chaos, making it an excellent test-bed for ROMs. The KS equation has been
studied in various other works related to model-order reduction [15,30,67,68,76,77].

The KS equation can be expressed as

ou 0% O du

ot  9x?2  Oxt ox
ulx,t)eR, x€|[0,L], te][0, T],
u(0,t) =u(L, 1),

= 0,
(3.3)
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where u(x, t) represents the unknown scalar field, and L is the length of the computational domain
that controls the nature of the dynamics. We use here L =22, a common value for the study of
this problem [30,78], which yields a dynamical system that evolves on a stable attractor with a
characteristic dimension approximately equal to eight (a higher dimensional attractor than the
attractor of the FHN model studied in previous section). Moreover, the KS system develops
chaotic dynamics under these conditions, which significantly increases the complexity of the
learning problem, as small errors naturally compound over time during the simulation.

The equation is discretized on a spectral basis of N = 64 Fourier modes and advanced in time
using a siRK scheme [71]. We generate 2048 training trajectories starting from random initial
conditions and 64 others for validation. The initial conditions are all advanced in time for 3000
‘warm-up’ steps of length 6t = 0.025 s, which are discarded as they account for the transition from
the random initial conditions to the chaotic attractor. The next 1280 steps are then sub-sampled
with a At=0.25 s to obtain the training and validation data. Finally, one hundred new initial
conditions are simulated with a longer time horizon (800 s) for testing purposes. The evolution
of one of the training trajectories is presented in figure 5, as well as a visualization of the joint
probability density p(Z_Z’ Z%), which is a helpful way of visualizing the dynamics of the KS
equation.

Applying the iLED method,? we find that the reconstruction performance of the autoencoder
used for dimensionality reduction does not improve for latent dimensions greater than d, =8.
This is in accordance with the previously discovered [16] intrinsic dimension of the KS attractor.
Figure 6 presents results obtained on a test trajectory with a trained iLED model.

The results in figure 6 demonstrate that the iLED method is able to correctly capture the
dynamics of the system on a previously unseen trajectory and for a time horizon at least as long
as its training. As expected, the forecasting error does increase for longer integration times. The
chaotic nature of the problem makes it increasingly hard for a model to accurately follow the

2Details on the architecture and hyperparameters used can be found in appendix Db.
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Figure 6. Results obtained with the iLED method on a test trajectory. Dashed black line: Horizon of the warm-up required to
initialize the memory of the model Dashed red lined: time horizon used to train the model.

true system trajectory. Moreover, we note that despite leaving the true trajectory, the obtained
attractor, visualized through the densities of the derivatives, is well captured.

We also examine the eigenvalues of the learned linear operator in iLED for the FHN case
(83a). Figure 7 shows the natural frequencies learned by the iLED models after training under ten
different random seeds. As the KS system is not driven by a single main frequency, it is interesting
to note that the different model initializations led to learning a similar range of frequencies.
Moreover, the natural frequencies of the iLED linear operator are coherent with the frequencies
observed in the data. Figure 7 displays the Fourier transform of a test trajectory, showing that a
large range of frequencies is present in the data. The figure also shows that this range is covered
by the various frequencies learned by the iLED linear operator, suggesting that while the chaotic
attractor does not directly correspond to a periodic cycle in latent space, this cycle is still relevant
to the system dynamics.

(c) Example 3: flow around a two-dimensional circular cylinder

Finally, we apply the iLED method to simulations of the uniform viscous (with viscosity v) flow
with speed U past a two-dimensional circular cylinder, with diameter D, using the Navier-Stokes
equations. The complexity of this case is controlled by the Reynolds number (Re = UD/v). We
consider flows with two different Reynolds numbers: Re = 100, a less challenging standard value
often used to benchmark ROMs [79] and Re = 750, where the system then exhibits much more
complex dynamics and is more challenging to model.

In both cases, the incompressible Navier—-Stokes equations are solved using an adaptive
meshing and time stepping Basilisk solver [80]. The generated data are then interpolated on
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Figure 7. (a) Eigenvalues A; of the iLED linear operator (average and std. dev. over ten different training runs). (b) Fourier
transform of a test trajectory averaged over the computational domain, the natural periods of the iLED operator are also
displayed for comparison. Note that several runs learned one purely real eigenvalue, meaning that the learned period is infinite,
thus not included in the computation of the largest period (7).

a Cartesian grid to ensure compatibility with convolutional neural networks. To construct the
autoencoder, we use an approach similar to the one proposed in [81], using a higher resolution
around the cylinder to capture the process of vorticity generation. Hence, we deploy separate
convolutional encoders with different resolutions for the region around the cylinder and the
remaining of the computational domain. These two encoders produce two intermediate latent
representations z; and z,, which are passed through an additional mixer multi-layer perceptron
to compute the latent state z. This mixer network is used to ensure that each dimension of the
latent state z can encode information for both the higher and lower resolution parts of the state,
which is important as the iLED linear operator Ay acts on the full latent state z. This multi-scale
architecture is illustrated in figure 8. Additional details on the architecture and hyperparameters
used can be found in appendix Dc.

For both Reynolds numbers, the problem is simulated for 100 s. The first warm-up twenty
seconds are discarded as they correspond to the transition from the initial condition. The rest of
the trajectory is sub-sampled with a A; = 0.02 s yielding a trajectory of 4000 points. The first 2500
points are used for training, and the last 1500 are set aside for validation.

The results obtained by training an iLED model for the Re = 100 case are presented in figure 9.
We used a latent dimension of d, = 3, which is higher than the minimal dimension 2 required to
represent the limit cycle of the system, but yielded better modelling performance according to the
combined loss (equation (2.17)). This has already been discovered by Noack et al. [19] who showed
that the third dimension essentially supports the approach to the limit cycle, so using d; =3
stabilizes the overall system. Moreover, Noack et al. [19] have shown that based on this minimal
dimension, nonlinear equations of motions can be derived that are able to represent the evolution
of the full system. However, here we are focusing on learning such equations automatically and
are aiming to obtain close-to-linear latent space dynamics. Figure 9 shows that the iLED model is
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Figure 8. Multiscale architecture used to model the cylinder flow. The area around the cylinder is rendered at four times the
resolution of the rest of the field, as it is where the dynamics are most complex. CNN stands for convolutional neural network
and MLP stands for multi-layer perceptron.
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Figure 9. Results obtained with the iLED method on the case of the cylinder flow at a Reynolds number of 100.

able to accurately reconstruct the system state after multiple shedding cycles. Similarly to the FHN
case (§3a), the results underline the effectiveness of the iLED architecture, as the figure shows that
most of the dynamics are supported by the linear part of the model.

Finally, the natural frequency of 1.466 Hz learned by the iLED linear operator is in accordance
with the system data which presents a dominant frequency of 1.562 Hz; this further confirms the
validity of the model.

The results obtained on the case of the cylinder flow under a Reynolds number of 750
are presented in figure 10. This case presents more complex dynamics than the simple two-
dimensional periodic limit cycle encountered for Re=100. Following [81], we used a latent
dimension of d, = 16. Similar to the Re =100 case, the iLED model is able to accurately forecast
and reconstruct the system state and once again, despite the higher complexity of the case, most
of the dynamics are supported by the linear operator and the neural network closure (¥; in
equation (2.16)) is only used to correct the numerical imperfections in the curvature of the learned
latent attractor. Figure 10 also shows that the learned frequencies are coherent with the system
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Figure 10. Results obtained with the iLED method on the case of the cylinder flow at a Reynolds number of 750.

data, as the two first natural frequencies of the linear operator are perfectly coherent with the
dominant frequencies of the Fourier transform of the true latent trajectories.

These results demonstrate the ability of the iLED model to capture the dynamics of two-
dimensional bluff body flows up to Re = 750. The model yields satisfying performance combined
with a high degree of interpretability and stability.

(d) Remarks on the linearity of the dynamics

In two of the three numerical experiments presented above, we have shown that the iLED model
was able to transform high-dimensional, nonlinear PDEs into quasi-linear ordinary differential
equations. In case the observables learned by the encoder can be represented by a finite set of
Koopman-eigenfunctions, the dynamics would be perfectly linear. This is in fact coherent with
the oscillatory nature of the dynamics in both the FHN and cylinder flow cases. We underline this
result as a major strength of the iLED framework as it is able to identify simple models from data
without any a priori assumptions on the system under study.

Moreover, it is important to note that although the identified models rely almost entirely on
the linear part of the dynamics, they are still completed by a nonlinear term of lesser magnitude.
Indeed, the complexity involved in learning a purely linear model reaching the same degree
of accuracy might be higher. This is due to the fact that the neural autoencoders used for
dimensionality reduction struggle to learn perfectly organized latent attractors, which is critical to
ensure the accuracy of purely linear dynamics. Of course, this aspect is only magnified with the
increasing complexity of the application case. Thus, the nonlinear term in the framework can be
looked at as a relaxation of the constraints on the shape of the latent attractor while still allowing
for the extraction of a simple interpretable model, as the observed low magnitude of the nonlinear
dynamics allows for accurate analysis of the model from the learned linear term.

Finally, we note that these quasi-linear dynamics were not observed in the case of the KS
equations. This is due to the chaotic nature of the case. Because the system does not rely on a
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set of clearly identified driving frequencies, the linear part of the model is not sufficient for the
accurate representation of the case, and the nonlinear part then automatically learns to complete
the dynamics. This once again underlines the adaptability of the model as no a priori knowledge of
the nature of the dynamics is required to model the system.

(e) Remarks on computational costs

In addition to revealing salient features about the temporal evolution of a high-dimensional
system, the iLED model is also able to significantly accelerate the computation of multiscale
systems. The computation of the temporal dynamics using iLED is in general much easier as the
latent dimension is smaller than the actual problem dimension and the evaluation of the iLED
dynamics is computationally less expensive than computing an update of the high-dimensional
system. We note that we incur additional computational costs owing to the training of the model.

For instance, simulating for 128 seconds and reconstructing the full-order state of the cylinder
flow case was of less than a second on a single RTX2080 GPU which is significantly lower than
the cost of simulating the same case in a full-order solver. On the other hand, the cost of training
the iLED model on four GPUs is of the order of a day. These numbers show that our approach is
relevant when repeated evaluation of a model is necessary. We note that it is complicated to give
an exact measure of the computational gain, as the costs of simulating the full-order model and
iLED both depend on numerous factors including software implementation, hardware availability
and test case choice.

Finally, we note that there can be significant computational costs associated with the generation
of the training data. While we have been able to extrapolate beyond the time regime for which
training data was available, this extrapolative performance cannot be guaranteed and is often
limited and thus the training data need to be representative of the evaluation conditions.

4. Conclusion

We present the iLED method to learn interpretable reduced-order dynamics for high-dimensional,
multiscale systems. This method is closely related to KO theory and enhanced Mori-Zwanzig
formalism. In addition to offering a high degree of interpretability, the latent dynamics of iLED
is expressive enough such that the method can be applied to various problems.

We show that the approach performs well on a range of dynamics, from chaotic problems to
high-dimensional two-dimensional flow cases. For each test case, the method is able to learn a
linear model for the latent dynamics as well as a non-Markovian, nonlinear closure term. The
high-dimensional systems are mapped with a nonlinear encoder to a latent space, in which the
complex nonlinear PDEs can be reduced to very simple guasi-linear ODEs, thus yielding fast and
stable simulations. The high-dimensional space can be reconstructed from the latent space using
a decoder that is trained simultaneously with the aforementioned encoder, using an autoencoder
architecture.

Currently, the latent dynamics is computed deterministically. Future work will address a
probabilistic version based on either the Bayesian approach or conformal inference, to quantify the
uncertainty caused by dimensionality and model reduction. Another unsolved challenge pertains
to a computationally efficient choice of the latent dimension. New approaches such as [67,68,82]
offer some ideas on how to address this problem. Other aspects of the approach could also be
improved upon, for one, enforcing the nonlinear nature of the neural network in the dynamics
would be desirable, as it is only encouraged by the loss in the current state of our proposal. A
second interesting direction for future works is the analysis of the learned nonlinear encoder and
decoder mapping and their comparison with the Koopman-eigenfunctions of the system.

The iLED method could be used to model more complex problems such as partially observed
systems, or applied to real-world problems with unknown dynamics such as epidemic dynamics
or brain activity to help derive interpretable dynamical laws from available data. An extension to
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systems for which dynamics depend on the current time is also possible by adding the time as an
input to our model.
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Appendix A. Runge—Kutta

This appendix contains the siRK3 scheme that advances the state [z, ] for a time step At as
follows:

k k k
(I - gAtAe) Zkaryz =20 + gAtAeZo + gAfWeJ(Z(k—mt/s’h(k—1)At/3),

k k k
(1 - EAfAe) Biass =ho + gAtAeho + §AtW9,2(Z(k—1)At/3)s (A1)

k=1,2,3.
Here Ag, Wy 1, W, and Ay are based upon the iLED architecture introduced in equation (2.14).

Appendix B. Details on the loss

As mentioned in §2d, two loss terms are sufficient to train the iLED architecture:

N;
2| o) — DE@NIE +a |2, — E@DI |, (B1)
i=1

1

L=—
N;

Lrec Liorecast

where @* denotes the true system states extracted from the training trajectories N, is the length
of the trajectories, and £ is the reduced states predicted by integrating the iLED model in time.

We also found that adding terms of lesser importance was beneficial and helped stabilize
training. A reconstructed forecast loss was used:

N,
1 < N
L rec forecast = I\_]t Z ||(D: - -D(Zti)||§' (B2)
i=1

And a regularization loss on the nonlinear part of the iLED dynamics:

N,
1 <& s
Lnontincasty = 7 DB, (B3)
i=1
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where ¥ is the nonlinear part of the iLED dynamics in equation (2.14). Finally, the full loss is
written as follows:

L= Lrec + alLforecast + aZLrec forecast T a3[‘nonlinearity! (B 4)

with the coefficients «; adjusted to control the importance of each term. In our experiments, we
generally used a; = 1, and much lower values for a, = az = 107°. We note that these values were
identified by a hyperparameter search that investigated multiple different combinations for the
three parameters, and that values close to the ones chosen were also explored and did not result
in significantly different results.

Appendix C. Engineering details

This section discusses the choices we made during the creation of the method that should be
considered to reproduce the results.

(a) Memory initialization

Thanks to the memory architecture of the iLED model, the memory term / can be initialized to an
arbitrary degree of accuracy from the history of the solution. Indeed, the value of the memory at
t =01is computed as follows:

0

hy =/ W, (z(s))e~ds. (C1)

The infinite boundary of the above integral can be relaxed by computing the longest time
horizon 7., of the memory from the largest entry 4,,,, of the negative diagonal matrix A:
€
Tmax = /Tax, (C2)
where € € R* is a small parameter, generally chosen to be equal to 1072, that controls the relative
error on the computation of . After relaxing the infinite boundary in equation (C 1), the memory
can be initialized as follows:

0

hyo =/ Y (E(D*(5)))e"ds. (C3)

max

Note that the above integral can be computed from the training data as a simple trapezoidal
integration, which easily is differentiated. Thus, we directly backpropagate through this operation
during training.

(b) Linear parameterization

To ensure a higher degree of stability in the model. The linear operator Ay in the iLED architecture
is parameterized to be stable as follows:

Ay =W, — W — diag(abs(wy)), (C4)

with W € R%*4: 3 trainable weight matrix and Wy € R% a trainable vector. With this formulation,
the operator Ag is guaranteed to be stable, i.e. its eigenvalues have negative or zero real parts.
This not only stabilizes the model but also avoids divergence of the model in the early stages of
training.
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Table 1. One-dimensional convolutional autoencoder used to obtain the results on the case of the FHN model presented in §3a

(M ConstantPad1d(padding=(13, 14), value=0.0)

(2) Conv1d(2, 8, kernel_size=(5,), stride=(1,), padding=same)

(3) AvgPool1d(kernel_size=(2,), stride=(2,), padding=(0,))

(4) SiLU()

(5) Conv1d(8, 16, kernel_size=(5,), stride=(1,), padding=same)

(6) AvgPool1d(kernel_size=(2,), stride=(2,), padding=(0,))

@ SiLU()

(8) Conv1d(16, 32, kernel_size=(5,), stride=(1,), padding=same)

(9) AvgPool1d(kernel_size=(2,), stride=(2,), padding=(0,))

(10) SiLU()

(11) Conv1d(32, 4, kernel_size=(5,), stride=(1,), padding=same)

(12) AvgPool1d(kernel_size=(2,), stride=(2,), padding=(0,))

(13) SiLU()

(14) Flatten(start_dim=-2, end_dim=-1)

(15) Linear(in_features=32, out_features=2, bias=True)

(16) LatentSpaceCenteringLayer()

m Linear(in_features=2, out_features=32, bias=True)

(2) SiLU()

(3) Unflatten(dim=-1, unflattened_size=(4, 8))

4) Upsample(scale_factor=2.0, mode=linear)

(5) ConvTranspose1d(4, 32, kernel_size=(5,), stride=(1,), padding=(2,))
(6) SiLU()

(7) Upsample(scale_factor=2.0, mode=linear)

(8) ConvTranspose1d(32, 16, kernel_size=(5,), stride=(1,), padding=(2,))
9) SiLU()

(10) Upsample(scale_factor=2.0, mode=linear)

(11) ConvTranspose1d(16, 8, kernel_size=(5,), stride=(1,), padding=(2,))
(12) SiLU()

(13) Upsample(scale_factor=2.0, mode=linear)

(14) ConvTranspose1d(8, 2, kernel_size=(5,), stride=(1,), padding=(2,))
(15) 1+ 0.5Tanh()

(16) Unpad()

(c) Latent space centring

To allow for the interpretability of the linear term in the iLED dynamics, it is important to ensure
that the latent codes computed by the encoder & are centred. Indeed, a limit cycle arising from
an unforced linear system will necessarily be centred around the origin. To do so, we define a
LatentSpaceCentering operation LC(z) as follows:

LC(z)=z -, (C5)
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Table 2. Hyperparameters of the iLED dynamics used to obtain the results on the FHN case presented in §3a.

iLED parameters

Ag Linear(2,2,bias=False)

W, neurons 18-32-32-32-2

Y, activation SiLU()

dy 16

v, AugmentedIdentityEncoder (see equation (C6))
Y, neurons 2-5-8-11-14

Y, activation SiLU()

Ag diag(w), w € R%

where [ is a running mean of the latent code’s averages that is computed during training and
frozen at inference time. This approach is very similar to classical batch normalization, except the
data are only centred, as unitary scaling of the latent space is not required for the model to learn
efficiently. We note that other approaches can be used to treat this issue of latent space centring,
such as adding a bias term to the linear part of the model.

(d) Form of the memory kernel network

The neural network ¥, in equation (2.14) is used to lift the latent codes z to a space of arbitrary
dimension. During training, it can learn to compute useful features of z that can then be integrated
in time. To simplify the training, we propose a modification of the classical multi-layer perceptron,
which we denote as AugmentedldentityEncoder in the manuscript.

With this modification, the latent code z is added to the prediction of the neural network since
the latent code already holds useful information in itself:

Yy(z) = [z, MLP(2)]. (Ce6)

where MLP : R% > R%~% denotes a standard multi-layer perceptron.

Appendix D. Network parameters

This section lists the various hyperparameters and network architectures used to obtain the results
presented in §3.

(a) FHN model

Tables 1 and 2 present the architecture of both the autoencoder and iLED dynamical models used
to obtain the results on the FHN case.

(b) KS

Similar to the previous paragraph, the architecture of the networks used for the KS case is
presented in tables 3 and 4.

(c) Flow around a cylinder

Tables 5-7 present the architecture details and hyperparameters for the cylinder flow test case. To
simplify the notation, we have defined two blacks that are both used in the autoencoder.
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Table 3. One-dimensional convolutional autoencoder used to obtain the results on the case of the KS equation (§3b)

(M Conv1d(1, 16, kernel_size=(5,), stride=(1,), padding=same)
(2) AvgPool1d(kernel_size=(2,), stride=(2,), padding=(2), (0,))
3) SiLU()

4) Conv1d(16, 32, kernel_size=(5,), stride=(1,), padding=same)
(5) AvgPool1d(kernel_size=(2,), stride=(2,), padding=(0,))

(6) SiLU()

(7) Conv1d(32, 64, kernel_size=(5,), stride=(1,), padding=same)
(8) AvgPool1d(kernel_size=(2,), stride=(2,), padding=(0,))

9) SiLU()

(10) Conv1d(64, 8, kernel_size=(5,), stride=(1,), padding=same)
(11) AvgPool1d(kernel_size=(2,), stride=(2,), padding=(0,))

(12) SiLU()

(13) Flatten(start_dim=-2, end_dim=-1)

(14) Linear(in_features=64, out_features=8, bias=True)

(15) LatentSpaceCentering()

layer decoder

m Linear(in_features=8, out_features=64, bias=True)

(2) Unflatten(dim=-1, unflattened_size=(8, 8))

(3) Upsample(scale_factor=2.0, mode=linear)

4 ConvTranspose1d(8, 64, kernel_size=(5,), stride=(1,), padding=(2,))
(5) SiLU()

(6) Upsample(scale_factor=2.0, mode=linear)

(7) Convranspose1d(64, 32, kernel_size=(5,), stride=(1,), padding=(2,))
(8) SiLU()

(9) Upsample(scale_factor=2.0, mode=linear)

(10) ConvTranspose1d(32, 16, kernel_size=(5,), stride=(1,), padding=(2,))
(1) SiLU()

(12) Upsample(scale_factor=2.0, mode=linear)

(13) ConvTranspose1d(16, 1, kernel_size=(5,), stride=(1,), padding=(2,))

Table 4. Hyperparameters of the iLED dynamics used to obtain the results on the KS case presented in §3b.

iLED parameters

A W — W — diag(w), W € R%%, w € R”
W, neurons 40-64-64-64-8

Y, activation SiLU()

dy 32

v, AugmentedidentityEncoder (see equation (C6))
W, neurons 8-12-16-20-24

¥, activation SiLU()

Ag diag(w), w € R%

19105707 18 ¥ 205y 204gedsy/jeunof/biobuiysygndiaposiefor



Downloaded from https://royal societypublishing.org/ on 12 February 2025

Table 5. Sub-blocks defined to help describe the CNN autoencoders

layer downblock(in_size,out_size)

(1 Conv2d(in_size, out_size, kernel_size=(5, 5), stride=(2, 2), padding=(2, 2), padding_mode=replicate)
(2) SiLU()

layer upblock(in_size,out_size)

m Upsample(scale_factor=2.0, mode=bilinear)

(2 Conv2d(in_size, out_size, kernel_size=(5, 5), stride=(1, 1), padding=(2, 2), padding_mode=replicate)

)
(3) SiLU()
) BatchNorm2d()

Table 6. Hyperparameters of the two-dimensional convolutional autoencoder used to obtain the results on the cylinder case
presented in §3c.

layer encoder #1 encoder #2

m DownBlock(2,4) DownBlock(2,4)

(2 DownBlock(4,16) DownBlock(4,8)

3) DownBlock(16,4) DownBlock(8,16)

4 DownBlock(4,2) DownBlock(16,2)

(5) Flatten(start=-3,end=-1) Flatten(start=-3,end=-1)

(6) Linear(512,20) Linear(200,20)

7 d, =20 d, =20

(8) Concatenate(z;, 2,)

9) Linear(40,30)

(10) SiLU()

(1) Linear(30,d,)

M Linear(d,,30)

2 SiLU()

3) Linear(30,40)

4) 21,5, =12

(5) Linear(20,512) Linear(20,200)

(6) Unflatten(-1,(2,32,8)) Unflatten(-1,(2,10,10)

7 UpBlock(2,4) UpBlock(2,16)

(8) UpBlock(4,16) UpBlock(16,8)

9) UpBlock(16,4) UpBlock(8,4)

(10) Upsample(2.0,bilinear) Upsample(2.0,bilinear)

(1) Conv?d(4, 1, kerne.l_size=(5, 5),. stride=(1, 1), Conv?d(4, 1, kerngl_size=(5, 5),. stride=(1, 1),
padding=(2, 2), padding_mode=replicate) padding=(2, 2), padding_mode=replicate)

(12) Flatten(start=-3,end=-1) Flatten(start=-3,end=-1)

(13) StreamFnToVelocity() StreamFnToVelocity()
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Table 7. Hyperparameters of the iLED dynamics used to obtain the results on the Cylinder cases presented in §3d.

iLED parameters

A W — W' — diag(w), W € R%%, w € R”
W, neurons d, + dy-128-128-128-4,

P, activation SIiLU()

dy 32

v, AugmentedldentityEncoder (see equation (C6))
¥, neurons (Re = 750) 16-17-17-17-15

¥, neurons (Re = 100) 3-10-16-22-28

¥, activation SiLU()

Ag diag(w), w € R%

The value of d, changes depending on the Reynolds number considered. It is equal to d, =3 in
the Re =100 case, and d, = 16 in the Re = 750 case. Note that we do not use a LatentSpaceCentering
layer contrary to the other cases. This is due to the fact that because of the memory costs of the
models, the batch size has to be relatively low, which has a negative effect on batch normalization
approaches. To ensure that the latent space remained centred, which is critical to the accuracy and
interpretability of the linear term in the dynamics, we added a term to the loss:

2
. D1)

L centring =

1 %
N 21 &(®,))

2

This loss effectively penalizes the average of the latent codes, ensuring that they are centred
around the origin.

Also note that the decoder does not directly predict the velocity field, but the stream function
1 which is a scalar field that is used to compute the velocity components as follows:

39 ap

ux=@,uy=—ax. (D 2)

This specific choice is inspired from previous works [81,83]. It allows for the guaranteed
prediction of a divergence free field, which is a constraint of the incompressible Navier-Stokes
equations.

(d) Comparison with purely linear dynamics

For the FHN case, we ran an ablation experiment to investigate if a model with a purely linear
latent dynamics and no possibility of a nonlinear closure leads to a better result. By suppressing
the nonlinear part of the dynamics, we obtain a purely linear model which should be able to
capture the oscillatory nature of the system. However, we see in figure 11 that the long-term
prediction performance suffers as the learned dynamics are dissipative.

This is due to the fact that the neural autoencoder struggles to learn a perfectly cyclical
latent representation of the system as shown in figure 12. This in turn affects the quality of the
dynamical model.

Finally, we point out that restricting the model to purely linear dynamics requires a priori
assumptions on the studied system. Indeed, a purely linear model can struggle to predict complex
non-oscillatory dynamics such as non-exponentially decaying and increasing transients. This is
not an issue with the iLED method.
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Figure 11. Forecast performance of a purely latent linear model on the case of the FHN equations
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Figure 12. Latent representation of the case of the FHN equations learned through the iLED method using linear dynamics.
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