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Zusammenfassung

Im Rahmen dieser Doktorarbeit wurde erstmals experimentell das kriti-
sche Regime eines gefangenen, schwach wechselwirkenden Bosegases stu-
diert. Charakteristisch für dieses Regime, das in unmittelbarer Nähe um den
Phasenübergang zum Bose-Einstein Kondensat liegt, sind starke Fluktuatio-
nen des Ordnungsparameters. Bei Annäherung an die kritische Temperatur
divergiert die Korrelationslänge dieser Fluktuationen. Um diese Divergenz
zu untersuchen, nutzen wir die Interferenz von Materiewellen und messen
die räumliche Korrelationsfunktion erster Ordnung in Abhängigkeit von der
Temperatur. Zwei Atomstrahlen werden aus unterschiedlichen Regionen ei-
nes Gases von 87Rb Atomen ausgekoppelt und überlagert. Der Kontrast des
resultierenden Interferenzmusters ist ein Maÿ für die Kohärenz der beiden
Regionen. Um den Kontrast mit höchster Emp�ndlichkeit bestimmen zu
können, setzen wir einen Resonator exzellenter Güte im stark koppelnden
Regime ein, mit dem einzelne Atome im Interferenzmuster nachgewiesen
werden können. Wir beobachten die Divergenz der Korrelationslänge und
bestimmen den zugehörigen kritischen Exponenten der Korrelationslänge
zu ν = 0.67± 0.13.

Wir präparieren ein Bosegas in einem Nichtgleichgewichtszustand, um
das Wachstum langreichweitiger Ordnung am Phasenübergang zum Bose-
Einstein Kondensat zu erforschen. Während das Gas thermalisiert und den
Phasenübergang überquert, bestimmen wir Kohärenz und Dichte des Ga-
ses in Echtzeit. Dabei zeigt sich, dass das Wachstum der Kohärenz später
einsetzt und früher endet als das Wachstum der Dichte.

Der Nachweis einzelner Atome in unserem Resonator stellt eine quanten-
mechanische Messung dar, bei der eine Materiewelle auf einen Zustand mit
entweder einem oder keinem Atom im Resonator projiziert wird. Wir ana-
lysieren diesen Detektionsprozess, der auf der starken Kopplung einzelner
Atome an das Lichtfeld des Resonators beruht. Die Transmission eines La-
sers, der resonant mit dem leeren Resonator ist, wird stark reduziert, wenn
bereits ein einzelnes Atom an das Lichtfeld koppelt. Mit dieser Methode
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demonstrieren wir ein Lehrbuchbeispiel des Welle-Teilchen-Dualismus: In
Analogie zum Doppelspaltversuch nach Young lassen wir einzelne Atome
mit sich selbst interferieren und weisen sie dann mit Hilfe des Resonators
nach.

Erstmals führen wir Experimente aus, in denen ein Bose-Einstein Kon-
densat kohärent mit dem Lichtfeld eines Resonators wechselwirkt. Mit Hilfe
eines optischen Transportes können wir mehrere hunderttausend ultrakalte
Atome in den Resonator transferieren, wo die Teilchen dann bis ins quan-
tenentartete Regime gekühlt werden. Die neuartige Kombination von Bose-
Einstein Kondensat und Resonator im stark koppelnden Regime erö�net
ein neues Gebiet der Hohlraum-Quantenelektrodynamik, in dem alle Atome
identisch an das Lichtfeld koppeln. Mit einer Messung des Anregungsspek-
trums charakterisieren wir das System.
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Abstract

The critical regime of the phase transition of Bose-Einstein condensation is
studied for the �rst time in a trapped, weakly interacting Bose gas. In this
regime, �uctuations on all length scales dominate the behavior of the gas,
and the correlation length of these �uctuations diverges as the temperature
approaches the critical temperature. To observe this divergence we apply a
matter-wave interference technique and map out the �rst-order correlation
function of a gas of 87Rb atoms as a function of temperature. We extract two
atomic beams from di�erent regions in the sample and let them overlap. The
visibility of the resulting interference pattern is a measure for the coherence
of the two probed regions. An ultra-high �nesse optical cavity in the strong
coupling regime is used to detect single atoms in the interference pattern and
to measure the visibility with ultimate sensitivity. We observe the diverging
behavior of the correlation length and determine the critical exponent of the
correlation length to be ν = 0.67± 0.13.

We apply the same interference technique to investigate in real-time the
formation of long-range order in a gas crossing the phase transition to Bose-
Einstein condensation, starting from a non-equilibrium situation. We �nd
that the coherence growth starts later and ends earlier than the growth of
the density of the gas. Furthermore we analyze the momentum distribution
of the gas during the phase transition.

The detection of single atoms in our cavity realizes a quantum measure-
ment of the presence of an atom, in which the matter wave is projected to
a state with either one or zero atoms in the resonator. We analyze this de-
tection process, which bases on the strong coupling of a single atom to the
light �eld in the cavity mode. The transmission of a probe beam resonant
with the empty cavity shows a signi�cant drop if an atom couples to the
cavity �eld. We exploit this method to demonstrate a prime example of the
particle-wave duality: In a type of Young's double slit experiment we let
individual atoms interfere with themselves and detect them with our cavity.

For the �rst time, experiments were carried out where a Bose-Einstein
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condensate is coherently interacting with the light �eld of a resonator. Us-
ing an optical transport, we transfer several hundred thousand ultracold
atoms into the cavity where we cool them to quantum degeneracy. A Bose-
Einstein condensate strongly coupled to the light �eld of a resonator opens
a new regime of cavity QED where all atoms identically couple to the cavity
mode. We characterize the system by mapping out its low-excitation energy
spectrum.
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1 Introduction

Daily life teaches us that matter can exist in di�erent phases and that tran-
sitions between those phases may take place if we change a controlling pa-
rameter like pressure or temperature. Raising the temperature can convert
a liquid in a gas, melt a solid or demagnetize a permanent magnet. Be-
sides the four phases solid, liquid, gaseous and plasmatic, the Bose-Einstein
condensate (BEC) is considered as the �fth state of matter. While the
Bose-Einstein condensed phase has been extensively investigated since its
�rst realization in dilute gases in 1995 [1, 2], experimental studies of the
phase transition itself have been scarce [3, 4, 5, 6]. In the research presented
in this thesis, we explore the critical regime of the phase transition to BEC
in dilute gases. This fascinating regime, where the physics is governed solely
by �uctuations, could until now not be accessed experimentally.

Phase transitions occur in many di�erent systems and their study has a
long history [7, 8]. Many phase transitions manifest themselves in an abrupt
change of a speci�c physical property like for example the density. In other
cases the transition from one phase to another may be smooth. Examples
for these smooth�continuous or second order�phase transitions are liquids
crossing the critical point to the gas phase, the ferromagnetic-paramagnetic
phase transition of a magnet or the phase transition to BEC. Second order
phase transitions are accompanied by a number of typical anomalies around
the critical point: physical quantities like the heat capacity or the correlation
length grow without limit when the system approaches the critical point.
These divergences�called critical phenomena�have their origin in large
scale �uctuations appearing in the system near the critical point.

The �rst observation of a critical phenomenon was made in a vessel �lled
with carbon dioxide [9]. At boiling temperature but away from the critical
point, which is de�ned by a certain pressure and temperature, a liquid and a
gaseous phase are visible. The distinction between liquid and gas disappears
right at the critical point, and the whole boiling phenomenon vanishes. The
density di�erence between the two phases goes to zero: Instead of show-
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1. INTRODUCTION

ing two separate phases the liquid-gas mixture turns opaque. This critical
opalescence is caused by bubbles of gas and droplets of liquid which inter-
mix at all sizes from atomic length scales up to visible size�the system
is governed by density �uctuations on all length scales. The bubbles and
droplets of micron size cause strong scattering of light, making the mixture
look opaque.

Critical phenomena are di�erent from most other phenomena in physics in
that �uctuations on widely di�erent length scales are governing the behavior
of a system. In normal situations there is a typical length scale on which
the physical processes take place, like the lattice spacing in a crystal or the
size of an atom or of a nucleus. At the critical point, however, all length
scales from the atomic scale up to the size of the system play an important
role. The vanishing of a typical length scale implies that the details of the
microscopic physics become irrelevant at the critical point. The behavior is
then only dependent on the symmetry properties of the system. This makes
critical phenomena remarkably universal: many di�erent and completely
unrelated systems like liquids, ferromagnets or super�uids show the same
critical behavior.

A prime example in the description of critical phenomena is the Ising
model which consists of spins on a lattice, pointing either up or down [8].
In the ferromagnetic case there is an interaction between neighboring spins
which minimizes the energy if two spins are aligned parallel. At zero temper-
ature all spins will point into the same direction, either up or down and the
system has minimum energy. This changes at �nite temperature where the
system explores higher energy states�the spins start to �uctuate and the
interaction between them leads to a correlation of these �uctuations. At the
critical temperature Tc these �uctuations are not only correlated over a small
distance but over in�nite distances: A single spin �ip on one end of the sys-
tem is correlated to a spin �ip at the other end. This is a remarkable result
in view of the fact that the model only takes interactions between neighbor-
ing spins into account. At the critical temperature Tc�which is determined
by the strength of the interaction�the system undergoes a phase transition:
below Tc the majority of the spins points in one direction, whereas above Tc

there is no preferred direction of the spins.
Intuitively one expects that correlations C(r) between di�erent parts of

a system decay exponentially with distance r. Far away from the critical
point, the characteristic behavior of correlations can then be described by
C(r) = e−r/ξ, where ξ is the correlation length, the length scale above which
the correlation function practically vanishes. For a gas, this length scale is
given by the thermal de Broglie wave length.
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When the temperature T approaches the critical temperature Tc, the
correlation length shows critical behavior: it diverges according to ξ ∝
|T−Tc

Tc
|−ν , where ν is termed critical exponent [8, 10]. Exactly at the critical

point the shape of the correlation function has changed drastically. The fast
exponential decay has become a long-range power law decay C(r) = r−η,
with the critical exponent η. Correlations decaying with a power-law indi-
cate that the system is self-similar or scale-free, because there is no charac-
teristic length scale associated with such a power-law.

The theoretical description of critical phenomena posed one of the most
challenging open questions in physics during the last century. In 1937,
the Soviet physicist Landau presented a general theory of phase transi-
tions which could qualitatively describe critical phenomena [11]. However,
some years later Onsager managed to exactly calculate the thermodynamic
properties of the two-dimensional Ising model [12]. Surprisingly his results
showed that Landau's theory failed to predict the behavior near the criti-
cal point. This �nding sparked the extensive theoretical and experimental
investigation of second order phase transitions. A theory describing criti-
cal phenomena has to include �uctuations on all length scales which makes
a frontal attack of this problem to appear hopeless. Yet, in 1971 Wilson
solved the problem in an ingenious way, applying renormalization group
theory [13]. This theory divides the problem into consecutive simpler prob-
lems which are solvable. The tools furnished by Wilson's theory allow to
completely describe critical phenomena and provide a method to numeri-
cally compute quantities like critical exponents. However, the application
of these conceptually brilliant methods turned out to be very challenging
[10, 14], and the analysis of many interesting systems is currently subject of
intense research.

To verify the theoretical �ndings, the comparison with more and more
accurate experiments is required. Huge e�orts have been made to precisely
measure critical exponents, including experiments in space to minimize the
in�uence of gravity [15]. However, to gain a more detailed understand-
ing of both classical and quantum phase transitions [16], new experimental
tools are highly desirable. In this respect, ultracold atomic gases seem to
be particularly promising candidates. They can be used to prepare several
model systems with virtually no defects, thereby simulating the physics of
highly complicated situations of condensed matter [17]. They o�er precisely
controllable interactions and provide access to otherwise unaccessible prop-
erties.

In the scope of this thesis experiments were carried out observing the
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1. INTRODUCTION

critical behavior of a dilute, trapped and weakly interacting Bose gas at the
phase transition of Bose-Einstein condensation. In a Bose-Einstein conden-
sate a macroscopic number of particles occupy the same quantum state of the
system, usually its ground state [18]. Such a system will show o�-diagonal
long-range order [19], meaning that the �rst-order correlation function has a
�nite value for distances as large as the system size. In our experiments we
directly observe how the correlations of the �uctuations grow from micro-
scopic to macroscopic dimensions as the phase transition of Bose-Einstein
condensation is approached. We map out the �rst-order correlation func-
tion and observe the change of the exponential decay of the correlations to
a power-law decay. From this data we determine the correlation length ξ as
a function of temperature. We observe how the correlation length diverges
when the critical point is approached and determine its critical exponent ν.
In order to observe critical behavior of an ultracold gas, big experimental
challenges have to be tackled: especially demanding is the precise control of
the temperature of the gas and to �nd a measurement method which is only
minimally invasive.

To be able to directly measure the correlations between two regions of
the trapped gas we apply a special matter wave interference technique. We
output couple atomic matter waves locally from two regions and let the two
propagating waves overlap and interfere [20]. The visibility of the resulting
interference pattern is a measure for the degree of correlations between the
two regions. A precise detection of the modulated atomic �ux is necessary to
measure the visibility with high sensitivity. We achieve ultimate sensitivity
employing an ultra-high �nesse optical cavity in the strong coupling regime
to detect single atoms [21] in the interference pattern. Because we are sen-
sitive to single atoms, only a very low �ux is needed and the disturbance of
the trapped sample is negligible.

This novel method combining ultracold quantum gases and cavity quan-
tum electrodynamics provides a new experimental tool to advance the un-
derstanding of both classical and quantum phase transitions. It allows direct
and time-resolved measurements of correlations in trapped gases with high
precision. Even the dynamics of a phase transition can be investigated.
Applying this measurement to bosons in an optical lattice the study of the
quantum phase transition from a super�uid to an insulating phase [22] can
be envisioned.
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Outline of the thesis:

� Chapter 2 gives the theoretical background for critical phenomena.
Furthermore, the theory of cavity QED is presented.

� In Chapter 3 the experimental apparatus used for all experiments pre-
sented here is introduced.

� The observation of critical behavior of a Bose gas at the phase tran-
sition to Bose-Einstein condensation is reported in Chapter 4. We
directly measure the correlation function of the gas and determine the
critical exponent of the correlation length.

� In Chapter 5 we present experiments on the time-resolved measure-
ment of the coherence growth during Bose-Einstein condensation. We
investigate the dynamics of the phase transition, starting from a non-
equilibrium situation.

� A modi�ed version of Young's double slit experiment carried out with
single, interfering ultracold atoms is presented in Chapter 6. The
cavity QED measurement process of the presence of a single atom in
the cavity is analyzed.

� In Chapter 7 we report on the transport of ultracold atoms into the
cavity and on the strong collective coupling of a BEC to the cavity
mode.
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2 Theoretical Framework

In this chapter we present a brief introduction to the main theoretical con-
cepts used in this thesis: the theory of critical phenomena and of cavity
quantum electrodynamics. The aim is to review theoretical aspects, which
will be of importance for the understanding of the experiments we report.
To follow the presented discussions on Bose-Einstein condensates and on
the �rst-order correlation function, knowledge of the concept of o�-diagonal
long-range order (ODRLO) is required. We add a compact overview on
ODLRO and on the basic properties of Bose-Einstein condensates in Ap-
pendix A. For more detailed information the reader is referred to standard
textbook literature and to the review articles cited.
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2. THEORETICAL FRAMEWORK

2.1 Critical Phenomena

Life without the endless movement [...] from one phase to another would be
a sorry thing (J. J. Binney in [23])

This theoretical section gives an overview of the huge research �eld of
phase transitions and critical phenomena, which has a long standing tradi-
tion starting two centuries ago. There has been a whole set of approaches
trying to tackle the challenges of a correct description of critical phenomena.
After a summary of the historical development, we describe the main de�ni-
tions and ideas of these di�erent approaches. For more detailed explanations
we refer to textbooks [8, 23, 10, 7, 24, 25] and review articles [26, 27, 28].

Phase Transitions

Phase transitions are traditionally divided into �rst-order and second-order
transitions [23]. First-order phase transitions involve latent heat: as the
material is cooled through an in�nitesimally small temperature range around
the phase transition, a �nite amount of heat, the latent heat, is released.
The appearance of latent heat re�ects a radical reordering of the material
during the phase transition. The paradigm of a �rst-order phase transition
is the freezing of water to ice, where right at the phase transition the solid
and the liquid phases of water coexist. An amount of 334 kJ/kg of latent
heat has to be released to transform the water into ice.

In contrast, the behavior of a ferromagnet is a prime example for a second-
order phase transition. Below a certain critical temperature Tc, the magne-
tization has a �nite value M. With increasing temperature of the magnet,
this magnetization decreases due to thermal �uctuations of the spins. At
Tc it approaches zero with in�nite slope, and for T > Tc the material be-
haves as a paramagnet. In contrast to the above example of water, there
is no coexistence of the ferromagnetic and paramagnetic phase, but the two
phases become indistinguishable at Tc. Consequently, there is no latent
heat involved in this phase transition. This is a main feature of a second-
order (also named continuous) phase transition: the properties of the system
change continuously, but some of their rates (here the slope of M) show a
discontinuous behavior. Singular behavior like this is an example of a �crit-
ical phenomenon�.

Both examples described above occur at a �nite temperature, and in both
examples the ordered phase is destroyed by thermal �uctuations. Phase
transitions can also occur at zero temperature, and lots of attention has
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2.1. CRITICAL PHENOMENA

focused on it in the last years. These so-called quantum phase transitions
[16] are not triggered by thermal, but by quantum �uctuations, when a
non-thermal parameter like pressure or magnetic �eld is changed. A fa-
mous example of an experimentally observed quantum phase transition is
the super�uid to Mott insulator transition [22].

Historical Overview

One of the �rst experiments on critical behavior at a phase transitions was
carried out in 1869 by Andrews [9], who studied the liquid-vapor critical
point in carbon dioxide and observed the phenomenon of critical opales-
cence. When reaching the critical point, the �uid becomes milky because
the density �uctuations reach the size of the wavelength of the light. Mo-
tivated by this experiment, van der Waals started to develop his theory of
phase transitions. Systematic studies of the ordering in magnets followed,
and a �rst kind of mean �eld theory � the molecular �eld theory by Weiss
[29] � was developed. In the following years a wide variety of phase transi-
tions was discovered, ranging from structural phase transitions to super�uid
and superconducting phase transitions. The phase transitions were classi�ed
into �rst- and second-order phase transitions, with the �rst involving latent
heat but the second not.

In 1937 Landau realized that all second-order phase transitions have in
common that, at the transition point, the degree of symmetry of the sys-
tem changes. Symmetry is a qualitative property, which can only appear
abruptly. That is why at a second-order phase transition a certain symmetry
is said to be broken. To describe this behavior of the system, Landau in-
troduced the concept of an order parameter Φ. The thermal average of this
parameter is zero in the non-ordered state (temperature above the critical
temperature) and takes a �nite value below the critical temperature (in the
ordered phase). There is no general scheme for the de�nition of an order
parameter, it has to be chosen for every new physical system.

In Landau theory the free energy is expanded in powers of the order pa-
rameter. This is a very general approach, because this expansion does not
depend on the forces acting in the system. Landau theory proved to be very
successful in the qualitative description of phase transitions. It predicts a
set of critical exponents, which describe the behavior of some important
physical quantities near the critical point, for example the behavior of the
heat capacity, the susceptibility, the order parameter itself, or the correla-
tion length. Those critical exponents are universal numbers and should thus
� following Landau theory � be identical for every kind of phase transition.
However, Onsager managed in 1944 [12] to compute exactly the partition
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2. THEORETICAL FRAMEWORK

function and thermodynamic properties of the two dimensional Ising model.
His �ndings, in particular the critical exponents, disagreed with the pre-
dictions from Landau theory. In addition, experiments showed that not
all systems have the same critical exponents, but that there are classes of
systems with the same exponents.

An extension of Landau theory was later given by the Landau-Ginzburg
theory, which includes a spatially varying order parameter and thus �uc-
tuations. When the temperature approaches the critical point, �uctuations
start to dominate the system and Landau theory breaks down. The Landau-
Ginzburg theory allows for an estimate of the temperature region in which
�uctuations are not dominating and Landau theory is correct. However, the
description of systems in the critical region, where �uctuations dominate,
remained patchy.

From this challenge the ideas of non-trivial critical exponents, universality
classes and of scaling relations between the critical exponents grew. In 1971
Wilson presented his renormalization group ideas, which revolutionized the
understanding of phase transitions [13]. This theoretical framework, based
on the Landau-Ginzburg theory, made the calculation of the critical expo-
nents and other properties feasible and supports the picture of universality
classes: The symmetry of the system and the number of components of the
order parameter de�ne the behavior of a system at a phase transition.

2.1.1 Phase Transitions and Critical Exponents

In the following discussion we will focus on the critical phenomena associated
with second-order (continuous) phase transitions.

Order Parameter

A system undergoing a continuous phase transition from the high-temperature
side to the low-temperature side will reduce its symmetry. For example, a
ferromagnet below its critical temperature shows spontaneous magnetization
into a certain direction, thereby destroying rotational invariance. Because of
this reduction in symmetry, an extra parameter is needed for the description
of the thermodynamics below Tc, and one introduces the order parameter
Φ. The order parameter is a certain thermodynamic quantity of a system;
its thermal average vanishes on one side of the phase transition, and has a
non-zero value on the other side. It is a quantity which can �uctuate both
in space and in time, so we can write Φ(x, t).

In the above example of the ferromagnet one chooses the magnetization
vector M as an order parameter, whereas for a Bose-Einstein condensate the
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2.1. CRITICAL PHENOMENA

wave function ψ is the order parameter (see Appendix A.2). The temper-
ature dependence of the order parameter for the Bose-Einstein condensate
can be seen in Figure A.2 in the Appendix. The choice of the order param-
eter is not at all obvious, but has to be made afresh for every new system.
The n-dimensional order parameter can be a scalar (like the density for the
liquid-gas transition), a vector as in the above examples or a tensor. The
higher the dimensionality of the order parameter is, the more complex the
phase diagram will be.

Critical Exponents

Although no latent heat is involved in second-order phase transitions, this
does not mean that the heat capacity is a smooth function of temperature.
In fact it shows in many cases a divergence according to ∼ |T−Tc

Tc
|−α, where

α is a so-called critical exponent. This kind of non-analytic dependence is
a crucial property of continuous phase transitions. It is not limited to the
behavior of the speci�c heat, but there are many other quantities which show
a singular behavior around the critical temperature, like the susceptibility,
the compressibility, the equation of states, the order parameter itself or the
correlation length. Each of these properties shows a divergence at the critical
temperature of the form

∼ |T − Tc

Tc
|−c . (2.1)

The critical exponents c are typically labeled by Greek letters (α for heat
capacity, β for order parameter, γ for compressibility, δ for equation of
states ...). For a convenient description of these phenomena we introduce
the reduced temperature

t =
T − Tc

Tc
=

T

Tc
− 1 . (2.2)

The above de�nition (Equation 2.1) refers only to the singular part of the
interesting quantity, which is symbolized with �∼�. It can happen, that a
critical exponent is zero, so there is no singularity. For example, α = 0 tells
us that there is no singularity in the heat capacity, which nevertheless can
have a �nite discontinuity at t = 0.

Two further important critical exponents concern the behavior of the cor-
relation function near Tc. As we will discuss in more detail in (2.1.3), the
�rst-order correlation function (see Equation A.9 in the Appendix) behaves
for large r in the proximity of the critical temperature like

g(1)(r) → e−r/ξ

rp
. (2.3)

11
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Figure 2.1: Divergence of the correlation length ξ = |t|−ν as a function
of reduced temperature t = (T−Tc)/Tc for di�erent values of the critical
exponent ν. The smaller the exponent is, the sharper is the divergence.
Shown are values of ν=(0.2, 0.5, 0.67, 1).

Here we introduced the correlation length ξ, which is the typical length scale
over which the �uctuations of the order parameter are correlated (see 2.1.3).
The exponent p = d−2+η in the denominator depends on the dimensionality
d of the system and on the critical exponent η. The correlation length ξ

diverges, when T approaches Tc according to

ξ ∼ |t|−ν , (2.4)

where ν is the critical exponent for the correlation length. Figure 2.1 shows
the divergence of ξ in proximity of Tc for di�erent values of the critical
exponent ν. Combining (2.3) and (2.4) it becomes clear that right at the
critical temperature ξ →∞ and the nominator in (2.3) becomes unity. The
�rst-order correlation function g(1)(r) will thus show for large r a power-law
decay at T = Tc,

g(1)(r) → 1

rp
. (2.5)

It is worth noting why critical exponents have proven to be very helpful
in the description of phase transitions [25]. It would of course be preferable
to obtain a complete functional form for the behavior of a quantity as the
speci�c heat or the correlation length, instead of only a number describing
the singular part. However, near the critical point, the singular part is the
dominating one.

12
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Another, more important, reason for focusing on critical exponents is that
they are universal, which means that they are not only valid for a speci�c
system, but for a whole set of physical systems that can be grouped in
universality classes. In addition, the critical exponents are not independent
from each other, but there exists a number of scaling relations between them,
arising from statistical and thermodynamical considerations.

Universality Classes

It turns out that the microscopic properties of a system are irrelevant when
critical phenomena are considered. According to the universality hypothesis
of Gri�ths [30], physical systems fall into �universality classes� depending
on the dimensionality d of the system, the dimensionality n of the order
parameter and the range of interactions.

Concerning the range of interactions, one distinguishes between the case
of short-ranged interactions and long-ranged interactions [31]. Short-ranged
interactions are here de�ned by a decay of the potential as a function of
distance between the particles which is faster than r−(d+2). In this case,
which we are focusing on in the following, the behavior is universal. For
long-ranged interactions the shape of the potential has to be taken into
account.

Each system can be assigned to a universality class characterized by the
pair (d, n). Experimental results as well as renormalization group theory
suggests that all systems in the same universality class have the same critical
exponents. This implies that such di�erent systems as a super�uid and an
anisotropic ferromagnet belong to the same universality class (d = 3, n = 2)
and show the same critical behavior at Tc. Figure 2.2 gives an overview of
universality classes in the (d, n) plane.

Scaling Hypothesis

The presented critical exponents are not independent of each other, but can
be related by scaling relations. Scaling means that the value of a quan-
tity with dimension is expressed in units of a certain length scale. When
this length standard is changed, the value will change accordingly. Thus, a
dimensionless quantity will be invariant under this scaling.

The scaling hypothesis [32] states that in the proximity of a critical point
the only characteristic length scale of a system is its correlation length ξ.
Consequently ξ sets the length standard with which all other quantities with
dimension are measured. Right at the critical temperature, the correlation
length ξ diverges, which leads to the conclusion that the system has no
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model n
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Kosterlitz-Thouless
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Onsager 1928

Figure 2.2: Overview of the universality classes, tabulated according
to the dimensionality d of the system and the dimensionality n of the
order parameter, together with the common model name. Some impor-
tant phase transitions and the analytical solution of the Ising model by
Onsager are shown. The grey box marks the boundary out of which
the critical behavior of the systems is exactly known. Unfortunately the
interesting physical systems lie inside the box. However, a calculation
is possible by expanding the known solution in ε = 4− d or in 1/n.

characteristic length and is therefore invariant under scale transformations.
The system is said to be scale invariant.

Scale invariant systems are also self-similar, which means that at any
magni�cation there is a smaller piece of the system that is similar to the
whole. This can be expressed mathematically by homogeneous functions, to
which the correlation function at Tc, g(1)(r) = 1/rp belongs, where p is the
Hausdor� dimension. The self-similarity can be seen by increasing (scaling)
the unit of length by a factor a, which transforms the correlation function
as

g(1)(r/a) = apg(1)(r) . (2.6)

If the correlation function had contained an exponential factor (like in (2.3))
it would of course not show this scale invariant behavior. At the critical
temperature the scale invariance of the correlation function accounts for a
scale invariance of the �uctuations: �uctuations take place on all length
scales!

Under the assumption of scale invariance it is easy to derive the scaling
equations by making a dimensional analysis and expressing all length scales
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by ξ ∼ |t|−ν [8, 24]:

2− α = νd

α + 2β + γ = 2

γ = ν(2− η)

γ = β(δ − 1)

(2.7)

These scaling laws are simple algebraic relations between the di�erent critical
exponents. They were initially based on the scaling hypothesis, but could
later be proven on the basis of renormalization group theory.

Critical Slowing Down and Finite Size

In the above discussion of critical phenomena we considered systems in the
thermodynamic limes and in equilibrium. However, experimentally and in
numerical simulations both conditions can not be met perfectly, and this
section accounts brie�y for this situation.

A sharp phase transition can in general only exist in an in�nite system.
The �nite size of a realistic system will lead to a shifting and a rounding of
the critical singularities. Especially the correlation length, which diverges to
in�nity in the thermodynamic limes has a natural upper bound set by the
size of the system. Finite-size e�ects can therefore be expected to become
important in a temperature range, when the correlation length is on the
order of the system size [33, 34, 35, 36].

The fact that, for an in�nite system, the correlation length diverges to in-
�nity and that a phase transition takes place in �nite time reveals a causality
problem. The growth of ξ →∞ in a �nite time would mean that the growth
has to be faster than the speed of light. Instead, the growth is expected to
be cut o� at a certain ξ, and the �uctuations will be �frozen out� [37, 38, 39].
This so-called Kibble-Zurek e�ect will be more pronounced when the sys-
tem is quenched more rapidly across the phase transition. The timescale on
which the system relaxes into equilibrium diverges, which leads to the phe-
nomenon of critical slowing down. To evaluate whether a system is in the
regime of critical slowing down or not, one has to compare the quench time
(the time during which the system is forced across the critical point) with
the correlation time. This correlation time can be estimated by dividing the
correlation length by the characteristic velocity (typically speed of sound)
with which �uctuations propagate [38].
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2.1.2 Theoretical Approaches

Landau Theory

Landau theory can be understood as a uni�cation of earlier mean-�eld theo-
ries such as the van der Waals theory or Weiss' molecular �eld theory. It is a
phenomenological approach, avoiding the underlying microscopic structure
and dealing only with macroscopic quantities. Landau theory is meant to
describe a system in proximity of the critical point only, where the order
parameter Φ is small.

This theory is based on the assumption that the free energy F of the
system can be expanded in powers of the order parameter Φ. We can write
the Landau expansion of the free energy for a system at temperature T and
in an external �eld h (which is always zero for a Bose-Einstein condensate)
as

F(T, Φ, h) = F0 − hΦ +
1

2
a(T )Φ2 +

1

4
b(T )Φ4 + ... (2.8)

Except of the term with the external �eld h, the expansion includes only
even powers of Φ, which corresponds to the case of a second-order phase
transition. To �nd an equilibrium situation, the free energy has to show a
minimum with respect to Φ:

∂F(T, Φ)

∂Φ
= 0 ,

∂2F(T, Φ)

∂Φ2
> 0 . (2.9)

If a(T ), b(T ) > 0 and h = 0, the only minimum is Φ0 = 0, corresponding
to a situation where the system is in the non-ordered phase. The situation
changes for the case where a(T ) < 0 and b(T ) > 0, where we �nd the
non-trivial solution

Φ2
0 = −a(T )/b(T ) . (2.10)

In Landau theory the expansion coe�cients a(T ), b(T ) are in turn them-
selves expanded in the reduced temperature t (2.2), where to lowest order
a(T ) = α0t and b is considered constant in the vicinity of Tc. Now the
solution (2.10) can be written as

Φ0 = ±
(
−α0t

b

)1/2

, for t < 0 . (2.11)

With the last equation the critical exponent for the order parameter has
been found: β = 1/2. From similar arguments all critical exponents can be
determined [24]. They are listed in the lowest row in Table 2.1. The other
values in this table are results from more re�ned theories discussed later.

Equation (2.11) gives two solutions for the minima of the free energy of
the system. In the absence of an external �eld h, it is not clear in which
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n d α β γ δ ν η

Ising 2D 1 2 0 1/8 7/4 15 1 1/4

Ising 3D 1 3 0.110(1) 0.3265(3) 1.2372(5) 4.789(2) 0.6301(4) 0.0364(5)

-0.025 1.27 0.65 0.026
XY 2 3 · · · · · · · · · · · ·

+0.05 1.371 0.700 0.07

0.3535 1.270 4.68 0.642 0.030

Heisenberg 3 3 · · · · · · · · · · · · · · ·

0.388 1.465 4.85 0.747 0.06

Landau - 4 0 1/2 1 3 1/2 0

Table 2.1: Theoretical values for the critical exponents (following [40]).
All data except the two dimensional Ising model (solved by Onsager [12])
and the classical values from Landau theory are extracted from [41].

minimum the system will evolve. The situation is illustrated for the case of
a one-dimensional (n = 1) (Figure 2.3 a) and of a two-dimensional (n = 2)
(Figure 2.3 b) order parameter in Figure 2.3. For n = 1 the system has two
equivalent free energy minima and is thus twofold degenerate, whereas for
n > 1 the system shows a continuous degeneracy. A system undergoing a
phase transition will be driven by �uctuations into one of the minima�the
symmetry is spontaneously broken. Comparing the behavior of the order
parameter (see Figure A.2 in the Appendix) to that of the free energy (see
Figure 2.3) around the critical temperature, it becomes clear why second-
order phase transitions are very sensitive to �uctuations: Around the critical
temperature, the minimum of the free energy changes only weakly with T ,
while the order parameter Φ changes rapidly, and thus �uctuations which
involve a large change in Φ require only a small change of free energy.

Landau theory is a mean-�eld theory, assuming a uniform order parame-
ter and neglecting the �uctuations of the order parameter around its average
value. Even though Landau theory provides a good understanding of phase
transitions and symmetry breaking, this must lead to quantitatively wrong
predictions. The in�uence of the �uctuations on the behavior at a phase
transition was found to depend on dimensionality. Fluctuation have a de-
creasing e�ect with increasing dimensionality of both the system, d, and the
order parameter, n. In fact, one can de�ne a lower critical dimension d−

and an upper critical dimension d+. For dimensions d ≥ d+, the �uctuations
can be neglected, and the behavior is correctly predicted by Landau theory.
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Figure 2.3: Dependence of the free energy F on the value of the order
parameter Φ. (a) shows the situation for a one-dimensional (n = 1)
order parameter for three di�erent temperatures. Above Tc, the free
energy has only one minimum, which becomes very broad for T = Tc.
For temperatures below Tc there is a two-fold degeneracy and the system
is driven by �uctuations into one realization. (b) shows the situation
T < Tc for a two-dimensional (n = 2) order parameter, where the
degeneracy is continuous.

In contrast, for d ≤ d− the �uctuations are so strong that they completely
destroy the ordered phase, thereby inhibiting the phase transition. If the di-
mensionality of the system is between the critical dimensions, d− < d < d+,
a phase transition will occur, but the behavior is di�erent from Landau the-
ory. The values for the critical dimensions depend on the universality class.
For the XY-universality class (n = 2), to which Bose-Einstein condensation
belongs, the lower critical dimension is d− = 2, whereas the upper critical
dimension is d+ = 4.

Landau-Ginzburg Theory

Landau theory does not take any �uctuations into account. The in�uence of
�uctuations is included by Landau-Ginzburg theory which is an extension
of Landau theory. Landau-Ginzburg theory contains a �uctuating �eld in
form of a spatially varying order parameter Φ(r). The theory bases on the
Landau-Ginzburg free energy functional FLG which is a generalization of
the Landau free energy (2.8). Due to the spatial dependence of Φ(r), also
derivatives of the order parameter have to be included in the expansion.
For an isotropic system, there is no term linear in ∇Φ(r), because it would
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depend on the direction of the change in Φ(r). Thus the simplest possible
term is quadratic in ∇Φ(r) and the Landau-Ginzburg free energy functional
is given by

FLG(Φ(r)) =

∫
F0 − hΦ(r) +

1

2
α0tΦ(r)2 +

1

4
b(T )Φ(r)4 + c (∇Φ(r))2 dr .

(2.12)
The Landau-Ginzburg free energy functional is often also called Φ4-model.
Although this model describes a phase transition in principle very well, it
turns out that calculations are highly complicated [14] because higher orders
have to be included in the functional (2.12) when T approaches Tc. Knowing
that Landau-Ginzburg theory is correct for systems with dimensions higher
than the upper critical dimension d+, one introduces a continuous dimen-
sionality d and tries to expand the energy functional for dimensions smaller,
but close to the critical dimension. This approach is called ε-expansion,
where ε = d+ − d is the deviation from the upper critical dimension. This
method can surprisingly be extended to lower dimensions, even if ε then is
not a small parameter any more. Similar to the ε-expansion one can apply
a 1/n-expansion according to the dimensionality of the order parameter n.
Landau theory is correct for n = ∞, that is why an expansion in 1/n was
shown to be successful. The ε- and the 1/n-expansion are used to reliably
calculate critical exponents for the physically interesting dimensions.

Critical Region

To estimate the importance of �uctuations it is useful to compare the magni-
tude of the �uctuations with the mean value of the order parameter. Landau
theory is correct as long as the �uctuations in the system are much smaller
than the mean value of the order parameter. The amplitude of the �uctua-
tions increases when the temperature approaches the transition temperature.
One can de�ne a temperature region around the critical temperature, the
so-called critical region, in which the �uctuations dominate and thus Landau
theory breaks down. The size of this region is determined by the Ginzburg
criterion [42, 43, 11]

b2T 2
c

α4−d
0 cd

¿ |t| ¿ 1 , (2.13)

where α0, b and c are the expansion coe�cients from (2.12) and d is the
dimensionality. This means that Landau theory is only applicable in a tem-
perature range which is su�ciently close to Tc, but not so close that �uctua-
tions are dominating. On the other hand, this criterion also determines how
close to Tc the temperature has to be in order to experimentally observe the
e�ects of �uctuations and thus beyond mean-�eld behavior.
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The actual calculation of the critical region is not trivial, because it de-
pends on the microscopic details of the system. The size of the critical
region is thus not universal [44]. For a conventional superconductor it can
be small (10−14), whereas for a high-Tc superconductor the critical region is
10−2. For the case of Bose-Einstein condensation in dilute gases, the critical
region has been estimated [45] in terms of the correlation length to be

ξ ≥ λ2
dB√

128π2a
(2.14)

with the scattering length a, which yields for our experiment ξ ≥ 0.36 µm.
From this one can �nd via ξ ∼ |t|−ν the temperature range of the critical
region to be on the order of 10−2. Recent more advanced calculations [46]
for our parameters showed that the size of the critical region is given by
t < 0.08.

Renormalization Group Theory

In the following we want to illustrate the basic ideas of renormalization
group theory. The application of this theory was a breakthrough in the
description of phase transitions, and has proven to be very successful. A
detailed discussion of this theory would go far beyond the scope of this thesis,
and can be found in review articles [26, 28, 47] and textbooks [10, 44].

All renormalization group theories have in common that parameters which
de�ne the problem are reexpressed (transformed) in terms of some other pa-
rameters, thereby leaving the physical aspects of interest unchanged. From
the behavior of these parameters under repeated transformations one can
deduce the phase diagram and the critical properties of the system. Also
the scaling laws, initially based on the scaling hypotheses, are found in a
natural way.

A good starting point of this discussion is the Kadano�-cell transformation
[48]. For simplicity we consider the two-dimensional Ising model (n = 1,
d = 2), consisting of spins on a lattice with spacing a, which can either point
upwards or downwards. One can now apply a coarse-graining transformation
(or renormalization) Rl, by replacing the spins within a block of size (la×la)
with a single block spin, which thereby contains l2 spins. The direction of the
block spin is given by the direction in which the majority of the contained
spins point (see Figure 2.4).

The correlation length ξl = Rl(ξi) of the system, measured in units of the
spacing l ·a of the block spins, will now be smaller than the initial correlation
length ξi, measured in units of the spacing a between the spins, because the
physical value of the correlation length stays of course unchanged.
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a

l   a

Figure 2.4: Block spin transformation. Spins on a lattice with spacing
a are merged to blocks with length l · a.

One can also de�ne a HamiltonianHl for the coarse-grained system, which
is identical to the Hamiltonian of the initial system, except of the new spac-
ing between the spins. As the correlation length ξ becomes smaller under the
transformation, the Hamiltonian Hl is further away from criticality than the
initial HamiltonianHi. The Hamiltonian of the system is said to have moved
in the space of Hamiltonians�it �ows under repeated transformations.

To be more concrete we consider the Hamiltonian to be a sum of terms
describing the coupling between nearest neighbors with coupling constant
K1, next nearest neighbors (nnn) with coupling constant K2 and so forth,
where the coupling constants are temperature dependent

H = K1

∑

〈i,j〉
SiSj + K2

∑
i,j=nnn

SiSj + . . . (2.15)

Under the transformation Rl, the Hamiltonian Hl will be of the same form
as the initial Hamiltonian Hi. However, the set {K} of coupling constants
de�ning the initial Hamiltonian Hi will change under the transformation
to a new set {K′}. For example, for a system initially without next near-
est neighbor coupling, the coupling constant K2 can become non-zero after
transformation. Under repeated transformations this set of parameters is
evolving in a speci�c way, which can be visualized in a �ow diagram in
coupling constants space.

Figure 2.5 shows a �ow diagram for an Ising system with coupling con-
stants K1 and K2. The arrows show the direction of the �ows under succes-
sive renormalization group transformations.
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K
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Figure 2.5: Flow diagram for an Ising system with nearest neighbor
coupling constant K1 and next nearest neighbor coupling constant K2.
The Hamiltonian of the system is evolving in the K1 −K2-plane under
successive renormalization group transformations according to the ar-
rows. Critical points from which the system moves away and one trivial
�xed point, to which the system moves, are shown.

In the �ow diagram Figure 2.5, one can �nd special points to which or
from which the system is evolving, depending on the starting point. These
points are called �xed points, and one can distinguish between trivial �xed
points which attract the system and critical �xed points which are unstable.

When the system reaches a trivial �xed point, or is prepared exactly on
a critical �xed point, an application of the transformation Rl will leave all
parameters unchanged,

{K∗} = Rl({K∗}), ξ∗ = Rl(ξ
∗) , (2.16)

where the asterisk (∗) indicates that the system is on a �xed point. The
second condition, which states that the correlation length stays unchanged
under the transformation, can only be ful�lled for ξ∗ = 0 or for ξ∗ = ∞.
A vanishing correlation length corresponds to a trivial �xed point, whereas
an in�nite correlation length corresponds to a critical �xed point. In this
case the system can again be regarded as self-similar: the properties of the
system stay unchanged, when one zooms out under the transformation.

From the renormalization group �ow one can �nd the critical points and
deduce properties of the system such as phase diagrams, critical tempera-
tures and critical exponents. The calculation of the critical exponents de-
pends on the actual realization of the transformation Rl. The principle is to
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expand the transformation Rl around {K∗}, to apply it to ξ∗ and to com-
pare this result to the power law ξ ' |K −K∗|−ν expected for the behavior
of the correlation length in proximity of the critical point [23, 44].

2.1.3 The Correlation Function near the Phase Transition

In the following we want to concentrate on the correlation function g(1)(r, r′)
of a system in proximity of a phase transition. As introduced in Section 2.1.1,
the correlation function in the critical region has the asymptotic form

g(1)(r) −→
r>λdB

e−r/ξ

rd−2+η
−→

T=Tc

1

rd−2+η
, (2.17)

which means it changes its shape from a mainly exponential decay to a pure
power law decay when approaching the critical temperature. The correlation
length ξ is a measure for the size of the regions in which the �uctuations
of the order parameter are correlated. The order parameter �uctuates in
domains of all sizes up to ξ. When T → Tc, the correlation length grows
without limits and thus the order parameter has correlated �uctuations on
all length scales.

This behavior is nicely illustrated by snapshots of the Ising model taken
at di�erent temperatures as shown in Figure 2.6. Black pixels correspond to
spin down, white to spin up. For high temperatures there are many small
black and white regions, generating a pepper-and-salt e�ect, and there is no
preferred direction of the spins, i.e. there is no net magnetization. When
the temperature is lowered towards Tc, the typical size of the monochrome
regions steadily increases, until the critical temperature is reached. At this
point �uctuations from in�nitesimally small to in�nitesimally large appear
and the system can be seen as self-similar. Also at the critical temperature,
no net magnetization is visible, but the correlated regions extend over the
whole lattice. Below Tc the system spontaneously chooses a preferred spin
direction, in this case spin down, corresponding to a majority of black pixels.
The size of the white regions, corresponding to the �uctuations on top of the
net magnetization, decreases with decreasing temperature. The correlation
length ξ corresponds in this example to the typical size of the white regions.
It diverges at Tc and falls o� again when the temperature moves away from
the critical temperature.

We now turn to the correlation function of a trapped Bose gas near the
critical point. As explained in Appendix A.1, for temperatures far above
Tc, the �rst order correlation function g(1)(r) falls o� to zero on the length
scale of the thermal de Broglie wavelength λdB =

√
2π~2

mkBT
, whereas for
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Figure 2.6: Snapshots of the two-dimensional Ising model at di�erent
temperatures. Black pixels correspond to spin down, white to spin up.
At high temperatures (top left) there is no net magnetization, and the
�uctuating regions are very small. Going to the right in the upper row
the temperature is decreased, until around Tc (top right), the �uctuating
regions are correlated over the whole system, but there is still no net
magnetization. In the lower row the temperature is below Tc and the
system has chosen to be by the majority spin down. Going to the right
in the lower row, for even lower temperatures the size of the �uctuating
regions decreases.

temperatures below the phase transition g(1)(r) falls o� to a constant �nite
value for large distances r. The metamorphosis from the one to the other
situation happens in the critical region, where the �rst order correlation
function is given by the above equations.

The �rst order correlation function of a trapped Bose gas has been stud-
ied theoretically by Naraschewski and Glauber [49]. They used a mean �eld
theory for this evaluation, neglecting critical �uctuations. The resulting
critical exponent for the correlation length will thus be ν = 1/2. How-
ever, to gain qualitative understanding of the correlation function near Tc

their approach is very instructive. Following their reasoning, the �rst order
correlation function 〈Ψ̂†(r)Ψ̂(r′)〉 of an ideal Bose gas can be evaluated for
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temperatures above Tc with help of the Wigner function

〈Ψ̂†(r)Ψ̂(r′)〉 =

∫
e−ip·(r−r′)/~W

(
p,

r + r′

2

)
dp , (2.18)

where the Wigner function W (p,q) is given in local density approximation
by

W (p,q) =
1

(2π~)3
1

e(p2/2m+V (q)−µ)/kBT − 1
. (2.19)

Expanding the Wigner function in a sum, the integral (2.18) reads

〈Ψ̂†(r)Ψ̂(r′)〉 =
1

(2π~)3

∫
e−ip(r−r′)/~

∞∑
s=1

e−s( p2
2m

+V ( r+r′
2 )−µ)/kBTdp .

(2.20)
Carrying out the integration over the momentum and using the de Broglie
wavelength λdB yields

〈Ψ̂†(r)Ψ̂(r′)〉 =
1

λ3
dB

∞∑
s=1

1

s3/2
e−s(V ( r+r′

2 )−µ)/kBT e
− 1

s
π

(r−r′)2
λ2
dB . (2.21)

We are interested in the situation of a harmonic trapping potential with
an average trapping frequency ω̄. With the origin of the coordinate system
chosen at the minimum of the trapping potential, we can write the correla-
tion function for x = y = 0 as a function of ∆z = z− z′, where z and z′ are
centered around the origin

〈Ψ̂†(z)Ψ̂(z′)〉 =
1

λ3
dB

∞∑
s=1

1

s3/2
esµ/kBT e

− 1
s

π ∆z2

λ2
dB (2.22)

This sum can numerically be evaluated, where the chemical potential µ

must be determined self-consistently by using the normalization relation for
the atom number N [50]

N =

∞∑

k=1

ekµ/kBT

(1− e−k~ω̄/kBT )3
. (2.23)

In Figure 2.7, a normalized version of the correlation function (2.22) is
shown for three di�erent temperatures shortly above the transition temper-
ature Tc. Although the chosen temperatures di�er only by a few percent
of Tc, the corresponding correlation functions are clearly di�erent. The
closer the temperature is to the transition temperature, the longer ranged
are the correlations in the system. The graph shows in grey the correlation
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Figure 2.7: First order correlation function of a trapped Bose gas ac-
cording to [49]. Shown are the numerically calculated correlation func-
tions for three di�erent temperatures (red � 1.05Tc, orange � 1.03Tc, blue
� 1.01Tc). The two grey dash-dotted lines are Gaussians with a width
given by the de Broglie wavelengths λdB ' 0.5µm corresponding to the
highest and the lowest temperature. They are nearly indistinguishable
in this graph. While λdB changes only marginally over the temperature
region, the correlation function becomes signi�cantly longer ranged for
smaller temperatures. The black dashed line is a �t of the asymptotic
correlation function (2.3) to the curve, for ∆z > λdB.

function according to Equation A.11, which describes the decay of the cor-
relation function on the length scale of the thermal de Broglie wavelength.
The curves for both the highest and lowest temperature considered here lie
so close that they cannot be distinguished in this graph. The de Broglie
length changes only marginally over the temperature range considered here,
and it is obvious that the correlations range longer than λdB. Additionally,
the asymptotic correlation function (2.3) has been �tted to the correlation
function for the lowest temperature and is shown as black dashed line.

The correlation function (2.22) can be approximated (as shown in Ap-
pendix B) to the asymptotic form

〈Ψ̂†(z)Ψ̂(z′)〉 → 1

∆z
e−∆z/ξ , (2.24)

with the correlation length ξ =
√

~2
2m|µ| .

The dependence of the chemical potential µ on the temperature (T −
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2.1. CRITICAL PHENOMENA

Tc)/Tc gives the critical exponent ν for the correlation length. For the ho-
mogeneous noninteracting Bose gas the chemical potential is proportional to
the square of (T − Tc)/Tc, resulting in ν = 1. By contrast, for the noninter-
acting trapped case, the chemical potential depends only linear on temper-
ature, resulting in ν = 1/2. However, the noninteracting gas is a peculiar
case from the theoretical point of view and its relation to the interacting
system is limited.

The presence of interactions adds richness to the system. Determining the
value of the critical exponent using Landau theory (see 2.1.2) results in a
value of ν = 1/2 for the homogeneous system. In the critical regime, Landau
theory fails and critical �uctuations have to be taken into account. The
corresponding renormalization group calculations give a value of ν ≈ 0.67.
However, for the trapped interacting gas�the system realized typically in
experiments�until now no theoretical prediction for the critical exponent
has been made.
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2. THEORETICAL FRAMEWORK

2.2 Cavity Quantum Electrodynamics

Cavity QED is about what happens to light and, in particular to its interac-
tion with matter when it is trapped inside a box. (S. Dutra in [51])

Quantum electrodynamics (QED) describes the interaction between mat-
ter and light. It is a relativistic quantum �eld theory of electrodynamics,
dealing with the mutual interaction between electrically charged particles,
mediated by the exchange of photons. For example it successfully describes
the spontaneous decay of an excited atom: The process of spontaneous emis-
sion is not an inherent property of atoms, but results from the interaction
of an atom with the vacuum �eld. As a consequence, a modi�cation of the
vacuum �eld of light should lead to a change in the rate of spontaneous
emission [52].

g
0

∙

°

Figure 2.8: A two-level atom coupled with coupling strength g0 to a
single mode of a cavity. The excitation is coherently exchanged between
the atom and the cavity. Dissipative processes of the system are decay
of the cavity �eld at rate κ and decay of the atomic dipole moment at
rate γ.

This is where cavity quantum electrodynamics comes into play, because
an e�ective modi�cation of the vacuum �eld can be achieved with the help
of a cavity, which singles out speci�c modes from the free electromagnetic
�eld mode spectrum. An atom inside a cavity will experience an enhanced
coupling to the �eld modes supported by the cavity and will thus increase
its rate of spontaneous emission into the cavity mode by the Purcell factor
Qλ3/Vcav, where Q is the quality factor of the cavity, λ is the wavelength of
the radiation and Vcav is the mode volume of the cavity. If the quality of the
resonator is high enough, the excitation is coherently exchanged between
the cavity and the atom. To reach this so called strong-coupling regime the
decay rates of the systems�the decay rate of the �eld in the resonator κ

and the spontaneous decay rate γ of the atomic dipole moment�have to be
smaller than the coupling rate g0 À (κ, γ).
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2.2. CAVITY QUANTUM ELECTRODYNAMICS

At its core, cavity QED describes the coupling of a two-level emitter to a
single mode of a resonating structure. A very natural system consists of a
single two-level atom placed in the mode of a high �nesse cavity (see Figure
2.8). Cavity QED is an active area of research and meanwhile a wide variety
of emitters like molecules, ions, Rydberg atoms, quantum dots or cooper
pair boxes have been coupled to di�erent kinds of resonating structures
ranging from Fabry-Pérot or microtoroid resonators to microcavities based
on photonic bandgap crystals or microwave circuit structures [53].

In our experiment, ultracold 87Rb atoms are coupled to an ultra-high �-
nesse optical cavity. To provide a theoretical basis for the understanding of
the cavity QED part of our experiments, we will in the following �rst intro-
duce some basic resonator properties before the interaction of a single atom
with the �eld of a cavity is explained in the Jaynes-Cummings model. The
theory is extended to the situation where many atoms are coupled simul-
taneously to the cavity mode, which is described by the Tavis-Cummings
Hamiltonian. This section ends with a brief discussion of dissipation in
cavity QED systems.

2.2.1 Optical Resonators

A Fabry-Pérot (or plane parallel) interferometer consists of two parallel,
highly re�ective �at mirrors separated by a variable distance lres. The mir-
rors can be characterized by their re�ectivity R, their transmissivity T and
by their losses L, where R + T + L = 1. All three parameters depend in
general on the wavelength λ of the light impinging onto the mirror, and are
determined by the coating of the mirrors and the materials used.

The electro-magnetic �eld con�ned in the resonator forms a sinusoidal
standing wave pattern and is discretized by the condition nλ/2 = lres for
the wavelength λ, where n is an integer. By varying either the length lres
of the cavity or the wavelength λ of the light, this resonance condition can
be ful�lled and the transmission of the cavity will show a maximum. The
resonance condition can also be written in terms of frequency, introduc-
ing the free spectral range ∆νFSR, which is the frequency distance between
neighboring longitudinal cavity modes:

∆νFSR = νn+1 − νn =
c

2 lres
. (2.25)

The line width ∆ν of the resonances depends on ∆νFSR and on the re�ec-
tivity R of the mirrors (assuming identical mirrors):

∆ν = ∆νFSR
1−R
π
√R =

∆νFSR

F , (2.26)
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Figure 2.9: Left: Intensity distribution of the lowest order TEMmodes
of a cavity. Right: Frequency spacing of the TEMmodes in a near planar
cavity. The longitudinal modes (characterized by n) are spaced by the
free spectral range ∆νFSR.

where the �nesse

F =
π
√R

1−R ≈
R→1

π

1−R =
π

L+ T (2.27)

has been introduced. A photon will be re�ected F/π times on average before
it gets lost due to scattering or absorption. As a consequence, the power
inside the cavity is F/π times larger than the input power. The line width
∆ν is closely related to the decay rate κ = π∆ν of the �eld in the resonator,
which is half the decay rate of the intensity inside the resonator.

To achieve a stable resonator geometry and thus to assure photon con-
�nement in the radial direction, many applications work with curved mirror
surfaces which ful�ll the stability condition 0 ≤ (1−lres/rc1)(1−lres/rc2) ≤ 1,
where rc1 and rc2 are the radii of curvature of the two mirrors.

The spatial distribution of the �eld inside the cavity is given by the so-
lutions of the di�erential equations describing the �eld [54]. The general
solution is provided by the Hermite-Gaussian modes, which read at the po-
sition of the mode waist (z = 0):

Elmn(x, y, 0) = Hl

(√
2x

w0

)
Hm

(√
2y

w0

)
e
− x2+y2

w2
0 . (2.28)

The fundamental TEM00 mode (l = m = 0) is the Gaussian mode, which
is characterized by the order of the longitudinal mode n only. For indices
l, m 6= 0 a more complex transverse structure describes the �eld in the cavity
(see Figure 2.9).
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2.2. CAVITY QUANTUM ELECTRODYNAMICS

For a TEM00 mode the radius of the mode as function of distance z from
its waist with waist radius w0 is given by

w(z) = w0

√
1 +

(
z

zR

)2

, (2.29)

with the Rayleigh length zR = πw2
0/λ. The radius of curvature of the

wavefront is
R(z) = z

(
1 +

(zR
z

)2
)

. (2.30)

In a cavity with curved mirrors the wavefront radius of curvature must
match the radius of curvature of the mirror surface at the position of the
mirrors. From this condition one �nds an expression for the mode waist of
a Gaussian beam in the cavity

w0 =

√
lresλ

2π
4

√
2rc

lres
− 1 . (2.31)

In our experiment we use a symmetric (rc1 = rc2 = rc) and near planar
(rc À lres) cavity. Since the length of the resonator is short compared to
the Rayleigh length, the wavefronts in the resonator can be approximated
as plane waves and the mode waist will vary only marginally over the cavity
length. An integration over the cavity mode function gives the mode volume
Vcav = π/4w2

0lres. For this type of resonators the frequency spectrum is given
by [55]

νlmn =
c

2lres

(
n +

1 + l + m

π

(
2lres
rc

)1/2
)

. (2.32)

2.2.2 Jaynes-Cummings Model

The Jaynes-Cummings model describes the interaction of a two-level atom
with the quantized mode of a cavity, neglecting dissipative e�ects. It is
of great interest in quantum optics because of its physical signi�cance and
because it is analytically solvable. The atom is characterized by its ground
state |g〉 with energy ~ωg and its excited state |e〉 with energy ~ωe. The
cavity mode supports photons of energy ~ωc and is described in a Fock
state basis |n〉, with n being the number of photons in the cavity mode. In
the rotating wave approximation the Jaynes-Cummings Hamiltonian then
reads

HJC = ~ωg ĝ†ĝ + ~ωeê
†ê + ~ωcâ

†â + ~g0(ê
†âĝ + ĝ†â†ê) , (2.33)
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where ĝ (or ĝ†) and ê (or ê†) are the annihilation (or creation) operators of
an atom in state |g〉 or |e〉 respectively, and â (or â†) is the annihilation (or
creation) operator of a photon in the cavity mode. The operators ĝ and ê are
not independent but have to satisfy the condition ĝ†ĝ + ê†ê = 1. The atom
�eld coupling strength is given by g0, which depends on the dipole matrix
element D for the transition |g〉 → |e〉 and on the cavity mode volume Vcav:

g0 =
D
~

√
~ωc

2ε0Vcav
. (2.34)

From the expression for g0 one sees that a small mode volume is preferable
to increase the coupling strength.

e
n

e
rg

y

atom light field bare states dressed states

Figure 2.10: Coupling of a two-level atom to the light �eld contained in
a cavity. Ground and excited state of the atom have an energy di�erence
of ~ωa, whereas the energy of one photon in the cavity is ~ωc, resulting
in a detuning ∆c = ωc − ωa. The coupling leads to a splitting of the
dressed states by the Rabi frequency ~ΩR.

For the Hamiltonian without the interaction term the bare states |g, n+1〉
and |e, n〉 form a canonical basis, displaying the state of the atom and the
number of photons in the cavity. Subtracting the energy ~ωg from the
Hamiltonian and expanding it in the bare state basis, (2.33) now reads in
the (n + 1)-excitation sector

HJC = ~
(

(n + 1)(∆c + ωa)
√

n + 1g0√
n + 1g0 (n + 1)ωa + n∆c

)
, (2.35)

with the atomic transition frequency ωa = ωe − ωg and the detuning of the
cavity resonance with respect to ωa, ∆c = ωc − ωa.
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Figure 2.11: Left: Energy diagram of the Jaynes-Cummings model as
a function of cavity detuning ∆c for a single excitation in the system.
The bare states are shown in grey, where the solid line corresponds to
|e, 0〉, and the dashed line to |g, 1〉. The dressed states |±〉 are shown
as solid black lines. Right: Excitation probability for the upper dressed
state of the left picture. For ∆c < 0, the excitation is mainly in the
atom, whereas for ∆c > 0 it is mainly in the light �eld.

Diagonalizing the Hamiltonian one �nds the eigenenergies En,± corre-
sponding to the eigenstates |n, +〉 and |n,−〉:

En,± = ~(n +
1

2
)∆c + ~(n + 1)ωa ±

√
∆2

c + 4g2
0(n + 1) (2.36)

|n, +〉 = cos φn|g, n + 1〉+ sin φn|e, n〉 (2.37)
|n,−〉 = − sin φn|g, n + 1〉+ cos φn|e, n〉 , (2.38)

where the dressed states |n,±〉, split by the n-photon Rabi frequency
Ωn
R =

√
∆2

c + 4g2
0(n + 1), are expressed as a linear combination of the bare

states, which corresponds to a rotation in the Hilbert space of the system
by the mixing angle

φn =
−2g0

√
n + 1

∆c −
√

4g2
0(n + 1) + ∆2

c

. (2.39)

It is instructive to plot the bare state excitation probabilities of the system
as a function of detuning ∆c for one of the dressed states. The weight
of the bare states changes with detuning and for increasing detuning the
dressed states become more and more cavity- respectively atom-like (see
Figure 2.11). For very large detuning the dressed states approach the bare
states, as expected. In an experiment which is sensitive to the cavity output,
only the cavity-like part of the spectrum in Figure 2.11 can be recorded.
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2.2.3 Tavis-Cummings Model

The Jaynes-Cummings model, which describes a single atom interacting
with the cavity mode, can be extended to the case where N atoms are
participating in the process. We modify the single-atom Hamiltonian (2.33)
accordingly by summing over all N atoms in the system [56], where the
atom i is localized at ri and thus couples with a position dependent coupling
strength g(ri)

H =

N∑
i=1

~ωg ĝi
†ĝi +

N∑
i=1

~ωeêi
†êi + ~ωcâ

†â +

N∑
i=1

~g(ri)(êi
†âĝi + ĝi

†â†êi) .

(2.40)
The total excitation operator n̂T = â†â+

∑
i êi

†êi commutes with the Hamil-
tonian (2.40), so that its eigenspectrum breaks up into manifolds corre-
sponding to the number of total excitations nT in the system. In our typical
experiments we work with very low light intensities, so that an analysis
taking only the lowest two manifolds nT = {0, 1} into account is justi�ed.
The absolute ground state of the system with nT = 0 is given by the sit-
uation where all atoms are in the ground state and the cavity contains no
photon: |0c; g1, g2, . . . , gN 〉. Following this notation we can introduce the
basis states for the manifold nT = 1 with one excitation in the system: for
|1c; g1, g2, . . . , gN 〉 all atoms populate their ground states and the excitation
manifests as a photon in the cavity mode, whereas for |0c; g1, . . . , ei, . . . , gN 〉
there is no photon in the cavity and a single atom (atom i) is excited.

For indistinguishable atoms the latter state is a Dicke state [57]. These
states can be written as a coherent superposition of all possible realizations
with a single atomic excitation

|0c; gN−1, e〉 =
1√
N

N∑
i=1

|0c; δ1i, δ2i, . . . , δNi〉 , (2.41)

where δij is the Kronecker symbol and 0 (1) corresponds to an atom in its
ground (excited) state. The Dicke states are of importance for the descrip-
tion of excitations in coherent spin states, and are currently explored for the
realization of quantum memories [58].

A substantial and quite radical step to simplify the Hamiltonian (2.40)
was done by Tavis and Cummings [59], who assumed identical coupling of
all atoms (g(ri) = g). Under this condition, (2.40) is solvable and recovers
for n = 1 the results of the Jaynes-Cummings Hamiltonian, but now with a
collective coupling of g

√
N instead of the single-atom coupling g0. Accord-

ingly, the splitting of the bare states caused by the coupling will be increased
by a factor of

√
N .
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Realizing the strict condition of identical coupling for N atoms seems to
be impossible at the �rst glance. However, coupling a BEC to a cavity turns
out to be a perfect realization of the Tavis-Cummings model�in a BEC all
atoms populate the same wave function and thus also couple identically to
the mode of a cavity.

2.2.4 Dissipation in Cavity QED Systems

Every realization of a cavity QED system will naturally include dissipation,
as the system couples to the environment and cannot be considered as a
closed system anymore. The usually unavoidable dissipation due to decay
of the excited atomic state (at rate γ) and due to decay of the cavity �eld
(at rate κ) will signi�cantly alter the pure Hamiltonian evolution. Although
coupling to the environment disturbs the system and is thus undesirable,
it is also a prerequisite for gathering information from the system. An
open cavity QED system can be pumped from the outside and produces
a continuous photon �ux output which is not taken into account by the
Jaynes-Cummings Hamiltonian in its fundamental form.

To model the dissipative cavity QED system, standard quantum optics
methods have to be applied, leading to a master equation for the density
operator. Details can be found elsewhere [60], for here we concentrate on
the solution for the intracavity photon number of a weakly pumped system.
The intracavity photon number is an important experimental parameter,
because it is directly proportional to the cavity output. For a given pump
rate η one �nds the average photon number [61, 62]

〈â†â〉 = η2 ∆2
p + γ2

(γκ + g2
0 −∆p(∆p −∆c))2 + (∆pκ + (∆p −∆c)γ)2

, (2.42)

where ∆p = ωp − ωa is the detuning of the probe beam frequency ωp from
the atomic resonance. In Figure 2.12 the intra cavity photon number is
shown as a function of cavity and probe detuning. An experiment relying
on the cavity output �ux only gives a signal when the system is �cavity like�.
Also shown in Figure 2.12 is the intra cavity photon number as a function
of both coupling strength g0 and probe detuning ∆p for the cavity detuning
∆c = 0.

To characterize a cavity QED system one can compare the coupling strength
g0, which de�nes the splitting of the dressed states, to the loss rates γ and
κ which de�ne the line widths in the spectrum. It is instructive to look at
the single-atom cooperativity

C1 =
g2
0

2γκ
(2.43)
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Figure 2.12: Intra cavity photon number 〈â†â〉 in a Jaynes-Cummings
like system including dissipation. Left: 〈â†â〉 as a function of cavity
detuning ∆c and probe detuning ∆p for a system in the strong coupling
regime. Right: 〈â†â〉 as a function of coupling strength g0 and probe
detuning ∆p. This graph corresponds to a section through the left
graph at ∆c = 0 for di�erent couplings g0. The strong coupling regime
is reached when the two branches are separated.

as a squared quality factor [63], where the �oscillator� in this case is given
by the coherent transfer of excitation between the cavity and the atom. A
signi�cant change in the energy spectrum of a coupled atom-cavity system
can be expected when the atom number is larger than the critical atom
number

Nc =
1

C1
=

2γκ

g2
0

. (2.44)

The critical photon number nc is de�ned as the number of intracavity pho-
tons which saturate the atomic system

nc =
γ2

2g2
0

. (2.45)

With the above de�nitions, one can introduce the condition for strong
coupling g0 À (γ, κ), i.e. a system with a high Q-factor with single atoms
and single photons. A cavity QED system in the strong coupling regime
is sensitive to changes in atom and photon number on the single quantum
level. This implies that besides fascinating experiments on extensions of the
above theory such a highly sensitive system is also ideally suited for the
detection of single atoms [21].
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3 Preparing and Probing Ultracold Atoms

For the experiments described in this thesis we used an apparatus integrating
a ultrahigh-�nesse optical cavity into a system able to produce Bose-Einstein
condensates. It was designed starting in 2001 to combine the research �elds
of BEC and cavity QED for the �rst time.

The two main constituents of the apparatus are the ultrahigh vacuum
(UHV) system and the laser setup, accompanied with electronic devices,
computer controls and cameras. Excellent vacuum requirements have to
be met in order to prepare the atoms in a perfectly isolated environment.
The ultrahigh-�nesse optical cavity, including a vibration isolation system
had to be installed in close proximity to the position where the BEC is
produced, which posed a challenge in designing the setup. As a result all
magnetic coils needed for cooling and trapping of the atoms were put into
the UHV chamber, and a novel design including nested vacuum chambers
was developed. The vacuum chamber and the surrounding optical elements
are installed on an optical table.

The lasers deliver the light needed for cooling, trapping, manipulation
and detection of the atoms, as well as for the stabilization and probing of
the cavity system. All lasers are installed on a second optical table. Here,
intensities and frequencies of all light sources are controlled before the light
is injected into polarization maintaining optical �bers which guide the light
to the optical table with the vacuum setup. The experiment is computer
controlled with help of a software developed in our research group.

This chapter gives an overview of the experimental apparatus with which
the measurements described in this thesis were carried out. After introduc-
ing the setup we describe the main steps for production of a BEC in the
magnetic trap and for the detection of single atoms in the cavity, located
36mm below the magnetic trap. This chapter ends with a description of
the optical transport of atoms from the magnetic trap into the cavity. At
the position of the cavity mode the atoms are trapped in a crossed beam
dipole trap and a BEC is produced, opening the path to new experiments
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(see Chapter 7).
The experimental apparatus�except the optical transport and the pro-

duction of a BEC in the cavity�is described in detail in the theses of my
predecessors Anton Öttl [64] and Stephan Ritter [65] as well as in an article
presenting and characterizing our system [66].
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3.1. EXPERIMENTAL SETUP

3.1 Experimental Setup

3.1.1 Vacuum System

The vacuum system consists of two nested steel chambers which are operated
at di�erent pressures (see Figure 3.1). The inner chamber is connected to
a part containing the dispensers, our repository for Rubidium atoms. It
provides with a pressure of 10−9 mbar an environment for e�cient loading
of the magneto-optical trap (MOT), which needs a high vapor pressure of
87Rb atoms. The inner chamber can be optically accessed through windows
(see Figure 3.2) separating it from the main chamber. It is connected to
the main chamber with a di�erential pumping tube. Through this tube the
atoms collected in the MOT are transported magnetically into the main
chamber.

The main chamber itself is kept at a pressure of 10−11 mbar, minimizing
the loss of ultracold atoms due to collisions with background gas atoms. The
inner chamber including the magnetic coils is mounted on the top �ange of
the main chamber, while its bottom �ange supports the assembly for the
cavity. The whole vacuum system is covered with a mu-metal shielding to
reduce the in�uence of �uctuating external magnetic �elds on the cold atoms.
A magnetically quiet environment is a prerequisite for all experiments relying
on the selective output coupling of atoms from the magnetically trapped
ensemble.

The coils needed for the MOT, the magnetic transport and the trapping
of the atoms in the �nal QUIC trap (quadrupole Io�e con�guration) [67] are
shown in a section of the experimental setup in Figure 3.2.

3.1.2 Cavity Setup

The ultrahigh-�nesse optical cavity used in our experiments consists of two
highly re�ective dielectric Bragg mirrors with ultralow losses. The coating
provides a re�ection band centered around λ = 780 nm with a width of
40 nm. The radius of curvature of the mirror surfaces is 75mm, which,
together with a length of the cavity of 175.9 µm results in a near-planar
resonator geometry. The mode waist radius is 25.25 µm, such that the cavity
mode volume is 88 · 103 µm3. The free spectral range is 852GHz and the
cavity linewidth is 2.5MHz, resulting in a �nesse of F = 340 · 103. A
slight birefringence splits the resonance frequency of the cavity for the two
orthogonal, principal polarization axes by 1.7MHz.

The length of the cavity can be varied with a piezo tube (see Figure 3.3).
The piezo tube has four radial bores of 1mm diameter which allow for lateral
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Figure 3.1: Sketch of the vacuum system. With an inner chamber at a
pressure of 10−9 mbar and a main chamber at a pressure of 10−11 mbar
the design meets the requirements for combining a BEC with a cavity. In
the inner chamber the atoms are cooled in a magneto-optical trap before
they are transported magnetically to the main chamber. Here they are
evaporatively cooled to BEC in a magnetic trap 36mm above the cavity.
The cavity is mounted on a vibration isolation system supported by the
bottom �ange of the main chamber, while the inner chamber and the
magnetic coils are suspended on the top �ange. Figure adopted from
[66].

access of atoms and laser beams. The cavity is mounted on top of a vibration
isolation system which prevents coupling of acoustic noise to the cavity.

In the experiments presented in this thesis we probe the transmission of
the cavity with a probe laser, which can be locked relative to an atomic
resonance (typically at λ=780.2 nm). The length of the cavity�and with
it its resonance frequency�has to be stabilized relative to the probe laser
with an accuracy better than 0.5λ/F ≈ 1 pm. We stabilize it with a Pound-
Drever-Hall lock [68] using a stabilization laser at λ=830 nm and apply a
locking scheme [69, 66] that allows us to independently adjust the cavity
resonance and the frequency of the probe laser. The power of both the
stabilization and the probe laser are independently actively controlled.
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Figure 3.2: Section through the complete assembly inside the main
vacuum chamber including all magnetic coils. It illustrates the inner
chamber with the windows and the di�erential pumping tube connecting
the two vacua. The nested design of the di�erent magnetic coils is cooled
via a cooling �uid circuit. Figure adopted from [66].

3.2 Experimental Procedure

The experiment is operated periodically with a cycle time of approximately
60 s. During each run of the experiment a new BEC is created. In the ex-
periments described in Chapter 4�6 the ultracold cloud of atoms is trapped
magnetically in the QUIC trap. We investigate the sample by output cou-
pling atoms (see Section 4.3.2) and detecting them with our cavity.

3.2.1 Preparation of Ultra-Cold Atomic Samples

The experiment starts with loading the magneto-optical trap with 87Rb
atoms from the dispenser source [70]. The MOT operates on the D2 line
of 87Rb (52S1/2 →52P3/2) at a wavelength of 780 nm. After 18 s of load-
ing, about 2·109 atoms are collected in the MOT. The magnetic �elds are
switched o� and we sub-Doppler cool the atoms in a 10ms optical molasses
phase. A homogeneous magnetic �eld is applied and the atoms are optically
pumped during 2ms to the low-�eld seeking state |F = 1, mF = −1〉. All
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Figure 3.3: Plane cut through the assembled cavity design. The mir-
rors are mounted in ceramic holders. Their distance can be controlled
with help of a piezo tube which is pre-loaded by the clamp. The piezo
tube features four radial bores which give optical access to the interior.
Figure adopted from [66].

lasers are shut o�, the cloud is magnetically trapped and the transport se-
quence starts. The atoms are conveyed within 1 s of magnetic transport [71]
over a distance of 82mm until they reach the position of the QUIC trap in
the main chamber.

In the QUIC trap we perform radio frequency induced evaporative cool-
ing over 25 s and end up with pure Bose-Einstein condensates of up to
3 · 106 atoms in a trap with trapping frequencies of (ωx, ωy, ωz) = 2π ·
(38.5, 7.3, 29.1)Hz. We can apply resonant absorption imaging on all three
axes to determine atom number and temperature of the cloud after time of
�ight.

3.2.2 Single-Atom Detection

From the magnetically trapped sample we output couple atoms by shining in
resonant microwaves which locally spin-�ips atoms into an untrapped state
(see Section 4.3.2 and 4.3.3). The freed atoms fall downwards due to gravity
and hit the cavity mode 36mm below the magnetic trap (see Figure 3.1).
The detection of single atoms falling through the cavity mode exploits the
strong coupling between the atom and the cavity mode. The presence of
an atom in the cavity mode leads to a splitting of the resonance line of the
empty cavity by more than the cavity linewidth (see Section 2.2.2). The
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Figure 3.4: Cavity detection recording of single atoms falling through
the cavity mode. The sudden drop of the shot-noise limited cavity trans-
mission clearly identi�es single atom transits. Figure adopted from [66].

transmission of a probe laser resonant with the initially empty cavity will
signi�cantly drop due to the presence of a single atom in the cavity.

The atom-�eld coupling rate g0 in our system is large compared to the
dissipative rates, the decay rate κ of the cavity �eld and the dipole decay
rate γ of the atom: with the relevant cavity QED parameters (g0, κ, γ) =

2π · (10.6, 1.3, 3.0)MHz, the system is in the strong coupling regime.
We monitor the transmission of the probe beam through the cavity with a

single-photon counting module, where the detection e�ciency for an intra-
cavity photon is 5%. A typical trace of the cavity transmission with single
atoms passing the cavity mode is shown in Figure 3.4. We integrate the sig-
nal from the single-photon counting module over 20 µs and set the criterion
for single detection events to a minimum reduction of 4 times the standard
deviation of the shot noise limited empty cavity transmission. We estimate
the false atom detection rate to be below 0.5 s−1. The detection e�ciency
was measured to be (24±5)% for atoms output coupled from a BEC and
estimated to be 1% for atoms output coupled from a thermal cloud. This
e�ciency is mainly limited by the spatial extend of the atomic beam being
larger than the cavity mode [66].

3.3 Preparation of a BEC Inside the Cavity

In a second set of experiments we investigate the interaction of a BEC
strongly coupled to the cavity mode (see Chapter 7). We added an optical
transport to the system described above, that conveys the atoms from the
QUIC trap into the cavity. During the transport, the atoms are trapped in
the dipole potential of a red detuned standing wave pattern formed by two
counterpropagating laser beams. This standing wave pattern�and with it
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the trapped atoms�can be shifted by detuning the relative frequency of the
two laser beams [72, 73]. At the position of the cavity mode the atoms are
transferred into a crossed beam dipole trap, where we produce a BEC in a
�nal evaporation stage. A sketch of the transport is shown in Figure 3.5.
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Figure 3.5: a, 36mm above the cavity, 3.5 · 106 ultracold atoms are
loaded into the dipole potential of a vertically oriented one-dimensional
optical lattice. This trumpet-shaped standing wave has its waist inside
the ultrahigh-�nesse cavity and is composed of two counter-propagating
laser beams. A vertical translation of the lattice transports the atoms
into the cavity mode. There, they are loaded into a crossed-beam dipole
trap formed by a focused beam oriented along the y axis and one of the
transport beams. b, Almost pure condensates with 2.2 · 105 atoms are
obtained.

3.3.1 Optical Setup

All laser beams used for transport and trapping of the atoms are provided
from di�erent tapered ampli�ers seeded by the same external cavity diode
laser. The diode laser is locked with a Doppler-free rf-spectroscopy to a 133Cs
resonance at 852 nm to guarantee an absolute frequency stability. Lock-
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ing this laser on a di�erent resonance results in a di�erent �nal position
of the transported atoms. Frequencies and intensities of the laser beams
are precisely controlled by acousto-optical modulators, which are driven by
home-built, computer controlled direct digital synthesizers [74], locked to a
10MHz GPS standard.

The optical �bres guiding the light from the laser table to the table with
the vacuum chamber are suspended in an isolatedly mounted tube to mini-
mize pickup of phase noise. We measured the relative phase noise of the two
transport beams with an interferometer. At a di�erence frequency of 50 kHz
the phase noise is less than -100 dBc/Hz at an o�set frequency of 10 kHz.
With these parameters we transport the atoms without signi�cant heating
due to phase noise.

The optical access for the transport beams is limited because they need
to be thread through the spacing of ∼150 µm between the cavity mirrors.
A beam with a too big waist at the position of the cavity would be cut by
the mirrors. On the other hand, a too tight focus would result in a strongly
divergent beam, being cut at another position in the vacuum chamber. Per-
pendicular to the axis of the cavity we have better spatial access and the
beam waist can be chosen larger.

We use cylinder lens telescopes to achieve an aspect ratio of 1:2 for the
transport beams. They are focused to the position of the cavity with a f =

400mm achromatic lens. We measured the beam waists to be (wx, wy) =

(25, 50) µm. At the position of the magnetic trap the standing wave has
spread to (wx, wy) = (390, 200) µm. This beam geometry is optimized to
be only minimally cropped by parts inside the vacuum chamber and we
achieve a transmission of more than 92% through the chamber including
losses at the windows.

3.3.2 Transport of the Atoms

We found that we achieve BECs with higher atom number at the position of
the cavity mode, when we transport a cold but thermal cloud of atoms and
cool to quantum degeneracy after the transport, instead of loading already
a BEC into the transport beams. A BEC trapped in the vertically oriented
standing wave potential shows Bloch oscillations due to the gravitational
acceleration. Because of interactions between the atoms these oscillations
dephase rapidly and lead to heating and the destruction of the BEC.

We prepare 3.5 · 106 87Rb atoms in the |F, mF 〉 = |1,−1〉 state close to
the critical temperature in the QUIC trap 36mm above the cavity. During
300ms we ramp up a horizontal magnetic �eld which shifts the minimum
of the magnetic trap over 400 µm to the position of the trap provided by
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position

of QUIC

500 µm

Figure 3.6: Optical transport of a cold atomic cloud. Shown are ab-
sorption images of atoms trapped in the potential of the standing wave,
starting from the position of the magnetic trap (QUIC). Gravity points
downwards and the cloud has been transported over a distance of 500µm
between successive images.

the transport lasers. In the next 100ms the power of both transport beams
is ramped up to the maximally available power of 76mW in each beam.
This yields a trap depth of 1.1 µK and trapping frequencies of (ωx, ωy, ωz) =

2π · (23, 6, 17.5 · 103)Hz. We switch o� the magnetic trap and apply a small
magnetic �eld to provide a quantization axis, such that the atoms are solely
trapped in the standing wave potential.

Initially the di�erence frequency between the counterpropagating trans-
port beams was chosen to be δ = 0, resulting in the standing wave. By
tuning δ to a negative value, the standing wave pattern, and with it the
atoms, moves downwards at a velocity v = λδ/2. The frequency di�erence
as a function of time t is given by

δ =
δmax

2

(
1− cos(

2πt

T
)

)
, (3.1)

where δmax = 1690 kHz is the maximum detuning and the transport is com-
pleted in T = 100ms. This yields a maximum acceleration of 22.4 m s−2.
The power in the laser beams is kept constant until the intensity at the
position of the atoms has increased by a factor of ten. Subsequently, this in-
tensity is kept constant. Absorption images of successive steps of the trans-
port are shown in Figure 3.6. Because of continuous evaporative cooling
during the transport, the number of atoms arriving at the cavity is reduced
to typically 8.4× 105 atoms with a small condensate fraction present.

The location of the cavity mode can be determined by loading the atoms
into the dipole potential formed by the stabilization light of the cavity at a
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wavelength of λ = 830 nm. The number of atoms remaining in this trapping
potential after switching o� both transport beams is a measure for how good
the �nal position of the transport overlaps with the cavity mode.

3.3.3 Trapping at the Position of the Cavity Mode

At the position of the cavity mode, the atoms are loaded into a crossed-
beam dipole trap formed by one of the transport beams and an additional,
horizontal dipole beam with a waist radius of wx = wz = 27 µm (see Fig-
ure 3.5). The frequency of this dipole beam is detuned by a few hundred
MHz with respect to the frequency of the transport beams. We increase
the power of the horizontal beam from zero to its maximum value of 42mW
during 30ms. Afterwards the power of the upper transport beam is shut
down in 30ms. A �nal stage of evaporative cooling is performed by suitably
lowering the laser power in both remaining beams to �nal trapping frequen-
cies (ωx, ωy, ωz) = 2π × (290, 43, 277)Hz, ending up with an almost pure
condensate of 2.2× 105 atoms.
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4 Critical Behavior of a Trapped Interacting
Bose Gas

The phase transition of Bose-Einstein condensation is studied in the critical
regime, where �uctuations extend far beyond the length scale of thermal de
Broglie waves. Using matter-wave interference we measure the correlation
length of these critical �uctuations as a function of temperature. The di-
verging behavior of the correlation length above the critical temperature is
observed, from which we determine the critical exponent of the correlation
length for a trapped, weakly interacting Bose gas to be ν = 0.67± 0.13.

After an introduction to the idea of the measurement we present an ex-
tended analysis of the applied method of two-frequency output coupling.
We give details on the evaluation of the data and close the chapter with a
discussion.

The experimental results of this chapter have been published in [75]: T.
Donner, S. Ritter, T. Bourdel, A. Öttl, M. Köhl and T. Esslinger, Critical
Behavior of a Trapped Interacting Bose Gas, Science 315, 1556 (2007), and
in [76]: M. Köhl, T. Donner, S. Ritter, T. Bourdel, A. Öttl, F. Brennecke,
T. Esslinger, Criticality and Correlations in Cold Atomic Gases, Advances
in Solid State Physics 47, 79 (2008).
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4.1 Introduction

Phase transitions are among the most dramatic phenomena in nature, when
minute variations in the conditions controlling a system can trigger a fun-
damental change of its properties. The phase transition scenario of Bose-
Einstein condensation in a weakly interacting atomic gas lies in the same
universality class (3D XY) as the λ-transition of liquid helium. A BEC in
a dilute gas is unique as it is free of impurities and the two-body interac-
tions are precisely known. As the gas condenses, trapped bosonic atoms
of a macroscopic number accumulate in a single quantum state and can be
described by the condensate wave function, the order parameter of the tran-
sition. However, it has proven to be experimentally di�cult to access the
physics of the phase transition itself. In particular, the critical regime has es-
caped observation as it requires an extremely close and controlled approach
to the critical temperature.

We report on a measurement of the correlation length of a trapped Bose
gas of 87Rb atoms within the critical regime just above the transition tem-
perature. We observe the divergence of the correlation length ξ when ap-
proaching the critical point at Tc and determine the critical exponent ν of
the correlation length.

Idea of the Measurement

Critical exponents are in most experiments determined by measuring ther-
modynamic properties of a system, like the heat capacity. However, quantum
gases are mesoscopic systems with typically only some 106 particles, so that
the extraction of a critical exponent from a thermodynamic property would
need so far unmatched sensitivity. The trick in this experiment is not to mea-
sure a thermodynamic property but to directly measure the single-particle
density matrix 〈Ψ̂†(r)Ψ̂(r′)〉, which is the �rst-order correlation function.
From this, the correlation length can be extracted. By measuring the cor-
relation length as a function of temperature we obtain its critical exponent.
The challenge of this experiment is to have an accurate determination of
the density matrix 〈Ψ̂†(r)Ψ̂(r′)〉 and to control the temperature increment
precisely. Because we want to measure correlations in the same sample at
di�erent temperatures, our method must be only minimally invasive.

The applied method can be seen in close analogy to the famous double slit
experiment of Thomas Young, where the coherence properties of a light �eld
are measured [77]. In Young's experiment, a double slit with slit distance
d is illuminated by the light �eld. The two slits are coupling the incoming
light �eld to two new wave functions which can interfere. The visibility
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of the interference pattern on a screen is a direct measure for the spatial
coherence of the light. If the light �eld is perfectly phase coherent over the
distance d, the visibility will be 1, whereas the interference pattern vanishes
for vanishing coherence. Carrying out the experiment as a function of slit
distance yields the �rst order correlation function of the light �eld.

Single atom detector

(optical cavity)
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frequency !elds

Trapped

atoms

Figure 4.1: Sketch of the experimental principle. The atomic cloud is
prepared near the critical temperature in a magnetic trap. Atoms can
be extracted from well de�ned horizontal planes by shining in resonant
microwave �elds, which transfer atoms locally to an untrapped state. A
double slit experiment is realized by output coupling atoms from two
planes. The absorption image shows the interference pattern of the
matter waves. The visibility of the interference pattern can be continu-
ously monitored with a high-�nesse optical cavity used as a single atom
counter.

In our experiment, atomic matter waves are extracted from two hori-
zontal planes in the cloud, whose position�and thereby distance�can be
accurately controlled [20]. The matter waves overlap and travel downwards
due to gravity. Because of the di�erence in gravitational potential, the mat-
ter waves from the two planes have at the same position di�erent phases,
which leads to an interference pattern. The visibility of this interference
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pattern is a measure for the phase coherence of the atomic cloud, locally
probed at the positions of the two planes. The distance between two arbi-
trary points on the two planes is irrelevant: The length which corresponds
to the slit distance is given by the shortest distance between the horizontal
planes, because the interference happens only in direction of gravity. By
measuring the visibility of the interference pattern for di�erent distances of
the two planes, the single-particle density matrix can be mapped out.

This idea was �rst applied in the group of Tilman Esslinger in Munich. In
their experiments [20], a high �ux of output coupled atoms was needed, be-
cause the visibility of the interference pattern was determined in absorption
images. After taking the absorption image with resonant light, the sample
was heated drastically and the experiment had to be repeated.

In our experiment the sample may be only minimally a�ected by the
measurement, because we want to continuously monitor the visibility of the
interference pattern. In addition, strong output coupling would change the
properties of the gas. To circumvent these drawbacks of the original idea [20],
we extend it and use a single atom detector through which the interference
pattern passes, instead of absorption imaging. The single atom detector, in
our experiment a high �nesse optical cavity in the strong coupling regime,
allows us to reduce the �ux of atoms by a factor of 104 with respect to the
absorption image. This novel method is thus only minimally invasive and
features all requirements mentioned above. A sketch of the experimental
principle is shown in Figure 4.1.

We prepare the atomic cloud slightly below the critical temperature, such
that a small condensate fraction is present. The sample will then heat up
at a very low and constant rate due to heating mechanisms inherent to our
apparatus. We continuously and weakly output couple atoms and record the
visibility of the interference pattern as a function of time, which corresponds
to temperature.

This procedure is carried out for di�erent distances of the output coupling
planes, in order to map out the single-particle density matrix as a function
of both distance and temperature (see Figure 4.2). The collected data is
divided into small temperature intervals, and for each interval the correlation
length is extracted from the correlation function. We �nally end up with the
correlation length as a function of temperature, which we �t with a power
law to �nd the critical exponent ν of the correlation length.
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Figure 4.2: Schematics of the correlation function and the correla-
tion length close to the phase transition temperature of Bose-Einstein
condensation. Above the critical temperature Tc the condensate frac-
tion is zero (see right) and for T À Tc the correlation function decays
approximately as a Gaussian on a length scale set by the thermal de
Broglie wavelength λdB. As the temperature approaches the critical
temperature long-range �uctuations start to govern the system and the
correlation length ξ increases dramatically. Exactly at the critical tem-
perature ξ diverges and the correlation function decays algebraically for
r > λdB (see Equation (4.1)).

4.2 Background

4.2.1 Theory

In a Bose gas the physics of �uctuations of the order parameter is governed
by di�erent length scales. Far above the phase transition temperature, classi-
cal thermal �uctuations dominate. Their characteristic length scale is given
by the thermal de Broglie wavelength λdB and the correlation function can
be approximated by 〈Ψ̂†(r)Ψ̂(0)〉 ∝ exp(−πr2/λ2

dB) with r being the sepa-
ration of the two probed locations [49]. Nontrivial �uctuations of the order
parameter close to the critical temperature become visible when their length
scale becomes larger than the thermal de Broglie wavelength. The density
matrix of a homogeneous Bose gas for r > λdB can then be expressed by the
correlation function [8]

〈Ψ̂†(r)Ψ̂(0)〉 ∝ 1

r
exp(−r/ξ), (4.1)
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where ξ denotes the correlation length of the order parameter. More pre-
cisely 〈Ψ̂†(r)Ψ̂(0)〉 ∝ r−(1+η) exp(−r/ξ) with η being a critical exponent
(see also Section 2.1.3). However, the calculated and measured values of η

are on the order of 10−2 and therefore we neglect η in our analysis. The
correlation length ξ is a function of temperature T and diverges as the sys-
tem approaches the phase transition (see Figure 4.2). This results in the
algebraic decay of the correlation function with distance 〈Ψ̂†(r)Ψ̂(0)〉 ∝ 1/r

exactly at the phase transition. The theory of critical phenomena predicts
a divergence of ξ according to a power-law

ξ ∝ |(T − Tc)/Tc|−ν , (4.2)

where ν is the critical exponent of the correlation length and Tc the crit-
ical temperature. The value of the critical exponent depends only on the
universality class of the system.

Determining the value of the critical exponent using Landau's theory of
phase transitions results in a value of ν = 1/2 for the interacting, homoge-
neous system [10]. This value is the result of both a classical theory and a
mean-�eld approximation to quantum systems. However, calculations ini-
tially by Onsager [12] and later the techniques of the renormalization group
method [10] showed that mean-�eld theory fails to describe the physics at
a phase transition. Very close to the critical temperature�in the critical
regime�the �uctuations become strongly correlated and a perturbative or
mean-�eld treatment becomes impossible, making this regime very challeng-
ing.

We consider a weakly interacting Bose gas with density n and the inter-
action strength parameterized by the s-wave scattering length a = 5.3 nm in
the dilute limit n1/3a ¿ 1. In the critical regime the �uctuations of Ψ̂ be-
come more dominant than its mean value. Mean-�eld theory, which takes no
�uctuations into account, fails in this regime. The size of the critical regime
can be determined by the Ginzburg criterion ξ > λ2

dB/(
√

128π2a) ' 0.4 µm
[45]. This criterion in correlation length can be converted to a criterion in re-
duced temperature, which gives for our system approximately |T −Tc|/Tc /
10−2. Recent, more detailed calculations [46] for the parameters of our ex-
periment showed that the critical region is given by |T −Tc|/Tc < 0.08. The
enhanced �uctuations in the critical regime manifest themselves also in a
nontrivial shift of the critical temperature of Bose-Einstein condensation,
which is a topic of current discussion [78, 79, 80, 81, 82].

Meanwhile, advanced theoretical methods have increased the understand-
ing of the critical regime in a gas of weakly interacting bosons [78, 79, 80,
83, 84]. The most accurate calculations for the 3D XY universality class,
to which the phase transition to Bose-Einstein condensate both in dilute
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gases and in liquid 4He belongs, give for the homogeneous system values of
ν = 0.67155 ± 0.00027 resulting from a high-precision Monte Carlo study
[85] and ν = 0.67098 ± 0.00020 resulting from a seven-loop Φ4 theory [86].
Yet, the theoretical description of the experimental situation, a Bose gas in
a harmonic trap, has remained unclear.

4.2.2 Experiments

The critical regime of a weakly interacting Bose gas o�ers an intriguing
possibility to study physics beyond the usual mean-�eld approximation [87].
However, until now such e�ects have been observed in cold atomic gases only
in systems with reduced dimensionality. The transition from a one dimen-
sional interacting gas in the super�uid phase to the Mott insulating phase
can not be correctly described in mean-�eld theory and has been experi-
mentally demonstrated [88]. In two other experiments in one-dimensional
systems [89, 90] beyond-mean-�eld behavior could be observed entering the
regime of a Tonks-Giradeau gas. Finally, in a two-dimensional system the
Berezinskii-Kosterlitz-Thouless crossover of a Bose gas could be realized [91].

In several other areas of physics, the experimental study of critical phe-
nomena has a long-standing history, starting with the observation of critical
opalescence at the liquid-vapor critical point [9] and reaching to high pre-
cision measurements of critical exponents. An outstanding experiment is
the measurement of the critical exponent α of the heat capacity in liquid
helium [15], which is a member of the 3D XY universality class. In this work
an unprecedented accuracy was reached by sending the whole measurement
apparatus into space to avoid the in�uence of gravity. The critical expo-
nent α = −0.0127 ± 0.0003 from this experiment is the best known so far
and can be perfectly reproduced by elaborate theories (see chapter 4.2.1).
Applying the scaling relation (see chapter 2.1.1) ν = (2 − α)/3, a value of
ν = 0.6709± 0.0001 can be deduced from this measurement.

With our experiment we enter for the �rst time the critical regime of
a quantum gas in three dimensions. The system is unique, because it is
free of impurities and the interactions between the particles are well known
and could even be controlled. The applied method allows us to directly
map out the �rst-order correlation function and to measure the correlation
length. Using a single-atom detector to analyze the interference pattern of
the extracted atoms we meet the requirement of disturbing the sample only
minimally during the measurement. We are able to control the temperature
of the sample precisely and to continuously monitor the correlations over
time, which opens intriguing possibilities in the study of the dynamics of
phase transitions.
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4.3 Methods

4.3.1 Preparation of the Sample near Criticality

To prepare the ultra-cold atomic gas we load 109 laser cooled 87Rb atoms
in the |F = 1, mF = −1〉 hyper�ne ground state in the magnetic trap. The
sample is evaporatively cooled and we end up with N = 4 × 106 atoms at
a temperature slightly below the critical temperature Tc = 146 nK. To be
less sensitive to shot-to-shot �uctuations of the atom number, we chose a
relatively high atom number. The trapping frequencies are (ωx, ωy, ωz) =
2π×(39, 7, 29)Hz, where z denotes the vertical axis. From these parameters
one can calculate the thermal de Broglie wavelength to be λdB = 0.5 µm,
and with a peak density [92] of n = 2.3× 1013 cm−3 the elastic collision rate
is 90 s−1.

During our measurement the atomic cloud is heated at a constant rate,
and we can keep track of the sample crossing the phase transition. To leave
the system in thermal equilibrium a very low heating rate is needed. We
do not actively heat the sample but exploit the inherent technical heating
mechanisms of our apparatus. Energy is transferred to the atomic cloud due
to �uctuations of the trapping potential and due to collisions with residual
background gas. Another heating mechanism is resonant stray light from
the laser system. Covering the table with the laser setup we could lower the
heating rate by a factor of two and end up with a rate of 4.4±0.8 nK/s, which
was determined from absorption images. This corresponds to a heating
power of about 7×10−25 W. Using this technique we can observe the system
passing the critical regime over a time scale of seconds.

4.3.2 Output Coupling the Atoms—Theory

After preparation of the atomic sample just below the transition tempera-
ture Tc, the actual measurement starts. We output couple atoms from two
distinct regions in the cloud and analyze the resulting interference pattern.
How the output coupling process works and how the visibility of the in-
terference pattern is related to the �rst order correlation function shall be
discussed in the following sections.

We introduce the output coupling mechanism with a semi-classical model
where the atoms are assumed to be localized. While this model gives an
intuitive picture of the output coupling, it does not really describe the ex-
perimental situation of delocalized atoms. To account for this, we present a
quantum mechanical description of the problem, and �nally give a relation
between the measured interference pattern and the correlation function of

56



4.3. METHODS

the trapped cloud. Further and complementary studies of this topic can be
found in [93, 94, 95, 96].

Semi-Classical Model of Output Coupling

To understand the output coupling of atoms from the trapped atomic cloud,
one has to remember that the atoms are trapped magnetically. Figure 4.3
shows a level diagram for the two hyper�ne ground states 5 2S1/2 of 87Rb.
The Zeeman sublevels are split due to a weak magnetic �eld, and the atoms
are trapped in the low-�eld-seeking state |F = 1, mF = −1〉. In our experi-
ments the atoms are output coupled by transferring them into the untrapped
state |F = 2, mF = 0〉, which is in lowest order insensitive to magnetic �elds,
so that the output-coupled atoms are falling downwards due to gravity. The
transfer to the untrapped state is achieved by coupling the two levels with
a resonant microwave frequency ωmw.

6.8 GHz

F=1

F=2

-2 -1 0 +1 +2 (m
F
)

!
mw !

0 
=

Figure 4.3: Zeeman splitting of the two hyper�ne ground states
of 87Rb in a weak magnetic �eld. The atoms are prepared in the
|F = 1, mF = −1〉 state, which is trapped magnetically. Applying a
microwave frequency with ~ωmw = ~ω0 −µ|B(r|) atoms are transferred
to the untrapped state |F = 2, mF = 0〉.

Output coupling occurs at locations where the total energy di�erence
between the trapped and the untrapped state is equal to ~ωmw. This implies
that the resonance condition is space dependent, because the magnetic �eld,
and with it the energies of the Zeeman levels, changes across the atomic
cloud. Only atoms at positions where the local magnetic �eld B(r) ful�lls
the resonance condition ~ωmw = ~ω0 − µ|B(r)| are transferred into the
untrapped state, where ~ω0 is the hyper�ne splitting of the two ground states
and µ is the magnetic dipole matrix element for the transition. The magnetic
�eld of the QUIC trap increases linearly with distance from the magnetic
minimum. Hence, surfaces of constant magnetic �eld form ellipsoidal shells
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Figure 4.4: Energy diagram of the output-coupling mechanism. The
total energy of the atoms in the trapped |F = 1, mF = −1〉 and the
untrapped |F = 2, mF = 0〉 state are shown as black lines. The energy
di�erence ~ω0 between the two hyper�ne states has been subtracted
from the |F = 2, mF = 0〉 state. Both the trapping potential and
the gravitational potential are a�ected by the mean �eld. A resonant
microwave frequency with energy ~ωmw couples the two states locally
(shown in red). The wave function for the output-coupled atoms in the
gravitational potential is an Airy function Ai(ζE(z)) (shown in blue).
The grey lines point up the nonlinear dependence of the output coupling
position on the photon energy: The dotted and the dashed lines repre-
sent two pairs of microwave �elds with equal ∆ω. Only output coupling
with pairs of microwave �elds symmetric to the center of the trapping
potential will result in a linear dependence.

centered around the magnetic minimum.
Without gravity, the center of the atomic cloud would be at the minimum

of the magnetic trapping �eld. However, gravity causes a displacement of
the minimum of the total potential from the magnetic �eld minimum. Hence
the cloud is centered at a position zsag = g/ω2

z , where ωz is the vertical trap-
ping frequency and g is the acceleration due to gravity. In our experiment
the gravitational sag zsag is on the order of 160 µm, which is large compared
to the extension of the atomic cloud. As a consequence the sections between
the atomic cloud and the shells of constant magnetic �eld can well be ap-
proximated by horizontal planes. A resonant microwave frequency output
couples atoms from one distinct plane in the cloud, and the position of the
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plane can be chosen via the microwave frequency ωmw.
Besides gravity and the trapping potential, the atoms also experience

the mean-�eld potential due to the interatomic interactions. The untrapped
atoms will also be exposed to this potential, until they fall out of the trapped
cloud. The interactions between the output-coupled atoms in the beam can
be neglected due to the low density of the atomic beam. Figure 4.4 shows
an energy diagram illustrating the situation. The trapping potential of the
|F = 1, mF = −1〉 atoms is �attened due to the mean �eld interactions,
while the gravitational potential which the untrapped |F = 2, mF = 0〉
atoms experience becomes deformed. From the diagram it becomes clear
that a certain energy of the microwave photon will output couple atoms at
a de�ned position z. Changing the frequency of the photon changes the
vertical position of output coupling accordingly. However, a change ∆ω in
frequency is proportional to a distance ∆z in space only when the frequencies
are centered around the minimum of the trapping potential [97] (see Figure
4.4).

The eigenfunctions of the output-coupled atoms in the linear gravita-
tional potential are given by Airy functions Ai(ζE(z)), with the parameter
ζE(z) = (z − E/(mg))/l and the natural length l = (~2/(2m2g))1/3 [98].
The classical turning point of a particle with energy E coincides with the
�rst in�ection point of the wave function at z0 = E/(mg). The usual Airy
function Ai(ζE(z)) does not su�ce to describe the falling beam of atoms,
but gives only a stationary picture of the situation. To include the dynam-
ics, a complex superposition of the Airy function Ai(ζE(z)) with the Airy
function of the second kind Bi(ζE(z)) has to be used [93]. This is in analogy
to the description of a traveling planar wave where both cosine and sine are
used to describe the movement. However, in the following we restrict our
discussion to the description with the real function Ai(ζE(z)).

Quantum Mechanical Model of Output Coupling

The above discussion of output coupling uses a semi-classical approach,
where the atoms are output coupled at a certain �xed position. To de-
scribe the output coupling of atoms from a trapped Bose gas into free out-
put modes in a quantum mechanical picture, we start with the de�nition
of the systems Hamiltonian following [94]. The model takes two possible
states into account, a trapped state |t〉 (e.g. |F = 1, mF = −1〉) with the
corresponding atomic �eld operator Ψ̂t and an untrapped (free) state |f〉
(e.g. |F = 2, mF = 0〉) with the corresponding �eld operator Ψ̂f . During
output coupling, the two states are coupled by a microwave resonant with
the transition |t〉 → |f〉, and atoms are transferred from the trapped to the
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untrapped state. The Hamiltonian of this system can be written as

Ĥ = Ĥt + Ĥf + Ĥcouple , (4.3)

where the dynamics of the trapped and the free atoms is described by Ĥt

and Ĥf , while the coupling between the two states is described by Ĥcouple.
In this part of the description of the output coupling we focus on the coher-

ence properties and neglect all interactions between the atoms. Accordingly,
the many-body Hamiltonian Ĥt describing the trapped atoms includes only
a kinetic term and the trapping potential Vt(r)

Ĥt =

∫
d3rΨ̂†t (r)

(
−~

2∇2

2m
+ Vt(r)

)
Ψ̂t(r) , (4.4)

and for the free atoms the dynamics are described by

Ĥf =

∫
d3rΨ̂†f (r)

(
−~

2∇2

2m
+ Vf (r)

)
Ψ̂f (r) , (4.5)

where the potential Vf (r) in�uences the propagation of the untrapped atoms.
The two states are coupled by a weak microwave at frequency ωmw, and the
Hamiltonian Ĥcouple can be expressed in the rotating wave approximation
as

Ĥcouple = ~
∫

d3rλ(r, t)Ψ̂†f (r)Ψ̂t(r) + h.c. , (4.6)

where λ(r, t) = Ωe−i∆emt is the coupling amplitude with the Rabi frequency
Ω and the detuning ∆em = ωmw − ω̃0 of the microwave from the transition
frequency ω̃0 for an atom at the trap center. The momentum transfer of the
microwave photon can be neglected here.

The coupled equations of motion for the trapped and the free �eld operator
can be found from the Hamiltonian Ĥ. We are interested in the evolution
of the output coupled atoms which fall in the gravitational potential. It
is useful to expand the �eld operator Ψ̂f in the natural basis {ϕk} of the
free atoms in the potential Vf , where k denotes the momentum state of the
output-coupled atoms with energy Ek = ~ωk,

Ψ̂f (r, t) =
∑

k

ϕk(r)b̂k(t) . (4.7)

Here we introduced the annihilation operator b̂k for a particle in the speci�c
mode ϕk. For a linear potential like the gravitational potential, the modes
ϕk are again represented by Airy functions. Knowledge of the temporal
evolution of all b̂k allows the description of the untrapped atoms. For a
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system where all atoms initially (at t = 0) are in the trapped state, a formal
solution [94] for these operators is given by

b̂k(t) = −i

∫ t

0

dt′
∫

d3rϕ∗k(r)λ(r, t′)e−iωk(t−t′)Ψ̂t(r, t
′) . (4.8)

This expression can be evaluated using the de�nition for the coupling am-
plitude λ(r, t),

b̂k(t) = −iΩe−iωkt

∫
d3rϕ∗k(r)Ψ̂t(r, t

′)
︸ ︷︷ ︸

〈ϕk|Ψ̂t〉

∫ t

0

dt′e−i(∆em−ωk)t′

︸ ︷︷ ︸
(?)

, (4.9)

where the second integration (?) will lead for long times to a decrease in
spectral width and thereby to a very sharp resonance condition

(?) = e−i 1
2 (∆em−ωk)t sin( 1

2
(∆em − ωk)t)

1
2
(∆em − ωk)

−→
t→∞

e−i 1
2 (∆em−ωk)tδ(∆em − ωk) .

(4.10)
The spectral width is thus Fourier limited, which corresponds to an energy
uncertainty due to the �nite output-coupling time. For long enough times
there is only one state ϕk in the basis of the untrapped states which has a
�nite probability to be populated:

b̂k(t) = −iΩ〈ϕk|Ψ̂t〉e−i( 1
2 (∆em+ωk)t)δ(∆em − ωk) . (4.11)

All b̂k vanish, except the one for which ∆em = ωk is ful�lled, and the sum
in Equation 4.7 collapses to a single term. The wave function of the output
coupled atoms depends on the overlap 〈ϕk|Ψ̂t〉 between the trapped and
the free state, where the δ-function in (4.11) de�nes the energy of the wave
function:

Ψ̂f (r, t) = −iΩϕk(r)〈ϕk|Ψ̂t〉e−i( 1
2 (∆em+ωk)t) . (4.12)

The discussion hitherto has been valid for any potential Vf for the free
atoms. We now become more speci�c and use a one-dimensional model
with the gravitational potential Vf (r) = mgr, for which the Airy functions
Ai(ζE(z)) are good eigenfunctions. Due to the fast oscillatory behavior of
the Airy function, the overlap 〈ϕk|Ψ̂t〉 is only signi�cant in a narrow region
around the classical turning point. Thus we can assign a position z to each
frequency ωk and change the index describing the output wave function from
k to z:

Ψ̂f (r, t) = −iΩϕz(r)〈ϕz|Ψ̂t〉e−iωzt . (4.13)
With Equation 4.13 we found an expression for the wave function of the

atoms output coupled with a single frequency. This allows us in the following
to discuss the output coupling with two frequencies.
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Two-frequency Output Coupling and the First-Order Correlation Function

Output coupling simultaneously with two di�erent microwave frequencies
will release two atomic wave functions with an energy di�erence given by
the di�erence in energy of the microwave photons ∆E = ~(ωz1−ωz2) = ~∆ω.
For two-frequency output coupling which is symmetric with respect to the
trap center this energy di�erence can be directly related to a distance ∆z =

∆E/(mg) between the classical output coupling planes. The two beams will
overlap, interfere and show an interference pattern, if the regions of output
coupling were phase coherent. This is perfectly true for a Bose-Einstein
condensate and a corresponding absorption image is shown in Figure 4.1.
The contrast of the interference pattern will be reduced or even vanish if the
regions of output coupling are only partially coherent. The visibility of the
interference pattern is hence a measure for the degree of coherence of the
sources. Probing the visibility for di�erent pairs of microwave frequencies
means probing the coherence of the cloud as a function of distance. With
this method the spatial �rst-order correlation function can be measured, as
we will discuss in the following.

For output-coupling with two microwave frequencies ωz1 and ωz2 the �eld
operator for the untrapped matter wave can be written using Equation (4.13)
in a one dimensional model as

Ψ̂f (r, t) = −iΩ
(
ϕz1(r)〈ϕz1|Ψ̂t〉e−iωz1t + ϕz2(r)〈ϕz2|Ψ̂t〉e−iωz2t

)
, (4.14)

where the indices z1, z2 correspond to the vertical positions of classical
planes of output-coupling.

The resulting interference pattern as a function of position r (where the
center of the cloud is at r = 0) and time t is characterized by the density
operator

〈
Ψ̂†f (r, t)Ψ̂f (r, t)

〉
, which can be interpreted as the time dependent

�ux of atoms [93]

〈
Ψ̂†f (r, t)Ψ̂f (r, t)

〉
∝ 1√

|r|

[
1 + V (∆z) cos

(√
2

g|r| (ωz1 − ωz2)|r|+ (ωz1 − ωz2)t

)]
,

(4.15)
where the modulation of the �ux corresponds to the visibility V (∆z) of
the interference pattern, which is a function of the classical slit distance
∆z = |z1− z2|. Depending on the coherence of the output-coupling regions,
the visibility V (∆z) can vary between 0 and 1. Equation (4.15) shows that
the interference pattern is not equidistant in space, but that the wavelength
of the interference pattern becomes longer for higher r, because the atoms
are accelerated due to gravity g (see Figure 4.1).
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We are interested in the interference pattern at the �xed position of the
detector r0. The �ux of the atoms passing our detector is modulated in
time at the di�erence frequency ∆ω of the output coupling frequencies.
Evaluating the density operator

〈
Ψ̂†f (r0, t)Ψ̂f (r0, t)

〉
at a �xed position one

�nds a simpli�ed form of equation (4.15)
〈
Ψ̂†f (r0, t)Ψ̂f (r0, t)

〉
∝

(
1 + V (∆z) cos(∆ωt + φ)

)
, (4.16)

with a certain phase φ.
The relation between the �rst-order correlation function of the trapped

gas〈
Ψ̂†t (r1)Ψ̂t(r2)

〉
and the measured visibility V (∆z) shall be discussed in the

following. The detailed calculation is presented in Appendix C, here we show
only the main results. Using (4.14), we show that the visibility is directly
related to the �rst order correlation function of the trapped gas through

V (∆z) = A

∫
ϕz1(r1)ϕz2(r2)

〈
Ψ̂†t (r1)Ψ̂t(r2)

〉
dr1dr2 , (4.17)

with the normalization constant A.
Restricting the discussion for the moment to a purely Gaussian correlation

function, Equation 4.17 can be evaluated:

V (∆z) = A

∫
e
−π

(r̃−∆z)2

λdB

∫
ϕ−r̃/2(R)ϕr̃/2(R)e

− R2

2R2
th dR

︸ ︷︷ ︸
(?)

dr̃ , (4.18)

with the thermal de Broglie wavelength λdB and the radius of a thermal
trapped gas Rth.

Equation (4.18) is a convolution of the Gaussian decay of the correlation
function with the integral (?). The wave functions ϕ±r̃/2(R) are Airy func-
tions which are orthogonal to each other. Accordingly, the integration (?)
will result in a sharp peak with a width depending on Rth: the larger Rth is,
the smaller will the width of the peak be. For parameters corresponding to
our experiment we numerically calculate the result of (?) as a function of r̃,
as well as its convolution with the Gaussian decay. The results are plotted
in Figure 4.5. We conclude that in our parameter range, the visibility as
a function of distance ∆z reproduces the �rst-order correlation function of
the trapped gas very well. This result would change for very small trapped
samples, where the integral (?) shows a much broader peak.

Following [49] the correlation function of the Bose gas
〈
Ψ̂†t (r1)Ψ̂t(r2)

〉
in

local density approximation can be written as a sum
∑

k 1/k3/2Γk(R)γ1/k(r)
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Figure 4.5: Left: Numerical evaluation of the integral (?) in Equation
(4.18) for the parameters of our experiment. The integration of the
product of two Airy functions over a �nite interval given by the cloud
size results in a narrow, peaked function. Right: The visibility V (∆z) as
a function of distance ∆z according to Equation (4.18) is shown as blue
dashed line for our parameters, including only k = 1. A comparison to
the visibility expected from the correlation function 〈Ψ̂†t (∆z)Ψ̂t(0)〉 is
shown in red (again only in lowest order, k = 1), and good agreement
is found. The same analysis was carried out for the �rst 100 terms of
the correlation function at a temperature T = 1.03Tc. Again there is
very good agreement between the original correlation function (red) and
the correlation function according to the convolution in Equation 4.18
(green).

(see Equation 2.21), where Γ(R) depends only on the center of mass coor-
dinate R = (r1 + r2)/2 and γ(r) depends only on the relative coordinate
r = r1 − r2. We restricted ourselves to the Gaussian decay of the correla-
tion function, which is the �rst term of the sum, having the fastest decay.
The above calculation can be equivalently carried out for each summand k,
and summing over all contributions the full result can be obtained. With
rising k, the peak resulting from integration (?) will become broader, but
at the same time γ(r)1/k shows a less pronounced decay. As a result the
convolution of γ(r)1/k with (?) will still reproduce the k-th contribution to
the correlation function. In Figure 4.5 the result for a correlation function
according to Equation 2.21 including the �rst 100 terms is shown (green) in
comparison to the original correlation function (red). We conclude that for
our parameters, the visibility V (∆z) is a good measure for the �rst order
correlation function.

However, one has to keep in mind that this model makes two simpli�ca-
tions: it is a one-dimensional model and it takes no interactions between the
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atoms into account. A more detailed model would go beyond the scope of
this thesis, but we are convinced that both simpli�cations have only minor
in�uence on our results.

4.3.3 Output Coupling the Atoms—Experiment

Output Coupling with Microwave Frequencies

In the experiment output coupling of the atoms is achieved by shining in
two well-de�ned microwave frequencies (see Figure 4.1) at about 6.8GHz
[99]. To achieve a maximal visibility of the atomic interference pattern it is
important to balance the power of the two frequencies. We split the output
signal of a microwave frequency generator into two signals and mix each
of them with a di�erent radio frequency. The resulting mixing products
are combined and include the sum and the di�erence frequencies of the
initial frequencies. With a narrow bandpass �lter we select only the sum
frequencies, which we amplify and feed into a helical microwave antenna
inside the vacuum chamber. The impedance is matched with a stub tuner.
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Figure 4.6: Analysis of the density distribution of the trapped ultra-
cold atom gas by output coupling at di�erent vertical positions relative
to the center of the cloud and measuring the resulting atom count rate
with the single-atom detector. The center of the cloud can easily be de-
termined with this method. The pro�les for three di�erent temperatures
around Tc are shown in comparison with the absorption images. The
high sensitivity of the cavity detector to quantum degenerate atoms al-
lows for precise observation of the onset of Bose-Einstein condensation.
Image taken from [66].

The relative phase of the two microwave frequencies will determine the
phase of the atomic interference pattern [97]. In order to have the same
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Figure 4.7: Crossing the phase transition. While the trapped cloud is
heated with a low heating rate, the �ux of atoms on our single atom
counter is monitored. When the system crosses the phase transition a
kink appears. Atoms were output coupled from the center of the cloud.

starting phase of the interference pattern in each experimental run, we sta-
bilize all frequency generators on a 10MHz GPS reference signal and control
the starting phase of the two radio frequencies.

As discussed in Section 4.3.2 the planes of output coupling have to be
chosen symmetric with respect to the center of the cloud. This center can
be found by scanning a single microwave frequency and detecting the �ux
of atoms on our single-atom detector. The result is shown in Figure 4.6.
Having determined the center of the cloud, the �ux of atoms as a function
of temperature can be used to check that we prepare the sample slightly
below the critical temperature. The �ux of atoms output coupled from the
center is clearly increased if there is a small condensate fraction present (see
Figure 4.6 and 4.7).

The microwave power determines the number of output-coupled atoms.
A high �ux of atoms improves the statistics of our measurement but has
two drawbacks. First, output coupling with stronger microwave power re-
duces the atom number in the sample during the measurement and induces
a systematic error of our results. Second, a too high �ux saturates the single
atom detector, which results in a reduced visibility of the measured inter-
ference pattern. To minimize both e�ects and still collect enough data we
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chose a count rate of 800 s−1. At this count rate we still detect an interfer-
ence pattern with 100% visibility for a frequency di�erence of 1 kHz of the
output coupling frequencies, whereas the visibility decreases linearly to 96%
for a count rate of 1600 s−1. Taking the detection e�ciency of our detector
for thermal atoms of about 1% into account, we output couple with a rate
of approximately 8× 104 s−1 from the sample.

The Detector as a Momentum Filter

The �rst-order correlation function is a measure for correlations between two
points in space. In our experiment we do not output couple from two points
but from two planes. However, due to the geometry of our setup which
acts as a momentum �lter, we directly measure the two-point correlation
function.

With a typical source size of 2Rth ≈ 60 µm, a distance of 36mm between
source and detector and an active detector area of about (35 × 150) µm2

[66] the geometry acts mainly as a momentum �lter in the transverse direc-
tions. This e�ect has been studied in detail in [65], including a Monte Carlo
simulation. The most important result, shown in Figure 4.8, shows that we
detect nearly exclusively atoms which have zero transverse momenta in the
trap.

The momentum �lter has to be considered when evaluating the correla-
tion function. In the usual de�nition of the �rst-order correlation function
one integrates over all momenta (px, py, pz) and evaluates the correlation
function as a function of ∆z for (x = y = 0), which yields (see Section 2.1.3)

〈Ψ̂†(z)Ψ̂(z′)〉 =
1

λ3
dB

∞∑
s=1

1

s3/2
esµ/kBT e

− 1
s

π ∆z2

λ2
dB . (4.19)

For the evaluation of our measurement the calculation has to be adapted
to the experimental situation. We output couple from extended planes but
use a momentum �lter. Instead of setting two spatial coordinates (x, y) to
zero and integrating over all momenta, we now have to set two momen-
tum components to zero (px = py = 0) and to integrate over the spatial
dimensions (x, y) and over the longitudinal momentum component pz.

We put the origin of our coordinate system to the center of the cloud and
assume symmetric output coupling: z = −z′, and ∆z = z−z′. Furthermore,
we set (px = py = 0) and introduce new, better suited coordinates (x̄ =
x+x′

2
, ȳ = y+y′

2
and z̄ = z+z′

2
= 0). Following the reasoning in Section

2.1.3 and exploiting the symmetry of the Wigner function in generalized
coordinates (r,p) for our system, we can write the �rst order correlation
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Figure 4.8: Probability distribution for the vertical velocity of atoms
output coupled from a plane at the center of the cloud. Shown as black
circles is the distribution for atoms with an initial momentum distribu-
tion corresponding to a Bose gas 0.2% above the critical temperature,
�ltered by our setup. This has to be compared to the situation where
the initial distribution has no transverse momenta, px, py = 0 (shown
as grey squares). Simulation and image adopted from [65].

function

〈Ψ̂†(z)Ψ̂(z′)〉 =
1

(2π~)3

∫ ∞∫

−∞

∫
dx̄dȳdpze−ip(r−r′)/~ 1

e( p2
2m

+V ( r+r′
2 )−µ)/kBT − 1

.

(4.20)
More explicitly and writing the fraction as a sum one �nds

= 1
(2π~)3

∞∑
s=1

e
s µ

kBT
∫ ∞∫
−∞

∫
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(4.21)

where we now put in (px = py = 0, ∆z = z−z′) and carry out the integration
over pz
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Evaluating the residual integral �nally gives

〈Ψ̂†(z)Ψ̂(z′)〉 ∝ 1

λ3
dB

∞∑
s=1

1

s3/2
esµ/kBT e

− 1
s

π ∆z2

λ2
dB , (4.23)

which is proportional to the expression for the usual correlation function
(4.19). However, we consider only the normalized correlation function g(1)(∆z).
The experimental situation can be mapped onto the well known �rst-order
correlation function in the usual de�nition. Again we can approximate this
for large ∆z (see Section 2.1.3 and Appendix B) and �nd the asymptotic
form

〈Ψ̂†(z)Ψ̂(z′)〉 → 1

∆z
e−∆z/ξ , (4.24)

with the correlation length ξ =
√

~2
2m|µ| .

4.3.4 Data Evaluation

We took data during a total time interval of 2.5 s for 8 di�erent separations
∆z of the output coupling regions. Each repetition of the experiment results
in a trace which covers 1 s and the total raw data consists of more than
350 traces with single atom arrival times. The �rst hours of data had to
be discarded because the atom number drifted and the system had to be
readjusted. That is why there is a break in the data. The data for di�erent
separations ∆z were taken in random order to avoid systematic errors due
to drifts of the apparatus.

The raw data is evaluated in several steps as shown in Figure 4.9. Each
trace is cut into segments of length ∆t (point (1) in Figure 4.9), before the
visibility of the interference pattern is extracted from each segment in a
Fourier transformation. This is done for all separations ∆z and we end up
with data sets V (∆z) for each time interval corresponding to a correlation
function g(1)(∆z) for each temperature interval ∆T (see (3) in Figure 4.9).
In a next step each of these data sets is �t for ∆z > λdB with the asymptotic
form of the correlation function (4.24), which gives the correlation length ξ

for each temperature interval (see (4) in Figure 4.9). The �nal step is to
plot the correlation length as a function of reduced temperature t = T−Tc

Tc

and to �t this dependence with a power law ξ(t) ∝ t−ν , yielding the critical
exponent ν (see (5) and (6) in Figure 4.9).

Determining the Visibility

To extract the visibility of the interference pattern from a data set containing
single-atom arrival times we apply a simple form of a Fourier transformation.
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Figure 4.9: Evaluation of the data. The raw data consists of several
repetitions of the experiment for each separation ∆z of the output cou-
pling planes. Each trace is cut into time intervals of length ∆t, which
correspond to temperature intervals ∆T . For each interval the visibility
is extracted. This results in a number of data sets V (∆z) corresponding
to correlation functions for each temperature interval. A �t of the corre-
lation length for each data set gives the correlation length as a function
of temperature, from which the critical exponent ν can be extracted.

We are only interested in the amplitude of the frequency component at which
the atomic �ux is modulated, which corresponds to the di�erence frequency
∆ω of the two output coupling frequencies (see Equation 4.16). The phase
φ0 of the interference pattern relative to the timing of the experimental
cycle is dependent on ∆z but well known, because we control the phase of
the microwave frequencies [97]. We sum up all N atom arrival times ta and
get a complex number s

s =
2

N

N∑
a=1

ei∆ωta , (4.25)
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from which we extract amplitude As and phase φs. The complex number s

can be interpreted as a vector in the complex plane and the visibility of the
interference pattern is given by the projection of s onto the phase φ0

V = As cos(φs − φ0) . (4.26)

This method is visualized in Figure 4.10.

Á
sÁ

0

A
s

V

10

Figure 4.10: Extracting the visibility V from N single atom-arrival
times ta. Each small black arrow of length 2/N corresponds to one
event, where the angle depicts the phase given by ei∆ωta . The result-
ing grey arrow with amplitude As and phase φs is projected onto the
expected phase φ0 which yields the visibility V .

We checked that the visibility of the interference pattern emerging from a
pure BEC is 100% within the error bars of 2% for separations of the output
coupling planes ∆z < 3 µm. However, the visibility decreases due to several
technical reasons for larger separations ∆z (see [65] and Section 5).

4.4 Results and Discussion

4.4.1 Long-Range Correlations and the Critical Exponent

Figure 4.11 shows the measured visibility as a function of separation ∆z

for three di�erent temperatures very close to Tc. The strong temperature
dependence of the correlation function is directly visible. The visibility
decays on a much longer length scale than predicted by the thermal de
Broglie wavelength λdB (shown in grey). As the temperature approaches the
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critical point, the visibility curves become more long ranged and similarly
the correlation length ξ increases. The observation of long-range correlations
shows how the size of the correlated �uctuating regions strongly increases
as the temperature is varied only minimally in the vicinity of the phase
transition. These long-ranged correlations of the �uctuating regions herald
the onset of the ordered phase on the other side of the transition.
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Figure 4.11: Spatial correlation function of a trapped Bose gas close
to the critical temperature. Shown is the visibility of the matter wave
interference pattern originating from two regions separated by ∆z in an
atomic cloud just above the transition temperature. The grey line is
a Gaussian with a width given by the thermal de Broglie wavelength
λdB which changes only marginally for the temperature range consid-
ered here. The experimental data show phase correlations extending far
beyond the scale set by λdB. The solid lines are a �t proportional to
1

∆z
e−∆z/ξ for ∆z > λdB. Each data point is the mean of, on average,

12 measurements; the error-bars are ± standard deviation.

The error bars of the data points in Figure 4.11 display the standard de-
viation of the mean of, on average, 12 measurements. In each experimental
run the temperature of the sample will be slightly di�erent due to �uctu-
ations during the preparation of the atoms. This e�ect, together with the
shot noise on the data, leads to the given error bars.

For each time (or temperature) interval we �t the visibility V (∆z) with
the asymptotic form of the correlation function g(1)(∆z) ∝ 1

∆z
e−∆z/ξ, which

yields the correlation length ξ. The asymptotic form is valid for large ∆z.
However, as we have access only to a �nite range of distances, we need
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an estimation of the error we make when �tting to data points with small
∆z. We checked with a theoretical model that the error in the correlation
length is less than 2% when the asymptotic form is �tted to data points
with ∆z > λdB. This error increases strongly if data points for shorter
separations ∆z are included (e.g. more than 10% error in ξ for a �t to data
points with ∆z > 0.5λdB).

The measured correlation length as a function of temperature is shown in
Figure 4.12. It is obvious that the correlation length ξ diverges when the
system reaches the critical temperature. The size of the error bars for the
correlation length increases when the temperature approaches the critical
point. In this regime small shot-to-shot �uctuations in the temperature of
the cloud lead to big �uctuations in the �t of the correlation length. The
error in determining the temperature of a data point is hence included in
the error bar of the correlation length.

Generally, an algebraic decay of the correlation length as a function of tem-
perature is predicted. We �t the data with the power law ξ ∝

(
|T−Tc|

Tc

)−ν

,
leaving both the critical exponent ν and the critical temperature Tc as a
free �t parameter. This makes our analysis independent of an exact calibra-
tion of both temperature and heating rate, provided that the heating rate
is constant: a heating rate scaled by a factor would leave the exponent of
the power law una�ected.

A parameter which has in�uence on our result is the temporal o�set t0 of
the analyzing time-bin window. Depending on the exact starting point t0
of our evaluation the �t for the critical exponent gives a certain spread of
values. To become independent of this o�set t0, we let the evaluation for all
correlation lengths run for 70 di�erent temporal o�sets 0 < t0 < ∆t, and �t
the the critical exponent to the whole data set, containing all results for ξ.
The result is the same as for �rst �tting the critical exponent to the data
sets of the individual temporal o�sets and taking the average afterwards
[75]. In both cases the error σ̃ν of the resulting critical exponent will be
underestimated, because the data sets are not independent. The correct
estimate for the error is given by the mean value σν of the reduced χ2 error
resulting from the individual �ts.

It is important that the length of the time (or temperature) interval ∆t

has been chosen optimally in the beginning of the data evaluation. Our data
set consists only of a �nite number of atom arrival times. Cutting the raw
data into too short intervals will lead to a strong in�uence of shot noise on
the determination of the visibility. On the other hand, the determination of
a precise value of the critical exponent depends on the temperature resolu-
tion of the measurement. Long time intervals imply integrating over large
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Figure 4.12: Divergence of the correlation length ξ as a function of
temperature. The red line is a �t of the power law ξ ∝

( |T−Tc|
Tc

)−ν

to the data with ν and Tc as free parameters. Plotted is one data
set for a speci�c temporal o�set t0. The error bars are ± standard
deviation, according to �ts of the correlation length. They also re�ect
the scattering between di�erent data sets. Inset: Double logarithmic
plot of the same data.

temperature intervals, which decreases the temperature resolution.
The time-bin length was chosen to optimize between the shot-noise limited

determination of the visibility and su�ciently good temperature resolution.
In �gure 4.13 we show the dependence of both the value ν of the critical
exponent and of the error σ̃ν on the segment size ∆t of the time-bin window.
A pronounced minimum in the error σ̃ν of the critical exponent indicates
the optimal time bin length of approximately 70ms. For shorter segment
sizes the error in ν increases due to shot noise of the data.

We choose a segment size of ∆t = 72ms and �nd a corresponding value of
ν = 0.67 for the critical exponent. Instead of choosing the minimum in the
error one can also average the results for the critical exponents for a certain
range of segment sizes where the error is smaller than a threshold value (e.g.
σ̃ν < 0.05 gives 62ms< ∆t < 79ms), which again gives a value of ν = 0.67.
That this value coincides exactly with the theoretical value is coincidence,
which becomes clear when looking at the error bar. We give the reduced
χ2 error σν , averaged over the individual �ts and �nally �nd for the critical
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Figure 4.13: Determination of the optimum segment size ∆t. A short
segment size is preferable in order to have a good temperature resolution.
On the other hand, shot noise increases the error of the result. We choose
a segment size of ∆t=72ms and �nd the corresponding critical exponent
ν = 0.67± 0.13. Shown in the left graph is the underestimated error σ̃ν

of a �t to dependent data sets, whereas our estimated error σν = ±0.13
is the averaged error of individual �ts to independent data (shown as a
grey bar in the right graph).

exponent ν = 0.67± 0.13.
Using the given heating rate, the segment length of ∆t = 72ms corre-

sponds to a temperature resolution of ∆T = 0.3 nK, which yields a relative
temperature resolution of ∆T/Tc = 0.002. The error in the determination
of the critical temperature Tc is calculated in the same way as the error for
the critical exponent and we �nd σTc = 0.08 nK.

4.4.2 Discussion

Finite Measurement Time

Our measurement naturally takes place in a �nite time, which poses the
questions how well the system is in thermal equilibrium and if the system
comes into the regime of critical slowing down.

In general a system with changing temperature is never in thermal equilib-
rium, so we have to ask how far the system is out of thermal equilibrium. A
gas relaxes from a non-equilibrium situation to its equilibrium velocity dis-
tribution by collisions of the particles. A Bose gas far o� equilibrium needs
on the order of seven collisions per particle to relax [100]. The gas in our
experiment has been held for several seconds in the trap before the actual
measurement starts, so it will be in a situation close to thermal equilibrium.
Only the constant heating rate of 4.4 nK/s puts energy into the system and
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drives it away from equilibrium. With the collision rate of 90 s−1 we assume
the system close to equilibrium at any time.

However, the above mentioned argumentation is only valid for systems
away from the critical point. When approaching the phase transition the
timescale on which the system relaxes into equilibrium diverges, which leads
to the phenomenon of critical slowing down [44]. In a system quenched
(forced) over the phase transition, the correlated regions become increas-
ingly larger until the system has no time to equilibrate anymore and the
�uctuations are �frozen out� [38]. To estimate the relevant time scale the
system needs to relax when the �uctuating regions have the size of the
correlations length ξ, we have to divide this correlation length by the char-
acteristic velocity at which �uctuations propagate. This velocity is the speed
of sound, which in our situation is on the order of vs ≈ 1mm/s. This yields
for the largest measured correlation lengths a correlation time τ ≈ 10ms,
which is short compared to the segment size. Thus we do not expect to be
in a regime where critical slowing down is important.

Heat Capacity

Our evaluation relies on the assumption of a constant heat rate. However,
the heat capacity of the gas also experiences a divergence at the critical
point, described by the critical exponent α which is on the order of -0.01
for the 3D XY universality class. The small value of this critical exponent
implies that the divergence is very narrow and does not signi�cantly a�ect
the temperature region in which our measurement takes place. We estimate
the resulting error in the critical exponent ν to be less than 0.01.

Finite Size

In general, a sharp, pure divergence exists only in the thermodynamic limes.
Finite-size e�ects are expected when the correlation length is large [34] and
will result in a rounding and shifting of the critical singularities. This has
been observed in liquid helium con�ned in micro structures [35]. Finite-
size e�ects may lead to a slight underestimation of ν for our conditions.
Moreover, the harmonic con�ning potential introduces a spatially varying
density. The phase transition takes place at the center of the trap and non-
perturbative �uctuations are thus expected within a �nite radius R [83].
Using the Ginzburg criterion as given in [45] we �nd R ≈ 10 µm, whereas
the rms size of the thermal cloud is 58 µm. The longest distance we probe
in our experiment is 2 µm which is well below this radius R.
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Improvements

It would be desirable to increase the accuracy of this measurement. The
high temperature resolution could be achieved because the heating rate was
minimized and because the method of measuring the coherence is very sen-
sitive. In addition the robust construction of the apparatus is an important
prerequisite. However, an improvement could certainly be achieved with an
even lower heating rate. Residual stray light has to be eliminated, better
vacuum conditions could be achieved and the �uctuations of the trapping
potential could be further damped. A part of the inaccuracies stems prob-
ably from residual oscillations in the position of the trapped cloud which
lead to small oscillations in the visibility. We tried to �lter these oscillations
during the data evaluation but could not achieve a more accurate value for
ν. The reason for these oscillations is not obvious, but could be related to
transport and preparation of our sample. Better statistics would certainly
also help, but during longer measurements the whole apparatus will show
bigger drifts.

4.5 Summary

In this experiment we observed long-range critical correlations in a trapped
interacting Bose gas, and measured the critical exponent for the correlation
length of this system. We applied a double-slit interference experiment and
exploited the single-atom detection capability to have continuous access to
the �rst-order correlation function of the trapped gas. The measured value
of ν = 0.67 ± 0.13 for the critical exponent is in good agreement with the
predictions from renormalization group theory.

The observed phase transition lies in the 3D XY universality class which
also includes the λ-transition of liquid helium. One expects to observe the
same critical exponents despite the fact that the density di�ers by ten orders
of magnitude. In the measurements with liquid helium the critical exponent
of the speci�c heat α has been measured with great accuracy in a spaceborne
experiment [15]. Through the scaling relation α = 2 − 3ν the value of
the critical exponent ν ' 0.67 can be found. Alternatively, the exponent
ζ ' 0.67 (which is related to the super�uid density ρs = |Ψ|2 instead of the
order parameter Ψ) can be measured directly in second sound experiments
in liquid helium [101, 102]. Due to an argument by Josephson [103] it is
believed that ν = ζ, however, a measurement of ν directly through the
density matrix has so far been impossible with helium.

The technique of counting single atoms extracted from a trapped Bose gas
is only minimally invasive and allows the continuous, time-resolved study of a

77



4. CRITICAL BEHAVIOR OF A TRAPPED INTERACTING BOSE GAS

quantum system over seconds. It opens intriguing possibilities to study also
dynamic phase transitions where the system is quenched across the critical
point. The method is not limited to the study of the classical normal to
super�uid transition. Implementing an optical lattice, a system undergoing
a quantum phase transition from a super�uid to an insulating state [22]
could be investigated.
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5 Observing the Formation of Long-Range
Order

We have experimentally investigated the formation of o�-diagonal long-range
order in a gas of ultracold atoms. A magnetically trapped atomic cloud
prepared in a highly non-equilibrium state thermalizes and thereby crosses
the Bose-Einstein condensation phase transition. The evolution of phase
coherence between di�erent regions of the sample is constantly monitored
and information on the spatial �rst-order correlation function is obtained.
We observe the growth of the spatial coherence and the formation of long-
range order in real time and compare it to the growth of the atomic density.
Moreover, we study the evolution of the momentum distribution during the
non-equilibrium formation of the condensate.

This chapter has been published in [100]: S. Ritter, A. Öttl, T. Donner, T.
Bourdel, M. Köhl and T. Esslinger, Observing the formation of long-ranged
order during Bose-Einstein condensation, Phys. Rev. Lett. 98, 094002
(2007).
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5.1 Introduction

When a gas of atoms is undergoing Bose-Einstein condensation a macro-
scopic number of particles starts to occupy the same quantum mechanical
state�it seems like the randomly colliding atoms are suddenly forced into
a lock-step motion. The understanding of this process in which phase co-
herence spreads over the whole gaseous cloud has intrigued physicists long
before Bose-Einstein condensation has been demonstrated [104, 105]. In par-
ticular, the question when the characteristic long-range phase coherence is
established is the key point for understanding the condensation process. The
trajectory into the state of a Bose-Einstein condensate [104, 105, 106, 107]
is much more intricate than its equilibrium properties.

The transition to a super�uid or a superconducting quantum phase is a
remarkable process in which the properties of the system undergo a fun-
damental change. The conceptual link between quantum phases in various
systems is the o�-diagonal long-range order in the density matrix which
describes phase correlations over macroscopic distances [18, 19]. The �rst-
order spatial correlation function ρ(1)(r, r′) = 〈Ψ̂†(r)Ψ̂(r′)〉 [49] quanti�es
the characteristic length scale over which phase correlations exist. Here Ψ̂

(Ψ̂†) denotes the annihilation (creation) operator of the atomic �elds. To
experimentally study how long-range order is established in space and time,
real-time access to this process is required. Yet, due to the short relaxation
times and the strong coupling to the environment this seems troublesome in
condensed matter samples, such as liquid helium or superconducting mate-
rials.

In a trapped atomic Bose gas the situation is distinctly di�erent. It forms
an almost closed system with negligible coupling to the environment and
the relaxation time scales are experimentally accessible. Previous experi-
mental studies of the Bose-Einstein condensate formation have focused on
the increasing particle density [3, 4, 6] and the in�uence of excitations on
the momentum spread in elongated traps [5, 6]. The o�-diagonal long-range
order has been studied only at thermal equilibrium [20].

We present an experimental study of the evolution of o�-diagonal long-
range order during the formation of a Bose-Einstein condensate out of a non-
equilibrium situation. We start from a Bose gas above the phase transition
temperature and suddenly quench the gas into a strongly non-equilibrium
state [3, 4, 5, 6]. Subsequently, the gas can be regarded as a closed sys-
tem which evolves into a Bose-Einstein condensed phase. The o�-diagonal
long-range order is measured by studying the interference pattern of atomic
matter waves originating from two di�erent locations in the atom trap [20].
The visibility of this interference pattern measures the phase coherence be-
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tween the two regions and its temporal evolution uncovers the formation of
long-range order. We continuously monitor the interference pattern during
the formation using a single atom counter with high temporal resolution
[108]. Varying the vertical distance ∆z between the two locations allows
us to experimentally map out the evolution of the phase coherence in the
trapped Bose gas.

In the theoretical investigation of the non-equilibrium formation of a Bose-
Einstein condensate one distinguishes qualitatively between a kinetic evo-
lution and a coherent evolution [104, 109, 110, 106]. During the kinetic
stage of the evolution, the occupation numbers of the low-energetic states
grow. It is governed by elastic collisions and the characteristic time scale
is set by the collision time τcol = (nσvT )−1 with n being the peak density
of the gas, σ the elastic collision cross section, and vT the average ther-
mal velocity. The coherent stage�which plays a signi�cant role only in the
regime of very large density or scattering length�describes the merging of
quasicondensates, patched regions of locally constant phase, into a full Bose-
Einstein condensate. The presence of quasicondensates could be revealed by
the momentum distribution of the gas below the critical temperature.

5.2 Preparing a Non-Equilibrium Situation

We start the experiments by preparing a thermal cloud of atoms in the
|F = 1, mF = −1〉 hyper�ne ground state of 87Rb in a harmonic mag-
netic trapping potential. The trapping frequencies of the magnetic trap are
(ωx, ωy, ωz) = 2π × (39, 7, 29)Hz, where z denotes the vertical axis. The
temperature of the atom cloud T = 240 nK is slightly above the transition
temperature Tc = 215 nK for Bose-Einstein condensation for the given num-
ber of atoms 1.3 × 107. This results in a collision time of τcol ≈ 30ms.
Temperature and atom number are measured by absorption imaging. The
atom cloud is then brought into a strong non-equilibrium situation by rapidly
lowering the trap depth to 620 nK and removing the high-energy tail of the
Maxwell-Boltzmann distribution. Within the 100ms of this �shock cool-
ing� we remove 30% of the atoms. Subsequently, the cloud relaxes from its
highly non-equilibrium state and within a few hundred milliseconds 3% of
the atoms form a Bose-Einstein condensate. During the relaxation process
particle number and total energy are conserved with minimal disturbance
due to the detection process. Moreover, we do not observe oscillations of the
condensate with respect to the detector resulting from the shock cooling.
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5.3 Observing the Evolution of the System

We detect the evolution of both the density and the long-range order of the
cloud simultaneously and in real time using radio frequency output coupling
[111] and single atom counting [108, 112]. For output coupling we apply a
weak monochromatic microwave frequency �eld which spin-�ips atoms from
the magnetically trapped state into the untrapped state |F = 2, mF = 0〉.
The untrapped atoms form a downwards propagating atomic beam. The
output coupling region is de�ned by a surface of constant magnetic �eld
and can be approximated by a horizontal plane within the atomic cloud
[111]. Applying two microwave �elds with di�erent frequencies realizes out-
put coupling from two vertically separated surfaces of constant magnetic
�eld [20] which are chosen symmetric about the center of the cloud. The
two overlapping atomic beams interfere with each other. The mean �ux
re�ects the local density of atoms at the position of output coupling within
the transverse momentum interval measured by our detector. The visibility
of the interference pattern re�ects the phase coherence. The interference
pattern is detected in time with single atom resolution using an ultrahigh
�nesse optical cavity, located 36mm below the magnetically trapped atoms
[108]. The presence of an atom inside the cavity leads to a decrease in the
transmission of a probe laser beam resonant with the empty cavity [21]. Our
system permits a precise measurement of the time-dependent atom �ux.

The mean atom �ux and the visibility of the atomic interference pattern
are determined in time bins of 50ms length. In Figure 5.1 three di�erent
situations of the condensate formation are shown. For the cloud immediately
after shock cooling (Figure 5.1(a)), the visibility is zero and the mean atom
�ux is low. As the condensation process develops (Figure 5.1(b)), the atom
�ux increases and interference arises. Both continue to grow up to a �nal
value (Figure 5.1(c)) determined by the condensate fraction and detector
function. The black lines are a �t of f(t) = A [1 + V sin (2πνt + φ)] to the
data. The frequency ν is the di�erence of the two microwave frequencies used
for output coupling. The phase φ is determined by the relative phase of the
two microwave �elds which is locked to the experimental cycle. The output
coupling of atoms with a rate ≈ 5× 104 atoms per second is essentially not
perturbing the density dynamics of the condensate formation. In particular,
it has no detectable in�uence on the �nal condensate fraction.

The observation of long-range order even at a very small condensate frac-
tion poses a severe technical challenge. Our detection scheme has speci�c
properties which render the present measurement possible. The output cou-
pling probability for a condensed atom is a factor of 4 larger than for a
thermal atom due to their di�erent density distributions for our equilib-
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Figure 5.1: Buildup of density and o�-diagonal long-range order during
condensate formation. We plot the histogram of the atom arrival times
modulo 1ms for ν = 4 kHz. The data are summed over 18 repetitions of
the experiment. The black lines are �ts to the data to extract the mean
atom �ux A and the visibility V of the interference pattern (see text).

rium parameters. Moreover, we observe unequal detection e�ciencies for
condensed and non-condensed atoms which we estimate to be 24% and 1%,
respectively. They are mainly determined by the size of the atomic beam
exceeding the active area of the detector. For thermal atoms the transverse
velocity spread is larger which reduces the probability for an atom to be
detected in the cavity [66]. Because of these e�ects the visibility of the
interference pattern greatly exceeds the condensate fraction and reaches a
maximum of 70% for ∆z > λdB . We observe a reduction of the visibility
towards large values of ∆z (Figure 5.2). This is in�uenced by the following
e�ects: Output coupling symmetrically o� center from the Thomas-Fermi
pro�le leads to a reduction of 7% at ∆z = 9 µm. Furthermore, the spatial
modes of the two interfering atom laser beams depend on their divergence
and thus on the position of output coupling [113]. We calculate this e�ect
to be 10% for the largest ∆z. An additional contribution is due to the ge-
ometry of our trapping potential resulting in a tilt of the long axis of the
condensate by 4◦ with respect to the horizontal. Moreover, the residual
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uncertainty in determining the arrival times of the atoms (4 µs) limits the
attainable contrast for the largest slit separations in our experiment to 94%.

5.4 Results

Figure 5.2 shows the measured visibility of the interference pattern as a
function of both separation ∆z and time after the quench. In the initial
non-equilibrium state just after the quench we observe purely thermal-like
short-range correlations which decay on a characteristic length scale given by
the thermal de Broglie wavelength λdB ≈ 0.4 µm. After the �rst 200ms, dur-
ing which little changes are detected, the length scale over which phase cor-
relations exist expands rapidly and the long-range order of a Bose-Einstein
condensate is established after a further 100ms. Subsequently, a stage of
gradual condensate growth towards equilibrium is observed.
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Figure 5.2: Formation of long-range order. Shown is the visibility of a
matter wave interference pattern originating from two regions separated
by ∆z inside a trapped cloud. This is a measure of the �rst-order spa-
tial correlation function of the atomic cloud. By shock cooling the gas
is prepared in a highly non-equilibrium state at time t = 0 and then re-
laxes towards thermal equilibrium. Initially (t = 75ms) the correlations
are short ranged and thermal-like. The onset of Bose-Einstein conden-
sation is marked by the appearance of long-range order extending over
all measured distances (t = 275ms). The largest measured distance cor-
responds to half of the Thomas-Fermi diameter of the �nal condensate.
The data is taken for constant separations versus time. The substruc-
ture of the curves re�ects the scatter of the initial conditions for each
separation. The resulting variance in the onset of condensation is about
30ms.
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Figure 5.3: Growth curves for atom �ux and visibility of the interfer-
ence pattern during the formation of a Bose-Einstein condensate. The
separation ∆z between the two output-coupling regions is 1.9µm. Be-
fore the shock cooling stage there is a low �ux of thermal atoms and
no interference. The growth in atom �ux is signi�cantly slower than
the growth of the interference pattern. The data are averaged over 20
repetitions and the error bars indicate the statistical error of these mea-
surements which are within a factor of 2 of the theoretical shot-noise
limit.

In Figure 5.3 we show the growth of the density re�ected in the mean
atom �ux and of the visibility for a given separation of the output coupling
regions. This corresponds to a section of constant ∆z = 1.9 µm in Figure 5.2.
We have analyzed both the delay of the formation with respect to the shock
cooling stage and the speed of the formation for density and o�-diagonal
long-range order. We �t a function g(t) = A2 + (A1 − A2)/[1 + (t/τ)p] to
the data to quantify the growth, where τ denotes the time after which 50%

of the increase in �ux or visibility are reached.
The duration of the condensate formation can be quanti�ed by the time

needed for an increase of both the �ux and the visibility from 10% to 90%

of the total increase. We �nd the duration to be approximately independent
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of the separation ∆z of the two output coupling regions. For the �ux this
time is 421 ± 47ms whereas the visibility of the interference pattern grows
faster in a time of 267 ± 48ms. From the data we �nd that the time τ

after which 50% of the total atom �ux is reached is almost constant across
the investigated inner region of the trapped cloud, whereas for the visibility
it increases with larger slit separation. The coherent region grows with a
velocity of ≈ 0.1mm/s, approximately a factor of 5 slower than the speed of
sound at the peak density of the thermal cloud. The speed of sound imposes
a natural speed limit for the expansion of the coherent region. While the
onset of the growth (de�ned by the 10% points) starts 39±54ms earlier for
the �ux than for the coherence, the visibility saturates (90% points) about
116±34ms earlier than the density. This applies to all separations ∆z larger
than the de Broglie wavelength.

Moreover we �nd that τ decreases with increasing size of the �nal conden-
sate. To obtain larger condensates in equilibrium, the initial particle number
or temperature or the fraction of atoms removed during shock cooling was
changed. As the limiting cases we �nd for a �nal condensate number of
2.5× 105 atoms τ = (282, 320)ms and for 8.9× 105 atoms τ = (57, 114)ms,
where the �rst number in the bracket refers to the visibility and the latter to
the �ux. The numbers are averaged over all slit separations. This decrease
of the formation time for larger condensates is proportional to the increase
of the elastic collision rate due to the higher �nal density.
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Figure 5.4: Temporal evolution of the momentum distribution of the
detected atoms. The distribution is obtained by Fourier transformation
of the visibility data. The thermal distribution is calculated for the
parameters before shock cooling including a normalization factor.
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It is instructive to study the evolution of the vertical momentum distri-
bution n(k) during the thermalization process. We infer the distribution
n(k) of the detected atoms from the Fourier transform of the visibility data
of Figure 5.2 multiplied by the average �ux [114]. The result is shown in
Figure 5.4. For the initial state directly after the quench, the momentum
distribution is well approximated by a thermal distribution (dashed line).
The thermalization process after the shock cooling leads to the formation
and the growth of a low-momentum peak which in equilibrium corresponds
to the condensate. For our parameters in equilibrium we expect a true con-
densate without strong residual phase �uctuations [115]. In Figure 5.4, we
focus on the beginning of the condensate formation. After 225ms of evo-
lution, we observe a broader low-momentum peak (width in k ∼ 0.8 µm−1)
than for the �nal distribution. For evolution times of 325ms and larger,
the width of the low-momentum peak is limited by our measurement reso-
lution of 2π/(16 µm), which takes into account that the correlation function
is symmetric with respect to ∆z = 0.

In summary, we have experimentally studied the dynamics of Bose-Einstein
condensation and more speci�cally the formation of long-range order using
an interference measurement. We have quantitatively compared the evolu-
tion of the �ux and of the visibility of the interference pattern. Finally, we
have presented our data in terms of the atom momentum distribution.
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6 Cavity QED Detection of Interfering Matter
Waves

We observe the build-up of a matter-wave interference pattern from single-
atom detection events in a double-slit experiment. The interference arises
from two overlapping atom laser beams extracted from a Rubidium Bose-
Einstein condensate. Our detector is a high-�nesse optical cavity which
realizes a quantum measurement of the presence of an atom and thereby
projects delocalized atoms into a state with zero or one atom in the res-
onator. The experiment reveals simultaneously the granular and the wave
nature of matter. We present a setup which is suited for applications in
atom interferometry and cavity QED.

This chapter has been published as [112]: T. Bourdel, T. Donner, S. Rit-
ter, A. Öttl, M. Köhl, and T. Esslinger. Cavity QED detection of interfering
matter waves. Physical Review A 73(4), 043602 (2006).
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6. CAVITY QED DETECTION OF INTERFERING MATTER WAVES

6.1 Introduction

The prediction of the duality between particles and waves by de Broglie
[116] is a cornerstone of quantum mechanics. The simple picture that matter
waves show interferences just like classical waves neglects the granularity of
matter. This analogy is valid only if the detector is classical and integrates
the signal in such a way that the result is a mean particle �ux. With quantum
detectors that are sensitive to individual particles the discreteness of matter
has to be considered. The probability to detect a particle is proportional
to the square amplitude of the wave function and interferences are visible
only after the signal is averaged over many particles. Interference of single
massive particles have been observed using electrons [117, 118], neutrons
[119], atoms [120, 121, 122] and even large molecules [123].

In the regime of atom optics, single atom detection has been achieved
for example by �uorescence [124], using a microchannel plate detector for
metastable atoms [125] and high-�nesse optical cavities [21]. Only very
recently the single atom detection capability has been achieved together
with quantum degenerate samples reaching the regime of quantum atom
optics [108, 126]. In our experiment, we detect single atoms from a coherent
matter-wave �eld using a high-�nesse optical cavity in the strong coupling
regime of cavity quantum electrodynamics (QED) [127, 128, 73].

For atoms with a spatially extended wave function, such as in a Bose-
Einstein condensate or in an atom laser beam, a measurement projects the
delocalized atom into a state localized at the detector [129]. This quantum
measurement requires dissipation in the detection process. For our cavity
QED detection method, we study the open quantum system composed of
coupled matter-wave and light �elds. The two sources of dissipation are
cavity losses and spontaneous emission. In particular, we calculate the time
needed for the localization of an atom along the beam in the cavity mea-
surement process. We then experimentally investigate atomic interferences
using our detector, which can resolve single-atom transits in time. The high
detection e�ciency opens new perspectives for atom interferometry such as
quantum limited detection of amplitude and phase of a matter-wave [130].

A schematic of our experimental setup is shown in Figure 6.1. We output
couple two weak atom laser beams from a Bose-Einstein condensate and
their wave functions overlap and interfere [20]. The �ux is adjusted in such
a way that there is on average only one atom at a time in the interferometer.
Using the high-�nesse cavity we measure single-atom arrival times in the
overlapping beams. We observe the gradual appearance of a temporal high-
contrast matter-wave interference pattern as more and more detection events
are accumulated.
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Figure 6.1: Schematic of the experimental setup. From two well-
de�ned regions in a Bose-Einstein condensate (BEC), we couple atoms
to an untrapped state. The real parts of the resulting atom laser wave
functions are sketched on the right hand side. The absorption image
shows an interference pattern corresponding to ∆f = 1 kHz and an
atom �ux ∼ 106 times larger than in the actual single-atom interference
experiment. Monitoring the transmission of a probe laser through a
high-�nesse optical cavity with a photon counter, single-atom transits
are detected.

6.2 Quantum Measurement in a Cavity QED System

Single-atom detection in an optical cavity can be captured in a classical
picture: an atom changes the index of refraction in the cavity and thereby
shifts it out of resonance from the probe laser frequency. In the absence of
an atom, the probe beam is resonant with the cavity and its transmission
is maximal. Experimentally we use a probe power corresponding to �ve
photons on average in the cavity. The cavity lock is su�ciently stable for
the cavity transmission to be at the photon shot-noise limit. The presence
of an atom results in a drop of the cavity transmission (see Figure 6.2).
We set the threshold for an atom detection event to a drop in transmission
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6. CAVITY QED DETECTION OF INTERFERING MATTER WAVES

of four times the standard deviation of the photon shot noise in our 20 µs
integration time. Then the overall detection e�ciency of atoms extracted
from a Bose-Einstein condensate is measured to be 0.23(8). It is mainly
limited by the size of the atom laser which exceeds the dimension of the
cavity mode and can be increased using a laser to guide the atoms into the
detector.

The length of the cavity is 176 µm, the mode waist radius is 25 µm, and
its �nesse is 3 × 105. The maximum coupling strength between a single
87Rb atom and the cavity �eld g = 2π × 10.4MHz is larger than the cavity
�eld decay rate κ = 2π × 1.4MHz and the atom dipole decay rate γ =

2π × 3MHz. The probe laser and the cavity are red-detuned as compared
to the atomic resonance so that the light force pulls the atoms to regions
where the coupling is large, therefore enhancing the detection e�ciency.

To understand the actual detection process we study the dynamics of the
atom-cavity quantum system taking into account dissipation. We �rst con-
sider a classical atom entering a simpli�ed square shaped cavity mode so
that its coupling to the cavity �eld increases suddenly to a constant value
g. Thereby we do not take into account the atom dynamics due to the
dipole potential of the standing-wave cavity mode. The cavity �eld is ini-
tially coherent with a few photons. We use a two-level approximation for
the atom description and assume a 30MHz red-detuning of the probe laser
compared to the atomic resonance. Our probe beam is linearly polarized
orthogonally to the magnetic �eld direction. We therefore do not probe on
a cycling transition. The 30MHz detuning is an e�ective value chosen to
match the experimental conditions. In the case of strong coupling the fol-
lowing dynamics occur. On a short time scale given by 1/g, the atom-cavity
system exhibits coherent oscillations. It progressively reaches an equilibrium
state on a time scale given by 1/κ and 1/γ due to cavity loss and atomic
spontaneous emission. These are the two sources of dissipation. In the equi-
librium state, the mean photon number in the cavity is reduced and the
cavity transmission drops.

To evaluate this drop quantitatively, we �nd the steady-state of the mas-
ter equation for the density matrix numerically [131, 132, 133, 60]. For our
parameters the transmission as a function of the coupling strength g is plot-
ted in Figure 6.3(a). For a maximally coupled atom g = 2π× 10.4MHz, the
average intracavity photon number is found to be reduced from 5 to 0.8, and
the number of detected photons is then reduced by the same ratio. Such a
reduction corresponds well to the largest observed transmission drops. An
example is shown in Figure 6.2. The detection threshold corresponds to a
coupling of g = 2π×6.5MHz. Experimentally, unlike in our model, an atom
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Figure 6.2: (a) Cavity single atom detection principle. An atom de-
tunes the high-�nesse cavity from resonance and the cavity transmission
consequently drops. (b) Photon �ux through the high-�nesse optical
cavity when an atom is detected. The photon count rate is averaged
over 20 µs. The detection threshold is set to be four times the standard
deviation of the photon shot noise (dashed line).

feels a position dependent coupling as it transverses the mode pro�le. How-
ever, the atom transit time through the cavity mode (45 µs) is long compared
to the cavity relaxation time scales 1/κ and 1/γ and the atom-cavity system
adiabatically follows a quasiequilibrium state. Therefore the experimental
transmission drops can be compared to the calculated ones.

Speci�c to our experiment is that a longitudinally extended matter wave
and not a classical atom enters the cavity [134]. Our system allows us to
realize a quantum measurement of the presence of an atom. For our low
atom �ux, we can neglect the probability of having more than one atom
at a time in the cavity. The incoming continuous wave function is thus
projected into a state with one or zero atom in the cavity. This evolution
from a pure quantum state to a statistical mixture involves decoherence.
The latter is introduced by spontaneous scattering and cavity photon loss.
The origin of the decoherence can be understood as unread measurements
in the environment [132, 129]. For example, if a spontaneously emitted
photon is detected, there is necessarily an atom in the cavity and the wave
function is immediately projected. Similarly, the more di�erent the light
�eld with an atom in the cavity is from the �eld of an empty cavity, the
more di�erent is the scattered radiation out of the cavity, and the projection
occurs correspondingly faster.

We now quantify the time needed for the projection to occur. For simplic-
ity, rather than a continuous wave function, we consider a coherent mixture
of one and zero atom entering a square shaped cavity at a given time. We
take the limit where the probability to have one atom is low. The initial
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Figure 6.3: (a) Normalized transmission as a function of coupling
strength. The solid line corresponds to our probe strength of 5 pho-
tons in the cavity in the absence of an atom. The dashed line is the
weak probe limit. The dotted line corresponds to 10 photons in the
cavity. (b) Coherence between the states with one and no atom as
a function of time. The initial coherence is normalized to 1. Solid
line: g = 2π × 10MHz. Dashed line: g = 2π × 6.5MHz. Dotted line:
g = 2π × 3MHz.

cavity �eld is the one of an empty cavity. Dissipation e�ects are studied
by computing the time evolution of the density matrix [133]. The degree of
projection of the initial state can be extracted from the o�-diagonal terms
between states with one atom and no atom in the density matrix. More pre-
cisely, we de�ne the coherence as the square-root of the sum of the squared
modulus of the o�-diagonal terms mentioned above. This quantity is max-
imal for a pure quantum state with equal probability to have an atom or
not. The coherence is zero for a statistical mixture.

In Figure 6.3(b) the temporal evolution of the coherence is plotted. As
expected, it decays to zero at long times due to dissipation. The decay
time increases as the coupling to the cavity is weakened. In the limit where
the coupling vanishes, the coherence is preserved. The atomic wave function
then evolves as if there was no cavity. For g > 2π×6.5MHz, the decoherence
time is found to be a fraction of a microsecond. This time is much shorter
than the 45 µs transit time of an atom through the cavity, and for all our
detected atomic transits the wave function is thus well projected to a state
with one atom. Our detection scheme realizes a quantum measurement of
the presence of an atom in the cavity. However during an atom transit some
photons are spontaneously scattered and the velocity of the atom is slightly
modi�ed.
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6.3 Single Atom Interference

Using our cavity detector we can observe matter wave interferences on the
single atom level. The starting point of the experiment is a quasi pure Bose-
Einstein condensate with 1.5×106 Rubidium atoms in the hyper�ne ground
state |F = 1, mF = −1〉 [108]. The atoms are magnetically trapped with
frequencies ωx = 2π×38.6Hz, ωy = 2π×7.2Hz and ωz = 2π×29.1Hz with
the vertical z-axis de�ned by gravity. A weak and continuous microwave
�eld locally spin-�ips atoms from the Bose-Einstein condensate into the
untrapped |F = 2, mF = 0〉 state. This process is resonant for a section of
the condensate where the magnetic �eld is constant. Because the magnetic
moment of the spin �ipped atoms vanishes, they fall due to gravity and form
a continuous atom laser [111].

When we apply two microwave �elds of di�erent frequencies, we are able
to output couple atom laser beams from two well de�ned slices of the conden-
sate [20]. The two distinct atom laser wave functions overlap and interfere.
At the entrance of the cavity, the atomic wave function ψ is well described
by the sum of two plane waves with the following time dependence

ψ(t) ∝ exp(iω1t) + exp(i(ω2t + φ)) (6.1)
∝ cos((ω2 − ω1)t/2 + φ2)

where ~ω1 and ~ω2 are the energies of the two laser beams and φ is a �xed
phase di�erence. The radial dependence of the wave function is neglected.
The probability to detect an atom is given by the square norm of the wave
function which is modulated in time and behaves like a cosine squared.
The modulation frequency of the interference signal is given by the energy
di�erence between the two atom lasers. Experimentally, it is determined
by the frequency di�erence of the two microwave �elds and is chosen to
be ∆f = 10Hz, which corresponds to a distance of 5 nm between the two
output-coupling regions. The two microwave �elds are generated such that
the interference pattern is phase stable from one experimental run to the
other.

The results of the experiment are presented in Fig. 6.4. Each experimental
run corresponds to output coupling from a new condensate. On average ∼ 6

atoms are detected in 0.5 s. After the detection of a few atoms, the inter-
ference pattern is not yet visible (Figure 6.4(a)). Nevertheless, after adding
the results of several runs, it progressively appears (Figure 6.4(b)�6.4(d)).
Experimentally, the atom number �uctuation is found to be dominated by
the atomic shot noise and the signal-to-noise ratio of the interference in-
creases as more data are included. A �t to the histogram yields a contrast
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Figure 6.4: Histograms of the atoms detected in 5 ms time intervals.
(a) Single experimental run. (b) Sum of 4 runs. (c) Sum of 16 runs. (d)
Sum of 191 runs, the line is a sinusoidal �t. Please note the di�erent
scales.

of 0.89(5). The slight reduction of contrast is explained by a detected �ux
of about one atom every 3 runs in the absence of output coupling. We at-
tribute this e�ect to artifact detection events and to atoms output coupled
from stray microwave �elds. Using a higher �ux, we were able to detect an
interference contrast in excess of 0.97.

Here, we work with a �ux of one detected atom per 83ms, which is about
the time an atom needs to travel from the condensate region to the cavity.
We are thus in a regime where the atoms fall one by one in the interferometer.
Thereby a single atom interferes with itself. It behaves both like a wave
because its time arrival probability shows an interference pattern and like a
particle when detected. This can be similarly expressed by saying that each
individual atom is released from both slits simultaneously. Our experiment
is an atomic counterpart of Young's double slit experiment with individual
photon detection.
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6.4 Summary

In conclusion, we detect matter wave interferences with a high-�nesse opti-
cal cavity detector which realizes a quantum measurement of the presence
of an atom. We explain how dissipation plays a crucial role in the detection
process and for the localization of the atom inside the cavity. Using this
detector, we are able to detect a high contrast atom interference pattern
at the single atom level. The coupling of a matter wave to a cavity QED
system opens the route to the quantum control not only of the internal state
of the atoms but also of their positions [135]. Using the presented detection
technique we can probe an atomic gas with a good quantum e�ciency and in-
troduce only a minimum perturbation through the measurement. With our
setup quantum limited detection of the phase between two distinct conden-
sates would permit investigations of their relative phase evolution [136, 137],
build-up [138, 139, 140], or di�usion [141].
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7 Cavity QED with a Bose-Einstein
Condensate

Cavity quantum electrodynamics describes the coherent interaction between
matter and an electromagnetic �eld con�ned within a resonator structure,
and provides a useful platform for developing concepts in quantum informa-
tion processing [142]. By using high-quality resonators, a strong-coupling
regime can be reached experimentally in which atoms coherently exchange
a photon with a single light-�eld mode many times before dissipation sets
in. This has led to fundamental studies with both microwave [143, 144] and
optical resonators [145]. To meet the challenges posed by quantum state
engineering [146] and quantum information processing, recent experiments
have focused on laser cooling and trapping of atoms inside an optical cavity
[147, 148, 73]. However, the tremendous degree of control over atomic gases
achieved with Bose-Einstein condensation [1] has so far not been used for
cavity QED. Here we achieve the strong coupling of a Bose-Einstein conden-
sate to the quantized �eld of an ultrahigh-�nesse optical cavity and present a
measurement of its eigenenergy spectrum. This is a conceptually new regime
of cavity QED, in which all atoms occupy a single mode of a matter-wave
�eld and couple identically to the light �eld, sharing a single excitation. This
opens possibilities ranging from quantum communication [149, 150, 151] to
a wealth of new phenomena that can be expected in the many-body physics
of quantum gases with cavity-mediated interactions [135, 152].

Parts of this chapter have been published as [153]: F. Brennecke, T.
Donner, S. Ritter, T. Bourdel, M. Köhl, and T. Esslinger. Cavity QED
with a Bose-Einstein condensate. Nature 450, 268 (2007).
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7.1 Introduction

The coherent coupling of a single two-level atom with one mode of the
quantized light �eld leads to a splitting of the energy eigenstates of the
combined system and is described by the Jaynes-Cummings model [154]. For
the experimental realization the strong-coupling regime has to be reached,
where the maximum coupling strength g0 between atom and light �eld is
larger than both the amplitude decay rate of the excited state γ and that of
the intracavity �eld κ. In the case of a thermal ensemble of atoms coupled
to a cavity mode, the individual, position-dependent coupling for each atom
has to be taken into account.

To capture the physics of a Bose-Einstein condensate (BEC) coupled to
the quantized �eld of a cavity, we consider N atoms occupying a single wave
function. Because the atoms are in the same motional quantum state, the
coupling g to the cavity mode is identical for all atoms. Moreover, bosonic
stimulation into the macroscopically populated ground state should largely
reduce the scattering of atoms into higher momentum states during the
coherent evolution. This situation is therefore well described by the Tavis-
Cummings model [59], where N two-level atoms are assumed to identically
couple to a single �eld mode. A single cavity photon resonantly interacting
with the atoms then leads to a collective coupling of g

√
N .

A key characteristic of the coupled BEC-cavity system is its eigenenergy
spectrum, which we map out with a single excitation present. An ensemble
of thermal atoms does not ful�ll the requirement of identical coupling, but
it shows a similar energy spectrum, which can be modeled by the Tavis-
Cummings Hamiltonian with an e�ective collective coupling [56]. In previ-
ous measurements [155, 156] and also in a very recent report [157], these
eigenenergies have been measured for thermal atoms coupled to a cavity.
Aside from the sensitivity of the spectrum to the precise spatial distribution
of the atoms, the di�erences between a BEC and a thermal cloud, or between
a BEC and a Mott insulator, should be accessible through the �uctuations
of the coupling, that is, in the width of the resonances [158].

First experiments bringing together BEC physics and cavities concen-
trated on correlation measurements using single atom counting [108], stud-
ied cavity-enhanced superradiance of a BEC in a ring cavity [159], observed
nonlinear and heating e�ects for ultracold atoms in an ultrahigh-�nesse cav-
ity [160, 161], and achieved very high control over the condensate position
within an ultrahigh-�nesse cavity using atom-chip technology [157].
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7.2 Producing a BEC in a High-Finesse Cavity

To create a BEC inside an ultrahigh-�nesse optical cavity we optically trans-
port the atoms from the QUIC trap to the position of the cavity mode
(see Section 3.3). In the magnetic trap we produce 3.5 × 106 87Rb atoms
in the |F, mF 〉 = |1,−1〉 state with a small condensate fraction present.
The atoms are then loaded into the dipole potential of a vertically oriented
standing wave, formed by two counter-propagating laser beams (see Figure
3.5). By varying the frequency di�erence δ between the upwards and the
downwards propagating wave, the standing-wave pattern, and with it the
con�ned atoms, move downwards [72, 73]. The transport of the atoms into
the cavity is accomplished in T = 100ms with a maximum acceleration of
a = 22.4ms−2. The intensity and frequency of each transport beam are
precisely controlled by acousto-optical modulators, which are driven by two
phase-locked, homebuild direct digital synthesis generators. With the max-
imally available power of 76mW per beam the trap depth at the position of
the magnetic trap is 1.1 µK. During transport, the power in the laser beams
is kept constant until the intensity at the position of the atoms has increased
by a factor of ten. Subsequently, this intensity is kept constant.

Because of continuous evaporative cooling during the transport, the num-
ber of atoms arriving in the cavity is reduced to typically 8.4 × 105 atoms
with a small condensate fraction present. During the 100ms of transport a
small magnetic �eld is applied to provide a quantization axis and the sam-
ple remains highly spin-polarized in the |1,−1〉 state. However, owing to
o�-resonant scattering in the transport beams, a small fraction of the atoms
undergoes transitions into the |F = 2〉 hyper�ne state manifold.

At the position of the cavity mode, the atoms are loaded into a crossed-
beam dipole trap formed by one of the transport beams and an additional,
horizontal dipole beam with a waist radius of wx = wz = 27 µm (see Figure
3.5). A �nal stage of evaporative cooling is performed by lowering the laser
power to �nal trapping frequencies (ωx, ωy, ωz) = 2π × (290, 43, 277)Hz,
ending up with an almost pure condensate of 2.2× 105 atoms.

The ultrahigh-�nesse cavity has a length of 176 µm and consists of sym-
metric mirrors with a 75mm radius of curvature, resulting in a mode waist
radius of 25 µm. A slight birefringence splits the resonance frequency of
the empty cavity for the two orthogonal, principal polarization axes by
1.7MHz. With the relevant cavity QED parameters (g0, κ, γ) = 2π ×
(10.6, 1.3, 3.0)MHz, the system is in the strong coupling regime. The length
of the cavity is actively stabilized using a laser at 830 nm [66]. The intra-
cavity intensity of the stabilization light gives rise to an additional dipole
potential of 2.4 Erec, with the recoil energy de�ned as Erec = h2/(2mλ2),
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where m is the mass of the atom. The chemical potential µ = 1.8Erec of
2.2× 105 trapped atoms is comparable to the depth of this one-dimensional
lattice, so that long-range phase coherence is well established in the atomic
gas. The 1/e lifetime of the atoms in the combined trap was measured to
be 2.8 s.

7.3 Theoretical Model

To characterize the coupled BEC-cavity system theoretically, we start with
the second-quantized Hamiltonian describing the matter-light interaction in
the electric-dipole and rotating-wave approximation (see Section 2.2). We
take all hyper�ne states including their Zeeman sublevels in the 52S1/2 and
52P3/2 state manifolds of 87Rb into account. We describe the cavity degrees
of freedom by two orthogonal linear polarizations of the TEM00 mode. The
quantization axis, experimentally provided by a small magnetic �eld, is cho-
sen to be oriented parallel to the cavity axis. The near-planar cavity supports
higher-order transverse modes equally spaced by ∆t = 2π × 18.5GHz. To
incorporate the coupling to all higher-order transverse modes we include one
additional e�ective cavity mode in our model with its resonance frequency
shifted by ∆t with respect to that of the TEM00 mode.

Considering only one spatial atomic mode for the ground state manifold
and another one for the excited-state manifold, the Hamiltonian of the un-
coupled system reads

Ĥ0 =
∑

i

~ωgi ĝ†i ĝi +
∑

j

~ωej ê†j êj +

1∑

k=0

∑

p=→,↑
~ωk â†k,pâk,p (7.1)

where the indices i and j label the states 52S1/2|F, mF 〉 and 52P3/2|F ′, mF ′〉,
respectively. The operators ĝ†i (or ĝi) and ê†j (or êj) create (or annihilate)
an atom in the mode of the corresponding ground and excited states with
frequencies ωgi and ωej . The operators â†k,p (or âk,p) create (or annihilate)
a photon with energy ~ωk and linear polarization p in the cavity mode k,
where k = 0, 1 labels the TEM00 mode and the additional e�ective cavity
mode, respectively.

The coupling between the BEC and the cavity is described by the inter-
action Hamiltonian

Ĥint = −i~
1∑

k=0

∑

p=→,↑

∑
i,j

gk,p
ij ê†j âk,p ĝi + h.c. (7.2)

where gk,p
ij denotes the coupling strength for the transition i → j driven by

the cavity mode k with polarization p, and h.c. is the hermitian conjugate.
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For the TEM00 mode the coupling strength g0,p
ij depends on the dipole matrix

element Dp
ij for the transition i → j driven by the polarization p, the mode

volume V0, and the overlap U0 between the two spatial atomic modes and
the TEM00 mode:

g0,p
ij = Dp

ij

√
~ω0

2ε0V0
U0. (7.3)

We numerically calculated the ground state of the Gross-Pitaevskii equation
in the potential formed by the dipole trap and the cavity stabilization light
for N = 2 × 105 atoms, and found the spatial overlap between BEC and
TEM00 mode to be U0 = 0.63. Because of the position uncertainty of the
BEC relative to the cavity mode, the overlap might deviate by up to 20%
from this value. The repulsive interaction between the atoms leads to a slight
decrease in U0 with increasing atom number, which was found numerically
to follow U0(N) =

√
0.5(1− 0.0017N0.34). For the coupling strength to the

additional e�ective cavity mode we assume g1,p
ij = rg0,p

ij , with r being a free
parameter.

The initial atomic population of the several ground states i given by the
free parameters Ni is relevant for the form of the energy spectrum of the
coupled BEC-cavity system. To �nd the energy spectrum in the weak excita-
tion limit we can restrict the analysis to states containing a single excitation.
These are the states |1k,p; N1, . . . , N8; 0〉, where one photon with polarization
p is present in the mode k and all atoms are in the ground-state manifold,
and also all possible states |0k,p; N1, . . . , Ni − 1, . . . , N8; 1j〉, where no pho-
ton is present and one atom was transferred from the ground state i to the
excited state j. Diagonalization of the Hamiltonian Ĥ = Ĥ0 + Ĥint in the
truncated Hilbert space spanned by these states yields the eigenspectrum of
the coupled system as a function of the cavity detuning ∆c.

The detuning of the lower resonance branch at ∆c = 0 is a function of the
atom number and given by

|∆p| = U0(N)gσ±
√

N +
(U0(N)rgσ±)2N

2∆t
+O(1/∆2

t ) . (7.4)

7.4 Probing the Coupled System

To �nd the eigenenergies of the coupled BEC-cavity system for a single
excitation, we perform transmission spectroscopy with a weak, linearly po-
larized probe laser of frequency ωp. To this end, the resonance frequency of
the empty cavity is stabilized to a frequency ωc, which in general is detuned
by a variable frequency ∆c = ωc−ωa with respect to the frequency ωa of the
|F = 1〉 → |F ′ = 2〉 transition of the D2 line of 87Rb. The transmission of
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the probe laser through the cavity is monitored as a function of its detuning
∆p = ωp−ωa (see Figure 7.1). The two orthogonal circular polarizations of
the transmitted light are separated and detected with single-photon counting
modules. The overall detection e�ciency for an intracavity photon is 5%.
To probe the system in the weak excitation limit, the probe laser intensity
is adjusted such that the mean intracavity photon number is always below
the critical photon number n0 = γ2/(2g2

0) = 0.04. A magnetic �eld of 0.1G,
oriented parallel (within 10%) to the cavity axis provides a quantization
axis.
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Figure 7.1: Cavity transmission for the σ+ and σ− polarization com-
ponent. The probe laser frequency is scanned at a speed of 25MHz
ms−1 while the cavity detuning is �xed. The original transmission data,
recorded with a resolution of 0.4µs, is averaged over 2ms using a sliding
average. A single peak for each polarization can clearly be distinguished
from the background of about 60 dark counts per second.

From individual recordings of the cavity transmission as shown in Figure
7.1 we map out the low-excitation spectrum of the coupled system as a
function of ∆c (see Figure 7.2). After resonant excitation we do not detect
an in�uence on the BEC in absorption imaging for large atom numbers (see
Figure 3.5). For small BECs of the order of 5,000 atoms we observe a loss
of 50% of the atoms after resonant probing. The normal mode splitting at
∆c = 0 amounts to 7GHz for σ+ polarization, which results in a collective
cooperativity of C = Ng2/(2γκ) = 1.6 × 106. The splitting for the σ−

component is smaller, because the dipole matrix elements for transitions
starting in |1,−1〉 driven by this polarization are smaller than those for σ+.
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Figure 7.2: Energy spectrum of the coupled BEC-cavity system. The
data points are measured detunings of resonances for σ+ (red circles)
and σ− (black triangles) polarized light. Each data point is the aver-
age of three measurements with an uncertainty of about 25MHz. The
solid lines are the result of a theoretical model (see Methods). Bare
atomic resonances are shown as dotted lines, whereas the empty cav-
ity resonance of the TEM00 mode is plotted as a dashed-dotted line.
Note the asymmetry in the splitting at ∆c = 0 caused by the in�u-
ence of higher-order transverse modes. Neglecting this in�uence, the
eigenenergies shown by the dashed lines would be expected where the
free parameters were adjusted to �t the spectrum for ∆p < 0.

A striking feature of the energy spectrum in Figure 7.2 is a second avoided
crossing at probe frequencies resonant with the bare atomic transitions |F =

2〉 → |F ′ = 1, 2, 3〉. It is caused by the presence of atoms in the |F = 2〉
hyper�ne ground state. This avoided crossing is located at a cavity detuning
where the eigenenergy branch of the BEC-cavity system with no atoms in
|F = 2〉 would intersect the energy lines of the atomic transitions |F = 2〉 →
|F ′ = 1, 2, 3〉. Accordingly, the avoided crossing is shifted by approximately
Ng2/∆p = 2π×1.8GHz with respect to the intersection of the empty cavity
resonance with the bare atomic transition frequencies.

We apply our theoretical model (see 7.3) and �nd good agreement between
the measured data and the model (see Figure 7.2) for 154,000 atoms in the
|1,−1〉 state and for 2,700 atoms (e.g. 1.7% of the total number of atoms)
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distributed over the Zeeman sublevels of the |F = 2〉 state, with the majority
in |2,−1〉.

Our near-planar cavity supports higher-order transverse modes equally
spaced by 18.5GHz, which is of the order of the collective coupling g

√
N

in our system. In general, the presence of one additional mode with the
same coupling but detuned from the TEM00 mode by ∆t would shift the
resonance frequencies at ∆c to �rst order by Ng2/(2∆t). Good agreement
with the measured energy spectrum is found for the above given ground-
state population and a coupling between BEC and the e�ective cavity mode
(see Section 7.3) that is r = 1.2 times the coupling to the TEM00 mode. In
our system, this coupling to higher order modes results in a clearly visible
change of the energy spectrum with respect to a system with a single cavity
mode only (see dashed lines in Figure 7.2). This can be seen as a variant
of the �superstrong coupling regime� [162], in which the coupling between
atoms and the light �eld is of the order of the free spectral range of the
cavity.

7.5 Atom Number Dependence

To test the square-root dependence of the normal mode splitting on the
number of atoms in the BEC, a second measurement was conducted. We set
the cavity frequency to ∆c = 0 and record the detuning of the lower coupled
state from the bare atomic resonance |F = 1〉 → |F ′ = 2〉 as a function of
the number of atoms as displayed in Fig. 7.3. The atom number was varied
between 2,500 and 200,000, determined from separately taken absorption
images with an estimated statistical error of ±10%; possible systematic
shifts are estimated to be within ±7%. The dependence of |∆p| on the
number of atoms is well described by a square root, as expected from the
Tavis-Cummings model (dashed lines). However, for a weakly interacting
BEC the size of the atomic cloud�and thus the spatial overlap with the
cavity mode�depends on the atom number. Our more detailed model,
which includes this e�ect, as well as the in�uence of higher-order cavity
modes, yields maximum single-atom couplings of gσ+ = 2π×(14.4±0.3)MHz
and gσ− = 2π× (11.3±0.2)MHz for the two polarization components (solid
lines). This result agrees well with the theoretical predictions for the e�ective
Clebsch-Gordan coe�cients for the σ+ (gtheory

σ+ = 2π × 14.2MHz) and σ−

(gtheory
σ− = 2π × 11.0MHz) transitions starting in state |1,−1〉.
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Figure 7.3: Shift of the lower resonance of the coupled BEC-cavity
system from the bare atomic resonance. The cavity was locked at ∆c =
0. σ+ and σ− polarization are shown as red circles and black triangles,
respectively. Each data point is the average of three measurements.
The atom number was determined separately from absorption images
with an assumed error of ±10%; the vertical error bars are too small
to be resolved. The dashed lines are �ts of the square root dependence
on the atom number, as predicted by the Tavis-Cummings model. The
solid lines are �ts of a more detailed theoretical model (see Methods)
resulting in maximum coupling rates gσ+ = 2π × (14.4± 0.3)MHz and
gσ− = 2π × (11.3 ± 0.2)MHz. The ratio of the two coupling rates of
1.27 ± 0.03 agrees with the expected ratio of 1.29 of the corresponding
Clebsch-Gordan coe�cients.

7.6 Summary

We optically transported an ultracold atomic cloud into our ultrahigh-�nesse
optical cavity. The atoms were evaporatively cooled to quantum degener-
acy in a crossed-beam dipole trap at the position of the cavity mode. We
probed the low-excitation spectrum of the coupled system and observed
a large collective coupling. The atom-number dependence of the coupling
strength showed the typical square root behavior expected from the Tavis-
Cummings model. We modeled the data with a detailed theory including
all relevant transitions and the in�uence of higher-order cavity modes and
found excellent agreement with the experiment.

The coupling of a single mode of a matter-wave �eld to a single cavity
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mode opens a route to new experiments. It facilitates the manipulation and
study of statistical properties of quantum-degenerate matter-wave �elds by
a quantized optical �eld, or even the generation of entanglement between
these two �elds [158, 163]. The detection of single atoms falling through the
cavity has already been demonstrated with this set-up [108]. In principle, the
detection of small impurity components embedded in a large BEC presented
here can also be extended to single atoms. This is an important step towards
the realization of schemes aiming at the cooling of qubits immersed in a large
BEC [164].
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8 Conclusions

Within the scope of this thesis, experiments were carried out combining the
methods and physics of the two research �elds of Bose-Einstein condensation
and cavity quantum electrodynamics. A BEC apparatus including an ultra-
high �nesse optical cavity in the strong coupling regime was used to explore
a variety of fascinating aspects of the two constituents.

Excellent control over the temperature of the gas and the high sensitivity
of our interference-based measurement allowed us to explore the critical
regime of a dilute, trapped and weakly interacting Bose gas for the �rst
time. In this regime the behavior of the gas is dominated by thermally
driven critical �uctuations. We observed the change in the decay of the �rst-
order correlation function from exponential towards algebraic. The shape
of the correlation function is governed by the divergence of the correlation
length. From this divergence we determined the critical exponent of the
correlation length ν = 0.67 ± 0.13 [75]. Prior to the experiment, it was
not obvious that the determination of a critical exponent would be possible
with a quantum gas. However, a unique number of conditions could be
met to realize this measurement, in which local properties of a mesoscopic
system are probed. This experiment represents one of the �rst non-trivial
quantitative measurements carried out with ultracold gases.

Our method opens possibilities to investigate both classical and quantum
phase transitions. A similar setup can be envisioned to investigate the su-
per�uid to Mott insulator quantum phase transition of bosons in an optical
lattice [22]. In this kind of phase transitions the critical �uctuations are
driven by quantum rather than by thermal noise. By emulating condensed
matter systems with the versatile methods of quantum atom optics, knowl-
edge on otherwise unaccessible properties of complex physical situations can
be gained [17].

With the real-time access to the correlation function even the dynamics of
phase transitions [165] can be observed. We prepared a Bose gas in a highly
non-equilibrium situation and observed how coherence spreads out when a
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condensate forms [100]. This is a �rst step towards the measurement of non-
trivial dynamic critical exponents, which characterize the critical behavior of
quenched systems [166]. Of special interest in this respect are the dynamical
critical exponents of quantum phase transitions [167]. Also the observation
of the Kibble-Zurek mechanism of critical slowing down [168] seems to be in
reach for ultracold gases.

In our most recent experiments the role of the cavity in the experiment
changed from a tool to a main ingredient of the physics investigated. By
setting up an optical transport we transferred several hundred thousand
atoms into the cavity mode and produced for the �rst time a BEC strongly
coupled to the light �eld of a high-�nesse optical cavity. This realizes a
situation described by the Tavis-Cummings model, where all atoms couple
identically to the cavity mode. We presented a measurement of the low-
excitation energy spectrum of the coupled system and observed the square-
root dependence of the energy of the dressed states on the number of atoms,
as predicted by the Tavis-Cummings model [153].

The ultimate control over the external degree of freedom of a BEC to-
gether with the enhanced interaction of matter with light in a cavity opens
the route to build a matter-light interface for quantum information process-
ing [169, 170]. Our apparatus features small magnetic coils put around the
cavity which allow to apply magnetic �eld gradients for tomography exper-
iments. In combination with a three-dimensional optical lattice inside the
cavity, even single-site addressability in a crystal of atomic qubits can be
envisioned.

The compound system of BEC and quantized light �eld in the cavity
represents a quantum optical lattice [171]: for constant pumping of the
cavity, a non-local atom-atom interaction is mediated by the intracavity
�eld, and at the same time an atom-�eld entanglement is introduced by
the retroaction of the atomic wave function on the light. Local changes in
the atomic wave function modify the coupling of the whole ensemble to the
dipole potential, thereby changing the resonance condition of the coupled
system. In experiments currently under progress we study this mutual non-
linear and non-local feedback and observe strong, periodic oscillations in the
cavity output. Whereas the behavior of a BEC of dilute gases is in many
situations very similar to the behavior of super�uid helium, this analogy
breaks down in this new kind of experiments, where the atomic external
degree of freedom is coupled to the light �eld.
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A Bose-Einstein Condensation

Bose-Einstein condensation is the simplest form of an o�-diagonal long-
range order (C.N. Yang in [19])

This section gives an introduction to the theory of Bose-Einstein conden-
sation. Following the textbook of Pitaevskii and Stringari [172] we will �rst
introduce the concept of o�-diagonal long-range order, which gives a def-
inition of Bose-Einstein condensation and will be of great importance for
most of the experiments described in this thesis. The order parameter of
the Bose-Einstein condensate is introduced, before the main characteristics
of a condensed Bose gas are given for the situation of a trapped, weakly in-
teracting gas. For more details the reader is referred to textbooks [172, 173]
and to some extensive overview articles [174, 175, 92, 176].

A.1 Off-Diagonal Long-Range Order

A system with a macroscopic eigenvalue in the one-particle density matrix is
said to exhibit o�-diagonal long-range order (ODLRO). Remote portions of a
system possessing ODLRO will show correlated behavior. O�-diagonal long-
range order is a key issue in the description of Bose-Einstein condensation
(BEC), and is often also used for the de�nition of BEC. The concept of o�-
diagonal long-range order was introduced by Yang [19], who tied up to the
work of Penrose and Onsager [177, 18] on the one-particle density matrix of
a Bose condensed system.

Let us consider a many-particle system with the total number of particles
N and a density matrix ρ expressed as the one-particle density matrix

ρ(1)(r, r′) = 〈r|ρ(1)|r′〉 = 〈Ψ̂†(r)Ψ̂(r′)〉 , (A.1)

where Ψ̂†(r) (or Ψ̂(r)) is the �eld operator creating (or annihilating) a parti-
cle at position r and the brackets 〈·〉 symbolize an ensemble average. Equa-
tion (A.1) is valid for any system, independent of statistics or equilibrium
conditions. In the following we consider a system of bosons for which the
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�eld operators obey the commutation relations

[Ψ̂(r), Ψ̂†(r′)] = δ(r− r′), [Ψ̂(r), Ψ̂(r′)] = 0 . (A.2)

The one-particle density matrix furnishes the expectation values of single-
particle observables such as the momentum or position density of the gas.
It can also be identi�ed with the �rst-order correlation function [49] of the
system. Evaluating the one-particle density matrix for only one point in
space (r = r′) one �nds the density of the gas at this position

n(r) = 〈Ψ̂†(r)Ψ̂(r)〉 , (A.3)

from which the normalization condition for the one-particle density matrix
is given by the total number of particles N =

∫
n(r)dr. Writing the �eld

operator in momentum representation, the momentum distribution of the
gas is

n(p) = 〈Ψ̂†(p)Ψ̂(p)〉 . (A.4)
For a uniform and isotropic system in the thermodynamic limit, ρ(1)(r, r′)

depends only on the modulus of the relative coordinate r = |r − r′|. One
�nds the relation between the one-body density matrix and the momentum
density by taking the Fourier transform [18, 178]

ρ(1)(r) =
1

V

∫
n(p)e−ip·(r−r′)/~dp , (A.5)

where V is the volume of the system.

Definition of the Bose-Einstein Condensate

A thermal gas shows a smooth momentum distribution n(p), so that the
one-particle density matrix vanishes for r → ∞. The situation changes if
a macroscopic number N0 of particles occupy one momentum state (e.g.
p = 0)

n(p) = N0δ(p) + ñ(p) . (A.6)
The singular term in Equation A.6 characterizes the macroscopic population
in p = 0, while the second term describes the momentum distribution for
all particles with p 6= 0. Using (A.5) one �nds that the one-particle density
matrix ρ(1)(r) does not vanish any more for r →∞ but strives to a constant
value

ρ(1)(r) →
r→∞

N0

V
. (A.7)

This non-vanishing behavior is often used as a general de�nition for a Bose-
Einstein condensate. Since the one-particle density matrix is di�erent from
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zero for |r− r′| → ∞, condition (A.7) is a condition for ODLRO, involving
the non-diagonal elements (r 6= r′) of ρ(1)(r, r′). The presence of ODLRO is
equivalent to the occurrence of long-ranged phase coherence in the system.
Following (A.6), Bose-Einstein condensation sets in when a single quantum
state is macroscopically populated.

Finally, we can diagonalize the one-particle density matrix [172] and ex-
pand it in the basis of the single-particle wave functions φi with the eigen-
values ni

ρ(1)(r, r′) = N0φ
∗
0(r)φ0(r

′) +
∑

i6=0

niφ
∗
i (r)φi(r

′) , (A.8)

where we again separated the contributions of the macroscopically popu-
lated state (the Bose-Einstein condensate) with wave function φ0(r) and
eigenvalue N0 from the other single-particle states φi6=0(r). The sum goes
to zero for large distances, whereas the �rst term ensures a �nite value of
ρ(1)(r, r′) for distances r = |r − r′| which are smaller than the extension of
φ0(r).

First Order Correlation Function

The normalized spatial correlation function is de�ned as

g(1)(r, r′) =
ρ(1)(r, r′)√

ρ(1)(r, r)
√

ρ(1)(r′, r′)
=

ρ(1)(r, r′)√
n(r)

√
n(r′)

. (A.9)

It describes the phase correlations of the quantum �eld, reaching unity for
perfect correlations and going to zero for vanishing correlations. If the
condition for ODLRO (A.7) is ful�lled, the normalized correlation function
g(1)(r, r′) will tend for increasing r = |r − r′| to the constant value N0/N

which is the condensate fraction. We again can separate the contribution
of the BEC and of the non-condensed, thermal part of the system to the
correlation function

g(1)(r, r′) =
N0

N
+ g

(1)
th (r, r′) . (A.10)

For a Bose-Einstein condensate at �nite temperature, the �rst order cor-
relation function g(1)(r, r′) shows for small distances r = |r−r′| → 0 perfect
correlations and decays to a �nite value for large distances. This value corre-
sponds to the degree of long-range correlations of the system. For a thermal
gas N0 vanishes and the �rst order correlation function is given by g

(1)
th (r, r′),

which�away from the phase transition�falls o� to zero exponentially on a
length scale given by the thermal de Broglie wavelength λdB

g
(1)
th (r, r′) ∝ e

−π
|r−r′|2

λ2
dB , with λdB =

√
2π~2

mkBT
, (A.11)
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Figure A.1: First-order correlation function ρ(1)(r) of a Bose gas as
a function of distance for di�erent temperatures. On the right y-axis,
the normalized values of the correlation function, g(1)(r), are displayed,
being unity for perfect phase correlations and zero for vanishing correla-
tions. The correlation function above the critical temperature Tc decays
approximately as a Gaussian to zero, on a length scale given by the de
Broglie wave length λdB. The length scale over which correlations exist
becomes larger for lower temperatures (T2 < T1). The correlation func-
tion drops to a constant value, the condensate fraction, for temperatures
below the transition temperature, and is unity for T = 0 in the case of
an ideal Bose gas.

where m is the mass of the atom, kB is the Boltzmann constant and T is the
temperature of the gas. The shape of the �rst order correlation function is
illustrated in Figure A.1. The behavior in proximity to the phase transition
is discussed in Section 2.1.3.

A.2 Order Parameter

The �eld operator Ψ̂ can be expanded in the basis of the single-particle wave
functions φi introduced in (A.8)

Ψ̂(r) = φ0(r)â0 +
∑

i6=0

φi(r)âi , (A.12)

where â†i (or âi) is the operator creating (or annihilating) a particle in state
φi. The separation on the right hand side of Equation (A.12) again re�ects
the special role of the macroscopically populated state.
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A.3. IDEAL BOSE GAS IN A TRAP

For N0 = 〈â†0â0〉 À 1 the Bogoliubov approximation [179] can be applied:
the component φ0(r)â0 of the �eld operator is treated as a classical �eld by
replacing the operators â†0 and â0 by

√
N0, so that φ0(r)â0 ≈

√
N0φ0(r) ≡

ψ(r). The �eld operator (A.12) can now be written as

Ψ̂(r) = ψ(r) + δΨ̂(r) , (A.13)

where δΨ̂(r) =
∑

i6=0 φi(r)âi is a �uctuating function with 〈δΨ̂(r)〉 = 0.
The function ψ(r) = |ψ(r)|eiφ(r) is a complex quantity with an amplitude

and a phase and is called the macroscopic wave function of the Bose-Einstein
condensate. It plays the role of an order parameter for Bose-Einstein con-
densation, as it characterizes the Bose condensed phase and vanishes above
the critical temperature.

With this new expression of the �eld operator, we can rewrite the �rst
order correlation function (A.10),

g(1)(r, r′) = 〈Ψ̂†(r)Ψ̂(r′)〉 = ψ∗(r)ψ(r′) + 〈δΨ̂†(r)δΨ̂(r′)〉 , (A.14)

where the condensate wave function ψ(r) gives rise to the long-range phase
coherence of the system, and the �uctuating part δΨ̂(r) is responsible for
the correlations in the excitation spectrum.

A.3 Ideal Bose Gas in a Trap

For a gas of N noninteracting bosons in a three-dimensional trap, the mean
number of particles nεi in the energy eigenstate with energy εi is given by
the Bose-Einstein distribution

nεi =
1

e(εi−µ)β − 1
, (A.15)

where µ is the chemical potential and β = 1/(kBT ) with the temperature T

and the Boltzmann constant kB. The chemical potential can be found self-
consistently from the normalization to the total number of atoms. The Bose-
Einstein distribution (A.15) sets the important physical constraint µ < ε0 on
the chemical potential. A chemical potential bigger than the lowest energy
eigenstate would violate this inequality and lead to negative occupation
numbers for all states with energy smaller than µ. It follows that for µ → ε0
the occupation number N0 for the lowest energy state becomes increasingly
large: Bose-Einstein condensation sets in.

Typical experiments with Bose-Einstein condensates use trapping geome-
tries which can well be approximated by a three dimensional harmonic os-
cillator

Vext(r) =
1

2
m

(
ω2
xx

2 + ω2
yy

2 + ω2
zz

2) , (A.16)
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Figure A.2: Condensate fraction of a Bose gas as function of temper-
ature. Above the critical temperature the condensate fraction is zero.

where m is the mass of an atom, and the ωi are the trapping frequencies of
the potential. The transition temperature Tc for a trapped, ideal Bose gas
depends on the total number of atoms N and on the trapping frequencies

Tc =
~ω̄
kB

(
N

g3(1, 0)

)1/3

, (A.17)

where we used the geometric average of the trapping frequencies ω̄ = (ωxωyωz)
1/3

and have introduced the generalized Bose function [49]

gα(x, y) =

∞∑

k=1

xky1/k

kα
. (A.18)

The transition temperature Tc for the ideal gas is very close to the measured
value for the weakly interacting gas. The deviations can be explained in more
advanced theories [78, 83, 80, 180], taking into account the interactions, the
�nite number of particles in the system and the anisotropy of the potential.

Using the above de�nition for the transition temperature, the condensate
fraction N0/N as a function of temperature T < Tc is given by

N0

N
= 1−

(
T

Tc

)3

; (A.19)

This dependence is depicted in Figure A.2.
The radial extension of a trapped thermal cloud at temperature T is

given by Rth =
√

2kBT/(mω̄2), so that the interatomic distance can be
estimated to be l = Rth/N

1/3. A demonstrative interpretation of Bose-
Einstein condensation is to compare the interatomic distance with the de
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A.4. TRAPPED WEAKLY INTERACTING BOSE GAS

Broglie wavelength λdB (see Equation A.11) of the particles. At the critical
temperature Tc, the extension of the wave packets λdB becomes comparable
to l such that the particle wave functions start to overlap and the particles
become indistinguishable.

A.4 Trapped Weakly Interacting Bose Gas

In a real gas particles can interact with each other via their two-body in-
teratomic potential. At ultra-low temperatures the thermal energy can be
neglected with respect to the interaction energy. One assumes that the col-
lisions can be completely characterized by the s-wave scattering length a,
that collisions do not change the internal state of the atoms, and that the
gas is so dilute that only binary collisions are relevant. These assumptions
are justi�ed if the diluteness condition n|a|3 ¿ 1 is ful�lled, which is the
case for typical experimental parameters where the density n is on the order
of 1014 cm−3 and a ' 5.7 nm. The interaction potential V0(r− r′) can then
be written in the Born approximation as an e�ective contact interaction

V0(r− r′) = U0δ(r− r′) with U0 =
4π~2a

m
. (A.20)

If the atom-atom interactions are incorporated in a mean-�eld approach,
the Gross-Pitaevskii equation [181, 182] can be derived, which is the main
theoretical tool for the description of a trapped, interacting Bose gas at
ultra-low temperatures:

i~ ∂

∂t
ψ(r, t) =

(
−~

2∇2

2m
+ Vext(r, t) + U0 |ψ(r, t)|2

)
ψ(r, t) . (A.21)

The Gross-Pitaevskii equation resembles a Schrödinger equation for the con-
densate wave function ψ(r, t), including the additional nonlinear mean-�eld
term U0 |ψ(r, t)|2.

Thomas-Fermi Approximation

If the zero-point energy of the harmonic oscillator is small compared to the
interaction energy per particle, the kinetic energy term in the stationary
form of the Gross-Pitaevskii Equation (A.21) can be neglected. One obtains
the so-called Thomas-Fermi approximation for the condensate wave function

ψ(r) =





√
µ−Vext(r)

U0
, for Vext(r) < µ

0 , for Vext(r) > µ .

(A.22)
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Figure A.3: Harmonic trapping potential (grey) V (r) and the cor-
responding density distribution (black) |ψ(r)|2 in the Thomas-Fermi
approximation�the density distribution resembles the inverted trap-
ping potential. The Thomas-Fermi approximation breaks down at the
edges of the atomic cloud, where the wave function does not directly
goes to zero but decays on a length scale given by the healing length ξh
(inset).

This approximation is valid for Na/aHO À 1, where aHO =
√
~/(mω̄) is the

characteristic length scale of the quantum mechanical harmonic oscillator.
As a consequence of (A.22), the density distribution n(r) = |ψ(r)|2 resem-
bles the shape of the inverted external potential. The radius of a trapped
interacting Bose condensate can now be calculated as the Thomas-Fermi
radius

rTF =

√
2µTF
mω2

i

, (A.23)

where the chemical potential in the Thomas-Fermi approximation

µTF =

(
15~2aω̄3N0

√
m

)2/5

2
(A.24)

has been introduced. The external potential and the resulting density dis-
tribution are illustrated in Figure A.3.
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The Thomas-Fermi approximation neglects the kinetic energy term in the
Gross-Pitaevskii equation. This is a good assumption, if the shape of the
wave function changes only slowly. However, on the edges of the condensate
the Thomas-Fermi approximation breaks down and predicts a sharp bend
of the density distribution. In contrast, the solution of the Gross-Pitaevskii-
equation shows a smooth decay of the density on a length scale given by the
healing length ξh = (8πna)−1/2 (see Figure A.3).
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B Approximation of the First-Order Correlation
Function

We show here the calculation needed to approximate the �rst order correla-
tion function (2.22)

〈Ψ̂†(z)Ψ̂(z′)〉 =
1

λ3
dB

∞∑
s=1

1

s3/2
esµ/kBT e

− 1
s

π ∆z2

λ2
dB

to �nd the asymptotic from (2.24)

〈Ψ̂†(z)Ψ̂(z′)〉 → 1

∆z
e−∆z/ξ .

In a �rst approximation, the sum is transferred into an integral. Fur-
thermore we are only interested in the proportionalities and neglect the
pre-factors:

〈Ψ̂†(z)Ψ̂(z′)〉 ≈∝
∞∫

1

ds
1

s3/2
e

s µ
kBT e

− 1
s

π ∆z2

λ2
dB .

Substituting µ′ = − µ
kBT

and r′2 = π ∆z2

λ2 this yields

=

∞∫

1

ds
1

s3/2
e−sµ′e−

r′2
s =

∞∫

1

ds e−sµ′− r′2
s
− 3

2 ln s =

∞∫

1

ds eg(s) ,

with the function g(s) = −( r′2
s

+sµ′+ 3
2

ln s) in the exponent. The maximum
smax of g(s) can be found from its �rst and second derivative. Now the saddle
point method can be used to evaluate the integral:
∞∫

1

ds eg(s) ≈
∞∫

−∞

dseg(smax)+g′′(smax)
(s−smax)2

2 =
√

2πeg(smax) 1√
−g′′(smax)

.
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Here we �nd g′′(s) = −2 r′2
s3 + 3

2
1
s2 , and smax can be approximated with

an expansion in 1/r′, i.e., for r′2 À 1 equivalent to ∆z2 À λ2/π.

smax =
−3/2±

√
(3/2)2 + 4µ′r′2

2µ′
≈ − 3

4µ′
+

r′√
µ′

+ O(1/r′) ,

such that

g(smax) ≈ − r′2

r′√
µ′
− 3

4µ′
−

√
µ′r′ +

3

4
− 3

2
ln(

r′√
µ′
− 3

4µ′
) .

This again can be approximated for r′ À 1, or � more precisely � for
∆z À λ

g(smax) ≈ −2
√

µ′r′ − 3

2
ln(

r′√
µ′

) .

The second derivative of g at smax is found to be

g′′(smax) ≈ −2
r′2

( r′√
µ′
− 3

4µ′ )
3

+
3

2

1

( r′√
µ′
− 3

4µ′ )
2
≈ −2

µ′3/2

r′
.

Now we can apply the saddle-point approximation and evaluate the inte-
gral

∞∫

1

dseg(s) ≈
√

2πe−2
√

µ′r′
(

r′√
µ′

)−3/2 (
r′

2µ′3/2

)1/2

=
√

2πe−2
√

µ′r′ 1

r′
.

After back transformation of r′ and µ′ we �nd for the asymptotic corre-
lation function

〈Ψ̂†(z)Ψ̂(z′)〉 → 1

∆z
e
−2∆z

√
π|µ|

kBT λ2
dB

So �nally, by introducing the expression ξ =
√

~2
2m|µ| , the �rst order cor-

relation function can be written in the familiar form for large ∆z = z − z′

〈Ψ̂†(z)Ψ̂(z′)〉 → 1

∆z
e
−∆z

ξ .
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C Derivation of the Visibility of the
Interference Pattern

In our experiment we output couple atoms from the trap and measure the
time-dependent �ux of atoms falling through the cavity mode. This quantity
can be described in our one-dimensional model by the expectation value of
the atomic density at the position r0 of the cavity

〈
Ψ̂†f (r0, t)Ψ̂f (r0, t)

〉
=

=

〈(
ϕz1(r0)〈ϕz1|Ψ̂t〉e−iωz1t + ϕz2(r0)〈ϕz2|Ψ̂t〉e−iωz2t

)†
·

·
(
ϕz1(r0)〈ϕz1|Ψ̂t〉e−iωz1t + ϕz2(r0)〈ϕz2|Ψ̂t〉e−iωz2t

)〉

= ϕ2
z1(r0)

〈
〈ϕz1|Ψ̂t〉†〈ϕz1|Ψ̂t〉

〉
+ ϕ2

z2(r0)
〈
〈ϕz2|Ψ̂t〉†〈ϕz2|Ψ̂t〉

〉
+

+ϕz1(r0)ϕz2(r0)
〈
〈ϕz1|Ψ̂t〉†〈ϕz2|Ψ̂t〉e−i∆ωt + 〈ϕz2|Ψ̂t〉†〈ϕz1|Ψ̂t〉e+i∆ωt

〉
.

Using the symmetry of the correlation function in its arguments this can be
written as

= ϕ2
z1(r0)

∫
ϕ2

z1(x)〈Ψ̂†t (x)Ψ̂t(x)〉dx + ϕ2
z2(r0)

∫
ϕ2

z2(x)〈Ψ̂†t (x)Ψ̂t(x)〉dx +

+2ϕz1(r0)ϕz2(r0)

∫
ϕz1(x1)ϕz2(x2)〈Ψ̂†t(x1)Ψ̂t(x2)〉dx1dx2 cos(∆ωt) .

In the above equation the relation between the measured �ux of atoms and
the correlation function of the trapped gas becomes visible. Following [49]
the correlation function of the Bose gas

〈
Ψ̂†t (x1)Ψ̂t(x2)

〉
can be written as

a sum∑
k 1/k3/2Γk(R)γ1/k(r) (see Equation 2.21), where Γ(R) depends only on

the center-of-mass coordinate R = (x1 + x2)/2 and γ(r) depends only on
the relative coordinate r = x1 − x2. In the following we use only the lowest
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order term of this sum as the correlation function. However, the discussion
is valid for each summand, and the full result can be obtained by summing
over all contributions.

Until now we assumed the detector as having no extension in direction
of the atomic beam. However, the cavity mode waist determines a �nite
detection volume, over which the �ux has to be integrated. The pre-factors
in front of the integrals are represented by very fast oscillating Airy func-
tions. At the position r0 of the cavity the wavelength of these functions is
only a few nanometers which is much smaller than the cavity mode waist.
Integrating over the size of the cavity mode leads to equal and constant pre
factors B for the �rst two terms of the sum. The pre-factor of the last term
is slowly oscillating in space, but its maximum value is again equal to the
two other pre-factors. We now can write

= B

(∫
ϕ2

z1(R)e
− R2

2R2
th dR +

∫
ϕ2

z2(R)e
− R2

2R2
th dR

+

∫
ϕz1(R + r/2)ϕz2(R− r/2)e

− R2

2R2
th e

−π r2

λ2
dB dRdr cos(∆ωt)

)
,

where we introduced the radius of a trapped thermal cloud Rth =
√

kBT/(mω2).
The �rst two terms of the sum can be evaluated numerically yielding a

value 1/(2A) with a constant A. To be only dependent on the distance
∆z of the output coupling planes, we make the coordinate transformation
r̃ = r + ∆z with ∆z = |z1− z2| and choose z1, z2 symmetric with respect to
the origin of the coordinate system

=
B

A

(
1 + A

∫
e
−π

(r̃−∆z)2

λ2
dB

∫
ϕ−r̃/2(R)ϕr̃/2(R)e

− R2

2R2
th dRdr̃ cos(∆ωt)

)

∝ (1 + V (∆z) cos(∆ωt)) ,

with

V (∆z) = A

∫
e
−π

(r̃−∆z)2

λ2
dB

∫
ϕ−r̃/2(R)ϕr̃/2(R)e

− R2

2R2
th dRdr̃

We now derived Equation 4.18 and continue with the further discussion in
the main text.
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D Physical Constants

All physical constants used in this thesis are published in [183] and can be
accessed via http://physics.nist.gov/constants. The data concerning
87Rb has been taken from [99] and can be accessed via
http://steck.us/alkalidata/.
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