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Abstract

The Batalin—Vilkovisky data for Polyakov string theory on a manifold with (non-
null) boundary are shown to induce compatible Batalin—Fradkin—Vilkovisky data,
thus allowing BV-quantisation on manifolds with boundary. On the other hand, the
analogous formulation of Nambu—Goto string theory fails to satisfy the needed reg-
ularity requirements. As a by-product, a concise description is given of the reduced
phase spaces of both models and their relation, for any target d-dimensional Lorentzian
manifold.
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1 Introduction

Classical mechanics can be seen as a simple and instructive example of a Lagrangian
field theory describing a particle moving in some reference manifold. The theory can
be formulated in such a way that the variational problem becomes reparametrisation
invariant, and critical configurations are unparametrised geodesics in the target mani-
fold. This version of classical mechanics is often called Jacobi theory, and it embodies
Maupertuis’ principle [30].

As it is known, it is possible to recover classical mechanics by means of a more
sophisticated coupling of a scalar with a one-dimensional gravitational theory (see
[18] for a recent account pertinent to this paper). This requires the introduction of a
dynamical metric on the source (the “worldline”), which will determine the behaviour
of the particle’s trajectory in the target. Both Jacobi theory and 1d gravity with scalar
matter are reparametrisation invariant, and in physics’ parlance we say that they are
classically equivalent, i.e. the two theories describe the same moduli space of solutions
modulo (local) symmetry.

This picture allows a straightforward generalisation to extended objects moving in
a reference manifold. The field theory one obtains by directly generalising minimal
curves in amanifold is called Nambu—Goto string theory [27, 34]: a Sigma model where
the source manifold (the “worldsheet”) is a two-dimensional differentiable manifold,
and the target is some N-dimensional Lorentzian manifold. It yields a variational
problem for minimally embedded 2d Lorentzian submanifolds, which can be seen as
the evolution of 1d extended objects—called strings. The two-dimensional version of
a gravitational field coupling with scalars is instead known as Polyakov theory [12,
35], which is also invariant under source diffeomorphisms, but exhibits an additional
symmetry, corresponding to the rescalings of the dynamical metric.

Similarly to the 1d scenario, Polyakov theory and Nambu—Goto theories are classi-
cally equivalent: one can solve the equations of motion for the dynamical metric and,
upon restricting the theory to that partial critical locus, one recovers Nambu—Goto
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theory. It is important to observe, at this stage, that this equivalence only holds when
one restricts all possible maps to embeddings into the target manifold!.

In order to quantise a field theory that admits local symmetries, one can conveniently
phrase the model within a cohomological setting, with the intent of describing its
moduli space of solutions by means of the cohomology of an appropriate complex.
This is the philosophy of the Batalin—Vilkovisky (BV) formalism [7, 8].

A number of recent applications, however, suggest that this picture might be incom-
plete, and that a satisfactory description of a quantum field theory requires a detailed
treatment of certain cohomological data induced on codimension 1 (and in princi-
ple higher) hypersurfaces. The main scenario here is given by boundaries: although,
instead of fixing a particular field configuration at the boundary, we consider the
induced data as structural information, essential for determining both classical and
quantum behaviour of the model.

It is clear that boundaries host crucial physical information for a field theory, since
that is where the Phase Space of the theory naturally resides”. Following the geometric
approach of Kijowski and Tulczyjew [31], to a classical field theory on a manifold with
boundary (M, 9 M) we associate a symplectic manifold of classical boundary fields
(F?, ?) and we look at a coisotropic submanifold C ¢ F? describing boundary
configurations that can be extended to a solution of the bulk equations of motion for a
small enough cylinder 0 M x [0, €). Usually, the submanifold C is the vanishing locus
of a set of first class constraints, i.e. functions {¢; } in involution. For example, in Yang—
Mills theory this is given by (generalised) Gauss’ Law, while for General Relativity
these are called “Hamiltonian and momentum constraints” [22, 24] (see also [17,
20]). When this is the case, the coisotropic submanifold C = Zero{¢;} describes the
Reduced Phase Space of the system, which is defined as the (symplectic) reduction’
C.

If the bulk theory is formulated in the BV formalism, one can apply a similar pro-
cedure to induce, from the bulk data, a cochain complex associated to the boundary
submanifold. When this induction procedure is unobstructed, the end result is a coho-
mological resolution of C, i.e. a complex whose cohomology in degree 0 is the space
of functions on the reduced phase space [15]. We call this the BFV data, after Batalin,
Fradkin and Vilkovisky [6, 37, 39]. The collection of the BV and BFV data, together
with the chain map linking the two, is called a BV-BFV pair, and it is the starting point
for cohomological quantisation of field theories with local symmetries on manifolds
with boundary, as proposed in [16]. When a BV-theory admits a BV-BFV pair, it is
called 1-extendable.

It has been recently shown that there are several important examples of classically
equivalent theories where only one of the two equivalent models is 1-extendable to
a BV-BFV theory. For example, while 1d gravity with matter is 1-extendable, Jacobi

1 See the conditions required in [19] in 1d, and the comment on singular configurations for Nambu—-Goto
theory in [4].

2 Here we do not distinguish between Cauchy surfaces and time-like boundaries, because that requires
the specification of a background metric. The assignment of boundary data that we are after, instead, is
functorial and transcends the request that initial values can be actually extended to solutions in the bulk.

3 This is C reduced by its characteristic foliation. Observe that C need not necessarily be the zero of an
equivariant moment map.
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theory is not [ 18]. Remarkably, this is the case also for certain formulations of gravity
in dimension 4 and higher [17, 19, 38]. The obstruction for a BV theory to be 1-
extendable is the regularity of the kernel of a natural closed two-form on the space of
restrictions of fields to the boundary.

In this article, we compute the reduced phase spaces of both Polyakov and Nambu—
Goto theories and show how they are symplectomorphic to each other, whenever the
boundary of the worldsheet is non-null. This result holds for any target Lorentzian
manifold and thus provides a general description of the phase space of string theory.

Then, we move on to show that Polyakov theory is 1-extendable when phrased in
the BV formalism and explicitly derive its BV-BFV structure. On the other hand, we
show that the same natural procedure fails in the case of the Nambu—Goto theory,
which is thus not 1-extendable. This result strengthens the argument in favour of a
refined notion of equivalence of field theories on manifolds with boundaries, in view
of quantisation.

On a closed manifold without boundary, one can phrase equivalence of theories
in terms of quasi-isomorphisms of BV complexes. It is often argued that classically
equivalent theories such as Polyakov and Nambu—Goto (or their analogue 1d gravity
and Jacobi theory studied in [14, 19]), which only differ by what is often called aux-
iliary fields content,* have quasi-isomorphic BV complexes [29]. This comparison
is extended “to the boundary” following [5], in the sense that one looks at the BV
complex on local forms, where the BV differential is enriched by the de Rham dif-
ferential®, and the two theories have quasi-isomorphic BV de Rham complexes. The
crucial observation, however, is that the “extension to the boundary” in the sense of
[5] might fail to grasp the regularity requirements of a BV-BFV pair®.

One can phrase the problem in the following sense. BV-de Rham equivalence is
a statement about the existence of a quasi-isomorphism preserving the cohomology
classes of the relevant BV data (see [ 14,Definitions 2.3.1 and 2.6.3], where this relation
is termed “lax equivalence’). However, said quasi-isomorphism need not preserve the
regularity condition required for a strict BV-BFV pair to exist. As a consequence, a
particular representative in a BV equivalence class might not admit an extension to
the boundary in the sense of [15].

For example, in the 1d scenario, it was shown in [14] that there exists an explicit
chain homotopy that yields an equivalence of the BV complexes of Jacobi theory and
1d gravity with matter. This BV-chain homotopy extends “to the boundary” as BV-de
Rham equivalence in the sense of [5] (or lax equivalence following [14]), meaning
that it preserves the BV de Rham class of the defining BV data. However, it sends an
extendable BV theory (1d gravity) to a non-extendable one (Jacobi theory), meaning
that BV chain homotopies do not to preserve the regularity requirements needed to have
a BV-BFV pair.” Hence, this provides a “best case scenario” example of two theories
that are classically equivalent with quasi-isomorphic BV (-de Rham) complexes, but

4 Here the metric is seen as an auxiliary field.
5 To be more precise, this is the Horizontal differential on local forms.

6 For example, we require BFV data to be symplectic, while the naive boundary data obtained by restriction
are a priori only pre-symplectic.

7 Compare this with the notion of “strictification” of a BV theory with boundary in [33,Definition 12].
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such that their BV-BFV behaviour differs significantly. The way we interpret this fact,
following the observations in [14], is that among BV-equivalent models one needs to
find a representative that is 1-extendable, i.e. such that it will induce a BV-BFV pair.

In this paper we show that the same discrepancy in BV-BFV extension arises when
comparing Polyakov and Nambu—Goto theories. Even assuming that the arguments
of [5] can be used, or some other argument is found, to show that the respective
BV complexes are quasi-isomorphic®, when looked through the lens of the BV-BFV
formalism, the theories differ.

In order to clarify the bulk-to-boundary behaviour of the two models, we present a
detailed analysis of the reduced phase spaces for Polyakov and Nambu—Goto theories,
and prove that they are symplectomorphic. This shows that one can consider a singular
abstract reduced phase space for 2d string theory, which can be represented by either
Polyakov or Nambu—Goto theories. However, similarly to the 1d case, a discrepancy
emerges when attempting to construct a BV-BFV pair, meaning that different choices
of a theory representing the moduli space might have different properties.

We interpret this statement by saying that the abstract theory of bosonic strings has
one realisation—Polyakov theory—which admits a strict BV-BFV description and
lends itself to quantisation with boundary. On the contrary, Nambu—Goto theory is not
a good presentation of string theory for this purpose.

Let us stress that the bulk-boundary induction procedure we employ here is natural,
and that there is value in identifying those BV theories that are naturally 1-extendable.
For theories that do not admit 1-extension (known so far are Palatini—Cartan gravity
ind > 4 [19, 38], Plebanski gravity [38] and Jacobi Theory [18]) the only known
workarounds to the obstruction to extendability involve restricting the available con-
figurations. In the best case scenario, this means choosing another representative of
the theory in the same B V-equivalence class, with better extendability properties.

It is not possible to exclude that one may construct a BV-BFV pair by means other
than the procedure described here. For example, imposing certain boundary condi-
tions might improve the extendability of a theory, although one is not guaranteed
to get the right BFV theory, as was shown in [20,Section 5], for Palatini gravity.
Another well-proven method for generating BV-BFV pairs employs the AKSZ con-
struction,’ however this is bound to fail for Nambu—Goto theory, given that its BFV
data vanishes'?. Asymptotic falloff conditions are another valid guess (see [36]), and
ultimately one could even change the BV quantisation prescription.!! However, for
a single given theory that is not 1-extendable with the boundary-induction procedure
we employ here, the obstruction to 1-extension we discuss here is sufficient to void

8 We observe that according to [4] the (classical and quantum) BV cohomologies of Polyakov and Nambu—
Goto theory have been shown to differ already without considering boundaries. This result is in apparent
contradiction with the general arguments of [5, 29] and, to the best of our knowledge, this issue has not
been resolved.

9 After Alexandrov, Kontsevich, Schwarz and Zaboronski [2] and the extension by Grigoriev and Damgaard
[28].

10 o understand this statement we refer to the following section “literature overview”, and Theorem 22.
The problem is that Nambu—Goto theory does not truly admit a set of constraints.

1 One promising attempt would be that of changing the canonical BV symplectic form to include boundary
terms, although this has not been thoroughly studied yet.
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its eligibility as a candidate for quantisation in the presence of boundaries, without
taking further precautions into account.

At this stage, it is not clear whether a “boundary-compatible presentation” of the
moduli spaces of the theory can be found within the BV-equivalence class of a given
model, but since our focus here is on two theories that are known to be classically
equivalent, the logic is reversed: we claim that Polyakov theory is indeed a better
presentation of the abstract theory of bosonic strings, due to its BV-BFV behaviour.

1.1 Literature overview

The purpose of this paper is twofold. On the one hand, we analyse both Polyakov
and Nambu—Goto strings within the symplectic approach of Kijowski and Tulczyjew
[31], to the effect of describing and relating their reduced phase spaces. This is done
in Theorems 17 and 22. The analysis of constraints of Polyakov theory we perform
provides a clean symplectic description of its reduced phase space, which had been
analysed, e.g., in [13,Ch 12.2] and [9]. Moreover, we show that the usual practice of
looking at Nambu—Goto and Polyakov theories as the same constrained Hamiltonian
system (see for example [26,Eq. 4.4] and [25,Eq. 2]) is justified by the partial (pre-
)symplectic reduction presented in Theorem 22, which explicitly relates the boundary
structure of the two models.

Since the two theories have equivalent reduced phase spaces (for every target
Lorentzian manifold), they are interchangeable. However, a better point of view is
perhaps that there is an abstract reduced phase space for 2d bosonic string theory,
which can be represented either by Polyakov or Nambu—Goto theories in the bulk.
The choice of one theory over another might yield differences, as highlighted in the
second part of this work, where we show that while Polyakov theory admits a BV-
BFYV description, Nambu—Goto does not (Theorems 27 and 31 , respectively). This is
also supported by the results of [4], which pointed at a discrepancy in the observables
admitted by the two models'?.

To compare our results with previous attempts to describe the BFV structure for
Nambu—-Goto theory, we point once again at Theorem 22. Indeed, the BFV data
presented in [25,Eq. 7] resolves (the zero locus defined by) a set of constraints
{pi} € C®°(T*C*°(0M, N)), defined in the cotangent bundle to maps from the bound-
ary of the worldsheet M to the target N. It is in fact equivalent to Eq. (38), after a
redefinition of fields. While constraints are natural in Polyakov theory, they arise only
after a partial reduction in Nambu—Goto theory'3, as we explain in Theorem 22.

Our results point out that such BFV data, associated with the reduced phase space
of a 2d bosonic string, can be induced from (and is compatible with) the bulk BV
data associated with Polyakov theory, but not from the bulk BV data associated with
Nambu-Goto theory (Theorem 31).

12 More precisely, their BV cohomologies have been shown to differ.

13 Symplectic reduction of Polyakov’s constrained coisotropic submanifold with respect to its characteristic
foliation coincides with the residual presymplectic kernel reduction for Nambu—Goto theory.
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1.2 Summary of results
Polyakoy theory is a field theory of maps X € C*°(M, N) and of densitised Lorentzian
metrics h € DM(M, dM) (see Definitions 10 and 11 ). It can be formulated as a
Batalin—Vilkovisky theory (Definition 25) on the (—1)-symplectic manifold'*

(]—"p =T*[-1] (DPR(M, OM) x C*®°(M, N) x %[1](M)) , Qp) .

with action functional:
| - ~ ~
Sp=S§ +/ (X7, LX) + (7,16, £1) + (b, Leh),
M

We prove that this BV theory admits an extension to a BV-BFV theory (Definition 8,
Theorem 27), with BFV data:

Fi=T*(C®OM, N) x X[11(dM) x C*[11(3M))

with graded (0)-symplectic structure'?
Q' =80’ =4 /DM Ju8 XM + 086" + 15500,

(we denote o™ € C®[1](dM), od € X[1](0 M), while fields with a dagger are fibre
coordinates) together with the BFV action (9; denotes the tangential derivative on
oM):

1 1
S?) = faM —(LyaX)*J, — EU" |:JMJH + 8;X”8,XM] + G;Laao’n + EL[Ua’oa]Gg.

The BFV data thus found are a resolution of the reduced phase space for Polyakov
theory, described as the coisotropic submanifold Cbrfe,d C T*(C*®(M, N)) seen as
the vanishing locus of

Hy = /¢(alxﬂa,xf‘+JMJ“) Ly ::2/walxwﬂ
oM oM
for ¢, v € C*°(dM), which satisfy:
{Hg, Hy} = Lig. ¢ {Ly, Ly} =Ly {Hp, Ly} = Higy)

where [¢, V] := (3;9)¥ — ¢ (3 V).

14 We denote fields by (X, XT) e T*[-1]1C®° M, N), (¢.¢T) e T*[—11X[11(M) and (7, 7T) €
T*[—1]DPR(M, dM). See Definitions 5 and 13 for the definition of the cotangent bundles used here.

15 We denote by (X, J) € T*C*®(dM, N) a vector bundle morphism TdM — T*M covering a smooth
map X.
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In the context of Nambu—Goto theory, we show that the natural BV theory associated
with the model, described on the BV space of fields (Definitions 9 and 30 )

InG = T*[—1](C® (M, N) x X[1](M)) 5 (X, X", (¢.¢"))

endowed with the BV-Nambu-Goto action:
cl T T 1
SNG =Sy + | (X', LX)+ (¢ ,E[i, ¢,
M

does not induce a compatible BV-BFV structure when the worldsheet admits a bound-
ary oM (Theorem 31).

On the other hand, we show that the reduced phase spaces of the two theories
coincide by means of the commuting diagram (Theorem 22):

Fg e Fp ()
7ING ﬁpl
NG Fp
w‘ Jna
P
g Cp—=— F}
.

3~ qpred ¥ d
Fxg = NG — @
where we denoted by Cp C F 1@ the submanifold of constraints of Polyakov theory
defined above, with (c: Cp — F f, the inclusion map, and the maps

d . . .
Tpartial - NG > CP3 ¢NG: FNg — Fp

are, respectively, a partial pre-symplectic reduction of the pre-symplectic manifold
I:"N(;, and ¢ng is the classical equivalence of the two theories (cf. Remark 16), referring
to the spaces ﬁNg, FnG and Fp, defined, respectively, in Theorem 22, Definition 9
and Definition 10.

2 Background

In this background chapter, we introduce some basic concepts needed throughout the
paper. In Sect. 2.1, we will describe how to construct the Reduced Phase Space for
a field theory using a geometric construction due to Kijowski and Tulczyjew [31]. In
Sect. 2.2, we give a brief overview of the BV and BFV formalisms, as well as how
they are related to each other on a manifold with boundary. We refer to [15] for a more
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detailed discussion about these topics. In Sect. 2.3, we will outline the basics about
the Nambu—Goto and the Polyakov string theories, and fix our conventions.

2.1 A geometric approach to the reduced phase space

A field theory on a manifold M is specified by a space of fields F—modelled around
smooth sections of a fibre bundle!® E — M—as well as an action functional S : F —
R, a local functional of the form:

s= /L[qs, 8161,

M

with L adensity-valued functional of fields and a finite number of derivatives (jets). The
data of local symmetries for a field theory are specified by an involutive distribution
D C TF. To construct the reduced phase space of the system, we use a method
developed originally by Kijowski and Tulczyjew [31].

Assume that the manifold M has a non-empty boundary d M. The starting point
for the construction is the variation of the action functional, which splits into a bulk
one-form el, the vanishing locus of which is the Euler-Lagrange critical locus EL of
the theory, and a boundary term:

58S =el+1*a.

If we denote by F the space of pre-boundary fields, i.e. the space of restrictions of
fields and normal derivatives to the boundary, with the natural surjective submersion
7: F — F given by restriction, we can interpret & as a one-form on F. Given & we
construct the two-form o = d¢.

The closed two-form  is often degenerate, so (F ) is at best pre- symplectlc
When this is the case, that is if the kernel of & : TF — T*F is regular!”, we can
perform pre-symplectic reduction over the space of boundary fields:

7 F > F? = F/ker(&Y),

and, precomposing, we get 7 = 74 o 7: F — F? with symplectic structure

o = o.

Definition 1 We will call (F? := F /ker(o?), ?) the geometric phase space of the
classical field theory (F, S, D).

Not all points in F? can be extended to a solution of the equations of motion in the
bulk. Typically, the set of such boundary values is specified by the common zero locus

16 T ater in this paper F will be a mapping space, seen as the space of sections of some trivial fibre bundle
on M. Since we will work with metrics, we will also need to allow (open) nondegeneracy conditions on
fields.

17 Regular means that ker(@) is a subbundle of TF. A practical way to check this is whether it has the
same C°(F)-dimension over all of F.
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C of a set of functions {¢; };=1.. k. We can think of C as a generalisation of Cauchy data
for the field theory, in that we require points on C to extend (possibly non-uniquely)
to a solution of the equations of motion in a short enough cylinder bounded by d M. If
dM is a Cauchy surface, this translates into the usual Cauchy problem for PDE’s, more
generally C encodes necessary conditions for existence and uniqueness. However, in
this approach we are not specifically interested in the analytic nuances surrounding
this question.

Typically, a naive choice for the ¢;-s is induced by restricting the equations of
motion of the theory to the boundary. This produces a set of functions cj;,- € C®(F),
which we expect to be basic with respect to the reduction 7"4. This means that there
exist functions ¢; € F?, such that ¢; = ™% ¢;.

In what follows, we will assume that the set {¢; };—1_. x is ininvolution, i.e. all Poisson
brackets {¢;, ¢} between constraints vanish when restricted to C. We will then say
that C is coisotropicls. In Dirac’s terminology [23], the constraint set {¢;};i—=1..x iS
first class. This is relevant because, in order for the field theory to be well defined, one
requires 7 (EL) C F? to be a Lagrangian submanifold, when EL is associated to a
small-enough cylinder bounding d M. A direct consequence of this is that C D w(EL)
must be coisotropic.

The restriction of the symplectic 2-form w? to C is degenerate, and since C is
coisotropic, its kernel is given by the span of the Hamiltonian vector fields X; of the
functions ¢;, this is also called the characteristic distribution of C.

Definition 2 We define the Reduced Phase Space (RPS) of the field theory to be the
reduction of C by its characteristic distribution: ®™¢ := C.

The reduced phase space is generally a singular space'®; we will describe it alter-
natively by means of the constraint set {¢; };i=1.. k. As we will see in the next section,
the BFV construction for a field theory provides a resolution of the Reduced Phase
Space, i.e. a complex whose cohomology in degree zero describes (or rather replaces)
the space of functions over the reduced phase space ®™9.

2.2 Batalin-Vilkovisky and Batalin-Fradkin-Vilkovisky formalisms

In this section, we present a brief overview of the Batalin—Vilkovisky and the Batalin—
Fradkin—Vilkovisky formalisms [6-8].
Definition 3 A relaxed BV-theory on a manifold M is the data
(Fm, Sm Oms 2m)
with (Fuy, Q) aZ-graded (—1)-symplectic manifold, Sys a degree O function, and

QOum a degree 1 cohomological vector field, i.e. such that [Qy, Op] = 0. If, in
addition, we have

18 In order for C to properly define a submanifold in an infinite-dimensional setting, certain additional
regularity conditions are required to hold. We will not be concerned with this issue, as we will be more
interested in the algebraic properties of C.

19 Often C itself is singular, see e.g. [3], for the case of General Relativity.
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Loy QM = 8SM,

i.e. Sys is the Hamiltonian function of Qyy, the data (Fys, Sy, Om, Q2pr) defines a
BV theory.

Remark 4 Notice that, in a BV theory, the compatibility requirements above can be
rewritten in a more familiar way as the statement that Sy satisfies the Classical Master
Equation (CME)

{Sm, Sm} =0

where the Poisson brackets are derived from the graded symplectic structure. In some
circumstances, it is useful to identify Q = {Su, -}, although, since the Hamiltonian
condition will be spoiled in the presence of a boundary, we prefer to think of the two
pieces of data as independent, and consider relaxed BV theories.

We provide here a general definition of a cotangent bundle for space of fields we
will use to define BV fields throughout.

Definition 5 (Cotangent bundles). Let E — M be a (possibly graded) vector bundle,
E[p] its space of (p-shifted) smooth sections?’, i.e. the space of sections of E[p].
We define by T*[k]€[ p] the vector bundle whose fibres are given by (k — p)-shifted
sections2! of E* ® Dens(M) — M.

Let C*°(M, N) be the space of smooth maps between smooth manifolds M and
N. The tangent bundle TC°°(M, N) is given by pairs (X, V) of a smooth map X €
C°°(M, N)andasectionV € I'(X*T N). We define T*[k]C°° (M, N) to be the vector
bundle over C® (M, N) whose fibres at X consist of sections X' € T'(X*T*[k]N ®
Dens(M)).

Typically, one is given the data of a field theory as in Sect. 2.1, and wants to extend
it to a BV theory. A classical field theory is specified by the data (Fyy, Sﬁ,l[) and by a
distribution Dy; C TF); encoding the symmetries, i.e. vector fields X € I"'(Djy,) such
that Ly (Sﬁ,ll) = 0. A relevant detail here is that, while the space of (local) symmetries
of Sﬁ,l, is fixed (and it is a Lie subalgebra of T F)y), the distribution Dy encodes only
the symmetries of the theory that are non-trivial, i.e. vector fields that do not vanish
on the critical locus of Sﬁ,ll. Hence, there is a freedom in the choice of Dy, which is
thus a datum we have to specify, and in principle might only be involutive up to trivial
symmetries (in this case one speaks of on-shell symmetries, see [29] for more details
on this classical issue). In this paper we will mostly employ the classic result:

Theorem 6 ([7, 8]). Let Dy be the image of a Lie algebra action p : g — X(Fy), and
let Qrst be the Chevalley—Eilenberg differential®® associated with p. Consider the
space of fields Fyy = T*[—11(Dy[1]), where ® is a multiplet of fields in Dy [1], ®"

20 We assume to be working in some convenient setting, such as Fréchet manifolds, or more generally
diffeological spaces.

21 Here Dens(M) denotes the density bundle of M.
22 We consider C®(F;) as a g-module.
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denotes the corresponding multiplet of conjugate (anti-)fields. Let us define the
functional

Sy = S5 + (@7, OprsT®),

and extend Qgrst to Qum so that, up to boundary terms, 10,2y = 8Sy. Then, the
data (Fuyr, Ly, Sm, QO um) denote a relaxed BV theory. If 0M = (), the data define a
BV theory.

In this article, we are interested in the case where M has a boundary d M. In this
case, the relation ¢,y = 65y does not hold anymore, i.e. the BV theory on the
manifold without boundary generalises to the case with boundary as a relaxed BV
theory, and the following holds instead:

LQMQM=53M+~*& 2)

where 7 : Fy — fa M 1s a surjective submersion from the space of fields on M to the
phase space of pre-boundary fields, once again defined as the space of restrictions of
fields and normal jets to the boundary. The boundary term & is interpreted as a local
1-form on ﬁaM.

To the boundary of the manifold, we can associate the following structure.

Definition 7 A BFV-theory on a closed manifold N is the data (F§, S5, 0%, Q%)
with (F' 9 Q?V) a Z-graded 0-symplectic manifold, and Sy and Qp, respectively, a
degree 1 function and a degree 1 vector field on ]—",‘2, such that:

[On. ON]=0
Loy 2Ny =88y

i.e. Oy is a cohomological vector field, and Sy its Hamiltonian function. This implies
that Sy satisfies the CME. If Qy = Soy, we will say that the BFV theory is exact.

The BFV data are related to the relaxed BV theory on the bulk (for more details
on the procedure, check [15]). Indeed, through Eq. (2), the relaxed BV theory induces
some data on the boundary, which in good situations will yield a BFV theory. In that
case we have:

Definition 8 An exact BV-BFV theory on a manifold with boundary (M, 9 M) is the
data

(Fors Suts Ot Qut Fiygs Sigs Qg g )
such that (Fyr, Sp, Oum, Q1) is arelaxed BV theory on the manifold with boundary
(M,oM), (]—"gM, SgM, QSM, QSM = 8ong) is an exact BFV theory on the boundary
oM,and 7 : Fyy — }'g 1 18 a surjective Q-submersion, such that

LQMQM =68y + 7T*Oth.
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Arelaxed BV theory (Fas, Sy, Oum, S2)7) on amanifold with boundary (M, M) is
said to be 1-extendable to an exact BV-BFV theory if one can find an exact BFV theory
(.7-'§M, SgM, QSM, QSM = 8o¢gM) on the boundary dM and a map w: Fyy — Fom
such that one obtains an exact BV-BFV theory on (M, dM).

Given a classical field theory on a manifold with boundary, we can always compute
its Reduced Phase space ®™4. Under the mild assumption that ®" be given by a set
C of first class constraints>®, we can apply the BFV construction to it and obtain a
cochain complex whose cohomology in degree zero is a replacement for the space of
smooth functions on the reduced phase space C. The output of the BFV construction
[6], which was explained in detail in [39] and then later in [37], is a BFV theory as in
Definition 7.

On the other hand, given the same field theory, we can apply Theorem 6 and compute
its BV complex. When the two independently constructed complexes are compatible,
they yield a BV-BFV theory, which is the starting point of Perturbative quantisation
with boundary, as proposed by Cattaneo, Mnev and Reshetikhin in [16].

2.3 String action functionals

In String Theory the generalisation of the motion of point particles is done by consid-
ering extended one-dimensional objects. Their classical dynamics is dictated by the
minimization of an action functional, which can be obtained by generalizing that of
relativistic free particles:

S1a :=/‘\/§dt
1

where I C R is an interval parametrized by x € I, gog := 0o XH 05XV G () (X) is
metric induced (in components) on the line, with g := |det(gqp)| its determinant and
X : I — N is the trajectory of the particle®*.

This action functional is the pseudo-length of the line in N with metric G (that in
local coordinates is G, (X)), and by minimizing it we find the equations governing the
motion of a particle in N. Since / is one-dimensional, the induced metric g = g;;dtdt
has one component g;; = 3; X9, X" G, (X) =: X2, and the action of the relativistic
particle can be written in the more commonly known form (up to factors):

Sid = / | X |ds
1

Following the same philosophy, we write the action of the string as the surface area
spanned by a 1-dimensional “string” moving in a background pseudo-Riemannian
geometry: the two dimensional generalization of the path length.

23 This condition can be generalised to the more general request of having a coisotropic submanifold [37].

24 XM denotes the composition of a time-like curve X : I — N and a local chart o : U C N — Rd“,
for a smooth manifold N.
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Definition 9 We call Nambu—Goto theory the assignment, to a two-dimensional source
manifold M (possibly with boundary) that admits a Lorentzian structure® and a d + 1
Lorentzian manifold (N, G), of the space of classical fields

Fng =C®(M,N) > X

and the Nambu-Goto action:

sl -_f fdzx—/ d*x,[|det (0 X135 X G 1y (X)]

In the context of strings, M is often referred to as “world sheet".
To describe a string, we can alternatively use the following model [12, 35]:

Definition 10 We call non-null Polyakov theory the assignment, to a two-dimensional
manifold with boundary M that admits a Lorentzian structure and a d + 1 Lorentzian
manifold (N, G), of the data

Fp=C®(M,N) x PR(M,dM) > {X, h},

where PR(M, d M) denotes the open set of Lorentzian metrics on (M, 9 M) whose
restriction to d M is nondegenerate, together with the Polyakov action functional:

59 :=/ (dX,*th)zf dX" sy dX"G 0 (X)
M M

_ /M V9, X195 XV Gy (X)d*x 3)

where «j, is the Hodge dual defined by 4, v/h denotes the square root of the (absolute
value of the) determinant of /& and (-, -) the inner product defined by G.

Notice that non-null Polyakov theory enjoys a conformal symmetry, i.e. we can
rescale h — Ah with a positive function A. This alternatively means that we can
reduce the number of degrees of freedom from the start, without loss of generality.
We consider new variables given by equlvalence classes of metrics  : = [h] under
rescaling, which can be parametrised as e fh with h := det(h) and inverse

1= hn L.

Definition 11 We define the space of densitised Lorentzian metrics DPR(M, 0M),
given by equivalence classes of metrics, parametrised by 7 = \/Lﬁh e for h €

PR(M, dM) a Lorentzian metric with nondegenerate restriction to o M.

Indeed, Polyakov action depends explicitly only on combinations «/Fhiﬁ (see
Eq.(3)): this quantity has only two degrees of freedom instead of three (in fact 2*# has

B A compact manifold admits a Lorentzian structure if and only if it has vanishing Euler characteristic. In
two dimensions this is, for example, the case of a torus.
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unit determinant). As a consequence, Sﬁ,l descends to the space of equivalence classes
of metrics defined by rescalings.

In a local chart, the elementary field h4g (and its inverse h%P) has matrix represen-
tation:

~ o At —pn .
hap (hm: h?:) =c <—’f[‘“ 7 > ¢ := det(h) = sign(h) 4)
n

and n and ¢ are the indexes, respectively, of the normal and tangent directions to the
boundary®%. In what follows we will be mainly interested in the case ¢ = —1, but
we will keep track of ¢ throughout most of the calculations, and it will be specified
when we will do otherwise. The main formulas we will need to tackle the variational
problem for densitised metrics are:

~ 1
haﬂ = ﬁhaﬁ
|det(hag)| = 1
~ 1
Shop = EP;/;’”MM (5a)

where P+ = id — lhTrh is a operator on ['(S2(T M)) that in a local chart reads

Lpo _ copco 1 po
P = 8665 — Ehaﬂh
and that, pointwise, represents the projector to the subspace of traceless symmetric
tensors.

Remark 12 Equation (5a) relates the variation of the constrained variables ha,g to the
variation of the free variables h,4. Observe that sh, apK “f = () does not imply K “p —
0, for K%# a generic symmetric contravariant two-tensor. The condition Shaﬂ K =0
imposes only two independent relations on K*?. To tackle the issue, we can use eq
(5a):

1
K — P 5hyy =0

vh
which implies:
L (po)
KPP, =0,
and the symmetrization of the projector, denoted by round brackets around the indices,

is due to the symmetry of 4. With these considerations the action functional for non-
null Polyakov theory reads:

s9 = / R 3, X" 95 X" G 1y (X)dx.
M

26 This means, in a local chart adapted to a tubular neighbourhood of the embedded boundary submanifold.
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Definition 13 We define the pre-cotangent bundle 7V DPR(M, dM) to be the vector
bundle over DPR(M, oM ) whose fibre over 7 is space of sections K of S%(T M)
subject to the condition PE (K) = 0. Denoting the associated vector bundle by

Sil (TM) — M, we define the cotangent bundle T*DPR(M,dM) as the vector
I ~
bundle whose fibres at & are sections of S?’L (TM) ® Dens(M) — M.
7

Remark 14 In principle, one could use the standard, nonreduced, version of Polyakov
theory, and account for conformal invariance within the BV formalism. We found this
path more convenient to deal with. The adoption of these reduced fields appears in
[10,Eq 17] and is discussed, even if it is ultimately not employed, in [32,Eq 3.8].

Remark 15 Throughout the paper, we will assume that our metric fields are defined in
such a way that they restrict to nondegenerate metrics on the boundary. In Appendix A,
we show that this is equivalent to the condition A" # 0. Typically, this is stated as
the condition that the boundary is non-null, although clearly it is an open condition in
the space of fields, since the metric is dynamical and not a background.

Remark 16 (Classical Equivalence). A known (and simple) fact about Polyakov and
Nambu-Goto string theories is that they are classically equivalent. Physically, this
means that they describe the same set of classical configurations: the solutions of the

respective Euler—Lagrange equations of motion (modulo symmetries). Geometrically,
. . . .88y .
we can phrase this as follows. Consider the equation of motion —> = 0, given by the

tensorial equation®’
1
dX" © dX,, = ShToldX" © dX, ], ©6)

where © defines the symmetries tensor product, and denote by N C Fp the subset of
Polyakov fields that satisfy it. Then, there is a diffeomorphism ¢pyg: Fyg — N C
Fp, such that

PNGSH = SNg-

since we can realise that the square root of the determinant of the two sides of (6)
are Nambu—Goto’s and Polyakov’s Lagrangians. This induces an equivalence of field
theories, since clearly the zero locus of SI%IG coincides with that of Sg. We call this
relationship between theories “classical equivalence”. In general, though, classical
equivalence is not enough to show that the cohomology of the BV complexes associated
with two (classically equivalent) models are isomorphic, as it only states that the
cohomologies in degree 0 coincide. However, the equivalence between Polyakov and
Nambu—Goto theories fits within a general approach to the comparison of field theories,
which stems on the elimination of (generalised) auxiliary fields. In this case, the
auxiliary field is the metric A, featuring in Polyakov theory. When two theories differ
only in auxiliary field content, their BV cohomologies are related by the classic results

27 This is the vanishing of the stress-energy tensor.
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of Barnich, Brandt and Henneaux [5, 29]. In this work, we will show that regardless of
the “nice” behaviour of the classical equivalence map ¢ngG, the BV-BFV behaviour of
the two models differs. In particular we will show that the BV data for Nambu—Goto
string does notinduce a BV-BFV theory on a manifold with boundary. This result seems
to be compatible with the work of Bahns, Rejzner and Zahn [4], who found another
discrepancy between Polyakov’s and Nambu—Goto’s BV cohomologies, despite the
general arguments of [5, 29].

3 Polyakov theory — reduced phase space

In this section, we will analyse the reduced phase space (RPS) of the Polyakov action.
We begin by recalling that the natural restriction of fields to the boundary yields a
pre-symplectic manifold. Its reduction yields the space of boundary fields F2, within
which we identify the coisotropic submanifold defining the RPS as follows.

Theorem 17 The geometric phase space for Polyakov theory is the cotangent bundle
FS =T*C®@®M,N) > {J, X},

with canonical symplectic form:
wh = / SXH8J,.
oM

The Reduced Phase Space for Polyakov theory is represented by the common zero
locus of the functions

Hy = /¢(a,xua,xﬂ — ")
oM

Ly:=2 / Yo, X",
oM

where 0, denotes derivatives tangential to dM and ¢ = sign(h), which satisfy:

{Hy, Hy} = Lip 4]
{Ly, Ly} = Liy,y
{Hp, Ly} = Hip.y)

where [¢, V] := (0, P)Y — ¢ (3 ).
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3.1 Proof of Theorem 17
We will split this proof in four parts. First we will show that the variation of Polyakov’s
action functional induces a pre-symplectic form on the boundary. Then, we will

compute the pre-symplectic reduction, and finally, we will analyse the structure of
canonical constraints.

Proof. Part 1 Recall that d is the de Rham differential over the world sheet manifold
M, and thus acts over the k-forms over M (d : Q¥(M) — QFT1(M)), while § is
interpreted as the vertical differential on local forms on Fp.

Let us compute the variation of Polyakov’s action functional and split it into a
boundary term, and the Euler—Lagrange term:

885 = /M 8@X" %5 dX" G 1y (X))
— / [d(ZSX“ 7 dX"G (X)) — 28 XM d (x7d XV G 1y (X)) )
M
+dX*8(x7)d X" Gy (X) + dXH x5 dX”(S(G,w(X))}
where we used:
sd =ds, S(xp)dX" :=5(vVhh)eg, 0, X dx,

with g4 denoting the antisymmetric Levi-Civita symbol. We can split (9) into a term
EL, yielding the Euler—Lagrange equations of motion:

EL := f |: —28XMd[%;d X" G )] + dX 8 (x5)d XV Gy + d XM x5 dX”SG,w]
M
(10)

and a boundary term, which we can interpret as a one-form &:
o :/ 26 XM 5 dXV Gy (X) =/ SX“[W"‘BQX”GW(X)}dx’
oM oM

over the space of pre-boundary fields Fp, defined as the restriction of fields and normal
jets (i.e. 3, X**) to the boundary. There is a natural surjective submersion 7 : Fp — Fp,
so that
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Observe that 9, X" is henceforth considered to be an independent field. Let us
compute the pre-boundary two-form o := &

&= / axﬂ[ — WP (8h 5 )8 X" G 1y (X)
oM

- ~ 3G
+ 1" (835 X")G 1y (X) + h”ﬁaﬁxva"T”()

BX/)}

We would like to compute the reduction Fp /ker(@) by the kernel of the pre-boundary
two-form. This is allowed when @ is pre-symplectic, that is to say when its kernel is
a regular subbundle. To compute the kernel, we consider the general vector:

é 1)
X:= X “— H 11
/( x) 8Xﬂ+( 3. X) 88,1XM+( h)aﬁBhaﬂ (11

and look at the equation txw = 0:
Ix® = /aM [ - (XX)“< — WP R (8hp )8 X" G o (X)
+h" (83 X")G 1 (X) + h"P a,pﬂ%axﬂ)
+axﬂ< — WP (X5 po 0 XV G iy (X) + B (X, x)" G i (X)

R 9, (Xx)" G (X) + ﬁ"ﬂaﬂxv;—”(’”m )pﬂ =0.

Reordering the terms and integrating by parts the term that contains>® §9, X" = 9,6 X",
we obtain the conditions:

80, X" ((XX)“GW(X)E""> =0 (12a)
S po - ((XX)MaﬁX”GW(X)E"PE"ﬂ> =0 (12b)
SXH: ( — WP R (X5) po 05 XV G iy (X) + B (X5, x)" G v (X)

,w(X)
D¢

+ B3, (Xx) G pun (X) + B"P a,gx” (Xyx)P

+ a,(E"fGW(X)(XX)”) — i{”ﬁaﬂx“a’;”(x)(x )P) =0 (120)

From Eq. (12a), we see that if Jnn # 0 then (Xx)* = 0. Our Definition 10 of non-null
Polyakov theory only allows this possibility. In fact, as shown in detail in Appendix A,

28 Recall that the index ¢ denotes directions that are tangent to the boundary.

@ Springer



35 Page200f61 S. Martinoli, M. Schiavina

the condition /™ = 0 means that we are dealing with a null/light-like boundary, i.e.
it is equivalent to a degenerate induced metric on the one-dimensional boundary. We
are indeed considering the case where the boundary is nowhere light-like.

Equation (12b) is a consequence of (12a), while (12c) becomes:

1 ~ ~
(Ko, x)!" = = H" R (X5 00 0 X

This implies that the kernel ker (%) is a regular subbundle in T Fp, and it is described
by the following conditions:

1 ~ ~
(X", Xy, )", Xap) = (O, ﬁh""h”ﬂ X5 podp X", (Xpap),

with (X3)qp free, so that a generic kernel vector reads:

8
+ X ap = (13)

1~ ~ )
X= | —h"hP(X3),505 X" —no
/ hnn ( h),OU ﬁ 88 X“’ (Shaﬂ

oM

O

Remark 18 This first part of the proof shows that Fp—the space of pre-boundary fields,
composed of field restrictions to the boundary and normal jets—is a pre-symplectic
manifold®®, with pre-symplectic form given by & = &, with & obtained by the
integration by parts of the variation of the Polyakov action: S = EL + 7*& with
7: Fp — Fp the restriction map. The two-form @ is obviously closed, and the
first part of the proof serves to show that its kernel defines a regular foliation, i.e. a
subbundle of T Fp. The next step is then to perform presymplectic reduction and find
an explicit coordinate chart for the quotient F' 0.~ F P/ ker(ob).

Proof. Part2 We now proceed to perform a reduction over the space of fields that
eliminates the degrees of freedom related to the kernel. This produces a map 70
Fp — Fla, onto a symplectic manifold (F3, a)‘?,) with 7%*0? = @.

In order to find a chart for the reduced space F f,, we consider a transformation of
the fields in Fp along the flow of the vertical vector fields (i.e. the vector fields in the
kernel of ®). To see this, let us begin by observing that a basis of vector fields in the
kernel ker (&%) is given by the vector X of Eq. (13):

To compute the flow associated with this vector field, we have to solve the set of
differential equations:

0 X =Xx)*=0
81?[0(/3 = (Xﬁ)aﬂ

| QP oo~
3r XM = ,ﬁh"%f’ﬁ (X5) podp XM = %h"%}h"ﬁa,hm dp X" (14a)

29 We require the kernel of a presymplectic form to be a subbundle.
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where t is the parameter of the flow, while n and ¢ are the indexes, respectively, of the
normal and tangent direction to the boundary d M. From the first equation, it follows
immediately that X* does not change, and from the second it follows that we have
almost complete control on the flow of Eaﬂ. To find the transformation of 9, X*, we
can manipulate the third equation to obtain:

1o g~ | RO 1, ~
dr 0, XM = ﬁhn%"ﬂarhwaﬂxﬂ = —Wa,hnﬂh“ﬂhpaaﬂxﬂ = —ﬁa,hnﬁaﬂxﬂ

= A"y 9, XH = —3,hM, X* — 3, A", X+
= 3, (™3, X") = —a, (W™ 3, X")
A (2) 8, X* (1) = A" (79) 8, X (z0) — K™ (2) 8, X" (7) + A" (0)8; X" (%)

where we used that 3: X =0 = 9;(9;,X") = 0. The solution (reported in the last
line) is independent of the particular choice of Brhaﬂ, but depends only on the final
value of ha,g We use the freedom of choice of (X3)qp to set haﬁ to a reference pseudo-
Riemannian metric that we will choose to be Minkowski metric up to a an overall
sign. This follows from the fact that, along the flow of X, the value of A™ (1) must not
vanish, 30 and i its sign is therefore constant. We will then set the final value of the metric

hep() to be haﬁ = —X7ap, Where x = 51gn(h““) Observe that this prescription
covers both scenarios: when dM space-like’! we have x = —1 and —xn = 5 =
diag(—1, 1), and the opposite when 0 M is time-like. Finally, this procedure works
also when £ is Riemannian, by choosing instead 148 ~ 84 = diag(l, 1).

To achieve this, we can choose a (Xj)qg constant in 7:

XPap(®) = (XNap — hap(0)) 5)

In this way, Eaﬁ () = 710,/3 0) + 7(xNap — Eaﬁ (0)). Setting the flow to end at t = 1,
we get

hap (1) = hap(0) + (XNap — hap(0)) = XNap- (16)

We let 71,” e R, i{n vary freely in R (resp. R™) and ﬁnn be the function Enn = (h—“ﬁe);l

so that Egs. (15) and (16) are meant only for the indices («¢f) = (¢7) and («f) = (nt)
This choice is due to the fact that we are already considering the case hy = gh““ # 0.
We obtain:

X*(1) = X*(0)

hap(1) = X1lap
T = 3, XM (1) = x (R™(0)3, X™(0) + h™(0)d, X" (0))
L = g, X (17)

where we used that 71““(1) =x.

30 When it vanishes we have a lightlike boundary point, as detailed in Appendix A.
31 Recall that ﬁ,, = gﬁ“", so that ﬁn = 1 corresponds to the case d M spacelike.
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‘We use the transformations found above to find a local chart in F' ?,, so that the map
79 Fp — Fg reads:

7 (s XM, 0, X1) — (XP, JH = yR"8, XM

and since the pre-boundary one-form is:
&= / SXPR" 8, XV G 1y (X)
am

we can easily gather that & is basic: ¢ = 7%*a?. We take as elementary the field

Jy = J"Gyy = B3, X G, (X), such that

of = / J8XH wf =/5JM8X",
oM oM

and the variation of the action becomes:

8Sp = EL + n*a®
where 7 = 7% o 7. Observe that the reduction maps for the two scenarios d M
space/time-like are mapped into each other by J,, — —J,. O

Remark 19 In the second part of the proof, we have found an explicit global Dar-
boux coordinate chart for F g, thus characterising the space of boundary fields
as the space of maps from the worldsheet into the cotangent bundle of the tar-
get: FO = C®(3M, T*N). Observe that the definition of the symplectic manifold
(F3, a)BP) is independent of coordinate choices. The apparent dependency on a choice
of adapted coordinates arises when one looks for an explicit chart description for the
map 7 : Fp — FJ.

In the following part of the proof, we will show how the constraints, defined as
those equations of motion that can be solved algebraically in terms of boundary fields,
define a coisotropic submanifold in F 1‘3. In fact, while one way to describe the reduced
phase space of a system is to perform a Dirac analysis of the constraints in the bulk, one
can express the constraints as the zero locus of functions over the space of boundary
fields F }a) (the geometric phase space). To do this, we need the constraint functions

induced from the bulk to be basic w.r.t. 7% F P — Fg.

Proof. Part 3 The Euler—Lagrange equations that result from imposing EL = 0 (see
(10)), are:

~ 1~ G
of v _ _paB P o po
(P 3p X" G (1)) — P8, XP 9 X7 2L = 0 (18a)
- E)Lr
Jap = [haﬂTaAX“z)fX“ — 3 X" 09X "1Guy =0 (18b)
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While (18a) is an evolution equation—a differential equation in Fp—(18b) is a
constraint. The functions defining constraints on the space of bulk fields Fp restrict
to functions on the space of pre-boundary fields Fp. We claim that the functions on
F p that deﬁne the constraints are basic with respect to 7 F p — Fp 9

The fup (ha,g, XH, 9,X")’s are not manifestly functions of the reduced variables
{X*, J.}. However, we can look for a combination

TP (h) fup(h, X*, J,) = g(XH*, J,,) (19)

and require that it be a function only of the reduced variables and that they span the
same vanishing locus (i.e. the set of points where the constraint functions vanish). The
correct choice for such 7 will be given in Appendix B. We expand:

B fup (b X1 T) = 1" T, TP + 20™0, X" T, 4+ 1%, X9, X Gy (20)

where the /%f’s do not depend®? on hag

As defined in (18b), the fop’s are functions of (h XH*, 9, X"), while in (19) we
consider them as functions of (h XH, Ty [h XH*,0,X"*]). We do this in order to
remove the dependency on h through appropriate choices of 74, and be left with
functions defined on the space of boundary fields F g. We can do it because the map
(Eaﬁ, X* Jw) — (Eaﬁ, XH, 9, X*") is a diffeomorphism in Fp that preserves ker(@).

With the appropriate algebraic manipulations (reported in Appendix B), the con-
straints fus = 0 are equivalent to the following conditions, which only depend on the
reduced variables:

(0 X 0, X" — ¢J*J")Gpy =0
X", =0

where J* := J,G*V. Notice that we are left with only two constraint functions even if
we started with three. This was expected, since fug has only two degrees of freedom,

and the combination /% Jap vanishes. The calculations in this section of the prove are
independent of the sign of &, and the sign of J,, does not alter the constraints. O

Remark 20 Now that we have found a generating set of constraint functions on F ?, we
can compute their Poisson brackets. Recall that, on a symplectic manifold, the Poisson
bracket of two generic functions f and g is defined as:‘{ f.el= %LFL(G,C()BP, where I is
the Hamiltonian field of f defined by the equation LFw"P = § f, and the same holds for
G and g. We consider now the Lorentzian case ¢ = —1. The other case is analogous.

Proof. Part 4. The Hamiltonian fields of the constraint functions are defined by the
equation: UH w"P = §H; and Ly de = 8Ly, hence:

32 Notice that we assumed 7 to be a function of / alone. More generally we could allow a dependency also
on the fields X* and Jy,, but it turns out that there is no need for that.
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SHs = / ( 20, (£ XM)G ) + E@ XFD, XY + JH IV )8 kv ))5)(“ +2($J“>8J
oM

8Ly = 2/ (— a,upm)axﬂ + (wa,xﬂ)aju
oM

leads to

9 H, 9 H,
i, 0p = f(Hs,xWJu — (Hg, ))pd X" | = / T sxn 4 sy,

IX M aJy,
oM M
‘ oL oL
tLq,waP = /(LW,X)M‘SJM — L)X | = / 8X/1/:8XM + aJ WSJM
oM M

Thus:

8 Gy 8
. I v _ k v k v v
H ._/2[g1 ]5 -+ [23,(5(8,X )G = E@ X 0, X" + T =0 }—MM
oM

5 1)
]Lil, .=/2|:W3;X“:|8X—M +2|:at(¢']ﬂ):|ﬁ
oM

We can calculate now the Poisson brackets of the constraints:

1
{He, Ly} = wa’P(Hg,Lw)

1
=3 / —(He, x)"* Ly, ) + e, g) e Ly, x)*
oM

= / —2ETH 9 (Y J,) + 290, X1 0, (5 (0 X V)G 1) — ¥ XME (D, X 0, X"
oM

+IkTY )aG"”

Using the Leibniz rule and integrating by parts the third line, we obtain:
/ <8z($1/f) - 2&‘(3:1#)) Jud" + ( — % (Y& + 2¢(3z$)>8zX”8tX”G,w
aM

= / <(8z$)1/f —E(&W)(JHJ“+81X“3tX”G,w)

oM
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Thus, defining [&, Y] := (9,5)Y — £(9,¥), we conclude that {Hg, Ly} = Hig y.
The other two Poisson brackets yield:

1
{Hg, Hy'} = Ew%(Hg,HE') = / 26718, (5" (3 X")G ) + 28" T3, (£(3: X") G )

oM
/gﬂg @ Xx* 9, X" + J*J” )BG’” £ TRE@D, X5, X0 + T )36’”
oM
=/—Sfu(azé/)arx“+S’Ju(3z%‘)3tX“= /[(&S)S’—E(&E’)]h&x“
oM oM

Thus: {Hg, He'} = Lig ¢1. And:

1
{Ly,Ly}= Ewa(Lw,]Lw/)z / =290, X" 0, (Y ) + 290, X" 0, (Y J)
oM
= / =290, X" (0" ) Iy + 290, X1 (0, 9) I,
oM

_ / (@)Y — (@ 0) 12,0, X"

which means that: {Ly, Ly} = Ly y. O
Remark 21 We have shown that the constraints that we have derived in Part 3
He = / E((0:X")G o XH — ¢ J JH)
oM

Ly ;:2/1#(3,«)(”],0,

where & and ¢ are smooth functions on the boundary, &, € C*°(dM), are closed
under the Poisson brackets. Another way of phrasing this, is that they are first class
constraints.

4 Nambu-Goto theory—reduced phase space
In this section, we will analyse the boundary structure of Nambu—Goto theory and
describe its reduced phase space. Once again, we consider the field X € C*(M, N) =

FnG. As seen in Sect. 2.3, the Nambu—Goto action is the surface pseudo-area of the
string:

S = [ vadn
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where g := |det(gup)| and gup = 0, X" 08XV G,y (X). In this case, gqp is not an
elementary field but just a function of X*, the map from the worldsheet to the target
space that defines the string.

Theorem 22 The geometric phase space of Nambu—Goto theory
FI?/G = ﬁN(‘,/keI’(d{)N(;)

coincides with its reduced phase space @ﬁé. Moreover, denoting by Cp C Ff, the
submanifold of constraints of Polyakov theory, withic: Cp — F 133 the inclusion map,
there exist maps

. d d
Fng — Cp: p: dNG — DF

8
partlal

such that the following diagram commutes:

Fng oG Fp (22)
NG ﬁpJ/
Fxe Fp
i Cp L F g
N

F I?I cDred q)red

4.1 Proof of Theorem 22

We will divide the proof into two parts. First, we will show that the kernel of the
boundary pre-symplectic form @ = —3EL is regular. This in principle allows pre-
symplectic reduction to the geometric phase space, which however might be singular.
In the second part of the proof, instead of reducing with respect to the entirety of the
kernel, we will perform partial reduction with respect to only a subset of ker(w). The
result of this partial reduction will turn out to be (diffeomorphic to) the constraint
space for Polyakov theory.

Proof. Part 1 Since M has a boundary, when varying the action we obtain:

NG—/ fg“ﬂ(Sg /3d X

1 3G (X
:/ V98" X" 80 X" Gy’ x + f/ JGgPa,xraxr LG

axk §X*d*x

X
:_/ 95 (/9 8P G 1y 9 XV )8 X dPx + — / VI g, X 95 X" aﬂ);( )5X*d2
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+ / 35(/9 8P G v e X 8 XM )d? x
M

=:EL + ﬁf\ij&,

where, as before, EL is the term that provides the equations of motion:

EL := —/ 95(/9 8P G 1y 0 XV )8 X dx

/ VI, X s xv 20w &)

T OX

while & is the boundary term:
& =/ VIg"PG g X X dx!, (23)
aM

interpreted as a one-form on I:“NG = T(C*®(0M, N)), the space of restrictions of
fields and normal jets to the boundary, and 77nG : Fng — FNG i the natural surjective
submersion onto it. The associated two-form @ := S« is:

&= /aM dx’ [\/ggkpakxv(aap)(“)gmaaxﬂ
— V9 ("8 + 8" g"*) 9, X, (80, X")B X, + @g"“(SaaX,L)}SX“
+/8M dx’[gg)“pa;\X”/BpX”(Sng”“BO,X,L+

\/_(g)“” 01,0_|_g'0n ak)a Xv a)\X Svaa X +fgnaa X,uaG ]3)(”

where we used: 8,/ = 3.98%0gs = VIgP3X,(835X") and 85 =
—gMPger 88ps.- The terms in the second integral contain variations of the metric as
a function of X* and are relevant when dealing with a non-constant metric. Thus,
rearranging the terms:

65=f3MdX’\/§[(g*pg”“ Mg — g""g“)aquaaXM+g"pG,w]88pX”8X“

3G/,
TX°

+ [y dx' /3 [%(g)"OB”X“/ — gMIPXI — gP X)X 8, X"

3G/

G —i—B”X" i|8X"8X“

(24)
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Let us consider a general vector field X € C OO(FN(;, TI:"N(;) in our space:

)
= X)) — + Xy, x)*

sXm SO, XM 25)

Let us enforce the condition txw = 0. First, we have:

[W — g% — g™ "M, X0 X, + gmcw}(xx)“(aanx“) =0

< nn(le - aotxuaaxv)(XX)v(‘;anXu) =0

& g"PL(Xx)'=0

& PL(Xx)' =0

& X" = 0,0, X" + o0, X" (26)
where le = Gy — 0, X,,0%X, is the projector to the subspace orthogonal to the

tangent space (the space spanned by 9;X,, and 9,X,,), and we used that g" # 0.
Moreover:

(SX'LL: {\/_[(g)ml noa gkngat _ gtngol)u)a)\xvaaxﬂ _I_gntGluv}at(XX)v
+ \/g [ - gnngakalxvaaxu + gnnGuv] (XB,,X)U

+ 8[ <\/— [(g)»l‘ no gkngal gtnga)»)a)\xuaaxv + gntGl)M} (XX)U> }
= 5X" /G (Cy — Cop) (Xx)" 27)

where C,,, groups together the terms inside the square bracket in the second line of
(24) (recall that 37 X* := gP*9; XM):

Icmm

1 / ’ 4 / 8G / /
Cop = E(gxpanxu _ g)‘”apXM _gpnakxu )9, XV avaaTvavGﬂ/ﬂ ERRUS ' X

Itis possible to solve Eq. (27), and, at the end of a good deal of algebraic manipulations,
reported in Appendix C, we obtain that

Ko, )" = Budp X" + B3 XM + (g™ ' P-H [(g"an —2g"0)3,8, X" — g"“arafanX“]

+(g™) T PG Gy [(g"an — g"a)d X + (g™, — g““a»anxk] +

BG/ ’ G
ZEVY o gnxh ”/L(,,B,,X + 0,0, X° ):|

1 ,
(o=l pl.p - Viap yv
e™'p; [anzapx T X

(28)
O
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Remark 23 We have shown that the kernel of  is regular and has (local) dimension
4, with degrees of freedom {«,,, &;, B, B:}. This, in principle, allows us to perform a
pre-symplectic reduction over the space of fields (7 : Fng — FIGG), which will be
discussed in Part 2 of the Proof.

Proof. Part 2 Firstof all, let us observe that among the equations of motion for Nambu~—
Goto theory, there are no constraints: all are evolution equations for the field X. This
implies that any initial datum in the geometric phase space (i.e. the space of boundary
fields) FfIG = I:”NG /ker(@) can be extended (formally) to a solution of the evolution
equations in a neighbourhood of the boundary. As a consequence, the reduced phase
space coincides with the geometric phase space: <I>r§’€} = FI?]G.

However, the pre-boundary two-form @ has a nontrivial kernel, and to obtain
FI?IG, one needs to perform pre-symplectic reduction. Hence, we must solve the
following system of differential equations for four linearly independent choices of
{an, ar, B, Br}, which corresponds to flowing along a basis of the kernel ker(@):

d XM = (X)H
drdn XM = (X, x)"

where 7 is once again the parameter of the flow.

We consider a two-step reduction. This corresponds to first reducing with respect
to the subspace of ker(wng) given by &, = oy = 0. We will then see how the residual
reduction has been already taken care of in Theorem 17.

The first step of the reduction gives us a first-order linear differential equation and
a trivial one:

9: X" =0
aranxﬂ = ﬂnanxﬂ + ,BtatXM

whose solutions are:

XH(t) = X" (10)

T / ’ T ! ” "
By X" (r) = & o AT { f e TP g (e, X0 () +a,,X“(ro)}
0

where we used that 0; X* = 0 = 9,9, X" = 0. If we take 8, and S; to be constant:

T
WX (1) = eﬁ"(”(”{ / e PT0 B a7 9, X (10) + anX“(ro)}
T

0

1
= eﬁ"(”o){ — ——[e™ P — 118,09, X ¥ (10) + anX“(ro)}

n
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Settingt =1, 79 = O:

XM (1) = eﬂn{ - ﬂi[e*ﬁn — 1180, X" (0) + BnX“(O)}
_ B

n

(29)
ZL1ePr — 119, X" (0) + P9, X" (0)

Notice that hmgnﬁo B [eﬂ" — 1] = 1; hence, the term ﬂ—[eﬁ" — 1] is always well
defined and positive. And if we choose S, = 0, 3, X**(1) is the same as the limit for
Bn, — 0 of the expression in (29). For every choice of g, the term g [efr — 1] can
take any possible real value through the right choice of ;. We can rewrite a generic
solution of (29) as:

X" (1) = A3, X"(0) + | B3, X" (0), (30)

where |B| is positive due to the fact that ¢ can have only positive values. We will
choose

Bn = <10g(x\/§ g““)) (€29)
7=0

_ log(x./9 &™) m) 3

Br <ng““ fg o (32)

where x = sign[g™], and B, and f;, as defined in (31) and (32), are well defined and
smooth for g™ € RT\{0}, g" € R.

The reason for this particular choice of parameters is that it induces a transformation
on J, X* analogous to the one used in Theorem 17 for Polyakov theory. This will lead
to a description of the partially reduced space of boundary Nambu—Goto fields that is
manifestly related to the reduced phase space of Polyakov theory, as we will see now.

The solution (30) for this choice of S, B; is thus:

I X"(1) = /98" 9 X"(0),

Thus, we have constructed a partial reduction map 72
T*(C*®(M, N))

partlal F NG — F partial -

(X", 0, X1) —> (XM, Ty = x /98" 3 XV G v (X))

where F? | is parametrised by elementary fields (X*, J,) € T*(C*(dM, N))

partia . - .
which, by construction, must satisfy the constraints:

Jud XM = x/98" gur = x/98] =0 (33a)
JuJH — o, X, 0, XM = x%|det(g)1g™ — cgu =0 (33b)

since, again, gy = det(g)g™
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Using (X#, J, == J" GW) as elementary fields in 7*(C*°(dM, N)), we see that
the constraints defining F? artial © 1 7(C*(dM, N)) coincide with the constraints of
Polyakov theory (Eq. (7)). The partially reduced boundary one- and two-form read:

Q<

_ 0% el 3* . d — I3
- T[partialapartial pdl‘tldl /d JM‘SX ’ wpartial - /(; I 8J, MSX

where X*, J,,) satisfy (33), so that a)pamal coincides with the restriction of the boundary

form ? o of Polyakov theory to the zero locus Cp of Polyakov’s constraint functions
(7), i.e.

d _ 0
@partial = @p lcp

Naturally, then, the residual kernel of wgamal is generated by the characteristic
distribution of the constraints (33a) and (33b), and denoting by F pamal the reduction

of Fpartlal by ker(a)pamal) we have
PrnG = Fpamal ~C=op.
Hence, we have that
Fne
NG
FnG
a
m
7l F? ~C
NG partial — “P

Ll red = red
INe=%6— %

and we conclude that the diagram (22) commutes by adding the inclusion t(c: Cp —
F g and the classical equivalence ¢ng: Fng — Fp defined in Remark 16. O

Remark 24 1n the second part of the proof, we have reduced the space of pre-boundary
fields with respect to the kernel of @ in a two-step fashion. The intermediate par-
tial reduction turned out to coincide with the (presymplectic) manifold given by the
constraints for Polyakov theory. As a consequence, the reduced Phase space of Nambu—
Goto theory coincides with the reduced phase space of Polyakov theory.
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5 Polyakov Theory—BV-BFV analysis

We now perform an analysis of the boundary structure induced by the BV-extension
of Polyakov theory formally similar to the procedure outlined in Sect. 2.1. As in the
degree-0 scenario, variations of Sp induce a boundary term &, a one-form on some
appropriate graded space of pre-boundary fields, and as in Sect. 3, we look for the
kernel of @ = §a. For the case of Polyakov theory, we show that it is regular and
perform the pre-symplectic reduction, which allows us to construct a chart of the
symplectic space of BFV boundary fields, in terms of which we will write the BFV
data for Polyakov theory. By doing this, we prove that the Polyakov model of bosonic
strings admits a BV-BFV structure on worldsheets with non-null boundary (M, 0 M).
In [1] and [21], the BV treatment of this theory is inspected and the symmetries and
BV transformations are outlined (the latter adds an extra term to the action).

5.1 Symmetries of Polyakov theory

The knowledge of the symmetries of the theory is fundamental to the construction
of the BV structure. In this section we are going to write the infinitesimal symmetry
transformations of the fields, and promote the infinitesimal parameters to fields. This
requires enlarging the space of fields to F),. Since we are dealing with symmetries
that can be described by local Lie algebras, Theorem (1.1.2) provides us with a handy
recipe for the BV extension Sp.

In the following, we write the symmetries of the Polyakov action expressed as a
function of (X*, hyp): worldsheet diffeomorphisms act on the coordinates as ¢ : x —
x(X), and on the fields as: X — ¢*X, h — ¢*h . In a local chart, we write:

x4 = x%x) X' = X'(x(X)  heg —> axfwaxfﬁha/,g/(x(i))
0x® 9xP
and infinitesimally, for a vector field ¢ € X(M):
8 X=L;X: XM XH 4%, X"
Sch=Lch: hap > hap — (aa;khw + 358 o + {Aa)\halg)

Local rescalings of the metric instead act as:
hap — €®hag
and, infinitesimally,
Sph = @h.

It is convenient to use the constrained variables 7% := /hh® . In this way we get
rid of the external rescaling invariance, and the only local symmetry left is given by
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the action of worldsheet diffeomorphism. Since we are using constrained variables,
this reads

(8:X)" = (L X)" = ¢"0, X"

(8ch) o = (Lch) oy = —(30,&%,3 + 388 My + E 03 hap — axg%xﬁ> (34a)

where we have picked up a new divergence term 9, ¢*, which effectively recovers local
rescalings of the metric.

Definition 25 We define (relaxed) non-null BV Polyakov theory on the two-dimen-
sional manifold with boundary (M, dM) to be the data (Fp, Qp, Sp, Op), where

(Fp = T*[-11(DPR(M, 0M) x C*(M, N) x X[11(M)), Qp),

with T*DPR(M, d M) the cotangent bundle of the space densitised Lorentzian met-
rics (Definition 13), and using Definition 5 to understand the remaining cotangent
bundles, so that denoting the degrees of the various fields by

{0 0 1 —1-1 —2}
XH peb e XL hog Co

the BV action reads
1 ~ -
SP=S§}+/ (X", Le X) + <;' (5, ¢1) + (h', Leh),
M

Qp is the canonical (—1)-symplectic structure on Fp, and Q p is the Hamiltonian
vector field of Sp (up to boundary terms).

Remark 26 The variables INzaﬁ 7T are constrained. The treatment of their variations
is thus more complicated than in an unconstrained case. One of the constraints is

ha,g =N po and htef = [P and similarly for the variations. The second constraint
33.
is™:

det(hyp) = —
try (R7P) = B = 0 (35)

We can express 71&,3 and /17 as functions of unconstrained fields hqp and h*f in
order to have control over their variations. We can write:

~ 1
heg = ﬁhaﬁ

plep — h(aaaﬁ _ —haﬂh )hTPU

33 Notige that because of the condition on the trace of %"', the rescaling term in the BV action vanishes:
3, e tr(hT) = 0 (cf. with Eq. (34a)).
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where

T o
PP = 5%sF — Eh"‘ﬁhm (36)

is the projector orthogonal to fza,g that ensures condition (35), and the determinant h
serves to make the terms in Sp densities. The variations are:

~ |
Shep = ﬁpaﬁp”ahm
ShTP = 8hy W TP LB R PO 1+ WS (PP )R+ hp P sntre
~ ~ 1 ~ ~ g~
= Ol (WP IPT) = Sy ch— (RPRTT — BT By W2 RPT) + 8HTP7h Py
(37)

Observe that, in particular, the variations of 1 are traceless.

We can now state the main result in this section. As implicitly assumed in Eq. (35),
in this section we will consider the case det(h) = —1. The case with det(h) =1is
analogous. We will also assume that d M is spacelike, i.e. hi; € R In the lightlike
case the restriction, being 1-dimensional, is equivalent up to an overall sign, and one
can adapt the procedure outlined in the proof of Theorem 17.

Theorem 27 Let (M, d M) be a two-dimensional manifold with boundary. The relaxed,
non-null BV Polyakov theory is 1-extendable to a BV-BFV theory, such that

Fo =T (C®@OM, N) x X[11(8M) x CP[1](dM))
= F) x T* (X[11(3M) x C®[1](dM)).

In a local chart, where the fields of degree 1 are
o' e C®M(OM), o’ e X[1](OM),
the fields of degree 0 are
(X,J)e T*C*®(OM, N),

defined as the space of smooth bundle morphisms>* (X, J): TOM — T*N over
smooth base maps X: 0X — N, and the fields in degree —1 are

o) € Dens(dM), o, € Q'(9M) ® Dens(dM),

34 Observe that such space of bundle morphism can be seen as a vector bundle over C*°(dM, N). In this
sense we write, with a slight abuse of notation, (X, J) € T*C®(dM, N), see also Definition 5. Hence, J
can be seen as a one-form on dM with values in the pullback bundle J € T'(X*T*N). Alternatively one
can think of J as a “densitised" section of the pullback bundle.
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we have
Q' =sa" =34 /BM Ju8 X" + 080" + 15500,

together with

1 1 ¥
S?_) = /(;M —(LG{)X)MJM — EUH[JMJM + BIX’LB,XVG,“,] +O'JL(78(7" + EL[UG,OE’JUE;
(38)

Remark 28 The explicit expression of the surjective submersion 7: Fp — .7-"}1 is
given, in alocal chart adapted to a tubular neighbourhood of the inclusion¢: M — M,

» Ju = h"0,X" Gy + SX "
Xt =XH

o" = Eglg"

ol = Z[Tlé‘aflat

U,j. — _pn _ %Znaé-o’tfé-n

a: = pine 4 %é’:{n

(39)

5.2 Proof of Theorem 27

We will split the proof in two parts. In the first part we will show that the kernel of the
two-form induced on the space of pre-boundary fields is regular. This is sufficient to
prove that the theory admits BV-BFV data, following [15]. In the second part of the
proof, we will explicitly construct such data.

Proof. Part 1. The variation of Sp is:
8Sp =EL + & +/ X 8X" —gie"sg”
aM
+/ E*“ﬂ[ —2618¢ hag + ;”aﬁaﬁ}
oM
=EL + & + apv
where EL is a bulk term defining the Euler-Lagrange equations, while & and agy

are the boundary one-forms associated with the classical Polyakov action and the BV
extension, respectively. The pre-symplectic form @ := 8& + Sapy reads:

D = 8¢ +/ sXTensxt — xTsensx™) +
w o aM( u$ els )
~ [ (seiersce + ciersc)
oM

+ /BM {—SZW [2335&%,3 - g”aﬁaﬁ} + hiep [25;;5;15%,3 -~ 5(”3%4} .
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We want to describe the kernel of @ to then perform the reduction over the space of
pre-boundary fields. We define a general vector over the space of pre-boundary fields
asin (11), but considering also the additional fields introduced in the previous section.
It turns out that the kernel is smooth (assuming as previously hin # 0) and defined by
the conditions:

Xk =0

(Xp)® = (B™)~ e ()0 (40a)
. ~o p~ 1~ ~

X)) =~ PR (X5 por + 5h'“ﬂ XP)aph™ + (40b)

1~
—S ((X;+)a§” + oy (X)" + 80 (Xg)ﬁ>
(50" = %[Eﬂpﬁ“ﬁ (X7)p0 0p X" — %GW(X)<(XX*)1)§" + XI(Xc)”H
(40c¢)

The kernel of w is then generated by the free parameters {(X;)aﬁ, Xt Xxi)p }
Indeed, we start by writing the condition tx@® = 0:

83, X" [(XX)NGM(X)'E““] =0

SXH [ — WP R (X5) po 05 XV G iy (X) + B (X5, x)" G v (X)

0G v (X)

TowiA) )P
2XP Xx)

0G v (X)
axe

1
+§((Xx'¥')u§” +X;(X{)n>i| =0 (413)

+ R, (Xx)" G v (X) + B35 XV
+ 8 (™G (X)(Xx)") — K"P g X" (Xx)?
8X,, : [4"(&)4 =0

Shep - [(XX)“BAX”GW(X)F"“EM + 2R (X )P — (X TP — TP (Xg)"]

(41b)
P [253 Xe) hog + C"(Xﬁ)aﬂ}
sct [(SQXL(XX)“ — (Kl = & (X)" = 8¢ (X))
—2(X5) g — 20T (X5) 55 + BTP (Xﬁ)aﬂagf] =0
s [gn(xz)a] _0 (41c)
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Notice that the variations leading to Egs. (41c) and (41b) are constrained, so more
care will need to be taken in analysing them. We can simplify Eqgs. (41) by using (41a),
and assuming 2" # 0:

so,X": (XM =0 (42a)
SXM — WP R (X5) po 95 XV G 1y (X) + B (X5, x)" G v (X)

o
8X 1 : {”(XX)“] @200 Jin dip. (42¢)
Shap : [217*"“ X — XpPem — h'P (X, )”} (42d)
Shiep . [23; (Xe) hap + ;"(X,;)aﬂ} (42e)
8¢t — (X" = & (X" — 88 (%) (42f)

- Z(XE)T”ﬁ%ﬁA —2n'mP (X pa + hiep (Xﬁ)aﬁsf} =0

8¢y ;"<X;>°‘] =0 “2g)

where Eqgs. (42¢) (and (42g), as we will see) just follows from the others. We obtain
(40b) and (40c) from (42f) and (42b), respectively. Let us analyse now Egs. (42d)
and (42e) together. Using formula (37) to express constrained variations in terms of
unconstrained ones, we find:

1 ~ ~
Shap - ﬁ{Ppifﬁ [2hT’”’(X;)" — (Xptrogn — o (X;)"] (43)
+ 711‘11';1’01;3 _Plaﬁ@(ﬁkrhi‘po _ hTyzS]f'l z)»plf'lra) 28" (X ))\'Tl "4 ;.n(X)~ -0
oo Ty yd LA Mt hyx -
A B
6h™%): hpoP [233 (X)) hap + g”(x%] =0 (44)

We claim that (40a) follows from (44), and that (43) is identically satisfied, provided
that (40a) and (40b) hold. To see this, let us consider first Eq. (44):

lap

P [25;(X;)%ﬁ + g”(X)%J -0
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where P(J‘pg’)s = %(pr,aﬁ + P(,Lpaﬂ ). Using the explicit form of P,i;aﬂ (Eq. (36)) we get
(foro = p):

2(X) bl + ¢ (X pp — Hpp(X)" =0 (45)
andif p #o:

(X I+ & Ko = he(X)" = 0
Taking into account the cases p = o0 = f and p = o = n, we will now derive Eq.
(40a). The case p # o follows then from Eq. (40a) itself. Let us begin with p = o = ¢.
Equation (45) becomes:
)" = ()™ " (Xp)u (46)
If p = 0 = n, Eq. (45) becomes:
2(X) Tt = =¢" (Kpn — (X0)" Prnn
and, using (46) together with the condition (X) ey = 0, the RHS becomes:
—¢" ()™ T (Kan + Kol = =28" )™ e (K
which means:
() = =) ™" ¢" K (47)
Using En = —h"and B = —S“Aﬁ;\t, Egs. (46) and (47) can be expressed as: (40a):
(X)® = (;lnn)—1§n(xﬁ)na

Going back to (43), Eq (44) implies that the terms A and B vanish. In fact, if a

tensor Kgp is such that Pj(‘gf) Kup = 0, then also 77 Ko := hh'*o PSP Kop = 0

and P t((raﬁ)ﬁ)tp "'’ K, = 0. Furthermore:

vh

5 HThe [282 (Xe) he + ;"(X)%,] = 17 (Xo)"
and Eq. (43) becomes:
1 ~ ~
E{P;;“ﬁ [2/1*"0(3&;)" — (Xp)tPogn — 2ntre (Xg)"}

_i_E'U»tzOtﬂ |:28K(X§)NENT + g”(X)EMj|} =0.
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Writing the projector explicitly:
1 ~ ~
—= 2R (X)P = (X TP — 2R (X, )"
Jh { ‘ ! ‘
~ 1~
1P [Ehm X Poem — PR, (Xe)° }
+ﬁ°"3 [zﬁTnpﬁpU (X;)U + niro ¢" (X);{po] } =0.

The third line is equal to twice the second one, with inverted sign, as a consequence
of X(Trjh") = 0. Thus:

I ~ ~
1~ ~p o~
—h“ﬁ[z hpo (X5) 7" — h'”ﬂhp(,(xg)““ =0

Now, inserting the expressions of (X;))‘ and (X;)T"‘ﬁ in (43), it is possible to check
that it vanishes identically. Equations (40) then show that the kernel is regular and
allows pre-symplectic reduction. O

Remark 29 1In the first part of the proof, we have shown that the kernel of the boundary
two-form o is regular. This means that it is possible to construct the pre-symplectic
reduction F f, = Fp/ker(o"), and the rest of the BFV structure will follow as a
consequence of [15]. In part 2 of the proof, we perform said pre-symplectic reduction
over the space of fields, and construct an explicit chart for F ?,. In order to do this, we

will explicitly flow the fields in Fp along the vertical vector fields in the kernel of @.

Proof. Part 2. To obtain the explicit expression of the projection given in (39), we have
to solve the set of differential equations related to the flow produced by the kernel vec-
tors defined by Eq. (40). The free parameters in the kernel are (Xj)ag, (X Y, (X xi)H.
The system of differential equations is:

9 X* =0

8T§a — (Enn)—lé.n(xﬁ)an
~ ~n g~ 1~ ~
O R = —RPRM (X5 g + zhmﬁ Xp)aph™ +
1~
—Eh“‘((X;-;-)a;" +f0: 0" + 634,28&*")
1 [y 1 .
Ao XM = W[h”ph"ﬂ(xz)paaﬂ“ - 56“”(X)((er)v§" + XQBIC”)}

dchap = (Xp)ap
38 = (X
X = Xy
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We will flow along three vector fields that span the kernel, each one related to one
of the aforementioned free parameters, and the order will be chosen in such a way to
simplify the differential equations. In the first part, the parameter of the flow t will
range from O to 1, while in the second part it will range from 1 to 2 and in the third
part from 2 to 3. An explicit chart-expression for the projection map Fp — F 1‘?, will
be given by the value of the field at the end of the composite flow.

We start using (Xy+)* and setting (X35)qps and (Xf)A to zero. In this case, there
are only two non-trivial differential equations:

1 .
Oy X" = — G, X"

X = Xyi)u
where A, GHV (X) and ¢" do not depend on . We choose a value of (Xy+)* that

sets XL(‘L’ = 1) to zero (e.g. Xy1)H(7) = —X;(O)). ‘We obtain:

2hnn
XL(l) =0 (48)

1 _
L X*(1) = <8nX“ + TGWXU%">
‘r:()

while the other fields remain unaffected. In the second part of the flow, we take a non-
vanishing choice of (Xﬁ))‘, and set (Xy+)* and (Xj)qp to zero. The only non-trivial
differential equations are then:

~ 1~ B
atthA — _Ehkaat;.o;;.n
0gd = (Xp1)®
where h** and ¢" do not depend on t. Similar to the previous case, we choose a value

of (X, +) that sets {; (t =2) to zero (e.g. (X;1)* = —;j(l), with {;(1) the value of
¢ T(7) at the start of this iteration of the flow, € [1, 2]). The solution is:

E‘MA(Z) — <ETn)» + %EA&;J;H)
[z=0
2 =0 (49)

and again the other fields remain unmodified. The third part of the flow is characterized
by a non-vanishing choice of (Xj)qg, while the other parameters are set to be zero.
The non-trivial differential equations are:

é.n 9y ],Nlan

-

aré‘a =

nn

=

~ ~o ~ 1~ ~ ~
dch™ = PR hgy + Emaﬂa,haﬁh"A
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1 ~ ~ ~
30, X" = ﬁh'“’h“ﬁa,h,,gaﬂXM
dchep = (X7, (50)

where the absence of terms dependent on X L and ¢ is due to the fact that we set them
to zero in the first two parts of the flow, and this makes calculations easier. The first
and third lines can be solved directly, while the second line must be treateg. We are
thus going to inspect the expression in the second line. First, we eliminate h™ using
the tracelessness condition 7"’ hyg = 0:

~ 1 ~ o~ ~ o~
Rt — _Z—<2hmhm + hT““hnn> (51)
tt

Then, Eq. (50) becomes:

- - - an - Enk ],Nl -
hhm( — hkﬂathﬂn —|— 2 arhnn - 7%8rh[[>
- — o~ — e e R
+h*“‘< — WMo hg + R0 gy — h“g—“‘a,hn) =
tt
(e o P Y
2 2 hy

o (s~ Hng .~
_tht<hMarhtt +hn}\71_m8‘[htt) —
tt
Enk . ﬁnk~ -
2 8thnnhtt+ B hnnathtt> +

~ 1 /~ ~ o~
i (h“a,hmhtt +
h[t
~ 1 ~
—R 820, Ty
htt

We now express, where needed, h* in function of Zaﬂ through the relation heP =
g@e cb'p ﬁa/ g (cf. with Eq. (4)), where % is the two-dimensional Levi—Civita sym-
bol). We then have:

_ 1 /e o En)\ - - 1 ~
_thn~_ (h)‘larhtnhtt + _ar(hnnhﬁ)) - thtA’_(St)‘afhﬁ
T 2 hy

1 -~~~ hag . ~ ~ SO TV
= —hmnﬁ— (8M€ﬁthaﬂarhmhtt + E}Laé“ﬂn%ﬂar (hnnhtt)> - hTmE_‘Sz)Larhtt
tt tt

1 ~ e hgr. o~ ~ 1 ~
= —h™ ™6™ hgndrhimhy — — 07 (ranhe) | — B =8} 0 by
htt 2 htt
~ 11 ~y o~ o~ ~ ~ ~ o~ ~o 1 ~
= _h'nnﬁ_ 2;{ EAQEm <8r (hrzlt)homhtt — hathn 0y (hnnhtt)) - thtz_étAarhtt
tt nt tt

~a 1 ~ ~. 1 ~
= —h'““ﬁ—afarhm — h*“tﬁ—aﬁafhn
t t
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where the last equality follows from the fact that 9, (Eﬁt)ﬁanﬁn — ﬁmﬁma, (Ennﬁn)
vanishes for ¢ = ¢, since

ar (I’Nlit)ztnztt - ;’:ttﬁmar (Znni{tt) = _’i{ttl'Nlntar (det(ﬁ)) = 0,
while for o = n:

3 (R2) han g — Pl @ (onhye)
= (hunhy — hahtn) 3z (h2) = —2h 07 (hny)

since ﬁnnﬁn — i[ﬁt = det(ﬁ) = —1, and it follows that:
5}"

~ ~ 1 ~ e 1 ~ —~ o~
Oh ™ = R o 82 i — h M 8] 0y = — k" o By
htt htt tt

and the set of differential equations becomes:

8{4-(3{ — E_é- 8 hom
TinA 8[ Tinaq 77
d0¢h = —=h'"""0rhgy:
hy

1 ~ ~ ~
30, X" = ﬁhﬂph”ﬁamm dpXH
dcheg = (X5,

Since the three differential equations in the system are decoupled, we are able to solve
them separately. We choose a path that sends Zaﬂ to the Minkowski metric>® (again, we
could choose (Xh)na = Mpa — m) It is worth pointing out that there is no differential
equation for R but it is not a problem: P has only two degrees of freedom and it
is possible to express K11 in function of the other elementary fields through Eq. (51).
We start from the differential equation for ¢¢:

1 3 hy

8 n ~— 8hnn= n~—
179 h ¢ ¢ T
- O,

9 ’=~— ng R = —gn
o=t "

we solve the system before for ¢” and then for ¢’. The solution for ¢" is: (1) =

n hu(v) .
") OR Then:

_ 2 ~tt(f)
")y =¢" ()hn(Z)

35 In the Riemannian case, 7 denotes the 2d Euclidean metric.
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3z ()

9 = —"(2) =
¢ C()hn(Z)

whose solutionis ¢(t) = ¢'(2) — " (2) %Tff—;)) +¢"(2) %’;‘(%2)) Evaluating the solutions

at T = 3 and expressing all the quantities in function of fields evaluated at t = 0:

1
¢ ¢ )

¢'3) = ((t + C"@>
l’ln ‘r=0

We solve now the differential equation for Rink.

A ™ =

~ 1 ~. ~
O h™ = — =R Ry,
tt

™ is unaffected, and we have to solve only for it Manipulating the second line
we obtain:

ar;ﬁmﬁtt + Tﬁmarﬁtt = _ETnnarﬁnt
3 (W™ hy) = =87 (h ™ hye)

the solution is then 7 ™Ay (1) = h M7y (2) — A (T) + A ML (2). Isolating it
and evaluating at T = 3, we obtain:

%THH(B) — %Tnn(z)
R™3) = h"Php(2)

and to express 71"* in function of fields evaluated at T = 0 we have to concatenate this
transformation with the transformation caused by the second part of the flow (check
eq. (49)). We then have:

~ ~ 1~
thn(3) — <thn + Ehnolé.;';n)
[z=0

~ ~. 1~ ~
h™@3) = (h*”ﬁ + ke z") hp:(0).
|r:O
At last, we have to solve for d,, X", with the equation:

1oy oy~
B dp X" = ﬁhnﬁhf’ﬂa,hwaﬂxﬂ
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This is the same differential equation as in (14a), and thus the solution is the same as
in (17):

XM (3) = "9, XM (2)

and concatenating this transformation with eq (48):

~ 1
XM (3) = <h”°‘8aX“ + EGWXIg")

lr=0

The reduction then sets (flalg, {f , XL) — (Nap. 0, 0), and denoting coordinates in
FO with (J,,, X*, 0", o, UJO’,T) we have the projection:

Ju =h"0,X"Gpy + 5X "
XH = XH*
o = Ettflg-n
T ~
o' =hy ¢%hay
U,-l- = :h“i1 — %h"“glj{"
0’; — thahm + %é-:;n

where o, = h*(3)n;4. Thus, we perform a reduction that fixes the metric hap to
nep Without changing the sign of /.
The two-form o = §(& + &py) is basic with respect to the exact symplectic form

(B efn,1}):
Qf = 5/ J8X" + 080"
aM
ie.w= JT*QZ;) and the BFV action S% is computed to be (see Appendix D) :

. 1
S(;) = / —atE),X’LJM — EO’” |:]MJM + a[XMa[XUGijI + GJO‘IB,O“Y
oM

We have thus defined a BV-BFV structure
(fM, Sp, Om, 2, Fays S5, Qoms Qs 7T> ,

where (Fas, Sp, Qum, Q) is the BV part (in the bulk) , 7 := 7 o 77 is the composition
of the restriction to the boundary map 7 and of the reduction map 7 (defined in (39))
and (F2,,, 8%, Qgm, Qyu) is the BFV part (on the boundary).
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6 Nambu-Goto theory — BV-BFV analysis

The analysis of the BV-Nambu—Goto action is analogous to that of Polyakov theory.
In the first section, we will identify the symmetries, in the second section, we will
build the (broken) BV structure, and in the third section, we will identify the kernel.
Here we will see a different behaviour than in the case of the Polyakov action: the
kernel is not regular.

6.1 Symmetries of the Nambu Goto action
Nambu—Goto string theory is invariant under the action of worldsheet diffeomor-

phisms, which act on the coordinates as ¢ : x — x(X) and on the fields as: X — ¢*X.
In alocal chart:

x% = x%Fx) XH - XH(x(X))
and infinitesimally, the action on fields reads:
(S;X:L;X X“—)X“—i—{aaaX“
Observe that the metric is not an independent field, and there is thus no rescaling
symmetry.

We build now the BV structure following the same steps as in the previous chapter.
We promote to ghost fields the infinitesimal parameters of the infinitesimal symmetry
transformations. In this case, we have only the degree +1 ghost field ¢%. We then
add the degree —1 anti-fields X L and the degree —2 anti-ghosts ;“(I . We have again an

irreducible gauge group, and thus, we do not have to introduce higher order ghosts or
anti-ghosts.

Definition 30 We define (relaxed) BV Nambu—Goto theory on the two-dimensional
manifold with boundary (M, d M) to be the data (NG, NG, SNG, ONG), Where

FnG = T*[—1]1(C™(M, N) x X[1|(M))

so that, in a local chart and denoting the degree of the various fields by

0 1 —-1-=-2

XH e X ¢y
we have that the BV-Nambu—Goto action reads:
cl T ¥ 1
SNG = Syg + (X', L: X)+ (¢ »§[§,§]>

M

and Qy is the Hamiltonian vector field of Sy, (up to boundary terms).
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Theorem 31 Let (M, M) be a two-dimensional manifold with boundary. Relaxed BV
Nambu—Goto theory on M is not 1-extendable to a BV-BFV theory on (M, dM).

Proof We begin by computing the variation:
8SnG = EL + ang +/ DN G Te

aM

EL + anG + aBv

where E L is the bulk term, and & and agy the boundary terms due to the degree-0
part of the Nambu—Goto action and its BV part respectively (cf. Equation (23)). The
pre-symplectic form wpv := dang + Sdapy is:

BV = SANG +/ 8X;;”8X“ — XLS;"gXu +
oM
- f 8IEnSE + ¢ focmsce
oM

In this case the kernel presents a singular behaviour, differently from the case of
Polyakov theory. Some equations are in fact not solvable in a general way, which
makes the kernel not regular. To see this, let us write the defining equations txwpy = 0,
where X is a generic vector field on fNG:

80, X":  g"™(Gy — e X909 X,)(Xx)* =0 (52a)

8X": {«/5 [(g“g"“ —gMg" — g" g X0, Xy + g“‘GW}Bz(Xx)”
+9 [W — 2 — ") X0 X + gnnGuu](Xa,,X)v
A na _ _An ot _ _tn_ok nt v
~+0; <\/§ |:(g 8 g 8 g 8 )akxuaaxv + 8 Guu](XX) )
1
+ — (C;w - CU/.L)(XX)U + _<(XX'1');1§” + XL(XQ")} =0

J9
8Xf: "Xt =0 (52b)

8¢h SIXT (KM — (X" = & (Xo)" = 818 (X)* =0

8¢l "Xp¥=0. (52¢)
Comparing with Polyakov’s kernel Eq. (40), here we can see that Eq. (52a) no longer
impose that (Xx)# vanishes, and there is no kernel equation to impose (X;))‘ o ¢

The Eqgs. (52b) and (52c) are then not automatically satisfied and are singular. Let us
take, for instance, Eq. (52b):
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"Xt =0.
It can be satisfied, if:

Xt =0 or Xx)* g, ¢"#0
(XX)M = any, é-n =0

These conditions are clearly not regular, meaning that the kernel is not a smooth
subbundle of T Fng, thus obstructing the pre-symplectic reduction, and the definition
of the smooth manifold of BFV fields Fng/ ker(cb]gv). This concludes the proof. 0O

7 Conclusions

Both Nambu—-Goto and Polyakov theories describe the motion of the bosonic string
with a given background metric. They are equivalent at classical level, since they yield
the same moduli space of Euler—Lagrange equations. On the other hand, the results of
[4] hint to the fact that the two theories may no longer be related if we adopt a finer
notion of equivalence.

In this paper, we compared the two theories when defined on a spacetime manifold
(a worldsheet) with boundary. We first considered the classical models, computing and
comparing their reduced phase spaces, following the approach introduced by Kijowski
and Tulczijew [31]. In Theorem 17, we gave an explicit symplectic presentation of
the Reduced Phase Space of Polyakov theory for any target Lorentzian manifold, and
in Theorem 22, we showed how the reduced phase space for Nambu—Goto theory
coincides with that of Polyakov theory (after reduction).

We then analysed Polyakov and Nambu—Goto theories in the BV-BFV framework.
We found an obstruction in the construction of the BV-BFV structure of the Nambu—
Goto theory, which is then not 1-extendable (Theorem 31), while no obstruction was
found in the case of the Polyakov theory, for which the BV-BFV structure was derived
in Theorem 27.

This result suggests that the two string theories we analysed, albeit classically
equivalent, differ when a more stringent notion of equivalence is employed. Since the
extendability of a BV theory to a BV-BFV theory on a manifold with boundary is a
necessary requirement for quantisation with boundary, we conclude that this result
suggests that Nambu—Goto theory is not a fully satisfactory description of the bosonic
string.

This result strengthens the observation of [4,Remark 7.3], where the classical and
quantum BV cohomologies of Nambu—Goto action have been computed, and shown
to differ from the calculations of [11], which implies that the observable content of
the two models might differ.

One can take this result as a two-dimensional extension of the observations pre-
sented in [18], where the 1d analogues of Nambu—Goto theory (Jacobi theory) and
of Polyakov theory (scalars coupled to 1d gravity) have been shown to be classically
equivalent, and yet possess different extendability properties. Indeed, precisely like
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its two-dimensional NG analogue, the BV-BFV induction procedure is obstructed
for Jacobi theory. Recently, the 1d case has been analysed further, to the result that
despite the cohomologies of the respective Batalin—Vilkovisky—de Rham complexes
are isomorphic (as predicted by [5, 29]), the existence of a BV-BFV pair is a stricter
requirement that is not preserved by the BV-equivalence. With those considerations,
our result directly shows the incompatibility of the BV and BFV structures for Nambu—
Goto theory, marking a difference with Polyakov theory, regardless of the behaviour
of their BV-cohomologies.

Another noteworthy scenario that presents a similar discrepancy is provided by
General Relativity in dimension d > 4, where the two classically-equivalent metric
and coframe formulations (Einstein—Hilbert and Eistein—Palatini—Cartan) have differ-
ent extendability properties [17, 19], despite having equivalent reduced phase spaces
[20,Theorem 4.25].

This phenomenon appears to be linked to diffeomorphism symmetry, and suggest
that certain classically equivalent formulations of a given physical theory might be
more suitable for quantisation with boundary. The next step in this program is then
to proceed with the BV-BFV quantisation of Polyakov theory, following [16, 18]. We
will address this question elsewhere.
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Appendix A. Nondegeneracy condition

Throughout this paper, we considered the case /™ # 0 without justifying the choice.
Now we want to show that if 2™ = 0, we are considering a case where the boundary
is light-like, in which case the treatment should be different from the beginning. We
will use the non-rescaled metric since calculations are easier, and rescaling does not

change the arguments presented here. We look then for a diffeomorphism % (x#) that
transforms the metric in the following way:

hon hng ) 0s
<hm o) "~ 5o (53)

where s is a function. The transformation can be written as:

LR (0
o= ox“ 8x/5 s 0 o' B
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which yields the set of equations:

ax’ ox"
25— =
ox! ox!
axt ax™  o9x' ax"
s xf 9xn | dxn Bx’) = fint
ax! 9xn

dx™ ax" -

. . i X" . .
From the first equation, either % or ‘;)‘7 must vanish. Let us consider the case

where % = 0, and the other case is analogous. We then have that
X i=x"(x")

and:

dx' = ﬁdxt + h—nLndx” =: 1a).

sxn 2s5x" s

For any one-form ' in 2 dimensions, there always exists a function A such that Ae’
is locally an exact form, thus locally it always exists a function s such that dx’ is an
exact form, and there is always a diffeomorphism ¥ : (x", x') — (& (x"), X' (x", x"))
that satisfies (53) (locally). This is due to the Frobenius theorem for foliations applied
to the case of a 1-form in 2 dimensions.

Appendix B. Manipulation of constraints

In this section, we want to find the explicit expression of the functions T (ﬁ), intro-
duced in Part 3 of the Proof of Theorem 17, such that the resulting combination t%# Jup

is a basic function in F ,l.e. it onlyNdepends on the reduced variables (X*, J,,).
In order to do this, let us rewrite 71%? (9, X*)G v (0 X*H) as afunction of the reduced
variables

B (8, XV)G 1 (9 XM) = B0, X")G 1y (8 X™) + 20" (3, XV) G o (F™) T (J# — (8, X™)R™)
F RN R T2, — 3 X)) G k™ (TF — (3, XP)R™)

- (i{m)2 (znt)Z
= (B,X”)G,“,(B,X“)<h“ - ng + =
ﬁnt %nt -
+ x(B,X“)GWJ“< i 2%) + Jy JH (!

= (™) (¢ (3 X")G o (3 X™) + T, J™)
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where we used: 8, X/ = ()~ (;J — (3, X#)) and that (it —2 B0 1. 0%
(h"™y~ldet(h) = (h"™)~!¢. Thus:

- I
r“ﬂhaﬁT(an“)GW(apxﬂ)

~ ~ ~ 1
= (t"hy + 27" hne + rnnhm)%(g(a,X”)GW(B,X”) + J, g%

hnn
7J;nn

= (" _fin + ‘Cnt& + ™
Zhnn hnn

=(t I r“tE + o " Y3 X")G o (8 XM + ¢ T JH)
- 2 7nn 2jn ! mv RSt S

(6 (X" Gy (@ X") + T J")

Where we used the metric / to raise the indices two write the last equality, to the effect
of moving ¢ in front of J*J,. Now we compute the second term:

%P (3, XV) G 1 (3 X 1)
=70 X")G o (3 X*) + 20" (3 X )G oy (")~ G T = R™ (3, X))
+ TR 2 (S — B0 XY G ) (X TP — B3, X))

= (3, X")G (3 XM T — 2rmB + o 2
— A\t AN Erm (],Nlnn)Z

1 A
v 1% nt _ nn
+ X3 X")G ] (21 prm 2T (Znn)2>

+ JMJM‘Enn Enn)72.

Putting the pieces together:

~ 1~
% fp = r“ﬂhaﬂEh“(akx“)(;w(arxﬂ) — 1% (3, X")G 1 (9 XH)

1 ot ],Nlnt 7nty2
— (3ZXV)G/“;(81XM)(THE _ Tnt~— + ,L,nn — _ (rtt _ 2tnt + ,[nn ( ) )>

1 nt
+X(81XU)G/L\)JM<_2TmT +2Tnn = >

1
+gJu " (r"i — M "<

1 }‘l‘m ﬁtt (ﬁm)z
= (atXV)GMV(atXM)[ - Tni + Tmf + Tnn(z;inn — W)]

1
+ x(B[X”)G,wJ“[ — 2t~

1 %nt ztt 1
—|—gJMJ“|:1:u§—rm~—+r"“ = —g~7>i|.
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This expresses 7P Jap in function of (Eaﬁ, X*, J,). We now compare it with Eq. (20)
for (%P, which we report below for convenience:

TP (h) fup (h, XH, J) = 1T JH + 2070, XM Ty 4 140, XV) G 1y (8, X 1)

so that:

The first two equations can be solved for ™ and . At this point, the third one

yields a relation between Iy, and ly: ™ = —¢I". The relations are:

fl'nn

Lo pon
hIll’l
],Nlnt -

_L_nt — Tnnﬁ _ thnlm
Ett -

_L,tt — Tnnﬁ _ thl’ltlnt _ 2ltt

The first term after the equal sign can be written as: %71“’3 o h® . This term gives

no contribution when contracted with f,g, since hep Jfap =0.

The relation /™ = —cI" tells us that we can only obtain terms of this kind:
I"((0:X")G v (8 X") — ¢ JuJ™) + 1™(3, XV)G 1 J*. The resulting new constraints
for Polyakov theory are given in Eq. (7).

Appendix C. Nambu-Goto: lengthy algebraic manipulations

In this appendix, we are going to show how Eq. (25) follows from Eq. (24) and (26).
We rewrite here the second condition of the kernel (27):

sXM: {«/5 [(g“g”“ — Mg — g" g3 X, 0u X, + gntGuv}at(XX)v

+@[(W_W_gnngak)akxvaaxu+gnnGuv](X8nX)v (54)

+ at (\/g [(gltgl’la _ gkngat _ gtngal)axxﬂaaxv + gva//,:| (XX)V)}

= SXM\/E(CMU - Cu,u)(XX)v
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where C,,,, groups together the terms inside the square bracket in Eq. (24).

We will see that (54) has no component on the plane tangent to the surface defined
by X* and thus all conditions are on the orthogonal part. This is in agreement with
Eq. (25), where the tangent part is free (8,0, X" + B, 9, X**), while the orthogonal part
is not. This will allow us to easily find a condition on P,)L K (X3,x)". In fact this term
is exactly the second line of (54):

gnnPUl/L(Xanx)v — [_ gnngol)\,a)txvaaxu +gnnGl,ij|(X8nX)v

The problem is thus reduced to writing the orthogonal projection of the remaining
terms. Rearranging the second to last line of (54) to have the 1 and v indexes in the same
order as the previous lines, using P/j i= Gpy — %X, 94X, and g*P95 X, =: 39X,
and recalling that (Xx)* = o, 0, X" 4 o;9; X, the left-hand side of (54) becomes:

LHS = [(afxva”xu —3"X,0'X,) — g'”P/fv}a,(XX)”@ — " P (X5, x)" VI +

-0 [@ (0 X,0" X — a"xvafxuxxx)“] -0 [g/P,;@eﬁ“Vg‘ } (55)

— /g P}, [g"’a, Xx)" + g""(Xa,,x)v] — 3 [@ (' X,0" X, — a'lxva’xw](xx)“

We want to show now that the second term in (55) has the component on the tangent
plane:

pl-rry, [J@(afxva”xu - B”Xvatxu)}(xx)” =
(56)
g(aIB”X” — 0,9 XP) (X0 XY (3G ),

where PIl-PH := 3% X P, X*. The term on the right-hand side of (56) vanishes in the
case of a constant metric. We will see later that in the general case it gets cancelled
by the term on the right hand side of (54). This means that all tangent terms vanish,
as we wanted to prove. Rearranging indexes and since from (26), (Xx)* lies on the
tangent plane, we can rewrite the left-hand side of (56) as:

plrky, [@(akaa"xw - B”XkB’Xw)}PJ’w(XX)”
Let us then look at:
plhiky, [@ (3" X" Xy — B"XkatXw)]PJ’w
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Let us calculate the internal term:

) [@(akaa"xw - a"xkafxw)}
=3 [@}(akaanxw — 3" X9 X)) + (@)a,[(akaanxw - a"xkafxw)}

1
= /98”7 (0,X,,0;9, X" + EBpX"aﬂX”(B,GW)) (0" Xxd" Xy — 3" X1 0" X))

+9 [a,a’xkanxw + 0" X3 0,0" Xy — 0,0" X4 0" Xy — a"xkatafxw}

1
o (87 X1y 0 X1 + 597 X"0 X" (3G ) (3" X" Xy — 9" X9 X))

+0,0" X1 0" Xy + 0" X30,0" Xy, — 0,0" X3 0" Xy, — 0" X10,0" Xy, (57)

where in the last step the expression was multiplied by (,/g )~!. The underlined term
gives the term on the right hand side of (56), while the projection of the rest on the
tangent plane vanishes. Removing the underlined part and applying the projectors:

1
P”#k[(at - EB‘TX"E)UX"(B,G/L,,)> (@ (3" X 0" X,y — a”xkafxw)ﬂpv"w

= 0% X1 0,05 XK (3" X"0" X, — 3" X" 9" X,) +
+09X "3, XK0,0" X1 0" X, 4 0" X" 8,0" X 05 X 0P X, +
—0% X", X 0,8" X10' X, — 9" XH8,0' X dp X 0P X,
= 07 X30,0, XX (3" X"0" X, — 9" X"0'X,)
+0"X"9,X%0,0' X3 0" X, +0" X3, X*3,0" X;.0" X, +

A
+0'X10,0" X3 0, X 0" X, 4+ 0" X"0,0" X0, X"0' X, +
B
—9"X"0,X*0,0" X' X, — 3" X0, X*0,0" X1.0' X, +
B
— 0" X"0,0' X1 9, X*0" X, —9" X"3,0" X0, X*0' X,
A

The terms marked A and B cancel each other. We thus remain with:

3% X1 9,9, XX (3" X"3" X, — " X"3' X))
+0'X"9, X59,0" X10" X, + 0" X"9,8" X9, X" X,
— 3" XM, X*8,0" X 0" X, — 3" X" 3,0" X8, X*0' X,
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We can rearrange the terms in the second and third line and then use the Leibniz rule:

37 X;.9,0, X* (' X*0" X, — 0" X" 9'X,)
+0" XM (0, X¥ 0,07 X1)9" X, — 0" X" (9,0° X105 X¥)0' X,
= 97 X80, X* (' X"9" X, — 3"X" ' X,) +
+0,0° X0, X* (9" X"0" X, — 3" X"0'X,)
= 3,(9% Xido X5) (8" X18" X, — 9" X9 X,)
=9,(82) (3" X"3"X, — "X 3'X,) =0

This means that the left-hand side of (27), which we rewrote in (55) as:

LHS =—./9 P;fv [g"tat(Xx)v + gnn(Xanx)vi|
—0 [@ (0'X,0" X, — a"xuafxﬂ)](xx)“
can be rewritten as:

LHS = —/g P} ’”[g”’a, (Xx)" + g""<Xf’nX)v] '
_pluky [@ (3" X,0" Xy — a"Xvank)}(Xx)” +

—g(a,anxﬂ — @, ' XP) (3, X" X)) (3,G )

From (57) we see that the second term simplifies considerably:

_plnky, [@ (0" X,9" Xy — B"Xua’Xk)](Xx)”

= P 3,0' X" X, — a,a”xkafxv}(xx)“

= JgPEHk 5,0' X 9" X, — 8t8”Xk8tX,,:|(a,,3,,X” + 0,0, X")

= /9P M 0, 8,0' Xy — a,a,anxk}

= \/§Pl’uk anat(gmaotxk) - atat(gnaaaxk)}

= VP 8" 8,00 X1 — atg"“a,aaxk]

= VP (g ay — g™ )3 Xk + (8" ety — g"“az)a,anxk}
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L,
=Jor" [(g“an — &"a)d, 9 X" + (8" — g™ )y anxk}
1 w
+V/GP " G G [(g“an — g™, X" + (g"ay — g““a»anxk}
We can also simplify the first part of the first term in (58):

— P9 (Xx)" = — Pyt " 0y (0 X" + 0, X")
= — P g™ (0,0, X" + 0,0, X")

Putting the pieces together (58) becomes:

—ﬁgnnPuL’”(Xanx)” + \/§PUJ_'M |:(gn0ln - 2gmat)3t3txv - gnnatatanxv]

+V9 PR G Gk [(g"an — "8, X + (g™, — g““af)BnX"} +

NG

—T(a,E)”Xp —anZ)’Xp)(Z))LX“BAX”)(B,GW) (59)

and if the metric is constant the right-hand side of (27) vanishes (which means that
(59)= 0 and that its third row identically vanishes) and we can write the kernel fields
as:

X" = 0 3, X" + 0,9, X"
(XBHX)M = ,Bnanxu

+B:3 X"+ (g™ TP [(g“oen — 28" ), X" — g™ 0 anX“}
+<g““)1P#“G”wka[(g“an — g"a) 8, X5 4 (g™, — g““at)anxk}

with {«,, o, B, B;} free parameters. The presence of 8, and f; is due to the fact that
there is no condition on the part of (X);, x» annihilated by P‘,l M

In the case of a general metric, C;,, doesn’t vanish, but we have (59) = /g (Cps —
Co)(X)xo. If the right-hand side of (54) had a component parallel to the tangent
plane that did not exactly cancel the third line of (59), there would be conditions over
o, and o, which would mean that the kernel of w could have different dimensions
for different target metrics G,,. We are going now to calculate the component of
(Cuo — Cop)(X) xo parallel to the tangent plane. Let us observe that Cy, g X" can
be rewritten in a simplified way:

an’v
0X°

1 A‘ ! A. ’ A, I ’
|:§<g Pan Xt — g xi _ gPnarxi ) g, xV g, X" G
/BGM/I'L
v R oy

@ Springer



35 Page 56 of 61 S. Martinoli, M. Schiavina

1 i / BG ! / aG /
=8, XV 9" X"8"% —20"X" 9g X" | ——~ + 9" XM gg X —LE

2( * B p ) axo * P o xo
_ %% a.x" o x ) 260

2 X

The component of (Cys — Cs)(X) xo parallel to the tangent plane is:

ple (C,w - Cou)(X)X”

condition that can be developed using P\ := 8% X3, X**:

3" X, 9, X" <c,w - cw) (an 3 X" + a,GtXU>

1 3G,
= | (0" X,3, X oty — 3" Xy (ctn 0 X° + a’a’Xd)]EBPXU apxuwvav

I | - dGy
= |3 X,8, X" — ata"xua,x"kava BPX”W”U”

i 1 ,
= |w,0'X, — a,ankaava 3P XV(9;G )

This term cancels the third line of (59). We thus see that all the terms in (27) have
no component parallel to the tangent plane. Let us now calculate the component of
(Cus — Co)(X) xo orthogonal to the tangent plane:

Pk (CW - Cw> (a,,anxf’ + a,a,X”)

Loy 3Gy 3G
L, €,
= P17 S0, XV 90X =22 — PN X = (e X7+ e X7)

Gy _

1 ’ 1 0G
= Pj’“[anzapX” XY X0 X W{,’L(Olnanx(7 +at8,X“):|

We can finally write the expressions (26) and (28) for (Xx )" and (X3, x)*, respectively,
as:

(XX)H = O[nanXM +05tatXM
(XZ),,X)M = ,Bnanxu

+B 3 X" + (") P [(g“an —2g"0)9,8, X" — g“"a,a,anX“]

+(g™! Pj’“G“wka[@“an — ") 3 X + (g, — g"“oet)anxk] +

G, 3G
— Y gnxm (4,0, XC +a,3,x")]

1.
—1pdl,
€ h M[a"ia”xv X X dX°
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Appendix D. The boundary action Sg

We need the BFV action S?J to complete the data comprising the BFV structure for
Polyakov theory. We can calculate it using the fact that the modified classical master
equation can be recast in the form: %LQM Loy m = 7*S%. O acts on the anti-ghosts
and anti-fields as:

' > G
QMXZ = 8,3( — 2ha53axﬂle> + haﬁaaxuaﬂxv aX,;(v o, (ngﬁ)
QMC)\T = —XZB,\XM + Oy <2ﬁwﬂﬁw> _ Ewﬁaﬁaﬂ b oo + o (C;C“)

~

OQuh™ =217 3,57 — 8, (h "ﬂf’;“) — WP RP 3, X" 95 X" Gy — BP0 07

and on the fields and ghosts as:

OuX" = ¢*o, X"
QMEaf} = aotgkﬁkﬂ + a;‘};)\ﬁk(x + fkakﬁaﬂ - a)\gkﬁaﬁ
Omt® = 0,0

The graded symplectic form Q7 is: Qu = [}, (SX“(SXL + Sﬁ“ﬂéﬁlﬂ +8¢98]. Letus
now calculate (we drop the M subscript) tpt €2y and manipulate the result to obtain
a total derivative:

~ ~ 3G 1, .
Lol = /g*a,\x" [a;,(- Zh“ﬁaaX“GM> + h“ﬁaax”aﬁxvaT“K — B (x;;ﬁ> ]
M

————
Ay
+¢Pa,0* [ — X9, X" +0q (2%*“/%5) — R hap + L0 + 0y (gj;“) ]
N— ——
A B

+|:apgkﬁka + aof/\z)»p + {Aaxﬁpa - a)»g)tho]

x [2}7"'@ 3% — By (%"'ﬂ”g“) — hPUROP 9o XM 95 X Gy — BTPT akg*]
The terms marked as A1, A; and B are equivalent, respectively, to:

AL+ Ay = —dp [;Kaxxﬂxj;gﬁ]

B aﬁ[;ﬂapckzigﬂ]
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removing these terms and considering that:
[%CAE/\J + 0y CAE)\p + CA3AEM} (—h"P7 g% +
0yt [zmavaa;a —a (Z“’";“) _ firafieb _ ﬁ“"’akgk} —0
we are left with:

3G 1y
IX¥

LoloQm = /;*axxk [aﬁ(— 2Z“ﬁan“GMK) + BB 3, X" g X"
M
+2P3,0" [ + 8y (2%”’3@) - %T"‘ﬂaﬁaﬂ] + 030 Hpo RPYROP 9y X85 XV G 1
+[apg%a + 0, Ry + ;Aaﬁpa}

x [2%*“!)3&;“ — 3 (W";“) - Epaﬁffﬁaaxﬂaﬂx”(;w].

We will consider separately the terms that have X* or its derivatives and the terms
that do not. The ones that do are:

i > G
¢hih X" [%( - Zh“ﬂaaX“GuK> + h“ﬁaaxﬂaﬁxv_axli”} n

1030 oo hPYROP 3, X 05 X Gy +

—[apgkﬁm + 0, Ry + ;Aaﬁpg]ﬁmﬁf’ﬁaaxﬂa,gx”G,w
= aﬂ[ — 2070 X R0, X G 1)) + :ﬁfza*aaxﬂaAX”GW}
the remaining terms are:
£P9,c" [ + 8y (2}7*“/%,3) - 'H*“ﬂaﬁaﬁ}
+[ap;%a + 90 ¢ + c*axﬁpa} [217T°‘paa;“ — Oa (E“’”c“)}
— aﬁ[ — 0 00 poh PP £ 2028, R PP Ry, — zagg"ﬁ,\pfz“’(’gﬁ].

Putting all the pieces together, we explicitly remain with the integral of a total
derivative (we assume integration against a volume form on M):

LotoQy = /M aﬁ[ - X Xl — 2040, X hP 3 X1 G 1y + {ﬁfza}‘aaX"BxX”GW}
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+/ % [4 A S G Y S 2304'*7up71”’”§ﬁ}
M
and using Stokes’ theorem:
totoSm = / _CABAXHX;H - 2§}Lalxvﬁan3aXMGuv + ana)‘aaXuavaGuv
oM
+f PO E e = 0T HI7P " + 28037 h M Ry — 2068 R ph P "
M

we can express the first and second terms, and the third term as functions of the reduced
variables:

—M X X" — 2049 X h*" 8, XH G, = —z[ofatxwu + U”JMJ“]

"R 9, X0, XV G 1y

o”|:JMJ“ - 81X”8,X“GW:|

while the second line can be expressed as:
_zp?nno,lato,n + ZantO.tatO.t

and thus:
LoloQm = / —20'9, X" J, — " |:JMJ" + 8,X"B,X”G,w] —2p"M"519,6" 4+ 2p ™ o' 3,0
am

which is the BFV boundary action of Eq. (38).
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