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Zusammenfassung

Die Untersuchung von Strömungsablösungen an festen Wänden und ihr Einfluss

auf die gesamte Strömung ist eines der fundamentalen und schwierigen Probleme

in der Strömungsmechanik. Ablösungserscheimmgon treten in vielen industriellen

und technischen Anwendungen auf, wie z. B. in Wärmetauschern, Rohrverengungen
und -erweiternngen und bei der Umströmurrg von Bauwerken. Auch in der Geo¬

physik, wie z. B. an Dünen und in Flussbetten, spielen Ablösungen eine wesentliche

Rolle. Umein besseres Verständnis über den Vorgang der Strömungsablösung zu

ermöglichen, wurde die Ablösung an einer vorwäits gerichteten Stufe in einer ebenen

Kanalströmung experimentell als auch numerisch untersucht.

Im experimentellen Teil der Arbeit wurden verschiedene Visualisierungstechni¬
ken benutzt, um die prinzipielle Struktur und Dynamik der Ablösung im Bereich

kleiner und mittlerer Revnolds-Zahlerr (Re-Zahlen) zu zeigen. Die Visualisierungen

ergaben, daß zwei kritische Re-Zahlen in der laminaren Strömung existieren, die un¬

terschiedliche Strörirnngszustände charakterisieren. Unterhalb der ersten kritischen

Re-Zahl, Re/,)fr,,j m 65, (bezogen auf die Stufenhöhe h und die volumetrisch gemittel-
tc Strömungsgeschwindigkeit ?1). ist die Ablösungsblase zweidimensional (2D), wenn

man kleine dreidimensionale (3D) Bereiche nahe den Seitenwänden vernachlässigt.
Oberhalb Re/l)Cf7a entwickeln sich über die ganze Stufenbreite 3D Strukturen, die aus

Zellen bestehen und etwa 5 Stufenhöhen breit sind. Das Fluid wird in diese Zellen

eingerollt, seitlich transportiert und am Ende jeder einzelnen Zelle in Form von Strei¬

fen ausgebracht. Beim Übersehreiten der zweiten kritischen Rc-Zahl, Re/, „itz ~ 135,

fangen diese Zellen bzw. Streifen an, sich periodisch parallel zur Strömung zu bewe¬

gen. Das Auftreten der Stiömungszustände wird nicht durch Seitenwände beeinflusst.

Des Weiteren tritt die instatiorräre Zcllstruktur auch bei turbulenter Anströmung auf,

allerdings ist die Bewegung wesentlich unregelmäßiger.
Für quantitative Messungen wurde die 3D PTV Meßtechnik im Re-Zahlbereieh

über Rc/,)6nf2 benutzt, um einen Einblick irr die Topologie und den Mechanismus der

3D Ablösung im laminai en und turbulenten Fall zu bekommen.

Die Ablösung an einer vorwärts angeströmten Stufe besteht aus offenen 3D Zel¬

len, d. h. daß das Fluid /wischen den beiden Separationsflächen eintritt und spi¬

ralförmig zur Seite transportiert wird, bis es am Ende einer Zelle über die Stufe

geht. Messungen der Gcschwirrdigkeitskomponente parallel zur Stufe innerhalb der

Ablösung zeigen, daß die absolute maximale Geschwindigkeit etwa 25% der mitt¬

leren Anströmrmgsgeschwindigkeit erreicht. Invariantendiagramrnc des Geschwirr-

digkeitsgradiententensors im Bereich der Ablöse/one zeigen, daß hier alle topologisch

möglichen Strukturen existieren, obwohl der stabile expandierende Fokus vorherrscht.

Daß in diesem Bereich tatsächlich alle topologischen Strukturen vorhanden sind, wird

auch von den Ergebnissen über die zweite Invariante des Geschwindigkcitsgradicn-
tentensors entlang eines Partikelpfades in der Ablösezone unterstützt. Die Struktur-

erkennungsmethode, welche auf den Eigenwerten der Hesseschen Matrix des Druckes

beruht (A2 Kriterium), ermöglichte eine eindeutige Erkennung des Ablösewirbcls und

v



wurde zum ersten Mal erfolgreich bei experimentellen Daten angewendet. Bei den

untersuchten Größen wurde kein wesentlicher Unterschied zwischen larrrirrarer und

mittlerer turbulenter Strömung gefunden.
Im numerischen Teil der Arbeit wurden die Prozesse, die zu den verschiede¬

nen laminaren Strörnungszuständerr führten, mit Hilfe einer globalen linearen Stabi¬

litätsrechnung untersucht. Umdiese Analvse an komplexen Geometrien durchführen

zu können, wurde ein unstrukturierter 2D Strömungslöser entwickelt und validiert:

basierend auf diesem Strömungslöser wurde die 3D Stabilitätsmethode implemen¬
tiert. Numerische Untersuchungen wurden für ein Stufen- zu Kanal-Höhenverhältnis

von 1:2 durchgeführt. Die Ergebnisse zeigen, daß Re/, (,,,i im Bereich von etwa 75

mit, einem Zellenabstand von zwei Stufenhöhen liegt. Im Weitern konnte der Wert

von Re/, cni2 auf etwa 125 festgelegt werden, wobei der Zeilenabstand fast zwei Stu¬

fenhöhen beträgt und die Bewegung eine dimensionslose Periodendauer t* (= t-v/h)
vorr etwa 120 hat. Abgesehen von den Werterr für den Zellerrabstand, stimmen diese

Ergebnisse mit den experimentellen überein.

Diese Untersuchungen deuten darauf hin. daß die 3D Ablösung an einer vorwärts

angeströmten Stufe durch eine lineare Instabilität hervorgerufen wird.

vi



Abstract

The study of a flow separatmg from the surface of a solid body, arrd the determination

of global changes in (he flow field that develop as a result of the separation, are among

the most frrndamental and difficult problems of fluid dynamics. The phenorrrerron of

separation is often encountered in industrial and engineering applications, such as in

heat exchangers arrd flows over buildings and in geophysical problems, e.g. flows over

dunes and grooves. In order to facilitate a better understanding of the separation

process as a whole, the separation on a forward facing step in a straight channel was

investigated by experimental and computational methods.

In the experimental part of the study, different visualisation techniques were used

to reveal the basic structure and dynamics of sepaiation and to illustrate the flow

states arrd flow behaviour for low arrd moderate Reynolds numbers (Re-numbers).
The visualisation indicates that there exist two critical Re-numbers which determine

the flow behaviour. Below the first critical Re-number Rc/,.a.,u « 65 (normalised
by the step height h and the mean bulk velocity u). the separation is purely two-

dimensional (2D) if mirror three-dimensional (3D) effects in the limited region of the

side walls arc neglected. Above Rc/,;Cr7fl the separation develops a steady 3D structure

over the whole span. This structure consists of séparation cells with a width of about

5 step heights. The fluid is entrained into the cell and released at the ends of the cell

in streaks over the step. Beyond the second critical Re-number Re/, nif2 ~ 135 these

cells, or the released streaks start to move in the span-wise direction. This transition

process is not altered by the presence of side walls and the streaky pattern can also

be observed in turbulent separated flow fields, although the movement of the streaks

is more irregular.
In order to obtain quantitative measurements, the 3D PTV technique was applied

for Re-numbers well beyond Re/, c,,fo. to reveal the topology of the 3D separation in

the laminar and in the turbulent case and the mechanism of cntraiument and release

of the fluid.

The separation occurring in front of a foiward facing step at moderate Re-numbers

is an open 3D bubble such that the fluid is entrained between the two separation sur¬

faces over the whole separation cell width while inside the cell the fluid is transported
in a helical fashion until it is continuously released in longitudinal vortices over the

step. Measurements of the velocity component in span-wise direction show that

its maximum is about 25% of the mean upstream velocity. Invariant charts of the

velocity gradient tensor in the separation zone show that the 3D separation is to-

pologically not limited, although the stable mretching focus prevails, dire existence

of all topological possibilities in the separation zone is also reflected in the results

obtained for the second invariant of the \clocity gradient tensor calculated along a

single particle trajectory. The structure extraction method which is based on the

eigenvalues of the pressure Hessian (A_> criterion), allowed an unambiguous definition

of the separation vortex structure arrd was for the first time successfully applied to

experimental data. No pronounced difference between turbulent and laminar separ-
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atioir was observed in the quantrties investigated.
In the computational part of the studv. the process leading to the different flow

states observed in the visualisations is investigated by means of a global linear stabil¬

ity analysis. To facilitate such an analysis, an unstructured 2D base flow solver was

developed and validated as well as a 3D stability method based on the 2D flow solver.

Calculations with the proposed method were performed for a step-to-channel-height
ratio of 1:2. By means of the global linear stability analysis, Re/,]Cr?tr was determined

to be in the range of 75 with a cell spacing of about two step heights and Hch.cnt2

was found to be ~ 125 with a cell spacing of almost two step heights and a non-

dimensional period P (— t u/h) of about 120. Except for the value of the cell

spacing, the results are in agreement with the experimentally observed values.

The investigations indicate that the 3D separation on a forward facing step is the

result of a linear instability process.

vrn



Chapter 1

Introduction

The study of a flow separating from the surface of a solid body, and the determination

of global changes in the flow field that develop as a lesult of the separation, arc among

the most fundamental and difficult problems of fluid dynamics. Thev have been the

focus of attention of many distinguished scientists starting with Helmholtz (1868)
and Kirchhoff (1869). Despite the significant efforts made during the last century

to understand separation and to develop a theoretical description many aspects of

this phenomenon are still not well understood. For example, wry little is known

about 3D flow separation, the behaviour of unsteady separated flows, hysteresis of

separated flows, turbulent, or transitional boundaiy-iayer separation, etc
....

Since

separation affects almost all fluid flows over rigid bodies, it is verv important for

practical applications. Furthermore, progress in the studv of separation influences

not only the theory of separation itself, but also the development of theoretical fluid

dynamics as a whole.

Significant progress in this field has been achieved in the last thirty years by the

theory of boundary laver separation: but it is equally true that a better theoretical

understanding cannot be developed successfully without experiments. Experimental
observations play an indispensable role in understanding the processes leading to

separation. Once again the famous statement bv Landau that '"due to the nonlinear

character of the governing equations, the development of modern fluid dynamics is

only possible by continuous interaction with experiment" proved to be farsighted.
Wecould update this bv adding "'...with physical and numerical experiments". With

either of the above, the numerical and experimental analysis of separated flows re¬

mains a difficult task: a significant improvement in "investigation" is necessary and

this study is devoted to the difficult task of improvement.
Let us now clarify what is meant bv separation on a forward facing step. First

of all the study is concerned with the so-called geometric separation arising, e.g. on

obstructions (see the sketches bv Leonardo da Vinci in Fig. 1.1) and not with the

pressure driven separation, e.g. stall on an airfoil or boundary laver separation, sec

for instance [5] and [27;.
In the case of the geometric separation a reverse flow develops due to the shape of

1



2 CHAPTERI. INTRODUCTION

Figure 1.1: Sketches by Leonardo da Vinci showing the separation on obstacles, from

Lugt [55] page 18. It shows that the interest in the separation phenomenon is an old one.

the wall, which forces the flow to separate. One of the most investigated geometrical

setups is the backward facing step, studied experimentally bv e.g. Armaly et al [6]
and Huang k Fiedler [44] and computationally e.g. bv Le et aï. [51] and Williams

k Baker [98]; also the flow in a pipe with a sudden expansion see e.g. WTagner [93]
and the flow over an obstruction in a channel e.g. Dimaczek et al. [29]. The for¬

ward facing step configuration has been studied much less although it is an often

encountered problem: it is e.q. used to enhance heat transfer rates, might be re¬

sponsible for erosional grooves or furrows in geophysical problems [70] arrd is often

the entry geometry for mativ polvmcr processing operations like fibre spinning, film

blowing arrd extrusion [20].
Most of the investigations have dealt with a statistical description in terms of

parameters like skin friction coefficient, mean separation length, reattachment point

and turbulent intensities. Some researchers who treat separation as a quasi 2D prob¬
lem often identify different flow regions within a 2D separation bubble or focus on the

additional separation occurring downstream as a result of the primary separation.
With increasing computer power and better experimental tools the geometric separ¬

ation receives more arrd more attention as a time-dependent 3D problem [e.g. [70],
[51], [98] and [20]).

As already mentioned, the literature on separation on a forward facing step con¬

figuration is very sparse.

Dimaczek et ai [29] report experimental and numerical investigations of the flow

over two-dimensional, surface-mounted obstacles at high Reynolds numbers (5000-
50000, based on the obstacle height and the bulk mean velocity). Thev deduced by

flow visualisations and EDA measurements that for different blockage and obstacle

length to height ratios, the separation length was /,/// « 0.5. /, being the separation

length in front of the obstacle and h the obstacle height. The value from their

numerical calculations was in the range of Js/h ~ 0.54-0.69. A reattachment line

at the obstacle was found to be at 1,/h m 0.1 0.48 for the visualisations (I, being
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the reattachment length on the face of the obstacle) and /, //; œ 0.37-0.41 from

the numerical simulations. Upstream of the obstacle, certain vortical structures

could be identified which propagated over the obstruction. These structures had a

regular span-wise spacing ranging from 0.4 to 0.8 channel heights. No correlation

could be established between the spacing and the obstacle height. The flow in the

region 1.5 step heights upstream of the obstacle displayed significant, organised three-

dimensionality and the structures were also detected in the mean and fluctuating
velocity component in the span-wise direction. The flow visualisations indicated

that side-wall effects are not responsible for creating these structures. This flow case

was also calculated using large eddy simulation by Werner V Wengle [96] and Wengle
k Werner [95], but with little resolution of the factors responsible for the formation

of these structures.

Chiba et al. [20] investigated the entry flow instability mechanism through a

forward facing step channel with dilrrte polvmer solutions which are non-Newtonian

fluids. They observed a 3D unsteady behaviour in front of the step and explained it

with back and forth moving Görtier vortices generated at the salient corner. They
also report moving cells where sometimes, a smaller cell is taken by a larger one,

whereupon the appearance and coalescence of cells repeat themselves.

Pollard et al. [70] investigated the flow over a forward facing step experimentally
and numerically. The experimental Reynolds numbers, based on the channel height,
ranged from 1500 to 6700. the ratio of step height h to channel height H was h/H --

0.47. They observed unsteady streaky patterns with a spacing depending on the

Reynolds number. For a low Reynolds number (1500) the transverse wavelength of

the streak spacing, normalised with the stop height, was about 2.8, whereas for a high
Reynolds number (6700) the wavelength was about 0 95. To generate the streaky
structures in their numerical simulation, thev had to implement a parabolic inlet

profile with embedded structures as inlet, boundary conditions. They concluded from

their numerical simulation that the streaks/cells arrd their spacing in the recirculation

zone are the result of a mechanism triggered by Tavlor-Görtloi like vortices.

4'he separated flow found at the juncture of the downstream Avail and the cav¬

ity flow (downstream secondary eddy) in a shear-driven cavity flow exhibits similar

characteristics as the pie-step separated flow over a forward facing step.
The visualisation studies bv Koseff V Street [49] for a three-dimensional cavity

revealed that at the point of separation, dye develops into discrete spirals (vortices)
at fairly regular intervals. These vortices occurred in pairs and bore a strong re¬

semblance to Tayloi-Göitlet vortices and it scanned that the end walls affected the

distribution of the vortices.

Freitas fc Street [3 I] extended the earlier woik by Koseff k Street [49] by carrying
out a numerical investigation of the shear-flow in a three-dimensional cavity. This

study confirmed that the vortices observed by Koseff V Street were indeed Taylor-
Görtier like.

Aidun et al. [4] carried out flow visualisation studies of a lid-diiven cavity with an

aspect ratio span to width of 3:1 at low cavity Reynolds numbers, based on the side
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length of the cavity, ranging from 100-2000. They observed steady and unsteady

cells in the cavity; close to Rtwnolds number zero there exists only one stable cell

(primary state), whereas with increasing Reynolds number this cell becomes unstable

and competes with at least three other secondary steadv-state modes each having a

unique and qualitatively different flow pattern. At a Reynolds number of about, 825

the steady states undergo an instability process leading to a time-periodic flow with

a period of about 3s, which destabilises at a Reynolds number of about 1000.

Ramanam k Homsy [73] investigated the stability of the driven cavity flow nu¬

merically for a Reynolds number ranging frorrr 10 to 800 bv means of a linear stability

analysis. Their results indicated that the primary flow becomes unstable at a Reyn¬
olds rnrmber of 59 t with a wavelength, normalised bv the length of the side of the

cavity, of about 3 immediately followed bv a time periodic instability at a Reynolds

number of 730 with a wavelength of about 1 and a period of about lis.

This short literature review already shows that a general concise picture of the

separation process on the forward facing step configuration is missing. The basic-

questions arising from the lack of understanding are addressed in this study and can

be summarised as follows:

• At what Re-number is the sepai ation bubble in front of the step closed or open?
In other words, does a Re-number exist below which cither the separation
bubble is 2D and has an inner circulation desciibed bv closed streamlines (see
Fig. 1.2a) or is operr such that fluid is entrained between two séparatrices1 (see
Fig. 1.2b)?

• If the separation is 3D, how is the fluid entrained and released out of the

separation bubble?

• Is this process steadv or unsteady?

• How is the residence time of particles near the step affected by the separation
process?

• What is the cause leading to 3D separation?

• Is the separation mechanism the same for laminar' arrd turbulent flow condi¬

tions? Or in other words, can Ave learn something from the laminar process

which is applicable to the turbulent one?

The questions will be tackled bv visualisations ie\ealing the overall flow beha¬

viour arrd ciitical Re-numbers arrd bv 3D Particle Tracking Velocimetrv (3D PTV)
measurements shedding light on the topology of the 3D separation in the laminar-

arid turbulent case and the mechanism of entianiment and releasing of the fluid.

'Sepaiatiix stands foi the analoe,\ of a separation line m three dimensions and is defined by the

separation surface



5

Figure 1.2: Sketch of a closed (a) and an open (b) separation bubble, lire latter one shows

that fluid is entrained and rolled up in a focus which has then to be released laterally. Solid

lines represent streamlines, dashed lines represent separatrix lines.

Furthermore, a global linear stability method will be employed to gain insight into

the process leading to laminar 3D separation.
In detail, the work is organised as follows: Chap. 2 provides a brief review of

the important mathematical aspects used in the present, investigation. The exper¬

imental setup, visualisation arrd measurement techniques arc presented in Chap. 3.

In Chap. 4 the details of the 3D PTV data post-processing will be given, including
the interpolation technique of the Eulerian flow field and the calculation of spatial
velocity derivatives along a single tiajectoiv. The chapter is followed bv the experi¬
mental results and discussion in Chap. 5. The numerical part starts in Chap. 6 which

contains the mathematical model, the numerical method used and the stability ana¬

lysis. Chap. 7 focuses on the implementation of the 2D flow solver and the stability
method. Chap. 8 is devoted to the validation of the proposed method, and finally,
the results of the linear stability analysis for the fonvard facing step configuration
arc presented in Chap. 9. In Chap. 10 the main findings of these investigations are

summarised arrd the limitations of the experimental and numerical results are dis¬

cussed, furthermore, an outlook for future work is given. Three appendices are given
containing more detailed information on specific aspects.
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Chapter 2

Mathematical aspects

In this chapter we develop and discuss the basic fluid mechanics equations used and

necessary for the investigations irr this study. When a special or different access to the

underlying equations is necessarv if will be given in the corresponding chapters. In

the folloAving we will discuss equations in the Eulerian as well as in the Lagrangian
sense in order to define the notations used in the following chapters. The basic

theoretical fluid mechanics tools can also be found in any good textbook, e.g. Chorin

k Marsden [25], McComb [61], Tritton [90] and for turbulent flows Tennckes k

Lumley [87], Batchclor [10] arrd Libby [53].

2.1 Basic equations and definitions

Let V be a region in 3D space 1R} filled with a fluid. Let x 6 V be a point, in V and

consider the particle of fluid moving through x ai time t. With respect to standard

Eulerian coordinates in space, we write x —(r. ij. :). Imagine now a particle in the

fluid which moves along a well defined trajectory. Let u(x./) denote the velocity of

the particle of fluid that is moving through x at time t. Thus, for each fixed time f,

u is a vector field irr V which avc call the spatial velocity field of the fluid.

In the following we assume that the density p(x, /) is constant in T> arrd in time

t, i.e. we set p(x. /) = p. which describes an incompressible and isothermal fluid.

Furthermore, avc assume that the function u and all other functions introduced later-

are smooth enough so that the standard operations of calculus mav be performed on

them. This assumption is open to ciiticism even irr the continuum space case, see

[25]. arrd is even more delicate in the drscretised space Avhere data are derived from

experiments and numerical computations.
Let C be a fixed subregion of V arrd with p(x. t) = p —const, the integral form

of conservation of mass can be written as

^v-iw/r = o (2.1)

where r/F denote the volume element of C. Because this is to hold for all C the

/
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differential form of the conservation of mass can be given as

V • u = 0. (2.2)

which is the continuity equation for an incompressible fluid and denoted as the in-

comprcssibility constraint.

We assume that two types of forces act orr a volume of material: the pressure

and/or the stress forces1. For an inviscid fluid motion there is a function p{x, t)
called pressure such that if 5 is a surface in the fluid with a chosen unit normal n.

the force exerted across S per urrit area at x 6 5 at tirrre t is p(x. t)n. Note that the

pressure force acts only orthogonally to S; i.e. there are no tangential forces in an

ideal fluid.

If viscosity is present tangential forces can also occur and we define the force on

S per unit area as

F s - y>(x, t)n J- r(x, /) • n (2.3)

where r is a matrix called the stress tensor This tensor contains forces orthogonal

as well as parallel to n.

With Carrchy's theorem and the assumption of NoAvtonian fluids where r depends

linearly on the velocity gradient Vu and r is invariant under rigid body rotation and

symmetric, avc define r as

t = 2//[D - i(V u)I| 4- C(V • u)l (2.4)

where //, is the first coefficient of viscosity and Ç = A + \p is the second coefficient, of

viscosity. I is the identity matrix and D is the symmetric part of the velocity gradient

tensor called deformation tensor. Assrrming also that the fluid is incompressible

(Eq. (2.2)) the Navier-Stokes equations can be derived as folloAVS

J1
_„ (U . v)u = —V;; + /'Au (2.5)

ut p

V-u - 0 (2.6)

where Au is the Laplacian of u and v = p/ p is the coefficient of kinematic viscosity.
These equations must be supplemented bv suitable boundary conditions to have a

well posed problem.
If the velocity field of a fluid is u = (a. r. ir). then

u) - V x u =

/ mv_ '21 \
I ,)ij

'

<>: \

ihl
_

ÙJ-L
a a-,

a_v_ <2ii I
\ at Ou I

is called the vorticitv field.

1 Wcexclude here any external or bodv forces, such as gravity oi a magnetic field.
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Given a fluid flow in the Eulerian frame Avith velocity field u(x,/L), a streamline

at a fixed lime is an integral cun'e of u: i.e. if x(s) is a streamline parametrised by
s at the instant f, then x(s) satisfies

rix
—- =u(x(s)j). t fixed. (2.8)
as

In the Lagrangian frame a trajectory is defined to be the curve traced orrt bv a

particle as time progresses, as explained at, the beginning of this section, dims, a

trajectory is a solution of the differential equation

d^ = u(Mt).t). (2.9)
at

2.2 Kinematic classification of flows

In the folloAving Ave derive some useful tools to describe and classify a flow field or

zones of it. For the Lagrangiarr frame it will be the Lvapunov exponent and a measure

of the stretch to fold ratio for a trajectory, arrd for the Errleriarr frame it, will be the

critical point approach together with a method to extract structures from the Hoav

field. The general method is to look at the A'elocitA- gradient tensor V

r = Vu(x.f) =--

/
0»

0u_ 0u_
\

/ ûi an
a-

i

(2,10)

On

an Ou
Û1

dy (>~

Ov du Ov

di Oi) Oz
aw diu dw

dz

Ou
Oz

\
dx

Oi)

Oz

)

and its invariants.

First Ave demonstrate that in a small neighbourhood of each point of the fluid, u

is the sum of a translation, a deformation and a rotation Avith rotation vcctoi \uo.
This is in fact a general statement about vector fields u(x.f) on JR}\ the specific
features of fluid mechanics are irrelevant for this discussion. Let x be a point in /r?\

and let x0 = x P h be a poirrt rrearbv, then

u(x0./) =u(x.f)T D(x.f)-h-t- ;a;(x.A) x hpO(h2) (2.11)

where Ir — ||h||2 is the squared length of h. Bv Taylor's theorem it is possible to

expand u(x0. l) as folloAvs

ii(x0.f) ^u(x.*) + r-h-* O(Ir) (2.12)

where V h is a matrix multiplication and h is regarded as a column vectoi. Let

D = -

9
rT (2.13)
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the symmetric part of F, called the rate-of-strain tensor, and

0
r - rJ

the antisymmetric part of P. called rate-of-rotation tensor, thus

P = D + 0

It is easy to check that the coordinate expression for fi is

/ 0 -u>3 cj2 \

(2.14)

(2,15)

n =
l
9

and that

W3 0 —L>l

\ -ÜJ-2 UJi 0 J

L
ft h = -co x h

9

(2.16)

(2.17)

Substitution of Eq. (2.15) and Eq. (2.17) into Eq. (2.12) yields Eq. (2.11).
r is a 3 x 3 matrix and time dependent if the Aoav is unsteady, its eigenvalues 7

can be determined bv the characteristic equation

0'' + P72 + Q-) + R-Q (2.18)

with the three invariants P = -tiT. Q = - \ [trT2 - (tri1)2] and R = -dctT. The

first invariant (P) is iderrticallv zero if the incomprcssibilitv constraint applies. The

tAvo other invariants will now be rrsecl to classify /ones of the flow field.

2.2.1 Topology and critical point approach

A method to discuss the Hoav geometry and its topology Avas de\-eloped bv Chong et

ai [21] arrd applied to incompressible flows e.g. bv Soria et al. [SO].
The second invariant (Q) gives a measure of the straining and rotational com¬

ponents of the motion. By decomposing the velocity gradient tensor T into the

rate-of-strain tensor D arrd the rate-of-rotation tensor O. it can be shown that Ihe

second invariant is

Q= -iftrD2-tifi- (2.19)

Frorrr Eq. (2.19) avc deduce that for Q > 0 the floAv is voiticitv dominated, whereas the

case Q < 0 signifies that the straining motion is predominant. Note here the unusual

classification due to the negative sigir in Eq. (2.19) and folloAving the definition of

Soria et al, [80].
It can be shown that in the r-Q-R space of matrix invariants, the surface that

divides the characteristic equations with three real eigenvalues frorrr the characteristic
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eqirations with one real and two complex eigcrrvabres for the case of incompressible
flow (P = 0) is given by

2v^Q)-ft- ±-
9

2.20

Fig. 2.1 illustrates the various IIoav topologies that carr occur in the plane P — 0.

The local topology has complex or real eigenvalues deperrding on whether the (Q, R)

Stable-focus stretching

if

Q
Unstable-focus compressing

Stable-node saddle-saddle Unstable-node saddle-saddle

Figure 2.1: Three-dimensional topologies in the Q—R(P = 0) plane after Soria cl ah [80].

pair evaluated at a given point in the How lies above or beloAv the curve given bv

Eq. (2.20).
It is conceptually difficult to visualise three-dimensional steady and unsteady flow

patterns. A description of IIoav pattern-, using the ciitical point concept, provides a

framework and methodology for overcoming this difficirltv e.g. see [65], [51], [69]
or [46]. It also provides a language or vocabulary that allows complicated three-

dimensional flow patter lib to be described in an intelligible arrd unambiguous manner.

Critical points (or singular points) arc points in the flow field Avhere the streamline

slope is indeterminate and the velocity is zero relative to an appropriate observer.

The pattern of the flow atourrd a ciitical point consists of arr arrangement of nodes,

saddles, and foci as shown in Fig. 2.1. Critical points arc the salient features of a flow

pattern: given a distribution of such points and their type, much of the remaining
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flow field and its geometry and topology can be deduced since there is only a limited

number of ways in which the streamlines can be joined. Even though a flow field

may be unsteady, the instantaneous streamline patterns ghre an idea of the transport

properties of an array of eddies in jets and wakes or in complicated three-dimensional

separation patterns.

Generally, there exist t\vo types of critical points that need to be considered. The

first tvpe is the so-called no-slip critical point, such as a separation point on a rro-slip
boundary. The second tvpe is the free-slip ciitical point and occurs within the fluid

away from the no-slip boundaries, e.g. in separation bubbles, see [43].
It, can be shown, see [46]. that a flow field can be characterised by the sum of

nodes2 T, N and the sum of saddles Y S in the IIoav and by the sum of half-nodes

| J2N' and the sum of half-saddles ~ E 5" at the Avail, sec Fig. 2.2. The numbers of

nodes and saddles satisfy the following condition

I>+5Ew)-(ES-^ES') = l-<: (-'-2D

where c is the connectivity of the IIoav section (e.g. e = 1 for the forward facing step

configuration). In a 2D flow field a streamline divides the flow into two parts and

there is no exchange between them. In 3D the division requires a stream-surface arrd

as a consequence, a 3D separation is characterised bv a stream-surface bifurcation as

discussed in [13] and [69].

Saddle Foci

__^

Nodc

M © ^

_ jt.
s\

Half-saddle Half-node

Figure 2.2: Definition sketch of nodes, saddles and foci Avithin tire IIoav, and half-nodes

and half-saddles at, the wall.

2.2.2 Vortex identification

Knowledge of the vortices is supposed to facilitate the description of the IIoav problem
at hand and may contribute to its deeper understanding. Despite the fact that

-Foci count bore as nodes



2.2. KINEMATIC CLASSIFICATION OFFLOWS 13

everyone has roughly the same idea about what a vortex is, a clear mathematical

definition is a controversial and difficult problem. Examples for different conditions

and their comparison can be formel for instance, in Banks k Singer [8], Jeorrg fc

Hussain 148] and Hunt et al [46j.
The most mathematically rigorous method is the eigenvalue criterion described by

Chong et al [21] and in Sec. 2.2.1. However, researchers working with this condition

find it difficult to interpret, mainly because of jitter produced by numerical noise.

In addition, it can be shown that this method is rrot always appropriate, see [48].
The method for vortex identification proposed by Jeong & Hussain [48] captures

the pressure minima in planes perpendicular to the A'ortex axis and A\ras applied for

instance by Wintergerste k Kleiser [99] and bv Rist et al [76].
It can be shown that there is a connection between the tensor D2 -f O2 and the

Hessian of the pressure Up

D'2 + fl2 = ~~~L-Up (2.22)
P

if viscosity and unsteady irrotational straining are neglected [481 and Tip is defined

bv

Hp =

/ <Pp JLiL AL/L \
' di2 dtâij ûià~ *

JplL. ^2P <>2P
di/dr dip Oi/dz

i jj_lp Q'p aXË ,

\ Oz()r dzdi) ,)z2 /

.23)

Eq. (2.22) shows the connection between local stretching and rotation arrd the pres¬

sure field /). Thus, if the pressure has a local minimum, its Hessian must be positive
definite. This is equivalent to a negative definite matrix on the left hand side (l.h.s)
of Eq. (2.22), arrd therefore, in an intersecting plane a local pressure minimum Avili

exist if there is a negative definite sub-matrix of the l.h.s. of Eq. (2.22). This con¬

dition is satisfied when tAvo negative eigenvalues occur. Therefore, if the eigenvalues
of the l.h.s of Eq. (2.22) are ordered^ > \2 P \A. \2 < 0 Avili mean two negative
eigenvalues, and. as argued aboA'c. a local pressure minimum in some intersecting
plane through the pressure field belonging to rotation. Lhrrs, if the eigenvalues are

computed for catty grid point in a velocity data set. it is sufficient to store the second

largest eigenvalue as a scalar field and to use standard tools for visualisation of the

resulting structures.

2.2.3 Geometry of trajectories

The Lagrangian description of flrricl dynamics has tended to be neglected in favour of

the Eulerian description since the latter is often more tractable both analytically and

computationally. However in manv cases, the Lagrangiarr frame is in fact the more

natural one to use. Some developments in the Lagrangian picture of fluid dynamics
are described in Stuart A: Tabor j33p Lire Lagrangian description of fluids provides a

natural bridge between fluid dynamics and dynamical systems. Idrere exist some well



14 CHAPTER2. MATHEMATICALASPECTS

established ideas of dynamical systems theory Avhich can be carried over to turbulent

floAvs, see [85].
The calculation of Lvapunov exponents, especially the largest one is by no\Af stand¬

ard knowledge, e.g. see [81]. It is defined bv the mean rate of divergence (a1) of two

irritai points. ,4 arrd B. separated bv a distance d{Q) = •x(0)4 —x(0)ß||2:

</=lim 'lir^ (2.24)

i-*^c f f/(0)
v ;

If should be emphasised that there is no guarantee that the limit, t -> oo in Eq. (2.24)
exists for all x(0), see [85]. When the lirrrit does exist it suggests that there is

also some asymptotic direction, termed the Lvapunov eigenvector, along which the

stretching occurs. Orr the other hand, in calculating LA'apunov exponents the funda¬

mental information about rotation is discarded, see the discussion in [841.
A simple Avav of obtaining at least some of the rotational information was sug¬

gested by Dresselhatis k Tabor [31]. It consists of computing the quantity

02 = \trf2 (2.25)

where F denotes the velocity gradient, tensor. Vu(x(/). /). along a given trajectory.
It gives a simple and compact measure of the straining and rotational components
of the motion since it can be shown that

92 = J2D2 -Q2 (2.26)

where D, and Q, are the real arrd imaginary pait respectively, of the eigenvalues of

F. Clearly if 62 < 0 the motion is rotation dominated. Avhercas for O2 > 0 the motion

is strain dominated3. Since 92 may shoAv rapid fluctrrations as a function of time a

more useful quantity rnav be the lorrg time average of the real and imaginaiv parts
of 0 itself along a trajectory. The ratio

W
X =

W) (2.27)

gives a simple measure of the mean strain-rotation ratio experienced by particle
orbits.

3Notc here the opposite sign m Eq. (2 26) and e g. (2el8



Part I

EXPERIMENTS

The aim of the experimental part of the investigation is to reveal the principal struc¬

ture and mechanics of the forward facing step configuration. Specifically, three visu¬

alisation techniques will be employed to illustrate the flow states and flow behaviour

for low and moderate Re-rrumbers in different setups. For quantitative measurements

the 3D PTV technique will be used.

Tn the following, the experimental apparatus and the visualisation techniques are

shown and the details of the 3D PTV measurement technique and its performance

improvement will be given. Some tools for data post-processing, like the interpol¬
ation of the flow field to a Eulerian grid and the calculation of spatial derivatives

along a single trajectory, will be developed and \alidaled. Finally, the results of the

qualitative and quantitatiAT experiments and their discussion Avili be presented.

15



Chapter 3

Experimental setup, visualisation

and measurement technique

This chapter provides a description of the experimental methods and techniques that

were employed to investigate the Aoav field of the forward facing step configuration.
In Sec. 3.1 the experimental setups will be explained, followed bv the visualisation

techniques in Sec. 3.2. And finally in Sec. 3.3 the measurement technique and its

realisation will be presented.

3.1 Experimental setup

The forward facing step configuration was investigated in two different channels which

were able to cover different Re-numbers and allowed different setup realisations for

the measurement and/or visualisation technique used. These two channels were vciv

different in size, hence wo call them the large and -nno// channel.

3.1.1 Large channel

The large open channel of the Institute of Hydromechanics and Water Resources

Management was built by Bertschlcr [1 i], where a detailed description of the facility
can be found. The OA-crall length of the channel is 24m and the Avidth is 600mm

with a maximrrrrr depth of about 100mm. see Fig. 3.1 Avhere an overall view of the

channel is given. The side Avails are made of glass plates for optical access, the bottom

consists of stainless steel plates except at the main test area where also a glass plate
is rrsecl. To avoid optical icflections the bottom is coated with black. The channel

operates in a closed circuit and water is pumped bv a regulated radial pump whose

throughput is controlled bv a magneto-inductive flowmetei. The inlet consists of

filters arrd flew conditioning devices: in addition, it has a specially formed shape to

create an accelerated boundaiv laver. Avhich suppresses perturbations. The main test

section was 6m long and located 15m doAvnstrearn of the inlet. It was built of two

6000 x 600 x 8mm5glass plates, forming the floor and the top of the channel, dire

16
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Figure 3.1: Overall view of the large channel.

top glass plate was supported by side-bars of Perspex. which had a cross section of

80mmx 20mm. This provided optical accessibility and very smooth channel walls.

The resulting cross section of the test area Avas 560mm x 80mm, a detailed vienv

of the test section is shown in Fig. 3.2. The minimum Re-number of the chanrrel is

Side barb Glasb plates Flow direction

/

777////////7//////J

////// /lrr71nrr7

400

Figure 3.2: Sketch of the test section.

about, 500 based on the channel height of 80mm. This channel Avas used for the PTV

measurements and for the visualisation with the hydrogen bubbles method.

3.1.2 Small channel

For investigation of the lower Re-number tange of 20 500. a smallei channel was

designed Avhose overall view is depicted in Fig. 3.3, A pump feeds a constant head

vessel which guarantees a supply of water to the test section Avhich is free of pressure

oscillations. The throughput is controlled bv a flowmeter (Rotameter) and adjusted
bv the head difference. The inlet to the test section consists of flow conditioning-

devices and a contraction, lire channel is lm long and the cross section is 165mmx

16mmas shoAvn in Fig. 3.4.
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Inlet conditioning
device
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Figure 3.3: Overall view of the small channel.

This channel served only for visualisation studios, namely dye and Kalliroscope

particle visualisations, and was constiucted to minimise the flew field influence of

the 3D boundary laver developing at the side Avails. This was done by using a step

only in the middle part of the channel as indicated in Fig. 3.4 and about, 600mm

downstream of the inlet. It was also possible to move the side bars back and forth

to study the influence of the corner vortex.

3.2 Visualisation techniques

Flow visualisation is one of rrranv available tools to study flow phenomena. It is often

applied as a first step to get an impression of a complex ftoAV field under investigation.
This tool differs from other experimental methods in that it renders certain properties
of a flow field directly accessible to visual perception. This might also be risky for

human beings, because armed with a subjective (and often wrong) picture of the flow

field, a wrong conclusion is readilv derived. In proof of this statement one has onlv

to remember the experinrent of Xikuradse (shown in Prandtl et al. [71] page 192) of

a turbulent chanrrel Hoav. Nevertheless. Hoav visualisation gives an insight into the

physical process if suitable care is applied.
All visualisation techniques we aviII rise in this study are based on adding a passive

tracer to the Hoav. These tracers tunc of course an influence on the Hoav field, but

since these techniques do not disturb the qualitam'e behaviour of the flow field Ave

assume that lire techniques are accurate enough for our purpose.

At this place aa-c would like to define the meanings of streamline, filament or

streak1 line and particle path according to Merzkireh [62] arrd Tritton l90\

Hn this context I piefer to >peak about filament lines, because the word stieak will occur in a

different context in the latei chapter
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Velocity profile

Side bars

Figure 3.4: Sketch of the Ninail test section.

• A Streamline, is a curve which is tangential to the instantaneous direction of

the flow velocity in all points.

• A Filament line, is the instantaneous locus of all fluid particles, which have

passed through a particular, fixed point of the Aoav field.

• A Particle palh or partiale trajectory, is the curve that a fluid particle travel ses

in tire flow field as a function of time.

These three curves coincide if the fioAV field is stationary, but in a time-dependent
flow the three types of curves are different fronr one another.

3.2.1 Dye technique

The addition of dye to the fluid flow is an old technique arrd sometimes verv successful.

e.g. remember the famous Reynolds experiment [75\ m monitoring the main flow

behaviour. Another advantage is that a lot of suitable colours can be chosen, ranging
fronr the white of milk ewer the red of Avine to the blue of ink. The use of blue ink

also gives good conti ast for image processing.
A more difficult task is the injection of the colour into the Aoav field without

disturbing it too much, especially in a laminar Aoav. Weuse a small perforated tube

of 0.8mm dianreter with a number of holes, tvpicallv 10. The tube is fed frorrr the

two sides bv a constant head container and the amount of clve is controlled bv two

small valves. The tube is stretched over the Avhole span of the small channel close to
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the bottom and about 3-5cm in front of the step. Bear in mind that this technique

gives filament lines. But avc also use the dve in a different Avav, by first flooding the

bottom in front of the step with ink and observing the erosion of the dye caused by
the recirculation zone.

3.2.2 Hydrogen bubbles technique

To study flow structures, the hvdrogcn bubbles technique is widely used (e.g. see

overview article [52]). A constant current source was connected to a wire (Cathode).
which was mounted span-wise and parallel to the step Avithin the recirculation zone

of the large channel, and to a thin copper plate (Anode) Avhich was located 0.5m

downstream of the step. The copper wire Avas 0.1mm in diameter and tightlv fixed

over the whole span. When the chanrrel is filled with water, and a sufficient voltage
is applied, small hvdrogcn bubbles are generated at the wire. These small bubbles

are convcctcd bv the Aoav and follow the local velocitA, hoAvever Avith a buovancy
contribrrtion. It, Avas not possible to generate orrA small bubbles, larger ones were

always present. For that reason the technique Avas only applied to the large channel

where the Re-number was larger.
The buoyancy contribution was tested irr a zero Aoav rate experiment and the mean

bubble rising velocity A\ras found to be much smaller than the convection velocity in

the experiments. Since avc are onlv interested in a qualitative picture of the flow

structure, Ave neglect the buovancy of the bubbles and assume that, they follow the

flow field sufficiently well within the observation volume.

3.2.3 Kalliroscope particle technique

Kalliroscope particles are microscopic crystalline platelets which have lire form of

small flakes. These small flakes take up different orrentations in different, regions of

the flow field. When light enters from one direction and is vicAved from another,

bright, and dark patches rcwcal the structure of the Hoav. We trse the Kalliroscope
particle in the small channel to shewv the overall infoimatron about the structure in

the recirculating zone.

3.3 PTV technique

In this chapter, the basis of the PTV technique will be explained in some detail. For

an overvicAv of the different processing steps see Fig. 3.5. First the data acquisition
will be explained, the "old" sa stem described bv Virant [92] as well as a new one.

Then, the principles of the data processing step lelevant for the experimentalist will

be outlined as developed bv Maas ,56'2. see also [57]. After that the calibration pro-

2Thioughout this studv the updated software voision wntrcn bv Maas <v: Willneff was used. At

this place I would like to thank Jochen Willnetl who implemented some additional statistical tools
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occlure and the principles of tracking will be »Acrr. At the end, the final experimental

setup used in this study will be shoAvn.

system

calibration

flow visualization

acquisition of digital

image sequences

image pre-processing

image coordinate determination

establishment of correspondences

3D-coordinate determination
digital photogrammetry

tracking in object space
object tracking

flow field analysis

Figure 3.5: Basic processing steps of 3D PTV.

3.3.1 Data acquisition

3D PTA" is a flow measurement technique that L based on following particles as

floAv markers over time. It requires a consecutiA-e recording of images by multiple
camerasL Data can be acquired by synchronised CCDcameras and appropriately

digitised. Tavo techniques were employed throirghout this stuclv; the principles of

both techniques arc shown in Fig. 3.6. Although film-based systems may still offer

higher spatial and temporal resolutions as compared to solid state sensor cameras,

processing, and digitising of film is too time consuming, inaccurate arrd difficult to

automate; so that aat will not take this possibilitA- into account, lire configuration
shown in Fig. 3.6a is the same as described in L92] and consists of four 251Iz CCDcam¬

eras (Sony XC77. CCIR norm). Avhich image the obserAvrtion A-olumc. The cameras

are triggered by a synchronisation unit Avhich also controls the mechanical choppers.
These are needed for Hoavs with high \'olocity in order to reduce the exposure time

and made the program moie user fnendh.

Ave use a three oi foui cameia setup loi leasons that will explained in Sec. 3.3.2.
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Figure 3.6: FIoav chart of the tA\o drffercnt imaging chains Both configurations a Hoav

a real-time acquisition Configuration a) needs an ofl-hne digitisation Avhercas b) gives

drrecily the digitised images as an output The digitised images are then transferred to a

workstation for further piocessmg
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and thus avoid blurred particle images. Furthermore, it guarantees that on both

fields of the interlaced image the same Aoav situation is captured. The images of the

four CCDcameras are stamped Avith a unique code and then stored on four U-matie

tape recorders. After the experiment, an image sequence of interest, can be digitised
off-line and sterred on hard disk. The binary code on each image alloAVS a unique

identification of the time steps, dire advantage of this setup, is that a Avhole run

of an experiment can be stored and orrh the interesting scenes need to be digitised.

However, there are some shortcomings like the degradation of the image contents

due to the analog video storage and inflexibility in the choice of suitable carrreras like

high speed or large sensor carrreras.

The configuration in Fig. 3 6b Avas developed in this study and will now be ex¬

plained in more detail.

The configuration consists of four Jai CV-M10 CCDcameras Avhich are progressive
scan cameras and specified bv the RS170 norm (resolution 640 x 480 pixels arrd 30Hz).
In addition, two Peisonal Computers (PC. 200MHz Pentium MVXprocessor, 128

MB RAM, and ASUS XP55Z2P1/512PB mainboarcl) arc used, each of which is

equipped Avith a Matrox Genesis frame-grabber (64 MBRAMand NOA) and three

hard-discs (Seagate Cheetah. lOOOOipm and 4.5 GB) connected to a three channel

RAID controller (DFG KZPAC-CB).

The main acUantages of the JAI CY-M10 compared to the Sony X77 are that Ihev

give a whole frame at 30Hz as output, and the integration time can be controlled

by an electronic shutter, thus, making the tAA*o mechanical shutters and their syn¬

chronisation unnecessary. The JAI cameias aie also capable of delivering a full frame

image at 60Hz, in principle, any full frame rate betAA'cen OLIz and 60Hz is possible
in asynchronous mode. The Genesis frame-grabber can grab the full frame images
of four JAI cameras at 30Hz or the full frame images of tAA'o JAI carrreras at 60Hz

parallel. The frame-grabbers can compress these data-rates, with a JPEG lossless

compression, by a factor of two in real-time. The RAID controller with the three

hard-discs can stoic a sustained data stream of about 20MB/s if the PCI and CPU

are not occupied lw another process.

After some tests, the most reliable setup Avas found to be as follows and is shown

in Fig. 3.7. The CCDcameras are synchronised bv a master-and-slave setup to relieve

the frame-grabbers from timing tasks Avhich were critical at high frame rates. The

images of the four cameras are grabbed, digitised and lossless JPEG compressed bv

the frame-grabbers that run as s Luv s of the cameras. The problem iioav is to start,

the Iaav) frame-grabbers simuharieoush-. For this purpose, the two fiame-grabbeis run

in trigger mode and need a J"TL pulse that indicates Avhon to grab the next image
of the cameras. To provide a constant TTL pulse, a synchronisation unit Avas built

that Avas connected to the v-svnc of the cameias giving a LTL pulse at the chosen

frame-rate of the cameras. The TTL pulse can be started bv the operator and with

it the tAvo frame-grabbers simultaneously begin to grab. The synchronisation is also

sketched in Fig. 3.8. This setup does not exploit the full temporal flexibility of the

CCDcameras, but it, Avorks reliably in the sense that each image of a sequence will
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Figure 3.7: Data flow for configuration shown in Fig. 3.6b.

be grabbed and none is lost randomly.

v-sync ol camera

TTL-pulse

Frame grabber output

Shut ot swiehronisation unit (ITU

Figure 3.8: Sketch of the synchronisation start to grab the images.

The data rate of two cameras transferred to the host, computer is about 18MB/s
at 60Hz and 9MB/s at 3011/ after compression. These data are first transferred to the

host computer RAMarrd then via the RAID controller to the hard-discs (the RAM

of the frame-grabbers and computer act onlv as a buffer). This Avorks without any

problems for the 30Hz setup, but not for the 601Iz setup Avhere images are randomly

lost. The reason for this strange behaviorn is not knoAvn, the PCI bus should be able

to handle these data rates. A possibility could be that the kernel is blocked Avlrile

the CPU Avritcs the data to the RAID system and the CPU is for that time period
not sensitive to receiving interrupts from the frame-grabber. However. Avith the tools

available it was not possible to sohv the problem, and for that reason the images
from the COHz setrrp Avere only stored in the buffers of the frame-grabber and host



3.3. PTV TECHNIQUE 25

computer. This of course shortened the measurement time to about 10s. depending
on the image size chosen. It was also obscrwed that the data-rate of the RAID

controllers dropped to about L3MB/s Avhen the Genesis board was also transferring
data to the host memory.

lire Matrox Genesis frame-grabber should be capable to compress the images in

real-time but this is onlv partly valid. "While testing the setup, it, was observed that,

the lossv JPEG compression Avas onlv able to compress a data rate of 10MB/s in real¬

time. This AAras disappointing, since lossv JPEG compressed images are acceptable

up to a compression factor of 1(3 (see the detailed study in App. A) and Avould sohv

the data transfer limitations to the hard-discs. On the other hand, Avith the lossless

JPEG compression the data late could be compressed to a factor of 2 in real-time

(see also App. A for maximising the performance of the lossless JPEG compression).
To sum up, this procedure has the advantage compared to the one in Fig. 3.6a.

that the degradation of image data is minimised, see the example in Fig. 3.9. In

addition, the setrrp is simple. deliAvrs the digitised images on output and avoids the

unreliable and time consuming off-line digitising of the old setup.

Figure 3.9: Subregion of a digitised image for a) intermediate analog storage and b)
directly digitised. Clearly visible is the streaky image of the particles in a), which is caused

by analog storage.

3.3.2 Data processing

As a first processing step in the establishment of particle position in space, particles
have to be detected in 2D image space and its 2D position has to be determined with

sub-pixel accuracy. The better this can be done, the better will be the correspond¬
ences between particles in multiple images taken from different carrreras at one tirrre

instant. The 3D coordinates of particles can be determined afler the establishment
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of multi-image correspondences, bv spatial intersection of homologous rays using in¬

formation of the system calibration. This is explained in detail in Maas [56] and

Maas et al. [57]. The relevant topics for the experimentalist, will be explained here.

Bear in mind, that the photogrammetric coordinate system might be different from

the coordinate system used in fluid mechanics. The photogrammetric ^-component

is ahvays in camera viewvirrg direction.

For the detection of the particles irr 2D space, a segmentation of the images
is performed by filtering the image with a gray-value threshold. If the images are

tainted by an inhomogeneous illumination, as is usually the case, they are initialv

high-pass filtered. This high-pass filtering is performed efficiently by subtracting an

unsharp mask from the original image. It also romoAVS most, of the reflections in the

background or at the refractive indices boundaries.

Blobs of bright, pixels are detected bv a connectivity analysis and arc accepted if a

particle fulfils a minimum size irr x- arrd ^-directions'. The image coordinates can be

calculated by a grav-value weighted centre of gravity of the segmented blob. Under

experimental conditions. Avithout perfectly spherical particles and illumination, an

accuracy in the order of f/5 - f/fO pixel can be achieved.

With the large number of particles A' in the observation volume, the possibility
of overlapping particles Ar0 groAvs lineariv Avith the average size of particles and ap¬

proximately with the square of the number, of particle per image and is given exactly

by Maas [56] as follows

A--LV--1)
l

fa,
*-! (3-

where F is the image size and fnit 4 x f with / the particle image size.

These overlapping particles are efficiently separated bv searching the local minima

of grayvalues in a blob which exceeds an empirically determined limit.

When the 2D image coordinates of the particles have been determined Avith

sub-pixel accuracy, the next step is the establishment of correspondences between

particles extracted in nnrltiple images in order to enable a spatial intersection for the

determination of 3D particle coordinates. The on A criterion Avhich can be applied
for distinction of particles is the geometric constraint of the epipolar line, since the

particles do not show any characteristic features lrke colour or shape.
In order to reconstruct the coordinates of the particles irr 3D space, a number of

parameters3 has to be determined in a calibration procedure for each camera. Armed

Avith these parameters, we start with a particle in one irrrage arrd project the epipolar
line into the second image, on Avhich the corresponding particle has to be searched

for. Adding a certain tolerance Aviclth ee to this epipolar line, the search area for the

UAH other c lit cria loi the acceptance of a panicle vlnch can be set m the software piogiam by
Maas and Willncfl weie found to be unnecessaiv and theiefoie weie set to zeio.

"AH together 16 paiameteis model the »comem of each camoia 6 foi exterior orientation. 3 foi

the principle distance and principle point of the camera. 5 foi lens distortion, and 2 for electronical

influences. For details see Maas [36] or App. B.
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corresponding particle image becomes a nanoAv 2D band-shaped Avindow in image
space. The establishment of correspondences via epipolar line is very critical if the

search is based on stereo-pairs only. Due to the large rnrmber of imaged particles,
a problem of ambiguity Avili occur here. As often as Iavo or more particles will be

found in the search area (up to several hundred cases of ambiguities may occur irr

a high density seeded flcwv). The number of ambiguities groAvs Avith the square of

the number of particles in the observation \'olume. linearly with the length of the

epipolar line arrd linearly with the tolerance (, to the epipolar line. Maas [56] giAVs
the following equation for the number of ambiguities N0 per image pair.

\>a = (X -A) — (3.2)
r" '

"mm
'

~mn r

where b\2 is the length of the base between Iaa'o cameras, c the camera constant, arrd

Zuiar, Pmn the depth range in object, space.

A consequent solution of this problem is the use of three or four cameras rather

than two Avith the cameras" axes forming a tetrahedron of a pyramid as shoAvn in

Fig. 3.10. This setup alloAvs the calculation of epipolar line segments intersecting in

the image. By the intersection of epipolar lines, possible matches can be verified or

—o-o—o—o >

p
_

^3

Figure 3.10: Example of a four camera arrangement for epipolar line intersection

(Maas [56]).

neglected bv searching for consistent triplets or quadruples in the particle images.
Basicallw the principle allows one to use an arbitrary number of cameras, but a

four camera setrrp can be considered as ideal. It reduces the number of remaining
ambiguities to almost zero, and it allows a reliable determination of most of those

particles which are completely hidden mone of the four images.
The use of three or four cameras provides us with redundant information. This

information can be used to compensate for the folloAving experimental shortcomings:
due to the non-uniformity of illumination and particle shape the light is not scattered

1

c
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isotropicallv and consequently the centre of gravity calculated in each of the four-

frames is shifted from the "true-1 value. Avhich Avorrld lead to a systematic error when

only hvo cameras aaviv used.

Furthermore, by means of a least squares adjust ment of the redundant coordin¬

ate information, not onlv the three-dimensional particle coordinates are computed,
but it is also possible to derive standard deviations to receive information about, the

positioning accuracy. Mcarr criteria arc the RMSof the image coordinate measure¬

ment d0 in image space and the RMSof the 3D particle coordinates d~r, d,,. <5y in

each coordinate direction irr object space. The choice of the value for the tolerance

of the epipolar line e( has a strong influence on these RMS. A smaller tolerance to

the epipolar line will lead to a smaller number of bed 1er suiting correspondences and

as a result of that, also to krwer RMS. Quantitatively, the ratio of the standard

deviation of the ^-coordinate er-, to the depth of the observation volume L is typic¬

ally it, : C — 1 : 10\ whereas concerning the lateral coordinates, the corresponding
standard deviations are about three times smaller: àr ~

ay
~ âz/3. Remembering

the fact that the intersection angle of the cameras is acute, it is obvious that the

error in ^-direction is larger than in x- and (/-direction.

3.3.3 Calibration

As already stated in the previous section, a calibration procedure is necessary. The

procedure used is an in situ calibration to determine the calibration parameters
for each camera. This must be clone under the same conditions as the experiment
will be performed. It does not matter if the calibration is clone before or after the

experiment. The in srtv calibration has the advantage that the setup is wry flexible

in the arrangement used (i.e. almost arbitrary camera position and flexibility irr

observation volume shape and size). In the following the calibration procedure used

in this study is explained.
First of all. the cameras are arranged such that, thev view a common observation

volume, where it, is impoitant that all cameras look through a common fiat plane as

indicated in Fig. 3.11 (this is not a general restriction to P fY. but only this possibility
is implemented in the softAvare program rrsed). After that, a reference bodv Avith a

large number of knoAvrr targets is placed in the observation volume. These reference

targets have to be imaged bv all cameras and Avith the knoAvledge of the leference

coordinates, it, is possible to calculate the calibration parameters for each camera.

At least 8 reference points which haw to be throe-dimensionallv distributed must be

used; if possible, a mrrch larger numhci of points ( 50—100), well distributed over the

planned obserwation volume and eoAvring the Avhole image format, should be used.

Two different methods for calibration were emploAvd, The first one is a 3D bodv

with Avhite points on a black coated surface shiwvrr in Fig. 3.12. The advantage of this

bodv is that it provides already 3D targets arrd is easy to handle. The disadA-antagc
is that the target points are not homogeneously distributed in space arrd the target

points need to be illuminated from the side or top and this may causes reflections on
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Figure 3.11: Sketch of camera arrangement viewing a observation volume.

the body. The second method is to rrse a coated e.g. chrome coated glass plate with

Figure 3.12: Image of the 3D reference bodv used in this study.

photochemically etched target points, see Fig. 3.13. If the calibration plate is moved

parallel to the glass plate (reference plane) ewer krroAvn distances and imaged at each

position, it is possible to get a vir trial bodv with well distributed target points in

space. Here the ach'arrtages arc that the plate can be illuminated from behind and

gives bright target spots. Also the number of target points can be increased bv

imaging the calibration points at more positions. The disadvantage is that it is not

easy to use nor applicable in all experimental setups. The size of the target points
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Figure 3.13: Image ol the ]D cahbiatron plate wrfh a high precision drrve

must be such that then images contain at feast 16 pixels to ensure good calrbratron

Thrs of course depends on the magnrficatron used and AAith rt on the obsenatron

A-olume srze For this îeason, calrbratron targets of different srzes arc needed, here

again the cahbiation plate rs achantagcous because rt rs easrer to produce than lire

3D body Both methods aacic used m thrs strrch but gcneralh the second method

gave better calrbratron results

3.3.4 Tracking

After deteimining the pattrcle coordinates m 3D space the partrcles ha\c to be

Irnked from one trrrre-step to the next one This Lacking program rs based on Malik

et al [58] arrd Papairtomou A Dracos [66] but A\as completeh rcAArrttcn m thrs

study m C with a user interface for Tcl/Tk In addition some now features AAcrc

mtroduccd, see App C for cletarlecl mfoimation on the trackmg piocedurc
B\ usmg several crrterra the trackmg procedure Irmrts the search Aolume con¬

taining candidates for the continuation of a partrcle trajectou sought m the frame

of the next trme-step Based on these links the aoIocUa accToi u, of a partrcle i at

tunc t is calculated from the coordmate Acctor x b\ usmg the second order finite

diffeience scheme

/ s x,(£ I At) -\ (/ Af)
U(f)-

C
P^A

_

>
{]i)

where the time step At is gneii b\ the frame rate c g At 1/10 s

\s a result the procecluie dein eis a database aaIucIi consists of the fiajecton

x,(t) and Aelocrtres u, u(x (/)) Conceinmg the enoi one has to check Iioaa mam

links aie correctlv estabhshecl The1 mamsource for erroneous lrnks originates from
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the case when two particles come close in space. However. Malik et al, [58] showed

by applying their tracking program to numerical data of a turbulent Aoav field that

less than 3% of the established links Avcrc erroneous.

3.3.5 PTV performance

In the following we discuss the most important factors Avhich the PTV performance

depends orr.

Westart with the choice of particles which are required to follow closely the flrrid

particle they mark. In other vrords. the velocity difference |u/- - u| betAwen the

velocity of the particle u and the velocity of the surrounding fluid iiy must be small,

say 0.01|uf|. Adrian [1] gives the particle diameter dp resulting from this requirement
to

r pf lu/-
d„ < 0.6 u-'-1-^

L Pp llU

where pp is the particle density, pf is the densitv of the flrrid and v the kinerrratic

viscosity of the flrrid. When measrrring in liquids it is convenient to choose particles
which have a density pp close or equal to the flrrid density pp. Hereafter arrd through¬
out the study we assume that Eq. (3.4) applies and Ave will not distinguish further

between fluid velocity arrd particle velocity.

Optical requirements define on the other hand, a kwver bound for the particle size.

To determine a particle positiorr in the image Avith sub-pixel accuracy, the image of

a particle must contain a sufficient number of prxels. say 8 to 16 pixels. As a result,

particles need a minimum diameter to scatter enough light, Avhich also depends on

the brightness of the particles.
The maximum number of particles N\ for the determination of particle coordinates

is limited by the spatial resolution of the CCDsensors. Maas [56] gives a number

for a 512 x 512 pixel sensor and particles that image 12 pixels at about N; « 2400.

Note that the number of particles N) that can be imaged is independent of the size

of the observation volume and consequently also of the particle number density*.

In addition, there also exists a maximum number of particles Nt) which depends
on the tracking performance, Avhich is in turn related to the particle vclociH u and

obscn-ation volume size V.

The success of tracking depends on the particle- density p,

Pt = N/Y (3.5)

pf determines the mean particle spacing A\-, as folloAvs:

Av^/C1' (3,6)

From Eq. (3.6) arrd the maximum radius of a search volume rmQ1. (sec App. C) avc

define

pp = NNt/rmax (3.7)

(3.4)
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If pt A> f, then the probability to find onlv one particle in the search volume is large
and tracking is easv. Avhercas for p, <p 1 tracking is impossible. Note that even for

a global pi P> 1, the local pt can be much smaller than 1 if the particle distribution

within the obserwation volume V is rrorr homogeneous.
Wewill introduce a more meaningful parameter for the success of tracking

=
JT^LUL (3.8)

|u| -At
J

where At is the time step (e.g. the inverse of the frame rate of the camera) and

Aiocai is the local particle spacing. Since the particle should not, travel a distance

I = |u| At that is greater than the local particle spacing A\(Ha\. s should satisfy
s < 1 for successful particle tracking: but it can of course be larger than 1 for simple
floAVS (e.g. laminar Hoav in a straight channel). Boar in mind that a low value of s

improves the possibility of follcnvirrg particles over a long time.

It, is obvious that the number of particles A' in the observation A-olume must

satisfy N = min (TV/, AC) and for that reason aav chop the suffixes. For not too

complicated flow situations Avhere 3D PTV is applied, the rnrmber of particles Avhich

can be tracked is about 800-1000.

3.3.6 Velocity error

Since avc have an estimate of the particle coordinate accuracA, Ave can also give an

error estimate of the Avlocitv Avetor.

The Avlocitv of the particles at time t is determined by Eq. (3.3). TA calculate

the error of the velocity vectors, one can use the standard deviations of the particle
coordinates &Xi as a eonsen-atiw approach to derhv the Avlocitv deviation eiy,, via

Gaussian error propagation a,s

PP= VP -2- 3.9)
«« -Ar,

where Av, —xJ+A' — rJ~Af, assuming that the error in t can be neglected and the

coordinate deviation is the same for the three time steps im-olved. It is olwious that

for a given coordinate deviation, the Avlocitv error depends only on the distance a

particle travels AviOrin Uvo time steps. Note Sec. 3.3.5 for the maximum distance

particles should travel in 3D PTA". Fig. 3.14 gives a qualitative impression of the

velocity error AVrsus traAvlling distance. Clearly it can be seen that zero velocity is

not measurable.

It should be noted that Eq. (3.9) is a conservative approach, since the standard

deviation given by the program is an average oven all particles and the individual

particle image. As mentioned earlier, the coordinate error is correlated Avhich means

that the coordinate enoi has a sAstematic error part that depends on the distance

a particle travels (particle coordinates close together have a highly correlated error).
That part will cancel out when deriving the velocrtv fiom the coordinates. This could

be proven in a defined motion experiment Avhere the calibration bodv Avas nroAvel
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Figure 3.14: Qualitative diagram of the velocity error versus travelled distance. Arbitrary

units.

within the observation volume ewer a short distance. The experiment indicated that

the standard deviations are about 4 times smaller than the deviations calculated

from Eq. (3.9).

3.3.7 PTV setup

The PTV measurements Avere pel formed in the large channel, here avc present the

setup, the illumination and seeding. The camera arrangement is chosen according to

Fig. 3.15: twro cameras Avere mounted perpendicular to the channel to avoid a shaded

region in front of the step. For illumination. tAvo 400W halogen short arc lamps were

emploAvd. Avhich IraAV a high output efficiency and a spectrum close to the sunlight

[92j. Each lamp is mounted at one side of the channel to ensure homogeneously

bright particles. HoAAVAvr. the inhomogeneity of the intense light, beam was always
visible in the images.

As seeding particles. Vestosint from Hüls ACL Geimanv. having a diameter of

40-63//m and a density of 1.02g/nmU avcic used. The onlv possibility of homogen-
ooush- seeding a laminar Aoav turned out to be the mixing of the Avhole Hoav Avith

particles, ddris was done by putting an weir 6m upstream of the obserwation volume,

see Fig. 3.15a and releasing the particles in the turbulent recirculation zone of the

wcii. This had also the ach'antage that on the Avay to the obserwation volume denser
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CCDCameias

Figure 3.15: PTA setup shcrwing earner r seeding and illumination arrangement

partrcles settled on the floor and onh almost neutralh buoAant partrcles icached the

step NcAcrtheless, partrcles also settled on the flooi ol the obsenatron Aolurne a\frith

is not desnable srncc these paiticles are also rmaged and processed by PIA but gne

no mfoi matron about the floA\ field
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Data post-processing

4.1 Interpolation to Eulerian grid

The PTV technique described in Sec. 3.3 supplies measurements of the Avlocitv in the

Lagrangian frame, essentially particle trajectories oavi- time. We are also interested

in the Eulerian representation of the Aoav field, not onlv for comparison Avith existing
data in the Eulerian frame most often used in fluid mechanics. It also has a practical

advantage, as the complete trajectory carr usually not be obtained. We haAV seen

in Sec. 3.3.5 that Avith increasing particle density the ambiguities in determining
particles coordinates and tracks increase and it is almost impossible to follow manv

tracks over- a long time.

The general approach, is to use only the Avlocitv information Avhich is derived from

the trajectories, interpret the output of the PTV as randomly distributed Avlocitv

vectors in space and skip the tracking information, see Fig. 4.1 where the principles
arc sketched.
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Figure 4.1: Example of the a) randomly scat tea eel Avlocitv vectors as output from PTV

and b) the velocity avc tors interpolated onto a regular grid.

Since measurements in the Lagrangiarr frame and its interpolation to an Eulerian

35



36 CHAPTER4. DATAPOST-PROCESSING

frame are relatively new, the problem of interpolating scattered data to a regular

grid has not received much attention in flrrid mechanics. In the literature there exists

many irrterpolation techniques such as averaging Avith different Aveights. Adaptive
Gaussian WindoAv (AGW) [3]. Kriging, e.g. [60] or [2] (mainlv used in geophysical

problems), splines Avith different variations e.g. (15). natural neighbour irrterpolation

[79] and polynomial interpolations, ranging from linear to n-th order, e.g. [59] and

[47].
The numerical Avork hv Acting and Pope [fOO] deals with the inverse problem.

They simulated a 3D tirrbtrlerrt Aoav field using direct nurrrerical simulation (DNS) of

the Navier-Stokes ecpratiorr arrd obtained the Lagrangian movement of particles in the

flow from the information given at the nodes of the regular DNSgrid. They present

a number of different irrterpolation schemes, including fourth-order cubic splines and

third-order Taylor expansions schemes. The splines Avere the most accurate ones, but,

the Taylor schemes also performed Avell with considerably less computational effort.

HoAAVver, we restrict ourselves here to three basic interpolation or averaging tech¬

niques that are simple, and a Hoav to calculate the interpolated Avlocitv field within

reasonable time, namely the Adapt he Gaussian WincloAv (AGW), the linear and the

quadratic interpolation. The last tAA'o can also proAucle the corresponding derivatives

directly, but, this shall not be the puipose of the interpolation technique used in

this context. The velocity gradients will be calculated from the interpolated grid if

needed. A more important question is the impact of errors of the scattered velocity

field on each of these techniques or in other Avords, which method is robust. The

validation will be clone bv means of a simple Monte Carlo simulation of the Burgers1
vortex that, has an error superimposed. It is obvious that if avc would use exact

simulated data, a higher order interpolation aavuIc! ghv more accurate results.

4.1.1 Definition of errors

Before we start with the theory, avc define the different errors that, rrrav occur. The

first kind of errors are named "tracking errors". These include all the errors of the

PTV procedure to get the scattered velocity wet ors in space and time, e.g. Avrong

tracks, uncertainty irr the coordinates and Avrong estimates of the Avlocitv clue to

tracking errors, see Sec. 3.3. In principle, the error estimate for each velocity vector

is accessible arid can be used as a piece of information to feed the interpolation
routines. HoAvcver. the tracking program gives ernlv an averaged error for all particle
coordinates.

Another error is the "sampling error". This is related to the Nvquist criterion

which states that any feature of the Aoav Avith a Avavelength shorter than 2f, Avhere

I is the maximum spatial resolution and defined later, cannot be rccoAvicd fiom the

data. Or in other Avords. one avouIc! get aliasing effects if not enough samples are

available to resolve a defined AvaAvleugth.
The last error avc define is the '•interpolation error". Above aav assumed that

there exists an irrterpolation method capable of recovering all the information that
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is principally possible. There is an extensive literature on optimum interpolation

strategics for uniformly spaced samples, but much less is known for the case in

which the samples are randomly distributed. For that reason, avc defined a synthetic

velocity field adapted to our problem and tan the different interpolation techniques
on it while monitoring the errors.

Throughout this section, avc assume that the velocity error of the scattered velo¬

city field has a constant standard deviation. It will be shoAvn that avc can establish

an error estimate that takes into account both the velocity error originating from the

PTV procedure as aavII as the interpolation error.

4.1.2 Grid spacing

The limiting factor for (he interpolation is the number- of available velocity vectors

Nv (sample points) of the Hoav field and as a consequence a minimum meaningful
grid spacing. Wedefine the mean distance At Avlocitv vectors are apart from each

other in the measurement volume V as follows.

/r\i;i

With this mean distance avc can define the minimum grid spacing I using the Nyquist
criterion as,

C -- 2 • A„ (4.2)

This is onlv valid for equally distributed samples and for scattered samples it is onlv

a lower bound of the grid size, If aav interpret these two equations as a minimum

number of samples per grid A-olume. the result Avould be 8. To ensure that most

grid volumes give meaningful results in the randomly distributed sample case, avc

use more than these 8 minimum samples, tvpicallv 12 to 20.

These restrictions AA'ould lead to a verv coarse grid if onlv the velocity Avctors

of one time step would be chosen to serve as sample points for the interpolation

(e.g. fOOO velocity vectors per time step resulting in 65 interpolation Avlumcs in

three dimensions). It is of course possible to superimpose the Avlocitv vectors of

marry time steps, thus forming an ensemble average. But this can only be done if

the flow field can be considered as quasi steady for that time period, in other Avords.

the time averaging error must be comparable to the space irrterpolation error. On

the other hand, if one seeks the mean Hoav field, the averaging time goes to infinity.

Also, for time periodic Aoavs it is possible to aAviage a small time windoAV in every

period to get infinitely many sample points.

4.1.3 Grid

The averaged velocity field will be calculated on a grid consisting of cubes. This

grid should also provide the possibility to do calculations on it, e.g. derivatives of
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the velocity. It must also have the flexibility needed for applying it, to complex

geometries, like the forwaid facing step configuration, and it must be able to scrwc

as an input for visualisation programs. These requirements can best be satisfied b\

rrsirrg an unstructured grid approach.
The principle of this 3D grid is the extension of the 2D grid approach, Avhich is

explained in more detail in Sec. 7.1.1, Here avc will onlv ghv the basics that are

necessary for the understanding of the interpolation tee hniepres applied.
Internally the grid is handled for a face based finite volume approach. Each

control volume i (hereafter also called voxel) has its aAvraged values at the barv-

centre P,. In addition, the control volumes which haAV a face at the boundary own

an additional point B, in the bary-centre of that face to facilitate the description
of boundary conditions. The boundary condition at the Avail (fixed wall) is set to

u, = 0 (Dirichlet) and for the boundaries exposed to the Aoav (far-field) du,/dn, —0

(Neumann) is used, where n is the boundary normal. Note that all other boundaries

apart fronr the fixed wall, such as infioAv and outflow, are also treated as far-field

boundaries.

The grid approach allows arbitrary shaped control volumes hoAAVAvr. the control

volumes rrsed for the interpolation consist of cubes. An example grid is sIioavii in

Fig. 4.2.

Figure 4.2: Example grid for the forward facing step configuration. The grid consists of

12160 control volumes, each 2 x 2 x 2mm\

The final output grid with the interpolated velocity vectors has the Unstructured

Cell Data (UCD) format for the visualisation program Ays1. The program has elif-

A'isualisation soi'hvaie piogiam Application Visualization System (Avs) from Athvmced Visual
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ferent modules e.g. for visualisation of streamlines or vorticitv lines and iso-surfaccs.

4.1.4 Interpolation schemes

We assrrrrre that the coordinates and velocities of seeded particles arc given. The

velocity field does not need to be homogeneous or isotropic since the folloAving meth¬

ods are local schemes. The interpolation is performed within small local volumes

containing a limited rnrmber of data points A(,. This interpolation volume does not

need to have the same dimensions as the control volunre of the interpolation grid
because of the local random vector density. The implemented procedure defines the

size of the interpolation A-olume adaptivclv bv enlargmg a primary srrrall interpola¬

tion volume around the control volume centre point P, until a minimum predefined
number of velocity vectors are present within the interpolation volume.

Let us now consider an interpolation volume U„ - [,rio —.r16,.x2a —2A>-Co - <h&]
Avhich has its interpolation centre P, at x?,. Within V,, the Avlocitics u" at 7V„ (differ¬

ent) points arc given, i.e. aav know x = {(x", u") = ((*'" r'2\ r"), (iii(x"), a2(xn). a^x"))
X"e V„,77 = 1,....A'I,}.

Adaptive Gaussian Window averaging

For- the simple AGWthe velocity at point xb t I), is given bv [3] as follows

2-ni "1
tl

where the u" are the velocities at xA The coefficients o" arc given by

o"=roxpl ~j—J (4.4)

where H is the size of the Garrssiarr AvindoAv. Agiii V .liménez [3] defined H on the

basis of the mean particle spacing Ar as H = 1.24 A„.

Our approach is a slight modification of the original proposed method, because

only the sample points Avithin the interpolation volume I), are rrsed. This does not

alter the results but speeds up the computations considerabh. see [59].

First and second order interpolation

Weuse a simple first order curve in space to interpolate the velocity u(xb) nanrelv.

>

e/pxC = on - XCLC- iL'J)

Systems Inc. Version 5.3
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For this approach four velocity vectors around x& Avithirr Vv arc needed to determine

the four unknoAvns a,. We also employ the secorrd order curve in space, which is

given bv
3

v, (x6) - bQ P Y, hP A ' * -t 2A-'C- (4-6)

In order to evaluate the 10 unknowns, 10 independent velocity vectors around xb

within Vv are needed. For all approaches this has to be done for all three Avlocitv

components separately.
As already stated in Sec. 1.1.2. the requirement for a meaningful grid size is

at least 8 velocity vectors per voxel. In addition, aav are dealing with scattered

experimental data which have an error in the coordinates and velocities as stated

in Sec. 3.3.6 and therefore aav normally use 12 to 20 data points in Yv to derive an

averaged velocity field. This introduces some degrees of freedom, v —Nv —M. where

Mis the number of parameters to fit. To sohv Ecp (4.5) or Eq. (4.6) a \2 fit is used

to estimate the maximum likelihood approximation of the model parameter. The

estimate of the model paiameter is obtained by minimising the folloAving function

Y /A

w ^E
C;-EAcAA)

where A is the (a priori) measurement error associated A\dth A or a AAvighting factor.

other Avise 1, and A\(x) AV/(x) are arbitrary fixed functions of x. called the basis

functions. It is also possible to use for the AAvighting factor a, the coefficierrts of

Eq. (4.4).
Equation (4.7) is solved with standard C routines frorrr [72].

4.1.5 Total error estimation

We are interested in the total error etotai as the sum of the errors described in

Sec. 4.1.1. although it might be possible to distinguish betAveen the errors. To derive

the error estimate frorrr the obsen-ations. avc need a waA of estimating ctotai from a

single picture of an unknoAvn flow. Avhose velocity field can only be determined frorrr

ttic processing of the picture itself. Two procedures that provide an approximate
Avay of doing this are the Bootstrap [e.g. [32] or [33]) and the Jackknifc technique-2
[63]. Wewill rrse the Jackknifc technique, because1 it is easier to handle and fasten

for our problem, Avhere onlv a small set of obsen-ations per interpolation A'olnme are

present.

The jackknifc estimate of a. say a''. is obtained bv the following procedure:

1. Delete velocity sample u' and recompute the awragc Avlocitv in Up with the

chosen interpolation/averaging technique. Call the recomputed value u(x(,)L
j - 1,2, n

—Nt.

2These two methods aie close)v iclatecl, see ,32'
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2. Estimate a bv

â/ =

\

" L£[Û,(x6V aA,)J2 (4.8)
n

;-l

Keep in mind that the Jackknifc technique gives only an approximation of the

total error and this approximation might, also suffer from a bad accuracv. Neverthe¬

less, aav use this error as a bound for the smoothing procedure described in the next

section.

Another error estimate based on the zero-divergence constraint will be discussed

in the following. The 3D velocity components as obtained in laboratory measure¬

ments and in field observations do usually not completely satisfy the zero-divergence
condition even if measurements are carried out rigorously and neither Avili the aver-

aged velocity fields fronr experimental data. The error of the resulting velocity field

eo is defined by

fcA< =
T^ (4-9)
AA

for each control volume /,. This error estimate will be used to quantify the accuracy

of the interpolated Aoav field.

4.1.6 Smoothing of dataset

Let us assume that aav luwe interpolated a Avlocitv field to a uniform grid and es¬

timated the magnitude of expected error at each control Avlume of the grid bv using

Eq. (L8). Assuming further that the error distribution is Gaussian, aav can define

at, each control volume a range, the estimated value plus/minus a multiple of the

estimated RMSerror, such that the actual value can be expected to be in that range

with a given degiee of confidence. The set of all local error ranges associated Avith

the volumes of the 3D grid defines a layer, inside Avhich the real velocity field should

be contained.

In absence of other information, aav define that the Hoav field is as smooth as

possible, and the problem of generating a filtered velocity field with the desired

degree of confidence can be interpreted as that of finding the smoothest field that,

lies inside the error laver.

The problem of finding the smoothest function in absence of constraints can be

prrt in the form of minimising the mtegial of the square of the gradient of a function.

Such a function is a solution of Laplace's equation. Au — 0. This solution has the

property that the value at each point is the aveiage of the values at anv circumference

around it. Avhich means that each Avlocitv value in a voxel is substituted by the

average of the values of its immediate neighbours.

1 A"
h'

= v-E»/ AA
A
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where Nn arc the surrounding neighbour verxcls of ?. Under the presence of con¬

straints, such as the requirement that the interpolated velocity vector should be

contained inside the range defined bv the error band (e.g. using â/) corresponding

to that voxel of the1 grid, this can be generalised to the following constraint,

u;m"°"'=max[«( 3a/. min(u,-^/3<t/, u[nie')} (4.11)

where ß is the chosen confidence level (throughout this stirdy ß = 1 resulting in a

confidence IcavI of 68A ).
There is also another strategy possible to smooth the dataset Avhich makes use of

the zero-divergence constraint, see [28] or r91]. As already stated, the expeiimcntal
data do not completely satisfy the zero-diwrgenee condition. This can be used to

feed a variational analysis with constraints.

The general A'ariational analysis formalism defines an integral function whose

extremal solution minimises the variance of the difference bctAAven the observed and

analysed variable A'alues subject to physical const laints Avhich are satisfied exactly oi

approximately by the analysed values. The theoretical model based on variational

analysis to flow fields Avas first proposed bv Sasaki [781.
For this model a functional is needed to minimise the variance of the difference

between the adjusted values and the oiiginal A-alucs subject to the strorrg constraint

that the three-dimensional flow field has to be nou-clÏAvrgent in each control volume.

The specific functional used in this study is

E(u,\)= /A
*

i

2/ A2 .

.all,

Ox,
dV (4.12)

Avhere A is the Lagrange multiplier, ul and uq, are adiusted and measured Avlocitv

comporrents in ,r, directions and the a, are Gauss precision moduli related to the

measurement errors in u, and are taken to be a;
~ \{a/)~2.

The associated Euler-Lagrange equations whoso solution minimises Eq. (4.12) are

given La-

t OX
", = P, T -—:r-- 4.13)

2o~ or,

E^-0 (4.14)

and the equation for A is derhvcl as

EpV = i;-2o-'Av

Equation (4.15) is disci etised Avith a finite volume method, Avhich is of second order-

on regular grids. The boundary conditions are A -- 0 on the fixed Avail and at the operr

boundary OX/'On —0. The resulting matrix A is square, tvpicallv non-svmnictric,

if the d/'s are different, large and sparse (e.g. for the grid shoAvn in fig. 4.2 a
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12160 x L2160 matrix with a sparseness of > 99.5A. This linear algebraic system

can efficiently be solved by applying a pre-conditioned biconjugate gradient method,
the routine linbcg of [72] Avas employed here. As a pro-conditioner, in absence of

a better guess, the diagonal of A Avas used. HoAvever. if the A werc set to j(ô'1r)~2
the iteration did not ahvavs ooirvergc. On the othei hand, the convergence Avas fast

if the A wore sef- t° 1- The A obtained is strbstrtuted mEq. (4.13) and the adjusted

velocity components a, are derhed.

4.1.7 Validation

To test the accuracy of the different, interpolât ion/averaging schemes the Burgers'
vortex Avas chosen. This A'ortex is a steady solution of the Navicr-Stokes equation

where the action of strain and A'iscosity balance each other to give a vortex core of

steady finite size. The equations of the Burgers" A-oitex are given here in Cartesian

coordinates as

- = -^-^^-(l-^(-"^-)) (4',6)

. ---CA^Ap,.(.-^(WAYA)) (.m

a' =- «•: (4.18)

where a is the rate of strain, g is the circulation and v is the kinematic viscosity.

The Burgers" Avrtex (an example is shown in Fig. 4.3) is a laminar but corrrplex
structure and displays a range of scales defined by the distance between success¬

ive windings of its streamlines. Fmthcimoro. it is a approximation of our expec¬

ted flow field in front of the step. Thus it is a good test object for the interpola¬

tion/averaging schemes. A cubic test A-olume U; of 10 x 10 x lOmmd ranging from

YT = { —5, 5; - 5, 5; 1,11} Avas chosen and the grid spacing AA'as 2 x 2 x 2mm3resulting
in 125 interpolation voxels. The parameters of the Burgers' vortex Avere fixed as fol¬

lows: the rate of strain a = 21. the circulation g —300mnr/s arrd the kin. viseositv

v = lmm2/.9.
A synthetic data set Avith randomly distributed velocity Avctors in space was

generated, assuming that in the mean 15 avIocüa- vectors per interpolation A-olume

Avere present, leading to a set of 15 A25 —1S75 vectors. The range of L2 to 20 Avlocitv

Avctois used for the interpolation can be considered as optimal. An increase of the

number of vectors does not improve the accuracy avia- much, since the algorithm
sorts the Avctors in order of distance from the interpolation point and extra points
will be further arrd further aAvav with diminishing information for the interpolation.
The mean spacing is given as At —( 1000/1875)L/ l

—0 81mmand Avith it the width

of the Gaussian window II =• 1.24 • O.Simm -- 1.0mm. In addition, the synthetic

velocity vectors werc disturbed Avith a Gaussian noise of 10%. Although this model

does not simulate the Avlocitv error characteristics fully, see Fig. 3.14 and Eq. (3.9),



14 CHAPTER4. DATAPOST-PROCESSING

Figure 4.3: Plot of exact streamlines of the Burgers' vortex (a = 2J), g —300nnn2/.s and

v = Imnr/.s).

it can be assumed that the influence of the Avlocitv error on the different schemes is

representative.

To get a qualitative picture of the performance of lire intcrpolation/awraging
technique used, Ave shoAv the resulting streamline from the different techniques in

Fig. 4.4. From Fig. 4.4 not much difference bctAveen the different techniques can be

seen, also the effect on the topology- can be neglected. Comparing the interpolai eel

streamlines of Fig. 4.1 with the exact, solution of the streamlines sIioavu in Fig. 4.3

the main differences are irr the small scales, spccificallv the number of AAdndings of the

streamlines close to the coie of the Burgers" \-oitex. The reason for these differences

is the resolution of the interpolated grid (2 x 2 x 2mrrU) which reflects the step
size of the streamline integration algorithm used bv the visualisation program. This

comparison shows nicely that the interpolation on a coarse grid gives onlv the large
scale structures of the Aoav field investigated.

For a quantitative pictuie of the difleicnt schemes aav plot the Lj-norm of the

diwrgence of the interpolated velocity fields in Fig. 4.5. It can be seen that all

schemes arc relatiwh* close together (±A0%J. but the 1. order scheme seems to be

superior compared to the other tavo. It is visible that the two smoothing techniques
have a positive effect ttnvards fulfilment of the zero-diAvrgence constraint especially
the smoothing technique of Eq. (4.13).

To A'isualise the impact of the (Afferent schemes on the Avlocitv derh-atives aav
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Figure 4.4: Stieamhnes projection on the ip~ plane for the difteient interpola¬

tion/aver a gmg techniques a) Gaussian aACiage b) Gaussian average 4 smoothing

Eq (4 it) c) Gaussian aA erage ) smoothing Fq (111) d) L orclei interpolation e) 1 or¬

der interpolation + smoothing Lq (111) f) I oiclu inter pol ition + smoothing Eq (I 13),
g) 2 ordei interpolation h) 2 orclei mteipolmon —smoothing Eq (1 11) i) 2 oidei in¬

terpolation t smoothing Eq (4 13) Compile the images also \Aith the exact solution of

the stieamhnes shown in Fie, 4 3
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l>

s o
° II Gaussian mean

+ 1 order interpolation
x 2 order interpolation

no additional jirocessing smoothing Eq (4.1 \) smoothing Eq. ( I 13)

Figure 4.5: Plot, showing the Zd-norm of the divergence versus different, smoothing

strategies for different interpolât ion/averaging techniques.

rrse the A-orticitv litre plot,. The vorticitv lines of a Burgers' vortex are parallel to

the 2-axis. In Fig. 4.6 a projection of the A-orticitv lines on the x-y plane is shown,

the corresponding exact A-orticitv lines would appear as points onh". Obvioush. the

best method seems to be the f. order interpolation AAith the smoothing technique

of Eq. (Lll). Surprisingh, the smoothing technique of Eq. (4.13) ghvs bad results.

It shows that the zero-divergence constraint is not helpful in this context because

the remaining 6 off-diagonal elements of the Avlocitv gradient tensor are not taken

into account by only using one Lagrangiarr multiplier A. Therefore, this possibility
of smoothing the daia-sets is rejected. It is also noted that the 2. order method

is worse than the 1. order method. This can be explained bv the sensitivity to

velocity errors arrd the smaller number of degiees of fieedom M compared to the

other two methods. The AGWmethod falls betAAven the other hvo approaches and

has its advantage Avhere less A'elocttv Avctois Avith a large error are present or velocity

Avctors are distributed in clusteis oavi the A-olume because it is the most robust

method tested. The AGWapproach should also be used if the mean Aoav field Avith

a high resolution is sought because it is much faster than the 1. older approach and

the results are sufficiently good.
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a) b)

f)

^A
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Figure 4.6: Voiticit\ lines pt ejection on the i g pluie tor the different mterpola-
tion/aAViaging techniques a) Gaussian aACiage b) Gaussian cVseragc + smoothrng
Eq (4 11) c) Gaussian aAeiage Y smoothing Fq (4 13) d) t oiclci mtcipolation e) I ol¬

der mt ci polation t smoothing Eq (111) f) f oider mteipolation d smoothing Eq (4 13)
g) 2 order interpolation h) 2 oidei mtcipolation \ smoothing Fq (4 11) i) 2 oïdei

interpolation + smoothing Fq (1 13)
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4.2 Spatial velocity derivatives along a trajectory

This section is devoted to the determination of spatial velocity derivatives along a

single trajectory which are needed to calculate the quantities described in Sec. 2.2.3.

As already stated in Sec. 1.1 the data post-processing tools must be capable of

handling scattered experimental Avlocitv Avctors to cast them into a form useful for

the application of theon. Nothing is knoAvn in literature about, the determination of

spatiat derivatives along a trajectory resulting from an experiment. Since the usual

3D PTA' techniques used are not able to deliver the high particle densitv necessary

to calculate spatial derivatives. Even the PTY technique used in this stuclv reaches a

limit, here. The technique will at first be applied to the Aoav Aeld investigated in this

study which is not a turbulent one. In the folloAvirrg aav will give a technique for the

determination of Lagrangiarr spatial dérivatiAvs. derhv a maximum distance velocity
vectors allowed to be apart (similar to a grid size) and define a quality estimator for

the goodness of the spatial deriA-athvs. ddre technique Avili be tested by means of a

Monte Cailo simulation shoAviug the peifoimance. limitations and robustness.

Let, us assume that the 3D coordinates and velocities of seeded particles are

given at, different moments in time. Let us first neglect the measurement errors, so

that aav are interested in the errors and possibilities of the numerical scheme onlv.

Consider a particle Avith position vector x/( which is tracked OAvr consecutive time

steps, choose at time t a closed ball S, Avith centre xp and radius Ar such that

AC, particles are within Sr (see Fig. 1.7). Given the A, coordinates and velocities,
{(x7,iF) = ((r\,x\.x\).{ij[(x').a2(x').vpk))) | x' e S,. ? = 1,...,AA, the math¬

ematical problem is to determine the nine first-order spatial derivatives of the velocity

field at point xp. Furthermore, aav want to calculate the time evolution of the spatial
dérivaihvs along the trajectory xp(t).

Figure 4.7: Trajectory of the particle x;) and (scattered) velocity wctors Avhich are within

the sphere S, at time t.
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4.2.1 Linear chi-square fitting

In the following aav assume that Ar is small enough such that the velocity field can

be approximated bv a linearisation (sec discussion in Chap. 2). In the following aav

consider a fixed time t. Let u be any of the1 three Avlocity components ghen in

Cartesian coordinates: u {ii\. u2,Vi,}. Then expanding u in a Taylor series around

xp up to first, order leads to

»(x') = fl(x/J) + V(/|xJ)x'. (4.19)

In principle, four (independent) positions and Avlocitv Avctors would suffice to sohv

Eq. (4.19) for the unknoAvns a and V»,,. HoAwver. since experimental data are ahvays
tainted with measurement errors aav choose A/ to be greater than four, Avhich brings

about v = Ns —4 additional degrees of freedom. Keep in mind that unlike in Sec. 4.1

Ave avoid to use additional Avlocitv wctors bom other time sleps and as a result AC

will be close to 4.

Weuse the maximum likelihood estimator "chr-square" to fit the AC data points

(x',?C) i = 1,. . .

, AC, to the linear model ghvn bv Eq. (4.19). The parameters a and

V;/,î arc obtained bv minimising the quantity

A. V«

Avhere the AAvighting factor a' is the individual measurement error of ?/,.

Grrcc we have determined these four parameters Avith minimum v(j from Eq. ( 1.20).
the probability Q that the chi-square exceeds \AS deterrrrirred bv the incomplete

gamma function] Q —T(u/2)"lT(u/2, Y(A) provided that the residuals [P —a ~

(Vt/)x'] are independent and normally distributed. This probability Qyields a quant¬

itative measure for the "goodness-of-AL": if Q is Avrw small, say, Q < 0.1. then

the discrepancies aie unlikely to be random Auctuations and the "model equation"

(Eq. (4.19)) has to be rejected.

Despite the fact that our present PTA' technique does not provide us with the

measurement error of each velocitA- vector. Avhich prohibits an independent assessment

of goodness-of-At, at least an a posteriori standard deviation a can be determined

by the following procedure: avc assrrnre that Eq. (1,19) does fit aavII and that all

measurements have the same standard deviation. Avhich can be an arbitrary constant,

e.g. a' —1, Then aav fit for the four parameters bv minimising Eq. (4.20) computing
the value of \(, and finally recompute

-2 = T^T (1.21)

which is an estimate of the measurement eiror er.

3Remember the relations P(n. r) = A (~'r~ Oit and T(n) - T(u.Q).
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4.2.2 Singular Value Decomposition

WenoAv briefly outline the concept of the singular value decomposition (SYD), which

is one out of several techniques for finding the minimum of Eq. (4.20) (see [50] and

[97]; for an overview see also [72]).
First aav cast Eq. (4.20) into the form

X2=|Aa-b|J (4.22)

where the AC, x 4 (AC, A 1) components of the design matrix A are defined by

A, x)/P, for j ^ f.2,3:

L/crC for] =4.
(4.23)

In addition, the vector b of length AC, is given by b' ~- P /P and the vector- a comprises

the parameters to be fitted: a —(Va. a).
Idic theorem of SYDuoav states that any A", x Mmatrix A with JV5 > Mcan be

written as a product erf an Ns x Mcolumn-orthogonal matrix U. an J\I x AC diagonal
matrix Wwith posithv or zero elements (the singrrlar atAucs), and lire transpose of

an Mx A/ orthogonal matrix V:

A-U

( "'

V

\
te-,

V (4.24)

ll-'M J

where U7'U —1 and VTV = VVr = 1. Finallv. it can be proven that the vector a

which minimises Eq. ( 1.22) is given by

a = VdragAAUA (4.25)

In case that one or more w, are zero, the reciprocal of the corresponding iu, irr

Eq. (4.25) is set to zero. Avhich removes the column degeneracies in A. Concerning
the hnitcness of machine precision, this procedure is necessary if the condition number

(CN) of the matrix A defined by the ratio of the largest of the iu,\ to the smallest

is too large.
In the following aav avAI also use the A-ariance A in the estimate of the fitting

parameters a}. Assuming again that the measurement errors are unknoAvn. i.e. aav

set all a1 --- 1 in Eq. (4,23). the SYD yields for the variance of rp

a

"i V—* A

a',
(4.26)

Avith ex- being defined in Eq. (4.21).
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4.2.3 Validation

AVe want to test the perfornrance of the proposed method Avith a synthetic data set

based again on the Burgers' vortex. Wedefine the test cases at the position of max¬

imal energA'-dissipation emni where the maximum spatial derivatives of the Burgers'
vortex occur. The Aoav Aeld is given in CAdindrical coordinates u = (ur,u(i,, u~) as

u, -- ~\r. (4.27)

un = /-(I -f1"2'1"). (4.28)
IÏÏT

u, = a z (4.29)

where er is the rate of strain, g is the circulation arrcl v is the kinematic viscosity. We

also define a characteristic length L -- C2 • i'/a. a characteristic velocity U —g/L
and a vortex Re-number Re,, —UL/v.

Now, Ave Avant to define a maximum distance Ar that velocity vectors alloAved

to be apart from xp foi a ghvn accuracv or error, respectively, of the numerical

approximation. The discrete first and second order numerical approximation (finite
differences) for the /--direction1 reads

dip(r,o. :) u,(r + Ar.o. 0) - n,(r.ô,z)
—£-—

-= ^O(Ar) (1.30)

,,(r^Arn''-"(".^^jà+0(^) (4.31)
2 Ar

The exact energy dissipation :-e (rate of dissipation of mechanical energy per unit

mass) of a Burgers' vortex is

vq~ ( _f
1 —c

PPf?
e*-*2 + -ärA<-'---^) (W

with C "-" r2/2L2. And the approximated energy dissipation Sp

cD = 2irJ2etJe" (4.33)

A being the stress tensor in Cartesian coordinates

-HfAA («o

The nraximum energy dissipation occurs at r ^ 1.89 L wit h snun ?s 3va2 + 0.0023 •

vg2L" '. Wedefine a relative error betAveen the exact A'alue ?E and the numerically

determined value :D. sav an enoi bound of 10A. as

:AAAAso.! (4.35)
i

- r I

''Only the /--direction is important heie. because mthe othei two dnocVions the first older spatial
derivatives arc constant and should he captmes bv anv hist 01 second oidei lmmeiical scheme.
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Upon calculating the l.h.s. of the inequality (4.35) for different values of?-, A,, and

Re,, aav end up with Fig. 4.8.

0 i 2~~ 3 4 0 i 2~~ f~~ 4

r/L r/L

a) b)

Figure 4.8: Diagrams for a) first, order approximation and b) second order approximation
to estimate the maximal Ar for a given Burgers vortex at given position r and a maximal

error as defined in Ecj. ( 1.35). The iso-lines are given for different vortex Re-numbers Ret.

We are riOAV reach- to applv the numerical procedure to our test case, ddie con¬

straints arising in Eqs. (4.27)-(4.29) aavic chosen to be a = 31/s, g = 30mm2/s and

v = lmm2/s. The reference A/' for a 10% error bound for a Arst order approximation
was estimated from Fig. 4.8a and for the chosen parameters Ar = 0.5mm is obtained.

Furthermore, upon requiring that all velocity detivathes have the same order, the

Cartesian components of xp Avere chosen to be ilp = 0.87mm, x2 = 0.23mm, and

A = 0.65mm. The data sets, each with 1024 realisations, were calculated for the

position P —xp.

Three different data sets AAVre used to judge the perfornrance of the numerical

method and can be characterised as follows.

• Five data sets with increasing AA-AC = 5 9) for a constant volume Yconii
Avith radius r - 0.5mm. The coordinates of the Avlocitv vectors around P are

randomly uniformly distributed Avithm I Ac,/

• Five data sets with increasing AC,(AC -5 9) for a constant particle densitv

Bdtonit = Y,/r —7G31/mnC or increasing A/_^ - P0\\ 0.315mm, respect¬

ively. The coordinates of the velocity vectors around P are randomly uniform

distributed within IV .

• Same as previous but addrtronallv an enoi is superimposed to the Avlocity
Avctors which has a Gaussian distribution Avith a standard deviation eg -- 0.2-tp.
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Figure 4.9: The Figure shows the exact energy-dissipation sp and A0.1 ep (solid lines)

and the discrete energy-dissipation ep (points) for some realisations of iY, —6 and Vron^.

Additionally two error bars calculated with the aid of Eq. (4.36) are shown.

The first, test case Avas introduced to evaluate the behaviour of the numerical method

under increasing number of degrees of freedom /' Avhere the spatial approximations

should become better. The second test case represents more the experimental situ¬

ation, Avhere the particle density cannot be increased to infinity for a given measure¬

ment volume as it, is restricted by the detectable particles in the PTY experiment.

The only possibility to use more paiticles for the approximation is to increase A?.

The second test, case gives a clear delimitation of the improvement possible compared
to the third test case Avhich is even closer to the experiments and simulates the ran¬

dom errors in the PTY experiment by superrmposing the Avlocity components Avith

a Gaussian noise. The last test ease AAras introduced to monitor the robustness and

reliability of the nurrrerical method rrsed with respect to measurement errors.

With the standard deviations A,, calculated bv Eq. (4.26) and bv applying Gauss'
YY

laAv of the propagation of errors, it is possible to give an estimate of the error for the

energy-dissipation.

Ou, On,
(Y poj2

11
Or, O.i,

4.36

We start with the plot of Fig. 4 9 that sIioavs qualitamvlv and quantitatively the

performance of the numerical technique. In Fig. 4 9 some typical values of s p. Avhich

arc numerically determined, aie displayed. It can be seen that a fenv realizations

deviate more than 10% from the exae t ayIuc
. L

= 29. Imnr'/s3. This can e.g. happen
when the chosen Avctois x' arc lying nearly in a plane or Avherr thcA" are all clustered

around a point which is far from x;i.

Fig. 1.9 illustrates hoAvever that eg is not a reliable error estimator for Cp>: on the
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Figure 4.10: Figure sIioavs correlation of the error of the discrete energy-dissipation ep

and the quality estimator (V • u) Ar/u for the same data set as in Fig. 4.9. The correlation

is about, 0.8.

one hand there exist quite accurate values having a large1 er- and on the other hand

'Avrong'' values occur Avith a small standard deviation.

In order- to assess the '"quality" of each :D the following error estimators have

been additionally considered:

• Q (goodness-of-fit)

• cond (conctition number)

• E, ; \<J(dUj/dl,)\

» CTcpD

^
(Y u) Ar

(estimate of hoAv good the continuity equation is fulfilled)

The strongest correlation Avas found for the last quality estimator Avith the en ors of

ep, see Fig. 440. Also for relatively large condition numbers (cond) a good correlation

was forrnd. This quality estimators can be used to support the mcaningfulness of

calculated spatial derivatives. In the following, aav drsplav the performance of the

method if the quality estimators are used. For convenient purposes Ave define sorrre

shortcuts:

• L y Number of realisations (L - 1021).

• /?, = Number of realisations Avhich satisfy \(ond < 100 A -!'x u) A,l

• AC =~ Number of realisations Avhich satisfy {Op —Cp\ < o~:} e /?,,.

L.
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• B = Number of realisations Avhich satisfy {C~/> —-p\ < 0.1 • ep) G Rr.

Fig. 4. lia shoAvs the accuracy for the case \'co„xt turd l"\g with increasing number of

particles. In general, the accuracv increases as the number of particles does. Also

the VAsf casc performs bed 1er. Avhich is AA-hat we expected in ach-ancc. It can be

seen that the quality estimators A\-ork well for itnov Rig- 4. Lib shoAvs the same as

Fig. 4.11a only for the case ICg with Gaussian noise arrcl for a Jx01. In Fig. 4.11c

the robustness of the method is demonstrated Avhere no additional quality estimators

are used. It can be seen that for the case of Vy\ with Gaussian noise the fraction

of realisations which cover the exact energy-dissipation within a ±10% bound is

dramatically decreased compared to the other tAvo cases. On the other side the error-

propagation cp performs Avith the same reliability compared to the other tAvo cases.

In general, the reliability and robustness of the method to measurement errors can

be considered as good. Furthermore, the meaningfulness can be reliably increased

by using the proposed quality estimator.
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Figure 4.11: Figuies a) and b) sIioaa the behaAiour of the numerical method for a) m-

crcasmg number of paiticles and for the quahtA estimators (1) ease of Vam^) (II) case of

Vjvs b) mcreasing number of paiticles and for the quahtA estimators for the case of V\

wrth Gaussran noise Figure c) shew,s the robustness of the numerical method for nieieas¬

ing number of paiticles foi the case of \ \ aauIi Gaussian noi-v compared to the other two

cases



Chapter 5

Results and discussion

In this chapter the results of the experimental part are presented along Avrth the

discussion. First the visualisations will be shoAvn Avhere the general Hoav behaA-iour

for Ioav and moderate Rc-numbers will be highlighted. In the next section the results

obtained for four different Re-numbers with the 3D PTA measurement technique are

presented. The section include examples of trajectcnies and streamline images as well

as the kinematic classification explained in See. 2.2. The topology of the separation

on a foiAvarcl facing step using the critical point appioach is given arrcl finally, lire

role of Görtier vortices for this particular separation process will be discussed.

5.1 Visualisations

In the folloAAdng. the results of the different visualisation techniques are shoAvn to

get an overall picture of the Aoav behaviour arrd to illustiate some fundamental f I (re¬

states. We start with the che and Kalliroscope particle visrralisation technicpres in

the small channel for 1ère Re-numbers and end the section Avith the hvdrogcn bubble

visualisations in the large channel for increasing Re-numbeis until the turbulent

regime is reached.

5.1. L Dye and Kalliroscope particle technique

Fig. 5.1 shows dye images for cliffeierrt Re-rrumbers1 and a step to channel height ratio

h/Pi of 1:2 in the small channel Avith side bats over the Avhole step wddth. Avhercas

Fig. 5.2 displays dye images irr the same step configuration Avithout side bars. For a

better interpretation of the images, a corresponding sketch of the separation bubbles

is presented in the left column of the figures.

Fig. 5.3 shoAv dye images and the skctdies for différent Re-numbers and Ii/II f:4

with and without side bars, respectively.

:The Re-number is based on the mean ilmd velocity ü and eithei ou the channel height H (Rcf/)
or on the step height h (Re/A

3 I
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Figure 5.1: Dav images and sketches of the cells toi differenl Re-numbeis and a step to

channel height ratio h/H of I 2 m the small channel aviUi side bars over the whole step

width a) clve image and b) sketch foi Ref/ 25 (Rep, - 12 5) 2D Aoav c) dve rmage arrd cl)
sketch for Re// - 135 (Re/, = 67) ste id\ 3D flow e) che rmage and f) sketch for Re/; - 285

(Re/, - f 12) g) dye image and h) skc teh foi Re/; =- 2o5 (Re/, = 1 42) and i) che image and

sketch ]) for Re// = 400 (Re/, - 200) both imsteaeh 3D Aoavs Flow from bottom to top
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Step

Bubble

"t: Flow

a)

Step
** «»*

V W» ** ** MM ***
^ MM "* "

el.* LÀ t Flow

G d)

I '

i

1 I
1 1 Step i :

^
MK

**

t Flow

:) f)

Figure 5.2: Dye images and sketches for dift'erent Re-numbers and a step to channel height
ratio h/H of 1:2 in the small channel without side bars over the whole step width, a) dye

image and b) sketch for Re// = 56 (Re/, = 28.5) 2D Aoav. e) dye image and d) sketch for

Re;/ = 260 (Re/,, - 130) steady 3D flow, and e) dye image and f) sketch for Re//- —500

(Re/, = 250) unsteady 3D Aoav. FIoav from bottom to top.

In Figs. 5.1-5.3 the 2D Aoav images (the first, oners) were obtained by first hooding
the bottom in front of the step with ink and then observing the erosion of the dye
caused by the Hoav field. All other images Avere obtained by continuously releasing
ink as described in Sec. 3.2.

From Figs. 5.1 -5.3 it can be seen that there exists a critical Re-number Rec,,/i
below Avhich the Aoav field is 2D. If this Re-number is exceeded the IIoav field becomes

3D, but remains steady until a second ciitical Re-number Rcc,,,> is reached beyond
which the Aoav field beconrcs unsteady 3D. BetAvcen the tAvo crrtical Rc-numbers, the

Aoav field dcAvlops separation cells with ends that curve towards the step face such

that the clve is ejected at the ends of these cells. Onlv this clve is seen to pass over

the step, but unnrarked ttuid mav be flowing over the step as well. These lines of

dye will be referred to as streaks. Above the second critical Re-number these streaks

become unsteady and oscillate in transverse direction to the mamAoav. Observations

indicate no distinct temporal periodicity in this movement and the higher the Re¬

number the more "chaotic" the movement. Furthermore, it Avas observed that the
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Figure 5.3: Dve images and sketches for difleient Re-rmnibeis and a step to channel

height ratio h/H of 1 4 m the small channel with side bars oaci the whole Avidth a) dye

image and b) sketch foi Re/; — 165 (Re/, = 12) 2D flow c) dve image and d) sketch

loi Re/r = 280 (Re/, - 70) steach 3D flow c) che image and t) sketch for Re/; - 400

(Re/, =- 100) imsteaeh 3D flows Small chaimel without side bars g) che image and h)
sketch foi Re;/ = 300 (Rep, — 75) steach 3D flow and i) che image and j) sketch for

Re// = 500 (RC/, _ 125) unsteady 3D flow
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e) f)

Figure 5.4: Kalliroscope particle visualisation images h/H of t 2 Avith side bais a)
Re// ^ 260 (Re/7 - 130) steach 3D flow b) Re// =- 600 (Re/, _ 300) unsteady 3D flow

h/H of 1 2 without side bais <) Rt// _ 260 (Rep, - 130) steady 3D flow, cl) image ol the

couiei Re// -= 700 (Re/, —350) unsteady 3D Acre h/H ol 1 1 AAith side bais e) Re// = 600

(Re;, = 150) unsteady 3D flow h/H of 1 4 without side bus 1) Re// = 600 (Re/, = 150)
unsteady 3D flow Flew from bottom to top Image contiast is enhanced

nurnbei of cells hkleased with increasing Re-number or mother Avoids, the spacing

between the streaks decreased with mcreasmg Re-number

Erg 5 4 shoAvs some examples of the hallrroscope paiticle -a lsualrsatron technique
The Kallnoscopc rmages do not have the stiong contrast ol the che images but with

imago enhancement the images reveal the cells rrrceh In Fig 5 Id the Aoaa AAithout

the srdc bars rs shoAAn and it can be seen Iioaa the end cell creeps around the comer

The prmcrplc Aoav betray rour as explamed before rs also present mthe hallrroscope

rmages in both tested configmatrons (with and AAithout side bars)
The Aisuahsations show that the bounclarA condition at the step sides influences

a small area only and has no impact on the separation in the mrcldle part of the

step Furthermore the Aisuahsatrons mclrcate that the side walls do not promote

the transitrons (? c thcA do neat move the critical Re-numbers to loAAer values) This

does not support lire liypothesis that on the side walls a steach drsturbanee wave is

generated and rts vcrtrces are the origin of steady longitudinal voitex break-throughs
V more detarled view of the cntiammtnt of the nurd into the separation bubble

rs drsplaved m Erg 5 5 Fig 5 5( especially shows nu eh the helical chaiacfei of the
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a) b)

0

Figure 5.5: Detail oi the dye images displaying the entramment of the fluid into the 3D

separation Flow from bottom to top

3D scparatron bubble

Table 5 1 summarrses the observahons for the crrtical Rc-numbers and different

setups Note that for the Kalliroscope v rsualrsatrons the mlet was modrfied smce m

the (he Arsuahsation expenmcnt some clrsturbances generated at the mlet were ob¬

served Vlthough these disturbances could not be Arsuahsecl m the test section thev

might have led to an earlrer trarrsrtron mthe che experiment than mthe hallrroscope

experrment On the other hand rt was harder to decide the transrtron point m the

Kalhroscope expenmcnt lor that reason rt rs most hkeh that the true valrres of the

crrtrcal RcMiumbeis are somcAvhcro between the estimated aaIucs Bear mmind that

the values grven have to be consideiecl nr a range smce rt is hard to pin down a single
value loi transition bv eve onh The cell spacing vanes because onh mtegei values

for the rnrmber of scparatron cells were observed and the spacrng mav therefore vary

widely Thrs suggests that other unstable wavelengths which lead to an eaiher trans¬

ition mav, be suppressed It was also noted that cells tor the step wrth srde bais had

a more regular spacrng than those for the step without side bars (compare Frg 5 2c f

and Fig 5 le~i) which were mfluenced h\ the two large end cells \s a consequence

the conect cell spacing for the step without side bars mrght be smaller
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Dac ice hmquc
srde bars Meanwrth srclc bars AAithout

Step 1 2 Step 1 4 Step I 2 Step 1 4

Frrst

crrtrcal

Re-rmmbei

Re/, c, n 10-60
i

10-60 20-30 40-60 ^ 15

# cells 3 4 2-3 4 1

6/h ' 6 4-5 6 ~ 5

Sec ond

critical

Re-numbei

hA, ci 12 i 100 140
4-

3-4

Y U

80-100
1

5

100 150 80 120 i ä 110

# cells

0/h |

r 3-1 a -

3 4 5 « t

per rod [s] i 40 60 « 20 ^60 « 30 _

P - t v/h 1 65-130 100 125 95-110 150-220 130

i Kallr

AAith si

roscope partrclc technrquc
Meande bars AAithout side bars

Step 1 2 Step 1 1 Step 1 2 Step 1 1

Fust

ciitical

Re-numbei

R<A <> a 70 120 10-60 70-130 50-100 ^80

If- c ells
"

y h

3

t 1

3

S

3

I

4 -

6 i
r^

_

Second

crrtrcal

Re-number

Re/ „ n 140-250

5

so no 110 250 120-150 ~ 155

-II cells 5 I r 6

« 3 5d/h 2 5 5 3 i

pen od s] 40-60

90-230

si 30
"

150100"

50-70. 20-10 -

Y = f u/h \ 110 270 150-370 180

Table 5.1: SummaiA of c xpcriment rlh dctcimmecl ciitical Re numbers
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5.1.2 Hydrogen bubbles technique

To study the Aoav behaviour bevond the second critical Re-number for higher Re¬

numbers and the transition from laminar to turbulent, hvdrogcn bubbles visualisation

in the large channel was employed.

Ergs. 5.6 arrcl 5.7 show some snapshots of the flow field in the large channel for

different Re-numbers and a step to charmed height ratio h/H of 1:4. In Fig. 5.6 the

whole width of the channel is shown, whereas, in the left colrrmn of Fig. 5.7. the

middle part of the channel is shown and in the right colrrmn, the Aoav near the right
wall of the channel.

Figure 5.6: Hydrogen bubbles visualisation for the configuiation h/H of 1:4 in the large
channel. The complete span-wise diameter of the chaimel is shown for two different Re¬

numbers, a) Re// = 550 (Re/, -^ 140), b) Re// = 1300 (Re/, = 330). Flow from bottom to

top.

These images show the same imsteaeh- 3D characteristics as the corresponding
images in the previous section although thev are taken for flows at higher Re-numbers.

Also here, the streaks show a verv definite spatial periodicity as shown in Fig. 5.6.

which gives a view of the Avhole span of 560mm. A more detailed study of the break

tbrorrghs is reproduced for all tested Re-numbers in Fig. 5.7. These streaks however.

are not steady and move slovvlv in span-wise direction in an uncoirelatecl fashion.

With increasing Re-number the transverse movement of the streaks becomes faster.

Sometimes two streaks come close together and form one streak or if two streaks

are far apart a ncAv one in the middle is spontaneously generated. The qualitative
behaviour of the streak pattern remained the same for all tested Re-numbers.

Visual observation at the highest Re-number (Rep/ — 1800. Fig. 5.7g) shows the

characteristics of a turbulent flow. whcieas Fig. 5.7c and f display the transitional

state arrd Fig. 5.7a-d belong to a laminar Aoav field. Although the Aoav states were

rather different, the main Aoav pattern remained the same. Xote that the transition

to turbulence is delayed clue to very smooth channel Avails and an almost disturbance

free inlet.
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a)

c)

d)

g)

Figure 5.7: Hydrogen fmbbles visualisation for the configuration h/H of 1:4 in the large
channel for different Re-munbers. a) Re// = 550 (Re/, = 140), b) Re// = 660 (Rß/,, = 165),
c) RcH = 1300 (Rc/. = 330). d) ReH = 1800 (Re,, = 450). e) Re// = 2600 (Reh = 650), f)
Re//- = 3550 (Re/, = 890) and g) Re// = 4800 (Re/, = 1200). Flow from bottom to top. The

left, column shows about, 160 mmof the middle part of the cha.miel and the right column

shows about, 150 mmof the right side together with the right wall of the channel. The

dotted line gives the location of the edge of the step.
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5.2 PTV measurements

Based on the visualisations, we used the PTA measurement technique for four se¬

lected Re-numbers to which the technique could be appropriately applied. For the

chosen setup (see Chap. 3 and in detail Fig. 3.15) these were the following Re¬

numbers: a) Re// r= 900 (Re/, ^ 221). b) Repr - 1340 (Rc/, =- 334). c) Ren = 1780

(Reh ~~= 446) and d) Rc// = 3570 (Re/? = 892). Ren is based on the channel height H

and mean fluid velocity ü, whereas the step height h was used as the relevant length
scale for Ro/, (the numbers in the brackets). The mean velocities ü for the different

Re-numbers were: a) fi(Reu -• 900) = 11.2mm/s, b) fi(Ren =-- 1340) — 16.7mm/s.
c) u(Rcji = 1780) = 22.3mm/s and d) u(Rc/; —3570) —44.6mm/s. The coordinate

system was as follows: x in stream-wise direction, z irr span-wise direction and the

«/-direction orthogonal to both, according lo a tight handed system. The coordinate

origin of x and y was chosen to be in the corner of the step.

Frorrr the short time aveiaged Eulerian velocity fields, streamlines and some ve¬

locity plots in front of the step will be presented in a large scale approximation.

Furthermore, some basic topological aspects, like the P-Q-R chart and the vortex

identification using the A_> criterion Avili be calculated frorrr the averaged Eulerian

velocity fields. With the Lagrangiarr representation, the mean residence lime is in

principle accessible. In order to avoid dealing with too short and/or interrupted

trajectories, avc will use the Eulerian velocity fields to give an estimate of the mean

residence time in the separation bubble. Although quantities such as an estimate of

the entrainmerrt rate and the volume of the separation bubble as a function of time

can be evaluated frorrr the Eulerian representation if the position of the séparatiix is

known. The encountered uncertainties and poor spatial resolution however, did not

allow their calculation. Finally, avc will calculate the energy dissipation eL and the

quantity 62 (see Sec. 2.2.3) along some example trajectories.

5.2.1 Mean velocity profiles of the channel flow

Westart Avith the investigation of the Aoav field without the step at the position of

the measurement volume. Fig. 5.8 shows the mean velocity profile in the measure¬

ment volume of 80 x 30 x 65mm\ where Ave assume ergodicity in x- and ^-direction.

Explicitly, the velocity vectors were averaged over time and over a sub-volume of

2mmthickness covering the whole r- and >plane.
CuiA'es A in Fig. 5.8 correspond to the parabolic Poiseuille Aoav profile calculated

with the mean velocity U and channel height H. curves B are the raeasrrred mean

flow with the error bais indicating the RMSfluctuation velocities and/or the non

crgodicitv (Aoav is not 2D) and curve C is a fit of the logarithmic part of the turbulent

velocity profile {iP — 2.3 • In(y') - 5). Fig. 5.8a and b correspond to a laminar

flow field, Avhercas Fig. 5.8c is in the transitional region and Fig. 5.8d shows the

characteristics of a turbulent Aoav field. Fig. 5.8a and b sIioav that the Hoav field is

not purely 2D over the hole span because the measured velocity in the middle of the
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Figure 5.8: Mean velocity of the channel flow of the r-velocitv component for four different
Re-numbcis a) Re// ^ 900 b) Re7/ = 1310 c) Rc« - 17S0 and cl) Ro„ = 3570 drives A

correspond to the Poisemlle flow parabola calcirlated with the mean velocity ü and channel

herglrt H curves B are the measuied mean flow profile with the error bais indicating the

RMSfluctuation velocities and curve C is a fît of the logarithmic part of the turbulent

velocity profile (iP =-2 3 ln(c/~) 5)
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Figure 5.9: Mean velocity suifaee of the channel flow of the i velocity component m the

y z plane for four diffcicnt Re numbers a) Re// —900 b) Rc// - 13 10 c) Rc/; —17b>0 and

d) Rc/7 3570

channel rs larger than the theoretreallv estimated one How well the assunrptron ol

2D holds mthe observation volume rs displayed m Fig 5 9 where the mean velocity

profile of the x-veloutv component mthe <y plane1 foi the channel flow rs shown

from Frg 5 9 we can se e that the channel flow at the measurement volume is not

prirelv 2D the difference^ mav be caused bv some distuibanccs oi secondary flows

as well as by the boundary laver developing on the side Avails

5.2.2 Interpolation to Eulerian grid

The icsults presented in the next subsections aie based on the interpolated acIociIa

field 1 he interpolation technique used is the one explamed m Sec 4 1 and here we

giAC the details of the rnterpolatron parameters
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It is obvious that the more time resolved the measurements are, the more inform¬

ative they are. The present PTY method of measuring and evaluating the 3D flow

field is still restricted in this respect because the temporal resolution of our system is

relatively low, thus limiting the PTY measurements to moderate velocities. The flow

field which can be evaluated at one time step is also limited by the maximum seeding

density used in the observation volume. In the present experiments the mean distance

of velocity vectors was too large over the volume to give a sufficient reconstruction

of the flow field at each time step.

A spatially uniform Eulerian velocity vector field was found by interpolating the

randomly distributed velocity vectors with the 1. order interpolation followed by

a smoothing step (Eq. (4.11)). To increase the spatial resolution, consecutive in¬

stantaneous vector fields Avere superimposed bv using an ensemble average, for the

four Re-numbers: a) Rep/ =- 900 (Re/; = 224) three ensemble averages of 10s b)
Ren = 1310 (Rc/, = 334) six ensemble averages of 6s c) Re/; = 1780 (Re/ --^ 416)
five ensemble averages of 6s d) Re// - 3570 (Rep, = 892) ten ensemble averages of 3s.

This interpolation is of course onlv justified as long as the flow field can be considered

quasi steady during such a time period. Important for us is that the large structures

do not change significantly in si/e and their topology remains unchanged.
The grid spacing for the interpolation was 2 x 2 x 2mnP for the cases a)-c) and

4 x 4 x ImriA for the case el) and the observation volume dimensions varied slightly.
from about 62 x 30 x 80mm' for the cases a), c) and el) to 60 x 30 x 64mm^ for case

b). The coarser grid for the larger Re-mrmber was necessary because the fluctuations

of the velocity field were too fast to rrse longer time averages and the resrrlting y-ector

density was too low for a finer giicl.
It should be emphasised that this interpolation procedure acts like a Ioav pass

filter arrcl so it can be expected to describe the large scale flow strrrcturc with limited

accuracy onlv. Although this is a severe restriction, the results could be used to give
an answer to the questions posed in this stuclv.

As an (example of the interpolation erroi of the velocity field, the log distribution

of the error estimate < p (Eq. (4.9)) and its normal probability plot is shown for one

interpolated field in Fig. 5.10.

Fronr Fig. 5.10 it can be seen that the error is log-normally distributed (except
at the tails). The mean value of the error-estimator is about 6% for the ensemble

averaged sequence. From this avc can conclude that the method is suited to investigate
the separation problem.

5.2.3 Streamline images

From the velocity vector fields, the1 streamlines and vector plots can be calculated.

This was clone with tin1 visualisation program Ays. Weonlv show streamline images
because thev arc more meaningful in visualising the flow field in 3D coordinates than

vector cuts would be. The streamlines are generated at selected sample points. For

every integration step, streamlines advance fronr each sample point through space.
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a) b)

Figure 5.10: a) Distribution of the error-estimator based on Eci- ( 1.9) for one short time

averaged sequence, dire ordinate represents the number of control volumes normalised to

1. b) Normal probability plot of figure a). The fitted line sIioavs a Gaussian distribution.

The greater spread of the extreme quantités for the data is indicative of a long-tailed
distribution.

based on the interpolated value of the node vectors surrounding the point. The result

is a set of streamlines showing the progress of masstess particles moving under the

influence of the vector field. These streamlines provide the basis for answering most

questions related to the separated Hoav.

In Fig. 5.11 and Fig. 5.12. hvo example streamline images for each Re-number

arc shown revealing the topology of the scparatron region. The streamlines were

calculated backwaid and forward from a line probe placed parallel to the step irr the

separation region.

Figs. 5.11 and 5.12 show an area corresponding approximately to one "periodic''

length scale in the span of an open separation bubble. Avhich has in the present
case a length of about three step heights for the lower Re-numbers and about two

step heights for the higher Re-number. At the stagnation point, the pressure field

accelerates the fluid side-wise until it is released over the step. The complicated
srrrfaces spanned bv the séparatrices can be imagined fionr Fig. 5.43 where sarrrple
points were placed in a plane in front of the step and streamlines were calculated

backwards in space.

The separation bubble consists of fluid entering the bubble. The entrained fluid

accumulates over the whole bubble span and gets com entrated in a focus that is

identical to the helical vortex core Enough which the fluid is transported sideways
until it is continuously released over the step. The fluid collected in this vortex turns

over onlv a few tirrres until it is released (that means after a rather short residence

time). This piinciplc behaviour was observed for all investigated Re-rrumbers.
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Figure 5.11: Streamline imas,c s lor a) Y b) Rep/
between the two interpolated flow fields c) k cl) Re//

Rc// = 1780 wrth a At =- 12s

f)

900 wrth a trine step Af •=- 20s

1340 with a A/ _ 12s ancle) k i)
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a) b)

Figure 5.12: Stiemflme images tor a) L b) Re// = 3570 wrth a trme step AC = 9s beAvec n

the two rnterpolated Aoav fields

Figure 5.13: Streamlines showm^ the compile rted surlace-, cd the séparatrices
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Figure 5.14: Stieamhnes calculated for two lure probes Same rmage diffcicnt view

The bifurcating chaiacttn of the central stieamhnes rs shown mFrg 5 11. where

streamlmes of two lrne probes are located on each side of the plane oi symmetry

Thrs bifurcatmg character is even more pronounced in Erg 5 L5 where the stream¬

lines of two nerghbourlv sample points weie calculated If also shows the helical

charactci withm the scparatron bubble

Figure 5.15: Streamlines calculated for two sample points (indicated by the two ciosses)
close together
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However, the bubble is bv no means steady. It changes position and shape at

a large time scale, but any quantification would need a longer measurement, time

and also a larger observation A-olume than was used in this experiment,. To elucidate

the dynamics of the separation bubble, ''wall-streamlines'", streamlines close to the

wall (at a distance less than a grid size), were evaluated for the Rc// —1340 case

arrcl represented in Fig. -5.16 for the six consecutive short, time averaged periods.
These wall-streamlines are equivalent to pictures found by the oil-streak technique,
because the motion of the particles close to the wall is in the direction of the local

maximum shear stress. These wall-streamlines have the advantage to show a much

more instantaneous picture than the oil-streak technique would do.

Fig. 5.16 shows that a separation bubble Havels parallel to the step and another

bigger one moves into the observation area. The separation line of the larger bubble

is almost three times further away from the step than the separation line of the

smaller one. The bigger bubble deforms the smaller one slightly, but the topological

pattern of both does not change.

5.2.4 Velocity probes

To get an impression of the velocity Avil hin the separation bubble a line probe sample

Avas placed parallel to the step and the velocity components along this line werc

calculated. The line probe was positioned at 7.5 mmin front of the step arrd 7.5 mm

from the bottom (roughly the position of the line probes in Figs. 5.11 and 5.12) and

mainly within the coie of the separation bubble. Fig. 5.17 shows a typical diagram of

the z-velocity component for one shoit time averaged velocity field and its pmpose is

only to demonstrate the 3D character in front of the step arrcl emphasise the strorrg
cross-Aow component.

The important result of Fig. 5,17 is that the span-wise velocity component is

relatively large, about 1/4. in magnitude, of the mean velocity fi.

5.2.5 Vortex identification

In this section we show in an cxemplaiv fashion, the possibilité of vortex identification

with the A2 method explained in Sec. 2.2.2 using the interpolated Eulerian Aoav

fields. Fig. 5.18 shows the isosiuface of the ReH = 1340 case, where the -0.15s~"2

isosurface is calculated for tAvo consecutive ensemble averaged flows. From Fig. 5.18.

it can be seen that the main vortex in front of the step is captured and the vortex

lifting can also be imagined. The images also show aieas on the step where most

likely no structure should be present. Nevertheless, the relative movement, of the

vortex is clearlv visible. These images show that if is in principle possible to do a

structure identification Avith the A_> method on interpolated Aoav fields. Measurement

and interpolation criors might influence the images considerably since the actual

values for A^ in our investigated flow fields were in the range of (-10. 10]s"~2 and were
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Figure 5.16. Oil stie ik eonsmrtiAC rmages for Re// J a 10 in front of the step E

rmage is sampled OAer 6 s r) 0 6s b) t> 12s c) 12 lbs cl) is 2 Is < ) 24 i0s f) 30 36s F

from left to lrelit



76 CHAPTER5. RESULTSANDDISCUSSION

a)

0 to 20 30 40 50 60

z [mm]

b)

d)

Figure 5.17: ^-velocity componerrt along a line probe placed 7.5 mmin front of the step

and 7.5 mmfrom the bottom parallel to the step for diflercut Re-numbcis a) Rep/ —900.

b) Rc-// = 1340, c) Re/, = 1780 and d) Rejr = 3570

relatively weak, 2 orders of magnitude lower, compaied to the examples presented

by Rist et al. [76].

5.2.6 Invariant charts

In the following the results for the P-Q-R chart will be presented. The invariants

were calculated for four different Re-numbers (or the interpolated flow field in a box

of 30 x 2Ü x : mnA in ft ont of the step, where ; is the length of the Avhole span.

The invariant chart shown in Fig. 5 10 displays the isocontour lines of the joint

probability- density furie trou (.IPDE) calculated bv using the values of voxels i whose
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a) b)

Figure 5.18: Isosurface [—0.1ä]s~- of X2 for Re// —1340 (Re/ —334). Interpolated flow

fields are 6s apart.

quality estimator ep,, (see Eq. (4.0)) was within the lOCC bound.

Looking at the invariant charts in Fig. 5.19. we sec that the observed data points
cluster near the origin of the plot with a slight orientation into the sector where the

stable stretching focus prevails. Furthermore, the flow in front of the step at the

tested Re-numbers exhibits all topological possibilities. Surprisingly, the unstable

contracting focus is present in the flow although it occurs less often than the stable

stretching focus. However, it should be mentioned that this is a topological image
of the large scale structures and a further topological discussion with respect to the

role of strain and enstrophv as well as to the mechanical dissipation of kinetic energy-

is limited, because the important fine scales arc bv no means fully- resolved.

5.2.7 Residence time

An estimate for the residence time within the bubble was determined bv using the

averaged Eulerian Aoav Aelds. sec Sec. 5.2.2. To facilitate a calculation of the residence

time the streak-mochrle of Ays was rrrodified to supply cpiantitativelv the integration
time for the streamlines. Only streamlines which could be calculated from r Y

[—40. 2]mm for the cases a), c) and cl) and r Y [-40. 14]mm for case b) were used

to derive the statistics presented in Table 5.2. Streamlines Avhich ended someAvhcre

else than in the plane r
—2mmor r = 14mmrespcctholy. Avere rejected. Also onlv

strcamlines which could be unambiguously assigned to be within or to be well outside

the separation bubble weie counted. It should be emphasised that a real pariicle can

exhibit a chaotic motion inside the separation bubble leading to ev-en longer residence

times which cannot be captured bv the interpolated flow- field. Nevertheless, the

figures in Table 5.2 show a Avide spread of the min. and max. residence tirrres. The

differences in the travel times of the streamlines going over the scparatron bubble

is caused by the three-dimensionalitv of the separatrix. such that the travel times

depend on the coordinates of the starting point of integration, dire mean residence



78 CHAPTER5 RESULTSANDDISCUSSION

p
R[s -11

k c-c
c)

R

d)

Figure 5.19: Contour plots ol the IPDF of the mvunnr chart m the Q-R pi me (P 0)
for lorn diflcicnt Rc numbers e) Re// - 900 (Re/, 221) b) RcH = 1310 (Rc/7 = 311) c)
Re// = 1780 (Re/? = 446) rncl d) Re// = 3570 (Re/. = s92)

time for partrcles caught mthe scparatron bubble is tvpicalh three times larger than

for partrcles which are going drrect OAor the step

5.2.8 Geometry of trajectories

Thrs section is concerned wrth the spatral denvatives d< terminer! along smgle trajeel
orrcs Enfortunatelv the number of long tracks which are surrounded bv useful and

enough vectors to determine the spatial denvatives is small too small to calculate

meanmghrl statistics Therefore we calculate exnrrplarv the drssrpatrorr <p and the

quantity 62 along three rra]ectones which are shown in 1 ig 5 20 The observation

volume was 30 x 15 x 20mnP and the Rc number was about RaH - 1780 (Re/ —116)
For the data acquisition the 6011/ setup va as chosen and to calculate the denvatives
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Rp/z = 900

(Re/, = 224)

Re// = 1340

(Re/, = 334)
Re,/ = 1780

(Re/, = 446)
Rc// —3570

(Rc, - 892)

x-distarrce X( [mm] 12 54 42 42

X(/\L [s] j 3.75 i 3.2 1.9 0.95

mean t. t. o.1 [s] S.7 9.4 6.0 2.8

min. t. t. od [s] 4.1 5.3 4.2 1.5

max. t. t. od [s] 17.8 14.3
,

8.2 4.1

mean t. t. i.2 [s] 25.2 29.2 16.6 8.4

min. t. t. i.2 [s] 16.2 15.3 10.3 4.5

max. t. t. i.2 [s] 62.1 54.5 28.4 17.1

mean t. t. o./(xp/a) 2.3 2.9 3.2 2.9

mean t. t. \./(x^/ii) 6.7 9.1 8.7 8.8

tiavel time foi stieamline panicles outside sepaialiou bubble

travel time for streamline paiticles imicle sepaiation bubble

Table 5.2: Statistics of about, 60 samples of the residence time for each Re-numbers.

the maximal radius Ar of the sphere S, used was 1.5mm (see Sec. 1.2).
The trajectories shown in Fig. 5.20 are followed ewer 1.5s and one (A) is not in

the separation bubble and approaches the step Avhercas the other two (B, C). are in

the outer core region of the separation bubble. In Fig. 5.21 the energy dissipation
Sl —2//)CM GpO' per unit mass and the quantity 02 for each trajectory are displayed.
Here again the quality estimator ep t (sec Eq. ( 1 9h) AA'as employed to detect the

outliers and only the values of a time step t whose quality estimator was within the

10% bound were used. For time steps wheic the quality estimator was above the

10% bound, the values of fp arrcl 92 were substituted bv the corresponding mean of

the previous and next time step.

Fig. 5.2 La corresponds to the trajectory A Avhich is not in the separation bubble

Figure 5.20: Sketch of the example tracks. Position of tracks not to scale.
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Figure 5.21: Diagram for 92 in units of [s~2] and ?i in units of [mm2/s,| along the

trajectories shown in Fig. 5.20.

and shows only srrrall changes of the quantities untii it reaches the step where the

energy dissipation increases. Also, the trajectory is totally strain dominated since 92

is always positive here and the stretch to fold ratio y is oc. Trajectory B shows small

undulations in the quantities and here the trajectory exhibits strain and rotatiorr

dominated motion arrd \ & 4. On the other hand the trajectory C is onlv strain

dominated. The last two results mav be surprising, since one would expect that the

trajectories B and C would onlv be rotation dominated.

Fig. 5.21 shows partly correlation between ß2 and ;/ along a trajectory2 and

the mean energy dissipation for all three trajectories is about the same value (pi ~

4mnr/A).

-Remember that sL = 2//D2 = v\202 Y 11 (IT7 )]
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5.3 Basic topology of the separation

In this section, the basic topology of the separation using the critical point approach
is presented. The streamlines, which show the formation of the principal vortex.

and also the main topology of the separation bubble can be constructed as sketched

in Figs. 5.22 and 5.23. The separation arrd reattachment lines' are bent, and the

reattachment line is not on the salient corner.

Figure 5.22: 3D topology of the separation on a forward facing step. Bold solid lines:

separatrix, bold dashed line: streamlines, bold dashed dotted line: separation and reat¬

tachment lines. Note that, the boundary condition is periodic in span-wise direction.

One of the most important elements of a topological description is the separatrix
and its position. First avc assume that the separation bubbles at modeiatc Re¬

numbers are topologicallv open. This means that tAvo séparatrices are present, an

outer one corning from infinity and ending in a reattachment line which is a stagnalion

line at the step, and another one beginning at the separation line Avhich is rolled up

in a focus. The main sepaiatiix is the outer one which forms a surface separating

the region of fluid flowing into the separation from the one flowing around it.

Since the séparatrices are formed bv streamlines, thev can be constructed fronr

those, as long as wc know the separation or reattachment line. In our case these

lines carr irr principle be found bv placing a plane parallel and close (distance less

than one grid size) to the bottom or the step. In these planes the projected velocity
vectors should converge to the separation line or diverge from the reattachment line.

^By scpaiation and leattachnient lines ^e follow the definition of the bifurcation lines a« described

by Pcrrv fc Chong [69].
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Figure 5.23: Topology of the separation on a forward facing step. Solid lines: separation

line and dotted line: reattachment lines. Note that the step in the left, image is mapped
for visualisation purposes.

However, it is not a straight for ward task to calculate these lines, primarily because

the velocities close to a Avail are small and the lines are curved as shown in Fig. 5 22

or in Fig. 5.16, respectively. Furthermore, the spatial resolution was too Ioav to

construct meaningful séparatrices, but thev can be envisaged when considering the

total field of streamlines.

The direct, entrainment into the separation bubble. Avhich is obtained bv neg¬

lecting entraiiiment by diffusion through the outer separatrix, can be estimated as

the amount of fluid which flows between this separatrix arrd the bottom. It is this

flrrid which inflates the separation bubble and has to be released throrrgh longitudinal
vortices.

The visualisations arrd PTY measurements allow the refining of the topology in

the area of breakthrough into tAvo cases. First, if the two branches on each side of

the breakthrough arc of comparable strength, they are lifted over the step as shown

in Fig. 5.2 i on the right. Second, if one branch is much stronger than the other, the

longitudinal vortices are foimecl bv a loop of the from vortex, both side branches

spiralling around each other and forming a single vortex, see Fig. 5.2i on the left.

However, the longitudinal vortices created in this fashion are rather weak compared
with the ncAvlv created vortieitv at the wall above the step and as this voiticitv starts

to dominate, the longitudinal vortices disappear, whereupon the vortieitv becomes

dominant in the span-wise direction again.
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Figure 5.24: A sketch of the vortex interaction of two branches of (he front vortex. Dotted

and solid line: branches of the front vortex. Left side: Example for branches of different

strength (exaggerated representation). Right side: Example for branches of comparable

strengt h.

5.4 Centrifugal instabilities

In the following section avc investigate the question if bavdor-Gortlei like vortices are

responsible for the three-dimensionality of the separation bubble.

Based orr the centrifugal instability as formulated bv Raylcigh [74]. curved stream¬

lines produce longitudinal vortices on the concave side as shown by Görtier [39] for

boundary layer flows, bv Taylor [86] for Couette flows between concentric cylinders,

and by Dean [26] for curved pipes. Longitudinal voitices in front of the separation
have been postulated by Pollard A ah [70] as necessary to reproduce their exper¬

imental results by a large eddv numerical simulation scheme and Chiba et al. [20]
explained their streaky pattern as the result of a trigger mechanism bv Tavlor-Görtlet

vortices.

The curvature in our case is due to a positive pressure gradient in the fioAv ap¬

proaching the step. The boundaiv is foimcd by the wall rrp to the location where the

inner separation occurs and folloAvs the inner separatiix from there to the inflection

point. This part would act like a curved surface producing Görtier instabilities, and

also the outer separatrix (clotted line in Fig. 5.25) acts up to the inflection point
in such a wav. Onh- when using several critical assumptions for the Taylor-Görtier
geometry the radius /• could be related to the observed spacing of the longitudinal
vortices. However, since the produced vortieitv bv this mechanism is rather minute.

(i.e. we could not visualise the vortices from the streamline images arrd therefore

they must be very weak or even inexistent), an additional experiment, was performed
to check the hypothesis.

About 100 mmin front of the step, vortex generators were placed which gener¬
ated A-orticitv close to the bottom Avail. The generated vortices were relatively strong,
much stronger than any Taylor-Görtler vortices, (they could easily be visualised by
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Figure 5.25: Principle sketch of the geometry in the flow region, r is the radius of the

outer boundary of the Taylor-Görtlor geometry.

the hvdrogen bubble technique) so that thev would have to dominate the instability-

process. Although the spacing between the voitex generators was varied, the vor¬

tex spacing and behaviour of the longitudinal vortices releasing the fluid orrt of the

separation bubble remained almost the same, and ve can therefore conclude that a

possible Taylor-Görtlor instability cannot trigger the spacing of the streaky pattern.
In other words, the instability of the separation bubble is of rrruch higher inherent

nature and Ave hoav knoAV that some of the explanations usually given fail.

This illustrates that a sound analysis of the instability mechanism is needed which

is done in the folloAving chapters by means of a global linear stability analysis.



Jl ctFt JLX

COMPUTATIONS

The aim of the following chapters is to quantify arr important step in the sequence

of instabilities in the forward facing step configuration. Specifically, a second or¬

der unstructured finite volume method for the global stability analysis of the two-

dimensional forward-facing step Aoav will be derived. Wewant to identify- the steps
frorrr the steady two-dimensional Hoav to an unsteach three-dimensional flow bv means

of linear instability theory.
The system considered is a forward facing step configuration of infini!civ width.

The sole parameter for this system is the Re-number: Re = uH/v. where a is the

mean free-stream velocity. // is the channel height, and v is the kin. viscosity.

In the following, the ecpratiorrs solved by a numerical method and subjected to

linear stability analysis will be shown as well as the details and implementation of

the numeiical model to derive the tAA'O-dimcnsional base Aoav and the details ol of the

stability model. The model will be validated, displaying the potential and limitations

and finally the results with discussions -will be presented.
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Chapter 6

Mathematical model

In this chapter the mathematical equations for the base Hoav calculations and the

stability analysis will be presented in a general context.

6.1 Base flow

In the following we consider the incompressible Xavier-Stokcs equation on a 2D do¬

main and derive the so-called Projection Method.

6.1.1 Integral form of the governing equations

Westart, with the Navicr-Stokes ecpiatiorr in integral form, bet V x [f°, A] be a closed

subset of 1R2 x J7?+, C C V an open set in D and dC the boundary of C. Ect also C

be fixed in time. The physical principles of conservation of mass and momentum carr

be written in the following integral form

[v(x.t])dA=[v(xp())dA^!t I F(Y(x.t).n(x))dldl (6.1)
Je le A1 lac

where x t (As the space coordinate, i Y [00 t{] is the time and dA. dl and dt are

elements of area, length and time, respectively. The vector function of the conserved

variable V and the vector function of the fluxes F aie

V=(p ) arrd F=( p[U ' n) ,)
(6.2)

y pu J y pu l pu(u n) I v '

where p is the density-, u is the velocity vector and a function of space arrcl time

(u — u(x./)) and p is the pressuic, which is also a function of space and time

(p —p(x.t)). The urrit vector n is normal to OC and oriented outwards of C. The

Eq. (6.f) is called a conservation law and a function V(x.f) satisfying Eq. (6.1) for

each C Y V is called a Aveak solution.
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6.1.2 Differential form of the governing equations

Dividing Eq. (6.1) bv (/l —t°) and taking the limit for /L —> t° leads to

/ yV(x./[) dA - -- I V(x.f°) JA - / F(V(x,f),n(x)) c// (6.3)

Applying now the divergence theorem to each component of F in Eq. (6.3) and using
the arbitrariness of CC we obtain the differential form of the governing equations

(/>), P (pn)^ - (pe)v = 0

{pu) i Y (pPpir)x - (p(/c)„ = 0 (6.4)
(pcfi -+ (/)»y), - (p~pi'2),j = 0

where u and u are the components of u in a Cai tesian frame of reference of coordinates

x and y. (/)- stands for df/dz.
The differential form of Eq. (6.4) is called divergence form of the governing equa¬

tions. It is obvious, that the differential form of the governing eciuations can only be

derived by assuming that the occurring derivatives of the function exist. In this case

a solution of a differential form is also a weak solution.

By writing the partial derivatives explicitly and simplifying terms (p(x.t) -

- p =

const.), Eq. (6.4) can be rewritten in the following form

Y -u = 0 onfx(0.T] (6.5)

~u P (u • V)u -
• —Vp + //Au on C x (0. T] (6.6)

of p

Without loss of generality avc set p = 1 since1 p simplv sets the scale for p.

6.1.3 Poisson equation

For numerical reasons, we Avant to split the coupled calculation of u and p. This

can be clone bv means of the projection method introduced bv Chorirr [22], [23], [24].
which makes use of the Poisson equation to derive the piessmc.

Let uA represent the velocity field at time /. The velocity at a later time uf~<" is

obtained by integrating Eq. (6.6) over the time interval J. t y St}.

ut+st ^ rh + /
'

(r-Au - u • Vu) dt - I
'

Vp dt (6.7)

Both time integrals in Eq. (6.7) together are commonly called the acceleration term.

The time integral of flic pressure is obtained bv enforcing the incompressibility con¬

straint Eq. (6.5) on the new velocity u/+5t at time t * dl.

V • niMSt = Y - uf -- 0 (6.8)

The divergence of the acceleration term must be zero too. leading to the following
Poisson equation for the averaged pi essuie over the time interval [t.tpSt}.

j
"

Ap dt = V - /
"

AAu - u • Vu) dt (6.9)
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6.1.4 Boundary conditions

Consider the unsteady incompressible Navier-Stokes equations (Eqs. (G,5)-(6.6))
from which we want compute u and p for suitable irritial and boundary conditions.

u-b onc)Ex(0.T] (6.10)

u = u° on C LU1C at t ^ 0 (6.11)

Wealso assume that b(x. t) and u°(x) satisfy the following constraints

V-u° = 0 on C. (6.12)

b-u^u°-n one)Catt = 0 (6.13)

b-ndl^0 for/AO (6.14)
Jdc

For the pressure p no boundary condition is required. These assumptions seem to be

reasonable in order to have a well posed problem, see [41].

6.2 Linear stability analysis

Here the linear stability analysis for incompressible steady flows will be shown. The

goal of the stability analysis is to give an accurate calculation for a channel which is

infinitely long in span-wise direction and to provide the most unstable cigenmode in

span-wise direction.

The fluid flow is governed bv the incompressible Xavier-Stokcs equation, sec

Eq. (6.5) and Eq. (6.6).
Let U(.i;. g) be the steady two-dimensional base flow avIiosc stability is sought. An

infinitesimal three-dimensional velocity perturbation ufi r. g. zp) and the pressure

perturbation p'(x, g. z.i) to this base flow evolves according to the linearised Xavier-

Stokes equation, sec Dra/in A Redd [30]:

~ = ~[(u' V)U 4 (U • V)u'] - -Y;/ -i- /;YV on C x (0. T) (6.15)

V-u'-O onCx(0,T] (6.16)

In Eq. (6.15) higher order terms of u' are dropped because we assume small perturb¬
ations of uC

Bv defining the operator L so that L(u') is the right-hand-side of the linearised

equation (6.15) subject to the incomprcssibilitv constraint (Eq. (6.16)). aat> can write

the evolution equation for infinitesimal perturbâtions compactly as

du'
-iT--L(u') (64 7)

cit



6.2. LINEAR STABILITY ANALYSIS 89

Solutions of this equation can be decomposed into a solution of the form:

u'(r.g.z.t) ^ü(r. y. -)yv

p'(r.g.z.t) ^p(v.g.z)ext (6.18)

If avc insert Eqs. (618) into Eqs. (6A5) and (6.16) and with W=- 0, /O(U.YAV) = 0

then Eqs, (6.15) and (6.16) read:

,_
,ou

Au P a-z—

Or

OU r.dü -rr0à
Pc- -i-f —d-1 — -

dg car og

; _g //Y»
/) (J V

..
.DY

Xv J- a- —

Or

.0Y T_e9r df-

og or Oij

ïdP
. V.2-

pOg

, „ r,âw r,0tr
\ir-Ll/— + \ —-

-

Ar A/

lOp 2„
-

—-—-A pV w

pOz
Où de Oie

„ ,, , „.

Y
+ Y^Y

= ° (tU9)

Stability of the base flow U is determined by the spectrum of eigenvalues A of L, which

reflects whether infinitesimal perturbations to U groAv or decay. The eigeny-alues
of L are normally complex (c'v = e[yM'Ot). Eigenvalues with a positive ical pait

correspond to growing modes, whereas a negathe real part correspond to decaying
modes (the imaginary part determines the phase only). An instability is signalled bv

an eigenvalue crossing zero to positive values, and because we consider the full flow

field subject, to infloAV-outflow boundaiv corrditions. these instabilities are global arrd

absolute (Hrrerre A Monkowitz [45h.
For the 3D stability computations, we consider the geometry to be infinite in

the span-wise direct rem z. With this assumption a blither simplification is possible
because the system is homogeneous in z. General perturbations to the velocity field

can be expressed as the Fourier integral

/"X>

ïi(r.g.z.t) = / ii(.r. g.JP)('1 cl j
/ —oo

[6.20)

and similarly for p. where 5 is the span-wise wave number of the perturbation. In

fact, pertrrrbations of the form

{a(i.
g) cos A

v(i, g) cos h

ic[p . y) sin A

p(r.g.z.l) = n(r.//)tosh (6.21)

remain the same under Eqs. (645) and (6.16) (sex1 A]). Because Eqs. (6.15) and

(6.16) are linear in uC modes with different ! i\ do not couple: hence, we mav treat

ß as a parameter and consider each 1 mode separately.

Inserting Eqs. (6.21) into Eqs. (6.10) results in
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ß2v

fßv

ß2w

(6.22)

Because the three velocity corrrporrents (u. v. u) arrcl the pressure (p) depend on

x and g only, the full three-dimensional si ability pioblem at any fixed Reynolds

number carr be reduced to a one-parameter family of two-dimensional stability prob¬
lems. To analyse the stability of the forward facing step flow. Ave solve the reduced

problem (Eqs. (6.22)) bv computing the eigenvalues (or onlv the largest eigenvalue
having largest real part), and corresponding modes, u arrd p. as a [unction of the two

parameters Re-number arrcl ß.

„

dU „dU r.dn T.c9u
\u + u—+ v—- + U—+ \— =

di: dg dr dg

I dp

p di

,,
,0V ,0Y cA _rdv
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Chapter 7

Numerical method

In this chapter the numerical method used and its implementation will be given. This

includes the computational grid with the data structure as avcII as some details of the

projection method in the numerical simulation. Furthermore, the implementation of

the stability method and the extraction of the desired eigenvalues will be shoAvn.

7.1 Base flow

The numerical method used is an unstructured face based A-olume method on a non-

staggered grid. A decoupled calculation of the velocity and pressure field is facilitated

by the projection method which AA'as introduced bv Chorin [22], [23], [24].
The choice of an unstructured method gives flexibility in grid size and control

volume shape. However, these advantages are not firllv exploited in the current

study and are an option for future developments and applications. Wc onlv use

the advantage of the arbitrary shape of the computational domain for the forward

facing step configuration. The face based approach also has the advantage that the

computational core can easily be extended to 3D. onlv the pre-processing and data-

structure must be changed. Ho\A*cver, the method shown in the following has a verv

small data structure arrd is limited at, maximum to a second order scheme if applied
to smooth giiels and flow fields.

The non-staggered grid approach was chosen for two reasons: It allows to have

the averaged velocity localised in the centre of the control volume and with it all

conservative variables calculated at the same place (which is needed for our imple¬
mentation of the stability program). Secondly, this avoids having velocity unknowns

which represent both average values and boundaiv values, which is inconsistent with

a finite volume formulation. A draAvback of the non-staggered grid is that a second

order formulation such as a standaul Galeikin method tvitlr pieceAvisc linear functions

for velocity and pressure might exhibit some instabilities. 'This topic will be discussed

in the following section and a stabilisation technique tailored to the method will be

presented.
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Corner

points

Faces

Volume

point

Figure 7.1: Enumeration of points, edges and faces for a primary quadrilateral (dement.

7.1.1 Computational grid and data structure

The method used is a dual grid approach1, where the primary grid is onlv needed

as a database for constructing the control volumes2 of the secondary grid and for

the construction of the Unstructured Cell Data (UCD) structure for post-processing
with the visualisation program Ays. Fronr the grid of tin1 primary elements. Avhich

can in principle be anv 2D elements such as triangles or quadrilaterals3, the contiol

volumes arc constructed by using each point of the primary grid4 as a corner point
of the secondary grid. However, onlv the geometry exit action for quadrilaterals is

implemented in the current code and therefore throughout thrs chapter, all definitions

are general or specific to quadrilaterals. Note that points of the primary grid at a

boundary will be treated differently.
To understand how the coutrol volumes are constructed, see the numbering of

the primary grid in Fig. 7.1. One such element is already a control volume Q, of the

secondary grid with the assumption that the mean values of the conservative variables

arc represented at the bary-centre P, of A-olume C Tavo neighbouring control volumes

arc separated by one edge or face. For each quadrilateral Q, the area \Q,\ and for

each inner face5 the normal vector n, (face vector) pointing from control volume PO

to VI are calculated, see Fig. 7.2.

For elements of the primary* grid which have a face at the boundary, a bound¬

ary point B! at the barv-centre of that face with its boundary face6 vector nb; is

calculated, see Fig. 7.2. This boundary face and the point are needed for a proper

pro-description of the boundary flux.

After simplification the dual grid is given bv the following data:

1 Actually, in this implementation there is no gcometncal difference between primary and sec¬

ondary giid. but smce these two grids aie handled inteinallv ma < ompletclv diffcicnt way avc speak
of a dual grid appioach.

AVe use "c ontiol volume"' in a moie general context and its meaning heio is equivalent to contiol

area.

3Note that the concept of rhe unstiuc fined fac e based approach is not limited to these elements.

4This sometimes leads to a sloppv notation vvheie we viv points instead of contiol volumes.

''Inner faces are edges within C U JC

''Boundary faces are cde.es on AC
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iibn W«bi

it

Figure 7.2: Example of control volume and faces with face vector no of an edge in C and

boundary faces with face vector nb0 and nb] in AC both foi the secondary grid.

• Areas | Q,1 of control volumes Qt.

• Inner faces with face vector n, and porrrter to the two control volumes sharing

the face in C.

• Boundary faces with boundary face vector nb; and a pointer to the contiol

volume on dC.

• Optionally: Fhvsrcal coordinates of each inner point P, and boundary point

Br

7.1.2 Numerical method

Let [0,T] -- {Pp1} u [O.l2} U ... u [t"k-1J"k] wrth A - 0 and t"k = T. Let u*- :- uf

and ufc+1 := \\t+St. Integrating Eq. (6 6) between tk :-- t and tk+i := t P St with

f := pAu —(u • V)u

yields

with the constraints

u^1 - uA J f*-/ Vpdt

V uk"1 = V-u* - 0

(7L)

(7.2)

(7.31

Let C be covered bv a confoimal giid consisting of a set of quadrilaterals Q : =

[Q]- •

, Q*,). We rcqurre Fq. (7 2) and Eq. (7 3) to be weakly satisfied on the

quadrilaterals. Let Qo be the spaces of the piecewisc constant function on the quad¬
rilaterals

{ ï x Y O
Qo- sparrle/^.., a/ej <7o,(x)- { n

',v*!„
n

(7-0)
0 otheiAvise

Testing Eq. (7.2) with qo and integrating over C holds

uk'] dA - j the/A + / / fdAdt - /'
~

/ VpdAdt (7.5)
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for j —1,. ..,
AC The incomprcssibilitv constraint Eq. (7.3) is weakly enforced on

the qrradrilatcrals arrcl using Gauss's theorem to transform the integral cwcr Q1 into

an integral over the boundary OQyields

u*+1-nrf/= / u^n(// = 0 (7.6)
OQ, loo,

for j —1,..., AC Eq, (7.6) carr be reduced to the folloAving Poisson problem with the

average pressure

,x-.yc;a,» (t.d

Now the problem is. if the average flux is given as follows

ft-Y-ff'" (7-8)

to find a pk such that

Vpk-ndl -- I f'-ruAA (7.9)
OQ, loo,

for;/- t,...,AC
On DQ1 0 dC the boundary corrditions for Eq. (7.9) are derived by multiplying

Eq. (7.2) with the normal vector u and using the boundary conditions Eqs. (6.12)-
(6.14) for u

Vpk'n = -\-([' f(b)(/f--(bA+1 ~bA))-n (7.10)

Introdrrcing the cell averages

„-:=-'
' 'O

I u(x.tk)dA \Q,\ := / dA (7.11)
JQ, Ax

then the finite volume projection method Eqs. (7.5) and (7 9) can be rewritten

Vpk -lull - / fA • n dl y-l A" (7.13)
~>Q, JOQ,

In general it is not possible to define an exact value for the conservative variables and

we need to define some approximations. In the next two paiagraphs we address the

problem of computing these approximations for the projection method. To facilitate

a decoupled calculation of the A-cdocitv and pressure fields, first a transport step is

performed followed bv the projection step.
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Transport step

The average flrrx function is given bv

fA

is1

i fi" 1 Y
'

—r / f dt r-. —-
/ (;. An - u •

Vu) dt
ötk lp ôP la '

Wewant to compute a piecewisc constant approximation F(x)A"

FA(x) :-FA for xc Q,

7.11)

i.ii

to the function fA(x). In the following avc construct a piecewisc constant approx¬

imations FD(xp) arrd Fc (x.t) to the diffusive flux xAu and to the convective flux

u • Vu at some hxed time /.

Wedefine FD(x.t) and Fc(x.f) as follows

FD(x.t) := Ff(f) forxe Qj

Fc(x.t) :=- Ff(0 for xC Q,

(7.16)

(7.17)

Viscous term: Fj (/) is a numerical approximation to the diffusive flux averaged
on the quadrilaterals Qr If we make use of the stress-drvergenee form of the diffusive

fluxes, see [10], vac can Avrite

Ff(i)
p

p

(Vu) p (Viriri • n ell
I YA

\Y

-7zA / [(Vu) + (Vu)-• n r//

[7.18)

CL9)

p

UP
V^[(VU) d (VU)7]Iaö/ • n, A O(lr) (7 20)

XI ,-i

where /; is a typical length of a quadrilateral and [(VU) -<- (VU)r]jf7o;, • n, is the

interpolated numerical value of the piecewisc linear function U(x. /) on the boundary
dQ7 and given in Caitesian coordinates

[VU) Y (VUJ)r|,-ri,
' ? ?

" A -1- Y y
' P

,i

A? ' A 4
'C/u

" "
'

mi "
>i

The stiesses r depend on the velocity denvatives as follovcs

'
i/ii

u/
—i

iji

01 0U{
di

_i-

ch

e)U, c9U,
, P0

Og "cA 'ri

1
"

OU 0Vu

2 Pr, + ~p
'

1 \, P0
ch eh/ di

\, n

21)

(7.22)

(7.23)

(7.21)
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and the approxinrate velocity derivatives VU7 for each quadrilateral Q1 are computed

with Stokes' theorem

VU, « -4-, / Vuc/A (7.25)
]Q;| JQ,

u n dl (7.26)
1Ö,| JdQ,

1
4

= -

--~;
Y/ U 11 (//

I OU^ JdQ,,
-XI ,=l '"W

1 l

lo
tEUUy -n, YtACC2) (7.2S)

d )-i

Ulag iR the interpolated numerical value of the piecewise linear function IJ(x.f) on

the boundary 0Q}

\ A1 C ro -r l |, pu y

Nonlinear term: F)'(f) is a numerical approximation of the convective flrrx aver¬

aged on the quadrilaterals Qr Using the divergence form of the nonlinear term, see

[40], we can write

F:'(f) « / (uu)-ndl (7.30)
YKP

= V / (mi) • ii HI (7.31)
,= i ^5S?;„

- Ê(UU)kv-n4 i-(9(/r) (7.32)
)=r

(UU)|()Ç2 " n ifi Oie inteipolated numerical valrre of the piecewise linear function

U(x, /) on the boundary dQ, and irr Cartesian coordinates is reads

fTTTUil - I C^-'i' P0
M t I' Pl^ ' '< 0,L \i Po A I i, v0 A 4- yO Lpo dU ,pj)-ny]

1 jl' '
~

I JO'I, eo ma n) • [Kcc;,ro 4- r|, n) • /p -!- ^r|,P0 i v\,n) A,|

Time integration: With the previous approximations. FA~l(x) can be constructed

by replacing the time integration on the right-hand-side (r.h.s.) of Eq. (7.14) Avith a

numerical time integration, for instarrce a Runge-Kufta scheme. The time integration
of the transport terms is explicit and avc define an intermediate velocity 10 }+1 at time

t d- St —tk P 0~Li. which is tvpicallv not divorgonce-ftoe. as

n

V)\ ' -~UA -J^St (, -FA;C' (7.31)
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wheie c7 rs a factor depending on which time integration scheme is used There

are five different schemes implemented m the program which do not need to save

intermediate time step a allies and therefore keep the used memory small, in Table

7 f the coefficrents arc grven For the numerical simulations mthis study the I oiclei

Cl ex <Y Ch Tvpe

I

05 f

0 15 0 3275 0 57 1

0 073 Cms 0 22 0 3317 0 5 1

foiward Eulcr

pi edit tor /corrector (Hcun)
van Leer

van Leer

Table 7.1: Coefficients foi the explicit Rrrnge-Kutta tune integration

van Leei scheme was used

Unfortunately, these schemes are numeiical unstable' rf the CFEH condition is

not fulfilled, theiefore. we need to define a maximum step sr/e

Time step size: For the control volumes Q) the limiting corned ne time step St)
and the limiting viscous time step dtb have to be determined The resulting time

step carr be written as

öt- CEE miir(<A; ,)!)) (7 35)

with CFE being the Comant nunrbei The convective time step Stc can be calculated

as

5t*-
Q

(7 36)

wheie X) denotes the maximrrrrr eigenvalue of the flux lac obian and can be eletermmeel

by

^~EUW n> >r

/ = !

The vrscous tune step St1 is given bv

x - {p\ AS)

Stabihtv is not a sell evident concept when dealing with non linear pioblem By an unstable

numerical method even m the lincai case is meant tint the amplitude of am enoi does suovv m

time

s( omant. Friedrichs and few (P)Jsl iccopiiscd that a nccessarv condition foi the stability of

a numerical method for partial diflucntnl cqintions is tli it the numerical dorn un oi dependence
includes the domain of dependence Note tint hmtc volume methods which do not violate the CFL

condition can still be unsf ible V ncecssaiv and sufhcicnt stabihtv condition can be derived bv a

linear von Neumann analvsis
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here X" is determined bv

AJ = ]T>n; (7.39)

Projection step

Let Pk be a picccAvise constant numerical approximation to the pressure. Consider

the Poisson problem Eq. (7 9), which reads with intermediate velocity and the same

arguments as above

/ VPA -ndl -
I lO -ndl (7 10)

OlQ, JOQ,

I>PV..-n, = EljA|ap,,-n, (7.41)
,= i , i

for j = 1...., AC The approximatiorr of UA r>gt is analogous to Eq. (7.29) On the

other hand, the approximatiorr of the discrete Laplace operator carr be clone in two

different wavs. One is a compact approximation

/ 1 (p _ p ) \

VP„~ ''"V'"p p
(7U2)

where one needs the physical coordinates of TO and Pf. In addition, this would only
be valid for a Cartcsran grid, where the tangentral part of the pressure gradient on

dQ is zero; theicfore. the following possibility is preferred
The second possibility is to use again Stokes' theorem leading to the Green-Gauss

approximation of the Laplace operator

VP, v -4- / VpdA (7,13)
Ah! Ay

—/ p rr e//
A JdQ,

(7

c n

; ,=i /f)A,

lEnPV^^l (7.16)
Ö„f=1

and

P\--\(P\,po +P\,rd (7.47)

Both discrete Laplace approximations lead to a symmetric positive definite matrix

A of a linear system of equations

A-x-b (7.48)
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The matrix A is square, large arrd sparse and clue to lire unstructured grid approach
the coefficierrts are randomly distributed. The unknowns can be computed efficiently
with an iterative method. Here the standard conjugate gradients method, see [82]
was used, which minimises the following function

F(x) = rxrAx-brx- A^A Hi (7.49)

A nice feature of the method is that only matrix multiplications with a vector' are

needed. Therefore, aa-c do not stoic explicitly the matrix A and save memorv space.

A disadvantage is that a pre-conditioner matrix cannot easily- be defined: however,

the convergence rate without pre-conditioning Avas considered as sufficient.

After the pressure at the time LpSt has been calculated it can be rrsed to project
the divergence-free velocity field

Uj M
= TJAH x

- VPk~l for ; N (7.50)

7.1.3 Stabilisation technique

As already stated in the piovious section the used finite volume method for incom¬

pressible flows on a non-staggered giid may be unstable. In computations a loss of

stability may bacllv affect the behaviour of the numerical solution: this can blow¬

up, exhibit oscillafiorrs in the pressure field, oscillations in the velocity field or a

combination of these pathological features.

The occurrence of instabilities in the numerical solution carr attributed to two

major reasons, see [88]. One is the improper approximation of the non-linear con¬

vective term in the momentum equation. At high Re-numbers this term dominates

the diffusion term irr most of the computational domain arrd leads to oscillations in

the velocity field. The second reason is connected with the incomprcssibilitv- condi¬

tion (V • u = 0) and in particular with the discretisation of the gradient and of the

divergence operators. The instability becomes manifest in oscillations of the pressure

field arrd its behaviour is sometimes referred to as ""checkei-board instability".
A deeper insight into the rrrrderstanding of the instability mechanisms has been

obtained bv re-formulating the Stokes equation as a vaiiational problem and a suf¬

ficient condition for stability has been derived bv Babuska 7] and Brezzi [17]. The

practical implication of this condition is that the dimension of the functional space

used to approximate the components of the velocity must be higher than the di¬

mension of the space in which a numerical approximatron for the pressure is sought
in order to avoid local grid decoupling, sec [12. Xunieiical methods taking this

restriction into account can be obtained with a staggered grid approach.
The1 implications of this analysis go bevond the special case of Stokes eciuations

and standard finite element meg hods. Second older finite volume methods for the full

Navier-Slokcs equations mav suffer the same kind of instability. Diffcicnt techniques
have been introduced to overcome this stability problem, e.g. Bell et al [12]. Bell p
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Marcus [13] and Botta A Hempel [16]. An extensive review on stabilised formulations

for finite clement methods carr be forrnd irr S8j.
liiere exist, mainly two différent strategies of stabilising the numerical methods.

The first strategy is to use a non-standard discretisation of the Laplace operator,

which often implies that non-standard iterative procedures have to be used to solve

the Poisson equation.
The second strategy is based on the introduction of source terms in the governing

equations in the form of some residuals. These terrrrs are designed such that thev

limit the degrees of freedom of the pressure without introducing new unknown velo¬

cities and that tlrcv still preserve the consistency of the numerical solution. Bell et

al. [11] proposed an approxinrate projection method which overcomes the problems
related with local grid decoupling. The nrethod retains the essentials of fire original
formulation, but avoids the exact enforcement of the incomprcssibilitv condition.

The stabilisation technique presented in the following is similar in spirit of the latter

method.

The practical implication of this stabilisation term is to smooth oscillations of

the pressure field, it, is added to the r.h.s. of Eq. (7. If). Werequire that this tcrnr

is zero orr regular grids and for pressure functions up to second-order (the pressure

field can be constant, linear or quadratic). This additional term is of fourth-order

arrcl Eq. (7.4L) then reads

1 / I r ( diPkX
VPk -ndl ^ -- / UA' -rre// + - d2 o • ——n dl (7.31)

dQ, St luQ, A JOQ, \ VC J
1

i l
, I l ( d]PkX

EVPA\oQl, • ii, = WUA |ao,, ' n, A
-l-

Wd2a^- • n, (7.52)

where d, is tire distance bel ween VI and V0 and d, a pre1-factor based on the volume

size, which includes typical time scales for inviscid and viscous flow

0;
_ ^

o, - n——r.pT-7—t- (xa3)
/'J- lU, | d,

Here e> is a parameter controlled by "hand", but it should be small.

The stabilisation term ,9 =- ^-rfHao h defined as follows

3 nkd6p

9. .cB

i (or1- gYn-Y.
,

iX
,

,..,,

where C is the coordinate in the direction of Pi and V0. see Fig. 7.3. With some

algebra it can be shown that the incomprcssibilitv condition Eq. (7.3) changes to

r t jAr _ g' r.jz

which implies that after each time step the divergence of the velocity field is not zero

but small. However, it turned out for the present study that for low Re-numbers

the Green-Gauss approximation Eq. (7.46) of the Laplace operator was stable and

therefore, the stabilisation was onlv used for calculations of higher Re-number flows.
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Figure 7.3: Notation used for the stabilisation term.

7.1.4 Boundary conditions

With the aid of the boundary points B we are able to pre-dcscribe the flirxes on the

boundary dC. Four different kinds of boundary conditions arc implemented.

Fixed wall The velocity and with it the numerical flux must be zero on a fixed

Avail (Dirichlct)
u(x. 0-0 for x G c)Chxcd, t Y (0, T] (7.56)

Moving wall dire tangential velocity mav be non-zero, sav 1. but the numerical

flux must be zero (Dirichlct)

u(xA) yi 0 and.

u(x. t) n - 0 for x G 0Cmmim,. t t (0, T] 7.5S)

Inflow As the Poiseuille inflow conditions of a channel aat pre-describe the velocity
in x diicction of a channel of height H and a mean Aoav velocity 77 (Dirichlct)

u(x, t) -
( GÏÏ" (J

"

" ) ) for x c c)Cinfio, A Y (0. T] C59)

Outflow As outftoAV conditions we pre-describe homogeneous Neumann boundary

condition for a

~(x. /) = 0 for x C c)Gu.Yu •
t C (0, T} (7.60)

dx

arrcl Dirichlct boundary condition for u

v(x. I) - 0 for x e cA'out(]o. t l (0. T] (7,61)

In addition, in order not to violate Fq. (6.14). we require that the sum of the

overall boundary flux is zero

/ u(x. /) • n - 0 for x g OC. t ç (0. T\
Joe

C62)
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and adjust the outflow bormdary values until Eci. (7.62) is satisfied for each time

step.
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7.2 Stability calculation

Equations (6.22) govern the evolution of the peitmbed base flow and pose a gener¬

alised eigenv-alue problem for the growth rate A. The formulation of this eigenvalue

problem as a function of the Re-number and wave number ß requires the evaluation

of the coefficients of the stability matrix. Since our matrix is very large and sparse

and in addition we seek onlv the leading eigenvalue Avith the largest real part, it

is more convenient to use an iterative eigenvalue solver. There exists a variety of

iterative methods for symmetric arrd asymmetric rrratrices which at best produce ei¬

genvalues of largest moduli, see for instarrce L94], As an efficient possibility for the

computation of eigenvalues with the largest real part the method by Goldhirsc-h et

al. [38] was chosen. This method is capable of computing a given number of leading
eigenvalues of a large asymmetric matiix, say M, having the largest real parts. It

consists of three main steps:

• Filtering process in which the equation x —Mx is solved for an arbitrary initial

condition x(0) yielding x(1) = eM'x(0).

• Construction of (n+1) linearly independent vectors v,„ —Mmx, 0 < m< n or

v,„ = emMrx, r is a small time interval.

• Analysis of the vectors {vm} which are a combination of only a small number

of leading eigenvectors of AI and computing the eigenvalues.

In the following the method and its implementation are given.

7.2.1 Filtering process

In this process the non-leading eigenvectors are filtered out. Let x be an initial vector

arrcl Mthe matrix whose leading eigenvalues are sought. First solve the equation

dx

It
=-Mx 7.63)

for 0 v. t y A- The i exulting vector x(f0) ~- cM'°x is obviously a combination of

eigenvectors corresponding to the leading eigenvalues. The non-leading eigenvectors
aie clamped bv exponential factors.

The solution of Eq. (7.63) is forrnd Avith the projection method explained in

Sec. 7.1.2. AVe discuss here only the additional steps. Wo lCAvrite equations (6.22)
for numerical reasons

(XPp32)ù = XÙ =-

(Xppß2)v==Xv =

OP ,01
-

r7A
Où

t
T-Ou

dx dg

â0
z_ —p /,

Or

d2 ù d2 ù

d.i2 dy2
'

OY AU r„eA T.c9r

dr dg

Op
t

Og

O2 v d2r
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(X A pß2)w = Xw = -

dit du
,

—+ _ -x ßw = 0
av dy

Trdxu
T

die
V - - A I —

Ar dg
lp -'- x

dr2 dg2

(7 64)

where p is again set to one. UJ is the solution of the steady 2D base flow and û and

p arc the perturbation fields.

The time integration of Eq. (7.64) is done on the same 2D grid (explained in

Sec. 7.1.1) on which the base flow computations weie petfoimed. The finite volunre

formulation now changes for the different steps in the projection method as follows.

Transport step

The definition off in Eq. (7 1) changes to

f := xAù - [(û • V)U Y (U • V)ù]

Let now FA be the numerical approximation to the avciage flux function

1 ,pJl i ~a l

fk' = -i-r I f dt
Stk IP SP la

with the piecewdsc constant approximation

>a,„v ._£*. f01

Au - (Û V)IJ h (U • V)u dt

FA(x) -=F Q,

7.65)

66)

67)

to the function fA(x), In the following we construct piecewise constant approx¬

imations FD(x, t). Fcl(x. f) and Fr2(xA) to the diffusive flux (//Au) and to the

convective fluxes (u • VU and Y Vu) at some fixed time 1.

Analogously to Eq. (7.17) we arrive at the numerical approximation of the viscous

and convective terms.

Viscous term: F^(C) is again (see paragraph on page 93) a numerrcal approxim¬
ation to the diffusive flux avciaged on the quach dater als Qr If we make use of the

same arguments as in the corresponding paiagiaph on page 95 we can write

Ff (0 %—- ;Tl(Vu) d (Vu)T}\l)Q • n, ' ET; + 0(h2)
Ah

(7.68)
,=i

where ET are explicit terms and [(v'u)-[-(Vu)r|l,o -ip is the interpolated numerical

value of the precewrse linear function u(x./) on the boundary- 0Qr It is given in

Cartesian coordinates bv

Vu) d (Vu)f
> -n,

( ' î Î IP ^
,,,/ "y \

Ac ' ?Y *" Y/!/ n,j

\ Ai o, l
Pu Pi )

.69)
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vvdrere the stresses r depend on the velocity denvatives as follows

On,Où
d\

di

in — pp, po Y ' pi
di di

Où

mi Y" CAOY TT- h P\

dg dg

1
ni

- X/i —•

'j

,dù de.. Ou Où,,
,tx- A zpp\i po

J- ( z
- f x—)h,pi

oy dx dg dx

1 î/i

f c9A. die

2
-r— ,-PO t
eh

- —i, ri
ch

l <9?A Ar

2
-r- , po d
dg ^'n

(7.70)

(7 71)

(7 72)

(7 lY

(7.71)

The approximate velocity derivatives Vii, for each quadrilateral Q; are computed bv

means of Stokes theorem

1
VÙ; ~ -,-r-r £ "loo, ,

n, + C?(//-)
A4

i.izj

j\ , -i

û\jç is the interpolated numeiieal valrrc of the piecewrse linear frmciion ti(xA) on

the boundary dQ1

in,
-

/ z(lO\, PO Y ill, Pi)

yfd'lc PO A Y, pi)

V y(?ri> po A H'|, pt)
76)

The explicit terms (ET) arise in the calculation of the stresses A, and f~x (Eqs. (7 73)
arrcl (7.71)) and aie given as follows

ET, -

- U - [(f/|, ro + ,7|, ri) A (0, ro
- c\, pi)] i 11

Convective terms: Analogously to the coucspondmg paragraph on page 06 we

write F(/l(l) as

F^(f)^^(ÛU)|f)o,,-ip- O(l0)
c-l

arrd for Cartesian coordinates we have

7.78)

liph ro
' «I, pi) • [\(U , ro

- £A, r\) n, ->- \[V\, P0 A U|7 ri) • n,/ X

(ûU)j,-n, - | Uf-„ ro-1 n»nh j
(T

, ro
-*- L'\, n) • >h A \(\"\, P0 P V\, n) • Ay]

-,{"'], po A u |, n) (\{T'\, po A n,ri) • n, - \(Y\, ro d U!, P1) • n,/\ )
(7 79)

F; 2(f) reads

F</a^~E(Uu)W, •n/ACl(C2) (7 80)
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and is given in Caitesian cooidmates as

m ){ _
( ~2(l \, po AC i, Pi) [\(u\, po A u\ n) n, f^|lWA|Yi) %] \

[ )h n' ~

V 2O Uod \ I,ri) [Ki'UoMppd A4 )Ci|,rod-*|,n) nv] J
(7 SI)

Time integration: The lime integration is the same as explained for the base Hoav

calcrrlatrons on page 96 and Eq (7 34) mav be re \a ritten as

UA t
_

.Y
=-uJ + 2> c F; '

(782)
i-i

Time step size: lire trme step srze rs srmilai to the one detcimmcd 111 the cor¬

responding paragiaph on page 97 Heic vac fane to deteimrne three drfferent trme

steps the Irmrtrng convective trme steps ôf)1 dt/ arrd the limiting viscous time step

St1) The lesultmg time step can be written as

dt -CFL mm(cA) at) dtß) (7 S3)

The convectrve tunc step dt) rs given bv Eqs (7 36) and (7 37), whereas 5tk carr be

calculated fronr

Stk=]Q/] (7 81)

Avhcie \A are determined bA the peiturbation velocity

t

Xî " J2U\<^2 n, (7 85)

The vrscous trme step St is guar bv Eqs (7 38) and (7 39)

Projection step

Let// be a precewrse constant numeiical approximation to the perturbatron piessuie

Wederive the Poisson problem loi the perturbed pnssrrre as follcms

Vpk ndl -
I uA ndl (7 86)

)Q I )Q

1 1

5^V//|(,o ip + FTP, $>A ,o n, (7 87)

for 7 —f
,
V 1 he approximation of uA I )(j rs ainlogous to Eq (7 29) and E LP,

rs the explicit pressure giadunt p1 given bA

IIP " -? !(A po P pi) (7 88)
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For the discrete Laplace operator the Green-Gauss approximation of Eq. (7.46) is

chosen as

Vp/« 77^-7 $>k> .

• n, + C9(/i2) (7.89)

and

f>\< = -{[>], po
*- P ,

pi) (7.90)

This Laplace approximation leads also to a symmetric positive definite matrix A.

which is solved with the conjugate gradient method (see page 98).
After the perturbation pressure at the time / a- St has been calculated, it carr be

used to project the divergence-free perturbation velocity field

ù5+i = uk + l
- Vpk+i for j V (7.91)

Boundary conditions

For the boundary conditions, avc require that the perturbation velocity is zero every¬

where on dC

ù(x. t) = 0 for x G OC. t Y (0. A] (7.92)

7.2.2 Construction of linearly independent vectors

After Eq. (7.63) has been solved at time A- Oie construction of the lineailv inde¬

pendent vectors can be performed. This step involves the creation of /// A 1 linearly

independent vectors \p. This carr be clone cither bv computing

vA = iVP^xho); KKm 4- 1 (7.93)

or

vp
- cA~lM'x(f0); KKm -s 1 (7.94)

r being a small time. Liren the v,7l"s are orthonormalised using the modified Gram-

Schmitt algorithm (e.g. Saad [77). The resulting orthonoriiial vectors are denoted

by wt,..., wm. The matrix c. defined bv

w<=~ Ef'Al ("-95)

is calculated in the orthonormalisation procédaie. Hie vp can be tested for inde¬

pendence bv
m '

\'E ! - !v,„~) - J2(vm~i w,)w,| / v„,„i| (7.96)

If the error E is larger than desiteel avc can either increase m or solve Eq. (7.63)
for a later time than f0 until tin1 leading eigenvectors aie filtered out to the desired

accuracy.



108 CHAPTER7. NUMERICALMETHOD

7.2.3 Calculation of the leading eigenvalues

The leading eigenvalues A, of the matrix AI are calculated with the following equatron

tùinK '
- A, - 0 (7.97)

The roots of the polynomial (Leg (7.97)) can be found for instance with the root-

finding program zrhqr of Pi ess et al. [72]. The x's can be calculated in two diffcicnt

wavs. eithei by using the matrix c

A, = È(vn.i-w%-J, (7 98)
k=i

or by solving the least square problem mirrirmsmg the expression

777

i=r

If Eq. (7.94) was used to calculate the linearly independent vectors v/,, the resulting
A' need first to be transformed back

;

lY,r
In A Ii A'2 A Is A'2

%A .

—¥ (7 100)

arctan tCt
AA zr^±~ (7 101)

Finally, if the complex A/s are calculated we can giAC the eigenvalues A of the original
problem (Equations (6 22)) as follows

VvX = IiW-x- I2 (7 102)

AA = X\ (7 103)



Chapter 8

Validation

The problem of verifying the correctness of a numerical method arrcl of its imple¬
mentation is not, a trivial one. One reason is that theie exist onlv few cases for which

an exact solution of" the Mrvicr-Stokes equation is available. Another reason is that

it is not, possible to kriOAv, a-pnon. Avhether a comparison betAveen numerical results

and experimental data is justified or not. An example for the latter reason would be

the comparison between a numerical 2D solution of a shear diiven cavitv flow and

experimental data, which are ahvavs 3D. Therefore, for cases where no exact solu¬

tion of the Navier-Stokcs equations is known, the comparison of numerical results

with experimental data should, in general, not be regarded as an appropriate wav to

validate a numerical method.

An alternative possibility of validating a numerical method is to compare the

results with those obtained with other numerical techniques provided that, the dis¬

cretisation and the initial and boundary conditions aie the same. In practise we

compare the results obtained with the method to be validated with some '"reference

solution" or with a collection of other numerical results.

The approaches orrt lined above, comparison with an exact solution and compar¬

ison with other numerical computations, aie. together with the standard practice of

comparing numerical results obtained AAith different space and time discretisations,
the essentials of the validation methodology used in the following sections.

8.1 Base flow

To studv the accuracy and convergence of the base Aoav solver as well as the correct¬

ness of the boundary corrditions. two differenl test cases were considered. The first

case is a two dimensional Poiseuille flow in a channel of height 80 and length f60 at

a Re-numbei of 1300 which was calculated until a stcadv state was reached i.e. until

the residuum AA'as small enough ( v 10~s). The residuum of the Poisson equation was

reduced to one order in magnitude smaller than the current velocity residuum in each

time step and the stabilisation tenu was set to zeto. For the time discietisation. the

4. order method (van Leer) was used and the boundary conditions were applied as

109
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a) b)
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Figure 8.1: Isolmes foi a 2D Poisemlle flow at Re-numbei 1300 a) r-vclocity b) y velocity

c) pressine p and d) voiticitv u,

descrrbed m Sec 7 11 Lhe left boundaiv is the inflow and the right boundaiv rs

the outflow and the remaining boundaries arc treated as fixed walls

Frg 8 1 shows the rsolmes for the 7- and y components of the velocity as well

as the isolmes (oi the voiticitv a, and piessuit p Lhe computational domain was

covered bv 80 x 160 control volumes The du er gerne lor the example mFig 8 1 is

exactlv zero evervvheic and the maximum //-component of the velocity is 0 0074A

of the mean velocity Fig 8 1 dispkpys that the numerical method also provides
good results for the 2D Poiseurlle flow at the boundaries where rt coveis the linear

functions of the pressure arrd voitititv The outflow boundaiv is more critical heie

the maximum //-component of the velocity occurs but rt is small compared to mean

velocit} f he 7-component of the vc locitv will new be used to determine the oidci ol

the numerical nrethod and 1 ig 8 2o shows the result ol the grrd convergence stuck

foi the Poiseurlle flow dhe error of the /-AelocrtA component was estrmated m the

L\ and L2 norm m the aiea of the channel from 10 p, / x L20 and 0 x // v b(l

thus taking the fixed wall boundaries into account The experiment indicates an

almost quadratic convergence m both norms and the reason for not obtaining an

exact qrradratrc convergence is the lowei order of the cadrent s at the boundaries h\

Frg 8 2b the histoiv of the I -, noun of the velocity residuum vcisus trme for three

successrvelv finer grids is shown

Additional simulations of the Poiseudlc flow foi different Re-numbers were per¬

formed arrd showed similar results loi Re-numbers larger than 3000 it was found to

be advantageous to use the stabilisation tenu to get a corrccth converged solution

The second test case lor validation was the shear dmen cavrtv flow A steach
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Figure 8.2: a) Grid convergence of the test case in Fig. 8.1 (grid size h) and b) the time

history of the L2 norm of the velocity residual versus time for three different, grids.

state solution was computed for Re-numbers of L00 and IÜ00. The Re-number is

constructed with the length of the side of the cavilv and with the velocity of the

moving top wall. The grid for the Re-number 100 example consisted of 64 x 61

control volumes, whereas the grid of the Re-numb et 1000 case was made of 128 x 128

control volumes. The latter grid was chosen m order to be able to compare the

numerical icsults with (hose reported in Ghia et al [37].

Figs. 8.3 and 8.4 show the pressure arrd vortieitv contour lines obtained at the

numerical steady state for lire Rc-number 100 and 1000 cases, respectively. For the

vortieitv 17 isolates on the interval [-3,5] were drawn with step size 0.5, whereas for

the pressure 45 and 55 regularly spaced isolines respectively were calculated between

the minimal arrcl maximal values. \ote that the jitter of the isolines is caused bv

the visualisation program, which has difficulties with proper line construction for

quadrilateral control volumes. dire results shown in these figures are in good
qualitative agreement with those presented in C37] on page 404.

Let us now focus the attention on the case at Re-number 1000 (Fig. 8.4). For this

exarrrplc the values of the .r-component of the velocity along a vertical line through
the geometric centre of the cavity are shown in Fig. 8.5a and those of the ;//-component
of the velocity along a horizontal line through the geometric centre of the cavitv are

displayed in Fig, 8.5b. The solid line represents the numerical solution, whereas the

clots represent the values reported in [3D on pages 398 and 399. It can be seen that

the numerical scheme underestimates the extiem values slightly, but otherwise the

agreement is good.
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a) b)

Figure 8 3 Shear driven crvity flovv at Re numbci 100 h 15 isolmes ol the pressure

between mmand max b) 17 isolmes of the voitieuv bctvveeu I 3 5]

I

a) b)

Figure 8.4. Shear ihnen tavitv flow at Rc number 1000 i) 55 isolines of the piesmue

between nun and max Id 17 isohnc s ot the vorficrfv bcnv< en 3 5l
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Figure 8.5: Shear driven cavity IIoav at Re-number — fOOO. a) cr-component lb) i/-

component] of the velocity along the vertical [horizontal] line through the geometric centre

of the cavity. Solid line: represent values of the present numerical method: clots: values

from [371.

8.2 Stability calculation

The validation of the stability calculation is not as straightforward as the validation

of the base flow calculation. This is mainlv due to the fact that only one possible
test case could be found to which the program can be applied.

To get, a fust test field, the base flow velocities weie set identically to zero and

the initial vector was given as u = [con P.. con st., 0}1. For this simple case, the

procedure supplied the a priori known eigenvalue A = -ß2u. As another test case

the instability occurring in a shear driven cavity was chosen since this problem was

already calculated bv Ramanan A Idonrsv [731. Other test cases tike the Karman

instability evolving behind a cylinder or the Ravleigh-Belrarcl convection instability-

are not applicable because the current program cannot handle periodic base flows

as these would need a Floquct instability analysis or temperature dependent density-

flows.

Ramanan & Homsv [73] calculated the base Hoav with a stroamfunction-vorticitv

approach using finite differences on a uniform grid of 257 x 257 points. For the

calculation of the leading eigenvalues a coarser grid was used. 33 x 33 for the smaller

and 65 x 65 for the higher Re-numbcr. On these grids the Digest eigenvalue was

determined bv the simultaneous iteration method of Stewart Sz Jennings [81]. It

should be noted that this method captures only a number of eigenvalues with largest
magnitude.

For the calculation of the leading eigenvalues, three different filtering times A and

four combinations for the construction of linear independent vectors (sec. Sec. 7.2.2

and Eqs. (7.93) and (7.91)) and the calculation of the 7/s (see. Sec. 7.2.3 and
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Eqs. (7.98) and (7.99)) were applied, namely :

1. method using Eqs. (7.93) and (7.99) (Matrix multiplication, least square).

II. method using Eqs. (7.93) and (7.98) (Matrix multiplication, direct).

III. method rising Eqs. (7.94) and (7.99) (Matrix integration, least square).

IV. method using Eqs. (7.94) and (7.98) (Matrix integration, direct).

Note that irr the following all given values for Re-number and wave number arc

normalised with the length of the side of the cavitv. The calculations were performed
for Re-number 500. where Ramanan k Homsv [73] found onlv damped modes, and

Re-number 800, where thev calculated the eigenvalues for two unstable modes (ß =

2 and 6).
The calculations for the Re-nnniber 500 on a 64x6 I (contiol volumes) grid showed

that the output of the leading eigenvalue depends strongly on the method used of

determining the eigenvalues. Especially method 1 calculated positive eigenvalues for

all pAs although the time residual of the vector x in the filtering process decreased

monotorricallyC For i —7 the program calculated an unstable mode with complex

conjugate eigenvalues where the leading eigenvalues for three different integration

times arret methods2 IDA" of extracting the eigenvalues arc shown in Fig. 8.6. Il

can be seen in Fig. 8.6a that one calculation gives a real clamped mode, Avhercas

the other 8 calculations give unstable complex conjugate pairs. Further-more, the

deviation of the real part is quite large while the complex parts (frequency) deviate

much less fronr the mean values. Fig. 8.6b shews the history of the residual of the

perturbation velocity vector in the filtering process. First the residual decreases and

then starts to grow, which is an indication that the procedure converged to a leading

eigenvector with a positive eigenvalue. Note that the undulation in the diagram is

caused bv a repeated normalisation of the eigenvector. This example shows that

the chosen method of iterativelv calculating the leading eigenvalues can produce

spurious eigenvalues. Hence, the time history of the residual should also be used to

judge whether a current wave number is unstable or not.

The stability calculation of the cavitv Hoav at Re-number 800 was performed on

two successively finer grids (64 x 6 f and 128 x 128 control volumes) for 9 wave numbers

in the range of 0 - 8. Ramanan A Homsv [73] report onlv the eigenvalues for two

unstable modes (ß --- 2 and 6). where the first one is a eigenvalue with zero frequency

(imaginary part is zero) and the second one has a frequency of 0.57.

For wave number 5 = 2 the calculation with method IV on the coarse grid

produced a positive eigenvalue after one intcgiation time. But this must be a spurious
one because the residual of the peitmbation velocity is monotonically decreasing:
also, for the finer grid onlv damped modes were found for the same method.

It the mal rix Min Eq. (7 03) has at leaX one positive eigenvalue, than the icsidual of x giovvs

continuously foi t —> oe.

An the following vvc exclude the calculation of leading eigenvalues with method I
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Figure 8.6: Instability for a driven cavity at Re-mrnibcr 500 and wave number ß - 7

a) Eigenvalues in the complex plane for different integration times and différent met hoch

(Note that the results from some methods coincide) and b) the history of the residual

of perturbation velocity. The uudulaiion is caused by a periodic normalisation of the

perturbation vector.

The calculations for wave rnrmber ß = 6 yielded unstable complex conjugate«
eigenvalues with the history of the lesidual being shoAvrr in Fig. 8.7 for the two

different grids. The values for the dimensionlcss frequency lie in the range of 010

0.12 for the coarser grid and between 0.08 - 0.09 for the finer grid. This is by a factor

of 5 to 7 smaller than the values reported in [73]. Due to the fact that Ramanan V
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Figure 8.7: History of the residual of tire perttndation velocity vector for a driven cavity
at Re-number 800 and wave number J = b a) 64 x 64 grid and b) 128 x 128 grid.
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Homsv [73] used a diffcicnt procedure for calculating the leading eigenvalues, it is

difficult to compare the two results. It is also debatable if the results of Ramanan

& Homsy [73] arc correct, but since no other data sets are available we have to

accept it as a reference calculation. Therefore, wc will use our results of the stability-

calculation only to identify unstable modes arrcl determine whether theses modes are

periodic or not. The explicit values of the frequency will then be used with the

needed care. Nevertheless, the agreement with Ramanan V Homsy [73] is sufficient,

since our method predicts the correct Re-number and also the higher wave number.

The calculation slroAved in addition that the mode ,? = 4 is unstable Avith zero

frequency- and the modes j = 5 - 8 arc periodically unstable. Ramanan V Homsy [73]
did not report values for these modes.

A last test was performed using the fact that as the viscous term begins to

dominate the linearised equations (i.e. ß ~ v/Rel no further instabilities are possible
for larger ß, sec [9]. For the Re-number 800 case calculations for the wave numbers

in the range of 39 < ß < 41 on a 64 x 64 grid AA-cre performed and all calculated

eigenvalues were damped as expected.



Chapter 9

Results and discussion

This chapter summarise the results of the numerical investigations. We stait with

the results of the 2D base flow calculations and then present the stability results of

the fonvard facing step configuration.

9.1 2D forward facing step flow

The goal of this section is to show the results of the base flow which will be used to

feed the stability calculations. Two configurations with step height to channel height
ratios of h/H —1:2 and 1:1 were rrsed. Different tests regarding the extension of the

computational domain were performed using the separation and reattachment point
in front of the step as a criterion. An adequatlv large domain was found as follows:

channel height H = 80. length from the inflow boundary to the step Le = fOO and

length from the step to the outflow boundary L0 - 80. "With these dimensions it was

possible to cover a Re-number range of Re/, = 10 to 125, where the Re-number is

based on the step height //. For the higher Re-numbeis (max. 200) it was necessarv

to use a longer outlet length of L0 = 160 to get convergent solutions. Also tests with

different grid resolutions were performed using the same criterion as described before

and a convergent solution was forrnd for a grid size of L by f. Fig. 9.1 sIioavs the

steady state results for a forward facing step of ratio f :2 at Rc = fOO where isolines

of the x- and ;//-velocitv component, the pressure arid the vortieitv are draAvn.

Important figures of the 2D calculation arc the separation length /s and the reat¬

tachment length /, in front of the step. Fig. 9.2 displays the dependency of these

length scales on the Re-number (/s and /, are normalised with the step height //). It

can be seen that, the valrres for the two different step heights arrcl Re-numbers almost

coincide if scaled with the step height //.
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Figure 9.1: Forward facing step with step height to channel height ratio h/H of 1:2 at a

Re-number of 100. a) 30 isolines of the x-velocity component in [-0.003, 3.656], b) 30 isolines

of the y-velocity component in [-0.076, 2.169], c) 65 isolines of the pressure in [-7,018, 2.0]
and d) 60 isolines of the vortieitv [-1.0. 0.564],
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Figure 9.2: The separation C, and reattachment /,- length of the 2D calculations versus

Re/,,, values are normalised with the step height h. bines are second order fit.
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9.2 Stability of the 2D base flow

Nowavc use the stationary base flows calculated in the previous section and determine

whether these arc stable or not. The calculations were performed on the same grid
as the base Aoav. For a step to channel height ratio of h/H = 1:2, If wave numbers1

behveen ß = 0 arrcl 5 were calculated. To get the results shown in Tabic 9.1 the time

history of the residuum of the perturbation velocity vector was carefully examined

for each case. However, in a few cases no convergence was observed and these cases

are treated as stable cases since the stability program predicted decaying modes.

rc, ; 1 'SIX X\

50 All tested modes are ,c stable

hl00 _.i

L50
1

i

3.5

2.0

3.0

0.05 0.0

±0.016

±0.111

0.001

0,002

1

200

3.0

3.3

d.O

0,002

0.002

0.002

±0.112

±0111

±0118

Table 9.1: Unstable modes for the step ratio 1:2 case.

From Table 9.1 it can be seen that at Rep, = 50 the 2D flow is stable for all tested

wave numbers, Avhercas at Rep, •= 100 the first Avave rnrmber (ß —3.5) is unstable

with zero frequency leading to a stationary 3D Aoav. This suggests that a first critical

Reynolds number exists arrd is between 50 > Ro(\ Y 100 as a first approximation

Reri xi 75 shall be sufficient. The real wavelength of this unstable mode avouIcI be

about, two step heights and is in the range of the observed spacing in the experiments.

At Re/, — L50 two modes become unstable, the first one with a frequency of

0.01611/ for ß = 2.0 corresponding to about three step heights and a period of about

400s which is a vciv long period and can hardly be detected in the experiment

where it might be assumed as steady state. The second one becomes unstable with

a frequency of 0.111Hz for ? = 3.0 corresponding to about two step heights arrd

a period of about, 60s. We can roughly approximate the second critical Reynolds

number as Rct2 ~ 125 where the stationary 3D flow becomes periodic. As a last

Re-number Rc;, = 200 Avas calculated and here three peiiodic unstable modes werc

found. From these results we can state that the 1.2 step configuration undergoes a

bifurcation frorrr a stcadv 2D Hoav over a steady 3D flow at Rcpi ~ 75 and to a second

bifurcation from the steady 3D flow to periodic 3D flow at Rc,;> ~ 125.

The step height to channel height ratio h/H = hi was a ho investigated, but here

the calculations arc more difficult because the separation bubble is much smaller

Ahe Riven Ys aie noimahscd with the xep height h and the wavelength or spacing of the bubble

li, is given as C, = 2tt • hj X The fieqnciuv oi wave -.peed is chiectlv given bv the imaginai v pait of

À and the peiiod ip can be calculated as Y —2t/YY\.
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and with it the relative grid resolution. An increase of the grid resolution was not

possible since it would have increased the CEE time about 16 times (the calcula!ron

for one Re-number took about 40 CPUhours on a Spate Ultra 1 for the gird used).
Nevertheless, for the 5 Re-numbers calculated (Rep, --- 25 125) all 2D base flows

Avere stable and for the Re/, — 100 the ß --- i 25 with a frequency of 0.12Hz and

ß = 2.25 with a frequency of 0.9Hz was unstable. All other modes and Re-numbers

were either stable or did not converge correctly.
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Chapter 10

Conclusions and perspectives

This final chapter will start with the conclusions summarising the main findings and

discussing the shortcomings and limitations of the numerical and experimental work

in this study. At the end some perspectives and recommendations for future woik

will be outlined.

10.1 Conclusions

We begin this section with the experimental part, lire separation of a flow on

a forward facing step configuration was visualised with different techniques in tAvo

setups for various Reynolds numbers (Re-numbers). The visualisations indicated that

there exist two critical Re-numbers or bifurcation points. Below the first critical Re¬

number, the separation is purely two-dimensional (2D), if minor three-dimensional

(3D) effects in the limited region of the side walls are neglected. Above the first

critical Re-number, the separation develops a steady 3D structure over the whole

span. This structure consists of separation cells with a width of about 5 step heights.
At, the ends of these cells the entrained fluid is released in streaks over the step.

Beyond the second critical Re-number these cells, or the 1 creased streaks respectively,
start to move in the span-wise direction. This principle is not, altered bv the presence

of side walls: moreover, the streaky pattern could Ire observed in turbulent separation
flow fields as well, although the movement of the streaks was more irregular.

The visual determination of the two ciitical Re-numbers is a difficult task because

the fluid velocity within the separation bubble is low. This difficulty can also be

seen or appreciated from Table 5.1. where the values differ considerably for the two

visrralisation technicpies. If we assume, in a first approximation, that these critical

Re-numbers scale with the step height aa'o carr estimate the first critical Re-numbei

as Rc/, c,,n ?x 65 and the second one as Rep, n,,f2 x; 135 Avith a non-dimensional

period P ( ~ I • U/h) of about 155 (based on the step height h arrcl the mean bulk

velocity a). It is of course a debatable point whether the critical Re-numbers and

non-dimensional period do really scale with the step height h as the results obtained

from the visualisations do not fullv support this assumption. Furthermore, if the
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upstream flow is already turbulent or if main disturbances arc present, one can

imagine that the values for the critical Re-numbers based only on the step height are

not sufficient. NeA-ertheless, since in our case the upstream Aoav field was laminar

and the step to channel height ratio h/H was not too small, higher order effects arc

negligible, and the scaling with the step height is appropriate.
For quantitative measurements the 3D PIA* technique was employed and im¬

proved for data acquisition. To answer most of the questions posed in the intro¬

duction, an interpolation technicpre for a Eulerian representation of the Aoav field in

the separation region was developed and validated. The measurements were per¬

formed well beyond the second critical Re-number in the unsteady 3D regime for

four Re-numbcrs covering the laminar and turbulent regime.
It is important to keep in mind that the current resolution of the flow field in

time and space allows only- a discussion of the large scales. This is sufficient for the

following conclusions since aat arc only interested in the large scale behaviour of the

separation.

Streamline images disclosed the main topology of the 3D separation. The separ¬

ation on a forward facing step at, moderate Re-numbers was forrnd to be an open 3D

separation bubble. The fluid is entrained between the hvo séparatrices over the whole

separation cell width. Inside the cell, the flrrid is transported in a helical fashion until

it is continuously released in longitudinal vortices over the step. Measurements of the

^-velocity component sIioav that the maximum span-wise velocity in front of the step
is aborrt f/4 of the mean upstream velocity. Thrs demonstrates that the separation
on a forward facing step in technical applications cannot be approximated as cprasi
2D.

An estimate for the residence time within the bubble Avas determined by using the

averaged Eulerian Hoav fields. As a general clue, the mean residence time for particles
caught in the separation bubble is typically three times larger than for particles winch

are transported diiectly over the step.

Invariant charts of the velocity gradient tensor in the separation zone showed that

the 3D separation exhibits all topological possibilities, although the stable stretching
focus dominated as intuitively expected. The existence of all topological possibilities
is also suppoited bv the Lagrangian geometry of najectoiies. The second invariant

of the velocity gradient tensor (02) was calculated for three trajectories within the

separation bubble arrcl showed strain as well as icitation dominated regions.

Furthermore, the structure cxtiaction method based on the eigenvalues of the

pressure Hessian (X2 criterion), which facilitates an unambiguous definition of the

separation vortex structure, was for the hist time successfully applied to experimental
data.

A pronounced difference between the quantities investigated in turbulent and

laminar separation respectively, was not observed irr the visualisations nor in the

measurements. Therefore, avc conclude that laminar separation can indeed give sup¬

plemental v insight into the turbulent separation phenomenon, at least for moderate

Re-numbers.
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As a matter of fact, in our experiments the often postulated Taylor-Görtler like

vortices observed bv other researchers (e.g. see [29). [49], [20] and [70]) and assumed

necessary to trigger the 3D separation could not be forrnd. On the other hand,

measurements of the flow field without the step, indicated that the upstream flow

was not undisturbed and some secondary flows avc re present in the channel flow.

To gain more information on the bifurcation process leading to unsteady 3D

separation bubbles, a global linear stability analysis was performed. To facilitate

srrch an analysis, an unstructured 2D base flow solvei was developed and validated

together with the 3D stability method based on the unstructured 2D flow solver. The

resulting eigenvalue problem required a non-standard iterative eigenvalue solver. Hie

validatiorr of the proposed nrethod leaves some space for discussion, but, the method

gave for the h/H = 1:2 step configuration striking results. In detail, the first critical

Re-number could be determined to be aborrt R<y Cllt\ ^z 75 with a cell spacing of two

step heights and the second critical Re-number to Rex, c, ,t2 xs 125 with a cell spacing
of two step heights and a non-dimensional period A {--- I u/h) of about 120. Except
for the value of the cell spacing it is in agreement with the experiment ally observed

values. The discrepancy in the cell spacing might be caused bv the finite width of

the step, thus promoting a different cell spacing.
The results indicate a linear instability process for the forward facing step config¬

uration and therefore the assumption that the Tavloi-Görfler vortices are needed to

develop the 3D separation cannot be supported. Any sufficient disturbance present at

the critical Re-numbers leads to a bifurcation from 2D to 3D and further from stcady
3D to unsteady 3D. This does not mean that the existence of Taylor-Görtler like vor¬

tices is not possible in such a setup but they are not necessary for the transition

process.

10.2 Perspectives

The performance of the 3D PIA" technicpre as well as all vision based measurement

techniques rely heavily on the progress made in the camera and data acquisition
development, This would also have an impact on the Eulenan interpolation technique
and the calculation of Lagrangian statistics arrd velocity derivatives, because onlv

mirror improvements on the numerical/mathematical side aie possible and significant
improvement depends on the PTA performance.

Regarding the fast development of sensor technology-, new methods of image data

acquisition, real-time storage or even real-time processing could become possible in

the near future. Some problems and disadvantages of CCD-cameras can be solved us¬

ing the CID-technologv (Charge Injection Devices). In CID chips the charge packages
are not transferred over the chip (as a full matrix array in frame transfer architec¬

tures or as full columns in line transfer architectures). CTD-technology allows to icad

out, individual pixels or pre-defined groups of pixels along individual lines which are

separated from the light sensitive substrate hivers. This avoids smear and blooming
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effects. The possibility of random access allows more flexibility- in data acquisition.

Reading out only the pixels of interest leads either to a higher temporal resolution

or to a smaller amount of data.

Another new development of importance are ""Smart Cameras". Smart Cameras

allow the execution of processing functions within the camera, such that the amount

of data to be transferred to the system's memory or disk can be drastically reduced,

thus avoiding the data transfer rate bottleneck. This is achieved by either integrating
special processing boards or bv chip-integrated processing (a CCD/CID-chip is sub¬

divided into imaging, storage and processing sections), ddie architecture of the CID

technology facilitates also image preprocessing using parallel processors such that

relevant operations like filtering, blob detection, control! computations etc. could

be performed on-board. leaving only pixel coordinates of the particle centres to be

transferred. A disadvantage of this method is that the original image data is lost, for

post-processing.
A third development line is towards smaller cameias. Medical, robotics and

security applications have paved the way towards miniaturised cameras. This allows

reducing the sensor configuration in size, with the result that smaller object, volumes

can be observed.

Larger chip formats with increased rnrmber of pixels become available at reas¬

onable costs. This can cither lead to a higher number of particles being imaged
and tracked, or to better accuracy in 3D positioning and tracking or to both. In

any case, we experience currently substantial developments in sensor and processing
technology. This opens excellent chances to improA*e the performance of the 3D PTA

systems CA*en further. Therefore, a continuing development arrcl improvement of the

currently available 3D PTY technology is suggested.

Concerning the numerical part, one can argue that the usage of global linear sta¬

bility calculations will be replaced bv DNSor LES because they will be more flexible

and mav give sufficient results for the researcher. This is only partly true, since

the proposed numeiical stability method opens the door for stability calculations on

complex geometries with the onlv restriction being that these geometries must be

2D. Generally, 3D stability calculation have the advantage that tlrcv will be faster

than any DNS. The numerical method presented in thrs studv is nrdimentary but

can serve as a basis for further developments.
First of all, the possibilities of the unstructured grid approach, like arbitrary

control volumes and adaptive grid refinement, should be implemented and its effect

regarding the acurraev of the stability calculations evaluated. These changes will

most, probably lead to verv srrrall time steps for the explicit scheme, so that it is

lccommendcd to implement a fullv implicit code. This would also positively affect

the filtering process of the iterative eigenv-alue solver leading to better converged
eigenvectors.

To improve even moie the flexibility of the stability method, if the stability of

periodic base flows has to be investigated, it will become inevitable to implement the

Flocprct stability analysis.
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The field of separation, in general, is very broad and complex and it is recommen¬

ded to restrict the research to specific questions. For instance the field of the geo¬

metric separation phenomenon for incompressible flows would already be a rewarding
task. The tools developed throirghout this strich, in detail the stability analysis and

the measurement technique in concert with the post-processing tools (see Chap. 1)
can be applied to other fundamental geometries, like the backward facing step and

wavy Avails (e.g. used to enhance heat transfer in food industry) or to rotationally
symmetric contractions and expansions. Furthermore, it would be of great inteiest

for industry to shed light on the flow instability occuning in a nozzle, e.g. outflow

geometry in polymer processes like fibre spinning, film blowing and extrusion as well

as in the paper industry foi two phase flows.

Investigations could go in the direction of enhancing specifically the mixing pro¬

cess for fluids which arc sensitive to shear stress like in biotechnology. Regarding
mixing, it nright, be worthwhile to study the mixing in the laminar unsteady 3D re-

gime for shear sensitive products (e.g. food industry arrd biotechnology) in a foiward-

backward facing step arrav.

For environmental applications, the investigation of the sedimentation in the

corner of the step nright give insight into the transport mechanism of pollutants
in river beds.



Appendix A

Impact of different compression

techniques on 3D PTV images

The evaluation of the suitability of image compression techniques to 3D PTY images
is motivated by a conflict between the banchvidth of data transfer and storage systems
and the requirements for spatial and temporal resolution of PTV data.

Depending orr the size of the observation volume and the range of velocities inside

the volume, it may become necessary to exploit the full temporal resolution of the

cameras. The data rate for a 60 Hz full-frame camera with a resolution of 610

x 180 pixels is about 19 MB/sec. and hence in an experiment which lasts for 1

minute, four cameias deliver a total amount of about 4.5 GB image data. Storage
on standard computer hard-discs at these data rates of 80 MB/sec will generally
be impossible, since even the sustained data rate of commercial high performance
hard-discs is lower than 10 MB/sec. This bottleneck can be overcome by eithci

running hard-discs parallel (as for instance in a RAID system) or by storing the data

directly in the RAM(see Sec. 3.3.1). Another bottleneck can be the data transmission

(e.g. in remote sensing) and computer data bus rates, which usually1 have a high
peak pciformance but with large overhead and a low sustained pciformance. As a

compromise, image sequences mav also be stored on analog video recorders. This

solution offers high storage capacities at, Ioav costs, but it involves a degradation of

data quality and causes handling pioblems in an env it omirent where robust automatic

data processing is important.

The most desirable solution of course would be the teal time processing of the

images where only the eentroids of the particle positions are saved on hard-disc.

HoAvever. due to the high particle density currently rrsed in the PTV experiments.
this procedure is not applicable. For instance. Matrox Genesis frame grabber v\ith

special processing hardware on board is capable of calculating less than 100 eentroids

for preprocessed images of one CCIR camera at 25 ID frame rate. In manv cases, it

is impoitant for the operator to visually check the images, since most PTY software

programs can not be run blindly, and might need some input paiameter like a grav-
value threshold. In general, it is desirable to have a digital solution with compressed

L27
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images at, a maximum acceptable compression ratio, which allows maximising the

duration of an experiment and avoids difficulties with computer data bus or hard-

disc data rates.

The illuminated particles used as Aow markers are imaged as small bright clots

(with a size of about 1 x 1 pixel) on a more or less dark background. These im¬

ages are verv different compared to "'standard" images (sharp change of gray-values)
and the effect of lossv compression schemes to 3D PTY images will be quantified;

also a lossless compression scheme will be tested with respect to its compression

performance.
As a representative of the lossless compression, the lossless coding based on

ISO/IEC 10918 standard JPEG (Joint Photographic Expert Group) was chosen.

This method is based on a nearest neighbour predictiorr followed by Huffman coding.
The qualitative results of this study carr also be rrsed for other lossless compression

schemes like arithmetic coding or standard Ziv-Lemple coding.

Among the different lossy compression alternatives, the lossv JPEGmethod based

also on ISO/IEC 10918. has become de facto the video industry's standard. This

technique can be called a local one, because it works with individual 8x8 pixel

patches which are discretely cosine transformed (DCT) followed by a quantisation,
which reduces complexity but increases loss. As a last step the ciuantisatiorr tables are

lossless entropy coded. On the other hand also a global scheme, the discrete Wavelet

compression, was tested, where in principle the well-worn 8x8 DCTis replaced by a

Wavelet transform applied to the whole image. Ihc Wavelet compression used was a

basic Wavelet technique1. For moie detailed information on compression technicpies
sec Topiwala 'SP and Pennebaker A Mitchell [68].

The study is restricted to still image coding because suitable real-time imple¬
mentations of predictive image secprence compression schemes like MPEG-familv or

H.261 are based on lossy JPEG and arc therefore comparable with the JPEG results.

A.l Lossless JPEG compression

The method used bv JPEG to provide lossless coding is nearest neighbour prediction
followed by Huffman coding, flic nearest neighbours aie the previous pixel. Ra. or

the pixel on the pievious line light above it. Ri,- and the pixel on the previous line

and to the left. Rc. This location diagram is shown below.

C B

A x

There arc seven different predictors defined by- JPEG that can be used.

• P, - i?0

hviitten by Geoff Davis. Yewon 0 3. The souiee is available from

http://vvvvvv.es dartmoudi edu/^gdaviAvavelet/vvavelet html
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• P, = Rh

» P,=RC

• P, - Ra P Rb - Rc

• Px = Ra + ((E,,-Rc)/2)

. Pr=Rb + ((Ra-Rr)/2)

• Pt = (RapRb)/2

The predictions arc then entiopv coded, where code words of different bit, lengths are

assigned to the differences of consecutive pixels (called Huffman tables) according to

their frequency of occurrence. To test the maximum performance of lossless JPEG

compression on 3D PTY' data, an example image from the experiment was used. A

standard Huffman table given bv JPEG Avas applied to the seven different predictors:
with the optimal predictor (Py) the compression ratio CR defined by

size of uncompressed image
_
bytes]

size of compressed image Jples]

was 2.0. For the optimal custom Huffman table along with the optimal predictor
(Ra), a compression ratio CR —2.3 could be achieved. Thus with an optimal Huff¬

man table, the compression ratio of unprocessed irrrages can be increased bv roughlv
15%. It is of course computationally expensive to search for the optimal Huffman

table and predictor for each image, but since the images of a sequence arc rather

similar, it will be sufficient to use the same Huffman table and predictor for a whole

sequence.

The lossless JPEG compression works best when some predictions occur often

and some other very seldomlv. If there are manv equally distributed predictions, it

is possible that the encoded image is larger than the original image.
Further improvements can be made if the images are proprocessed bv highpass

filtering and thresholding. The highpass filtering is used to remove non-uniformities

of the background intensity over the whole image. Thus it removes the global contrast

while keeping the local one. In this process, a numbci of grav-values of the image
background are set to zero and as a result these images contain larger areas of constant,

gray-values. In addition, a Ioav thieshold value (tvpicallv 8-20) is set to remove the

background noise and to prépaie the images for a segmentation. Bv setting gray-

values below the threshold to zero, it is possible to increase the areas of constant

gray-value. The best compression ratio with the optimal Huffman table and optimal
predictor (again Pi) of a highpass filtered image is CR = 3.5; aber thresholding at

a gray-value of 8, CR reached 5.3,

A general disadvantage of performing anv preprocessing prior to image compres¬
sion is the fact that the original image data is lost, so that additional processing
cycles with different parameter settings for the optimisation of results will not be
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possible any more. Thus, sample images will have to be examined carefully in or¬

der to be able to adjust the parameter settings correctly. Table A 1 summaries the

different valrres for CRgained bv different preprocessing steps.

Table A.l: Lossless compression ratios for different preprocessing steps.

Preprocessing CR

standard Huffman table j 2.0

optimal Huffman table 2.3

optimal Huffman table -r

highpass filter

optimal Huffman table —

highpass filter A threshold >

3.5

For the four tested cases in which the Huffman tables werc different, it was fourni

that the predictor pixel to the left (R 0 worked always best. It can be seen that,

lossless JPEG compression in combination with irirage preprocessing and an optirrral
Huffman table yields already a réduction of the data stream by a factor of five,

A.2 Performance of lossy compression techniques

In the following, a number of criteria for the evaluation of the degradation of 3D

PTV results introduced bv the use of lossv irrrage compression techniques will be

discussed. These criteria will be quantified bv the comparison of the results of com¬

pressed/decompressed images with results obtained bv processing the original data.

The PTV images data are from the forward facing step experiment, where a seqxreuco

of 50 images was used to derive the statistics.

A.2.1 Qualitative evaluation of image compression

The images in Fig. A.l show a zoomed subset of one typical image at différent

CRand compression techniques. To emphasise small brightness differences between

adjacent pixels: a false grav-valrres technique (generated bv a random lookup tabic)
was applied. Without this simple manipulation the differences would be harclly
visiblc. With increasing CRthe reduction of image information leads to some obvious

effects:

• Areas of constant grav-values in the coded/decoded image (appearing as blocks

of the same gray-value) become laigei.

• 'Ehe Wavelet compressed images show lower spatial frequencies over the whole

image.



A 2 PERFORMANCEOFLOSSYCOlVIPRESSION TECHNIQUES 131

Figure A.l: Same particle nin^e subset for clifleient CR and compression techniques
mampuhted by false gm a due technique
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» The JPEG compressed images show a blocking effect, which is caused by the

decrease of significant components of the local discrete cosine transform applied
to a fixed pattern of 8 x 8 pixel blocks.

A.2.2 Quantitative evaluation of image compression

Particles are detected in the image space by a threshold technique. 2D image coordin¬

ates of detected particles are determined by a ccntroid operator based on gray-value

weighting. In contrast to lossless compression schemes, lossv compression technicpies

change the gray-values of the pixels. Consequently, this will have an effect on the

2D image coordinates of particles and hence also the PTV performance will be af¬

fected. To quantify these effects, a comparison of the results obtained from com¬

pressed/decompressed and original image data was made. The data set to be tested

is based on 4 x 50 consecutive images from the 3D PTY experiment. In this perfornr¬
ance test, the data processing parameters like threshold and tolerance of the epipolar
line were optimised during the processing of the original images, and remained un¬

changed for the processing of the compressed/decompressed image sequences in order-

to facilitate a comparison of the results.

Standard image compression analysis

The use of lossy compression technicpre mav change the image data. To quantify the

difference between the original and compressed/decompressed images the standard

deviation, agv, of the gray-values, (qu),

P'Compic^scd/docompto^^ed 9'otgmalJ / » r.\

and the maximum difference of the gray-values

-An,i\ -- maX^ \CJ Yompiessed/dpc nnipiessed
~

A-'oigmaC 1 A^-A

are calculated (as it is commonly used in standard image compression analysis).
From Fig. A.2.2, which shows these quantities as a function of CR. we deduce that

Wavelet compression is more advantageous than the lossv JPEG compression. This

finding is consistent with olhcr example images, see fophvala [89], although the 3D

PTV images have a different structure as already described in the introduction.

Degradation of 2D image space information

Particles are detected in image space by the thresholding technique described in

Sec. 3.3: 2D image coordinates of detected particles are determined bv a ccntroid

operator. A first and simple criterion for degradation of 2D image space information

is the avciage number of detected particles in each frame of each camera. As both

compression techniques show a tendency to flatten giav-value peaks in the images,

CJgv -
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Figure A.2: a) SIioavs the standard deviation aqi of the giay-values and b) the maximum

difference of gray-values Amo, versus the compression ratios for the two different lossy
compression techniques.

one may expect, a reduction of the number of detect cd particles at higher compression
ratios. The detection factor Nod used is an average over the whole sequence arrd

cameras

at
^2D com / \ i\

h2V =

(A.l)
Ü2D untom

where n2D,com IS th° number of detected particles in the compressed/decompressed
images arrd n2D,uncnm is Oic nrmiber of detected particles in the original images. The

ratios for the different CR are shown in Fig. A.3.

It shoAvs clearly that, after JEEG compression, more particles arc delected than

after Wavelet compression. This mav. however, be partly due to particle covering
multiple 8x8 pixel blocks which may be broken info parts. Surprisingly, slightlv
more paiticles are detected for a Ioav compressant rate (CR —5) than in the original
irrrages. A possible explanation for this effect could be that the JPEG at Ioav CR

works as a local lowpass filter and hence reduces the background noise.

Another important quantity to be tested is the accuracy of the particle coordinates

in the image space. The standard deviation of the differences between the centroid

coordinates of the detected paiticles. (7comii. is defined as

AOOI cl
:<;o((}>2 di/2)

in pixel (A.5)

where /? is the number of particle coordinates in both images (compressed/decompres¬
sed and original) which could be unambiguously related to each other and dx and dg
are the differences in pixel (the dimension of a pixel is 9.9 x9.9//nr) of the coordinates

in x and g direction hour the original image coordinates. Fig. A.L which displays
(jcoord as a function of (7?. shows that the deviation of the image coordinates tends to

increase with increasing CR. Further. Wavelet compression always does better than

JPEG compression.
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Figure A.3: Relative number of detected particles in the 2 D images.

Although these results were derived specifically for a PTY' technique, they may

also be applicable to PIV due to the similarities in image characteristics. However,

most PIV methods employ* area-based sub-pixel mcasrrrement techniques like cross

correlation. FFT. or least-squaies-matching.

Degradation of 3D image information

As a first test quantity for the degradation of 3D image information, we consider

Oo, 0n dy and à~ averaged over the whole sequence of 50 images (cf. Table A.2).
The valrres do not differ much, since the nraximunr deviations arc limited by the

chosen tolerance for the epipolar line. As this tolerance value is the same for the

compressed images, more particle coordinates will be rejected bv the routine resulting
in a lower number of established correspondences. Judging from Table A.2, Wavelet

compression is slightly more advantageous than JPEG compression.

Table A.2: Compression effects on PTV deviations

org. JPEG Wavelet

5 10 20 30
^

5 ; io 20 30

A) [/ml 3.4 5.1 5.6 5.8 6.1 j 5.1 5.5 ! 5.7 5.9

a,, [tum 0.045 , 1 0314W 0.047 0.019 1 0.052 0.045 0.046 0.018 0.050

0.056à
y [mm 0.051 0 051 | 0.052 i 0.055 0.057 0.051 0.052

0.153

0 051

c5x [mm] [0.150 0.152 j 0.156 0.164 0.171 ,; 0.151 0.160 0.168

15

CR



A.2. PERFORMANCEOF LOSSYCOMPRESSIONTECHNIQUES 13E

- F 1

Oh

b
JPEfi

WAVELET

15 20

CR

Figure A.4: Standard deviation (cTC00,,fd of the point, coordinate alteration versus the

compression ratio (CR).

As a next step, we compare the number of particles which were successfully re¬

constructed in 3D space and the particles that could be tracked. Due to impeifectty

overlapping fields of view of multiple cameras, failures of the detection procedure
arrcl unresolved ambiguities in the establishment of correspondences, the number of

particles determined in the 3D observation volume is generally- smaller than the num¬

ber of particles detected in image space. Moreover, the number of successfully tracked

particles is smaller owing to unresolved ambiguities in the tracking procedure. The

rnrmber of particles leaving the observation volunre is for all test cases the sanrc and

has therefore no effect, on the statistics.

Again it is useful to define some ratios: the reconstruction ratio YYd is defined by

\
UVD,

ID

U3D
:a.6)

where rr3D.c0m is the number of matched particles (quadruples and triples) in the

compressed/decompressed images arrd n3D-uncom is the corresponding number in the

original images. The tracking ratio T^d is

r$n =

Dn.

t- 11 micom

(Ay)

where t {p com
is the rnrmber of tracked paiticles in the compressed/decompressed

image sequence between tAvo tirrre steps and tsoumom i>s fi10 corresponding number in
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the original image sequence. Another important ratio is the tracking efficiency, ?pD.

fro
/73D = —-• 100

n?o

Fig. A.2.2 shoAvs the values for the different compression ratios.

(A8)

a) b)

p

av n JPEG
X. WAVELET

10 15 20 25 30
CR

Figure A.5: Shows the ratios for a) matched particles iNlu, b) tracked particles lip and

c) for the tracking efficiency /po A-ersus the compression ratios for the tAvo different lossy

compression techniques.

Degradation of tracking performance

For Lagrangiarr measurements, it is desirable to follow par tides over many tirrre steps
to obtain long trajectories and good Lagrangian statistics. To get, a parameter which

reflects the influence of compression to Lagrangian measurements, the trajectory
parameter Tis introduced as follows

T ^

tiaiccioneb.com

E
t=-0

titijef tones muom

yx
c=o

t-
1 Ac ont

(A.9)
/

7 Auticom
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where C.Acom is flie time a trajectory % could be followed in the compressed/decom¬
pressed case and f;Auncom is the time a trajectory ; could be followed in the original
case. Note that in the sum. longer tracks arc nrore weighted than short ones. If

there were only short tracks. PTY would degenerate to an Eulerian 3D measure¬

ment technique. The number of successful trajectories for the whole sequence is not

considered as it is meaningless for the folloAving reason: long trajectories arc rrrore

often interrupted for the compressed irrrages: the number of successfully established

trajectories for the whole scciuence might therefore be larger than for the original
images. Fig. A.6 shows the diagram for the T factor. The Wavelet conipicssion

5 10 15 20 25 30

CR

Figure A.6: T factors for different compression ratios.

performs slightly better, but already for a compression ratio of 20 the value drops to

70% independently of the compression technique used.

A.3 Conclusion

In this appendix the effects and performance of lossless and lossy JPEG compression
on typical 3D PTY images were investigated. It could be shown that with lossless

JPEG compression in combination with image preprocessing and an optimal custom

Huffman table, a compression ratio of 5 can easily be reached. For all tested images
and cases, the predictor 1 (Rn predictor to the left) performed best.

For the lossy compression techniques, the1 commonly used quantities, the standard

deviation aqv and the maximum difference Amnx. are used to quantify the degradation
in standard image compiession/decompression. However, in out case they give onlv a



f 38 APPENDIXA. IMPACT OF COMPRESSIONON3D PTV IMAGES

very rough estimate of the effects on the results from the Aoav measurement algorithms
applied to image data. Although aqv. Xmai and acoo,d arc smaller for the Wavelet

compression (it does better preserve the gray-values and 2D location of the particles)
the superiority vanishes for the 3D parameters.

The study shows thai these relevant quantities (number of particles detected in a

image, standard deviation of particle image coordinates, number of particles recon¬

structed and tracked in object space, precision in object space) arc correlated with

the CR, but they correlated only partlv with (Tqi, and the compression technique used.

Useful conclusions can onlv be drawn from a comparison of the results obtained from

compressed/decompressed data Avith the results obtained from the original images.
Due to the special strrrcturc of the particle images, the results of the PTY" or PIY"

technique arc rather sensitive to the compiession scheme used, even if agv is only in

the order of a few gray-values. As compiession does not influence the particles of

different sizes in the same wav, one could consider optimising the particle choice with

respect to the chosen compression scheme.

The main result, is that the differences between global (Wavelet) and local (JPEG)
schemes is hardly significant for 3D PTY images and it can not definitely be stated

which is the better one. Both techniques give comparably good results for a CRup

to fO arrd even a CR of 20 will sometimes be tolerable.



Appendix B

3D Coordinate determination

This appendix is a compilation of the photogrammetric coordinate determination

section of the dissertation by Maas [56] and is included for the reader who is not

familiar with the principles of the method. This chapter shall also give a better

understanding for the experimental setup chosen: only the basic ideas are given, for

solving strategics and implementation of the resulting equations, see Maas [56].
After the establishment of multi-image correspondences, see Sec. 3.3,2, the 3D co¬

ordinates of all successfully matched particles can be determined. The fundamental

mathematical theorem of photogrammetric 3D coordinate determination is the col-

lincaritv condition, see Fig. B.l and Eq. (B.I), which states that object point, camera

projective centre and image point lie on a straight line

/ '"I - -Ar \

Vir

\ ~c

—A, • Jft •

J

y, Vo

Zo J
B.l)

where X, are the object point coordinates: X0 the camera projective centre coordin¬

ates: R= r,j are the elements of a 3 x 3 rotation matrix with angles x, p and x: x'

are the image coordinates: xH are the principle1 point coordinates: c is the principle
distance and A, is a scale factor.

This mathematical formulation has to be extended to meet lire physical realities.

Consider the fact that a iav from a particle to the scnsoi passes the three optical
media water, glass arrcl air with different reftacthe indices and that, image coordinates

may have to be corrected foi effects of fens distortion and effects of the digitisation.
The effects caused bv lens distortion and image digitisation are compensated by a

set of additional parameters.

Lens distortion is compensated by a set of 5 additiorral parameters modelling
radial (tp. k2, Cg) and tangential distortion (/p. p2)

f',
-i

r'.+ ipik

g'Pg'pfpi

a,

i Y
^

I'll,

Opß)~rP]P>,
/Li

2YC -Pi i, A

Plßß)p2p]Pp/l^p2Prßp2g'ß) (B.2)

with p'2 = ,t(2 P y'f
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Figure B.l: Sketch to the collinearity condition Eq. (B.l). Camera model inverted for

drawing purposes.

For compensation of effects of image digitisation and storage, especially of the

often a priori, unknown difference between the pixel täte of the CCDcameras and

the clock rate of the fraiucgiabbcr and the global effect of line-jitter, an additional

affine transformation is performed AAith the parameters c/0, rp. a2, ô0, /p. b2

A - ao A«i Y I «p/,

0, - IpP-hp'^bp: (B.3)

Due to linear dependencies on the parameters of the ccllincaritv condition only
two of the six parameters of the affine transformation can be introduced as unknowns.

All together one receives 1C parameters modelling the geometry of each camera: 6 for

exterior orientation, 3 for interior orientation. 5 for lens distortion, 2 for electronic

influences. These parameters have to be determined in a svsterri calibration bcdbre

an experiment is performed.
The effect of the diffeient refiactive indices on the optical path is called mul¬

timedia geometry" in photogrammetrv. Knowing the camera calibration data, the

refractive indices arrd the interfaces between the different optical media, this effect

can be modelled strictly. In addition, if the glass Avail separating water and ah can be

considered as a plane parallel plate, a simple module based on Snell's LaAv can be de¬

veloped, which can be implemented directly into the collmcaritv condition Eq. (B.l).
This module computes a radial shift of each object point relative to the nadir point
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of the respective camera, sec Fig. B.2. which is used as a collection term in Eq. (B.l),
Also some simplifications are possille if the r-g plane of the local coordinate system

O (X0. Y0. Z(1)

N(X0,Yn.O)

P(X1.Y,Z/>

ppA.A.z;

PB (XB, YB. ZR)
R

iij. iii. ip

\Y\Y.h

camera projective center

camera nadir point

object point

radially shifted object point

break point
radius in X/Y-planc
refractive indices

andes in Snelts Law

n, (vvateil X.Y-plane

Figure B.2: Radial shift for compensation of multimedia geometry.

is chosen parallel to the plane interface glass/Avater (resp. air/glass). With these

assumptions, rays from different cameras C/ to an object point P arc calculated with

different points P1 with the broken beams still intersecting in P. From Fig. B.2 avc

can derive

R -- ZQ tan 1] A t tan 0 —Zp • tan 'A

R ~ (Zn + tpZp) tan p

and with Snell's law

ip • sin A - n2 sirr L -r- 'A sm p

the system describing the multimedia geometry is complete.

(B.l)

'B.



Appendix C

Tracking procedure and program

The tracking program was completely rewritten in C Avith a user interface for Tcl/Tk
(Tel version 8.0 and Tk version LO). The tracking principles of Malik [58] were mainly
rrsccl. whereas the principles of group velocities and minimum energy considerations

of Papantonioii [66] are no longer supported. In addition, some new features are

introduced arrcl the progiam setup is more logical now. The boundary layer law of

the wall and a carriage velocity are not implemented in the current code, but, it is

possible to do this if needed.

Cl Principles of the method

Let us assume that the coordinates of paiticles are given in space and for consecutive

time steps. The goal of the tracking procedure is to select the correct link for the

same particle from one time step to the next one, Obviously-, this can only be a

track with a maximum likelihood for defined criteria. The three essential tracking
principles can be summarised as follows:

• Estimate the position of the selected particle in the next (search) frame.

• Delimit, a neighbourhood volume centred on the expected location within which

the particle in the search frame may actually be found.

• Apply suitable physically based sorting criteria to determine the most likely-

track if there exists more than one possible option.

These principles are applicable to anv Aoav regime under examination. The present
PTV is designed for turbulent measurements as well as for laminar ones, but can be

extended to any tracking task in Avhich mewing targets need to be tracked in time.

112
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C.2 Tracking parameter and procedure

The success of tracking depends on the particle density p^

Pn^^/V (Cl)

where Ny is the rnrmber of particles within a volume IC

/pv determines the mean particle spacing Ay as follows:

A,y = pllM (C.2)

By using Eq. (C.2) and the maximum ladius of a seaith volume rm(n we can define

p = Xx/rmoi (C.3)

If p P> f than the probability to find only one particle in the search volume is large
and tracking is casv. whereas for p <C 1 tracking is impossible. Note that even for

a global p P> 1 the local p can be much snrallcr than 1. if the particle distribution

within the volume I" is non homogeneous. For the case of p y f we use two different

sorting criteria which will be explained, together with the estimate of the search

volume, in the following subsections.

Another important parameter is

s - r^3'£fo (C.4)

where up is the particle velocity and Ar is the time step (e.g. the frame rate of the

cameia). Since the particle should not travel a distance ( —\up\ At that, is gieater
than the local particle spacing A/oca/, ? should satisfy -> < 1 for successful particle
tracking.

C.2.1 Control volumes and definitions

Suppose coordinates are given at [/, consecutive frames f p {1 m}, dire frames

to work on are denoted bv i f - _p. ; = Ü is the current liame. / -
= —1 is the previous

frame, ] = 1 is the next or search frame and j = 2 is the acceleration frame (see
Fig. Cl). The coordinates of the xth particle p, in frame [/ -4- p] is denoted bv x/ hC
The radii of the control volumes for the different frames [f -{ j] aie r7 and N///1 is

the number of particles within the control volunre at frame /. k is the number of

control volumes for the coordinate pp. k = 1 for / = (0.1} and k A f for / —2. ej/'
are the centre coordinates of the coutrol volumes.

The control volunre at ] —0 is called correlation volume and the control volumes

at, j
—1. 2 are called search volumes.
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Figure Cl: Schematic of particle tracking;

C.2.2 Search and correlation radii

One of the goals of PTY is to delimit the spherical correlation neighbourhood (search
volumes) so that one or only a small number of candidates exists. In the computer
code four different, estimates for the si/c of the search volumes, depending on the

flow conditions and available additional information of tire flow field investigated,
are implemented. For the sake of simplicity we use r/nrch = r{f. = r^JA

The radius r)fflrt/' of the search volume1 is related to the maximum physical
distance that a particle can deviate from the position in the current time step to the

expected position in the next frame. For the turbulent and laminar flow field avc use

three different estimates for r/orcA and for other tracking tasks an a prion, estimate

for r/,orc/' is implemented.

1. In isotropic turbulent hows the separation Y(/) of a particle in a frame of

reference which is moving with an initial velocity u0 is given bv Yovikov [61]
who considered the problem of the displacement of a fluid element relative

to its initial trajectory. The particle is initially at x0. with velocity u0. An

imaginary particle is also released with identical irritai conditions, but it moves

in a straight, litre wit h velocity tin. unaffected by the dynamics of the (Ioav

(see. Fig. C.2). At a later time the distance difference between the real and

imaginai')" particle is

Y(t)----\x(1)~(x0+uQt)\ (C5)

^otc that the shape of the correlation volume and search volumes is treated by the computer

program as a cube with dimensions ,ri. is. r^ foi faster processing,. It is possible to implement this

as an ellipse, but since the dimension-, are onlv- an estimate the advantage of an ellipsoidal volume

can be neglected.



C.2. TRACKINGPARAMETERANDPROCEDURE 115

The variance of Y can be calculated from the Lagrangian autocorrelation func¬

tion Rl(t) in the range rn P^ t -4P TL where r,; is the Kolmogorov time scale

and TL the Lagrangian integral tirrre scale. The y-ariancc of Y is then

<Y2(/)HC'vA" :c,6)

where Gy —2nCL arrcl CL & 0.81 is the Lagrangian frequency spectrum con¬

stant (see [64], [35] and for a critical review [36]). s is the rate of energy dissip¬
ation per unit mass.

x0 A u0/

x0d iVi

"o

Figure C.2: The separation Y(t) of a particle in a frame of reference which is moving
with initial velocity urj.

(Y2(t))l02 is the standard deviation and for a nearly Gaussian flow field we take

3Y(t) as tire 99."A confidence limit for the maximum possible deviation:

-arch 1
-%\ Gy V^AC

Further simplification carr be made bv using the estimate for s

a1!

s = AT

;c~)

(CS)

where A is a non-dimensional constant arrd commonly taken as (9(1) and L is

the integral length scale of the Aoav. based upon tin1 energy weighted scales in

the flow (sec rh)l) arrd A is the fluctuation velocity.

Ecjs. (C.8) and (C.7) hold for isotropic turbulent flows

i a i c h ! c -

a'XO
• u'Xt (C9)
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where C includes all constants and is

C-3(ACA)J/2?x6.8 (CIO)

Note that this result is only valid for isotropic turbulence, but, since we only-

need air estimate for the tracking program it can also be used for nonlsotropic
flows, where jr)pf"f,'j is calcula!cd with the estimates of u' and L for each

component.

2. If there exists no assumption for A and L, avc can only base r)pn,T/! upon the

LEVIS fluctuation velocity

r)earch = 3u'Af (C.fl)

which is the maximum deviation distance a particle can travel in turbulent

flows.

3. Both previous estimates are not, always the best choice for rscarch and Malik

[58] estimated

|rf""''| = ^AA (C.12)

This estimate is also appropriate for laminar flow cases.

4. If the neighbourhood search volume is a prior/ known, it can be explicitly given

by

r)enrch - Cx (C.1.3)

The correlation radius r0 defines a neighbourhood within the velocity field is well

correlated with the velocity- at x; and its centre e( is the same as the particle position

Xj. The Taylor micro-scale A is often rrsed in experimental and theoretical work for¬

tius purpose. Hence, we define r0 lo be a fraction of A

lr„| = F,A (C.hl)

If the observation volunre I" is much larger than A. then EÇ x; f is the correct choice.

For small observation volumes, such that I"1 *
ä. A tor smaller), then all velocities

in the volume will be correlated. In this situation, avc do not need to consider all

velocity vectors arrd onlv a aibitrarv small fiaction Fr A5 1 can be taken in order to

limit the number of paiticles within the correlation neighbourhood.

C.2.3 Tracking criteria

For the case that there exists more than one possible link foi a particle at a position
x/ a sorting criterion is needed. Weuse two different criteria which are based on the

Lagrangian acceleration of the panic 1c path and one simple criterion Avhich uses the
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nearest neighbour particle. The Lagrangian acceleratiorr for a particle with position

xj can be defined bv a second order finite difference scheme

A
_- A "Ol Y< (C pY

xp (G lo)

• If it can be assumed that the particles move» with nearly constant velocity or

in absence of more that three time steps a minimum acceleration criterion can

be used (also used by [18], [19] and [67]).

Critl -mmJa,/_1| (C.16)

• There is evidence, see [58], that the change of acceleration has a more physical

meaning. For example, if the particle is convected by a vortex or eiieular

trajectory, the criterion of minimising the change of acceleration would be the

right one.

CWf2 = min|a/!l -aj\ (C.17)

• If p P> 1 or s <y I. respectively, then one can use the simple assumption that

the track is given bv the nearest neighbour and hence

CritS = mrnlx,^1 - x( | (C.18)

C.2.4 Levels and establishing of links

One of the essential tasks of PIA" tracking method is to estimate the most likely
expected location of ef H. at the next frame [/' -t- 1]. and ef1"2, at, the acceleration

frame [/' + 2], For the expected locations if is in principle assumed that the particle
travels with constant velocity arrd thev arc not acceleiated fiom one time step to the

next one. this is always supposed for the location in the acceleration frame [/ ' J],
If we define the velocity u,/ + L

as follows

/ i /

U/-1: x; ~x,
—

then the location for the scaich volume is simplv

e/--r,x7/+ld-ii/'1Af (C.20)

The centres of e,
l

are calcula!ed differently, depending on the available inforrrrafion,
at the three levels, which will be explained below.

To establish a link there must be at least on possible Pack from [/'] to [f ~i-2}. If more

than one possible link exists then the sorting criteria are applied to decide which link

has the higher probability-, Aho the program tieats tracks which have a link to [/ - 1]
with a higher priority. Foi this reason the concept of levels arc introduced as follows:
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Level 0: This level has the highest priority. The program seeks for all particles p,

which have a link to the previous frame [f - b.

The centre of e, are calculated similar to e, A

UX AC

ef+1 ~-x/ -u,fAf (C.21)

llten for all possible tracks criterion Cr ill. Ci 12 or CriPi, depending on the

operator's choice, is calculated. The link which has the best (minimum) value

will be established. If a particle in (/' —1] is already occupied by a previously
established track resulting from p, then this track will be changed to the one

which has the better criterion value and for the other track the second best

choice of tracks will be selected.

Level 1: At this level the program seeks for all particles p, which have no link to the

previous frame [/ —f], but »; particles within the conclation radius r0 have

one and the mean velocity of these particles is calculated.

The centre of e;+ is:

/
_

i V
x'" K'-1

e/+1-=x/+u/Ar (C.22)

Then for all possible tracks criterion Cr//1 or Cr?/3 is calculated. The link

which has the best (minimum) value will be established. If a particle in [f -x- 1]
is already occupied bv a previously established tiack with level 1 resulting from

pt then the track will be changed to the one which has the better crileiion value,

or the previously established track has level 0 then the track is not changed
and for the current track the second best choice of tracks will be selected.

Level 2: At, this level the program seeks for all particles p, which have no link to the

previous frame [/ - f] noi any particles within the correlation radius r0 have

one. This is always the case at the beginning of tracking.
The centre of e, are simplv the cooidmatcs of particles in the next frame x7
which are within an arbitrary predefined volume around xj e.g. the correlation

radius r0 with an adjustable pre-factor, ft is obvious that at this level a search

volume for [f -l 1) is not needed.

Then for all possible tracks criterion Cntl or CntS is calculated. The link

which has the best (minimum) value will be established. If a particle in [/4 I]
is already occupied bv a previously established track with level 2 resulting
from p, then the track will be changed to the one which has the better criterion

value, or the previously established track has lev-el 0 or level 1 then the track

is not changed and for the current track the second best choice of tracks will

be selected arrcl so on.
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This approach maximises the possibility of long trajectories and can not, ahvavs be

considered as a pessimistic approach. For level 1 arrd 2 there are only two criteria

(Crill and Crit'Y) accessible, if Cnt'2 is chosen than Cnll is used as a default. This

disadvantage can be neglected because it onlv occurs Avherr the trajectory starts.

C.3 Running PTV', data input, data output and

parameters

The code is written in C and the riser's interface is written in Tcl/Tk and can be

compiled for any operating system where Tcl/Tk is available. In the following a step

by step advice for running PA\ with some information on the file formats will be

given.

C.3.1 Data input file and format

Currently only orre input format is implemented. This is the output of computer

program nimppp which are the rLis. ***'*' files and is in ASCII format. Fig. C.3

shows an example of the input files where the last three columns are the coordirrates

(.r-, y- and z- components) of the particles irr [mm]. The first, four columns arc tire

particle label index and three recorded light intensities of the three cameras. h\ this

Preprogram these four columns aie not needed and the program makes no use of

the light intensity information 1

1 8135 5842 8142 22.309 40.805 -0.022

2 4610 5803 3644 34.446 49.258 -8.292

3 4677 4041 4714 35.267 47.293 -0.189

4 5172 4021 4884 33.797 48.634 -8.399

5 4142 3173 4718 34.752 47,958 -0.254

6 2958 2920 2132 32.893 41.266 -8.404

7 2302 1968 2524 38.704 46.853 -0.002

8 4683 3749 1211 33.362 47.923 -8.665

9 1910 1251 2718 35.437 48.793 -0.093

Figure C.3: Input file format (rllsA^l

C.3.2 Data output files and format

The data output format is shoAvn in Fig. C.l and is also in ASCII format, the file

prefixes are called ptizis. >X*C lire first figure is the number of vectors within the

2The name of the phot02,1 ammetiie program vviitten bv AAhieif Y Maas

Ahesc columns have been retained 111 ca^e ,1 Pirer model mav make use of the light intensity
informa non
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845

13 13 26. ,710 54, .860 -2, .489

14 15 30. ,728 58. ,337 -4, ,872

17 16 36. .149 46, .891 -0. .132

22 20 33, .641 41, .199 -8 .471

18 -1 33, .867 41, .457 -8, ,527

15 18 28, .635 56, .438 -1. ,155

68 69 38, .863 47, .770 -8. .461

19 21 49 .428 47 .009 -0 .205

23 22 48 .066 44 .138 -2 .405

21 23 48 .323 53 .043 -0 .663

Figure C.4: Output file format (pAls.*^*)

current file. The first column is the link to the previous data set and the second

column is the link to the next data set. The figures correspond to the position of

the next, or previous track in the next or previous files, respectively. Values lower

than zero indicate no link to the next or previous files (start or end of track). The

last, three columns are the coordinates of the particles {r-, g- and z- components) in

[mm].
The output file of the statistics for each time step is called track.out arrcl is shown

in Fig. C.5. The first ioav is thought as a reminder arrd has no further meaning. In

FILE P0IN LINK Ef°/0 L0 LI L2

110 948 845 89.1 0 0 845

111 949 764 80.5 704 10 52

112 936 791 84.5 670 24 97

113 963 806 83.7 696 15 95

Figure C.5: Statistics file format (track.out)

the first column the suffix of the corresponding output file (ptv isP^^O is shown,
the second column arc the number of coordinates Avhich were giA'err by the input file

(rLrs. *>'tx). the next column is the number of successfully linked particles and is the

numbci of vectors in the output file, the fomih column is the tracking efficiency in %
and the last, three columns are the number of tracks established by level 0, 1 and 2,
respectivdv. In example Fig. C.5 it can be seen that tracking started at fife rt is. 110

and all tracks of file ptrzix 110 were established bv the level 2 procedure.

C.3.3 Starting PrY

To run the computet program P1 h. the parameter files track.par and coord.par must

be in the current directory: start the Tel sciipl ptiP.tcl and the interactive display
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comes up which is shown in Fig. C.6. In thrs stage onh the '"Start", "Parameter

• particle tracking

Tracking of particles in flows

Zoom factor

Start Track Seq track Parameter Chg. Coord. dear canvas 1 Quit

Figure C.6: Start canvas of Ijl V

and "Chg. Coord."' button can be used. Pressing one of the other buttons will have

no effect and lead to an error message.

Important pieces of information will appeal in the status display section which

contains two rows and is automatically updated.

C.3.4 Re-configuring of coordinates in PJV

The coordinate system of the output files rL/xxx<x from mmppj arc in the photo¬
grammetric coordinate system. The widget "Chg. Coord." contains options so that

the coordinate data sets are re-configured from anv arbitrary svstem of axes to fire

standard axes system used in common fluid mechanics, e.g. the positive .r-axis being
in the stream-wise direction, the positive //-axis in the direction normal to the Avail

(in the upward vertical direction for channel flow), and the positive ,2-axis in the

span-wise direction in the sense of a right-handed coordinate system of orthogonal
axes. Fig. C.7 shows the widget after pressing the "Chg. Coord." button.

If the ''Do changes'" check-button is pressed the coordinate options are active oth¬

erwise the coordinates of the input files will not be changcxl. "Rotate new'' orientates

the old axes (x, y. /) to the new axes (X ,Y .Z) as an example in Fig. C.7 the new

axes are: X=z, Y=y and Z=x. After re-orientation of the new axes each axis can be

changed to flic opposite direction aocoidingly to the "Negate" check-buttons. In the

"Translate" area the origin of new coordinate system can be translated parallel to

its axes bv the distances given in the entries. Xoto that the program docs not check

if the new coordinate svstem is a light-handed coordinate system. This has to be

clone bv the user.

C.3.5 Parameters adjustable in PT\'

Fig. C.8 shows the widget after pressing the -"Parameter" burton. If the "Draw links

onlv" check-button is active, onlv the links are clrayvn while tracking, otherwise also

the coordinates, represented bv crosses, will be drawn.
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Changing Coordinate System

j Do changes

Coordinate frame:

old: X(0) Y(1) Z(2)

Rotate new: X : Y I Z 0

Negate: * X Y , Z

Translate (mm): X:10 0 Y: 10 0 ZiÇTô

ok

Figure C.7: Coordinate widget in P7 V

In the start, and stop area the file suffixes of the first and last rPis. ii'i'i' file can

be given, it can be anv positive integer number. ""Imaging time
..

A is the imaging
time of the cameras, in [s]: Af, "Tavlor length ..." is the Taylor micro-scale A in

[mm].

"Radial parameters:" include all important adjustable îaclial parameters factors,

altering the values of the tin ce numbers gives anv desired size of radius for Ihe three

neighbourhoods. "Strue-factor" adjusts the size of the search radii r)cn?c/? irr level 0:

"Lcvcll-fac" adjusts the si/e of the correlation radius r0 and is also a pre-factor (with
the Struc-faclor) foi the size of the search laclii r)t'ï"-'', in level 1: "Level 1-fac" adjusts
the size of the correlation radius r0 and is also a pie-factor (with the Shuc-faetot)
for the size of the search radii r2~ in level 2.

With the radio-button "'Soiting criteria" the minimum change irr acceleration.

the minimum acceleration or the minimum distance criteria can be chosen.

With the radio-button "Seaich area" the four different estirrratcs for the search

radii, defined in Sec. C.2.2. can be chosen. Depending on which estimate is selected

the additionally required information is highlighted.

If the parameters are1 sex corrocth. press the "OK" button and the parameters
are written to the parameter hie track.par. Ehe widget is closed while the actually

resulting correlation and search radii are Aviitten to the standard output (normally
the shell in which PJ Ilvas staited).
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Changing Parameters

s* Draw links only

Tracking Parameters

File suffix of start and stop file: Start: 110 Stop: 115

Imaging time dt in s: 0 04

Taylor length lambda in mm: 0 5

Radial parameters: Struc-factor: 0 5 Level2-fac: 10 Level3-fac: 10

Sorting criteria

Min. ace. over 3 frames Min. change of ace. over 4 frames Min. distance

Neighbourhood search area

Search area: Turbulent Max. Deviation Search Box Mean particle distance

Integral lenght scale in mm: L(x): |1 0 L(y): |l 0 L(z): |1 0

Turbulent velocity flucutations in mm/s: urms(x): J3.0 umis(y): [3.0 unms(z): |3,Q

Maximum search volume in mm: Vol{x): Vol(y): Vol(z):

Mean spacing between particles in mm:

ok

Figure C.8: Parameter widget in P1Y

C.3.6 Running PTY

After the parameters were set correctly and if all needed input files are present, press

the "Start" button arrd two additional canvases arc displayed (see. Eig. C.9). These

canvases show the piojection of the flow field in the X-Y plane and X-Z plane. Note

that the scaling in the three coordinates is aibitrarv arrcl the purpose of the planes
is only the qualitative displaying of the tracking performance. With the "Zoom

factor"' widget the resolution of the display area can be adjusted. If the button

"Track" is repeatedly pressed, the next dataset is loaded arrd the tracks appear in

both canvases, the tracking progress can be monitored step bv step for each time

step and the tracking parameters can be adjusted. Xote that it, is important to close

the parameter widget each time changes shall be activated, lire "Track" option
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generates the coirespondmg output file plxs
xx'i't

In the status display sectron the

tracking efficiency and the hacks which aacic established meach level are monitored

For the basic tracking routine, click the Secptrack button Now all canvases arc

particle tiackmq

Cracking of particles tn flows

Zoom factor I
Start I Track j Seqjrack j Parameter [ Clear canvas j 1 Quit ,.

IFlle rt_islxO Points 348 Units b4i Ell 8ll 1 "S

(Tracks LevelO 0 Lev^ll 0 L-»vel2 84S

Figure C.9: Running PT\ mtracking mode with two canvases showing the hacks

cleared and trackmg starts with the first datasei and is continued automaticalh to

the last datasct Thrs option generates the output files ptt^i?
xxAx and the statistics

file track out In the status display section the tracking dhcieucv arrd the tracks

whrch weie established in each IcacI aie also momtoied In both plane canvases the

tracks will be displayed
When trackmg is finished one can leave the display and trackmg program bv

cbckmg the "Quit button or one can restait bv pressing the 'Start' button and

tiack another dataset



Nomenclature

In the following list the symbols and conventions used in this work arc reported.

Vectors are given bv bold lower case let tins (u. v. etc...), matrices bv bold upper-

ones (M, N, etc...). The components are denoted bv super- and subscripts, respect¬

ively (A, Ml, etc.). CAilligraphic tvpe has been mainlv used for subsets of the

computational domain. The dimension of the quantities compiled in the list below

arc given in SI units. Dimensionless quantities arc supplied with a dash.

Subscripts
crit critical/characteristic quantify

max maximum value

min minimum value

0 constant/initial value

h normalised with the step height
H normalised with the channel height
b quantity on the boundary

/ fluid

p particle

Superscripts
T transpose of a mai rix

time-derivative
' ~ "

pertuibation
intermediate

c convective

C convective

D diffusive

v viscous

J value determined by .lackknife technique
inter interpolated value

search search value

PP
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smoothed value

rate of strain

constant

boundary values of u

boundary point of a boundary control volume

connectivity of a flow section

camera constant

Runge-Kutta coefficients

constant ^ 0.81

open set in V

distance between two points A and B

particle diameter

surface element

line element

volume element

closed subset of Ei

rate of strain tensor

eigenvalue of D

stress tensor

particle image size

4x/
shortcut, for convective arrd diffusive fluxes

image size

force per unit area on a surface .1

vector function of the fluxes

circulation

Lagrangiarr frecprency spectrrrrrr constant

grid si/e (computations)
small distance vector

size of Cairssian window

Hessian of the piessure p

imaginary part

radial distortion parameters

Nyquist grid spacing (experiments)
separation length
rea11 achment length
characteristic length of a Burgers vortex

integral length scale of the flow

numbet of fitting paiameter

unit noimal to a surface
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nodes or foci

half nodes

number of particles in the obsei vatiotr volume

number of overlapping particles in an image
number of ambiguities per image pair

rnrmber of particle coordinates

number of tracked particles
number of velocity vectors

number of" velocity vectors within a sphere
detection factor in image space

reconstruction ratio irr object space

order

pressuie

tangential distortion parameters

base flow pressure

gravvaltte lossless JPEG predictors
barv-ccntre point of a control volume

cell of a unstructured discretisation off7

aiea of Q

invariant of T

in va liant of Y

invariant of T

Lagrangian autocorrelation

radius

components of cylinder coordinates

rotatiorr matrix

real part

Reynolds number

Reynolds number based on the step) height and mean velocity

Reynolds number based on the channel height and mean velocity

voitex Reynolds number of Burgers voitex

success of hacking parameter

variance

surface

saddle

half saddle

time

iron-dimensional period E ~ t u/h
time interval

temperature

tracking ratio

trajectory parameter

N _

N' ._

N —

N0 _

Na _

N, —

Nt _

Nu —

A, —

N2D —

NyD
o .

V N

ViPP _

p N

Pr gray

p ..

Q _

\Q\
9

rir

P s^1

Q s^2

R s^3

RL _

r m

r, (p, z _

R rad

5R __

Re _

fid —

Reff

Re„ __

s -

s2 m2s

S m2

S -

S' -

t s

P —

[t°Jl] s

T K

71/7 .

T
7

S"
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mean upstream velocity
velocity vector

characteristic velocity- of a Burgers vector

mean free stream velocity
base flow velocity vector

components of U

volume

vector function of the conserved variables

components of x

position vector

principle point coordinates

image coordinates

basis function

object points coordinate vectoi

camera projective centre coordinates

Lagrangian particle separation after Novikov [6 I]

weighting factor

Gauss piecision moduli

confidence level

wave number normalised with the step height
eigenvalues of T

velocity gradient tensor

velocity gradient tensor along a particle trajectorv
time step si/e (computations)
time step size (experiments)
mean paiticle spacing
mean velocity vector spacing
mean energy dissipation per unit mass

tolerance to the epipolar line

dimensionless error of the resulting non-divergence velocity field

Lagiangian multiplier
scale factoi

eigenvalues of Hp

leading eigenvalues of the stability matiix

second coefficient of viscosity-

tracking efficiency-

second invariant of E

first coefficient of viscosity-

kinematic viscosity

densitv

mean particle densitv

'U, ms_1

u ms
_i

u ins-1

to ms
" '

U ms""
'

u,v ms_1-

V nh

V

x, y, z m

X m

Xtf rrr

x' m

A' ._

-A.J m

Xfj rrr

Y m

Greek letters

a —

er2 s" m
-

ß _

ß —

liPlh p S"1

r s-'

f s-1

St. s

At s

xNt m

Ay m

cY m s

ee m

?D --

A s

A ..

A-|, A_>, ,A, s2

\' s-1

c kgni"~ls_1
pw _

e2 —?

s

p kgm^A^1
V

->
_ i

nrs

p kgmY^

Pt m-3
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CT ms"1

âr,ây,âz m

ào m

0~gv grayvaluc
@coord pixel
T Nur2

X

CO S"1

n s^1

n, S"1

RMSof the velocitv

RALS of particle eooidmates object space

RAIS of coordinate measurement in image space

RMSof gray values

standard deviation of detected particles
stress tensor

mean of strain-rotation îatio experienced bv a particle or

vortieitv vector

rate of rotation tensor

eigenvalue of O

Other symbols

<")

oc

n

CJ

c

G

<9

V

A

diag
del

tr

length of a vector, absolute value of a number

noim of a vector

average

sealai product
ctoss product

approximately to

proportional to

intersection of two sets

union of two sets

subset of

element of

partial derivative, surface

gradient operator

Laplace operator

diagonal elements of a matrix

det ci minant of a matrix

trace of a matrix

Abbreviations

l.h.s

r.h.s

e.g.

2D

311

AVS

CCD

CFL

CID

CN

left hauet side

light hand side

for example
Two-Drmcnsioiial

Three-Dimensional

Advanced Aisual Systems

Charge Coupled Device

(Courant lliediichs Lewv number

Charge Injection Device

Condition Number
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CR Compression Ratio

DCT Discret Cosine Transformation

DEC Digital Equipment Corporation

DNS Direct Numerical Simulation

ETP Explicit Pressure Term

ISO International Starrdardisation Organisation
JPEG Joint Photographic Experts Group

JPDE Joint Probability Density Function

MEPG Mewing Picture Expert Group

NOA Nelgbonrhood Operation Accelerator

PIV Particle Imaging \ elocimetry

PTV Particle Tracking Vclocirnetrv

RAID Redundant Array of Independent Disks

RAM Random Access Mcmory

RMS Root Mean Square
ROM Read Onlv Memory

SVD Singular Value Decomposition

TIFF Tag Image File Format

TTL Transistor Transistoi Logic
LCD Enstiuctured Cell Data
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