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Eidgenössische Technische Hochschule
CH-8092 Zürich
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A Survey of Direct Parallel Algorithms for

Banded Linear Systems

Peter Arbenz and Walter Gander

Institut f�ur Wissenschaftliches Rechnen

Eidgen�ossische Technische Hochschule

CH����� Z�urich

�arbenz�gander��inf�ethz�ch

Abstract

We investigate direct algorithms to solve linear banded systems of equations on MIMD

multiprocessor computers with distributed memory� We compare the coarse�grain parallel

algorithms with ordinary one�processor Gaussian elimination� The parallel algorithms behave

satisfactory only if the ratio of bandwidth and matrix order is very small� As a result of the

high redundancy of the parallel algorithms e�cencies are in general not high� The theoretical

considerations are complemented with numerical experiments performed on the Intel Paragon�

Keywords� Banded Linear Systems� Divide and Conquer� Parallel Computation� Scalability�

� Introduction

In this paper we discuss using direct methods on parallel computers to solve a system of linear
equations

Ax � b �����

where A is a real banded n� n matrix with lower half�bandwidth r and upper half�bandwidth s�

aij � 	 for i � j � r and j � i � s� ���
�

We assume that the matrix A has a narrow band� such that r�s� n� Only in this case is it worth
taking into account the zero structure of A� i�e� storing the matrix by diagonals ��
 and adapting
programs to this storing scheme�

The computers we have in mind have a distributed memory architecture with powerful pro�
cessing nodes supporting the MIMD programming model� Concrete machines of that kind are
the Intel Paragon� Thinking Machine�s CM��� and workstation clusters� The architecture of such
machines makes programming with a coarse grain parallelism necessary for optimal exploitation
of the compute power�

On serial computers� Gaussian elimination� with partial pivoting if necessary� is the method of
choice for solving ������ We will review parallel algorithms used on shared memory multiprocessor
computers such as Cray or Convex machines and investigate their scalability properties and thus
suitability for implementation on distributed memory machines� Redundancies and speedups will
be given with respect to Gaussian elimination�

We consider three approaches for solving ����� in parallel� divide and conquer in section ��
single�width separator in section �� and double�width separator in section �� The �rst approach
is suited for diagonally dominant matrices� the second for diagonally dominant and symmetric
de�nite matrices� The last approach permits partial pivoting in a natural way and is therefore
suited for arbitrary �non�singular� matrices� In section � we compare the three methods and
discuss a numerical implementation of the most promising one�

�



� Gaussian elimination for band matrices

Gaussian elimination is the method of choice for solving ����� on serial computers ��� x���
� It
consist of three phases� LU factorization� forward and then backward substitution� In the �rst
phase the matrix A is factored into the product of a lower triangular matrix L and an upper
triangular matrix U� A � LU� L has lower half�bandwidth r and U has upper half�bandwidth s� If
partial row pivoting is necessary when factoring A� the upper half�bandwidth of U becomes r� s�

The computational complexity of the LU factorization of A without pivoting is

CLU�n� r� s� � �
s � ��rn� r�r � ���
� rs�r � ��� s�s� � ���� �ops�

with pivoting it increases in the worst case� i�e� if the all pivots are located on the lowest o��diagonal
of A� to

CLUP�n� r� s� � �
r � 
s � ��rn� r�r � ����r � ����� rs�
r � s� �� �ops�

We measure complexities in �op� i�e� �oating point operations� A �op is either an addition� a
subtraction� a multiplication� or a division� For simplicity� we also count a square root as one �op�

Forward substitution with a banded lower triangular matrix with half�bandwidth r and back�
ward substitution with a banded upper triangular matrix with half�bandwidth s cost

Cforw�n� r� � 
nr � r�r � �� �ops and Cback�n� s� � �
s� ��n� s�s � �� �ops�

respectively� The complexities of Gaussian elimination without and with pivoting are

CGauss�n� r� s� � CLU�n� r� s� �Cforw�n� r� � Cback�n� s� �
���

and
CGaussP�n� r� s� � CLUP�n� r� s� � Cforw�n� r� �Cback�n� r � s�� �
�
�

respectively� In the complexity analyses of the parallel algorithms we will restrict ourselves to the
two important special cases

�� A is diagonally dominant and its two half�bandwidths are equal� k �� r � s� Then�

CGauss�n� k� � �
k� � �k � ��n�
�

�
k��k � ����k � �� �ops� �
���


� A is symmetric positive de�nite �spd� with half�bandwidth k� Then� instead of the LU fac�
torization� we compute the Cholesky factorization� A � LLT � This factorization halves the
cost of solving Ax � b�

CCholesky�n� k� � �k� � �k � ��n�
�

�
k��k � ����k � �� �ops� �
���

� The divide and conquer approach

The divide and conquer approach we present here has been investigated by Dongarra and Sameh ��

for non�symmetric diagonally dominant band matrices� Earlier� Lawrie and Sameh ���
 considered
the same algorithm in connection with symmetric positive de�nite band matrices in which case
the implementation is simpli�ed and the complexity is reduced due to symmetry� The divide and
conquer algorithm of Bondeli ��
 for the solution of tridiagonal linear systems is a special case of
the Dongarra�Sameh algorithm�

In the divide and conquer approach the matrix A and the vectors x and b are partitioned in
the form �

BBBBBB�

A� B�

C� A� B�

� � �
� � �

� � �

� � �
� � � Bp��

Cp Ap

�
CCCCCCA

�
BBBBB�

x�

x�

���
xp��

xp

�
CCCCCA �

�
BBBBB�

b�

b�

���
bp��

bp

�
CCCCCA � �����

�



where Ai � IRni�ni� xi� bi � IRni �
Pp

i�� ni � n� We assume that ni � r � s� The structure of A
and its submatrices is depicted in Fig� ���a for the case p � �� Clearly� the diagonal blocks Ai are
band matrices with the same half�bandwidths as A itself�

�a� �b�

Figure ���� Non�zero structure of �a� the matrix in ����� and �b� the matrix in ���
� with n � �	�
p � �� ni � ��� r � �� and s � �� Dots denote non�zeros�

We assume that we have p processors available the ith of which deals with the ith block row
in ������ the matrices Ai� Bi� Ci� and the vectors xi and bi reside in the local memory of the i�th
processor� Of the matrices Bi � IRni�ni�� � i � p� and Ci � IRni���ni� i � �� only those columns
are stored which contain nonzero elements� If we denote the �rst s columns of Bi by �Bi and the
last r columns of Ci by �Ci� then Ci � �Oni�ni���r�

�Ci
 and Bi � � �Bi� Oni�ni���s
�

The algorithm

The algorithm proceeds in three steps�

�� Factorization

The submatrices Ai inherit the diagonal dominance of A and are� by consequence� invertible�
We thus can multiply ����� from the left by �A� � � � � � Ap�

�� and obtain�
BBBBBB�

In� E�

F� In� E�

� � �
� � �

� � �
� � �

� � � Ep��

Fp Inp

�
CCCCCCA

�
BBBBB�

x�

x�

���
xp��

xp

�
CCCCCA �

�
BBBBB�

c�

c�

���
cp��

cp

�
CCCCCA � ���
�

where Ei � A��i Bi� Fi � A��i Ci� and ci � A��i bi� The structure of the matrix in ���
� is depicted
in Fig� ���b�

The Ai can be factored in parallel by Gaussian elimination without pivoting� Ai � LiUi� At
the same time the s �rst columns of the matrices Ei and the last r columns of the Fi�

�Ei � U��i L��i
�Bi� �Fi � U��i L��i

�Ci�

and ci � U��i L��i bi can be computed�

If we assume k � r � s and ni � n�p for all i� then the serial complexity of this step is

Cstep � � pCLU�
n

p
� k� � �p���

k�k����

�
� ��p���k � p�Cforw�

n

p
� k� � ��p���
k � p�Cback�

n

p
� k�

�

�
��k� � �k � ���

k

p
��k � 
�

�
n�

kp



�k � ����k � �� �

k

�
�k � ����k � �� �ops�

�



The term k�k������ stems from the computation of L��i
�Bi� which preserves the sparsity structure

of �Bi�

In the factorization step� each processor can work independently on its block row without
interprocessor communication� Therefore� the parallel complexity of this step is

Cpar
step � � CLU�

n

p
� k� �

k

�
�k� ��� � �k � ��Cforw�

n

p
� k� � �
k � ��Cback�

n

p
� k�

� ��k� � �k � ��
n

p
�

�



k�k � ����k � �� �ops�

The work in this step is not completely balanced� as processors � and p have only one o��diagonal
block to compute� However� with large p� the e�ect of this imbalance becomes negligible�

�� Formation and solution of reduced system

The formation and solution of the reduced system is the di�cult and crucial step of all the
algorithms we consider in this paper� This step comprises the links between the split subsystems
and therefore results in communication between processors�

From Fig� ���b we see that the last r equations of the the block rows � to p� � and the �rst s
equations of the block rows 
 to p in ���
� determine the last r components of the xi� � � i � p�
and the �rst s components of the xi� 
 � i � p� respectively� More precisely� let �Ei� �Fi� xi� and ci

be partitioned into their �rst s� middle ni � r � s� and last r rows�

�Ei �

�
� �Ei�

�Ei�

�Ei�

�
	 � �Fi �

�
� �Fi�

�Fi�
�Fi�

�
	 � xi �

�
� xi�

xi�

xi�

�
	 � ci �

�
� ci�

ci�

ci�

�
	 � �����

Then� extracting from ���
� the above mentioned equations yields a reduced linear system�











�

Ir �E��

�F�� Is Os�r
�E��

�F�� Or�s Ir �E��

�F�� Is

� � �

� � �
� � �

Os�r
�Ep����

�Fp���� Or�s Ir �Ep����

�Fp� Is

�
�����������	

�











�

x��

x��

x��

x��

���
xp����

xp����

xp��

�
�����������	

�

�











�

c��

c��

c��

c��

���
cp����

cp����

cp��

�
�����������	

� 
z � � 
z � � 
z �
S z � h

�����

of order �p � ���r � s�� As indicated in Fig� ��
a� the system matrix S is block�tridiagonal with
blocks of order r � s� Fig� ��
b shows how S can be formed in parallel� The dots between the
dashed lines indicate the non�zero elements that are formed by the same processor�

As S inherits diagonal dominance fromA�Gaussian elimination without pivoting is the straight�
forward method to solve Sz � h� Factorization and forward substitution are performed sequentially�
processor � starts by sending its r rows of the system to processor 
� This prepends the received
to its own r� s rows and eliminates the �rst r� s equations of its local �
r� s�� ��
r� s� system�
It then sends its �updated� last r rows to processor �� and so on� Finally� processor p concludes by
solving a system of order r � s� Fig� ��
b shows the �ll�in elements ��� that are produced during
the factorization� Back�substitution then proceeds from processor p back to processor ��

The volume of the messages sent from processor i to processor i�� during the factorization
phase are r�s � �� �oating point numbers� the elements of �Ei� and ci�� in the backsubstitution
phase the messages that are sent by processor i to processor i�� have length s� They comprise
xi�����

�



�a� �b�

Figure ��
� Two views of the reduced system matrix for p � �� r � �� s � �� In �a� its block�
tridiagonal structure in �b� its locality and �ll�in ����

The serial complexity of the solution of the reduced system is

Cstep � �
k

�
�
�k� � ��k � ���p� ��� k��k� � �k � �� �ops�

when we take the special structure of S� in particular its unit diagonal� into account�

The complexity of the communication is


�p� ��� � �p � ���k� � 
k�� �ops�

Here� we assumed that the time for the transmission of a message of length n �oating point numbers
from one to another processor is of the form

� � n��

� denotes the startup time relative to the time of a �oating point operation i�e� the number
of �ops that can be executed during the startup time� � denotes the number of �oating point
operations that can be executed during the transmission of one ���Byte� �oating point number�
The parallel complexity of this step di�ers from the sequential complexity only in that includes
the communication complexity� Thus�

Cpar
step � � �p� ��

�
k

�
�
�k� � ��k� �� � 
� � �k� � 
k��

�
� k��k� � �k � �� �ops�

For an Intel Paragon running the operating system OSF�� Release ��
 the startup time for
message passing is about ��	sec� The interprocessor communicationbandwidth is about ��MB�sec�
The �	 M�op performance of the LINPACK benchmark ��
 re�ects the attainable performance for
a program that doesn�t make use of the pipelining features of the i��	XP processor� Therefore� we
set the numbers � � �			 and � � ��

A second possibility for solving the reduced system is block cyclic reduction ��� p� ���
� Let the
block�tridiagonal system ����� be written as�

BBBBBB�

T� U�
V� T� U�

� � �
� � �

� � �

� � �
� � � Up��
Vp�� Tp��

�
CCCCCCA

�
BBBBB�

��
��
���

�p��
�p��

�
CCCCCA �

�
BBBBB�

��
��
���

�p��
�p��

�
CCCCCA � �����

�



To describe the algorithm� we imagine ����� being odd�even permuted into the form�















�

T� U�
T� V� U�

� � �
� � �

� � �

Tp���
� � � Up���

Tp� Vp�
V� U� T�

V� U� T�
� � �

� � �
� � �

Vp� Up� Tp�

�
���������������	

�














�

��
��
���

�p���
�p�
��
��
���
�p�

�
��������������	

�

�














�

��
��
���

�p���
�p�
��
��
���

�p�

�
��������������	

�����

with p� � p� � � p� � � if p� � even� and p� � p� � � p� � � if p� � odd� ������ shows the latter
case�� Equation ����� is now block�factored� the left hand factor being applied to the right hand
side immediately��


















�

I T��� U�
I T��� V� T��� U�

� � �
� � �

� � �

I
� � � T��p���

Up���
I T��p� Vp�

�T� �U�

�V� �T�
� � �

� � �
� � � �Up���
�Vp� �Tp�

�
�����������������	

�














�

��
��
���

�p���
�p�
��
��
���

�p�

�
��������������	

�

�

�














�

T�
T�

� � �

Tp���
Tp�

V� U� I
V� U� I

� � �
� � �

� � �

Vp� Up� I

�
��������������	

�� �













�

��
��
���

�p���
�p�
��
��
���

�p�

�
��������������	

�

�














�

T��� ��
T��� ��

���
T��p����p���
T��p� �p�

���
���
���

��p�

�
��������������	
�

�����

where

�Tk � Tk � UkT
��
k��Vk�� � VkT

��
k��Uk���

�Vk � �VkT
��
k��Vk���

�Uk � �UkT
��
k��Uk���

��k � �k � VkT
��
k���k�� � UkT

��
k���k���

The Tk� Uk� Vk� and �k are stored in the memory of processor k� Therefore� the odd�numbered
processors can compute T��k Uk� T

��
k Vk� and T��k �k� They then send these quantities to their

neighboring even�numbered processors which compute their copies of �Tk� �Uk� �Vk� and ��k� The
even�numbered processors then block�factor the system�





�
�T� �U�

�V� �T�
� � �

� � �
� � � �Up���
�Vp�

�Tp�

�
����	
�



�

��
��
���
�p�

�
���	 �

�



�

���
���
���

��p�

�
���	 �����

�



in the same way as before� This recursive process is continued until a 
k� 
k system of equations
is left� which is then solved directly� The other components of z are obtained by back�substitution�

Interestingly� the nonzero structures of �Tk� �Uk� and �Vk are the same as those of Tk� Uk� and Vk�
respectively� Because the nonzero patterns are preserved during the cyclic reduction� the sequential
and parallel complexities are given by

Cstep ��cr
�
� �p � ��

k

�

�
�
�k� � ��k� �

�
�ops

and

Cpar
step ��cr

�
� log�bp� �c

�
k

�

�
�
�k� � ��k� �

�
� �� � ��k� � �k��

�
�

�

�
k���k� � ��k� �� �ops�

respectively�

�� Back substitution

Equation ����� determines some of the �rst and last components of the xi� � � i � p� The
undetermined components of the xi are computed by back�substitution� ���
� with the notation
of ����� gives �

x��

x��

�
�

�
c��

c��

�
�

�
�E��

�E��

�
x���

xi� � ci� � �Fi�xi���� � �Ei�xi����� � � i � p�

�
xp�

xp�

�
�

�
cp�

cp�

�
�

�
�Fp�
�Fp�

�
xp�����

�����

As the �rst� the third step of this algorithm is trivial to parallelize� There is no interprocessor
communication� So� the serial and parallel complexities of this step are

Cstep � � �k

�
��

�

p

�
n� �k�p� �
k� �ops and Cpar

step � � �k
n

p
� �k� �ops�

respectively� Notice that the work of this step is much smaller than that of step ��

Redundancy and speedup

The discussion in this section is made under the assumption that k �� r � s� n� We �rst consider
the variant of this divide and conquer algorithm in which the reduced system is solved by block
Gaussian elimination� The overall serial complexity of this algorithm is

Cd	c�n� k� p� � Cstep � �Cstep � � Cstep � 	

�
�k� � �k�

�

p

�
n�




�
pk� �ops� ����	�

This is clearly bigger than the complexity of the ordinary Gaussian elimination �
���� The ratio
of the two complexities is called redundancy ��
� p� ���
� As k � n we omit the terms depending
only on k in Cstep �� Cstep �� and CGauss� Thus�

Rd	c�n� k� p� ��
Cd	c�n� k� p�

CGauss�n� k�
	 ��

�

p
�

�

�

pk

n
������

Notice� that pk
n
� �� Redundancy measures the overhead work that is introduced by parallelizing

an algorithm� In this algorithm it is caused by the computation of the matrices �Ei and �Fi in step ��
Speedup is the factor by which a parallel algorithm on p processors is faster than the best

sequential algorithm� As the parallel complexity of the divide and conquer algorithm is

Cpar
d	c � Cpar

step � � Cpar
step � �Cpar

step � 	 �k�
n

p
�

�
��

�
k� � 
� � k��

�
p �ops� ����
�

�



speedup becomes

Sd	c�n� k� p� ��
CGauss�n� k�

Cpar
d	c�n� k� p�

	
p

� �
�


�k � �

�� � �
k�

�
p�

n

������

Clearly� this speedup is far from the ideal speedup S�p� � p� As

Sd	c�n� k� p� �
CGauss�n� k�

Cpar
d	c�n� k� p�

�
CGauss�n� k�

Cd	c�n� k� p�

Cd	c�n� k� p�

Cpar
d	c�n� k� p�

�
p

R�n� k� p�
�

ideal speedup is possible only if ��� the parallel algorithm has the same complexity as the sequential
algorithm and �
� if the parallel algorithm is perfectly parallelizable� This algorithm satis�es neither
of the two conditions� First� the redundancy is very high� R 	 �� and� second� the reduced system
is solved serially� The latter is the origin of the p� term in ������ which makes speedup decrease

as soon as p exceeds a critical number poptd	c for which speedup is highest� poptd	c is the positive zero
of the derivative of S in �������
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and yields an optimal speedup of
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The serial complexity of the variant of the divide and conquer algorithm in which the reduced
system is solved by cyclic reduction is
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whereas the parallel complexity is
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From this we get the redundancy
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Not surprisingly� since the factor � stems from step �� this is not much di�erent from ������� The
speedup is given by
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Here� optimal processor number and optimal speedup are
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For large ratios n�k these optimal quantities are much higher than ������ and �������
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Memory requirements

The matrices �Ei and �Fi can be stored in Ai� Extra memory space is needed to store the reduced
system� If the reduced system is solved by cyclic reduction� space for about ��k� �oating point
numbers is needed� If the reduced system is solved by Gaussian elimination� only about half of
this is needed� If the reduced system is solved on a single processor� the complete reduced system
must be stored there�

Remarks

Notice that it is not su�cient to multiply ����� by �L� � � � � � Lp�
�� from the left� This does not

lead to a reduced system�
The reduced system is not symmetric even if the original matrix is so� If A is positive de�nite�

the Ai can be factored according to Cholesky which saves only k�n� �
�pk

� �ops of the �k�n �ops
of the overall algorithm� The reduced system does not have a Cholesky factorization in general�

Mehrmann ���
 studies the case where the Ai are not diagonally dominant or even non�singular�
He proposes writing the diagonal blocks in the form Ai � �Ai � Di where �Ai equals Ai up to the
�rst and last k � k principal diagonal blocks� Di is chosen so that �Ai is non�singular� There are
free parameters so that the condition of �Ai could be optimized� The value of such a procedure is
questionable� since the complexity of the solution of the reduced system is increased considerably
as the particular structure ����� is lost� We believe that it is easier to solve such systems by the
double�width separator approach that will be introduced in section ��

Meier ���
 introduces a band solver which is similar to the method proposed by Wang for
tridiagonal systems of equations�

The so far mentioned papers did not consider solving the reduced system by cyclic reduction�
The authors implemented the methods on computers with only a few processors� However� for
cyclic reduction to be superior over Gaussian elimination the number p of processors has to be
su�ciently large�

� The single�width separator approach

In contrast to the divide and conquer approach� in the single�width separator approach there is a
layer between the diagonal blocks� The width of the layer equals the larger of the half�bandwidths�
This algorithm has been studied e�g� by Johnsson ���
� Dongarra and Johnsson ��
� and in modi�ed
forms by Wright ���
� Conroy ��
� It is well�suited for diagonally dominant and symmetric de�nite
matrices� For the presentation we assume A to be nonsymmetric diagonally dominant�

In the single�width separator approach the matrix A and the vectors x and b are partitioned
in the form �
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where Ai � IRni�ni � Bi � IRni�k� Ci � IRk�ni� Di � IRk�k� xi� bi � IRni � �i� �i � IRk� k �
max�r� s�� and

Pp
i�� ni � �p � ��k � n� We assume that ni � k� The structure of A and its

submatrices is depicted in Fig� ���a for the case p � �� The diagonal blocks Ai are band matrices
with the same half�bandwidths as A itself�

Remark� The following analysis also holds if we choose k � max�r� s�� This however doesn�t
make sense practically� as the computational complexity grows with increasing k� The parallel
portion of the algorithm decreases while the sequential portion increases�

We again assume that we have p processors� In this case� processor i stores matrices Ai� B�i���
B�i��� C�i��� C�i��� Di and the vectors bi and �i� �Some of the variables may not be present on
processor � and p��

��



�a� �b�

Figure ���� Non�zero structure of �a� the original and �b� the block odd�even permuted band matrix
with n � �	� p � �� ni � �
� r � �� and s � ��

The easiest way to understand the single�width separator approach is by permuting rows and
columns of A in a block odd�even fashion� In this way� ����� becomes
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the structure of which is depicted in Fig� ���b� We denote the matrix in ���
� by �A�

Remark� As matrices appearing in domain decomposition methods have the structure of �A the
above permutation is sometimes called  algebraic domain decomposition�� If k � r� the following
factorization represents one step of cyclic reduction�

The algorithm

Now� the algorithm proceeds in three steps�

�� Factorization

We compute a block LU factorization of the matrix in ���
�� �A � LR� The structures of the L
and R factors are depicted in Fig� ��
� These are the same structures as George ��
 obtained with
the non�symmetric Cholesky factorization in his one�way dissection scheme� After multiplying ���
�

�




by L��� we obtain the system�
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where

E�i�� � L��i B�i��� E�i�� � L��i B�i��� F�i�� � C�i��R
��
i � F�i�� � C�i��R

��
i �

ci � L��i bi� �i � �i � F�i��ci � F�ici��� �����

Ti � Di � F�i��E�i�� � F�iE�i� Ui � �F�iE�i��� Vi � �F�i��E�i���

�a� �b�

Figure ��
� Non�zero structure of the �a� L and �b� R factor of the LU decomposition of �A� Here�
n � �	� p � �� ni � �
� r � �� and s � ��

Each processor can work independently on its block row computing E�i��� E�i��� F�i��� F�i���
and ci� Furthermore� each processor computes its portion of the matrix and right hand side of the
reduced system �������
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respectively� Until this point of the algorithm� there is no interprocessor communication�

For the complexity analysis we assume that k � r � s and that ni � n�p� k� Thus� the serial

complexity of this step is
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The terms have been arranged in the same order as they appear in ������ Step � is almost perfectly
parallelizable� Only the �rst and last processors have less work to do� The parallel complexity of
this step is
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�� Formation and solution of reduced system

The reduced system here is
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The matrix S is the Schur complement of
Lp

i��Ai in �A� It is a block tridiagonal matrix of order
�p���k with k�k blocks� These blocks may not be full if r � k or s � k� cf� Fig ��
b� Similarly as
in the divide and conquer approach the reduced system is diagonally dominant and can be solved
by block Gaussian elimination or by block cyclic reduction� In both cases� the matrices Vi� Ti� Ui
and the vector �i are stored on processor i � � at the beginning of the solution process�

Block Gaussian elimination of ����� costs

Cstep � �
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The complexity of the communication is 
�p � ��� � �p � ���k� � k�� �ops and thus the parallel
complexity becomes
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If the reduced system is solved by cyclic reduction� the serial and parallel complexities are given
by
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�� Back substitution

Knowing the vectors �i� � � i � p� the i�th processor can compute its section of x by

x� � R��� �c� � E�����
xi � R��i �ci � E�i���i�� � E�i���i�� � � i � p�
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Each processor can proceed independently� there is no interprocessor communication� Therefore�
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Redundancy and speedup

We proceed as in the previous section� We assume that k �� r � s � n� We �rst consider the
variant of the single width separator algorithm in which the reduced system is solved by block
Gaussian elimination� The overall serial complexity of this algorithm is
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Comparing ����� with �
��� we obtain the redundancy
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which is almost as high as in the divide and conquer algorithm�
The signi�cant terms of the parallel complexity of the single width separator algorithm and the

divide and conquer algorithm are the same� cf� ����
��
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Therefore� the speedup of divide and conquer and single width separator approach are equal�
The serial complexity of the variant of the single width separator algorithm in which the reduced

system is solved by cyclic reduction is
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whereas the parallel complexity is
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From this we get the redundancy
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The speedup is given by
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Here� optimal processor number and optimal speedup are
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Memory requirements

The matrices Ei and Fi can be stored in Ai� The memory space needed for the local portions of
the reduced system is about �k�� This is less than in the divide and conquer algorithms as the
blocks of the reduced system have only half the order�

Remarks

This algorithm is well suited for symmetric� positive de�nite systems of equations� as the factor�
ization of ���
� is essentially symmetric� In ����� we have Fi � ET

i and Vi�� � UT
i � The amount of

work is reduced by a factor of 
� From Section 
 we know that Cholesky factorization is cheaper
than Gaussian elimination also by this factor� We compute the non�symmetric Cholesky factoriza�
tion ��
 which yields left and right factors with the same structures as those in Fig� ��
� Also the
volume of the messages is about half as large as in the non�symmetric case� however� their number
remains the same� Therefore� the formulae for redundancy and speedup are not changed besides
the weights of the terms involving the relative startup time �� This holds for both variants of the
algorithm�

Wright ���
 presented a version of the single width separator algorithm with pivoting� His
algorithm incorporates total pivoting� If the factorization of an Ai cannot be completed� the
unfactored part is added to the reduced system� The programming of this algorithm is quite
cumbersome and the load of the processors in a multiprocessor environment is unpredictable� The
advantage of this algorithm is the combination of a good performance in favorable situations and
a safeguard in the other cases�

Conroy ��
 partitions the band matrixA as in ������ but his algorithm resembles more the divide
and conquer algorithm of Section ��

Johnsson�s analysis in ���
 is very similar to ours� He however models the communication
complexity di�erently� There is no startup time� The time to communicate n �oating point
numbers is proportional to n and the distance between the communicating processors�

Cyclic reduction is practical only if a rich network as a hypercube or perfect shu!e network
is available� On the newest generation MPP computers establishing links between processors does
not play a signi�cant role in the communication cost anymore� The startup time mainly includes
the overhead due to initiation of a message transfer �system calls� bu�er allocation�� Thus� cyclic
reduction is feasible on 
D grid connected processors�

� The double�width separator approach

In the double�width separator approach the separation layer is about twice as wide as in the single�
width separator approach� The width m equals the sum of the two half�bandwidths� m � r � s�
This algorithm has been studied by Wright ���
 and Conroy ��
� too� It permits partial pivoting in
a natural way and thus is suited for systems of linear equations which are not positive de�nite or
diagonally dominant�

In the double�width separator approach the matrix A and the vectors x and b are partitioned
in the form �cf� Fig� ���a�
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where xi � IRni � �i � IRm� and b� � IRn��r � bp � IRnp�s� bi � IRni�m� � � i � p� The Ai are
rectangular� Here� we have

Pp
i�� ni � �p� ��m � n�

��



�a� �b�

Figure ���� Non�zero structure of �a� the original and �b� the column permuted band matrix with
n � ��� p � �� n� � ��� n� � n� � �
� r � �� and s � 
�

We permute the columns of the matrix A such that the separator columns are moved to the
end �cf� Fig� ���b��
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We assume to have p processors available� The i�th processor holds Ai� Bi� Ci� and bi�

The algorithm

Also this algorithm proceeds in � steps�

�� Factorization

Figure ��
� Non�zero structure of the R�factor

We compute the LU factorization LiRi � PiAi of the rectangular Ai� Pi is a permutation
matrix� Note that the Ai have full rank since A is nonsingular� We chose the maximum column

��



pivoting strategy to achieve stability� We apply
Lp

i���L
��
i Pi� on equation ���
� from the left to

obtain
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where
Ei � L��i PiBi� Fi � L��i PiCi� ci � L��i Pibi�

The structure of the matrix in ����� is depicted in Fig� ��
� In most cases the �ll�in in Ei and Fi
is not as severe� Nevertheless� the memory has to be provided for this worst�case situation�

For the complexity analysis we assume for simplicity that the Ai are square and ni � n�p�
We furthermore assume that k � r � s� As the Ai are not assumed to be diagonally dominant�
pivoting is necessary in the LU factorization� Thus� the serial complexity of this step is
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Notice� that we actually factor a lower triangular matrices if we imagine Bi being appended to Ai�

Each processor can work on its block row independently of each other� There is no interprocessor
communication� Therefore� the parallel complexity of this step is
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Again� the work in this step is not completely balanced� as the Ai partially have di�erent structures�
Furthermore� processors � and p have only one o��diagonal block to compute�

�� Formation and solution of reduced system

For the sequel we split the matrices Ri� Ei� Fi in the following way�
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As the Ai have maximal rank ni� the diagonal elements of �Ri do not vanish� The unknown �i can
now be determined by those rows of equation ����� which correspond to the zero rows of the Ri��
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The reduced system ����� has order �p � ��m� The system matrix S is blocked� All blocks are
m�m� except �E��� which is r �m� and �Fi�� which is s�m� As solving Sz � h requires pivoting�
we cannot apply cyclic reduction� but are restricted to Gaussian elimination� We proceed as in
the other algorithms� The factorization is performed sequential by all processors involved in the
computation� Each processors factors its portion of the reduced system and sends those data �rm

��



�oating point numbers� to the next processor that that needs for factoring its portion of the system�
The back�solving phase proceeds in the other direction� the message volume is only m�

With k � r � s and m � 
k the sequential complexity of solving ����� by Gaussian elimination
becomes
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Because this step is performed sequentially� the parallel complexity is Cstep � plus the complexity
of the communication�

Cpar
step � � �p� ��

�

k

�
���k� � �
k� �� � 
� � �
k� � 
k��

�
� 
k���k � 
� �ops�

�� Back substitution

Knowing the vectors �i� � � i � p� the i�th processor can compute its section of x by

x� � �R��i ��c�� � �E������

xi � �R��i ��ci� � �Fi��i�� � �Ei��i�� � � i � p�

xp � �R��p ��cp� � �Fp��p����

�����

Each processor can proceed independently� there is no interprocessor communication� Serial and
parallel complexities of this step are

Cstep � �

�
�k � ��

�k

p

�
n� 
k�
k� �� and Cpar

step � � ��k � ��
n

p
�

respectively�

Redundancy and speedup

Again with the assumption that k � m�
 � r � s and that ni � n�p the overall serial complexity
of this algorithm is

Cdws�n� k� p� 	

�
���

�


p

�
k�n� �	pk� �ops� �����

Comparing ����� with the cost �
�
� of Gaussian elimination with pivoting� we obtain the redun�
dancy

Rdws�n� k� p� �
Cdws�n� k� p�

CGaussP�n� k�
	 ��

�

p
�

�




pk

n
� �����

which is� for large p� the same as with the two other algorithms�
The parallel complexity of the double width separator approach is

Cpar
dws 	 ��k�

n

p
�

�

�

�
k� � 
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k��

�
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Thus� speedup becomes

Sdws�n� k� p� �
CGaussP�n� k�
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yielding optimal processor number

poptdws 	

r

�n

��k
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and corresponding optimal speedup

Soptdws 	

r
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Memory requirements

Extra memory space for storing the 
kn entries of the block matrices Fi� The space needed for the
local portions of the reduced system is about �
k� �oating point numbers�

Remarks

The incorporation of pivoting into parallel solvers for banded and in particular tridiagonal linear
systems is not discussed often� Hegland ���
 presents a variant of Wang�s algorithm that allows
pivoting for the solution of tridiagonal systems�

� Discussion

The three approaches we discussed share the same algorithmic structure� There are two phases�
factorization and back substitution� that are naturally parallelizable� The third phase� the solution
of the reduced system� is completely sequential� This phase evidently is the bottleneck of these
algorithms�

As the cost for the solution of the reduced system increases with the number of processors p�
speedup will be maximal for some optimal number of processors� This means that the speedup
increases only until a certain number popt of processors� popt depends on the size of the problem�
The existence of popt means that these algorithms are not scalable� In Tab� ��� we list the speedup�
the optimal number of processors and corresponding maximal speedups for the various algorithms�

algorithm speedup S�n� k� �� � � popt Sopt
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Table ���� Characteristic numbers for various algorithms

Clearly� the variants incorporating cyclic reduction are superior to the variants without� The
denominator of the speedup formula of the latter containes a p� term in contrast to the p log��p�
term for the former� By consequence� the optimal processor numbers of the algorithms with
cyclic reduction are approximately the square of the optimal processor numbers of the algorithms
without cyclic reduction� Single width separator �sws� and divide and conquer �d"c� approaches
both without cyclic reduction behave equally� If the reduced system is solved by cyclic reduction
�sws�cr�� the single width separator approach is slightly faster than d"c�cr� the divide and conquer
approach with cyclic reduction� The main advantage of sws and sws�cr are their ability to exploit
the structure of symmetric problems�
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Figure ���� Theoretical speedups for n � �					� k � �	� and � � �� The pair of dashed lines
corresponds to sws� the pair of solid lines to sws�cr� The upper and lower of the two lines correspond
to � � 	 and � � �			� respectively� The dash�dotted line indicates ideal speedup�

The e�ciency of a parallel program is de�ned by

E�n� k� p� ��
S�n� k� p�

p
� �����

E�ciency measures the fraction of the processor power that is actually utilized by the parallel
program� It is evident from Table ��� that for �xed problem size the e�ciency decreases if the
processor number is increased� To have equal e�ciency �isoe�ciency ��	
� when increasing the
number of processors� the problem size has to be increased also� For these algorithms the processor
number has to grow very rapidly to that end� From Table ��� and ����� we see that for the single
width separator approaches the relations among n� k� and p are

p� � n

��
�

�
k �

�



�

�

k�

�
for sws and

p log��p� � n

��
�

�
k � 
� �


�

k�

�
for sws�cr� If communication were negligible� speedup and e�ciency depended only on the ratio
n�k� This the case only if k is large�

In Figure ��� the theoretical speedups of Table ��� are plotted for sws and sws�cr for the two
values � � �			 and � � 	 for a problem of size n � �					 and k � �	� Here� we assumed that
� � �� � � 	 stands for the case where the communication startup cost can be hidden behind
computation� On the Paragon this can be done� at least partially� with asynchronous message
passing primitives� The curves show �rst that speedups for sws are much smaller than for sws�cr�
Furthermore� they show that the optimal processor number is relatively low for sws� For this
problem size it is around �		� Speedup as well as e�ciency are between �	# and 
	#� With
sws�cr much higher speedups are obtained �popt � ������ Sopt � 
���� However� the e�ciency
is not very high either� We remark here� that the speedup and e�ciency would be satisfactory if
they were given with respect to the performance of the parallel algorithm on one node as we would
then neglect its high redundancy�
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Figure ��
� Times �a� and speedups �b� for sws �� �� and sws�cr �$� for n � �				 and k � �	�
The thin�thick curves correspond to calculations with IEEE arithmetic turned on�o��
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Table ��
� Times in milliseconds for sws and sws�cr for the smallest problem size �n� k� �
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We ran the symmetric single width separator algorithm for � di�erent problem sizes on the Intel
Paragon at ETH Zurich �

� This machine has �� compute nodes based on Intel�s i��	XP RISC
processor� The operating system version was OSF��� Release ��
��� which exploits the message
processors that complement the compute processor on each node� The message processors are
necessary for asynchronous message passing� Each node has a memory of �
 MByte of which
about � are occupied by the operating system� Larger problems can be solved by using the very
slow secondary �disk� memory� For e�ciency reasons storing on disk should be avoided� In our
test we always used the local memory� If problems were too big to �t into this� we extrapolated
timings from smaller problems which did �t into memory� �Extrapolated numbers are indicated
by an asterisk� cf� Tab� ��� and Tab� ����� In this way we avoid performance losses due to page
swapping� On the other hand� speedups are smaller this way than actually observed as we neglect
the overheads involved with solving large problems on a single processor�

One series of measurements �the numbers in one table� was always done with the same exe�
cutable� The arrays were dimensioned according to the requirements of the problem running on
the smallest number of processors� All times given are the best obtained in several measurements�
The presented numbers contain only the time for the solution of the banded system� We assume
that this algorithm is used in a program that computes the system matrix distributed over the
processors� So� the time for constructing and distributing the matrix is not included in the shown
times� A fortiori� the time to load the program from disk is not included� Loading the program
may take longer than the computation�

In Tab� ��
 the timings for the smallest problem size are presented� Figure ��
�a� shows the
corresponding plots� In Fig� ��
�b� the speedups are given� For this small problem� only up to ��
nodes were used� The Fortran programs have been compiled with the IEEE �ag turned on and o��
It is observed in Fig� ��
 as in the �gures shown later that the cost of the �oating point arithmetic
according to the IEEE is very high� On the Intel Paragon� the IEEE division and square root are
written in software� Also the exception handling for the multiplication is done in software� It can
be observed in this and later �gures� that the numbers obtained with IEEE arithmetic turned o�
behave much smoother and better according to theory than those obtained with IEEE arithmetic�
These numbers sometimes behave in an erratic manner� Spikes seen in performance curves are
reproducible�

The timings for the problem size �n� k� � ��					� �	� are given in Tab� ���� The corresponding
plots of times and speedups are in Fig� ���� Again� the curves of the timings obtained without IEEE
arithmetic are much better than those with the IEEE �ag turned on� The plot clearly indicates
that the speedups without IEEE behave as theoretically predicted� The speedups obtained with
the computations are slightly below the ones predicted� sws has its peak speedup at around p � ���
Speedup for sws�cr is increasing in the whole domain covered here� E�ciencies range from ��# to

	#� The timings for the runs with IEEE arithmetic show a sudden collapse at p � ��� The form
of this performance �speedup� jump indicates that there are frequent cache misses until the local
problem size gets so small that it �ts into cache� The spike in the execution times for sws right
before the jump �p � ��� �
�� is not yet understood� It is presently under investigation by Intel
engineers�

In Tab� ��� the timings for the problem size �n� k� � ��					� �	� are listed with the correspond�
ing plots in Fig� ���� In Table ��� the one processor times were obtained by linear extrapolation
as neither of the problems �t into the memory of one processor� Linear extrapolation was moti�
vated by the linear dependence of CCholesky�n� k� in �
��� with respect to n� The reference time
of ����� milliseconds is eight times the fastest one processor time in Tab� ���� The ��					��	�
problem could be solved on one processor using the slow secondary memory in about �		 seconds�
Speedups with respect to this number are greater than p� The speedups obtained with sws�cr are
very satisfactory� E�ciency is close to �	#� however� with respect to the estimated one�processor
time�

Table ��� gives the timings for the problem size �n� k� � ��					� �	�� Plots for timings and
corresponding speedups are found in Fig� ���� Because of the wider band� speedups have decreased
with respect to the example before� The one�processor time is �	 times the time measured for
solving a banded system of order ����� and half�bandwidth �	 on one node� For the non�IEEE
version of the programs� in particular sws�cr� speedups are satisfactory� We observe speedups of
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almost �	 with �� processors� As with the half�bandwidth �	� the speedup curve for sws�cr is still
increasing at the higher end� The IEEE versions are very slow� Ratios of around �	 are found�
The ratio was not as large in the ��					� �	� problem� Thus� the loss is in the solution of the
reduced system� This part of the program is written in plain Fortran� There are in contrast to the
other parts of the program which handle the banded �Ai� and blocked �Bi� Ei� matrices no calls
to LAPACK routines�

� Conclusions

In conclusion� one can say that direct methods for solving banded systems of equations are a
reasonable solution path on parallel machines if the bandwidth of the matrix is very narrow� If
possible the reduced system must be solved with cyclic reduction�

These algorithms are not scalable� There will always be a processor number popt for which
speedup is highest� This number depends �rst of all on the ratio n�k� cf� Tab� ���� The speedup
curve is very �at at its peak� cf� Fig� ��
� As e�ciency decreases with the processor number� it is
not worth to actually solve a problem on a processor number close to popt� However� in our largest
numerical experiments we did not get even close to the peak speedup with �� processors�

Speedups and e�ciencies of the investigated algorithms will be low as their redundancy� i�e�
the algorithmic overhead by parallelizing Gaussian elimination is high� However� as seen in the
large numerical examples� it is di�cult to compare with a one�processor solution� as it does not
even exist� It may be impossible �or excessively slow� to solve a large problem on a small number
of processors because of its size�

The structure of the algorithms for solving sparse systems of linear equations that are paral�
lelized by domain decomposition techniques is the same as the one of the investigated algorithms�
If the underlying domain is long and narrow and if one�way dissection is used to de�ne the subdo�
mains� a matrix is obtained with at least locally narrow bandwidth� One of the above algorithms
can be used to solve such a linear system� Only the band factorization has to be replaced by a
sparse solver� As the latter is more expensive than a simple band solver� the dominance of the
cost of the solution of the reduced system is reduced and speedups should be higher than the ones
reported here�

Dongarra and Sameh ��
 propose to solve the reduced system iteratively� If the number of
iterations does not depend on the number of processors used� the algorithm becomes scalable�
This assumption appears to be questionable� Nevertheless� it seems that the only way to scalably

solve banded systems on MPP computers is by means of some iterative procedure�
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