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Abstract
Problem-solving before instruction has been shown to be a more effective learning design 
than traditional tell-and-practice for several mathematical concepts at the secondary school 
level. In particular, the more a problem-solving before instruction design follows the pro-
ductive failure principles, such as comparing and contrasting student-generated solutions, 
the higher the effect on students’ conceptual understanding and transfer. University math-
ematics education poses several inherent constraints that complicate the implementation of 
these principles. In the present study, we implemented a problem-solving before instruc-
tion design in a university linear algebra course adhering to the productive failure princi-
ples as closely as possible. Participation in the preparatory problems was voluntary. We 
investigated the effect on students’ learning over four one-year iterations in a design-based 
research approach. Compared to the baseline (aggregate of cohorts prior to the interven-
tion), we observed a significant increase in final exam performance for all four cohorts 
with effect sizes between Cohen’s d = 0.28 and d = 0.59. For students who agreed to further 
analyses, our results show that up to 16% of the variance in students’ performance can 
be explained by variance in their participation in the problem-solving before instruction 
design. As our design did not include a control group, we refrain from conclusions regard-
ing any design components that might have caused these effects. However, these results 
are promising, given that our implementation involved only minor changes to the original 
course structure and required little extra time for students.
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Introduction

Activation of prior knowledge can be an effective means to prepare students for instruction 
(e.g., Schwartz & Bransford, 1998). Learning designs that activate students’ prior knowl-
edge before formal instruction can lead to deeper conceptual understanding and increased 
transfer performance than traditional tell-and-practice learning designs. Current research 
explores the boundary conditions of learning designs structured to activate students’ rel-
evant prior knowledge before instruction, such as preparation for future learning (PFL; 
Schwartz & Martin, 2004), problem-solving before instruction (PS-I; Loibl et  al., 2017; 
Schoenfeld, 1992), and productive failure (PF; Kapur, 2008; Kapur & Bielaczyc, 2012). 
For mathematical concepts, PS-I has been shown to be effective for a range of topics in 
primary and secondary school using controlled and classroom experiments (e.g., Kapur, 
2014; Loibl & Rummel, 2014a, 2014b; Roll et al., 2009). While some design constraints 
have already been identified for PS-I, limitations regarding the content and its presenta-
tion remain largely unexplored, especially in higher mathematics. In the present study, 
we investigated whether it is possible to implement a PS-I learning design in a university 
mathematics course, where the concepts and ideas become more abstract, the mathematical 
language becomes more formal, and the classrooms become lecture halls.

Design constraints

Schwartz and Bransford (1998) argue that there is an optimal “Time for Telling.” That is, 
students need to be ready to construct knowledge from instruction. If they are not prepared 
to do so, students may encode new information as mere facts to memorise.

As a means to prepare students to learn from direct instruction, problem-solving is 
effective (Loibl et  al., 2017; Schwartz & Martin, 2004), even if students fail to find the 
canonical solution to the problems posed (Kapur, 2008; Kapur & Bielaczyc, 2012). PFL, 
PS-I and PF learning designs focus on the importance of activating students’ relevant 
prior knowledge before the instruction phase. This can be done using general preparatory 
activities (as in PFL), preparatory problem-solving (PS-I), or preparatory problem-solving 
activities designed for failure (PF). Following their definitions, PS-I learning designs are 
a subset of PFL and PF learning designs are in turn a subset of PS-I designs as depicted 
in Fig. 1. Our classification of these reversed-order learning designs is not exhaustive. For 
example, DeCaro and Rittle-Johnson (2012) highlighted the exploratory learning aspect 
of the preparatory activities used in their study where primary school students explored 
mathematical equivalence problems before instruction on the concept.

Fig. 1   Venn diagram of the 
relationship of preparation for 
future learning (PFL), problem-
solving before instruction (PS-I), 
and productive failure (PF) 
learning designs
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In reviews, PS-I and PF designs have been shown to overall positively impact the tar-
geted learning outcomes, especially conceptual understanding and transfer, compared to 
traditional tell-and-practice designs with instruction prior to problem-solving (I-PS; Darabi 
et al., 2018; Loibl et al., 2017; Sinha & Kapur, 2019). For procedural knowledge, however, 
a recent review by Chen and Kalyuga (2020) implies a positive effect of I-PS over PS-I. 
Sinha and Kapur’s (2021) comprehensive meta-analysis shed more light on the comparison 
of PS-I and I-PS. The authors found a significant pooled effect (Hedge’s g = 0.36) in favour 
of PS-I for conceptual knowledge and transfer. For procedural knowledge, they found that 
PS-I and I-PS lead to similar learning outcomes. Furthermore, Sinha and Kapur were able 
to partly explain the heterogeneity of previous results with the PF fidelity of the conducted 
studies. That is, the more closely the PF design principles (Kapur, 2016; Kapur & Bielac-
zyc, 2012) were implemented in the study design, the higher the positive effect in favour of 
the PS-I design.

Productive failure design principles

Kapur and Bielaczyc (2012) defined PF as a two-phase learning design that embodies the 
following four core learning mechanisms: (a) activation and differentiation of prior knowl-
edge, (b) attention to critical features, (c) explanation and elaboration, and (d) organisation 
and assembly. Based on these mechanisms, Kapur and Bielaczyc (2012) proposed design 
principles for PF. Split into the two phases of the learning design—the problem-solving 
phase (Phase 1) and the instruction phase (Phase 2)—the PF principles can be summarized 
as follows:

Phase 1: Generation and exploration of representations and solution methods for novel 
problems

(A)	 that are challenging, not frustrating, and have an affective draw
(B)	 admit multiple representations and solution methods (RSMs)
(C)	 activate and differentiate prior and intuitive mathematical knowledge
(D)	 provide opportunities for explanation and elaboration (e.g., in group work), and a safe 

space for generation and exploration (e.g., with reassuring prompts)

Phase 2: Consolidation and knowledge assembly

(A)	 Instruction builds on solutions generated by students (evaluation without judgement)
(B)	 The lecturer allows for comparing and contrasting of solution methods (e.g., in dia-

logue)

The core mechanisms of PF through the lens of CID

Recently, Loibl et al. (2024) proposed a framework for the cognitive analysis of compos-
ite instructional designs (CID), such as PS-I and PF. Therein, the authors highlight the 
importance of acknowledging the interplay of the learning mechanisms that are triggered 
in the phases of an instructional design. The problem-solving phase in PF is designed to 
allow for the activation of prior knowledge and the recognition of critical features. After 
the problem-solving phase, students are expected to have noticed critical features of the 
targeted concept and identified some of their knowledge gaps. If the used materials fail to 
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trigger these mechanisms, students’ knowledge after the first phase is affected (intermedi-
ate knowledge), which serves as prior knowledge to the second phase. In turn, if students 
were unable to identify knowledge gaps and recognize critical features, the core mecha-
nisms in the second phase, elaboration and assembly, do not have the desired effects of 
consolidating students’ discoveries. For a successful implementation of PF, it is therefore 
crucial to carefully design each aspect of the two phases.

Challenges when implementing the PF principles in higher education

In many cases, the setting of the problems used in PF designs relates to students’ lives 
outside of academia to increase affective draw, and thereby, students’ engagement (PF 
principle 1A). For example, in Kapur’s (2008) original productive failure study, students 
are asked to investigate whether a person was speeding based on an eyewitness account 
before instruction on Newtonian kinematics. In the case of higher mathematics education, 
the relation of targeted concepts to students’ lived experiences is often rather elusive. Par-
ticularly in introductory mathematics courses, such as linear algebra, real-world applica-
tions of the targeted concepts cannot be used as a stepping stone, because students lack 
sufficient training in other fields, like physics or computer science, where those principles 
are applied. The fact that higher mathematical concepts relate less easily to students’ prior 
experiences makes higher mathematical content more abstract for students. We will con-
tinue to use the term abstract in that sense throughout the article.

Other studies have highlighted the importance of considering the constraints of the 
PF principles to evaluate the positive effect of PS-I designs compared to I-PS: Loibl and 
Rummel (2014a) found that comparing and contrasting student solutions to the canoni-
cal solution (PF principle 2B) crucially supports learning during the instruction phase of 
PS-I. However, discussing student-generated solutions in university courses with hundreds 
of students is not feasible within a reasonable time frame.

PS‑I and PF for university mathematics

Most studies investigating PS-I and PF learning designs for mathematics learning focused 
on primary and secondary school contents (e.g., DeCaro & Rittle-Johnson, 2012; Fyfe 
et al., 2014; Glogger-Frey et al., 2017; Loehr et al., 2014; Schwartz & Martin, 2004). In 
particular, the affordances and constraints of PS-I and PF learning designs for mathematics 
learning were mainly investigated in the topics variance, average speed, and linear func-
tions, which are usually taught in secondary school (Hartmann et al., 2020; Kapur, 2010, 
2011, 2014; Loibl & Rummel, 2014a, 2014b, 2015; Roll et al., 2009; Schalk et al., 2018). 
Whereas these findings call for more research looking into more varied mathematical con-
tent in general, the use of more abstract university mathematics in a PS-I design remains 
largely unexplored.

In Sinha and Kapur’s meta-analysis (2021), five of the 53 studies included investigated 
the implementation of a PS-I design for mathematics with university students (Belenky 
& Nokes-Malach, 2012; D.-W. Chen & Catrambone, 2019; Jarosz et al., 2017; Kerrigan, 
2018; Newman & DeCaro, 2019). However, only one of these studies focused on higher 
mathematical content (Chen & Catrambone, 2019) and there, the authors did not find a 
difference between the PS-I and the I-PS condition for both immediate and delayed 
post-test scores. Extending the analysis to affective variables, the authors were able to 
show higher subjective and objective exploration levels in the PS-I condition during 
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the problem-solving phase, which is in line with previous research. In sum, research 
investigating PS-I in higher mathematical education is scarce and so far, existing results are 
inconclusive.

In the broader field of university education in science, technology, engineering, and 
mathematics (STEM), a couple of studies exist that compared PS-I to I-PS. For example, 
Weaver et al. (2018) showed that undergraduate physics students’ conceptual understand-
ing was significantly higher following a PS-I session on the electric potential than after 
a comparable I-PS session. The authors did not find a difference in students’ procedural 
knowledge. Similarly, Lai et al. (2017) compared engineering students’ learning gains after 
a PS-I and I-PS learning activity on process engineering and found that the PS-I group 
performed significantly higher than the I-PS group. These studies imply that PS-I could 
be effectively implemented for higher STEM education. However, both of these studies 
focused on short interventions (70–80 min) and only evaluated students’ short-term learn-
ing gains. Long-term implementations of a PS-I learning design in STEM education in 
general, and mathematics education in particular, remain to be investigated.

Long‑term implementations of PS‑I and PF

So far, existing research on PS-I and PF designs focused on short-term interventions (Sinha 
& Kapur, 2021). It is unclear, therefore, how long-term implementations of PS-I or PF 
designs impact students’ learning: for example, if they are implemented in a complete uni-
versity course stretching over a whole year. When students become familiar with problem-
solving before instruction, they possibly learn to profit from the initial problem-solving 
sequence over time. Glogger-Frey et al. (2017) found, for example, that practising invent-
ing leads to more exploration during self-regulated preparatory problem-solving. On the 
other hand, the impact of PS-I could diminish over time as students learn that they will 
receive formal instruction on the targeted concepts independently of their efforts in the 
problem-solving phase, especially if participation is voluntary.

The difficulties of learning linear algebra

Linear algebra is foundational to most STEM fields and the course is mandatory in many 
higher education STEM programs. As a means to formalise the algebraic computations 
from secondary school mathematics, linear algebra concepts provide a basis for multi-
dimensional approximations and algorithmic problem solving; for example, to develop 
machine learning algorithms or to produce linear models of forces in real-world phenom-
ena as used in physics and engineering.

For most students, linear algebra is their first encounter with advanced mathematical 
abstractions, where computations are generalised and the validity of an argument is shown 
by formal proof (Tucker, 1993). This transition from secondary school algebra, where the 
use of visual and symbolic representations is predominant, to a more formal framework 
poses difficulties for students (Tall, 2008) and can leave them disoriented and confused 
(Carlson, 1993). As a result, students are often able to perform linear algebra procedures 
but lack conceptual understanding after a course in linear algebra (Dorier & Sierpinska, 
2002).

Several recent studies tried to address this problem. The survey paper by Stewart et al. 
(2019) gives a concise overview of the field and shows that most of the empirical research 
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on linear algebra learning is of qualitative nature and focuses on students’ difficulties with 
specific concepts, such as span, linear independence, and eigenvalue-theory (e.g., Hannah 
et al., 2013; Wawro et al., 2012).

One possible reason for students’ difficulties is the heavily formalised axiomatic 
approach dominating linear algebra course curricula that contrasts with the epistemologi-
cal development of the theory (Dorier, 2000). Students are confronted with the polished 
theory without feeling the intellectual need for the presented linear algebra concepts, which 
is crucial for constructing knowledge in linear algebra (Harel, 2000). Harel (2018) argues 
that the occurrence of intellectual need depends entirely on the prior knowledge students 
bring to class. In the case of linear algebra, an example for intellectual need could be stu-
dents experiencing the benefit of using basis vectors to describe any vector in the vector 
space leading to them wanting to understand what a basis of a vector space is and what 
constraints a set of vectors must satisfy in order to form a basis. Similarly, Nathan (2012) 
argues that if students’ prior knowledge is activated with targeted activities, their sense-
making within a traditional mathematics lecture can be supported. Thus, activating stu-
dents’ prior knowledge before instruction in a PS-I learning design could increase students’ 
understanding of linear algebra considerably.

The present study

In the present study, we implemented a PS-I design in a university linear algebra course 
adhering to the PF principles as closely as possible under the constraints of university edu-
cation. We opted for a design-based research approach (DBR; Cobb et  al., 2003) imple-
mented over four iterations to increase PF fidelity over the course of the study. We aimed to 
answer the following research questions:

	RQ1.	How does the introduction of preparatory exercises to a university linear algebra course 
influence students’ performance in the final exam?

	RQ2.	To what extent does students’ participation in preparatory exercises predict their per-
formance in the final linear algebra exam and tests on conceptual understanding of 
linear algebra?

To answer our research questions, we developed ten preparatory exercise sheets for 
a one-year linear algebra course in the mechanical engineering program at a technical 
university in Switzerland, in which the enrolled students could participate voluntarily 
prior to the corresponding lecture. Additionally, students were invited to participate in 
two end-of-semester assessments that tested their conceptual understanding of the targeted 
concepts. The course structure including lectures, exercise classes, and the final exam with 
the additional elements of the intervention are displayed in Fig. 2. The figure depicts eight 
example cycles of (preparatory exercises before) lecture before exercise class out of the 
total 28 cycles in the course.

For each of the ten targeted concepts, we thus changed the instructional design 
from instruction with subsequent homework exercises to PS-I, while preserving the 
subsequent homework exercises. In the first phase of our PS-I design, students solved 
preparatory exercises as homework that required prior knowledge of previously 
covered concepts in the course as well as mathematics from secondary school. By 
engaging with the preparatory exercises, students’ relevant prior knowledge was 
activated, and students were given the opportunity to recognize relevant features of the 
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targeted concepts and to explain and elaborate on their thinking (Kapur & Bielaczyc, 
2012). After the problem-solving phase, students might have identified knowledge 
gaps, gained a disorganised conceptual understanding of the targeted concept, and 
recognized several relevant features. The instruction phase of our PS-I design consisted 
of the course lecture in a traditional lecture format, where the lecturer presented the 
contents in front of the class. To build on students’ intermediate knowledge after the 
problem-solving phase, the lecturer discussed the preparatory exercise in the beginning 
of the lecture in each PS-I cycle. This discussion allowed students to organise and 
assemble the relevant features to a more complete conceptual understanding of the 
targeted concept.

Our DBR project encompassed four iterations, from the 2018 Fall semester until 
the end of the 2022 Spring semester. Throughout, we collected data on students’ per-
formance in the end-of-semester assessments and the end-of-year exam, as well as on 
their participation in the preparatory exercises. Furthermore, we collected aggregated 
data on students’ performance in the other first-year courses for all cohorts. Based on 
previous research on problem-solving before instruction as discussed in the previous 
sections, we formulated the following hypotheses:

H1a  The introduction of preparatory exercises to the linear algebra course would 
increase the average performance in the final exam in comparison to cohorts prior to the 
intervention.

H1b  The introduction of preparatory exercises to the linear algebra course would lower 
the percentage of students failing the final exam in comparison to cohorts prior to the 
intervention.

H2a  Students’ participation in the preparatory exercises would positively predict their final 
exam performance.

H2b  The more students would participate in the preparatory exercises, the higher their 
likelihood to pass the final exam would be.

H3  Students’ participation in the preparatory exercises would positively predict their 
conceptual understanding of linear algebra.

Fig. 2   Original course structure with lectures, homework exercises, and the final exam with intervention 
elements preparatory exercises and assessments on conceptual understanding added. CU Conceptual 
understanding, E homework exercise, L lecture, PE preparatory exercise
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Methods

Participants

Our sample consisted of first-year mechanical engineering students at the Federal Institute 
of Technology (ETH) Zurich, a technical public university in Switzerland that offers study 
programs in STEM. ETH Zurich requires a Swiss Matura (or comparable secondary-school 
education) for enrolment without any additional selection process.

The grades of all first-year mechanical engineering students who participated in the 
final exam of the linear algebra course from Summer 2014 to Summer 2022 (baseline and 
intervention years) were anonymously analysed (N = 4463). The grades of 464 students 
who took part in the linear algebra exam in the Summer of 2017 were excluded due to 
deviances in the examination process (Online Resource 1). Compared to the other baseline 
cohorts, Summer 2017 was a clear outlier, potentially due to the change in exam format. 
We obtained a final sample size of N = 3999 (11.53% Women).

For further analysis that could not be conducted completely anonymously, we recruited 
first-year mechanical engineering students who were enrolled in the linear algebra lecture 
in the four academic years between Fall 2018 and Spring 2022 to volunteer their data. We 
highlight that participation in the intervention was independent of students’ sharing their 
data for further analysis. In this part, we excluded students repeating the course from analy-
sis, as their learning gains cannot be attributed to a single academic year. The sample sizes 
are depicted in Table 1.

An a priori power analysis was conducted using G*Power version 3.1.9.6 (Faul et al., 
2009). Results indicated the required sample size to achieve 80% power for detecting a 
small effect, at a significance criterion of α = 0.05, was N = 1845. Thus, the obtained sam-
ple size of N = 3999 is adequate for our planned comparison. For the detailed analysis, the 
results indicated that our sample sizes are satisfactory for detecting an effect of R2 = 0.05 
at 80% power for our planned regressions.

Materials

For every academic year between 2018 and 2022, we collected data on students’ participa-
tion in the preparatory exercises (independent variable), their performance in tests on con-
ceptual understanding, and their end-of-year exam performance (dependent variables). The 
changes made to the course structure are detailed in the following.

Table 1   Sample sizes for in-depth analysis for intervention cohorts

The percentage of the sample of students who consented to the extended analysis with respect to all stu-
dents who partook in the end-of-year exam are given in parentheses

Academic year Original sample Repeating stu-
dents

Final sample % Women

2018/2019 344 (72%) 58 286 12.94%
2019/2020 417 (85%) 57 360 14.17%
2020/2021 441 (95%) 85 356 13.20%
2021/2022 403 (78%) 90 313 13.42%
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Course structure

Before 2018, the course consisted of a two-hour lecture and a one-hour exercise class per 
week with an end-of-year exam. After each lecture, students were given a homework exer-
cise sheet to practice the content of the lecture. The homework sheets could voluntarily be 
handed in to the tutors of the exercise classes for feedback. In the exercise classes, tutors 
revisited key concepts from the lecture and discussed the solutions to the homework sheets.

During our intervention from 2018 to 2022, ten preparatory exercise sheets and two 
tests on conceptual understanding were added to the course structure (Fig. 2). The prepara-
tory exercises were not regularly distributed over the semester, as they were administered 
before the corresponding lecture where the targeted concept was introduced. Throughout, 
the course was conducted in German.

The lecturer remained the same throughout the baseline and the intervention years. 
Except for the materials added for the intervention, which consisted of the preparatory 
exercises and the tests on conceptual understanding (Fig. 2), the course materials remained 
the same throughout the baseline and the intervention years.

Preparatory exercises

For the development of the preparatory exercises, we analysed the final exam performance 
two years prior to our interventions and identified ten core concepts foundational to linear 
algebra yet challenging for the students. The ten targeted concepts are listed in Table 2. For 
each of these concepts, we developed a preparatory exercise sheet that built on students’ 
prior knowledge and experiences in mathematics from secondary school or from previous 
linear algebra course content to establish relevant features of the novel concept (PF princi-
ple 1C). The exercises were designed for students to explore novel mathematical phenom-
ena and to formulate and elaborate on possible explanations using familiar mathematical 
language (PF principle 1D). The exercises prompted the students to notice novel features of 
and connections between already-known mathematical objects and did not include any new 
definitions or statements.

In contrast to the regular homework sheets after formal instruction, we designed the 
preparatory exercises to regularly prompt the students to explain their thinking explicitly in 
the exercise instruction (e.g., “Justify your answer.”, “Explain.”; PF principle 1D).

Participation in the preparatory exercises was voluntary. If students decided to partici-
pate, they were required to hand in their solutions prior to the targeted lecture to ensure 
engagement prior to instruction. The preparatory exercise sheets are included in Online 
Resource 2 (German originals and English translations).

Table 2   The ten core linear algebra concepts targeted by preparatory exercises

PE Preparatory exercises

1st semester 2nd semester

PE1. Rank of matrices
PE2. Geometric interpretation of linear systems of equa-

tions
PE3. Non-commutativity of matrix multiplication
PE4. Determinant of matrices
PE5. Bases of a vector space

PE6. Eigenvalues and Eigenvectors
PE7. Inner product in vector spaces
PE8. Orthogonal projection
PE9. Kernel and image of a linear map
PE10. Orthogonal diagonalization of matrices
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The preparatory exercises were designed to trigger two core mechanisms of PF, 
activation of prior knowledge and recognition of critical features. For example, the first 
preparatory exercise included seven contrasting cases of linear systems of equations. 
The contrasting cases were designed for students to activate their prior knowledge of the 
meaning of equations. Moreover, students were expected to recognize that an equation 
which is a linear combination of others in the same system does not add any information 
and can therefore be disregarded. The same idea applies to the rank of a matrix, where 
only linearly independent rows (or columns) are counted. In the instruction phase, the 
lecturer built on students’ intermediate knowledge gained in the preparatory exercise by 
extending the concept from linear systems of equations to the rank of matrices, which was 
the targeted knowledge in this PS-I cycle.

In general, the lecturer discussed a possible solution to the preparatory exercises and 
highlighted common misconceptions and potential pitfalls at the beginning of the subse-
quent lecture in each PS-I cycle.

Tests on conceptual understanding

At the end of each of the two semesters, students were tested on their conceptual under-
standing of the targeted concepts (Table 2). Participation in the tests was voluntary. In the 
first and second cohorts, the tests included three multiple-choice items with four answer 
options and one correct choice of increasing difficulty per concept. In the third and fourth 
cohorts, the tests included two problems with four true/false items per concept of varying 
difficulty. In all cases, each item was graded as correct/incorrect. The tests were developed 
in close collaboration with the lecturer of the course, who also co-authored the present 
article. The items were chosen based on conceptual learning goals set by the lecturer and 
the distractors were chosen based on common misconceptions as observed in linear algebra 
exams from previous years.

The second version of the tests are included in Online Resource 3 (German originals 
and English translations) and they were piloted with the tutors of the course and a group of 
second-year students (Online Resource 1).

Except for Spring semester 2020 (Covid-19 restrictions), the end-of-semester tests on 
conceptual understanding were administered on-site. Starting from Spring semester 2020, 
they were administered online during an exercise class under supervision by the tutors. 
Students were also able to log-in from outside the university. However, the tests included a 
final question on whether students used forbidden additional resources.

Our variables operationalising performance in the end-of-semester tests on conceptual 
understanding were obtained as follows. Each item in the tests was coded as either true 
or false. The performance was then defined to be the total number of correctly answered 
items. For our analysis, we converted students’ performance in the assessments on concep-
tual understanding into percentages. Students who exceeded the time limit, did not finish 
the test, or admitted to having used forbidden additional resources were excluded from the 
analysis.

Participation variable and bonus grade points

Participation in the preparatory exercises and the tests on conceptual understanding 
was voluntary and awarded with bonus grade points for their final grade. In total, stu-
dents were able to attain P out of 12 points for participation that translated to min 
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(0.25, P/9*0.25) bonus grade points in the exam, where 0.25 grade points are equiva-
lent to 5%. The bonus points were awarded for participation regardless of students’ 
performance. Students’ final grade in the linear algebra course was determined as the 
sum of their grade in the end-of-year exam and the bonus grade points they achieved.

In case of the preparatory exercise sheets, students were required to hand in their 
solutions before the corresponding lecture to be awarded a bonus point. The hand-
ins were evaluated by tutors and rewarded with one point for participation if students 
provided answers for at least 90% of the preparatory exercise. The correctness of the 
answers did not influence grading. To ensure uniform grading across all tutors, the 
tutors were trained by the authors at the beginning of the semester based on detailed 
criteria and examples. Over the course of the semester, tutors discussed ambiguous 
cases with the authors via an online platform. For the tests on conceptual understand-
ing, students were awarded a bonus point if they handed in their answers on time 
regardless of their performance.

In our analysis, we operationalised participation in the intervention as the total num-
ber of preparatory exercises the students participated in ranging from 0 to 10. Thus, 
our participation variable consists of the bonus points the students achieved without 
the tests on conceptual understanding. To analyse students’ performance in the end-of-
year exam, we disregarded the bonus grade points.

End‑of‑year exams

The development and grading of the exam were conducted independently of this study 
and in the same manner as in years prior to the intervention. The exam, which covered 
the same course materials as in the baseline years, was developed by the coordinator of 
the course, a doctoral student in mathematics who was not part of this research group, 
in the same way prior to and during the intervention. The lecturer reviewed the exam 
and set the grading scale before the exam took place based on the his judgement of the 
difficulty of the exam and his previous experience as a lecturer (> 12  years teaching 
this course). As all previous exams by the lecturer are available to students to study, 
the passing grade tends to increase over the years. All end-of-year exams were admin-
istered on-site and solved on paper.

Throughout the baseline and the intervention years, the end-of-year exams targeted 
both procedural knowledge and conceptual understanding with a ratio of around 2:1. 
Up until Summer 2017, the exams consisted of 10 multiple-choice questions and four 
open questions and from Summer 2017 onwards, the exams consisted of 20 multiple-
choice questions and three open questions. The ratio of the targeted knowledge types 
remained comparable. Because the coordinator of the course was a different doctoral 
student every year, the foci of the content of the exams vary. A link to all end-of-year 
exams is provided in Online Resource 3.

To ensure reasonable comparability between students’ exam performance over the 
years, exam performance was measured using the grades awarded by the lecturer. For 
the baseline cohorts, we thus considered their final course grade and for the experi-
mental cohorts, we considered their exam grade disregarding any achieved bonus grade 
points. The university uses the Swiss grading system, ranging from 1 (not measurable) 
over 4 (pass) to 6 (excellent) and with quarter-grade increments (ETH Zurich, 2025).
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Performance in other first year courses

To get an impression of the overall performance of the cohorts, we looked at trends in 
our students’ exam performance in analysis, their other first-year mathematics course, as 
well as their overall performance in all first-year courses. In addition to linear algebra and 
analysis, the first-year courses are mechanics, machine elements and innovation process, 
engineering materials and production, chemistry, and computer science. Their overall per-
formance determines whether students are allowed to proceed to the second year of the 
mechanical engineering program and is computed as a weighted average of the exam per-
formance in all first-year courses. This data was obtained from the university directly. The 
data was anonymized and given to us as an aggregate. We excluded the cohort 2016/2017 
due to deviances in the linear algebra exam that impacted the validity of a comparison to 
other cohorts. Statistical analysis confirmed this cohort as a clear outlier (Online Resource 
1).

Implementation of PF principles

We implemented the four PF principles for the problem-solving phase as follows. The pre-
paratory exercises were developed in collaboration with the lecturer of the linear algebra 
course and refined based on students’ feedback. We thereby ensured that the exercises were 
challenging, but not frustrating for the students. Moreover, if the students were completely 
stuck in an exercise, they were invited to approach their tutor for help. For affective draw, 
we chose graphical examples and applications in physics, if possible, to raise students’ 
engagement. We are thus confident that we were able to follow PF principle 1A.

The preparatory exercises allowed the students to explore the solution space by offer-
ing them the opportunity to discover features of novel concepts before formal instruction. 
However, we were unable to develop exercises that truly admit multiple representations 
and solution methods as demanded by PF principle 1B, as most of the exercises pose open 
questions that still target one specific answer.

The exercises build on students’ prior knowledge from secondary school and the preced-
ing part of the linear algebra course. To solve the exercises, the students needed to activate 
and differentiate their prior knowledge as postulated in PF principle 1C.

PF principle 1D asks for opportunities for explanation and elaboration as present in 
group work, and a safe space for generation. As the preparatory exercises were given to the 
students as facultative homework exercises, we did not control whether and to what extent 
the students worked in groups. However, we frequently reminded the students that their 
performance in the preparatory exercises was of no importance and that they should “just 
try”. Thereby, we aimed to reassure the students that potential failure in solving the exer-
cises was part of the learning process.

In the instruction phase of our design, the lecturer was unable to build directly on 
students’ solutions due to the vast number of students in the course. However, the lecturer 
discussed the preparatory exercises at the beginning of the subsequent lecture and 
elaborated on potential pitfalls and common misconceptions. The lecturer furthermore 
emphasized critical features of the novel concept and referred frequently to the preparatory 
exercises during instruction. Our approach was similar to the comparing of typical student 
solutions to the canonical one in Loibl and Rummel (2014a). We thereby enabled the 
students to compare and contrast their solutions to the canonical ones. During the lecture 
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and the following session with their tutor, the students were encouraged to ask questions 
about the exercises to forgo any confusion. We thus adapted PF principles 2A and 2B due 
to the size of the course.

Procedure

Students enrolled in the linear algebra course were invited to participate in 10 preparatory 
exercises and two end-of-semester assessments in addition to the original course structure 
as detailed in the previous section. We estimated that this additional coursework amounted 
to around 10 extra hours over the year. This is an estimate of an average workload per stu-
dent and the individual workload per student presumably varied.

Research design

The study consisted of four DBR iterations (Cobb et al., 2003). After each iteration, we 
analysed students’ participation in the preparatory exercises and their performance in the 
end-of-semester assessments of conceptual understanding. After the first and second years 
of the study, we revised the materials to account for conceptual understanding items in the 
assessments where students performed unexpectedly low and increase fidelity to the PF 
design principles. In these cases, we included more contrasting cases, refined the word-
ing, or changed the framing of an exercise. For example, we included contrasting matrices 
in the third preparatory exercise after Year 1 to allow students to discover the difference 
between diagonal matrices and multiples of the unit matrix within the exercise after dis-
covering that students struggled to differentiate between them in the assessment of concep-
tual understanding. We thus allowed for a better opportunity for students to differentiate 
their knowledge (PF principle 1C).

In addition to the data we collected throughout the year, we based these revisions on 
informal feedback from students, tutors, and the lecturer. The tutors collected students’ 
remarks and questions to the preparatory exercises and the lecturer collected students’ 
questions raised during the lecture. This approach allowed us to determine preparatory 
exercises that were too challenging for students, and we adapted the exercises accordingly. 
For example, we changed the framing of a proof in preparatory exercise 8 after Year 2. 
Originally students struggled to find the proof on their own. We transformed the exer-
cise into a more guided approach, where students had to identify the correct order of the 
statements in the canonical proof. We thereby strengthened the fidelity of the exercise to 
PF principle 1A stating that the exercises should be challenging, but not frustrating. This 
example illustrates our approach to balance guidance in the exercises with opportunities 
exploration to account for the abstract nature of the subject.

Moreover, the tutors reported how well students in their group solved the exercises in 
regular meetings with the research group. If there were parts of an exercise that many stu-
dents had neglected, we adapted the instruction or the answer format. For example, many 
students did not answer all questions posed in preparatory exercise 6 in Year 1. We changed 
the answer format from open text to a table, such that missing answers were directly obvi-
ous to the students. In Year 2, students were thus given the opportunity to discover more 
aspects of the targeted concept as some questions could not as easily be overlooked.

The targeted concepts as well as the general structure of the exercises remained 
unchanged. For the fourth iteration, all exercises remained the same as in the third iteration.
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Data analysis

To answer our research questions, we split the analysis into two parts. First, we compared 
the exam performance of our targeted cohorts to the exam performance of students of pre-
vious years as a baseline. For this analysis, we used anonymized data from all students who 
participated in the linear algebra exams in the summer sessions 2014–2022 and we con-
ducted an ANOVA with planned contrasts using JASP (Version 0.17.3 Intel; JASP Team, 
2023). All plots were produced in RStudio (Version 2023.6.1.524; Posit team, 2023) using 
the ggplot2 package (Wickham, 2016).

In the second analysis, we investigated the effect of participation in the preparatory 
exercises on students’ performance in the end-of-semester tests of conceptual understand-
ing and the final exam. For this second part, we used the data of a subsample of students 
in the intervention cohorts that volunteered for the analysis and excluded all repeating stu-
dents. We conducted linear regressions with performance as the dependent variable for 
each test and the final exam in every intervention year. Furthermore, we conducted logistic 
regressions with passing the final exam as the dependent variable.

To strengthen our results, we also conducted Bayesian linear regressions with perfor-
mance as the outcome and performed a sensitivity analysis. In our sensitivity analysis, we 
investigated whether our data included any highly influential cases or relevant outliers and 
whether the classification of our independent variable (participation in the preparatory 
exercises) as a continuous instead of a ratio variable influenced the model significantly.

Results

RQ 1: Experimental cohorts’ exam performance compared to previous cohorts

Descriptive statistics of the exam performance are displayed in Table 3. Detailed descrip-
tive statistics of the baseline are included in Online Resource 1.

The effect of the intervention on students’ grades

An ANOVA showed that there was a significant effect of the intervention years on exam 
performance, F(4) = 58.37, p < 0.001, with an overall effect size of �2 = 0.06. Planned 
contrasts using Tukey’s method between the separate intervention years and the baseline 

Table 3   Descriptive statistics 
of the exam performance of the 
intervention cohorts Year 1 to 
Year 4 compared to the baseline

The exam performance was measured using Swiss grades (Min: 1, 
Max: 6, Pass: 4). The baseline consists of an aggregate of four cohorts 
prior to the intervention

Exam performance (exam grade)

N Mdn M SD Pass in %

Baseline 2045 4.00 3.84 1.17 55.84
Year 1 480 4.50 4.27 1.03 70.00
Year 2 492 4.75 4.52 1.07 75.81
Year 3 463 4.25 4.15 1.04 65.66
Year 4 519 4.75 4.45 1.13 71.29
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revealed that the exam performance in each year of the intervention differed significantly 
from the baseline, all p < 0.001, with effect sizes of Cohen’s d between 0.28 and 0.59. The 
results of the four planned contrasts are listed in Table 4 and summarized in Fig. 3.

The results provide evidence for our hypothesis H1a that the addition of preparatory 
exercises to the course structure significantly improves students’ exam performance in lin-
ear algebra.

The effect of the intervention on the percentage of passing grades

An ANOVA showed that there was a significant effect of the intervention years on the per-
centage of passing grades, F(4) = 27.32, p < 0.001, with an overall effect size of �2 = 0.03. 
Planned contrasts using Tukey’s method between the separate intervention years and the 
baseline revealed that the exam performance in each year of the intervention differed sig-
nificantly from the baseline, all p ≤ 0.001, with effect sizes of Cohen’s d between 0.21 and 
0.42. The results of the four planned contrasts are listed in Table 5.

These results provide evidence for our hypothesis H1b that the addition of preparatory 
exercises to the course structure significantly increases the percentage of passing grades.

Table 4   Planned contrasts of ANOVA of intervention years on exam performance (grade)

Cohen’s d does not correct for multiple comparisons

Mean Difference SE df t Cohen’s d p (tukey)

Comparison to baseline
  Year 1 0.42 0.06 3994 7.43 0.38  < .001
  Year 2 0.67 0.06 3994 11.85 0.59  < .001
  Year 3 0.31 0.06 3994 5.39 0.28  < .001
  Year 4 0.60 0.06 3994 10.92 0.54  < .001

Fig. 3   Boxplot of exam performance baseline and intervention years Year 1 to Year 4. ****p < .0001; Effect 
sizes indicated with Cohen’s d 
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Comparison of trends in exam performance of first‑year mathematics courses

The descriptive statistics of the weighted average of all first-year exams (Block) and of 
the linear algebra and the analysis exams for the baseline and the experimental cohorts 
are included in Table 6 and displayed in Fig. 4. In contrast to the linear algebra course, 
where the lecturer was the same for all cohorts and there no bonus grade points were 
awarded in the baseline cohorts, the lecturers of the other courses varied over the years. 
Moreover, some of these lecturers awarded bonus grade points and others did not. 
Regardless of the course, the bonus always lay between 0 and 0.25 grade points. As we 
only had access to the aggregated data for all courses except linear algebra, we could 
not deduct the bonus grade points for these courses. For better comparability between 
the courses, we therefore decided to include the grade points in this analysis for the 
linear algebra course as well.

We observed that up until the fourth baseline cohort (B4), students’ exam 
performance in the two mathematics courses were lower or equal to their overall 
performance. During the intervention, exam performance in analysis lay close to overall 
performance, whereas exam performance in linear algebra increased noticeably and 
remained distinctly above overall exam performance. However, as the lecturers of some 
other first-year courses, including Analysis, changed over the years, we are cautious to 
directly compare the exam grades. Still, the data implies that our intervention had an 

Table 5   Results of planned contrast in ANOVA of intervention years on percentage of passing grades in the 
final exam

Cohen’s d does not correct for multiple comparisons

Mean Difference SE df t Cohen’s d p (tukey)

Comparison to baseline
  Year 1 0.14 0.02 3994 5.86 0.30  < .001
  Year 2 0.20 0.02 3994 8.35 0.42  < .001
  Year 3 0.10 0.02 3994 4.00 0.21 .001
  Year 4 0.15 0.02 3994 6.60 0.32  < .001

Table 6   Descriptive statistics 
of first-year exam performance 
for baseline and experimental 
cohorts

The number of students vary between Linear Algebra, Analysis and 
the aggregate of all first-year-exams (Block), because some students 
quit the exam session between exams

Cohort Block Linear Algebra Analysis

N M SD N M SD N M SD

B1 529 4.00 0.82 531 3.89 1.10 532 3.49 1.20
B2 510 4.02 0.92 513 3.84 1.29 513 3.74 1.39
B3 539 3.98 0.96 543 3.67 1.20 542 3.73 1.36
B4 534 4.05 0.90 534 3.98 1.05 536 4.07 1.08
Year 1 502 4.27 0.88 505 4.48 1.05 503 4.20 1.07
Year 2 509 4.24 0.88 509 4.75 1.04 509 4.33 1.04
Year 3 480 4.14 0.98 484 4.38 1.05 484 4.02 1.26
Year 4 535 4.32 0.91 537 4.66 1.12 535 4.40 1.16
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impact on students’ linear algebra exam performance that cannot be solely attributed to 
a performance difference to the cohorts before the intervention.

RQ2: The influence of participation in preparatory exercises on performance

Descriptive statistics of the performance and participation variables for all iterations (Year 
1 to Year 4) are displayed in Table  7 and the corresponding distributions are displayed 
in Fig. 5. Even though the participation variables were recorded on an ordinal level, we 
entered them as a covariate into our linear regression models. In Online Resource 4, we 
include the results of the corresponding sensitivity analysis showing that if included as a 
factor, the size of the effect of participation on performance is comparable. Furthermore, 
the residuals of some variable pairings showed positive autocorrelation (Test CU I and 
II with participation in Year 4). However, according to Sharma (1987) and our power 
analysis, our sample sizes were still large enough to observe an effect and thus, we 
proceeded with the planned linear regressions. The results of all Durbin-Watson tests are 
included in Online Resource 4. In addition, we performed Bayesian linear regressions due 
to the skewed distributions of our participation variables.

Linear regressions for each of the intervention years showed that the number of pre-
paratory exercises the students participated in significantly predicted their exam grade with 
coefficients β between 0.16 and 0.31. This means that for every preparatory exercise the 
students participated in, they advanced their grade by a maximum of 0.31 grade points. The 
corresponding adjusted R2 values were between 0.03 and 0.16. As some of the variables 
have skewed distributions, we also performed Bayesian linear regressions. The Bayesian 
factors BF

10
 lay between 11.80 and 10^9 and the corresponding R2 values were between 

0.03 and 0.16. This means that at least 3% of the variance in the exam performance can 
be explained by students’ participation in the preparatory exercises. These results provide 
evidence for our hypothesis H2a that participation in the preparatory exercises positively 
predicts final exam performance. All results are summarized in Table 8.

Logistic regressions for each iteration (Year 1 to Year 4) showed that students’ odds 
to pass the final exam significantly increased by 103%, 49%, and 58% for Year 1, Year 
2, and Year 3, when they participated in one preparatory exercise. In Year 4, students’ 
odds increased by 21% to pass the exam per preparatory exercise; at p = 0.1, this result 

3.00

3.25

3.50

3.75

4.00

4.25

4.50

4.75

5.00

B1 B2 B3 B4 Year 1 Year 2 Year 3 Year 4

E
x
am

 g
ra

d
e

Block Linear Algebra Analysis

Fig. 4   Exam performance in first-year mathematics courses Linear Algebra and Analysis and overall 
performance (Block) in the baseline and experimental cohorts (B1–B4 and Years 1–4; with standard error 
and including bonus grade points achieved by additional course work in both courses)
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was not significant. These results mostly support our hypothesis H2b that participation 
in the preparatory exercises increases the likelihood to pass the final exam. All results 
of the logistic regressions are displayed in Table 9.

Table 7   Descriptive Statistics 
of performance variables and 
participation variables for 
intervention cohorts

Exam performance was measured using Swiss grades (1–6) and per-
formance in the CU assessments are indicated in percentages. Students 
who did not finish the CU tests or used additional resources were 
excluded from analysis. Participation points were measured on a scale 
from 0 to 10. CU Conceptual understanding, PE preparatory exercises

N Mdn M SD

Performance variables
 Exam
  Year 1 269 4.50 4.50 0.96
  Year 2 332 5.00 4.64 1.02
  Year 3 294 4.50 4.32 0.97
  Year 4 273 5.00 4.71 1.04

 Assessment CU I Fall
  Year 1 271 0.79 0.77 0.15
  Year 2 336 0.71 0.72 0.16
  Year 3 263 0.78 0.78 0.10
  Year 4 283 0.78 0.78 0.08

 Assessment CU II Spring
  Year 1 266 0.67 0.62 0.17
  Year 2 260 0.60 0.62 0.19
  Year 3 178 0.65 0.68 0.13
  Year 4 195 0.68 0.69 0.13

 Participation variables
 Participation PE Total
  Year 1 269 8 8.27 1.22
  Year 2 332 9 8.91 1.36
  Year 3 294 8 8.35 1.51
  Year 4 273 9 8.71 1.19

 Participation PE Fall
  Year 1 271 5 4.76 0.54
  Year 2 336 5 4.78 0.58
  Year 3 263 5 4.71 0.62
  Year 4 283 5 4.77 0.65

 Participation PE Spring
  Year 1 266 5 4.77 0.52
  Year 2 260 5 4.84 0.48
  Year 3 178 4 3.91 0.96
  Year 4 195 4 4.04 0.86
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The effect of participation in preparatory exercises on end‑of‑semester assessments

Linear regressions showed that in the first two iterations (Year 1 and 2), the number of 
preparatory exercises the students participated in during the semester (participation in PE) 
significantly predicted their performance in the end-of-semester assessments on conceptual 
understanding (CU) with standardized coefficients β between 0.18 and 0.21. In the third 
iteration, the linear regression was significant only in the case of the first assessment of 
conceptual understanding with a standardized coefficient β = 0.13. In the fourth iteration, 
none of the predictions were significant. As the participation variables have highly skewed 
distributions, we also performed Bayesian linear regressions. Confirming the results of the 
parametric linear regressions, we obtained Bayesian factors greater than 1 for both tests 
during the first two iterations with BF

10
 = 11.39, BF

10
 = 216.29 and R2 = 0.03, R2 = 0.05 

(Assessment CU I; Year 1, Year 2) and BF
10

 = 8.79, BF
10

 = 27.66 and R2 = 0.03, R2 = 0.04 
(Assessment CU II; Year 1, Year 2). In the third iteration (Year 3), only the Bayesian factor 
of the regression predicting the performance in assessment CU I favoured our hypothesis 
very slightly with BF10 = 1.04 and R2 = 0.02. In the fourth iteration (Year 4), both Bayesian 
factors favoured the null model. The results of Year 1 and Year 2 support our hypothesis 
H3 that participation in the preparatory exercises positively predicts conceptual under-
standing of the targeted concepts. In Year 3 and Year 4, we did not find evidence for this 
hypothesis. All results are summarized in Tables 10 and 11.

Discussion

To assess the efficacy of our intervention, we compared students’ performance in the final 
exam to an aggregate of the final exam performance of four previous years. We found that 
in the first year, the mean exam performance increased by 0.42 grade points (8.4%) with 
a significant effect of d = 0.38, and 14% more students passed the exam. The increase in 
performance is in line with the effect size found by Sinha and Kapur (2021) of Hedge’s 
g = 0.36 favouring PS-I over I-PS for conceptual understanding and transfer.

Fig. 5   Distribution of performance variables (top row) and participation variables (bottom row; total, 
first semester Fall, second semester Spring). CU Conceptual understanding. The Effect of Participation in 
Preparatory Exercises on Exam Performance
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For the second year, we revised the preparatory exercises to increase the fidelity to 
PF design principles. For these revisions, we collected informal feedback from students, 
tutors, and the lecturer on the wording, the difficulty level and the length of the exercises. 
Furthermore, for each item in the end-of-semester tests on conceptual understanding where 
students’ performance in the first year was low, we revised the corresponding preparatory 
exercise to include more guidance towards the targeted conception.

In the second year, we found that 20% more students passed the exam and the exam 
performance in the second year increased by 0.67 grade points (13.2%) with a significant 
effect of d = 0.59 compared to the baseline, which can be considered a large effect for an 
educational intervention (Kraft, 2020).

Even though students faced lockdown measures due to the Covid-19 pandemic in 
the Spring of the second year, their exam performance did not drop. This is in line with 
research from Spain, showing that, in the 2020 final exams, students’ performance was not 
negatively impacted by lockdown measures (Iglesias-Pradas et al., 2021).

Interestingly, although the preparatory exercises only underwent minor changes for the 
third year of the intervention, exam performance dropped compared to the second year. 
In the third year, we only had an increase of 0.31 grade points (6.2%) compared to the 
baseline with an effect of d = 0.28 and an increase of passing grades of 10%. The drop 
in performance might be due to the Covid-19 pandemic measures that influenced student 
life significantly during this academic year. In contrast to Year 2, where lockdown meas-
ures impacted part of the spring semester and exam preparation, students in Year 3 started 
their university studies in the midst of the pandemic in Fall 2020. Students were split up 
into bubbles of 25 and lectures were only available online to reduce in-person interactions. 
These restrictions potentially reduced students’ opportunities to build friendships and form 
study groups. Along with fear and uncertainty caused by the pandemic, the restrictions 
likely hurt our students’ mental health, as shown for university students in Italy (Cesco 
et al., 2021) and the UK (Ihm et al., 2021) and thus presumably also negatively impacted 
learning (Online Resource 5). This hypothesis is supported by the fact that students’ per-
formance in analysis, their other first-year mathematics course, also dropped in this cohort.

In the fourth year of the intervention, starting in the Fall semester of 2021, measures 
against the Covid-19 pandemic were largely lifted and student life entered the new normal 
era. Although the preparatory exercises remained unchanged compared to the third year, 
exam performance increased again, with 15% more students passing the exam compared to 
the baseline. We observed an increase of 0.60 grade points (12.2%) compared to the base-
line with an effect of d = 0.54. One interpretation of these results could be that the interven-
tion returned to the effectiveness seen in the second year, providing more evidence for our 
hypothesis that the results in the third year were heavily influenced by the pandemic. This 
interpretation is supported by the trends in students’ first-year courses, mainly in analysis. 
There, performance also dropped during the third year of our intervention and regained a 
similar value as in the second year.

Considering the relationship between the number of exercises the students participated 
in and their exam performance, the difference between the years is not easy to explain. It is 
worth noting that there is a selection bias in this part of our data as we could only include 
the data of students in our regression model who volunteered for the additional analysis, 
and we observed that more high-performing students decided to enter the study. We were 
thus unable to analyse the whole cohort which might have reduced the amount of variance 
in the participation variables and could be a reason for the difference in prediction power 
of participation on exam performance in the four years of our intervention. Furthermore, 
in Years 2 to 4, some repeating students joined the study allowing us to retroactively use 
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their data as first-timers in Years 1 to 3. This phenomenon broadened our data sets of low-
performing students in Years 1 to 3. This could explain why the fourth iteration was overall 
more effective than the third, even though our detailed analysis does not reflect that. Mod-
elling the relationship between participation and performance more precisely should be an 
object of future research.

An explanation for the difference in effect size between Year 4 and the preceding years 
could lie in their participation behaviour. Our participation variable only reflects whether 
students handed in their solution to the preparatory exercises to their tutor before the cor-
responding lecture. We had no means of assessing whether students engaged with the exer-
cises after the allotted time span or engaged with the exercises without submitting a solu-
tion to their tutor. It might be that in Year 4, the number of students who engaged with the 
exercises without submitting a solution was greater than in the previous cohorts. Future 
research should include an instrument to investigate students’ engagement with the pre-
paratory exercises in addition to recording the submissions.

Another explanation of the decreasing relationship between participation and perfor-
mance over the iterations could be the effect of sharing resources between cohorts. Repeat-
ing students might have distributed solutions to the preparatory exercises amongst their 
peers, reducing students’ motivation to engage with the materials themselves during the 
allotted time span. As a result, more students might have handed in copied solutions to 
the preparatory exercises in Years 2 to 4 than in the first year, confounding the analysis. 
In future implementations, the content of the preparatory exercises might have to be alter-
nated between subsequent cohorts to reduce this effect. Again, this could mean that some 
students did not engage with the preparatory exercises within the time span set by the inter-
vention. Moreover, it might indicate that other aspect of the intervention, such as the dis-
cussion of the preparatory exercises in the beginning of the lectures supported students’ 
learning, as exam performance remained high in Year 4, even though these students poten-
tially had the highest number of solutions available from other students.

In the first two years of the intervention, participation significantly predicted stu-
dents’ performance in the assessments on conceptual understanding with R2 between 
0.03 and 0.05. Despite being significant, the strength of this relationship was smaller than 
we expected. On the one hand, the selection bias mentioned above presumably played a 
role. On the other hand, the fact that the assessments were facultative, and students’ per-
formance had no influence on their exam grades complicates the interpretation of these 
results. Instead of doing their best during the assessments, students might have guessed on 
some answers and engaged less with more difficult items.

While for the first assessment in the third year, the prediction remained significant with 
R
2 = 0.01, we obtained non-significant results for the second assessment in the third year 

and both assessments in the fourth year. Furthermore, the Bayesian factors of these com-
parisons favoured the null model. As before, selection bias and the effort students put into 
solving the items correctly might have been important factors. Moreover, the students were 
aware that they would be able to use the assessment materials as a resource for studying 
before the final exam independent of their participation or performance in the assessments. 
We thus feel that students’ performance in the final exam better reflected their learning out-
come than their performance in the facultative assessments, even though we were unable 
to differentiate between procedural knowledge and conceptual understanding in the final 
exam.

Following the operationalisation in the meta-analysis of Sinha and Kapur (2021) of the 
PF design principles, our study scored around 57% PF design fidelity. Our observed effect 
size of d = 0.58 and d = 0.52 on exam performance in the second and fourth year of the 
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intervention surpasses the expected effect size according to the meta-analysis. This might 
be due to the age of the participants and the length of the intervention, as both of these fac-
tors were observed to be significant by Sinha and Kapur.

The fact that linear algebra is particularly well-suited to support students’ learning in a 
PS-I learning design might have added to the effect of our intervention on students’ per-
formance. Dealing with problems targeting base concepts before formal instruction might 
have increased students’ intellectual need to understand critical features of linear algebra 
concepts, which could have been easily overlooked when linear algebra was presented as a 
unified and polished theory (Harel, 2000).

Limitations and further research

Our work is based in a real university classroom serving hundreds of students and thus is 
limited by the vast number of variables we did not control for or include in our models. 
We did not collect any data on students’ demographic background, their affective states, or 
their mathematical performance before university. We concede that a more detailed investi-
gation of the incoming characteristics of students might allow for more precise statements 
as to which groups of students were affected by our intervention. Such an analysis might 
provide insights as to whether preparatory exercises in higher education provide advan-
tages only for certain students and leave others behind. However, we were able to show in 
the present study that by introducing preparatory exercises to a higher mathematics course, 
an overall increase in learning outcomes can be achieved.

Furthermore, our design did not include a control group. The correlational analyses 
used to investigate the relationship between participation and performance are limited in 
that we cannot exclude the possibility of an unknown third factor being responsible for 
the detected effects. In particular, the effect of participation on exam performance could 
partly be attributed to a selection effect. It is likely that more motivated students partici-
pated more often in the preparatory exercises and also performed better in the final exam. 
In future research, affective variables that might impact the relationship between participa-
tion and performance should be investigated.

We included all students who participated in the final exam in our overall comparison of 
the final exam performance of the intervention cohorts to the baseline cohorts, regardless 
of whether they participated in the preparatory exercises. However, most students in the 
intervention cohorts did participate in the preparatory exercises. We found that the percent-
age of students who took the final exam but did not submit a solution to any of the prepara-
tory exercises was consistently lower than 6% in each of the intervention. Given that the 
number of these students was consistently low, their impact on the results is minor.

Even though our design is based on research on problem-solving before instruction and 
productive failure, our results show a positive effect of the addition of the preparatory exer-
cises to the course, but we cannot infer whether a similar effect could have been observed if 
the students solved the exercises after having received the corresponding instruction. Thus, 
we cannot make a statement about the importance of the sequence in which the learning 
materials were administered. However, we developed the additional exercises specifically 
to serve as preparation for instruction, and their structure and guided nature might inhibit 
any meaningful use after the targeted instruction in a real-world university course.

A more in-depth analysis of students’ solutions to the preparatory exercises might have 
provided valuable insights into possible causes of our observed effects and the interplay 
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of the learning processes in the two phases of the PS-I design. It would have allowed for 
an understanding of students’ intermediate knowledge which in turn might have permitted 
clearer conclusions. Due to the high number of hand-ins (around 2000 per cohort), such an 
additional analysis might have exceeded the scope of the present article. We encourage a 
detailed discussion of students’ solutions in further research as well as an investigation of 
the learning mechanisms involved.

Moreover, our intervention was developed collaboratively with the course lecturer, and 
he was not blind to our hypotheses, which might have influenced his teaching. As the goals 
of our study did not encompass the replication of the positive effect of PS-I on conceptual 
understanding and transfer (Loibl et al., 2017; Sinha & Kapur, 2021), but to test whether 
PS-I can be implemented in a university mathematics course in a DBR approach, we aimed 
at an ecologically valid implementation that includes collaboration with the lecturer.

Conclusion

In sum, we implemented a problem-solving before instruction (PS-I) design for a first-year 
linear algebra course for mechanical engineering students at a technical university in a 
design-based research approach. Over the four years of this implementation, we drew on 
the productive failure (PF) principles as stated by Kapur and Bielaczyc (2012). Some prin-
ciples, such as building the instruction on students’ solutions, needed to be adapted to the 
higher education context. Our implementation involved only minor changes to the origi-
nal course structure and required little extra time for students. We observed a substantial 
increase in exam performance compared to prior years. We conclude that our intervention 
seemingly supported student learning. Due to the lack of a control group, we cannot draw 
any conclusions concerning the effects of specific design components.
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