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ABSTRACT

In this theoretical work, we introduce a nonlinear gain saturation law representative of the experimentally observed properties manifested by
phenomena ranging from aeroacoustic shear layers in self-sustained cavity oscillations to flame heat release rate in thermoacoustic instabil-
ities. Furthermore, this type of saturable gain may be relevant for a wider class of physical systems, such as active laser media in photonics.
The nonlinearity discussed herein governs the fullscale behavior of a self-oscillator exhibiting linear loss under large amplitude perturbations,
in contrast to the cubic damping and linear gain of the Van der Pol model. A distinctive characteristic of the proposed equation is the simple,

well behaved gain term in the slow timescale dynamics.

© 2024 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(https://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0222816

Synchronization phenomena are ubiquitous in nature and have
been a source of fruitful developments in numerous branches
of engineering and physics. Nevertheless, most studies thereon
consider systems close to a (supercritical) Hopf bifurcation,
where the amplitude dynamics is governed by the Stuart-Landau
equation. The prototypical model featuring such behavior is the
Van der Pol oscillator. However, the corresponding cubic non-
linearity generally fails to reproduce the physical response away
from the bifurcation point where the limit cycle amplitudes may
be significant.

I. INTRODUCTION

Synchronization is an emergence phenomenon observed in
weakly interacting dynamical and complex systems exhibiting
a self-sustained recurrent state evolution.' Particular instances
thereof range from neuroscience’ and human cognition,’ through
biological’ and neural networks,” to abstract dynamical systems®’
and populations of oscillators.” In this study, we focus on the
(deterministic) forced synchronization between (immutable) exter-
nal excitation and a single limit cycle oscillator."*

The ability of a nonautonomous outside forcing to alter the
(self-sustained) natural dynamics of a system, i.e., forced syn-
chronization, provides an important prospect for interaction with
weakly coupled (to the environment) scattering elements, such as
cavity modes. However, developments utilizing the prototypical

limit cycle oscillator described by the VdP equation have to
be physically compatible with the quadratically diverging resis-
tance term.’ Nevertheless, researchers from various fields such
as acoustics,'’”"? optics,'>* and electromagnetics,””~'” have rec-
ognized that the dissipative cubic nonlinearity and linear gain
of the VAP model are often inappropriate and saturable gain
combined with linear dissipation is better suited for many
applications.

For example, a nominally stable shear layer is able to amplify
acoustic perturbations at certain frequencies. The proximity of an
acoustic mode eigenfrequency to this amplifying range is a condi-
tion for the emergence of self-sustained cavity oscillations in flow-
grazed resonators'™'"'* and some musical instruments, such as the
flute. However, as observed experimentally’’ and theoretically,'® this
behavior eventually saturates due to nonlinear effects and the sys-
tems flips from finite linear gain at low amplitudes to finite linear
loss at high ones. Therefore, to model the acoustic impedance of a
grazed aperture,'”'* we need to utilize a saturable nonlinearity law
compatible with this phenomenon.

One possibility is to introduce a gain saturation directly into
the averaged (slow timescale) equations without considering the
primitive (fullscale) formulation,'' or to analyze the latter only via
numerical methods. However, this makes validation of the aver-
aged equations, and by extension any analytical work thereon, dif-
ficult. Therefore, further research into nonlinear gain saturation
laws is necessary, on both the fullscale and averaged dynamics
level.
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In the following, we introduce and thoroughly investi-
gate the fullscale nonlinear dynamical system yielding an (aver-
aged) amplitude equation governed by the saturation model'>'*'®
gla) =1+ az)_l. Subsequently, we explore the synchronization
properties of the amplitude equations and compare them to the
fullscale dynamics.

1. OSCILLATOR MODEL

In contrast to many other physical modeling tasks, the study
of synchronization is usually based on simple, phenomenological,
reduced order models of the form'

X + f(x,x) + x = Fcos Qt. (1)

The differential operator )= d/dt denotes the (dimensionless)
time derivative, while F and 2 are the (dimensionless) amplitude
and (normalized) frequency of the excitation, respectively. The main
object of interest in this section is the nonconservative term f(x, x),
which governs the nonlinear dynamics of the system and determines
its synchronization properties.

A. Fullscale dynamics

Consider a nonconservative term of the form
S, %) = n(1+ ¥ (x0)x, (2)

where p denotes the bifurcation parameter, which can also be
interpreted as a constant resistance term, and ¥ (x) is the non-
linearity. In particular, we introduce a nonlinear gain saturation
model (lim,_, « ¥ (x) = 0) compatible with the behavior of various
physical systems'"'>"?

3xsinh™'x 22— A2
1+ 1+
and which, to the best of our knowledge, has not been considered
elsewhere. Additional discussion of its mathematical properties can
be found in Appendix A.

For the specific f(x, %) given in (2), the autonomous part of
Eq. (1) reduces to the second order oscillator

. ) 3xsinh™!x 2—x% \. —0 g
ren +(1+x2)5/2_(1+x2)2 rra=0 @

Vx) = 3)

Therefore, the following statement holds.

Corollary 1. For any pu > 0, the planar system (4) has a
unique, stable, and globally attractive limit cycle.

Proof. First we identify that Eq. (4) has the form X + ud(x)x
+ k(x) = 0, with d(x) =1+ ¥ (x) and k(x) = x, hence, we can
apply the Liénard theorem (p. 254 in Ref. 19). In particular, the
Liénard transform y = —D(x) — x/u, with

x sinh™' x x
D(x) = 1 dx = — , 5
() /0 1+ ¥ ) RESEE tTire )
yields the following first order system:
o sinh ™! x x3 p
X=MN (1+x2)3/2_1+x2 =) ()
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FIG. 1. Phase space representation of the global attractor for different values of
the bifurcation parameter . > 0 in (a) Liénard transformed x — y and (b) x — x
coordinate system.

R %
"

To verify the conditions of the Liénard theorem, consider
1. Both D'(x) =d(x) =1+ ¥(x) and k'(x) =1 have no sin-
gularities for x € R, hence, the smoothness requirements of

D(x), k(x) € C}(R) are satisfied. In fact, both are in C*(R).
2. Both k(x) = x = —(—x) = —k(—x) and

Do) sinh™! x 4 x>
X) = —
1+ 142
sinh™' (—x) (—x)*

(1+(—x)2)3/2 1+ (—x) D(—x)
are odd functions.

3. k(x) =x>0Vx > 0.

4. D(x) has roots only for x € {—X,0,x} and the slope D'(x)
=d(x) > 0 Vx > X, where X~ 0.84. This can be corrobo-
rated by inspection of the Liénard system (6) and (7) and, in
particular, its x-nullcline, i.e., y = —D(x), which is depicted
in Fig. 1(a).

5. D0)=d0)=-1<0

6. lim,_, o D(x) = x — o0,

which implies the system has exactly one limit cycle and it is stable.
Furthermore, analyzing the (static) x- and y-nullclines, illustrated in
Fig. 1(a) and given by

_ sinh™' x X ®)
GENIET SR
x=0, )]

respectively, we can determine that they intersect only at the origin.
Hence, this is the only fixed point of the system and it is unstable,
since the sum of the eigenvalues is tr([u — u;1/pn 0]) = > 0.
Additionally, there are no solutions diverging to infinity; therefore,
the limit cycle will attract all trajectories away from the origin. O
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Inspection of Fig. 1(a) reveals that at large values of the bifur-
cation parameter, i.e., ¢ 3> 0, the system behaves as relaxation
oscillator, analogous to the Van der Pol model. Furthermore, from
Fig. 1(b) we can deduce that for i < 1 the behavior of (4) is similar
to a Stuart-Landau equation. Therefore, in the latter case, an asymp-
totic averaging”’ can be expected to accurately capture the dominant
dynamical features of the system.

B. Slow timescale dynamics

In this section, we focus on the weak nonlinearity limit,
derive the amplitude equations via averaging,”’ and examine their
properties. Following the standard treatment of weakly nonlinear
self-oscillators,"® we consider slow deviations from the (linear)
conservative solution

x(1) = A(7) cos (Rt + ¢(1)), (10)

x(1) = —QA(7) sin (Q + ¢(1)), (11)

where the oscillation amplitude A(7) and phase ¢(7) are defined via
Egs. (10)and (11) as

. 2
A(T) = [ x2(1) + (%) , (12)
o(t) = —tan™! (SJZC)EZ)) - Qr. (13)

Taking the time derivative of Egs. (12) and (13), while recalling (1),
results in

Q-1

A= mxﬁc— QfA (fx,x) — Feos Qt), (14)
3= L= X (k) - Feos@r) (15)
¢$=—an Y flx, x cos Q7),

where all arguments have been dropped for convenience.

Subsequently, under the assumption of weak nonlinearity, we
integrate over one forcing period, invoking Bogoliubov’s theorem™
of slow timescale evolution, obtaining

A= —(fooR)]5) — F;i;‘”, (16)
- 1 . Fcosg
§0—A+m(f(x,x)|x)— SOA (17)

with A = (1 — ©?)/2Q and an inner product (-|-) reading

1

(fle, %) |x) = ImOA

2
/ ! Sflx(t), x(t))x(7)dr. (18)
0

Since the integrals involving f(x, x) are not trivial to evaluate, hence-
forth we consider the problem in power series form. The closed

pubs.aip.org/aip/cha

Maclaurin expansion of ¥ (x) reads

I T e e M U L
z/x(x)-ngg‘wnx _ngg‘ T D)

where (-)! and (-)!! denote the standard and double factorial, respec-
tively. Utilizing Eq. (19) and ¢ = Qt + ¢ implies the inner products
in (16) and (17) evaluate to

(159 = 15+ @AY Ylcos™ plsin’ AT, (20)

n=0

(flx) = —uQA? Z W, (cos? ¢| sin ¢ cos p)A>". (21)

n=0

The inner products between powers of sine and cosine in Egs. (20)
and (21) can be expressed analytically as

(cosz" ] sin? o) = LM = LL (22)
QA2 (n+ 1) QA Y|

(cos* ¢ sin ¢ cos ) = 0, (23)
ultimately resulting in

. A % A A
(flid = n3 —w ) (DA =S - b
n=0

2 1+AY @4

(flx) = 0. (25)

Substituting Eqs. (24) and (25) into (16) and (17), respectively, yields
the slow timescale dynamics

. 1—A? Fsi
A=t e (26)
2 \1+ A2 2Q
. Fcosg
=A—- . 27
¢ TOA (27)
The equivalent complex form,'" i.e., a = Ae/*, reads
(i M1 al _ F
=\jA+ — —j=— 28
¢ (] Y1) 2 28)

where jand | - | denote the imaginary unit and the modulus, respec-
tively. As a consequence of the averaging,” limit cycles in the
fullscale system (1) correspond to fixed points in the averaged
equations (26) and (27). This greatly simplifies the bifurcation
analysis presented below.

1. BIFURCATION ANALYSIS

Next, we derive analytic expressions for the bifurcation curves
defining the 1:1 Arnold (synchronization) tongue and discuss their
implications for the fullscale system.
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Since we are searching for fixed points of Eqs. (26) and (27),
cf. Fig. 3, wecanset A=0and ¢ =0

1- A2 F
WAO = M—Q S1N @, (29)
0
2A F
7 AO = M_Q COS ¢, (30)
~— ~~—
8 F

where the ¢ dependence can be eliminated by squaring and sum-
ming Egs. (29) and (30), resulting in

(1— A2 A2+ 821+ AD*AL = (1 + AD'F.. (31

Equation (31) is a bicubic polynomial and, therefore, its roots appear
in pairs symmetric with respect to zero. Since A € R* by definition,
we can introduce the coordinate transform A, = /B and bring (31)
to the form

aB’> + bB*+ cB+d =0, (32)
with coefficients defined as
a=1+8, (33)
b=-2+28—F% (34)
c=1+8*—-2F% (35)
d=-F? (36)
and a discriminant reading
D = b*& — 4ac® — 4b°d + 18abcd — 27a* . (37)
007 » .
\\\ ’/,
006 [ \\ //
\\ ,/
005}
0.04 | AN -
F
003}
002}
001} |[—SN —=NS
O BT M cusp
0.00 0.96 0.98 1.00 1.02 1.04
Q

FIG. 2. Bifurcation map of the two dimensional parameter space F — Q
(e = 0.1). Solid lines indicate the continuous branches of saddle-node bifurca-
tions in (26) and (27) and fold of cycles in (1), respectively. Dashed lines depict
branches of Andronov-Hopf bifurcations in (26) and (27) and Neimark—Sacker in

pubs.aip.org/aip/cha

A. Bifurcations of codimension one

From a > 0 and d < 0, we can deduce that Eq. (32) has either
one (D < 0) or three (D > 0) positive real roots, corresponding to
one and three fixed points of (26) and (27) or limit cycles of (1),
cf. Fig. 3. At D = 0, a saddle and an (un)stable fixed point in (26)
and (27) merge and disappear via a saddle-node bifurcation, which
corresponds to a fold of limit cycles’ in the primitive (fullscale)
system (1).

Substituting (33)-(36) into (37), constraining D = 0, and per-
forming some algebraic manipulations yield an expression for the
1D manifolds of saddle-node (fold of cycles) bifurcations separating
the D > 0 synchronization region [cf. Figs. 2, 3, and 4(a)]

11 4
J-‘f)2=—52—?+5 31 + 3382

2% (67 L\’
5|5 +8
1 3 \27 (1+Dr
X COs | - Cos -
4 3 3
3 (31+278%)2
(38)

The relation between the non-normalized bifurcation parameters F
and € can be trivially obtained by substituting 7 = F/u<2 and §
= (1 — Q% /uQinto (38). Since u, F, 2 € RT by definition, the neg-
ative roots for F can be omitted. Additionally, the saddle-node (fold
of cycles) bifurcation is only possible for §* < 5/27 and F? < 4/27
(cf. Figs. 2 and 3), while D < 0 and F,, € C otherwise.

The amplitude at the critical equilibrium (limit cycle), where
the saddle-node (fold of cycles) bifurcation occurs, is calculated by
substituting (33)-(36) into (32) and evaluating the double root from
its depressed form (Fig. 3)

1= F =3 2P (3489
L F - 1482 + 8 +272(54 82

Of course, at the special points § = +4/5/27 all roots merge and (39)
is undefined. The amplitude then reads

) 20-8)+ 7
0 3(1 + 82)

We proceed with evaluating the stability (cf. Fig. 3) of the fixed
points by analyzing the Jacobian of (26) and (27)

(39)

Ag

(40)

1— A 24\’
wlira \ivaz) T
J(F,8) = 5 (41)
Ecosgo Ksimp

Since we are interested in the (eigen)spectrum of the Jacobian eval-
uated at an equilibrium, we can make use of the relationships (29)
and (30) to remove the ¢ dependence. Substituting F /A, sin ¢,
= (1 — AY)/(1 + A}) and F /A, cos gy = § into (41) then yields

1— A (2AO )2 sA
- - 0

(1). Circular markers represent Bogdanov-Takens bifurcations in (26) and (27) J(F,8) = B 1+ A} 1+ A} (42)
and strong 1:1 resonance in (1). Square markers indicate cusp bifurcations. The Ty S 1 — A2
inset shows a detailed view around the codimension two bifurcation points. — g
Ay 1+ Aj
Chaos 34, 081102 (2024); doi: 10.1063/5.0222816 34,081102-4
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FIG. 3. Synchronization (steady state) amplitude, A, phase, ¢, and stability as a
function of the two dimensional parameter space F — € (u = 0.1). The phase is
depicted by the color map, where blue (red) shades indicate stability (instability).
Solid lines indicate the continuous branches of saddle-node (fold of cycles) bifur-
cations and their projection onto the F — €2 plane corresponds to the lower region
inFig. 2. Dashed lines depict branches of Andronov-Hopf (Neimark-Sacker) bifur-
cations and their projection coincides with the upper region in Fig. 2. Cube markers
with square projection represent cusp bifurcations. Sphere markers with circular
projection indicate Bogdanov-Takens (strong 1:1 resonance) bifurcations. The
inset shows an A — F plane section at €2 = 1.0215 capturing the bistable region
between codimension two bifurcation points.

The problem’s low dimensional nature permits derivation of
the stability criterion from tr(J) < 0 A det(J) > 0. Fixed points with
Ay > 1 are unconditionally stable (cf. Fig. 3) and for the case of A,
< 1 we have

1—A2\* 1—A2 [A%+4A2 1
( g) < g 0 T 24 5 < 8% (43)
1+ A 1+ Ag 1+ Ad

Outside the D > 0 synchronization region [cf. Fig. 4(a)] bounded by
(38) (cf. Figs. 2 and 3), the system (26) and (27) has only one fixed

FIG. 4. Representative trajectories of the fullscale system (1) depicting the long
time dynamics (a) inside the 1:1 Arnold (synchronization) tongue, (b) in its vicin-
ity, and (c) far away from it (cf. Fig. 2). In particular, the individual sub-panels
show (a) a synchronized limit cycle, (b) an invariant torus emerging from the
Neimark-Sacker bifurcation manifold, and (c) an attractor with non-trivial topology.

pubs.aip.org/aip/cha

point, which naturally raises the questions of how and when it looses
stability. In particular, if we study the marginally stable states, from
the first condition in (43) we can deduce that

A=V2-1 (44)

always holds. The second condition in (43) then implies

2>W2-1) (45)

The marginal stability defined by (44) and (45) corresponds to an
Andronov-Hopf bifurcation in (26) and (27) and Neimark-Sacker
(torus birth) bifurcation of cycles” in (1) [cf. Fig. 4(b)]. Naturally, an
equilibrium in (26) and (27) with amplitude defined as (44) implies
relation between the (normalized) bifurcation parameters F, 8. To
determine F(§), we substitute (44) into (31), resulting in

7= (ﬁ - 1) (82 + (ﬁ - 1)2> . (46)

Once more, an expression in the non-normalized bifurcation
parameters F and € can be simply obtained by substituting
F =F/uQ and § = (1 — Q%)/uQ into (46), where the result is
depicted as a dashed line in Figs. 2 and 3.

B. Bifurcations of codimension two

In the slow timescale dynamics (26) and (27), we have two
saddle-node and two Andronov-Hopf branches, making all three
generic codimension two bifurcations of time continuous planar
systems’ possible. In particular, any saddle-node branch could con-
tain a cusp bifurcation, the Andronov-Hopf branches could support
a Bautin bifurcation, and a Bogdanov-Takens can be located on
either.

Starting from the latter, we note that the origins of the
two Andronov-Hopf branches (46) defined by § > V2 —1 and
§<1—42 satisfy tr(J) = 0 and det(J) = 0. Therefore, at those
points, ] exhibits a zero eigenvalue with double multiplicity, i.e.,
the signature of a Bogdanov-Takens (BT) bifurcation. Conse-
quently, a couple of BT points can be found at § = £(+/2 — 1) and

F =242 - 1)3/2 (cf. @ in Figs. 2 and 3). Of course, the afore-
mentioned points must also belong to a saddle-node branch, due to
the zero eigenvalues. In this case, the two Andronov-Hopf merge
with the “-” branch in (38) (cf. Figs. 2 and 3). In the primitive
(fullscale) system (1), this corresponds to a Neimark-Sacker (torus
birth) bifurcation of cycles branch merging with fold of cycles one
via a strong resonance,’ in this case 1:1.

Now we turn our attention to the cusp bifurcations, which are
characterized by a simple eigenvalue of J equal zero (implying loca-
tion on a saddle-node branch) and vanishing quadratic coefficient in
the (one dimensional) normal form’ of the bifurcation. Investigation
of (26) and (27) yields an analytically tractable existence condition

4A(A2 — 3)
(14 A2)°

For 8§ = +./5/27, F = 4/4/27 and the resulting amplitude from
(40), condition (47) is satisfied, thus verifying the occurrence
of two cusp bifurcation where saddle-node branches merge

A+AD’8  (1+ADS
(1—A2°4, (1—ADA,

0. (47)
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(cf. M in Figs. 2 and 3). Furthermore, it can be shown that none of the
other points on the branches (38) and their corresponding ampli-
tudes (39) satisfy (47), thus ruling out any additional cusp bifurca-
tions. In the primitive (fullscale) system (1), the cusp corresponds to
three limit cycles merging together and disappearing.’

Finally, the first Lyapunov coefficient along the Andronov-
Hopf branches can be shown to be strictly negative, ie., I; < 0.
Therefore, we conclude they are supercritical and no Bautin bifurca-
tions (I; = 0) occur thereon, at least not in the 1:1 synchronization
region.

IV. CONCLUSION

In this study, we introduce a novel synchronization model and
thoroughly investigate its natural dynamics and forced synchroniza-
tion properties.

The equation proposed in Sec. IT shows some convenient simi-
larities to the Van der Pol system, such as (1) relaxation oscillations
at large values of the bifurcation parameter and (2) Stuart-Landau
type of behavior at small ones. However, the model discussed above
exhibits saturable gain at large amplitudes in contrast to the quadrat-
ically diverging term in the VdP oscillator, which renders it more
appropriate for the modeling of many physical systems. In partic-
ular, the oscillation amplitudes in the weakly nonlinear regime are
governed by the common saturation law g(a) = (14 a%)~', which
has been successfully utilized in the modeling of a wide variety of
physical phenomena.

Subsequently, Sec. III presents the derivation of analytical
expressions for the continuum of codimension one bifurcations
defining the 1:1 Arnold (synchronization) tongue. In particular, the
equilibria of the slow timescale (averaged) equations and their impli-
cations for the fullscale dynamics are studied. For the considered
subset of 2D parameter space (and fixed p = 0.1), the theoretical
results are indistinguishable from a numerical bifurcation analysis
of the primitive fullscale system.

Nevertheless, the theory, naturally, has some limitations and
should not be taken out of context. Despite capturing all of the
relevant dynamical properties of the weakly nonlinear, weakly
forced system, the averaging procedure does alter the dynamics
and some of its features are lost. In particular, the forced fullscale
system can and does exhibit the presence of Chenciner (general-
ized Neimark-Sacker) bifurcations and the corresponding complex
dynamics.” Furthermore, at certain parameter values, the primitive
formulation exhibits attractors of non-trivial topology [cf. Fig. 4(c)],
which cannot be represented by the (planar) averaged dynamics.

One important influence that falls beyond the scope of this
study is the effect of additive and multiplicative noise. In particular,
the averaging procedure in such case is slightly altered,”’ resulting
in an additional term, inversely proportional to the amplitude, and
noise in both variables. The investigation of the system behavior
then proceeds by analyzing the steady state statistics of the associated
Fokker-Plank equation, which needs to be derived for the saturable
nonlinearity discussed above.
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APPENDIX A: SATURABLE NONLINEARITY LAW

The distinctive properties of the saturable gain nonlinearity (3)
are illustrated in Fig. 5. Sub-panel (a) shows the unit (1 = 1) resis-
tance term of the fullscale oscillator (1) and (b) depicts the loss term
in the averaged dynamics (26) and (27). The gain and loss terms are
plotted separately and the VAP model is shown as a reference.
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FIG. 5. Behavior of the proposed nonlinearity and the VdP model in terms of
(a) resistance in the fullscale formulation and (b) gain/loss in the slow timescale
(averaged) dynamics.
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