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Abstract
The Batalin–Vilkovisky data for Polyakov string theory on a manifold with (non-
null) boundary are shown to induce compatible Batalin–Fradkin–Vilkovisky data,
thus allowing BV-quantisation on manifolds with boundary. On the other hand, the
analogous formulation of Nambu–Goto string theory fails to satisfy the needed reg-
ularity requirements. As a by-product, a concise description is given of the reduced
phase spaces of bothmodels and their relation, for any target d-dimensional Lorentzian
manifold.
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1 Introduction

Classical mechanics can be seen as a simple and instructive example of a Lagrangian
field theory describing a particle moving in some reference manifold. The theory can
be formulated in such a way that the variational problem becomes reparametrisation
invariant, and critical configurations are unparametrised geodesics in the target mani-
fold. This version of classical mechanics is often called Jacobi theory, and it embodies
Maupertuis’ principle [30].

As it is known, it is possible to recover classical mechanics by means of a more
sophisticated coupling of a scalar with a one-dimensional gravitational theory (see
[18] for a recent account pertinent to this paper). This requires the introduction of a
dynamical metric on the source (the “worldline”), which will determine the behaviour
of the particle’s trajectory in the target. Both Jacobi theory and 1d gravity with scalar
matter are reparametrisation invariant, and in physics’ parlance we say that they are
classically equivalent, i.e. the two theories describe the samemoduli space of solutions
modulo (local) symmetry.

This picture allows a straightforward generalisation to extended objects moving in
a reference manifold. The field theory one obtains by directly generalising minimal
curves in amanifold is calledNambu–Goto string theory [27, 34]: aSigmamodelwhere
the source manifold (the “worldsheet”) is a two-dimensional differentiable manifold,
and the target is some N-dimensional Lorentzian manifold. It yields a variational
problem for minimally embedded 2d Lorentzian submanifolds, which can be seen as
the evolution of 1d extended objects—called strings. The two-dimensional version of
a gravitational field coupling with scalars is instead known as Polyakov theory [12,
35], which is also invariant under source diffeomorphisms, but exhibits an additional
symmetry, corresponding to the rescalings of the dynamical metric.

Similarly to the 1d scenario, Polyakov theory and Nambu–Goto theories are classi-
cally equivalent: one can solve the equations of motion for the dynamical metric and,
upon restricting the theory to that partial critical locus, one recovers Nambu–Goto
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theory. It is important to observe, at this stage, that this equivalence only holds when
one restricts all possible maps to embeddings into the target manifold1.

In order to quantise a field theory that admits local symmetries, one can conveniently
phrase the model within a cohomological setting, with the intent of describing its
moduli space of solutions by means of the cohomology of an appropriate complex.
This is the philosophy of the Batalin–Vilkovisky (BV) formalism [7, 8].

A number of recent applications, however, suggest that this picture might be incom-
plete, and that a satisfactory description of a quantum field theory requires a detailed
treatment of certain cohomological data induced on codimension 1 (and in princi-
ple higher) hypersurfaces. The main scenario here is given by boundaries: although,
instead of fixing a particular field configuration at the boundary, we consider the
induced data as structural information, essential for determining both classical and
quantum behaviour of the model.

It is clear that boundaries host crucial physical information for a field theory, since
that is where the Phase Space of the theory naturally resides2. Following the geometric
approach of Kijowski and Tulczyjew [31], to a classical field theory on amanifold with
boundary (M, ∂M) we associate a symplectic manifold of classical boundary fields
(F∂ , ω∂) and we look at a coisotropic submanifold C ⊂ F∂ describing boundary
configurations that can be extended to a solution of the bulk equations of motion for a
small enough cylinder ∂M×[0, ε). Usually, the submanifold C is the vanishing locus
of a set of first class constraints, i.e. functions {φi } in involution. For example, inYang–
Mills theory this is given by (generalised) Gauss’ Law, while for General Relativity
these are called “Hamiltonian and momentum constraints” [22, 24] (see also [17,
20]). When this is the case, the coisotropic submanifold C = Zero{φi } describes the
Reduced Phase Space of the system, which is defined as the (symplectic) reduction3

C .
If the bulk theory is formulated in the BV formalism, one can apply a similar pro-

cedure to induce, from the bulk data, a cochain complex associated to the boundary
submanifold. When this induction procedure is unobstructed, the end result is a coho-
mological resolution of C , i.e. a complex whose cohomology in degree 0 is the space
of functions on the reduced phase space [15]. We call this the BFV data, after Batalin,
Fradkin and Vilkovisky [6, 37, 39]. The collection of the BV and BFV data, together
with the chain map linking the two, is called a BV-BFV pair, and it is the starting point
for cohomological quantisation of field theories with local symmetries on manifolds
with boundary, as proposed in [16]. When a BV-theory admits a BV-BFV pair, it is
called 1-extendable.

It has been recently shown that there are several important examples of classically
equivalent theories where only one of the two equivalent models is 1-extendable to
a BV-BFV theory. For example, while 1d gravity with matter is 1-extendable, Jacobi

1 See the conditions required in [19] in 1d, and the comment on singular configurations for Nambu–Goto
theory in [4].
2 Here we do not distinguish between Cauchy surfaces and time-like boundaries, because that requires
the specification of a background metric. The assignment of boundary data that we are after, instead, is
functorial and transcends the request that initial values can be actually extended to solutions in the bulk.
3 This is C reduced by its characteristic foliation. Observe that C need not necessarily be the zero of an
equivariant moment map.
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theory is not [18]. Remarkably, this is the case also for certain formulations of gravity
in dimension 4 and higher [17, 19, 38]. The obstruction for a BV theory to be 1-
extendable is the regularity of the kernel of a natural closed two-form on the space of
restrictions of fields to the boundary.

In this article, we compute the reduced phase spaces of both Polyakov and Nambu–
Goto theories and show how they are symplectomorphic to each other, whenever the
boundary of the worldsheet is non-null. This result holds for any target Lorentzian
manifold and thus provides a general description of the phase space of string theory.

Then, we move on to show that Polyakov theory is 1-extendable when phrased in
the BV formalism and explicitly derive its BV-BFV structure. On the other hand, we
show that the same natural procedure fails in the case of the Nambu–Goto theory,
which is thus not 1-extendable. This result strengthens the argument in favour of a
refined notion of equivalence of field theories on manifolds with boundaries, in view
of quantisation.

On a closed manifold without boundary, one can phrase equivalence of theories
in terms of quasi-isomorphisms of BV complexes. It is often argued that classically
equivalent theories such as Polyakov and Nambu–Goto (or their analogue 1d gravity
and Jacobi theory studied in [14, 19]), which only differ by what is often called aux-
iliary fields content,4 have quasi-isomorphic BV complexes [29]. This comparison
is extended “to the boundary” following [5], in the sense that one looks at the BV
complex on local forms, where the BV differential is enriched by the de Rham dif-
ferential5, and the two theories have quasi-isomorphic BV de Rham complexes. The
crucial observation, however, is that the “extension to the boundary” in the sense of
[5] might fail to grasp the regularity requirements of a BV-BFV pair6.

One can phrase the problem in the following sense. BV-de Rham equivalence is
a statement about the existence of a quasi-isomorphism preserving the cohomology
classes of the relevant BV data (see [14,Definitions 2.3.1 and 2.6.3], where this relation
is termed “lax equivalence”). However, said quasi-isomorphism need not preserve the
regularity condition required for a strict BV-BFV pair to exist. As a consequence, a
particular representative in a BV equivalence class might not admit an extension to
the boundary in the sense of [15].

For example, in the 1d scenario, it was shown in [14] that there exists an explicit
chain homotopy that yields an equivalence of the BV complexes of Jacobi theory and
1d gravity with matter. This BV-chain homotopy extends “to the boundary” as BV-de
Rham equivalence in the sense of [5] (or lax equivalence following [14]), meaning
that it preserves the BV de Rham class of the defining BV data. However, it sends an
extendable BV theory (1d gravity) to a non-extendable one (Jacobi theory), meaning
thatBVchain homotopies do not to preserve the regularity requirements needed to have
a BV–BFV pair.7 Hence, this provides a “best case scenario” example of two theories
that are classically equivalent with quasi-isomorphic BV (-de Rham) complexes, but

4 Here the metric is seen as an auxiliary field.
5 To be more precise, this is the Horizontal differential on local forms.
6 For example, we require BFV data to be symplectic, while the naive boundary data obtained by restriction
are a priori only pre-symplectic.
7 Compare this with the notion of “strictification” of a BV theory with boundary in [33,Definition 12].
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such that their BV-BFV behaviour differs significantly. The way we interpret this fact,
following the observations in [14], is that among BV-equivalent models one needs to
find a representative that is 1-extendable, i.e. such that it will induce a BV-BFV pair.

In this paper we show that the same discrepancy in BV-BFV extension arises when
comparing Polyakov and Nambu–Goto theories. Even assuming that the arguments
of [5] can be used, or some other argument is found, to show that the respective
BV complexes are quasi-isomorphic8, when looked through the lens of the BV-BFV
formalism, the theories differ.

In order to clarify the bulk-to-boundary behaviour of the two models, we present a
detailed analysis of the reduced phase spaces for Polyakov and Nambu–Goto theories,
and prove that they are symplectomorphic. This shows that one can consider a singular
abstract reduced phase space for 2d string theory, which can be represented by either
Polyakov or Nambu–Goto theories. However, similarly to the 1d case, a discrepancy
emerges when attempting to construct a BV-BFV pair, meaning that different choices
of a theory representing the moduli space might have different properties.

We interpret this statement by saying that the abstract theory of bosonic strings has
one realisation—Polyakov theory—which admits a strict BV-BFV description and
lends itself to quantisation with boundary. On the contrary, Nambu–Goto theory is not
a good presentation of string theory for this purpose.

Let us stress that the bulk-boundary induction procedure we employ here is natural,
and that there is value in identifying those BV theories that are naturally 1-extendable.
For theories that do not admit 1-extension (known so far are Palatini–Cartan gravity
in d ≥ 4 [19, 38], Plebanski gravity [38] and Jacobi Theory [18]) the only known
workarounds to the obstruction to extendability involve restricting the available con-
figurations. In the best case scenario, this means choosing another representative of
the theory in the same BV-equivalence class, with better extendability properties.

It is not possible to exclude that one may construct a BV-BFV pair by means other
than the procedure described here. For example, imposing certain boundary condi-
tions might improve the extendability of a theory, although one is not guaranteed
to get the right BFV theory, as was shown in [20,Section 5], for Palatini gravity.
Another well-proven method for generating BV-BFV pairs employs the AKSZ con-
struction,9 however this is bound to fail for Nambu–Goto theory, given that its BFV
data vanishes10. Asymptotic falloff conditions are another valid guess (see [36]), and
ultimately one could even change the BV quantisation prescription.11 However, for
a single given theory that is not 1-extendable with the boundary-induction procedure
we employ here, the obstruction to 1-extension we discuss here is sufficient to void

8 We observe that according to [4] the (classical and quantum) BV cohomologies of Polyakov and Nambu–
Goto theory have been shown to differ already without considering boundaries. This result is in apparent
contradiction with the general arguments of [5, 29] and, to the best of our knowledge, this issue has not
been resolved.
9 After Alexandrov, Kontsevich, Schwarz and Zaboronski [2] and the extension byGrigoriev andDamgaard
[28].
10 To understand this statement we refer to the following section “literature overview”, and Theorem 22.
The problem is that Nambu–Goto theory does not truly admit a set of constraints.
11 One promising attempt would be that of changing the canonical BV symplectic form to include boundary
terms, although this has not been thoroughly studied yet.
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its eligibility as a candidate for quantisation in the presence of boundaries, without
taking further precautions into account.

At this stage, it is not clear whether a “boundary-compatible presentation” of the
moduli spaces of the theory can be found within the BV-equivalence class of a given
model, but since our focus here is on two theories that are known to be classically
equivalent, the logic is reversed: we claim that Polyakov theory is indeed a better
presentation of the abstract theory of bosonic strings, due to its BV-BFV behaviour.

1.1 Literature overview

The purpose of this paper is twofold. On the one hand, we analyse both Polyakov
and Nambu–Goto strings within the symplectic approach of Kijowski and Tulczyjew
[31], to the effect of describing and relating their reduced phase spaces. This is done
in Theorems 17 and 22. The analysis of constraints of Polyakov theory we perform
provides a clean symplectic description of its reduced phase space, which had been
analysed, e.g., in [13,Ch 12.2] and [9]. Moreover, we show that the usual practice of
looking at Nambu–Goto and Polyakov theories as the same constrained Hamiltonian
system (see for example [26,Eq. 4.4] and [25,Eq. 2]) is justified by the partial (pre-
)symplectic reduction presented in Theorem 22, which explicitly relates the boundary
structure of the two models.

Since the two theories have equivalent reduced phase spaces (for every target
Lorentzian manifold), they are interchangeable. However, a better point of view is
perhaps that there is an abstract reduced phase space for 2d bosonic string theory,
which can be represented either by Polyakov or Nambu–Goto theories in the bulk.
The choice of one theory over another might yield differences, as highlighted in the
second part of this work, where we show that while Polyakov theory admits a BV-
BFV description, Nambu–Goto does not (Theorems 27 and 31 , respectively). This is
also supported by the results of [4], which pointed at a discrepancy in the observables
admitted by the two models12.

To compare our results with previous attempts to describe the BFV structure for
Nambu–Goto theory, we point once again at Theorem 22. Indeed, the BFV data
presented in [25,Eq. 7] resolves (the zero locus defined by) a set of constraints
{φi } ∈ C∞(T ∗C∞(∂M, N )), defined in the cotangent bundle tomaps from the bound-
ary of the worldsheet M to the target N . It is in fact equivalent to Eq. (38), after a
redefinition of fields. While constraints are natural in Polyakov theory, they arise only
after a partial reduction in Nambu–Goto theory13, as we explain in Theorem 22.

Our results point out that such BFV data, associated with the reduced phase space
of a 2d bosonic string, can be induced from (and is compatible with) the bulk BV
data associated with Polyakov theory, but not from the bulk BV data associated with
Nambu–Goto theory (Theorem 31).

12 More precisely, their BV cohomologies have been shown to differ.
13 Symplectic reduction of Polyakov’s constrained coisotropic submanifoldwith respect to its characteristic
foliation coincides with the residual presymplectic kernel reduction for Nambu–Goto theory.
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1.2 Summary of results

Polyakov theory is a field theory ofmaps X ∈ C∞(M, N ) and of densitised Lorentzian
metrics ˜h ∈ DM(M, ∂M) (see Definitions 10 and 11 ). It can be formulated as a
Batalin–Vilkovisky theory (Definition 25) on the (−1)-symplectic manifold14

(FP = T ∗[−1] (DPR(M, ∂M)× C∞(M, N )× X[1](M)
)

,�P
)

.

with action functional:

SP = SclP +
∫

M
〈X†, Lζ X〉 + 1

2
〈ζ †, [ζ, ζ ]〉 + 〈˜h†, Lζ

˜h〉,

Weprove that this BV theory admits an extension to a BV-BFV theory (Definition 8,
Theorem 27), with BFV data:

F∂
P = T ∗

(

C∞(∂M, N )× X[1](∂M)× C∞[1](∂M)
)

with graded (0)-symplectic structure15

�∂ = δα∂ = δ

∫

∂M
JμδXμ + σ †

n δσ n + ιδσ ∂ σ
†
∂ ,

(we denote σ n ∈ C∞[1](∂M), σ∂ ∈ X[1](∂M), while fields with a dagger are fibre
coordinates) together with the BFV action (∂t denotes the tangential derivative on
∂M):

S∂
P =

∫

∂M
−(Lσ∂ X)μ Jμ − 1

2
σ n

[

Jμ J
μ + ∂t X

μ∂t Xμ

]

+ σ †
n Lσ∂ σ

n + 1

2
ι[σ∂ ,σ ∂ ]σ

†
∂ .

The BFV data thus found are a resolution of the reduced phase space for Polyakov
theory, described as the coisotropic submanifold �red

P ⊂ T ∗ (C∞(∂M, N )) seen as
the vanishing locus of

Hφ :=
∫

∂M

φ
(

∂t Xμ∂t X
μ + Jμ J

μ
)

Lψ := 2
∫

∂M

ψ∂t X
μ Jμ

for φ,ψ ∈ C∞(∂M), which satisfy:

{Hφ, Hφ′ } = L [φ,φ′] {Lψ, Lψ ′ } = L [ψ,ψ ′] {Hφ, Lψ } = H[φ,ψ]

where [φ,ψ] := (∂tφ)ψ − φ(∂tψ).

14 We denote fields by (X , X†) ∈ T ∗[−1]C∞(M, N ), (ζ, ζ †) ∈ T ∗[−1]X[1](M) and (˜h,˜h†) ∈
T ∗[−1]DPR(M, ∂M). See Definitions 5 and 13 for the definition of the cotangent bundles used here.
15 We denote by (X , J ) ∈ T ∗C∞(∂M, N ) a vector bundle morphism T ∂M → T ∗M covering a smooth
map X .
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In the context ofNambu–Goto theory,we show that the naturalBV theory associated
with the model, described on the BV space of fields (Definitions 9 and 30 )

FNG := T ∗[−1] (C∞(M, N )× X[1](M)
) � ((X , X†), (ζ, ζ †))

endowed with the BV-Nambu–Goto action:

SNG = SclNG +
∫

M
〈X†, Lζ X〉 + 〈ζ †,

1

2
[ζ, ζ ]〉,

does not induce a compatible BV-BFV structure when the worldsheet admits a bound-
ary ∂M (Theorem 31).

On the other hand, we show that the reduced phase spaces of the two theories
coincide by means of the commuting diagram (Theorem 22):

FNG

π̌NG

φNG
FP

π̌P

F̌NG

π∂
NG

π∂
partial

F̌P

π∂
P

CP

π red
P

ιC
F∂
P

F∂
NG � �red

NG
ϕ

�red
P

(1)

where we denoted by CP ⊂ F∂
P the submanifold of constraints of Polyakov theory

defined above, with ιC : CP → F∂
P the inclusion map, and the maps

π∂
partial : F̌NG → CP ; φNG : FNG → FP

are, respectively, a partial pre-symplectic reduction of the pre-symplectic manifold
F̌NG, andφNG is the classical equivalence of the two theories (cf. Remark 16), referring
to the spaces F̌NG, FNG and FP , defined, respectively, in Theorem 22, Definition 9
and Definition 10.

2 Background

In this background chapter, we introduce some basic concepts needed throughout the
paper. In Sect. 2.1, we will describe how to construct the Reduced Phase Space for
a field theory using a geometric construction due to Kijowski and Tulczyjew [31]. In
Sect. 2.2, we give a brief overview of the BV and BFV formalisms, as well as how
they are related to each other on a manifold with boundary. We refer to [15] for a more
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detailed discussion about these topics. In Sect. 2.3, we will outline the basics about
the Nambu–Goto and the Polyakov string theories, and fix our conventions.

2.1 A geometric approach to the reduced phase space

A field theory on a manifold M is specified by a space of fields F—modelled around
smooth sections of a fibre bundle16 E → M—aswell as an action functional S : F →
R, a local functional of the form:

S =
∫

M

L[φ, ∂Iφ],

with L a density-valued functional of fields and afinite number of derivatives (jets). The
data of local symmetries for a field theory are specified by an involutive distribution
D ⊂ TF. To construct the reduced phase space of the system, we use a method
developed originally by Kijowski and Tulczyjew [31].

Assume that the manifold M has a non-empty boundary ∂M . The starting point
for the construction is the variation of the action functional, which splits into a bulk
one-form el, the vanishing locus of which is the Euler–Lagrange critical locus EL of
the theory, and a boundary term:

δS = el+ π̌∗α̌.

If we denote by F̌ the space of pre-boundary fields, i.e. the space of restrictions of
fields and normal derivatives to the boundary, with the natural surjective submersion
π̌ : F → F̌ given by restriction, we can interpret α̌ as a one-form on F̌ . Given α̌ we
construct the two-form ω̌ = δα̌.

The closed two-form ω̌ is often degenerate, so (F̌, ω̌) is at best pre-symplectic.
When this is the case, that is if the kernel of ω̌� : T F̌ → T ∗ F̌ is regular17, we can
perform pre-symplectic reduction over the space of boundary fields:

π red : F̌ → F∂ = F̌/ker(ω̌�),

and, precomposing, we get π := π red ◦ π̌ : F → F∂ , with symplectic structure
ω∂ = ω̌.

Definition 1 We will call (F∂ := F̌/ker(ω̌�), ω∂) the geometric phase space of the
classical field theory (F, S, D).

Not all points in F∂ can be extended to a solution of the equations of motion in the
bulk. Typically, the set of such boundary values is specified by the common zero locus

16 Later in this paper F will be a mapping space, seen as the space of sections of some trivial fibre bundle
on M . Since we will work with metrics, we will also need to allow (open) nondegeneracy conditions on
fields.
17 Regular means that ker(ω̌) is a subbundle of T F̌ . A practical way to check this is whether it has the
same C∞(F̌)-dimension over all of F̌ .
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C of a set of functions {φi }i=1...k . We can think ofC as a generalisation of Cauchy data
for the field theory, in that we require points on C to extend (possibly non-uniquely)
to a solution of the equations of motion in a short enough cylinder bounded by ∂M . If
∂M is a Cauchy surface, this translates into the usual Cauchy problem for PDE’s, more
generally C encodes necessary conditions for existence and uniqueness. However, in
this approach we are not specifically interested in the analytic nuances surrounding
this question.

Typically, a naïve choice for the φi -s is induced by restricting the equations of
motion of the theory to the boundary. This produces a set of functions φ̌i ∈ C∞(F̌),
which we expect to be basic with respect to the reduction π red. This means that there
exist functions φi ∈ F∂ , such that φ̌i = π red∗φi .

Inwhat follows,wewill assume that the set {φi }i=1...k is in involution, i.e. all Poisson
brackets {φi , φ j } between constraints vanish when restricted to C . We will then say
that C is coisotropic18. In Dirac’s terminology [23], the constraint set {φi }i=1...k is
first class. This is relevant because, in order for the field theory to be well defined, one
requires π(EL) ⊂ F∂ to be a Lagrangian submanifold, when EL is associated to a
small-enough cylinder bounding ∂M . A direct consequence of this is that C ⊃ π(EL)

must be coisotropic.
The restriction of the symplectic 2-form ω∂ to C is degenerate, and since C is

coisotropic, its kernel is given by the span of the Hamiltonian vector fields Xi of the
functions φi , this is also called the characteristic distribution of C .

Definition 2 We define the Reduced Phase Space (RPS) of the field theory to be the
reduction of C by its characteristic distribution: �red := C .

The reduced phase space is generally a singular space19; we will describe it alter-
natively by means of the constraint set {φi }i=1...k . As we will see in the next section,
the BFV construction for a field theory provides a resolution of the Reduced Phase
Space, i.e. a complex whose cohomology in degree zero describes (or rather replaces)
the space of functions over the reduced phase space �red.

2.2 Batalin–Vilkovisky and Batalin–Fradkin–Vilkovisky formalisms

In this section, we present a brief overview of the Batalin–Vilkovisky and the Batalin–
Fradkin–Vilkovisky formalisms [6–8].

Definition 3 A relaxed BV-theory on a manifold M is the data

(FM , SM , QM ,�M )

with (FM , �M ) a Z-graded (−1)-symplectic manifold, SM a degree 0 function, and
QM a degree 1 cohomological vector field, i.e. such that [QM , QM ] = 0. If, in
addition, we have

18 In order for C to properly define a submanifold in an infinite-dimensional setting, certain additional
regularity conditions are required to hold. We will not be concerned with this issue, as we will be more
interested in the algebraic properties of C .
19 Often C itself is singular, see e.g. [3], for the case of General Relativity.
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ιQM�M = δSM ,

i.e. SM is the Hamiltonian function of QM , the data (FM , SM , QM ,�M ) defines a
BV theory.

Remark 4 Notice that, in a BV theory, the compatibility requirements above can be
rewritten in a more familiar way as the statement that SM satisfies the Classical Master
Equation (CME)

{SM , SM } = 0

where the Poisson brackets are derived from the graded symplectic structure. In some
circumstances, it is useful to identify QM = {SM , ·}, although, since the Hamiltonian
condition will be spoiled in the presence of a boundary, we prefer to think of the two
pieces of data as independent, and consider relaxed BV theories.

We provide here a general definition of a cotangent bundle for space of fields we
will use to define BV fields throughout.

Definition 5 (Cotangent bundles). Let E → M be a (possibly graded) vector bundle,
E[p] its space of (p-shifted) smooth sections20, i.e. the space of sections of E[p].
We define by T ∗[k]E[p] the vector bundle whose fibres are given by (k − p)-shifted
sections21 of E∗ ⊗ Dens(M) → M .

Let C∞(M, N ) be the space of smooth maps between smooth manifolds M and
N . The tangent bundle TC∞(M, N ) is given by pairs (X , V ) of a smooth map X ∈
C∞(M, N ) and a section V ∈ �(X∗T N ).We define T ∗[k]C∞(M, N ) to be the vector
bundle over C∞(M, N ) whose fibres at X consist of sections X† ∈ �(X∗T ∗[k]N ⊗
Dens(M)).

Typically, one is given the data of a field theory as in Sect. 2.1, and wants to extend
it to a BV theory. A classical field theory is specified by the data (FM , SclM ) and by a
distribution DM ⊂ TFM encoding the symmetries, i.e. vector fields X ∈ �(DM ) such
that LX (SclM ) = 0. A relevant detail here is that, while the space of (local) symmetries
of SclM is fixed (and it is a Lie subalgebra of T FM ), the distribution DM encodes only
the symmetries of the theory that are non-trivial, i.e. vector fields that do not vanish
on the critical locus of SclM . Hence, there is a freedom in the choice of DM , which is
thus a datum we have to specify, and in principle might only be involutive up to trivial
symmetries (in this case one speaks of on-shell symmetries, see [29] for more details
on this classical issue). In this paper we will mostly employ the classic result:

Theorem 6 ([7, 8]). Let DM be the image of a Lie algebra action ρ : g→ X(FM ), and
let QBRST be the Chevalley–Eilenberg differential22 associated with ρ. Consider the
space of fields FM = T ∗[−1](DM [1]), where � is a multiplet of fields in DM [1],�†

20 We assume to be working in some convenient setting, such as Fréchet manifolds, or more generally
diffeological spaces.
21 Here Dens(M) denotes the density bundle of M .
22 We consider C∞(FM ) as a g-module.
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denotes the corresponding multiplet of conjugate (anti-)fields. Let us define the
functional

SM = SclM + 〈�†, QBRST�〉,

and extend QBRST to QM so that, up to boundary terms, ιQM�M = δSM. Then, the
data (FM ,�M , SM , QM ) denote a relaxed BV theory. If ∂M = ∅, the data define a
BV theory.

In this article, we are interested in the case where M has a boundary ∂M . In this
case, the relation ιQM�M = δSM does not hold anymore, i.e. the BV theory on the
manifold without boundary generalises to the case with boundary as a relaxed BV
theory, and the following holds instead:

ιQM�M = δSM + π̃∗α̌ (2)

where π̃ : FM → F̌∂M is a surjective submersion from the space of fields on M to the
phase space of pre-boundary fields, once again defined as the space of restrictions of
fields and normal jets to the boundary. The boundary term α̌ is interpreted as a local
1-form on F̌∂M .

To the boundary of the manifold, we can associate the following structure.

Definition 7 A BFV-theory on a closed manifold N is the data (F∂
N , S∂

N , Q∂
N ,�∂

N )

with (F∂
N ,�∂

N ) a Z-graded 0-symplectic manifold, and SN and QN , respectively, a
degree 1 function and a degree 1 vector field on F∂

N such that:

[QN , QN ] = 0

ιQN �N = δSN

i.e. QN is a cohomological vector field, and SN its Hamiltonian function. This implies
that SN satisfies the CME. If �N = δαN , we will say that the BFV theory is exact.

The BFV data are related to the relaxed BV theory on the bulk (for more details
on the procedure, check [15]). Indeed, through Eq. (2), the relaxed BV theory induces
some data on the boundary, which in good situations will yield a BFV theory. In that
case we have:

Definition 8 An exact BV-BFV theory on a manifold with boundary (M, ∂M) is the
data

(

FM , SM , QM ,�M ,F∂
∂M , S∂

∂M , Q∂
∂M ,�∂

∂M , π
)

such that (FM , SM , QM ,�M ) is a relaxed BV theory on the manifold with boundary
(M, ∂M), (F∂

∂M , S∂
∂M , Q∂

∂M ,�∂
∂M = δα∂

∂M ) is an exact BFV theory on the boundary
∂M , and π : FM → F∂

∂M is a surjective Q-submersion, such that

ιQM�M = δSM + π∗α∂
∂M .
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A relaxedBV theory (FM , SM , QM ,�M ) on amanifoldwith boundary (M, ∂M) is
said to be 1-extendable to an exact BV-BFV theory if one can find an exact BFV theory
(F∂

∂M , S∂
∂M , Q∂

∂M ,�∂
∂M = δα∂

∂M ) on the boundary ∂M and a map π : FM → F∂M

such that one obtains an exact BV-BFV theory on (M, ∂M).

Given a classical field theory on a manifold with boundary, we can always compute
its Reduced Phase space �red. Under the mild assumption that �red be given by a set
C of first class constraints23, we can apply the BFV construction to it and obtain a
cochain complex whose cohomology in degree zero is a replacement for the space of
smooth functions on the reduced phase space C . The output of the BFV construction
[6], which was explained in detail in [39] and then later in [37], is a BFV theory as in
Definition 7.

On the other hand, given the samefield theory,we can applyTheorem6 and compute
its BV complex. When the two independently constructed complexes are compatible,
they yield a BV-BFV theory, which is the starting point of Perturbative quantisation
with boundary, as proposed by Cattaneo, Mnev and Reshetikhin in [16].

2.3 String action functionals

In String Theory the generalisation of the motion of point particles is done by consid-
ering extended one-dimensional objects. Their classical dynamics is dictated by the
minimization of an action functional, which can be obtained by generalizing that of
relativistic free particles:

S1d :=
∫

I

√
gdt

where I ⊂ R is an interval parametrized by x ∈ I , gαβ := ∂αXμ∂βXνGμν(X) is
metric induced (in components) on the line, with g := |det(gαβ)| its determinant and
X : I → N is the trajectory of the particle24.

This action functional is the pseudo-length of the line in N with metric G (that in
local coordinates isGμν(X)), and byminimizing it we find the equations governing the
motion of a particle in N . Since I is one-dimensional, the induced metric g = gttdtdt
has one component gtt = ∂t Xμ∂t XνGμν(X) =: Ẋ2, and the action of the relativistic
particle can be written in the more commonly known form (up to factors):

S1d :=
∫

I
|Ẋ |dt

Following the same philosophy, we write the action of the string as the surface area
spanned by a 1-dimensional “string” moving in a background pseudo-Riemannian
geometry: the two dimensional generalization of the path length.

23 This condition can be generalised to the more general request of having a coisotropic submanifold [37].
24 Xμ denotes the composition of a time-like curve X : I → N and a local chart φμ : U ⊂ N → R

d+1,
for a smooth manifold N .
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Definition 9 WecallNambu–Goto theory the assignment, to a two-dimensional source
manifold M (possibly with boundary) that admits a Lorentzian structure25 and a d+1
Lorentzian manifold (N ,G), of the space of classical fields

FNG = C∞(M, N ) � X

and the Nambu–Goto action:

SclNG :=
∫

M

√
gd2x =

∫

M
d2x

√

|det(∂αXμ∂βXνGμν(X))|

In the context of strings, M is often referred to as “world sheet".

To describe a string, we can alternatively use the following model [12, 35]:

Definition 10 We call non-null Polyakov theory the assignment, to a two-dimensional
manifold with boundary M that admits a Lorentzian structure and a d + 1 Lorentzian
manifold (N ,G), of the data

FP = C∞(M, N )× PR(M, ∂M) � {X , h},

where PR(M, ∂M) denotes the open set of Lorentzian metrics on (M, ∂M) whose
restriction to ∂M is nondegenerate, together with the Polyakov action functional:

SclP :=
∫

M
〈dX , �hdX〉 =

∫

M
dXμ ∗h dXνGμν(X)

=
∫

M

√
h hαβ∂αX

μ∂βX
νGμν(X)d2x (3)

where �h is the Hodge dual defined by h,
√
h denotes the square root of the (absolute

value of the) determinant of h and 〈·, ·〉 the inner product defined by G.

Notice that non-null Polyakov theory enjoys a conformal symmetry, i.e. we can
rescale h → λh with a positive function λ. This alternatively means that we can
reduce the number of degrees of freedom from the start, without loss of generality.
We consider new variables given by equivalence classes of metrics ˜h := [h] under
rescaling, which can be parametrised as ˜h := 1√

h
h, with h := det(h) and inverse

˜h−1 = √hh−1.

Definition 11 We define the space of densitised Lorentzian metrics DPR(M, ∂M),
given by equivalence classes of metrics, parametrised by ˜h = 1√

h
h ∈ for h ∈

PR(M, ∂M) a Lorentzian metric with nondegenerate restriction to ∂M .

Indeed, Polyakov action depends explicitly only on combinations
√
hhαβ (see

Eq.(3)): this quantity has only two degrees of freedom instead of three (in fact˜hαβ has

25 A compact manifold admits a Lorentzian structure if and only if it has vanishing Euler characteristic. In
two dimensions this is, for example, the case of a torus.
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unit determinant). As a consequence, SclP descends to the space of equivalence classes
of metrics defined by rescalings.

In a local chart, the elementary field˜hαβ (and its inverse˜hαβ ) has matrix represen-
tation:

˜hαβ :=
(

˜hnn ˜hnt
˜hnt ˜htt

)

= ς

(

˜htt −˜hnt

−˜hnt ˜hnn

)

ς := det(h̃) ≡ sign(h) (4)

and n and t are the indexes, respectively, of the normal and tangent directions to the
boundary26. In what follows we will be mainly interested in the case ς = −1, but
we will keep track of ς throughout most of the calculations, and it will be specified
when we will do otherwise. The main formulas we will need to tackle the variational
problem for densitised metrics are:

˜hαβ := 1√
h
hαβ

|det(˜hαβ)| = 1

δ˜hαβ = 1√
h
P⊥ρσ

αβ δhρσ (5a)

where P⊥ = id − 1
2hTrh is a operator on �(S2(T M)) that in a local chart reads

P⊥ρσ
αβ = δρ

αδσ
β −

1

2
hαβh

ρσ

and that, pointwise, represents the projector to the subspace of traceless symmetric
tensors.

Remark 12 Equation (5a) relates the variation of the constrained variables˜hαβ to the
variation of the free variables hαβ . Observe that δ˜hαβK αβ = 0 does not imply K αβ =
0, for K αβ a generic symmetric contravariant two-tensor. The condition δ˜hαβK αβ = 0
imposes only two independent relations on K αβ . To tackle the issue, we can use eq
(5a):

K αβ 1√
h
P⊥ρσ

αβ δhρσ = 0

which implies:

K αβ P⊥ (ρσ)
αβ = 0,

and the symmetrization of the projector, denoted by round brackets around the indices,
is due to the symmetry of hαβ . With these considerations the action functional for non-
null Polyakov theory reads:

SclP =
∫

M

˜hαβ∂αX
μ∂βX

νGμν(X)d2x .

26 This means, in a local chart adapted to a tubular neighbourhood of the embedded boundary submanifold.
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Definition 13 We define the pre-cotangent bundle T∨DPR(M, ∂M) to be the vector
bundle over DPR(M, ∂M) whose fibre over ˜h is space of sections K of S2(T M)

subject to the condition P⊥̃
h

(K ) = 0. Denoting the associated vector bundle by

S2
P⊥̃
h

(T M) → M , we define the cotangent bundle T ∗DPR(M, ∂M) as the vector

bundle whose fibres at˜h are sections of S2
P⊥̃
h

(T M)⊗ Dens(M) → M .

Remark 14 In principle, one could use the standard, nonreduced, version of Polyakov
theory, and account for conformal invariance within the BV formalism. We found this
path more convenient to deal with. The adoption of these reduced fields appears in
[10,Eq 17] and is discussed, even if it is ultimately not employed, in [32,Eq 3.8].

Remark 15 Throughout the paper, we will assume that our metric fields are defined in
such away that they restrict to nondegenerate metrics on the boundary. In Appendix A,
we show that this is equivalent to the condition hnn �= 0. Typically, this is stated as
the condition that the boundary is non-null, although clearly it is an open condition in
the space of fields, since the metric is dynamical and not a background.

Remark 16 (Classical Equivalence). A known (and simple) fact about Polyakov and
Nambu–Goto string theories is that they are classically equivalent. Physically, this
means that they describe the same set of classical configurations: the solutions of the
respective Euler–Lagrange equations of motion (modulo symmetries). Geometrically,

we can phrase this as follows. Consider the equation of motion
δSclP
δh = 0, given by the

tensorial equation27

dXμ � dXμ = 1

2
hTrh[dXμ � dXμ], (6)

where� defines the symmetries tensor product, and denote by N ⊂ FP the subset of
Polyakov fields that satisfy it. Then, there is a diffeomorphism φNG : FNG → N ⊂
FP , such that

φ∗NGSclP = SclNG,

since we can realise that the square root of the determinant of the two sides of (6)
are Nambu–Goto’s and Polyakov’s Lagrangians. This induces an equivalence of field
theories, since clearly the zero locus of SclNG coincides with that of SclP . We call this
relationship between theories “classical equivalence”. In general, though, classical
equivalence is not enough to show that the cohomologyof theBVcomplexes associated
with two (classically equivalent) models are isomorphic, as it only states that the
cohomologies in degree 0 coincide. However, the equivalence between Polyakov and
Nambu–Goto theories fitswithin a general approach to the comparisonof field theories,
which stems on the elimination of (generalised) auxiliary fields. In this case, the
auxiliary field is the metric h, featuring in Polyakov theory. When two theories differ
only in auxiliary field content, their BV cohomologies are related by the classic results

27 This is the vanishing of the stress-energy tensor.
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of Barnich, Brandt and Henneaux [5, 29]. In this work, we will show that regardless of
the “nice” behaviour of the classical equivalence map φNG, the BV-BFV behaviour of
the two models differs. In particular we will show that the BV data for Nambu–Goto
stringdoes not induce aBV-BFV theoryon amanifoldwith boundary.This result seems
to be compatible with the work of Bahns, Rejzner and Zahn [4], who found another
discrepancy between Polyakov’s and Nambu–Goto’s BV cohomologies, despite the
general arguments of [5, 29].

3 Polyakov theory— reduced phase space

In this section, we will analyse the reduced phase space (RPS) of the Polyakov action.
We begin by recalling that the natural restriction of fields to the boundary yields a
pre-symplectic manifold. Its reduction yields the space of boundary fields F∂

P , within
which we identify the coisotropic submanifold defining the RPS as follows.

Theorem 17 The geometric phase space for Polyakov theory is the cotangent bundle

F∂
P = T ∗C∞(∂M, N ) � {J , X},

with canonical symplectic form:

ω∂
P =

∫

∂M

δXμδ Jμ.

The Reduced Phase Space for Polyakov theory is represented by the common zero
locus of the functions

Hφ :=
∫

∂M

φ
(

∂t Xμ∂t X
μ − ς Jμ J

μ
)

Lψ := 2
∫

∂M

ψ∂t X
μ Jμ,

where ∂t denotes derivatives tangential to ∂M and ς = sign(h), which satisfy:

{Hφ, Hφ′ } = L [φ,φ′]
{Lψ, Lψ ′ } = L [ψ,ψ ′]
{Hφ, Lψ } = H[φ,ψ]

where [φ,ψ] := (∂tφ)ψ − φ(∂tψ).
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3.1 Proof of Theorem 17

Wewill split this proof in four parts. First wewill show that the variation of Polyakov’s
action functional induces a pre-symplectic form on the boundary. Then, we will
compute the pre-symplectic reduction, and finally, we will analyse the structure of
canonical constraints.

Proof. Part 1 Recall that d is the de Rham differential over the world sheet manifold
M , and thus acts over the k-forms over M (d : �k(M) → �k+1(M)), while δ is
interpreted as the vertical differential on local forms on FP .

Let us compute the variation of Polyakov’s action functional and split it into a
boundary term, and the Euler–Lagrange term:

δSclP =
∫

M
δ(dXμ ∗

˜h dX
νGμν(X))

=
∫

M

[

d(2δXμ ∗
˜h dX

νGμν(X))− 2δXμd(∗
˜hdX

νGμν(X))

+ dXμδ(∗
˜h)dX

νGμν(X)+ dXμ ∗
˜h dX

νδ(Gμν(X))

]

(9)

where we used:

δd = dδ, δ(∗
˜h)dX

ν := δ(
√
hhαβ)εβγ ∂αX

νdxγ ,

with εαβ denoting the antisymmetric Levi–Civita symbol. We can split (9) into a term
EL, yielding the Euler–Lagrange equations of motion:

EL :=
∫

M

[

− 2δXμd[∗
˜hdX

νGμν] + dXμδ(∗
˜h)dX

νGμν + dXμ ∗
˜h dX

νδGμν

]

(10)

and a boundary term, which we can interpret as a one-form α̌:

α̌ =
∫

∂M
2δXμ ∗

˜h dX
νGμν(X) =

∫

∂M
δXμ

[

˜hnα∂αX
νGμν(X)

]

dxt

over the space of pre-boundary fields F̌P , defined as the restriction of fields and normal
jets (i.e. ∂n Xμ) to the boundary. There is a natural surjective submersion π̌ : FP → F̌P ,
so that

δSP = π̌∗α̌ + EL.
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Observe that ∂n Xμ is henceforth considered to be an independent field. Let us
compute the pre-boundary two-form ω̌ := δα̌

ω̌ =
∫

∂M
δXμ

[

−˜hnρ
˜hσβ(δ˜hρσ )∂βX

νGμν(X)

+˜hnβ(δ∂βX
ν)Gμν(X)+˜hnβ∂βX

ν ∂Gμν(X)

∂Xρ
δXρ

]

.

Wewould like to compute the reduction F̌P/ker(ω̌) by the kernel of the pre-boundary
two-form. This is allowed when ω̌ is pre-symplectic, that is to say when its kernel is
a regular subbundle. To compute the kernel, we consider the general vector:

X :=
∫

∂M

(XX )μ
δ

δXμ
+ (X∂n X )μ

δ

δ∂n Xμ
+ (X

˜h)αβ

δ

δ˜hαβ

(11)

and look at the equation ιXω̌ = 0:

ιX ω̌ =
∫

∂M

[

− (XX )μ
(

−˜hnρ
˜hσβ(δ˜hρσ )∂βX

νGμν(X)

+˜hnβ(δ∂βX
ν)Gμν(X)+˜hnβ∂βX

ν ∂Gμν(X)

∂Xρ
δXρ

)

+δXμ

(

−˜hnρ
˜hσβ(X

˜h)ρσ ∂βX
νGμν(X)+˜hnn(X∂n X )νGμν(X)

+˜hnt∂t (XX )νGμν(X)+˜hnβ∂βX
ν ∂Gμν(X)

∂Xρ
(XX )ρ

)]

= 0.

Reordering the terms and integrating by parts the term that contains28 δ∂t Xν = ∂tδXν ,
we obtain the conditions:

δ∂n X
ν :

(

(XX )μGμν(X)˜hnn
)

= 0 (12a)

δ˜hρσ :
(

(XX )μ∂βX
νGμν(X)˜hnρ

˜hσβ

)

= 0 (12b)

δXμ :
(

−˜hnρ
˜hσβ(X

˜h)ρσ ∂βX
νGμν(X)+˜hnn(X∂n X )νGμν(X)

+˜hnt∂t (XX )νGμν(X)+˜hnβ∂βX
ν ∂Gμν(X)

∂Xρ
(XX )ρ

+ ∂t (˜h
ntGμν(X)(XX )ν)−˜hnβ∂βX

ν ∂Gρν(X)

∂Xμ
(XX )ρ

)

= 0 (12c)

From Eq. (12a), we see that if˜hnn �= 0 then (XX )μ = 0. Our Definition 10 of non-null
Polyakov theory only allows this possibility. In fact, as shown in detail in Appendix A,

28 Recall that the index t denotes directions that are tangent to the boundary.
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the condition ˜hnn = 0 means that we are dealing with a null/light-like boundary, i.e.
it is equivalent to a degenerate induced metric on the one-dimensional boundary. We
are indeed considering the case where the boundary is nowhere light-like.

Equation (12b) is a consequence of (12a), while (12c) becomes:

(X∂n X )μ = 1
˜hnn

˜hnρ
˜hσβ(X

˜h)ρσ ∂βX
μ.

This implies that the kernel ker(ω̌�) is a regular subbundle in T F̌P , and it is described
by the following conditions:

((XX )μ, (X∂n X )μ, (X
˜h)αβ) = (0,

1
˜hnn

˜hnρ
˜hσβ(X

˜h)ρσ ∂βX
μ, (X

˜h)αβ),

with (X
˜h)αβ free, so that a generic kernel vector reads:

X =
∫

∂M

1
˜hnn

˜hnρ
˜hσβ(X

˜h)ρσ ∂βX
μ δ

δ∂n Xμ
+ (X

˜h)αβ

δ

δ˜hαβ

. (13)

��
Remark 18 This first part of the proof shows that F̌P—the space of pre-boundaryfields,
composed of field restrictions to the boundary and normal jets—is a pre-symplectic
manifold29, with pre-symplectic form given by ω̌ = δα̌, with α̌ obtained by the
integration by parts of the variation of the Polyakov action: δSclP = EL + π̌∗α̌ with
π̌ : FP → F̌P the restriction map. The two-form ω̌ is obviously closed, and the
first part of the proof serves to show that its kernel defines a regular foliation, i.e. a
subbundle of T F̌P . The next step is then to perform presymplectic reduction and find
an explicit coordinate chart for the quotient F∂

P := F̌P/ker(ω̌�).

Proof. Part 2 We now proceed to perform a reduction over the space of fields that
eliminates the degrees of freedom related to the kernel. This produces a map π∂ :
F̌P → F∂

P onto a symplectic manifold (F∂
P , ω∂

P ) with π∂∗ω∂ = ω̌.
In order to find a chart for the reduced space F∂

P , we consider a transformation of
the fields in F̌P along the flow of the vertical vector fields (i.e. the vector fields in the
kernel of ω̌). To see this, let us begin by observing that a basis of vector fields in the
kernel ker(ω̌�) is given by the vector X of Eq. (13):

To compute the flow associated with this vector field, we have to solve the set of
differential equations:

∂τ X
μ = (XX )μ = 0

∂τ
˜hαβ = (X

˜h)αβ

∂τ ∂n X
μ = 1

˜hnn
˜hnρ

˜hσβ(X
˜h)ρσ ∂βX

μ = 1
˜hnn

˜hnρ
˜hσβ∂τ

˜hρσ ∂βX
μ (14a)

29 We require the kernel of a presymplectic form to be a subbundle.
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where τ is the parameter of the flow, while n and t are the indexes, respectively, of the
normal and tangent direction to the boundary ∂M . From the first equation, it follows
immediately that Xμ does not change, and from the second it follows that we have
almost complete control on the flow of ˜hαβ . To find the transformation of ∂n Xμ, we
can manipulate the third equation to obtain:

∂τ ∂n X
μ = 1

˜hnn
˜hnρ

˜hσβ∂τ
˜hρσ ∂βX

μ = − 1
˜hnn

∂τ
˜hnρ

˜hσβ
˜hρσ ∂βX

μ = − 1
˜hnn

∂τ
˜hnβ∂βX

μ

⇒˜hnn∂τ ∂n X
μ = −∂τ

˜hnn∂n X
μ − ∂τ

˜hnt∂t X
μ

⇒ ∂τ (˜h
nn∂n X

μ) = −∂τ (˜h
nt∂t X

μ)

˜hnn(τ )∂n X
μ(τ) =˜hnn(τ0)∂n X

μ(τ0)−˜hnt(τ )∂t X
μ(τ)+˜hnt(τ0)∂t X

μ(τ0)

where we used that ∂τ Xμ = 0 �⇒ ∂τ (∂t Xμ) = 0. The solution (reported in the last
line) is independent of the particular choice of ∂τ

˜hαβ , but depends only on the final
value of˜hαβ . We use the freedom of choice of (X

˜h)αβ to set˜hαβ to a reference pseudo-
Riemannian metric that we will choose to be Minkowski metric up to a an overall
sign. This follows from the fact that, along the flow of X, the value of˜hnn(τ ) must not
vanish,30 and its sign is therefore constant.Wewill then set the final value of themetric
˜hαβ(τ ) to be ˜hαβ = −χηαβ , where χ = sign(˜hnn). Observe that this prescription
covers both scenarios: when ∂M space-like31 we have χ = −1 and −χη = η =
diag(−1, 1), and the opposite when ∂M is time-like. Finally, this procedure works
also when h is Riemannian, by choosing instead ηαβ � δαβ = diag(1, 1).

To achieve this, we can choose a (X
˜h)αβ constant in τ :

(X
˜h)αβ(τ ) = (χηαβ −˜hαβ(0)) (15)

In this way,˜hαβ(τ ) =˜hαβ(0)+ τ(χηαβ −˜hαβ(0)). Setting the flow to end at τ = 1,
we get

˜hαβ(1) =˜hαβ(0)+ (χηαβ −˜hαβ(0)) = χηαβ. (16)

We let˜hnt ∈ R,˜htt vary freely inR+ (resp.R−) and˜hnn be the function˜hnn = (˜hnt)2−1
˜htt

,
so that Eqs. (15) and (16) are meant only for the indices (αβ) = (t t) and (αβ) = (nt).
This choice is due to the fact that we are already considering the case˜htt = ς˜hnn �= 0.
We obtain:

Xμ(1) = Xμ(0)
˜hαβ(1) = χηαβ

Jμ := ∂n X
μ(1) = χ(˜hnn(0)∂n X

μ(0)+˜hnt(0)∂t X
μ(0))

⇒ Jμ = χ˜hnα∂αX
μ (17)

where we used that˜hnn(1) = χ .

30 When it vanishes we have a lightlike boundary point, as detailed in Appendix A.
31 Recall that˜htt = ς˜hnn, so that˜htt = 1 corresponds to the case ∂M spacelike.

123



   35 Page 22 of 61 S. Martinoli, M. Schiavina

We use the transformations found above to find a local chart in F∂
P , so that the map

π∂ : F̌P → F∂
P reads:

π∂ : (˜hαβ, Xμ, ∂n X
μ
) → (

Xμ, Jμ := χ˜hnα∂αX
μ
)

and since the pre-boundary one-form is:

α̌ =
∫

∂M
δXμ

˜hnα∂αX
νGμν(X)

we can easily gather that α̌ is basic: α̌ = π∂∗α∂ . We take as elementary the field
Jμ := J νGνμ =˜hnα∂αXνGνμ(X), such that

α∂ =
∫

∂M

JμδXμ ω∂
P =

∫

∂M

δ JμδXμ,

and the variation of the action becomes:

δSP = EL + π∗α∂

where π = π∂ ◦ π̌ . Observe that the reduction maps for the two scenarios ∂M
space/time-like are mapped into each other by Jμ →−Jμ. ��
Remark 19 In the second part of the proof, we have found an explicit global Dar-
boux coordinate chart for F∂

P , thus characterising the space of boundary fields
as the space of maps from the worldsheet into the cotangent bundle of the tar-
get: F∂

P = C∞(∂M, T ∗N ). Observe that the definition of the symplectic manifold
(F∂

P , ω∂
P ) is independent of coordinate choices. The apparent dependency on a choice

of adapted coordinates arises when one looks for an explicit chart description for the
map π : FP → F∂

P .
In the following part of the proof, we will show how the constraints, defined as

those equations of motion that can be solved algebraically in terms of boundary fields,
define a coisotropic submanifold in F∂

P . In fact, while one way to describe the reduced
phase space of a system is to perform aDirac analysis of the constraints in the bulk, one
can express the constraints as the zero locus of functions over the space of boundary
fields F∂

P (the geometric phase space). To do this, we need the constraint functions
induced from the bulk to be basic w.r.t. π∂ : F̌P → F∂

P .

Proof. Part 3 The Euler–Lagrange equations that result from imposing EL = 0 (see
(10)), are:

∂α(˜hαβ∂βX
νGμν(x))− 1

2
˜hαβ∂αX

ρ∂βX
σ ∂Gρσ

∂Xμ
= 0 (18a)

fαβ := [˜hαβ

˜hλτ

2
∂λX

μ∂τ X
ν − ∂αX

μ∂βX
ν]Gμν = 0 (18b)
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While (18a) is an evolution equation—a differential equation in FP—(18b) is a
constraint. The functions defining constraints on the space of bulk fields FP restrict
to functions on the space of pre-boundary fields F̌P . We claim that the functions on
F̌P that define the constraints are basic with respect to π∂ : F̌P → F∂

P
The fαβ(˜hαβ, Xμ, ∂n Xμ)’s are not manifestly functions of the reduced variables

{Xμ, Jμ}. However, we can look for a combination

ταβ(˜h) fαβ(˜h, Xμ, Jμ) =: g(Xμ, Jμ) (19)

and require that it be a function only of the reduced variables and that they span the
same vanishing locus (i.e. the set of points where the constraint functions vanish). The
correct choice for such ταβ will be given in Appendix B. We expand:

ταβ(˜h) fαβ(˜h, Xμ, Jμ) = lnn Jμ J
μ + 2lnt∂t X

μ Jμ + l tt∂t X
μ∂t X

νGμν (20)

where the lαβ ’s do not depend32 on˜hαβ .
As defined in (18b), the fαβ ’s are functions of (˜h, Xμ, ∂n Xμ), while in (19) we

consider them as functions of (˜h, Xμ, Jμ[˜h, Xμ, ∂n Xμ]). We do this in order to
remove the dependency on ˜h through appropriate choices of ταβ , and be left with
functions defined on the space of boundary fields F∂

P . We can do it because the map
(˜hαβ, Xμ, Jμ) → (˜hαβ, Xμ, ∂n Xμ) is a diffeomorphism in F̌P that preserves ker(ω̌).

With the appropriate algebraic manipulations (reported in Appendix B), the con-
straints fαβ = 0 are equivalent to the following conditions, which only depend on the
reduced variables:

(∂t X
μ∂t X

ν − ς Jμ J ν)Gμν = 0

∂t X
μ Jμ = 0

where Jμ := JνGμν . Notice that we are left with only two constraint functions even if
we started with three. This was expected, since fαβ has only two degrees of freedom,
and the combination˜hαβ fαβ vanishes. The calculations in this section of the prove are
independent of the sign of˜htt , and the sign of Jμ does not alter the constraints. ��

Remark 20 Now that we have found a generating set of constraint functions on F∂
P we

can compute their Poisson brackets. Recall that, on a symplectic manifold, the Poisson
bracket of two generic functions f and g is defined as: { f , g} = 1

2 ιFιGω∂
P , where F is

the Hamiltonian field of f defined by the equation ιFω∂
P = δ f , and the same holds for

G and g. We consider now the Lorentzian case ς = −1. The other case is analogous.

Proof. Part 4. The Hamiltonian fields of the constraint functions are defined by the
equation: ιHξ

ω∂
P = δHξ and ιLψ

ω∂
P = δLψ , hence:

32 Notice that we assumed τ to be a function of˜h alone. More generally we could allow a dependency also
on the fields Xμ and Jμ, but it turns out that there is no need for that.
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δHξ =
∫

∂M

(

− 2∂t (ξ(∂t X
μ)Gμν)+ ξ(∂t X

k∂t X
ν + J k J ν)

∂Gkν

∂Xμ
)

)

δXμ + 2

(

ξ Jμ

)

δ Jμ

δLψ = 2
∫

∂M

(

− ∂t (ψ Jμ)

)

δXμ +
(

ψ∂t X
μ

)

δ Jμ

leads to

ιHξ
ω∂
P =

∫

∂M

(Hξ,X )μδ Jμ − (Hξ,J )μδXμ

⎛

⎝=
∫

∂M

∂Hξ

∂Xμ
δXμ + ∂Hξ

∂ Jμ
δ Jμ

⎞

⎠

ιLψ
ω∂
P =

∫

∂M

(Lψ,X )μδ Jμ − (Lψ,J )μδXμ

⎛

⎝=
∫

∂M

∂Lψ

∂Xμ
δXμ + ∂Lψ

∂ Jμ
δ Jμ

⎞

⎠ .

Thus:

Hξ :=
∫

∂M

2

[

ξ Jμ

]

δ

δXμ
+

[

2∂t (ξ(∂t X
ν)Gμν)− ξ(∂t X

k∂t X
ν + J k J ν)

∂Gkν

∂Xμ

]

δ

δ Jμ

Lψ :=
∫

∂M

2

[

ψ∂t X
μ

]

δ

δXμ
+ 2

[

∂t (ψ Jμ)

]

δ

δ Jμ

We can calculate now the Poisson brackets of the constraints:

{Hξ , Lψ } = 1

2
ω∂
P (Hξ ,Lψ)

= 1

2

∫

∂M

−(Hξ,X )μ(Lψ,J )μ + (Hξ,J )μ(Lψ,X )μ

=
∫

∂M

−2ξ Jμ∂t (ψ Jμ)+ 2ψ∂t X
μ∂t (ξ(∂t X

ν)Gμν)− ψ∂t X
μξ(∂t X

k∂t X
ν

+J k J ν)
∂Gkν

∂Xμ
.

Using the Leibniz rule and integrating by parts the third line, we obtain:

∫

∂M

(

∂t (ξψ)− 2ξ(∂tψ)

)

Jμ J
μ +

(

− ∂t (ψξ)+ 2ψ(∂tξ)

)

∂t X
μ∂t X

νGμν

=
∫

∂M

(

(∂tξ)ψ − ξ(∂tψ)

)

(Jμ J
μ + ∂t X

μ∂t X
νGμν)
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Thus, defining [ξ, ψ] := (∂tξ)ψ − ξ(∂tψ), we conclude that {Hξ , Lψ } = H[ξ,ψ].
The other two Poisson brackets yield:

{Hξ , Hξ ′ } = 1

2
ω∂
P (Hξ ,Hξ ′) =

∫

∂M

−2ξ Jμ∂t (ξ
′(∂t Xν)Gμν)+ 2ξ ′ Jμ∂t (ξ(∂t X

ν)Gμν)

+
∫

∂M

ξ Jμξ ′(∂t Xk∂t X
ν + J k J ν)

∂Gkν

∂Xμ
− ξ ′ Jμξ(∂t X

k∂t X
ν + J k J ν)

∂Gkν

∂Xμ

=
∫

∂M

−ξ Jμ(∂tξ
′)∂t Xμ + ξ ′ Jμ(∂tξ)∂t X

μ =
∫

∂M

[(∂tξ)ξ ′ − ξ(∂tξ
′)]Jμ∂t X

μ

Thus: {Hξ , Hξ ′ } = L [ξ,ξ ′]. And:

{Lψ, Lψ ′ } = 1

2
ω∂(Lψ,Lψ ′) =

∫

∂M

−2ψ∂t X
μ∂t (ψ

′ Jμ)+ 2ψ ′∂t Xμ∂t (ψ Jμ)

=
∫

∂M

−2ψ∂t X
μ(∂tψ

′)Jμ + 2ψ ′∂t Xμ(∂tψ)Jμ

=
∫

∂M

[(∂tψ)ψ ′ − ψ(∂tψ
′)]2Jμ∂t X

μ

which means that: {Lψ, Lψ ′ } = L [ψ,ψ ′]. ��
Remark 21 We have shown that the constraints that we have derived in Part 3

Hξ :=
∫

∂M

ξ((∂t X
ν)Gμν∂t X

μ − ς Jμ J
μ)

Lψ := 2
∫

∂M

ψ(∂t X
μ Jμ),

where ξ and ψ are smooth functions on the boundary, ξ, ψ ∈ C∞(∂M), are closed
under the Poisson brackets. Another way of phrasing this, is that they are first class
constraints.

4 Nambu–Goto theory—reduced phase space

In this section, we will analyse the boundary structure of Nambu–Goto theory and
describe its reduced phase space.Once again,we consider thefield X ∈ C∞(M, N ) =:
FNG. As seen in Sect. 2.3, the Nambu–Goto action is the surface pseudo-area of the
string:

SclNG :=
∫

M

√
g d2x,
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where g := |det(gαβ)| and gαβ := ∂αXμ∂βXνGμν(X). In this case, gαβ is not an
elementary field but just a function of Xμ, the map from the worldsheet to the target
space that defines the string.

Theorem 22 The geometric phase space of Nambu–Goto theory

F∂
NG := F̌NG/ker(ω̌NG)

coincides with its reduced phase space �red
NG. Moreover, denoting by CP ⊂ F∂

P the
submanifold of constraints of Polyakov theory, with ιC : CP → F∂

P the inclusion map,
there exist maps

π∂
partial : F̌NG → CP ; ϕ : �red

NG → �red
P

such that the following diagram commutes:

FNG

π̌NG

φNG
FP

π̌P

F̌NG

π∂
NG

π∂
partial

F̌P

π∂
P

CP

π red
P

ιC
F∂
P

F∂
NG � �red

NG
ϕ

�red
P

(22)

4.1 Proof of Theorem 22

We will divide the proof into two parts. First, we will show that the kernel of the
boundary pre-symplectic form ω̌ = −δEL is regular. This in principle allows pre-
symplectic reduction to the geometric phase space, which however might be singular.
In the second part of the proof, instead of reducing with respect to the entirety of the
kernel, we will perform partial reduction with respect to only a subset of ker(ω̌). The
result of this partial reduction will turn out to be (diffeomorphic to) the constraint
space for Polyakov theory.

Proof. Part 1 Since M has a boundary, when varying the action we obtain:

δSclNG =
∫

M

1

2

√
g gαβδgαβd

2x

=
∫

M

√
g gαβ∂αX

νδ∂β X
μGμνd

2x + 1

2

∫

M

√
g gαβ∂αX

μ∂β X
ν ∂Gμν(X)

∂Xλ
δXλd2x

= −
∫

M
∂β(
√
g gβαGμν∂αX

ν)δXμd2x + 1

2

∫

M

√
g gαβ∂αX

μ∂β X
ν ∂Gμν(X)

∂Xλ
δXλd2x
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+
∫

M
∂β(
√
g gβαGμν∂αX

νδXμ)d2x

=: EL + π̌∗NGα̌,

where, as before, EL is the term that provides the equations of motion:

EL := −
∫

M
∂β(
√
g gβαGμν∂αX

ν)δXμd2x

+ 1

2

∫

M

√
g gαβ∂αX

μ∂βX
ν ∂Gμν(X)

∂Xλ
δXλd2x

while α̌ is the boundary term:

α̌ =
∫

∂M

√
g gnβGμν∂βX

νδXμdxt , (23)

interpreted as a one-form on F̌NG = T (C∞(∂M, N )), the space of restrictions of
fields and normal jets to the boundary, and π̌NG : FNG → F̌NG is the natural surjective
submersion onto it. The associated two-form ω̌ := δα̌ is:

ω̌ =
∫

∂M
dxt

[√
g gλρ∂λXν(δ∂ρX

ν)gnα∂αXμ

−√g (gλngαρ + gρngαλ)∂ρXν(δ∂λX
ν)∂αXμ +√g gnα(δ∂αXμ)

]

δXμ

+
∫

∂M
dxt

[√
g

2
gλρ∂λX

ν′∂ρX
νδGν′νg

nα∂αXμ+

−
√
g

2
(gλngαρ + gρngαλ)∂ρX

ν′∂λX
νδGν′ν∂αXμ +√g gnα∂αX

μ′δGμ′μ

]

δXμ

where we used: δ
√
g = 1

2
√
g gαβδgαβ = √

g gαβ∂αXν(δ∂βXν) and δgαβ =
−gλβgαρδgρλ. The terms in the second integral contain variations of the metric as
a function of Xμ and are relevant when dealing with a non-constant metric. Thus,
rearranging the terms:

ω̌ = ∫

∂M dxt
√
g

[

(gλρgnα − gλngαρ − gρngαλ)∂λXν∂αXμ + gnρGμν

]

δ∂ρXνδXμ

+ ∫

∂M dxt
√
g

[

1
2 (g

λρ∂n Xμ′ − gλn∂ρXμ′ − gρn∂λXμ′)∂λXν′∂ρXν ∂Gν′ν
∂Xσ

Gμ′μ + ∂n Xμ′ ∂Gμ′μ
∂Xσ

]

δXσ δXμ

(24)
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Let us consider a general vector field X ∈ C∞(F̌NG, T F̌NG) in our space:

X := (XX )μ
δ

δXμ
+ (X∂n X )μ

δ

δ∂n Xμ
. (25)

Let us enforce the condition ιXω̌ = 0. First, we have:

[

(����gλngnα −����gλngαn − gnngαλ)∂λXν∂αXμ + gnnGμν

]

(XX )ν(δ∂n X
μ) = 0

⇔ gnn(Gμν − ∂αXμ∂αXν)(XX )ν(δ∂n X
μ) = 0

⇔ gnnP⊥μν(XX )ν = 0

⇔ P⊥μν(XX )ν = 0

⇔ (XX )μ = αn∂n X
μ + αt∂t X

μ (26)

where P⊥μν := Gμν − ∂αXμ∂αXν is the projector to the subspace orthogonal to the
tangent space (the space spanned by ∂t Xμ and ∂n Xμ), and we used that gnn �= 0.
Moreover:

δXμ :
{√

g
[

(gλt gnα − gλngαt − gtngαλ)∂λXν∂αXμ + gntGμν

]

∂t (XX )ν

+√g
[

− gnngαλ∂λXν∂αXμ + gnnGμν

]

(X∂n X )ν

+ ∂t

(√
g

[

(gλt gnα − gλngαt − gtngαλ)∂λXμ∂αXν + gntGνμ

]

(XX )ν
)}

= δXμ√g (Cμν − Cνμ)(XX )ν (27)

where Cμν groups together the terms inside the square bracket in the second line of
(24) (recall that ∂ρXμ := gρλ∂λXμ):

Cσμ = 1

2
(gλρ∂n Xμ′ − gλn∂ρXμ′ − gρn∂λXμ′)∂λX

ν′∂ρX
ν ∂Gν′ν

∂Xσ
Gμ′μ + ∂n Xμ′ ∂Gμ′μ

∂Xσ

It is possible to solve Eq. (27), and, at the end of a good deal of algebraicmanipulations,
reported in Appendix C, we obtain that

(X∂n X )μ = βn∂n X
μ + βt∂t X

μ + (gnn)−1P⊥,μ
ν

[

(gttαn − 2gntαt )∂t∂t X
ν − gnnαt∂t∂n X

ν

]

+(gnn)−1P⊥,μ
ν GνwĠwk

[

(gttαn − gntαt )∂t X
k + (gntαn − gnnαt )∂n X

k
]

+

−(gnn)−1P⊥,μ
ν

[

αn
1

2
∂ρX

ν′∂ρXν ∂Gν′ν
∂Xμ

− ∂n Xμ′ ∂Gμ′μ
∂Xσ

(αn∂n X
σ + αt∂t X

σ )

]

.

(28)

��
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Remark 23 We have shown that the kernel of ω̌ is regular and has (local) dimension
4, with degrees of freedom {αn, αt , βn, βt }. This, in principle, allows us to perform a
pre-symplectic reduction over the space of fields (π̌ : F̌NG → F∂

NG), which will be
discussed in Part 2 of the Proof.

Proof. Part 2 First of all, let us observe that among the equations ofmotion forNambu–
Goto theory, there are no constraints: all are evolution equations for the field X . This
implies that any initial datum in the geometric phase space (i.e. the space of boundary
fields) F∂

NG = F̌NG/ker(ω̌) can be extended (formally) to a solution of the evolution
equations in a neighbourhood of the boundary. As a consequence, the reduced phase
space coincides with the geometric phase space: �red

NG = F∂
NG.

However, the pre-boundary two-form ω̌ has a nontrivial kernel, and to obtain
F∂
NG, one needs to perform pre-symplectic reduction. Hence, we must solve the

following system of differential equations for four linearly independent choices of
{αn, αt , βn, βt }, which corresponds to flowing along a basis of the kernel ker(ω̌):

∂τ X
μ = (XX )μ

∂τ ∂n X
μ = (X∂n X )μ

where τ is once again the parameter of the flow.
We consider a two-step reduction. This corresponds to first reducing with respect

to the subspace of ker(ω̌NG) given by αn = αt = 0. We will then see how the residual
reduction has been already taken care of in Theorem 17.

The first step of the reduction gives us a first-order linear differential equation and
a trivial one:

∂τ X
μ = 0

∂τ ∂n X
μ = βn∂n X

μ + βt∂t X
μ

whose solutions are:

Xμ(τ) = Xμ(τ0)

∂n X
μ(τ) = e

− ∫ τ
τ0

(−βn(τ
′)dτ ′

{∫ τ

τ0

e
∫ τ ′
τ0

(−βn(τ
′′)dτ ′′

βt (τ
′)dτ ′∂t Xμ(τ0)+ ∂n X

μ(τ0)

}

where we used that ∂τ Xμ = 0⇒ ∂τ ∂t Xμ = 0. If we take βn and βt to be constant:

∂n X
μ(τ) = eβn(τ−τ0)

{ ∫ τ

τ0

e−βn(τ
′−τ0)βt dτ ′∂t Xμ(τ0)+ ∂n X

μ(τ0)

}

= eβn(τ−τ0)

{

− 1

βn
[e−βn(τ−τ0) − 1]βt∂t X

μ(τ0)+ ∂n X
μ(τ0)

}
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Setting τ = 1, τ0 = 0:

∂n X
μ(1) = eβn

{

− 1

βn
[e−βn − 1]βt∂t X

μ(0)+ ∂n X
μ(0)

}

= βt

βn
[eβn − 1]∂t Xμ(0)+ eβn∂n X

μ(0)
(29)

Notice that limβn→0
1
βn
[eβn − 1] = 1; hence, the term 1

βn
[eβn − 1] is always well

defined and positive. And if we choose βn = 0, ∂n Xμ(1) is the same as the limit for
βn → 0 of the expression in (29). For every choice of βn the term βt

βn
[eβn − 1] can

take any possible real value through the right choice of βt . We can rewrite a generic
solution of (29) as:

∂n X
μ(1) = A∂t X

μ(0)+ |B|∂n Xμ(0), (30)

where |B| is positive due to the fact that eβn can have only positive values. We will
choose

βn =
(

log(χ
√
g gnn)

)∣

∣

∣

∣

τ=0
(31)

βt =
(

log(χ
√
g gnn)

χ
√
g gnn − 1

χ
√
g gnt

)∣

∣

∣

∣

τ=0
(32)

where χ = sign[gnn], and βn and βt , as defined in (31) and (32), are well defined and
smooth for gnn ∈ R

+\{0}, gnt ∈ R.
The reason for this particular choice of parameters is that it induces a transformation

on ∂n Xμ analogous to the one used in Theorem 17 for Polyakov theory. This will lead
to a description of the partially reduced space of boundary Nambu–Goto fields that is
manifestly related to the reduced phase space of Polyakov theory, as we will see now.

The solution (30) for this choice of βn, βt is thus:

∂n X
μ(1) = χ

√
g gnα∂αX

μ(0),

Thus, we have constructed a partial reduction map π∂
partial : F̌NG → F∂

partial ⊂
T ∗(C∞(∂M, N ))

(Xμ, ∂n X
μ) −→ (Xμ, Jμ := χ

√
g gnα∂αX

νGμν(X))

where F∂
partial is parametrised by elementary fields (Xμ, Jμ) ∈ T ∗(C∞(∂M, N ))

which, by construction, must satisfy the constraints:

Jμ∂t X
μ = χ

√
g gnαgαt = χ

√
g δnt = 0 (33a)

Jμ J
μ − ς∂t Xμ∂t X

μ = χ2|det(g)|gnn − ςgtt = 0 (33b)

since, again, gtt = det(g)gnn.
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Using (Xμ, Jμ := J νGνμ) as elementary fields in T ∗(C∞(∂M, N )), we see that
the constraints defining F∂

partial ⊂ T ∗(C∞(∂M, N )) coincide with the constraints of
Polyakov theory (Eq. (7)). The partially reduced boundary one- and two-form read:

α̌ = π∂∗
partialα

∂
partial = π∂∗

partial

∫

∂M
JμδXμ; ω∂

partial =
∫

∂M
δ JμδXμ

where Xμ, Jμ) satisfy (33), so thatω∂
partial coincideswith the restrictionof the boundary

form ω∂
P of Polyakov theory to the zero locus CP of Polyakov’s constraint functions

(7), i.e.

ω∂
partial = ω∂

P |CP

Naturally, then, the residual kernel of ω∂
partial is generated by the characteristic

distribution of the constraints (33a) and (33b), and denoting by F∂
partial the reduction

of F∂
partial by ker(ω∂

partial), we have

�NG ≡ F∂
partial � C ≡ �P .

Hence, we have that

FNG

π̌NG

F̌NG

π∂
NG

π∂
partial

F∂
partial � CP

π red
P

F∂
NG ≡ �red

NG
�

�red
P

and we conclude that the diagram (22) commutes by adding the inclusion ιC : CP →
F∂
P and the classical equivalence φNG : FNG → FP defined in Remark 16. ��

Remark 24 In the second part of the proof, we have reduced the space of pre-boundary
fields with respect to the kernel of ω̌ in a two-step fashion. The intermediate par-
tial reduction turned out to coincide with the (presymplectic) manifold given by the
constraints for Polyakov theory.As a consequence, the reducedPhase space ofNambu–
Goto theory coincides with the reduced phase space of Polyakov theory.
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5 Polyakov Theory—BV-BFV analysis

We now perform an analysis of the boundary structure induced by the BV-extension
of Polyakov theory formally similar to the procedure outlined in Sect. 2.1. As in the
degree-0 scenario, variations of SP induce a boundary term α̌, a one-form on some
appropriate graded space of pre-boundary fields, and as in Sect. 3, we look for the
kernel of ω̌ = δα̌. For the case of Polyakov theory, we show that it is regular and
perform the pre-symplectic reduction, which allows us to construct a chart of the
symplectic space of BFV boundary fields, in terms of which we will write the BFV
data for Polyakov theory. By doing this, we prove that the Polyakov model of bosonic
strings admits a BV-BFV structure on worldsheets with non-null boundary (M, ∂M).
In [1] and [21], the BV treatment of this theory is inspected and the symmetries and
BV transformations are outlined (the latter adds an extra term to the action).

5.1 Symmetries of Polyakov theory

The knowledge of the symmetries of the theory is fundamental to the construction
of the BV structure. In this section we are going to write the infinitesimal symmetry
transformations of the fields, and promote the infinitesimal parameters to fields. This
requires enlarging the space of fields to FM . Since we are dealing with symmetries
that can be described by local Lie algebras, Theorem (1.1.2) provides us with a handy
recipe for the BV extension SP .

In the following, we write the symmetries of the Polyakov action expressed as a
function of (Xμ, hαβ): worldsheet diffeomorphisms act on the coordinates as ϕ : x →
x(x̃), and on the fields as: X → ϕ∗X , h → ϕ∗h . In a local chart, we write:

xα → xα(x̃) Xμ → Xμ(x(x̃)) hαβ → ∂xα′

∂ x̃α

∂xβ ′

∂ x̃β
hα′β ′(x(x̃))

and infinitesimally, for a vector field ζ ∈ X(M):

δζ X = Lζ X : Xμ �→ Xμ + ζ α∂αX
μ

δζ h = Lζ h : hαβ �→ hαβ −
(

∂αζ λhλβ + ∂βζ λhλα + ζ λ∂λhαβ

)

Local rescalings of the metric instead act as:

hαβ → eφhαβ

and, infinitesimally,

δφh = φh.

It is convenient to use the constrained variables˜hαβ := √hhαβ . In this way we get
rid of the external rescaling invariance, and the only local symmetry left is given by
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the action of worldsheet diffeomorphism. Since we are using constrained variables,
this reads

(

δζ X
)μ = (

Lζ X
)μ = ζ α∂αX

μ

(

δζ
˜h
)

αβ
= (

Lζ
˜h
)

αβ
= −

(

∂αζ λ
˜hλβ + ∂βζ λ

˜hλα + ζ λ∂λ
˜hαβ − ∂λζ

λ
˜hαβ

)

(34a)

where we have picked up a new divergence term ∂λζ
λ, which effectively recovers local

rescalings of the metric.

Definition 25 We define (relaxed) non-null BV Polyakov theory on the two-dimen-
sional manifold with boundary (M, ∂M) to be the data (FP ,�P , SP , QP ), where

(FP = T ∗[−1] (DPR(M, ∂M)× C∞(M, N )× X[1](M)
)

,�P
)

,

with T ∗DPR(M, ∂M) the cotangent bundle of the space densitised Lorentzian met-
rics (Definition 13), and using Definition 5 to understand the remaining cotangent
bundles, so that denoting the degrees of the various fields by

{

0 0 1 −1 −1 −2
Xμ

˜hαβ ζ α X†
μ

˜h†αβ ζ †
α

}

the BV action reads

SP = SclP +
∫

M
〈X†, Lζ X〉 + 1

2
〈ζ †, [ζ, ζ ]〉 + 〈˜h†, Lζ

˜h〉,

�P is the canonical (−1)-symplectic structure on FP , and QP is the Hamiltonian
vector field of SP (up to boundary terms).

Remark 26 The variables˜hαβ,˜h†αβ are constrained. The treatment of their variations
is thus more complicated than in an unconstrained case. One of the constraints is
˜hαβ = ˜hβα and˜h†αβ = ˜h†βα , and similarly for the variations. The second constraint
is33:

det(˜hαβ) = −1
trh(˜h

†αβ) =˜h†αβ
˜hαβ = 0 (35)

We can express ˜hαβ and ˜h†αβ as functions of unconstrained fields hαβ and h†αβ in
order to have control over their variations. We can write:

˜hαβ = 1√
h
hαβ

˜h†αβ = h(δα
ρ δβ

σ −
1

2
˜hαβ

˜hρσ )h†ρσ

33 Notice that because of the condition on the trace of ˜h†, the rescaling term in the BV action vanishes:
∂λζλtr(˜h†) = 0 (cf. with Eq. (34a)).
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where

P⊥αβ
ρσ := δα

ρ δβ
σ −

1

2
˜hαβ

˜hρσ (36)

is the projector orthogonal to h̃αβ that ensures condition (35), and the determinant h
serves to make the terms in SP densities. The variations are:

δ˜hαβ = 1√
h
P⊥ρσ

αβ δhρσ

δ˜h†αβ = δhλτh
λτhP⊥αβ

ρσ h†ρσ + hδ(P⊥αβ
ρσ )h†ρσ + hP⊥αβ

ρσ δh†ρσ

= δhλτ (˜h
†αβhλτ )− δ˜hλτh

1

2
(˜hαβh†λτ − h†ρσ

˜hρσ
˜hαλ

˜hβτ )+ δh†ρσhP⊥αβ
ρσ

(37)

Observe that, in particular, the variations of˜h are traceless.

We can now state the main result in this section. As implicitly assumed in Eq. (35),
in this section we will consider the case det(˜h) = −1. The case with det(˜h) = 1 is
analogous. We will also assume that ∂M is spacelike, i.e. ˜htt ∈ R

+. In the lightlike
case the restriction, being 1-dimensional, is equivalent up to an overall sign, and one
can adapt the procedure outlined in the proof of Theorem 17.

Theorem 27 Let (M, ∂M) be a two-dimensionalmanifoldwith boundary. The relaxed,
non-null BV Polyakov theory is 1-extendable to a BV-BFV theory, such that

F∂
P = T ∗

(

C∞(∂M, N )× X[1](∂M)× C∞[1](∂M)
)

= F∂
P × T ∗

(

X[1](∂M)× C∞[1](∂M)
)

.

In a local chart, where the fields of degree 1 are

σ n ∈ C∞[1](∂M), σ ∂ ∈ X[1](∂M),

the fields of degree 0 are

(X , J ) ∈ T ∗C∞(∂M, N ),

defined as the space of smooth bundle morphisms34 (X , J ) : T ∂M → T ∗N over
smooth base maps X : ∂X → N, and the fields in degree −1 are

σ †
n ∈ Dens(∂M), σ

†
∂ ∈ �1(∂M)⊗ Dens(∂M),

34 Observe that such space of bundle morphism can be seen as a vector bundle over C∞(∂M, N ). In this
sense we write, with a slight abuse of notation, (X , J ) ∈ T ∗C∞(∂M, N ), see also Definition 5. Hence, J
can be seen as a one-form on ∂M with values in the pullback bundle J ∈ �(X∗T ∗N ). Alternatively one
can think of J as a “densitised" section of the pullback bundle.
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we have

�∂ = δα∂ = δ

∫

∂M
JμδXμ + σ †

n δσ n + ιδσ ∂ σ
†
∂ ,

together with

S∂
P =

∫

∂M
−(Lσ∂ X)μ Jμ − 1

2
σ n

[

Jμ J
μ + ∂t X

μ∂t X
νGμν

]

+ σ †
n Lσ∂ σ

n + 1

2
ι[σ∂ ,σ ∂ ]σ

†
∂

(38)

Remark 28 The explicit expression of the surjective submersion π : FP → F∂
P is

given, in a local chart adapted to a tubular neighbourhoodof the inclusion ι : ∂M → M ,
by

π :

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

Jμ =˜hnα∂αXνGμν + 1
2 X

†
μζ n

Xμ = Xμ

σ n =˜h−1tt ζ n

σ t =˜h−1tt ζ α
˜hαt

σ
†
n = −˜h†nn − 1

2
˜hnαζ †

αζ n

σ
†
t =˜h†nα

˜hαt + 1
2ζ

†
t ζ n

(39)

5.2 Proof of Theorem 27

We will split the proof in two parts. In the first part we will show that the kernel of the
two-form induced on the space of pre-boundary fields is regular. This is sufficient to
prove that the theory admits BV-BFV data, following [15]. In the second part of the
proof, we will explicitly construct such data.

Proof. Part 1. The variation of SP is:

δSP = EL + α̌ +
∫

∂M
X†

μζ nδXμ − ζ †
αζ nδζ α

+
∫

∂M

˜h†αβ

[

− 2δnαδζ λ
˜hλβ + ζ nδ˜hαβ

]

= EL + α̌ + α̌BV

where EL is a bulk term defining the Euler–Lagrange equations, while α̌ and α̌BV
are the boundary one-forms associated with the classical Polyakov action and the BV
extension, respectively. The pre-symplectic form ω̌ := δα̌ + δα̌BV reads:

ω̌ = δα̌ +
∫

∂M

(

δX†
μζ nδXμ − X†

μδζ nδXμ
)

+

−
∫

∂M

(

δζ †
αζ nδζ α + ζ †

αδζ nδζ α
)

+
∫

∂M

{

−δ˜h†αβ

[

2δnαδζ λ
˜hλβ − ζ nδ˜hαβ

]

+˜h†αβ

[

2δnαδζ λδ˜hλβ − δζ nδ˜hαβ

]}

.
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We want to describe the kernel of ω̌ to then perform the reduction over the space of
pre-boundary fields. We define a general vector over the space of pre-boundary fields
as in (11), but considering also the additional fields introduced in the previous section.
It turns out that the kernel is smooth (assuming as previously˜hnn �= 0) and defined by
the conditions:

(XX )μ = 0

(Xζ )
α = (˜hnn)−1ζ n(X

˜h)
αn (40a)

(X
˜h)

†nλ = −˜h†nβ
˜hλα(X

˜h)βα + 1

2
˜h†αβ(X

˜h)αβ
˜hnλ + (40b)

−1

2
˜hλα

(

(Xζ †)αζ n + ζ †
α (Xζ )

n + δnαζ
†
β (Xζ )

β

)

(X∂n X )μ = 1
˜hnn

[

˜hnρ
˜hσβ(X

˜h)ρσ ∂βX
μ − 1

2
Gμν(X)

(

(XX†)νζ
n + X†

ν(Xζ )
n
)

.

]

(40c)

The kernel of ω̌ is then generated by the free parameters
{

(X
˜h)αβ, (Xζ †)λ, (XX†)μ

}

.
Indeed, we start by writing the condition ιXω̌ = 0:

δ∂n X
ν :

[

(XX )μGμν(X)˜hnn
]

= 0

δXμ :
[

−˜hnρ
˜hσβ(X

˜h)ρσ ∂βX
νGμν(X)+˜hnn(X∂n X )νGμν(X)

+˜hnt∂t (XX )νGμν(X)+˜hnβ∂βX
ν ∂Gμν(X)

∂Xρ
(XX )ρ

+ ∂t (˜h
ntGμν(X)(XX )ν)−˜hnβ∂βX

ν ∂Gμν(X)

∂Xρ
(XX )ρ

+ 1

2

(

(XX†)μζ n + X†
μ(Xζ )

n
)]

= 0 (41a)

δX†
μ :

[

ζ n(XX )μ
]

= 0

δ˜hαβ :
[

(XX )μ∂λX
νGμν(X)˜h†nα

˜hβλ + 2˜hnα(Xζ )
β − (X

˜h)
†αβζ n −˜h†αβ(Xζ )

n
]

(41b)

δ˜h†αβ :
[

2δnα(Xζ )
λ
˜hλβ + ζ n(X

˜h)αβ

]

δζ λ :
[

δnλX
†
μ(XX )μ − (Xζ †)λζ

n − ζ
†
λ (Xζ )

n − δnλζ †
α (Xζ )

α

−2(X
˜h)

†nβ
˜hβλ − 2˜h†nβ(X

˜h)βλ +˜h†αβ(X
˜h)αβδnλ

]

= 0

δζ †
α :

[

ζ n(Xζ )
α

]

= 0 (41c)
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Notice that the variations leading to Eqs. (41c) and (41b) are constrained, so more
care will need to be taken in analysing them.We can simplify Eqs. (41) by using (41a),
and assuming˜hnn �= 0:

δ∂n X
ν : (XX )μ = 0 (42a)

δXμ :
[

−˜hnρ
˜hσβ(X

˜h)ρσ ∂βX
νGμν(X)+˜hnn(X∂n X )νGμν(X)

+ 1

2

(

(XX†)μζ n + X†
μ(Xζ )

n
)]

= 0 (42b)

δX†
μ :

[

ζ n(XX )μ
]

(42a)≡ 0 lin dip. (42c)

δ˜hαβ :
[

2˜h†nα(Xζ )
β − (X

˜h)
†αβζ n −˜h†αβ(Xζ )

n
]

(42d)

δ˜h†αβ :
[

2δnα(Xζ )
λ
˜hλβ + ζ n(X

˜h)αβ

]

(42e)

δζ λ :
[

− (Xζ †)λζ
n − ζ

†
λ (Xζ )

n − δnλζ †
α (Xζ )

α (42f)

− 2(X
˜h)

†nβ
˜hβλ − 2˜h†nβ(X

˜h)βλ +˜h†αβ(X
˜h)αβδnλ

]

= 0

δζ †
α :

[

ζ n(Xζ )
α

]

= 0 (42g)

where Eqs. (42c) (and (42g), as we will see) just follows from the others. We obtain
(40b) and (40c) from (42f) and (42b), respectively. Let us analyse now Eqs. (42d)
and (42e) together. Using formula (37) to express constrained variations in terms of
unconstrained ones, we find:

δhαβ : 1√
h

{

P⊥αβ
ρσ

[

2˜h†nρ(Xζ )
σ − (X

˜h)
†ρσ ζ n −˜h†ρσ (Xζ )n

]

(43)

+
[

˜h†λτ
˜hαβ

︸ ︷︷ ︸

A

−P⊥αβ
ρσ

√
h
2

(˜hλτ h†ρσ − h†γ δ
˜hγ δ

˜hλρ
˜hτσ

︸ ︷︷ ︸

B

)

][

2δnλ(Xζ )
λ′
˜hλ′τ + ζ n(X)

˜hλτ

]}

= 0

(δh†ρσ ) : hP⊥αβ
ρσ

[

2δnα(Xζ )
λ
˜hλβ + ζ n(X)

˜hαβ

]

= 0 (44)

We claim that (40a) follows from (44), and that (43) is identically satisfied, provided
that (40a) and (40b) hold. To see this, let us consider first Eq. (44):

P⊥αβ

(ρσ)

[

2δnα(Xζ )
λ
˜hλβ + ζ n(X)

˜hαβ

]

= 0
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where P⊥αβ

(ρσ) := 1
2 (P

⊥αβ
ρσ + P⊥αβ

σρ ). Using the explicit form of P⊥αβ
ρσ (Eq. (36)) we get

(for σ = ρ):

2(Xζ )
λ
˜hλρδnρ + ζ n(X

˜h)ρρ −˜hρρ(Xζ )
n = 0 (45)

and if ρ �= σ :

(Xζ )
λ
˜hλt + ζ n(X

˜h)nt −˜hnt(Xζ )
n = 0

Taking into account the cases ρ = σ = t and ρ = σ = n, we will now derive Eq.
(40a). The case ρ �= σ follows then fromEq. (40a) itself. Let us begin with ρ = σ = t .
Equation (45) becomes:

(Xζ )
n = (˜htt)

−1ζ n(X
˜h)tt (46)

If ρ = σ = n, Eq. (45) becomes:

2(Xζ )
t
˜hnt = −ζ n(X

˜h)nn − (Xζ )
n
˜hnn

and, using (46) together with the condition (X)det(h) = 0, the RHS becomes:

−ζ n(˜htt )
−1[˜htt (X˜h)nn + (X

˜h)tt
˜hnn] = −2ζ n(˜htt)

−1
˜hnt(X˜h)nt

which means:

(Xζ )
t = −(˜htt)

−1ζ n(X
˜h)nt (47)

Using˜htt = −˜h
nn

and˜hnα = −εαλ
˜hλt , Eqs. (46) and (47) can be expressed as: (40a):

(Xζ )
α = (˜hnn)−1ζ n(X

˜h)
nα

Going back to (43), Eq (44) implies that the terms A and B vanish. In fact, if a
tensor Kαβ is such that P⊥αβ

(ρσ)Kαβ = 0, then also ˜h†αβKαβ := hh†ρσ P⊥αβ
ρσ Kαβ = 0

and P⊥(αβ)
ρσ

˜hλρ
˜hτσ Kτσ = 0. Furthermore:

√
h
2

˜hλτh†ρσ

[

2δnλ(Xζ )
λ′
˜hλ′τ + ζ n(X)

˜hλτ

]

=˜h†ρσ (Xζ )
n

and Eq. (43) becomes:

1√
h

{

P⊥αβ
ρσ

[

2˜h†nρ(Xζ )
σ − (X

˜h)
†ρσ ζ n − 2˜h†ρσ (Xζ )

n
]

+˜h†λτ
˜hαβ

[

2δnλ(Xζ )
λ′
˜hλ′τ + ζ n(X)

˜hλτ

]}

= 0.
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Writing the projector explicitly:

1√
h

{

2˜h†nα(Xζ )
β − (X

˜h)
†αβζ n − 2˜h†αβ(Xζ )

n

+˜hαβ

[

1

2
˜hρσ (X

˜h)
†ρσ ζ n −˜h†nρ

˜hρσ (Xζ )
σ

]

+˜hαβ

[

2˜h†nρ
˜hρσ (Xζ )

σ +˜h†ρσ ζ n(X)
˜hρσ

]}

= 0.

The third line is equal to twice the second one, with inverted sign, as a consequence
of X(Tr

˜h
˜h†) = 0. Thus:

1√
h

{

2˜h†nα(Xζ )
β − (X

˜h)
†αβζ n − 2˜h†αβ(Xζ )

n +

−˜hαβ

[

1

2
˜hρσ (X

˜h)
†ρσ ζ n −˜h†nρ

˜hρσ (Xζ )
σ

]}

= 0

Now, inserting the expressions of (Xζ )
λ and (X

˜h)
†αβ in (43), it is possible to check

that it vanishes identically. Equations (40) then show that the kernel is regular and
allows pre-symplectic reduction. ��
Remark 29 In the first part of the proof, we have shown that the kernel of the boundary
two-form ω̌ is regular. This means that it is possible to construct the pre-symplectic
reduction F∂

P = F̌P/ker(ω̌�), and the rest of the BFV structure will follow as a
consequence of [15]. In part 2 of the proof, we perform said pre-symplectic reduction
over the space of fields, and construct an explicit chart for F∂

P . In order to do this, we

will explicitly flow the fields in F̌P along the vertical vector fields in the kernel of ω̌.

Proof. Part 2. To obtain the explicit expression of the projection given in (39), we have
to solve the set of differential equations related to the flow produced by the kernel vec-
tors defined by Eq. (40). The free parameters in the kernel are (X

˜h)αβ, (Xζ †)
λ, (XX†)μ.

The system of differential equations is:
∂τ X

μ = 0

∂τ ζ
α = (˜hnn)−1ζ n(X

˜h)
αn

∂τ
˜h†nλ = −˜h†nβ

˜hλα(X
˜h)βα + 1

2
˜h†αβ(X

˜h)αβ
˜hnλ +

−1

2
˜hλα

(

(Xζ †)αζ n + ζ †
α∂τ ζ

n + δnαζ
†
β∂τ ζ

β

)

∂τ ∂n X
μ = 1

˜hnn

[

˜hnρ
˜hσβ(X

˜h)ρσ ∂βX
μ − 1

2
Gμν(X)

(

(XX†)νζ
n + X†

ν∂τ ζ
n
)]

∂τ
˜hαβ = (X

˜h)αβ

∂τ ζ
†
λ = (Xζ †)λ

∂τ X
†
μ = (XX†)μ
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We will flow along three vector fields that span the kernel, each one related to one
of the aforementioned free parameters, and the order will be chosen in such a way to
simplify the differential equations. In the first part, the parameter of the flow τ will
range from 0 to 1, while in the second part it will range from 1 to 2 and in the third
part from 2 to 3. An explicit chart-expression for the projection map FP → F∂

P will
be given by the value of the field at the end of the composite flow.

We start using (XX†)μ and setting (X
˜h)αβ and (Xζ †)

λ to zero. In this case, there
are only two non-trivial differential equations:

∂τ ∂n X
μ = − 1

2˜hnn
Gμν∂τ X

†
νζ

n

∂τ X
†
μ = (XX†)μ

where ˜hnn,Gμν(X) and ζ n do not depend on τ . We choose a value of (XX†)μ that
sets X†

μ(τ = 1) to zero (e.g. (XX†)μ(τ ) = −X†
μ(0)). We obtain:

∂n X
μ(1) =

(

∂n X
μ + 1

2˜hnn
GμνX†

νζ
n
)

|τ=0
X†

μ(1) = 0 (48)

while the other fields remain unaffected. In the second part of the flow, we take a non-
vanishing choice of (Xζ †)

λ, and set (XX†)μ and (X
˜h)αβ to zero. The only non-trivial

differential equations are then:

∂τ
˜h†nλ = −1

2
˜hλα∂τ ζ

†
αζ n

∂τ ζ
†
α = (Xζ †)

α

where˜hλα and ζ n do not depend on τ . Similar to the previous case, we choose a value
of (Xζ †)

α that sets ζ †
α (τ = 2) to zero (e.g. (Xζ †)

α = −ζ †
α (1), with ζ †

α (1) the value of
ζ †(τ ) at the start of this iteration of the flow, τ ∈ [1, 2]). The solution is:

˜h†nλ(2) =
(

˜h†nλ + 1

2
˜hλαζ †

αζ n
)

|τ=0
ζ †
α (2) = 0 (49)

and again the other fields remain unmodified. The third part of the flow is characterized
by a non-vanishing choice of (X

˜h)αβ , while the other parameters are set to be zero.
The non-trivial differential equations are:

∂τ ζ
α = 1

˜hnn
ζ n∂τ

˜hαn

∂τ
˜h†nλ = −˜h†nβ

˜hλα∂τ
˜hβα + 1

2
˜h†αβ∂τ

˜hαβ
˜hnλ
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∂τ ∂n X
μ = 1

˜hnn
˜hnρ

˜hσβ∂τ
˜hρσ ∂βX

μ

∂τ
˜hαβ = (X)

˜hαβ
(50)

where the absence of terms dependent on X†
μ and ζ †

α is due to the fact that we set them
to zero in the first two parts of the flow, and this makes calculations easier. The first
and third lines can be solved directly, while the second line must be treated. We are
thus going to inspect the expression in the second line. First, we eliminate˜h†tt using
the tracelessness condition˜h†αβ

˜hαβ = 0:

˜h†tt = − 1
˜htt

(

2˜h†nt˜hnt +˜h†nn˜hnn

)

(51)

Then, Eq. (50) becomes:

˜h†nn
(

−˜hλβ∂τ
˜hβn +

˜hnλ

2
∂τ

˜hnn −
˜hnλ

2

˜hnn
˜htt

∂τ
˜htt

)

+˜h†nt
(

−˜hλβ∂τ
˜hβt +˜hnλ∂τ

˜hnt −˜hnλ
˜hnt
˜htt

∂τ
˜htt

)

=

−˜h†nn
(

˜hλt∂τ
˜htn +

˜hnλ

2
∂τ

˜hnn +
˜hnλ

2

˜hnn
˜htt

∂τ
˜htt

)

+

−˜h†nt
(

˜hλt∂τ
˜htt +˜hnλ

˜hnt
˜htt

∂τ
˜htt

)

=

−˜h†nn
1

˜htt

(

˜hλt∂τ
˜htn˜htt +

˜hnλ

2
∂τ

˜hnn˜htt +
˜hnλ

2
˜hnn∂τ

˜htt

)

+

−˜h†nt
1

˜htt
δλ
t ∂τ

˜htt.

We now express, where needed, ˜hαβ in function of ˜hαβ through the relation ˜hαβ =
εαα′εβ ′β

˜hα′β ′ (cf. with Eq. (4)), where εαβ is the two-dimensional Levi–Civita sym-
bol). We then have:

−˜h†nn
1

˜htt

(

˜hλt∂τ
˜htn˜htt +

˜hnλ

2
∂τ (˜hnn˜htt)

)

−˜h†nt
1

˜htt
δλ
t ∂τ

˜htt

= −˜h†nn
1

˜htt

(

ελαεβt
˜hαβ∂τ

˜htn˜htt + ελαεβn
˜hαβ

2
∂τ (˜hnn˜htt)

)

−˜h†nt
1

˜htt
δλ
t ∂τ

˜htt

= −˜h†nn
1

˜htt
ελαεnt

(

˜hαn∂τ
˜htn˜htt −

˜hαt

2
∂τ (˜hnn˜htt)

)

−˜h†nt
1

˜htt
δλ
t ∂τ

˜htt

= −˜h†nn
1

˜htt

1

2˜hnt
ελαεnt

(

∂τ (˜h
2
nt)

˜hαn˜htt −˜hαt˜hnt∂τ (˜hnn˜htt)

)

−˜h†nt
1

˜htt
δλ
t ∂τ

˜htt

= −˜h†nn
1

˜htt
δλ
t ∂τ

˜hnt −˜h†nt
1

˜htt
δλ
t ∂τ

˜htt
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where the last equality follows from the fact that ∂τ (˜h2nt)˜hαn˜htt −˜hαt˜hnt∂τ (˜hnn˜htt)
vanishes for α = t , since

∂τ (˜h
2
nt)

˜htn˜htt −˜htt˜hnt∂τ (˜hnn˜htt) = −˜htt˜hnt∂τ (det(˜h)) = 0,

while for α = n:

∂τ (˜h
2
nt)

˜hnn˜htt −˜hnt˜hnt∂τ (˜hnn˜htt)

= (˜hnn˜htt −˜hnt˜hnt)∂τ (˜h
2
nt) = −2˜hnt∂τ (˜hnt)

since˜hnn˜htt −˜h2nt = det(˜h) = −1, and it follows that:

∂τ
˜h†nλ = −˜h†nn

1
˜htt

δλ
t ∂τ

˜hnt −˜h†nt
1

˜htt
δλ
t ∂τ

˜htt = − δλ
t

˜htt
˜h†nα∂τ

˜hαt

and the set of differential equations becomes:

∂τ ζ
α = 1

˜hnn
ζ n∂τ

˜hαn

∂τ
˜h†nλ = − δλ

t
˜htt

˜h†nα∂τ
˜hαt

∂τ ∂n X
μ = 1

˜hnn
˜hnρ

˜hσβ∂τ
˜hρσ ∂βX

μ

∂τ
˜hαβ = (X)

˜hαβ

Since the three differential equations in the system are decoupled, we are able to solve
them separately.We choose a path that sends˜hαβ to theMinkowskimetric35 (again, we
could choose (X

˜h)nα = ηnα−˜hnα). It is worth pointing out that there is no differential
equation for˜h†t t , but it is not a problem:˜h†αβ has only two degrees of freedom and it
is possible to express˜h†t t in function of the other elementary fields through Eq. (51).
We start from the differential equation for ζ α:

∂τ ζ
n = 1

˜hnn
ζ n∂τ

˜hnn = ζ n ∂τ
˜htt

˜htt

∂τ ζ
t = 1

˜hnn
ζ n∂τ

˜htn = −ζ n ∂τ
˜hnt

˜htt

we solve the system before for ζ n and then for ζ t . The solution for ζ n is: ζ n(τ ) =
ζ n(2)

˜htt(τ )
˜htt(2)

. Then:

ζ n(τ ) = ζ n(2)
˜htt(τ )

˜htt(2)

35 In the Riemannian case, η denotes the 2d Euclidean metric.
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∂τ ζ
t = −ζ n(2)

∂τ
˜hnt(τ )

˜htt(2)

whose solution is ζ t (τ ) = ζ t (2)−ζ n(2)
˜hnt(τ )
˜htt(2)

+ζ n(2) τ˜hnt(2)
˜htt(2)

. Evaluating the solutions
at τ = 3 and expressing all the quantities in function of fields evaluated at τ = 0:

ζ n(3) =
(

ζ n 1
˜htt

)

|τ=0

ζ t (3) =
(

ζ t + ζ n
˜hnt
˜htt

)

|τ=0

We solve now the differential equation for˜h†nλ:

∂τ
˜h†nn = 0

∂τ
˜h†nt = − 1

˜htt
˜h†nα∂τ

˜hαt

˜h†nn is unaffected, and we have to solve only for ˜h†nt. Manipulating the second line
we obtain:

∂τ
˜h†nt˜htt +˜h†nt∂τ

˜htt = −˜h†nn∂τ
˜hnt

∂τ (˜h
†nt

˜htt) = −∂τ (˜h
†nn

˜hnt)

the solution is then˜h†nt˜htt(τ ) =˜h†nt˜htt(2)−˜h†nn˜hnt(τ )+˜h†nn˜hnt(2). Isolating˜h†nt

and evaluating at τ = 3, we obtain:

˜h†nn(3) = ˜h†nn(2)
˜h†nt(3) = ˜h†nβ

˜hβt (2)

and to express˜h†nλ in function of fields evaluated at τ = 0 we have to concatenate this
transformation with the transformation caused by the second part of the flow (check
eq. (49)). We then have:

˜h†nn(3) =
(

˜h†nn + 1

2
˜hnαζ †

αζ n
)

|τ=0
˜h†nt(3) =

(

˜h†nβ + 1

2
˜hβαζ †

αζ n
)

|τ=0
˜hβt (0).

At last, we have to solve for ∂n Xμ, with the equation:

∂τ ∂n X
μ = 1

˜hnn
˜hnρ

˜hσβ∂τ
˜hρσ ∂βX

μ
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This is the same differential equation as in (14a), and thus the solution is the same as
in (17):

∂n X
μ(3) =˜hnα∂αX

μ(2)

and concatenating this transformation with eq (48):

∂n X
μ(3) =

(

˜hnα∂αX
μ + 1

2
GμνX†

νζ
n
)

|τ=0

The reduction then sets (˜hαβ, ζ
†
λ , X†

μ) → (ηαβ, 0, 0), and denoting coordinates in

F∂ with (Jμ, Xμ, σ n, σ t , σ
†
n σ

†
t ) we have the projection:

π :

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

Jμ =˜hnα∂αXνGμν + 1
2 X

†
μζ n

Xμ = Xμ

σ n =˜htt−1ζ n

σ t =˜htt−1ζ α
˜hαt

σ
†
n = −˜h†nn − 1

2
˜hnαζ †

αζ n

σ
†
t =˜h†nα

˜hαt + 1
2ζ

†
t ζ n

where σ †
α = ˜h†nλ(3)ηλα . Thus, we perform a reduction that fixes the metric ˜hαβ to

ηαβ without changing the sign of˜htt .
The two-form ω̌ = δ(α̌ + α̌BV ) is basic with respect to the exact symplectic form

(β ∈ {n, t}):

�∂
P = δ

∫

∂M
JμδXμ + σ

†
β δσβ

i.e. ω̌ = π∗�∂
P and the BFV action S∂

P is computed to be (see Appendix D) :

S∂
P =

∫

∂M
−σ t∂t X

μ Jμ − 1

2
σ n

[

Jμ J
μ + ∂t X

μ∂t X
νGμν

]

+ σ †
ασ t∂tσ

α

��
We have thus defined a BV-BFV structure

(

FM , SP , QM ,�M ,F∂
∂M , S∂

P , Q∂M ,�∂M , π
)

,

where (FM , SP , QM ,�M ) is the BV part (in the bulk) , π := π̌ ◦ π̃ is the composition
of the restriction to the boundary map π̃ and of the reduction map π̌ (defined in (39))
and (F∂

∂M , S∂
P , Q∂M ,�∂M ) is the BFV part (on the boundary).
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6 Nambu–Goto theory—BV-BFV analysis

The analysis of the BV-Nambu–Goto action is analogous to that of Polyakov theory.
In the first section, we will identify the symmetries, in the second section, we will
build the (broken) BV structure, and in the third section, we will identify the kernel.
Here we will see a different behaviour than in the case of the Polyakov action: the
kernel is not regular.

6.1 Symmetries of the Nambu Goto action

Nambu–Goto string theory is invariant under the action of worldsheet diffeomor-
phisms, which act on the coordinates as ϕ : x → x(x̃) and on the fields as: X → ϕ∗X .
In a local chart:

xα → xα(x̃) Xμ → Xμ(x(x̃))

and infinitesimally, the action on fields reads:

δζ X = Lζ X : Xμ → Xμ + ζ α∂αX
μ

Observe that the metric is not an independent field, and there is thus no rescaling
symmetry.

We build now the BV structure following the same steps as in the previous chapter.
We promote to ghost fields the infinitesimal parameters of the infinitesimal symmetry
transformations. In this case, we have only the degree +1 ghost field ζ α . We then
add the degree−1 anti-fields X†

μ and the degree−2 anti-ghosts ζ †
α . We have again an

irreducible gauge group, and thus, we do not have to introduce higher order ghosts or
anti-ghosts.

Definition 30 We define (relaxed) BV Nambu–Goto theory on the two-dimensional
manifold with boundary (M, ∂M) to be the data (FNG,�NG, SNG, QNG), where

FNG := T ∗[−1] (C∞(M, N )× X[1](M)
)

so that, in a local chart and denoting the degree of the various fields by

{

0 1 −1 −2
Xμ ζα X†

μ ζ †
α

}

we have that the BV-Nambu–Goto action reads:

SNG = SclNG +
∫

M
〈X†, Lζ X〉 + 〈ζ †,

1

2
[ζ, ζ ]〉

and QM is the Hamiltonian vector field of SM (up to boundary terms).
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Theorem 31 Let (M, ∂M) be a two-dimensional manifold with boundary. Relaxed BV
Nambu–Goto theory on M is not 1-extendable to a BV-BFV theory on (M, ∂M).

Proof We begin by computing the variation:

δSNG = EL + α̌NG +
∫

∂M
X†

μζ nδXμ − ζ †
αζ nδζ α

EL + α̌NG + α̌BV

where EL is the bulk term, and α̌NG and α̌BV the boundary terms due to the degree-0
part of the Nambu–Goto action and its BV part respectively (cf. Equation (23)). The
pre-symplectic form ω̌BV := δα̌NG + δα̌BV is:

ω̌BV = δα̌NG +
∫

∂M
δX†

μζ nδXμ − X†
μδζ nδXμ +

−
∫

∂M
δζ †

αζ nδζ α + ζ †
αδζ nδζ α

In this case the kernel presents a singular behaviour, differently from the case of
Polyakov theory. Some equations are in fact not solvable in a general way, which
makes the kernel not regular. To see this, let uswrite the defining equations ιXω̌BV = 0,
where X is a generic vector field on F̌NG:

δ∂n X
ν : gnn(Gμν − ∂αXμ∂αXν)(XX )μ = 0 (52a)

δXμ :
{√

g
[

(gλt gnα − gλngαt − gtngαλ)∂λXν∂αXμ + gntGμν

]

∂t (XX )ν

+√g
[

(����gλngnα −����gλngαn − gnngαλ)∂λXν∂αXμ + gnnGμν

]

(X∂n X )ν

+∂t

(√
g

[

(gλt gnα − gλngαt − gtngαλ)∂λXμ∂αXν + gntGνμ

]

(XX )ν
)

+− (Cμν − Cνμ)(XX )ν + 1√
g

(

(XX†)μζ n + X†
μ(Xζ )

n
)}

= 0

δX†
μ : ζ n(XX )μ = 0 (52b)

δζ λ : δnλX
†
μ(XX )μ − (Xζ †)λζ

n − ζ
†
λ (Xζ )

n − δnλζ †
α (Xζ )

α = 0

δζ †
α : ζ n(Xζ )

α = 0. (52c)

Comparing with Polyakov’s kernel Eq. (40), here we can see that Eq. (52a) no longer
impose that (XX )μ vanishes, and there is no kernel equation to impose (Xζ )

λ ∝ ζ n .
The Eqs. (52b) and (52c) are then not automatically satisfied and are singular. Let us
take, for instance, Eq. (52b):
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ζ n(XX )μ = 0.

It can be satisfied, if:

{

(XX )μ = 0 or (XX )μ ∝ ζ n, ζ n �= 0

(XX )μ = any, ζ n = 0

These conditions are clearly not regular, meaning that the kernel is not a smooth
subbundle of T F̌NG, thus obstructing the pre-symplectic reduction, and the definition
of the smooth manifold of BFV fields F̌NG/ker(ω̌�

BV). This concludes the proof. ��

7 Conclusions

Both Nambu–Goto and Polyakov theories describe the motion of the bosonic string
with a given background metric. They are equivalent at classical level, since they yield
the same moduli space of Euler–Lagrange equations. On the other hand, the results of
[4] hint to the fact that the two theories may no longer be related if we adopt a finer
notion of equivalence.

In this paper, we compared the two theories when defined on a spacetime manifold
(a worldsheet) with boundary.We first considered the classical models, computing and
comparing their reduced phase spaces, following the approach introduced byKijowski
and Tulczijew [31]. In Theorem 17, we gave an explicit symplectic presentation of
the Reduced Phase Space of Polyakov theory for any target Lorentzian manifold, and
in Theorem 22, we showed how the reduced phase space for Nambu–Goto theory
coincides with that of Polyakov theory (after reduction).

We then analysed Polyakov and Nambu–Goto theories in the BV-BFV framework.
We found an obstruction in the construction of the BV-BFV structure of the Nambu–
Goto theory, which is then not 1-extendable (Theorem 31), while no obstruction was
found in the case of the Polyakov theory, for which the BV-BFV structure was derived
in Theorem 27.

This result suggests that the two string theories we analysed, albeit classically
equivalent, differ when a more stringent notion of equivalence is employed. Since the
extendability of a BV theory to a BV-BFV theory on a manifold with boundary is a
necessary requirement for quantisation with boundary, we conclude that this result
suggests that Nambu–Goto theory is not a fully satisfactory description of the bosonic
string.

This result strengthens the observation of [4,Remark 7.3], where the classical and
quantum BV cohomologies of Nambu–Goto action have been computed, and shown
to differ from the calculations of [11], which implies that the observable content of
the two models might differ.

One can take this result as a two-dimensional extension of the observations pre-
sented in [18], where the 1d analogues of Nambu–Goto theory (Jacobi theory) and
of Polyakov theory (scalars coupled to 1d gravity) have been shown to be classically
equivalent, and yet possess different extendability properties. Indeed, precisely like
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its two-dimensional NG analogue, the BV-BFV induction procedure is obstructed
for Jacobi theory. Recently, the 1d case has been analysed further, to the result that
despite the cohomologies of the respective Batalin–Vilkovisky–de Rham complexes
are isomorphic (as predicted by [5, 29]), the existence of a BV-BFV pair is a stricter
requirement that is not preserved by the BV-equivalence. With those considerations,
our result directly shows the incompatibility of theBV andBFV structures forNambu–
Goto theory, marking a difference with Polyakov theory, regardless of the behaviour
of their BV-cohomologies.

Another noteworthy scenario that presents a similar discrepancy is provided by
General Relativity in dimension d ≥ 4, where the two classically-equivalent metric
and coframe formulations (Einstein–Hilbert and Eistein–Palatini–Cartan) have differ-
ent extendability properties [17, 19], despite having equivalent reduced phase spaces
[20,Theorem 4.25].

This phenomenon appears to be linked to diffeomorphism symmetry, and suggest
that certain classically equivalent formulations of a given physical theory might be
more suitable for quantisation with boundary. The next step in this program is then
to proceed with the BV-BFV quantisation of Polyakov theory, following [16, 18]. We
will address this question elsewhere.
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Appendix A. Nondegeneracy condition

Throughout this paper, we considered the case hnn �= 0 without justifying the choice.
Now we want to show that if hnn = 0, we are considering a case where the boundary
is light-like, in which case the treatment should be different from the beginning. We
will use the non-rescaled metric since calculations are easier, and rescaling does not
change the arguments presented here. We look then for a diffeomorphism x̃α(xβ) that
transforms the metric in the following way:

(

hnn hnt
hnt 0

)

x̃α(xβ)

−−−−−→
(

0 s
s 0

)

(53)

where s is a function. The transformation can be written as:

hαβ = ∂ x̃α′

∂xα

∂ x̃β ′

∂xβ

(

0 s
s 0

)

α′β ′
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which yields the set of equations:

2s
∂ x̃ t

∂xt
∂ x̃n

∂xt
= 0

s(
∂ x̃ t

∂xt
∂ x̃n

∂xn
+ ∂ x̃ t

∂xn
∂ x̃n

∂xt
) = hnt

2s
∂ x̃ t

′

∂xn
∂ x̃n

∂xn
= hnn

From the first equation, either ∂ x̃ t

∂xt or ∂ x̃n

∂xt must vanish. Let us consider the case

where ∂ x̃n

∂xt = 0, and the other case is analogous. We then have that

x̃n := x̃n(xn)

and:

dx̃ t = hnt

s ˙̃xn dx
t + hnn

2s ˙̃xn dx
n =: 1

s
ω.

For any one-form ω′ in 2 dimensions, there always exists a function λ such that λω′
is locally an exact form, thus locally it always exists a function s such that dx̃ t is an
exact form, and there is always a diffeomorphism x̃ : (xn, xt ) → (x̃n(xn), x̃ t (xn, xt ))
that satisfies (53) (locally). This is due to the Frobenius theorem for foliations applied
to the case of a 1-form in 2 dimensions.

Appendix B. Manipulation of constraints

In this section, we want to find the explicit expression of the functions ταβ(˜h), intro-
duced in Part 3 of the Proof of Theorem 17, such that the resulting combination ταβ fαβ

is a basic function in F̌ , i.e. it only depends on the reduced variables (Xμ, Jμ).
In order to do this, let us rewrite˜hαβ(∂αXν)Gμν(∂βXμ) as a function of the reduced

variables

˜hαβ(∂αX
ν)Gμν(∂β X

μ) =˜htt(∂t X
ν)Gμν(∂t X

μ)+ 2˜hnt(∂t X
ν)Gμν(˜h

nn)−1(Jμ − (∂t X
μ)˜hnt)

+˜hnn(˜hnn)−2(Jμ − (∂t X
ν)Gμν

˜hnt)(Jμ − (∂t X
μ)˜hnt)

= (∂t X
ν)Gμν(∂t X

μ)

(

˜htt − 2
(˜hnt)2

˜hnn
+ (˜hnt)2

˜hnn

)

+ χ(∂t X
ν)Gμν J

μ

(

2
˜hnt

˜hnn
− 2

˜hnt

˜hnn

)

+ Jμ J
μ(˜hnn)−1

= (˜hnn)−1(ς(∂t X
ν)Gμν(∂t X

μ)+ Jμ J
μ)
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where we used: ∂n Xμ = (˜hnn)−1(χ Jμ−˜hnt(∂t Xμ)) and that (˜htt−2 (˜hnt)2

˜hnn
+ (˜hnt)2

˜hnn
) =

(˜hnn)−1det(˜h) = (˜hnn)−1ς . Thus:

ταβ
˜hαβ

˜hλρ

2
(∂λX

ν)Gμν(∂ρX
μ)

= (τ tt˜htt + 2τ nt˜hnt + τ nn˜hnn)
1

2˜hnn
(ς(∂t X

ν)Gμν(∂t X
μ)+ Jμ J

μ)

= (τ tt
˜htt
2˜hnn

+ τ nt
˜hnt
˜hnn

+ τ nn
˜hnn
2˜hnn

)(ς(∂t X
ν)Gμν(∂t X

μ)+ Jμ J
μ)

= (τ tt
1

2
− τ nt

˜hnt

˜hnn
+ τ nn

˜htt

2˜hnn
)((∂t X

ν)Gμν(∂t X
μ)+ ς Jμ J

μ)

Where we used the metric˜h to raise the indices two write the last equality, to the effect
of moving ς in front of Jμ Jμ. Now we compute the second term:

ταβ(∂αX
ν)Gμν(∂βX

μ)

= τ tt(∂t X
ν)Gμν(∂t X

μ)+ 2τ nt (∂t X
ν)Gμν(˜h

nn)−1(χ Jμ −˜hnt(∂t X
μ))

+ τ nn(˜hnn)−2(χ Jμ −˜hnt(∂t X
ν)Gμν)(χ Jμ −˜hnt(∂t X

μ))

= (∂t X
ν)Gμν(∂t X

μ)

(

τ tt − 2τ nt
˜hnt

˜hnn
+ τ nn

(˜hnt)2

(˜hnn)2

)

+ χ(∂t X
ν)Gμν J

μ

(

2τ nt
1

˜hnn
− 2τ nn

˜hnt

(˜hnn)2

)

+ Jμ J
μτ nn(˜hnn)−2.

Putting the pieces together:

ταβ fαβ = ταβ
˜hαβ

1

2
˜hλτ (∂λX

ν)Gμν(∂τ X
μ)− ταβ(∂αX

ν)Gμν(∂β X
μ)

= (∂t X
ν)Gμν(∂t X

μ)

(

τ tt
1

2
− τ nt

˜hnt

˜hnn
+ τ nn

˜htt

2˜hnn
− (τ tt − 2τ nt

˜hnt

˜hnn
+ τ nn

(˜hnt)2

(˜hnn)2
)

)

+ χ(∂t X
ν)Gμν J

μ

(

− 2τ nt
1

˜hnn
+ 2τ nn

˜hnt

(˜hnn)2

)

+ ς Jμ J
μ

(

τ tt
1

2
− τ nt

˜hnt

˜hnn
+ τ nn

˜htt

2˜hnn
− ςτ nn(˜hnn)−2

)

= (∂t X
ν)Gμν(∂t X

μ)

[

− τ tt
1

2
+ τ nt

˜hnt

˜hnn
+ τ nn

(

˜htt

2˜hnn
− (˜hnt)2

(˜hnn)2

)]

+ χ(∂t X
ν)Gμν J

μ

[

− 2τ nt
1

˜hnn
+ 2τ nn

˜hnt

(˜hnn)2

]

+ ς Jμ J
μ

[

τ tt
1

2
− τ nt

˜hnt

˜hnn
+ τ nn

(

˜htt

2˜hnn
− ς

1

(˜hnn)2

)]

.
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This expresses ταβ fαβ in function of (˜hαβ, Xμ, Jμ). We now compare it with Eq. (20)
for lαβ , which we report below for convenience:

ταβ(˜h) fαβ(˜h, Xμ, Jμ) = lnn Jμ J
μ + 2lnt(∂t X

μ)Jμ + l tt(∂t X
ν)Gμν(∂t X

μ)

so that:

lnt = χ

(

− τ nt
1

˜hnn
+ τ nn

˜hnt

(˜hnn)2

)

l tt = −τ tt
1

2
+ τ nt

˜hnt

˜hnn
+ τ nn

(

˜htt

2˜hnn
− (˜hnt)2

(˜hnn)2

)

ςlnn = τ tt
1

2
− τ nt

˜hnt

˜hnn
+ τ nn

(

˜htt

2˜hnn
− ς

1

(˜hnn)2

)

The first two equations can be solved for τ nt and τ tt . At this point, the third one
yields a relation between lnn and ltt: lnn = −ςl tt . The relations are:

τ nn = τ nn
˜hnn

˜hnn

τ nt = τ nn
˜hnt

˜hnn
− χ˜hnnlnt

τ tt = τ nn
˜htt

˜hnn
− 2χ˜hntlnt − 2l tt

The first term after the equal sign can be written as: τ nn

˜hnn
˜hαβ ∝ ˜hαβ . This term gives

no contribution when contracted with fαβ , since˜hαβ fαβ = 0.
The relation lnn = −ςl tt tells us that we can only obtain terms of this kind:
lt t ((∂t Xν)Gμν(∂t Xμ) − ς Jμ Jμ) + lnt(∂t Xν)Gμν Jμ. The resulting new constraints
for Polyakov theory are given in Eq. (7).

Appendix C. Nambu–Goto: lengthy algebraic manipulations

In this appendix, we are going to show how Eq. (25) follows from Eq. (24) and (26).
We rewrite here the second condition of the kernel (27):

δXμ :
{√

g
[

(gλt gnα − gλngαt − gtngαλ)∂λXν∂αXμ + gntGμν

]

∂t (XX )ν

+√g
[

(����gλngnα −����gλngαn − gnngαλ)∂λXν∂αXμ + gnnGμν

]

(X∂n X )ν

+ ∂t

(√
g

[

(gλt gnα − gλngαt − gtngαλ)∂λXμ∂αXν + gntGνμ

]

(XX )ν
)}

= δXμ√g (Cμν − Cνμ)(XX )ν

(54)
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where Cμν groups together the terms inside the square bracket in Eq. (24).
We will see that (54) has no component on the plane tangent to the surface defined

by Xμ and thus all conditions are on the orthogonal part. This is in agreement with
Eq. (25), where the tangent part is free (βn∂n Xμ+βt∂t Xμ), while the orthogonal part
is not. This will allow us to easily find a condition on P⊥μ

ν (X∂n X )ν . In fact this term
is exactly the second line of (54):

gnn P⊥μ
ν (X∂n X )ν =

[

− gnngαλ∂λXν∂αXμ + gnnGμν

]

(X∂n X )ν

The problem is thus reduced to writing the orthogonal projection of the remaining
terms.Rearranging the second to last line of (54) to have theμ and ν indexes in the same
order as the previous lines, using P⊥μν := Gμν − ∂αXμ∂αXν and gαβ∂βXμ =: ∂αXμ,
and recalling that (XX )μ = αn∂n Xμ + αt∂t Xμ, the left-hand side of (54) becomes:

LHS =
[

(∂ t Xν∂
n Xμ − ∂n Xν∂

t Xμ)− gnt P⊥μν

]

∂t (XX )ν
√
g − gnn P⊥μν(X∂n X )ν

√
g+

− ∂t

[√
g (∂ t Xν∂

n Xμ − ∂n Xν∂
t Xμ)(XX )ν

]

− ∂t

[

�������
gnt P⊥μν(XX )ν

√
g

]

= −√g P⊥μν

[

gnt∂t (XX )ν + gnn(X∂n X )ν
]

− ∂t

[√
g (∂ t Xν∂

n Xμ − ∂n Xν∂
t Xμ)

]

(XX )ν

(55)

We want to show now that the second term in (55) has the component on the tangent
plane:

P‖,ρμ∂t

[√
g (∂ t Xν∂

n Xμ − ∂n Xν∂
t Xμ)

]

(XX )ν =
√
g

2
(αt∂

n Xρ − αn∂
t Xρ)(∂λX

μ∂λXν)(∂tGμν),

(56)

where P‖,ρμ := ∂αXρ∂αXμ. The term on the right-hand side of (56) vanishes in the
case of a constant metric. We will see later that in the general case it gets cancelled
by the term on the right hand side of (54). This means that all tangent terms vanish,
as we wanted to prove. Rearranging indexes and since from (26), (XX )μ lies on the
tangent plane, we can rewrite the left-hand side of (56) as:

P‖,μk∂t
[√

g (∂ t Xk∂
n Xw − ∂n Xk∂

t Xw)

]

P‖,wν (XX )ν

Let us then look at:

P‖,μk∂t
[√

g (∂ t Xk∂
n Xw − ∂n Xk∂

t Xw)

]

P‖,wν
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Let us calculate the internal term:

∂t

[√
g (∂ t Xk∂

n Xw − ∂n Xk∂
t Xw)

]

= ∂t

[√
g

]

(∂ t Xk∂
n Xw − ∂n Xk∂

t Xw)+ (
√
g )∂t

[

(∂ t Xk∂
n Xw − ∂n Xk∂

t Xw)

]

= √g gρσ (∂ρXμ∂t∂σ X
μ + 1

2
∂ρX

μ∂σ X
ν(∂tGμν)) (∂ t Xk∂

n Xw − ∂n Xk∂
t Xw)

+√g
[

∂t∂
t Xk∂

n Xw + ∂ t Xk∂t∂
n Xw − ∂t∂

n Xk∂
t Xw − ∂n Xk∂t∂

t Xw

]

∝ (∂σ Xμ∂t∂σ X
μ + 1

2
∂σ Xμ∂σ X

ν(∂tGμν)) (∂ t Xk∂
n Xw − ∂n Xk∂

t Xw)

+∂t∂
t Xk∂

n Xw + ∂ t Xk∂t∂
n Xw − ∂t∂

n Xk∂
t Xw − ∂n Xk∂t∂

t Xw (57)

where in the last step the expression was multiplied by (
√
g )−1. The underlined term

gives the term on the right hand side of (56), while the projection of the rest on the
tangent plane vanishes. Removing the underlined part and applying the projectors:

P‖,μk
[(

∂t − 1

2
∂σ Xμ∂σ X

ν(∂tGμν)

)(√
g (∂ t Xk∂

n Xw − ∂n Xk∂
t Xw)

)]

P‖,wν

= ∂σ Xk∂t∂σ X
k (∂ t Xμ∂n Xν − ∂n Xμ∂ t Xν)+

+∂αXμ∂αX
k∂t∂

t Xk∂
n Xν + ∂ t Xμ∂t∂

n Xk∂βX
k∂βXν +

−∂αXμ∂αX
k∂t∂

n Xk∂
t Xν − ∂n Xμ∂t∂

t Xk∂βX
k∂βXν

= ∂σ Xk∂t∂σ X
k (∂ t Xμ∂n Xν − ∂n Xμ∂ t Xν)

+ ∂n Xμ∂n X
k∂t∂

t Xk∂
n Xν

︸ ︷︷ ︸

A

+∂ t Xμ∂t X
k∂t∂

t Xk∂
n Xν +

+∂ t Xμ∂t∂
n Xk∂n X

k∂n Xν + ∂ t Xμ∂t∂
n Xk∂t X

k∂ t Xν
︸ ︷︷ ︸

B

+

−∂n Xμ∂n X
k∂t∂

n Xk∂
t Xν − ∂ t Xμ∂t X

k∂t∂
n Xk∂

t Xν
︸ ︷︷ ︸

B

+

− ∂n Xμ∂t∂
t Xk∂n X

k∂n Xν
︸ ︷︷ ︸

A

−∂n Xμ∂t∂
t Xk∂t X

k∂ t Xν

The terms marked A and B cancel each other. We thus remain with:

∂σ Xk∂t∂σ X
k (∂ t Xμ∂n Xν − ∂n Xμ∂ t Xν)

+∂ t Xμ∂t X
k∂t∂

t Xk∂
n Xν + ∂ t Xμ∂t∂

n Xk∂n X
k∂n Xν

−∂n Xμ∂n X
k∂t∂

n Xk∂
t Xν − ∂n Xμ∂t∂

t Xk∂t X
k∂ t Xν
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We can rearrange the terms in the second and third line and then use the Leibniz rule:

∂σ Xk∂t∂σ X
k (∂ t Xμ∂n Xν − ∂n Xμ∂ t Xν)

+∂ t Xμ(∂σ X
k∂t∂

σ Xk)∂
n Xν − ∂n Xμ(∂t∂

σ Xk∂σ X
k)∂ t Xν

= ∂σ Xk∂t∂σ X
k (∂ t Xμ∂n Xν − ∂n Xμ∂ t Xν)+

+∂t∂
σ Xk∂σ X

k (∂ t Xμ∂n Xν − ∂n Xμ∂ t Xν)

= ∂t (∂
σ Xk∂σ X

k) (∂ t Xμ∂n Xν − ∂n Xμ∂ t Xν)

= ∂t (δ
σ
σ ) (∂ t Xμ∂n Xν − ∂n Xμ∂ t Xν) ≡ 0

This means that the left-hand side of (27), which we rewrote in (55) as:

LHS = −√g P⊥μν

[

gnt∂t (XX )ν + gnn(X∂n X )ν
]

−∂t

[√
g (∂ t Xν∂

n Xμ − ∂n Xν∂
t Xμ)

]

(XX )ν

can be rewritten as:

LHS = −√g P⊥,μ
ν

[

gnt∂t (XX )ν + gnn(X∂n X )ν
]

+

−P⊥,μk∂t

[√
g (∂ t Xν∂

n Xk − ∂n Xν∂
t Xk)

]

(XX )ν +

−
√
g

2
(αt∂

n Xρ − αn∂
t Xρ)(∂λX

μ∂λXν)(∂tGμν) (58)

From (57) we see that the second term simplifies considerably:

−P⊥,μk∂t

[√
g (∂ t Xν∂

n Xk − ∂n Xν∂
t Xk)

]

(XX )ν

= √gP⊥,μk
[

∂t∂
t Xk∂

n Xν − ∂t∂
n Xk∂

t Xν

]

(XX )ν

= √gP⊥,μk
[

∂t∂
t Xk∂

n Xν − ∂t∂
n Xk∂

t Xν

]

(αn∂n X
ν + αt∂t X

ν)

= √gP⊥,μk
[

αn∂t∂
t Xk − αt∂t∂

n Xk

]

= √gP⊥,μk
[

αn∂t (g
tα∂αXk)− αt∂t (g

nα∂αXk)

]

= √gP⊥,μk
[

αng
tα∂t∂αXk − αt g

nα∂t∂αXk

]

= √gP⊥,μk
[

(gttαn − gntαt )∂t∂t Xk + (gntαn − gnnαt )∂t∂n Xk

]
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= √gP⊥,μ
k

[

(gttαn − gntαt )∂t∂t X
k + (gntαn − gnnαt )∂t∂n X

k
]

+√gP⊥,μ

k′ Gk′wĠwk

[

(gttαn − gntαt )∂t X
k + (gntαn − gnnαt )∂n X

k
]

We can also simplify the first part of the first term in (58):

−P⊥,μ
ν ∂t (XX )ν = −P⊥,μ

ν gnt∂t (αn∂n X
ν + αt∂t X

ν)

= −P⊥,μ
ν gnt(αn∂t∂n X

ν + αt∂t∂t X
ν)

Putting the pieces together (58) becomes:

−√g gnnP⊥,μ
ν (X∂n X )ν +√g P⊥,μ

ν

[

(gttαn − 2gntαt )∂t∂t X
ν − gnnαt∂t∂n X

ν

]

+√g P⊥,μ
ν GνwĠwk

[

(gttαn − gntαt )∂t X
k + (gntαn − gnnαt )∂n X

k
]

+

−
√
g

2
(αt∂

n Xρ − αn∂
t Xρ)(∂λX

μ∂λXν)(∂tGμν) (59)

and if the metric is constant the right-hand side of (27) vanishes (which means that
(59)= 0 and that its third row identically vanishes) and we can write the kernel fields
as:

(XX )μ = αn∂n X
μ + αt∂t X

μ

(X∂n X )μ = βn∂n X
μ

+βt∂t X
μ + (gnn)−1P⊥,μ

ν

[

(gttαn − 2gntαt )∂t∂t X
ν − gnnαt∂t∂n X

ν

]

+(gnn)−1P⊥,μ
ν GνwĠwk

[

(gttαn − gntαt )∂t X
k + (gntαn − gnnαt )∂n X

k
]

with {αn, αt , βn, βt } free parameters. The presence of βn and βt is due to the fact that
there is no condition on the part of (X)∂n Xμ annihilated by P⊥,μ

ν .
In the case of a general metric, Cμν doesn’t vanish, but we have (59)= √g (Cμσ −

Cσμ)(X)Xσ . If the right-hand side of (54) had a component parallel to the tangent
plane that did not exactly cancel the third line of (59), there would be conditions over
αn and αt , which would mean that the kernel of ω could have different dimensions
for different target metrics Gμν . We are going now to calculate the component of
(Cμσ − Cσμ)(X)Xσ parallel to the tangent plane. Let us observe that Cσμ∂βXμ can
be rewritten in a simplified way:

[

1

2

(

gλρ∂n Xμ′ − gλn∂ρXμ′ − gρn∂λXμ′
)

∂λX
ν′∂αX

ν ∂Gν′ν
∂Xσ

Gμ′μ

+∂n Xμ′ ∂Gμ′μ
∂Xσ

]

∂βX
μ

123
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= 1

2

(

∂λX
ν′∂λXνδnβ − 2∂n Xν′∂βX

ν

)

∂Gν′ν
∂Xσ

+ ∂n Xμ′∂βX
μ ∂Gμ′μ

∂Xσ

= δnβ

2

(

∂λX
ν′∂λXν

)

∂Gν′ν
∂Xσ

The component of (Cμσ − Cσμ)(X)Xσ parallel to the tangent plane is:

P‖,μν

(

Cμσ − Cσμ

)

(X)Xσ

condition that can be developed using P‖,μν := ∂λXν∂λXμ:

∂λXν∂λX
μ

(

Cμσ − Cσμ

)(

αn∂n X
σ + αt∂t X

σ

)

=
[

(∂λXν∂λX
σ )αn − ∂n Xν(αn∂n X

σ + αt∂t X
σ )

]

1

2
∂ρX

ν′∂ρXν ∂Gν′ν
∂Xσ

=
[

αn∂
t Xν∂t X

σ − αt∂
n Xν∂t X

σ

]

1

2
∂ρX

ν′∂ρXν ∂Gν′ν
∂Xσ

=
[

αn∂
t Xν − αt∂

n Xν

]

1

2
∂ρX

ν′∂ρXν(∂tGν′ν)

This term cancels the third line of (59). We thus see that all the terms in (27) have
no component parallel to the tangent plane. Let us now calculate the component of
(Cμσ − Cσμ)(X)Xσ orthogonal to the tangent plane:

P⊥,μ
ν

(

Cμσ − Cσμ

)(

αn∂n X
σ + αt∂t X

σ

)

= αn P
⊥,σ
ν

1

2
∂ρX

ν′∂ρXν ∂Gν′ν
∂Xσ

− P⊥,μ
ν ∂n Xμ′ ∂Gμ′μ

∂Xσ
(αn∂n X

σ + αt∂t X
σ )

= P⊥,μ
ν

[

αn
1

2
∂ρX

ν′∂ρXν ∂Gν′ν
∂Xμ

− ∂n Xμ′ ∂Gμ′μ
∂Xσ

(αn∂n X
σ + αt∂t X

σ )

]

Wecanfinallywrite the expressions (26) and (28) for (XX )μ and (X∂n X )μ, respectively,
as:

(XX )μ = αn∂n X
μ + αt∂t X

μ

(X∂n X )μ = βn∂n X
μ

+βt∂t X
μ + (gnn)−1P⊥,μ

ν

[

(gttαn − 2gntαt )∂t∂t X
ν − gnnαt∂t∂n X

ν

]

+(gnn)−1P⊥,μ
ν GνwĠwk

[

(gttαn − gntαt )∂t X
k + (gntαn − gnnαt )∂n X

k
]

+

−(gnn)−1P⊥,μ
ν

[

αn
1

2
∂ρX

ν′∂ρXν ∂Gν′ν
∂Xμ

− ∂n Xμ′ ∂Gμ′μ
∂Xσ

(αn∂n X
σ + αt∂t X

σ )

]
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Appendix D. The boundary action S@P

We need the BFV action S∂
P to complete the data comprising the BFV structure for

Polyakov theory. We can calculate it using the fact that the modified classical master
equation can be recast in the form: 12 ιQM ιQM�M = π∗S∂

P . QM acts on the anti-ghosts
and anti-fields as:

QMX†
k = ∂β

(

− 2˜hαβ∂αX
μGμν

)

+˜hαβ∂αX
μ∂βX

ν ∂Gμν

∂Xk
− ∂β

(

X†
kζ

β

)

QMζ
†
λ = −X†

μ∂λX
μ + ∂α

(

2˜h†αβ
˜hλβ

)

−˜h†αβ∂λ
˜hαβ + ζ †

α∂λζ
α + ∂α

(

ζ
†
λ ζ α

)

QM˜h†ρσ = 2˜h†αρ∂αζ σ − ∂α

(

˜h†ρσ ζ α

)

−˜hρα
˜hσβ∂αX

μ∂βX
νGμν −˜h†ρσ ∂λζ

λ

and on the fields and ghosts as:

QMXμ = ζ λ∂λX
μ

QM˜hαβ = ∂αζ λ
˜hλβ + ∂βζ λ

˜hλα + ζ λ∂λ
˜hαβ − ∂λζ

λ
˜hαβ

QMζ α = ζ λ∂λζ
α

The graded symplectic form �M is: �M =
∫

M δXμδX†
μ+ δ˜hαβδ˜h†αβ + δζ αδ†α . Let us

now calculate (we drop the M subscript) ιQ ιQ�M and manipulate the result to obtain
a total derivative:

ιQ ιQ�M =
∫

M

ζ λ∂λX
κ

[

∂β

(

− 2˜hαβ∂αX
μGμκ

)

+˜hαβ∂αX
μ∂β X

ν ∂Gμν

∂Xκ
− ∂β

(

X†
κζ β

)

︸ ︷︷ ︸

A1

]

+ζ ρ∂ρζ λ

[

−X†
μ∂λX

μ

︸ ︷︷ ︸

A2

+∂α

(

2˜h†αβ
˜hλβ

)

−˜h†αβ∂λ
˜hαβ + ζ †

α∂λζ
α + ∂α

(

ζ
†
λ ζ α

)

︸ ︷︷ ︸

B

]

+
[

∂ρζ λ
˜hλσ + ∂σ ζ λ

˜hλρ + ζ λ∂λ
˜hρσ − ∂λζ

λ
˜hρσ

]

×
[

2˜h†αρ∂αζ σ − ∂α

(

˜h†ρσ ζ α

)

−˜hρα
˜hσβ∂αX

μ∂β X
νGμν −˜h†ρσ ∂λζ

λ

]

The terms marked as A1, A2 and B are equivalent, respectively, to:

A1 + A2 = −∂β

[

ζ λ∂λX
μX†

μζβ

]

B = ∂β

[

ζ ρ∂ρζ λζ
†
λ ζ β

]
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removing these terms and considering that:

[

∂ρζ λ
˜hλσ + ∂σ ζ λ

˜hλρ + ζ λ∂λ
˜hρσ

]

(−˜h†ρσ ∂λζ
λ)+

−∂λζ
λ
˜hρσ

[

2˜h†αρ∂αζ σ − ∂α

(

˜h†ρσ ζ α

)

−˜hρα
˜hσβ −˜h†ρσ ∂λζ

λ

]

= 0

we are left with:

ιQ ιQ�M =
∫

M

ζ λ∂λX
κ

[

∂β

(

− 2˜hαβ∂αX
μGμκ

)

+˜hαβ∂αX
μ∂β X

ν ∂Gμν

∂Xκ

]

+ζ ρ∂ρζ λ

[

+ ∂α

(

2˜h†αβ
˜hλβ

)

−˜h†αβ∂λ
˜hαβ

]

+ ∂λζ
λ
˜hρσ

˜hρα
˜hσβ∂αX

μ∂β X
νGμν

+
[

∂ρζ λ
˜hλσ + ∂σ ζ λ

˜hλρ + ζ λ∂λ
˜hρσ

]

×
[

2˜h†αρ∂αζ σ − ∂α

(

˜h†ρσ ζ α

)

−˜hρα
˜hσβ∂αX

μ∂β X
νGμν

]

.

We will consider separately the terms that have Xμ or its derivatives and the terms
that do not. The ones that do are:

ζ λ∂λX
κ

[

∂β

(

− 2˜hαβ∂αX
μGμκ

)

+˜hαβ∂αX
μ∂βX

ν ∂Gμν

∂Xκ

]

+
+∂λζ

λ
˜hρσ

˜hρα
˜hσβ∂αX

μ∂βX
νGμν +

−
[

∂ρζ λ
˜hλσ + ∂σ ζ λ

˜hλρ + ζ λ∂λ
˜hρσ

]

˜hρα
˜hσβ∂αX

μ∂βX
νGμν

= ∂β

[

− 2ζ λ∂λX
ν
˜hαβ∂αX

μGμν + ζ β
˜hαλ∂αX

μ∂λX
νGμν

]

the remaining terms are:

ζ ρ∂ρζ λ

[

+ ∂α

(

2˜h†αβ
˜hλβ

)

−˜h†αβ∂λ
˜hαβ

]

+
[

∂ρζ λ
˜hλσ + ∂σ ζ λ

˜hλρ + ζ λ∂λ
˜hρσ

][

2˜h†αρ∂αζ σ − ∂α

(

˜h†ρσ ζ α

)]

= ∂β

[

− ζ λ∂λ
˜hρσ

˜h†σρζ β + 2ζ λ∂λζ
σ
˜h†βρ

˜hσρ − 2∂σ ζ λ
˜hλρ

˜h†ρσ ζ β

]

.

Putting all the pieces together, we explicitly remain with the integral of a total
derivative (we assume integration against a volume form on M):

ιQ ιQ�M =
∫

M
∂β

[

− ζ λ∂λX
μX†

μζβ − 2ζ λ∂λX
ν
˜hαβ∂αX

μGμν + ζ β
˜hαλ∂αX

μ∂λX
νGμν

]

123



BV analysis of Polyakov and Nambu–Goto theories with boundary Page 59 of 61    35 

+
∫

M
∂β

[

ζ ρ∂ρζ λζ
†
λ ζ β − ζ λ∂λ

˜hρσ
˜h†σρζ β + 2ζ λ∂λζ

σ
˜h†βρ

˜hσρ − 2∂σ ζ λ
˜hλρ

˜h†ρσ ζ β

]

and using Stokes’ theorem:

ιQ ιQ�M =
∫

∂M
−ζ λ∂λX

μX†
μζ n − 2ζ λ∂λX

ν
˜hαn∂αX

μGμν + ζ n
˜hαλ∂αX

μ∂λX
νGμν

+
∫

∂M
ζ ρ∂ρζ λζ

†
λ ζ n − ζ λ∂λ

˜hρσ
˜h†σρζ n + 2ζ λ∂λζ

σ
˜h†nρ

˜hσρ − 2∂σ ζ λ
˜hλρ

˜h†ρσ ζ n

we can express the first and second terms, and the third term as functions of the reduced
variables:

−ζ λ∂λX
μX†

μζ n − 2ζ λ∂λX
ν
˜hαn∂αX

μGμν = −2
[

σ t∂t X
μ Jμ + σ n Jμ J

μ

]

ζ n
˜hαλ∂αX

μ∂λX
νGμν = σ n

[

Jμ J
μ − ∂t X

μ∂t X
νGμν

]

while the second line can be expressed as:

−2ρ†nnσ t∂tσ
n + 2ρ†ntσ t∂tσ

t

and thus:

ιQ ιQ�M =
∫

∂M
−2σ t∂t X

μ Jμ − σ n
[

Jμ J
μ + ∂t X

μ∂t X
νGμν

]

− 2ρ†nnσ t∂tσ
n + 2ρ†ntσ t∂tσ

t

which is the BFV boundary action of Eq. (38).
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