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Abstract

We introduce an analytic archimedean analogue of some aspects of the classical non-
archimedean newvector theory formulated by Casselman and Jacquet—Piatetski-Shapiro—
Shalika. We relate the analytic conductor of a generic irreducible representation of
GL,,(R) to the invariance properties of some special vectors in that representation, which
we name analytic newvectors.

We also provide a few natural applications of analytic newvectors to some analytic
questions concerning automorphic forms for GL,,(Z) in the archimedean analytic con-
ductor aspect. We prove an orthogonality result of the Fourier coefficients, a density
estimate for the non-tempered forms, an equidistribution result for the Satake param-
eters with respect to the Sato—Tate measure, as well as a second moment estimate for
the central L-values as strong as Lindel6f on average. We also verify the random matrix
prediction concerning the distribution of the low-lying zeros of the Langlands L-functions
in the analytic conductor aspect.
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Zusammenfassung

Wir stellen ein analytisches archimedisches Analogon einiger Aspekte der klassischen
nicht-archimedischen Neuvektortheorie vor, die Casselman und Jacquet— Piatetski-Shapiro—
Shalika formuliert haben. Wir entwickeln eine Verbindung zwischen dem analytischen
Konduktor einer generischen irreduziblen Darstellung von GL,,(R) und den Invarianzeigen-
schaften einiger spezieller Vektoren in dieser Darstellung, die wir analytic newvectors
nennen.

Wir présentieren auch einige natiirliche Anwendungen der analytic newvectors fiir ver-
schiedene analytische Fragen zu automorphen Formen fiir GL,(Z) im archimedischen
Aspekt des analytischen Konduktors. Wir beweisen ein Orthogonalitdtsergebnis der
Fourierkoeffizienten, eine Dichteschédtzung der nicht temperierten Formen, ein Gleich-
verteilungsergebnis der Satake Parameter in Bezug auf das Sato—Tate Mafs, sowie eine
Abschéitzung der zweiten Momente der zentralen L-Werte von derselben Qualitdt wie
eine gemittelte Version der Lindel6fschen Vermutung. Wir beweisen auch die Verteilung
der tief liegenden Nullstellen der Langlandschen L-Funktion im analytischen Konduktor-
Aspekt, die von der Theorie der Zufallsmatrizen vorhergesagt wird.






Preface

The work on the existence of analytic newvectors appeared as a joint effort with Paul D.
Nelson in the preprint |38|. Applications of analytic newvectors appeared in the preprint
[37]. Both articles have been submitted to journals to be considered for publication.
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CHAPTER 1

Introduction

The motivating questions leading to this thesis include two directions distinguished by
local and global features, which are described in the following sections.

1.1 Local motivation

1.1.1 Classical /non-archimedean newvectors

Let F' be a non-archimedean local field with ring of integers o, maximal ideal p, and
cardinality of the residue field #0/p = q. Let x be a unitary character on GL1(F) = F*.
There is a standard notion of a conductor of y in terms of the invariance properties of
X, which we recall in the following.

Consider a filtration of open-compact subgroups in o as follows:

0*D14pD1+p*D...21+pMD ...
Because of the continuity of y there exists an open compact subgroup 1+ p™ such that
X |14pm = trivial.

Let N be the minimal non-negative integer M such that the above invariance occurs.
Then, N is called the conductor exponent of x, denoted by c(), and the real number ¢*
is called the conductor of x, denoted by C(x) = q<0).

The open-compact subgroup 1+ pM can be defined analytically by
1+pM={zecol|l|z—1r< ¢ ™M}

On the other hand, an analytic approach is available for defining the conductor of a
unitary character. A local e-factor can be attached to x, which is an entire function on
C. The conductor of y can then be defined using the equation

€(1/2 = s,x) = €(1/2,x)C(x)".

Then, the invariance property of x can be reformulated as described in the following
theorem.

Toy Theorem 1. If x is a unitary character of GL1(F) with conductor C(x) (defined
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analytically), then
x(x)=1, Vezeo:|z—-1|p<Cx) "

Moreover, the relation x(z) = 1 is not true in general if ||z — 1||F> C(x) ™ .

A natural question is if a similar theory of conductor and invariance is available in
higher rank groups, e.g., in GL,(F') for n > 2. The answer is yes, and the analogous
theory was pioneered by Casselman [13] for n = 2 and Jacquet—Piatetski-Shapiro—Shalika
[30] for n > 2.

We first describe the ingredients needed to state the theorem of Casselman, Jacquet—
Piatetski-Shapiro—Shalika. The analogue of a unitary character on GL;(F) is a generic
(see irreducible unitary representation 7 of GL,(F'). Second, we must fix a fil-
tration of some open-compact subgroups in GL,(0). We define the congruence subgroup
K1(pM) of level M by the subgroup of matrices in GL,(0) such that the last rows of

these matrices are congruent to (0,...,0,1) mod p™ | analytically expressed as
lgnsllr < g~ for 1 < j <n,
Ki(p™) =< g e GLy(o): Y
lgnn — 1|F < q
0 e 0 0
=\ - - : N GLy(0). (1.1.1)
0 e 0 0
pM o pM M

We define a filtration analogous to the GL(1) case above, as follows.
GL,(0) D Ki(p)D... 2K (p™)D....

We can also define the congruence subgroup Ko(p™) by requiring that the last rows of
the matrices are congruent to (0,...,0,*) mod p™, i.e., analytically,

Ko(pM) = {g € GLy(0) : ||lgnjllr < g Mfor1<j< n}

0 o« .. 0 0

—| = ¢ | naL.e). (.12
0 e 0 0
pM o .. pM 0

Consequently, we define a similar filtration of Ko(p).
Next, we analytically define the conductor C(w) of a generic irreducible representation
7 of GL,(F) as before, i.e., through the e-factor attached to 7 using the equation

€(1/2 —s,m) =€(1/2,7)C(7)". (1.1.3)

The conductor C(r) can be checked as being of the form ¢“™) where ¢(7) € Z>o, which
we call, analogously, the conductor exponent of .



1.1 Local motivation

Finally, we state the main theorem of the non-archimedean newvector theory as follows.

Theorem 1 (|13 for n = 2, [30] for n > 2). For every generic irreducible representation w
of GL,,(F) with conductor C(r) := ¢°™) | there is a nonzero vector v € © that is invariant
by the subgroup K1 (pc(“)), Moreover, the vector is unique up to scalar multiplication.

We call such a vector a newvector of .

1.1.2 Archimedean analogue

The discussion in the previous section naturally motivates the question, s there an anal-
ogous theory at the archimedean place?

At least two immediate obstacles exist that would trivialize this question if we gener-
alize Theorem (1| verbatim at an archimedean place. First,

e there is no open compact subgroup of GL,(R) unlike the non-archimedean case.

We may relax this assumption and only work with an open subset of GL,(R). But, even
then,

e very few vectors in a representation of GL, (R) will be invariant by any open subset.

As an example, for GL;(R), the trivial and the sign characters satisfy such an invariance
property.

To make the problem interesting and useful, we modify the question and only work
with an approrimate analogue of Theorem First, we select an open neighbourhood
K C GL,(R) of the identity that is an approzimate analogue of Ki(pM) C GL,(F).
Then, we consider if there are representations of GL,,(R) and vectors contained in it that
are approzimately invariant by K. A more rigorous question is presented below, but first,
we gather the relevant ingredients to formulate a statement, as in the non-archimedean
case.

Given a generic irreducible representation m of GLy,,(R), an analytic conductor C () can
be attached to 7, similar to the non-archimedean case (cf. the analytic definition
of conductor), but in terms of the local y-factor attached to m, which is a meromorphic
function in C. We characterize C'(7) as the leading term asymptotic of y(s, 7) through
the equation

(1/2 = 5,7) = 4(1/2,m)C(7)* + On(s),

as s — 0. Also, the formula may be written more explicitly for the analytic conductor
as O(m) := [[;(1 + |p;]), where {p1, ..., un} is the set of (Langlands) parameters of =
characterized by the relation L(s,m) = []; I'r(s + p;), where I'r(s) := 7%/21(5/2) (see
[28]). Here, L(s, ) denotes the local L-factor attached to m. In practice, minor variants
of this definition serve the same purpose. For instance, occasionally, the factors occur as
(1 + |p4|) replaced by (3 + |p;]), so that log C'(7) is bounded uniformly away from zero.
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Next, we describe an approximate analogue of Ky(p™). Let X > 1 be large and
tending off to infinity and 7 > 0 be arbitrarily small but fixed. We define

Ki(X,7) = {(Z Z) € GL,(R)

@ € GL,_1(R),d € R @ = Loaf<r, i<,
e lel< /X, |d-1<7/X |

Here, the various |.| denote arbitrary fixed norms on the various spaces of matrices and 1,
denotes the identity element in GL,(R). The term X is the analogue of the real number
gV for K1(pM), and Ko(X,7) can be similarly defined as an analogue of Kq(p™) by only
requiring |d — 1|< 7 in the above definition of K;(X, 7).

Finally, we rigorously describe the what we intuitively mean by approzimate invariance.
We formally re-write the question proposed at the beginning of this subsection as the
following.

Question: For every € > 0 does there exist a number T > 0 such that for every ir-
reducible generic unitary representation m of GL,(R) there exists a vector v € m with
lv]|== 1, so that

Im(g)v — vlla< €

for every g € K1(C(n),1)?

We prove in Theorem [2| that if 7 is also assumed to be tempered (more generally, if
7 satisfies a non-trivial bound towards Ramanujan), then the answer to this question is
affirmative, which proves a stronger and more useful version of this theorem in Theorem
By analogy, we call such vectors analytic newvectors for GLn(]R)

We complete this section by providing an example where we state an archimedean
version of the Toy Theorem (1| for GL;(R). We know that the set of unitary characters
of GL1(R) can be parametrized by the map

IR x {0,1} 3 (5,6) = {RX 3 o yes(y) = y°sen(y)°}.
One can calculate that C'(xss) < (1 +s|), and for GL;(R), we can set
Ki(X,7):={y e R* ||y - 1|<7/X}.
We now state the corresponding toy theorem in the archimedean case.
Toy Theorem 2. For e > 0, there exists 7 > 0 such that for all (s,d)
IXs.5(y) — 1<
for ally € K1(1+ |s], 7).
Proof. For small enough 7, we can take y > 0. Let s = it with ¢t € R. Then,

ly* — 1= |e1o8Y — 1< |tlogy|< [t(y — 1)],

ISee Remark [4] for the reason we use the adjective analytic.



1.2 Global motivation

where all implied constants are absolute. We conclude using y € Ki(1 4+ |¢|, 7). O

1.2 Global motivation

Given a finite family F of automorphic representations 7 of a reductive group G, several
important questions can be formulated in terms of the asymptotic behaviour of the
average

1T A, (1.2.1)

TeF
as the size of the family |F| tends off to infinity. Here, A(7) can be chosen to be
interesting arithmetic objects attached to m, e.g., Fourier coefficients A, or powers of
central L-values |L(1/2,7)|*. Often acquiring knowledge about the statistical behaviour
of A(m) by making such averages is easier than understanding A(7) individually due
to the availability of strong analytic techniques, e.g., (relative) trace formulae. The
families usually are defined in terms of some intrinsic attributes of the automorphic
representations 7, such as their levels (non-archimedean), weights, spectral parameters,
Laplace eigenvalues (archimedean), and analytic conductors. A plethora of works has
been done in these aspects on various higher rank and higher dimensional arithmetic
locally symmetric spaces, among which we refer to |26} |9].
Consider the family Fx defined by

{automorphic representation = for PGL,(Z) | C(7) < X }.

Here, C(m) denotes the analytic conductor of 7, i.e., C(7) = C(7) where 7y is the
archimedean component of m and C'(7) is defined as in the previous section. Obtaining
an asymptotic formula or estimating the size of when F = Fx as X — o0
for various A(7) is another motivating problem of this thesis. For instance, if A(7w) =
|L(1/2,7)|F, then an asymptotic formula for for large enough k would yield a
sub-convexr bound for L(1/2, ) in terms of C'(m). This seems to be a potential approach
to understand the infamous conductor-drop issue. We refer to [42] for a survey on other
averaging problems over Fx.

There are several instances [5, 47, |60] in the literature where the invariance property of
the classical non-archimedean newvectors has been (sometimes implicitly) used to con-
struct projectors on the automorphic representations with a given level. These projectors
are well-compatible with the relative trace formulae, which, consequently, helps with the
understanding of the averages in in the level (equivalently, non-archimedean con-
ductor) aspect. So far, the similar problem in the archimedean analytic conductor aspect
cannot be addressed because of unavailability of the right notion of invariance or newvec-
tors at the archimedean place.

In the application part of this thesis, our goal is to initiate an understanding of a
smoothened version of the averages as in in the archimedean analytic conductor
aspect by constructing an approximate projector on Fx using analytic newvectors and
subsequently analysing the averages by means of the Kuznetsov trace formula. We pro-
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vide a few averaging applications of this kind that (including their proofs) are mostly

influenced by the recent works , .



CHAPTER 2

Main Theorems

2.1 Analytic newvectors

We recall the definition of the approximate congruence subsets in GL,+1(R). Let X > 1
(considered as tending off to co) and let 7 € (0,1) (considered as small but fixed, or,
perhaps, very slowly tending to 0). We define the following archimedean analogues of
the standard p-adic congruence subgroup :

a b la —1,|< 7, |bl<T,
K()(X, T) = < > S GLn+1(R) a < GLn(R),d S GLl(R), T
c d lel< =, |[d—1|<T
X
(2.1.1)
Here, the various |.| denote arbitrary fixed norms on the various spaces of matrices. We
define K1 (X, 7) similarly, but with the stronger constraint of |[d — 1|< 7/X.

While the sets K, (X, 7) are not groups, they feature some group-like properties in the
limit as 7 — 0. For instance, it is easy to see that if 7/ is small enough with respect to
7, then g1g2 € Ko(X, 1) for all g1,¢92 € Ko(X, 7).

We also recall the usual notion of f-temperedness. Let 6 > 0, and by the Langlands
classification, we know that any unitary irreducible representation 7 of GL,(R) is a
Langlands quotient of an isobaric sum of the form

o1 @ |det[" 8- - B o, @ |det|.

where the underlying Levi of this induced representation is attached to a partition of n
by 2s and 1s. Here, each o; is either a discrete series of GLg(R) or a character of GL; (R)
of the form sgn’|.|* for some § € {0,1} and p; € iR. We say that 7 is O-tempered if all
such s; have real parts in [—6,6]. By [49], the local component at any real place of any
cuspidal automorphic representation of GL(n) over a number field is §-tempered with
0=1/2—-1/(1+n?) <1/2.

We next describe the main theorems regarding the existence of analytic newvectors.
Theorem [2| provides a simple sense in which the analytic conductor controls the invariance
properties of vectors. Theorem [3| is a more powerful, yet more technical, result with
additional features that we expect to be useful in applications.

Theorem 2. Fizn € Z>, and § € [0,1/2). For each § > 0, there exists T > 0 with the
following property: For each generic irreducible 0-tempered unitary representation I1 of
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GL,+1(R), there exists a unit vector v € II such that for all g € Ko(C(II), 1),
ITI(g)v — wii(dg)v|lu< 6.
Here, wry denotes the central character of 11, and dg is the lower-right entry of g.

We fix a generic additive character 1; of the standard maximal unipotent subgroup of
GL,+1(R), consisting of upper-triangular unipotent matrices. We choose 1 to be defined

in a similar way as in (4.1.1)), and we denote W (H, ¥) by the Whittaker model of a
generic irreducible representation IT of GL,+1(R) (see §4.1.2] for details).

Theorem 3. Fizn € Z>; and 0 € [0,1/2), let Q be a bounded open subset of GLy,(R),
and let ¢ > 0 be small enough in terms of n and Q. For each § > 0, there exists T > 0
with the following property:

For each generic irreducible 0-tempered unitary representation I of GLy4+1(R), there

exists an element V.e€ W (H, @Z) of its Whittaker model satisfying

e the normalization HVHW(H 5= 1, with the norm taken in the Kirillov model (see

13,
o the lower bound V [(h 1)] > for all h € Q, and

e the invariance properties:

1. for all g € Ko(C(II), T),

IL(g)V = wni(dg)V vy (m,5) < &

V(" )o]-enr [(* )] <5

Here, wyy and dgy are as in Theorem @

2. and for h € Q,

Informally, Theorem [3] asserts that if 7 is small enough, then there are nonzero vectors
in II satisfying a form of approximate invariance under Ky(C(II),7), both in the sense
of the norm and as quantified by the Whittaker functional.

Remark 1. Recording the formulation of Theorem[3 in terms of sequences is instructive:
for each bounded open @ C GLy,(R) and sequence I1; of generic irreducible 0-tempered
unitary representations of GLy,41(R) there is a corresponding sequence V; € W(Il;, 12) of
Whittaker model elements satisfying

e [IVill=1,
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] infheg infj”/}(h)‘> 0, and

e for any sequence T; of positive numbers tending to zero and any sequence of the
group elements g; € Ko(C(I1), 75),

Jim [T1(g;)V; = wn(dy, )V = 0

and
Jim inf [V;(hg;) — wn(dg,)V;(h)|= 0.
Remark 2. The proof is constructive (see and shows that we may take V to be a
fized bump function in the Kirillov model.

Remark 3. The assumption of 6-temperedness (or even unitarity) may seem artificial
because it is not required in the non-archimedean setting. However, it is used in the proof
to ensure that v(1/2 — s,II) remains holomorphic for R(s) > 0 during a contour shift
argument (see . This assumption is satisfied in our intended applications.

Remark 4. The newvector defined by Jacquet—Piatetski-Shapiro—Shalika in [30] is de-
fined differently; a newvector is a Whittaker function V- on GLy41(F) such that for any
spherical representation ™ of GLy,(F) containing the spherical vector Wy with Wy(1) =1,
the local zeta integral (see of V. and Wy equals the L-factor of the Rankin-Selberg
convolution II @ .

The newvectors at an archimedean place can also be defined as test vectors of the
Rankin-Selberg zeta integral, for which Popa [52] introduced such a theory for GLa(R),
while the case of GL,(R) is the subject of an ongoing work of P. Humphries. Such test
vectors can be thought of as algebraic analogues at the archimedean place of the classical
newvectors in [30[. The analytic newvectors considered here are “analytic test vectors”
(i.e., the zeta integral enjoys a quantitative lower bound instead of being merely non-
vanishing) for “analytically unramified” representations (i.e., for those with sufficiently
small analytic conductors). The source of this dichotomy between algebraic and analytic
is related to the question: What is the analogue of GLy(Z,) C GL,(Q,) inside GL,(R)?
An algebraic analogue is O(n) (a mazimal compact subgroup), while an analytic analogue
is a small balanced neighborhood of the identity. Algebraic newvectors transform nicely
under O(n), while analytic newvectors transform nicely under suitable neighbourhoods of
the identity.

Remark 5. We expect, by analogy to the non-archimedean theory, that Theorems|[q and
@f@ature a “converse” to the effect that their conclusion fails if Ko(C(I1), T) is replaced by
Ko(X, 1) for X substantially smaller than C(IT1). To make these assertions precise, let fx
be an L'-normalized smoothened characteristic function of Ko(X, 7). Because Ko(X,T)
behaves like a group, we may assume that fx is a self-convolution, so that the integral
operator I1( fx) is positive-definite. The trace dx(II) of that operator is then an analytic
prozy for “the dimension of the space of V € Il approximately invariant by Ko(X,7).”
(In some applications, an alternative proxy Jx (I1) defined using the Bessel distribution is
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more relevant, see §4.2.5 for details.) Theorem|[q implies that dx (II) > 1 for X > C(II)
and ™ > 0 is small but fixed. Conversely, we expect that for any fixed N, we have
dx(IT) <y (C(I)/X)~N for X < C(IT). Thus, dx(I1) is small when X is substantially
smaller compared to C(I1). In the transition regime of X < C(II), our estimates show
that such an upper bound is sharp if true, suggesting an analogue of the “multiplicity one”
property of non-archimedean newvectors, as well as an asymptotic characterization of the
analytic conductor in terms of the invariance properties of vectors.

2.2 Applications

Let X := PGL,(Z)\PGL,(R), and by X we denote the isomorphism class of irreducible
unitary standard automorphic representations of PGL,(R) in L?(X) that are unramified
at all finite places. Here, by standard, we mean the automorphic representations that
appear in the spectral decomposition of L?(X). Similarly, by Xgen, we denote the sub-
class of generic representations in X, i.e., the class of representations that have (unique)
Whittaker models. Let dpaye be the automorphic Plancherel measure on X compatible
with the G-invariant probability measure on X (see [21, Chapter 11.6] for details). Then,

let C(m) be the analytic conductor of w € Xgen (see §4.2.2).

2.2.1 Orthogonality of Fourier coefficients

The Fourier coefficients of automorphic forms on GL(n) for n > 2 behave similarly to
the characters on GL(1). In particular, the Fourier coefficients are expected to satisfy
an orthogonality relation when averaged over a sufficiently large family, similar to char-
acters. In |63, Conjecture 1.1], an orthogonality conjecture of the Fourier coefficients is
formulated, which loosely states that

. Ao (DX (m)L(1, ¢, Ad) ™!
lim Zapcuspldal, v, <T ‘P() <P( ) ( ¥ ) :5l:m- (2.2.1)

-1
T=eo Zg@ cuspidal, v, <T L(l? @, Ad)

Here, ¢ are spherical (i.e., also unramified at infinity) cusp forms on X, and I,m € N*~1.
Also, A\, and v, are the Fourier coefficients and the Laplace eigenvalues of ¢, respectively.
For detailed notations, see

In Theorem |4 we prove a variant of the conjecture in in the analytic conductor
aspect (i.e., the Laplace eigenvalue v, replaced by the analytic conductor of ¢) for general
n.

Theorem 4. Let I,m € N*™! and X > 1 be a large number tending off to infinity, such
that
min(l’f_1 o lpma .. .mZ:%, m?_l e Mp—1ly ... lZ:%) < X"

with a sufficiently small implied constant. Then, there exists Jx : Xgen — R>q with

e Jx(m) > 1 whenever m is cuspidal with C(mw) < X,

10
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o Ji B () =< X7,

such that

Jx ()
Aﬂl)\ﬂmdauﬂ':&m/ — S dptaut (),
J At G ) = i [ e
where £() is a positive number defined in (4.2.2) that depends only on the non-archimedean
data attached to .

In [8], the conjecture in is first proved for n = 2. Recently, in |3, Theorem,
5], |6, Theorem 5|, [23] for n = 3 and in [|24] for n = 4, the conjecture (in the Laplace
eigenvalue aspect) has been settled. On the other hand, a variant of the conjecture in
without the harmonic weights L(1, Ad, 7) has been proved in |46, Theorem 1.5] for
general n. As an easy corollary of Theorem 4] we obtain the following weighted counting
of cusp forms for PGL,,(Z).

Theorem 5. Let L(s,m,Ad) be the adjoint L-function. Then,

1
Xn—l
2 IOmAD &4
C(m)<X
7 cuspidal

as X tends off to infinity.

Remark 6. In Theorem unlike (2.2.1)), we averaged over not just the cuspidal spectrum
but also included the continuous spectrum. However, the proof of Theorem |4 can be
modified to have an orthogonality result over a subset of the cuspidal spectrum only, by
killing off the contribution from the continuous spectrum using a projector attached to a
matriz coefficient of a supercuspidal representation o of PGLy,(Qp). We illustrate such
an example in Theorem [T1] that loosely describes a statement of the following spirit.
Theorem . If I,m € N1 are coprime with p for a fized prime p, then

im X" 3 Ar(m)Ax (1)
hm Xl ! N . . . = CU(Sm:l,
e Cmoo) <X mp=0 L®)(1,Ad, )
7 cuspidal

where L®) is the partial L-function excluding the p-adic Euler factor, ¢, is a constant
depending on o, and 7, and T are the p-adic and infinity components of an automorphic
representation m, respectively.

Remark 7. We only show that the cut-off function Jx(m) is non-negative over the rele-
vant spectrum and large if the analytic conductor is bounded by X. Although we do not
show that Jx (m) is negligible if the analytic conductor is large, we expect this is true (see

Remark @

11



2 Main Theorems

2.2.2 Vertical Sato-Tate

For a finite prime p and 7 € Xgen, we denote the complex n-tuple
pP(m) = (pf (), .o, b (m Zul =0 mod 27i/logp

to be the Langlands parameters attached to 7w at p. Langlands parameters are invariant
under the action of the Weyl group W. Let T and Ty be the standard maximal tori in
SL,(C) and SU(n), respectively. We identify pP(7) as an element of /W by pP(m) —
pt(m) = diag(p“ll)(”), - ,p“ﬁ(”)). As a tuple, p**(™) are the Satake parameters attached
to m at p. Let pugt be the push-forward of the Haar measure on SU(n) on Ty/W, which
is also called the Sato-Tate measure attached to the group GL(n).

The Ramanujan conjecture at a finite prime p for GL(n) predicts that all the Satake
parameters will be purely imaginary. In other words, p*’(™ will be in Tp /W for all
T E Xgen. Although the Ramanujan conjecture remains open, its truth can be verified
on an average as in Theorem |§| For details, we refer to |6, 63]. Theorem |§| can also be
regarded as a weighted equidistribution result of the Satake parameters with respect to
the Sato—Tate measure.

Theorem 6. Let [ be a continuous function on T/W. Let p be a finite prime and
p* (™) T /W be the Satake parameters attached to m at p. Then,

S T D)5 ()
fxgen Z((g)dﬂaut( ) _>/To/w f(2)dusr(2)

as X — 0.

A variant of Theorem [6] in the Laplace eigenvalue aspect that assumes the conjecture
in (2.2.1)) is proved as in [63] for general n. Unconditionally, the same variant is proved
in [41, Theorem 10.2] for n = 2 and in |6, Theorem 3| for n = 3. In [46, Theorem
1.4] as well as in [55], the authors proved Sato-Tate equidistribution over a cuspidal
spectrum without the harmonic weights ¢(7) for PGL(7) and for general reductive group,
respectively. In particular, both [46, 55| use the Arthur-Selberg trace formula while we
use the Kuznetsov trace formula. Also, Theorem [6] can be formulated over a cuspidal
spectrum following a similar technique as in Theorem see Remark [0]

2.2.3 Density estimates

We denote 67(r) := max;|R(p!'(7))|, and call 7 to be tempered at p, ie., 7 satisfies
the Ramanujan conjecture at p, if 0P(w) = 0. Analogous to the archimedean case, we
call 7 to be O-tempered at p, if 0P(w) < 6. From |32], we know that uP(w) € T1/W for
cuspidal 7 in Xgen, where Ty C T7 C T is defined by the subset in T' containing u? ()
with 7(7) < 1/2 (Luo-Rudnick-Sarnak improved this bound to 1/2 — 1/(1 + n?), see
[29)).

12
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In [54, p.465], Sarnak conjectured that for a nice enough finite family F of unitary
irreducible cuspidal automorphic representations for PGL,,(Z), the number of representa-
tions m € F for which 6P(7) > 0 at a fixed place p is essentially of size |}"|1_r2f01. We refer
to [2] for further motivation and details. In Theorem |7, we prove Sarnak’s conjecture in
the analytic conductor aspect at a finite place p for PGL,(Z).

Theorem 7. Let p be a fixed prime. Then,

1
Xn—l

as X tends off to infinity.

#{7 cuspidal | C(r) < X, 0F(7) > n} < X 21T

Many variants of the density estimate, as in Theorem 7] of similar strength are available
in the literature. We refer to |3 Theorem 2| for n = 3 in the spectral parameter aspect,
[6, Theorem 1, Theorem 2| for n = 3 in the Laplace eigenvalue aspect, |5, Theorem 4,
Theorem 5| for n = 3 in the level aspect, and, more recently, |4, Theorem 1] in the level
aspect for general n. In |46, Corollary 1.8] (also see |19], which discusses this for general
reductive group), a density bound is obtained using the Arthur—Selberg trace formula for
general n. However, the bound is weaker than Sarnak’s density hypothesis in [54].

Remark 8. We mention that (4, Theorem 1] proves a stronger estimate in the non-
archimedean aspect than the non-archimedean variant of Sarnak’s density hypothesis [54).
The analogous estimate in our setting would be <. X ~41¢. To obtain a stronger bound,
an estimate is needed of a certain double unipotent orbital integral that arises in the
geometric side of the Kuznetsov formula (as in the second term of the RHS of the equation
i Proposition sitmilar to what is achieved in the non-archimedean case in [4),
Theorem 3], see discussion after Theorem 2 in [4)]). Such estimates might be achievable
by a delicate stationary phase analysis of the unipotent orbital integrals, which is not in
our grasp currently for general n and we hope to return to this in the future.

2.2.4 Statistics of low-lying zeros and symmetry type

Strong evidence is available in support of Hilbert and Poélya’s suggestion that there
might be a spectral interpretation of the distribution of the zeros of the Riemann Zeta
function in terms of eigenvalues of random matrices, e.g., Montgomery’s pair correlation
of high zeros of the Riemann zeta function. Katz and Sarnak 39| predicted that given a
family of L-function for a reductive group, a symmetry type (e.g., orthogonal, unitary, or
symplectic) could be associated to that family, which is given by the associated random
matrix ensemble that conjecturally determines the distribution of the low-lying zeros of
the L-functions in the family. We refer to |55, §1.3-§1.6] for a detailed overview with
motivations.

We start by assuming Langands strong functoriality principle, as in [55, Hypothesis
10.1]. Note that, Langlands L-group of G is SL,(C).

13
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Conjecture 1 (Langlands Functoriality). For every m € Xgen and every d-dimensional
L-homomorphism p : SL,(C) — GL4(C), there exists an irreducible automorphic repre-
sentation p,m for GL4(Z), called the functorial lift of ™ under p, such that

A(s, pxm, Standard) = A(s, 7, p),

and for every p < oo the p-component (psm), = phmy, where pt in the RHS denotes the
induced functorial transfer for the local representations at p.

To exclude the case of p being trivial, we also assume that d > 1. It is known that
Conjecture [I| implies the Generalized Ramanujan conjecture for G.

We define the average conductor C, x of the family of automorphic representations
7 € X with analytic conductor C (m) < X by the equation

o) (m)

Let 1 be the Fourier transform of a smooth function on R supported on the interval
[—0, 0] for some § > 0. Then, 1 is a Paley-Wiener type (or Schwartz class) function.

We write the zeros of A(s,,p) in the critical strip, i.e., R(s) € [0,1], as 1/2 + iv,,x,
i.e., under the GRH we have 7, € R. The low-lying zeros of A are the zeros with
Yp.x bounded by (log C’p,X)_l. We define a weighted 1-level density statistic D, x for
low-lying zeros of A(s, p.m) with C(7) < X by the equation

DP,X(Qp)[ JX(W) d,ufaut(ﬂ') = /X Z w <’Yp*7rlog2i 7X) JEX(W) dﬂaut(ﬂ). (222)

2y L) ()

J J
log C ’X/X X(W)d,uaut(ﬂ) ::/X log C(p*ﬂ')ﬂdﬂaut(ﬂ').
gen gen

Similarly, we denote the poles of A(s, p,m) in the critical strip by 1/2 + i1, -, and define

D’,?S?(?/})[ DX () = [ Yy <rpmlogc ’X> IX) (). (2.2.3)

Kgen £(mr) Rgon £ 2T £(mr)

From Katz—Sarnak’s [39] random matrix heuristics about the distribution of the zeros
of A, a limiting 1-level density can be predicted for the low-lying zeros. That is,

Jim_ Do) = [ v

where 20 is determined by the Frobenius—Schur indicator s(p) of the representation p. In
particular, a family is (even) orthogonal, (unitary) symplectic, or unitary if the value of s
is —1,1, or 0, respectively. Shin—Templier [55, Theorem 1.5] showed that this prediction
is true for certain families of automorphic L-functions in the level and weight aspects for
a general reductive group, assuming some hypotheses on the size of the average conductor
and the number of poles of the L-function. In Theorem |8 we prove a weighted version of
[55, Theorem 1.5] for the group G, assuming similar hypotheses as in [55|, as described

14
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below.
We make a conjecture about the size of the average conductor as in [55, Hypothesis
11.4], namely that log C, x =<, log X.

Conjecture 2. For all L-homomorphisms p, there exist nonnegative constants ¢(p) and
&(p), such that
XC(P) & Cp,X &< XQ(P)

for all large enough X > 1.

Conjectureshould not be difficult to establish upon an asymptotic expansion of Jx ()
for various ranges of C'(7) (see Remark |5)) and using local Langlands correspondence for
G to describe the archimedean L-parameters of p,m. Heuristically, at least when p is the
standard representation, we expect

Jx ()
x ()

/ log C() Jx () dptans () =~ log X /C( | dptant(m) < X" 1log X.
Xgen )=

t(m)

For the general d-dimensional representation p, proving a trivial bound C(p.m) < C(7)®
is straightforward (however, this bound is far from being sharp when p,7 has a conductor
drop). Correspondingly, a crude bound of €(p) may be obtained as discussed in the
heuristic above.

We assume Langlands functoriality in Conjectures[I]and 2] about the size of the average
conductor and state the following weighted version of the density estimate of the low-lying
zeros of A(s, 7, p) over the family 7w € Xgen with C(7) < X.

Theorem 8. Let p be a d-dimensional irreducible representation of “*G = SL,(C) with
highest weight 6 = (01, ...,60,) that is a dominant element in Z"/Z(1,...,1). Let s(p)
and €(p) be as in the above discussion. Let ¢ be a Schwartz class function with Fourier
transform 1 that is supported on [—9,08]. Then,

D)= D) = 50) - ooy +0 (L)

1
fOT all 6 < W
Remark 9. The DP term in Theorem @ typically should be negligible. As shown in
/55], the corresponding DP°'® term is negligible upon assuming [55, Hypothesis 11.2],
which heuristically predicts that A(s, p.m) is entire for most w. Remark provides
additional details.

Remark 10. We use the Ramanujan Conjecture in full strength, which is implied by
Langlands functoriality principle in Conjecture , in the proof. However, we only need
a bound towards Ramanujan. Thus, alternatively, functoriality can be assumed for, not
all p, but a subclass of these and prove a bound towards Ramanujan to prove a stronger
version of Theorem [§

15
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Apart form [55], a few results exist on the distribution of the zeros of various families
of L-functions for » = 2 in the weight and level aspect, e.g., |29, 62|, for » = 3 in the
Laplace eigenvalue aspect in 23|, and for general r in the dilated Plancherel ball aspect
in 46].

2.2.5 A large sieve inequality

In the next application, we prove a large sieve inequality in the analytic conductor aspect
for the Fourier coefficients of PGL(n). This result is in the spirit of the celebrated large
sieve inequalities in [17] in the spectral parameter aspect for n = 2.

Theorem 9. Let all the notations be as in Theorem . Let a(m),penn—1 be any sequence
of complex numbers and M :=mq ... my—_1. Then,

2
<X Ja(m)?.
M<X

S a(m)As(m)

M<X

> L(1,mAd)!
C(m)<X

7 cuspidal
Here, the implicit constant in the condition M < X s assumed to be sufficiently small.

Theorem |§| is of similar strength as |4, Theorem 4| in the level aspect. We also mention
previous works on large Sieve inequalities in [3, Theorem 3| in the spectral parameter
aspect, |5, Theorem 2, Theorem 3| in level aspect for n = 3, and |18} 59| in the level
aspect for general n.

2.2.6 Second moment of the central L-values

Finally, we provide a corollary of Theorem [J]to the best possible, i.e., Lindelof on average,
second moment estimate of the central L-values.

Theorem 10. Let L(s, ) be the automorphic L-function attached to w. Then,

[L(1/2,7)[? n—l+te
2. HimAq <X
C(m)<X

7 cuspidal
as X tends off to infinity.

A level aspect variant of Theorem [10| hasrecently been proved in |4, Corollary 5]. The
harmonic weight L(1,Ad,n) can be eliminated in the above second moment estimate
(similarly, also in Theorem |5| and Theorem @ by using an upper bound of L(1, Ad, ),

as in (6.4.4]) from [44].
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CHAPTER 3

Sketches and Discussions

3.1 Sketch for the proof of Theorem

In this section, we assume that II is tempered (instead of #-tempered) and has trivial
central character. We construct the vector V' € II by specifying that it be given by a fixed
bump function in the Kirillov model (see ) The key step in the proof of Theorem
is to verify that V' (g) approximates V(1) for all g € Ko(C(II), 7) with 7 small, from which
the remaining assertions are deduced fairly easily. The main difficulties in the proof are
present in the special case that g is lower-triangular unipotent, so for the purposes of
this sketch, we restrict to this case. Proving the following quantitative refinement of the
conclusion of Theorem [3| will be sufficient: for all small 1 x n row vectors c,

V[QK%D J]_V“V<W- (3.1.1)

From this, we first expand the LHS of (3.1.1)) using the Whittaker—Plancherel formula

(4.1.2). We next apply the GL(n 4+ 1) x GL(n) local functional equation (4.1.4) and
attempt to analyze the resulting integral. We indicate this progress first in the simplest

case n = 1, and then describe the modifications necessary for general n, along with the
technical difficulties in these cases.

3.1.1 Proof for n=1
In this case, II is a representation of GLa(R). We define the Whittaker model W(II)
using the additive character of the unipotent radical in GLg(R) defined as in (4.1.1)). We

recall that, by the theory of the Kirillov model, there is for each f € C2°(R*) a unique
element V' € W(m) of the Whittaker model of II for which

v [(y 1)] — i) (3.1.2)

for all y € R*. We recall the local functional equation (4.1.5) for GLg x GL;: for s € C,
the zeta integral
fov () e
RX 1

17
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converges absolutely for R(s) > —1/2 and extends to a meromorphic function on the
complex plane, where it satisfies the relation

() [ Y P

Here w:=1{ 1 1) denotes the Weyl element and v the local y-factor, with properties
we recall in greater detail in The meromorphic function
Cc()—s
o(s1m) = I
Y(1/2 + s,1I)

is holomorphic for R(s) > —1/2 and non-vanishing for R(s) < 1/2. The normalization
is such that ©O(s,II) is approximately of size 1 for bounded s, uniformly in II. More
precisely, we have

(14 [3(s))) 72RO « O (s, ) < (1 + |S(s)|) 2R (3.1.3)

for s of the bounded real part and a fixed positive distance away from the poles of O (s, IT),
and with the implied constant uniform in II (see Lemma [4.1.1)).

Let us assume in this sketch that IT belongs to the discrete series, so that in the Kirillov
model of II, the subspace of functions that vanish off the group ]RJXr of positive reals is
invariant by the group of positive-determinant elements of GLy(R), which allows us to
simplify the exposition slightly because the character group of R} is slightly simpler than
that of R*.

We fix a test function f € C°(RY) satisfying the normalization || f|2= 1. We extend
f by zero to an element of C°(R*). We construct V' using the theory of the Kirillov
model by requiring that holds for this choice of f. The goal, then, is to verify the
estimate . We first apply the Mellin inversion, giving for any ¢ € R the identity

G (L[ ) € e

Here and in the rest of the thesis, we use the 2mi-normalized Lebesgue measure (e.g.,
ds) on any vertical line in C. We then apply the local functional equation to the inner
integral, and after some matrix multiplication and appeal to the left-N-equivariance of
V', we obtain

(G = s (Lo [ )]

We next substitute ¢ — ¢/C(II), apply the change of variables t — ¢/C(II), and subtract

18
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the corresponding identity for ¢ = 0, resulting in

' Kc;m 1” —v= /(0)9(5’7“) /tERi@(—c/t) —1)

<V KC(H) t) w] 1t]° ¢ ds.

We now claim that if ¢ is small, then V' [(C(H) t) w] is negligible. More precisely,

we claim that for any fixed integers M, N > 0,
(to) NV [<C(H) t> w] < min(1, tM). (3.1.4)

From this, it follows that e(—c/t) &~ 1 on the “essential support” of the inner integral
eventually leads to the required estimate (3.1.1]).

We focus on the case N = 0 of the claim, and suppose that ¢ is small; we must show

that
1% [(C(H) t) w] < tM (3.1.5)

for any fixed M. As before, we once again apply a Mellin inversion and appeal to the
local functional equation, which gives

with f(s) = fteRi f(t)t—*d*t. By the construction of f, the Mellin transform fis

entire and of rapid decay in vertical strips. The crux of the argument is to now shift the
integration in (3.1.6) to the line R(s) = M for some fixed, large, and positive M; the
properties of © summarized above imply that

O(s, I f(s) < |s| 2, (3.1.7)

say, for such s, which leads to the required estimate (3.1.5|).

In summary, the proof of the case n = 1 follows readily from two applications of the
local functional equation and a straightforward Paley—Wiener type analysis of the Mellin

integral representation (3.1.6]).

3.1.2 Difficulties in generalizing to n > 2

g

We choose V in a similar manner to the n = 1 case, such that V' is given by

1
a unipotent equivariant bump function on GL,,(R) (see (5.1.1) for details) and show, as
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before, that for small 1 x n row vectors c,

' [(c/cl(n) 1)} — V) <,

where the matrix entries are written in the evident block form. We first appeal to the local
functional equation, much like in the n = 1 case, reducing in this way to proving estimates
slightly more general than the following generalization of (3.1.5)) (see Proposition

for details): if a = diag(ay,...,a,) is a diagonal matrix with positive entries and a; is
small, then

% [(C(H) a> w} <n 8Y%(a)al. (3.1.8)
Here, 0(a) := []; 4laj/ak| is the modular character of the upper-triangular Borel in

GL,,. Some similarities exist between the present task and what is accomplished in the
non-archimedean analogue by |30, §5 Lemme].
For the proof of (3.1.8]), we begin as in the n = 1 case by expanding the function

GL,(R)5h—V [(C(H) h) w] using the Whittaker—Plancherel formula for GL,,(R)

and applying the local functional equation for GL,,1+1 x GL,, (see ([5.3.5)). We arrive in
this way at the following generalization of (3.1.6) with

C(II) > ] du
%4 w| = W (a)O(u, ID{f,W,) ———. 3.1.9
|:( a (o) N( ) ( )< #>’C(N)|2 ( )
Here,
. f(o)" denotes an integral over p € C" with R(u1) = -+ = R(uyn) = 0. Here (and

elsewhere in this paper), du denotes [, du; where dy; is the Lebesgue measure on
the vertical line R(s) = 0 normalized by 27i.

e W, is the spherical Whittaker function normalized so that W, (1) < 1 (see |4.1.12
for details).

o O(u,II) := C(II) M= ~Hry(II® 7y, 1/2) is holomorphic for R(y;) > —1/2 and has
properties analogous to those of ©(s, u) mentioned above in the n = 1 case, and

e ¢(u) is a product of I'-functions, related to the Plancherel density.

o (f,W,) = fN\GLn(R) f(9)W,(g)dg, where N is the unipotent subgroup of the upper
triangular matrices in GL,(R).

The product O(u, II)(f, W) features strong estimates analogous to as it extends
to a meromorphic function in g, holomorphic in R(u;) > —1/2 and of rapid decay in
vertical strips, and uniformly in II.

Similar to the standard proof of any Paley—Wiener-type statement, we use the rapid
decay of (f,W,) in p to ensure the convergence of the integral , and the source
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3.1 Sketch for the proof of Theorem@

of the decay in the a; direction (i.e., as a; — 0, as required) is contour shifts. However,
the Paley—Wiener-type argument, as simple as it is in the n = 1 case, cannot be directly
applied in this case because any shift of the u contour that avoids polar hyperplanes of
O(u, 1) is insufficient to achieve the required bound < min(1,al).

The reason for this obstruction is that W, has asymptotic expansion of the form
6Y2(a) Z a" My (a), a' = Haé”.
wESn i=1

Here, S, is the Weyl group of GL(n) and M(u,a), which we informally call an M-
Whittaker function, is an infinite series of the form

n—1
Z cu(k) H(az’/az’+1)2k"-
kezggl i=1

For example, on GL(2), the spherical Whittaker function W),(a) is given by the K-Bessel
function as

(a1/az)"*(ar1a2) 12K, s o(2man fas)

— aT1+1/2a52_1/2Zcu(k‘)(al/CLQ) +a#2+1/2 H1— 1/22d al/a2
k=0

for some complex coefficients ¢, (k) and d, (k). The infinite sums are essentially I-Bessel
functions, and are exponentially increasing in aj /aq. If we shift the contour of p; to right
side. e.g.. to R(p1) = N for some large positive N, we do not cross any pole of O(u, IT).
If ay is very large compared to a; (e.g., as = afl and a; — 0), then this contour shift
does not yield the required bound <« a{v . That is why we first need to decompose the
Whittaker functions into finitely many M-Whittaker functions (see Lemma , and
for each summand M-Whittaker function we shift the contour to the relevant direction
and obtain the required bound. For example, in this case of the first summand, we shift

w11 and in the second, we shift o to the right side.

However, one technical issue remains. Each M-Whittaker function, like the I-Bessel
functions, is exponentially increasing in the positive roots (e.g., for GL(2) it exponen-
tially increases in aj/ag), which is why we can effectively apply the technique of contour
shifting only when the positive roots are bounded. For example, on GL(2), we decompose
W, (diag(a1, az)) into relevant anM-Whittaker function and shift the contour only when
a1 < ag, as in the discussion above. On the other hand, in GL(2), the Whittaker function
W, (a) decays rapidly as az/a; — 0. Such decay is enough to treat the complimentary
case a1 > ag.

Considering that we should decompose only when a is in the positive Weyl chamber
is tempting. If a does not lie in a positive Weyl chamber, then at least one root is large,
and we may expect that the rapid decay of the Whittaker function will save the day.

21



3 Sketches and Discussions

Although this works when n = 2, it fails for general n. For example, there are diagonal
elements in GL(n) that barely fail to be in a positive Weyl chamber. In GL(3), the
element Y := diag(y, —y/logv, el/y) as y — 0 logarithmically fails to be in the positive
chamber. For this element, the rapid decay estimate of the Whittaker function yields
only a logarithmic decay

W(Y) < Jlogyl ™Y,

not a polynomial decay < %V, so does not meet our requirement.

To deal with this issue, we need to treat the elements like Y as if they are in the
positive chamber. We do this by dividing the set of diagonal matrices into two classes
whether they satisfy a property pop or not (see Definition . The pop refers to if
the tuple (ay,...,ay) of a diagonal element a = diag(ay, ..., ay) has a partial ordering of
the form all of ay,...,as are smaller than all of as41,...,ay,. For instance, the element
Y above has pop property for s = 2, as y — 0.

In Lemma we demonstrated that for the elements a that do not satisfy pop, the
rapid decay of the Whittaker function implies the required bound. The remainder of
the section is devoted to the case when a satisfies pop(s) for some s. In this case,
we decompose the Whittaker function W into the M-Whittaker functions. However, we
cannot do a full decomposition, as described above in the GL(2) case, because a may
not lie in the positive Weyl chamber and M might exponentially blow up. To make sure
we have control on the exponential increment, we only partially decompose, so that the
M-Whittaker functions have an exponential increment only in the roots of the form a;/a;
with 1 <i < sand s+ 1 < j <n. Therefore, M does not blow up as a satisfies pop(s).
Loosely speaking, a partial decomposition corresponds to the Levi in GL(n) attached to
the partition of n of the foom n = s+ 14 --- 41, and a full decomposition is the same
with s = 1. Such full decompositions of the spherical Whittaker function have appeared
in the literature, such as in |11, 26].

3.1.3 Sketch for the proof of PGL,(F), where I is non-archimedean

We re-establish the invariance result [30, §5 Théoréme| along the same lines we proved
in the archimedean case, but [30] instead proved it using the test vector property of the
newvector. However, the proof in the p-adic case remains easier due to the existence of
more straightforward explicit algebraic formulas. Also, the corresponding M-Whittaker
functions do not exponentially increase in the non-archimedean case.

We only concentrate on proving the analogue of the crucial part, Proposition [5.2.1]
Let F' be a non-archimedean local field with ring of integers o and uniformizer w. Let
IT be a generic irreducible tempered unitary representation of GL,41(F'). Let V be the

vector in W <H, @B) given in the Kirillov model by

v [(nak 1)} — (n)char,« (a), (3.1.10)

where n, a := diag(ay, ..., a,) are the unipotent and diagonal elements, respectively, and
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3.1 Sketch for the proof of Theorem@
k € GLy(o0).

Proposition 3.1.1. Let w be the long Weyl element in GL(n + 1). Then,
% KC(H) a) w} £0 — Jal> 1.

We emphasize the similarity of this proposition with |30, §5 Lemme]. For simplicity,
in the sketch of the proof, we assume that II is supercuspidal.

Sketch of the proof. Our point of departure is, as in the archimedean case, the p-adic
Kontorovich-Lebedev-Whittaker transform (for a proof in the case of F' = Qy, see [25],
and for the general Whittaker—Plancherel formula, we refer to |16]) and GL(n+1) x GL(n)
local functional equation. We obtain

VKC( >] /W (/2,11 ® m)wy " (C(ID)){char,x, W) dpy ().

Here, m runs over the spherical tempered dual of GL,(F'), and dyu, is the Plancherel
measure on it. Let m € Z" and a = diag(@™), i.e., a; = @™. Let a € (S1)" be the
Langlands parameters of 7, and W is the spherical Whittaker function of 7w described
by Shintani’s formula 56| below.

det(( mitnTh

1/2
Wa@)={ O @O @ay o fm .z m, (3.1.11)
0, if otherwise.
Thus, we may restrict a to be of the form diag(eww™) with my > ... > m,. Insert-

ing this formula for W, and explicating the Plancherel density (see [25]), we rewrite
v [(C(H) a> w} as

51/2(a)/(81)ndet<( qmtn=icly, ) (1/2, 0 ® m)w; () [[(ai — aj)da.  (3.1.12)

i>]

As II is supercuspidal and 7 is unitary unramified, v(s,II ® 7) is the same as €(s, 1 ® 7)
and
W (C()e(1/2, T & 7)

is independent of 7 as well as bounded. To see this, recall that if = has Langlands
parameters {a;}?_, with a; := p%, then

n

e(1/2,T@x) = []e(1/2 - 8,11

=1
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3 Sketches and Discussions

From ((1.1.3)), we obtain
€(1/2 = B;,10) = C(I1)%e(1/2, I0).

From the above formula and the unitarity of ¢(1/2,1I), the claim is immediate.
We next proceed along with the sketch we provided in the previous subsection for the

archimedean case. The analogue of “decomposing the spherical Whittaker function into
mi-l—n—i)‘ )
j 2¥)
into various monomials depending on «;, i.e., the analogue of the M-Whittaker function
is a monomial of the form [] j a?j . We distribute the integral over this decomposition,

which includes a generic term that looks like

finitely many M-Whittaker function” is expanding the determinant det((a

51/2(a)/ o Hi(a)da,
(st

where H;(a) is a meromorphic function in {a | |o;|< 1} with poles at most at o; = 0,
such that the order of the pole at o; = 0 is bounded (i.e., does not depend on m). Thus,
by making m; sufficiently positive, we compute the «; integral to be zero. Hence, we
conclude. O
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CHAPTER 4

Basic Notations and Background

In the section, we develop some basic notations and recall well-known tools from repre-
sentation theory of GL,(R), which we describe in the following subsections. We use 7
to denote a local representation of GL,,(R) and also an automorphic representation for
PGL,(Z), which should be clear from the contexts.

4.1 Local preliminaries

Let G := GL,(R). We use the Iwasawa decomposition of G = NAK with N being
the maximal unipotent subgroup of upper triangular matrices, A being the subgroup of
the positive diagonal matrices, and K = O(n). We fix the Haar measures dg, dn, dk on
G, N, K, respectively, such that the volume of K is one with respect to dk, and

da
= dn——-dk =
dg = dn 5a) , g =nak,

where da on A > diag(ai,...ay) is given by [[, d*a; and § is the modular character on
NA. We use similar Haar measures on GL(r) (and its subgroups) for any r without
mentioning this explicitly.

We next introduce a modified Vinogradov notation. Let € > 0 be a fixed small quantity
(say, < n~10). In this thesis, we abbreviate the inequality

n
()01 (a,, e ) <<e7,,. S02<a7 L] ) H(al + a’i_l)e
=1

by
v1(a,...) <. @a(a,...),

where ; are some functions on a,.. ..
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4 Basic Notations and Background

4.1.1 Additive character

Recall the maximal unipotent N < G of the upper triangular matrices. We define an
additive character 1, of N for a € R*!, given by

n—1
Ya(n(z)) =e (Z aimi7i+1> . n(x) = (x;;) € N, (4.1.1)
i=1

where e(z) := exp(2miz). For a := (1,...1), we abbreviate v, by ¥. By 1, we denote
the similarly defined character of N,,41, which is the maximal unipotent subgroup of

GLys1(R).

4.1.2 Whittaker and Kirillov models

For details of this subsection, we refer to |§4, Chapter 3|. Let II be a generic irreducible
unitary representation of GL,+1(R). Let ¢ be the character of Ny+1 < GLy4+1(R), as in
the previous subsection. Recall that II is generic if

GL,, R) 7
Homgy, ., (v (I Ind -+ ) 22 0.

If IT is generic, then the above space is one dimensional. Let A be a nonzero element
in this Hom-space. Then, the Whittaker model W (H,&) of II is the image of A\. One

writes

Wo(g) = AMI(g)v), g€ GLy11(R),v € IL.

If IT is unitary, then the corresponding unitary structure on W (H, zﬂ) is given by

R (G ()

for Wi, Wa € W (H, zL).

Let C°(N\G,v) 3 ¢ be the set of smooth functions on G compactly supported mod
N, such that

¢(ng) =¥(n)é(g), neN,ged.
The theory of the Kirillov model states that |34, Proposition 5| there exists a unique
Wy eW (H, @) such that

and the map ¢ — Wy is continuous.
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4.1 Local preliminaries

4.1.3 Langlands parameters

For a local representation 7 of GL,,(R), let us write its L-factor

m

L(s,m) = HFR(S + pi(m)),

i=1

where p1;(m) € C are the Langlands Parameters attached to 7. In this case, we define the
analytic conductor of w to be

m

O(m) = [ + |ui(m)))-

i=1
By p we will denote a complex n-tuple (u1, ..., pu,). We define a quantity
c(s, 1) == [ [ Tw (s + i — 115) -
1<j

We abbreviate ¢(0, ) as ¢(pu).

4.1.4 Whittaker—Plancherel formula

For a general discussion on the Whittaker—Plancherel theorem, we refer to |61, Chapter
15]. Let G be the set of isomorphism classes of the generic irreducible tempered unitary
representations of G. Let GO C G be the isomorphism classes of spherical representa-
tions, which are representations that contain a right K-invariant vector. The general
Whittaker-Plancherel formula for G' can be written as follows. Let F' € L2(N\G,) be
continuous, then

Fo)= [ 3 WGE.W)dun) (112)

G weB(n)

where dy, is the Plancherel measure on G, and
FW)i= [ Pl Wgds.
N\G

Here, B(r) is an orthonormal basis of 7, and the above sum does not depend on a choice
of B(m).

We may choose a basis

B(r) :=U__po{W}[1<i<n}

consisting of K-isotypic vectors. Here, {W: 27, is an orthonormal basis of T-type. We
also know that n, = 1 if 7 is the trivial representation. We now produce a simplified

version of the Whittaker—Plancherel formula for spherical functions, i.e., functions that
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4 Basic Notations and Background

are right K-invariant. First, if F € L2(N\G, )X, then
(F,W)=0, forall W e B(n)\r¥.

Therefore, for spherical F', only the spherical representations contribute to the right hand

side of (#.1.2). Let W, € o with |W,|= 1, then ({#.1.2) reduces to

F(g) = [ Wr(g){(F, Wr)duy(r). (4.1.3)

Go

4.1.5 Local functional equation

Let wy be the central character of 7. Then, for any W € W(m, 1)), the local functional
equation is (see [35, 36])

/N\GV [“’ <g_t 1>] W (w'g ™) det(g)|~*dg

:wﬂ(—l)”v(l/Q—i—S,H@W)/N\GV[(g 1>}W(g)|det(g)|sdg, (4.1.4)

where w, w’ are long Weyl elements of GL,,11 and G, respectively, and

L(1 -5 T ®7)
L(s,II®@m) ’

Y(s, I@7) :=¢€(s, IR )

and €(s,.) is the epsilon factor attached to m. The e-factors are entire in s and have

absolute value one, thus, are constants e(m). Changing the variable g — w’g~‘w’, we can

also rewrite (4.1.4) as

/N\G v Kl g> w] W (guw')|det(g)|*dg

= wo(—1)"y(1/2 + s, 1T ® ) /

N\GV[<g 1” W(g)|det(g)|°dg. (4.1.5)

If 7 is unitary, then one has €(7) = ¢(7) and consequently

v(1/2,7) =~(1/2,7), |v(1/2,7)[=1.

4.1.6 Spherical tempered dual

The term Go can be parametrized by

{p= (s pn) | s € 1R, 1 <0 < nj,
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4.1 Local preliminaries

where a purely imaginary n-tuple p corresponds with the induced representation
n
Ty o= Indgx, X (na) = H|ai|“i,n € N,
i=1

where a := diag(ay, . ..,ay) because any tempered spherical representation of G is of the
above form. For our later purposes, for y € C™, we define the quantity

d(m,) = d(p) = 1+ 39> (4.1.6)
j=1

4.1.7 Conductors and gamma-factors

Recall the definition of the ~-factor from §4.1.5] and the definition of the analytic con-
ductor from

Lemma 4.1.1. Let IT and w be generic irreducible unitary representations of GLjy41(R)
and G, respectively. Then,

1. For s € C of bounded real part and a fized positive distance away from any pole of
v(1/2 — s, 7), we have

v(1/2 = 5,7) = C(m @ |det|[3) k),

Proof. (1) is standard and follows from the Stirling approximation of the L-factors, e.g.,
see [10]. The second inequality of (2) is derived in |27, Appendix A|, and the first
inequality can be proved in the same way as the other. As in [27, Appendix A], one
can appeal tothe Langlands classification of the admissible dual and reduce to the case
of the representations ® and ¢ of the Weil-Deligne group of R. For instance, let both
® and ¢ be one-dimensional representations with the Langlands parameters (p,0) and
(v,0), respectively. Then, the parameter of ® ® ¢ can be given by (1 +v,0), and the first
inequality follows from

(1 ) < (14 e+ o)1+ [o]).
The remainder of the cases follows similarly. O
For brevity, we define © : G- C by
7o O(m,TT) 1= Wy (CM)A(1/2, T @ 7),

where wy is the central character of 7. If 7 is the spherical representation 7, for some
p € C", then we, by abuse of notation, denote ©(m,,II) by ©(u,II). We record that it
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4 Basic Notations and Background
follows from Lemma [£17]

O+ 2M,I0) <oy [ (1 + |4, (4.1.7)
=1

for M € 7% fixed and p € C" with 0 < R(p) < 1. If I is f-tempered for 0 < 0 < 1/2,
then O(u, IT) is holomorphic for R(p;) > 0.

4.1.8 Explicit Plancherel measure

We describe the Plancherel measure explicitly in the case of the spherical Whittaker—
Plancherel transform (4.1.3)). From [22|, we obtain that if 7, € G¢ for some p € iR",

then
2

e(L,1) duy ... dpy, (4.1.8)

(0, p)

where du; are the Lebesgue measures on iR normalized by 2.

dpp(mp) = ‘

4.1.9 Differential operator and Sobolev norm

Let {X;} be a basis of g := Lie(G). We define, for each M > 0, a second order differential
operator by

n2

Dyo=M+1-) (X7). (4.1.9)
=1

We abbreviate Dy as D, and define a Sobolev norm on the space of & € G by
Sq(v) == || D] (4.1.10)
A similar type of Sobolev norm has been used in [47].

Lemma 4.1.2. Let Dy; be the differential operator in (4.1.9)).

1. Dy is self-adjoint and positive definite on unitary representations of G. Eigenval-
ues of Dy are at least M + 1.

2. If Cq and Ck denote the Casimir elements for the groups G and K, respectively
then,
Dy =M — (14 Cq) +2(1+ Ck).

8. Cq acts on m, by the scalar N(m,) := =T + ||ul|?, where ||u||*= " |pl® and
T > 0 is an absolute constant depending only on n.

4. The eigenvalue of the spherical vector in m, under Dy is of size < 1+ ||u||*.

Proof. (1) is standard and follows from the fact that Z:il X2 is self-adjoint and negative
definite, which can be found in [50]. To prove (2), note that g = p + ¢ where p and ¢
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4.1 Local preliminaries

are Lie algebras of NA and K, respectively. We fix the bases {X;}; of £ and {Y}}; of
p. Thus, from the definitions of the standard Cartan involution and Killing form [40]
Chapter VIII|, we obtain

Co=-Y XI+> Y Crx=-> X7

X; et Y;Gp X, et

Thus, from the definition of (4.1.2]) we obtain

Dy=M+1-Y X}-Y Y?=M-(1+Cq)+2(1+Ck).
X;et Yiep

(3) is standard in the literature (see |7, p.2|). (4) follows from (3) as Cx act trivially on
the spherical vector in . O

Lemma 4.1.3. Let Sy be the Sobolev norm defined in (4.1.10). Then, for di,ds > 0,
there exists L := L(dy,ds) > 0 such that

JECEDS

Say (W) S L(W)dpuyp(r)
WeB(m)

is convergent. Here, B(r) is an orthonormal basis of ™ consisting of eigenvectors of D.

Proof. Let B(w) = {W;}ien with eigenvalues {\;}ien, correspondingly. From (1) of
Lemma we obtain that \; > 1. Thus,

D 8a,(W)S_(W) = Trace |, (D=~ F).

There exists an element Py, in the center of the universal enveloping algebra of G such
that
C(m™ < Ar(Pay),

where A;(P) is the scalar by which P acts on 7. Thus, the integral in the question can
be bounded by

[ Trace, (Py, D% 5)dp, ().
G

From [51, §8.5, Lemma 2|, we know that for large enough A, the operator PdlD*A is
bounded. Finally, the integral [ & Trace, (D~ B)du,(r) is convergent for sufficiently large
B. A proof of this result can be found in [51, §4.4.2, Lemma (ii)]. We conclude our
proof by making L large enough. O

4.1.10 Spherical Whittaker functions

In this subsection, we work out a relevant analysis of the spherical Whittaker function
on G. The general references for spherical Whittaker functions are |21, Chapter 5], [57,
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4 Basic Notations and Background

58|, and Jacquet’s work [33|. Let p € C". We define 7, to be the spherical principal
series representation with the Langlands parameters p. Let W), be the spherical vector
in 7, defined by the following normalization of the Jacquet’s integral.

Wﬂ(g) = c(l,,u)dn /NIM('LUTLg)w(TL)dTL, 9 €@G, §R(Ml - Mi+1) >0, (4111)

where

I,(nak) := 51/2(a)Haé“, neN,ac A ke K.
i=1

Jacquet in [33] showed that W, has an analytic continuation to C" and is invariant under
the action of the Weyl group on u. Here, d,, is an absolute constant such that when p is
purely imaginary,

IWullP= fe(1, ) (4.1.12)

by Stade’s formula [58, Theorem 1.1]. We record two types of bounds of W, to be used
at various stages of the proofs.

Lemma 4.1.4. Let p be purely imaginary. Then, for any M € Zgal

Wu(a)

n—1
L) M 51%(a)d(p)OM W T min(1, aji1/a;)™,

Jj=1

where Opr(1) denotes a bounded quantity depending on M.

Proof. This result was previously proved in a similar form in |7, Theorem 1]|. However,
as we are happy with a polynomial dependency on pu, we infer from the more general
result in Lemma [5.2.2) O

Lemma 4.1.5. Let p € C", such that R(p;) are non-negative, distinct, and small enough
(e.g., <1/100). Then, for any k € Z%,

n

Wiesk(a) < e(1, —o(u+ k))6"/*(a H 7k

where o € Sy, such that R(pe) + ko)) < - o < R(Uo(n) + ko))

Proof. Let i/ := p+ k. Using the Weyl group invariance of W, we assume, without
loss of generality, that R(u}) > ... > R(u,). Also, the assumption on the real parts of u
forces the above ordering to be strict. In fact, there is an € > 0 such that min{%(u; —p}) |
i < j} > e. Now, we perform a change of variable within the integral of (4.1.11)) to see
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4.1 Local preliminaries

that

b

W (a) = dne(l, 162 (a) agw“/)i /NIM/ (wn)h(—ana™ )dn

1
R((wp'):).

=< le(L, 16" (@) [T o,

ey

Il
—

)

The last integral is absolutely convergent, as min{R(u; — pj) | i < j} > € (see [33]).
Moreover, we can bound the last integral uniformly in p’. A proof of this is accomplished
in the proof of the absolute convergence of the Jacquet’s integral in |21 Chapter 5.8].
From this proof, it can be inductively seen that

/|Iu/(wn)|dn<</ I (wn)dn < 1,
N N

where I, is the spherical section in the principal series with real parameters v such that
min{(v; —v;) |1 < j} > e O

We record a rapid decay estimate of the Whittaker transform of the test function f in
the following, which we require later in the proof.

Lemma 4.1.6. Let u € C™ with R(p;) > 0 and > R(ui)?> < R for all i and for
some R > 0. Let p be a fized, sufficiently large natural number. Then, for each fized
feCE(N\G,¥),

(f, W) = F@OWu(9)dg <rp d(p)Ple(l, S(w))]-
N\G

Proof. Recall from Lemmafd.1.2]that D = 14+R—Cg+2Cf. As W, is right K-invariant,
CgW, = 0. Thus,

DaW,=(1+R+T =Y u5)W,.
j=1

We confirm that

L+ R+T = p2> T+ S(uy)= d(p).
=1 =1

Let Z denote the center of G as identified with R* in the usual way. Integrating by parts
with respect to DP, we obtain

W) =04 RET =328 /. TG n

We use coordinates h := zdiag(h',1)k for N\G where h’' lies in the diagonal sub-
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4 Basic Notations and Background

group A,_; of GL,_1(R), z € R*, and k € K. Correspondingly, we write dh =

dXthe,t(h,)'dk. We next rewrite the last integral as

[ DL et

We apply Cauchy-Schwarz on the h’ integral and use (4.1.12) and f € C2° to obtain
that the last integral is

Cprot ) PIW 2= () T Dl + s + 7).
7.7

Finally, we apply Stirling’s estimate to obtain

TITe( + pi + 7)<k [T Tr( + S(is) — S(uy) + R(ua) + R(5))

ij i#j

=k [[IS) = S(u)F TR+ S() — S(1y) <ryp d)™ [e(1, S(w)))?,
i#j

where R’ is a bounded constant depending on R and n. By making p sufficiently large,
we conclude the proof. O

4.2 Global preliminaries

In this section, we change and reuse several notations for different purposes. Let G :=
PGL,(R), T := PGL,(Z) and X := T'\G. Let X (resp. Xgen) be the isomorphism class of
irreducible unitary automorphic (resp. generic) representations appearing in the spectral
decomposition of L?(X) with automorphic Plancherel measure dpiaut compatible with the
G-invariant probability measure on X. In this section, 7 is an element in X or Xgen, ie.,
a global automorphic representation for I'. Correspondingly, L(s, ) denotes the global
L-function of 7.

We mention next the Langlands description for Xgen. We take a partition n = nyj+-- -+
nk, and let 7; be a unitary cuspidal automorphic representation for GLy,;(Z) (if nj = 1,
then we take m; to be a unitary character). Consider the unitary induction II from the
Levi GL(n1) x ... x GL(ng) to PGL(n) of the tensor product m ®...® m. There exists
a unique irreducible constituent of I, which we denote by the isobaric sum w1 B- - - Hrg.
Then, Langlands classification states that every element in Xgen is isomorphic to such an
isobaric sum. We refer to |14, Section 5|, [48| for details.
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4.2 Global preliminaries

4.2.1 Automorphic Forms

For details and a general discussion, we refer to [21]. For any 7 € Xgen and ¢ € ™ we
denote its Whittaker functional by

Wolg) i= /m o (29) (@) dz. (4.2.1)

As 7 is generic, there is a G-equivariant isomorphism between 7 and its Whittaker model
W(rm, ) :={W, | ¢ € 7}, where G acts on W(m, ) by right translation.

We fix the usual G-invariant inner product on 7, e.g., if 7 is cuspidal, then it is induced
from the inner product underlying L?(X). A unitary structure on W(w, %) can be given
as in §4.1.2l By Schur’s Lemma, there exists a positive constant ¢(7) such that

loll2= ) IWoal By - (12.9)

When 7 is cuspidal, then ¢(7w) < L(1,7,Ad) where the underlying constant in =< is
absolute (coming from the residue of a maximal Eisenstein series at 1, see [2, p. 617]).

We denote the m’th Fourier coefficient, for m € Z"~!, attached to m by A;(m). So,
for ¢ € 7 and m € N*~1, we can write

Ar(m -
[ cteaimids = S5 Gng) (123
V] 61/2(m)
where
m = diag(mi ... Mpy—1, M1 ... Mp_2,...,mq, 1).
Here, A;(m) is normalized so that Az (1,...,1) = 1 and the Ramanujan conjecture implies

that A\z(m) =< 1.

4.2.2 L-functions and conductor

A global L-function can be attached to a m € Xgen, denoted by L(s, ), that can be given
by a Dirichlet series in some right half plane by

= Ae(m, 1,001
L(s, 7) ::ZMm’—’S’)’

m
m=1

and mermorphically continued to all s € C. Every such L-function satisfies a functional
equation as
L(1/2+s,m) =~(1/24 s,m)L(1/2 — s,7), (4.2.4)

where 7 is the contragradient of m and v is the local gamma factor attached to the
archimedean data attached to m, as defined in §4.1.5]
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4 Basic Notations and Background

4.2.3 Kloosterman sum

We refer to |21, Chapter 11] and [20] for a detailed discussion of Kloosterman sum on
GL(r). For a tuple of nonzero integers ¢ := (ci, ..., ¢,—1), we denote the diagonal matrix
diag(1/cn—1,cn—1/Cn—2,...2 /c1,c1) by ¢*. Forw € W an Weyl element, let T';, := T'NG,
where G, is the Bruhat cell of G attached to w.

If, for I,m € N"~! and w € W, the compatibility condition

Ym(Cwzw e = ¢y(z), zcw 'NwNN,

Holds, then the Kloosterman sum attached to [, m and moduli ¢ is defined by

Sw(l,m;c) == > Y (b1)u(b2),

YEPN\Tw/(w™ ' Ty wnl'y)
y=b1c*wba

where 7 = bic*wbs denotes its Bruhat decomposition (see |21, Chapter 10]). The follow-
ing result is due to Friedberg, and a proof can be found in |20, p.175].

Lemma 4.2.1. Let w € W be any Weyl element. The compatibility condition in the
definition of the Kloosterman sum is satisfied only if w is of the form
14,
) d1++dk:n7
Iy

where 1y is the identity matriz of rank d, i.e., Sy (I, m;¢) is nonzero only for this type of
Weyl element.

4.2.4 Bessel distribution

In this subsection, we let m be an abstract generic irreducible representation of G. Let
B(7) be an orthonormal basis of W(m, ). We define the Bessel distribution J, attached
to m by

Jp(r) = > a(F)W(LW(1), (4.2.5)
WeB(m)

for some F' € C°(G). We refer to |1} |15} 43] and references therein for general discussions
about Bessel functions attached to generic representations.

Lemma 4.2.2. The RHS of (4.2.5) is well-defined and does not depend on the choice of
the orthonormal basis B(w). Thus, if F is a self-convolution of some f € C°(G), i.e.,

F(g) = /G f(gh)F(R)dh,
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4.2 Global preliminaries

then

Je(m)= Y |=(HW )P,

WeB(m)
for B(m) some orthonormal basis of .

Proof. The first assertion follows from |1, Lemma 23.1, Lemma 23.3]. For the second
assertion, we see that the RHS of (4.2.5)) is

Z //fgh F(R)W (1)dgdh = Z /f )dg/Gf(h)W(h)dh

weB(r WeB(r)

after changing the basis to {7 (h)W }wep(r), and we conclude. O

4.2.5 Pre-Kuznetsov formula

In this subsection, we record a soft version of the Kuznetsov formula for GL(n), as in
[15].

Recall that dpayt is the automorphic Plancherel measure on X compatible with the
G-invariant measure of X. We fix a test function f € C°(G). We define F' to be the
self-convolution of f, as in Lemma We consider the sum

ZF(xflfyxg), x1, 12 €G.
~yel’

As a function x9, this sum is left I'-invariant, hence lives in L?(X). So, we can spectrally
decompose the sum as

> Flay'ya) / > w(F)p(w1)e(z2)dpan (), (4.2.6)

~yel peB()

where B(7) is an orthonormal basis of 7.

We fix I,m € N*~! and integrate both sides of against ¥, (z1)Y(xs) over
x1,x2 € [N]. As the non-generic part of the spectrum automatically vanishes, we obtain
using (4.2.3) and (4.2.2)) that

[ty 22D S GG (@)
Xgen A (L) oyl

_Z/ F(27 yag)Um (21) ¢ (22)derdas.  (4.2.7)

yerl’

Here, we identified 7 with its Whittaker model W(r) for generic .
We replace F'in (4.2.7) by Fj,,, where

Fin(g) == F(mgl ™).
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4 Basic Notations and Background

Using Lemma [£.2.2] we obtain

> w(Fm)W )W (1) = Jg(r).
WeB(m)

We next replace F' by Fj ,, in the RHS of (4.2.7) as well and simplify. Doing a folding-
unfolding over the v-sum and xi-integral, we obtain the RHS as

> // F(rmayyaol )b (21) ¢ (22) dzrday.

~el N \T'

The identity term in the above sum simplifies to

/N (a1l ) (21) d931/ Yy(@2)thm (v2)dzs = gm / F(x

On the other hand, we do a Bruhat decomposition of I' — I'y. For v € I',, which is the
Bruhat cell attached to w € W, and write the xo-integral over [N] as a product of the
x21-integral over [N,,] and the x5 o-integral over [N,,], where

N, = wileﬂN, Ny = w ' Ntw N N.

Z / F(mayyazal ) m (21) ¢y (x2)dz1des

el N\(T-T'n

Z Z Z Z / /N] N ]F m$1b1€ Wb291'22$2 1l )

1£weW CGZ’; 1 ’YGFN\Fw/FNw QEFN
y=b1c*wba

X P (21) Y1 (22,1)¢1(22,2)d22 2d20 121 .

Again, unfolding over the #-sum and x> integral, changing variables, and recalling the
definition of the Kloosterman sum, we obtain the summand above corresponding to
wGWanchZ#O is

Sw(l,m;c)/ / / ]F(mxlc*wﬂfz,lm,zlem($1)¢z(1‘272)%(962,1)d902,1d$2,2d$1.
w N'LU

Now, writing x91 = 221 (c*w) ! (c*w) € N and using the compatibility condition of the
Kloosterman sum, the above equals

Sul(l,msc) / F (s ¢ wasl Yo (@1 u(@a)drada
N J Ny

Finally, changing variables 21 — maz1m ! and 29 — lz2l !, we obtain the RHS of (4.2.7)
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4.2 Global preliminaries

as

Z Z lmc // xlmcwl ﬂfg)mdllgdl’l

1AweW Z" 1

Here, 5w(l~) is the Jacobian arising from the change of variable x5 +— l~x2l~_1. We define,
for F' € C°(G), the function

Wi(g) = /N Fag)d(@)dz (1.258)

that lies in C°(N\G,v). The RHS of (4.2.8) can be verified as being absolutely conver-

gent. Thus, we obtain a version of the Kuznetsov trace formula.

Proposition 4.2.1. Let F € C>°(G) and l,m € N*~L. Then,

/X Ar (m))‘ﬁ (l) JF(W) dptant (71') = 5m:lWF(1)

t(m)
51/2 R —
+ Z 51/2 Z Sw(l,m;c) . Wg(mc*wl™ z)(z)dz,
1;& ceWw Zn 1 w

where Wg and Jp are as in (4.2.8) and (4.2.5)), respectively.
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CHAPTER 5

Proof of Existence of Analytic
Newvectors

We again return to the local setting where G := GL,(R) and 7 denotes a local rep-
resentation of G. We adopt all other notations of We also employ the standard
convention from analytic number theory of writing e (or 7) for a small positive fixed
quantity whose precise value that we allow to change from one line to the next.

5.1 Reduction of the proof of the main results

Let 2 C G be the bounded neighborhood of the identity element and ¢ be as in Theorem
and recall ¢ from (4.1.1)). We first construct V- € W (H, 1,2) using the theory of the

Kirillov model. We denote C2°(N\G, 1) as the space of smooth functions f : G — C
satisfying f(ng) = 1(n)f(g) for all n € N and for which the support of f has compact
image in N\G. We choose an element f € C°(N\G, ) with the following properties:

e f is right K-invariant
o f(h)>forall heQ
hd fN\G|f’2d9 =1

We now define V' by requiring that

V(e )] = G.1.1)

In this scenario, the sphericality assumption of f is not essential, and we refer to the
discussion in §5.3.4| for details.

Proposition 5.1.1. Let II be as in Theorem|[3. For every é > 0 and h in a fized bounded
neighbourhood around the identity in G, there exists a T > 0 such that

V(a1 )] <e

for ¢ € R™ with |c|< 7. Here, V is the vector chosen in (5.1.1]).
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5 Proof of Existence of Analytic Newvectors

We now assume Proposition and prove Theorems [3] where Proposition [5.1.1] is
proven in the next two sections. In the following Lemma, we first prove a weaker version
of Theorem [3l

Lemma 5.1.1. For every § > 0 and h in a fized bounded neighbourhood around the
identity in G, there exists a T > 0 such that

e the normalization ||VHW(H 0= 1, with the norm taken in the Kirillov model (see

)

e the lower bound V [(h )] > for all h € Q, and

1

e for all g € Ko(C(Il), 7) and for h € Q,

V)]t )]

Here, V is the vector chosen in (5.1.1)) with wn and dg being the same as in Theorem @

Proof. We choose V' as in (5.1.1)). The first two requirements of V are automatically
satisfied by the choice in . To prove the invariance property of V, we claim the
following.

For every 6 > 0 and h in a given fixed bounded set, there exists 7 > 0 such that for

all <gcl 1> € Ko(C(IT), 1),

G D)L Il

This claim is sufficient. To see that, first we note in the following Iwahori-type decom-
position that for d # 0

oo (£ )" ) () ()

Hence we can assume that any g € Ko(C(II), 7) is of the form

1, b\ (¢
o= (" 1) (L)

with ¢’ € G such that ||¢ — 1]|< 7, |b], |d — 1], andC(II)|c|< 7. Therefore,
h B (1, hb hy'
ol )s] et (7 W)Y )]
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5.1 Reduction of the proof of the main results

Using the unitarity of wyy and 1;,

PAC o] e [(* )]
ctwen 0w [(* )]+ [ (7))

Now, using the claim above and the fact that

(GRS

which also follows from the same claim, we obtain the required invariance property by
making b small enough.

Now, we prove the claim. From , for h in a compact set in G, there exists T
small enough with ||¢’ — 1]|< 7 such that

POl )<

By applying a triangle inequality in the following
hg' h
A7) C )]
B hg' hg' hg' h
()T Dl A0 ) )

along with Proposition [5.1.1} we prove the claim. O

The subsets K, (X, 7) for « € {0,1} feature the following Fglner-type property, the
verification of which we leave to the reader.

Lemma 5.1.2. Let x € {0,1}. For all 79,6 € (0,1), there exists 1 > 0 so that for all
X >1and all g € K (X, 1), the set A := K,(X,79) features the following approximate
mvariance property under translation by g:

vol(gAAA)

vol(A) %

Here, AAB := (A\ B)U (B \ A) denotes the symmetric difference and vol is taken with

respect to any fired Haar measure.

Proofs of Theorem[q and Theorem [3 assuming Proposition[5.1.1 First, we use a similar
technique as in Lemma and reduce to the case g € K;(C(II), 7) using the unitarity
of wry as

[(9)V — wn(dy)V|= [I(g/dg)V = V.
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5 Proof of Existence of Analytic Newvectors

Set §p := min(d,1)c/2 where 0 and ¢ are as in the statement of Theorem Let

Vo € W(IL,¢) and 79 > 0 be as in (5.1.1)), so that

ot )]

and for all g € K;(C(II), 1), h € Q,

ol (" 1) wl(* ) ]|=

The existence of such Vj follows from Lemma and the toy theorem [2|

Let & be the L!-normalized characteristic function of K1(C(II), 7). There exists 7o > 0
such that for g € K;(C(II), 72),

lg & — wi(dg)€l| 1 < [lg * § — Ell+-|wn(dg) — 1|< do,

which follows from Lemma and the toy theorem . Here, g+&(h) := £(g7h) so that
II(g)II(§) = (g x £). Set Vq :=11(§) Vo, and because ||[Vy||= 1, we have by the triangle
inequality that for g € K1(C(II), 7y),

[TL(g)V1 — wir(dg)V1[|< [lg * § — wr(dg)&ll L1 () < o,

and for 71 sufficiently small in terms of 1y

al(* 1) {C )l

o [ O B AT G E R GO ) B
Wl )]sl )]

a[( )]z vemso

thus, [|[V4]|=< 1. Then, the vector V1/||Vi|le W (11, 1;) and its image in IT satisfy the
required conclusions of Theorem [3] and Theorem [2] respectively. O

so in particular,
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5.2 Proof of Proposition
5.2 Proof of Proposition |5.1.1

To prove Proposition[5.1.1] we need a uniform bound of a Weyl element shifted newvector,
as in Proposition Proving this proposition is the heart and most difficult part of
this thesis.

Proposition 5.2.1. Let | € N. Let g = ak with a := diag(a,...,a,) € A, k € K.
Then,

Dy [(C(m g) w] <n 6Y2(a) min(al, 1),

where w is the long Weyl element in GLy,4+1(R) and D is the differential operator defined

in (E13).

We prove the above proposition in the next section. First, we see how to derive
Proposition [5.1.1] from Proposition [5.2.1]

Lemma 5.2.1. Let p € N and D as in . Then,
1. For o € C small, we have DP|det(g)|”=), |det(g)|".
2. As a function of h, we have DP(e(cw'h ™ er) —1) <, S H |7 |h ey "
Proof. Recall the definition of D. It is straightforward to check that
DP|det(g)|7= (1 — no?)?|det(g)|",

which proves (1).
Let x := 2micw’, so
o
h—l r
e(cw'h™te)) —1= Z u.

r!
r=1

Let f, := W, then it is straightforward to check tha
Dfy = fr — (zh™e1) fro1 = |2|h 7 er]* fr—o.
The following can also easily be checked that
D(|z’|h e1]?) = —2n|z* [ er .
Therefore, inducting on p and summing over r, we conclude (2). O

Lemma 5.2.2. Let m be a tempered representation of G and W € W(w, 1)) be any L*-
normalized vector. Let a = diag(ai,...,a,) € A, k € K, and L > 0. For any n small

{The computation will be intuitive following the similar computation in the n = 1 case, where D
becomes the simpler differential operator 1 — (hdh ).
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5 Proof of Existence of Analytic Newvectors

enough and N large enough,
n—1
DEW (ak) <n 6727 (a) [ min(1, (aiy1/ai)™)Sp- (W),
i=1

where p depends on N and the group G only.

Proof. W(ak) = n(k)W(a) and S,(W) =<k Sp(m(k)W) is sufficient to prove the Lemma
for k = 1. We next prove this inducting on n. For n = 2, this is proved in |47, Proposition
3.2.3|. We generalize this idea for a proof for general n by inducting on n. First, there is
a'Y € g such that for any W € W(mr, ),

dr (Y)W (a) = (an—1/an)W(a).

Let w, be the central character of .

For a generic irreducible tempered representation 7’ of GL,,—1(R), let B(x') := {W'}
be an orthonormal basis of 7/ consisting of eigenvectors of D’ by diagonalizing it, where
D' is the analogous differential operator on GL,_1(R), as in . We obtain using the
Whittaker—Plancherel formula on GL(n —1)

(an-1/an)ND7LW (a) = wr(an)dr(YN)YDEW (a/ay,)

=wrlan) [ Z W'(a'fan)Z(W')dpy(7"),
GLn—1 yyreB(nt)

where a := diag(ai,...,an—1), and

Z(W') = /Nn_l\GLn_ldvr(YN)D_LW Kh 1)] W' (h)dh.

We change the variable ' — 7’ ® |det|® to obtain

(an1/an) N DLW (a) = w(an) /GLA S WA fan)
1 WreB(n)

x |det(a’/an)|*Z(W' @ |det|*)dp, (7).

Using the induction hypothesis, we obtain

n—2

W'(d fay) < 8127(a") [T (L (ai41/ai)V)So(W'),
=1

for some ¢ depending on N. From the local functional equation for GL(n) x
GL(n — 1), we confirm that Z(W’ @ |det|®) is holomorphic for R(s) < 1/2 (as both 7
and 7" are tempered), and the defining integral of Z is absolutely convergent. We choose
s =1/2 —n for some small n > 0, and |det(a’/a,)|"/>~16Y/2=1(a') = §/27(a).
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5.2 Proof of Proposition

Now, in the integral defining Z(W’ ® |det|'/>="/2), we perform integration by parts
sufficiently (say, d) many times using D’ to prove that

Z(W' @ |det|'*77%) < S_g(W')Sar—(W),

for all large d and d’ depending only on d. By applying Lemma and making d large
enough, we conclude. O

Proof of Proposition|5.1.1 assuming Proposition [5.2.1 Recall that II is 6-tempered as
in Theorem [3| For every m € G, we choose an orthonormal basis B(w) := {W} of 7
consisting of eigenvectors of D by diagonalizing it. Applying the Whittaker—Plancherel
formula of G, we get for 0 < o < 1/2 — 6 that

wore ()] weorn(e ] ()
/ Z /N\G [(10” J]V[(h 1)]Wldet<h>|‘”dhdup(w>.

weB(n

The inner integral can be checked to be absolutely convergent by Lemma We apply
the GL(n + 1) x GL(n) local functional equation (4.1.5) and the N-equivariance for V'
to obtain the inner integral above as

v(1/2— o, @) /N\G e(cw'h eV Kl h) w} W (ha!)|det (k)| dh.

By changing variable h + C(II)~'h in the latter integral, we conclude that

V| (e 1)) -7 [ 1)]

/c Yoz —oMern) Y W(g)det(g)” (52.1)

WeB(r)

/N\G(e(cw'h_lel) -1V KC(H) h) w] W (| det (h)|~° dhdpu, ().

From Lemma
CADN"~(1/2 — o, M@ 7) "t < C(x) e,

In the last integral of (5.2.1]), we integrate by parts by D as

/N y Dr <(e(cw’h—1e1) -1V KO(H) h) w} | det(h)|_a> DL Vb,

We write N\G with (a,k) coordinates. Using Lemma Proposition and
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5 Proof of Existence of Analytic Newvectors

Lemma [5.2.2] we estimate the last integral by

n—1
da
< Sp—r(W) C|T/ a;” || min(1, (aiy1/a)™) min(1, al¥) ———,
g ISTZ«L a E i " |det(a)]7

where p depends on M and n. The above A-integral can be checked to be absolutely
convergent and, hence, (5.2.1)) is bounded by

<p.L |C|/ C(m) D7 " [W(g)lldet(9)|7Sp—r.(W)dpy(r)-
G W eB(r)
As g varies in a compact set 2, we use Lemma [5.2.2] to bound

W (g)ldet(g)|”<a Sq(W)

for all W € B(7) and for some fixed ¢. Finally, making L sufficiently large and appealing
to Lemma [4.1.10 we conclude. O

5.3 Proof of Proposition |5.2.1

For 1 < s < n, we define a property pop(s), which stands for Partial Ordering at the
Pivot s, of the elements a € A.

Definition 5.3.1. We say an element a € A satisfies the property pop(s) for some
1<s<nif
max{ay,...,as} < min{l, min{ast1,...,an}}

The proof of Proposition spans two cases, depending on if a satisfies pop(s) for
some s. When a does not satisfy pop(s) for any s, the proof becomes relatively easier, as
can be seen at the end of this section. Here, we prove the required bound of W, which
is the spherical vector in 7, as defined in , on the elements a that do not satisfy
pop(s) for any s.

Lemma 5.3.1. Let a € A does not satisfy pop(s) for any 1 < s <n, then

Wu(a)
(1, p)

< 6"/2(a) min(1, ) )d(u)O¥ V)

for N large enough.

Proof. If a1 > 1, then Lemma [£.1.4] with M = 0 immediately implies this lemma. So,
we assume that a; < 1. As we do not have pop(1), there exists 1 < I’ < n such that
ay < aj. Also, as we do not have pop(n), there exists 1 < r’ < n such that a,» > 1. Let

l:=max{l' | ay < a1}, 7:=min{r'|a., > 1}.
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5.3 Proof of Proposition

If r = n, then we have pop(n — 1), so r < n. If I > r, then from Lemma we
estimate that

-1
W, (a
o 23 <x 0Y2(@)d() W [ (aje1/a))™ < 62 (a)af d(u)O¥ D),
) j=r

and we conclude. Thus, we may assume that [ < r (note that [ # r as a; < a1 <1 < a,).
Now, we define
ar, = max{ay,...,a;}, ag:=min{a,,...,an}.

Here, L <l and R > r, as if R = r, then we have pop(r — 1). Also, if ay > apr, then

- R-1
w,
T <y 82 H%H/ag [T (aesr /a0 < 82 (@yala(u)¥ .

Thus, we may now assume that a; < ar. Hence, we have 1 <[ < r < n such that
max{ay,...,a;} < min{l,min(a,,...,a,}}. (5.3.1)
Next, we define
I :=max{l' | ay <ar}, r1:=min{r |a- > ar}.

Here, [y > [ and, further, I; > [, otherwise, we have pop(l). Similarly, r; < r, and,
further, r; < r, otherwise, we have pop(r — 1). Also, l; # r1 as a;; < ar, < ag < ay,.
But, if [; > r1, then
W,(a) -1 -1 R—1
ﬁ <y 6%(@)d(w) ¥V T (@41 /a)™ T] (@isa/a)™N ] (aisa/a)™
) j=L k=r

< 5'2(a)aff ()N .

1=r1

Thus, we may assume that I; < 71, as [ = r; would have pop(l; — 1). We now define
ar, = max{ai,...,a;}, apg, :=min{a,,...,an}.

If ar, = a,, then we have pop(l1), so L1 < l;. Similarly, if ar, = a,,, then we have
pop(r; — 1), so Ry > ry. Also, if a,, > ap,, then

M/(a) -1 1—1 R1—1 R—1
c(fiu) v §%(a T @sa/a)™ TT (@psr/ap)™ ] (@iva/a)™ T (aiva/a)™
’ j=L p=Ly =71 k=r

< 512 (a)a ().

So, we may assume that ar, < ag,. Thus, we obtained nested pairs 1 <[ <} <11 <
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5 Proof of Existence of Analytic Newvectors

r < n such that
max{ai,...,a;} < min{l, min(a,,...,an}}. (5.3.2)

Proceeding in this way, we eventually, as there are only finitely, say P, many steps, obtain

lp=rporlp=rp—1 with similar properties as in (5.3.1]) or (5.3.2)). In either case, we
arrive at pop, thus, a contradiction. ]

5.3.1 A few auxiliary notations

In the remainder of this section, we prove the required decomposition of W, into partial
M-Whittaker functions as well as the required bounds. Here, by N,, A, K,... etc., we
denote the maximal unipotent subgroup of upper triangular matrices, the positive diag-
onal subgroup, and the maximal compact O(r)... in GL,(R), respectively. For pu € C",
by W,, (suppressing r) we denote the spherical Whittaker function (with our chosen nor-
malization as in (4.1.12)) on GL,(R) with parameters u. For a := diag(ai,...,an) € A,
by a”, we denote the element diag(ai,...,a,) € A,. Let us denote (a)® := (au,...,as)
fors <mand ) a:=a;+...a, for any a € C". We abbreviate the condition R(c;) > 0
(resp. > 0) for all ¢ by R(a) > 0 (resp. > 0). By a regular o, we mean that the coordi-
nates «; are distinct. By S,, we will denote the symmetric group of r letters, which is
isomorphic to the Weyl group of GL(r).

(cm) _ 2(-1)r
n! Ir(2n+2) "

We record that the residue of I'g(s) at s = —2n for any n € Z> is 2
Let v € C" and v/ € C" with r > /. Let

{vi—vj|1<i<r1<j<r'}=AwV)UB),

where A(v, 1) is the set of elements that are of form 2Z<, i.e., a possible pole of I'g and
B(v,v) is the compliment. We define

L,V)= ][] resc—alr(s) [] Tr(®). (5.3.3)

acA(v,v') beB(v,v")

We use these notations in the rest of the section.

5.3.2 Integral representation of the spherical Whittaker function

By applying the Whittaker—Plancherel formula (4.1.2]) and the GL(n + 1) x GL(n) local
functional equation (4.1.5)), we arrive at

V[(C(H) g) w] :/éwﬂ(—l)"G(mH) ST W(gw)(f, W)dpy(m),

WeB(m)

We choose B(w) := {W} containing an ONB of 7 of K-types. Recall that f is spherical
(see (5.1.1))), so we conclude that for all W € W(m,4) with non-trivial K-type, (f,W) =
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5.3 Proof of Proposition

0. Applying D', we obtain that

DviC(H) g) w] = [ O P Wo)(7, Wy ), (5.3.4)

where Wy is an L?-normalized spherical vector in w. Thus, we can also conclude that

II
\%4 [(C( ) g) w] is spherical. Hence, this is enough to prove Proposition [5.2.1| for
g = a € A. Finally, choosing Wy, := H%ZH’ using (4.1.3)), (4.1.12), and (4.1.8]) along with

the description of the tempered spherical dual of G, we rewrite (5.3.4]) as

v ()| = [ ewmphm@ w2 (5.5

o le(u)

We record the following integral representation of the spherical Whittaker function
that is a corollary of Stade’s formula.

Lemma 5.3.2. Let v € C"1 with R(v;) > 0. Then,

L, men_,)

c(v)e(—v") v

Wy(a") = firarz”/ W, (a"1/a,)

(0)7"—1
for some absolute constant k, (depending only on r).
The unspecified constant appears because of our chosen normalization in (4.1.12)).

From now on, we denote any unspecified constant that only depends on n,... by &, .,
i.e., Ky, may vary from line to line.

Proof. Using (4.1.3]) for GL,_1(R) and proceeding as before, we can write

= ()

I dv
— Z”/ W, (a" 1 / W, [(t )]W Dt ————
ag v \a Qr v ! .
A N 1) | WOt ne

We conclude the proof noting that the inner integral is a constant multiple of L(%, Ty QT,7)
by Stade’s formula |57, Theorem 3.4]. O

We abbreviate 6~ /2W, for any GL, Whittaker function W, with W’. If R(v) > 0,
then shifting the contour v/ — /41/2 in the v/ integral in Lemma (without crossing
any pole), we obtain

/
W (a) = kpaX" / W (a"/ay) (L(”’”) v, (5.3.6)
(0

c(ve(—=v")
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5 Proof of Existence of Analytic Newvectors

From now on, we work with W’ instead of Wi

We fix 1 < s < n for the remainder. Let R(u) > 0 be small enough. In
we shift the contours of the v integrals to some positive quantity so that the integrand
does not cross any polar hyperplanes. For instance, we may choose R(r) > 0 such that
max; R(r;) < min; R(p;). We obtain

- L(p,v)

/ _ Su 1. n—1 )

W, (a) = knaj /Wy(a /an)c(u)c(—y) dv,

where the contours are the vertical lines with real parts, as stated above. In this section,
we will typically not specify these types of contours explicitly. If the contours are un-
specified, then we implicitly assume that the contours are vertical lines on the left of all

possible poles and very close to the vertical lines with real parts being zero, as described
above. In the RHS, we expand W/, using (5.3.6) exactly the same as before to obtain

2V Lp,v) L(v, )
W!(a) = Z“/ n-1 . /W', "2 1) dV du.
A A O e A A O 7 R
Proceeding in this way, we arrive at an iterated integral representation of W' as

Wé(a)—nnar;“/(az:)z c(l; /W, (" /as2) (TS (— ))de’Y (52'7)

5.3.3 Decomposition of the spherical Whittaker function

Now, we prepare for the decomposition of the Whittaker function. We define some power
series that are analogues of the I-Bessel function on GL(2) (see the relevant discussion
in §3.1.2). Let 7 € C5*! with R(7) > 0 small enough, and k € Z%,. We define

. L(r, (1) + 2k)
B = ey + ke~ () —2h)’ (5.38)

and

Mo (at) i= D Pu(m)W (e i (a/aspr). (5.3.9)
keZs,,

In the next four lemmata, we prove the decomposition of W’ into M inductively (see the
statement we aim for also in Lemma. For ease of the reader, we describe the themes
of these technical lemmata. In Lemma [5.3.3] we prove the base case of the induction.
We being with the innermost integral in and shift all the contours to infinity.
The integrand crosses finitely many families of infinitely many poles. We collect the
residues and construct the M-Whittaker functions (more precisely, the function M*! = M,

iThis is because if we work with W | then the normalization by 6~ /2

somewhat unimportantly.

will appear in every equation,
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5.3 Proof of Proposition

according to the definition in and ) as power series. Then, we replace the
inner integral with such an M-Whittaker function. We do the similar contour shifting
process for the second innermost integral of , and by similarly collecting residues
and making power series, we obtain similar M-Whittaker functions (more precisely, M2,
as in the definition in ) Inductively, we define certain partial M-Whittaker
functions in . Finally, we prove the inductive step of the decomposition in the
proof of Lemma [5.3.6

A similar decomposition in the case of s = 1 appeared in [11, 26]. In both articles, the
authors proved the results by the method of the differential equation, while we prove it
by spectral analysis and the zeta integrals.

Lemma 5.3.3. For 7 € C**1 with R(7) > 0 and small enough,

! s+1 _ s+1
W (a = Rsa S+1 E My,

UESS.H

o(7)e(=7)
such that M., are entire in .

Proof. We prove the equality for regular 7 so that the result will follow by analyticity.
By using ((5.3.6)), we write
L(r,2)
c(z)e(=2)

We want to shift the contour of z; to oo. To justify this, we first shift the z; contour to
R(z1) = 2N +1 to collect residues at the poles and estimate the following shifted integral

W@+ = ko] / W/(a*fass1) dz.

L(r,2")L(t, 1)
W/ , S s - ) )
/(O)S1 /(2N+1) 0/ H)C(Z’)C(—Z’) [[i—2 Tr(21 — 25)Tr(2s — 21)

We perturb the 2’ contour a little bit so that we can apply Lemma [4.1.5| to obtain
(dropping the entries of W, ./)

dz1dz’.

S
W, o <a le(t =) [ [ITe(1 + 21 — 20)1
=2

Using Stirling’s approximation,

e(1, z)H Ir(1+ 21 — 25) H(1+ 12i]) 0(1 H|2’1 — ‘O

o=#) 5 Tr(a1—2) i=2 i=2

On the other hand,

s+1
L(r,z1) < (NY) ™ [ Tr(r; — 1/2 = S(=1)).
=1
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5 Proof of Existence of Analytic Newvectors

Writing z; with (21) = 2N + 1 as z; + 2N + 1 with R(2;) = 0 we obtain, by Stirling’s
estimate, that the integral is bounded by

NOW) s

N
<5 (Nl)sH/ET(Z) H(l +12i))°W]z; — zi\O(l)H\zi — 2z — ki,

=2 k=1

where

E.(z) :=exp ZI\Y 7= )+ YISz — 2)) <<Texp[—2|3(zi)|]-
7

i#]

We then estimate

N
(14 |z:))°W|z — zilo(l)H]zi -z — kK z?(l)zio(l) Z ki kpz— 2N
k=1 ki <N;r

Upon integrating this against exp [— > ,|¥(2;)|], we obtain that the integral is bounded
by Nggl [, (N+0(1)« %(!1), which tends to zero as N — oo.

Next, we denote 2z’ := (z2,. .., zs) and shift the z; contour to infinity. We cross (simple)
poles and gather the corresponding residues to obtain

o Lr)
/m)s Wele'/ S“)c<z>c<—z>

B HS+1 H] 9 FR TZ _ , HS"F]. FR(TZ Zl) ,
_ I W a®/asi1) dz1dz
(0)s—1 | (22, ey Zs | HJ =2 FR(Zl Z])FR(’Zj - Zl)

= S Hs+1 H] — el TZ - Z Tl+2k1,22, 723( a*/as ) L(7, 7i + 2k1) 2
— J(0)s1 ‘ (212,.. H] o I'r Tz—zj+2k1)FR(Z] —7; — 2ky)

We record the functional equation for I'g that Vm € Z as
m—1 2m
Ir(s)Tr(—s) = (=1)" " —Tgr(s + 2m)I'r(2 — s — 2m).
S

Using this, we can specify that

f[ I'r(7i — 2j) oy EDM(T — 2+ 2k)TR(7 — 25)
Ir(m — zj + 2k1)Tr(25 — 7 — 2k1) i 2R (7 — 25)TR(25 — 70 + 2)

Jj=2

Hence, in the i'th summand above, any z» only has family of poles at 7; for j # i.
Now, we shift the z5 contour to oo (upon similar justification as in the case of z7).
Proceeding in this way, we obtain that for any s-tuple 7/ consisting of distinct elements
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5.3 Proof of Proposition

from {7,...,7Ts41}

W (a*/as:) (z” dz=3" > Cu(m)Wrio(a*fass),

(0)® T/ kEZS

where
L(r, 7" + 2k)

c(t! + 2k)e(—7" — 2k)°

Ci(r,7) =

If o € Sgy1 such that (o7)% = 7/, then

Thus, we conclude the proof of the decomposition. To confirm that M, is holomorphic,
it is enough to check that Py(7) are holomorphic (W’ is entire in its parameters, see
[33]) and the series defining M; in is locally uniformly convergent. Here, we only
check that Py(7) are holomorphic. Later in Lemma , we estimate Py that, along
with Lemma implies locally uniform convergence. To check holomorphicity, we
first note that

o(T)e(=7) = c((7 H Pr(7s+1 — 75)TR(Tj — Tst1)-

and, thus, Py(7) equals

H H r(Ti — 75 — 2k;j) H I'r(1i — 75 — 2kj)
ey k' F]R T]—TZ FR 7’1—7'] FR T]+2k‘j—Ti—Qki)FR(Ti+2/€i—Tj—ij).

We confirm that each factor in this expression of Py (7) is holomorphic, thus, we conclude.
O

Now using Lemma we can expand the inner most integral in (5.3.7)) and rewrite
(5.3.7) as
=" Lipv)
W (a) = E#/ n-1 mv) .
ul@) = Ksnai an, c(v)e(—v)

As+1 27 s+1
../(0) N L(y,7) Y Myr(a*)drdy. .. dv.

a
s+2 JGSS+1

We interchange the innermost integral with the finite sum over Ss41. We do a change of
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5 Proof of Existence of Analytic Newvectors

variable o7 — 7 and rewrite as

> Ts41
Wito) = mapeler [ (f2) 7 RS [ (52) T Em)

an, (v)e(—v)

2(7)®
8 / (as+1) L(’Va (T)S)Mf(as+1)d(7)5d7—5+1d7 . dy.
(0)s \@s+2

Now, we shift contours of the last integral to oo. The family of the poles occurs at
(7’); = +2Z>o for all 1 < j < s and some 1 <14 < s+ 1. The residues are of the form

> 421
As41
(8+> L(, Y + QZ)M7’+2I,T5+1
As42

for I € Z%, and o' € C* with v} € {y1,...,7s+2}. However, some of these residues do not
occur in the asymptotic expansion of W/, such as the residues with a parameter " with
v{ = 5. In fact, the terms in the asymptotic expansion come from the residues where
the coordinates of 4/ are distinct[T] But, due to Lemma where we show below that
the residues other than

oy \ Sl
() L7, (07)" + 20 Mgy 305,
As42

for o € Sgy2, vanish identically. In other words, the family of poles (of form ~' + 2Z%) of
the integrand only occur at «, which has distinct coordinates.

We follow the same method of collecting residues and construct the power series. We
continue this process in until the outer most integral, and recursively define

M; (as-‘rl) = M-,—((IS+1)

for r > 1, and for o € C5t"

M= | <“S+”>ZZL<a,z>

(0)r—1 As4r
S (@421 .
Astr—1 Lia, (@) +21) , s T
2 < Asr ) cla)e(—a) M{oys ya1,.(a )dz. (5.3.10)
leZSZO

In each stage of the contour shifting, we must prove that the integrand is holomorphic at
the non-regular points, as discussed above. We show this, inductively, in Lemma [5.3.4]
which is the base case, and in Lemma through which we prove the inductive step.
These lemmata can be thought of as higher rank analogues of the fact that I,, = I_,, for
any natural number n, where I denotes the classical I-Bessel function.

liWe assume that v is regular.
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5.3 Proof of Proposition

Lemma 5.3.4. Let 7 € C5*! such that R(7) > 0 and 7, = 7, mod 27Z for1 < a # b < s.
Then, M, is identically zero.

Proof. Let 1 < a < b < s. Expanding out the definition (5.3.8) of P} gives
_ FR(Ta — Tp — ka)FR(Tb — Tq — Qka)ressz_gkaFR(s)ressz_gkaR(s)
FR(Ta — Tb)FR(Tb — Ta)FR(Ta — 1y + 2kg — Qk‘b)FR(Tb — Tq + 2kp — Qka)
Hj;éa,b L(7,75 + 2k;) Hi;éa,b Pr(7i — 7o — 2ka)Tr(Ti — 75 — 2ks)
6.y 200),(b,0) TR(Ti = T3)TR(Ti — 75 + 2k; — 2k;)

Py(T)

X

Computing the residues, we obtain that the above equals

14 (1q — ) (o — Ta + 2kp — 2k,)

FR(2ka + 2)FR(2k}b + 2)FR(TCL + 2k, — 1 + 2)FR(Tb + 2kp — 7y + 2)
. L7, 7 + 2k;

% Qk(T) % H];ﬁa,b ( ;‘ J) ’

L) 2(ab), (b.a) TR(Ti = 75)

where
[izap Tr(7i = Ta — 2ka)Tr(Ti — 76 — 2k)

6.y 200),(b.0) TR(Ti = 75 + 2k — 2k;)

Without loss of generality, suppose that 7, — 7, = 21 > 0. Note that I'r (7, — 7, + 2kp +
2)~1 =0 for ky < [, by changing ky +— kp + [ and replacing 7, + 21 = 7, only in the first
two factors, we obtain from ([5.3.9)) that

Qr(1) =

120 L(7, 75 + 2K;)
M, = Z W o ottty X Qrleo s Tas oo Tay o) X I74
keZ3, . ' .20, 000 TR(Ti = 75)
. 7420 (ky — ka)
Tr(2kq + 2)Tr(2ky + 21 + 2)TR(2kq + 20 + 2)Tr(2ky + 2)

Let o4 be the element in the Weyl group that transposes the ath and bth elements of 7
and fixes everything else. Then, by performing a similar calculation, we can check that

20 L(7, 75 + 2K5)
My, 7 = Z W o ook, X Qo Tas e Tay o) X J7e
k€L, ' i.j)#(a.b).(b.0) TR(Ti = 75)
) 74 (=20) (ky — k)
T (2ka + 20+ 2)Tr(2ky + 2)TR(2kq + 2)Dr (2K + 20 + 2)
= —M,.

On the other hand, the following can be easily checked from (/5.3.8)) that

P, k(oapT) = Pi(7).

Thus, using the fact that the Whittaker function is invariant under the Weyl group action
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5 Proof of Existence of Analytic Newvectors

on its parameters, we also conclude that
M‘r = Maab'ry
hence, the conclusion. O

Lemma 5.3.5. Let a € C517 such that R(a) > 0 and ag = ap mod 2Z for1 <a #b <
s. Then, M is identically zero.

Proof. We prove by inducting on r.Note that the base case r = 1 is proved in Lemma
5.3.4] we assume the claim is also true for »r > 1. We consider the inner most sum of
M1 which is

Z ( As+r )Z(a)s+2l L(av (a)s + 2l) M7

s+r—1 ) 311
Astr+1 c(a)e(—a) (4212 (¢ ) (5.3.11)

ST

We take a similar proof path as in Lemma [5.3:4] Suppose that o, is the element in the
Weyl group that only transposes ath and bth elements of «, . Clearly, MI*L = M1

Oap¥

as before. We show that when a, — o € 27, then M'*1 = —MT*! which yields the

Oab™
claim. The coefficient

L(a, (a)® 4 21)

c(a)e(—a)
_ ArTr(0w — = 20)Tr(ap — aq — 2la) (= 1) T1i jeqapy Ll aj +215)
N FR(Oéa — ab)FR(ab — Oza)FR(2la + 2)FR(2lb + 2) H(e;éf)#(a’b)’(b’a) FR(Oée — Oéf)

X H FR(QZ’ — Qg — QZQ)FR(Oéi — Qg — 2lb) H FR(aa — Ozj — QZj)FR(Ozb — aj — 2lj)
i;éa,b j#avb

has i and j varying over 1,...,7 + s and 1,...,s, respectively. Using the functional
equation for I'g, we obtain that the above becomes

_ 2oy — aa)Tr(op — o — 20,)(—1)" I j¢qany Llow, aj + 21;)
FR(Oéb — g + 20, + 2)FR(2la + Q)FR(le + 2) H(e;éf);é(a,b),(b,a) FR(Oée — Oéf)

X H FR(ai — Qg — QZQ)FR(OQ' — Qg — 2[5) H FR(CKQ — Oy — 2lj)FR(Oéb — Oy — 2lj).
i#a,b j#a,b

Without loss of generality, suppose that a < b, ag —ap =2t >0, and t € Z. As M} =0
by the induction hypothesis, by the above computation, the summand vanishes for [;, < t.

In the sum (5.3.11)), we change the variable [ — [, + t and obtain that (5.3.11)) equals

> (o

a
lezy,, et

213 (ay — aa)(—l)la

X QU)X TR (2§ 2)Tr(2ly + 2t + 2)

> 2t+> (o) 4-21

. T S+7‘—1
X aa_hal:l_m Ir(ap —aq — 2ZG)M...,aa+2la,...,ab+2lb+2t,...,z(a )s
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5.3 Proof of Proposition

where
Hi j a,b (Oé“ (07} + 2l
Q) = 22— T Tl = o = 24)Pr(en = o = 20)
Hiernson,on Trlae —ar) 20
X H I'r(a; — g — 2lg)Tr(0i — g — 21p).
i#a,b

We compute the last limit by letting 5 := ap — a, + 2t, which then equals

ol 1
ress=*2t*2laFR(S) [lgli)l%)ﬁ Mf.,aa—&—Qla,...,aa+ﬂ+2lb,...,z(as " )

2(_1)la+t
= 1
mlR(2l, + 2t + 2) -0

—1 +r—1
5 M.y.,.,aa+2la,...,a,l+,8+2lb,...,z(as " )

Thus, we obtain that (5.3.11]) equals

Z ( Qg+r )2t+2(a)5+21 % 47‘('_4(_1)th(04)
As4r+1 FR(le + 2)FR(2ZQ + Q)PR(le + 2t + Z)FR(QZG + 2t + 2)

ZGZSZO
X (ap — ag) lim B~EM" (a*t 1)
a 50 vy a2l g 2045, 02 .

By performing a similar computation, we obtain that the relevant sum, as in (5.3.11)), in
the corresponding expression of M, o equals

> ()T (1) Qi)
As4+r41 FR(le + Q)FR(QZG + 2)FR(2lb + 2t + Q)FR(QZQ + 2t + 2)

1€73,

: -1 +r—1
X (aa - ab) élir%)/@ Mf.,aa—l—%a—ﬂ,“.,aa—l—%b,‘..,z(as " )

Thus, the proof is complete if we can show that

+r-1 +r—1
éli)r%)ﬂ M aa+2la 6’ ,aa+2lb7 % ( o ) }3%6 M aa+2la» ,Oéa+2lb+6, R ( o ).
Both limits exist by the induction hypothesis (M" has a zero at a non-regular point).
The above equality follows from twisting the quantity in the limit by |det|® and letting

6 — 0. ]

Finally, we prove the inductive step of the decomposition of W’ into an M-Whittaker
function, whose base case is proven in Lemma

Lemma 5.3.6. Let p € E,(¢) for some e > 0. Then, there exists an absolute constant
Ksn such that

1

I v, v/ =k naz n s ’
c(p)e(—p) Wila) = rsnai” 3, My

oESh
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5 Proof of Existence of Analytic Newvectors

and M, is holomorphic in R(p) > 0.

Proof. From the definition (5.3.10) and estimates in Lemma holomorphicity of M,
follows. To prove the equality in the statement, we induct on r. The base case r = 1 was
proven in Lemma At the rth intermediate stage, the expression of W} (a) looks
like

X

>v >0
= KS,r,naT;“ /<an1> Lip.v) / ( Qotr > Ln.6) M} (a*T)df . . . dv
an c(pe(=pm)  Jys+r \astria c(n)e(=n)

)
v >
_ Hs’r’nag:u /( an—1> L(M: ) / (a’S-H”> L(?’], 9/)
Qn (:U’)C( 1) (0)r \ Gs+r+1

aser \="" L(n, (6))
+ r¢_s+r s 10/ v
% /(0)s <> - )M 5(a*TT)d(0)3de’ . .. dv,

Qsyri1 0(77)0 n

X

where 6/ := (0541, ...,0s4+,). Now, we shift the contours to infinity in the last integral.
Thus, employing Lemma by collecting residues, we obtain for some constant d’ =
dy s that

_ >om On—1 2 L(p,v) As+r 20 /
= Ksrns —_— .. L ARE L(n,0")
an c(pe(=p)  Joyr \str+1

S (om)*+2L s
Qstr L(n, + 21 o
> > (*) (n. (o) )M((m) v (@tT)de’ . dv.

) c(n)e(—n)

By recognizing the symmetries of the variables inside the integrals and recalling ([5.3.10)),
we can conclude. O

Now we estimate the function M™% inductively. The following lemma is used to prove
the required bound in Proposition for those a € A that are in the complementary
case of what we considered in Lemma i.e., a satisfies pop(s) (see definition in
(5.3.1)). We loosely mention that the M™~*-Whittaker functions are exponentially in-
creasing in ai/aj for 1 <i<sand s+1<j<n (see , which is where we use
pop(s) to control the increment.

Lemma 5.3.7. Let 1 < s < n and a satisfies pop(s). Also, let p € C" such that
R(pu) > 0 be small enough. We define p/ := (g1 + 2N,..., pus + 2N, pigy1, ..., i) for
some fized large integer N. Then,
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5.3 Proof of Proposition

here O(1) in the exponent of d(u) that denotes a bounded constant depending on N and
n.

Proof. We prove by inducting on 7 using the inductive definition in . The required
bound of M, can be sufficiently proven for v := (pu1+2N1, ..., us+2Ns, ') where N; > N
and o/ € C" with small positive real parts. For a € C", by ¢(«), we denote the reordering
of the coordinates of a such that R(¢(a)1)) < ... < R(e(a),). We frequently apply the
Stirling approximation, and for s € C having a small real part and k£ > 0, we have

ID(s — k)< [T (s)].

Let us first prove the claimed bound for M. From the definition (5.3.§)), for 7 € C5*!
with R(7;) > 2N for 1 < j <'s, we estimate

: L () 2R)ell, —il(r) +28)

=+ BN = e el(7) + 2Rl () — 20

- H ' FR Ts+1 — 1 — 2k; ) ngi;&jgs FR(Ti —T5; — 2k7j) C(l ((T + 2k))
Rl T (et — 70T (7~ 7or1) Lo Doy — 70 28] e(—i((7)° 4 28))

The last factor in the above quantity can be bounded by (1 + [|k|)°Md((7)*)°M). The
second factor is < [I'r(7; — 75+1)| 1. In the third factor, suppose that I'r (7, + 2k, — 74 —
2k,) appears in c(¢((7)® + 2k)) for some 1 < p # ¢ < s. Then,

Ir(7p — 74 — 2kg)TR(7g — 7 — 2k)
Cr(7p — 79)Tr(7g — ) TR(7p + 2k — 74 — 2Ky)

< Tr(7g — Tp)|_1-

We can perform a similar estimate for each sub-factor in the third factor. If we define

=[[re(ri—7) [] min{Te(m - )l Tr(r; —m)l},
i=1

1<i#j<s

then we have obtained that

c(1, =u((7)" + 2k)) Pi(7) < [é(r ll\Hk, L+ [[k]) M d(7)"

61



5 Proof of Existence of Analytic Newvectors

Finally, using (5.3.9) and Lemma we estimate

M, (a**!) = Z Pk(T)W(/T)S+2k(aS/as+1)
keZS,

A(r)O® a3
= %ZmSEjk,u+Mm

s—l—l kEZS

A0 a3¥

= i
é(r) S_E( )’

<

where in the first inequality we employed the pop(s) assumption.
Now, we make an inductive hypothesis that for » > 1

A(@)0M a3V
Ha) @

ar+s

Mg (as—i-r) =<

from which, through motivation by the previous computation, we define

) = H H FR(Cki — Ozs+j) H FR(as+i - as+j)

i=1j=1 1<i<j<r
[T win{[Tr(ai — a))l, Tr(a; — i)}
1<iAj<s

We start with (5.3.10) and integrate term by term, and claim that

C(a)c( ) /Zr <a$+r+1) L(O[7 Z) (( ) + 2l Z) d(z)
2N
ay

= ““75§;§[ a)|” 1I]:l' L+ 12N°Md(()*)°Dd(asyr, - asyrr1) 0D,
s+r

Employing the inductive hypothesis, we yield the proof, as in the base case.

To prove the claim,

L(a, (a)® +20)L s 4l
c(a)e(—a)é((a) +%ZIIHTR i = Qsj) II Ir(osyi — sy j)
1<i<yj<r+1
s 7r£ T+1 H] 1 FR(as+z H H FR O[Z _ Zj)
i=1 ll' C H1<Z<]<T‘+1 FR(QS+] - as—H i1 FR Oél + 2l; — ZJ)

» [li<izj<s Tr(0i — aj — 215) ﬁ f[ Ir(ast; — aj — 2l;)
S+ 2[

((a))é((@) Fa(0ns: —ay)

)
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5.3 Proof of Proposition

where, as in the » = 1 case, the fifth and third factors are < 1, and the fourth factor is
< ¢é((«)?®). Thus, this is sufficient to prove that the integral

o

along with

T = Tr(vssi — 25)

(2) H1§i<j§r+1 IR(Qstj — Qsti)

d(z)°Wdz < d(agi1,- . asrr1)°W,

d((a)* +20)°0 < d((a)")7D (1 + [li])°

proves the claim. To see the estimate of the last integral, we follow the same path as in
[3, Proposition 1]. We assume that 0 < R(asy;) < €, and write asy; = R(ast;) + i6;
and z; = it;. We apply the Stirling approximation to obtain that the integral is bounded
by
AW [ TL+ 13— )20 [ - 1 2a(0° B ),
R i#j

where FE is the exponential factor given by

B(t8) = exp | = | 2018 —tsl= Y[t —t5= Y18 = Bl
,J

1<j 1<J

By fixing an order among f;, this can be checked elementarily that (as in the proof of
[3, Proposition 1]) the quantity inside exp is always non-positive. Thus, the essential
supports of ¢ in this integral are bounded by polynomials in 8. The integrand, other
than the exponential factor, also being a polynomial in ¢ and 3, causes the integral to be
bounded by some polynomial in 3, so is d(ﬁ)o(l).

Finally, we conclude the proof with

&) > e(S(p)d(p) ),

where O(1) in the exponent means a fixed non-negative exponent that depends on N. [

We now have all the ingredients needed to prove Proposition [5.2.1] and we do so
by dividing the argument into the two cases of if a has the property pop(s) for some
1 < s < n or not.

Proof of Proposition[5.2.1 The primary ingredient of the proof is to shift the contours
in the integral of . We separate the proof into two cases.

Case I: We assume that a does not satisfy pop(s) for any 1 < s < n. Let do(u) be
the eigenvalue of W, under D (recall Definition (4.1.9)). We have dy(it) < d(it) that

follows from (4.1.6) and Lemma We see that, using (4.1.7) for M = 0, Lemma
for R =0, and Lemma the RHS of (5.3.5)) is bounded by

DV [(C(H) a) w] <y 8V2(a) min(1, 0 / nd(it)l_det.
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5 Proof of Existence of Analytic Newvectors

Using Stirling, Cgbg) < d(it)l/ for some absolute I’. Thus, the integral in the RHS above

is convergent if p is sufficiently large. Hence, the proof of this case concludes.

Case II: We assume that a satisfies pop(s) for some given s. We use Lemma in
the RHS of , and exchange the finite sum with an integral over p and change the
variable wy — p. We obtain that for some explicit constant &,

oy Ko(n) a> w} — kn0V2(a) /@)n a0 (, T do () f, W) M2~ (@) dp.

Now, we shift the contour of p; — p; + 2N for 1 < ¢ < s for some natural number N.
The integrand does not cross any pole, so by employing Lemma the bound of © in
(4.1.7), and Lemma with R = nN + 1, we conclude that

[ o vt | S

where O(1) in the exponent of d(it) that depends at most on I, N. We argue as in the
previous case and, thus, conclude. ]

5.3.4 Remarks on the sphericality assumption of the chosen newvector

In the following, we discuss the choice of the newvector in , which is motivated
by the construction of the newvectors in |30, |45]. In the non-archimedean case, the
newvectors are spherical in the Kirillov model, i.e., GL;,(Zy)-invariant. We analogously
choose our analytic newvectors to be O(n)-invariant, but this feature of our construction
is not essential. The purpose of this assumption is to make the presentations and proof
of Proposition simpler, and . In fact, any f € C2°(N\G,v) serves the purpose, as
in . We provide a brief description about the essential modification needed in the
case when f is not spherical.

The proof of Proposition only needs modification because the sphericality of f
is used only in this proof. If we do not choose f in to be spherical, then for
the Whittaker—Plancherel expansion, we must use instead of . Therefore,
changes to the following for [ = 0, as an example,

/<A<g>f, Ty (), (5.3.12)

G

where A(g)f(h) := f(hg) and J is the relative character of 7, also known as the (long
Weyl) Bessel distribution attached to 7, defined as a distribution on G by

Ta(g):= Y W(gW(1).

WeB(r)

Here, B is an orthonormal basis of the Whittaker model of 7. A reference on the Bessel
distribution can be found in |1, 15, 34].
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5.3 Proof of Proposition

Spectral analysis can prove that J, satisfies the following recursion (compare with

(-3.6)) of
Jx [(1 g) w] = /(}LﬁR)fy(l/Z,ﬂ®5)(,00(—1)”_1Jg(gw/)d,up(a), (5.3.13)

where w, is the central character of o and J, is the Bessel distribution attached to
o. A decomposition of J;, analogous to the decomposition of the spherical Whittaker
function, can be obtained using (for GL(2) see, for instance, |15, chapter 6]).
The Plancherel density, in this case, is also not holomorphic, unlike the spherical case.
So, while we shift the contour, we likely cross some polar hyperplanes coming from the

Plancherel density. However, the residues cancel with some part of the integral over .

For instance, in GL(2), the Plancherel integral over GL(2) can be decomposed as a sum
of contour integrals over principal series, and sum over discrete series. Such residues
can be verified that from the integrals over the principal series they cancel out some
summands in the sum over the discrete series.
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CHAPTER 6

Proof of Applications

In this chapter, we adopt the notations from including G := PGL,(R) and 7 denote
an automorphic representation for PGL,,(Z).

6.1 A few auxiliary lemmata

We start by recalling the approximate subgroup Ko(X,7) of G (analogously defined), as

in , where X > 1 tending off to infinity and 7 > 0 is sufficiently small but fixed.
Let fx be a smoothened L'-normalized non-negative characteristic function of fx and

Fx be the self-convolution of fx, as in Lemma We abbreviate Jp, and Wp, as

Jx and Wy, respectively (see (4.2.5) and (4.2.8])).
Lemma 6.1.1. The function Jx, as in (4.2.5)), is non-negative. For 7 € Xgen cuspidal,
if the analytic conductor C(r) is smaller than X, then Jx(mw) > 1.

Proof. The non-negativity of Jx () follows from Lemma . Let m be cuspidal. We
know that generic irreducible unitary cuspidal automorphic representations of PGL,,(R)
are f-tempered for < 1/2 — 1/(n? + 1) |[49]. We apply Theorem [3 to state that for
each € > 0 there exists a 7 > 0 such that for each generic irreducible unitary standard
automorphic representation w of G there exists an analytic newvector W € m with

o |[W(g)—W()|< € forall g € Ko(C(m),T),
e and W (1) > 1.
Thus, if C(7) < X, i.e., Ko(C(m),7) 2 Ko(X, 1),
[m(fx)W (1) = W(1)[= | fx(g)(W(g) —W(1))dg|<e,
Ko(X,7)

hence, 7(fx)W (1) > 1.

We choose an orthonormal basis B(7) containing the above analytic newvector W of
w. Thus, by dropping all but the summand corresponding to W in the expression of
Jx (), as in Lemma [4.2.2] we conclude that Jy () > 1. O

Lemma 6.1.2. Let m,l € N*™! and 21,25 € [N]. Let v € T' such that m:clvxgi_l S
Ko(X,T) for small enough 7. If

. -1 -1 -1 -1
min(l 7y . hm T my,my ol ) < X
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6 Proof of Applications

with a sufficiently small implied constant, then the last row of 7y is (0,...,0,1).

Proof. We write v = (CCL Z) in n — 1,1 block decomposition, i.e., (¢,d) is the bot-

tom row of v. Let N := (ZZ:l miT L ..mn_l)l/” < X with a sufficiently small

constant. From the definition of Ky(X,7) in (2.1.1), we obtain that the last row of
~ 1/n ~
det <ﬁ1l_1> mayxel L is

~ 1/n
|det (mz—l) (Xe,d)zai™ — (0,1)]< 7.

Thus, |¢|< TN/X < 7 with a sufficiently small implied constant. As coordinates of ¢
are integers for sufficiently small 7, we obtain ¢ = 0 and, consequently, d = 1, as y lies
in PGL,,(Z).
However, la:2 y 11‘1 m~t € Ko(X,7). By interchanging m and [ in the above argu-
ment, we obtain that if m, — % .maly” Lo ln—1 < X" with a sufficiently small constant,
(

then the last row of y~! is (0,...,0,1), and the same holds for v, so we conclude the
proof. O

Lemma 6.1.3. Let [, m,x1,29 be as in Lemmal6.1.4. Then,

Z / Fx (mx1yzal )b (21) ¢ (22)dz1 dzs =

vyel'-I'n

where Fx is as defined after (2.1.1)).

Proof. From the proof of Proposition we obtain that

S [ et (e,
61/2 R
- Z 51/2 Z Sw(l,m;c) Wx (mc*wl™ x)y(x)dx.

1AweW cezst Nuw

Hence, from Lemma [£.2.I] we conclude that it is enough to consider v € I' — I'y in the
Iq,

Bruhat cell attached to the Weyl elements w of the form with dp < n,
I,

which implies that the last row of v is not of the form (0,...,0,1). Therefore, from

Lemma [6.1.2, we obtain the support condition that rmz;yaal™? ¢ Ko(X,7) for small

enough 7. We conclude by noting that the support of Fx is Ky(X,7), which follows
from the definition of Fx. O
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6.2 Proof of Theorems @ @ and@

6.2 Proof of Theorems [}, [5, and [9)

Proof of Theorem[]} Proposition and Lemma, imply that

/ MJX (W)dﬂaut (77) = 5m:lWX(1).
Kgen  HT)

Choosing m =1 = (1,...,1) in the Proposition we obtain
/A Ix (m)dppant () = Wx (1).
Xgen

Finally, noting that
Wi (1) < Vol(Ko(X,7)) =< X",

we conclude the proof. O

Proof of Theorem[5 We use Lemma to drop all the terms but cuspidal = with
C(m) < X from the LHS of

o(m)

which is obtained in Theorem 4| and use Jx(m) > 1 for these m. We conclude the proof
using the fact that ¢(w) = L(1,m, Ad) for cuspidal 7. O

Jx (m
/ X( )d,ulaut(ﬂ') o Xn—l’
Xgen

Proof of Theorem[9 Using Lemma (4.2.2), and artificially adding the continuous

spectrum, we write

2

<
Xgen

We open the square above, and let L :=1y,...l,,_ for I € N*~! to obtain the RHS as

> atmol) [ A0 o)

LAM<X Xgen {(m)

Z a(m)Az(m) dptant ().

M<X

Y alm)Ax(m)

M<X

2
Jx ()
‘ i)

> L1, Ad)”!
C(m)<X

7 cuspidal

For L, M <« X with sufficiently small implied constant yields

: n—1 n—1 n—1 n—1 n
min(l' 7y .. hm T om,my ol ) € X

with a sufficiently small implied constant. If not, then there would be a sequence of m, (
such that
(’I?’Ll oMyl ... lnfl)n > X2n,

with large implied constants, contradicting the assumptions on M, L.
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6 Proof of Applications

Thus, we can apply Theorem [ to obtain

2
< Y am)a)sn—Wx(1).

LM<X

Z L(1,7,Ad)"!
C(m)<X
7 cuspidal

S a(m)As(m)

M<«X

We conclude the proof by recalling that Wx (1) < X"~ from the proof of T heorem O

6.3 Proof of Theorem [10

In this subsection, we slightly change the notation. For m € N, we denote the Fourier
coefficient A\r(m,1,...,1) by Az(m). Following lemma is a standard exercise using the
approximate functional equation of the L-value, so we include the argument for the sake
of completeness.

Lemma 6.3.1. Let 7 be cuspidal with C(w) < X. Then,

2

Ar _
|L(1/2,7)*< X° E A dt + O(X~4)
. ml/2+e+it
<X | x1/2+4e

for all large A > 0.

Proof. We start by proving the approximate functional equation as in [26], and first

define ) )
Hx(s,m) == 5XS/2 + 5)(*5/27(1/2, my(1/2 — s, 7).

Here, Hx (s, m) is holomorphic as R(s) > 0 and Hx(0,7) = 1. From (4.2.4)), we can write
the global functional equation as

L(1/2+ s,m)Hx (s, 7) = v(1/2,7)L(1/2 — s, ) Hx (—s, T).
The estimate in Lemma [£.1.1] implies that
Hx(s,7) <y X2 (14 (C(m)/X)M) (14 ]5)0D) )

We choose an entire function h with h(0) = 1 and h(s) = h(—s). For m cuspidal,
L(1/2 4+ s,m)Hx (s, 7) is entire. Then, by Cauchy’s theorem and applying s — —s with
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6.3 Proof of Theorem

the above version of the global functional equation in the second equality, we obtain

L(1/2,7) = /) L(1/2+s TF)HX(S,W)}Z(S)% - /(1) (1/2+4 s, m)Hx (s, w)h(s)cis
/ (1/2 + 5, 7)Hx (s, w)h(s)ﬁ +A(1/2,7) /(I)L(1/2+s,ﬁ)HX(s,ﬁ)h(s)is
= Z m) +~(1/2,7 Z \F (m),

where we used the Dirichlet series of L(s, ) in the last equality, as in . Here,

ds

Vi(m) = Vi(m; X, ) i= /(1) ™ Hx (5, 1) ()

and V5 has a similar definition.

Let C(n) < X from now on. Thus, Hy(s,m) < X®®/2(1 + |s[)°M). We first claim
that the above sums can be truncated at m < X1/2*¢ with an error O(X ). To see
this, we shift the contour in the defining integral of V; to K for some large K > 0. Thus,
we obtain

Vi(m) < m EXE2,

Consequently, using A\(m) < n¢ for some fixed ¢ (following from, e.g., |32]),

Ar
Z (m)Vl(m) < XK/ Z m-V/2—K+e o x—B
m>X1/2+5 m m>X1/2+E

for all large B.

We also note that, for € > 0 small,

Vitm) = [ mix(o, mhts )Cis

= / m~ " Hx (e 4 it, m)h(e + it)
[t|<Xe €

<m—eXe/2/ |t|_K>
1> X

dt
—ex—By.
€+t + O(m )

= / m ™" Hy (e + it, m)h(e + it)
[t|<Xe
But,

>\7r( ) 1/24€)(1/24+c—e
3 1/2+6<<X(/ )(1/2+c—e).

m<<X1/2+E
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6 Proof of Applications

Thus, we obtain that

Ar(m) Ar(m) . h(e 4+ it) _B
Vl(m) = / %HX(G—th,ﬂ)%dt—i—O(X )
Z m It < Xe m<<le/2+e ml/2+e+it €+ it

for all large B.
We can perform a similar analysis for the V3 summand, and by using that |y(1/2,7)|=
1, we arrive at

2
Ar(m , h(e + it _
IL(1/2,7))?< / > MHx(e+zt,ﬂ)(f)dt +0(X5).
It‘<<XE m<<X1/2+€ m € + 2

Finally,

- 2

h it

/ H(e+it,m) D) g o xe
|t|<<X€ it

Thus, applying a Cauchy-Schwarz in the first term of the estimate of |L(1/2,7)|? above,
we conclude the proof. O

Proof of Theorem[I(, Lemma and Theorem [5] imply that

L(1/2,m)[?
> ‘L(l/ ’XL‘ < Xe/ > L(1,Ad,m)
C(m<X (1,7, Ad) <X oim<x

7 cuspidal 7 cuspidal
2

Ar(m) —A
m<<X1/2+e

Using Lemma@with alm,1,...,1) =m~ V27 forn < X1/2*¢ o = 0. Otherwise, we

obtain that the first sum in the RHS is bounded by X"~'*€ and, thus, we conclude. [J

6.4 Proof of Theorems [6] and [7

The multiplicative properties the Fourier coefficients of automorphic forms for PGL,,(Z)
can be understood in terms of the standard character theory of SU(n) by the work
of Shintani and Casselman-Shalika. The irreducible representations of SU(n) are in
bijection with the dominant elements (i.e., the elements with non-increasing coordinates)
of Z"/Z(1,...,1), which are in bijection with the elements of Zgal by the map

L:Z”/Z(l,...,l)Ba%(al—ag,...,an_l—an)EZZBI.

For a € Z;Bl, a dominant vector, let y, be the character of the highest weight repre-
sentation of SU(n) attached to «, given by a Schur polynomial. The following Lemma,
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6.4 Proof of Theorems@ and@

which is a theorem by Shintani and Casselman—Shalika |12, 56|, gives a formula of the
Fourier coefficients of 7 in terms of the Satake parameters.

Lemma 6.4.1. Letw € Xgen with the Satake parameters pP () at a finite prime p. Then,
Xo(diag(p"' ™)) = A (p1©),
where Ay is defined in (4.2.3).

Lemma helps to linearize the monomials of the Fourier coefficients. By decom-
posing the tensor product of the highest weight representations in a direct sum of irre-
ducible representations attached to various «, we can compute that for any multi-indices
al,...,a € Z"/7Z(1,...,1) and nonnegative integers si, ..., Sk, we may write

[Ixe =2 coxe
( g
for some coefficients cg. Correspondingly, using Lemma we obtain

[T @)% =" ear(p®), (6.4.1)
i B

where the sums in the RHS are finite.

Proof of Theorem[6 We proceed exactly as in [63]. Using Lemma [6.4.1] we can embed

the Satake parameters into the space of Fourier coefficients by mapping under elementary
symmetric polynomials by

p: " = (@ (), e (),
where e; is the jth elementary symmetric polynomial. It can be checked that
ej (0" ™) = Aelp, ..., p 1., 1),
N—_——
7 times

Thus, we may identify the space of continuous functions on 77 /W as the same on the
image of p as a compact subset of C"~!. Hence, to prove Theorem @, it suffices to prove
that for any continuous f (e.g., composing f with p=!) on the image of p,

g Fr (P )0 0 ) B () Jo?
To/W

lim F o p(2)dpsr(2),
J
Koo Sy o5 bt ()
B (6.4.2)
We can approximate f, by Stone—Weierstrauss, using polynomials in z := (21,...,2,-1)

and z. Thus, by linearity, it is enough to prove (6.4.2) for f = 21z for some multi-
indices aq, as.
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6 Proof of Applications

For any multi-indices «, 5 € Z"/Z(1,...,1), from Theorem |4 we obtain

S AP A (0O G s ()
11m

J
X—o00 fxgen giﬂ—ﬂ' d,uaut( )

= Oy(a)=u(B) = /T w XaX5(2)dusT(2),
0

where the last equality follows by Schur’s orthogonality of characters. Finally, using
(6.4.1) (and the corresponding relation for y, ), we conclude (6.4.2)). O

Proof of Theorem[]. We follow the proof of [4, Theorem 1|. From [4, Lemma 4|, we
obtain that for n > r

D (P, )P (2p™ )22, (6.4.3)

We choose r large enough such that p” =< X with a small enough implied absolute
constant (admissible by Theorem [4). Then, for §7(m) > 1, we obtain from (6.4.3) that

D e 1P X
On the other hand,

#{r cuspidal | C(7) < X, 0P(7w) > n} < X2 Z Z\)\ L T B | L
m)<X j=0
ﬂcuspldal

Using the fact that (see [44])
L(1,m,Ad) < C(m)", (6.4.4)

adding the similar contributions from the continuous spectrum, and using Lemma [6.1.1
we obtain that

#{r cuspidal | C(7) < X, 6P(7) > n}

: Ix(m)
X2’7+6§/ (p",1,...,1))? d .
<Le %, s 1y , ) ’ E(W) Haut (7T)
From Theorem [4] we conclude that the RHS is <, X"~ 1—21+e, O
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6.5 Proof of Theorem E

6.5 Proof of Theorem

6.5.1 Explicit formula

Recall that G = SL,(C). For the L-group homomorphism p : SL,(C) — GL4(C), we
abbreviate p,m as II for 7 € Xgen. Let {#P(T)}L, be the local Satake (resp. Langlands)
parameters for p < oo (resp. p = 00).
We start by recalling the functional equation of L(s,II) as in We write the
global L-function
A(s,II) = L(s,IT) Lo (s, IT),

where Loo(s,IT) := [[%, Tr(1/2 + s 4+ p$°(I1)). Then, ([@2.4) reads as
A(s,II) = exo (INA(1 — s,11).

Let 9¢ be an entire function with a rapid decay in the vertical strips. Using Cauchy’s
argument principle and the global functional equation, we write

> wolp) = > tholr / Yo(s)— (s, 1)ds + 1/10 (1- S)ﬁ (s,I)ds, (6.5.1)
p zeros T poles

where the zeros and poles are of A(.,II) in the critical strip, i.e., R(s) € [0,1], counted
with multiplicity.
Let R(s) = 2. We employ the Euler product

d
L(s,1) = [T T =577
p j=1

to obtain
A’ : F]/R () —s)
00 - wi (I)—s
E ﬁs—HLj (II)) E logpg g p .
7=1 p<oo 7j=1 k=1

We exchange f(Q) and Zp <o Which is justified by the absolute convergence of the Euler
product and the rapid decay of 1 in the vertical direction. We then shift each contour
to the vertical line $(s) = 1/2. Thus, we obtain the RHS of (6.5.1)) as

d d oo
dos) Z L5 m) - Y logp 523 i
(1/2) = p<oo 7=1 k=1
d 1_‘, k‘ P
+ Po(1 — + 1 (e (1) = .
o o(1—s) jZIFR(S (32 (IT) p;o ng;;p j ds

We use that the parameters of II are the complex conjugate of parameters of II.
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6 Proof of Applications

Recall the average conductor C, x and the test function ¢ from the statement of
Theorem [§l We choose

n(s) 1= (s - 1/2 572 ).

21

which is admissible as 1) is (the analytic continuation of) a Fourier transform of a smooth
function supported on [—d, d]. Then,

2 log
s)x%ds = ,
(1/2) Yols) log Cp,Xd} <Iog Cp,X)

and

Y2 ./ —logx

PYo(l — s)z™%ds = 1/1( ),
(1/2) ( ) logC) x logC), x

where 1[1 is the Fourier transform of 4. The Langlands functoriality in Conjecture

implies that u3°(II) are away from the poles of ll:—i(er,u]o-o(H)). We use Stirling’s estimate

for s € iR to obtain

/
1
ﬁ(lﬂ +s+p) = 5 log[l/2+ s + u[+0(1) = log(1 + |u|) + O(log(1 + |s]))

uniformly in g. Thus,

=

d
/( oy P D0 R s

= %%Z)o(l) log C(IT) + O (/R|1/)0(1/2 + it)|log(1 + \t)dt)

- log C(II)

= ¢(0)2log oy +O((log X)72).

Performing a similar computation, we obtain

log X)72).
. 2logcp,X+O((°g )77)

d
Iy -~ log C(II)
Yo(1 =) Y =E(s + p2(I))ds = 1(0) 5o
(1/2) ; I g

We also define the moment of the Satake parameters by

d d
R = D5, (i) = = B
j=1 j=1

As before, we write the zeros of A(.,II) as 1/2 4 iy and poles as 1/2 + irr;. We rewrite

~—
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6.5 Proof of Theorem E

(6.5.1]) to obtain the explicit formula

Zw( RE TR ) - Zw( RESX) — G0 R ) 4 Of(1og ) )

- —k/2] ./ klo ./ —klo
D ogp gp gp
S D (g () g (). (on
;pgo:o log Cp, x <k( w log € x k( i log € x ( )

The Langlands functoriality in Conjecture [T] implies that

W= 1

to truncate the last k-sum at k < 2 with an error of O((log X)~!). Finally, summing

over the spectrum 7 € Xgen in (6.5.2]) with the weight thi(T)r) we obtain an expression for
the 1-level zero density statistic

Jx () Jx ()
X () 5 ()

log p klogp » Jx ()
logC Z Z pk/2 <log Cp,X> yon EAVR) o(n) dptant ()

k=1 p<oo

IOgP —klogp ——— Jx(m) X!
log CpX Z Z pk/2 <log C,x % By, (par) ) dptans(T) + O ogX )

k=1 p<oco
(6.5.3)

dftans (1) = (0)

(Dp,X (¥) — Df;?)?) dfpant ()

The error bound follows from Theorem [l

6.5.2 Moments of Satake parameters

We use standard representation theory of SU(n) to understand the quantities S} (p.m)
and their averages over the representations .

Lemma 6.5.1. Let p,0,s be as in Theorem [§ and k € N. There exists coefficients c,
with « := (aq,...,0n-1) € Zggl such that

Bh(par) = co(k, 0) + > calk, )M,
0<Y a;<k(01—0n)
with ¢o(1,0) =0 and ¢o(2,60) = s(p).

Proof. We have,
B (pum) = Te(p"(v)) = Tr(p(V")) = xo ("),

where v is the diagonal matrix in SL,(C) with entries v/ () such that {v//(7)}?_ | are the
Satake parameters of m at p, and g is the character of the highest weight representation
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6 Proof of Applications

of SU(n) attached to #. Any symmetric polynomial in {v;}; can be written as a finite
linear combination of characters attached to the highest weight representations (the Schur
polynomials), evaluated at {v;};. Thus,

= Z cy (K, 0)x~ (V)

where « runs over dominant elements in Z"/Z(1,...,1). We write every weight v :=
(715 - --7n) appearing in the above equation in (y1 — Yn, ..., Yn—1 — ¥n,0) € ZL,. The
lexicographically highest weight of the polynomial expression in the LHS is k(f; —
Ony...y0n_1 — 0,,0). By comparing the highest weights in the polynomial expansion
of the both sides, we can rewrite the last display as

XG(Vk) = Z Cy(k,0)x~(v).

Y _'Yngk(el_gn)

We calculate the summand corresponding to the zero weight using orthogonality of char-
acters of SU(n) with respect to its probability Haar measure as

co(k,0) = /SU( )Xg(gk)dg.

Thus, ¢o(1,0) = 0 and ¢y(2,0) = s(p), and we conclude the proof by writing o = ¢(7)
and the relation between A and x, as in Lemma [6.4.1} 0

Lemma 6.5.2. Let 1, p,0 be as in Theorem[§ and co(k,0) as in Lemmal6.5.1 Then,

log p klogp ~ ((—klogp _s(p) 1
logC Zcok 2 Z pk/2 <¢ <long7X>+w<logC’p,X>> 2 ¥(0)+0 logX )’

as X tends off to infinity.

Proof. The summand for k& = 1 vanishes by Lemma By employing the value of
co(2,6) from Lemma it is sufficient to show that

1 logp ~ ( 2logp 1/°° A 1
= - tdt +0 [ ——
lOngXp;o P ¢<long7X> 2 Jo ()t + logX )’

as Changlng logp to —log p in the entry of w the main term in the RHS above would be
f 1/} t)dt. Adding these two terms, we obtain

/ " G()dt = (),

as required.
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6.5 Proof of Theorem E

Let W(x) := >, ., A(n) be the Chebyshev’s function where A is the Von Mangdolt
function (not to be confused with the completed L-function A). A strong form of prime
number theorem implies that

U(x) = 2(1+O((1 +logx)™%)).

We write the sum as a Stieltjes integral,

1 Zlogplﬁ 2logp \ 1 /Ooqﬁ 2logz '\ d¥(z)
logC,Xp<C>O D log C, x _long7X 1 log C,, x x

Performing an integration by parts and a change of variable, the RHS of the above can
be written as

;Amﬁuxy+a+¢r%ﬁ— Awiﬂﬂl+0ﬂ+®_%ﬁ,

logC) x

which can be verified to equal

;Aw¢@ﬁ+0ﬂmeL

hence, the claim follows. O

Proof of Theorem[8 We calculate the RHS of (6.5.3). Using Lemma we write

[0 2 ) = ol | X
JX(7r
+ ok, 0) | Ar( Aptant ().
0<ZO¢Z<Z]€91 / g(ﬂ-)

If pF1=0r) = o(X), then using Theorem [} we conclude the second summand in the RHS
above vanishes. However, 1) is supported on [—§, §]. Conjecture [2{and the size of , as in
the statement of Theorem [§] imply that

PrO1=0n) < C;sf)e(l—en) <, XOEDO=0n) — 5(X),

Hence, the second summand in the RHS of (6.5.3) is
10gp klogp » Jx ()
* 7d au
3.5 0 () [, o 5

k= 1p<oo
2
logpA< klogp )/ Jx ()
= ok, 0 ¢ At (7).
20 2 i log ) S, ety W™

p<oo
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6 Proof of Applications

Applying a similar analysis with the third summand in the RHS of (6.5.3)), we conclude
from (6:5.3) that D, x (1) — DP%(¥) equals

2

- 1 logp [~ ( klogp ~ (—klogp 1
¥(0) log C), x ZCO(k’Q) Z pk/2 (¢ <long,X> Y <10ng,X>>+O <logX> '

k=1 p<oo

We conclude the proof by applying Lemma [6.5.2] O

Remark 11. We expand the Remark after Theorem @ that DP°' is typically negligible.
Following from the conjecture below, as in [55, Hypothesis 11.2] (also, see the subsequent
comment), A(., p«m) is entire for almost all w. Quantitatively, we conjecture the following
weighted version.

Conjecture 3. Let P denote the characteristic function on Xgen such that A(s, pxm) has
a pole in the critical strip. Then,

Pimy 22T

dptgut (T < Xxn1-n(p)
i ) Ty ™)

for some n(p) > 0.

Due to the Langlands functoriality in Conjecture |1, considering the poles of A(., p.)
is reasonable, and Congecture[3 is most likely true. In fact, if p is the standard represen-
tation, then we know that A(s,m) has a pole only if w is non-cuspidal. A standard Weyl
law for a non-cuspidal spectrum of G supports Conjecture [3

Lemma 6.5.3. Let § < 47&7;;)), and we assume C’onjecture and H Then,

DY (W) < (log X) N
for all large N > 0.
Proof. A(s, p«m) has a bounded number of poles in the critical strip. We write these poles

as 1/2 + it so that |3(7)|< 1/2. We recall that ¢ is supported in [—6, ). Performing an
integration by parts sufficiently many times results in

Z¢ (Tlog2C'7X> < max | (TlogC ,X>
i T

2w
5§30 X 0¢(p)/Am
C F (1 log C -N —_—.
<ng O, 5" (L+[r[logCpx) ™ < 1+ log XN

The last estimate follows from Conjecture Finally, Conjecture [3] immediately yields
the claim if 6€(p) < 4mn(p). O
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6.6 The orthogonality conjecture over a cuspidal spectrum

Thus, if we further assume Conjecture [3, then the assertion of Theorem [§ can be
rewritten as

Dyx(w) =900 - P+ 0 (15 ).

if 6 < i )mln (91 7 ,47r77(p))

6.6 The orthogonality conjecture over a cuspidal spectrum

We provide a variant of Theorem [4] (that is, the conjecture in ) over a cuspidal
spectrum as discussed in Remark [f] We also mention that a similar technique may be
applied to prove variants of Theorem [f] over a cuspidal spectrum.

In this section, we work in the S-arithmetic setting. We fix p to be a finite prime, and
re-define our notations. Let G := PGL,(R) x PGL,(Q)), I' := PGL,(Z[1/p]) diagonally
embedded in G, and X :=I'\G. The strong approximation theorem on G implies that

X 2 PGL,(Q)\PGL,(A)/ ] [ PGLa(
vFEp

where A is the ring of adeles over Q. For any irreducible automorphic representation m
of G, let 7, and 7 be p-adic and infinite components of 7, respectively.

Let N be the unipotent subgroup in G and ), := T/Jm oo ®wm pform e Z[l/p]"g1 is an
additive character on IV, where 1, « is defined as in and 1, is induced mmllarly
from an unramified character 1) of Q,. We abbrev1ate wv = Y form = (1,...,1),
v =P, 00

We can realize a Whittaker model W (oo, ¥s0) of 7Too We define Jp (7o) (similarly,
Jry (Too) = Jx (7o) for F' = Fx as deﬁned after as in - Jx, as usual,
features similar properties as in Lemma We also deﬁne Wg (similarly, Wgp, = Wx
for F = Fx) as in with respect to the additive character ¥ of N(R). We provide
a similar orthogonality statement as in Theorem [] varying only over the cusp forms, as
follows.

Theorem 11. Let X be large. Let o be any fized supercuspidal representation of PGLy,(Qp).
Then, for I,m € N*~1 coprime to p (i.c., all the coordinates are coprime to p) with

n—1 n—1

min(l{“1 codpmamy cooml T mE T my gl 1) < X"

with a sufficiently small implied constant, we have

) Ix (o) i

A (1) A (1) o220 — 6, (1, N,

7 cuspidal )l )L(p)(l, 7, Ad) (1,0 ©0)Wx(1)
Tp=0

where 7y is the p-adic y-factor, Wx (1) < X1 and LW denotes the partial L-function
excluding the Euler factor at p.
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6 Proof of Applications

6.6.1 Proof of Theorem [11]

As before, for a subgroup H < G, we define 'y := I' N H. For a generic irreducible
unitary automorphic representation 7 € Xge, and a factorizable ¢ € m, we may attach a
Whittaker function W, := W, , W,  to ¢, such that

)\ﬂ(mo) - -
/[N] ©(2(goos gp) ) ¥om () dx = 5172 (57312 (70 Wop(Mgp) W oo (Mg ), (6.6.1)

where m,, and m, are the p-adic part and the p-coprime part of m, respectivel A
similar formula as in (4.2.2)) holds in this case as well, where in this case (see |43} §2.2])

IWoll= IWe pllw () [ Weg 00 I (o 500 (6.6.2)
and ¢(r) < L®) (1,7, Ad) with an absolute implied constant, if 7 is cuspidal.

Let ®, be a matrix coefficient of a supercuspidal representation o of PGL,,(Q,) with
the conductor exponent of ¢ being 1. Also, recall F, a smoothened L!-normalized
characteristic function of Ko(X, 7), as in and the discussion afterwards. Then, a
similar argument from the proof of Proposition yields

Ae(mo)An(lo)  Ix (o) o ()
/Xgen 5L/2(17,)61/2 (1) o(n) dptans ()

:5m:lWX(1)Wa(1)+ Z % Z Sw(l7m;c)

1/2(5
1#£weW ot/ (1) () c€Z[1/p) "

x/ WX(ﬁzc*wflx)dJOO(x)dx/ W, (mc*wlLa),(x)dz, (6.6.3)
w(R) Nu(Qp)

where, similar to ( ,

To(mp) = Y mp(@e)W(1)W(T) (6.6.4)

for some orthonormal basis of B(m,) of 7. Similarly, as in (4.2.8]), we deﬁn

W, (g) = /N By (2q) (@) da. (6.6.5)

i . . n !/ !/ !
"That is, if m = (mi,...,mp_1) and m; = p*m}, then m, := (mi,...,mhH_y and m, :=

(pkl,. .. ,pkr_l).
iwe hope that readers do not confuse W, and Whittaker functions W.
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6.6 The orthogonality conjecture over a cuspidal spectrum

6.6.2 Local p-adic computation

Let the matrix coefficient ®, of the supercuspidal representation o be defined by

éa(g) = <O-(g)W0, W0>W(U,1/Jp)7

where Wy is an L2normalized vector in the Whittaker model W(a,1),) of o with respect
to p, with Wo(1) # 0[]

Proposition 6.6.1. Recall the definitions in ) and - Then,
Jo(ﬂ-p) = ﬂpEa’Y(la o® 5)Wa(1)a

where v denotes the local gamma factor and & is the contrgradient of o.

We first prove the following lemma about a Fourier transform of the matrix coefficient
to prepare the proof of Proposition [6.6.1} The following lemma appeared in GL2(Q,) in
[53, Lemma 3.5] as well as in [47, Lemma 3.4.2].

Lemma 6.6.1. Let ®, be the matriz coefficient defined above. Then,
[ @alegBylidn = Wolg) (D).
N(Qp)

Proof. As o is supercuspidal, ®, is compactly supported in PGL,,(Q,). Thus, the integral
is absolutely convergent. It is sufficient to prove that

/N<@,,) /Nn_l(@m\GLn_l(@p) " Kh 1> x] V‘M%( )dhdz = Wi(1)Ws(1)

for Wi, Wy € W(O’, Iﬁp)

v\ (u

1 1
ingly, we write de = dudv and ¥,(z) = ¥p(u)o(ep—1v), where e,_; is the row vector
(0,...,0,1) and ,(u) (denoted with an abuse of notation) is the restriction of v, on
N;,—1(Qp). We use the unipotent equivariance of W; to re-write the last integral as

I/h \] hu -
W- W d
/]Vn—l(Qp)\GLn_l(Qp) 2 [( 1>] /]Vn—l(Qp) 1 [( 1>] Pp(u)du

X ) Yo(en—1hv)bo(en—1v)dxdh.
Q-

We write x = <In_1 for u € Nyp—1(Qp) and v € Qp~'. Correspond-

By Fourier inversion the inner-most integral evaluates to de, ,p—e, , (as a distribution)

"Such a vector exists, e.g., a newvector of o.

83



6 Proof of Applications

and, thus, we can re-write the above as

! h/
/ e Kh I ﬂ / " < 1) ! Gp(w)dudl.
Nn—2(Q@p)\GLn—2(Qp) 2 No—1(Qp) 1

Proceeding similarly with the u-integral and inducting on r, we conclude the proof. [

Lemma 6.6.2. Let Wy € W(a, 1) with |[Wollwo,p,)= 1. Then,

/ Wo(g)|Pdg = ~(1,0 ® &),
N(Q@p)\PCL#(Qy)

where 7y s the local gamma factor.

Proof. Let P be the maximal parabolic, attached to the partition n = (n — 1) + 1 in
PGL(n). Let ¥ be a characteristic function of Z;. We define a function in PGL,(Q;) by

fsw(g) == /X U(teng)|det(tg)|*dt.

P

We normalize ¥ so that fs (1) =1, so fsw is spherical (i.e., PGL,(Z,) invariant) and

fow Kh 1)] — |det(A)*, h € GLa1(Qy).

We use the PGL(n) x PGL(n) local functional equation as in |31, 2.5 Theorem| to obtain

(Wol9)* fsw(g)dg = y(1—s,095) / Wo(9)? f_.4(9)dy,
N(@p)\PCL(Qp)
(6.6.6)

where W, is the contragradient of Wy and ¥ is the Fourier transform of ¥, which also
equals W.

/N(Qp)\PGLn(Qp)

Using the Iwasawa decomposition, we write N(Q,)\PGL,(Q,) 3 g = (a 1> k where

a € A,—1(Qp) is the subgroup of the diagonal matrices in GL,,—1(Q),) and k € PGL,(Z,).
Correspondingly, we write dg = %dk. Thus, we can write the RHS of as

(")

We change variable k — <k 1) k with k' € GL,,_1(Z,) and average over GL,,_1(Z))

2 da

1-s
|det(a)| 75(a)|det(a)|dk'

/An_l(Qp) xPGLy(Zp)

(we normalize the measures so that vol(GL,/(Z,)) = 1 for 1 <1’ < n) to obtain that the
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6.6 The orthogonality conjecture over a cuspidal spectrum

above equals

2
|det(h)|~*dhdk.

(")

Thus, for s = 0, using the invariance of the unitary product, the above equals || Wo

/PGLn(Zp) /]Vn—l(Qp)\GLn—l(QP)

2
v
On the other hand, performing a similar computation as above, we can obtain that,

for s = 0, the LHS of is

/ Wolg)Pdg.
N(Qp)\PGL»(Qp)

Finally, from ”W()H?/V(&,wip): [Wollw(o,y,)= 1, we conclude the proof. O]

Proof of Proposition[0.6.1. We first note that Lemma [6.6.1] implies that
W (1) = [Wo(1).

For W € W(mp, 1), we consider the GL,,(Q))-invariant pairing between m, and o by

/ W (g)Wo(g)dg, (6.6.7)
N(Qp)\PGLn (Qy)

where dg is the projection of the Haar measure on GL,(Qp). The integral in (6.6.7)
is absolutely convergent as W) is compactly supported in PGL,(Q,) mod N(Q,) [12,
Corollary 6.5].

Schur’s lemma implies that (6.6.7) is non-zero only if 7, = o, in which case (6.6.7) is

then proportional to the invariant unitary product in o given by

[ A G | A (G 2

Recalling (6.6.4]) and folding the PGL,, integral over N, we can write

Jalm) = > W) |

Wi(g) / B, (ng)y(n)dndg.
WeB(mp) N(Qp)\PGLn (Qp) N(Qp)

Using Lemma [6.6.1] we obtain

T = S WOWo(1) / W (g)Wo(g)dy.

WeB(mp) N(Qp)\PGLn(Qp)

Hence, J,(mp) = 0 if 7, is not isomorphic to o, and if 7, = o, then by choosing an
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6 Proof of Applications

orthonormal basis B(o) > Wy, we obtain

Jo(o) = W) Wo(g) Pdg.
N(Qp)\PGLn(Qp)
We conclude the proof using Proposition [6.6.2 O

Proof of Theorem[11 We apply (6.6.3)) for I, m coprime with p. A similar argument as
in Theorem {| implies that all terms in the geometric side of (6.6.3) corresponding to
non-trivial Weyl terms vanish. We conclude the proof after applying Lemma O
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