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How close are we to Solving Code Equivalence

Violetta Weger
Technical University of Munich
School of Computation, Information and Technology
email: violetta.weger@tum.de

Abstract '"Code Equivalence™ describes the problem of nd-
ing a linear isometry between two codes. An isometry is a map
which preserves the weight, in our case: the Hamming weight. We
can easily identify the linear isometries in the Hamming metric
to be all monomial transformations. Thus the problem reads as
follows:

Given C;C" F§ nd ” 2 (F;)" 0 Sn, such that ”(C) =C"

While the problem is interesting from a pure coding-theoretic
perspective, its recent use in the signature scheme LESS has put
the problem in the center of attention of the cryptographic com-
munity as well. In fact, LESS is one of the few surviving signature
schemes in the second round of the additional standardization call
by NIST.

The bothersome part about this problem, is that we know it is
not NP-hard, without having an ef cient solver.

The whole research area is only now emerging and thus still
under-explored. Thus, as of today, any outcome is within the
range of possibilities.

|. EXTENDED ABSTRACT

By 2035, national agencies worldwide, led by National
Institute of Standards and Technology (NIST) and their Eu-
ropean counterparts, plan to phase out today’s public-key
cryptosystems, requiring a rapid transition to quantum-resistant
alternatives. Among the proposed post-quantum primitives,
code-based cryptography stands out for its long history and
conservative security foundations, relying on hardness as-
sumptions from algebraic coding theory. Several code-based
schemes were submitted to the NIST post-quantum standard-
ization process, with HQC and Classic McEliece selected for
standardization by the United States and Germany, respec-
tively.

At the same time, the ongoing standardization efforts for
post-quantum signature schemes increasingly rely on novel
hardness assumptions. While adoption is accelerating, many of
these assumptions remain under-explored, making it dif cult to
assess and compare their security. In this context, understand-
ing the hardness of problems in code-based cryptography is
essential.

One such problem is the code equivalence problem: given
two linear codes, nd a hidden isometry between them. This
problem lies at the heart of the security of several code-based
constructions, such as LESS and PERK.

An [n; K]q linear code C is a k-dimensional linear subspace
of Fg. We call G 2 F'g M a generator matrix of C if its rows
form a basis of C. Two codes C;C" are linearly equivalent,
if there exists a monomial > = (d; ) 2 (Fg)n O Sp, such
that >(C) = C' To nd a linear equivalence between two

given codes, is the the Linear Equivalence Problem (LEP),
that is: Given two generator matrices, G; G° 2 F‘g " ndS2
GLk(Fg); an n permutation matrix P and a diagonal matrix
D = diag(d); for d 2 (F7)"; such that SGDP = G":

While all combinatorial solvers for LEP have an exponential
cost [1], [3], [7], related problems have been shown to be easy,
e.g. the Graph Isomorphism Problem (GIP) has been proven to
be quasi-polynomial [8]. It remains an open question, whether
we can employ this result to ef ciently solve LEP as well.

The special case of permutations, called Permutation Equiv-
alence Problem (PEP) has a reduction to GIP [5], for codes
with trivial hull, i.e., H(C) = C\ C? = f0g. In fact, in this
reduction, the authors de ne an adjacency matrix correspond-
ing to a code C with generator matrix G as G™(GG™) 1G.
Clearly, such a matrix only exists, if GG™ is invertible, i.e.,
H(C) = f0g:

As this expected of random codes with high probability,
this reduction proves to be very strong and bars the use of
PEP for random codes within cryptosystems. Additionally, we
know how to reduce LEP to PEP, through the closure of a code
[6]. For this, we let 2 Fq be a primitive element, and denote
a= (L ;:::; 9 %) 2F] L Theclosurea CofCisde ned
as the code with generator matrix a G, where  denotes
the Kronecker product. However, this reduction comes with
intrinsic limitations as the closure is a self-orthogonal code for
q 4;thatisC C?. As a result, known reductions cannot
simply be combined to obtain a general, ef cient solution to
code equivalence.

However, recent developments show how little we have tried
and know: in a recent paper [4] the square code has been used
to attack the system proposed in [2] for ¢ = 5: Clearly, one
can generalize this result to larger powers and nd many more
weak keys, which should not be used. The “-th power code of
C is de ned as

c®) = hfc, c-jci 2Cgi:
When “ =2 we call C® the square code.

This talk surveys the current state of the art on code
equivalence, focusing on what these classical reductions tell
us about the problem’s hardness and which directions have
been left unexplored.

This is joint work with Michele Battagliola, Anna-Lena
Horlemann, Abhinaba Mazumder, Rocco Mora, Paolo Santini,
Michael Schaller.
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Coding for Channels with Correlated
Synchronization Errors

Roni Con

Israel Institute of Technology
Haifa, Israel

email: roni.con93@gmail.com

Technion

This is an extended abstract of our recent work [1] (and
heavily based on that text) accompanying a talk in an invited
session at 1ZS 2026. A preliminary version of this work was
presented at ISIT 2025 [2].

Errors which cause loss of synchronization between sender
and receiver, such as deletions, insertions, and replications, oc-
cur in various communications and data storage technologies,
with DNA-based data storage being a notable recent example.
Despite considerable effort, pinning down the capacity and
designing ef cient nearly-optimal codes for channels with
synchronization channels remain major problems in informa-
tion and coding theory. Most prior work on channels with
synchronization errors has focused on i.i.d. errors. However,
synchronization errors in real-world systems do not satisfy
this assumption. Motivated by this, we study a general class
of channels with synchronization errors where the error dis-
tribution of the i-th input symbol x; may depend on the
whole input x. We also consider multi-trace versions of
these channels, where the input x is sent through multiple
independent channels, generating multiple channel outputs
(traces) at the receiver end, which is especially relevant in
DNA-based data storage.

I. OUR CONTRIBUTIONS

Our rst contribution is a capacity theorem for a general
class of channels with input-correlated synchronization errors,
which we call admissible channels (see the full version for a
de nition).

We show that this class includes as special cases the
channel model of Mao, Diggavi, and Kannan [3], multi-trace
channels with input-correlated synchronization errors, and,
more concretely, channels with runlength-dependent deletions
where bits in runs of length “ are deleted independently with
probability d(), for an arbitrary functiond: N ¥ [0; 1].

Theorem 1 (Informal): Let Z be an admissible channel.
Then, its information capacity equals its coding capacity, and
the information capacity is achieved by stationary ergodic
sources.

As observed by Pernice, Li, and Wootters [4], a standard but
quite useful consequence of Theorem 1 is that admissible chan-
nels have capacity-achieving codes with additional structure.
In particular, admissible channels Z with binary input alphabet
have capacity-achieving codes C such that every short substring
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of every codeword ¢ 2 C has not-too-small Hamming weight.
To showcase the usefulness of this consequence of Theorem 1,
we use it to obtain ef cient capacity-achieving codes for
channels with bounded runlength-dependent deletions, in
both the single-trace and multi-trace settings. More precisely, a
bounded runlength-dependent deletion channel is a runlength-
dependent deletion channel with a non-decreasing deletion
probability function d : N ¥ [0; 1], and such that there exists
an integer M such that d(*) = d(M) < 1 for all * M.
Its T-trace version is the channel that on input X outputs

identically distributed like outputs of the bounded runlength-
dependent deletion channel on input x. We note that channels
with runlength-dependent substitutions have been considered
before [5].

Our results allow us to turn any capacity lower bound for
bounded runlength-dependent deletion channels into ef ciently
encodable and decodable codes with that rate. To complement
this, we study concrete (single-trace) capacity lower bounds on
arguably the simplest class of bounded runlength-dependent
deletion channels: For a threshold 1 and d 2 [0;1],
consider the runlength-dependent deletion channel that inde-
pendently deletes each bit in a run of length at least  with
probability d, and does not apply any deletions to bits in runs
of length less than . The case = 1 recovers the standard
i.i.d. deletion channel.
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Linear Exact Repair Schemes for Evaluation Codes

Hiram H. L pez and Gretchen L Matthews
Virginia Tech
Blacksburg, VA USA
email: {hhlopez, gmatthews}@vt.edu

Abstract Exact repair schemes are designed to restore a failed
storage node in a distributed storage system by reconstructing
the original data stored on a node in the event of node failure. In
this paper, we present linear exact repair schemes for families of
evaluation codes, inspired by the original work of Guruswami and
Wootters for Reed-Solomon codes. Among the families considered
are Reed-Muller codes and higher-rate variants, Cartesian codes,
and algebraic geometry codes over the nite eld Fqe with
g* elements, where q is a power of a prime and t > 1. We
provide a general, concise framework that captures the scheme
for these families. Repair is achieved using symbols of Fq stored
on surviving nodes. Linear exact repair schemes for more general
families of evaluation codes allow for codes of length greater than
q*, equivalently, more than g* nodes, while still providing repair
via surviving nodes communicating only Fq-symbols.

I. INTRODUCTION

Consider data stored across a network consisting of n nodes
using an error-correcting code C of length n. Suppose Node

are interested in codes that protect against data loss in the
event of a node failure, meaning codes that allow the recovery
of the data stored on Node I, for some | 2 [n], using other
nodes in the network. Exact repair refers to the requirement
that the replacement node, say Node 1°, must store precisely
the same data as Node |. We note that one may also wish to
consider codes with the more general property of functional
repair, which is beyond the scope of this paper.

In this paper, we restrict to exact repair schemes which
are linear, meaning that the functions used to reconstruct
failed nodes are linear. It is worth noting that there is new
work on using non-linear functions in exact repair schemes
for Reed-Solomon codes [4], [5]. Codes with linear exact
repair (LERCs) and codes with locality (also known as locally
recoverable codes, or LRCs) both support erasure recovery.
While they are designed to address node failure in distributed
storage systems, there are some key differences. LERCs aim
to minimize the repair bandwidth, whereas LRCs aim to
minimize the number of nodes involved in recovery, sometimes
called helper nodes. Hence, LERCs typically involve many
nodes in the system while LRCs involve only a few. LERCs
can provide advantages for codes de ned over alphabets that
are elds of composite size, meaning a eld Fqe where q is
a power of a prime and t > 1. In this case, a linear exact
repair scheme may facilitate repair of data by communicating
only symbols from the smaller eld Fy, sometimes referred
to as the base eld. For instance, an erasure in a code over

F,t may be recovered in such a way that the surviving nodes
communicate only bits, meaning elements of F».

While linear exact repair is possible for other families of
codes, going back to the work of Dimakis, Godfrey, Wu,
Wainwright, and Ramchandran [6] (see also [2], [13], and
[12]), the structure of evaluation codes lends itself nicely to
linear exact repair. This property was rst noted in 2017 by
Guruswami and Wootters for Reed-Solomon codes [7]. This
seminal work was followed by linear exact repair schemes
for one-point algebraic geometry codes in 2018 by Jin, Luo,
and Xing [8], and then for generalized Reed-Muller codes [3]
by Chen and Zhang the following year. Since that time, we
have noted (together with Valvo) that higher-rate Reed-Muller-
like codes also allow for linear exact repair, giving rise to
the notion of augmented Reed-Muller codes [10]. Linear exact
repair schemes for more general families of evaluation codes,
including decreasing Monomial-Cartesian codes [11] and free
MDS and Reed-Solomon codes over Galois rings [1].

In this paper, we highlight the overarching structure and
properties that facilitate linear exact repair for evaluation
codes. We see the linear exact repair schemes mentioned above
as falling within this framework. We demonstrate how the dual
code and trace function plays a role in allowing symbols to
contribute only base eld elements in the repair.

This paper is organized as follows. Section Il reviews
notation and key concepts, including a guide to the code
families in this paper. Section Il describes the role that the
dual code may play in designing linear exact repair schemes. It
includes the motivating case of Reed-Solomon codes with the
extension to Reed-Muller codes. Cartesian codes, which may
be considered as a generalization of both, can offer improved
rates and are discussed as well. The paper concludes with a
summary and open problems in Section IV.

Il. PRELIMINARIES
In this section, we introduce the concepts and notation used
throughout the paper.
A. Notation

Let Fq denote the nite eld with g elements and [n] :=
f1;2;:::;ng. Unless noted otherwise, we index the entries of

The support of v is supp(v) = fi 2 [n] : v;i & 0g. The
Hamming weight of a vector v 2 Fg is wt(v) :=j supp(v) j,
and the star product of the vectors u;v 2 Fg is
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The set of m
Fm n,

q
An [n;k;d] (linear) code C over Fqy is a k-dimensional
subspace of Ff' with minimum distance

d = minfd(c;c") : ¢;c' 2 C;c & g;

n matrices with entries in Fq is denoted by

where d(c; ¢®) := minjfi 2 [n] : ¢; & clgj. Because all codes
considered in this paper are linear, we use the term code
to mean linear code. We may also describe a [n;K;d] code
as an [n; K] code if the minimum distance is not relevant to
the discussion. The dual of an [n; k; d] code C over Fy is the
[n;n K] code

C?:= v2Fj:c v=082C

The code C is said to be nondegenerate if for each i 2 [n]
there exists some codeword ¢ 2 C with ¢; & 0 and degenerate
otherwise. We focus on nondegenerate codes, because coordi-
nates i 2 [n] with ¢; = 0 for all i 2 [n] contribute to neither
the dimension nor minimum distance. Moreover, a nonzero
[n; k] degenerate code gives rise to an [n’; k] nondegenerate
code with n” <n.

For any positive integer t, Fqe is a t-dimensional vector
space over Fq visualized as

Fqt
jt
Fq:

Recall that trace of a 2 Fq: with respect to the eld extension
th:Fq is

1

2
Tr@=a+a%+a® + +al

The trace function is an important tool in linear exact repair
of codes over Fqe using Fq-symbols. This is largely some key
properties that we collect in the following remark.

Remark I1.1. 1) Foralla2Fq, Tr(a) 2 Fy.
2) Tr is an Fy-linear transformation, meaning

Tr(ax +hby) =aTr(x) +bTr(y)

for all a;b 2 Fy and for all X;y 2 Fg.
3) Given any linear transformation T : Fqe ¥
exists a unique 2 Fqe such that

T(X)=Tr( x) 8x 2 Fqt:

Fq, there

Observe that 2) above indicates that any linear map ~ that
projects C F;‘t to a code C! Fg must be

o FRe B Fq
v B (Tr( ava);iTr( nva))
meaning >(C) =Tr( ?C).
The trace function also plays a role in the representation of
elements of Fqt as Fy-linear combinations of basis elements.

A basis
foiih 9 Fge
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of Fqt over Fq is called the dual basis of the basis

T 00 ¢9  Fge of Fge over Fq if for all i; j 2 [t]
Tr(i §j) = i
where j is the Kronecker delta function given by i =1

and ;; =0 for all i & j. Notice that this implies that for any
a2 th
a= Tr(ia) i @

i2t
B. Evaluation codes

The codes that we consider in this paper are evaluation
codes, meaning their codewords are given by evaluating a
speci ed set of functions at a speci ed set of evaluation points.
Some families that we consider are found in Table I.

Evaluation Set

Full eld (full-length): A = Fq
(or a subset A Fgqm).
Usually A = Fg" (af ne grid).

Code Family / Scheme

Reed Solomon (RS), single
erasure

Reed Muller (RM)

Function Family

Univariate polynomials deg < k
over Fgm.

Multivariate  polynomials  of
bounded total degree.
Multivariate  polynomials  of
bounded total degree.
Downward-closed monomial sets
(w.r.t. divisibility).

Multivariate polynomials  with
coordinate-wise degree bounds.

Cartesian Codes Cartesian product Aj
Ar qu .
Cartesian product Ay Ar.

DM CC (Decreasing
Monomial Cartesian)

ARM / ACar (Augmented RM | ARM: A = Fa"; ACar: Ay
/ Augmented Cartesian) Ar.

TABLE |
EVALUATION CODES WITH CORRESPONDING EVALUATION SET AND
FUNCTION FAMILY.

vector space of functions such that f(P;) 2 Fqe forall ¥ 2 L.
The associated evaluation code is ev (L; P) where

ev: L ¥ Fn,
f

that is,

There is a slight abuse of notation, in that P is a set of points
while the map ev assumes an ordering of these points. This is
quite standard in the literature, so we assume that the points
in P are indexed by the set [n] so that ev is well de ned.
Any two different labelings of the points in P give rise to
permutation equivalent codes.

This framework encompasses many families of codes, in-
cluding the following

Reed-Solomon codes by taking the set of evaluation

Fqe; and L = Fge[X]<k;
the set of polynomials in the variable x with coef cients
in Fqe and degree at most k 1 where k < n.
Reed-Muller codes by taking the set of evaluation points
P =

degree at most r.
Monomial Cartesian codes by taking the set of evaluation
Am Fat

where A; Fqe for each i 2 [m] and vector space
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L = hxftiiix@» a2 Ai
A NMisa nite lattice.
Algebraic geometry codes by taking the set of evalua-
tion points P X (Fqt); the set of Fye-rational point
on a smooth projective curve X over Fqe, and vector
space L L(G) where G is a divisor on X whose
support does not contain any of the P; and L(G) :=
f 2 Fye(X) 1 (F) Gg [ f0g is the Riemann-Roch
space of G.

I1l1. DUALS AND REPAIRING EVALUATION CODES

The evaluation code structure was rst harnessed to provide
a linear exact repair scheme by Guruswami and Wootters [7].
With this motivation, we generalize to a linear exact repair
scheme for certain evaluation codes. Then we see how they are
inspired by the linear exact repair scheme for Reed-Solomon
codes. We then discuss implications for repair schemes for
Reed-Muller codes, rst studied by Chen and Zhang [3].

A. Duals and repair

One of the key ideas in the repair schemes we consider is the
use of the dual code. Consider an [n; k] code C. Suppose we
wish to repair Node I, meaning restore ¢, for each codeword
¢ 2 C. Assuming that C? is nondegenerate, there exists

w 2 C? with | 2 supp(w;): (2)

Since C~ is a linear code, we may scale w by | 1 to produce
a new word
wi 2 C7 with wij; =

Then, because wi ¢ =0, ;5 WijC = 0 which in turn
implies >
a= w! Wiy (3)
j2[n]nflg

We use this simple fact in (3) to repair ¢; with each node
contributing only elements of Fq, even though wij;cj 2 Fge.
This motivates the next step.

According to (1),

c = Tr(ic) i:

i2[t]

Hence, to recover cy, it suf cesto know Tr( jc;) forall i 2 [t].
However, c; is the unknown data, making it not possible to
compute Tr( jc) directly. Luckily, we may use (3) and see
that >
Cij= WijCjZ
J2supp(wi)nflg

Taking the trace of both sides gives
Tr(c i) = T I’P j2suppwi)nfig WijCj
= j2supp(w;i)nflg Tr Wij Cj
Putting this together gives
< <
c = Tr wijc i (4)
i2[t] j2supp(w;i)nflg

Therefore, ¢, can be recovered using t(j supp(w;i)j 1) el-
ements of Fq. In particular, to recover the data c; on failed
Node I, Node j contributes t F; symbols that depend on
the codeword c, namely Tr wjjc; for i 2 [t], for each
J 2 supp(w;j) n flg.

In summary, we have seen that Node | can be repaired by
recovering the data c, that it stores for each ¢ 2 C by the
surviving nodes sharing elements of the set

Tr wijej i 2[t]j 2supp(wi)nflg  Fq:  (5)

We say that the elements of the set in (5) are downloaded to
repair Node |. Hence, in this general setting, the symbols

Tr wijcy ;i2[t] (6)

must be downloaded from Node j for each j 2 supp(w;)nflg,
meaning each surviving node contributes t elements of Fq to
the repair of the data ¢, stored at Node I.

We are now ready to see how the structure of some
evaluation codes further reduces the number of Fy symbols
needed for repair. Since the coordinates of an evaluation code
ev(L; P) may be indexed by the evaluation points, we see how
to recover f(P ) where P 2P and f 2 L.

Theorem 111.1. Consider an evaluation code ev(L;P) with
ev(L;P)? = ev(L?;P). Fix | 2 [n], the index associated
with a point P 2 P. Suppose that for all i 2 [t] and there
exists hj.; 2 L? such that

i ifP =P

hia(P) = gy
@ ifP &P

with gi.1; 91 2 Fge(X) and
Oii(P)2F, 8P &P :

Then the data c; stored on a failed node corresponding to
a point P can be repaired by downloading at most n 1
elements of Fg, namely the elements of the set

f(P)
a(P)
Proof. Let C = ev(L;P). Suppose that Node | fails and
we wish to recover ¢; for some ¢ 2 C. By de nition, there
exists f 2 L such that ¢, = f(P ). According to the
hypotheses, ev(h;;)) 2 C7 and h;;(P ) = ;. Thus, may take
w; = ev (hj;;) in (6). Observe that

Tr

PE&EP @)

— i; P
Tr wije; = Tr ggl'(ﬁ,))f(P)
= gPTr 5@
since according to Remark 11.1 1) as g;;1(P) 2 Fq. The result
then follows from (5). O

Before moving to the repair scheme itself, we pause to
compare the result in Theorem I11.1 with the strategy men-
tioned above for an arbitrary linear code. While (7) follows
from (5) and the hypotheses of Theorem I1Il.1, we wish
to highlight the difference between them. In particular, (5)
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requires t (jsupp(w;)j 1) elements of Fq to be downloaded
from each surviving node, since w;; depends on i 2 [t] and
is trapped within the trace function, multiplied by c;. Said
differently, the trace Tr w;jc; depends on both i and j. On
the other hand, the functions g;;(P) 2 Fq are pulled out of the
trace, given its Fq-linearity. Hence, the traces that appear in
(7), meaning Tr % , depend only on j. This provides a
t-fold savings in terms of what must be downloaded to recover
Ci.

We can now use Theorem Il1.1 to provide a linear exact
repair scheme for codes satisfying its hypotheses. Given such
a code C and a failure at Node | associated with P , the
process is as follows, as captured in Figure 1.

1) Precompute g;.(P) for each i 2 [tjand P 2 P nfPg.
Notice that these values are independent of codeword
values, meaning the same values support repair of
coordinate | for any c 2 C.

f(P)

2) Download Tr M) 2 Fq for each P 2 P nfP g.
The use of the trace ensures that the downloaded
elements are Fyq symbols. While it seems reasonable to
consider using other projection maps instead, Remark
11.1 notes that any linear projection is essentially a trace
function.

3) Foreachi2[tjand P 2 P nfP g, calculate
f(P)

a(P)

These calculations produce elements of Fye which are
the coef cients for use in (1).

gi(P)Tr

TE n

P
4) Compute F(P ) = = [, Gu(P)Tr ;35
this way, the missing data is recovered with the only
downloaded data from the nodes being the n 1 symbols

in 2) above.

B. Evaluation codes based on total degree

1) Reed-Solomon codes: Reed-Solomon codes were the
rst evaluation codes for which linear exact repair was con-
sidered. Consider the Reed-Solomon code

RS(k) = f(F( 1);::::F( n)) i F 2 Fge[X]<kg Fge

Assume K n gt 1. Suppose an erasure occurs in position
indexed by , meaning f( ) needs to be recovered.

Guruswami and Wootters show that f( ) can be recovered
if the nodes indexed by 2 Fgenf g share the elements of
the following set:

Tr —f( ) 2Fgpnt g;Tr(( ) &0
In particular, >
f( )= ii
i2[t]

where
X
o= T e SO
2Fnf  g;pi( )E0
®)
and TrGix )
pi(x) == — )

X
for each i 2 [t]. Notice that ; 2 Fqy for all i 2 [t]. Moreover,
in (8), only Tr TO depends on the particular received
word ev(f).

To see this, recall that the dual of a Reed-Solomon code
RS(k) of length n = q* over Fqe is

RS(k)? RS(n k)

fev(f) : f 2 Fye[X]<n «k0:

Hence, for each i 2 [t], ev(p;) 2 RS(k)? because

= o J o1
pi(X) = i (x )2 Fge[X]
j=0
and
degpix)=q** 1 n k 1
As a result,
0 = ev(f) ev(qg
fP )i+ op e oF()TCECD
sincepi( )= i&0. ThenTr(f(P ) ;)=
X
TG pTe SO
2thnf g

according to Remark 1.1 1) and 2). This implies that for each
i 2 [t] we may take w = ev(p;j) in (4). The form of p;(x)
constructed using the trace allows for a decomposition of (6)
that decouples the data c; from the basis element ;. As a
result, only a single Fq element, namely Tr O must
be downloaded from Node j to recover Node . Therefore,
the number of elements in Fq that should be downloaded to
repair isn 1. We can see how this idea in uences the
repair schemes for more general evaluation codes detailed in
Theorem 111.1. In particular, one may take

gi;n(X) Tr(i(x )
ai1(x) X

so that hi.(X) = pi(x), noting that p;j(x) depends on
(equivalently, I).

2) Reed-Muller codes: Recall that given positive integers r
and m, the Reed-Muller code RM (r; m) over Fg, also known
as the gt-ary Reed-Muller code, is de ned as

RM (r; m) is another Reed-Muller code:

RM(r;m)? =RM((@* 1)m r 1;m):

18
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Step 1: Precomputation

Precompute g (P) for each

i2[tfand P 2P nfP g.

Y

Step 2: Download traces

f(P)

Download Tr ——%
a(P)

2 Fq foreachP 2P nfP g.

Y

Step 3: Local computation
Foreachi2[t]and P 2 P nfP g, compute gi.,;(P)Tr

Y

Compute f(P )= _,

Step 4;_Reconstruction

fP)

G L R

Fig. 1. Linear exact repair procedure for computing (P ) for codes as in Theorem I11.1.

Chen and Zhang provided a linear exact repair scheme for
RM(r;m), assuming that r +1 qt qt L. To describe it,

suppose that the node indexed by P = ( 4;:::5 ) 2 F{;l
must be repaired. De ne
my1h -
H(X1;::Xm) = 1 (X i) 2 Fge[X1; 1005 Xm]
j=1
Then H(P) =0 for every P = ( 1;:::; m) such that ; &
j forany j 2[m 1]. For each i 2 [t], de ne
Tr(i(x
rl(xl;...;xm):H(X) ( l( m m))
Xm m

Note that in the case m = 1, meaning RM (r; 1) which is a
Reed-Solomon code, H(x1) = 1 and rj(x) = pi(x) for all

i 2t
Dene =F( ;:i50 m 10 m) m & 0. Then, for
each i 2 [t],
TFEP ) 0= TH((m o )Tr SOTE)
P2 m m
(10)

Observe that for each P 2 FgnfP g, Tr(i( m m)) is
independent of the data stored at Node P, meaning it does not
depend on £(P). Hence, for each P & P , Node P contributes
Tr HEXE) 1o the repair of Node P .

Observe that for each P 2, Node P sends a single element
of Fq. Hence, an Fqc symbol stored in a failed node can
be recovered by downloading j j elements of F,, meaning

g™ 1 <n 1Fgelements if m > 1. In the framework of
Theorem I11.1,
gin(Xe;i:5%xm) = Tr(itkm  m))
91(X13:1:5 Xm) = HE(XT;:;:;Tm)

C. Cartesian codes
In this section, inspired by the linear exact repair schemes

. for Reed-Solomon and Reed-Muller codes, we consider a more

general family of evaluation codes. Once again, we will see
that the associated linear exact repair schemes are special cases
of Theorem 111.1.

Given a Fqt,
take as the evaluation point set P the Cartesian product
A Am Fqe. Af ne Cartesian codes are de ned
in [9] as a family of codes that generalize the Reed-Solomon
and Reed-Muller code families. They are de ned by evaluating
polynomials in several variables up to a certain degree on the
Cartesian product P. Reed Solomon codes are a univariate
special case, while Reed Muller codes are those when the
Cartesian set is the full grid meaning A; = Fq: for all i 2 [m].

Different families of codes using the Cartesian product has
been studied in the literature. A monomial Cartesian code is
obtained by evaluating all polynomials whose monomials lie
in given set M
factors in the Cartesian set P, at all points of the Cartesian
grid. A key subclass is the family of decreasing monomial
Cartesian codes (DM CC), where M is closed under divisi-
bility, meaning

X 2Mandx jx D) Xx 2M:

This structural property supports algebraic manipulation and
repair schemes. DM CCs provide a exible framework that
also encompasses connections to polar codes. Augmented
Cartesian codes are DM CC codes obtained by evaluating
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polynomials with separate degree bounds for each variable,
giving ner control than total-degree constraints, while still
yielding linear exact repair schemes. It is easy to see that C
is an [n; K] DM CC code with n =j P jand k =j M j.

We now focus on the DM-CC over Fge given by

the linear exact repair scheme given in [11] (see also [10]).
As shown there, it is worth recognizing that these provide
exact repair for higher rate codes than those considered in
Section 111-B2. We aim to repair a node corresponding to

P =( 1t m)2A1 Am, focusing on recovering (P )
where f 2 spanfx® ;a2 Agand k® qt ¢t 1 1.
Let 1+ = f( i m) 0 m = @m0 2 =
f( 500 m) m€& pgand =F( ;00 15 m)
m & 0. For each i 2 [t], de ne
oo = GGm m).
Xm m

Observe that riy(P) = ; forall P 2
that r; 2 C (P; A). In addition,

1. It is shown in [11]

TFEEIE) =Tr(( m  NTr )
forall P 2 . Foreachi 2 [t],
TrEP ) D= e Ir(i(m )T O

p2 nfp g 1 F(F(P) i)
(11)
In recovering f(P ), we note the following for each P 2
PnfP g, Tr(i( m m)) does not depend on f(P). This
leads to the linear exact repair scheme as follows:

1) For each i 2 [t] and P 2 5,
Tr(iCm )

precompute

2) From each P 2 5, download
Tr GO
m m

Notice that each of the nodes corresponding to an ele-
ment of 5 contributes a single Fyq symbol that depends
on the codeword ev(f) to be used in the recovery of
Node P .

3) Foreach P 2 ;nfP gandi 2 [t], download

(Tr(F(P) ):

It is worth emphasizing that each node corresponding
to an element of 1 nfP g contributes t F, symbols
that depend on the codeword ev(f) to be used in the
recovery of Node P .

4) Using the downloaded data in 2) and 3), calculate

Tr(f(P ) i)
according to (11).

P
5) Compute F(P )= [, Tr(F(P ) i) i.

It is clear that the number of Fy symbols downloaded from

the surviving nodes to repair the data f(P ) on a failed node

is

o 1
t( 2+t 1)=9q"™ ( ;)(qt npm o

Moreover, repair can be accomplished via Theorem I11.1 by

IV. CONCLUSION

In this paper, we presented exact repair schemes for several
families of evaluation codes within a cohesive framework. A
number of open questions remain. While there is some work
on exact repair schemes for multiple erasures, extending exact
repair to multiple simultaneous failures is signi cantly harder
than addressing a single node failure. One may then consider
the notions of sequential and simultaneous repair. It remains
an open question to capture the trade-offs among repair
bandwidth, eld size, extension degree, and subpacketization,
i.e., the number of base eld symbols contributed by surviving
nodes.
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Covert Channels from Biased LLMs
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Abstract Large language models (LLMs) enable a new class of
steganographic systems in which hidden information is embedded
directly into generated text via controlled biasing of token distri-
butions. The central challenge is to maximize the rate of hidden
communication while preserving statistical indistinguishability
between the stegotext and the model’s natural output. This talk
studies the information-theoretic limits of such covert channels
and presents practical encoding schemes that operate close to
these limits, including in settings where the decoder has limited
or no access to the underlying model [1].

|. PROBLEM SETUP AND MOTIVATION

Steganography seeks to embed information into innocuous
covertext while remaining undetectable to an observer. With
the widespread deployment of large language models, this
classical problem takes on new relevance since modern LLMs
de ne complex, high-dimensional probability distributions
over text. Unlike traditional linguistic steganography, LLM-
based systems permit ne-grained, probabilistic control over
generation, enabling systematic tradeoffs between rate and
detectability.

We consider a setting in which an encoder generates text
using an LLM while subtly biasing the token distribution to
encode a hidden binary message. At each generation step,
the model produces a probability distribution over a xed
vocabulary, from which the next token is sampled. The en-
coder may perturb this distribution, but only within a strict
multiplicative constraint. Speci cally, each token probability
may be increased or decreased by at most a factor b j 1.
This constraint ensures that the resulting stegotext remains
statistically close to the original model output and limits
detectability by an adversary performing statistical tests.

Decoding proceeds by observing the generated tokens and
attempting to recover the hidden message. Importantly, we
do not assume that the decoder necessarily has access to the
original language model or its exact output probabilities. This
captures realistic black-box deployment settings in which only
the encoder interacts directly with the LLM, while the decoder
may have access only to a quantized approximation of the
model or no model access at all.

From an information-theoretic perspective, this framework
induces a constrained channel whose transition law depends
on the underlying language model distribution, the imposed
bias constraint, and the vocabulary partitioning strategy. Each
generated token provides a noisy observation of an encoded
bit, where the noise statistics are nonstationary and model-
dependent. The central questions are: what information rates
are achievable under such constraints, how should token

21

partitions and codes be designed, and how close can practical
schemes come to the fundamental limits?

Il. MAIN CONTRIBUTIONS

This work makes three main contributions.

First, we formalize LLM-based steganography as a com-
munication channel with constrained perturbations and derive
information-theoretic upper bounds on the achievable em-
bedding rate. These bounds depend on the bias parameter
b and on properties of the token probability distributions
produced by the language model. A key insight is that when
the token vocabulary can be partitioned into approximately
balanced subsets, the statistical divergence between biased and
unbiased outputs becomes independent of the bias magnitude.
As a result, increasing b beyond a modest threshold yields
diminishing returns from a detectability perspective. This
phenomenon enables positive-rate covert communication even
under extremely small perturbations.

Second, we propose practical encoding schemes inspired by
LLM watermarking techniques and classical error-correcting
codes. At each generation step, the vocabulary is partitioned
into two sets representing binary symbols, and the output
distribution is biased toward the set corresponding to the
desired bit. Because perfect decoding is not always possible
under the bias constraint, we employ error-correcting codes
to tolerate decoding errors introduced by distributional un-
certainty. We analyze three increasingly challenging decoding
scenarios: a fully informed decoder with access to the model,
a decoder with access only to a quantized approximation, and
a completely uninformed decoder. Each scenario induces a
different effective channel, leading to distinct tradeoffs.

Third, we present experimental results on large pretrained
transformer models demonstrating that our schemes achieve
positive information rates at negligible statistical cost. In par-
ticular, we show that near-perfect security measured by van-
ishing KL divergence between stegotext and covertext can
coexist with reliable hidden communication. Across a range
of bias levels and decoder assumptions, the achieved rates
closely approach the derived theoretical bounds. Notably, in
some regimes, doubling the achievable rate requires only an
imperceptible increase in statistical divergence.
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Abstract The classical Coupon Collector’s Problem asks how
many random draws (with replacement) are needed to collect
all n distinct items? This fundamental problem in probability
theory has applications across computer science, statistics, and
network theory. This talk introduces a natural extension where
information is encoded before storage and must be decoded from
random samples. While the framework is mainly motivated by
DNA-based storage, the mathematical problem is of independent
interest and applies to any setting where coded data is accessed
through probabilistic sampling.

|. PROBLEM SETUP AND MOTIVATION

Consider k information symbols encoded into n coded
symbols via an (n; k) code. Retrieval proceeds by sampling
coded symbols at random with replacement. The goal is to
retrieve any desired subset of the k information symbols. This
talk focuses on linear codes with a generator matrix G 2 Fg n
and covers two extreme scenarios: full recovery (decode all
k information symbols) and random access (decode a single
requested information symbol). For full recovery, it was proven
that MDS codes minimize the expected retrieval time. For
random access, we de ne Tmax(G) as the worst-case expected
retrieval time over all k information symbols. Without coding,
Tmax = k. The fundamental question is whether coding can
reduce this baseline, and if so, what structural properties
of generator matrices enable such improvements. This talk
focuses primarily on random access.

While this mathematical framework applies broadly, it is
originally motivated by DNA-based storage systems. In DNA-
based storage, synthetic strands are created to encode digital
information, stored in an unordered manner, and retrieved
via sequencing that produces multiple copies of each strand
without order. The ef ciency bottleneck of DNA sequencers is
tied to the coverage depth (ratio of sequenced reads to designed
strands). Reducing coverage depth offers opportunities for
improvements in latency and cost, making the mathematical
problem of minimizing expected retrieval time practically
signi cant.

Il. MAIN CONTRIBUTIONS

In [1], we initiated the study of the coded coupon collector
problem. We established that for full recovery, the uniform
sampling distribution minimizes the expected retrieval time
over all possible channel distributions. Comprehensive upper
and lower bounds on both the probability distribution and ex-
pected value for full recovery were also derived. The analysis
proved that MDS codes are optimal for minimizing expected
retrieval time when retrieving complete datasets. Surprisingly,

for the random access setting, we showed that systematic
MDS codes require an expected retrieval time of at least k
and provide no improvement over the uncoded baseline. We
established lower bounds on the maximum expected retrieval
time and presented explicit code constructions that achieve
expected retrieval times below k, demonstrating through ana-
Iytical methods and simulations that carefully designed codes
can improve retrieval ef ciency.

We further extended the random access study in [2], in-
troducing new combinatorial techniques to capture structural
properties of generator matrices that enable improved perfor-
mance. We derived two formulas for computing Tmax(G): one
based on column dependencies and the other using recovery set
intersections. A central contribution is the notion of recovery
balanced codes, for which we provided three testable criteria.
Applying these criteria, we determined that classical families
of codes, such as MDS, simplex, Hamming, and binary Reed-
Muller codes, all satisfy Tmax(G) = k, offering no bene t
over uncoded systems. Crucially, we showed that disrupting
this balance enables Tmax(G) < k. We analyzed modi ed
MDS constructions where information symbols are replicated
alongside parity symbols, achieving substantial gains in worst-
case retrieval time. The work also characterizes operations
on codes that maintain or break the balanced property and
provides systematic methods for designing matrices with im-
proved random access performance.

The talk will present the mathematical framework and proof
techniques, and discuss properties and constructions. Addition-
ally, we will cover the main results by other researchers, and
conclude with open problems and future directions.
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Technion

Abstract We complete the proof of a conjecture put forward
by Shomorony and Heckel (2022) regarding the amount of
reliable information bits that can be stored in a DNA-based
storage system composed by short DNA molecules. While the
direct part of the aforementioned conjecture was only partially
proved in a recent paper, here we take a more direct approach
and complete the proof for the entire range of short molecules.
We analyze a random-coding scheme, where each codeword is
given by an appropriate quantization of a randomly generated
probability mass function from the probability simplex. By
analyzing the optimal maximum-likelihood decoder, we derive an
achievability bound, which matches a recently proved converse
bound.

I. INTRODUCTION

Storing information in DNA molecules has a potential for
extremely high information density! and longevity, and can
address the ever-growing demand for digital storage. Several
working prototypes and system proposals [1] [4] have sparked
a surge of information-theoretic and coding-theoretic research,
including coding methods [5], channel capacity and error
probability analysis [6] [12], machine-learning based systems
[13], [14], secrecy [15], [16], and many more.

In this paper, we consider the commonly adopted DNA stor-
age channel model, known as the shuf ing-sampling channel
[9]. In this channel, information is encoded as a codeword
comprised of M molecules, where each molecule has length
L = logM symbols from the alphabet A (a natural choice
is A = fA;C;G;Tg, i.e., the four DNA bases, however,
other alphabets are also possible), for some length parameter

> 0. The M molecules are stored in a DNA pool, with no
preservation of order. The retrieval of information is performed
in two recurring steps. First, one of the M molecules is
randomly chosen from the DNA pool, with a uniform distri-
bution, and with replacement. Second, the chosen molecule is
sequenced, that is, the sequence of nucleotides it is comprised
from is reconstructed to obtain a read. These two steps are

The research of N. Weinberger was partially supported by the Israel Science
Foundation (ISF), grant no. 1782/22. The research of R. Tamir and A. Guillgn
i F bregas was supported in part by the European Research Council under
Grants 101142747 and 101158232, and in part by the Spanish Government
under Grants PID2020-116683GB-C22 and PID2021-1283730B-100.

In information theory, the expression information density is commonly
referred to the random variable whose expectation is the mutual information.
In the current context, this expression should be understood as the amount of
information bits per gram of DNA.

Nir Weinberger
Israel Institute of Technology
nirwein@technion.ac.il

Albert Guillgn i F bregas
University of Cambridge
Universitat Polittcnica de Catalunya
guillen@ieee.org

repeated for K times, where typically K > M. While the
sequencing operation is noisy in practice, in this paper we
address the stylized model of noiseless sequencing. Even under
this assumption, the list of K output reads is still random due
to the sampling operation, as some molecules may be sampled
more than once, and others may not be sampled at all.

The length of the molecules, as designated by the parameter

, affects the channel capacity of this channel, as both effects
lack of molecule order and non-ideal sampling are less severe
as increases. In case that the molecule length parameter is
large enough, speci cally, > ﬁ, a simple scheme is
shown to achieve the channel capacity fS] Start each molecule
with a header of length logj»; M Io Al symbols from A2
identifying the index of the molecule in f1;2;:::;Mg. Then,
the rest of L(1 I0QJAJ) symbols can be used for encoding
the data. The resulting coding rate (or information density),
i.e., total number of encoded bits divided by the total number
of nucleotides used ML, is then given by (1 ) which,
as said, can be proved to be the capacity. This sc%eme clearly
breaks if the molecule length is shorter, i.e. 0 < o %AJ,
because then each molecule is too short to even just encode its
index. Since the decoder can always ignore some nucleotides,
it follows that the capacity is monotonically non- decreasing in

, thus the capacity equals zero forany 0 < < |Ongj

Nonetheless, the regime of 0 < < i, which is
called the short molecule regime, is still of interest. In this
regime, the total number of different types of molecules
JAjE= jA] '09M =M 06iAl js smaller than the total number
of molecules M. The pigeon hole principle then implies
that each codeword must contain repeated molecules. Con-
sequently, the information is encoded into a frequency vector,
containing the relative count of each of the M '°9AI types of
molecules in the DNA pool of M molecules. During reading,
the sampling operation produces a noisy version of this vector,
since, e.g., molecule types appearing once in the codeword
may be sampled more than once, or none at all. The decoder
then nds the codeword whose frequency vector is closest, in
a manner to be made precise, to the frequency vector de ned
by the output reads.

As mentioned, the channel capacity of the shuf ing-
sampling channel is zero in the short molecule regime <

2For simplicity, we ignore here integer constraints.
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Iongj This implies that the total number of reliably stored bits
scales at most sub-linearly with the total number of nucleotides
ML. However, just a few grams of DNA contain a large
amount of nucleotides ML, and so for a given M and L, the
potential total number of reliably stored bits may be still very
large. This motivated an analysis of this regime in [9, Sec.
7.3], leading to a conjecture on the maximal log-cardinality
of a reliable codebook as a function of M L. Speci cally, [9,

Conjecture 4] states that for 2 (0; o0} AJ) this log-cardinality
is asymptotically
1 logiAl ZIOQJAJ M [°9A |og M: (1)

Evidently, this total number of bits (given the logarithm is in
the binary base) is o(M L), but still increases with M. It should
be mentioned that in [9, Sec. 7.3], a Poisson sampling model
was considered. In this model, the total number of output reads
is not xed in advance, and the random number of times that
each type of molecule appears at the output reads is distributed
as a Poisson random variable, whose parameter is given by
the number of times that this type of molecule appears in
the input codeword. This may be compared to the original
sampling model, whose sampling operation can be described
by a multinomial random variable. The conjecture leading to
(1) is then based on relating the frequency-based channel to a
power-constrained Poisson channel, for which the asymptotic
scaling of its capacity, as a function of the input power, is
known [17]. However, (1) remained a conjecture since the
Poisson channel obtain from the reduction is non-standard:
Its power constraint increases with the blocklength (amounts
to M 109iA)) and its inputs are restricted to the integers.

In [18] a rigorous approach to this conjecture was made,
based on the original multinomial sampling model, rather than
the Poisson sampling model. A converse result, based on a
Poissonization of the multinomial (e.g., [19, Ch. 5]) shows that
the log-cardinality cannot be better than (1), up to an O(ﬁ)
additive term. On the other hand, an achievability result
shows that (1) can be achieved, however, under the additional
condition that 2 (2IOgJAJ IOgJA) that is, the molecule is
not very short. The proof of achlevablllty in [18] is based
on Feinstein’s maximal coding bound [20] [21, Thm. 20.7],
and is rather intricate. It is based on several steps, aiming to
rigorously address the reduction of the multinomial channel
to a Poisson channel, the integer constraints on its input,
and other constraints which stem from these reductions. This
resulted the additional condition, which left open the rigorous
establishment of the conjecture whenever 2 (0; 7To0] AJ)

Our main contribution in this paper is to complete the
picture, and rigorously establish [9, Conjecture 4] in the entire
short-molecule regime 2 (0; ﬁ). We achieve this by
a direct, and rather different, proof method. We conduct a
random coding analysis, in which codewords are drawn by rst
randomly choosing a point in the probability simplex based
on a Dirichlet distribution, and then rounded to integer count
vectors. Directly analyzing the average error probability of this
ensemble, leads to an achievable bound on the log-cardinality,

which matches (1).

Works directly related to this paper, are as follows. In
[22], which was also motivated by the short-molecule regime
with Poisson sampling, the capacity of Poisson channels with
integer (lattice) inputs was considered. In [23], we considered
the short-molecule regime, but without a constraint on the
input being an integer, and obtained random-coding error
bounds on the error probability. This setup is motivated by
the fact that the actual sequencing costs are for different
molecules, since once a molecule is synthesized, the costs of
duplicating it are relatively low. Thus, any arbitrary molecule
frequency vector can be accurately approximated.

A full version of the paper containing full proofs and all
omitted details can be found in [24].

Il. NOTATION CONVENTIONS, SETTINGS AND PROBLEM
FORMULATION

A. Notation Conventions

For a positive integer n, we use the notation [n] to denote
the set f1;2;:::;ng. The probability of an event A will be
denoted by P[A]. The expectation of a random variable X
will be denoted by E[X]. The indicator function of an event
A will be denoted by [A]. The cardinality of a nite set A
will be denoted by jAj. The oor function of a real number X,
denoted by bxc, is de ned asbxc:=maxfy2Z: y xg.
The (n  1)-dimensional probability simplex, qgnoted by Pn,
is de ned as Pn :=f(X;::1;%0) 2[0;1]" 0,2, xi = 10.

B. Settings and Problem Formulation

Let Cpy be a codebook for data storage in a system that
relies on short molecules. Each codeword in Cy; is com-
posed by at most M molecules®. More speci cally, for any
m 2 T1;2;:::;jCmjg, the codeword x(m) is given by a set
of sequences of the form (x%t(m);x5(m);:::; xJ(m)(m))
where J(m) M and for every i 2 [J(m)] xt 2 AL
In the short-molecule regime, we assume that L = logM
for some 2 (0 5o A ), and then jALj= M 109iAT,

We assume that the message m is drawn with a uniform
distribution from the set f1;2;:::;jCmjg and that all the
molecules that make up the codeword x(m) are grouped with
no preservation of order. When the message is restored, we
assume that exactly K sequences y := (yI;y5:::iiyk)
are independently sampled (with replacement) from the DNA
pool. We assume that the coverage depth := % is  xed.

Based on the sampled sequences, the decoder estimates the
message as r(y). The probability of error is given by

“m =P[M(Y) & m]; O]

which is taken with respect to the randomness of the message
selection, the (possibly) random codebook generation, and the
sampling process.

Our main objective in this work is to resolve the direct
part of [9, Conjecture 4], which states that for A = f0; 1g,

3Note that distinct codewords may be of different sizes. However, we
assume a uniform upper bound on their sizes because the cost of the input is
related to the number of molecules synthesized.
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there exists a sequence of codes fCpigm 1 With =1 and a
vanishing error probability, for which

. logiCmj 1

Ill\r/ln!sulp M logM ~ 2 @)

Although [9, Conjecture 4] was postulated for the special cases
A = f0;1g and =1, in this work we address the general
case of an arbitrary A (with jAj< 1) and =>0.

I11. MAIN RESULT AND DISCUSSION

In our model, each codeword is composed of M short DNA
molecules, and the system designer is allowed to choose how
many copies to take from each possible string in AL. In other
words, each codeword is equivalent to an empirical probability
mass function (PMF) over M '°9Ai entries; hence, generating
a codebook means choosing many empirical PMFs. While
such a codebook may be composed deterministically, it turns
out that the random coding methodology commonly used when
studying ordinary channel coding scenarios may be adapted
quite easily to the case at hand: Instead of drawing vectors
from X", one can draw PMFs from the probability simplex
and quantize the given realizations to attain empirical PMFs.

We now describe more speci cally the encoding-decoding

be an ordered set of all strings in A-. Each codeword in Cy
is generated in the following procedure. For the message m, a

(n  1)-dimensional simplex P, according to the Dirichlet
distribution with vector parameters
equivalent to the uniform measure over Pp.

The m-th codeword is made up of bMP,(“)c copies
of the string a-, where * 2 [n]. The m-th codeword is
also represented by the empirical probability vector P, :=

BMPm(“)c
Pm() = i : 4

m() k_1bM P (K)c @

Given y := (yL;y5; i1, yk), the decoder rst calculates

“2[n],

« P— 1 X
W=

i =a: ®)

One can show (as in [23, Subsection 11.B]) that the maximum
likelihood decoder is equivalent to a decoder that estimates the
message as the one whose codeword minimizes the Kullback
Leibler divergence with &. To this end, the decoder estimates
the transmitted message according to

m(y) = argmin D(QkP 1,): (6)
m2[jCmil
Theorem 1: Consider an error-free shuf ing-sampling

channel with 2 (0; m) and a coverage depth > 0.
There exists a sequence of codes fCnigm 1 With vanishing
error probabilities (v ¥ 0), such that
. logjCm]j 1 logjAj
lim = = :
ME1 M logiAi jog M 2

U]

It is interesting to note that although we have considered a
general coverage depth > 0, the asymptotic log-cardinality
of the largest storage codebook is independent of . While
the optimal information density is independent of , the error
probability converges faster for larger values of , as was also
observed in the recent studies [7], [11], [12].

The idea of generating PMF codewords using the Dirichlet
distribution has been borrowed from [23], but with one major
modi cation: while the channel model in [23] was assumed to
be with in nite input-resolution, this can no longer be assumed
in the current work, because each codeword is given by the
assignment of a speci ¢ number of DNA molecules into all
possible molecule types. Hence, the channel in our model is
restricted to a nite input resolution. To satisfy this restriction,
we generate a quantized version of each PMF codeword as in
(4). As a result of this quantization operation, the number of
DNA molecules composing each codeword is not xed and
can be easily shown to be in the range fM
Since n = M '°9iAI M, all the codewords have roughly
the same size. While other quantization techniques may be
implemented to yield a codebook with a xed number of
DNA molecules in each codeword, we prefer to stick to the
speci ¢ quantization technique because of a technical reason.
At the beginning of the proof of Theorem 1, when handling
the pairwise error probability P[D(OkP)  D(Okp)], where
p is the true codeword, P is a competing codeword, and & is
the empirical distribution of the vector of samples, we upper-
bound this probability using Chernoff’s inequality, and then,
in the next step, we neelq to handle an;xpectation of the form

h'd )
E Pa) 0 ®
i=1
where > 0 is a parameter. While the expectation in (8) is
not easy to solve, one can tightly upper-bound it by a constant
times the expectation
" #
h'd )
E  P@)Q® ; ©

i=1

PMF drawn from the Dirichlet distribution. Unlike products
of independent random variables, where their expectations can
be calculated by pulling the multiplication operation outside,
when dealing with products of dependent random variables,
things are usually more complicated. Although the various
components of the vector P are statistically dependent, it turns
out that the product moment in (9) can be precisely evaluated
when P follows a Dirichlet distribution. The following result
concerning product moments of the Dirichlet distribution can
be found, e.g., in [25, p. 274].

tive vectors and let (Xy;:::;Xn)  Dir( 1;:::; n). Then,
it holds that
v Pn 4
e Vxr = _pl im0 Ci+ 0. g
; Ci=Cit D) o, (D
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As can be easily seen, the expectation in (9) can be evaluated
exactly using the result of Proposition 2, and as a consequence,
we now see that, at least from a technical point of view, the
speci ¢ PMF quantization technique as de ned in (4) carries
a major advantage.

The work in [18] considered a more general frequency-
based channel, derived tight lower and upper bounds on its
capacity, and then specialized these results to the DNA-based
storage channel with short molecules. The achievability bound
in [18], when implemented to the DNA storage channel, yields
that

logjCj 1
M logiATL 2

2:773 1

logjAj o
2 logM logM

; (11)

which agrees with Theorem 1 when M ¥ 1 for an arbitrary

> 0. It is important to mention here that the bound in (11)
holds as long s 2 (3157 Togiay)» Where the result in
Theorem 1 holds for any 2 (0; ﬁ). Hence, as opposed
to the achievability result in [18], the result in the current paper
holds also for very short molecules.

Furthermore, the converse bound in [18], when implemented
to the DNA storage channel, provides that

logjCj 1 logjAj 1 ]
M 1ogiA 2 +o logM ’ (12)
which holds for any 2 (0; W%Aj)’ and thus, when combined

with Theorem 1, provides a complete characterization for the
scaling of the log-cardinality of the largest codebook in a
DNA-based storage system with short molecules.

The proof of the achievability bound in [18, Sec. 1V]
is based on Feinstein’s maximal coding bound [20], which
bounds the maximal error probability of the optimal code-
book of a given cardinality via the cumulative distribution
function of the information density of the channel (i.e., the
information spectrum). Speci cally, the authors of [18] use
the extended version stated in [21, Theorem 20.7], which also
takes into account input constraints. In contrast, Theorem 1 is
proved via a direct route; the pairwise error probability of the
optimal maximum likelihood decoder is upper-bounded using
Chernoff’s bound and the resulting product moment admits a
closed-form expression due to Proposition 2 and the fact that
the codewords are drawn from the Dirichlet distribution. It
turns out that the proof of Theorem 1 is considerably shorter
and somewhat easier to follow than the proof in [18, Sec. I1V].

IV. FUTURE WORK

In this work, we have considered the information density
of the DNA storage channel with short molecules. While in
the current work we only dealt with the randomness that
stems from the random (multinomial) sampling of the DNA
molecules, it may be interesting to consider a generalized
model, where also the sequencing process is noisy. E.g., one
may assume that each of the M molecules is read thru a
discrete memoryless channel. A more complicated settings
may also consider insertions and deletions while sequencing.
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The Capacity of Information-Unstable Channels
with Rate-Limited Help at the Decoder

Sergey Loyka, Charalambos D. Charalambous

Abstract General channels are considered, which are not re-
quired to be information-stable (i.e. non-stationary, non-ergodic,
with arbitrary memory), but where rate-limited assistance (help)
is available to the decoder (receiver, Rx). Under this setup, an
upper bound to the channel capacity is established, which is tight
(achieved with equality) in the case of additive-noise (but still
information-unstable) channels. In particular, the rate-limited
Rx help results in the capacity boost equal to the help rate in
the case of continuous alphabets and is upper bounded by this
quantity in the case of discrete alphabets, being equal to it if
the noise is suf ciently noisy . This result shows that reliable
communication is possible with Rx help for severely non-ergodic
(e.g. multipath fading) channels, where the no-help capacity is
zero otherwise (this includes, as special cases, Rayleigh, Rice and
Nakagami block-fading channels). It follows that burst signaling
along with time sharing possesses a remarkable robustness
property: it works well even if the noise is neither ergodic
nor stationary. This also extends the popular cut-set bound to
information-unstable channels and establishes its tightness for the
additive-noise (but still information-unstable) case. To establish
achievability, a new quantity termed sliced sup-entropy rate is
introduced and a new condition termed asymptotically-bounded
growth is considered.

I. INTRODUCTION

Various forms of side information are often available in
modern systems/networks (e.g. in a cloud radio access net-
work) that can boost the capacity. One particular con guration
was recently studied in [1]-[3], where a rate-limited (and error-
free) help is available to the decoder or/and encoder. In particu-
lar, a helper observes the noise sequence and communicates his
observation to the receiver (decoder) or transmitter (encoder)
via an error-free but rate-limited data pipe. This model is
appealing from a practical perspective since it considers a
rate-limited help link, which is always the case in practice.
It is motivated by centralized processing scenarios in a multi-
user environments (cellular base stations, cloud radio access
etc.) where noise is actually signal intended for other users.
This rate-limited help was shown in [1]-[3] to provide a boost
in the channel capacity equal to the help rate Ry so that
the with-help channel capacity is Co + Rp, where Cq is the
ordinary (no help) capacity; ash signalling (i.e. using high-
resolution help infrequently) was shown to be an optimal help
strategy, in combination with two-phase time sharing. These
results were further extend to the secrecy capacity of various
wiretap channels in [4], where similar structural results were
established (the with-help secrecy capacity being equal the no-
help one plus help rate, even if help is not secure). The list-size
and zero-error capacities with helper were considered in [5][6]
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and it was shown that the boost in capacity can exceed the help
rate in these settings.

All the above results in [2]-[6] are limited to stationary and
memoryless (or stationary and ergodic [1]) channels. Here, we
consider more general (information-unstable) channels, which
are not required to be stationary, memoryless, ergodic or, gen-
erally, information-stable (of which there are many practically-
relevant examples in wireless communications [16][17]). In
this general setup, mutual information and entropy used in [2]-
[6] have no operational meaning for encoding/decoding. For
the no-helper setup, one can use the tools of the information-
spectrum method [7]-[10] where these quantities are replaced
by inf/sup information and entropy rates, which also possess
operational meanings for general source and channel encoding.
The most general formula for the no-help channel capacity
known to date was established in [8]. When the channel is
information-stable (e.g. stationary and ergodic) [11]-[14], it
reduces to the standard formula involving the maximization of
mutual information. The general formula of [8] was extended
to compound channels in [15].

However, the information-spectrum method has never been
used before for the helper setup. Therefore, we extend it here
to the case where rate-limited help is available to the decoder
(receiver, Rx) and, in this way, establish the with-help capacity
of general (information-unstable) channels. In particular, we
demonstrate that, for general continuous alphabets, the with-
help capacity C equals to the ordinary (no help) capacity Cq
plus the help rate Ry,

C =Co+Rp; 1)

in the case of information-unstable channels with additive
noise and is upper bounded by this quantity in the general
case. Similar result also holds for discrete alphabets.

It should be emphasized that the result in (1) is much
broader than that in [1][2]: while the latter holds only for sta-
tionary memoryless (or stationary ergodic) channels, the for-
mer applies to general information-unstable channels (neither
stationary nor ergodic), of which stationary ergodic channels
are a special case. The proof of this result for information-
unstable channels calls for new tools tailored for such badly-
behaving channels. The main dif culty is due to the analysis
of time-sharing schemes with a helper for non-stationary non-
ergodic noise process, which is needed to establish achievabil-
ity for the additive-noise case. To this end, we introduce a new
quantity termed sliced sup-entropy rate and demonstrate its
operational meaning in this setting. A non-trivial condition on
the noise distribution ( asymptotically bounded growth ) also
emerges at this stage. Unlike [1][2], we do not use general rate-
distortion bounds to establish achievability. Instead, we show
that uniform scalar quantization of noise is suf cient, even if
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the latter is information-unstable. This is also appealing from
a practical perspective, since such simple quantizers are often
used in practical devices.

Since the capacity boost due to rate-limited help is +Rp
for both (i) stationary and ergodic channels [1]-[3], and (ii)
information-unstable (neither stationary nor ergodic) channels
here, it follows that burst signalling along with time-sharing
(which is a part of the achievability strategy) possesses a
remarkable robustness property: it is insensitive to the time-
domain structure of the noise sequence that may induce its
non-ergodic behaviour. This has signi cant practical impli-
cations, in particular - in wireless communications, where
non-ergodic fading channels have Co = 0 (e.g. for quasi-
static Rayleigh, Rice or Nakagami fading), so that no reliable
communications is possible at all and one has to use out-
age capacity instead (allowing non-zero outage probability)
[16][17]. Yet, with Rx help, C = Rp > 0, i.e. reliable
communication is possible, even for severely non-ergodic
channels (fading processes). This shows that Rx help can
be particularly important for information-unstable channels to
stabilize them at non-zero rate.

As a by-product, the result in (1) extends the popular
cut-set bound to general information-unstable channels and
demonstrates its tightness for additive-noise ones.

Notations: random variables and their realizations are de-
noted by capital and lower case letters, respectively (unless
stated otherwise), and their alphabets follow from the respec-
tive channel models; X" denotes the sequence (Xg;:::; Xn)
and p(x") is its probability density function (pdf) for contin-
uous alphabets while P (x™) is its probability mass function
for discrete alphabets; term distribution is used to denote
both when no confusion arises; H(') and h() are the entropy
and differential entropy, and 1(; ) is the mutual information;
Ef g and Prf g are statistical expectation and probability with
respect to relevant random variables.

Il. GENERAL CHANNEL MODEL & CAPACITY

Following the information-spectrum method of Verdu and
Han [7]-[10], let us consider a general discrete-time channel,
where X" = £X{::x{Vg is a (random) sequence of n input
symbols, X = fX"gL_; denotes all such sequences, and Y "
is the corresponding output sequence, so that the channel is a
stochastic mapping X" ¥ Y " characterized by its conditional
probability distribution p(y"jx™); p(x™) and p(y") are the
input and output distributions. We make no any assumptions on
p(y"jx™) so that the channel is not required to be information-
stable (e.g. memoryless, stationary, ergodic). No consistency
assumption is made either. The (operational) channel capacity
is de ned in the standard way, as a supremum of all achievable
rates subject to the reliability and power constraints [8][9].

In this general setting, mutual information has no opera-
tional meaning and the key quantity is the inf-information rate
1(X;Y) [8][9], which is the largest achievable rate for a given
input distribution p(x) and arbitrary-small error probability:

n o

10X;Y) ,sup R: lim Pr n licX™ Y™ <R =0
R ni
(2
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where i(x";y") is the information density (i.e. mutual infor-
mation without expectation),

P y")
—= 3
PCPG™) ©
The ordinary (no help) capacity of this channel in its most
general form was established in [8],

Co=supl(X;Y) 4)
X

ix";y") , log

where the supremum is over the sequence of all nite-
dimensional input distributions. Note that this is a very general
result, as the channel is not required to be information-stable
(ergodic, stationary, memoryless, etc.) and no consistency
assumption is made either (e.g., the channel can behave
completely differently for even and odd n).

However, when the channel is information-stable (see e.g.
[11]-[14]), the normalized information density (under optimal
input) converges to the respective mutual information rate so
that the latter has operational meaning. For example, when the
channel is stationary and memoryless and the input is i.i.d,

n HEXTY™) B IKGY) =10K;Y) (5)

where 1(X;Y) is the mutual information and the convergence
is in probability (from Khinchin’s law of large numbers
and assuming that the mutual information exists). Hence, (4)
reduces to the standard Shannon’s channel capacity formula:

Co =suplI(X;Y) (6)
pP(x)
For information-unstable channels, the normalized information
density remains a random variable, even whenn ¥ 1, whose
support set is in general an interval and its in mumis 1(>X;Y )
[81[9].

When power constraint is present, the maximization in (4)
is restricted to those input distributions that satisfy the power
constraint (in probability and at least asymptotically) [9].

For additive-noise channels,

yn=xn+2z" (7)

where Z" is the noise sequence, which is independent of X"
and is not required to posses any stability property either (e.g.
stationary, ergodic, memoryless, etc.) so that the channel is
still information-unstable in general.

The helper model for information-unstable channels with
additive noise is illustrated in Fig. 1. Speci cally, the helper
observes the noise sequence Z" and communicates its ob-
servation T" to the Rx via a rate-limited link, where T" =
Q(Z"M) is a function of Z". We do not put any constraints on
Q() except that the helper should be able to send T™ error-
free to the Rx via a rate-limited link so that T" is a discrete
random sequence (e.g., Q() can be a quantizer). Since Z" is
not stationary or ergodic in general, neither is T". Therefore,
its entropy rate has no operational meaning for its encoding.
Instead, following the information spectrum method [7]-[10],
its minimum lossless encoding rate is the sup-entropy rate:

1 1
“log ——

H(T) , inf R: lim Pr = D)

i
ni 1

>R =0 (8)
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Fig. 1. Information-unstable channel with additive noise and rate-limited help
at the Rx; Z" is an information-unstable noise sequence, independent of X",
TN = Q(Z") is rate-limited help, H(T) Rp; M and B are transmitted
and received messages.

where T = fT"gl, and P(t") = PrfT" = t"g is the
probability mass function of T". Therefore, when the help
link is rate-limited to Ry, this constraint can be expressed as

H(T) Rn )

In the special case of stationary and ergodic T, the sup-entropy
rate H(T) reduces to the ordinary entropy rate, which, in the
case of i.i.d. sequence, reduces to its per-symbol entropy.

Without the additive-noise assumption, the channel is a
stochastic mapping X" ¥ Y " characterized by its conditional
probability distribution p(y"jx") so that T" = Q(Z") cannot
be used. Instead, we allow T" to be a function of X" and
YPie TN =Q(X"; Y"M), and do not impose any constraints
on it beyond the rate constraint above. Thus, a wide class of
helpers is included in this formulation.

I11. THE CAPACITY WITH RATE-LIMITED RX HELP

In this section, we consider the case of continuous input
and output alphabets and, for additive-noise channels, of
continuous noise alphabet.

The converse or an upper bound to the channel capacity with
rate-limited Rx help in Theorem 1 below will be established in
full generality (without any additional assumptions, e.g. addi-
tive noise), for a general channel which is a stochastic mapping
X" B YN characterized by its conditional probability distri-
bution p(y"jx™) plus a helper sequence T" = Q(X™;Y"M)
available to the decoder subject to the rate constraint in (9).

While mutual information and differential entropies are
used for information-stable (stationary and ergodic) channels,
they have no operational meaning for information-unstable
channels. The inf-information rate in (2) takes place of the
mutual information and, for additive noise, its differential sup-
entropy rate h(Z) takes place of differential entropy [8][9]:

- . . 1 1

h(zZ) , inf R: nIl!m1 Pr n log 0 @™ >R =0 (10
where p(z") is the distribution of Z" and Z = fZ"g.,. Note
that, for stationary and ergodic noise, h(Z) is the same as its
differential entropy rate and, for i.i.d. noise, - its differential
entropy (due to Khinchin’s law of large numbers).

The achievability will be established for additive noise
channels. This will require a new quantity to characterize the
differential sup-entropy rate of a sub-sequence of the whole

noise sequence Z" and some extra conditions described below.
To this end, let us split the whole sequence Z" into two sub-
sequences of length mand n m: 2" = (Z™; Z1,..1), where
ZR = (Zm;Zm+1;52Zn), 1 m n 1. Next, we take
m="0h(1 )Incwhere0< < 1landbcisthe oor function.
To simplify notations, we further omit this function, essentially
assuming that n is an integer (this will make no difference
asymptotically, as n ¥ ). The new quantity h (Z), which
we term sliced differential sup-entropy rate , is de ned as
1

iIog—>Fe

n' %z TR =0

(11

h (2) ,inf R: lim Pr
L

nk

which is the differential sup-entropy rate of 2nd sub-sequence
Z" , Z{ yh4q OF length n. While hy(Z) = h(Z) holds
for any noise, h (Z) & h(Z) in general for 0 < <1
since the noise is allowed to be non-stationary. If the noise
is stationary (but possibly non-ergodic), then h (Z) = h(Z)
forany 0 < 1. This is also the case for block-stationary
noise with p, n(z ™) = pzn(z "), i.e. when the rst n noise
symbols Z" have the same statistics as the last n symbols
Z" (no stationarity is needed within this block or anywhere
else in the noise sequence).

Since, unlike the existing literature, we do not assume
that additive noise is stationary and ergodic, some alternative
assumptions are needed for achievability to hold, which are
broad enough to include a wide class of non-stationary non-
ergodic cases. These are described below.

1. First, we assume that h (Z) is not increasing too fast as

¥ 0,

h@Z)=o0(1=) $ Ii5n0 h(@Z)=0 (12)
where o(x)=x ¥ 0 as x ¥ 2. Note that this condition
is not too restrictive (e.g. it does not require the noise to
be stationary or ergodic) and is satis ed in many cases of
practical importance. For example, it holds for stationary or
block-stationary (but not necessarily ergodic) noise with nite
differential sup-entropy rate h(Z); this is equivalent to the
entropy rate (or average noise power) being nite in the
popular case of ergodic noise sequence, which is therefore
included as a special case. More generally, if noise distribution
is a mixture of 2 or more different ergodic distributions (so
that noise is not an ergodic process, see [9, Sec. 1.4]), this
condition is satis ed if the entropy rate (or average noise
power) is nite for each mixing distribution.

2. For the achievability part, unlike [1][2], we will apply
a uniform scalar quantizer Q () of quantization step  to
2nd noise sub-sequence Z"; 23 = Q (z;j) denotes quantized
zj and Iz~ is the quantization interval centered on 2":

Ipn = F2" : & =2 zi<ih+ =2

@ n+1 i ng (13)

Let P(2") , PrfZ" 2 lI,ng be the probability of Z" falling
into quantization interval I and p(z") , nP@E") be
the average pdf over that interval. We say that p(z") has
asymptotically bounded growth if, for all suf ciently large n
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and all suf ciently small ; , the following inequalities hold
for each quantization interval In:
n

1 In E(Z )

n- p@")
(14) requires that the pdf p(z") does not grow too much
on each quantization interval with respect to the average pdf
p(z™) (which is constant over that interval). It can be shown
that (14) holds if p(z™) has log-uniformly bounded variation
over its support set:

1 pEh+ 2"

—In—/— = b

n n p(z"™) n)
forall z" and j z;j ,i=(@ )n+1;:;n, which is the
case if Inp(z™) is uniformly continuous. We further require
that

b(n ) 8z" 2 Ian (14)

(15)

b ,Iimsupnilogb(n) =o(lIn j) (16)

nt® 1

as ¥ 0. Thisis satis edife.g.b b < A for some b and
all suf ciently-small . Note that p(z") is not required to be
continuous - jumps are allowed if they are of nite hight. It
is straightforward to see that the above conditions are satis ed
when 2nd noise sub-sequence Z" is an independent process
(not necessarily stationary or ergodic) with many popular
densities.

We are now in a position to establish the capacity of general
channels with rate-limited Rx help.

Theorem 1. Consider the general (information-unstable)
channel with Rx help described above without the additive
noise assumption. Its channel capacity is upper bounded as
follows:

C Co+Rp an

where Cq is the ordinary (no help) capacity.
This holds with equality for additive-noise (but still
information-unstable) channels, subject to (12), (14) and (16).

Proof. First, we establish the converse for general channels,
i.e. without the additive noise assumption. To this end, observe
that the equivalent channel is a stochastic mapping X" ¥
Y "T", which is characterized by its conditional probability
distribution p(y"t"jx") = p(y"jx™MP (t"jx"y"). Applying (4)
to this channel, its capacity can be expressed as

C=supI(X;Y;T) (18)
xX;T

where the supremum is over the sequence of all nite-
dimensional input distributions (subject to the power con-
straint) and over all T = fT"gL, subject to the help rate
constraint H(T) Ry, where we allow T to depend on X
and Y in any way consistent with this constraint. Next, using
the chain rule of information density

XN y™ ) =i(xhy") +i(x™ ty") (19)
the inf-information rate 1(><; Y ; T) can be upper bounded as
follows (see [8][9, Sec. 1.3] for related inequalities for inf and
sup information rates):

1KY T) 10K YY)+ 10X TjY)
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I(X;Y) +H(T)
IX5Y) +Rn

(20)

where T(3X; TjY) is the conditional sup-information rate,
10X TjY 21
OGTIY) fea)
inf R: lim Pr n Li(X™TjY") >R =0
R nt® 1

and i(x";t"jy") is the conditional information density; the
last 2 inequalities in (20) are from

I TiY)  H(T) R (22)

for discrete T under the help rate constrain. Maximizing (20)
over all feasible X; T, (17) follows.
As a side remark, we note that the inequality in (17) extends
the celebrated cut-set bound to information-unstable channels.
To establish the achievability, we assume additive-noise (but
still information-unstable) channel:

yn=x"+2z" (23)

where Z" is an arbitrary noise sequence independent of X",
In this setting, the discrete help T" = Q(Z") is a function of
the noise sequence Z". The only constraint on the help is the
rate bound H(T)  Rp. Under this general setting, one can
still use the two-phase signalling and time-sharing strategy of
[1][2], which can be summarized as follows:

Phase 1 is of duration (1 )n for some (small) > 0;
it makes use of no help at all but just regular channel coding;
this achieves a rate arbitrary close to the regular (no help)
channel capacity Co.

Phase 2 is of duration n follows Phase 1. In this phase,
in addition to the regular channel coding, high-resolution lossy
source code of rate Rh= is used by the helper to send the
noise sequence estimate to the Rx, who subtracts this estimate
from its received signal and, after the whole block is received,
decodes it. As ¥ 0, this achieves the rate arbitrary closely
to Rp= . After the time sharing, the achieved rate is arbitrary
close to Cg + Rp.

However, some modi cations are in order to make this
work for arbitrary (information-unstable) noise. Indeed, the
analysis in [2] was tailored for i.i.d. noise (i.e., a stationary
and memoryless channel). Under some extra assumptions, this
can be extended to stationary and ergodic noise (channel)
[1]. However, these arguments do not extend to information-
unstable noise (e.g., non-stationary, non-ergodic), for which
entropy and mutual information have no operational meaning.

To circumvent this dif culty, we use the transmission
strategy whereby a uniform scalar quantizer of the noise is
combined with a simple lattice code for the main channel in
Phase 2. In particular, the helper is using a uniform scalar
quantizer Q () of quantization step  for each noise symbol
so that the quantized noise 2 =0 (Z;) is communicated to
Rx by the helper and the former subtracts it from the received
signal to form

B=Yi Bi=X+2; @ n+l 0 n (24

where the residual noise ; = Z;  2; satis es j2jj =2.
The Tx encoder is using a uniform Cartesian lattice of the
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form ax = k (1 + ) for some small > 0, where k =
0; 1;::, so that each transmitted symbol X; is a lattice point.
To satisfy the Tx power constraint, the condition jxjj A <
1 is imposed for some nite A selected based on the power
level (it will become clear from the analysis below that its
speci ¢ value is not important, only its niteness is). After
noise pre-cancellation, the received signal %; is quantized back
to the original lattice by the decoder. Since the residual noise
is uniformly bounded,

iBij

it is not able to push the transmitted symbol X; to another
lattice cell and therefore this transmission/decoding strategy
is completely error free.  has to be selected to satisfy the
help rate constraint. Notice that quantized noise 2 = Q (Z)
is a discrete random variable, but the sequence 2" is neither
stationary nor ergodic in general, since Z" is not. Therefore,
its entropy rate has no operational meaning for its encoding
and one has to use its sup-entropy rate H (2) during this
phase, de ned similarly to (11), to characterize its minimum
encoding rate (this follows from the source coding Theorem
[9, Theorem 1.3.1][10] applied to Phase 2 only),

n n

H ®),inf R: lim Pr
nt®1l

=2< (1+ )=2 (25)

o o
=0

(26)

1
—nlogm>R

Using the helper rate constraint H (2) Rp=, one can
determine the minimum possible  that can be supported by
the helper. To this end, it follows from (14) that

ilog; iIogb(n ) +|ogi+ilog !
n > p@En n n " pzn)
(27)
(this holds pointwise since (14) does so) so that
H@E) b log +h (2)
log (1+0(1)+h (2) (28)
=Rp=

where o(1) ¥ 0 as ¥ 0, and we have used (16); the last
equality is set to satisfy the help rate constraint H (2)
Rn= . It follows from (28) that

—2 ®Rn= R @)A+o@) = Re= G+o®)  (29)
so that ¥ 0as ¥ 0 under the condition in (12). The
uniform lattice code of step size  + supports 1 + —25—

levels per dimension over the interval [ A;A] so that the
supported transmission rate (over the main channel) in Phase
2 is

2A
=Rn “(1+o0(1)+log ——+o(1)  (30)
=Rn *(1+0(1))
where 0o(1) ¥ 0 as T 0, which implies T 0 (and,

therefore, the condition in (14) needs to be enforced only
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for suf ciently-small
sharing with

1 )Co+ Rn

; ). Therefore, after two-phase time
¥ 0, the rate arbitrary close to

'(1+0(1) ¥ Co+Rn  (31)

is achievable. This shows the achievability for the additive
noise case and also establishes the tightness of the cut-set
bound for information-unstable channels with additive noise.

O

A. Discussion and extension

It follows from the proof that the condition in (14) can
be relaxed by requiring it to hold in probability (rather than
pointwise) as n ¥ 1, since it is suf cient for (27) to
hold in probability (not necessarily point-wise). It can be
shown that (14), (15) (and also (16)) hold in probability if
the noise sequence is Gaussian with arbitrary non-singular
covariance matrix (e.g. non-stationary non-ergodic), so that iid
or stationary ergodic cases are included here as special cases.
Likewise, a mixture of Gaussian distributions (e.g. with differ-
ent covariance matrices, which represent non-ergodic fading or
interference environment in wireless communications) is also
included here; if the average noise power is nite, (12) also
holds in those cases.

Note that the respective result in [1][2] is a special case
of Theorem 1 here and the capacity boost due to Rx help
is +Ryp for both (i) stationary ergodic channels and for (ii)
information-unstable (neither stationary nor ergodic) channels.
The reason for the boost to be the same is that the residual
noise (after noise pre-cancellation at the Rx) is bounded as
in (25), where T 0 as ¥ 0, according to (29), so
that the fact that h (Z) & h(Z) is irrelevant as long as
h (Z) = o(1= ); the time-domain structure of Z is not impor-
tant asymptotically (as ¥ 0). This demonstrates that burst
signalling with time-sharing is robust enough to withstand
signi cantly non-ergodic noise sequences and to provide the
same capacity boost (of course, non-ergodicity of the noise
may signi cantly affect Cg). In particular, severe non-ergodic
noise may cause Co = 0 (i.e., no reliable communication
is possible without help) and yet C = Ry in this case
nevertheless.

B. An Example: non-ergodic fading channel

An illustrative example from wireless communications is
the following popular model of multipath fading channels:

(32)

where h represents a random channel gain; its value is ran-
domly selected (realized) at the beginning and is held constant
during the entire transmission; z; is the Gaussian iid noise
process of zero mean and variance 3 > 0. This is so-called
block-fading channel; popular models for the distribution of
jhj include Rayleigh, Rice and Nakagami distributions [16]-
[18]. All of them are characterized by the following properties:

(i) Prfjhj<"g=>08">0; (ii) Prfihj=0g=0 (33)

where 2nd property implies that jhj > 0 with probability one,
Prfjhj > 0g = 1. Yet, 1st property says that jhj can become

yi = hxj +zj; i=1:n
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arbitrary low with non-zero probability and, thus, the SNR and
the instantaneous mutual information rate n *1(X™; Y "jh)
can also be arbitrary small with non-zero probability (even
if n ¥ 7). This implies that no positive rate is achievable
with arbitrary-low error probability and thus Co = 0 [16][17].
The classical approach to overcome this dif culty is to use
outage capacity instead (allowing non-zero outage probability)
[16][17, Sec. 5.4]. This channel behaviour is due to its non-
ergodic nature (induced by the non-ergodic fading process,
which controls channel state h). Yet, when the Rx help of
rate Ry is available, reliable communication is possible and
C = Rp > 0, even though the channel is still non-ergodic. In
fact, the proof of Theorem 1 (achievability part) shows that
this result holds true for any block-fading process for which
(33) is satis ed.

This demonstrates that Rx help is especially important
for severely non-ergodic fading channels, where the no-help
capacity is zero.

IV. CHANNELS WITH DISCRETE ALPHABETS

The above result can be extended to the case discrete
alphabets, i.e. when the input and output alphabets are M-ary
but the helper alphabet, while being discrete, can be different.
This include general and modulo-M additive noise channels.
For the latter case, the noise is characterized by its sup-entropy
rate H(Z) logM and, for Phase 2 of time-sharing, by its
sliced sup-entropy rate H (Z) de ned similarly to (11) (with
p() replaced by P ()). The following Theorem characterises
the channel capacity in this setting.

Theorem 2. Consider a general (information-unstable) chan-
nel with discrete alphabets and rate-limited Rx Help. Its
capacity satis es

C minfCy + Rp;logMg (34)

This holds with equality if the noise is additive and H (Z) =
H(Z) forany0 < <1:

C = Co + minfR; H(Z)g

=logM (H(Z) Rn)+ (35)
where (X)+ = maxf0; xg.
Proof. Omitted due to the page limit. O

Note from (35) that the capacity boost due to the Rx help
is minfRx; H(Z)g Rn and this holds with equality if
H(Z) Rn, in which case all the available help rate is used
and (34) holds with equality. If H(Z) Ry, then the noise is
encoded and communicated to the Rx by the helper without
any loss, where it is completely cancelled so that the equivalent
channel is information-lossless and its capacity is C = log M.

This should be contrasted with the case of continuous
alphabets, where all the available help rate is always used,
the noise is never completely cancelled and the increase of C
with Ry does not saturate, while it does saturate in (35) at
Rnh = ﬁ(Z)

While the condition H (Z) = H(Z) of Theorem 2 is sat-
is ed when the noise process is stationary or block-stationary,
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the latter two are suf cient but not necessary. Rather, the
stationarity of the sliced sup-entropy rate is needed, not that
of the whole entropy spectrum or of the noise process.
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Two-Class Joint Source-Channel Coding:
Expurgated Exponents with i.i.d. Distributions
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Abstract This paper studies expurgated exponents for joint
source-channel coding of discrete memoryless sources and chan-
nels under i.i.d. random coding. We show that a two-class
partitioning of source sequences, where the codeword distribution
depends on the source type, achieves an exponent at least as high
as that of optimal single-class coding, in which the codeword
distribution is independent of the source message.

I. INTRODUCTION

We study the transmission of non-equiprobable messages
from a discrete memoryless source (DMS) over a discrete
memoryless channel (DMC). In 1980, Csiszr [1] showed
that joint source-channel coding can achieve a lower error
probability than separate source and channel coding, and de-
rived the corresponding random-coding error exponent using a
construction in which codewords are drawn from a distribution
that depends on the source message. In contrast, Gallager [2]
had earlier derived a different error exponent where codewords
are drawn from a xed distribution, independent of the source
message. Zhong et al. [3] later revisited these results and
showed that Csiszr’s exponent is always at least as large as
Gallager’s, and sometimes strictly larger.

Compared to random coding, expurgated bounds in joint
source-channel coding have received relatively little attention.
In the channel coding, the main techniques for obtaining
expurgated exponents are due to Gallager [2, Section 5.7] and
Csiszkr-K rner-Marton (CKM) [4], [5]. See [6] for a more
extensive study of expurgated bounds in channel coding.

In [7], Csiszkr generalized the CKM method and derived two
expurgated exponents for joint source-channel coding. The rst
corresponds to single-class coding, in which all codewords are
drawn from a xed distribution (a Gallager-like setting), while
the second assigns a distinct codeword distribution to each
source-type class, so that the codeword distribution of a source
sequence depends on its type, following [1]. The comparison
between these two exponents has remained an open problem.
Scarlett et al. [8] later revisited the expurgation problem in
joint source-channel coding and rederived Csiszr’s exponents
using a new technique based on source-type duplication and
type-by-type expurgation. More recently, Moeini et al. [9]
extended this line of work by considering a broader class of
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message partitionings, and showed the existence of a two-class
partitioning that recovers Csiszkr’s second exponent in [7].

To the best of our knowledge, the partitioned and non-
partitioned approaches have not been directly compared in the
expurgated setting, either theoretically or numerically. It has
therefore remained open whether partitioning can yield a larger
exponent, as it does in the random coding case.

In this work, we focus on i.i.d. random coding ensembles
for convenience, in contrast to earlier studies [1], [7] [9]
that considered constant-composition coding. We establish the
existence of a two-class partitioning that achieves an exponent
no smaller than that of optimal single-class coding, thereby set-
tling one side of the comparison. In our analysis, single-class
coding appears naturally as a special case of partitioning, an
observation aligns with intuition but not re ected in previous
studies. The detailed proofs are presented in Section V.

Il. PRELIMINARIES

We study the transmission of non—eq@)robable messages
from a DMS with distribution PK(v) = E‘zl Pv (vi), where
v = (vi;:5Vvk) 2 VK is the source message, and V is
a nite discre&s alphabet. The channel is a DMC given by
WP(yjx) = TiLy W(Yijxi), X = (X1;::::Xn) 2 X" and
Y =(y1;:::;¥n) 2 Y™, where X and Y are discrete alphabets
with cardinalities jXj and jY], respectively. An encoder maps
the length-k source message v to a length-n codeword X,
which is then transmitted over the channel, and decoded as ¥
at the receiver upon observing the channel output y. We refer
to t , k=n as the transmission rate. We study the average
error probability, de ned as

Pe » PV &V : (1)

We say that an error exponent E > 0 is achievable (for any
xed t) if there exists a sequence of codes of length n such
that the error probability satis es

Pe e nE+o(n); (2)

where limpx 1 0(N)=n = 0.

In this paper, scalar random variables are denoted by upper-
case letters, their realizations by lowercase letters, and their
alphabets by calligraphic letters. Random vectors are written
in boldface. For two positive sequences ff,g and fgng, we
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write fn =g if I|mn Y15 Iog o

if imsup w4 - Iog 0.

The type of a sequence X = (X1; ::"xnbz XM is its em-
pirical distribution, de ned by Px(x) , = ?:11fxi =Xg:
The set of all probability distributions on an alphabet X is
denoted by P (X), while P,(X) represents the set of empirical
distributions for vectors in X". For Px 2 P,(X), the type
class T "(Px) consists of all sequences in X" with type Px.
We denote by Ny the number of types in VK, which grows
polynomially with k [10, Lemma 2.2].

Continuing the line of [9], [11], we consider partitioning the
source sequences into m disjoint sets, each consisting of one
or more full source-type classes. Each class ¢ is assigned a
codeword distribution Q¢ 2 P (X), from which the codewords
for source sequences in that class are generated i.i.d. according
to Qc. This setting includes CsiszAr’s partitioning [1], [7], in
which each class corresponds to a single source-type class (i.e.,
m = N). Throughout, we use the indices i and j to refer to
source types, and c to indicate the class to which a source
message (or a source type) belongs under a given partitioning.
Moreover, for a source type Pj, we de ne R; , tH(P;).

=0, and we write f, _ gn

I1l. ACHIEVABLE EXPURGATED ERROR EXPONENTS

In this section, we present our main results. We rst derive
an expurgated exponent for an arbitrary partitioning, and then
consider a special case of partitioning into only two classes.

Lemma 1. Let fAy;:::;Amg be a given partition of the
source sequences, with each class assigned an i.i.d. codeword
distribution from Qm = fQq;:::;Qmg. Then, there exists a
sequence of codebooks such that, for all choices of f cgi2,
with . 1,

pe B e nE0 Qc;Qm: ¢ +E(c)( ) (3)
c=1
where <
dp (X;x)
Ey @Q; ., min log Q(X)Q(x)e )
(X;%)
and
LI
E® ;PX , log Pkv™ ()
V2Ac

F)
with dg(x;x) , log IoW(ij)W(ij) denoting the

Bhattacharyya distance.

y

A constant-composition counterpart of this result is given
in [9, Corollary 1]. The improvement in Lemma 1, however,
is that the minimization in (4) is restricted to the given
set of codeword distributions, whereas in [9, Corollary 1]
(equivalently [7]) it is taken over all possible distributions.

Theorem 1. For a pair of i.i.d. distributions Q = fQ; Q’g,
there exists a partition of the source message set into two
classes such that the following exponent is achievable
—0
Eiex(QD) » sup B Q;

tEs N Pv ) (6)

where Ef( Q; denotes the concave hull of EY(Q; ) over
2 [1; 1), with E} Q; , maxQzQ E! Q;Q; , and
Es(;Pv) > log oy Pv (V)”

The partitioning that achieves this exponent is the same as
in [12, Theorem 2], and is given by
n o
v2Vk:pky) K (7
n o
v2VK:PKkwv)> Kk ®)

A]_:
A2:

for some 2 [0;1]. Optimizing over the pair of distributions,
the optimal expurgated exponent under this partitioning is

Efex(®) » A EJex(FQ; Q'g; t): )

1V. COMPARISON WITH SINGLE-CLASS CODING

We rst present the achievable exponent under single-class
coding, closely following [9, Corollary 4].

Theorem 2. There exist single-class codes with i.i.d. ensem-
bles that achieve the following exponent

Egcex(t) »sup Ex() tEs ;Pv (20)
1
where Ex( ) , maxg Ex(Q; ), and
> dp (x;:x)
Ex(Q: )= log  Q(X)Q(x)e : (11)
(€39)

We use the notation ES%,(Q;t) to denote the exponent
corresponding to a xed codeword distribution Q. A key
observation is that this result can be viewed as a special case
of the two-class partitioning when Q = Q' = Q , with Q
denoting the optimal distribution in Theorem 2. This implicitly
implies that ETE, (1)  E5, (1), as stated in the following
theorem.

Theorem 3. The optimal expurgated exponent with two-class
partitioning is no smaller than that of optimal single-class
coding, namely

J ex (t) EJ ;ex (t):

When the optimal distribution is chosen, the i.i.d. and
constant-composition channel-coding expurgated exponents
coincide, as shown in [10, Prob. 10.24]. Hence, E5,(t) also
equals the optimal single-class expurgated exponent under
constant composition.

We therefore establish the existence of a two-class par-
titioning that, under i.i.d. coding, achieves an exponent no
smaller than that of optimal single-class coding with constant
composition. This gives a one-sided comparison between parti-
tioning and non-partitioning in expurgated joint source-channel
coding, a result that, to the best of our knowledge, has not
appeared previously.

(12)

34
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A. Numerical Examples

In this section, we provide numerical examples of expur-
gated error exponents in joint source-channel coding, illus-
trating in particular the impact of partitioning. We consider a
source-channel pair consisting of a binary memoryless source,
and a non-symmetric memoryless channel of the form

(@) 1
1 2 " "
w=@e -~ 1 2 " A, (13)
1 2
with the parameters " = 0:0001 and = 0:1.

For each case, we are given two codeword distribu-
tions fQj;Q2g9, and we observe how the two-class parti-

tioning de ned in (7)-(8) for these distributions compares

with single-class coding_LOJsing one of them. In each gure,
we plot the functions E, fQq;Q20; tEs ;Py and

Ex(Qc; ) tEs( ;Py) forc =1;2. For reference, the values
Eex(fQ1;Q20; 1) and maxc=1;2 E%«(Qc; t) are shown as
horizontal solid lines, while the JSCC random-coding exponent

[12, Eqg. (20)] is plotted with dot-dashed lines. In all three
cases, the expurgated exponents exceed the random-coding
exponent, although this need not hold in general. Depending
on the setup, the random-coding exponent can be strictly larger
and even tight, coinciding with the sphere-packing bound, as
discussed in [1], [3].

The rst gure illustrates a case with non-optimal codeword
distributions, where the partitioned exponent is strictly higher
than the two single-class exponents.

0:58
0:57 "’”“)‘x xx”""'
x X"
&X
’ '\
0:56 A .
III \
/ SN
0:55 4y ,' \.\
T \ AY
[ ! \ X \
I EQu ) tEGPY) —— EdQuQae ) tE(iPY)
0347 | == Ex@Qazi ) tEs(iPv) X EMNfQuQug; ) tEs( ;Py)
— ; i, —\
1:0 1:2 1:4 1:6 1:8 2:0 2:2

Fig. 1. Example where partitioning strictly improves the exponent, obtained
with Q1 = (0:4;0:4;0:2), and Q2 = (0:5;0:5;0), t = 0:75 and Py (0) =
0:025.

The second plot, on the other hand, illustrates a case
where partitioning weakens the achievable exponent, with the
codeword distributions still being non-optimal.
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0:80 1

0:75 1

0:70 A

0:65

0:60

— ExQu ) tEs(iPy)  —— Ex(fQuQug ) tEs(;Pv)
== Ex(Qz ) tEs(;Py) X Ex(fQ1 Q20 ) tEs( ;Pv)
K
1.0 1;2 1;4 1:6 1:8 2:0 2:2 2:4 2:6

Fig. 2. Example where single-class coding yields a higher exponent, with the
same setting as Fig. 1 except t = 0:5 and Py (0) = 0:02.

Figures 1 and 2 show that when the codeword distributions
are xed and not optimized, it is not predetermined which
exponent dominates; either one can exceed the other. In the

nal example, Q; and Q; are chosen optimally, showing that
in this particular case the two exponents coincide.

0:58

0:56

0:54 1

0:52 1

—- Ex(Qu ) tEs(iPy) —— Ex(fQuQug ) tEs(;Pyv)
-== Ex(Qz ) tEs( ;Py) X EX(fQ1;Qz0; ) tEs(;Py)
0:50 H A

1:.0 1:2 1:4 1:6 1:8 2:0 2:2

Fig. 3. The two exponents coincide under optimal distributions, with the
same setting as Fig. 1 except Q1 = (0:4489; 0:4489;0:1021) and Q2 =
(0:5; 0:5;0).

To date, we have not found any joint source-channel coding
setting in which optimal partitioning yields a strictly higher
exponent. In cases examined, the two exponents coincide,
raising the possibility that they may always be equal. Observe
that for a gap to exist, the input alphabet of the channel must
have size at least three. This is because when the input alphabet
size is two, it has been shown [13] that the uniform distribution
Q(0) = Q(1) = 1=2 always maximizes Ex(Q; ), regardless
of the value of . Consequently, for binary-input channels,
partitioning does not provide any improvement to the exponent.
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V. PROOFS

The work of [8] revisits expurgation in joint source-channel
coding and rederives Csiszkr’s two exponents [7] using a new
technique based on source-type duplication and type-by-type
expurgation. The key result of [8], which forms the basis for
all achievability results in this paper, is summarized in the
following lemma.

Lemma 2. There exists a joint source-channel code C such
that for any source type P; 2 Px(V) and any sequence v 2
T K(P;), the source message error probability satis es

s h Ly,

Pe(viC) - EpeVijiC u
j=1

(14)

where ; >0, and pe V;j;C refers to the probability that,
given V = v, there exists some v 2 T¥(P;) that yields a
decoding metric at least as high as that of v. Moreover, the
expectation is taken with respect to the given (not necessarily

distinct) codeword distributions P g}, .

A. Proof of Lemma 1

The proof closely follows the approach in [9, Lemma 3] and
[8, Sec. 111.C]. We consider the code from Lemma 2, and use
the following decoding metric

a(vix;y) = Wn(yjx) exp  2kD (PikPy) ;  (15)

if v 2 TK(P;). Observe that this is a type-dependent metric,
meaning that it depends on (v; X;y) only through their types.
Then, for any s > 0, we can upper bound pe V;j;C as

2 3
pe V;j;C = P4
2

q(v; xv;Y)D (16)
3

q(v; xv; Y)
v2T K(P;)

a(viXv; Y)S  a(v;Xy; Y)SS (17)

v2T k(Pj)

W (yjxy)
y V2T K(P;)

X gv;xy) °

q(v; Xv;y) (18)

Substituting the decoding metric and setting s = %, we obtain

exp ( kD (PjkPy))

%E( g%gikpv ) (19)

W (Yjxv )W (yjxy) :

Pe V;j;C

Vv2TK(Pj) ¥

If we assume jj 1 for all (i;j), we can use H Ider’s
inequality [2, Problem 4.15.f] to move the summation over
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v outside, as follows

2
1, exp( kD (PikPy))

Pe VIBC T oo (KD (PikPy))
3. (20)
X Xp _ _ Y
W (yjxv )W (yjxy )2
v2T k(Pj) Yy
exp( KD(PjkPy))
exp( kD(PikPy))
D #1
X ¥ XA T
W(YxDW (yjxt,)

v2Tk(P;) I=1 Y

where x{, denotes the I-th element of x,. We now take the
expectation of the above expression

h i e , 4
. p( KD(P;KPy)) i
E Pe viJiC u exp(_KD(PikPy))
2 3
X Y dg O<1:X))
E4 e ij 5,

V2T k(P;) I=1

where the expectation is taken with respect to PQ) PQ), with
P>(<°) denoting Q. Here, i denotes the index of the class to
which source type i belongs. We can evaluate this expectation
as follows

2
X Y d (X13%))
g4 e ij
v2T k(Pj) I=1 (23)

X< n n X N dg (x15:%))

= QREIRE) e 4
(x;x) v2T k(Pj) I=1

X Y X dg (%)

= Q()Qp(x)e  u (24)
v2T kgj) 1=1 (x;%) 3n

. XX dp (%)

=e" 4 Qe H S (25)

06x)

Raising both to the power jj, and then taking the worst-case
Q; over Qn, follows that

h Ty ex ;
Lot p( kD(PjkPy))
E v;J;C i
Pe V.3, & 8 exp( KD(PikPy)) :
exp n ijRj  Ex Q4 Qm: ij

(26)

Having evaluated the expectation, we now obtain the following
bound on the error probability of the code in Lemma 2 as
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follows
pe(C) = < PX(v) pe(V; C) @7
) > X Pk exp( kD(PjkPy))
WD) v2T () exp( kD(PikiPV)) (28)

exp

n EE((QJA;Qm; i)

P .
Observe that o1 k(p,) P¥(V) = exp( kD(PikPy)). This
implies that

<
PX(v)

v2T k(Pj)

iiRj

exp( kD(PjkPy))
exp( kD(PikPy))

X
= PK(v):
V2T K(Py)

(29)

Moreover, since Q:<21 By (vi) = exp( nR;) for v 2 TX(P;),

we obtain
)2 4 X p k(V)

By(v) i

pe(C) - e M Qi : (30)
(i;J)=1 v2T k(P;)

Let us set 5 = 5 for all i. It then follows that

M X pk .
pe(C) oole el (3
i=tyer ey V) ]
— X > Pk(v) nEg Qc:Qm: ¢ : (32)
c=1 V2Ac p\V(V) ©
It was shown in [9, Corollary 1] that
" #
X pkv) L
5 - PK(v)™ (33)
va2a, Pv(v) V2A.
Thus, we have
Do . e MEX QeiQmic +EL aPX . (gp
c=1

B. Proof of Theorem 1

To prove Theorem 1, we rst state the following auxiliary
lemma, given in [12, Lemma 1].

Lemma 3. Forany o land ° 0, the partition (7)-(8)

with = minf1; °g satis es
1
- .pk
kEs P (35)
Es( ;Py)1f > og+r(; o O1F g
CEDC 00 s (36)
1
1@ .pk
ks~ P (37)
Es( ;Pv)LT < og+r(; o D1F g
LED (0 ;s (38)
where
E P lo
(5 0n ) w Eol oiPy)+ EsC0iPY) 100y g,

1+ o
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Using this lemma, for any ° 0 the achievable error
exponent of Lemma 1 can be evaluated as

(0]
1 > h
En=liminf =log@ exp  sup nE! Q¢ Q; .
nt®l n 1 x
c=1;2 ¢
1
i
ESD oPY A
(40)
C C C
T . . 0 . .
—Ilnnglgf min, scup1 Ex Qu;Q; ¢
. D)) (4
ﬁEéc) C;Pk
C C
. 0 . .
C=:Ill?2 o:slt;jpz 1 EX Qi e

)) (42
tEO oo U

where in (42) we applied Lemma 3 and used the fact that
liminf, w 1 maxy ffn(X)g maxy flimp » 1 Fr(X)g. Opti-

mizing over ' 0, swapping the order of min and max, and
restricting the maximization range yields
C C
En sup  sup in E! Qc;Q; ¢
0i1;2 1 00 =2
1 0 2 )) (43)
tEéc) cr 0 ’

By substituting the expression of Eéc)( ¢ 0 "), the mini-
mization becomes

c:ilr;12 Ei Qe Q; ¢

Es( 0;Pv) log ° >
; 0
+t= 01_\:_ g (o ¢ tEs(oPv)
0

We de ne o 0 as the value satisfying

(EsCoiPv) log o _ Ex(Q2iQ; 2) Ex(QuQ; 1),
1+ ¢ 2 1 '

(45)

Choosing = ¢ equalizes the two terms in the minimization
in (44), thereby maximizing the lower bound in (43). Conse-
quently, we obtain

8
<¢ 2 0
En sup EX QuQ; 1
0y 152 1= 2 1
1 o 2
> 2 o)
+ %Eg Q2:Q; 2 tEs( o;Pv)
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8
pt C
=sup _ sup ——CE} QuQ;
[0} 1- 1; 2 1 2 1
1 [0} 2
) o @n
0 100 A .A. .
+ iEx Q2 Q; tEs( 0;Pv) .

We can further optimize the expression by assigning the
distributions to the classes in the best possible way, obtaining

8
ot C
En sup _ sup 2 el Q.
o 1= 1;2 2 1
1 0 2
) 9 (49
+- 2 1E' Q; , tEs( 0;Pv) _
2 1 ;
Let 2 [0;1] be de ned such that 1+ (@ )2 = o,
yielding
8
pt C
En sup _ sup E!Q; 1
o 1~ 1; 2 1; 2[0:1]
1+ ) 2= o0
p S )
+(1 )EYQ 2 tEs( o;Pv) .
= Supl E, Q o tEs oPv ; (50)
0
where
EO Q; su E O +(1 E O .
X ’ » p xQ’l ( )xQ,Z-(Sl)
1; 2 1; 2[0:1]
1+ ) 2=

This corresponds to the pointwise supremum over convex
combinations of any two values of the function E(Q; ),
which, as described in [14], is equivalent to its concave hull.
This proof closely follows the argument of [12, Theorem 2].

C. Proof of Theorem 2

The proof follows the same steps as [9, Corollary 4], with
the main difference being that i.i.d. coding ensembles are used
instead of constant-composition.

D. Proof of Theorem 3

Let Q denote the optimal distribution for E%, (t), namely
the solution to

Efex() = maxsup Ex(Q; ) tEs Py (52)
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We can lower bound Ef¢, (t) by choosing the maximization
pair to be the (potentlally suboptimal) choice fQ ;Q g, as
follows

Efex() = maX EJex(fQ; Qg; t) (53)
Ej ex(fQ Qgt) (54)
=sup E, fQ ;Q g tEs Py (55)
1
=sup E} fQ:Qug; tEs Py (56)
1
:Sup Ex(Q; ) tEs ;Py (57)
= ES ex(t): (58)

Equality in (56) holds because for xed Q, the function
Ex(Q; ) is concave in , so EX(fQ ;Q g; ) is concave as
well, and hence equal to its concave hull.
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Abstract Determining the exact decoding error probability of
linear block codes is an interesting problem. For binary BCH
codes, McEliece derived methods to estimate the error probability
of a simple bounded distance decoding (BDD) for BCH codes.
However, BDD falls short in many applications. In this work, we
consider error-and-erasure decoding and its improved variants.
We derive closed-form expressions for their error probabilities
and validate them through simulations. Then, we illustrate their
use in assessing concatenated coding schemes.

I. INTRODUCTION

Binary Bose Chaudhuri Hocquenghem (BCH) codes with
bounded distance decoding (BDD) are widely used in com-
munication systems [1]. To meet the growing performance
demands, enhancing their coding gain through soft-decision
decoding has become important. Decoders such as Chase 1l [2]
and ordered statistics decoding (OSD) [3] can approach max-
imum likelihood (ML) performance but at prohibitive com-
plexity. In this paper, we consider error-and-erasure (EaE)
decoding, perhaps the simplest soft-decision decoder for BCH
codes. Apart from the hard-decision values, EaE decoding
incorporates soft information by adding a single reliability
class of erasures ( ? ) [4]. There exist different variants of EaE
decoding. In particular, we focus on the EakE decoder (EaED)
constructed from two BDD steps [5, Sec. 3.8.1]. This algorithm
offers good decoding performance and is closely related to
Chase Il decoding. Moreover, with a simple modi cation, it
can reproduce the decoding result of Forney’s algebraic EaE
decoder [6], [7].

One appealing property of BDD is that its decoding er-
ror probability can be determined analytically [8]: given the
number of input errors, the distribution of residual errors
after decoding is known. In contrast, no such results exist
yet for EaE decoding. In this paper, we derive a closed-
form expression for the considered EaED. Speci cally, we
aim to determine the decoding transition probability (DTP)
P(R=rju=u;E=e), where R is the number of residual
errors after decoding, U the number of input errors, and E the
number of input erasures. With the DTP, the post-decoding
bit error rate (BER) and frame error rate (FER) for various
memoryless channels can be computed. The DTP is validated
through simulations and applied in a concatenated scheme.

Notations: We use boldface letters to denote vectors, e.g., y,
and y; denotes its ith component. Let [n] := f0;1;:::;n 1g.
Furthermore, with F, = f0;1g, we introduce the Hamming
weight wt(y) =jfi 2 [n]:y; & 0gj for y 2 F}, the Ham-
ming distance d(y1;y2) = wt(y1 VY2), and the nota-
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tion d gny(c) :=jfi 2[n]:c; & yi;y; & ?gj for c 2 F, and
y 2 f10;1;?g where ? is an erasure. Random vari-
ables (RVs) and their realizations are denoted by uppercase
and lowercase letters, respectively, e.g., U = u. Furthermore,
when clear from the context, we use the shorth%nd nota;[ion
P(rju) = P(R = rju = u). Finally, Qx)=pL- e %du
is the Gaussian tail distribution function.

Il. PRELIMINARIES

Let C[n; k; dges] be a primitive, narrow-sense, binary BCH
code, where n is the block length, k the dimension, and dges
the designed distance, a lower bound on the minimum distance
dmin. The code rate is given by R, = k=n. Let t denote the
number of correctable errors. The parameters are related by
n=2 1,k n bt and 2t + 1 = dges. Let A, denote
the number of codewords of weight w in C. Binary primitive
BCH codes have approximately binomial weight distributions
given by A, 2 "7 for dges W N dges, With
Ao = An =1, and Ay = 0 elsewhere [1]. The exact weight
enumerators of some short BCH codes are listed in [9]. Note
that both [8] and the results derived in this work rely on the
weight distribution. If only an approximate weight distribution
is available, the resulting analysis is also approximate.

We consider three communication channels: the bi-
nary symmetric channel (BSC) with cross-over probabil-
ity =P(Y & X), the EaE channel, and the binary in-
put additive white Gaussian noise (BI-AWGN) channel.
In the EaE channel, the input is X 2 F, while the out-
put is Y 2 f0;1;?g. The channel transition probabilities
are P(Y =1 xjX=X)= , P(Y =?2]X=Xx)= ¢, and
P(Y =x(X=x)=1 . . For the BI-AWGN chan-
nel, we map bit x; @ ( 1) =:x%;, and the received
symbol is ¥ =% +n; 2R, where n; N(0; ﬁ) with

2 = (2R¢Ep=Np) *. In the following, by introducing a
threshold T 2 R, we reduce the BI-AWGN to an EaE channel:
if v 2[ T;T], an erasure is declared, i.e., y; = ?, otherwise
yi = sign(yi). Thus, the parameters of the resulting EaE are

c=0Q ™! and ;=1 Q T1 o For T =0, we
recover a BSC with =Q % .

We use X 2 C to denote the transmitted codeword and y
to denote the received word, whose alphabet is determined by
the channel. At the output of a BSC, we have

C _ _
BDD(y)= O Y250y
y (fail); otherwise;



2026 International Zurich Seminar on Information and Communication (IZS), Feb. 25-27, 2026

wt(c) :=r
| 0 | 1 | ¢
b a
1 [ 1 [ o

| 0 | |y

Fig. 1. Graphical illustration of the miscorrection scenario when using a BDD.

where S¢(c) = fy 2 F} : d(y;c) tg denote the Hamming
sphere of radius t for ¢ 2 C. The decoding outcome falls into
one of three categories: (i) decoding success, if ¢ = x; (ii)
decoding failure if no codeword is found; or (iii) miscorrection
(also called a decoding error as in [8]), if ¢ & Xx.

For each decoder considered in this paper, we distin-
guish these three cases when computing the DTP. Taking
BDD as an example, in addition to the RVs U and R,
we introduce the RV D 2 D := fsucc; fail; mcg represent-
ing the decoding outcome for success, failure, and miscor-
rection, respectively. Then, we de ne the conditional joint
probability Pgpp(R =r;D =djU = u), i.e., the probability
of observing outcome d with r residual errors given u in-
put errors. For simplicity, we use the shorthand notation
PSop(riu) := Pepp(r; dju), yielding PSS (rju), P (rju),
and Pg5(rju). It follows that

Papp(rju) = P, (rju) + PR (rju) + PSS (rju):
Note that for a decoding failure where BDD (y) =Y,
PRl (R & uju)y=0, while for a decoding success,
PSUcC (R 6 0ju)=0. We further denote by PSS (u), Pl (u),
and PSS, (u) the conditional probabilities of success, failure,
and miscorrection, respectively, given u errors.

Since we study linear codes with a symmetric decoding

algorithm, we assume the transmission of x = 0 throughout
the paper. Then, the decoder input errors are u = wt (y).

I1l. ANALYSIS OF BOUNDED DISTANCE DECODING

In this section, we consider BDD after BSC where the
received sequence is y 2 F3, i.e., without erasures. To this
end, we review the method in [8] and re ne it slightly such
that it also gives the detailed DTP for BDD.

Case 1: If U = u t, then PSS5(Oju) = 1 and
PSop(rju) = 0 for d & succ; r & 0.

Case 2: If U = u >t, either a miscorrection or a decoding
failure may occur. In the miscorrection scenario, we have
PaSo(rju) = N(u)= | , where N(u) is the number of
received patterns y with wt(y) = u that satisfy y 2 S¢(c)
for some ¢ 2 C with wt(c) = r. Figure 1 illustrates this
scenario with the support of ¢ permuted to the right.

We de ne a=jfi 2 [n]:c; =1;y; = 0gj as the number of
correct bits in y that are (wrongly) ipped by BDD, and
b=jfi 2[n]:ci =0;y; = 1gj as the number of erroneous
positions in y that are (correctly) ipped by BDD. Hence,
itholdsthatu+a b=randa+b=d(y;c) t. For xed
aand b, thereare [ " " = T ' distinct patterns
for y. Additionally, the number of codewords ¢ 2 C with
wt(c) =r; is given by the Weli:qht enumerator A,. Thus,

: N (u) @028 Ar a b
PSBD(”U) = n = 2 Ybn 2
u u

where  Spp =f(a;b) 2[t] [t]:a+b tu+a
Then, as P, (rju)+Pfl (rju) =1, we have

b=rg.

P (rju) =1 PESo (Fju):
F=u t

The results are summarized in Theorem 1.

Theorem 1. The DTP of BDD is given as follows. For u t,
PBDD(OjU) =1, PBDD(rjU) =0, (d, r) & (SUCC;O). Foru>t,
8

=PIS, (rju); u t r u+tréu;
Peoo(rju)=_ Py (rju)+P &L (rju); r = u;
- 0; otherwise.

IVV. ERROR-AND-ERASURE DECODING
A. Error-and-erasure (EaE) Decoding Algorithm

In the following, we revisit the EaED algorithm presented
in [10, Algorithm 2]. For a received word y 2 f0; ?; 1g" with
E erasures and U errors, let w := EaED(y).

In EaED, a pair of random lling patterns (p®;p®)
with p@; p@ 2 F§ and p® + p® = 1¢ is constructed, by
drawing p® as a length-E Bernoulli(3) vector. The erasures
in 'y are then replaced by p™ and p®® to form the test patterns
y®;y@ 2 F2 Two BDDs yield w® := BDD y® ,
i 2 f1;2g. The nal output w is selected from w® and w(®
according to the following rules:

Case 1: If both BDD fail, set w =y and declare a failure.

Case 2: If w®» 2 C for exactly one w®, set w = w(®,

Case 3: If both BDD succeed, let di =d gy, W® for
i 2 f1;2g. Then, choose w = w® if d; < dy, and w = w®
if dy < dyi. If di = dy, the output w is chosen as w® or
w® with equal probability.

Remark 1: To avoid miscorrections, one commonly declares
a decoding failure if the number of erasures E exceeds a
certain value before decoding. This can be easily incorporated
in the upcoming DTP derivation by truncation.

Remark 2: The EaED reverts to a conventional BDD when
there are no erasures, i.e., e = 0.

Remark 3: For simplicity, when EaED declares a decoding
failure, each residual erasure in y is resolved by an indepen-
dent Bernoulli(%) trial, such that on average every residual
erasure contributes to % bit error.

B. Decoding Transition Probability
Theorem 2 outlines our derived Pgaep(rju;e) of EaED.
Theorem 2. The DTP of EaED is given as follows.
For 2u+e< dflfm' Peaep(Oju;e) = 1. For 2u+e
Peaep(rju;e) = d2D PSaED(I’jU; e) and
Plep(riuie) = ¢ —oPlep(rivie;er) P(esjuie); (1)

where e; =wt p® . The value P&, (rju;e;e;) is given by
(5) when e; 2[0;t u]. Fore; 2[u+e t;e], we have the
symmetry relation PZ.(rju;e;er) = Pecp(rjiu;e;e eq).
Fore; 2 (t uju+e t),itisapproximated by (6) and (7).

Proof. See Appendix A. O

dminv
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TABLE |
PROBABILITY OF SUCCESS OF EAED WITH U ERRORS AND € ERASURES
FOR THE [255; 239; 5] PRIMITIVE BCH CODE.

N} 0 1 2 3 4 5 6 7 8

0 |1.000 1.000 1.000 1.000 1.000 0.999992 0.688 0.453 0.289
1 |1.000 1.000 1.000 0.998 0.622 0.371 0.216 0.123 0.069
2 |1.000 0.753 0.376 0.186 0.093 0.046 0.023 0.012 0.006

TABLE Il
PROBABILITY OF MISCORRECTION OF EAED WITH U ERRORS AND €
ERASURES FOR THE [255; 239; 5] PRIMITIVE BCH CODE.

1 2 3 4 5 6 7 8

|

7.8e-06 0.233
0.585
0.732
0.748
0.748
0.748

0.407
0.655
0.740
0.748
0.748
0.748

0

0 0 0 0 0 0
1 0 0 0

2 0 0.247 0.497
3 |0.494 0.744 0.745
4 10494 0.746 0.747
5 |0.498 0.748 0.748

Note that, due to the Bernoulli trials to resolve residual
erasures upon decoding failure (Remark 3), R can now take

values in f0; 1;1;3;:::; ng.
Using the [255;239;5] BCH code as an example, Ta-
bles | and Il list the conditional probabilities PZS,(u;e)

and PI(u;e), respectively. These quantities represent the
probabilities of successful decoding and miscorrection given
u errors and e erasures, computed using (1) and marginalized
over R. Note that if e = 0, Theorem 2 reverts to Theorem 1.
Accordingly, the rst column of both tables corresponds to
BDD. The miscorrection rate of BDD is high and is close
to the upper bound % derived in [8]. Compared with BDD,
EaED can decode beyond the minimum distance. When 2u+e
slightly exceeds dmin 1, the decoding success rate of EaED is
still high. However, this comes at the expense of an increased
probability of miscorrection for larger values of 2u +e. The
post-decoding BERs of EaED and BDD are compared in Fig. 2
with the threshold T optimized to minimize the BER of EaED
at 9 dB. We see that the simulation and computed values
closely agree. Additionally, as expected, EaED improves upon
BDD in terms of performance.

V. MISCORRECTION REDUCTION WITH ANCHOR BITS

Miscorrections cause undetectable errors that can be more
harmful than decoding failures, e.g., when retransmission is
allowed upon decoding failure, or during iterative decoding of
product codes with BCH component codes, where miscorrec-
tions lead to error propagation.

To mitigate miscorrections, we consider anchor bits [10],
[11], which form an additional reliability class. In contrast to
erasures, anchor bits are assumed to be highly reliable, and
any decoding decision that con icts with them is treated as a
miscorrection. Let Hy  [n] denote the indices of anchor bits.
For a decoding result w = Dec(y) with w 2 C, we perform a
miscorrection detection (MD) step: if there exists i 2 H, such
that w; & yj, the estimate w is rejected and the decoder outputs
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10 24

10 6 |
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Fig. 2. Simulated and computed BER results of the [255;239; 5] primitive
BCH code. The EaED uses the parameter T = 0:16 and the EaED? uses
the parameters T = 0:13 and T, = 0:75. The OSD uses order 2, as higher
orders do not yield additional performance gains.

a failure. It remains to de ne the set of anchor bits H,. In this
work, anchor bits are obtained by applying a threshold T, to
the BI-AWGN channel output, i.e., by marking bits with output
value jyij > T,. Therefore, Hy = fi 2 [n] : jyij > Tag. Next,
we show that the framework summarized in Theorems 1 and 2
can be extended to this scenario with minor modi cations.

A. BDD with Anchor Bits
In this section, we present the DTP of BDD aided by anchor
bits, termed a BDD® decoder. We de ne
P =P (Y >Tj¥ >0;X =1)=Q =+ =(1 )
Pia=P(Y < Ty <0;X=1)=Q =1 =
to be the probability of a correct and erroneous anchor bit,
respectively. Following the analysis of Sec. Ill and the illus-

tration in Fig. 1, a miscorrection BDD (y) = c is rejected by
the anchor bits Wi)th( probability (1  Pc)2(1  Puwa)®. Thus,

Pabpe (rju) = Arl "N (L PR Puw)’= T
(a;h)2Sa:n

where (1 Pgy)? (1 Pua)® since typically Pg,
fail i
Pgbps and PEET. can then be calculated easily.

B. EaED with Anchor Bits

Similar to BDD?, we introduce EaED?, which is an
EaED with the MD step using anchor bits, whose DTP is
denoted by Pgaepa(rju;e). To be precise, in EaED?, for
w® = BDD y® :i 2 f1;2g, we check if there exists
J 2 Hj such that Wj(') & yj. If this is true, we declare a
decoding failure for BDD y . Then, we proceed to select
the nal output as described in Sec. IV-A.

Note that we always set T, > T to ensure that erasures
cannot be anchor bits. In this case, Pc; and Py, are given as

Paa=P(Y >T,jY >T; X =1)=Q L1 =1 c o)
Pia=P(Y <TljYy <T;X=1)=Q =1 =_:
The DTP of EaED? is calculated in Appendix B.

Puwa-
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Fig. 3. FER versus crossover probability for eight RS[544;514; 15] outer
code interleaved with 64 BCH[700; 680; 2] inner code. The EaED? uses the
parameters T = 0:05 and T, = 0:56 which minimizes the FER at 7 dB.

C. Improving one-shot decoding of BCH code

As shown in Fig. 2, EaED? outperforms both EaED and
BDD. Next, we examine the miscorrection rate. For EaED,
most bit errors are due to miscorrections, whereas BDD
exhibits a smaller fraction. This observation aligns with Tab. |
and Tab. Il, re ecting that EaED has a stronger error correction
capability but is more prone to miscorrection. By contrast,
EaED? substantially reduces miscorrections through the use
of anchor bits, which can be seen from the dashed lines in
Fig. 2. Thus, EaED? improves decoding performance while
maintaining a low miscorrection rate, keeping the undetectable
error rate negligible.

V1. APPLICATION IN CONCATENATED BCH-RS SCHEMES

In [12], a concatenated scheme with Reed Solomon (RS)
outer codes and BCH inner codes is presented and thoroughly
analyzed. In this section, we show that only replacing the BDD
used for the BCH codes in that scheme with EaED? lowers
the post-forward error correction (FEC) FER with only a small
increase in complexity. The rest of the scheme follows [12].

The scheme in [12] uses shortened BCH codes to reduce
miscorrections and match the target code rate. Let Hs = [Nghor
denote the set of shortened positions. Then, the subcode

ot .= Fc 2C[n; k] :¢ci =0;8i 2Hsg  C[n; K]

is isomorphic to the shortened code Cehort[ M Nshort; K Nshort]
obtained by neglecting positions in Hs. Note that shortened bits
are not transmitted, such that Csnort is used for transmission and
Ha \ Hs = ;. We further assume that the error locations that
the BDD declares are randomly distributed, and therefore, the
rate that such an error location is in Hg iS Ngor=n, Which
provides a good approximation when nNghort is small [12].
Therefore, we treat the shortened bits as additional correct
anchor bits after decoding on C. We can then compute the
DTP of EaED? using the method derived in Appendix B.
Fig. 3 shows the computed and simulated post-FEC FER
using the framework in [12] and the DTP of the BDD and
EaED?. EaED? shows a clear decoding gain compared to BDD.
Regarding the computational complexity, EaED? involves at
most two BDD decodings. When constructing the two test

TABLE Il
ALL POSSIBLE BDD OUTCOMES WHEN DECODING THE TWO TEST

PATTERNS IN EAED, ASSUMING THAT 2e +U  dmin.

BDD yO 0 0 [fal c¢ fal ¢ c¢ | c fail
BDD y® ¢ fail [ fal fal ¢ ¢ |0 O

L=°Ff \g Mi=f”\wg R::f"'g ey

0 max(t u;0) min(u+e t;e) e

Fig. 4. Sorting of the cases in Tab. Il according to the value of e;. When
u > t, sets L and R will not occur.

patterns, since transmitted codewords are randomly chosen, no
random number generator is required, i.e., we can simply set
p® =0 and p@® = 1. After decoding, MD requires checking
whether bits are anchor bits and, if two candidate codewords
exist, comparing their Hamming distances. For memory com-
plexity, additional storage is needed to record the positions of
anchor and erasure bits. Overall, the increase in complexity
is moderate, since the decoding of the RS code, which has
comparably high complexity, remains unchanged.

VII. CONCLUSION

In this paper, we derive a closed-form expression for esti-
mating the decoding behavior of EaED. Furthermore, results
are extended to incorporate an enhanced version of the decoder.
The MATLAB scripts used to generate the results are available
at https://github.com/kit-cel/EaED_BCH.

APPENDIX A
EAED CALCULATION

In this appendix, we derive DTP Pgaep(rju; e) of EaED.

Case 1: If e = 0, EaED reverts to BDD. Therefore, the
transition probabilities are given by Theorem 1.

Case 2: Consider e & 0.

Case 2.1: If 2u + e < dpin, P&Ep(u;€) =1 [7].

Case 2.2: When 2u+e  dmin, EaED may still succeed.
Hence, we must calculate P25, (rju;e), PRL (rju;e), and
P&, (rju; e) separately for this case.

Let the RV E1 = wt p® ; under the all-zero codeword
assumption, E; = e; corresponds to erroneous bits intro-
duced by the random lling pattern to y® before BDD, i.e.,
wt y@ = u+e;. Analogously, de ne e; =wt p® . Note
that E; + E, = E. Consequently, wt y® =u+e e.

Table 111 lists all nine possible joint BDD outcomes. In
particular, note that BDD y® =BDD y® =0 cannot
occur, since this would imply u+e; tandu+e e; t,
which together yield 2u +e 2t  dmin 1, contradicting
u-+2e  dmin. Therefore, at most one of the two BDD can
correctly decode to O.

As depicted in Fig. 4, based on the value of e1, the nine cases
can be grouped into three categories (sets), denoted L :=f
g, M=F",7",7, 7, Tg,and R=f", ""g, corresponding
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r=u+e e;+a b

| 0 | 1 Jc
n r b b r a a
| 0 [ 1] 1 [0] y®
e e
| 0 [?[1]?[ 1 [2]0]?]
€1
| 0 [1[1]0] 1 Jo[o[1] y®

Fig. 5. Graphical illustration of case ~. Orange parts sum up to e1 while
green parts sum up to e2 = e  e1. The gray parts sum up to d gy (C).

to the cases e; 2 [0;t
ep2[u+e

Peaen(rju;e) =

u, e 2 (t uu-+e t)and
t; e], respectively. Then, we can compute

Plsen(riuse;er) P(E1 = eiju;e)
e Ut 1 e

610

=2
IEJ_:O

{z ]

scenarios L;R

{z }

scenario M
)

The factor 2 before the rst sum is due to the symmetry be-
tween L and R. Next, we compute the probabilities associated
with L and M.

The set L contains the joint decoding outputs for which

e; t u, which implies that BDD y® = 0. Furthermore,
wt y@ =u+e e 2u+e t dpn t>t Therefore,
BDD y® s either a miscorrection (case ) or decoding

failure (case ™).

Thereare " " Y el =

u e possible combinations of lo-
cations for the u errors, e erasures, and e; 1s among the e
erased positions when generating the test pattern y®). Then,
we rst count the number of events leading to , from which
= follows directly.

Now, for case , we X a non-zero codeword ¢ and rst
enumerate all possible y@®. Based on each y®, we then
infer and count all elementary events y consistent with the
realization (u;e;eq).

We now rst count the number of y® patterns with
weight u + e, that ful I y@ 2 Si(c) for some
c2Cnf0g, with wt(c) = r. To this end, as illustrated

in Fig. 5 and similarly to BDD, we rst x y® and
introduce variables =jfi2[n]:ci=1; y(z) =0gj and
b=jfi 2[n]:ci =0; y(z) =1gj. As BDD y® = g,

(a;b) 2 Sap = f(a;b) 2[t] [t] : a+b
There are Ay [ ", " possible such y® patterns.

Then, to obtain the number of possible y patterns
with y@  xed, we distribute e erasures across the four
different parts of y®, which are divided according to
the four possible values of (ci;yi(z)). Next, we introduce
the variables :=jfi2([n]:ci=0;yi=7; y,l) =1gj and

=jfi2[n]:ci=0;yi =7 yl)—Og For a xed pair of
c and y®, there are " ' P a a  distinct
sequences y when considering the possmle locations of the

t,u+e e;+a b=rg.

erasures. Observe that whenever y® and y are speci ed,
the word y® is uniquely determined. Hence, the number of

placements for case  amounts to
P P P L
(@b)2San  2S 2s V(@b ;) ©)
where S = f 2 [n r b :0 e ag,
S =f 2[]:0 e & r ag, and
V(a;b; . )=Ar; nbr nrb b er91a 61a ;

which is abbreviated as V when unambiguous.

Next, for case , we show that evaluating (3) in a re ned
range of and yields the number of elementary cases that
lead to different EaED outcomes.

As depicted in Fig. 5,d goy(c)=b +a (e1 )and
obvisouly d ggy)(0) = u. Hence, if d ggy)(C) <d gqy(0),
a miscorrection occurs as EaED chooses ¢ as its estimate.
Similarly, when d gny(c) > d gy (0), EaED chooses O
as its output and will decode successfully. Finally, When
d guy(c) =d gw)(0), miscorrection and success happen
with equal probability.

For convenience, letS =F( ; ): u+e; a by,
with 2 f>;<;=; ; g denoting a comparator. Thereby, let
Lu() = L @nzsas o 26 s ns= Vi
L12(r) == _ (ab)2Sas p( )25 S )Ns- Vi
Lia(r) == @b)2sas  (:)2¢s s nso Vo
Then, the number of elementary events that lead to case ~ is

L, = (L11 + Li2 + L13) 4)
where Lj = ;‘:ﬁfg: (Li(r) for i 2 fa;b; cg.

In summary, for the cases in L, we have
8

=PhEp (R =rjuse;e1) = (Laa(r) + Liz(r)=2)= ;
Pfal:ED(R =u+jjue;er) =0; (5)
) PE:\%D(R =0ju;e;er) = (L2 + L1z + L13=2)=

Finally, we consider the cases in M. First, note that
they can only cause a miscorrection or a failure since
yD:y@ 2 5,(0). In the following, we make a signi cant
simpli cation by assuming that the outcomes of BDD y®
and BDD y® , whether miscorrection or failure, are inde-
pendent of each other. In principle, this assumption is false as
diy®;y@) = e, However, as the positions of the erasures
are random, we observe that xing the decoding result of one
BDD does not signi cantly in uence the other one. Thus,

PEEp(U; €1 e1) = P (u+en)Pgip(u+e 1) (6)
As for miscorrections, we assume that when both y®) and
y@ are miscorrected, the probability of choosing one of the
miscorrected codewords is l. Then we can approximate

Peaen(riu; e e1) = PBDD(rjU+el)PéaDiID(U+e e1)

+ P (u+er)PEsp(rju+e  eq)
1P§’,§D(rju+e1)Pé",§D(u+e e1)

1péﬂ|§D(rJu+e e1)Pgpp(U+es): (7
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Now we have obtained the probabilities for cases in L and
M. Plugging the results into (2) and marginalizing over the
decoding outcomes D yields Theorem 2.

APPENDIX B
EAED wWITH ANCHOR BITS

Based on the calculation in Appendix A, the DTP of the
EaED? can be obtained by considering that codewords found
by BDD y@® and BDD y® could be rejected by the MD.
To this end, let z denote one of y® or y® and BDD (z) = c.
For c2C, dene ng:=fi2[n]:z;=0;¢;=1g and
Nwa := fi 2 [n] : zi = 1;¢; = 0g. Then, the probability that ¢
is accepted by the MD is (1 Pg)™(1 Pua)™ =: pac,
since the events of individual bits being anchor bits are
statistically independent. Before we derive the Pgaepe=, We

rst compute the DTP of decoding one random test pattern,
say, y® whe;<u+e1 > t. It is denoted as Pgaepsa. We de ne

— r nr b a ra nrp»b
Ls(r) = Ar a b nNm Na ¢C d Pac
a;b;Nea;Nwa
wherec=e; (b nw)andd=e e (a ng). Then,

the miscorrection probability is
Peaense (rju; €;1) = Ls(r)= 8)

and PRL .(u;e;er) =1 PIC (u;e;er) as the success
probability is 0 when u +e; > t.

Next, we analyze the decoding result by cases.

Case 1: For e = 0, EaED? reverts to BDDA.

Case 2: For e & 0, we need to compute two cases.

Case 2.1: If 2u+e < dpin, EaED is guaranteed to succeed.
However, due to the MD step, there are three sub-cases.

Case 2.1.1: If u+e; t and u+e e; <dmin t or if
u+e; <dmn tandu+e e; t,either y® or y® will be
decoded to ¢ = 0 (with ny, = u and n¢; = 0) and the other
one results in a decoding failure. Let Pg := (1  Pya)". Then
P .(u;e) = Po and PRIL _(u;e) =1 Po:

Case 2.1.2: If u+e; tandu+e e Omin  t.
BDD y®™ =0, and BDD y® either fails or miscorrects.
For a miscorrection where BDD y® = ¢ & 0 with
wt(c) = r, d gu)(0) < d gy(c) always holds, as shown
in [7, Appendix A]. Therefore, if O is accepted by the
MD (probability Pg), it will be chosen as the EaED deci-
sion. Then, P2%..(u;e) = Po. When O is rejected (proba-
bility (1  Pp)), EaED will either fail or miscorrect. We
compute Pizpa(rjuse) = (1 Po)Pgiepe (rjuse;ez) and
Pioa(uie) =1 PEE.(uie)  Plipa(u;e).

Case 213: Ifu+e e tand u+e; dmin  t,
the probabilities are calculated with the same formulas as in
case 2.1.2, by rede ning dyc = dmin (U +e1).

The case where both y® and y@ are miscorrected is
impossible as it contradicts the condition 2u +e < dpin: Next,
we consider the case where 2u+e  dnin.

Case 2.2: 2u+e  dmin. Analogous to Appendix A, we
divide the cases into sets L, M, and R, and observe that we
can replace the probabilities associated with EaED in (2) by
their EaED? counterparts.

For set L, as depicted in Fig. 5, we write Po = (1  Pya)"
and Pc = (I Pa)? € )1  Pw)® . We can reuse
(5), replacing Lii, Lip, and Liz by L§;, L§,, and L3,
respectively, which are calculated as

X <
LL = vV P+ V (1 Po)Pc
ab  (;)2(S S )\S= (:)2(S S)\S
X
L = V Po(l Pc)+ V. Po
b 1)2(S S )\S 1)2(S S )\S=
§< ( )>(< ) (:)2(C )
i3= \Y POPC
ab (;)2(S S )\s=
where (a;b) 2 Sa.p. Additionally, de ne
P P
Lfail = @0)2Sap  (;)2(S S )V(l Pco)(1 Po):
él;hen, we have
2Piiep (R = rjuse;er) = (L3, (r) + Lis(r)=2)= ;
>PE2EDa(u; e;e1) = (L + L2(1  Po))= 9)

" Peagpe(Use;e) =(LoPo + L, + Li5=2)= :

Finally, we consider the set M, where we still assume that
the decoding results of y® and y@ are independent. Then,
the probabilities are obtained in the same way as for EaED
in (7), except that the BDD probabilities are replaced with
those of a single test-pattern EaED computed by (8). Finally,
the DTP of EaED? can be computed using the framework of
Theorem 2.
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Abstract In this extended abstract, | will summarize sev-
eral collaborative results concerning the Gaussian Z-interference
channel.

|. INTRODUCTION

The Gaussian Z-interference channel (GZIC) is de ned by

Y1 =Xy +Zy;
Yo = Xz + aXy + Zy;

where jaj 2 (0; 1) is the interference gain. Here Z; N (0;1),
Z; N (0; 1), and signals X; and X, are independent of
each other as well as the noises Z;;Z,. The main goal is
to determine the capacity region, C, of this setting under the
power constraints: E[X?] P1, E[X2] P,. This is a
fundamental (open) problem in network information theory.

Remark 1. Note that when jaj 1, the capacity region is

already known, as it corresponds to the strong interference
regime [1].

Il. HAN KOBAYASHI REGION FOR GZIC

Proposition 1 (HK Inner Bound for GZIC). The following re-
gion is achievable: the union of rate pairs (R1; R2) satisfying

Ry 1(X1;Y1jQ);
Rz 1(X2;Y2jU1;Q);
Ri+Ry  1(U1; X2;Y2j Q)+ 1(X1; Y1 jUg; Q);

for some popx,joPx,jo such that E(X?) Py, E(XZ) P..

A particular instance of this achievable region arises when
we set X; = Uy + V3, and the conditional distributions py,jo.
Pv.jo. and px,jo are independent Gaussian distributions; this
is called the Han Kobayashi region with Gaussian signaling.

Theorem 2 (HK-GS). The union of rate pairs (Ri;R2)
satisfying

ik
Rl @ |Og(1 =+ qu);
=1
%
JC)) P2q
R “Ylog 1+-—— S
2 4=1 2 g 1+ 4a?Pyq
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34 + 2
R, +R» LIC) log 1+ Paq + (1 Zq)a P1q
g=1 2 1+ 4a2Pyq
+log(1+ ¢Pig) ;
over ¢ g [0;1], pg, and non-fegative pairs Piq;Pzq
satisfying ~  p(4)P1q Py and  p(q)P2q P,. By
Caratheodory’s theorem, we can restrict jQj 5. We will

call this region Ryk as.

The primary conjecture that one wishes to resolve is the
following:

Conjecture 1. For the Gaussian Z-interference channel, Han
Kobayashi region with Gaussian Signaling coincides with the
capacity region, i.e., C = Rpuk cs.

A further restriction of the Han Kobayashi region with
Gaussian signaling happens when we set jQj = 1. We call
this the superposition coding region. This region reduces to
the following:

Proposition 3 (Superposition). The union of rate pairs
(R1; Ry) satisfying

R1 % |Og(l + Pl);

1 P2
- 4+
R 2 |Og ! 1+ a2P1
1 P, + (1 )a2P1
+ b +
RitRe 5 log I+ = ap,
+log(1+ Py) ;

over 2 [0;1]. We will call this region Rs.

Since the capacity region is a convex region in RZ,
it can be characterized by supporting hyperplanes of the
form R; + R». Therefore, we are interested in determin-
ing C( ) = max(r,:r,)2c R1 + R2. Similarly, we can
de ne Ruk es( ) and Rs( ) as the corresponding optimal
weighted sum-rate for the two corresponding regions.

A. Motivation

It is known [2] that there are parameters (a; P1; P2) where
Ruk s ) Rs, or in other words, a non-trivial Q improves
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the achievable rate region with Gaussian signaling. However,
all the converse techniques known to the author, for proving the
optimality of Gaussian signaling, do not allow for the presence
of a non-trivial Q.

The following observation is a potential x to overcome
the above technical hurdle and motivated a signi cant portion
of the study. Note that, for a xed cross-gain a, the opti-
mal weighted sum-rate C( ) and Ry os( ) are concave
functions of (P1; P2). Furthermore, Ruk cs( ) is the upper
concave envelope (with respect to the powers (P1;P2) of
Rs( ).

Therefore, for a given cross-gain a, let

Sa =T(P1;P2) : Ruk es( ) =Rs( )g;

be the set of powers for which one does not need to employ
any convexi cation. It is no hard to see that Conjecture 1 is
equivalent to showing that,

C( )=Rnk es( )=Rs()

for all (P1;P2) 2 Sa,.

This allows us to bypass the need for developing a new
technique that proves the optimality of Gaussian signaling in
the presence of a non-trivial Q. On the other hand, it comes
at the expense of needing to have a deeper understanding of
the set S5, and more generally Ry s

I1l. SUMMARY OF RESULTS ABOUT Ruk Gs

A summary of the known facts of the Noiseberg region (or
equivalently Ryk cs) is presented in the paper [3]:
Critical Points in the Noiseberg Achievable Region of the
Gaussian Z-Interference Channel.

The key to unlocking Ryk &s was the following result.

Theorem 4 (The Noiseberg Conjecture, [4]). Fix the channel-
gain a 2 (0;1). Then for all P1;P, 0,

Ruk es( )
(P1;P2)

Rs() _ +@ DHRs()

(P:*2) 0

= maxXx
P

where the maximum is subject to the constraints
P>
Py + Py

This above theorem was conjectured by Costa [2], when
he called it the Noiseberg region, and nally established in
[4]. This theorem reveals that the convexi cation in Rs( )
happens, if at all, between one interior point and a point on
the boundary (where P, = 0).

Recently, the following result was established, that ex-
actly characterize the set of parameters (a; P1; P2) for which
Ruk s = Rs. This was rst conjectured in [3].

P2

1; 0 P P, +Py, —:

Theorem 5 ( [5]). Consider a degraded Gaussian Z-
interference channel with parameters (P1; P2; N2). The noise-
berg region consists only of a pure superposition coding
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strategy (i.e. no time-sharing is required for any
whenever

-sum-rate)

(1 aZ+ Pz)(l + aZPl)
a2P2(1 + Pl) '

where is the unique positive solution of () =0, where
= _ P2
()= log 1+ 1 o,
1 a®)p;

(1 +a2P1)(1 + a2P; + Py) @

a?Po(L+ Py)
(1 + a2P1)(l + a2P; + Pz)
Remark 2. For the above region of parameters, it is possible

that traditional techniques for proving Gaussian optimality
may suf ce as Q is not required.

+log 1

As potential evidence supporting Conjecture 1, in [6], it was
established that Ry s does not improve by allowing for
multi-letter extensions (still restricted to Gaussian signaling).

IV. SUMMARY OF RESULTS REGARDING THE CAPACITY
REGION AND OUTER BOUNDS

New Outer Bound
Auxiliary Receiver Outer Bound
T~ Han-Kobayashi Inner Bound

0.22 L L L
0.1 0.15 0.2 0.25 0.3 0.35

R, (Nats)

Fig. 1. Comparison of the bounds when a = 0:8;P1 = 1;P2 = 1. The
green curve is Ry s. The red curve is a relaxed version of the bound
in Theorem 6, and the blue curve is the one obtained by Theorem 7.

The latest result on the outer bound to the capacity region
is the following from [7].

Theorem 6. Assume that 0 <a < 1. De ne T = X, + Zo.
Then, for any achievable rate pair (Ry;R2) and 1, we
have

Ri+ Rz 1(Xy;Yaju) + 1(X2;TjV)

for some distribution pu.v:w:x,:x, such that
P(U; Vi W; X1 X2) = p(V; X2)p(U; X)p(Wjv; ui X)) (2)

and  Px,jus Pxajv 5 PXaiXaiw s Py Xajusw s Pxaixojuiviw - are
all conditional Gaussian distributions whose variances (or
covariances) do not depend on the conditioned variables (e.g.,
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the variance of X; given U = u does not depend on u);
moreover, the following constraints are satis ed:
T(W;Y1jU) = 1(U; Y2)W);
F(V;W;Y1U) = 1(U;T; Y2V, W),
F(X1; Y2 jUi W) 1(Xq; Y2jU; W),

I(X2;TjV)  1(X2; Y2jU; W) - 1(X2; YajUs W),

hold. Further X; and X, are assumed to satisfy the power
constraints, i.e. EX? P; and EXZ P,.

This result builds on the following earlier outer bound to
the capacity region established in [8].

Theorem 7. Consider the Z-interference channel

leYzjxl)(z = lejxleijl;XZ' Then’ any rate palr (R17 Rz)
in the capacity of the Z-interference channel must satisfy the
following constraints,

Ry minfl (X1; Y1jQ); 1(S; Y2jQ) + 1(X1; Y1jS; Q)g;
Rz minfl (Xz;Y2jS; X1; Q);
1(X2;Y2jS;Q)  1(X2;Y41jS; Q)g;

for some auxiliary random variables S and Q satisfying
P(@)P(X1ja)P(X2ja)p(sjX1; X2; ) and

1(X1;Y1jS; Q) 1(X1;Y2jS; Q):

Remark 3. The bound in Theorem 7 represents the rst stance

where it was demonstrated that there is a nite  such that
1 a2P1
C = _| 1+P>)+ =1 1+ :
() 20@1( 2) + 5 log 1+p,

or in other words, the Capacity region has a slope discontinuity
at the Costa-Polyanskiy-Wu corner point.

CONCLUSION

Chandra Nair would like to acknowledge the follow-
ing grants from the University Grants Commission: GRF
14309924, GRF 14221822, and GRF 14210120.

47

[

[2]
[31

[4]

[5]

[6]

[71

(8]

REFERENCES

H. Sato, The capacity of the Gaussian interference channel under
strong interference (corresp.), IEEE Transactions on Information Theory,
vol. 27, pp. 786 788, Nov 1981.

M. H. M. Costa, Noisebergs in Z Gaussian interference channels,
Information Theory and Applications Workshop (ITA), pp. 1 6, 2011.
M. H. M. Costa, C. Nair, and D. Ng, Critical points in the noiseberg
achievable region of the Gaussian Z-interference channel, Entropy,
vol. 26, no. 11, 2024.

M. Costa, A. Gohari, C. Nair, and D. Ng, A proof of the noiseberg
conjecture for the Gaussian Z-interference channel, in 2023 IEEE Inter-
national Symposium on Information Theory (ISIT), pp. 1824 1829, 2023.
C. Nair and J. Zhao, Proof of a conjecture on the gaussian signaling
region for the gaussian z-interference channel, 2025 IEEE International
Symposium on Information Theory (ISIT), pp. 1 6, 2025.

C. Nair and D. Ng, Invariance of the han—kobayashi region with
respect to temporally-correlated Gaussian inputs, IEEE Transactions on
Information Theory, vol. 65, pp. 1372 1374, March 2019.

A. Gohari, C. Nair, and J. Zhao, On the capacity region of some classes
of interference channels, in 2024 IEEE International Symposium on
Information Theory (ISIT), pp. 3136 3141, 2024.

A. Gohari and C. Nair, Outer bounds for multiuser settings: The auxiliary
receiver approach, IEEE Transactions on Information Theory, vol. 68,
no. 2, pp. 701 736, 2022.



2026 International Zurich Seminar on Information and Communication (IZS), Feb. 25-27, 2026

Byzantine Distributed Function Computation

Vinod M. Prabhakaran
School of Technology and Computer Science
Tata Institute of Fundamental Research
Mumbai, India
email: vinodmp@tifr.res.in

In the Byzantine Generals Problem [1], [2], a command-
ing general has a message (e.g., attack/retreat) for a set
of lieutenant generals. If the commander acts honestly, all
honest lieutenants must learn the message; and, even if the
commander is malicious, all the honest lieutenants must agree
on the same message. This problem constitutes a fundamental
primitive in distributed computing and cryptography [3] [5].

It is known that there is no information-theoretically secure
solution for the problem if the generals communicate over
private pairwise links and one-third or more of them may be
controlled by an adversary; in particular, it is infeasible for the
3-generals version with one commander and two lieutenants if
any one of them may be malicious. However, the availability
of correlated observations (i.e., a source model) at the generals
can be used to overcome this impossibility. A characterization
of the source models that permit a solution for 3-generals
was presented in [7]. It shows that a larger class of correlated
sources may be used to solve the problem than was previously
believed [6].

Underlying the schemes in [6], [7] is a form of distributed
function computation robust to a malicious sender. The sum-
mary below of this function computation problem is taken
from [8] (slightly edited for clarity):

The following observation forms the basis of the
algorithm in [6]: Consider a single source (sender)

node with observation vector X" = (Xq;:::;Xpn)
and a decoder with side-information vector Y™ =
(Y1;:::;Yn) such that (X;;Yi), i = 1;:::;n are

independent and identically distributed according
to a joint distribution Pxy. Let X & Y :=

x&y (X) be a minimal suf cient statistic for
estimating Y given X, i.e., xs&y function is
such that xgv(X) = xey (X)) if and only if
Pvijx=x Pvjx=x. Then the decoder can recover

x&y (XM) = ( x&y (X1);::5; x&y (Xn)) ro-
bustly in the following sense if the sender is
honest, the decoder outputs x&v (X™) with high
probability (w.h.p.); if the sender is malicious, w.h.p.,
either the decoder outputs a vector which is still sub-

by the decoder. It is also easy to see that x &y (X™)
(along with Y ) is the most that the decoder can
hope to learn robustly since X $ xey(X) B Y
is a Markov chain and any alterations to X which
preserve x &y (X) (and the marginal of X) cannot
be detected by the decoder relying only on its side-
information Y. The details of how this observation
can be used to construct a scheme for the 3-generals
problem is omitted here; see [6].

In [7], the above was extended to the case of two
distributed senders with at most one corrupt user
among them using a simple idea  for a joint distri-
bution Px,x,v, suppose the users observe X; and
Xy (dropping the vector notation for convenience),
respectively, and the decoder has side-information Y .
Using the single-user scheme, the decoder can rst
robustly recover X; & Y (or determine that user 1
is malicious); then using what it has learned, robustly
recover X, & Y; (or determine that user 2 is
malicious), where Y3 := (Y; X1 & Y); then recover
X1 & Y, (or determine that user 1 is malicious),
where Y, := (Y1; X2 & Y3) and so on. This process
can be shown to saturate in a nite number of steps
(which depends on their joint distribution and is at
most the product of cardinalities of the alphabets
of X1 and X3). Thus, either the decoder recovers
this (saturated) function or identi es the adversary.
Notice that if the adversary is identi ed, the decoder
can proceed with the knowledge that the other user
is honest. A consequence of the results in [8] is that
this function (along with Y') is the most a decoder
can learn robustly. We again omit the details of how
this idea can be used to construct a scheme for the
3-generals problem; see [7].

Inspired by the above, [8] formulated the following k-sender
distributed function computation problem robust to at most
k malicious (and colluding) senders (see Figure 1):
Senders and the decoder observe independent and identically

stantially correct (in the sense of vanishing average
Hamming distortion w.rt. x&v (X™)) or detects
that the sender is malicious. In other words, a mali-
cious sender is unable to induce the decoder to pro-
duce an erroneous output (without being detected).
This is accomplished by a simple joint typicality test
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from a known joint probability mass function Px,...::x.v .
Senders are required to send their observations (uncoded) to
the decoder. The decoder, with high probability, must either
identify a malicious user or output an estimate of Z" with

asymptotically vanishing average Hamming distortion, where
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x,Z,, i 2[K]
o
2n

Yn

Fig. 1: At most s out of the k users are malicious (i.e., controlled by an
adversary who has access to the observations of the malicious users, but
no additional side-information). The decoder, with high probability, either
identi es a malicious user or outputs a substantially correct estimate of Z",
where Z = f(X4q;:::; Xk;Y). The main result is a characterization of
functions F for which this is possible for a given Px ;:::;x, v . If the decoder
identi es a malicious user, that user can be removed to get a new instance of
the problem with k 1 users of which at most s 1 are malicious and the
process repeated. This gure appears in [8].

Z = f(Xy;:::; Xk; Y). Note that if the decoder identi es a
malicious user, that user can be removed to get a new instance
of the problem with k 1 users of which at most s 1 are
malicious and the process repeated. The main result of [8] is
a characterization of functions ¥ for which this is possible
for a given Px,.....x, .y . While the idea employed in [7] and

sketched above of repeatedly using the single-user scheme of

[6] is shown to extend to the case of s = 1 corrupt sender
even when the number of users Kk is larger than 2, the general
case is proved using a more involved scheme.
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Cost Constraints Revisited
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Abstract We survey recent work showing how relaxing the
conventional almost-sure cost constraint in channel coding is
well-motivated and leads to improved performance in several
scenarios.

Many channels involve a cost or power constraint that limits
the frequency with which symbols may be used. Let X denote
the input alphabet of the channel, ¢ : X @ [0;1) a cost

function, and Xj;:::; Xy the inputs to the channel over time.
Classically the cost constraint is imposed almost surely (a.s.)

1 X

— c(Xi) as., Q)

Niza
or in expectation

" #
1 X
E - o) 2

i=1
where in both cases the randomness comes from the message,
the channel (if the code has feedback), and any internal
randomness of the code.

The expectation constraint in (2) is arguably too weak in that
it allows non-ergodic use of resources that causes the strong
converse not to obtain [1], [2]. Likewise, a case can be made
that the a.s. constraint is too strong. None of the practical
reasons for imposing a cost constraint mandate the form in
(1). In particular, naturally-occurring noise processes do not
satisfy a one-sided constraint such as (1), so this constraint is
not needed to ensure the transmission resembles noise.

Furthermore, relaxing this constraint can lead to asymptotic
performance improvements. Results on the normal approx-
imation or second-order coding rate show that for many
channels, the number of bits that can be sent using a code
with blocklength n and error probability takes the form

nc( )+ "n +0(logn); 3

where C( ) is the usual capacity at cost level . The -
dependent constant  is the second-order coding rate (SOCR).
For discrete memoryless or Gaussian channels, the SOCR
under the a.s. cost constraint is

o M.
= V() () (4)

where V () is the dispersion of the channel (at cost level
) and is the standard Normal CDF. This result can be
improved if one relaxes the constraint in (1). One possibility

Aaron B. Wagner
School of Electrical and Computer Engineering
Cornell University
Ithaca, NY 14853 USA
email: wagner@cornell.edu

that has been considered is the mean-and-variance constraint,
in which we impose (2) along with '
X

c(Xi) v
i=1
The variance constraint in (5) captures the notion that the
transmitted signal should use power ergodically. AsV ¥ 1,
this recovers the expectation constraint. Taking V. = 0 re-
covers the a.s. constraint since the constraints in (1)-(2) are
essentially equalities at optimality. For any V > 0 we obtain
an improved SOCR compared with the V. = 0 case for discrete
memoryless [2] and Gaussian [3] channels.

Moreover, under the mean-and-variance constraint, feedback
improves the SOCR for most discrete memoryless chan-
nels [4]; under the a.s. constraint, feedback improves the SOCR
only for those that are compound dispersion [5]. The reason
is that the relaxed constraint allows for timid/bold coding [5]
in the feedback case: the encoder can use zero-variance code-
words when the transmission is proceeding well and positive-
variance codewords when it is not. Both types of codewords
are permitted under the mean-and-variance constraint while the
latter is prohibited under an a.s. constraint.

More broadly, in place of the variance constraint in (5) one
can impose an, arbitrary number of const'rz#nts of the form

1
Var — — 5
- (5)

n

1 X
E T P (X)) ] i
i=1
for given functions f; : R ® [0; 1.). For Gaussian channels,
the SOCR has recently been characterized under mild assump-
tions on the collection of functions ff;g [6].

(6)
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Abstract The paper shows that in general a separate source
coding and channel coding architecture is not optimal in multi-
access scenarios even under a covertness constraint. This stands
in contrast to the single-user scenario where source-channel
separation is optimal. The paper further shows that separation is
optimal also for sending fully-correlated Gaussian sources over a
Gaussian multiple-access channel (MAC). In all these scenarios
(single-user or MAC), the covertness constraint imposes that the
number of sourge symbols cannot scale linearly in the blocklength
n, but only as " n , for . the vanishing covertness constraint
and n the blocklength.

I. INTRODUCTION

Shannon’s separation theorem [1] implies that without loss
in optimality, one can separate the compression and chan-
nel coding tasks when performing lossy transmission of a
memoryless source over a discrete-memoryless channel. In
a recent work [2], we extended this result to a scenario
with a covertness constraint, i.e., where the transmitter has
to communicate in a manner that ensures that communication
remains undetectable for an external warden. While the opti-
mality of source-channel separation remains valid also under a
covertness constraint, the number of source symbols that can
be transmitted cannot scale linearly in the number of channel
uses n but only in the order of " n , where | indicates the
imposed covertness constraint. These ndings are in line with
classic results on covert communication [3] [7].

In this manuscript, we rst show that source-channel sep-
aration does not hold in a distributed network setup where
two transmitters observing correlated sources communicate to
a common receiver, while respecting a covertness constraint.
We present a discrete memoryless source and a discrete memo-
ryless multi-access channel (MAC) where joint source-channel
coding (JSCC) strictly improves over the best separation-based
approach. This result might not be surprising in view of the
suboptimality of separate source-channel coding without a
covertness constraint [8] [12]. In fact, JSCC allows the two
remote transmitters to correlate their channel inputs, which is
typically bene cial for decoding performance at the receiver.
In our scenario, correlating inputs can however also increase
detectability of the transmission and thus violate the covertness
constraint.

In this spirit, our last nding of this article shows that
when both transmitters observe perfectly correlated Gaussian
sources, then separate source-channel coding achieves the
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optimal lossy transmission performance over a Gaussian MAC
because any correlation that is generated between the two
transmitted signals that can improve the decoding performance
also deteriorates covertness, nally rendering JSCC not useful.
In fact, we conjecture that the same conclusion holds when
sending arbitrarily correlated (Gaussian) sources over a Gaus-
sian MAC.

Notation: We follow standard information theory notations.
We use calligraphic fonts for sets (e.g. S) and note by
jSj the cardinality of a set S. The set of real numbers is
denoted R, the set of nonnegative reals by R., and the set
of positive integers by N. Random variables are denoted by
upper case letters (e.g., X), while their realizations are denoted
by lowercase letters (e.g. xX). We write X" and x" for the

positive integer n > 0. For a distribution P oné, we note
its product distribution on X" by P "(x") = T, P(Xi).
We also denoteby Supp(P) the support of a distribution P,
i.e. Supp(P) = fx: Png) & 0g: For two distributions P and

Qon X, D(PkQ) = o P(X)log_ 58I is the Kullback-

Leibler divergence and 2(PkQ) = W the chi-
squared distance. We use H() to denote the (conditional)
entropy functional and I(; ) for mutual information [13].
The log-function is in base 2; for natural logarithms we
write In. We abbreviate probability mass function by pmf and
independent and identically distributed by i.i.d..

Il. SETUP: SENDING CORRELATED SOURCES OVER A
MAC UNDER A COVERTNESS CONSTRAINT

We consider the setup in Figure 1 of a two-to-one discrete
memoryless multiple-access channel (MAC) with nite input
alphabets X; and X, nite output alphabet Y, and transition
law v zjx,x,. The goal of the communication is that the
receiver be able to reconstruct, with some required delity,
the two source sequences

and

where the pairs  (Usz.t; Uz:t) ‘::1 are drawn i.i.d. from the
nite set Uy U, according to the joint source distribution
Pu,u, and K is a positive integer.
Both transmitters and the receiver share a uniform key S that
is independent of the sources and the channel and of arbitrary
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Fig. 1. Transmission of two correlated sources over a two-user MAC in the
presence of an external warden.

long size. Transmitter i thus generates its channel inputs X",
for n a positive integer, as

xP=fMuk;s);,  i2f1L2; (1)
using some encoding function
£ Uk s 1 XM i 2 f1;2g: 2

It is assumed that both input alphabets X; and X; con-
tain special zero-symbols that also indicate the absence of
communication. These special symbols are denoted 0. In our
setup we impose a covertness constraint, which forces the
two transmitters to produce their channel inputs in a way that
an external warden observing the output symbols Z™ cannot
detect whether communication is going on. The warden’s
output symbols Z" are generated by the memoryless channel

zjx1x, for inputs X' and XJ'. Following the works in
[3] [7], covertness (or undectability of communication) is
measured by the divergence

Ch:=D Qzn 5 %, (i0"07) ; (3)
where
" 1 XX 0on
Qzn(z") = RH Pupup (U7 Uz)
] JsZSu;‘;ug
2, 20 FPWs) FP i) - (@)

It will be required that for suf ciently large blocklengths
n the divergence c,, lies below a target divergence measure
n Which vanishes as n ¥ 1. As we shall see, the speed
of convergence of  will determine the number of source
symbols that can be conveyed over the channel.

The receiver observes the outputs Y™ generated by the
memoryless channel v ;x,x, from the inputs X' and X3'.
Based on these outputs and the secret key S, it produces the
estimates 0¥ and 0k:

Oi( — (M) Yy N Q) 5
Oé( - g ( ’ )l ( )

where g(™ is some decoding function
gM:y" s 10k Ok (6)

and U} and U, denote the reconstruction alphabets.

The quality of the reconstructions is measured in terms of
the average distortions

1 XK

ﬁk) " Kk E dl(Ul;t;Ol:t) ; ()
t=1
1 X

gk) " K E da(Uzt; U2y (8)
t=1

which are computed using two given nonnegative distortion
functions

di:Ui 0; ¥ Ry; i 2 f1;2g:

We assume that the number of source samples k grows as
a function of the number of channel uses n, i.e., k = k(n).

De nition 1: Let k(n) be an increasing function N ¥ N
and f 1gn 1 a sequence tending to O as the blocklength n ¥
1. A source-channel pair (Pu,u,; vzjxix,) i (D1;D2)-
admissible under the covertness constraint f g if there
exists a sequence of encoding and reconstruction functions
£, £{": g(Mg,, satisfying the conditions

Tim kM .
nll!ml 1 D]_, (ga)
Tim kM .
nIl!m1 5 D,: (9b)
and for suf ciently large n:
Cn n: (10)

Throughout this manuscript we assume that the covertness
constraint |, vanishes as n ¥ 1 but not too fast so that

N tends to in nity.

To avoid the problem being trivial or infeasible, we impose
the following restrictions on the MAC to hold for any pmf
over (X1 X2)nf(0; 0)g:

=

(X1:X2) zjxix,(JX1;X2) & zjx,x,(]0;0);
(X1;%2)6=(0;0)

(11a)

and moreover for any x; 2 Xz and Xz 2 Xs:
Supp( vijx,x,(JX1;%2))  Supp( vjx,x,(j0;0)) (11b)
Supp( zjx,x, (X1, %X2))  Supp( zjx,x,(j0;0)): (11c)

In Section V ahead, we will consider Gaussian sources and
a Gaussian MAC. As discuss at the beginning of Section V, to
capture the continuous natures of the sources and the channel,
we will need to adapt some of the assumptions and notations
made in the present section.

I1l. THE SINGLE-TRANSMITTER CASE

Before presenting our new results, we recall the results for
the single-user setup from [2]. l.e., in the above setup, we set
X5 and U, to be the empty sets, rename X; as X, Uy as U,
etc.

Our results for the single-user setup show that if one wishes
to attain a non-trivial distortion D and at the same time satisfy
a covertness constraint then the number of source symbols k
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can scale at most proportional to pﬁ. Moreover, it suf ces
to restrict to separate source-channel coding architectures as
depicted in Figure 2, where a standard source coding is con-
catenated with a covert channel code, designed independently

of each other.

- — — — — 7] I 1
U*|["source |[M [ Channel | X" Y" |[Channel |® [ Source || B
Encoder [ | Encoder | Channel | Decoder [ | Decoder
L . o ]
Transmitter Receiver

Fig. 2. Separate source and channel coding architecture for the single-user
setup.

We say that a distortion is trivial if it can be achieved without
communication by having the receiver produce a constant
reconstruction symbol, i.e., if

D  Duyivial := min E[d(U; B)]: (12)
a2

Recall the de nition of the standard rate-distortion function
[13]

R(D) , min 1(0;U);  (13)
Poju(oju):EpUpojU[d(O;U)] D
and of the covert capacity [4], [5]
Ccovert
] pisupr w0 XD vix(ix) vjx(jo0) C (1)
xeo (X zix(iX)  zjx(j0)

where the supremum is over all pmfs  on Xnf0g. Recall also
that the covert capacity Ccover. iS de ned as the largest number
of message bits scaled by " n , for which the probability
of decoding error can be made to vanish as n ¥ 1 with a
sequence of codes that for all suf ciently large blocklengths
n satis es the covertness constraint ¢ n.
Theorem 1 (From [2]): For any given function k() and
vanishing sequence f g, 1 the following holds.
1) If
k(n)

nil " N[ (19

then all nonnegative distortions D 0 with nite R(D)
are D-admissible under covertness constraint f g.
2) If

(16)

then only trivial distortions D Dyiviar are D-admissible
under covertness constraint f g.

3) If k()
. n 1
forsome > 0, then D is D-admissible under covertness

constraint ¥ g if, and only if,

R(D) (18)

Ceovert:

Notice that the parameter  plays the same role as the
bandwidth mismatch factor in traditional JSCC [11], [13].

IV. MAC: SOURCE-CHANNEL SEPARATION DOES NOT
HoLD

We shall show at hand of an example that in contrast to the
single-user case, source-channel separation does not hold for
the MAC.

A. The Channel
Consider the discrete memoryless MAC
Ye = Xyt + Xoie + Nt

Zy = Xyt + Xzt + M¢

mod 3;
mod 3;

(19)
(20)

where input alphabets X; = X, = f0; 1g, output alphabet Y =
f0; 1;2g and the noise sequences fMg and fNg also take
value in f0; 1; 2g and are independent of each other and of the
inputs. The receiver’s noise sequence fNg is i.i.d. according
to the pmf:

0:94

Pn(n) = 0:03

ifn=0
21
ifn=1;2; 21)

and the warden’s noise sequence fMg is i.i.d. according to
the pmf: C
0:96
0:02

ifm=0

P m) = 22
m(m) ifm=1;2: (22)
This MAC satis es the conditions in (11). Moreover, it’s

capacity region is [7]:

L
CeovertMAC = C (23)
where the union is over all pmfs  over the set
((XynfOg) fOg)  (FOg  (X2nfOg)) (24)
and C is the set of all non-negative rate-pairs (ry; r2) satis-
fying
_ X1:0) Dy (X1;0
Rl p2 xllenngp( 21 ) Y ( 1 )’ (25)
()
P P (0;x2) Dy (0;%2)
R, — 2—2Zp ( 2) TR (@)

where for any pair (X1; x2) & (0; 0):
Dy (X1;X2) := D( v jx,x,(JX1;X2)K vijx,x,(]j0;0)) (27)
X2)nf(0; 0)g:

and for any pmf  over (X,

()= 2

(X1;X2) zjxyx, (JX15X2)
(X1:;%2)6-(0;0) 1

Zix1 x5 (J0;0) :(28)

As in the single-user case, the rates are de ned as the number
of transmitted bits scaled by "n .
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Numerical evaluation of above region yields that the largest
sum-rate is achieved by the symmetric point

R, = R, = 0:3301: (29)

B. The Source
Consider the souge distribution

3 if (us;up) 2 £(0;0);(0; 1); (1; 1)g
. — 3
Pusu, (Uzi Uz) = 0  otherwise:

(30)
The source thus never produces U; = 1 if U, = 0. We consider
Hamming distortion dj(u;; ¢;) = fu; & g and require that
both distortions be below D; = D, = 0:04.

For lossy compression the fundamental limits are not known
even without a noisy channel. It can however be shown that
lossless compression with distortions D; = D, = 0:04 is not
admissible if the following rate-constraint is not satis ed:

R; + Ry > 1(Ug; Uz; 01;0y) (31)
>HUp;Uz) HU 01) HUz;0) (32)

log,(3) Hu(D1) Hy(D2) (33)

1:100: (34)

We denote the set of non-negative rate-pairs (R1; R2) satisfy-
ing (33) as Rpound(D1; D2).

C. The Separation-Based Approach

The approach of separate source-channel coding is analo-
gous to the single-user case depicted in Figure 2, i.e., it again
concatenates a standard source code with a covert channel
code, independently designed of each other.

For a given sequence k(n) satisfying

lim ﬁ—k(n) E;

n'l1 "N, (35)

the considered source-channel pair (Pu,u,; vzjx.x,) IS
(D1; Dy)-admissible only if there exists a point in the source

coding region Rpoung(D1; Dy) that is included in the -blow
up of the covert capacity region:
Rboound(D1;D2) \ Ceovertmac & ;- (36)

For the scenario at hand, view of the results in (29) and

(33), the intersection in (36) is non-empty only if

1:6670; (37)

and thus the number of source-samples can scales at most as

k(n) 05999 P (38)
D. An Improved JSCC Scheme

We present a JSCC scheme that can transmit more source
symbols over n channel uses while respecting the distortion
constraints D; and D, and the covertness constraint £ , .
De ne the pmf

if (x1;%2) 2 1(0;1);(1;1)g

39
otherwise: (39)

1
X1;X2) = 2
(X1;%2) 9

Let >0 be an arbitrary small number and de ne
s
2n
' - .
heoawy 20 4o
and '
n s E% (41)

where 2( ) is as de ned in (28).

Let R™ be i.i.d. according to Bernoulli-(3=2 ) generated
from the shared secret key S and thus available to both
encoders and the legitimate receiver.

Encoding: Each Transmitter i sends 0 in all channel uses
= 1;:::;n where R- = 0 and it sends a new symbol Uj.¢
when R- = 1.

Decoding: The receiver ignores all channel uses “ 2

f1;:::;ng where R« = 0 and for each channel output

estimates as follows:

=(0;0) ifY-=0
OO0 =_(0;1) ifY-=1 (42)
(L1 ify.e=2;

for corresponding indices “ and t.

Depending on the outcome of the random sequence R",
in above scheme, not all source symbols might be transmitted.
For the remaining symbols, the decoder arbitrarily reconstructs
lI)l;t = OZ;t =0.

(In our analysis we shall choose the source length k(n)
so that only a vanishing fraction of source symbols is not
transmitted with probability tending to 1 asn ¥ 1.: As we
shall see, choosing R" i.i.d. allows to simplify the analysis of
the covertness constraint.)

Analysis: The expected distortion per effectively transmitted
source symbol is:

E[d1(Ux:¢; 01.0)] = 2=3E[d1 (U1.¢; 01.0)jU1:e = 0]

+1=3E[d; (U1.t; 01.0)jUr.t = 1] (43a)
=2=3 0:03 1+1=3 0:06 1 (43b)
= 0:04: (43c)

and similarly
E[d2(Uz:t; 02:0)] = 1=3E[d2(Uz2:t; 02:4)jU2:¢ = 0]

+2=3E[d2(Uz.; 02.0)jUzt = 1] (43d)
=1=3 0:06 1+2=3 0:03 1 (43e)
= 0:04: (43f)

The scheme thus satis es the expected distortion constraint
if with probability 1 the fraction of not-transmitted source
symbols vanishes as n ¥ 1. In the following we show that
this is the case if we choose

3 3 2 pn
k(n) , > nnN = 2 a+ ) 20) (44)
0:96856 pﬁ : 45
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In fact, the expected number of 1 symbols in R™ is
s

§ 2 nn )

2 1+ ) )

where wy () denotes the Hamming weight. Let now f gL,
be a vanishing sequence so that

EWn(RM] = 5 nn = (46)

lim  nn 2=1: (47)

Notice that such a choice exists, because by our assumption
on n and the de nition of |, the sequence nLn tends to

1. By Bernstein’s Inequality and noting that jR<j 1 and
Var(R-) = nn3 1 ,nZ , we can write:
n 3
Pr wy(R™) = nn nN n
2 1
" o _ (48)
< exp ;
n% 1 nn% +% nN n

which tends to 0 as n ¥ 1 by our Assumption (47) and
because , ¥ 0. As a consequence, if we choose k(n) as
in (44), then with probability tending to 1, the number of
not-transmitted symbols is at most n n, and thus sublinear
in k(n). This proves that our scheme achieves the desired
distortion constraints D; and D».

Moreover, we have

lim )

i 0:96856
ntl1 " N [

1+ (49)

We nally verify that the scheme also satis es the covertness
constraint. By our choice of  and because for an i.i.d. input
sequence X", for suf ciently large values of n and arbitrary

> 0, the divergence ¢, can be bounded as [4, Remark 1]:

Ch n(l PX1;2(0;0))2 2( )(1+ )

2
=50+ ) () W

(50)
(51)
This concludes the analysis. Letting ¥ 0 we obtain the
following proposition:

Proposition 2: The considered source-channel pair
(Pu,us: vzjx.x,) is (D1;D2)-admissible under covertness
constraint f g using a separate source-channel coding
architecture only if

— Kk(n) £000-
Tm pr—  0:5999: (52)

In contrast, (Pu,u,; vzjx.x,) IS (D1;D2)-admissible under
covertness constraint ¥ g if
0:9685: (53)

JSCC can thus support more source symbols than any separate
source-channel coding scheme.

V. SOURCE-CHANNEL SEPARATION HOLDS FOR
PERFECTLY-CORRELATED GAUSSIAN SOURCES AND
GAuUssIAN MACs

We now turn to the canonical example of sending a single
Gaussian source (or two correlated Gaussian sources) over a
Gaussian MAC under a squared-error distortion criterion. The
setup is as described in Section Il except that now source and
channel are not discrete and nite anymore. The de nition
of QZ in (4) needs to be changed accordingly. Moreover,
Condition (11a) does not apply.

A. The Channel
Consider the Gaussian MAC
Ye = Xq;t + Xo;t + Ny
Zy = Xyt + Xoit + Mg

(54a)
(54b)

where inputs and outputs are in R and the noise sequences
Mg and fN¢g are independent of each other and of the
inputs. The noise sequences fN¢g and fM.g are i.i.d. zero-
mean Gaussian of variances % and 3,, respectively.

The covert capacity region of this MAC is easily derived
from [5], see also [7]:

Ceass = (R1;R2):R1;R2>0 and R1 +R»

mqém

(55)
As before, the rates are de ned as the number of transmitted
bits scaled by " n .

B. The Source
Consider a perfectly correlated bivariate Gaussian source

11 ,

NO;11 ;

(U1;U2) (56)
i.e.,, Uy = U, = U. We thus consider a single reconstruction
0" and a single distortion criterion D under squared-error
distortion, d(u;®) = (u  ®)2. The rates-distortion region of
this example is easily derived as [13]:

D

R(D) = % Int =

. (57)

where In*(x) , maxfo; In(x)g.

C. Optimality of the Separation-Based Approach

From above results, we deduce that lossy reconstruction with
distortion D is possible using the separation-based approach
if, and only if, there exists a parameter > 0 satisfying the
following two conditions:

k(n) 1

~

n|l!m1 pn—n - (58a)

and )
R(D) (58b)

R
We show in the following that in case no such exists, the

desired lossy reconstruction is not possible.
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Proposition 3: Separate source-channel coding is optimal for
sending a single common Gaussian source over the Gaussian
MAC in (54) subject to a squared-error distortion constraint
and a covertness constraint against an external warden. l.e.,
the considered Gaussian source and Gaussian channel are D-
admissible under a covertness constraint ¥ g if, and only if,
the two Conditions (58) are satis ed for some > 0.

Proof: Achievability holds by above source-channel sep-
aration arguments.

To prove the converse, we start by noticing that by well-
known arguments:

IXD; XS Y™ 1UsY™)  HUR)  HUKk) (59
gln+ 32 = kR(D): (60)

Moreover, following the steps in [5], Equations (13) and
(74) (76), we can write

P
P1+Py+2 PP, )? P_—
n( ! 2 1Pz ) +0 P1+Py,+2 PP,

n
4 4
v (61)
or equivalently,
P r__
Pi+P;+2 PP, 2 Fn & +o0  n=n; (62

where o(f(n)) denotes a function that vanishes faster than
f(n) aan ¥ 1 and where P, and P, are the powers of
the random variables X1.7 and Xy.+ and  their correlation

sources, inputs and outputs.
We can combine (62) with Inequality (60) and the following
standard inequalities:

P
1 . . nil P, +P,+2 P,P,
EI(Y”,X{‘,XE‘) Eiln 1+ z
b (63a)
NP1 +P2+2 PP )
(63b)
2k ée
to conclude that
N r— , | gl
— now o n R(D): 4
e L (O):  (s4a)
Letting n ¥ 1, establishes that
2
RD) % (65)
R
for the limit an
= lim : 66
nta k(n) (66)
[ |
ACKNOWLEDGEMENTS

The work of M. Wigger has been supported by the ERC
under grant agreement 101125691.

56

REFERENCES

[1] C. E. Shannon, A mathematical theory of communication, The Bell
System Technical Journal, vol. 27, no. 3, pp. 379 423, 1948.

] A. Bounhar, M. Sarkiss and M. Wigger, Unveiling covert semantics:
joint source-channel coding under a covertness constraint,”" Proc. of 2024
IEEE Global Communications Conference (Globecom), Cape Town,
South Africa, 2024, pp. 25 30.

B. A. Bash, D. Goeckel, and D. Towsley, Limits of reliable commu-
nication with low probability of detection on AWGN channels, |EEE
Journal on Selected Areas in Communications, vol. 31, no. 9, pp. 1921
1930, 2013.

M. R. Bloch, Covert communication over noisy channels: A resolv-
ability perspective, IEEE Transactions on Information Theory, vol. 62,
no. 5, pp. 2334 2354, 2016.

L. Wang, G. W. Wornell and L. Zheng, Fundamental limits of com-
munication with low probability of detection," IEEE Transactions on
Information Theory, vol. 62, no. 6, pp. 3493 3503, June 2016.

A. Bounhar, M. Sarkiss and M. Wigger, Mixing a covert and a
non-covert user,” Proc. of 2023 IEEE International Symposium on
Information Theory (ISIT), Taipei, Taiwan, 2023, pp. 2577 2582,

K. S. K. Arumugam and M. R. Bloch, Covert communication over
a K-User multiple-access channel," IEEE Transactions on Information
Theory, vol. 65, no. 11, pp. 7020 7044, Nov. 2019.

T. M. Cover, A. El Gamal, and M. Salehi, Multiple access channels
with arbitrarily correlated sources," IEEE Trans. on Inf. Theory, vol. 26,
no. 6, pp. 648 657, Nov. 1980.

P. Minero, S.-H. Lim, and Y.-H. Kim, A uni ed approach to hybrid
coding," IEEE Trans. on Inf. Theory, vol. 61, no. 4, pp. 1509 1523,
Apr. 2015.

M. Gastpar, Uncoded transmission is exactly optimal for a simple
Gaussian  sensor” network,” IEEE Trans. on Inf. Theory, vol. 54,
pp. 5247 5251, Nov. 2008.

D. G nd z, M. A. Wigger, T. -Y. Tung, P. Zhang and Y. Xiao, "Joint
source channel coding: Fundamentals and recent progress in practical
designs," Proceedings of the IEEE.

D.G nd z, Z. Qin, I. E. Aguerri, H. S. Dhillon, Z. Yang, A. Yener, K. K.
Wong, and C.-B. Chae, Beyond transmitting bits: Context, semantics,
and task-oriented communications, |IEEE Journal on Selected Areas in
Communications, vol. 41, no. 1, pp. 5 41, 2023.

A. El Gamal and Y.-H. Kim, Network Information Theory. Cambridge:
Cambridge University Press, 2011.

[2

[3

—

[4

—

[5

—_

6

—_

(7]

(8]

[9

—

[10]

[11]

[12]

[13]



2026 International Zurich Seminar on Information and Communication (IZS), Feb. 25-27, 2026

Joint Scheduling and Multi ow Maximization in
Wireless Networks

Yanxiao LiuY, Shenghao Yang , and Cheuk Ting Li¥
YDepartment of Information Engineering, The Chinese University of Hong Kong
School of Science and Engineering, The Chinese University of Hong Kong, Shenzhen
Email: yanxiaoliu@link.cuhk.edu.hk, shyang@cuhk.edu.cn, ctli@ie.cuhk.edu.hk

Abstract We revisit a fundamental problem at the heart of
network communication theory: the maximum multi ow (MMF)
problem in multi-hop networks, with network coding performed
at intermediate nodes. To derive the exact-optimal solution to
the MMF problem (as opposed to approximations), conventional
methods usually involve two steps: rst calculate the scheduling
rate region, and then nd the maximum multi ow that can
be supported by the achievable link rates. However, the NP-
hardness of the scheduling part makes solving the MMF problem
in large networks computationally prohibitive. In this paper, while
still focusing on the exact-optimal solution, we provide ef cient
algorithms that can jointly calculate the scheduling rate region
and solve the MMF problem, thereby outputting optimal values
without requiring the entire scheduling rate region. We prove
that our algorithms always output optimal solutions in a nite
number of iterations.

A full version of this paper
https://arxiv.org/pdf/2509.14582

is accessible at [1]:

I. INTRODUCTION

To deploy the next generation mobile system, it is ex-
pected that a massive connectivity and emerging applications
should be supported. For the design of large-scale, highly-
connected wireless mobile systems, it is crucial to have a solid
understanding of their theoretic limits, and hence we revisit
two multi ow optimization problems: the maximum multi ow
(MMF) and maximum concurrent multi ow (MCMF) that can
be supported by collision-free link schedules of the networks.

To maximize the total or concurrent throughput between
multiple source nodes and sink nodes supported by achievable
link rates, traditional methods typically rst model wireless
interference in networks using a link con ict graph [2]. Next,
they compute the scheduling rate region, which is a well-
known NP-hard problem that is also dif cult to approxi-
mate [3]. Finally, they determine the maximum total or concur-
rent throughput under the constraints de ned by the scheduling
rate region. Due to the hardness of the scheduling problem,
it is unrealistic to directly solve the multi ow maximization
problems in large-scale networks in this way. In [4] it has been
shown that both and MMF and MCMF problems are NP-hard
even in very simple settings, and can be even harder when
network coding [5] [7] is performed. Hence, joint optimization
methods usually focus on either approximate solutions of
general networks or exact solutions of restricted networks.

In this paper, we are interested in the exact-optimal solutions
of the multi ow problems for general multi-hop networks.

Rather than rst solving the scheduling problem and then
calculating the multi ow values (referred to as two-step al-
gorithms), we design ef cient algorithms that jointly calculate
the maximum total or concurrent multi ow and the scheduling
rate region by employing a decomposition method, thereby
requiring only a (possibly very small) subset of the scheduling
rate region. This joint framework makes our algorithms more
practical, while still provably guaranteeing optimal (not ap-
proximate or converging-to-optimal) solutions to the multi ow
maximization problems in a nite number of iterations. Our
algorithms are applicable to the most general setting in multi-
hop networks: the multiple multicast case, where network
coding [5] [7] at intermediate nodes is allowed.

Il. RELATED WORKS
A. Maximum Multi ow Problem

The MMF problem studies the maximum throughput be-
tween selected source nodes and sink nodes [2], [4], and
the maximum concurrent multi ow problem [8] models the
case where every sender-receivers session transmits messages
concurrently. The NP-hardness of both problems have been
proved in [4], even in very simple network settings. In [9],
[10], both the MMF and MCMF problems are discussed
under the interference model that nodes cannot transmit and
receive simultaneously. By enforcing interference constraints
on links, [11] guarantees the schedulability and develops
constant-approximation algorithms. More linear programming
formulation and approximation algorithms can be found in [4],
[81, [9]. In [12], the MMF and MCMF problems are discussed
by dividing the cases to full-duplex systems and half-duplex
systems, both of which are covered by our interference model
in this paper. The MMF problem has been extended to unicast
networks with network coding in [13].

B. Joint Optimization and Network Coding

Existing works on the MMF (or MCMF) problem [2], [4],
[13] only study the multiple unicast case, i.e., each source node
is paired with one sink node. However, we consider multiple
multicast in general multi-source multi-sink networks, where
each of a number of source nodes transmits a message to a
set of sink nodes. In this scenario, network coding [5] [7] is
an effective technique to improve the network performance,
and the throughput can increase up to several folds [14], [15].
The joint consideration of throughput, scheduling and network
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coding has been widely studied in [16] [20] for various objec-
tives, e.g., maximizing throughput or minimizing the energy
consumption under certain constraints. These approaches are
either converging-to-optimal with respect to some constraints
or only approximate the solutions. The closest work to ours
is [16], where the authors decompose the joint optimization
of scheduling and network coding into two subproblems.
However, we study the multi-source (instead of single source)
multi-sink case, where the trade-off between the rates of the
sources becomes an important factor of consideration, and the
algorithm in [16] is an iterative algorithm that only converges
to the optimum, but our algorithms provably output the exact
optimum in a nite number of iterations.

I1l. NETWORK MODEL
A. Network Model

We use a link-wise network model [2], [4], [21], [22],
where each link is associated with a collision set, including
all the links that can be interfered by it. It is called the binary
interference model [2], [21], and it is not dif cult to cover
the physical interference model by signal-to-interference-and-
noise ratio [19], [22]. We assume the network is acyclic and
discrete [21] [23] in the sense that time is slotted and the link
delays are multiples of a length of a time slot, which is justi ed
in [23]. The intermediate nodes can wait until enough packets
are collected before performing coding on the packet.

The network can be modeled by a tuple N = (V;L; I; D),
where V is the node set, L V2 is the link set, 1 = (1(1);1 2
L) is the set of collision sets where I° 2 1(1) if I’ is in the
interference range of | and D : L? ¥ Z is the link-wise delay
matrix speci es the delays between links. We assume each link
has a unit bandwidth and allow parallel links between nodes.
(L; 1; D) can form a weighted, directed graph N where L is
the nite vertex set, (I;1°) is an edge if I° 2 1(l), and D(l; 1)
is the weight on the directed edge (I; I°), which degrades to an
unweighted graph (L; 1) if delays are ignored [4], [13]. This
graphical approach helps the discussion on our algorithms.

We now describe the communication task over the network
V be
the set of source nodes. We assume the information sources at
different source nodes are mutually independent. Each source
node s; is associated with a set of sink nodes Ds;,  V that
have to decode the information at s;. We allow a node to be
both a source node and a sink node corresponding to another
source node. For i & j, we may have Ds; \ Ds; & ;, i,
different source nodes can share same sink nodes. Each link
| 2 L represents a point-to-point channel with unit capacity.
The sets of input channels and output channels of anodev 2 V
are denoted by In(v) L and Out(v) L, respectively.

To explain the model, we use a line network [21], [22], [24],
[25] as an example.

Example 1. Consider an L-hop unicast line network: there are
L +1 nodes V = f1;2;:::; L + 1g, with link set
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Fig. 1. NJ1: nodes represents network link, edges represent the collision
relations between nodes, and edge weights represent propagation delays.

Each link has a unit delay. We consider a K-hop interference
model: the reception of a node has possible collisions from
nodes in K hops. The nodes are half-duplex. The collision set
of I is

Ik(i)=flj:j&iji+1 jj Ka: (1)
The link I is active in time slot t if node i sends a signal in
time slot t to node i + 1. Hence the link-wise delay matrix is

ji+1  jj: 2

We denote it by NBEl, and it can be represented by a graph,
where N2t is shown in Figure 1 as an example.

D(li; |j) =1

B. Collision-free Schedules and Rate Region

We de ne collision-free schedules, similar to [21], [22].
Since we assume the time is slotted, when link | is active
at time slot t and link I° 2 I(l) is active at time slot t +
D(I; 1%, we say a collision occurs. In each time slot we use
a binary number to indicate whether a link sends messages or
not. Hence we use an in nite binary matrixS: L N ¥ f0;1g
with rows indexed by L and columns indexed by N to specify
a schedule: S(I; t) = 1 indicates that link | is active in time slot
t, and S(I;t) = 0 indicates it is inactive. S(I; t) has a collision
in N if S(I;t) = S(I% t+D(I;1%) = 1 for a certain I° 2 1(I).
Otherwise S(I;t) is collision free. A schedule S is collision
free if S(I;t) is collision free for all (I;t). There are different
(though with similar ideas) de nitions if delays are simply
ignored, e.g., [4], but we aim to provide a framework general
enough to cover the networks with non-negligible delays. For
a collision-free schedule S and a link I, the link rate is

Rs()=_lim = S(;0): 3)

t=0

If Rs(l) exists for all 1 2 L, we call Rs = (Rs(l);1 2 L) the
rate vector of S. For anetwork N = (V; L; I; D), a rate vector
R = (R(I);1 2 L) is said to be achievable if forall > 0, there
exists a collision-free schedule S such that Rs(l) > R(l)

for all I 2 L. For a link I, the rate R(l) can stand for the
maximum number of information symbols that can be sent on
the channel per time slot. Then each achievable rate vector can
be viewed as a rate constraint for the network.

The collection R(N) of all the achievable rate vectors is
called the (scheduling) rate region of N. We may use R
instead of R(N) to simplify the notation when the context
is clear. It is proved in [21] that R is a convex polytope, and
can be achieved by using periodic collision-free schedules.
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C. Problem Formulation

We de ne the maximum multi ow (MMF) and the maxi-
mum concurrent multi ow (MCMF) problems. Most existing
literature consider multiple unicast, i.e., each source only has
one corresponding sink with a certain demand [4], [12], [13].
However, we discuss general multiple multicast, with network
coding [5] [7] on intermediate nodes, where the nodes can
encode their received data before passing them on.

For each multicast session, one source corresponds to mul-
tiple sinks. Though we use network coding to attain the maxi-
mum information ow in a session, we do not consider coding
between sessions (i.e., inter-session network coding [26], [27])
in this paper for the sake of simplicity, since it is in general a
hard problem [28] and can even be undecidable [29]. We say

F=(F()2N o:12L) )

is a valid ow from source node s 2 V to sink node t 2 V
with respect to a rate vector R if it satis es:
0 F{M R foralll2lL,i.e.,the ow along link I
does not exceed the rate constraint R@Q.
e Oow conservation equation
1zoutqyy F (D for all v 2 Vnfs; tg.

We see the ow |50, F(I) out of s equals to the ow

1ziney F (1) into t, and this value is called the value of F,
denoted as val(F). We say F is a max- ow from s to t with
respect to R if F is a ow and has a value no smaller than
the value of any other ow from s to t with respect to R.

1) Maximum Multi ow (MMF) Problem: Consider a source
Si multicasts a message to nodes in the set Dg,

ny F0) =

Vi = min V6.|(Fi;j);
J

where F;;j isa ow from s; to t;;; for each j and the rate of
communication along link 1 is max; F;.j (I).

gether. Fix a rate vector R. Link | has to aﬁgommodate all these
k ow requirements simultaneously, i.e., :‘:1 max; Fi:;j (1)

R(l) for all I 2 L. We maximize the sum of the rates of
multicasting these k sources, and it is called the maximum
multi ow (MMF) problem, which is formulated by the follow-
ing linear program, combining the linear program for multiple
unicast [2], [4], [13] and the program for single multicast [16]:

x

LP-MMF(R) : maximize Vi

subject to
Fi;j>i(s a valid ow; 8;(2 [Kl;§ 2 [kil;

Fij() = Fij() =vi; 8i 2 [k];j 2 [ki];
120ut(si) 12In(t;i;5)
Gi(l) Fi;j();8l2L;i 2K 2 [kil;
Gi() R();8l2L; ®)
i=1
R2R;

takes a polytope R (a subset of the scheduling rate region) as
an input. The vgables Gi(),i 2 [K], I 2 L are used to impose
the constraint Ii(zl max; Fi;j(1)  R(l). The constraint (5)
gives a dual vector that will be used in our algorithms, and
the dual variable corresponding to link | means how sensitive
the optimization objective is to the rate constraint R(l).

2) Maximum Concurrent Multi ow (MCMF) Problem:
While the MMF problem is to nd the link schedule that can
support the maximum total rate of transmission of the sources,
the maximum concurrent multi ow (MCMF) problem is to

nd the link schedule such that all the sources can transmit
concurrently at the maximum rate [4], [8], [9]. The settings of
MCMF problems in [4], [9] are also for multiple unicast.
|:,h/lore generally, instead of maximizing the sum rate

i—1 Vi, we maximize such that the source s; can multicast

at arate vi = j, where j is the desired traf c rate at s;.
The MCMF problem is formulated as follows [4], [16]:
LP-MCMF(R) :
maximize (6)
subject to
Fgés a valid ow; 8>|<2 kl;J 2 [Kkil; _ _
Fij() = Fiij() = i 8i2[K];j 2 [kil;
120ut(si) 12In(t;;5)
Gi(l) Fi;(1);812L;i2[k];j 2 [ki;
Gi() R();812L; @)
i=1
R2R:

1V. ALGORITHM

In this section, we present our main algorithm that jointly
computes the MMF (or MCMF) and the scheduling rate region,
thereby provably outputting the exact-optimal solution while
requiring only a subset of the scheduling rate region.

Since a collision-free schedule can be found by searching
an independent set in the graph (L; I') [21], we attach a weight
aj 0 to link I;, and would like to maximize the weighted
total rate, i.e., for the scheduling rate region R, we solve

arg maxha; Ri; (8)
R2R

.....

Remark 1. For (8), the objective is to maximize the weighted
sum rate instead of just the sum rate, since a different weight
vector could be used in each iteration of our algorithms (see
step 4 of Algorithm 1 or step 5 of Algorithm 2). These weights
are also crucial for the graphical approach we propose for
Algorithm 2.

This corresponds to a weighted maximal independent set
problem [4], [16] that can be solved by integer linear program-
ming (ILP) by maximizing over S(l;) 2 f0; 1g for I; 2 L:

ILP:

maximize aiS(ly)

i=1
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Algorithm 1
Input: a network (V;L; 1)
Output: maximum multi ow v
1. Start with any rate vector R; 2 R, Ry
2. fori=1;2;:::do
3: Runv; LP-MMF(R;) (or vj
obtain the dual vector ;
4: Run ILP to nd Rj+1 argmaxh ;;Ri

R2R
conv (Ri [ fRi+10)

leg

LP-MCMF(R;)) and

5: Ri+1
6: if h i; Ri+11 = maxrar;h i; Ri then
7: return vj

subject to  S(l;) +S(l;j) 1, 8l - 1 2 1(l;):
The solution gives us a maximal independent set of (L; 1), and
the corresponding achievable rate vector is S = (S(l;); i 2
L), which is a vertex of the scheduling rate region R.

Based on (8), we iteratively search the MMF or MCMF and
the scheduling region. Even though our target is the optimal
value instead of approximated or converging-to-optimal values,
we show that it is unnecessary to nd the entire scheduling
region before solving the MMF or MCMF problem.

Suppose ow( ) is the function for calculating the MMF
or MCMF in a given polytope, which can be a subset of the
scheduling region. From i = 1, in each iteration, the algorithm
works as follows:

1) We start with a subset of the scheduling region R;, which
is formed by the vertices of R we have known (it is
reasonable to assume some rate vectors are known, e.g.,
by activating the rst link all the time and inactivating
others, the vector [1;0;:::;0]! is achievable). In the rst
iteration, we start with an arbitrarily chosen rate vector
R1, i.e, Ry = fR1g. We run the linear program LP-
MMF(R;j) (or LP-MCMF(R;)) to obtain the dual vector

i, corresponding to the constraint in (5) (or (7)).

2) By the ILP, we nd a new rate vector Rj41 by

Rj+1 = argmaxh j; Ri: 9)
R2R
3) We update the subset of the scheduling region by com-
puting the convex hull Rj+1 = conv (R; [ TRi+10).
4) If h j; Ri+11 = maxgrzgr;h i; Ri, the algorithm termi-
nates and outputs the last optimal value of LP-MMF(R;)
(or LP-MCMF(Rj)); otherwise it comes back to step 1
and continues.

It can be proved that Algorithm 1 will terminate and output
the maximum (concurrent) multi ow in nite iterations. The
proof can be found in [1].

Theorem 1 (Optimality). For a network N = (V;L;1),
Algorithm 1 will terminate and output the maximum multi ow
(or the maximum concurrent multi ow).

Remark 2. Our algorithms rely on an integer linear pro-
gramming step and, therefore, do not theoretically guarantee

polynomial-time complexity, which is expected due to the NP-
hardness of the MMF or MCMF problem [2], [4]. This can
be understood in that, in the worst case, one may still have to
compute the entire scheduling rate region.

Remark 3. In [16], an algorithm based on subgradient op-
timization that decomposes the problem into two parts has
been discussed. Though it shares some similarities with ours,
our algorithm is guaranteed to nd the optimum exactly in
a nite number of steps (assuming access to an integer linear
programming algorithm), whereas [16] is an iterative algorithm
that only converges to the optimum. As we will see in the
following sections, terminating in a small number of steps is
especially important for networks with non-negligible delays,
since the update of the subset R; of the scheduling region is the
bottleneck of the algorithm with exponential time complexity,
and should be performed as little as possible.

V. NETWORKS WITH NON-NEGLIGIBLE DELAYS

We extend our previous discussions to networks with non-
negligible propagation delays (e.g., underwater networks). Re-
cent studies [21], [22], [24], [25], [30] have shown that, for
such networks, instead of using guard intervals to mitigate the
effects of delays, we can actually utilize the propagation delays
to signi cantly improve the scheduling rate region.

We adopt a graphical approach, build upon the framework
proposed by [21], [22], and provide an algorithm in the same
spirit as Algorithm 1. The proposed Algorithm 2 also provably
outputs exact-optimal solutions in a nite number of iterations,
and maintains all the advantages.

The key to solve the MMF or MCMF problems in the
networks with non-negligible delays is, we need a function
similar to (8) that can output a vertex of the scheduling region
in a time complexity at most exponential in jLj (which in
turn will be polynomial in the size of the scheduling graphs
below), which is more ef cient than the cycle-enumeration
approach [21] with complexity doubly exponential in jLj.

We review the scheduling graph in [21] as follows, which

will be generalized later: For a collision-free schedule matrix
S and integers T 2 N, k 2 Z, S[T; k] denotes the submatrix
1. If
a submatrix S° is formed by T columns of S, its columns are
indexed by 0;1;:::;T 1.
De nition 1 (Scheduling Graph [21]). Given a network N and
an integer T > 0, the scheduling graph (M+; Et) is a directed
graph that is de ned as follows: the vertex set M+ includes
all the jLj T binary matrices A such that A = S[T;0] for a
certain collision-free schedule S. The edge set E+ includes all
the vertex pairs (A; B) such that A = S[T;0] and B = S[T; 1]
for a certain collision-free schedule S.

In [21], it has been shown that by choosing T
maxjz Mmaxpzyqy jD(I; 19, calculating the scheduling region
is equivalent to searching all the simple cycles in the schedul-
ing graph, which is NP-hard. The scheduling problem then
may then even have doubly exponential complexity, since the
number of vertices in (M ;Et) increases exponentially with
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respect to jLj, and the cycle enumeration in (M+; Et) is also
NP-hard in general.

Instead of enumerating cycles for the scheduling region, we
search maximum-mean-cycles (which can be solved in a time
complexity polynomial in the graph size) in a new graph, to

nd the vertices of the scheduling region. We may only need
a few rate vectors to solve the MMF or MCMF problem.

Before describing our approach, we need some graphical
concepts. In a directed graph G, a path is a sequence of vertices
Vo;V1:::;Vm Where for i = 0;1;:::;m 1, (Vj;Vi+1) is a
directed edge. A path is closed if v = vm. Acycle in G is a
closed path (vo;vi:::;vm) such that m 1, v; & v; for any
0 i&jJ m 1andvy=vnm, ie, insuch a sequence,
the only repeated vertices are the rst and the last vertices.
Note a closed path can be decomposed into a sequence of
cycles [31], and this has been used in proving that it suf ces to
enumerate all the simple cycles for calculating the scheduling
rate region [21]. In a graph where each edge is associated with
a weight, we say the weight of a directed cycle is the total
weight on the edges in the cycle. Then we say the average
weight of a directed cycle is the total weight divided by the
number of edges in the cycle. The maximum-mean-cycle is the
cycle in the given weighted, directed graph with the maximum
average weight over all directed cycles in the given graph.

It has been proved in [21], [22] that a collision-free, periodic
schedule is equivalent to a closed path (which can be decom-
posed to multiple simple cycles) in (M+; Et) and vice versa,
i.e., the concatenation of a sequence of vertices in (M+;Et)
(which are matrices of size jLj T) forms a periodic, collision-
free schedule. In this paper, we de ne a weighted scheduling
graph and use the maximum-mean-cycle in it to solve (8).

De nition 2 (Weighted Scheduling Graph). Given a weight
vector a 2 RIY and a scheduling graph (M ;Er) whose
vertices are matrices of size jLj T, a weighted scheduling
graph (M+;Et;wj,) is a directed, weighted graph de ned as
follows: the vertex set is still M+, and each edge is associated
with a weight. For a directed edge (v1;Vv2) in (M+;Et), there
is a weighed, directed edge (vi;Vv2) in (Mt;Et;ws) with

Since each achievable rate vector can be achieved by a
periodic, collision-free schedule, which corresponds to a cycle
in (Mt;Er) [21], we have the following result, whose proof
can be found in [1].

Lemma 2. For a weighted scheduling graph (M+; Et;wa)
and its maximum-mean-cycle C = (vo;Vv1;:::;Vm)withm 0
and vop = vi,, the concatenation of the vertices in C gives a
periodic schedule S such that Rse 2 arg maxgorha; Ri.

Therefore, given a vector a, nding a vector that
solves (8) is equivalent to nding the maximum-mean-cycle
in (Mt;Et;Wwg), which is a widely studied problem [32],
[33] that can be solved with time complexity (nm), where
n is the number of nodes and m is the number of edges in the
graph. A classical algorithm is the Karp’s algorithm [32].
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Algorithm 2 Algorithm for Networks with Delays
Input: a network N = (V;L; I;D)
Output: maximum multi ow v

1. Start with any rate vector R; 2 R, R;

2: Construct (M+;Et) from N

3 fori=1;2;:::do

4: Runv; LP-MMF(R;) (orvj
obtain the dual vector ;

Construct (M+;Et;w ;) by (M+;Er) and ;

6: Find maximum-mean-cycle in (M+;Er;w ;) and ob-

fRig

LP-MCMF(R;)) and

a

tain Rj+1 argmaxh j;Ri
R2R
7 Ri+1 conv(R; [ fRi+10)
8: if h i; Riz11 = maxgr2r;h i; Ri then

©

return v;

Note we assume the graph (M ; Et) is strongly connected,
and hence (M+;Et;wjg) is also strongly connected. Other-
wise, we nd the strongly connected components (with linear
time complexity), search for the maximum-mean-cycle in each
component and choose the one with the largest cycle mean.

Our approach is formally described in Algorithm 2, whose
optimality can be proved similar to the proof of Theorem 1.

Theorem 3 (Optimality). For a network N = (V;L; I;D),
Algorithm 2 will terminate and output the maximum multi ow
(or the maximum concurrent multi ow).

V1. CONCLUDING REMARKS

In large-scale wireless systems, the maximum (concurrent)
multi ow problem is important for understanding network
capacity; however, it is NP-hard even in simple network
settings, making it computationally prohibitive to solve ex-
actly. In this paper, we provide algorithms that jointly solve
the MMF and MCMF problems, as well as the scheduling
problem, in a general multi-source multi-sink network with
network coding allowed and propagation delays potentially
utilized in scheduling. Our algorithms use only a subset of
the scheduling rate region for the MMF and MCMF problems,
making them much more ef cient without sacri cing solution
accuracy or scheduling performance. We theoretically prove
that our algorithms output optimal solutions in a nite number
of iterations. The complete proof, as well as various simulation
results demonstrating the advantages of our approaches, can be
found in the full version of this paper [1].
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Abstract Age of Information (Aol) has emerged as a key
metric for assessing data freshness in loT applications, where
a large number of devices report time-stamped updates to a
monitor. Such systems often rely on random access protocols
based on variations of ALOHA at the link layer, where collision
resolution algorithms play a fundamental role to enable reliable
delivery of packets. In this context, we provide the rst analytical
characterization of average Aol for the classical Capetanakis tree-
based algorithm with gated access [1] under exogenous traf c,
capturing the protocol’s dynamics, driven by sporadic packet
generation and variable collision resolution times. We also explore
a variant with early termination, where contention is truncated
after a maximum number of slots even if not all users are
resolved. The approach explores a fundamental trade-off between
reliability and timeliness, allowing stale packets to be dropped
to improve freshness.

|. INTRODUCTION

Age of information (Aol) has recently emerged as an
insightful performance indicator for many communications
networks [2]. De ned as the time elapsed since the generation
of the last received message, the metric captures in a simple
way how fresh the knowledge available at the receiver is on
the status of a source. Aol is especially relevant in Internet of
things (10T) systems, where devices sample a physical process
of interest and send time-stamped updates to a central node
for monitoring/actuation, and where timeliness is paramount.

loT networks are often characterized by a large number of
reporting terminals, which generate messages in a sporadic
and unpredictable fashion. To accommodate such traf c, many
commercial solutions, e.g., LoRa, Sigfox or, partly, NB-IoT,
implement random access protocols based on variations of
ALOHA [3], [4] at the link layer. In parallel, research has
extensively focused on devising solutions that ease the well-
known issue of collisions in grant-free channels. On the one
hand, a vast wave of new schemes, often referred to as modern-
or unsourced-random access [5], constructively embrace inter-
ference and decode users resorting to advanced physical layer
techniques. On the other hand, a number of solutions have
been proposed to ef ciently resolve users via retransmissions
of collided packets. Among these, a smart approach is offered
by tree-based algorithms. Remaining true to the random-
access paradigm, these schemes rely on feedback and provide
simple, recursive, procedures that users can implement after a
collision, until each of the involved senders manages to deliver
its message. Originally introduced by Capetanakis [1], the
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idea has been studied thoroughly, e.g., [6] [9] and references
therein, with particular attention to improving throughput.
Notably, while the performance of random access solutions
is well-understood for traditional metrics, more limited results
are available in terms of Aol. Initial works explored the
behavior of ALOHA and some age-speci ¢ optimizations, e.g.,
[10] [13], whereas some recent contributions tackled modern
random access schemes, e.g., [14], [15]. On the other hand,
a characterization of tree-based algorithms remains largely
unexplored, with early results [16] considering the generate-at-
will case where nodes always have new messages to transmit.
In the present work, we instead tackle the more practical 10T
condition of exogenous traf c¢ generation, in which a device
may not have fresh data to send at all times. For this setting
we provide the rst analytical characterization of the average
Aol of the Capetanakis scheme with gated access [1], resorting
to a Markovian approach. Our study captures the non-trivial
and fundamentally dynamic behavior of the protocol, where
the number of users trying to access the channel is driven
by the duration of the previous collision resolution time,
and explores its implication on Aol. To this aim, we also
consider a variation of the strategy, and study the idea of
early termination. Accordingly, a contention resolution phase
can be truncated once a maximum number of slots is reached,
even if not all the users originally involved in the collision
have been decoded. The solution triggers a fundamental trade-
off between reliability and latency, and allows us to shed
light on the value of keeping retransmitting packets that
progressively become stale, under the more age-challenging
exogenous traf c¢. By providing the optimal maximum duration
of contention resolution under any packet generation rate, the
analysis offers some useful protocol design guidelines.

Il. SYSTEM MODEL

We focus on a population of U terminals (users), which
share a common wireless channel to send time-stamped mes-
sages to a common receiver. Time is slotted, and the slot
duration is set to accommodate the transmission of a packet.
Channel access follows a random-access approach, and a
collision channel model is considered. Accordingly, if a single
packet is sent over a slot, it is successfully decoded, whereas
if two or more nodes access the channel simultaneously,
no data is retrieved. Terminals implement the Capetanakis-
Tsybakov-Mikhailov algorithm with gated access (CTM) [1].
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In the interest of space, we provide in the following a simple
description of the scheme, referring the reader to the vast
available literature for further details, e.g., [6] [8].

The protocol works as sequence of contention resolution
intervals (CRIs), composed by a variable number of slots.
At the end of a CRI, all nodes that have a new packet to
send, will transmit with probability 1 in the next slot. Three
cases are possible: i) no terminal has data and the slot remains
idle; ii) only one user has data (singleton); iii) two or more
terminals transmit, leading to a collision. The outcome is
broadcasted by the receiver to all nodes via an instantaneous
and ideal ternary feedback. If an idle or singleton slot was
experienced, the newly started CRI immediately comes to an
end. If, instead, a collision took place, all nodes involved in
it initiate a resolution procedure, wheras any other terminal
remains silent until the CRI will be concluded (gated access
[1], [8]). Each terminal that collided, ips a binary fair coin,
choosing whether to (a) attempt transmission again, or (b) keep
idle. In the latter case, the terminal will refrain from accessing
the channel until all the users who decided for option (a)
successfully delivered their message. When this condition is
met, the user will transmit in the next slot with probability
1. Instead, any user in the original collision who decided to
attempt again (option (a)), will re-transmit its message in the
very next slot. This set of rules is iterated, with transmitting
nodes splitting in two groups after a collision, and with any
user who experiences a singleton slot exiting the contention
and refraining from access until the next CRI. The algorithm
allows for a simple implementation, proposed by Gallager [6],
using two counters that track the evolution of the contention
and are updated based on the feedback after each slot.

In the remainder, we will refer to this classical scheme as
the plain CTM algorithm. We remark that the protocol has two
inherent properties. On the one hand, all nodes that join a CRI
are resolved, i.e., any packet that is sent is eventually delivered.
On the other hand, this leads to potentially long resolution
intervals, as the duration of a CRI is unbounded.! To explore
this trade-off, we also study a variation of the scheme, denoted
as CTM with early termination (CTM-ET). The protocol works
as the plain CTM, with the only difference that, if the CRI
duration reaches a maximum length of L, slots, the contention
is terminated even if not all nodes have yet been resolved.
When this happens, users that did not succeed drop their
packet, and do not retransmit it. The CRI is concluded, and
the next one starts as before (with all counters being reset).

The system description is completed by considering how
terminals generate traf c. In this respect, we assume that, at
each slot, a user independently generates a new time-stamped
message with probability , and places it in a one-packet sized
buffer. The message is removed from the buffer at the start of
the CRI over which it is transmitted, or if it is replaced by the
generation of a new packet. Accordingly, at the end of a CRI
of duration “ slots, a node will have a message to send (and

1We note that the system does not undergo the well-studied instability issues
of CTM [6], as we deal with a nite population.

will thus contend in the next CRI) if it has generated at least
once in the past  slots, i.e., with probability

=1 @1 ):

The model is inspired by practical 10T networks, in which
a transmitter is often fed with sensor readings and cannot
control when these are produced. We are thus concerned with
an exogenous rather than the classical generate-at-will traf c.

In this setting, we are interested in the ability of the access
schemes to maintain an up-to-date perception at the receiver.
We thus focus without loss of generality on a reference user,
and consider its instantaneous Aol [2]. This is de ned at
time tas (t) =t (t), where (t) is the generation
time of the last packet successfully delivered by the user.
We then measufe performance in terms of the average Aol:

=limera 15 (v)dv:

Notation: We denote a discrete random variable (r.v.) and
its realization by upper- and lower-case letters, respectively,
e.g. X, X. The probability mass function of X is px (x), with
straightforward extension to conditional distributions. When-
ever clear, we will omit the subscript for brevity. Moreover, we
denote by calligraphic font the probabilgy generating function
(PGF) of X, ie, X(z) = E z* =, p(X)z%, where the
summation spans the whole alphabet of X.

I1l. PRELIMINARIES

We start by stating some results that will be useful in the
computation of the average Aol.

Lemma 1. For plain CTM, let C be the r.v. denoting the du-
ration in slots of a CRI, and let L(z) be its PGF conditioned
on having u devices contending at the start of the CRI. Then,
the following recursion holds:

z > u

2(2u 1

LU(Z) = ZZ)

Li@Lu i@ (D)
i=1
with Lo(z) = L1(2) = z.

Proof: Following standard arguments, e.g., [7], the PGF
for a binary fair split can be expressed as

u

Lu@) = i=0 i

z
ou Li@Lu i@): O]
The statement follows by rearranging (2), and by observing
that when a single or P9 _user contend the CRI is terminated
after one slot, so that =, p()z" = z. n

Remark 1. The recursion in (1) allows computing the con-
ditional PGF of C for any value of u. Moreover, for any

obtained by taking the inverse DFT (IDFT) of the sequence.

Lemma 2. For plain CTM, focus on a node contending over
a CRI, and let D denote the number of slots between the start
of the CRI and the moment the node is decoded, conditioned
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of D conditioned on M satis es the recursion D;(z) = z, and

z
Dm+1(2) = I 2z +1)

m

z(1+Lm()
i
(Di+1(2) + Li(z) Dm i+1(2))

m 1
+
i=1

Proof: The conditional PGF of D was originally derived
in [8]. Computing it for the binary fair splitting case and
rearranging the terms leads to the recursion. [ |

Also in this case, the PMF ijM(djm), can be computed

ef ciently by taking an IDFT of the sequence Dyn(e 12 K=Y)

A. CTM with Early Termination (CTM-ET)

Let us now focus on the case of early termination, and let
L be the r.v. denoting the duration of a CRI. The PMF of L
conditioned on the number of contending users readily follows
from the plain CTM case, as

‘<L

Py (1)
1 c=L,

L puCiu

The dynamic behavior of CTM over subsequent CRIs can
further be captured by means of a few conditional PMFs. The

rst characterizes the random number of users U; accessing the
i-th CRI, conditioned on the duration L; ; of the preceding
contention period. Recalling that each node transmits at the
start of a CRI if it generated at least one packet over the
previous one, we obtain the binomial distribution

Yo @)

Uj
Leaning on (3), the duration of the i-th CRI conditioned on
the previous contention follows as

PLu(‘ju) =

U
1

pujL(Uij ‘i 1) = D R | B

<
pCtijti 1) = 4

In other words, the stochastic process L, describing the dura-
tion of subsequent CRIs is Markovian, with one-step transition
probabilities given by (4). The stationary distribution, derived
via standard methods, will be denoted by
In the remainder, we often focus on a user of interest, and
track the number of other nodes M that access a CRI. In this
case, the distribution conditioned on the previous CRI dura-
tion, ppj(Mij ‘i 1), is also binomial, i.e., Bin(U 1; - ).
Finally, we introduce the following result:

u . .
ui=0pLjU(‘iJUi)pun_(ui] i 1)

Lemma 3. Focus on a reference user contending over a

CRI, and let *(m) be the joint probability that the CRI

terminates after L, slots without resolving all terminals, and
the reference user is not decoded. Then,

L .

(my=1 " ppyu(@im): 5)

Proof: The result follows observing that the event cor-

responds to having the user decoded after slot L, if plain
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Fig. 1. Time evolution example of Aol. Blue rectangles denote generation
of a new packet at the user, whereas green dots a successful delivery. Due to
early termination, the packet generated in CRI C2 is not delivered over Cgz.

CTM without early termination were employed. Leaning on
the conditional PMF of D obtained from Lemma 2, this can
be expressed as dlzl_mﬂ Ppjm (dim), or, equivalently (5). m

IV. AVERAGE A0l CHARACTERIZATION

We treat the case of early termination, clarifying in Remark
2 how the analysis can be adapted to plain CTM. Let us focus
without loss of generality on a node of interest, and denote
by Yn the stochastic process describing its Aol inter-refresh
time, i.e., the number of slots between two successive update
deliveries by the device. Moreover, let Z,, be the value at
which the Aol is reset at the beginning of the n-th inter-refresh
interval (see Fig. 1). Under the assumption that the processes
are ergodic, we focus on their stationary behavior, and drop
the subscript n for readability. With this notation, following
standard geometric arguments [2], [15], the average Aol of the
node of interest can be expressed as

_E[ZY]+E[Y2]=2.
- E[Y] '

The calculation of (6) is non-trivial. Indeed, the different
CRIs within an inter-refresh period have durations that are
not independent of each other, due to the dynamic behavior
of CTM. Moreover, Z and Y are also not independent, as the
value of Z is in uenced by the duration of the CRI which
leads to the Aol reset, and this in turn impacts the rst CRI
inY.

To tackle the problem, the timeline reported in Fig. 1
shows the structure of an inter-refresh period. At the start,
the reference node is idle, and generates a new update during
CRI Cp. The blue rectangle shows the slot of the last message
generated by the node during Co, i.e., the time-stamp of the
packet it will send over the subsequent CRI C;. In turn, the
green dot shows the slot in C; at which the device is decoded,
resetting its Aol value to Z. This is followed by a number
of CRIs during which the device does not deliver, until Cx
is reached, which sees the generation of a new update, sent
and decoded over Ck+1. In this example, the inter-refresh
time is Y=t, t;. To ease calculeigons, we introduce here a
simpli cation, and express Y * = 1 LY where the rv. L
denotes the number of slots composing CRI C;. The approach
is motivated by noting that the formulation of Y disregards the

(6)
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time between the end of Ck and ty, yet compensates this by
adding the same statistical quantity for the previous refresh,
i.e., the time between the start of C; and t;. The tightness of
the assumption will be veri ed in Sec. V.

Before tackling (6), it is useful to derive the joint distribu-
tion of the duration of CRIs Co and Cy, i.e., p(‘3; “%). To this
aim, consider the conditions leading to the start of an inter-
refresh period: i) a CRI of duration “; slots, with at least one
packet generated by the node, followed by ii) a CRI of duration
“i+1 in which the node successfully delivers. We denote the
event probability as (“j; “i+1), and have, for “j41 <L

U1 . .
Cisfiv)= 4 4 o PmjL(Mj“dpLju (Ci+1jm+1): (7)

In (7), the factor -, -, captures the probability of event i),
whereas the rest accounts for the probability of ii), i.e., having
a CRI of “j41 slots, given ;, and decoding the user of interest.
The latter is obtained in turn by conditioning on the number
m of nodes other than the user that become active over the

rst CRI, and noting that for “j4+1<Lp, all users are decoded.
When the maximum CRI duration is reached, instead, we
have to account for two possibilities: all users are resolved
in exactly L, slots, or the CRI is terminated, but the user of
interest is decoded. Leaning on Lemma 3, we can then write

Ciskm)= < < Pmic(Mj) pLju(Lmjm+1)  *(m) :
m=0 (8)

Based on (7)-(8), we nally have the overall distribution
0. ¢
p(h; ) = (o 1) ©)

iy Cidfin)

A. Statistical moments of the inter-refresh time

Let us tackle the expected value of Y, conditioned on the
duration of the rst CRI Cy, denoted as Y.4 := E[Y jL}=]].
Leaning on the Markovian evolution of the contention dura-
tions, a rst step analysis [17] can be applied, to obtain

pmjL (Mj“Y) puju (°jm)
(10)

Y‘%:“1+XY.% @ «)
1 1

“0=1 m=0

>
+YL o pamjL(Mj<9) 7 (m):

m=0
In (10), the overall duration is expressed as the sum of the
rst CRI (7 slots), and of the expected duration of an inter-
refresh period starting with a CRI of length “°, weighted by the
probability for this to be undergone after C;. Consider the rst
row of (10). In this case, the reference user does not generate
a packet over C; (probability 1 ), and the inter-refresh
period will certainly continue. Following the usual approach,
the probability for the next CRI to last *° can directly be
obtained by conditioning on the number of nodes that will
be active among the remaining U 1. If, instead, the reference
node does generate at least one packet during C; (second row

of the expression), the inter-refresh period will continue only if
the user will not successfully deliver the message over the next
CRI. This requires the CRI to be of duration L, slots, to be
terminated, and for the user not to be decoded. Conditioning
on the number of other contenders, this probability is exactly
captured by ?(m) in Lemma 3. Overall, (10) can be computed
for any starting value of *%, providing a full-rank system of
Lm linear equations in Ly, unknowns, whose solution can be
derived with standard methods and provides the sought rst
order moment of Y conditioned on the length of C;.

The same reasoning can be applied to derive the second
order moment of Y conditioned on LY, denoted as Y.3. In this
case, the rst-step approach leads to the system of ethuations

pviL (Mj<D)pLju (*im)

0.0 . >
(A 9)

m=0

2 —re0\2
Y3=(9)2+
“0=1

>
+ (‘Lilm) ¢ Pmi(mjy) *(m) (11)

m=0
where we have introduced for compactness the ancillary
quantity (“}; ‘=YL +Y23).

B. Aol reset value
Consider now E[ZY ], conveniently expressed as
D

E[zY]= E[ZY jLy = 4 LY = “Up(h: “D: (12)

<0 .40
01

Conditioned on the duration of the two CRIs, the age-reset
value Z and the inter-refresh time Y become in fact inde-
pendent. This comes from the fact that the former refers to a
packet generated in Co and decoded in C;, whereas the latter
is driven by the generation and delivery of subsequent packets,
which is an independent process once the duration L is  xed.
The overall computation thus simpli es into the product of the
two conditional expectations of Y and Z.

We focus rst on the age-reset value, observing from Fig. 1
that it can be expressed as Z = X +D. Here, X is the number
of slots elapsed between the packet generation and the end of
Co, and D is the time between the start of C; and the delivery
of the message. To derive the statistics of X, we note that the
variable by de nition does not depend on LY. In turn, the PMF

Prig(Xj)= (@ )t =
where the numerator captures the probability of generating the
message and then not producing updates for the remaining
X 1 slots of Cy, whereas the denominator normalizes the
distribution to having generated at least one packet.

On the other hand, the conditional distribution of D given
LY and LY is non-trivial. In particular, determining the decod-
ing slot of a message conditioned on the duration of the CRI it
is sent over introduces inter-dependencies that prevent a direct
application of the standard recursions employed for tree-based
algorithms. In view of this, we resort to an approximation, and
consider the term E[DjLY = “%; LY = 4] = E[DjLY = “}].
The approach stems by observing that conditioning on LY

0 (13)
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Fig. 2. (a) packet delivery rate, ps and (b) average delay, E[D], plotted
against the aggregate generation rate U.

aggr. generation rate, U [pkt/slot]

already determines the number of contenders over Cq, and
thus drives its duration. The approximation proves to be
extremely tight for all con gurations of arrival rate and Ly, as
highlighted in Fig. 2(b). Following this assumption, we work
with the conditional distribution ij,_%(dj‘Uo), which, in turn,
can be obtained from ijM(djm) (Lemma 2) as

Py 1 i

PoiLe (dj)) = P ms0 ijM(djm) PmijL(Mj“o)
Ly o) — F - —
i1 me=o Pojm (M) Py (Mjp)

(14)

tion on LY in terms of the number of contenders M over
C1, while the denominator provides the normalization for
considering CRIs (and thus decoding) of maximum L, slots.
The distributions in (13) and (14) allow computing the
(approximated) conditional expectation E[ZjL)="};Lj="]].
On the other hand, Y only depends on L}, whose conditional
expectation has been captured in Sec. IV-A. Plugging the
product of the two into (12) and leveraging the joint PMF
p(“y; 1) in (9) nally provides the sought rst order moment,
concluding the calculation of the average Aol in (6).

Remark 2. The analysis presented so far for early-termination
can be extended straightforwardly to plain CTM. In this case,
besides considering summations that span ‘2N and referring
to the rvs C and D, an active user is always decoded
within a CRI. This simpli es the analysis, as, for instance,
the nal summation terms in (10) and (11) can be omitted,
describing early-terminated CRIs in which an active node does
not deliver. For all practical purposes, however, the plain CTM
performance can be obtained by implementing the reported
calculations for a suf ciently large value of Ly,.

V. RESULTS AND DISCUSSION

To evaluate performance, we consider U=100 users. Differ-
ent U values were also studied, leading to similar trends, and
are not reported for brevity. In the plots, lines report the anal-
ysis of Sec. IV, and circle markers the outcome of Montecarlo
simulations, fully implementing the CTM protocol.

To gather insights on the trade-offs induced by early ter-
mination, we report in Fig. 2(a) the packet delivery rate ps,
i.e., the probability that a contending node succeeds within
Lm, and in Fig. 2(b) the average delay undergone by a
delivered message, E[D]. Both quantities are shown against the
aggregate packet generation rate, U. The black, dash-dotted
line denotes plain CTM, whereas the colored lines refer to
CTM-ET, for different L. Consider rst the packet delivery

rate. The metric can be derived analytically as
> >

Ps = (“i; “iw1) = M (15)

iy i+1
In (15), the numerator captures the probability for a node to
generate a packet over the i-th CRI, and to deliver it over the
next one, as computed in (7)-(8), whereas the denominator
normalizes to having the node transmit over the (i+1)-th
CRI. By construction, all packets are delivered with the plain
CTM (ps=1). Instead, early termination may lead to losses,
and the effect is more pronounced as L, reduces. Eventually,
for L=2, the protocol approaches slotted ALOHA, where
each slot would see independent contention, without resolution
attempts, and attain the well-known ps=e Y [3]. More inter-
estingly, the con guration L,,=10 experiences an even higher
loss rate for large , in spite of allowing more time for collision
resolution. This effect is rooted in the dynamic behavior of
CTM across CRIs. An intuition is obtained recalling that,
at the end of a CRI of * slots, on average U(1 (1 )")
users will have updates to send in the next slot. Assume
that CRIs run until they are terminated. When L,=2, on
average  1:6 nodes will contend, whereas for L,=10 this
increases to  7:8. As a result, in the latter case, a much larger
collision set has to be resolved, and it is likely that not all the
user will be retrieved within the available 10 slots, leading
to a lower delivery rate. The increased losses triggered by an
early termination, however, also reduce the expected delay of
delivered messages, as shown by Fig. 2(b).2 In this respect,
the excellent match between simulations and analysis con rms
the validity of the approximation introduced in Sec. 1V.

The fundamental trade-off between latency and update de-
livery eventually drives the Aol performance. The behavior
of the metric, normalized to the number of nodes, is reported
in Fig. 3 as a function of U. For plain CTM and for low
arrival rates, large values of  are experienced, as nodes
sporadically have new updates to send, leaving the receiver
with stale information. In turn, high packet generation rates
lead the system to operate over longer CRIs, where more nodes
contend. Congestion leads to larger latencies, and thus to an
increase of Aol. Notably, the minimum s attained by plain
CTM for an aggregate generation rate  0:347, corresponding
to peak throughput conditions [6]. When early termination is
implemented, two effects can be noticed. On the one hand, a
worse performance is attained for low , as Aol deteriorates
of more than 15% for L,,=2 compared to plain CTM. A
complete collision resolution is thus especially bene cial in

2Analytical results were in this case obtained by removing the conditioning
on L% in (14) via the marginalization of (9), and by taking the expectation.
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Fig. 3. Normalized average Aol, =U vs aggregate generation rate, U.

such conditions, allowing all nodes to deliver their message
and avoiding potentially long periods of time without further
updates generation. On the other hand, a truncation becomes
convenient for larger values of . As highlighted by the plot, an
Aol reduction of roughly 30% is gained for Ly,=2 compared
to resolving all nodes. The result can be understood observing
how plain CTM spends more time to resolve the larger initial
collision sets experienced for high generation rates, leading to
delivery of messages that have in the meantime become stale.
In this respect, CTM-ET would drop packets whose time stamp
is growing old, allowing nodes to attempt transmission of
fresher updates that may have been generated in the meantime.
The presented result provide thus a key take-away, pinpoint-
ing the value of a thorough collision resolution under sporadic
generation, and of a more aggressive early termination in
harsher traf ¢ conditions. This, in turn, triggers the natural
question of how L, shall be tuned in order to minimize
Aol. We tackle this aspect in Fig. 4(a), which shows, for
any U, the minimum Aol obtained by optimizing over L
(solid line). For reference, the performance of the plain CTM
(dashed line) as well as of a standard slotted ALOHA with no
contention resolution (dash-dotted line) are also reported. The
latter is obtained via the well-known formulation = 1=2+
[ (@ )Y 1] ®[10], [14]. The improvement triggered by a
proper application of the CTM-ET approach is evident, with
signi cant reductions in Aol with respect to both benchmarks
especially for intermediate values of . The corresponding
optimal choices of L, are shown in Fig. 4(b), where the
gray-shaded region to the left corresponds to having L,= 1
(plain CTM). From this standpoint, the presented framework
provides a useful tool for protocol parameter tuning.

VI. CONCLUSIONS

We presented an analytical characterization of the average
Aol under the Capetanakis tree-based random access algorithm
with gated access, in the presence of exogenous traf c. Via
a Markovian approach, we capture the coupling between
contention dynamics and information freshness. Moreover, we
proposed a truncated resolution mechanism, revealing a trade-
off between latency and reliability that becomes critical under
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and (b) corresponding optimal Ly value.

age-sensitive traf c. The resulting insights provide design
guidelines for 10T systems employing feedback-based collision
resolution in scenarios where timely updates are crucial.

REFERENCES

[1] J. Capetanakis, Tree algorithms for packet broadcast channels, IEEE
Trans. Inf. Theory, vol. 25, no. 5, pp. 505 515, 1979.

[2] R. Yates, Y. Sun, D. Brown, S. Kaul, E. Modiano, and S. Ulukus, Age of
information: An introduction and survey, IEEE J. Sel. Areas Commun.,
vol. 39, no. 5, pp. 1183 1210, May 2021.

[3] N. Abramson, The throughput of packet broadcasting channels, IEEE
Trans. Commun., vol. COM-25, no. 1, pp. 117 128, 1977.

[4] L. liyambo, G. Hancke, and A. Abu-Mahfouz, A survey on NB-loT
random access: Approaches for uplink radio access network congestion
management, |EEE Access, vol. 12, pp. 95487 95506, 2024.

[5] G. Liva and Y. Polyanskiy, Unsourced multiple access: A coding
paradigm for massive random access, Proceedings of the IEEE, vol.
112, no. 9, pp. 1214 1229, 2024.

[6] J. Massey, Collision-resolution algorithms and random-access commu-
nications, Multi-user communications systems, pp. 73 137, 1981.

[7] P. Mathys and P. Flajolet, Q-ary collision resolution algorithms in
random-access systems with free or blocked channel access, vol. 31,
no. 2, pp. 217 243, 1985.

[8] Y. Yu and G. B. Giannakis, High-throughput random access using
successive interference cancellation in a tree algorithm, vol. 53, no. 12,
pp. 4628 4639, 2007.

[9] Q. Vogel, Y. Deshpande, C. Stefanovie, and W. Kellerer, Analysis of
d-ary tree algorithms with successive interference cancellation, Journal
of Applied Probability, vol. 61, no. 3, pp. 1075 1105, Sep. 2024.

[10] R. Yates and S. Kaul, Status updates over unreliable multiaccess
channels, in Proc. IEEE ISIT, 2017.

[11] , Age of information in uncoordinated unslotted updating, in Proc.
IEEE ISIT, 2020.

[12] O. Yavaskan and E. Uysal, Analysis of slotted ALOHA with an age
threshold, 1EEE J. Sel. Areas Commun., vol. 39, no. 5, pp. 1456 1470,
2021.

[13] X. Chen, K. Gatsis, H. Hassani, and S. Bidokhti, Age of information
in random access channels, |EEE Trans. Inf. Theory, vol. 68, no. 10,
pp. 6548 6568, 2022.

[14] A. Munari, Modern random access: an age of information perspective
on irregular repetition slotted ALOHA, IEEE Trans. Commun., vol. 69,
no. 6, pp. 3572 3585, 2021.

[15] A. Munari, F. Lazaro, G. Durisi, and G. Liva, The dynamic behavior of
frameless ALOHA: Drift analysis, throughput, and age of information,
IEEE Trans. Commun., vol. 71, no. 12, pp. 6914 6927, 2023.

[16] H.Pan, T.-T. Chan, J. Li, and V. C. M. Leung, Age of information with
collision-resolution random access, IEEE Trans. \eh. Technol., vol. 71,
no. 10, pp. 11295 11300, 2022.

[17] R. Gallager, Stochastic Processes: Theory for Applications. Cambridge
University Press, 2013.



2026 International Zurich Seminar on Information and Communication (IZS), Feb. 25-27, 2026

Single-shot lossy compression:
mutual information bounds

Victoria Kostina
California Institute of Technology
Pasadena, CA, USA
email: vkostina@caltech.edu

Abstract For several styles of delity constraints guaranteed
distortion, conditional excess distortion, excess distortion we
show mutual information upper bounds on the minimum expected
description length needed to represent a random variable. Coupled
with the corresponding converses, these results attest that as long
as the information content in the data is not too low, minimizing
the mutual information under an appropriate delity constraint
serves as a reasonable proxy for the minimum description length
of the data. We provide alternative characterizations of all three

convex proxies, shedding light on the structure of their solutions.

Index Terms lossy compression, single-shot codes, minimum
description length, mutual information bounds

I. INTRODUCTION

A variable-length quantizer for the random variable X 2 X
is a (usually non-injective, sometimes randomized) mapping
f: X A Y, where Y is called the reproduction alphabet. The

delity of representation is quanti ed by a distortion measure,
d: X Y A& R,, which, like the distribution of X, is given
a priori. The quantizer is designed so as to satisfy the delity
constraint (formulated as the maximum tolerated distortion
in some probabilistic sense over the distribution of X). The
ef ciency of the quantizer can be quanti ed by the entropy
of the discrete random variable at its output: the smaller the
better as the entropy of a random variable is directly related to
its minimum description length (see Appendix A for a precise
statement of this classical wisdom).

Minimizing the entropy over all quantizers satisfying the

delity constraint means nding such a partition of X that to
each subset of the partition one can assign a representative
from Y such that the delity constraint is satis ed and the
entropy is minimized over all such feasible partitions. It is a
combinatorial optimization problem. In this paper we identify
a convex proxy for the minimum entropy problem. The proxy
optimization is a minimum mutual information problem. We
show that the minimum quantizer entropy is sandwiched in
terms of the proxy mutual information problem. For the proxy
mutual information minimization, we provide a necessary and
suf cient condition for the optimizer, thereby shedding light
on the structure of its solution.

We carry out the analysis for three styles of
constraints. The

delity
rst is guaranteed distortion, where a hard

This work was supported by the Carver Mead New Adventure Grant.

distortion threshold d is imposed on the representation of Px-
a.e. realization x. The second is conditional excess distortion,
where, for Px-a.e. realization X, the quantizer is permitted to
exceed distortion threshold d with probability at most , where
the probability is taken over the quantizer’s randomness. The
third is excess distortion, where the quantizer is permitted to
exceed distortion threshold d with probability at most , but the
probability is now taken jointly over both X and the quantizer’s
randomness; this last formulation is the most permissive out
of the three, since violations are controlled only on average
across source realizations.

In terms of mutual information bounds on quantizer entropy,
in [1, Th. 2] such a bound is shown under guaranteed
distortion; the bound includes an unspeci ed universal constant
and requires d be a metric. Our result sharpens that bound,
as our bound does not include unspeci ed constants and
does not impose requirements on d. It is shown in [2, Th.
2] that if the delity constraint is expected distortion and
encoder and decoder have access to common randomness,
then the minimal quantizer entropy is bounded above by
Rx (d)+log,(Rx (d)+1)+5 bits, where Rx (d) is the minimal
mutual information under expected distortion d. The form of
this result is similar to ours, but we consider more stringent

delity criteria and no common randomness.

Our characterizations of the proxy optimizations can be
viewed as counterparts of CsiszAr’s characterization of the min-
imal mutual information under expected distortion constraint
[3] to the three more stringent delity criteria mentioned above.

The rest of the paper is organized as follows. Section Il
considers guaranteed distortion, Section Ill conditional excess
distortion, and Section IV excess distortion.

Sets are denoted by calligraphic letters: X, Y; constants by
lowercase letters: X, y; random variables by uppercase letters:
X, Y ; functions by sans font: f, d; the distribution of X is Px.
Unless noted otherwise, log and exp are arbitrary common
base.

I1. GUARANTEED DISTORTION

The guaranteed distortion entropy of the random variable X
is de ned as [4]:

Hx(d;0) , . )gglfY_
PIACX;F(X)) d]=1

H((X)): @
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Here 0 in the left-hand side stands for the requirement that
the distortion threshold is violated with probability 0. The
quantity in (1) is known as epsilon-entropy [4]; it represents
the minimum achievable entropy at the output of a quantizer
that guarantees distortion d for Px-a.e. realization x.

The minimal mutual information that we will show serves
as convex proxy for (1) is

Rx(d;0) ,  inf _ 10Y)
Y X -

PlA(X;Y) d]=1

O]

In (2), the deterministic quantizer mappings f are relaxed to
transition probability kernels Py jx ; and the entropy at the quan-
tizer’s output is replaced with the mutual information between
input and output. Together, these relaxations convexify (1).
Unsurprisingly, (2) is a lower bound to (1); more surprisingly,
(1) is also upper bounded in terms of (2). The relevance of the
minimization (2) to approximating (1) was noted already in [1,
Th. 2], where it was shown that whenever d is a metric,

Hx(d;0)  Rx(d;0) +log, (Rx(d;0) +1) +C;  (3)

where C is a universal constant. Theorem 1, stated next,
sharpens Posner’s result by re ning the constant C to log, e;
and we do not require d to be a metric.

Theorem 1 (guaranteed distortion: quantizer entropy).

Rx(d;0)  Hx(d;0) (4)
Rx (d;0) + log, (Rx (d; 0) + 1)
+log, e bits ®)

Proof. The lower bound is noted in [1, Th. 2]. To see it, let
Y =1f(X). Since 1(X;Y) H(Y), the inequality (4) follows
by minimizing the left-hand side over Pyjx satisfying the
constraint.

For the upper bound, consider the function [1]

R%(d;0) , iPanE[ log Py (Ba(X))]; (6)
where
Ba(x) , fy2Y:d(x;y) dg )

is the distortion d-ball around x, and the in mum is over all
distributions on Y. The + in the left side of (6) symbolizes
that R5 (d; 0) is represented as an expectation of a nonnegative
random variable.

To show the upper bound, we rst establish that

R (d;0) Rx(d;0): (®)

Indeed, for any Pxy with P[d(X;Y) d] = 1, by the data
processing inequality of relative entropy, with the data processor
that outputs Py jx=x if Y 2 Bq(X) and Py otherwise (occurs
with probability 0 under Py jx =), we have

D Pyjx=xkPy  d(1kPy (Bd(X))) ©)
—_— 1 .
=190 5 B’ {10

Here
1
1

d( ka) »

is the binary relative entropy function.
It is shown in [5, (134)] (the below corrects the typo in [5,
(134)], replacing 1 therein with log, €)
Hx(d;0) Ry (d;0)+log, R(d;0)+1
+ log, e bits

(11)

log a +(1 ) log

(12)

Combining (12) with (8) leads to (5). For completeness, we
include the proof of (12) in Appendix B. O

The following result provides a characterization of the
function Rx (d;0) and identi es a property of the optimal
probability kernel that achieves it.

Theorem 2 (guaranteed distortion: minimal mutual informa-
tion).

Rx (d; 0) = R5(d; 0): (13)

Furthermore, the kernel Py jx attains Rx(d; 0) if and only if
for Px-a.e. X

dPy jx=x 1
dPy Py (Ba(x))

where Py is the Y marginal of Px Py jx.

Proof. It is shown in [1, Lemma 13] and in [5, (132)] (proof
included in Appendix C for completeness)

Rx(d;0) R3(d;0); (15)

Combining (8) with (15) establishes (13). To show (14), we note
that equality in (9) is achieved if and only if (14) holds. [

log (y) = log (14)

Theorem 2 parallels Csisz&r’s characterization [3] of the
minimal information under expected distortion:

Rx(d) , Pijlfn;M 1(X;Y) (16)
E[dCX;Y)] d
Csisz£r’s characterization states that
Rx(d) = infmaxE[ v (X; )] @an
Py 0
where 1
; | 18
O a9

is the generalized tilted information [6, (28)]. The kernel Py jx
attains the in mum on the left-hand side of (17) if and only if

APy jx=x, | _ s
W(Y)— y(x; )

where ? = R (d) is the negative of the derivative of Rx (d)
at d. Csiszkr’s characterization applies for all d > dpin, Where
dmin is the in mum of d values where Rx (d) is nite.
Although the objective in (2) can be viewed as a special case
of (16) with distortion measure 1 fd(x;y) > dg and distortion
threshold 0, Theorem 2 is not a special case of Csiszkr’s

log dixy)+ ‘d (19)

70



2026 International Zurich Seminar on Information and Communication (IZS), Feb. 25-27, 2026

characterization because distortion threshold 0 is exactly the
dmin-

The functions inside the expectations on the right-hand sides
of (14) and (17) satisfy the relation (Markov’s inequality)

1 . .
W By T

I11. CONDITIONAL EXCESS DISTORTION

I (20)

In this section, we weaken the constraint in (1) by allowing
the distortion threshold be violated with some probability, |,
for (almost) every source realization x. Namely, we de ne the
excess conditional distortion entropy of the source X as:

C . H
M@ ).t
P[A(X;Y)=djX] as.

H(Y): (1)

Here c¢ in the left side of (21) stands for conditioning the
constraint on X. Note that in (21), we allow randomization
at the encoder. Without such randomization, the conditional
probability in the constraint set of (21) would be either 0 or 1
depending on whether the deterministic representative for X is
within d from X, meaning that for any <1, the feasible set
of deterministic encoders in (21) coincides with that in (1).
This section establishes the following convex proxy for the
minimization (21):
%), inf
VX : X
P[A(X;Y )=djX]

1CX;Y): (22)

Theorem 3 (conditional excess distortion: quantizer entropy).

R%(d; ) Hx(d;) (23)
R (d; ) +log, (RS (d; ) +2)
+1+log,e bits (24)
Proof. The lower bound follows from 1(X;Y) H(Y).
To show the upper bound, we introduce the function
RST(d; ) » infE( v KPy (Ba(X)))];  (25)
where
vy(X) , maxfl ;Py(Bq(X))g: (26)
We establish that
RST(d; ) R%(d; ): @7)
Indeed, x any Py jx=x With Pyjx=x (Ba(X)) 1 . With

the data processor that outputs Py jx=x if Y 2 Bgq(x) and Py
otherwise, data processing of relative entropy yields

d(Py jx=x (Ba(X)) kPy (Ba(x))) (28)
d( v (OkPy (Ba(x))); (29)
where to write (29) we used the fact that if > q, then d( kq)

increases as a function of , and if < q, then it decreases as
increases, vanishing to 0 at the extreme =q.

D Py jx=xkPy

Next, we assert the following extension of (12):
H%(d; ) RST(d; ) +log, R(d; ) +2

+ 1+log,e bits (30)

Combining (30) with (27) leads to (24). The proof of (30) is
in Appendix D. O

Theorem 4 (conditional excess distortion: minimal mutual
information).

R&(d; ) =RS"(d; ): @31
Furthermore, the kernel Py x attains R (d; ) if and only if
for Px-a.e. x

1fd(x;y) dg

dF)ijzx

log —————=(y) = X 32
9" gp, M= vy Py (Ba(0) (32)
1fd(x;y) > dg
+(1 X)) ———
A M G
where Py is the Y marginal of Px Py jx.
Proof. It is shown in Appendix E that
RS(d; ) RS(d ) (33)

Combining (33) with (27) establishes (31). To show (32), we
note that equality in both (28) and (29) is achieved if and only
if (32) holds. O

IV. EXCESS DISTORTION

In this section, we weaken the constraint in (21) by allowing
the distortion threshold be violated with some probability, ,
when the probability is averaged over all source realizations
X:

(34)

Hx(d ) . inf  H(Y):
YjX - = .

P[A(X;Y )=>d]
The function (34) is similar to ( ; )-entropy [4], except (34)

allows randomized encoding mappings.
Consider the function [5, (19))]

Rx(d; ) . Pijl:ng(_Y 1O5;Y); (35)
P[ACX;Y )=d]
Theorem 5 (excess distortion: quantizer entropy).
Rx(d; )  Hx(d; ) (36)
Rx(d; ) +log, (Rx(d; )+ 2)
+1+log,e bits (37)

Proof. The lower bound is noted in [5] and follows from
1Y) H(Y).

To show the upper bound, observe that all the steps in the
proof of Theorem 3 go through if the tolerated probability of
violating distortion threshold is allowed to vary with source
realization, i.e. if in (21), (22) is replaced with (X).
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Next, notice that

Rx(d; )= :X;ng‘o;l]: %@ O):

E[ (X)]
and analogously for Hx (d; ). Since (24) holds for an arbitrary
set of thresholds (), it holds in particular for the optimal set
of thresholds achieving the minimum on the right side of (38);
the validity of (37) follows. O

(38)

De ne the function

Rx(d; ) , PYim‘ ()E[d( v (X)kPy (Ba(X))]:

(39)

where the in mum is over Py and over functions y: X @
[0; 1] such that

v (X) Py (Bda(X)) as.
E[lv(X)] 1

(40)
(41)

Theorem 6 (excess distortion: minimal mutual information).
Rx(d; ) =Ry (d; ): (42)

Furthermore, the kernel Py jx attains Rx (d; ) if and only if
for Px-a.e. X (32) holds, where where Py is the Y marginal
of PxPyjx, and v () achieves the in mum on the right side
of (39).

Proof. The proof steps of Theorem 4 remain valid if, in (22) and
(26), the xed threshold is replaced with variable threshold
(X). Since equality (31) holds for an arbitrary set of thresholds,
it also holds for the optimal set of thresholds. The constraint
in (40) utilizes monotonicity properties of the binary relative
entropy function mentioned after (29). O

The optimum v () in (39) (and hence the optimum ()
in (38)) can be analyzed explicitly: it is given by assigning
vy (X) =1 to all typical x and assigning v (x) to its minimal
value for the atypical X, where x is considered typical if

Py (B4(X)) g, where threshold q is the supremum of g’s
such that

E[ v(X)]=P[B q]+E[B1fB <qg]  (43)

1 (44)

where B , Py (Bq(X)). For an (often reasonable) approxima-
tion to the optimum vy (), one may ignore the second term in
the right side of (43); then log, % is the level-(1 ) quantile
of the distribution of ideal codelength log, é. Indeed this is
the path taken in [5], where said quantile is used to de ne the

-cutoff  of log, é, which is shown to play a crucial rule in
nonasymptotic tradeoffs in variable-rate lossy compression of

i.i.d. sequences.
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Information and

APPENDIX A
ENTROPY VS. MINIMUM EXPECTED LENGTH

Denote by f0; 1g? the set of all binary strings (including the
empty string). A lossless variable-length binary encoder for
the discrete random variable X 2 X is an injective mapping
f: X A f0;19°.

Let

L?(X) , mfinE[Ien(f(X))] (45)
be the expected length of the string output by the encoder,
minimized over all lossless encoders f. It is related to the
entropy of X via [7], [8]

H(X) log,(H(X) +1) L?(X)

H(X):

log, e (46)

(47)

A lossless variable-length binary pre x-free encoder for
the discrete random variable X 2 X is an injective mapping
f: X A 10; lg?, where the image of f (called the set of
codewords) satis es the condition that no codeword is a pre X
of another codeword.

Let L;(X) denote the minimum expected encoded length
achievable among all pre x-free encoders. It is related to the
entropy X via [9]

HX) LX)

H(X) + 1:

(48)
(49)

Thus, in either case  with or without pre x constraints
entropy of the random variable captures the storage capacity
necessary for its lossless reproduction (by the decoder that
knows the encoding function), as long as the entropy of the
random variable is not too small, which is the case in most
practical scenarios.

APPENDIX B
PROOF OF (12)

Let codewords Yq;Y>;::: be drawn i.i.d. from Py. The
encoder outputs a binary encoding of the rst d-close match
to X, i.e.

W , minfm: d(x;Ym) dg (50)
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Ify1;yo;:::is arealization of Y 1, f(X) = y is a deterministic
mapping that satis es the constraint in (1), so, since w A vy,
is injective, we have

Ha(X) HWjyt=yh) (51)

We proceed to show that H(WjY 1) is upper bounded by
the right side of (12). Via the random coding argument this
will imply that there exists at least one codebook y=1 such that
H(WijY 1 =y1) is also upper bounded by the right side of
(12), and the proof will be complete.

Let
L , blog, Wc (52)
and consider the chain
HWjY 1)  HW) (53)
= H(WjL) + I(W;L) (54)
E[L]+H(L) (55)
E[L] + log, (1 + E[L]) + log, e (56)

where

(53) holds because conditioning decreases entropy;

(55) holds because conditioned on L = “, W can have at
most 2" values;

(56) holds because the entropy of a positive integer-valued
random variable with a given mean is maximized by the
geometric distribution.

Finally,
E[L] E[ log; Py (Ba(X))] (57)
This is because
E[LiX =x] log, E[WjX = X] (58)
= log, Py (Ba(X)); (59)

which applies Jensen’s inequality and the fact that conditioned
on X = x and averaged over codebooks, W has geometric
distribution with success probability Py (Bg(X)).

APPENDIX C
PROOF OF (15)
Fix a distribution Py on Y and de ne the conditional
probability distribution Py jx through'
dPy Py (Ba(x))
Upper-bounding the minimum in (2) with the choice of Py jx
in (60), we obtain

(60)

Rx(d;0)  1(X;Y) (61)
=D PijkPYij D(PykPy) (62)

D PyjxkPyjPx (63)

= E[ logPy (Ba(X))] (64)

which leads to (15) after minimizing the right side over all Py .

Note that in general Px ¥ Py jx 9 Py.

APPENDIX D
PrRoOOF OF (30)

Consider an encoder that, given an in nite list of codewords
V1;Y2;:::, outputs the rst d-close match to x with probability

v (X), and outputs y; otherwise. Speci cally, the encoder
outputs a binare/ encoding of

minfm: d(x;ym) dg wp. v(X)

W, .
1 otherwise

(65)
This rather trivial randomized encoder, which simply gives up
with a pre-determined probability and produces a d-close match
otherwise, is indeed feasible in the context of the optimization
problem (21).

The reasoning in Appendix B applies to bound the entropy
of W in (65), with (59) replaced by

E[LIX =x] d( v ()kPy (Ba(x))) +h( v (X))

and applying h( v (x)) 1 bit, a crude bound resulting in the
extra +1’s in (30) compared to (12), as in typical scenarios
a small , an even smaller Py (B4(x))  h( v (X)) would be
nearly 0.

To show (66), denote by U the Bernoulli random variable
with success probability vy (X) employed in (65). By the law
of iterated expectation and Jensen’s inequality,

(66)

E[LjX = x] =E[E[LjX = x;U]] (67)
Eflog, E[WjX = x;U]] (68)
= v(x)log, mi (69)

where (69) uses that averaged over the codebook and con-
ditioned on X = x;U = 1, the waiting time W has
geometric distribution with success probability Py (Bg(X));
while conditioned on X = x;U =0, it is equal to 0. The right
side of (66) is an upper bound to the right side of (69).

APPENDIX E
PROOF OF (33)
Fix a distribution Py on Y and de ne the conditional
probability distribution Py jx through
1fd(x;y) dg
Py (Ba(x))
1fd(x;y) >dg
) y) = A9,
M)
Upper-bounding the minimum in (22) with the choice of
Pvjx in (70), we obtain

Prix=xy) =

e v () (70)

+(1

R&(d; ) 10X:Y) (71)
D PyjxkPyjPx (72)
= E[d( v (X)kPy (Ba(X)))] (73)

which leads to (33) after minimizing the right side over all Py, .
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Source Coding with Side Information: A
Dual-Domain Expurgated Error Exponent
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Abstract We introduce an expurgation technique for source
coding with side information that demonstrates existence of a
code in the expurgated ensemble for which every source sequence
satis es a desired upper bound on error probability. Applying
the developed technique, directly in dual-domain, we derive an
expurgated error exponent for standard random coding ensemble
with a possibly mismatched decoding metric.

I. INTRODUCTION

Consider a pair of discrete memoryless correlated sources
with nite alphabets X and Y, and joint distribution Pxy . A
standard block source code C(n;R) is de ned as a mapping

Y" back into a source sequence X. The decoder makes an
error whenever ( (X);y) & X and the probability of error
is given by

Pe =P[ ( (X);Y) & X] 1)

This setting is known as block source coding with decoder side
information, or Slepian-Wolf coding [1], [2]. A dual-domain
achievable random coding error exponent for the above setting
with maximum a posteriori probability (MAP) decoding was
derived by Gallager in [2] as

E/(R) = max R Eo(); )
where the function Eq( ) is de ned as
1+
Eo() . log Py (y) Pxjv (Xjy) ™ Q)

y2Y X2X

Gallager [2] also derived a corresponding upper bound Esp(R)
by providing the side information sequence to the encoder,
which takes a similar form as (2) with optimization over 0.

Relating the Slepian-Wolf source coding problem to a
counterpart channel coding problem, a tighter achievable error

This work was supported in part by the European Research Council
under Grants 101116550, 101142747 and 101158232, and in part by the
Spanish Government under Grants P1D2020-116683GB-C22 and PID2021-
1283730B-100 and partially by the WAVE-XL project (P1D2024-1604570B-
100) funded by MCIN/AEI/10.13039/501100011033 and by FEDER, UE.

Hamdi Joudeh
Eindhoven University of Technology
h.joudeh@tue.nl

Albert Guillgn i F bregas
University of Cambridge
Universitat Polittcnica de Catalunya
guillen@ieee.org

exponent for high code rate regime (referred to as the expur-
gated exponent) was derived by Csisz&r and K rner in [3] for
a generic (possibly mismatched) decoder. For the case of using
optimum ML decoder this exponent is given by

Eex(R) = min  D(PxkPx)
PX

n (o]
Ed(X;X) +R H(RjX)

(4)

+ min
P2 x:P2=Px;H(XjX) R

where d(&; x) is the Bhattacharyya distance, de ned as

q
d®;%) , log Pyix (YI®)Pyjx (yix): ()
y2Y

Exploiting the connection to counterpart channel coding
problem and using permutation codes, the exponent in (4) was
also derived later by Ahlswede and Dueck in [4]. Both proofs
in [3], [4] rely on type analysis and combinatorial arguments
and do not use random coding or expurgation.

In this work we develop an expurgation technique for source
coding with side information, and then employ it to directly
derive a dual-domain expurgated exponent under generic,
and possibly mismatched, decoding metrics. Speci cally we
consider a maximum metric decoder of the form

argmax  q(x;y); (6)
X2X"N: (X)=m

(myy) =
where g is an arbitrary non-negative decoding metric.

Il. MAIN RESULT

We develop an expurgation method for source coding that is
valid for any source and side information model with arbitrary
decoding metric. The method is based on repeated expurgation,
starting with all sequences in X", in each repetition we
show existence of a code in the random coding ensemble
for remaining source sequences, such that half of those meet
a desired upper bound on the error probability. In order to
exhaust all sequences, the expurgation process is repeated
for at most nlog, jXj times. Combining the selected codes
from all repetitions, we obtain a code in which all the source
sequences satisfy the desired upper bound as given by the
following lemma. We rst de ne the ensemble.
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De nition 1. The standard random coding ensemble is the
set of all (n; R) standard block codes for source alphabet X
where each source sequence is mapped independently and with
equal probability ﬁ into one of the M codewords.

Lemma 1. There exists a code Cex in the standard random
coding ensemble such that for every source sequence x 2 X"
and 0

h i

Pe(X;Cex)  2E pe(;C)° )

where the expectation is over the standard random coding
ensemble with %2 codewords with k = nlog, jXj.

Considering the standard random coding ensemble and
applying Lemma 1 we obtain the following achievable error
exponent for memoryless qurees employing a memoryless
decoding metric q(x;y) = ~i—; d(Xi; Yi).

Theorem 1. For every R > 0 and every distribution Pxy 2
P (X YY) there exists a standard block source code with max-
imum metric decoder (6) employing decoding metric q(Xx;y)
that achieves the exponent

Eq(R) = maxfEq; (R); Eq;ex(R)9; (8)
where
Eq;r(R): sup R Es(;9); 9)
2[0;1]
S
Eq;ex(R):SUE R Ex(;s); (10)
s 0
with
< X s
ECi9=log  Pxr(cy o)
x2X;y2Y x2X quey
(11)
Ex( ;s)
1,1
X X X V) S
= log Prr(Gy) S0 a2)
x2X  x2X y2Y qexay

Proofs of Lemma 1 and Theorem 1 can be found in [5].
Noticing that exponent is a convex function of the rate and
the maximizing is the slope of the exponent curve, similar
to [6, Ch. 5] by evaluating the partial derivative of the exponent
to nd the rate at which = 0 maximizes the exponent, we
obtain the following rate achieved by standard random coding:

. . X y)®
Hq(XjY) = inf Pxv (x;y) log ( y.) s
S0 oxy2y qa(x;y)
’ x2X
(13)

where QS (xjy) = e
x2X

0:5 T T T T T :
------ ECK(R) matched gsz )
— Eq4(R) matched 0:44 |-
0:4 11~ Eq(R) mismatched | o.42 | B
0:4 —- ’
1:081:09 1:1 / ¢
0:3 B
x
(1]
0:2 |
0:1} B
o—o == - ! ! ! !
%:4 05 06 07 08 09 1 1:1
R

Fig. 1: Error exponents for the source X and side information
Y with joint distribution given in (15). The mismatched
decoder uses the minimum Hamming distance metric in (16).

I1l. EXAMPLE
The joint distribution of the source X with side information
Y is de ned by the entries of the jXj jYj matrix
0:49 0:005 0:005
Pxy =40:015 027 0:0159: (15)
0:05 005 01

We consider using a mismatched decoder with a memoryless
metric given by the matrix
2

1 2
axy) =4 12 5
1 2

3
(16)

with 2 (0; %). This is equivalent to a minimum Hamming
distance decoding metric.

Figure 1 illustrates the exponents for the standard ensemble
with both matched (MAP) and mismatched decoders and
Csiszfr and K rner’s exponent E€X from [3] with a matched
decoder. We observe that the derived expurgated exponent in
(8) is higher for the matched decoding and it is weaker than
the exponent of [3] for high rates.
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Abstract We introduce a general class-based block source
coding framework which, for the case of discrete memoryless
sources, is specialized to four different constructions with varying
levels of underlying structure in the class de nitions. For all the
constructions, we show that the matched random coding error
exponent is achieved universally with a corresponding universal
decoder. Increasing the structure in the classes results in a simpler
corresponding universal decoder.

Lossless source coding has been studied in three main
different settings. The setting that has been studied most
extensively is strictly-lossless variable-length pre x data com-
pression. In this setting, a source code is an injective map-
ping of source sequences of xed-length n to variable-length
binary codewords where no codeword is a pre x of another
(see e.g. [1]). In the second setting, the pre x constraint is
dropped when a whole le is to be compressed at once, while
retaining strictly-lossless, variable-length codes. An optimal
code in this setting is a deterministic mapping of length-
n source sequences ordered with decreasing probability to
binary sequences of increasing length. A rigorous treatment
of the optimal code in this setting for the known distribution
case and universal case can be found in [2], [3]. The third
and last setting is almost-lossless, xed-length to xed-length
data compression which we refer to in this paper as block
source coding. The optimal n-to-k code in this setting maps
2K 1 most likely sequences to distinct codewords and maps
all the remaining ones to the last codeword (error index). The
analysis of optimal code for a discrete memoryless source
(DMS) shows the exponential decay of the error probability
with the optimal exponent given by [4]

E(R)=max R E()

INTRODUCTION

M)

where 1

=1+

Es( ) = log Py (V)™ @)

v2V
When the distribution of a DMS is unknown, an optimal
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universal code can be constructed by one-to-one mapping the
lowest empirical entropy sequences instead of the most likely
ones [1]. Using this construction, the optimal exponent can be
achieved universally [5], [6]. The literature on variable-length
universal source coding is extensive (see e.g. [7] and references
therein). Practical block-code designs have been considered in
a number of works, see e.g. [8], [9]. In this paper, we introduce
a general class-based block source coding framework, in
analogy with channel coding, where source sequences are
partitioned into disjoint classes, and each class is encoded
independently. For DMSs, we specialize the framework to four
code constructions, depending on the structure imposed on
the code. We show that the random coding error exponent is
universally achievable in all four cases.

A. Class-Based Block Source Coding
Consider a discrete source with nite alphabet V that out-

let the partitions be such that, for each n, source sequences
are assigned to classes depending on a common property: for
example having same empirical type.

The codeword set M fl, ;Mg is also partitioned
into N, disjoint subsets as fMy; y M, g where M is
the codeword set for the class Aj'. A class-based block source
code C = fCq;  ;Cn,,0 is a union of N, codes where each
Ci is an (n; R;) block code for source class A{' with mapping
function ; : AM ¥ M; and rate R; = 99™il Each code
Ci can be represented as a partitioning of the corresponding
class Al' into M; = jM;j subsets as TAi1;  ; Aim, 0.

The decoder for a class-based code C is a set of mappings

i M; I AP foreveryi 2 fl; ; Nng. We consider using
a maximum metric decoder as follows: for every m 2 M;

i(m) =

arg max
V2A7D: i(v)=m

q(v); ®)
where (V) is a positive decoding metric. For a sequence v 2
A, the decoder makes an error whenever ( i(v)) & v.
For a class-based code, an error can only happen between
the source sequences of the same class. Here we consider the
average probability of error as the metric of interest.
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De nition 1. A Class-based random coding ensemble is the
set of all (n; R) block codes for the source sequences V" with
a probability measure over the codes having the following
property: For every source class A, i 2 f1;  ;Nnpg, each
source sequence v 2 A} is independently assigned with equal
probability Mil to each of the codewords in M;.

B. Discrete Memoryless Sources

Following conventional de nitions, the type of a sequence
v generated by a DMS is the probability distribution B, with
Py(v) = an(v) for any v 2 V where ny(v) is the number
of appearances of symbol v in v. The type class fv 2 V" :
B, = Pyg is denoted by Tn(P,). The set of all possible types
of sequences v 2 V" is denoted by Pn(V).

We consider and study four different partitionings of the

source n-tuples V" to classes as follows:

1) Type class: A} = Tn(P;) fori %fl; ;iIPn(V)jg.

2) Empirical entropy class: AP =~ Ta(P}) : H(P}) =
A; fori 2 f1;  ;Nng, where F;’s are distinct empir-
ical entropy levels for source g-tuples.

3) Tilted family class: A} = an(If’\j) : Ff’\j 2 Eq;,
where Eq, are distinct tilted families (De nition 2) for
empirical distributions of source n-tuples.

4) Single class: A" =V,

For each of the four cases, we consider class-based block

source codes with corresponding universal decoding metrics:

For 1) and 2), q(v) is an arbitrary decoding metric,
For 3), we consider q(v) = Q; for v 2 Al' where Q; is
an arbitrary distribution from the tilted family Eg;,
For 4), we consider the empirical probability metric
q(v) = e "H®Y = P (v). Such a maximum metric
decoder is equivalent to a minimum empirical entropy
decoder, the source coding counterpart of the maximum
mutual information decoder for channel coding [6].

Il. MAIN RESULT

Our main result is an achievable error exponent for class-
based ensembles. First, we give the random coding error
exponent for the ensemble of standard random block codes, a
special case of class-based random coding with a single class.
Considering a matched maximum likelihood (ML) decoder,
which minimizes the average error probability, the random
coding exponent for standard ensemble has a similar form to
(1) where the maximization is over 2 [0; 1],

E/(R) = max R Es(): (4)

Theorem 1. For discrete memoryless sources and each of the
four above-mentioned class-based partitionings, there exists
a class-based (n;R) block source code with M = de"Re
codewords such that a maximum metric decoder with universal
metric q(v) achieves the random coding exponent in (4).

Next, we give bounds on the average error probability of
a random code with generic decoding metrics that we later
particularize to the four ensemble-decoder pairs above.

A. Random Coding Error Probability Analysis

A random code from the class-based ensemble is denoted by
C =1f1C;; ;Cn,0 with encoding functions ¥ ig!\‘:"l. Over
the ensemble of random class-based codes, the average error
probability of azsouzrce sequence v 2 A} can be written as

33
pe(v;Ci)=E§1§ L fa(v) a(v); i(v) = i(V)géé

V&V
V2AT
> ®)
1fa(v) aWIPL iv)= iMW]; (6)
V2A7 R
1 > h i
= 1 am)e™™ qv)e™ (7)
iVZAP
12X ge'™ °
;e (®)

where we use the union bound in (6), in (7) f() is any
arbitrary function that has same value for all the sequences in
the same class and possibly different values for the sequences
of different classes, and (8) holds for any s; 0. We note that
the ratio oy = 1 in (8), however the function () will be
an extra degree of optimization after simplifying the bound.

Averaging over all source sequences yields an upper bound
on the ensemble average error probability,

Pe(C) = Pe(Ci); )
i=1
where
O 1,
> 1 > q(V)ef(V) Si
Pe(Ci) Py (V) @ s A
e v2an v Mipan GV)EF)
(10)
and (10) holds for any ; 2 [0; 1].

The average error probability pe(C) in (9) can be further
upper bounded as

Pe(C)

which implies that the corresponding error exponent is domi-
nated by the exponent of the worst class as long as N, grows
sub-exponentially with n.

In order to nd a simpler bound on pe(C) that does not
require maximization over the classes, we rst weaken the
bound in (10) by including all v in the inner sum and choose

N max Pe(Ci); (11)

M; = NMn and xsj=sand ;= ,hence we obtain
1
N > v ef(V)
@ P TS @)
v2vn v2vn g
for any s 0 and 2 [0;1]. The bound in (12) can be

optimized over the choice of () which only needs to satisfy
f(v) = ; forall v2 A} where ; is a constant for every i.
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I11. PROOF OF THEOREM 1

We now prove the achievability of the random coding
exponent with matched decoding for discrete memoryless
sources with each of the four class-based block source codings
introduced in section I-B with a corresponding universal
decoder for each case.

A. Type Class

In this case, each source type class is considered as a
separate class, hence, N, = jPh(V)j and f(v) in (12) can
be any arbitrary function that depend on the source sequence
v only through its type.

Now setting s = -, f(v) = log P2

in (12) and using

1+ a(v) .
memoryless property of the source we obtain
1
=1+
iPn(V)j > 1
NONE L R WO 13)
v2V
—e "R n) E() (14)
where , = 29PnMi w g asn ¥ 1 and Es( ) is

given in (2). This sr?ows that for discrete memoryless sources,
type class-based source coding achieves the matched random
coding error exponent universally irrespective of the decoding
metric since the choice of function f(v) = log P;(\(,‘)’) cancels
the effect of decoding metric.

B. Empirical Entropy Class

In this case, all the source type classes with equal empirical
entropy are partitioned together into a single class, hence,
the number of separate classes Ny is equal to the number
of distinct empirical entropy levels. Denoting the maximum
number of types within an equal empirical entropy class by
Kn, we consider simple upper bounds of K,  jPnh(V)j and
Nn  jPn(V)j in the following.

For a source sequence v and probability distribution Py, ()
de ne

B(v)=fv2V":Py(v) Pyv(V)g: (15)
For any source sequence v 2 A}' we de ne the set
A(V)=fv2Al:qv) q(v)g; (16)

which are the set of sequences that would cause error if they
were assigned to the same codeword. Noting that for any
arbitrary metric q( ) we have jA(v)j] jA}j for v 2 Al and
since types with equal empirical entropy have type classes with
equal size and also since B(v) includes type class Tn(Py), we
upper bound the size of A(Vv) as

IA(V)I  KajB(V)J:

Now we upper bound the average error probability of a
source sequence v 2 A} using (6) as

(17)

Pe(V; Ci) m—\:)j; (18)
Kn Nn > l:)V (V) s .
M o PvM) 9
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where we use (17) and the bound 1[Py (V) Py (V)]
Pv (V)
PX ™ fors 0.
Now averaging over all source sequences we obtain
1
KnoNp < Py(v) °
peC)  Py(v) nlhn v T o)
M Pv (V)
v2vn v2vn
which holds for any 2 [0;1].
Now setting s = 3 in (20) and using memoryless

property of the source we obtain a similar bound as (14)
with p = '99KnNn  2100iPnM)] W g asn ¥ 2. This
shows that for discrete memoryless sources, empirical entropy
class-based source coding achieves the matched exponent
universally irrespective of the decoding metric. This is because
the bound in (17) is valid regardless of the decoding metric.

C. Tilted Family Class

We start by de ning the tilted family and state a lemma that
will be used to prove the result for tilted family class.

De nition 2. For a probability distribution Q with support V,
the tilted family of Q is de ned as

Eo = fQ® :s2R™g;

where Q) is the tilted distribution of order s of Q and for
every v 2 V it is given by

v(V)® |

)y —
Q) Qv (v)s
2v

\%

The tilted family Eq is an exponential family of probability
distributions written as

QP W) = cesF

P
est™ 1 The tilted

family Eq depends on Q only in a\(ﬁgak manner, since any
element of Eg could play the role of Q.

For tilted family class case, all the source type classes
having same tilted family are grouped together into a single
class, hence, the number of separate classes N is equal to
the number of distinct tilted families of empirical distributions
on source n-tuples. We consider a simple upper bound of
Nn  jPn(V)j in the following.

For the i-th tilted family class A}, we consider the uni-
versal decoding metric q(v) = Q; where Q; is an arbitrary
distribution from the corresponding tilted family Eq,. For any
source sequence v 2 Al we de ne the set

A(v) =fv2 A7 :Qi(v) Qi(v)e:

Considering the de nition of B(v) in (15), we have the
following inequality on the size of the sets A(v) and B(V).

where f(v) = log Qv (v) and ¢ =

(21)

Lemma 1. For any source sequence Vv from tilted family class
A}, we have
JA(V)j

iBMW)i (22)
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B :(0;1;0)

C:(0;0;1)

Fig. 1: Ternary simplex and illustration of permuted tilted
families, iso-cross-entropy families and iso-entropy contours.

for any arbitrary probability distribution Py in de nition of
B(v) in (15).

The full proof of Lemma 1 is involved and omitted here.
We only provide an sketch of the proof through an illustrative
ternary example in the following.

Fig. 1 shows the ternary simplex with iso-entropy contours.
Assume that solid red curve connecting the corner point A
to the center of the simplex U (uniform distribution) shows
the tilted family Ep,, of the (arbitrary) distribution Py in the
de nition of B(v).

As rst case consider a sequence v such that the empirical
type I5\, belongs to the tilted family Ep,, . The black circle on
the gure illustrates one such type. The set A(Vv) is union of
all the type classes with empirical type on the portion of titled
family curve between the corner point A and B,,. The solid red
line passing through B, shows the iso-cross-entropy family
My = fP : H(PKP,) = H(P,)g. The iso-cross-entropy
families corresponding to other distributions from tilted family
Ep, are parallel lines to My . The set B(v) is union of all
the type classes with empirical type over the triangle formed
by the vertex A and the solid red line as opposite side which
includes the A(Vv) as a subset. Notice that in this case we can
also replace Q; with Py in (21) and show that A(v) B(V).

As second case consider a sequence Vv such that the empir-
ical type P, belongs to the same region of the simplex as Py
according to ordering of symbol probabilities. The blue dot
on the gure illustrates one such type. The set A(Vv) is union
of all the type classes on the portion of titled family curve
(dashed blue curve) between the corner point A and the blue
dot. The iso-cross-entropy family for a tilted distribution P>
passing through B\, (blue dot), namely Mg, is shown by
dashed red line. The set B(v) is union of all the type classes
with empirical type over the triangle formed by the vertex A
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and the dashed red line (passing through blue dot) as opposite
side which includes the A(Vv) as a subset.

For the last case, consider a sequence v such that the
empirical type P\, belongs to a different region of the simplex
than Py . The magenta squares on the gure illustrate such
types. The set A(Vv) is union of all the type classes on the
portion of titled family curve (dotted magenta curve) between
the corresponding corner point and the magenta square. For
any such v there is a permutation of P, and corresponding
tilted family E, denoted by () and E By’ respectively,
that are on the same region of the simplex as Py . The dashed
blue curve is the corresponding permutation of dotted magenta
curves. We rst note that since any type class lying on a dotted
magenta curve has a corresponding permuted type class on
the dashed blue curve, therefore, jA(v)j = jA(v)j for any
v 2 Tn( (P\)). Therefore using the result of the second case
we have jA(V)j  jB(v)j. The set B(v) is union of all the
type classes with empirical type over the triangle formed by
the vertex A and the dashed red line (the iso-cross-entropy
family passing through B\) as opposite side. Also note that
Pv (V) Py (v) since (Py) has similar ordering to Py
whilst Py, has different ordering, therefore B(v)  B(V).

Using Lemma 1 we upper bound the average error proba-
bility of a source sequence v 2 A" from (6) as

IAMV)I,

Pe(V; Ci) M. (23)
I\In > I:)V (V) s .
M yayn PV v) (24)

where the (24) holds for any arbitrary probability distribution,
especially for the matched distribution Py, .

Averaging over all source sequences and using memoryless
property of the source we obtain a similar bound as (14) with
p=10Nn  [109]Pn)] g gasn W 7.

This shows that for discrete memoryless sources, tilted
family class-based random coding achieves the matched ran-
dom coding error exponent universally with corresponding
universal decoding metric.

D. Single Class

In this case we consider a universal decoding metric given
by q(v) = 2 "H®W = P (v) which is the empirical
probability of the sequence v. For any sequence v, we de ne
the set A(Vv) as the set of sequences v 2 V" that would cause
error if they were assigned to the same codeword, namely
for such sequences we have By (v) Py (V), or equivalently

HP,) HB), ie.,

A(V)=fv2V":HE,) HE: (25)

Noting that a type with lower empirical entropy, has a
smaller type class and also since B(Vv) includes type class
Tn(Py), we upper bound the cardinality of the set A(v) as

JAV)]  JPn(V)KB(V)]: (26)
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Using (26) we upper bound the average error probability of
a source sequence v 2 V" from (6) as

Pe(V; C) m—v)j; (27)
iPr(V)j < Py(v) °©
M Py (V) (28)

v2vn

Averaging over all source sequences and using memoryless

property of the source we obtain a similar bound as (14) with
n= w T O0asn?® 1.

This shows that for discrete memoryless sources, single
class block source coding with universal maximum empirical
probability decoding (minimum empirical entropy decoding)
achieves the matched random coding error exponent.
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A complete characterisation of conditional entropy
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Abstract Entropies are fundamental measures of uncertainty
with central importance in information theory and statistics and
applications across all the quantitative sciences. Under a natural
set of operational axioms, the most general form of entropy is
captured by the family of R@nyi entropies, parameterized by a
real number . Conditional entropy extends the notion of entropy
by quantifying uncertainty from the viewpoint of an observer with
access to potentially correlated side information. However, despite
their signi cance and the emergence of various useful de nitions,
a complete characterization of measures of conditional entropy
that satisfy a natural set of operational axioms has remained
elusive. In this work, we provide a complete characterization of
conditional entropy, de ned through a set of axioms that are
essential for any operationally meaningful de nition: additivity
for independent random variables, invariance under relabeling,
and monotonicity under bistochastic maps conditioned on the side
information. We prove that the most general form of conditional
entropy is captured by a family of conditional entropies that are
averages of R@nyi entropies of the conditioned distribution and
parameterized by a probability measure on the positive reals.

I. INTRODUCTION

Entropies are measures of uncertainty about the outcome
of a random experiment. Given a discrete random variable X
on X governed by a probability mass function (pmf) P (X),
its surprisal is the random variable S(X) = log %. The
Shannon entropy [1] is then de ned as its expectation,

1

P(x)log 57— )

H(X) := E[S] = 560"

x2X

While Shannon entropy plays a central role in information
processing by characterizing the ultimate performance limits
for a range of tasks, most notably data compression [1], it is
evident that a more ne-grained speci cation of the surprisal is
necessary to understand tail events. Notable examples are the
min-entropy, Hmin(X) = miny2x S(X), which plays a pivotal
roleli;] cryptography, and the Hartley entropy [2], Hmax(X) =
log ,>x 1fP(x) > 0g. To fully characterize the distribution
we consider the family of exponential expectations,

R3tA E(X]:= %IogE exp(tX) ; @

and observe that lim¢s g E¢[X] = E[X] recovers the usual
expectation. This function is closely related to the cumulant
generation function (cgf) given by K[X] = tE¢[X].
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Given this, the distribution of the surprisal S is conveniently
characterised in terms of the family of R@nyi entropies [3] with

parameter 2 [0; 1] as
L

X
PX) 5

x2X

1
1

H (X):=E1 [S]= log

The Hartley, Shannon and min-entropy emerge as point-wise
limits when ¥ f0;1; 1.9, respectively. The cgf and R@nyi
entropies arise naturally whenever tails of the distribution of
the surprisal are relevant, e.g., in the large deviation regime of
hypothesis testing, when investigating error or strong converse
exponents, and in one-shot information theory.

Their ubiquity in information theory leads to the question of
whether R@nyi entropies are complete under some set of well-
motivated information-theoretic axioms. Axiomatic approaches
to entropy have a rich history, surveyed in the books by Acz0l-
Dar czy [4] and Ebanks-Sahoo-Sander [5], as well as the
review by CsiszAr [6]. However, all these approaches have
in common that at least one of the axioms is chosen for
mathematical convenience and does not have an operational
justi cation. As such, they fail to fully explain the role R@nyi
entropies play in information theory.

In contrast, in recent work [7] with Gour, one of the present
authors has proposed a set of axioms that any operationally
meaningful measure of entropy should satisfy: monotonicity
under doubly stochastic channels, invariance under embedding,
additivity for independent variables, and normalization (see
Section 11 for a discussion). Indeed, any quantity H(X) satis-
fying these axioms can be expressed as a convex combination
of R@nyi entropies [7], [8.%.l Namely,

H(X) = d ()H (X) (4)
[0;1]
for some probability measure on the extended positive reals.

Our goal here is to derive a similar complete characterization

for conditional entropy.

Il. CONDITIONAL ENTROPY

Conditional entropies extend the notion of entropy to set-
tings where additional information, known as side information,
is available, quantifying uncertainty from the perspective of
an observer with access to it. Consider thus two discrete

IMore precisely, a one-to-one relationship between entropy and relative
entropy is established in [7] and [8] gives a complete characterization of
relative entropy. The statement is also a special case of our main theorem.
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random variables X on X and Y on Y governed by a
joint pmf P(x;y) = P(Xjy)P(y) that we decomposed in
terms of the conditional pmf P (xjy) and marginal P (y). We
de ne the conditional surprisal given an event Y =y was
observed as Sy(X) = log p¢xzy; for each y 2 Y. Noting
that H(XjY =vy) := E[Sy] is a random variable once we
vary y, the conditional Shannon entropy of X given Y is then
expressed as a total expectation,

“poaniog s s @
X;¥)l0g ————;

oy P (xiy)

and sums henceforth are understood to go over the complete

domain if not otherwise indicated.

Several de nitions of conditional R@nyi entropies have been
proposed and found operational signi cance. Two prominent
examples are HH, due to Hayashi and Skoric et al. [9], [10],
and HA, due to Arimoto [11]. They can be expressed as
exponential expectations of the entropies H (XjY =vy) =
E: [Sy] i.e., as a total exponential expectation:

H(XjY):=E E[Sy] =

HH(XjY):=E1 E; [Sy] (6)
1 =< )
=1 log PWP(Xiy) (1)
Xy
HAXjY):=E:  E; [Sv] (8)
=g Py P&y
y X
9

A quantity that interpolates between the two has been intro-
duced by Hayashi and Tan [12]
H. XjY)=Ea ) E

[Sv] :

More recently, as part of a study of quantum conditional
entropy, its properties were studied in detail by some of
the present authors [13, Eq. (309)]. This quantity possesses
desirable properties if ( ; ) are either in (0;1) 2or (1;1) ?
and generalize HH and HA for = and LI
respectively. Another two-parameter conditional entropy was
proposed by Tan and Hayashi [14, Eq. (20)]. Namely,

o Syl (1)

where we introduced a two-variable exponential expectation

(10)

HT. (X[Y)=E, Er [SY]Ea

Et ;6. [X1; Xo] :=

logE exp(t1 X1 +t:X5) : (12)

t, +10
Another two-parameter conditional entropy was proposed by
Hayashi and Watanabe [15, Eqg. (15)]. It can be expressed as

EHT; (XjY) + 71HA(XjY): (13)
Cachin [16] introduced the conditional entropy

HE(XjY)=E[E: [Sv]l= PyH (XjY =y): (14)

Its properties were also investigated by Teixeira et al. [17].
Renner and Wolf [18, De nition 1], as a part of a study of
conditional smooth R@nyi entropies, introduced the quantity

HR(XjY) = myinH XjY =y) (15)

for > 1 and with min replaced by max for < 1.

The story does not end here. Indeed, in this work, we
consider a very general form of conditional entropy (that we
later prove to be the most general form up to convex com-
binations) that is de ned in terms of an exponential average
of a continuous set of random variables. For any probability
measure and t 2 R, we de ne

" 7 L3

X d ()

1
Et [ 'EX]:rogE exp t .
i

; (16)

which allows us to nally introduce our quantity of interest,

He, (XjY)=E; @A Ezl [Sv] 17
1. X .
= flog P(y)exp t H (XjYy=y)d () : (18)
y [0;1]

All the entropies listed above, as becomes clear from the dis-
cussion below, arise as special cases of this general conditional
entropy obtained through suitable choices of the parameters.
The probability measure on [0; 1] and t 2 R must be chosen
to be of a certain form for the quantity to become operationally
meaningful, as we will see in the next section.

I1l. AN AXIOMATIC APPROACH

Consider two discrete random variables X on X and Y
on Y. Without loss of generality (see our rst axiom below),
wecan X X =Tf1;2;:::;mgand Y = £1;2;:::;ng. In the
following, we represent the bipartite probability distribution
P(x;y) on X Y as a matrix P with (P)x,y = P(X;y). We
de ne the set of such matrices by Pm:n, i.e., m n matrices
with entries in [0; 1] for which the sum of all entries is 1. A
generic conditional entropy is then a functional

L
H: Pmin ¥
m;n2N

Ry (19)
For a joint distribution P on X (target variable) and Y (side
information), a generic conditional entropy is written in the
standard form H(CXjY )p.

We consider the following four axioms (see also [19], [20]),
which are motivated by our desire to interpret conditional en-
tropy as a measure of intrinsic uncertainty from the perspective
of an observer with side information.

1) Invariance under relabeling. We require that relabeling
outcomes or embedding them into a larger alphabet will
not change the conditional entropy.

Formally, consider two injective functions £ : X ¥ X
and g : Y ¥ Y%and Q with (Q)¢ex:gyy = (P)xzy for
all x 2 X;y 2Y and zero elsewhere. We require that

H(XjY ) = HXY Do (20)
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2) Monotonicity under conditional mixing. Monotonicity
should hold under mixing (bistochastic) channels acting
on X. As an example, if X is the value of the top card of
a deck, shuf ing (i.e., applying a more or less random
permutation) should never decrease the uncertainty of
X from the perspective of an observer. Moreover, we
also want to account for conditional operations where
the mixing channel depends on side information. This
accounts for the possibility that an observer is correlated
with the randomness used in the mixing channel, e.g.,
the observer might know which shuf ing technique is
used, reducing the randomness introduced in the process
compared to an observer without such information. Such
conditional mixing channels can signal from Y to X but
do not leak information about X to the observer, and
thus ought not reduce uncertainty.

Finally, we require monotonicity under arbitrary chan-
nels applied to the side information Y since local pro-
cessing of the side information can never reduce our
intrinsic uncertainty of X.

The closure under composition of such operations gives
us conditionally mixing channels.

Formally, conditionally mixing channels from m n
matrices P to m  n’ matrices Q act as

PAQ=
i=1
where S; are bistochastic m  m matrices for all i and
D; a"g,ksub-stochastic n n° matrices such that their
sum  ;_, Dj is row-stochastic. We require that for any
conditionally mixing channel, any P, and Q as de ned
in (21), it holds that

H(XjY)e

SiP Di ; (21)

H(XjY Do (22)

3) Additivity. We require that entropies for independent
random variables are additive.

Formally, for any P 2 Pp.;m and Q 2 Ppyo.me We require
that their Kronecker product, P Q, satis es

HOOKSY Y6 @ = HOXY )p + HOXY gt (23)

4) Normalization: We x the entropy of a fair coin toss to
be 1 bit, i.e.,, HX)p =1 for P = (1=2;1=2)".

It is useful to combine the methods of comparing joint
distributions presented in Conditions 1) and 2) above. For joint
probability distributions P and Q, we write P Q if there
exist P! and Q°, obtained from P and Q, respectively, by
relabeling and embedding, such that Q° can then be obtained
from P through conditional mixing. In this case, we say that
P conditionally majorizes Q.

A particular consequence of 1) and 2) is that HCXY jZ)p
H(XjZ)p for any joint distribution P over three random
variables, i.e., the property that entropy is non-increasing under
coarse-graining. This can be veri ed since the channel Wy jx~
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satisfying Pxyz = WyjxzPxz can be implemented using
such channels.

1V. MAIN RESULTS

Our main nding is that the most general conditional entropy
can be expressed as a convex combination of the entropies Hy.
de ned in (17). The limitst ¥ f0; 1;+1.g also need to be
considered. When t ¥ 0, we get the entropies

Ho: (XjY):E( a Ei [Sv]

= P(y) ]H XjY =y)d (): (25)
y

We immediately notice that this set is spanned by entropies
=

(24)

[0;1

Ho, (XjY)=  P)H (XjY =y); (26)
y
and we collect these in the set Ho. Whent ¥ 1 we get the
set H 5 comprised of en}ropies
(27)

H 1, (XjY)=min H (XjY =y)d ();
Y01l
Whent ¥ +1, only the case = 0 must be considered. We
obtain

Hia,0(XjY) = max Ho(XjY =y) : (28)
The sets Hyuik; Ho; H 1 are then de ned as the set of all con-
ditional entropies H¢, , Ho. , and H 5. that are monotone
under conditionally mixing channels, as in 2), respectively. The
set H. 4 includes only H. 4 .o. With this in hand, we can state
our main result, which establishes that all conditional entropies
satisfying the axioms are convex combinations of elements in
these sets.

Theorem 1: Let H be a functional of the form (19). Then
the following two statements are equivalent:

H satis es Axioms 1 4;
H is a generalized convex combination of elements in
Hopuik, Ho, H 1 and H4 4.

The attribute ‘generalized’ in the above theorem means that
H is in the closure (with respect to the topology of pointwise
convergence) of the convex hull of Hpyix [Ho[H 21 [H+2.

Theorem 1 is obtained, just as in the proof of Theorem 2
of [8] by applying a standard functional analytic treatment to
the following result:

Theorem 2: Suppose that P and Q are joint probability
distributions. If H(XjY )p < H(XY%Y 9q for all H 2 Hpuk [
Ho[H 1 [H+a, then P conditionally majorizes Q in large
samples, i.e, P ™ Q " for any n 2 N large enough.

We also provide a set of suf cient conditions on the
parameters under which these entropies belong to the sets
Hpuik, Ho, and H 4. Moreover, we show that, under certain

niteness assumptions on speci c integrals, these conditions
are also necessary. Finally, we conjecture that the niteness
assumptions on the necessary conditions are not required, and
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that the suf cient conditions we provide are, in fact, also
necessary in general.

Lett 2 Rnf0g and a probability measure on [0; 1].
Consider, for t 2 F% the condition

—d ()

(29)
;1] 1

The set By is then de ned as the set of all conditional
entropies Hy. as in (17) where the parameters t and ~ satisfy

1) t>0 and suppf g [0;1] and Condition (29); or

2) t<O0andsuppf g [0;1]; or

3) t<O0andsuppf g [0;1] [f kg with

and Condition (29).

Note that in case 2), the measure may have supportat = 1.
However, we adopt the convention that the bound in (29) at

= 1 is to be evaluated in the limit ¥ 1 . Hence, cases
1) and 3) do not allow weight at = 1.

The set 9 4 is then de ned as the set of all conditional
entropies H 7. as in (27) where the parameter satis es

1) suppf g 2[0;1]; or

2) suppf g [0;1] [ f kg with ¢ 2 (1;1] and

Condition (29) with t= 1 and hence 1=t = 0.

Finally, the set Kg is de ned as the set of all conditional
entropies Ho. as in (26) where is a real parameter 2
[0;1]. We show that By, Bo, and 19 1 de ne valid sets
of conditional entropies. Moreover, by imposing an additional

niteness constraint on certain integrals, these coincide with
the full sets of conditional entropies. Finally, we note that for
Ko we do not need this further assumption and hence obtain
a complete characterization.

k2 (1]

Proposition 3: The sets of conditional entropies satisfy
|'qu|k Hpuik, 9 1 H 1, and |’q0 = Hp. Moreover,
if we impose the additional constraints

z z

—d ()

—d () <+1;
o) 1

@+111

on the measure then t and must satisfy the conditions
characterizing Mpuik for He. 2 Hpyik.

(30)

We have analytical and numerical counter-examples that
prompt us to pose the following conjecture:

Conjecture 4: Bpyx = Hpukand 9 1 =H 4.

V. PROOF SKETCH

Theorem 1 follows from Theorem 2 via a standard ar-
gument [8] (see also [21] for a more general formulation)
that allows one to derive a decomposition result from a
corresponding large-sample statement. Hence, in the following
we outline only the proof of Theorem 2.

To prove Theorem 2, we rely on the large-sample results
established in [22], [23] for very general settings. In particular,
these results apply to preordered semirings, and therefore, we
construct the semiring corresponding to conditional majoriza-
tion. In the following, we outline the key steps.

A. The semiring of conditional majorization

A semiring is a set equipped with binary operations of
addition and multiplication, together with a preorder relation.
In the speci ¢ case of conditional majorization, the elements
of the tuple are de ned as follows:

1) The elements of the semiring are essentially all (not
normalized) joint probability distributions Pxy in their
matrix representation, denoted by S.

2) The addition is given by the direct sum of two matrices,
denoted by

3) Multiplication is given by the tensor product (or Kro-
necker product) of two matrices, denoted by

4) The preorder is given by conditional majorization, de-
noted by

This yields a preordered semiring that satis es all the condi-
tions required to apply the results of [22], [23].

B. Monotone homomorphisms and derivations

In Section 1ll, we de ned conditional entropies as the
quantities that satisfy certain operational axioms motivated by
the requirement that they should be measures of conditional
uncertainty. Within the mathematical framework of preordered
semirings, monotone homomorphisms and derivations are
functions designed to satisfy analogous structural properties.
In particular, for the semiring of conditional majorization,
these functions correspond up to an additive constant and
a logarithmic factor to the extremal conditional entropies,
that is, those entropies which generate the entire family of
conditional entropies through convex combinations. Hence, for
our purposes, it is crucial to determine their form, which is
achieved by characterizing them through their mathematical
properties. We review these properties in more detail below.

A monotone homomorphism is a function :S ¢ T,
where T is required to be one of the following semirings:

1) R4: the half-line [0; +1.) with the usual addition, mul-

tiplication, and total order.

2) RS: the same set with reversed order.

3) TR4: the half-line [0; +1) with the usual multiplica-

tion, order, and the tropical sum x +y := maxfx; yg.

4) TRSP: the same as for TR., but with reversed order.
The homomorphisms with values in R4; R are called tem-
perate while those with values in TR.; TR are called tropi-
cal. The homomorphims must satisfy the following properties:

1) Additivity: (P Q)= (P)+ (Q);

2) Multiplicativity: (P Q)= (P) (Q);
3) Monotonicity: P Q) (P) (Q).
4) (0) Oand (1)=1.

The homomorphisms alone are not suf cient to characterize
all conditional entropies and the so-called derivations must also
be taken into account. Given a monotone homomorphism
S ¥ R,, an additive map : S ¥ R is called a derivation
at if it satis es the Leibniz rule

FPQA= ) @+ (P) (Q C))
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forall P;Q 2 S.

The key result used to prove Theorem 2 is [Theorem
8.6] [23], which is stated for very general semirings. Here,
we restrict ourselves to presenting an informal version for the
semiring of conditional majorization.

Lemma 5 (informal): Let P and Q be two elements of the
semiring. If for all nondegenerate monotone homomorphisms

and derivations it holdsthat (P)> (Q)and (P)>

(Q), then, for suf ciently large number of copies n 2 N it
holds thatP " Q ™.

The above result shows that if the homomorphisms and
derivations of P are strictly larger than those of Q, then
for a suf ciently large number of copies n, P " condi-
tionally majorizes Q ™. Hence, monotone homomorphisms
and derivations provide suf cient criteria for large-sample
transformations, and the remainder of the proof is devoted to
identifying their explicit form.

C. The extremal conditional entropies

To obtain the general form of the monotone homomorphisms
and derivations, we exploit their properties. In the following,
we outline the proof for the temperate homomorphisms. The

rst step is to leverage the direct sum property. By constructing
explicit channels, we may quite easily show that, given any
joint probability distributilc\)DIP with columns Px.y =y, we have

P PX;Y =y P: (32)

y2Y
Thus, the additivity under direct sums of the monotone homo-
morphisms implies that

P)= (Px;y=y): (33)

y

The second step is to leverage the tensor product prop-

erty. First, this property allows us to write (Px.y=y) =
(P()) (Pxjv=y). Then, multiplicativity and normalization
(1) =1 imply (P)(z)) = P(y). Hence, we obtain

(P)= P()explog (Pxjr=y): (34)

y
Since the map Px @ log (Px) is monotone under doubly
stochastic channels, invariant under embeddings, and additive
on product distributions, the same reasoning used to establish
the entropy representation in (4) implies that log (Px) admits
a representation as a combination of R@nyi entropies, weighted
by a positive (not necessarily normalized) measure . Lett =

([0; +1.]) denote the total mass of the positive measure
and set =t. We then obtain

Proposition 6: The temperate monotone homorphisms are
of the form
>
P(y)exp
y

H (Pxjy=y)d () ;
[0;1]

z
(35)

By a similar argument, one can also derive the general
form of the tropical homomorphisms and derivations, which
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correspond to the pointwise limits as t 1 and t 0,
respectively. Finally, for the limit t ¥ +21, concavity con-
siderations show that the measure must have non-zero weight
onlyat =0.

Combining Lemma 5 with Proposition 6, along with the
analogous results for the tropical case and the derivations,
yields Theorem 2.

V1. DISCUSSION ON THE PARAMETER RESTRICTIONS OF
PROPOSITION 3

While Theorem 1 provides the most general form of con-
ditional entropy, it is stated in terms of the sets H, which
are implicitly de ned as those for which the corresponding
conditional entropies are monotone under conditionally mixing
channels. Although the general form remains the same re-
gardless of the constraints these conditions impose, they could
further restrict the admissible choices of parameters.

To identify the parameters t; ; for which the quantities
He , H 1., Ho, are monotone under conditionally mixing
channels (or, equivalently, they are conditional entropies, i.e.,
they satisfy our axioms), it turns out that it is enough to study
their convexity/concavity properties when restricted to single
column joint probability distributions. Hence, we study the
convexity/concavity properties of the map

z

X W kxkexp t
[0;+1]

H ®d () (36)

where we de ned % := x=kxk;. Using convexity results for
multivariate R@nyi divergences [8], [24] and standard inequal-
ities such as Minkowski’s, we rst derive suf cient conditions
for concavity or convexity when has nite support, and
then extend them to general measures via the monotone
convergence theorem. This leads us to the de nition of the
sets Bpuk: 18 4;10 and the inclusions Mpuk Hpuik,
B 1 H 1 and By Hg of Proposition 3.

To derive necessary conditions for the parameters, and
hence the remaining part of the content of Proposition 3,
we explicitly construct a point and a direction along which
the function violates concavity or convexity. Speci cally, we
compute the second derivative along this direction and check
its sign. We note that our numerical results suggest that the
problem is inherently challenging, as a sharp characterization
of the admissible range requires counterexamples of increas-
ingly high dimensions. Finally, we expect that the assumption
of Proposition 3 could be relaxed and conjecture that the
suf cient conditions are necessary in general.
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The entropy power inequality without assumptions:
Equality and stability

L. Gavalakis
U. of Cambridge
1g560@cam.ac.uk

Abstract We prove that the entropy power inequality (EPI)
holds with equality if and only if the variables are Gaussian, with-
out making any assumptions beyond the existence of entropies. In
particular, this shows that the Stam-Blachman argument gives the
EPI without requiring any conditions at all. The key step is the
justi cation of de Bruijn’s identity without moment assumptions.
We further obtain a qualitative stability result for the EPI, in
terms of weak convergence, under very mild moment conditions:
Whenever the EPI is close to an equality, the random variables
involved are necessarily close to being Gaussian.

The full version of this paper is available at [15].

I. INTRODUCTION
A. The Entropy Power Inequality

One equivalent form of Shannon’s entropy power inequality
(EPI) states that for any pair of independent random variables
X;Y 2R and forany 2 (0;1),

h(p*x+p1iv) h(X)+ (@  Hh(Y); ()

where h(X) denotes the differential entropy of a random
variable X with density f,
h(X) = h(f) = T (X) log T (x)dx; 2
R
with the convention that h(X) = 1 whenever the integral
in (2) does not exist, including the case when X does not have
a density with respect to Lebesgue measure on R. In particular,
when we say h(X) is nite, we mean the integral exists and
1 < h(X) < 14, while the condition h(X) < 1 also
includes the cases where the integral does not exist and where
it exists but equals . (All log’s are natural logarithms.)
After its introduction by Shannon [32], the rst proof of the
EPI was given by Stam [33] in 1959, via de Bruijn’s identity,
%h(x + pEZ) = %I(X + IOEZ); t>0: ©)
Here Z is a standard Gaussian independent of X, and 1(X)
is the Fisher information, given by

Z 2
(%)
1(X) = -7
M {69
whenever X has an absolutely continuous density f; otherwise
we set 1(X) = 4, cf. [8]. Stam’s approach was revisited by

Blachman [7] and surveyed by Dembo, Cover and Thomas
[13].

dx; 4)

I. Kontoyiannis
U. of Cambridge
yiannis@maths.cam.ac.uk

Using de Bruijn’s identity, the EPI follows from the convo-
lution inequality for Fisher information, also known as Stam’s
inequality [7], [33]: For independent X;Y :

IX+Y) Y 1(x) t+i1(y) &

The proof of de Bruijn’s identity (3) requires interchanging
differentiation and expectation. As noted, for example, in
[20], [31], this was rst justi ed by Barron [6] in 1984
under a nite-variance assumption. Around the same time, the
Bakry Em@ry theory [2] provided a related representation for
the time derivative of the relative entropy D(P{kQ), where P
is the law of a diffusion at time t and Q is its limiting law.
A proof of the EPI via de Bruijn’s identity also appears in
Carlen and Soffer [10], which additionally yields a qualitative
stability result; see Section I-B. Another proof in a similar
spirit, using a derivative identity for mutual information, was
given by Verde and Guo [35], again assuming nite variance.

The rst contribution of this work is the justi cation of de
Bruijn’s identity (3) under minimal hypotheses, in particular
without any moment conditions; see Theorem 8.

Another step in Stam’s proof that uses th-:-*p nite variance
assumption is the continuity of t @ h(X + tZ) att = 0.
In Theorem 7 we show this continuity holds without moment
assumptions, although, as we explain, it can fail without any
additional conditions.

Lieb’s classical proof [24] (see also [13]) uses the sharp
form of Young’s inequality to derive a family of inequalities
for R@nyi entropies. Passing to thg limit ¥ 1 requires that
the densities of X and Y satisfy f < 1A for some > 1.
One can remove this assumption to obtain the EPI for arbitrary
variables via truncation, as in Bobkov and Chistyakov [9],
but then the equality case remains open without the above
integrability condition.

Many other proofs of the EPI have been given, under
various sets of assumptions. Madiman and Barron [26] gave
a simple proof that also yields entropy monotonicity along
the central limit theorem (CLT), under nite variance. Sev-
eral proofs proposed by Rioul [28] [31] include an equality
characterization in [31], assuming, among other things, that
the densities of X and Y are positive and continuous ev-
erywhere. Szarek and Voiculescu [34] provided a geometric
proof via Brunn Minkowski and a rearrangement inequality
of Brascamp, Lieb, and Luttinger; due to its limiting nature,
it does not settle equality either.
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Anantharam, Jog, and Nair [1] uni ed the EPI with the

Brascamp Lieb inequality using a doubling trick, assuming
nite second moments. Courtade [11] gave a simple proof of

entropy monotonicity along the CLT using maximal correla-
tion, assuming nite variances and smooth densities. Lehec’s
proof via the F Ilmer process [22] assumes nite second
moments, and Eldan and Mikulincer [14] used similar ideas
to prove stability under log-concavity (see Section I-B).

Because existing arguments resolve the case of equality only
under extra assumptions ( nite second moments or regularity
of densities), a natural question is: Assuming only that h(X)
and h(Y) are nite, does equality in (1) hold if and only if X
and Y are Gaussian?

We show that the answer is positive, and we do so by using
the general form of de Bruijn identity in Theorem 8, which
may also be of independent interest.

As noted by Bobkov and Chistyakov [9], care is needed even
in formulating (1): There exist independent random variables
X;Y for which h(X) and h(Y) are well-de ned while the
entropy of the sum, h(X +Y), is not. With the convention
that h(X) = 7 when the integral does not exist, (1) holds
for any independent X;Y .

Moreover, Bobkov and Chistyakov identi ed the following

discontinuity phenomenon [9, Proposition V.8]:

Proposition 1 ( [9]). There exists a random variable X such
that 1 < h(X) < A, while h(X +Y) = 1 for every
independent Y with h(Y) > 1.

This implies that t @ h(X + pr) (with Z standard
Gaussian, independent of X) need not be continuous at t = 0.
Continuity at t = 0 is a key step in Stam’s proof and can fail if
we assume nothing beyond the existence of h(X); h(Y ). For
the same reason, de Bruijn’s identity (3) may also fail, since
its right-hand side is nite.

Our rst main result, Theorem 6 in Section 3, shows that
the counterexamples of Bobkov and Chistyakov form the only
pathological class. In addition, assuming X does not belong to
that class is suf cient for entropy continuity under Gaussian
perturbation, see Theorem 7.

The proof relies on a submodularity-for-sums entropy in-
equality, a truncation argument, uniform bounds on mutual in-
formation, and careful applications of dominated convergence.

Next we derive de Bruijn’s identity (3) under the weakest
conditions possible. Proposition 1 shows that niteness of
h(X) alone is not enough. Nevertheless, we show that it is
enough for h(X +Y) to be nite for some independent Y .

Thus we obtain the following general EPI. No assumptions
are required for the inequality itself, and we characterize
equality assuming only that the entropies exist and are nite.
(If both sides are in nite, equality may hold trivially for non-
Gaussian variables.)

Theorem 2 (EPI). Let X;Y be independent real-valued
random variables. For any 2 (0;1);

P

h(p7x+ 1Y) hX)+@ HhY): )

If h(X) and h(Y) exist and are nite, equality holds if and
only if X and Y are Gaussian with the same ( nite) variance.

To our knowledge, this is the rst equality characterization
for the EPI under no hypotheses beyond existence of entropies.

A related de Bruijn identity for the time derivative of relative
entropy can be obtained via Bakry mery [3, Proposition
5.2.2]. For a diffusion fX¢g on R, this holds for every f in
the Dirichlet domain D(E). Our setting corresponds to the
Ornstein Uhlenbeck process with f = ‘;—, where s the law
of X and a Gaussian measure. Our assumptions are strictly
weaker: Here, the Dirichlet domain consists of functions with
weak derivative in L2( ) [3, p. 126], which excludes, e.g.,
jump discontinuities. Our result requires no such regularity
and covers, for instance, piecewise constant densities. Since
we do not assume nite variance for X, it is also unclear how
to translate the derivative of relative entropy in [3, Proposition
5.2.2] to a derivative of entropy itself.

Finally, we record two straightforward corollaries of Theo-
rem 8. In applications to generative models, one often needs to
differentiate the entropy of a diffusion started from a discrete
law. Corollary 3 shows that de Bruijn’s identity holds for any
discrete X with nite entropy H(X). If X is discrete with
probability mass function p on a nite or countable set A,

p(a) log p(a): (6)

X2A

HX)=H(p) =

Corollary 3. Let X be a discrete real-valued random variable
with nite entropy H(X). If Z N (0;1) is independent of
X, then

p p

d — 1 -

—h(X+ tZ2)=I(X+ t2); > 0:

il tz) =51 tz); t>0
Combining Theorems 7 and 8 with the mean value theorem

yields de Bruijn’s identity at t = 0. Recall our convention

1(X) = 1 when X lacks an absolutely continuous density.

Corollary 4. Let X be real-valued with h(X) < 4, and
suppose there exists an independent Y with nite differential
entropy such that h(X+Y ) exists and is nite. IfZ N (0; 1)
is independent of X; then

d P- _1 )
&h(x + tZ) s EI(X)' (7

B. (In)stability of EPI

We next address stability in the EPI: If the EPI de cit (1)
is small, are X;Y close (in a suitable sense) to the Gaussian
extremizers? For 2 (0;1) de ne

eor 0GY)=h(" X+PTY) h(x) (@ Hh(V):
Does
eri; OXY)
imply
d(X;Gx);d(Y;Gy) ()

for some Gaussians Gx; Gy, an appropriate distance d, and
()¥0a ¥0?
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The rst positive result is due to Carlen and Soffer [10]:
Among isotropic random vectors with uniformly bounded
Fisher information and uniformly controlled second-moment
tails, gpi: ¥ 0O implies convergence to Gaussianity in
relative entropy. In the opposite direction, Courtade, Fathi,
and Pananjady [12] constructed variables with gp;; ¥ 0
whose relative entropy with respect to any Gaussian stays
bounded away from zero. These do not satisfy Carlen Soffer’s
tail bound but do have unit variance and bounded Fisher
information. A quantitative result for uniformly log-concave
laws is also shown in [12].

Ball, Barthe, and Naor [4] proved that if X has nite
Poincar@ constant Cp (X), then
2Cp(X)+2 2
px) ZROTZT L xixy ®

where EPI;%(X;X) corresponds to X and Y identically
distributed, 2 is Var(X), and D(X) is the relative entropy
to the Gaussian with matching mean and variance. Ball and
Nguyen [5] extended this to higher dimensions under log-
concavity. Related bounds appear in [21], [27]; using Johnson
and Barron [18], a similar statement to (8) is obtained in [21].
See also [16], [23] for connections to the entropic doubling
constant.

Eldan and Mikulincer [14] adapted Lehec’s idea [22] to
handle general  (not just %) and improved constants when
variables are already close to Gaussian. This was used in recent
progress on Bourgain’s slicing problem [17], [19].

A weak qualitative stability result, closer in spirit to [10] but
without a Fisher information assumption and stated in terms
of weak convergence, was proved in [16].

Although [12] shows failure of stability for strong distances
like relative entropy, it is natural to ask for stability in the
weak sense. The result of [16] does not fully settle this, since
its uniform integrability assumption (needed due to [10]) is
violated by the counterexample of [12].

Our main stability result is qualitative and uses the L@vy
metric di, which metrizes weak convergence (de ned in
Section 1I1). It assumes only nite kth moments for some
k> 1.

The proof uses compactness. After suitable Gaussian
smoothing, the moment condition gives convergence of differ-
ential entropies, and the conclusion follows from the equality
case in the EPI via Theorem 2.

Il. ENTROPY CONTINUITY AND DE BRUIIN’S IDENTITY

In this section we present Theorems 6, 7, and 8 (de
Bruijn’s identity), which provide the ingredients for the EPI,
Theorem 2, including the equality characterization, under no
assumptions beyond existence of entropies.

We repeatedly use the following submodularity-for-sums
inequality, a consequence of the data-processing inequality for
mutual information [21], [25]:

Lemma 5. Let X;Y;Z be independent random variables and
assume 1 <h(Y)< 1: Then

h(X+Y +2Z) h(Y) h(X+Y)+h(Y +2Z2). (9
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In particular, if h(Y);h(X +Y), and h(Y + Z) are nite,
then so is h(X +Y + Z).
De ne

Coc:=FfX :h(X)is nittand h(X +Y)=1
for any independent Y with h(Y) > 1g:

Theorem 6. Let X be a real-valued random variable with
nite differential entropy. Exactly one of the following holds:
1) X 2 Cgc, Or
2) h(X +Y) < 1 for every independent Y 2 Cgc.

Theorem 7 (Entropy continuity under Gaussian perturbation).
Let X 2 R have nite differential entropy, and suppose there
exists an independent Y with nite differential entropy such
that h((X +Y) < A.If Z N(0;1) is independent of X,
then p_
Itlgg h(X + tZ) = h(X):

Theorem 8 (De Bruijn’s identity without nite variance). Let
X be real-valued with h(X) < 1, and assume there exists
an independent Y with nite differential entropy and such that
h(X +Y) exists and is nite. If Z N (0;1) is independent
of X, then

p p

d — 1 -

—h(X+ tZ)=-I(X+ tZ); t=>0:

5 )= 51 )
The key part of the proof is to extend [6, Lemma 6.3] by

avoiding the nite-variance assumption and assuming only that

h(X +Y) is nite for some independent Y .

I1l. QUALITATIVE STABILITY OF THE EPI
For any random variable X and 0 t 1, set

xt=Pix+P1T @ (10)

with Z standard Gaussian independent of X.
r indqundent X1; X, recall that gpi; (X1;X2) is
h(C Xa+"1 Xz h(Xy) (1 )h(Xz):

The next lemma shows the EPI de cit decreases under
Gaussian perturbation. Carlen and Soffer [10] proved a version
under the additional assumption that the covariance traces
match; their proof uses an integral form of de Bruijn’s identity.
Here we remove moment assumptions and give a simpler
argument using only the EPI. We state it in any dimension
d, though we only use it for d = 1.

Lemma 9. Let X1;X, 2 RY be independent with nite
differential entropies, and assume 1 < h(X; +X;) < 1.
Then for any ;t2[0;1],
epr; (X1 X3) e, (X1; X2):

We mention that Lemma 9 extends easily to n variables as
in [10].

Recall the L@vy metric between two distribution functions
F and G on R:

do(F;G) :=inf
myoow

">0:
o
F(x+")+" forall x2R :

F(x G(X)



2026 International Zurich Seminar on Information and Communication (IZS), Feb. 25-27, 2026

This metric metrizes weak convergence in R.

Theorem 10. Suppose X;Y have nite differential entropies
1 <h(X);h(Y)< 1, and

EjXjX; EjY j* < A for some k > 1:
Fix 2 (0;1). Then

for each > O0thereisa =>O0suchthat gp;. (X;Y) <
implies di(X;G1);di(Y;G2) < (11)

for some Gaussian G1; G> with the same variance.
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Abstract Iterative decoding of product codes with precoded
polar component codes is optimized by combining two ap-
proaches. First, bitwise soft messages are generated by consider-
ing all valid decoding paths of a successive cancellation list (SCL)
decoder. Second, the soft information during message passing
is scaled with of ine-computed coef cients that maximize the
generalized mutual information of the channel input and the
outgoing message in each half iteration. The method signi cantly
improves the error-correcting performance compared to heuristic
scaling and soft information generation based solely on the
candidate list of the decoder. An extrinsic SCL decoder is
used with a Monte Carlo density evolution analysis to derive
iterative decoding thresholds that accurately predict the decoder
performance.

|. INTRODUCTION

Product codes [1] consist of short component codes, and a
decoder may iteratively exchange the component decoders’
outputs. The Chase-Pyndiah decoder [2] is widely-used in
practice and has recently been improved [3], [4]. Product codes
are often used with extended Bose-Chaudhuri-Hocquenghem
(eBCH) [2], Hamming [5], or Reed-Solomon [6] component
codes.

Polar codes are structured codes that achieve capacity
[7]. A proof uses the channel polarization principle, which
synthesizes virtual channels with either high or low mutual
information. A successive cancellation (SC) decoder exploits
this structure. However, polar codes have drawbacks: SC de-
coding is sequential with low throughput, the codes have poor
distance properties, and they are not competitive at any lengths
with other practical codes. The drawbacks are overcome at
high rates and short block lengths by concatenating polar
codes with cyclic redundancy check (CRC) codes, and using a
successive cancellation list (SCL) decoder [8]. Polar codes are
therefore interesting for high-rate product codes [9], [10]. At
low rates, the poor distance properties degrade performance
[11]. Precoded polar component codes overcome this problem
by introducing dynamic frozen bits to improve the distance
properties of the component codes [12], [13].

This work introduces improved decoders for precoded polar
product codes. We generate accurate a-posteriori information
by approximating the likelihood of each valid path during SCL
decoding [14], [15], and by scaling coef cients to maximize
a generalized mutual information (GMI), as suggested in [3].
This approach gains up to 0:4 dB with respect to decoding
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without path likelihoods and with heuristic scaling. We even
outperform widely-used product codes with eBCH component
codes. To validate our methods, we compute decoding thresh-
olds via Monte-Carlo density evolution (MC-DE), for which
we present an extrinsic version of the SCL decoder.

This paper is organized as follows. Sec. Il introduces
notation, codes, and decoders. Sec. Il presents the optimized
decoder design. Sec. IV speci es the MC-DE and the extrinsic
version of the SCL decoder. Sec. V presents numerical results.
Sec. VI concludes the paper.

Il. PRELIMINARIES
A. Notation, System Model, and Product Codes

We write random variables with uppercase letters and their
realizations with lowercase letters. Bold letters represent vec-
tors, and a superscript speci es the vector dimension, e.g.,
x!' = (X1;:::Xj). We sometimes omit superscripts if the
dimension is clear from the context. Matrices are written with
bold capital letters.

We study transmission over binary-input additive white
Gaussian noise (biAWGN) channels, i.e., the channel output
is Y = X + Z, where X has the binary phase shift keying
(BPSK) alphabet f 1;1g, and Z represents Gaussian noise
with zero mean and variance 2. The channel log-likelihood
ratio (LLR) is L°" = 2.

We focus on two-dimensional product codes. For encoding,
k bits are arranged into a ko  k; matrix. Each matrix row
is encoded with a component code Cq, resulting ina ko Nj
matrix. The product codeword is obtained by encoding each

column with a component code C,, giving a N2 N1 matrix.
B. Polar Codes
Consider the polarization kernel
1 0 .
Kz, | 4 @

The polarization principle states that applying the n-fold
Kronecker product

LY .

K,"=K; K; K> 2

synthesizes N = 2" virtual channels with different informa-
tion rates. For large n, the reliability values of the synthesized
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channels tend to either 0 or 1, which translates into useless or
noiseless virtual channels, respectively.

Polar codes use this property to transmit information bits
over the most reliable channels, and freeze the other bits, i.e.,
use bits with xed values, for the least reliable channels. Polar
encoding is thus performed by placing k information bits into
the most reliable positions of an N -dimensional vector u, and
subsequently performing the operation ¢ = UK, "

C. Precoding Matrices

A generalized method uses dynamic frozen bits, where bit
values are set to linear combinations of information bits. This
is the same as using concatenated coding. The mapping from k
information bits to N information, frozen, and dynamic frozen
bits can be carried out with the help of a k N precoding
matrix P . Following the design in [13], such matrices achieve
the lowest possible SC decoding error probability and guar-
antee a preselected minimum distance of the resulting code.
A generator matrix of a precoded polar product code can
therefore be written as G = P K, ".

D. SCL Decoding

SC decoding [7] makes bit decisions in a sequential manner.
The decoder computes a linear combination of previously
decoded information bits for the case of a dynamic frozen
bit, and uses the decision function

0 if P(ui=0jy;0' 1) 1

fiy;0' Y, 3
iy ) 1 otherwise @)
for the information bits, where the P (u; = ij;()i 1y are
computed recursively. The recursive computation of the partial

sequence u' 2 f0; 1g', is given by
POt jy) , PO D' Yjy)Pmijyie' ) (4)

where SC decoder approximates the right-most term with the
initialization P (; jy) = 1.

SC decoding is sub-optimal, e.g., a bit decision error prop-
agates through the algorithm. SCL decoding mitigates this
drawback by using a list of decoding paths, each one with
an associated LLR path metric pm(c), which, after the last
decoding stage, ful lls the relation

P(ciy)=exp( pm(c)): ®)

At each decoding step, if the number of decoding paths
exceeds a list size L, the paths associated with the highest
metrics are discarded. After decoding the N-th bit, the SCL
decoder puts out a list of L candidate codewords.

E. Pyndiah-Style Soft-Output Generation

One way of approximating bit-wise a-posteriori information
for the i-th row of a product code is based on the output list
of the SCL decoder as

P s qin
oL ® P I™)

prjp In P”’—m (6)
ca® PCI1T)

where L('), is a sublist which includes codewords that have
a bit value cj at bit position j. The a posteriori probabilities
of each candidate codeword can be expressed as in (5). If one
of the sublists is empty, the approximation

L x; max pm(c)

i max min pm(c) (7

can be used instead, which weights the sign of the codebit
with the difference between the maximum and minimum path
metrics in the output list [12].

I11. PROPOSED DECODER

Consider the LLR matrix L". For each half-iteration step
of the product code, we set the decoder input to the sum of
the channel LLRs and a priori information from the past half-
iteration L™ = L + L? for the rst half-iteration we set
L?® = 0. Without loss of generality, decoding starts with a
row half-iteration, in which we generate bit-wise maximum
a posteriori information per row, obtaining the a posteriori
matrix L?*P. The decoded word € is obtained by taking hard
decisions on L*". If & is a valid product codeword, which
can be veri ed by the frozen constraints or the parity-check
matrix, then decoding is stopped early. Otherwise, the extrinsic
information

L& = L@ Lch L? (8)
becomes the a priori information for the following column
half iteration

L2= .L® 9)

where - is an of ine-computed correction factor.

A. Soft-Output SCL Component Decoding

We use the codebook probability [15] to improve the ac-
curacy of the approximations in (6) and (7). The codebook
probability is the auxiliary quantity

| §a) all Vli
Qu™ = P uj

u2v

d Ieave

Iln

(b) all unvisited valid leaves
Iz /(.} f ,
+ P uji" (10)
al2w u2U
—={z }

(c) all valid leaves underneath node a'

where, in the SCL decoding tree, V is the set of visited leaves,
W is the set of roots of unvisited trees, and U is the set of all
valid leaves within unvisited trees.

Computing the codebook probability is possible if all valid
leaves underneath a pruned node a' are uniformly distributed.
Considering that each frozen bit position after the root of an
unvisited tree invalidates one half of its leaves, the term (c) in
Eg. (10) can be approximated as

< PEGND i isri
2 IF Pt = a'jim

P ujI" (11)

u2U
ul_al
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i PEiM+ Quam Pjl™ PE=0jIn
() cjl™)+ QU™ _caL® (cjl™) Ci=0jl"

app
Lij In

c2L®y PCIIM + Q4(M

P = — 12)
chJ@P(CJI) PEi=1jlIM

Fig. 1. Decoding half iteration including soft information post processing.

where FN) denotes the cardinality of the set of frozen bit
positions between bit position i and N. _

A codebook probability approximation Q7 (1) can be used
to generate bitwise soft-outputs as in (12), where the additional
term compared to (6) adjusts the weight of the information
from the SCL decoder output list and the approximated full
codebook information. This method is called soft-output SCL
(SO-SCL) decoding.

B. GMI Based Post Processing

The matrix (8) does not contain true LLRs, e.g., the LLRs
violate the consistency condition [16]. Also, product code
decoding leads to message correlations due to cycles in the
code’s graph. To remedy these issues, one often scales the
extrinsic information estimates based on heuristics [12]. We
here use scaling parameters that maximize the GMI [3].

Fig. 1 illustrates the information ow of a decoder half-
iteration, where w and v represent the extrinsic and a priori
information estimates, respectively. We wish to optimize the
scaling coef cient - to maximize the GMI of the input bits
and their outgoing messages in the “-th decoding half iteration.

We do so by solving the optimization problem
" #

S

log, 1+exp I

? =arg max 1
: i=1

(13)

where 1°" is a vector of approximate LLR values.

We optimize the scaling coef cients of ine as follows. We
generate a large number of precoded polar product codewords,
yielding Ns bit samples. At the “-th half iteration, we generate
extrinsic information estimates for each codeword, and use
them to compute I° = -w + I°", which we insert in (13) to
compute

IV. ITERATIVE DECODING THRESHOLDS
A. Monte Carlo Density Evolution

Density evolution (DE) approximately predicts the onset
of the waterfall region of the error rate curve. We wish
to track the distribution p\(,) of the post-processed output
v = -w through the half iterations * 2 f1;2;:::; “max0.
The decoding threshold is de ned as the smallest SNR value
for which Pr[v () < 0] tends to zero for increasing half
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Fig. 2. Polar decoding structure under extrinsic SCL for bit position e = 7.

iterations. Since we do not know the underlying distribution
of the post-processed messages V (7, we use a Monte Carlo
approach. We randomly permute the input information to
obtain approximately independent incoming messages for the
subsequent half iteration.

B. Extrinsic SCL Decoding

DE requires extrinsic message passing between half itera-
tions. The way that soft outputs are generated in (6) and (12)
does not lead to extrinsic message passing, since SCL and SO-
SCL decoding use all bit positions of the incoming message
vector 1" to generate the output list.

We next present extrinsic SCL (ESCL) decoding, where we
modify the SC decoding algorithm to make sure that the output
list used to generate soft information for a speci ed bit position
e is generated by considering all bit positions except e. This
is achieved by modifying the D and D™ updates steps of
the SC decoder at the highest decoding layer, given as

li;j lij+ox 2

tanh
> tan

Ik 1;j =2tanh ' tanh (14)

and

I pjezc 1= ( )% Bl + lejaox 2 (15)
respectively, where the subindex k is the SC decoding layer
and j is the bit index [7].

Consider (14) as the update rule of a degree-3 parity check
node with two inputs and one output. To compute extrinsic
messages, we remove the input of bit position e, yielding a
degree-2 check node with one input. We thus obtain

Ik;j ife:j+2kl

ife=j: (16)

Ik 1;j =
. Ik;j+2k 1
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Fig. 3. CERs of (642;512;62) product codes: (—o—) precoded polar com-
ponents with SCL decoding and heuristic scaling; (- ©-) SO-SCL decoding
with heuristic scaling; (—0—) SO-SCL decoding with GMI scaling, all with
list size L = 8; (—0—) eBCH component codes decoded with Chase-Pyndiah
decoding [2] with p = 5. All curves are for 20 half iterations.

Similarly, for (15), if we remove the connection corresponding
to the bit position we want to ignore, we obtain

(D% sl

Ik;j+2k 1

ife=j+2k1

ife=j: (17)

e 1j+ox 1=

Fig. 2 illustrates the SC decoding diagram for the bit
reversal permutation. In this case, the bit position to be ignored
is e = 7, and its connection to the diagram has been removed.
Observe that, after performing the D* and D updates at
the highest decoding layer, the effect of bit position 7 has
been completely neglected. Therefore, the decoding process
can continue as usual.

Note that one run of ESCL allows for computing extrinsic
information for a single bit position, unlike classic SCL de-
coding, where with a single run one computes soft information
for N bits. For this reason, ESCL decoding is N times more
complex, hence unsuited for practical implementation.

V. RESULTS

Fig. 3 shows codeword error rates (CERs) for (642;512; 62)
product codes of rate 0:635. We consider precoded polar
product codes with our SO-SCL decoding and GMI-based
scaling coef cients, and compare with the decoder in [12] that
uses SCL decoding and heuristic scaling, and a decoder that
uses SO-SCL decoding and heuristic scaling. The precoding
matrices are optimized for SC decoding and obtained from
[13]. We also compare with product codes that use eBCH com-
ponent codes, and decoders that use Chase-Pyndiah decoding
that ips the p = 5 least reliable bit positions. Using SO-SCL
decoding with heuristic scaling improves the performance by
around 0:3 dB, and including GMI scaling gains up to a total of
0:4 dB compared to polar decoders without our optimizations.
We also outperform product codes with eBCH components by
around 0:1 dB. Note that the SCL polar decoder has L = 8

100

T TTTTTTT
L

10 1

TTTTTTT
Ll

CER
TTTTTTT
Ll

10 3

TTTTTTI
-
Ll

10 4

=
o [T
-
o0}
N
N
N
N
N
N
(2]
N Ll
o0}

Ep=No in dB

Fig. 4. CERs of a (2562;1712; 122) precoded polar product code decoded
using (—o—) GMI scaling and SO-SCL decoding with L = 8; (—0—)
L = 4; (—o0—) L = 2, all for 20 half iterations. The curves (- 0=, - O-,
- 0-) show CERs for SCL decoding and heuristic scaling. Vertical lines show
iterative decoding thresholds.

candidate codewords, whereas the Chase decoder considers up
to 2P = 32 codewords.

Table | provides the scaling coef cients that maximize the
GMI throughout the half iterations for the (642;512; 62) prod-
uct code with precoded polar component codes at Ep=Ng =
2:3 dB and L = 8. Remarkably, the coef cients start with
values close to one, and the values decrease with increasing
half iterations. Recall that SO-SCL decoding aims to bring the
generated soft outputs closer to true a-posteriori information
by considering the codebook probability. This effect might
explain the values close to one for the rst few half iterations.
Recall that cycles in the product code’s graph lead to message
correlation after some half iterations, which might explain the
decreasing values of the scaling coef cients.

CER curves for a (2562; 1712; 122) precoded polar product
code with our optimized decoder and different list sizes are
presented in Fig. 4. The code rate is 0:446. Dashed curves
show the performance without our optimizations. For L = 8
and L = 4, the gains with respect to the dashed curves are

0:3 dB, while for a list size of L = 2, one gains  0:4
dB. The solid blue error curve is for L = 2 and outperforms
the decoder with L = 8 without our optimizations, i.e.,
SCL decoding and heuristic scaling. This means our methods
reduce complexity by a factor of 4 with respect to the legacy
decoder without compromising performance. The vertical lines
illustrate the decoding thresholds obtained through MC-DE
with ESCL decoding, for which we used 10° samples and ran
50 half iterations.

Observe that the decoding thresholds accurately predict the
CER waterfalls and the CER gains. We used the rate of the
product code to compute the iterative decoding thresholds
obtained by MC-DE.
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TABLE |
? FOR A (642;512; 62) PRECODED POLAR PRODUCT CODE, SO-SCL COMPONENT DECODING, L = 8, AND E,=Np = 2:3dB

‘ 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

7]1096| 092] 0.88] 0.83] 0.75| 0.69| 0.66 | 0.60| 0.59| 0.58 | 0.60 | 0.51 | 0.52| 048 | 0.47| 0.46| 0.51| 0.49| 0.51| 0.47

VI. CONCLUSION

We combined two approaches to decode precoded polar
product codes: the codebook probability and optimizing the
scaling coef cients based on the GMI. The proposed methods
signi cantly outperform existing decoders. Finally, we intro-
duced an extrinsic version of the SCL decoder that enables an
accurate MC-DE analysis to nd iterative decoding thresholds.
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Abstract We target the problem of random access over a non-
coherent at-fading single-input multiple-output (SIMO) channel
with short packets. Speci cally, we consider an unsourced joint
coding and modulation approach based on the idea of tensor-
based modulation (TBM) introduced by Decurninge et al., where
the component codebooks are restricted to phase-shift keying
(PSK) symbols. At the receiver, we leverage the fact that PSK
symbols are on the unit circle to relax the problem to the
continuous domain; we propose a low-complexity message passing
belief propagation (BP) multi-user decoding algorithm, to jointly
estimate the information bearing symbols and the channel coef-

cients. The proposed method allows e cient inter-user interfer-
ence cancellation without prior knowledge of the identity of the
active user nor of their channels. We establish its convergence
behaviour and derive its complexity and further demonstrate the
e ectiveness of the algorithm for multiple antenna receiver system
in comparison with meta-converse lower bound.

l. Introduction

The design of e cient waveforms, error correction codes
and receivers for massive random access with short packet
transmission over non-coherent fading channels is a funda-
mental challenge in modern wireless communications. The
traditional multi-user receiver architectures based on activity
detection, channel estimation, and coherent detection which
are the state-of-the-art for large blocklengths typically do not
scale well when the number of active users is large.

The unsourced random access paradigm [1], [2] introduced
an original perspective on this problem: it only mandates
that the transmitted messages be recovered, but not that the
receiver associates them with a speci ¢ transmitter; hence
all users use the same codebook, conversely to the classical
(sourced) approaches which typically involve user-speci ¢ pi-
lot sequences. This assumption allows for elegant theoretical
performance analysis [1]; furthermore it suggests a new class
of codebook design and receiver architectures and has led
to several practical schemes [3] [6] (in practice, the user
identity can be encoded within the data payload, hence the
unsourced assumption only a ects the physical-layer design).
The fundamental limits of unsourced massive random access
over fading channels have been analyzed in [7].

In this work, we introduce a variation of the tensor-based
modulation approach from [6], where the sequence transmit-
ted by each user is obtained from multi-linear spreading of
information-bearing symbols. While [6] relies on tensor alge-
braic arguments for blind multi-user separation and encodes
information using generic vector codebooks, in this work we
further constrain the component vectors of the tensors to be

made up of unit-norm information-bearing symbols. The key
contributions of this paper are as follows.
We leverage the constant modulus property to introduce a
continuous relaxation of the problem where the informa-
tion symbols are assumed by the decoder to be continuous
variables lying on the unit circle, allowing the use of
directional statistics to characterize the posterior distri-
butions of the information and channel state variables.
We derive a message-passing BP algorithm to compute
an approximation of the maximum a posteriori (MAP)
solution with reasonable complexity thanks to the use of
parametric distributions with conjugate priors.
We present experimental convergence and error rate re-
sults, and benchmark the method against the nite block-
length meta-converse bound [8].
We analyze the complexity of the proposed BP algorithm,
and show that it is signi cantly lower than maximum-
likelihood (ML) decoding and scalable with both modu-
lation order and number of users.
Notations: Scalar, vectors and matrices are denoted as lower-
case, bold lower-case, bold upper-case variables respectively,
e.g. s;v; M.  denote a Kronecker product. The conjugate,
transpose and Hermitian operators are written as s ;v'; M.
vecf g denotes the vectorization operation. \ and jj re-
spectively denote the angle and absolute value operators for
arguments in C.

Il. System Model

We consider the uplink transmission from K, single-antenna
transmitters to a single receiver equipped with N antennas.
Each user transmits B information bits over T channel uses.
The signal transmitted by the k™ user over the T channel uses

fading quasi-static channel model is assumed, with the channel
vector for user k represented as h(K) 2 CN. Each element of

complex Gaussian distribution with zero mean and variance

2, leading to Rayleigh distributed magnitude and uniform
channel phase. The vectorized form of the received signal is
expressed as

y= s h®+w (1)

k=1
where y 2 CTN and w is the complex additive white Gaussian
noise (AWGN) noise with zero mean and 2 variance.
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I11. Modulation
A. Tensor-based Modulation

The TBM modulation scheme from [6], is adopted in this
paper. In this framework, the transmitted signal from k"
user is modeled as a tensor of@rder d, with mode dimen-
sions Tq;Tp;:::Tq, such that ?lei = T. This tensor
can be vectorized into a signal of dimension T. We assume
Ty T i Ty 2 and constrain s® to be the vectorized
form of the tensor product of d vectors xgk) s :xgk), yield-
ing a rank-1 tensor for each user. In this work, we focus
on the case where the xﬂ}) are unit-modulus, i.e. they are
restricted to the unit circle; hence the proposed approach
is a special case of TBM as proposed in [6]. Speci -
cally, the signal component in the i mode is represented
as xi(k) = [1;x§!(2);x§:(3);:::;x§!?;:::;xg.kT)i] 2 CTi, where
i 2 f1;2;:::;dg;J 2 f1;2;:::;Tig; the rst symbol is a
reference (pilot) symbol and the remaining T; 1 symbols
are information bearing. The sequence transmitted by user k
is expressed as

Q
s® = x {0 %0 x$ 2 cT=Ti=CT: (2

B. Constellation and Prior Distribution

The information-bearing symbols in xgk) are modulated
using the M-ary phase shift keying (M-PSK) modulation,
denoted by Cj. The constellation points are equally spaced

on the unit circle, with the corresponding discrete probability
distribution function (pdf) given by

k
fxi(:'}) (Xi(;j)) =
X2Ci

S 0 ®3)

where Xi(;'}) denotes the j™ information symbol of the i" mode
of the k™ user, and (x) is thgDirac delta function. Hence,
each user encodes B = log, M~ ;(T; 1) bits of information
into their transmitted sequence.

IV. Receiver Design: Belief Propagation Model for TBM

In line with the unsourced random access approach intro-
duced in [1], we aim to design a receiver which decodes the
messages of all K, active users, without associating each mes-
sage to the a speci c user. The receiver simultaneously receives
signals from all K, transmitters as described by eq. (1). To
jointly estimate channel and the transmit information from
each user, in this paper, we propose a belief propagation (BP)-
based receiver framework. This section presents, in detail, the
proposed BP model tailored for TBM-based modulation with
the transmit symbols constrained to be on the complex unit
circle. We assume that the channel distribution is known at the
receiver. We begin by de ning the factor graph representation.

A. Factor Graph

Combining the channel model and the TBM scheme from
egs. (1) and (2) yields

=<
y=" 0

k=1

)

X5 x((jk) h® +w: @)

Information

.
Prior
Distributions | X"}

Variable
Nodes

Likelihood

Functions T

) 6e)

Fig. 1: Factor Graph

Observations

In this work, we tackle the problem of estimating the
posterior marginals of the information-bearing symbols xi(:})
in order to obtain a maximum a posteriori (MAP) estimator of
the transmitted information given the received signal y, based
on the observation model from eq. (4). The vector equality in
(4) describes a system of TN multi-linear equations, which
can be represented as the factor graph in Fig. 1, where the
square nodes represent the function nodes, while the circular
nodes represent the variable nodes. An edge indicates the
dependency among variables. The second row (from the top)
contains variable nodes of the information symbols and chan-
nel coe cients (x{;h®). The rst row contains function
nodes representing the prior distributions of these variables.
The fourth row corresponds to variable nodes representing
observed values (y) and the third row contains function nodes
that represent the likelihood distributions. The factor graph
structure is determined by the tensor con guration at the
transmitter, which depends on d; T;; T; N; Kj.

1) Directional Statistics and von Mises Distribution: The
proposed decoder is built upon the idea of relaxing the
discrete problem (based on the M-PSK constellations) into
a continuous problem, where the xi(!‘-) are merely assumed
to lie on the unit circle. This relaxation allows to resort
to directional statistics to summarize the belief about these
variables using a parametric density function de ned on the
unit circle; speci cally, we use the von Mises distribution,
which we denote by vM( ; ), de ned by its probability
density function (p.d.f.)

1
. X)= m expfRF
where 2Cs.t.j j=1and are respectively the mean and
concentration parameters [9], 1o denotes the modi ed Bessel
function of 0™ order and RF:g extracts the real part, and x 2 C
is on the complex unit circle. Note that this relaxed assumption
can potentially reduce receiver complexity and memory usage
for large PSK modulations, as only ( ; ) need to be stored,
instead of M beliefs corresponding to the the entire M-PSK
constellation.
2) Approximation of Prior Probability: The true prior
distribution of information bearing symbols in xgk) follows
eq. (3), i.e., a discrete uniform p.d.f. over the constellation

Xgg (5)
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points. At the receiver, this assumption may be relaxed into a
continuous problem by assuming a uniform prior over the unit
circle, with p.d.f. funir(x) = zi However, it is desirable to
further approximate the prior using a von Mises distribution
with small concentration parameter. As will be shown below,
this ensures that the beliefs obtained in subsequent iterations
also belong to the same parametric family (conjugate prior).
Furthermore, note that the considered observation model in (4)
and hence the resulting MAP estimation problem is symmetric
by permutation of the user indices; this stems directly from
the unsourced nature of the considered scheme, in which
the objective is to estimate all transmitted messages without
attributing them to one user. Assigning distinct random means

x(9 to the priors of the symbols allows to break the symmetry

between the users, which prevents the algorithm from getting
stuck in a local extremum. The corresponding information
symbol prior is given by

fxi(;) (X) =vM kaj), o - (6)
The Kullback-Leibler distance between vM( ;
be derived using [10] as

) and fynir can

Dkw (FunitfivM( ;) = log lo( ); ()

which shows that vM( ; ) accurately approximates the uni-
form distribution over the unit circle for small  (our numerical
implementation uses o = 10 “, which corresponds to a KL
distance of 2:5 10 °). For pilot symbols, the prior is a Dirac
impulse at x = 1 since these are xed. The prior assumed
for the channel coe cients h®) corresponds to the true model
(see Sec. Il), given by

1 jhj2
fLo) = —gexp 3 ®)
h h

3) Dependency Sets: Next, we de ne two sets to capture the
dependencies of m™ observation y(m) on information symbols
(x(k)) and channel coe cients (hn ), withm 2 f1;:::; TNg:

>(<k)(m). the set of information symbols from user k
contributing to y(m),

f]k)(m): the set of channel coe cients from user k
contributing to y(m).

The aggregate dependency sets across all users are de ned as:

information symbol dependency set:

x(m) = F LPm);:i; E(m)g,
channel dependency set
h(m) = (1) (m);:::; ,ﬂKa)(m)g.

4) Likelihood Functlon and Function Nodes De nition: The
likelihood functions are now given by

h(m) :iz
v 2 (9
( ©m) ©Omy

Ty ()i wm); nemy Vi x(M);

exp  — y(m)

where the product is among all dependent variables at m. For
example, the received symbol at index TN can be written as

X v
y(TN) = x hP+wTN); (10
k=1 i=1
where wW(TN) denotes the additive noise. In this case,
«(m® = fx{ gl and  $O(m) = Fh{Pg. Finally, the

function nodes in the factor graph are summarised as
fxin. = fxi(;) = vM( X093 0)

fH;nh = fH'gk) = N(0; r2])

Kk
fon =Fym)j wm); n(m) =N m) $Om)
(11)

where ny 2 1;:::;Nxg (with Ny denoting the total number
of information symbols) and np 2 f1;:::;NKag (total
number of channel coe cients). The messages are iteratively
passed along every edge of the factor graph to estimate the
channel coe cients and information symbols. The detailed
procedure is described in the subsequent section.

B. Message Passing

Let \[,t]! £ [ft]! ., denote the message passed from a variable
node (v)/function node (f) to a function node (f)/variable node
(v) at iteration t, respectively.

1) Iteration 0: In the O™ iteration, known as the initialisa-
tion step of belief propagation, the messages passed correspond
to the prior density of the respective nodes. These messages

are denoted as

Y
0 K .
e, =N Rm) POm));
[0] — .
T vM X910 (12)
0 — .2y
Koo e g = NO: P
[0] . [0] [
where - g X9 6" HEO 1t denote the messages

passed from the received S|gnal y(m), the transmit signal
x,(k) channel coe cient h$®, respectively to the associated
likelihood function node f., at O™ iteration.

2) lteration t: At iteration t, the message passed to a
information symbol node x(J) from a function node f, is
expressed as eq. (13) (at the bottom of the next page), where
the integration is performed over all varlables in the depen-
dency sets x(m) and (M), except for x ) and includes
the updated messages from previous iteration. Substltutlng the
values from egs. (6), (8) and (9) in (13) yields eq. (14), where

A2t 1, "E«)l], ’\[t(k)l ; ’\Eft_ Y denote the estimates of variance

and mean of channel estimates of concentration parameter and
mean of information symbols respectively at iteration t 1.
Note that the integration is carried out over the complex unit
circle for x ) and over the entire complex plane for h.
The mtegrand in eq. (14) consists of products of complex
Gaussian and von Mises like functions. The solution to (14)
can be approximated by a von Mises distribution using moment
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matching, yielding @ . =M Ei £ x (O [ftr]n v 5
Lh [ )
with parameters
[t
1 _ Conrxey)
fn 8 XY [t] ;
e J £ ¥ X(k)J (15)
[t] —jm ii
fm X fm EXET
where
t 1 t 1
[t _ s dm) 1 m) (16)
fm ¥ Xi(:l}) 24+ N /\r21[t 1] !
Y
t 1 _ t 1 t 1],
s¢ m)=2y (m) Ao! Moot (@7)

Kk k. k
L0 mnx{) 02 (m)

is the signal term, and the interference from other users is

I|[(t 1](m) =2 Y A[tgk_)l] /\E(k;l]
e O
Alt 1] At 1] (18)
0 heo
£ mynx{) 2 (m)

where k 2 f1;:::; Kagnk. Similarly, the messages to each
channel coe C|ent node follow a Gaussian distribution, where
in eq. (17) and eq. (18), the product of transmit vari-
ables is among all f >(<k)(m)g and the product of chan-

nel coe cients is among f °(m)nh{?g. The distribution
[t] . 2[t]

i i [t] —
is hence given by ( foanto = N P )
where the parameters of the distribution are [ft] oo =
P m = Nn
t 1 t 1 2[t
S[ ](m) . |[ ](m) []'h(k) — %4_ 2

3) Beliefs: After deriving t'ﬂe messages on each edge at
iteration t, the corresponding beliefs are computed, which is
the posterior distribution of the variable. The belief of the
information symbol x,(? is given as

Y
b/ Frgor (19)

T I X’

where m takes all values of m that depends on x( ) Since
the messages passed on edges to any information symbol node
follow von Mises like distributions, the belief in eq. (19) also

follows a von Mises distribution. Substituting egs. (6) and (15),
we get

Altl Al

(N[t —
b(xi: )M = vM NETRWORE (20)
where the parameters of the distribution are "[tgk) =
Xii
t] _: [t t . [ -
Ek]):J [(]k)J and Aigk) =] )[((]k)L where
Xizj ij [B]
i >
M _ o | [t]
o T 08T ey 21)

Similarly, the belief of channel coe cients h( at iteration t
is given by

(22)

Kyt Y [t
b(hn ) / er(]k): oo H[(]k):
m

It follows a Gaussian distribution since each message to the
channel nodes are Gaussian-like functions:

altl

2[t]
b(h(H = N (k)'Ah[S,"]) : (23)
where
Alt] :X [t]
h$ fi 10O
m
o X1 1t (24)
hdo = @ 2
M f, 1hO h

C. Estimation of Symbols and Channels

The beliefs egs. (20) and (23) can be used to obtain MAP
estimates of the information symbols and channel coe cients.
In both cases, the maximum of the distribution occurs at the
mean. Therefore, the estimates at iteration t are given by

K)[t t t
kg;j)[] — AE(E]k_) and ﬁgk)[t] = /\Lgk) (25)
[} n

After convergence, the information symbol MAP estimates
(which can lie anywhere on the unit circle) are rounded to the
nearest PSK constellation point to yield the decoded messages.

Z ~ =
G _ ¥ [t 1 Yo
fn IX T w M X% 1 £, HO 1 fy (13)
H ol X(m)nXi(;'}) J a(my
Z . K K . i Alt 1].2
i _ PN TG Lm) Pmyp Y N N R
B X T NG 2 &P 2 A2 1 P 2t 1] n
't Xiij n;k
v ) (14)
2 18 expfREAL, Hn [(tk) 9 ggx
NOH iij lJ
[H] x
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D. Parameters Update and Stopping Criteria

As shown in egs. (15), (17) and (18), the messages depend
on the parameters of variables in previous iteration. Hence,
after every iteration, these must be updated using egs. (21)
and (23). The proposed algorithm runs iteratively and stops
upon reaching either convergence, or a maximum number of
iterations Nmax:itr- The proposed algorithm is summarized in
Algorithm 1.

Algorithm 1 Belief Propagation for TBM
1: Initialize prior messages using eq. (12)
2: for t = 1;2;::: Nmax:itr do until convergence
3: fork =1;2;::: K, do

4: fori=1;2;:::;d do

5: for j =1;2;:::;T; do

6: Update messages using eq. (15)

7 Compute belief b(xg;'_(j))[t] using eq. (20)

8: Compute information symbol parameters
("E:g;); Agg;)) using eq. (21)

9: end for

10: end for

11: Compute belief b(h)M using eq. (22)

12: Compute channel parameters (AE2k>;AEEtk])) using
ed. (23) B

13: end for

14: end for

V. Simulations results

In this section, we evaluate the performance of the algorithm
from Section IV for the parameters listed in Table I. In this
setup, the message transmitted by each user encodes B = 60
bits over T = 200 channel uses, yielding a spectral e ciency
of 0.3 bits/channel use (bpcu) per user, and reaching an
aggregate 3 bpcu for Ky = 10. The following subsections
present key performance metrics, including the convergence
behavior of the BP algorithm, message error rate, and related
evaluations.

TABLE I: Simulation Parameters

Number of users, Ka 1,5, 10
Number of receive antennas, N 5
Number of modes in TBM, d 3
Tensor size, (T1;T2;T3) (8,5,5)
Modulation index, M 16-PSK
Number of channel uses, T 200
Number of frames transmitted 10%
Prior concentration parameter, o 10 4
Variance of channel, 2 1
Maximum iterations for BP, Nmax:itr 10°

A. Convergence

To examine the convergence of the proposed algorithm,
a single frame is transmitted at a high signal-to-noise ratio
(SNR). Figs. 2a and 2b illustrate the evolution of the estimate

and variance of the information symbols across iterations of
the BP algorithm respectively, for three symbols, namely xglg

xglg and xglg As observed in Fig. 2a, the initial symbol
estimates deviate signi cantly from their true values. How-
ever, with successive iterations, the estimates are re ned and
gradually converge towards the true values of the information
symbols, which are denoted by the dotted lines. In Fig. 2b,
the variance is initially large, re ecting the uncertainty in the
estimates, and decreases with successive iterations, thereby

enabling accurate and unambiguous symbol estimation.

—o—(Estimated Value) < x(lll

O]
(True Value) < Xi5

-

o~ (Estimated Value) £ x{)

@
(True Value) < X35

o (Estimated Value) £ x{)
(

@)
True Value) < X3

Mean of informaiton symbols
Variance of information symbols

0 5 10 15
Iterations

Iterations

(@ \~%,, (Mean of information (b) 1=~ (Variance of
X5 X:. Y

i . . . . ij . .
sym50ls) vs. iterations information symbols) vs. iterations

Fig. 2: Performance analysis with di erent iterations

B. Distributions of Information Symbols

Fig. 3 illustrates the convergence of the posterior distribu-
tion of the information symbols conditioned on the received
symbols. As shown in Fig. 3, after the rst iteration, the
distribution is nearly uniform, re ecting high uncertainty in the
symbol estimates. With subsequent iterations, the uncertainty
progressively reduces, and by iteration 14 the posterior distri-
bution concentrates around the true symbol. This re ects the
ideal transition from a uniform to an impulse-like distribution,
indicating increasing certainty.

Iteration 1

& =0.000
4 p=-2.8515rad

Iteration 3
& =35.487
£ p=-1.8686 rad

Iteration 14
& =77.586
£ p=-15703 rad

®  16-PSK Constellation
== Estimated Mean Direction £ i

‘_Pas(enar von-Mises True Symbol

— — —Unit Circle

Fig. 3: Posterior distributions vM( ; ) of information
symbols after 1, 3 and 14 iterations, with the true value of
highlighted in green.

C. Performance Analysis

We now present a numerical evaluation of the performance
of the proposed approach. The receiver is assumed to be aware
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of the number of active transmitters and always outputs exactly
Ka messages. We evaluate the message error rate using a
de nition of error event appropriate for the unsourced setting,
namely the per-user probability of error (PUPE) [1]: a message
is considered to be in error if it was transmitted but does not
appear in the list of decoded messages. We evaluate the PUPE
versus SNR using Monte-Carlo simulations. The per-user SNR
is de ned as

SNRper user = Esignal — (Eavg,H)(kS(k)kz) — _|21
Enoise 2TN 2’
where Esigna and Engise denote the average signal and noise
energies respectively. This performance is compared with the
meta-converse lower bound from [8, Theorem 27]. Fig. 4
depicts the PUPE versus SNR for di erent numbers of users
and number of receive antennas. As expected, the PUPE
decreases with increasing SNR and increasing N . These results
demonstrate that while the proposed modulation is suboptimal
in the single-user case, it is extremenly robust to inter-user
interference despite the lack of coordination between transmit-
ters while achieving non-trivial spectral e ciency, making it
suitable in massive random access scenarios.

(26)
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Fig. 4: PUPE vs. SNR

VI. Complexity Analysis

Let us start with some important general remarks. The
multi-linear spreading operation in eq. (g e ectively adds
redundancy at the symbol level (%'ﬂce i{(Ti 1) infor-
mation symbols are spread over ~; T; channel accesses)
by generating multiple combinations of information symbols;
hence, the proposed approach constitutes a joint coding and
modulation scheme involving a non-binary code. Furthermore,
Algorithm 1 performs joint demodulation, channel estima-
tion, and multi-user decoding. Such an approach is typi-
cally impractically complex for non-trivial problem dimensions
due to the iterations between binary (log-likelihood ratios)
representations in the channel decoder and complex symbol
representations for the equalization steps. Conversely, in the
proposed approach, coding and modulation share the same
representation using variables on the unit circle, allowing for
considerable complexity reduction.

The stepwise complexity analysis of the proposed algorithm
is derived in Table I, where j «j denotes the cardinality of
the dependency set. The dominant term is O(N2K,T) per
iteration of the proposed BP, leading to an overall complex-
ity of O(N2KaT Nmax:itr). In contrast, ML-based decoding
requires O(2B%=) and the two-step decoder introduced in [6]
requires O(TNKZ). Notably, the complexity of the proposed
algorithm is independent from M (the modulation index) and
scales linearly with Kj.

TABLE II: Complexity Analysis per Iteration of BP

Expectation of x (in (17), (18)) TNKa +KaTj xj
Estimation of information symbols (25) KaTj xj
Estimation of channel (25) NZKaT
Update parameters (Sec. I\VV-D) KaT
Convergence check (Sec. IV-D) KaT

VII. Conclusion

In this paper, we proposed a BP-based multi-user receiver
approach for TBM, performing joint multi-user equalization,
decoding, and channel estimation for short packet transmission
over non-coherent quasi-static fading channels. We provided a
complexity analysis and showed that it is substantially lower
than for ML-based algorithms. Simulation results demonstrated
the good convergence properties of the proposed algorithm and
benchmarked it with the meta-converse lower bound.
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Abstract A non-uniform channel input distribution is key for
achieving the capacity of arbitrary channels. However, message
bits are generally assumed to follow a uniform distribution which
must rst be transformed to a non-uniform distribution by
using a distribution matching algorithm. One such algorithm
is enumerative sphere shaping (ESS). Compared to algorithms
such as constant composition distribution matching (CCDM), ESS
can utilize more channel input symbol sequences, allowing it to
achieve a comparably low rate loss. However, the distribution of
channel input symbols produced by ESS is xed, restricting the
utility of ESS to channels with Gaussian-like capacity-achieving
input distributions. In this paper, we generalize ESS to produce
arbitrary discrete channel input distributions, making it usable
on most channels. Crucially, our generalization replaces xed
weights used internally by ESS with weights depending on
the desired channel input distribution. We present numerical
simulations using generalized ESS with probabilistic amplitude
shaping (PAS) to transmit sequences of 256 symbols over a
simpli ed model of an unampli ed coherent optical link, a
channel with a distinctly non-Gaussian capacity-achieving input
distribution. In these simulations, we found that generalized ESS
improves the maximum transmission rate by 0:0425 bit/symbol
at a frame error rate below 10 * compared to CCDM.

Index Terms Enumerative coding, probabilistic amplitude
shaping, sphere shaping, distribution matching

I. INTRODUCTION

PPROACHING the capacity of an arbitrary channel

is possible if the input symbols follow the capacity-
achieving distribution of that channel. In the example of the
additive white Gaussian noise (AWGN) channel this is a con-
tinuous normal distribution [1]. However, many communica-
tion systems are limited to independent, uniformly distributed
symbols selected from a discrete set called the constellation
and cannot produce the capacity-achieving distribution at the
channel input. For transmission systems limited to discrete
constellations, probabilistic constellation shaping (PCS) en-
ables the use of non-uniform channel input distributions. This
allows us to use a Maxwell-Boltzman distributed discrete input
sequence, to nearly close the shaping gap of 1:53dB [2], [3]
in the AWGN channel.

By using probabilistic amplitude shaping (PAS), PCS can be
combined with forward error correction (FEC) to enable robust
and exible communications [4]. The approximate uniform
distribution of the parity bits is exploited in the PAS scheme
to choose the (nearly uniformly distributed) signs of the

transmitted symbols. This works for many practically relevant
channels with symmetric capacity-achieving distributions. A
distribution matcher (DM) is responsible for the PCS in PAS.
As the signs of the transmit symbols are de ned by the parity
bits, the DM only shapes the probabilities of their amplitudes.

Multiple approaches have been proposed for implement-
ing the DM, e.g., constant composition distribution matching
(CCDM) [5]. CCDM maps input bit sequences to typical
constant composition amplitude sequences of the desired am-
plitude distribution. While CCDM asymptotically achieves the
maximum possible rate [5], it suffers from a rate loss for

nite block lengths. Multiset-partition distribution matching
(MPDM) [6] employs additional sequences to reduce this rate
loss. Other approaches minimize the average energy of the
transmitted symbol sequences. On the AWGN channel, this
minimizes the rate loss for a xed rate and block length [3].
Laroia’s rst algorithm [7, Alg. 1] and shell mapping (SM) [7,
Alg. 2] use this technique. This manuscript focuses on the
concept of enumerative sphere shaping (ESS) [8], which also
minimizes the sequence energy.

The advantages of ESS in comparison with other DM
methods include a small rate loss, even at small block lengths,
and low computational complexity compared to SM [3]. One
disadvantage of ESS is that it produces a xed distribution,
which is tailored to an AWGN channel. Our contribution
generalizes ESS and, based on a scheme proposed for SM [9],
enables the use of ESS on non-AWGN channels, while main-
taining its low rate loss.

The remainder of this paper is structured as follows: In
Section |1, the ESS framework is generalized to use a custom
weight function. A method to create a desired weight function
is introduced in Section Ill. Simulation results using the
proposed generalized ESS are discussed in Section V. Finally,
Section V summarizes our ndings and highlights further
research topics.

Il. GENERALIZATION OF ESS

On a high level, ESS works on all amplitude sequences
with a total energy below a given threshold. Interpreting each
such sequence as a vector with amplitudes as components,
all these sequences lie within a high-dimensional sphere of
a radius determined by the threshold. The sequences in this
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eponymous sphere are then enumerated by de ning the index
of each sequence as the number of lexicographically lower
sequences. This is ef ciently done using a trellis representation
of all amplitude sequences in the sphere.

More formally, ESS must be described in terms of this
trellis. It consists of nodes indexed by their energy e and their
trellis stage n. Each transition between nodes is characterized
by the energy difference between its source and destination
node. We call this the weight of a transition. In ESS, the
weight of a transition is given by the square of the associated
symbol amplitude, i.e., its energy. Thus, there is a one-to-one
relationship between the path through the trellis, the sequence
of weights, and the sequence of symbol amplitudes. Because
the trellis does not contain nodes exceeding a xed maximum
energy, the total energy of symbol sequences represented in
the trellis is also limited to this maximum energy. Indices
are assigned to all weight sequences by enumerating them in
lexicographical order. A mapping between the lexicographical
index of a sequence and the data bits is established by
interpreting the data bits as an integer in binary notation.
Finally, the ESS algorithm provides an ef cient way to use the
trellis to map between weight sequences and lexicographical
indices [3], [8].

Extensions of ESS can adapt this concept to non-energy
transition weights (e.g., [10]), thereby opening ESS to a wider
range of possible output distributions. Without changing the
ESS algorithm, we can generalize the transition weights to
allow for any non-negative integer. Thus, a generalized ESS
node is indexed by its trellis stage n and its weight level “.
Its value is denoted as T,,. Similar to ESS, the weight level of
a node is the total weight of paths leading to this node. We
denote the maximum allowed weight level by *mnax.

As noted in [9, Proposition 2] for SM, any constant off-
set or positive scaling of all weights does not change the
encoding, assuming “max iS equivalently transformed. These
operations affect all the weights in the trellis equally and
cannot change their order, i.e., if W < w® holds before
scaling, Wg;,ed < Wg;,ed will hold after scaling. In this
case, the lexicographical ordering of weight sequences remains
unchanged. Additionally, if “max is equivalently transformed,
the set of amplitude sequences represented by the trellis does
not change. Thus, ESS, like SM, is invariant to an offset
or positive scaling of its weights. It may be noted that the
scaling factor is restricted by the aforementioned requirement
of integer weights.

We consider amplitude-shift keying (ASK) with M levels
and assume that the sign of each symbol is chosen using PAS.
The M=2 symbol amplitudes a® 2 1;3;5;:::;M 1g,
k2 K=Tf0;1;:::; 1g are chosen using our proposed
generalization of ESS, that is, by using a trellis with transition
weights not xed to the amplitude energy. Instead, each am-
plitude a® is associated with a general weight denoted w9,
Without loss of generality, w® is assumed to be in

k2K
ascending order, i.e., wkv  w®2) if k; < k,. Note that this
implies that a®) | _ is not necessarily ordered but depends

INES

k

— — —
3 3 3 3
2 2 2
1 1 1 1
0 0 0 0 0
n=20 n=1 n=2 n=3 n=4
Fig. 1. Generalized ESS trellis with N = 4 and non-unique weights

(05 1; 1; 3).

on the amplitude to weight mapping. More speci cally, the
amplitudes are not ordered, if the correspondence between am-
plitudes and weights is chosen in such a way that atk1) < ak2)
does not imply w2 < w2) Ag the ESS trellis is invariant
to a constant offset, we require

minw® = w® =0, 1)
k2K
which allows the set of weight levels L £0;1;:::; “naxg to

be independent of the trellis stage n.

Veri cation that this framework does indeed generalize ESS
can be obtained by using the amplitude energies (1; 9; 25; 49)
as weights. By (1), the value 1 is subtracted from all weights
which leads to the valid weight sequence (0; 8; 24; 48). Itisa
good practice to use the smallest possible scaling of the weight
function, therefore all weights are divided by 8 which yields
the nal weights (0; 1; 3; 6). A trellis with these weights
is identical to a classical ESS trellis. The only remaining
differences are the node indices which can easily be converted
from weight level © to energy e via e = 8 + n. This weight
function was also proposed in [11] as a more ef cient method
to calculate the ESS trellis.

A. Non-unique weights

Considering only the classical ESS trellis, our proposed
generalization is subject to the additional restriction of unique
weights. However, multiple identical weights can be modelled
by allowing parallel edges in the trellis, as shown in Fig. 1. The
ESS algorithm must then be adapted to enforce an order on
these parallel edges. We propose ordering parallel edges based
on the index k of their associated weight w(. Algorithm 1
shows the ESS shaping algorithm as formulated in [3, Alg. 1],
modi ed for generalized ESS with parallel edges. Comparison
with [3, Alg. 1] shows two modi cations: Primarily, the use
of the index variable k instead of the amplitude a, which
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Algorithm 1 Generalized Enumerative Shaping

Given that the index satis es 0 i < T§, initialize the
algorithm by setting the local index ip = i. Then for
n=0;1;:::;N 1:

1) Take kn 2 K such that

W(k°)+PJ[1=01 wkid W(k°>+P?=01W(kj>
n In < n )
K'<kn K kn
)
2) and (for n < N)
> «,Pn 1 k)
- - w + ._swHJ
int1 = in Tn i=o . (3)
Kko<kn
Finally output a); atku); ::: - gakn 1)
Algorithm 2 Generalized Enumerative Deshaping
Given ag;as;:::;an 1. Derive ko;ky;::iikny 1 St an =

atkn)
1) Initialize the algorithm by setting the local index iny = 0

2) Fork"2Kandn=N 1;N 2;:::;0, update the
local index as
X (%) pp 1. (ki)
in= r\‘?/ Toa=e +in+1. (4)
Kki<kn

3) Finally output i = ip.

allows for parallel edges in the trellis. Secondarily, the use
of zero-based indexing, which ensures consistency with the
notation used in this paper. Similarly, Algorithm 2 adapts
ESS deshaping from [3, Alg. 2] for generalized ESS with
non-unique weights. The similarities between [3] and the two
algorithms shown here highlight the simplicity of handling
non-unique weights with the proposed index-based approach.

I1l. CHOOSING A DISTRIBUTION VIA WEIGHTS
A. Divergence-Optimal Weights

Generalized ESS opens the ESS algorithm to a wide range of
distributions. This calls for a method to choose the amplitude
weights in such a way that the resulting distribution approaches
the capacity-achieving input distribution for a given channel.
In [9], Schulte and Steiner develop such a method for SM.
Both SM and ESS work according to the same principle of
generating a code book which minimizes the weight of its
codewords. Thus, the approach proposed for SM can also be
used for ESS. We summarize the method developed in [9] in
the context of ESS.

First, the informational divergence D(UajjPa) is intro-
duced. The distribution Pa is the capacity-achieving in-
put distribution for the channel in question, and Ua(a)
is the probability of transmitting the amplitude sequence
a=1(ao; a1;:::;an 1). As the DM chooses uniformly
from the jCj amplitude sequences in its code book C,
Ua(a) =jCj * follows for all amplitude sequences a 2 C.
The informational divergence D(UajjPa) therefore depends

on the capacity-achieving distribution and the selection of am-
plitude sequences in the DM code book. It can be shown, that
the mutual information I1(A;Y ) between an input amplitude
sequence A and the channel output Y is bounded by [9,
Eq. (M)]. [12, Eq. (23)]
D(UajiPa)  I(AY)
N N
Minimizing the informational divergence D(UajjPa) thus
bounds the mutual information closer to the channel capacity
C. Assuming that the input amplitudes are independent and
identically distributed (iid) according to the capacity-achieving
distribution, the probability P can be written as

Cc

C: (5)

Pa(@ = Pa(ai):
i=0
If each weight of generalized ESS is de ned as the self-
information  log(P (a)) of the corresponding amplitude a, the
resulting code book minimizes D(UajjPAa) [9, Proposition 1].
This can be veri ed by expanding the expression of the
informational divergence

. Ua(a)
= |
D(UAjjPa) e Ua(a) log PAGR)
= Hy(A) Ua(a) logPa(a)
a2c
1 X D&
= logjCj+ e ( logPa(an));
J a2C n=0
(6)

where we expand the logarithm of the fraction in the
and recognize the entropy.

With w® = logPa(a®) de ned as the weight of
amplitude a®, the double sum in (6) becomes the total weight
of the code book

rst step

W (C) := wkn) with a, = akn);
a2C n=0
XXt
= ( logPa(an)):
a2C n=0

For a given jCj and a given set of discrete amplitudes/weights,
generalized ESS minimizes the total weight W (C) of the code
book. It therefore minimizes D(UajjPa) for a xed jCj. As
a result, generalized ESS maximizes the lower bound (5)
on the mutual information. In practice, this is often only
approximately true due to the requirement for weights to be
integer and the code book size to be a power of two.

Note, that the informational divergence between the dis-
tribution of the sequences in C and the capacity-achieving
distribution of sequences is minimized. Somewhat counter
intuitively, the informational divergence between the empirical
amplitude distribution and the capacity-achieving amplitude
distribution is not minimized. Equation (12) in [9] details the
dependencies between the informational divergences of the
sequence and amplitude distributions.
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B. Implementation Aspects

For implementation, two issues which have not yet been
discussed, arise from this approach. First, the self-information
of the amplitudes is not integer in general. Second, the
calculation of all possible weight levels becomes necessary to
store the trellis. We present possible solutions for both issues
in what follows.

The requirement of integer weights forces the quantization
of the self-information weight function. As previously dis-
cussed, positive scaling and a constant offset applied to the
weights do not change the values in the trellis. Scaling the
self-information with a factor ¥ > 1 before quantizing can
thus reduce the relative quantization error. Assuming sorted
weights and additionally respecting the requirement (1) for the
minimum weight to be zero, we propose the positive integer
weight function:

wk =10 1O

with 180 = f JogPs a® + % )

Choosing T is a trade-off between low quantization noise
and trellis size. If ¥ is too large, the probability that sums
of different weights lead to the same weight level decreases.
For instance, the distribution (0:4;0:3;0:2;0:1) leads to the
weights (0; 1; 2; 4) with £ = 3, but to (0; 3; 7; 14) with £ = 10.
One can easily verify that, e.g., w® +w® = w® is true for
f = 3 but is not for f = 10. Thus ¥ = 10 has an additional
weight level 5, = w® +w® = 6 between ‘; = w® =3
and ‘3 = w® = 7. This increases the size of the trellis. On
a more general note, the same effect would balloon the trellis
size if non-integer weights were used.

In classical ESS, the index of a node in its trellis stage
can easily be computed from its energy e and trellis stage
number n [3, Sec. Ill. B]. With generalized weights, this
is no longer universally possible. A look up table (LUT)
between weight levels “ and the corresponding trellis row
indices must thus be stored if the trellis rows are kept in
an array. Considering that log,(jLj) bit are required to store
one of the jLj trellis row indices and log,(“max) bit are
required to store a weight level, the LUT storage complexity
is (log,(jLj) + log,(“max)) jLj. In analogy to ESS, the
number jLj of nodes in a trellis stage is expected to be
roughly proportional to the amplitude sequence length N [3,
Sec. IV. B]. Additionally, assuming “max is proportional to jL}j,
we can express the approximate storage complexity of the LUT
as N log,(N). Compared to the storage complexity of the
trellis itself, which is approximately proportional to N2 [3,
Tab. 1], the LUT thus does not constitute a signi cant extra
complexity.

With the use of a LUT, the calculation of weight levels only
needs to be carried out once. Thus, no stringent complexity
limits must be considered for this calculation. A simple algo-
rithm which iteratively creates new weight levels by addition
of known weight levels proved suf cient in our experience. It
is summarized in Algorithm 3.

Algorithm 3 Calculation of Weight Levels

L == f0g
repeat
LY=L
for < 2 LY do
fori2f0;1;:::;M 1gdo
“rew = ¢ +w®
if “hew “max then
L=fwg[L
until jLj = jLY
return L

Generalized ESS would bene t from further research into
a more ef cient handling of the irregular weight levels. One
approach may be to choose f in (7) in such a way that
w® =1, In this case, the weights would collapse to relative
indices in the arrays used to store the trellis values, removing
the necessity for a LUT. However, further investigation is
required to weigh the resulting potentially coarse quantisation
of weight levels against the reduced complexity.

C. Open Source Implementation

We provide a Rust implementation of the discussed ESS
generalization called arbitrary distribution ESS (AD-ESS)!.
Alongside the Rust implementation, we also publish Python
bindings, which allow using the Rust binaries from Python
scripts.

IV. SIMULATION RESULTS

One advantage of PCS using the PAS architecture is the
ability to adapt the transmission rate using only a small number
of FEC code rates. This is done by changing the shaping rate
of the DM, which corresponds to the number of bits the DM
maps to one amplitude sequence. To demonstrate the proposed
generalization of ESS, we selected four WiMAX low-density
parity-check (LDPC) codes. The four codes have a block
length of 768 bits and rates of r ppc 2 F1=2;2=3; 3=4; 5=69.
An M = 8-ASK is used as modulation format to simulate
one dimension of a quadrature amplitude modulation with
64 symbols (64-QAM). Following the PAS architecture, the

xed LDPC block length and constellation size lead to a xed
sequence length of 256 symbols.

These sequences are transmitted over a peak power con-
strained (PPC) channel with AWGN, which is a coarse model
of an unampli ed coherent optical link [13]. To quantify the
channel quality, the peak-signal-to-noise ratio (PSNR) is de-

ned as the maximum signal power divided by the noise power
(similar to [13]). As only the maximum signal power affects
the PSNR, it is bene cial to use the full range of power below
the maximum to increase the spacing between transmitted
amplitudes. In contrast, the Maxwell-Boltzmann distribution
assigns high probabilities to small amplitudes, which are all

LFree source code at https://github.com/kit-cel/ad-ess
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Fig. 2. Maximum rates achieving a FER below 10 4 for a xed sequence
length of 256 8-ASK symbols.

relatively close together. This makes the Maxwell-Boltzmann
distribution ill-suited for the PPC channel.

One approach is a reversed Maxwell-Boltzmann distribution
which assigns high probability to high-amplitude symbols and
low probability to low-amplitude symbols [13]. We imple-
mented this using a two-step process we call reverse ESS. In
the rst step, the data is encoded using unaltered ESS result-
ing in a sequence of approximately Maxwell-Boltzmann dis-
tributed amplitudes. Then, in the second step, each amplitude
in this sequence is remapped accordingto a @ M  a, which
effectively swaps low and high amplitude values. The resulting
amplitude sequence is approximately distributed according to
a reversed Maxwell-Boltzmann distribution.

To the best of the authors’ knowledge, there is no closed-
form solution for the capacity-achieving input distribution of
the PPC AWGN channel with 8-ASK input. Hence, following
the example of [14], we approximate it using numerical opti-
mization for each PSNR value. We formulate this optimization
problem with quantized channel outputs and solve it using
CVXPY [15], [16]. Channel inputs following the resulting
distributions can be implemented with generalized ESS.

The largest achievable rate using any of the four available
LDPC codes and an FER below 10 4 is shown in Fig. 2.
Generalized ESS is compared to CCDM and the reverse
Maxwell-Boltzmann approach implemented as reversed ESS.
Rates achievable using the four codes with uniform signaling
are included for reference.

Generalized ESS and reversed ESS consistently match or
improve the rate of uniform signaling. The reason for this
is that both of these trellis-based approaches are true gen-
eralizations of uniform signaling: If the maximum weight
level “nax Or energy threshold is increased until all possible
sequences are represented in the trellis, the DM outputs a
uniform distribution over all possible amplitude sequences.
This is not true for CCDM, which only outputs sequences

of constant composition, thus, resulting in a rate loss at nite
block lengths.

While the two trellis-based approaches generalize uniform
signaling, this is not without limitations. First, the use of
PAS with an 8-ASK only allows code rates ryppc 2=3.
This explains why reversed ESS cannot match the rate of
uniform signaling with r_ppc = 1=2 between 18 and 18:6 dB.
The constellation order has to be reduced to use lower rate
codes. Second, we observed that erroneously received frames
with shaping contain more bit errors than erroneous frames in
systems without shaping. Finally, using a trellis for uniform
signaling is computationally inef cient as it requires comput-
ing and storing the full trellis without limiting it to a maximum
weight level “max or an energy threshold.

In an operating point where the maximum rate supported
by the channel lies between the rates of two available codes,
uniform signaling must use the lower rate code. Here, the
use of a DM introduces the shaping rate as an additional
variable that can be adjusted to better match the maximum
rate supported by the channel. Fig. 2 shows this behavior in
the intervals 18 to 20dB, 20 to 21dB and 22 to 22:5dB.
By using an amplitude distribution optimized for the channel,
generalized ESS can achieve the highest rates of all simulated
schemes in these intervals. Comparing generalized ESS to
CCDM shows that the two rate curves are almost parallel,
as CCDM uses the same optimized distribution but suffers
from a rate loss at nite lengths. On average, the rate loss
of CCDM compared to generalized ESS is 0:0425 bit/symbol.
The amplitude distribution used by reversed ESS is less suited
for the channel. Thus, shaping would lead to lower rates than
uniform signaling with the next lower code rate for many
PSNR values. For these PSNR values, the highest rates are
achieved with reversed ESS by resorting to uniform signaling
with the next lower code rate. Fig. 2 shows this behaviour for
PSNR values between 19:9 and 20:4dB or 21 and 22:2dB.

To change the shaping rate of CCDM and thus enable
rate adaption, target distributions with different entropies must
be used. A method to nd such distributions is proposed
in [4]. The proposed method relies on Maxwell-Boltzmann
distributions and can not be used on our channel. However,
inspired by this method we use the heuristic

P Popt.(@%)  (Popt.(a™))
k2K Popt.(a(k)) (Popt (a(k)))

to generate distributions with suitable entropy from the opti-
mized distribution by tuning . As a result, the CCDM rates
shown in Fig. 2 are not guaranteed to show the best possible
CCDM performance. Generalized ESS has no need for such a
heuristic, as its shaping rate can be adapted by changing the
threshold weight level “max.

While comparing generalized ESS to normal ESS, we
noticed that generalized ESS can outperform ESS by a small
margin, even on the AWGN channel. If only a part of the
sequences represented by the ESS trellis are used for trans-
mission, ESS suffers from a small rate loss. Not using all
sequences is often caused by transmitting a xed number of

Prmod.(a%) =
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Fig. 3. Average amplitude energy for a sequence length of 224 symbols and
a shaping rate of 1:5 bit / amplitude. Generalized ESS uses a weight function
with factor £ computed from a Maxwell-Boltzmann distribution with = 0:1
using (7).

bits while the number of sequences in the trellis is not a
power of two. Depending on the factor f used in the weight
function (7), the number of sequences in the generalized ESS
trellis changes. First observations suggest that this often leads
to the number of unused sequences being smaller compared to
ESS. This in turn leads to a smaller rate loss and thus a reduced
average energy. Fig. 3 demonstrates how varying f in uences
the average energy of the code book, which directly relates to
the rate loss. Evidently, the average energy of the generalized
ESS code book is less than the average energy of the ESS
code book for most plotted values of f. If £ 4, the average
energy of the generalized ESS code book is frequently very
close to the lower bound provided by the average energy of
an optimum ESS (OESS) [17] code book.

V. CONCLUSION

In this paper, we generalized ESS to allow arbitrary distribu-
tions and showed how even multiple amplitudes with the same
probability may be handled. The proposed generalization was
used to achieve rate adaption for different channel qualities on
a PPC channel.

Future research could further analyze the observation that
generalized ESS can reduce the rate loss of ESS. Achieving
this using a small scaling factor ¥ could yield a method to re-
duce the ESS rate loss with reasonable additional complexity.
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Abstract A new shaping technique called coset shaping for
coded QAM and PAM signaling is introduced and analyzed. This
technique can be applied not only to information bits but also
to parity bits without incurring additional complexity costs. It
is proven that as the length of the error-correcting code and
the modulation order tend to in nity, the gap to capacity for
the proposed shaping scheme can be made arbitrarily small.
Numerical results and comparisons for the shaping scheme, along
with nonbinary LDPC-coded QAM signaling, are presented.

I. INTRODUCTION

A typical communications scenario over the AWGN channel
uses the uniform input distribution and equidistant signal con-
stellations, which lead to the potential gap of up to 1.53 dB to
the Shannon capacity at high signal-to-noise ratios. The main
idea behind the existing shaping techniques is to reduce this
gap by minimizing the average energy per transmitted symbol
[1], [2] while maintaining the desired bit rate. In such a way,
the cost of delivering the maximum possible information is
minimized. There are a few shaping methods used in practice.
These techniques directly or indirectly implement optimal or
near-optimal nonuniform input signaling.

The optimal distribution over the set of input signals can be
obtained by using equiprobable non-uniformly spaced signal
points. This shaping technique is called geometric. It was
studied in [3], [4]. Multidimensional geometric shaping can
be ef ciently implemented with Voronoi shaping techniques
(see, for example, [5] [9]). In particular, in [8], [9], Voronoi
shaping for multilevel coded modulation was analyzed.

A so-called probabilistic shaping uses uniformly spaced sig-
nal points with different probabilities according to the nonuni-
form distribution. Probabilistic amplitude shaping (PAS) was
studied, for example, in [10] [14]. This type of shaping
implemented in the form of enumerative decoding of constant-
composition codes [10] and enumerative sphere shaping codes
[12], [15] was considered in combination with binary LDPC
error-correcting codes. In these schemes, a distribution matcher
(DM) maps information bits to shaped bits, which are then
systematically encoded by appending uniformly distributed
parity bits. Linear layered probabilistic shaping, which extends
PAS to probabilistic shaping of parity bits, was introduced in
[16] and further developed in [17]. The shaping scheme in [16]
processes codewords of a linear block code with two DMs. The
message bits are shaped with a conventional DM and encoded
systematically, and a so-called syndrome DM shapes the parity

This work was supported by the Estonian Research Council through the
grant PRG2531.

bits. PAS applied after encoding with a nonbinary (NB) LDPC
code was considered in [18], [19].

Comparison of PAS and Voronoi shaping used with mul-
tilevel coded QAM signaling over the AWGN channel was
performed in [8], [9]. The numerical results presented in these
papers show that the Voronoi shaping in the multilevel coding
scenario outperforms PAS.

In this paper, a new competitive shaping technique is
proposed, called coset shaping. One of the distinguishing
features of the shaper is that parity bits can be shaped in the
same manner as message bits without increasing computational
complexity. We use a combination of a linear code with a
higher rate than the target transmission rate and a shaping
code. The shaping code is a set of coset leaders of a linear
code. The best coset leader is selected based on the criterion
of minimum signal energy. We prove that for the proposed
scheme, the gap to capacity can be made arbitrarily small as the
error-correcting code length and the modulation order increase.
Numerical results for one practical scenario are given.

This paper is organized as follows. Preliminaries are in
Section Il and the new coset shaping scheme is in Section
Ill. The asymptotic analysis is performed in Section IV.
Simulation results and comparisons are given in Section V.

Il. PRELIMINARIES
A. Notation

We denote by N, Z, and R the set of naturals, integers,
and reals, respectively. An interval over Z is [i : j] , fi;i+
J. Vectors are row vectors and
boldfaced, e.g., X. Matrices and sets are given by capital sans
serif letters and calligraphic uppercase letters, respectively, X
and X. An identity matrix n  n is denoted by I,,. The addition
in F is denoted by , and + is the real addition.

B. Modulation and Mapping for Unshaped Coded PAM

For some classes of codes, matching code symbols with
PAM signals can improve decoding performance, for example,
in the belief propagation (BP) decoding of nonbinary (NB)
LDPC-coded PAM signals [19] [21]. We consider a mapping
of binary codewords to the sequences of 2™-PAM signals.

Let C be a binary linear [n; k] code with a generator matrix

G= Gm 1 Gm> Go ;

where the submatrices G; are of size k
i2[0:m 1], where m is a divisor of n.

Ns, Ng = em, for
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TABLE |
BRBG CODE FOR 8-PAM

BRBG | 000 | 001 | 011 | 010 | 110 | 111 | 101 | 100
8-PAM -7 -5 -3 -1 1 3 5 7

For a given message u 2 F, the codeword v 2 C is

V= Vm 1 Vi = uG;; 1)

Vi 2F5%;i2[0:m 1]. Then v is rewritten in the form of
am ng matrix Vg Vi :::Vm 1 " whose i-th columns are
used as the Gray-coded binary index of 2M-PAM signal point
Xi2X=Ff 2m+1;:::; 3 1;1;3;:::;2m  1g.

Example 1. Let m = 3, n = 6, ng = "=m = 2. A generator

matrix for a [6; 3]-code C in systematic form is
(O] 1

Vm 2 I Vo |

A )

o - O

1 0 1
G=@o 0 1
0 1.0
- I{z}

{z. {z
Go Gy Go

Let u = (1;1;0), then the corresponding codeword v =
uG = (1;1;0;0;1;1) used with 23-PAM. First, we split the
codeword into m = 3 parts and place the equal-length vectors

in the rows of a matrix of sizem ng=3 2, as
O 1 01 a1

-

Vo 1
@VlA = @O OA:
V2 1 1

Then columns of this matrix are mapped to the PAM signal
sequence s = (5;5) 2 X"s according to bit re ected binary
Gray (BRBG) code [22] (see Table 1).

De nition 1. The above one-to-one mapping of length n =
mng codewords v 2 F3 to signal sequences s 2 X"s is
denoted as . The sequence s = (V) is called PAM-image
of v. Aset (C) is called PAM-image of the code.

I1l. COSET SHAPING

We introduce the coset shaping scheme for coded 2™M-PAM
modulation in its general form next. The numerical results in
Section V are based on very long codes, suggesting that the
complexity of this technique is relatively low.

The common structure of code-based shaping schemes con-
sidered in this paper is in Fig. 1. For PAM-modulation of
order M = 2™, one of the bits assigned to each signal is
a sign bit (s-bit), and the other m 1 bits are amplitude bits
(a-bits). Signal energy is determined solely by its amplitude.
Therefore, a possible energy gain can be obtained by allocating
additional redundancy for a desirable (non-uniform) probabil-
ity distribution on signal amplitudes. Since the parity bits of
linear error-correcting codes are always uniformly distributed,
we associate information bits mainly with a-bits and parity bits
mainly with s-bits. Depending on the target rate, the message
length can be larger or smaller than the total number of a-bits.
Thus, sometimes a part of the message bits will be transmitted
as s-bits, while the parity bits will be assigned with a-bits.

The coset shaping is determined by the code generator
matrix in shaping-oriented form shown in Fig. 2.
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Fig. 1. Shaping scheme

TABLE Il
NOTATIONS USED IN FIG. 1

Notation Meaning

ka (ks) number of message bits transmitted as
amplitude (resp. sign) bits

number of parity bits transmitted as
amplitude (resp. sign) bits

Ksh number of auxiliary bits used for shaping

ra (rs)

k = ka + ks number of message bits
n =mnsg length of [n; kc]-code
ke = k + kg dimension of [n; k¢]-code

Rc = ke=n; R = mR¢

Rt = k:n; Rt = mRt

Ngh = Ka + Ksh

Rsh = Ksh=ngsh

ks +rs =ns

Ka +ra+Kkn =ns(m 1)

rate in bits/code symbol (bits/signal)
target rate in bits/symbol and signal
length of the (nen; 2Xsn) shaping code
rate of shaping code

number of sign bits

number of amplitude bits

ns(m—1) DPSOLWXGH ELWY VLIQ ELWV
e H

— 1
P, }k,. VKDSLQ.
...... . * ELwv
(D — ::
kah k B
G =
k LQIRUPD
ELWV
VKDS:LQJLQIRUPDWLRQ VLIQ EL
ELWY .. BLwy |
L JL J
Al T
ke=rFksm+k n—k; SDULW\ERKHFN
[ -
Gm-1 Go
Fig. 2. Shaping-oriented form of the code generator matrix, ks = 0.

The code design steps are:

1) Startwithasize k; n, k. = k+Kkg, , 1 = mng generator
matrix G given in the systematic form I, B .

2) Choose a shaping code via the kg, k5 generator matrix
Gsh = kg, Psh in the systematic form.

3) Replace the rst kg, rows of G by the linear combinations
of rows of G that add up to Gg,. This is always possible
due to the rst block of G being ly,. The remaining n
ng, coordinates are also combined yielding to a block
Gy , Gsn G

We achieve a shaping gain at the cost of some reduction of
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the code rate R, = ke=n. Recall that k refers to the message
length. The code dimension is denoted by K¢, and the bit cost of
shaping is denoted as kg, therefore, k = k. Kkgh. The code rate
reduces to R = k=n bits per binary code symbol or Ry = k=ng
bits per PAM signal. We will use a tilde to distinguish between
rates per binary code symbol and per channel signal.

Encoding with shaping includes the following steps:

1) For a given message u 2 FX and each possible com-

compute a candidate codeword
V(Ugh; U) = (Ush U)G:

2) Apply modulation 2™-PAM as described in Section 11-B
to each candidate ug,, let s = (v (ush; U)) be the signal
sequence corresponding to one of such candidates. We
select the best candidate as one minimizing signal energy

O¢ = argmink  (v(Usn; U))k*:

Finally, the signal sequence for u is s = (v(Qg; U)).
Summarizing, the set of signal sequences is obtained by PAM
mapping of one of the members of a coset of a linear code
determined by G. The coset element is determined by u,
and the leader is determined by us,. Notice that the set of
allowed coset leaders does not necessarily have to be linear.
By searching over coset leaders, message sequences with low
squared Euclidean norm are selected similarly to shaping
schemes in [15], [16].

Let y denote the channel output sequence, that is, y =
s+e, where e is a length n Gaussian vector with independent
components. Decoding is performed as follows:

1) Decode y in C as if no shaping is used. Denote by
(dsp; o) the estimated information sequence of length
ke = ks + k and by v the corresponding codeword,
v‘f = v(tsn; o). We use notation vi = (vi; 5 vj).

2) The estimated codeword is ¢ =v ¥4, The estimated
message is 01 = 0Ty

Notice that the proposed approach involves Voronoi-like
geometrical shaping which differs from lattice-based shap-
ing techniques in [8], [9]. Although Voronoi constellations
outperform uncoded QAM modulation schemes, especially at
high transmission rates, their use imposes restrictions on the
coding techniques that can be combined with them. The best
performance so far is achieved for multilevel-shaped coded
modulation [8], [9]. We propose and study a geometrical
shaping technique that is better suited for coded modulation.

Example 2. Consider the generator matrix (2) of the [6,3]-
code in Example 1. Letk =2 and kg =1,Gp = 1 1 1.
ThenG =Gy, G°= 1 1 1 0 0 0 and the shaping-
oriented form of the (%gnerator matrix is

1
111/000

G=@ 1 01 0 1A
00 1|1 1 0

The matrix Gy is used for constructing two cosets of the rate 26
error-correcting code determined by G. The corresponding sets

‘. . ‘ .@.
. 'm - Sl e
SR S SR S c @t e
o] T.
o - [ R
}o. .}o.
I I
- IS B OIS R
4 e-
. . | o

Fig. 3. Two-dimensional shaped Gray-coded modulation. The sixty-four black
dots show 64-QAM points. The eight signal points corresponding to the eight
codewords are represented by two coset images, one by red squares in Fig.
A, and the other by red circles in Fig. B. Each signal point is labeled by the
message bits. The non-linear sphere shaper in Fig. D chooses four minimum-
energy points among all eight signal points.

of 64-QAM signal points are shown in Figs. 3A and 3B. Their
average energy is equal to 23 and 19, respectively. For each
of the four messages, among the two possibilities, a minimum-
energy representation from one of two signal sets is selected as
shown in Fig. 3C. This results in E = 9. The four minimum-
energy signal points that choose sphere shaper [15] are shown
in Fig. 3D. This shaper provides E = 9 too. Notice that the
average energy of 8-PAM signals without shaping is 21.

The parameters of this scheme in the notation of Fig. 1 are
Ne =2, Rr =13 Ry =1, R, = =2, Ry, = 1=3, kg = 2,
ks = 0, ra = 1, rs = 2. Mapping of a codeword to PAM
signals is illustrated in Fig. 4a.

In this example, one of the a-bits is a redundant bit of a
codeword. Shaping for parity bits in the framework of DM
shaping is discussed in [16], [17]. In the case of our coset
shaping, the extending shaping to parity bits does not require
any modi cation of the scheme.

For higher transmission rates, message bits are mapped to
sign bits, as demonstrated in the following example.

Example 3. Consider 4-PAM transmission, Rt = 2=3, and the
generator matrix (2) of the [6; 5]-code in the form

11100]1
Bo 1 0 0 01
G=B0O 0 1 0 0|1
00010|1
0000 1|1

Parameters of the scheme: ng = 3, Rc = %6, Ry, = 1=3,
ka =2, ks =2, ksy =1, ra =0, rs = 1. The average energy
per signal of the shaped sequences in this scheme is equal to
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Fig. 4. Mapping of codewords to PAM signals: a) Example 2, b) Example 3

3, while the average energy of 4-PAM signals is equal to 5.
Mapping of a codeword to PAM signals is shown in Fig. 4b.

IV. ASYMPTOTIC ANALYSIS

We analyze next a random shaping scheme for coded PAM
signaling over the AWGN channel with noise variance 2.
First, we will establish the notation and assumptions.

De nition 2. An ensemble of coset codes
C.,fCc=C a:C2C;a2Fq; ?3)

is a set of cosets of [n;k¢] uniformly random binary linear
codes C, where the codes are generated by matrices selected
uniformly from the set C of k¢ n matrices over F,, and the
shift a is chosen at random from F3.

Consider a random shaping scheme with a [n; K] coset
code C¢ and its [n; ksn] subcode Cg,  Cc, with kg, = ke K%
We call the pair (C¢; Cqy) shaping construction. Elements of
the construction are 2% subsets of C., each subset contains
2" codewords from C.. In the previous examples k’ = k, but
in the asymptotic analysis, we assume k” < k. The rate loss
(k K=n B 0ifn ¥ 1.

The generator matrix Gg, of Cg, is a random subset of kg,
rows of the generator matrix G of C. The remaining part of
the matrix, G, is of size k® n. In Fig. 2, kK" = k, the top ke,
and bottom k rows are the matrices Gg, and G, respectively.

Recall :F5 B X"s asin Section II-B, where m is divisor
of n. Denote by R X"s = X™™ a preconstructed shaped
set, jRj = 2X. In asymptotic analysis, it is assumed that only
signal sequences in R X"s are used for shaping. In other
words, the message u 2 F‘;“ is rst encoded as v = uG,
and then s(u) , (v vg &), where a is the shift as
in (3), v Vg 2C, and vy, is one of 2K+ coset leaders used
to transmit the message u over the channel, iff s(u) 2 R.
If none of the 2K+ signal sequences are in R, an arbitrary
sequence of R is transmitted, and we get an egpr.

We introduce a set of errors Eg , Sn.(X; ns( 2+ )),
where Sn(X; ) denotes the n-dimensional sphere of radius
centered in X, is the AWGN standard deviation, > 0. We

apply the following decoding rule: If y 2 s(u) + Ep for a
unique u, then the decoder makes the corresponding decision
u. Otherwise, an error event is declared.

The random shaping scheme is described by two random
ensembles: the ensemble of coset codes C; (3) and the set P
of random choices of kg, rows among k. rows of the generator
matrix G of C. The error probability is estimated as an average
error probability on the product of two ensembles C, P.

We assume that all channel output sequences belong to

», (RiEp)=fs+e:s2R;e2Eo: 4)

De nition 3. We de ne the normalized second moment (NSM)
G( o) of an arbitrary region 5 R"s as follows
Lo kxkZdx
G a)=—"""rm
vol( a) N

Next follows our main theorem.

Theorem 1. In the product ensemble C. P, for large enough
m and n, there exists a shaping construction, such that an
arbitrarily small error probability in AWGN channel with
parameters (P; 2) can be achieved if the code rate per signal
dimension R = k=n, satis es

R 3log,(1+P=>2)
where G( ) is the NSM of

We outline the proof in the remainder of this section. Al-
though we are considering a linear ECC, the coded modulation
signal constellation is nonlinear. First, we will show that in
the ensemble S of signal points obtained from the ensemble
of coset codes C., the probability of any subset is determined
only by the number of points in it.

log,(2 e G( ) o(n);
,ando(n) ¥ Owhenn ¥ 1.

Proposition 1. The ensemble of [n; k;]-coset codes C. deter-
mines the ensemble S of signal points s 2 X"s, where each
s has probability M "s, M = 2™,

Proof. We follow the arguments from [23]. We rst show
that in the ensemble C., where symbols 0 and 1 of the
ke n generator matrices are selected uniformly at random,
the probability of any codeword is 2 ".

Indeed, there exist 2"e*1) choices for the generator matrix
G of C and shift a. Each pair has probability 2 "e*1) Then
the probability of a given codeword is 2Mke2 Nke+1) =2 n,

Next, we consider an ensemble of signal points obtained
from codewords in C;. Given that the map is a bijection on
each block of m bits we conclude that each signal point s has
probability (2™) "™ =M s and the proof is complete. O

Lemma 1. In the ensemble of signal sequences S = fS ,

(C) : C 2 C.g, where C; is an ensemble of [n;k.] coset
codes as in (3), for any set E  X"s, the average probability
over S is

P(S \E) minf1;2% "jEjg; (5)
and the probability of a subset W S is
P(S\WjW S)=2 kjwj: (6)
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Proof. Let E  X"s. Then, for each S in the ensemble

P(S \E) PszEP(SZS)Z (7
From Proposition 1 it follows that the expectation of this
probability over C; is P(s2S) = jSj2 ". Now, from
jSj 2% and (7) follows (5).

To prove (6), notice that for two sets A, B, suchthat A B
and the elements of A, B are uniformly distributed in the same
space, P(A\ B) = P(A), P(AjB) = P(A\B)=P(B) =
P (A)=P (B) = jAj=jBj. Thus, it follows from (6) that

P(S\WjW S)=jWjSj: O

In order to estimate the average error probability in the
product of two ensembles C. P, we formulate the error
events which occur for a given set of errors Eg, a random
error vector e, and a random message u. The error is declared
if at least one of the three events occurs:

E : e2 Eo,
E: R \ [Vshzcsh (V Vsh a) = ?,
E S(UU) 2 Yy =+ Eo, for some uU & u:

where y is the channel output sequence.

Forany =>0andany = 0 ifngis large enough, we have
(e.g. from Chebyshev inequality) that P(E ) < , where the
bar over P () denotes the average over the ensemble C, P,
since P (E ) does not depend on the codes.

The probability of error events E and E are random
functions of the codes from C, P.

Let R XJs be a shaping set with average energy per
signal P = L <or ksk?. The probability E follows from

Ns
Lemma 2 below.

Lemma 2. In the product ensemble C. P of shaping
constructions for a given shaping region R X"s of size
2K, there exists a shaping construction (Cc; Csy) such that its
image belongs to R with probability arbitrarily close to 1.

Proof. Forany v a 2 C. we compute the probability that for
all vsh 2 C theimage (v a Vvgr) 2 R. Let p denote the
probability of success, i.e., (v a vg) 2 R for a randomly
chosen vg,. From (6) in Lemma 1, p =2 %jRj = 2K k,
Assuming that attemps are mdependent and p tends to zero,
the probability that all M = 2k» = 2"c K’ attempts fail s, for
long codes, (1 pM = (1 p)y= VP e Mp=¢ 2 <
which tends to 0 if k ¥ 1, and k? < k. Formally, for linear
random shaping code, the M shaping attempts are dependent.
TheE’ from [23], the probability of the event E is such that
P i2; i < I=mp, where for the i-th attempt a random
variable ; takes value 1 with probability p and value 0 with
probability 1  p. Since Mp = 2Kk ke = 2k K thig
probability tends to 0 if k ¥ 1, and k? < k. O

The next step is to estimate the probability of the error
event E . All channel output sequences belong to  as in (4).

The E happens if some s = s(u) is transmitted and the
image of s = s(u’) 2 , u’ & u, belongs to the noise sphere
around y. Using averaging arguments from Lemma 1, eq. (5)

PaCZ+ )

s=——= PE"25n(y; Vvol(Eo) .
PE :s) P2 ) vol( )’
Applying the union bound, we obtain

P(E) 2%vol(Eg)=vol( ): (8)

Lemma 3. The average energy of the channel output se-
quences from the shaped region R per signal is

PC)

Proof. Since in the AWGN channel, the noise sequence e does
not depend on the transmitted signal sequence s, we have that
Var(s + e) = Var(s) + Var(e) = ng(P + 2): O

—Var( =P+ % ©)

We are now able to prove Theorem 1.
Proof. According to De nition 3, the normalized second mo-
ment of is
L R kxk?d
n, KX P()

vol( )M vol( )=
where for P () we used (9). Hence,
Ns=p 2 Nns=
vol( ) = % PG-: ) (10)

For the volume of the even-dimensional sphere of radius
Ns, we can use the formula

vol(Eo) = 11)

1 _
2 e )"
P ns( )

Substituting (10) and (11) into (8) after elementary transfor-
mations proves the theorem. O

For large n there exist Construction A lattices with the NSM
arbitrarily close to the NSM of in nite-dimensional sphere
Gsp = =2 e [7], [24] [26]. In our scheme, the shaping region
is not the fundamental region of the Construction A lattice;
however, its NSM decreases with code length.

Conjecture 1. If n ¥ 1. thenG( ) ¥ =2 eand R ¥ C,
where C denotes the AWGN capacity.

V. SIMULATION RESULTS

All comparisons are given in terms of QAM modulation, as
shaped QAM performance is typically studied in most techni-
cal papers. We compare the BP decoding BER performance for
the n = 64800-bit NB QC-LDPC codes used with unshaped
and shaped 256-QAM with the same performance of both
binary LDPC codes from the DVB-S2 standard used with 64-
QAM shaped as in [9] and binary LDPC codes from the ATSC
standard used with unshaped 64-QAM. Parameters of the
simulated communication scenarios are tabulated in Table 111.
Fifty iterations of BP decoding were simulated. For the NB
QC-LDPC codes used with 256-QAM, in addition to the
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TABLE Il
PARAMETERS OF COMMUNICATION SCENARIOS

QAM | R¢ | Code info Shaping code
256 13 ATSC [27] No shaping
256 | 23 | NB QCLDPC, q=2% No shaping
64 | %3 | DVB-S2, [28] hybrid E£2%,[9]
64 | 23 | DVB-S2, [28] hybrid, 22 [9]
256 | 32 | NB QCLDPC, g =23 | coset [135,15,54]
256 | 4 | NB QCLDPC, q =23 | coset [90,16,37]
256 | ¥4 | NB QCLDPC, g =23 | Sphere, (120;2%0)
256 | 45 | NB QCLDPC, q =23 | Sphere, (120; 25%)

shaper proposed in this paper, an enumerative sphere shaper in
[15] was simulated. As can be seen from the simulation results,
the coset shaping is slightly more ef cient than the PAS shaper
in [15], which mimics the discrete Gaussian distribution. The
reason is that coset shaping is less prone to error propagation
in the case of decoding errors.

h# SYBEM' ()*
I SYBEM' ()* B
$B&%' (*
$B&%' (*

Rk

ki
v
v
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\
.
\

=]

-
[

Fig. 5. Comparison of NB LDPC coded QAM-256 signaling with and without
shaping with [9], R¢ = 5:33 bits per QAM signal, Shannon limit is 15.97
dB, BICM limit is 17.02 dB, QAM limit is 15.99 dB

VI. CONCLUSION

A new shaping technique applicable to coded QAM signal-
ing was proposed and analyzed. The introduced shaper belongs
to the class of multidimensional geometric shapers. It allows
us to shape both the message and parity bits of the codeword.
Asymptotic analysis indicated that the new technique achieves
capacity as both code length and modulation order tend to
in nity, under some assumptions. The presented simulation
results and comparisons for the long QC-LDPC coded shaped
PAM suggest that the proposed technique outperforms known
solutions, especially in the error oor region.
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Abstract Communication over a quantum multiple access
channel (MAC) is considered with classical feedback. Since
the no-cloning theorem prohibits universal copying of arbitrary
quantum states, the feedback is generated through measurement.
An achievable rate region is derived using partial information
decoding at each transmitter. Our region generalizes both the
classical Cover-Leung region and the generalized feedback region.
We further show that the quantum binary adder MAC can bene t
from feedback.

I. INTRODUCTION

Recent advance in quantum communication has attracted
increasing attention [1]. These advances will enable a range of
applications such as unconditional security, distributed quan-
tum computing, and quantum sensing. By contrast, classical
communication systems are already highly ef cient [2]. A
promising approach for near-term implementation is thus to
integrate quantum capabilities into existing classical infras-
tructures, giving rise to hybrid classical-quantum networks [3].
Within this framework, it is also natural to design systems that
leverage classical resources to support and enhance quantum
networks. In particular, the incorporation of classical feedback
into quantum multi-user networks is of special interest.

A key question is how cooperative quantum resources can
improve performance in multi-user networks. Recent work
considered cooperative resources in relay [4, 5], interference
[6], and broadcast channels [7]. One of the most fundamental
network models in multi-user information theory is the multi-
ple access channel (MAC). Recent studies have examined the
advantages of entanglement assistance between transmitters
[8, 9] and non-signaling assistance [10] for a classical MAC.
In the quantum setting, the capacity region of the quantum
MAC without additional resources has been characterized in
a regularized form for classical information transmission [11].
Recent studies on cooperative resources include entanglement
assistance between transmitter and receiver [12], between
transmitters [13], conferencing links between transmitters [14],
and cribbing side information at one of the transmitters [15].
In interactive communication systems, feedback is naturally
available and can serve as a resource for cooperation.

The role of feedback has been extensively studied in clas-
sical information theory [16]. In the classical model with
feedback, the transmission X; at time i can be a function

Feedback can thus be viewed as the receiver providing a
copy of the received output to the transmitter, through a
back channel. For classical single-user memoryless channels,

feedback does not increase capacity [17, Sec. 3.9]. For chan-
nels with memory, however, feedback is known to increase
capacity. In the quantum case, Bowen et al. [18] showed that
classical feedback does not improve the capacity of a single-
user memoryless quantum channel. The no-cloning theorem, a
fundamental result of quantum mechanics, prohibits universal
copying of an arbitrary quantum state. Thus, sending a copy
of the quantum receiver’s output state is impossible in general.
Instead, classical feedback provides a noiseless classical back
channel, from receiver to transmitter.

Remarkably, feedback can increase communication rates for
a classical MAC, even in the memoryless model. This effect
was rst demonstrated by Gaarder and Wolf [19], via the
binary adder MAC, and later extended to an achievable rate
region by Cover and Leung [20], with further improvements by
Bross and Lapidoth [21]. The multi-letter characterization in-
volves the directed information [22] (see also [23]). Intuitively,
the Cover-Leung inner bound is tight when one transmitter
can perfectly recover the other’s message from the channel
output [24]. The Gaussian MAC provides an example where
the Cover-Leung inner bound is not tight [25]. Variants of
their model have also been studied, including generalized,
imperfect, and rate-limited feedback [26 28]. Insights from
the classical setting motivate studying how feedback effects
can enhance communication in quantum MACSs.

In this work, we study the advantage from classical feedback
in communication over a quantum MAC, as illustrated in
Fig. 1. In particular, we show that feedback increases achiev-
able rates for the quantum binary adder MAC [29]. We further
establish an achievable rate region for the general memoryless
quantum MAC with classical feedback. Speci cally, the re-
ceiver generates feedback through a quantum measurement on
the channel output, collapsing it to a pair of classical outcomes
that are sent back to the respective transmitter. The com-
bination of the post-measurement system and measurement
outcome constitutes the information available for decoding the
messages. These results demonstrate that classical feedback
can enhance quantum multi-user communication and provide
a foundation for further study on feedback-assisted quantum
networks.

To prove achievability, we combine quantum information-
theoretic tools with the classical feedback approach to con-
struct a code for the quantum MAC with feedback. Speci -
cally, we adapt the classical block Markov coding scheme us-
ing a three-layered superposition code with backward decoding
to the quantum setting. We use T transmission blocks, each
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Fig. 1. quantum MAC with classical feedback

consists of n channel uses, to send a sequence of messages. In
our scheme, the transmitters employ a coding strategy in which
each decodes part of the other’s message from the pervious
block using its feedback, and leverages this information to
encode cooperatively. The quantum multiparty packing lemma
due to Ding et al. [30] generalizes the classical counterpart
to a multiplex Bayesian network. Here, we derive a decoding
measurement which recovers both messages from the quantum
output state, within each block of our layered scheme.
The full version with proofs can be found in [31].

Il. DEFINITIONS AND CHANNEL MODEL

We use X for a nite set, X a random variable, and X its
realization. Vectors of length n are denoted in boldface font,
such as x. A quantum state is represented by a density operator

2 D(H), where D(H) is the set of all density operators on
a nite-dimensional Hilbert space H. A generalized measure-
pent is speci ed by a nite set of operators, fDg, such that

,DYD, = . According to the Born rule, the probability
of the measurement outcome z is Pr(z) = TrfDYD, g and

the post-measurement state is F, ZZ The set f , = DYD.g
forms a positive operator-valued measure (POVM). A quantum
channel is de ned by a CPTP map. A quapsum instrument is
a quantum channel of the foom () =, () jzhz],
where £ ,g are CPTNI, and fjzig is an orthonormal basis.

The quantum entropy of 2 D(H) is de ned as H( ) =

Tr( log ). For a bipartite state ag 2 D(Ha Hg), the
quantum mutual information is 1(A;B) = H( a)+H( B)
H( as), and the conditional quantum entropy is H(AjB)

H( a8) H(B).

We consider the communication task of sending messages
via a fully quantum MAC Na, A, 1 8 With the assistance of a
classical feedback link, see Fig. 1, where A; and A, represent
Transmitter 1 ( Alice 1) and Transmitter 2 ( Alice 2 ),
respectively, B is the receiver ( Bob ), and Z;, Z, are the
classical feedback messages to Alice 1, 2, respectively. We
note that in the classical model with feedback, Bob provides
a copy of his received output through a back channel. This
allows the transmitters to obtain information about the other’s

message, enabling cooperation. In the quantum setting, the no-
cloning theorem [32, Sec. 3.5.4] prohibits perfect copying.
Instead, feedback will be de ned through measurement, see
Section 11I.

I1l. CODING WITH CLASSICAL FEEDBACK

Consider a quantum MAC Na,:a, 1. We de ne a code
for the transmission of messages using feedback, i.e., noiseless
classical links from Bob to Alice 1 and Alice 2.

De nition 1 (Code with classical feedback). A (2"R1; 2"Rz2; n)
code for Na,.a, » 8 With classical feedback consists of
Two message sets My = [1 : 2"Rk], where 2"Rx js
integer, for k 2 f1; 2g.
A sequence of strictly casual engpding maps
F,f/'l( '; veay Mk Zi 1 ¥ D(HLY)  for Alice k,
such that each encoding map is backward compatible:
F'SI‘ 'Z,l)z alt = T Flf:;';, Y This condition
resembles that of causal side information [33].

A sequence of deedback quantum instruments
(@ i
DBiBi L¥BIZyZo wh'ere B' is the post-
measurement systempat time i. o
i (n 1
A decoding POVM . 10 1,0 1 ON Hy

Hg, producing a measurement outcome (mg;my) 2
M; Mo,

The coding scheme works as follows; Alice k selects a
message mx 2 My, where k 2 f1;2g. At time i, Alice k
encodes the message with the encoding map F®? | using
the feedback output z; * that is available at time i. Alice 1
and Alice 2 then send Az.; and A.j, respectively, through the
quantum MAC Na, a, 1 8. Bob performs a measurement using
the feedback quantum instrument D® on the channel output
B; and the post-measurement system B' 1 from the previous
step, and sends the measurement outcome z;.j; Z2.; through a
feedback link that introduce a single-unit delay, to Alice 1, 2.
Therefore, at time i, Alice k gets zy.; 1, for k 2 1, 2g.

After time i = n, Bob receives the output By, in the state

(ma;mpz; Z;[| 5 " 1) —
Ban 1
: (my;z] Yimgizd Y
(Naa, 18 idgn 1) Ao "% gn 2 @)
N 1
where g"l 22 B":f‘fz ) is the input given Z * =2z .
n
To decode Bob performs the nal measurement

1.,n 1

mumajzl 1z0 + o BnB" 1 and obtains an estimate
(hg; M2) of the messages.
The conditional probability of error is

P(n)(mllmZI n 1)_
(mg;mz; Z? L Z; 1) (2)

1 Tr B.BN 1

n 1._n 1
may; mzjzl Z2

The average probability of error of the code is given by
PM = L > Prz! Lz ljmym,
¢ IM1jjM,j e vt '

.Z? 1.m .Zn 1

z3 1) ®3)

P (n)(mli m2,
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with
Pr Zlij';ZZ;ijZi Lzh Lmgm, o
_ (myymg;zl Lz BT
=Tr Dgl;iZz;iDzliizzii B;Bi 1 * 2 . (4)

where D, .;2,.; correspond to the feedback measurement.

Remark 1 (Operational description). In practice, encoding with
feedback can be implemented as follows. Alice k rst prepares
a joint auxiliary state o, A, A, TN€N, at each time

.
instance, she applies an encoding map of the form E;Tﬁzi Az__.

Remark 2 (Communication without feedback). By choosing
the quantum instrument of the decoder’s feedback to be the
identity map, the model reduces to the standard quantum MAC
without feedback [11].

Remark 3 (Perfect vs. generalized feedback). In a classical
MAC with perfect feedback, the channel output Y is sent
through a noiseless link back to both transmitters. l.e., the
feedback messages Z; and Z, are identical to Y [20]. As
pointed out earlier, perfect feedback is impossible in the
guantum setting, due to the no-cloning theorem.

In a classical MAC with generalized feedback, the channel
model is de ned in terms of a xed probability function
Pz,z,v jx.x, [26]. In our model, the receiver is free to choose
an arbitrary quantum instrument, and thus dictates the feedback
statistics. We will see the implications in Theorem 2.

De nition 2 (Achievable rate pair). A rate pair (R1;R2) is
achievable for the quantum MAC with classical feedback, if
for every "; > 0 and suf ciently large n, there exists a
(2R );2n(Rz ). ) code such that P™ .

De nition 3 (Capacity region). The capacity region of the
quantum MAC with classical feedback, denoted by Csy, is the
closure of the set of all achievable rate pairs.

1V. MAIN RESULTS

We now present our main results for the quantum MAC
Na, A, 1 8 With classical feedback.

A. Quantum Cover-Leung Region

The bound below is based on coding scheme where one
transmitter decodes the other’s message in full.

Theorem 1 (Quantum Cover-Leung bound). The capacity of
the quantum MA8C Na, A, 1 8 With classical feedback satis es

[ < (Rl, Rz) ' R1 |(X1,szUX2) =
Cro . Ra 1(Xz;Z1jUXy) - ®
T Ri+Rz  1(X1X3;,BZ1Z5)

where the union is taken over the classical auxiliary variables
(U; X1X2)  puPx,juPx,ju. state collections £ 211 9
and quantum instruments g ypgz,z,, Where Z; and Z are
the measurement outcomes that are sent to Transmitters 1 and
2, respectively, and B is the post-measurement system at the
receiver. Note that the classical variables X;-e-U-e-X, form a
Markov chain. Given such auxiliary variables, states, and an
instrument, the output state is

uxiXs — X1 » X2
'62.2,= BiBziZ, Naais (A, A (6)

» X2

To show achievability, we modify the classical scheme of
superposition block Markov coding with backward decoding to
the quantum setting. We apply the quantum multiparty pack-
ing lemma [30] for multiplex Bayesian network to establish
reliable decoding at the transmitters and the receiver. The
receiver’s measurement recovers both messages from the same
quantum state, preventing state collapse. The proof outline is
provided in Section V. The classical Cover-Leung rate region
[20] is obtained as a special case of Theorem 1.

Remark 4. In our coding scheme, the transmitters employ a
coding strategy in which each decodes the other’s message
from its feedback and leverages this information to encode co-
operatively. The random variable U represents the information
known to both transmitters, while X; and X, select Alice 1’s
and Alice 2’s quantum states % and ”72, respectively, which
are sent through the channel.

Remark 5. The quantum measurement essentially generates
noisy feedback. With noisy feedback, the approach above is
overly restrictive, as it forces each encoder to recover the
other’s entire message through a degraded link. In the next
section, we present a more general result that avoids this
bottleneck.

B. Partial Decode Achievable Region

We now present a bound based on a coding scheme where
each transmitter decodes only a part of the other’s message.
De ne the partial decode (PD) %te region

Rep

PU PV, x4 jUPVoXojU 5 ,)&11 ’,)&22 ;
(R1;R2):

R1  1(X1;BZ1Z5jUV1X3)s + 1(V1; Z2jUX3);
Rz 1(X2; BZ1Z,jUV2X1)y + 1(V2; Z1jUX1);
R1 + R, |(V1,szX2U) + |(V2,leX1U)
+1(X1X2; BZ1Z5jUV1V2)1 ;

Ri+Rz  1(X1X3;BZ1Z5)

BY¥BZ:Z>

W AW 00
MWW ©

« W

()
where the classical auxiliary variables (U;Vy; Xq;Va; X2)
Pu Pv, x.juPvax,ju. and the output state is

UviVvaXiXo — X » X .
!leézl 2= g BZ1Z» NAlAZ 18 ( Al1 A22 D (8)
Theorem 2.
Ch Rep: 9)

Remark 6. Here, the transmitters only decode a part of the
other’s message. Hence, Vi represents the information sent
from Alice 1 to Alice 2, and V, represents the information
sent from Alice 2 to Alice 1.

Remark 7. The achievable region highlights a fundamental
trade-off due to the feedback measurement; extracting signi -
cant information from the state may result in a collapse (B to
B) that could eliminate the quantum advantage for decoding.
However, avoiding collapse by choosing the measurement

= idg s g, results in the same rates as without feedback
(see Remark 2).
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Fig. 2. Achievable regions for the quantum binary adder MAC. The capacity
region without feedback is the area within the dashed black line. An achievable
rate region with classical feedback is indicated by the solid blue line.

C. The Quantum Binary Adder MAC
The quantum binary adder MAC, as de ned by [29]

1 1
N( AlAZ) =< aA T ESWAP A1Az SWAPY (10)

where SWAP = jjihijj.
Remark 8. This permutation channel models a setting where
the receiver does not know which transmitter sent each qubit.

This is particularly relevant in an optical setup. A similar
principle stands behind the classical binary adder as well.

Without feedback, the capacity region is [29]

3
Ry 1, R, 1, R +Ry E . (11)

Based on our quantum Cover-Leung bound in Theorem 1, we
derive an achievable rate region with feedback, as depicted in
Fig. 2. To obtain this region, we let U Bernoulli % , X1
Bernoulli( () and X,  Bernoulli( ), with ; 4 2 0;%
for u2 f0;1g, A = jxihxijand 732 = jxahxyj.
pWe choose the measurement pgupz,z,(B) =
y2f0;1;2g TI’ny ngyhij jyhyjz1 jyhyjz2 where
Do = j00h00j; D; = j10h10j + jO1h01j; D, = jilhllj. If
the output is in the support of Dy, then we know that the
input was jOi  jOi with certainty. Similarly, D, identi es the
input as j1i  j1i. Whereas, Dy can be viewed as a confusion
subspace, where we have uncertainty regarding the inputs.

V. PROOF OUTLINE

We provide the proof outline. The full proof is given in [31].
We build upon the quantum multiparty packing lemma [30].

Lemma 3 (One-shot quantum multiparty packing lemma,
[30, Lem. 2]). Let B = (G = (V;E);X;M;ind) be a
multiplex Bayesian network (see [30, Sec. Ill] and Fig. 3).
Run the codebook generation algorithm: Generate x, (m)

vajxﬂoz(vocv)ZEg(ij\,o;(Vo;v)ZEg) for v 2 V, to obtain a
random codebook C = fx(m) 2 Xgmam. Let H G be
an ancestral subgraph, f! g‘H)g a family of quantum states, D
a message index set on H, and " 2 (0; 1). Then there exists a

X eyt xp Pyt g

Fig. 3. Bayesian multiplex network Bg.sp generating the codebook C for the
quantum MAC with classical feedback, illustrating the Cover Leung scheme
with T = 2 blocks.

POVM QUMY on, for each mg 2 Mg , such that
for all (mp; mg) 2 My
h h , i

Ec, Tr Qa Q(BmDJmB))!(BXH(mD,mS))
>

P " . (F :Bg)
F(GVhj") +4 2C 2L R Dlixualiti )
;6L D

ere Sp fv 2 Vhjindv) \ L & 30, I'xyB =
o 2502 P OXR) e e 15 and DY (jj) de-
notes the quantum hypothesis-testing relative entropy, with

fk™ . Lo

We begin with the proof outline for the case where
Alice 1 uses the feedback in order to estimate the (en-
tire) message of Alice 2. Fix a given input ensemble

pu (WPx, ju (X1 ju)px,ju (X2ju); AL 72 ,and a feedback
quantum instrument gy pz,z,7,7,, Where Z; and Z, denote
local copies of Z; and Z, at Bob’s.

We use T transmission blocks, each consists of n channel
uses, to send a sequence of messages. In the superposition
block Markov scheme, Alice 1 and Alice 2 transmit new in-
formation in each block, along with old information that helps
Bob resolve the remaining uncertainty from the prior block.
The old information corresponds to Alice 2’s message from
the prior block, which Alice 1 recovers using the feedback.
The code construction and encoding are given below.

A. Classical Code Construction

To construct the codebook, we use the codebook generation
algorithm [30]. In block t 2 [1 : T], Alice k selects a message
from Mﬁt), where Mgo) = Mg) = flg by convention.
The codewords are selected at random, according to the dis-
tribution puPx,juPx,ju. Where u® and x(” encode mg*

and mf(t), respectively. The codebook structure is illustrated

in Fig. 3 for T = 2 blocks. The codebook is given by
T t 1)5. t 1), 1)y. t 1), t

C="1y umf Mxamd PimP)xo(mft PimdP)

, Where we use the short notation u

f1; 29.

B. Encoding and Feedback

At the beginning of block t 2 [1 : T], Alice 1 uses
the received feedback to nd a unique my  such that
(u; X1; X2;21) are jointly typical, using the estimate mgt 2)
from the pervious block. If none or more are found, use an

arbitrary estimation. Alice 1 encodes xl(mgt)jmgt 1)) and

u®, x,  x® for k 2

117



2026 International Zurich Seminar on Information and Communication (IZS), Feb. 25-27, 2026

xO
1 i

N . - .
sends 17! = A, Using n transmissions via the channel.
i=1

®
X2 i

N
), (t 1)) and sends |Zz — ~
i

Alice 2 encodes X2(m3”jm;

using n transmissions via the channel.
(x (t) (t)) (t) (®)

At time i, Bob receives g *" = N( A NO I
performs the measurement , and transmits the outcomes zﬁ

and z(t) to Alice 1 and Alice 2, respectively, via the feedback
links.

C. Backward Decoding
The message decoding is performed successively back-
wards, after all T blocks are received. We apply Lemma 3
(see [30]) fort=T; T 1, ; 1. By Lemma 3, there exists
a POyM
¢ O Oy

QBZlZ2 (12)

mgt):mgt 1)2M§t) Mgt 1)
where rhgt) is the estimation from the previous decoding step.

D. Error analysis

We denote Alice k’s messages by m[T (my
and Alice 1’s estimation for Alice 2 messages by mj
(T)) De ne the event that Alice 1 estimates
erroneously in block t by Ei(t) = (t D g m(t 1)g,
and the event of Bob’s erroneously decoding in bIock t by
Eo(t) = F({®; M V) & (mP;mf" Y)g.

The expected probability of error is bounded by

1 (0).:::.

v

PrE1(DIET(t 1))
t=1

Ecn, Pe(C)

X
+ Pr(E2(t)jJES (t + 1) \ Ef(1)):
t=1
The rst term tends to zero by the LLN and the classical
packing lemma [17, Th. 1.3] if
< 1(Xz;Z2jX.U) (") (14)
By the quantum multiparty packing lemma (Lemma 3), the
second term satis es

Plr(Ez(t)JEz (t+D\EI®D) =

(13)

m®;m¢ Djmg®
Ec Tr | Qlez2
xa(m{2mg" P)ixo(mgP;mg Dy 1
® (15)
"BZ1Z»
f(3;"(n))
“(n) n (FX1:BZ1Z29) n
+4 2nR1 Dy 'lexzszlzzu !lexzszlzz
“(n) n (FUX1X2BZ1Z59) N
2nR2 Dy 'uxlxzszlzzu 'ux1x232122

§ (FUX1X2BZ3Z50) n

“(n)
2n(R1+R2) Dy ! TUXX2BZ1Z5

n .
TUXy X8z, 2,M

According to the quantum Stein lemma [30, Eq. 6],

. “ fXs:B n _ ‘Ri
nIl!mlﬁDH 1 g 1{{Xs:B9) = 1(Xs;BjXg)r,

hence the error probability for each block tends to zero if

< I1(X1;BZ1Z5jXU)y ™
R < I(UX1X2;BZ1Z3)y ™

R1+ Rz < I(UX1X3;BZ1Z5)y ™ (16)

Replacing Z1;Z, with Z;;Z, and using the quantum data
processing inequality [32, Th. 10.7.2], the bounds reduce to

Ri  1(X1;BZ1Z5jX,U)y
Rz 1(X2;Z1jX1U)

R1+ Rz  1(X1X2;,BZ1Z3) (17

By switching roles between Alice 1 and Alice 2, and using
time sharing, we obtain our quantum Cover Leung region (see
(5)). This completes the achievability proof outline.

To derive the general bound in Theorem 2, we modify the
coding scheme using rate splitting, such that Alice 1 recovers
only part of Alice 2’s message. See [31] for further details.

VI. SUMMARY AND DISCUSSION

We study the quantum MAC with classical feedback, where
feedback is generated through measurement. We then establish
an achievable region and demonstrate through the example of
the quantum binary adder MAC that our region with feedback
is strictly larger than the capacity region without feedback.

As opposed to classical models, perfect feedback is impos-
sible in the quantum setting, due to the no-cloning theorem.
Instead, our receiver chooses a measurement that generates
feedback, dictating the noise model. The optimal measurement
may depend on the quantum channel. Our derivation also
yields the classical result on generalized feedback [17, Sec.
11.2], by replacing BusBz,z, Na,a,1e With a general
channel from A;A; to BZ;Z,, for classical channel inputs
and outputs. Future work includes nding more examples of
qguantum MACs that bene t from feedback, and exploring
whether quantum feedback provides additional improvements.
A central challenge is to compare classical feedback and
entanglement assistance, and understanding in which cases
each offers greater advantage.

Our ndings reveal, for the rst time, that classical feedback
can expand achievable rates in quantum multi-user communi-
cation, opening new directions for the study of hybrid classical-
guantum networks.
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Abstract Multi-antenna towards in-band shift keying (MA-
TISK) is a novel multi-carrier continuous phase modulation
(CPM) waveform. Due to the constant envelope (CE) property
of CPM signaling, MATISK allows transmit power ampli ers
(PA) to operate without back-off, thereby signi cantly enhancing
power ef ciency. Unlike traditional CPM, MATISK enables tight
spectral con nement through asymmetric subcarrier spectra.
This work develops a low-complexity signaling model for MA-
TISK which enables MLSE optimal, trellis-free demodulation.
Furthermore, we explore receiver architectures for the additive
white gaussian noise (AWGN) channel and slow-fading multiple-
input single-output (MISO) channels with full channel state in-
formation (CSI). A low-complexity cyclic-pre x (CP) approach as
well as transmission ef ciency improving insuf cient-CP (ISCP)
algorithms are tailored to MATISK and evaluated in terms of
achievable rate and uncoded SER.

I. INTRODUCTION

Modulation standards in modern radios have converged
towards linearly pulse-shaped methods, such as orthogonal
frequency division multiplexing (OFDM) or single-carrier
quadrature amplitude modulation (SC-QAM). The bene ts of
low complexity and good spectral con nement however come
at the cost of a non constant envelope. Transmit PAs hence
have to operate under back-off to mitigate non-linear amplitude
distortions, which signi cantly reduces power ef ciency [1].
MATISK is a multi-carrier CPM waveform introduced in [2]. It
aims to rehabilitate CPM for modern radios by ensuring strong
spectral con nement through asymmetric subcarrier spectra [3]
and mitigating pencil beams by temporal repetition coding.
Due to the CE of CPM signaling, transmit PAs need no back-
off. MATISK is envisioned for the mmWave and THz bands
where link budgets are critical, rendering the loss of amplitude
modulation less decisive.

In the rst part of this work, we analyze the MATISK
waveform and identify it as a multi-carrier full response CPM
signal. Furthermore, a new signal model is developed by
identifying three distinct regions in an MATISK symbol: the
spectrum shaping pre x (SSP), the cyclic pre x (CP), and
the data block (DB). The SSP controls the transition between
two MATISK symbols and is con gured to facilitate strong
spectral con nement. Similar to OFDM [4] the CP transforms
a linear convolution with a channel impulse response (CIR)
into a circular convolution within the DB. This facilitates
low-complexity equalization and demodulation in dispersive
channels by means of fast Fourier transform (FFT) and one-
tap equalization. Con gurations in which the CIR is fully
contained within the CP are deemed CP-MATISK.

The second part of this work explores MATISK transceiver
architectures with perfect channel state information (CSlI). In

the literature, CPM signals are typically demodulated by means
of MLSE, tracking the phase state of a CPM symbol through
a trellis [5]. We derive the corresponding MATISK trellis
and observe that it is fully connected and collapses onto a
single path when traversed in the MLSE sense. Based on
this observation, a low-complexity MLSE optimal decision
feedback demodulator for AWGN channels and CP-MATISK
is conceived.

If a transmit channel is strongly dispersive, a large CP is
required for low-complexity equalization, reducing the trans-
mission ef ciency . In order to identify a trade-off on ¢,
we investigate ISCP environments for MATISK. The ISCP-
OFDM case is well-known and thoroughly discussed in the
literature. Several approaches to ISCP-OFDM are given below
in a non-exhaustive list: 1) frequency domain (FD) decision
feedback equalization (DFE) [6] 2) residual inter symbol
interference (ISI) cancellation [7] 3) channel shortening [8]

[10] 4) MLSE demodulation [11], [12]. Furthermore, one can
treat the FD signal similar to the multiple input multiple
output-1SI (MIMO-I1SI) case and apply equalization algorithms
such as MIMO-DFE [13], [14], vertical Bell Laboratories Lay-
ered Space-Time (V-BLAST) [15], [16], frequency-selective
BLAST (FS-BLAST) [17] and frequency-selective backwards
iterative cancellation (FS-BIC) [18]. This work focuses on
time-domain (TD) and MIMO-ISI equalization algorithms,
speci cally TD minimum mean square error (MMSE) lItering
and FD V-BLAST with an additional outer decision feedback
loop. Throughout this work, a multiple input single output
(MISO) system model is assumed. We present the ISCP
interference formulation which reveals that ISCP-MATISK
signaling induces ISI and ICI as well as a third interference
type deemed SSP interference (SSPI). We observe that SSPI
is a non-linear combination of ICI and ISI.

The proposed algorithms are evaluated in a mmWave line-
of-sight (LOS) and non-LOS (NLOS) indoor factory (InF)
environment in terms of uncoded symbol error rate (SER)
by Monte Carlo simulation as well as achievable rate esti-
mates. The capacity estimates are obtained partially through
numerical computation and Monte Carlo simulations following
the approach presented in [19]. We show empirically that
transmission in ISCP environments is possible, even if the CP
is completely omitted.

Throughout this work, lower case letters identify TD and upper
case letters FD signals. Bold letters indicate a matrix A or
vector a. Furthermore, AY refers to the complex-conjugate
transpose of matrix A, Iy is the N N identity matrix,
[a]i the i element of vector a, a[: i] is the sub-vector of a
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Repetition
Coding

Fig. 1. MATISK signal generation model

a the complex conjugate of a and j the imaginary unit. The
complex circular-symmetric gaussian distribution of mean
and covariance C is identi ed by CN( ;C).

Il. SIGNAL DESCRIPTION AND SYSTEM MODEL
A. Signal De nition

An MATISK signal is comprised of N independent CPM

signals modulated onto different subcarriers. We say every sub-
carrier is allocated an individual MATISK antenna. A MATISK
antenna does not necessitate an individual physical antenna
as one could provide Ny parallel PAs and send the ampli ed
signal over a singular antenna, achieving similar results. In the
following we assume that the number of MATISK antennas is
equal to the number of physical antennas and simply refer to
it as an antenna.
Figure 1 illustrates the modulation process of an MATISK
subcarrier. The M-ary input symbols ap[l] 2 f0;1;:::;M 1g
(symbol duration NT) are repetition coded with rate ¢ = 1=N.
Together with the differentiation stage this processes is cap-
tured by the mapping from symbols an[l] to en[k] using the
code book R = (0;0;:::;0);:::;(M  1;0;:::;0)g. The
CPM modulated signal is given by (1):

C
P— .
snlkl= Pexp j h  fa(en[ Twn)gk 1]
=k L+1 .)
+ nlk] expfj nkg (1)
Where, p '|§,the normalized subcarrier angular frequency,
nkl = h k Lenl ] is the phase memory [20], h =

2=M the modulation index and M is the constellation size.
Following the notation of [5] q[k] is the phase pulse of duration
L sampled at t = kT, a monotonic non-decreasing function
with value zero for any t < 0 and unit value forany t LT.
Equation (2) de nes the spectrum bending function f.(; ):

en[K]
enl[K]

Here, wy, 2 0; 1gM 1 is the so-called con guration vector of
subcarrier n. If [wWnle, [k is one, then f(en[K]; wn) 0. The
symbol will hence produce a negative instantaneous frequency
for the duration of the phase pulse L, causing an asymmetric
spectrum leaning towards lower frequencies. Empirically wp,
is set to the all-one vector for any subcarrier above the central
carrier frequency and the all-zero vector otherwise [2]. When
the corresponding phase pulse g[k ] has reached unit value,
fn(en[ 1I; wn) can be replaced by en[ ] as it induces a constant
phase shift by 2 m with m 2 f0; 1g. Due to the differential
repetition coding, every non-zero ep[K] is followed by N 1
zero samples. If L~ N, no two phase pulses will have an
overlapping transition area as illustrated in Fig. 2. We therefore
are able to express the partial response CPM [21] signal (1) by
an equivalent full response CPM [20] signal with N samples

for en[k] >0
foren[k] =0

2[Wnle, [

Tn(enlk]; wn) = 2

SSP: L samples CP: Ny samples DB: Ny samples

Xi;n[ L Ng] Xi;n[ Nel X1;n[0] X1;n[Nsc 1]
~
-
€1 | ,
t=0 t=LT t=NT

Fig. 2. Structure of an MATISK symbol

V hO[k]
XOI[k 9 d( = a[l]
° \L y[k] I] TN
TxNSC 1 K\\*‘J
XNsc 1:1[K]

Fig. 3. MATISK complex-baseband system model

per symbol interval. The k™ sample of the 1" MATISK symbol
on subcarrier n is identi ed by X;.n[k] as shown in (3).

xinlk =P exp T ( Nfn(anllwalk L N

+ nlll+ [l expfj nkg (3)

We refer to x;.n[K] as the k™ sample of the I'" MATISK symbol
on subcarrier n. The sample index k is relative to the frame
index I, i.e. k = 0 identi es the rst sample of the 1™ DB,
The relative indexing causes a phase shift re ected in p[l] =

n(IN + Ng + L). Each MATISK symbol is partitioned into
three regions: an SSP of L samples during which the phase
pulse rises from zero to unit value, a CP of Ny samples, and a
DB of N samples (where Ng is the number of subcarriers) as
shown in Fig. 2. Assuming subcarriers placed at , = —n
a DFT over the DB can separate all Ny signals W|thout cl
[4]. Note that for all k in the DB and CP we have:

Xi;n[K] = X[I;nJexpfj nkg8 Ng k< Ng (4)

with X[l;n] = p5expfj( han[l1+ n[l]+ nllDg. We
referr to X[l;n] as the I™ modulated symbol on the n®
subcarrier. Each MATISK symbol contains more samples
than subcarriers which causes a transmission ef ciency
t = Nsc=N lower than one.

B. System Model

Consider the multi-antenna complex-baseband system
shown in Fig. 3. Every subcarrier channel is assumed to be
suf ciently modeled by an FIR lter hu[k] of Ngjr.n + 1 sam-
ples. We refer to the overall CIR length as: N¢r = maXp Ngir:n.
The received signal y,[k] is given by (5).

=<

ikl = (hn xin)[K] + wik] ©)
n

Every subcarrier transmit signal x;.4[K] is generated by an
independent uniformly distributed (i.u.d.) M-ary symbol se-
quence anp[l]. The independent identical distributed (i.i.d.)
additive white Gaussian noise (AWGN) samples wi[k] are
circular-symmetric complex Gaussian of zero mean and vari-
ance 2. At Rx, a serial-to-parallel converter (S/P) stacks the
I" DB in a vector y[I] = [yi[0];:::;yi[Nse 1]J]7. Carrier
separation is achieved through DFT of y[I] which produces the
vector Y[I]. The exact formula for Y[I] depends on the channel
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Fig. 4. MATISK state trellis for cardinality M = 4

con guration and will be given in the respective subsections
of Sec. Il and Sec. IV. Estimates of the transmit symbols an[l]
are obtained through demodulation of YTI].

To compute the SNR, wg=sissume that the channg{s do not
degrade the energy, i.e.  ,(hn Xpn)k] and |, Xp:n[K]
have equal energy. Each subcarrier occupies a bandwidth of
approximately Bsc ~ 1=T, such that the overall aggregated
bandwidth is approximately B = Ng=T. Equation (6) de nes
the SNR of a received MATISK signal.

Pmarisk

PNT  Es _ log2(M)E,

SNR AR =_ = = = =2 /70 6

BNg No No No ©

Here Pyarisk = NgcP is the power of an MATISK frame, Es

is the energy per symbol, E, the energy per bit and Ng is the
one-sided noise power spectral density.

I1l. TRANSCEIVERS IN AWGN CHANNELS

For transmission through the AWGN channel we assume
hn[k] = [k] 8 n. The n™ FFT output bin for the I symbol
is given by (7).

Y [I;n] = NeoX[I; n] + W[I; n] @)

with W[l;n] CN 0;Ng 2 . Due to the modulation index
h being an integer fraction, the phase at any t = IT (also
referred to as the phase state) is constrained to a nite
set of possible values [5]. MATISK is a full-response CPM
signal, therefore the phasenstate is fully detegnined by the
phase memory: n[l] 2 0;%;:::2M D g > o;n
and L[0] = 0 8n. Plotting all possible phase states and
the corresponding transitions over time produces the trellis
depicted in Fig. (4). Since any phase state n[l] can be reached
from any preceding n[l 1], the MATISK state trellis is fully
connected. The MLSE demodulator jointly demodulates Ng
consecutively transmitted symbols based on the observation
1]]7. The probability of observ-
ing Y, given the transmit sequence X, is described by (8).

1

Ng 2Ns
g N

1 . ..
PYnixn = exp 5 iiYn Xnji® ()
N
The MLSE optimal transmit sequence X,,, hence minimizes
the squared Euclidean distance Jn.ng (Bn) = jiYn  Xniji%,
where X, is a function of &,. The metric JINg:n Can be
computed recursively using a transition metric Zng 1:n:

Ing:n(@n) =Zng 1n(Bn[Ne 1], n[Ne 1)
+JIng 1n(@n[: N 2)) 9)

with J : = P X[i; nj2
@nl I 1) = piYIisn] [i;n]j* and

Zin@alll; W[ =jY[I;n]  XI; nj2. Minimizing the metric
is identical to identifying the optimal path through the trellis
which is solved by the Viterbi algorithm [22], [23]. Based on

(4) we can reformulate the transition metric as a function of
the target state [l + 1]:

. P_ - .
Zng@nlll; oll) =jY N1l Pexpfi( nll + 11+ a[l)gj?
=Zna(nll +1]) (10)

Hence, the Collapsing Trellis Lemma emerges.

Lemma I11.1 (Collapsing Trellis Lemma). All M minimum
metric paths leading into stage n[l] originate from the same
state in stage [l 1]

Proof. The transition metric is a function of the target state
n[l]. As the trellis is fully connected, the minimum stage
metric Jn. is obtained by independently minimizing Jn. 1
and Zn.1 1. All target states n[l] have the same minimizing
Jn: 1 and hence the same preceding state n[l 1] |

The Collapsing Trellis Lemma shows that there is no
uncertainty about the preceding state “\[I] at the point in
time where the optimal &n[l] is searched. As a consequence,
the MLSE optimal demodulator uses a hard estimate of “,[l]
based on the preceding demodulation stages to demodulate
an[l]. We can hence compute &n[l] according to (11), starting
from a known state L[0] = 0 and iteratively updating
"l +1]= "W+ hanl].

arg(Y[n; 1) nfl]
h

1
N

nll]

aill=Q (11)
Where, Q() is a slicing function mapping the soft estimates
of &n[l] to hard estimates. This trellis-free demodulator is re-
ferred to as the phase memory decision feedback demodulator
(PMDFD).

IV. TRANSCEIVERS IN DISPERSIVE CHANNELS
A. CP-MATISK

If Neir ~ Ng, ie. the CIR is fully contained in the CP,
one tap equalization as in OFDM [4] is optimal with respect
to ICI and ISI suppression. This con guration is referred to
as CP-MATISK. Due to the CIR being fully contained within
the CP, the linear convolution by the CIR emulates a circular
convolution within the DB. The channel effect is therefore
modeled by multiplication in FD:

Y1l = HX[I] + W[l (12)

1]g with Hy[m]
as the m™ frequency bin of the Ng-Point DFT of hn[K]
1]]7. Unlike CP-OFDM,
CP-MATISK requires multiple antennas for transmission but
offers a constant envelope and stronger spectral con nement.
A single OFDM subcarrier is not constant envelope as it is
linearly modulated.

B. Modelling ISCP Interference

In the following, an interference formulation for ISCP sce-
narios, similar to the OFDM case in [6] is derived. To simplify
the analysis we restrict the CIR length to: Ngiy N + Ng, i.e.
the CIR can cause interference with the (I 1) DB and CP but
not the preceding SSP. To obtain the interference formulation
we compute the DFT of y[k] in (5) for O kK < Nsg.
During the DFT computation and convolution by the CIR,
the subcarrier signal xn:[k] is evaluated over a range of
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Neir k < Ng. To simplify the computation we split
X1:n[K] in several ne-grained blocks which are transformed
individually:

I phase pulse has unit value: x;.n[k 18 fk  jk
Ngg
rt" sample of the I SSP: x.n[k 8k = Ng L+r
where0 r<L
I phase pulse is zero: x;n[k 18 fk  jk <
Ny Lg

The exact computation is omitted as it closely follows the
OFDM-ISCP case in [6]. Collecting the DFT results in a vector

YII=[Y[;0];:::;Y[I; N 1]]7 yields:
Y[|] = KiciX[|] + Ksspi;rxsspi;r[” + KisiX“ l] + W[|]
' (13)
with:
[Kicilm;m = Nsc hm[ Je Iggm (14)
=0
Lol 2
+ hm[ Je N (Ns¢ + Ny )
=Ng+1
Lo - No 1
[Kicilm:n = ho[ Je 18" 2™~ 8ne&m
=Ng+1 1 n.m
*)
(15)
[Ksspi;rlm;m = hm[ Je Igem (16)
=Ng+L r
[Ksspizr]m;n = g rr'\mlg b hn[ le J%=™ 8n & m
=Ng+L r
17)
il = € ol 2 D (18)

r

hml[ Je 7&™ ( Ny L)

=Ng+L r
(19)
[Kicilm:n = lC nll 11 nlD 20)
bad L1 Ny L
hn[ ]e INgh - nm (21)

=Ng+L r Lonm

where o m = e &= ™ ™ The matrices Kis and Kjs char-
acterize the ICI and ISI, respectively, and Ksgpi;r models a new
type of interference deemed SSPI. Furthermore, X[I] 2 CNs 1
is de ned as in CP-MATISK and Xsgpi.r[l] 2 CN= 1 contains
the modulated samples in the SSP:

IoEexpfj( hfs(@an[l]; wn)a[r]
+ ]+ g (22

Equation (22) reveals how the SSP samples are a non-linear
combination of the modulated symbols of frame | and |

1. We can hence identify SSPI as a nonlinear combination
of ISI and ICI which presents a novel type of interference,
not present in ISCP-OFDM. Due to the spectrum bending,
the SSPI imposes a natural ordering in the interference power

Xsspi;r[n; I]=

levels. Outer sub-carries experience lower SSPI levels due to
the spectrum shaping function shifting SSP power towards in-
band.

C. Full TD-MMSE Equalization

Linear Itering in TD to fully cancel ISCP interfer-
ence is explored in the following subsection. A lter ma-
trix Fumse processes the extended receive vector y[l] (23)
i» TD to obtain an estimate of the DB signal Xg[l] =
1"

Fnxn[l] + w(l]

ylll = (23)

n

Here, F, 2 CMNs<*Nia) (Nxe+Neg+Ner) js 3 circulant matrix
where the
Xn[ll = [Xin[ Neeg 1" and wil]
contains the corresponding i.i.d. noise samples. The parameter
Nieq de nes how many samples preceding the DB are observed
by the temporal Iter. We obtain the MMSE Iter matrix by
minimizing Juvse = Ex;n iiXabl[ll  FmmseY[llii> . which
leads to the following well-known solution:

Fumse = RxpyRyy (24)

e autocorrelation matrix is given by Ry, =
anRxx;nH% + Ng \3\,|N5c+N‘eq where Ryxx;n =

Efxn[lxn[11g. The cross-correlation matrix is
given by Ry,y = n Rxaxn Y With Ryyson =
OnNe (Nar+Neg)  INe Rxxn. To compute Ryx:n, three

case distinctions are made:

Rintra: both samples lie in the DB/CP of the same frame

Rinter: both samples lie in DB/CPs of different frames

Rssp: at least one sample lies within the SSP
Furthermore we de ne rioxo = E FXp:n[K']X):n[K¥] g. Assum-
ing ke lies in Ringa both phase pulses are either one or zero,
such that the expectation is simpli ed to (25).

roko = P exp j;—n(k0 k% 8 (K%kY) 2 Riwa (25)
sC

For Riner the expectation always returns zero as the data
symbol is uniformly distributed. In the SSP region R, the
expectation must be computed explicitly by summing over
all M possible data symbols and phase memories. We note
that the MATISK signal is cyclostationary as the statistical
properties change between the DB/CP and SSP, but repeat for
each symbol.

D. FD V-BLAST Equalization

The ISCP interference formulation is somewhat related to
a MIMO-ISI channel with a normalized delay spread of one
or lower. MIMO-ISI can be treated by applying the FS-
BLAST algorithm developed in [17]. FS-BLAST essentially
generalizes V-BLAST by inserting a MIMO-DFE in each
equalization stage. The simulation results in [17] showed that
V-BLAST performs well up to a normalized channel delay
spread of 0.2 symbols. In our case, the MATISK symbol length
is equal to the symbol duration in FS-BLAST, such that a low
delay spread can be ensured. Furthermore, we can assume a
decision delay of zero, i.e. the hard estimates for frame | 1
are known upon equalization of frame I. This is exploited by
inserting an outer decision feedback loop to fully cancel the
ISI term in (13) as shown in Fig. (5). This ISI cancellation
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V-BLAST a[l]

o

Fig. 5. K-DFE ISI Cancellation Receiver

TABLE |
MATISK UNCODED SER SIMULATION PARAMETERS

Parameter Value
Sample Rate: 1=T 250 MHz
Carrier Frequency: fc 150 GHz
# of Subcarriers: Ngc 32
Pulse Length: L 4
Phase Pulse: q(t) LRC [5]
Cardinality: M 4
MATISK Symbols per Transmission: Ng 256
# of Transmissions 2 10%

approach is deemed K-DFE ISl cancellation, indicating the
use of matrix Kjs. Under these assumptions, it is suf cient to
apply the standard V-BLAST algorithm.

Each successive interference cancellation (SIC) stage applies
an MMSE lter f , 2 CN« 1 to obtain an estimate X[I; ;]
from Yi[l], modeled by (26). The index ; de nes the subcar-
rier demodulated in stage)i(of the SIC algorithm.

Yi[l] = Kici;ix[l] + Ksspi;r;ixsspi;r[|] + W['] (26)

r

The matrices Kic:;j and Ksgpi.r:i are obtained by replacing all

columns with indices in Rj = f ¢;:::; i 10 of Kjs; and
Ksspi:r With zeros. The MMSE  Iter in stage i is given by:

f i = RY]\-(;irYiX i @n
where ry,x . = EFY;[I]X [ i;1]g. Optimal detection or-

dering in V-BLAST with MMSE ltering is obtained by
demodulating the carrier with the highest post-detection signal-
to-interference-plus-noise ratio (SINR) in each stage [16].
The signal model in (26) assumes that all previous decisions
are correct. Error propagation may cause severe problems in
this case. Therefore, we propose a second hybrid method of
TD-MMSE equalization followed by a V-BLAST equalizer
in frequency domain. The frequency domain signal after TD-
MMSE is given by (28).><

Yilll =
Nn2R;
where Vi, = FuwseHn and L = Fymse with as the
DFT matrix. The main difference to K-DFE V-BLAST is that
the time domain Itering introduces colored noise which can
degrade detection performance and modi es Ry y.; in the SIC
stages.

Vinxnll] + LWI[I] (28)

V. SIMULATION RESULTS

The proposed algorithms are evaluated in terms of uncoded
SER and achievable rate by means of Monte-Carlo simulation.
Multi-antenna CIRs are generated using the NYU channel
model simulator (NYUSIM) [24] in drop-based mode for LOS
(Ngir = 23) and NLOS (Ng; = 11) transmission in an InF
environment. The LOS CIR models the same re ectors as the
NLOS with an addition of the LOS path and hence exhibits
increased length. Table I provides the general simulation set-
tings. The uncoded SER for the NLOS and LOS transmission

100 1

--©-- CP-MATISK
4l MMSE(0)

10 —*— MMSE+VB(0)

—o— KDFE+VB(0)
MMSE(4)

- +- MMSE+VB(4)

- - KDFE+VB(4)

I

SER

108,

Ex=No (dB)

Fig. 6. Uncoded SER in mmWave NLOS Channel
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- - KDFE+VB(4) 3
T | | I

0 10 20 30
E»=No (dB)

SER

108,

Fig. 7. Uncoded SER in mmWave LOS Channel

scenarios are plotted in Fig. (6) and Fig. (7), respectively.
The notation MMSE(n) identi es the linear TD-MMSE with
a guard interval Ng = n, the shorthand VB refers to the V-
BLAST algorithm. The TD-MMSE equalizers are con gured
with Ngg = Ng + 2L, such that L samples of the preceding
frame are observed in every con guration of Ng. The ISCP
algorithms are evaluated in a reduced CP (Ny = 4) and a
CP free (Ng = 0) setting. In the NLOS case, ICI and SSPI
dominate the ISI levels due to the short CIR. TD-MMSE is
unable to fully equalize the signal resulting in a signi cant
error oor. At E,=Ng = 27dB TD-MMSE exhibits a SER of
0:037 and 4:74 10 5 in the CP free and reduced CP case,
respectively. The V-BLAST equalization schemes yield a SER
asymptotically approaching zero. Due to the relatively low ISI
levels, both ISI cancellation methods show nearly identical
SER. The LOS case is characterized by a lengthened CIR
with a dominating rst sample. Due to the increased Ngir,
ISI is not dominated by ICI or SSPIl. We observe that TD-
MMSE exhibits an error oor in the CP free case and no
measurable error oor for the reduced CP. V-BLAST with K-
DFE ISl cancellation is superior to the hybrid approach. The
V-BLAST equalizers match (NLOS) and even exceed (LOS)
the CP-MATISK approach in terms of SER. In the ISCP case,
ICI as well as SSPI can be exploited to increase frequency
diversity. While each subcarrier in a CP-MATISK transmission
is subject to a speci ¢ sub-channel frequency response, ISCP-
MATISK subcarriers are smeared over the entire channel. If
one sub-channel experiences deep fading ISCP-MATISK can
still reconstruct information on the corresponding subcarrier
signal through the ICI and SSPI. This works particularly
well for LOS, as adjacent sub-channels show strong jHn[m]j
variations, contrary to the NLOS case.

To provide an insight into the achievable performance in coded
transmission, the achievable rate for the presented algorithms is
evaluated. Analytic and Numeric computations are not feasible
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Fig. 8. Achievable Rate in mmWave LOS Channel

for ISCP-MATISK, we therefore follow the simulation-based
approach introduced in [19] with s; = [l 1], X; = ap[l] and
yi = X[n; 1], where X[n; 1] is the soft modulated symbol after
equalization. The capacities of each subcarrier are computed
independently and averaged to obtain an overall achievable
rate. Furthermore, we approximate P (X[n; lljan[l]; n[l]) with
a Gaussian by moment matching and assume the absence of
error propagation for V-BLAST and K-DFE. Fig. 8 shows
the family of capacity curves for every discussed equalization
algorithm. The capacities are computed with Ng = 0 and
Neg = 2L in the mmWave LOS Channel for constellation
sizes of 4, 8, 16, 32 and 64. CP-MASTIK is superior to
any ISCP-MATISK algorithm in terms of achievable rate. In
uncoded transmission, the worst subcarrier in CP-MATISK
dominates the SER and causes the ISCP case to exhibit
an advantage. Coded transmission allows each subcarrier to
operate close to its achievable rate such that no subcarrier
dominates the SER. Furthermore, we see that K-DFE ISl
cancellation is superior to the hybrid approach, especially
at high constellation sizes. Linear TD-MMSE equalization
exhibits satisfactory performance for low constellation sizes.
At high M, its asymptotic capacity lies below log,(M). Note
that the capacity is given in bit per subcarrier per symbol.
If it were given in bit=s=Hz, the asymptotic rates would
in general not result in the corresponding logo(M) due to
the transmission ef ciency: ¢ < 1. Furthermore, while CP-
MATISK has a higher achievable rate in bit per subcarrier per
symbol than ISCP-MATISK it has a lower .

V1. CONCLUSION

We have shown that MATISK is a multi-carrier full response
CPM waveform. Trellis-free MLSE optimal demodulation is
possible due to the collapsing trellis. If the CP is suf ciently
sized, CP-MATISK facilitates low-complexity equalization and
demodulation by means of FFT and one-tap equalization.
However, as strongly dispersive channels require a large CP
and the DB size is tied to the number of transmit antennas,
real CP-MATISK systems can experience low transmission
ef ciency . It is therefore desirable to operate MATISK
under ISCP conditions. In ISCP environments, linear TD-
MMSE equalization exhibits close to optimal capacity for
constellation sizes M 8. At higher M, TD-MMSE vyields
a stagnant achievable rate. Non-linear equalization methods
can improve upon linear TD-MMSE. The hybrid approach
exhibits a diminishing capacity for any M > 16. K-DFE ISI
cancelation in combination with V-BLAST enables close to
CP-MATISK achievable rate in a CP free con guration for any
simulated M. In uncoded transmission, ISCP-MATISK with V-
BLAST equalization is able to match and even outperform CP-

MATISK in terms of SER as ICI and SSPI smear information
over the full available bandwidth.

REFERENCES

[1] P. M. Asbeck, N. Rostomyan, M. zen, B. Rabet, and J. A. Jayamon,
Power ampli ers for mm-Wave 5G applications: Technology compar-

isons and CMOS-SOI demonstration circuits, IEEE Trans. Microw.
Theory Techn., vol. 67, no. 7, pp. 3099 3109, 2019.

[2] R. R. M ller, Multi-antenna towards in-band shift keying, in 19th Int.
Symp. Wireless Commun. Syst., 2024, pp. 1 6.

[3] B. Gaffney, Asymmetric constant envelope modulation,
Patent EP 3 391 603 B1, Oct. 02, 2019.

[4] R.v. Nee and R. Prasad, OFDM for wireless multimedia communica-
tions, 2000.

[5] J. B. Anderson, T. Aulin, and C.-E. Sundberg, Digital phase modulation.
Springer Science & Business Media, 2013.

[6] E. Viterbo and K. Fazel, How to combat long echoes in OFDM trans-
mission schemes: sub-channel equalization or more powerful channel
coding, in Proc. GLOBECOM 95, vol. 3, 1995, pp. 2069 2074.

[7] D. Kim and G. Stuber, Residual ISI cancellation for OFDM with
applications to HDTV broadcasting, IEEE J. Sel. Areas Commun.,
vol. 16, no. 8, pp. 1590 1599, 1998.

[8] D. D. Falconer and F. Magee Jr, Adaptive channel memory truncation
for maximum likelihood sequence estimation, Bell System Technical
Journal, vol. 52, no. 9, pp. 1541 1562, 1973.

[9] P. Melsa, R. Younce, and C. Rohrs, Impulse response shortening for
discrete multitone transceivers, IEEE Trans. Commun., vol. 44, no. 12,
pp. 1662 1672, 1996.

[10] D. Daly, C. Heneghan, and A. Fagan,
impulse response shortening for discrete multitone transceivers,
Trans. Signal Process., vol. 52, no. 1, pp. 301 306, 2004.

[11] S. Suyama, Y. Hara, H. Suzuki, Y. Kamio, and K. Fukawa, A maxi-
mum likelihood OFDM receiver with smoothed FFT-window for large
multipath delay difference over the guard interval, in Proc. IEEE 55th
Veh. Technol. Conf., vol. 3, 2002, pp. 1247 1251.

[12] T. Pham, T. Le-Ngoc, G. K. Woodward, and P. A. Martin, Channel
estimation and data detection for insuf cient cyclic pre x MIMO-
OFDM, IEEE Trans. Veh. Technol., vol. 66, no. 6, pp. 4756 4768, 2017.

[13] P. Rapajic and B. Vucetic, Adaptive receiver structures for asynchronous
CDMA systems, IEEE J. Sel. Areas Commun., vol. 12, no. 4, pp. 685
697, 1994.

[14] A. Maleki-Tehrani, B. Hassibi, and J. Ciof , Adaptive equalization of
multiple-input multiple-output (MIMO) channels, in IEEE Int. Conf.
Commun., Conf. Rec., vol. 3, 200, pp. 1670 1674 vol.3.

[15] P. Wolniansky, G. Foschini, G. Golden, and R. Valenzuela, V-BLAST:
an architecture for realizing very high data rates over the rich-scattering
wireless channel, in Proc. URSI Int. Symp. Signals, Syst, and Electron.,
1998, pp. 295 300.

[16] A. Benjebbour, H. Murata, and S. Yoshida,
successive receivers for space-time transmission,
Veh. Technol. Conf., vol. 4, 2001, pp. 2053 2057.

[17] A.Lozano and C. Papadias, Layered space-time receivers for frequency-
selective wireless channels, IEEE Trans. Commun., vol. 50, no. 1, pp.
65 73, 2002.

[18] D. W bben and K.-D. Kammeyer, Impulse shortening and equaliza-
tion of frequency-selective MIMO channels with respect to layered
space time architectures, Signal Process., vol. 83, no. 8, pp. 1643
1659, 2003.

[19] D. Arnold, H.-A. Loeliger, P. Vontobel, A. Kavcic, and W. Zeng,

Simulation-based computation of information rates for channels with
memory, IEEE Trans. Inf. Theory, vol. 52, no. 8, pp. 3498 3508, 2006.

[20] T. Aulin and C. Sundberg, Continuous phase modulation - part i: Full
response signaling, 1EEE Trans. Wireless Commun., vol. 29, no. 3, pp.
196 209, 1981.

[21] T. Aulin, N. Rydbeck, and C.-E. Sundberg, Continuous phase modula-
tion - part ii: Partial response signaling, |EEE Trans. Wireless Commun.,
vol. 29, no. 3, pp. 210 225, 1981.

[22] A. Viterbi, Error bounds for convolutional codes and an asymptotically
optimum decoding algorithm, 1EEE Trans. Inf. Theory, vol. 13, no. 2,
pp. 260 269, 1967.

[23] G. Forney, The Viterbi algorithm, Proc. IEEE, vol. 61, no. 3, pp. 268
278, 1973.

[24] H. Poddar, S. Ju, D. Shakya, and T. S. Rappaport, A tutorial on
NYUSIM: Sub-terahertz and millimeter-wave channel simulator for 5G,
6G, and beyond, IEEE Commun. Surveys Tuts., vol. 26, no. 2, pp. 824
857, 2024.

European

Minimum mean-squared error
IEEE

Comparison of ordered
in Proc. IEEE 54th

125



2026 International Zurich Seminar on Information and Communication (IZS), Feb. 25-27, 2026

Towards Practical Massive Random Access

Maxime Guillaud
Inria, INSA Lyon, CITI Laboratory UR3720, Villeurbanne, France
Email: maxime.guillaud@inria.fr

|. Introduction

Although the problem of random access over the multiple-
access channel has been known for decades, the design of
e cient waveforms, error correction codes and receivers for
massive random access with short packets still remains a
fundamental challenge in modern wireless communications.
With the advent of modern internet-of-things and robotic
control applications, it may be expected that the amount of
sporadic short-packet tra ¢ will increase in the future [1],
making practical and spectrally e cient solutions to this
problem more desirable.

Multiple access (non-random) schemes over multi-antenna
fading channels typically rely on a divide-and-conquer ap-
proach, involving closed-loop synchronization, power con-
trol, coordinated allocation of orthogonal or non-orthogonal
pilot sequences, estimation of channel state, (linear) multi-
user equalization, carrier frequency o set compensation, for-
ward error-correction (FEC) coding rate selection, etc. These
mechanisms essentially turn the multiple-antenna non-coherent
fading channel with all its impairments into an equivalent set of
independent additive white Gaussian noise (AWGN) channels,
to which good single-user FEC codes can be applied.

It is however known that such approaches and the as-
sociated full-bu er assumption are not adapted to random
access because the associated signaling overhead, which de-
creases spectral e ciency, is not acceptable for transmitters
that remain silent for most of the time [2]. Hence, true multi-
user decoding is rarely used in practical random-access sys-
tems, and contention-based schemes such as ALOHA and its
derivatives are used instead; however they operate far from the
performance of coordinated multiple access systems because
their performance decreases signi cantly when the amount of
contention increases.

Il. Decoder Architecture for Practical Random Access

Since the divide-and-conquer approach is not suitable for
sporadic communication of short packets, it is desirable instead
to consider approaches that perform activity detection, syn-
chronization, equalization, interference cancelation and chan-
nel decoding jointly and across multiple users, in the spirit of,
and generalizing, the principle of turbo-equalization [3].

While such approaches have been widely explored, they
are often not appealing in practice from the point of view of

This work has been partially supported by the ANR under the France
2030 program under grant NF-PERSEUS (ANR-22-PEFT-0004), and under
grant WARM-M2M (ANR-24-CE25-2514).

receiver complexity. One of the main complexity bottlenecks
lies in the iterations between the FEC decoder, which
operates over a nite eld (binary or non-binary), and the
synchronization and channel estimation and equalization
subsystems, which typically rely on solving regression
problems in the continuous domain. These iterations involve
repeatedly transforming beliefs over bits (or discrete non-
binary symbols) into beliefs over modulation symbols in C,
and vice-versa. Such approaches typically do not scale well
when the number of active users is large, or with high-order
modulations. In addition, they are typically not amenable to
elegant performance analysis.

I1l. A Possible Way Forward

We present a novel interpretation of the multi-linear spread-
ing approach to random access from [4] as a coded modulation
for the case where M -state phase-shift keying (M -PSK) sym-
bols are used. While the resulting code structure is not new [5],
we show that thanks to the continuous relaxation of the M-
PSK to the unit circle proposed in [6], FEC decoding can be
implemented directly in a continuous domain, and parametric
beliefs taking the form of von Mises distributions replace
beliefs about the M discrete states of each variable.

We note that this decoding approach need not be restricted
to the scheme from [4], and that it is adapted to cases where
parallel interference cancelation is peformed among many
users and where multiple nuisance channel parameters (phase
and frequency o set, fading channel gain, etc.) need to be
accounted for.
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Teaching freshers information theory: Shannon’s
theorem for linear codes on the BEC
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Abstract In this paper on information theory education, an
outline of a new course for rst year students at the University
of Cambridge is described. The coding theorem is derived for the
special case of the Binary Erasure Channel using random binary
linear block coding.

|. INTRODUCTION

I am designing a new undergraduate course on information
theory for rst year engineers. As part of this course, | am
proposing to derive the channel coding theorem for the Binary
Erasure Channel (BEC) using random linear codes, for which
asymptotically vanishing error probability can be established
using a fairly simple counting argument. This paper will
discuss the motivation for this course and the approach taken
to teach this part of the course.

My aim in presenting this paper on information theory
education at the International Zurich Seminar (I1ZS) is to seek
advice and feedback on this teaching project. While reading
this paper or attending my presentation, please re ect on
how you and your students learned these concepts. What do
you think is a hard concept to digest? Are there shortcuts,
illustrations, metaphors, or examples that help clarify these
concepts? If you have any tips, | would love to hear from you.

Il. COURSE BACKGROUND

As part of our undergraduate reform of the Engineering
Tripos at the University of Cambridge, we are introducing an
8 lecture block on Information Theory to be taught in the third
trimester of the rst year. This lecture block will be accom-
panied by two Examples Papers taught by supervisors across
29 Cambridge colleges. The reformed tripos is scheduled to
be deployed starting in October 2027, and we are currently in
the process of developing lecture materials, with the aim of

nalising them over the coming months so supervisors can be
trained to help teach the material.

Like most information theory courses, this course will cover
source coding and point-to-point channel coding. However,
the principal aim is to awaken students’ interest in the area
rather than to teach them information theory comprehensively.
An auxiliary aim is to motivate them to learn probability
theory and linear algebra by showing them applications of
these mathematical tools early on. As such, it is essential that
the material remain accessible mainly with pre-university level
mathematics, and that students have a positive rst encounter

with probability and matrices. We currently have information
theory courses in the 3rd and 4th year of the tripos and, while
some modi cations of the 3rd year course are expected, the
plan is to maintain these courses, allowing students to gain a
more comprehensive understanding later on.

The Cambridge Engineering tripos is a general-entry course,
so that some of the students taking this information theory
course will end up specialising in mechanical engineering,
structural engineering, electrical engineering, while some (cur-
rently about half) will specialise in information engineering
and hence remain in related areas. The idea of teaching
information theory so early to such a broad range of future en-
gineers prompted some debate, but ultimately the eld provides
a good example of how engineering intuition and rigorous
analysis lead to groundbreaking engineering innovations, and
knowing this would bene t all engineers.

The source coding part of the course follows a classical
design and will not be discussed in detail. We reserve the
concepts of typicality and the asymptotic equipartition property
for our advanced course, though many consider this the cor-
nerstone of the eld. These concepts are hard to grasp without
probability background. Variable length coding and pre x-free
codes are easier to understand with no prior background.

This paper focuses on the channel coding theorem. Standard
teaching of this theorem relies on typical sequences or on
advanced bounding techniques for random block codes. We
chose to teach the special case of linear coding for the Binary
Erasure Channel (BEC), because this simple example suf ces
to develop full intuition as to why random coding works and
why the error probability decays with increasing block length.

I developed the background for this course while working
at the Forschungszentrum Telekommunikation Wien (Vienna
Telecommunications Research Centre, ftw.) in the early 2000s.
This paper will be presented at 1ZS within a session entitled

From Theory to Wireless (FTW) that brings together alumni
of this former research centre. At the time, my colleague
Ralf M ller (now a professor at the Friedrich-Alexander-
Universit t Erlangen-N rnberg) was working on the appli-
cation of random matrix theory to Multiple-Input Multiple-
Output (MIMO) wireless communications, and | was teaching
a university course on Turbo Coding and Low-Density Parity-
Check (LDPC) codes together with Gottfried Lechner (now
a professor at the University of South Australia / Adelaide
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University). Developments in the understanding of LDPC
codes relied heavily on concepts developed for the BEC, and
Ralf and | got talking about how one could prove the coding
theorem for the BEC using random matrices. | remember
laughing about Ralf’s surprise when we discovered that, unlike
for complex random matrices, a large random square matrix
over GF(2) is regular with probability 0.2887881, not 0 or 1.
More will be said about this in the next sections.

I1l. CHANNEL, CAPACITY AND THE CODING THEOREM

Peter Elias introduced the Binary Erasure Channel (BEC) in
[1] and [2]. Information theorists all know this channel as a sort
of thought experiment akin to those used to illustrate Einstein’s
relativity, rather than a model for a real-world channel. Careful
justi cation will be required to maintain rst year students’
attention when presented with a channel with no apparent
applications. In particular, | count on discussing channels more
generally. When proposing to restrict our attention to BECs,
I will note that all of our analysis also applies to non-binary
erasure channels for which there are real world applications.

To discuss channel capacity, several options are possible.
Having introduced entropy in the rst half of the course, we
could show students the expression C = maxp, [H(Y)
H (Y jX)]. However, this expression may prove dif cult for
two reasons: rst, it relies on conditional entropies and al-
though we will need conditional probabilities later in this
paper to discuss probability of error, this will be high level
and intuitive without fully introducing properties of conditional
and joint probability. Second, maximising an expression over a
range of probability distributions is quite an advanced concept
that requires students to be comfortable with constrained multi-
variate function optimisation. More likely, we will defer this
expression to the advanced course and use a different argument
to show the capacity of the BEC speci cally, namely that if
the transmitter knows the position of the erasures (essentially
a BEC with noiseless feedback but we probably wouldn’t
use that terminology yet) then they can achieve a rate of
R = 1 p by transmitting uncoded data in the non-erased
positions, where p is the probability of erasure. This approach
also has the bene t of not requiring an explicit converse, since
any data rate in excess of 1 p would have to use the erased
positions, but erasures carry no information and hence that
portion of the transmitted data would be lost or, equivalently,
recoverable with an error probability of 1=2.

At this stage, block coding can be introduced as a sort of

magic trick promise: with this technique, we will be able to
transmit data at a rate almost equal to 1  p even if the position
of the erasures are not known to the transmitter. Analogies with
language will be used to explain the concept and usefulness
of redundancy in coding, where block encoding is akin to
translating a perfectly ef cient language onto a language that
can help recover information for all likely patterns of erasures.

1V. EQUATIONS, MATRICES, LINEAR SPACES AND RANK

In late 2015, | tested a version of this BEC-based course on
a class of 3rd year students in Cambridge. At the time, my late

colleague David MacKay had been diagnosed with a terminal
illness and was unable to teach the courses he had intended
to teach. In order to keep involved in teaching, he proposed
to serve as my teaching buddy , attending my lectures and
providing feedback to improve my courses. His feedback
proved invaluable. In particular my 4th year course on Reed
Solomon coding has been drastically improved, resulting in
a spectacular improvement in the pro ciency of students as
veri ed by exam performance. However, his reaction to the
BEC-based course shocked me. Instead of praising it as | had
hoped, he reported not understanding much, explaining he had
never fully understood the concept of matrix rank and hence
considered this to be an adanced linear algebra concept that
could not be taken for granted. Re ecting on David’s famous
information theory course, which | had audited a few years
earlier, | realised that | had been in a similar position in that |
found his easy analysis of the Binary Symmetric Channel
(BSC) hard to follow because it relied on combinatorial
counting arguments that he considered trivial, but that never
felt comfortable to me. The reason why | feel comfortable
with matrix rank as a concept is that | learned linear algebra
in the rst half of my rst year of university, taught by the
legendary Professor Konrad Voss at ETH Zurich, whereas
counting and combinatorics is something | misunderstood in
secondary school and never quite caught up with during my
university education. In contrast, in Cambridge, linear algebra
is currently taught as part of a second year module and students
consider it an advanced part of mathematics (as did David).
This goes to show that the difference between easy and
advanced often depends on the stage of one’s education
when the material is taught.

In our following discussion with David, he proposed that |
introduce the concepts of matrix manipulation, rank, and inver-
sion based on simple examples using small binary matrices,
relating them to systems of equations that all students have
learned to solve during their secondary education and hence
typically feel comfortable with. My aim in this part of the
course is to put David’s proposal into practice and develop the
following concepts using examples on small matrices:

matrix representation of systems of equation

sets of solutions, linear spaces, subspaces and dimension
column and row rank, rank of a matrix

solving linear equations using Gauss elimination steps (at
this point I may introduce an example in GF(3) instead of
GF(2), to include the division by pivot step that doesn’t
exist in binary.)

Having familiarised students with matrix manipulation, |
will introduce the concept of a linear code, encoder, and decod-
ing over the BEC by solving linear equations: if a codeword
¢ = uG is transmitted over a BEC, where u is a length K
information word and G is a binary K N encoding/generator
matrix, and the received word r has erasures at positions

the system of equations

r=uG (1)
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has a unique solution u, where ¥ is the received word with the
erasures removed and G is the encoding matrix with columns

V. RANDOM CODING AND DECODING

The random coding experiment to bound the probability of
decoding of failure is as follows:

1) pick a K N random binary matrix G with entries

chosen independently and uniformly at random, and
K = bRNc where R is the code rate (where the effect
of integer rounding can be neglected in our analysis for
large N)

2) the channel picks L positions to erase j1;:::;j. Where
L is a binomially distributed random variable with mean
pN and variance p(1 p)N

3) if the resulting K (N L) matrix G has rank K, then
there is a unique solution to (1) and the information word
can be recovered

The choice of an initial random matrix G followed by the
channel choice of L erasure positions is equivalent to directly
choosing an K (N L) binary matrix G with entries picked
independently and uniformly at random, so the probability of
success is the probability that a K (N L) matrix chosen
in this manner has rank K.

The probabilistic analysis of this experiment is in two parts:
the nice part is to determine the probability of success for
a given L, while the boring part is taking the average over
P (%). I call the second part boring because | have not found
a pedagogically effective way of teaching this to rst years.
Several options are possible:

1) explain why, when R =1 p ™ for a small ", the

probability that the aspect ratio deviation D = (N L)
K exceed a threshold N for <", i.e., the probability
that L<N(p+" ), goestolas N goestoin nity.
This can be illustrated graphically by showing that the
binomial distribution becomes thinner with respect to a
proportional deviation N(* ) from the mean.

2) equivalently, one can show that the deviation N(* )
B3N be made to be any multiple of the standard deviation

p(1  pN.

3) a more formal standard derivation uses Chebyshev’s
inequality (to obtain a bound on the probability of
failure proportional to 1=N) or a Chernoff-style bound
(to obtain an exponential bound). The dif culty here is
that the concept of general tail bounds on distributions
is a little hard to digest before one has had time to learn
probability theory more formally.

4) using speci ¢ bounds on the tail of a binomial would be
less abstract and hence easier to understand, but these
bounds tend to be quite technical and hard to work with.

I will probably use the rst and second approaches during lec-
tures, and possibly give an optional exercise guiding students
through tail bounding methods for those who want to explore
this topic in more depth.

The nice part of the probability analysis, for a given L,
goes as follows. Let M = N L be the number of columns

in the matrix G corresponding to non-erased symbols in the
received word r. The question is now, given that the matrix
was constructed by selecting its entries independently and
uniformly at random, to determine the probability that this
matrix has full row rank K. Clearly, if M < K, this probability
is 0. Assuming M K, we can now visualise the matrix as
follows

5 1 4
B 1 M
B 2 M
G= R 3 M
B K M

and note that

there are 2M 1 possible choices for the rst row (all
binary vectors of length M except the all-zero vector)
that would yield a1 M matrix of rank 1

there are 2M 2 possible choices for the second row
(all binary vectors of length M except the all-zero vector
and the vector picked as the rst row) that would yield a
2 M matrix of rank 2

there are 2M 2K 1 possible choices for the k-th row
(all binary vectors of length M except any binary linear
combinations of the rst k 1 rows) that would yield a
k M matrix of rank k.

Therefore, the total number of invertible K M matrices is

¥
"
k=1

2k 1):

Dividing by the total number 2KM of K M matrices, we
obtain a probability that a random K M matrix is invertible

Qk
_ ~ (2M 2k l)
Pinvertible (K M) = —& 12K|v|
— (1 2k 1 M)
k=1
W
= @2m @
m=M K+1
ForM = K, i.e,, asquare K K matrix, this gives the product
1 3 7 15 2K 1
2 4 8 16 X )

The limit of the product above as K goes to in nity is the
magic number = 0:288788095086602. Attempting to fully

analyse this limit as M goes to in nity for all K~ M would
lead us down a mathematical rabbit hole involving concepts
such as Euler’s function, g-Pochhammer symbols, and the
pentagonal number theorem. This is unnecessary and beyond
the scope of our course. A few observations will be made to
help students understand the signi cance of this result:

if the aspect ratio deviation is D =M K =1, then the

limit in (3) becomes 2

if D = 2 then the limit becomes 2 2
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as the aspect ratio deviation D increases, the probability

that the K M matrix is invertible approaches 1

remember that M = N LsoD=M K =N

L K=N(@ R) L.Inouranalysis of the boring

averaging over L, we determined that P(L < N(p +
)) goes to 1 as N goes to in nity, hence with a

probability approaching 1,

D> N

which grows with N, hence the probability that the K

M matrix is invertible, which is also the probability of

decoding success given L, goes to 1 as N goes to in nity
The argument above suf ces to establish a vanishing probabil-
ity of decoding failure conceptually and this approach will be
taken during lectures. It gives students a full intuition of why
increasing block length results in an improved probability of
successful decoding for a given rate below capacity, thereby
giving them a working understanding of the coding theorem
for the BEC.

A slightly more formal analysis of the in nite product (3)
for K ¥ 1 will be given as an exercise, inviting students to
note the following

turn the in nite product (3) into a sum by taking logs
use the power series expansion of log(1 Xx) to give upper
bounds of the form

X) X —

log(1 > 3 X >

for non-negative X, where the linear upper bound log(1
X) X gives a bound of 1=e on (3) and the bound can
be tightened by either including more terms of the power
series expansion of log(1 x) or by substituting exact
values for a few initial terms

lower bounds are harder to obtain. We use a tilting trick:
consider that for every > 1,

x2  x3 x2
= = X

log(1 x) X ?:

for a range of x. This can be visualised by considering the
quadratic upper bound and noting that the factor tilts
the upper bound so it dips below log(1 x) and becomes
a lower bound for a range until it crosses the curve again.
In (3) we only need a lower bound for 0  x % o)
that = 2 for example does the trick (see Fig. 1).
showing that (3) is decreasing in K together with the
lower bound established using the tilting trick shows that
the in nite product converges to a constant

the tilting bound and the linear upper bound can be used
to derive an upper bound on the probability of decoding
failure that is exponential in N.

VI. PRACTICE AND EXAMINING

The intended learning outcomes of this part of the course
are to gain an understanding of linear coding, of decoding for
the binary erasure channel, and of the asymptotics of random
coding that demonstrate a vanishing probability of decoding
failure as N grows to in nity aslongas R<1 p.

X
1 —log(1 x)
> 2 g
SN e x2
X 7z
X --- x x2

Fig. 1. Quadratic upper bound and tilted lower bound on log(1
=2

x) for

The outcomes can be tested through exercises, e.g.,
check the understanding of rate, dimension, number of
codewords for a code described by its encoder matrix G
decode a received sequence r through Gauss elimination
for a small code, in cases where the erasures result in a
rank K residual matrix G or otherwise
determine the probability that a random K M matrix
is invertible for reasonably small numbers K and M, or
equivalently, ask this in the coding context by specifying
the dimensions K N of a random encoder matrix G
and a number L of erasures
test understanding of the coding theorem by asking to
con rm what happens to the probability of failure as N
goestoin nity forR <1 p, whathappensforR=1 p
(the probability of success tends to ) or what happens for
R >1 p (the probability of success tends to 0 because
you have more variables than equations in (1))

I have described two looking further exercises in the paper
but these will not be part of the core learning outcomes and
it is not expected that all students will complete them.

The topics of this course, both source and the channel
coding parts, lend themselves beautifully to being translated
into software practicals. Students could be asked to imple-
ment, or complete, programs that implement elementary data
compression techniques and decoding of linear codes for the
BEC via Gauss elimination. The undergraduate reform of the
Engineering Tripos at the University of Cambridge foresees
more opportunities for project-based learning but these plans
are still being nalised so | am unable to say yet whether
practical implementations of the techniques in this course will
form part of the undergraduate experience in Cambridge.
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Abstract The use of information as a way of understanding
biology has a long history, stretching back to and beyond
Shannon’s foundational paper. In spite of increasing interest in
this methodology, it remains misunderstood in both biology and
information theory. This paper reviews the philosophy of infor-
mation as a concept for understanding biological phenomena,
as well as the information-theoretic background of the problem.
Recent results and promising future directions of research are
also discussed.

I. INTRODUCTION AND HISTORICAL PERSPECTIVE

Living organisms at all scales are constantly acquiring, pro-
cessing, and using information, from bacteria sensing chemical
gradients and navigating towards a source of nutrients, to
higher animals, including humans, using sensory information
to interact with their world. Meanwhile, the study of in-
formation in modern communication systems has produced
important insights on optimal information processing. These
observations lead to a key research question, which we address
in this paper: how is the study of information, particularly
through the lens of information theory, important to under-
standing the dynamics and behavior of organisms?

The study of information in biology has arisen due
to historical advances in biological science. Studies in this
direction predate Shannon’s information theory: important
biological developments in the 1940s, particularly Avery’s
identi cation of DNA as the molecule that encodes and stores
genetic information [1], spurred interest in formal studies of
biological systems as information processors. Schr dinger’s
in uential 1944 essay, What is Life? [2], argued that the chro-
mosome contained a code-script that completely speci ed
the development of the organism; this prescient prediction,
contemporary with Avery’s discovery, both foreshadowed and
in uenced the discovery of the structure of DNA nine years
later [3]. These and subsequent results made clear that the
genome represents, stores, and transmits digital information,
even correcting errors in transmission, in much the same way
as a modern engineered communication system.

Shannon’s development of information theory [4] seemingly
emerged at an ideal time for biological applications, and
attempts to apply information theory to biology date almost
to Shannon’s 1948 paper [4]. By the mid-1950s, the eld

This work was funded in part by the John Templeton Foundation as Project
#63644.

was suf ciently well developed to support workshops (e.g.,
[5]), while notable early work was done by Attneave [6],
Barlow [7], and others. Other contemporary and more recent
researchers, taking a system-theoretic perspective, sought to
explain biological behavior in similar terms [8], [9]. However,
by 1970, progress in the information-theoretic direction had
slowed enough to prompt a retrospective calling for new ap-
proaches [10]. Amid ambivalence from the information-theory
community (arguably motivated by Shannon himself [11]),
interest waned until revived by renewed focus on quantitative
methods and systems biology at the beginning of this century.
Addressing a long-recognized issue with information theory
in biology, recent results address the semantics of biological
information, treating meaning through lenses such as evolu-
tionary tness [12]. Importantly, this approach coincides with
recent interest in semantic and task-oriented communication
within the information theory community [13].

The contemporary state of both biology and information
theory makes a resurgence of interest in biological information
processing very timely. However, in spite of recent promising
work, the application of information theory to biology remains
misunderstood. The goal of this paper is to address these mis-
understandings and to discuss the principled and rigorous basis
for studies combining biology and information theory. The
paper reviews the current state of the eld, considering what
sort of questions information theory can answer in biology,
the information-theoretic tools that might answer them, and
current progress in these directions, particularly focusing on
semantic information as an important direction of research.
The paper is organized as follows: we start by reviewing the
philosophical basis for information theory in biology (Sec.
I1). We then give information-theoretic background (Sec. I11),
followed by recent results (Sec. 1V) and some suggestions for
future directions (Sec. V).

Il. INFORMATION AND LIFE: PHILOSOPHICAL BASIS FOR
BIOLOGICAL INFORMATION THEORY

In this section we review current thinking into three foun-
dational questions that motivate the use of information theory
in biology. First, what is meant by biological information?
Second, is information theory relevant to biological informa-
tion processing? Third, if information theory is relevant, how
may it be used to advance biological science? These questions
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are somewhat controversial in both biology and information
theory, and we describe some of the disagreements along the
way.

First, the concept of biological information has been widely
discussed in the philosophical literature. As noted earlier, some
form of information processing is obvious in nature. However,
it remains an open question as to whether information pro-
cessing is, in itself, a formal and useful concept in biology,
or merely a metaphor for physical processes which are better
described by other means [14]. Arguing from the useful side,
approaches to biological information identify it with genetic
information, i.e., information encoded and preserved within the
genome of an organism [15]. While this de nition is seemingly
restrictive, it is important to note that it allows for abstraction.
For example, the features of genes that encode for information
processing are heritable, particularly when they lead to tness
advantages, even without describing the biochemical relation-
ship between a speci ¢ genomic sequence and a particular
information processing strategy. That is, ef cient processing
of sensory information increases tness, which is ultimately
preserved in a dominant genome [16]. As we will discuss
below, this observation is crucial to formulating hypotheses
from the perspective of information theory.

Second, philosophers of biology have grappled with the con-
cept of information processing, coming to different conclusions
on meaning and usefulness. An in uential view, known as
the parity thesis, holds that information in biology represents
correlation among random variables: that is, certain arrange-
ments of the genome hold information about their environment
because they are correlated with them. Importantly, correlation
is symmetric, and proponents of the parity thesis argue that
the symmetry of information means it cannot be used to
distinguish between the effect of the genome and the effect
of the environment [14], [17]. In other words, consider the
phenotype as the organism’s response to the environment: with
a symmetric information measure, it cannot be clear if the
phenotype is caused by, or instead causes, the genome [18].
The parity thesis is identi ed with quantities such as mutual
information, which is symmetric (i.e. 1(X;Y) = 1(Y; X)),
and which can be used as a measure of correlation [19].
Therefore, the parity thesis is sometimes used to dismiss
Shannon’s information theory as a nonrigorous metaphor, a
view which has historically also been held by some in the
information theory community (cf. [20]).

A variety of responses to the parity thesis have been
proposed. For example, Bergstrom and Rosvall [18] assert that
the parity thesis need not apply because the identity of the
transmitter and receiver are clear: similarly, in an engineered
communication system, the symmetry of X and Y do not
pose a conceptual problem because the system has a speci ¢
transmitter and receiver. Another important response to the
parity thesis also comes from those who espouse it: Godfrey-
Smith [19] argues that the importance of genetic information is
that it is prescriptive and has meaning, i.e., it consists of func-
tional genes, where the functionality makes the communication
directional. Thus, a strong theory of information in biology

must respect the semantics of the message, i.e., the functional
meaning of the genome. While this was originally made as a
point against Shannon’s information theory (which famously
disregards meaning), more recently the study of semantic and
task-oriented communication has become an important sub eld
within information theory; as we point out later in this paper,
this area has promise in studying biological information, and
has recently attracted attention from biological information
theorists [21]

Finally, accepting that information theory is relevant, we
may ask how best to use information theory to understand bi-
ological systems: what sort of informational hypotheses can be
posed and answered? Bialek [22] and Berger [23] (among oth-
ers) argued that natural selection is a process of optimization,
so biological information processing systems should operate
near their mathematical limits. If a system does not operate
near these limits, an organism with more ef cient information
processing would have a tness advantage (gathering the same
informational advantage for lower cost, or higher advantage
for the same cost). Thus, information-theoretic limits have
predictive value, and problems of the following form can be
addressed: given a sensory or communication system with
known tness penalties for making an error, what is the
optimal tradeoff between sensory delity and tness? We may
hypothesize (i.e. predict) that the system operates at or near
the optimal tradeoff, and design an experiment to test the
hypothesis. The relevant information theory underlying these
predictions is discussed in the next section.

I1l. INFORMATION-THEORETIC BACKGROUND
A. Malthusian tness and Kelly betting

Precisely what does it mean to optimize tness? The ttest
organisms survive and pass their genomes along to the next
generation, so in some sense the genome’s goal is to avoid
extinction. As the organism’s population increases, extinction
becomes less likely; however, while the relationship between

tness and population should be monotonic, it need not be
linear. A widely-used measure of tness, known as Malthusian

tness, sets tness as the logarithm of the population size [24],
[25], or equivalently as the population’s geometric growth rate
[26]. Thus, an organism that maximizes expected Malthusian

tness will maximize the expected logarithm of its population.
Since the logarithm of zero (in the limit) is 1., a useful
property of maximizing Malthusian tness is that any action
with nonzero probability of extinction is excluded.!

In this context, consider the following toy example of a
biological information processing system. An organism lives in
an environment that experiences ooding and drought. At the
beginning of the growing season, it makes a prediction y about
the environment (i.e. a rate of 1 prediction per growing season).
It then uses that prediction to deploy either a phenotype for
wet conditions, or for dry conditions. If the prediction is

IFitness is normally real-valued but the population is an integer, so
extinction is still possible even if Malthusian tness is maximized, e.g. a
transient situation may occur where the population is positive but less than 1.
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correct, then the organism reproduces; if it is incorrect, then
the organism dies. From the perspective of the individual
organism, starting with 1 organism and ending up with 0 or 2,
the population growth function is then
- 2 X=Y,
with x;y 2 fwet;dryg, where x and y represent the true
environment and the prediction (and hence the selected phe-
notype), respectively. The organism may use a bet-hedging
strategy, allocating fraction s of its population to the predicted
environment, and 1 s to the other environment. Thus, the
winnings are

2s; X=Y;
2(1 s); xEy;

and the reward (i.e. tness) function is r(x;y) = logw(x;y).
For geometric growth problems, maximizing the tness, or
expected logarithm of winnings, is accomplished by a Kelly bet
[27]. For the simple toy example given above, it can be shown
that the optimal strategy is s = Pr(x =y jy). Interestingly,
with this setting, and with a uniform prior on X, the expected
tness in this toy problem is

Elr(x;y)] =1(X;Y): (3)

B. Rate-distortion theory

How well does Kelly betting (or any biological information-
processing system) compare with information-theoretic limits?
As noted in Berger’s seminal text [28], this question can be
addressed using rate-distortion theory. To brie y review (the
reader is directed to [29, Ch. 10] for a detailed introduction),
the rate distortion problem considers the representation of
a random source X with representatives Y (following the
notational convention of capital letters X for random variables,
and lowercase letters x for particular values of those variables).
The set of representatives is collected in a codebook, whose
entries are indexed by a binary number, and there exists
a distortion function d(x;y), which gives the penalty for
representing source value x with representative y. Thus, the
rate-distortion problem asks: what is the minimum information
rate R (i.e., minimum size of the codebook) to represent the
source with average distortion at most D E[d(x;y)]? This
tradeoff can be expressed in the rate-distortion function R(D),
and it can be shown that

R(O) =

w(x;y) = @

min
VixX)2Pp

1OX;Y); (4)
where Pp = Tp(yjx) : Epuixld(X;y)]  Dg is the set of
p(yjx) that satisfy the distortion constraint.

Now consider the biological information processing problem
more speci cally. Suppose X is a phenomenon of interest
to the organism. The organism responds to the phenomenon
by taking action Y (e.g., expressing a particular phenotype);
let d(x;y) be a penalty function specifying the cost to the
organism for performing action y in environment x (it may
be more natural to specify a reward function r(x;y), in which

case we can for example set d(x;y) =
can be used as a distortion function.

How might this work? Neglecting any constraints on causal-
ity or computational complexity for a moment, consider the
following scheme: a sensor with noncausal access to the
environment X prepares a codebook with 2"R rows. In this
scenario it is important to note that the rate at which the
sensor can send information to the organism is rate-limited,
i.e, R H(X). Each entry in the codebook is a mapping

r(x;y)). Then d(x;y)

this codebook is provided to the organism. Then given a
vector of environments, the sensor nds the correct entry
in the codebook and transmits it to the organism, using
nR bits. Finally, the organism uses the appropriate row of
the codebook to determine its sequence of actions. The ith
action has a cost d(Xj;Yj), and for the entire sequence the
average distortion is given by E[d(X;y)]. We have thus posed
the organism’s information-processing task as a classic rate-
distortion problem, so that R(D) gives the optimal tradeoff
between rate R and distortion D.

There are obvious problems with the above formulation, of
which we give two. First, sensing in biology is both rate-
limited and noisy. This point can be addressed by considering
source-channel encoding [30]: the above encoding scheme can
be adapted to the case where the channel between sensor
and organism introduces errors. Second, and more important,
organisms do not work this way; most living information
processing systems do not employ complicated encoding and
decoding schemes, and they certainly do not have noncausal
access to X. This can also be addressed by source-channel
encoding, and has particular relevance for biological commu-
nication, as we discuss below.

C. Source-channel encoding and single-letter codes

Consider the toy example from earlier, with the following
added features. Instead of predicting the environment, the
organism uses information from a sensor, as in the rate-
distortion problem above. The sensor has noncausal access
to the environment, and can communicate one environment
to the organism per growing season (the same rate as in the
toy problem). As before, the organism can decode the code
used by the sensor and apply its observations noncausally to
the environment, but now the channel between sensor and
organism is noisy. Now the sensor’s encoder must take into
account both the statistics of the source and the noisy channel.

From the source-channel separation theorem (cf. [31]), it
is known that the two parts of the problem can be treated
separately, while respecting the system’s rate constraint. In
this example, the system rate constraint is 1 source symbol per
channel use (i.e., each growing season has one prediction; most
biological sensing and communication problems will have a
similar constraint). Suppose the noisy channel has a Shannon
capacity of C information bits per channel use; then the source
encoder uses a rate of R = C information bits per source
symbol, which meets the rate constraint: C=R = 1. Under
source-channel separation, pick D satisfying R = R(D). Then
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the sensor may rst encode the source at a rate R = R(D),
and subsequently protect the resulting information bits with
a rate-C error-correcting code. From the source-channel sep-
aration theorem, no system with in nite, noncausal access
to the source can achieve a lower average distortion D.
While this system is mathematically well-posed and gives the
best possible rate-distortion tradeoff of any tness-maximizing
information processor, it is once again completely impractical
from a biological perspective.

At least, we can say that the above procedure allows us to
calculate the best possible tradeoff, so a biological system must
operate within that bound; it is therefore weakly predictive of
biological performance. However, source-channel separation is
suf cient, but not necessary, for optimality, so we may also ask
whether an organism can achieve this performance by other
means. In a remarkable result, Gastpar and colleagues [32]
found that if the distortion function has the form

d(x;y) = clogp(xjy) + d(x); ®)

where c is any positive constant and d(x) is any function of
X, then the system can use a single-letter code, i.e. simple
transmission without coding, to achieve the optimal tradeoff. In
other words, x can be sent without encoding, and the resulting
noisy observation y can be used without additional processing.
Returning to our toy example, from (2) our distortion function
can be written

dixy) = r(x;y) (6)
= logw(x;y) (7
log2 logs; X=Yy; ®)

log2 log(l s); x&y:

Settingc =1,d(X) = log2, and s = Pr(x = yjy), the Kelly
betting solution ts the form of (5), and optimal performance
is available with simple bet-hedging, which is known to be
within the capabilities of organisms (see, e.g., [33], [34]). More
generally, it can be shown that each system that admits an
optimal single-letter code implements a Kelly bet [35].

The two conditions for optimal performance described in
this section, namely that R = C and s = Pr(x = yjy),
were earlier described by Berger as a doubly matched system
[23], conditions that he viewed as essential for the biological
application of information theory.

D. Semantic information theory

Throughout this paper we have discussed the chief criticism
of information theory in biology, which is that information-
theoretic quantities such as mutual information are only mea-
sures of correlation and thus provide no special insight into
biological processes. As early as 1970, Johnson [10] called
for modi cations to the information-theoretic approach: in a
passage quoted by Berger [28], Johnson said,

In biology, some information is more important
than other information, but information theory in its
present form, wherein all structure or organization

is viewed as physical negative entropy, cannot distin-
guish the signi cant from the trivial. [28, Sec. 6.4]
That is, in order to give insight, the semantics of information
(i.e., the meaning and importance of messages to the biological
process) must be respected. As the goal of a genome is
to survive, and its tness is a measure of the likelihood of
survival, one possible meaning of a message is its impact on
tness.

Rate-distortion theory is normally posed in terms of quanti-
zation or lossy compression. However, it is important to note
that the distortion function d(x;y) expresses a general view
of delity: to obtain this function, we must have an idea of
the value of each representation of x with y, or the harm
of each kind of error. This framework is general enough to
include almost any such set of values, as d(Xx;y) can be any

nite-valued function, and the best distortion function is highly
context-dependent. Thus, distortion is implicitly a judgment
about the semantics of the information.

Considering once again our toy example, the distortion
function quanti es the importance of each environment to
the organism, and the consequences for its tness. While the
meaning of a message might be dif cult to calculate or quan-
tify in general, the Malthusian tness advantage of particular
behavior may be obtained by calculating growth rates under
that behaviour. Growth rates based on gene expression can
be estimated by various techniques [36]. Thus, the semantics
of a message, de ned as the tness conferred by a particular
information processing strategy, may be tractably used to
assemble a distortion function.

The application of semantic information to biological sys-
tems remains an important and open area of research [21]. In a
methodological direction, generalizations of the rate-distortion
approach have been explored, particularly focusing on the
dynamic effect of information gathering on the organism’s
knowledge or state. In terms of the organism’s knowledge,
Kolchinsky and Wolpert [37] de ne a quantity known as the
viability function (related to tness), and use the transfer
entropy to quantify the semantic information gathered by the
organism, de ned as

Tp(Yt | Xt+1) = I(Yt, Xt+1j Xt): (g)

Using transfer entropy, the analysis proceeds in a manner
similar to the rate-distortion problem, nding the minimal
information required to increase viability. In terms of the
organism’s state, the organism’s previous decisions might
affect its future tness. For example, an organism requires both
water and food: if it decides to search for water, it might end
up with an abundance of water but a lack of food; thus, in the
future, it would assign greater value to nding food rather than
water. In this sense, the reward function at time t is dependent
on previous actions, and may be written r(X; ytjy§ 1. Again,
this formulation may be analyzed in a framework similar to
rate-distortion theory [38], [39].

Importantly, recent developments in information theory have
also considered the semantics of information: it is often clear
what information is of interest to the user and what is not,
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and this can be exploited to achieve ef cient encoding [13].
When meaning is clear and quanti able (i.e., rewards and
penalties can be easily obtained), semantic-aware and task-
oriented encoding schemes in communication system design
can use a rate-distortion framework [40] [42]. This suggests
an opportunity for research at the frontier of both information
theory and biology.

IV. RECENT RESULTS

There has been a considerable amount of recent work
applying information theory to biophysical problems, which
we divide into the categories below. These are merely examples
of current work in biological information theory, as space does
not permit a complete survey of this rapidly growing area.

Fitness value of information. Consistent with the concept
of tness advantage and heritability expressed throughout this
paper, information theory can be applied directly to determine
the effect of information processing on tness [12], [43]. This
observation has been re ned in various ways. For example,
there is a close relationship between information processing
and prediction, and bacteria have been shown (theoretically)
to perform optimal environmental prediction [44]. Optimal
growth rates of organisms have been obtained for varying
environments with noisy cues [45], [46]; conversely, minimal
information to gain a tness advantage has been studied [47].

As noted earlier, semantic and subjective information is
an important extension of the rate-distortion framework [21],
[37], [38]. This builds on observations that environmental
information must be gathered and stored internally by the
organism as a state [48]. For example, semantic information
has been applied to simulated resource-gathering problems
[49]. This is an open direction for future research.

Gene regulatory networks and signal transduction. A some-
what more direct application of information theory to the
functionality of the genome is the study of gene regulatory net-
works: as gene expression is stochastic, with a clear transmitter
and receiver for each signal, information theory can be used
to understand how information produces biological function,
such as to predict network structure [50], [51]. Experiments
have been conducted to measure the information transmitted
through particular networks [52]. In this direction, information
theory can explain how cells within embryos locate themselves
in space so as to determine their developmental path (e.g.,
into various tissues of the nal organism) [53]. Generally,
features of these networks can be predicted by the principle of
information-theoretic optimality, as discussed in Sec. Il [54].
Meanwhile, signal transduction is the mechanism by which
individual cells sense and interact with their environment; these
signals interact closely with gene regulatory networks as de-
scribed above, such as those for chemotaxis [55]. Information-
theoretic limits of individual signal transduction receptors have
been calculated [56], [57].

Molecular communication. As discussed in section I11-C,
information-theoretic analysis of biological communication
must consider the noisy channel between transmitter and

receiver, which operates on chemical principles [58]. Us-
ing such models, the capacities of sensing channels can be
understood and incorporated into a source-channel coding
scheme. Molecular communication models are known for a
wide variety of biological contexts, such as ligand-receptor
systems [59] or diffusion in free space [60]. Experimental
approaches for molecular communication have also produced
promising results for communication within vascular systems
[61].

V. FUTURE DIRECTIONS

Biological information theory nds itself at a moment of
unique opportunity: biophysicists increasingly embrace an in-
formational approach, while information theorists have started
to use the semantic tools that address the issues with past
approaches. There are two promising research directions from
this point, one experimental and one theoretical.

In the experimental direction, experiments are critically
needed to understand the relationship between tness and
sensing. While intriguing experiments have been performed
showing that organisms perform bet hedging [33], [34], ex-
periments explicitly linking information gathering to growth
rates have yet to be done. One possible reason is that the sim-
plifying assumptions needed to construct information-theoretic
models (e.g., a memoryless system with a small encoding and
decoding alphabet) are not appropriate for practical biological
systems, even simple ones. While experimental design is a key
challenge, we believe it is a solvable one.

In light of this, theoretical approaches must develop
information-theoretic models that can describe a realistic bi-
ological information-processing problem. It is essential for
the model to be developed in conjunction with experimental
design, so that the model suits the system and not vice
versa. Success in this direction would produce a truly ground-
breaking result, namely empirical evidence that information
theory can predict biological information processing.
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Abstract In molecular communication systems, information
transfer is physically realized through controlled chemical pertur-
bations. We argue that a molecular bit exists only when the system
is deliberately driven out of equilibrium and allowed to relax to-
ward a new state. In this regime, irreversibility is not a byproduct
but the de ning physical signature of communication. Using non-
equilibrium thermodynamics, we show that entropy production
provides an operational marker of information-bearing events,
that optimal transmission corresponds to minimizing dissipation
under nite constraints, and that the Kullback Leibler divergence
bounds the minimum physical cost required for reliable state
discrimination at the receiver.

I. INTRODUCTION

In molecular communication (MC), information is conveyed
through the controlled release, transport, and detection of
chemical messengers rather than electromagnetic waves [1]. In
its most general form, an MC channel may sustain a continuous
transport of matter while remaining informationally silent. This
occurs whenever the system resides in equilibrium or in a
stationary non-equilibrium condition with time-invariant ob-
servables. In such cases, although molecules ow through the
channel, the receiver (RX) experiences no transition between
distinguishable states and therefore no information-bearing
event.

Communication emerges only when the transmitter (TX)
actively perturbs the system, intentionally breaking equilibrium
and forcing the channel to evolve toward a new state. This fun-
damental requirement underlies both theoretical formulations
and experimental realizations of synthetic MC, an emerging
paradigm that aims at engineering molecular signaling ar-
chitectures inspired by biological communication processes.
Recent experimental efforts have demonstrated that such prin-
ciples can be implemented in arti cial systems across a wide
range of length scales, transport regimes, and application
scenarios, from short-range micro uidic platforms to long-
range liquid- and air-based molecular links [2].

Within this framework, MC has also been proposed as
a building block for the Internet of Bio-NanoThings, [3]
where information is distributed across networks of chem-
ically addressable nodes. An early experimental realization
of this concept employed uorescent carbon nanoparticles as
distinct molecular messengers, enabling selective communi-
cation between multiple networked actuators through uid-
based advection [4]. These studies highlight that, beyond the
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Fig. 1: Schematic overview of a simple diffusion based MC
system.

speci ¢ transport mechanism, the de ning feature of MC lies
in the deliberate generation of distinguishable state transitions
through controlled chemical non-equilibrium.

Assume the MC occurs through a channel containing an
ideal gas as shown in Figure 1. Assume that the TX zone
contains the molecular messenger (MM) as an ideal gas. The
TX is initially closed and the MM is pure. The RX is open
and in contact with the channel so the gas it contains is
at the same pressure and temperature as the channel. Under
these conditions, the Gibbs free energy of the communication
environment depends on the gas pressure P and temperature T.
Assuming the environment is thermostatic and the MC occurs
at constant T ., the variation of Gibbs free energy follows as
2P oRT P
. o P dP = nRT Inp0 Q)

where PO is the pressure of an arbitrary state we call standard
PO =1 bar. Dividing by the number of gas moles n contained
in the channel, the extensive form of the Gibbs free energy of
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the system is obtained as follows
! oo Ly

PcH

GCH = GCC)H +RT In W (2)
n
By de nition @@t‘j jt;p = cn is the chemical potential of !

the chemical species contained in the channel. The inst
the TX generates the information, it instantaneously ope
the connection with the channel and adds another compon & ____l_) ___________ i
(ideal gas) to the communication environment, which we c¢ $%&'(

molecular messenger (MM). At this instant, purely theoretice- - I"#$%
the two components are still pure so the free energy of t #$%&&'( s
environment can be expressed by a sum

P P J
G=ncul & +RTIN Sgl+num [ v +RTIn —55-] #

0 0
3)
where Ry and Rym are the pressures of the pure ga
contained in the channel and of the pure MM in the T

Fig. 2: Physical molecular communication system. Th
ystem consists of a TX, containing molecular messenger
a‘? CH containing the inert. TX and CH are connected b

. 0 o .
respegtlvely. cn and are Fhe standard state chemic rlvlembrane of length | (corresponding to the release coordi
potentials of the gas contained in the channel and of the Min )

{7)-

in the TX, respectively. As the time increases both gases star
to mix, leading to

p P process is accompanied by entropy production, which ca
G%=ncu[ gy +RTIn %]”‘ wm [ wm +RTIn %] locally expressed as foIIov;/(s
4

where R, and R,, are the partial pressures of the gas = URSE (6)
contained in the channel mixed with the MM, respectively. j

The molar fraction of the j-th gas is dened as; = % where J and X, denotes the ux of the j-th irreversible
where n is the total number of moles in the mixture. Daltongrocess and its conjugate thermodynamic force, respecti
law of the partial pressure gives that = FF’,—", thus Relation (6) states that irreversibility is measurable and
dissipation quanties how strong a system is driven av
from its equilibrium. In molecular communication, the do

o ) ) o inant contribution typically arises from matter ux driven t
This difference is the Gibbs free energy of mixing of the tW@adients of chemical potential. Therefore, a detectable

gases. In thg speci ¢ context under inves?igation, it. represents a molecular communication system corresponds req
the change in free energy of the MC environment induced By ,on-zero during a nite transition, while the system
the presence of the MM in the channel. Since mole framioﬂ%ormationally silent when = 0.

are never greater than one, the free energy is always negativq.lereby, a molecular bit is not encoded in an absolute ¢
Therefore, in this simple scenario, information transfer is &ntration level of a speci ¢ molecular messenger molec
spontaneous process. This form of MC is called diffusive Mgt in the trajectory connecting two receiver states. Ur
[5], since the physical law governing the transport is Fick&othermal conditions, the total entropy production associ

law. The actual driving force of the process is thermodynamigi,  controlled release at the transmitter can be written
spontaneity. Equation (5) is convenient because it does not Z,

contain any reference to potentials in the standard state, thus = J() L di: (7
avoiding ambiguity about its de nition. However, although 0 T
the negative Gibbs free energy of mixing demonstrates thahere | denotes a spatial or temporal coordinate along
MC is thermodynamically allowed, this simple descriptiomelease path, J(l) is the molecular ux, and (1) is the local
accounts only for the existence of a driving force, not fothemical potential difference. Information is generated w
the dynamics of information transfer. Practical MC systenthe system evolves away from equilibrium, and vanishes a
operate under ow-driven, time-dependent, and intrinsicallgnce a new steady state is reached.
non-equilibrium conditions, where information is encoded in Since dissipation is unavoidable, an immediate design g
transient processes rather than in nal states. A more approgitn follows: How should a molecular bit be designed
ate theoretical framework is therefore required to describe heminimize irreversible cost while remaining detectable? T
information is generated, transported, and dissipated along lbads to a constrained variational problem in which
communication channel. (7) is minimized subject to nite release length and xe
Non-equilibrium thermodynamics provides a quantitativeayload. Solving this problem yields an optimal release pr¢
framework for describing such transitions. Any irreversiblef molecular messenger at the transmitter that avoids s

G umx =G°G=nRT( chln ch+ mm IN wmm)
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gradients and distributes the perturbation smoothly along t

. Optimized MM release profile
release coordinate.

4
©
'

— (L)

o
3

Il. RESULTS AND DISCUSSION

o
o
"

The general physical setting underlying the optimizatic
problem is schematically illustrated in Fig. 2. The transmitte
(TX) is modeled as a reservoir containing a binary mixtur
of molecular messenger and inert carrier, separated from
channel (CH) by a selective interface (e.g., a semi-permea
membrane) that allows only the molecular messenger to crt
unidirectional from TX to CH. The channel is continuoush ' ' ' ' ' '
ushed by the inert carrier, establishing a unidirectional tran: 0.0 0.2 0.4 0.6 08 10
port downstream toward the receiver. During transmissio Normalized fength /L
the transmitter modulates the mole fraction of the moIecuIEr 3 Ent T | le. Optimized mol
messenger at the TX—CH interface from an initial valye to 9. 5. ENtropy-minimizing release pro (. Uplimized mole

a nalvalue o, thereby imposing a time- or space-dependeﬂf'@‘Ctlon w (I=L) of molecular messenger compared with

chemical potential difference that drives the release. In t gear heuristic.

considered con guration, the transmission is initiated with
in > out, SO that the resulting chemical potential gradient
enforces a net ux of molecular messenger from the TX
into the CH. The coordinate | represents the effective rele
p?th — either spa}t_lal_or temporal - over which _th_e systemH) low by their statistical distance. Speci cally, the integra
driven out of equilibrium. This con guration explicitly Showsentropy production satis es
that information is injected locally at the TX-CH interface,
while dissipation is distributed along the release coordinate as D « (PkQ); (8)
the system relaxes toward a new state. The entropy-minimizin
release pro le shown in Fig. 3 is obtained by formulating th¥here D« is the Kullback-Leibler divergence, which
transmission process as a constrained optimization probléned as follows [7]
within the framework of nite-time (or nite-length) thermo- z P (x)
dynamics. Following the approach originally developed by DL (PkQ)=  P(X)In de: (9)
Tsirlin et al. for mass transfer processes under nite constraints ) . ) )
[6], the total entropy production is treated as a functionall NiS inequality establishes a direct link between state
of the local release trajectory (I) and is minimized subjectinguishability and irreversibility: the more reliably two R
to a xed release length L and prescribed boundary condffates can be dlscnmlnated,_the larger the minimum dissip:
tions at the transmitter—channel interface. In this formulatioféauired to realize the transition.
the molecular ux is driven by a local chemical potential
difference, while the constraint enforces completion of the
state transition within a nite spatial or temporal window. In molecular communication, information transfer is insi
The resulting Euler—Lagrange condition yields a non-line&@fable from non-equilibrium thermodynamics. A molecular
optimal trajectory in which the chemical potential gradient igorresponds to a nite-time, irreversible transition betwe
deliberately shaped along the release coordinate. The shapstem states, driven by controlled deviations from equ
of the optimal release pro le is intrinsically non-linear. Inrium. Entropy production acts as the physical witness of
the early stages of the transition, the release proceeds slowignsition, while its minimization de nes optimal transmissi
keeping the chemical potential gradient — and therefore tR&ategies. Framing information as an irreversible relation
instantaneous entropy production — low. As the system evohRgtween states provides a unied perspective on ef cier
the release accelerates, allowing the transition to compléediability, and physical limits of molecular communicatic
within the nite release length constraint. A linear strateggystems.
would impose a uniform gradient throughout the process,
unnecessarily dissipating energy when the system is still far
from discrimination. The optimized pro le instead allocates The authors gratefully acknowledge Andrew Eckford (Yt
dissipation where it is most effective: late in the transitioniversity) for the long and stimulating discussions that sig
when state separation is already established and additioicahtly contributed to the development of the ideas presentt
irreversibility contributes directly to reliable reception. Thighis work. The author thank the ERMES project, funded ur
asymmetric scheduling explains why the entropy-minimizintpe European Union's Horizon Europe HORIZON-EIC-20:
strategy is slow at rst and faster toward the end. PATHFINDEROPEN-01, grant agreement No. 101185661

Mole fraction 1x
o o
= (5]
s s

°
w

©
)

o
[

At the receiver (RX), information acquisition corresponds
a transition from an initial state Q to a nal state P. The in
grsibility accumulated during this transition is bounded fr

CONCLUSIONS
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Abstract—Pinning down a precise understanding of “infor- average energy of the particle and the average energy g
mation ow” within physical interactions remains a central in the zero-average-momentuframe?
concern to elds like stochastic thermodynamics and quantum 2 2
information science. In both spheres a careful accounting of bits E P =K & E (P - K )
(or qubits) enables a deeper understanding of the physical nature 2m 2m
of information. In this work we propose a measure of information . . .
ow as a saddle-point solution of the mutual information. This for en_ergy valuedss and E‘ (assum_lng the part'de h_as me
approach places a lower bound on the channel capacity betweenM). Given these constraints there is a saddle-point in the
a particle and an interacting environment. The measure we nd tual information achieved by independent, zero-mean joi
depends on the ratio of power and energy scales of the interaction, Gaussian variables P, andP,, and the mutual informatio
and is given by Po=2E, in nats/sec, withPo the average power g given by,
ux between the particle and its environment, and Ey the initial 1 E
average energy of the particle. We use a communication theory . —
lens to suggest an associated channel analogy, in which this 1(Po + Pii Pr)= élog 1+ = ®)
bound is interpreted as a signal-to-noise ratio. We nd that _ . .
this measure can also quantify early-time information ow for a WhenE = Pot for somePo, de ne an information ow rate
particle interacting with a thermal bath. * between the environment and the partitle,
. I 1 Po
I. SUMMARY OF MAIN RESULTS Renvi paricie  lim t T2 6 (4)

giving the maximum information ow in the noisiest se

o — P R ’ ting. Thermal diffusion via Brownian motion is an examg
. A @ Rbatht patice = B(T=To) for drag coef cientb, bath temper
7777777777777777777777777777777777777777 - X atureT and initial particle temperatur€. We also comput
(a) Xo X,
. i
Pxo PYD 7 -~ Mim=30
7777777777777777777777777777777777777777777777777777 »Xory 1
(b) xo YO 0 5 10 mu\{idmn\‘zu 25 30

Fig. 1. (a) 1-D particle interacting with some environment. (b) Two particleig. 2. | (X¢; Yo) againstlt = i k(m + M)=mM for two mass ratios.
with a springlike interaction.

Treat the update of a (1-D) particle's moment@n2 R as the mutual information ow to a mass particle ) coupled

an additive channel, to a massM particle () through a spinglike interactio

(FIGURE 2). The mutual information (X¢;Yo) spikes to

Pi=Po+ Py (1) innity periodically when the X particle fully encodes

dimension of theY particle state. In the smatl limit, we

for times 0 andt > 0. P; gives the particle's momen- . . . .
: . : . . recover our earlier result that the maximum information
tum change in a timg due to an interaction with some.

; i 1 . — — 2 ;
environment. Take P and P, to be independent random'~ gl\:enlkbyhm“ o ¢! (Xt;Yo) = Po=2B /- k= for spring
variables. The mutual information,(P;; P;), is the infor- constani.

mation ow between theenvironmentmodeled by the average °In a reference frame wherg[Po] = 0, the average energy gain
force P, t, and theupdated particle stat®;. Constrain the E&P[’p:y:zpr%)] ;iiTePOP;nazmgt ;reEgzgunﬁ’éa'}‘n]d;pg](de;‘_) =em] =
3This result holds for the full state space of the particle as well, compri
1Full paper@arXiv:2501.18652 position and momentur@X; P ).
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Abstract

We live in the era of information and the number of studies on information processing is large
than ever before. And yet, one of the central metrics of information theory — the information
transmission rate — could, until recently, only be computed approximately. In this talk, | will
present a computational technique called Path Weight Sampling (PWS) that for the rst time
makes it possible to obtain the rate exactly for any system for which a mathematical model i
available [1]. Moreover, | will show how this technique can be combined with machine learning
to obtain the rate directly from experimental time series data when such a model is not availabl
To demonstrate the power of the technique, | will discuss applications to bacterial chemotaxis ar
neuronal networks [2]. Finally, | will discuss how we have recently extended this technique tc
enable the exact quanti cation of transfer entropy.
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Bits and Pieces Underlying Living Systems:
On Subjective Information and Beyond
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Abstract—Information theory has long been used to quantify to biological contexts by abstracting organisms or biocherr
how prganisms acquire and process environmental signals, yet pathways as communication channels [10]-[13]. In para
classical measures treat all information as equally valuable. j, ential results have established formal connections betw
In this extended abstract, which summarized several of our . . Lo . . )
publications, subjective information is formalized as the surplus information ac_:qwsmon and evolutionary _tness, s_howmg,
of useful information gained when an organism dynamically €xample, equivalences between mutual information rates
adapts its sensing strategy based on internal state. Using abstract,expected log population growth [14], [15], and motivati
computational, and analytically tractable models of chemotactic information-theoretic interpretations of Malthusian tness [1
organisms competing for multiple essential nutrients, strategies Within neuroscience, related principles such as infomax [

prioritizing internally scarce resources are shown to yield higher that biological t dapt t imize inf tion int
tness despite acquiring less total information. Subjective infor- at Diological Systems adapt {0 maximize Information Int

mation further distinguished from both syntactic and semantic When that information is relevant to internal processing [1
information and is maximized under uncertainty about environ- However, a purely syntactic view of information obscu
mental structure. Finally, subjective information is discussed as a g fundamental feature of living systems: not all informat
unifying framework for interpreting biological decision-making s aqually valuable to an organism. In biological contexts,
and for designing future adaptive bio-inspired and bio-hybrid . >
information-processing systems.. relfevapce of a S|gnf_;1I depends on the organism's internal <
objectives, and environmental contingencies. This observ:
|. INTRODUCTION has motivated several extensions beyond classical inform:
Information processing has long been proposed as a unifyithggory. The concept of tness value of information quar
lens through which to study living systems across scales, froes how informative cues increase expected growth or ¢
molecular interactions within cells to organismal behavior andval [18], [19], while thermodynamic and decision-theore
long-term evolutionary dynamics [1], [2]. The ability to sensdrameworks reveal trade-offs between information proces
transmit, store, and process information is deeply intertwinedsts and achievable reward [20], [21]. More recently, seme
with survival and reproduction, suggesting that a quantitativeformation has been de ned as the minimum amount
theory of information could offer a common metric to charadnformation required to sustain maximal viability, obtained
terize, analyze, and ultimately engineer biological systems [3jegrading an information channel until tness declines [Z
[5]. Despite sustained interest across disciplines, includifi2B]. These approaches consistently suggest that relev:
neuroscience, biochemistry, and bioinformatics [6], [7], themather than sheer quantity, is central to the biological uti
remains limited consensus on the appropriate mathematiofinformation.
formalism for describing information in living systems, with Yet, most existing frameworks implicitly assume that org.
most approaches grounded in Shannon's classical informatisms passively receive information through a xed chant
theory [8], [9]. with constraints arising primarily from processing or acqu
Shannon's framework was intentionally restricted to syrtion costs. In contrast, living systems actively and opportu
tactic considerations, deliberately abstracting away meaniticglly shape how information is sensed, weighted, and a
as a conceptual sine qua non for its success in engineeupdn. Building on this perspective, a series of recent w
communication systems. Measures such as entropy and muft@h our research team introduced the notion of subjec
information quantify uncertainty reduction and channel capaicformation [24]-[27]: the portion of available informatic
ity with remarkable generality, and have been fruitfully appliethat a speci ¢ organism or strategy selectively emphas
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in order to pursue its objectives, given its internal state amdutual information between environmental inputs and
environmental context. Subjective information is not de nedrganism's actionsonditioned on internal staf@averaged ove
by optimality alone; rather, it re ects how different strategieshe internal-state distribution induced by the strategy:
bias sensing and processing toward subsets of signals that . _ . L )
matter now, even at the expense of discarding larger amounts 1 Jswateqy E[l (signalsAction | statg] i areq (1)
of syntactically available information. Operationally, this de nition captures the information that
Across computational and analytical models of movin@ctuallyusedto select behavior, as distinct from the potentie
sensing, dividing, and dying cells in heterogeneous envirolarger syntactic information available at the sensor interfa
ments, these studies demonstrate that strategies maximizing concrete realization of this loop is chemotactic navigat
subjective information can outperform strictly informationin environments containing multiple essential nutrient sign
maximizing strategies in terms of growth and survival [25here organisms must maintain internal stores of each nut
[27], [28]. Notably, variability in information acquisition to survive and divide. In our models, the organism senses
strategies within a population can simultaneously increasatrient concentrations through ligand—receptor binding nc
overall tness while reducing the average amount of inforwhich can be well-approximated by equilibrium sampling
mation required to achieve it. This effect becomes particulatynomial binding statistics [30]-[32]. The organism then mi
pronounced when environmental knowledge is limited or senssisy sensory evidence to movement decisions and res¢
ing resources are constrained [27]. uptake. This design isolates the key biological constraint
This extended abstract synthesizes these results and perspegsing is costly and nite, and that organisms can ree
tives under a uni ed narrative. Rather than revisiting individuatate sensing capacity across signal modalities via regul:
models in detail, we focus on the broader conceptual insigbathways [33]-[35]. The resulting framework permits dir
that information in living systems is inherently subjectivecomparisons between (@daptive acquisition strategies th:
shaped by internal objectives, history, and context. We argoendition receptor allocation on internal state and €hiv-
that subjective information provides a natural bridge betweeatfent nonadaptive strategies that hold acquisition xed wt
syntactic and semantic notions of information, and offers keeeping downstream processing comparable.
principled way to reason about adaptive behavior, tness, andThis comparison leads to the central quantity of inter
learning in biological and bio-inspired systems. Finally, weubjective informationde ned as the surplus useful inform
outline how this perspective points beyond existing framéon enabled by internal-state-dependent acquisition,
works, toward dynamic, state-dependent theories of informa-
tion processing relevant to living systems, hybrid biologi-
cal—arti cial agents, and future information-centric models olintuitively, subjective information measures how much
life. ditional behavior-relevantinformation an organism extrac
by reallocating attention/sensing toward the signal that r
ters now, given its current internal needs. Unlike seman
A large body of work links information to biological perfor-information de nitions that proceed by degrading a chan
mance by treating organisms as communication-and-decisiontil tness declines [22], this formulation makes the inter
systems that transform environmental cues into actions witate explicit and attributes the gain specically &tate-
tness consequences [14]-[16]. Within this general view, claslependent selectivityn acquisition, rather than to a xe
sical (Shannon) measures quansfyntacticinformation—i.e., channel with downstream processing constraints.
uncertainty reduction about signals—without regard to what Two complementary models illustrate the same mechai
the informationdoesfor the organism [8], [9]. To move closeracross levels of analysis. First, a population-level comp
to biology, recent frameworks have emphasized that informi@enal chemotaxis model in continuous space (with dyna
tion is valuable insofar as it improves survival or growthputrient landscapes) quanti es syntactic information at
formalized through the tness value of information and relatececeptor interface and useful/subjective information at
reward/thermodynamic perspectives [18]-[21]. These develdgehavior interface, showing that strategies with larbgp;
ments motivate an intermediate, strategy-aware concept: ratb@n yield higher growth/survival even when they do
than assuming optimality, an organisnusefulinformation is maximize total syntactic information [25], [26], [36]. Secor
the portion of environmental information actually exploiteén analytically tractable, nite-state environment model w
by its chosen (possibly non-optimal) information-processingvo essential nutrients and explicit receptor costs prodi
strategy to produce behavior [29]. closed-form expressions for long-run incremental rewarc
Building on this motivation, we consider an abstract buyiroxy for growth) as a function of internally conditione
mechanistic organism—environment loop in which (i) envirorreceptor allocation policies, and reveals regimes where a
mental signals are acquired through nite sensing resourcgs;tive strategy strictly dominates an information-maximiz
(ii) signals are processed (potentially using internal statéjalanced strategy [27]. In both cases, the key structura
and (iii) actions modify the organism's environmental statgredients are (i) multiple distinct signals tied to compet
thereby changing both future signals and internal resourcegernal processes, (ii) nite sensing resources with costs,
In this setting, we de ne useful informationl,y, as the (iii) the ability to condition sensing priorities on internal sta

I'subj = lu jadapt U jequiv : 2

Il. FROM OBJECTIVE TO SUBJECTIVE INFORMATION
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Under these conditions, maximizingseful information can quantity independent of the receiver, subjective informa
require deliberately discarding large quantities of syntactemphasizes the role of internal state, history, and conte
information in favor of a smaller amount of state-contingengssigning value to signals. This perspective bridges synt
action-relevant information. and semantic notions of information and complements exis
Finally, this framework clari es when subjective information tness-based and thermodynamic frameworks [18], [22] by
shouldnot arise. If signals are redundant (e.g., identical spatiplicitly accounting for how organisms bias, Iter, and resh
pro les) or if additional signals are irrelevant to the organism'sformation channels over time.
objective, then changing sensing emphasis cannot incigase Taken together, these considerations suggest that subj
beyond what is achievable with xed acquisition, ahgdp; information is not a special-case phenomenon, but a ge
vanishes. These counterexamples help delineate subjecfesture of adaptive systems operating under constraints
information as a precise, testable concept: it is not “motending this framework to richer internal dynamics, learr
information” in general, but rathemore useful information systems, and multi-agent interactions represents a prom
induced by state-dependent selectivity the next section, direction for future work, with implications for biology, ne:
we leverage this lens to interpret empirical and computationalscience, synthetic systems, and information-centric the
results as evidence that information processing in living sysf living matter.
tems is inherently context- and state-dependent, providing a
principled bridge from objective, channel-centric descriptions REFERENCES

toward organism-centric theories of information value.
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I. EXTENDED ABSTRACT published derivations lead to different results. Apparently,

impossible that such contradicting results are true at the ¢
Information theory serves well as the mathematical theofime. This dilemma has been resolved in [3].

of communication. However, it contains no provision that However, in additon, we cannot only take mut

makes sure its theorems are consistent with the physigabedances between RIS elements into account, but we c:
laws that govern any existing realization of a communicatiag decouple them with the aid of decoupling multi-ports :
system. Therefore, it may not be surprising that applications gfereby open a new domain for RIS architectures [4]. V
information theory or signal processing, as currently practicegecoupling networks, it is possible to optimize the char
easily turn out to be inconsistent with fundamental principlesain of a RIS-aided SISO system in closed form which allt
of physics, such as the law of conservation of energy. It is t|f@ analytically analyze the array gain of a RIS array ur
purpose of multiport communication theory [1], [2] to providenytual coupling. From this analysis, we can draw connect
the necessary framework ensuring that applications of sigrgl the conventional transmit array gain. In particular,
processing and information theory actually do comply withh N-element RIS, we prove that a super-quadratic a
physical laws. gain which scales with up to Nis possible in a RIS-aide
This framework involves a circuit theoretic approach wherscenario. In fact, this result provides novel insights in F
the inputs and outputs of the communication system asgled communication since in previous works, it was assu
associated with ports of a multiport black box. Thanks tthat only quadratic gains (i.e., N are possible.
each port being described by a pair of two instead of just
one variable, consistency with physics can be maintained. The
connection to information theory and signal processing is then
obtained by means of isomorphisms between mathematiga|M- T- vrlac and J. A. Nossek, "Toward a Circuit Theory of Commu
. . cation,” IEEE Transactions on Circuits and Systems I: Regular Pag
(formal) symbols of the latter and the physical quantities of \ol. 57, no. 7, pp. 1663-1683, July 2010.
the multiport model such as transmit power and noise varian¢®. — “The Multiport Communication Theory,” [EEE Circuit and Syste
The principles of the mltiport commuication theory are pre, YR B 51 22, KL, S S PO, i
sented and accompanied by a discussion of interesting resultsconsistent Modeling of Wirless Links With Recon gurable Intellige

of its application to wireless links supported by Recon gurable Surfaces Using Multiport Network Analysis,” IEEE Wireless Commu
: cations Letters, vol. 13, no. 8, pp. 2240-2244, August 2024.

Intelligent $urfaces (RIS). _ ) ) [4] J. A. Nossek, D. Semmler, M. Joham, B. Béck, and W. Utsch

RIS are intended to engineer the propagation environment “Decoupling Networks and Super-Quadratic Gains for RIS Systems

to improve the performance of wireless CommunicationS, espe- Mutual Coupling,” IEEE Transactions on Wireless Communications, 2
cially in situations where the direct link between the transmit
side (Tx) and receive side (Rx) is weak or even blocked.
While most research has been performed on system-level
optimization, where over-simplistic models have been used,
only a few publications have incorporated basic physical laws
in the modeling process. Surprisingly, in these publications,
different approaches to modeling have been adopted, either
based on an impedance representation or scattering parameters
(see e.g., [3]). In the impedance parameter approach, the
variables are voltages and currents, while in the scattering
parameter approach the variables are incident and re ected
waves. Since these two pairs of variables are simply related to
each other by a linear transformation, the impedance matrices
and the corresponding scattering matrices can easily be con-
verted from one to the other. But interestingly enough, even
in the simplest end-to-end single-input single-output (SISO)
link w