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Abstract

Throughout the existence of humankind, people have organised their lives based on
the sunrise and sunset, the Moon phases and star movements. Nature has guided
our daily routines, as it still does, and it would be hard to imagine what life would
look like without the already known cycles imposed by nature. As the humanity
progressed, we have realised that a day is not always of the same length, but our sleep
cycle most often is, and that it would be extremely useful to have further references
for organising our day and habits. So people started calculating time with the Sun
clock, sand clock, water clock etc. Since these were all limited in their performance,
mechanical and pendulum clocks were introduced later, followed by quartz clocks,
and as the ultimate performing ones, in the 20th century the first atomic clocks were
constructed. This revolutionised time-keeping, speeded up technology development
and made very precise coordination in every-day lives possible. It is now hard to

think of spending a day without an accurate watch.

But where does this notion of time and clocks physically arise from? And is it valid
only in the classical limit that we experience, or is it possible to introduce very precise
and well-synchronised quantum clocks as well? This is what we will try to deal with
in this thesis. We start from the assumption that the only observable time is the
one given by clocks, and hence to learn more about quantum time we need to build
good quantum clocks and try to synchronise them. We define clocks as quantum
systems that need to provide a time reference, such as a sequence of ticks. Further,
we attempt to find limits on their synchronisation, since it is well known that quantum
systems interact with their environment thereby getting disturbed. What we find out
is that the performance of the quantum clocks we define depends crucially on their
dimension (number of the distinguishable states available), and that the quantum
clocks of a certain dimension could possibly perform better than the classical ones
with the same state space size. The limitations to synchronising local quantum clocks
suggest that global time in quantum mechanics might not be a physically grounded

notion.

We also investigate what limitations would be imposed on the evolution of our Uni-

verse, if it itself was/contained a quantum clock providing ticks that we observe as

vii



time. Our results show that the theory of inflation is consistent with the time keeping
the Universe needed to perform at its early beginning, while the speed of evolution as
of today would not be fast enough for the Universe to be able to store its ticks then.
Although our argument is still not completely general, and does not exclude other
possible theories for the evolution of the Universe, it is a novel approach to combining
cosmology with quantum information and it would be very interesting to extend this

research further.
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Zusammenfassung

Im Laufe der gesamten Menschheitsgeschichte haben die Leute ihr Leben nach dem
Sonnenaufgang und dem Sonnenuntergang, nach den Mondphasen und den Bewe-
gungen der Sterne ausgerichtet. Die Natur bestimmte unseren Alltag und bestimmt
ihn immer noch und es wére nicht einfach, sich vorzustellen, wie unser Leben ausse-
hen wiirde ohne bereits vorhandene Zyklen in der Natur. Im Laufe der Menschheits-
geschichte realisierte man, dass, obwohl ein Tag nicht immer gleich lange dauert, unser
Schlafzyklus sich kaum dndert, und dass weitere Referenzpunkte fiir die Organisation
des Alltags und unserer Routinen extrem niitzlich sein kénnen. Deshalb begann man,
die Zeit zu messen, sowohl mit Sonnen- als auch mit Sand- und Wasseruhren. Da die
Genauigkeit dieser Uhren stark limitiert war, wurden Mechanische- und Pendeluhren
entwickelt, gefolgt von Quarzuhren und im zwanzigsten Jahrhundert von den sehr
genauen Atomuhren. Diese Revolution in der Zeitmessung beschleunigte technologis-
che Entwicklungen und ermdglichte eine prizise Koordination von Alltagstatigkeiten.

Man kann sich heutzutage kaum mehr einen Tag ohne eine prazise Uhr vorstellen.

Aber wie kommt der Begriff der Zeit und der Uhren physikalisch zustande? Ist er nur
gliltig im klassischen Grenzfall, welchen wir wahrnehmen, oder ist es auch moglich,
prazise und gut synchronisierte Quantenuhren zu entwickeln? Um diese Fragestel-
lung geht es in der folgenden Dissertation. Wir beginnen mit der Annahme, dass die
einzige messbare Zeit jene einer Uhr ist und dass wir deshalb gute Quantenuhren en-
twickeln und synchronisieren miissen, um mehr iiber die Quantenzeit zu lernen. Wir
definieren Uhren als Quantensysteme, welche eine Zeitreferenz zur Verfliigung stellen,
wie zum Beispiel eine Sequenz von Uhren- Ticks. Ferner suchen wir Grenzen fir
die Synchronisierbarkeit, da bekannt ist, dass Quantensysteme gestort werden durch
Interaktion mit der Umgebung. Wir zeigen, dass die Leistung der Quantenuhren,
welche wir definieren, stark von ihrer Dimension (Anzahl der vorhandenen unterschei-
dbaren Zustinde) abhingt und dass Quantenuhren von einer gewissen Dimension

moglicherweise besser performen als klassische Uhren mit derselben Anzahl Zustéande.

Wir untersuchen zudem, welche Limitationen an die Entwicklung des Universums
gestellt werden, wenn wir es selbst als Quantenuhr betrachten oder es eine solche

enthalt, und wir das Ticken als Zeit registrieren. Unsere Resultate zeigen, dass die
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Theorie der Inflationsphase konsistent ist mit der Zeitmessung, welche das Universum
zu Beginn ausfithren musste, wihrend die heutige Geschwindigkeit der Entwicklung
nicht schnell genug wére fiir das Universum, so dass es seine eigenen Uhren-Ticks
speichern kénnte. Obwohl unser Argument noch nicht vollkommen allgemein ist und
andere mogliche Evolutionstheorien des Universums nicht ausschliesst, ist es eine neue
Vorgehensweise, um Kosmologie und Quanteninformationstheorie zu vereinigen, und

es ware sehr interessant, diese Forschungsrichtung weiter zu entwickeln.
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“He who made eternity out of years remains beyond
our reach. His ways remain inscrutable because He

not only plays dice with matter but also with time.”
Karel V. Kuchart [1]






Chapter 1

Introduction

An extremely frequent misconception in quantum mechanics is that time is a parameter that is
external, absolute and on top of that classical. Without even wondering about this notion, we see
most works using this parameter ‘t’ as a pre-given truth on which most of the other quantities
and equations rely. This is understandable - absolute parametric time makes many equations and
calculations easier in the current quantum mechanics, and is deeply rooted in the way we teach
and think about the theory. As John A. Wheeler said “Time is defined so that motion looks
simple” [2]. But, to go further, we try to approximate this abstract ‘t’ in the best way possible,
define good clocks as the ones that approximate it well, and synchronise clocks with respect to
this time [3, 4, 5], without defining where it comes from. This is thus usually done without
the operational meaning and is an approach that the author believes should be overcome with
operational ones. By operational, we will in particular consider time defined as the output of a
quantum system, usually simply known as a clock. If the parametric time is still decided to be
used, it should be properly defined via a physical clock that gives this standard of time. Note that
assuming a perfect, continuous clock as a reference is unphysical (since real clocks always have
constraints) and in practice unattainable. One of the approaches to avoid parametric time, the
so-called “time as correlations” framework, has been introduced in [0, 7, 8, 9, 10] and developed
further recently, see e.g. [1 1, 12], but the clock system currently used, a particle on a line, is also

unphysical. We will consider this approach further in Section 2.5.

The parametric time has also introduced many caveats when reconciling quantum theory

with other areas of physics. Most notably, there is the so-called problem of time arising when

equations of general relativity are quantised [13, 1, 14, 15], or the issues with establishing the
second law of thermodynamics [16]. Unfortunately, despite the attempts, no satisfactory time
operator exists [17, 18, 19, 20], and the equations we use from day to day in quantum theory

mostly rely on the parametric time.

In the so-called Salecker—Wigner—Peres clock model [21, 22], it is argued that a clock nec-
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essarily possesses a limit to its precision, and if we want to use a clock to measure time we
need to limit ourselves to discretised time intervals, since infinite precision is not possible. As
Asher Peres wrote [22]:“The Hamiltonian approach to quantum physics carries the seeds of its
own demise”. Peres argues further that the usual time derivative definition of the state 1 is

operationally meaningless, since we have:

W = lim Y(t+ 52 — (1)

e—0

and € cannot be taken as small as we like but has a limitation that depends on the clock one uses.
Peres concludes that the notion of a time-dependent wave-function v (t) is operationally ill-defined
and should be replaced with a “more completed dynamical formalism, maybe non-local in time”
[22]. Hence, if we want to develop a proper theory of quantum time and clocks we need to change
the usual approach. We believe that starting from the assumption of a global time, we skip a
whole theory that explains where this time comes from and whether it is a valid assumption. The
clocks we will consider in this thesis are the ones that can provide us with a time reference, hence
they output a stream of ticks that define their clock time. The literature often uses other types
of clocks, the so-called stopwatches, which only output time information once.

One could claim that parametric time works well in the classical limit of quantum mechanics,
but on the smaller scales there is yet nothing more than intuition. To investigate this parametric
time on the smaller scales, one can ask if it is possible to start from the local time as defined by
local (quantum) clocks, and extend this notion to a global time arising from the synchronisation
of these clocks. This is anyway how we usually think of time classically - our local clocks all
synchronise well to give one global parametric time we use in everyday lives. To do this, we
first need to define quantum clocks of an arbitrary dimension, and then resolve what is meant
by their synchronisation. In this thesis we will describe the framework for the clock construction
and synchronisation, and the results obtained lead to the conclusion that the notion of the global
time constructed from systems (clocks) of smaller dimensions is not an achievable concept in a
satisfactory manner (i.e. low-dimensional quantum clocks cannot stay synchronised, and hence
define a more global time, for long). It is shown that the synchronisation of clocks (even classical
ones), depends on the dimension of these clocks. This is an interesting and important result when
thinking of time scales in quantum theory.

This bottom-up approach to building time scales could also turn out to be very useful to the
problem of time. Namely, by defining time as a local concept given by clocks in quantum theory, it
becomes compatible with the notion of time in relativity. In the case when we cannot synchronise
clocks well, we cannot achieve the notion of a global time, which happens in general relativity,
one of the reasons also being gravitational effects that disturb the clock synchronisation (see e.g.

[23])-

Let us also mention some related work that relaxes the assumption of the global time/ordering
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- research on indefinite causal structures and implementations thereof, see e.g. [24, 25, 26, 27,

, 29, 30] and Sec. 2.6 for more details. In these works, the possibility of causal structures
in the quantum world that do not obey the usual causal inequalities which hold classically, has
been investigated (so called indefinite causal structures). It has been found that if no global
ordering/time between the parties is assumed, but only a local one, there are indefinite causal
structures that are compatible with the set up. In the last few years, practical implementations
of the scenario and their physical meaning have been a highly investigated topic.

Finally, note that the question of time is not the only one that suggests changing or questioning
some of the equations of physics we are so used to, like the Schrédinger equation. In the search
for the best interpretations of quantum mechanics, there has been much heated debate, especially
when it comes to the best resolution of the measurement problem. By the measurement problem
one means the incompatibility of wave-function collapse after the measurement with the ordinary
unitary evolution in quantum mechanics. One way of avoiding this problem, at least in part,
is a many-world interpretation of quantum mechanics, where in each measurement the Universe
branches out, leaving all possibilities to develop further in one of the parallel Universes created.
There have been numerous thought experiments devised to try to decide between interpretations,
one of the most famous being Wigner’s friend experiment [31] and a recent extension thereof [32].
But as argued in [33], possibly the most plausible solution to the measurement problem is a
modification of the Schrodinger equation.

This is something we also think could be a solution for many issues in quantum mechanics
in the long term, especially the ones related to time. As John A. Wheeler said “Time, among
all concepts in the world of physics, puts up the greatest resistance to being dethroned from ideal
continuum to the world of the discrete, of information, of bits... Of all obstacles to a thoroughly
penetrating account of existence, none looms up more dismayingly than time. Fxplain time? Not
without explaining existence. FExplain existence? Not without explaining time. To uncover the
deep and hidden connection between time and existence, to close on itself our quartet of questions,
is a task for the future. [7]]

1.1 Contributions of this thesis

The following is the list of publications (pre-prints) during my thesis:

[35] “Quantum clocks and their synchronisation - the Alternate Ticks Game”, S. Rankovié¢, Y-C.
Liang, R.Renner, arXiv:1506.01373, jun 2015

[36] “Was inflation necessary for the existence of time?”, S. Stupar, V. Vedral, arXiv:1710.04260,
oct 2017.

[37] “Performance of the stochastic clocks in the Alternate Ticks Game”, S. Stupar, C. Klumpp,
N. Gisin, R. Renner, arXiv: 1806.08812, jun 2018
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[38] “Quantum clocks are more accurate than classical ones”, M. P. Woods, R. Silva, G. Piitz, S.
Stupar, R. Renner, arXiv:1806.00491, jun 2018

The work in these papers and extensions thereof will mainly be presented in Chapters 4, 5
and 6, and commented upon in other chapters. In particular, in Chapter 4 I will describe the
two-part clock construction (consisting of a clockwork and tick registers) developed in [35] and
further requirements we found for good quantum clocks (e.g. e-continuity condition, Sec. 4.2).
This continuity condition aims to capture the non - deterministic evolution of quantum systems

and restricts a set of clocks to physical ones.

Our model of a clock is based on the assumption that the role of the clock system is to provide
a time scale via ticks that need to be stored in the so-called “tick registers”. We do not have to
evolve a clock with the parametric time nor do we assume that clock ticks need to come in certain
‘constant intervals’ since this has no meaning without another clock that provides the interval.
On the contrary, the clock itself provides time intervals, and what we can do is compare them to
the time intervals of another clock. To describe this more practically, if you would be closed in a
room with just one local clock and no windows to decide time by daylight, the clock you possess
would be the most accurate clock for you and the only one that defines time. The notion of any
parametric or global time would be useless. What you could compare your local clock to however,
is you inner biological clock that dictates when you are hungry, sleepy etc. In our everyday lives
this clock usually becomes synchronised to the daylight intervals very fast, and hence we have the
additional feeling of a global time. How the inner clock would behave in the absence of daylight
(the Sun) is a different topic of research and will not be discussed here (see [39, 10] for some
research on the topic, showing that the 24h cycle extends for about an hour in the absence of

sunlight, and returns to the usual one when the contact with sunlight is restored).

A way to decide if a clock is e-continuous for certain €, by using semidefinite programming,
both analytically and numerically, is presented in Sec. 4.4. A review of the notion of a specific
stochastic clock introduced in the master thesis [11] and an extension to more general stochastic
clocks and their conditions for e-continuity are shown in Sec. 4.5. Stochastic clocks are a subset
of clocks that are defined in Sec. 4.1, that have classical dynamics and can be described by a

probability distribution for a jump at each step.

In Chapter 5 I introduce the Alternate Ticks (AT) Game developed in [35]. This is a syn-
chronisation game, i.e. it checks for how many ticks two or more clocks can stay synchronised.
Its advantage over other similar games is that it checks clock synchronisation directly, instead of
comparing them to some external reference. This is done by quantifying correlations between the
tick registers of the clocks. The game starts from the local clocks, and their successful synchro-

nisation leads to the possibility of a construction of a more global quantum clock, that we can



1.1 Contributions of this thesis

call two-local, that would exchange two original local clocks we started from. Continuing in this
manner, if local clocks can be synchronised well enough one can reach a global notion of time as
we define it in classical theory. But our results show a limitation on building such a global time
scale, that crucially depends on the dimension of the clocks involved. This means that we should
probably not assume global time in quantum mechanics and work from there, since there seem
to be no physical way to construct such a time. In addition to dimension, power source for the
clocks and other physical constraints also play a role.

Physical stochastic clocks have been shown to perform at best linearly in the AT Game.
Bounds on a stochastic ladder clock were derived in [11] and here I develop the proof further, to
show that more general stochastic clocks also cannot perform better, see Sec. 5.3 (their perfor-
mance depends on the dimension and the probability distribution that describes their dynamics).
Similar result was shown in [38] and discussed in Sec. 5.5, but for completely continuous stochastic
clocks and a different measure of the clock quality.

In Sec. 5.2 I provide an information theoretic approach to obtaining an upper bound on the
number of synchronised ticks two quantum clocks that are correlated at the start could produce.
The argument is based on several assumptions, and one of them should include the e-continuity
parameter explicitly, but the exact dependence remains to be shown. Even though the proof
would benefit from more development, under the assumptions posed the current results agree
with the ones discussed in [35, 37, 38] - a potential super-linear bound in terms of the dimension
on the synchronisation of quantum clocks.

Chapter 6 is based on the paper [36] where we make an assumption of the universal clock.
This is a clock that would be provided by the Universe, for example as a variable of the Universe
(its size) or the biggest clock that can be stored within the Universe. The time provided by this
clock, could be the ‘global’ time that we notice in our everyday lives. Under this assumption,
we consider the early beginnings of the Universe and its speed of evolution then. We take the
approach from Chapter 4 and suppose that the universal clock needs to provide ticks and store
them within the Universe. If these ticks were each to be stored in a distinguishable state (so that
they could be read), we show that the Universe had to expand very fast at the beginning in order
to create enough states to keep track of time. The speed of evolution required is, in particular,
consistent with the theory of inflation. Hence we ask - are there other evolution laws that would
provide sufficient speed at the beginning and if not, would we experience the global time as we
do if there was no inflation? These are of course very philosophical and hard questions, but we
show a possible starting step to approach them.

In appendices we briefly discuss some additional ideas, such as further reasons for the impor-
tance of the e-continuity condition and an attempt to construct entropic uncertainty relations for

the measurements of the clock time.
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Chapter 2
Time in physics

2.1 Is time a parameter?

Parametric time used in quantum theory has been very convenient to work with, but has also
introduced many issues when reconciling quantum theory with other areas of physics. Since no
satisfactory time-operator exists [17, 18, 412, 43, 19, 20], implicit assumption when trying to design
and synchronise clocks has usually been a background time that one tries to approximate as well
as possible or use it to synchronise two clocks [3, 1, 5, 14, 38]. We think this approach is incomplete
without describing how this parametric time comes about (one possibility by introducing a perfect
clock that produces it — but this perfect clock, even sometimes used, would be unphysical by
construction [0]). In this thesis we will introduce a framework that constructs time scales from
quantum clocks and check their synchronisation without a need for an explicit external time
parameter.

In 1920’s Wolfgang Pauli presented an argument leading to a conclusion that time is not
an observable in quantum theory [17, 18]. His argument is based on the reasoning that a time
operator T' should be canonically conjugate to a Hamiltonian of the system, i.e. [H,T] = i.
Since any quantum operator is hermitian, T" needs to be hermitian as well, and assuming that
the spectrum of T is unbounded and continuous, this would lead to the conclusion that the same
holds for the spectrum of H. However, such H is unphysical since it leads to possible unbounded
negative energy. To cite Pauli’s conclusion [17]: “We, therefore, conclude that the introduction
of an operator t is basically forbidden and the time t must necessarily be considered an ordinary
number (‘c-number’) in Quantum Mechanics”.

Pauli’s argument is often considered as too strong, and there have been numerous attempts
to construct a time operator that would serve a specific role [12, 13, 19, 20]. As described in [12]

this can be attained by either:

1. dropping the condition that 7" is self-adjoint

11
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2. dropping the condition that 7" and H are canonically conjugate
3. attempt to quantise classical time directly for some cases, e.g. for the time of arrival

To add to this list, we believe that one solution is to consider time not to be a continuous
variable/operator taking all real values, but described via discretised output from a quantum
clock. In the work by Busch [19], author takes T'= P as an example easy to work with, but this
allows non-physical eigenstates of the time operator. Note that a similar problem occurs when
taking 7' = X, like in [0, 7], which also yields an unphysical clock system (particle on a line)
defining time.

Up to date, more general and satisfactory time operator has not been found and we will
not attempt to argue in its favour. What we will argue in this thesis, though, is that even if
there is no time operator, one can still approach time operationally. To be more precise, here
operationally will mean using a clock system as a resource and allowed quantum operations to
extract time information from it. And most importantly, although time is most probably not a
quantum operator, this does not mean it is a parameter like often assumed. As we will discuss
more below, even if one cannot build a general time operator in quantum theory, there is no
physical reason to just take parametric classical time and copy it into quantum mechanics. As
has been learned during the history of physics, many theories that surpassed old ones needed a
radically new way of thinking in order to be constructed (probably most famous example is the
Newtonian theory and surpassing Special and General relativity [15], that radically changed our
view on space-time and gravity). Hence keeping the parametric time from our old friend classical
theory, and hoping to combine quantum theory that uses such time with the general relativity in
order to construct so called ‘Theory of everything’, is probably an approach ill-posed from the

start.

2.2 Measurement of time

Parmenides of Elea said that everything is ‘frozen’ in time and that time is infinite and change is
an illusion. Zeno, a student of Parmenides, introduced a famous Zeno’s paradox which states that
linear space and time cannot explain what we experience. Namely, by dividing space into smaller
and smaller intervals, Zeno argued that Achilles could win over the tortoise if a race would take
place - “it is impossible to traverse an infinite number of things in a finite time”. We could apply
the same principle to time - by dividing a second into smaller and smaller intervals, we would
never actually reach it. One of the solutions of the paradox is the existence of the convergent
infinite series. In quantum mechanics, measuring system too often, without well-defined time

intervals in between, is akin of Zeno’s paradox [16]. What would happen if we do not regulate
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measurements, is that we would disturb the system so much that one would lose any information

about it.

The theory of Julian Barbour [15, 47], in consistency to Parmenides’ view, argues in favour
of the timeless quantum theory of the Universe. Note that here we assume that the timeless
view corresponds to an infinite time view, since both defy an explicit evolution of the Universe.
Barbour argues that time is constructed from sequences of ‘now’ that we experience as a flow
of time. But this flow of time does not actually exist, and we can build up time as a discrete
sequence, as one could build a whole, apparently continuous movie from the fast changing movie

frames.

On the other hand, St. Augustine believed that Universe was made together with time. As
Stephen Hawking argues in his book [13], the question what came before the Big Bang cannot be
answered, since both time and space were only created then. Even if these notions existed before,
any signs are inaccessible to us. Hence one can indeed think of time as being a distinct feature
of our Universe. We will expand more on this idea and some of its consequences for the rate of

the evolution of the Universe in Chapter 6.

Clocks have been so important during the history since only information we can obtain about
time is by using clocks (i.e. the clock time). Note that by clock one also considers very simple
clocks given by nature, like the Earth’s rotation. What we observe when measuring time is a
relation between the state of the system and the position of the clock pointer (even Newton
emphasised that introducing a global time is only a handy tool [19]). The same is accepted in
relativity. As Einstein wrote:“We have to bear in mind that all our propositions involving time
are always propositions about simultaneous events. If, for example, I say that ”the train arrives
here at 7 o’clock,” that means, more or less, ”the pointing of the small hand of my clock to 7 and
the arrival of the train are simultaneous events.” [15]. But as he continues to argue, this is not
enough for the definition of time if we talk about events that occur spatially away from the clock.
If we would like to always put a clock near to the event, then the time we measure is dependent
on the position of the observer holding the clock. Note that in this thesis we will not deal with
the relativistic effects on the clocks we construct, but this would be a very important and useful

topic for the future research.

Clock read-out is discretised but we nonetheless usually think of time as continuous. This is
even more interesting when one remembers that Planck’s time is most often taken as the smallest
unit of time that has a physical meaning and could be measured [50]. If one thinks of time as
given by clocks, no clock could measure interval smaller than Planck unit, hence these intervals
of time have no operational meaning. Ofcourse, even if in classical theory time is continuous, our
clocks are only able to measure it up to their precision, hence they introduce a time discretisation

of their own, corresponding to the local time scale of the observer who holds that clock. One can
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argue that there are ways to use the clock output to obtain a continuous notion of time. Most
important examples are atomic clocks, that use frequency output of a clock to obtain the best
definition of a second, and give us a feeling of constantly keeping track of time. But this output
is still used to obtain an interval of time up to its precision.

What we can conclude, is that except for the common belief, there is no physical reasoning
behind time being continuous, nor a way in which we could measure it to check this assumption.
If one accepts that time read out can only be discretised, this raises a question of the events
synchronisation. To decide if two events are synchronised, without a second clock in the picture,
the best we can do is to define their synchronisation as occurrence in the same time interval as
measured by our clock. In general, one can say that the purpose of time is to order events, and

decide their possible synchronisation.

2.3 Classical versus quantum time

Does time in quantum theory also obeys the properties of classical time? Newtonian (absolute)
time tends to explain well what we see and experience around us. We use highly synchronised
clocks, updated according to the best precision atomic clocks (see Sec. 3.1). The time our clocks
define seems to be global and absolute, due to the fact that we all measure it in the same (or
similar) manner. Do we feel and experience it in the same way relates to our inner biological
clocks and is a different question that will not be considered here.

From the discovery of quantum theory it has been assumed that classical theory is just its
limiting case. Hence we should be able to obtain classical time also starting from quantum physics
and taking the classical limit. It thus seems unreasonable to do the other way round, assume
classical time and simply transfer this notion to the more general quantum theory. What we will
present in this thesis, is a framework that constructs time scales directly in quantum theory. As
a part of this model, one can take a classical limit (i.e. use classical maps and other quantities
involved) as is shown in Section 4.5 and define classical time scales.

One of the main properties of the classical clock is its deterministic evolution that also seems
to make the synchronisation of clocks an easier task. This mainly comes from the fact that
observing, hence using, a classical clock does not introduce a disturbance of such, and if no other
technical issues arise, clocks synchronised at some point should remain synchronised. The same
applies to the usual interaction of the classical clock with its surroundings, which, except for
certain purposeful forces, will usually not affect its working significantly. What has been shown
and we will expand on in this work, is that the working of the classical clock is bound linearly
by its dimension (number of orthogonal states). Constructing more distinguishable states in
classical theory may not be such a hard task, but still has its limitations which directly impact

the construction of time scales.
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One can view classical parametric time as defining a total order relation between events, but
it is questionable if this notion can be assumed in the non-relativistic quantum mechanics. Let
us first remind ourselves of the total order relation.

Total order < on the set .S satisfies following properties:

1. Reflexivity: a < a, Va € S

[\

. Antisymmetry: ¢ < bandb <a = a=05b,Ya,be S

3. Transitivity: If a < b and b < ¢ then a < ¢, Va,b,c € S

W

. Comparability: For any a,b € S either a < borb<a

In special relativity time can be viewed as a partial order, as there can be space-like events
that cannot be ordered in time. Partial order satisfies the first three conditions of the total order
(hence no comparability). In general relativity time is only a preorder (satisfying reflexivity and
transitivity), since it allows the existence of causal loops, where distinct events can come both
before and after each other. Hence the antisymmetry condition of a partial order is violated.

Ordering can be done by giving a ‘time label’ to each event. Since in relativistic theories we
lose the above mentioned properties of total order for a general notion of time, what we could
do is provide a local ordering using local clocks. Hence one could view a local time (as given in
a local reference frame of an observer) as a function from events to the natural numbers. Then
a question that would be nice to answer is — under which conditions is it possible to provide a
global ordering and a global time scale in non-relativistic quantum theory using quantum clocks?
The framework we will describe in this thesis will start from the local clocks (see Chapter 4), and
attempts their synchronisation via the so-called Alternate Ticks Game (Chapter 5).

An experimentally backed intuition on how quantum time differs from the classical time we
perceive, is the entanglement of photons in time. In paper [51] authors have shown that two
photons exhibit quantum correlations even though first one was created and measured before the
second one was even created, hence they never coexisted. Experiment was performed by creating
entangled pair of photons 1 and 2 and subsequently measuring photon 1. Later another pair of
entangled photons 3 and 4 is created and photons 2 and 3 are measured in a Bell bases. When
photon 4 is later measured, quantum correlation with photon 1 is experimentally showed. How
can we explain these correlations with usual clocks and parametric time that we use? It seems
that we need clocks that can exhibit quantum correlations in order to explain how photons can
get entangled in time. We will mostly not deal with correlated quantum clocks in this thesis
(except briefly in Appendix B), but it would be an interesting application of our model to be

pursued in the future.
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2.4 The problem of time

What happens when one tries to quantise general relativity? One of the answers was given by

Wheeler and DeWitt, who derived the so called Wheeler-DeWitt equation [13], stating:
H|¥)=0 (2.1)

where H is the Hamiltonian and ¥ a wave function of the Universe (or any closed system) [52, 53].
This equation leads to the famous ‘problem of time’. Problem of time [1, 14, 54, 15, 55] is a term
used to describe a contradiction that is reached when one quantise the equations of general
relativity (GR) and obtains Eq. (2.1) that concludes that the Universe is stationary. Ofcourse,
this goes against common sense in standard quantum mechanics, where not just that we can time-
evolve any system with our parameter ¢, but it is almost unthinkable to talk of a system without
describing its Schrodinger-type evolution. Hence, how to explain the validity of this equation,
and more importantly, how to reconcile time in quantum theory with time in GR, where it is
only a local notion? This is the core of the problem of time.

When looking at Eq. (2.1) we can ask which came first, a Hamiltonian or a wave function, or

how would such quantities be defined for the Universe. The so called Hartle-Hawking [56, 52, 53]
state of the Universe is a no - boundary state such that at the beginning, in the pre-Planck epoch,
there was no space or time, but only a singularity. We will not go deeper into the question of a
U or a particular H in this thesis. Further in the thesis, in Sec. 2.5 we will discuss one possible
approach for restricting H, which is using ‘time as correlations’ framework. In Ch. 6 we relate
this more general framework for closed systems to the Universe in particular.
Note that in the so-called boxr Universe approach, where there is no state evolution, one has a
similar issue as with the Wheeler-DeWitt equation. In [57], several issues with this model are
mentioned, for example explaining causality and a notion of present, and the incompatibility with
the current quantum perception of time.

One of the ideas in this thesis is that if we would start from a local time in quantum mechanics,
it would make it more compatible with GR. Then we can try to build a global notion of time if
at all possible. Not just that this could be a step towards the theory of quantum gravity, but
it would also help us understand if the global notion of time we assume is actually justified in

quantum mechanics.

2.5 Emerging time - time as correlations approach

In the attempt to explain the notion of time as we experience it, one of the most prominent
approaches was the so-called “time as correlations” approach (sometimes known as the PaW -

Page and Wootters - approach). Used and developed by several authors, see e.g. [0, 7, 8, 9, 10],
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2.5 Emerging time - time as correlations approach

this approach aims to explain an evolution of a system by its correlations with another system
used as a clock. Time is here an emergent phenomenon, that is observed because of the properties
and correlations of the subsystems of the Univese.

In [6] authors start from the Wheeler-DeWitt equation for the whole Universe (or another
closed system), and assume that the Universe consists of a clock and a system whose evolution
we would like to determine. An important additional constraint is that the system and the clock

do not interact. Hence the Hamiltonian for the total Universe is of the form

H=Hc®7Is+1Ic® Hg (2.2)

where Ho and Hg are clock and system Hamiltonian, respectively. Total state |¥) is defined
on the Hilbert space H¢ ® Hs, such that H |¥) = 0. Hence we can derive states of the system
conditioned on the states clock takes, and describe system’s evolution. In the above mentioned
paper this was done by taking a specific clock example, namely a particle on a line. Then one
can write 7' = X, with T denoting a ‘time operator’ and X the position operator. Hamiltonian
for the clock could further be expressed as proportional to the momentum operator. Note that
since [T, P] = [X, P] =~ i, we have a well-defined time operator, albeit not a physical one.

As described in [11], eigenstates of the operator T' we can label [t), with T'|t) = ¢ |t), where
t represents possible positions of a particle on the line, hence takes real values. Conditioned on
having a clock system in [t) we have the state of the system: [¢(t))g = (¢|¥). We can further
easily obtain the Schrodinger equation,

(HHI) =0 i 5 (1) = Hs ho(t) s (2.3

This is a really neat way of obtaining the evolution equation we are all so used to. Another
nice thing about it is the connection to cosmology, as it seems to carry a possibility for com-
bining quantum theory with relativity. There have been first experimental realisations of this
approach [58], where an entangled pair of photons was used as a universe, one representing a
clock and other a system whose evolution we are tracking. An external observer would then see
the total state as stationary, and internal one would see the system evolve due to the correlations
with the clock.

As promising as this is, there are still outstanding issues with this framework if it was to
be applied in a broader setting. Some have been approached and at least partly solved in the
past years [11, 12, 59], but there are open questions still unresolved. An important one is the
constraint that the system and the clock are non-interacting. This is a strong assumption, since
as we know it is very hard to isolate a quantum system from the environment, and this holds
for clocks as well, especially since they are usually assumed to be measured by observers. In the

approach we will take in this thesis clocks are not directly measured, but they produce a stream
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of ticks in the so-called tick registers that are observed, hence not influencing the working part of
the clock. Using this clock could help with another issue, that the clock used should be a system
with physical, bounded eigenstates. The particle on the line used in [6] is not such a system, and
is therefore only useful for theoretical illustration.

In the paper [7], W. Wootters points out that we observe a global time in our Universe because
all the clocks we use are, in a way, highly correlated. In Chapter 6 we will consider the possibility

that the Universe provides a universal clock giving us the time we perceive in every day lives.

2.6 Causal relations in quantum mechanics

A very important field of research in the past couple of years have been causal relations. A classical
causal structure is usually a set of events equipped with a partial order <, such that A < B if A
comes before B in the ordering (cf. Sec. 2.3). Famous “Reichenbach’s common cause principle” in
classical theory states that correlations between events come from the common cause in the past
or a direct influence between them [(0]. Questions mainly asked recently are how to determine
causal relations between events in quantum theory, and can they violate the principles that hold
for classical relations, like the Reichenbach principle. Interestingly, it has been found that there
exist correlations that can violate definite causal order between two or more parties [24, 25, (1],
by violating standard inequalities valid for time-like or space-like correlations or superpositions
thereof. This is a very important result, and the one that could in future be related to clock
synchronisation. A relevant further task is to find if such indefinite causal relations are actually
physical, and observable in the lab, see e.g. [62]. A connection to the multi-time states (pre and
post-processed in time) was investigated in [29].

In paper [24], authors consider two independent labs A and B that have their internal (local)
space-time ordering well-defined, but no global time (or any causal structure) between the labs
exists. This is a very different set up from the ones usually assumed, and in part of this thesis
similar will be assumed for a quantum time - namely existence of a local time, but no predefined
global one. Each lab receives an input once and produces one output. Output of A, labeled z,
should be the guess of the input b of B (and vice versa), which means that only several orderings
should be possible. Namely, the guess of A should only be correlated with the input of B if the
later was in the causal past of . But with no notion of global ordering assumed, a non-zero
probability of indefinite causal order observed by experimentalists in the labs was found, against
our usual experience of the events ordering. Hence, in these cases no definite global causal
structure has arised from the local ones. Importantly, authors also show that in the classical
limit the standard correlations always arise, and this question was further extended in [(1]. It
would be very interesting to compare this result to the results we will see in this thesis. Namely,

we will argue that the impossibility of creating arbitrarily well synchronised quantum clocks, and
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with this a notion of global quantum time, comes fundamentally from the limited dimension of
quantum systems and their decoherence. In the classical world of course, these are surpassed and
we can obtain clocks synchronised to a very high level.

Recent research also deals with the relation of the causal ordering in quantum theory and
general relativity with the violation of Bell inequalities [27, 63]. In [27] authors consider two
massive bodies in the gravitational field, that will lead to the ‘entanglement’ of temporal orders
produced. This then leads to the violation of Bell’s inequality, something that would classically
be impossible. Hence, temporal order becomes non-classical, showing again that in search for
quantum gravity, one needs to change its view on quantum time from the usual classical approach.
Experimental demonstration of entangled temporal orders that yield an indefinite causal structure

was shown in [64].

2.7 Time-energy uncertainty relations

Uncertainty relations are one of the main principles governing the quantum world, and their
different forms have represented extensive topic of research since the beginnings of quantum
theory [65, 66]. In the recent years the interest has especially been focused on the entropic forms of
uncertainty relations [67, 68, 69]. The question of defining measurements of time and quantifying
uncertainty of its measurement, has also become extremely important in quantum information
society, especially in connection to the information disturbance problems (see e.g. [70]).

An important question both from theoretical and applied [71] point of view, has been finding
the right time-energy uncertainty relation [72, 66]. In the review by Busch [72], author describes
three fold role of time in quantum theory, so-called external, intrinsic and observable time. Ex-
ternal time is e.g. a parametric time, that can be obtained when the measurements of time are
done with clocks that are not a part of an experiment nor dynamically related to it, intrinsic or
dynamical time is marked by a dynamical variable of a system, and observable or event time is
obtained when one tries to express time as an observable (for example when time of arrival is
investigated). Depending on the time one considers, different uncertainty relations can apply. We
will in this thesis consider a dynamical time, in particular one measured by the quantum clocks.

Heisenberg-Robertson [73, 7] time-energy uncertainty relation

AtAE >

o | St

(2.4)

can’t be derived using the operators approach as for the position-momentum one, because time is
not an observable in quantum mechanics, as discussed in Sec.. 2.1. We briefly recall the general
uncertainty relation here. For operators A and B that do not commute, we have that AAAB >

2{[A, B])|, with AA denoting standard deviation of an observable A. Hence relation (2.4) is only
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valid for specific cases, for example the minimum (external) time a particle needs to pass the
energy gap AFE.

Mandelstam and Tamm realised in [75] that the uncertainty relation (2.4) is valid for the
intrinsic time of the system, in particular At should be interpreted as the time system needs
to evolve from an initial to a final state [76]. In particular they derived a quantum speed limit
relation (for the minimal time §t system requires to move to an orthogonal state), in the form:

5t > mh
2AH

(2.5)

where H is the Hamiltonian of the system and A2H its variance. Later, Margolus and Levitin
further extended this relation, such that it includes the average energy of a system instead of its
variance [77]:

ot > mh
~ 2(H)

In addition, it has been shown that the maximum of the right hand sides of the two above relations,

(2.6)

is the fastest time scale with which a quantum system can evolve. We will use relation (2.6) when
determining the speed of the evolution of the Universe in Chapter 6.

With the above in mind, one possibility is to turn the attention to the entropic uncertainty
relations when investigating time-measurement disturbance. The main advantage of the entropic
formalism for the uncertainty relations over the more standard Heisenberg approach, is that the
right hand side (RHS) of the inequality in these relations does not depend on the state of the
system at the time of a measurement.

Standard entropic uncertainty relation for the system in the state p and the set of POVMs A,, By
is [68, 67]:
H(Alp) + H(B|p) > —2log max A}/*B,*

We cannot use this approach directly for the time measurement uncertainty relations, because
we would again need to introduce time as an observable. But one could use this relation in an
indirect way, as we suggest in Appendix B.

As along term goal, it would be desirable to have an uncertainty relation arising from operational
view on time. By defining properties of good quantum clocks and ordering scales, and attempting
theoretical constructions of such, one can eventually approach, operationally, question of the

uncertainty in time measurements in quantum mechanics.
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Chapter 3
Clocks in physics

Before going deeper into the definitions of clocks, let us first concentrate on the purpose for
which they are introduced in science. Let us look at a few definitions in the Merriam-Webster

dictionary: ‘Clock’:

1. a device other than a watch for indicating or measuring time commonly by means of hands

moving on a dial; broadly :any periodic system by which time is measured
2. a registering device usually with a dial; specifically :odometer
3. a synchronising device (as in a computer) that produces pulses at regular intervals

4. biological clock - an inherent timing mechanism in a living system that is inferred to exist
in order to explain the timing or periodicity of various behaviours and physiological states

and processes

This of course is a clock as thought of classically, but since the classical world is considered a
special case of the quantum one, all of these notions should be possible to be extended to the
quantum world and there have been more or less successful attempts in this direction.

Historically, time has been measured using natural phenomena - one of the first clocks were
sundials, based on the movement of the Sun and the shadows that objects produce at different
times during the day. Sand clocks were also very popular and they were based on the movement of
the fixed amount of sand, which served more as a stopwatch to determine a certain fixed interval.
Later on, people made pendulum and quartz clocks where the frequency of a certain object was
used to define a time standard. But this standard depended on the shape and properties of
the object used, and during the centuries, scientists and watch makers attempted to make more
general clocks and time scales, that would vary less from clock to clock.

Research on quantum clocks has been increasingly popular in the past decades, trying to

answer questions of how to theoretically construct such a clock [22], how one could synchronize

21



3. CLOCKS IN PHYSICS

quantum clocks in the best way [78], or how many clocks could be confined in a certain space
(quantum geometric limits [79]). However, up to date there has been no generally accepted
definition of a quantum clock. Depending on the usage there are different definitions in circulation,
for example the atomic clock (see Sec. 3.1) or the Salecker-Wigner-Peres clock ([21, 22], Sec. 3.2).

Following the reasoning of Paul Busch [72]:“The issue of quantum clocks belongs in a sense
to the realm of the theory of time measurements: time is being measured by means of observing
the dynamical behaviour of a quantum system”, we will develop a model for quantum clocks and

their measurement in this thesis.

3.1 Atomic clocks

The biggest revolution in time-keeping came when atoms and their frequencies started to be used
for the production of the time standard, around 1950’s. In the atomic clocks development, there
has been several models surpassing each other in their precision and accuracy. One of the first
was the famous Cs (caesium) atom clock, the standard still used. It is now implemented as the
so-called fountain clock, and recently logical clocks were developed, providing even bigger preci-
sion.

Atomic clocks have many applications, one of the biggest currently is to the GPS (global po-
sitioning system), which is very sensitive to the definition of second it uses. It is also believed
that quantum information, especially theory of entanglement and its application, could improve
current standards of time keeping [30].

In the first caesium atomic clock, big number of Cs ions in their ground state are sent through
the Ramsey cavity, whose frequency of the electro-magnetic field is tuned in such a way that
the maximum number of ions have a transition between the two hyperfine ground levels. This
frequency is then considered a very good approximation of the natural frequency of Cs and is
used to obtain a definition of a second, introduced in 1967:

“The second is the duration of 9 192 631 770 periods of the radiation corresponding to the tran-
sition between the two hyperfine levels of the ground state of the ceasium 133 atom”.

In recent years, to make clocks more precise and environment independent, scientists cool
down the atoms to very low temperatures and hence slow their motion [31]. This allows for the
bigger interaction time with the field. In the fountain clock, a collection of caesium atoms is
cooled down to almost absolute zero, and sent up, first interacting with the laser beams which
form them into a ball. This ball then goes through an interaction with another laser, and if the
right frequency is hit, atoms emit photons. The microwave frequency of the laser is modulated
until the biggest number of photons get emitted, and this frequency is the output of a clock.
Since atoms are slowed down by cooling they have more time to interact with the light and hence

a bigger precision is obtained. The total length the atoms pass is around 1m, and the trip up
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and down lasts about 1s. This clock is currently used by NIST (National Institute for Standards
and Technology) in USA to provide a definition of a second. It looses around 1 second every 300
million years in precision.

Recently, a (quantum) logic clock was also developed by NIST. It is based on mercury or
aluminium ion, that is trapped by electric field and ultraviolet light frequencies. These frequen-
cies are many times (100000) higher than the microwave frequencies used in the standard Cs
clock, hence obtaining much better accuracy (they can measure smaller intervals of time) [32].
Aluminium ion is coupled to the beryllium ion, and the ticks from aluminium are detected by
the other atom (the laser is shined on both and if the right frequency for Al was achieved, the
beryllium atom starts oscillating as well, hence giving a signal that the ‘tick’ has occurred). The
precision of the atomic clocks is calculated by comparing its frequency output with the ‘true’
value of the resonating frequency of the atom used. Comparing an aluminium logic clock with
another such showed a high accuracy, with the lowest uncertainty ever achieved when comparing
two atomic clocks. This clock only looses a second every 3.7 billion years.

Note that the only way to decide how good these clocks are is to either compare them to the
same clock, or to another atomic clock whose high precision is known (like the fountain clock).
The more precise the clock is, the better results it can give when predicting the effects of general
relativity, the value of Planck’s constant or when used to build new GPS devices. Even though
these clocks are most precise yet, there are no plans of exchanging current standard of second
given by caesium fountain clock with those of a logical clock. One of the reasons is the difficulty
of transmitting the ticks of this clock around the world at the moment, since optical fibres are of

a relatively short range.

3.2 Salecker-Wigner-Peres clock

A very widely known clock, whose dynamics we will also use for the work in this thesis, is the
clock described by Salecker-Wigner [21] and later investigated by Peres [22]. The clock was
originally developed for measuring space-time events distances, and later work considered usage
of the clock to time a certain system of interest. As described in [21], a quantum clock should
be a microscopic object that can be read out multiply times, one option being by emitting light
signals (cf. 5.1.2). Von Neumann said [33], the measurement is not completed until it is recorded
by some macroscopic object. To avoid this object being a part of the clock (that is assumed to
be microscopic), one way is to transmit the signal from the clock, e.g. by using photons.

The clock described in [22] has a simple dynamics, that in constant intervals 7 moves the clock
state from one orthogonal state to the next, in one direction only. In between these intervals,

however, the state of the clock spreads significantly. A unitary map describing the dynamics of a
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d-dimensional clock after each step 7 is:

d
U(r) =Y i+ 1) (i| = e T (3.1)
=1

with Ho being the clock Hamiltonian, A = 1. This Hamiltonian is diagonal in the Fourier basis
of its clock states |0), ..., |d — 1).

3.3 Relativistic quantum clocks

In the work by Castro Ruiz, Giacomini and Brukner [23] two simple clocks of a certain mass in the
gravitational field were considered. Due to the gravitational field influence, and since time flows
slower near massive objects, one would expect that each clock will be affected by the mass of the
other clock near it. This is exactly what the authors show. Namely, originally uncorrelated clocks
(in a product state |¥) = %(|O> +1]1)) ® %(|O> +11))) become entangled due to the strength of

the gravitational field. In particular, at time t:

) = —=(0) o) + 11 1) 3:2)
b0= =00 +¢7F5 1) (33)
- 1 ~iAE (| GAR)
¢1 = ﬁ(’m +e 7 <t 1)) (3-4)
Note that this is due to the different effect of the gravitational field on the ground state |0) and
excited state |1). The clocks reach maximal entanglement after time ¢4, = G’Efg”;";z where AFE is

the difference between the energy levels |0) and |1) for both clocks (assumption is that they have
the same energy) [23]. Hence, it is shown that the rate of ticking of one clock will depend on the
energies of the surrounding clocks.

It would be interesting to calculate this disturbance in the time flow of one clock if the clock
model corresponds to the one presented in Sec. 4.1. Note that in the above described model,
clock system is a simple qubit evolving with the Schrodinger equation and a parametric time t.
Hence to apply this reasoning to our discretised clock model (Sec. 4.1), one would have to rewrite
relevant equations to not involve explicit use of the Hamiltonians and a parameter ¢, but the
completely positive trace preserving maps that describe the clock dynamics.

A different type of a relativistic semiclassical clock model was introduced in [34] and later
reviewed and extended by Lock and Fuentes in [85]. There a simple localised quantum field is
taken as a model of the clock and a clock time is defined as a phase of a single mode Gaussian
state. Famous twin paradox was examined with this clock. Results presented show that proper
time needs an alternative in the relativistic theory when a more realistic clock is used. Also there

is a relativistic addition to the quantum uncertainty when measuring time with these kinds of
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clocks. With the clock they investigated, authors showed that the change in the precision due to
the relativistic motion depends highly on the state in which clock is initialised. This agrees with
the results obtained in this thesis and in papers [35, 86, 38], where the precision/synchronisation
of the clock depends on the starting state one chooses, and is of course even more related to the

map that evolves the clock and reads the time information from it.

3.4 Thermodynamical quantum clocks

In the last few years, there has been an increasing interest in introducing suitable clocks to quan-
tum thermodynamics [37, 86, 44]. Quantum thermal engines have been theoretically constructed,
usually consisting of a quantum system, thermal bath and a work storage [¢8, 89]. One of the
main motivations for introducing quantum clocks to these frameworks, is creating the ability to
switch the unitaries affecting thermal engine on and off without an external interference. Before
the clocks started to be explicitly used in theoretical models of thermodynamics, Hamiltonians
describing the interaction of the external fields and engines of the systems and baths were time-
dependent, which raised questions of external control and led to search for solutions [90, 89]. It
is by now mostly accepted that a clock should be a part of the thermodynamical system, and
should automatically control the duration of the application of the (unitary) maps.

Total Hamiltonian is usually taken to be of the form:
H=Hp®RIc+Ir® Ho + Hin (3.5)

with Hg being the engine Hamiltonian, Ho Hamiltonian of the clock and Hj, an interaction
Hamiltonian between the two. Note that here Hamiltonians are assumed to be time-independent,
as the whole system should not depend on the existence of another, external clock (that would
be necessary for the time dependent Hamiltonians).

In the paper by Malabarba, Short and Kammerlander [$7] simple model of the clock with
Heo = P is used and was shown to perform well for thermodynamic purposes. Then one can
think of the time operator being T' = X . Compare this to the time as correlations framework [0]
described in Sec. 2.5, where the same Hamiltonian for the clock is used. The problem authors want
to solve in these papers is of a different nature, but the clock system shows similar properties. This
clock is nice and easy to work with and returns idealised solutions, since it provides parametric
time as we are used to. But, unfortunately, its eigenstates are not physical, since they are
unbounded from below, and hence this clock cannot be used in practice. In both papers [87, ],
authors comment on the natural possibility of the extension of the frameworks to more physical
clocks, but unfortunately, such extensions had not yet been numerous.

As an example of more physical thermodynamical clocks, we briefly consider two papers [0,

]. Note that both of these papers have some relation with the work in this thesis, particularly
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the clock framework presented in Chapter 4. They show a nice possibility for the extensions
and practical applications of our quantum clock model, and the clock from [141] can be viewed
as a particular example of our two-part clock model with an addition of a power source. But
in measuring quality of these clocks, and calculating their accuracy and precision, authors still
use parametric time ¢. In this sense, the clocks are not completely autonomous, since one cannot

decide good from bad ones without using an external classical clock that provides this time ¢.

In the paper by Woods, Silva and Oppenheim [36] a clock with a physical Hamiltonian was
shown to work well for thermodynamical purposes, without much back-disturbance. The measure
of how good this so-called WSO clock is, relates directly to how well can it time the maps used for
working of the thermal engine, and can it be reused. The Hamiltonian of the clock is the one from
Salecker-Wigner-Peres model [21, 22], and authors construct a specific interaction potential for
which this clocks shows good properties. An important variable is a starting state of the clock,
which in this paper is taken to be a Gaussian superposition of the usual clock states. It was
shown that this starting state shows less disturbance as the interaction proceeds for large clock
dimensions d. Important property of the WSO clock is that it has both a physical Hamiltonian
and satisfies the properties that are asked from a thermodynamical clock. Note that in the
paper [38], described in Sec. 5.5, a similar model of a quantum clock with a modified potential is

used to show the possible advantage of quantum over classical clocks.

In the paper by Erker et al. [14], clock consists of a pointer represented by a two-qubit heat
engine powered by two thermal baths and a d-level ladder representing a tick register. Hence this
model represents a specific construction inside our framework [35], presented in Sec. 4.1. Authors
show that the entropy production of their clock is connected to its accuracy and resolution in
terms of the parametric time t. To ensure that clock is autonomous authors use a flow of heat
between two thermal reservoirs at a different temperature. Non-equilibrium power source is
necessary so that the spontaneous ticking process could continue in the right direction. Flow of
heat will cause energy to climb up the d-dimensional ladder, and a tick is defined as decaying of
the photon from the top (unstable level) to the ground level. As stated by authors the reverse
process is also possible. To reduce the probability of this, they assume that the background
temperature is much smaller than the energy of the emitted photon. Compare this to the issue
with our light source model in Sec. 5.1.

The ticking process is probabilistic and to simplify analysis a reset clock model is assumed, i.e.
after each tick the whole system is reseted to the ladder in the ground state and the engine qubits
in the equilibrium with their baths (cf. Sec. 4.3). Authors note that this approximation is valid

in a weakly-coupled limit.

The resolution and accuracy of this clock is measured as the number of ticks provided per unit

time and the number of ticks before next tick is uncertain by an average time interval between the

26



3.5 Protocols for clock synchronisation

ticks. In particular, they introduce a measure R = ﬁ—z, with p being an average ticking time and
o2 standard deviation of the ticking time, later also used in [38] and Sec. 5.5. Authors suggest
that an increase in entropy is needed for a better accuracy of thermodynamical clocks, and if this
is valid more general it could be useful in the research of an arrow of time and its connection to
the 2nd law of thermodynamics, which is still a highly debated topic. Note that we arrive to the

similar conclusion for the universal clock in Chapter 6.

3.5 Protocols for clock synchronisation

Most clock synchronisation protocols start from two parties that have a good, stable and accurate
local clock each, and aim to synchronise them in their common rest frame using given recourses [1].
Clock synchronisation protocols hence rely on different assumptions. We will review a few of them

here.

1. Eddington’s slow synchronisation protocol (SSP) doesn’t require that A and B know
the distance between them, but it assumes that Alice has an extra clock (called a travelling
clock) that she sends to Bob with a very low speed. Then Bob can read the transit time as
given on the world line of this clock, and if it was slow enough this will approximate time

as elapsed on Alice’s clock well enough.

Ofcourse, there are a couple of issues with this protocol. Firstly, what does slow enough
movement of the clock exactly means and what if Alice and Bob would move with respect
to each other? Secondly, what this protocol explicitly assumes is that Alice synchronises
her local clock with the travelling clock beforehand. The underlying argument is that it
is easy to classically synchronise clocks that are on the same spacial location, but the real

problem is to synchronise ones that are distant from each other.

2. Synchronisation based on the phase estimation Here the synchronisation problem is
to find the time difference between two spatially separated clocks. In the paper by Bartlett
et al. [91] quantum reference frames have been studied for different applications, one of
them being clock synchronisation. They review clock synchronisation based on the phase
reference alignment, which can be used if Alice an Bob have a common frequency standard.
For example, one can exchange ticking qubits as a resource, and then depending on these
qubits being correlated or not, different synchronisation precision can be achieved [92]. If
un-entangled qubits (separable states) are used, one needs O(22¥) classical messages to allow
for an accuracy in the time offset between A and B’s clock of k bits. On the other hand,
there exist a quantum algorithm that uses entangled qubits and allows for this with only
O(k) quantum messages exchanged [92], which shows an advantage of a quantum protocol

for this type of synchronisation problems.
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3. Quantum clock synchronisation (QCS) protocol is a quantum version of the SSP
developed by Jozsa et al. in [5]. Additional assumption is that there is a third party

Charlie, who prepares maximally entangled states, and sends half of each pair to A and
0 1
half to B. Then they both measure X = <1 0) observable on their respective qubit, and

after communicating their results to each other they can infer the proper time along the
world line going between A and C and then between C and B. As in the SSP, if the qubits
of the original singlet were distributed slow enough, this would provide the time difference
between the local times of A and B. Note the similarity of this protocol to Ekert’s quantum
key distribution protocol based on the entanglement distribution [93].

One of the advantages of the QCS to SSP is that if you want to synchronise clocks many
times you can send many entangled pairs in advance and keep them until you need a
synchronisation. In the SSP, on the other hand, you would need to construct and provide a
synchronised clock to Alice every time. However, in the QCS protocol each clock is a qubit,
which yields only one bit of information after measuring X, and we need many qubits to

get time with a good precision. Namely, the precision will depend on the number of qubits
-1
nas y/n [4].

Since this protocol requires a phase synchronisation between the reference frames of Alice
and Bob, one can argue that it leads to a circular argument, namely that one needs a

previous kind of synchronisation to further synchronise the clocks. This has been partly

overcome recently in the work [94] where the authors combined the protocol from [5] with
the distillation protocol [95, 96], which then allows for the further synchronising operations
to be done. In the work [91], however, it is argued that prior shared entanglement does

not provide an advantage for the clock synchronisation, since one could also use shared

reference frame state (that is not entangled) to obtain the same effect.

4. One of the most important classical protocols for clock synchronisation based on relativity
is Einstein’s light synchronisation (ES) protocol [15]. It is based on exchanging the
light signals between the two parties, but one needs to know the distance between them
in order to calculate the time in which the light is returned to a party. Another issue
with this protocol, whose modification is currently used for synchronising satellites for GPS
navigation, is that it doesn’t take into account that the light as an EM field is in nature
quantum, and the effects thereof [5]. Also, sending light to satellites is affected by refracting
index of the atmosphere that changes, hence introducing and error in this synchronisation
scheme. This is something that is mostly surpassed by the above mentioned QCS protocol.
Recently there have been advances in building these protocols, which are based on the

precise timing of light signals exchanged between parties [91]. Namely in [97] it was shown
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that usage of highly entangled photons leads to an advantage. Here a problem can be that a
loss of a single photon would destroy the entanglement, but there have also been techniques

introduced to reduce this loss [95].
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Chapter 4

Operational approach to time:

two-system quantum clock definition

Part of this chapter, in particular Sec. 4.1, is based on the paper [35] and related work thereof,
while Sec. 4.5 is based on [37].

Time is a central concept used for describing the world around us. We perceive it intuitively
and we can measure it to a very good precision [99, , ]. Nevertheless, it remains one of the
biggest unknowns of modern physics [15, 73, 18, 13, 22, 72, , 1]. In quantum mechanics, time
is not considered an observable, but plays merely a parametric role in the equation of motion.
In fact, it cannot be treated like other observables, as there is no self-adjoint time operator that
is canonically conjugate to a Hamiltonian having a semi-bounded spectrum [17, 18], see also
Sec. 2.1. There have been various attempts, though, to establish an understanding of time that
goes beyond this parametric view [66, 6, 7, , , 11, 16], e.g. by considering time as arising
from correlations between physical systems. In this chapter we take further steps in this direction.

We will take an operational approach to time, in the sense that we study clocks, i.e., physical
systems that provide time information. This is motivated by earlier work [105, 7], where it
was suggested to distinguish between coordinate time and clock time. While the first refers to
a parameter used within a physical theory, the latter is an observable quantity. Here we are
interested in the latter. We will define quantum clocks as quantum systems that produce a
measurable output — the clock time. As any measurement of a quantum system unavoidably
disturbs its state, one should expect fundamental limitations to the precision of quantum clocks,
and hence the level of synchronisation attainable between them. It is one of the major motivations
of the work in this thesis to understand these limitations.

It is desirable to have a notion of quantum clocks that agrees with our usual perception of
classical clocks in a certain limit. Yet, for our operational approach towards time, we shall assume

only some basic features that a clock must exhibit. Importantly, a clock should generate a clock
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time that can be used to order events. This feature will play a central role in our treatment and

will be captured by our definition of a time scale.

Within Newtonian theory, there do not seem to be any fundamental limitations to the accuracy
to which clocks can stay synchronised (see e.g., [99, ). With this notion, one can define a
common time for all the synchronised clocks, which we refer to as a global time in classical theory.
A notion of global time is also assumed in the usual treatment of quantum mechanics. However,
attempts to construct global causal structures from local ones, have lead to the discovery of various
non-trivial features, which are a topic of ongoing research (see, e.g., [24, , , , 25, 61]
and Sec. 2.6). Furthermore, a global notion of time is generally not achievable in relativistic
theories [13, , 14, 54, 1, |. In our operational approach, we will thus treat quantum clocks
as local physical systems, governed by the laws of quantum mechanics. This raises the question
of synchronisation of those local clocks. In operational terms, we are interested to know whether
two clocks that are separated, with no communication between them allowed, can order events
consistently. If this is the case, we say that the time scales generated by the two clocks are
compatible. We note that this question relates to the general idea of reference frames in quantum
theory [91] and, in particular, the question of how well such reference frames can be correlated. To
quantify the level of synchronisation between the clocks in an operational way, in the Chapter 5

we will consider a particular scenario, which we term the Alternate Ticks Game.

Further sections of this Chapter are structured as follows. In Section 4.1, we introduce the
definition of a quantum clock - a quantum system consisting of a clockwork (dynamical part)
and tick registers (storage units), and the associated time scale. In Sec. 4.3 we briefly consider a
special class of clocks, where the state of the clock is reseted to a pre-chosen state every time a
tick occurs. These so-called reset clocks turned out to be very useful and practical when deriving
results on the clock performance. Section 4.2 is concerned with the e-continuity condition, which
ensures that quantum clocks can be regarded as self-contained devices, in particular that they
do not implicitly rely on a time-dependent control mechanism. In Appendix A, we provide a
sketch of a proof of the conjecture that in the case of e- continuous clocks with small ¢, tick
registers do not need to be initialised in a particular state (e.g. |0)) — the clockwork state is
only negligibly disturbed by a different starting state of the registers. In Sec. 4.4 we consider one
analytical and numerical method to show e-continuity of a clock — semidefinite programming,
and some results thereof. In Sec. 4.5 a particular class of clocks, so-called stochastic clocks are
defined, together with the criterion for their e-continuity. These have a classical dynamics and
are thus analytically tractable, providing insights into clock quality and synchronisation, that will
be discussed in the next chapter, Sec. 5.3 in particular. Finally, In Sec. 4.6 we briefly consider
more practical approach to modelling our quantum clock, using light sources. This approach is

closer to what can be achieved in a lab and we show some numerical results in the next Chapter,
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Sec. 5.1.2.

4.1 Quantum clocks and time scales

The aim of this section is to motivate and define a quantum clock (Definition 1) and the derived
concept of a time scale (Definition ?77). Roughly speaking, we consider a quantum clock to be
a quantum physical system equipped with a mechanism that generates time information. We

model this mechanism as a process involving the following two systems (see Fig. 4.1).

e Clockwork (denoted C'): This is the dynamical part of the clock that has its own evolution
and interacts with its environment (tick registers in particular), thereby outputting time

information.

o Tick registers (denoted T1,Ts,...): These belong to the environment of the clockwork.
Each tick register T; is briefly acted upon by the clockwork and it records the output of the
latter, in particular tick/no-tick information. After this interaction, it is separated from the
clockwork and exchanged by a new register, keeping a record of the clock time that can be

read out by the clock itself or an outside observer.

IM

T

Figure 4.1: Model of a quantum clock: A quantum clock consists of a clockwork C
that interacts with tick registers 11,75, ... via map M. These registers are propagated

away from C' after their interaction, keeping a record of the clock time.

In comparison to a mechanical clock, the clockwork would be an inner mechanism, and tick
registers would be similar to the hands of a clock. From our experience, we are used to assume
that the evolution of a physical clock is continuous. However, as discussed in Section 2.3, the as-
sumption of a continuous time is not well-grounded, and the notion of continuity implicitly refers
to some underlying time parameter, hence we will model the evolution of a quantum clock more
generally as a sequence of discrete steps. Continuity may then be approximated by imposing an
additional, e-continuity condition (see Definition 3 below). Note that even with this property im-
posed on good clocks, their dynamics is still discrete in nature. By explicitly letting € — 0 we can
approximate completely continuous evolution (as done for clocks described in Sec. 5.5). However,

we believe that the discrete evolution is more natural, since physics itself imposes conditions on
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scales one can measure (e.g. Planck’s time and length). Hence assuming continuous evolution a
priory is a big assumption that might neglect important physical insights, and we want to avoid
this.

Each of the discrete evolution steps of our clock consists of the interaction between the clock-
work C' and a fresh tick register 7;. Crucially, all steps are governed by the same dynamics,
specified by a completely positive trace preserving ( ) map M. Accordingly, all tick registers T;
are taken to be isomorphic to the given system 7. In Sec. A we will argue that tick registers do
not all have to be initialised in the same state for the clock to function well.

We now introduce a more formal definition of a clock.

Definition 1. A quantum clock is defined by a pair (,0%, Mceor), where p% is a density operator
of a system C and M¢c_,cr is a completely positive trace-preserving (CPTP) map from C to a

composite system C ® T

Note that our map M acts from a smaller space C to a larger one CT since each tick register
can be seen as created by the map M (or one can consider it as already existing, but the only
map that can create/change a state in 7' is the map M). We will now introduce some further

useful definitions.

Definition 2. For any map M : H4 — H4, with H 4 a Hilbert space, we say it is completely
positive if M ® Zo is positive for any extension space He. Map S @ Hgq4 — Ha is positive iff
(pa,S(pa)) > 0 for all py € H4 with (,) an inner product on H 4. Note that the trace of a
positive operator is positive (non-negative).

By Choi’s theorem [111], map is completely positive iff it admits Kraus decomposition, i.e. iff it
can be written as M(pa) = ZKiPAK{k, for all p4 € H 4, where K; are Kraus operators, linear
maps from H 4 to H4 that sa‘éisfy Y KK =1,

A positive operator valued measure l(POVM ) is a family {m;}, of positive hermitian operators on
‘H such that Y 7, = Zy. Note that any POVM corresponds to a non-unique physical evolution
followed by axmeasurement. One can express it using Kraus operators K, = \/m; [112]. If one
measures a state p with POVM {m;},, outcome x will be obtained with probability P(z) =
tr(mzp).

We now return to our clock system. The clock time produced by a clock will give a rise to
a time scale. Since, in our model, the clock time is recorded by the tick registers, a time scale
corresponds to the cumulative content of these registers (see Fig. 4.2). We can denote this set as

the sequence {pé\[l “'TN} ~en of density operators on 71 ® - - - ® Ty. It is easy to verify that for any
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Figure 4.2: Tick registers and the time scale. Intuitively, one may think of the
tick registers T; as propagating through space (coordinate z), starting from the location
of the clockwork C, in terms of some ordering parameter (denoted by t), that is used by an
observer. An observer located at position z; would observe them in sequential order

(with respect to t). The content of the sequence of tick registers defines a time scale.

N’ > N we have

p%,,,TN =ty Ty (p%l,,,TN,) . (4.1)
The sequence {P%...TN}NEN is thus a way to specify the state of the system' T} ® Th® - - - formed
by all (infinitely many) tick registers after infinitely many invocations of the map M. For all
practical purposes we will restrict ourselves to finite number Ny of the applications of the map,
and it will be enough to consider just p%omTNO.
Importantly, it will often be very useful to consider a classical analogue of a time scale introduced.
For this, an observer can measure a state of each tick register e.g. in the bases {|0),|1)} (or
this measurement can be included in the clock mechanism), and note a classical result of each
measurement. The occurrences of 1 will represent ticks, and the number of 0’s in between will
measure the interval of ‘time’ between ticks.

Realistic clocks consist of various physical components, such as a power source to drive the
clock. Our definition of a quantum clock, i.e., the pair (p%, Mc_cr), does not specify these
explicitly. It rather provides an abstract description of how the clock generates time information.
We will present and review some specific models further on.

While an abstract model is suitable for our considerations, one should keep in mind that it is
quite generic. That is, any physically realisable clock admits an abstract description in terms of

a pair (p%, Mc_7rc), but not any such pair corresponds to a physically realisable quantum clock.

!Note that the tensor product of infinitely many Hilbert spaces is not necessarily a Hilbert space.
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Indeed, in Section 4.2 we will introduce an additional condition (e-continuity) that accounts for
certain physical constraints. In particular, we are interested in clock models that don’t need any
external time mechanism for its operation. I.e. consider the example of the radio alarm clock - it
works receiving EM signals of certain frequency to turn the alarm on and off. A clock that works
by receiving light signals, and produces a stream of ticks, will be introduced in Sec. 4.6.

Our definition of a quantum clock does not explicitly require certain features that may be
expected from a clock — constant time intervals, cyclicity, and unidirectional evolution. These
turn out to be unnecessary for the operational task of synchronising quantum clocks. Take, as
an example, the notion of constant time intervals. Intuitively, this seems to be necessary to de-
termine the duration of events in some well-defined units (e.g., seconds). But, if the duration of
a second were to change every time the clock should tick (i.e., if it was not a constant), and if all
clocks would perform these adjustments automatically without us noticing, then such a change

would not lead to any observable consequences.

As we will see, it is often convenient to consider particular constructions of quantum clocks

where a map M can be written as the concatenation of two CPTP maps,
Mesor = MESar o MEc - (4.2)
MM acts only on the clockwork C' and M™€ corresponds to a measurement on C' of the form

B o o SOV e/ [0l (4.3)
teT

where {m;}e7 is a family of nonnegative operators on C' with ), 7 = Z¢ (Z¢ being the identity
operator), Hence {7 };e7 represents a POVM measurement on C and /7y are the Kraus operators.
{|t) }+te7 is a family of orthonormal vectors on the Hilbert space of T (i.e. it holds (s|t) =
0, V|s),|t) € T). M™ can be interpreted as the internal mechanism that drives the clockwork,
whereas M™°® extracts time information from it and copies it to the tick registers. Note that
by construction such a ME%% - is a completely positive map since it has a Kraus decomposition.
Also, if one takes Ml(?t—w to be described by a unitary map, it is trivially also completely positive

(Kraus operators equaling the unitary), and hence the map M is also completely positive.
For a simple example of a clock of the form (4.2), assume that the clockwork C'is binary (i.e.,
a qubit described by the Hilbert space C?), with orthonormal states |0) and |1), and that the map
M flips the state on C, corresponding to a logical NOT operation. Furthermore, M™ could
be a measurement defined by the projectors mop = |0)0| and 7; = |1)(1|. Then, with C initially

set to |0), the resulting time scale {pjj\f1 ..y Jv would consist of the operators of the form

Py = 1L @ 0Y0] @ [1)(1] @ [0X0] @ [1)(1] @ - - .
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The corresponding classical scale would thus be {1,0,1,0,1,...}. Because of its deterministic
character such a clock would be perfectly precise, in the sense that two such clocks could stay
synchronised infinitely long. In particular, they would perform arbitrarily well in the Alternate
Ticks Game defined in Chapter 5. But, physically they do not correspond to proper quantum
clocks, since they implicitly assume that NOT operation is done infinitely fast. This is however
not possible in a quantum setup, and to capture this fact we will introduce a specific continuity

condition in Sec. 4.2.

4.2 e-continuous quantum clocks

It appears to be easy to physically realise a simple binary clock described in Section 4.1 —
one merely needs to implement a NOT gate and a measurement. But in a quantum world this
cannot be done instantaneously, and the evolution would have to be well-timed (i.e. moving to an
orthogonal state is not a trivial process as in classical mechanics, see Sec. 2.7 for the discussion of
a quantum speed limit). Hence, one would need an additional time-dependent control mechanism
to implement such a dynamics. And if such a control mechanism is necessary, the clock can of
course no longer be regarded as a self-contained device. This motivates an additional assumption,
namely that the clockwork evolves almost continuously. As our model is inherently discrete, we
formalise this by the requirement that the individual steps of the evolution can be made arbitrarily

small.

Definition 3. A quantum clock (p%, Mco_or) is called e-continuous if the mapping Moo is

e-close to the identity on C)| i.e.,

1

§H trr oMesor —Zollo < € (4.4)
where Z¢ is the identity mapping on C and || - ||, is the diamond norm [112, 113].

This e-continuity, for arbitrarily small values ¢, is a necessary condition for a quantum clock
to be physically realisable.! Combined with our requirement that all evolution steps are identical
it ensures that the evolution of the state of the clockwork does not implicitly rely on a time-
dependent control mechanism.

We note that the clock with the NOT-based clockwork described at the end of Section 4.1 is
not e-continuous for any 0 < ¢ < 1, as in each step the state of C' is deterministically changed
to an orthogonal one. In fact, constructing a continuous clock is a bit more challenging. One
conceivable approach could be to split the NOT operation used in the construction into small

identical steps. Specifically, the map M™ could be defined as an n'" root of the NOT operation,

"While any physically realistic clock can be modelled as an e-continuous quantum clock, continuity alone does

not necessarily guarantee that an actual physical implementation of the quantum clock exists.
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for some large n, corresponding to a rotation in the state space by a small angle. For some ¢ > 0
and sufficiently large n this map would be e-close to the identity. However, it is unclear how to
choose the measurement M™. In fact, if the described small rotations are applied in between
two measurements, its outcome would no longer be deterministic. Consequently, the clock would

generate a rather randomised time scale and thus not be very precise.

4.3 Reset clocks

It is of course possible to devise more precise continuous clocks, but the price to pay is that
the dimension of the clockwork C' is larger. As an example, consider a clockwork that mimics
the propagation of a wavepacket. Specifically, let C' be equipped with an orthonormal basis

{le)}e=o.... m, for some large m € N and define

ey = > le)e]
c:le—cj|<A
with A < m. Furthermore, assume that the initial state p% is contained in the support of the

projector Il., with cg =0, i.e.,
0y _
tr(Ie,pe) =1 .

Intuitively, one may think of p% as a wavepacket of breadth A localised around c¢y. Let M be
a map that moves this wavepacket by some fixed distance v < 1, in the sense that the state pg

of the clockwork after N applications of M satisfies
tr(Meypd) ~ 1 for cy = |Nv| (4.5)

provided that Nv+ A < d). Finally, the measurement M5, [see (4.3)] could be defined using
C—=CT

the positive-operator-valued measure (POVM) elements
mo=Ic — 0l and m = 01l; (4.6)

for ¢ = d — 1 and some ¢ < 1. Intuitively, for any € > 0, the clock could be made e-continuous
by choosing v and § sufficiently small.

Practically, this means that a certain region of the clockwork (here centered around ¢) is a
tick region and a tick can be produced only if the current state of the clockwork has a non-zero
support in that region. Otherwise the measuring map will not change the state, and the only
influence will come from the evolution map M™*.

Above construction of M however, relies on the assumption that the (mimicked) wavepacket
propagates regularly (such that condition (4.5) is satisfied). This is only possible if its breadth

A, and hence the dimension d of the clockwork, is large enough. Note also that once the clock
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has a support in the tick region defined by the operator Ilz, the measuring map will influence
the wavepacket and disturb its regular propagation, hence introducing more uncertainty in the
sequence of ticks. The precision of the proposed construction thus depends strongly on the di-
mension of the clockwork, something that will be true for all clocks, as we will see later, and also
on the definition of the tick region.

Under this idealised conditions, to analyse the time scale that the clock generates we first
observe that, as long as Nv + 2A < d, the state of the clockwork pg has only negligible overlap
with 1 and is therefore not significantly disturbed by the measurement M™¢*$, During this phase,
the clock would output a series of states |0) to the tick registers. Only once Nv is approximately
equal to d, clock would at some point output a state |1). However, after producing this first
tick, the clock would in each step output |1) with probability d, resulting in a rather randomised
pattern of ticks. This can be surpassed by making this a reset clock and reseting the state of the

clock to pg after each tick.

Definition 4. A reset clock is any clock whose state is reseted to a fixed state after each occurrence

of a tick.

Formally, an example of a reset clock is the one where the CPTP map defined by Eq. (4.3) is
replaced by

MEEer © pe =/ pe /7o @ [0)0] 7
+ tr(m pe) po @ |11 p

(4.7)

with mg, m; representing POVM on C'. For simplicity we can take po = p% as a reset state.

The resulting time of the clock defined in this section, would then consist of almost equally
long sequences of states |0) separated by states |1). In other words, for each tick there is the same
average number of applications of the map M until it is produced. Hence instead of considering
sequence of ticks we can restrict ourselves to the properties of the first tick, which simplifies the
analysis greatly.

In this thesis, we will mostly present results for the reset clocks. In particular, some numerical
advances are shown in Section 5.1.1 and analytical bounds for classical clocks in 5.3. Also, in
Sec. 5.5 we describe some bounds for the accuracy of classical and some quantum reset clocks as

done in [38].

4.4 Determining the e-continuity of a clock

To calculate a diamond norm needed for the calculation of the continuity parameter from Sec. 4.2,
we will use the mathematical framework of semidefinite programming (SDP), as applied to the

channel distance in [113]. Semidefinite programming can be used to solve convex optimisation
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problems and has recently also been developed for diamond norms in particular. As shown

in [113], for a quantum channel ® : C' — C, it holds that §|®[| < ¢ if and only if

there exists: Z > J(®), (4.8)
Z € Pos (C ® (")

such that: 2| tre(Z)]|co < €

where we take C’ isomorphic to C, Pos(S) denotes the set of positive operators on the
space S and J(®) = >, ®(|7) (j]) ® [i) (j| is the so-called Choi-Jamiolkowski state. Here
d = trpoMe_or — Zeo. Note that the diamond norm of a channel distance is always bounded
by 2, hence a trivial upper bound for ¢ is ¢ < 1. Also the infinity norm [|A||» is defined as the
maximum singular value of the map A.

For our purpose it is enough to find a good upper bound for the channel distance, since
according to [!13],this bound will upper bound the continuity parameter and can hence be used
as €. Any dual feasible operator Z satisfying the conditions of (4.8) can be used to compute an
upper bound, and we will attempt to find Z that would provide us with a sufficiently good upper
bound.

On a particular example, we will show steps needed to analytically obtain an upper bound on

e for the quantum clock.

Example 1. Let a map describing the clock dynamics be M = M™e o Mt with Mt (p) =

e~ o0 peilct ap internal clockwork map for some fixed parameter § and i = 1. We will assume a
reset model of a clock and define a clockwork Hamiltonian H¢ as in the papers [21, 22] (see also
Sec. 3.2). This Hamiltonian represents the dynamics of a particle on a circle, with a frequency

w, and can be written as:

1
He=——logU (4.9)
iT

ISH

-2
U(r) = |k + 1) (k| +|0) (d — 1] (4.10)
0

e
Il

where a fixed parameter 7 depends on w and the dimension d. Hence the state of the clockwork
jumps to the next state in constant intervals 7, but in between the state spreads a lot. This
is why the starting state of such a clockwork plays an important role, which we will also see in

Sec. 5.5.

For the clockwork states we will take the computational basis states {|0X0|, ..., |d — 1)d — 1},
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and it can be shown that the clockwork Hamiltonian is diagonal in the Fourier basis:

He |ug) = kw|ug)

d—
with |m) = Z =g lug), m € {0,...,d — 1}
k:
1 d-1d-1 727sz(k 1)
[m)m| =~ Z e |uk) (wl (4.11)
k=0 1=0
d—1d-1 ,
1 —2mi(mk—nl)
mlfn) == >3 fug) {u
k=0 =0
Next we define:
U(0) [v) = e e |y) (4.12)
Then
d—
U(r)|m) = e~ M7 [m) = e=*HeT— Z N Jug) = (4.13)
k:
! 27ri7nk: ik - 27Tz(m+1)k
72 7 e ROT ) 72 lug) = |m + 1) (4.14)
k=0 k=0

with 7 = %. For simplicity, we will take frequency w = 27“ and 7 = 1.

The evolution of the clockwork M™" on the diagonal states will be defined as:

Mint- Im)(m)|) = e~ tHot Im)(m| ettct — (4.15)
1 d-ld-l —2mif(k—1) —2mim(k—1)
p e 4 e T Juy) (| (4.16)
k=0 =0

for some fixed (freely chosen) parameter 6 < .

Tick states of the clockwork are the ones that could produce a tick (if the support of the clock
state there is high enough), and we label the set of them J. We will take J = {d — (i} e d—1}
as in Section 5.1.1. Then we can choose a measurement map to be described by the following

Kraus operators (assuming that the clock is reset to the state |0)(0| after the tick):

Ko=)/ +v1=38>_1i)Xil) ®0)r (4.17)
JgJ jeJ
K15 =v5[0)g (jl®[1)p, j€J (4.18)

41



4. OPERATIONAL APPROACH TO TIME: TWO-SYSTEM QUANTUM
CLOCK DEFINITION

We can write a CPTP map M™¢ ag

Mmeas.(pc) — KOﬂC’Kg =+ ZKl,ijKij
jeJ

with KgKo+ > Ki ;K1,; =T. Let m € {0,...,d — 1}. Using Eq. (4.15), we can calculate:
JjeJ
tI‘T(Kl jMi“t'(\me\)Kikj) =
d-1 —1d-1

2mij(ly—ko) —2mif(k—1l) —2mim(k—1)
Z e a fupy) (uy | ( e @ e d |ug) (wl) |uky) (u,l

&.
U

kl ,ka=011 lg 0 k=0 [=0

d-1d- 2mi(k—=)(j—m—06) l)(] m—0) .
2 ZZe 0X0[, Vj € J (4.19)

k=0 1=0

and
trp (K1, M™ (jm) (n) K7 ;) =
§ 2 im0 G0y
ux’ J—m—0)—1l()g—n—
- e G 0)0] =
k=0 1=0
25 L »
5 (1= cos(2m0)) (1 — Zmilimm=0)=1(1 _ o=2mG=n=0))=110)0], Vj € J

Also, we have:
trr (KoM™ (jm) () Kg) =

d—1
1 _ 2mi((k=1)0+mk—nl) 2mi(j1 k—jol) —2mi(jol—g1k)
= e (D e ) Gl (0 =8) DD e () (el )+

#1=0 J1.328J J1.g2€J
VI =6~ _2mi(olk=)tmk—ni) e I
7 Ze d Z Z <€2 i(j1k—jol) 171) (a| + 2 i(j2k—j1l) |j2) <j1’) (4.20)
kil J1€J j2€J

It turns out that finding a positive Z and X such that Z — X = J(®), wih & = trp M — Z¢
and the corresponding Choi-Jamilkowski state J(®) that would provide us with good bounds, is
very hard to be done analytically. Hence we used numerics in MATLAB to find an upper bound,
by optimising over positive diagonal matrices Z, and we show some of the results on Fig. 4.3. The
numerics becomes very slow for higher dimensions, hence only the results for lower dimensions

are presented.

4.5 Stochastic clocks

Now we will consider a specific clock construction described by the model introduced in Sec. 4.1.

Inside this model, one can simplify the maps involved, reducing the dynamics to a simple classical
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Figure 4.3: Upper bound on the e-continuity parameter (one half of the diamond norm), for the
clockwork dimensions 2 to 12, clockwork Hamiltonian as in (4.11) and parameters 6 = 0.01, and

6 = 0.001

random walk. We will call such clocks stochastic clocks. A specific case of a stochastic clock, that
we call a ladder clock, was first introduced in the master thesis [11]. Here we give an extension
of that clock to the more general stochastic reset clocks. Most of the results in this section were
presented in the preprint [37]. Continuous stochastic clocks were investigated in [38], as we will

describe in Sec. 5.5.

As we will see, stochastic clocks exhibit some simple properties which make them particu-
larly convenient to investigate. They can be modelled by an entirely classical system, and their
dynamics presents an example of a Markov chain. Even though upper bounds derived on their

performance only hold for the classical dynamics, they are important steps in investigating clocks
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and time scales that are described without relation to an external time. Performance of the
stochastic clocks in the Alternate Ticks (AT) Game that will be introduced in Sec. 5.1, repre-
sents a specific lower bound on the performance of the best possible quantum clock that can be
constructed within the given framework. This game measures the synchronisation and quality of
clocks in an operational manner. Results we obtain for classical clocks also help us analyse the

possible advantage of having quantum dynamics introduced.

4.5.1 Mathematical definition of a general stochastic clock

We will now describe a dynamics of a stochastic clock. Let random variables {S,,, n > 0} represent
a position on the (d+1) - dimensional clockwork (depicted as a circle) after n applications of the
map M. Imagine that a clock state can jump to an arbitrary state of the clockwork {|0),...,|d)},

with a given probability distribution. We can represent this using Markov chains, such that
P(S,H_l =1 ‘ Sp = ]{7) =Pkl;N >0,k 1€ {0,...,d}

Hence P(Sp41 =1) = Z PriP(Sn = k). This is the case of a homogenous Markov chain, where
k._
the probability distribution does not depend on n. We now mathematically define a general

stochastic reset clock.

Definition 5. Stochastic reset clock on a Hilbert space Hor is given by a pair (pOC,MSt') with
pOC = |7)j|, 7 € {0,...,d — 1} and the map M5 : C' — CT taking the form:

M (pe) = (1 = 8)pc @ |0X0|

d—1 d—1 d—1 j—1
+ (Glocli) (@im = Sjm(1 = 8)) [m)mlc © [0X0ly + Y > (ilpcli)pjm 10)0le @ [1)(1l7
7=0m=j 7j=1m=0

(4.21)

d—1
where 6 =1 —minp;; and J,, is a Kronecker delta symbol. Note that » pjm, =1, Vj.
J m=0
For the diagonal pure input states, after each detected tick the clock starts anew from the
state [0)(0|, (the tick state). Hence this is an example of a reset clock. Wlog, for these clocks,
one can take p2, = |0)0], and also choose any other state instead of |0) as a tick state for the
clock. Then the parameter § represents the maximum probability that the clock changes its state

to any other state on the circle, and the values pj represent a probability that a clock jumps

from the state j to k. Importantly, p;, € [0, 1], Vj, k and Z ik =1,Yj €{0,...,d — 1}.

One of the motivations for this construction of a cloek is the simplicity when investigating its
properties and performance.

We will now show that above defined M*" is a valid clock map by Def. 1.
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Lemma 1. Map M5 from Eq. (4.21) is a completely positive trace preserving map.

Proof. By Choi’s theorem [111], it is enough to show that there is a Kraus representation for the

map M5". Define operators:

My = /Dim 0) (i]c ® 1), i #0,m € {0, ...,i — 1}
M = /pim — (1= 8) [m) (il ® [0)g, m =i
Mipn = \/Dim |m) (il @ [0), m € {i+1,....,d — 1}
My=V1-0Ic® 1)y

It can easily be seen that these operators are linear operators from C to CT. Also M i Mim =
Dim [1)(i], Vi, m # i and M M = (pis — (1 = 0)) |i)i| , Vi. Hence

d—1 d-1
> M Mo + MMy =
1=0 m=0
d—1 d—1
(2 pim + (P — (L = 0)) [i}i] + (1 = 6)Zc = (1 = (1 =8)) p_[i)il + (1 = 8)To = To (4.22)
i=0 mai i=0

By definition they represent Kraus operators and we can easily see that

M*(pc) Z Z Mimpe M+ Mopc M

is indeed a CPTP map.
O

One can think of the simplest stochastic clock model, which for the classical starting states
can be described by a toss of a coin at every step. We will call it the stochastic ladder clock,
and it was introduced in [41] (notice the usage of a similar clock in the thermodynamical setting
in [441] and when investigating stochastic clocks under the different measure of performance [35]).

We define it next.

Definition 6. A stochastic ladder clock is a clock defined by Def. 5 that in the case of pure states
can jump only to the next state with the jump probability ¢ € [0, 1] and stay in the current state
with the probability 1 — §. Hence for the classical states it is defined by:

P(Sn+1:k+1|Sn:k):pk,k+1:57
P(Sn_H =k | Sn = k‘) = Pk,k = 1-6 (4.23)

independent of n and k.
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We will see later that the stochastic ladder clock is one of the best performing stochastic

clocks.

Now we show how exactly ¢ relates to the probability distribution for the jump of the clock.
Lemma 2. Stochastic clock (pQ, M*%) with M>% given as in Eq. (4.21), is e-continuous iff § < e

Proof. We will use the semi-definite programming described above to obtain an upper bound on
| trg MEE —I(;HO = H<I>H<> which will also determine possible values of ¢ from Def. 3 (see Sec. 4.4).
As a first step we need to calculate Choi-Jamiotkowski state of the ® = trp M — 7o : C — C
which is, assuming C” to be a copy space of C, J(®) = ®(|7) (j|) ® |i) (j|ov. Then:

—

=0 i) (4] for i # j
. . dil . . iil . .
O(|i) (j]) = ¢ —O )il + _Z,Hpim [m)m| + (pi — (1 — 0)) [i)i] + zopim |0X0] fori=j>1
d—1 ' .
—0|0X0[ + leom [m)m| + (poo — (1 —4)) |0XO] fori=j=0
- (4.24)
and we have:
d—1 d—1
:—521 Gl i) Glo+ > D pim [m)m| @ |i)ile +
1,j=0 i=0 m=i+1
d—1 d—1 i—1
(pii — (L= O )| @ [iXilcr + D > pim [0)0] & [i)i] (4.25)
1=0 =1 m=0

Now we need to find a dual feasible map Z such that both Z and X = Z — J(¢) are positive
maps on C ® C'. Let

d—1
X =35> i) {ile®l) (lo

i,j=0
Then it follows:
d—1 d—-1 d—1 i—1
Z = Pim [m)m| e @ [i)iler + YD pim [0)0] @ JiX \0/+Zpu— (1 —6))[i)i] @ |i)il o
1=0 m=1 i=1 m=0

(4.26)

Now let [¢) = >, i zijli)o @ |j)er € C ® C”. Then to show X and Z are positive we need
to show that (¢|X|¢p) > 0 for any ¢ and correspondingly for Z. Very similar map X was used

in [41] and we follow the steps from there.
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(9] X [¢)
=5 Y iz (Gl ® G (R) U@ 1K) (1) (Im) @ n))

Z-7‘j7’€7l777""777/

z : *
:(5 Zkkzu

= 52 Zkkzll + Zkkzll + (52 |Zkk’
k<l

= 622Re zrp2n) + (52 Re (2g) + Im? (zkk))
k<l

Now, notice that Re(z}; zi) = Re(zrr)Re(2y) + Im(zg,)Im(zy;) and the sum can be written as:

d—1 d—1
(@1X|¢) = 6> Rezii)® + 6> Imz;)* > 0
i=0 i=0
since all of the terms are non-negative. We also calculate:
d—1 d— d—1 i—1
¢|Z|¢ Z Z pzm|zmz| + Z Z pzm|z()z‘ + Z Dii — 1 - 5 ‘Zm|2 >0 (427)
=0 m=i+1 i=1 m=0
Further, we can see that
d—1 d—1
tro Z = Z(Z Pim + pii — (1= 0)) |i)i]
=0 m#i
= 0oy (4.28)

Hence trg Z is a diagonal matrix with elements ¢ on the main diagonal. We can hence deduce
that || trc Z||ec = 9. Since || tr¢ Z|| represents a bound for the %Hq)Howe see that our stochastic
clock is e-continuous for all € > §. Also, given an € we can choose a probability distribution for
our clock jumps to be such that § < e and we know that our clock will be e-continuous by Def. 3.

O]

4.6 Model of a clock with light sources

Let us now consider a practical model of the clock as introduced in Def. 1. To fully discribe a
physical clock one needs a power source as well. Let us assume we have a laser available that is
providing photons through an incoming mode to interact with the clockwork. Depending on the
part of the clockwork photons interact with, they will be sent toward the tick registers through
the outgoing mode (in the case the clockwork state had a support in the tick region) or get

annihilated. Each map M™ will be performed on a different register, which with a certain
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probability contains a photon. If registers are two-dimensional systems, then measurement on
the register in the {|0),|1)} basis, could yield an outcome 0 meaning that there was no tick and
1 denoting that the tick has occurred. One can introduce a referee that receives the tick registers
and measures them in the order he/she receives them. This is a useful set up when one wants to
investigate clock synchronisation, like it will be done in Sec. 5.1.2.

Note that here we can also use one large tick register instead of a collection of the low
dimensional ones. Then to obtain the number of ticks produced, we measure the register with a
number operator N = aa, where a represents an annihilation operator.

Essential parameters defining a quantum clock in this particular model are thus:

1. dimension of the clockwork d, the initial state of this system p2, and a CPTP map M

(or a Hamiltonian H™™) governing its evolution;
2. dimension of the tick registers of the clock;

3. specification of the energy source and dimensions of the underlying Hilbert spaces, the
initial states of the incoming and outgoing modes - |@o.in), |©0,0ut) and the Hamiltonians

H™, H°" governing their local evolution;

4. CPTP map M™* (or a Hamiltonian H™*) governing the interaction between the clock-

work and the tick registers (i.e. the description of the tick mechanism);

5. Positive-operator-valued measure (POVM) specifying the measurements on the tick registers

by the clock or the referee.

An advantage of this model is that it fully describes the workings of the clock and hence could
be implemented in the lab. It is though most easily described via Hamiltonians as we show next.

Evolution of this clock can then be described by a map

. out meas int in . out meas int in
M(pe) = e iH +HT L HM L HIT) i(HOUb 4 Fmeas 4 fint | frin)g

“pce
where we supressed the identity maps (e.g. one should write H*" ® Zor ® o ® Iy, instead
of just HOW).

As an example, we can assume that the dimensions of the tick registers are dim (7;) = 2. We
can take a harmonic-oscillator-type Hamiltonians for the evolution in both the incoming and the
outgoing mode of the clocks:

H™ =¢f

in

Qin + §a
(4.29)

out __ T
H = Aoyt Gout 57
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where a and af are the annihilation and creator operators (for the incoming and the outgoing
mode, labeled by the subscript in and out), respectively. For the interaction between the clockwork

and the energy source (photons), we choose an interaction Hamiltonian of the form:
H™ = (ai, @ |c)c| @ al , + h.c.) (4.30)

where |c) is a tick state of the clockwork in a chosen clock basis, « is a real number specifying
the coupling strength (it can be e.g a constant or a number depending on the clock dimension
d), and “h.c.” denotes the Hermitian conjugate. Further specifications will be introduced for the
Alternate Ticks Game in Sec. 5.1.2.

We can see that since Hamiltonians need to be hermitian, there will always be a probability
that a photon comes back from the outgoing to the incoming mode. To minimise the probability
for this to happen, one would need to add extra conditions on the power source available. In
practice there is also a non-zero probability that the laser produces more than one photon im-
mediately one after another. This would then create two closely consecutive ticks from the clock
that would disturb its possibility of synchronisation with another clock. This will be discussed

more in the next chapter.

4.7 Discussions and future work

In the literature, one often refers to a (quantum) clock as to a periodic system with a certain
frequency. It is usually assumed to be measured directly by an observer when a time information
is wanted. When two clocks are compared, this would be the comparison of how well they
approximate some assumed external, parametric time (one that is used to describe the clockwork
evolution). Here we extended these notions by proposing a novel two-part definition of clock
(consisting of the clockwork - usually considered a clock by itself, and tick registers) that outputs
a time scale. In addition, measurements done by an observer should influence the clock working
as little as possible, hence these measurements are done on the tick registers and not directly on
the clockwork. This is what classical clocks from our daily lives mostly do. We observe their
output to keep track of time (this corresponds to reading out the time from the tick registers),
but the time scale in form of ticks (usually in intervals denoted as seconds) is created by the clock
mechanism even when it is not observed. Since classical clocks are almost negligibly disturbed by
the interaction with the environment, if we observe them the tick pattern will not be influenced,
unlike in the quantum case. Even though this is a well known fact, it is often overlooked, and
one assumes classical parametric time in quantum theory. We find the two-part clock model we
introduce very important for investigating limitations for building time scales in quantum theory,
and importantly, it can give us insights into the way time measurement differs in quantum theory

from the classical one.
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Evidently, our definition of a quantum clock includes physical systems that are not convention-
ally referred to as a clock. In particular, our quantum clock does not necessarily exhibit features
that are expected from a clock — constant time intervals, cyclicality, unidirectional evolution,
and passage through a succession of states. However, lots of the features usually required in the
clock constructions only make sense if one assumes a global notion of time. Without the global
time, or another clock as a measure to compare with, constant interval has no meaning. Also, in
that case evolution of the clockwork in one direction is not important, since one is only interested
in the ticks of one clock. To bring a meaning to all of these notions one can add another clock/s,
to compare the original time scale with. This is what we will present in the next chapter.

To comment on possible further applications of our model, we relate to clocks in relativity.
In Sec. 3.3 we have reviewed some research done on clocks that are put into the gravitational
field [23]. However, clock comparison there is done only between the clockworks, tick registers
are not a part of the model. Even with just the clockworks, significant lag between the originally
synchronised clocks is noticed due to the gravitational field effects. It would be great to investigate
how would the synchronisation between tick registers be affected in the presence of gravitation.
Similar problem of interest would be to see how the tick pattern is affected if the clock would
move with a relativistic speed.

Another field of research on time where our clock could be very useful, is the so-called ‘time
as correlations’ approach, see Sec. 2.5. For now, this approach was seriously investigated only
with a simple continuous model of a clock where time is measured by a position of a particle
on a line. This clock is however unphysical, and it would be very insightful to see results if a
physical clock is used instead. Particle on a line yields a Schrédinger equation for the evolution of
a system, but it would be surprising to see the same result with a non-trivial clock used. Indeed,
in a master thesis project [114], a first step was taken to include our two-part clock model into
the time as correlations approach. Results obtained show that the evolution law does not look
like the Schrédinger equation, but no closed form equation or rule has yet been obtained. This

would be a very fruitful area for a further research.
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Chapter 5

Synchronisation and accuracy of
quantum clocks: the Alternate Ticks

Game and other approaches

Parts of this chapter are based on the work in [35], while Sec. 5.3 is mostly based on the research
described in [37] and Sec. 5.5 on [35].

So far we have defined which type of systems we consider as quantum clocks, but we have
not yet provided any criteria to assess their capacity to generate precise time information. As it
seems impossible to define the accuracy of a clock in an operational manner without comparing
it to another one, we consider scenarios with more than one clock. We then ask how well the
clocks can stay synchronised.

There are various ways to define synchronisation between two clocks. In Section 3.5 we
reviewed some of the synchronisation protocols commonly used. But note that these protocols aim
to construct two synchronised clocks using parametric time, while we are interested in checking
the possible synchronisation (that is already achieved or could be achieved by e.g. choosing
suitable starting states) of any two clocks in an operational manner.

In general, synchronisation of two existing clocks means that the time scales generated by
them are in some sense compatible. The strongest possible criterion would be that they are
identical. However, such perfect synchronisation cannot be achieved with continuous clocks of
finite size, as argued in Chapter 4. Another issue with demanding identical time scales, is how to
define and measure if they are actually identical? One would need a third clock which provides
a ‘reference time’ for a comparison.

We are interested in a notion of a local clock time given by the physical system that fulfils
our definition of a clock, Def. 1. Note that the relation defined via the time scale given by the

ticks of the clock (we can call it ‘time’ or ‘before or synchronous with’ relation), satisfies the

51
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properties of a total order (reflexivity, antisymmetry, transitivity and totality). The global time
parameter used in classical theory and currently in quantum mechanics satisfies these properties.
It is an important question to ask under what conditions can the local ordering given by clocks
be extended to the global one (cf. Sec. 2.6).

In Section 5.1, we will introduce the Alternate Ticks Game (AT Game), which serves as
a method to investigate synchronisation and quality of quantum clocks in an operational way.
Numerical results for some strategies pertinent to this game are presented here and further in
Sec. 5.1.1. As we will see, performance of the clocks in the AT Game is a very important property
of a clock, especially since it is defined in an operational way and without any direct relation to
the external, parametric time. We provide some results for the average number of ticks in the
AT Game in this chapter, and we hope to see more clock examples being investigated in future.

In Section 5.2 we attempt to analytically bound the maximum number of synchronised ticks of
the initially correlated quantum clocks clocks, under few necessary assumptions. Bound obtained
could be improved in some future work, by further investigating the assumptions made and
including e from the e-continuity explicitly. In Section 5.3 we will introduce an application of our
model to the classical case. This was first done in the master thesis [11] for the so-called stochastic
ladder clock, whose properties and performance in the AT Game was investigated. We extend
these results to the more general class of the stochastic clocks - clocks inside our framework that
behave classically and can be described via classical Markov chains. We derive further results for
these clocks, as presented in [37].

In Sec. 5.5 we consider a different measure of the clock accuracy R = g—z with p a mean
ticking time and o standard deviation of the ticking time (measured by an external parameter).
This measure was introduced for measuring clock accuracy in [14] and was also used in [38] for
the particular clocks corresponding to our model and to the model introduced in the paper [36].
Interesting results for classical and quantum clocks were found, as described in this section. As a
future work, for more operational results, it would be fruitful to relate this value R to the average
number of alternate ticks N.

Finally, in Section 5.6 we discuss this and other possible future research directions, some of

them described in [35].

5.1 The Alternate Ticks Game

In the following, we will introduce a quantitative measure for the clock synchronisation. It
is formulated in terms of a game, called the Alternate Ticks Game. The game involves two
collaborating players, A and B, each equipped with a quantum clock as defined in Sec. 4.1. Players
can agree on a common strategy, but then, upon the start of the game, they are separated from

each other, so that they cannot communicate. They are asked to send tick signals to a referee,
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who checks whether these are received in an alternating order, i.e., first from A, then from B,
then again from A, and so on (see Fig. 5.1). The goal is to maximise the number of tick signals
that are received until this criterion fails. This number can be made large if the players possess
well synchronised clocks; it is thus a measure of the degree of synchronisation between the two
clocks held by the players. If the game is played between two copies of the same clock, it provides

a measure of the quality of this clock.

Figure 5.1: Schematic representation of the Alternate Ticks Game. Players A and B
decide, respectively, on the initial states p%A, p(()jB of their clockworks C4, C'g and the
local maps M4 j, Mp ; acting on their quantum clock. Output of these maps is a stream

of tick registers {14 ;,Tp,;}. They are sent, correspondingly, by A and B to the referee R.

Formally, the strategy of the players is defined by their respective choice of a quantum clock,
(p%A,Mé_)CT) and (p%B,Mg_,CT) (cf. Def. 1). This choice may be subject to certain con-
straints, e.g., on the size of the clockwork. To capture the idea that the players have no access
to an additional time information, we do not allow them to carry out any non-trivial operations
on the individual tick registers T} (such as operations that depend on j). Specifically, we shall
assume that they simply transmit their tick registers to the referee. Note that the tick registers
can be considered quantum or classical systems. Referee can monitor the incoming stream of tick
registers from both players via projective measurements {74, Zp — 74} and {7, Zp — 7B}, whose
outcomes are interpreted as “tick” and “no tick”, respectively. E.g. we can have 74 = 78 = |1)(1]
for a simple case of the two-state tick registers. Let us stress that the referee’s measurements do
not cause any back action on the clockwork, because each fresh tick register is separated from

the clockwork upon production.
For a quantitative analysis, it is convenient to introduce an operator that counts ticks gener-

ated by each of the players. Let us denote by TJA the projection operator 74 applied to player A’s

7 tick register, and define VJA =1y, — TJA for the no-tick measurement. Furthermore, for any
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NeNand 0< ky < kg <--- < ks <N, we can define the operator:

N _
Hk’l,kg,..,,ks - vy Vk‘l—lTk‘l (51)

Vigi4+1 ** " Viy—1Tky

Vk571+1 U Vks_lTks

onT) ®---®Ty. Our measure of success in the Alternate Ticks Game can then be formalised as

follows.

Definition 7. Suppose that the Alternate ticks game is played between the clocks (p%A, Mé ~or)

and (p%B, ./\/lg _or)- Then we define the success probability for any n € N as
pn = lim tr(p} ® pFILY) (5.2)
N—oco

where {pYY }nen and {p¥}yen are the time scales (joint states of the tick registers) of the two

clocks and where IIY is the projector defined by (as an example we take n to be even)

N N N
I, = Z I kg ko @I kg ke (5.3)

0<ki<ko<ks<ky
<o <Zkpo1<kn<N

with the projectors in the sum given by (5.1).

Operationally, p, corresponds to the probability that at least n ticks are produced in the
correct alternating order. In particular, we have p,» < p, whenever n’ > n. There are different
ways to condense this probabilistic statement into a single quantity. One would be to consider
the expected (or the average) number N of ticks until the referee detects a failure. This is the
figure of merit that we will adopt in our results. Alternatively, one may ask for the maximum

number nyay of ticks such that the failure probability is below a specified threshold 9, i.e.,
Nmax = Max{n : p, >1—40} .

We observe that two players equipped with the NOT-based clock described in Section 4.1
could continue the game arbitrarily, i.e., p, = 1 for all n € N. In this sense, the NOT-based
clock is perfectly precise. However, as already mentioned earlier, it is not continuous for ¢ < 1.
Conversely, the e-continuous clock described in Section 4.3 has a probabilistic behaviour, which
would at some point lead to a failure of the alternating ticks condition. However, for large sizes
d > 1 of the clockwork, this failure may happen only after many tick signals. In fact, if the size
is unbounded, there may be strategies that achieve an arbitrarily large expected number N of
ticks.
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5.1.1 Implementation independent strategies for the Alternate Ticks Game

In this subsection we discuss selected numerical results and bounds on how certain quantum clocks

perform in the Alternate Ticks Game. Finding the optimal evolution of the clockwork is one of the

crucial parts in constructing the optimal strategy for the game, and hence good quantum clocks

as well. Strategies of the players are defined by the choice of their quantum clocks. Specifically,

we consider clocks of the form (4.2) characterised by the following parameters (for each clock A
and B):

1. dimension d of the clockwork C' and its initial state p%;

2. a CPTP map M™ describing evolution of the clockwork (Note that we will here for sim-

plicity use unitaries
Mint(p) L p— e—iHimepeiHinte (5.4)

specified by a Hermitian operator H'™ as well as a fixed small parameter 6);

. a map M™ of the form (4.7), specified by nonnegative operators my and m; and a reset

state pc for the reset clocks (see Sec. 4.3).

For our numerical simulations, we assume that both players adopt the same strategy and

construct the same clockwork, but with different initial states

: (5.5)

ot =10)0l, P = 1 m >< m

where {|0),|1),...,|d — 1)} is an orthonormal basis of the clock states.

We consider two strategies here, corresponding to two types of clocks. We will assume i = 1.

1. First model is inspired by the Salecker-Wigner-Peres [21, 22] model of a simple quantum

clock (see Sec. 3.2) and defined by the Hermitian operator:

Hit = L 1nUp (5.6a)
lp
where
d—2
Up = [0)d — 1]+ ) _ |k + 1)(k] (5.6b)
k=0
is a unitary matrix that cyclically permutes the basis states — bringing state |k) to

|k + 1modd) for all k € {0,...,d —1}.

2. Second type of the clock is defined by

HI =Up+ U}, . (5.6¢)
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For both types of clock we let the map M™¢ be defined by the state pc = |0)0] as well as

the operators

d—1
mo=Z—m and m =46 Z |7)(], (5.7)
Jj=d—do
where in results below we chose dy = [%]. Hence
M (pe) = VTopeVTo @ [0)0ly + tr(mipc)pe @ [1)(Lp (5.8)

Note that there were many more parameter choices we did numerics with, but we present here

only selected results.

18 Average number of alternating ticks vs clockwork size for 4 = 0.1
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Figure 5.2: Performance in the Alternate Ticks Game for the two Hamiltonians, with

fized § = 0.1 and varying steps 6. The plot shows the average number of alternate ticks

as a function of the size of the clockwork d € {2,...,60}. Averaged over 500 runs.

Example numerical results showing the performance of these strategies in the Alternate Ticks
Game are summarised in Fig. 5.2. Let us highlight a few features that they exhibit. Firstly,
the performance obviously depends strongly on the choice of H™ as well as the parameters
(which determines the step size in between two interactions with the tick register) and ¢ (which
determines the strength of the interaction with the tick register). Nonetheless, the results clearly
show that the number of achievable alternate ticks increases with the size d of the clock, at least
in the regime that we explored.

While the optimal choice of 8 depends on the size of the clockwork, a quantum clock that
evolves according to H}?t with # = 1 has a good performance for a large range of clock sizes, as
shown in Fig. 5.3. This is to be expected since one should note that this clock is not € continuous
for small e. Namely € = 1 for most choices of §, which we have also checked with the semi definite

program (SDP) optimisation in Matlab (see also Sec. 4.4).
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Average number of alternating ticks for H:;“ with o=t =1

oo
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0009

Average number of alternating ticks
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Figure 5.3: Performance in the Alternate Ticks Game for the Peres Hamiltonian
and different § parameters. The plot shows the average number of alternating ticks as
a function of the size of the Peres clockwork, d € {2,...,220} and continuity parameter
0 € {0.02,0.05,0.08,0.1} (with & = 1). Results averaged over 500 simulation runs.

Let us also remark that although particular quantum clocks we considered here are already
reasonably precise (in terms of the number of alternating ticks generated), they are certainly not
optimal. While the construction of good quantum clocks appears to be a non-trivial task, it is

certainly an interesting and important one.

5.1.2 The Alternate Ticks Game with photons

For the numerical results in this subsection, we will consider a specific case described in Sec. 4.6
in which there is an energy source for the clock, providing photons that propagate through some
incoming mode towards the clockwork. They can then interact with the clockwork and pass to
the outgoing mode where they fill in one of the tick registers — systems that are located near
the clockwork and are measured by the clock itself, or by an external observer. Operators and
parameters required to fully describe the clock are described in Sec. 4.6.

Note that in this particular application of the game, for practical reasons we will work with
system Hamiltonians.

In our numerical simulations, we will assume that each player constructs the same clock. For
both models that we are considering below, in the case of the finite-dimensional clocks, we denote
the dimensions of the clockworks by dim (C4) = dim (Cp) = d, and assume dimensions of tick
registers are dim (7T4) = dim (T5) = 2. As mentioned in Sec. 4.6, Eq. (4.29) and (4.30), we

can take harmonic-oscillator-type Hamiltonians for the incoming and the outgoing mode of the
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particles:

1
HA = Hi]i = ajnain + =

m )
2 (5.9)
A
Hout = HOBilt = alutaout + §a
and an interaction Hamiltonian of the form:
H™ = a(ai, @ || @ al , + h.c.) (5.10)

where |c) is a tick state of the clockwork in a chosen clock basis and « is a real number specifying
the coupling strength.

Moreover, we will initialise the systems by setting:

pet =000, pg” = I[d/21)[d/2]],

|6:n) = |Bim) = In) (5.11)
‘@éout> = |(p(?,out> = ’Q>
where, for the clockwork, {|0),|1),...,|d —1)} denotes the set of the computational basis

states (that we will call clock states). For the incoming (outgoing) mode of the energy source,
In) is the state of n excitations, i.e., ajnain In) = m|n) while |Q) is the vacuum state giving
aiutaout Q) = 0, aout |©2) = 0. Our choice above thus corresponds to having all information
carriers (e.g., n photons) in the incoming mode at the beginning.

Hence we have the total map for the clock:

i out meas in int . out meas in int
M(,OO) —e i(H" ' +H +H"+H )Hpoez(H +H +H™ {0t (512)

for some constant, possibly randomly chosen small interval 6. pg is the joint starting state of the
clock and the photon modes, e.g. p64 = péin ® p(’iout ® pglA. Here pout plays the role of the tick
register system, and pi, is a power source of the clock. Note that the e-continuity of this clock
will depend crucially on 6.

For the measurements of the tick registers by the clock, we consider the two-outcome POVM:
IIx = [QXQ[, I, =T - [, (5.13)

where 1 is the identity operator acting on the Hilbert space of the register. Hence the strategies
for A and B are defined by projectors 74 = 75 = |1)(1|. Moreover, for both players, with a certain
uniform probability, the clock performs this measurement after each application of the map M.
In the numerics, we apply H'™ for a time interval #, uniformly chosen from (0,1), after which
we perform a measurement on the register at the outgoing mode. Afterwards, referee receives

each register carrying classical information. In our numerical simulations, we consider that a tick
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occurred if a random number — sampled uniformly from the interval (0,1) — is less than or
equal to the probability of getting the v outcome when the register is measured. '
Next, we specify two clockwork Hamiltonians and present some numerical results obtained

for each model.

Model 1

For the first model, we use the following Hamiltonian for the clockwork of both players:

d—2
H™ =[0) (d— 1|+ Y |k +1) (k| + h.c.
k=0
where |0),|1),...,|d — 1) are clock states, as in Eq. (5.11). Moreover, we set n = 2 and |¢) = |1) in

our numerical simulations, cf. Eq. (5.11). Hence, if the energy source consists of photons, there are
2 photons in the incoming mode, and they only interact with the states of C' that have a non-trivial
support on the state |1). Note that here M™(pc) = e=H# ™0 prei™ for some small constant
0. After each application of this map, M™eS = e‘i(Hou““HmeaSJ“Hm)Hpc,inyoutei(HouthHmeastHi")e
followed by the POVM measurement by the clock on the tick register, is performed.

In Figure 5.4 we plot the average number of the alternate ticks obtained — averaged over
1000 runs of the simulation — vs the size d of the clockworks. Note that since n = 2, 2n =4 is
the maximum number of alternate ticks limited by our model. From the figure, we see that for
some values of n, the average number of ticks that we observed are actually comparable with this
maximum.

In Figure 5.5 we show an example of how the probability of detecting a signal from the players
changes as a function of the external time parameter evolution steps (specified by the uniformly

sampled interval § = dt) at which the tick registers are measured. Peaks represent possible times

when a signal is registered by the referee.

Model 2

An arguably more natural Hamiltonian is the one corresponding to the unitary operation con-
sidered by Salecker, Wigner and Peres [21, 22]. They modelled a quantum clock as a ‘dynamical
system evolving through succession of states in some constant time intervals 7’. We will denote
clock states as {|0),[1),..,|d —1)}. Explicitly, the corresponding clockwork Hamiltonian takes

the form:

. d—2
Ht — Zm<o> (d—11+) |k+1) <k|> (5.14)
T k=0

IThe measurement process is thus unrealistically treated as an instantaneous operation in the current frame-
work. However, we expect that if the measurement process is short in the Schrodinger time compared with the

evolution time of the system, the qualitative feature of the result should remain unchanged.
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Average number of ticks
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Figure 5.4: Average number of tick signals detected by a referee, depending on the size d
of the clockwork. Two photons in the energy source, and only the states of C' that have

a non-trivial support in the state |1), interact with them. Averaged over 1000 runs.
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Figure 5.5: Probability of the ticks detection by the referee, for both players, in the case
when d4 = dp = 4. Two photons in the energy source, and only the states of C

that have a non-trivial support in the state |1), interact with them.

This Hamiltonian is diagonal in the Fourier basis with the eigenvalues wk,k € 1,..,d and the

frequency w = 2%, where d is the size of the clock, and 7 denotes the quantum speed limit of

dr?
this clock (note that we have assumed h = 1). Then the eigenstates of the Hamiltonian will
k—1 .
be the Fourier transforms of the clock states, vy, = % S |k) €7, and the unitary evolution for
j=0

this Hamiltonian is such that, if the system is not disturbed (e.g., by an interaction with the
environment), it will evolve from one computational state (clock state) to the next in intervals
of the external time parameter 7. But, importantly, the state will spread significantly between
being in the two clock states.

For a good strategy, players can start their clocks in the clock states differing for d/2 states
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(or (d + 1)/2 states if d is odd). Interaction with the light source is again described by the
Hamiltonian in Eq. (5.10).

Our numerical results depended largely on the relationship between the value of 7 and the
maximal value of dt. In the following plots, we restrict our attention to the case of 7 = 1. The
analog of Fig. 5.4 for this model, now with 4 photons in the source, can be found in Fig. 5.6,
where we now have |¢) = |1) and n = 4, and the plotted results are averaged over 1000 simulation

runs.

Average number of ticks

Number of the states of the clock’

Figure 5.6: Average number of ticks detected by a referee, depending on the size
of the clockwork. Four photons in the energy source and only states of C' that have

a non-trivial support on the state |1), interact with them. Averaged over 1000 runs.

Similarly, in Fig. 5.7, we show the probability of detecting a signal from the player as a function
of the random steps of the external time parameter in which the measurements are performed,
for a particular run of the simulation. Note that, in contrast with the first model, the peaks of

the probability of the detection clearly alternate between the two players.

In Fig. 5.8 we show a comparison of the average number of ticks for two different interaction
Hamiltonians (Eq. (5.10)) - one that has a = 1 and one with o = 1, where d is the clock

dimension.

As a conclusion, for any given size of the clockwork — as measured by the dimension of the
respective state space — there seem to exist a non-trivial upper bound on the maximum number
of alternate ticks achievable, irrespective of the strategy adopted by the players. This follows
from the necessary interaction between the quantum clockwork and its environment as well as
the limits of (time) measurements in quantum theory — interaction generally degrades the ideal
evolution of the system while measurement unavoidably introduces disturbances. We thus believe
that determining the optimal strategy, and hence the optimal quantum clocks for the Alternate

Ticks Game would also lead to a better understanding of the limitations of time measurements.
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Figure 5.7: Probability of the tick signal detection by the referee, for both players,
in the case when d4 = dp = 3. Two photons in the energy source and

only the states of C' that have a non-trivial support in the state |1) interact with them.
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Figure 5.8: The average number of tick signals detected by a referee, depending on the
size of the clockwork, for two types of the interaction Hamiltonian. Two photons in the
energy source, and only the states of C' that have a non-trivial support in the state |1)

interact with them. Averaged over 1000 simulation runs.

5.2 An information-theoretic approach to finding the limitations

of clock synchronisation

Let us now investigate the limitations to building global ordering scales from the two local clocks
defined in Def. 1. Specifically, we consider two copies of the local quantum clock that are synchro-
nised to a certain level (to be made precise below). We will investigate how us the number of ticks

that they can produce under the synchronisation criterion bounded in terms of the dimension
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of the clockworks and the level of the correlation of their tick systems. The e-continuity of the
clocks plays a big role in this argument and should ultimately be explicitly included in the upper
bound, which is still a topic of research. However, the assumptions we make will exclude clocks
that are continuous only for large . Note that the synchronisation as defined here depends on
the correlation between the tick registers of the clocks.

In the steps we will show we will explicitly label the assumptions we make, and note that
some of them might be quite limiting. It is an ongoing task to give a physical meaning to these
assumptions and hence to clocks that are included by this reasoning, therefore we still consider
this a sketch proof, nevertheless with a very important possible impact.

We will now introduce definitions and assumptions needed in our approach. Following Def. 1

we define a quantum clock as a system consisting of:
1. a clockwork (dynamical part) C' on a (finite-dimensional) Hilbert space and,

2. a tick register T which stores information about the number of ticks produced by C.
Dynamics of the clock is described by a completely-positive-trace-preserving (CPTP) map

Merser.

Note that we can think of this map as a product MEF™, o ./\/liélgc, consisting of the internal

evolution of the clockwork Ml(i}‘;c and a measuring map M@F . We will assume that the
evolution map of the clockwork is a unitary map. In addition, we will consider one tick register
that can store all the ticks instead of a set of many tick registers storing one tick each (hence
Mer—or instead of Mo_cor). This can be done by having a ladder system for 7', such that
each tick raises its level to the next state. Physically, the role of the tick register is to — via
its state update — keep track of the number of ticks produced by C. The clockwork C' is by
itself thus not a complete clock since it does not store ticks and does not provide us with a time
scale. We will define a system with a trivial tick register as the one where the corresponding
measuring map is the identity map, and refer to it as to a ‘reference’ system, because it does
not get disturbed during its course of evolution. We will label the states of such systems ref
in subsequent discussions. In contrast, ‘realistic’ clocks are those whose clockworks produce
ticks by acting on the register with a non-trivial measuring map M@%5 - such systems will be
labeled real.

Let us now consider two local quantum clocks, constructed in the spatially-separated local
reference frames A and B, that are correlated at the start. Using the notations introduced above,
we denote by C;, T; and M;, i € {A, B}, respectively, the clockwork, the tick system, and the

associated CPTP map at site i (Fig. 5.9). Let

min{dim (C4),dim (Cp)} = d, (5.15)
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Ma |

T T

Figure 5.9: Each local quantum clock consists of a clockwork (C4 or Cp) and a tick register
(T4 or T) on which the clockwork can act by a CPTP map (My4 and Mp). Tick registers
keep a record of the ticks of the clockwork through their state update by the action of M.

and denote the maximum number of ticks produced by any of the two clocks during some interval

of interest by N, i.e.!
max (dim (T4),dim (Tg)) = dim (T5) = N. (5.16)

We will ultimately be interested in the correlations of the joint state of the registers of A, B, after
k > 0 applications of the map M on both sides.

Suppose that at the start the states of the the clock systems of A and B are initialised to
pH(0) = p¢(0) @ p»T(0), for i € {A,B}. We assume that the CPTP map acts on the tick
system only after the clockwork has evolved (this is a natural condition, since the first tick should
only occur after the clockwork starts evolving, and also for each subsequent tick the clockwork
is supposed to further evolve from the state it took at the previous tick). We label the initial
joint state of the system AB pAB(0). Importantly, we require a starting correlation between the
clockwork states for the subsequent analysis.

After n > 1 applications of the map M on both sides, the joint state becomes:

PP (n) = (MA@ MP)"pE(0) (5.17)
Denote by p(n)AB and p(n)/8 the joint states of the clocks A and B after n applications of

the map M, in the case when the two local quantum clocks of interest are, respectively, realistic
clocks, and the reference clocks.
From the linearity of the CPTP maps and the above reasoning, we have that, for any n €
{1,...,k}:
AB AB
p(n)real = (SAm« ® SByn)p(n)ref : (518)

with S;, = M o Mint’_n, i € {A, B}. Note that the inverse of the map M is well-defined,

i

since we assumed it is a unitary map.

!Clearly, the tick system must consists of at least N orthogonal states in order to record N ticks from the
dynamical part of the clock. Moreover, the larger clock can presumably generate more ticks and thus needs a

bigger register.
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For the purpose of finding the limitations to the construction of the global ordering scales, we

still need to specify our synchronisation criterion between the tick registers of A and B.

Assumption 1. Synchronisation criterion
Entropy of the state of the tick system Tg conditioned on T4, after any number of steps n > 1,
is upper bounded by log s, with s > 0.

H(TB|TA)p, p(n) < logs. (5.19)

Here s = 1 corresponds to the perfect synchronisation between the tick register systems since the
uncertainty (entropy) of Ta given the state of Tp is logl = 0. Likewise, if s > 1, the conditional
entropy is non-zero and we do not have the perfect synchronisation between the registers. Gen-
erally, with greater s, we have less correlated, and hence less synchronised clocks. If we consider
the case of the classical registers counting the number of ticks, the posed criterion means that,
given the state of the register Ta, we have s possibilities for the state of the register Tp. Note
that then also H(Tg|T4) > 0. Hence, we can see that s = 1 means that knowing the state of Ta
determines perfectly the state of Tpg.

We now state another assumption that is needed to prove the main result of this section.

Assumption 2. The uncertainty in the (reduced) state of the tick system, p?eBal(n) = tra,cp, pAB(n),
n > 1 is lower bounded by a logarithmic function of the size N of the tick system:

dimTp log N

H(Tp) > log (5.20)

Preal (TL)

with 1 <m << N.

Note that this assumption directly relies on the e-continuity of the clocks (see Def. 3). Namely,
for the clock that has ¢ = 1 we will have a complete certainty in the state of the tick registers
at any instance. We can set this clock to tick after each e.g. m steps and we would completely
know the state of the register T" after any number of the applications of the map M (e.g. after
less then m application, there would be 0 ticks, between m and 2m — 1 applications two ticks and
so on). This would yield H(Tg) prear(n) = 0, Vn. Similarly, for e close but not equal to 1, we would
have a very small uncertainty in the state of the register. Hence to fulfil the above assumption,
our clocks need to be continuous with small e. The exact connection between the H(T') and the

value of ¢ is still unknown, but is an important task of the current and the future research.

Proposition 1. Under the assumptions stated above, the mazximum number of ticks achievable by
the two local quantum clocks with correlated clockworks, satisfying the synchronisation criterion
given in Eq. (5.19), is upper bounded by a quadratic function in the dimension of the clockworks,
and depends also on the level of their synchronisation, expressed as the value s from Def. 1. In
the case of only classical correlation between the clockworks, this bound is linear in the clockwork

dimension.
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Proof. Recall that in the case of the classical correlations H(Cy|Cp) > 0, but with the quantum
correlations this conditional entropy can be negative, with H(C4|Cp) > —logdim(C4) [09]. We
also know that H(C4) < logdim(Cj4). Using this fact and applying a bound on the entropy of
the smaller clock, we obtain the following bound on the mutual information between C'4 and Cp

in the state obtained after n applications of the map M:

I(Cy : CB)pref(n) = H(CA)Pref(n) — H(CA’CB)pref(n) < 2logdim (C4) (5.21)
and I(CA : CB)pref(n) = I(CATA . CBTB)pref(n) (522)

since the map M acts trivially on the registers T4 and Tp in the reference state. Note that we
assume that there is a prior correlation between the clockworks (e.g. entanglement or classical
correlations), so that the bound on the mutual information wouldn’t be trivially 0. Hence the
following holds:

I(CaTa : CTB)pop(n) < log d? (5.23)

Proposition 2. Consider mutual information between the two clocks defined in this section, of

mazimum dimension d. Then the following inequality holds:

logd® > I(CaTa : CBTB) pyp(n) = 1(CaTa : CpTh) (5.24)

pref( Preal (’I’L)

Proof. This proposition follows from Eq. (5.18) and the data processing inequality [115]. To use
the data processing we need to show that state ‘real’ is a locally processed version of the ‘reference’

state. As a processing map one can take S4, ® Sp, = (M’ o Mifrft’_n) ® (Mo Mijgt’_n). O
By the chain rule for the mutual information we get [115]:

I(CaTa + CBTR) gy = 1(Ta T8) i)

+ I(Ca : TB|Ta) p, . (n)
+ I(Ta : CB|TB)p,(n)
+I(

CA . C’B|CZ'WAI'WB)prea1(n)7

which implies

I(CaTa : CBTB) () 2 (T4 - TB) prea(m) (5.25)
since the mutual information is always non-negative.
Inequalities (5.24) and (5.25) together imply that:
logd* > I(Ta : Tg) ... (n) (5.26)

Condition (5.19) and Assumption 2 then give:

I(TB : TA)preal(n) = H(TB)preal(n) - H(TB‘TA)preal(n)
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5.2 An information-theoretic approach to finding the limitations of clock
synchronisation

N
> log — (5.27)

:>I(TB:TA) s

Preal (n)

Now combining Eq. (5.26) with Eq. (5.27), and using the symmetry of the mutual information,
as a final inequality we obtain:

N
log d? > log —
ms

Knowing that d, N > 1 and in the case of the maximum uncertainty about the state of the tick
system Tp (i.e., m = 1), we have that, after any number of applications of the map M, the

maximum number N of synchronised ticks obeys the following inequality:
N<d s (5.28)

where d is the dimension of the smaller clockwork, and s is the measure of the clock synchroni-

sation. This concludes the proof of Proposition 1. O

Importantly, all of the above steps also work for the classical case, replacing d? with d (by
using H(Cg|Ca) > 0).
As a conclusion, under the validity of the assumptions we made, if one considers two synchronised
clocks with the non-trivial starting correlation between their clockworks, of size (dimension of the
underlying Hilbert space) d, maximal number of ticks (dimension of the underlying Hilbert space
of the tick system), that any of them could produce under the posed synchronisation criterion, is
N = s-d? in the case of starting quantum correlation and N = s - d in the case of the classical

correlation.

From the inequality (5.28), we can see that for better synchronisation (i.e. smaller s), or
equivalently larger number of ticks and longer ordering scale, larger clocks (as measured by their
dimension) are needed. Hence, if we want to use local ordering given by the two non-ideal clocks
that are correlated at the start, as a global ordering scale valid in the reference frames of both
of them, there is a bound on the length of this scale (i.e. on the number of ticks it provides),
which depends on the size of the clocks and the extent to which these local clocks need to be
synchronised. This limitation, expressed quantitatively as a bound on N may, in the future work,
lead to an uncertainty relation in the measurement of time using quantum clocks, as well as to
the more general bounds when constructing global clocks and ordering structures in quantum

mechanics.
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5.3 Performance of stochastic clocks in the Alternate Ticks Game

We now remind ourselves of the class of stochastic clocks introduced in Section 4.5. Their dy-

namics is defined by the map from Def. 5:

M*(pc) = (1= 0)pc @ |0)0]+

d—1 d—-1 d—1 j—1
D> 2 _ilecli)pim = Sim(1 = 8)) [mimlc @ 0)0lz + 3, > {ileclidpim 10X0le @ 11l
7=0m=j5 j=1m=0

(5.29)
In [11] a specific stochastic ladder clock was shown to be e-continuous for arbitrary small

0 < e < 1, by choosing the right parameters (§ < ¢), and the average number of alternate ticks
obtained was linear in the dimension of the clock d, and also depended on the value of €. Based
on our numerical results from the previous sections, this shows the possible superiority of a purely
quantum model, where better than linear behaviour is expected, compared to the classical one.
We will now describe further the performance of a more general stochastic clock in the AT Game.

Assume now that the stochastic clock starts from one of the clock states |j)(j|, j € {0, ...,d}.
We will also assume that probability for the clock to stay in the current state p;; is constant for
any j and also that pjx = po (x—j), VJj, k. Hence we have 1 — 4 = pj;.

We will describe the number of jumps (applications of the map M) needed for a clock to
produce the tick i after the tick ¢ — 1 by a random variable (RV) Y;. Note that all Y; are #id
(independent, identically distributed) RVs since we consider the reset clocks — after the tick they
always start anew from the state |0)(0| and move with the same probability distribution. We will
see that in the circular board picture, where the pieces move on the circle in one direction, the
Alternate Ticks game can be lost only if one player’s peace overtakes the other for at least d
positions. This is however not sufficient as the other player can catch up with this fallout. This
was proved in [11] and we comment on it in more details below.

We will assume that clocks can only move forward, but note that moving forward for d — 1 steps
is equivalent to moving backward for one step, since we can describe the dynamics on a circle.
Hence we are still dealing with the most general case.

To be able to analyse this further using probability theory, we will next define classical description

of the stochastic clocks and the game dynamics, as first introduced in [11].

Definition 8. Let (pQ, M-, 1) be a d-dimensional stochastic clock, with p% = [j)(j|, for some
j € {0,...,d}. We call the triple (d7 PO,{P"}neN) its classical description where P° = j for
pd = 14) (j|, € {0,...,d} and the random variable P" denotes the number of states for which

the clock has moved forward (has jumped over) after n applications of the map M-, .

Note that the k' tick happens after min{n : P" = dk — 1} steps. Now to quantify the success

in the AT Game we need to look at the RV describing the distance on the circular board between
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the players A and B. Suppose Pg > P]g, hence the player A is in front of the player B on the
board.

Definition 9. [11] One can define a random variable
Q":= Q"+ (PY — Pj), (5.30)

where Q° = PX — PB? and call (d, Q°, {Q”}neN) the classical game description after n applications
of ME, p. We also introduce RVs A" = Q"+ — Q" = Pt — p? — (PRt — PR), n € {0,1,...}.

We now state the boundary conditions for losing the AT Game.

Lemma 3. [/1] For the Alternate ticks game played with the stochastic clocks to be lost, it is
necessary that one player is at least d steps ahead of the other, i.e. Q™ > d or Q™ < 0. Sufficient
criterton for losing is that one of the players is 2d steps in front of the other, i.e. Q™ > 2d or
Q" < —d.

The expected number of ticks in the AT Game is hence lower bounded by the number of
ticks until one player is exactly d steps in front of the other, and upper bounded by the expected
number of ticks until one is exactly 2d steps in front of the other.

If we assume that each clock can move up to m < d states in one jump, then the distance
between the positions of the clocks A and B can change for any value between {0, ...,m} in one
jump, i.e. A" = Q" — Q" € {0,...,m}. We are interested in the minimal number of steps n
before the RV Q™ reaches one of the boundaries (one player being one or two circles in front of
the other). This will lead to a higher-order differential equation, in the general case of order d.
We will assume player A was in front of the player B at the start of the game, and Q° = z.

Denote with T' a RV counting the number of ticks, Y; a RV counting number of jumps between
two ticks, and with E(S) = D, expected number of jumps until the game is lost for initial distance
between the clock states Q° = z. Note that Y = Y; and T are independent RVs. Then the
following holds:

T
E(S)=D.=Y Y;=E(Y-T)=E(Y) E(T)=E(Y) N
=1
D,
N=Em

In general, for the expected number of jumps S until the end of the game (number of applications

of the map M), we have:
E(S|IQ° =2) = D. = p1(D.41 + 1) + pa(D2y2 + 1)
+ oo P (Do + 1) +po(Dz + 1) +p-1(Do—1 + 1) (5.31)
Fp-2Da+ 1)+ o+ pm(Deom + 1)
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where m < d is the maximal number of states for which the positions of A and B can differ in
one jump, and p; denotes the probability that the difference between positions of players A and
B on the circle changed for exactly k£ in one jump. We can have maximum m = d which is the
case that one clock jumps for d steps and the other stays where it was.

Note that the value of m will be important in determining the e-continuity of a clock, since the
bigger possible m we have, the less possibilities we have for small €. In other words, the probability
for the clock to move for many states in one jump has to remain low for an e-continuous clock

with small e.

5.3.1 Identical stochastic clocks in the Alternate ticks game

If the two clocks are identical, the probability to change the distance between A and B for +k or
—k states in one step will be the same. This means that variable Q™ changes for +k or for —k

with the same probability, leading to pr = p_x,Vk € {1,...,m}. Note also that

m m
> k=2 prtpo=1
k=1

k=—m

Hence the recurrence relation (5.31) becomes:

(2 Zpk)Dz =
k=1

(5.32)
plDz—I—l +p2Dz+2 + .. +mez+m+
plDz—l +p2Dz—2 + .. +mez—m +1
Solving this relation and inputing optimal z = %, we obtain:
d?/4+d+1 9d*/4+ 3d + 1
dArdrl g, O/A+3d+] (5.33)
23 Kpi ’ 2> K*pi
k=1 k=1

and we know N = ]E%/). Note that for for ¢ = 0 we have a clock described completely by the

identity map, that will not produce a tick. Hence E(Y) = oo for this clock and it can produce
zero expected alternate ticks. Note also that by the definition of the diamond norm ¢ < 1. Clock
with € = 1 will be described in the next section.

We can then show the following Theorem.

Theorem 5.3.1. Suppose that the AT Game is played between two identical -continuous d-
dimensional stochastic clocks, with € € (0,1). Then the following bounds hold on the expected
number of alternate ticks N :

(d+4+ 3)piit
dm2e(2 — )

9d 1
% 4 3+1
2(1 — e)mpo.m

<N<
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where m is the furthest state the clock can jump to from the state 0 with the probability po m # 0,
and p; i+1 s the probability for the clock to jump from state i to i+ 1.

Proof. We can consider homogenous equation from Eq. (5.32) (which excludes the constant term
1 on the RHS). One can notice that A+ Bz will be the solution. Namely inserting D™ = A+ Bz
to the homogenous part of Eq. (5.32), we obtain:

(2 pe)(A+ Bz) =

k=1
p1(A+Bz+ B) + ... + pp(A+ Bz + mB)+
p1(A+Bz—B)+ ...+ pn(A+ Bz —mB)
m m
= (2> pr)A+(2)_pi)Bz
k=1 k

=1

(5.34)

Note that this is the case because of the symmetry of the particular problem. Hence we are left

2

to find a particular solution. After considering a quadratic function in z<, we obtain following

solution:
art 22
DI = -
2> k2py,
k=1
Hence the total solution is D, = D™ 4 DP*' — 4 4 B, — .

2 Z k2pk
k=1
We can now impose boundary conditions (recall: D_; = Dgy; = 0 for the lower bound, and

D_4_1 = Dsgy1 = 0 for the upper bound on the game). For the lower bound we have

d+1 d
A= %a B=—— (5.35)
2 E: k2pk 2 E: kgpk
k=1 k=1
This leads to p p )
]_ —
plover — ¢ 1Tz 72 (5.36)
25 k2pg
k=1
For the upper bound we obtain
d+1)(2d+1 d
A= (_Fnz(—ﬂ, B=—— (5.37)
25 k2pg 2> k2pyg
k=1 k=1
and: ) )
2 1 —
pupper _ d” + 3d7—: +dz —z (5.38)
2> k*pg
k=1

Now recall that E(S) = E(Y-T) = E(Y)-E(T), where T is the number of ticks and E(S) = D,

for initial distance between clock states Q° = z. We will have D, maximised for z = d/2 as
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expected for identical clocks (they start from opposite states on the circle). Note that E(Y) is
not trivial to calculate as it depends on the probability distribution of the particular clock.

Inputing z = %, we have:

d2/4+d+1 9d2/4 +3d + 1

/m—|— + <Du< /m+ + (5.39)
2 kpe T 2Y K

k=1 k=1

Now write E(Y') = > yP(Y =y). We can restrict to the case when clock can not jump more
than LgJ = m > 1 places in one step. This is the same m as the maximum number of place
differences players can achieve in one step. Note also that the average number of steps each clock
needs until the tick is reached is then lower bounded by s, E(Y) > s. Hence, expected number of

ticks can be upper bounded as follows (note that py,,pom > 0 by assumption):

Dupper % + 3d + 1
N=E@I) < Tl <A (5.40)

( ) 2s Z k2pk

k=1
942 9d 1 9d 1
JMsdel a3e g Y43+ (5.41)
2sm2p,, 2mpy, ~ 2(1 —e)mpom
using

1—pii <€, Pm = PiaPem = (1 —€)pojm, sm=d, m>1 (5.42)

Note that p;; is a constant for any ¢ and same for both clocks. Now the average number of steps

until the tick of one clock, E(Y') is upper bounded by Py C_IH, where p; ;41 is also a constant in 1.
Hence we have:
d+1+%)pi
N =BT > i JPiist _ (5.43)
2d > k*pr
k=1
d Zsi,z‘ﬂ 4 ]Zj,i—&-l T Ps;i+1 (5.44)
8 Z k2pk 2 Z kgpk 2d Z k2pk
k=1 k=1 k=1
d+ 4+ Yy, . d+4+ Hyp. .
2 ( + +n€f)pz,z+1 > ( 4+ 2+1 d)pz,z+1 (5.45)
8m2 Z Dk m ( _pO)
k=1
d+4+ 2pi
( + 3)Pii+1 (5.46)
4m2e(2 — )
using the fact that for two identical clocks playing the game,
m
2> pr=1-po
k=1
and
L—po <1—plipi, <1—-(1—ef =e2—¢)
where ¢ and k are positions of players A and B. O
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From the above result we can conclude that for mpy ,, small, we have a greater linear upper
bound on the number of ticks, and for mpy ,, approaching d we have a very bad constant bound.
Recall that for the ladder clock p;; = 1 — 9, Vi € {0,...,d} and p; ;41 = 0. This suggest that
the ladder clock is one of the best stochastic clocks one can build, since mpg,, = 6 < e. To
maximise lower bound one needs m?c to be small, which again is minimised for a ladder clock
(where m = 1) with small e.

This is in consistency with the results from [11], where an upper and lower bound linear in d

was obtained for the performance of the two identical ladder clocks in the AT Game.

5.3.2 Perfect stochastic clocks in the Alternate Ticks Game

We will now introduce a clock that we will call the perfect clock. When perfect clock plays the
AT Game with an identical clock, it always produces infinite number of ticks. But this clock is,
however, not e-continuous for ¢ < 1. As described in Sec. 4.1 and results thereof, this clock is

hence not a physically acceptable one.

Definition 10. Perfect stochastic clock is a clock that always produces a tick after the exactly

same number of applications of the map M.

Note that p = 0, £ > 1 for this clock, and from Eq. (5.33) the expected number of ticks is
E(E) = oo. In the ladder clock model, this clock will always produce a tick after D — 1 steps,
where D is the dimension of the clockwork system. Since we have taken that D = d + 1, the tick
is produced after exactly d steps. Hence E(Y') = d for the perfect ladder clock. Again note that
this clock is not e-continuous for € < 1 (since 1 — p;; = 1).

Let us now label perfect ladder clock A and any stochastic clock B and assume that clock
A is at least one position in front of the clock B at the start. The difference equation obtained
when perfect clock plays the AT Game against ordinary stochastic clock B, is of the same form

as Eq. (5.31), but with different probability distribution. Namely, one obtains:

E(S|Q° = 2) = D, = p1(Dsy1 + 1) +p2(Dsg2 + 1)
+ ... +pm(Dz+m + 1) +p0(Dz + 1) +p71(Dz71 + 1)
+po2(D,0+1)+ ...+ (Do +1) =
D ) m{ Dz ) (5.47)
qo(D: +1) + q1 (D41 + 1)
+ oo+ em(Darmsr + 1) + q2(D2-1 + 1)
+ ...+ Qm(Dz—m—H + 1)
where qi, k € {—m,...,m} is the probability that clock B moves for k states in one step.
However, note that in the case of the non-identical clocks playing, obtained difference equation

is not symmetric. Hence one can check that the particular solution as before (quadratic function
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in z) will not work this time. The homogenous solution is still D" = A 4+ Bz (due to the fact
i+m-+1
that Z Pki = 1)
k=i

Once we have a probability distribution of a specific clock we can easily obtain the average
number of alternate ticks, since E(Y') = d in this case (due to the property of the perfect ladder
clock). If the perfect ladder clock would play against an ordinary ladder clock, the solution of the
differential equation becomes D, = Dy — =5, z > 0. Note that since we assume that the perfect
clock has an advantage at the beginning, it is not possible that the ladder clock overtakes it,
hence D, = 0 for z < 0 always. Boundary conditions for the lower bound then become Dy, 1 = 0,
which leads to DlzOwer = % and for the upper bound Doy, 1 = 0, hence D;PP* = %. Note

that results are minimised for starting condition z = 0. Hence

dil < Dizdealvs ladder < 2(17_‘_1

1-6 = =1-5 (5:48)

Then N = Dy/d gives a bound on the number of alternate ticks, which will be very bad for
small §, as expected. Note that if a perfect clock plays against a perfect clock we have 6 = 1 and
they can play the AT Game forever.

Results proved above show that stochastic clocks have maximally a linear in the clockwork
dimension success rate in the AT Game, and the success also crucially depends on the probability
distribution for the clock jumps (and hence on the e continuity as well). We can take the
performance of the clock when playing the AT Game with an identical clock to be a measure of
how good a clock is, and hence we have bounded the quality of this class of stochastic (classical)
clocks.

Lower bounds obtained also provide us with the minimum average number of alternate ticks
achievable with the best possible quantum clocks. It is an open question whether it is possible to
achieve a stronger-than-linear relationship, but current numerical results and work on different
clock accuracy definition presented in the next section, confirm such a superiority of well-defined

quantum to any classical clocks for certain measures used.

5.4 Possible extensions of the game

The AT Game we introduced can be generalised to the one involving multiple players, i.e. multiple
local clocks. For instance, even when the game involves more than two players, one can again
impose the synchronisation criterion that no two successive ticks should come from the same
player. This can be achieved in several ways, e.g. by asking that ticks come from any different
clocks in succession, or demanding a clear order of clocks that should provide ticks one after the
other. Conceivably, by increasing the number of players, one can obtain combined time scale with

smaller intervals (as measured by some external time parameter) between consecutive ticks and
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hence achieve a more refined but still synchronised ordering scale. Suppose we have n players
in the game, for some finite integer n. Label the players {1,2,...,n}, and assume that the payer

i € {1,...,n} starts the game. Then we can define following generalisations of the game:

1. The goal is that each n successive ticks (starting from any clock chosen) come from n differ-
ent players, hence they always play in the same order. This means that in the joint string s
(consisting of characters labelling the player’s number) any succession of n characters will

be the same permutation of the n-string 123...n.

2. The goal is that n successive ticks come from different players, but after finishing one round

of n ticks, the next round can be performed in a different order.

3. The goal is only that no two successive ticks come from the same player.

Investigating these scenarios is one of the topics for the future work.

5.5 Other measures of the clock accuracy

We can compare results obtained for the Alternate Ticks Game to the ones presented in the
paper [38], where different quantity is used to measure the precision of the clock, so-called R-

value. This value is defined as R = “—2, with u the average ticking time and o standard deviation of

o2
the ticking time (note that this quantity was also used in work [14]). For the reset clocks, measure
R describes how long can a clock run before the time uncertainty between its ticks becomes of
the order of a mean of the tick time u. Average and standard deviation are expressed in terms
of the parametric time which is hence assumed to be measured perfectly. At the moment this
measure is only developed for completely continuous clocks. This could be overcome by counting
time in terms of the applications of the fixed maps defined as in our model.
In [38] it was shown that R value grows linearly with the clockwork dimension for classical clocks,
and almost quadratically for purely quantum clocks, but at the moment only in the limit of an
infinite dimension. This already shows an improvement of quantum vs classical clocks for large
dimensions that could maybe also be used for practical purposes. These results are in consistency
with what we have seen for the maximum number of alternate ticks in Sec. 5.2, and with the
analytical results for the stochastic clocks shown in Section 5.3. This suggest that the measure
R could be related to the average or maximum number of alternate ticks. If this is true, it could
especially be useful when trying to find upper bounds for the performance of the general quantum
clocks in the AT Game, the task that has shown to be very hard analytically.

On Fig. 5.10 we provide numerical results for the value of the measure R of the first tick, for the
Salecker-Wigner-Peres (SWP) clockwork Hamiltonian, Eq. (5.14), with the interaction optimised

over a choosen set of interaction potentials. Results are shown for two different starting states of
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the clock, usual clock state and a Gaussian superposition of those. One can see that for the choices
of potentials we optimised over, the later has a better precision. This is because Hamiltonian is
such that the Gaussian packet will be less disturbed during the evolution, while a highly peaked
state would spread and then peak again, leading to a worse precision. This confirms what we
have seen in the numerics for the AT Game as well, high dependence of the clock quality on the
choice of the starting state.

In [38] particular quantum clock with the SWP clockwork Hamiltonian was presented, that
starts in the Gaussian superposition of the clock states with standard deviation o. The dynamics
of this clock is similar to the clock from [36], with a specifically chosen potential. For d — oo it
has a value of R > di—;”, € (0,1]. Note that the proof only works for o € (d*/?,d) and other
limiting parameters. This clock is thus impractical, as it demands infinite state space and infinite
standard deviation of the starting state. But the importance of the result is that it suggest that
there may be more physical quantum clocks that can have almost a quadratic improvement in
the precision compared to classical ones. We hope such clock examples will also be found in the

future.

‘ ‘ ‘ ' d
2 4 6 8 10

Figure 5.10: Numerical comparison for the R value of the first tick depending

on the clockwork dimension, for the Salecker-Wigner-Peres clockwork with different

starting states (a particular clock state and a Gaussian superposition of those). R value

was optimised over a chosen set of interaction potentials.

5.6 Discussions and future work

In this chapter we have introduced an operational measure of the clock synchronisation, that we
call the Alternate Ticks Game. This game checks if the two clocks are synchronised by demanding
a specific correlation from the ticks of the clocks - namely that they come in an alternate order. By
extending this game to more than two players we can have stronger conditions of synchronisation

and clock quality. To compare two different clcoks, we could have them both play against a same
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clock that would represent a reference for the time scale. Another option for comparing clocks
of the same dimension and continuity, is that each plays the AT Game against multiple copies
of itself and then compare its performance to the performance of the other clock in the same
setting.

Usual approach taken when determining the clock quality and synchronisation is to quantify
how well a clock can approximate ‘seconds’ or other intervals as defined by some external time
parameter. There are several issues with this approach, important one being that there is always
a need of another clock (probably perfect classical clock) that actually produces this external
time - otherwise there is no operational meaning in these definitions. But this clock is rarely
explicitly defined. One could think of e.g. atomic clocks [101, 99, 81] (see Sec. 3.1), or some
universal clock [36] (Chapter 6), that would provide this standard of time. On the other hand,
the Alternate ticks game provides a natural way of measuring clock quality and synchronisation,
by observing correlations between the time scales of the clocks. By playing this game, one can
calculate the level of synchronisation (number of alternate ticks) of any clock compared to the
clock providing a time standard, or define the quality of a clock without the need for any other

clock or time parameter (by playing the game with an identical clock).

In general, one can think of more ways to measure the clock synchronisation, by demanding
different correlation criteria between the tick registers. It is a task of the future research to
constructe other games and scenarios for the operational clock synchronisation, and compare them
to the AT Game. Performance of the clocks in a certain synchronisation setting was investigated
using mutual information and entropy in Sec. 5.2. Under few necessary assumptions, results
suggest that the maximum synchronisation of the e-continuous quantum clocks with small ¢ is

upper bounded quadratically in the dimension of their clockwork spaces.

In Sec. 5.3 we have investigated the performance of stochastic clocks, introduced in Sec. 4.5.
Specific stochastic ladder clock was already investigated in [11], and we have now extended results
to the more general stochastic clocks and showed how their performance depends on the clockwork

dimension and the clock dynamics.

We have thus also reviewed results obtained for a different measure of the clock accuracy,
so-called R-value, Sec. 5.5. For the fully continuous reset stochastic clocks this value also grows
linearly with the clockwork size, and a particular fully continuous quantum clock has been found
that has almost a quadratic in d value of R when d — oco. Even though measure R is not
satisfactory enough since it is not operational and is only developed for completely continuous
clocks, this result is important, since it suggest a possible superiority of quantum to classical clocks
(although note that the particular quantum clock presented in [38] is not practically achievable
since it has an infinite dimension and infinite spread in its starting state). Relating R value to

the expected number of alternate ticks would be a useful result, since we could obtain bounds for
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THE ALTERNATE TICKS GAME AND OTHER APPROACHES

the operational measure of synchronisation (the AT Game) using more analytical measure that
depends on the mean ticking time and its standard deviation.

Optimal clocks and game scenarios in the future, as well as extension to multiple players, could
provide us with bounds on how well quantum clocks can perform, and also with a step towards
the limits of time measurements in quantum mechanics. In this sense, the framework that we
have introduced serves as a basis for a future consideration of a more global, yet operational
notion of time in quantum mechanics.

Going beyond non-relativistic quantum theory, it would be fruitful to look at the cases when
clocks are playing the AT Game in the presence of the relativistic effects, like the ones described
in e.g. [23, 85] (see Sec. 3.3). As mentioned in the previous chapter, only a clockwork model is
considered in these papers , and the delay between previously synchronised clockworks is noticed
due to the gravitational or relativistic effects. It would be interesting to see how they would further
influence the AT Game, since we showed that already with the quantum effects tick registers are
due to get out of synchronisation after some while (that depends on the clockwork dimension).
Now we would have further disturbance due to the relativistic effects, probably yielding the game
to finish earlier. How exactly this would effect the game is left for some future research.

Over the past years there has been renewed interest in the question of how quantum mechanics
can be reconciled with general relativity (GR) — one of the biggest problems of modern physics.
Here the “problem of time” (see Sec. 2.4) arises as witnessed by the seeming impossibility to
combine the time parameter used to describe the evolution of quantum systems with the structure
of GR, where time is defined locally. This has led to interesting novel approaches to define
time. For example, since the Wheeler-DeWitt equation [13] corresponds to a timeless Universe,
a possible way to think about time is via the correlations among systems, which leads to a
notion of an internal time defined between subsystems of the Universe [6, 7, &, 9, 10, 11, 12].
We reviewed this approach in Sec. 2.5. Our approach has various similarities with this “time
as correlations” idea. In particular, the time scales are ultimately a stationary concept and
the question of synchronisation may be reformulated as the question whether the correlations
between two time scales have a certain desired structure. Our interest lies on deriving fundamental
limitations to how well we can use separated, local quantum clocks, that are not a priori correlated
(synchronised), to define a notion of time and ordering on a more global level. Note that first
steps to using our clock model in the time as correlations framework were done in the master

thesis [114].
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Chapter 6
Universal quantum clock

What if the clock described in Section 4.1 would be the whole Universe? According to the
definition, it would consist of a clockwork and a storage for the ticks - tick registers. Time this
clock would define should be a kind of the universal time, perhaps exactly the time we feel in our
everyday lives, since the ticks it provides would be unique for the whole Universe. I will expand
on this topic in this Chapter.

In past decades the so called problem of time came into focus. How can one relate parametric
time used in quantum theory to the time in general relativity and the fact that Wheeler-DeWitt
equation suggests that the Universe as a closed system might be stationary? On the way towards
answering this question it is fruitful to look into related problems first. One of them is the
physical interpretation of the time we experience every day and the relation between evolution
of the Universe and the passage of time. Since we all seem to experience the same parametric
time, is it somehow embedded into factory of the Universe - does the Universe posses a ‘universal
clock’ that produces this global time? Could we use radius of the Universe as a ‘clock variable’

that measures time?

As postulated in previous chapters, to talk about time operationally, we need to define a
quantum clock that also records its output - ticks that it creates. Hence if a clock is stored within
the whole Universe the ticks of the clock also need to be stored within the Universe (see Sec. 4.1).
This implies that the Universe has to posses enough storage/memory for all the ticks that this
clock has produced by now and to create enough memory for all the ones that will be produced

until the ‘end of time’.

Number of ticks that have been produced up to time ¢ would equal ﬁ in the case that
there is an approximately constant ticking interval At. One obvious value for this interval is the
Planck time t, = \/ng = 5-10~*s, which is usually considered the minimal time necessary for
a physically observable process to occur [50]. Planck’s time equals the time a photon takes to

travel a unit of Planck’s length [, = 1073%m. We can alternatively define the ticking interval by
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demanding that each tick needs an orthogonal state to be stored in. Then the minimal ticking
time is a minimal time that a system needs to pass to the orthogonal state, the so-called ‘quantum
speed limit’ [1 16]. There have been many approaches in calculating this time and here we will use
the Margolus-Levitin bound [77]. The advantage of this bound is that it depends on the average
energy of the system and not on the particular energy difference. We will see that with both
Planck’s time and the Margolus-Levitin bound we get a very similar result.

To upper bound the number of ticks, we require that there are at least as many distinguishable
states in the Universe as ticks produced by an universal clock. To estimate the number of
distinguishable (orthogonal) states, we can use the Boltzmann formula [117], that equates this
number with 277, H being the system entropy. Furthermore, we also know that the entropy of any
system is upper bounded by the entropy of the Black hole of the same size (Hawking-Bekenstein
formula [118, ) ). And in particular, by the so-called area law, the entropy of the Black
Hole depends only on its area and on the Boltzmann’s constant [118, , ]. This important
results will allow us to obtain an upper bound on the number of ticks of the universal clock, that
depends only on the radius of the Universe.

Next discussion is based on the pre-print [30].

6.1 The theory of inflation

The theory of inflation came out of the need to describe the large scale features of the Universe
as we observe today. In contrast to the theory of Big Bang, inflation offers us relatively simple
explanations for the flatness problem (the fact that the cosmological constant today has a value
extremely close to 1 — Q & 1.012), the horizon problem (distant regions of the Universe should
have been at the causal contact at the past), the monopole problem (Big bang theory without
inflation predicts too many magnetic monopoles to have been created - albeit these have not
been observed) and others (the interested reader is encouraged to have a look at [121, ).
Another argument in support of inflation comes from the assumption that the observable and the
unobservable Universe might be entangled [104].

We will not restrict ourselves to a specific inflationary scenario (such as e.g. eternal inflation),
but will consider general theory that assumes exponential expansion in the very early Universe,
usually taken to have happened between around 10737s and 107325 [121, , ]. The most
important variable in this theory is the number of so called e-folds the Universe had to go through
during inflation, 7.e. the factor of exponential expansion that we will label C', and which we will
lower bound in our approach.

Our argument provides additional explanation in support of the theory of inflation - namely,
the existence of time and its passage as we record it. We term this the ‘universal clock problem’.

Our results tell us that the inflation at the beginning of the Universe was needed for the notion
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6.1 The theory of inflation

of time to be physically meaningful. They also lead us to propose an intriguing starting point of
the Universe: the Universe comes into being at the point when its smallest size is large enough to
record its own temporal evolution. Our calculations are based on the well-established quantum
metrological and general relativistic bounds, linking the entropy and energy of the Universe to

its capacity to store and process information.

Physical quantum clocks designed to keep track of time need to produce ticks, that can be
described in the form of the so-called tick registers (see e.g. [35]). The Universe itself also needs
to be able to store this information about the ticks/time it provides. The ticks produced should
be stored in distinguishable quantum states. We will therefore make the following assumption: In
order for the common notion of time to be possible, the Universe itself has to contain (represent)
a universal clock with a large enough memory that can store its own ‘ticks’. In particular, the
Universe needs to have at least as many possible distinguishable states as ticks it has produced as

a clock.

We can also relate our approach to more specific thermodynamical quantum clocks, where it
was shown that the accuracy and ability of the clock to store time directly relates to its increase
in entropy [44]. In our case, the increase of entropy of the Universe as a thermodynamical clock
simply means the increase in the number of possible distinguishable states. This allows the
Universe to keep counting ticks and measuring the universal time. We will show how the ability
to store time information is directly related to the speed of the evolution of the Universe which

then relates to its entropy increase via the Bekenstein formula.

Our approach fits well within the Page-Wootters picture [6]. Here one starts by considering
the Wheeler-DeWitt equation [13] which states that the Universe as a closed system is stationary.
A number of authors [0, 7, , 8, 10, 9] have shown that one can define ‘time evolution’ of a

system via its correlations with the rest of the Universe that acts as a clock. One important
assumption that has to be made, is that the clock system is independent from the rest of the
Universe whose ‘time’ it attempts to measure (i.e. there is no interaction term in the total
Hamiltonian). Some of the obstacles in this approach have recently been overcome [11, 12]. Even
though we will not use the Page-Wootters picture explicitely, one can consider a cosmological
clock that is represented by the size or some other specific variable of the Universe, which is to a

good degree decoupled from the observers.

Note that we are not speculating about the fundamental origins of what time we experience
really is or how best to measure it. These aspects belong to another fundamental area of research.
Our argument here is simply that for an experience of time we use in physics to be possible (be it
an illusion, a comfortable assumption or a fundamental entity) our Universe needed to go through

an exponential expansion at the very beginning.

Below we will present calculations for the case with and without inflation, first taking the
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Planck time as a fundamental ticking interval of the Universe as a clock. In our second approach
we will rely on the Margolus-Levitin bound to obtain minimal time interval needed for a Universe
to change to an orthogonal state and hence for a tick to happen. We will see that in both ap-
proaches we obtain similar lower bounds on the factor of exponential expansion of the Universe at

the beginning. We note that our calculations are based on the FLRW model of the Universe [126].

6.2 Bekenstein bound and the number of ticks of the universal

clock

It is known that the entropy of a black hole is the maximum entropy that can exist within a
certain area, hence we can use the Hawking-Bekenstein bound to put an upper bound on the
entropy of the Universe at the very beginning [118, , |. We use the spherically symmetric
model of the Universe and denote the entropy of the black hole by Spp, the entropy of the
Universe Sy and the smallest interval in which universal clock could tick by At. The following
then holds:

25’?73{{ > 2% > i
- - At
which simply encapsulates the fact that the number of distinguishable states in the universe must

(6.1)

be at least as large as the number of ticks Ait, where t is the total time of evolution of the Universe.

Since Spy = ]"52‘4 and A(t) = 4rl(t)?, we have that:
P

()2 ¢
2 B >
- At

where [(t) is the radius of the Universe at time ¢ and A(¢) its area, kg Boltzmann constant and
SBH
2 ¥ is the maximum number of distinguishable states of the Universe. Note that Eq. (6.2) rests

(6.2)

on the assumption that each tick of the Universe needs to be stored in a distinguishable state.
Hence at each moment, the Universe needs to have at least as many distinguishable states as
ticks it has produced.

We are interested in the time after the Planck time ¢, ~ 10~*s until the end of the inflation,
ta. We will take to = 107325 [127]. In the following calculations we will often omit the relevant
units for simplicity. We will proceed to show that, without inflation, the rate of the expansion
would be too slow for the Universe to be able to create enough memory to keep track of its own
time.

We will consider several scenarios, first with Planck unit of tick time and second using minimal

orthogonal time approach to calculate the ticking interval.
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6.2 Bekenstein bound and the number of ticks of the universal clock

6.2.1 Ticking in the Planck units

No inflation —

Consider the expansion of the Universe after Planck’s time ¢,, without the inflation occurring.

The following formula for the radius [ of the Universe at the later times should hold [127]:
I(t) = KVt (6.3)
K=/ /i (6.4)

where [P = [(t,) is the radius of the Universe at Planck’s time, and depends on the horizon of
the Universe one is considering (e.g. particle horizon, event horizon, Hubble horizon,...). For
example, in the paper by Atkatz [128] [P = 10~5°m while e.g. the Planck length is l, = 10~%m.
We will take this value [? = 107°°m to be the radius of the observable Universe at the Planck
time. Hence K ~ 10733, Note that we use scaling with time of the cosmological scale factor to
express the scaling of the radius of the Universe.

We will assume the Planck unit of time to be the smallest interval of time that is observable
in the Universe, hence we set At = t,,. This stems from the accepted view that the times smaller
than the Planck time are not detectable or even, possibly, not physically meaningful. In this
scenario the Universe needs to ‘remember’ and store its own state each Planck unit of time.

From Eq. (6.2) it follows that:

K2rt t
tp

21071070t > 1084y (6.6)

The above inequality is not satisfied for approximately 10744 < ¢ < 1072, The Universe could

not have expanded as given in (6.3) at the beginning if we assume that it needs to be able to

keep track of its own time.
If we would, however, insert the current values of the size and age of the Universe, the above
inequality would be satisfied. This inequality therefore describes the current Universe well, but

for it to be able to keep track of time since the beginning it would need a more rapid evolution

at the start.

Planck units — inflation

One of the implications of the previous analysis is that after the time we denote as ¢ (close
to Planck’s time), there had to be a different evolution equation for the size of the Universe, in

order for it to be able to continue measuring its time. We therefore assume that there was an

inflationary epoch ending around t5 = 107325 [127] during which the Universe grew exponentially:
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lg = l(tg) = llec (6.7)

where C is the factor of expansion during the inflation and Iy = I(¢;) radius of the Universe at
the start of the inflation. We know [ > [P > 107°°m since at that moment Universe was at least
as large as it was at Planck’s time (usual start of the inflation is taken around t; = 10737s or
107305 |
there any strong experimental evidence.

Going back to Eq. (6.2), we would like the following to hold:

, ]). There is no consensus on the value of these parameters (/;, tyand C), nor is

griter /iy 5 12 (6.8)
tp

Hence, we obtain an inequality between C' and [y:
I, >e ¢ (6.9)

If e.g. the initial size of the Universe is [ = 10~°!m the rate of expansion would be C' > 38. If,
on the other hand I = 107°°m then C > 48.

We can combine above inequality in Eq. (6.9) with the fact that Iy > [P > 107%%m, and
conclude that Eq. (6.8) is certainly fulfilled for: 107°° > ¢~ 78-C (' > 48. Note that this
conclusion is stronger than necessarily needed, but, if it holds, then our inequality (6.2) is certainly
correct and we know that Universe was able to still count its time at least until ¢5. This, as
previously shown, does not hold when using the model of expansion without inflation.

Result obtained agrees with most cosmological models that state that exponential factor
C ~ 50 or larger (C' number of e - folds), depending on the problem the inflation is aimed to solve
[127, , ] and the starting moment of the inflation. Our argument suggests that in order for
inflation to solve the ‘universal clock’ problem we need at least 48 - fold inflation period to occur

at the beginning of the Universe.

6.2.2 The Margolus-Levitin bound

One should note that a similar approach to the one shown, can be used for a Universe that does
not tick in Planck’s units. For this approach we need to be able to approximate the average
energy of the Universe at the time of our interest. Then one can obtain a minimal time needed
for the Universe to change to a distinguishable (orthogonal) state using the Margolus-Levitin
bound [77] and follow the same reasoning as above. In this bound, unlike in the Heisenberg-
Robertson uncertainty relation for time and energy [73, 74|, one does not consider change in
energy between two states, but uses the average energy instead.

The Margolus-Levitin bound is given by:
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At > ;TZ (6.10)

where F is the average energy of the system and At is the minimal time needed for a system to
pass to an orthogonal (completely distinguishable) state.

We can bound the average energy by demanding that the radius of the Universe is not smaller

than the Schwarzschild radius [130] of a system with the total energy of E = Mc?:
1> Ry = 2GE pold (6.11)
ST A T =aa ’
el (6.12)
- 2G ‘
Inserting lf, = Z—? and using Eq. (6.10) we have:
T2
At > Tcp I, = ct (6.13)
Hence the following holds for the number of ticks:
t It
— < (6.14)
At T wipt,
To satisfy Eq. (6.2), knowing that above inequality holds, we can assume:
2
- It
2% > : (6.15)
mlptp

Note that, as in the chapter with the Planck unit of time, this condition is not necessary but
is sufficient for Eq. (6.2) to hold and our Universe to create enough orthogonal states to store all
of its ticks.

1)

Let us label with [(t) size of the Universe at time ¢, to obtain an inequality in terms of y = g

2™ > 104 (6.16)

No inflation —
In the case of a non-inflationary model, we have that [(t) ~ K+/t, where K = IP/\/f, ~ 10733,

Let us consider time ¢ = 1073%s. Then y = 107! and the inequality (6.16) is not satisfied. This

shows that, in this case, the Universe could not have kept track of time until or after 10™3%s.

85



6. UNIVERSAL QUANTUM CLOCK

Inflation —

Now consider scenario in which inflation takes place. We have that, at the end of inflation,

ty ~ 107325, and as before (labelling by C' the factor of exponential expansion):
ly = I(ta) = I(t1)e” (6.17)

where ¢ labels the beginning of exponential expansion. Again we now know that I; = I(t1) >
P =10""°m.

Imposing inequality (6.16) to work for all [; we have

el >1073 (6.18)
= C > 48 (6.19)

Depending on the exact value of [; smaller C' could be sufficient, but this bound works for any
given [; > 107°°m. Note that one would get a similar result with a bit different C if we consider
later times, ¢ > 10732, Hence our result is not dependent of taking this exact time ¢, for the end
of inflationary period.

Interestingly, we have obtained the same bound as when considering Planck time as a unit

time step of the universal clock.

6.3 Discussions and future work

Presented argument shows that the inflationary theory allows for the existence of time that the
Universe has had enough capacity to store. Our reasoning indicates that without the inflation,
the notion of time as we know it today might not have existed. Our approach works well with
Planck’s unit of time but also when using the Margolus-Levitin bound for the calculation of the
smallest time interval of a tick of the universal clock. It would be interesting to investigate this
result when using other possible values for the ticking time interval.

Note also, that the value of the size of the Universe at the Planck time depends on the horizon
one considers, and further arguments in this direction would be valuable.

As a related problem, when considering the ticking of time, one naturally makes connections
with the arrow of time. It is usually argued that the arrow of time arises from the 2"¢ law of
Thermodynamics, a law stating that the entropy of the closed system cannot decrease. As our
Universe is considered to be a closed system (and may well be the only one such known to us), the
27 Jaw should hold. Hence, the time flow that we notice follows the direction of the increasing
entropy, and could not go ‘backwards’. Our argument provides another explanation for this, when

viewed as a consequence of the fact that in order to time itself, the Universe needs to be able to
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provide more and more ticks, hence it needs to have more distinguishable states. From Eq (6.1)
one concludes that the entropy of the Universe needs to increase (or at least not decrease) during
the evolution. The flow of time again has one direction in this scenario, which is the direction of
the increase in the number of ticks, i.e. the increase in the number of possible states and with
this the entropy of the Universe.

Another way to think of the implications of the second law, is that the end of the Universe
would come when it runs out of its clock time by reaching the maximum entropy. Hence the clock
states of the Universe would be so mixed that there would be no more capacity to discriminate
between different times. This notion is akin to the so called heat death, first postulated by Lord
Kelvin.

Our aim was to show that the inflation was important for the Universe to be able to keep
track of its time. The reason for this is that the evolutionary speed of the Universe without
the inflation would simply not be large enough to create sufficient number of orthogonal states
that would store the time ticks. We have shown that the exponential evolution of the size of
the Universe would be enough at the early beginning, in consistency with the theory of inflation.
We do not claim that this means that without the inflation Universe would not have had enough
storage for its clock ticks, but we certainly do feel it is a worth while question to be asked and
provide a starting step towards its answer.

The result shown is a novel stepping stone for the further investigation of the connection of
the inflationary theories and the notion of time and causality we experience. Theory of inflation
can already explain some of the specific features of our Universe that makes it seem quite special,

and here we have argued that the existence of time is another one of them.
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Chapter 7

Conclusions

In this thesis, we have presented several results related to time and clocks in quantum theory.
The first and most important result is the novel framework for constructing quantum clocks and
the Alternate Ticks (AT) Game, that are presented in Chapters 4 and 5, respectively. To call
a system a quantum clock, we demand from it to output time information (ticks) that can be
read out without disturbing the working part of the clock (the so-called clockwork) directly. We
call the systems that store time information tick registers. To compare the synchronization of
clocks, one compares their tick registers, by e.g. examining the correlation between their states.
The AT Game is used to check the clock synchronization in an operational manner by directly
comparing the clock ticks, without explicitly using any background time reference. In particular,
ticks should come in an alternate order or the game is lost. We provide a few particular clock
models and numerical results for the number of alternate ticks they can achieve. We also relate

these models to other clocks and synchronisation measures in the literature.

We would very much like to see our framework applied in practice soon. Our model with
light that interacts with the clockwork, described in Sec. 4.6 and 5.1.2, is probably the closest
to the practical achievability as a first step. The issue is in constructing good photon sources
(preferably a one-photon source), which are at the moment still only achievable up to an error.
Errors in emitting exactly one photon could lead to the detection of two ticks from the same clock
in a row. The theoretical source of an error, on the other hand, is a hermitian Hamiltonian that
can with a non-zero probability return a photon to the source instead of sending it further to the
detector. These are all issues that could be overcome to a certain degree satisfactory enough for

the first practical trial.

Ofcourse, practically realising our more general clock model (Sec. 4.1) and the Alternate Ticks
(AT) Game based on the CPTP maps (Sec. 5.1.1), would ultimately be even more desirable.
Among other things, what needs to be defined if the AT Game was to be played in the lab, is the

mechanism by which evolution maps M 4 and Mp are applied on both sides. This mechanism is
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at the moment implicitly assumed to be the same black box on both sides, that applies maps M4
and Mp in the identical manner, but no practical realisations are discussed. This is important
since this mechanism should not interfere with the game itself, and should not add a lag in any of
the ticks on either side. In practice these black boxes could contain a copy of the classical clock
each, which would be used to implement the maps in the same way. The copies of a classical
clock can be easily made, and they will not interfere with or influence the time scales we obtain
from the two quantum clocks in any way. Namely, what the frequency of this classical clock
is, or how its tick are defined, is not important as long as on both sides A and B we have the
identical definition. Note that defining this black box mechanism is akin to using two identical

light sources in the model 4.6.

In Section 5.2, an information-theoretic attempt to obtaining a bound on the level of synchro-
nisation of two clocks with the same clockwork is shown. This approach should include the AT
Game but also different synchronisation scenarios, and aims to determine how long two clocks that
already obey a certain synchronisation criterion (expressed as an upper bound on the conditional
entropy of their tick registers), can remain synchronised. There are a few strong assumptions
that had to be made, and the criterion of e-continuity still needs to be explicitly included (at
the moment we only provide an intuitive argument). But the results obtained agree with other
results on the same topic presented in Chapter 5, namely they show a linear in the dimension
bound on the number of synchronised ticks in the case of the classical correlations, and quadratic
for the quantum ones. This approach uses entropy and mutual information as measures, and
if the assumptions made can be shown physically justified, it is a very nice and natural way of

analytically approaching the synchronisation problem in a more general setting.

In Sections 4.5 and 5.3 we described a special subset of clocks, the so-called stochastic clocks.
These clocks are relatively easy to investigate since they can be described by classical dynamics
(Markov chains in particular). First analysis and analytical bounds for some stochastic clocks
were obtained in [11] and we generalised them in [37]. Results for these clocks show their linear
in dimension performance in the AT Game. This is an important result since it provides a lower
bound on the best quantum clocks performance and gives a starting point for the comparison of

the performance of clocks with classical and quantum dynamics.

In Section 5.5 we described the research done in [38], where a more tractable value R is
considered. In the case of the reset clocks this measure corresponds to the number of ticks until a
tick of the clock is off by the average ticking time. It was shown that there exist a reset model of
a quantum clock, corresponding to the fully continuous case of the framework 4.1, for which, in
the limit d — oo, R is lower bounded by an almost quadratic function in d (d*>~7, n € (0,1)). It
was also shown that any classical reset clock has an upper bound on R that is linear in d. This is

an interesting and important result since it shows the possible advantage of carefully constructed
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quantum clocks over classical ones. But, since R uses explicitly parametric time ¢ to determine
the ticking time and other variables, it is not an operational quantity, like the number of alternate
ticks N. What would be nice though, and some steps in this direction are being taken, is if we
could lower bound N with R and then use R as an analytically computable quantity that would

provide us with an insight into N.

In Chapter 6 we provide a novel step towards bridging the gap between quantum theory and
cosmology. In search of a common way of describing time in both theories, we show that under
the assumption of the existence of an universal clock that represents a common time for the
Universe, there needed to be an exponential expansion of the Universe at the early beginning.
This approach has many directions for the future work. It would be fruitful if experts in general
relativity would try to formulate our inequalities using some of their results. For example, a
better approximation of the entropy and mass of the Universe at the beginning would give tighter
bounds, as well as considering different time steps for the ticks of the universal clock. It would
also be very interesting to extend this result to the current times, and provide some insight into
the possible endings of the Universe, and different theories of the possible Universe - like open,

closed, or stationary.

Finally, I briefly discuss a possible extension of the “time as correlations”, or PaW approach
described in Sec. 2.5. One of the main issues with this approach, is that the clock system used
in the model description (particle on a line) is oversimplified and unphysical. This clock system
goes along the lines of John A. Wheeler quote ‘Time is chosen to make equations simpler’. The
simplicity of this model and the fact that one equates the time operator with the position operator
in this case, yields a solution with the Schrodinger equation describing the evolution of the system
in question. One can then consider if the Schrédinger equation is obtained exactly because of
this simplicity, since also in its basics it assumes time as a real unbounded classical parameter
t, which exactly corresponds to the parameter describing the position of the particle on the line,
and hence the considered ‘clock time’. To investigate what would happen if the clock were a
more realistic physical system, we had a master project [I141] with the clock system described
by our quantum clock model from Sec. 4.1. The PaW framework then had to be adjusted and
to be done with the discrete instead of continuous evolution. The result, as expected, was not
a Schrodinger type evolution, but a discretised evolution of the system that could still not be
written as a closed form equation. It would be very interesting to investigate how different clock
models fit into the PaW model, and if one can obtain a closed form evolution equation for those
clock systems. This could give us insights into possible reformulations of the evolution equations
in case it is confirmed that continuous parametric time indeed is not a satisfactory solution for

describing time in physics.

Another issue with the PaW mechanism is that it demands that the clock system and the
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7. CONCLUSIONS

system whose time we measure are completely non-interacting. It would be nice to see how the
result would change by e.g. adding small interaction terms to the total Hamiltonian. Also, since
in our approach to clocks the main result has no reference to Hamiltonians, but to the fixed CPTP
maps instead, it would be very interesting to formulate a “time as correlations” framework in
this manner.

What would also be interesting to be seen, is the comparison of our clock model 4.1 with the
atomic clocks currently used [99]. Namely, could one model an atomic clock inside our framework?
If yes, how well could this clock play the Alternate Ticks Game? Since atomic clocks are extremely
precise and accurate [30, 82], it is natural to assume that they can play the AT Game successfully
for a very long time. But note that a caesium atomic clock produces a frequency as an output,
which is then used to define a constant interval of a second, which is a different set up than the
one assumed for the AT Game. A logical clock, on the other hand, contains another atom (e.g.
beryllium) that detects its ticks, and could possibly be used directly in the game. It would be
interesting to see the atomic clocks in operation in a completely quantum regime as well, and to
investigate how they could be used to obtain insights into the future quantum gravity theory.

Not to forget an important feature of quantum systems, it would be fruitful to investigate
what would happen if we allowed quantum correlations between the clocks playing the Alternate
ticks game? In particular, how much would clocks benefit from the entanglement, and would
the bound on their synchronisation change significantly? One would expect that these clocks
would perform better in the game, but also note that after a few ticks the clocks would lose much
of the correlation, which could again lead to the similar bounds as the ones suggested in this
work (linear for classical maps and better than linear, possibly quadratic for the quantum ones).
Possibly the best way to investigate this would be to use Quantum clock synchronisation (see
Sec. 3.5) or a similar synchronisation protocol to synchronise clockworks of the two clocks in our

framework and then play the AT Game with them.
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Appendix A

Importance of the e-continuity

condition

In this section we will present an argument for how is additionally the e-continuity important
condition for the quality of a quantum clock - we conjecture that it makes it more robust to the
change of the state of each new tick register. Namely, we propose an argument showing that
for small ¢, if new tick registers do not always arrive in the state 0 after a tick, this will only
negligibly affect the clockwork state, linearly in the order of e. We provide a sketch of a proof that
misses one step we intuitively know should hold, but are still attempting its rigorous proof. If
the conjecture is shown correct, it provides an important reason for clocks to have the continuity
property introduced in Sec. 4.2 - if the clocks are continuous only for large ¢, their state will be
significantly affected by the changes in the tick registers and the way they are initialised, which
is certainly not what we would expect from good physical clocks.

Let {M% o7 teer and poc specify a family of e-continuous clocks satisfying

1

lim (trr Meor) = (p8) = e

where po is some (arbitrary but fixed) density matrix acting on the clockwork Hilbert space.

We will also introduce a family of CPTP maps Mg._, 7, such that the following holds:

trr Me_,or(pe) = trr Mersor(pe © pr) (A.1)

for some pr € Hy. To this end, let us first define the Stinespring dilation Uorg of map Mc_cr
such that 3 |¢),p, with:

trp Ucrs(pe @ [)rp (W)UEre = M(pc) (A.2)

Next we introduce maps Rrg : |0)1 |¢) p — [¢)p and ﬁCTE = Ucrp o Ry and define

Ucre = Ucre(Ze ® |0)0|, ® Ip) + Ze © (Zr — [0)0];) ® Ik (A.3)
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A. IMPORTANCE OF THE -CONTINUITY CONDITION

with Z denoting the identity map. Finally let

Merser : per — trg Uper @ |¢) (ol g)U™ (A4)

From the definition of M we have that

M(pc @ 10)X0[) = M(pc)

M(pc @ [1X1]) = pc @ [1)X1]

M is a linear map since all the maps involved in its construction are also linear. To show that
the distance between the maps M and M is at most 2, we will need Assumption 3 to hold.

We would like to show the following conjecture.

Conjecture 1. For any sequence s € {0,1}"™ with

lim freq(sy,. n)=¢<1 (A.5)

n—oo
the following holds:
L2
I T o M 0 & [0)0],) = li TONE or) () =pc (A6
im trr [ (740 0 Meroer) (o @ 0)01) = lim (07 TONEor) " (00) = e (A6)
=1

e—0
where T®) for b€ {0,1} is defined as

|0)0lp ifb=0

|0X0] pr [0XO[ + [1)(1] pr [1)A]if b =1

T (pr) =

Proof. We will usually write M for /\;lac Sor T for ’7'T(ZT etc. and often suppress writing
tensor product with identity.

Assumption 3. Let (/\;l,p%) describe an e-continuous clock for € close to 0. Parameter p in
T M(pc) = (1 —p)p’ ®@|0X0| + po @ |1X1]| is bounded by € for all pc.

Proof. From the continuity of the maps M and M one can show that p is very small. Namely,
assume otherwise, that p and 1 — p are of similar value. trr(7'M)(pc) = (1 — p)p’ + po, with
P’ and o orthogonal states, would then be very close to the maximally mixed state. Note that,
since T only affects the T space, trp M(pc) = (1 — p)p’ + po. Then from the continuity of
trr M we have that %HtrTJ\;l(pc) — chl = 3||@=p)p + po — chl < e. But, wlog taking pc
to be a pure state (e.g. |0)X0]) we get a contradiction (since mixed state cannot be e-close to the
pure state for small €). Hence p and 1 — p have to be very different, one small and one big, and
since by assumption ticks are much less frequent events than no-ticks, we would get that p needs
to be very small. In particular we will conjecture that it is smaller than e, but note that this is

something that still remains to be shown. O
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Proposition 3. There exist ng such that in each sequence of length ng in s1,. n, n > ng, there

1s at least one s; =0 .

Proof. Let p > 0. Then there exists ng such that freq(si,._») £ q for all n > ny. But this means
that also the frequency of other subsequences is bounded. In particular, one can show that, for
any j € {no+1,...,kno+ 1}, k>1

(2k+1)p
freq(s;. . jino-1) =" q.

To prove this note that by definition

q—p<freq(si,..n) <q+p (A.7)

for all n > ng, hence in particular inequality (A.7) holds for n = ng and n =ny + j — 1.

We write freq(s1,.. ) = %, where by f™ we denote number of occurrences of 1 in the n-bit

sequence si. p.

From Eq. (A.7) and the definition of freq(s; . jtno—1), it follows that

no+j—1 _ —1 - _ _ y
freq(s;._jom 1) = frot - fI < (q+p)(no +j i()) (q—w)(i—1) (A.8)

no

=q+p+t 2k +1)p+q (A.9)

In a similar way we have:

freq(s;. i sns 1) = fr = (= moti =1 = (gm0 = 1) (A.10)

no no

G-vw

- 2k—Dp+qg>q— 2k+1)p (A.11)
0

=q— K-
We will now choose k s.t. k < Llng*“J so that freq(s;,. jtno—1) < 1. Note that we have a
freedom to choose p small enough such that k is arbitrarily large.

We also have freq(s1,.. n,) < ¢g+p < 1 by choosing p small enough. Hence freq(s;,.. j4no—1) < 1

for all j € {1,...,kno+1}.
It follows that for any k there is ngy such that frequency of appearance of 7W) in S1,... kno+1 18
smaller than 1 in any subsequence of length ng, hence map 7 is applied at least once every ng

steps. ]

Assumption 4. In the following, we will make the worst-case assumption that T is applied
exactly once after every nf)h step in the LHS Eq. (A.6), whereas T is applied in all other steps.
Note that other cases follow directly form this one, by splitting each sequence of ng steps into
subsequences that start with T and have all other T applications. In the proof that follows,

this would just interchange some of the ng by n1 < ng and the bound will remain the same.
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A. IMPORTANCE OF THE -CONTINUITY CONDITION

Lemma 4. Let M,pc describe an e-continuous clock for € close to 0. Following holds for the

maps M, M, T :

[trr(Ze @ T2 M(Ze @ TeMp) M) (pe © [0)0]) — (trr(Ze @ TOYME L or)™ (pe) |,
< (ng — 1)e? (A.12)

1. Base step, ng = 1:

[trr TO M(pe @ 0)X0]) — trr TOM(pe)||, =
[trr T° M(pc) — trr T M(pc)||, = 0 < (ng —1)e* =0
For illustration (although not needed for the induction), we also show the case ng = 2:

Denote T'M(pc) = pipg @ |1X1] + (1 — p1)pe @ |0)(0| and note that try TOM(pc) =
trr T'M(pc) = pipe + (1 — p1)pe. Then:

|trr (TOM) (T M) (pe @ |0)0]) — trp (T M) (b7 T M) (pc) ||, = (A.13)
[trr (TOM) (T M) (pe) — trr TOM(p1p + (1 — p1)p)||, =
|trr (TP M) (prpe @ [1)(1] + (1 = p1)pg @ 0)(0])—

(p¢

p1Ltrr TOM(pd) — (1 = py) trp TOM(p Hl
|pipet + (1 —pl)trT(ﬂM)(Pc) —p1trp T'M(pt!) = (1 = p1) e (TOM) (pE)]], <
pOHp trTTOM H1 <p15§52:(n0—1)52

using p1 < € by Assumption. 3.

2. Induction step:

Assume following holds:

[trr(Ze @ TRV M((Ze ® T ) M) (pe @ [0)0])— (A.14)
(tr7(Ze ® TOYME o)™ (po) ||,
< (ng — 1)e°

Let us denote ((Ze @ T2 )M)™ (pe ® [0)0]) = ppl? ® [0)0] + (1 — p) P @ |1)(1] and
(trr(Ze @ TOYM)™(pc) = poi? + (1 — p) 7. Note that from (A.14) it follows that also

[trr((Ze ® TN ) M)™ (pe @ [0X0]) — (trr(Ze © TOYME )™ (00)|,
= |lppie + (1 — p)ate — ot — (1 — p)e]|,
< (no — 1)52
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since the system T is traced out in the end.
Then we have, using properties of the map M, induction hypothesis, continuity of M and

the fact that trp(Ze ® TT(O_{T)/\;I is a CPTP map and hence does not increase the 1-norm:

[trr(Ze @ T ) M((Ze ®TM> )™ (pe © [0)0])

— (trr(Ze @ TOYME o)™t )H
[trr(Ze ® TR ) M((1 — p)ps ®|o><0|+p*"0®11><1\>

— (trp(Ze ® TOYME L or) (ol + (1 — P TE) )| =
(1= p) ter(Ze © T30 M) + ppe —
ptrr(Te ® T M) — (1 - p) trr(ZTe @ T ) M@, <
(1= p) trr(Te © TR0 0) M(pE) + par(Te ® TTQTW@C )-
ptrr(Te © T M(e) — (1) trr(Ze © T ) M@)),
+ | — ptrr(Te © T MED)|, <
[ltrr(Ze © T MI(1 — p)pl? + pp — o — (1~
plloE - trr(Te © T MEE)|), <

I =p)p + o0 — o — (1= D], +° <
2

Do)+
1

(np — 1)e? 4+ &% < nge

using induction hypothesis qu + P — POy — 4oy Hl (ng— 1)52) and p < ¢ by Ass. 3.

Hence proof by induction is finished.
To show that Eq. (A.6) holds, we could again use mathematical induction.

For the clocks and notation introduced in this section, following holds:

kng

Jeer [T MY @ [0X0k) — (107 TOME0r) ™ (2], < Klno —1D)* - (A15)

Hence, the reset of the ticks registers does not have to occur at every step, and the state of the
clockwork will be only negligibly affected. This also shows that the clocks that are e-continuous

with small € are more robust - changes in tick registers affect the clockwork state less.

1. Base of induction: k = 1 - this follows directly from Lemma 4 and Assumption 4.

2. Induction step: Assume Eq. (A.15) holds for k. Label p = (trp T M)"(pc). Then
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A. IMPORTANCE OF THE -CONTINUITY CONDITION

kng
oz [TOMTO My 1H (T3 M) (9 @ 0)01)] (A.16)
— trp (T )MEC_@T)U““)"O ()|, <
(k—=1)n
[orr TOMTEM)™ T T (T MO MO My 6 10)0l) -
=1
(k—l)no ~ ~
trp TOMTO M) (TR0p MYLTO M) (b7 TO M) ()],
=1
(k—1)no
+ e TOM@OM™ T (T MTOM) e TOMY™ ™ (o)

trr (T(O)M%%CT)kno (pe?) Hl <
HT(O)M T(l)M)no—l( OC ®
(ng — 1)5 + k(ng — 1)e 2 —

using property of CPTP maps (trp TOM(TMM)m0—1 H(k Y no( T(‘Z)TM) in particular),
basis of induction (Lemma 4) and induction hypothesis with p% := pe? . Hence proof by

induction is concluded.

Now to obtain Eq. (A.6) we need to take k = % with € > 0:

Ierr H 120 0o Meroor) (o @ |0X0l7) = (tor TOMELor) = (o), < =

Letting € — 0 we get that the 1-norm on the LHS becomes 0. Finally, using the properties of
the norm we obtain:
2]

S . -~ 1 ~
lim try H(#&Mcmﬂ@% ® [0)0l7) = lim (v TOMG ) = (62) = po

which finishes the proof.
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Appendix B

Entropic uncertainty relations for the

time measurements

In this Chapter provide an idea for the investigation of the limits of the time measurements in
quantum mechanics by looking at the entropic lower bounds for the measurements performed on
the quantum clockworks. In the following, we will refer to the clockwork from Def 1 as a clock.

Assume that we can construct a quantum clock that we wish to use for measuring time with
a certain precision, that we will call a local clock Cp,. From the postulates of quantum mechanics
it is known that after looking at the clock, i.e. measuring time, the state of the clock will be
disturbed. In order to know how accurate our clock can be, we introduce another, reference clock,
that we can compare the time on our local clock to. We will not measure the reference clock,
so it remains undisturbed during the process. It is only used as a kind of a ‘time counter’ on
which time flows so we can compare the time measured on other clock to this reference (compare
this set up to the one in Section 5.2). We are interested in how much the measurements on the
local clock affect its accuracy, and in particular, how accurate can the clock be after the second
measurement, considering disturbance on the clock caused by the first measurement. To quantify
this, we attempt to calculate the entropies of the reference clock conditioned on the outcomes of
the two measurements we perform on our local clock. We would expect a very low entropy for
the local clocks that approximate time as shown on the reference clock well, but because of the
properties of quantum clocks we would expect the sum to be greater than zero. A lower bound
on the sum of these entropies could represent a form of the time uncertainty principle for the
measurements on quantum clocks of a similar construction. Note that one can also use mutual
information, and demand from it to be high for well synchronised clocks.

One can the first measurement outcome to be k£ = 1 and calculate required entropies depending
on the outcome [ of the second measurement (this is because the total entropy will depend on

[ — k hence we can fix k and vary ).
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B. ENTROPIC UNCERTAINTY RELATIONS FOR THE TIME
MEASUREMENTS

As a final result we would like to obtain a following type of equation:

H(CR|CY) + H(CR|C2) > ¢(d) (B.1)

where Cg is the observable describing the reference clock , C'y and (5 are classical results
of measurements on the local clock and d is the dimension of both clock systems. ¢(d) is the
unknown function of the system dimension that we would like to find a constant lower bound on
(note that this bound should be independent of the external time, that one can average over in
order to eliminate it from the equations).

We could use the following Hamiltonian:

i 41) (i)
L (B.2)

—1T

log(

d
H= =

with 7 representing the time in which clock passes from one clock state to an orthogonal one. We
will take 7 = 1 wlog.

As the joint state of both systems at the start one could take a maximally entangled state
= ﬁ Ecll: |i) ®|i). We have made this choice because we want clocks to be synchronised prior to
the first measurement, and we assume that entanglement is enough to guarantee their starting
synchronisation. Note that another choice is to have a product starting state of clocks that were
synchronised using QCS protocol [5] described in Sec. 3.5.

We perform a measurement C on the local clock at some starting time (taken to be 0 without
loss of generality), and then we measure again, with an observable Cs, after a certain time
interval (that we will average over as it represents an external time we are not interested in).
One of the basic examples is measuring in the clock basis (in our case also computational basis)
{11),]2),...,|d)}. Then the first measurement on the local clock collapses the joint state, and the
entropy H(Cr|C1) = 0. For a more general first measurement, we consider the POVM:

d
A= wili)(il.j € {1,...d}
=1

J
7

d
> \/)\j*\/)\j = Z. One obtains
j=1

where w; are weights related to the possible clock states. We need \;’s to sum up to the identity,

>l = Dliil =0

7

and hence we require ) |wf | =1,Vi.
J

As an example, one can consider Gaussian and Poisson distribution for the weights w’

5. In

particular, the distribution for w’ is either normalised version of N(j, o), normally distributed
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with mean j and variance o (that we vary depending on how peaked distribution we want), or
normalised version of Poiss(j) - Poisson distribution with parameter j.
The first measurement process on the local clock gives us outcome k with probability p, =

tr ((1 ® Ax)po) and a new total state after the measurement (‘collapsed state’) becomes:

o= 1@ VAol @VA)

The normalised state is

g = 1 Vip(l e Vi)
(e VAl e V)

where py = [1) (| is the joint state before the measurement.

The second measurement is performed in the computational basis, after evolving the state.
The probability that after the second measurement we obtain outcome j on the reference clock
and outcome [ on the local clock, conditioned on having obtained k£ on the local clock after the

first measurement, with the Schrédinger time t elapsed between the measurements, is:

p(5,1:t) = (. 1| (UE @ U)ol (U @ UF*) 15,1)

Here U; = e "(Hr®IL+Ir®HL) — UR @ Ul, and v is the starting entangled joint state of the
clocks. Note that Hgr = Hy, = H.

One should take large enough number of states, so that the periodicity of the clock is greater
then the ‘external’ time we average our results over.

To calculate the entropy H(CR|C2) independent from some ‘external’ time ¢ showing as a
parameter in the time evolution, we can average the probability p over many different times ¢
from the Schrédinger equation. Then we calculate the conditional probability, conditioned on
the outcome [ of the second measurement on the master clock, and finally calculate the Shannon
entropy of the obtained conditional probability over all possible outcomes j on the reference clock
(all given fixed first measurement outcome k).

We will not present any further results here, since there is more analysis needed to obtain
concrete conclusions. But what we could see from the numerics done, is that the sum of the
entropies seem to be increasing with the clock dimension, and it also highly depends on the

difference of the states around which the two measurements were peaked.
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