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1 Introduction

Phobos is the innermost satellite of Mars whose origin has been a puzzle for sci-

enti�c community since its discovery. Knowledge on the interior structure and

the consisting material properties of the satellite is a key to �gure out whether

the satellite is originated from coalesced martian material ejected after a huge

impact, or it is an asteroid, which was captured by the martian gravitational

�eld.

Despite a number of missions observed Phobos, the existing geophysical data

is still fairly limited and mainly allows to reconstruct only the bulk physical

properties of the moon. One of the potential sources of information about

Phobos is its body's shape distortions due to tidal interaction with Mars, whose

amplitude is de�ned by the satellite's interior viscoelastic properties and density

distribution. The applicability of this method for a real mission depends on

whether these deformations can be observed and measured by a space probe.

In this project we attempt to answer the question of what the deformation

amplitudes could be expected for Phobos for a wide range of models. For

the purpose, we solved forward problem in 1D and 3D domain for a range of

proposed Phobos' interior models.

2 General description of Phobos

Phobos is one of two, along with Deimos, satellites of Mars. Moreover, these

two together with the Moon are the only satellites of the terrestrial planets.

Phobos' orbit is almost circular and equatorial with the semi-major axis of 2.77

Mars radii (RMars ). Since the satellite is inside the corotation radius, tidal

interaction with the planet cause Phobos to be spiraling towards Mars (Peale
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and Canup 2015). The satellite makes its way around the planet for 7 hours and

39 minutes. The rotation rate of Phobos is equal to its mean motion meaning

that the satellite is in 1:1 spin-orbit resonance. Hence, on average Phobos

always shows the same face to Mars as the Moon does to Earth.

The satellite is a dark grey potato-shaped body elongated in the direction to-

wards Mars with the maximum diameter of about 26 km (Rosenblatt 2011).

The surface main features comprise of a large number of craters and grooves

spread over the entire surface. The biggest Stickney crater has a diameter of

10 km.

The covering material has low albedo (not larger than a few percent) that is

similar but a little higher than an average carbonaceous asteroid has (Rosenblatt

2011). Spectrally, Phobos surface divides in two types: "blue" and "red", but

the spatial boundaries between them are ambiguous (Pieters et al. 2014).

Property Reference

Dimensions 26.06� 11:40� 9:14 (Willner, Shi, and Oberst 2014)

Semi-major 9375 km (Jacobson and Lainey 2014)

Eccentricity 0.01511 (Jacobson and Lainey 2014)

Inclination to the equator 1.067o (Jacobson and Lainey 2014)

Orbital period 7.656 hrs (Rambaux et al. 2012)

Rotation Synchronous (Jacobson and Lainey 2014)

Table 1: General properties of Phobos

2.1 Brief history of Phobos exploration

Both Mars' satellites were discovered by Professor Asaph Hall in August, 1877

with great Washington refractor at the United States Naval Observatory (\Notes:

The satellites of Mars" 1877). Since then, the moons were the targets of a

number of missions to the Mars system. The bodies were observed by Mars
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Figure 1: Martian Moon Phobos from Mars Express. Credit: G. Neukum (FU Berlin) et al.,

Mars Express, DLR, ESA;
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orbiters, including Viking, Phobos-2, and Mars Express, and by Mars landers

and rovers from the surface of the planet (Duxbury, Zakharov, et al. 2014). The

�rst set of pictures of the moons was derived from Mariner 9 mission, which

took 214 pictures of Phobos and Deimos (Pollack et al. 1972). These images

revealed synchronous rotation of the satellites and 1o amplitude of Phobos' li-

bration (Duxbury, Zakharov, et al. 2014). The �rst digital terrain model of

Phobos (Duxbury 1991), the �rst global image mosaic for Phobos (Duxbury,

Callahan, and Ocampo 1984), and the �rst estimation of the moons' densities

that showed the inconsistency with that of Mars (Christensen et al. 1977) were

obtained based on the Viking mission data. Soviet Phobos-2 spacecraft carried

out VIS and IR imaging and mineralogical mapping of Phobos that revealed

the heterogeneous satellite's surface with two spatially coherent units, "blue"

and "red" (Avanesov et al. 1989).

The European Mars Express mission is the important milestone in Phobos' ex-

ploration. It has been exploring martian system since 25 December 2013, when

it arrived at Mars. Thanks to its orbital characteristics, the probe approaches

Phobos at a distance well below 1000 km about every 500 revolutions about

Mars (or every 5 months) (Duxbury, Zakharov, et al. 2014). Obtained data

allowed to signi�cantly improve ephemerides of the martian satellites and esti-

mations of Phobos' mass (P•atzold, T. Andert, et al. 2014), construct the most

precise shape model of the body hitherto (Willner, Shi, and Oberst 2014), con-

strain its longitudal libration amplitude (Burmeister et al. 2018), and acquire

information about other physical and geochemical characteristics (Witasse et

al. 2014).
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3 Origin of Phobos

Here we review the existing hypothesis on Phobos' origin and what they are

based on. Where Phobos originates from is the fundamental question that,

if answered, will help to improve our understanding on how planets get their

satellites.

The two main scenarios are:

� Asteroid capture from the outer belt

� Coalescence of the ejected material after a giant impact in the past

3.1 Asteroid capture

Phobos spectral properties resemble those of C-type meteorites. Along with

Deimos, both satellites are low albedo bodies, but still they are slightly brighter

than many C-type asteroids (Pieters et al. 2014). Their visible-near-IR (VIR)

re
ection spectra gave a reason to propose Phobos and Deimos to originate from

carbonaceous asteroids. VIR re
ectance spectra is commonly used in planetary

science to identify or constrain the mineralogy of surface material (Pieters et al.

2014). Two spectral types of surface were distinguished on the Phobos' surface

based on VIR re
ectance spectra (Pieters et al. 2014).

Figure 2 (left) presents the re
ectance spectra of Phobos, Phobos' Stickney

crater, and Deimos. All presented re
ectance spectra are characterized by the

signal decay towards smaller wavelengths. This spectrum feature is calledred

slope. The surface with steeper decay is classi�ed as "red unit" while "blue

unit" is characterized by the more gentle slope (Pieters et al. 2014). The trail-

ing hemisphere of Phobos has a more pronounced 'red-sloped' spectra than

its leading hemosphere (Rosenblatt 2011). The 'red' and 'blue' units' spectra
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best match those of D-type and T-type asteroids, respectively, which are com-

mon in the outer asteroid belt and among the Jupiter's Trojans (Rivkin et al.

2002; Rosenblatt 2011). One of the meteoritic examples of D-type material

is, presumably, the Tagish Lake meteorite, whose re
ectance spectrum (Fig-

ure 2(right)) �ts well the spectrum of Phobos' "blue" unit except the 3 � m

absorption feature that lacks in the latter (Rosenblatt 2011). All attempts to

Figure 2: On the left: Re
ectrance spectrum of Phobos and Deimos acquired by CRISM imag-

ing spectrometer. Spectra of Phobos' 'Red' unit and Deimos are almost identical. Stickney

crater spectrum is less 'red-sloped' (Pieters et al. 2014). On the right, Visible-near-IR re-


ectance spectra of four D-type asteroids compared to those of Tagish Lake meteorite (Hiroi

2001)

�nd an asteroidal analog of the martian moon were not completely successful,

which is one of the hurdles of the hypothesis (Rosenblatt 2011). The other one

is the today's orbits of Phobos and Deimos, whose low eccentricity and low in-

clination are hard to be explained in the framework of this scenario (Rosenblatt

2011).

3.2 Giant impact

The giant impact hypothesis was inspired by the Phobos' and Deimos' circular

and coplanar orbits. It proposes that some giant impact on Mars (like the

impact formed Borealis basin) caused formation of a circum-martian disk of
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ejected material. Eventually, this material was coalesced into several satellites,

all of which except Phobos and Deimos lost (Canup and Salmon 2018). Two

survived moons likely originated in the region 5� 7RMars , with orbits close

to but on the opposite sides of the martian synchronous orbit located at�

6RMars (Canup and Salmon 2018). Consequently, the inner satellite, Phobos,

is spiralling inwards, whereas the outer, Deimos, migrates outwards due to tidal

interaction with Mars. Alternatively, Phobos is hypothesized to be formed out

of debris left from tidal disruption of previous moons (Hesselbrock and Minton

2017). In either case, this scenario requires formation of the circum-martian

disk of material that extends to � 6 � 7RMars to account for the absence

of satellites farther than the Deimos orbit' (Canup and Salmon 2018). The

modeling by (Canup and Salmon 2018), who implemented smoothed-particle

hydrodynamics (SPH) approach, showed that bodies like Phobos and Deimos

could be formed during an impact by Vesta-to-Ceres-sized body to Mars (Canup

and Salmon 2018)(Figure 3).
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Figure 3: Accretion of a Phobos-Deimos type system from an impact-generated disk of mass

M disk = 10� 5MMars . The disk of the similar mass was obtained from SPH simulation of Vesta-

mass body collision to Mars by (Canup and Salmon 2018). After 107 years two satellites of

similar properties to those of Phobos and Deimos remain on orbits close to the synchronous

orbit (Canup and Salmon 2018)

4 Physical properties of Phobos

Physical properties of Phobos, reconstructed from observed data, include shape

model, volume, mass, and longitudal libration magnitude.

4.1 Volume and shape model

The importance of volume of an astronomical body is di�cult to overestimate:

it is crucial for reconstruction of its density, moments of inertia, forced longi-

tudal librations and other physical properties. A body's volume is determined

from its shape model. Construction of a proper shape model is even more

important in case of irregularly shaped bodies like Phobos. Consequently, re-

sults from every mission, which is partly of fully aimed at Phobos, included

reconstruction of the satellite's shape. In the past, the body's shape was ap-
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proximated by triaxial ellipsoids (Duxbury 1974; Thomas 1989). Afterwards,

data from new missions allowed to construct much more sophisticated mod-

els. Two ways of proper body shape representation arecontinuous spherical

harmonics expansion anddiscretizedDigital Terrain Model.

The harmonics expansion is an elegant way of a body's shape description as

an in�nite set of continuous functions in spherical coordinates. In this method,

radius u(�; � ) of a surface point at longitude� and latitude � is the follow-

ing (Willner, Oberst, et al. 2010):

u(�; � ) =
1X

n=0

nX

m=0

[Anm cosm� + Bnm sinm� ]jPnm(sin � )j (1)

where Pnm (sin � ) is associated Legendre polynomial of the degreen and order m, Anm and Bnm are

expansion coe�cients

Spherical harmonics coe�cients computation requires a discretized set of sur-

face points with known coordinates, what is, essentially, the de�nition of Digital

Terrain Model (DTM). DTM can be obtained by di�erent methods including

various image analysis techniques (control point analysis, image matching, con-

jugate points) and limb pro�les observations (Willner, Shi, and Oberst 2014).

The �rst harmonic expansion model of Phobos' shape was published in 1989 (Duxbury

and Callahan 1989). Initially, it was of degree and order 6, but later in

(Duxbury 1991) it was improved to degree and order of 8. Since 2003, Mars

Express (MEX) has been delivering high resolution images from Super Reso-

lution Channel (SRC) and High Resolution Stereo Camera (HRSC) that led

to a big progress in Phobos' shape modeling. The SRC' pictures were em-

ployed for several solutions of spherical harmonics coe�cients up to order and

degree 17 (Willner, Oberst, et al. 2010; Shi et al. 2012). At the same time,

the new DTM with enhaced resolution was made on the basis of MEX HRSC
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pictures (W•ahlisch et al. 2010; Willner, Shi, and Oberst 2014). The data points

from this DTM were used for the solution of spherical harmonics of degree and

order 45. Currently, this is the most precise shape model (Figure 4), whose

volume is estimated to be 5742� 35 km3 (Willner, Shi, and Oberst 2014).

Figure 4: Phobos' shape model based on spherical harmonics expansion up to degree and order

45 from (Willner, Shi, and Oberst 2014)

4.2 Mass

Mass is a fundamental property of an astronomical body that is crucial for

its geophysical and astronomical exploration. It could be determined from ob-

servation of trajectory of an orbiting Mars spacecraft, which is, in particular,

sensitive to gravitational �eld of Phobos (T. P. Andert et al. 2010). This in-


uence's strength can be estimated from long-term secular spacecraft's orbit

migration and its short-term velocity changes during close 
ybys of the moon,

which are detected by Doppler shift (T. P. Andert et al. 2010). A number of
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missions to martian systems, such as Viking, Phobos-2, MEX, and others, gave

the opportunity to gauge GMPhobos. All the GMPhobos results from the papers

discussed below are compiled in Table 2.

The radio experiment data from MEX mission (MaRS experiment) was utilized

for the most recent estimations ofGMPhobos. The data includes observations

during the three close 
ybys of Mars Express to Phobos, occurred in 2006

at a distance of 460 km, at a distance of 275 km in 2008, and at a distance

77 km in 2010. The data from �rst two 
ybys was analysed by two separate

scienti�c groups in (T. P. Andert et al. 2010). The 2010th approach is examined

in (P•atzold, T. P. Andert, et al. 2014). The method, utilized in these papers,

consists of two parts. First of all, the predicted received frequency is computed

considering all important gravitational and non-gravitational perturbing forces

and tracking signal perturbations in the Earth's atmosphere. Then, the least-

mean-square method is used to �nd aGMPhobos, best explaining the deviation

of the observed signal from the predicted one (T. P. Andert et al. 2010). The

closest 2010th 
yby data analysis yielded the best �tGMPhobos = 0:7072�

0:0013� 10� 3 km3s� 2 with the 5 times better precision than in the preceding

study. This corresponds toMPhobos= 1:0596� 0:00195� 1016 kg.

The long-term secular variations method exploits the observed drift of the space-

craft orbiting Mars due to its gravitational interaction with the martian moons.

It usually has relatively small formal errors owing to the large amount of ob-

servations but the detection of systematic errors is a hurdle (T. P. Andert et

al. 2010). This method was used, for example, in (Konopliv et al. 2006) and

(Rosenblatt et al. 2008).
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Source Phobos' GMs

� 10� 4km3s� 2

mass� 1016 kg

Close 
ybys:

(Jacobson 2010):Phobos 2 and Viking 7:092� 0:004 1:06258� 0:00060

(T. P. Andert et al. 2010), First team: 460

km 
yby

7:120� 0:120 1:06677� 0:01797

(T. P. Andert et al. 2010), First team: 275

km 
yby

7:127� 0:021 1:06782� 0:00314

(T. P. Andert et al. 2010), Second team: 275

km 
yby

7:110� 0:003 1:06528� 0:00045

(P•atzold, T. P. Andert, et al. 2014): 77 km


yby

7:072� 0:0013 1:0596� 0:00195

Secular variations:

(Konopliv et al. 2006): MGS + Odyssey 7:158� 0:089 1:07247� 0:01333

(Konopliv et al. 2006): Viking 7:162� 0:005 1:07307� 0:00075

(Rosenblatt et al. 2008): MEX 7:110� 0:02 1:06528� 0:00299

Table 2: GMP hobos estimations by di�erent authors
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Figure 5: Schematic picture of longitudal libration�

4.3 Physical librations

Phobos is captured into 1:1 spin-orbit resonance around Mars meaning that its

mean motionn = 2�=T rotation is equal to its rotational speed (Lainey, Dehant,

and P•atzold 2007). Although in accordance with the second Kepler's law the

satellite's orbiting speed varies along the eccentric orbit, the rotation rate is

constant. Consequently, the long axis of the satellite is oscillating around the

direction towards the Mars' center of �gure. This e�ect is calledforced longitu-

dal libration. Additionally, Mars raises a time-dependent gravitational torque

on Phobos due to the di�erence between satellite's moments of inertiaI xx and

I yy, which causesfree longitudal librations. As a result of the libration, 52% of

Phobos surface is presented to Mars (compared to 59% in case of the Earth's

Moon) (Rambaux et al. 2012).

Longitudal libration can be estimated as a di�erence between true anomalyM

and angle between the long satellite's axis and its major orbital axisf (Fig-

ure 5). Since Phobos' equatorial plane almost coincides with its orbital plane,

the magnitude of the oscillation in longitude is the biggest and, therefore, the
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easiest to detect (Borderies and Yoder 1990). Latitudal librations are usually

ignored for the case of Phobos (Borderies and Yoder 1990).

From geophysical points of view, the longitudal libration is of great interest

because it is determined by the moments of inertia (MoIs) of a body. MoIs,

in turn, are de�ned by mass distribution in the interior. In general, MoI is a

second-order symmetric tensor with the following elements:

I xx =
NX

i =1

(y2
i + z2

i )mi I xy =
NX

i =1

x i yi mi (2)

I yy =
NX

i =1

(x2
i + z2

i )mi I xz =
NX

i =1

x i zi mi (3)

I zz =
NX

i =1

(x2
i + y2

i )mi I yz =
NX

i =1

yi zi mi (4)

On the �rst order, amplitude of the main forced libration in longitude is (Bor-

deries and Yoder 1990):

� =
3


(1 � 3
 )
(5)


 = ( I 2 � I 1)=I3 (6)

(7)

where I 1; I 2; I 3 are principal MoIs)

It is important to note that this equation is only completely correct for the case

of homogeneous Phobos when non-diagonal elements of inertia tensor are zeros.

Otherwise, equation 7 is only approximation but since non-diagonal elements

are 4-5 orders of magnitude smaller than the principle ones, we can neglect

them.

The forced libration amplitude of Phobos was repeatedly estimated based on dif-

ferent methods including imagery analysis with cross-points networks (Duxbury

1974; Duxbury and Callahan 1989; Burmeister et al. 2018), numerical inte-
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gration (Jacobson 2010), and forward modeling (Willner, Oberst, et al. 2010;

Willner, Shi, and Oberst 2014). The most recent estimation based on the pic-

tures from Viking 1 Orbiter and Mars Express missions (Burmeister et al. 2018)

gave the amplitude of 1.143� 0:025o. The similar approach based on the least-

squares adjustment of the control point network of 665 points yielded forced

libration amplitude of 1:2o � 0:15o (Willner, Oberst, et al. 2010). This analysis

was based on Super Resolution Channel (SRC) of the High Resolution Stereo

Camera (HRSC) images from Mars Express mission (Willner, Oberst, et al.

2010).

The di�erent analytical method of libration amplitude estimation is to consider

it as one of the parameters for numerical integration of orbit to �t the obser-

vations of satellite's orbital motion. This method was used in (Jacobson 2010)

and resulted in longitudal libration of 1:03� 0:22o.

The other approach is forward modeling. In the paper (Maistre, Rivoldini,

and Rosenblatt 2019) the authors created 3-dimensional model of the Phobos'

interior discretizing its volume in a set of cubes of equal size. In general, the

libration magnitude in most cases lies between -1o and -1.2o with the means

around 1.1o, though in case of a mostly porous body (� 30%) with highly

compressed region under the Stickney crater (porosity� 0%) the values go

down to � 0.9o. At the same time, the family of the models emulating the

heavily fractured body due to the Stickney impact with higher porosity under

the crater is characterized by the highest longitudal libration (mean� 1:3o).

5 Modeling

We approach the problem using 1D and 3D modeling of Phobos' tidal deforma-

tion. In the former, Phobos is approximated as a viscoelastic spherical body.
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Forced libration amplitude Reference

1:2o � 0:15o (observed) (Willner, Oberst, et al. 2010)

1:09o � 0:10o (observed) (Oberst et al. 2014)

1:143o � 0:025o (observed) (Burmeister et al. 2018)

1:03o � 0:025o (from numerical integration of the orbit)(Jacobson 2010)

1:14 (estimated)(Willner, Shi, and Oberst 2014)

� 0:8o � � 1:3o (mean: � 1:1o) (estimated for di�erent models) (Maistre, Rivoldini, and

Rosenblatt 2019)

Table 3: Observed and modeled values of longitudal libration magnitude from literature

In the latter, the real shape model of Phobos was taken into account but the

rheology is purely elastic.

5.1 Tidal deformation modeling in 1D

On this stage, Phobos is approximated as a spherically-symmetric self-gravitating

two-layered body (�gure 6) of viscoelastic rheology.

Figure 6: Spherical Phobos 2-layered structure
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5.1.1 Theoretical background

Mars' gravitational potential VMars in free space is de�ned by the Laplace's

equation:

� V = 0 (8)

In spherical coordinates centered in Phobos, the general solution of Laplace's

equation at a point on the spherical Phobos' surface (RPhobos, � , � ) has the

following form (Murray and Dermott 2000):

V Mars
G = � G

MMars

a
(

1X

n=0

�
RPhobos

a

� n

Pn(cos
 ))

= � G
MMars

a
[1 +

�
RPhobos

a

�
cos
 +

�
RPhobos

a

� 2 1
2

(3 cos2 
 � 1) + :::]

= V0 + V1 + V2 + :::

(9)

cos
 = sin � cos� (10)

where a is a semi-major axis,M Mars is the mass of Mars,G is the gravitational constant, RP hobos

is the Phobos' radius, 
 is angular separation between direction to Mars and direction to the point,

Pn (cos� ) is Legendre polynomial of degreen.

The gravity force is the gradient of gravitational potential:

FG = r V = r (V0 + V1 + V2 + :::) (11)

First term, V0 is constant. Hence, its gradient is zero:

V0 = � G
MMars

a
� const ) FG0 = r V0 = 0 (12)

Second termV1 is the potential required to force the satellite to move in a

circular orbit around Mars.

V2 and high-order terms are the tidal potential (Murray and Dermott 2000):

Vt = � G
MMars

a
(

1X

n=2

�
RPhobos

a

� n

Pn(cos
 )) (13)
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SinceV2 �
� RP hobos

a

� 2
is at least by 3 orders of magnitude bigger than any higher

order term, the tidal potential Vt can be simpli�ed to:

Vt = � G
MMars

a

�
RPhobos

a

� 2

P2(cos
 )) (14)

P2(cos
 )) =
1
2

(3 cos2 
 � 1) (15)

The equation above describes the static tidal potential in spherical Phobos-like

body that is orbiting Mars on a circular orbit. Consideration of the orbit's

eccentricity lead to the additional time-dependent (or distance-to-planet de-

pendent) term, that incorporates deviation from the staticVt (Murray and

Dermott 2000):

Vt = � G
MMars

a

�
RPhobos

a

� 2 1
2

(3 cos2 
 � 1)[1 + 3ecos(nt)] (16)

where e is the orbit's eccentricity, n is the mean motion, andt is time after the satellite passes

periapsis point

Hence, the tidal potential Vt can be split to static potential Vts and time-

dependent potentialVte.

On the satellite's surface, Mars' gravity acts against Phobos' self-gravity force.

In this setup, the equilibrium tide' displacement magnitude is proportional to

j V
g j with g being Phobos' gravitational acceleration (Murray and Dermott 2000).

The third actor, that de�nes how the body deforms due to tidal potential, is

the Phobos' rheology, which is implicitly de�ned in the Love numberh2. Then,

magnitude of radial deformation is (Maistre, Rivoldini, and Rosenblatt 2019):

r = h2j
Vt

g
j = h2j

Vts + Vte

g
j = r s + � r (t) (17)

Inheriting from the tidal potential, the radial deformation also consists of static

term r s and time-dependent term � r (t). Only the latter one is of pragmatic in-

terest because it can be theoretically measured. Then, the maximal magnitude
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of Vt is at t = 0 and 
 = 0:

max(Vt) = � 3Ge
MMars

a

�
RPhobos

a

� 2

(18)

Phobos gravitational acceleration:g = GM P hobos
R2

P hobos
, whereMPhobos is the Phobos'

mass. Then, the maximal displacement is:

max(� r ) = 3 h2
MMars

MPhobos

�
R3

Mars

R4
Phobos

�
e (19)

Hereafter we consider only maximal radial deformation and we designatemax(� r )

as just � r . As could be seen from the equation 19, �r is, essentially, only a

function of h2.

5.1.2 Modeling technique

We employ the code developed by (Al-Attar and Tromp 2013) and (Crawford

et al. 2018) and modi�ed by (Bagheri et al. 2019) which solves for Love num-

berskn, hn, ln and tidal quality factor Q for each spherical harmonic degreen.

The input of the code include information about the consisting layers' thick-

nesses, densities, elastic properties, and viscosities. This approach is based on

the spherical harmonics expansion of the displacement �eld and gravitational

potential perturbation (Bagheri et al. 2019).

5.1.3 Viscoelastic models

One of the di�culties of viscoelastic body deformation simulation is viscoelastic

model. Since there is no unique relationship between strain and stress for

viscoelastic body, in contrast to Hooke's law in elastic rheology, we need to use

some model that imitates this behaviour.

Every viscoelastic model can be described as an arrangement of springs and

dashpots connected in series, in parallel, or a combination of both (Bagheri
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et al. 2019). The elastic response is mimicked by a spring and the fully viscous

behavior by a dashpot. Maxwell model is one of the simplest models but it

has no transient phase between elastic and viscous response. Hence, it is a

reasonable approximation only for long-period loading (Bagheri et al. 2019).

This 
aw was recti�ed in the extended Burgers model by introducing a time-

dependent anelastic transition between the two regimes by means of connecting

a Voigt module to a Maxwell module (Bagheri et al. 2019). To extend a distri-

bution of relaxation times, which is restricted in case of Burgers model, Andrade

model was suggested (Bagheri et al. 2019). In this model, the anelastic relax-

ation contributes across the entire frequency range (Bagheri et al. 2019). The

Sundberg-Cooper model is the modi�cation of Andrade model in order to im-

prove its functionality over a broader frequency range (Bagheri et al. 2019). All

the employed 'creep-response' functions and required experimental parameters

were taken from (Renaud and Henning 2017) paper and collected in Table 4.

Rheology Creep Function

Maxwell JU � i
� 2 !

Burgers JU � i
� 2 ! + iJ R

i � JR � 1 !

Andrade JU � i
� 2 ! + JU (iJ U � 2�! )� � !)

Sundberg-Cooper JU � i
� 2 ! + iJ R

i � JR � 1 ! + JU (iJ U � 2�! )� � !)

Andrade Emperical Timescale� 1

Andrade Emperical Exponent� 0.2

Relaxed complianceJR 0.2 JU

Unrelaxed complianceJU (in�nite frequency) � � 1

Maxwell viscosity � 2

Voigt-Kelvi viscosity � 1 0:02� 2

Table 4: 'Creep-response' functions and experimentally derived parameters (Renaud and Hen-

ning 2017)
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Figure 7: Schematic representation of the viscoelastic models in terms of springs and dashpots

(from (Bagheri et al. 2019)). A spring (E1) element represents purely elastic response, while

a dashpot element (E2) purely viscous damping. Connection of E1 and E2 elements in a row

results in irrecoverable viscoelastic deformation (Maxwell model), whereas parallel connection

of the elements causes a recoverable response with discrete spectrum of the relaxation times.

Arrow in element 4 means incorporation of a continuous distribution of anelastic relaxation

times
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5.1.4 Parametrization

In 1-dimensional modeling we approximate Phobos as a spherically-symmetric

viscoelastic layered body (Figure 6). Phobos is modeled to be made of 2 layers:

"solid" core and "loose" outer layer. Thickness of the core layerr core was one

of the parameters in the modeling. The density of core was chosen to be in

the range between 3000 kg/m3 and 1855 kg/m3, which are the mean density of

basalt and bulk Phobos' density, respectively. Density of the outer layer� outer

was calculated fromr core and � core to satisfy the Phobos' mass but was limited

from below by 870 kg/m3, which is the minimal measured density of lunar

regolith (W. D. Carrier III and Mendell 1991). The viscoelastic properties of

core layer are set to be constant: viscosity� core = 1020 Pa�s, shear modulus

� core = 1 GPa, and bulk modulus� core was derived from equation 20 with �xed

Poisson ratio of 0.28. This Poisson ratio was used for all models in the project.

� =
2� (1 + � )
3(1 � 2� )

(20)

where � is Poisson ratio, which is usually between 0.1 and 0.4 for rocks. We assume it to be 0.28

Since we do not vary Poisson ratio, elastic properties of the material are de�ned

only by � core. Viscoelastic parameters of the outer layer,� outer and � outer , are

the other two parameters in the modeling. All these parameters,r core; � outer ,

and � outer , are encapsulated in Love numberh2 that, as it is shown above, de�nes

the tidal radial deformation of Phobos. The used parameters values ranges are

collected in Table 5.

Thickness (m) � (kg/m 3) � (GPa) � (Pa�s)

Core 0 - RP hobos 3000 - 1855 1 1020

Outer l. RP hobos - 0 870 - 1855 0.001 - 10 1010 � 1020

Table 5: Initial parameters, which were used in 1D modeling
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5.1.5 Results

The results of 1-dimensional modeling are presented in �gures 8 and 9. The

former depicts the maximal tidal deformation dependence onr core and � outer

with constant � outer = 0:01 GPa for 4 viscoelastic models, whereas the lat-

ter shows the relationship between the deformation and� outer and r core with

constant � outer = 1012 Pa�s. The Sundberg-Cooper model yields the biggest

deformation amplitudes among the considered rheologies, while the Maxwell's

one results in the smallest. In the discussion below we mention only bulge

heights for these two models to show the deformation values range. For the

beginning, let us treat the model withr core = 0:5RPhobos; � outer = 1012Pa�s, and

� outer = 0:01 GPa as a "reference" case (intersection points of purple lines in

�gures 8 and 9). This con�guration gives tidal bulge of 0:08 m (0:28 m) in

Maxwell (Sundberg-Cooper) rheology. Changing� outer from 0.001 GPa to 1

GPa leads to exponential decrease of bulge height from 0.85 m (2.15 m) to

0.004 m (0.0047 m), which implies that with growing shear modulus the di�er-

ence between rheologies is disappearing and Sundberg-Cooper model behaviour

resemble the Maxwell's one for high shear moduli. Likewise, viscosity rise from

1010 Pa�s to 1015 Pa�s corresponds to the non-linear decline of bulge height from

0.312 m (0.653 m) to 0.079 m (0.115 m). Further viscosity reduction to 1020

Pa�s leads to tidal deformation of 0.079 m (0.0794 m) meaning that Sundberg-

Cooper results almost converge to those for Maxwell model for high viscosities.

Changing of r core in the extreme ends up in two homogeneous cases when the

core makes the whole body and when it is absent. The former con�guration

gives rise to bulge of 0.0039 m (0.0085 m) high, while the latter results in the

radial deformation of 0.169 m (0.6 m).

Analyses of homogeneous and two-layered cases results for Maxwell rheology,
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which seems to be redundant here, are presented in Appendix 8.

5.1.6 Conclusions

As it is shown in �gures 8 and 9, the deformation amplitudes of 1 meter and

higher are achievable for a certain part of considered parameter space (bottom

left corners in the �gures). The problem is that viscoelastic properties of Pho-

bos' material are completely unclear (See "Discussion" chapter). In the future,

if we have measured Phobos' tidal bulge height, these plots can be used for

making �rst-order constrains on viscoelastic properties of Phobos' interior. In

the context of our project, these results are important since the contribution of

viscosity to radial displacement is shown.
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Figure 8: Resulting tidal deformation for various� outer and r core for 4 di�erent viscoelastic

models. Vertical line shows the intersections plots from with Figure 9. Horizontal purple line

marks r core = 0:5RP hobos. The cases whenr core = 0 and r core = RP hobos corresponds to

homogeneous sphere cases with di�erent elastic parameters
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Figure 9: Resulting tidal deformation for various� outer and r core for 4 di�erent viscoelastic

models. Vertical line shows the intersections plots from with Figure 8. Horizontal purple line

marks r core = 0:5RP hobos. The cases whenr core = 0 and r core = RP hobos corresponds to

homogeneous sphere cases with di�erent elastic parameters
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5.2 Tidal deformation modeling in 3D

5.2.1 Theoretical background

On this stage, we consider the irregular Phobos with purely elastic rheology,

which experiences periodical deformations. This problem can be described by

the wave equation:

�@2
t u = r � � + f (21)

where � is density, u is displacement,� is stress, andf is an external forcing term.

The Hooke's law relates stress to displacement:

� = C : u (22)

where C is fourth-order medium sti�ness tensor, and : denotes a contraction over adjacent indices.

Then, the wave equation in frequency domain is:

�! 2u(! ) = r � (C : u ( ! ) ) + f ( ! ) (23)

where ! is frequency.

Since the main tidal period for Phobos is 7 hours and 39 minutes, the term

including ! 2 is negligible. The problem becomes elastostatic:

r � (C : u ) = � f (24)

We take an advantage of Salvus software based on �nite-elements method (Afanasiev

et al. 2019) to solve the elastostatic problem.

Force �eld The force term f , or right-hand side in equation 24, comprises

of pointlike Mars gravitational attraction F Mars and orbital centrifugal force

F centrifugal . Then, force �eld is the following:

f = F Mars + F centrifugal = F tidal (25)
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F Mars = G
MMars mnode

r 3 r (26)

where M Mars is the Mars mass,mnode mass assigned to a mesh node,r is vector connecting a mesh

node and barycenter of Mars-Phobos system, which is considered to coincide with Mars' center of

�gure (CoF).

Since Phobos rotates around barycenter as a solid body, the centrifugal force is

the same for every unit mass in the satellite (Chapter 4 in (Murray and Dermott

2000)). The centrifugal force magnitude can be calculated from Phobos' orbital

velocity vorb:

jFcentrifugal j =
mnodev2

orb

d
(27)

where d is the distance between CoFs of Mars and Phobos

Orbital velocity vorb of Phobos at any orbital position could be �nd from the

fact that Mars gravity is always equal to centrifugal force in the center of the

satellite's �gure P0 using equations 26 and 27:

F centrifugal = F Mars (P0) (28)

vorb(d)2 = G
MMars

d
(29)

A distance from pointlike Mars to Phobos as a function of true anomaly is (Maistre,

Rivoldini, and Rosenblatt 2019):

d =
a(1 � e2)
1 + ecos�

(30)

where a is the semi-major axis,e is the orbit eccentricity, and � is true anomaly.

In contrast to Fcentrifugal , gravitational attraction of Mars changes throughout

the satellite. Tidal forceF tidal appears due to the di�erence between these two

forces. Consequently, the magnitude ofF tidal rises with distance from the

body's rotational axis (Figure 10).
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Figure 10: Schematic explanation of tidal force. Centrifugal force (green arrows) is the same

throughout the body, whereas Mars' gravitational attraction (red arrows) changes with distance

to Mars. Tidal force is the summation of both forces. It is zero in the body's center of �gure

and maximal on the side facing Mars and on the opposite side.

Figure 11: The example of force �eld from one of the Layered Phobos simulations. White

arrows depict tidal force vector �eld
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Boundary conditions The free-surface boundary condition is used at the sur-

face of Phobos 
, which means the stress in normal direction out of the body

disappears:

� 
 � n̂ = 0̂ (31)

where n̂ is a normal to surface unit vector

Tidal deformation Solution of the elastostatic problem gives the full displace-

ment �eld in the satellite, which is not of practical interest on practice because

full deformation is not a value that could be gauged by a space mission. The

satellite is always in deformed state to some degree (static tidal deformation

considered in Section 5.1) but the deformation magnitude changes over the or-

bit due to changing distance to Mars. To get rid of static tidal deformation, we

obtain displacements �elds for apoapsisu apo(x; y; z) and periapsisu peri (x; y; z)

points and treat tidal displacement �eld as a halved di�erence between the

preceding two (Figure 12):

u tidal (x; y; z) =
u peri (x; y; z) � u apo(x; y; z)

2
(32)

Meshing The problem is solved by iterative conjugate gradient method in

Salvus software with 64-bit 
oating point number precision. We use unstruc-

tured mesh made of 3200 elements with 125 nodes per each element. Before the

simulation, initial cubical sphere mesh is deformed to satisfy the shape model

from (Willner, Shi, and Oberst 2014) (Figure 13).

5.2.2 Parametrization

3 types of models are considered: homogeneous Phobos, Icy Phobos, and Lay-

ered Phobos.
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Figure 12: Conceptual picture of Phobos tidal deformation.u apo and u peri are displacement

�elds in apoapsis and periapsis points of the orbit around Mars, respectively. Subtraction of

one �eld from another allows to get rid of the static displacement and to pick out only the

time-dependent displacement �eld, which could be theoretically measured during a mission
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Figure 13: Cross-section of the used mesh in X-Z plane. Mars is located to the right

Homogeneous Phobos For this case, Phobos is implied to be a homogeneous

body with the density � = 1:86g/cm� 3. The shear modulus is the only param-

eter to change. The lowest reported values for very loose sands and clays on

Earth are of order 10� 3 GPa, which is taken as the minimal considered� . Solid

rocks' � is of order of magnitude 10 GPa, which we employ as the highest value.

The bulk modulus � was calculared from� using equation 20.

The principal moments of inertia (MOI) normalised withMPhobosRPhobos, forced

longitudal libration magnitude � , and C20, C22 coe�cients of gravity �eld are

calculated and reported in Table 6.

Property Value

Density 1860 kg/m3

Volume 5741.4305 km3

Shear modulus range 0.001 - 10 GPa

Principal MOI / MP hobosRP hobos 0.3535, 0.4183, 0.49

� 1.1383

C20, C22 -0.1041, 0.0162

Table 6: Homogeneous Phobos parameters
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Figure 14: 3 considered types of models: Homogeneous Phobos (A), Icy Phobos (B), and

Layered Phobos (C). Density distribution in the interior is shown in color. 2 subcases of Icy

Phobos are the models with ice fraction 38% (B1) and 57% (B2). Layered Phobos also comprise

of 2 subcases: in C1 the core density is 2400 kg/m3, in C2 the core density is 3000 lg/m3
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Icy Phobos In this model type, Phobos is assumed to be a conglomerate of ice

and rocky material. If Phobos originates from the outer asteroid belt, which is

beyond the Solar system' "snow" line, ice can be expected to be in the body.

Signi�cant amounts of ice were found in several asteroids from the Main belt,

1 Ceres, 433 Eros, etc. (Snodgrass et al. 2017). Although presence of water in

Phobos is arguable, a weak OH� feature at 2.8� m was found in CRISM spectra

from Mars Reconnaissance Orbiter (MRO) (Fraeman et al. 2014).

Ice density is chosen to be 1000 kg/m3 while rocky material density is calculated

to satisfy the body's mass. Since origin of Phobos' material is unclear, we choose

two sub-classes of the model with commonly occurred rocky density values:

� ice fraction = 38%, � rocky = 2.4 g/cm3

� ice fraction = 57%, � rocky = 3.0 g/cm3

These two � rocky correspond to densities of CI/CM asteroid types (Britt et

al. 2002), which has the similar re
ectance spectrum to "blue" unit of Pho-

bos (Rivkin et al. 2002), and ma�c rocks, respectively.

Layered Phobos In our simulations, Layered Phobos consists of 6 separate

layers. Density and shear moduli, being constant in each layer, decrease from

the center of the body to the periphery. We considered two cases with gentler

and steeper density variation. In the former, density is in the range 1600-

2400 kg/m3 and in the latter it is between 1600 and 3000 kg/m3. Layers have

constant proportional thicknesses, whose absolute value in direction (�; � ) is

de�ned by Phobos' shape model radius in that direction.
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Averaging Since we need to compare results of homogeneous models to the

Icy and Layered cases, we have to utilize some averaging for shear modulus,

or e�ective shear modulus� ef f . For the purpose, we employ ReussX Reuss and

Voigt-Reuss-Hill X V RH averaging techniques (Berryman 2013).

X Reuss =
X

N

wi x � 1
i (33)

X V oigt =
X

N

wi x i (34)

X V RH = ( X V oigt + X Reuss)=2 (35)
X

N

wi = 1 (36)

where N is the number of nodes in the mesh,x i parameter value in nodei , wi - relative weight of

the node.

Since the maximal deformation in Layered Phobos case is mostly de�ned by

the shear modulus of the outer layer, which is set to be the lowest in the body,

Reuss, or harmonic, averaging technique is used since it tends to the lowest

value in range. For Icy Phobos, which is made of randomly distributed chunks

of ice and rock in the interior, we make use of Voigt-Reuss-Hill averaging.

5.2.3 Models veri�cation

Longitudal libration magnitude (equation 7), principle moments of inertia (equa-

tion 4), and C20 and C22 gravity �eld coe�cients (equations 37 and 38) are

computed for all proposed models.

C20 =
B + A

2
� C (37)

C22 =
B � A

4
(38)
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A =
I 1

MPhobosR2
Phobos

(39)

B =
I 2

MPhobosR2
Phobos

(40)

C =
I 3

MPhobosR2
Phobos

(41)

where I 1, I 2, and I 3 are principle MoIs

Since Phobos' longitudal libration has been estimated based on the observed

data (Willner, Oberst, et al. 2010; Oberst et al. 2014; Burmeister et al. 2018), we

can verify whether our models satisfy it. As it could be seen in �gure 15, all con-

sidered models show libration magnitudes consistent with the values obtained

from imagery. It means that (B � A
C ) ratio from Equation 7 does not signi�-

cantly change from model to model. Indeed, Icy Phobos hasA, B , and C close

to those of Homogeneous case. In case of Layered Phobos, layers thicknesses

are equiproportional along all axes, which, in turn, causes equipropotionality

of MoIs. Therefore, Layered, Icy, and Homogeneous Phobos models cannot

be distinguished based on the libration amplitude. It is shown in (Maistre,

Rivoldini, and Rosenblatt 2019) that the biggest deviations in Phobos libration

magnitude can be caused by a density anomaly under the Stickney crater, like

either enhanced porosity due to fracturing or increased density due to the im-

pact compression. The former causes rise of libration magnitude up to 1.4o and

the latter causes decline of it down to 0.8o.

In addition, we compare our models' MoI and gravity �eld coe�cients C20 and

C22 with the values from literature, which have been also obtained from the

forward modeling (Figure 16 and Figure 27).
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Figure 15: Libration magnitude values for all considered models (stars) and the values from

literature, which are based on imagery analysis

5.2.4 Results

Homogeneous Phobos Spherical and potato-shaped homogeneous models (the

orange and the blue line in �gure 17, respectively) show the robust correlation

between� and maximal tidal displacement. Accounting for the shape model

leads to increase of maximal tidal magnitude by factor of 2. Spherical Phobos

deformation simulated with Salvus coincides with that obtained from the 1-

dimensional code (red dots) and with the theoretical values from (Maistre,

Rosenblatt, et al. 2013) (dashed green line).

Homogeneous Phobos displacement �eld is presented in �gure 18. This model,

characterized by shear modulus� = 0:01 GPa, experiences the maximal dis-

placement magnitude of� 0:2 m in facing Mars side and almost symmetric

bulge on the opposite side (orange line in �gure 19). In context of a future

mission, projection of the surface displacement on the normal to the surface
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Figure 16: Principle moments of inertia normalized withMP hobosR2
P hobos of the considered

models are drawn by stars. Literature values, obtained from the forward modeling are in

black. The uncertainty in case of (Maistre, Rivoldini, and Rosenblatt 2019) implies the error

in volume determination. Homogeneous and Icy Phobos cases have similar moments of inertia

that is because of random distribution of ice chunks in Icy case. The Layered Phobos shows

smaller MoI due to the concentration of mass towards center of the satellite
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vector, which we callradial displacement, is of bigger interest since it is easier

to measure from orbit compare to lateral deformation. We plot radial surface

displacement in �gure 19 for X-Z (blue) and X-Y planes(red). The point with

coordinates (� = 0o, � = 0o) is the closest to Mars. Importance of these plots

is seen, for example, for the region of� between� 30o and � 50o. In this in-

terval the tidal displacement magnitude is relatively large, whereas the radial

displacement magnitude is about zero. This is caused by surface shape in the

region of Stickney crater, which is almost parallel to the direction to Mars (X-

axis). Consequently, the displacement vector, which also points to the planet,

results in lateral deformation rather than in normal.

Since displacement pattern of all considered homogeneous models does not

varies a lot with changin shear modulus, we provide here only this example.

The resulting maximal magnitudes for all other cases are plotted in �gure 17

and collected in table 8.

Icy Phobos Almost all Icy Phobos models results show strong correlation be-

tween � ef f and maximal tidal displacement magnitude (�gure 17) which is

consistent with that for Homogeneous Phobos. The displacement pattern, pre-

sented in �gure 20, resembles the Homogeneous Phobos' one with the maximal

tidal bulge height of 0.06 meters. Nevertheless, the plot of displacement nor-

mal projection di�ers a lot from that of Homogeneous case and, in essence,

repeats pattern of the total displacement. Although this e�ect is evident when

ice makes 57% of the body (�gure 21), declining ice fraction and rising shear

modulus of rocky material shift displacement pattern towards the homogeneous

one, what is seen in the results of simulation with lower ice fraction (�gure 22)

and higher shear modulus (�gure 23).
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Figure 17: Almost all simulation results show robust relationship between� ef f and maximal

displacement magnitude. For homogeneous bodies� ef f is equal to its bulk �

Layered Phobos Layered Phobos results also present solid link between� ef f

and maximal tidal deformation (�gure 17). Meanwhile, the displacement �eld

pattern (�gure 24) di�ers from the aforementioned model classes. The maxi-

mum body shape deviation due to tides is associated with the rim of Stickney

crater. This can be explained by the fact that in this case the deformation is

mostly determined by the loose outer layer elastic properties and that Stickney

crater's rim is the farthest point from the center of the �gure. Therefore, the

tidal force amplitude is the largest there and the resistance of the material is

the smallest. Beside this, the maximal tidal bulge is shifted by� 20 degrees to

the bottom of the �gure (�gure 25). At the same time, the tidal bugle on the

another side of the moon does not experience any shifts and appears almost in

the same place as in the preceding cases.
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Figure 18: Displacement magnitude �eld (in meters) for homogeneous interior with� = 0:01

GPa. White arrows depict direction to Mars
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Figure 19: Displacement magnitude (in orange) and magnitude of normal to surface displace-

ment for XY-plane (red) and XZ-plane (blue) for the Homogeneous Phobos case with� = 0:01

GPa
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Figure 20: Displacement magnitude �eld (in meters) for Icy Phobos with ice fraction = 57%

and � ef f = 0.025 GPa. White arrows depict direction to Mars
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Figure 21: Displacement magnitude (in orange) and magnitude of normal to surface dis-

placement for XY-plane (red) and XZ-plane (blue) for the Icy case with ice fraction = 57%,

� rocky = 0:01 GPa
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Figure 22: Displacement magnitude (in orange) and magnitude of normal to surface dis-

placement for XY-plane (red) and XZ-plane (blue) for the Icy case with ice fraction = 38%,

� rocky = 0:01 GPa

47



Figure 23: Displacement magnitude (in orange) and magnitude of normal to surface displace-

ment for XY-plane (red) and XZ-plane (blue) for the Icy case with ice fraction = 38%,� rocky = 1

GPa
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Figure 24: Displacement magnitude �eld (in meters) for Layered Phobos with� core = 2400

kg/m 3 and � ef f = 0.0018 GPa. White arrows depict direction to Mars
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Figure 25: Displacement magnitude (in orange) and magnitude of normal to surface displace-

ment for XY-plane (red) and XZ-plane (blue) for the Layered Phobos with� core = 2400 kg/m3

and � ef f = 0:0018 GPa
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6 Discussion and conclusions

Density distribution All the considered models in 3D simulations yield libra-

tion amplitudes that satisfy the estimations based on imagery. Consequently,

this quantity cannot be used for distinguishing these models. Nevertheless, as

it was shown in (Maistre, Rivoldini, and Rosenblatt 2019), local density anoma-

lies, associated, for instance, with Stickney crater lead to the change of libration

magnitude that goes beyond the most recent estimation error from (Burmeister

et al. 2018). Hence, we can say that Phobos has no signi�cant "mass con-

centrations" except in the center of the �gure and any of our models cannot

be excluded on the basis of this characteristic. Even so, the improvement of

libration amplitude estimation will get us more accurate criteria for models

veri�cation.

We have shown thatC20 andC22 gravity �eld coe�cients substantially vary from

model to model (�gure 27). Obtaining these coe�cients with precision of less

than 0:0015 forC20 and less than 0:00015 forC22 will allow us to distinguish

Layered Phobos and Homogeneous Phobos cases, i.e. to conclude whether

there is a signi�cant density increase with depth in the satellite. Acquiring of

the higher order gravity �eld coe�cients will allow to reconstruct the lateral

features of mass distribution in the interior.

Elastic deformation According to our results, maximal tidal deformation mea-

surements on Phobos is an important data to constrain the e�ective shear mod-

ulus of the body. If elastic parameters are similar to ones from (Delage et al.

2017) (� = 10� 2 � 10� 1GPa), which were acquired for martian regolith simu-

lants, then the deformation can achieve magnitude of tens of centimeters. Since

the gravity on the satellite is much lower than in the lab, the e�ective shear
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modulus could be expected to decline and the deformation then could achieve

�rst meters. Mapping of the surface displacement can potentially constrain the

interior structure, for example, to distinguish Layered and Homogeneous cases.

By means of the obtained results, we propose several spots on the Phobos'

surface to focus on for a future mission, which are shown in �gure 26. Laser al-

Figure 26: Parts of the Phobos surface which are subjects of strongest deformation in all three

considered cases

timetry measurements, carried out repeatedly for the same surface points in dif-

ferent orbital positions, can potentially disclose the changes of the body's shape

with varying distance to Mars. Synthetic aperture radar (SAR) technique, that

is currently under extensive exploitation for Earth's surface deformations de-

tection, is the other possible method that could be used for the purpose. In
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addition, interaction between radar electromagnetic waves and Phobos' regolith

is a source of information about subsurface properties. Applicability of both

methods depends on the used waves frequency and precision of probe locating

with respect to Phobos. Signal frequency of 2-10 GHz (wavelength = 15 - 3 cm)

will provide su�cient accuracy for detection of deformations of 10's centimeters,

which we would expect for the case of Phobos on the basis of our results.

Viscoelastic response As it is shown in 1-dimensional modeling, interior vis-

cosity impact on the resulting displacement is comparable in strength to the

impact of elastic properties. Phobos' low density, and, probably, high poros-

ity ( > 35%) give a reason to assume the satellite or its large proportion to be

made of cohesionless material, whose viscoelastic properties in low-gravity con-

ditions are unclear (Rosenblatt 2011). The theoretical analysis of dimensionless

shear modulus �� for the extreme instance of cohesionless bodies in space, rubble

piles, was carried out in (Goldreich and Sari 2009). According to the theory

derived there, the rubble-pile Phobos has about 2 order of magnitude smaller

�� than the monolithic Phobos. At the same time, viscous properties of rub-

ble piles stay obscured. According to (Efroimsky 2015), the tidal interactions

in satellites, de�ned by k2=Q, are mainly determined by the e�ective viscos-

ity and main tidal frequency, but this derivation is based on Maxwell model,

which works �ne only for low-frequency monolithic bodies. So its applicability

to loose bodies is questionable. At the same time,k2Phobos=QPhobos ratio can

be reconstructed from the observed and modelled satellite's orbit eccentricity

evolution (Goldreich 1963), which was done in (Black and Mittal 2015).
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Figure 27: Unnormalised gravity �eld coe�cients C20 and C22 estimated for all models and the

values from (Maistre, Rivoldini, and Rosenblatt 2019)
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8 Appendix

Tidal deformation modeling in 1D: Maxwell model results

Here we review the results of 1D modeling of tidal deformation for the case of

Maxwell rheology.

Homogeneous sphere

Figure 28 presents the dependence of tidal bulge height (top) and Love number

h2 on shear modulus and viscosity of the homogeneous spherical Phobos.

To �rst order, radial displacement H and h2 are independent of� (for rea-

sonable solid-body values� > 1013 Pa�s), as expected for the response of a

purely elastic body. Also in line herewith, is the observation thath2 and H

decrease with increasing rigidity (the sti�er the body, the lesser it deforms). De-

pending on rigidity, bulge height varies considerably, encompassing the range

from 10� 5 m to � 130 m. This range can be narrowed down by considering

shear moduli appropriate of Phobos. This is indicated by the gray dashed

lines in Figure 28, which show the shear modulus range calculated for a 10-

km-sized loosely-connected aggregate (rubble pile) according to (Goldreich and

Sari 2009). For comparison, green lines showh2 and H for the spherical rubble

pile model of (Maistre, Rosenblatt, et al. 2013), who consideredh2 values in

the range 8.8�10� 5{8.8�10� 4. For the preferred (gray) region,h2 and H range

from 0.0001{0.141 and from� 2 cm to 7.5 m, respectively.

Finally, the results were "benchmarked" by comparing with the analytical so-

lutions given by Eqs. 42 and 43 (thin white lines in Figure 28). The numerical

and analytical solutions coincide for solid-body viscosity values (� > 1011 Pa�s).

�� =
19
2

�R
�GM

(42)
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h2 =
5
2

(1 � �� )� 1 (43)

where� is shear modulus of a spherical homogeneous incompressible body,R, M , and � are its radius,

mass and density

Two-layer model

Results for 2-layered Phobos (�gure 6) are shown in �gures 29 and 30. We

consider case when the core makes half of the radius of the Phobos as a "ref-

erence" one and review it in detail. We start from "median" case with� outer

= 0.05 GPa and � outer = 1012 Pa� that causes the bulge height of 0.017 meters.

Changing shear modulus from 0.01 GPa to 0.1 GPa lead to bulge height ex-

ponential decrease from the 0.08 m to 0.01 m (Figure 29 (left)). There is also

reverse dependence of bulge height on outer layer's viscosity where two modes

can be distinguished. Increase of viscosity up to 1011:5 Pa�s causes fast decline

of bulge height from 3.16 m to� 0:017 m and it stays almost the same for all

higher � outer . When solid core makes the whole body (r core = RPhobos), bulge

height has its lowest magnitude of 0.0017 m. The opposite case,r core = 0),

yields in at least 0.036 m magnitude of deformation. Slight disruption of the

curve at the router = 2800 meters is associated with the principle of the models'

parametrization: for Router less than this value core part density is adjusted to

preserve the total mass of Phobos rather than the outer layer's density, which

does not decline beyond 870 kg/m3. For all Router > 2800 meters the core's

density is preserved and equal to 3000 kg/m3. Worthwhile to note, that r core

changing in extreme give the homogeneous models covered in the preceding

section.
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Table 7: Review of calculation results.h2 and tidal bulge height values ranges for all considered

cases
h2 Tidal bulge height (m)

Homogeneous model (full) 3:3 � 10� 7 � 1:22 1:76� 10� 5; 65:2

Homogeneous model (cut) 3:56� 10� 4 � 0:141 0:019� 7:54

"Reference case"(router = RP hobos=2
3:235� 10� 4 0:017

� outer = 0:05 GPa, � outer = 1012 Pa�s)

Case based on the [Delage et al., 2017] paper7:9 � 10� 4 � 1:44� 10� 2 0:04� 0:73

Case based on the (Delage et al. 2017) paper

In the paper (Delage et al. 2017), several martian soil simulants were examined

in terms of their elastic properties and compressibility under the wide range

of pressures. The investigation of the properties of unconsolidated soils is of

interest for the purpose of Phobos modeling as a big proportion of the latter

presumably consists of the loose material.

Compression curves starting from about 1500 kg/m3 show non-linear grow of

density by less than 120 kg/m3 in uniaxial compression settings under pressure

from 0 to 100 kPa (Delage et al. 2017). Although all measurements were made

for the pressures up to 500 kPa, we consider 100 kPa as the characteristic

magnitude of pressure in the center of spherical Phobos. Preserving mass of

the model as of Phobos we used 3-layered density distribution between 1800

kg/m 3 and 1900 kg/m3 in the simulations.

In addition, seismic velocities of samples were provided in the paper that supply

us with data on elastic properties and Poisson ratio. Based on this, shear

modulus lies in the range between 0.02 and 0.1 GPa that corresponds to the

grey region outlined in Figure 28. Poisson ratio of the simulants derived from

seismic velocities ratio is 0.22.

Accounting for these constrains in the model and treating Phobos as an elastic

62



body (high viscosity) we obtained its maximum surface displacement of 0.04

meters. In case body has the solid core with the radiusRcore = 1
3RPhobos that

is surrounded by less viscous shell (� = 1010) the radial displacement was 0.6

meters. Finally, when the whole body was characterised by the low viscosity,

the swelling magnitude achieved 0.73 meters.
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Figure 28: Results of the calculations for the homogeneous case. Two upper plots show bulge

height. Grey vertical dashed lines outline shear modulus range that was calculated for the

rubble-pile body with r = 10 km according to (Goldreich and Sari 2009). Green lines showh2

limiting values from estimations for the rubble spherical Phobos model from (Maistre, Rosen-

blatt, et al. 2013) and corresponding bulge heights; Purple line show highesth2 value for the

monolithic body from the same paper. The light-blue dash-dotted lines show 0.1 meter bulge

height and correspondingh2 values. Thin white lines depicth2 and H values that were obtained

from analytical expression
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Figure 29: Results of the tidal response modeling for the 2-layered case with variable� outer and

constant � outer = 1012. The plots show bulge height (left) andh2 values (right). Horizontal and

vertical lines depict 'reference' case R and� outer; values, respectively

Figure 30: Results of the tidal response modeling for the 2-layered case with variable� outer and

constant � outer = 0:05 GPa. The plots show bulge height (left) andh2 values (right). Horizontal

and vertical lines depict 'reference' case R and� outer values, respectively
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