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Abstract

This thesis investigates the coordinated stabilization for two important classes of power
conversion systems in electrical networks: the synchronous generator and the three-phase
DC/AC converter. Starting from �rst-principles, we cast a geometric treatment and ar-
rive at the problem of stabilizing a particular log-polar con�guration, corresponding to
the optimal network �ow in an electrical circuit. The approach is, on the one hand,
based on constructing a feedback-equivalent system which naturally decomposes into
dynamics on the ray and on the circle. These spaces can be seen as mutual quotients of
the Euclidean plane. Upon augmenting the appropriate amplitude-coupling component,
the so-called phase-coupled oscillator system is no longer constrained to evolve on the
n-torus. On the other hand, a model-matching procedure is proposed to induce dom-
inant dynamics for the radial and the angular coordinates. As in mechanical systems,
these simple integrators act as generalized coordinates and are associated with a special
potential energy construction. From a power systems perspective, the potential energy
function encodes the canonical network objective of inductor current minimization and
capacitor voltage maximization. As the rest of the system is naturally damped, a har-
monic steady-state behavior emerges, allowing a zero-dynamics re�nement procedure.
We then explore ways of shaping the energy in the aim of achieving higher-level objec-
tives, such as tracking given active and reactive power set points. Finally, we pose a
problem of transverse stabilization, and arrive at a constructive energy function and a
feedback law for the synchronous machine and the inverter alike. This uni�ed design
methodology further allow us to study the dynamic properties of the most signi�cant
circuit elements in power systems.
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Zusammenfassung

Diese Arbeit untersucht die koordinierte Stabilisierung für zwei wichtige Klassen von
Leistungsumwandlungssystemen in elektrischen Netzen: den Synchrongenerator und den
dreiphasigen DC/AC-Wandler. Ausgehend von den ersten Prinzipien erreichen wir eine
geometrische Behandlung und kommen zu dem Problem, eine bestimmte Polarkoordi-
natenkon�guration zu stabilisieren, die dem optimalen Netzwerk�uss in einer elektrischen
Schaltung entspricht. Der Ansatz basiert zum einen auf der Konstruktion eines rück-
koppelungsäquivalenten Systems, das sich auf natürliche Weise in Dynamik auf dem
Strahl und auf dem Kreis zerlegt. Diese Räume, können als gegenseitige Quotienten
der euklidischen Ebene betrachtet werden. Mit der Erweiterung der entsprechenden
Amplitudenkopplung ist das so genannte phasengekoppelte Oszillatorsystem nicht mehr
auf dem n-Torus zu beschränkt. Auf der anderen Seite wird ein Modellabgleichsver-
fahren vorgeschlagen, um eine dominante Dynamik für die Radial- und Winkelkoordi-
naten zu erreichen. Wie in mechanischen Systemen mit diese einfachen Integratoren
bekommt man die verallgemeinerte Koordinaten, die durch eine spezielle potenzielle En-
ergiekonstruktion beein�usst werden können. Aus Sicht der Stromversorgungssysteme
kodiert die potenzielle Energiefunktion das kanonische Netzziel der Induktorstrommin-
imierung und Kondensatorspannungsmaximierung. Da der Rest des Systems auf natür-
liche Weise gedämpft wird, entsteht ein harmonisches stationäres Verhalten, das ein Ver-
feinerungsverfahren ohne Dynamik ermöglicht. Anschliessend untersuchen wir Wege zur
Gestaltung der Energie mit dem Ziel, übergeordnete Ziele zu erreichen, wie z.B. die Ver-
folgung von vorgegebenen Wirk- und Blindleistungssollwerten. Schliesslich stellen wir
ein Problem der Querstabilisierung und kommen zu einer konstruktiven Energiefunk-
tion und einem Rückkopplungsgesetz für die Synchronmaschine und den Wechselrichter.
Diese einheitliche Entwurfsmethodik ermöglicht uns ausserdem, die dynamischen Eigen-
schaften der wichtigsten Schaltungselemente in Energiesystemen zu untersuchen.
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CHAPTER 1
Introduction

Tthis thesis represents a condensed framework for some control systems ideas used to
explore a close relationship between abstract theory and concrete application while

avoiding the separation from the engineering realm. Rather than developing theory in
isolation, the approach will be to draw conclusions after a thorough understanding of
examples. The context lies at the intersection of power electronics and power systems,
an area where we believe a unifying, holistic approach, however technical, is crucial.

The role of control theory has traditionally been to provide guidelines for the design
and understanding of computational tools which, one way or another, produce an internal
model of the world in the aid of some objective. The concept of an internal model is
prevalent in science as it is used to overcome the limitations of nature. The notion of
feedback arises from the use of such model speci�cally because it needs to be continously
updated. As studied by control theory, feedback is used to shape the internal structure,
alters sensitivity, focuses attention and corrects for errors.

In recent years the focus has shifted on the computational aspect, mostly driven by
the success of deep neural networks and the e�ciency of computing hardware. Such
algorithms overparametrize the internal model and rely on truncations or relaxations
of the problem space, typically using a set of basis functions whose gains are iterated
to best approximate a nonlinear, often dynamically changing, operating model. While
this method provides great performance, it gives an answer which is either limited to
the speci�c task or is unintuitive in terms of tuning. The answer is only as good as the
choice of basis elements and the meaning associated to their gains.

For this reason we pursue a viewpoint which aims to generate an overall system
understanding in conjunction with the control design process. Drawing from inverse-
kinematics, this approach paves way to ideas of compliance, robustness and is able to
characterize properties of asymptotic stability. At the end of this thesis, we will compare
the outcomes of this proposal to scenarios of power electronics and systems on common
ground. Due to the breadth of this endeavour, the reader may �nd many unexplored
paths. Moreover, to make this document self-contained while at the same time retaining
its core message, some knowledge of both the theory and the application will be assumed.
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Chapter 1. Introduction

The ideas developed in this thesis build upon two previous results: the single-machine
in�nite-bus problem in [AD19], and the multi-machine stabilization problem of [AD18].
In the �rst, the potential energy gradient serves as a tracking mechanism, while in the
second, it is used to encode an optimal power �ow formulation seen as constrained con-
sensus seeking. In this thesis we will see how to merge the two ideas. An important
outcome is a coordinate and feedback transformation rendering the synchronous gener-
ator amenable to passivity-based control.

This work is presented in three parts: a formal literature review motivating the use of
the speci�c control tools adopted in this thesis, an exploratory, informal diversion into the
control primitives, with the purpose of exploring new path for theoretical development
and, �nally, a treatment of several real-world examples for which the systematic control
design pursued in the �rst two parts is implemented.

1.1 Thesis contributions

This manuscript is structured as follows. In Chapter 2, the most immediate theoretical
foundations are reviewed. While it can serve as a brief tutorial for the reader, its purpose
was mainly for the author to parse the concepts, perform literature review and situate
his work within the control literature.

Chapter 2 leads to an informative control problem, the transverse feedback pas-
sivation problem (TFPP). Apart from the formulation of TFPP and a related target
system, the main contribution of this thesis is the amplitude-coupling extension of the
celebrated Kuramoto model, originally a phase-coupled system, starting with Chapter
3. Additionally, some hierarchical control examples are used to illustrate the ray-circle
complementarity.

In the �rst part of Chapter 4, the synchronous machine with damper winding is
explored in the view of the extension in Chapter 3. A model matching procedure,
transforming the synchronous machine into a system which is well suited to the TFPP
setting, is pursued and constitutes the main contribution. After that, the three-phase
DC/AC converter is studied in the view of these developments, and a similar amplitude-
coupling extension is proposed. Before relating the proposed method to the conventional
schemes of grid-following and grid-forming converter control, a uni�ed control design
procedure is provided and the two systems will be treated in the same way.

If in Chapter 4, the system was seen as both amplitude- and phase-coupled to a sti�
oscillator, Chapter 5 studies such coupling but within multiple generators in a network
and in the absence of an in�nite bus. In both Chapter 4 and 5, a successive re�nement
of the control speci�cations is performed. In more detail, a zero-dynamics re�nement is
linked to the TFPP formulation, resulting in a feedback transformation which renders
passive transverse dynamics. Application-wise, rich physical intuition into stabilization

2



1.2 Publications

of power networks is extracted and, together with an experimental implementation,
constitute another contribution of this thesis.

1.2 Publications

The research conducted during the author’s time as a doctoral candidate involved close
collaboration with a number of peers. This section presents a list of articles submitted
or published during that time. The list is split in two, separated by whether or not the
contributions of the article appear and are built upon in this thesis.

Appearing in this thesis

The results developed in Chapters 4 and 5 are close extensions of the following papers:

[AD18] C. Arghir and F. Dör�er. �Energy-based Stabilization of Network Flows in
Multi-machine Power Systems�. In: Proceedings of the 23rd International
Symposium on Mathematical Theory of Networks and Systems. 2018.

[AD19] C. Arghir and F. Dör�er. �The electronic realization of synchronous ma-
chines: model matching, angle tracking and energy shaping techniques�. In:
IEEE Transactions on Power Electronics (2019).

Other works

The following articles contain results leading to the publication [AD19]:

[AJD18] C. Arghir, T. Jouini, and F. Dör�er. �Grid-forming control for power con-
verters based on matching of synchronous machines�. In: Automatica 95
(2018), pp. 273�282.

[JAD16] T. Jouini, C. Arghir, and F. Dör�er. �Grid-friendly matching of synchronous
machines by tapping into the DC storage�. In: IFAC-PapersOnLine 49.22
(2016), pp. 192�197.

The following articles contain results leading to the publication [AD18]:

[AGD16] C. Arghir, D. Groÿ, and F. Dör�er. �On the steady-state behavior of a non-
linear power network model�. In: IFAC-PapersOnLine 49.22 (2016), pp. 61�
66.

[GAD18] D. Groÿ, C. Arghir, and F. Dör�er. �On the steady-state behavior of a
nonlinear power system model�. In: Automatica 90 (2018), pp. 248�254.
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CHAPTER 2
Preliminaries

2.1 From circuits to passivity

Passivity has emerged as a tool used to reformulate, in an elegant and unifying manner,
the fundamental problem of feedback stabilization of nonlinear systems [AOS02]. For
completion, we �rst review some basic graph-theoretic notions from [Sar09; DSB18;
Bul19], eventually leading to our modelling viewpoint.

De�nition 2.1. [Graphs]

(i) A directed graph (or digraph) is a pair G = (V ; E), where V is an index set with
n elements called nodes and E � V � V is a set of ordered pairs of vertices called
edges. For i; j 2 V and i 6= j, the ordered pair (i; j) denotes an edge from i to j.

(ii) An undirected graph G = (V ; E) is a digraph where (i; j) 2 E whenever (j; i) 2 E,
i.e. any edge is undirected.

(iii) For an undirected graph, two vertices i and j are neighbors if (i; j) is an undirected
edge. We call Ni the index set of neighbours of node i.

(iv) A weighted digraph G = (V ; E ;W) is a digraph associated with a setW that assigns
a weight wij > 0 to each edge (i; j) 2 E.

�

In this thesis we will mainly consider consensus on undirected graphs describing intercon-
nections in electrical networks. The following properties also hold, to a weaker extent,
for undirected graphs.

De�nition 2.2. [Connectivity]

(i) A directed path in a digraph is an ordered sequence of nodes such that any pair of
consecutive nodes is a directed edge of the digraph.

(ii) A cycle in a digraph is a directed path that starts and ends at the same node and
that contains no repeated node except for the initial and �nal node.

5



Chapter 2. Preliminaries

(iii) A digraph is said to be strongly connected if there exists a directed path between
any two nodes.

�

2.1.1 Kirchho�’s laws and consensus

We shall consider from now only connected graphs, We recall the Laplacian matrix as
the main algebraic tool used in the construction of consensus dynamics.

De�nition 2.3. [Laplacian matrix] Let G = (V ; E ;W) be a weighted digraph with n
nodes having on each edge (i; j) a weight wij > 0. The Laplacian matrix L 2 Rn�n of
the digraph G is de�ned component-wise by

Lij =

8
<

:
�wij ; if i 6= j
Pn
s=1;s 6=iwis ; if i = j :

(2.1)

�

As a consequence of this de�nition, KerL will always contain the subspace Im 1, being
the vector space corresponding to the slowest mode, the zero eigenvalue, while all other
eigenvalues will have strictly positive real part. Notice that the graph G is undirected if
and only if L is symmetric. In this case, one can de�ne the consensus dynamics as

_x = �Lx ; (2.2)

for which the agreement space, Im 1, is not only invariant but also attractive. To see
this, one can de�ne the disagreement energy function

W = 1
2x
>Lx ; which yields _W = �x>LL>x � 0 : (2.3)

One can show that the solutions converge to the largest invariant set inside KerL, that
subspace being Im 1. It is also informative to look at the disagreement error, which can
be de�ned via the incidence matrix.

De�nition 2.4. [Incidence matrix] Let G = (V ; E) be an undirected unweighted graph
with n nodes and m edges. Suppose that the nodes are labeled with index i 2 f1; :::; ng,
the edges are labeled with index k 2 f1; :::;mg, and that each edge has assigned an
arbitrary direction. The (oriented) incidence matrix B 2 Rn�m of the graph G is de�ned
component-wise by

Bik =

8
>>><

>>>:

+1 ; if node i is the source of edge k
�1 ; if node i is the sink of edge k
0 ; otherwise:

(2.4)

�
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2.1 From circuits to passivity

As a consequence, each column of B contains precisely one element equal to +1, one
element equal to �1 and all others zero. In other words, this means that KerB> will
always contain the subspace Im 1. A useful factorization of the Laplacian follows.

Remark 2.1. Properties of the incidence matrix

(i) Let d be the number of connected components of G, then rank(B) = n� d.

(ii) Let B be an incidence matrix of a graph G, then L = BQB> is a Laplacian
matrix corresponding to the weighted undirected graph with edge weight matrix
Q = diag(q1; :::; qm) having elements qk = wij = wji. Here, k 2 f1; :::;mg denotes
the index of edge (i; j) which coincides with edge (j; i).

(iii) The Laplacian matrix is symmetric positive semide�nite. Consider a diagonal
matrix D 2 Rn�n�0 which contains at least one positive element on the diagonal, the
others being greater or equal to zero. Then, the matrix Lloopy = L+D is positive
de�nite and corresponds to the graph augmented with self-loops.

�

We shall call the agreement space KerB>, the di�erential space or cutset space ImB>,
the circulation space or cycle space KerB, and the incidence space ImB. For undirected,
connected graphs, dim(ImB) = n� 1 and so dim(KerB>) = 1, and hence

KerB> = Im 1 : (2.5)

With these notions we are now able to express Kirchho�’s laws and incorporate them
into our control systems setting.

De�nition 2.5. [Kirchho�’s voltage law] Let B 2 Rn�m be an incidence matrix.
Pick v 2 Rn, a the vector of potentials at the nodes, and construct w = B>v as the
vector of voltages across the edges. Pick any element of the cycle space c 2 KerB
describing a cycle in the graph. Then, we have that c>w = 0, or in other words the
voltages around any loop in the circuit add up to zero (KVL). �

De�nition 2.6. [Kirchho�’s current law] Let B 2 Rn�m be an incidence matrix.
Pick any b 2 ImB> element of the cutset space. Then, we have that there exists f 2
KerB such that b>f = 0, or in other words, there exists a current assignment in all
edges such that, at any node, the incident sum is zero (KCL). �

Consider an extended graph containing one extra node, called node f0g and n extra edges
corresponding to a link from the remaining n nodes to f0g. This graph is represented
by the extended incidence matrix

Bgnd =
"
�1>n 0>m
In B

#

2 R(n+1)�(m+n) : (2.6)

7



Chapter 2. Preliminaries

If we denote the extended vector (v0; v) 2 Rn+1, with v0 as the potential of the ground
node and v = (v1; :::; vn) as the vector of remaining node potentials, we can construct
the vector of voltages

"
u
w

#

=
"
�1n In
0m B>

# "
v0

v

#

=
"
v � v01
B>v

#

: (2.7)

Electrical circuits

KVL and KCL are typically used to describe conservation laws in physical systems. We
are now ready to put together the above notions and de�ne our �rst prototypical system,
the electrical circuit.

De�nition 2.7. [Electrical circuit] Consider the grounded graph with incidence ma-
trix Bgnd 2 R(n+1)�(m+n) as before. An electrical circuit is such a graph with capacitive
edges f0i from the ground node to all other nodes f1; :::; ng, possibly with additional ex-
ternal injections di, and inductive edges in-between the remaining nodes f1; :::; ng, which
are described by

8
<

:
f0i = di � Ci d

dtui ; 8i 2 f1; :::; ng
Lk d

dtfk = wk ; 8k 2 f1; :::;mg; where k is the edge between i and j :
(2.8)

�

To express (2.8) in compact form, we extend KCL to Bf = f0, where f0 = (f01; :::; f0n)
are the external injections and f = (f1; :::; fm) are the inductive edge currents. Also
notice that B>v = B>u. We can add dissipation to the ideal storage elements and
stack capacitances into C = diag(C1; :::; Cn), conductances into G = diag(G1; :::; Gn),
inductances into L = diag(L1; :::; Lm), resistances into R = diag(R1; :::; Rm), and write

C _u =�Gu�Bf + d (2.9a)
L _f =�Rf +B>u : (2.9b)

If we de�ne the total energy stored in the capacitive and in the inductive elements as

W = 1
2u
>Cu+ 1

2f
>Lf ; (2.10)

we see that the dynamics satisfy the power balance equation

_W = �u>Gu� f>Rf + u>d : (2.11)

This indicates that the evolution of the total energy is independent on the circuit inter-
connection structure B and changes only according to the dissipation and the the power
received at the input port (u; d), also seen in Fig. 2.1.
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!

1
s

<latexit sha1_base64="XrlZAywcQwZGU9yrNrdUIPxRpAc="></latexit>

1
s

<latexit sha1_base64="XrlZAywcQwZGU9yrNrdUIPxRpAc="></latexit>

!!

! B

<latexit sha1_base64="6CgRJ+9lBW6fAMTDqOdNWXLIK4o=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh5LvXisYm2hDWWznbRLN5uwuxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjRx2nimGLxSJWnYBqFFxiy3AjsJMopFEgsB2Mb2Z++wmV5rF8MJME/YgOJQ85o8ZK9xeNfrniVt05yCrxclKBHM1++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzSKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPYzLpPUoGSLRWEqiInJ7G0y4AqZERNLKFPc3krYiCrKjA2nZEPwll9eJY+XVa9Wrd3VKvVGHkcRTuAUzsGDK6jDLTShBQxCeIZXeHPGzovz7nwsWgtOPnMMf+B8/gD/7I0E</latexit>

B !

<latexit sha1_base64="vdUL0IBMmX23EvdqdG5wGSGbb00=">AAAB7XicbVBNS8NAEJ34WetX1aOXYBE8lUQKeiz14rGC/YA2ls12067d7IbdiVBC/4MXD4p49f9489+4bXPQ1gcDj/dmmJkXJoIb9LxvZ219Y3Nru7BT3N3bPzgsHR23jEo1ZU2qhNKdkBgmuGRN5ChYJ9GMxKFg7XB8M/PbT0wbruQ9ThIWxGQoecQpQSu16g89VEm/VPYq3hzuKvFzUoYcjX7pqzdQNI2ZRCqIMV3fSzDIiEZOBZsWe6lhCaFjMmRdSyWJmQmy+bVT99wqAzdS2pZEd67+nshIbMwkDm1nTHBklr2Z+J/XTTG6DjIukxSZpItFUSpcVO7sdXfANaMoJpYQqrm91aUjoglFG1DRhuAvv7xKWpcVv1qp3lXLtXoeRwFO4QwuwIcrqMEtNKAJFB7hGV7hzVHOi/PufCxa15x85gT+wPn8AXBMjww=</latexit>

u

<latexit sha1_base64="5TJ+S7VNJpRgFcqI7DdNqx7kxZA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQ7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1W9WrXWrFXqt3kcRTiDc7gED66hDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwB4/ONAA==</latexit>

f

<latexit sha1_base64="viESoDqJ+cuG/wd24titL9AdFDs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQ7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1W9WrXWrFXqt3kcRTiDc7gED66hDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwBzTeM8Q==</latexit>

d

<latexit sha1_base64="nN/YP8q0KJL9cV07yQvv/E7pL60=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48t2A9oQ9lspu3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5EPOqLFSMxyUK27VXYCsEy8nFcjRGJS/+mHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVVCMoyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNcMbP+MySQ1Ktlw0TAUxMZl/TUKukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6tWqtWavUb/M4inAG53AJHlxDHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDyi+M7w==</latexit>

C! 1

<latexit sha1_base64="z9oz8HyMcESKiAASimMzHqYQhnw=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBi2VXFvRY7MVjBfsB7VqyabaNzSZLkhXK0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmhQln2rjut1NYW9/Y3Cpul3Z29/YPyodHLS1TRWiTSC5VJ8SaciZo0zDDaSdRFMchp+1wXJ/57SeqNJPi3kwSGsR4KFjECDZWatUfsgtv2i9X3Ko7B1olXk4qkKPRL3/1BpKkMRWGcKx113MTE2RYGUY4nZZ6qaYJJmM8pF1LBY6pDrL5tVN0ZpUBiqSyJQyaq78nMhxrPYlD2xljM9LL3kz8z+umJroOMiaS1FBBFouilCMj0ex1NGCKEsMnlmCimL0VkRFWmBgbUMmG4C2/vEpal1XPr/p3fqV2k8dRhBM4hXPw4ApqcAsNaAKBR3iGV3hzpPPivDsfi9aCk88cwx84nz/qc460</latexit>

L ! 1

<latexit sha1_base64="dGht0QH9EXS4bJRQLzGsRQ9NfUc=">AAAB7XicbVA9SwNBEJ2LXzF+RS1tFoNgY7iTAy2DNhYWEcwHJGfY2+wla/Z2j909IRz5DzYWitj6f+z8N26SKzTxwcDjvRlm5oUJZ9q47rdTWFldW98obpa2tnd298r7B00tU0Vog0guVTvEmnImaMMww2k7URTHIaetcHQ99VtPVGkmxb0ZJzSI8UCwiBFsrNS8fcjOvEmvXHGr7gxomXg5qUCOeq/81e1LksZUGMKx1h3PTUyQYWUY4XRS6qaaJpiM8IB2LBU4pjrIZtdO0IlV+iiSypYwaKb+nshwrPU4Dm1njM1QL3pT8T+vk5roMsiYSFJDBZkvilKOjETT11GfKUoMH1uCiWL2VkSGWGFibEAlG4K3+PIyaZ5XPb/q3/mV2lUeRxGO4BhOwYMLqMEN1KEBBB7hGV7hzZHOi/PufMxbC04+cwh/4Hz+APhEjr0=</latexit>

! G

<latexit sha1_base64="5yjEHDk9NoaHppQqqPUFhWtibrI=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSRS0GPRgx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3Uz91hPXRsTqEccJ9yM6UCIUjKKVHs5ve6WyW3FnIMvEy0kZctR7pa9uP2ZpxBUySY3peG6CfkY1Cib5pNhNDU8oG9EB71iqaMSNn80unZBTq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieOVnQiUpcsXmi8JUEozJ9G3SF5ozlGNLKNPC3krYkGrK0IZTtCF4iy8vk+ZFxatWqvfVcu06j6MAx3ACZ+DBJdTgDurQAAYhPMMrvDkj58V5dz7mrStOPnMEf+B8/gAHj40J</latexit>

! R

<latexit sha1_base64="E5uPVtSoC3yJLje1kn2LIvBZ5Y4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjzWYm2hDWWz3bRLN5uwOxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uHRo4lTzXiLxTLWnYAaLoXiLRQoeSfRnEaB5O1gfDvz209cGxGrB5wk3I/oUIlQMIpWal40++WKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn80vnZIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tieO1nQiUpcsUWi8JUEozJ7G0yEJozlBNLKNPC3krYiGrK0IZTsiF4yy+vksfLqler1u5rlfpNHkcRTuAUzsGDK6jDHTSgBQxCeIZXeHPGzovz7nwsWgtOPnMMf+B8/gAYO40U</latexit>

Figure 2.1: The structure of an electrical circuit subject to external current injections.

The passivity framework naturally emerges from circuit theory as most systems are
interconnections of �rst-principle models [Wil72]. Consider the nonlinear a�ne system

_x = f(x) + g(x)u (2.12a)
y = h(x) ; (2.12b)

where x 2 Rn, u 2 Rm and y 2 Rm are the state, input and the output vectors, while
f : Rn ! Rn, g : Rn ! Rn�m and h : Rn ! Rm are assumed to be smooth.

De�nition 2.8. [Passivity]

(i) An input a�ne system (2.12) is said to be passive, if there exists a nonegative
storage function V : Rn ! R�0, such that for all x0 2 Rn, and all piecewise
continuous input functions u(t),

V (x(t))� V (x(0)) �
Z t

0
h(x(s))>u(s)ds ; (2.13)

where x(0) = x0 and x(t) = �u(t; x0) is the solution at time t of system (2.12)
with initial condition x0 and input u(t), for all t � 0 in the maximal interval of
existence of �u(t; x0). Equivalently, if and only if

_V � y>u ; (2.14)

along the solutions of the system.

(ii) In a weaker sense, system (2.12) is said to be cyclo-passive if it is passive and V
is unbounded from below.

�

This notion of cylco-passivity [Wil72] is used for systems which are required to draw
energy from the input not only during transients but also at steady-state, as is the case in
power conversion applications. An equivalent, algebraic characterization of requirement
(2.14) was given by Hill and Moylan [HM76] which is ilustrated in Fig. 2.2.
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Theorem 2.1. (Hill-Moylan). A system of the form (2.12) is passive with C1 storage
function V : Rn ! R�0, if and only if, 8x 2 Rn

rV (x)>f(x) � 0 (2.15a)
h(x) = g(x)>rV (x) : (2.15b)

Alternatively, system (2.12) is cyclo-passive if and only if (2.15) holds with the storage
function V unbounded from below. Geometrically speaking, (2.15a) says that the drift
vector �eld f points inside the sublevel sets of V . As a consequence, it makes the set
V �1(0) positively invariant for the open-loop system. In closed loop, (2.15b) gives us the
direction of steepest descent that input u may potentially select. For passive systems,
any point in V �1(0) is a local minimum of V . Due to (2.15b) and the the gradient rV
being zero, it is also invisible at the output, hence V �1(0) � h�1(0).

2.1.2 Passivity-based stabilization

The appealing property of some passive systems is that they can be stabilized by a simple
output feedback, as pointed out in the landmark paper [BIW91].

!g(x) g(x)!
u xv z y

! V (á)
<latexit sha1_base64="p+/1XOjaFOA6R5L3cx2nadDsE4Q=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEI9VKSKuix6MVjBVsLTSiTzaZdutmE3Y1QQ3+JFw+KePWnePPfuG1z0NYHA4/3ZpiZF6ScKe0431ZpbX1jc6u8XdnZ3duv2geHXZVkktAOSXgiewEoypmgHc00p71UUogDTh+C8c3Mf3ikUrFE3OtJSv0YhoJFjIA20sCuegICDrhb90iY6LOBXXMazhx4lbgFqaEC7YH95YUJyWIqNOGgVN91Uu3nIDUjnE4rXqZoCmQMQ9o3VEBMlZ/PD5/iU6OEOEqkKaHxXP09kUOs1CQOTGcMeqSWvZn4n9fPdHTl50ykmaaCLBZFGcc6wbMUcMgkJZpPDAEimbkVkxFIINpkVTEhuMsvr5Jus+GeN5p3F7XWdRFHGR2jE1RHLrpELXSL2qiDCMrQM3pFb9aT9WK9Wx+L1pJVzByhP7A+fwCjXZJs</latexit>

f (á)
<latexit sha1_base64="0CbGSwUGBaDbhamcjjvHIJJCrcw=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXspuFfRY9OKxgv2AdinZbLYNzSZrkhXK0j/hxYMiXv073vw3pu0etPXBwOO9GWbmBQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbS1TRWiLSC5VN8CaciZoyzDDaTdRFMcBp51gfDvzO09UaSbFg5kk1I/xULCIEWys1I2qfRJKcz4oV9yaOwdaJV5OKpCjOSh/9UNJ0pgKQzjWuue5ifEzrAwjnE5L/VTTBJMxHtKepQLHVPvZ/N4pOrNKiCKpbAmD5urviQzHWk/iwHbG2Iz0sjcT//N6qYmu/YyJJDVUkMWiKOXISDR7HoVMUWL4xBJMFLO3IjLCChNjIyrZELzll1dJu17zLmr1+8tK4yaPowgncApV8OAKGnAHTWgBAQ7P8ApvzqPz4rw7H4vWgpPPHMMfOJ8/ZFyPiw==</latexit>

1
s

<latexit sha1_base64="XrlZAywcQwZGU9yrNrdUIPxRpAc="></latexit>

Figure 2.2: The structure of nonlinear input a�ne passive systems.

De�nition 2.9. [PBF] A passivity-based feedback (PBF) for a passive system (2.12)
is a function u = �’(h(x)) such that ’ : Rm ! Rm is locally Lipschitz on Rm and

(a) h(x)>’(h(x)) � 0 for all x 2 Rn

(b) h(x)>’(h(x)) = 0 if and only if h(x) = 0
�

As a basic example, the PBF u = �h(x) renders the storage function V nondecreasing
for the closed-loop system

_V = rV >f(x)�rV >g(x)’(h(x)) � �h(x)>’(h(x)) < 0 unless h(x) = 0 :

Under suitable conditions, one can check that the state converges to a subset of h�1(0).
The goal set can be an equilibrium, a compact or a closed set. Following [EM10], we
call O the largest set contained in h�1(0) which is positively invariant for the open-loop
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system, and so we have that V �1(0) � O � h�1(0). When V �1(0) = f0g, the main
result on equilibrium stabilization by PBF [BIW91] requires the system to be zero-state
detectable. With its mild extension in [Shi00], this requirement is equivalent to the
storage function having compact sublevel sets. This drawback was then overcome using
the notion of �-detectability, allowing stabilization of unbounded sets � � V �1(0).

De�nition 2.10. [Zero-state detectability]

(i) System (2.12) is said to be zero-state detectable (ZSD) if for all x0 2 Rn,

h(x(t)) = 0 for all t � 0 ) x(t)! 0 as t!1 ; (2.16)

where x(t) is the solution at time t of the system with initial condition x(0) = x0.

(ii) Alternatively, system (2.12) is said to be �-detectable for a closed set � 2 Rn, if �
is globally asymptotically stable relative to O for the open-loop system.

�

When � = f0g the two notions coincide. The following observation are in order for
passive systems under PBF [ElH11]:

(i) All bounded solutions of the closed-loop system converge to O

(ii) On O the closed-loop dynamics coincide with those of the open-loop system.

(iii) A compact set � � O is globally asymptotically stable for the closed loop if the
system is �-detectable and all closed-loop solutions are bounded.

When � is only closed, the property of local uniform boundedness is invoked [EM10].
When the system is LTI, zero-state detectability coincides with the classical notion of
detectability, while the set O becomes the unobservable subspace. The passivity-based
stabilization framework generalizes the so-called LgV methods such as Judjevic-Quinn
[JQ78] and Lee-Araposthatis [LA86]. A more general line of research [Isi+81; BI91] looks
into the geometry of the drift and input vector �elds and develops the notion of zero
dynamics. In essence, the control goals are achieved by solving an output stabilization
problem (OSP) with suitable boundedness requirements. Before we dwell on that, let us
�rst consider some classes of mechanical systems for which we will ultimately look into
stabilizing the set of potential energy minimizers.

2.1.3 Hamiltonian control systems

As passivity is preserved under feedback interconnection, we can start with two passive
systems, both having f(x) = 0 and g(x) = In. For the �rst system, we take the state as
the vector of generalized momenta p 2 Rn and output y 2 Rn. For the second system,

11
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we take the state as the vector of generalized coordinates q 2 Rn and output v 2 Rn. We
de�ne a common storage function as the sum of kinetic and potential energy

H(q; p) = 1
2p
>M�1(q)p

| {z }
K(q;p)

+V (q) ; (2.17)

with M(q) a positive de�nite matrix for all q, and V (q) a function taking non-negative
values. We can obtain the fully actuated n-degree-of-freedom Hamiltonian control system
by interconnecting the two systems with u = � � v, where � 2 Rn is the vector of
generalized forces 8

<

:
_p = u
y = rpH

�
u=��v

8
<

:
_q = y
v = rqH :

(2.18)

This interconnection is again passive with storage H, input � and output h(q; p) = rpH.

!
y

! 1<latexit sha1_base64="gxmVDwgXNkVVBW8MWuMKIAF1sIU=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSRV0GPRi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8pAzaqz0cO71SmW34s5AlomXkzLkqPdKX91+zNIIpWGCat3x3MT4GVWGM4GTYjfVmFA2ogPsWCpphNrPZpdOyKlV+iSMlS1pyEz9PZHRSOtxFNjOiJqhXvSm4n9eJzXhtZ9xmaQGJZsvClNBTEymb5M+V8iMGFtCmeL2VsKGVFFmbDhFG4K3+PIyaVYr3kWlen9Zrt3kcRTgGE7gDDy4ghrcQR0awCCEZ3iFN2fkvDjvzse8dcXJZ47gD5zPH+UwjPA=</latexit>

M ! 1(q)
<latexit sha1_base64="9nEUDTAFDTkiQTLicEEcQhgrIC4=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMQD4bdKOgx6MWLEME8JFnD7GQ2GTIzu87MCmHJV3jxoIhXP8ebf+PkcdDEgoaiqpvuriDmTBvX/XYyS8srq2vZ9dzG5tb2Tn53r66jRBFaIxGPVDPAmnImac0ww2kzVhSLgNNGMLga+40nqjSL5J0ZxtQXuCdZyAg2Vrq/eUhPvFHx8biTL7gldwK0SLwZKcAM1U7+q92NSCKoNIRjrVueGxs/xcowwuko1040jTEZ4B5tWSqxoNpPJweP0JFVuiiMlC1p0ET9PZFiofVQBLZTYNPX895Y/M9rJSa88FMm48RQSaaLwoQjE6Hx96jLFCWGDy3BRDF7KyJ9rDAxNqOcDcGbf3mR1Msl77RUvj0rVC5ncWThAA6hCB6cQwWuoQo1ICDgGV7hzVHOi/PufExbM85sZh/+wPn8AZSPj5s=</latexit>

q
<latexit sha1_base64="b+n3e1YQEa9MneUTanzPe56IiCk=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkUcCGzI79MLI7Ow6M2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tgrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+ANzrjPk=</latexit>

p
<latexit sha1_base64="YCRLqY3FYFMPr169IIibebwVZHg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtIvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6F9Va87JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucP22eM+A==</latexit>

!
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Figure 2.3: Graphical illustration of the Hamiltonian control system (2.18).

However, the dependency of the mass matrix on q prevents the decomposition of system
(2.18) into independent storage elements. Notice the sequence of nested sets

h�1(0) = f(q; p) : p = 0g (2.19a)
O = f(q; p) : p = 0;rqV (q) = 0g : (2.19b)

The expression of O comes from the fact that rqH(q; 0) = rqV (q). Suppose we are
interested in stabilizing the set of local minima of V . If we apply the PBF

� = �R(q)y + �m ; (2.20)

with R(q) symmetric positive de�nite, we arrive at a system with dissipation

_p =�R(q)M�1(q)p�rqH + �m (2.21a)
_q = M�1(q)p : (2.21b)

Notice that, for �m = 0, we have that _H = �y>R(q)y. As a straightforward application
of LaSalle’s invariance principle, we recall the next result.
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2.1 From circuits to passivity

Proposition 2.1. (ZSD and Hamiltonian systems). Consider system (2.18). If
the potential energy V has compact sublevel sets and the global minimum at q = 0 as its
only stationary point (i.e., the system is zero-state detectable), then the set � = f(q; p) :
p = 0; q = 0g is globally asymptotically stable under any PBF.

The zero equilibrium here coincides with O. In this work we will explore the case when
the goal set � is closed, possibly the union of multiple disjoint compact sets. In most
applications, stabilization of the origin is not directly pursued. One typically designs
a controller such that the origin is stable for the closed-loop transients, while these
dynamics are no longer necessarily Hamiltonian or even passive. In the more general
context of port-Hamiltonian systems, our main reference being [Sch], the skew-symmetric
interconnection matrix J(x) = �J(x)> indicates the direct energy transfer

_x =
�
J(x)�R(x)

�
rxH + g(x)u (2.22a)

y = g(x)>rxH ; (2.22b)

where R(x) is a positive semide�nite matrix.

2.1.4 The passivity-based control framework

Another paradigm for equilibrium stabilization, complementary to that of [BIW91], is the
passivity-based control (PBC) method introduced in [OS89], with its roots in control of
robotic manipulators [TA81]. While the PBF method from Section 2.1.2 focuses on zero
dynamics assignment, this method hinges on the universal property of energy balance
[AOS02]. Given passive system, PBC aims at designing a state feedback u = �(x) + v
such that the new storage function becomes positive de�nite at a prescribed equilibrium
x�. If one starts from a port-Hamiltonian system, the problem becomes easier when
asking that the closed-loop dynamics remain port-Hamiltonian of the form

_x =
�
Jd(x)�Rd(x)

�
rxHd ; (2.23)

with prescribed interconnection Jd and damping Rd matrices, and whose energy function
Hd has a strict local minimum at the prescribed equilibrium. A large body of literature
is dedicated to this methodology [Ort+01; Ort+02b; Ort+02a; OG04; Ort+08; OR12],
which involves �nding the solution of a so-called matching PDE. While retaining the
modelling framework, we construct a model-matching problem setup in a di�erent way.

In this work, we will �nd it crucial to derive a coordinate and input transformation,
in the spirit of [Ven+10; FDM19], yielding a Hamiltonian with a constant mass matrix

H(q; p) = 1
2p
>M�1p+ V (q) : (2.24)

Consider p 2 Rn+l, with l being the degree of under-actuation, q; u; y 2 Rn, and
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Chapter 2. Preliminaries
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Figure 2.4: Graphical illustration of the under-actuated control system (2.25).
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_q
_p

#

=
"
On G>

�G J(q)�R(q)

# "
rqH
rpH

#

+
"
0m�n
G

#

u (2.25a)

y = G>rpH ; (2.25b)

where M;R(q) 2 R(n+l)�(n+l) are positive de�nite matrices, J(q) skew symmetric, and
where G 2 R(n+l)�n is a matrix of full column rank n. This system has the property
that the potential energy V (q), which may be identically zero in some cases, is freely
assignable via the input u = rV (q)�rVd(q) + ud.

A multi-mass-spring-damper system

An important illustration is given by a system comprising of n point-masses moving on
the plane, and interconnected by m springs according to an incidence matrix E 2 Rn�m.
Suppose that the coordinate of each mass is xi 2 R2, the momentum of each mass is
pi 2 R2. We can write this in vectorised form as p 2 R2n, x 2 R2n and de�ne the
vector of displacements according to the arbitrary orientations of the edges in B as
q = B>x 2 R2m, where B = B
I2. LetM = diag(M1; :::;Mn)
I2, positive de�nite, be
the mass matrix, D = diag(D1; :::; Dn) 
 I2 be the damping associated with movement
friction, also positive de�nite. De�ne v = M�1p 2 R2n as the vector of velocities in
the plane, such that _x = v. De�ne f = Kq 2 R2m as the vector of spring forces, with
K = diag(K1; :::; Km)
 I2 a positive de�nite spring characteristic matrix, such that the
Hamiltonian reads as

H(q; p) = 1
2p
>M�1p+ 1

2q
>Kq : (2.26)

Let u 2 R2n be the input vector of actuation forces. One way to write the equations of
motions is in terms of relative displacement

"
_q
_p

#

=
"
O2m B>

�B �D

# "
rqH
rpH

#

+
"
02m�2n

I2n

#

u (2.27)

This system is analogous to the electrical circuit (2.9), but without dissipation in the
edges. Since the energy associated with q has the unique stationary point at 0, we
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2.2 Notions of geometric control

conclude that the unforced state converges to (q; p) = 0. However, in terms of the
position on the plane, x(t) is bound to converge to the agreement space KerB>, since
q = B>x converges to zero. Another way to see this is to rewrite the Hamiltonian as

H(x; p) = 1
2p
>M�1p+ 1

2x
>BKB>x

| {z }
V (x)

: (2.28)

Upon the coordinate transformation, we have that V (x) corresponds to a consensus
energy in x, since L = BKB> is a Laplacian. These dynamics are also called second
order Laplacian �ow, or Laplacian oscillator and, unlike (2.27), take an explicit Euler-
Lagrange form

"
_x
_p

#

=
"
O2n I2n

�I2n �D

# "
rxH
rpH

#

+
"
O2n

I2n

#

u , M �x = �D _x�BKB>x+ u : (2.29)

The system is now of the form (2.25) with G = I2n. Notice that x embeds q in the
ambient space, as q 2 ImB> � R2m. This idea shall guide us in our control designs
where it will be particularly insightful to embed coordinates in Euclidean space. Notice
that input u may also stabilize the point (x; p) = 0 by adding just one self-loop, i.e. by
simply taking ui = ��xi with �i > 0 for any one i, and leaving all other inputs zero. In
this case the potenial energy becomes positive de�nite at zero Vcl(x) = x>Lloopyx in closed
loop. If the damping matrix D is only positive semide�nite, stabilization via position
feedback has been reported in [SOP12; ROS14], where the authors assign coordinates
that also yield constant inertia matrix.

2.2 Notions of geometric control

The motivation behind this thesis is to address complex-speci�cation problems for electro-
mechanical systems from the point of view of geometric control. One of the reasons is
that even the most basic systems may have state spaces that are not Euclidean vector-
spaces. We shall review a few aspects of di�erential geometry which allow one to under-
stand the structure of nonlinear spaces in the same way that linear algebra allows one
to understand the structure of LTI systems. The main references are [Won85; Isi13].

De�nition 2.11. [A-invariance] Consider the vector space X , an LTI system _x = Ax
with x 2 X , and a subspace V 2 X . Then the two de�nitions are equivalent

(i) The subspace V is said to be A-invariant if 8x0 2 V, eAtx0 2 V, 8t 2 R;

(ii) The subspace V is said to be A-invariant if AV � V (8x 2 V ; Ax 2 V).
�
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Chapter 2. Preliminaries

The �rst de�nition is an algebraic characterization, which says that any solution starting
on V will remain on V backwards and forwards in time, and extends to the notion of
invariant submanifolds. The second characterization is geometric and extends to that
of invariant distributions by saying that a vector �eld only produces motion within a
given tangent bundle. When formulating set-stabilization problems, one aims to render
a suitable submanifold controlled-invariant. For problems related to output stabilization
this goal set becomes the largest invariant subset of the zero-level set of a virtual output
map. Consider the following LTI example with x 2 X

_x = Ax
y = Cx ;

(2.30)

and let V = KerC. We aim to �nd explicit output dynamics. Suppose there exists a
map L where

_y = Ly , CAx = Ly , CA = LC , AKerC � KerC : (2.31)

In other words explicit output dynamics exist if and only if the output zero-level set is
A-invariant. Moreover, the vector �elds x 7! Ax and y 7! Ly are said to be C-related.
Recall that, if we call the subset �x = fw 2 X : 9v 2 V ; w = x + vg a coset, we can say
that �x = x+V , �0 = V and so the subspace X=V = f�x : x 2 Xg denotes a quotient space.

The mapping L also characterizes the quotient system L : X=V ! X=V , and de-
scribes the motion transversal to V under A. This is captured by the representation
theorem, according to which, when a subspace V is A-invariant, then the system admits
a block-upper triangular representation upon a coordinate transformation (z; y) = T�1x.
Therefore, we write

T�1AT =
"
AV A12

O AX=V

#

; CT =
h
CV CX=V

i
: (2.32)

As ilustrated in Fig. 2.5, AV are the dynamics restricted to V , and AX=V = L represents
the transverse dynamics

_z = AVz + A12y
_y = AX=Vy :

(2.33)

If we pick V = KerC as the target invariant subspace, then CV = O, CX=V = I and so

(i) The pair (CX=V ; AX=V) is observable. The detectability of the pair (C;A) relies on
the asymptotic stability of the tangential motion, i.e. AV ;

(ii) The unobservable subspace V = f(z; y) : y = 0g is the component associated with
AV . This matrix represents the zero dynamics;

(iii) Stabilizing the origin relies on the asymptotic stability of L and of the zero dy-
namics.
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Figure 2.5: Graphical illustration of the decomposition between tangential (purple) and
transverse dynamics (green) induced by the invariant subspace V .

In the case of this example, A may be the the result of a closed loop, and the output
may have been speci�cally chosen. In general, when KerC is not A-invariant, the zero
dynamics are characterized by a motion AV� induced by the largest invariant subset of
the output zero-level set V� � KerC. This is the situation of output stabilization.

2.2.1 Output stabilization for linear systems

Output stabilization is a fundamental tool used for feedback synthesis exploiting or
revealing a cascade structure in multi-input multi-output systems.

Problem 2.1. Linear output stabilization problem. Consider the LTI system

_x = Ax+Bu
y = Cx :

(2.34)

Find a state feedback u = Kx such that y(t)! 0 as t!1.

The problem is solved in two steps: controlled invariance and external stabilization.

De�nition 2.12. [Controlled invariant subspace] A subspace V � X is called
controlled invariant for system (2.34) if there exists a map F such that V is (A+BF )-
invariant. �

Controlled invariance can also be characterized without explicit reference to a friend F .
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Lemma 2.1. (Controlled invariance). The subspace V � X is controlled-invariant
if and only if AV � V + ImB, or equivalently V � A�1(V + ImB).

Suppose we decompose the state space into the stable and unstable subspaces of A,
repsectively as X = X�(A)�X+(A), then the solvability result was given in [BPW72].

Theorem 2.2. (Solvability of OSP). Problem 2.1 is solvable if and only if

X+(A) � Im
h
B AB A2B ::: An�1B

i
+ V� ; (2.35)

where V� is the supremal controlled-invariant subspace of KerC.

In other words, the problem is solvable if and only if the unstable modes of A are either
in the controllable subspace or can be rendered invisible at the output via feedback.
The solution methodology is as follows: we �nd a canonical projection P : X ! X=V�

such that V� = KerP � KerC. We complete the basis with the natural projection
Q : X ! V� and de�ne the coordinate transformation � = T�1x with T�1 =

h
Q
P

i
.

We can assume without loss of generality that (2.34) is expressed in a basis where T is
identity. Consider the feedback transformation u = Fx+ v, where F is a friend of V�,

_� =
"
Ak A?

O At

#

� +
"
Bk

Bt

#

v

y =
h
O Ct

i
� ;

(2.36)

where Ak = (A+BF )V� are the zero dynamics and At = (A+BF )X=V� are the dynamics
transversal to the goal set V�. We now need to solve a stabilization problem for the pair
(At; Bt). This gives v = Kt�2 and thus the solution to the OSP is

u = (F +KtP )x : (2.37)

Notice that the feedback has an invariance-inducing component (F ) and a stabilizer
(KtP ). The OSP does not require internal stability: the zero dynamics may wander o�
or oscillate since they are driven by a decaying system

_�2 = (At +BtKt)�2 �! _�1 = Ak�1 + (A? +BkKt)�2 : (2.38)

2.2.2 The generalized frequency response

Consider the following cascade inteconnection between a driving (exo-) system and a
driven system

_w = Sw �!

8
<

:
_x = Fx+Gw
y = Cx+Qw ;

(2.39)
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where typically �(W ) � fz 2 C : <(z) = 0g and contains the driving frequencies. We
look for conditions under which the �nal state can be expressed as a function only of the
exogenous modes, i.e. as t!1, x(t) = �w(t). We de�ne xs = �w as the steady-state
solution, then the condition becomes the solvability of a Sylvester equation

�S = F� +G : (2.40)

Theorem 2.3. (The non-resonance condition). Equation (2.40) admits a unique
solution if and only if F and S have no common eigenvalues.

Following the terminology of [BM], the matrix � is called a generalized frequency re-
sponse and (2.40) expresses the complementability condition of an invariant subspace.
By de�ning xt = x� �w, and yt = y � Y w, we can recover the transients

_xt = Fxt
yt = Cxt ;

(2.41)

where Y = C� + Q is called the output response. In the case when F and G are the
result of a closed loop, i.e. F = A+BK and G = E+BL, then K and L may be chosen
to solve the regulator equations

�S = (A+BK)� + E +BL
O = C� +Q ;

(2.42)

so that two requirements are met: internal stability �(F ) � C� and error zeroing Y = O.
This is the standard state-feedback output regulation problem, where the solution is
composed of a stabilizer and an invariance inducing part

u = Kx+ Lw = K(x� �w) + (L+K�)w : (2.43)

The overall setup is an OSP for the augmented state, since it renders the controlled-
invariant subspace V� � Ker[ C Q ] attractive for the closed-loop dynamics. When com-
pared to (2.36), the setup becomes block diagonal

"
_w
_xt

#

=
"
S O
O F

# "
w
xt

#

yt =
h
O I

i "w
xt

#

:
(2.44)

In the nonlinear setting one has to be careful about solutions which are unbounded or
have �nite escape times, while the solution of output stabilization typically relies on an
input-output feedback linearization procedure [IB90]. As feedback linearization can be
regarded as equivalent to the fundamental problem of pole placement, we shall review
some related topics in the next subsection.
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2.2.3 Feedback equivalence and relative degree

The nonlinear extension of the geometric approach [Won85] is rooted in the generalization
of the four linear projections (insertion, natural projection, canonical projection and its
right inverse) to their corresponding mappings on manifolds (immersion, embedding,
submersion and its right inverse) respectively [Lee13]. Let us consider again nonlinear
control-a�ne systems of the form (2.12)

_x = f(x) +
mX

i=1
gi(x)ui (2.45a)

y = h(x) ; (2.45b)

where x 2 M , u 2 Rm and y 2 N , the vector �elds f; g1; :::; gm : M ! TM and the
output map h : M ! N are smooth. For conciceness, we take M = Rn and N = Rp, but
they can be smooth manifolds embedded in Euclidean space. We recall some geometric
tools from [Nie09; Isi13; Mag14], allowing us to work with vector �elds on manifolds.

Theorem 2.4. (Existence of solutions). Let v : M ! TM be a smooth vector �eld,
then 8x0 2 M there exists a unique maximal integral curve of v through x0, denoted
�v(t; x0). The collection of maps f�v(t; x0)g is called a local phase �ow on M .

De�nition 2.13. [F-relatedness] Let F : M1 ! M2 be a smooth map between man-
ifolds and let v1 : M1 ! TM1 and v2 : M2 ! TM2 be two smooth vector �elds. Let
dF : TM1 ! TM2 be the di�erential of F , then v1 and v2 are said to be F -related if

8x 2M1 ; dFx(v1(x)) = v2(F (x)) (2.46)

�

This notion can also be characterized in dynamical (integral) form.

Proposition 2.2. The vector �elds v1 : M1 ! TM1 and v2 : M2 ! TM2 are F -related
if and only if

8x0 2M1;8t 2 R ; F (�v1(t; x0)) = �v2(t; F (x0)) (2.47)

In coordinates of (2.45), v1(x) = f(x) and if one takes F (x) = h(x), then (2.46) becomes
_y = v2(y), where v2 is the vector �eld of the output dynamics. The interesting problem
arises when, given v1 and F , one asks whether there exist v2 which is F -related to v1. A
trivial answer is when F is a di�eomorphism: then, v2(y) = dFF�1(y)(v1(F�1(y))).

De�nition 2.14. [Feedback transformation] A regular static feedback for system
(2.45) is a relation

u = �(x) + �(x)v ; (2.48)

where v 2 Rm, � : M ! Rm, � : M ! Rm�m are smooth maps with �(x) invertible
8x 2M . �
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2.2 Notions of geometric control

Consider another control system of the form (2.45a) with z 2 ~M

_z = ~f(z) +
mX

i=1
~gi(z)vi : (2.49)

De�nition 2.15. [Feedback equivalence] Two control systems (2.45a) and (2.49)
are said to be feedback equivalent if there exists a regular feedback transformation u =
�(x) + �(x)v and a di�eomorphism T : M ! ~M such that

(a) the vector �elds f(x) +
Pm
i=1 gi(x)�i(x) and ~f(z) are T -related;

(b) the vector �elds
Pm
i=1 gi(x)�ij(x) and ~gj(z) are T -related.

�

The implication of this de�nition is that if z(0) = T (x(0)), then z(t) = T (x(t)) forward
in time. We are now ready to state two main feedback equivalence problems for system
(2.45).

Problem 2.2. Exact feedback linearization problem (ELP). Find conditions un-
der which system (2.45a) is feedback equivalent to an LTI controllable system

_z = Az +Bv : (2.50)

Problem 2.3. Input-output feedback linearization problem (IOLP). Find con-
ditions under which system (2.45) is feedback equivalent to a system of the form

_z = ~f(z; �) +
mX

i=1
~gi(z; �)vi (2.51a)

_� = A� +Bv (2.51b)
y = C� ; (2.51c)

where the pair (A;B) is controllable and (C;A) is observable.

In the setup of system (2.45), consider the following notation for smooth maps f; g; h:

Lkfh = Lf (Lk�1
f h) ; where L0

fh = h ; and L1
fh(x) = dhxf(x) (2.52a)

adf g = [f; g] ; where [f; g](x) = dgxf(x)� dfxg(x) (2.52b)
adkf g = [f; adk�1

f g] ; where ad0
f g = g (2.52c)

The key notion characterizing these two problems is that of vector relative degree, which
we de�ne below for the case of square systems considered.

De�nition 2.16. [Vector relative degree] System (2.45) is said to have vector rela-
tive degree fr1; :::; rmg at a point x0 if two conditions hold

21



Chapter 2. Preliminaries

(i) LgjLkfhi(x) = 0 for all j = 1; :::;m, 0 � k � ri � 2 and i = 1; :::;m, and for all x
in a neighbourhood of x0.

(ii) the following m�m matrix is full rank at x = x0

D(x) =

2

664

Lg1L
r1�1
f h1(x) � � � LgmL

r1�1
f h1(x)

� � � � � � � � �
Lg1L

rm�1
f hp(x) � � � LgmL

rm�1
f hp(x)

3

775 : (2.53)

�

This de�nition speci�es that the control input appears non-singularly starting from the
ri-th time derivative of the output y(ri)

i , and in none of the lower-order derivatives of yi.
For square systems, the decoupling matrix D(x) can be used directly in the following
feedback transformation to solve the input-output feedback linearization problem

u = D�1(x)

0

BB@�

2

664

Lr1
f h1(x)
� � �

Lrmf hm(x)

3

775+

2

664

v1

� � �
vm

3

775

1

CCA = u�(x) +D�1(x)v : (2.54)

This is also called decoupling control. The solvability of the two problems can be stated
as follows.

Theorem 2.5. (Solvability of the ELP). Problem 2.2 is solvable near x0 if and only
if there exist m locally smooth output functions h1; :::; hm yielding vector relative degree
fr1; :::; rmg at x0 such that

Pm
i=1 ri = dim(M).

An equivalent result relates to the notion of controllability of the linearization of (2.45a)
at x0 whenever x0 is an equilibrium. Consider the distributions

G0(x) = spanfg1(x); :::; gm(x)g (2.55a)
Gi(x) = Gi�1(x) + spanfadif g1(x); :::; adif gm(x)g ; i = 1; :::; n� 1 (2.55b)

The next de�nition allows the extension of important concepts from linear systems theory
[Isi+81].

De�nition 2.17. [Involutivity] A distribution D on a smooth manifold M is called
involutive if the Lie bracket of any pair of vector �elds belonging to D is a vector �eld
in D, i.e. v1; v2 2 D ) [v1; v2] 2 D. �

Theorem 2.6. (ELP and controllability). Suppose that G0(x) has dimension m at
x0. Then, Problem 2.2 is solvable near x0 if and only if

(i) G0; :::; Gn�1 are nonsingular at x0

(ii) Gn�1(x0) = Tx0M (controllability assumption)

22



2.2 Notions of geometric control

(iii) G0; :::; Gn�2 are involutive near x0.

Theorem 2.7. (Solvability of the IOLP). Problem 2.3 is solvable near x0 if and
only if system (2.45) has well de�ned vector relative degree at x0.

We may also consider the uniform case, when the properties in this subsection hold for
all x0 2 M . The main outcome of the normal form (2.51) is that the �-subsystem can
be stabilized by a linear feedback on v = K�. The result is a cascade

_z = ~f(z; �) + ~g(z; �)BK� (2.56a)
_� = (A+BK)� : (2.56b)

Without loss of generality suppose that h(0) = 0. The zero-dynamics vector �eld thus
becomes ~f(z; 0), i.e. the closed-loop vector �eld restricted to the set

Z� = f(z; �) : � = 0g � T (h�1(0)) : (2.57)

If we are interested in equilibrium stabilization, we need to consider suitable detectability
notions.

De�nition 2.18. [Properties of minimum phase] Consider the system in normal
form (2.51) with ~f(0; 0) = 0. We say that

(i) The system is (globally) weakly minimum phase if there exists a C2 positive de�nite
(with compact sublevel sets) function V (z) that satis�es L ~f(z;0)V (z) � 0 for all z;

(ii) The system is (globally/locally) minimum phase if the zero-dynamics vector �eld
_z = ~f(z; 0) is (globally/locally) asymptotically stable at z = 0;

(iii) The system is strongly minimum phase at x0 if the driven system (2.56a) is input-
to-state stable with input �.

�

When a system has vector relative degree f1; :::; 1g, it is closest to being passive and the
zero dynamics manifold may be stabilized by a PBF. We recall the following theorem.

Theorem 2.8. (Feedback equivalence to a passive system). A system in normal
form (2.51) is feedback equivalent to a passive (respectively, strictly passive) system with a
C2 positive de�nite storage function if and only if the system is globally weakly minimum
phase (respectively, globally minimum phase).

More generally, if we consider the closed-loop cascade (2.56), then one can verify that

(a) The equilibrium (z; �) = (0; 0) is locally asymptotically stable if the system is
locally minimum phase;
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(b) The equilibrium (z; �) = (0; 0) is globally asymptotically stable if the system is
globally minimum phase and all closed-loop solutions are bounded;

(c) The equilibrium (z; �) = (0; 0) is globally asymptotically stable if the system is
strongly minimum phase.

Feedback linearization is the nonlinear generalization of pole placement, while input-
output linearization generalizes the zero-pole cancellation technique [MT96]. Controllers
based on feedback linearization rely on exact cancellation of nonlinearities and, as such,
they are sensitive to model uncertainties. However, if the uncertainty does not a�ect the
relative degree of the system, then it is not di�cult to attenuate or reject it. While the
property of relative degree is feedback invariant, for systems which lack relative degree, it
is known that dynamic extension (i.e. adding integrators at the input) is able to recover
it or improve its robustness [FK08]. We will pursue this idea while aiming for a design
with passive error dynamics.

2.2.4 Output stabilization and the zero dynamics

Let us consider some tools in the aim of studying the OSP in the general context of
control-a�ne systems.

De�nition 2.19. [Controlled invariance] Let M be a smooth manifold and N �M
be an embedded submanifold. We say that

(i) N is (locally) invariant under a vector �eld v, if x0 2 N ) 8t 2 Tx0 ; �v(t; x0) 2 N ,
where Tx0 is the (local) domain of de�nition of the integral curve through x0.

(ii) N is controlled invariant for a control-a�ne system (2.45) if there exists smooth
feedback (called a friend) u� : N ! Rm such that N is invariant under the closed-
loop vector �eld f � = f +

Pm
i=1 giu�i .

�

De�nition 2.20. [Regular value] A point q 2 F (M) is said to be a regular value of
a smooth map F : M ! N if rank dF = dimM on the level set F�1(q). Otherwise, a
point q 2 F (M) which is not a regular value is called a critical value of F . �

We recall the following theorem to aid our understanding of embedded submanifolds.

Theorem 2.9. (Preimage theorem). Let M and N be two smooth manifolds and
F : M ! N be a smooth map. If q is a regular value of F then F�1(q) is an embedded
submanifold of M with dim(F�1(q)) = dimM � dimN .

We can now provide the geometric characterization of invariance and controlled invari-
ance which is independent on the friend u�.
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Proposition 2.3. (Tangency condition). If N is a (closed) embedded submanifold
then N is (locally) invariant under f if and only if 8x 2 N; f(x) 2 TxN or, equivalently,
f jN : N ! TN

Proposition 2.4. (Controlled tangency condition). Consider the control-a�ne
system (2.45) on M and let G be a the smooth distribution G(x) = spanfg1(x); :::; gm(x)g
such that dimG(x) = m; 8x 2M and that 8x 2 N; dim(TxN \G(x)) = const.

(i) N is locally controlled invariant if and only if 8x 2 N; f(x) 2 TxN +G(x).

(ii) if N is closed and 8x 2 N; TxN \ G(x) = f0g, then N is controlled invariant if
and only if 8x 2 N; f(x) 2 TxN +G(x)

In this thesis we are looking for outputs which allow certain decompositions of the
control system and which induce partitions of the state space into lower dimensional
submanifolds. In this aim we investigate the relationship between the zero dynamics
manifold and the largest controlled invariant distribution inside Kerfdhx(x)g.

De�nition 2.21. [Zero dynamics manifold] An embedded submanifold N � M is
said to be an output zeroing submanifold if N � fx 2 M : h(x) = 0g and N is locally
controlled invariant. Moreover, if N is (globally) maximal, then N is called a (global)
zero dynamics manifold of (2.45). �

Consider systems with well de�ned vector relative degree (2.51). In original coordinates
the zero-dynamics vector �eld becomes f � : Z� ! TZ� with

f �(x) = (f(x) + g(x)u�(x))jx2Z�

Z� = fx 2M : Lr1
f h1(x) = 0; j = 1; :::;m ; i = 0; :::; rj�1g ;

where Z� = T�1(Z�) is the zero dynamics manifold. As seen in (2.54), the invariance-
inducing component u� always exists and is unique. The same can be said for the vector
�eld f �, whose stability properties play a crucial role in control design. When one is
able to encode control speci�cations in the zero-level set of the output map, then the
problem becomes as follows.

Problem 2.4. Nonlinear output stabilization problem. Consider the control-
a�ne system (2.45). Design a smooth feedback that makes all solutions satisfy

(i) x(t) is bounded;

(ii) h(x(t))! 0.

Proposition 2.5. (Solvability of OSP). Suppose that the zero dynamics manifold
Z� is well de�ned. A feedback u(x) solves Problem 2.4 if and only if it makes Z� globally
attractive (i.e. 8x0 2M , �u(t; x0)! Z�).
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To be able to verify or enforce the attractivity of Z�, it is often necessary to �nd explicit
output dynamics. As we have seen in the linear case, these exist when Z� coincides with
h�1(0) in which case one can apply the representation theorem, i.e. a nonlinear version
thereof. To do this we consider the extension of A-invariance to invariant distributions.

De�nition 2.22. [Invariant distribution] A distribution � on M is said to be

(i) invariant under a vector �eld f if [f;�] � �;

(ii) controlled invariant for the dynamics (2.45a) if there exists a feedback transforma-
tion u = �(x) + �(x)v such that

[ ~f;�] � � and [~gi;�] � �; 8i = 1; :::;m ;

where ~f = f + g� and ~g = g�.
�

A nonlinear representation theorem

Controlled invariant distributions allow one to construct quotient control systems [WMB13;
Mag14]. If we consider a nonsingular, involutive distribution � which is controlled in-
variant, then the system is feedback equivalent to a system in triangular structure

_z1 = ~f k(z1; z2) +
mX

i=1
~gki (z1; z2)vi (2.58a)

_z2 = ~ft(z2) +
mX

i=1
~gti (z2)vi : (2.58b)

The z2-subsystem is a well-de�ned control system which is independent from the evolu-
tion of z1.

De�nition 2.23. [Integral manifold] Let M be a smooth manifold and � be a smooth
distribution on M . An immersed submanifold Sp of M is said to be an integral manifold
of � through p 2M if 8q 2 Sp; TqSp = �(q) �

If we de�ne an equivalence relation stating that two points are equivalent if they belong to
the same integral manifold of �, then the z2 subsystem represents the quotient dynamics
with respect to this equivalence relation. Moreover, if one takes � = Kerfdhx(x)g as
the target distribution, then (2.58b) coincide with the output dynamics and the integral
submanifolds of � become

Sz�2 = f(z1; z2) : z2 = z�2g ;

where z�2 = const. Under these conditions, the zero dynamics manifold becomes Z� = S0

and the vector �eld f � is h-related to ~f , the closed-loop vector �eld. In general, when a
system does not possess relative degree one can search for outputs which induce it.
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Proposition 2.6. (Quotient control systems [Mag14]). Consider the control-
a�ne system (2.45) on a smooth manifold M and suppose that the vector �elds f; gi for
i = 1; :::;m are complete. Let � be a nonsingular, smooth, involutive distribution which
is controlled invariant for (2.45). We denote by Sp the maximal integral manifold of �
through p. De�ne M� = M=� where � is the equivalence relation on M de�ned as

p; q 2M; p � q , Sp = Sq ; such that M=�= fSp 2 � : p 2Mg :

If M� can be given the structure of a smooth manifold such that � : M ! M� is a
submersion, then there exists unique vector �elds f �; g�i on M� that are �-related to f; gi,
respectively, for i = 1; :::;m. Moreover, if gi 2 �, then g�i = 0.

The signi�cance of this result is the ability to construct a global control system on M�

that is �-related to the control system on M , also under the name of aggregation of
abstraction. This concept may be enabled by control invariance, symmetries or actions
on lie groups [KZ86; TP05], and leads to the idea of hierarchical control [PLS00; PS02]
where, given a series of nested speci�cations, one can construct successive quotients of
the system. The choice of � corresponds to the amount of aggregation performed by the
abstraction as dimM� = dimM �dim �. For example, a vector �eld on R2 is said to be
a central �eld if it is invariant under the action of O(2). Its quotient space becomes the
ray, more precisely (R2nf(0; 0)g)=O(2) = R>0. In our application, we will mainly exploit
the relationship between the ray and the circle spaces as mutual quotients of R2.

Transverse control design

There is another class of feedback equivalence problems, closely related to IOLP, which
is cast in the output stabilization framework: the transverse feedback linearization pro-
cedure �rst reported in [BH95], studied in [Nie09], and used to derive path following
controllers.

Problem 2.5. Transverse feedback linearization problem (TFLP). Given a
maximal controlled-invariant submanifold �� � M of dimension n� < n, �nd condi-
tions under which system (2.45) is feedback equivalent to a system of the form

_� = ~f(z; �) + ~gk(z; �)vk + ~gt(z; �)vt (2.59a)
_� = A� +Bvt (2.59b)

where B is full rank, the pair (A;B) is controllable, and

T (��) = f(�; �) 2 Rn
�
� Rn�n

�
: � = 0g :

Typically, this problem is posed in local form [NM08], as the constant level sets of �
foliate a neighbourhood of ��, with the �ow across leaves described by (2.59b) being the
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transversal dynamics. One of the leaves of the foliation, � = 0 corresponds to the set
T (��) that we want to stabilize. The reduced (tangential) motion on the set �� becomes

_� = ~f(z; 0) + ~gk(z; 0)vk :

The �-subsystem represents a quotient system factoring out the motion on the set T (��).
When compared to IOLP, the situation is reversed in the sense that the TFLP does not
require a priori an output mapping whose zero dynamics manifold is ��. In IOLP the
design choice is the output function h(x) while in TFLP it is the manifold ��. In essence,
the TFLP is equivalent to a zero dynamics assignment problem with relative degree
[Nie09], i.e. the problem is solvable if and only if �� can be made into the zero dynamics
manifold induced by a suitable output function ŷ = �(x) yielding well de�ned vector
relative degree. Finally, driving x to �� is equivalent to stabilizing (�; �) to T (��) if the
trajectory x(t) is bounded. If x(t) is unbounded, say because the set itself is unbounded,
then additional design constraints must be imposed. A straightforward application of
this procedure is in path following, where some ideas in this thesis are rooted.

Another problem related to IOLP is the model matching problem studied in [Isi85;
DI86]. In our developments we will construct a dynamic feedback which performs model
matching between two nonlinear systems. Rather than posing it in a generic setting, we
relate it to the problem of feedback equivalence in Theorem 2.8, as well as to the control
problem presented next.

2.2.5 Sketch of the main control problem

Suppose we relax the requirement that the transverse dynamics be LTI controllable, and
instead ask that the �-subsystem be passive and may be stabilized via a PBF. Some
examples in this direction are [SJK97; OSS98; SST03]. We will �nd this procedure
particularly valuable in tackling the application at hand and, in general, mechanical
systems of the form (2.25).

Problem 2.6. Transverse feedback passivation problem (TFPP). Given a maxi-
mal controlled-invariant submanifold �� �M of dimension n� < n, �nd conditions under
which system (2.45) is feedback equivalent to a system of the form

_� = ~f(z; �) + ~gk(z; �)vk + ~gt(z; �)vt (2.60a)
_� = f(�) + g(�)vt (2.60b)

yt = g(�)>r�H ; (2.60c)

where subsystem (2.60b), (2.60c) is passive with storage H as well as ZSD, and where

T (��) = f(�; �) 2 Rn
�
� Rn�n

�
: � = 0g :

28



2.3 Stability of dynamical systems

Another aspect of this formulation is that it facilitates a co-re�nement of the prob-
lem speci�cation set �� in the control design stage. Although we will not pursue the
TFPP in its full technicality, we do provide some approach directions in the application
methodology part of the thesis.

2.3 Stability of dynamical systems

We recall some standard de�nitions of set stability and attractivity used in this thesis.
The main source is [EM13], but the concepts are inspired by older results in dynamical
systems [La 66; Sei70]. Let � � Rn be a closed and positively invariant set for a dynamical
system on X � Rn.

� : _x = f(x) ; x 2 X :

In this aim, if we consider I an interval on the real line, and a set S � X , we denote
�(I;S) = f�(t; x0) : t 2 I; x0 2 Sg. Given a closed, nonempty set S � Rn, a point
x 2 Rn and a vector norm k � k : Rn ! R, the point-to-set distance kxkS is de�ned as
kxkS = inffkx � yk : y 2 Sg. For a scalar � > 0, a point x 2 X and a set S � X , we
de�ne the opens sets B�(x) = fy 2 X : ky � xk < �g and B�(S) = fy 2 X : kykS < �g.

De�nition 2.24. [Set stability and attractiviy]

(i) the set � is said to be stable for � if 8� > 0 there exists a neighbourhood N (�)
such that �(R�0;N (�)) � B�(�);

(ii) the set � is said to be an attractor for � if there exists a neighbourhood N (�) such
that 8x0 2 N (�), lim

t!1
k�(t; x0)k� = 0;

(iii) the set � is said to be a global attractor for � if it is an attractor with N (�) = X ;

(iv) the set � is said to be a (globally) asymptotically stable if it is a (global) attractor
and stable for �.

�

When � is a compact positively invariant set, the concepts of stability, attractivity and
asymptotic stability de�ned above are equivalent to the so-called �-� notions.

De�nition 2.25. [Relative stability and attractiviy] Let O � X be such that O \
� 6= ?. We say that � is stable relative to O if, 8� > 0 there exists a neighbourhood
N (�) such that �(R�0;N (�) \O) � B�(�). Similarly, one modi�es all other notions in
De�nition 2.24 by restricting initial conditions to lie in O. �

De�nition 2.26. [Local uniform boundedness] System � is said to be locally uni-
formly bounded near � (LUB) if 8x 2 �, there exist positive scalars � and m such that
�(R�0; B�(x)) � Bm(x). �
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Since we will mainly work with level and sublevel sets of smooth functions, we recall
some useful special cases of Nagumo invariance [Nag42], also stated in Proposition (2.3).

Proposition 2.7. Let ’ : X ! Rm, with m � n be C1 and let 
 = fx 2 X : ’(x) = 0g.
Suppose 8x 2 
; rank d’x = m. Then, 
 is invariant if and only if Lf’(x) = 0; 8x 2 
.

Proposition 2.8. Let ’ : X ! R be C1 and let 
 = fx 2 X : ’(x) � 0g. Suppose
8x 2 Rn such that ’(x) = 0, d’x 6= 0. Then, 
 is positively invariant if and only if

8x 2 Rn; ’(x) = 0 ) Lf’(x) � 0 :

We shall use the next result, see also [SS90; Ort91], along with the LaSalle invariance
principle to address stabilization of cascades emerging in systems of the form (2.25).

Proposition 2.9. (Proposition 14 from [EM13]). Consider system _x = f(x; u),
and assume that there exists a locally Lipschitz feedback �u(x) making the sets �1 �
: : : � �l positively invariant for the closed-loop system. Let �l+1 = X , and consider the
following conditions for the closed-loop system _x = f(x; �u(x)):

(i’) For i = 1; : : : ; l, �i is globally asymptotically stable relative to �i+1 for the closed-
loop system.

(ii) For some k 2 f1; :::; lg, �k is either compact or it is unbounded and the closed-loop
system is LUB near �k

(iii) All trajectories of the closed-loop system are bounded.

Then, the following implication holds:

(b) (i’)^(iii)^(�1 is compact)) �1 is globally asymptotically stable for the closed-loop
system.

(d) (i’) ^ (ii) ^ (iii) ) �1; :::;�k are globally asymptotically stable for the closed-loop
system.

In the light of this proposition, we recall a particularly useful version of the invariance
principle.

Theorem 2.10. (Theorem 15.7 from [Bul19]). Consider the dynamical system �
with f di�erentiable, and assume that

(KL1) all trajectories of � are bounded;

(KL2) there exists a closed positively invariant set W � X ;

(KL3) there exists a continuously-di�erentiable function V : W ! R such that 8x 2 W,
LfV (x) � 0.
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2.3 Stability of dynamical systems

Then, for each solution �(t; x0) with x0 2 W, there exists c 2 R such that x converges to
the largest invariant set contained in

fx 2 W : LfV (x) = 0g \ V �1(c) : (2.61)

Note: if the closed positively invariant set W in assumption (KL2) is also bounded then
assumption (KL1) is automatically satis�ed. If the largest invariant set is the union of
multiple disjoint non-empty sets, then the solution must converge to one of these disjoint
sets.
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CHAPTER 3
Approach and motivation

This chapter is dedicated to the presentation of two concepts used to address the prob-
lems in this thesis. The �rst deals with a control design procedure in the form of a
level-set stabilization problem, while the second serves as an insight into the relationship
between the geometry of the state space and the properties of the vector �eld. In both
cases we will identify a mechanical system structure, which yields favorable convergence
properties and exploits the skew-symmetric nature of the interconnection.

3.1 Systems with modulated energy-transfer

In this section we study a certain class of systems which, when biased by disturbance,
preserve the passivity of the transient dynamics. Our aim is to capture the salient
features of the application, but also preserve notational clarity. Consider, also illustrated
in Fig. 3.1, the system below

"
_q
_p

#

=
"
0n�n G>

�G J(q)�R

# "
rqH
rpH

#

+
"
0n�n
G

#

u+
"
0n�l
E

#

w (3.1a)

y = G>rpH ; (3.1b)

where p 2 Rm are the generalized momenta, q 2 Rn are the generalized coordinates,
y 2 Rn are the actuated velocities, u 2 Rn and w 2 Rl are the generalized actuation
and disturbance forces respectively, such that m = n + l with l > 0 is the degree of
under-actuation. We consider a positive de�nite mass matrix M = M> 2 Rm�m, and a
smooth potential energy function V : Rn ! R, such that

H(q; p) = 1
2p
>M�1p+ V (q) : (3.2)

A similar scenario is also studied in [FDM19]. Furthermore, we assume that the distur-
bance and the un-actuated output are given by

_�q = �y (3.3a)
w =  (�q) (3.3b)
v = E>rpH ; (3.3c)
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Figure 3.1: Graphical illustration of the Hamiltonian control system (3.1).

where �q 2 Rn is an exogenous state, v 2 Rn are the un-actuated velocities, �y 2 Rn is a
constant and  : Rn ! Rl is a smooth map. While at the moment still abstract, the
map  can be related to some of the intended speci�cations but also the structure of the
interaction of system (3.1) with an exogenous system.

We assume that J(q) = �J(q)> 2 Rm�m is skew symmetric and smooth in q, and
that R = R> 2 Rm�m is positive de�nite. Let G 2 Rm�n and E 2 Rm�l be the source,
respectively load, selection matrices such that

G =
"
In

0l�n

#

; E =
"
0n�l
Il

#

: (3.4)

Also assume a decomposition in terms of mass and damping, usually diagonal matrices

M =
"
M1 0n�l
0l�n M2

#

; R =
"
R1 0n�l
0l�n R2

#

; (3.5)

where M1 2 Rn�n, M2 2 Rl�l, R1 2 Rn�n and R2 2 Rl�l are symmetric positive de�nite,
and most importantly in the interconnection matrix

J(q) =
"

0n�n J12(q)>

�J12(q) 0l�l

#

: (3.6)

where J1(q) 2 Rn�n and J2(q) 2 Rl�l are skew symmetric. In full generality, all of the
above mentioned matrices may be state dependent, however we are looking into cases
where the generalized coordinate play a special role: they modulate the energy transfer.
Examples of such systems are power converters and most classes of electro-mechanical
systems.

3.1.1 Biased Hamiltonian systems

We consider as design choice the input u but also the potential energy V (q). Due to the
bias w, as well as the additional objectives one may wish to achieve, simply stabilizing
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3.1 Systems with modulated energy-transfer

the zero equilibrium of system (3.1) may not be desirable. This is especially the case
of power conversion systems such as the ones considered in this thesis. Typical of these
cases is a relationship between the output bias and properties of the intended behavior.
For example, in power systems, quantities must have a constant, nonzero frequency and
amplitude at steady-state. In this regard, our �rst design step involves shifting the
kinetic energy level while the second deals with potential energy shaping.

Problem 3.1. (Hamiltonian speci�cations) Consider system (3.1). Assign the in-
put u and the potential energy function V (q) such that the following are satis�ed

(O1) Output level stabilization: y(t)! �y;
(O2) Potential energy shaping: q(t)! rV �1(0);

as t!1, where V encodes speci�cations compatible with the exosystem (3.3a).

With this in mind, we de�ne the coordinate transformation centered around (�q; �y)

q 7! � = q � �q
y 7! ~y = y � �y

�����
v 7! z = 	(�q)v
w 7! �w = 	(�q)w :

(3.8)

where �; ~y 2 Rn, z; �w 2 Rl and 	(�q) 2 Rl�l is an orthonormal matrix, i.e. 	(�q)�1 = 	(�q)>,
and smooth 8�q 2 Rn. An example of such procedure is the dq-frame transformation. This
allows us to preserve, to some extent, the Hamiltonian structure and yields the following
observation.

Lemma 3.1. (Shifting the output level). Consider the coordinate transformation
(3.8), and assume that there exists a skew symmetric matrix F2 and a matrix-valued
function F12 : Rn ! Rl�n such that

F12(�) = 	(�q)J12(q) (3.9a)
F2 = �F>2 = M2

d
dt (	(�q)) 	(�q)�1 : (3.9b)

Moreover, assume that 	(�q)R2 = R2	(�q) and 	(�q)M2 = M2	(�q). Then, system (3.1)
is feedback equivalent to the following system

_� = ~y (3.10a)
M1 _~y =�R1(~y + �y) + F12(�)>z �r�U + u (3.10b)
M2 _z = (F2�R2)z � F12(�)(~y + �y) + �w ; (3.10c)

where U(�) = V (� + �q).

Proof of Lemma 3.1: Under the assumptions of this Lemma, the vector �elds of system
(3.1) and (3.10) are related by the di�eomorphism (3.8) with the same input.
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While no longer a passive system, writing explicit dynamics in terms of the error variables
facilitates the feedback design, as we shall see next.

So far we have imposed a particular structure on our original system precisely because
we want to capture the essential features of power conversion applications. We dedicate
the rest of Section 3.1 to a series of feedback transformations which ultimately re�ect
the relationship between the nonlinearity of the state space and that of the vector �eld.

3.1.2 Zero dynamics re�nement

Notice that the shifted output ~y also has vector relative degree f1; :::; 1g. On the one
hand, in order to satisfy (O1) for the transformed system, one may pursue the stabiliza-
tion of the largest invariant subset of the zero-dynamics manifold

Z�1 = f(�; ~y; z) : ~y = 0g : (3.11)

On the other hand, due to the actuation structure, the potential energy U is free to be
assigned, and can be used to achieve objective (O2). We therefore de�ne a smaller set

Z�2 = f(�; ~y; z) : rU(�) = 0; ~y = 0g : (3.12)

By looking at (3.10b), one can derive the unique input which renders Z�2 invariant as

�u = R1�y � F12(�)>z : (3.13)

Now notice that, under the control action u = �u, the dynamics of (3.10) reduced to Z�2
take the form of

M2 _z = (F2 �R2)z � F12(�)�y + �w : (3.14)

On the set Z�2 we can de�ne the steady-state of (3.14) as a function parametrised by the
initial condition of �

ẑ(�) = (F2 �R2)�1(F12(�)�y � �w) : (3.15)

This allows us to consider the re�ned controled-invariant set

Z�3 = f(�; ~y; z) : rU(�) = 0; ~y = 0; z = ẑ(�)g : (3.16)

Observe that, for system (3.10), the input obtained from the restriction of �u to Z�3 ,
namely

û(�) = R1�y � F12(�)>ẑ(�) : (3.17)

renders the set Z�3 invariant. One can see that the steady-state behavior z = ẑ(�)
is generated internally as a consequence of the fact that the generalized coordinates
dominate the un-actuated component.

36



3.1 Systems with modulated energy-transfer

3.1.3 Error coordinates and feedback passivation

We are now able to propose three ways of designing feedback which renders the system
in error coordinates and reveals the transverse dynamics.

Proposition 3.1. (Stabilization of Z�3). Consider system (3.10) and suppose that
either of the following holds:

(i) u = �u;

(ii) u = û and, 8� bounded

R1 � 1
4
@ẑ
@� (�)

>M2R�1
2 M2

@ẑ
@� (�) ; (3.18)

(iii) u = ~u+ û, where
~u = @ẑ

@�
>M2(z � ẑ(�)) : (3.19)

Moreover, assume that U : Rn ! R is radially unbounded. Then, Z�3 is globally asymp-
totically stable for the closed loop.

Proof of Proposition 3.1: One the one hand, when using u = �u in (3.10), a cascade
between (3.10a)-(3.10b) and (3.10c) emerges. We �rst consider the autonomous system

_� = ~y (3.20a)
M1 _~y =�R1~y �r�U ; (3.20b)

for which we pick the LaSalle candidate function

H1(�; ~y) = 1
2 ~y>M1~y + U(�) : (3.21)

Its derivative along solutions of (3.20) is _H1 = �~y>R1~y. To apply LaSalle’s invari-
ance principle, we construct a suitable positive invariant set for (3.20). Let 
(�0; ~y0) =
f(�; ~y) : H1(�; ~y) � H1(�0; ~y0)g, where (�0; ~y0) is the initial condition of (3.20). Due to
the radial unboundedness of H1, the set 
 is compact, and so we cen conclude that all
solutions of (3.20) converge to

� = f(�; ~y) 2 
 : ~y = 0; rU(�) = 0g : (3.22)

Thus, we have that Z�2 = ��Rl is globally asymptotically stable for system (3.10) in
closed loop. On the other hand, when (3.1) is initialized on Z�2 with u = �u, and using
using the transformation ~z = z � ẑ(�), the closed-loop dynamics reduce to simply

M2 _~z = (F2 �R2)~z : (3.23)
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Figure 3.2: Illustration of system (3.1) under the feedback transformation (3.8), ~z = z�ẑ
and u = �u+ ut, where ut is a passive input. The cascade takes the TFPP form (2.60),
where the zero dynamics (right) are driven by a passive, ZSD system (left).

One can see that the closed-loop solutions initialized on Z�2 converge to the set

Z�3 = f(�; ~p) : ~p = 0; rU(�) = 0g : (3.24)

With this argument, we conclude that Z�3 globally asymptotically stable relative to Z�2 .
In error coordinates, the cascade takes the form of a TFPP, seen in Fig. 3.2.

Due to the radial unboundedness of U , we have that Z�3 is also compact. From
(3.20) we see that the solutions q(t); y(t) are bounded, since they globally converge to a
bounded set. We then have that the driven dynamics (3.10c) become

M2 _z = (F2 �R2)z + d ; (3.25)

where d = �F12(�)~y � F12(�)�y + �w is seen as a bounded1 input. We have that (3.25) is
an asymptotically stable LTI system driven by a bounded input and so its solutions z(t)
are also bounded for all time. We are now in a position to apply Proposition 2.9, case
(b) and conclude that ~Z�3 globally asymptotically stable for the entire state space.

For case (ii) we rewrite (2.25) with input u = û(�), using the coordinate transforma-
tion ~z = z � ẑ(�), as

_� = ~y (3.26a)
M1 _~y =�R1~y + F12(�)>~z �r�U (3.26b)
M2 _~z = (F2(�)�R2)~z � F12(�)~y �M2

@ẑ
@q ~y : (3.26c)

If we consider the candidate storage function

~H = 1
2 ~y>M1~y + 1

2 ~z>M2~z + U(�) ; (3.27)

we have that its derivative along solutions evaluates as

_~H =� ~y>R1~y � ~z>R2~z � ~z>M2
@ẑ
@q ~y

=�
"

~y
~z

#> 2

4 R1
1
2
@ẑ
@q
>M2

1
2M2

@ẑ
@q R2

3

5
"

~y
~z

#

1since we assume that F12(�) is bounded 8q bounded
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3.1 Systems with modulated energy-transfer

From assumption (3.18), we have that _~H is negative de�nite. Using LaSalle in the same
way as for system (3.20), we conclude that under (ii), ~Z�3 is globally asymptotically
stable for (3.26).

For case (iii) we write (3.1) with input u = ~u+ û as

_� = ~y

M1 _~y =�R1~y + F12(�)>~z + @ẑ
@q
>M2~z �r�U

M2 _~z = (F2 �R2)~z � F12(�)~y �M2
@ẑ
@q ~y :

Similarly as for (3.26), the storage function (3.27) now evaluates as _~H = �~y>R1~y�~z>R2~z
rendering the set ~Z�3 globally asymptotically stable without requiring the dissipation
condition (3.18). Finally, if we write ~Z�3 in original coordinates, and since (3.8) is a
di�eomorphism, we have that Z�3 is globally asymptotically stable for the closed-loop.

Relationship to TFPP

Notice that each input performs a di�erent kind of stabilization: (i) induces a TFPP
cascade, (ii) only uses position information but may require additional damping via an
additional term of the form �k~y, while (iii) enforces the passivity property.

!

1
s

<latexit sha1_base64="XrlZAywcQwZGU9yrNrdUIPxRpAc="></latexit>

1
s

<latexit sha1_base64="XrlZAywcQwZGU9yrNrdUIPxRpAc="></latexit>

!!

! R1

<latexit sha1_base64="7YNpokTcVUvz8YN0b+Q8qYHlxno=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBi2VXWvRY9OKxiv2AdinZNNuGJtklyQpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3md56o0iySj2YaU1/gkWQhI9hk0sXDwBuUK27VnQOtEi8nFcjRHJS/+sOIJIJKQzjWuue5sfFTrAwjnM5K/UTTGJMJHtGepRILqv10fusMnVlliMJI2ZIGzdXfEykWWk9FYDsFNmO97GXif14vMeG1nzIZJ4ZKslgUJhyZCGWPoyFTlBg+tQQTxeytiIyxwsTYeEo2BG/55VXSvqx6tWr9vlZp3ORxFOEETuEcPLiCBtxBE1pAYAzP8ApvjnBenHfnY9FacPKZY/gD5/MHPgeNuQ==</latexit>

M ! 1
1

<latexit sha1_base64="rl0u0336l5QlscEvEar/gzDhAmk=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBC8GHYlosegFy9CBPOAZA2zk95kyOzsOjMrhCU/4cWDIl79HW/+jZPHQRMLGoqqbrq7gkRwbVz321laXlldW89t5De3tnd2C3v7dR2nimGNxSJWzYBqFFxizXAjsJkopFEgsBEMrsd+4wmV5rG8N8ME/Yj2JA85o8ZKzduO95CdeqNOoeiW3AnIIvFmpAgzVDuFr3Y3ZmmE0jBBtW55bmL8jCrDmcBRvp1qTCgb0B62LJU0Qu1nk3tH5NgqXRLGypY0ZKL+nshopPUwCmxnRE1fz3tj8T+vlZrw0s+4TFKDkk0XhakgJibj50mXK2RGDC2hTHF7K2F9qigzNqK8DcGbf3mR1M9KXrl0flcuVq5mceTgEI7gBDy4gArcQBVqwEDAM7zCm/PovDjvzse0dcmZzRzAHzifPyIkj2M=</latexit>

M ! 1
2

<latexit sha1_base64="Xv88hnVXO8hl4ht0iGMtUfsAdB0=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRbBi2W3VPRY9OJFqGA/oF1LNs22oUl2TbJCWfonvHhQxKt/x5v/xrTdg7Y+GHi8N8PMvCDmTBvX/XZyK6tr6xv5zcLW9s7uXnH/oKmjRBHaIBGPVDvAmnImacMww2k7VhSLgNNWMLqe+q0nqjSL5L0Zx9QXeCBZyAg2Vmrf9ioP6Zk36RVLbtmdAS0TLyMlyFDvFb+6/YgkgkpDONa647mx8VOsDCOcTgrdRNMYkxEe0I6lEguq/XR27wSdWKWPwkjZkgbN1N8TKRZaj0VgOwU2Q73oTcX/vE5iwks/ZTJODJVkvihMODIRmj6P+kxRYvjYEkwUs7ciMsQKE2MjKtgQvMWXl0mzUvaq5fO7aql2lcWRhyM4hlPw4AJqcAN1aAABDs/wCm/Oo/PivDsf89ack80cwh84nz8jrY9k</latexit>

F2 ! R2

<latexit sha1_base64="xWNKIWgUaMG9RWVpanQ0rVQPlAc=">AAAB8nicbVBNS8NAEJ34WetX1aOXrUXwYklKRY9FQTxWsR+QhLDZbtqlm2zY3Qil9Gd48aCIV3+NN/+N2zYHbX0w8Hhvhpl5YcqZ0rb9ba2srq1vbBa2its7u3v7pYPDthKZJLRFBBeyG2JFOUtoSzPNaTeVFMchp51weDP1O09UKiaSRz1KqR/jfsIiRrA2knsb1LzyuVd+CGpBqWJX7RnQMnFyUoEczaD05fUEyWKaaMKxUq5jp9ofY6kZ4XRS9DJFU0yGuE9dQxMcU+WPZydP0KlReigS0lSi0Uz9PTHGsVKjODSdMdYDtehNxf88N9PRlT9mSZppmpD5oijjSAs0/R/1mKRE85EhmEhmbkVkgCUm2qRUNCE4iy8vk3at6tSrF/f1SuM6j6MAx3ACZ+DAJTTgDprQAgICnuEV3ixtvVjv1se8dcXKZ47gD6zPHxA1j9E=</latexit>

!

÷y

<latexit sha1_base64="tiowsJusheH+ASG6pbK+OEik5bo=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0mkoseiF48V7Ie0oWw2k3bp7ibsboQQ+iu8eFDEqz/Hm//GbZuDtj4YeLw3w8y8IOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo+NUUWjTmMeqFxANnEloG2Y49BIFRAQcusHkduZ3n0BpFssHkyXgCzKSLGKUGCs9DgzjIeTZdFituXV3DrxKvILUUIHWsPo1CGOaCpCGcqJ133MT4+dEGUY5TCuDVENC6ISMoG+pJAK0n88PnuIzq4Q4ipUtafBc/T2RE6F1JgLbKYgZ62VvJv7n9VMTXfs5k0lqQNLFoijl2MR49j0OmQJqeGYJoYrZWzEdE0WosRlVbAje8surpHNR9xr1y/tGrXlTxFFGJ+gUnSMPXaEmukMt1EYUCfSMXtGbo5wX5935WLSWnGLmGP2B8/kDR3qQuw==</latexit>

÷z

<latexit sha1_base64="I6zN9uoj+0PUqlXm5vAVCozGXsE=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lE0WPRi8cK9kPaUDababt0Nwm7E6GG/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqDg0ey1i3A2ZAiggaKFBCO9HAVCChFYxupn7rEbQRcXSP4wR8xQaR6AvO0EoPXRQyhOxp0itX3Ko7A10mXk4qJEe9V/7qhjFPFUTIJTOm47kJ+hnTKLiESambGkgYH7EBdCyNmALjZ7ODJ/TEKiHtx9pWhHSm/p7ImDJmrALbqRgOzaI3Ff/zOin2r/xMREmKEPH5on4qKcZ0+j0NhQaOcmwJ41rYWykfMs042oxKNgRv8eVl0jyreufVi7vzSu06j6NIjsgxOSUeuSQ1ckvqpEE4UeSZvJI3RzsvzrvzMW8tOPnMIfkD5/MHSP+QvA==</latexit>

1
s

<latexit sha1_base64="XrlZAywcQwZGU9yrNrdUIPxRpAc="></latexit>

B12(! )!

<latexit sha1_base64="EUd3ixkPg3ld2AMw+mOZ/CqkNZA=">AAAB/HicbVDLSsNAFJ3UV62vaJdugkWom5KUii5L3bisYB/QxDCZTNqhkwczN0II9VfcuFDErR/izr9x2mahrQcuHM65l3vv8RLOJJjmt1ba2Nza3invVvb2Dw6P9OOTvoxTQWiPxDwWQw9LyllEe8CA02EiKA49Tgfe9GbuDx6pkCyO7iFLqBPiccQCRjAoydWrHTe3mrO67VMO+OLBhjhx9ZrZMBcw1olVkBoq0HX1L9uPSRrSCAjHUo4sMwEnxwIY4XRWsVNJE0ymeExHikY4pNLJF8fPjHOl+EYQC1URGAv190SOQymz0FOdIYaJXPXm4n/eKIXg2slZlKRAI7JcFKTcgNiYJ2H4TFACPFMEE8HUrQaZYIEJqLwqKgRr9eV10m82rFbj8q5Va3eKOMroFJ2hOrLQFWqjW9RFPURQhp7RK3rTnrQX7V37WLaWtGKmiv5A+/wBuYGUMQ==</latexit>

! B12(! )

<latexit sha1_base64="+aOIvE+g0pkVh91se4Xn7qWL84U=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoJViEerAkpaLHUi8eK9gPaEPYbCbt0s0m7G6EGvpLvHhQxKs/xZv/xm2bg7Y+GHi8N8PMPD9hVCrb/jYKG5tb2zvF3dLe/sFh2Tw67so4FQQ6JGax6PtYAqMcOooqBv1EAI58Bj1/cjv3e48gJI35g5om4EZ4xGlICVZa8szyZcvLnPqsOgyAKXzhmRW7Zi9grRMnJxWUo+2ZX8MgJmkEXBGGpRw4dqLcDAtFCYNZaZhKSDCZ4BEMNOU4Aulmi8Nn1rlWAiuMhS6urIX6eyLDkZTTyNedEVZjuerNxf+8QarCGzejPEkVcLJcFKbMUrE1T8EKqACi2FQTTATVt1pkjAUmSmdV0iE4qy+vk2695jRqV/eNSrOVx1FEp+gMVZGDrlET3aE26iCCUvSMXtGb8WS8GO/Gx7K1YOQzJ+gPjM8fNGCSKQ==</latexit>

!" ! U

<latexit sha1_base64="HxC/UWkY8v6FpkNqhnwtvo1u4D4=">AAAB+XicbVBNS8NAEN34WetX1KOXxSJ4sSRSqMeiF48VTFtoQphstu3SzSbsbgol9J948aCIV/+JN/+N2zYHbX0w8Hhvhpl5UcaZ0o7zbW1sbm3v7Fb2qvsHh0fH9slpR6W5JNQjKU9lLwJFORPU00xz2sskhSTitBuN7+d+d0KlYql40tOMBgkMBRswAtpIoW1f+wIiDqEfU64Be6Fdc+rOAniduCWpoRLt0P7y45TkCRWacFCq7zqZDgqQmhFOZ1U/VzQDMoYh7RsqIKEqKBaXz/ClUWI8SKUpofFC/T1RQKLUNIlMZwJ6pFa9ufif18/14DYomMhyTQVZLhrkHOsUz2PAMZOUaD41BIhk5lZMRiCBaBNW1YTgrr68Tjo3dbdRbz42aq27Mo4KOkcX6Aq5qIla6AG1kYcImqBn9IrerMJ6sd6tj2XrhlXOnKE/sD5/ALofkxY=</latexit>

!

<latexit sha1_base64="+VKucry2xu1d47EVc67mAsjeu4o=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS0WPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9SImkPTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJ66Lq16qX97VK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/AJQkjyQ=</latexit>

!

Figure 3.3: Illustration of system (3.36), with interconnection matrix B12(�) = F12(�) +
M2

@ẑ
@� (�) seen as an energy transfer mechanism modulated by the seeking variable �.

While in case (i) the zero dynamics are represented by the ~z-subsystem, for the other
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Chapter 3. Approach and motivation

two cases the cascade is no longer present and, in some sense, the (passive) transverse
dynamics occupy the whole state space.

Lemma 3.2. (Feedback passivation). Consider the feedback transformation

z 7! ~z = z � ẑ (3.30a)
u 7! f = u� û� ~u ; (3.30b)

Then, system (3.1) is feedback equivalent to a passive system with input f , output ~y and
storage function

~H = 1
2 ~y>M1~y + 1

2 ~z>M2~z + U(�) ; (3.31)

Proof of Lemma 3.2: We de�ne ~z = z � ẑ(�) and write feedback equivalent system
(3.1), (3.30) as

_� = ~y (3.32a)

M1 _~y =�R1~y + F12(�)>~z + @ẑ
@�
>M2~z �r�U + f (3.32b)

M2 _~z = (F2 �R2)~z � F12(�)~y �M2
@ẑ
@� ~y : (3.32c)

The derivative of (3.31), along solutions of (3.32), evaluates as

_~H = �~y>R1~y � ~z>R2~z + f>~y � f>~y ; (3.33)

a condition which is both necessary and su�cient for (3.32) to be passive.

Remark 3.1. (Energy-based interpretation) Notice that (3.19) can be written as

~u = �r�

�
1
2(z � ẑ(�))>M2(z � ẑ(�))

�
; (3.34)

which is the gradient with respect to the coordinate � of the transverse kinetic energy

~K = 1
2 ~y>M1~y + 1

2(z � ẑ(�))>M2(z � ẑ(�)) : (3.35)

�

The equivalent system (3.1), (3.8), (3.30) takes the form of the unbiased (i.e. undis-
turbed) mechanical system (2.25), seen in Fig. 3.3 and rewritten below as

" _�
_~p

#

=
"
0n�n G>

�G F(�)�R

# "
r� ~H
r~p ~H

#

+
"
0n�n
G

#

f (3.36a)

~y = G>r~p ~H ; (3.36b)

where ~p = GM1~y +EM2~z 2 Rm. The Hamiltonian ~H depends on the transverse coordi-
nates (�; ~p), and with the interconnection matrix given by

F(�) =
"

0n�n F12(�)> + @ẑ
@� (�)

>M2

�F12(�)�M2
@ẑ
@� (�) F2

#

:
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3.1 Systems with modulated energy-transfer

To summarize our �ndings, by starting with a suitable system structure, in the form of
a biased under-actuated Hamiltonian system, we arrive at two main feedback passivation
procedures, one which renders only the actuated sub-system as transverse and another
which does the same for the entire system. What we see in the latter case is that the
input must be augmented with a gradient of an energy corresponding to the steady-
state induced in the under-actuated dynamics. We now aim to manipulate the dominant
dynamics in order to help us achieve the rest of our speci�cations.

3.1.4 Shaping the potential energy

The radial unboundedness assumption of Proposition 3.1 can be related to the nature
of the interconnection matrix and the degree of under-actuation. For example, we may
have that it results in a steady-state map � 7! ẑ(�) that is linear a�ne,

ẑ(�) = �� + � : (3.37)

with � 2 Rl�n of rank n � l, and � 2 Rl constant. In that case, one may construct a
potential energy

U(�) = 1
2(� � ��)>�>�(� � ��) ; (3.38)

which is positive de�nite at ��. Therefore, Z�3 = f(��; 0; z�)g becomes an equilibrium
point speci�ed by the choice of either z� = ẑ(��) 2 Rl or �� 2 Rn.

The critical points of the potential energy (O2) may be used to encode speci�cations
for the un-actuated component z, indirectly via the map � 7! ẑ(�), e.g. one may consider
U(�) = W (ẑ(�)), with W = 1

2kẑ(�)� z�k2.

Proposition 3.2. (Compactness property). Consider system (3.36) and suppose
there exists a smooth map � : Rn ! � such that

(i) @�
@� = T (�(�)), F(�) = J (�(�)) and U(�) = S(�(�)) , where T : � ! Rn�n,
J : �! Rm�m and S : �! R are smooth maps

(ii) S(�) is radially unbounded in � = �(�).

� 7! � = �(�) : (3.39)

If we de�ne the map �(�; ~p) = (�(�); ~p), then

(a) System (3.36) is feedback equivalent to a passive system with input f , output ~y and
storage function

H(�; ~y; ~z) = 1
2 ~y>M1~y + 1

2 ~z>M2~z + S(�) ; (3.40)

(b) The set
~Z�3 = f(�; ~p) : rS(�) = 0; ~p = 0g ; (3.41)

is globally asymptotically stable for the resulting open-loop system.
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Chapter 3. Approach and motivation

Proof of Proposition 3.2: For (a), under the assumptions (i)-(iii), and using transfor-
mation (3.39), system (3.36) also takes the form of (2.25), written as

" _�
_~p

#

=
"

0n�n G(�)>

�G(�) J (�)�R

# "
r�H
r~pH

#

+
"
0n�n
G

#

f (3.42a)

~y = G>r~pH ; (3.42b)

where J (�) = F(�), G(�) = GT (�), and

H(�; ~y; ~z) = 1
2 ~y>M1~y + 1

2 ~z>M2~z + S(�) : (3.43)

We have that this system is passive since

_H = �~y>R1~y � ~z>R2~z + f>~y � f>~y : (3.44)

For (b), due to the radial unboundedness of S have that any sub-level set ofH is compact
and so we may apply LaSalle to conclude that all solutions of (3.42) converge to the
largest invariant subset of the zero-dissipation set, namely to ~Z�3 .

One may interpret this procedure as a detectability enforcement for the objectives
encoded in the potential energy function. The results of this section provide a way to
account for the dynamics which are not speci�ed, i.e. not visible, in the virtual output
ŷ = r�U . In another view, we perform a decomposition of the system dynamics into
a complex (dominant) behavior, in the form of �(t) ! rU�1(0) and (natural) damped
behavior in the sense of ~p(t) ! 0, which decay according to the dissipation already
present in the system.

In the following chapters we will arrive, upon some model matching procedure, at a
system of the form (3.1) representing either a single-machine connected to an in�nite-bus
scenario or an interconnected multi-machine, multi-converter system. Either case will
require the output to be biased and hence, feedback equivalence problems will be posed
and solved. Upon a passivation procedure, we will devise a transient system of the form
(2.25) for which the potential energy will be designed. In the next section we address two
speci�c instances where the state-space topology is exploited for a Laplacian potential
energy-shaping design.

3.2 Control on the ray and on the circle

Let us consider another set of control primitives, intended for the application at hand, by
investigating the relationship between nonlinearity of the state space and the nonlinearity
of the vector �eld. As in the view of [Zhu13; Cha18], embedding the state space manifold
in Euclidean space allows us to use a single cartesian coordinate frame whereby useful
properties extend globally. This section presents two mutual quotients of the Euclidean
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plane as output spaces for our design problem: the circle (S1) and the ray (R>0). In both
cases we look how natural projections are induced by de�ning a gradient vector �eld on
the punctured plane R2nf(0; 0)g, when decomposed as S1 � R>0. While the geometric
framework is expressed in a coordinate-free way, the control design and commissioning is
ultimately done using Euclidean variables. We consider these two complementary spaces
because they are prevalent in most physical systems, in particular electrical machines,
and can serve in extracting physical intuition. One can see the purpose of carefully
choosing coordinate charts in the next developments.

3.2.1 The scaled torus and the oriented cone

We start by de�ning the transformation � : R2 ! R2 as a coordinate representation of
the exponential map on a Lie group 
 + i� 7! exp(
 + i�), namely z = �(
; �), where

�(
; �) =
"
e
 cos �
e
 sin �

#

: (3.45)

Consider the rotationR� =
h

cos � � sin �
sin � cos �

i
and the natural basis elements g1 = [ 1

0 ], g2 = [ 0
1 ],

so that we can write shorthand z = e
R�g1. Alternatively, one can de�ne j = [ 0 �1
1 0 ] and

write R� as ej�. The images of orthogonal level sets through the map � become

C
� = f(z1; z2) 2 R2 : ln
q
z2

1 + z2
2 = 
�g = �

�
f(
; �) 2 R2 : 
 = 
�g

�
(3.46a)

L�� = f(z1; z2) 2 R2 : atan2(z2; z1) = ��g = �
�
f(
; �) 2 R2 : � = ��g

�
; (3.46b)

making use of the immersion maps z �17�! 
 = ln
q
z2

1 + z2
2 and z �27�! � = atan2(z2; z1).

Remark 3.2. (Nonlinear spaces) An important property of � is that it maps di�eo-
morphically between the cartesian plane R2, where variable (
; �) is de�ned, and the
punctured plane R2nf(0; 0)g. This will allow us to overcome some obstacles related to
boundedness of solutions. For this reason, whenever we will use z 2 R2 as a state variable,
we will implicitly exclude the origin as an initial condition. �

We call C
� � R2, the circle scaled by 
�, e.g. C0 = S1, and L�� � R2, the ray oriented by
��. The set R>0 can be recovered by using the natural projection g>1 R>�� on an element
of L�� . The next step is to de�ne the multivariable version. Let 
 = (
1; :::; 
n) 2 Rn,
� = (�1; :::; �n) 2 Rn, [
] = diag(
1; :::; 
n) 2 Rn�n, and R� = blkdiag(R�1 ; :::;R�n) 2
R2n�2n, then the mapping becomes

(
;�) �7�! z = R�(e[
] 
 g1)1n : (3.47)

Consequently, we have that

C
� = �
�
f(
;�) 2 R2n : 
 = 
�g

�
= C
�1 � :::� C
�n (3.48a)

L�� = �
�
f(
;�) 2 R2n : � = ��g

�
= L��1 � :::� L��n ; (3.48b)
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as the scaled torus and the oriented cone, respectively. Notice that the rows ofr
�(
;��)
and r��(
�;�) span the tangent bundles T L�� and T C
� , and can be expressed as

r
� = (e[
] 
 g>1 )R>� (3.49a)
r�� = (e[
] 
 g>2 )R>� (3.49b)

Hence, we can construct two orthonormal projections in the ambient space

P
 = r
�>(r
�r
�>)�1r
� = R�(In 
 g1g>1 )R>� (3.50a)
P� = r��>(r��r��>)�1r�� = R�(In 
 g2g>2 )R>� ; (3.50b)

and de�ne P �
 = P
(
;��) as the tangent plane projection for L�� and P �� = P�(
�;�)
as the tangent plane projection for C
� . Notice that these projections only depend on
the angle and are applied to vectors evaluated at a point z = R�(e[
] 
 g1)1n as

vt = P �
v(z) = R��(In 
 g1g>1 )R>��v(z) (3.51a)
vk = P �� v(z) = R�(In 
 g2g>2 )R>� v(z) ; (3.51b)

where the quali�ers transverse t and tangential k are referred with respect to the scaled
torus which is the main object of interest for the application at hand.

C! !

L ! !

!

<latexit sha1_base64="sPQL8yqu43205fRK9uKEP1QfFtg=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKexKRI9BLx4jmAckS+idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnAkM5k7RpmeW0k2gKIuK0HY1vZ377iWrDlHywk4SGAoaSxYyAdVKrNwQhoF+u+FV/DrxKgpxUUI5Gv/zVGyiSCiot4WBMN/ATG2agLSOcTku91NAEyBiGtOuoBEFNmM2vneIzpwxwrLQrafFc/T2RgTBmIiLXKcCOzLI3E//zuqmNr8OMySS1VJLFojjl2Co8ex0PmKbE8okjQDRzt2IyAg3EuoBKLoRg+eVV0rqoBrXq5X2tUr/J4yiiE3SKzlGArlAd3aEGaiKCHtEzekVvnvJevHfvY9Fa8PKZY/QH3ucPiYOPHQ==</latexit>

!

<latexit sha1_base64="jeMNMzS8PsU1FWkR24iA8gyofpY=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9HHGm/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxWNuPGz+bVTcmaVAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UyoJEWu2GJRmEqCMZm9TgZCc4ZyYgllWthbCRtRTRnagEo2BG/55VXSuqh6terlfa1Sv8njKMIJnMI5eHAFdbiDBjSBwSM8wyu8ObHz4rw7H4vWgpPPHMMfOJ8/po+PMA==</latexit>

! !

<latexit sha1_base64="AlxnGTHuGhpoDXMJNoHIA6mEAbs=">AAAB73icdVDLSgNBEJz1GeMr6tHLYBDEw7Ibs2ZzC3rxGME8IFnD7GQ2GTL7cKZXCCE/4cWDIl79HW/+jbNJBBUtaCiquunu8hPBFVjWh7G0vLK6tp7byG9ube/sFvb2mypOJWUNGotYtn2imOARawAHwdqJZCT0BWv5o8vMb90zqXgc3cA4YV5IBhEPOCWgpXYXhgzI7WmvULRMyym5bhVb5lmlWnLONbGsiuvY2NYkQxEtUO8V3rv9mKYhi4AKolTHthLwJkQCp4JN891UsYTQERmwjqYRCZnyJrN7p/hYK30cxFJXBHimfp+YkFCpcejrzpDAUP32MvEvr5NC4HoTHiUpsIjOFwWpwBDj7Hnc55JREGNNCJVc34rpkEhCQUeU1yF8fYr/J82SaZdN57pcrF0s4sihQ3SETpCNKqiGrlAdNRBFAj2gJ/Rs3BmPxovxOm9dMhYzB+gHjLdPPyuQIQ==</latexit>

! !

<latexit sha1_base64="tRqz41b9pYUMtIjez9ozsv8v30M=">AAAB73icdVDLSgMxFM34rPVVdekmWARxMczUjp3uim5cVrAPaMeSSTNtaJIZk4xQSn/CjQtF3Po77vwbM20FFT1w4XDOvdx7T5gwqrTjfFhLyyura+u5jfzm1vbObmFvv6niVGLSwDGLZTtEijAqSENTzUg7kQTxkJFWOLrM/NY9kYrG4kaPExJwNBA0ohhpI7W7A8Q5uj3tFYqO7Xgl369Cxz6rVEveuSGOU/E9F7qGZCiCBeq9wnu3H+OUE6ExQ0p1XCfRwQRJTTEj03w3VSRBeIQGpGOoQJyoYDK7dwqPjdKHUSxNCQ1n6veJCeJKjXloOjnSQ/Xby8S/vE6qIz+YUJGkmgg8XxSlDOoYZs/DPpUEazY2BGFJza0QD5FEWJuI8iaEr0/h/6RZst2y7V2Xi7WLRRw5cAiOwAlwQQXUwBWogwbAgIEH8ASerTvr0XqxXuetS9Zi5gD8gPX2CSH5kA4=</latexit>

q

<latexit sha1_base64="5g7fFn3RER8LpfADQP6EtnE6pTw=">AAAB6HicdVBNS8NAEN3Ur1q/qh69LBbBU0hKq+2t6MVjC/YD2lA220m7utnE3Y1QQn+BFw+KePUnefPfuG0qqOiDgcd7M8zM82POlHacDyu3srq2vpHfLGxt7+zuFfcPOipKJIU2jXgkez5RwJmAtmaaQy+WQEKfQ9e/vZz73XuQikXiWk9j8EIyFixglGgjte6GxZJjl+tnZbeCM1J1MuLW6ti1nQVKaInmsPg+GEU0CUFoyolSfdeJtZcSqRnlMCsMEgUxobdkDH1DBQlBeeni0Bk+McoIB5E0JTReqN8nUhIqNQ190xkSPVG/vbn4l9dPdFDzUibiRIOg2aIg4VhHeP41HjEJVPOpIYRKZm7FdEIkodpkUzAhfH2K/yedsu1W7GqrUmpcLOPIoyN0jE6Ri85RA12hJmojigA9oCf0bN1Yj9aL9Zq15qzlzCH6AevtE1YJjVA=</latexit>

öv(q)

<latexit sha1_base64="gPudvsmZP96Dbqnf9eM340DBru8=">AAAB8XicdVDJSgNBEO2JW4xb1KOXxiDEyzCT3VvQi8cIZsEkhJ5OJ2nS0zN21wTCkL/w4kERr/6NN//GziKo6IOCx3tVVNXzQsE1OM6HlVhb39jcSm6ndnb39g/Sh0cNHUSKsjoNRKBaHtFMcMnqwEGwVqgY8T3Bmt74au43J0xpHshbmIas65Oh5ANOCRjprjMiEE9m2fvzXjrj2PlKIeeUsWO7xYtSyTWkmK+4hTx2bWeBDFqh1ku/d/oBjXwmgQqiddt1QujGRAGngs1SnUizkNAxGbK2oZL4THfjxcUzfGaUPh4EypQEvFC/T8TE13rqe6bTJzDSv725+JfXjmBQ6cZchhEwSZeLBpHAEOD5+7jPFaMgpoYQqri5FdMRUYSCCSllQvj6FP9PGjnbLdjFm0KmermKI4lO0CnKIheVURVdoxqqI4okekBP6NnS1qP1Yr0uWxPWauYY/YD19gm8pJD7</latexit>

öv!

<latexit sha1_base64="CO8YzPeReY1uNZqNv6nhD9+CJO4=">AAAB+nicdVDLSsNAFJ34rPWV6tLNYBFchUkbte6KblxWsA9oYplMJ+3QyYOZSaXEfoobF4q49Uvc+TdO2goqeuDC4Zx7ufceP+FMKoQ+jKXlldW19cJGcXNre2fXLO21ZJwKQpsk5rHo+FhSziLaVExx2kkExaHPadsfXeZ+e0yFZHF0oyYJ9UI8iFjACFZa6pkld4hVNp7eugkWmHPKe2YZWec1x0GnEFkIVW2EclK17UoV2lrJUQYLNHrmu9uPSRrSSBGOpezaKFFehoVihNNp0U0lTTAZ4QHtahrhkEovm50+hUda6cMgFroiBWfq94kMh1JOQl93hlgN5W8vF//yuqkKal7GoiRVNCLzRUHKoYphngPsM0GJ4hNNMBFM3wrJUEdAlE6rqEP4+hT+T1oVy3ask2unXL9YxFEAB+AQHAMbnIE6uAIN0AQE3IEH8ASejXvj0XgxXuetS8ZiZh/8gPH2CSaPlJg=</latexit>

öv!

<latexit sha1_base64="aFaXoEbIecTF5JDeNajORFhhcfk=">AAAB+3icdVDJSgNBEO2JW4zbGI9eGoPgKcxkIckt6MVjBLNAMoaeTidp0rPQXRMMw/yKFw+KePVHvPk39iQRVPRBweO9KqrquaHgCizrw8hsbG5t72R3c3v7B4dH5nG+o4JIUtamgQhkzyWKCe6zNnAQrBdKRjxXsK47u0r97pxJxQP/FhYhczwy8fmYUwJaGpr5wZRAPE/uBiEHOh0HcjY0C1bRskqVchlrYpca9bomjUa1UbOwra0UBbRGa2i+D0YBjTzmAxVEqb5theDERAKngiW5QaRYSOiMTFhfU594TDnx8vYEn2tlhPVeXT7gpfp9IiaeUgvP1Z0egan67aXiX14/gnHdibkfRsB8ulo0jgSGAKdB4BGXjIJYaEKo5PpWTKdEEgo6rpwO4etT/D/plIp2pVi9qRSal+s4sugUnaELZKMaaqJr1EJtRNE9ekBP6NlIjEfjxXhdtWaM9cwJ+gHj7RM/6JVB</latexit>

z

<latexit sha1_base64="s1NePp945utmK+mQU/XsACQrd0E=">AAAB6HicdVBNS8NAEJ3Ur1q/qh69LBbBU0hKq+2t6MVjC/YD2lA22027utmE3Y1QQ3+BFw+KePUnefPfuG0qqOiDgcd7M8zM82POlHacDyu3srq2vpHfLGxt7+zuFfcPOipKJKFtEvFI9nysKGeCtjXTnPZiSXHoc9r1by/nfveOSsUica2nMfVCPBYsYARrI7Xuh8WSY5frZ2W3gjJSdTLi1urItZ0FSrBEc1h8H4wikoRUaMKxUn3XibWXYqkZ4XRWGCSKxpjc4jHtGypwSJWXLg6doROjjFAQSVNCo4X6fSLFoVLT0DedIdYT9dubi395/UQHNS9lIk40FSRbFCQc6QjNv0YjJinRfGoIJpKZWxGZYImJNtkUTAhfn6L/SadsuxW72qqUGhfLOPJwBMdwCi6cQwOuoAltIEDhAZ7g2bqxHq0X6zVrzVnLmUP4AevtE2OtjVk=</latexit>

v(z)

<latexit sha1_base64="uA3NXPYCkvLYdP2g5vO4waeF59E=">AAAB63icdVDLSgMxFM34rPVVdekmWIS6GWba6cNd0Y3LCvYB7VAyadqGJpkhyRTq0F9w40IRt/6QO//GTFtBRQ9cOJxzL/feE0SMKu04H9ba+sbm1nZmJ7u7t39wmDs6bqkwlpg0cchC2QmQIowK0tRUM9KJJEE8YKQdTK5Tvz0lUtFQ3OlZRHyORoIOKUY6laaF+4t+Lu/YpZpXdKrQsd3yZaXiGlIu1VyvBF3bWSAPVmj0c++9QYhjToTGDCnVdZ1I+wmSmmJG5tlerEiE8ASNSNdQgThRfrK4dQ7PjTKAw1CaEhou1O8TCeJKzXhgOjnSY/XbS8W/vG6shzU/oSKKNRF4uWgYM6hDmD4OB1QSrNnMEIQlNbdCPEYSYW3iyZoQvj6F/5NW0XY9u3zr5etXqzgy4BScgQJwQRXUwQ1ogCbAYAwewBN4trj1aL1Yr8vWNWs1cwJ+wHr7BPh5jjc=</latexit>

C! !
L ! !

v!

<latexit sha1_base64="Ha+JaFOK6JNtA2eP+o2p3GjXnv8=">AAAB83icdVDLSgMxFM3UV62vqks3wSK4KjN90M6u6MZlBfuAzlgyaaYNzWRCkimUob/hxoUibv0Zd/6NmbaCih64cDjnXu69JxCMKm3bH1ZuY3Nreye/W9jbPzg8Kh6fdFWcSEw6OGax7AdIEUY56WiqGekLSVAUMNILpteZ35sRqWjM7/RcED9CY05DipE2kje79wTVeBLGcjosluyybVdq1So0xKm4zaYhrlt3GzZ0jJWhBNZoD4vv3ijGSUS4xgwpNXBsof0USU0xI4uClygiEJ6iMRkYylFElJ8ub17AC6OMoNlrimu4VL9PpChSah4FpjNCeqJ+e5n4lzdIdNj0U8pFognHq0VhwqCOYRYAHFFJsGZzQxCW1NwK8QRJhLWJqWBC+PoU/k+6lbJTK9dva6XW1TqOPDgD5+ASOKABWuAGtEEHYCDAA3gCz1ZiPVov1uuqNWetZ07BD1hvn+EHkkM=</latexit>

v!

<latexit sha1_base64="bskKhcYL9Z7zKkrBbUc8mmMbZeU=">AAAB8nicdVDLSsNAFJ3UV62vqks3g0VwFSZt1LorunFZwT4gjWUynbRDJ5kwMymU0M9w40IRt36NO//GSVtBRQ9cOJxzL/feEyScKY3Qh1VYWV1b3yhulra2d3b3yvsHbSVSSWiLCC5kN8CKchbTlmaa024iKY4CTjvB+Dr3OxMqFRPxnZ4m1I/wMGYhI1gbyZvc9xIsMeeU98sVZF/WXRedQ2QjVHMQyknNcao16BglRwUs0eyX33sDQdKIxppwrJTnoET7GZaaEU5npV6qaILJGA+pZ2iMI6r8bH7yDJ4YZQBDIU3FGs7V7xMZjpSaRoHpjLAeqd9eLv7leakO637G4iTVNCaLRWHKoRYw/x8OmKRE86khmEhmboVkZCIg2qRUMiF8fQr/J+2q7bj22a1baVwt4yiCI3AMToEDLkAD3IAmaAECBHgAT+DZ0taj9WK9LloL1nLmEPyA9fYJymqRmg==</latexit>

!

<latexit sha1_base64="wtKwDa2WL7B4jNzN9Mjcj246mAs=">AAAB7XicdVBNSwMxEM3Wr1q/qh69BIvgadktrba3ohePFewHtEvJpmkbzSZLMiuUpf/BiwdFvPp/vPlvTLsVVPTBwOO9GWbmhbHgBjzvw8mtrK6tb+Q3C1vbO7t7xf2DtlGJpqxFlVC6GxLDBJesBRwE68aakSgUrBPeXc79zj3Thit5A9OYBREZSz7ilICV2n2YMCCDYslzy/Wzsl/BGal6GfFrdey73gIltERzUHzvDxVNIiaBCmJMz/diCFKigVPBZoV+YlhM6B0Zs56lkkTMBOni2hk+scoQj5S2JQEv1O8TKYmMmUah7YwITMxvby7+5fUSGNWClMs4ASZptmiUCAwKz1/HQ64ZBTG1hFDN7a2YTogmFGxABRvC16f4f9Iuu37FrV5XSo2LZRx5dISO0Sny0TlqoCvURC1E0S16QE/o2VHOo/PivGatOWc5c4h+wHn7BB5jj4M=</latexit>

! !

<latexit sha1_base64="AlxnGTHuGhpoDXMJNoHIA6mEAbs=">AAAB73icdVDLSgNBEJz1GeMr6tHLYBDEw7Ibs2ZzC3rxGME8IFnD7GQ2GTL7cKZXCCE/4cWDIl79HW/+jbNJBBUtaCiquunu8hPBFVjWh7G0vLK6tp7byG9ube/sFvb2mypOJWUNGotYtn2imOARawAHwdqJZCT0BWv5o8vMb90zqXgc3cA4YV5IBhEPOCWgpXYXhgzI7WmvULRMyym5bhVb5lmlWnLONbGsiuvY2NYkQxEtUO8V3rv9mKYhi4AKolTHthLwJkQCp4JN891UsYTQERmwjqYRCZnyJrN7p/hYK30cxFJXBHimfp+YkFCpcejrzpDAUP32MvEvr5NC4HoTHiUpsIjOFwWpwBDj7Hnc55JREGNNCJVc34rpkEhCQUeU1yF8fYr/J82SaZdN57pcrF0s4sihQ3SETpCNKqiGrlAdNRBFAj2gJ/Rs3BmPxovxOm9dMhYzB+gHjLdPPyuQIQ==</latexit>

! !

<latexit sha1_base64="tRqz41b9pYUMtIjez9ozsv8v30M=">AAAB73icdVDLSgMxFM34rPVVdekmWARxMczUjp3uim5cVrAPaMeSSTNtaJIZk4xQSn/CjQtF3Po77vwbM20FFT1w4XDOvdx7T5gwqrTjfFhLyyura+u5jfzm1vbObmFvv6niVGLSwDGLZTtEijAqSENTzUg7kQTxkJFWOLrM/NY9kYrG4kaPExJwNBA0ohhpI7W7A8Q5uj3tFYqO7Xgl369Cxz6rVEveuSGOU/E9F7qGZCiCBeq9wnu3H+OUE6ExQ0p1XCfRwQRJTTEj03w3VSRBeIQGpGOoQJyoYDK7dwqPjdKHUSxNCQ1n6veJCeJKjXloOjnSQ/Xby8S/vE6qIz+YUJGkmgg8XxSlDOoYZs/DPpUEazY2BGFJza0QD5FEWJuI8iaEr0/h/6RZst2y7V2Xi7WLRRw5cAiOwAlwQQXUwBWogwbAgIEH8ASerTvr0XqxXuetS9Zi5gD8gPX2CSH5kA4=</latexit>

z1

<latexit sha1_base64="Iv8KyLfXuwAullY9Zi6TStYzLKM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK9gPaUDbbSbt0swm7G6GG/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6f+p5vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+8enF3Xqld53EU4QiO4RQ8uIQa3EIdGsBgAM/wCm+OcF6cd+dj3lpw8plD+APn8wcRVI2q</latexit>

z2

<latexit sha1_base64="cxeK8WUjqRqf+CVRpj6It1FI8go=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYJRo9ELx4xyiOBDZkdemHC7OxmZtYECZ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaLSPJYPZpygH9GB5CFn1Fjp/qlX6RVLbtmdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE175Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNStmrli/uqqXadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AEtiNqw==</latexit>

Figure 3.4: Graphical illustration of the e�ect of the tangent plane projections of a vector
�eld v(z) to elements of either the scaled circle C
� or the oriented ray L�� (left) and its
equivalent reprezentation (right).

Also notice that, if we denote by �1 and �2 as the immersions such that 
 = �1(z)
and � = �2(z) then, we have that their Jacobians rz�1 = R�(e[
] 
 g1)e�2[
] and
rz�2 = R�(e[
] 
 g2)e�2[
] are left-annihilated by r�� and r
�, respectively.
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3.2 Control on the ray and on the circle

3.2.2 Transverse and tangential control assignment

In this work we will arrive at a smooth function U : R2n ! R, which in some cases it
may be bounded from below. This can be regarded as the potential energy in (2.25),
encoding some design objective. We consider a prototypical example, where we want to
design u 2 R2n for the simple integrator system _z = u with state z 2 R2n such that

z(t)! rU�1(0) \ fz : r2U � 0g as t!1 : (3.52)

When U is proper and lower-bounded, the preferred strategy is to take u = �KrU ,
where K is a positive de�nite matrix. This is also a PBF for the passive system

_z = u (3.53a)
y = rU (3.53b)

with storage U and passive output y 2 R2n, which solves an OSP.
Suppose now that we want to study the transversal and the tangential control prob-

lems separately. In this aim, consider instead 
 and � as virtual outputs. We take
z = �(
;�) as coordinate transformation, such that u = r
�>� +r��>! is an input
transformation which decomposes the system

_z = r
�> _

| {z }

ut

+r��> _�
| {z }

uk

into

8
<

:
_
 = �
y1 = r
 U

and

8
<

:

_� = !
y2 = r�U :

(3.54)

The two output dynamics can be seen as passive with the same energy function U(�(
;�)).
We can assign the motion along the tangential and transverse distributions. Let us apply
a PBF strategy on each of the two output subsystems.

_
 =�K1r
 U = �K1r
�rz U (3.55a)
_� =�K2r�U = �K2r��rz U ; (3.55b)

where K1; K2 2 Rn�n are positive symmetric matrices to be designed. This results in

_z = �(r
�>K1r
�+r��>K2r��)rz U ; (3.56)

and, if we pick K1; K2 as the variable metrics

K1 = (r
�r
�>)�1 = e�2[
] (3.57a)
K2 = (r��r��>)�1 = e�2[
] ; (3.57b)

we recover the orthonormal projections, yielding unconstrained cartesian �ow

_z = �(P
 + P�)rz U = �rz U : (3.58)

We are now ready to develop a hierarchical approach in which the problem objective is
composed of a constraint enforcement component, taking higher priority, and an energy-
minimization component, which becomes relevant once the �rst objective is met. The
composition of such objectives can be thought as �rst steps towards posing complex-
speci�cation problems.
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3.2.3 Hierarchical energy shaping

Consider system (3.54) and suppose we want to restrict the state z to L�� . One way to
do this is to split the function U = U1(�) + U2(z), with U1 encoding the constraint

U1(�) = 1
2k�(
�;�)� �(
�;��)k2 ; (3.59)

where 
� is an arbitrary constant which we set to zero for conciseness. We also select ��

so it de�nes the set L�� , and use the PBF ! = �rU1(�). We leave U2(z) as a design
choice to be minimized once constrained on the oriented cone. The system becomes

_
 = � (3.60a)
_� =�r��(0;�)

�
�(0;�)� �(0;��)

�
(3.60b)

y2 = r
U2 : (3.60c)

Notice that the transverse dynamics (3.60b) can be rewritten in this case as

_� = �(In 
 g>2 )R>� (R� �R��)(In 
 g1)1n , _�i = � sin(�i � ��i ) : (3.61)

This action rotates z until the angles match those of L�� . We have _U1 = �krU1(�)k2,
and so �(t)! �� independently of 
. If we pick the PBF

� = �e�2[
]y2 = �e�2[
](e[
] 
 g>2 )R>�rzU2(z) ; (3.62)

we only need to consider, in the design of U2(z), the boundedness conditions for stabi-
lization of cascades. On L�� , the closed loop becomes a projected-gradient �ow

_
 = �e�2[
]r
 U(
;��) , _z = �P �
rzU2(z) ; (3.63)

with U2 encoding a secondary objective to be achieved once the primary objective, en-
coded in U1, is met. The same hierarchical control idea can be applied when the con-
straint set is C
� . In this case one would pick U = U1(
) + U2(z) with

U1(
) = 1
2k�(
;��)� �(
�;��)k2 ; (3.64)

where we arbitrarily let �� = 0. The control input is again a hierarchical PBF

� = � e�2[
]r
�(
; 0)
�
�(
; 0)� �(
�; 0)

�
(3.65a)

! = � e�2[
]r��(
;�)rzU2(z) ; (3.65b)

yielding transverse dynamics (3.63) which are independent on the choice of ��,

_
 = �e�[
](e[
] � e[
�])1n , d
dte


i = �e
i + e

�
i : (3.66)
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3.2 Control on the ray and on the circle

In essence, this action scales z until the radii match those of C
� . The dynamics restricted
to C
� become again a projected gradient �ow

_� = �e�2[
�]r�U(
�;�) , _z = �P ��rzU2(z) : (3.67)

To conclude, both hierarchical controllers produce a cascade that can be addressed
using Proposition 2.9, namely

8
<

:
_
 =�K1r
U1(
)
_� =�K2r�U

k
2 (
;�)

; or

8
<

:

_� =�K1r�U1(�)
_
 =�K2r
Ut2 (
;�)

: (3.68)

To address the stability for this cascade, one would have to verify the boundedness of
all closed-loop solutions. This can be done using suitable objective functions, coordinate
transformations or other gradient descent analysis tools.

Finally, the control designer may decide which is the constraint set and what is the
secondary objective. We now look at two important examples for the objective-encoding
function U2, the consensus potential energy and a quadratic function.

Constrained Laplacian �ow

Recall the unconstrained consensus on the plane, of the form _z = �Lz, where L =
BWB> 2 R2n�2n is a Laplacian matrix. This �ow is associated to an undirected con-
nected graph with n nodes andm edges and signed incidence matrix B 2 Rn�m. Just like
in the example system (2.27), we de�ne the extended incidence matrix as byB = B
I2 2
R2n�2m. The weights on the edges are captured by W = diag(w1; :::; wm)
 I2 2 R2m�2m.
For simplicity, consider unit weights, W = I2m.

Suppose we want to constrain this �ow on either L�� or C
� . In this aim, we take
U2(z) = 1

2z
>Lz for system (3.54) and keep the transverse dynamics (3.61) and (3.66) for

either L�� or C
� , respectively. As illustrated in Fig. 3.5, the constrained �ows (3.63),
(3.67) become projected gradients

_
 =� (e�[
] 
 g>1 )R>��BB
>R��(e[
] 
 g1)1n , _z = �P �
Lz (3.69a)

_� =� (e�[
�] 
 g>2 )R>�BB
>R�(e[
�] 
 g1)1n , _z = �P ��Lz : (3.69b)

Consider now the consensus on L1n , in the particular case when all rays are oriented
with the same angle. In this situation, the incidence matrix commutes with the rotation
matrix, i.e. B>R1n = R1mB>. This is due to the mixed-product property of the
Kronecker product which we recall below for matrices of suitable dimensions

(A
B)(C 
D) = (AC)
 (BD) : (3.70)

We can see that the dynamics restricted to L1n simply become a consensus on the positive
orthant. By using the coordinate transformation x = e[
]1n 2 Rn>0, we have

_
 = �e�[
]BB>e[
]1n , _x = �BB>x , _
i =
X

j2Ni

�
e
j�
i � 1

�
: (3.71)
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Figure 3.5: Block diagram of the Laplacian �ow constrained on the ray (left) and on the
circle (right).

Otherwise, we say that the consensus is slanted by �� 2 Im 1?n . Similarly, it is informative
to study consensus on the torus, by restricting the �ow to C1n . The constrained dynamics
become a �rst-order Kuramoto �ow

_� = �(In 
 g>2 )R>�BB
>R�(In 
 g1)1n , _�i =

X

j2Ni

sin(�j � �i) : (3.72)

One can verify that, depending on the initial condition, the angles settle either at the
consensus value � = �1n, where � depends on the initial conditions, or, in general, at
the value where the rotation and incidence matrices commute.

We recall that, in order to obtain a rotating Kuramoto �ow, one would have to bias
the velocity with, say the same value !0 for each agent, namely one would prescribe

_� = !01n � (In 
 g>2 )R>�BB
>R�(In 
 g1)1n , _�i = !0 �

X

j2Ni

sin(�i � �j) : (3.73)

Constrained linear-a�ne �ow

Consider the energy function U(z) = 1
2z
>Az + b>z, where A = A 
 I2 2 R2n�2n, with

A symmetric positive de�nite, and b 2 R2n is a constant such that b = �A�z. The
restricted �ows on L�� and C
� become, respectively

_
 =� (e�[
] 
 g>1 )R>�� (Az + b) , _z = �P �
A(z � �z) (3.74a)
_� =� (e�[
�] 
 g>2 )R>� (Az + b) , _z = �P ��A(z � �z) ; (3.74b)

where �z = �R��(e[�
] 
 g1)1n is typically a value outside of the constraint sets. In
case when we want to constrain the system to the positive orthant L1, the reduced
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3.2 Control on the ray and on the circle

dynamics can also be written, via the natural projection (In 
 g>1 )R>1 , in coordinates
x = e[
]1 2 Rn>0. We arrive at the positive system

_
 = �e�[
]A
�
e[
]1n � (In 
 g>1 )R>1R��(e

[�
] 
 g1)1n| {z }
�x

�
, _x = �(Ax+ b) ; (3.75)

where b = (In 
 g>1 )R>1 b corresponds to a point �x = �A�1b. As �x is usually chosen
outside Rn>0, x will be constrained within. When �� 2 Im 1?n , the projection of the
constraint set becomes a polyhedral cone in Rn.

Alternatively, when the motion is constrained on C
� , the reduced dynamics become

_� = (e�[
�] 
 g>2 )R>�R��(e
[�
] 
 g1)1n , _�i = �e�(
�i ��
i) sin(�i � ��i) ; (3.76)

indicating a motion that only rotates z until its angle matches that of �z.
The above examples show how the geometric framework can be used to shed new light

on approaching conventional optimization problems but also the closely related positive
systems. We shall use this knowledge to design the tangential and transverse controllers
for the application at hand. Before we do this, we brie�y show an extension to second
order dynamics.

3.2.4 Second-order Laplacian �ow

Suppose we introduce a low-pass �lter behind each element of input u in (3.54). This
results in an increase in relative degree, and acts as an accelerated gradient descent. The
unconstrained system in the cartesian plane becomes

_z = u (3.77a)
M _u =�Du+ f (3.77b)
y = rz U ; (3.77c)

whereM = M
I2 withM = diag(M1; :::;Mn) andD = D
I2 withD = diag(D1; :::; Dn)
are the inertia and damping of the low-pass �lter, respectively. If the Hessian of U is
nonsingular, then output y has vector relative degree f2; :::; 2g with respect to the new
input, f 2 R2n. This results in a fully actuated system of the form (2.25), with q = z,
p = Mu and Hamiltonian

H(u; z) = 1
2u
>Mu+ U(z) : (3.78)

Recall the transformation of u, used in the decomposition (3.54), in sub-components

ui =
h ui1ui2

i
= e
iR�ig1�i + e
iR�ig2!i = e
iR�i [

�i
!i ] ; (3.79)
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and let wi = [ �i!i ] be such that w = (w1; :::; wn) 2 R2n. Further let qi =
h

i
�i

i
be such

that q = (q1; :::; qn) 2 R2n, and a new planar input �i 2 R2. Then, upon the input
transformation fi = e
iR�i�i we have that

Mi _wi = �Diwi �Mi[ �i �!i!i �i ]wi + �i : (3.80)

Hence, (3.77) is feedback equivalent to a system with input � = (�1; :::; �n) 2 R2n

_q = w (3.81a)
M _w = (J (w)�R(w))w + � (3.81b)
y0 = rqV (3.81c)

with J skew-symmetric and R symmetric positive de�nite for all w, which is again of
the form (2.25) with output y0 and Hamiltonian

H = 1
2w
>Mw + V(q) ; (3.82)

where V(q) = U(z) plays the role of potential energy. This allows the hierarchical energy
shaping by splitting V into a constraint eforcement component and a secondary objective.
The advantage is that we are able to construct the potential energy in q-coordinates

V(q) = 1
2k�(
;��)� �(
�;��)k2 + 1

2�(q)>BB>�(q) ; (3.83)

in such a way that it is radially unbounded in the original state-space of z = �(
;�).
Since rq� = (e[
] 
 I2)R>� , by using the feedback � = �(rq�rq�>)�1rqV , the input
is projected back onto the original space as

f = �rq�>(rq�rq�>)�1rq�rz U(z) = �rz U(z) : (3.84)

We are in the situation to apply LaSalle’s invariance principle and conclude that the
closed-loop solutions of (3.77) converge to

� = f(u; z) : u = 0; rU(z) = 0g ; (3.85)

which is the equivalent to the set f(w; q) : w = 0; rV(q) = 0g for system (3.88). In
this particular case, if the constraint enforcing component of V is missing, the system
matches the mass-spring-damper in (2.29) or an electrical circuit (2.9) with R = 0.

In some cases it may be favorable to opt instead for the input transformation

fi = [ �i �!i!i �i ]Miui + e
iR�i�i ; (3.86)

which decouples the 
i and the �i dynamics via �i = (�ti ; �
k
i ). This results in

Mi _wi = �Diwi + �i ; (3.87)
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Chapter 2. Motivation and Background

Moreover, in original coordinates the feedback trivially becomes

f = !" q! ! (" q! " q! ! )" 1" q! " zU(z) = " zU(z) , (2.120)

sincez = ! (q) is a di! eomorphism, and so the original system converges to

! = { (u , z) : u = 0, " U(z) = 0 } . (2.121)

In this particular case, if the constraint enforcing component of÷U is missing, the system
matches the mass-spring-damper in (2.29) or an electrical circuit (2.9) with R = 0.
There may be situations when one cannot guarantee global asymptotic convergence or
Þner control over transients may be desired. Therefore one may opt, instead, for the
input transformation

! i = [ ! i " " i
" i ! i ]M i ui + e#i R $i f i , (2.122)

which decouples the" i and the #i dynamics via! i = ( ! #
i , ! !

i ). This results in

Mi úwi = ! Di wi + ! i , (2.123)

and so the output dynamics split into
!
"

#

ú" = #

M ú# = ! D# + $#
and

!
"

#

ú%= &

M ú& = ! D& + $! .
(2.124)

Therefore, one may choose appropriate virtual outputs as follows

÷y # = " "
÷U1 (2.125a)

÷y ! = " %
÷U2 , (2.125b)

where ÷U1 and ÷U2 are the Þrst and, respectively, second components of÷U in (2.118). As
in the Þrst order scenario of (2.101),(2.104b), the closed-loop thus becomes a cascade.
In both cases, one may assign di! erent PBF gains for the tangential and transverse
components and, for example drive the constraint enforcing dynamics$# = ! K 1 ÷y # at a
faster rate than the secondary objective$! = ! K 2 ÷y ! .

In order to obtain a rotating second-order Kuramoto ßow one would have to bias the
angular velocity, for example, with a constant$01n. To achieve the same structure for
the closed loop, we deÞne the error coordinates÷& = & ! $01n and modify the input as
$! = D$01n ! " %

÷U2. The closed loop becomes
!
"

#

ú" = #

M ú# = ! D# ! " ÷U1(" )
and

!
"

#

ú%r = ÷&

M ú÷& = ! D ÷& ! " %r
÷U2(" , %r ) ,

(2.126)

where%r (t) = %(t) ! $01nt are the angles in rotating coordinates. Suppose

÷U1(" ) = 1
2#(e[" ] $ g1)1n ! (e[" ! ] $ g1)1n#2 (2.127a)

÷U2(" , %r ) = 1
21!

n (e[" ] $ g!
1 )R !

%r
BB ! R %r (e[" ] $ g1)1n , (2.127b)
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Figure 3.6: Block diagram of the second order Laplacian �ow constrained by a �rst-order
objective encoded in U1.

and so the feedback equivalent system splits into
8
<

:
_
 = �

M _� =�D� + � t
and

8
<

:

_� = !
M _! =�D! + � k :

(3.88)

Therefore, one may choose appropriate virtual outputs as follows

yt = r
U1 (3.89a)
yk = r�U2 ; (3.89b)

where U1 and U2 are the �rst and, respectively, second components of V in (3.83). As
in the �rst order scenario of (3.66),(3.69b), upon choosing the PBF � t = �K1yt and
� k = �K2yk, the closed-loop becomes a cascade. This is illustrated in Fig. 3.6.

A few observations are in order regarding Fig. 3.6:

(i) The diagram consists of an inner loop representing the angular (transverse) dy-
namics and an outer loop representing the radial (tangential) dynamics;

(ii) The diagram is expressed in terms of the position vector z (but using angular and
radial velocities) so as to better represent the real-world application;
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Chapter 3. Approach and motivation

(iii) The skew-symmetric interconnection between the radial dynamics (highlighted in
red) and the cartesian element z represents an energy exchange mechanism;

(iv) When 
 = 0, the inner loop represents the standard swing-equations in stationary
coordinates while the forcing term D!01 is present to maintain a synchronous
rotation on the circle � it simply rotates the inertial frame with velocity !0;

(v) The outer loop is designed not depend on � simply to illustrate a cascaded example.
It is used here to control the amplitude.

Finally, by putting together the developments of this chapter, we are ready to address
the application problem. In what follows, we will use model-matching and feedback-
equivalence ideas to render a closed loop with the structure illustrated in Fig. 3.7. This
structure also occurs in Figures 2.1, 2.3, 2.4, 3.1, 3.3, 3.5 and 3.6. By studying single-
and multi-machine power networks, we aim to reveal how this modulated passive inter-
connection represents a canonical framework for control of more general under-actuated
systems. As seen in the construction of Lyapunov functions and error coordinates of Sec-
tion 3.1, this framework provides a powerful alternative to the conventional time-scale
separation, high-gain approach.
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Figure 3.7: Block diagram of the central schema of this thesis.
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CHAPTER 4
Power conversion problems

In three-phase systems, energy typically �ows through several conversion stages, such
as a magnetic air-gaps or switching devices, circulates in passive circuits and is bound to
satisfy certain requirements. Most energy conversion aspects [Leo+16], such as the mod-
ulation of power from one to two dimensions (i.e., from DC to AC) and the stabilization
of a desired harmonic motion, are addressed by voltage sourced converters operating in
grid-forming or grid-following mode [Roc+12]. The controllers for such converters em-
ploy inner loops which perform high-gain regulation of the quantities of interest from the
input source to the point of power injection [Bla+06]. Such cascaded controllers operate
on several time-scales, assuming a sti� DC-link, and are often implemented in a syn-
chronous rotating frame, while disregarding one side of the nonlinear interaction. Power
balance is achieved via multiple time-scales running in the feedback path, which settle
at the appropriate steady-state. With the growing complexity of modern power systems
[Mil+18; Far+19], the cascaded control structure can give rise to poorly understood in-
teractions, causing phase-locked-loop (PLL) instabilities and oscillations of various kinds.
Towards the goal of improving overall system stability, virtual synchronous machines of
various degrees of �delity [DS13; BIM14], are deployed to emulate inertia and damping
features. In an increasingly underdamped converter landscape, impedance-based tech-
niques [Wen+16; WHB18] explore the e�ects of PLLs, while post-fault studies [Tau+19;
Zha+18] show shortcomings of the conventional approach. In this work we address some
of these issues by directly addressing the power conversion nonlinearity.

4.1 Model preparation

For most engineering problems, the simple integrator lies at the core of deriving control
laws. When designing feedback in a �rst-principled, energy-based setting, one may arrive
at closed-loop behaviors which are very close to natural observations, or to engineering
best practices. We will consider the viewpoint where the electrical machine dynamics

This chapter is based on and further extends the results in [AD19].
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Chapter 4. Power conversion problems

resemble a closed-loop system which solves problems related to ray-circle speci�cations.
In this chapter we show how some power conversion systems can be studied in a uni�ed
model-matching framework centered around the modulated-energy mechanism of Section
3.1. We extend the mechanism developed in Section 3.2 to electrical machines and power
electronics-based systems such as DC/AC converters. The �rst step is to see both type
of systems as working towards the same goal, that of regulation of a certain harmonic
motion. We then arrive at controllers which are based solely on energy-based principles
without adopting time-scale separation.

4.1.1 The synchronous generator model

Electrical machines are some of the most widely studied physical systems [OE93; MPV93;
ONE96; Com+14], along with robotic manipulators and other rigid body systems. The
typical control problem for electrical machines addressed in literature is when they act
as motors: actuation is done on the electrical side and the objectives are related to
the mechanical side, i.e. rejection or regulation of the shaft torque. When they act as
generators, the choice of inputs, as well as the objectives, may not be as straightforward
as for motors. In some sense, the objectives can be re�ned in the control design process.
More recently, a surge of interest in analysis and control of synchronous generators has
emerged [Fia+13; CT14; Bar+17; SDV19], not only in engineering but also in �elds
studying natural synchronization behavior [NM15].

Our main stride is to consider su�ciently detailed physical models which, by dynamic
extension, can be rendered feedback equivalent to a system of the form (2.25) yielding
suitable properties for real-world applications. We begin by studying the electrical ma-
chine behavior and pose some engineering problems prevalent in power systems at large.
Following [SS16], we consider the �rst principle model of the synchronous machine
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where n1 =
h 1

0
0

i
, and the state x = ( s; r; p; �) is composed of
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4.1 Model preparation

�  abc = ( a;  b;  c) 2 R3, the �ux in the three-phase stator windings expressed in a
stationary frame of reference;

�  rk = ( r;  kd;  kq) 2 R3, the �ux in the �eld winding and the two damper wind-
ings expressed in a frame of reference attached to the rotor;

� p 2 R the angular momentum of the rotor;

� � 2 S1 the angle between the stationary frame and the rotor frame.

Moreover, the stator resistance, Rs = rsI3 2 R3�3, is assumed to be balanced, while the
resistances of the rotor windings are given by Rrk = diag(rr; rkd; rkq) 2 R3�3. We denote
the rotor shaft damping coe�cient by D and its moment of inertia by M . All these
parameters are assumed to be positive scalars. The inputs are considered to be

� vabc = (va; vb; vc) 2 R3, the three-phase voltage at the terminals of the stator
windings, in the stationary frame and with respect to the earth potential;

� ur 2 R, the voltage at the terminals of the �eld winding in the rotor frame;

� �m 2 R the mechanical torque injected on the rotor shaft;

and their corresponding passive outputs are

� iabc = (ia; ib; ic) 2 R3, the three-phase currents of the stator windings, in the
stationary frame;

� ir 2 R, the current of the �eld winding, in the rotor frame;

� ! 2 R the rotor angular velocity.

In terms of actuation, in our problem setup, � and �m will be used for control, while
the thee-phase voltage is assumed to be a disturbance driven by an exogenous system.
Invisible at the output are the damper winding dynamics, whose currents are de�ned as
ikd = @H

@ kd
, ikq = @H

@ kq
, expressed in the rotor-attached frame. Finally, the Hamiltonian

is given by

H( abc; rk; p; �) = 1
2pM
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representing only kinetic-type energy with variable mass matrix, the potential energy
being identically zero. Furthermore, assuming a round rotor and neglecting magnetic
saturation, we have that
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Chapter 4. Power conversion problems

Notice that the �rst two columns of Lsr(�) have the same basis. This is because, in this
frame of reference, the �eld winding and the d-component of the damper winding are
assumed to have the same orientation in the rotor, with the q-component of the damper
winding being �

2 apart.

Departure from [SS16]

In the works of [SS16] and its follow-up paper [SDV19], one may �nd the most complete
model of the synchronous machine in literature. However, for the purpose of illustrating
the core aspects of interest, we will consider that the damper windings are symmetric.
This assumption is not strong in the sense that the �eld excitation will perform some
compensation tasks which may decouple the model from this e�ect. Hence, we consider
lakd = lakq and call it lak, rkd = rkq and replace it with r�, and also lkkd = lkkq and
replace it with l�. We also depart from these papers, as well as many other works in the
literature in that we will not adopt a rotor-attached coordinate representation for the
three-phase quantities. Our idea of quotient will be with respect to a di�erent action.
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÷<latexit sha1_base64="Ae8E7YzPjJN8/Zf42esk/zwwl08=">AAAB8HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgm2VNpTNZtMu3WzC7kQoof4JLx4U8erP8ea/cdvmoK0vLDy8M8POvEEqhUHX/XZKK6tr6xvlzcrW9s7uXnX/oG2STDPeYolM9H1ADZdC8RYKlPw+1ZzGgeSdYHQ9rXceuTYiUXc4Trkf04ESkWAUrfXQQyFDnj9N+tWaW3dnIsvgFVCDQs1+9asXJiyLuUImqTFdz03Rz6lGwSSfVHqZ4SllIzrgXYuKxtz4+WzhCTmxTkiiRNunkMzc3xM5jY0Zx4HtjCkOzWJtav5X62YYXfq5UGmGXLH5R1EmCSZkej0JheYM5dgCZVrYXQkbUk0Z2owqNgRv8eRlaJ/VPcu357XGVRFHGY7gGE7BgwtowA00oQUMYniGV3hztPPivDsf89aSU8wcwh85nz9MfZC4</latexit><latexit sha1_base64="Ae8E7YzPjJN8/Zf42esk/zwwl08=">AAAB8HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgm2VNpTNZtMu3WzC7kQoof4JLx4U8erP8ea/cdvmoK0vLDy8M8POvEEqhUHX/XZKK6tr6xvlzcrW9s7uXnX/oG2STDPeYolM9H1ADZdC8RYKlPw+1ZzGgeSdYHQ9rXceuTYiUXc4Trkf04ESkWAUrfXQQyFDnj9N+tWaW3dnIsvgFVCDQs1+9asXJiyLuUImqTFdz03Rz6lGwSSfVHqZ4SllIzrgXYuKxtz4+WzhCTmxTkiiRNunkMzc3xM5jY0Zx4HtjCkOzWJtav5X62YYXfq5UGmGXLH5R1EmCSZkej0JheYM5dgCZVrYXQkbUk0Z2owqNgRv8eRlaJ/VPcu357XGVRFHGY7gGE7BgwtowA00oQUMYniGV3hztPPivDsf89aSU8wcwh85nz9MfZC4</latexit><latexit sha1_base64="Ae8E7YzPjJN8/Zf42esk/zwwl08=">AAAB8HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgm2VNpTNZtMu3WzC7kQoof4JLx4U8erP8ea/cdvmoK0vLDy8M8POvEEqhUHX/XZKK6tr6xvlzcrW9s7uXnX/oG2STDPeYolM9H1ADZdC8RYKlPw+1ZzGgeSdYHQ9rXceuTYiUXc4Trkf04ESkWAUrfXQQyFDnj9N+tWaW3dnIsvgFVCDQs1+9asXJiyLuUImqTFdz03Rz6lGwSSfVHqZ4SllIzrgXYuKxtz4+WzhCTmxTkiiRNunkMzc3xM5jY0Zx4HtjCkOzWJtav5X62YYXfq5UGmGXLH5R1EmCSZkej0JheYM5dgCZVrYXQkbUk0Z2owqNgRv8eRlaJ/VPcu357XGVRFHGY7gGE7BgwtowA00oQUMYniGV3hztPPivDsf89aSU8wcwh85nz9MfZC4</latexit><latexit sha1_base64="Ae8E7YzPjJN8/Zf42esk/zwwl08=">AAAB8HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgm2VNpTNZtMu3WzC7kQoof4JLx4U8erP8ea/cdvmoK0vLDy8M8POvEEqhUHX/XZKK6tr6xvlzcrW9s7uXnX/oG2STDPeYolM9H1ADZdC8RYKlPw+1ZzGgeSdYHQ9rXceuTYiUXc4Trkf04ESkWAUrfXQQyFDnj9N+tWaW3dnIsvgFVCDQs1+9asXJiyLuUImqTFdz03Rz6lGwSSfVHqZ4SllIzrgXYuKxtz4+WzhCTmxTkiiRNunkMzc3xM5jY0Zx4HtjCkOzWJtav5X62YYXfq5UGmGXLH5R1EmCSZkej0JheYM5dgCZVrYXQkbUk0Z2owqNgRv8eRlaJ/VPcu357XGVRFHGY7gGE7BgwtowA00oQUMYniGV3hztPPivDsf89aSU8wcwh85nz9MfZC4</latexit>es
<latexit sha1_base64="JGoUu8J/GgAT+orP6kVfRR6LokQ=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiRV0GXRjcsK9gFtCJPJpB06mYSZSaGE/okbF4q49U/c+TdO2iy09cAwh3PuZc6cIOVMacf5tiobm1vbO9Xd2t7+weGRfXzSVUkmCe2QhCeyH2BFORO0o5nmtJ9KiuOA014wuS/83pRKxRLxpGcp9WI8EixiBGsj+bY9DBIeqllsrpzOfeXbdafhLIDWiVuSOpRo+/bXMExIFlOhCcdKDVwn1V6OpWaE03ltmCmaYjLBIzowVOCYKi9fJJ+jC6OEKEqkOUKjhfp7I8exKsKZyRjrsVr1CvE/b5Dp6NbLmUgzTQVZPhRlHOkEFTWgkElKNJ8ZgolkJisiYywx0aasminBXf3yOuk2G+5Vo/l4XW/dlXVU4QzO4RJcuIEWPEAbOkBgCs/wCm9Wbr1Y79bHcrRilTun8AfW5w9EMpQR</latexit>

e!
<latexit sha1_base64="7j99uV0+pSEEi60zLEiKIshDDII=">AAAB/nicbVBLSwMxGMz6rPW1Kp68BIvgqexWQY9FLx4r2Ad0lyWbTdvQbBKSrFCWgn/FiwdFvPo7vPlvzLZ70NaBkGHm+8hkYsmoNp737aysrq1vbFa2qts7u3v77sFhR4tMYdLGggnVi5EmjHLSNtQw0pOKoDRmpBuPbwu/+0iUpoI/mIkkYYqGnA4oRsZKkXscxIIlepLaKyfTKBgjKVHk1ry6NwNcJn5JaqBEK3K/gkTgLCXcYIa07vueNGGOlKGYkWk1yDSRCI/RkPQt5SglOsxn8afwzCoJHAhlDzdwpv7eyFGqi4R2MkVmpBe9QvzP62dmcB3mlMvMEI7nDw0yBo2ARRcwoYpgwyaWIKyozQrxCCmEjW2sakvwF7+8TDqNun9Rb9xf1po3ZR0VcAJOwTnwwRVogjvQAm2AQQ6ewSt4c56cF+fd+ZiPrjjlzhH4A+fzBxx1ljk=</latexit>

v g
<latexit sha1_base64="sL3EcQk8divxR0K318YefWg5u4g=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiRV0GXRjcsK9gFtCJPJpB06mYSZSaGE/okbF4q49U/c+TdO2iy09cAwh3PuZc6cIOVMacf5tiobm1vbO9Xd2t7+weGRfXzSVUkmCe2QhCeyH2BFORO0o5nmtJ9KiuOA014wuS/83pRKxRLxpGcp9WI8EixiBGsj+bY9DBIeqllsrnw690e+XXcazgJonbglqUOJtm9/DcOEZDEVmnCs1MB1Uu3lWGpGOJ3XhpmiKSYTPKIDQwWOqfLyRfI5ujBKiKJEmiM0Wqi/N3IcqyKcmYyxHqtVrxD/8waZjm69nIk001SQ5UNRxpFOUFEDCpmkRPOZIZhIZrIiMsYSE23KqpkS3NUvr5Nus+FeNZqP1/XWXVlHFc7gHC7BhRtowQO0oQMEpvAMr/Bm5daL9W59LEcrVrlzCn9gff4AS/mUFg==</latexit>

L s!
<latexit sha1_base64="fUoqP1mOhezMDMOS/pzVUtRaf/Q=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIvgqexWQY9FLx48VLAfsF1KNk3b0GwSklmhLP0ZXjwo4tVf481/Y9ruQVsfDDzem2FmXqwFt+D7315hbX1jc6u4XdrZ3ds/KB8etaxKDWVNqoQynZhYJrhkTeAgWEcbRpJYsHY8vp357SdmLFfyESaaRQkZSj7glICTwvteZrtjojWZ9soVv+rPgVdJkJMKytHolb+6fUXThEmgglgbBr6GKCMGOBVsWuqmlmlCx2TIQkclSZiNsvnJU3zmlD4eKONKAp6rvycyklg7SWLXmRAY2WVvJv7nhSkMrqOMS50Ck3SxaJAKDArP/sd9bhgFMXGEUMPdrZiOiCEUXEolF0Kw/PIqadWqwUW19nBZqd/kcRTRCTpF5yhAV6iO7lADNRFFCj2jV/TmgffivXsfi9aCl88coz/wPn8AiX2Raw==</latexit>

! m

! e
<latexit sha1_base64="EDAPD8MBJpvGHUxNOBVrXNh2iEY=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRV0GPRi8cK9gPaUDbbSbt2sxt2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemHCmjed9O4W19Y3NreJ2aWd3b/+gfHjU0jJVFJtUcqk6IdHImcCmYYZjJ1FI4pBjOxzfzvz2EyrNpHgwkwSDmAwFixglxkqtnhrJPvbLFa/qzeGuEj8nFcjR6Je/egNJ0xiFoZxo3fW9xAQZUYZRjtNSL9WYEDomQ+xaKkiMOsjm107dM6sM3EgqW8K4c/X3REZirSdxaDtjYkZ62ZuJ/3nd1ETXQcZEkhoUdLEoSrlrpDt73R0whdTwiSWEKmZvdemIKEKNDahkQ/CXX14lrVrVv6jW7i8r9Zs8jiKcwCmcgw9XUIc7aEATKDzCM7zCmyOdF+fd+Vi0Fpx85hj+wPn8AZeYjyM=</latexit>

! e
<latexit sha1_base64="+66kE/8TXPZvxeMLy1F7v6izHwQ=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9p2uf9csWtunOQVeLlpAI5Gv3yV28QszTiCpmkxnQ9N0E/oxoFk3xa6qWGJ5SN6ZB3LVU04sbP5tdOyZlVBiSMtS2FZK7+nshoZMwkCmxnRHFklr2Z+J/XTTG89jOhkhS5YotFYSoJxmT2OhkIzRnKiSWUaWFvJWxENWVoAyrZELzll1dJq1b1Lqq1+8tK/SaPowgncArn4MEV1OEOGtAEBo/wDK/w5sTOi/PufCxaC04+cwx/4Hz+AJkbjyQ=</latexit>

i s
<latexit sha1_base64="3LThGqMusAgaZFpw48JHovRKjqQ=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiRV0GXRjcsK9gFtCJPJpB06mYSZSaGE/okbF4q49U/c+TdO2iy09cAwh3PuZc6cIOVMacf5tiobm1vbO9Xd2t7+weGRfXzSVUkmCe2QhCeyH2BFORO0o5nmtJ9KiuOA014wuS/83pRKxRLxpGcp9WI8EixiBGsj+bY9DBIeqllsrpzNfeXbdafhLIDWiVuSOpRo+/bXMExIFlOhCcdKDVwn1V6OpWaE03ltmCmaYjLBIzowVOCYKi9fJJ+jC6OEKEqkOUKjhfp7I8exKsKZyRjrsVr1CvE/b5Dp6NbLmUgzTQVZPhRlHOkEFTWgkElKNJ8ZgolkJisiYywx0aasminBXf3yOuk2G+5Vo/l4XW/dlXVU4QzO4RJcuIEWPEAbOkBgCs/wCm9Wbr1Y79bHcrRilTun8AfW5w9KTpQV</latexit>

i !
<latexit sha1_base64="YrsH/Lv98rC9jyvQS6MQiVsYKkI=">AAAB/nicbVBLSwMxGMz6rPW1Kp68BIvgqexWQY9FLx4r2Ad0lyWbTdvQbBKSrFCWgn/FiwdFvPo7vPlvzLZ70NaBkGHm+8hkYsmoNp737aysrq1vbFa2qts7u3v77sFhR4tMYdLGggnVi5EmjHLSNtQw0pOKoDRmpBuPbwu/+0iUpoI/mIkkYYqGnA4oRsZKkXscxIIlepLaK6fTKBgjKVHk1ry6NwNcJn5JaqBEK3K/gkTgLCXcYIa07vueNGGOlKGYkWk1yDSRCI/RkPQt5SglOsxn8afwzCoJHAhlDzdwpv7eyFGqi4R2MkVmpBe9QvzP62dmcB3mlMvMEI7nDw0yBo2ARRcwoYpgwyaWIKyozQrxCCmEjW2sakvwF7+8TDqNun9Rb9xf1po3ZR0VcAJOwTnwwRVogjvQAm2AQQ6ewSt4c56cF+fd+ZiPrjjlzhH4A+fzByKllj0=</latexit>

÷<latexit sha1_base64="Ae8E7YzPjJN8/Zf42esk/zwwl08=">AAAB8HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgm2VNpTNZtMu3WzC7kQoof4JLx4U8erP8ea/cdvmoK0vLDy8M8POvEEqhUHX/XZKK6tr6xvlzcrW9s7uXnX/oG2STDPeYolM9H1ADZdC8RYKlPw+1ZzGgeSdYHQ9rXceuTYiUXc4Trkf04ESkWAUrfXQQyFDnj9N+tWaW3dnIsvgFVCDQs1+9asXJiyLuUImqTFdz03Rz6lGwSSfVHqZ4SllIzrgXYuKxtz4+WzhCTmxTkiiRNunkMzc3xM5jY0Zx4HtjCkOzWJtav5X62YYXfq5UGmGXLH5R1EmCSZkej0JheYM5dgCZVrYXQkbUk0Z2owqNgRv8eRlaJ/VPcu357XGVRFHGY7gGE7BgwtowA00oQUMYniGV3hztPPivDsf89aSU8wcwh85nz9MfZC4</latexit><latexit sha1_base64="Ae8E7YzPjJN8/Zf42esk/zwwl08=">AAAB8HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgm2VNpTNZtMu3WzC7kQoof4JLx4U8erP8ea/cdvmoK0vLDy8M8POvEEqhUHX/XZKK6tr6xvlzcrW9s7uXnX/oG2STDPeYolM9H1ADZdC8RYKlPw+1ZzGgeSdYHQ9rXceuTYiUXc4Trkf04ESkWAUrfXQQyFDnj9N+tWaW3dnIsvgFVCDQs1+9asXJiyLuUImqTFdz03Rz6lGwSSfVHqZ4SllIzrgXYuKxtz4+WzhCTmxTkiiRNunkMzc3xM5jY0Zx4HtjCkOzWJtav5X62YYXfq5UGmGXLH5R1EmCSZkej0JheYM5dgCZVrYXQkbUk0Z2owqNgRv8eRlaJ/VPcu357XGVRFHGY7gGE7BgwtowA00oQUMYniGV3hztPPivDsf89aSU8wcwh85nz9MfZC4</latexit><latexit sha1_base64="Ae8E7YzPjJN8/Zf42esk/zwwl08=">AAAB8HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgm2VNpTNZtMu3WzC7kQoof4JLx4U8erP8ea/cdvmoK0vLDy8M8POvEEqhUHX/XZKK6tr6xvlzcrW9s7uXnX/oG2STDPeYolM9H1ADZdC8RYKlPw+1ZzGgeSdYHQ9rXceuTYiUXc4Trkf04ESkWAUrfXQQyFDnj9N+tWaW3dnIsvgFVCDQs1+9asXJiyLuUImqTFdz03Rz6lGwSSfVHqZ4SllIzrgXYuKxtz4+WzhCTmxTkiiRNunkMzc3xM5jY0Zx4HtjCkOzWJtav5X62YYXfq5UGmGXLH5R1EmCSZkej0JheYM5dgCZVrYXQkbUk0Z2owqNgRv8eRlaJ/VPcu357XGVRFHGY7gGE7BgwtowA00oQUMYniGV3hztPPivDsf89aSU8wcwh85nz9MfZC4</latexit><latexit sha1_base64="Ae8E7YzPjJN8/Zf42esk/zwwl08=">AAAB8HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgm2VNpTNZtMu3WzC7kQoof4JLx4U8erP8ea/cdvmoK0vLDy8M8POvEEqhUHX/XZKK6tr6xvlzcrW9s7uXnX/oG2STDPeYolM9H1ADZdC8RYKlPw+1ZzGgeSdYHQ9rXceuTYiUXc4Trkf04ESkWAUrfXQQyFDnj9N+tWaW3dnIsvgFVCDQs1+9asXJiyLuUImqTFdz03Rz6lGwSSfVHqZ4SllIzrgXYuKxtz4+WzhCTmxTkiiRNunkMzc3xM5jY0Zx4HtjCkOzWJtav5X62YYXfq5UGmGXLH5R1EmCSZkej0JheYM5dgCZVrYXQkbUk0Z2owqNgRv8eRlaJ/VPcu357XGVRFHGY7gGE7BgwtowA00oQUMYniGV3hztPPivDsf89aSU8wcwh85nz9MfZC4</latexit> v g
<latexit sha1_base64="sL3EcQk8divxR0K318YefWg5u4g=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiRV0GXRjcsK9gFtCJPJpB06mYSZSaGE/okbF4q49U/c+TdO2iy09cAwh3PuZc6cIOVMacf5tiobm1vbO9Xd2t7+weGRfXzSVUkmCe2QhCeyH2BFORO0o5nmtJ9KiuOA014wuS/83pRKxRLxpGcp9WI8EixiBGsj+bY9DBIeqllsrnw690e+XXcazgJonbglqUOJtm9/DcOEZDEVmnCs1MB1Uu3lWGpGOJ3XhpmiKSYTPKIDQwWOqfLyRfI5ujBKiKJEmiM0Wqi/N3IcqyKcmYyxHqtVrxD/8waZjm69nIk001SQ5UNRxpFOUFEDCpmkRPOZIZhIZrIiMsYSE23KqpkS3NUvr5Nus+FeNZqP1/XWXVlHFc7gHC7BhRtowQO0oQMEpvAMr/Bm5daL9W59LEcrVrlzCn9gff4AS/mUFg==</latexit>

i s
<latexit sha1_base64="3LThGqMusAgaZFpw48JHovRKjqQ=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiRV0GXRjcsK9gFtCJPJpB06mYSZSaGE/okbF4q49U/c+TdO2iy09cAwh3PuZc6cIOVMacf5tiobm1vbO9Xd2t7+weGRfXzSVUkmCe2QhCeyH2BFORO0o5nmtJ9KiuOA014wuS/83pRKxRLxpGcp9WI8EixiBGsj+bY9DBIeqllsrpzNfeXbdafhLIDWiVuSOpRo+/bXMExIFlOhCcdKDVwn1V6OpWaE03ltmCmaYjLBIzowVOCYKi9fJJ+jC6OEKEqkOUKjhfp7I8exKsKZyRjrsVr1CvE/b5Dp6NbLmUgzTQVZPhRlHOkEFTWgkElKNJ8ZgolkJisiYywx0aasminBXf3yOuk2G+5Vo/l4XW/dlXVU4QzO4RJcuIEWPEAbOkBgCs/wCm9Wbr1Y79bHcrRilTun8AfW5w9KTpQV</latexit>

ex
<latexit sha1_base64="2bfQWHr8y6r+peURgmK0adLbv6M=">AAAB+XicbVC7TsMwFHV4lvIKMLJYVEhMVVKQYKxgYSwSfUhtFDnOTWvVcSLbqaii/gkLAwix8ids/A1OmwFajmT56Jx75eMTpJwp7Tjf1tr6xubWdmWnuru3f3BoHx13VJJJCm2a8ET2AqKAMwFtzTSHXiqBxAGHbjC+K/zuBKRiiXjU0xS8mAwFixgl2ki+bQ+ChIdqGpsrh5n/5Ns1p+7MgVeJW5IaKtHy7a9BmNAsBqEpJ0r1XSfVXk6kZpTDrDrIFKSEjskQ+oYKEoPy8nnyGT43SoijRJojNJ6rvzdyEqsinJmMiR6pZa8Q//P6mY5uvJyJNNMg6OKhKONYJ7ioAYdMAtV8agihkpmsmI6IJFSbsqqmBHf5y6uk06i7l/XGw1WteVvWUUGn6AxdIBddoya6Ry3URhRN0DN6RW9Wbr1Y79bHYnTNKndO0B9Ynz9LxpQW</latexit>

vdc
<latexit sha1_base64="cN8a2pc/JNquNFsAeTRBG1Djxaw=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mtBT0WvXisYD+gXUo2m21js8mSZAtl6X/w4kERr/4fb/4b03YP2vpg4PHeDDPzgoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTtpapIrRFJJeqG2BNORO0ZZjhtJsoiuOA004wvpv7nQlVmknxaKYJ9WM8FCxiBBsrtSeDLCSzQbniVt0F0DrxclKBHM1B+asfSpLGVBjCsdY9z02Mn2FlGOF0VuqnmiaYjPGQ9iwVOKbazxbXztCFVUIUSWVLGLRQf09kONZ6Gge2M8ZmpFe9ufif10tNdONnTCSpoYIsF0UpR0ai+esoZIoSw6eWYKKYvRWREVaYGBtQyYbgrb68Ttq1qndVrT3UK43bPI4inME5XIIH19CAe2hCCwg8wTO8wpsjnRfn3flYthacfOYU/sD5/AHZIY9O</latexit>

!
"

<latexit sha1_base64="zK7COHCZbtpatiTBoEinhrWs9qk=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSyCp5JUQY9FLx4r2A9oQtlsN+3SzSbsTpQS81O8eFDEq7/Em//GbZuDtj4YeLw3w8y8IBFcg+N8W6W19Y3NrfJ2ZWd3b//Arh52dJwqyto0FrHqBUQzwSVrAwfBeoliJAoE6waTm5nffWBK81jewzRhfkRGkoecEjDSwK56ECpCM0+meeYxIPnArjl1Zw68StyC1FCB1sD+8oYxTSMmgQqidd91EvAzooBTwfKKl2qWEDohI9Y3VJKIaT+bn57jU6MMcRgrUxLwXP09kZFI62kUmM6IwFgvezPxP6+fQnjlZ1wmKTBJF4vCVGCI8SwHPOSKURBTQwhV3NyK6ZiYKMCkVTEhuMsvr5JOo+6e1xt3F7XmdRFHGR2jE3SGXHSJmugWtVAbUfSIntErerOerBfr3fpYtJasYuYI/YH1+QMYgZSK</latexit>

!" dc
<latexit sha1_base64="8jlWLYNZyu/u5uP+8wcZUBCGpOA=">AAAB9HicbVBNS8NAEN34WetX1aOXxSJ4KkkV9Fj04rGC/YAmlM1m0i7d7MbdTaGE/g4vHhTx6o/x5r9x2+agrQ8GHu/NMDMvTDnTxnW/nbX1jc2t7dJOeXdv/+CwcnTc1jJTFFpUcqm6IdHAmYCWYYZDN1VAkpBDJxzdzfzOGJRmUjyaSQpBQgaCxYwSY6XAB0N8NZT9PKLTfqXq1tw58CrxClJFBZr9ypcfSZolIAzlROue56YmyIkyjHKYlv1MQ0roiAygZ6kgCeggnx89xedWiXAslS1h8Fz9PZGTROtJEtrOhJihXvZm4n9eLzPxTZAzkWYGBF0sijOOjcSzBHDEFFDDJ5YQqpi9FdMhUYQam1PZhuAtv7xK2vWad1mrP1xVG7dFHCV0is7QBfLQNWqge9RELUTRE3pGr+jNGTsvzrvzsWhdc4qZE/QHzucPJ56SWQ==</latexit>

! f dc
<latexit sha1_base64="5kruWLcf1jSni5oLLqZ2LhYl3y0=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KkkV9Fj04rGC/YA2lM1m0i7dbMLuRCihP8OLB0W8+mu8+W/ctjlo64OBx3szzMwLUikMuu63s7a+sbm1Xdop7+7tHxxWjo7bJsk0hxZPZKK7ATMghYIWCpTQTTWwOJDQCcZ3M7/zBNqIRD3iJAU/ZkMlIsEZWqnXB2Q0GuQhnw4qVbfmzkFXiVeQKinQHFS++mHCsxgUcsmM6Xluin7ONAouYVruZwZSxsdsCD1LFYvB+Pn85Ck9t0pIo0TbUkjn6u+JnMXGTOLAdsYMR2bZm4n/eb0Moxs/FyrNEBRfLIoySTGhs/9pKDRwlBNLGNfC3kr5iGnG0aZUtiF4yy+vkna95l3W6g9X1cZtEUeJnJIzckE8ck0a5J40SYtwkpBn8kreHHRenHfnY9G65hQzJ+QPnM8fH4uRJg==</latexit>

! f e
<latexit sha1_base64="ZYB4DHidQERbtiITlwM0w94k8ag=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae2oWy2k3bpZhN2N0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqz02ENDSdjPcNovV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bXzwlZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZm9TwZcITNiYgllittbCRtRRZmxIZVsCN7yy6ukVat6F9Xa/WWlfpPHUYQTOIVz8OAK6nAHDWgCAwnP8ApvjnZenHfnY9FacPKZY/gD5/MHYkKQug==</latexit>

!" e
<latexit sha1_base64="p7Gx5rRQ3Khlx1PDCbYL8WZydKQ=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/YAmlM122i7dbOLuplBCf4cXD4p49cd489+4bXPQ1gcDj/dmmJkXJoJr47rfztr6xubWdmGnuLu3f3BYOjpu6jhVDBssFrFqh1Sj4BIbhhuB7UQhjUKBrXB0N/NbY1Sax/LRTBIMIjqQvM8ZNVYKfDSU+GoYdzOcdktlt+LOQVaJl5My5Kh3S19+L2ZphNIwQbXueG5igowqw5nAadFPNSaUjegAO5ZKGqEOsvnRU3JulR7px8qWNGSu/p7IaKT1JAptZ0TNUC97M/E/r5Oa/k2QcZmkBiVbLOqngpiYzBIgPa6QGTGxhDLF7a2EDamizNicijYEb/nlVdKsVrzLSvXhqly7zeMowCmcwQV4cA01uIc6NIDBEzzDK7w5Y+fFeXc+Fq1rTj5zAn/gfP4AwUKSFw==</latexit>

! 2M r
<latexit sha1_base64="+zxWVmyWsCa8CcCZQPHSB39wbhk=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BL16ECOaByRpmJ5NkyOzsMtMrhCV/4cWDIl79G2/+jZNkD5pY0FBUddPdFcRSGHTdbye3srq2vpHfLGxt7+zuFfcPGiZKNON1FslItwJquBSK11Gg5K1YcxoGkjeD0fXUbz5xbUSk7nEccz+kAyX6glG00kOHI32skNuu7hZLbtmdgSwTLyMlyFDrFr86vYglIVfIJDWm7bkx+inVKJjkk0InMTymbEQHvG2poiE3fjq7eEJOrNIj/UjbUkhm6u+JlIbGjMPAdoYUh2bRm4r/ee0E+5d+KlScIFdsvqifSIIRmb5PekJzhnJsCWVa2FsJG1JNGdqQCjYEb/HlZdKolL2zcuXuvFS9yuLIwxEcwyl4cAFVuIEa1IGBgmd4hTfHOC/Ou/Mxb8052cwh/IHz+QOxqpBG</latexit>

! 2Dr
<latexit sha1_base64="lt/brakOaevDjsaQ3TbK7CpUD3g=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BPXiMYB6YrGF2MkmGzM4uM71CWPIXXjwo4tW/8ebfOEn2oIkFDUVVN91dQSyFQdf9dnIrq2vrG/nNwtb2zu5ecf+gYaJEM15nkYx0K6CGS6F4HQVK3oo1p2EgeTMYXU/95hPXRkTqHscx90M6UKIvGEUrPXQ40scKuenqbrHklt0ZyDLxMlKCDLVu8avTi1gScoVMUmPanhujn1KNgkk+KXQSw2PKRnTA25YqGnLjp7OLJ+TEKj3Sj7QthWSm/p5IaWjMOAxsZ0hxaBa9qfif106wf+mnQsUJcsXmi/qJJBiR6fukJzRnKMeWUKaFvZWwIdWUoQ2pYEPwFl9eJo1K2TsrV+7OS9WrLI48HMExnIIHF1CFW6hBHRgoeIZXeHOM8+K8Ox/z1pyTzRzCHzifP6P0kD0=</latexit>

Cdc
<latexit sha1_base64="HNL2QFHO2L4z/gqo5h3+Rhxila4=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mtBT0We/FYwX5Au5RsNtvGZpMlyQpl6X/w4kERr/4fb/4b03YP2vpg4PHeDDPzgoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTjpapIrRNJJeqF2BNORO0bZjhtJcoiuOA024wac797hNVmknxYKYJ9WM8EixiBBsrdZrDLCSzYbniVt0F0DrxclKBHK1h+WsQSpLGVBjCsdZ9z02Mn2FlGOF0VhqkmiaYTPCI9i0VOKbazxbXztCFVUIUSWVLGLRQf09kONZ6Gge2M8ZmrFe9ufif109NdONnTCSpoYIsF0UpR0ai+esoZIoSw6eWYKKYvRWRMVaYGBtQyYbgrb68Tjq1qndVrd3XK43bPI4inME5XIIH19CAO2hBGwg8wjO8wpsjnRfn3flYthacfOYU/sD5/AGK1o8b</latexit>

Gdc
<latexit sha1_base64="iN/fu4tGZWGcOyyC9oMy83f5eDI=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mtBT0WPeixgv2AdinZbLaNzSZLkhXK0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmBQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbS1TRWiLSC5VN8CaciZoyzDDaTdRFMcBp51gfDPzO09UaSbFg5kk1I/xULCIEWys1L4dZCGZDsoVt+rOgVaJl5MK5GgOyl/9UJI0psIQjrXueW5i/Awrwwin01I/1TTBZIyHtGepwDHVfja/dorOrBKiSCpbwqC5+nsiw7HWkziwnTE2I73szcT/vF5qois/YyJJDRVksShKOTISzV5HIVOUGD6xBBPF7K2IjLDCxNiASjYEb/nlVdKuVb2Lau2+Xmlc53EU4QRO4Rw8uIQG3EETWkDgEZ7hFd4c6bw4787HorXg5DPH8AfO5w+Q+o8f</latexit>

L s
<latexit sha1_base64="WJ4+ma/b/ayQw59Ju91t78XA9qw=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhCswl0UtAzaWFhENB+QHGFvM5cs2ds7dveEcOQn2FgoYusvsvPfuEmu0MQHA4/3ZpiZFySCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDP1W0+oNI/loxkn6Ed0IHnIGTVWerjr6V6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns1Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfRv0ucKmRFjSyhT3N5K2JAqyoxNp2hD8BZfXibNasU7r1TvL8q16zyOAhzDCZyBB5dQg1uoQwMYDOAZXuHNEc6L8+58zFtXnHzmCP7A+fwBLf6Nug==</latexit> Rs

<latexit sha1_base64="ZWRa/pa6ZVQlP2HxqA/EkbAOSqs=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWN85AHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6xHHC/YgOlAgFo2ilh/ue6ZXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindeqd5dlGvXeRwFOIYTOAMPLqEGt1CHBjAYwDO8wpsjnRfn3fmYt644+cwR/IHz+QM3Io3A</latexit>

! m
<latexit sha1_base64="lt95U+Baug9ZiozyCRUsAnjRsrM=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1enqk+qJfrvhVfw60SoKcVCBHo1/+6g0USQWVlnBsTDfwExtmWFtGOJ2WeqmhCSZjPKRdRyUW1ITZ/NopOnPKAMVKu5IWzdXfExkWxkxE5DoFtiOz7M3E/7xuauPrMGMySS2VZLEoTjmyCs1eRwOmKbF84ggmmrlbERlhjYl1AZVcCMHyy6ukVasGF9Xa/WWlfpPHUYQTOIVzCOAK6nAHDWgCgUd4hld485T34r17H4vWgpfPHMMfeJ8/o7iPKw==</latexit>

ú!
<latexit sha1_base64="qSo8uHbNAaJiLW7jEKzex6sAC74=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOTJcxOepMhs7PLTK8QQv7CiwdFvPo33vwbJ8keNLFgoKjqYrorTKUw5HnfTmFtfWNzq7hd2tnd2z8oHx41TZJpjg2eyES3Q2ZQCoUNEiSxnWpkcSixFY5uZ37rCbURiXqgcYpBzAZKRIIzstJjt59Ql4ZIrFeueFVvDneV+DmpQI56r/xlwzyLURGXzJiO76UUTJgmwSVOS93MYMr4iA2wY6liMZpgMt946p5Zpe9GibZPkTtXfycmLDZmHId2MmY0NMveTPzP62QUXQcTodKMUPHFR1EmXUrc2fluX2jkJMeWMK6F3dXlQ6YZJ1tSyZbgL5+8SpoXVd/y+8tK7SavowgncArn4MMV1OAO6tAADgqe4RXeHOO8OO/Ox2K04OSZY/gD5/MHvxOQ8w==</latexit><latexit sha1_base64="qSo8uHbNAaJiLW7jEKzex6sAC74=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOTJcxOepMhs7PLTK8QQv7CiwdFvPo33vwbJ8keNLFgoKjqYrorTKUw5HnfTmFtfWNzq7hd2tnd2z8oHx41TZJpjg2eyES3Q2ZQCoUNEiSxnWpkcSixFY5uZ37rCbURiXqgcYpBzAZKRIIzstJjt59Ql4ZIrFeueFVvDneV+DmpQI56r/xlwzyLURGXzJiO76UUTJgmwSVOS93MYMr4iA2wY6liMZpgMt946p5Zpe9GibZPkTtXfycmLDZmHId2MmY0NMveTPzP62QUXQcTodKMUPHFR1EmXUrc2fluX2jkJMeWMK6F3dXlQ6YZJ1tSyZbgL5+8SpoXVd/y+8tK7SavowgncArn4MMV1OAO6tAADgqe4RXeHOO8OO/Ox2K04OSZY/gD5/MHvxOQ8w==</latexit><latexit sha1_base64="qSo8uHbNAaJiLW7jEKzex6sAC74=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOTJcxOepMhs7PLTK8QQv7CiwdFvPo33vwbJ8keNLFgoKjqYrorTKUw5HnfTmFtfWNzq7hd2tnd2z8oHx41TZJpjg2eyES3Q2ZQCoUNEiSxnWpkcSixFY5uZ37rCbURiXqgcYpBzAZKRIIzstJjt59Ql4ZIrFeueFVvDneV+DmpQI56r/xlwzyLURGXzJiO76UUTJgmwSVOS93MYMr4iA2wY6liMZpgMt946p5Zpe9GibZPkTtXfycmLDZmHId2MmY0NMveTPzP62QUXQcTodKMUPHFR1EmXUrc2fluX2jkJMeWMK6F3dXlQ6YZJ1tSyZbgL5+8SpoXVd/y+8tK7SavowgncArn4MMV1OAO6tAADgqe4RXeHOO8OO/Ox2K04OSZY/gD5/MHvxOQ8w==</latexit><latexit sha1_base64="qSo8uHbNAaJiLW7jEKzex6sAC74=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOTJcxOepMhs7PLTK8QQv7CiwdFvPo33vwbJ8keNLFgoKjqYrorTKUw5HnfTmFtfWNzq7hd2tnd2z8oHx41TZJpjg2eyES3Q2ZQCoUNEiSxnWpkcSixFY5uZ37rCbURiXqgcYpBzAZKRIIzstJjt59Ql4ZIrFeueFVvDneV+DmpQI56r/xlwzyLURGXzJiO76UUTJgmwSVOS93MYMr4iA2wY6liMZpgMt946p5Zpe9GibZPkTtXfycmLDZmHId2MmY0NMveTPzP62QUXQcTodKMUPHFR1EmXUrc2fluX2jkJMeWMK6F3dXlQ6YZJ1tSyZbgL5+8SpoXVd/y+8tK7SavowgncArn4MMV1OAO6tAADgqe4RXeHOO8OO/Ox2K04OSZY/gD5/MHvxOQ8w==</latexit>

ú! r
<latexit sha1_base64="ZhEf+/x8P3+IUCwM4bJ9ARUAAMw=">AAAB9XicbVBNSwMxEM36WetX1aOXYBE8ld0q6LHoxWMF+wHtWmbTbBua7C7JrFKW/g8vHhTx6n/x5r8xbfegrQ8GHu/NJDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDsBwKSLeQIGStxPNQQWSt4LRzdRvPXJtRBzd4zjhvoJBJELBAK300O3HmHUHoBRMerpXKrsVdwa6TLyclEmOeq/0ZR9gqeIRMgnGdDw3QT8DjYJJPil2U8MTYCMY8I6lEShu/Gy29YSeWqVPw1jbipDO1N8TGShjxiqwnQpwaBa9qfif10kxvPIzESUp8ojNPwpTSTGm0whoX2jOUI4tAaaF3ZWyIWhgaIMq2hC8xZOXSbNa8c4r1buLcu06j6NAjskJOSMeuSQ1ckvqpEEY0eSZvJI358l5cd6dj3nripPPHJE/cD5/AP9dktU=</latexit>

÷<latexit sha1_base64="Ae8E7YzPjJN8/Zf42esk/zwwl08=">AAAB8HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgm2VNpTNZtMu3WzC7kQoof4JLx4U8erP8ea/cdvmoK0vLDy8M8POvEEqhUHX/XZKK6tr6xvlzcrW9s7uXnX/oG2STDPeYolM9H1ADZdC8RYKlPw+1ZzGgeSdYHQ9rXceuTYiUXc4Trkf04ESkWAUrfXQQyFDnj9N+tWaW3dnIsvgFVCDQs1+9asXJiyLuUImqTFdz03Rz6lGwSSfVHqZ4SllIzrgXYuKxtz4+WzhCTmxTkiiRNunkMzc3xM5jY0Zx4HtjCkOzWJtav5X62YYXfq5UGmGXLH5R1EmCSZkej0JheYM5dgCZVrYXQkbUk0Z2owqNgRv8eRlaJ/VPcu357XGVRFHGY7gGE7BgwtowA00oQUMYniGV3hztPPivDsf89aSU8wcwh85nz9MfZC4</latexit><latexit sha1_base64="Ae8E7YzPjJN8/Zf42esk/zwwl08=">AAAB8HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgm2VNpTNZtMu3WzC7kQoof4JLx4U8erP8ea/cdvmoK0vLDy8M8POvEEqhUHX/XZKK6tr6xvlzcrW9s7uXnX/oG2STDPeYolM9H1ADZdC8RYKlPw+1ZzGgeSdYHQ9rXceuTYiUXc4Trkf04ESkWAUrfXQQyFDnj9N+tWaW3dnIsvgFVCDQs1+9asXJiyLuUImqTFdz03Rz6lGwSSfVHqZ4SllIzrgXYuKxtz4+WzhCTmxTkiiRNunkMzc3xM5jY0Zx4HtjCkOzWJtav5X62YYXfq5UGmGXLH5R1EmCSZkej0JheYM5dgCZVrYXQkbUk0Z2owqNgRv8eRlaJ/VPcu357XGVRFHGY7gGE7BgwtowA00oQUMYniGV3hztPPivDsf89aSU8wcwh85nz9MfZC4</latexit><latexit sha1_base64="Ae8E7YzPjJN8/Zf42esk/zwwl08=">AAAB8HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgm2VNpTNZtMu3WzC7kQoof4JLx4U8erP8ea/cdvmoK0vLDy8M8POvEEqhUHX/XZKK6tr6xvlzcrW9s7uXnX/oG2STDPeYolM9H1ADZdC8RYKlPw+1ZzGgeSdYHQ9rXceuTYiUXc4Trkf04ESkWAUrfXQQyFDnj9N+tWaW3dnIsvgFVCDQs1+9asXJiyLuUImqTFdz03Rz6lGwSSfVHqZ4SllIzrgXYuKxtz4+WzhCTmxTkiiRNunkMzc3xM5jY0Zx4HtjCkOzWJtav5X62YYXfq5UGmGXLH5R1EmCSZkej0JheYM5dgCZVrYXQkbUk0Z2owqNgRv8eRlaJ/VPcu357XGVRFHGY7gGE7BgwtowA00oQUMYniGV3hztPPivDsf89aSU8wcwh85nz9MfZC4</latexit><latexit sha1_base64="Ae8E7YzPjJN8/Zf42esk/zwwl08=">AAAB8HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgm2VNpTNZtMu3WzC7kQoof4JLx4U8erP8ea/cdvmoK0vLDy8M8POvEEqhUHX/XZKK6tr6xvlzcrW9s7uXnX/oG2STDPeYolM9H1ADZdC8RYKlPw+1ZzGgeSdYHQ9rXceuTYiUXc4Trkf04ESkWAUrfXQQyFDnj9N+tWaW3dnIsvgFVCDQs1+9asXJiyLuUImqTFdz03Rz6lGwSSfVHqZ4SllIzrgXYuKxtz4+WzhCTmxTkiiRNunkMzc3xM5jY0Zx4HtjCkOzWJtav5X62YYXfq5UGmGXLH5R1EmCSZkej0JheYM5dgCZVrYXQkbUk0Z2owqNgRv8eRlaJ/VPcu357XGVRFHGY7gGE7BgwtowA00oQUMYniGV3hztPPivDsf89aSU8wcwh85nz9MfZC4</latexit>es
<latexit sha1_base64="JGoUu8J/GgAT+orP6kVfRR6LokQ=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiRV0GXRjcsK9gFtCJPJpB06mYSZSaGE/okbF4q49U/c+TdO2iy09cAwh3PuZc6cIOVMacf5tiobm1vbO9Xd2t7+weGRfXzSVUkmCe2QhCeyH2BFORO0o5nmtJ9KiuOA014wuS/83pRKxRLxpGcp9WI8EixiBGsj+bY9DBIeqllsrpzOfeXbdafhLIDWiVuSOpRo+/bXMExIFlOhCcdKDVwn1V6OpWaE03ltmCmaYjLBIzowVOCYKi9fJJ+jC6OEKEqkOUKjhfp7I8exKsKZyRjrsVr1CvE/b5Dp6NbLmUgzTQVZPhRlHOkEFTWgkElKNJ8ZgolkJisiYywx0aasminBXf3yOuk2G+5Vo/l4XW/dlXVU4QzO4RJcuIEWPEAbOkBgCs/wCm9Wbr1Y79bHcrRilTun8AfW5w9EMpQR</latexit>

e!
<latexit sha1_base64="7j99uV0+pSEEi60zLEiKIshDDII=">AAAB/nicbVBLSwMxGMz6rPW1Kp68BIvgqexWQY9FLx4r2Ad0lyWbTdvQbBKSrFCWgn/FiwdFvPo7vPlvzLZ70NaBkGHm+8hkYsmoNp737aysrq1vbFa2qts7u3v77sFhR4tMYdLGggnVi5EmjHLSNtQw0pOKoDRmpBuPbwu/+0iUpoI/mIkkYYqGnA4oRsZKkXscxIIlepLaKyfTKBgjKVHk1ry6NwNcJn5JaqBEK3K/gkTgLCXcYIa07vueNGGOlKGYkWk1yDSRCI/RkPQt5SglOsxn8afwzCoJHAhlDzdwpv7eyFGqi4R2MkVmpBe9QvzP62dmcB3mlMvMEI7nDw0yBo2ARRcwoYpgwyaWIKyozQrxCCmEjW2sakvwF7+8TDqNun9Rb9xf1po3ZR0VcAJOwTnwwRVogjvQAm2AQQ6ewSt4c56cF+fd+ZiPrjjlzhH4A+fzBxx1ljk=</latexit>

v g
<latexit sha1_base64="sL3EcQk8divxR0K318YefWg5u4g=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiRV0GXRjcsK9gFtCJPJpB06mYSZSaGE/okbF4q49U/c+TdO2iy09cAwh3PuZc6cIOVMacf5tiobm1vbO9Xd2t7+weGRfXzSVUkmCe2QhCeyH2BFORO0o5nmtJ9KiuOA014wuS/83pRKxRLxpGcp9WI8EixiBGsj+bY9DBIeqllsrnw690e+XXcazgJonbglqUOJtm9/DcOEZDEVmnCs1MB1Uu3lWGpGOJ3XhpmiKSYTPKIDQwWOqfLyRfI5ujBKiKJEmiM0Wqi/N3IcqyKcmYyxHqtVrxD/8waZjm69nIk001SQ5UNRxpFOUFEDCpmkRPOZIZhIZrIiMsYSE23KqpkS3NUvr5Nus+FeNZqP1/XWXVlHFc7gHC7BhRtowQO0oQMEpvAMr/Bm5daL9W59LEcrVrlzCn9gff4AS/mUFg==</latexit>

L s!
<latexit sha1_base64="fUoqP1mOhezMDMOS/pzVUtRaf/Q=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIvgqexWQY9FLx48VLAfsF1KNk3b0GwSklmhLP0ZXjwo4tVf481/Y9ruQVsfDDzem2FmXqwFt+D7315hbX1jc6u4XdrZ3ds/KB8etaxKDWVNqoQynZhYJrhkTeAgWEcbRpJYsHY8vp357SdmLFfyESaaRQkZSj7glICTwvteZrtjojWZ9soVv+rPgVdJkJMKytHolb+6fUXThEmgglgbBr6GKCMGOBVsWuqmlmlCx2TIQkclSZiNsvnJU3zmlD4eKONKAp6rvycyklg7SWLXmRAY2WVvJv7nhSkMrqOMS50Ck3SxaJAKDArP/sd9bhgFMXGEUMPdrZiOiCEUXEolF0Kw/PIqadWqwUW19nBZqd/kcRTRCTpF5yhAV6iO7lADNRFFCj2jV/TmgffivXsfi9aCl88coz/wPn8AiX2Raw==</latexit>

! m

! e
<latexit sha1_base64="EDAPD8MBJpvGHUxNOBVrXNh2iEY=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRV0GPRi8cK9gPaUDbbSbt2sxt2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemHCmjed9O4W19Y3NreJ2aWd3b/+gfHjU0jJVFJtUcqk6IdHImcCmYYZjJ1FI4pBjOxzfzvz2EyrNpHgwkwSDmAwFixglxkqtnhrJPvbLFa/qzeGuEj8nFcjR6Je/egNJ0xiFoZxo3fW9xAQZUYZRjtNSL9WYEDomQ+xaKkiMOsjm107dM6sM3EgqW8K4c/X3REZirSdxaDtjYkZ62ZuJ/3nd1ETXQcZEkhoUdLEoSrlrpDt73R0whdTwiSWEKmZvdemIKEKNDahkQ/CXX14lrVrVv6jW7i8r9Zs8jiKcwCmcgw9XUIc7aEATKDzCM7zCmyOdF+fd+Vi0Fpx85hj+wPn8AZeYjyM=</latexit>

! e
<latexit sha1_base64="+66kE/8TXPZvxeMLy1F7v6izHwQ=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9p2uf9csWtunOQVeLlpAI5Gv3yV28QszTiCpmkxnQ9N0E/oxoFk3xa6qWGJ5SN6ZB3LVU04sbP5tdOyZlVBiSMtS2FZK7+nshoZMwkCmxnRHFklr2Z+J/XTTG89jOhkhS5YotFYSoJxmT2OhkIzRnKiSWUaWFvJWxENWVoAyrZELzll1dJq1b1Lqq1+8tK/SaPowgncArn4MEV1OEOGtAEBo/wDK/w5sTOi/PufCxaC04+cwx/4Hz+AJkbjyQ=</latexit>

i s
<latexit sha1_base64="3LThGqMusAgaZFpw48JHovRKjqQ=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiRV0GXRjcsK9gFtCJPJpB06mYSZSaGE/okbF4q49U/c+TdO2iy09cAwh3PuZc6cIOVMacf5tiobm1vbO9Xd2t7+weGRfXzSVUkmCe2QhCeyH2BFORO0o5nmtJ9KiuOA014wuS/83pRKxRLxpGcp9WI8EixiBGsj+bY9DBIeqllsrpzNfeXbdafhLIDWiVuSOpRo+/bXMExIFlOhCcdKDVwn1V6OpWaE03ltmCmaYjLBIzowVOCYKi9fJJ+jC6OEKEqkOUKjhfp7I8exKsKZyRjrsVr1CvE/b5Dp6NbLmUgzTQVZPhRlHOkEFTWgkElKNJ8ZgolkJisiYywx0aasminBXf3yOuk2G+5Vo/l4XW/dlXVU4QzO4RJcuIEWPEAbOkBgCs/wCm9Wbr1Y79bHcrRilTun8AfW5w9KTpQV</latexit>

i !
<latexit sha1_base64="YrsH/Lv98rC9jyvQS6MQiVsYKkI=">AAAB/nicbVBLSwMxGMz6rPW1Kp68BIvgqexWQY9FLx4r2Ad0lyWbTdvQbBKSrFCWgn/FiwdFvPo7vPlvzLZ70NaBkGHm+8hkYsmoNp737aysrq1vbFa2qts7u3v77sFhR4tMYdLGggnVi5EmjHLSNtQw0pOKoDRmpBuPbwu/+0iUpoI/mIkkYYqGnA4oRsZKkXscxIIlepLaK6fTKBgjKVHk1ry6NwNcJn5JaqBEK3K/gkTgLCXcYIa07vueNGGOlKGYkWk1yDSRCI/RkPQt5SglOsxn8afwzCoJHAhlDzdwpv7eyFGqi4R2MkVmpBe9QvzP62dmcB3mlMvMEI7nDw0yBo2ARRcwoYpgwyaWIKyozQrxCCmEjW2sakvwF7+8TDqNun9Rb9xf1po3ZR0VcAJOwTnwwRVogjvQAm2AQQ6ewSt4c56cF+fd+ZiPrjjlzhH4A+fzByKllj0=</latexit>

! m

ú!
<latexit sha1_base64="qSo8uHbNAaJiLW7jEKzex6sAC74=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOTJcxOepMhs7PLTK8QQv7CiwdFvPo33vwbJ8keNLFgoKjqYrorTKUw5HnfTmFtfWNzq7hd2tnd2z8oHx41TZJpjg2eyES3Q2ZQCoUNEiSxnWpkcSixFY5uZ37rCbURiXqgcYpBzAZKRIIzstJjt59Ql4ZIrFeueFVvDneV+DmpQI56r/xlwzyLURGXzJiO76UUTJgmwSVOS93MYMr4iA2wY6liMZpgMt946p5Zpe9GibZPkTtXfycmLDZmHId2MmY0NMveTPzP62QUXQcTodKMUPHFR1EmXUrc2fluX2jkJMeWMK6F3dXlQ6YZJ1tSyZbgL5+8SpoXVd/y+8tK7SavowgncArn4MMV1OAO6tAADgqe4RXeHOO8OO/Ox2K04OSZY/gD5/MHvxOQ8w==</latexit><latexit sha1_base64="qSo8uHbNAaJiLW7jEKzex6sAC74=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOTJcxOepMhs7PLTK8QQv7CiwdFvPo33vwbJ8keNLFgoKjqYrorTKUw5HnfTmFtfWNzq7hd2tnd2z8oHx41TZJpjg2eyES3Q2ZQCoUNEiSxnWpkcSixFY5uZ37rCbURiXqgcYpBzAZKRIIzstJjt59Ql4ZIrFeueFVvDneV+DmpQI56r/xlwzyLURGXzJiO76UUTJgmwSVOS93MYMr4iA2wY6liMZpgMt946p5Zpe9GibZPkTtXfycmLDZmHId2MmY0NMveTPzP62QUXQcTodKMUPHFR1EmXUrc2fluX2jkJMeWMK6F3dXlQ6YZJ1tSyZbgL5+8SpoXVd/y+8tK7SavowgncArn4MMV1OAO6tAADgqe4RXeHOO8OO/Ox2K04OSZY/gD5/MHvxOQ8w==</latexit><latexit sha1_base64="qSo8uHbNAaJiLW7jEKzex6sAC74=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOTJcxOepMhs7PLTK8QQv7CiwdFvPo33vwbJ8keNLFgoKjqYrorTKUw5HnfTmFtfWNzq7hd2tnd2z8oHx41TZJpjg2eyES3Q2ZQCoUNEiSxnWpkcSixFY5uZ37rCbURiXqgcYpBzAZKRIIzstJjt59Ql4ZIrFeueFVvDneV+DmpQI56r/xlwzyLURGXzJiO76UUTJgmwSVOS93MYMr4iA2wY6liMZpgMt946p5Zpe9GibZPkTtXfycmLDZmHId2MmY0NMveTPzP62QUXQcTodKMUPHFR1EmXUrc2fluX2jkJMeWMK6F3dXlQ6YZJ1tSyZbgL5+8SpoXVd/y+8tK7SavowgncArn4MMV1OAO6tAADgqe4RXeHOO8OO/Ox2K04OSZY/gD5/MHvxOQ8w==</latexit><latexit sha1_base64="qSo8uHbNAaJiLW7jEKzex6sAC74=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOTJcxOepMhs7PLTK8QQv7CiwdFvPo33vwbJ8keNLFgoKjqYrorTKUw5HnfTmFtfWNzq7hd2tnd2z8oHx41TZJpjg2eyES3Q2ZQCoUNEiSxnWpkcSixFY5uZ37rCbURiXqgcYpBzAZKRIIzstJjt59Ql4ZIrFeueFVvDneV+DmpQI56r/xlwzyLURGXzJiO76UUTJgmwSVOS93MYMr4iA2wY6liMZpgMt946p5Zpe9GibZPkTtXfycmLDZmHId2MmY0NMveTPzP62QUXQcTodKMUPHFR1EmXUrc2fluX2jkJMeWMK6F3dXlQ6YZJ1tSyZbgL5+8SpoXVd/y+8tK7SavowgncArn4MMV1OAO6tAADgqe4RXeHOO8OO/Ox2K04OSZY/gD5/MHvxOQ8w==</latexit>

M
<latexit sha1_base64="crANvVgGivIiDMWlFPoP+QRYTmE=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OJFaMF+QBvKZjtp1242YXcjlNBf4MWDIl79Sd78N27bHLT1hYWHd2bYmTdIBNfGdb+dwtr6xuZWcbu0s7u3f1A+PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHw7q7efUGkeywczSdCP6FDykDNqrNW475crbtWdi6yCl0MFctX75a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi1KGqH2s/miU3JmnQEJY2WfNGTu/p7IaKT1JApsZ0TNSC/XZuZ/tW5qwms/4zJJDUq2+ChMBTExmV1NBlwhM2JigTLF7a6EjaiizNhsSjYEb/nkVWhdVD3LjctK7SaPowgncArn4MEV1OAO6tAEBgjP8ApvzqPz4rw7H4vWgpPPHMMfOZ8/pQ+M0Q==</latexit><latexit sha1_base64="crANvVgGivIiDMWlFPoP+QRYTmE=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OJFaMF+QBvKZjtp1242YXcjlNBf4MWDIl79Sd78N27bHLT1hYWHd2bYmTdIBNfGdb+dwtr6xuZWcbu0s7u3f1A+PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHw7q7efUGkeywczSdCP6FDykDNqrNW475crbtWdi6yCl0MFctX75a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi1KGqH2s/miU3JmnQEJY2WfNGTu/p7IaKT1JApsZ0TNSC/XZuZ/tW5qwms/4zJJDUq2+ChMBTExmV1NBlwhM2JigTLF7a6EjaiizNhsSjYEb/nkVWhdVD3LjctK7SaPowgncArn4MEV1OAO6tAEBgjP8ApvzqPz4rw7H4vWgpPPHMMfOZ8/pQ+M0Q==</latexit><latexit sha1_base64="crANvVgGivIiDMWlFPoP+QRYTmE=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OJFaMF+QBvKZjtp1242YXcjlNBf4MWDIl79Sd78N27bHLT1hYWHd2bYmTdIBNfGdb+dwtr6xuZWcbu0s7u3f1A+PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHw7q7efUGkeywczSdCP6FDykDNqrNW475crbtWdi6yCl0MFctX75a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi1KGqH2s/miU3JmnQEJY2WfNGTu/p7IaKT1JApsZ0TNSC/XZuZ/tW5qwms/4zJJDUq2+ChMBTExmV1NBlwhM2JigTLF7a6EjaiizNhsSjYEb/nkVWhdVD3LjctK7SaPowgncArn4MEV1OAO6tAEBgjP8ApvzqPz4rw7H4vWgpPPHMMfOZ8/pQ+M0Q==</latexit><latexit sha1_base64="crANvVgGivIiDMWlFPoP+QRYTmE=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OJFaMF+QBvKZjtp1242YXcjlNBf4MWDIl79Sd78N27bHLT1hYWHd2bYmTdIBNfGdb+dwtr6xuZWcbu0s7u3f1A+PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHw7q7efUGkeywczSdCP6FDykDNqrNW475crbtWdi6yCl0MFctX75a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi1KGqH2s/miU3JmnQEJY2WfNGTu/p7IaKT1JApsZ0TNSC/XZuZ/tW5qwms/4zJJDUq2+ChMBTExmV1NBlwhM2JigTLF7a6EjaiizNhsSjYEb/nkVWhdVD3LjctK7SaPowgncArn4MEV1OAO6tAEBgjP8ApvzqPz4rw7H4vWgpPPHMMfOZ8/pQ+M0Q==</latexit>

ur
<latexit sha1_base64="sYTqUr10mtUmISJtHjowtHzIJFk=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5hKYdDzvp3S2vrG5lZ5u7Kzu7d/4B4etUySacabLJGJ7oTUcCkUb6JAyTup5jQOJW+H49tZvf3EtRGJesRJyoOYDpWIBKNorYesr/tu1at5c5FV8AuoQqFG3/3qDRKWxVwhk9SYru+lGORUo2CSTyu9zPCUsjEd8q5FRWNugny+6pScWWdAokTbp5DM3d8TOY2NmcSh7YwpjsxybWb+V+tmGF0HuVBphlyxxUdRJgkmZHY3GQjNGcqJBcq0sLsSNqKaMrTpVGwI/vLJq9C6qPmW7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzZHOi/PufCxaS04xcwx/5Hz+AGmkjd4=</latexit><latexit sha1_base64="sYTqUr10mtUmISJtHjowtHzIJFk=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5hKYdDzvp3S2vrG5lZ5u7Kzu7d/4B4etUySacabLJGJ7oTUcCkUb6JAyTup5jQOJW+H49tZvf3EtRGJesRJyoOYDpWIBKNorYesr/tu1at5c5FV8AuoQqFG3/3qDRKWxVwhk9SYru+lGORUo2CSTyu9zPCUsjEd8q5FRWNugny+6pScWWdAokTbp5DM3d8TOY2NmcSh7YwpjsxybWb+V+tmGF0HuVBphlyxxUdRJgkmZHY3GQjNGcqJBcq0sLsSNqKaMrTpVGwI/vLJq9C6qPmW7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzZHOi/PufCxaS04xcwx/5Hz+AGmkjd4=</latexit><latexit sha1_base64="sYTqUr10mtUmISJtHjowtHzIJFk=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5hKYdDzvp3S2vrG5lZ5u7Kzu7d/4B4etUySacabLJGJ7oTUcCkUb6JAyTup5jQOJW+H49tZvf3EtRGJesRJyoOYDpWIBKNorYesr/tu1at5c5FV8AuoQqFG3/3qDRKWxVwhk9SYru+lGORUo2CSTyu9zPCUsjEd8q5FRWNugny+6pScWWdAokTbp5DM3d8TOY2NmcSh7YwpjsxybWb+V+tmGF0HuVBphlyxxUdRJgkmZHY3GQjNGcqJBcq0sLsSNqKaMrTpVGwI/vLJq9C6qPmW7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzZHOi/PufCxaS04xcwx/5Hz+AGmkjd4=</latexit><latexit sha1_base64="sYTqUr10mtUmISJtHjowtHzIJFk=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5hKYdDzvp3S2vrG5lZ5u7Kzu7d/4B4etUySacabLJGJ7oTUcCkUb6JAyTup5jQOJW+H49tZvf3EtRGJesRJyoOYDpWIBKNorYesr/tu1at5c5FV8AuoQqFG3/3qDRKWxVwhk9SYru+lGORUo2CSTyu9zPCUsjEd8q5FRWNugny+6pScWWdAokTbp5DM3d8TOY2NmcSh7YwpjsxybWb+V+tmGF0HuVBphlyxxUdRJgkmZHY3GQjNGcqJBcq0sLsSNqKaMrTpVGwI/vLJq9C6qPmW7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzZHOi/PufCxaS04xcwx/5Hz+AGmkjd4=</latexit>

L e(! )
<latexit sha1_base64="4mU8x85eZBJpdNe7p+SyCCnGKXU=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoMQL2E3CnoMevHgIYJ5wGYJs5PeZMjsg5leISz5DC8eFPHq13jzb5wke9DEgoaiqpvuLj+RQqNtf1uFtfWNza3idmlnd2//oHx41NZxqji0eCxj1fWZBikiaKFACd1EAQt9CR1/fDvzO0+gtIijR5wk4IVsGIlAcIZGcu/7UO3hCJCd98sVu2bPQVeJk5MKydHsl796g5inIUTIJdPadewEvYwpFFzCtNRLNSSMj9kQXEMjFoL2svnJU3pmlAENYmUqQjpXf09kLNR6EvqmM2Q40sveTPzPc1MMrr1MREmKEPHFoiCVFGM6+58OhAKOcmII40qYWykfMcU4mpRKJgRn+eVV0q7XnIta/eGy0rjJ4yiSE3JKqsQhV6RB7kiTtAgnMXkmr+TNQuvFerc+Fq0FK585Jn9gff4AgjGQvw==</latexit>

Figure 4.1: Graphical illustration of the synchronous machine with damper windings.

Since the behavior of interest for such systems is revolutions around the rotor axis,
we adopt the power-invariant ��0-transform for all three-phase quantities, obtaining an
orthogonal stationary frame, which makes computations are easier

xabc 7! x��0 = T��0xabc ; with T��0 =
p

2=3

"
1 �1=2 �1=2
0
p

3=2 �
p

3=2
1=
p

2 1=
p

2 1=
p

2

#

: (4.3)

We �nd it convenient to convert the damper winding current into a stationary frame

representation. Let Le(�) = Te(�)L(�)Te(�)>, with Te(�) =
� T��0 03�1 03�2

01�3 1 01�2
02�3 02�1 R�

�
, such that

Le(�) =

2

66664

Ls 02�1 lmR�g1 Lmk
01�2 l0 0 01�2

lmg>1 R>� 0 lr lakg>1 R>�
Lmk 02�1 lakR�g1 L�

3

77775
; (4.4)

where ls = laa + lab, l0 = laa � 2lab, lm =
p

3=2 lafd, lmk =
p

3=2 lakd, lr = lffd are used for
brevity. Moreover, we denote Ls = lsI2, Lmk = lmkI2 and L� = l�I2 for convenience.
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4.1 Model preparation

Remark 4.1. (Positivity assumption). We assume that the machine is constructed
such that l0 > 0, but also that lsl� > l2mk. This is required for the positive de�niteness
of Le(�), an assumption that makes the windings realizable passive circuits. �

In the attempt of removing the angle dependency in the mass matrix, we will rewrite
(4.1a) in terms of currents instead of �uxes, hence we de�ne

( s;  0) = T��0 abc
(is; i0) = T��0iabc

�����
 k;dq = ( kd;  kq)
ik;dq = (ikd; ikq)

�����
 � = R� k;dq
i� = R�ik;dq :

We are now able to write

 s = Lsis +R�g1lmir + Lmki� (4.5a)
 0 = l0i0 (4.5b)
 r = lrir + lmg>1 R

>
� is + lakg>1 R

>
� i� (4.5c)

 � = L�i� +R�g1lakir + Lmkis (4.5d)

Consider the stator terminal voltage in these coordinates as (vg; v0) = T��0vabc, where
v0 will be assumed to be zero, or converging to zero. We rewrite (4.5) by taking its time
derivative along (4.1)

Ls d
dtis + Lmk d

dti� =�Rsis + vg � d
dt(R�g1lmir) (4.6a)

l0 d
dti0 =� r0i0 + v0 (4.6b)

lr d
dtir =� rrir + ur � d

dt(lmg>1 R
>
� is + lakg>1 R

>
� i�) (4.6c)

L� d
dti� + Lmk d

dtis =�R�i� � d
dt(R�g1lakir) ; (4.6d)

where Rs = rsI2 and R� = r�I2 are used for notational consistency. Notice that (4.6a)
and (4.6d) have a similar structure and may be grouped together, (4.6b) may be seen
as being decoupled and decaying to zero, and (4.6c) may be used to induce a favourable
structure. This observation is the �rst step towards our solution methodology.

4.1.2 Machine inversion via dynamic extension

The electromotive force

Regardless of the details of damper winding model, the idea is to use input ur to induce
a structure of the form (2.25), with a cascade emerging in the zero dynamics. This can
be done for the inverter and the synchronous machine in a similar manner. By looking
into the KVL equations (4.6a), (4.6d) and (4.6c), we identify three important quantities

� es = d
dt(R�g1lmir) 2 R2 as the electromotive force (EMF) induced in the stator

winding;
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� e� = d
dt(R�g1lakir) 2 R2 as the EMF induced in the damper winding;

� er = d
dt(lmg>1 R>� is + lakg>1 R>� i�) 2 R as the EMF induced in the rotor winding.

Notice that e� = lak
lm
es due to the symmetry of the damper windings. Notice that,

compared to Faraday’s law of induction, the above EMFs are taken with opposite sign.
We now propose the following coordinate transformation:


r = ln ir : (4.7)

Considering that ir is actuated, its dynamics can be freely assigned by ur. Let us expand

es = lmirR�

�
1
ir

dir
dt g1 + d�

dt g2

�
= lme
rR�

�
d
r
dt g1 + d�

dt g2

�
: (4.8)

Since d�
dt is driven by the angular velocity !, we can assign an analogous behavior for 
r,

driven by a new input �, seen as the radial velocity. To do this, we pick

ur = rrir + er + lrir� : (4.9)

With this feedback, (4.6c) becomes a pure integrator d
r
dt = �, just like the angle dynam-

ics, thus making the EMF an easier quantity to control

es = lme
rR�g1� + lme
rR�g2! = lme
rR�[ �! ] : (4.10)

This has essentialy converted the �eld current into a generalized coordinate, enabling the
ray-circle decomposition, via the feedback equivalence (4.7), (4.9). This transformation
enforces the rotor current to be either positive or negative. Without loss of generality,
and due to the symmetry of the machine, we choose the positive range. A change in
polarity for the �eld current would be equivalent to a rotation of the rotor by �. For
this model-matching procedure to result in a passive system, we proceed to assign the
same type of dynamics for � as for the angular velocity.

The electrical torque

In order to actuate es through � and !, we need to look at the mechanical side of the
machine. Since the power received through mechanical torque, in the form of !�m, is the
one transmitted to the electrical domain, the focus is usually on the following expression

�e = @H
@� = 1

2
@
@� [  >s  0  r  >� ]Le(�)�1[  >s  0  r  >� ]>

=� 1
2 [ i>s i0 ir i>� ]@Le@� [ i>s i0 ir i>� ]>

=� lmirg>2 R
>
� is � lakirg

>
2 R

>
� i�

=� lme
rg>2 R
>
� is � lake


rg>2 R
>
� i� :

(4.11)
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4.1 Model preparation

We de�ne the ray-counterpart of �e, corresponding to acceleration in the radial direction,
in an analogous way. We remove however, the kinetic energy term associated with lr,
since 
r now plays the role of a generalized coordinate, and does not store energy

�e = @H
@
r
jlr=0 =� 1

2
@
@
r

[ i>s i0 e
r i>� ]Le(�)[ i>s i0 e
r i>� ]>jlr=0

=� lme
rg>1 R
>
� is � lake


rg>1 R
>
� i� :

(4.12)

The radial torque �e does not draw power at steady state since, in order to reach a
constant es amplitude, � must be zero and so the associated power ��e is also zero.

Dynamic extension and the independent mass matrix

We have complete freedom in assigning the input �. In order to preserve the same
relative degree for 
r as for �, we propose a dynamic controller. In the light of Section
3.2, we choose the same structure for the dynamics of � as for !. In addition, using
(4.12), we are able to preserve the Hamiltonian structure. We illustrate the convenience
of this choice by rewriting system (4.1), using (4.6) and combined with feedback (4.9),
in terms of co-energy variables

d
dtM! =�D! � �e + �m (4.13a)

d
dt� = ! (4.13b)

d
dtMr� =�Dr� � �e + �m (4.13c)

d
dt lrir = lrir� (4.13d)

d
dtLsis + d

dtLmki� =�Rsis + vg � es (4.13e)
d
dt l0i0 =� r0i0 + v0 (4.13f)

d
dtL�i� + d

dtLmkis =�R�i� � e� : (4.13g)

where �m 2 Rn is a new input analogous to the mechanical torque injection �m, Mr > 0
and Dr > 0 are the inertia and damping of the radial component � 2 R. The radial
velocity dynamics (4.13c) are a virtual augmentation to be implemented as part of the
controller. The system is now Hamiltonian with

He = 1
2!M! + 1

2�Mr� + 1
2

�
is
i�
i0

�>� Ls Lmk 02�1
Lmk L� 02�1
01�2 01�2 l0

��
is
i�
i0

�
: (4.14)

We further de�ne Ls� =
h
Ls Lmk
Lmk L�

i
2 R4�4 for convenience of notation.

If we consider the extended state as ( 0s; 0�; 0; p; pr; �; 
r), where pr = Mr� 2 R is
the radial momentum and

h
 0s
 0�

i
= Ls�

h
is
i�

i
2 R2�R2 are the modi�ed stator and damper
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<latexit sha1_base64="sYTqUr10mtUmISJtHjowtHzIJFk=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5hKYdDzvp3S2vrG5lZ5u7Kzu7d/4B4etUySacabLJGJ7oTUcCkUb6JAyTup5jQOJW+H49tZvf3EtRGJesRJyoOYDpWIBKNorYesr/tu1at5c5FV8AuoQqFG3/3qDRKWxVwhk9SYru+lGORUo2CSTyu9zPCUsjEd8q5FRWNugny+6pScWWdAokTbp5DM3d8TOY2NmcSh7YwpjsxybWb+V+tmGF0HuVBphlyxxUdRJgkmZHY3GQjNGcqJBcq0sLsSNqKaMrTpVGwI/vLJq9C6qPmW7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzZHOi/PufCxaS04xcwx/5Hz+AGmkjd4=</latexit><latexit sha1_base64="sYTqUr10mtUmISJtHjowtHzIJFk=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5hKYdDzvp3S2vrG5lZ5u7Kzu7d/4B4etUySacabLJGJ7oTUcCkUb6JAyTup5jQOJW+H49tZvf3EtRGJesRJyoOYDpWIBKNorYesr/tu1at5c5FV8AuoQqFG3/3qDRKWxVwhk9SYru+lGORUo2CSTyu9zPCUsjEd8q5FRWNugny+6pScWWdAokTbp5DM3d8TOY2NmcSh7YwpjsxybWb+V+tmGF0HuVBphlyxxUdRJgkmZHY3GQjNGcqJBcq0sLsSNqKaMrTpVGwI/vLJq9C6qPmW7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzZHOi/PufCxaS04xcwx/5Hz+AGmkjd4=</latexit><latexit sha1_base64="sYTqUr10mtUmISJtHjowtHzIJFk=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5hKYdDzvp3S2vrG5lZ5u7Kzu7d/4B4etUySacabLJGJ7oTUcCkUb6JAyTup5jQOJW+H49tZvf3EtRGJesRJyoOYDpWIBKNorYesr/tu1at5c5FV8AuoQqFG3/3qDRKWxVwhk9SYru+lGORUo2CSTyu9zPCUsjEd8q5FRWNugny+6pScWWdAokTbp5DM3d8TOY2NmcSh7YwpjsxybWb+V+tmGF0HuVBphlyxxUdRJgkmZHY3GQjNGcqJBcq0sLsSNqKaMrTpVGwI/vLJq9C6qPmW7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzZHOi/PufCxaS04xcwx/5Hz+AGmkjd4=</latexit><latexit sha1_base64="sYTqUr10mtUmISJtHjowtHzIJFk=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5hKYdDzvp3S2vrG5lZ5u7Kzu7d/4B4etUySacabLJGJ7oTUcCkUb6JAyTup5jQOJW+H49tZvf3EtRGJesRJyoOYDpWIBKNorYesr/tu1at5c5FV8AuoQqFG3/3qDRKWxVwhk9SYru+lGORUo2CSTyu9zPCUsjEd8q5FRWNugny+6pScWWdAokTbp5DM3d8TOY2NmcSh7YwpjsxybWb+V+tmGF0HuVBphlyxxUdRJgkmZHY3GQjNGcqJBcq0sLsSNqKaMrTpVGwI/vLJq9C6qPmW7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzZHOi/PufCxaS04xcwx/5Hz+AGmkjd4=</latexit>

L e(! )
<latexit sha1_base64="4mU8x85eZBJpdNe7p+SyCCnGKXU=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoMQL2E3CnoMevHgIYJ5wGYJs5PeZMjsg5leISz5DC8eFPHq13jzb5wke9DEgoaiqpvuLj+RQqNtf1uFtfWNza3idmlnd2//oHx41NZxqji0eCxj1fWZBikiaKFACd1EAQt9CR1/fDvzO0+gtIijR5wk4IVsGIlAcIZGcu/7UO3hCJCd98sVu2bPQVeJk5MKydHsl796g5inIUTIJdPadewEvYwpFFzCtNRLNSSMj9kQXEMjFoL2svnJU3pmlAENYmUqQjpXf09kLNR6EvqmM2Q40sveTPzPc1MMrr1MREmKEPHFoiCVFGM6+58OhAKOcmII40qYWykfMcU4mpRKJgRn+eVV0q7XnIta/eGy0rjJ4yiSE3JKqsQhV6RB7kiTtAgnMXkmr+TNQuvFerc+Fq0FK585Jn9gff4AgjGQvw==</latexit>

! m

ú!
<latexit sha1_base64="qSo8uHbNAaJiLW7jEKzex6sAC74=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOTJcxOepMhs7PLTK8QQv7CiwdFvPo33vwbJ8keNLFgoKjqYrorTKUw5HnfTmFtfWNzq7hd2tnd2z8oHx41TZJpjg2eyES3Q2ZQCoUNEiSxnWpkcSixFY5uZ37rCbURiXqgcYpBzAZKRIIzstJjt59Ql4ZIrFeueFVvDneV+DmpQI56r/xlwzyLURGXzJiO76UUTJgmwSVOS93MYMr4iA2wY6liMZpgMt946p5Zpe9GibZPkTtXfycmLDZmHId2MmY0NMveTPzP62QUXQcTodKMUPHFR1EmXUrc2fluX2jkJMeWMK6F3dXlQ6YZJ1tSyZbgL5+8SpoXVd/y+8tK7SavowgncArn4MMV1OAO6tAADgqe4RXeHOO8OO/Ox2K04OSZY/gD5/MHvxOQ8w==</latexit><latexit sha1_base64="qSo8uHbNAaJiLW7jEKzex6sAC74=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOTJcxOepMhs7PLTK8QQv7CiwdFvPo33vwbJ8keNLFgoKjqYrorTKUw5HnfTmFtfWNzq7hd2tnd2z8oHx41TZJpjg2eyES3Q2ZQCoUNEiSxnWpkcSixFY5uZ37rCbURiXqgcYpBzAZKRIIzstJjt59Ql4ZIrFeueFVvDneV+DmpQI56r/xlwzyLURGXzJiO76UUTJgmwSVOS93MYMr4iA2wY6liMZpgMt946p5Zpe9GibZPkTtXfycmLDZmHId2MmY0NMveTPzP62QUXQcTodKMUPHFR1EmXUrc2fluX2jkJMeWMK6F3dXlQ6YZJ1tSyZbgL5+8SpoXVd/y+8tK7SavowgncArn4MMV1OAO6tAADgqe4RXeHOO8OO/Ox2K04OSZY/gD5/MHvxOQ8w==</latexit><latexit sha1_base64="qSo8uHbNAaJiLW7jEKzex6sAC74=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOTJcxOepMhs7PLTK8QQv7CiwdFvPo33vwbJ8keNLFgoKjqYrorTKUw5HnfTmFtfWNzq7hd2tnd2z8oHx41TZJpjg2eyES3Q2ZQCoUNEiSxnWpkcSixFY5uZ37rCbURiXqgcYpBzAZKRIIzstJjt59Ql4ZIrFeueFVvDneV+DmpQI56r/xlwzyLURGXzJiO76UUTJgmwSVOS93MYMr4iA2wY6liMZpgMt946p5Zpe9GibZPkTtXfycmLDZmHId2MmY0NMveTPzP62QUXQcTodKMUPHFR1EmXUrc2fluX2jkJMeWMK6F3dXlQ6YZJ1tSyZbgL5+8SpoXVd/y+8tK7SavowgncArn4MMV1OAO6tAADgqe4RXeHOO8OO/Ox2K04OSZY/gD5/MHvxOQ8w==</latexit><latexit sha1_base64="qSo8uHbNAaJiLW7jEKzex6sAC74=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOTJcxOepMhs7PLTK8QQv7CiwdFvPo33vwbJ8keNLFgoKjqYrorTKUw5HnfTmFtfWNzq7hd2tnd2z8oHx41TZJpjg2eyES3Q2ZQCoUNEiSxnWpkcSixFY5uZ37rCbURiXqgcYpBzAZKRIIzstJjt59Ql4ZIrFeueFVvDneV+DmpQI56r/xlwzyLURGXzJiO76UUTJgmwSVOS93MYMr4iA2wY6liMZpgMt946p5Zpe9GibZPkTtXfycmLDZmHId2MmY0NMveTPzP62QUXQcTodKMUPHFR1EmXUrc2fluX2jkJMeWMK6F3dXlQ6YZJ1tSyZbgL5+8SpoXVd/y+8tK7SavowgncArn4MMV1OAO6tAADgqe4RXeHOO8OO/Ox2K04OSZY/gD5/MHvxOQ8w==</latexit>

! m
<latexit sha1_base64="lt95U+Baug9ZiozyCRUsAnjRsrM=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1enqk+qJfrvhVfw60SoKcVCBHo1/+6g0USQWVlnBsTDfwExtmWFtGOJ2WeqmhCSZjPKRdRyUW1ITZ/NopOnPKAMVKu5IWzdXfExkWxkxE5DoFtiOz7M3E/7xuauPrMGMySS2VZLEoTjmyCs1eRwOmKbF84ggmmrlbERlhjYl1AZVcCMHyy6ukVasGF9Xa/WWlfpPHUYQTOIVzCOAK6nAHDWgCgUd4hld485T34r17H4vWgpfPHMMfeJ8/o7iPKw==</latexit>

ú! r
<latexit sha1_base64="ZhEf+/x8P3+IUCwM4bJ9ARUAAMw=">AAAB9XicbVBNSwMxEM36WetX1aOXYBE8ld0q6LHoxWMF+wHtWmbTbBua7C7JrFKW/g8vHhTx6n/x5r8xbfegrQ8GHu/NJDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDsBwKSLeQIGStxPNQQWSt4LRzdRvPXJtRBzd4zjhvoJBJELBAK300O3HmHUHoBRMerpXKrsVdwa6TLyclEmOeq/0ZR9gqeIRMgnGdDw3QT8DjYJJPil2U8MTYCMY8I6lEShu/Gy29YSeWqVPw1jbipDO1N8TGShjxiqwnQpwaBa9qfif10kxvPIzESUp8ojNPwpTSTGm0whoX2jOUI4tAaaF3ZWyIWhgaIMq2hC8xZOXSbNa8c4r1buLcu06j6NAjskJOSMeuSQ1ckvqpEEY0eSZvJI358l5cd6dj3nripPPHJE/cD5/AP9dktU=</latexit>

÷<latexit sha1_base64="Ae8E7YzPjJN8/Zf42esk/zwwl08=">AAAB8HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgm2VNpTNZtMu3WzC7kQoof4JLx4U8erP8ea/cdvmoK0vLDy8M8POvEEqhUHX/XZKK6tr6xvlzcrW9s7uXnX/oG2STDPeYolM9H1ADZdC8RYKlPw+1ZzGgeSdYHQ9rXceuTYiUXc4Trkf04ESkWAUrfXQQyFDnj9N+tWaW3dnIsvgFVCDQs1+9asXJiyLuUImqTFdz03Rz6lGwSSfVHqZ4SllIzrgXYuKxtz4+WzhCTmxTkiiRNunkMzc3xM5jY0Zx4HtjCkOzWJtav5X62YYXfq5UGmGXLH5R1EmCSZkej0JheYM5dgCZVrYXQkbUk0Z2owqNgRv8eRlaJ/VPcu357XGVRFHGY7gGE7BgwtowA00oQUMYniGV3hztPPivDsf89aSU8wcwh85nz9MfZC4</latexit><latexit sha1_base64="Ae8E7YzPjJN8/Zf42esk/zwwl08=">AAAB8HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgm2VNpTNZtMu3WzC7kQoof4JLx4U8erP8ea/cdvmoK0vLDy8M8POvEEqhUHX/XZKK6tr6xvlzcrW9s7uXnX/oG2STDPeYolM9H1ADZdC8RYKlPw+1ZzGgeSdYHQ9rXceuTYiUXc4Trkf04ESkWAUrfXQQyFDnj9N+tWaW3dnIsvgFVCDQs1+9asXJiyLuUImqTFdz03Rz6lGwSSfVHqZ4SllIzrgXYuKxtz4+WzhCTmxTkiiRNunkMzc3xM5jY0Zx4HtjCkOzWJtav5X62YYXfq5UGmGXLH5R1EmCSZkej0JheYM5dgCZVrYXQkbUk0Z2owqNgRv8eRlaJ/VPcu357XGVRFHGY7gGE7BgwtowA00oQUMYniGV3hztPPivDsf89aSU8wcwh85nz9MfZC4</latexit><latexit sha1_base64="Ae8E7YzPjJN8/Zf42esk/zwwl08=">AAAB8HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgm2VNpTNZtMu3WzC7kQoof4JLx4U8erP8ea/cdvmoK0vLDy8M8POvEEqhUHX/XZKK6tr6xvlzcrW9s7uXnX/oG2STDPeYolM9H1ADZdC8RYKlPw+1ZzGgeSdYHQ9rXceuTYiUXc4Trkf04ESkWAUrfXQQyFDnj9N+tWaW3dnIsvgFVCDQs1+9asXJiyLuUImqTFdz03Rz6lGwSSfVHqZ4SllIzrgXYuKxtz4+WzhCTmxTkiiRNunkMzc3xM5jY0Zx4HtjCkOzWJtav5X62YYXfq5UGmGXLH5R1EmCSZkej0JheYM5dgCZVrYXQkbUk0Z2owqNgRv8eRlaJ/VPcu357XGVRFHGY7gGE7BgwtowA00oQUMYniGV3hztPPivDsf89aSU8wcwh85nz9MfZC4</latexit><latexit sha1_base64="Ae8E7YzPjJN8/Zf42esk/zwwl08=">AAAB8HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgm2VNpTNZtMu3WzC7kQoof4JLx4U8erP8ea/cdvmoK0vLDy8M8POvEEqhUHX/XZKK6tr6xvlzcrW9s7uXnX/oG2STDPeYolM9H1ADZdC8RYKlPw+1ZzGgeSdYHQ9rXceuTYiUXc4Trkf04ESkWAUrfXQQyFDnj9N+tWaW3dnIsvgFVCDQs1+9asXJiyLuUImqTFdz03Rz6lGwSSfVHqZ4SllIzrgXYuKxtz4+WzhCTmxTkiiRNunkMzc3xM5jY0Zx4HtjCkOzWJtav5X62YYXfq5UGmGXLH5R1EmCSZkej0JheYM5dgCZVrYXQkbUk0Z2owqNgRv8eRlaJ/VPcu357XGVRFHGY7gGE7BgwtowA00oQUMYniGV3hztPPivDsf89aSU8wcwh85nz9MfZC4</latexit> v g
<latexit sha1_base64="sL3EcQk8divxR0K318YefWg5u4g=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiRV0GXRjcsK9gFtCJPJpB06mYSZSaGE/okbF4q49U/c+TdO2iy09cAwh3PuZc6cIOVMacf5tiobm1vbO9Xd2t7+weGRfXzSVUkmCe2QhCeyH2BFORO0o5nmtJ9KiuOA014wuS/83pRKxRLxpGcp9WI8EixiBGsj+bY9DBIeqllsrnw690e+XXcazgJonbglqUOJtm9/DcOEZDEVmnCs1MB1Uu3lWGpGOJ3XhpmiKSYTPKIDQwWOqfLyRfI5ujBKiKJEmiM0Wqi/N3IcqyKcmYyxHqtVrxD/8waZjm69nIk001SQ5UNRxpFOUFEDCpmkRPOZIZhIZrIiMsYSE23KqpkS3NUvr5Nus+FeNZqP1/XWXVlHFc7gHC7BhRtowQO0oQMEpvAMr/Bm5daL9W59LEcrVrlzCn9gff4AS/mUFg==</latexit>

i s
<latexit sha1_base64="3LThGqMusAgaZFpw48JHovRKjqQ=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiRV0GXRjcsK9gFtCJPJpB06mYSZSaGE/okbF4q49U/c+TdO2iy09cAwh3PuZc6cIOVMacf5tiobm1vbO9Xd2t7+weGRfXzSVUkmCe2QhCeyH2BFORO0o5nmtJ9KiuOA014wuS/83pRKxRLxpGcp9WI8EixiBGsj+bY9DBIeqllsrpzNfeXbdafhLIDWiVuSOpRo+/bXMExIFlOhCcdKDVwn1V6OpWaE03ltmCmaYjLBIzowVOCYKi9fJJ+jC6OEKEqkOUKjhfp7I8exKsKZyRjrsVr1CvE/b5Dp6NbLmUgzTQVZPhRlHOkEFTWgkElKNJ8ZgolkJisiYywx0aasminBXf3yOuk2G+5Vo/l4XW/dlXVU4QzO4RJcuIEWPEAbOkBgCs/wCm9Wbr1Y79bHcrRilTun8AfW5w9KTpQV</latexit>

ex
<latexit sha1_base64="2bfQWHr8y6r+peURgmK0adLbv6M=">AAAB+XicbVC7TsMwFHV4lvIKMLJYVEhMVVKQYKxgYSwSfUhtFDnOTWvVcSLbqaii/gkLAwix8ids/A1OmwFajmT56Jx75eMTpJwp7Tjf1tr6xubWdmWnuru3f3BoHx13VJJJCm2a8ET2AqKAMwFtzTSHXiqBxAGHbjC+K/zuBKRiiXjU0xS8mAwFixgl2ki+bQ+ChIdqGpsrh5n/5Ns1p+7MgVeJW5IaKtHy7a9BmNAsBqEpJ0r1XSfVXk6kZpTDrDrIFKSEjskQ+oYKEoPy8nnyGT43SoijRJojNJ6rvzdyEqsinJmMiR6pZa8Q//P6mY5uvJyJNNMg6OKhKONYJ7ioAYdMAtV8agihkpmsmI6IJFSbsqqmBHf5y6uk06i7l/XGw1WteVvWUUGn6AxdIBddoya6Ry3URhRN0DN6RW9Wbr1Y79bHYnTNKndO0B9Ynz9LxpQW</latexit>

vdc
<latexit sha1_base64="cN8a2pc/JNquNFsAeTRBG1Djxaw=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mtBT0WvXisYD+gXUo2m21js8mSZAtl6X/w4kERr/4fb/4b03YP2vpg4PHeDDPzgoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTtpapIrRFJJeqG2BNORO0ZZjhtJsoiuOA004wvpv7nQlVmknxaKYJ9WM8FCxiBBsrtSeDLCSzQbniVt0F0DrxclKBHM1B+asfSpLGVBjCsdY9z02Mn2FlGOF0VuqnmiaYjPGQ9iwVOKbazxbXztCFVUIUSWVLGLRQf09kONZ6Gge2M8ZmpFe9ufif10tNdONnTCSpoYIsF0UpR0ai+esoZIoSw6eWYKKYvRWREVaYGBtQyYbgrb68Ttq1qndVrT3UK43bPI4inME5XIIH19CAe2hCCwg8wTO8wpsjnRfn3flYthacfOYU/sD5/AHZIY9O</latexit>

!
"

<latexit sha1_base64="zK7COHCZbtpatiTBoEinhrWs9qk=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSyCp5JUQY9FLx4r2A9oQtlsN+3SzSbsTpQS81O8eFDEq7/Em//GbZuDtj4YeLw3w8y8IBFcg+N8W6W19Y3NrfJ2ZWd3b//Arh52dJwqyto0FrHqBUQzwSVrAwfBeoliJAoE6waTm5nffWBK81jewzRhfkRGkoecEjDSwK56ECpCM0+meeYxIPnArjl1Zw68StyC1FCB1sD+8oYxTSMmgQqidd91EvAzooBTwfKKl2qWEDohI9Y3VJKIaT+bn57jU6MMcRgrUxLwXP09kZFI62kUmM6IwFgvezPxP6+fQnjlZ1wmKTBJF4vCVGCI8SwHPOSKURBTQwhV3NyK6ZiYKMCkVTEhuMsvr5JOo+6e1xt3F7XmdRFHGR2jE3SGXHSJmugWtVAbUfSIntErerOerBfr3fpYtJasYuYI/YH1+QMYgZSK</latexit>

!" dc
<latexit sha1_base64="8jlWLYNZyu/u5uP+8wcZUBCGpOA=">AAAB9HicbVBNS8NAEN34WetX1aOXxSJ4KkkV9Fj04rGC/YAmlM1m0i7d7MbdTaGE/g4vHhTx6o/x5r9x2+agrQ8GHu/NMDMvTDnTxnW/nbX1jc2t7dJOeXdv/+CwcnTc1jJTFFpUcqm6IdHAmYCWYYZDN1VAkpBDJxzdzfzOGJRmUjyaSQpBQgaCxYwSY6XAB0N8NZT9PKLTfqXq1tw58CrxClJFBZr9ypcfSZolIAzlROue56YmyIkyjHKYlv1MQ0roiAygZ6kgCeggnx89xedWiXAslS1h8Fz9PZGTROtJEtrOhJihXvZm4n9eLzPxTZAzkWYGBF0sijOOjcSzBHDEFFDDJ5YQqpi9FdMhUYQam1PZhuAtv7xK2vWad1mrP1xVG7dFHCV0is7QBfLQNWqge9RELUTRE3pGr+jNGTsvzrvzsWhdc4qZE/QHzucPJ56SWQ==</latexit>

! f dc
<latexit sha1_base64="5kruWLcf1jSni5oLLqZ2LhYl3y0=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KkkV9Fj04rGC/YA2lM1m0i7dbMLuRCihP8OLB0W8+mu8+W/ctjlo64OBx3szzMwLUikMuu63s7a+sbm1Xdop7+7tHxxWjo7bJsk0hxZPZKK7ATMghYIWCpTQTTWwOJDQCcZ3M7/zBNqIRD3iJAU/ZkMlIsEZWqnXB2Q0GuQhnw4qVbfmzkFXiVeQKinQHFS++mHCsxgUcsmM6Xluin7ONAouYVruZwZSxsdsCD1LFYvB+Pn85Ck9t0pIo0TbUkjn6u+JnMXGTOLAdsYMR2bZm4n/eb0Moxs/FyrNEBRfLIoySTGhs/9pKDRwlBNLGNfC3kr5iGnG0aZUtiF4yy+vkna95l3W6g9X1cZtEUeJnJIzckE8ck0a5J40SYtwkpBn8kreHHRenHfnY9G65hQzJ+QPnM8fH4uRJg==</latexit>

! f e
<latexit sha1_base64="ZYB4DHidQERbtiITlwM0w94k8ag=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae2oWy2k3bpZhN2N0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqz02ENDSdjPcNovV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bXzwlZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZm9TwZcITNiYgllittbCRtRRZmxIZVsCN7yy6ukVat6F9Xa/WWlfpPHUYQTOIVz8OAK6nAHDWgCAwnP8ApvjnZenHfnY9FacPKZY/gD5/MHYkKQug==</latexit>

!" e
<latexit sha1_base64="p7Gx5rRQ3Khlx1PDCbYL8WZydKQ=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/YAmlM122i7dbOLuplBCf4cXD4p49cd489+4bXPQ1gcDj/dmmJkXJoJr47rfztr6xubWdmGnuLu3f3BYOjpu6jhVDBssFrFqh1Sj4BIbhhuB7UQhjUKBrXB0N/NbY1Sax/LRTBIMIjqQvM8ZNVYKfDSU+GoYdzOcdktlt+LOQVaJl5My5Kh3S19+L2ZphNIwQbXueG5igowqw5nAadFPNSaUjegAO5ZKGqEOsvnRU3JulR7px8qWNGSu/p7IaKT1JAptZ0TNUC97M/E/r5Oa/k2QcZmkBiVbLOqngpiYzBIgPa6QGTGxhDLF7a2EDamizNicijYEb/nlVdKsVrzLSvXhqly7zeMowCmcwQV4cA01uIc6NIDBEzzDK7w5Y+fFeXc+Fq1rTj5zAn/gfP4AwUKSFw==</latexit>

! 2M r
<latexit sha1_base64="+zxWVmyWsCa8CcCZQPHSB39wbhk=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BL16ECOaByRpmJ5NkyOzsMtMrhCV/4cWDIl79G2/+jZNkD5pY0FBUddPdFcRSGHTdbye3srq2vpHfLGxt7+zuFfcPGiZKNON1FslItwJquBSK11Gg5K1YcxoGkjeD0fXUbz5xbUSk7nEccz+kAyX6glG00kOHI32skNuu7hZLbtmdgSwTLyMlyFDrFr86vYglIVfIJDWm7bkx+inVKJjkk0InMTymbEQHvG2poiE3fjq7eEJOrNIj/UjbUkhm6u+JlIbGjMPAdoYUh2bRm4r/ee0E+5d+KlScIFdsvqifSIIRmb5PekJzhnJsCWVa2FsJG1JNGdqQCjYEb/HlZdKolL2zcuXuvFS9yuLIwxEcwyl4cAFVuIEa1IGBgmd4hTfHOC/Ou/Mxb8052cwh/IHz+QOxqpBG</latexit>

! 2Dr
<latexit sha1_base64="lt/brakOaevDjsaQ3TbK7CpUD3g=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BPXiMYB6YrGF2MkmGzM4uM71CWPIXXjwo4tW/8ebfOEn2oIkFDUVVN91dQSyFQdf9dnIrq2vrG/nNwtb2zu5ecf+gYaJEM15nkYx0K6CGS6F4HQVK3oo1p2EgeTMYXU/95hPXRkTqHscx90M6UKIvGEUrPXQ40scKuenqbrHklt0ZyDLxMlKCDLVu8avTi1gScoVMUmPanhujn1KNgkk+KXQSw2PKRnTA25YqGnLjp7OLJ+TEKj3Sj7QthWSm/p5IaWjMOAxsZ0hxaBa9qfif106wf+mnQsUJcsXmi/qJJBiR6fukJzRnKMeWUKaFvZWwIdWUoQ2pYEPwFl9eJo1K2TsrV+7OS9WrLI48HMExnIIHF1CFW6hBHRgoeIZXeHOM8+K8Ox/z1pyTzRzCHzifP6P0kD0=</latexit>

Cdc
<latexit sha1_base64="HNL2QFHO2L4z/gqo5h3+Rhxila4=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mtBT0We/FYwX5Au5RsNtvGZpMlyQpl6X/w4kERr/4fb/4b03YP2vpg4PHeDDPzgoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTjpapIrRNJJeqF2BNORO0bZjhtJcoiuOA024wac797hNVmknxYKYJ9WM8EixiBBsrdZrDLCSzYbniVt0F0DrxclKBHK1h+WsQSpLGVBjCsdZ9z02Mn2FlGOF0VhqkmiaYTPCI9i0VOKbazxbXztCFVUIUSWVLGLRQf09kONZ6Gge2M8ZmrFe9ufif109NdONnTCSpoYIsF0UpR0ai+esoZIoSw6eWYKKYvRWRMVaYGBtQyYbgrb68Tjq1qndVrd3XK43bPI4inME5XIIH19CAO2hBGwg8wjO8wpsjnRfn3flYthacfOYU/sD5/AGK1o8b</latexit>

Gdc
<latexit sha1_base64="iN/fu4tGZWGcOyyC9oMy83f5eDI=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mtBT0WPeixgv2AdinZbLaNzSZLkhXK0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmBQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbS1TRWiLSC5VN8CaciZoyzDDaTdRFMcBp51gfDPzO09UaSbFg5kk1I/xULCIEWys1L4dZCGZDsoVt+rOgVaJl5MK5GgOyl/9UJI0psIQjrXueW5i/Awrwwin01I/1TTBZIyHtGepwDHVfja/dorOrBKiSCpbwqC5+nsiw7HWkziwnTE2I73szcT/vF5qois/YyJJDRVksShKOTISzV5HIVOUGD6xBBPF7K2IjLDCxNiASjYEb/nlVdKuVb2Lau2+Xmlc53EU4QRO4Rw8uIQG3EETWkDgEZ7hFd4c6bw4787HorXg5DPH8AfO5w+Q+o8f</latexit>

L s
<latexit sha1_base64="WJ4+ma/b/ayQw59Ju91t78XA9qw=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhCswl0UtAzaWFhENB+QHGFvM5cs2ds7dveEcOQn2FgoYusvsvPfuEmu0MQHA4/3ZpiZFySCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDP1W0+oNI/loxkn6Ed0IHnIGTVWerjr6V6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns1Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfRv0ucKmRFjSyhT3N5K2JAqyoxNp2hD8BZfXibNasU7r1TvL8q16zyOAhzDCZyBB5dQg1uoQwMYDOAZXuHNEc6L8+58zFtXnHzmCP7A+fwBLf6Nug==</latexit> Rs

<latexit sha1_base64="ZWRa/pa6ZVQlP2HxqA/EkbAOSqs=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWN85AHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6xHHC/YgOlAgFo2ilh/ue6ZXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindeqd5dlGvXeRwFOIYTOAMPLqEGt1CHBjAYwDO8wpsjnRfn3fmYt644+cwR/IHz+QM3Io3A</latexit>

! m
<latexit sha1_base64="lt95U+Baug9ZiozyCRUsAnjRsrM=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1enqk+qJfrvhVfw60SoKcVCBHo1/+6g0USQWVlnBsTDfwExtmWFtGOJ2WeqmhCSZjPKRdRyUW1ITZ/NopOnPKAMVKu5IWzdXfExkWxkxE5DoFtiOz7M3E/7xuauPrMGMySS2VZLEoTjmyCs1eRwOmKbF84ggmmrlbERlhjYl1AZVcCMHyy6ukVasGF9Xa/WWlfpPHUYQTOIVzCOAK6nAHDWgCgUd4hld485T34r17H4vWgpfPHMMfeJ8/o7iPKw==</latexit>

ú!
<latexit sha1_base64="qSo8uHbNAaJiLW7jEKzex6sAC74=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOTJcxOepMhs7PLTK8QQv7CiwdFvPo33vwbJ8keNLFgoKjqYrorTKUw5HnfTmFtfWNzq7hd2tnd2z8oHx41TZJpjg2eyES3Q2ZQCoUNEiSxnWpkcSixFY5uZ37rCbURiXqgcYpBzAZKRIIzstJjt59Ql4ZIrFeueFVvDneV+DmpQI56r/xlwzyLURGXzJiO76UUTJgmwSVOS93MYMr4iA2wY6liMZpgMt946p5Zpe9GibZPkTtXfycmLDZmHId2MmY0NMveTPzP62QUXQcTodKMUPHFR1EmXUrc2fluX2jkJMeWMK6F3dXlQ6YZJ1tSyZbgL5+8SpoXVd/y+8tK7SavowgncArn4MMV1OAO6tAADgqe4RXeHOO8OO/Ox2K04OSZY/gD5/MHvxOQ8w==</latexit><latexit sha1_base64="qSo8uHbNAaJiLW7jEKzex6sAC74=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOTJcxOepMhs7PLTK8QQv7CiwdFvPo33vwbJ8keNLFgoKjqYrorTKUw5HnfTmFtfWNzq7hd2tnd2z8oHx41TZJpjg2eyES3Q2ZQCoUNEiSxnWpkcSixFY5uZ37rCbURiXqgcYpBzAZKRIIzstJjt59Ql4ZIrFeueFVvDneV+DmpQI56r/xlwzyLURGXzJiO76UUTJgmwSVOS93MYMr4iA2wY6liMZpgMt946p5Zpe9GibZPkTtXfycmLDZmHId2MmY0NMveTPzP62QUXQcTodKMUPHFR1EmXUrc2fluX2jkJMeWMK6F3dXlQ6YZJ1tSyZbgL5+8SpoXVd/y+8tK7SavowgncArn4MMV1OAO6tAADgqe4RXeHOO8OO/Ox2K04OSZY/gD5/MHvxOQ8w==</latexit><latexit sha1_base64="qSo8uHbNAaJiLW7jEKzex6sAC74=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOTJcxOepMhs7PLTK8QQv7CiwdFvPo33vwbJ8keNLFgoKjqYrorTKUw5HnfTmFtfWNzq7hd2tnd2z8oHx41TZJpjg2eyES3Q2ZQCoUNEiSxnWpkcSixFY5uZ37rCbURiXqgcYpBzAZKRIIzstJjt59Ql4ZIrFeueFVvDneV+DmpQI56r/xlwzyLURGXzJiO76UUTJgmwSVOS93MYMr4iA2wY6liMZpgMt946p5Zpe9GibZPkTtXfycmLDZmHId2MmY0NMveTPzP62QUXQcTodKMUPHFR1EmXUrc2fluX2jkJMeWMK6F3dXlQ6YZJ1tSyZbgL5+8SpoXVd/y+8tK7SavowgncArn4MMV1OAO6tAADgqe4RXeHOO8OO/Ox2K04OSZY/gD5/MHvxOQ8w==</latexit><latexit sha1_base64="qSo8uHbNAaJiLW7jEKzex6sAC74=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOTJcxOepMhs7PLTK8QQv7CiwdFvPo33vwbJ8keNLFgoKjqYrorTKUw5HnfTmFtfWNzq7hd2tnd2z8oHx41TZJpjg2eyES3Q2ZQCoUNEiSxnWpkcSixFY5uZ37rCbURiXqgcYpBzAZKRIIzstJjt59Ql4ZIrFeueFVvDneV+DmpQI56r/xlwzyLURGXzJiO76UUTJgmwSVOS93MYMr4iA2wY6liMZpgMt946p5Zpe9GibZPkTtXfycmLDZmHId2MmY0NMveTPzP62QUXQcTodKMUPHFR1EmXUrc2fluX2jkJMeWMK6F3dXlQ6YZJ1tSyZbgL5+8SpoXVd/y+8tK7SavowgncArn4MMV1OAO6tAADgqe4RXeHOO8OO/Ox2K04OSZY/gD5/MHvxOQ8w==</latexit>

ú! r
<latexit sha1_base64="ZhEf+/x8P3+IUCwM4bJ9ARUAAMw=">AAAB9XicbVBNSwMxEM36WetX1aOXYBE8ld0q6LHoxWMF+wHtWmbTbBua7C7JrFKW/g8vHhTx6n/x5r8xbfegrQ8GHu/NJDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDsBwKSLeQIGStxPNQQWSt4LRzdRvPXJtRBzd4zjhvoJBJELBAK300O3HmHUHoBRMerpXKrsVdwa6TLyclEmOeq/0ZR9gqeIRMgnGdDw3QT8DjYJJPil2U8MTYCMY8I6lEShu/Gy29YSeWqVPw1jbipDO1N8TGShjxiqwnQpwaBa9qfif10kxvPIzESUp8ojNPwpTSTGm0whoX2jOUI4tAaaF3ZWyIWhgaIMq2hC8xZOXSbNa8c4r1buLcu06j6NAjskJOSMeuSQ1ckvqpEEY0eSZvJI358l5cd6dj3nripPPHJE/cD5/AP9dktU=</latexit>

÷<latexit sha1_base64="Ae8E7YzPjJN8/Zf42esk/zwwl08=">AAAB8HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgm2VNpTNZtMu3WzC7kQoof4JLx4U8erP8ea/cdvmoK0vLDy8M8POvEEqhUHX/XZKK6tr6xvlzcrW9s7uXnX/oG2STDPeYolM9H1ADZdC8RYKlPw+1ZzGgeSdYHQ9rXceuTYiUXc4Trkf04ESkWAUrfXQQyFDnj9N+tWaW3dnIsvgFVCDQs1+9asXJiyLuUImqTFdz03Rz6lGwSSfVHqZ4SllIzrgXYuKxtz4+WzhCTmxTkiiRNunkMzc3xM5jY0Zx4HtjCkOzWJtav5X62YYXfq5UGmGXLH5R1EmCSZkej0JheYM5dgCZVrYXQkbUk0Z2owqNgRv8eRlaJ/VPcu357XGVRFHGY7gGE7BgwtowA00oQUMYniGV3hztPPivDsf89aSU8wcwh85nz9MfZC4</latexit><latexit sha1_base64="Ae8E7YzPjJN8/Zf42esk/zwwl08=">AAAB8HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgm2VNpTNZtMu3WzC7kQoof4JLx4U8erP8ea/cdvmoK0vLDy8M8POvEEqhUHX/XZKK6tr6xvlzcrW9s7uXnX/oG2STDPeYolM9H1ADZdC8RYKlPw+1ZzGgeSdYHQ9rXceuTYiUXc4Trkf04ESkWAUrfXQQyFDnj9N+tWaW3dnIsvgFVCDQs1+9asXJiyLuUImqTFdz03Rz6lGwSSfVHqZ4SllIzrgXYuKxtz4+WzhCTmxTkiiRNunkMzc3xM5jY0Zx4HtjCkOzWJtav5X62YYXfq5UGmGXLH5R1EmCSZkej0JheYM5dgCZVrYXQkbUk0Z2owqNgRv8eRlaJ/VPcu357XGVRFHGY7gGE7BgwtowA00oQUMYniGV3hztPPivDsf89aSU8wcwh85nz9MfZC4</latexit><latexit sha1_base64="Ae8E7YzPjJN8/Zf42esk/zwwl08=">AAAB8HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgm2VNpTNZtMu3WzC7kQoof4JLx4U8erP8ea/cdvmoK0vLDy8M8POvEEqhUHX/XZKK6tr6xvlzcrW9s7uXnX/oG2STDPeYolM9H1ADZdC8RYKlPw+1ZzGgeSdYHQ9rXceuTYiUXc4Trkf04ESkWAUrfXQQyFDnj9N+tWaW3dnIsvgFVCDQs1+9asXJiyLuUImqTFdz03Rz6lGwSSfVHqZ4SllIzrgXYuKxtz4+WzhCTmxTkiiRNunkMzc3xM5jY0Zx4HtjCkOzWJtav5X62YYXfq5UGmGXLH5R1EmCSZkej0JheYM5dgCZVrYXQkbUk0Z2owqNgRv8eRlaJ/VPcu357XGVRFHGY7gGE7BgwtowA00oQUMYniGV3hztPPivDsf89aSU8wcwh85nz9MfZC4</latexit><latexit sha1_base64="Ae8E7YzPjJN8/Zf42esk/zwwl08=">AAAB8HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgm2VNpTNZtMu3WzC7kQoof4JLx4U8erP8ea/cdvmoK0vLDy8M8POvEEqhUHX/XZKK6tr6xvlzcrW9s7uXnX/oG2STDPeYolM9H1ADZdC8RYKlPw+1ZzGgeSdYHQ9rXceuTYiUXc4Trkf04ESkWAUrfXQQyFDnj9N+tWaW3dnIsvgFVCDQs1+9asXJiyLuUImqTFdz03Rz6lGwSSfVHqZ4SllIzrgXYuKxtz4+WzhCTmxTkiiRNunkMzc3xM5jY0Zx4HtjCkOzWJtav5X62YYXfq5UGmGXLH5R1EmCSZkej0JheYM5dgCZVrYXQkbUk0Z2owqNgRv8eRlaJ/VPcu357XGVRFHGY7gGE7BgwtowA00oQUMYniGV3hztPPivDsf89aSU8wcwh85nz9MfZC4</latexit>es
<latexit sha1_base64="JGoUu8J/GgAT+orP6kVfRR6LokQ=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiRV0GXRjcsK9gFtCJPJpB06mYSZSaGE/okbF4q49U/c+TdO2iy09cAwh3PuZc6cIOVMacf5tiobm1vbO9Xd2t7+weGRfXzSVUkmCe2QhCeyH2BFORO0o5nmtJ9KiuOA014wuS/83pRKxRLxpGcp9WI8EixiBGsj+bY9DBIeqllsrpzOfeXbdafhLIDWiVuSOpRo+/bXMExIFlOhCcdKDVwn1V6OpWaE03ltmCmaYjLBIzowVOCYKi9fJJ+jC6OEKEqkOUKjhfp7I8exKsKZyRjrsVr1CvE/b5Dp6NbLmUgzTQVZPhRlHOkEFTWgkElKNJ8ZgolkJisiYywx0aasminBXf3yOuk2G+5Vo/l4XW/dlXVU4QzO4RJcuIEWPEAbOkBgCs/wCm9Wbr1Y79bHcrRilTun8AfW5w9EMpQR</latexit>

e!
<latexit sha1_base64="7j99uV0+pSEEi60zLEiKIshDDII=">AAAB/nicbVBLSwMxGMz6rPW1Kp68BIvgqexWQY9FLx4r2Ad0lyWbTdvQbBKSrFCWgn/FiwdFvPo7vPlvzLZ70NaBkGHm+8hkYsmoNp737aysrq1vbFa2qts7u3v77sFhR4tMYdLGggnVi5EmjHLSNtQw0pOKoDRmpBuPbwu/+0iUpoI/mIkkYYqGnA4oRsZKkXscxIIlepLaKyfTKBgjKVHk1ry6NwNcJn5JaqBEK3K/gkTgLCXcYIa07vueNGGOlKGYkWk1yDSRCI/RkPQt5SglOsxn8afwzCoJHAhlDzdwpv7eyFGqi4R2MkVmpBe9QvzP62dmcB3mlMvMEI7nDw0yBo2ARRcwoYpgwyaWIKyozQrxCCmEjW2sakvwF7+8TDqNun9Rb9xf1po3ZR0VcAJOwTnwwRVogjvQAm2AQQ6ewSt4c56cF+fd+ZiPrjjlzhH4A+fzBxx1ljk=</latexit>

v g
<latexit sha1_base64="sL3EcQk8divxR0K318YefWg5u4g=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiRV0GXRjcsK9gFtCJPJpB06mYSZSaGE/okbF4q49U/c+TdO2iy09cAwh3PuZc6cIOVMacf5tiobm1vbO9Xd2t7+weGRfXzSVUkmCe2QhCeyH2BFORO0o5nmtJ9KiuOA014wuS/83pRKxRLxpGcp9WI8EixiBGsj+bY9DBIeqllsrnw690e+XXcazgJonbglqUOJtm9/DcOEZDEVmnCs1MB1Uu3lWGpGOJ3XhpmiKSYTPKIDQwWOqfLyRfI5ujBKiKJEmiM0Wqi/N3IcqyKcmYyxHqtVrxD/8waZjm69nIk001SQ5UNRxpFOUFEDCpmkRPOZIZhIZrIiMsYSE23KqpkS3NUvr5Nus+FeNZqP1/XWXVlHFc7gHC7BhRtowQO0oQMEpvAMr/Bm5daL9W59LEcrVrlzCn9gff4AS/mUFg==</latexit>

L s!
<latexit sha1_base64="fUoqP1mOhezMDMOS/pzVUtRaf/Q=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIvgqexWQY9FLx48VLAfsF1KNk3b0GwSklmhLP0ZXjwo4tVf481/Y9ruQVsfDDzem2FmXqwFt+D7315hbX1jc6u4XdrZ3ds/KB8etaxKDWVNqoQynZhYJrhkTeAgWEcbRpJYsHY8vp357SdmLFfyESaaRQkZSj7glICTwvteZrtjojWZ9soVv+rPgVdJkJMKytHolb+6fUXThEmgglgbBr6GKCMGOBVsWuqmlmlCx2TIQkclSZiNsvnJU3zmlD4eKONKAp6rvycyklg7SWLXmRAY2WVvJv7nhSkMrqOMS50Ck3SxaJAKDArP/sd9bhgFMXGEUMPdrZiOiCEUXEolF0Kw/PIqadWqwUW19nBZqd/kcRTRCTpF5yhAV6iO7lADNRFFCj2jV/TmgffivXsfi9aCl88coz/wPn8AiX2Raw==</latexit>

! m

! e
<latexit sha1_base64="EDAPD8MBJpvGHUxNOBVrXNh2iEY=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRV0GPRi8cK9gPaUDbbSbt2sxt2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemHCmjed9O4W19Y3NreJ2aWd3b/+gfHjU0jJVFJtUcqk6IdHImcCmYYZjJ1FI4pBjOxzfzvz2EyrNpHgwkwSDmAwFixglxkqtnhrJPvbLFa/qzeGuEj8nFcjR6Je/egNJ0xiFoZxo3fW9xAQZUYZRjtNSL9WYEDomQ+xaKkiMOsjm107dM6sM3EgqW8K4c/X3REZirSdxaDtjYkZ62ZuJ/3nd1ETXQcZEkhoUdLEoSrlrpDt73R0whdTwiSWEKmZvdemIKEKNDahkQ/CXX14lrVrVv6jW7i8r9Zs8jiKcwCmcgw9XUIc7aEATKDzCM7zCmyOdF+fd+Vi0Fpx85hj+wPn8AZeYjyM=</latexit>

! e
<latexit sha1_base64="+66kE/8TXPZvxeMLy1F7v6izHwQ=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9p2uf9csWtunOQVeLlpAI5Gv3yV28QszTiCpmkxnQ9N0E/oxoFk3xa6qWGJ5SN6ZB3LVU04sbP5tdOyZlVBiSMtS2FZK7+nshoZMwkCmxnRHFklr2Z+J/XTTG89jOhkhS5YotFYSoJxmT2OhkIzRnKiSWUaWFvJWxENWVoAyrZELzll1dJq1b1Lqq1+8tK/SaPowgncArn4MEV1OEOGtAEBo/wDK/w5sTOi/PufCxaC04+cwx/4Hz+AJkbjyQ=</latexit>

i s
<latexit sha1_base64="3LThGqMusAgaZFpw48JHovRKjqQ=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiRV0GXRjcsK9gFtCJPJpB06mYSZSaGE/okbF4q49U/c+TdO2iy09cAwh3PuZc6cIOVMacf5tiobm1vbO9Xd2t7+weGRfXzSVUkmCe2QhCeyH2BFORO0o5nmtJ9KiuOA014wuS/83pRKxRLxpGcp9WI8EixiBGsj+bY9DBIeqllsrpzNfeXbdafhLIDWiVuSOpRo+/bXMExIFlOhCcdKDVwn1V6OpWaE03ltmCmaYjLBIzowVOCYKi9fJJ+jC6OEKEqkOUKjhfp7I8exKsKZyRjrsVr1CvE/b5Dp6NbLmUgzTQVZPhRlHOkEFTWgkElKNJ8ZgolkJisiYywx0aasminBXf3yOuk2G+5Vo/l4XW/dlXVU4QzO4RJcuIEWPEAbOkBgCs/wCm9Wbr1Y79bHcrRilTun8AfW5w9KTpQV</latexit>

i !
<latexit sha1_base64="YrsH/Lv98rC9jyvQS6MQiVsYKkI=">AAAB/nicbVBLSwMxGMz6rPW1Kp68BIvgqexWQY9FLx4r2Ad0lyWbTdvQbBKSrFCWgn/FiwdFvPo7vPlvzLZ70NaBkGHm+8hkYsmoNp737aysrq1vbFa2qts7u3v77sFhR4tMYdLGggnVi5EmjHLSNtQw0pOKoDRmpBuPbwu/+0iUpoI/mIkkYYqGnA4oRsZKkXscxIIlepLaK6fTKBgjKVHk1ry6NwNcJn5JaqBEK3K/gkTgLCXcYIa07vueNGGOlKGYkWk1yDSRCI/RkPQt5SglOsxn8afwzCoJHAhlDzdwpv7eyFGqi4R2MkVmpBe9QvzP62dmcB3mlMvMEI7nDw0yBo2ARRcwoYpgwyaWIKyozQrxCCmEjW2sakvwF7+8TDqNun9Rb9xf1po3ZR0VcAJOwTnwwRVogjvQAm2AQQ6ewSt4c56cF+fd+ZiPrjjlzhH4A+fzByKllj0=</latexit>

! m
<latexit sha1_base64="lt95U+Baug9ZiozyCRUsAnjRsrM=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1enqk+qJfrvhVfw60SoKcVCBHo1/+6g0USQWVlnBsTDfwExtmWFtGOJ2WeqmhCSZjPKRdRyUW1ITZ/NopOnPKAMVKu5IWzdXfExkWxkxE5DoFtiOz7M3E/7xuauPrMGMySS2VZLEoTjmyCs1eRwOmKbF84ggmmrlbERlhjYl1AZVcCMHyy6ukVasGF9Xa/WWlfpPHUYQTOIVzCOAK6nAHDWgCgUd4hld485T34r17H4vWgpfPHMMfeJ8/o7iPKw==</latexit>

ú!
<latexit sha1_base64="qSo8uHbNAaJiLW7jEKzex6sAC74=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOTJcxOepMhs7PLTK8QQv7CiwdFvPo33vwbJ8keNLFgoKjqYrorTKUw5HnfTmFtfWNzq7hd2tnd2z8oHx41TZJpjg2eyES3Q2ZQCoUNEiSxnWpkcSixFY5uZ37rCbURiXqgcYpBzAZKRIIzstJjt59Ql4ZIrFeueFVvDneV+DmpQI56r/xlwzyLURGXzJiO76UUTJgmwSVOS93MYMr4iA2wY6liMZpgMt946p5Zpe9GibZPkTtXfycmLDZmHId2MmY0NMveTPzP62QUXQcTodKMUPHFR1EmXUrc2fluX2jkJMeWMK6F3dXlQ6YZJ1tSyZbgL5+8SpoXVd/y+8tK7SavowgncArn4MMV1OAO6tAADgqe4RXeHOO8OO/Ox2K04OSZY/gD5/MHvxOQ8w==</latexit><latexit sha1_base64="qSo8uHbNAaJiLW7jEKzex6sAC74=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOTJcxOepMhs7PLTK8QQv7CiwdFvPo33vwbJ8keNLFgoKjqYrorTKUw5HnfTmFtfWNzq7hd2tnd2z8oHx41TZJpjg2eyES3Q2ZQCoUNEiSxnWpkcSixFY5uZ37rCbURiXqgcYpBzAZKRIIzstJjt59Ql4ZIrFeueFVvDneV+DmpQI56r/xlwzyLURGXzJiO76UUTJgmwSVOS93MYMr4iA2wY6liMZpgMt946p5Zpe9GibZPkTtXfycmLDZmHId2MmY0NMveTPzP62QUXQcTodKMUPHFR1EmXUrc2fluX2jkJMeWMK6F3dXlQ6YZJ1tSyZbgL5+8SpoXVd/y+8tK7SavowgncArn4MMV1OAO6tAADgqe4RXeHOO8OO/Ox2K04OSZY/gD5/MHvxOQ8w==</latexit><latexit sha1_base64="qSo8uHbNAaJiLW7jEKzex6sAC74=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOTJcxOepMhs7PLTK8QQv7CiwdFvPo33vwbJ8keNLFgoKjqYrorTKUw5HnfTmFtfWNzq7hd2tnd2z8oHx41TZJpjg2eyES3Q2ZQCoUNEiSxnWpkcSixFY5uZ37rCbURiXqgcYpBzAZKRIIzstJjt59Ql4ZIrFeueFVvDneV+DmpQI56r/xlwzyLURGXzJiO76UUTJgmwSVOS93MYMr4iA2wY6liMZpgMt946p5Zpe9GibZPkTtXfycmLDZmHId2MmY0NMveTPzP62QUXQcTodKMUPHFR1EmXUrc2fluX2jkJMeWMK6F3dXlQ6YZJ1tSyZbgL5+8SpoXVd/y+8tK7SavowgncArn4MMV1OAO6tAADgqe4RXeHOO8OO/Ox2K04OSZY/gD5/MHvxOQ8w==</latexit><latexit sha1_base64="qSo8uHbNAaJiLW7jEKzex6sAC74=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOTJcxOepMhs7PLTK8QQv7CiwdFvPo33vwbJ8keNLFgoKjqYrorTKUw5HnfTmFtfWNzq7hd2tnd2z8oHx41TZJpjg2eyES3Q2ZQCoUNEiSxnWpkcSixFY5uZ37rCbURiXqgcYpBzAZKRIIzstJjt59Ql4ZIrFeueFVvDneV+DmpQI56r/xlwzyLURGXzJiO76UUTJgmwSVOS93MYMr4iA2wY6liMZpgMt946p5Zpe9GibZPkTtXfycmLDZmHId2MmY0NMveTPzP62QUXQcTodKMUPHFR1EmXUrc2fluX2jkJMeWMK6F3dXlQ6YZJ1tSyZbgL5+8SpoXVd/y+8tK7SavowgncArn4MMV1OAO6tAADgqe4RXeHOO8OO/Ox2K04OSZY/gD5/MHvxOQ8w==</latexit>

ú! r
<latexit sha1_base64="ZhEf+/x8P3+IUCwM4bJ9ARUAAMw=">AAAB9XicbVBNSwMxEM36WetX1aOXYBE8ld0q6LHoxWMF+wHtWmbTbBua7C7JrFKW/g8vHhTx6n/x5r8xbfegrQ8GHu/NJDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDsBwKSLeQIGStxPNQQWSt4LRzdRvPXJtRBzd4zjhvoJBJELBAK300O3HmHUHoBRMerpXKrsVdwa6TLyclEmOeq/0ZR9gqeIRMgnGdDw3QT8DjYJJPil2U8MTYCMY8I6lEShu/Gy29YSeWqVPw1jbipDO1N8TGShjxiqwnQpwaBa9qfif10kxvPIzESUp8ojNPwpTSTGm0whoX2jOUI4tAaaF3ZWyIWhgaIMq2hC8xZOXSbNa8c4r1buLcu06j6NAjskJOSMeuSQ1ckvqpEEY0eSZvJI358l5cd6dj3nripPPHJE/cD5/AP9dktU=</latexit>

÷<latexit sha1_base64="Ae8E7YzPjJN8/Zf42esk/zwwl08=">AAAB8HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgm2VNpTNZtMu3WzC7kQoof4JLx4U8erP8ea/cdvmoK0vLDy8M8POvEEqhUHX/XZKK6tr6xvlzcrW9s7uXnX/oG2STDPeYolM9H1ADZdC8RYKlPw+1ZzGgeSdYHQ9rXceuTYiUXc4Trkf04ESkWAUrfXQQyFDnj9N+tWaW3dnIsvgFVCDQs1+9asXJiyLuUImqTFdz03Rz6lGwSSfVHqZ4SllIzrgXYuKxtz4+WzhCTmxTkiiRNunkMzc3xM5jY0Zx4HtjCkOzWJtav5X62YYXfq5UGmGXLH5R1EmCSZkej0JheYM5dgCZVrYXQkbUk0Z2owqNgRv8eRlaJ/VPcu357XGVRFHGY7gGE7BgwtowA00oQUMYniGV3hztPPivDsf89aSU8wcwh85nz9MfZC4</latexit><latexit sha1_base64="Ae8E7YzPjJN8/Zf42esk/zwwl08=">AAAB8HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgm2VNpTNZtMu3WzC7kQoof4JLx4U8erP8ea/cdvmoK0vLDy8M8POvEEqhUHX/XZKK6tr6xvlzcrW9s7uXnX/oG2STDPeYolM9H1ADZdC8RYKlPw+1ZzGgeSdYHQ9rXceuTYiUXc4Trkf04ESkWAUrfXQQyFDnj9N+tWaW3dnIsvgFVCDQs1+9asXJiyLuUImqTFdz03Rz6lGwSSfVHqZ4SllIzrgXYuKxtz4+WzhCTmxTkiiRNunkMzc3xM5jY0Zx4HtjCkOzWJtav5X62YYXfq5UGmGXLH5R1EmCSZkej0JheYM5dgCZVrYXQkbUk0Z2owqNgRv8eRlaJ/VPcu357XGVRFHGY7gGE7BgwtowA00oQUMYniGV3hztPPivDsf89aSU8wcwh85nz9MfZC4</latexit><latexit sha1_base64="Ae8E7YzPjJN8/Zf42esk/zwwl08=">AAAB8HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgm2VNpTNZtMu3WzC7kQoof4JLx4U8erP8ea/cdvmoK0vLDy8M8POvEEqhUHX/XZKK6tr6xvlzcrW9s7uXnX/oG2STDPeYolM9H1ADZdC8RYKlPw+1ZzGgeSdYHQ9rXceuTYiUXc4Trkf04ESkWAUrfXQQyFDnj9N+tWaW3dnIsvgFVCDQs1+9asXJiyLuUImqTFdz03Rz6lGwSSfVHqZ4SllIzrgXYuKxtz4+WzhCTmxTkiiRNunkMzc3xM5jY0Zx4HtjCkOzWJtav5X62YYXfq5UGmGXLH5R1EmCSZkej0JheYM5dgCZVrYXQkbUk0Z2owqNgRv8eRlaJ/VPcu357XGVRFHGY7gGE7BgwtowA00oQUMYniGV3hztPPivDsf89aSU8wcwh85nz9MfZC4</latexit><latexit sha1_base64="Ae8E7YzPjJN8/Zf42esk/zwwl08=">AAAB8HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgm2VNpTNZtMu3WzC7kQoof4JLx4U8erP8ea/cdvmoK0vLDy8M8POvEEqhUHX/XZKK6tr6xvlzcrW9s7uXnX/oG2STDPeYolM9H1ADZdC8RYKlPw+1ZzGgeSdYHQ9rXceuTYiUXc4Trkf04ESkWAUrfXQQyFDnj9N+tWaW3dnIsvgFVCDQs1+9asXJiyLuUImqTFdz03Rz6lGwSSfVHqZ4SllIzrgXYuKxtz4+WzhCTmxTkiiRNunkMzc3xM5jY0Zx4HtjCkOzWJtav5X62YYXfq5UGmGXLH5R1EmCSZkej0JheYM5dgCZVrYXQkbUk0Z2owqNgRv8eRlaJ/VPcu357XGVRFHGY7gGE7BgwtowA00oQUMYniGV3hztPPivDsf89aSU8wcwh85nz9MfZC4</latexit>es
<latexit sha1_base64="JGoUu8J/GgAT+orP6kVfRR6LokQ=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiRV0GXRjcsK9gFtCJPJpB06mYSZSaGE/okbF4q49U/c+TdO2iy09cAwh3PuZc6cIOVMacf5tiobm1vbO9Xd2t7+weGRfXzSVUkmCe2QhCeyH2BFORO0o5nmtJ9KiuOA014wuS/83pRKxRLxpGcp9WI8EixiBGsj+bY9DBIeqllsrpzOfeXbdafhLIDWiVuSOpRo+/bXMExIFlOhCcdKDVwn1V6OpWaE03ltmCmaYjLBIzowVOCYKi9fJJ+jC6OEKEqkOUKjhfp7I8exKsKZyRjrsVr1CvE/b5Dp6NbLmUgzTQVZPhRlHOkEFTWgkElKNJ8ZgolkJisiYywx0aasminBXf3yOuk2G+5Vo/l4XW/dlXVU4QzO4RJcuIEWPEAbOkBgCs/wCm9Wbr1Y79bHcrRilTun8AfW5w9EMpQR</latexit>

e!
<latexit sha1_base64="7j99uV0+pSEEi60zLEiKIshDDII=">AAAB/nicbVBLSwMxGMz6rPW1Kp68BIvgqexWQY9FLx4r2Ad0lyWbTdvQbBKSrFCWgn/FiwdFvPo7vPlvzLZ70NaBkGHm+8hkYsmoNp737aysrq1vbFa2qts7u3v77sFhR4tMYdLGggnVi5EmjHLSNtQw0pOKoDRmpBuPbwu/+0iUpoI/mIkkYYqGnA4oRsZKkXscxIIlepLaKyfTKBgjKVHk1ry6NwNcJn5JaqBEK3K/gkTgLCXcYIa07vueNGGOlKGYkWk1yDSRCI/RkPQt5SglOsxn8afwzCoJHAhlDzdwpv7eyFGqi4R2MkVmpBe9QvzP62dmcB3mlMvMEI7nDw0yBo2ARRcwoYpgwyaWIKyozQrxCCmEjW2sakvwF7+8TDqNun9Rb9xf1po3ZR0VcAJOwTnwwRVogjvQAm2AQQ6ewSt4c56cF+fd+ZiPrjjlzhH4A+fzBxx1ljk=</latexit>

v g
<latexit sha1_base64="sL3EcQk8divxR0K318YefWg5u4g=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiRV0GXRjcsK9gFtCJPJpB06mYSZSaGE/okbF4q49U/c+TdO2iy09cAwh3PuZc6cIOVMacf5tiobm1vbO9Xd2t7+weGRfXzSVUkmCe2QhCeyH2BFORO0o5nmtJ9KiuOA014wuS/83pRKxRLxpGcp9WI8EixiBGsj+bY9DBIeqllsrnw690e+XXcazgJonbglqUOJtm9/DcOEZDEVmnCs1MB1Uu3lWGpGOJ3XhpmiKSYTPKIDQwWOqfLyRfI5ujBKiKJEmiM0Wqi/N3IcqyKcmYyxHqtVrxD/8waZjm69nIk001SQ5UNRxpFOUFEDCpmkRPOZIZhIZrIiMsYSE23KqpkS3NUvr5Nus+FeNZqP1/XWXVlHFc7gHC7BhRtowQO0oQMEpvAMr/Bm5daL9W59LEcrVrlzCn9gff4AS/mUFg==</latexit>

L s!
<latexit sha1_base64="fUoqP1mOhezMDMOS/pzVUtRaf/Q=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIvgqexWQY9FLx48VLAfsF1KNk3b0GwSklmhLP0ZXjwo4tVf481/Y9ruQVsfDDzem2FmXqwFt+D7315hbX1jc6u4XdrZ3ds/KB8etaxKDWVNqoQynZhYJrhkTeAgWEcbRpJYsHY8vp357SdmLFfyESaaRQkZSj7glICTwvteZrtjojWZ9soVv+rPgVdJkJMKytHolb+6fUXThEmgglgbBr6GKCMGOBVsWuqmlmlCx2TIQkclSZiNsvnJU3zmlD4eKONKAp6rvycyklg7SWLXmRAY2WVvJv7nhSkMrqOMS50Ck3SxaJAKDArP/sd9bhgFMXGEUMPdrZiOiCEUXEolF0Kw/PIqadWqwUW19nBZqd/kcRTRCTpF5yhAV6iO7lADNRFFCj2jV/TmgffivXsfi9aCl88coz/wPn8AiX2Raw==</latexit>

! m

! e
<latexit sha1_base64="EDAPD8MBJpvGHUxNOBVrXNh2iEY=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRV0GPRi8cK9gPaUDbbSbt2sxt2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemHCmjed9O4W19Y3NreJ2aWd3b/+gfHjU0jJVFJtUcqk6IdHImcCmYYZjJ1FI4pBjOxzfzvz2EyrNpHgwkwSDmAwFixglxkqtnhrJPvbLFa/qzeGuEj8nFcjR6Je/egNJ0xiFoZxo3fW9xAQZUYZRjtNSL9WYEDomQ+xaKkiMOsjm107dM6sM3EgqW8K4c/X3REZirSdxaDtjYkZ62ZuJ/3nd1ETXQcZEkhoUdLEoSrlrpDt73R0whdTwiSWEKmZvdemIKEKNDahkQ/CXX14lrVrVv6jW7i8r9Zs8jiKcwCmcgw9XUIc7aEATKDzCM7zCmyOdF+fd+Vi0Fpx85hj+wPn8AZeYjyM=</latexit>

! e
<latexit sha1_base64="+66kE/8TXPZvxeMLy1F7v6izHwQ=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9p2uf9csWtunOQVeLlpAI5Gv3yV28QszTiCpmkxnQ9N0E/oxoFk3xa6qWGJ5SN6ZB3LVU04sbP5tdOyZlVBiSMtS2FZK7+nshoZMwkCmxnRHFklr2Z+J/XTTG89jOhkhS5YotFYSoJxmT2OhkIzRnKiSWUaWFvJWxENWVoAyrZELzll1dJq1b1Lqq1+8tK/SaPowgncArn4MEV1OEOGtAEBo/wDK/w5sTOi/PufCxaC04+cwx/4Hz+AJkbjyQ=</latexit>

i s
<latexit sha1_base64="3LThGqMusAgaZFpw48JHovRKjqQ=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiRV0GXRjcsK9gFtCJPJpB06mYSZSaGE/okbF4q49U/c+TdO2iy09cAwh3PuZc6cIOVMacf5tiobm1vbO9Xd2t7+weGRfXzSVUkmCe2QhCeyH2BFORO0o5nmtJ9KiuOA014wuS/83pRKxRLxpGcp9WI8EixiBGsj+bY9DBIeqllsrpzNfeXbdafhLIDWiVuSOpRo+/bXMExIFlOhCcdKDVwn1V6OpWaE03ltmCmaYjLBIzowVOCYKi9fJJ+jC6OEKEqkOUKjhfp7I8exKsKZyRjrsVr1CvE/b5Dp6NbLmUgzTQVZPhRlHOkEFTWgkElKNJ8ZgolkJisiYywx0aasminBXf3yOuk2G+5Vo/l4XW/dlXVU4QzO4RJcuIEWPEAbOkBgCs/wCm9Wbr1Y79bHcrRilTun8AfW5w9KTpQV</latexit>

i !
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Figure 4.2: Graphical illustration of the dynamically extended synchronous machine
with damper windings.

winding �uxes, respectively, then system (4.13) can be written explicitly as

_pr =�Dr� + lme
rg>1 R
>
� is + lake
rg>1 R

>
� i� + �m (4.15a)

_
r = � (4.15b)
_p =�D! + lme
rg>2 R

>
� is + lake
rg>2 R

>
� i� + �m (4.15c)

_� = ! (4.15d)
_ 0s =�Rsis � lme
rR�g1� � lme
rR�g2! + vg (4.15e)
_ 0 =� r0i0 + v0 (4.15f)
_ 0� =�R�i� � lake
rR�g1� � lake
rR�g2! : (4.15g)

This system is illustrated in Fig. 4.2. Notice that its passivity property is veri�ed by

d
dtHe = �D!2 �Dr�2 � i>s Rsis � i>�R�i� � r0i20| {z }

dissipation on the generalized momenta

+ �m� + �m! + v>g is + v0i0
| {z }

passive input-output pairs

:

Finally, the Hamiltonian He is composed strictly of kinetic energy associated with the
generalized momenta pe = ( 0s; 0�;  0; p; pr) 2 R7 and identically zero potential energy
associated with the generalized coordinates qe = (
r; �) 2 R2, namely

He = 1
2p
>
e K

�1
e pe : (4.16)

This is a system of the form (3.1), where Ke = blkdiag(Ls�; l0;M;Mr) is the constant
mass matrix.

4.1.3 A mechanical analogy for power converters

The purpose of this subsection is to present a way to handle the main converter topology
used in power systems. The result will be something inherently di�erent than the current
time-scale separation approach with inner current loop, and will exploit the DC-bus
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4.1 Model preparation

dynamics. Instead we consider the model-matching controller, which was studied in
[JAD16; AJD18; AD19]. In this work we extend those results to the variable-amplitude
case by considering the ray-circle decomposition.

The core inverter model

A three-phase converter is a switching system where the passive elements perform two
main tasks: attenuation of the high-frequency harmonics and formation of sinusoidal
waveforms. Since in this work we mainly focus on the large-signal behavior, we neglect
the switching harmonics by replacing the pulse-width-modulation waveforms by their
duty-cycle averages. The resulting average switch model is a continuous-time system
containing a bilinearity entering in input-a�ne form. Our attention will focus on the
similarity between this model and the synchronous machine, and so we present only the
most relevant details. Consider the inverter model as

Cdc dvdc
dt =�Gdcvdc + idc + d>abciabc (4.17a)

ls diabc
dt =� rsiabc + vabc � dabcvdc ; (4.17b)

where Cdc > 0 is the DC-link capacitance, Gdc > 0 is the DC-side conductance, ls > 0
is the switched inductor, and rs > 0 is its winding resistance (per phase). The system
is already written in coordinates related to a constant mass matrix, whereby the three-
phase �ux inside the inductance is simply  abc = lsiabc, while the charge inside the
capacitance is qdc = Cdcvdc, such that iabc 2 R3 is the three-phase inductor current
and vdc 2 R is the DC-link voltage. The actuated signals are idc 2 R, as the current
commanded from an upstream source, and dabc 2 [0; 1]3, as the average duty cycles of the
upper leg switches (lower switches are complementary), while the exogenous voltage is
vabc 2 R3 with respect to a ground potential placed at the mid-point of the DC-link. We
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<latexit sha1_base64="kq8Sti3cDF+pEhxykbl5Up9AaLM=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiGXQxsIiovmA5Ah7m7lkyd7esbsnhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8c3Mbz+h0jyWj2aSoB/RoeQhZ9RY6eGur/vlilt15yCrxMtJBXI0+uWv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzU6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDKz7hMUoOSLRaFqSAmJrO/yYArZEZMLKFMcXsrYSOqKDM2nZINwVt+eZW0LqqeW/XuLyv16zyOIpzAKZyDBzWowy00oAkMhvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8ALLCNtg==</latexit><latexit sha1_base64="kq8Sti3cDF+pEhxykbl5Up9AaLM=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiGXQxsIiovmA5Ah7m7lkyd7esbsnhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8c3Mbz+h0jyWj2aSoB/RoeQhZ9RY6eGur/vlilt15yCrxMtJBXI0+uWv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzU6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDKz7hMUoOSLRaFqSAmJrO/yYArZEZMLKFMcXsrYSOqKDM2nZINwVt+eZW0LqqeW/XuLyv16zyOIpzAKZyDBzWowy00oAkMhvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8ALLCNtg==</latexit><latexit sha1_base64="kq8Sti3cDF+pEhxykbl5Up9AaLM=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiGXQxsIiovmA5Ah7m7lkyd7esbsnhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8c3Mbz+h0jyWj2aSoB/RoeQhZ9RY6eGur/vlilt15yCrxMtJBXI0+uWv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzU6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDKz7hMUoOSLRaFqSAmJrO/yYArZEZMLKFMcXsrYSOqKDM2nZINwVt+eZW0LqqeW/XuLyv16zyOIpzAKZyDBzWowy00oAkMhvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8ALLCNtg==</latexit><latexit sha1_base64="kq8Sti3cDF+pEhxykbl5Up9AaLM=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiGXQxsIiovmA5Ah7m7lkyd7esbsnhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8c3Mbz+h0jyWj2aSoB/RoeQhZ9RY6eGur/vlilt15yCrxMtJBXI0+uWv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzU6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDKz7hMUoOSLRaFqSAmJrO/yYArZEZMLKFMcXsrYSOqKDM2nZINwVt+eZW0LqqeW/XuLyv16zyOIpzAKZyDBzWowy00oAkMhvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8ALLCNtg==</latexit>

Cdc
<latexit sha1_base64="wP9S4fMTQUCoG22UH5RFd3yKySQ=">AAAB7XicbZDLSgMxFIbPeK31VnXpJlgEV2VGBF0Wu3FZwV6gHUomk2ljcxmSjFCGvoMbF4q49X3c+Tam7Sy09YfAx3/OIef8UcqZsb7/7a2tb2xubZd2yrt7+weHlaPjtlGZJrRFFFe6G2FDOZO0ZZnltJtqikXEaScaN2b1zhPVhin5YCcpDQUeSpYwgq2z2o1BHpPpoFL1a/5caBWCAqpQqDmofPVjRTJBpSUcG9ML/NSGOdaWEU6n5X5maIrJGA9pz6HEgpown287RefOiVGitHvSorn7eyLHwpiJiFynwHZklmsz879aL7PJTZgzmWaWSrL4KMk4sgrNTkcx05RYPnGAiWZuV0RGWGNiXUBlF0KwfPIqtC9rgeP7q2r9toijBKdwBhcQwDXU4Q6a0AICj/AMr/DmKe/Fe/c+Fq1rXjFzAn/kff4AiYqPFw==</latexit><latexit sha1_base64="wP9S4fMTQUCoG22UH5RFd3yKySQ=">AAAB7XicbZDLSgMxFIbPeK31VnXpJlgEV2VGBF0Wu3FZwV6gHUomk2ljcxmSjFCGvoMbF4q49X3c+Tam7Sy09YfAx3/OIef8UcqZsb7/7a2tb2xubZd2yrt7+weHlaPjtlGZJrRFFFe6G2FDOZO0ZZnltJtqikXEaScaN2b1zhPVhin5YCcpDQUeSpYwgq2z2o1BHpPpoFL1a/5caBWCAqpQqDmofPVjRTJBpSUcG9ML/NSGOdaWEU6n5X5maIrJGA9pz6HEgpown287RefOiVGitHvSorn7eyLHwpiJiFynwHZklmsz879aL7PJTZgzmWaWSrL4KMk4sgrNTkcx05RYPnGAiWZuV0RGWGNiXUBlF0KwfPIqtC9rgeP7q2r9toijBKdwBhcQwDXU4Q6a0AICj/AMr/DmKe/Fe/c+Fq1rXjFzAn/kff4AiYqPFw==</latexit><latexit sha1_base64="wP9S4fMTQUCoG22UH5RFd3yKySQ=">AAAB7XicbZDLSgMxFIbPeK31VnXpJlgEV2VGBF0Wu3FZwV6gHUomk2ljcxmSjFCGvoMbF4q49X3c+Tam7Sy09YfAx3/OIef8UcqZsb7/7a2tb2xubZd2yrt7+weHlaPjtlGZJrRFFFe6G2FDOZO0ZZnltJtqikXEaScaN2b1zhPVhin5YCcpDQUeSpYwgq2z2o1BHpPpoFL1a/5caBWCAqpQqDmofPVjRTJBpSUcG9ML/NSGOdaWEU6n5X5maIrJGA9pz6HEgpown287RefOiVGitHvSorn7eyLHwpiJiFynwHZklmsz879aL7PJTZgzmWaWSrL4KMk4sgrNTkcx05RYPnGAiWZuV0RGWGNiXUBlF0KwfPIqtC9rgeP7q2r9toijBKdwBhcQwDXU4Q6a0AICj/AMr/DmKe/Fe/c+Fq1rXjFzAn/kff4AiYqPFw==</latexit><latexit sha1_base64="wP9S4fMTQUCoG22UH5RFd3yKySQ=">AAAB7XicbZDLSgMxFIbPeK31VnXpJlgEV2VGBF0Wu3FZwV6gHUomk2ljcxmSjFCGvoMbF4q49X3c+Tam7Sy09YfAx3/OIef8UcqZsb7/7a2tb2xubZd2yrt7+weHlaPjtlGZJrRFFFe6G2FDOZO0ZZnltJtqikXEaScaN2b1zhPVhin5YCcpDQUeSpYwgq2z2o1BHpPpoFL1a/5caBWCAqpQqDmofPVjRTJBpSUcG9ML/NSGOdaWEU6n5X5maIrJGA9pz6HEgpown287RefOiVGitHvSorn7eyLHwpiJiFynwHZklmsz879aL7PJTZgzmWaWSrL4KMk4sgrNTkcx05RYPnGAiWZuV0RGWGNiXUBlF0KwfPIqtC9rgeP7q2r9toijBKdwBhcQwDXU4Q6a0AICj/AMr/DmKe/Fe/c+Fq1rXjFzAn/kff4AiYqPFw==</latexit>

! m

ú!
<latexit sha1_base64="qSo8uHbNAaJiLW7jEKzex6sAC74=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOTJcxOepMhs7PLTK8QQv7CiwdFvPo33vwbJ8keNLFgoKjqYrorTKUw5HnfTmFtfWNzq7hd2tnd2z8oHx41TZJpjg2eyES3Q2ZQCoUNEiSxnWpkcSixFY5uZ37rCbURiXqgcYpBzAZKRIIzstJjt59Ql4ZIrFeueFVvDneV+DmpQI56r/xlwzyLURGXzJiO76UUTJgmwSVOS93MYMr4iA2wY6liMZpgMt946p5Zpe9GibZPkTtXfycmLDZmHId2MmY0NMveTPzP62QUXQcTodKMUPHFR1EmXUrc2fluX2jkJMeWMK6F3dXlQ6YZJ1tSyZbgL5+8SpoXVd/y+8tK7SavowgncArn4MMV1OAO6tAADgqe4RXeHOO8OO/Ox2K04OSZY/gD5/MHvxOQ8w==</latexit><latexit sha1_base64="qSo8uHbNAaJiLW7jEKzex6sAC74=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOTJcxOepMhs7PLTK8QQv7CiwdFvPo33vwbJ8keNLFgoKjqYrorTKUw5HnfTmFtfWNzq7hd2tnd2z8oHx41TZJpjg2eyES3Q2ZQCoUNEiSxnWpkcSixFY5uZ37rCbURiXqgcYpBzAZKRIIzstJjt59Ql4ZIrFeueFVvDneV+DmpQI56r/xlwzyLURGXzJiO76UUTJgmwSVOS93MYMr4iA2wY6liMZpgMt946p5Zpe9GibZPkTtXfycmLDZmHId2MmY0NMveTPzP62QUXQcTodKMUPHFR1EmXUrc2fluX2jkJMeWMK6F3dXlQ6YZJ1tSyZbgL5+8SpoXVd/y+8tK7SavowgncArn4MMV1OAO6tAADgqe4RXeHOO8OO/Ox2K04OSZY/gD5/MHvxOQ8w==</latexit><latexit sha1_base64="qSo8uHbNAaJiLW7jEKzex6sAC74=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOTJcxOepMhs7PLTK8QQv7CiwdFvPo33vwbJ8keNLFgoKjqYrorTKUw5HnfTmFtfWNzq7hd2tnd2z8oHx41TZJpjg2eyES3Q2ZQCoUNEiSxnWpkcSixFY5uZ37rCbURiXqgcYpBzAZKRIIzstJjt59Ql4ZIrFeueFVvDneV+DmpQI56r/xlwzyLURGXzJiO76UUTJgmwSVOS93MYMr4iA2wY6liMZpgMt946p5Zpe9GibZPkTtXfycmLDZmHId2MmY0NMveTPzP62QUXQcTodKMUPHFR1EmXUrc2fluX2jkJMeWMK6F3dXlQ6YZJ1tSyZbgL5+8SpoXVd/y+8tK7SavowgncArn4MMV1OAO6tAADgqe4RXeHOO8OO/Ox2K04OSZY/gD5/MHvxOQ8w==</latexit><latexit sha1_base64="qSo8uHbNAaJiLW7jEKzex6sAC74=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOTJcxOepMhs7PLTK8QQv7CiwdFvPo33vwbJ8keNLFgoKjqYrorTKUw5HnfTmFtfWNzq7hd2tnd2z8oHx41TZJpjg2eyES3Q2ZQCoUNEiSxnWpkcSixFY5uZ37rCbURiXqgcYpBzAZKRIIzstJjt59Ql4ZIrFeueFVvDneV+DmpQI56r/xlwzyLURGXzJiO76UUTJgmwSVOS93MYMr4iA2wY6liMZpgMt946p5Zpe9GibZPkTtXfycmLDZmHId2MmY0NMveTPzP62QUXQcTodKMUPHFR1EmXUrc2fluX2jkJMeWMK6F3dXlQ6YZJ1tSyZbgL5+8SpoXVd/y+8tK7SavowgncArn4MMV1OAO6tAADgqe4RXeHOO8OO/Ox2K04OSZY/gD5/MHvxOQ8w==</latexit> L !

<latexit sha1_base64="EOUwwJ0KBFyDKoPeZ19Y0WjpVno=">AAAB73icbZA9SwNBEIbn4leMX1FLm8MgWIU7EbQM2lhYRDAxkBxhbzNJluztnbtzQjjyJ2wsFLH179j5b9wkV2jiCwsP78ywM2+YSGHI876dwsrq2vpGcbO0tb2zu1feP2iaONUcGzyWsW6FzKAUChskSGIr0ciiUOJDOLqe1h+eUBsRq3saJxhEbKBEX3BG1mrddjs0RGLdcsWrejO5y+DnUIFc9W75q9OLeRqhIi6ZMW3fSyjImCbBJU5KndRgwviIDbBtUbEITZDN9p24J9bpuf1Y26fInbm/JzIWGTOOQtsZMRqaxdrU/K/WTql/GWRCJSmh4vOP+ql0KXanx7s9oZGTHFtgXAu7q8uHTDNONqKSDcFfPHkZmmdV3/LdeaV2lcdRhCM4hlPw4QJqcAN1aAAHCc/wCm/Oo/PivDsf89aCk88cwh85nz/1YI/n</latexit><latexit sha1_base64="EOUwwJ0KBFyDKoPeZ19Y0WjpVno=">AAAB73icbZA9SwNBEIbn4leMX1FLm8MgWIU7EbQM2lhYRDAxkBxhbzNJluztnbtzQjjyJ2wsFLH179j5b9wkV2jiCwsP78ywM2+YSGHI876dwsrq2vpGcbO0tb2zu1feP2iaONUcGzyWsW6FzKAUChskSGIr0ciiUOJDOLqe1h+eUBsRq3saJxhEbKBEX3BG1mrddjs0RGLdcsWrejO5y+DnUIFc9W75q9OLeRqhIi6ZMW3fSyjImCbBJU5KndRgwviIDbBtUbEITZDN9p24J9bpuf1Y26fInbm/JzIWGTOOQtsZMRqaxdrU/K/WTql/GWRCJSmh4vOP+ql0KXanx7s9oZGTHFtgXAu7q8uHTDNONqKSDcFfPHkZmmdV3/LdeaV2lcdRhCM4hlPw4QJqcAN1aAAHCc/wCm/Oo/PivDsf89aCk88cwh85nz/1YI/n</latexit><latexit sha1_base64="EOUwwJ0KBFyDKoPeZ19Y0WjpVno=">AAAB73icbZA9SwNBEIbn4leMX1FLm8MgWIU7EbQM2lhYRDAxkBxhbzNJluztnbtzQjjyJ2wsFLH179j5b9wkV2jiCwsP78ywM2+YSGHI876dwsrq2vpGcbO0tb2zu1feP2iaONUcGzyWsW6FzKAUChskSGIr0ciiUOJDOLqe1h+eUBsRq3saJxhEbKBEX3BG1mrddjs0RGLdcsWrejO5y+DnUIFc9W75q9OLeRqhIi6ZMW3fSyjImCbBJU5KndRgwviIDbBtUbEITZDN9p24J9bpuf1Y26fInbm/JzIWGTOOQtsZMRqaxdrU/K/WTql/GWRCJSmh4vOP+ql0KXanx7s9oZGTHFtgXAu7q8uHTDNONqKSDcFfPHkZmmdV3/LdeaV2lcdRhCM4hlPw4QJqcAN1aAAHCc/wCm/Oo/PivDsf89aCk88cwh85nz/1YI/n</latexit><latexit sha1_base64="EOUwwJ0KBFyDKoPeZ19Y0WjpVno=">AAAB73icbZA9SwNBEIbn4leMX1FLm8MgWIU7EbQM2lhYRDAxkBxhbzNJluztnbtzQjjyJ2wsFLH179j5b9wkV2jiCwsP78ywM2+YSGHI876dwsrq2vpGcbO0tb2zu1feP2iaONUcGzyWsW6FzKAUChskSGIr0ciiUOJDOLqe1h+eUBsRq3saJxhEbKBEX3BG1mrddjs0RGLdcsWrejO5y+DnUIFc9W75q9OLeRqhIi6ZMW3fSyjImCbBJU5KndRgwviIDbBtUbEITZDN9p24J9bpuf1Y26fInbm/JzIWGTOOQtsZMRqaxdrU/K/WTql/GWRCJSmh4vOP+ql0KXanx7s9oZGTHFtgXAu7q8uHTDNONqKSDcFfPHkZmmdV3/LdeaV2lcdRhCM4hlPw4QJqcAN1aAAHCc/wCm/Oo/PivDsf89aCk88cwh85nz/1YI/n</latexit>

M
<latexit sha1_base64="crANvVgGivIiDMWlFPoP+QRYTmE=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OJFaMF+QBvKZjtp1242YXcjlNBf4MWDIl79Sd78N27bHLT1hYWHd2bYmTdIBNfGdb+dwtr6xuZWcbu0s7u3f1A+PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHw7q7efUGkeywczSdCP6FDykDNqrNW475crbtWdi6yCl0MFctX75a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi1KGqH2s/miU3JmnQEJY2WfNGTu/p7IaKT1JApsZ0TNSC/XZuZ/tW5qwms/4zJJDUq2+ChMBTExmV1NBlwhM2JigTLF7a6EjaiizNhsSjYEb/nkVWhdVD3LjctK7SaPowgncArn4MEV1OAO6tAEBgjP8ApvzqPz4rw7H4vWgpPPHMMfOZ8/pQ+M0Q==</latexit><latexit sha1_base64="crANvVgGivIiDMWlFPoP+QRYTmE=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OJFaMF+QBvKZjtp1242YXcjlNBf4MWDIl79Sd78N27bHLT1hYWHd2bYmTdIBNfGdb+dwtr6xuZWcbu0s7u3f1A+PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHw7q7efUGkeywczSdCP6FDykDNqrNW475crbtWdi6yCl0MFctX75a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi1KGqH2s/miU3JmnQEJY2WfNGTu/p7IaKT1JApsZ0TNSC/XZuZ/tW5qwms/4zJJDUq2+ChMBTExmV1NBlwhM2JigTLF7a6EjaiizNhsSjYEb/nkVWhdVD3LjctK7SaPowgncArn4MEV1OAO6tAEBgjP8ApvzqPz4rw7H4vWgpPPHMMfOZ8/pQ+M0Q==</latexit><latexit sha1_base64="crANvVgGivIiDMWlFPoP+QRYTmE=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OJFaMF+QBvKZjtp1242YXcjlNBf4MWDIl79Sd78N27bHLT1hYWHd2bYmTdIBNfGdb+dwtr6xuZWcbu0s7u3f1A+PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHw7q7efUGkeywczSdCP6FDykDNqrNW475crbtWdi6yCl0MFctX75a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi1KGqH2s/miU3JmnQEJY2WfNGTu/p7IaKT1JApsZ0TNSC/XZuZ/tW5qwms/4zJJDUq2+ChMBTExmV1NBlwhM2JigTLF7a6EjaiizNhsSjYEb/nkVWhdVD3LjctK7SaPowgncArn4MEV1OAO6tAEBgjP8ApvzqPz4rw7H4vWgpPPHMMfOZ8/pQ+M0Q==</latexit><latexit sha1_base64="crANvVgGivIiDMWlFPoP+QRYTmE=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OJFaMF+QBvKZjtp1242YXcjlNBf4MWDIl79Sd78N27bHLT1hYWHd2bYmTdIBNfGdb+dwtr6xuZWcbu0s7u3f1A+PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHw7q7efUGkeywczSdCP6FDykDNqrNW475crbtWdi6yCl0MFctX75a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi1KGqH2s/miU3JmnQEJY2WfNGTu/p7IaKT1JApsZ0TNSC/XZuZ/tW5qwms/4zJJDUq2+ChMBTExmV1NBlwhM2JigTLF7a6EjaiizNhsSjYEb/nkVWhdVD3LjctK7SaPowgncArn4MEV1OAO6tAEBgjP8ApvzqPz4rw7H4vWgpPPHMMfOZ8/pQ+M0Q==</latexit>

i dc
<latexit sha1_base64="lk8dXNIP50XQwNj0NX5nZFAXWFA=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8EiuCozIuiy6MZlBXuBdiiZTKaNzWVIMkIZ+g5uXCji1vdx59uYtrPQ1h8CH/85h5zzRylnxvr+t1daW9/Y3CpvV3Z29/YPqodHbaMyTWiLKK50N8KGciZpyzLLaTfVFIuI0040vp3VO09UG6bkg52kNBR4KFnCCLbOarNBHpPpoFrz6/5caBWCAmpQqDmofvVjRTJBpSUcG9ML/NSGOdaWEU6nlX5maIrJGA9pz6HEgpown287RWfOiVGitHvSorn7eyLHwpiJiFynwHZklmsz879aL7PJdZgzmWaWSrL4KMk4sgrNTkcx05RYPnGAiWZuV0RGWGNiXUAVF0KwfPIqtC/qgeP7y1rjpoijDCdwCucQwBU04A6a0AICj/AMr/DmKe/Fe/c+Fq0lr5g5hj/yPn8Aw+CPPQ==</latexit><latexit sha1_base64="lk8dXNIP50XQwNj0NX5nZFAXWFA=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8EiuCozIuiy6MZlBXuBdiiZTKaNzWVIMkIZ+g5uXCji1vdx59uYtrPQ1h8CH/85h5zzRylnxvr+t1daW9/Y3CpvV3Z29/YPqodHbaMyTWiLKK50N8KGciZpyzLLaTfVFIuI0040vp3VO09UG6bkg52kNBR4KFnCCLbOarNBHpPpoFrz6/5caBWCAmpQqDmofvVjRTJBpSUcG9ML/NSGOdaWEU6nlX5maIrJGA9pz6HEgpown287RWfOiVGitHvSorn7eyLHwpiJiFynwHZklmsz879aL7PJdZgzmWaWSrL4KMk4sgrNTkcx05RYPnGAiWZuV0RGWGNiXUAVF0KwfPIqtC/qgeP7y1rjpoijDCdwCucQwBU04A6a0AICj/AMr/DmKe/Fe/c+Fq0lr5g5hj/yPn8Aw+CPPQ==</latexit><latexit sha1_base64="lk8dXNIP50XQwNj0NX5nZFAXWFA=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8EiuCozIuiy6MZlBXuBdiiZTKaNzWVIMkIZ+g5uXCji1vdx59uYtrPQ1h8CH/85h5zzRylnxvr+t1daW9/Y3CpvV3Z29/YPqodHbaMyTWiLKK50N8KGciZpyzLLaTfVFIuI0040vp3VO09UG6bkg52kNBR4KFnCCLbOarNBHpPpoFrz6/5caBWCAmpQqDmofvVjRTJBpSUcG9ML/NSGOdaWEU6nlX5maIrJGA9pz6HEgpown287RWfOiVGitHvSorn7eyLHwpiJiFynwHZklmsz879aL7PJdZgzmWaWSrL4KMk4sgrNTkcx05RYPnGAiWZuV0RGWGNiXUAVF0KwfPIqtC/qgeP7y1rjpoijDCdwCucQwBU04A6a0AICj/AMr/DmKe/Fe/c+Fq0lr5g5hj/yPn8Aw+CPPQ==</latexit><latexit sha1_base64="lk8dXNIP50XQwNj0NX5nZFAXWFA=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8EiuCozIuiy6MZlBXuBdiiZTKaNzWVIMkIZ+g5uXCji1vdx59uYtrPQ1h8CH/85h5zzRylnxvr+t1daW9/Y3CpvV3Z29/YPqodHbaMyTWiLKK50N8KGciZpyzLLaTfVFIuI0040vp3VO09UG6bkg52kNBR4KFnCCLbOarNBHpPpoFrz6/5caBWCAmpQqDmofvVjRTJBpSUcG9ML/NSGOdaWEU6nlX5maIrJGA9pz6HEgpown287RWfOiVGitHvSorn7eyLHwpiJiFynwHZklmsz879aL7PJdZgzmWaWSrL4KMk4sgrNTkcx05RYPnGAiWZuV0RGWGNiXUAVF0KwfPIqtC/qgeP7y1rjpoijDCdwCucQwBU04A6a0AICj/AMr/DmKe/Fe/c+Fq0lr5g5hj/yPn8Aw+CPPQ==</latexit>

v g
<latexit sha1_base64="R45UDm5sKT8ocvzuxfzxai33Img=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRbBVZkRQZdFNy4r2Ae0w5DJZNrQTDIkmUIZ+iduXCji1j9x59+YtrPQ1gMhh3PuJScnyjjTxvO+ncrG5tb2TnW3trd/cHjkHp90tMwVoW0iuVS9CGvKmaBtwwynvUxRnEacdqPx/dzvTqjSTIonM81okOKhYAkj2FgpdN1BJHmsp6m9isksHIZu3Wt4C6B14pekDiVaofs1iCXJUyoM4Vjrvu9lJiiwMoxwOqsNck0zTMZ4SPuWCpxSHRSL5DN0YZUYJVLZIwxaqL83CpzqeTg7mWIz0qveXPzP6+cmuQ0KJrLcUEGWDyU5R0aieQ0oZooSw6eWYKKYzYrICCtMjC2rZkvwV7+8TjpXDd/yx+t6866sowpncA6X4MMNNOEBWtAGAhN4hld4cwrnxXl3PpajFafcOYU/cD5/AEqtlBI=</latexit><latexit sha1_base64="R45UDm5sKT8ocvzuxfzxai33Img=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRbBVZkRQZdFNy4r2Ae0w5DJZNrQTDIkmUIZ+iduXCji1j9x59+YtrPQ1gMhh3PuJScnyjjTxvO+ncrG5tb2TnW3trd/cHjkHp90tMwVoW0iuVS9CGvKmaBtwwynvUxRnEacdqPx/dzvTqjSTIonM81okOKhYAkj2FgpdN1BJHmsp6m9isksHIZu3Wt4C6B14pekDiVaofs1iCXJUyoM4Vjrvu9lJiiwMoxwOqsNck0zTMZ4SPuWCpxSHRSL5DN0YZUYJVLZIwxaqL83CpzqeTg7mWIz0qveXPzP6+cmuQ0KJrLcUEGWDyU5R0aieQ0oZooSw6eWYKKYzYrICCtMjC2rZkvwV7+8TjpXDd/yx+t6866sowpncA6X4MMNNOEBWtAGAhN4hld4cwrnxXl3PpajFafcOYU/cD5/AEqtlBI=</latexit><latexit sha1_base64="R45UDm5sKT8ocvzuxfzxai33Img=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRbBVZkRQZdFNy4r2Ae0w5DJZNrQTDIkmUIZ+iduXCji1j9x59+YtrPQ1gMhh3PuJScnyjjTxvO+ncrG5tb2TnW3trd/cHjkHp90tMwVoW0iuVS9CGvKmaBtwwynvUxRnEacdqPx/dzvTqjSTIonM81okOKhYAkj2FgpdN1BJHmsp6m9isksHIZu3Wt4C6B14pekDiVaofs1iCXJUyoM4Vjrvu9lJiiwMoxwOqsNck0zTMZ4SPuWCpxSHRSL5DN0YZUYJVLZIwxaqL83CpzqeTg7mWIz0qveXPzP6+cmuQ0KJrLcUEGWDyU5R0aieQ0oZooSw6eWYKKYzYrICCtMjC2rZkvwV7+8TjpXDd/yx+t6866sowpncA6X4MMNNOEBWtAGAhN4hld4cwrnxXl3PpajFafcOYU/cD5/AEqtlBI=</latexit><latexit sha1_base64="R45UDm5sKT8ocvzuxfzxai33Img=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRbBVZkRQZdFNy4r2Ae0w5DJZNrQTDIkmUIZ+iduXCji1j9x59+YtrPQ1gMhh3PuJScnyjjTxvO+ncrG5tb2TnW3trd/cHjkHp90tMwVoW0iuVS9CGvKmaBtwwynvUxRnEacdqPx/dzvTqjSTIonM81okOKhYAkj2FgpdN1BJHmsp6m9isksHIZu3Wt4C6B14pekDiVaofs1iCXJUyoM4Vjrvu9lJiiwMoxwOqsNck0zTMZ4SPuWCpxSHRSL5DN0YZUYJVLZIwxaqL83CpzqeTg7mWIz0qveXPzP6+cmuQ0KJrLcUEGWDyU5R0aieQ0oZooSw6eWYKKYzYrICCtMjC2rZkvwV7+8TjpXDd/yx+t6866sowpncA6X4MMNNOEBWtAGAhN4hld4cwrnxXl3PpajFafcOYU/cD5/AEqtlBI=</latexit>

L s
<latexit sha1_base64="kq8Sti3cDF+pEhxykbl5Up9AaLM=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiGXQxsIiovmA5Ah7m7lkyd7esbsnhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8c3Mbz+h0jyWj2aSoB/RoeQhZ9RY6eGur/vlilt15yCrxMtJBXI0+uWv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzU6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDKz7hMUoOSLRaFqSAmJrO/yYArZEZMLKFMcXsrYSOqKDM2nZINwVt+eZW0LqqeW/XuLyv16zyOIpzAKZyDBzWowy00oAkMhvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8ALLCNtg==</latexit><latexit sha1_base64="kq8Sti3cDF+pEhxykbl5Up9AaLM=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiGXQxsIiovmA5Ah7m7lkyd7esbsnhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8c3Mbz+h0jyWj2aSoB/RoeQhZ9RY6eGur/vlilt15yCrxMtJBXI0+uWv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzU6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDKz7hMUoOSLRaFqSAmJrO/yYArZEZMLKFMcXsrYSOqKDM2nZINwVt+eZW0LqqeW/XuLyv16zyOIpzAKZyDBzWowy00oAkMhvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8ALLCNtg==</latexit><latexit sha1_base64="kq8Sti3cDF+pEhxykbl5Up9AaLM=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiGXQxsIiovmA5Ah7m7lkyd7esbsnhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8c3Mbz+h0jyWj2aSoB/RoeQhZ9RY6eGur/vlilt15yCrxMtJBXI0+uWv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzU6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDKz7hMUoOSLRaFqSAmJrO/yYArZEZMLKFMcXsrYSOqKDM2nZINwVt+eZW0LqqeW/XuLyv16zyOIpzAKZyDBzWowy00oAkMhvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8ALLCNtg==</latexit><latexit sha1_base64="kq8Sti3cDF+pEhxykbl5Up9AaLM=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiGXQxsIiovmA5Ah7m7lkyd7esbsnhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8c3Mbz+h0jyWj2aSoB/RoeQhZ9RY6eGur/vlilt15yCrxMtJBXI0+uWv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzU6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDKz7hMUoOSLRaFqSAmJrO/yYArZEZMLKFMcXsrYSOqKDM2nZINwVt+eZW0LqqeW/XuLyv16zyOIpzAKZyDBzWowy00oAkMhvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8ALLCNtg==</latexit>

Cdc
<latexit sha1_base64="wP9S4fMTQUCoG22UH5RFd3yKySQ=">AAAB7XicbZDLSgMxFIbPeK31VnXpJlgEV2VGBF0Wu3FZwV6gHUomk2ljcxmSjFCGvoMbF4q49X3c+Tam7Sy09YfAx3/OIef8UcqZsb7/7a2tb2xubZd2yrt7+weHlaPjtlGZJrRFFFe6G2FDOZO0ZZnltJtqikXEaScaN2b1zhPVhin5YCcpDQUeSpYwgq2z2o1BHpPpoFL1a/5caBWCAqpQqDmofPVjRTJBpSUcG9ML/NSGOdaWEU6n5X5maIrJGA9pz6HEgpown287RefOiVGitHvSorn7eyLHwpiJiFynwHZklmsz879aL7PJTZgzmWaWSrL4KMk4sgrNTkcx05RYPnGAiWZuV0RGWGNiXUBlF0KwfPIqtC9rgeP7q2r9toijBKdwBhcQwDXU4Q6a0AICj/AMr/DmKe/Fe/c+Fq1rXjFzAn/kff4AiYqPFw==</latexit><latexit sha1_base64="wP9S4fMTQUCoG22UH5RFd3yKySQ=">AAAB7XicbZDLSgMxFIbPeK31VnXpJlgEV2VGBF0Wu3FZwV6gHUomk2ljcxmSjFCGvoMbF4q49X3c+Tam7Sy09YfAx3/OIef8UcqZsb7/7a2tb2xubZd2yrt7+weHlaPjtlGZJrRFFFe6G2FDOZO0ZZnltJtqikXEaScaN2b1zhPVhin5YCcpDQUeSpYwgq2z2o1BHpPpoFL1a/5caBWCAqpQqDmofPVjRTJBpSUcG9ML/NSGOdaWEU6n5X5maIrJGA9pz6HEgpown287RefOiVGitHvSorn7eyLHwpiJiFynwHZklmsz879aL7PJTZgzmWaWSrL4KMk4sgrNTkcx05RYPnGAiWZuV0RGWGNiXUBlF0KwfPIqtC9rgeP7q2r9toijBKdwBhcQwDXU4Q6a0AICj/AMr/DmKe/Fe/c+Fq1rXjFzAn/kff4AiYqPFw==</latexit><latexit sha1_base64="wP9S4fMTQUCoG22UH5RFd3yKySQ=">AAAB7XicbZDLSgMxFIbPeK31VnXpJlgEV2VGBF0Wu3FZwV6gHUomk2ljcxmSjFCGvoMbF4q49X3c+Tam7Sy09YfAx3/OIef8UcqZsb7/7a2tb2xubZd2yrt7+weHlaPjtlGZJrRFFFe6G2FDOZO0ZZnltJtqikXEaScaN2b1zhPVhin5YCcpDQUeSpYwgq2z2o1BHpPpoFL1a/5caBWCAqpQqDmofPVjRTJBpSUcG9ML/NSGOdaWEU6n5X5maIrJGA9pz6HEgpown287RefOiVGitHvSorn7eyLHwpiJiFynwHZklmsz879aL7PJTZgzmWaWSrL4KMk4sgrNTkcx05RYPnGAiWZuV0RGWGNiXUBlF0KwfPIqtC9rgeP7q2r9toijBKdwBhcQwDXU4Q6a0AICj/AMr/DmKe/Fe/c+Fq1rXjFzAn/kff4AiYqPFw==</latexit><latexit sha1_base64="wP9S4fMTQUCoG22UH5RFd3yKySQ=">AAAB7XicbZDLSgMxFIbPeK31VnXpJlgEV2VGBF0Wu3FZwV6gHUomk2ljcxmSjFCGvoMbF4q49X3c+Tam7Sy09YfAx3/OIef8UcqZsb7/7a2tb2xubZd2yrt7+weHlaPjtlGZJrRFFFe6G2FDOZO0ZZnltJtqikXEaScaN2b1zhPVhin5YCcpDQUeSpYwgq2z2o1BHpPpoFL1a/5caBWCAqpQqDmofPVjRTJBpSUcG9ML/NSGOdaWEU6n5X5maIrJGA9pz6HEgpown287RefOiVGitHvSorn7eyLHwpiJiFynwHZklmsz879aL7PJTZgzmWaWSrL4KMk4sgrNTkcx05RYPnGAiWZuV0RGWGNiXUBlF0KwfPIqtC9rgeP7q2r9toijBKdwBhcQwDXU4Q6a0AICj/AMr/DmKe/Fe/c+Fq1rXjFzAn/kff4AiYqPFw==</latexit>

m !"
<latexit sha1_base64="ZNVNDx+EOnf9A58TVrjndnzvQRU=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBbBVUlE0GXRjcsK9gFNCDeTSTt08mBmIpSQjRt/xY0LRdz6D+78GydtFtp6YJjDOfdy7z1+yplUlvVt1FZW19Y36puNre2d3T1z/6Ank0wQ2iUJT8TAB0k5i2lXMcXpIBUUIp/Tvj+5Kf3+AxWSJfG9mqbUjWAUs5ARUFryzGPHT3ggp5H+8qjwcgd4OgbHpwoKz2xaLWsGvEzsijRRhY5nfjlBQrKIxopwkHJoW6lycxCKEU6LhpNJmgKZwIgONY0hotLNZ1cU+FQrAQ4ToV+s8Ez93ZFDJMtFdWUEaiwXvVL8zxtmKrxycxanmaIxmQ8KM45VgstIcMAEJYpPNQEimN4VkzEIIEoH19Ah2IsnL5PeecvW/O6i2b6u4qijI3SCzpCNLlEb3aIO6iKCHtEzekVvxpPxYrwbH/PSmlH1HKI/MD5/ANt9mWw=</latexit><latexit sha1_base64="ZNVNDx+EOnf9A58TVrjndnzvQRU=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBbBVUlE0GXRjcsK9gFNCDeTSTt08mBmIpSQjRt/xY0LRdz6D+78GydtFtp6YJjDOfdy7z1+yplUlvVt1FZW19Y36puNre2d3T1z/6Ank0wQ2iUJT8TAB0k5i2lXMcXpIBUUIp/Tvj+5Kf3+AxWSJfG9mqbUjWAUs5ARUFryzGPHT3ggp5H+8qjwcgd4OgbHpwoKz2xaLWsGvEzsijRRhY5nfjlBQrKIxopwkHJoW6lycxCKEU6LhpNJmgKZwIgONY0hotLNZ1cU+FQrAQ4ToV+s8Ez93ZFDJMtFdWUEaiwXvVL8zxtmKrxycxanmaIxmQ8KM45VgstIcMAEJYpPNQEimN4VkzEIIEoH19Ah2IsnL5PeecvW/O6i2b6u4qijI3SCzpCNLlEb3aIO6iKCHtEzekVvxpPxYrwbH/PSmlH1HKI/MD5/ANt9mWw=</latexit><latexit sha1_base64="ZNVNDx+EOnf9A58TVrjndnzvQRU=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBbBVUlE0GXRjcsK9gFNCDeTSTt08mBmIpSQjRt/xY0LRdz6D+78GydtFtp6YJjDOfdy7z1+yplUlvVt1FZW19Y36puNre2d3T1z/6Ank0wQ2iUJT8TAB0k5i2lXMcXpIBUUIp/Tvj+5Kf3+AxWSJfG9mqbUjWAUs5ARUFryzGPHT3ggp5H+8qjwcgd4OgbHpwoKz2xaLWsGvEzsijRRhY5nfjlBQrKIxopwkHJoW6lycxCKEU6LhpNJmgKZwIgONY0hotLNZ1cU+FQrAQ4ToV+s8Ez93ZFDJMtFdWUEaiwXvVL8zxtmKrxycxanmaIxmQ8KM45VgstIcMAEJYpPNQEimN4VkzEIIEoH19Ah2IsnL5PeecvW/O6i2b6u4qijI3SCzpCNLlEb3aIO6iKCHtEzekVvxpPxYrwbH/PSmlH1HKI/MD5/ANt9mWw=</latexit><latexit sha1_base64="ZNVNDx+EOnf9A58TVrjndnzvQRU=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBbBVUlE0GXRjcsK9gFNCDeTSTt08mBmIpSQjRt/xY0LRdz6D+78GydtFtp6YJjDOfdy7z1+yplUlvVt1FZW19Y36puNre2d3T1z/6Ank0wQ2iUJT8TAB0k5i2lXMcXpIBUUIp/Tvj+5Kf3+AxWSJfG9mqbUjWAUs5ARUFryzGPHT3ggp5H+8qjwcgd4OgbHpwoKz2xaLWsGvEzsijRRhY5nfjlBQrKIxopwkHJoW6lycxCKEU6LhpNJmgKZwIgONY0hotLNZ1cU+FQrAQ4ToV+s8Ez93ZFDJMtFdWUEaiwXvVL8zxtmKrxycxanmaIxmQ8KM45VgstIcMAEJYpPNQEimN4VkzEIIEoH19Ah2IsnL5PeecvW/O6i2b6u4qijI3SCzpCNLlEb3aIO6iKCHtEzekVvxpPxYrwbH/PSmlH1HKI/MD5/ANt9mWw=</latexit>

i dc
<latexit sha1_base64="lk8dXNIP50XQwNj0NX5nZFAXWFA=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8EiuCozIuiy6MZlBXuBdiiZTKaNzWVIMkIZ+g5uXCji1vdx59uYtrPQ1h8CH/85h5zzRylnxvr+t1daW9/Y3CpvV3Z29/YPqodHbaMyTWiLKK50N8KGciZpyzLLaTfVFIuI0040vp3VO09UG6bkg52kNBR4KFnCCLbOarNBHpPpoFrz6/5caBWCAmpQqDmofvVjRTJBpSUcG9ML/NSGOdaWEU6nlX5maIrJGA9pz6HEgpown287RWfOiVGitHvSorn7eyLHwpiJiFynwHZklmsz879aL7PJdZgzmWaWSrL4KMk4sgrNTkcx05RYPnGAiWZuV0RGWGNiXUAVF0KwfPIqtC/qgeP7y1rjpoijDCdwCucQwBU04A6a0AICj/AMr/DmKe/Fe/c+Fq0lr5g5hj/yPn8Aw+CPPQ==</latexit><latexit sha1_base64="lk8dXNIP50XQwNj0NX5nZFAXWFA=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8EiuCozIuiy6MZlBXuBdiiZTKaNzWVIMkIZ+g5uXCji1vdx59uYtrPQ1h8CH/85h5zzRylnxvr+t1daW9/Y3CpvV3Z29/YPqodHbaMyTWiLKK50N8KGciZpyzLLaTfVFIuI0040vp3VO09UG6bkg52kNBR4KFnCCLbOarNBHpPpoFrz6/5caBWCAmpQqDmofvVjRTJBpSUcG9ML/NSGOdaWEU6nlX5maIrJGA9pz6HEgpown287RWfOiVGitHvSorn7eyLHwpiJiFynwHZklmsz879aL7PJdZgzmWaWSrL4KMk4sgrNTkcx05RYPnGAiWZuV0RGWGNiXUAVF0KwfPIqtC/qgeP7y1rjpoijDCdwCucQwBU04A6a0AICj/AMr/DmKe/Fe/c+Fq0lr5g5hj/yPn8Aw+CPPQ==</latexit><latexit sha1_base64="lk8dXNIP50XQwNj0NX5nZFAXWFA=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8EiuCozIuiy6MZlBXuBdiiZTKaNzWVIMkIZ+g5uXCji1vdx59uYtrPQ1h8CH/85h5zzRylnxvr+t1daW9/Y3CpvV3Z29/YPqodHbaMyTWiLKK50N8KGciZpyzLLaTfVFIuI0040vp3VO09UG6bkg52kNBR4KFnCCLbOarNBHpPpoFrz6/5caBWCAmpQqDmofvVjRTJBpSUcG9ML/NSGOdaWEU6nlX5maIrJGA9pz6HEgpown287RWfOiVGitHvSorn7eyLHwpiJiFynwHZklmsz879aL7PJdZgzmWaWSrL4KMk4sgrNTkcx05RYPnGAiWZuV0RGWGNiXUAVF0KwfPIqtC/qgeP7y1rjpoijDCdwCucQwBU04A6a0AICj/AMr/DmKe/Fe/c+Fq0lr5g5hj/yPn8Aw+CPPQ==</latexit><latexit sha1_base64="lk8dXNIP50XQwNj0NX5nZFAXWFA=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8EiuCozIuiy6MZlBXuBdiiZTKaNzWVIMkIZ+g5uXCji1vdx59uYtrPQ1h8CH/85h5zzRylnxvr+t1daW9/Y3CpvV3Z29/YPqodHbaMyTWiLKK50N8KGciZpyzLLaTfVFIuI0040vp3VO09UG6bkg52kNBR4KFnCCLbOarNBHpPpoFrz6/5caBWCAmpQqDmofvVjRTJBpSUcG9ML/NSGOdaWEU6nlX5maIrJGA9pz6HEgpown287RWfOiVGitHvSorn7eyLHwpiJiFynwHZklmsz879aL7PJdZgzmWaWSrL4KMk4sgrNTkcx05RYPnGAiWZuV0RGWGNiXUAVF0KwfPIqtC/qgeP7y1rjpoijDCdwCucQwBU04A6a0AICj/AMr/DmKe/Fe/c+Fq0lr5g5hj/yPn8Aw+CPPQ==</latexit>

m s
<latexit sha1_base64="g7SKB29JtoRVowr++u+1T1FS+7E=">AAAB+XicbVBLSwMxGMzWV62vVY9egkXwVHaroMeiF48V7APaZclms21oHkuSLZSl/8SLB0W8+k+8+W/MtnvQ1oGQYeb7yGSilFFtPO/bqWxsbm3vVHdre/sHh0fu8UlXy0xh0sGSSdWPkCaMCtIx1DDSTxVBPGKkF03uC783JUpTKZ7MLCUBRyNBE4qRsVLousNIsljPuL1yPg916Na9hrcAXCd+SeqgRDt0v4axxBknwmCGtB74XmqCHClDMSPz2jDTJEV4gkZkYKlAnOggXySfwwurxDCRyh5h4EL9vZEjrotwdpIjM9arXiH+5w0yk9wGORVpZojAy4eSjEEjYVEDjKki2LCZJQgrarNCPEYKYWPLqtkS/NUvr5Nus+FfNZqP1/XWXVlHFZyBc3AJfHADWuABtEEHYDAFz+AVvDm58+K8Ox/L0YpT7pyCP3A+fwBQapQZ</latexit>

Figure 4.3: Graphical illustration of the three-phase inverter. Showing only the storage
elements without their dissipation part.

rede�ne the modulation input asmabc = dabc� 1
213 and rewrite (4.17) in ��0 coordinates
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Chapter 4. Power conversion problems

as

Cdc dvdc
dt =�Gdcvdc + idc +m>s is + (m0 �

p
3=8 )i0 (4.18a)

Ls dis
dt =�Rsis + vg �msvdc (4.18b)

ls di0
dt =� rsi0 + v0 � (m0 �

p
3=8 )vdc : (4.18c)

If we select m0 =
p

3=8 (as half of the maximum ��-modulation amplitude), and if we
assume that v0 = 0, as is usually the case in practice, then we have that i0 decays to
zero and is decoupled from the rest of the system. For notational consistency we de�ne
Ls = lsI2 and Rs = rsI2.

4.1.4 Matching control and its variable-amplitude extension

In the original model-matching control design of [JAD16; AJD18; AD19], all elements of
a constant-excitation synchronous machine without damper windings, are synthesized by
the inverter. The outcome is a passive system whose dissipation elements are simply the
original elements of the DC/AC converter. This is due to the lossless manner in which
the modulation signal acts, see [AD19]. Setting aside the damper windings, system (4.15)
does not, strictly speaking, dissipate energy in the radial component, and so we are able
to accommodate the 
r-integrator. In this aim, we let

ms = e
r
"
� sin �
cos �

#

| {z }
original matching control

+ e
r
"
cos �
sin �

#
�

�vdc
| {z }

variable-amplitude extension

; (4.19)

where �, 
r and � 2 R are new variables introduced in order to prepare the system for
the ray-circle decomposition. Roughly speaking, we will balance the relative degree by
adding suitable integrators. The original model-matching procedure suggests that we
interpret the DC-bus voltage as the angular velocity of the modulation angle

d
dt� = �vdc ; (4.20)

where !0 is the nominal angular velocity and v�dc is the nominal DC-bus voltage. The
gain � = !0

v�dc
converts units of voltage into units of (angular or radial) velocity and units

of (angular or radial) torque into units of current. In the light of Section 3.2, we extend
this augmentation with the radial subsystem

8
<

:

d
dt
r = �

Mr
d�
dt =�Dr� + �dc + 1

�e
r(R�g1)>is ;
(4.21)

and assign a similar role for � as for ! = �vdc. In this particular way, passivity is
preserved yielding the same relative degree for the virtual outputs 
r and �.
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4.1 Model preparation

Transients induced by the radial dynamics

This extension requires however, a modi�cation of the DC circuit (4.18a) to account for
transients in the radial component. Consider therefore the input transformation

idc = �fdc �
�
�vdc

e
r(R�g1)>is ; (4.22)

where fdc is free to be designed. Notice that the second term in (4.22) is active only
when the modulation amplitude changes. Putting it all together, and de�ning ! = �vdc,
we obtain an equivalent mechanical model, matching all elements of (4.15), except for
the damper windings

Mr
d�
dt =�Dr� + �dc + 1

�e
r(R�g1)>is (4.23a)
d
r
dt = � (4.23b)

Cdc
�2

d!
dt =� Gdc

�2 ! + fdc + 1
�e
r(R�g2)>is (4.23c)

d�
dt = ! (4.23d)

Ls dis
dt =�Rsis + vg � 1

�e
rR�g1� � 1
�e
rR�g2! (4.23e)

ls di0
dt =� rsi0 + v0 ; (4.23f)

where Cdc
�2 and Gdc

�2 are the equivalent moment of inertia and damping elements, respec-
tively. Thus, �dc is interpreted as a virtual (radial) force and fdc, as an equivalent
(angular) torque. Moreover, 1

� = lm becomes the equivalent mutual inductance.
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L e(! )
<latexit sha1_base64="4mU8x85eZBJpdNe7p+SyCCnGKXU=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoMQL2E3CnoMevHgIYJ5wGYJs5PeZMjsg5leISz5DC8eFPHq13jzb5wke9DEgoaiqpvuLj+RQqNtf1uFtfWNza3idmlnd2//oHx41NZxqji0eCxj1fWZBikiaKFACd1EAQt9CR1/fDvzO0+gtIijR5wk4IVsGIlAcIZGcu/7UO3hCJCd98sVu2bPQVeJk5MKydHsl796g5inIUTIJdPadewEvYwpFFzCtNRLNSSMj9kQXEMjFoL2svnJU3pmlAENYmUqQjpXf09kLNR6EvqmM2Q40sveTPzPc1MMrr1MREmKEPHFoiCVFGM6+58OhAKOcmII40qYWykfMcU4mpRKJgRn+eVV0q7XnIta/eGy0rjJ4yiSE3JKqsQhV6RB7kiTtAgnMXkmr+TNQuvFerc+Fq0FK585Jn9gff4AgjGQvw==</latexit>

! m

ú!
<latexit sha1_base64="qSo8uHbNAaJiLW7jEKzex6sAC74=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOTJcxOepMhs7PLTK8QQv7CiwdFvPo33vwbJ8keNLFgoKjqYrorTKUw5HnfTmFtfWNzq7hd2tnd2z8oHx41TZJpjg2eyES3Q2ZQCoUNEiSxnWpkcSixFY5uZ37rCbURiXqgcYpBzAZKRIIzstJjt59Ql4ZIrFeueFVvDneV+DmpQI56r/xlwzyLURGXzJiO76UUTJgmwSVOS93MYMr4iA2wY6liMZpgMt946p5Zpe9GibZPkTtXfycmLDZmHId2MmY0NMveTPzP62QUXQcTodKMUPHFR1EmXUrc2fluX2jkJMeWMK6F3dXlQ6YZJ1tSyZbgL5+8SpoXVd/y+8tK7SavowgncArn4MMV1OAO6tAADgqe4RXeHOO8OO/Ox2K04OSZY/gD5/MHvxOQ8w==</latexit><latexit sha1_base64="qSo8uHbNAaJiLW7jEKzex6sAC74=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOTJcxOepMhs7PLTK8QQv7CiwdFvPo33vwbJ8keNLFgoKjqYrorTKUw5HnfTmFtfWNzq7hd2tnd2z8oHx41TZJpjg2eyES3Q2ZQCoUNEiSxnWpkcSixFY5uZ37rCbURiXqgcYpBzAZKRIIzstJjt59Ql4ZIrFeueFVvDneV+DmpQI56r/xlwzyLURGXzJiO76UUTJgmwSVOS93MYMr4iA2wY6liMZpgMt946p5Zpe9GibZPkTtXfycmLDZmHId2MmY0NMveTPzP62QUXQcTodKMUPHFR1EmXUrc2fluX2jkJMeWMK6F3dXlQ6YZJ1tSyZbgL5+8SpoXVd/y+8tK7SavowgncArn4MMV1OAO6tAADgqe4RXeHOO8OO/Ox2K04OSZY/gD5/MHvxOQ8w==</latexit><latexit sha1_base64="qSo8uHbNAaJiLW7jEKzex6sAC74=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOTJcxOepMhs7PLTK8QQv7CiwdFvPo33vwbJ8keNLFgoKjqYrorTKUw5HnfTmFtfWNzq7hd2tnd2z8oHx41TZJpjg2eyES3Q2ZQCoUNEiSxnWpkcSixFY5uZ37rCbURiXqgcYpBzAZKRIIzstJjt59Ql4ZIrFeueFVvDneV+DmpQI56r/xlwzyLURGXzJiO76UUTJgmwSVOS93MYMr4iA2wY6liMZpgMt946p5Zpe9GibZPkTtXfycmLDZmHId2MmY0NMveTPzP62QUXQcTodKMUPHFR1EmXUrc2fluX2jkJMeWMK6F3dXlQ6YZJ1tSyZbgL5+8SpoXVd/y+8tK7SavowgncArn4MMV1OAO6tAADgqe4RXeHOO8OO/Ox2K04OSZY/gD5/MHvxOQ8w==</latexit><latexit sha1_base64="qSo8uHbNAaJiLW7jEKzex6sAC74=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOTJcxOepMhs7PLTK8QQv7CiwdFvPo33vwbJ8keNLFgoKjqYrorTKUw5HnfTmFtfWNzq7hd2tnd2z8oHx41TZJpjg2eyES3Q2ZQCoUNEiSxnWpkcSixFY5uZ37rCbURiXqgcYpBzAZKRIIzstJjt59Ql4ZIrFeueFVvDneV+DmpQI56r/xlwzyLURGXzJiO76UUTJgmwSVOS93MYMr4iA2wY6liMZpgMt946p5Zpe9GibZPkTtXfycmLDZmHId2MmY0NMveTPzP62QUXQcTodKMUPHFR1EmXUrc2fluX2jkJMeWMK6F3dXlQ6YZJ1tSyZbgL5+8SpoXVd/y+8tK7SavowgncArn4MMV1OAO6tAADgqe4RXeHOO8OO/Ox2K04OSZY/gD5/MHvxOQ8w==</latexit>

! m
<latexit sha1_base64="lt95U+Baug9ZiozyCRUsAnjRsrM=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1enqk+qJfrvhVfw60SoKcVCBHo1/+6g0USQWVlnBsTDfwExtmWFtGOJ2WeqmhCSZjPKRdRyUW1ITZ/NopOnPKAMVKu5IWzdXfExkWxkxE5DoFtiOz7M3E/7xuauPrMGMySS2VZLEoTjmyCs1eRwOmKbF84ggmmrlbERlhjYl1AZVcCMHyy6ukVasGF9Xa/WWlfpPHUYQTOIVzCOAK6nAHDWgCgUd4hld485T34r17H4vWgpfPHMMfeJ8/o7iPKw==</latexit>

ú! r
<latexit sha1_base64="ZhEf+/x8P3+IUCwM4bJ9ARUAAMw=">AAAB9XicbVBNSwMxEM36WetX1aOXYBE8ld0q6LHoxWMF+wHtWmbTbBua7C7JrFKW/g8vHhTx6n/x5r8xbfegrQ8GHu/NJDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDsBwKSLeQIGStxPNQQWSt4LRzdRvPXJtRBzd4zjhvoJBJELBAK300O3HmHUHoBRMerpXKrsVdwa6TLyclEmOeq/0ZR9gqeIRMgnGdDw3QT8DjYJJPil2U8MTYCMY8I6lEShu/Gy29YSeWqVPw1jbipDO1N8TGShjxiqwnQpwaBa9qfif10kxvPIzESUp8ojNPwpTSTGm0whoX2jOUI4tAaaF3ZWyIWhgaIMq2hC8xZOXSbNa8c4r1buLcu06j6NAjskJOSMeuSQ1ckvqpEEY0eSZvJI358l5cd6dj3nripPPHJE/cD5/AP9dktU=</latexit>

÷<latexit sha1_base64="Ae8E7YzPjJN8/Zf42esk/zwwl08=">AAAB8HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgm2VNpTNZtMu3WzC7kQoof4JLx4U8erP8ea/cdvmoK0vLDy8M8POvEEqhUHX/XZKK6tr6xvlzcrW9s7uXnX/oG2STDPeYolM9H1ADZdC8RYKlPw+1ZzGgeSdYHQ9rXceuTYiUXc4Trkf04ESkWAUrfXQQyFDnj9N+tWaW3dnIsvgFVCDQs1+9asXJiyLuUImqTFdz03Rz6lGwSSfVHqZ4SllIzrgXYuKxtz4+WzhCTmxTkiiRNunkMzc3xM5jY0Zx4HtjCkOzWJtav5X62YYXfq5UGmGXLH5R1EmCSZkej0JheYM5dgCZVrYXQkbUk0Z2owqNgRv8eRlaJ/VPcu357XGVRFHGY7gGE7BgwtowA00oQUMYniGV3hztPPivDsf89aSU8wcwh85nz9MfZC4</latexit><latexit sha1_base64="Ae8E7YzPjJN8/Zf42esk/zwwl08=">AAAB8HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgm2VNpTNZtMu3WzC7kQoof4JLx4U8erP8ea/cdvmoK0vLDy8M8POvEEqhUHX/XZKK6tr6xvlzcrW9s7uXnX/oG2STDPeYolM9H1ADZdC8RYKlPw+1ZzGgeSdYHQ9rXceuTYiUXc4Trkf04ESkWAUrfXQQyFDnj9N+tWaW3dnIsvgFVCDQs1+9asXJiyLuUImqTFdz03Rz6lGwSSfVHqZ4SllIzrgXYuKxtz4+WzhCTmxTkiiRNunkMzc3xM5jY0Zx4HtjCkOzWJtav5X62YYXfq5UGmGXLH5R1EmCSZkej0JheYM5dgCZVrYXQkbUk0Z2owqNgRv8eRlaJ/VPcu357XGVRFHGY7gGE7BgwtowA00oQUMYniGV3hztPPivDsf89aSU8wcwh85nz9MfZC4</latexit><latexit sha1_base64="Ae8E7YzPjJN8/Zf42esk/zwwl08=">AAAB8HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgm2VNpTNZtMu3WzC7kQoof4JLx4U8erP8ea/cdvmoK0vLDy8M8POvEEqhUHX/XZKK6tr6xvlzcrW9s7uXnX/oG2STDPeYolM9H1ADZdC8RYKlPw+1ZzGgeSdYHQ9rXceuTYiUXc4Trkf04ESkWAUrfXQQyFDnj9N+tWaW3dnIsvgFVCDQs1+9asXJiyLuUImqTFdz03Rz6lGwSSfVHqZ4SllIzrgXYuKxtz4+WzhCTmxTkiiRNunkMzc3xM5jY0Zx4HtjCkOzWJtav5X62YYXfq5UGmGXLH5R1EmCSZkej0JheYM5dgCZVrYXQkbUk0Z2owqNgRv8eRlaJ/VPcu357XGVRFHGY7gGE7BgwtowA00oQUMYniGV3hztPPivDsf89aSU8wcwh85nz9MfZC4</latexit><latexit sha1_base64="Ae8E7YzPjJN8/Zf42esk/zwwl08=">AAAB8HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgm2VNpTNZtMu3WzC7kQoof4JLx4U8erP8ea/cdvmoK0vLDy8M8POvEEqhUHX/XZKK6tr6xvlzcrW9s7uXnX/oG2STDPeYolM9H1ADZdC8RYKlPw+1ZzGgeSdYHQ9rXceuTYiUXc4Trkf04ESkWAUrfXQQyFDnj9N+tWaW3dnIsvgFVCDQs1+9asXJiyLuUImqTFdz03Rz6lGwSSfVHqZ4SllIzrgXYuKxtz4+WzhCTmxTkiiRNunkMzc3xM5jY0Zx4HtjCkOzWJtav5X62YYXfq5UGmGXLH5R1EmCSZkej0JheYM5dgCZVrYXQkbUk0Z2owqNgRv8eRlaJ/VPcu357XGVRFHGY7gGE7BgwtowA00oQUMYniGV3hztPPivDsf89aSU8wcwh85nz9MfZC4</latexit> v g
<latexit sha1_base64="sL3EcQk8divxR0K318YefWg5u4g=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiRV0GXRjcsK9gFtCJPJpB06mYSZSaGE/okbF4q49U/c+TdO2iy09cAwh3PuZc6cIOVMacf5tiobm1vbO9Xd2t7+weGRfXzSVUkmCe2QhCeyH2BFORO0o5nmtJ9KiuOA014wuS/83pRKxRLxpGcp9WI8EixiBGsj+bY9DBIeqllsrnw690e+XXcazgJonbglqUOJtm9/DcOEZDEVmnCs1MB1Uu3lWGpGOJ3XhpmiKSYTPKIDQwWOqfLyRfI5ujBKiKJEmiM0Wqi/N3IcqyKcmYyxHqtVrxD/8waZjm69nIk001SQ5UNRxpFOUFEDCpmkRPOZIZhIZrIiMsYSE23KqpkS3NUvr5Nus+FeNZqP1/XWXVlHFc7gHC7BhRtowQO0oQMEpvAMr/Bm5daL9W59LEcrVrlzCn9gff4AS/mUFg==</latexit>

i s
<latexit sha1_base64="3LThGqMusAgaZFpw48JHovRKjqQ=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiRV0GXRjcsK9gFtCJPJpB06mYSZSaGE/okbF4q49U/c+TdO2iy09cAwh3PuZc6cIOVMacf5tiobm1vbO9Xd2t7+weGRfXzSVUkmCe2QhCeyH2BFORO0o5nmtJ9KiuOA014wuS/83pRKxRLxpGcp9WI8EixiBGsj+bY9DBIeqllsrpzNfeXbdafhLIDWiVuSOpRo+/bXMExIFlOhCcdKDVwn1V6OpWaE03ltmCmaYjLBIzowVOCYKi9fJJ+jC6OEKEqkOUKjhfp7I8exKsKZyRjrsVr1CvE/b5Dp6NbLmUgzTQVZPhRlHOkEFTWgkElKNJ8ZgolkJisiYywx0aasminBXf3yOuk2G+5Vo/l4XW/dlXVU4QzO4RJcuIEWPEAbOkBgCs/wCm9Wbr1Y79bHcrRilTun8AfW5w9KTpQV</latexit>

ex
<latexit sha1_base64="2bfQWHr8y6r+peURgmK0adLbv6M=">AAAB+XicbVC7TsMwFHV4lvIKMLJYVEhMVVKQYKxgYSwSfUhtFDnOTWvVcSLbqaii/gkLAwix8ids/A1OmwFajmT56Jx75eMTpJwp7Tjf1tr6xubWdmWnuru3f3BoHx13VJJJCm2a8ET2AqKAMwFtzTSHXiqBxAGHbjC+K/zuBKRiiXjU0xS8mAwFixgl2ki+bQ+ChIdqGpsrh5n/5Ns1p+7MgVeJW5IaKtHy7a9BmNAsBqEpJ0r1XSfVXk6kZpTDrDrIFKSEjskQ+oYKEoPy8nnyGT43SoijRJojNJ6rvzdyEqsinJmMiR6pZa8Q//P6mY5uvJyJNNMg6OKhKONYJ7ioAYdMAtV8agihkpmsmI6IJFSbsqqmBHf5y6uk06i7l/XGw1WteVvWUUGn6AxdIBddoya6Ry3URhRN0DN6RW9Wbr1Y79bHYnTNKndO0B9Ynz9LxpQW</latexit>

vdc
<latexit sha1_base64="cN8a2pc/JNquNFsAeTRBG1Djxaw=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mtBT0WvXisYD+gXUo2m21js8mSZAtl6X/w4kERr/4fb/4b03YP2vpg4PHeDDPzgoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTtpapIrRFJJeqG2BNORO0ZZjhtJsoiuOA004wvpv7nQlVmknxaKYJ9WM8FCxiBBsrtSeDLCSzQbniVt0F0DrxclKBHM1B+asfSpLGVBjCsdY9z02Mn2FlGOF0VuqnmiaYjPGQ9iwVOKbazxbXztCFVUIUSWVLGLRQf09kONZ6Gge2M8ZmpFe9ufif10tNdONnTCSpoYIsF0UpR0ai+esoZIoSw6eWYKKYvRWREVaYGBtQyYbgrb68Ttq1qndVrT3UK43bPI4inME5XIIH19CAe2hCCwg8wTO8wpsjnRfn3flYthacfOYU/sD5/AHZIY9O</latexit>

!
"

<latexit sha1_base64="zK7COHCZbtpatiTBoEinhrWs9qk=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSyCp5JUQY9FLx4r2A9oQtlsN+3SzSbsTpQS81O8eFDEq7/Em//GbZuDtj4YeLw3w8y8IBFcg+N8W6W19Y3NrfJ2ZWd3b//Arh52dJwqyto0FrHqBUQzwSVrAwfBeoliJAoE6waTm5nffWBK81jewzRhfkRGkoecEjDSwK56ECpCM0+meeYxIPnArjl1Zw68StyC1FCB1sD+8oYxTSMmgQqidd91EvAzooBTwfKKl2qWEDohI9Y3VJKIaT+bn57jU6MMcRgrUxLwXP09kZFI62kUmM6IwFgvezPxP6+fQnjlZ1wmKTBJF4vCVGCI8SwHPOSKURBTQwhV3NyK6ZiYKMCkVTEhuMsvr5JOo+6e1xt3F7XmdRFHGR2jE3SGXHSJmugWtVAbUfSIntErerOerBfr3fpYtJasYuYI/YH1+QMYgZSK</latexit>

!" dc
<latexit sha1_base64="8jlWLYNZyu/u5uP+8wcZUBCGpOA=">AAAB9HicbVBNS8NAEN34WetX1aOXxSJ4KkkV9Fj04rGC/YAmlM1m0i7d7MbdTaGE/g4vHhTx6o/x5r9x2+agrQ8GHu/NMDMvTDnTxnW/nbX1jc2t7dJOeXdv/+CwcnTc1jJTFFpUcqm6IdHAmYCWYYZDN1VAkpBDJxzdzfzOGJRmUjyaSQpBQgaCxYwSY6XAB0N8NZT9PKLTfqXq1tw58CrxClJFBZr9ypcfSZolIAzlROue56YmyIkyjHKYlv1MQ0roiAygZ6kgCeggnx89xedWiXAslS1h8Fz9PZGTROtJEtrOhJihXvZm4n9eLzPxTZAzkWYGBF0sijOOjcSzBHDEFFDDJ5YQqpi9FdMhUYQam1PZhuAtv7xK2vWad1mrP1xVG7dFHCV0is7QBfLQNWqge9RELUTRE3pGr+jNGTsvzrvzsWhdc4qZE/QHzucPJ56SWQ==</latexit>

! f dc
<latexit sha1_base64="5kruWLcf1jSni5oLLqZ2LhYl3y0=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KkkV9Fj04rGC/YA2lM1m0i7dbMLuRCihP8OLB0W8+mu8+W/ctjlo64OBx3szzMwLUikMuu63s7a+sbm1Xdop7+7tHxxWjo7bJsk0hxZPZKK7ATMghYIWCpTQTTWwOJDQCcZ3M7/zBNqIRD3iJAU/ZkMlIsEZWqnXB2Q0GuQhnw4qVbfmzkFXiVeQKinQHFS++mHCsxgUcsmM6Xluin7ONAouYVruZwZSxsdsCD1LFYvB+Pn85Ck9t0pIo0TbUkjn6u+JnMXGTOLAdsYMR2bZm4n/eb0Moxs/FyrNEBRfLIoySTGhs/9pKDRwlBNLGNfC3kr5iGnG0aZUtiF4yy+vkna95l3W6g9X1cZtEUeJnJIzckE8ck0a5J40SYtwkpBn8kreHHRenHfnY9G65hQzJ+QPnM8fH4uRJg==</latexit>

! f e
<latexit sha1_base64="ZYB4DHidQERbtiITlwM0w94k8ag=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae2oWy2k3bpZhN2N0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqz02ENDSdjPcNovV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bXzwlZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZm9TwZcITNiYgllittbCRtRRZmxIZVsCN7yy6ukVat6F9Xa/WWlfpPHUYQTOIVz8OAK6nAHDWgCAwnP8ApvjnZenHfnY9FacPKZY/gD5/MHYkKQug==</latexit>

!" e
<latexit sha1_base64="p7Gx5rRQ3Khlx1PDCbYL8WZydKQ=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/YAmlM122i7dbOLuplBCf4cXD4p49cd489+4bXPQ1gcDj/dmmJkXJoJr47rfztr6xubWdmGnuLu3f3BYOjpu6jhVDBssFrFqh1Sj4BIbhhuB7UQhjUKBrXB0N/NbY1Sax/LRTBIMIjqQvM8ZNVYKfDSU+GoYdzOcdktlt+LOQVaJl5My5Kh3S19+L2ZphNIwQbXueG5igowqw5nAadFPNSaUjegAO5ZKGqEOsvnRU3JulR7px8qWNGSu/p7IaKT1JAptZ0TNUC97M/E/r5Oa/k2QcZmkBiVbLOqngpiYzBIgPa6QGTGxhDLF7a2EDamizNicijYEb/nlVdKsVrzLSvXhqly7zeMowCmcwQV4cA01uIc6NIDBEzzDK7w5Y+fFeXc+Fq1rTj5zAn/gfP4AwUKSFw==</latexit>

! 2M r
<latexit sha1_base64="+zxWVmyWsCa8CcCZQPHSB39wbhk=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BL16ECOaByRpmJ5NkyOzsMtMrhCV/4cWDIl79G2/+jZNkD5pY0FBUddPdFcRSGHTdbye3srq2vpHfLGxt7+zuFfcPGiZKNON1FslItwJquBSK11Gg5K1YcxoGkjeD0fXUbz5xbUSk7nEccz+kAyX6glG00kOHI32skNuu7hZLbtmdgSwTLyMlyFDrFr86vYglIVfIJDWm7bkx+inVKJjkk0InMTymbEQHvG2poiE3fjq7eEJOrNIj/UjbUkhm6u+JlIbGjMPAdoYUh2bRm4r/ee0E+5d+KlScIFdsvqifSIIRmb5PekJzhnJsCWVa2FsJG1JNGdqQCjYEb/HlZdKolL2zcuXuvFS9yuLIwxEcwyl4cAFVuIEa1IGBgmd4hTfHOC/Ou/Mxb8052cwh/IHz+QOxqpBG</latexit>

! 2Dr
<latexit sha1_base64="lt/brakOaevDjsaQ3TbK7CpUD3g=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BPXiMYB6YrGF2MkmGzM4uM71CWPIXXjwo4tW/8ebfOEn2oIkFDUVVN91dQSyFQdf9dnIrq2vrG/nNwtb2zu5ecf+gYaJEM15nkYx0K6CGS6F4HQVK3oo1p2EgeTMYXU/95hPXRkTqHscx90M6UKIvGEUrPXQ40scKuenqbrHklt0ZyDLxMlKCDLVu8avTi1gScoVMUmPanhujn1KNgkk+KXQSw2PKRnTA25YqGnLjp7OLJ+TEKj3Sj7QthWSm/p5IaWjMOAxsZ0hxaBa9qfif106wf+mnQsUJcsXmi/qJJBiR6fukJzRnKMeWUKaFvZWwIdWUoQ2pYEPwFl9eJo1K2TsrV+7OS9WrLI48HMExnIIHF1CFW6hBHRgoeIZXeHOM8+K8Ox/z1pyTzRzCHzifP6P0kD0=</latexit>

Cdc
<latexit sha1_base64="HNL2QFHO2L4z/gqo5h3+Rhxila4=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mtBT0We/FYwX5Au5RsNtvGZpMlyQpl6X/w4kERr/4fb/4b03YP2vpg4PHeDDPzgoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTjpapIrRNJJeqF2BNORO0bZjhtJcoiuOA024wac797hNVmknxYKYJ9WM8EixiBBsrdZrDLCSzYbniVt0F0DrxclKBHK1h+WsQSpLGVBjCsdZ9z02Mn2FlGOF0VhqkmiaYTPCI9i0VOKbazxbXztCFVUIUSWVLGLRQf09kONZ6Gge2M8ZmrFe9ufif109NdONnTCSpoYIsF0UpR0ai+esoZIoSw6eWYKKYvRWRMVaYGBtQyYbgrb68Tjq1qndVrd3XK43bPI4inME5XIIH19CAO2hBGwg8wjO8wpsjnRfn3flYthacfOYU/sD5/AGK1o8b</latexit>

Gdc
<latexit sha1_base64="iN/fu4tGZWGcOyyC9oMy83f5eDI=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mtBT0WPeixgv2AdinZbLaNzSZLkhXK0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmBQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbS1TRWiLSC5VN8CaciZoyzDDaTdRFMcBp51gfDPzO09UaSbFg5kk1I/xULCIEWys1L4dZCGZDsoVt+rOgVaJl5MK5GgOyl/9UJI0psIQjrXueW5i/Awrwwin01I/1TTBZIyHtGepwDHVfja/dorOrBKiSCpbwqC5+nsiw7HWkziwnTE2I73szcT/vF5qois/YyJJDRVksShKOTISzV5HIVOUGD6xBBPF7K2IjLDCxNiASjYEb/nlVdKuVb2Lau2+Xmlc53EU4QRO4Rw8uIQG3EETWkDgEZ7hFd4c6bw4787HorXg5DPH8AfO5w+Q+o8f</latexit>

L s
<latexit sha1_base64="WJ4+ma/b/ayQw59Ju91t78XA9qw=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhCswl0UtAzaWFhENB+QHGFvM5cs2ds7dveEcOQn2FgoYusvsvPfuEmu0MQHA4/3ZpiZFySCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDP1W0+oNI/loxkn6Ed0IHnIGTVWerjr6V6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns1Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfRv0ucKmRFjSyhT3N5K2JAqyoxNp2hD8BZfXibNasU7r1TvL8q16zyOAhzDCZyBB5dQg1uoQwMYDOAZXuHNEc6L8+58zFtXnHzmCP7A+fwBLf6Nug==</latexit> Rs

<latexit sha1_base64="ZWRa/pa6ZVQlP2HxqA/EkbAOSqs=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWN85AHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6xHHC/YgOlAgFo2ilh/ue6ZXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindeqd5dlGvXeRwFOIYTOAMPLqEGt1CHBjAYwDO8wpsjnRfn3fmYt644+cwR/IHz+QM3Io3A</latexit>

! m
<latexit sha1_base64="lt95U+Baug9ZiozyCRUsAnjRsrM=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1enqk+qJfrvhVfw60SoKcVCBHo1/+6g0USQWVlnBsTDfwExtmWFtGOJ2WeqmhCSZjPKRdRyUW1ITZ/NopOnPKAMVKu5IWzdXfExkWxkxE5DoFtiOz7M3E/7xuauPrMGMySS2VZLEoTjmyCs1eRwOmKbF84ggmmrlbERlhjYl1AZVcCMHyy6ukVasGF9Xa/WWlfpPHUYQTOIVzCOAK6nAHDWgCgUd4hld485T34r17H4vWgpfPHMMfeJ8/o7iPKw==</latexit>

ú!
<latexit sha1_base64="qSo8uHbNAaJiLW7jEKzex6sAC74=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOTJcxOepMhs7PLTK8QQv7CiwdFvPo33vwbJ8keNLFgoKjqYrorTKUw5HnfTmFtfWNzq7hd2tnd2z8oHx41TZJpjg2eyES3Q2ZQCoUNEiSxnWpkcSixFY5uZ37rCbURiXqgcYpBzAZKRIIzstJjt59Ql4ZIrFeueFVvDneV+DmpQI56r/xlwzyLURGXzJiO76UUTJgmwSVOS93MYMr4iA2wY6liMZpgMt946p5Zpe9GibZPkTtXfycmLDZmHId2MmY0NMveTPzP62QUXQcTodKMUPHFR1EmXUrc2fluX2jkJMeWMK6F3dXlQ6YZJ1tSyZbgL5+8SpoXVd/y+8tK7SavowgncArn4MMV1OAO6tAADgqe4RXeHOO8OO/Ox2K04OSZY/gD5/MHvxOQ8w==</latexit><latexit sha1_base64="qSo8uHbNAaJiLW7jEKzex6sAC74=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOTJcxOepMhs7PLTK8QQv7CiwdFvPo33vwbJ8keNLFgoKjqYrorTKUw5HnfTmFtfWNzq7hd2tnd2z8oHx41TZJpjg2eyES3Q2ZQCoUNEiSxnWpkcSixFY5uZ37rCbURiXqgcYpBzAZKRIIzstJjt59Ql4ZIrFeueFVvDneV+DmpQI56r/xlwzyLURGXzJiO76UUTJgmwSVOS93MYMr4iA2wY6liMZpgMt946p5Zpe9GibZPkTtXfycmLDZmHId2MmY0NMveTPzP62QUXQcTodKMUPHFR1EmXUrc2fluX2jkJMeWMK6F3dXlQ6YZJ1tSyZbgL5+8SpoXVd/y+8tK7SavowgncArn4MMV1OAO6tAADgqe4RXeHOO8OO/Ox2K04OSZY/gD5/MHvxOQ8w==</latexit><latexit sha1_base64="qSo8uHbNAaJiLW7jEKzex6sAC74=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOTJcxOepMhs7PLTK8QQv7CiwdFvPo33vwbJ8keNLFgoKjqYrorTKUw5HnfTmFtfWNzq7hd2tnd2z8oHx41TZJpjg2eyES3Q2ZQCoUNEiSxnWpkcSixFY5uZ37rCbURiXqgcYpBzAZKRIIzstJjt59Ql4ZIrFeueFVvDneV+DmpQI56r/xlwzyLURGXzJiO76UUTJgmwSVOS93MYMr4iA2wY6liMZpgMt946p5Zpe9GibZPkTtXfycmLDZmHId2MmY0NMveTPzP62QUXQcTodKMUPHFR1EmXUrc2fluX2jkJMeWMK6F3dXlQ6YZJ1tSyZbgL5+8SpoXVd/y+8tK7SavowgncArn4MMV1OAO6tAADgqe4RXeHOO8OO/Ox2K04OSZY/gD5/MHvxOQ8w==</latexit><latexit sha1_base64="qSo8uHbNAaJiLW7jEKzex6sAC74=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOTJcxOepMhs7PLTK8QQv7CiwdFvPo33vwbJ8keNLFgoKjqYrorTKUw5HnfTmFtfWNzq7hd2tnd2z8oHx41TZJpjg2eyES3Q2ZQCoUNEiSxnWpkcSixFY5uZ37rCbURiXqgcYpBzAZKRIIzstJjt59Ql4ZIrFeueFVvDneV+DmpQI56r/xlwzyLURGXzJiO76UUTJgmwSVOS93MYMr4iA2wY6liMZpgMt946p5Zpe9GibZPkTtXfycmLDZmHId2MmY0NMveTPzP62QUXQcTodKMUPHFR1EmXUrc2fluX2jkJMeWMK6F3dXlQ6YZJ1tSyZbgL5+8SpoXVd/y+8tK7SavowgncArn4MMV1OAO6tAADgqe4RXeHOO8OO/Ox2K04OSZY/gD5/MHvxOQ8w==</latexit>

ú! r
<latexit sha1_base64="ZhEf+/x8P3+IUCwM4bJ9ARUAAMw=">AAAB9XicbVBNSwMxEM36WetX1aOXYBE8ld0q6LHoxWMF+wHtWmbTbBua7C7JrFKW/g8vHhTx6n/x5r8xbfegrQ8GHu/NJDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDsBwKSLeQIGStxPNQQWSt4LRzdRvPXJtRBzd4zjhvoJBJELBAK300O3HmHUHoBRMerpXKrsVdwa6TLyclEmOeq/0ZR9gqeIRMgnGdDw3QT8DjYJJPil2U8MTYCMY8I6lEShu/Gy29YSeWqVPw1jbipDO1N8TGShjxiqwnQpwaBa9qfif10kxvPIzESUp8ojNPwpTSTGm0whoX2jOUI4tAaaF3ZWyIWhgaIMq2hC8xZOXSbNa8c4r1buLcu06j6NAjskJOSMeuSQ1ckvqpEEY0eSZvJI358l5cd6dj3nripPPHJE/cD5/AP9dktU=</latexit>

÷<latexit sha1_base64="Ae8E7YzPjJN8/Zf42esk/zwwl08=">AAAB8HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgm2VNpTNZtMu3WzC7kQoof4JLx4U8erP8ea/cdvmoK0vLDy8M8POvEEqhUHX/XZKK6tr6xvlzcrW9s7uXnX/oG2STDPeYolM9H1ADZdC8RYKlPw+1ZzGgeSdYHQ9rXceuTYiUXc4Trkf04ESkWAUrfXQQyFDnj9N+tWaW3dnIsvgFVCDQs1+9asXJiyLuUImqTFdz03Rz6lGwSSfVHqZ4SllIzrgXYuKxtz4+WzhCTmxTkiiRNunkMzc3xM5jY0Zx4HtjCkOzWJtav5X62YYXfq5UGmGXLH5R1EmCSZkej0JheYM5dgCZVrYXQkbUk0Z2owqNgRv8eRlaJ/VPcu357XGVRFHGY7gGE7BgwtowA00oQUMYniGV3hztPPivDsf89aSU8wcwh85nz9MfZC4</latexit><latexit sha1_base64="Ae8E7YzPjJN8/Zf42esk/zwwl08=">AAAB8HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgm2VNpTNZtMu3WzC7kQoof4JLx4U8erP8ea/cdvmoK0vLDy8M8POvEEqhUHX/XZKK6tr6xvlzcrW9s7uXnX/oG2STDPeYolM9H1ADZdC8RYKlPw+1ZzGgeSdYHQ9rXceuTYiUXc4Trkf04ESkWAUrfXQQyFDnj9N+tWaW3dnIsvgFVCDQs1+9asXJiyLuUImqTFdz03Rz6lGwSSfVHqZ4SllIzrgXYuKxtz4+WzhCTmxTkiiRNunkMzc3xM5jY0Zx4HtjCkOzWJtav5X62YYXfq5UGmGXLH5R1EmCSZkej0JheYM5dgCZVrYXQkbUk0Z2owqNgRv8eRlaJ/VPcu357XGVRFHGY7gGE7BgwtowA00oQUMYniGV3hztPPivDsf89aSU8wcwh85nz9MfZC4</latexit><latexit sha1_base64="Ae8E7YzPjJN8/Zf42esk/zwwl08=">AAAB8HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgm2VNpTNZtMu3WzC7kQoof4JLx4U8erP8ea/cdvmoK0vLDy8M8POvEEqhUHX/XZKK6tr6xvlzcrW9s7uXnX/oG2STDPeYolM9H1ADZdC8RYKlPw+1ZzGgeSdYHQ9rXceuTYiUXc4Trkf04ESkWAUrfXQQyFDnj9N+tWaW3dnIsvgFVCDQs1+9asXJiyLuUImqTFdz03Rz6lGwSSfVHqZ4SllIzrgXYuKxtz4+WzhCTmxTkiiRNunkMzc3xM5jY0Zx4HtjCkOzWJtav5X62YYXfq5UGmGXLH5R1EmCSZkej0JheYM5dgCZVrYXQkbUk0Z2owqNgRv8eRlaJ/VPcu357XGVRFHGY7gGE7BgwtowA00oQUMYniGV3hztPPivDsf89aSU8wcwh85nz9MfZC4</latexit><latexit sha1_base64="Ae8E7YzPjJN8/Zf42esk/zwwl08=">AAAB8HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgm2VNpTNZtMu3WzC7kQoof4JLx4U8erP8ea/cdvmoK0vLDy8M8POvEEqhUHX/XZKK6tr6xvlzcrW9s7uXnX/oG2STDPeYolM9H1ADZdC8RYKlPw+1ZzGgeSdYHQ9rXceuTYiUXc4Trkf04ESkWAUrfXQQyFDnj9N+tWaW3dnIsvgFVCDQs1+9asXJiyLuUImqTFdz03Rz6lGwSSfVHqZ4SllIzrgXYuKxtz4+WzhCTmxTkiiRNunkMzc3xM5jY0Zx4HtjCkOzWJtav5X62YYXfq5UGmGXLH5R1EmCSZkej0JheYM5dgCZVrYXQkbUk0Z2owqNgRv8eRlaJ/VPcu357XGVRFHGY7gGE7BgwtowA00oQUMYniGV3hztPPivDsf89aSU8wcwh85nz9MfZC4</latexit>es
<latexit sha1_base64="JGoUu8J/GgAT+orP6kVfRR6LokQ=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiRV0GXRjcsK9gFtCJPJpB06mYSZSaGE/okbF4q49U/c+TdO2iy09cAwh3PuZc6cIOVMacf5tiobm1vbO9Xd2t7+weGRfXzSVUkmCe2QhCeyH2BFORO0o5nmtJ9KiuOA014wuS/83pRKxRLxpGcp9WI8EixiBGsj+bY9DBIeqllsrpzOfeXbdafhLIDWiVuSOpRo+/bXMExIFlOhCcdKDVwn1V6OpWaE03ltmCmaYjLBIzowVOCYKi9fJJ+jC6OEKEqkOUKjhfp7I8exKsKZyRjrsVr1CvE/b5Dp6NbLmUgzTQVZPhRlHOkEFTWgkElKNJ8ZgolkJisiYywx0aasminBXf3yOuk2G+5Vo/l4XW/dlXVU4QzO4RJcuIEWPEAbOkBgCs/wCm9Wbr1Y79bHcrRilTun8AfW5w9EMpQR</latexit>

e!
<latexit sha1_base64="7j99uV0+pSEEi60zLEiKIshDDII=">AAAB/nicbVBLSwMxGMz6rPW1Kp68BIvgqexWQY9FLx4r2Ad0lyWbTdvQbBKSrFCWgn/FiwdFvPo7vPlvzLZ70NaBkGHm+8hkYsmoNp737aysrq1vbFa2qts7u3v77sFhR4tMYdLGggnVi5EmjHLSNtQw0pOKoDRmpBuPbwu/+0iUpoI/mIkkYYqGnA4oRsZKkXscxIIlepLaKyfTKBgjKVHk1ry6NwNcJn5JaqBEK3K/gkTgLCXcYIa07vueNGGOlKGYkWk1yDSRCI/RkPQt5SglOsxn8afwzCoJHAhlDzdwpv7eyFGqi4R2MkVmpBe9QvzP62dmcB3mlMvMEI7nDw0yBo2ARRcwoYpgwyaWIKyozQrxCCmEjW2sakvwF7+8TDqNun9Rb9xf1po3ZR0VcAJOwTnwwRVogjvQAm2AQQ6ewSt4c56cF+fd+ZiPrjjlzhH4A+fzBxx1ljk=</latexit>

v g
<latexit sha1_base64="sL3EcQk8divxR0K318YefWg5u4g=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiRV0GXRjcsK9gFtCJPJpB06mYSZSaGE/okbF4q49U/c+TdO2iy09cAwh3PuZc6cIOVMacf5tiobm1vbO9Xd2t7+weGRfXzSVUkmCe2QhCeyH2BFORO0o5nmtJ9KiuOA014wuS/83pRKxRLxpGcp9WI8EixiBGsj+bY9DBIeqllsrnw690e+XXcazgJonbglqUOJtm9/DcOEZDEVmnCs1MB1Uu3lWGpGOJ3XhpmiKSYTPKIDQwWOqfLyRfI5ujBKiKJEmiM0Wqi/N3IcqyKcmYyxHqtVrxD/8waZjm69nIk001SQ5UNRxpFOUFEDCpmkRPOZIZhIZrIiMsYSE23KqpkS3NUvr5Nus+FeNZqP1/XWXVlHFc7gHC7BhRtowQO0oQMEpvAMr/Bm5daL9W59LEcrVrlzCn9gff4AS/mUFg==</latexit>

L s!
<latexit sha1_base64="fUoqP1mOhezMDMOS/pzVUtRaf/Q=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIvgqexWQY9FLx48VLAfsF1KNk3b0GwSklmhLP0ZXjwo4tVf481/Y9ruQVsfDDzem2FmXqwFt+D7315hbX1jc6u4XdrZ3ds/KB8etaxKDWVNqoQynZhYJrhkTeAgWEcbRpJYsHY8vp357SdmLFfyESaaRQkZSj7glICTwvteZrtjojWZ9soVv+rPgVdJkJMKytHolb+6fUXThEmgglgbBr6GKCMGOBVsWuqmlmlCx2TIQkclSZiNsvnJU3zmlD4eKONKAp6rvycyklg7SWLXmRAY2WVvJv7nhSkMrqOMS50Ck3SxaJAKDArP/sd9bhgFMXGEUMPdrZiOiCEUXEolF0Kw/PIqadWqwUW19nBZqd/kcRTRCTpF5yhAV6iO7lADNRFFCj2jV/TmgffivXsfi9aCl88coz/wPn8AiX2Raw==</latexit>

! m

! e
<latexit sha1_base64="EDAPD8MBJpvGHUxNOBVrXNh2iEY=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRV0GPRi8cK9gPaUDbbSbt2sxt2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemHCmjed9O4W19Y3NreJ2aWd3b/+gfHjU0jJVFJtUcqk6IdHImcCmYYZjJ1FI4pBjOxzfzvz2EyrNpHgwkwSDmAwFixglxkqtnhrJPvbLFa/qzeGuEj8nFcjR6Je/egNJ0xiFoZxo3fW9xAQZUYZRjtNSL9WYEDomQ+xaKkiMOsjm107dM6sM3EgqW8K4c/X3REZirSdxaDtjYkZ62ZuJ/3nd1ETXQcZEkhoUdLEoSrlrpDt73R0whdTwiSWEKmZvdemIKEKNDahkQ/CXX14lrVrVv6jW7i8r9Zs8jiKcwCmcgw9XUIc7aEATKDzCM7zCmyOdF+fd+Vi0Fpx85hj+wPn8AZeYjyM=</latexit>

! e
<latexit sha1_base64="+66kE/8TXPZvxeMLy1F7v6izHwQ=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9p2uf9csWtunOQVeLlpAI5Gv3yV28QszTiCpmkxnQ9N0E/oxoFk3xa6qWGJ5SN6ZB3LVU04sbP5tdOyZlVBiSMtS2FZK7+nshoZMwkCmxnRHFklr2Z+J/XTTG89jOhkhS5YotFYSoJxmT2OhkIzRnKiSWUaWFvJWxENWVoAyrZELzll1dJq1b1Lqq1+8tK/SaPowgncArn4MEV1OEOGtAEBo/wDK/w5sTOi/PufCxaC04+cwx/4Hz+AJkbjyQ=</latexit>

i s
<latexit sha1_base64="3LThGqMusAgaZFpw48JHovRKjqQ=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiRV0GXRjcsK9gFtCJPJpB06mYSZSaGE/okbF4q49U/c+TdO2iy09cAwh3PuZc6cIOVMacf5tiobm1vbO9Xd2t7+weGRfXzSVUkmCe2QhCeyH2BFORO0o5nmtJ9KiuOA014wuS/83pRKxRLxpGcp9WI8EixiBGsj+bY9DBIeqllsrpzNfeXbdafhLIDWiVuSOpRo+/bXMExIFlOhCcdKDVwn1V6OpWaE03ltmCmaYjLBIzowVOCYKi9fJJ+jC6OEKEqkOUKjhfp7I8exKsKZyRjrsVr1CvE/b5Dp6NbLmUgzTQVZPhRlHOkEFTWgkElKNJ8ZgolkJisiYywx0aasminBXf3yOuk2G+5Vo/l4XW/dlXVU4QzO4RJcuIEWPEAbOkBgCs/wCm9Wbr1Y79bHcrRilTun8AfW5w9KTpQV</latexit>

i !
<latexit sha1_base64="YrsH/Lv98rC9jyvQS6MQiVsYKkI=">AAAB/nicbVBLSwMxGMz6rPW1Kp68BIvgqexWQY9FLx4r2Ad0lyWbTdvQbBKSrFCWgn/FiwdFvPo7vPlvzLZ70NaBkGHm+8hkYsmoNp737aysrq1vbFa2qts7u3v77sFhR4tMYdLGggnVi5EmjHLSNtQw0pOKoDRmpBuPbwu/+0iUpoI/mIkkYYqGnA4oRsZKkXscxIIlepLaK6fTKBgjKVHk1ry6NwNcJn5JaqBEK3K/gkTgLCXcYIa07vueNGGOlKGYkWk1yDSRCI/RkPQt5SglOsxn8afwzCoJHAhlDzdwpv7eyFGqi4R2MkVmpBe9QvzP62dmcB3mlMvMEI7nDw0yBo2ARRcwoYpgwyaWIKyozQrxCCmEjW2sakvwF7+8TDqNun9Rb9xf1po3ZR0VcAJOwTnwwRVogjvQAm2AQQ6ewSt4c56cF+fd+ZiPrjjlzhH4A+fzByKllj0=</latexit>

! m
<latexit sha1_base64="lt95U+Baug9ZiozyCRUsAnjRsrM=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1enqk+qJfrvhVfw60SoKcVCBHo1/+6g0USQWVlnBsTDfwExtmWFtGOJ2WeqmhCSZjPKRdRyUW1ITZ/NopOnPKAMVKu5IWzdXfExkWxkxE5DoFtiOz7M3E/7xuauPrMGMySS2VZLEoTjmyCs1eRwOmKbF84ggmmrlbERlhjYl1AZVcCMHyy6ukVasGF9Xa/WWlfpPHUYQTOIVzCOAK6nAHDWgCgUd4hld485T34r17H4vWgpfPHMMfeJ8/o7iPKw==</latexit>

ú!
<latexit sha1_base64="qSo8uHbNAaJiLW7jEKzex6sAC74=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOTJcxOepMhs7PLTK8QQv7CiwdFvPo33vwbJ8keNLFgoKjqYrorTKUw5HnfTmFtfWNzq7hd2tnd2z8oHx41TZJpjg2eyES3Q2ZQCoUNEiSxnWpkcSixFY5uZ37rCbURiXqgcYpBzAZKRIIzstJjt59Ql4ZIrFeueFVvDneV+DmpQI56r/xlwzyLURGXzJiO76UUTJgmwSVOS93MYMr4iA2wY6liMZpgMt946p5Zpe9GibZPkTtXfycmLDZmHId2MmY0NMveTPzP62QUXQcTodKMUPHFR1EmXUrc2fluX2jkJMeWMK6F3dXlQ6YZJ1tSyZbgL5+8SpoXVd/y+8tK7SavowgncArn4MMV1OAO6tAADgqe4RXeHOO8OO/Ox2K04OSZY/gD5/MHvxOQ8w==</latexit><latexit sha1_base64="qSo8uHbNAaJiLW7jEKzex6sAC74=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOTJcxOepMhs7PLTK8QQv7CiwdFvPo33vwbJ8keNLFgoKjqYrorTKUw5HnfTmFtfWNzq7hd2tnd2z8oHx41TZJpjg2eyES3Q2ZQCoUNEiSxnWpkcSixFY5uZ37rCbURiXqgcYpBzAZKRIIzstJjt59Ql4ZIrFeueFVvDneV+DmpQI56r/xlwzyLURGXzJiO76UUTJgmwSVOS93MYMr4iA2wY6liMZpgMt946p5Zpe9GibZPkTtXfycmLDZmHId2MmY0NMveTPzP62QUXQcTodKMUPHFR1EmXUrc2fluX2jkJMeWMK6F3dXlQ6YZJ1tSyZbgL5+8SpoXVd/y+8tK7SavowgncArn4MMV1OAO6tAADgqe4RXeHOO8OO/Ox2K04OSZY/gD5/MHvxOQ8w==</latexit><latexit sha1_base64="qSo8uHbNAaJiLW7jEKzex6sAC74=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOTJcxOepMhs7PLTK8QQv7CiwdFvPo33vwbJ8keNLFgoKjqYrorTKUw5HnfTmFtfWNzq7hd2tnd2z8oHx41TZJpjg2eyES3Q2ZQCoUNEiSxnWpkcSixFY5uZ37rCbURiXqgcYpBzAZKRIIzstJjt59Ql4ZIrFeueFVvDneV+DmpQI56r/xlwzyLURGXzJiO76UUTJgmwSVOS93MYMr4iA2wY6liMZpgMt946p5Zpe9GibZPkTtXfycmLDZmHId2MmY0NMveTPzP62QUXQcTodKMUPHFR1EmXUrc2fluX2jkJMeWMK6F3dXlQ6YZJ1tSyZbgL5+8SpoXVd/y+8tK7SavowgncArn4MMV1OAO6tAADgqe4RXeHOO8OO/Ox2K04OSZY/gD5/MHvxOQ8w==</latexit><latexit sha1_base64="qSo8uHbNAaJiLW7jEKzex6sAC74=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOTJcxOepMhs7PLTK8QQv7CiwdFvPo33vwbJ8keNLFgoKjqYrorTKUw5HnfTmFtfWNzq7hd2tnd2z8oHx41TZJpjg2eyES3Q2ZQCoUNEiSxnWpkcSixFY5uZ37rCbURiXqgcYpBzAZKRIIzstJjt59Ql4ZIrFeueFVvDneV+DmpQI56r/xlwzyLURGXzJiO76UUTJgmwSVOS93MYMr4iA2wY6liMZpgMt946p5Zpe9GibZPkTtXfycmLDZmHId2MmY0NMveTPzP62QUXQcTodKMUPHFR1EmXUrc2fluX2jkJMeWMK6F3dXlQ6YZJ1tSyZbgL5+8SpoXVd/y+8tK7SavowgncArn4MMV1OAO6tAADgqe4RXeHOO8OO/Ox2K04OSZY/gD5/MHvxOQ8w==</latexit>

ú! r
<latexit sha1_base64="ZhEf+/x8P3+IUCwM4bJ9ARUAAMw=">AAAB9XicbVBNSwMxEM36WetX1aOXYBE8ld0q6LHoxWMF+wHtWmbTbBua7C7JrFKW/g8vHhTx6n/x5r8xbfegrQ8GHu/NJDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDsBwKSLeQIGStxPNQQWSt4LRzdRvPXJtRBzd4zjhvoJBJELBAK300O3HmHUHoBRMerpXKrsVdwa6TLyclEmOeq/0ZR9gqeIRMgnGdDw3QT8DjYJJPil2U8MTYCMY8I6lEShu/Gy29YSeWqVPw1jbipDO1N8TGShjxiqwnQpwaBa9qfif10kxvPIzESUp8ojNPwpTSTGm0whoX2jOUI4tAaaF3ZWyIWhgaIMq2hC8xZOXSbNa8c4r1buLcu06j6NAjskJOSMeuSQ1ckvqpEEY0eSZvJI358l5cd6dj3nripPPHJE/cD5/AP9dktU=</latexit>

÷<latexit sha1_base64="Ae8E7YzPjJN8/Zf42esk/zwwl08=">AAAB8HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgm2VNpTNZtMu3WzC7kQoof4JLx4U8erP8ea/cdvmoK0vLDy8M8POvEEqhUHX/XZKK6tr6xvlzcrW9s7uXnX/oG2STDPeYolM9H1ADZdC8RYKlPw+1ZzGgeSdYHQ9rXceuTYiUXc4Trkf04ESkWAUrfXQQyFDnj9N+tWaW3dnIsvgFVCDQs1+9asXJiyLuUImqTFdz03Rz6lGwSSfVHqZ4SllIzrgXYuKxtz4+WzhCTmxTkiiRNunkMzc3xM5jY0Zx4HtjCkOzWJtav5X62YYXfq5UGmGXLH5R1EmCSZkej0JheYM5dgCZVrYXQkbUk0Z2owqNgRv8eRlaJ/VPcu357XGVRFHGY7gGE7BgwtowA00oQUMYniGV3hztPPivDsf89aSU8wcwh85nz9MfZC4</latexit><latexit sha1_base64="Ae8E7YzPjJN8/Zf42esk/zwwl08=">AAAB8HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgm2VNpTNZtMu3WzC7kQoof4JLx4U8erP8ea/cdvmoK0vLDy8M8POvEEqhUHX/XZKK6tr6xvlzcrW9s7uXnX/oG2STDPeYolM9H1ADZdC8RYKlPw+1ZzGgeSdYHQ9rXceuTYiUXc4Trkf04ESkWAUrfXQQyFDnj9N+tWaW3dnIsvgFVCDQs1+9asXJiyLuUImqTFdz03Rz6lGwSSfVHqZ4SllIzrgXYuKxtz4+WzhCTmxTkiiRNunkMzc3xM5jY0Zx4HtjCkOzWJtav5X62YYXfq5UGmGXLH5R1EmCSZkej0JheYM5dgCZVrYXQkbUk0Z2owqNgRv8eRlaJ/VPcu357XGVRFHGY7gGE7BgwtowA00oQUMYniGV3hztPPivDsf89aSU8wcwh85nz9MfZC4</latexit><latexit sha1_base64="Ae8E7YzPjJN8/Zf42esk/zwwl08=">AAAB8HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgm2VNpTNZtMu3WzC7kQoof4JLx4U8erP8ea/cdvmoK0vLDy8M8POvEEqhUHX/XZKK6tr6xvlzcrW9s7uXnX/oG2STDPeYolM9H1ADZdC8RYKlPw+1ZzGgeSdYHQ9rXceuTYiUXc4Trkf04ESkWAUrfXQQyFDnj9N+tWaW3dnIsvgFVCDQs1+9asXJiyLuUImqTFdz03Rz6lGwSSfVHqZ4SllIzrgXYuKxtz4+WzhCTmxTkiiRNunkMzc3xM5jY0Zx4HtjCkOzWJtav5X62YYXfq5UGmGXLH5R1EmCSZkej0JheYM5dgCZVrYXQkbUk0Z2owqNgRv8eRlaJ/VPcu357XGVRFHGY7gGE7BgwtowA00oQUMYniGV3hztPPivDsf89aSU8wcwh85nz9MfZC4</latexit><latexit sha1_base64="Ae8E7YzPjJN8/Zf42esk/zwwl08=">AAAB8HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgm2VNpTNZtMu3WzC7kQoof4JLx4U8erP8ea/cdvmoK0vLDy8M8POvEEqhUHX/XZKK6tr6xvlzcrW9s7uXnX/oG2STDPeYolM9H1ADZdC8RYKlPw+1ZzGgeSdYHQ9rXceuTYiUXc4Trkf04ESkWAUrfXQQyFDnj9N+tWaW3dnIsvgFVCDQs1+9asXJiyLuUImqTFdz03Rz6lGwSSfVHqZ4SllIzrgXYuKxtz4+WzhCTmxTkiiRNunkMzc3xM5jY0Zx4HtjCkOzWJtav5X62YYXfq5UGmGXLH5R1EmCSZkej0JheYM5dgCZVrYXQkbUk0Z2owqNgRv8eRlaJ/VPcu357XGVRFHGY7gGE7BgwtowA00oQUMYniGV3hztPPivDsf89aSU8wcwh85nz9MfZC4</latexit>es
<latexit sha1_base64="JGoUu8J/GgAT+orP6kVfRR6LokQ=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiRV0GXRjcsK9gFtCJPJpB06mYSZSaGE/okbF4q49U/c+TdO2iy09cAwh3PuZc6cIOVMacf5tiobm1vbO9Xd2t7+weGRfXzSVUkmCe2QhCeyH2BFORO0o5nmtJ9KiuOA014wuS/83pRKxRLxpGcp9WI8EixiBGsj+bY9DBIeqllsrpzOfeXbdafhLIDWiVuSOpRo+/bXMExIFlOhCcdKDVwn1V6OpWaE03ltmCmaYjLBIzowVOCYKi9fJJ+jC6OEKEqkOUKjhfp7I8exKsKZyRjrsVr1CvE/b5Dp6NbLmUgzTQVZPhRlHOkEFTWgkElKNJ8ZgolkJisiYywx0aasminBXf3yOuk2G+5Vo/l4XW/dlXVU4QzO4RJcuIEWPEAbOkBgCs/wCm9Wbr1Y79bHcrRilTun8AfW5w9EMpQR</latexit>

e!
<latexit sha1_base64="7j99uV0+pSEEi60zLEiKIshDDII=">AAAB/nicbVBLSwMxGMz6rPW1Kp68BIvgqexWQY9FLx4r2Ad0lyWbTdvQbBKSrFCWgn/FiwdFvPo7vPlvzLZ70NaBkGHm+8hkYsmoNp737aysrq1vbFa2qts7u3v77sFhR4tMYdLGggnVi5EmjHLSNtQw0pOKoDRmpBuPbwu/+0iUpoI/mIkkYYqGnA4oRsZKkXscxIIlepLaKyfTKBgjKVHk1ry6NwNcJn5JaqBEK3K/gkTgLCXcYIa07vueNGGOlKGYkWk1yDSRCI/RkPQt5SglOsxn8afwzCoJHAhlDzdwpv7eyFGqi4R2MkVmpBe9QvzP62dmcB3mlMvMEI7nDw0yBo2ARRcwoYpgwyaWIKyozQrxCCmEjW2sakvwF7+8TDqNun9Rb9xf1po3ZR0VcAJOwTnwwRVogjvQAm2AQQ6ewSt4c56cF+fd+ZiPrjjlzhH4A+fzBxx1ljk=</latexit>

v g
<latexit sha1_base64="sL3EcQk8divxR0K318YefWg5u4g=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiRV0GXRjcsK9gFtCJPJpB06mYSZSaGE/okbF4q49U/c+TdO2iy09cAwh3PuZc6cIOVMacf5tiobm1vbO9Xd2t7+weGRfXzSVUkmCe2QhCeyH2BFORO0o5nmtJ9KiuOA014wuS/83pRKxRLxpGcp9WI8EixiBGsj+bY9DBIeqllsrnw690e+XXcazgJonbglqUOJtm9/DcOEZDEVmnCs1MB1Uu3lWGpGOJ3XhpmiKSYTPKIDQwWOqfLyRfI5ujBKiKJEmiM0Wqi/N3IcqyKcmYyxHqtVrxD/8waZjm69nIk001SQ5UNRxpFOUFEDCpmkRPOZIZhIZrIiMsYSE23KqpkS3NUvr5Nus+FeNZqP1/XWXVlHFc7gHC7BhRtowQO0oQMEpvAMr/Bm5daL9W59LEcrVrlzCn9gff4AS/mUFg==</latexit>

L s!
<latexit sha1_base64="fUoqP1mOhezMDMOS/pzVUtRaf/Q=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIvgqexWQY9FLx48VLAfsF1KNk3b0GwSklmhLP0ZXjwo4tVf481/Y9ruQVsfDDzem2FmXqwFt+D7315hbX1jc6u4XdrZ3ds/KB8etaxKDWVNqoQynZhYJrhkTeAgWEcbRpJYsHY8vp357SdmLFfyESaaRQkZSj7glICTwvteZrtjojWZ9soVv+rPgVdJkJMKytHolb+6fUXThEmgglgbBr6GKCMGOBVsWuqmlmlCx2TIQkclSZiNsvnJU3zmlD4eKONKAp6rvycyklg7SWLXmRAY2WVvJv7nhSkMrqOMS50Ck3SxaJAKDArP/sd9bhgFMXGEUMPdrZiOiCEUXEolF0Kw/PIqadWqwUW19nBZqd/kcRTRCTpF5yhAV6iO7lADNRFFCj2jV/TmgffivXsfi9aCl88coz/wPn8AiX2Raw==</latexit>

! m

! e
<latexit sha1_base64="EDAPD8MBJpvGHUxNOBVrXNh2iEY=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRV0GPRi8cK9gPaUDbbSbt2sxt2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemHCmjed9O4W19Y3NreJ2aWd3b/+gfHjU0jJVFJtUcqk6IdHImcCmYYZjJ1FI4pBjOxzfzvz2EyrNpHgwkwSDmAwFixglxkqtnhrJPvbLFa/qzeGuEj8nFcjR6Je/egNJ0xiFoZxo3fW9xAQZUYZRjtNSL9WYEDomQ+xaKkiMOsjm107dM6sM3EgqW8K4c/X3REZirSdxaDtjYkZ62ZuJ/3nd1ETXQcZEkhoUdLEoSrlrpDt73R0whdTwiSWEKmZvdemIKEKNDahkQ/CXX14lrVrVv6jW7i8r9Zs8jiKcwCmcgw9XUIc7aEATKDzCM7zCmyOdF+fd+Vi0Fpx85hj+wPn8AZeYjyM=</latexit>

! e
<latexit sha1_base64="+66kE/8TXPZvxeMLy1F7v6izHwQ=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9p2uf9csWtunOQVeLlpAI5Gv3yV28QszTiCpmkxnQ9N0E/oxoFk3xa6qWGJ5SN6ZB3LVU04sbP5tdOyZlVBiSMtS2FZK7+nshoZMwkCmxnRHFklr2Z+J/XTTG89jOhkhS5YotFYSoJxmT2OhkIzRnKiSWUaWFvJWxENWVoAyrZELzll1dJq1b1Lqq1+8tK/SaPowgncArn4MEV1OEOGtAEBo/wDK/w5sTOi/PufCxaC04+cwx/4Hz+AJkbjyQ=</latexit>

i s
<latexit sha1_base64="3LThGqMusAgaZFpw48JHovRKjqQ=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiRV0GXRjcsK9gFtCJPJpB06mYSZSaGE/okbF4q49U/c+TdO2iy09cAwh3PuZc6cIOVMacf5tiobm1vbO9Xd2t7+weGRfXzSVUkmCe2QhCeyH2BFORO0o5nmtJ9KiuOA014wuS/83pRKxRLxpGcp9WI8EixiBGsj+bY9DBIeqllsrpzNfeXbdafhLIDWiVuSOpRo+/bXMExIFlOhCcdKDVwn1V6OpWaE03ltmCmaYjLBIzowVOCYKi9fJJ+jC6OEKEqkOUKjhfp7I8exKsKZyRjrsVr1CvE/b5Dp6NbLmUgzTQVZPhRlHOkEFTWgkElKNJ8ZgolkJisiYywx0aasminBXf3yOuk2G+5Vo/l4XW/dlXVU4QzO4RJcuIEWPEAbOkBgCs/wCm9Wbr1Y79bHcrRilTun8AfW5w9KTpQV</latexit>

i !
<latexit sha1_base64="YrsH/Lv98rC9jyvQS6MQiVsYKkI=">AAAB/nicbVBLSwMxGMz6rPW1Kp68BIvgqexWQY9FLx4r2Ad0lyWbTdvQbBKSrFCWgn/FiwdFvPo7vPlvzLZ70NaBkGHm+8hkYsmoNp737aysrq1vbFa2qts7u3v77sFhR4tMYdLGggnVi5EmjHLSNtQw0pOKoDRmpBuPbwu/+0iUpoI/mIkkYYqGnA4oRsZKkXscxIIlepLaK6fTKBgjKVHk1ry6NwNcJn5JaqBEK3K/gkTgLCXcYIa07vueNGGOlKGYkWk1yDSRCI/RkPQt5SglOsxn8afwzCoJHAhlDzdwpv7eyFGqi4R2MkVmpBe9QvzP62dmcB3mlMvMEI7nDw0yBo2ARRcwoYpgwyaWIKyozQrxCCmEjW2sakvwF7+8TDqNun9Rb9xf1po3ZR0VcAJOwTnwwRVogjvQAm2AQQ6ewSt4c56cF+fd+ZiPrjjlzhH4A+fzByKllj0=</latexit>

Figure 4.4: Equivalent circuit representation of the augmented inverter system (4.23),
where fe = 1

�e
r(R�g2)>is is the (angular) electrical torque, and �e = 1
�e
r(R�g1)>is is

the (radial) force of the equivalent electrical machine.

Notice that this augmented system is rendered passive with input (fdc; �dc;vg; v0),
output (!; �; is; i0) and energy function

He = Cdc
2�2!2 + 1

2Mr�2 + 1
2i
>
s Lsis + 1

2i0lsi0 : (4.24)
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Chapter 4. Power conversion problems

The key observation allowing the extended model matching is that the electromotive
force (4.10) is equivalent to the AC-side switching voltage, namely

ex = msvdc = 1
�e
rR�g2! + 1

�e
rR�g1� : (4.25)

Due to the 
r augmentation, the second term in (4.25) needs to be compensated by the
presence of its dual element, the radial force �e = 1

�e
r(R�g1)>is in (4.23a), just like,
in standard matching, the EMF is dual to the electrical torque in (4.23c). In order to
achieve this, we only keep the �rst term of the DC-side switching current

ix = m>s is = e
r(R�g2)>is +
�
vdc

e
r(R�g1)>is ; (4.26)

and cancel the second using (4.22). This is a feedback passivation procedure. The radial
extension of the standard matching control is illustrated in Fig. 4.4 and is one of the
contributions of this thesis.

Remark 4.2. (Feedback passivation and term cancelling). First of all, notice that
the proposed controller is singular at vdc = 0, which is not a problem in practice. The
second term in (4.19) is added to the standard matching control in order to add control
on the ray, as motivated by Section 3.2. Since the DC/AC inverter does not allow a
non-constant excitation in the strict matching sense, we cannot augment the dynamics
of 
r using solely ms, so we must look into the remaining degrees of freedom, idc and
m0. Since the augmented state 
r must settle to a constant at steady-state, it means
that its velocity, � will settle to zero, hence the second part of ms becomes zero at
steady-state and does not draw power. A similar term-cancellation was done in (4.9) for
the synchronous machine. �

One should look for better alternatives to high-gain injection in dealing with such strong
nonlinearities. Nonetheless, we have now obtained two systems of the form (3.1), the
augmented inverter (4.23) and the augmented machine system (4.15). In what follows
we will pursue one-to-one the design steps of Section 3.1 in the aim of achieving the
speci�cations of power system operation in a systematic way.

4.2 Single-machine connected to an in�nite-bus

We �rst consider the case of the augmented synchronous machine with damper windings
(4.15), as a power conversion system connected to a three-phase in�nite bus vabc, which
we express in ��0-coordinates as

8
>>><

>>>:

d
dtvg = j!0vg
d
dtv0 = 0
�g = atan2(vg� ; vg�)

()
kvg(0)k=vg
v0(0)=0

8
>>><

>>>:

_�g = !0

vg = vgR�gg2

v0 = 0 ;
(4.27)
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4.2 Single-machine connected to an in�nite-bus

where !0 and vg are constant. We restrict the initial condition of this exosystem as
kvg(0)k � vmax and v0(0) = 0 and assume that vg is available for feedback. A typical
objective in such a situation is that the active and reactive powers delivered to vg are
regulated to some set-points P �g , Q�g. We de�ne these instantaneous powers as

Pg =� v>g is
Qg =� v>g jis ;

(4.28)

where we denote j = R�=2 = [ 0 �1
1 0 ]. While not strictly speci�ed, it is also required that

no power is drawn by the zero sequence circuit, namely that P0 = v0i0 vanishes.
Due to the assumption that the zero-sequence component of the grid voltage vg is

zero we have that the zero-sequence current equation (4.15f) or (4.23f) can be set aside as
part of the stable zero-dynamics, i.e. l0 di0

dt = �r0i0. For some topologies it may require
more consideration but that’s requires a di�erent discussion.

General schema

Given the sti� source (4.27), the PQ set-point completely speci�es the target behavior
for is, namely having constant frequency !0, and a certain phase and amplitude. It
also indirectly speci�es the behavior in the rest of the system. To solve the PQ-tracking
problem in a geometric setting, a procedure composed of four major steps is pursued:

(S1) Energy delivery: bias the state component associated with the active power input,
�nd a partial change of coordinates;

(S2) Target set invariance: bias the input to account for the steady-state of the remain-
ing un-actuated state components;

(S3) Target set attractivity: restore passivity and/or add damping necessary for the
stabilization of dynamics transverse to the target set, �nd error coordinates;

(S4) Potential energy shaping: shape the potential energy to achieve further goals for
the motion tangential to the target set.

This procedure results in a controller which can be split into an invariance-inducing
component (Steps 1 and 2), a transverse stabilizer (Step 3), and a tangential stabilizer
(Step 4); representing an re-interpretation of the feedback class proposed in [AD18].

4.2.1 Bias step and the zero dynamics

Since the problem requires maintaining an active power �ow, we can only deliver energy
from the (mechanical) source if the passive input-output pair !�m does not vanish at
steady-state. Moreover, this energy needs be converted into the AC-side quantity es at
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Chapter 4. Power conversion problems

the frequency of the grid !0, for the electrical subsystem (is; i�) to achieve a suitable
steady-state. Hence, we consider the biased state ~! = ! � !0 and input transformation
�m = D!0 + �1, so we can de�ne the controlled-invariant set as our �rst step

Z�1 =
n

(�; !; 
r; �; is; ik;vg) : � = 0; ! = !0

o
: (4.29)

It’s clear that, by picking � �1 = �e and ��m = �e as friends, the set Z�1 becomes invariant
for (4.15). The dynamics restricted to this set become

d
dtM! = 0 (4.30a)

d
dt� = !0 (4.30b)

d
dtMr� = 0 (4.30c)

d
dt
r = 0 (4.30d)

d
dtLsis + d

dtLmki� =�Rsis + vg � es (4.30e)
d
dtLmkis + d

dtL�i� =�R�i� � e� (4.30f)

which is a cascade between a harmonic exosystem and an asymptotically stable system.
To see this, we denote the restrictions to Z�1 of the EMF quantities es and e� as

ês = lme
rR�g2!0 ; and ê� = lake
rR�g2!0 ; (4.31)

each representing an Euclidean embedding of the form (3.45). Notice that, in these
coordinates, (4.30) can be written as the LTI cascaded system

8
<

:

d
dt ês = j!0ês
d
dtvg = j!0vg

�! d
dt

h
is
i�

i
= �L�1

s�Rs�

h
is
i�

i
+ L�1

s�Bs�

h
ês
vg

i
; (4.32)

where Rs� =
h
rs 0
0 r�

i

 I2, Bs� =

h
�1 1

�lak=lm 0

i

 I2. Assuming that lsl� � l2mk = c > 0, we

have that the eigenvalues of �L�1
s�Rs� are given by

��s� = � lsr�+l�rs
2(lsl��l2mk) �

r
(lsr�+l�rs)2�4crsr�

4(lsl��l2mk)2 < 0 ; (4.33)

and so, we are in a position to solve the Sylvester equation

�S = A� + B ; where
S = I2 
 j!0 2 R4�4 ; A = �L�1

s�Rs� 2 R4�4 ; and B = L�1
s�Bs� 2 R4�4 :

(4.34)

Denote for convenience j = I2 
 j. Since the spectra of S and A are disjoint, we know
that � is unique and so we can come up with a guess and verify that it satis�es (4.34).
Assume that � is such that �S = S�. Also observe that j commutes with A = A 
 I2

and with B = B 
 I2. This is due to the mixed-product property of the Kronecker
product (3.70), namely due to

(I2 
 j)(X 
 I2) = (I2X)
 (jI2) = (XI2)
 (I2j) = (X 
 I2)(I2 
 j) : (4.35)
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4.2 Single-machine connected to an in�nite-bus

In this case, the Sylvester equation can be solved in closed form

j!0� = A� + B , � = (j!0 � A)�1B = (Rs� + j!0Ls�)�1Bs� : (4.36)

Notice that this is the unique solution of (4.34), since

�S = A� + B , (j!0 � A)�1Bj!0 = A(j!0 � A)�1B + B
, (j!0 � A)�1Bj!0 = j!0(j!0 � A)�1B :

The consequence of this equation, and the fact that A is asymptotically stable, is
that the motion restricted to Z�1 converges to a more re�ned controlled-invariant set

Z�2 =
n

(�; !; 
r; �; is; ik;vg) : (!; �) = (!0; 0);
h
is
i�

i
= �[ esvg ]

o
: (4.37)

On this set, owing to the harmonic motions of (4.27) and (4.31) and the linearity
of �, we have that the evolution of is and i� is also that of a harmonic oscillator at
frequency !0. However, in terms of phase and amplitude, this set contains all motions
that stem from the possible initial conditions of � and 
r. We must be able to select
from those motions those that satisfy the requirements imposed by the set-point P �g , Q�g.
In this aim, we �rst look at what happens with the input which renders Z�2 invariant.

4.2.2 Constructing the error dynamics

For convenience, we denote Zs� = Rs� + j!0Ls�, �m =
h
lm
lak

i

 I2 and G1 = g1 
 I2, so

that we partition � as
"
îs
î�

#

= �
"
ês
vg

#

= Z�1
s� Bs�

"
ês
vg

#

= �Z�1
s� �ml�1

m ês + Z�1
s� G1vg ; (4.38)

where îs, î� and ês denote functions of (
r; �). When we initialize our system on Z�2 ,
the invariance-inducing input takes the form

"
��m
� �1

#

=
"
�̂e
�̂e

#

=� e
rR>� (lmîs + lakî�) = �e
rR>� �>m

"
îs
î�

#

: (4.39)

Consider now the unrestricted system (4.15) with the modi�ed input

�m = �̂e + �2

�m = D!0 + �̂e + �2 ;
(4.40)

so that �2 and �2 can be used at a later stage

d
dt

"
Mr�
M!

#

=�
"
Dr 0
0 D

# "
�

! � !0

#

+ e
rR>� �>m

"
is � îs
i� � î�

#

+
"
�2

�2

#

(4.41a)

d
dt
r = � (4.41b)

d
dt� = ! (4.41c)

d
dtLs�

"
is
i�

#

=�Rs�

"
is
i�

#

� �mR�e
r
"
�
!

#

+ G1vg (4.41d)
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Chapter 4. Power conversion problems

If we want to cast system (4.41) as a mechanical system of the form (2.25), and in-
duce suitable stability properties for the transient dynamics, we need to introduce error
coordinates ~! = ! � !0, ~is = is � îs and ~i� = i� � î�. If we denote ês� =

h
ês
ê�

i
, with

ês� = �me
rR�[ 0
!0 ]

d
dt ês� = j!0�me
rR�[ �! ]

= j!0ês� + j!0�me
rR�[ �~! ] ;
(4.42)

and if we denote îs� =
h
îs
î�

i
, we can express the dynamics

d
dt îs� =� Z�1

s�
d
dt ês� + Z�1

s� G1
d
dtvg

= j!0îs� � j!0Z�1
s� �me
rR�[ �~! ] :

(4.43)

By using (4.38) and (4.43), we identify �ês� + G1vg = (Rs� + j!0Ls�)îs� in (4.41d), and
so we write the error dynamics as

d
dt

"
Mr�
M ~!

#

=�
"
Dr 0
0 D

# "
�
~!

#

+ e
rR>� �>m

"~is
~i�

#

+
"
�2

�2

#

(4.44a)

d
dt
r = � (4.44b)

d
dt� = ~! + !0 (4.44c)

d
dtLs�

"~is
~i�

#

=�Rs�

"~is
~i�

#

� �mR�e
r
"
�
~!

#

+ j!0Ls�Z�1
s� �mR�e
r

"
�
~!

#

(4.44d)

We de�ne ~w = [ �~! ], u2 = [ �2
�2 ], Me =

h
Mr 0
0 M

i
, De =

h
Dr 0
0 D

i
and ~is� =

h ~is
~i�

i
, so we

can rewrite (4.44) more compactly. In this aim, we express the rotor angle in the grid-
rotating frame as �r = �� �g. One could also write is� in the grid-attached frame, as we
shall see later. Let ~qe = [ 
r�r ], so (4.44) becomes

d
dt�g = !0 (4.45a)
d
dt ~qe = ~w (4.45b)

d
dtMe ~w =�De ~w + e
rR>�rR

>
�g�
>
m

~is� + u2 (4.45c)
d
dtLs�~is� =�Rs�~is� � �mR�gR�re


r ~w + j!0Ls�Z�1
s� �mR�gR�re


r ~w ; (4.45d)

Notice that the last term in (4.45d) prevents the error dynamics from being passive,
making it di�cult to apply LaSalle.
Remark 4.3. (Compact notation). By further de�ning w = [ �! ], um = [ �m�m ], we can
also write the original system (4.15) more compactly as

d
dtqe = w (4.46a)

d
dtMew =�Dew + e
rR>� �>mis� + um (4.46b)

d
dtLs�is� =�Rs�is� � �mR�e
rw + G1vg (4.46c)

which is a mechanical system of the form (3.1), with the passive output w corresponding
to the actuation um and the passive output is corresponding to the disturbance vg. �
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4.2 Single-machine connected to an in�nite-bus

A limiter for the rotor current

Notice that the dynamic extension introduced by (4.9), (4.13c), together with the change
of variable ir = e
r , lower-bounds the rotor current to positive values. This choice of
function enables the ray-circle analogy and preserves a concise notation. However, for
practical reasons, as well as for stability provisioning purpuses, one may prefer to also
upper bound the rotor current, say to a constant imax

r . In this aim we propose the use of
the sigmoid instead of the exponential. Consider instead the coordinate transformation

ir = (e�
r + 1
imax
r

)�1 (4.47)

This leads to a simple and practical modi�cation of (4.9) as

ur = rrir + er � lrir (ir�imax
r )

imax
r

� : (4.48)

Throughout this thesis, we would have to replace e
r with (e�
r + 1
imax
r

)�1 in places where
e
r represents ir and with (e�0:5
r + 1

imax
r

e0:5
r)�2 in places where e
r represents @ir
@
r

. Its
bounded gradient is also useful in verifying boundedness of solutions. For convenience
and ease of notation however, we shall continue using the old change of variable ir = e
r .

4.2.3 Transverse feedback passivation

So far in this section, we have rendered (4.46) feedback equivalent to (4.45) which consists
of tangential dynamics (4.45a) and transverse dynamics (4.45b)-(4.45d), thus posing a
TFPP. We will see two ways of dealing with the transverse dynamics through the input
component u2. One is to see if it can be dominated by damping, and another would be
to restore the passivity property. In either case, we consider the shifted Hamiltonian

~He = 1
2 ~w>Me ~w + 1

2
~i>s�Ls�~is� : (4.49)

Variable damping injection

Consider the following passivity based feedback

u2 = �e2
rK ~w + u3 ; (4.50)

where K = K � 0 is a control gain and u3 2 R2 is the new passive input. Notice that it
has the interpretation of a shunt impedance attached to the stator EMF. Upon setting
u3 = 0, are able to write its derivative along the closed-loop solutions (4.45), (4.50) as

d
dt

~He =� ~w>(De + e2
rK) ~w � ~i>s�Rs�~is� + ~i>s�j!0Ls�Z�1
s� �mR�gR�re


r ~w

=�
"

~w
~is�

#> "
De + e2
rK �1

2(j!0Ls�Z�1
s� �mR�gR�re
r)>

�1
2j!0Ls�Z�1

s� �mR�gR�re
r Rs�

# "
~w

~is�

#

:

(4.51)
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This quadratic form is positive de�nite in ( ~w;~is�) if and only if De + e2
rK � 0 and

De + e2
rK � !2
0

4 e2
rR>�rR
>
�g�
>
mZ
�>
s� Ls�R

�1
s� Ls�Z

�1
s� �mR�gR�r : (4.52)

Since De is already small, and the inequality must be satis�ed for all �, we arrive at the
approximate condition depending only on the machine parameters

K � 1
4!0�>mZ

�>
s� Ls�R

�1
s� Ls�Z

�1
s� �m : (4.53)

Due to the nature of the skew-symmetric interconnection between the mechanical and
the electrical side of the machine, this active damping term results in a static impedance
appearing across the EMF voltage, as illustrated in Fig. 4.5, such that K = �>mKs��m
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L s
<latexit sha1_base64="WJ4+ma/b/ayQw59Ju91t78XA9qw=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhCswl0UtAzaWFhENB+QHGFvM5cs2ds7dveEcOQn2FgoYusvsvPfuEmu0MQHA4/3ZpiZFySCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDP1W0+oNI/loxkn6Ed0IHnIGTVWerjr6V6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns1Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfRv0ucKmRFjSyhT3N5K2JAqyoxNp2hD8BZfXibNasU7r1TvL8q16zyOAhzDCZyBB5dQg1uoQwMYDOAZXuHNEc6L8+58zFtXnHzmCP7A+fwBLf6Nug==</latexit> Rs

<latexit sha1_base64="ZWRa/pa6ZVQlP2HxqA/EkbAOSqs=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWN85AHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6xHHC/YgOlAgFo2ilh/ue6ZXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindeqd5dlGvXeRwFOIYTOAMPLqEGt1CHBjAYwDO8wpsjnRfn3fmYt644+cwR/IHz+QM3Io3A</latexit>

i !

<latexit sha1_base64="U8VgeWZiYg8gonJlPLDZ9V6kJEM=">AAAB/nicbVBLSwMxGMz6rPW1Kp68BIvgqexKQb0VvXisYB/QXZZsNtuGZpOQZIWyFPwrXjwo4tXf4c1/Y7btQVsHQoaZ7yOTiSWj2njet7Oyura+sVnZqm7v7O7tuweHHS1yhUkbCyZUL0aaMMpJ21DDSE8qgrKYkW48ui397iNRmgr+YMaShBkacJpSjIyVIvc4iAVL9DizV0EnUTBCUqLIrXl1bwq4TPw5qYE5WpH7FSQC5xnhBjOkdd/3pAkLpAzFjEyqQa6JRHiEBqRvKUcZ0WExjT+BZ1ZJYCqUPdzAqfp7o0CZLhPayQyZoV70SvE/r5+b9CosKJe5IRzPHkpzBo2AZRcwoYpgw8aWIKyozQrxECmEjW2sakvwF7+8TDoXdb9Rv75v1Jo38zoq4AScgnPgg0vQBHegBdoAgwI8g1fw5jw5L8678zEbXXHmO0fgD5zPHyU3lkU=</latexit>

e!

<latexit sha1_base64="srWDz8VBLH94n47ifw4QUTWOCoo=">AAAB/nicbVBLSwMxGMz6rPW1Kp68BIvgqexKQb0VvXisYB/QXZZsNtuGZpOQZIWyFPwrXjwo4tXf4c1/Y7btQVsHQoaZ7yOTiSWj2njet7Oyura+sVnZqm7v7O7tuweHHS1yhUkbCyZUL0aaMMpJ21DDSE8qgrKYkW48ui397iNRmgr+YMaShBkacJpSjIyVIvc4iAVL9DizV0EmUTBCUqLIrXl1bwq4TPw5qYE5WpH7FSQC5xnhBjOkdd/3pAkLpAzFjEyqQa6JRHiEBqRvKUcZ0WExjT+BZ1ZJYCqUPdzAqfp7o0CZLhPayQyZoV70SvE/r5+b9CosKJe5IRzPHkpzBo2AZRcwoYpgw8aWIKyozQrxECmEjW2sakvwF7+8TDoXdb9Rv75v1Jo38zoq4AScgnPgg0vQBHegBdoAgwI8g1fw5jw5L8678zEbXXHmO0fgD5zPHx8HlkE=</latexit>

L !

<latexit sha1_base64="rHzMGzFxSaAcxwG6EPzuuQreUjo=">AAAB73icbVA9SwNBEJ2LXzF+RS1tDoNgFe5EULugjYVFBPMByRHmNnvJkr29dXdPCEf+hI2FIrb+HTv/jZvkCk18MPB4b4aZeaHkTBvP+3YKK6tr6xvFzdLW9s7uXnn/oKmTVBHaIAlPVDtETTkTtGGY4bQtFcU45LQVjm6mfuuJKs0S8WDGkgYxDgSLGEFjpfZdrztCKbFXrnhVbwZ3mfg5qUCOeq/81e0nJI2pMISj1h3fkybIUBlGOJ2UuqmmEskIB7RjqcCY6iCb3TtxT6zSd6NE2RLGnam/JzKMtR7Hoe2M0Qz1ojcV//M6qYkug4wJmRoqyHxRlHLXJO70ebfPFCWGjy1Bopi91SVDVEiMjahkQ/AXX14mzbOqf169uj+v1K7zOIpwBMdwCj5cQA1uoQ4NIMDhGV7hzXl0Xpx352PeWnDymUP4A+fzB+tzj+o=</latexit>

R!

<latexit sha1_base64="aNN2HZ/bwmCyqohusYcBgsvqWLM=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx6r2A9oQ5lsN+3STbLuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8QAqujet+O4WV1bX1jeJmaWt7Z3evvH/Q1EmqKGvQRCSqHaBmgsesYbgRrC0VwygQrBWMbqZ+64kpzZP4wYwl8yMcxDzkFI2V2ve97gilxF654lbdGcgy8XJSgRz1Xvmr209oGrHYUIFadzxXGj9DZTgVbFLqpppJpCMcsI6lMUZM+9ns3gk5sUqfhImyFRsyU39PZBhpPY4C2xmhGepFbyr+53VSE176GY9lalhM54vCVBCTkOnzpM8Vo0aMLUGquL2V0CEqpMZGVLIheIsvL5PmWdU7r17dnVdq13kcRTiCYzgFDy6gBrdQhwZQEPAMr/DmPDovzrvzMW8tOPnMIfyB8/kD9LWP8A==</latexit>

L m !

! m

<latexit sha1_base64="AWExByoNUNgyWkxvmEm4NfirsVU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXiMYB6QLGF2MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3n6g2TMkHO0loKPBQspgRbJ3U6lmc9kW/XPGr/hxolQQ5qUCORr/81RsokgoqLeHYmG7gJzbMsLaMcDot9VJDE0zGeEi7jkosqAmz+bVTdOaUAYqVdiUtmqu/JzIsjJmIyHUKbEdm2ZuJ/3nd1MZXYcZkkloqyWJRnHJkFZq9jgZMU2L5xBFMNHO3IjLCGhPrAiq5EILll1dJ66Ia1KrX97VK/SaPowgncArnEMAl1OEOGtAEAo/wDK/w5invxXv3PhatBS+fOYY/8D5/AKfNjzQ=</latexit>

! m

<latexit sha1_base64="f0QPaN130e+VXH4arohB5+D69Oo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXiMYB6QLGF2MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3n6g2TMkHO0loKPBQspgRbJ3U6umR6ot+ueJX/TnQKglyUoEcjX75qzdQJBVUWsKxMd3AT2yYYW0Z4XRa6qWGJpiM8ZB2HZVYUBNm82un6MwpAxQr7UpaNFd/T2RYGDMRkesU2I7MsjcT//O6qY2vwozJJLVUksWiOOXIKjR7HQ2YpsTyiSOYaOZuRWSENSbWBVRyIQTLL6+S1kU1qFWv72uV+k0eRxFO4BTOIYBLqMMdNKAJBB7hGV7hzVPei/fufSxaC14+cwx/4H3+AKZKjzM=</latexit>

! e

<latexit sha1_base64="orj/DNV17jHdv85stQibgy5hxP4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRSUG9FLx4r2A9oQ9lsJ+3azW7Y3Qgl9D948aCIV/+PN/+N2zYHbX0w8Hhvhpl5YcKZNp737RTW1jc2t4rbpZ3dvf2D8uFRS8tUUWxSyaXqhEQjZwKbhhmOnUQhiUOO7XB8O/PbT6g0k+LBTBIMYjIULGKUGCu1emok+9gvV7yqN4e7SvycVCBHo1/+6g0kTWMUhnKiddf3EhNkRBlGOU5LvVRjQuiYDLFrqSAx6iCbXzt1z6wycCOpbAnjztXfExmJtZ7Eoe2MiRnpZW8m/ud1UxNdBRkTSWpQ0MWiKOWuke7sdXfAFFLDJ5YQqpi91aUjogg1NqCSDcFffnmVtC6qfq16fV+r1G/yOIpwAqdwDj5cQh3uoAFNoPAIz/AKb450Xpx352PRWnDymWP4A+fzB5oqjys=</latexit>

! e

<latexit sha1_base64="JPEW28ERllCUVONJUmid3JVjyd4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWsB/QhrLZbtq1m03YnQgl9D948aCIV/+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqAScJ9yM6VCIUjKKVWj2kaZ/3yxW36s5BVomXkwrkaPTLX71BzNKIK2SSGtP13AT9jGoUTPJpqZcanlA2pkPetVTRiBs/m187JWdWGZAw1rYUkrn6eyKjkTGTKLCdEcWRWfZm4n9eN8Xwys+ESlLkii0WhakkGJPZ62QgNGcoJ5ZQpoW9lbAR1ZShDahkQ/CWX14lrYuqV6te39cq9Zs8jiKcwCmcgweXUIc7aEATGDzCM7zCmxM7L86787FoLTj5zDH8gfP5A5utjyw=</latexit>

!

<latexit sha1_base64="TMyapY2nG9CUQwysHNzZzogquT4=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKexKQL0FvXiMYB6QLGF20puMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1hSZVXOlORAxwJqFpmeXQSTQQEXFoR+Pbmd9+Am2Ykg92kkAoyFCymFFindTqKQFD0i9X/Ko/B14lQU4qKEejX/7qDRRNBUhLOTGmG/iJDTOiLaMcpqVeaiAhdEyG0HVUEgEmzObXTvGZUwY4VtqVtHiu/p7IiDBmIiLXKYgdmWVvJv7ndVMbX4UZk0lqQdLFojjl2Co8ex0PmAZq+cQRQjVzt2I6IppQ6wIquRCC5ZdXSeuiGtSq1/e1Sv0mj6OITtApOkcBukR1dIcaqIkoekTP6BW9ecp78d69j0VrwctnjtEfeJ8/lBGPJw==</latexit>

!

<latexit sha1_base64="3C0HiAm+hgVAw6FNqb9y4lWpXE4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQ0+m/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeOVnXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8SloXVa9Wvb6vVeo3eRxFOIFTOAcPLqEOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AFiw43j</latexit>

(! r , " )

<latexit sha1_base64="bp1b7Ix14KJ2Yoc98Q0TEXn6zvM=">AAAB+nicbVBNS8NAEN34WetXq0cvwSJUkJJIQb0VvXisYD+gCWGy3bZLd5OwO1FK7E/x4kERr/4Sb/4btx8HbX0w8Hhvhpl5YSK4Rsf5tlZW19Y3NnNb+e2d3b39QvGgqeNUUdagsYhVOwTNBI9YAzkK1k4UAxkK1gqHNxO/9cCU5nF0j6OE+RL6Ee9xCmikoFAse32QEgJ15uGAIZwGhZJTcaawl4k7JyUyRz0ofHndmKaSRUgFaN1xnQT9DBRyKtg476WaJUCH0GcdQyOQTPvZ9PSxfWKUrt2LlakI7an6eyIDqfVIhqZTAg70ojcR//M6KfYu/YxHSYosorNFvVTYGNuTHOwuV4yiGBkCVHFzq00HoICiSStvQnAXX14mzfOKW61c3VVLtet5HDlyRI5JmbjkgtTILamTBqHkkTyTV/JmPVkv1rv1MWtdseYzh+QPrM8fc7OTgA==</latexit>

D

<latexit sha1_base64="G+7U8DtCIbBtkcIGlQUGe74J1u8=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0F9eAxAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781hMqzWP5YMYJ+hEdSB5yRo2V6ne9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCK3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpHlR9irl63qlVL3J4sjDCZzCOXhwCVW4hxo0gAHCM7zCm/PovDjvzseiNedkM8fwB87nD5tJjNQ=</latexit>

M

<latexit sha1_base64="42YeUaR3YqN2BFpjTevt1tpNDPk=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXgREjAPSJYwO+lNxszOLjOzQgj5Ai8eFPHqJ3nzb5wke9DEgoaiqpvuriARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2h0jyWD2acoB/RgeQhZ9RYqX7fK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPInXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpoXZa9Svq5XStWbLI48nMApnIMHl1CFO6hBAxggPMMrvDmPzovz7nwsWnNONnMMf+B8/gCo7Yzd</latexit>

D r

<latexit sha1_base64="uPa37l+AuMtNbcoXv2fHNY1OLoM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FPXisaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGN1O/9YRK81g+mnGCfkQHkoecUWOlh9ue6pUrbtWdgSwTLycVyFHvlb+6/ZilEUrDBNW647mJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n81OnZATq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwks/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0SjYEb/HlZdI8q3rn1av780rtOo+jCEdwDKfgwQXU4A7q0AAGA3iGV3hzhPPivDsf89aCk88cwh84nz8i3I25</latexit>

M r

<latexit sha1_base64="cj9MSiLaaX5/0VQBpTCZIir7KLY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FL16EivYD2lA220m7dLMJuxuhhP4ELx4U8eov8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53Cyura+kZxs7S1vbO7V94/aOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDP1W0+oNI/loxkn6Ed0IHnIGTVWerjrqV654lbdGcgy8XJSgRz1Xvmr249ZGqE0TFCtO56bGD+jynAmcFLqphoTykZ0gB1LJY1Q+9ns1Ak5sUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrz0My6T1KBk80VhKoiJyfRv0ucKmRFjSyhT3N5K2JAqyoxNp2RD8BZfXibNs6p3Xr26P6/UrvM4inAEx3AKHlxADW6hDg1gMIBneIU3RzgvzrvzMW8tOPnMIfyB8/kDMJKNwg==</latexit>

÷<latexit sha1_base64="Ae8E7YzPjJN8/Zf42esk/zwwl08=">AAAB8HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgm2VNpTNZtMu3WzC7kQoof4JLx4U8erP8ea/cdvmoK0vLDy8M8POvEEqhUHX/XZKK6tr6xvlzcrW9s7uXnX/oG2STDPeYolM9H1ADZdC8RYKlPw+1ZzGgeSdYHQ9rXceuTYiUXc4Trkf04ESkWAUrfXQQyFDnj9N+tWaW3dnIsvgFVCDQs1+9asXJiyLuUImqTFdz03Rz6lGwSSfVHqZ4SllIzrgXYuKxtz4+WzhCTmxTkiiRNunkMzc3xM5jY0Zx4HtjCkOzWJtav5X62YYXfq5UGmGXLH5R1EmCSZkej0JheYM5dgCZVrYXQkbUk0Z2owqNgRv8eRlaJ/VPcu357XGVRFHGY7gGE7BgwtowA00oQUMYniGV3hztPPivDsf89aSU8wcwh85nz9MfZC4</latexit><latexit sha1_base64="Ae8E7YzPjJN8/Zf42esk/zwwl08=">AAAB8HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgm2VNpTNZtMu3WzC7kQoof4JLx4U8erP8ea/cdvmoK0vLDy8M8POvEEqhUHX/XZKK6tr6xvlzcrW9s7uXnX/oG2STDPeYolM9H1ADZdC8RYKlPw+1ZzGgeSdYHQ9rXceuTYiUXc4Trkf04ESkWAUrfXQQyFDnj9N+tWaW3dnIsvgFVCDQs1+9asXJiyLuUImqTFdz03Rz6lGwSSfVHqZ4SllIzrgXYuKxtz4+WzhCTmxTkiiRNunkMzc3xM5jY0Zx4HtjCkOzWJtav5X62YYXfq5UGmGXLH5R1EmCSZkej0JheYM5dgCZVrYXQkbUk0Z2owqNgRv8eRlaJ/VPcu357XGVRFHGY7gGE7BgwtowA00oQUMYniGV3hztPPivDsf89aSU8wcwh85nz9MfZC4</latexit><latexit sha1_base64="Ae8E7YzPjJN8/Zf42esk/zwwl08=">AAAB8HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgm2VNpTNZtMu3WzC7kQoof4JLx4U8erP8ea/cdvmoK0vLDy8M8POvEEqhUHX/XZKK6tr6xvlzcrW9s7uXnX/oG2STDPeYolM9H1ADZdC8RYKlPw+1ZzGgeSdYHQ9rXceuTYiUXc4Trkf04ESkWAUrfXQQyFDnj9N+tWaW3dnIsvgFVCDQs1+9asXJiyLuUImqTFdz03Rz6lGwSSfVHqZ4SllIzrgXYuKxtz4+WzhCTmxTkiiRNunkMzc3xM5jY0Zx4HtjCkOzWJtav5X62YYXfq5UGmGXLH5R1EmCSZkej0JheYM5dgCZVrYXQkbUk0Z2owqNgRv8eRlaJ/VPcu357XGVRFHGY7gGE7BgwtowA00oQUMYniGV3hztPPivDsf89aSU8wcwh85nz9MfZC4</latexit><latexit sha1_base64="Ae8E7YzPjJN8/Zf42esk/zwwl08=">AAAB8HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgm2VNpTNZtMu3WzC7kQoof4JLx4U8erP8ea/cdvmoK0vLDy8M8POvEEqhUHX/XZKK6tr6xvlzcrW9s7uXnX/oG2STDPeYolM9H1ADZdC8RYKlPw+1ZzGgeSdYHQ9rXceuTYiUXc4Trkf04ESkWAUrfXQQyFDnj9N+tWaW3dnIsvgFVCDQs1+9asXJiyLuUImqTFdz03Rz6lGwSSfVHqZ4SllIzrgXYuKxtz4+WzhCTmxTkiiRNunkMzc3xM5jY0Zx4HtjCkOzWJtav5X62YYXfq5UGmGXLH5R1EmCSZkej0JheYM5dgCZVrYXQkbUk0Z2owqNgRv8eRlaJ/VPcu357XGVRFHGY7gGE7BgwtowA00oQUMYniGV3hztPPivDsf89aSU8wcwh85nz9MfZC4</latexit> v g
<latexit sha1_base64="sL3EcQk8divxR0K318YefWg5u4g=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiRV0GXRjcsK9gFtCJPJpB06mYSZSaGE/okbF4q49U/c+TdO2iy09cAwh3PuZc6cIOVMacf5tiobm1vbO9Xd2t7+weGRfXzSVUkmCe2QhCeyH2BFORO0o5nmtJ9KiuOA014wuS/83pRKxRLxpGcp9WI8EixiBGsj+bY9DBIeqllsrnw690e+XXcazgJonbglqUOJtm9/DcOEZDEVmnCs1MB1Uu3lWGpGOJ3XhpmiKSYTPKIDQwWOqfLyRfI5ujBKiKJEmiM0Wqi/N3IcqyKcmYyxHqtVrxD/8waZjm69nIk001SQ5UNRxpFOUFEDCpmkRPOZIZhIZrIiMsYSE23KqpkS3NUvr5Nus+FeNZqP1/XWXVlHFc7gHC7BhRtowQO0oQMEpvAMr/Bm5daL9W59LEcrVrlzCn9gff4AS/mUFg==</latexit>

i s
<latexit sha1_base64="3LThGqMusAgaZFpw48JHovRKjqQ=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiRV0GXRjcsK9gFtCJPJpB06mYSZSaGE/okbF4q49U/c+TdO2iy09cAwh3PuZc6cIOVMacf5tiobm1vbO9Xd2t7+weGRfXzSVUkmCe2QhCeyH2BFORO0o5nmtJ9KiuOA014wuS/83pRKxRLxpGcp9WI8EixiBGsj+bY9DBIeqllsrpzNfeXbdafhLIDWiVuSOpRo+/bXMExIFlOhCcdKDVwn1V6OpWaE03ltmCmaYjLBIzowVOCYKi9fJJ+jC6OEKEqkOUKjhfp7I8exKsKZyRjrsVr1CvE/b5Dp6NbLmUgzTQVZPhRlHOkEFTWgkElKNJ8ZgolkJisiYywx0aasminBXf3yOuk2G+5Vo/l4XW/dlXVU4QzO4RJcuIEWPEAbOkBgCs/wCm9Wbr1Y79bHcrRilTun8AfW5w9KTpQV</latexit>

L s
<latexit sha1_base64="WJ4+ma/b/ayQw59Ju91t78XA9qw=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhCswl0UtAzaWFhENB+QHGFvM5cs2ds7dveEcOQn2FgoYusvsvPfuEmu0MQHA4/3ZpiZFySCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDP1W0+oNI/loxkn6Ed0IHnIGTVWerjr6V6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns1Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfRv0ucKmRFjSyhT3N5K2JAqyoxNp2hD8BZfXibNasU7r1TvL8q16zyOAhzDCZyBB5dQg1uoQwMYDOAZXuHNEc6L8+58zFtXnHzmCP7A+fwBLf6Nug==</latexit> Rs

<latexit sha1_base64="ZWRa/pa6ZVQlP2HxqA/EkbAOSqs=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWN85AHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6xHHC/YgOlAgFo2ilh/ue6ZXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindeqd5dlGvXeRwFOIYTOAMPLqEGt1CHBjAYwDO8wpsjnRfn3fmYt644+cwR/IHz+QM3Io3A</latexit>

i !

<latexit sha1_base64="U8VgeWZiYg8gonJlPLDZ9V6kJEM=">AAAB/nicbVBLSwMxGMz6rPW1Kp68BIvgqexKQb0VvXisYB/QXZZsNtuGZpOQZIWyFPwrXjwo4tXf4c1/Y7btQVsHQoaZ7yOTiSWj2njet7Oyura+sVnZqm7v7O7tuweHHS1yhUkbCyZUL0aaMMpJ21DDSE8qgrKYkW48ui397iNRmgr+YMaShBkacJpSjIyVIvc4iAVL9DizV0EnUTBCUqLIrXl1bwq4TPw5qYE5WpH7FSQC5xnhBjOkdd/3pAkLpAzFjEyqQa6JRHiEBqRvKUcZ0WExjT+BZ1ZJYCqUPdzAqfp7o0CZLhPayQyZoV70SvE/r5+b9CosKJe5IRzPHkpzBo2AZRcwoYpgw8aWIKyozQrxECmEjW2sakvwF7+8TDoXdb9Rv75v1Jo38zoq4AScgnPgg0vQBHegBdoAgwI8g1fw5jw5L8678zEbXXHmO0fgD5zPHyU3lkU=</latexit>

e!

<latexit sha1_base64="srWDz8VBLH94n47ifw4QUTWOCoo=">AAAB/nicbVBLSwMxGMz6rPW1Kp68BIvgqexKQb0VvXisYB/QXZZsNtuGZpOQZIWyFPwrXjwo4tXf4c1/Y7btQVsHQoaZ7yOTiSWj2njet7Oyura+sVnZqm7v7O7tuweHHS1yhUkbCyZUL0aaMMpJ21DDSE8qgrKYkW48ui397iNRmgr+YMaShBkacJpSjIyVIvc4iAVL9DizV0EmUTBCUqLIrXl1bwq4TPw5qYE5WpH7FSQC5xnhBjOkdd/3pAkLpAzFjEyqQa6JRHiEBqRvKUcZ0WExjT+BZ1ZJYCqUPdzAqfp7o0CZLhPayQyZoV70SvE/r5+b9CosKJe5IRzPHkpzBo2AZRcwoYpgw8aWIKyozQrxECmEjW2sakvwF7+8TDoXdb9Rv75v1Jo38zoq4AScgnPgg0vQBHegBdoAgwI8g1fw5jw5L8678zEbXXHmO0fgD5zPHx8HlkE=</latexit>

L !

<latexit sha1_base64="rHzMGzFxSaAcxwG6EPzuuQreUjo=">AAAB73icbVA9SwNBEJ2LXzF+RS1tDoNgFe5EULugjYVFBPMByRHmNnvJkr29dXdPCEf+hI2FIrb+HTv/jZvkCk18MPB4b4aZeaHkTBvP+3YKK6tr6xvFzdLW9s7uXnn/oKmTVBHaIAlPVDtETTkTtGGY4bQtFcU45LQVjm6mfuuJKs0S8WDGkgYxDgSLGEFjpfZdrztCKbFXrnhVbwZ3mfg5qUCOeq/81e0nJI2pMISj1h3fkybIUBlGOJ2UuqmmEskIB7RjqcCY6iCb3TtxT6zSd6NE2RLGnam/JzKMtR7Hoe2M0Qz1ojcV//M6qYkug4wJmRoqyHxRlHLXJO70ebfPFCWGjy1Bopi91SVDVEiMjahkQ/AXX14mzbOqf169uj+v1K7zOIpwBMdwCj5cQA1uoQ4NIMDhGV7hzXl0Xpx352PeWnDymUP4A+fzB+tzj+o=</latexit>

R!

<latexit sha1_base64="aNN2HZ/bwmCyqohusYcBgsvqWLM=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx6r2A9oQ5lsN+3STbLuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8QAqujet+O4WV1bX1jeJmaWt7Z3evvH/Q1EmqKGvQRCSqHaBmgsesYbgRrC0VwygQrBWMbqZ+64kpzZP4wYwl8yMcxDzkFI2V2ve97gilxF654lbdGcgy8XJSgRz1Xvmr209oGrHYUIFadzxXGj9DZTgVbFLqpppJpCMcsI6lMUZM+9ns3gk5sUqfhImyFRsyU39PZBhpPY4C2xmhGepFbyr+53VSE176GY9lalhM54vCVBCTkOnzpM8Vo0aMLUGquL2V0CEqpMZGVLIheIsvL5PmWdU7r17dnVdq13kcRTiCYzgFDy6gBrdQhwZQEPAMr/DmPDovzrvzMW8tOPnMIfyB8/kD9LWP8A==</latexit>

L m !

! m

<latexit sha1_base64="AWExByoNUNgyWkxvmEm4NfirsVU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXiMYB6QLGF2MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3n6g2TMkHO0loKPBQspgRbJ3U6lmc9kW/XPGr/hxolQQ5qUCORr/81RsokgoqLeHYmG7gJzbMsLaMcDot9VJDE0zGeEi7jkosqAmz+bVTdOaUAYqVdiUtmqu/JzIsjJmIyHUKbEdm2ZuJ/3nd1MZXYcZkkloqyWJRnHJkFZq9jgZMU2L5xBFMNHO3IjLCGhPrAiq5EILll1dJ66Ia1KrX97VK/SaPowgncArnEMAl1OEOGtAEAo/wDK/w5invxXv3PhatBS+fOYY/8D5/AKfNjzQ=</latexit>

! m

<latexit sha1_base64="f0QPaN130e+VXH4arohB5+D69Oo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXiMYB6QLGF2MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3n6g2TMkHO0loKPBQspgRbJ3U6umR6ot+ueJX/TnQKglyUoEcjX75qzdQJBVUWsKxMd3AT2yYYW0Z4XRa6qWGJpiM8ZB2HZVYUBNm82un6MwpAxQr7UpaNFd/T2RYGDMRkesU2I7MsjcT//O6qY2vwozJJLVUksWiOOXIKjR7HQ2YpsTyiSOYaOZuRWSENSbWBVRyIQTLL6+S1kU1qFWv72uV+k0eRxFO4BTOIYBLqMMdNKAJBB7hGV7hzVPei/fufSxaC14+cwx/4H3+AKZKjzM=</latexit>

! e

<latexit sha1_base64="orj/DNV17jHdv85stQibgy5hxP4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRSUG9FLx4r2A9oQ9lsJ+3azW7Y3Qgl9D948aCIV/+PN/+N2zYHbX0w8Hhvhpl5YcKZNp737RTW1jc2t4rbpZ3dvf2D8uFRS8tUUWxSyaXqhEQjZwKbhhmOnUQhiUOO7XB8O/PbT6g0k+LBTBIMYjIULGKUGCu1emok+9gvV7yqN4e7SvycVCBHo1/+6g0kTWMUhnKiddf3EhNkRBlGOU5LvVRjQuiYDLFrqSAx6iCbXzt1z6wycCOpbAnjztXfExmJtZ7Eoe2MiRnpZW8m/ud1UxNdBRkTSWpQ0MWiKOWuke7sdXfAFFLDJ5YQqpi91aUjogg1NqCSDcFffnmVtC6qfq16fV+r1G/yOIpwAqdwDj5cQh3uoAFNoPAIz/AKb450Xpx352PRWnDymWP4A+fzB5oqjys=</latexit>

! e

<latexit sha1_base64="JPEW28ERllCUVONJUmid3JVjyd4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWsB/QhrLZbtq1m03YnQgl9D948aCIV/+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqAScJ9yM6VCIUjKKVWj2kaZ/3yxW36s5BVomXkwrkaPTLX71BzNKIK2SSGtP13AT9jGoUTPJpqZcanlA2pkPetVTRiBs/m187JWdWGZAw1rYUkrn6eyKjkTGTKLCdEcWRWfZm4n9eN8Xwys+ESlLkii0WhakkGJPZ62QgNGcoJ5ZQpoW9lbAR1ZShDahkQ/CWX14lrYuqV6te39cq9Zs8jiKcwCmcgweXUIc7aEATGDzCM7zCmxM7L86787FoLTj5zDH8gfP5A5utjyw=</latexit>

!

<latexit sha1_base64="TMyapY2nG9CUQwysHNzZzogquT4=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKexKQL0FvXiMYB6QLGF20puMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1hSZVXOlORAxwJqFpmeXQSTQQEXFoR+Pbmd9+Am2Ykg92kkAoyFCymFFindTqKQFD0i9X/Ko/B14lQU4qKEejX/7qDRRNBUhLOTGmG/iJDTOiLaMcpqVeaiAhdEyG0HVUEgEmzObXTvGZUwY4VtqVtHiu/p7IiDBmIiLXKYgdmWVvJv7ndVMbX4UZk0lqQdLFojjl2Co8ex0PmAZq+cQRQjVzt2I6IppQ6wIquRCC5ZdXSeuiGtSq1/e1Sv0mj6OITtApOkcBukR1dIcaqIkoekTP6BW9ecp78d69j0VrwctnjtEfeJ8/lBGPJw==</latexit>

!

<latexit sha1_base64="3C0HiAm+hgVAw6FNqb9y4lWpXE4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQ0+m/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeOVnXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8SloXVa9Wvb6vVeo3eRxFOIFTOAcPLqEOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AFiw43j</latexit>

(! r , " )

<latexit sha1_base64="bp1b7Ix14KJ2Yoc98Q0TEXn6zvM=">AAAB+nicbVBNS8NAEN34WetXq0cvwSJUkJJIQb0VvXisYD+gCWGy3bZLd5OwO1FK7E/x4kERr/4Sb/4btx8HbX0w8Hhvhpl5YSK4Rsf5tlZW19Y3NnNb+e2d3b39QvGgqeNUUdagsYhVOwTNBI9YAzkK1k4UAxkK1gqHNxO/9cCU5nF0j6OE+RL6Ee9xCmikoFAse32QEgJ15uGAIZwGhZJTcaawl4k7JyUyRz0ofHndmKaSRUgFaN1xnQT9DBRyKtg476WaJUCH0GcdQyOQTPvZ9PSxfWKUrt2LlakI7an6eyIDqfVIhqZTAg70ojcR//M6KfYu/YxHSYosorNFvVTYGNuTHOwuV4yiGBkCVHFzq00HoICiSStvQnAXX14mzfOKW61c3VVLtet5HDlyRI5JmbjkgtTILamTBqHkkTyTV/JmPVkv1rv1MWtdseYzh+QPrM8fc7OTgA==</latexit>

D

<latexit sha1_base64="G+7U8DtCIbBtkcIGlQUGe74J1u8=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0F9eAxAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781hMqzWP5YMYJ+hEdSB5yRo2V6ne9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCK3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpHlR9irl63qlVL3J4sjDCZzCOXhwCVW4hxo0gAHCM7zCm/PovDjvzseiNedkM8fwB87nD5tJjNQ=</latexit>

M

<latexit sha1_base64="42YeUaR3YqN2BFpjTevt1tpNDPk=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXgREjAPSJYwO+lNxszOLjOzQgj5Ai8eFPHqJ3nzb5wke9DEgoaiqpvuriARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2h0jyWD2acoB/RgeQhZ9RYqX7fK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPInXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpoXZa9Svq5XStWbLI48nMApnIMHl1CFO6hBAxggPMMrvDmPzovz7nwsWnNONnMMf+B8/gCo7Yzd</latexit>

D r

<latexit sha1_base64="uPa37l+AuMtNbcoXv2fHNY1OLoM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FPXisaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGN1O/9YRK81g+mnGCfkQHkoecUWOlh9ue6pUrbtWdgSwTLycVyFHvlb+6/ZilEUrDBNW647mJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n81OnZATq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwks/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0SjYEb/HlZdI8q3rn1av780rtOo+jCEdwDKfgwQXU4A7q0AAGA3iGV3hzhPPivDsf89aCk88cwh84nz8i3I25</latexit>

M r

<latexit sha1_base64="cj9MSiLaaX5/0VQBpTCZIir7KLY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FL16EivYD2lA220m7dLMJuxuhhP4ELx4U8eov8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53Cyura+kZxs7S1vbO7V94/aOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDP1W0+oNI/loxkn6Ed0IHnIGTVWerjrqV654lbdGcgy8XJSgRz1Xvmr249ZGqE0TFCtO56bGD+jynAmcFLqphoTykZ0gB1LJY1Q+9ns1Ak5sUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrz0My6T1KBk80VhKoiJyfRv0ucKmRFjSyhT3N5K2JAqyoxNp2RD8BZfXibNs6p3Xr26P6/UrvM4inAEx3AKHlxADW6hDg1gMIBneIU3RzgvzrvzMW8tOPnMIfyB8/kDMJKNwg==</latexit>

es

<latexit sha1_base64="yHERPkNaQpyqGwYEo1nluOC2+fE=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiRSUHdFNy4r2Ae0IUwmk3boZBJmJoUS+iduXCji1j9x5984abPQ1gPDHM65lzlzgpQzpR3n26psbG5t71R3a3v7B4dH9vFJVyWZJLRDEp7IfoAV5UzQjmaa034qKY4DTnvB5L7we1MqFUvEk56l1IvxSLCIEayN5Nv2MEh4qGaxuXI695Vv152GswBaJ25J6lCi7dtfwzAhWUyFJhwrNXCdVHs5lpoRTue1YaZoiskEj+jAUIFjqrx8kXyOLowSoiiR5giNFurvjRzHqghnJmOsx2rVK8T/vEGmoxsvZyLNNBVk+VCUcaQTVNSAQiYp0XxmCCaSmayIjLHERJuyaqYEd/XL66R71XCbjdvHZr11V9ZRhTM4h0tw4Rpa8ABt6ACBKTzDK7xZufVivVsfy9GKVe6cwh9Ynz9GxJQZ</latexit>

K s

K !

Figure 4.5: Graphical illustration of the dynamically extended synchronous machine
with damper windings augmented by the active damping term (4.50).

Remark 4.4. (Another interpretation). Notice that in Section 3.2.2, a normalization
term of the form e�2
r was used to process the negative gradient. One may see that the
second-order gradient decent law somehow recovers this term. Consider the system

d
dtqe = w (4.54a)

d
dtMew =� e2
rkw �rqeU ; (4.54b)

where qe = (
r; �) and w = (�; !) as usual, and where U(qe) is a potential energy function
to be de�ned, e.g. as in Section 3.2.3. When the second-order e�ect is removed (i.e. when
the mass Me is very small), equation (4.54b) becomes an algebraic expression. When w
from this expression is seen as the control input of equation (4.54a), the system becomes

d
dtqe = �e�2
r 1

krqeU ; (4.55)

thus recovering the normalization term suggested in (3.57). �
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4.2 Single-machine connected to an in�nite-bus

Energy-based passivation

So far we have seen how points (i) and (ii) of Theorem 3.1 play out. The feedback we
have designed for system (4.15) looks as follows
"
�m
�m

#

= �e2
rK
"

�
!�!0

#

| {z }
stabilizer

+
"

0
D!0

#

+ e
rR>� �>mZ
�1
s� (�mR�e
rg2!0 � G1vg)

| {z }
invariance-inducing component

+u3 : (4.56)

Another way to design the stabilizer is to render system (4.45) passive. One can interpret
transverse passivation as augmenting or improving upon the linear damping term in the
radial and angular velocities by providing the suitable direction of a counteracting vector
�eld which is compatible with the derivative of the energy function. We pick

u3 = �(j!0Ls�Z�1
s� �mR�e
r)>~is� + u4 ; (4.57)

where u4 2 R2 is an input to be designed. Although K is no longer needed, we still let
Ke(
r) = De + e2
rK. The transverse dynamics of (4.45) become

d
dt ~qe = ~w (4.58a)

d
dt

"
Me ~w
Ls�~is�

#

=
"

�Ke(
r) �(j!0Ls�Z�1
s� �mR�e
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j!0Ls�Z�1
s� �mR�e
r �Rs�
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04�1

#

(4.58b)

If we evaluate the derivative of ~He along solutions of (4.58), we obtain

d
dt

~He =� ~w>Ke ~w � ~i>s�Rs�~is� + ~w>u4 : (4.59)

Proposition 4.1. (Feedback passivation). Consider the dynamically extended syn-
chronous machine in (4.15) and input transformation (4.56). Suppose that either of the
following holds

(i) K satis�es the dissipation condition (4.53);

(ii) u3 is further chosen according to (4.57).

Then, the resulting system is passive with storage (4.49), input u3, respectively u4, and
output ~w.

Proof of Proposition 4.1: For case (i), the implication is given by (4.59) and (4.52)
being satis�ed by assumption. For case (ii), the implication comes from (4.59).

While the second case is elegant, it will be more desirable to use the result from case (i)
as it allows an easier implementation while still allowing global stability guarantees.
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Remark 4.5. (Passivity recovery). One may arrive at the passivity-restoring input
(4.57) in another way. Notice that îs� is a function of (
r; �r) and, to a lesser extent, vg
which we treat as a parameter. We revisit the second term in (4.49) and denote it by

~We(is�; ~qe) = 1
2

�
is� � îs�(~qe)

�>
Ls�

�
is� � îs�(~qe)

�
: (4.60)

Notice that @ês
@~qe

= j!0lme
rR�, and that @îs�
@ês

= �Z�1
s� �ml�1

m

r~qe
~We(is�; ~qe) =�r~qe îs�(~qe)Ls�
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= e
rR>�rR
>
�g�
>
mZ
�>
s� (j!0Ls�)>(is� � îs�) :

(4.61)

Hence, we can rewrite (4.57) as u3 = �r~qe
~We + u4. �

We have arrived at a passive error system of the form (2.25) with no potential energy
assignment. In light of Proposition 3.2, when using a sigmoid limiter one can map the
domain of ~qe into a compact space and use LaSalle to verify that the zero-dissipation set

~Z�2 =
n

(~qe; ~w;~is�; �g) : ~w = 0; ~is� = 0
o
; (4.62)

is globally asymptotically stable for (4.58) in open loop. It can be easily seen that the
presence of �g acting as a disturbance can be completely removed by using dq-coordinates
attached to this grid angle. For notational clarity we provide a stationary frame analysis.

By removing the dissipation in the excitation winding via feedback (4.9), we have
introduced another integrator in the system. Now, � and 
r together represent the
dominant dynamics of the system, i.e. having the slowest (zero) decay rate. These
variables are simply the generalized coordinates and they do not show up in the kinetic
storage He, but only in the interconnection matrix. System (4.46) is precisely of the
form (3.1), namely

"
_qe
_pe

#

=
"
O2 G>1
�G1 Je(qe)�Re

# "
rqeHe

rpeHe

#

+
"
02�2

G1

#

um +
"
02�2

G2

#

vabc (4.63a)

w = G>1rpeHe (4.63b)
iabc = G>2rpeHe : (4.63c)

The matching technique, of transforming (4.1) (but also (4.17)) into (4.63), has intro-
duced 
r as a seeking variable. We are now in a position to design a potential energy
S(
r; �) in order to achieve a desired motion on Z�2 .
Remark 4.6. (Tangential motion). Notice that, this system structure does not al-
low, strictly speaking, an assignment of tangential motion on the re�ned zero-dynamics
manifold Z�2 . When restricting (4.63) to Z�2 , the only degree of freedom is the initial
condition of qe

d
dtqe = w0 (4.64a)

d
dtMew = u4 (4.64b)

d
dtLs�is� = j!0Ls�is� ; (4.64c)
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whereby input u4 alone cannot steer the coordinate qe while at the same time keeping
the state on the manifold. We are able to do this (indirectly), if we pursue a further
re�nement of the goal set incorporating an objective for qe. �

4.2.4 Enabling the synchronization potential

Recall the second part of the invariance-inducing component of (4.56). On the one hand
it can be written as
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= e
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� e
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; (4.65)

with both parts being necessary for all motions on ��2. On the other hand, we can write
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(4.66)

Notice that, when the second term in (4.66) is zero, the motions on Z�2 are in some sense
restricted to be optimal. The �rst term accounts for the losses in Rs� and needs to be
there regardless. Hence, we de�ne the baseline synchronization potential energy

Ss� = 1
2 î
>
s�Ls�îs� : (4.67)

As illustrated in [AD19], its gradient has the e�ect of a PLL

rqeSs� = r~qeSs� = �e
rR>�rR
>
�g�
>
mZ
�>
s� (j!0)>Ls�îs� : (4.68)

When the damper windings are omitted this function has its minimum (�?r ; 
?r ) cor-
responding to the (harmonic steady-state) operation where the EMF vector es ex-
actly coincides with the grid vector vg, yielding îs(�?r ; 
?r ) = 0, as in [AD19]. Since
îs� = �Z�1

s� �ml�1
m ês + Z�1

s� G1vg, in the presence of damper windings this minimum oc-
curs at a slightly di�erent point, corresponding to îs�(�?r ; 
?r ) = i?s�.

Remark 4.7. (Shape of synchronization potential). The shape of this energy func-
tion is plotted in Fig. 4.6. It is important to note that, when expressed in terms of ês
instead of (�?r ; 
?r ), the energy function is radially unbounded. This is due to the suitable
coordinate transformation studied in Section 3.2. �

73



Chapter 4. Power conversion problems

! r
<latexit sha1_base64="GbEcHhmrlP5mNwcBwf0+Rsv/I9g=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2k3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVHJo8lrHuBMyAFAqaKFBCJ9HAokBCOxjfzvz2E2gjYvWAkwT8iA2VCAVnaKVOD0eArK/75Ypbdeegq8TLSYXkaPTLX71BzNMIFHLJjOl6boJ+xjQKLmFa6qUGEsbHbAhdSxWLwPjZ/N4pPbPKgIaxtqWQztXfExmLjJlEge2MGI7MsjcT//O6KYbXfiZUkiIovlgUppJiTGfP04HQwFFOLGFcC3sr5SOmGUcbUcmG4C2/vEpatap3Ua3dX1bqN3kcRXJCTsk58cgVqZM70iBNwokkz+SVvDmPzovz7nwsWgtOPnNM/sD5/AExSJAR</latexit>

! !
r

<latexit sha1_base64="mhoaKIcwcif9yRMsMO1FZYFsRXA=">AAAB8XicdVBNS8NAEN3Ur1q/qh69LBZBPJQkLW29Fb14rGA/sI1ls922SzebsDsRSui/8OJBEa/+G2/+GzdtBRV9MPB4b4aZeX4kuAbb/rAyK6tr6xvZzdzW9s7uXn7/oKXDWFHWpKEIVccnmgkuWRM4CNaJFCOBL1jbn1ymfvueKc1DeQPTiHkBGUk+5JSAkW57MGZA+ururJ8v2MXzWsUtV7BdtO2q4zopcavlUhk7RklRQEs0+vn33iCkccAkUEG07jp2BF5CFHAq2CzXizWLCJ2QEesaKknAtJfML57hE6MM8DBUpiTgufp9IiGB1tPAN50BgbH+7aXiX143hmHNS7iMYmCSLhYNY4EhxOn7eMAVoyCmhhCquLkV0zFRhIIJKWdC+PoU/09abtEpFd3rcqF+sYwji47QMTpFDqqiOrpCDdREFEn0gJ7Qs6WtR+vFel20ZqzlzCH6AevtE7BQkO8=</latexit> i !
r

<latexit sha1_base64="vDX937DGxqhFnFUQv+vYNtsyrA8=">AAAB7HicdVBNS8NAEJ3Ur1q/qh69LBZBPJQkDW29Fb14rGBaoY1ls922SzebsLsRSulv8OJBEa/+IG/+GzdtBRV9MPB4b4aZeWHCmdK2/WHlVlbX1jfym4Wt7Z3dveL+QUvFqSTUJzGP5W2IFeVMUF8zzeltIimOQk7b4fgy89v3VCoWixs9SWgQ4aFgA0awNpLPevLurFcs2eXzetX1qsgu23bNcZ2MuDWv4iHHKBlKsESzV3zv9mOSRlRowrFSHcdOdDDFUjPC6azQTRVNMBnjIe0YKnBEVTCdHztDJ0bpo0EsTQmN5ur3iSmOlJpEoemMsB6p314m/uV1Uj2oB1MmklRTQRaLBilHOkbZ56jPJCWaTwzBRDJzKyIjLDHRJp+CCeHrU/Q/abllp1J2r71S42IZRx6O4BhOwYEaNOAKmuADAQYP8ATPlrAerRfrddGas5Yzh/AD1tsn04qOtA==</latexit>

! r
<latexit sha1_base64="fcqOSNCkBwie98MKaufguVTA+M4=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oUy2m3bpbhJ3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkesabgRrJMohjIQrB2Mb2d++4kpzePowUwS5kscRjzkFI2VOr0hSol91S9X3Ko7B1klXk4qkKPRL3/1BjFNJYsMFah113MT42eoDKeCTUu9VLME6RiHrGtphJJpP5vfOyVnVhmQMFa2IkPm6u+JDKXWExnYTolmpJe9mfif101NeO1nPEpSwyK6WBSmgpiYzJ4nA64YNWJiCVLF7a2EjlAhNTaikg3BW355lbRqVe+iWru/rNRv8jiKcAKncA4eXEEd7qABTaAg4Ble4c15dF6cd+dj0Vpw8plj+APn8wcUFo/+</latexit>

i r
<latexit sha1_base64="psc4xZ9JIyHkjj8EInIAAZU7jCA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0wPuqX664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nj91Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJr/2MyyQ1KNliUZgKYmIy+5sMuEJmxMQSyhS3txI2oooyY9Mp2RC85ZdXSatW9S6qtfvLSv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOE8+K8Ox+L1oKTzxzDHzifP1iojdY=</latexit>

! !
r

<latexit sha1_base64="KeFL8NX6GzZTmFKklGJqNEXPOrs=">AAAB8XicdVDLSgMxFM3UV62vqks3wSKIizIzHdq6K7pxWcE+sB1LJs20oUlmSDJCGfoXblwo4ta/ceffmGkrqOiBC4dz7uXee4KYUaVt+8PKrayurW/kNwtb2zu7e8X9g7aKEolJC0cskt0AKcKoIC1NNSPdWBLEA0Y6weQy8zv3RCoaiRs9jYnP0UjQkGKkjXTbHyHO0UDenQ2KJbt8Xq+6XhXaZduuOa6TEbfmVTzoGCVDCSzRHBTf+8MIJ5wIjRlSqufYsfZTJDXFjMwK/USRGOEJGpGeoQJxovx0fvEMnhhlCMNImhIaztXvEyniSk15YDo50mP128vEv7xeosO6n1IRJ5oIvFgUJgzqCGbvwyGVBGs2NQRhSc2tEI+RRFibkAomhK9P4f+k7ZadStm99kqNi2UceXAEjsEpcEANNMAVaIIWwECAB/AEni1lPVov1uuiNWctZw7BD1hvn5L4kNw=</latexit>

! !
r

<latexit sha1_base64="mhoaKIcwcif9yRMsMO1FZYFsRXA=">AAAB8XicdVBNS8NAEN3Ur1q/qh69LBZBPJQkLW29Fb14rGA/sI1ls922SzebsDsRSui/8OJBEa/+G2/+GzdtBRV9MPB4b4aZeX4kuAbb/rAyK6tr6xvZzdzW9s7uXn7/oKXDWFHWpKEIVccnmgkuWRM4CNaJFCOBL1jbn1ymfvueKc1DeQPTiHkBGUk+5JSAkW57MGZA+ururJ8v2MXzWsUtV7BdtO2q4zopcavlUhk7RklRQEs0+vn33iCkccAkUEG07jp2BF5CFHAq2CzXizWLCJ2QEesaKknAtJfML57hE6MM8DBUpiTgufp9IiGB1tPAN50BgbH+7aXiX143hmHNS7iMYmCSLhYNY4EhxOn7eMAVoyCmhhCquLkV0zFRhIIJKWdC+PoU/09abtEpFd3rcqF+sYwji47QMTpFDqqiOrpCDdREFEn0gJ7Qs6WtR+vFel20ZqzlzCH6AevtE7BQkO8=</latexit>

i !
r

<latexit sha1_base64="vDX937DGxqhFnFUQv+vYNtsyrA8=">AAAB7HicdVBNS8NAEJ3Ur1q/qh69LBZBPJQkDW29Fb14rGBaoY1ls922SzebsLsRSulv8OJBEa/+IG/+GzdtBRV9MPB4b4aZeWHCmdK2/WHlVlbX1jfym4Wt7Z3dveL+QUvFqSTUJzGP5W2IFeVMUF8zzeltIimOQk7b4fgy89v3VCoWixs9SWgQ4aFgA0awNpLPevLurFcs2eXzetX1qsgu23bNcZ2MuDWv4iHHKBlKsESzV3zv9mOSRlRowrFSHcdOdDDFUjPC6azQTRVNMBnjIe0YKnBEVTCdHztDJ0bpo0EsTQmN5ur3iSmOlJpEoemMsB6p314m/uV1Uj2oB1MmklRTQRaLBilHOkbZ56jPJCWaTwzBRDJzKyIjLDHRJp+CCeHrU/Q/abllp1J2r71S42IZRx6O4BhOwYEaNOAKmuADAQYP8ATPlrAerRfrddGas5Yzh/AD1tsn04qOtA==</latexit>

! r
<latexit sha1_base64="GbEcHhmrlP5mNwcBwf0+Rsv/I9g=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2k3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVHJo8lrHuBMyAFAqaKFBCJ9HAokBCOxjfzvz2E2gjYvWAkwT8iA2VCAVnaKVOD0eArK/75Ypbdeegq8TLSYXkaPTLX71BzNMIFHLJjOl6boJ+xjQKLmFa6qUGEsbHbAhdSxWLwPjZ/N4pPbPKgIaxtqWQztXfExmLjJlEge2MGI7MsjcT//O6KYbXfiZUkiIovlgUppJiTGfP04HQwFFOLGFcC3sr5SOmGUcbUcmG4C2/vEpatap3Ua3dX1bqN3kcRXJCTsk58cgVqZM70iBNwokkz+SVvDmPzovz7nwsWgtOPnNM/sD5/AExSJAR</latexit>

! r
<latexit sha1_base64="fcqOSNCkBwie98MKaufguVTA+M4=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oUy2m3bpbhJ3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkesabgRrJMohjIQrB2Mb2d++4kpzePowUwS5kscRjzkFI2VOr0hSol91S9X3Ko7B1klXk4qkKPRL3/1BjFNJYsMFah113MT42eoDKeCTUu9VLME6RiHrGtphJJpP5vfOyVnVhmQMFa2IkPm6u+JDKXWExnYTolmpJe9mfif101NeO1nPEpSwyK6WBSmgpiYzJ4nA64YNWJiCVLF7a2EjlAhNTaikg3BW355lbRqVe+iWru/rNRv8jiKcAKncA4eXEEd7qABTaAg4Ble4c15dF6cd+dj0Vpw8plj+APn8wcUFo/+</latexit>

i r
<latexit sha1_base64="psc4xZ9JIyHkjj8EInIAAZU7jCA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0wPuqX664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nj91Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJr/2MyyQ1KNliUZgKYmIy+5sMuEJmxMQSyhS3txI2oooyY9Mp2RC85ZdXSatW9S6qtfvLSv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOE8+K8Ox+L1oKTzxzDHzifP1iojdY=</latexit>

! !
r

<latexit sha1_base64="KeFL8NX6GzZTmFKklGJqNEXPOrs=">AAAB8XicdVDLSgMxFM3UV62vqks3wSKIizIzHdq6K7pxWcE+sB1LJs20oUlmSDJCGfoXblwo4ta/ceffmGkrqOiBC4dz7uXee4KYUaVt+8PKrayurW/kNwtb2zu7e8X9g7aKEolJC0cskt0AKcKoIC1NNSPdWBLEA0Y6weQy8zv3RCoaiRs9jYnP0UjQkGKkjXTbHyHO0UDenQ2KJbt8Xq+6XhXaZduuOa6TEbfmVTzoGCVDCSzRHBTf+8MIJ5wIjRlSqufYsfZTJDXFjMwK/USRGOEJGpGeoQJxovx0fvEMnhhlCMNImhIaztXvEyniSk15YDo50mP128vEv7xeosO6n1IRJ5oIvFgUJgzqCGbvwyGVBGs2NQRhSc2tEI+RRFibkAomhK9P4f+k7ZadStm99kqNi2UceXAEjsEpcEANNMAVaIIWwECAB/AEni1lPVov1uuiNWctZw7BD1hvn5L4kNw=</latexit>

! !
r

<latexit sha1_base64="mhoaKIcwcif9yRMsMO1FZYFsRXA=">AAAB8XicdVBNS8NAEN3Ur1q/qh69LBZBPJQkLW29Fb14rGA/sI1ls922SzebsDsRSui/8OJBEa/+G2/+GzdtBRV9MPB4b4aZeX4kuAbb/rAyK6tr6xvZzdzW9s7uXn7/oKXDWFHWpKEIVccnmgkuWRM4CNaJFCOBL1jbn1ymfvueKc1DeQPTiHkBGUk+5JSAkW57MGZA+ururJ8v2MXzWsUtV7BdtO2q4zopcavlUhk7RklRQEs0+vn33iCkccAkUEG07jp2BF5CFHAq2CzXizWLCJ2QEesaKknAtJfML57hE6MM8DBUpiTgufp9IiGB1tPAN50BgbH+7aXiX143hmHNS7iMYmCSLhYNY4EhxOn7eMAVoyCmhhCquLkV0zFRhIIJKWdC+PoU/09abtEpFd3rcqF+sYwji47QMTpFDqqiOrpCDdREFEn0gJ7Qs6WtR+vFel20ZqzlzCH6AevtE7BQkO8=</latexit>

! !
r

<latexit sha1_base64="mhoaKIcwcif9yRMsMO1FZYFsRXA=">AAAB8XicdVBNS8NAEN3Ur1q/qh69LBZBPJQkLW29Fb14rGA/sI1ls922SzebsDsRSui/8OJBEa/+G2/+GzdtBRV9MPB4b4aZeX4kuAbb/rAyK6tr6xvZzdzW9s7uXn7/oKXDWFHWpKEIVccnmgkuWRM4CNaJFCOBL1jbn1ymfvueKc1DeQPTiHkBGUk+5JSAkW57MGZA+ururJ8v2MXzWsUtV7BdtO2q4zopcavlUhk7RklRQEs0+vn33iCkccAkUEG07jp2BF5CFHAq2CzXizWLCJ2QEesaKknAtJfML57hE6MM8DBUpiTgufp9IiGB1tPAN50BgbH+7aXiX143hmHNS7iMYmCSLhYNY4EhxOn7eMAVoyCmhhCquLkV0zFRhIIJKWdC+PoU/09abtEpFd3rcqF+sYwji47QMTpFDqqiOrpCDdREFEn0gJ7Qs6WtR+vFel20ZqzlzCH6AevtE7BQkO8=</latexit>

!
<latexit sha1_base64="3YHacGe6SqUzFDFA0+jZfp/Nnxs=">AAAB+nicdVDLSsNAFJ3UV62vVJduBovgKiRpaOuu6MZlBfuAJpTJZNIOnTyYmSgl9lPcuFDErV/izr9x0lZQ0QvDHM65l3vu8VNGhTTND620tr6xuVXeruzs7u0f6NXDnkgyjkkXJyzhAx8JwmhMupJKRgYpJyjyGen708tC798SLmgS38hZSrwIjWMaUoykokZ61fUTFohZpD5X0oiIkV4zjfNWw3Ya0DRMs2nZVgHsplN3oKWYompgVZ2R/u4GCc4iEkvMkBBDy0yllyMuKWZkXnEzQVKEp2hMhgrGSC3x8oX1OTxVTADDhKsXS7hgv0/kKBKFO9UZITkRv7WC/EsbZjJseTmN00ySGC8XhRmDMoFFDjCgnGDJZgogzKnyCvEEcYSlSquiQvi6FP4PerZh1Q372qm1L1ZxlMExOAFnwAJN0AZXoAO6AIM78ACewLN2rz1qL9rrsrWkrWaOwI/S3j4BR2KUrA==</latexit>!

<latexit sha1_base64="3YHacGe6SqUzFDFA0+jZfp/Nnxs=">AAAB+nicdVDLSsNAFJ3UV62vVJduBovgKiRpaOuu6MZlBfuAJpTJZNIOnTyYmSgl9lPcuFDErV/izr9x0lZQ0QvDHM65l3vu8VNGhTTND620tr6xuVXeruzs7u0f6NXDnkgyjkkXJyzhAx8JwmhMupJKRgYpJyjyGen708tC798SLmgS38hZSrwIjWMaUoykokZ61fUTFohZpD5X0oiIkV4zjfNWw3Ya0DRMs2nZVgHsplN3oKWYompgVZ2R/u4GCc4iEkvMkBBDy0yllyMuKWZkXnEzQVKEp2hMhgrGSC3x8oX1OTxVTADDhKsXS7hgv0/kKBKFO9UZITkRv7WC/EsbZjJseTmN00ySGC8XhRmDMoFFDjCgnGDJZgogzKnyCvEEcYSlSquiQvi6FP4PerZh1Q372qm1L1ZxlMExOAFnwAJN0AZXoAO6AIM78ACewLN2rz1qL9rrsrWkrWaOwI/S3j4BR2KUrA==</latexit>

!
<latexit sha1_base64="3YHacGe6SqUzFDFA0+jZfp/Nnxs=">AAAB+nicdVDLSsNAFJ3UV62vVJduBovgKiRpaOuu6MZlBfuAJpTJZNIOnTyYmSgl9lPcuFDErV/izr9x0lZQ0QvDHM65l3vu8VNGhTTND620tr6xuVXeruzs7u0f6NXDnkgyjkkXJyzhAx8JwmhMupJKRgYpJyjyGen708tC798SLmgS38hZSrwIjWMaUoykokZ61fUTFohZpD5X0oiIkV4zjfNWw3Ya0DRMs2nZVgHsplN3oKWYompgVZ2R/u4GCc4iEkvMkBBDy0yllyMuKWZkXnEzQVKEp2hMhgrGSC3x8oX1OTxVTADDhKsXS7hgv0/kKBKFO9UZITkRv7WC/EsbZjJseTmN00ySGC8XhRmDMoFFDjCgnGDJZgogzKnyCvEEcYSlSquiQvi6FP4PerZh1Q372qm1L1ZxlMExOAFnwAJN0AZXoAO6AIM78ACewLN2rz1qL9rrsrWkrWaOwI/S3j4BR2KUrA==</latexit> !

<latexit sha1_base64="3YHacGe6SqUzFDFA0+jZfp/Nnxs=">AAAB+nicdVDLSsNAFJ3UV62vVJduBovgKiRpaOuu6MZlBfuAJpTJZNIOnTyYmSgl9lPcuFDErV/izr9x0lZQ0QvDHM65l3vu8VNGhTTND620tr6xuVXeruzs7u0f6NXDnkgyjkkXJyzhAx8JwmhMupJKRgYpJyjyGen708tC798SLmgS38hZSrwIjWMaUoykokZ61fUTFohZpD5X0oiIkV4zjfNWw3Ya0DRMs2nZVgHsplN3oKWYompgVZ2R/u4GCc4iEkvMkBBDy0yllyMuKWZkXnEzQVKEp2hMhgrGSC3x8oX1OTxVTADDhKsXS7hgv0/kKBKFO9UZITkRv7WC/EsbZjJseTmN00ySGC8XhRmDMoFFDjCgnGDJZgogzKnyCvEEcYSlSquiQvi6FP4PerZh1Q372qm1L1ZxlMExOAFnwAJN0AZXoAO6AIM78ACewLN2rz1qL9rrsrWkrWaOwI/S3j4BR2KUrA==</latexit>

!
<latexit sha1_base64="3YHacGe6SqUzFDFA0+jZfp/Nnxs=">AAAB+nicdVDLSsNAFJ3UV62vVJduBovgKiRpaOuu6MZlBfuAJpTJZNIOnTyYmSgl9lPcuFDErV/izr9x0lZQ0QvDHM65l3vu8VNGhTTND620tr6xuVXeruzs7u0f6NXDnkgyjkkXJyzhAx8JwmhMupJKRgYpJyjyGen708tC798SLmgS38hZSrwIjWMaUoykokZ61fUTFohZpD5X0oiIkV4zjfNWw3Ya0DRMs2nZVgHsplN3oKWYompgVZ2R/u4GCc4iEkvMkBBDy0yllyMuKWZkXnEzQVKEp2hMhgrGSC3x8oX1OTxVTADDhKsXS7hgv0/kKBKFO9UZITkRv7WC/EsbZjJseTmN00ySGC8XhRmDMoFFDjCgnGDJZgogzKnyCvEEcYSlSquiQvi6FP4PerZh1Q372qm1L1ZxlMExOAFnwAJN0AZXoAO6AIM78ACewLN2rz1qL9rrsrWkrWaOwI/S3j4BR2KUrA==</latexit> !

<latexit sha1_base64="3YHacGe6SqUzFDFA0+jZfp/Nnxs=">AAAB+nicdVDLSsNAFJ3UV62vVJduBovgKiRpaOuu6MZlBfuAJpTJZNIOnTyYmSgl9lPcuFDErV/izr9x0lZQ0QvDHM65l3vu8VNGhTTND620tr6xuVXeruzs7u0f6NXDnkgyjkkXJyzhAx8JwmhMupJKRgYpJyjyGen708tC798SLmgS38hZSrwIjWMaUoykokZ61fUTFohZpD5X0oiIkV4zjfNWw3Ya0DRMs2nZVgHsplN3oKWYompgVZ2R/u4GCc4iEkvMkBBDy0yllyMuKWZkXnEzQVKEp2hMhgrGSC3x8oX1OTxVTADDhKsXS7hgv0/kKBKFO9UZITkRv7WC/EsbZjJseTmN00ySGC8XhRmDMoFFDjCgnGDJZgogzKnyCvEEcYSlSquiQvi6FP4PerZh1Q372qm1L1ZxlMExOAFnwAJN0AZXoAO6AIM78ACewLN2rz1qL9rrsrWkrWaOwI/S3j4BR2KUrA==</latexit>

!
<latexit sha1_base64="3YHacGe6SqUzFDFA0+jZfp/Nnxs=">AAAB+nicdVDLSsNAFJ3UV62vVJduBovgKiRpaOuu6MZlBfuAJpTJZNIOnTyYmSgl9lPcuFDErV/izr9x0lZQ0QvDHM65l3vu8VNGhTTND620tr6xuVXeruzs7u0f6NXDnkgyjkkXJyzhAx8JwmhMupJKRgYpJyjyGen708tC798SLmgS38hZSrwIjWMaUoykokZ61fUTFohZpD5X0oiIkV4zjfNWw3Ya0DRMs2nZVgHsplN3oKWYompgVZ2R/u4GCc4iEkvMkBBDy0yllyMuKWZkXnEzQVKEp2hMhgrGSC3x8oX1OTxVTADDhKsXS7hgv0/kKBKFO9UZITkRv7WC/EsbZjJseTmN00ySGC8XhRmDMoFFDjCgnGDJZgogzKnyCvEEcYSlSquiQvi6FP4PerZh1Q372qm1L1ZxlMExOAFnwAJN0AZXoAO6AIM78ACewLN2rz1qL9rrsrWkrWaOwI/S3j4BR2KUrA==</latexit>

!
<latexit sha1_base64="3YHacGe6SqUzFDFA0+jZfp/Nnxs=">AAAB+nicdVDLSsNAFJ3UV62vVJduBovgKiRpaOuu6MZlBfuAJpTJZNIOnTyYmSgl9lPcuFDErV/izr9x0lZQ0QvDHM65l3vu8VNGhTTND620tr6xuVXeruzs7u0f6NXDnkgyjkkXJyzhAx8JwmhMupJKRgYpJyjyGen708tC798SLmgS38hZSrwIjWMaUoykokZ61fUTFohZpD5X0oiIkV4zjfNWw3Ya0DRMs2nZVgHsplN3oKWYompgVZ2R/u4GCc4iEkvMkBBDy0yllyMuKWZkXnEzQVKEp2hMhgrGSC3x8oX1OTxVTADDhKsXS7hgv0/kKBKFO9UZITkRv7WC/EsbZjJseTmN00ySGC8XhRmDMoFFDjCgnGDJZgogzKnyCvEEcYSlSquiQvi6FP4PerZh1Q372qm1L1ZxlMExOAFnwAJN0AZXoAO6AIM78ACewLN2rz1qL9rrsrWkrWaOwI/S3j4BR2KUrA==</latexit>

! r ! [7, 8]
<latexit sha1_base64="aLQxJhgtKfTrehmxBhqhIxsQz6Y=">AAAB+XicbVBNS8NAEN34WetX1KOXYBE8SEmq0B6LXjxWsB+QhDDZbtulu5uwuymU0H/ixYMiXv0n3vw3btsctPXBwOO9GWbmxSmjSrvut7WxubW9s1vaK+8fHB4d2yenHZVkEpM2TlgiezEowqggbU01I71UEuAxI914fD/3uxMiFU3Ek56mJOQwFHRAMWgjRbYdDIFziGRAhV+/boSRXXGr7gLOOvEKUkEFWpH9FfQTnHEiNGaglO+5qQ5zkJpiRmblIFMkBTyGIfENFcCJCvPF5TPn0ih9Z5BIU0I7C/X3RA5cqSmPTScHPVKr3lz8z/MzPWiEORVpponAy0WDjDk6ceYxOH0qCdZsaghgSc2tDh6BBKxNWGUTgrf68jrp1KreTbX2eFtp3hVxlNA5ukBXyEN11EQPqIXaCKMJekav6M3KrRfr3fpYtm5YxcwZ+gPr8weqVpMF</latexit>

! r ! [" !
8 , !

8 ]
<latexit sha1_base64="YxlfTRVNKRToEcvn1/bA2yF13aY=">AAACDHicbVDLSsNAFJ34rPVVdelmsAgutCRVsMuiG5cV7AOSUCbTSTt0MgkzN0IJ/QA3/oobF4q49QPc+TdO24DaemDgcM653LknSATXYNtf1tLyyuraemGjuLm1vbNb2ttv6ThVlDVpLGLVCYhmgkvWBA6CdRLFSBQI1g6G1xO/fc+U5rG8g1HC/Ij0JQ85JWCkbqnswYAB6SqPS/fMg1AR6iW8dvpDfZOyK/YUeJE4OSmjHI1u6dPrxTSNmAQqiNauYyfgZ0QBp4KNi16qWULokPSZa6gkEdN+Nj1mjI+N0sNhrMyTgKfq74mMRFqPosAkIwIDPe9NxP88N4Ww5mdcJikwSWeLwlRgiPGkGdzjilEQI0MIVdz8FdMBMSWA6a9oSnDmT14krWrFOa9Uby/K9au8jgI6REfoBDnoEtXRDWqgJqLoAT2hF/RqPVrP1pv1PosuWfnMAfoD6+Mbh9+bRg==</latexit>

Ss! (! r , " r )
<latexit sha1_base64="stTC7XCNCs3uSrSVtty5tDlgoFs=">AAACEXicbZBNS8NAEIY3ftb6VfXoJViEClKSKuix6MVjRfsBTQmT7bZdupuE3YlQQv+CF/+KFw+KePXmzX/jts1BW19YeHhnhp15g1hwjY7zbS0tr6yurec28ptb2zu7hb39ho4SRVmdRiJSrQA0EzxkdeQoWCtWDGQgWDMYXk/qzQemNI/CexzFrCOhH/Iep4DG8gslTwIOKIj0buyn2htCHMO45OGAIfjq1OuDlAZO/ELRKTtT2YvgZlAkmWp+4cvrRjSRLEQqQOu268TYSUEhp4KN816iWQx0CH3WNhiCZLqTTi8a28fG6dq9SJkXoj11f0+kILUeycB0TvbX87WJ+V+tnWDvspPyME6QhXT2US8RNkb2JB67yxWjKEYGgCpudrXpABRQNCHmTQju/MmL0KiU3bNy5fa8WL3K4siRQ3JESsQlF6RKbkiN1Aklj+SZvJI368l6sd6tj1nrkpXNHJA/sj5/AEDXneM=</latexit>

Ss! (! r , " r )
<latexit sha1_base64="stTC7XCNCs3uSrSVtty5tDlgoFs=">AAACEXicbZBNS8NAEIY3ftb6VfXoJViEClKSKuix6MVjRfsBTQmT7bZdupuE3YlQQv+CF/+KFw+KePXmzX/jts1BW19YeHhnhp15g1hwjY7zbS0tr6yurec28ptb2zu7hb39ho4SRVmdRiJSrQA0EzxkdeQoWCtWDGQgWDMYXk/qzQemNI/CexzFrCOhH/Iep4DG8gslTwIOKIj0buyn2htCHMO45OGAIfjq1OuDlAZO/ELRKTtT2YvgZlAkmWp+4cvrRjSRLEQqQOu268TYSUEhp4KN816iWQx0CH3WNhiCZLqTTi8a28fG6dq9SJkXoj11f0+kILUeycB0TvbX87WJ+V+tnWDvspPyME6QhXT2US8RNkb2JB67yxWjKEYGgCpudrXpABRQNCHmTQju/MmL0KiU3bNy5fa8WL3K4siRQ3JESsQlF6RKbkiN1Aklj+SZvJI368l6sd6tj1nrkpXNHJA/sj5/AEDXneM=</latexit>

Ss! (! r , i r )
<latexit sha1_base64="Oyl6sOEXAr0rtB7xQ3EpMlzmjqs=">AAACDHicbVDLSsNAFJ34rPVVdekmWIQKUpIq6LLoxmVF+4AmhJvptB06eTBzI5SQD3Djr7hxoYhbP8Cdf+O0zUJbDwwczjmXuff4seAKLevbWFpeWV1bL2wUN7e2d3ZLe/stFSWSsiaNRCQ7PigmeMiayFGwTiwZBL5gbX90PfHbD0wqHoX3OI6ZG8Ag5H1OAbXklcpOADikINK7zEuVM4I4hqzi4JAhePKUe/JEp6yqNYW5SOyclEmOhlf6cnoRTQIWIhWgVNe2YnRTkMipYFnRSRSLgY5gwLqahhAw5abTYzLzWCs9sx9J/UI0p+rviRQCpcaBr5OT1dW8NxH/87oJ9i/dlIdxgiyks4/6iTAxMifNmD0uGUUx1gSo5HpXkw5BAkXdX1GXYM+fvEhatap9Vq3dnpfrV3kdBXJIjkiF2OSC1MkNaZAmoeSRPJNX8mY8GS/Gu/Exiy4Z+cwB+QPj8wdEIZu7</latexit>

Ss! (! r , i r )
<latexit sha1_base64="Oyl6sOEXAr0rtB7xQ3EpMlzmjqs=">AAACDHicbVDLSsNAFJ34rPVVdekmWIQKUpIq6LLoxmVF+4AmhJvptB06eTBzI5SQD3Djr7hxoYhbP8Cdf+O0zUJbDwwczjmXuff4seAKLevbWFpeWV1bL2wUN7e2d3ZLe/stFSWSsiaNRCQ7PigmeMiayFGwTiwZBL5gbX90PfHbD0wqHoX3OI6ZG8Ag5H1OAbXklcpOADikINK7zEuVM4I4hqzi4JAhePKUe/JEp6yqNYW5SOyclEmOhlf6cnoRTQIWIhWgVNe2YnRTkMipYFnRSRSLgY5gwLqahhAw5abTYzLzWCs9sx9J/UI0p+rviRQCpcaBr5OT1dW8NxH/87oJ9i/dlIdxgiyks4/6iTAxMifNmD0uGUUx1gSo5HpXkw5BAkXdX1GXYM+fvEhatap9Vq3dnpfrV3kdBXJIjkiF2OSC1MkNaZAmoeSRPJNX8mY8GS/Gu/Exiy4Z+cwB+QPj8wdEIZu7</latexit>

! r ! [4, 9]
<latexit sha1_base64="J10mIaH5SA26zKdRHhEuK0DA+YY=">AAAB+XicbVBNS8NAEJ34WetX1KOXYBE8SElqQb0VvXisYD8gCWGz3bZLdzdhd1Moof/EiwdFvPpPvPlv3LY5aOuDgcd7M8zMi1NGlXbdb2ttfWNza7u0U97d2z84tI+O2yrJJCYtnLBEdmOkCKOCtDTVjHRTSRCPGenEo/uZ3xkTqWginvQkJSFHA0H7FCNtpMi2gwHiHEUyoMKvX96GkV1xq+4czirxClKBAs3I/gp6Cc44ERozpJTvuakOcyQ1xYxMy0GmSIrwCA2Ib6hAnKgwn18+dc6N0nP6iTQltDNXf0/kiCs14bHp5EgP1bI3E//z/Ez3b8KcijTTRODFon7GHJ04sxicHpUEazYxBGFJza0OHiKJsDZhlU0I3vLLq6Rdq3pX1dpjvdK4K+IowSmcwQV4cA0NeIAmtADDGJ7hFd6s3Hqx3q2PReuaVcycwB9Ynz+nRpMD</latexit>

Figure 4.6: The synchronization potential energy Ss� for a typical synchronous machine
with damper windings, shown in various zoom levels (with a hole indicating its curvature)
with its minimum at ��r = �1:96 � 10�4 and 
�r = 7:5823 (or equivalently i�r = 1963A).
Using machine parameters: ls = 2:75�10�3, rs = 3:1�10�3, l� = 56:9�10�3, r� = 11:5�10�3,
lm� = 4:19 � 10�3, la� = 4 � 10�3, all in S.I. units.

4.2.5 Grid power injection

Apart from its deep physical interpretation, this energy function can be shifted in various
ways that can be used to control the power �ow. To this end, we de�ne the active
and reactive power extracted from the modulated energy element and the active and
reactive power extracted by the in�nite bus, all on the set Z�2 , i.e. at quasi-steady state,
respectively, as illustrated in Fig. 4.7 and below

P̂s� =� ê>s�îs�
Q̂s� =� ê>s�jîs�

�����
P̂g =� v>g G>1 îs�
Q̂g =� v>g G>1 jîs� :

(4.69)

If we are able to drive the system to a point (��r ; 
�r ) on ��2 where P̂g(��r ; 
�r ) = P �g and
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4.2 Single-machine connected to an in�nite-bus

öes
<latexit sha1_base64="ppKdzdCi8lZ1gZ5+7JzaTBy4tIA=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARXJWkCrosunFZwT6gCWEymbZDJzNhZiKUEDf+ihsXirj1L9z5N07aLLT1wDCHc+7l3nvChFGlHefbqqysrq1vVDdrW9s7u3v2/kFXiVRi0sGCCdkPkSKMctLRVDPSTyRBcchIL5zcFH7vgUhFBb/X04T4MRpxOqQYaSMF9pE3RjrzQsEiNY3Nl5E8DzKVB3bdaTgzwGXilqQOSrQD+8uLBE5jwjVmSKmB6yTaz5DUFDOS17xUkQThCRqRgaEcxUT52eyCHJ4aJYJDIc3jGs7U3x0ZilWxn6mMkR6rRa8Q//MGqR5e+RnlSaoJx/NBw5RBLWARB4yoJFizqSEIS2p2hXiMJMLahFYzIbiLJy+TbrPhnjeadxf11nUZRxUcgxNwBlxwCVrgFrRBB2DwCJ7BK3iznqwX6936mJdWrLLnEPyB9fkDCsSX6g==</latexit>

(! r , " )
<latexit sha1_base64="vEF24VBvliVF7I+vI04C8gMOOtQ="></latexit>

÷<latexit sha1_base64="Ae8E7YzPjJN8/Zf42esk/zwwl08=">AAAB8HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgm2VNpTNZtMu3WzC7kQoof4JLx4U8erP8ea/cdvmoK0vLDy8M8POvEEqhUHX/XZKK6tr6xvlzcrW9s7uXnX/oG2STDPeYolM9H1ADZdC8RYKlPw+1ZzGgeSdYHQ9rXceuTYiUXc4Trkf04ESkWAUrfXQQyFDnj9N+tWaW3dnIsvgFVCDQs1+9asXJiyLuUImqTFdz03Rz6lGwSSfVHqZ4SllIzrgXYuKxtz4+WzhCTmxTkiiRNunkMzc3xM5jY0Zx4HtjCkOzWJtav5X62YYXfq5UGmGXLH5R1EmCSZkej0JheYM5dgCZVrYXQkbUk0Z2owqNgRv8eRlaJ/VPcu357XGVRFHGY7gGE7BgwtowA00oQUMYniGV3hztPPivDsf89aSU8wcwh85nz9MfZC4</latexit><latexit sha1_base64="Ae8E7YzPjJN8/Zf42esk/zwwl08=">AAAB8HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgm2VNpTNZtMu3WzC7kQoof4JLx4U8erP8ea/cdvmoK0vLDy8M8POvEEqhUHX/XZKK6tr6xvlzcrW9s7uXnX/oG2STDPeYolM9H1ADZdC8RYKlPw+1ZzGgeSdYHQ9rXceuTYiUXc4Trkf04ESkWAUrfXQQyFDnj9N+tWaW3dnIsvgFVCDQs1+9asXJiyLuUImqTFdz03Rz6lGwSSfVHqZ4SllIzrgXYuKxtz4+WzhCTmxTkiiRNunkMzc3xM5jY0Zx4HtjCkOzWJtav5X62YYXfq5UGmGXLH5R1EmCSZkej0JheYM5dgCZVrYXQkbUk0Z2owqNgRv8eRlaJ/VPcu357XGVRFHGY7gGE7BgwtowA00oQUMYniGV3hztPPivDsf89aSU8wcwh85nz9MfZC4</latexit><latexit sha1_base64="Ae8E7YzPjJN8/Zf42esk/zwwl08=">AAAB8HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgm2VNpTNZtMu3WzC7kQoof4JLx4U8erP8ea/cdvmoK0vLDy8M8POvEEqhUHX/XZKK6tr6xvlzcrW9s7uXnX/oG2STDPeYolM9H1ADZdC8RYKlPw+1ZzGgeSdYHQ9rXceuTYiUXc4Trkf04ESkWAUrfXQQyFDnj9N+tWaW3dnIsvgFVCDQs1+9asXJiyLuUImqTFdz03Rz6lGwSSfVHqZ4SllIzrgXYuKxtz4+WzhCTmxTkiiRNunkMzc3xM5jY0Zx4HtjCkOzWJtav5X62YYXfq5UGmGXLH5R1EmCSZkej0JheYM5dgCZVrYXQkbUk0Z2owqNgRv8eRlaJ/VPcu357XGVRFHGY7gGE7BgwtowA00oQUMYniGV3hztPPivDsf89aSU8wcwh85nz9MfZC4</latexit><latexit sha1_base64="Ae8E7YzPjJN8/Zf42esk/zwwl08=">AAAB8HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgm2VNpTNZtMu3WzC7kQoof4JLx4U8erP8ea/cdvmoK0vLDy8M8POvEEqhUHX/XZKK6tr6xvlzcrW9s7uXnX/oG2STDPeYolM9H1ADZdC8RYKlPw+1ZzGgeSdYHQ9rXceuTYiUXc4Trkf04ESkWAUrfXQQyFDnj9N+tWaW3dnIsvgFVCDQs1+9asXJiyLuUImqTFdz03Rz6lGwSSfVHqZ4SllIzrgXYuKxtz4+WzhCTmxTkiiRNunkMzc3xM5jY0Zx4HtjCkOzWJtav5X62YYXfq5UGmGXLH5R1EmCSZkej0JheYM5dgCZVrYXQkbUk0Z2owqNgRv8eRlaJ/VPcu357XGVRFHGY7gGE7BgwtowA00oQUMYniGV3hztPPivDsf89aSU8wcwh85nz9MfZC4</latexit>
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Figure 4.7: The equivalent circuit representation of system (4.15) on the set Z�2 .

Q̂g(��r ; 
�r ) = Q�g, then we have achieved our �nal objective. Notice that

(P̂g � P �g )2 =
�
v>g G>1 (îs� � i�s�)

�2
= (îs� � i�s�)

>G1vgv>g G>1 (îs� � i�s�) (4.70a)

(Q̂g �Q�g)
2 =

�
v>g G>1 j(îs� � i�s�)

�2
= (îs� � i�s�)

>j>G1vgv>g G>1 j(îs� � i�s�) : (4.70b)

Considering that 1
kvgk2vgv>g = I2 � 1

kvgk2 (jvg)(jvg)> and that jG1 = G1j, we can write

1
2(P̂g � P �g )2 + 1

2(Q̂g �Q�g)
2 = kvgk2

2 (îs� � i�s�)
>G1G>1 (îs� � i�s�)

= kvgk2

ls
1
2(îs � i�s)

>Ls(îs � i�s)| {z }
~S

; (4.71)

where ~S corresponds to the stator winding potential energy. As it turns out, ~S is related
to damper winding energy in that we can also write (î� � i��) = A2A�1

1 (îs � i�s). In our
symmetric damper case, A2 = G>2 Z�1

s� �m and A1 = G>1 Z�1
s� �m are impedance-like matrices

of the form A =
h
a �b
b a

i
. Therefore, one can compute a constant k0 > 0, depending on

the machine parameters, such that

1
2(P̂g�P �g )2 + 1

2(Q̂g�Q�g)
2 = k0kvgk2 1

2(îs� � i�s�)
>Ls�(îs� � i�s�)| {z }
~Ss�

= kg ~Ss�(�r; 
r) ; (4.72)

where kg = k0kvgk2. Coincidently, ~Ss� is the synchronization energy function shifted in
the embedded space rather than in the ray-circle space. To use this function, we rely on
the assumption that small shifts in the ambient space do not alter the convexity proper-
ties in the space of the generalized coordinate qe. The advantage of this formulation is
that the (P �g ; Q�g) set-point does not need to be converted into a (��r ; 
�r ) set-point, but
can be achieved via gradient descent. To complete our control design for system (4.58),
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we let k4 > 0 be a user designed constant and pick

u4 =� k4r~qe
~Ss�

=� k4r~qeP̂g(P̂g � P
�
g )� k4r~qeQ̂g(Q̂g �Q�g)

=� !0k4e
rR>� (�>mZ
�>
s� G1)

�
� jvg(P̂g � P �g )� vg(Q̂g �Q�g)

�
:

(4.73)

A natural interpretation is when we consider the operation of the machine such that

(i) the angle of the EMF vector is close to the angle of the grid voltage vector, i.e.
when R�g2 is parallel to vg = vgR�gg2, and

(ii) the stator and damper winding resistances are much smaller than their reactances,
i.e. when Zs� = j!0Ls�,

then, input u4 = [ �4
�4 ] (4.73) becomes standard droop control

�4 =� k04(Q̂g �Q�g)

�4 =� k04(P̂g � P �g ) ;
(4.74)

where k04 = k4kvgk lmlmk+lakl�
lsl��l2mk

> 0. This situation might also occur when there is a large
inductive line between the grid and the terminals. In weak grids, where resistances
become signi�cant, the generality of (4.73) may become more useful.

Finally, the transient system (4.58),(4.73) can be written as the cascade

_�g = !0 (4.75a)
" _~qe

_~pe

#

=
"
O2 G>

�G J (�g; ~qe)�R

# "
r~qe

~H
r~pe

~H

#

; (4.75b)

with R = blkdiag(De +K;Rs�), G =
h

G1
O2

i
,

J (�g; ~qe) =
"

O2 �(j!0Ls�Z�1
s� �mR�gR�re
r)>

j!0Ls�Z�1
s� �mR�gR�re
r O4

#

; (4.76)

and where the Hamiltonian is now composed of kinetic and potential energy

~H = ~He(~pe) + k4 ~Ss�(~qe) : (4.77)

Upon checking that the potential energy is radially unbounded in the 
r component, we
are in the situation of Section 3.1 and apply LaSalle to conclude that all trajectories of
the error system (4.75) converge to

~Z�3 =
n

(~pe; ~qe;vg) : ~pe = 0; r ~Ss�(~qe) = 0
o
; (4.78)

which in original coordinates becomes

Z�3 =
n

(pe; qe;vg) : (�; !) = (0; !0);
h
is
i�

i
= �[ esvg ]; Pg = P �g ; Qg = Q�g

o
: (4.79)
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4.2 Single-machine connected to an in�nite-bus

Another way to convert a PQ set-point into a current set-point is by computing

i�s = 1
kvgk2

h vg� vg�
�vg� vg�

ih P �g
Q�g

i
; (4.80)

and construct the shifted potential energy via the arguments in (4.71)-(4.72), yielding

u4 =� �4r~qe

�
1
2(îs� � i�s�)

>Ls�(îs� � i�s�)
�

= k4e
rR>� �>mZ
�>
s� (j!0Ls�)>(îs� � i�s�) :

(4.81)

Depending on the intended goal, for the �nal control step one can use either (4.73) or
(4.81). We are now ready to state the �rst control-design result of the thesis.

First milestone

Proposition 4.2. (SMIB PQ-speci�cations). Consider the synchronous machine
with symmetric damper windings in (4.1), a set-point (!0; P �g ; Q�g) and the controller

8
>>>>>><

>>>>>>:

ur = rrir + er + lrir�
d
dtMr� =�Dr� � �e + �m

�m = �̂e �r
r
~We � k4r
r

~Ss� � ke2
r�
�m = �̂e �r�r

~We � k4r�r
~Ss� � ke2
r(! � !0) +D!0 :

(4.82)

Then, the set Z�3 in (4.79) is globally asymptotically stable for the closed-loop system.

Proof of Proposition 4.2: Consider the closed loop (4.75) under the di�eomorphism

~qe = (
r; �r) 7! � = e
rR�rg1 : (4.83)

Let us denote

T (�) = @�
@~qe

= e
rR�r (4.84a)

B(vg; �) = J (�g; ~qe) (4.84b)

U(�; ~pe) = ~H(~qe; ~pe) = 1
2 ~w>Me ~w + 1

2
~i>s�Ls�~is� + 1

2k
0
4(îs � i�s)

>Ls(îs � i�s) ; (4.84c)

where îs = �G>1 Z�1
s� (�mj!0� � G1vg) = �11� + �12vg, and rewrite it as

_vg = j!0vg (4.85a)
" _�

_~pe

#

=
"

O2 T (�)G>

�GT (�)> B(vg; �)�R

# "
r�U
r~peU

#

: (4.85b)

For clarity we rewrite the Hamiltonian in new coordinates as

U = 1
2 ~p>e K

�1 ~pe + 1
2k
00
4(� � ��)>�>11�11(� � ��) ; (4.86)
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for some constant k004 > 0, �11 = �j!0G>1 Z�1
s� �m, and for K = blkdiag(Mr;M;Ls�) 2

R6�6. Notice that the second term of U , representing the potential energy, is radially
unbounded in the new state variable �. As we have seen, R is positive de�nite, and
therefore, by applying the LaSalle’s invariance principle for mechanical systems, we have
that the state of the driven subsystem (4.85b) converges to the largest invariant set
within the zero-dissipation set, namely to the set

~Z�3 =
n

(~pe; ~qe;vg) : ~pe = 0; � = ��
o
; (4.87)

where �� = e
�rR��rg1 corresponds to the set-point (P �g ; Q�g) or equivalently i�s. If one
further rotates the ��-frame by the grid angle �g, then the presence vg in the closed-
loop equations would be completely removed.

Remark 4.8. (On the implementation). One may implement the control law (4.82)
by replacing the steady-state response variables by their actual measurements and omit
the passivation term. This leads to a controller using more accessible measurements

ur = rrir + er + lrir� (4.88a)
d
dtMr� = g>1 e
rR>� �>mZ

�>
s� (j!0Ls�)>(is� � i�s�)� ke2
r� (4.88b)

�m = g>2 e
rR>� �>mZ
�>
s� (j!0Ls�)>(is� � i�s�)� ke2
r(! � !0) +D!0 + �e : (4.88c)

Suppose we rotate all ��-quantities is�, ~is�, îs� by �g, then the closed-loop becomes

d
dt� = e
rR�r ~w (4.89a)

d
dtMe ~w =�Ke(
r) ~w + e
rR>�r�

>
mZ
�>
s� (j!0Ls�)>~idqs� � e
rR>�rr�Sdqs� (4.89b)

d
dtLs�~i

dq
s� =� Zs�~idqs� � �mR�re


r ~w + j!0Ls�Z�1
s� �mR�re


r ~w ; (4.89c)

where Ke = diag(ke2
r ; D + ke2
r) and Sdqs� = 1
2(îdqs� � idq�s� )>Ls�(îdqs� � idq�s� ). We are

now in a situation, similar to (3.26) and (4.45), where we evaluate the derivative of the
Hamiltonian as

d
dtU

dq =�
"

~w
~idqs�

#> "
Ke(
r) 1

2(Z>s�Z�1
s� �mR�re
r)>

1
2Z
>
s�Z�1

s� �mR�re
r Rs�

# "
~w

~idqs�

#

:

Thus, choosing k to satisfy

K � 1
4R
>
�r�
>
mR

�1
s� �mR�r , k > 1

4( l
2
m
rs

+ l2a�
r�

) ; (4.90)

concludes the feedback design. �

We have derived a set-point tracking controller by a dynamic extension procedure fol-
lowed by an output stabilization procedure for the synchronous machine with (symmet-
ric) damper windings. This, on the one hand, yielded transient dynamics which are
Hamiltonian, with the same structure as those of the unforced extended system and, on
the other, was used to deduce a simpli�ed, more intuitive, control law.
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4.3 Single inverter connected to an in�nite bus

4.3 Single inverter connected to an in�nite bus

The port-Hamiltonian framework allows the user a freedom in adjusting the level of
modelling detail. We have seen the addition of damper windings calls upon extensive
notation. Since clearer intuition may be garnered by neglecting damper windings, we
now turn to the case of the augmented DC/AC inverter system developed in Section
4.1.3. Recall (4.23) rewritten as

d
dt

"
Mr�
Cdc
�2 !

#

=�
"
Dr 0
0 Gdc

�2

# "
�
!

#

+ 1
�e
rR>� is +

"
�dc
fdc

#

(4.91a)

d
dt
r = � (4.91b)

d
dt� = ! (4.91c)

d
dtLsis =�Rsis � 1

�e
rR�

"
�
!

#

+ vg (4.91d)

where ! = �vdc represents the angular velocity of the equivalent syncrhonous machine,
� = !0

v�dc
is chosen according to the inverter voltage rating, ir = e
r is the equivalent

�eld winding current, and lm = 1
� is identi�ed as the equivalent rotor-to-stator mutual

inductance. For clarity, we omit the zero sequence (4.23f). As illustrated in Fig. 4.8,
this has the structure of (4.46) without damper windings.

es = lm e! r R "

!
!
"

"
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" i s
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Figure 4.8: Graphical representation of the energy exchange mechanism from the ex-
tended mechanical/DC side to the AC side.

Suppose (4.91) is also subject to the in�nite bus de�ned by

8
<

:
_vg =

h
0 �!0
!0 0

i
vg

�g = atan2(�vg� ; vg�)
()

8
>>><

>>>:

_�g = !0

_
g = 0
vg = !0

1
�e
gR�gg2 ;

(4.92)

where 
g is such that the amplitude of the AC bus is given by !0
1
�e
g .
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4.3.1 Grid-following control via energy shaping

For this system we follow the same procedure as in Section 4.2, and design
8
<

:
�dc = �̂e �r
r

~We � k4r
r
~S � ke2
r�

fdc = f̂e �r�r
~We � k4r�r

~S � ke2
r(! � !0) +D!0 ;
(4.93)

where �r = � � �g is the rotated angle. Recall the inverter switching-node voltage

ex = 1
�e
rR�g2! + 1

�e
rR�g1� : (4.94)

If we de�ne Zs = Rs + j!0Ls, we can express the induced steady-state response as

êx = 1
�e
rR�g2!0 (4.95a)

îs =� Z�1
s (êx � vg) (4.95b)

�̂e =� 1
�e
rg>1 R

>
� îs (4.95c)

f̂e =� 1
�e
rg>2 R

>
� îs (4.95d)

~We = 1
2(is � îs)>Ls(is � îs) (4.95e)

~S = 1
2(îs � i�s)

>Ls(îs � i�s) = ls
kvgk2

�
1
2(P̂g � P �g )2 + 1

2(Q̂g �Q�g)
2
�
; (4.95f)

where (P �g ; Q�g) be the set-point for the apparent power injected into vg, such that

Pg =� v>g is
Qg =� v>g jis

�����
P̂g =� v>g îs
Q̂g =� v>g jîs :

(4.96)

We recall that

r~qe îs = r~qe êxrêx îs = (j!0
1
�e
rR�)>(�Z�1

s )> = � 1
�e
rR>� Z

�>
s (j!0)>

r~qe
~We = 1

�e
rR>� Z
�>
s (j!0Ls)>(is � îs) ;

(4.97)

so that the transient dynamics become similar to (4.75)

d
dt�g = !0

d
dt ~qe = G>1

"
~w
~is

#

d
dt

"
Me ~w
Ls~is

#

=

2

4 �Ke(
r) �(j!0LsZ�1
s R�gR�re
r 1

� )>

j!0LsZ�1
s R�gR�re
r 1

� �Rs

3

5
"

~w
~is

#

� G1k4r~qe
~S :

(4.98)

where Ke = De + e2
rK is the damping introduced to guarantee stability. The shifted
energy function, corresponding to a typical syncrhonous machine, has a similar shape as
in Fig. 4.6.
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Approximations and heuristics

For completeness, we express the gradients and their approximations

r~qe
~S =� 1

�e
rR>� Z
�>
s (j!0Ls)>(îs � i�s) � 1

!0
kvgkR>� (is � i�s) (4.99a)

r
r
~S = g>1 !0ls

�kvgk2 e
rR>� Z
�>
s j>

�
vg(P̂g � P �g ) + j>vg(Q̂g �Q�g)

�
� 1

!0
(Qg �Q�g) (4.99b)

r�r
~S = g>2 !0ls

�kvgk2 e
rR>� Z
�>
s j>

�
vg(P̂g � P �g ) + j>vg(Q̂g �Q�g)

�
� 1

!0
(Pg � P �g ) ; (4.99c)

which recover standard practice when rs � !0ls, and when operating near the no-load
high-voltage solution, i.e. when the voltage vectors vx and vg are almost identical, i.e.
when � � �g and 
r � 
g.

Approximations such as is � îs, Pg � P̂g and Qg � Q̂g may be used with limited
stability guarantees. The resulting region of attraction may be increased via the auxiliary
damping K = diag(k1; k2). In such case (4.93) becomes

8
<

:
�dc = �e � k4

!0
(Qg �Q�g)� ke2
r�

fdc = fe � k4
!0

(Pg � P �g )� ke2
r(! � !0) +D!0 ;
(4.100)

where �e = � 1
�e
rg>1 R>� is and fe = � 1

�e
rg>2 R>� is are the radial and the angular (elec-
trical) forces, respectively.

Bregman shifting

There is another way to shift the operating point from baseline. Consider

Px =� ê>x is = !0fe
Qx =� ê>x jis = !0�e

�����
P̂x =� ê>x îs = !0f̂e
Q̂x =� ê>x jîs = !0�̂e

(4.101)

If we de�ne the baseline synchronization potential as S = î>s lsîs, then we can compute

r
rS =�r
r êxZ
�>
s Lsîs = �ê>xLsZ

�>
s îs = rsls

r2
s+!2

0 l2s
P̂x + !0l2s

r2
s+!2

0 l2s
Q̂x (4.102a)

r�rS =�r�r êxZ
�>
s Lsîs = �ê>x j

>LsZ�>s îs = !0l2s
r2
s+!2

0 l2s
P̂x � rsls

r2
s+!2

0 l2s
Q̂x : (4.102b)

We �nd it convenient to consider the Bregman divergence [DM18] of S as

SB = S(�r; 
r)� S(��r ; 

�
r )�r�rS

�(�r � ��r)�r
rS
�(
r � 
�r ) ; (4.103)

where r�rS� = r�rS(��r ; 
�r ) and r
rS� = r
rS(��r ; 
�r ). Suppose we are given a set-
point of the form (P �x ; Q�x) instead of (��r ; 
�r ). We can use SB instead of ~S in the proposed
controller (4.93), and obtain
8
><

>:

�dc = 1
!0
Q̂x � k4rsls

r2
s+!2

0 l2s
(P̂x � P �x )� k4!0l2s

r2
s+!2

0 l2s
(Q̂x �Q�x)�r
r

~We � ke2
r�

fdc = 1
!0
P̂x � k4!0l2s

r2
s+!2

0 l2s
(P̂x � P �x ) + k4rsls

r2
s+!2

0 l2s
(Q̂x �Q�x)�r�r

~We � ke2
r(! � !0) +D!0 :
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Chapter 4. Power conversion problems

The advantage of this formulation is that one may replace the reconstructed signals
(P̂x; Q̂x) with measurements (Px; Qx) and obtain an error-feedback controller. Consider
8
><

>:

�dc = 1
!0
Qx � k4rsls

r2
s+!2

0 l2s
(Px � P �x )� k4!0l2s

r2
s+!2

0 l2s
(Qx �Q�x)� k1�

fdc = 1
!0
Px � k4!0l2s

r2
s+!2

0 l2s
(Px � P �x ) + k4rsls

r2
s+!2

0 l2s
(Qx �Q�x)� k2(! � !0) +D!0 ;

(4.104)

yielding the closed loop

d
dtMe[ �~! ] =�Ke(
r)[ �~! ]� k4

!0
(j!0LsZ�1

s )>
h
Qx�Q�x
Px�P �x

i

=�Ke(
r)[ �~! ] + k4
!0

1
�e
rR>� (j!0LsZ�1

s )>~is � k4r~qeSB (4.105a)
d
dt
r = � (4.105b)
d
dt�r = ~! (4.105c)

d
dtLs~is =�Rs~is � (I2 � j!0LsZ�1

s ) 1
�e
rR�[ �~! ] (4.105d)

In either case, we consider the shifted Hamiltonian

~He = 1
2 ~w>Me ~w + 1

2
~i>s Ls~is + k4SB(~qe) : (4.106)

We are able to write its derivative along (4.105) as

d
dt

~He =� ~w>Ke ~w + ~w> k4
�!0

e
rR>� (j!0LsZ�1
s )>~is � ~i>s Rs~is � ~i>s RsZ�1

s
1
�R�e
r ~w

=�
"

~w
~is

#> 2

4 Ke � 1
2�e
rR>� (Rs + jk4Ls)>Z�>s

� 1
2�Z

�1
s (Rs + jk4Ls)R�e
r Rs

3

5
"

~w
~is

#

;

and are able to guarantee negative de�niteness in ( ~w;~is) if and only if Ke � 0 and

Ke � 1
4�2 e
rR>� (Rs + jk4Ls)>Z�>s R�1

s Z�1
s (Rs + jk4Ls)R�e
r ,

De+e2
rK � 1
4�2 e2
r r2

s+k2
4l

2
s

r2
s+!2

0 l2s
R�1
s ;

(4.107)

which is satis�ed by picking k > 1
4�2

r2
s+k2

4l
2
s

r2
s+!2

0 l2s
r�1
s . Notice the relationship between the

active damping k and the gain of the gradient descent term k4. The Bregman shifting
procedure is another way to arrive at a measurement-feedback controller. Its drawback
is that it produces either a discontinuous storage function, if the angle is seen as � 2 R
mod 2�, or it is unbounded from below1 if the angle is seen as � 2 R. This issue has
been addressed in [SEO19] by partitioning the angle-velocity domain. Otherwise, we
may consider the controller (4.104) useful only in a region of positive de�niteness of the
Hessian of S.

1indicative of the cyclo-passive nature of power delivery
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4.3 Single inverter connected to an in�nite bus

4.3.2 Grid-forming and voltage control

So far, we have seen that the proposed model-matching framework with the target system
structure (2.25) is �exible and allows a uni�ed study of both synchronous machines and
inverters alike. From now on, this thesis will no longer consider damper windings due
to overbearing notation. We shall equivalently speak of the inverter system and the
synchronous machine without damper windings by referring to (4.91) written in inverter
notation. We now extend the model into a di�erent direction, by adding an AC-side
capacitive node and a sinusoidal load current representing a weak grid. In such situations,
apart from a PQ set-point tracking, a voltage control strategy may also be pursued.
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<latexit sha1_base64="R45UDm5sKT8ocvzuxfzxai33Img=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRbBVZkRQZdFNy4r2Ae0w5DJZNrQTDIkmUIZ+iduXCji1j9x59+YtrPQ1gMhh3PuJScnyjjTxvO+ncrG5tb2TnW3trd/cHjkHp90tMwVoW0iuVS9CGvKmaBtwwynvUxRnEacdqPx/dzvTqjSTIonM81okOKhYAkj2FgpdN1BJHmsp6m9isksHIZu3Wt4C6B14pekDiVaofs1iCXJUyoM4Vjrvu9lJiiwMoxwOqsNck0zTMZ4SPuWCpxSHRSL5DN0YZUYJVLZIwxaqL83CpzqeTg7mWIz0qveXPzP6+cmuQ0KJrLcUEGWDyU5R0aieQ0oZooSw6eWYKKYzYrICCtMjC2rZkvwV7+8TjpXDd/yx+t6866sowpncA6X4MMNNOEBWtAGAhN4hld4cwrnxXl3PpajFafcOYU/cD5/AEqtlBI=</latexit><latexit sha1_base64="R45UDm5sKT8ocvzuxfzxai33Img=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRbBVZkRQZdFNy4r2Ae0w5DJZNrQTDIkmUIZ+iduXCji1j9x59+YtrPQ1gMhh3PuJScnyjjTxvO+ncrG5tb2TnW3trd/cHjkHp90tMwVoW0iuVS9CGvKmaBtwwynvUxRnEacdqPx/dzvTqjSTIonM81okOKhYAkj2FgpdN1BJHmsp6m9isksHIZu3Wt4C6B14pekDiVaofs1iCXJUyoM4Vjrvu9lJiiwMoxwOqsNck0zTMZ4SPuWCpxSHRSL5DN0YZUYJVLZIwxaqL83CpzqeTg7mWIz0qveXPzP6+cmuQ0KJrLcUEGWDyU5R0aieQ0oZooSw6eWYKKYzYrICCtMjC2rZkvwV7+8TjpXDd/yx+t6866sowpncA6X4MMNNOEBWtAGAhN4hld4cwrnxXl3PpajFafcOYU/cD5/AEqtlBI=</latexit><latexit sha1_base64="R45UDm5sKT8ocvzuxfzxai33Img=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRbBVZkRQZdFNy4r2Ae0w5DJZNrQTDIkmUIZ+iduXCji1j9x59+YtrPQ1gMhh3PuJScnyjjTxvO+ncrG5tb2TnW3trd/cHjkHp90tMwVoW0iuVS9CGvKmaBtwwynvUxRnEacdqPx/dzvTqjSTIonM81okOKhYAkj2FgpdN1BJHmsp6m9isksHIZu3Wt4C6B14pekDiVaofs1iCXJUyoM4Vjrvu9lJiiwMoxwOqsNck0zTMZ4SPuWCpxSHRSL5DN0YZUYJVLZIwxaqL83CpzqeTg7mWIz0qveXPzP6+cmuQ0KJrLcUEGWDyU5R0aieQ0oZooSw6eWYKKYzYrICCtMjC2rZkvwV7+8TjpXDd/yx+t6866sowpncA6X4MMNNOEBWtAGAhN4hld4cwrnxXl3PpajFafcOYU/cD5/AEqtlBI=</latexit><latexit sha1_base64="R45UDm5sKT8ocvzuxfzxai33Img=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRbBVZkRQZdFNy4r2Ae0w5DJZNrQTDIkmUIZ+iduXCji1j9x59+YtrPQ1gMhh3PuJScnyjjTxvO+ncrG5tb2TnW3trd/cHjkHp90tMwVoW0iuVS9CGvKmaBtwwynvUxRnEacdqPx/dzvTqjSTIonM81okOKhYAkj2FgpdN1BJHmsp6m9isksHIZu3Wt4C6B14pekDiVaofs1iCXJUyoM4Vjrvu9lJiiwMoxwOqsNck0zTMZ4SPuWCpxSHRSL5DN0YZUYJVLZIwxaqL83CpzqeTg7mWIz0qveXPzP6+cmuQ0KJrLcUEGWDyU5R0aieQ0oZooSw6eWYKKYzYrICCtMjC2rZkvwV7+8TjpXDd/yx+t6866sowpncA6X4MMNNOEBWtAGAhN4hld4cwrnxXl3PpajFafcOYU/cD5/AEqtlBI=</latexit>

v f
<latexit sha1_base64="cbxkt1CbIA0aD47MDfVeWF/iG5I=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRbBVZkRQZdFNy4r2Ae0w5DJZNrQTDIkmUIZ+iduXCji1j9x59+YtrPQ1gMhh3PuJScnyjjTxvO+ncrG5tb2TnW3trd/cHjkHp90tMwVoW0iuVS9CGvKmaBtwwynvUxRnEacdqPx/dzvTqjSTIonM81okOKhYAkj2FgpdN1BJHmsp6m9isksTEK37jW8BdA68UtShxKt0P0axJLkKRWGcKx13/cyExRYGUY4ndUGuaYZJmM8pH1LBU6pDopF8hm6sEqMEqnsEQYt1N8bBU71PJydTLEZ6VVvLv7n9XOT3AYFE1luqCDLh5KcIyPRvAYUM0WJ4VNLMFHMZkVkhBUmxpZVsyX4q19eJ52rhm/543W9eVfWUYUzOIdL8OEGmvAALWgDgQk8wyu8OYXz4rw7H8vRilPunMIfOJ8/SSmUEQ==</latexit><latexit sha1_base64="cbxkt1CbIA0aD47MDfVeWF/iG5I=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRbBVZkRQZdFNy4r2Ae0w5DJZNrQTDIkmUIZ+iduXCji1j9x59+YtrPQ1gMhh3PuJScnyjjTxvO+ncrG5tb2TnW3trd/cHjkHp90tMwVoW0iuVS9CGvKmaBtwwynvUxRnEacdqPx/dzvTqjSTIonM81okOKhYAkj2FgpdN1BJHmsp6m9isksTEK37jW8BdA68UtShxKt0P0axJLkKRWGcKx13/cyExRYGUY4ndUGuaYZJmM8pH1LBU6pDopF8hm6sEqMEqnsEQYt1N8bBU71PJydTLEZ6VVvLv7n9XOT3AYFE1luqCDLh5KcIyPRvAYUM0WJ4VNLMFHMZkVkhBUmxpZVsyX4q19eJ52rhm/543W9eVfWUYUzOIdL8OEGmvAALWgDgQk8wyu8OYXz4rw7H8vRilPunMIfOJ8/SSmUEQ==</latexit><latexit sha1_base64="cbxkt1CbIA0aD47MDfVeWF/iG5I=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRbBVZkRQZdFNy4r2Ae0w5DJZNrQTDIkmUIZ+iduXCji1j9x59+YtrPQ1gMhh3PuJScnyjjTxvO+ncrG5tb2TnW3trd/cHjkHp90tMwVoW0iuVS9CGvKmaBtwwynvUxRnEacdqPx/dzvTqjSTIonM81okOKhYAkj2FgpdN1BJHmsp6m9isksTEK37jW8BdA68UtShxKt0P0axJLkKRWGcKx13/cyExRYGUY4ndUGuaYZJmM8pH1LBU6pDopF8hm6sEqMEqnsEQYt1N8bBU71PJydTLEZ6VVvLv7n9XOT3AYFE1luqCDLh5KcIyPRvAYUM0WJ4VNLMFHMZkVkhBUmxpZVsyX4q19eJ52rhm/543W9eVfWUYUzOIdL8OEGmvAALWgDgQk8wyu8OYXz4rw7H8vRilPunMIfOJ8/SSmUEQ==</latexit><latexit sha1_base64="cbxkt1CbIA0aD47MDfVeWF/iG5I=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRbBVZkRQZdFNy4r2Ae0w5DJZNrQTDIkmUIZ+iduXCji1j9x59+YtrPQ1gMhh3PuJScnyjjTxvO+ncrG5tb2TnW3trd/cHjkHp90tMwVoW0iuVS9CGvKmaBtwwynvUxRnEacdqPx/dzvTqjSTIonM81okOKhYAkj2FgpdN1BJHmsp6m9isksTEK37jW8BdA68UtShxKt0P0axJLkKRWGcKx13/cyExRYGUY4ndUGuaYZJmM8pH1LBU6pDopF8hm6sEqMEqnsEQYt1N8bBU71PJydTLEZ6VVvLv7n9XOT3AYFE1luqCDLh5KcIyPRvAYUM0WJ4VNLMFHMZkVkhBUmxpZVsyX4q19eJ52rhm/543W9eVfWUYUzOIdL8OEGmvAALWgDgQk8wyu8OYXz4rw7H8vRilPunMIfOJ8/SSmUEQ==</latexit>

v g
<latexit sha1_base64="R45UDm5sKT8ocvzuxfzxai33Img=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRbBVZkRQZdFNy4r2Ae0w5DJZNrQTDIkmUIZ+iduXCji1j9x59+YtrPQ1gMhh3PuJScnyjjTxvO+ncrG5tb2TnW3trd/cHjkHp90tMwVoW0iuVS9CGvKmaBtwwynvUxRnEacdqPx/dzvTqjSTIonM81okOKhYAkj2FgpdN1BJHmsp6m9isksHIZu3Wt4C6B14pekDiVaofs1iCXJUyoM4Vjrvu9lJiiwMoxwOqsNck0zTMZ4SPuWCpxSHRSL5DN0YZUYJVLZIwxaqL83CpzqeTg7mWIz0qveXPzP6+cmuQ0KJrLcUEGWDyU5R0aieQ0oZooSw6eWYKKYzYrICCtMjC2rZkvwV7+8TjpXDd/yx+t6866sowpncA6X4MMNNOEBWtAGAhN4hld4cwrnxXl3PpajFafcOYU/cD5/AEqtlBI=</latexit><latexit sha1_base64="R45UDm5sKT8ocvzuxfzxai33Img=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRbBVZkRQZdFNy4r2Ae0w5DJZNrQTDIkmUIZ+iduXCji1j9x59+YtrPQ1gMhh3PuJScnyjjTxvO+ncrG5tb2TnW3trd/cHjkHp90tMwVoW0iuVS9CGvKmaBtwwynvUxRnEacdqPx/dzvTqjSTIonM81okOKhYAkj2FgpdN1BJHmsp6m9isksHIZu3Wt4C6B14pekDiVaofs1iCXJUyoM4Vjrvu9lJiiwMoxwOqsNck0zTMZ4SPuWCpxSHRSL5DN0YZUYJVLZIwxaqL83CpzqeTg7mWIz0qveXPzP6+cmuQ0KJrLcUEGWDyU5R0aieQ0oZooSw6eWYKKYzYrICCtMjC2rZkvwV7+8TjpXDd/yx+t6866sowpncA6X4MMNNOEBWtAGAhN4hld4cwrnxXl3PpajFafcOYU/cD5/AEqtlBI=</latexit><latexit sha1_base64="R45UDm5sKT8ocvzuxfzxai33Img=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRbBVZkRQZdFNy4r2Ae0w5DJZNrQTDIkmUIZ+iduXCji1j9x59+YtrPQ1gMhh3PuJScnyjjTxvO+ncrG5tb2TnW3trd/cHjkHp90tMwVoW0iuVS9CGvKmaBtwwynvUxRnEacdqPx/dzvTqjSTIonM81okOKhYAkj2FgpdN1BJHmsp6m9isksHIZu3Wt4C6B14pekDiVaofs1iCXJUyoM4Vjrvu9lJiiwMoxwOqsNck0zTMZ4SPuWCpxSHRSL5DN0YZUYJVLZIwxaqL83CpzqeTg7mWIz0qveXPzP6+cmuQ0KJrLcUEGWDyU5R0aieQ0oZooSw6eWYKKYzYrICCtMjC2rZkvwV7+8TjpXDd/yx+t6866sowpncA6X4MMNNOEBWtAGAhN4hld4cwrnxXl3PpajFafcOYU/cD5/AEqtlBI=</latexit><latexit sha1_base64="R45UDm5sKT8ocvzuxfzxai33Img=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRbBVZkRQZdFNy4r2Ae0w5DJZNrQTDIkmUIZ+iduXCji1j9x59+YtrPQ1gMhh3PuJScnyjjTxvO+ncrG5tb2TnW3trd/cHjkHp90tMwVoW0iuVS9CGvKmaBtwwynvUxRnEacdqPx/dzvTqjSTIonM81okOKhYAkj2FgpdN1BJHmsp6m9isksHIZu3Wt4C6B14pekDiVaofs1iCXJUyoM4Vjrvu9lJiiwMoxwOqsNck0zTMZ4SPuWCpxSHRSL5DN0YZUYJVLZIwxaqL83CpzqeTg7mWIz0qveXPzP6+cmuQ0KJrLcUEGWDyU5R0aieQ0oZooSw6eWYKKYzYrICCtMjC2rZkvwV7+8TjpXDd/yx+t6866sowpncA6X4MMNNOEBWtAGAhN4hld4cwrnxXl3PpajFafcOYU/cD5/AEqtlBI=</latexit>

Zg
<latexit sha1_base64="tqNha1FT7hLPskhekVC8KujsO7k=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8CmlMn0ph06mYSZiVBCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWBym/udJ1Sax/LBTBPsR3QkecgZNVby/YiacRBmj7PBaFCtuXV3DrJKvILUoEBzUP3yhzFLI5SGCap1z3MT08+oMpwJnFX8VGNC2YSOsGeppBHqfjbPPCNnVhmSMFb2SUPm6u+NjEZaT6PATuYZ9bKXi/95vdSE1/2MyyQ1KNniUJgKYmKSF0CGXCEzYmoJZYrbrISNqaLM2JoqtgRv+curpH1R9yy/v6w1boo6ynACp3AOHlxBA+6gCS1gkMAzvMKbkzovzrvzsRgtOcXOMfyB8/kDTmiR2A==</latexit><latexit sha1_base64="tqNha1FT7hLPskhekVC8KujsO7k=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8CmlMn0ph06mYSZiVBCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWBym/udJ1Sax/LBTBPsR3QkecgZNVby/YiacRBmj7PBaFCtuXV3DrJKvILUoEBzUP3yhzFLI5SGCap1z3MT08+oMpwJnFX8VGNC2YSOsGeppBHqfjbPPCNnVhmSMFb2SUPm6u+NjEZaT6PATuYZ9bKXi/95vdSE1/2MyyQ1KNniUJgKYmKSF0CGXCEzYmoJZYrbrISNqaLM2JoqtgRv+curpH1R9yy/v6w1boo6ynACp3AOHlxBA+6gCS1gkMAzvMKbkzovzrvzsRgtOcXOMfyB8/kDTmiR2A==</latexit><latexit sha1_base64="tqNha1FT7hLPskhekVC8KujsO7k=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8CmlMn0ph06mYSZiVBCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWBym/udJ1Sax/LBTBPsR3QkecgZNVby/YiacRBmj7PBaFCtuXV3DrJKvILUoEBzUP3yhzFLI5SGCap1z3MT08+oMpwJnFX8VGNC2YSOsGeppBHqfjbPPCNnVhmSMFb2SUPm6u+NjEZaT6PATuYZ9bKXi/95vdSE1/2MyyQ1KNniUJgKYmKSF0CGXCEzYmoJZYrbrISNqaLM2JoqtgRv+curpH1R9yy/v6w1boo6ynACp3AOHlxBA+6gCS1gkMAzvMKbkzovzrvzsRgtOcXOMfyB8/kDTmiR2A==</latexit><latexit sha1_base64="tqNha1FT7hLPskhekVC8KujsO7k=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8CmlMn0ph06mYSZiVBCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWBym/udJ1Sax/LBTBPsR3QkecgZNVby/YiacRBmj7PBaFCtuXV3DrJKvILUoEBzUP3yhzFLI5SGCap1z3MT08+oMpwJnFX8VGNC2YSOsGeppBHqfjbPPCNnVhmSMFb2SUPm6u+NjEZaT6PATuYZ9bKXi/95vdSE1/2MyyQ1KNniUJgKYmKSF0CGXCEzYmoJZYrbrISNqaLM2JoqtgRv+curpH1R9yy/v6w1boo6ynACp3AOHlxBA+6gCS1gkMAzvMKbkzovzrvzsRgtOcXOMfyB8/kDTmiR2A==</latexit>

i g
<latexit sha1_base64="x/4RPq4PouU6ZeD4oDt3WjFzgMc=">AAAB+3icbVDLSsNAFL3xWesr1qWbYBFclUQEXRbduKxgH9CGMJlM2qGTmTAzEUvIr7hxoYhbf8Sdf+OkzUJbDwxzOOde5swJU0aVdt1va219Y3Nru7ZT393bPzi0jxo9JTKJSRcLJuQgRIowyklXU83IIJUEJSEj/XB6W/r9RyIVFfxBz1LiJ2jMaUwx0kYK7MYoFCxSs8RcOS2CfFwEdtNtuXM4q8SrSBMqdAL7axQJnCWEa8yQUkPPTbWfI6kpZqSojzJFUoSnaEyGhnKUEOXn8+yFc2aUyImFNIdrZ67+3shRosp4ZjJBeqKWvVL8zxtmOr72c8rTTBOOFw/FGXO0cMoinIhKgjWbGYKwpCargydIIqxNXXVTgrf85VXSu2h5ht9fNts3VR01OIFTOAcPrqANd9CBLmB4gmd4hTersF6sd+tjMbpmVTvH8AfW5w8HF5UR</latexit><latexit sha1_base64="x/4RPq4PouU6ZeD4oDt3WjFzgMc=">AAAB+3icbVDLSsNAFL3xWesr1qWbYBFclUQEXRbduKxgH9CGMJlM2qGTmTAzEUvIr7hxoYhbf8Sdf+OkzUJbDwxzOOde5swJU0aVdt1va219Y3Nru7ZT393bPzi0jxo9JTKJSRcLJuQgRIowyklXU83IIJUEJSEj/XB6W/r9RyIVFfxBz1LiJ2jMaUwx0kYK7MYoFCxSs8RcOS2CfFwEdtNtuXM4q8SrSBMqdAL7axQJnCWEa8yQUkPPTbWfI6kpZqSojzJFUoSnaEyGhnKUEOXn8+yFc2aUyImFNIdrZ67+3shRosp4ZjJBeqKWvVL8zxtmOr72c8rTTBOOFw/FGXO0cMoinIhKgjWbGYKwpCargydIIqxNXXVTgrf85VXSu2h5ht9fNts3VR01OIFTOAcPrqANd9CBLmB4gmd4hTersF6sd+tjMbpmVTvH8AfW5w8HF5UR</latexit><latexit sha1_base64="x/4RPq4PouU6ZeD4oDt3WjFzgMc=">AAAB+3icbVDLSsNAFL3xWesr1qWbYBFclUQEXRbduKxgH9CGMJlM2qGTmTAzEUvIr7hxoYhbf8Sdf+OkzUJbDwxzOOde5swJU0aVdt1va219Y3Nru7ZT393bPzi0jxo9JTKJSRcLJuQgRIowyklXU83IIJUEJSEj/XB6W/r9RyIVFfxBz1LiJ2jMaUwx0kYK7MYoFCxSs8RcOS2CfFwEdtNtuXM4q8SrSBMqdAL7axQJnCWEa8yQUkPPTbWfI6kpZqSojzJFUoSnaEyGhnKUEOXn8+yFc2aUyImFNIdrZ67+3shRosp4ZjJBeqKWvVL8zxtmOr72c8rTTBOOFw/FGXO0cMoinIhKgjWbGYKwpCargydIIqxNXXVTgrf85VXSu2h5ht9fNts3VR01OIFTOAcPrqANd9CBLmB4gmd4hTersF6sd+tjMbpmVTvH8AfW5w8HF5UR</latexit><latexit sha1_base64="x/4RPq4PouU6ZeD4oDt3WjFzgMc=">AAAB+3icbVDLSsNAFL3xWesr1qWbYBFclUQEXRbduKxgH9CGMJlM2qGTmTAzEUvIr7hxoYhbf8Sdf+OkzUJbDwxzOOde5swJU0aVdt1va219Y3Nru7ZT393bPzi0jxo9JTKJSRcLJuQgRIowyklXU83IIJUEJSEj/XB6W/r9RyIVFfxBz1LiJ2jMaUwx0kYK7MYoFCxSs8RcOS2CfFwEdtNtuXM4q8SrSBMqdAL7axQJnCWEa8yQUkPPTbWfI6kpZqSojzJFUoSnaEyGhnKUEOXn8+yFc2aUyImFNIdrZ67+3shRosp4ZjJBeqKWvVL8zxtmOr72c8rTTBOOFw/FGXO0cMoinIhKgjWbGYKwpCargydIIqxNXXVTgrf85VXSu2h5ht9fNts3VR01OIFTOAcPrqANd9CBLmB4gmd4hTersF6sd+tjMbpmVTvH8AfW5w8HF5UR</latexit>
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÷<latexit sha1_base64="Ae8E7YzPjJN8/Zf42esk/zwwl08=">AAAB8HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgm2VNpTNZtMu3WzC7kQoof4JLx4U8erP8ea/cdvmoK0vLDy8M8POvEEqhUHX/XZKK6tr6xvlzcrW9s7uXnX/oG2STDPeYolM9H1ADZdC8RYKlPw+1ZzGgeSdYHQ9rXceuTYiUXc4Trkf04ESkWAUrfXQQyFDnj9N+tWaW3dnIsvgFVCDQs1+9asXJiyLuUImqTFdz03Rz6lGwSSfVHqZ4SllIzrgXYuKxtz4+WzhCTmxTkiiRNunkMzc3xM5jY0Zx4HtjCkOzWJtav5X62YYXfq5UGmGXLH5R1EmCSZkej0JheYM5dgCZVrYXQkbUk0Z2owqNgRv8eRlaJ/VPcu357XGVRFHGY7gGE7BgwtowA00oQUMYniGV3hztPPivDsf89aSU8wcwh85nz9MfZC4</latexit><latexit sha1_base64="Ae8E7YzPjJN8/Zf42esk/zwwl08=">AAAB8HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgm2VNpTNZtMu3WzC7kQoof4JLx4U8erP8ea/cdvmoK0vLDy8M8POvEEqhUHX/XZKK6tr6xvlzcrW9s7uXnX/oG2STDPeYolM9H1ADZdC8RYKlPw+1ZzGgeSdYHQ9rXceuTYiUXc4Trkf04ESkWAUrfXQQyFDnj9N+tWaW3dnIsvgFVCDQs1+9asXJiyLuUImqTFdz03Rz6lGwSSfVHqZ4SllIzrgXYuKxtz4+WzhCTmxTkiiRNunkMzc3xM5jY0Zx4HtjCkOzWJtav5X62YYXfq5UGmGXLH5R1EmCSZkej0JheYM5dgCZVrYXQkbUk0Z2owqNgRv8eRlaJ/VPcu357XGVRFHGY7gGE7BgwtowA00oQUMYniGV3hztPPivDsf89aSU8wcwh85nz9MfZC4</latexit><latexit sha1_base64="Ae8E7YzPjJN8/Zf42esk/zwwl08=">AAAB8HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgm2VNpTNZtMu3WzC7kQoof4JLx4U8erP8ea/cdvmoK0vLDy8M8POvEEqhUHX/XZKK6tr6xvlzcrW9s7uXnX/oG2STDPeYolM9H1ADZdC8RYKlPw+1ZzGgeSdYHQ9rXceuTYiUXc4Trkf04ESkWAUrfXQQyFDnj9N+tWaW3dnIsvgFVCDQs1+9asXJiyLuUImqTFdz03Rz6lGwSSfVHqZ4SllIzrgXYuKxtz4+WzhCTmxTkiiRNunkMzc3xM5jY0Zx4HtjCkOzWJtav5X62YYXfq5UGmGXLH5R1EmCSZkej0JheYM5dgCZVrYXQkbUk0Z2owqNgRv8eRlaJ/VPcu357XGVRFHGY7gGE7BgwtowA00oQUMYniGV3hztPPivDsf89aSU8wcwh85nz9MfZC4</latexit><latexit sha1_base64="Ae8E7YzPjJN8/Zf42esk/zwwl08=">AAAB8HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgm2VNpTNZtMu3WzC7kQoof4JLx4U8erP8ea/cdvmoK0vLDy8M8POvEEqhUHX/XZKK6tr6xvlzcrW9s7uXnX/oG2STDPeYolM9H1ADZdC8RYKlPw+1ZzGgeSdYHQ9rXceuTYiUXc4Trkf04ESkWAUrfXQQyFDnj9N+tWaW3dnIsvgFVCDQs1+9asXJiyLuUImqTFdz03Rz6lGwSSfVHqZ4SllIzrgXYuKxtz4+WzhCTmxTkiiRNunkMzc3xM5jY0Zx4HtjCkOzWJtav5X62YYXfq5UGmGXLH5R1EmCSZkej0JheYM5dgCZVrYXQkbUk0Z2owqNgRv8eRlaJ/VPcu357XGVRFHGY7gGE7BgwtowA00oQUMYniGV3hztPPivDsf89aSU8wcwh85nz9MfZC4</latexit>

÷<latexit sha1_base64="Ae8E7YzPjJN8/Zf42esk/zwwl08=">AAAB8HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgm2VNpTNZtMu3WzC7kQoof4JLx4U8erP8ea/cdvmoK0vLDy8M8POvEEqhUHX/XZKK6tr6xvlzcrW9s7uXnX/oG2STDPeYolM9H1ADZdC8RYKlPw+1ZzGgeSdYHQ9rXceuTYiUXc4Trkf04ESkWAUrfXQQyFDnj9N+tWaW3dnIsvgFVCDQs1+9asXJiyLuUImqTFdz03Rz6lGwSSfVHqZ4SllIzrgXYuKxtz4+WzhCTmxTkiiRNunkMzc3xM5jY0Zx4HtjCkOzWJtav5X62YYXfq5UGmGXLH5R1EmCSZkej0JheYM5dgCZVrYXQkbUk0Z2owqNgRv8eRlaJ/VPcu357XGVRFHGY7gGE7BgwtowA00oQUMYniGV3hztPPivDsf89aSU8wcwh85nz9MfZC4</latexit><latexit sha1_base64="Ae8E7YzPjJN8/Zf42esk/zwwl08=">AAAB8HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgm2VNpTNZtMu3WzC7kQoof4JLx4U8erP8ea/cdvmoK0vLDy8M8POvEEqhUHX/XZKK6tr6xvlzcrW9s7uXnX/oG2STDPeYolM9H1ADZdC8RYKlPw+1ZzGgeSdYHQ9rXceuTYiUXc4Trkf04ESkWAUrfXQQyFDnj9N+tWaW3dnIsvgFVCDQs1+9asXJiyLuUImqTFdz03Rz6lGwSSfVHqZ4SllIzrgXYuKxtz4+WzhCTmxTkiiRNunkMzc3xM5jY0Zx4HtjCkOzWJtav5X62YYXfq5UGmGXLH5R1EmCSZkej0JheYM5dgCZVrYXQkbUk0Z2owqNgRv8eRlaJ/VPcu357XGVRFHGY7gGE7BgwtowA00oQUMYniGV3hztPPivDsf89aSU8wcwh85nz9MfZC4</latexit><latexit sha1_base64="Ae8E7YzPjJN8/Zf42esk/zwwl08=">AAAB8HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgm2VNpTNZtMu3WzC7kQoof4JLx4U8erP8ea/cdvmoK0vLDy8M8POvEEqhUHX/XZKK6tr6xvlzcrW9s7uXnX/oG2STDPeYolM9H1ADZdC8RYKlPw+1ZzGgeSdYHQ9rXceuTYiUXc4Trkf04ESkWAUrfXQQyFDnj9N+tWaW3dnIsvgFVCDQs1+9asXJiyLuUImqTFdz03Rz6lGwSSfVHqZ4SllIzrgXYuKxtz4+WzhCTmxTkiiRNunkMzc3xM5jY0Zx4HtjCkOzWJtav5X62YYXfq5UGmGXLH5R1EmCSZkej0JheYM5dgCZVrYXQkbUk0Z2owqNgRv8eRlaJ/VPcu357XGVRFHGY7gGE7BgwtowA00oQUMYniGV3hztPPivDsf89aSU8wcwh85nz9MfZC4</latexit><latexit sha1_base64="Ae8E7YzPjJN8/Zf42esk/zwwl08=">AAAB8HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgm2VNpTNZtMu3WzC7kQoof4JLx4U8erP8ea/cdvmoK0vLDy8M8POvEEqhUHX/XZKK6tr6xvlzcrW9s7uXnX/oG2STDPeYolM9H1ADZdC8RYKlPw+1ZzGgeSdYHQ9rXceuTYiUXc4Trkf04ESkWAUrfXQQyFDnj9N+tWaW3dnIsvgFVCDQs1+9asXJiyLuUImqTFdz03Rz6lGwSSfVHqZ4SllIzrgXYuKxtz4+WzhCTmxTkiiRNunkMzc3xM5jY0Zx4HtjCkOzWJtav5X62YYXfq5UGmGXLH5R1EmCSZkej0JheYM5dgCZVrYXQkbUk0Z2owqNgRv8eRlaJ/VPcu357XGVRFHGY7gGE7BgwtowA00oQUMYniGV3hztPPivDsf89aSU8wcwh85nz9MfZC4</latexit>

(I) sti ! grid
<latexit sha1_base64="MG1BSszI1pO47SGkev0Jbl7Btlo=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBDiJezGgx6DXvQWwTwgWcPs7GwyZPbBTK8SlvyHFw+KePVfvPk3TpI9aGJBQ1HVTXeXl0ih0ba/rZXVtfWNzcJWcXtnd2+/dHDY0nGqGG+yWMaq41HNpYh4EwVK3kkUp6EnedsbXU/99iNXWsTRPY4T7oZ0EIlAMIpGeqjcnhGNIgjIQAm/XyrbVXsGskycnJQhR6Nf+ur5MUtDHiGTVOuuYyfoZlShYJJPir1U84SyER3wrqERDbl2s9nVE3JqFJ8EsTIVIZmpvycyGmo9Dj3TGVIc6kVvKv7ndVMMLt1MREmKPGLzRUEqCcZkGgHxheIM5dgQypQwtxI2pIoyNEEVTQjO4svLpFWrOufV2l2tXL/K4yjAMZxABRy4gDrcQAOawEDBM7zCm/VkvVjv1se8dcXKZ47gD6zPHyiTkaQ=</latexit>

(II) weak grid
<latexit sha1_base64="wSRqkbfU9aaGDK3AuUCOSfbE/sM=">AAAB9XicbVDLTgJBEOz1ifhCPXqZSEzwQnbxoEeiF7lhIo8EVjI79MKE2UdmZiVkw3948aAxXv0Xb/6NA+xBwUo6qVR1p7vLiwVX2ra/rbX1jc2t7dxOfndv/+CwcHTcVFEiGTZYJCLZ9qhCwUNsaK4FtmOJNPAEtrzR7cxvPaFUPAof9CRGN6CDkPucUW2kx1KtdkHGSEdkIHm/VyjaZXsOskqcjBQhQ71X+Or2I5YEGGomqFIdx461m1KpORM4zXcThTFlIzrAjqEhDVC56fzqKTk3Sp/4kTQVajJXf0+kNFBqEnimM6B6qJa9mfif10m0f+2mPIwTjSFbLPITQXREZhGQPpfItJgYQpnk5lbChlRSpk1QeROCs/zyKmlWys5luXJfKVZvsjhycApnUAIHrqAKd1CHBjCQ8Ayv8GaNrRfr3fpYtK5Z2cwJ/IH1+QPmHpF5</latexit>

d
dt ! g = " 0

vg = vg

!
! sin ! g

cos! g

"

<latexit sha1_base64="2Jpka9ApBCdkVdUtsTbP24zlF6o="></latexit>

i g = Z ! 1
g vg

<latexit sha1_base64="LkU/8EgYR2Ct6QWOkCaTBC8y7Cs=">AAACFXicbVDLSsNAFJ3UV62vqEs3g0VwoSWpgm6EohuXFewD2xgmk0k6dPJgZlIoIT/hxl9x40IRt4I7/8ZJm0VtPTDM4Zx7ufceJ2ZUSMP40UpLyyura+X1ysbm1vaOvrvXFlHCMWnhiEW86yBBGA1JS1LJSDfmBAUOIx1neJP7nRHhgkbhvRzHxAqQH1KPYiSVZOsnfSdirhgH6ktpZvvwCj7Y/mN6amaz1ii3bL1q1IwJ4CIxC1IFBZq2/t13I5wEJJSYISF6phFLK0VcUsxIVukngsQID5FPeoqGKCDCSidXZfBIKS70Iq5eKOFEne1IUSDy7VRlgORAzHu5+J/XS6R3aaU0jBNJQjwd5CUMygjmEUGXcoIlGyuCMKdqV4gHiCMsVZAVFYI5f/Iiaddr5lmtfndebVwXcZTBATgEx8AEF6ABbkETtAAGT+AFvIF37Vl71T60z2lpSSt69sEfaF+/BMafWQ==</latexit>

Zg
<latexit sha1_base64="hrOi97I74nZGtoKY1vrIxVWlvWw=">AAACGnicbVDLSsNAFJ3UV42vqEs3g6XgxpJUQTdC0Y3LCvaBbQyTySQdOnkwMymU0O9w46+4caGIO3Hj3zhps6itB4Y5nHMv997jJowKaZo/WmlldW19o7ypb23v7O4Z+wdtEacckxaOWcy7LhKE0Yi0JJWMdBNOUOgy0nGHN7nfGREuaBzdy3FC7BAFEfUpRlJJjmFV+27MPDEO1ZfRiRPAK/jgBI/ZqTWZt0a5pSvHMSpmzZwCLhOrIBVQoOkYX30vxmlIIokZEqJnmYm0M8QlxYxM9H4qSILwEAWkp2iEQiLsbHraBFaV4kE/5upFEk7V+Y4MhSLfUFWGSA7EopeL/3m9VPqXdkajJJUkwrNBfsqgjGGeE/QoJ1iysSIIc6p2hXiAOMJSpamrEKzFk5dJu16zzmr1u/NK47qIowyOwDE4ARa4AA1wC5qgBTB4Ai/gDbxrz9qr9qF9zkpLWtFzCP5A+/4FB2mg2g==</latexit>

Figure 4.9: The two types of AC-busses considered: (I) a sti� voltage source and (II) a
local AC-capacitor charged by a distant source and its Norton equivalent.

Regulation of weak grids

Consider the dynamics (4.91), augmented with an AC capacitor having per-phase ca-
pacitance Cf = cfI2, and subject to a sinusoidal current load ig, written as

d
dt [


r
� ] = w (4.108a)

d
dtMew =�Dew + 1

�e
rR>� is + ue (4.108b)
d
dtLsis =�Rsis � 1

�e
rR�w + vf (4.108c)
d
dtCfvf =�Gfvf � is + ig ; (4.108d)

where ue =
h
�dc
fdc

i
, together with the zero sequence (also known as the common-mode)

circuit component
d
dt lsi0 =� rsi0 + v0 ; (4.109a)

d
dtcfv0 =� gfv0 � i0 + iz : (4.109b)

The state is now augmented with Cfvf 2 R2 and cfv0 2 R, describing the charge inside
the plates of the capacitor in ��-frame. We assume that the exogenous input (ig; iz)
evolves according to

8
>>><

>>>:

d
dtig = j!0ig
d
dtiz = 0
�g = atan2(ig� ; ig�)

()
kig(0)k=ig
iz(0)=0

8
>>><

>>>:

_�g = !0

ig = igR�gg2

iz = 0 ;
(4.110)
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Chapter 4. Power conversion problems

and models, in conjunction to the AC-side conductance Gf = gfI2 a weak grid, in the
sense that its Norton equivalent would be a sinusoidal voltage source in series with
the resistive impedance G�1

f . The grid-forming nature of matching control has been
investigated in [AJD18; AD19]. Since (4.109) is an asymptotically stable system and is
decoupled from (4.108), we shall set it aside. We write the extended Hamiltonian for
system (4.108) as

Hf = 1
2w
>Mew + 1

2i
>
s Lsis + 1

2v
>
f Cfvf : (4.111)

PQ set-point tracking

In spirit of the previous sections, we �rst consider the PQ tracking scenario. We keep
the exact same control structure as in (4.93). The arguments in Section 4.2.1 extend as
follows. First, if we consider the controlled-invariant set

Z�1 = f(�; !; 
r; �; is;vf ; ig) : � = 0; ! = !0g ; (4.112)

we have that a cascade is induced for the motion on Z�1
8
<

:

d
dt êx = j!0êx
d
dtig = j!0ig

�!
d
dt

"
Lsis
Cfvf

#

= �
"
Rs �I2

I2 Gf

# "
is
vf

#

+
"
�êx
ig

#

; (4.113)

where êx = 1
�e
rR�g2!0 is a function of (�; 
r). The driven system is LTI with input

(êx; ig) and asymptotically stable in open loop, hence the Sylvester equation associated
to this cascade has a unique solution, which we denote �f , given below

"
îs
v̂f

#

=
"
�Yf (ZsYf + I2)�1 (ZsYf + I2)�1

(ZsYf + I2)�1 Zs(ZsYf + I2)�1

#

| {z }
�f

"
êx
ig

#

; (4.114)

where Yf = Gf + j!0Cf is the AC-bus admittance. Similarly to Section 4.2.1 we have
that, relative to Z�1 the motion converges to another controlled-invariant set

Z�2 =
n

(�; !; 
r; �; is;vf ; ig) : [ �! ] = [ 0
!0 ];

h
is
vf

i
= �f

h
ex
ig

io
(4.115)

The invariance-inducing input on this set becomes �dc = ��dc and fdc = D!0 + f �1 with
"
��dc
f �1

#

=
"
�̂e
f̂e

#

=� 1
�e
rR>� îs = � 1

�e
rR>� G>1 �f

"
êx
ig

#

(4.116)

We use these phasors to de�ne the extended expressions for (4.95e) and (4.95f) as

~Wf = 1
2(is � îs)>Ls(is � îs) + 1

2(vf � v̂f )>Cf (vf � v̂f ) (4.117a)
~Sf = 1

2(P̂g � P �g )2 + 1
2(Q̂g �Q�g)

2 ; (4.117b)
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4.3 Single inverter connected to an in�nite bus

where (P �g ; Q�g) is a set-point for the apparent power extracted by ig, such that

Pg = � i>g vf
Qg = � i>g j

>vf

�����
P̂g = � i>g v̂f
Q̂g = � i>g j

>v̂f :
(4.118)

We are thus able to express the gradients

r~qe
~Wf =�r~qe(�fG1êx)

h
Ls~is
Cf ~vf

i
= �(j!0

1
�e
rR�rR�g)

>G>1 �f
>
h
Ls~is
Cf ~vf

i

r~qe
~Sf = (j!0

1
�e
rR�rR�g)

>G>1 �f
>G2

�
ig(P̂g � P �g ) + jig(Q̂g �Q�g)

�
;

(4.119)

and use the controller in standard form
8
<

:
�dc = �̂e �r
r

~Wf � k4r
r
~Sf � ke2
r�

fdc = f̂e �r�r
~Wf � k4r�r

~Sf � ke2
r(! � !0) +D!0 ;
(4.120)

which yields the error dynamics, where we denote by Ke = De + e2
rK,

d
dt [


r
�r ] = ~w (4.121a)

d
dtMe ~w =�Ke ~w + 1

�e
rR>�rR
>
�g

~is � 1
�e
rR>�rR

>
�gG
>
1 �f

>
h
j!0Ls~is
j!0Cf ~vf

i
� k4r~qe

~Sf (4.121b)
d
dtLs~is =�Rs~is + ~vf � 1

�e
rR�rR�g ~w � j!0LsG>1 �f
>G1

1
�e
rR�rR�g ~w (4.121c)

d
dtCf ~vf =�Gf ~vf � ~is � j!0CfG>2 �f

>G1
1
�e
rR�rR�g ~w : (4.121d)

If we consider the shifted Hamiltonian

~Hf = 1
2 ~w>Me ~w + 1

2
~i>s Ls~is + 1

2 ~v>f Cf ~vf + k4 ~Sf (~qe) : (4.122)

we have that
d
dt

~Hf = � ~w>Ke ~w � ~i>s Rs~is � ~v>f Gf ~vf ; (4.123)

and so we can conclude that the original system converges to

Z�3 =
n

(�; !; 
r; �; is;vf ; ig) : [ �! ] = [ 0
!0 ];

h
is
vf

i
= �f

h
ex
ig

i
;
h
Pg
Qg

i
=
h P �g
Q�g

io
: (4.124)

Proposition 4.3. (Inverter PQ-speci�cations). Consider the three-phase inverter
in (4.18), a set-point (v�dc; P �g ; Q�g) and the controller (4.19)-(4.20)-(4.21)-(4.22)-(4.120).
Then, the set Z�3 in (4.124) is globally asymptotically stable for the closed-loop system.

Proof of Proposition 4.3: If we consider the closed loop (4.121) under the di�eomorphism
(4.83), and in �g-rotating frame, we have that

d
dt� = e
rR�r ~w (4.125a)

d
dtMe ~w =�Ke(
r) ~w + 1

�e
rR>�r~i
dq
s � 1

�e
rR>�rG
>
1 �f

>
�
j!0Ls~idqs
j!0Cf ~vdqf

�
� k4r~qe

~Sf (4.125b)

d
dtLs~i

dq
s =� Zs~idqs + ~vdqf �

1
�e
rR�r ~w � j!0LsG>1 �f

>G1
1
�e
rR�r ~w (4.125c)

d
dtCf ~vdqf =� Yf ~vdqf � ~idqs � j!0CfG>2 �f

>G1
1
�e
rR�r ~w : (4.125d)

85



Chapter 4. Power conversion problems

For clarity we rewrite the Hamiltonian in new coordinates as

Hf = 1
2 ~w>Me ~w + 1

2
~idq>s Ls~idqs + 1

2 ~vdq>f Cf ~vdqf + k4Sf (�) ; (4.126)

where Sf (�) = ~Sf (
r; �r) yields r~qe
~Sf = e
rR>�rr�Sf . As we evaluate the derivative of

Hf along the solutions of (4.125), we have that
d
dtHf = � ~w>Ke ~w � ~idq>s Rs~idqs � ~vdq>f Gf ~vdqf : (4.127)

It remains to assess the radial unboundedness of Sf . We expand it as

Sf = 1
2(� � ��)>(j!0

1
� )>(ZsYf + I2)�>

�
igi>g + (jig)(jig)>

�
(ZsYf + I2)�1j!0

1
� (� � ��)

= 1
2(� � ��)> i2g!2

0
�2kZsYf+I2k2 (� � ��) ;

which is indeed radially unbounded. We are able to now use LaSalle to conclude that
all closed-loop trajectories converge to (4.124), i.e. the largest invariant subset of the
zero-dissipation set.

Here too, the implementation may be simpli�ed by removing some steady-state terms,
in a similar manner as seen before, e.g. in (4.104).

Voltage amplitude regulation

Suppose we are given a setpoint v�f for the capacitor voltage magnitude kvfk. In this
aim, recall that ig = igR�gg2 and observe the following

"
P̂g
Q̂g

#

= �
"
i>g

(jig)>

#

v̂f ,
"
P̂g
Q̂g

#

= �igR>�g v̂f ) kv̂fk
2 = 1

i2g
(P̂ 2

g + Q̂2
g) : (4.128)

Similarly, for a given operating point, kv�fk2 = 1
i2g

(P �2g + Q�2g ). This means, given either
two of the three set-points v�f , P �g and Q�g, or a setpoint v�f , one can recast the regulation
problem to a PQ set-point tracking. However, there are scenarios in which only v�f is of
interest, namely in the case of grid forming units. In this case one can de�ne

~Uf = 1
2(kv̂fk � v�f )

2 ; (4.129)

and use

r~qe
~Uf = (j!0

1
�e
rR�rR�g)

>G>1 �f
>G2(kv̂fk � v�f )

= (j!0
1
�e
rR�rR�g)

>(ZsYf + I2)�> vf
kv̂fk

(kv̂fk � v�f ) ;
(4.130)

which, in the limit when Zs � 0, i.e. when v̂f � êx, (4.130) recovers heuristics, i.e. a
controller which acts only on the amplitude component 
r

r
r
~Uf = 1

�!0e
r(kvfk � v�f ) (4.131a)

r�r
~Uf = 0 ; (4.131b)
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4.3 Single inverter connected to an in�nite bus

in which case angle �r is left unregulated and 
r converges to 
�r satisfying kvfk = v�f .
We recall from [AD19] the following Bregman shifted energy function

B = Q̂g(
r; �r)� Q̂g(
�r ; �
�
r)�r�rQ̂g(
�r ; �

�
r)(�r � �

�
r) : (4.132)

If we compute
r�rQ̂g(
r; �r) = g>2 (j!0

1
�e
rR�rR�g)

>G>1 �f
>G2jig (4.133)

we have that

r�rB = r�rQ̂g(
r; �r)�r�rQ̂g(
�r ; �
�
r) = P̂g(
r; �r)� P̂g(
�r ; �

�
r) (4.134)

and so, if we are given a set-point P �g , we can achieve it solely by gradient descent on
the angle variable.

Remark 4.9. (Synchronization potential). In [AD18] the notion of synchronization
potential was used to describe an energy function which depended only on the angle
variable, and was seen as a Kuramoto-type potential energy. Although that situation
was relevant for a multi-machine scenario, we can adopt its viewpoint for the single-
inverter system (4.108) by setting ig = 0. In this way we rewrite (4.116) as

"
�̂e
f̂e

#

=� 1
�e
rR>� îs = � 1

�e
rR>� G>1 �fG1êx

= 1
�e
rR>� Yf (ZsYf + I2)�1 1

�e
rR�g2!0 ;
(4.135)

where, in this situation, Ynet = Yf (ZsYf +I2)�1. Notice that by left-multiplying by !0g>2
we have the power balance

!0g>2
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= !0g>2 1
�e
rR>� Yre

1
�e
rR�g2!0

= î>s Rsîs + v̂>f Gf v̂f :
(4.136)

The symmetric part of Ynet = G>1 �fG1 is expressed as

Yre = 1
2Yf (ZsYf + I2)�1 + 1

2(ZsYf + I2)�>Y >f

= �>1

"
Rs O2

O2 Gf

#

�1 ;
(4.137)

where �1 = �fG1 is the new steady-state response given that we have removed ig from
the system. Moreover, the antisymmetric part of the network admittance is

Yim = 1
2Yf (ZsYf + I2)�1 � 1

2(ZsYf + I2)�>Y >f

= �>1

"
�j!0Ls O2

O2 j!0Cf

#

�1 :
(4.138)
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Using these observations we can construct the baseline synchronization potential as

Sf = 1
2 î
>
s Lsîs � 1

2 v̂
>
f Cf v̂f ; (4.139)

yielding what can be seen as the reactive part of (4.135),

r~qeSf = 1
�e
rR>�rR

>
�g�

>
1

"
�j!0Ls O2

O2 j!0Cf

#

�1
1
�e
rR�rR�gg2!0 : (4.140)

Whether the load current is zero or not, shifting Sf becomes independent on ig. It is
useful therefore, to see how Sf relates to ~Sf also for system (4.108). Notice

~Sf = 1
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2
�
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(4.141)

where e�x = 1
�e
�rR��rR�gg2!0. The plot of this energy function is similar to that of ~Ss�

and ~S when the grid current is taken as ig = Gfvg, corresponding to a weak grid scenario.
�

To conclude this chapter, we have seen that there are several insighful ways to construct
the potential energy for single machine/converter systems subjected to sinusoidal loads.
Upon the proposed dynamic extension, two degrees of freedom are made available to
achieve most standard power conversion speci�cations while maintaining internal stabil-
ity. The control design principles illustrated in Section 3.1 are used here to conclude the
stability of the re�ned manifold Z3. This procedure is instantiated in Proposition 4.2
and repeated for the converter system (4.91) to provide set-point tracking in an analo-
gous manner. When interconnecting multiple such systems, it is important to observe
when the structure of these controllers remains unchanged and to what extent it requires
modi�cations. The contributions of this chapter are as follows:

1. A dynamic model-matching controller for the synchronous machine with symmetric
damper windings and the three-phase inverter which emphasizes the ray-circle
decomposition of the mechanical, respectively the DC-side, dynamics;

2. A transverse feedback passivation procedure, centered on the construction of er-
ror coordinates and a LaSalle storage-function composed of kinetic and potential
energy, for under-actuated Hamiltonian systems;

3. A set-stabilization procedure for the single machine or converter system which
identi�es an inherent synchronization-potential energy function, shown to be radi-
ally unbounded, and which admits an error-feedback implementation in terms of
conventional engineering objectives (current, voltage, power).
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CHAPTER 5
Power transmission problems

Our aim is to address two fundamental questions in power systems: how to explicitly
characterize a desirable operating point and how to achieve it via feedback. An impor-
tant obstacle in stabilization of power networks dwells in the complex nonlinearity of
the energy exchange mechanism. This aspect is often obviated while adopting reduced
network and machine models of various degrees of �delity. Instead, we consider a special
class of under-actuated mechanical systems. While the kinetic energy represents the er-
ror relative to the response of a linear circuit, the potential energy is shaped with the help
of a circle-ray state-space decomposition. We will see how this synchronization potential
stems from the network topology and is re�ected in the electrical torque expression.

In this chapter we consider the power system model consisting of n synchronous ma-
chines without damper windings and inverters which are attached to capacitive voltage
buses and interconnected by m inductive transmission lines. The model of the transmis-
sion system is that of a three-phase electrical circuit (2.9). The loads of the power system
model are considered to be three-phase resistors attached to the AC-voltage busses and
possibly some of the (bidirectional) DC-current source elements on the DC-side of the
converter models. We omit the presence of damper windings in synchronous machines
in order to preserve clarity of notation. Their addition does not signi�cantly alter the
meaning of the results. We may also add sinusoidal current loads. In contrast to most
conventional approaches in the literature, we shall consider a global, stationary frame of
reference for all three phase quantities. In order to relate our full-order solution to stan-
dard practice, we also o�er a decentralized, reduced-order solution and compare them
to the results of Chapter 4.

This chapter is based on and further develops the ideas in [AD18].
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Chapter 5. Power transmission problems

5.1 Model preparation

Consider a connected graph G with n nodes andm edges and incidence matrix B 2 Rn�m,
as illustrated in Fig. 5.1. Suppose we have p synchronous machines and n� p inverters,
both of which use the extended matching controllers developed in Chapter 4.
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<latexit sha1_base64="3LThGqMusAgaZFpw48JHovRKjqQ=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiRV0GXRjcsK9gFtCJPJpB06mYSZSaGE/okbF4q49U/c+TdO2iy09cAwh3PuZc6cIOVMacf5tiobm1vbO9Xd2t7+weGRfXzSVUkmCe2QhCeyH2BFORO0o5nmtJ9KiuOA014wuS/83pRKxRLxpGcp9WI8EixiBGsj+bY9DBIeqllsrpzNfeXbdafhLIDWiVuSOpRo+/bXMExIFlOhCcdKDVwn1V6OpWaE03ltmCmaYjLBIzowVOCYKi9fJJ+jC6OEKEqkOUKjhfp7I8exKsKZyRjrsVr1CvE/b5Dp6NbLmUgzTQVZPhRlHOkEFTWgkElKNJ8ZgolkJisiYywx0aasminBXf3yOuk2G+5Vo/l4XW/dlXVU4QzO4RJcuIEWPEAbOkBgCs/wCm9Wbr1Y79bHcrRilTun8AfW5w9KTpQV</latexit>

i !
<latexit sha1_base64="YrsH/Lv98rC9jyvQS6MQiVsYKkI=">AAAB/nicbVBLSwMxGMz6rPW1Kp68BIvgqexWQY9FLx4r2Ad0lyWbTdvQbBKSrFCWgn/FiwdFvPo7vPlvzLZ70NaBkGHm+8hkYsmoNp737aysrq1vbFa2qts7u3v77sFhR4tMYdLGggnVi5EmjHLSNtQw0pOKoDRmpBuPbwu/+0iUpoI/mIkkYYqGnA4oRsZKkXscxIIlepLaK6fTKBgjKVHk1ry6NwNcJn5JaqBEK3K/gkTgLCXcYIa07vueNGGOlKGYkWk1yDSRCI/RkPQt5SglOsxn8afwzCoJHAhlDzdwpv7eyFGqi4R2MkVmpBe9QvzP62dmcB3mlMvMEI7nDw0yBo2ARRcwoYpgwyaWIKyozQrxCCmEjW2sakvwF7+8TDqNun9Rb9xf1po3ZR0VcAJOwTnwwRVogjvQAm2AQQ6ewSt4c56cF+fd+ZiPrjjlzhH4A+fzByKllj0=</latexit>

÷<latexit sha1_base64="Ae8E7YzPjJN8/Zf42esk/zwwl08=">AAAB8HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgm2VNpTNZtMu3WzC7kQoof4JLx4U8erP8ea/cdvmoK0vLDy8M8POvEEqhUHX/XZKK6tr6xvlzcrW9s7uXnX/oG2STDPeYolM9H1ADZdC8RYKlPw+1ZzGgeSdYHQ9rXceuTYiUXc4Trkf04ESkWAUrfXQQyFDnj9N+tWaW3dnIsvgFVCDQs1+9asXJiyLuUImqTFdz03Rz6lGwSSfVHqZ4SllIzrgXYuKxtz4+WzhCTmxTkiiRNunkMzc3xM5jY0Zx4HtjCkOzWJtav5X62YYXfq5UGmGXLH5R1EmCSZkej0JheYM5dgCZVrYXQkbUk0Z2owqNgRv8eRlaJ/VPcu357XGVRFHGY7gGE7BgwtowA00oQUMYniGV3hztPPivDsf89aSU8wcwh85nz9MfZC4</latexit><latexit sha1_base64="Ae8E7YzPjJN8/Zf42esk/zwwl08=">AAAB8HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgm2VNpTNZtMu3WzC7kQoof4JLx4U8erP8ea/cdvmoK0vLDy8M8POvEEqhUHX/XZKK6tr6xvlzcrW9s7uXnX/oG2STDPeYolM9H1ADZdC8RYKlPw+1ZzGgeSdYHQ9rXceuTYiUXc4Trkf04ESkWAUrfXQQyFDnj9N+tWaW3dnIsvgFVCDQs1+9asXJiyLuUImqTFdz03Rz6lGwSSfVHqZ4SllIzrgXYuKxtz4+WzhCTmxTkiiRNunkMzc3xM5jY0Zx4HtjCkOzWJtav5X62YYXfq5UGmGXLH5R1EmCSZkej0JheYM5dgCZVrYXQkbUk0Z2owqNgRv8eRlaJ/VPcu357XGVRFHGY7gGE7BgwtowA00oQUMYniGV3hztPPivDsf89aSU8wcwh85nz9MfZC4</latexit><latexit sha1_base64="Ae8E7YzPjJN8/Zf42esk/zwwl08=">AAAB8HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgm2VNpTNZtMu3WzC7kQoof4JLx4U8erP8ea/cdvmoK0vLDy8M8POvEEqhUHX/XZKK6tr6xvlzcrW9s7uXnX/oG2STDPeYolM9H1ADZdC8RYKlPw+1ZzGgeSdYHQ9rXceuTYiUXc4Trkf04ESkWAUrfXQQyFDnj9N+tWaW3dnIsvgFVCDQs1+9asXJiyLuUImqTFdz03Rz6lGwSSfVHqZ4SllIzrgXYuKxtz4+WzhCTmxTkiiRNunkMzc3xM5jY0Zx4HtjCkOzWJtav5X62YYXfq5UGmGXLH5R1EmCSZkej0JheYM5dgCZVrYXQkbUk0Z2owqNgRv8eRlaJ/VPcu357XGVRFHGY7gGE7BgwtowA00oQUMYniGV3hztPPivDsf89aSU8wcwh85nz9MfZC4</latexit><latexit sha1_base64="Ae8E7YzPjJN8/Zf42esk/zwwl08=">AAAB8HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgm2VNpTNZtMu3WzC7kQoof4JLx4U8erP8ea/cdvmoK0vLDy8M8POvEEqhUHX/XZKK6tr6xvlzcrW9s7uXnX/oG2STDPeYolM9H1ADZdC8RYKlPw+1ZzGgeSdYHQ9rXceuTYiUXc4Trkf04ESkWAUrfXQQyFDnj9N+tWaW3dnIsvgFVCDQs1+9asXJiyLuUImqTFdz03Rz6lGwSSfVHqZ4SllIzrgXYuKxtz4+WzhCTmxTkiiRNunkMzc3xM5jY0Zx4HtjCkOzWJtav5X62YYXfq5UGmGXLH5R1EmCSZkej0JheYM5dgCZVrYXQkbUk0Z2owqNgRv8eRlaJ/VPcu357XGVRFHGY7gGE7BgwtowA00oQUMYniGV3hztPPivDsf89aSU8wcwh85nz9MfZC4</latexit> v g
<latexit sha1_base64="sL3EcQk8divxR0K318YefWg5u4g=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiRV0GXRjcsK9gFtCJPJpB06mYSZSaGE/okbF4q49U/c+TdO2iy09cAwh3PuZc6cIOVMacf5tiobm1vbO9Xd2t7+weGRfXzSVUkmCe2QhCeyH2BFORO0o5nmtJ9KiuOA014wuS/83pRKxRLxpGcp9WI8EixiBGsj+bY9DBIeqllsrnw690e+XXcazgJonbglqUOJtm9/DcOEZDEVmnCs1MB1Uu3lWGpGOJ3XhpmiKSYTPKIDQwWOqfLyRfI5ujBKiKJEmiM0Wqi/N3IcqyKcmYyxHqtVrxD/8waZjm69nIk001SQ5UNRxpFOUFEDCpmkRPOZIZhIZrIiMsYSE23KqpkS3NUvr5Nus+FeNZqP1/XWXVlHFc7gHC7BhRtowQO0oQMEpvAMr/Bm5daL9W59LEcrVrlzCn9gff4AS/mUFg==</latexit>

i s
<latexit sha1_base64="3LThGqMusAgaZFpw48JHovRKjqQ=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiRV0GXRjcsK9gFtCJPJpB06mYSZSaGE/okbF4q49U/c+TdO2iy09cAwh3PuZc6cIOVMacf5tiobm1vbO9Xd2t7+weGRfXzSVUkmCe2QhCeyH2BFORO0o5nmtJ9KiuOA014wuS/83pRKxRLxpGcp9WI8EixiBGsj+bY9DBIeqllsrpzNfeXbdafhLIDWiVuSOpRo+/bXMExIFlOhCcdKDVwn1V6OpWaE03ltmCmaYjLBIzowVOCYKi9fJJ+jC6OEKEqkOUKjhfp7I8exKsKZyRjrsVr1CvE/b5Dp6NbLmUgzTQVZPhRlHOkEFTWgkElKNJ8ZgolkJisiYywx0aasminBXf3yOuk2G+5Vo/l4XW/dlXVU4QzO4RJcuIEWPEAbOkBgCs/wCm9Wbr1Y79bHcrRilTun8AfW5w9KTpQV</latexit>

ex
<latexit sha1_base64="2bfQWHr8y6r+peURgmK0adLbv6M=">AAAB+XicbVC7TsMwFHV4lvIKMLJYVEhMVVKQYKxgYSwSfUhtFDnOTWvVcSLbqaii/gkLAwix8ids/A1OmwFajmT56Jx75eMTpJwp7Tjf1tr6xubWdmWnuru3f3BoHx13VJJJCm2a8ET2AqKAMwFtzTSHXiqBxAGHbjC+K/zuBKRiiXjU0xS8mAwFixgl2ki+bQ+ChIdqGpsrh5n/5Ns1p+7MgVeJW5IaKtHy7a9BmNAsBqEpJ0r1XSfVXk6kZpTDrDrIFKSEjskQ+oYKEoPy8nnyGT43SoijRJojNJ6rvzdyEqsinJmMiR6pZa8Q//P6mY5uvJyJNNMg6OKhKONYJ7ioAYdMAtV8agihkpmsmI6IJFSbsqqmBHf5y6uk06i7l/XGw1WteVvWUUGn6AxdIBddoya6Ry3URhRN0DN6RW9Wbr1Y79bHYnTNKndO0B9Ynz9LxpQW</latexit>

vdc
<latexit sha1_base64="cN8a2pc/JNquNFsAeTRBG1Djxaw=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mtBT0WvXisYD+gXUo2m21js8mSZAtl6X/w4kERr/4fb/4b03YP2vpg4PHeDDPzgoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTtpapIrRFJJeqG2BNORO0ZZjhtJsoiuOA004wvpv7nQlVmknxaKYJ9WM8FCxiBBsrtSeDLCSzQbniVt0F0DrxclKBHM1B+asfSpLGVBjCsdY9z02Mn2FlGOF0VuqnmiaYjPGQ9iwVOKbazxbXztCFVUIUSWVLGLRQf09kONZ6Gge2M8ZmpFe9ufif10tNdONnTCSpoYIsF0UpR0ai+esoZIoSw6eWYKKYvRWREVaYGBtQyYbgrb68Ttq1qndVrT3UK43bPI4inME5XIIH19CAe2hCCwg8wTO8wpsjnRfn3flYthacfOYU/sD5/AHZIY9O</latexit>

!
"

<latexit sha1_base64="zK7COHCZbtpatiTBoEinhrWs9qk=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSyCp5JUQY9FLx4r2A9oQtlsN+3SzSbsTpQS81O8eFDEq7/Em//GbZuDtj4YeLw3w8y8IBFcg+N8W6W19Y3NrfJ2ZWd3b//Arh52dJwqyto0FrHqBUQzwSVrAwfBeoliJAoE6waTm5nffWBK81jewzRhfkRGkoecEjDSwK56ECpCM0+meeYxIPnArjl1Zw68StyC1FCB1sD+8oYxTSMmgQqidd91EvAzooBTwfKKl2qWEDohI9Y3VJKIaT+bn57jU6MMcRgrUxLwXP09kZFI62kUmM6IwFgvezPxP6+fQnjlZ1wmKTBJF4vCVGCI8SwHPOSKURBTQwhV3NyK6ZiYKMCkVTEhuMsvr5JOo+6e1xt3F7XmdRFHGR2jE3SGXHSJmugWtVAbUfSIntErerOerBfr3fpYtJasYuYI/YH1+QMYgZSK</latexit>

!" dc
<latexit sha1_base64="8jlWLYNZyu/u5uP+8wcZUBCGpOA=">AAAB9HicbVBNS8NAEN34WetX1aOXxSJ4KkkV9Fj04rGC/YAmlM1m0i7d7MbdTaGE/g4vHhTx6o/x5r9x2+agrQ8GHu/NMDMvTDnTxnW/nbX1jc2t7dJOeXdv/+CwcnTc1jJTFFpUcqm6IdHAmYCWYYZDN1VAkpBDJxzdzfzOGJRmUjyaSQpBQgaCxYwSY6XAB0N8NZT9PKLTfqXq1tw58CrxClJFBZr9ypcfSZolIAzlROue56YmyIkyjHKYlv1MQ0roiAygZ6kgCeggnx89xedWiXAslS1h8Fz9PZGTROtJEtrOhJihXvZm4n9eLzPxTZAzkWYGBF0sijOOjcSzBHDEFFDDJ5YQqpi9FdMhUYQam1PZhuAtv7xK2vWad1mrP1xVG7dFHCV0is7QBfLQNWqge9RELUTRE3pGr+jNGTsvzrvzsWhdc4qZE/QHzucPJ56SWQ==</latexit>

! f dc
<latexit sha1_base64="5kruWLcf1jSni5oLLqZ2LhYl3y0=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KkkV9Fj04rGC/YA2lM1m0i7dbMLuRCihP8OLB0W8+mu8+W/ctjlo64OBx3szzMwLUikMuu63s7a+sbm1Xdop7+7tHxxWjo7bJsk0hxZPZKK7ATMghYIWCpTQTTWwOJDQCcZ3M7/zBNqIRD3iJAU/ZkMlIsEZWqnXB2Q0GuQhnw4qVbfmzkFXiVeQKinQHFS++mHCsxgUcsmM6Xluin7ONAouYVruZwZSxsdsCD1LFYvB+Pn85Ck9t0pIo0TbUkjn6u+JnMXGTOLAdsYMR2bZm4n/eb0Moxs/FyrNEBRfLIoySTGhs/9pKDRwlBNLGNfC3kr5iGnG0aZUtiF4yy+vkna95l3W6g9X1cZtEUeJnJIzckE8ck0a5J40SYtwkpBn8kreHHRenHfnY9G65hQzJ+QPnM8fH4uRJg==</latexit>

! f e
<latexit sha1_base64="ZYB4DHidQERbtiITlwM0w94k8ag=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae2oWy2k3bpZhN2N0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqz02ENDSdjPcNovV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bXzwlZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZm9TwZcITNiYgllittbCRtRRZmxIZVsCN7yy6ukVat6F9Xa/WWlfpPHUYQTOIVz8OAK6nAHDWgCAwnP8ApvjnZenHfnY9FacPKZY/gD5/MHYkKQug==</latexit>

!" e
<latexit sha1_base64="p7Gx5rRQ3Khlx1PDCbYL8WZydKQ=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/YAmlM122i7dbOLuplBCf4cXD4p49cd489+4bXPQ1gcDj/dmmJkXJoJr47rfztr6xubWdmGnuLu3f3BYOjpu6jhVDBssFrFqh1Sj4BIbhhuB7UQhjUKBrXB0N/NbY1Sax/LRTBIMIjqQvM8ZNVYKfDSU+GoYdzOcdktlt+LOQVaJl5My5Kh3S19+L2ZphNIwQbXueG5igowqw5nAadFPNSaUjegAO5ZKGqEOsvnRU3JulR7px8qWNGSu/p7IaKT1JAptZ0TNUC97M/E/r5Oa/k2QcZmkBiVbLOqngpiYzBIgPa6QGTGxhDLF7a2EDamizNicijYEb/nlVdKsVrzLSvXhqly7zeMowCmcwQV4cA01uIc6NIDBEzzDK7w5Y+fFeXc+Fq1rTj5zAn/gfP4AwUKSFw==</latexit>

! 2M r
<latexit sha1_base64="+zxWVmyWsCa8CcCZQPHSB39wbhk=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BL16ECOaByRpmJ5NkyOzsMtMrhCV/4cWDIl79G2/+jZNkD5pY0FBUddPdFcRSGHTdbye3srq2vpHfLGxt7+zuFfcPGiZKNON1FslItwJquBSK11Gg5K1YcxoGkjeD0fXUbz5xbUSk7nEccz+kAyX6glG00kOHI32skNuu7hZLbtmdgSwTLyMlyFDrFr86vYglIVfIJDWm7bkx+inVKJjkk0InMTymbEQHvG2poiE3fjq7eEJOrNIj/UjbUkhm6u+JlIbGjMPAdoYUh2bRm4r/ee0E+5d+KlScIFdsvqifSIIRmb5PekJzhnJsCWVa2FsJG1JNGdqQCjYEb/HlZdKolL2zcuXuvFS9yuLIwxEcwyl4cAFVuIEa1IGBgmd4hTfHOC/Ou/Mxb8052cwh/IHz+QOxqpBG</latexit>

! 2Dr
<latexit sha1_base64="lt/brakOaevDjsaQ3TbK7CpUD3g=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BPXiMYB6YrGF2MkmGzM4uM71CWPIXXjwo4tW/8ebfOEn2oIkFDUVVN91dQSyFQdf9dnIrq2vrG/nNwtb2zu5ecf+gYaJEM15nkYx0K6CGS6F4HQVK3oo1p2EgeTMYXU/95hPXRkTqHscx90M6UKIvGEUrPXQ40scKuenqbrHklt0ZyDLxMlKCDLVu8avTi1gScoVMUmPanhujn1KNgkk+KXQSw2PKRnTA25YqGnLjp7OLJ+TEKj3Sj7QthWSm/p5IaWjMOAxsZ0hxaBa9qfif106wf+mnQsUJcsXmi/qJJBiR6fukJzRnKMeWUKaFvZWwIdWUoQ2pYEPwFl9eJo1K2TsrV+7OS9WrLI48HMExnIIHF1CFW6hBHRgoeIZXeHOM8+K8Ox/z1pyTzRzCHzifP6P0kD0=</latexit>

Cdc
<latexit sha1_base64="HNL2QFHO2L4z/gqo5h3+Rhxila4=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mtBT0We/FYwX5Au5RsNtvGZpMlyQpl6X/w4kERr/4fb/4b03YP2vpg4PHeDDPzgoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTjpapIrRNJJeqF2BNORO0bZjhtJcoiuOA024wac797hNVmknxYKYJ9WM8EixiBBsrdZrDLCSzYbniVt0F0DrxclKBHK1h+WsQSpLGVBjCsdZ9z02Mn2FlGOF0VhqkmiaYTPCI9i0VOKbazxbXztCFVUIUSWVLGLRQf09kONZ6Gge2M8ZmrFe9ufif109NdONnTCSpoYIsF0UpR0ai+esoZIoSw6eWYKKYvRWRMVaYGBtQyYbgrb68Tjq1qndVrd3XK43bPI4inME5XIIH19CAO2hBGwg8wjO8wpsjnRfn3flYthacfOYU/sD5/AGK1o8b</latexit>

Gdc
<latexit sha1_base64="iN/fu4tGZWGcOyyC9oMy83f5eDI=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mtBT0WPeixgv2AdinZbLaNzSZLkhXK0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmBQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbS1TRWiLSC5VN8CaciZoyzDDaTdRFMcBp51gfDPzO09UaSbFg5kk1I/xULCIEWys1L4dZCGZDsoVt+rOgVaJl5MK5GgOyl/9UJI0psIQjrXueW5i/Awrwwin01I/1TTBZIyHtGepwDHVfja/dorOrBKiSCpbwqC5+nsiw7HWkziwnTE2I73szcT/vF5qois/YyJJDRVksShKOTISzV5HIVOUGD6xBBPF7K2IjLDCxNiASjYEb/nlVdKuVb2Lau2+Xmlc53EU4QRO4Rw8uIQG3EETWkDgEZ7hFd4c6bw4787HorXg5DPH8AfO5w+Q+o8f</latexit>

L s
<latexit sha1_base64="WJ4+ma/b/ayQw59Ju91t78XA9qw=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhCswl0UtAzaWFhENB+QHGFvM5cs2ds7dveEcOQn2FgoYusvsvPfuEmu0MQHA4/3ZpiZFySCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDP1W0+oNI/loxkn6Ed0IHnIGTVWerjr6V6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns1Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfRv0ucKmRFjSyhT3N5K2JAqyoxNp2hD8BZfXibNasU7r1TvL8q16zyOAhzDCZyBB5dQg1uoQwMYDOAZXuHNEc6L8+58zFtXnHzmCP7A+fwBLf6Nug==</latexit> Rs

<latexit sha1_base64="ZWRa/pa6ZVQlP2HxqA/EkbAOSqs=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWN85AHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6xHHC/YgOlAgFo2ilh/ue6ZXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindeqd5dlGvXeRwFOIYTOAMPLqEGt1CHBjAYwDO8wpsjnRfn3fmYt644+cwR/IHz+QM3Io3A</latexit>

! m
<latexit sha1_base64="lt95U+Baug9ZiozyCRUsAnjRsrM=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1enqk+qJfrvhVfw60SoKcVCBHo1/+6g0USQWVlnBsTDfwExtmWFtGOJ2WeqmhCSZjPKRdRyUW1ITZ/NopOnPKAMVKu5IWzdXfExkWxkxE5DoFtiOz7M3E/7xuauPrMGMySS2VZLEoTjmyCs1eRwOmKbF84ggmmrlbERlhjYl1AZVcCMHyy6ukVasGF9Xa/WWlfpPHUYQTOIVzCOAK6nAHDWgCgUd4hld485T34r17H4vWgpfPHMMfeJ8/o7iPKw==</latexit>

ú!
<latexit sha1_base64="qSo8uHbNAaJiLW7jEKzex6sAC74=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOTJcxOepMhs7PLTK8QQv7CiwdFvPo33vwbJ8keNLFgoKjqYrorTKUw5HnfTmFtfWNzq7hd2tnd2z8oHx41TZJpjg2eyES3Q2ZQCoUNEiSxnWpkcSixFY5uZ37rCbURiXqgcYpBzAZKRIIzstJjt59Ql4ZIrFeueFVvDneV+DmpQI56r/xlwzyLURGXzJiO76UUTJgmwSVOS93MYMr4iA2wY6liMZpgMt946p5Zpe9GibZPkTtXfycmLDZmHId2MmY0NMveTPzP62QUXQcTodKMUPHFR1EmXUrc2fluX2jkJMeWMK6F3dXlQ6YZJ1tSyZbgL5+8SpoXVd/y+8tK7SavowgncArn4MMV1OAO6tAADgqe4RXeHOO8OO/Ox2K04OSZY/gD5/MHvxOQ8w==</latexit><latexit sha1_base64="qSo8uHbNAaJiLW7jEKzex6sAC74=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOTJcxOepMhs7PLTK8QQv7CiwdFvPo33vwbJ8keNLFgoKjqYrorTKUw5HnfTmFtfWNzq7hd2tnd2z8oHx41TZJpjg2eyES3Q2ZQCoUNEiSxnWpkcSixFY5uZ37rCbURiXqgcYpBzAZKRIIzstJjt59Ql4ZIrFeueFVvDneV+DmpQI56r/xlwzyLURGXzJiO76UUTJgmwSVOS93MYMr4iA2wY6liMZpgMt946p5Zpe9GibZPkTtXfycmLDZmHId2MmY0NMveTPzP62QUXQcTodKMUPHFR1EmXUrc2fluX2jkJMeWMK6F3dXlQ6YZJ1tSyZbgL5+8SpoXVd/y+8tK7SavowgncArn4MMV1OAO6tAADgqe4RXeHOO8OO/Ox2K04OSZY/gD5/MHvxOQ8w==</latexit><latexit sha1_base64="qSo8uHbNAaJiLW7jEKzex6sAC74=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOTJcxOepMhs7PLTK8QQv7CiwdFvPo33vwbJ8keNLFgoKjqYrorTKUw5HnfTmFtfWNzq7hd2tnd2z8oHx41TZJpjg2eyES3Q2ZQCoUNEiSxnWpkcSixFY5uZ37rCbURiXqgcYpBzAZKRIIzstJjt59Ql4ZIrFeueFVvDneV+DmpQI56r/xlwzyLURGXzJiO76UUTJgmwSVOS93MYMr4iA2wY6liMZpgMt946p5Zpe9GibZPkTtXfycmLDZmHId2MmY0NMveTPzP62QUXQcTodKMUPHFR1EmXUrc2fluX2jkJMeWMK6F3dXlQ6YZJ1tSyZbgL5+8SpoXVd/y+8tK7SavowgncArn4MMV1OAO6tAADgqe4RXeHOO8OO/Ox2K04OSZY/gD5/MHvxOQ8w==</latexit><latexit sha1_base64="qSo8uHbNAaJiLW7jEKzex6sAC74=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOTJcxOepMhs7PLTK8QQv7CiwdFvPo33vwbJ8keNLFgoKjqYrorTKUw5HnfTmFtfWNzq7hd2tnd2z8oHx41TZJpjg2eyES3Q2ZQCoUNEiSxnWpkcSixFY5uZ37rCbURiXqgcYpBzAZKRIIzstJjt59Ql4ZIrFeueFVvDneV+DmpQI56r/xlwzyLURGXzJiO76UUTJgmwSVOS93MYMr4iA2wY6liMZpgMt946p5Zpe9GibZPkTtXfycmLDZmHId2MmY0NMveTPzP62QUXQcTodKMUPHFR1EmXUrc2fluX2jkJMeWMK6F3dXlQ6YZJ1tSyZbgL5+8SpoXVd/y+8tK7SavowgncArn4MMV1OAO6tAADgqe4RXeHOO8OO/Ox2K04OSZY/gD5/MHvxOQ8w==</latexit>

ú! r
<latexit sha1_base64="ZhEf+/x8P3+IUCwM4bJ9ARUAAMw=">AAAB9XicbVBNSwMxEM36WetX1aOXYBE8ld0q6LHoxWMF+wHtWmbTbBua7C7JrFKW/g8vHhTx6n/x5r8xbfegrQ8GHu/NJDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDsBwKSLeQIGStxPNQQWSt4LRzdRvPXJtRBzd4zjhvoJBJELBAK300O3HmHUHoBRMerpXKrsVdwa6TLyclEmOeq/0ZR9gqeIRMgnGdDw3QT8DjYJJPil2U8MTYCMY8I6lEShu/Gy29YSeWqVPw1jbipDO1N8TGShjxiqwnQpwaBa9qfif10kxvPIzESUp8ojNPwpTSTGm0whoX2jOUI4tAaaF3ZWyIWhgaIMq2hC8xZOXSbNa8c4r1buLcu06j6NAjskJOSMeuSQ1ckvqpEEY0eSZvJI358l5cd6dj3nripPPHJE/cD5/AP9dktU=</latexit>

÷<latexit sha1_base64="Ae8E7YzPjJN8/Zf42esk/zwwl08=">AAAB8HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgm2VNpTNZtMu3WzC7kQoof4JLx4U8erP8ea/cdvmoK0vLDy8M8POvEEqhUHX/XZKK6tr6xvlzcrW9s7uXnX/oG2STDPeYolM9H1ADZdC8RYKlPw+1ZzGgeSdYHQ9rXceuTYiUXc4Trkf04ESkWAUrfXQQyFDnj9N+tWaW3dnIsvgFVCDQs1+9asXJiyLuUImqTFdz03Rz6lGwSSfVHqZ4SllIzrgXYuKxtz4+WzhCTmxTkiiRNunkMzc3xM5jY0Zx4HtjCkOzWJtav5X62YYXfq5UGmGXLH5R1EmCSZkej0JheYM5dgCZVrYXQkbUk0Z2owqNgRv8eRlaJ/VPcu357XGVRFHGY7gGE7BgwtowA00oQUMYniGV3hztPPivDsf89aSU8wcwh85nz9MfZC4</latexit><latexit sha1_base64="Ae8E7YzPjJN8/Zf42esk/zwwl08=">AAAB8HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgm2VNpTNZtMu3WzC7kQoof4JLx4U8erP8ea/cdvmoK0vLDy8M8POvEEqhUHX/XZKK6tr6xvlzcrW9s7uXnX/oG2STDPeYolM9H1ADZdC8RYKlPw+1ZzGgeSdYHQ9rXceuTYiUXc4Trkf04ESkWAUrfXQQyFDnj9N+tWaW3dnIsvgFVCDQs1+9asXJiyLuUImqTFdz03Rz6lGwSSfVHqZ4SllIzrgXYuKxtz4+WzhCTmxTkiiRNunkMzc3xM5jY0Zx4HtjCkOzWJtav5X62YYXfq5UGmGXLH5R1EmCSZkej0JheYM5dgCZVrYXQkbUk0Z2owqNgRv8eRlaJ/VPcu357XGVRFHGY7gGE7BgwtowA00oQUMYniGV3hztPPivDsf89aSU8wcwh85nz9MfZC4</latexit><latexit sha1_base64="Ae8E7YzPjJN8/Zf42esk/zwwl08=">AAAB8HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgm2VNpTNZtMu3WzC7kQoof4JLx4U8erP8ea/cdvmoK0vLDy8M8POvEEqhUHX/XZKK6tr6xvlzcrW9s7uXnX/oG2STDPeYolM9H1ADZdC8RYKlPw+1ZzGgeSdYHQ9rXceuTYiUXc4Trkf04ESkWAUrfXQQyFDnj9N+tWaW3dnIsvgFVCDQs1+9asXJiyLuUImqTFdz03Rz6lGwSSfVHqZ4SllIzrgXYuKxtz4+WzhCTmxTkiiRNunkMzc3xM5jY0Zx4HtjCkOzWJtav5X62YYXfq5UGmGXLH5R1EmCSZkej0JheYM5dgCZVrYXQkbUk0Z2owqNgRv8eRlaJ/VPcu357XGVRFHGY7gGE7BgwtowA00oQUMYniGV3hztPPivDsf89aSU8wcwh85nz9MfZC4</latexit><latexit sha1_base64="Ae8E7YzPjJN8/Zf42esk/zwwl08=">AAAB8HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgm2VNpTNZtMu3WzC7kQoof4JLx4U8erP8ea/cdvmoK0vLDy8M8POvEEqhUHX/XZKK6tr6xvlzcrW9s7uXnX/oG2STDPeYolM9H1ADZdC8RYKlPw+1ZzGgeSdYHQ9rXceuTYiUXc4Trkf04ESkWAUrfXQQyFDnj9N+tWaW3dnIsvgFVCDQs1+9asXJiyLuUImqTFdz03Rz6lGwSSfVHqZ4SllIzrgXYuKxtz4+WzhCTmxTkiiRNunkMzc3xM5jY0Zx4HtjCkOzWJtav5X62YYXfq5UGmGXLH5R1EmCSZkej0JheYM5dgCZVrYXQkbUk0Z2owqNgRv8eRlaJ/VPcu357XGVRFHGY7gGE7BgwtowA00oQUMYniGV3hztPPivDsf89aSU8wcwh85nz9MfZC4</latexit>es
<latexit sha1_base64="JGoUu8J/GgAT+orP6kVfRR6LokQ=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiRV0GXRjcsK9gFtCJPJpB06mYSZSaGE/okbF4q49U/c+TdO2iy09cAwh3PuZc6cIOVMacf5tiobm1vbO9Xd2t7+weGRfXzSVUkmCe2QhCeyH2BFORO0o5nmtJ9KiuOA014wuS/83pRKxRLxpGcp9WI8EixiBGsj+bY9DBIeqllsrpzOfeXbdafhLIDWiVuSOpRo+/bXMExIFlOhCcdKDVwn1V6OpWaE03ltmCmaYjLBIzowVOCYKi9fJJ+jC6OEKEqkOUKjhfp7I8exKsKZyRjrsVr1CvE/b5Dp6NbLmUgzTQVZPhRlHOkEFTWgkElKNJ8ZgolkJisiYywx0aasminBXf3yOuk2G+5Vo/l4XW/dlXVU4QzO4RJcuIEWPEAbOkBgCs/wCm9Wbr1Y79bHcrRilTun8AfW5w9EMpQR</latexit>

e!
<latexit sha1_base64="7j99uV0+pSEEi60zLEiKIshDDII=">AAAB/nicbVBLSwMxGMz6rPW1Kp68BIvgqexWQY9FLx4r2Ad0lyWbTdvQbBKSrFCWgn/FiwdFvPo7vPlvzLZ70NaBkGHm+8hkYsmoNp737aysrq1vbFa2qts7u3v77sFhR4tMYdLGggnVi5EmjHLSNtQw0pOKoDRmpBuPbwu/+0iUpoI/mIkkYYqGnA4oRsZKkXscxIIlepLaKyfTKBgjKVHk1ry6NwNcJn5JaqBEK3K/gkTgLCXcYIa07vueNGGOlKGYkWk1yDSRCI/RkPQt5SglOsxn8afwzCoJHAhlDzdwpv7eyFGqi4R2MkVmpBe9QvzP62dmcB3mlMvMEI7nDw0yBo2ARRcwoYpgwyaWIKyozQrxCCmEjW2sakvwF7+8TDqNun9Rb9xf1po3ZR0VcAJOwTnwwRVogjvQAm2AQQ6ewSt4c56cF+fd+ZiPrjjlzhH4A+fzBxx1ljk=</latexit>

v g
<latexit sha1_base64="sL3EcQk8divxR0K318YefWg5u4g=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiRV0GXRjcsK9gFtCJPJpB06mYSZSaGE/okbF4q49U/c+TdO2iy09cAwh3PuZc6cIOVMacf5tiobm1vbO9Xd2t7+weGRfXzSVUkmCe2QhCeyH2BFORO0o5nmtJ9KiuOA014wuS/83pRKxRLxpGcp9WI8EixiBGsj+bY9DBIeqllsrnw690e+XXcazgJonbglqUOJtm9/DcOEZDEVmnCs1MB1Uu3lWGpGOJ3XhpmiKSYTPKIDQwWOqfLyRfI5ujBKiKJEmiM0Wqi/N3IcqyKcmYyxHqtVrxD/8waZjm69nIk001SQ5UNRxpFOUFEDCpmkRPOZIZhIZrIiMsYSE23KqpkS3NUvr5Nus+FeNZqP1/XWXVlHFc7gHC7BhRtowQO0oQMEpvAMr/Bm5daL9W59LEcrVrlzCn9gff4AS/mUFg==</latexit>

L s!
<latexit sha1_base64="fUoqP1mOhezMDMOS/pzVUtRaf/Q=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIvgqexWQY9FLx48VLAfsF1KNk3b0GwSklmhLP0ZXjwo4tVf481/Y9ruQVsfDDzem2FmXqwFt+D7315hbX1jc6u4XdrZ3ds/KB8etaxKDWVNqoQynZhYJrhkTeAgWEcbRpJYsHY8vp357SdmLFfyESaaRQkZSj7glICTwvteZrtjojWZ9soVv+rPgVdJkJMKytHolb+6fUXThEmgglgbBr6GKCMGOBVsWuqmlmlCx2TIQkclSZiNsvnJU3zmlD4eKONKAp6rvycyklg7SWLXmRAY2WVvJv7nhSkMrqOMS50Ck3SxaJAKDArP/sd9bhgFMXGEUMPdrZiOiCEUXEolF0Kw/PIqadWqwUW19nBZqd/kcRTRCTpF5yhAV6iO7lADNRFFCj2jV/TmgffivXsfi9aCl88coz/wPn8AiX2Raw==</latexit>

! m

! e
<latexit sha1_base64="EDAPD8MBJpvGHUxNOBVrXNh2iEY=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRV0GPRi8cK9gPaUDbbSbt2sxt2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemHCmjed9O4W19Y3NreJ2aWd3b/+gfHjU0jJVFJtUcqk6IdHImcCmYYZjJ1FI4pBjOxzfzvz2EyrNpHgwkwSDmAwFixglxkqtnhrJPvbLFa/qzeGuEj8nFcjR6Je/egNJ0xiFoZxo3fW9xAQZUYZRjtNSL9WYEDomQ+xaKkiMOsjm107dM6sM3EgqW8K4c/X3REZirSdxaDtjYkZ62ZuJ/3nd1ETXQcZEkhoUdLEoSrlrpDt73R0whdTwiSWEKmZvdemIKEKNDahkQ/CXX14lrVrVv6jW7i8r9Zs8jiKcwCmcgw9XUIc7aEATKDzCM7zCmyOdF+fd+Vi0Fpx85hj+wPn8AZeYjyM=</latexit>

! e
<latexit sha1_base64="+66kE/8TXPZvxeMLy1F7v6izHwQ=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9p2uf9csWtunOQVeLlpAI5Gv3yV28QszTiCpmkxnQ9N0E/oxoFk3xa6qWGJ5SN6ZB3LVU04sbP5tdOyZlVBiSMtS2FZK7+nshoZMwkCmxnRHFklr2Z+J/XTTG89jOhkhS5YotFYSoJxmT2OhkIzRnKiSWUaWFvJWxENWVoAyrZELzll1dJq1b1Lqq1+8tK/SaPowgncArn4MEV1OEOGtAEBo/wDK/w5sTOi/PufCxaC04+cwx/4Hz+AJkbjyQ=</latexit>

i s
<latexit sha1_base64="3LThGqMusAgaZFpw48JHovRKjqQ=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiRV0GXRjcsK9gFtCJPJpB06mYSZSaGE/okbF4q49U/c+TdO2iy09cAwh3PuZc6cIOVMacf5tiobm1vbO9Xd2t7+weGRfXzSVUkmCe2QhCeyH2BFORO0o5nmtJ9KiuOA014wuS/83pRKxRLxpGcp9WI8EixiBGsj+bY9DBIeqllsrpzNfeXbdafhLIDWiVuSOpRo+/bXMExIFlOhCcdKDVwn1V6OpWaE03ltmCmaYjLBIzowVOCYKi9fJJ+jC6OEKEqkOUKjhfp7I8exKsKZyRjrsVr1CvE/b5Dp6NbLmUgzTQVZPhRlHOkEFTWgkElKNJ8ZgolkJisiYywx0aasminBXf3yOuk2G+5Vo/l4XW/dlXVU4QzO4RJcuIEWPEAbOkBgCs/wCm9Wbr1Y79bHcrRilTun8AfW5w9KTpQV</latexit>

i !
<latexit sha1_base64="YrsH/Lv98rC9jyvQS6MQiVsYKkI=">AAAB/nicbVBLSwMxGMz6rPW1Kp68BIvgqexWQY9FLx4r2Ad0lyWbTdvQbBKSrFCWgn/FiwdFvPo7vPlvzLZ70NaBkGHm+8hkYsmoNp737aysrq1vbFa2qts7u3v77sFhR4tMYdLGggnVi5EmjHLSNtQw0pOKoDRmpBuPbwu/+0iUpoI/mIkkYYqGnA4oRsZKkXscxIIlepLaK6fTKBgjKVHk1ry6NwNcJn5JaqBEK3K/gkTgLCXcYIa07vueNGGOlKGYkWk1yDSRCI/RkPQt5SglOsxn8afwzCoJHAhlDzdwpv7eyFGqi4R2MkVmpBe9QvzP62dmcB3mlMvMEI7nDw0yBo2ARRcwoYpgwyaWIKyozQrxCCmEjW2sakvwF7+8TDqNun9Rb9xf1po3ZR0VcAJOwTnwwRVogjvQAm2AQQ6ewSt4c56cF+fd+ZiPrjjlzhH4A+fzByKllj0=</latexit>

! m

ú!
<latexit sha1_base64="qSo8uHbNAaJiLW7jEKzex6sAC74=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOTJcxOepMhs7PLTK8QQv7CiwdFvPo33vwbJ8keNLFgoKjqYrorTKUw5HnfTmFtfWNzq7hd2tnd2z8oHx41TZJpjg2eyES3Q2ZQCoUNEiSxnWpkcSixFY5uZ37rCbURiXqgcYpBzAZKRIIzstJjt59Ql4ZIrFeueFVvDneV+DmpQI56r/xlwzyLURGXzJiO76UUTJgmwSVOS93MYMr4iA2wY6liMZpgMt946p5Zpe9GibZPkTtXfycmLDZmHId2MmY0NMveTPzP62QUXQcTodKMUPHFR1EmXUrc2fluX2jkJMeWMK6F3dXlQ6YZJ1tSyZbgL5+8SpoXVd/y+8tK7SavowgncArn4MMV1OAO6tAADgqe4RXeHOO8OO/Ox2K04OSZY/gD5/MHvxOQ8w==</latexit><latexit sha1_base64="qSo8uHbNAaJiLW7jEKzex6sAC74=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOTJcxOepMhs7PLTK8QQv7CiwdFvPo33vwbJ8keNLFgoKjqYrorTKUw5HnfTmFtfWNzq7hd2tnd2z8oHx41TZJpjg2eyES3Q2ZQCoUNEiSxnWpkcSixFY5uZ37rCbURiXqgcYpBzAZKRIIzstJjt59Ql4ZIrFeueFVvDneV+DmpQI56r/xlwzyLURGXzJiO76UUTJgmwSVOS93MYMr4iA2wY6liMZpgMt946p5Zpe9GibZPkTtXfycmLDZmHId2MmY0NMveTPzP62QUXQcTodKMUPHFR1EmXUrc2fluX2jkJMeWMK6F3dXlQ6YZJ1tSyZbgL5+8SpoXVd/y+8tK7SavowgncArn4MMV1OAO6tAADgqe4RXeHOO8OO/Ox2K04OSZY/gD5/MHvxOQ8w==</latexit><latexit sha1_base64="qSo8uHbNAaJiLW7jEKzex6sAC74=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOTJcxOepMhs7PLTK8QQv7CiwdFvPo33vwbJ8keNLFgoKjqYrorTKUw5HnfTmFtfWNzq7hd2tnd2z8oHx41TZJpjg2eyES3Q2ZQCoUNEiSxnWpkcSixFY5uZ37rCbURiXqgcYpBzAZKRIIzstJjt59Ql4ZIrFeueFVvDneV+DmpQI56r/xlwzyLURGXzJiO76UUTJgmwSVOS93MYMr4iA2wY6liMZpgMt946p5Zpe9GibZPkTtXfycmLDZmHId2MmY0NMveTPzP62QUXQcTodKMUPHFR1EmXUrc2fluX2jkJMeWMK6F3dXlQ6YZJ1tSyZbgL5+8SpoXVd/y+8tK7SavowgncArn4MMV1OAO6tAADgqe4RXeHOO8OO/Ox2K04OSZY/gD5/MHvxOQ8w==</latexit><latexit sha1_base64="qSo8uHbNAaJiLW7jEKzex6sAC74=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOTJcxOepMhs7PLTK8QQv7CiwdFvPo33vwbJ8keNLFgoKjqYrorTKUw5HnfTmFtfWNzq7hd2tnd2z8oHx41TZJpjg2eyES3Q2ZQCoUNEiSxnWpkcSixFY5uZ37rCbURiXqgcYpBzAZKRIIzstJjt59Ql4ZIrFeueFVvDneV+DmpQI56r/xlwzyLURGXzJiO76UUTJgmwSVOS93MYMr4iA2wY6liMZpgMt946p5Zpe9GibZPkTtXfycmLDZmHId2MmY0NMveTPzP62QUXQcTodKMUPHFR1EmXUrc2fluX2jkJMeWMK6F3dXlQ6YZJ1tSyZbgL5+8SpoXVd/y+8tK7SavowgncArn4MMV1OAO6tAADgqe4RXeHOO8OO/Ox2K04OSZY/gD5/MHvxOQ8w==</latexit>

M
<latexit sha1_base64="crANvVgGivIiDMWlFPoP+QRYTmE=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OJFaMF+QBvKZjtp1242YXcjlNBf4MWDIl79Sd78N27bHLT1hYWHd2bYmTdIBNfGdb+dwtr6xuZWcbu0s7u3f1A+PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHw7q7efUGkeywczSdCP6FDykDNqrNW475crbtWdi6yCl0MFctX75a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi1KGqH2s/miU3JmnQEJY2WfNGTu/p7IaKT1JApsZ0TNSC/XZuZ/tW5qwms/4zJJDUq2+ChMBTExmV1NBlwhM2JigTLF7a6EjaiizNhsSjYEb/nkVWhdVD3LjctK7SaPowgncArn4MEV1OAO6tAEBgjP8ApvzqPz4rw7H4vWgpPPHMMfOZ8/pQ+M0Q==</latexit><latexit sha1_base64="crANvVgGivIiDMWlFPoP+QRYTmE=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OJFaMF+QBvKZjtp1242YXcjlNBf4MWDIl79Sd78N27bHLT1hYWHd2bYmTdIBNfGdb+dwtr6xuZWcbu0s7u3f1A+PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHw7q7efUGkeywczSdCP6FDykDNqrNW475crbtWdi6yCl0MFctX75a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi1KGqH2s/miU3JmnQEJY2WfNGTu/p7IaKT1JApsZ0TNSC/XZuZ/tW5qwms/4zJJDUq2+ChMBTExmV1NBlwhM2JigTLF7a6EjaiizNhsSjYEb/nkVWhdVD3LjctK7SaPowgncArn4MEV1OAO6tAEBgjP8ApvzqPz4rw7H4vWgpPPHMMfOZ8/pQ+M0Q==</latexit><latexit sha1_base64="crANvVgGivIiDMWlFPoP+QRYTmE=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OJFaMF+QBvKZjtp1242YXcjlNBf4MWDIl79Sd78N27bHLT1hYWHd2bYmTdIBNfGdb+dwtr6xuZWcbu0s7u3f1A+PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHw7q7efUGkeywczSdCP6FDykDNqrNW475crbtWdi6yCl0MFctX75a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi1KGqH2s/miU3JmnQEJY2WfNGTu/p7IaKT1JApsZ0TNSC/XZuZ/tW5qwms/4zJJDUq2+ChMBTExmV1NBlwhM2JigTLF7a6EjaiizNhsSjYEb/nkVWhdVD3LjctK7SaPowgncArn4MEV1OAO6tAEBgjP8ApvzqPz4rw7H4vWgpPPHMMfOZ8/pQ+M0Q==</latexit><latexit sha1_base64="crANvVgGivIiDMWlFPoP+QRYTmE=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OJFaMF+QBvKZjtp1242YXcjlNBf4MWDIl79Sd78N27bHLT1hYWHd2bYmTdIBNfGdb+dwtr6xuZWcbu0s7u3f1A+PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHw7q7efUGkeywczSdCP6FDykDNqrNW475crbtWdi6yCl0MFctX75a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi1KGqH2s/miU3JmnQEJY2WfNGTu/p7IaKT1JApsZ0TNSC/XZuZ/tW5qwms/4zJJDUq2+ChMBTExmV1NBlwhM2JigTLF7a6EjaiizNhsSjYEb/nkVWhdVD3LjctK7SaPowgncArn4MEV1OAO6tAEBgjP8ApvzqPz4rw7H4vWgpPPHMMfOZ8/pQ+M0Q==</latexit>

ur
<latexit sha1_base64="sYTqUr10mtUmISJtHjowtHzIJFk=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5hKYdDzvp3S2vrG5lZ5u7Kzu7d/4B4etUySacabLJGJ7oTUcCkUb6JAyTup5jQOJW+H49tZvf3EtRGJesRJyoOYDpWIBKNorYesr/tu1at5c5FV8AuoQqFG3/3qDRKWxVwhk9SYru+lGORUo2CSTyu9zPCUsjEd8q5FRWNugny+6pScWWdAokTbp5DM3d8TOY2NmcSh7YwpjsxybWb+V+tmGF0HuVBphlyxxUdRJgkmZHY3GQjNGcqJBcq0sLsSNqKaMrTpVGwI/vLJq9C6qPmW7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzZHOi/PufCxaS04xcwx/5Hz+AGmkjd4=</latexit><latexit sha1_base64="sYTqUr10mtUmISJtHjowtHzIJFk=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5hKYdDzvp3S2vrG5lZ5u7Kzu7d/4B4etUySacabLJGJ7oTUcCkUb6JAyTup5jQOJW+H49tZvf3EtRGJesRJyoOYDpWIBKNorYesr/tu1at5c5FV8AuoQqFG3/3qDRKWxVwhk9SYru+lGORUo2CSTyu9zPCUsjEd8q5FRWNugny+6pScWWdAokTbp5DM3d8TOY2NmcSh7YwpjsxybWb+V+tmGF0HuVBphlyxxUdRJgkmZHY3GQjNGcqJBcq0sLsSNqKaMrTpVGwI/vLJq9C6qPmW7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzZHOi/PufCxaS04xcwx/5Hz+AGmkjd4=</latexit><latexit sha1_base64="sYTqUr10mtUmISJtHjowtHzIJFk=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5hKYdDzvp3S2vrG5lZ5u7Kzu7d/4B4etUySacabLJGJ7oTUcCkUb6JAyTup5jQOJW+H49tZvf3EtRGJesRJyoOYDpWIBKNorYesr/tu1at5c5FV8AuoQqFG3/3qDRKWxVwhk9SYru+lGORUo2CSTyu9zPCUsjEd8q5FRWNugny+6pScWWdAokTbp5DM3d8TOY2NmcSh7YwpjsxybWb+V+tmGF0HuVBphlyxxUdRJgkmZHY3GQjNGcqJBcq0sLsSNqKaMrTpVGwI/vLJq9C6qPmW7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzZHOi/PufCxaS04xcwx/5Hz+AGmkjd4=</latexit><latexit sha1_base64="sYTqUr10mtUmISJtHjowtHzIJFk=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5hKYdDzvp3S2vrG5lZ5u7Kzu7d/4B4etUySacabLJGJ7oTUcCkUb6JAyTup5jQOJW+H49tZvf3EtRGJesRJyoOYDpWIBKNorYesr/tu1at5c5FV8AuoQqFG3/3qDRKWxVwhk9SYru+lGORUo2CSTyu9zPCUsjEd8q5FRWNugny+6pScWWdAokTbp5DM3d8TOY2NmcSh7YwpjsxybWb+V+tmGF0HuVBphlyxxUdRJgkmZHY3GQjNGcqJBcq0sLsSNqKaMrTpVGwI/vLJq9C6qPmW7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzZHOi/PufCxaS04xcwx/5Hz+AGmkjd4=</latexit>

L e(! )
<latexit sha1_base64="4mU8x85eZBJpdNe7p+SyCCnGKXU=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoMQL2E3CnoMevHgIYJ5wGYJs5PeZMjsg5leISz5DC8eFPHq13jzb5wke9DEgoaiqpvuLj+RQqNtf1uFtfWNza3idmlnd2//oHx41NZxqji0eCxj1fWZBikiaKFACd1EAQt9CR1/fDvzO0+gtIijR5wk4IVsGIlAcIZGcu/7UO3hCJCd98sVu2bPQVeJk5MKydHsl796g5inIUTIJdPadewEvYwpFFzCtNRLNSSMj9kQXEMjFoL2svnJU3pmlAENYmUqQjpXf09kLNR6EvqmM2Q40sveTPzPc1MMrr1MREmKEPHFoiCVFGM6+58OhAKOcmII40qYWykfMcU4mpRKJgRn+eVV0q7XnIta/eGy0rjJ4yiSE3JKqsQhV6RB7kiTtAgnMXkmr+TNQuvFerc+Fq0FK585Jn9gff4AgjGQvw==</latexit>

!
<latexit sha1_base64="VvIA+Wqd8mJqccgKVj7Czw7gWG4=">AAAB7XicdVDLSsNAFJ3UV62vqks3g0VwFZKSknZXdOOygq2FNpTJdNKOnUeYmQgl9B/cuFDErf/jzr9x+hBU9MCFwzn3cu89ccqoNp734RTW1jc2t4rbpZ3dvf2D8uFRR8tMYdLGkknVjZEmjArSNtQw0k0VQTxm5DaeXM7923uiNJXixkxTEnE0EjShGBkrdfqSkxEalCueW62HfsOHnlsLg7DmWdIIglo9hL7rLVABK7QG5ff+UOKME2EwQ1r3fC81UY6UoZiRWamfaZIiPEEj0rNUIE50lC+uncEzqwxhIpUtYeBC/T6RI671lMe2kyMz1r+9ufiX18tMUo9yKtLMEIGXi5KMQSPh/HU4pIpgw6aWIKyovRXiMVIIGxtQyYbw9Sn8n3Sqru+5/nVQaV6s4iiCE3AKzoEPQtAEV6AF2gCDO/AAnsCzI51H58V5XbYWnNXMMfgB5+0TFpiPeA==</latexit><latexit sha1_base64="VvIA+Wqd8mJqccgKVj7Czw7gWG4=">AAAB7XicdVDLSsNAFJ3UV62vqks3g0VwFZKSknZXdOOygq2FNpTJdNKOnUeYmQgl9B/cuFDErf/jzr9x+hBU9MCFwzn3cu89ccqoNp734RTW1jc2t4rbpZ3dvf2D8uFRR8tMYdLGkknVjZEmjArSNtQw0k0VQTxm5DaeXM7923uiNJXixkxTEnE0EjShGBkrdfqSkxEalCueW62HfsOHnlsLg7DmWdIIglo9hL7rLVABK7QG5ff+UOKME2EwQ1r3fC81UY6UoZiRWamfaZIiPEEj0rNUIE50lC+uncEzqwxhIpUtYeBC/T6RI671lMe2kyMz1r+9ufiX18tMUo9yKtLMEIGXi5KMQSPh/HU4pIpgw6aWIKyovRXiMVIIGxtQyYbw9Sn8n3Sqru+5/nVQaV6s4iiCE3AKzoEPQtAEV6AF2gCDO/AAnsCzI51H58V5XbYWnNXMMfgB5+0TFpiPeA==</latexit><latexit sha1_base64="VvIA+Wqd8mJqccgKVj7Czw7gWG4=">AAAB7XicdVDLSsNAFJ3UV62vqks3g0VwFZKSknZXdOOygq2FNpTJdNKOnUeYmQgl9B/cuFDErf/jzr9x+hBU9MCFwzn3cu89ccqoNp734RTW1jc2t4rbpZ3dvf2D8uFRR8tMYdLGkknVjZEmjArSNtQw0k0VQTxm5DaeXM7923uiNJXixkxTEnE0EjShGBkrdfqSkxEalCueW62HfsOHnlsLg7DmWdIIglo9hL7rLVABK7QG5ff+UOKME2EwQ1r3fC81UY6UoZiRWamfaZIiPEEj0rNUIE50lC+uncEzqwxhIpUtYeBC/T6RI671lMe2kyMz1r+9ufiX18tMUo9yKtLMEIGXi5KMQSPh/HU4pIpgw6aWIKyovRXiMVIIGxtQyYbw9Sn8n3Sqru+5/nVQaV6s4iiCE3AKzoEPQtAEV6AF2gCDO/AAnsCzI51H58V5XbYWnNXMMfgB5+0TFpiPeA==</latexit><latexit sha1_base64="VvIA+Wqd8mJqccgKVj7Czw7gWG4=">AAAB7XicdVDLSsNAFJ3UV62vqks3g0VwFZKSknZXdOOygq2FNpTJdNKOnUeYmQgl9B/cuFDErf/jzr9x+hBU9MCFwzn3cu89ccqoNp734RTW1jc2t4rbpZ3dvf2D8uFRR8tMYdLGkknVjZEmjArSNtQw0k0VQTxm5DaeXM7923uiNJXixkxTEnE0EjShGBkrdfqSkxEalCueW62HfsOHnlsLg7DmWdIIglo9hL7rLVABK7QG5ff+UOKME2EwQ1r3fC81UY6UoZiRWamfaZIiPEEj0rNUIE50lC+uncEzqwxhIpUtYeBC/T6RI671lMe2kyMz1r+9ufiX18tMUo9yKtLMEIGXi5KMQSPh/HU4pIpgw6aWIKyovRXiMVIIGxtQyYbw9Sn8n3Sqru+5/nVQaV6s4iiCE3AKzoEPQtAEV6AF2gCDO/AAnsCzI51H58V5XbYWnNXMMfgB5+0TFpiPeA==</latexit>

(! , ! )
<latexit sha1_base64="uOGHZRhd//eG0BOF/lBGtJTsuAE=">AAACA3icdVDLSgMxFM3UV62vqjvdBItQQYaZabF1V3TjsoJ9QKeUTJq2oZkHyR2hDAU3/oobF4q49Sfc+Tdm2goqeiDkcM693HuPFwmuwLI+jMzS8srqWnY9t7G5tb2T391rqjCWlDVoKELZ9ohiggesARwEa0eSEd8TrOWNL1O/dcuk4mFwA5OIdX0yDPiAUwJa6uUPii6MGJBT1wtFX018/SVupPj0pJcvWGbFqZzbDrZMq2JrpKRUPSvb2DatGQpogXov/+72Qxr7LAAqiFId24qgmxAJnAo2zbmxYhGhYzJkHU0D4jPVTWY3TPGxVvp4EEr9AsAz9XtHQnyVrqcrfQIj9dtLxb+8TgyDajfhQRQDC+h80CAWGEKcBoL7XDIKYqIJoZLrXTEdEUko6NhyOoSvS/H/pOmYdsl0rsuF2sUijiw6REeoiGxUQTV0heqogSi6Qw/oCT0b98aj8WK8zkszxqJnH/2A8fYJd56YEg==</latexit>

!
<latexit sha1_base64="G/kTiYYgTrM+3Gc5U+TkXlkX18Y=">AAAB+nicdVBPS8MwHE3nvzn/dXr0EhyCp9Juw87b0IvHCW4O1jLSNN3C0rQkqTLqPooXD4p49ZN489uYbhNU9EHI473fj7y8IGVUKtv+MEorq2vrG+XNytb2zu6eWd3vySQTmHRxwhLRD5AkjHLSVVQx0k8FQXHAyE0wuSj8m1siJE34tZqmxI/RiNOIYqS0NDSrXpCwUE5jfeVeKulsaNZsy627Z04d2pbtOhoFabROmw50LHuOGliiMzTfvTDBWUy4wgxJOXDsVPk5EopiRmYVL5MkRXiCRmSgKUcxkX4+jz6Dx1oJYZQIfbiCc/X7Ro5iWaTTkzFSY/nbK8S/vEGmopafU55minC8eCjKGFQJLHqAIRUEKzbVBGFBdVaIx0ggrHRbFV3C10/h/6RXt5yGVb9q1trnyzrK4BAcgRPgABe0wSXogC7A4A48gCfwbNwbj8aL8boYLRnLnQPwA8bbJ3PKlMk=</latexit>

i l
<latexit sha1_base64="mLvNopWSgx3ooNu5c77nsx7SkYU=">AAAB+XicdVDNS8MwHE3n15xfVY9egkPwVNqtdPM29OJxgvuArZQ0zbawNC1JOhhl/4kXD4p49T/x5n9juk1Q0Qchj/d+P/LywpRRqWz7wyhtbG5t75R3K3v7B4dH5vFJVyaZwKSDE5aIfogkYZSTjqKKkX4qCIpDRnrh9KbwezMiJE34vZqnxI/RmNMRxUhpKTDNYZiwSM5jfeV0EbDArNqW6zqu14S2ZTuOV/MKYl/VGx50NClQBWu0A/N9GCU4iwlXmCEpB46dKj9HQlHMyKIyzCRJEZ6iMRloylFMpJ8vky/ghVYiOEqEPlzBpfp9I0exLMLpyRipifztFeJf3iBTo6afU55minC8emiUMagSWNQAIyoIVmyuCcKC6qwQT5BAWOmyKrqEr5/C/0m3Zjl1q3bnVlvX6zrK4Aycg0vggAZogVvQBh2AwQw8gCfwbOTGo/FivK5GS8Z65xT8gPH2CaH2lFI=</latexit>

i l
<latexit sha1_base64="mLvNopWSgx3ooNu5c77nsx7SkYU=">AAAB+XicdVDNS8MwHE3n15xfVY9egkPwVNqtdPM29OJxgvuArZQ0zbawNC1JOhhl/4kXD4p49T/x5n9juk1Q0Qchj/d+P/LywpRRqWz7wyhtbG5t75R3K3v7B4dH5vFJVyaZwKSDE5aIfogkYZSTjqKKkX4qCIpDRnrh9KbwezMiJE34vZqnxI/RmNMRxUhpKTDNYZiwSM5jfeV0EbDArNqW6zqu14S2ZTuOV/MKYl/VGx50NClQBWu0A/N9GCU4iwlXmCEpB46dKj9HQlHMyKIyzCRJEZ6iMRloylFMpJ8vky/ghVYiOEqEPlzBpfp9I0exLMLpyRipifztFeJf3iBTo6afU55minC8emiUMagSWNQAIyoIVmyuCcKC6qwQT5BAWOmyKrqEr5/C/0m3Zjl1q3bnVlvX6zrK4Aycg0vggAZogVvQBh2AwQw8gCfwbOTGo/FivK5GS8Z65xT8gPH2CaH2lFI=</latexit>

B
<latexit sha1_base64="85UFv8TydSB5B4/+/qT5jX/Pd2c=">AAAB8XicdVDLSgMxFL3js9ZX1aWbYBFclZm20nZX6sZlBfvAdiiZNNOGZjJDkhHK0L9w40IRt/6NO//GTDuCih4IHM65l5x7vIgzpW37w1pb39jc2s7t5Hf39g8OC0fHXRXGktAOCXko+x5WlDNBO5ppTvuRpDjwOO15s6vU791TqVgobvU8om6AJ4L5jGBtpLthgPXU85PWYlQo2iWnUb+sNtCK1O2MVGrIKdlLFCFDe1R4H45DEgdUaMKxUgPHjrSbYKkZ4XSRH8aKRpjM8IQODBU4oMpNlokX6NwoY+SH0jyh0VL9vpHgQKl54JnJNKH67aXiX94g1n7dTZiIYk0FWX3kxxzpEKXnozGTlGg+NwQTyUxWRKZYYqJNSXlTwtel6H/SLZecSql8Uy02W1kdOTiFM7gAB2rQhGtoQwcICHiAJ3i2lPVovVivq9E1K9s5gR+w3j4BPVORTg==</latexit>

v f
<latexit sha1_base64="Ui/5x4o+MepxoS9lnAeaBdUmUE8=">AAAB+XicdVBLS8NAGNzUV62vqEcvi0XwFJImNPZW9OKxgn1AG8Jms2mXbh7sbgol9J948aCIV/+JN/+Nm7aCig4sO8x8Hzs7QcaokKb5oVU2Nre2d6q7tb39g8Mj/fikJ9KcY9LFKUv5IECCMJqQrqSSkUHGCYoDRvrB9Kb0+zPCBU2TeznPiBejcUIjipFUkq/royBloZjH6ipmCz/y9bppmK7tWC1oGg3bdq2mIo7TcptNaBnmEnWwRsfX30dhivOYJBIzJMTQMjPpFYhLihlZ1Ea5IBnCUzQmQ0UTFBPhFcvkC3ihlBBGKVcnkXCpft8oUCzKcGoyRnIifnul+Jc3zGV05RU0yXJJErx6KMoZlCksa4Ah5QRLNlcEYU5VVogniCMsVVk1VcLXT+H/pNcwLNto3Dn19vW6jio4A+fgEljABW1wCzqgCzCYgQfwBJ61QnvUXrTX1WhFW++cgh/Q3j4BwJiUZw==</latexit>

v f
<latexit sha1_base64="Ui/5x4o+MepxoS9lnAeaBdUmUE8=">AAAB+XicdVBLS8NAGNzUV62vqEcvi0XwFJImNPZW9OKxgn1AG8Jms2mXbh7sbgol9J948aCIV/+JN/+Nm7aCig4sO8x8Hzs7QcaokKb5oVU2Nre2d6q7tb39g8Mj/fikJ9KcY9LFKUv5IECCMJqQrqSSkUHGCYoDRvrB9Kb0+zPCBU2TeznPiBejcUIjipFUkq/royBloZjH6ipmCz/y9bppmK7tWC1oGg3bdq2mIo7TcptNaBnmEnWwRsfX30dhivOYJBIzJMTQMjPpFYhLihlZ1Ea5IBnCUzQmQ0UTFBPhFcvkC3ihlBBGKVcnkXCpft8oUCzKcGoyRnIifnul+Jc3zGV05RU0yXJJErx6KMoZlCksa4Ah5QRLNlcEYU5VVogniCMsVVk1VcLXT+H/pNcwLNto3Dn19vW6jio4A+fgEljABW1wCzqgCzCYgQfwBJ61QnvUXrTX1WhFW++cgh/Q3j4BwJiUZw==</latexit>

i l
<latexit sha1_base64="mLvNopWSgx3ooNu5c77nsx7SkYU=">AAAB+XicdVDNS8MwHE3n15xfVY9egkPwVNqtdPM29OJxgvuArZQ0zbawNC1JOhhl/4kXD4p49T/x5n9juk1Q0Qchj/d+P/LywpRRqWz7wyhtbG5t75R3K3v7B4dH5vFJVyaZwKSDE5aIfogkYZSTjqKKkX4qCIpDRnrh9KbwezMiJE34vZqnxI/RmNMRxUhpKTDNYZiwSM5jfeV0EbDArNqW6zqu14S2ZTuOV/MKYl/VGx50NClQBWu0A/N9GCU4iwlXmCEpB46dKj9HQlHMyKIyzCRJEZ6iMRloylFMpJ8vky/ghVYiOEqEPlzBpfp9I0exLMLpyRipifztFeJf3iBTo6afU55minC8emiUMagSWNQAIyoIVmyuCcKC6qwQT5BAWOmyKrqEr5/C/0m3Zjl1q3bnVlvX6zrK4Aycg0vggAZogVvQBh2AwQw8gCfwbOTGo/FivK5GS8Z65xT8gPH2CaH2lFI=</latexit>

i l
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Figure 5.1: Graphical illustration of the �rst-principle multi-machine power system.

Synchronous machine modeling

The model of a synchronous machine without damper windings is derived from (4.1) as
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We also derive from (4.2), the Hamiltonian

H = 1
2pM

�1p+ 1
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laa �lab �lab lafd cos �
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(5.2)
so that we can regard system (5.1) as port-Hamiltonian with constant J , R and g matri-
ces but with coordinate-dependent mass matrix and zero potential energy. We further
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5.1 Model preparation

consider the orthogonal stationary frame in which

( s;  0) = T��0 abc
(is; i0) = T��0iabc

(vf ; v0) = T��0vabc ;
(5.3)

and so we are able to write

 s = Lsis +R�g1lmir (5.4a)
 0 = l0i0 (5.4b)
 r = lrir + lmg>1 R

>
� is : (5.4c)

If we take the time derivative of the above �uxes

Ls d
dtis =�Rsis + vg � d

dt(R�g1lmir) (5.5a)
l0 d

dti0 =� r0i0 + v0 (5.5b)
lr d

dtir =� rrir + ur � d
dt(lmg>1 R

>
� is) ; (5.5c)

then we are able to identify the stator and rotor EMF, respectively, as

es = d
dt(R�g1lmir) = lme
rR�

�
d
r
dt g1 + d�

dt g2

�
(5.6a)

er = d
dt(lmg>1 R

>
� is) ; (5.6b)

where we de�ne 
r = ln ir as before, in order to achieve the ray-circle representation.

Dynamic extension step

We repeat the matching of model structure (2.25) via the dynamic controller
8
<

:
ur = rrir + er + lrir�

d
dtMr� =�Dr� � �e + �m ;

(5.7)

where we can assume that the limiter may be added according to Section 4.2.2. The
degrees of freedom of this controller are the gains Mr > 0, Dr > 0 and the free input
�m 2 R. The dual of the electrical torque, �e 2 R, is required in order to preserve
passivity by accounting for the radial component of the EMF (5.6). It is associated with
the natural basis vector g1. We thus pick accordingly

@H
@� = �e =� lme
rg>2 R

>
� is (5.8a)

�e =� lme
rg>1 R
>
� is : (5.8b)
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Chapter 5. Power transmission problems

We are now able to write the extended system (5.1),(5.69) in co-energy coordinates as

augmented
dynamics

n
d
dtMr� =�Dr� � �e + �m (5.9a)

machine
dynamics

8
>>>>>>><

>>>>>>>:

d
dtM! =�D! � �e + �m

d
dt� = !

d
dt lrir = lrir�

d
dtLsis =�Rsis + vg � es

d
dt l0i0 =� r0i0 + v0 ;

(5.9b)

to which we associate the extended Hamiltonian

He = 1
2�Mr� + 1

2!M! + 1
2i
>
s Lsis + 1

2i0l0i0 : (5.10)

As seen in the previous chapter, the resulting system has independent mass matrix but
coordinate-dependent interconnection matrix.

Converter model matching

We recall the inverter model (4.23) and write it in the electrical domain using the change
of variable vr = �� and inputs i1 = ��dc, i2 = �fdc. By further de�ning the equivalent
radial capacitance Cr = �2Mr and conductance Gr = �2Dr, we shed some light on the
structure of the matching control augmentation

augmented
dynamics

8
>><

>>:

1
�

d
r
dt = vr

Cr dvr
dt =�Grvr + i1 + e
rg>1 R

>
� is

1
�

d�
dt = vdc

(5.11a)

converter
dynamics

8
>><

>>:

Cdc dvdc
dt =� Cdcvdc + i2 + e
rg>2 R

>
� is

Ls dis
dt =�Rsis + vg � e
rR�g1vr � e
rR�g2vdc

ls di0
dt =� rsi0 + v0 ;

(5.11b)

where the converter model (4.18) has DC-input (4.22), modulation (4.19) andm0 =
p

3=8 .

Uni�ed notation

The models (5.9) and (5.11) are equivalent upon matching the extended mechanical side
of the machine with the extended DC-side of the converter. This amounts to identifying
the parameters lm = 1

� , M = Cdc
�2 , D = Gdc

�2 , and the inputs �m = 1
� i1, �m = 1

� i2. As in
the previous chapter, we consider the compact notation for either system and associate
the nodal index i for later use. We call the following model an extended electronic
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5.1 Model preparation

Sycnhronous Machine (eeSM)

d
dtqei = wi (5.12a)

d
dtMeiwi =�Deiwi + lmie


r;iR>�iisi + umi (5.12b)
d
dtLsiisi =�Rsiisi � lmie


r;iR�iwi + vfi (5.12c)
d
dt l0ii0i =� r0ii0i + v0i ; (5.12d)

where qei =
h 
r;i
�ri

i
are the generalized coordinates, wi = [ �i!i ] are the generalized velocities,

umi =
h �mi�mi

i
are the generalized torques,Mei =

h
Mri 0

0 Mi

i
is the extended moment of iner-

tia matrix, Dei =
h
Dri 0

0 Di

i
is the extended damping coe�cient matrix, Lsi = lsiI2 is the

stator or inverter inductor, Lsi = lsiI2 is the resistance of the stator or switched inductor,
l0i and r0i are the inductance and resistance of the zero-sequence circuit. Moreover, each
unit is connected to a voltage bus vfi .

5.1.1 The transmission system model

We consider the lumped-parameter �-model of the transmission line consisting of three-
phase capacitances to ground at every node and three-phase inductors on every edge.
We add dissipation to every node representing resistive loads at the busses and losses in
the conductors on the edges. We consider a three-phase capacitor at node i as Cfi = cfiI3

and its associated conductance as Gfi = gfiI3, and assume cfi ; gfi > 0. For convenience,
we group together all nodal elements in the following way

Cf = diag(cf1 ; :::; cfn) 2 Rn�n

Gf = diag(gf1 ; :::; gfn) 2 Rn�n

�����
Cf = Cf 
 I2 2 R2n�2n

Gf = Gf 
 I2 2 R2n�2n

�����
Cf = Cf 
 I3 2 R3n�3n

Gf = Gf 
 I3 2 R3n�3n :

Similarly we consider a three-phase inductor on every edge k as Llk = llkI3 and its
associated conductance as Rlk = rlkI3, and assume llk ; rlk > 0. We group together all
edge elements as

Ll = diag(ll1 ; :::; llm) 2 Rm�m

Rl = diag(rl1 ; :::; rlm) 2 Rm�m

�����
Ll = Ll 
 I2 2 R2m�2m

Rl = Rl 
 I2 2 R2m�2m

�����
Ll = Ll 
 I3 2 R3m�3m

Rl = Rl 
 I3 2 R3m�3m :

In order to model the three-phase transmission system as the extension of circuit
(2.9), we also de�ne the extended incidence matrix as B = B 
 I2 2 R2n�2m which
we will use for ��-frame and B = B 
 I3 2 R3n�3m which we will use for abc-frame.
We extend the orthogonal transformation matrix (4.3) as Ts

��0 = Is 
 T��0 2 R3s�3s

depending on the context in which it is used. Due to the mixed-product property of
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the Kronecker product we have that Tn
��0B = BTm

��0. We �rst write the transmission
system in abc-frame as

d
dtCfvfabc =�Gfvfabc �Bilabc � isabc (5.13a)

d
dtLlilabc =�Rlilabc + B>vfabc ; (5.13b)

where vfabc = (vf1 ; :::; vfn) 2 R3n is the vector of three-phase bus voltages where vfi =
(vfa;i ; vfb;i ; vfc;i) 2 R3 is the voltage at bus i, ilabc = (il1 ; :::; ilm) 2 R3m is the vector of
three-phase edge currents where ilk = (ila;k ; ilb;k ; ilc;k) 2 R3 is the current on edge k and
isabc = (is1 ; :::; isn) 2 R3n is the vector of three-phase currents where isi = (isa;i ; isb;i ; isc;i) 2
R3 is the current drawn by machine or converter i. We can now more conveniently de�ne
the ��0-frame quantities as

� vf = (vf1 ; :::; vfn) 2 R2n, vf0 = (vf0;1 ; :::; vf0;n) 2 Rn are such that
h vfivf0;i

i
= T��0vfi ;

� il = (il1 ; :::; ilm) 2 R2m, il0 = (il0;1 ; :::; il0;n) 2 Rm are such that
�
ilk
il0;k

�
= T��0ilk ;

� is = (is1 ; :::; isn) 2 R2n, is0 = (is0;1 ; :::; is0;n) 2 Rn are such that
h isi
is0;i

i
= T��0isi .

By rewriting (5.13) in this notation, the more important �� dynamics, decouple from
the zero-sequence dynamics

��-frame
( d

dtCfvf =�Gfvf �Bil � is
d
dtLlil =�Rlil +B>vf

(5.14a)

zero sequence
( d

dtCfvf0 =�Gfvf0 �Bil0 � is0
d
dtLlil0 =�Rlil0 +B>vf0 :

(5.14b)

These two subsystems are passive, respectively with the following storage functions

W = 1
2v
>
f Cfvf + 1

2i
>
l Llil (5.15a)

W0 = 1
2v
>
f0
Cfvf0 + 1

2i
>
l0Llil0 : (5.15b)

5.2 The power system dynamics

At each bus we attach an equivalent machine represented by the dynamics (5.12), which
we vectorize below in ��0-frame

d
dtqe = w (5.16a)

d
dtMew =�Dew + (e[
r] 
 I2)LmR>� is + um (5.16b)

d
dtLsis =�Rsis �R�Lm(e[
r] 
 I2)w + vf (5.16c)
d
dtL0is0 =�R0is0 + vf0 ; (5.16d)

94



5.2 The power system dynamics

where Me = blkdiag(Me1 ; :::;Men) 2 R2n�2n is the extended moment of inertia ma-
trix, De = blkdiag(De1 ; :::; Den) 2 R2n�2n is the extended damping coe�cient ma-
trix, Ls = blkdiag(Ls1 ; :::; Lsn) 2 R2n�2n is the stator or inverter inductance matrix,
Rs = blkdiag(Rs1 ; :::; Rsn) 2 R2n�2n is the stator or inverter resistance matrix, while L0 =
diag(l01 ; :::; l0n) 2 Rn�n and R0 = diag(r01 ; :::; r0n) 2 Rn�n are the zero-sequence vector-
ized inductance and resistance matrices, respectively. Moreover, qe = (qe1 ; :::; qen) 2 R2n

is the vector of generalized coordinates, w = (w1; :::; wn) 2 R2n is the vector of gener-
alized velocities and um = (um1 ; :::; umn) 2 R2n is the vector of generalized forces. We
further denote Lm = diag(lm1 ; :::; lmn) 
 I2 2 R2n�2n as the mutual inductance matrix
and [
r] = diag(
r1 ; :::; 
rn) 2 Rn�n as the diagnoalized radial coordinates.

The zero sequence circuit

When interconnecting the generators (5.16) to the transmission system (5.14), we observe
that the zero-sequence circutits decouple and represent an asymptotically stable LTI
system. We rewrite (5.14b), (5.16d) as

d
dtL0is0 =�R0is0 + vf0 (5.17a)
d
dtCfvf0 =�Gfvf0 �Bil0 � is0 (5.17b)

d
dtLlil0 =�Rlil0 +B>vf0 ; (5.17c)

and associate the Hamiltonian

H0 = 1
2i
>
s0
L0is0 + 1

2v
>
f0
Cfvf0 + 1

2i
>
l0Llil0 ; (5.18)

to see that the derivative of H0 along solutions of (5.17) is negative de�nite at zero
d
dtH0 = �i>s0

R0is0 � v
>
f0
Gfvf0 � i

>
l0Rlil0 : (5.19)

For this reason, we will consider only the ��-component going forward.

5.2.1 The extended multi-generator model

In the rest of this chapter we will work with the part of the power system model which
is application-relevant, namely the ��-subsystem expanded below

d
dtMr� =�Dr� + (e[
r] 
 g>1 )LmR>� is + �m (5.20a)

d
dt
r = � (5.20b)

d
dtMa! =�Da! + (e[
r] 
 g>2 )LmR>� is + �m (5.20c)

d
dt� = ! (5.20d)

d
dtLsis =�Rsis �R�Lm(e[
r] 
 g1)� �R�Lm(e[
r] 
 g2)! + vf (5.20e)

d
dtCfvf =�Gfvf �Bil � is (5.20f)

d
dtLlil =�Rlil +B>vf (5.20g)
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<latexit sha1_base64="EDAPD8MBJpvGHUxNOBVrXNh2iEY=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRV0GPRi8cK9gPaUDbbSbt2sxt2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemHCmjed9O4W19Y3NreJ2aWd3b/+gfHjU0jJVFJtUcqk6IdHImcCmYYZjJ1FI4pBjOxzfzvz2EyrNpHgwkwSDmAwFixglxkqtnhrJPvbLFa/qzeGuEj8nFcjR6Je/egNJ0xiFoZxo3fW9xAQZUYZRjtNSL9WYEDomQ+xaKkiMOsjm107dM6sM3EgqW8K4c/X3REZirSdxaDtjYkZ62ZuJ/3nd1ETXQcZEkhoUdLEoSrlrpDt73R0whdTwiSWEKmZvdemIKEKNDahkQ/CXX14lrVrVv6jW7i8r9Zs8jiKcwCmcgw9XUIc7aEATKDzCM7zCmyOdF+fd+Vi0Fpx85hj+wPn8AZeYjyM=</latexit>

! e
<latexit sha1_base64="+66kE/8TXPZvxeMLy1F7v6izHwQ=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9p2uf9csWtunOQVeLlpAI5Gv3yV28QszTiCpmkxnQ9N0E/oxoFk3xa6qWGJ5SN6ZB3LVU04sbP5tdOyZlVBiSMtS2FZK7+nshoZMwkCmxnRHFklr2Z+J/XTTG89jOhkhS5YotFYSoJxmT2OhkIzRnKiSWUaWFvJWxENWVoAyrZELzll1dJq1b1Lqq1+8tK/SaPowgncArn4MEV1OEOGtAEBo/wDK/w5sTOi/PufCxaC04+cwx/4Hz+AJkbjyQ=</latexit>

i s
<latexit sha1_base64="3LThGqMusAgaZFpw48JHovRKjqQ=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiRV0GXRjcsK9gFtCJPJpB06mYSZSaGE/okbF4q49U/c+TdO2iy09cAwh3PuZc6cIOVMacf5tiobm1vbO9Xd2t7+weGRfXzSVUkmCe2QhCeyH2BFORO0o5nmtJ9KiuOA014wuS/83pRKxRLxpGcp9WI8EixiBGsj+bY9DBIeqllsrpzNfeXbdafhLIDWiVuSOpRo+/bXMExIFlOhCcdKDVwn1V6OpWaE03ltmCmaYjLBIzowVOCYKi9fJJ+jC6OEKEqkOUKjhfp7I8exKsKZyRjrsVr1CvE/b5Dp6NbLmUgzTQVZPhRlHOkEFTWgkElKNJ8ZgolkJisiYywx0aasminBXf3yOuk2G+5Vo/l4XW/dlXVU4QzO4RJcuIEWPEAbOkBgCs/wCm9Wbr1Y79bHcrRilTun8AfW5w9KTpQV</latexit>

i !
<latexit sha1_base64="YrsH/Lv98rC9jyvQS6MQiVsYKkI=">AAAB/nicbVBLSwMxGMz6rPW1Kp68BIvgqexWQY9FLx4r2Ad0lyWbTdvQbBKSrFCWgn/FiwdFvPo7vPlvzLZ70NaBkGHm+8hkYsmoNp737aysrq1vbFa2qts7u3v77sFhR4tMYdLGggnVi5EmjHLSNtQw0pOKoDRmpBuPbwu/+0iUpoI/mIkkYYqGnA4oRsZKkXscxIIlepLaK6fTKBgjKVHk1ry6NwNcJn5JaqBEK3K/gkTgLCXcYIa07vueNGGOlKGYkWk1yDSRCI/RkPQt5SglOsxn8afwzCoJHAhlDzdwpv7eyFGqi4R2MkVmpBe9QvzP62dmcB3mlMvMEI7nDw0yBo2ARRcwoYpgwyaWIKyozQrxCCmEjW2sakvwF7+8TDqNun9Rb9xf1po3ZR0VcAJOwTnwwRVogjvQAm2AQQ6ewSt4c56cF+fd+ZiPrjjlzhH4A+fzByKllj0=</latexit>

÷<latexit sha1_base64="Ae8E7YzPjJN8/Zf42esk/zwwl08=">AAAB8HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgm2VNpTNZtMu3WzC7kQoof4JLx4U8erP8ea/cdvmoK0vLDy8M8POvEEqhUHX/XZKK6tr6xvlzcrW9s7uXnX/oG2STDPeYolM9H1ADZdC8RYKlPw+1ZzGgeSdYHQ9rXceuTYiUXc4Trkf04ESkWAUrfXQQyFDnj9N+tWaW3dnIsvgFVCDQs1+9asXJiyLuUImqTFdz03Rz6lGwSSfVHqZ4SllIzrgXYuKxtz4+WzhCTmxTkiiRNunkMzc3xM5jY0Zx4HtjCkOzWJtav5X62YYXfq5UGmGXLH5R1EmCSZkej0JheYM5dgCZVrYXQkbUk0Z2owqNgRv8eRlaJ/VPcu357XGVRFHGY7gGE7BgwtowA00oQUMYniGV3hztPPivDsf89aSU8wcwh85nz9MfZC4</latexit><latexit sha1_base64="Ae8E7YzPjJN8/Zf42esk/zwwl08=">AAAB8HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgm2VNpTNZtMu3WzC7kQoof4JLx4U8erP8ea/cdvmoK0vLDy8M8POvEEqhUHX/XZKK6tr6xvlzcrW9s7uXnX/oG2STDPeYolM9H1ADZdC8RYKlPw+1ZzGgeSdYHQ9rXceuTYiUXc4Trkf04ESkWAUrfXQQyFDnj9N+tWaW3dnIsvgFVCDQs1+9asXJiyLuUImqTFdz03Rz6lGwSSfVHqZ4SllIzrgXYuKxtz4+WzhCTmxTkiiRNunkMzc3xM5jY0Zx4HtjCkOzWJtav5X62YYXfq5UGmGXLH5R1EmCSZkej0JheYM5dgCZVrYXQkbUk0Z2owqNgRv8eRlaJ/VPcu357XGVRFHGY7gGE7BgwtowA00oQUMYniGV3hztPPivDsf89aSU8wcwh85nz9MfZC4</latexit><latexit sha1_base64="Ae8E7YzPjJN8/Zf42esk/zwwl08=">AAAB8HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgm2VNpTNZtMu3WzC7kQoof4JLx4U8erP8ea/cdvmoK0vLDy8M8POvEEqhUHX/XZKK6tr6xvlzcrW9s7uXnX/oG2STDPeYolM9H1ADZdC8RYKlPw+1ZzGgeSdYHQ9rXceuTYiUXc4Trkf04ESkWAUrfXQQyFDnj9N+tWaW3dnIsvgFVCDQs1+9asXJiyLuUImqTFdz03Rz6lGwSSfVHqZ4SllIzrgXYuKxtz4+WzhCTmxTkiiRNunkMzc3xM5jY0Zx4HtjCkOzWJtav5X62YYXfq5UGmGXLH5R1EmCSZkej0JheYM5dgCZVrYXQkbUk0Z2owqNgRv8eRlaJ/VPcu357XGVRFHGY7gGE7BgwtowA00oQUMYniGV3hztPPivDsf89aSU8wcwh85nz9MfZC4</latexit><latexit sha1_base64="Ae8E7YzPjJN8/Zf42esk/zwwl08=">AAAB8HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgm2VNpTNZtMu3WzC7kQoof4JLx4U8erP8ea/cdvmoK0vLDy8M8POvEEqhUHX/XZKK6tr6xvlzcrW9s7uXnX/oG2STDPeYolM9H1ADZdC8RYKlPw+1ZzGgeSdYHQ9rXceuTYiUXc4Trkf04ESkWAUrfXQQyFDnj9N+tWaW3dnIsvgFVCDQs1+9asXJiyLuUImqTFdz03Rz6lGwSSfVHqZ4SllIzrgXYuKxtz4+WzhCTmxTkiiRNunkMzc3xM5jY0Zx4HtjCkOzWJtav5X62YYXfq5UGmGXLH5R1EmCSZkej0JheYM5dgCZVrYXQkbUk0Z2owqNgRv8eRlaJ/VPcu357XGVRFHGY7gGE7BgwtowA00oQUMYniGV3hztPPivDsf89aSU8wcwh85nz9MfZC4</latexit> v g
<latexit sha1_base64="sL3EcQk8divxR0K318YefWg5u4g=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiRV0GXRjcsK9gFtCJPJpB06mYSZSaGE/okbF4q49U/c+TdO2iy09cAwh3PuZc6cIOVMacf5tiobm1vbO9Xd2t7+weGRfXzSVUkmCe2QhCeyH2BFORO0o5nmtJ9KiuOA014wuS/83pRKxRLxpGcp9WI8EixiBGsj+bY9DBIeqllsrnw690e+XXcazgJonbglqUOJtm9/DcOEZDEVmnCs1MB1Uu3lWGpGOJ3XhpmiKSYTPKIDQwWOqfLyRfI5ujBKiKJEmiM0Wqi/N3IcqyKcmYyxHqtVrxD/8waZjm69nIk001SQ5UNRxpFOUFEDCpmkRPOZIZhIZrIiMsYSE23KqpkS3NUvr5Nus+FeNZqP1/XWXVlHFc7gHC7BhRtowQO0oQMEpvAMr/Bm5daL9W59LEcrVrlzCn9gff4AS/mUFg==</latexit>

i s
<latexit sha1_base64="3LThGqMusAgaZFpw48JHovRKjqQ=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiRV0GXRjcsK9gFtCJPJpB06mYSZSaGE/okbF4q49U/c+TdO2iy09cAwh3PuZc6cIOVMacf5tiobm1vbO9Xd2t7+weGRfXzSVUkmCe2QhCeyH2BFORO0o5nmtJ9KiuOA014wuS/83pRKxRLxpGcp9WI8EixiBGsj+bY9DBIeqllsrpzNfeXbdafhLIDWiVuSOpRo+/bXMExIFlOhCcdKDVwn1V6OpWaE03ltmCmaYjLBIzowVOCYKi9fJJ+jC6OEKEqkOUKjhfp7I8exKsKZyRjrsVr1CvE/b5Dp6NbLmUgzTQVZPhRlHOkEFTWgkElKNJ8ZgolkJisiYywx0aasminBXf3yOuk2G+5Vo/l4XW/dlXVU4QzO4RJcuIEWPEAbOkBgCs/wCm9Wbr1Y79bHcrRilTun8AfW5w9KTpQV</latexit>

ex
<latexit sha1_base64="2bfQWHr8y6r+peURgmK0adLbv6M=">AAAB+XicbVC7TsMwFHV4lvIKMLJYVEhMVVKQYKxgYSwSfUhtFDnOTWvVcSLbqaii/gkLAwix8ids/A1OmwFajmT56Jx75eMTpJwp7Tjf1tr6xubWdmWnuru3f3BoHx13VJJJCm2a8ET2AqKAMwFtzTSHXiqBxAGHbjC+K/zuBKRiiXjU0xS8mAwFixgl2ki+bQ+ChIdqGpsrh5n/5Ns1p+7MgVeJW5IaKtHy7a9BmNAsBqEpJ0r1XSfVXk6kZpTDrDrIFKSEjskQ+oYKEoPy8nnyGT43SoijRJojNJ6rvzdyEqsinJmMiR6pZa8Q//P6mY5uvJyJNNMg6OKhKONYJ7ioAYdMAtV8agihkpmsmI6IJFSbsqqmBHf5y6uk06i7l/XGw1WteVvWUUGn6AxdIBddoya6Ry3URhRN0DN6RW9Wbr1Y79bHYnTNKndO0B9Ynz9LxpQW</latexit>

vdc
<latexit sha1_base64="cN8a2pc/JNquNFsAeTRBG1Djxaw=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mtBT0WvXisYD+gXUo2m21js8mSZAtl6X/w4kERr/4fb/4b03YP2vpg4PHeDDPzgoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTtpapIrRFJJeqG2BNORO0ZZjhtJsoiuOA004wvpv7nQlVmknxaKYJ9WM8FCxiBBsrtSeDLCSzQbniVt0F0DrxclKBHM1B+asfSpLGVBjCsdY9z02Mn2FlGOF0VuqnmiaYjPGQ9iwVOKbazxbXztCFVUIUSWVLGLRQf09kONZ6Gge2M8ZmpFe9ufif10tNdONnTCSpoYIsF0UpR0ai+esoZIoSw6eWYKKYvRWREVaYGBtQyYbgrb68Ttq1qndVrT3UK43bPI4inME5XIIH19CAe2hCCwg8wTO8wpsjnRfn3flYthacfOYU/sD5/AHZIY9O</latexit>

!
"

<latexit sha1_base64="zK7COHCZbtpatiTBoEinhrWs9qk=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSyCp5JUQY9FLx4r2A9oQtlsN+3SzSbsTpQS81O8eFDEq7/Em//GbZuDtj4YeLw3w8y8IBFcg+N8W6W19Y3NrfJ2ZWd3b//Arh52dJwqyto0FrHqBUQzwSVrAwfBeoliJAoE6waTm5nffWBK81jewzRhfkRGkoecEjDSwK56ECpCM0+meeYxIPnArjl1Zw68StyC1FCB1sD+8oYxTSMmgQqidd91EvAzooBTwfKKl2qWEDohI9Y3VJKIaT+bn57jU6MMcRgrUxLwXP09kZFI62kUmM6IwFgvezPxP6+fQnjlZ1wmKTBJF4vCVGCI8SwHPOSKURBTQwhV3NyK6ZiYKMCkVTEhuMsvr5JOo+6e1xt3F7XmdRFHGR2jE3SGXHSJmugWtVAbUfSIntErerOerBfr3fpYtJasYuYI/YH1+QMYgZSK</latexit>

!" dc
<latexit sha1_base64="8jlWLYNZyu/u5uP+8wcZUBCGpOA=">AAAB9HicbVBNS8NAEN34WetX1aOXxSJ4KkkV9Fj04rGC/YAmlM1m0i7d7MbdTaGE/g4vHhTx6o/x5r9x2+agrQ8GHu/NMDMvTDnTxnW/nbX1jc2t7dJOeXdv/+CwcnTc1jJTFFpUcqm6IdHAmYCWYYZDN1VAkpBDJxzdzfzOGJRmUjyaSQpBQgaCxYwSY6XAB0N8NZT9PKLTfqXq1tw58CrxClJFBZr9ypcfSZolIAzlROue56YmyIkyjHKYlv1MQ0roiAygZ6kgCeggnx89xedWiXAslS1h8Fz9PZGTROtJEtrOhJihXvZm4n9eLzPxTZAzkWYGBF0sijOOjcSzBHDEFFDDJ5YQqpi9FdMhUYQam1PZhuAtv7xK2vWad1mrP1xVG7dFHCV0is7QBfLQNWqge9RELUTRE3pGr+jNGTsvzrvzsWhdc4qZE/QHzucPJ56SWQ==</latexit>

! f dc
<latexit sha1_base64="5kruWLcf1jSni5oLLqZ2LhYl3y0=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KkkV9Fj04rGC/YA2lM1m0i7dbMLuRCihP8OLB0W8+mu8+W/ctjlo64OBx3szzMwLUikMuu63s7a+sbm1Xdop7+7tHxxWjo7bJsk0hxZPZKK7ATMghYIWCpTQTTWwOJDQCcZ3M7/zBNqIRD3iJAU/ZkMlIsEZWqnXB2Q0GuQhnw4qVbfmzkFXiVeQKinQHFS++mHCsxgUcsmM6Xluin7ONAouYVruZwZSxsdsCD1LFYvB+Pn85Ck9t0pIo0TbUkjn6u+JnMXGTOLAdsYMR2bZm4n/eb0Moxs/FyrNEBRfLIoySTGhs/9pKDRwlBNLGNfC3kr5iGnG0aZUtiF4yy+vkna95l3W6g9X1cZtEUeJnJIzckE8ck0a5J40SYtwkpBn8kreHHRenHfnY9G65hQzJ+QPnM8fH4uRJg==</latexit>

! f e
<latexit sha1_base64="ZYB4DHidQERbtiITlwM0w94k8ag=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae2oWy2k3bpZhN2N0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqz02ENDSdjPcNovV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bXzwlZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZm9TwZcITNiYgllittbCRtRRZmxIZVsCN7yy6ukVat6F9Xa/WWlfpPHUYQTOIVz8OAK6nAHDWgCAwnP8ApvjnZenHfnY9FacPKZY/gD5/MHYkKQug==</latexit>

!" e
<latexit sha1_base64="p7Gx5rRQ3Khlx1PDCbYL8WZydKQ=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/YAmlM122i7dbOLuplBCf4cXD4p49cd489+4bXPQ1gcDj/dmmJkXJoJr47rfztr6xubWdmGnuLu3f3BYOjpu6jhVDBssFrFqh1Sj4BIbhhuB7UQhjUKBrXB0N/NbY1Sax/LRTBIMIjqQvM8ZNVYKfDSU+GoYdzOcdktlt+LOQVaJl5My5Kh3S19+L2ZphNIwQbXueG5igowqw5nAadFPNSaUjegAO5ZKGqEOsvnRU3JulR7px8qWNGSu/p7IaKT1JAptZ0TNUC97M/E/r5Oa/k2QcZmkBiVbLOqngpiYzBIgPa6QGTGxhDLF7a2EDamizNicijYEb/nlVdKsVrzLSvXhqly7zeMowCmcwQV4cA01uIc6NIDBEzzDK7w5Y+fFeXc+Fq1rTj5zAn/gfP4AwUKSFw==</latexit>

! 2M r
<latexit sha1_base64="+zxWVmyWsCa8CcCZQPHSB39wbhk=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BL16ECOaByRpmJ5NkyOzsMtMrhCV/4cWDIl79G2/+jZNkD5pY0FBUddPdFcRSGHTdbye3srq2vpHfLGxt7+zuFfcPGiZKNON1FslItwJquBSK11Gg5K1YcxoGkjeD0fXUbz5xbUSk7nEccz+kAyX6glG00kOHI32skNuu7hZLbtmdgSwTLyMlyFDrFr86vYglIVfIJDWm7bkx+inVKJjkk0InMTymbEQHvG2poiE3fjq7eEJOrNIj/UjbUkhm6u+JlIbGjMPAdoYUh2bRm4r/ee0E+5d+KlScIFdsvqifSIIRmb5PekJzhnJsCWVa2FsJG1JNGdqQCjYEb/HlZdKolL2zcuXuvFS9yuLIwxEcwyl4cAFVuIEa1IGBgmd4hTfHOC/Ou/Mxb8052cwh/IHz+QOxqpBG</latexit>

! 2Dr
<latexit sha1_base64="lt/brakOaevDjsaQ3TbK7CpUD3g=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BPXiMYB6YrGF2MkmGzM4uM71CWPIXXjwo4tW/8ebfOEn2oIkFDUVVN91dQSyFQdf9dnIrq2vrG/nNwtb2zu5ecf+gYaJEM15nkYx0K6CGS6F4HQVK3oo1p2EgeTMYXU/95hPXRkTqHscx90M6UKIvGEUrPXQ40scKuenqbrHklt0ZyDLxMlKCDLVu8avTi1gScoVMUmPanhujn1KNgkk+KXQSw2PKRnTA25YqGnLjp7OLJ+TEKj3Sj7QthWSm/p5IaWjMOAxsZ0hxaBa9qfif106wf+mnQsUJcsXmi/qJJBiR6fukJzRnKMeWUKaFvZWwIdWUoQ2pYEPwFl9eJo1K2TsrV+7OS9WrLI48HMExnIIHF1CFW6hBHRgoeIZXeHOM8+K8Ox/z1pyTzRzCHzifP6P0kD0=</latexit>

Cdc
<latexit sha1_base64="HNL2QFHO2L4z/gqo5h3+Rhxila4=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mtBT0We/FYwX5Au5RsNtvGZpMlyQpl6X/w4kERr/4fb/4b03YP2vpg4PHeDDPzgoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTjpapIrRNJJeqF2BNORO0bZjhtJcoiuOA024wac797hNVmknxYKYJ9WM8EixiBBsrdZrDLCSzYbniVt0F0DrxclKBHK1h+WsQSpLGVBjCsdZ9z02Mn2FlGOF0VhqkmiaYTPCI9i0VOKbazxbXztCFVUIUSWVLGLRQf09kONZ6Gge2M8ZmrFe9ufif109NdONnTCSpoYIsF0UpR0ai+esoZIoSw6eWYKKYvRWRMVaYGBtQyYbgrb68Tjq1qndVrd3XK43bPI4inME5XIIH19CAO2hBGwg8wjO8wpsjnRfn3flYthacfOYU/sD5/AGK1o8b</latexit>

Gdc
<latexit sha1_base64="iN/fu4tGZWGcOyyC9oMy83f5eDI=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mtBT0WPeixgv2AdinZbLaNzSZLkhXK0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmBQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbS1TRWiLSC5VN8CaciZoyzDDaTdRFMcBp51gfDPzO09UaSbFg5kk1I/xULCIEWys1L4dZCGZDsoVt+rOgVaJl5MK5GgOyl/9UJI0psIQjrXueW5i/Awrwwin01I/1TTBZIyHtGepwDHVfja/dorOrBKiSCpbwqC5+nsiw7HWkziwnTE2I73szcT/vF5qois/YyJJDRVksShKOTISzV5HIVOUGD6xBBPF7K2IjLDCxNiASjYEb/nlVdKuVb2Lau2+Xmlc53EU4QRO4Rw8uIQG3EETWkDgEZ7hFd4c6bw4787HorXg5DPH8AfO5w+Q+o8f</latexit>

L s
<latexit sha1_base64="WJ4+ma/b/ayQw59Ju91t78XA9qw=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhCswl0UtAzaWFhENB+QHGFvM5cs2ds7dveEcOQn2FgoYusvsvPfuEmu0MQHA4/3ZpiZFySCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDP1W0+oNI/loxkn6Ed0IHnIGTVWerjr6V6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns1Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfRv0ucKmRFjSyhT3N5K2JAqyoxNp2hD8BZfXibNasU7r1TvL8q16zyOAhzDCZyBB5dQg1uoQwMYDOAZXuHNEc6L8+58zFtXnHzmCP7A+fwBLf6Nug==</latexit> Rs

<latexit sha1_base64="ZWRa/pa6ZVQlP2HxqA/EkbAOSqs=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWN85AHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6xHHC/YgOlAgFo2ilh/ue6ZXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindeqd5dlGvXeRwFOIYTOAMPLqEGt1CHBjAYwDO8wpsjnRfn3fmYt644+cwR/IHz+QM3Io3A</latexit>

! m
<latexit sha1_base64="lt95U+Baug9ZiozyCRUsAnjRsrM=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1enqk+qJfrvhVfw60SoKcVCBHo1/+6g0USQWVlnBsTDfwExtmWFtGOJ2WeqmhCSZjPKRdRyUW1ITZ/NopOnPKAMVKu5IWzdXfExkWxkxE5DoFtiOz7M3E/7xuauPrMGMySS2VZLEoTjmyCs1eRwOmKbF84ggmmrlbERlhjYl1AZVcCMHyy6ukVasGF9Xa/WWlfpPHUYQTOIVzCOAK6nAHDWgCgUd4hld485T34r17H4vWgpfPHMMfeJ8/o7iPKw==</latexit>

ú!
<latexit sha1_base64="qSo8uHbNAaJiLW7jEKzex6sAC74=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOTJcxOepMhs7PLTK8QQv7CiwdFvPo33vwbJ8keNLFgoKjqYrorTKUw5HnfTmFtfWNzq7hd2tnd2z8oHx41TZJpjg2eyES3Q2ZQCoUNEiSxnWpkcSixFY5uZ37rCbURiXqgcYpBzAZKRIIzstJjt59Ql4ZIrFeueFVvDneV+DmpQI56r/xlwzyLURGXzJiO76UUTJgmwSVOS93MYMr4iA2wY6liMZpgMt946p5Zpe9GibZPkTtXfycmLDZmHId2MmY0NMveTPzP62QUXQcTodKMUPHFR1EmXUrc2fluX2jkJMeWMK6F3dXlQ6YZJ1tSyZbgL5+8SpoXVd/y+8tK7SavowgncArn4MMV1OAO6tAADgqe4RXeHOO8OO/Ox2K04OSZY/gD5/MHvxOQ8w==</latexit><latexit sha1_base64="qSo8uHbNAaJiLW7jEKzex6sAC74=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOTJcxOepMhs7PLTK8QQv7CiwdFvPo33vwbJ8keNLFgoKjqYrorTKUw5HnfTmFtfWNzq7hd2tnd2z8oHx41TZJpjg2eyES3Q2ZQCoUNEiSxnWpkcSixFY5uZ37rCbURiXqgcYpBzAZKRIIzstJjt59Ql4ZIrFeueFVvDneV+DmpQI56r/xlwzyLURGXzJiO76UUTJgmwSVOS93MYMr4iA2wY6liMZpgMt946p5Zpe9GibZPkTtXfycmLDZmHId2MmY0NMveTPzP62QUXQcTodKMUPHFR1EmXUrc2fluX2jkJMeWMK6F3dXlQ6YZJ1tSyZbgL5+8SpoXVd/y+8tK7SavowgncArn4MMV1OAO6tAADgqe4RXeHOO8OO/Ox2K04OSZY/gD5/MHvxOQ8w==</latexit><latexit sha1_base64="qSo8uHbNAaJiLW7jEKzex6sAC74=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOTJcxOepMhs7PLTK8QQv7CiwdFvPo33vwbJ8keNLFgoKjqYrorTKUw5HnfTmFtfWNzq7hd2tnd2z8oHx41TZJpjg2eyES3Q2ZQCoUNEiSxnWpkcSixFY5uZ37rCbURiXqgcYpBzAZKRIIzstJjt59Ql4ZIrFeueFVvDneV+DmpQI56r/xlwzyLURGXzJiO76UUTJgmwSVOS93MYMr4iA2wY6liMZpgMt946p5Zpe9GibZPkTtXfycmLDZmHId2MmY0NMveTPzP62QUXQcTodKMUPHFR1EmXUrc2fluX2jkJMeWMK6F3dXlQ6YZJ1tSyZbgL5+8SpoXVd/y+8tK7SavowgncArn4MMV1OAO6tAADgqe4RXeHOO8OO/Ox2K04OSZY/gD5/MHvxOQ8w==</latexit><latexit sha1_base64="qSo8uHbNAaJiLW7jEKzex6sAC74=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOTJcxOepMhs7PLTK8QQv7CiwdFvPo33vwbJ8keNLFgoKjqYrorTKUw5HnfTmFtfWNzq7hd2tnd2z8oHx41TZJpjg2eyES3Q2ZQCoUNEiSxnWpkcSixFY5uZ37rCbURiXqgcYpBzAZKRIIzstJjt59Ql4ZIrFeueFVvDneV+DmpQI56r/xlwzyLURGXzJiO76UUTJgmwSVOS93MYMr4iA2wY6liMZpgMt946p5Zpe9GibZPkTtXfycmLDZmHId2MmY0NMveTPzP62QUXQcTodKMUPHFR1EmXUrc2fluX2jkJMeWMK6F3dXlQ6YZJ1tSyZbgL5+8SpoXVd/y+8tK7SavowgncArn4MMV1OAO6tAADgqe4RXeHOO8OO/Ox2K04OSZY/gD5/MHvxOQ8w==</latexit>

ú! r
<latexit sha1_base64="ZhEf+/x8P3+IUCwM4bJ9ARUAAMw=">AAAB9XicbVBNSwMxEM36WetX1aOXYBE8ld0q6LHoxWMF+wHtWmbTbBua7C7JrFKW/g8vHhTx6n/x5r8xbfegrQ8GHu/NJDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDsBwKSLeQIGStxPNQQWSt4LRzdRvPXJtRBzd4zjhvoJBJELBAK300O3HmHUHoBRMerpXKrsVdwa6TLyclEmOeq/0ZR9gqeIRMgnGdDw3QT8DjYJJPil2U8MTYCMY8I6lEShu/Gy29YSeWqVPw1jbipDO1N8TGShjxiqwnQpwaBa9qfif10kxvPIzESUp8ojNPwpTSTGm0whoX2jOUI4tAaaF3ZWyIWhgaIMq2hC8xZOXSbNa8c4r1buLcu06j6NAjskJOSMeuSQ1ckvqpEEY0eSZvJI358l5cd6dj3nripPPHJE/cD5/AP9dktU=</latexit>

÷<latexit sha1_base64="Ae8E7YzPjJN8/Zf42esk/zwwl08=">AAAB8HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgm2VNpTNZtMu3WzC7kQoof4JLx4U8erP8ea/cdvmoK0vLDy8M8POvEEqhUHX/XZKK6tr6xvlzcrW9s7uXnX/oG2STDPeYolM9H1ADZdC8RYKlPw+1ZzGgeSdYHQ9rXceuTYiUXc4Trkf04ESkWAUrfXQQyFDnj9N+tWaW3dnIsvgFVCDQs1+9asXJiyLuUImqTFdz03Rz6lGwSSfVHqZ4SllIzrgXYuKxtz4+WzhCTmxTkiiRNunkMzc3xM5jY0Zx4HtjCkOzWJtav5X62YYXfq5UGmGXLH5R1EmCSZkej0JheYM5dgCZVrYXQkbUk0Z2owqNgRv8eRlaJ/VPcu357XGVRFHGY7gGE7BgwtowA00oQUMYniGV3hztPPivDsf89aSU8wcwh85nz9MfZC4</latexit><latexit sha1_base64="Ae8E7YzPjJN8/Zf42esk/zwwl08=">AAAB8HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgm2VNpTNZtMu3WzC7kQoof4JLx4U8erP8ea/cdvmoK0vLDy8M8POvEEqhUHX/XZKK6tr6xvlzcrW9s7uXnX/oG2STDPeYolM9H1ADZdC8RYKlPw+1ZzGgeSdYHQ9rXceuTYiUXc4Trkf04ESkWAUrfXQQyFDnj9N+tWaW3dnIsvgFVCDQs1+9asXJiyLuUImqTFdz03Rz6lGwSSfVHqZ4SllIzrgXYuKxtz4+WzhCTmxTkiiRNunkMzc3xM5jY0Zx4HtjCkOzWJtav5X62YYXfq5UGmGXLH5R1EmCSZkej0JheYM5dgCZVrYXQkbUk0Z2owqNgRv8eRlaJ/VPcu357XGVRFHGY7gGE7BgwtowA00oQUMYniGV3hztPPivDsf89aSU8wcwh85nz9MfZC4</latexit><latexit sha1_base64="Ae8E7YzPjJN8/Zf42esk/zwwl08=">AAAB8HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgm2VNpTNZtMu3WzC7kQoof4JLx4U8erP8ea/cdvmoK0vLDy8M8POvEEqhUHX/XZKK6tr6xvlzcrW9s7uXnX/oG2STDPeYolM9H1ADZdC8RYKlPw+1ZzGgeSdYHQ9rXceuTYiUXc4Trkf04ESkWAUrfXQQyFDnj9N+tWaW3dnIsvgFVCDQs1+9asXJiyLuUImqTFdz03Rz6lGwSSfVHqZ4SllIzrgXYuKxtz4+WzhCTmxTkiiRNunkMzc3xM5jY0Zx4HtjCkOzWJtav5X62YYXfq5UGmGXLH5R1EmCSZkej0JheYM5dgCZVrYXQkbUk0Z2owqNgRv8eRlaJ/VPcu357XGVRFHGY7gGE7BgwtowA00oQUMYniGV3hztPPivDsf89aSU8wcwh85nz9MfZC4</latexit><latexit sha1_base64="Ae8E7YzPjJN8/Zf42esk/zwwl08=">AAAB8HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgm2VNpTNZtMu3WzC7kQoof4JLx4U8erP8ea/cdvmoK0vLDy8M8POvEEqhUHX/XZKK6tr6xvlzcrW9s7uXnX/oG2STDPeYolM9H1ADZdC8RYKlPw+1ZzGgeSdYHQ9rXceuTYiUXc4Trkf04ESkWAUrfXQQyFDnj9N+tWaW3dnIsvgFVCDQs1+9asXJiyLuUImqTFdz03Rz6lGwSSfVHqZ4SllIzrgXYuKxtz4+WzhCTmxTkiiRNunkMzc3xM5jY0Zx4HtjCkOzWJtav5X62YYXfq5UGmGXLH5R1EmCSZkej0JheYM5dgCZVrYXQkbUk0Z2owqNgRv8eRlaJ/VPcu357XGVRFHGY7gGE7BgwtowA00oQUMYniGV3hztPPivDsf89aSU8wcwh85nz9MfZC4</latexit>es
<latexit sha1_base64="JGoUu8J/GgAT+orP6kVfRR6LokQ=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiRV0GXRjcsK9gFtCJPJpB06mYSZSaGE/okbF4q49U/c+TdO2iy09cAwh3PuZc6cIOVMacf5tiobm1vbO9Xd2t7+weGRfXzSVUkmCe2QhCeyH2BFORO0o5nmtJ9KiuOA014wuS/83pRKxRLxpGcp9WI8EixiBGsj+bY9DBIeqllsrpzOfeXbdafhLIDWiVuSOpRo+/bXMExIFlOhCcdKDVwn1V6OpWaE03ltmCmaYjLBIzowVOCYKi9fJJ+jC6OEKEqkOUKjhfp7I8exKsKZyRjrsVr1CvE/b5Dp6NbLmUgzTQVZPhRlHOkEFTWgkElKNJ8ZgolkJisiYywx0aasminBXf3yOuk2G+5Vo/l4XW/dlXVU4QzO4RJcuIEWPEAbOkBgCs/wCm9Wbr1Y79bHcrRilTun8AfW5w9EMpQR</latexit>

e!
<latexit sha1_base64="7j99uV0+pSEEi60zLEiKIshDDII=">AAAB/nicbVBLSwMxGMz6rPW1Kp68BIvgqexWQY9FLx4r2Ad0lyWbTdvQbBKSrFCWgn/FiwdFvPo7vPlvzLZ70NaBkGHm+8hkYsmoNp737aysrq1vbFa2qts7u3v77sFhR4tMYdLGggnVi5EmjHLSNtQw0pOKoDRmpBuPbwu/+0iUpoI/mIkkYYqGnA4oRsZKkXscxIIlepLaKyfTKBgjKVHk1ry6NwNcJn5JaqBEK3K/gkTgLCXcYIa07vueNGGOlKGYkWk1yDSRCI/RkPQt5SglOsxn8afwzCoJHAhlDzdwpv7eyFGqi4R2MkVmpBe9QvzP62dmcB3mlMvMEI7nDw0yBo2ARRcwoYpgwyaWIKyozQrxCCmEjW2sakvwF7+8TDqNun9Rb9xf1po3ZR0VcAJOwTnwwRVogjvQAm2AQQ6ewSt4c56cF+fd+ZiPrjjlzhH4A+fzBxx1ljk=</latexit>

v g
<latexit sha1_base64="sL3EcQk8divxR0K318YefWg5u4g=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiRV0GXRjcsK9gFtCJPJpB06mYSZSaGE/okbF4q49U/c+TdO2iy09cAwh3PuZc6cIOVMacf5tiobm1vbO9Xd2t7+weGRfXzSVUkmCe2QhCeyH2BFORO0o5nmtJ9KiuOA014wuS/83pRKxRLxpGcp9WI8EixiBGsj+bY9DBIeqllsrnw690e+XXcazgJonbglqUOJtm9/DcOEZDEVmnCs1MB1Uu3lWGpGOJ3XhpmiKSYTPKIDQwWOqfLyRfI5ujBKiKJEmiM0Wqi/N3IcqyKcmYyxHqtVrxD/8waZjm69nIk001SQ5UNRxpFOUFEDCpmkRPOZIZhIZrIiMsYSE23KqpkS3NUvr5Nus+FeNZqP1/XWXVlHFc7gHC7BhRtowQO0oQMEpvAMr/Bm5daL9W59LEcrVrlzCn9gff4AS/mUFg==</latexit>

L s!
<latexit sha1_base64="fUoqP1mOhezMDMOS/pzVUtRaf/Q=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIvgqexWQY9FLx48VLAfsF1KNk3b0GwSklmhLP0ZXjwo4tVf481/Y9ruQVsfDDzem2FmXqwFt+D7315hbX1jc6u4XdrZ3ds/KB8etaxKDWVNqoQynZhYJrhkTeAgWEcbRpJYsHY8vp357SdmLFfyESaaRQkZSj7glICTwvteZrtjojWZ9soVv+rPgVdJkJMKytHolb+6fUXThEmgglgbBr6GKCMGOBVsWuqmlmlCx2TIQkclSZiNsvnJU3zmlD4eKONKAp6rvycyklg7SWLXmRAY2WVvJv7nhSkMrqOMS50Ck3SxaJAKDArP/sd9bhgFMXGEUMPdrZiOiCEUXEolF0Kw/PIqadWqwUW19nBZqd/kcRTRCTpF5yhAV6iO7lADNRFFCj2jV/TmgffivXsfi9aCl88coz/wPn8AiX2Raw==</latexit>

! m

! e
<latexit sha1_base64="EDAPD8MBJpvGHUxNOBVrXNh2iEY=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRV0GPRi8cK9gPaUDbbSbt2sxt2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemHCmjed9O4W19Y3NreJ2aWd3b/+gfHjU0jJVFJtUcqk6IdHImcCmYYZjJ1FI4pBjOxzfzvz2EyrNpHgwkwSDmAwFixglxkqtnhrJPvbLFa/qzeGuEj8nFcjR6Je/egNJ0xiFoZxo3fW9xAQZUYZRjtNSL9WYEDomQ+xaKkiMOsjm107dM6sM3EgqW8K4c/X3REZirSdxaDtjYkZ62ZuJ/3nd1ETXQcZEkhoUdLEoSrlrpDt73R0whdTwiSWEKmZvdemIKEKNDahkQ/CXX14lrVrVv6jW7i8r9Zs8jiKcwCmcgw9XUIc7aEATKDzCM7zCmyOdF+fd+Vi0Fpx85hj+wPn8AZeYjyM=</latexit>

! e
<latexit sha1_base64="+66kE/8TXPZvxeMLy1F7v6izHwQ=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9p2uf9csWtunOQVeLlpAI5Gv3yV28QszTiCpmkxnQ9N0E/oxoFk3xa6qWGJ5SN6ZB3LVU04sbP5tdOyZlVBiSMtS2FZK7+nshoZMwkCmxnRHFklr2Z+J/XTTG89jOhkhS5YotFYSoJxmT2OhkIzRnKiSWUaWFvJWxENWVoAyrZELzll1dJq1b1Lqq1+8tK/SaPowgncArn4MEV1OEOGtAEBo/wDK/w5sTOi/PufCxaC04+cwx/4Hz+AJkbjyQ=</latexit>

i s
<latexit sha1_base64="3LThGqMusAgaZFpw48JHovRKjqQ=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiRV0GXRjcsK9gFtCJPJpB06mYSZSaGE/okbF4q49U/c+TdO2iy09cAwh3PuZc6cIOVMacf5tiobm1vbO9Xd2t7+weGRfXzSVUkmCe2QhCeyH2BFORO0o5nmtJ9KiuOA014wuS/83pRKxRLxpGcp9WI8EixiBGsj+bY9DBIeqllsrpzNfeXbdafhLIDWiVuSOpRo+/bXMExIFlOhCcdKDVwn1V6OpWaE03ltmCmaYjLBIzowVOCYKi9fJJ+jC6OEKEqkOUKjhfp7I8exKsKZyRjrsVr1CvE/b5Dp6NbLmUgzTQVZPhRlHOkEFTWgkElKNJ8ZgolkJisiYywx0aasminBXf3yOuk2G+5Vo/l4XW/dlXVU4QzO4RJcuIEWPEAbOkBgCs/wCm9Wbr1Y79bHcrRilTun8AfW5w9KTpQV</latexit>

i !
<latexit sha1_base64="YrsH/Lv98rC9jyvQS6MQiVsYKkI=">AAAB/nicbVBLSwMxGMz6rPW1Kp68BIvgqexWQY9FLx4r2Ad0lyWbTdvQbBKSrFCWgn/FiwdFvPo7vPlvzLZ70NaBkGHm+8hkYsmoNp737aysrq1vbFa2qts7u3v77sFhR4tMYdLGggnVi5EmjHLSNtQw0pOKoDRmpBuPbwu/+0iUpoI/mIkkYYqGnA4oRsZKkXscxIIlepLaK6fTKBgjKVHk1ry6NwNcJn5JaqBEK3K/gkTgLCXcYIa07vueNGGOlKGYkWk1yDSRCI/RkPQt5SglOsxn8afwzCoJHAhlDzdwpv7eyFGqi4R2MkVmpBe9QvzP62dmcB3mlMvMEI7nDw0yBo2ARRcwoYpgwyaWIKyozQrxCCmEjW2sakvwF7+8TDqNun9Rb9xf1po3ZR0VcAJOwTnwwRVogjvQAm2AQQ6ewSt4c56cF+fd+ZiPrjjlzhH4A+fzByKllj0=</latexit>

! m

ú!
<latexit sha1_base64="qSo8uHbNAaJiLW7jEKzex6sAC74=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOTJcxOepMhs7PLTK8QQv7CiwdFvPo33vwbJ8keNLFgoKjqYrorTKUw5HnfTmFtfWNzq7hd2tnd2z8oHx41TZJpjg2eyES3Q2ZQCoUNEiSxnWpkcSixFY5uZ37rCbURiXqgcYpBzAZKRIIzstJjt59Ql4ZIrFeueFVvDneV+DmpQI56r/xlwzyLURGXzJiO76UUTJgmwSVOS93MYMr4iA2wY6liMZpgMt946p5Zpe9GibZPkTtXfycmLDZmHId2MmY0NMveTPzP62QUXQcTodKMUPHFR1EmXUrc2fluX2jkJMeWMK6F3dXlQ6YZJ1tSyZbgL5+8SpoXVd/y+8tK7SavowgncArn4MMV1OAO6tAADgqe4RXeHOO8OO/Ox2K04OSZY/gD5/MHvxOQ8w==</latexit><latexit sha1_base64="qSo8uHbNAaJiLW7jEKzex6sAC74=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOTJcxOepMhs7PLTK8QQv7CiwdFvPo33vwbJ8keNLFgoKjqYrorTKUw5HnfTmFtfWNzq7hd2tnd2z8oHx41TZJpjg2eyES3Q2ZQCoUNEiSxnWpkcSixFY5uZ37rCbURiXqgcYpBzAZKRIIzstJjt59Ql4ZIrFeueFVvDneV+DmpQI56r/xlwzyLURGXzJiO76UUTJgmwSVOS93MYMr4iA2wY6liMZpgMt946p5Zpe9GibZPkTtXfycmLDZmHId2MmY0NMveTPzP62QUXQcTodKMUPHFR1EmXUrc2fluX2jkJMeWMK6F3dXlQ6YZJ1tSyZbgL5+8SpoXVd/y+8tK7SavowgncArn4MMV1OAO6tAADgqe4RXeHOO8OO/Ox2K04OSZY/gD5/MHvxOQ8w==</latexit><latexit sha1_base64="qSo8uHbNAaJiLW7jEKzex6sAC74=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOTJcxOepMhs7PLTK8QQv7CiwdFvPo33vwbJ8keNLFgoKjqYrorTKUw5HnfTmFtfWNzq7hd2tnd2z8oHx41TZJpjg2eyES3Q2ZQCoUNEiSxnWpkcSixFY5uZ37rCbURiXqgcYpBzAZKRIIzstJjt59Ql4ZIrFeueFVvDneV+DmpQI56r/xlwzyLURGXzJiO76UUTJgmwSVOS93MYMr4iA2wY6liMZpgMt946p5Zpe9GibZPkTtXfycmLDZmHId2MmY0NMveTPzP62QUXQcTodKMUPHFR1EmXUrc2fluX2jkJMeWMK6F3dXlQ6YZJ1tSyZbgL5+8SpoXVd/y+8tK7SavowgncArn4MMV1OAO6tAADgqe4RXeHOO8OO/Ox2K04OSZY/gD5/MHvxOQ8w==</latexit><latexit sha1_base64="qSo8uHbNAaJiLW7jEKzex6sAC74=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOTJcxOepMhs7PLTK8QQv7CiwdFvPo33vwbJ8keNLFgoKjqYrorTKUw5HnfTmFtfWNzq7hd2tnd2z8oHx41TZJpjg2eyES3Q2ZQCoUNEiSxnWpkcSixFY5uZ37rCbURiXqgcYpBzAZKRIIzstJjt59Ql4ZIrFeueFVvDneV+DmpQI56r/xlwzyLURGXzJiO76UUTJgmwSVOS93MYMr4iA2wY6liMZpgMt946p5Zpe9GibZPkTtXfycmLDZmHId2MmY0NMveTPzP62QUXQcTodKMUPHFR1EmXUrc2fluX2jkJMeWMK6F3dXlQ6YZJ1tSyZbgL5+8SpoXVd/y+8tK7SavowgncArn4MMV1OAO6tAADgqe4RXeHOO8OO/Ox2K04OSZY/gD5/MHvxOQ8w==</latexit>

M
<latexit sha1_base64="crANvVgGivIiDMWlFPoP+QRYTmE=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OJFaMF+QBvKZjtp1242YXcjlNBf4MWDIl79Sd78N27bHLT1hYWHd2bYmTdIBNfGdb+dwtr6xuZWcbu0s7u3f1A+PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHw7q7efUGkeywczSdCP6FDykDNqrNW475crbtWdi6yCl0MFctX75a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi1KGqH2s/miU3JmnQEJY2WfNGTu/p7IaKT1JApsZ0TNSC/XZuZ/tW5qwms/4zJJDUq2+ChMBTExmV1NBlwhM2JigTLF7a6EjaiizNhsSjYEb/nkVWhdVD3LjctK7SaPowgncArn4MEV1OAO6tAEBgjP8ApvzqPz4rw7H4vWgpPPHMMfOZ8/pQ+M0Q==</latexit><latexit sha1_base64="crANvVgGivIiDMWlFPoP+QRYTmE=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OJFaMF+QBvKZjtp1242YXcjlNBf4MWDIl79Sd78N27bHLT1hYWHd2bYmTdIBNfGdb+dwtr6xuZWcbu0s7u3f1A+PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHw7q7efUGkeywczSdCP6FDykDNqrNW475crbtWdi6yCl0MFctX75a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi1KGqH2s/miU3JmnQEJY2WfNGTu/p7IaKT1JApsZ0TNSC/XZuZ/tW5qwms/4zJJDUq2+ChMBTExmV1NBlwhM2JigTLF7a6EjaiizNhsSjYEb/nkVWhdVD3LjctK7SaPowgncArn4MEV1OAO6tAEBgjP8ApvzqPz4rw7H4vWgpPPHMMfOZ8/pQ+M0Q==</latexit><latexit sha1_base64="crANvVgGivIiDMWlFPoP+QRYTmE=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OJFaMF+QBvKZjtp1242YXcjlNBf4MWDIl79Sd78N27bHLT1hYWHd2bYmTdIBNfGdb+dwtr6xuZWcbu0s7u3f1A+PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHw7q7efUGkeywczSdCP6FDykDNqrNW475crbtWdi6yCl0MFctX75a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi1KGqH2s/miU3JmnQEJY2WfNGTu/p7IaKT1JApsZ0TNSC/XZuZ/tW5qwms/4zJJDUq2+ChMBTExmV1NBlwhM2JigTLF7a6EjaiizNhsSjYEb/nkVWhdVD3LjctK7SaPowgncArn4MEV1OAO6tAEBgjP8ApvzqPz4rw7H4vWgpPPHMMfOZ8/pQ+M0Q==</latexit><latexit sha1_base64="crANvVgGivIiDMWlFPoP+QRYTmE=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OJFaMF+QBvKZjtp1242YXcjlNBf4MWDIl79Sd78N27bHLT1hYWHd2bYmTdIBNfGdb+dwtr6xuZWcbu0s7u3f1A+PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHw7q7efUGkeywczSdCP6FDykDNqrNW475crbtWdi6yCl0MFctX75a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi1KGqH2s/miU3JmnQEJY2WfNGTu/p7IaKT1JApsZ0TNSC/XZuZ/tW5qwms/4zJJDUq2+ChMBTExmV1NBlwhM2JigTLF7a6EjaiizNhsSjYEb/nkVWhdVD3LjctK7SaPowgncArn4MEV1OAO6tAEBgjP8ApvzqPz4rw7H4vWgpPPHMMfOZ8/pQ+M0Q==</latexit>

ur
<latexit sha1_base64="sYTqUr10mtUmISJtHjowtHzIJFk=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5hKYdDzvp3S2vrG5lZ5u7Kzu7d/4B4etUySacabLJGJ7oTUcCkUb6JAyTup5jQOJW+H49tZvf3EtRGJesRJyoOYDpWIBKNorYesr/tu1at5c5FV8AuoQqFG3/3qDRKWxVwhk9SYru+lGORUo2CSTyu9zPCUsjEd8q5FRWNugny+6pScWWdAokTbp5DM3d8TOY2NmcSh7YwpjsxybWb+V+tmGF0HuVBphlyxxUdRJgkmZHY3GQjNGcqJBcq0sLsSNqKaMrTpVGwI/vLJq9C6qPmW7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzZHOi/PufCxaS04xcwx/5Hz+AGmkjd4=</latexit><latexit sha1_base64="sYTqUr10mtUmISJtHjowtHzIJFk=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5hKYdDzvp3S2vrG5lZ5u7Kzu7d/4B4etUySacabLJGJ7oTUcCkUb6JAyTup5jQOJW+H49tZvf3EtRGJesRJyoOYDpWIBKNorYesr/tu1at5c5FV8AuoQqFG3/3qDRKWxVwhk9SYru+lGORUo2CSTyu9zPCUsjEd8q5FRWNugny+6pScWWdAokTbp5DM3d8TOY2NmcSh7YwpjsxybWb+V+tmGF0HuVBphlyxxUdRJgkmZHY3GQjNGcqJBcq0sLsSNqKaMrTpVGwI/vLJq9C6qPmW7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzZHOi/PufCxaS04xcwx/5Hz+AGmkjd4=</latexit><latexit sha1_base64="sYTqUr10mtUmISJtHjowtHzIJFk=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5hKYdDzvp3S2vrG5lZ5u7Kzu7d/4B4etUySacabLJGJ7oTUcCkUb6JAyTup5jQOJW+H49tZvf3EtRGJesRJyoOYDpWIBKNorYesr/tu1at5c5FV8AuoQqFG3/3qDRKWxVwhk9SYru+lGORUo2CSTyu9zPCUsjEd8q5FRWNugny+6pScWWdAokTbp5DM3d8TOY2NmcSh7YwpjsxybWb+V+tmGF0HuVBphlyxxUdRJgkmZHY3GQjNGcqJBcq0sLsSNqKaMrTpVGwI/vLJq9C6qPmW7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzZHOi/PufCxaS04xcwx/5Hz+AGmkjd4=</latexit><latexit sha1_base64="sYTqUr10mtUmISJtHjowtHzIJFk=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5hKYdDzvp3S2vrG5lZ5u7Kzu7d/4B4etUySacabLJGJ7oTUcCkUb6JAyTup5jQOJW+H49tZvf3EtRGJesRJyoOYDpWIBKNorYesr/tu1at5c5FV8AuoQqFG3/3qDRKWxVwhk9SYru+lGORUo2CSTyu9zPCUsjEd8q5FRWNugny+6pScWWdAokTbp5DM3d8TOY2NmcSh7YwpjsxybWb+V+tmGF0HuVBphlyxxUdRJgkmZHY3GQjNGcqJBcq0sLsSNqKaMrTpVGwI/vLJq9C6qPmW7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzZHOi/PufCxaS04xcwx/5Hz+AGmkjd4=</latexit>

L e(! )
<latexit sha1_base64="4mU8x85eZBJpdNe7p+SyCCnGKXU=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoMQL2E3CnoMevHgIYJ5wGYJs5PeZMjsg5leISz5DC8eFPHq13jzb5wke9DEgoaiqpvuLj+RQqNtf1uFtfWNza3idmlnd2//oHx41NZxqji0eCxj1fWZBikiaKFACd1EAQt9CR1/fDvzO0+gtIijR5wk4IVsGIlAcIZGcu/7UO3hCJCd98sVu2bPQVeJk5MKydHsl796g5inIUTIJdPadewEvYwpFFzCtNRLNSSMj9kQXEMjFoL2svnJU3pmlAENYmUqQjpXf09kLNR6EvqmM2Q40sveTPzPc1MMrr1MREmKEPHFoiCVFGM6+58OhAKOcmII40qYWykfMcU4mpRKJgRn+eVV0q7XnIta/eGy0rjJ4yiSE3JKqsQhV6RB7kiTtAgnMXkmr+TNQuvFerc+Fq0FK585Jn9gff4AgjGQvw==</latexit>

!
<latexit sha1_base64="VvIA+Wqd8mJqccgKVj7Czw7gWG4=">AAAB7XicdVDLSsNAFJ3UV62vqks3g0VwFZKSknZXdOOygq2FNpTJdNKOnUeYmQgl9B/cuFDErf/jzr9x+hBU9MCFwzn3cu89ccqoNp734RTW1jc2t4rbpZ3dvf2D8uFRR8tMYdLGkknVjZEmjArSNtQw0k0VQTxm5DaeXM7923uiNJXixkxTEnE0EjShGBkrdfqSkxEalCueW62HfsOHnlsLg7DmWdIIglo9hL7rLVABK7QG5ff+UOKME2EwQ1r3fC81UY6UoZiRWamfaZIiPEEj0rNUIE50lC+uncEzqwxhIpUtYeBC/T6RI671lMe2kyMz1r+9ufiX18tMUo9yKtLMEIGXi5KMQSPh/HU4pIpgw6aWIKyovRXiMVIIGxtQyYbw9Sn8n3Sqru+5/nVQaV6s4iiCE3AKzoEPQtAEV6AF2gCDO/AAnsCzI51H58V5XbYWnNXMMfgB5+0TFpiPeA==</latexit><latexit sha1_base64="VvIA+Wqd8mJqccgKVj7Czw7gWG4=">AAAB7XicdVDLSsNAFJ3UV62vqks3g0VwFZKSknZXdOOygq2FNpTJdNKOnUeYmQgl9B/cuFDErf/jzr9x+hBU9MCFwzn3cu89ccqoNp734RTW1jc2t4rbpZ3dvf2D8uFRR8tMYdLGkknVjZEmjArSNtQw0k0VQTxm5DaeXM7923uiNJXixkxTEnE0EjShGBkrdfqSkxEalCueW62HfsOHnlsLg7DmWdIIglo9hL7rLVABK7QG5ff+UOKME2EwQ1r3fC81UY6UoZiRWamfaZIiPEEj0rNUIE50lC+uncEzqwxhIpUtYeBC/T6RI671lMe2kyMz1r+9ufiX18tMUo9yKtLMEIGXi5KMQSPh/HU4pIpgw6aWIKyovRXiMVIIGxtQyYbw9Sn8n3Sqru+5/nVQaV6s4iiCE3AKzoEPQtAEV6AF2gCDO/AAnsCzI51H58V5XbYWnNXMMfgB5+0TFpiPeA==</latexit><latexit sha1_base64="VvIA+Wqd8mJqccgKVj7Czw7gWG4=">AAAB7XicdVDLSsNAFJ3UV62vqks3g0VwFZKSknZXdOOygq2FNpTJdNKOnUeYmQgl9B/cuFDErf/jzr9x+hBU9MCFwzn3cu89ccqoNp734RTW1jc2t4rbpZ3dvf2D8uFRR8tMYdLGkknVjZEmjArSNtQw0k0VQTxm5DaeXM7923uiNJXixkxTEnE0EjShGBkrdfqSkxEalCueW62HfsOHnlsLg7DmWdIIglo9hL7rLVABK7QG5ff+UOKME2EwQ1r3fC81UY6UoZiRWamfaZIiPEEj0rNUIE50lC+uncEzqwxhIpUtYeBC/T6RI671lMe2kyMz1r+9ufiX18tMUo9yKtLMEIGXi5KMQSPh/HU4pIpgw6aWIKyovRXiMVIIGxtQyYbw9Sn8n3Sqru+5/nVQaV6s4iiCE3AKzoEPQtAEV6AF2gCDO/AAnsCzI51H58V5XbYWnNXMMfgB5+0TFpiPeA==</latexit><latexit sha1_base64="VvIA+Wqd8mJqccgKVj7Czw7gWG4=">AAAB7XicdVDLSsNAFJ3UV62vqks3g0VwFZKSknZXdOOygq2FNpTJdNKOnUeYmQgl9B/cuFDErf/jzr9x+hBU9MCFwzn3cu89ccqoNp734RTW1jc2t4rbpZ3dvf2D8uFRR8tMYdLGkknVjZEmjArSNtQw0k0VQTxm5DaeXM7923uiNJXixkxTEnE0EjShGBkrdfqSkxEalCueW62HfsOHnlsLg7DmWdIIglo9hL7rLVABK7QG5ff+UOKME2EwQ1r3fC81UY6UoZiRWamfaZIiPEEj0rNUIE50lC+uncEzqwxhIpUtYeBC/T6RI671lMe2kyMz1r+9ufiX18tMUo9yKtLMEIGXi5KMQSPh/HU4pIpgw6aWIKyovRXiMVIIGxtQyYbw9Sn8n3Sqru+5/nVQaV6s4iiCE3AKzoEPQtAEV6AF2gCDO/AAnsCzI51H58V5XbYWnNXMMfgB5+0TFpiPeA==</latexit>

(! , ! )
<latexit sha1_base64="uOGHZRhd//eG0BOF/lBGtJTsuAE=">AAACA3icdVDLSgMxFM3UV62vqjvdBItQQYaZabF1V3TjsoJ9QKeUTJq2oZkHyR2hDAU3/oobF4q49Sfc+Tdm2goqeiDkcM693HuPFwmuwLI+jMzS8srqWnY9t7G5tb2T391rqjCWlDVoKELZ9ohiggesARwEa0eSEd8TrOWNL1O/dcuk4mFwA5OIdX0yDPiAUwJa6uUPii6MGJBT1wtFX018/SVupPj0pJcvWGbFqZzbDrZMq2JrpKRUPSvb2DatGQpogXov/+72Qxr7LAAqiFId24qgmxAJnAo2zbmxYhGhYzJkHU0D4jPVTWY3TPGxVvp4EEr9AsAz9XtHQnyVrqcrfQIj9dtLxb+8TgyDajfhQRQDC+h80CAWGEKcBoL7XDIKYqIJoZLrXTEdEUko6NhyOoSvS/H/pOmYdsl0rsuF2sUijiw6REeoiGxUQTV0heqogSi6Qw/oCT0b98aj8WK8zkszxqJnH/2A8fYJd56YEg==</latexit>

!
<latexit sha1_base64="G/kTiYYgTrM+3Gc5U+TkXlkX18Y=">AAAB+nicdVBPS8MwHE3nvzn/dXr0EhyCp9Juw87b0IvHCW4O1jLSNN3C0rQkqTLqPooXD4p49ZN489uYbhNU9EHI473fj7y8IGVUKtv+MEorq2vrG+XNytb2zu6eWd3vySQTmHRxwhLRD5AkjHLSVVQx0k8FQXHAyE0wuSj8m1siJE34tZqmxI/RiNOIYqS0NDSrXpCwUE5jfeVeKulsaNZsy627Z04d2pbtOhoFabROmw50LHuOGliiMzTfvTDBWUy4wgxJOXDsVPk5EopiRmYVL5MkRXiCRmSgKUcxkX4+jz6Dx1oJYZQIfbiCc/X7Ro5iWaTTkzFSY/nbK8S/vEGmopafU55minC8eCjKGFQJLHqAIRUEKzbVBGFBdVaIx0ggrHRbFV3C10/h/6RXt5yGVb9q1trnyzrK4BAcgRPgABe0wSXogC7A4A48gCfwbNwbj8aL8boYLRnLnQPwA8bbJ3PKlMk=</latexit>

i l
<latexit sha1_base64="mLvNopWSgx3ooNu5c77nsx7SkYU=">AAAB+XicdVDNS8MwHE3n15xfVY9egkPwVNqtdPM29OJxgvuArZQ0zbawNC1JOhhl/4kXD4p49T/x5n9juk1Q0Qchj/d+P/LywpRRqWz7wyhtbG5t75R3K3v7B4dH5vFJVyaZwKSDE5aIfogkYZSTjqKKkX4qCIpDRnrh9KbwezMiJE34vZqnxI/RmNMRxUhpKTDNYZiwSM5jfeV0EbDArNqW6zqu14S2ZTuOV/MKYl/VGx50NClQBWu0A/N9GCU4iwlXmCEpB46dKj9HQlHMyKIyzCRJEZ6iMRloylFMpJ8vky/ghVYiOEqEPlzBpfp9I0exLMLpyRipifztFeJf3iBTo6afU55minC8emiUMagSWNQAIyoIVmyuCcKC6qwQT5BAWOmyKrqEr5/C/0m3Zjl1q3bnVlvX6zrK4Aycg0vggAZogVvQBh2AwQw8gCfwbOTGo/FivK5GS8Z65xT8gPH2CaH2lFI=</latexit>

i l
<latexit sha1_base64="mLvNopWSgx3ooNu5c77nsx7SkYU=">AAAB+XicdVDNS8MwHE3n15xfVY9egkPwVNqtdPM29OJxgvuArZQ0zbawNC1JOhhl/4kXD4p49T/x5n9juk1Q0Qchj/d+P/LywpRRqWz7wyhtbG5t75R3K3v7B4dH5vFJVyaZwKSDE5aIfogkYZSTjqKKkX4qCIpDRnrh9KbwezMiJE34vZqnxI/RmNMRxUhpKTDNYZiwSM5jfeV0EbDArNqW6zqu14S2ZTuOV/MKYl/VGx50NClQBWu0A/N9GCU4iwlXmCEpB46dKj9HQlHMyKIyzCRJEZ6iMRloylFMpJ8vky/ghVYiOEqEPlzBpfp9I0exLMLpyRipifztFeJf3iBTo6afU55minC8emiUMagSWNQAIyoIVmyuCcKC6qwQT5BAWOmyKrqEr5/C/0m3Zjl1q3bnVlvX6zrK4Aycg0vggAZogVvQBh2AwQw8gCfwbOTGo/FivK5GS8Z65xT8gPH2CaH2lFI=</latexit>

B
<latexit sha1_base64="85UFv8TydSB5B4/+/qT5jX/Pd2c=">AAAB8XicdVDLSgMxFL3js9ZX1aWbYBFclZm20nZX6sZlBfvAdiiZNNOGZjJDkhHK0L9w40IRt/6NO//GTDuCih4IHM65l5x7vIgzpW37w1pb39jc2s7t5Hf39g8OC0fHXRXGktAOCXko+x5WlDNBO5ppTvuRpDjwOO15s6vU791TqVgobvU8om6AJ4L5jGBtpLthgPXU85PWYlQo2iWnUb+sNtCK1O2MVGrIKdlLFCFDe1R4H45DEgdUaMKxUgPHjrSbYKkZ4XSRH8aKRpjM8IQODBU4oMpNlokX6NwoY+SH0jyh0VL9vpHgQKl54JnJNKH67aXiX94g1n7dTZiIYk0FWX3kxxzpEKXnozGTlGg+NwQTyUxWRKZYYqJNSXlTwtel6H/SLZecSql8Uy02W1kdOTiFM7gAB2rQhGtoQwcICHiAJ3i2lPVovVivq9E1K9s5gR+w3j4BPVORTg==</latexit>

v f
<latexit sha1_base64="Ui/5x4o+MepxoS9lnAeaBdUmUE8=">AAAB+XicdVBLS8NAGNzUV62vqEcvi0XwFJImNPZW9OKxgn1AG8Jms2mXbh7sbgol9J948aCIV/+JN/+Nm7aCig4sO8x8Hzs7QcaokKb5oVU2Nre2d6q7tb39g8Mj/fikJ9KcY9LFKUv5IECCMJqQrqSSkUHGCYoDRvrB9Kb0+zPCBU2TeznPiBejcUIjipFUkq/royBloZjH6ipmCz/y9bppmK7tWC1oGg3bdq2mIo7TcptNaBnmEnWwRsfX30dhivOYJBIzJMTQMjPpFYhLihlZ1Ea5IBnCUzQmQ0UTFBPhFcvkC3ihlBBGKVcnkXCpft8oUCzKcGoyRnIifnul+Jc3zGV05RU0yXJJErx6KMoZlCksa4Ah5QRLNlcEYU5VVogniCMsVVk1VcLXT+H/pNcwLNto3Dn19vW6jio4A+fgEljABW1wCzqgCzCYgQfwBJ61QnvUXrTX1WhFW++cgh/Q3j4BwJiUZw==</latexit>

v f
<latexit sha1_base64="Ui/5x4o+MepxoS9lnAeaBdUmUE8=">AAAB+XicdVBLS8NAGNzUV62vqEcvi0XwFJImNPZW9OKxgn1AG8Jms2mXbh7sbgol9J948aCIV/+JN/+Nm7aCig4sO8x8Hzs7QcaokKb5oVU2Nre2d6q7tb39g8Mj/fikJ9KcY9LFKUv5IECCMJqQrqSSkUHGCYoDRvrB9Kb0+zPCBU2TeznPiBejcUIjipFUkq/royBloZjH6ipmCz/y9bppmK7tWC1oGg3bdq2mIo7TcptNaBnmEnWwRsfX30dhivOYJBIzJMTQMjPpFYhLihlZ1Ea5IBnCUzQmQ0UTFBPhFcvkC3ihlBBGKVcnkXCpft8oUCzKcGoyRnIifnul+Jc3zGV05RU0yXJJErx6KMoZlCksa4Ah5QRLNlcEYU5VVogniCMsVVk1VcLXT+H/pNcwLNto3Dn19vW6jio4A+fgEljABW1wCzqgCzCYgQfwBJ61QnvUXrTX1WhFW++cgh/Q3j4BwJiUZw==</latexit>

i l
<latexit sha1_base64="mLvNopWSgx3ooNu5c77nsx7SkYU=">AAAB+XicdVDNS8MwHE3n15xfVY9egkPwVNqtdPM29OJxgvuArZQ0zbawNC1JOhhl/4kXD4p49T/x5n9juk1Q0Qchj/d+P/LywpRRqWz7wyhtbG5t75R3K3v7B4dH5vFJVyaZwKSDE5aIfogkYZSTjqKKkX4qCIpDRnrh9KbwezMiJE34vZqnxI/RmNMRxUhpKTDNYZiwSM5jfeV0EbDArNqW6zqu14S2ZTuOV/MKYl/VGx50NClQBWu0A/N9GCU4iwlXmCEpB46dKj9HQlHMyKIyzCRJEZ6iMRloylFMpJ8vky/ghVYiOEqEPlzBpfp9I0exLMLpyRipifztFeJf3iBTo6afU55minC8emiUMagSWNQAIyoIVmyuCcKC6qwQT5BAWOmyKrqEr5/C/0m3Zjl1q3bnVlvX6zrK4Aycg0vggAZogVvQBh2AwQw8gCfwbOTGo/FivK5GS8Z65xT8gPH2CaH2lFI=</latexit>

i l
<latexit sha1_base64="mLvNopWSgx3ooNu5c77nsx7SkYU=">AAAB+XicdVDNS8MwHE3n15xfVY9egkPwVNqtdPM29OJxgvuArZQ0zbawNC1JOhhl/4kXD4p49T/x5n9juk1Q0Qchj/d+P/LywpRRqWz7wyhtbG5t75R3K3v7B4dH5vFJVyaZwKSDE5aIfogkYZSTjqKKkX4qCIpDRnrh9KbwezMiJE34vZqnxI/RmNMRxUhpKTDNYZiwSM5jfeV0EbDArNqW6zqu14S2ZTuOV/MKYl/VGx50NClQBWu0A/N9GCU4iwlXmCEpB46dKj9HQlHMyKIyzCRJEZ6iMRloylFMpJ8vky/ghVYiOEqEPlzBpfp9I0exLMLpyRipifztFeJf3iBTo6afU55minC8emiUMagSWNQAIyoIVmyuCcKC6qwQT5BAWOmyKrqEr5/C/0m3Zjl1q3bnVlvX6zrK4Aycg0vggAZogVvQBh2AwQw8gCfwbOTGo/FivK5GS8Z65xT8gPH2CaH2lFI=</latexit>

B
<latexit sha1_base64="85UFv8TydSB5B4/+/qT5jX/Pd2c=">AAAB8XicdVDLSgMxFL3js9ZX1aWbYBFclZm20nZX6sZlBfvAdiiZNNOGZjJDkhHK0L9w40IRt/6NO//GTDuCih4IHM65l5x7vIgzpW37w1pb39jc2s7t5Hf39g8OC0fHXRXGktAOCXko+x5WlDNBO5ppTvuRpDjwOO15s6vU791TqVgobvU8om6AJ4L5jGBtpLthgPXU85PWYlQo2iWnUb+sNtCK1O2MVGrIKdlLFCFDe1R4H45DEgdUaMKxUgPHjrSbYKkZ4XSRH8aKRpjM8IQODBU4oMpNlokX6NwoY+SH0jyh0VL9vpHgQKl54JnJNKH67aXiX94g1n7dTZiIYk0FWX3kxxzpEKXnozGTlGg+NwQTyUxWRKZYYqJNSXlTwtel6H/SLZecSql8Uy02W1kdOTiFM7gAB2rQhGtoQwcICHiAJ3i2lPVovVivq9E1K9s5gR+w3j4BPVORTg==</latexit>

v f
<latexit sha1_base64="Ui/5x4o+MepxoS9lnAeaBdUmUE8=">AAAB+XicdVBLS8NAGNzUV62vqEcvi0XwFJImNPZW9OKxgn1AG8Jms2mXbh7sbgol9J948aCIV/+JN/+Nm7aCig4sO8x8Hzs7QcaokKb5oVU2Nre2d6q7tb39g8Mj/fikJ9KcY9LFKUv5IECCMJqQrqSSkUHGCYoDRvrB9Kb0+zPCBU2TeznPiBejcUIjipFUkq/royBloZjH6ipmCz/y9bppmK7tWC1oGg3bdq2mIo7TcptNaBnmEnWwRsfX30dhivOYJBIzJMTQMjPpFYhLihlZ1Ea5IBnCUzQmQ0UTFBPhFcvkC3ihlBBGKVcnkXCpft8oUCzKcGoyRnIifnul+Jc3zGV05RU0yXJJErx6KMoZlCksa4Ah5QRLNlcEYU5VVogniCMsVVk1VcLXT+H/pNcwLNto3Dn19vW6jio4A+fgEljABW1wCzqgCzCYgQfwBJ61QnvUXrTX1WhFW++cgh/Q3j4BwJiUZw==</latexit>

v f
<latexit sha1_base64="Ui/5x4o+MepxoS9lnAeaBdUmUE8=">AAAB+XicdVBLS8NAGNzUV62vqEcvi0XwFJImNPZW9OKxgn1AG8Jms2mXbh7sbgol9J948aCIV/+JN/+Nm7aCig4sO8x8Hzs7QcaokKb5oVU2Nre2d6q7tb39g8Mj/fikJ9KcY9LFKUv5IECCMJqQrqSSkUHGCYoDRvrB9Kb0+zPCBU2TeznPiBejcUIjipFUkq/royBloZjH6ipmCz/y9bppmK7tWC1oGg3bdq2mIo7TcptNaBnmEnWwRsfX30dhivOYJBIzJMTQMjPpFYhLihlZ1Ea5IBnCUzQmQ0UTFBPhFcvkC3ihlBBGKVcnkXCpft8oUCzKcGoyRnIifnul+Jc3zGV05RU0yXJJErx6KMoZlCksa4Ah5QRLNlcEYU5VVogniCMsVVk1VcLXT+H/pNcwLNto3Dn19vW6jio4A+fgEljABW1wCzqgCzCYgQfwBJ61QnvUXrTX1WhFW++cgh/Q3j4BwJiUZw==</latexit>

i l
<latexit sha1_base64="mLvNopWSgx3ooNu5c77nsx7SkYU=">AAAB+XicdVDNS8MwHE3n15xfVY9egkPwVNqtdPM29OJxgvuArZQ0zbawNC1JOhhl/4kXD4p49T/x5n9juk1Q0Qchj/d+P/LywpRRqWz7wyhtbG5t75R3K3v7B4dH5vFJVyaZwKSDE5aIfogkYZSTjqKKkX4qCIpDRnrh9KbwezMiJE34vZqnxI/RmNMRxUhpKTDNYZiwSM5jfeV0EbDArNqW6zqu14S2ZTuOV/MKYl/VGx50NClQBWu0A/N9GCU4iwlXmCEpB46dKj9HQlHMyKIyzCRJEZ6iMRloylFMpJ8vky/ghVYiOEqEPlzBpfp9I0exLMLpyRipifztFeJf3iBTo6afU55minC8emiUMagSWNQAIyoIVmyuCcKC6qwQT5BAWOmyKrqEr5/C/0m3Zjl1q3bnVlvX6zrK4Aycg0vggAZogVvQBh2AwQw8gCfwbOTGo/FivK5GS8Z65xT8gPH2CaH2lFI=</latexit>

i l
<latexit sha1_base64="mLvNopWSgx3ooNu5c77nsx7SkYU=">AAAB+XicdVDNS8MwHE3n15xfVY9egkPwVNqtdPM29OJxgvuArZQ0zbawNC1JOhhl/4kXD4p49T/x5n9juk1Q0Qchj/d+P/LywpRRqWz7wyhtbG5t75R3K3v7B4dH5vFJVyaZwKSDE5aIfogkYZSTjqKKkX4qCIpDRnrh9KbwezMiJE34vZqnxI/RmNMRxUhpKTDNYZiwSM5jfeV0EbDArNqW6zqu14S2ZTuOV/MKYl/VGx50NClQBWu0A/N9GCU4iwlXmCEpB46dKj9HQlHMyKIyzCRJEZ6iMRloylFMpJ8vky/ghVYiOEqEPlzBpfp9I0exLMLpyRipifztFeJf3iBTo6afU55minC8emiUMagSWNQAIyoIVmyuCcKC6qwQT5BAWOmyKrqEr5/C/0m3Zjl1q3bnVlvX6zrK4Aycg0vggAZogVvQBh2AwQw8gCfwbOTGo/FivK5GS8Z65xT8gPH2CaH2lFI=</latexit>

B
<latexit sha1_base64="85UFv8TydSB5B4/+/qT5jX/Pd2c=">AAAB8XicdVDLSgMxFL3js9ZX1aWbYBFclZm20nZX6sZlBfvAdiiZNNOGZjJDkhHK0L9w40IRt/6NO//GTDuCih4IHM65l5x7vIgzpW37w1pb39jc2s7t5Hf39g8OC0fHXRXGktAOCXko+x5WlDNBO5ppTvuRpDjwOO15s6vU791TqVgobvU8om6AJ4L5jGBtpLthgPXU85PWYlQo2iWnUb+sNtCK1O2MVGrIKdlLFCFDe1R4H45DEgdUaMKxUgPHjrSbYKkZ4XSRH8aKRpjM8IQODBU4oMpNlokX6NwoY+SH0jyh0VL9vpHgQKl54JnJNKH67aXiX94g1n7dTZiIYk0FWX3kxxzpEKXnozGTlGg+NwQTyUxWRKZYYqJNSXlTwtel6H/SLZecSql8Uy02W1kdOTiFM7gAB2rQhGtoQwcICHiAJ3i2lPVovVivq9E1K9s5gR+w3j4BPVORTg==</latexit>

v f
<latexit sha1_base64="Ui/5x4o+MepxoS9lnAeaBdUmUE8=">AAAB+XicdVBLS8NAGNzUV62vqEcvi0XwFJImNPZW9OKxgn1AG8Jms2mXbh7sbgol9J948aCIV/+JN/+Nm7aCig4sO8x8Hzs7QcaokKb5oVU2Nre2d6q7tb39g8Mj/fikJ9KcY9LFKUv5IECCMJqQrqSSkUHGCYoDRvrB9Kb0+zPCBU2TeznPiBejcUIjipFUkq/royBloZjH6ipmCz/y9bppmK7tWC1oGg3bdq2mIo7TcptNaBnmEnWwRsfX30dhivOYJBIzJMTQMjPpFYhLihlZ1Ea5IBnCUzQmQ0UTFBPhFcvkC3ihlBBGKVcnkXCpft8oUCzKcGoyRnIifnul+Jc3zGV05RU0yXJJErx6KMoZlCksa4Ah5QRLNlcEYU5VVogniCMsVVk1VcLXT+H/pNcwLNto3Dn19vW6jio4A+fgEljABW1wCzqgCzCYgQfwBJ61QnvUXrTX1WhFW++cgh/Q3j4BwJiUZw==</latexit>

v f
<latexit sha1_base64="Ui/5x4o+MepxoS9lnAeaBdUmUE8=">AAAB+XicdVBLS8NAGNzUV62vqEcvi0XwFJImNPZW9OKxgn1AG8Jms2mXbh7sbgol9J948aCIV/+JN/+Nm7aCig4sO8x8Hzs7QcaokKb5oVU2Nre2d6q7tb39g8Mj/fikJ9KcY9LFKUv5IECCMJqQrqSSkUHGCYoDRvrB9Kb0+zPCBU2TeznPiBejcUIjipFUkq/royBloZjH6ipmCz/y9bppmK7tWC1oGg3bdq2mIo7TcptNaBnmEnWwRsfX30dhivOYJBIzJMTQMjPpFYhLihlZ1Ea5IBnCUzQmQ0UTFBPhFcvkC3ihlBBGKVcnkXCpft8oUCzKcGoyRnIifnul+Jc3zGV05RU0yXJJErx6KMoZlCksa4Ah5QRLNlcEYU5VVogniCMsVVk1VcLXT+H/pNcwLNto3Dn19vW6jio4A+fgEljABW1wCzqgCzCYgQfwBJ61QnvUXrTX1WhFW++cgh/Q3j4BwJiUZw==</latexit>

i s
<latexit sha1_base64="Jmd8zt2quufDyfRzfJ9hqDOC0eI=">AAAB+XicdVDNS8MwHE39nPOr6tFLcAieSts5Nm9DLx4nuA/YSknTdAtLm5Kkg1H2n3jxoIhX/xNv/jemWwUVfRDyeO/3Iy8vSBmVyrY/jLX1jc2t7cpOdXdv/+DQPDruSZ4JTLqYMy4GAZKE0YR0FVWMDFJBUBww0g+mN4XfnxEhKU/u1TwlXozGCY0oRkpLvmmOAs5COY/1ldOFL32zZltXtttqutC27CUK0qg3nAZ0SqUGSnR8830UcpzFJFGYISmHjp0qL0dCUczIojrKJEkRnqIxGWqaoJhIL18mX8BzrYQw4kKfRMGl+n0jR7EswunJGKmJ/O0V4l/eMFNRy8tpkmaKJHj1UJQxqDgsaoAhFQQrNtcEYUF1VognSCCsdFlVXcLXT+H/pOdaTt1y7y5r7euyjgo4BWfgAjigCdrgFnRAF2AwAw/gCTwbufFovBivq9E1o9w5AT9gvH0CjqGURA==</latexit>

i s
<latexit sha1_base64="Jmd8zt2quufDyfRzfJ9hqDOC0eI=">AAAB+XicdVDNS8MwHE39nPOr6tFLcAieSts5Nm9DLx4nuA/YSknTdAtLm5Kkg1H2n3jxoIhX/xNv/jemWwUVfRDyeO/3Iy8vSBmVyrY/jLX1jc2t7cpOdXdv/+DQPDruSZ4JTLqYMy4GAZKE0YR0FVWMDFJBUBww0g+mN4XfnxEhKU/u1TwlXozGCY0oRkpLvmmOAs5COY/1ldOFL32zZltXtttqutC27CUK0qg3nAZ0SqUGSnR8830UcpzFJFGYISmHjp0qL0dCUczIojrKJEkRnqIxGWqaoJhIL18mX8BzrYQw4kKfRMGl+n0jR7EswunJGKmJ/O0V4l/eMFNRy8tpkmaKJHj1UJQxqDgsaoAhFQQrNtcEYUF1VognSCCsdFlVXcLXT+H/pOdaTt1y7y5r7euyjgo4BWfgAjigCdrgFnRAF2AwAw/gCTwbufFovBivq9E1o9w5AT9gvH0CjqGURA==</latexit>

( ú! , ú" r )
<latexit sha1_base64="H8YHPfv/tUe9EyIXz/8Z4TRINvk=">AAACBnicdVDLSgMxFM34tr6qLkUIFkFBhpmq07oT3bhUsCq0pdxJ0zY0mRmSO0IZunLjr7hxoYhbv8Gdf2P6EFT0QODknHtvck+YSGHQ8z6cicmp6ZnZufncwuLS8kp+de3KxKlmvMJiGeubEAyXIuIVFCj5TaI5qFDy67B7OvCvb7k2Io4usZfwuoJ2JFqCAVqpkd/cqTVjzGrY4Qj9vdGlDUpBv6F3G/mC5xaDfb8cUM89LPsl/8iSoyAoHQbUd70hCmSM80b+3U5gqeIRMgnGVH0vwXoGGgWTvJ+rpYYnwLrQ5lVLI1Dc1LPhGn26bZUmbcXangjpUP3ekYEypqdCW6kAO+a3NxD/8qoptsr1TERJijxio4daqaQY00EmtCk0Zyh7lgDTwv6Vsg5oYGiTy9kQvjal/5Orouvvu8WLg8LxyTiOObJBtsgO8UmJHJMzck4qhJE78kCeyLNz7zw6L87rqHTCGfeskx9w3j4BDauZhg==</latexit>

i s
<latexit sha1_base64="Jmd8zt2quufDyfRzfJ9hqDOC0eI=">AAAB+XicdVDNS8MwHE39nPOr6tFLcAieSts5Nm9DLx4nuA/YSknTdAtLm5Kkg1H2n3jxoIhX/xNv/jemWwUVfRDyeO/3Iy8vSBmVyrY/jLX1jc2t7cpOdXdv/+DQPDruSZ4JTLqYMy4GAZKE0YR0FVWMDFJBUBww0g+mN4XfnxEhKU/u1TwlXozGCY0oRkpLvmmOAs5COY/1ldOFL32zZltXtttqutC27CUK0qg3nAZ0SqUGSnR8830UcpzFJFGYISmHjp0qL0dCUczIojrKJEkRnqIxGWqaoJhIL18mX8BzrYQw4kKfRMGl+n0jR7EswunJGKmJ/O0V4l/eMFNRy8tpkmaKJHj1UJQxqDgsaoAhFQQrNtcEYUF1VognSCCsdFlVXcLXT+H/pOdaTt1y7y5r7euyjgo4BWfgAjigCdrgFnRAF2AwAw/gCTwbufFovBivq9E1o9w5AT9gvH0CjqGURA==</latexit>

i s
<latexit sha1_base64="Jmd8zt2quufDyfRzfJ9hqDOC0eI=">AAAB+XicdVDNS8MwHE39nPOr6tFLcAieSts5Nm9DLx4nuA/YSknTdAtLm5Kkg1H2n3jxoIhX/xNv/jemWwUVfRDyeO/3Iy8vSBmVyrY/jLX1jc2t7cpOdXdv/+DQPDruSZ4JTLqYMy4GAZKE0YR0FVWMDFJBUBww0g+mN4XfnxEhKU/u1TwlXozGCY0oRkpLvmmOAs5COY/1ldOFL32zZltXtttqutC27CUK0qg3nAZ0SqUGSnR8830UcpzFJFGYISmHjp0qL0dCUczIojrKJEkRnqIxGWqaoJhIL18mX8BzrYQw4kKfRMGl+n0jR7EswunJGKmJ/O0V4l/eMFNRy8tpkmaKJHj1UJQxqDgsaoAhFQQrNtcEYUF1VognSCCsdFlVXcLXT+H/pOdaTt1y7y5r7euyjgo4BWfgAjigCdrgFnRAF2AwAw/gCTwbufFovBivq9E1o9w5AT9gvH0CjqGURA==</latexit>

( ú! , ú" r )
<latexit sha1_base64="H8YHPfv/tUe9EyIXz/8Z4TRINvk=">AAACBnicdVDLSgMxFM34tr6qLkUIFkFBhpmq07oT3bhUsCq0pdxJ0zY0mRmSO0IZunLjr7hxoYhbv8Gdf2P6EFT0QODknHtvck+YSGHQ8z6cicmp6ZnZufncwuLS8kp+de3KxKlmvMJiGeubEAyXIuIVFCj5TaI5qFDy67B7OvCvb7k2Io4usZfwuoJ2JFqCAVqpkd/cqTVjzGrY4Qj9vdGlDUpBv6F3G/mC5xaDfb8cUM89LPsl/8iSoyAoHQbUd70hCmSM80b+3U5gqeIRMgnGVH0vwXoGGgWTvJ+rpYYnwLrQ5lVLI1Dc1LPhGn26bZUmbcXangjpUP3ekYEypqdCW6kAO+a3NxD/8qoptsr1TERJijxio4daqaQY00EmtCk0Zyh7lgDTwv6Vsg5oYGiTy9kQvjal/5Orouvvu8WLg8LxyTiOObJBtsgO8UmJHJMzck4qhJE78kCeyLNz7zw6L87rqHTCGfeskx9w3j4BDauZhg==</latexit>

Figure 5.2: Graphical illustration of the ray-extended multi-machine power system.

whereMr = diag(Mr1 ; :::;Mrn) is the radial moment of inertia matrix,Ma = diag(M1; :::;Mn)
is the angular moment of inertia matrix, Dr = diag(Dr1 ; :::; Drn) is the radial damping
matrix and Da = diag(D1; :::; Dn) is the angular damping matrix. Moreover, 
r =
(
r1 ; :::; 
rn) is the vector of radial coordinates, � = (�1; :::; �n) is the vector of angu-
lar coordinates, � = (�1; :::; �n) is the vector of radial velocities, ! = (!1; :::; !n) is
the vector of angular velocities, �m = (�m1 ; :::; �mn) is the vector of radial forces and
�m = (�m1 ; :::; �mn) is the vector of external torques. This system is passive with a
storage function consisting only of coordinate-independent kinetic energy
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where pe = (Mr�;Ma!; Lsis; Cfvf ; Llil).

vdc
<latexit sha1_base64="cN8a2pc/JNquNFsAeTRBG1Djxaw=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mtBT0WvXisYD+gXUo2m21js8mSZAtl6X/w4kERr/4fb/4b03YP2vpg4PHeDDPzgoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTtpapIrRFJJeqG2BNORO0ZZjhtJsoiuOA004wvpv7nQlVmknxaKYJ9WM8FCxiBBsrtSeDLCSzQbniVt0F0DrxclKBHM1B+asfSpLGVBjCsdY9z02Mn2FlGOF0VuqnmiaYjPGQ9iwVOKbazxbXztCFVUIUSWVLGLRQf09kONZ6Gge2M8ZmpFe9ufif10tNdONnTCSpoYIsF0UpR0ai+esoZIoSw6eWYKKYvRWREVaYGBtQyYbgrb68Ttq1qndVrT3UK43bPI4inME5XIIH19CAe2hCCwg8wTO8wpsjnRfn3flYthacfOYU/sD5/AHZIY9O</latexit>

!
"

<latexit sha1_base64="zK7COHCZbtpatiTBoEinhrWs9qk=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSyCp5JUQY9FLx4r2A9oQtlsN+3SzSbsTpQS81O8eFDEq7/Em//GbZuDtj4YeLw3w8y8IBFcg+N8W6W19Y3NrfJ2ZWd3b//Arh52dJwqyto0FrHqBUQzwSVrAwfBeoliJAoE6waTm5nffWBK81jewzRhfkRGkoecEjDSwK56ECpCM0+meeYxIPnArjl1Zw68StyC1FCB1sD+8oYxTSMmgQqidd91EvAzooBTwfKKl2qWEDohI9Y3VJKIaT+bn57jU6MMcRgrUxLwXP09kZFI62kUmM6IwFgvezPxP6+fQnjlZ1wmKTBJF4vCVGCI8SwHPOSKURBTQwhV3NyK6ZiYKMCkVTEhuMsvr5JOo+6e1xt3F7XmdRFHGR2jE3SGXHSJmugWtVAbUfSIntErerOerBfr3fpYtJasYuYI/YH1+QMYgZSK</latexit>

!" e
<latexit sha1_base64="p7Gx5rRQ3Khlx1PDCbYL8WZydKQ=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/YAmlM122i7dbOLuplBCf4cXD4p49cd489+4bXPQ1gcDj/dmmJkXJoJr47rfztr6xubWdmGnuLu3f3BYOjpu6jhVDBssFrFqh1Sj4BIbhhuB7UQhjUKBrXB0N/NbY1Sax/LRTBIMIjqQvM8ZNVYKfDSU+GoYdzOcdktlt+LOQVaJl5My5Kh3S19+L2ZphNIwQbXueG5igowqw5nAadFPNSaUjegAO5ZKGqEOsvnRU3JulR7px8qWNGSu/p7IaKT1JAptZ0TNUC97M/E/r5Oa/k2QcZmkBiVbLOqngpiYzBIgPa6QGTGxhDLF7a2EDamizNicijYEb/nlVdKsVrzLSvXhqly7zeMowCmcwQV4cA01uIc6NIDBEzzDK7w5Y+fFeXc+Fq1rTj5zAn/gfP4AwUKSFw==</latexit>

! 2M r
<latexit sha1_base64="+zxWVmyWsCa8CcCZQPHSB39wbhk=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BL16ECOaByRpmJ5NkyOzsMtMrhCV/4cWDIl79G2/+jZNkD5pY0FBUddPdFcRSGHTdbye3srq2vpHfLGxt7+zuFfcPGiZKNON1FslItwJquBSK11Gg5K1YcxoGkjeD0fXUbz5xbUSk7nEccz+kAyX6glG00kOHI32skNuu7hZLbtmdgSwTLyMlyFDrFr86vYglIVfIJDWm7bkx+inVKJjkk0InMTymbEQHvG2poiE3fjq7eEJOrNIj/UjbUkhm6u+JlIbGjMPAdoYUh2bRm4r/ee0E+5d+KlScIFdsvqifSIIRmb5PekJzhnJsCWVa2FsJG1JNGdqQCjYEb/HlZdKolL2zcuXuvFS9yuLIwxEcwyl4cAFVuIEa1IGBgmd4hTfHOC/Ou/Mxb8052cwh/IHz+QOxqpBG</latexit>

! 2Dr
<latexit sha1_base64="lt/brakOaevDjsaQ3TbK7CpUD3g=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BPXiMYB6YrGF2MkmGzM4uM71CWPIXXjwo4tW/8ebfOEn2oIkFDUVVN91dQSyFQdf9dnIrq2vrG/nNwtb2zu5ecf+gYaJEM15nkYx0K6CGS6F4HQVK3oo1p2EgeTMYXU/95hPXRkTqHscx90M6UKIvGEUrPXQ40scKuenqbrHklt0ZyDLxMlKCDLVu8avTi1gScoVMUmPanhujn1KNgkk+KXQSw2PKRnTA25YqGnLjp7OLJ+TEKj3Sj7QthWSm/p5IaWjMOAxsZ0hxaBa9qfif106wf+mnQsUJcsXmi/qJJBiR6fukJzRnKMeWUKaFvZWwIdWUoQ2pYEPwFl9eJo1K2TsrV+7OS9WrLI48HMExnIIHF1CFW6hBHRgoeIZXeHOM8+K8Ox/z1pyTzRzCHzifP6P0kD0=</latexit>

es
<latexit sha1_base64="JGoUu8J/GgAT+orP6kVfRR6LokQ=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiRV0GXRjcsK9gFtCJPJpB06mYSZSaGE/okbF4q49U/c+TdO2iy09cAwh3PuZc6cIOVMacf5tiobm1vbO9Xd2t7+weGRfXzSVUkmCe2QhCeyH2BFORO0o5nmtJ9KiuOA014wuS/83pRKxRLxpGcp9WI8EixiBGsj+bY9DBIeqllsrpzOfeXbdafhLIDWiVuSOpRo+/bXMExIFlOhCcdKDVwn1V6OpWaE03ltmCmaYjLBIzowVOCYKi9fJJ+jC6OEKEqkOUKjhfp7I8exKsKZyRjrsVr1CvE/b5Dp6NbLmUgzTQVZPhRlHOkEFTWgkElKNJ8ZgolkJisiYywx0aasminBXf3yOuk2G+5Vo/l4XW/dlXVU4QzO4RJcuIEWPEAbOkBgCs/wCm9Wbr1Y79bHcrRilTun8AfW5w9EMpQR</latexit>

! 2Da
<latexit sha1_base64="XrZYqNJ5IWe514qc7kZf/TbngqE=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BPXiMYB6YrKF3MkmGzM4uM7NCWPIXXjwo4tW/8ebfOEn2oIkFDUVVN91dQSy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJoqxOIxGpVoCaCS5Z3XAjWCtWDMNAsGYwup76zSemNI/kvRnHzA9xIHmfUzRWeugwg48VctPFbrHklt0ZyDLxMlKCDLVu8avTi2gSMmmoQK3bnhsbP0VlOBVsUugkmsVIRzhgbUslhkz76eziCTmxSo/0I2VLGjJTf0+kGGo9DgPbGaIZ6kVvKv7ntRPTv/RTLuPEMEnni/qJICYi0/dJjytGjRhbglRxeyuhQ1RIjQ2pYEPwFl9eJo1K2TsrV+7OS9WrLI48HMExnIIHF1CFW6hBHShIeIZXeHO08+K8Ox/z1pyTzRzCHzifP4owkCw=</latexit>

! 2M a
<latexit sha1_base64="XT6HLJQk15CVjK/2Vm4zcBBB9KI=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BL16ECOaByRp6J5NkyOzsMjMrhCV/4cWDIl79G2/+jZNkD5pY0FBUddPdFcSCa+O6305uZXVtfSO/Wdja3tndK+4fNHSUKMrqNBKRagWomeCS1Q03grVixTAMBGsGo+up33xiSvNI3ptxzPwQB5L3OUVjpYcOM/hYIbdd7BZLbtmdgSwTLyMlyFDrFr86vYgmIZOGCtS67bmx8VNUhlPBJoVOolmMdIQD1rZUYsi0n84unpATq/RIP1K2pCEz9fdEiqHW4zCwnSGaoV70puJ/Xjsx/Us/5TJODJN0vqifCGIiMn2f9Lhi1IixJUgVt7cSOkSF1NiQCjYEb/HlZdKolL2zcuXuvFS9yuLIwxEcwyl4cAFVuIEa1IGChGd4hTdHOy/Ou/Mxb8052cwh/IHz+QOX5pA1</latexit>

!" m
<latexit sha1_base64="GK4ntIv+3wGMaCIsFdvPo1ABRZw=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbBU0mqoMeiF48V7Ac2oWy2k3bpZhN2J0Ip/RdePCji1X/jzX/jts1BWx8MPN6bYWZemEph0HW/ncLa+sbmVnG7tLO7t39QPjxqmSTTHJo8kYnuhMyAFAqaKFBCJ9XA4lBCOxzdzvz2E2gjEvWA4xSCmA2UiARnaKVHH5D5yLJe3CtX3Ko7B10lXk4qJEejV/7y+wnPYlDIJTOm67kpBhOmUXAJ05KfGUgZH7EBdC1VLAYTTOYXT+mZVfo0SrQthXSu/p6YsNiYcRzazpjh0Cx7M/E/r5thdB1MhEozBMUXi6JMUkzo7H3aFxo4yrEljGthb6V8yDTjaEMq2RC85ZdXSatW9S6qtfvLSv0mj6NITsgpOSceuSJ1ckcapEk4UeSZvJI3xzgvzrvzsWgtOPnMMfkD5/MHrFqQ6g==</latexit>

!" e
<latexit sha1_base64="KSAO7CymAwgNWjhIna29rKwjrgs=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbBU0mqoMeiF48V7Ac2oWy2k3bpZhN2J0Ip/RdePCji1X/jzX/jts1BWx8MPN6bYWZemEph0HW/ncLa+sbmVnG7tLO7t39QPjxqmSTTHJo8kYnuhMyAFAqaKFBCJ9XA4lBCOxzdzvz2E2gjEvWA4xSCmA2UiARnaKVHH5D5yLIe9MoVt+rOQVeJl5MKydHolb/8fsKzGBRyyYzpem6KwYRpFFzCtORnBlLGR2wAXUsVi8EEk/nFU3pmlT6NEm1LIZ2rvycmLDZmHIe2M2Y4NMveTPzP62YYXQcTodIMQfHFoiiTFBM6e5/2hQaOcmwJ41rYWykfMs042pBKNgRv+eVV0qpVvYtq7f6yUr/J4yiSE3JKzolHrkid3JEGaRJOFHkmr+TNMc6L8+58LFoLTj5zTP7A+fwBoDqQ4g==</latexit>

!" m
<latexit sha1_base64="Shllqt4yvpiM/eWLKi+1EyVw/lI=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BLx4jmAdmlzA7mU2GzGOZmRVCyF948aCIV//Gm3/jJNmDJhY0FFXddHfFKWfG+v63V1hb39jcKm6Xdnb39g/Kh0ctozJNaJMornQnxoZyJmnTMstpJ9UUi5jTdjy6nfntJ6oNU/LBjlMaCTyQLGEEWyc9htTiUA9VT/TKFb/qz4FWSZCTCuRo9MpfYV+RTFBpCcfGdAM/tdEEa8sIp9NSmBmaYjLCA9p1VGJBTTSZXzxFZ07po0RpV9Kiufp7YoKFMWMRu06B7dAsezPxP6+b2eQ6mjCZZpZKsliUZBxZhWbvoz7TlFg+dgQTzdytiAyxxsS6kEouhGD55VXSqlWDi2rt/rJSv8njKMIJnMI5BHAFdbiDBjSBgIRneIU3z3gv3rv3sWgtePnMMfyB9/kDqteQ6Q==</latexit>

i l
<latexit sha1_base64="EUyNJUDboqnjf9/CRDeBzuU0HCg=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiRV0GXRjcsK9gFtCJPJpB06mYSZSaGE/okbF4q49U/c+TdO2iy09cAwh3PuZc6cIOVMacf5tiobm1vbO9Xd2t7+weGRfXzSVUkmCe2QhCeyH2BFORO0o5nmtJ9KiuOA014wuS/83pRKxRLxpGcp9WI8EixiBGsj+bY9DBIeqllsrpzNfe7bdafhLIDWiVuSOpRo+/bXMExIFlOhCcdKDVwn1V6OpWaE03ltmCmaYjLBIzowVOCYKi9fJJ+jC6OEKEqkOUKjhfp7I8exKsKZyRjrsVr1CvE/b5Dp6NbLmUgzTQVZPhRlHOkEFTWgkElKNJ8ZgolkJisiYywx0aasminBXf3yOuk2G+5Vo/l4XW/dlXVU4QzO4RJcuIEWPEAbOkBgCs/wCm9Wbr1Y79bHcrRilTun8AfW5w8/spQO</latexit>

L l
<latexit sha1_base64="DvGqTzoD2rtaLAtGR4mpByJCufU=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhCswl0UtAzaWFhENB+QHGFvM5cs2ds7dveEcOQn2FgoYusvsvPfuEmu0MQHA4/3ZpiZFySCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDP1W0+oNI/loxkn6Ed0IHnIGTVWerjriV6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns1Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfRv0ucKmRFjSyhT3N5K2JAqyoxNp2hD8BZfXibNasU7r1TvL8q16zyOAhzDCZyBB5dQg1uoQwMYDOAZXuHNEc6L8+58zFtXnHzmCP7A+fwBI2KNsw==</latexit>

Rl
<latexit sha1_base64="v53ggNaBDvlyVX3a0E7VPgkzLn4=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWN85AHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6xHHC/YgOlAgFo2ilh/ue7JXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindeqd5dlGvXeRwFOIYTOAMPLqEGt1CHBjAYwDO8wpsjnRfn3fmYt644+cwR/IHz+QMsho25</latexit>

L s
<latexit sha1_base64="WJ4+ma/b/ayQw59Ju91t78XA9qw=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhCswl0UtAzaWFhENB+QHGFvM5cs2ds7dveEcOQn2FgoYusvsvPfuEmu0MQHA4/3ZpiZFySCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDP1W0+oNI/loxkn6Ed0IHnIGTVWerjr6V6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns1Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfRv0ucKmRFjSyhT3N5K2JAqyoxNp2hD8BZfXibNasU7r1TvL8q16zyOAhzDCZyBB5dQg1uoQwMYDOAZXuHNEc6L8+58zFtXnHzmCP7A+fwBLf6Nug==</latexit> Rs

<latexit sha1_base64="ZWRa/pa6ZVQlP2HxqA/EkbAOSqs=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWN85AHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6xHHC/YgOlAgFo2ilh/ue6ZXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindeqd5dlGvXeRwFOIYTOAMPLqEGt1CHBjAYwDO8wpsjnRfn3fmYt644+cwR/IHz+QM3Io3A</latexit>

Cf
<latexit sha1_base64="qX4LYvlG9lOsPqp+uf6lwkRsT50=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9FjsxWNF+wFtKJvtpF262YTdjVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WBcn/ntJ1Sax/LRTBL0IzqUPOSMGis91Pthv1R2K+4cZJV4OSlDjka/9NUbxCyNUBomqNZdz02Mn1FlOBM4LfZSjQllYzrErqWSRqj9bH7qlJxbZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMT3vgZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTtCF4yy+vkla14l1WqvdX5dptHkcBTuEMLsCDa6jBHTSgCQyG8Ayv8OYI58V5dz4WrWtOPnMCf+B8/gAMlI2k</latexit>

Gf
<latexit sha1_base64="RyxzGORnl8svJGuWC3ZHQ1KZLM4=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj0oMeK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6xHHC/YgOlAgFo2ilh9te2CuV3Yo7A1kmXk7KkKPeK311+zFLI66QSWpMx3MT9DOqUTDJJ8VuanhC2YgOeMdSRSNu/Gx26oScWqVPwljbUkhm6u+JjEbGjKPAdkYUh2bRm4r/eZ0Uwys/EypJkSs2XxSmkmBMpn+TvtCcoRxbQpkW9lbChlRThjadog3BW3x5mTSrFe+8Ur2/KNeu8zgKcAwncAYeXEIN7qAODWAwgGd4hTdHOi/Ou/Mxb11x8pkj+APn8wcSrI2o</latexit>

i s
<latexit sha1_base64="3LThGqMusAgaZFpw48JHovRKjqQ=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiRV0GXRjcsK9gFtCJPJpB06mYSZSaGE/okbF4q49U/c+TdO2iy09cAwh3PuZc6cIOVMacf5tiobm1vbO9Xd2t7+weGRfXzSVUkmCe2QhCeyH2BFORO0o5nmtJ9KiuOA014wuS/83pRKxRLxpGcp9WI8EixiBGsj+bY9DBIeqllsrpzNfeXbdafhLIDWiVuSOpRo+/bXMExIFlOhCcdKDVwn1V6OpWaE03ltmCmaYjLBIzowVOCYKi9fJJ+jC6OEKEqkOUKjhfp7I8exKsKZyRjrsVr1CvE/b5Dp6NbLmUgzTQVZPhRlHOkEFTWgkElKNJ8ZgolkJisiYywx0aasminBXf3yOuk2G+5Vo/l4XW/dlXVU4QzO4RJcuIEWPEAbOkBgCs/wCm9Wbr1Y79bHcrRilTun8AfW5w9KTpQV</latexit>

v f
<latexit sha1_base64="PmLMuexuHN6+o+zDvVXZB8y4+rE=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiRV0GXRjcsK9gFtCJPJpB06mYSZSaGE/okbF4q49U/c+TdO2iy09cAwh3PuZc6cIOVMacf5tiobm1vbO9Xd2t7+weGRfXzSVUkmCe2QhCeyH2BFORO0o5nmtJ9KiuOA014wuS/83pRKxRLxpGcp9WI8EixiBGsj+bY9DBIeqllsrnw69yPfrjsNZwG0TtyS1KFE27e/hmFCspgKTThWauA6qfZyLDUjnM5rw0zRFJMJHtGBoQLHVHn5IvkcXRglRFEizREaLdTfGzmOVRHOTMZYj9WqV4j/eYNMR7dezkSaaSrI8qEo40gnqKgBhUxSovnMEEwkM1kRGWOJiTZl1UwJ7uqX10m32XCvGs3H63rrrqyjCmdwDpfgwg204AHa0AECU3iGV3izcuvFerc+lqMVq9w5hT+wPn8ASnWUFQ==</latexit>

d
dt M r ! = ! Dr ! ! " e + " m
d
dt M a # = ! Da # ! $e + $m

<latexit sha1_base64="vkNAJhRrhUEHzrrdawnBzDKXj20="></latexit>

d
dt L s i s = ! Rs i s ! es + v f

d
dt Cf v f = ! Gf v f ! Bi l ! i s

d
dt L l i l = ! Rl i l + B ! v f

<latexit sha1_base64="mDg048JnvoTNTh4RkIpoCnGcko8="></latexit>

1
s
1
s

<latexit sha1_base64="k3E+O5ZiP396eZ0KGSmM8edeINA="></latexit>

es
<latexit sha1_base64="JGoUu8J/GgAT+orP6kVfRR6LokQ=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiRV0GXRjcsK9gFtCJPJpB06mYSZSaGE/okbF4q49U/c+TdO2iy09cAwh3PuZc6cIOVMacf5tiobm1vbO9Xd2t7+weGRfXzSVUkmCe2QhCeyH2BFORO0o5nmtJ9KiuOA014wuS/83pRKxRLxpGcp9WI8EixiBGsj+bY9DBIeqllsrpzOfeXbdafhLIDWiVuSOpRo+/bXMExIFlOhCcdKDVwn1V6OpWaE03ltmCmaYjLBIzowVOCYKi9fJJ+jC6OEKEqkOUKjhfp7I8exKsKZyRjrsVr1CvE/b5Dp6NbLmUgzTQVZPhRlHOkEFTWgkElKNJ8ZgolkJisiYywx0aasminBXf3yOuk2G+5Vo/l4XW/dlXVU4QzO4RJcuIEWPEAbOkBgCs/wCm9Wbr1Y79bHcrRilTun8AfW5w9EMpQR</latexit>

i s
<latexit sha1_base64="3LThGqMusAgaZFpw48JHovRKjqQ=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiRV0GXRjcsK9gFtCJPJpB06mYSZSaGE/okbF4q49U/c+TdO2iy09cAwh3PuZc6cIOVMacf5tiobm1vbO9Xd2t7+weGRfXzSVUkmCe2QhCeyH2BFORO0o5nmtJ9KiuOA014wuS/83pRKxRLxpGcp9WI8EixiBGsj+bY9DBIeqllsrpzNfeXbdafhLIDWiVuSOpRo+/bXMExIFlOhCcdKDVwn1V6OpWaE03ltmCmaYjLBIzowVOCYKi9fJJ+jC6OEKEqkOUKjhfp7I8exKsKZyRjrsVr1CvE/b5Dp6NbLmUgzTQVZPhRlHOkEFTWgkElKNJ8ZgolkJisiYywx0aasminBXf3yOuk2G+5Vo/l4XW/dlXVU4QzO4RJcuIEWPEAbOkBgCs/wCm9Wbr1Y79bHcrRilTun8AfW5w9KTpQV</latexit>

(! e, " e)
<latexit sha1_base64="O8CKjW0i1rZ3XHoDhg6chK3s5qM="></latexit>

(! , " )
<latexit sha1_base64="dCOlXEt/EgDqw8h7sJGrDZHFA60="></latexit>

! (e[! r ] " I!2 )L m R !
"

R " L m (e[! r ] " I2)
<latexit sha1_base64="cvbB4kAukEBVQSDnO+e5r9QP3Aw="></latexit>

(! r , " )
<latexit sha1_base64="vEF24VBvliVF7I+vI04C8gMOOtQ="></latexit>

! m
<latexit sha1_base64="vfB+swVt43sFm01oIFSTtPxURHI="></latexit>

! m
<latexit sha1_base64="F3HkkiAVsDpXL38pgLiPj4HJi8g="></latexit>

Figure 5.3: Equivalent circuit representation of the ray-extended multi-machine, multi-
converter power system.

This system, apart from the radial velocity augmentation (5.20a), is the same as
the one considered in [AD18], where the generators were controlled, however, to have a
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5.2 The power system dynamics

constant rotor current. Upon setting ir to a constant, the remaining angular degree of
freedom was used to minimize a synchronization potential energy based on the whole
network. The result was a reduction of the motion to the n-torus with a behavior similar
to the second-order Kuramoto �ow. By introducing a second degree of freedom through

r, we are now able to extend that motion to the whole space and recast the problem
as an unrestricted consensus in the plane rather than on the circle. As this system
can also be viewed as having modulated energy transfer, we use again the stabilization
procedure illustrated in Section 3.1 to reveal the steady-state-transient decomposition of
the feedback design.

5.2.2 The transient dynamics

We have that system (5.20) is of the form (2.25) with 2n inputs and degree of under-
actuation 4n+2m, with an additional 2n+m-dimensions if counting for the zero-sequence
circuit (5.17). We proceed with extending the steps developed in Chapter 4. In this aim
we �rst de�ne the consensus zero-dynamics manifold for (5.20)

Z?1 =
n

(qe;pe) : (�;!) = (0; !01)
o
: (5.22)

The consensus zero-dynamics

On this controlled-invariant set the reduced motion becomes

d
dtMr� = 0 (5.23a)

d
dt
r = 0 (5.23b)

d
dtMa! = 0 (5.23c)

d
dt� = !01 (5.23d)

d
dtLsis =�Rsis �R�Lm(e[
r] 
 g2)!01 + vf (5.23e)

d
dtCfvf =�Gfvf �Bil � is (5.23f)

d
dtLlil =�Rlil +B>vf ; (5.23g)

namely, a linear system driven by n harmonic oscillators at the same frequency. On the
set Z?1 the electromotive force becomes an Euclidean embedding of the form (3.47). Let

(
r;�) 7�! ês = R�Lm(e[
r] 
 g2)!01n ; (5.24)

then, we have that (5.23) can be written as the cascade

d
dt ês = j!0ês �!

8
>>><

>>>:

d
dtLsis =�Rsis � ês + vf

d
dtCfvf =�Gfvf �Bil � is

d
dtLlil =�Rlil +B>vf ;

(5.25)
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Chapter 5. Power transmission problems

where j = In 
 j. This is exactly the same cascade as (14) in [AD18], and has an
associated Sylvester equation with the unique solution given by the � matrix below

� = �
� Zs �I2n 0
I2n Yf B
0 �B> Zl

��1�
I2n
0
0

�
=
" �(Zs+(Yf+�l)�1)�1

(Yf+�t)�1(Zs+(Yf+�l)�1)�1

Z�1
l B>(Yf+�t)�1(Zs+(Yf+�l)�1)�1

#

=
� �s

�f
�l

�
; (5.26)

where the impedances and admittances are de�ned below with j of appropriate size

Zs = Rs + j!0Ls
Zl = Rl + j!0Ll

�����
Yf = Gf + j!0Cf
�l = BZ�1

l B
> :

(5.27)

We refer to the driven system in (5.25), represented by the state components (is;vf ; il),
as the electrical subsystem. It also corresponds to the un-actuated part of the system.
For convenience we also denote their corresponding controlled-invariant counterparts as

8
>>><

>>>:

îs = �sês
v̂f = �f ês
îl = �lês

but also

8
<

:
�̂e = � (e[
r] 
 g>1 )LmR>� îs
�̂e = � (e[
r] 
 g>2 )LmR>� îs :

(5.28)

Since the electrical subsystem is asymptotically stable in open loop and LTI, we have
that the following set is also controlled invariant

Z?2 =
n

(qe;pe) : [ �! ] = [ 0
!01 ];

�
is
vf
il

�
= �es

o
; (5.29)

where the vectorized EMF voltage is recalled below

es = R�Lm(e[
r] 
 g1)� +R�Lm(e[
r] 
 g2)! : (5.30)

Optimal network �ows
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w 0
<latexit sha1_base64="8PJlX3RvWSjfGY78R24udXL1juU=">AAAB+XicbVC7TsMwFL3hWcorwMhiUSExVUlBgrGChbFI9CG1UeQ4TmvVcSLbKaqi/gkLAwix8ids/A1OmwFajmT56Jx75eMTpJwp7Tjf1tr6xubWdmWnuru3f3BoHx13VJJJQtsk4YnsBVhRzgRta6Y57aWS4jjgtBuM7wq/O6FSsUQ86mlKvRgPBYsYwdpIvm0PgoSHahqbK3+a+Y5v15y6MwdaJW5JalCi5dtfgzAhWUyFJhwr1XedVHs5lpoRTmfVQaZoiskYD2nfUIFjqrx8nnyGzo0SoiiR5giN5urvjRzHqghnJmOsR2rZK8T/vH6moxsvZyLNNBVk8VCUcaQTVNSAQiYp0XxqCCaSmayIjLDERJuyqqYEd/nLq6TTqLuX9cbDVa15W9ZRgVM4gwtw4RqacA8taAOBCTzDK7xZufVivVsfi9E1q9w5gT+wPn8A+hWT4A==</latexit>

( öPl , öQl )
<latexit sha1_base64="9esz6wsd8/GiHXorPlSflVp7DGM=">AAACHHicdVDLSsNAFJ34rPVVdelmsAgVpCRpoe2u6MZlC/YBTQiTybQdOnkwMxFKyIe48VfcuFDEjQvBv3HSRvB5YJjDOfdy7z1uxKiQuv6urayurW9sFraK2zu7e/ulg8O+CGOOSQ+HLORDFwnCaEB6kkpGhhEnyHcZGbizy8wf3BAuaBhcy3lEbB9NAjqmGEklOaVaxZoimXRSJ7HckHli7qsvYWl6vjC6v40zp1TWqy3dbDaaUK/qC2Sk3jKNOjRypQxydJzSq+WFOPZJIDFDQowMPZJ2grikmJG0aMWCRAjP0ISMFA2QT4SdLI5L4alSPDgOuXqBhAv1a0eCfJEtpyp9JKfip5eJf3mjWI6bdkKDKJYkwMtB45hBGcIsKehRTrBkc0UQ5lTtCvEUcYSlyrOoQvi8FP5P+mbVqFXNbr3cvsjjKIBjcAIqwAAN0AZXoAN6AINbcA8ewZN2pz1oz9rLsnRFy3uOwDdobx/dN6O/</latexit>

öu e
<latexit sha1_base64="XxN+JJKW8TULmyh2puRPv4TbVG0=">AAAB/3icbVDNS8MwHE3n15xfVcGLl+AQPI12CnocevE4wX3AWkqaZltYmpQkFUbtwX/FiwdFvPpvePO/Md160M0HIY/3fj/y8sKEUaUd59uqrKyurW9UN2tb2zu7e/b+QVeJVGLSwYIJ2Q+RIoxy0tFUM9JPJEFxyEgvnNwUfu+BSEUFv9fThPgxGnE6pBhpIwX2kTdGOvNCwSI1jc2VpXkekMCuOw1nBrhM3JLUQYl2YH95kcBpTLjGDCk1cJ1E+xmSmmJG8pqXKpIgPEEjMjCUo5goP5vlz+GpUSI4FNIcruFM/b2RoVgV6cxkjPRYLXqF+J83SPXwys8oT1JNOJ4/NEwZ1AIWZcCISoI1mxqCsKQmK8RjJBHWprKaKcFd/PIy6TYb7nmjeXdRb12XdVTBMTgBZ8AFl6AFbkEbdAAGj+AZvII368l6sd6tj/loxSp3DsEfWJ8/OImW4A==</latexit>

u !
m

<latexit sha1_base64="eDRK7aq/zb8YVQyNgj4LDJ6hsN8=">AAACAXicbVDLSsNAFJ34rPUVdSO4CRbBVUmqoMuiG5cV7APaGCaTSTt0HmFmIpQQN/6KGxeKuPUv3Pk3TtostPXAMIdz7uXee8KEEqVd99taWl5ZXVuvbFQ3t7Z3du29/Y4SqUS4jQQVshdChSnhuK2JpriXSAxZSHE3HF8XfvcBS0UEv9OTBPsMDjmJCYLaSIF9mA1CQSM1YebL0jwP2P1AaSgDu+bW3SmcReKVpAZKtAL7axAJlDLMNaJQqb7nJtrPoNQEUZxXB6nCCURjOMR9QzlkWPnZ9ILcOTFK5MRCmse1M1V/d2SQqWJHU8mgHql5rxD/8/qpji/9jPAk1Zij2aA4pY4WThGHExGJkaYTQyCSxOzqoBGUEGkTWtWE4M2fvEg6jbp3Vm/cnteaV2UcFXAEjsEp8MAFaIIb0AJtgMAjeAav4M16sl6sd+tjVrpklT0H4A+szx/weZfX</latexit>

Zs
<latexit sha1_base64="vEYs+bMLKlvKN6j9kWcmyYE0F4U=">AAAB/XicbVA7T8MwGHR4lvIKj43FokJiqpKCBGMFC2OR6EO0UeQ4TmvVsSPbQSpRxF9hYQAhVv4HG/8Gp80ALSdZPt19n3y+IGFUacf5tpaWV1bX1isb1c2t7Z1de2+/o0QqMWljwYTsBUgRRjlpa6oZ6SWSoDhgpBuMrwu/+0CkooLf6UlCvBgNOY0oRtpIvn2Y3ed+NggEC9UkNlem8ty3a07dmQIuErckNVCi5dtfg1DgNCZcY4aU6rtOor0MSU0xI3l1kCqSIDxGQ9I3lKOYKC+bps/hiVFCGAlpDtdwqv7eyFCsimxmMkZ6pOa9QvzP66c6uvQyypNUE45nD0Upg1rAogoYUkmwZhNDEJbUZIV4hCTC2hRWNSW4819eJJ1G3T2rN27Pa82rso4KOALH4BS44AI0wQ1ogTbA4BE8g1fwZj1ZL9a79TEbXbLKnQPwB9bnD9a3lh4=</latexit>

Yf
<latexit sha1_base64="dMtNNZCtZb701Q6mKkJTvwF1gF0=">AAAB/XicbVA7T8MwGHR4lvIKj43FokJiqpKCBGMFC2OR6AO1UeQ4TmvVsSPbQSpRxF9hYQAhVv4HG/8Gp80ALSdZPt19n3y+IGFUacf5tpaWV1bX1isb1c2t7Z1de2+/o0QqMWljwYTsBUgRRjlpa6oZ6SWSoDhgpBuMrwu/+0CkooLf6UlCvBgNOY0oRtpIvn2Y3ed+NggEC9UkNlcW5blv15y6MwVcJG5JaqBEy7e/BqHAaUy4xgwp1XedRHsZkppiRvLqIFUkQXiMhqRvKEcxUV42TZ/DE6OEMBLSHK7hVP29kaFYFdnMZIz0SM17hfif1091dOlllCepJhzPHopSBrWARRUwpJJgzSaGICypyQrxCEmEtSmsakpw57+8SDqNuntWb9ye15pXZR0VcASOwSlwwQVoghvQAm2AwSN4Bq/gzXqyXqx362M2umSVOwfgD6zPH8FTlhA=</latexit>

! l
<latexit sha1_base64="DbIUyNSafq7iPR/LpS9dEtG435Y=">AAACDnicbVC7TsMwFHXKq5RXgJEloqrEVCUFCcYKFgaGItGH1ESR4zitVceObAepivIFLPwKCwMIsTKz8Tc4bYbSciXLR+fco3vvCRJKpLLtH6Oytr6xuVXdru3s7u0fmIdHPclTgXAXccrFIIASU8JwVxFF8SARGMYBxf1gclPo/UcsJOHsQU0T7MVwxEhEEFSa8s2GG3Aaymmsv8y908YQ5n62yNI898263bRnZa0CpwR1UFbHN7/dkKM0xkwhCqUcOnaivAwKRRDFec1NJU4gmsARHmrIYIyll83Oya2GZkIr4kI/pqwZu+jIYCyL3XRnDNVYLmsF+Z82TFV05WWEJanCDM0HRSm1FLeKbKyQCIwUnWoAkSB6VwuNoYBI6QRrOgRn+eRV0Gs1nfNm6/6i3r4u46iCE3AKzoADLkEb3IIO6AIEnsALeAPvxrPxanwYn/PWilF6jsGfMr5+AWKInZc=</latexit>

öi s
<latexit sha1_base64="uvX/ou+xtzE2FHW8oKqLX0qHqZY=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARXJWkCrosunFZwT6gCWEymbZDJzNhZiKUEDf+ihsXirj1L9z5N07aLLT1wDCHc+7l3nvChFGlHefbqqysrq1vVDdrW9s7u3v2/kFXiVRi0sGCCdkPkSKMctLRVDPSTyRBcchIL5zcFH7vgUhFBb/X04T4MRpxOqQYaSMF9pE3RjrzQsEiNY3Nl9E8DzKVB3bdaTgzwGXilqQOSrQD+8uLBE5jwjVmSKmB6yTaz5DUFDOS17xUkQThCRqRgaEcxUT52eyCHJ4aJYJDIc3jGs7U3x0ZilWxn6mMkR6rRa8Q//MGqR5e+RnlSaoJx/NBw5RBLWARB4yoJFizqSEIS2p2hXiMJMLahFYzIbiLJy+TbrPhnjeadxf11nUZRxUcgxNwBlxwCVrgFrRBB2DwCJ7BK3iznqwX6936mJdWrLLnEPyB9fkDEOyX7g==</latexit>

öv f
<latexit sha1_base64="V1913iEcu8LBPBVbaOrYu4vM3mA=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSyCq5JUQZdFNy4r2Ac0IUymk3boZCbMTAolxI2/4saFIm79C3f+jZM2C209MMzhnHu5954wYVRpx/m2VlbX1jc2K1vV7Z3dvX374LCjRCoxaWPBhOyFSBFGOWlrqhnpJZKgOGSkG45vC787IVJRwR/0NCF+jIacRhQjbaTAPvZGSGdeKNhATWPzZZM8D7IoD+yaU3dmgMvELUkNlGgF9pc3EDiNCdeYIaX6rpNoP0NSU8xIXvVSRRKEx2hI+oZyFBPlZ7MLcnhmlAGMhDSPazhTf3dkKFbFfqYyRnqkFr1C/M/rpzq69jPKk1QTjueDopRBLWARBxxQSbBmU0MQltTsCvEISYS1Ca1qQnAXT14mnUbdvag37i9rzZsyjgo4AafgHLjgCjTBHWiBNsDgETyDV/BmPVkv1rv1MS9dscqeI/AH1ucPES2X7g==</latexit>

B öi l
<latexit sha1_base64="uojw1RXcXieJQr2KZLadXYyE3ts=">AAACD3icbVC7TsMwFHXKq5RXgJElogIxVUlBgrEqC2OR6ENqoshxnNaqY0e2g1RF+QMWfoWFAYRYWdn4G5w2Q2k5kuWjc+7VvfcECSVS2faPUVlb39jcqm7Xdnb39g/Mw6Oe5KlAuIs45WIQQIkpYbiriKJ4kAgM44DifjC5Lfz+IxaScPagpgn2YjhiJCIIKi355rkbcBrKaay/rJ27Y6iyRYnkuZ/R3DfrdsOewVolTknqoETHN7/dkKM0xkwhCqUcOnaivAwKRRDFec1NJU4gmsARHmrKYIyll83uya0zrYRWxIV+TFkzdbEjg7Es9tOVMVRjuewV4n/eMFXRjZcRlqQKMzQfFKXUUtwqwrFCIjBSdKoJRILoXS00hgIipSOs6RCc5ZNXSa/ZcC4bzfureqtdxlEFJ+AUXAAHXIMWuAMd0AUIPIEX8AbejWfj1fgwPuelFaPsOQZ/YHz9AouankA=</latexit>

öes
<latexit sha1_base64="ppKdzdCi8lZ1gZ5+7JzaTBy4tIA=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARXJWkCrosunFZwT6gCWEymbZDJzNhZiKUEDf+ihsXirj1L9z5N07aLLT1wDCHc+7l3nvChFGlHefbqqysrq1vVDdrW9s7u3v2/kFXiVRi0sGCCdkPkSKMctLRVDPSTyRBcchIL5zcFH7vgUhFBb/X04T4MRpxOqQYaSMF9pE3RjrzQsEiNY3Nl5E8DzKVB3bdaTgzwGXilqQOSrQD+8uLBE5jwjVmSKmB6yTaz5DUFDOS17xUkQThCRqRgaEcxUT52eyCHJ4aJYJDIc3jGs7U3x0ZilWxn6mMkR6rRa8Q//MGqR5e+RnlSaoJx/NBw5RBLWARB4yoJFizqSEIS2p2hXiMJMLahFYzIbiLJy+TbrPhnjeadxf11nUZRxUcgxNwBlxwCVrgFrRBB2DwCJ7BK3iznqwX6936mJdWrLLnEPyB9fkDCsSX6g==</latexit>

ö! e
<latexit sha1_base64="D/h13xWTOBgFZg+k46wNhCjzHPo=">AAACBHicbVDLSsNAFJ3UV62vqMtugkVwVZIq6LLoxmUF+4AmhMlk2g6dTMLMjVBCFm78FTcuFHHrR7jzb5y0WWjrgWEO59zLvfcECWcKbPvbqKytb2xuVbdrO7t7+wfm4VFPxakktEtiHstBgBXlTNAuMOB0kEiKo4DTfjC9Kfz+A5WKxeIeZgn1IjwWbMQIBi35Zt2dYMjcIOahmkX6y1zAaZ77Gc19s2E37TmsVeKUpIFKdHzzyw1jkkZUAOFYqaFjJ+BlWAIjnOY1N1U0wWSKx3SoqcARVV42PyK3TrUSWqNY6ifAmqu/OzIcqWJFXRlhmKhlrxD/84YpjK68jIkkBSrIYtAo5RbEVpGIFTJJCfCZJphIpne1yARLTEDnVtMhOMsnr5Jeq+mcN1t3F432dRlHFdXRCTpDDrpEbXSLOqiLCHpEz+gVvRlPxovxbnwsSitG2XOM/sD4/AFrApk7</latexit>

! 01
<latexit sha1_base64="ilAbmXnbgqpXUUDU2EInw/45uh8="></latexit>

Da
<latexit sha1_base64="7YCPBJ8S2lncPu1FLux0OSQjTm8="></latexit>

(! , " r )
<latexit sha1_base64="c8wLHBaXNtG4ezFj+EoOLdC73QA="></latexit>

( öPs , öQs)
<latexit sha1_base64="DbQn7ovWbiyQiIPS096osU5sYJ4="></latexit>

! " " " " " " " " " " # " " " " " " " " " " $ <latexit sha1_base64="rkwlV8+wHCfrJa/d4qKGyIGPJlo="></latexit>

Y net
<latexit sha1_base64="d4OKJUCW6bQBVZy7m4YpKjdvxSA=">AAAB+XicbVDLSsNAFJ34rPUVdelmsAiuSlIFXRbduKxgH9KGMJnetEMnkzAzKZSQP3HjQhG3/ok7/8ZJm4W2Hhg4nHMv98wJEs6Udpxva219Y3Nru7JT3d3bPzi0j447Kk4lhTaNeSx7AVHAmYC2ZppDL5FAooBDN5jcFX53ClKxWDzqWQJeREaChYwSbSTftgcR0eMgzJ5yPxOgc9+uOXVnDrxK3JLUUImWb38NhjFNIxCacqJU33US7WVEakY55NVBqiAhdEJG0DdUkAiUl82T5/jcKEMcxtI8ofFc/b2RkUipWRSYySKnWvYK8T+vn+rwxsuYSFINgi4OhSnHOsZFDXjIJFDNZ4YQKpnJiumYSEK1KatqSnCXv7xKOo26e1lvPFzVmrdlHRV0is7QBXLRNWqie9RCbUTRFD2jV/RmZdaL9W59LEbXrHLnBP2B9fkDO/2UDA==</latexit>

! !
m

<latexit sha1_base64="WTiRdgLrWDolUeiYtHHWyUi7FMU=">AAACBHicbVDLSsNAFJ34rPUVddnNYBFclaQKuiy6cVnBPqCJYTKZtEMnD2ZuhBK6cOOvuHGhiFs/wp1/46TNQlsPDHM4517uvcdPBVdgWd/Gyura+sZmZau6vbO7t28eHHZVkknKOjQRiez7RDHBY9YBDoL1U8lI5AvW88fXhd97YFLxJL6DScrciAxjHnJKQEueWcsdPxGBmkT6yx0g2XTqRfeOAiI9s241rBnwMrFLUkcl2p755QQJzSIWAxVEqYFtpeDmRAKngk2rTqZYSuiYDNlA05hETLn57IgpPtFKgMNE6hcDnqm/O3ISqWJNXRkRGKlFrxD/8wYZhJduzuM0AxbT+aAwExgSXCSCAy4ZBTHRhFDJ9a6YjogkFHRuVR2CvXjyMuk2G/ZZo3l7Xm9dlXFUUA0do1NkowvUQjeojTqIokf0jF7Rm/FkvBjvxse8dMUoe47QHxifP01lmSY=</latexit>

De
<latexit sha1_base64="3nZxGbaWxoCQobHmPyTTTtpRSV0=">AAAB+3icbVDNS8MwHE3n15xfdR69BIfgabRT0ONQDx4nuA/YSknTdAtLk5Kk4ij9V7x4UMSr/4g3/xvTrQfdfBDyeO/3Iy8vSBhV2nG+rcra+sbmVnW7trO7t39gH9Z7SqQSky4WTMhBgBRhlJOuppqRQSIJigNG+sH0pvD7j0QqKviDniXEi9GY04hipI3k2/VbPxsFgoVqFpsrI3nu2w2n6cwBV4lbkgYo0fHtr1EocBoTrjFDSg1dJ9FehqSmmJG8NkoVSRCeojEZGspRTJSXzbPn8NQoIYyENIdrOFd/b2QoVkU2MxkjPVHLXiH+5w1THV15GeVJqgnHi4eilEEtYFEEDKkkWLOZIQhLarJCPEESYW3qqpkS3OUvr5Jeq+meN1v3F432dVlHFRyDE3AGXHAJ2uAOdEAXYPAEnsEreLNy68V6tz4WoxWr3DkCf2B9/gDKg5Tu</latexit>

Figure 5.4: Electrical circuit representation of the power system on Z?2 as a voltage
divider between the EMF and the AC-bus.

The motion on the target set Z?2 corresponds to the trajectories generated by all pos-
sible initial conditions of (
r;�), and is illustrated in Fig. 5.4. The input which renders
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5.2 The power system dynamics

Z?2 invariant can reveal a suitable choice for the tangential objective to be designed:

�?m =� (e[
r] 
 g>1 )LmR>� îs (5.31a)

= (e[
r] 
 g>1 )LmR>�
�
Zs + (Yf + �l)�1

��1
R�Lm(e[
r] 
 g2)!01 (5.31b)

� ?m = Da!01� (e[
r] 
 g>2 )LmR>� îs (5.31c)

= Da!01 + (e[
r] 
 g>2 )LmR>�
�
Zs + (Yf + �l)�1

��1
R�Lm(e[
r] 
 g2)!01 : (5.31d)

Because � = 0 on Z?2 , no power is drawn by �?m. Notice that, if we de�ne

Ynet = ��s =
�
Zs + (Yf + �l)�1

��1
(5.32)

as the network admittance, we can express its symmetric and antisymmetric parts as

Yre = 1
2(Ynet + Y>net) = �>

� Rs 0 0
0 Gf 0
0 0 Rl

�
� (5.33a)

Yim = 1
2(Ynet �Y>net) = �>

� �j!0Ls 0 0
0 j!0Cf 0
0 0 �j!0Ll

�
� : (5.33b)

We are thus able to also compute the total power demanded by the inputs on the set Z?2

!01>� ?m = !01>Da!01 + !01>(e[
r] 
 g>2 )LmR>� YreR�Lm(e[
r] 
 g2)!01

= !01>Da!01 + î>s Rsîs + v̂>f Gf v̂f + î>l Rlîl ;
(5.34)

revealing steady-state power balance, but also the per-generator power injections as

!0� ?m = Da!2
01 + !0(e[
r] 
 g>2 )LmR>� YnetR�Lm(e[
r] 
 g2)!01| {z }

P̂s

;
(5.35)

where P̂s is the active power feeding the electrical subsystem. Owing to the decomposi-
tion of Ynet, the vectorized power injected into the electrical subsystem can also be split
into an active part, feeding the dissipation in all elements, and a reactive part, which is
an indicator of optimality with respect to a synchronization potential energy

P̂s = !0(e[
r] 
 g>2 )LmR>� �>
� Rs 0 0

0 Gf 0
0 0 Rl

�
�R�Lm(e[
r] 
 g2)!01

+ !0 (e[
r] 
 g>2 )LmR>� �>
� �j!0Ls 0 0

0 j!0Cf 0
0 0 �j!0Ll

�
�R�Lm(e[
r] 
 g2)!01

| {z }
r�S

: (5.36)

The synchronization potential energy

We are now ready to extend the energy function (24) proposed in [AD18]

S(
r;�) = 1
2!01>(e[
r] 
 g>2 )LmR>� �>

� Ls 0 0
0 �Cf 0
0 0 Ll

�
�R�Lm(e[
r] 
 g2)!01

= 1
2 ê
>
s �>

� Ls 0 0
0 �Cf 0
0 0 Ll

�
�ês

= 1
2 î
>
s Lsîs � 1

2 v̂
>
f Cf v̂f + 1

2 î
>
l Llîl :

(5.37)
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Chapter 5. Power transmission problems

Notice that there is a relationship between its gradients with respect to the coordinates

r�S = (e[
r] 
 g>2 )LmR>� �>
� �j!0Ls 0 0

0 j!0Cf 0
0 0 �j!0Ll

�
�R�Lm(e[
r] 
 g2)!01 (5.38a)

r
rS = (e[
r] 
 g>1 )LmR>� �>
� �j!0Ls 0 0

0 j!0Cf 0
0 0 �j!0Ll

�
�R�Lm(e[
r] 
 g2)!01 (5.38b)

and the active and reactive powers injected into the electrical subsystem

P̂s = !0�̂e = !0(e[
r] 
 g>2 )LmR>� YreR�Lm(e[
r] 
 g2)!01 + !0r�S (5.39a)

Q̂s = !0�̂e = !0(e[
r] 
 g>1 )LmR>� YreR�Lm(e[
r] 
 g2)!01 + !0r
rS : (5.39b)

When we pick, amongst the possible motions, those which satisfy rS(
r;�) = 0, we
have that the torque injection required for maintaining the invariance of Z?2 is the one
accommodating only the resistive losses in the network. Thus, we call this operating
point the baseline synchronization locus, as it provides just enough power to supply the
loads and does not allow reactive power or unwanted circulating power in the loops (if
any) of the transmission line graph. We de�ne the target set

Z?3 =
n

(qe;pe) : [ �! ] = [ 0
!01 ];

�
is
vf
il

�
= �es; rS(
r;�) = 0

o
; (5.40)

and use the design principles developed in Section 4.2 to design a controller composed
of a stabilizer and an invariance inducing component.

Error coordinate decomposition

Compared to the coordinate transformations that are suggested in TFLP or other feed-
back equivalence problems, the zero-dynamics-re�nement framework developed here sug-
gests the following tangential and transverse decomposition

(k) The motion on Z?2 , represented by the coordinate (�s;
s) 2 Rn � Rn, such that

d
dt�s = !01n (5.41a)
d
dt
s = 0 (5.41b)

(t) The motion transversal to Z?2 , represented by the coordinates

�r = � � �s

r = 
 � 
s
~w = w � !01
 g2

~is = is � îs(�r;
r)
~vf = vf � v̂f (�r;
r)
~il = il � îl(�r;
r) ;

(5.42)

where 
 is redundantly de�ned as 
(t) = 
r(t) + 
s(0). For convenience we let
w = (w1; :::; wn) 2 R2n, with wi = [ �i!i ], represent the vectorized radial and angular
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5.2 The power system dynamics

velocity components. We also consider the controlled-invariant maps as functions
of the error coordinates

"
îs(�r;
r)
v̂f (�r;
r)
îl(�r;
r)

#

= �R�sR�rLm(e[
r] 
 g2)!01 (5.43)

Remark 5.1. (Relative position). Since we aim to study the stability of the transverse
dynamics irrespective of how it is initialized, we may incorporate the initial condition of
the tangential motion �s(0);
s(0) into the initial condition of the corresponding transient
components �r(0);
r(0), allowing us to rede�ne them as

�r(t) = �(t)� �?(t) ; with �?(t) = !01nt ; (5.44a)

r(t) = 
(t) (5.44b)

such that the we have the following commutativity property B>R!01nt = R!01mtB>. �

In order to write dynamics for the error coordinates (5.42) we �rst compute the time
derivatives of the controlled-invariant quantities

d
dt îs = j!0îs + j!0�sR�?R�rLm(e[
r] 
 I2) ~w
d
dt v̂f = j!0v̂f + j!0�fR�?R�rLm(e[
r] 
 I2) ~w

d
dt îl = j!0îl + j!0�lR�?R�rLm(e[
r] 
 I2) ~w :

(5.45)

We further construct the input transformation

~�m = �m � �?m (5.46a)
~�m = �m � � ?m ; (5.46b)

such that we can write the error dynamics as

d
dt�? = !01 (5.47a)
d
dt ~qe = ~w (5.47b)

d
dtMe ~w =�De ~w + (e[
r] 
 I2)LmR>�rR

>
�?

~is + ~um (5.47c)

d
dt

"
Ls~is
Cf ~vf
Ll~il

#

=�
� Rs �I2n 0
I2n Gf B
0 �B> Rl

�" ~is
~vf
~il

#

�
� j!0Ls�s+I2n

j!0Cf�f
j!0Ll�l

�
R�?R�rLm(e[
r] 
 I2) ~w ; (5.47d)

where ~qe = (~qe1 ; :::; ~qen) 2 R2n is such that ~qei =
h 
ri
�ri

i
. If we consider the shifted

Hamiltonian as a function of ~pe = (Me ~w; Ls~is; Cf ~vf ; Ll~il)

~H = 1
2 ~w>Me ~w + 1

2
~i>s Ls~is + 1

2 ~v>f Cf ~vf + 1
2
~i>l Ll~il ; (5.48)

we can see that the system is not passive, but can be rendered so by picking

~um = (e[
r] 
 I2)LmR>�rR
>
�?�

>(j!0)>
� Ls 0 0

0 Cf 0
0 0 Ll

�" ~is
~vf
~il

#

+ u4

=�rqe ~We(qe; is;vf ; il) + u4 ;
(5.49)
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where u4 2 R2n is the new input corresponding to the passive output ~w, and where

~We = 1
2(is � îs)>Ls(is � îs) + 1

2(vf � v̂f )>Cf (vf � v̂f ) + 1
2(il � îl)>Ll(il � îl) ; (5.50)

is the shifted energy function associated to the un-actuated subsystem and written in
original coordinates. Finally, if we consider that �? = �01n, we can write the transverse
dynamics compactly as driven by a one-dimensional model of the tangential dynamics

_�0 = !0 (5.51a)
" _~qe

_~pe

#

=
"
O2n G>2n
�G2n J (�0; ~qe)�R

# "
r~qe

~H
r~pe

~H

#

+
"
O2n

G2n

#

u4 ; (5.51b)

where G>2n = [ I2n O2n O2n 02n�2m ] is a matrix which selects the actuated variables.

Remark 5.2. (Rotating frame). One may further apply a rotating-frame transforma-
tion to the electrical subsystem, with the same angle for all ��-subcomponents, namely
with R�? , in which case the transient dynamics (5.51) would be completely independent
of �0 and there would no longer be a cascade. Since J is bounded in �0 anyway, we
have chosen this representation mainly to avoid notational burden induced by the new
coordinates, see e.g. [AD18]. �

Finally, we can see that, regardless of using a rotating frame or not, the passive er-
ror dynamics (5.51b) are of the same dimension (and structure) as the original system
which is in contrast with the decomposition and feedback equivalence theorems reviewed
in Chapters 2 and 3. Thus, we may regard the such transient dynamics as feedback
equivalent to the original dynamics.

5.2.3 Tangential stabilization via potential energy shaping

So far, we have extended the procedure in Section 4.2 to the multi-machine case, omitting
the trivial addition of damping on ~w. If we pick u4 = �rS(
r;�r), feedback (5.31),
(5.46), (5.49) can be written compactly as

"
�m
�m

#

=
"

0
Da!01

#

+
"
�̂e �r
rS
�̂e �r�S

#

| {z }
controlled-invariance

�
"
r
r ~We

r� ~We

#

| {z }
stabilization

(5.52)

A few observations are in order:

(i) Due to the lack of sparsity in the � matrices, this feedback requires full knowledge
of system parameters and full state information. Under some approximations this
requirements can be relaxed and the controller will recover standard heuristics;
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5.2 The power system dynamics

(ii) the invariance-inducing component, according to (5.61), provides just enough power
used to supply the active part of the network Yre, while the stabilizer is the term
that restores passivity of the error system and vanishes on Z?2 ;

(iii) when considering the Euclidean embedding (5.24), we can write

r~qeS = (e[
r] 
 I2)LmR>� �>
� �j!0Ls 0 0

0 j!0Cf 0
0 0 �j!0Ll

�
�R�Lm(e[
r] 
 g2)!01

= @ês
@ ~qe
>�>

� Ls 0 0
0 �Cf 0
0 0 Ll

�
�ês (5.53a)

= @ês
@ ~qe
>�>s Ls�sês + @ês

@ ~qe
>�>f (�Cf +BZ�>l LlZ�1

l B
>)�f ês ; (5.53b)

revealing a loopy Laplacian vector �eld, similar to (3.69) but more elaborate, ac-
counting for the resistive divider circuit of Fig. 5.4.

Consider now the addition of the synchronization potential to the Hamiltonian

~He = 1
2 ~w>Me ~w + 1

2
~i>s Ls~is + 1

2 ~v>f Cf ~vf + 1
2
~i>l Ll~il + S(
r;�r) ; (5.54)

and notice that its derivative along trajectories of (5.51b) becomes

d
dt

~He = � ~w>De ~w � ~i>s Rs~is � ~v>f Gf ~vf � ~i>l Rl~il : (5.55)

This allows us to apply LaSalle’s invariance principle and conclude that the error dynam-
ics converge to the largest invariant set inside the zero-dissipation set, which becomes

~Z?3 =
n

( ~qe; ~pe) : ~� = 0; ~! = 0; ~is = 0; ~vf = 0; ~il = 0; rS(
r;�r) = 0
o
: (5.56)

In original coordinates this means that the target set Z?3 is invariant and globally attrac-
tive. Near a conventional operating point where the angles are not too far apart and the
EMF magnitudes are close to nominal AC-bus levels, the motion on Z?3 is, to a certain
extent, desirable. It may happen that, due to sudden changes in loads, re�ected in a
temporary mismatch in Gf , the trajectory escapes the global minimum of S and settles
to a local minimizer. Another case may arise when there is a signi�cant actuation delay,
resulting in an extended period during whihc the signal �m does not match its actual
implementation. This can be modelled by decaying additive disturbances and may be
tolerated by the passivity property. A third situation might be that the input signal �m
saturates and is never matched by its physical implementation.

Second milestone

Proposition 5.1. (Extended Multi-machine stabilization). Consider the ex-
tended model (5.20) with input (5.52). Then, the set Z?3 in (5.79) is globally asymp-
totically stable for the closed loop.
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Proof of Proposition 5.1: Consider the coordinate transformation

~qe 7! � = R�r(e
[
r] 
 g1)1n (5.57a)

"
~is
~vf
~il

#

7!

2

4
~idqs
~vdqf
~idql

3

5 = R(�012n+m)

"
~is
~vf
~il

#

; (5.57b)

where �0 = !0t is the independent angle. Then, we can write the closed loop as

d
dt� = R�r(e

[
r] 
 I2) ~w (5.58a)

d
dtMe ~w =�De ~w + (e[
r] 
 I2)LmR>�r

� j!0Ls�s+I2n
j!0Cf�f
j!0Ll�l

�>
2

4
~idqs
~vdqf
~idql

3

5

� (e[
r] 
 I2)R>�rr�Q (5.58b)

d
dt

2

4
Ls~idqs
Cf ~vdqf
Ll~i

dq
l

3

5 =�
� Zs �I2n 0
I2n Yf B
0 �B> Zl

�2

4
~idqs
~vdqf
~idql

3

5�
� j!0Ls�s+I2n

j!0Cf�f
j!0Ll�l

�
R�rLm(e[
r] 
 I2) ~w : (5.58c)

It now remains to verify that the potential energyQ(�) = S(
r;�r) is radially unbounded
in �. Notice that we can rewrite it as

Q = 1
2�
>(j!0Lm)>�>

� Ls 0 0
0 �Cf 0
0 0 Ll

�
�(j!0Lm)� ; (5.59)

which corresponds to a positive de�nite quadratic form due to the loopy Laplacian nature
of the grid impedance. Hence, we are able to apply the LaSalle invariance principle for
Hamiltonian systems and conclude that all closed loop trajectories converge to the largest
invariant subset of the zero-dissipation set, namely to ~Z?3 .

Consider a constant set-point (
�r ;��r) and the shifted energy function

SB(
r;�r) = S(
r;�r)� S(
�r ;�
�
r)�r
rS

�>(
r � 
�r )�r�rS
�>(�r � ��r) ; (5.60)

where r
rS� = r
rS(
�r ;��r) and r�rS� = r�rS(
�r ;��r). These two decompose as

r�rS
� = 1

!0
P �s � (e[
�r ] 
 g>2 )LmR>��rYreR��rLm(e[
�r ] 
 g2)!01 (5.61a)

r
rS
� = 1

!0
Q�s � (e[
�r ] 
 g>1 )LmR>��rYreR��rLm(e[
�r ] 
 g2)!01 : (5.61b)

In some sense, a saturation on the input can be seen as equivalent to an alteration of
the set-point (
�r ;��r) through (P �s ; Q�s), namely the replacement of S by SB in (5.52).
The gradients (5.61) are classically interpreted by neglecting Yre, resulting in the power
injected by each generator into a lossless grid.

To acquire further insight into power engineering practice, we shall consider next,
the case when Zs � (Yf + �l)�1 which may appear in modern, converter-dominated
grids. We shall also �nd it convenient, in that case, to assume a constant resistance-to-
inductance ratio for the transmission lines in favor of a decentralized controller.
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5.3 Systems with negligible stator impedance

5.3 Systems with negligible stator impedance

The issue of e�cient (distributed or decentralised) implementation of controller (5.52)
is dealing with the stator impedance in the generalised resistive divider structure of Fig.
5.4. With the recent developments in power electronics technology, �lter inductors tend
to become smaller and smaller [Kol+11; BNK16]. In anticipation, we study our system
in the limit when Ls = 0 and Rs = 0. This yields

vf = es (5.62a)
0 =� Yfvf �Bil � is ; (5.62b)

These equations correspond to the case when capacitive bus is connected directly to the
machine EMF es (or the inverter switching voltage ex), as written in (5.30), such that its
dynamics are merged with the angular and radial velocity dynamics. Notice that (5.62)
replaces equations (5.20e) and (5.20f) respectively. The reduced model becomes

d
dtMr� =�Dr� � (e[
r] 
 g>1 )LmR>� Yfes � (e[
r] 
 g>1 )LmR>�Bil + �m (5.63a)

d
dt
r = � (5.63b)

d
dtMa! =�Da! � (e[
r] 
 g>2 )LmR>� Yfes � (e[
r] 
 g>2 )LmR>�Bil + �m (5.63c)

d
dt� = ! (5.63d)

d
dtLlil =�Rlil +B>es ; (5.63e)

which is a system of the form (3.1) with 2n inputs and degree of under-actuation 2m
since we have removed the 4n states accounting for stator current and AC-bus voltage.
This system is similar in dimension and scope to the so called �ux-decay model [BHD86;
GHW01] but uses di�erent coordinates and is arrived at using di�erent assumptions.

vdc
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! 2M a
<latexit sha1_base64="XT6HLJQk15CVjK/2Vm4zcBBB9KI=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BL16ECOaByRp6J5NkyOzsMjMrhCV/4cWDIl79G2/+jZNkD5pY0FBUddPdFcSCa+O6305uZXVtfSO/Wdja3tndK+4fNHSUKMrqNBKRagWomeCS1Q03grVixTAMBGsGo+up33xiSvNI3ptxzPwQB5L3OUVjpYcOM/hYIbdd7BZLbtmdgSwTLyMlyFDrFr86vYgmIZOGCtS67bmx8VNUhlPBJoVOolmMdIQD1rZUYsi0n84unpATq/RIP1K2pCEz9fdEiqHW4zCwnSGaoV70puJ/Xjsx/Us/5TJODJN0vqifCGIiMn2f9Lhi1IixJUgVt7cSOkSF1NiQCjYEb/HlZdKolL2zcuXuvFS9yuLIwxEcwyl4cAFVuIEa1IGChGd4hTdHOy/Ou/Mxb8052cwh/IHz+QOX5pA1</latexit>

!" m
<latexit sha1_base64="GK4ntIv+3wGMaCIsFdvPo1ABRZw=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbBU0mqoMeiF48V7Ac2oWy2k3bpZhN2J0Ip/RdePCji1X/jzX/jts1BWx8MPN6bYWZemEph0HW/ncLa+sbmVnG7tLO7t39QPjxqmSTTHJo8kYnuhMyAFAqaKFBCJ9XA4lBCOxzdzvz2E2gjEvWA4xSCmA2UiARnaKVHH5D5yLJe3CtX3Ko7B10lXk4qJEejV/7y+wnPYlDIJTOm67kpBhOmUXAJ05KfGUgZH7EBdC1VLAYTTOYXT+mZVfo0SrQthXSu/p6YsNiYcRzazpjh0Cx7M/E/r5thdB1MhEozBMUXi6JMUkzo7H3aFxo4yrEljGthb6V8yDTjaEMq2RC85ZdXSatW9S6qtfvLSv0mj6NITsgpOSceuSJ1ckcapEk4UeSZvJI3xzgvzrvzsWgtOPnMMfkD5/MHrFqQ6g==</latexit>

!" e
<latexit sha1_base64="KSAO7CymAwgNWjhIna29rKwjrgs=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbBU0mqoMeiF48V7Ac2oWy2k3bpZhN2J0Ip/RdePCji1X/jzX/jts1BWx8MPN6bYWZemEph0HW/ncLa+sbmVnG7tLO7t39QPjxqmSTTHJo8kYnuhMyAFAqaKFBCJ9XA4lBCOxzdzvz2E2gjEvWA4xSCmA2UiARnaKVHH5D5yLIe9MoVt+rOQVeJl5MKydHolb/8fsKzGBRyyYzpem6KwYRpFFzCtORnBlLGR2wAXUsVi8EEk/nFU3pmlT6NEm1LIZ2rvycmLDZmHIe2M2Y4NMveTPzP62YYXQcTodIMQfHFoiiTFBM6e5/2hQaOcmwJ41rYWykfMs042pBKNgRv+eVV0qpVvYtq7f6yUr/J4yiSE3JKzolHrkid3JEGaRJOFHkmr+TNMc6L8+58LFoLTj5zTP7A+fwBoDqQ4g==</latexit>

!" m
<latexit sha1_base64="Shllqt4yvpiM/eWLKi+1EyVw/lI=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BLx4jmAdmlzA7mU2GzGOZmRVCyF948aCIV//Gm3/jJNmDJhY0FFXddHfFKWfG+v63V1hb39jcKm6Xdnb39g/Kh0ctozJNaJMornQnxoZyJmnTMstpJ9UUi5jTdjy6nfntJ6oNU/LBjlMaCTyQLGEEWyc9htTiUA9VT/TKFb/qz4FWSZCTCuRo9MpfYV+RTFBpCcfGdAM/tdEEa8sIp9NSmBmaYjLCA9p1VGJBTTSZXzxFZ07po0RpV9Kiufp7YoKFMWMRu06B7dAsezPxP6+b2eQ6mjCZZpZKsliUZBxZhWbvoz7TlFg+dgQTzdytiAyxxsS6kEouhGD55VXSqlWDi2rt/rJSv8njKMIJnMI5BHAFdbiDBjSBgIRneIU3z3gv3rv3sWgtePnMMfyB9/kDqteQ6Q==</latexit>

i l
<latexit sha1_base64="EUyNJUDboqnjf9/CRDeBzuU0HCg=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiRV0GXRjcsK9gFtCJPJpB06mYSZSaGE/okbF4q49U/c+TdO2iy09cAwh3PuZc6cIOVMacf5tiobm1vbO9Xd2t7+weGRfXzSVUkmCe2QhCeyH2BFORO0o5nmtJ9KiuOA014wuS/83pRKxRLxpGcp9WI8EixiBGsj+bY9DBIeqllsrpzNfe7bdafhLIDWiVuSOpRo+/bXMExIFlOhCcdKDVwn1V6OpWaE03ltmCmaYjLBIzowVOCYKi9fJJ+jC6OEKEqkOUKjhfp7I8exKsKZyRjrsVr1CvE/b5Dp6NbLmUgzTQVZPhRlHOkEFTWgkElKNJ8ZgolkJisiYywx0aasminBXf3yOuk2G+5Vo/l4XW/dlXVU4QzO4RJcuIEWPEAbOkBgCs/wCm9Wbr1Y79bHcrRilTun8AfW5w8/spQO</latexit>

L l
<latexit sha1_base64="DvGqTzoD2rtaLAtGR4mpByJCufU=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhCswl0UtAzaWFhENB+QHGFvM5cs2ds7dveEcOQn2FgoYusvsvPfuEmu0MQHA4/3ZpiZFySCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDP1W0+oNI/loxkn6Ed0IHnIGTVWerjriV6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns1Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfRv0ucKmRFjSyhT3N5K2JAqyoxNp2hD8BZfXibNasU7r1TvL8q16zyOAhzDCZyBB5dQg1uoQwMYDOAZXuHNEc6L8+58zFtXnHzmCP7A+fwBI2KNsw==</latexit>

Rl
<latexit sha1_base64="v53ggNaBDvlyVX3a0E7VPgkzLn4=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWN85AHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6xHHC/YgOlAgFo2ilh/ue7JXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindeqd5dlGvXeRwFOIYTOAMPLqEGt1CHBjAYwDO8wpsjnRfn3fmYt644+cwR/IHz+QMsho25</latexit>

øYf
<latexit sha1_base64="cOuWCIuIhSz3vyrqiwn/Kkl6VUE=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSyCq5JUQZdFNy4r2Ic0IUymk3boZCbMTIQS4sZfceNCEbf+hTv/xkmbhbYeGOZwzr3ce0+YMKq043xbS8srq2vrlY3q5tb2zq69t99RIpWYtLFgQvZCpAijnLQ11Yz0EklQHDLSDcfXhd99IFJRwe/0JCF+jIacRhQjbaTAPvRCJLP7PMi8ULCBmsTmy6I8D+yaU3emgIvELUkNlGgF9pc3EDiNCdeYIaX6rpNoP0NSU8xIXvVSRRKEx2hI+oZyFBPlZ9MLcnhilAGMhDSPazhVf3dkKFbFbqYyRnqk5r1C/M/rpzq69DPKk1QTjmeDopRBLWARBxxQSbBmE0MQltTsCvEISYS1Ca1qQnDnT14knUbdPas3bs9rzasyjgo4AsfgFLjgAjTBDWiBNsDgETyDV/BmPVkv1rv1MStdssqeA/AH1ucP14GXyQ==</latexit>

w 0
<latexit sha1_base64="8PJlX3RvWSjfGY78R24udXL1juU=">AAAB+XicbVC7TsMwFL3hWcorwMhiUSExVUlBgrGChbFI9CG1UeQ4TmvVcSLbKaqi/gkLAwix8ids/A1OmwFajmT56Jx75eMTpJwp7Tjf1tr6xubWdmWnuru3f3BoHx13VJJJQtsk4YnsBVhRzgRta6Y57aWS4jjgtBuM7wq/O6FSsUQ86mlKvRgPBYsYwdpIvm0PgoSHahqbK3+a+Y5v15y6MwdaJW5JalCi5dtfgzAhWUyFJhwr1XedVHs5lpoRTmfVQaZoiskYD2nfUIFjqrx8nnyGzo0SoiiR5giN5urvjRzHqghnJmOsR2rZK8T/vH6moxsvZyLNNBVk8VCUcaQTVNSAQiYp0XxqCCaSmayIjLDERJuyqqYEd/nLq6TTqLuX9cbDVa15W9ZRgVM4gwtw4RqacA8taAOBCTzDK7xZufVivVsfi9E1q9w5gT+wPn8A+hWT4A==</latexit>

( öPl , öQl )
<latexit sha1_base64="9esz6wsd8/GiHXorPlSflVp7DGM=">AAACHHicdVDLSsNAFJ34rPVVdelmsAgVpCRpoe2u6MZlC/YBTQiTybQdOnkwMxFKyIe48VfcuFDEjQvBv3HSRvB5YJjDOfdy7z1uxKiQuv6urayurW9sFraK2zu7e/ulg8O+CGOOSQ+HLORDFwnCaEB6kkpGhhEnyHcZGbizy8wf3BAuaBhcy3lEbB9NAjqmGEklOaVaxZoimXRSJ7HckHli7qsvYWl6vjC6v40zp1TWqy3dbDaaUK/qC2Sk3jKNOjRypQxydJzSq+WFOPZJIDFDQowMPZJ2grikmJG0aMWCRAjP0ISMFA2QT4SdLI5L4alSPDgOuXqBhAv1a0eCfJEtpyp9JKfip5eJf3mjWI6bdkKDKJYkwMtB45hBGcIsKehRTrBkc0UQ5lTtCvEUcYSlyrOoQvi8FP5P+mbVqFXNbr3cvsjjKIBjcAIqwAAN0AZXoAN6AINbcA8ewZN2pz1oz9rLsnRFy3uOwDdobx/dN6O/</latexit>

öu e
<latexit sha1_base64="XxN+JJKW8TULmyh2puRPv4TbVG0=">AAAB/3icbVDNS8MwHE3n15xfVcGLl+AQPI12CnocevE4wX3AWkqaZltYmpQkFUbtwX/FiwdFvPpvePO/Md160M0HIY/3fj/y8sKEUaUd59uqrKyurW9UN2tb2zu7e/b+QVeJVGLSwYIJ2Q+RIoxy0tFUM9JPJEFxyEgvnNwUfu+BSEUFv9fThPgxGnE6pBhpIwX2kTdGOvNCwSI1jc2VpXkekMCuOw1nBrhM3JLUQYl2YH95kcBpTLjGDCk1cJ1E+xmSmmJG8pqXKpIgPEEjMjCUo5goP5vlz+GpUSI4FNIcruFM/b2RoVgV6cxkjPRYLXqF+J83SPXwys8oT1JNOJ4/NEwZ1AIWZcCISoI1mxqCsKQmK8RjJBHWprKaKcFd/PIy6TYb7nmjeXdRb12XdVTBMTgBZ8AFl6AFbkEbdAAGj+AZvII368l6sd6tj/loxSp3DsEfWJ8/OImW4A==</latexit>

u !
m

<latexit sha1_base64="eDRK7aq/zb8YVQyNgj4LDJ6hsN8=">AAACAXicbVDLSsNAFJ34rPUVdSO4CRbBVUmqoMuiG5cV7APaGCaTSTt0HmFmIpQQN/6KGxeKuPUv3Pk3TtostPXAMIdz7uXee8KEEqVd99taWl5ZXVuvbFQ3t7Z3du29/Y4SqUS4jQQVshdChSnhuK2JpriXSAxZSHE3HF8XfvcBS0UEv9OTBPsMDjmJCYLaSIF9mA1CQSM1YebL0jwP2P1AaSgDu+bW3SmcReKVpAZKtAL7axAJlDLMNaJQqb7nJtrPoNQEUZxXB6nCCURjOMR9QzlkWPnZ9ILcOTFK5MRCmse1M1V/d2SQqWJHU8mgHql5rxD/8/qpji/9jPAk1Zij2aA4pY4WThGHExGJkaYTQyCSxOzqoBGUEGkTWtWE4M2fvEg6jbp3Vm/cnteaV2UcFXAEjsEp8MAFaIIb0AJtgMAjeAav4M16sl6sd+tjVrpklT0H4A+szx/weZfX</latexit>

Zs
<latexit sha1_base64="vEYs+bMLKlvKN6j9kWcmyYE0F4U=">AAAB/XicbVA7T8MwGHR4lvIKj43FokJiqpKCBGMFC2OR6EO0UeQ4TmvVsSPbQSpRxF9hYQAhVv4HG/8Gp80ALSdZPt19n3y+IGFUacf5tpaWV1bX1isb1c2t7Z1de2+/o0QqMWljwYTsBUgRRjlpa6oZ6SWSoDhgpBuMrwu/+0CkooLf6UlCvBgNOY0oRtpIvn2Y3ed+NggEC9UkNlem8ty3a07dmQIuErckNVCi5dtfg1DgNCZcY4aU6rtOor0MSU0xI3l1kCqSIDxGQ9I3lKOYKC+bps/hiVFCGAlpDtdwqv7eyFCsimxmMkZ6pOa9QvzP66c6uvQyypNUE45nD0Upg1rAogoYUkmwZhNDEJbUZIV4hCTC2hRWNSW4819eJJ1G3T2rN27Pa82rso4KOALH4BS44AI0wQ1ogTbA4BE8g1fwZj1ZL9a79TEbXbLKnQPwB9bnD9a3lh4=</latexit>

Yf
<latexit sha1_base64="dMtNNZCtZb701Q6mKkJTvwF1gF0=">AAAB/XicbVA7T8MwGHR4lvIKj43FokJiqpKCBGMFC2OR6AO1UeQ4TmvVsSPbQSpRxF9hYQAhVv4HG/8Gp80ALSdZPt19n3y+IGFUacf5tpaWV1bX1isb1c2t7Z1de2+/o0QqMWljwYTsBUgRRjlpa6oZ6SWSoDhgpBuMrwu/+0CkooLf6UlCvBgNOY0oRtpIvn2Y3ed+NggEC9UkNlcW5blv15y6MwVcJG5JaqBEy7e/BqHAaUy4xgwp1XedRHsZkppiRvLqIFUkQXiMhqRvKEcxUV42TZ/DE6OEMBLSHK7hVP29kaFYFdnMZIz0SM17hfif1091dOlllCepJhzPHopSBrWARRUwpJJgzSaGICypyQrxCEmEtSmsakpw57+8SDqNuntWb9ye15pXZR0VcASOwSlwwQVoghvQAm2AwSN4Bq/gzXqyXqx362M2umSVOwfgD6zPH8FTlhA=</latexit>

! l
<latexit sha1_base64="DbIUyNSafq7iPR/LpS9dEtG435Y=">AAACDnicbVC7TsMwFHXKq5RXgJEloqrEVCUFCcYKFgaGItGH1ESR4zitVceObAepivIFLPwKCwMIsTKz8Tc4bYbSciXLR+fco3vvCRJKpLLtH6Oytr6xuVXdru3s7u0fmIdHPclTgXAXccrFIIASU8JwVxFF8SARGMYBxf1gclPo/UcsJOHsQU0T7MVwxEhEEFSa8s2GG3Aaymmsv8y908YQ5n62yNI898263bRnZa0CpwR1UFbHN7/dkKM0xkwhCqUcOnaivAwKRRDFec1NJU4gmsARHmrIYIyll83Oya2GZkIr4kI/pqwZu+jIYCyL3XRnDNVYLmsF+Z82TFV05WWEJanCDM0HRSm1FLeKbKyQCIwUnWoAkSB6VwuNoYBI6QRrOgRn+eRV0Gs1nfNm6/6i3r4u46iCE3AKzoADLkEb3IIO6AIEnsALeAPvxrPxanwYn/PWilF6jsGfMr5+AWKInZc=</latexit>

öi s
<latexit sha1_base64="uvX/ou+xtzE2FHW8oKqLX0qHqZY=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARXJWkCrosunFZwT6gCWEymbZDJzNhZiKUEDf+ihsXirj1L9z5N07aLLT1wDCHc+7l3nvChFGlHefbqqysrq1vVDdrW9s7u3v2/kFXiVRi0sGCCdkPkSKMctLRVDPSTyRBcchIL5zcFH7vgUhFBb/X04T4MRpxOqQYaSMF9pE3RjrzQsEiNY3Nl9E8DzKVB3bdaTgzwGXilqQOSrQD+8uLBE5jwjVmSKmB6yTaz5DUFDOS17xUkQThCRqRgaEcxUT52eyCHJ4aJYJDIc3jGs7U3x0ZilWxn6mMkR6rRa8Q//MGqR5e+RnlSaoJx/NBw5RBLWARB4yoJFizqSEIS2p2hXiMJMLahFYzIbiLJy+TbrPhnjeadxf11nUZRxUcgxNwBlxwCVrgFrRBB2DwCJ7BK3iznqwX6936mJdWrLLnEPyB9fkDEOyX7g==</latexit>

öv f
<latexit sha1_base64="V1913iEcu8LBPBVbaOrYu4vM3mA=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSyCq5JUQZdFNy4r2Ac0IUymk3boZCbMTAolxI2/4saFIm79C3f+jZM2C209MMzhnHu5954wYVRpx/m2VlbX1jc2K1vV7Z3dvX374LCjRCoxaWPBhOyFSBFGOWlrqhnpJZKgOGSkG45vC787IVJRwR/0NCF+jIacRhQjbaTAPvZGSGdeKNhATWPzZZM8D7IoD+yaU3dmgMvELUkNlGgF9pc3EDiNCdeYIaX6rpNoP0NSU8xIXvVSRRKEx2hI+oZyFBPlZ7MLcnhmlAGMhDSPazhTf3dkKFbFfqYyRnqkFr1C/M/rpzq69jPKk1QTjueDopRBLWARBxxQSbBmU0MQltTsCvEISYS1Ca1qQnAXT14mnUbdvag37i9rzZsyjgo4AafgHLjgCjTBHWiBNsDgETyDV/BmPVkv1rv1MS9dscqeI/AH1ucPES2X7g==</latexit>

B öi l
<latexit sha1_base64="uojw1RXcXieJQr2KZLadXYyE3ts=">AAACD3icbVC7TsMwFHXKq5RXgJElogIxVUlBgrEqC2OR6ENqoshxnNaqY0e2g1RF+QMWfoWFAYRYWdn4G5w2Q2k5kuWjc+7VvfcECSVS2faPUVlb39jcqm7Xdnb39g/Mw6Oe5KlAuIs45WIQQIkpYbiriKJ4kAgM44DifjC5Lfz+IxaScPagpgn2YjhiJCIIKi355rkbcBrKaay/rJ27Y6iyRYnkuZ/R3DfrdsOewVolTknqoETHN7/dkKM0xkwhCqUcOnaivAwKRRDFec1NJU4gmsARHmrKYIyll83uya0zrYRWxIV+TFkzdbEjg7Es9tOVMVRjuewV4n/eMFXRjZcRlqQKMzQfFKXUUtwqwrFCIjBSdKoJRILoXS00hgIipSOs6RCc5ZNXSa/ZcC4bzfureqtdxlEFJ+AUXAAHXIMWuAMd0AUIPIEX8AbejWfj1fgwPuelFaPsOQZ/YHz9AouankA=</latexit>

öes
<latexit sha1_base64="ppKdzdCi8lZ1gZ5+7JzaTBy4tIA=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARXJWkCrosunFZwT6gCWEymbZDJzNhZiKUEDf+ihsXirj1L9z5N07aLLT1wDCHc+7l3nvChFGlHefbqqysrq1vVDdrW9s7u3v2/kFXiVRi0sGCCdkPkSKMctLRVDPSTyRBcchIL5zcFH7vgUhFBb/X04T4MRpxOqQYaSMF9pE3RjrzQsEiNY3Nl5E8DzKVB3bdaTgzwGXilqQOSrQD+8uLBE5jwjVmSKmB6yTaz5DUFDOS17xUkQThCRqRgaEcxUT52eyCHJ4aJYJDIc3jGs7U3x0ZilWxn6mMkR6rRa8Q//MGqR5e+RnlSaoJx/NBw5RBLWARB4yoJFizqSEIS2p2hXiMJMLahFYzIbiLJy+TbrPhnjeadxf11nUZRxUcgxNwBlxwCVrgFrRBB2DwCJ7BK3iznqwX6936mJdWrLLnEPyB9fkDCsSX6g==</latexit>

ö! e
<latexit sha1_base64="D/h13xWTOBgFZg+k46wNhCjzHPo=">AAACBHicbVDLSsNAFJ3UV62vqMtugkVwVZIq6LLoxmUF+4AmhMlk2g6dTMLMjVBCFm78FTcuFHHrR7jzb5y0WWjrgWEO59zLvfcECWcKbPvbqKytb2xuVbdrO7t7+wfm4VFPxakktEtiHstBgBXlTNAuMOB0kEiKo4DTfjC9Kfz+A5WKxeIeZgn1IjwWbMQIBi35Zt2dYMjcIOahmkX6y1zAaZ77Gc19s2E37TmsVeKUpIFKdHzzyw1jkkZUAOFYqaFjJ+BlWAIjnOY1N1U0wWSKx3SoqcARVV42PyK3TrUSWqNY6ifAmqu/OzIcqWJFXRlhmKhlrxD/84YpjK68jIkkBSrIYtAo5RbEVpGIFTJJCfCZJphIpne1yARLTEDnVtMhOMsnr5Jeq+mcN1t3F432dRlHFdXRCTpDDrpEbXSLOqiLCHpEz+gVvRlPxovxbnwsSitG2XOM/sD4/AFrApk7</latexit>

! 01
<latexit sha1_base64="ilAbmXnbgqpXUUDU2EInw/45uh8="></latexit>

Da
<latexit sha1_base64="7YCPBJ8S2lncPu1FLux0OSQjTm8="></latexit>

(! , " r )
<latexit sha1_base64="c8wLHBaXNtG4ezFj+EoOLdC73QA="></latexit>

( öPs , öQs)
<latexit sha1_base64="DbQn7ovWbiyQiIPS096osU5sYJ4="></latexit>

! " " " " " " " " " " # " " " " " " " " " " $ <latexit sha1_base64="rkwlV8+wHCfrJa/d4qKGyIGPJlo="></latexit>

Y net
<latexit sha1_base64="d4OKJUCW6bQBVZy7m4YpKjdvxSA=">AAAB+XicbVDLSsNAFJ34rPUVdelmsAiuSlIFXRbduKxgH9KGMJnetEMnkzAzKZSQP3HjQhG3/ok7/8ZJm4W2Hhg4nHMv98wJEs6Udpxva219Y3Nru7JT3d3bPzi0j447Kk4lhTaNeSx7AVHAmYC2ZppDL5FAooBDN5jcFX53ClKxWDzqWQJeREaChYwSbSTftgcR0eMgzJ5yPxOgc9+uOXVnDrxK3JLUUImWb38NhjFNIxCacqJU33US7WVEakY55NVBqiAhdEJG0DdUkAiUl82T5/jcKEMcxtI8ofFc/b2RkUipWRSYySKnWvYK8T+vn+rwxsuYSFINgi4OhSnHOsZFDXjIJFDNZ4YQKpnJiumYSEK1KatqSnCXv7xKOo26e1lvPFzVmrdlHRV0is7QBXLRNWqie9RCbUTRFD2jV/RmZdaL9W59LEbXrHLnBP2B9fkDO/2UDA==</latexit>

! !
m

<latexit sha1_base64="WTiRdgLrWDolUeiYtHHWyUi7FMU=">AAACBHicbVDLSsNAFJ34rPUVddnNYBFclaQKuiy6cVnBPqCJYTKZtEMnD2ZuhBK6cOOvuHGhiFs/wp1/46TNQlsPDHM4517uvcdPBVdgWd/Gyura+sZmZau6vbO7t28eHHZVkknKOjQRiez7RDHBY9YBDoL1U8lI5AvW88fXhd97YFLxJL6DScrciAxjHnJKQEueWcsdPxGBmkT6yx0g2XTqRfeOAiI9s241rBnwMrFLUkcl2p755QQJzSIWAxVEqYFtpeDmRAKngk2rTqZYSuiYDNlA05hETLn57IgpPtFKgMNE6hcDnqm/O3ISqWJNXRkRGKlFrxD/8wYZhJduzuM0AxbT+aAwExgSXCSCAy4ZBTHRhFDJ9a6YjogkFHRuVR2CvXjyMuk2G/ZZo3l7Xm9dlXFUUA0do1NkowvUQjeojTqIokf0jF7Rm/FkvBjvxse8dMUoe47QHxifP01lmSY=</latexit>

De
<latexit sha1_base64="3nZxGbaWxoCQobHmPyTTTtpRSV0=">AAAB+3icbVDNS8MwHE3n15xfdR69BIfgabRT0ONQDx4nuA/YSknTdAtLk5Kk4ij9V7x4UMSr/4g3/xvTrQfdfBDyeO/3Iy8vSBhV2nG+rcra+sbmVnW7trO7t39gH9Z7SqQSky4WTMhBgBRhlJOuppqRQSIJigNG+sH0pvD7j0QqKviDniXEi9GY04hipI3k2/VbPxsFgoVqFpsrI3nu2w2n6cwBV4lbkgYo0fHtr1EocBoTrjFDSg1dJ9FehqSmmJG8NkoVSRCeojEZGspRTJSXzbPn8NQoIYyENIdrOFd/b2QoVkU2MxkjPVHLXiH+5w1THV15GeVJqgnHi4eilEEtYFEEDKkkWLOZIQhLarJCPEESYW3qqpkS3OUvr5Jeq+meN1v3F432dVlHFRyDE3AGXHAJ2uAOdEAXYPAEnsEreLNy68V6tz4WoxWr3DkCf2B9/gDKg5Tu</latexit>

Yf
<latexit sha1_base64="m+lUZmDQys+WvT1lEFPhMX3+B3Q=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/ZA2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtJ1Sax/LBjBP0IzqQPOSMGivdP/bCXqnsVtwZyDLxclKGHPVe6avbj1kaoTRMUK07npsYP6PKcCZwUuymGhPKRnSAHUsljVD72ezUCTm1Sp+EsbIlDZmpvycyGmk9jgLbGVEz1IveVPzP66QmvPIzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2naEPwFl9eJs1qxTuvVO8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AEuGI26</latexit>

Figure 5.5: Equivalent circuit representation of the system with reduced stator.
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Chapter 5. Power transmission problems

A reduced �rst-principle model

There is another way of arriving at this model. Consider the following multi-machine
model written in ��-frame

d
dtMa! =�Da! � �e + �m (5.64a)

d
dt� = ! (5.64b)

d
dt r =�Rrir + ur (5.64c)
d
dt l =�Rlil ; (5.64d)

where  r 2 Rn are the rotor �uxes, Rr 2 Rn�n is a diagonal matrix of rotor resistances,
ir 2 Rn are the rotor currents, ur 2 Rn are the rotor excitation voltages and  l 2 R2m

are the transmission line �uxes. Suppose we take the stator current as is = �Bil. We
propose the following energy function associated with a hypothetical rotor-line coupling

We = 1
2

"
 l
 r

#> "
Ll �B>R�Lm(In 
 g1)

�(In 
 g>1 )LmR>�B Lr

#�1 "
 l
 r

#

; (5.65)

where Lr 2 Rn�n is the diagonal matrices of rotor inductances. This model is not
technologically plausible for the reason that the machine would have to have as many
sets of three-phase stator windings as outgoing links or the inverters would have to have
as many sets of three-phase bridges per DC-link as outgoing links. However, it helps us
deal with the circuit topology issue we had earlier. We then consider

 l = Llil �B>R�Lm(In 
 g1)ir (5.66a)
 r = Lrir � (In 
 g>1 )LmR>�Bil ; (5.66b)

and use them into (5.67a), (5.67b) as
d
dtLrir =�Rrir + d

dt((In 
 g>1 )LmR>�Bil) + ur (5.67a)
d
dtLlil =�Rlil + d

dt(B
>R�Lm(In 
 g1)ir) : (5.67b)

Model preparation

We are now in a position to identify the EMF induced in the lines and in the rotor
windings, respectively, as

er =� d
dt((In 
 g>1 )LmR>�Bil) (5.68a)

el =� d
dt(B

>R�Lm(e[
r] 
 g1)1n) (5.68b)
=�B>R�Lm(e[
r] 
 g1)d
r

dt �B
>R�Lm(e[
r] 
 g2)d�

dt ; (5.68c)

where we have de�ned 
ri = ln iri as before, in order to achieve the ray-circle represen-
tation. We use again the dynamic controller

8
<

:
ur = Rrir + er + Lrir�

d
dtMr� =�Dr� � �e + �m ;

(5.69)
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5.3 Systems with negligible stator impedance

where we can assume that the limiter may be added according to Section 4.2.2. The
ray analogue of the electrical torque, �e 2 R, is picked in the same passivity-preserving
manner as before

@We
@�
> = �e = (e[
r] 
 g>2 )LmR>�Bil (5.70a)

�e = (e[
r] 
 g>1 )LmR>�Bil : (5.70b)

Finally by adding the complex damping term Yf , we are able to arrive at (5.63) which
we rewrite more compactly as

d
dtMew =� (De + (e2[
r] 
 I2)L2

mYf )w � (e[
r] 
 I2)LmR>�Bil + um (5.71a)
d
dt
r = � (5.71b)

d
dt� = ! (5.71c)

d
dtLlil =�Rlil +B>R�Lm(e[
r] 
 I2)w : (5.71d)

5.3.1 Transient dynamics

Using the same arguments as in Section 5.2.2, we obtain the generalized frequency re-
sponse of il as

îl = �lês = Z�1
l B

>R�Lm(e[
r] 
 g2)!01 (5.72)

We also de�ne ~il = il � îl, and propose the input transformation

[ �m�m ] =
h

0
Da!01

i
+
�

(e[
r ]
g>1 )LmYfLm(e[
r ]
g2)!01
(e[
r ]
g>2 )LmYfLm(e[
r ]
g2)!01

�
+
�

(e[
r ]
g>1 )LmR>� Bîl
(e[
r ]
g>2 )LmR>� Bîl

�
+ [ �2

�2 ] : (5.73)

so that we write the transient dynamics as

d
dt�? = !01 (5.74a)

d
dtMe ~w =�

�
De + (e2[
r] 
 I2)L2

mYf
�

~w � (e[
r] 
 I2)LmR>�rR
>
�?B~il + u2 (5.74b)

d
dt ~qe = ~w (5.74c)

d
dtLl~il =�Rl~il + (I2m � j!0LlZ�1

l )B>R�?R�rLm(e[
r] 
 I2) ~w ; (5.74d)

with u2 = [ �2
�2 ] as the new input. The presence of �? can be discarded using a dq-frame.

Passivity recovery step

As for all previous systems considered, if we take

~We(qe; il) = 1
2(il � îl)>Ll~il(il � îl) ; (5.75)
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Chapter 5. Power transmission problems

vdc
<latexit sha1_base64="cN8a2pc/JNquNFsAeTRBG1Djxaw=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mtBT0WvXisYD+gXUo2m21js8mSZAtl6X/w4kERr/4fb/4b03YP2vpg4PHeDDPzgoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTtpapIrRFJJeqG2BNORO0ZZjhtJsoiuOA004wvpv7nQlVmknxaKYJ9WM8FCxiBBsrtSeDLCSzQbniVt0F0DrxclKBHM1B+asfSpLGVBjCsdY9z02Mn2FlGOF0VuqnmiaYjPGQ9iwVOKbazxbXztCFVUIUSWVLGLRQf09kONZ6Gge2M8ZmpFe9ufif10tNdONnTCSpoYIsF0UpR0ai+esoZIoSw6eWYKKYvRWREVaYGBtQyYbgrb68Ttq1qndVrT3UK43bPI4inME5XIIH19CAe2hCCwg8wTO8wpsjnRfn3flYthacfOYU/sD5/AHZIY9O</latexit>

!
"

<latexit sha1_base64="zK7COHCZbtpatiTBoEinhrWs9qk=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSyCp5JUQY9FLx4r2A9oQtlsN+3SzSbsTpQS81O8eFDEq7/Em//GbZuDtj4YeLw3w8y8IBFcg+N8W6W19Y3NrfJ2ZWd3b//Arh52dJwqyto0FrHqBUQzwSVrAwfBeoliJAoE6waTm5nffWBK81jewzRhfkRGkoecEjDSwK56ECpCM0+meeYxIPnArjl1Zw68StyC1FCB1sD+8oYxTSMmgQqidd91EvAzooBTwfKKl2qWEDohI9Y3VJKIaT+bn57jU6MMcRgrUxLwXP09kZFI62kUmM6IwFgvezPxP6+fQnjlZ1wmKTBJF4vCVGCI8SwHPOSKURBTQwhV3NyK6ZiYKMCkVTEhuMsvr5JOo+6e1xt3F7XmdRFHGR2jE3SGXHSJmugWtVAbUfSIntErerOerBfr3fpYtJasYuYI/YH1+QMYgZSK</latexit>

!" e
<latexit sha1_base64="p7Gx5rRQ3Khlx1PDCbYL8WZydKQ=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/YAmlM122i7dbOLuplBCf4cXD4p49cd489+4bXPQ1gcDj/dmmJkXJoJr47rfztr6xubWdmGnuLu3f3BYOjpu6jhVDBssFrFqh1Sj4BIbhhuB7UQhjUKBrXB0N/NbY1Sax/LRTBIMIjqQvM8ZNVYKfDSU+GoYdzOcdktlt+LOQVaJl5My5Kh3S19+L2ZphNIwQbXueG5igowqw5nAadFPNSaUjegAO5ZKGqEOsvnRU3JulR7px8qWNGSu/p7IaKT1JAptZ0TNUC97M/E/r5Oa/k2QcZmkBiVbLOqngpiYzBIgPa6QGTGxhDLF7a2EDamizNicijYEb/nlVdKsVrzLSvXhqly7zeMowCmcwQV4cA01uIc6NIDBEzzDK7w5Y+fFeXc+Fq1rTj5zAn/gfP4AwUKSFw==</latexit>

! 2M r
<latexit sha1_base64="+zxWVmyWsCa8CcCZQPHSB39wbhk=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BL16ECOaByRpmJ5NkyOzsMtMrhCV/4cWDIl79G2/+jZNkD5pY0FBUddPdFcRSGHTdbye3srq2vpHfLGxt7+zuFfcPGiZKNON1FslItwJquBSK11Gg5K1YcxoGkjeD0fXUbz5xbUSk7nEccz+kAyX6glG00kOHI32skNuu7hZLbtmdgSwTLyMlyFDrFr86vYglIVfIJDWm7bkx+inVKJjkk0InMTymbEQHvG2poiE3fjq7eEJOrNIj/UjbUkhm6u+JlIbGjMPAdoYUh2bRm4r/ee0E+5d+KlScIFdsvqifSIIRmb5PekJzhnJsCWVa2FsJG1JNGdqQCjYEb/HlZdKolL2zcuXuvFS9yuLIwxEcwyl4cAFVuIEa1IGBgmd4hTfHOC/Ou/Mxb8052cwh/IHz+QOxqpBG</latexit>

! 2Dr
<latexit sha1_base64="lt/brakOaevDjsaQ3TbK7CpUD3g=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BPXiMYB6YrGF2MkmGzM4uM71CWPIXXjwo4tW/8ebfOEn2oIkFDUVVN91dQSyFQdf9dnIrq2vrG/nNwtb2zu5ecf+gYaJEM15nkYx0K6CGS6F4HQVK3oo1p2EgeTMYXU/95hPXRkTqHscx90M6UKIvGEUrPXQ40scKuenqbrHklt0ZyDLxMlKCDLVu8avTi1gScoVMUmPanhujn1KNgkk+KXQSw2PKRnTA25YqGnLjp7OLJ+TEKj3Sj7QthWSm/p5IaWjMOAxsZ0hxaBa9qfif106wf+mnQsUJcsXmi/qJJBiR6fukJzRnKMeWUKaFvZWwIdWUoQ2pYEPwFl9eJo1K2TsrV+7OS9WrLI48HMExnIIHF1CFW6hBHRgoeIZXeHOM8+K8Ox/z1pyTzRzCHzifP6P0kD0=</latexit>

! l
<latexit sha1_base64="DbIUyNSafq7iPR/LpS9dEtG435Y=">AAACDnicbVC7TsMwFHXKq5RXgJEloqrEVCUFCcYKFgaGItGH1ESR4zitVceObAepivIFLPwKCwMIsTKz8Tc4bYbSciXLR+fco3vvCRJKpLLtH6Oytr6xuVXdru3s7u0fmIdHPclTgXAXccrFIIASU8JwVxFF8SARGMYBxf1gclPo/UcsJOHsQU0T7MVwxEhEEFSa8s2GG3Aaymmsv8y908YQ5n62yNI898263bRnZa0CpwR1UFbHN7/dkKM0xkwhCqUcOnaivAwKRRDFec1NJU4gmsARHmrIYIyll83Oya2GZkIr4kI/pqwZu+jIYCyL3XRnDNVYLmsF+Z82TFV05WWEJanCDM0HRSm1FLeKbKyQCIwUnWoAkSB6VwuNoYBI6QRrOgRn+eRV0Gs1nfNm6/6i3r4u46iCE3AKzoADLkEb3IIO6AIEnsALeAPvxrPxanwYn/PWilF6jsGfMr5+AWKInZc=</latexit>

B öi l
<latexit sha1_base64="uojw1RXcXieJQr2KZLadXYyE3ts=">AAACD3icbVC7TsMwFHXKq5RXgJElogIxVUlBgrEqC2OR6ENqoshxnNaqY0e2g1RF+QMWfoWFAYRYWdn4G5w2Q2k5kuWjc+7VvfcECSVS2faPUVlb39jcqm7Xdnb39g/Mw6Oe5KlAuIs45WIQQIkpYbiriKJ4kAgM44DifjC5Lfz+IxaScPagpgn2YjhiJCIIKi355rkbcBrKaay/rJ27Y6iyRYnkuZ/R3DfrdsOewVolTknqoETHN7/dkKM0xkwhCqUcOnaivAwKRRDFec1NJU4gmsARHmrKYIyll83uya0zrYRWxIV+TFkzdbEjg7Es9tOVMVRjuewV4n/eMFXRjZcRlqQKMzQfFKXUUtwqwrFCIjBSdKoJRILoXS00hgIipSOs6RCc5ZNXSa/ZcC4bzfureqtdxlEFJ+AUXAAHXIMWuAMd0AUIPIEX8AbejWfj1fgwPuelFaPsOQZ/YHz9AouankA=</latexit>

öes
<latexit sha1_base64="ppKdzdCi8lZ1gZ5+7JzaTBy4tIA=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARXJWkCrosunFZwT6gCWEymbZDJzNhZiKUEDf+ihsXirj1L9z5N07aLLT1wDCHc+7l3nvChFGlHefbqqysrq1vVDdrW9s7u3v2/kFXiVRi0sGCCdkPkSKMctLRVDPSTyRBcchIL5zcFH7vgUhFBb/X04T4MRpxOqQYaSMF9pE3RjrzQsEiNY3Nl5E8DzKVB3bdaTgzwGXilqQOSrQD+8uLBE5jwjVmSKmB6yTaz5DUFDOS17xUkQThCRqRgaEcxUT52eyCHJ4aJYJDIc3jGs7U3x0ZilWxn6mMkR6rRa8Q//MGqR5e+RnlSaoJx/NBw5RBLWARB4yoJFizqSEIS2p2hXiMJMLahFYzIbiLJy+TbrPhnjeadxf11nUZRxUcgxNwBlxwCVrgFrRBB2DwCJ7BK3iznqwX6936mJdWrLLnEPyB9fkDCsSX6g==</latexit>

(! , " r )
<latexit sha1_base64="c8wLHBaXNtG4ezFj+EoOLdC73QA="></latexit>

es
<latexit sha1_base64="JGoUu8J/GgAT+orP6kVfRR6LokQ=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiRV0GXRjcsK9gFtCJPJpB06mYSZSaGE/okbF4q49U/c+TdO2iy09cAwh3PuZc6cIOVMacf5tiobm1vbO9Xd2t7+weGRfXzSVUkmCe2QhCeyH2BFORO0o5nmtJ9KiuOA014wuS/83pRKxRLxpGcp9WI8EixiBGsj+bY9DBIeqllsrpzOfeXbdafhLIDWiVuSOpRo+/bXMExIFlOhCcdKDVwn1V6OpWaE03ltmCmaYjLBIzowVOCYKi9fJJ+jC6OEKEqkOUKjhfp7I8exKsKZyRjrsVr1CvE/b5Dp6NbLmUgzTQVZPhRlHOkEFTWgkElKNJ8ZgolkJisiYywx0aasminBXf3yOuk2G+5Vo/l4XW/dlXVU4QzO4RJcuIEWPEAbOkBgCs/wCm9Wbr1Y79bHcrRilTun8AfW5w9EMpQR</latexit>

! 2Da
<latexit sha1_base64="XrZYqNJ5IWe514qc7kZf/TbngqE=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BPXiMYB6YrKF3MkmGzM4uM7NCWPIXXjwo4tW/8ebfOEn2oIkFDUVVN91dQSy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJoqxOIxGpVoCaCS5Z3XAjWCtWDMNAsGYwup76zSemNI/kvRnHzA9xIHmfUzRWeugwg48VctPFbrHklt0ZyDLxMlKCDLVu8avTi2gSMmmoQK3bnhsbP0VlOBVsUugkmsVIRzhgbUslhkz76eziCTmxSo/0I2VLGjJTf0+kGGo9DgPbGaIZ6kVvKv7ntRPTv/RTLuPEMEnni/qJICYi0/dJjytGjRhbglRxeyuhQ1RIjQ2pYEPwFl9eJo1K2TsrV+7OS9WrLI48HMExnIIHF1CFW6hBHShIeIZXeHO08+K8Ox/z1pyTzRzCHzifP4owkCw=</latexit>

! 2M a
<latexit sha1_base64="XT6HLJQk15CVjK/2Vm4zcBBB9KI=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BL16ECOaByRp6J5NkyOzsMjMrhCV/4cWDIl79G2/+jZNkD5pY0FBUddPdFcSCa+O6305uZXVtfSO/Wdja3tndK+4fNHSUKMrqNBKRagWomeCS1Q03grVixTAMBGsGo+up33xiSvNI3ptxzPwQB5L3OUVjpYcOM/hYIbdd7BZLbtmdgSwTLyMlyFDrFr86vYgmIZOGCtS67bmx8VNUhlPBJoVOolmMdIQD1rZUYsi0n84unpATq/RIP1K2pCEz9fdEiqHW4zCwnSGaoV70puJ/Xjsx/Us/5TJODJN0vqifCGIiMn2f9Lhi1IixJUgVt7cSOkSF1NiQCjYEb/HlZdKolL2zcuXuvFS9yuLIwxEcwyl4cAFVuIEa1IGChGd4hTdHOy/Ou/Mxb8052cwh/IHz+QOX5pA1</latexit>

!" m
<latexit sha1_base64="GK4ntIv+3wGMaCIsFdvPo1ABRZw=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbBU0mqoMeiF48V7Ac2oWy2k3bpZhN2J0Ip/RdePCji1X/jzX/jts1BWx8MPN6bYWZemEph0HW/ncLa+sbmVnG7tLO7t39QPjxqmSTTHJo8kYnuhMyAFAqaKFBCJ9XA4lBCOxzdzvz2E2gjEvWA4xSCmA2UiARnaKVHH5D5yLJe3CtX3Ko7B10lXk4qJEejV/7y+wnPYlDIJTOm67kpBhOmUXAJ05KfGUgZH7EBdC1VLAYTTOYXT+mZVfo0SrQthXSu/p6YsNiYcRzazpjh0Cx7M/E/r5thdB1MhEozBMUXi6JMUkzo7H3aFxo4yrEljGthb6V8yDTjaEMq2RC85ZdXSatW9S6qtfvLSv0mj6NITsgpOSceuSJ1ckcapEk4UeSZvJI3xzgvzrvzsWgtOPnMMfkD5/MHrFqQ6g==</latexit>

!" e
<latexit sha1_base64="KSAO7CymAwgNWjhIna29rKwjrgs=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbBU0mqoMeiF48V7Ac2oWy2k3bpZhN2J0Ip/RdePCji1X/jzX/jts1BWx8MPN6bYWZemEph0HW/ncLa+sbmVnG7tLO7t39QPjxqmSTTHJo8kYnuhMyAFAqaKFBCJ9XA4lBCOxzdzvz2E2gjEvWA4xSCmA2UiARnaKVHH5D5yLIe9MoVt+rOQVeJl5MKydHolb/8fsKzGBRyyYzpem6KwYRpFFzCtORnBlLGR2wAXUsVi8EEk/nFU3pmlT6NEm1LIZ2rvycmLDZmHIe2M2Y4NMveTPzP62YYXQcTodIMQfHFoiiTFBM6e5/2hQaOcmwJ41rYWykfMs042pBKNgRv+eVV0qpVvYtq7f6yUr/J4yiSE3JKzolHrkid3JEGaRJOFHkmr+TNMc6L8+58LFoLTj5zTP7A+fwBoDqQ4g==</latexit>

!" m
<latexit sha1_base64="Shllqt4yvpiM/eWLKi+1EyVw/lI=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BLx4jmAdmlzA7mU2GzGOZmRVCyF948aCIV//Gm3/jJNmDJhY0FFXddHfFKWfG+v63V1hb39jcKm6Xdnb39g/Kh0ctozJNaJMornQnxoZyJmnTMstpJ9UUi5jTdjy6nfntJ6oNU/LBjlMaCTyQLGEEWyc9htTiUA9VT/TKFb/qz4FWSZCTCuRo9MpfYV+RTFBpCcfGdAM/tdEEa8sIp9NSmBmaYjLCA9p1VGJBTTSZXzxFZ07po0RpV9Kiufp7YoKFMWMRu06B7dAsezPxP6+b2eQ6mjCZZpZKsliUZBxZhWbvoz7TlFg+dgQTzdytiAyxxsS6kEouhGD55VXSqlWDi2rt/rJSv8njKMIJnMI5BHAFdbiDBjSBgIRneIU3z3gv3rv3sWgtePnMMfyB9/kDqteQ6Q==</latexit>

i l
<latexit sha1_base64="EUyNJUDboqnjf9/CRDeBzuU0HCg=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiRV0GXRjcsK9gFtCJPJpB06mYSZSaGE/okbF4q49U/c+TdO2iy09cAwh3PuZc6cIOVMacf5tiobm1vbO9Xd2t7+weGRfXzSVUkmCe2QhCeyH2BFORO0o5nmtJ9KiuOA014wuS/83pRKxRLxpGcp9WI8EixiBGsj+bY9DBIeqllsrpzNfe7bdafhLIDWiVuSOpRo+/bXMExIFlOhCcdKDVwn1V6OpWaE03ltmCmaYjLBIzowVOCYKi9fJJ+jC6OEKEqkOUKjhfp7I8exKsKZyRjrsVr1CvE/b5Dp6NbLmUgzTQVZPhRlHOkEFTWgkElKNJ8ZgolkJisiYywx0aasminBXf3yOuk2G+5Vo/l4XW/dlXVU4QzO4RJcuIEWPEAbOkBgCs/wCm9Wbr1Y79bHcrRilTun8AfW5w8/spQO</latexit>

L l
<latexit sha1_base64="DvGqTzoD2rtaLAtGR4mpByJCufU=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhCswl0UtAzaWFhENB+QHGFvM5cs2ds7dveEcOQn2FgoYusvsvPfuEmu0MQHA4/3ZpiZFySCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDP1W0+oNI/loxkn6Ed0IHnIGTVWerjriV6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns1Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfRv0ucKmRFjSyhT3N5K2JAqyoxNp2hD8BZfXibNasU7r1TvL8q16zyOAhzDCZyBB5dQg1uoQwMYDOAZXuHNEc6L8+58zFtXnHzmCP7A+fwBI2KNsw==</latexit>

Rl
<latexit sha1_base64="v53ggNaBDvlyVX3a0E7VPgkzLn4=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWN85AHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6xHHC/YgOlAgFo2ilh/ue7JXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindeqd5dlGvXeRwFOIYTOAMPLqEGt1CHBjAYwDO8wpsjnRfn3fmYt644+cwR/IHz+QMsho25</latexit>

øYf
<latexit sha1_base64="cOuWCIuIhSz3vyrqiwn/Kkl6VUE=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSyCq5JUQZdFNy4r2Ic0IUymk3boZCbMTIQS4sZfceNCEbf+hTv/xkmbhbYeGOZwzr3ce0+YMKq043xbS8srq2vrlY3q5tb2zq69t99RIpWYtLFgQvZCpAijnLQ11Yz0EklQHDLSDcfXhd99IFJRwe/0JCF+jIacRhQjbaTAPvRCJLP7PMi8ULCBmsTmy6I8D+yaU3emgIvELUkNlGgF9pc3EDiNCdeYIaX6rpNoP0NSU8xIXvVSRRKEx2hI+oZyFBPlZ9MLcnhilAGMhDSPazhVf3dkKFbFbqYyRnqk5r1C/M/rpzq69DPKk1QTjmeDopRBLWARBxxQSbBmE0MQltTsCvEISYS1Ca1qQnDnT14knUbdPas3bs9rzasyjgo4AsfgFLjgAjTBDWiBNsDgETyDV/BmPVkv1rv1MStdssqeA/AH1ucP14GXyQ==</latexit>

w 0
<latexit sha1_base64="8PJlX3RvWSjfGY78R24udXL1juU=">AAAB+XicbVC7TsMwFL3hWcorwMhiUSExVUlBgrGChbFI9CG1UeQ4TmvVcSLbKaqi/gkLAwix8ids/A1OmwFajmT56Jx75eMTpJwp7Tjf1tr6xubWdmWnuru3f3BoHx13VJJJQtsk4YnsBVhRzgRta6Y57aWS4jjgtBuM7wq/O6FSsUQ86mlKvRgPBYsYwdpIvm0PgoSHahqbK3+a+Y5v15y6MwdaJW5JalCi5dtfgzAhWUyFJhwr1XedVHs5lpoRTmfVQaZoiskYD2nfUIFjqrx8nnyGzo0SoiiR5giN5urvjRzHqghnJmOsR2rZK8T/vH6moxsvZyLNNBVk8VCUcaQTVNSAQiYp0XxqCCaSmayIjLDERJuyqqYEd/nLq6TTqLuX9cbDVa15W9ZRgVM4gwtw4RqacA8taAOBCTzDK7xZufVivVsfi9E1q9w5gT+wPn8A+hWT4A==</latexit>

( öPl , öQl )
<latexit sha1_base64="9esz6wsd8/GiHXorPlSflVp7DGM=">AAACHHicdVDLSsNAFJ34rPVVdelmsAgVpCRpoe2u6MZlC/YBTQiTybQdOnkwMxFKyIe48VfcuFDEjQvBv3HSRvB5YJjDOfdy7z1uxKiQuv6urayurW9sFraK2zu7e/ulg8O+CGOOSQ+HLORDFwnCaEB6kkpGhhEnyHcZGbizy8wf3BAuaBhcy3lEbB9NAjqmGEklOaVaxZoimXRSJ7HckHli7qsvYWl6vjC6v40zp1TWqy3dbDaaUK/qC2Sk3jKNOjRypQxydJzSq+WFOPZJIDFDQowMPZJ2grikmJG0aMWCRAjP0ISMFA2QT4SdLI5L4alSPDgOuXqBhAv1a0eCfJEtpyp9JKfip5eJf3mjWI6bdkKDKJYkwMtB45hBGcIsKehRTrBkc0UQ5lTtCvEUcYSlyrOoQvi8FP5P+mbVqFXNbr3cvsjjKIBjcAIqwAAN0AZXoAN6AINbcA8ewZN2pz1oz9rLsnRFy3uOwDdobx/dN6O/</latexit>

öu e
<latexit sha1_base64="XxN+JJKW8TULmyh2puRPv4TbVG0=">AAAB/3icbVDNS8MwHE3n15xfVcGLl+AQPI12CnocevE4wX3AWkqaZltYmpQkFUbtwX/FiwdFvPpvePO/Md160M0HIY/3fj/y8sKEUaUd59uqrKyurW9UN2tb2zu7e/b+QVeJVGLSwYIJ2Q+RIoxy0tFUM9JPJEFxyEgvnNwUfu+BSEUFv9fThPgxGnE6pBhpIwX2kTdGOvNCwSI1jc2VpXkekMCuOw1nBrhM3JLUQYl2YH95kcBpTLjGDCk1cJ1E+xmSmmJG8pqXKpIgPEEjMjCUo5goP5vlz+GpUSI4FNIcruFM/b2RoVgV6cxkjPRYLXqF+J83SPXwys8oT1JNOJ4/NEwZ1AIWZcCISoI1mxqCsKQmK8RjJBHWprKaKcFd/PIy6TYb7nmjeXdRb12XdVTBMTgBZ8AFl6AFbkEbdAAGj+AZvII368l6sd6tj/loxSp3DsEfWJ8/OImW4A==</latexit>

u !
m

<latexit sha1_base64="eDRK7aq/zb8YVQyNgj4LDJ6hsN8=">AAACAXicbVDLSsNAFJ34rPUVdSO4CRbBVUmqoMuiG5cV7APaGCaTSTt0HmFmIpQQN/6KGxeKuPUv3Pk3TtostPXAMIdz7uXee8KEEqVd99taWl5ZXVuvbFQ3t7Z3du29/Y4SqUS4jQQVshdChSnhuK2JpriXSAxZSHE3HF8XfvcBS0UEv9OTBPsMDjmJCYLaSIF9mA1CQSM1YebL0jwP2P1AaSgDu+bW3SmcReKVpAZKtAL7axAJlDLMNaJQqb7nJtrPoNQEUZxXB6nCCURjOMR9QzlkWPnZ9ILcOTFK5MRCmse1M1V/d2SQqWJHU8mgHql5rxD/8/qpji/9jPAk1Zij2aA4pY4WThGHExGJkaYTQyCSxOzqoBGUEGkTWtWE4M2fvEg6jbp3Vm/cnteaV2UcFXAEjsEp8MAFaIIb0AJtgMAjeAav4M16sl6sd+tjVrpklT0H4A+szx/weZfX</latexit>

Zs
<latexit sha1_base64="vEYs+bMLKlvKN6j9kWcmyYE0F4U=">AAAB/XicbVA7T8MwGHR4lvIKj43FokJiqpKCBGMFC2OR6EO0UeQ4TmvVsSPbQSpRxF9hYQAhVv4HG/8Gp80ALSdZPt19n3y+IGFUacf5tpaWV1bX1isb1c2t7Z1de2+/o0QqMWljwYTsBUgRRjlpa6oZ6SWSoDhgpBuMrwu/+0CkooLf6UlCvBgNOY0oRtpIvn2Y3ed+NggEC9UkNlem8ty3a07dmQIuErckNVCi5dtfg1DgNCZcY4aU6rtOor0MSU0xI3l1kCqSIDxGQ9I3lKOYKC+bps/hiVFCGAlpDtdwqv7eyFCsimxmMkZ6pOa9QvzP66c6uvQyypNUE45nD0Upg1rAogoYUkmwZhNDEJbUZIV4hCTC2hRWNSW4819eJJ1G3T2rN27Pa82rso4KOALH4BS44AI0wQ1ogTbA4BE8g1fwZj1ZL9a79TEbXbLKnQPwB9bnD9a3lh4=</latexit>

Yf
<latexit sha1_base64="dMtNNZCtZb701Q6mKkJTvwF1gF0=">AAAB/XicbVA7T8MwGHR4lvIKj43FokJiqpKCBGMFC2OR6AO1UeQ4TmvVsSPbQSpRxF9hYQAhVv4HG/8Gp80ALSdZPt19n3y+IGFUacf5tpaWV1bX1isb1c2t7Z1de2+/o0QqMWljwYTsBUgRRjlpa6oZ6SWSoDhgpBuMrwu/+0CkooLf6UlCvBgNOY0oRtpIvn2Y3ed+NggEC9UkNlcW5blv15y6MwVcJG5JaqBEy7e/BqHAaUy4xgwp1XedRHsZkppiRvLqIFUkQXiMhqRvKEcxUV42TZ/DE6OEMBLSHK7hVP29kaFYFdnMZIz0SM17hfif1091dOlllCepJhzPHopSBrWARRUwpJJgzSaGICypyQrxCEmEtSmsakpw57+8SDqNuntWb9ye15pXZR0VcASOwSlwwQVoghvQAm2AwSN4Bq/gzXqyXqx362M2umSVOwfgD6zPH8FTlhA=</latexit>

! l
<latexit sha1_base64="DbIUyNSafq7iPR/LpS9dEtG435Y=">AAACDnicbVC7TsMwFHXKq5RXgJEloqrEVCUFCcYKFgaGItGH1ESR4zitVceObAepivIFLPwKCwMIsTKz8Tc4bYbSciXLR+fco3vvCRJKpLLtH6Oytr6xuVXdru3s7u0fmIdHPclTgXAXccrFIIASU8JwVxFF8SARGMYBxf1gclPo/UcsJOHsQU0T7MVwxEhEEFSa8s2GG3Aaymmsv8y908YQ5n62yNI898263bRnZa0CpwR1UFbHN7/dkKM0xkwhCqUcOnaivAwKRRDFec1NJU4gmsARHmrIYIyll83Oya2GZkIr4kI/pqwZu+jIYCyL3XRnDNVYLmsF+Z82TFV05WWEJanCDM0HRSm1FLeKbKyQCIwUnWoAkSB6VwuNoYBI6QRrOgRn+eRV0Gs1nfNm6/6i3r4u46iCE3AKzoADLkEb3IIO6AIEnsALeAPvxrPxanwYn/PWilF6jsGfMr5+AWKInZc=</latexit>

öi s
<latexit sha1_base64="uvX/ou+xtzE2FHW8oKqLX0qHqZY=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARXJWkCrosunFZwT6gCWEymbZDJzNhZiKUEDf+ihsXirj1L9z5N07aLLT1wDCHc+7l3nvChFGlHefbqqysrq1vVDdrW9s7u3v2/kFXiVRi0sGCCdkPkSKMctLRVDPSTyRBcchIL5zcFH7vgUhFBb/X04T4MRpxOqQYaSMF9pE3RjrzQsEiNY3Nl9E8DzKVB3bdaTgzwGXilqQOSrQD+8uLBE5jwjVmSKmB6yTaz5DUFDOS17xUkQThCRqRgaEcxUT52eyCHJ4aJYJDIc3jGs7U3x0ZilWxn6mMkR6rRa8Q//MGqR5e+RnlSaoJx/NBw5RBLWARB4yoJFizqSEIS2p2hXiMJMLahFYzIbiLJy+TbrPhnjeadxf11nUZRxUcgxNwBlxwCVrgFrRBB2DwCJ7BK3iznqwX6936mJdWrLLnEPyB9fkDEOyX7g==</latexit>

öv f
<latexit sha1_base64="V1913iEcu8LBPBVbaOrYu4vM3mA=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSyCq5JUQZdFNy4r2Ac0IUymk3boZCbMTAolxI2/4saFIm79C3f+jZM2C209MMzhnHu5954wYVRpx/m2VlbX1jc2K1vV7Z3dvX374LCjRCoxaWPBhOyFSBFGOWlrqhnpJZKgOGSkG45vC787IVJRwR/0NCF+jIacRhQjbaTAPvZGSGdeKNhATWPzZZM8D7IoD+yaU3dmgMvELUkNlGgF9pc3EDiNCdeYIaX6rpNoP0NSU8xIXvVSRRKEx2hI+oZyFBPlZ7MLcnhmlAGMhDSPazhTf3dkKFbFfqYyRnqkFr1C/M/rpzq69jPKk1QTjueDopRBLWARBxxQSbBmU0MQltTsCvEISYS1Ca1qQnAXT14mnUbdvag37i9rzZsyjgo4AafgHLjgCjTBHWiBNsDgETyDV/BmPVkv1rv1MS9dscqeI/AH1ucPES2X7g==</latexit>

B öi l
<latexit sha1_base64="uojw1RXcXieJQr2KZLadXYyE3ts=">AAACD3icbVC7TsMwFHXKq5RXgJElogIxVUlBgrEqC2OR6ENqoshxnNaqY0e2g1RF+QMWfoWFAYRYWdn4G5w2Q2k5kuWjc+7VvfcECSVS2faPUVlb39jcqm7Xdnb39g/Mw6Oe5KlAuIs45WIQQIkpYbiriKJ4kAgM44DifjC5Lfz+IxaScPagpgn2YjhiJCIIKi355rkbcBrKaay/rJ27Y6iyRYnkuZ/R3DfrdsOewVolTknqoETHN7/dkKM0xkwhCqUcOnaivAwKRRDFec1NJU4gmsARHmrKYIyll83uya0zrYRWxIV+TFkzdbEjg7Es9tOVMVRjuewV4n/eMFXRjZcRlqQKMzQfFKXUUtwqwrFCIjBSdKoJRILoXS00hgIipSOs6RCc5ZNXSa/ZcC4bzfureqtdxlEFJ+AUXAAHXIMWuAMd0AUIPIEX8AbejWfj1fgwPuelFaPsOQZ/YHz9AouankA=</latexit>

öes
<latexit sha1_base64="ppKdzdCi8lZ1gZ5+7JzaTBy4tIA=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARXJWkCrosunFZwT6gCWEymbZDJzNhZiKUEDf+ihsXirj1L9z5N07aLLT1wDCHc+7l3nvChFGlHefbqqysrq1vVDdrW9s7u3v2/kFXiVRi0sGCCdkPkSKMctLRVDPSTyRBcchIL5zcFH7vgUhFBb/X04T4MRpxOqQYaSMF9pE3RjrzQsEiNY3Nl5E8DzKVB3bdaTgzwGXilqQOSrQD+8uLBE5jwjVmSKmB6yTaz5DUFDOS17xUkQThCRqRgaEcxUT52eyCHJ4aJYJDIc3jGs7U3x0ZilWxn6mMkR6rRa8Q//MGqR5e+RnlSaoJx/NBw5RBLWARB4yoJFizqSEIS2p2hXiMJMLahFYzIbiLJy+TbrPhnjeadxf11nUZRxUcgxNwBlxwCVrgFrRBB2DwCJ7BK3iznqwX6936mJdWrLLnEPyB9fkDCsSX6g==</latexit>

ö! e
<latexit sha1_base64="D/h13xWTOBgFZg+k46wNhCjzHPo=">AAACBHicbVDLSsNAFJ3UV62vqMtugkVwVZIq6LLoxmUF+4AmhMlk2g6dTMLMjVBCFm78FTcuFHHrR7jzb5y0WWjrgWEO59zLvfcECWcKbPvbqKytb2xuVbdrO7t7+wfm4VFPxakktEtiHstBgBXlTNAuMOB0kEiKo4DTfjC9Kfz+A5WKxeIeZgn1IjwWbMQIBi35Zt2dYMjcIOahmkX6y1zAaZ77Gc19s2E37TmsVeKUpIFKdHzzyw1jkkZUAOFYqaFjJ+BlWAIjnOY1N1U0wWSKx3SoqcARVV42PyK3TrUSWqNY6ifAmqu/OzIcqWJFXRlhmKhlrxD/84YpjK68jIkkBSrIYtAo5RbEVpGIFTJJCfCZJphIpne1yARLTEDnVtMhOMsnr5Jeq+mcN1t3F432dRlHFdXRCTpDDrpEbXSLOqiLCHpEz+gVvRlPxovxbnwsSitG2XOM/sD4/AFrApk7</latexit>

! 01
<latexit sha1_base64="ilAbmXnbgqpXUUDU2EInw/45uh8="></latexit>

Da
<latexit sha1_base64="7YCPBJ8S2lncPu1FLux0OSQjTm8="></latexit>

(! , " r )
<latexit sha1_base64="c8wLHBaXNtG4ezFj+EoOLdC73QA="></latexit>

( öPs , öQs)
<latexit sha1_base64="DbQn7ovWbiyQiIPS096osU5sYJ4="></latexit>

! " " " " " " " " " " # " " " " " " " " " " $ <latexit sha1_base64="rkwlV8+wHCfrJa/d4qKGyIGPJlo="></latexit>

Y net
<latexit sha1_base64="d4OKJUCW6bQBVZy7m4YpKjdvxSA=">AAAB+XicbVDLSsNAFJ34rPUVdelmsAiuSlIFXRbduKxgH9KGMJnetEMnkzAzKZSQP3HjQhG3/ok7/8ZJm4W2Hhg4nHMv98wJEs6Udpxva219Y3Nru7JT3d3bPzi0j447Kk4lhTaNeSx7AVHAmYC2ZppDL5FAooBDN5jcFX53ClKxWDzqWQJeREaChYwSbSTftgcR0eMgzJ5yPxOgc9+uOXVnDrxK3JLUUImWb38NhjFNIxCacqJU33US7WVEakY55NVBqiAhdEJG0DdUkAiUl82T5/jcKEMcxtI8ofFc/b2RkUipWRSYySKnWvYK8T+vn+rwxsuYSFINgi4OhSnHOsZFDXjIJFDNZ4YQKpnJiumYSEK1KatqSnCXv7xKOo26e1lvPFzVmrdlHRV0is7QBXLRNWqie9RCbUTRFD2jV/RmZdaL9W59LEbXrHLnBP2B9fkDO/2UDA==</latexit>

! !
m

<latexit sha1_base64="WTiRdgLrWDolUeiYtHHWyUi7FMU=">AAACBHicbVDLSsNAFJ34rPUVddnNYBFclaQKuiy6cVnBPqCJYTKZtEMnD2ZuhBK6cOOvuHGhiFs/wp1/46TNQlsPDHM4517uvcdPBVdgWd/Gyura+sZmZau6vbO7t28eHHZVkknKOjQRiez7RDHBY9YBDoL1U8lI5AvW88fXhd97YFLxJL6DScrciAxjHnJKQEueWcsdPxGBmkT6yx0g2XTqRfeOAiI9s241rBnwMrFLUkcl2p755QQJzSIWAxVEqYFtpeDmRAKngk2rTqZYSuiYDNlA05hETLn57IgpPtFKgMNE6hcDnqm/O3ISqWJNXRkRGKlFrxD/8wYZhJduzuM0AxbT+aAwExgSXCSCAy4ZBTHRhFDJ9a6YjogkFHRuVR2CvXjyMuk2G/ZZo3l7Xm9dlXFUUA0do1NkowvUQjeojTqIokf0jF7Rm/FkvBjvxse8dMUoe47QHxifP01lmSY=</latexit>

De
<latexit sha1_base64="3nZxGbaWxoCQobHmPyTTTtpRSV0=">AAAB+3icbVDNS8MwHE3n15xfdR69BIfgabRT0ONQDx4nuA/YSknTdAtLk5Kk4ij9V7x4UMSr/4g3/xvTrQfdfBDyeO/3Iy8vSBhV2nG+rcra+sbmVnW7trO7t39gH9Z7SqQSky4WTMhBgBRhlJOuppqRQSIJigNG+sH0pvD7j0QqKviDniXEi9GY04hipI3k2/VbPxsFgoVqFpsrI3nu2w2n6cwBV4lbkgYo0fHtr1EocBoTrjFDSg1dJ9FehqSmmJG8NkoVSRCeojEZGspRTJSXzbPn8NQoIYyENIdrOFd/b2QoVkU2MxkjPVHLXiH+5w1THV15GeVJqgnHi4eilEEtYFEEDKkkWLOZIQhLarJCPEESYW3qqpkS3OUvr5Jeq+meN1v3F432dVlHFRyDE3AGXHAJ2uAOdEAXYPAEnsEreLNy68V6tz4WoxWr3DkCf2B9/gDKg5Tu</latexit>

Figure 5.6: The electrical circuit representation of the power system on the zero-dynamics
manifold �?2 = f(qe;pe) : � = 0; ! = !01; il = îl(
r;�)g.

then, the following input transformation renders system (5.74) passive

u2 = (e[
r] 
 I2)LmR>�rR
>
�?BZ

�>
l (j!0Ll)>(il � îl)

| {z }
�rqe ~We(qe;il)

+ u3 + u4 : (5.76)

where u3 may be used for adding damping on ~w, and u4 may be used to achieve further
speci�cations. In order to implement this input, one would have to measure the currents
of the lines incident to each node, for the term BZ�>l (j!0Ll)>il, as well as the (�i; 
ri)
pairs of each neighbouring node, required for the frequency response reconstruction îl.

Optimal network �ow step

For this system, we adopt the synchronization potential (5.37) by dropping the term
associated with the stator inductance. In turn, we have that �s = O2n and �f = I2n,
and so the potential energy retains the loopy Laplacian structure

S =�1
2 v̂
>
f Cf v̂f| {z }
Sf

+ 1
2 î
>
l Llîl| {z }
Sl

= 1
2 ê
>
s (�Cf +BZ�>l LlZ�1

l B
>)ês : (5.77)

The synchronization torque splits as

r
rSf = (e[
r] 
 g>1 )Lmj!0CfLm(e[
r] 
 g2)!01 (5.78a)
r�rSf = (e[
r] 
 g>2 )Lmj!0CfLm(e[
r] 
 g2)!01 = 0 (5.78b)
r~qeSl = (e[
r] 
 I2)LmR>�rBZ

�>
l (j!0Ll)>Z�1

l B
>R�rLm(e[
r] 
 g2)!01 : (5.78c)

Notice that (5.78a) only requires local 
r information, while (5.78c) is distributed just
like in a standard consensus algorithm. If we consider u4 = �r~qeS, we achieve the
baseline synchronization by stabilizing the set

~Z?3 =
n

( ~qe; ~pe) : ~� = 0; ~! = 0; ~il = 0; rS(
r;�r) = 0
o
: (5.79)

One may also consider the �rst part of S for voltage control and the second for PQ
set-point tracking. We propose next a decentralised implementation for the case of
homogeneous resistance-to-inductance ratios.
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5.3 Systems with negligible stator impedance

5.3.2 Set-point tracking

Suppose the scenario is as follows: the impedance Yf , representing loads at every node,
is fed by torque injections represented by the second part of (5.72). This is required for
the controlled-invariance of the consensus zero dynamics. As the third part of (5.72)
represents unconstrained consensus in Euclidean space, we may use the Bregman shift-
ing idea to induce a certain �ow on the lines. A non-consensus operating point may
be required in order to avoid saturation of input injections or to coordinate power be-
tween generators, but also to maintain voltage levels. In this aim, we de�ne the powers
transmitted by each generator at the EMF bus and their corresponding set-points

P̂l = !0(e[
r] 
 g>2 )LmR>�Bîl
Q̂l = !0(e[
r] 
 g>1 )LmR>�Bîl

�����
P �l = P̂l(
�r ;�

�
r)

Q�l = Q̂l(
�r ;�
�
r) :

(5.80)

where the set-points (P �l ; Q�l ) 2 Rn�Rn are associated with an operating point (
�r ;��r).
Consider now the following assumption: rlk

llk
= �l, 8k = f1; :::;mg such that

Zl = (�lI2n + j!0)Ll = (�l + j!0)Ll : (5.81)

where we de�ne �l = �lI2n for convenience. The main implication of this assumption is
that we can write (5.78c) as

r~qeSl = !0(e[
r] 
 I2)LmR>� j
>B 1

�2
l+!

2
0
(�l + j!0)îl ,

"
r
rSl
r�rSl

#

=

2

4
!0

�2
l+!

2
0
In �l

�2
l+!

2
0
In

� �l
�2
l+!

2
0
In !0

�2
l+!

2
0
In

3

5
"
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:
(5.82)

This construction indicates that droop control arises from the gradient of a Bregman
shifted synchronization potential. Furthermore, we may de�ne the vectorized squared-
amplitudes of the nodal voltages as

V̂f = vec(kv̂fik
2) = !0(e[
r] 
 g>2 )LmR>�R�Lm(e[
r] 
 g2)!01 = !2

0L
2
me2[
r]1 : (5.83)

Notice that (5.78a) becomes

r
rSf = Cf V̂f : (5.84)

We are now ready to consider the Bregman shift of S as

SB(
r;�r) = S(
r;�r)� S(
�r ;�
�
r)�r
rS

�>(
r � 
�r )�r�rS
�>(�r � ��r) ; (5.85)

where r�rS� = r�rS(
�r ;��r) and r
rS� = r
rS(
�r ;��r). Putting it all together, input
(5.73) can be written as

�m = CfV �f + 1
!0
Q̂l � �l

�2
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2
0
(P̂l � P �l )� !0

�2
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2
0
(Q̂l �Q�l )�r
r ~We

�m = 1
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!0
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�2
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2
0
(P̂l � P �l ) + �l
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2
0
(Q̂l �Q�l )�r�r ~We +Da!01 ;

(5.86)
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Chapter 5. Power transmission problems

where V �f = V̂f (
�r ) 2 Rn are the squared-amplitude voltage set-points. This is a
distributed, consensus-like input, requiring only neighbour information of the (
r;�r)-
component. We write the closed-loop using the dq-frame coordinate transformation
~il 7! ~idql = R>�01m

~il as

d
dtMe ~w =�

�
De + (e2[
r] 
 I2)L2

mYf
�

~w � (e[
r] 
 I2)LmR>�rBZ
�>
l Rl~idql

�rSB(
r;�r) (5.87a)
d
dt ~qe = ~w (5.87b)

d
dtLl~i

dq
l =�Rl~idql +RlZ�1

l B
>R�rLm(e[
r] 
 I2) ~w : (5.87c)

For this system we select the shifted total energy function

~He = 1
2 ~w>Me ~w + 1

2
~idq>l Ll~idql + SB(
r;�r) ; (5.88)

which yields, along trajectories of (5.87) the negative de�nite function

d
dt

~He = � ~w>De ~w � ~idq>l Rl~idql : (5.89)

Finally, by applying LaSalle, we have that the trajectories converge to the largest invari-
ant subset of the zero dissipation set, written as

~Z?B =
n

( ~qe; ~pe) : ~w = 0; ~idql = 0; rSB(
r;�r) = 0
o
: (5.90)

5.3.3 Error feedback and decentralised implementation

In inductive grids, where �l � !0, one may omit the passivisation term r~qe
~We, and set

�l = 0 in (5.91), in order to obtain the decentralised input, recovering standard practice

�m = CfV �f + 1
!0
Q�l

�m = (Da +GfL2
me2[
r])!01 + 1

!0
P �l

(5.91)

In the more general situation, one may favorably modify (5.91), namely the replacement
of P̂l and Q̂l in (5.91), which require the (�i; 
ri) pairs of each neighbouring node for the
îl reconstructions, by the more readily available decentralised measurements

Pl = !0(e[
r] 
 g>2 )LmR>�Bil
Ql = !0(e[
r] 
 g>1 )LmR>�Bil :

(5.92)

In practice, this requires the sensing of the current exiting each node, in the form of
Bil, as well as the local knowledge of 
r. In addition, we further alter (5.91) by re-
moving the passivisation term r~qe

~We and using u3 = �(e2[
r] 
 kI2) ~w to augment the
damping coe�cient, i.e. Ke = De + (e2[
r]
 kI2). As a result, we arrive at the following
decentralized solution for the multi-machine stabilization through feedback passivation.
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5.3 Systems with negligible stator impedance

Proposition 5.2. (Decentralized multi-bus stabilization). Consider the aug-
mented system (5.71) and the following error-feedback controller
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: (5.93)

Suppose that the following hold:

(i) For given set-points V �f 2 Rn, P �l 2 Rn and Q�l 2 Rn, there exists (
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; (5.94)

(ii) k > 0 is such that

kI2n � 1
4LmR
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�r(BR

�1
l B

> � 4Gf )R�rLm : (5.95)

Then, the following set

Z?B =
n

(�;!;
r;�; il) : � = 0; ! = 0; il = îl(
r;�); rS(
r;�r) = rS(
�r ;��r)
o

(5.96)

is locally asymptotically stable for the closed loop. Moreover, the resulting system is
passive with storage S, input rS(
�r ;��r) and output ~w.

Proof of Proposition 5.2: By using the fact that
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; (5.97)

we write the closed loop using the coordinate transformation ~il 7! ~idql = R(�012m)~il, where
�0 = !0t is an independent angle, as

d
dtMe ~w =�

�
De + (e2[
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 I2)(kI2n + L2
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�

~w �rS(
r;�r) +rS(
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d
dt ~qe = ~w (5.98b)

d
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dq
l =� Zl~idql +RlZ�1

l B
>LmR�r(e

[
r] 
 I2) ~w : (5.98c)

By evaluating the derivative of ~He in (5.88) along trajectories of (5.98), we have

d
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Chapter 5. Power transmission problems

The negative de�niteness of d
dt

~He relies on the matrix inequality

De + ke[
r] 
 I2 � 1
4(e[
r] 
 I2)LmR>�r(BR

�1
l B

> � 4Gf )R�rLm(e[
r] 
 I2) ; (5.100)

which is satis�ed by the assumption (5.95). This moreover assures the passivity of (5.98).
By applying LaSalle’s invariance principle, one may only conclude that all trajectories
that start in a neighbourhood of positive curvature of S around (
�r ;��r) converge to Z?B.

This decentralised feedback passivation result enjoys the robustness properties of
passive systems and can be seen as the ultimate goal of the thesis. However, we are
only able to guarantee local asymptotic stability because the Bregman-shifted potential
energy does not yield favorable positive invariance properties.

Typically, the operating point of power systems is close to the nominal, zero-power
set-point (upper-region, away from the tip, of the nose-curve), classicaly around �r = 0,
or more precisely where rS(
�r ;��r) = 0. In terms of (
r;�r), one would have to study
the set of points satisfying (5.94), corresponding to values satisfying the power �ow
equations [VV07].

If we consider the coordinate transformation ~qe 7! � = R�r(e[
r] 
 g1)1n, then we
obtain a Hamiltonian system whose potential energy function is no longer 2�-periodic and
is instead radially unbounded in �, as seen in (5.77). While the geometry of the multi-bus
potential energy is di�cult to visualize, we do notice however that the operating condition
corresponding to r~qeS(
�r ;��r) = 0 is not the same as the one for which r�S(
�r ;��r) = 0.

One may also consider the use of a potential energy corresponding only to the trans-
mission lines, i.e.

Sl = 1
2�
>LmBZ�>l LlZ�1

l B
>Lm� ; (5.101)

for which a more direct correspondence between (
�r ;��r) and (P �l ; Q�l ) exists. With this
potential energy, and upon a slight modi�cation of the second term in feedback law
(5.93), one would arrive at the target set
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r); Ql = Q̂l(
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�
r)
o
: (5.102)

5.4 General overview

Suppose we are given a series of PQ set-points for the situation in Proposition 5.2, and
suppose that we further let Cl = 0. We rewrite (5.93) on a per-element basis as
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5.4 General overview

where �Di = Dai + e2
ri l2migfi is the combined damping seen on the rotor shaft. This
input is precisely the one designed for the grid-following converter case of Section 4.3.1

�dc = 1
!0
Qx � rsls

r2
s+!2

0 l2s
(Px � P �x )� !0l2s

r2
s+!2

0 l2s
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r� (5.104a)

fdc = 1
!0
Px � !0l2s

r2
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0 l2s
(Px � P �x ) + rsls

r2
s+!2

0 l2s
(Qx �Q�x)� ke2
r(! � !0) +D!0 ; (5.104b)

when we set k4 = 1. If we consider that �s = rs
ls
, then the two controllers are the same,

indicating a strong compatibility between the single-bus designs of Chapter 4 and the
model-reduction ideas of this chapter. Finally, we remark that Px corresponds to Pli
and Qx to Qli , which represents the total apparent power extracted at the output of the
modulated-energy block excluding the local load.

Summary

To conclude, we recall below the steps developed in this thesis
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! 2M a
<latexit sha1_base64="XT6HLJQk15CVjK/2Vm4zcBBB9KI=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BL16ECOaByRp6J5NkyOzsMjMrhCV/4cWDIl79G2/+jZNkD5pY0FBUddPdFcSCa+O6305uZXVtfSO/Wdja3tndK+4fNHSUKMrqNBKRagWomeCS1Q03grVixTAMBGsGo+up33xiSvNI3ptxzPwQB5L3OUVjpYcOM/hYIbdd7BZLbtmdgSwTLyMlyFDrFr86vYgmIZOGCtS67bmx8VNUhlPBJoVOolmMdIQD1rZUYsi0n84unpATq/RIP1K2pCEz9fdEiqHW4zCwnSGaoV70puJ/Xjsx/Us/5TJODJN0vqifCGIiMn2f9Lhi1IixJUgVt7cSOkSF1NiQCjYEb/HlZdKolL2zcuXuvFS9yuLIwxEcwyl4cAFVuIEa1IGChGd4hTdHOy/Ou/Mxb8052cwh/IHz+QOX5pA1</latexit>

!" m
<latexit sha1_base64="GK4ntIv+3wGMaCIsFdvPo1ABRZw=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbBU0mqoMeiF48V7Ac2oWy2k3bpZhN2J0Ip/RdePCji1X/jzX/jts1BWx8MPN6bYWZemEph0HW/ncLa+sbmVnG7tLO7t39QPjxqmSTTHJo8kYnuhMyAFAqaKFBCJ9XA4lBCOxzdzvz2E2gjEvWA4xSCmA2UiARnaKVHH5D5yLJe3CtX3Ko7B10lXk4qJEejV/7y+wnPYlDIJTOm67kpBhOmUXAJ05KfGUgZH7EBdC1VLAYTTOYXT+mZVfo0SrQthXSu/p6YsNiYcRzazpjh0Cx7M/E/r5thdB1MhEozBMUXi6JMUkzo7H3aFxo4yrEljGthb6V8yDTjaEMq2RC85ZdXSatW9S6qtfvLSv0mj6NITsgpOSceuSJ1ckcapEk4UeSZvJI3xzgvzrvzsWgtOPnMMfkD5/MHrFqQ6g==</latexit>

!" e
<latexit sha1_base64="KSAO7CymAwgNWjhIna29rKwjrgs=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbBU0mqoMeiF48V7Ac2oWy2k3bpZhN2J0Ip/RdePCji1X/jzX/jts1BWx8MPN6bYWZemEph0HW/ncLa+sbmVnG7tLO7t39QPjxqmSTTHJo8kYnuhMyAFAqaKFBCJ9XA4lBCOxzdzvz2E2gjEvWA4xSCmA2UiARnaKVHH5D5yLIe9MoVt+rOQVeJl5MKydHolb/8fsKzGBRyyYzpem6KwYRpFFzCtORnBlLGR2wAXUsVi8EEk/nFU3pmlT6NEm1LIZ2rvycmLDZmHIe2M2Y4NMveTPzP62YYXQcTodIMQfHFoiiTFBM6e5/2hQaOcmwJ41rYWykfMs042pBKNgRv+eVV0qpVvYtq7f6yUr/J4yiSE3JKzolHrkid3JEGaRJOFHkmr+TNMc6L8+58LFoLTj5zTP7A+fwBoDqQ4g==</latexit>

!" m
<latexit sha1_base64="Shllqt4yvpiM/eWLKi+1EyVw/lI=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BLx4jmAdmlzA7mU2GzGOZmRVCyF948aCIV//Gm3/jJNmDJhY0FFXddHfFKWfG+v63V1hb39jcKm6Xdnb39g/Kh0ctozJNaJMornQnxoZyJmnTMstpJ9UUi5jTdjy6nfntJ6oNU/LBjlMaCTyQLGEEWyc9htTiUA9VT/TKFb/qz4FWSZCTCuRo9MpfYV+RTFBpCcfGdAM/tdEEa8sIp9NSmBmaYjLCA9p1VGJBTTSZXzxFZ07po0RpV9Kiufp7YoKFMWMRu06B7dAsezPxP6+b2eQ6mjCZZpZKsliUZBxZhWbvoz7TlFg+dgQTzdytiAyxxsS6kEouhGD55VXSqlWDi2rt/rJSv8njKMIJnMI5BHAFdbiDBjSBgIRneIU3z3gv3rv3sWgtePnMMfyB9/kDqteQ6Q==</latexit>

i l
<latexit sha1_base64="EUyNJUDboqnjf9/CRDeBzuU0HCg=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiRV0GXRjcsK9gFtCJPJpB06mYSZSaGE/okbF4q49U/c+TdO2iy09cAwh3PuZc6cIOVMacf5tiobm1vbO9Xd2t7+weGRfXzSVUkmCe2QhCeyH2BFORO0o5nmtJ9KiuOA014wuS/83pRKxRLxpGcp9WI8EixiBGsj+bY9DBIeqllsrpzNfe7bdafhLIDWiVuSOpRo+/bXMExIFlOhCcdKDVwn1V6OpWaE03ltmCmaYjLBIzowVOCYKi9fJJ+jC6OEKEqkOUKjhfp7I8exKsKZyRjrsVr1CvE/b5Dp6NbLmUgzTQVZPhRlHOkEFTWgkElKNJ8ZgolkJisiYywx0aasminBXf3yOuk2G+5Vo/l4XW/dlXVU4QzO4RJcuIEWPEAbOkBgCs/wCm9Wbr1Y79bHcrRilTun8AfW5w8/spQO</latexit>

L l
<latexit sha1_base64="DvGqTzoD2rtaLAtGR4mpByJCufU=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhCswl0UtAzaWFhENB+QHGFvM5cs2ds7dveEcOQn2FgoYusvsvPfuEmu0MQHA4/3ZpiZFySCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDP1W0+oNI/loxkn6Ed0IHnIGTVWerjriV6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns1Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfRv0ucKmRFjSyhT3N5K2JAqyoxNp2hD8BZfXibNasU7r1TvL8q16zyOAhzDCZyBB5dQg1uoQwMYDOAZXuHNEc6L8+58zFtXnHzmCP7A+fwBI2KNsw==</latexit>

Rl
<latexit sha1_base64="v53ggNaBDvlyVX3a0E7VPgkzLn4=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWN85AHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6xHHC/YgOlAgFo2ilh/ue7JXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindeqd5dlGvXeRwFOIYTOAMPLqEGt1CHBjAYwDO8wpsjnRfn3fmYt644+cwR/IHz+QMsho25</latexit>

L s
<latexit sha1_base64="WJ4+ma/b/ayQw59Ju91t78XA9qw=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhCswl0UtAzaWFhENB+QHGFvM5cs2ds7dveEcOQn2FgoYusvsvPfuEmu0MQHA4/3ZpiZFySCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDP1W0+oNI/loxkn6Ed0IHnIGTVWerjr6V6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns1Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfRv0ucKmRFjSyhT3N5K2JAqyoxNp2hD8BZfXibNasU7r1TvL8q16zyOAhzDCZyBB5dQg1uoQwMYDOAZXuHNEc6L8+58zFtXnHzmCP7A+fwBLf6Nug==</latexit> Rs

<latexit sha1_base64="ZWRa/pa6ZVQlP2HxqA/EkbAOSqs=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWN85AHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6xHHC/YgOlAgFo2ilh/ue6ZXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindeqd5dlGvXeRwFOIYTOAMPLqEGt1CHBjAYwDO8wpsjnRfn3fmYt644+cwR/IHz+QM3Io3A</latexit>

Cf
<latexit sha1_base64="qX4LYvlG9lOsPqp+uf6lwkRsT50=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9FjsxWNF+wFtKJvtpF262YTdjVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WBcn/ntJ1Sax/LRTBL0IzqUPOSMGis91Pthv1R2K+4cZJV4OSlDjka/9NUbxCyNUBomqNZdz02Mn1FlOBM4LfZSjQllYzrErqWSRqj9bH7qlJxbZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMT3vgZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTtCF4yy+vkla14l1WqvdX5dptHkcBTuEMLsCDa6jBHTSgCQyG8Ayv8OYI58V5dz4WrWtOPnMCf+B8/gAMlI2k</latexit>

Gf
<latexit sha1_base64="RyxzGORnl8svJGuWC3ZHQ1KZLM4=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj0oMeK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6xHHC/YgOlAgFo2ilh9te2CuV3Yo7A1kmXk7KkKPeK311+zFLI66QSWpMx3MT9DOqUTDJJ8VuanhC2YgOeMdSRSNu/Gx26oScWqVPwljbUkhm6u+JjEbGjKPAdkYUh2bRm4r/eZ0Uwys/EypJkSs2XxSmkmBMpn+TvtCcoRxbQpkW9lbChlRThjadog3BW3x5mTSrFe+8Ur2/KNeu8zgKcAwncAYeXEIN7qAODWAwgGd4hTdHOi/Ou/Mxb11x8pkj+APn8wcSrI2o</latexit>

i s
<latexit sha1_base64="3LThGqMusAgaZFpw48JHovRKjqQ=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiRV0GXRjcsK9gFtCJPJpB06mYSZSaGE/okbF4q49U/c+TdO2iy09cAwh3PuZc6cIOVMacf5tiobm1vbO9Xd2t7+weGRfXzSVUkmCe2QhCeyH2BFORO0o5nmtJ9KiuOA014wuS/83pRKxRLxpGcp9WI8EixiBGsj+bY9DBIeqllsrpzNfeXbdafhLIDWiVuSOpRo+/bXMExIFlOhCcdKDVwn1V6OpWaE03ltmCmaYjLBIzowVOCYKi9fJJ+jC6OEKEqkOUKjhfp7I8exKsKZyRjrsVr1CvE/b5Dp6NbLmUgzTQVZPhRlHOkEFTWgkElKNJ8ZgolkJisiYywx0aasminBXf3yOuk2G+5Vo/l4XW/dlXVU4QzO4RJcuIEWPEAbOkBgCs/wCm9Wbr1Y79bHcrRilTun8AfW5w9KTpQV</latexit>

v f
<latexit sha1_base64="PmLMuexuHN6+o+zDvVXZB8y4+rE=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiRV0GXRjcsK9gFtCJPJpB06mYSZSaGE/okbF4q49U/c+TdO2iy09cAwh3PuZc6cIOVMacf5tiobm1vbO9Xd2t7+weGRfXzSVUkmCe2QhCeyH2BFORO0o5nmtJ9KiuOA014wuS/83pRKxRLxpGcp9WI8EixiBGsj+bY9DBIeqllsrnw69yPfrjsNZwG0TtyS1KFE27e/hmFCspgKTThWauA6qfZyLDUjnM5rw0zRFJMJHtGBoQLHVHn5IvkcXRglRFEizREaLdTfGzmOVRHOTMZYj9WqV4j/eYNMR7dezkSaaSrI8qEo40gnqKgBhUxSovnMEEwkM1kRGWOJiTZl1UwJ7uqX10m32XCvGs3H63rrrqyjCmdwDpfgwg204AHa0AECU3iGV3izcuvFerc+lqMVq9w5hT+wPn8ASnWUFQ==</latexit>

d
dt M r ! = ! Dr ! ! " e + " m
d
dt M a # = ! Da # ! $e + $m

<latexit sha1_base64="vkNAJhRrhUEHzrrdawnBzDKXj20="></latexit>

d
dt L s i s = ! Rs i s ! es + v f

d
dt Cf v f = ! Gf v f ! Bi l ! i s

d
dt L l i l = ! Rl i l + B ! v f

<latexit sha1_base64="mDg048JnvoTNTh4RkIpoCnGcko8="></latexit>

1
s
1
s

<latexit sha1_base64="k3E+O5ZiP396eZ0KGSmM8edeINA="></latexit>

es
<latexit sha1_base64="JGoUu8J/GgAT+orP6kVfRR6LokQ=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiRV0GXRjcsK9gFtCJPJpB06mYSZSaGE/okbF4q49U/c+TdO2iy09cAwh3PuZc6cIOVMacf5tiobm1vbO9Xd2t7+weGRfXzSVUkmCe2QhCeyH2BFORO0o5nmtJ9KiuOA014wuS/83pRKxRLxpGcp9WI8EixiBGsj+bY9DBIeqllsrpzOfeXbdafhLIDWiVuSOpRo+/bXMExIFlOhCcdKDVwn1V6OpWaE03ltmCmaYjLBIzowVOCYKi9fJJ+jC6OEKEqkOUKjhfp7I8exKsKZyRjrsVr1CvE/b5Dp6NbLmUgzTQVZPhRlHOkEFTWgkElKNJ8ZgolkJisiYywx0aasminBXf3yOuk2G+5Vo/l4XW/dlXVU4QzO4RJcuIEWPEAbOkBgCs/wCm9Wbr1Y79bHcrRilTun8AfW5w9EMpQR</latexit>

i s
<latexit sha1_base64="3LThGqMusAgaZFpw48JHovRKjqQ=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiRV0GXRjcsK9gFtCJPJpB06mYSZSaGE/okbF4q49U/c+TdO2iy09cAwh3PuZc6cIOVMacf5tiobm1vbO9Xd2t7+weGRfXzSVUkmCe2QhCeyH2BFORO0o5nmtJ9KiuOA014wuS/83pRKxRLxpGcp9WI8EixiBGsj+bY9DBIeqllsrpzNfeXbdafhLIDWiVuSOpRo+/bXMExIFlOhCcdKDVwn1V6OpWaE03ltmCmaYjLBIzowVOCYKi9fJJ+jC6OEKEqkOUKjhfp7I8exKsKZyRjrsVr1CvE/b5Dp6NbLmUgzTQVZPhRlHOkEFTWgkElKNJ8ZgolkJisiYywx0aasminBXf3yOuk2G+5Vo/l4XW/dlXVU4QzO4RJcuIEWPEAbOkBgCs/wCm9Wbr1Y79bHcrRilTun8AfW5w9KTpQV</latexit>

(! e, " e)
<latexit sha1_base64="O8CKjW0i1rZ3XHoDhg6chK3s5qM="></latexit>

(! , " )
<latexit sha1_base64="dCOlXEt/EgDqw8h7sJGrDZHFA60="></latexit>

! (e[! r ] " I!2 )L m R !
"

R " L m (e[! r ] " I2)
<latexit sha1_base64="cvbB4kAukEBVQSDnO+e5r9QP3Aw="></latexit>

(! r , " )
<latexit sha1_base64="vEF24VBvliVF7I+vI04C8gMOOtQ="></latexit>

! m<latexit sha1_base64="vfB+swVt43sFm01oIFSTtPxURHI="></latexit>

! m
<latexit sha1_base64="F3HkkiAVsDpXL38pgLiPj4HJi8g="></latexit>

Figure 5.7: Block diagram of the original control system considered.

(S1) Energy delivery: achieved by the feedback transformation

~! = ! � !01
�m = Da!01 + �1 ;

and the associated zero-dynamics manifold Z?1 = f� = 0 ; ~! = 0g ;

(S2) Target set invariance: on the set Z?1 , a cascade is induced, yielding the response
"
îs
v̂f
îl

#

= �R�Lm(e[
r] 
 g2)!01

�m = � (e[
r] 
 g>1 )LmR>� îs + �2

�1 = � (e[
r] 
 g>2 )LmR>� îs + �2 ;

and the re�ned manifold Z?2 = f� = 0 ; ~! = 0 ; is = îs ; vf = v̂f ; il = îlg ;
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(S3) Target set attractivity: the following input transformation

�2 =�r
r ~We + �4

�2 =�r� ~We + �4 ;

restores passivity (and yields Z?2 -detectability) of the error dynamics, where

~We = 1
2(is � îs)>Ls(is � îs) + 1

2(vf � v̂f )>Cf (vf � v̂f ) + 1
2(il � îl)>Ll(il � îl) ;

(S4) Potential energy shaping: upon de�ning the synchronization potential energy as

S = 1
2 î
>
s Lsîs � 1

2 v̂
>
f Cf v̂f + 1

2 î
>
l Llîl ; (5.105)

the energy-shaping input achieves the energy minimization objective associated
with optimal power �ow assignment

�4 =�r
rS(
r;�r)
�4 =�r�S(
r;�r) :

Starting with an under-actuated system of the form (2.24), as seen in Fig. 5.7, we
have arrived (through a design procedure solving a TFPP) at error dynamics also of the
form (2.24), seen in Fig. 5.8. This allowed us to pose stability properties in terms of a
sequentially re�ned target set

Z?3 = f� = 0 ; ! = !01 ; is = îs ; vf = v̂f ; il = îl ; rS(
r;�) = 0g ; (5.106)

which is able to incorporate su�ciently general speci�cations for the power system at
large. As was the case throughout this thesis, the control design was developed for a
class of systems for which a model matching problem, a feedback passivation procedure
and an energy shaping technique was possible. The control design procedure revealed
a decomposition centered around the skew-symmetric interconnection structure playing
the role of a modulated energy transfer.

1
s
1
s

<latexit sha1_base64="k3E+O5ZiP396eZ0KGSmM8edeINA="></latexit>

d
dt

!

"
L s

÷i s

Cf ÷v f

L l
÷i l

#

$ = !

!

"
Rs ! I2n O
I2n Gf B
O ! B ! Rl

#

$

!

"
÷i s

÷v f
÷i l

#

$ ! ÷y s

<latexit sha1_base64="zfw7R2jtTIXChoE0DXC+L1E/WuM="></latexit>

d
dt M r ! = ! Dr ! ! ÷x r ! " ! r

S
d
dt M a ÷" = ! Da ÷" ! ÷x a ! " " r S

<latexit sha1_base64="OVGBUPLar/+sEDTjoLRzqL6XlUo="></latexit>

(! , ÷" )
<latexit sha1_base64="VckSbIaGNSfyrW/xZnC/N1cnsCE="></latexit>

( ÷x r , ÷x a)
<latexit sha1_base64="fgDRSx8aitfAuKh1N0TM5h9KhzE="></latexit>

÷y s
<latexit sha1_base64="OlhLCakFP7PmzgUVgjE2ZEBBrzs="></latexit>

÷x s
<latexit sha1_base64="2zzAw9MUCfxwSRWU38qXIxHt+p0="></latexit>

! 1<latexit sha1_base64="gxmVDwgXNkVVBW8MWuMKIAF1sIU=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSRV0GPRi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8pAzaqz0cO71SmW34s5AlomXkzLkqPdKX91+zNIIpWGCat3x3MT4GVWGM4GTYjfVmFA2ogPsWCpphNrPZpdOyKlV+iSMlS1pyEz9PZHRSOtxFNjOiJqhXvSm4n9eJzXhtZ9xmaQGJZsvClNBTEymb5M+V8iMGFtCmeL2VsKGVFFmbDhFG4K3+PIyaVYr3kWlen9Zrt3kcRTgGE7gDDy4ghrcQR0awCCEZ3iFN2fkvDjvzse8dcXJZ47gD5zPH+UwjPA=</latexit>

! ! r
S(á, á)

! " r S(á, á)
<latexit sha1_base64="X+pOiKqku/B5iLPvLjiOBjIcKuw="></latexit>

1
s
1
s

<latexit sha1_base64="k3E+O5ZiP396eZ0KGSmM8edeINA="></latexit>

d
dt

!

"
L s

÷i s

Cf ÷v f

L l
÷i l

#

$ = !

!

"
Rs ! I2n O
I2n Gf B
O ! B ! Rl

#

$

!

"
÷i s

÷v f
÷i l

#

$ ! ÷y s

<latexit sha1_base64="zfw7R2jtTIXChoE0DXC+L1E/WuM="></latexit>

d
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Figure 5.8: Block diagram of the resulting transient system, where ~xr 2 Rn, ~xa 2 Rn,
~xs 2 R4n+2m, ~ys 2 R4n+2m, g 2 R2n�4n+2m are placeholders for expressions in (5.51b).

We recall the developments in Section 3.1 in the diagram of Fig. 5.8. In terms of
implementation, the model matching procedure was developed as follows:
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5.5 Experimental evaluation

� for the synchronous machine, the following dynamic controller was designed

ur = rrir + er + lrir� (5.107a)
d
dtMr� =�Dr� � �e + �m : (5.107b)

In comparison to [AD18], this controller extends the analysis by allowing the rotor
current to play the same role as the angle, but in the radial direction.

� for the DC/AC converter, the extended matching controller can be written as

ms = e
rR�g2 + �
�vdc

e
rR�g1 (5.108a)

idc = �fdc � �
�vdc

e
r(R�g1)>is ; (5.108b)
d
dt� = �vdc (5.108c)

d
dt
r = � (5.108d)

d
dtMr� =�Dr� � �e + �m : (5.108e)

When compared to standard matching control, this extension adds the last term
in (5.108a) and in (5.108b), and augments the dynamics (5.108d)-(5.108e). As a
consequence, instead of computing the modulation amplitude �� in [AD19] alge-
braically, we may use the ray-integrator 
r to seek the appropriate steady state.

Another alternative would be to replace the dynamic extension in (5.107b) and (5.108e),
simply by the static law � = �4. In that case however, the LaSalle arguments would be
more di�cult to make due to the departure from the Hamiltonian structure of (2.24).
Finally, we recall the model-matching scheme of Section 4.1.2 in Fig. 5.9.
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Figure 5.9: Block diagram of the ray-enabling feedback transformation for the syn-
chronous machine without damper windings.

5.5 Experimental evaluation

In terms of numerical experiments, [AD18] Section VI contains a three-node experiment
considering a system of the form (5.47) but with constant excitation current, e.g. when
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(5.107) is replaced with ur = rri�r+er respectively, for each generator. In that article, the
baseline synchronization potential taken with respect to angle was used and a cascade
stabilization procedure is pursued.
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Figure 5.10: Picture of the experimental front-to-front setup used in this thesis and in
[AD19].

In terms of hardware experimentation, [AD19] Section V investigates a two-node
low-voltage micro-grid setup seen in Fig. 5.10. It is related to Section 4.3.1, but with
an algebraic pre-computation of the steady-state of 
r (represented by the modulation
amplitude �� = e
�r ) used in conjunction with �� as the equivalent PQ set point, and to
the case of Section 4.3.2, but with an algebraic pre-computation of the steady-state of
modulation amplitude used solely for voltage control and without angle regulation.

In this work we have investigated the use of a steady-state-seeking mechanism for the
modulation amplitude by augmenting the ray integrator. When compared to [AD19],
this construction allowed exact tracking for the two-dimensional PQ set-point by means
of potential energy shaping. The same strategy was adapted for the boost converter,
where only the DC objective is needed, hence only the ray integrator was added.

Facilitating the ray-cicle decompostion

We use the same setup as in [AD19] operating at the IEEE 50Hz, 400V rating with a
resistive load set to 1200W. This con�guration is illustrated in Fig. 5.11. We assign
the modulation inputs according to the �rst-order gradient descent strategy in [AD19]
Section III-C, as follows
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Figure 5.11: Circuit diagram of the experimental front-to-front setup consisting of two
boost converters and two 3-phase converters.

� for the boost converters
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� for the grid-following inverter
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(Pg � P �g ) + ks rsls

r2
s+!2

0 l2s
(Qg �Q�g) + �vdc2 ; (5.111c)

where v�dc is the DC-bus reference, v�f is the AC-bus reference, � = !0
v�dc

is a constant
matching gain. Moreover, kb is the boost controller gain, kf is the amplitude controller
gain and ks is the PQ-tracking controller gain. The objectives for the front-to-front
setup is to deliver power from the two constant sources us1 and us2 to the load Gf , while
tracking the given set-points (!0; P �g ; Q�g) as t!1

vdc1;2(t)! v�dc , !1;2(t)! !0 (5.112a)
kvf (t)k ! v�f (5.112b)

(Pg(t); Qg(t))! (P �g ; Q
�
g) ; (5.112c)

where Pg = �v>f is2 and Qg = �v>f jis2 . Upon a mild tuning of the control gains kb, kf
and ks, the system was evaluated numerically and experimentally. The main observation
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Figure 5.12: Simulation in the ��-domain of the front-to-front setup when keeping
P �g = 600 and stepping Q�g from �600 to 600 VAR and back. Using controllers (5.109),
(5.110) and (5.112), otherwise setting everything else constant. Experiment (A) was a
Matlab simulation, experiment (B) was performed on the imperix setup using the same
controller as the simulation and experiment (C) adds on top of (B) the internal-model
compensation term in (5.113).

is that the new control strategy signi�cantly improved the steady-state performance:
perfect tracking is achieved without any auxiliary loops. The experiments are seen in
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5.5 Experimental evaluation

Fig. 5.12 and 5.13.
When comparing Fig. 5.12, plots (A) and (B), the simulation and the experiment

match very well except some distortions introduced by various sources of noise present
in the hardware setup but not in simulation. When comparing Fig. 5.12, plots (B)
and (C), the noise rejection as well as the transient performance has been signi�cantly
improved by the addition of a parallel high-gain tracking loop based on the principle of
separation between steady-state and transients that the geometric approach o�ers. In
experiment (C), ms2 was replaced by

ms2 = e
r2

"
� sin �2

cos �2

#

+K2(is2 � îs2) +KresR�2xdq

dxdq
dt

= �K0xdq + R>�2
(is2 � îs2) ;

(5.113)

whereK2,Kres andK0 de�ne a lead-lag transfer function acting as a �nite-gain proportional-
integral controller in the rotating frame. This augmentation was necessary for tracking
the steady-state in [AD19] but not here. The same can be said about Fig. 5.13 but in
the case of a step in active power.

The results of the experiment indicate that the idea of inducing a circuit (or Lapla-
cian) gradient-�ow can be applied to many classes of systems where certain decompo-
sition is possible. The converter case-study shows that this approach can overcome the
performance limitations of the classical viewpoint where time-scale separation is required
to deal with nonlinearities and non-minimality of phase. We see the ray-integrator as a
suitable choice for systems with an inherent positive component such as DC grids.
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Figure 5.13: Experiment of the front-to-front setup when keeping Q�g = 600 and stepping
P �g from 1200 to 0 W and back. Using controllers (5.109), (5.110) and (5.112), otherwise
setting everything else constant. Experiment (A) was a Matlab simulation, experiment
(B) was performed on the imperix setup using the same controller as the simulation and
experiment (C) adds on top of (B) the internal-model compensation term in (5.113).
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CHAPTER 6
Conclusions and Outlook

The scope of this thesis was to explore how a speci�c range of nonlinear control tools can
be used to tackle problems which are slightly more speci�c than the canonical examples.
In doing so, two objectives were pursued: one was to explore and identify which areas
of control theory can be further exploited and the other was to observe new ways in
which physical intuition can be extracted. The outcome was a result of a thorough
understanding of the �rst-principle model illustrated in Fig. 6.1, more precisely the
nature of its state space and of the interaction between its elements.
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<latexit sha1_base64="qX4LYvlG9lOsPqp+uf6lwkRsT50=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9FjsxWNF+wFtKJvtpF262YTdjVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WBcn/ntJ1Sax/LRTBL0IzqUPOSMGis91Pthv1R2K+4cZJV4OSlDjka/9NUbxCyNUBomqNZdz02Mn1FlOBM4LfZSjQllYzrErqWSRqj9bH7qlJxbZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMT3vgZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTtCF4yy+vkla14l1WqvdX5dptHkcBTuEMLsCDa6jBHTSgCQyG8Ayv8OYI58V5dz4WrWtOPnMCf+B8/gAMlI2k</latexit>

Gf
<latexit sha1_base64="RyxzGORnl8svJGuWC3ZHQ1KZLM4=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj0oMeK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6xHHC/YgOlAgFo2ilh9te2CuV3Yo7A1kmXk7KkKPeK311+zFLI66QSWpMx3MT9DOqUTDJJ8VuanhC2YgOeMdSRSNu/Gx26oScWqVPwljbUkhm6u+JjEbGjKPAdkYUh2bRm4r/eZ0Uwys/EypJkSs2XxSmkmBMpn+TvtCcoRxbQpkW9lbChlRThjadog3BW3x5mTSrFe+8Ur2/KNeu8zgKcAwncAYeXEIN7qAODWAwgGd4hTdHOi/Ou/Mxb11x8pkj+APn8wcSrI2o</latexit>

v f
<latexit sha1_base64="PmLMuexuHN6+o+zDvVXZB8y4+rE=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiRV0GXRjcsK9gFtCJPJpB06mYSZSaGE/okbF4q49U/c+TdO2iy09cAwh3PuZc6cIOVMacf5tiobm1vbO9Xd2t7+weGRfXzSVUkmCe2QhCeyH2BFORO0o5nmtJ9KiuOA014wuS/83pRKxRLxpGcp9WI8EixiBGsj+bY9DBIeqllsrnw69yPfrjsNZwG0TtyS1KFE27e/hmFCspgKTThWauA6qfZyLDUjnM5rw0zRFJMJHtGBoQLHVHn5IvkcXRglRFEizREaLdTfGzmOVRHOTMZYj9WqV4j/eYNMR7dezkSaaSrI8qEo40gnqKgBhUxSovnMEEwkM1kRGWOJiTZl1UwJ7uqX10m32XCvGs3H63rrrqyjCmdwDpfgwg204AHa0AECU3iGV3izcuvFerc+lqMVq9w5hT+wPn8ASnWUFQ==</latexit>

(Pg, Qg)
<latexit sha1_base64="u3KTWUmixu3lqMJW746iK2+pJlw="></latexit>

Rs
<latexit sha1_base64="ZWRa/pa6ZVQlP2HxqA/EkbAOSqs=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWN85AHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6xHHC/YgOlAgFo2ilh/ue6ZXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindeqd5dlGvXeRwFOIYTOAMPLqEGt1CHBjAYwDO8wpsjnRfn3fmYt644+cwR/IHz+QM3Io3A</latexit>

L s
<latexit sha1_base64="WJ4+ma/b/ayQw59Ju91t78XA9qw=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhCswl0UtAzaWFhENB+QHGFvM5cs2ds7dveEcOQn2FgoYusvsvPfuEmu0MQHA4/3ZpiZFySCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDP1W0+oNI/loxkn6Ed0IHnIGTVWerjr6V6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns1Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfRv0ucKmRFjSyhT3N5K2JAqyoxNp2hD8BZfXibNasU7r1TvL8q16zyOAhzDCZyBB5dQg1uoQwMYDOAZXuHNEc6L8+58zFtXnHzmCP7A+fwBLf6Nug==</latexit>

Cdc
<latexit sha1_base64="HNL2QFHO2L4z/gqo5h3+Rhxila4=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mtBT0We/FYwX5Au5RsNtvGZpMlyQpl6X/w4kERr/4fb/4b03YP2vpg4PHeDDPzgoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTjpapIrRNJJeqF2BNORO0bZjhtJcoiuOA024wac797hNVmknxYKYJ9WM8EixiBBsrdZrDLCSzYbniVt0F0DrxclKBHK1h+WsQSpLGVBjCsdZ9z02Mn2FlGOF0VhqkmiaYTPCI9i0VOKbazxbXztCFVUIUSWVLGLRQf09kONZ6Gge2M8ZmrFe9ufif109NdONnTCSpoYIsF0UpR0ai+esoZIoSw6eWYKKYvRWRMVaYGBtQyYbgrb68Tjq1qndVrd3XK43bPI4inME5XIIH19CAO2hBGwg8wjO8wpsjnRfn3flYthacfOYU/sD5/AGK1o8b</latexit>

Gdc
<latexit sha1_base64="iN/fu4tGZWGcOyyC9oMy83f5eDI=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mtBT0WPeixgv2AdinZbLaNzSZLkhXK0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmBQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbS1TRWiLSC5VN8CaciZoyzDDaTdRFMcBp51gfDPzO09UaSbFg5kk1I/xULCIEWys1L4dZCGZDsoVt+rOgVaJl5MK5GgOyl/9UJI0psIQjrXueW5i/Awrwwin01I/1TTBZIyHtGepwDHVfja/dorOrBKiSCpbwqC5+nsiw7HWkziwnTE2I73szcT/vF5qois/YyJJDRVksShKOTISzV5HIVOUGD6xBBPF7K2IjLDCxNiASjYEb/nlVdKuVb2Lau2+Xmlc53EU4QRO4Rw8uIQG3EETWkDgEZ7hFd4c6bw4787HorXg5DPH8AfO5w+Q+o8f</latexit>

l b
<latexit sha1_base64="VK/HLdsYOeuAiVDsJYv4umW9SeM="></latexit>

r b
<latexit sha1_base64="JS1Mo4FDkYFlvUHzy8/LstVHKyI="></latexit>

us1
<latexit sha1_base64="tJnn8IXwBSSP57ZNJ8zNc2rEohQ="></latexit>

us2
<latexit sha1_base64="RkouIFHm38li0q1JgxP8S4MJx8A="></latexit>

vdc2
<latexit sha1_base64="2Aq5kgIRur2y8HW/m6f35Xrqo7I="></latexit>

vdc1
<latexit sha1_base64="I+QF0/dFkkj8EidGP+TCrV7gwmI="></latexit>

i s1
<latexit sha1_base64="CEdk1UdMdxY3+mYVoqH8Pkq9BUA="></latexit>

i s2
<latexit sha1_base64="6+sNYJLQ7iWT8pOikoQDAkuR7fA="></latexit>

m s2
<latexit sha1_base64="BcB7OipeVdVZqdzfxESHGetvPEE="></latexit>

m s1
<latexit sha1_base64="gEQwhWuFvDTb2sNGK0Ss2m+ZNo4="></latexit>

mb1
<latexit sha1_base64="3TYte3wmPqunOIsyxkORkEJxtmw="></latexit>

mb2
<latexit sha1_base64="2AfsepYdLGvUsxZeM41tJLEl1gs="></latexit>

C dv
dt = ! Gv + i �I�H�K�I�W

<latexit sha1_base64="VDvLLIM/dmKN/6eeujWcPearGtY="></latexit>

L di
dt = ! Ri + v �R�S�H�I�W

<latexit sha1_base64="9PHD7Hcw9eFGICoirg8/7qkfHHs="></latexit>

! m

ú!
<latexit sha1_base64="qSo8uHbNAaJiLW7jEKzex6sAC74=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOTJcxOepMhs7PLTK8QQv7CiwdFvPo33vwbJ8keNLFgoKjqYrorTKUw5HnfTmFtfWNzq7hd2tnd2z8oHx41TZJpjg2eyES3Q2ZQCoUNEiSxnWpkcSixFY5uZ37rCbURiXqgcYpBzAZKRIIzstJjt59Ql4ZIrFeueFVvDneV+DmpQI56r/xlwzyLURGXzJiO76UUTJgmwSVOS93MYMr4iA2wY6liMZpgMt946p5Zpe9GibZPkTtXfycmLDZmHId2MmY0NMveTPzP62QUXQcTodKMUPHFR1EmXUrc2fluX2jkJMeWMK6F3dXlQ6YZJ1tSyZbgL5+8SpoXVd/y+8tK7SavowgncArn4MMV1OAO6tAADgqe4RXeHOO8OO/Ox2K04OSZY/gD5/MHvxOQ8w==</latexit><latexit sha1_base64="qSo8uHbNAaJiLW7jEKzex6sAC74=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOTJcxOepMhs7PLTK8QQv7CiwdFvPo33vwbJ8keNLFgoKjqYrorTKUw5HnfTmFtfWNzq7hd2tnd2z8oHx41TZJpjg2eyES3Q2ZQCoUNEiSxnWpkcSixFY5uZ37rCbURiXqgcYpBzAZKRIIzstJjt59Ql4ZIrFeueFVvDneV+DmpQI56r/xlwzyLURGXzJiO76UUTJgmwSVOS93MYMr4iA2wY6liMZpgMt946p5Zpe9GibZPkTtXfycmLDZmHId2MmY0NMveTPzP62QUXQcTodKMUPHFR1EmXUrc2fluX2jkJMeWMK6F3dXlQ6YZJ1tSyZbgL5+8SpoXVd/y+8tK7SavowgncArn4MMV1OAO6tAADgqe4RXeHOO8OO/Ox2K04OSZY/gD5/MHvxOQ8w==</latexit><latexit sha1_base64="qSo8uHbNAaJiLW7jEKzex6sAC74=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOTJcxOepMhs7PLTK8QQv7CiwdFvPo33vwbJ8keNLFgoKjqYrorTKUw5HnfTmFtfWNzq7hd2tnd2z8oHx41TZJpjg2eyES3Q2ZQCoUNEiSxnWpkcSixFY5uZ37rCbURiXqgcYpBzAZKRIIzstJjt59Ql4ZIrFeueFVvDneV+DmpQI56r/xlwzyLURGXzJiO76UUTJgmwSVOS93MYMr4iA2wY6liMZpgMt946p5Zpe9GibZPkTtXfycmLDZmHId2MmY0NMveTPzP62QUXQcTodKMUPHFR1EmXUrc2fluX2jkJMeWMK6F3dXlQ6YZJ1tSyZbgL5+8SpoXVd/y+8tK7SavowgncArn4MMV1OAO6tAADgqe4RXeHOO8OO/Ox2K04OSZY/gD5/MHvxOQ8w==</latexit><latexit sha1_base64="qSo8uHbNAaJiLW7jEKzex6sAC74=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOTJcxOepMhs7PLTK8QQv7CiwdFvPo33vwbJ8keNLFgoKjqYrorTKUw5HnfTmFtfWNzq7hd2tnd2z8oHx41TZJpjg2eyES3Q2ZQCoUNEiSxnWpkcSixFY5uZ37rCbURiXqgcYpBzAZKRIIzstJjt59Ql4ZIrFeueFVvDneV+DmpQI56r/xlwzyLURGXzJiO76UUTJgmwSVOS93MYMr4iA2wY6liMZpgMt946p5Zpe9GibZPkTtXfycmLDZmHId2MmY0NMveTPzP62QUXQcTodKMUPHFR1EmXUrc2fluX2jkJMeWMK6F3dXlQ6YZJ1tSyZbgL5+8SpoXVd/y+8tK7SavowgncArn4MMV1OAO6tAADgqe4RXeHOO8OO/Ox2K04OSZY/gD5/MHvxOQ8w==</latexit>

M
<latexit sha1_base64="crANvVgGivIiDMWlFPoP+QRYTmE=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OJFaMF+QBvKZjtp1242YXcjlNBf4MWDIl79Sd78N27bHLT1hYWHd2bYmTdIBNfGdb+dwtr6xuZWcbu0s7u3f1A+PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHw7q7efUGkeywczSdCP6FDykDNqrNW475crbtWdi6yCl0MFctX75a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi1KGqH2s/miU3JmnQEJY2WfNGTu/p7IaKT1JApsZ0TNSC/XZuZ/tW5qwms/4zJJDUq2+ChMBTExmV1NBlwhM2JigTLF7a6EjaiizNhsSjYEb/nkVWhdVD3LjctK7SaPowgncArn4MEV1OAO6tAEBgjP8ApvzqPz4rw7H4vWgpPPHMMfOZ8/pQ+M0Q==</latexit><latexit sha1_base64="crANvVgGivIiDMWlFPoP+QRYTmE=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OJFaMF+QBvKZjtp1242YXcjlNBf4MWDIl79Sd78N27bHLT1hYWHd2bYmTdIBNfGdb+dwtr6xuZWcbu0s7u3f1A+PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHw7q7efUGkeywczSdCP6FDykDNqrNW475crbtWdi6yCl0MFctX75a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi1KGqH2s/miU3JmnQEJY2WfNGTu/p7IaKT1JApsZ0TNSC/XZuZ/tW5qwms/4zJJDUq2+ChMBTExmV1NBlwhM2JigTLF7a6EjaiizNhsSjYEb/nkVWhdVD3LjctK7SaPowgncArn4MEV1OAO6tAEBgjP8ApvzqPz4rw7H4vWgpPPHMMfOZ8/pQ+M0Q==</latexit><latexit sha1_base64="crANvVgGivIiDMWlFPoP+QRYTmE=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OJFaMF+QBvKZjtp1242YXcjlNBf4MWDIl79Sd78N27bHLT1hYWHd2bYmTdIBNfGdb+dwtr6xuZWcbu0s7u3f1A+PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHw7q7efUGkeywczSdCP6FDykDNqrNW475crbtWdi6yCl0MFctX75a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi1KGqH2s/miU3JmnQEJY2WfNGTu/p7IaKT1JApsZ0TNSC/XZuZ/tW5qwms/4zJJDUq2+ChMBTExmV1NBlwhM2JigTLF7a6EjaiizNhsSjYEb/nkVWhdVD3LjctK7SaPowgncArn4MEV1OAO6tAEBgjP8ApvzqPz4rw7H4vWgpPPHMMfOZ8/pQ+M0Q==</latexit><latexit sha1_base64="crANvVgGivIiDMWlFPoP+QRYTmE=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OJFaMF+QBvKZjtp1242YXcjlNBf4MWDIl79Sd78N27bHLT1hYWHd2bYmTdIBNfGdb+dwtr6xuZWcbu0s7u3f1A+PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHw7q7efUGkeywczSdCP6FDykDNqrNW475crbtWdi6yCl0MFctX75a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi1KGqH2s/miU3JmnQEJY2WfNGTu/p7IaKT1JApsZ0TNSC/XZuZ/tW5qwms/4zJJDUq2+ChMBTExmV1NBlwhM2JigTLF7a6EjaiizNhsSjYEb/nkVWhdVD3LjctK7SaPowgncArn4MEV1OAO6tAEBgjP8ApvzqPz4rw7H4vWgpPPHMMfOZ8/pQ+M0Q==</latexit>

ur
<latexit sha1_base64="sYTqUr10mtUmISJtHjowtHzIJFk=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5hKYdDzvp3S2vrG5lZ5u7Kzu7d/4B4etUySacabLJGJ7oTUcCkUb6JAyTup5jQOJW+H49tZvf3EtRGJesRJyoOYDpWIBKNorYesr/tu1at5c5FV8AuoQqFG3/3qDRKWxVwhk9SYru+lGORUo2CSTyu9zPCUsjEd8q5FRWNugny+6pScWWdAokTbp5DM3d8TOY2NmcSh7YwpjsxybWb+V+tmGF0HuVBphlyxxUdRJgkmZHY3GQjNGcqJBcq0sLsSNqKaMrTpVGwI/vLJq9C6qPmW7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzZHOi/PufCxaS04xcwx/5Hz+AGmkjd4=</latexit><latexit sha1_base64="sYTqUr10mtUmISJtHjowtHzIJFk=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5hKYdDzvp3S2vrG5lZ5u7Kzu7d/4B4etUySacabLJGJ7oTUcCkUb6JAyTup5jQOJW+H49tZvf3EtRGJesRJyoOYDpWIBKNorYesr/tu1at5c5FV8AuoQqFG3/3qDRKWxVwhk9SYru+lGORUo2CSTyu9zPCUsjEd8q5FRWNugny+6pScWWdAokTbp5DM3d8TOY2NmcSh7YwpjsxybWb+V+tmGF0HuVBphlyxxUdRJgkmZHY3GQjNGcqJBcq0sLsSNqKaMrTpVGwI/vLJq9C6qPmW7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzZHOi/PufCxaS04xcwx/5Hz+AGmkjd4=</latexit><latexit sha1_base64="sYTqUr10mtUmISJtHjowtHzIJFk=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5hKYdDzvp3S2vrG5lZ5u7Kzu7d/4B4etUySacabLJGJ7oTUcCkUb6JAyTup5jQOJW+H49tZvf3EtRGJesRJyoOYDpWIBKNorYesr/tu1at5c5FV8AuoQqFG3/3qDRKWxVwhk9SYru+lGORUo2CSTyu9zPCUsjEd8q5FRWNugny+6pScWWdAokTbp5DM3d8TOY2NmcSh7YwpjsxybWb+V+tmGF0HuVBphlyxxUdRJgkmZHY3GQjNGcqJBcq0sLsSNqKaMrTpVGwI/vLJq9C6qPmW7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzZHOi/PufCxaS04xcwx/5Hz+AGmkjd4=</latexit><latexit sha1_base64="sYTqUr10mtUmISJtHjowtHzIJFk=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5hKYdDzvp3S2vrG5lZ5u7Kzu7d/4B4etUySacabLJGJ7oTUcCkUb6JAyTup5jQOJW+H49tZvf3EtRGJesRJyoOYDpWIBKNorYesr/tu1at5c5FV8AuoQqFG3/3qDRKWxVwhk9SYru+lGORUo2CSTyu9zPCUsjEd8q5FRWNugny+6pScWWdAokTbp5DM3d8TOY2NmcSh7YwpjsxybWb+V+tmGF0HuVBphlyxxUdRJgkmZHY3GQjNGcqJBcq0sLsSNqKaMrTpVGwI/vLJq9C6qPmW7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzZHOi/PufCxaS04xcwx/5Hz+AGmkjd4=</latexit>

L s
<latexit sha1_base64="kq8Sti3cDF+pEhxykbl5Up9AaLM=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiGXQxsIiovmA5Ah7m7lkyd7esbsnhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8c3Mbz+h0jyWj2aSoB/RoeQhZ9RY6eGur/vlilt15yCrxMtJBXI0+uWv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzU6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDKz7hMUoOSLRaFqSAmJrO/yYArZEZMLKFMcXsrYSOqKDM2nZINwVt+eZW0LqqeW/XuLyv16zyOIpzAKZyDBzWowy00oAkMhvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8ALLCNtg==</latexit><latexit sha1_base64="kq8Sti3cDF+pEhxykbl5Up9AaLM=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiGXQxsIiovmA5Ah7m7lkyd7esbsnhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8c3Mbz+h0jyWj2aSoB/RoeQhZ9RY6eGur/vlilt15yCrxMtJBXI0+uWv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzU6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDKz7hMUoOSLRaFqSAmJrO/yYArZEZMLKFMcXsrYSOqKDM2nZINwVt+eZW0LqqeW/XuLyv16zyOIpzAKZyDBzWowy00oAkMhvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8ALLCNtg==</latexit><latexit sha1_base64="kq8Sti3cDF+pEhxykbl5Up9AaLM=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiGXQxsIiovmA5Ah7m7lkyd7esbsnhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8c3Mbz+h0jyWj2aSoB/RoeQhZ9RY6eGur/vlilt15yCrxMtJBXI0+uWv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzU6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDKz7hMUoOSLRaFqSAmJrO/yYArZEZMLKFMcXsrYSOqKDM2nZINwVt+eZW0LqqeW/XuLyv16zyOIpzAKZyDBzWowy00oAkMhvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8ALLCNtg==</latexit><latexit sha1_base64="kq8Sti3cDF+pEhxykbl5Up9AaLM=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiGXQxsIiovmA5Ah7m7lkyd7esbsnhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8c3Mbz+h0jyWj2aSoB/RoeQhZ9RY6eGur/vlilt15yCrxMtJBXI0+uWv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzU6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDKz7hMUoOSLRaFqSAmJrO/yYArZEZMLKFMcXsrYSOqKDM2nZINwVt+eZW0LqqeW/XuLyv16zyOIpzAKZyDBzWowy00oAkMhvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8ALLCNtg==</latexit>

Cdc
<latexit sha1_base64="wP9S4fMTQUCoG22UH5RFd3yKySQ=">AAAB7XicbZDLSgMxFIbPeK31VnXpJlgEV2VGBF0Wu3FZwV6gHUomk2ljcxmSjFCGvoMbF4q49X3c+Tam7Sy09YfAx3/OIef8UcqZsb7/7a2tb2xubZd2yrt7+weHlaPjtlGZJrRFFFe6G2FDOZO0ZZnltJtqikXEaScaN2b1zhPVhin5YCcpDQUeSpYwgq2z2o1BHpPpoFL1a/5caBWCAqpQqDmofPVjRTJBpSUcG9ML/NSGOdaWEU6n5X5maIrJGA9pz6HEgpown287RefOiVGitHvSorn7eyLHwpiJiFynwHZklmsz879aL7PJTZgzmWaWSrL4KMk4sgrNTkcx05RYPnGAiWZuV0RGWGNiXUBlF0KwfPIqtC9rgeP7q2r9toijBKdwBhcQwDXU4Q6a0AICj/AMr/DmKe/Fe/c+Fq1rXjFzAn/kff4AiYqPFw==</latexit><latexit sha1_base64="wP9S4fMTQUCoG22UH5RFd3yKySQ=">AAAB7XicbZDLSgMxFIbPeK31VnXpJlgEV2VGBF0Wu3FZwV6gHUomk2ljcxmSjFCGvoMbF4q49X3c+Tam7Sy09YfAx3/OIef8UcqZsb7/7a2tb2xubZd2yrt7+weHlaPjtlGZJrRFFFe6G2FDOZO0ZZnltJtqikXEaScaN2b1zhPVhin5YCcpDQUeSpYwgq2z2o1BHpPpoFL1a/5caBWCAqpQqDmofPVjRTJBpSUcG9ML/NSGOdaWEU6n5X5maIrJGA9pz6HEgpown287RefOiVGitHvSorn7eyLHwpiJiFynwHZklmsz879aL7PJTZgzmWaWSrL4KMk4sgrNTkcx05RYPnGAiWZuV0RGWGNiXUBlF0KwfPIqtC9rgeP7q2r9toijBKdwBhcQwDXU4Q6a0AICj/AMr/DmKe/Fe/c+Fq1rXjFzAn/kff4AiYqPFw==</latexit><latexit sha1_base64="wP9S4fMTQUCoG22UH5RFd3yKySQ=">AAAB7XicbZDLSgMxFIbPeK31VnXpJlgEV2VGBF0Wu3FZwV6gHUomk2ljcxmSjFCGvoMbF4q49X3c+Tam7Sy09YfAx3/OIef8UcqZsb7/7a2tb2xubZd2yrt7+weHlaPjtlGZJrRFFFe6G2FDOZO0ZZnltJtqikXEaScaN2b1zhPVhin5YCcpDQUeSpYwgq2z2o1BHpPpoFL1a/5caBWCAqpQqDmofPVjRTJBpSUcG9ML/NSGOdaWEU6n5X5maIrJGA9pz6HEgpown287RefOiVGitHvSorn7eyLHwpiJiFynwHZklmsz879aL7PJTZgzmWaWSrL4KMk4sgrNTkcx05RYPnGAiWZuV0RGWGNiXUBlF0KwfPIqtC9rgeP7q2r9toijBKdwBhcQwDXU4Q6a0AICj/AMr/DmKe/Fe/c+Fq1rXjFzAn/kff4AiYqPFw==</latexit><latexit sha1_base64="wP9S4fMTQUCoG22UH5RFd3yKySQ=">AAAB7XicbZDLSgMxFIbPeK31VnXpJlgEV2VGBF0Wu3FZwV6gHUomk2ljcxmSjFCGvoMbF4q49X3c+Tam7Sy09YfAx3/OIef8UcqZsb7/7a2tb2xubZd2yrt7+weHlaPjtlGZJrRFFFe6G2FDOZO0ZZnltJtqikXEaScaN2b1zhPVhin5YCcpDQUeSpYwgq2z2o1BHpPpoFL1a/5caBWCAqpQqDmofPVjRTJBpSUcG9ML/NSGOdaWEU6n5X5maIrJGA9pz6HEgpown287RefOiVGitHvSorn7eyLHwpiJiFynwHZklmsz879aL7PJTZgzmWaWSrL4KMk4sgrNTkcx05RYPnGAiWZuV0RGWGNiXUBlF0KwfPIqtC9rgeP7q2r9toijBKdwBhcQwDXU4Q6a0AICj/AMr/DmKe/Fe/c+Fq1rXjFzAn/kff4AiYqPFw==</latexit>

! m

ú!
<latexit sha1_base64="qSo8uHbNAaJiLW7jEKzex6sAC74=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOTJcxOepMhs7PLTK8QQv7CiwdFvPo33vwbJ8keNLFgoKjqYrorTKUw5HnfTmFtfWNzq7hd2tnd2z8oHx41TZJpjg2eyES3Q2ZQCoUNEiSxnWpkcSixFY5uZ37rCbURiXqgcYpBzAZKRIIzstJjt59Ql4ZIrFeueFVvDneV+DmpQI56r/xlwzyLURGXzJiO76UUTJgmwSVOS93MYMr4iA2wY6liMZpgMt946p5Zpe9GibZPkTtXfycmLDZmHId2MmY0NMveTPzP62QUXQcTodKMUPHFR1EmXUrc2fluX2jkJMeWMK6F3dXlQ6YZJ1tSyZbgL5+8SpoXVd/y+8tK7SavowgncArn4MMV1OAO6tAADgqe4RXeHOO8OO/Ox2K04OSZY/gD5/MHvxOQ8w==</latexit><latexit sha1_base64="qSo8uHbNAaJiLW7jEKzex6sAC74=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOTJcxOepMhs7PLTK8QQv7CiwdFvPo33vwbJ8keNLFgoKjqYrorTKUw5HnfTmFtfWNzq7hd2tnd2z8oHx41TZJpjg2eyES3Q2ZQCoUNEiSxnWpkcSixFY5uZ37rCbURiXqgcYpBzAZKRIIzstJjt59Ql4ZIrFeueFVvDneV+DmpQI56r/xlwzyLURGXzJiO76UUTJgmwSVOS93MYMr4iA2wY6liMZpgMt946p5Zpe9GibZPkTtXfycmLDZmHId2MmY0NMveTPzP62QUXQcTodKMUPHFR1EmXUrc2fluX2jkJMeWMK6F3dXlQ6YZJ1tSyZbgL5+8SpoXVd/y+8tK7SavowgncArn4MMV1OAO6tAADgqe4RXeHOO8OO/Ox2K04OSZY/gD5/MHvxOQ8w==</latexit><latexit sha1_base64="qSo8uHbNAaJiLW7jEKzex6sAC74=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOTJcxOepMhs7PLTK8QQv7CiwdFvPo33vwbJ8keNLFgoKjqYrorTKUw5HnfTmFtfWNzq7hd2tnd2z8oHx41TZJpjg2eyES3Q2ZQCoUNEiSxnWpkcSixFY5uZ37rCbURiXqgcYpBzAZKRIIzstJjt59Ql4ZIrFeueFVvDneV+DmpQI56r/xlwzyLURGXzJiO76UUTJgmwSVOS93MYMr4iA2wY6liMZpgMt946p5Zpe9GibZPkTtXfycmLDZmHId2MmY0NMveTPzP62QUXQcTodKMUPHFR1EmXUrc2fluX2jkJMeWMK6F3dXlQ6YZJ1tSyZbgL5+8SpoXVd/y+8tK7SavowgncArn4MMV1OAO6tAADgqe4RXeHOO8OO/Ox2K04OSZY/gD5/MHvxOQ8w==</latexit><latexit sha1_base64="qSo8uHbNAaJiLW7jEKzex6sAC74=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOTJcxOepMhs7PLTK8QQv7CiwdFvPo33vwbJ8keNLFgoKjqYrorTKUw5HnfTmFtfWNzq7hd2tnd2z8oHx41TZJpjg2eyES3Q2ZQCoUNEiSxnWpkcSixFY5uZ37rCbURiXqgcYpBzAZKRIIzstJjt59Ql4ZIrFeueFVvDneV+DmpQI56r/xlwzyLURGXzJiO76UUTJgmwSVOS93MYMr4iA2wY6liMZpgMt946p5Zpe9GibZPkTtXfycmLDZmHId2MmY0NMveTPzP62QUXQcTodKMUPHFR1EmXUrc2fluX2jkJMeWMK6F3dXlQ6YZJ1tSyZbgL5+8SpoXVd/y+8tK7SavowgncArn4MMV1OAO6tAADgqe4RXeHOO8OO/Ox2K04OSZY/gD5/MHvxOQ8w==</latexit> L !

<latexit sha1_base64="EOUwwJ0KBFyDKoPeZ19Y0WjpVno=">AAAB73icbZA9SwNBEIbn4leMX1FLm8MgWIU7EbQM2lhYRDAxkBxhbzNJluztnbtzQjjyJ2wsFLH179j5b9wkV2jiCwsP78ywM2+YSGHI876dwsrq2vpGcbO0tb2zu1feP2iaONUcGzyWsW6FzKAUChskSGIr0ciiUOJDOLqe1h+eUBsRq3saJxhEbKBEX3BG1mrddjs0RGLdcsWrejO5y+DnUIFc9W75q9OLeRqhIi6ZMW3fSyjImCbBJU5KndRgwviIDbBtUbEITZDN9p24J9bpuf1Y26fInbm/JzIWGTOOQtsZMRqaxdrU/K/WTql/GWRCJSmh4vOP+ql0KXanx7s9oZGTHFtgXAu7q8uHTDNONqKSDcFfPHkZmmdV3/LdeaV2lcdRhCM4hlPw4QJqcAN1aAAHCc/wCm/Oo/PivDsf89aCk88cwh85nz/1YI/n</latexit><latexit sha1_base64="EOUwwJ0KBFyDKoPeZ19Y0WjpVno=">AAAB73icbZA9SwNBEIbn4leMX1FLm8MgWIU7EbQM2lhYRDAxkBxhbzNJluztnbtzQjjyJ2wsFLH179j5b9wkV2jiCwsP78ywM2+YSGHI876dwsrq2vpGcbO0tb2zu1feP2iaONUcGzyWsW6FzKAUChskSGIr0ciiUOJDOLqe1h+eUBsRq3saJxhEbKBEX3BG1mrddjs0RGLdcsWrejO5y+DnUIFc9W75q9OLeRqhIi6ZMW3fSyjImCbBJU5KndRgwviIDbBtUbEITZDN9p24J9bpuf1Y26fInbm/JzIWGTOOQtsZMRqaxdrU/K/WTql/GWRCJSmh4vOP+ql0KXanx7s9oZGTHFtgXAu7q8uHTDNONqKSDcFfPHkZmmdV3/LdeaV2lcdRhCM4hlPw4QJqcAN1aAAHCc/wCm/Oo/PivDsf89aCk88cwh85nz/1YI/n</latexit><latexit sha1_base64="EOUwwJ0KBFyDKoPeZ19Y0WjpVno=">AAAB73icbZA9SwNBEIbn4leMX1FLm8MgWIU7EbQM2lhYRDAxkBxhbzNJluztnbtzQjjyJ2wsFLH179j5b9wkV2jiCwsP78ywM2+YSGHI876dwsrq2vpGcbO0tb2zu1feP2iaONUcGzyWsW6FzKAUChskSGIr0ciiUOJDOLqe1h+eUBsRq3saJxhEbKBEX3BG1mrddjs0RGLdcsWrejO5y+DnUIFc9W75q9OLeRqhIi6ZMW3fSyjImCbBJU5KndRgwviIDbBtUbEITZDN9p24J9bpuf1Y26fInbm/JzIWGTOOQtsZMRqaxdrU/K/WTql/GWRCJSmh4vOP+ql0KXanx7s9oZGTHFtgXAu7q8uHTDNONqKSDcFfPHkZmmdV3/LdeaV2lcdRhCM4hlPw4QJqcAN1aAAHCc/wCm/Oo/PivDsf89aCk88cwh85nz/1YI/n</latexit><latexit sha1_base64="EOUwwJ0KBFyDKoPeZ19Y0WjpVno=">AAAB73icbZA9SwNBEIbn4leMX1FLm8MgWIU7EbQM2lhYRDAxkBxhbzNJluztnbtzQjjyJ2wsFLH179j5b9wkV2jiCwsP78ywM2+YSGHI876dwsrq2vpGcbO0tb2zu1feP2iaONUcGzyWsW6FzKAUChskSGIr0ciiUOJDOLqe1h+eUBsRq3saJxhEbKBEX3BG1mrddjs0RGLdcsWrejO5y+DnUIFc9W75q9OLeRqhIi6ZMW3fSyjImCbBJU5KndRgwviIDbBtUbEITZDN9p24J9bpuf1Y26fInbm/JzIWGTOOQtsZMRqaxdrU/K/WTql/GWRCJSmh4vOP+ql0KXanx7s9oZGTHFtgXAu7q8uHTDNONqKSDcFfPHkZmmdV3/LdeaV2lcdRhCM4hlPw4QJqcAN1aAAHCc/wCm/Oo/PivDsf89aCk88cwh85nz/1YI/n</latexit>

M
<latexit sha1_base64="crANvVgGivIiDMWlFPoP+QRYTmE=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OJFaMF+QBvKZjtp1242YXcjlNBf4MWDIl79Sd78N27bHLT1hYWHd2bYmTdIBNfGdb+dwtr6xuZWcbu0s7u3f1A+PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHw7q7efUGkeywczSdCP6FDykDNqrNW475crbtWdi6yCl0MFctX75a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi1KGqH2s/miU3JmnQEJY2WfNGTu/p7IaKT1JApsZ0TNSC/XZuZ/tW5qwms/4zJJDUq2+ChMBTExmV1NBlwhM2JigTLF7a6EjaiizNhsSjYEb/nkVWhdVD3LjctK7SaPowgncArn4MEV1OAO6tAEBgjP8ApvzqPz4rw7H4vWgpPPHMMfOZ8/pQ+M0Q==</latexit><latexit sha1_base64="crANvVgGivIiDMWlFPoP+QRYTmE=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OJFaMF+QBvKZjtp1242YXcjlNBf4MWDIl79Sd78N27bHLT1hYWHd2bYmTdIBNfGdb+dwtr6xuZWcbu0s7u3f1A+PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHw7q7efUGkeywczSdCP6FDykDNqrNW475crbtWdi6yCl0MFctX75a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi1KGqH2s/miU3JmnQEJY2WfNGTu/p7IaKT1JApsZ0TNSC/XZuZ/tW5qwms/4zJJDUq2+ChMBTExmV1NBlwhM2JigTLF7a6EjaiizNhsSjYEb/nkVWhdVD3LjctK7SaPowgncArn4MEV1OAO6tAEBgjP8ApvzqPz4rw7H4vWgpPPHMMfOZ8/pQ+M0Q==</latexit><latexit sha1_base64="crANvVgGivIiDMWlFPoP+QRYTmE=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OJFaMF+QBvKZjtp1242YXcjlNBf4MWDIl79Sd78N27bHLT1hYWHd2bYmTdIBNfGdb+dwtr6xuZWcbu0s7u3f1A+PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHw7q7efUGkeywczSdCP6FDykDNqrNW475crbtWdi6yCl0MFctX75a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi1KGqH2s/miU3JmnQEJY2WfNGTu/p7IaKT1JApsZ0TNSC/XZuZ/tW5qwms/4zJJDUq2+ChMBTExmV1NBlwhM2JigTLF7a6EjaiizNhsSjYEb/nkVWhdVD3LjctK7SaPowgncArn4MEV1OAO6tAEBgjP8ApvzqPz4rw7H4vWgpPPHMMfOZ8/pQ+M0Q==</latexit><latexit sha1_base64="crANvVgGivIiDMWlFPoP+QRYTmE=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OJFaMF+QBvKZjtp1242YXcjlNBf4MWDIl79Sd78N27bHLT1hYWHd2bYmTdIBNfGdb+dwtr6xuZWcbu0s7u3f1A+PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHw7q7efUGkeywczSdCP6FDykDNqrNW475crbtWdi6yCl0MFctX75a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi1KGqH2s/miU3JmnQEJY2WfNGTu/p7IaKT1JApsZ0TNSC/XZuZ/tW5qwms/4zJJDUq2+ChMBTExmV1NBlwhM2JigTLF7a6EjaiizNhsSjYEb/nkVWhdVD3LjctK7SaPowgncArn4MEV1OAO6tAEBgjP8ApvzqPz4rw7H4vWgpPPHMMfOZ8/pQ+M0Q==</latexit>

L (! )
<latexit sha1_base64="5fseA+YeVnH/rNQL3jW7GUZwvw0="></latexit>

v g
<latexit sha1_base64="R45UDm5sKT8ocvzuxfzxai33Img=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRbBVZkRQZdFNy4r2Ae0w5DJZNrQTDIkmUIZ+iduXCji1j9x59+YtrPQ1gMhh3PuJScnyjjTxvO+ncrG5tb2TnW3trd/cHjkHp90tMwVoW0iuVS9CGvKmaBtwwynvUxRnEacdqPx/dzvTqjSTIonM81okOKhYAkj2FgpdN1BJHmsp6m9isksHIZu3Wt4C6B14pekDiVaofs1iCXJUyoM4Vjrvu9lJiiwMoxwOqsNck0zTMZ4SPuWCpxSHRSL5DN0YZUYJVLZIwxaqL83CpzqeTg7mWIz0qveXPzP6+cmuQ0KJrLcUEGWDyU5R0aieQ0oZooSw6eWYKKYzYrICCtMjC2rZkvwV7+8TjpXDd/yx+t6866sowpncA6X4MMNNOEBWtAGAhN4hld4cwrnxXl3PpajFafcOYU/cD5/AEqtlBI=</latexit><latexit sha1_base64="R45UDm5sKT8ocvzuxfzxai33Img=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRbBVZkRQZdFNy4r2Ae0w5DJZNrQTDIkmUIZ+iduXCji1j9x59+YtrPQ1gMhh3PuJScnyjjTxvO+ncrG5tb2TnW3trd/cHjkHp90tMwVoW0iuVS9CGvKmaBtwwynvUxRnEacdqPx/dzvTqjSTIonM81okOKhYAkj2FgpdN1BJHmsp6m9isksHIZu3Wt4C6B14pekDiVaofs1iCXJUyoM4Vjrvu9lJiiwMoxwOqsNck0zTMZ4SPuWCpxSHRSL5DN0YZUYJVLZIwxaqL83CpzqeTg7mWIz0qveXPzP6+cmuQ0KJrLcUEGWDyU5R0aieQ0oZooSw6eWYKKYzYrICCtMjC2rZkvwV7+8TjpXDd/yx+t6866sowpncA6X4MMNNOEBWtAGAhN4hld4cwrnxXl3PpajFafcOYU/cD5/AEqtlBI=</latexit><latexit sha1_base64="R45UDm5sKT8ocvzuxfzxai33Img=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRbBVZkRQZdFNy4r2Ae0w5DJZNrQTDIkmUIZ+iduXCji1j9x59+YtrPQ1gMhh3PuJScnyjjTxvO+ncrG5tb2TnW3trd/cHjkHp90tMwVoW0iuVS9CGvKmaBtwwynvUxRnEacdqPx/dzvTqjSTIonM81okOKhYAkj2FgpdN1BJHmsp6m9isksHIZu3Wt4C6B14pekDiVaofs1iCXJUyoM4Vjrvu9lJiiwMoxwOqsNck0zTMZ4SPuWCpxSHRSL5DN0YZUYJVLZIwxaqL83CpzqeTg7mWIz0qveXPzP6+cmuQ0KJrLcUEGWDyU5R0aieQ0oZooSw6eWYKKYzYrICCtMjC2rZkvwV7+8TjpXDd/yx+t6866sowpncA6X4MMNNOEBWtAGAhN4hld4cwrnxXl3PpajFafcOYU/cD5/AEqtlBI=</latexit><latexit sha1_base64="R45UDm5sKT8ocvzuxfzxai33Img=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRbBVZkRQZdFNy4r2Ae0w5DJZNrQTDIkmUIZ+iduXCji1j9x59+YtrPQ1gMhh3PuJScnyjjTxvO+ncrG5tb2TnW3trd/cHjkHp90tMwVoW0iuVS9CGvKmaBtwwynvUxRnEacdqPx/dzvTqjSTIonM81okOKhYAkj2FgpdN1BJHmsp6m9isksHIZu3Wt4C6B14pekDiVaofs1iCXJUyoM4Vjrvu9lJiiwMoxwOqsNck0zTMZ4SPuWCpxSHRSL5DN0YZUYJVLZIwxaqL83CpzqeTg7mWIz0qveXPzP6+cmuQ0KJrLcUEGWDyU5R0aieQ0oZooSw6eWYKKYzYrICCtMjC2rZkvwV7+8TjpXDd/yx+t6866sowpncA6X4MMNNOEBWtAGAhN4hld4cwrnxXl3PpajFafcOYU/cD5/AEqtlBI=</latexit>
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Figure 6.1: Illustration of the multi-machine multi-converter system considered in this
thesis.

We have studied the problem of designing set-point tracking controllers using re-
duction principles and Lyapunov theory for nonlinear systems, in order t0 avoid the
assumption of time-scale separation. This is important particularly in low-inertia power
grids, where such assumptions can no longer be made or are detrimental to their perfor-
mance. Another important outcome was a characterization of transient dynamics which
are not based on the approach of linearization about an equilibrium but rather from
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Chapter 6. Conclusions and Outlook

ideas coming from output regulation. In detail, we have considered electro-mechanical
systems subject to speci�cations on the two-dimensional plane, and developed:

(i) An amplitude-coupling extension of the Kuramoto model, which complements the
phase coupling in the standard swing equations and yields planar Laplacian �ow;

(ii) An output stabilization viewpoint, in which successive re�nements of the consen-
sus zero-dynamics manifold yield advanced speci�cations and optimality criteria
related to the power network topology;

(iii) Energy functions, coordinate and input transformations which allow us to study
transients of un-actuated components of mechanical systems;

(iv) Two feedback passivation strategies which overcome the dissipation obstacle en-
countered in energy-based stabilization;

(v) A dynamic extension procedure which yields suitable observability and energy
shaping properties for the synchronous machine and for the DC/AC converter.

The centerpiece of this work relies on identifying the relationshp between the state-
space topology (Euclidean vs. non-Euclidean) and the nonlinearity of the conservative
vector �eld structure. Apart from these constructive control primitives, a transverse
feedback passivation problem was posed as a framework for system decomposition. Fig.
6.2 highlights the structural separation between the gradient-�ow (dominant) dynamics,
the linear circuit components and the modulated-energy transformer. One may further
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Figure 6.2: Illustration of the decomposition of the transverse dynamics into the swing-
equation component, the amplitude-coupling component and the electrical transients.

investigate the robustness of this method with respect to parameter uncertainty, mea-
surement and actuation mismatch as well as delays in updating the impedance values
required in the feedback laws, as well as other applications of the ray-circle decomposi-
tion and hierarchical energy shaping ideas developed here. This manuscript represents
a collection of ideas shedding new light on the intersection of control theory, power sys-
tems and power electronics. The author hopes that his work is found stimulating and
enjoyable to read by its audience.

122



APPENDIX A
Notation

A.1 Abbreviations and Symbols

R, R�0, R>0 set of real number, non-negative real numbers, positive real numbers
A = B A is de�ned as being exactly equal to B
A � B A is de�ned as being equal to B+ �, where � is a term which hides the

complexity of the di�erence between A and B, or where �� B
A� B A is de�ned as being at least one order of magnitude smaller than B
A
B each element Aij of A by the product AijB
1n; 1 vector with all entries 1, of dimension n or suggested from the context
gi; ni natural basis vector with 1 as the ith element and zeros elsewhere, of

dimensions 2, respectively 3
(a; b) concatenates the column vectors a and b into a new column vector
rxf the gradient operator de�ned as rxf = @f

@x
> where, if x = (x1; :::; xn)

and f = (f1; :::; fm) are column vectors, then @f
@x =

2

664

@f1
@x1

::: @f1
@xn

:::
@fm
@x1

::: @fm
@xn

3

775

e Euler’s number
�(A) the spectrum of a square matrix A
A � 0 square matrix A is positive de�nite
In, On the identity matrix, respectively, the zero matrix 2 Rn�n

O a matrix with all zero entries, of dimension suggested by the context
blkdiag(�) places the list of arguments block-wise on the diagonal of a zero matrix
diag(�) places the list of scalar arguments on the diagonal of a zero matrix
[�] places the argument element-wise on the diagonal of a zero matrix
vec(�) places the argument indexed as i = 1; :::; n on a vector of length n,

clear from the context
k � k two-norm for a vector, or the induced matrix two-norm of a matrix
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