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mal values can be efficiently found by an adjoint method and gradient-based optimization.
When assimilating experimental data, which in most cases are sparsely distributed or
based on a low-resolution grid, the inverse problem is highly underdetermined and thus
ambiguous. Therefore, to reduce the ambiguity, regularization is required. Established reg-

gi{:virs&lilmon ularization approaches such as total variation and Sobolev gradient methods can produce
Data-driven simulation smooth and physically meaningful velocity fields in many cases. However, if the measure-
Regularization ments are located close to walls, spiky and unphysical wall shear stress profiles can occur.
Dimensionality reduction A new regularization strategy based on a piecewise linear approximation of the corrective
RANS field is proposed. This method is shown to lead to a very accurate free stream velocity field

and smooth wall shear stress profiles. The resulting skin friction drag error for the case of
flow over periodic hills was around 1.38% which is seven times lower than the error ob-
tained with the Sobolev gradient and two orders of magnitude lower than that obtained

with the other two methods.
© 2023 The Author(s). Published by Elsevier Inc. This is an open access article under the
CC BY license (http://creativecommons.org/licenses/by/4.0/).

1. Introduction

Experimental methods can be used to study turbulent flow by measuring the velocity and pressure distributions.
However, most of these methods only provide sparse measurements (e.g. hot-wire anemometry, laser Doppler, etc.) or low-
resolution fields (e.g. PIV, PTV, etc.) [1]. Computational Fluid Dynamics (CFD), on the other hand, provides high-resolution
fields that are subject to some degree of uncertainty, depending on the level of description. Despite the surge of com-
putational power in recent decades, it still is computationally demanding, or even prohibitive, to compute high-Reynolds
number turbulent flows with Direct Numerical Simulation (DNS) or even Large Eddy Simulation (LES). For example, the
computational cost of wall-bounded turbulent LES roughly scales with Re'® [2]. Reynolds-averaged Navier-Stokes (RANS)
models, mostly based on the linear eddy viscosity (LEV) assumption, are often the only computationally affordable option.
However, their accuracy is limited for complex flows, e.g., flows with large pressure gradients, unsteady separation zones,
strong streamline curvatures, abrupt changes in mean flow, etc. [3].
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Combining low-resolution or sparse point-wise measurement data with RANS simulations has the potential to provide
computationally affordable, highly-resolved, and accurate results [4-7]. Such an approach can be called data-driven simula-
tion and the mathematical framework for its implementation is data assimilation (DA) [8].

Another approach to improve RANS models is physics-driven [8]. In this approach, more involved Reynolds stress models
or more accurate eddy viscosity models within the LEV framework are proposed. Nonlinear eddy viscosity models [9],
explicit algebraic stress models [10], and differential Reynolds stress models [11] have all been proposed to directly improve
the computation of Reynolds stresses and can achieve higher accuracy for some applications. However, because of their lack
of robustness and numerical stability, such models have not been widely used in engineering applications [12]. On the other
hand, more sophisticated models for the computation of the eddy viscosity in the context of LEV models, such as adding
more turbulence transport equations with more terms, lead to more free parameters that need to be calibrated and also to
a higher computational cost. In fact, no new, widely-accepted general-purpose RANS turbulence model has been developed
in recent years, and the currently used models, despite their unsatisfactory performance in many cases, (e.g. the k-e¢ [13],
k-w [14], Spalart-Allmaras [15] and SST k- models [16]) were all developed decades ago [17]. Therefore, data-driven RANS
simulations are an alternative to obtain accurate, high-resolution results at a reasonable computational cost, at least when
measurements exist within the domain.

It should be noted that such data-driven RANS simulations cannot replace general-purpose physics-driven RANS models.
The goal of DA here is to obtain accurate results only for the specific problem of interest. DA can indeed also be used as
a step towards data-driven modeling, for example using machine learning techniques, where the trained model should give
results even when data are not available in other configurations. However, this is outside the scope of this paper.

There are numerous DA techniques to incorporate data into the model. The best choice is highly case dependent. De-
pending on whether the problem is steady-state or transient, the available data is sparse or abundant, time-dependent or
averaged, and if it involves uncertainties, one can choose the best relevant approach.

Three main DA approaches are variational, statistical, and nudging [18]. Variational methods involve formulating an
optimization problem that minimizes the difference between model simulations and observations, while allowing for un-
certainties in both. Statistical approaches, on the other hand, employ probabilistic frameworks such as the Kalman filter
to estimate the state of a system by updating model forecasts using measurement data information [19,20]. Lastly, nudg-
ing techniques adjust model variables towards observed values through a relaxation process, effectively blending model
dynamics with observed data while preserving key model features [21].

In the current work, the goal is to reconstruct mean velocities and wall shear stresses from sparse time-averaged
measurement data. The data is assumed to be deterministic and has no uncertainty. To reach accurate results, such a recon-
struction problem demands a high dimensional parameter space. Having these conditions, the variational data assimilation
can be the best choice due to its computational advantage for high dimensional problems. In variational data assimilation for
RANS simulations, the data is incorporated by introducing parameters to the RANS model equations. Discrepancies between
sparse measurement data and RANS results at those locations are minimized by tuning the parameter values.

By minimizing the discrepancy, the model should match the data at the measurement points, and the overall accuracy of
the RANS results is expected to improve. To solve the minimization problem, a gradient-based optimization approach can be
used, where the sensitivity of the discrepancy function with respect to the parameters is used to find the minimum of the
cost function. Various other optimization methods exist, e.g., Newton methods, that rely on second-order derivatives albeit
with a substantial increase in computational and memory costs. Quasi-Newton methods such as BFGS and Gauss-Newton
methods can circumvent this issue by approximating the Hessian matrix, while considering only the first-order derivative
information [22,23]. Depending on the problem, the sensitivities can be computed by the adjoint method, automatic differ-
entiation, analytically, or numerically using finite difference methods [24].

The other two alternatives to variational DA, namely statistical methods and nudging, may not be suitable for the prob-
lem at hand. The former, e.g., the ensemble Kalman filter method, is computationally expensive, if the number of tuning
parameters is very large [19]. The latter tends to result in spiky solutions, if sparse point-wise measurement data are
used [21].

The level at which the parameters are introduced into the RANS equations is another crucial task. There exists a spectrum
of possibilities from assuming the Reynolds stresses in each cell to be the parameters, to only correcting a global coefficient
of a specific RANS model (e.g. correcting constant C, in the standard k-¢ model). In the former approach, the parameters
are a symmetric tensor field, i.e., 6 x N parameters have to be considered (N is the mesh size), while in the latter approach,
the parameter is only one scalar value.

It is tempting to try to derive from the data the Reynolds stress tensor that provides the greatest flexibility [5]. However,
it is necessary to address some important issues

The first issue arises from the non-uniqueness of the solution in such inverse problems. In the order of N parameters
have to be adjusted, but typically much fewer measurements exist. Therefore, there may exist many different Reynolds stress
tensor fields that lead to a match of the numerical solution with the reference velocities [12,4,5].

The second issue is the ability of the optimizer to find proper minima. The optimizer relies solely on the local gradient
information pointing in the direction of a local minimum.

The last issue is the ill-conditioned nature of the data-driven Reynolds stress model, which affects the optimization pro-
cess and makes the search for the minimum very sensitive to tiny changes in the Reynolds stress tensor field. Wu et al. [12]
showed that even in an ideal scenario where the DNS Reynolds stress data are directly inserted as explicit source term
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into a RANS solver, tiny deviations in the inserted Reynolds stresses can lead to large errors in the resulting mean velocity
fields. This shows that the forward problem itself is ill-conditioned. In the case of the inverse problem, where the Reynolds
stresses are to be estimated by the optimizer, inaccuracies in the gradient calculation or the optimization process make it
exceedingly difficult to obtain accurate results.

In summary, inferring the Reynolds stress tensor field from only a few point velocity measurements would be an ex-
tremely difficult task. Two attempts in this regard are the works of [25] and [26], and more recently, [7], in which the
Reynolds forcing vector field is inferred from partial data while ensuring the divergence-free constraint. The task becomes
significantly easier and more robust if the degrees of freedom of the problem are reduced. Further, to reduce ambiguity,
some sort of regularization is required, e.g.:

e By introducing further constraints for the Reynolds stresses, e.g., that they must be realizable or that the eddy viscosity
Ansatz must be used [27,5,28].

e By adding penalties to the cost function which that penalize, e.g., spiky solutions and large deviations from a baseline
state [5],

e By applying filtering to remove unphysical noise [29],

e Or by reducing the degrees of freedom (number of parameters) by spatial coarsening of the parameter field, e.g., by
piecewise decomposition.

One can start by modeling the Reynolds stress field using a turbulence model and then try to correct the modeled
stresses with additive data-driven corrective stresses. In these cases, realizability can be enforced by perturbing only the
eigenvalues or eigenvectors of the Reynolds stress tensors within realizable limits [30,31]. So far such methods were mostly
applied when full DNS data was available.

To further reduce the degrees of freedom, instead of a tensor field, a corrective vector field resembling the divergence of
a corrective tensor field can be introduced into the momentum equations [28].

In their study, Brenner et al. [4] maintained the Boussinesq eddy viscosity assumption and adjusted the eddy viscos-
ity to match sparse measurement data. They demonstrated that while the eddy viscosity assumption may be somewhat
unphysical when combined with an effective regularization method such as the total variation (TV) penalty that prevents
abrupt changes in the eddy viscosity field, it can produce physically reasonable and accurate results for complex problems
such as the periodic hill case involving separation and reattachment. However, it can be shown that this method leads to
jagged wall shear stress profiles when the measurement data is situated near the walls, and that traditional regularization
approaches like the Sobolev gradient [29] and TV methods cannot address this issue.

In this study, the concept of piecewise linear dimension reduction (PLDR) is presented as a regularization strategy that
not only results in physically acceptable and accurate internal velocity profiles, but also provides accurate wall shear stresses.
More specifically, piecewise linear Lagrange elements are used to further constrain the parameter field, resulting in a re-
duced number of parameters to be tuned. Note that the approach is similar in some ways to the P1 Finite element method
(FEM). Both P1 FEM and PLDR decompose the domain into linear Lagrange elements. However, the goal of the two is dif-
ferent. The FEM subdivides a domain into smaller elements by constructing local element equations that approximate the
PDEs. These equations eliminate spatial derivatives and are solved as algebraic equations. The P1 element, with linear in-
terpolation between nodes within an element, enables the local approximation of the solution. In the case of piecewise
linear dimensionality reduction (PLDR), the use of triangular elements aims to remove the nonphysical variations in the
eddy viscosity caused by the gradient-based optimizer. Triangular elements serve as a regularization technique to mitigate
these variations.

To assess the accuracy of this approach, it is compared with classical regularization techniques such as the total variation
and Sobolev gradient methods. It is argued that this approach provides a good trade-off between flexibility and accuracy.

The rest of the paper is structured as follows. In section 2, the problem statement of both forward and inverse problems
is introduced. In addition, the PLDR method and some conventional regularization schemes are presented. In section 3
results using the PLDR method are presented and compared with those obtained with other methods, and in section 4
conclusions are provided.

2. Methods

In this section, the mathematical framework of the DA approach and the test case setups are explained.
2.1. Problem statement

Two problems are inverse with respect to each other, if the formulation of one involves the solution of the other [18]. The
problem that is easy to solve and generally well-posed is called the forward problem. The problem that is more difficult to
solve and generally ambiguous is called the inverse problem. Regarding turbulence modeling, the forward problem consists

of solving the RANS or LES equations based on initial and boundary conditions. In the present case, the inverse problem is
to infer spatially varying model parameters from sparse measurement data [32].
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2.1.1. Formulation of the forward problem
The steady-state RANS equations for an incompressible Newtonian fluid are introduced as

ouju; 0T ap a ou;
‘ ’+—”=——p+—<v—') :
0X;j 0X;j 0x;  0xj 0X;j

(1)

where u; are the mean velocity components, p is the mean kinematic pressure assuming constant density o, and v the
constant kinematic viscosity. The Reynolds-stress tensor t;; = ufu’; is responsible for the momentum transfer by velocity
fluctuations. This unclosed term needs to be modeled due to the loss of information through the averaging process. The
above equations are solved together with the continuity equation
Mo @)
0X;

to obtain the mean velocity and pressure fields. For the reasons explained in the introduction, the Boussinesq hypothesis
is used, which assumes a linear constitutive relationship between the deviatoric part of the Reynolds stress tensor and the
mean flow strain rate, i.e., that

2- _
Tij = §l<8ij — 2vt5ij s (3)

1/

where §;; is the Kronecker delta, §ij = % <% + aﬂ) is the mean flow strain rate, and k = %uiui is the turbulent kinetic

0Xj X;
energy. In practice, the hydrostatic part (thej first part of the right-hand side term of equation (3)) is absorbed into the
pressure gradient term in equation (1), and the kinematic pressure p is replaced by the modified kinematic pressure p* =
D+ %f(. Therefore, k is not required even for a closure where only an accurate velocity field is sought. The proportionality
factor v is the eddy viscosity, which must be evaluated locally in each cell. One could try to obtain v; directly from sparse
measurement data. However, the task seems easier if one starts with a good v; field obtained, e.g., with a conventional LEV
model. Then only a moderate correction to v; by a correction factor @™ (also it is called the model parameter here and is

initially one) may be needed [33]. The resulting governing PDE reads

3;1;1]_1] =—{;—i:+aixj(2 (V—i—OlmVP) g,‘j) , (4)

where vf’ is the baseline eddy viscosity computed by an eddy viscosity RANS model. In the remainder of this manuscript, a
simplified notation will be used. In particular, the modified kinematic pressure is denoted as pressure p, the mean velocity
components as {uq, uy, us}, and the vector of state variables as U = {uq, uy, us, p}.

2.1.2. Formulation of the inverse problem

The data assimilation problem involves minimizing the discrepancy between the state variables computed by the RANS
model and the reference data. This is formulated as an optimization problem where a cost function is minimized subject
to the residual of the governing equation (R) and the constraint that the optimized parameter must be greater than zero
(details are given in section 2.3.1), which can be mathematically expressed as

min f(oe,U) (5a)
subjectto  R(oe,U)=0 (5b)
and oa>0. (5¢)

The cost function consists of two parts: one that depends solely on the parameter o and includes regularization func-
tions, and another that directly measures the deviation of the forward solution U from the reference data, i.e.,

flee,U) = fo() + fu(U). (6)

For the sake of conciseness, the explicit dependency is removed ( f (e, U) = f). In addition, for now, the regularization
part f, is ignored. The cost function is thus defined as the squared Euclidean distance between the two data sets, i.e.,

vy (U - 0)” (7)

k=1

4
f

where Uy, is the vector of the k-th state variable computed in each cell, H is the linear observation operator [18] (an R x N
matrix with R being the number of measurement locations), (-) - (-) is the inner product, (-)°? is the Hadamard power of
two (element-wise square of the vector), Uy is the vector of the k-th measured state variables, and V is the corresponding
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vector of cell volumes. In practice, one may only measure a single component of the state variables, e.g., the horizontal
velocity component uq, resulting in

f=V-(Huy - fh)oz . (8)

where the components of u; and 17 are the calculated and measured horizontal velocities, respectively.
Knowing the sensitivity of the cost function f with respect to the parameter vector e would allow the parameter values
to be optimized iteratively using a gradient-based algorithm as [4]

df (t) T
o) —q® _ A [ S . (9)
da
where t =0, ..., Ty denotes the iteration number of the optimization, with Tyqx being the maximum number of iterations

and A is the learning rate or optimization step size. Next, it is discussed how to obtain the cost function gradient %, while
the choice of A, which can be either a scalar or a matrix, will be discussed later.

2.1.3. Sensitivity calculation within the discrete adjoint method

The most straightforward way to compute the sensitivity of the cost function f with respect to the parameter vector
o is the brute-force finite difference (FD) method, where each parameter is perturbed separately while the change in the
cost function is measured [34]. However, this requires M evaluations of the forward problem, where M is the number of
parameters (length of the vector ). Of course, this approach becomes extremely expensive for of large M (M is equal to
the number of cells if each cell is allowed to attain an individual « value). In addition to the large computational cost of
the method, the obtained sensitivities depend very much on the perturbation amplitude. The complex-step method [35] can
circumvent this issue, but the computational cost still scales with the number of parameters.

Another option would be to apply automatic differentiation (AD) in a reverse mode to the forward problem solver
code [36]. This way, the number of forward problem evaluations required becomes independent of the number of param-
eters. However, this approach requires an enormous amount of memory to store all the intermediate steps of the iterative
forward solver.

Instead, the sensitivity can be computed at low computational cost and low memory requirements using the discrete
adjoint method. Using the chain rule, the sensitivity can be written as

df _af  af U

-4 = —, (10
do doe U  da )
—— —— —— ——
1xM 1xM 1x4N 4NxM
where U is the vector of all four state variables in all N cells. The term % is a 4N x M matrix that quantifies the sensitivi-
ties of the state variables in each cell (rows) with respect to all parameters (columns). While the vectors % and % can be
explicitly computed, there is no explicit relationship between the state variables and the parameters to obtain g—g However,

U and « are implicitly related by the residual equations R (U, &) = 0 of the forward problem. Since by definition R and its
total derivative with respect to « are identical to zero, it is

dR R n dR 0U
de =~ o« U da

—— —— —— =
4ANxM AN xM 4N x4N 4ANxM

=0. (11)

The above equations can be rearranged to obtain an expression for % which is then substituted into equation (10) to give

A.T
—
df _af af (dR\' R _ of .7 OR (12)
da = da U \oU doe  da dor

—— —— —_—— ———— —— —— —— ——
1xM 1xM 1x4N 4ANx4N  4NxM 1xM 1x4N 4N xM

where the components of A are called adjoint variables. These are computed by evaluating the so-called adjoint equations

AR\ af\"
<W> A :(%) . (13)
N e N~ N e’
4Nx4N 4Nx1 4N x1

This system of equations is solved iteratively, similar to the solution of the forward problem. Note that the system matrix
and the right-hand side are both independent of «. Therefore, the computational cost of solving the adjoint equations
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is independent of the number of parameters and in the order the cost of a single evaluation of the linearized forward
problem. This is a major advantage compared to, e.g., the finite difference method which requires M additional forward
problem evaluations.

As stated, the vectors % and % can be computed analytically, but the matrices % and % need to be evaluated in a
different way. For this purpose the reverse mode of AD could be used. However, the naive use of AD also leads to a large
memory usage in this case. Numerous approaches to circumvent this issue have been proposed [37,38,24]. Instead of using
AD, a simpler approach with some approximating assumptions is taken here. Taking advantage of the fact that the linearized

discretized equations, e.g. by applying the finite volume method, have the form

R@U)= A U - b =0 , (14)
—— —— —— ——
4N x1 AN x4N 4Nx1 4Nx1 4Nx1

where A is the system matrix of the linearized discretized residual. Note that A is equal to the Jacobian g— whereas in

U
general (e.g. if OpenFOAM is used) A only is an approximation of %.

Moreover, note that A is a 4N x 4N matrix whose elements take into account the implicit influence of each state variable
on the corresponding residual equations. Such terms also arise from the velocity-pressure coupling in the forward problem.
Such a coupling often is treated by segregated methods such as the SIMPLE algorithm, where not all off-diagonal components
of the Jacobian appear in A. Here, a fully coupled solver is used for both forward and inverse problems, where all off-
diagonal elements of A are computed [39]. This provides a more accurate approximation of %. Another advantage of
coupled solvers is faster convergence, since the iterations only are needed for the nonlinear convective terms, albeit at the
cost of higher memory requirements.

Computing the remaining term % can be tricky if neither AD nor FD approaches are used. To address this issue, hav-
ing converged forward solutions, implicit operators provided by OpenFOAM [40] are used to discretize and linearize the
residual equations with respect to a. One should note that ¢ only appears explicitly in the momentum equations and not

IRy

in the pressure equation. Therefore, the effect of the term %% on % is neglected. Brenner et al. [4] showed that this

approximation has some inaccuracies, but is generally good enough for successful gradient-based optimization.
2.2. Regularization

As discussed in the introduction, merely minimizing the distance function without any constraints may result in inac-
curate solutions between the measurement points. With a linear eddy viscosity model, the inverse problem can at least
be initialized with a reasonable solution. However, it can be shown that for the case where only sparse measurements are
available, the correction due to DA is spiky and thus unphysical [4]. More precisely, this means that the optimized « field
results in accurate velocities at the reference points, but is generally inaccurate between the reference points. For assess-
ment, this can be quantified by introducing test points (cf. Fig. 4) at which the discrepancy between computed and reference
velocities is measured.

The process of adding more information or constraints to reduce ambiguity can be called regularization. First, three
common regularization methods are discussed and then the PLDR approach is proposed. It should be noted that all the
regularization methods are straightforward to implement and do not affect the adjoint computations. The first two, Lj-
and TV-regularization, affect only the first right-hand side term in equation (12). Sobolev gradient- and PLDR-regularization
directly affect the sensitivity %, but in a step after the sensitivity is computed by the adjoint method.

The additional computational cost of L,- and TV-regularization is negligible, since only one iteration over all grid cells
and faces, respectively, has to be added. The Sobolev gradient-regularization requires solving a Helmholtz equation, which
imposes an additional cost of the order of the forward or adjoint problem, making it more expensive than L,- and TV-
regularization. The computational cost of PLDR is negligible, similar to L, and TV regularization, since the most expensive
part is the computation of the basis functions which only depends on the geometry and can be computed and stored before
starting the optimization iterations.

2.2.1. Ly-regularization

The L,-regularization relies on an additional term in the cost function that penalizes the deviation of o from its base
value a? (which is unity in the present case). This automatically enforces some smoothing of the optimized parameter field,
since it minimizes the changes in a. At the same time, the ambiguity is reduced. To implement the method, the squared L,
norm penalty term is added to the cost function in equation (8) as

N o 2
f=V- (Huy — i) o e o] (15)

where w,, is a regularization hyperparameter. The first term penalizes the misfit of the model output with respect to the
measurement values and the second term penalizes the deviation from the baseline parameter field.
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In practice, the effect of regularization contributes to the cost function gradient (cf. equation (14)), since

9

% —2aw, (a—a"). (16)
—— ——

1xM 1xM

2.2.2. Total variation-regularization
Total variation-regularization (TV) is based on penalizing the local spatial gradient of o [41]. The cost function in equa-
tion (8) is replaced by

M

f=|7-(Hu1—ﬂ1)°2+w,VZ L Z (om —ap)? | (17)

m=1 Bl 0€Bn

where wy, is the regularization hyperparameter, m is the index looping over all parameters, BB, is the set of parameters ad-
jacent to the parameter with index m, o the index looping over the set B, and |By| is the number of adjacent parameters.
Similar to the L,-regularization, the TV-regularization effectively influences the optimization, since

of 1 1
m—zwrv Z [(@‘F@) (am—ao)]. (18)

0€eBny

2.2.3. Sobolev gradient-regularization
The Sobolev gradient-regularization is based on the projection of the sensitivity field % defined in L2-space onto the
more regular Sobolev space (H!-space) [29]. This is achieved by solving the Poisson equation, that is,

L -1, v? drt ' _ (Y ' 19
(1 +lsob2 ( b )> dar B <E> ’ 1o
N e’

————
MxM Mx1 Mx1

Hl
for % , where V2 is the Laplace operator, g, is a regularization parameter, and I is the M x M identity matrix. This

equation can be solved by the same finite volume method as used for the forward problem. The parameter Iy, can be
considered as a low-pass filter width below which the fluctuations of the sensitivity field are smoothed.

While w,, and w;, are hyperparameters with no physical meaning that must be adjusted by trial and error, the Sobolev
gradient parameter s, has a physical meaning and thus can be defined more easily [29].

2.2.4. Piecewise linear dimensionality reduction (PLDR)

It will be shown that the regularization methods discussed above are unable to provide non-spiky wall shear stress
profiles even for optimal hyperparameter values. For this purpose, the piecewise linear dimensionality reduction (PLDR)
method is proposed.

The basic idea of the PLDR method is to reduce the noise and the high spatial variability in the parameter field by
decreasing the degrees of freedom. More specifically, the « field is represented as a superposition of piecewise linear
functions (of linear Lagrange elements), so that the number of unknown weights 8 is much smaller than the number of grid
cells. For the two-dimensional case, the elements are defined as triangles whose vertices coincide with the measurement
points, i.e., the « field is represented as

a=®p, (20)

where B is the new parameter vector and & is the piecewise linear projection matrix. It can be written also in the vector
form as oy = P Br where subscripts m=1, ..., M and r =1, ..., R are the indices of the vectors & and B, respectively.
Here, it is assumed that R equals to the number of measurement points. The components of each row of ® are all zero,
except for three components corresponding to the three vertices of the associated triangular element. The sum of each row
of @ is unity and every o, is a linear combination of three corresponding nonzero nodal values g;.

Note that the triangular elements may not cover the whole domain, e.g., some cells near the convex parts of the bound-
aries of the periodic hill test cases may lie outside a triangular element. To solve this issue, dummy nodes are added far
away from the boundary outside of the domain. This acts as a Neumann boundary condition for the reconstructed ¢ field.
An example of piecewise linear basis functions is depicted in Fig. 1.

In practice, PLDR regularizes the inverse problem by reducing the number of dimensions M of o to R of 8, where
R <« M. The chain rule yields
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Fig. 1. The basis functions (blue, green, and red polyhedrons) span the solution within the dashed yellow triangle. The measurement points are depicted by
black dots, and a few elements are shown as white triangles (For interpretation of the colors in the figure(s), the reader is referred to the web version of
this article.)

df _ df de_df
dg = da df ~ d«
—_ == =
1xR 1xM MxR 1xM MxR

(21)

The values of % are normalized by the sum over each corresponding column of @ to be consistent with %. Based on %.
the parameter vector B is updated as

T
BUED = gO _ A® (ﬂ(t)) (22)
dg '

and equation (20) subsequently is used to reconstruct the parameter vector ¢«. The optimization process continues by
evaluating the forward and adjoint problems that yield the sensitivities, which in turn are used to update B again. The
flowchart of the data assimilation procedure with PLDR is presented in Fig. 2.

2.3. Optimization

2.3.1. Positivity constraint of the eddy viscosity

Since the computed eddy viscosity has to be positive, it makes sense to incorporate this constraint into the optimization
process. Brenner et al. [4] showed that imposing a hard constraint, e.g., by overwriting negative o values, impairs the
performance of the optimizer. Instead, they suggested using a mapping function to avoid negative values. The mapping is

o™ () = (23)

a+1, a>0
exp(a), a=<0,

where « is the intermediatory parameter and o™ is the model parameter. The former can reach any real value, while the
latter always is positive. Consequently, the sensitivities read

df df do™

de do™ do ’
that is, the optimization directly affects the intermediatory parameter o and only indirectly affects the model parameter a™.
In practice, (ﬁx—fm is calculated first, then it is mapped to %. Consequently % generates « through the optimizer. «™ is then
obtained from « and is inserted in the RANS equations to solve the forward problem and to obtain sensitivities for the next
minimization iteration.

(24)

2.3.2. Computation of the learning rate
Gradient-based optimization methods are widely used in data assimilation (DA) techniques. These methods can be di-
vided into constrained and unconstrained methods, and penalty methods are commonly used to handle constraints. The
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Fig. 2. Flowchart of the data assimilation procedure using the PLDR-regularization.

selection and adjustment of the penalty term, if applicable, are crucial aspects of the optimization process. Gradient-
based optimization algorithms commonly used in DA include gradient descent, first-order Newton methods such as BFGS,
and stochastic gradient descent inspired by machine learning approaches. However, it is important to acknowledge that
high-dimensional problems present challenges due to the impracticality of storing large Hessian matrices. To address this,
Sequential Quadratic Programming (SQP) techniques can be employed [42]. Moreover, gradient-enhanced surrogate-based
methods (GEK) can be considered for low-dimensional problems [43].

In equation (22), A can be either a scalar or a R x R matrix depending on the optimization method. The simplest case
is the vanilla gradient descent method, where A is a constant whose value should be tuned by trial and error.

If the optimization method uses second-order derivatives (or a Hessian matrix), like Newton’s method, A is a matrix.
Such methods lead to fewer optimization iterations. However, in general, Hessian matrices are not computed directly, due
to high computational and memory cost, even when adjoint methods are used to compute the second-order derivatives.
Another approach would be a quasi-Newton method such as BFGS, where the Hessian matrix is approximated using the
gradient information [22].

In this work, an adaptive learning rate method is used where A is a diagonal matrix, i.e., for each element of the
parameter vector, a specific optimization step size is used at each iteration step, which is determined by the DEMON
Adam method [44]. No correlations between parameters are assumed (zero off-diagonals). As an extension of the default
Adam method, which uses larger learning rates for those parameter elements that were less frequently updated with larger
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gradients, a decaying momentum (DEMON) term is added to accelerate convergence [45]. In summary, equation (22) is
replaced by

BETD = gO _ A O (25)

where

df\’ _
o _ (=L (t) ,(t—1)
y _(dﬂ> +Kky . (26)

The variable «® is the weight of the decaying exponential moving average of past gradients (momentum) computed for
each iteration as
t
(1-1)

(1—ko)+k0(1— %)

where kjq is its initial value and T is the maximum number of iterations. The optimization step size for the r-th component
of vector B is computed as

k® =k

; (27)

A= (28)
/€;t+1) oy
where 7 is the nominal step size, § > 0 is a small constant, and
T
df (3] df ®
t+1) _ 1 e® /
€ =K'€ 1-«") | —= — 29
o (5o 29)

acts as a diagonal preconditioning matrix. The parameter «’ is the discount factor and o denotes the Hadamard product
(element-wise multiplication).

2.4. Case setup

The framework was developed in foam-extend 4.0, a version of OpenFOAM with the option of coupled solvers [40]. The
proposed method was tested for flows over periodic hills, for which numerous numerical and experimental reference data
are available at various Reynolds numbers. Although it is a rather simple 2D geometry (see Fig. 3), it features separation and
reattachment which are challenging to predict for eddy viscosity models. Here it is of particular interest to obtain accurate
wall shear stress profiles through data assimilation. The mean flow direction is from left to right, applying periodic boundary
conditions with an effective pressure drop from the inflow to the outflow boundary. The latter is determined such that a
specific mean bulk velocity U} is maintained. No-slip boundary conditions are applied at the top and bottom walls. A flow
with a Reynolds number of Re = 10595 (based on the hill crest height H and the bulk velocity Uj at the inflow boundary)
is considered, and averaged LES data from Gloerfelt and Cinnella [46] is used as reference data.

The computational grid consists of 180 x 130 cells in the streamwise (x) and spanwise (y) directions, respectively. A
dimensionless wall distance of y* ~ 1-5 was maintained for the wall-adjacent cell centers. The baseline eddy viscosity was
computed using the standard k-e¢ model with default coefficient values. Due to the wide range of eddy viscosity values,
ranging from very tiny values close to walls to larger values in the free shear flow region, a realistic initialization of the
eddy viscosity is very important to avoid that the gradient-based optimizer gets stuck in local minima.

The eddy viscosity was set to zero at the wall boundaries (low Reynolds boundary condition). Second-order schemes were
used to discretize the convective and diffusive terms, and a bi-conjugate gradient stabilized linear solver with a Cholesky
preconditioner was used to solve the coupled system.

For data assimilation, 15 x 11 measurement points were considered as the reference data, and together with the ghost
points, the length of the vector B is 17 x 13 = 221. The length of vectors & and &’ are equal to the number of grid cells,
which is 180 x 130 = 23400. This means that PLDR reduces the number of tuning parameters by more than 99%. The hy-
perparameter values that led to the fastest convergence in this case study are summarized in Table 1. The hyperparameters
of the Ly-, TV-, and PLDR-TV-regularization methods are chosen based on trial and error. Too large values would result
in overly smooth results with little variations in the eddy viscosity field. On the other hand, small values lead to better
agreement with measurements, but cannot eliminate jagged profiles. For Sobolev gradient-regularization, the value should
be chosen close to the distance of nodal points such that variations below this distance are dampened. One should note
that such a process is inevitable when dealing with the ambiguity of solving such an inverse problem.

It should be noted that increasing the number of iterations T (cf. Table 1), say from 500 to 1000, does not significantly
increase the overall computational cost, since « changes only slightly between optimization steps after an initial phase, and
thus it is cheap to obtain the next forward solution from the previous step.

The verification of gradient computations % is presented in [4], where it was shown that the approximations have a

negligible effect on the data assimilation process. Since the computation of % is only a multiplication of % with ﬂ—%, which

10
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Fig. 3. Periodic hill geometry with boundary conditions. All length scales are expressed with respect to the hill height H.

Table 1
Hyperparameter values for regularization and optimization methods.

Hyperparameter values

Regularization Optimization

)% le—12 Ko 0.900

wry 5e — 12 K’ 0.999

Lso 5e —1 n 0.010

wTV.g le—13 T 1000
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[ . .
| . . .
i . . ¢ . . . . . . . . . * .

Fig. 4. Distributions of measurement (black dots) and test data (gray crosses) locations. The test data are not used for data assimilation, but to evaluate the
generalization error.

is equal to the basis functions and are exact, the computed % values are accurate enough for the present data assimilation
problem.

3. Results and discussion

In this section, results obtained with the proposed PLDR-regularization are presented and compared to those obtained
with more conventional methods. In particular, streamwise velocity and wall shear stress profiles are of interest here [4].
Fig. 4 shows the staggered spatial distributions of measurement and test locations, respectively. The choice of measurement
and test data is arbitrary, since the data is sampled from a full LES simulation. The proper choice of training and test data
is an important task that is not in the scope of this work.

3.1. Regularization effect on a single optimization step

Before presenting the results obtained with PLDR and the other regularization methods, the effect of each regularization

method on the sensitivities % for a single initial optimization step are discussed. The L;-, TV-, and Sobolev gradient-

regularization act directly on %, while PLDR acts indirectly. To compare the PLDR sensitivity % with those of the other

methods, it is projected to % by multiplying by the linear projection matrix. Fig. 5 shows the corresponding results.
It can be seen that PLDR is the most successful method for removing noise and peaks at the measurement points (cf.
Fig. 4), especially near the walls. While regularization should eliminate undesired peaks in the parameter and solution
fields, excessive smoothing has to be avoided. The effect of penalty-based regularization such as TV- and L,-regularization is
gradual during optimization and cannot be compared with the other two methods. However, comparing PLDR- with Sobolev

gradient-regularization shows that PLDR is able to remove the undesired noise and peaks while preserving the magnitudes

11
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Fig. 5. Sensitivity % maps after an intermediate optimization step without (a) and with (b-e) regularization. With PLDR the sensitivities are obtained by
projecting %E using the projection matrix.

of the sensitivity field in the wake and near the walls. Sobolev gradient-regularization also removes the undesired noise and
peaks, but tends to excessively smooth the sensitivity field.

3.2. PLDR-regularization

First, the data-driven simulation results without regularization are examined and then discussed along with those re-
sulting from PLDR-regularization. Fig. 6 shows the corresponding horizontal velocity profiles and the wall shear stresses at
the bottom wall. Without regularization, the velocity profiles and wall shear stresses exhibit unphysical wiggles and spikes
compared to the averaged LES reference. While the solution is quite accurate at the measurement points (cf. Fig. 4), it
severely deviates at some other locations. This is also reflected in Table 2, where for the unregularized results the training
error (discrepancy at the measurement locations) is very low, but the generalization error (discrepancy at the test locations)
is high.

PLDR produces results that are smoother and in better agreement with the reference profiles. The improvement is more
pronounced for the wall shear stresses (cf. Fig. 7, bottom). For example, the spikes completely disappeared and the reat-
tachment length is closer to the reference value. However, an oscillation appears near the first hill that is not present in the
reference profile. In the velocity profiles, a substantial improvement is observed in all regions. Overpredictions are observed
near the upper wall and slight deviations are seen near the crest of the hill. However, the oscillations in the wall shear
stress profile and the deviations in the velocity profiles motivate further improvements in the PLDR method, which are
discussed below.

3.3. PLDR-TV-regularization

Looking at the velocities obtained with the PLDR-regularization (Fig. 7), deviations can be seen near the top wall, which
could originate from the high gradients of « in those regions. To reduce these discrepancies, a concept similar to TV-
regularization is applied to the g field. This leads to improved predictions of the quantities of interest as shown below. The
modified cost function reads

f=V-(Huy —ity)° +wa Z(ﬂr B* | (30)

leB

12



P. Piroozmand, O. Brenner and P. Jenny Journal of Computational Physics 492 (2023) 112404
—— Data-driven LEV (No reg.) —— Reference LES — k—-gLEV
3.5
3.0
2.51
2.0
1.51
1.0 —
0.51
0.0
-0.5

VIH

0 2 a 6 8 10
x/H, 2.0 uy/Up +x/H

0.06

0.04

0.02

Cr

0.00

—0.02

Fig. 6. Horizontal velocity component u1 profiles (top) and wall shear stress (friction coefficient C¢) profiles at the lower wall (bottom plot). Results of the
baseline k-¢ model (green), the unregularized data-driven method (red), and the averaged LES reference (black) are shown.
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Fig. 7. Horizontal velocity component u; profiles (top) and wall shear stress (friction coefficient C) profiles at the lower wall (bottom plot). Results of the
baseline k-&¢ model (green), the data-driven method with PLDR-regularization (red), and the averaged LES reference (black) are shown.
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Fig. 8. Horizontal velocity component u1 profiles (top) and wall shear stress (friction coefficient C¢) profiles at the lower wall (bottom plot). Results of the
baseline k-¢ model (green), the data-driven method with PLDR-TV-regularization (red), and the averaged LES reference (black) are shown.

where wyy 4 is the weight factor of the p-TV-regularization, B, the set of coarse neighborhood nodes, and | denotes the
index of the adjacent coarse nodes.

Moreover, the estimation of the wall shear stress can be improved by adding additional weights c,, to the discrepancy
function near the wall, i.e.,

5l

R
f=(cwof/) (Huy — i) wn, Y BLZ(ﬁr—ﬂ,)z . (31)
r=1

In the present case, the weight factor vector ¢y, was set to 10 at reference locations near the wall and to 1 otherwise. This
combination of PLDR- and TV-regularization is termed PLDR-TV-regularization.

Fig. 8 shows that the above modifications reduce the discrepancies in both the optimized velocity and wall shear stress
profiles. Both quantities show a small undershoot near the inlet, which may be explained by the absence of reference points
in that region. Note that the measurement locations here are somewhat arbitrary and there exists room for improvement in
this regard.

3.4. Comparison with other regularization methods

The significance of PLDR-TV-regularization in generating sound profiles is highlighted by comparing it with conventional
regularization methods. Here, PLDR-TV is compared with L;, Total Variation, and Sobolev gradient regularization. Fig. 9
shows the horizontal velocity and wall shear stress profiles resulting from data assimilation with these three other regular-
ization approaches.

Regarding the horizontal velocity profiles, all regularization methods were able to prevent spiky profiles, while L,-
regularization method shows more inaccuracies in the hill wake region. To examine the methods more quantitatively, the
training errors (discrepancy at the measurement point) and the generalization errors (discrepancy at testing points) are
reported in Table 2. The training error is one to two orders of magnitude smaller when data assimilation is applied. The
smallest training error is observed for data-driven LEV-RANS simulations without regularization, but the trade-off is a very
large generalization error. Among the other three regularization methods, TV-regularization exhibits the lowest general-
ization error, while DA without regularization exhibits the highest. Regarding both types of errors, PLDR-TV-regularization
proved to be quite successful (cf. Fig. 8).

It should be noted that the optimal values for the regularization hyperparameters were determined by trial and error.
While there exists an optimal value for TV-regularization, where both the cost function and the generalization errors are

14
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Fig. 9. Horizontal velocity component u7 profiles (left plots) and wall shear stress (friction coefficient Cy) profiles at the lower wall (right plots). Results
of the baseline k-¢ model (green), the data-driven method with PLDR-TV-regularization (blue), the averaged LES reference (black), and either L, (top), TV
(middle) or Sobolev gradient-regularization (bottom) are shown.

small, no optimal hyperparameter value could be found for L,- and Sobolev gradient-regularization. Small parameter values
resulted in noisy and spiky solutions, while large values resulted in excessively smooth solutions.

Regarding the wall shear stresses, it can be seen that, with the exception of PLDR-TV-regularization, all methods are
unable to prevent spikes. Table 2 shows that PLDR-TV-regularization is particularly effective in reconstructing wall shear
stresses. PLDR-TV- and TV-regularization result in the lowest Cy training errors, and no regularization and L;-regularization
lead to the highest generalization errors. TV-regularization, which performs best for the internal velocity field, does not
perform well in estimating wall shear stresses, and thus the skin friction drag (with an error of around 200 percent). The
corresponding error for the Sobolev gradient-regularization is only 8.74 percent, mainly because the peak of the wall shear
stress near the right boundary is more accurately captured. PLDR-TV-regularization results in a skin friction drag error of
only 1.38 percent, which is impressive considering the limitations of linear eddy viscosity models.

Moreover, PLDR-TV-regularization results in a smooth and accurate wall shear stress profile, unlike the spiky and un-
physical profiles obtained with Sobolev gradient-regularization. Fig. 10 displays the optimized o parameter fields obtained
with different regularization methods and without regularization. As can be seen, the smoothing effects of the Sobolev
gradient- and L,-regularization methods are not sufficient to remove the spikes at the near-wall measurement locations.
TV-regularization results in less noisy but highly smoothed « fields. PLDR-TV-regularization, on the other hand, proved to
be successful in removing all spikes in the near-wall region, mainly due to the constraint that the parameter variations are
piecewise linear.
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(a) No regularization; data range [0.0, 85.6].

) La-regularization; data range [0.003, 8.94]. (¢) TV-regularization; data range [0.001, 4.2].

(d) Sobolev gradient-regularization; data range (e) PLDR-TV-regularization; data range [0.0,
[0.0, 11.2]. 5.1].

Fig. 10. Optimal « fields without (a) and with (b-e) regularization. The same color bar scaling is used for all plots.

Table 2

Summary of the errors for different regularization methods. The training error is the final cost function value f normalized by the number of measurement
points. The generalization error is the final cost function value at the test points ( fresr) normalized by the number of test points. The Cy training error
is the mean absolute error of Cy at wall-adjacent measurement points (bottom wall). The drag error (skin friction drag error) is the relative error with
respect to the skin friction drag of LES data for the bottom wall.

Method Errors
Training Generalization Cy training Drag [%]

k-e model 5.04e — 08 4.45e — 08 5.12e — 06 454.87
Data-driven, no reg. 1.17e — 10 1.47e — 08 1.60e — 07 404.65
Data-driven, Ly 3.75e — 09 8.12e — 09 1.99e — 06 356.87
Data-driven, TV 6.89¢ — 10 2.60e — 09 1.38e — 06 200.06
Data-driven, Sobolev 3.68e — 10 8.01e — 09 1.98e — 06 8.74
Data-driven, PLDR-TV 3.06e — 09 6.26e — 09 1.39¢ — 06 1.38

Other scenarios with different distributions and numbers of measurement points were considered in this study. In prin-
ciple, the PLDR nodes can be chosen independently, but it was found that the most accurate results are obtained when the
linear element nodes coincide with the reference data locations.

Finally, the computational aspects of the methods are compared. In general, for all methods, most of the computational
costs are caused by solving the forward problem. This is because the Jacobian matrix for adjoint equations is constructed
in this step and the task of the adjoint equation solver is merely to solve the already constructed algebraic equations. The
additional computational cost of the TV-regularization, L,-regularization, and PLDR-TV-regularization methods is negligible,
since no iterative process is involved. For Sobolev gradient-regularization, the additional cost of solving the Poisson equation
is of the same order as the forward problem, but still smaller. Assuming that the computational cost for each optimization
iteration is almost the same for all methods, the convergence rate of the methods can be compared. Fig. 11 compares the
evolution of the cost function and test function (the discrepancy at the test points). As can be seen, the convergence rate of
the cost function for the case without regularization and with Sobolev gradient-regularization is slower. The other methods
achieve their final values after less than 200 iterations. All methods reach flat values due to the effect of the decaying
momentum term in the DEMON-Adam optimization method.
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Fig. 11. Cost (test) function evolution of different data-driven LEV models with and without regularization methods.

4. Conclusions and outlook

A variational data-driven RANS simulation framework was developed based on solving adjoint problems and a novel reg-
ularization approach to obtain solutions consistent with sparsely distributed measurements within the simulation domain,
allowing accurate interpolation between these measurement locations. The RANS equations are closed by the linear eddy
viscosity model, and the data assimilation task was to correct the modeled eddy viscosity by a spatially varying correction
factor. It is obvious that regularization is needed to avoid unphysical peaks in the obtained velocity fields due to the ambi-
guity of such inverse problems, but all tested classical regularization approaches could not remove all peaks satisfactorily,
especially in the near-wall regions.

The objective of the new PLDR-TV-regularization method is to constrain the corrective parameter by a piecewise linear
variation to reduce ambiguity and avoid unphysical spikes in the solution field. As shown, this regularization approach
not only provides accurate velocity fields in the free shear flow region, but is also suitable for accurate wall shear stress
predictions; in contrast to e.g. TV or Sobolev gradient regularization.

An open question regarding PLDR-TV-regularization is the placement of the degrees of freedom, which in our study
coincide with the reference points. In principle, they can be chosen arbitrarily, but it is important that the local resolution
can account for strong spatial variations, while it still has to provide smoothing. A more systematic approach to ensure this
is the subject of future research. Another future task is to extend the current PLDR framework for 3D cases where tetrahedral
rather than triangular elements will be used. In addition, advanced techniques in machine learning for automatically tuning
the user-defined hyperparameters of regularization or optimization methods can be investigated for such a data assimilation
problem [47,48]. Optimal placement of measurement points and proper decisions about training and test sets would be
another attractive research topic [49]

List of symbols

Abbreviations

Re Reynolds number

AD automatic differentiation
DA data assimilation

LEV linear eddy viscosity

PLDR piecewise linear dimension reduction
RANS Reynolds-averaged Navier-Stokes

TV total variation

Greek letters

o intermediatory corrective parameter

a™ model parameter

B reduced dimension corrective parameter
P piecewise linear projection matrix

A learning rate or the optimization step size
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8 very small number for DEMON Adam

8ij Kronecker delta, second-order identity tensor

€ turbulent dissipation rate

n the nominal step size in DEMON Adam

y DEMON Adam variable

K weight of the decaying momentum in DEMON Adam
K’ discount factor in DEMON Adam

Ko the momentum initial value in DEMON Adam

A adjoint variables

% kinematic viscosity

Ve turbulent eddy viscosity

w2 the regularization hyperparameter of L, method
wtv,s  the regularization hyperparameter of TV for f parameter
wry the regularization hyperparameter of TV method

Tjj Reynolds stress tensor

e diagonal preconditioning matrix in DEMON Adam

Roman letters

turbulent kinetic energy
mean flow strain rate

the vector of grid cells’ volume
Linear observation operator
block system matrix of the residual equations
the right hand side of the residual equations
weight factor for wall-adjacent measurement
matrix of ones
vector of flow residuals
the set of neighboring cells of the grid cell m
B the set of neighboring nodes of the measurement point m
T the identity matrix
Cu RANS model coefficient
Cyr skin friction coefficient
cost function
H! Sobolev space
i,j,k,I,m,o,r,t indices
Lsop the filtering length scale of the Sobolev gradient regularization method
M number of the parameters
N the size of the computational grid
p pressure
R number of measurement points
t
Tinax

:gg.; SRS N TR ]

5]
]

the iteration number of the optimization
the maximum number of the optimization iterations
state variables

Up bulk velocity

Uuj velocity

uj velocity fluctuation

Xi spatial coordinates

yt dimensionless wall distance
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