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How close are we to Solving Code Equivalence
Violetta Weger

Technical University of Munich
School of Computation, Information and Technology

email: violetta.weger@tum.de

Abstract�"Code Equivalence" describes the problem of �nd-
ing a linear isometry between two codes. An isometry is a map
which preserves the weight, in our case: the Hamming weight. We
can easily identify the linear isometries in the Hamming metric
to be all monomial transformations. Thus the problem reads as
follows:

Given C; C0 � Fn
q �nd ’ 2 (F?

q)n o Sn, such that ’(C) = C0:

While the problem is interesting from a pure coding-theoretic
perspective, its recent use in the signature scheme LESS has put
the problem in the center of attention of the cryptographic com-
munity as well. In fact, LESS is one of the few surviving signature
schemes in the second round of the additional standardization call
by NIST.

The bothersome part about this problem, is that we know it is
not NP-hard, without having an ef�cient solver.

The whole research area is only now emerging and thus still
under-explored. Thus, as of today, any outcome is within the
range of possibilities.

I. EXTENDED ABSTRACT

By 2035, national agencies worldwide, led by National
Institute of Standards and Technology (NIST) and their Eu-
ropean counterparts, plan to phase out today’s public-key
cryptosystems, requiring a rapid transition to quantum-resistant
alternatives. Among the proposed post-quantum primitives,
code-based cryptography stands out for its long history and
conservative security foundations, relying on hardness as-
sumptions from algebraic coding theory. Several code-based
schemes were submitted to the NIST post-quantum standard-
ization process, with HQC and Classic McEliece selected for
standardization by the United States and Germany, respec-
tively.

At the same time, the ongoing standardization efforts for
post-quantum signature schemes increasingly rely on novel
hardness assumptions. While adoption is accelerating, many of
these assumptions remain under-explored, making it dif�cult to
assess and compare their security. In this context, understand-
ing the hardness of problems in code-based cryptography is
essential.

One such problem is the code equivalence problem: given
two linear codes, �nd a hidden isometry between them. This
problem lies at the heart of the security of several code-based
constructions, such as LESS and PERK.

An [n; k]q linear code C is a k-dimensional linear subspace
of Fn

q . We call G 2 Fk�n
q a generator matrix of C if its rows

form a basis of C. Two codes C; C0 are linearly equivalent,
if there exists a monomial ’ = (d; �) 2 (F?

q)n o Sn, such
that ’(C) = C0: To �nd a linear equivalence between two

given codes, is the the Linear Equivalence Problem (LEP),
that is: Given two generator matrices, G;G0 2 Fk�n

q �nd S 2
GLk(Fq); a n�n permutation matrix P and a diagonal matrix
D = diag(d); for d 2 (F?

q)n; such that SGDP = G0:
While all combinatorial solvers for LEP have an exponential

cost [1], [3], [7], related problems have been shown to be easy,
e.g. the Graph Isomorphism Problem (GIP) has been proven to
be quasi-polynomial [8]. It remains an open question, whether
we can employ this result to ef�ciently solve LEP as well.

The special case of permutations, called Permutation Equiv-
alence Problem (PEP) has a reduction to GIP [5], for codes
with trivial hull, i.e., H(C) = C \ C? = f0g. In fact, in this
reduction, the authors de�ne an adjacency matrix correspond-
ing to a code C with generator matrix G as G>(GG>)�1G.
Clearly, such a matrix only exists, if GG> is invertible, i.e.,
H(C) = f0g:

As this expected of random codes with high probability,
this reduction proves to be very strong and bars the use of
PEP for random codes within cryptosystems. Additionally, we
know how to reduce LEP to PEP, through the closure of a code
[6]. For this, we let � 2 Fq be a primitive element, and denote
a = (1; �; : : : ; �q�2) 2 Fq�1

q . The closure a
C of C is de�ned
as the code with generator matrix a 
 G, where 
 denotes
the Kronecker product. However, this reduction comes with
intrinsic limitations as the closure is a self-orthogonal code for
q � 4; that is C � C?. As a result, known reductions cannot
simply be combined to obtain a general, ef�cient solution to
code equivalence.

However, recent developments show how little we have tried
and know: in a recent paper [4] the square code has been used
to attack the system proposed in [2] for q = 5: Clearly, one
can generalize this result to larger powers and �nd many more
weak keys, which should not be used. The ‘-th power code of
C is de�ned as

C(‘) = hfc1 � � � � � c‘ j ci 2 Cgi:

When ‘ = 2 we call C(2) the square code.
This talk surveys the current state of the art on code

equivalence, focusing on what these classical reductions tell
us about the problem’s hardness and which directions have
been left unexplored.

This is joint work with Michele Battagliola, Anna-Lena
Horlemann, Abhinaba Mazumder, Rocco Mora, Paolo Santini,
Michael Schaller.
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Coding for Channels with Correlated
Synchronization Errors

Roni Con
Technion � Israel Institute of Technology

Haifa, Israel
email: roni.con93@gmail.com

Joªo Ribeiro
Instituto Superior TØcnico � Universidade de Lisboa

and Instituto de Telecomunicaçıes
1049-001 Lisboa, Portugal

email: jribeiro@tecnico.ulisboa.pt

This is an extended abstract of our recent work [1] (and
heavily based on that text) accompanying a talk in an invited
session at IZS 2026. A preliminary version of this work was
presented at ISIT 2025 [2].

Errors which cause loss of synchronization between sender
and receiver, such as deletions, insertions, and replications, oc-
cur in various communications and data storage technologies,
with DNA-based data storage being a notable recent example.
Despite considerable effort, pinning down the capacity and
designing ef�cient nearly-optimal codes for channels with
synchronization channels remain major problems in informa-
tion and coding theory. Most prior work on channels with
synchronization errors has focused on i.i.d. errors. However,
synchronization errors in real-world systems do not satisfy
this assumption. Motivated by this, we study a general class
of channels with synchronization errors where the error dis-
tribution of the i-th input symbol xi may depend on the
whole input x. We also consider �multi-trace� versions of
these channels, where the input x is sent through multiple
independent channels, generating multiple channel outputs
(traces) at the receiver end, which is especially relevant in
DNA-based data storage.

I. OUR CONTRIBUTIONS

Our �rst contribution is a capacity theorem for a general
class of channels with input-correlated synchronization errors,
which we call admissible channels (see the full version for a
de�nition).

We show that this class includes as special cases the
channel model of Mao, Diggavi, and Kannan [3], multi-trace
channels with input-correlated synchronization errors, and,
more concretely, channels with runlength-dependent deletions
where bits in runs of length ‘ are deleted independently with
probability d(‘), for an arbitrary function d : N! [0; 1].

Theorem 1 (Informal): Let Z be an admissible channel.
Then, its information capacity equals its coding capacity, and
the information capacity is achieved by stationary ergodic
sources.

As observed by Pernice, Li, and Wootters [4], a standard but
quite useful consequence of Theorem 1 is that admissible chan-
nels have capacity-achieving codes with additional structure.
In particular, admissible channels Z with binary input alphabet
have capacity-achieving codes C such that every short substring

of every codeword c 2 C has not-too-small Hamming weight.
To showcase the usefulness of this consequence of Theorem 1,
we use it to obtain ef�cient capacity-achieving codes for
channels with �bounded� runlength-dependent deletions, in
both the single-trace and multi-trace settings. More precisely, a
bounded runlength-dependent deletion channel is a runlength-
dependent deletion channel with a non-decreasing deletion
probability function d : N ! [0; 1], and such that there exists
an integer M such that d(‘) = d(M) < 1 for all ‘ � M .
Its T -trace version is the channel that on input x outputs
Y1; : : : ; YT (called traces), where the Yi’s are independent and
identically distributed like outputs of the bounded runlength-
dependent deletion channel on input x. We note that channels
with runlength-dependent substitutions have been considered
before [5].

Our results allow us to turn any capacity lower bound for
bounded runlength-dependent deletion channels into ef�ciently
encodable and decodable codes with that rate. To complement
this, we study concrete (single-trace) capacity lower bounds on
arguably the simplest class of bounded runlength-dependent
deletion channels: For a threshold � � 1 and d 2 [0; 1],
consider the runlength-dependent deletion channel that inde-
pendently deletes each bit in a run of length at least � with
probability d, and does not apply any deletions to bits in runs
of length less than � . The case � = 1 recovers the standard
i.i.d. deletion channel.
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Abstract�Exact repair schemes are designed to restore a failed
storage node in a distributed storage system by reconstructing
the original data stored on a node in the event of node failure. In
this paper, we present linear exact repair schemes for families of
evaluation codes, inspired by the original work of Guruswami and
Wootters for Reed-Solomon codes. Among the families considered
are Reed-Muller codes and higher-rate variants, Cartesian codes,
and algebraic geometry codes over the �nite �eld Fqt with
qt elements, where q is a power of a prime and t > 1. We
provide a general, concise framework that captures the scheme
for these families. Repair is achieved using symbols of Fq stored
on surviving nodes. Linear exact repair schemes for more general
families of evaluation codes allow for codes of length greater than
qt, equivalently, more than qt nodes, while still providing repair
via surviving nodes communicating only Fq-symbols.

I. INTRODUCTION

Consider data stored across a network consisting of n nodes
using an error-correcting code C of length n. Suppose Node
i stores ci for each c 2 C and i 2 f1; : : : ; ng =: [n]. We
are interested in codes that protect against data loss in the
event of a node failure, meaning codes that allow the recovery
of the data stored on Node l, for some l 2 [n], using other
nodes in the network. Exact repair refers to the requirement
that the replacement node, say Node l0, must store precisely
the same data as Node l. We note that one may also wish to
consider codes with the more general property of functional
repair, which is beyond the scope of this paper.

In this paper, we restrict to exact repair schemes which
are linear, meaning that the functions used to reconstruct
failed nodes are linear. It is worth noting that there is new
work on using non-linear functions in exact repair schemes
for Reed-Solomon codes [4], [5]. Codes with linear exact
repair (LERCs) and codes with locality (also known as locally
recoverable codes, or LRCs) both support erasure recovery.
While they are designed to address node failure in distributed
storage systems, there are some key differences. LERCs aim
to minimize the repair bandwidth, whereas LRCs aim to
minimize the number of nodes involved in recovery, sometimes
called helper nodes. Hence, LERCs typically involve many
nodes in the system while LRCs involve only a few. LERCs
can provide advantages for codes de�ned over alphabets that
are �elds of composite size, meaning a �eld Fqt where q is
a power of a prime and t > 1. In this case, a linear exact
repair scheme may facilitate repair of data by communicating
only symbols from the smaller �eld Fq , sometimes referred
to as the base�eld. For instance, an erasure in a code over

F2t may be recovered in such a way that the surviving nodes
communicate only bits, meaning elements of F2.

While linear exact repair is possible for other families of
codes, going back to the work of Dimakis, Godfrey, Wu,
Wainwright, and Ramchandran [6] (see also [2], [13], and
[12]), the structure of evaluation codes lends itself nicely to
linear exact repair. This property was �rst noted in 2017 by
Guruswami and Wootters for Reed-Solomon codes [7]. This
seminal work was followed by linear exact repair schemes
for one-point algebraic geometry codes in 2018 by Jin, Luo,
and Xing [8], and then for generalized Reed-Muller codes [3]
by Chen and Zhang the following year. Since that time, we
have noted (together with Valvo) that higher-rate Reed-Muller-
like codes also allow for linear exact repair, giving rise to
the notion of augmented Reed-Muller codes [10]. Linear exact
repair schemes for more general families of evaluation codes,
including decreasing Monomial-Cartesian codes [11] and free
MDS and Reed-Solomon codes over Galois rings [1].

In this paper, we highlight the overarching structure and
properties that facilitate linear exact repair for evaluation
codes. We see the linear exact repair schemes mentioned above
as falling within this framework. We demonstrate how the dual
code and trace function plays a role in allowing symbols to
contribute only base�eld elements in the repair.

This paper is organized as follows. Section II reviews
notation and key concepts, including a guide to the code
families in this paper. Section III describes the role that the
dual code may play in designing linear exact repair schemes. It
includes the motivating case of Reed-Solomon codes with the
extension to Reed-Muller codes. Cartesian codes, which may
be considered as a generalization of both, can offer improved
rates and are discussed as well. The paper concludes with a
summary and open problems in Section IV.

II. PRELIMINARIES

In this section, we introduce the concepts and notation used
throughout the paper.

A. Notation
Let Fq denote the �nite �eld with q elements and [n] :=

f1; 2; : : : ; ng. Unless noted otherwise, we index the entries of
a vector v 2 Fnq with entries of [n] so that v = (v1; : : : ; vn).
The support of v is supp(v) = fi 2 [n] : vi 6= 0g. The
Hamming weight of a vector v 2 Fnq is wt(v) :=j supp(v) j,
and the star product of the vectors u; v 2 Fnq is

u ? v := (u1v1; : : : ; unvn) 2 Fnq :
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The set of m � n matrices with entries in Fq is denoted by
Fm�nq .

An [n; k; d] (linear) code C over Fq is a k-dimensional
subspace of Fnq with minimum distance

d = minfd(c; c0) : c; c0 2 C; c 6= c0g;

where d(c; c0) := min jfi 2 [n] : ci 6= c0igj. Because all codes
considered in this paper are linear, we use the term �code�
to mean linear code. We may also describe a [n; k; d] code
as an [n; k] code if the minimum distance is not relevant to
the discussion. The dual of an [n; k; d] code C over Fq is the
[n; n� k] code

C? :=
�
v 2 Fnq : c � v = 0 8c 2 C

	
:

The code C is said to be nondegenerate if for each i 2 [n]
there exists some codeword c 2 C with ci 6= 0 and degenerate
otherwise. We focus on nondegenerate codes, because coordi-
nates i 2 [n] with ci = 0 for all i 2 [n] contribute to neither
the dimension nor minimum distance. Moreover, a nonzero
[n; k] degenerate code gives rise to an [n0; k] nondegenerate
code with n0 < n.

For any positive integer t, Fqt is a t-dimensional vector
space over Fq visualized as

Fqt

j t
Fq:

Hence, there exists a basis B = f�1; : : : ; �tg of Fqt over Fq .
Recall that trace of a 2 Fqt with respect to the �eld extension
Fqt=Fq is

Tr(a) = a+ aq + aq
2

+ � � �+ aq
t�1
:

The trace function is an important tool in linear exact repair
of codes over Fqt using Fq-symbols. This is largely some key
properties that we collect in the following remark.

Remark II.1. 1) For all a 2 Fqt , Tr(a) 2 Fq .
2) Tr is an Fq-linear transformation, meaning

Tr (ax+ by) = aTr(x) + bTr(y)

for all a; b 2 Fq and for all x; y 2 Fqt .
3) Given any linear transformation T : Fqt ! Fq , there

exists a unique � 2 Fqt such that

T (x) = Tr(�x) 8x 2 Fqt :

Observe that 2) above indicates that any linear map ’ that
projects C � Fnqt to a code C 0 � Fnq must be

’ : Fnqt ! Fnq
v 7! (Tr(�1v1); : : : ; T r(�nvn))

meaning ’(C) = Tr (� ? C).

The trace function also plays a role in the representation of
elements of Fqt as Fq-linear combinations of basis elements.
A basis

f�1; : : : ; �tg � Fqt

of Fqt over Fq is called the dual basis of the basis
f�1; : : : ; �tg � Fqt of Fqt over Fq if for all i; j 2 [t]

Tr(�i�j) = �ij ;

where �ij is the Kronecker delta function given by �ii = 1
and �ij = 0 for all i 6= j. Notice that this implies that for any
a 2 Fqt

a =
X

i2t

Tr(�ia)�i: (1)

B. Evaluation codes
The codes that we consider in this paper are evaluation

codes, meaning their codewords are given by evaluating a
speci�ed set of functions at a speci�ed set of evaluation points.
Some families that we consider are found in Table I.

Code Family / Scheme Evaluation Set Function Family
Reed�Solomon (RS), single
erasure

Full �eld (full-length): A = Fq
(or a subset A � Fqm ).

Univariate polynomials deg < k
over Fqm .

Reed�Muller (RM) Usually A = Fm
q (af�ne grid). Multivariate polynomials of

bounded total degree.
Cartesian Codes Cartesian product A1 � � � � �

Ar � F r
q .

Multivariate polynomials of
bounded total degree.

DM�CC (Decreasing
Monomial�Cartesian)

Cartesian product A1 �� � ��Ar . Downward-closed monomial sets
(w.r.t. divisibility).

ARM / ACar (Augmented RM
/ Augmented Cartesian)

ARM: A = Fm
q ; ACar: A1 �

� � � � Ar .
Multivariate polynomials with
coordinate-wise degree bounds.

TABLE I
EVALUATION CODES WITH CORRESPONDING EVALUATION SET AND

FUNCTION FAMILY.

Suppose P := fP1; : : : ; Png is a set of points and L is a
vector space of functions such that f(Pi) 2 Fqt for all f 2 L.
The associated evaluation code is ev (L;P) where

ev : L ! Fnqt

f 7! (f(P1); : : : ; f(Pn)) ;

that is,

ev (L;P) := f(f(P1); : : : ; f(Pn)) : f 2 Lg :

There is a slight abuse of notation, in that P is a set of points
while the map ev assumes an ordering of these points. This is
quite standard in the literature, so we assume that the points
in P are indexed by the set [n] so that ev is well de�ned.
Any two different labelings of the points in P give rise to
permutation equivalent codes.

This framework encompasses many families of codes, in-
cluding the following
� Reed-Solomon codes by taking the set of evaluation

points P = fP1; : : : ; Png � Fqt ; and L := Fqt [x]<k;
the set of polynomials in the variable x with coef�cients
in Fqt and degree at most k � 1 where k < n.

� Reed-Muller codes by taking the set of evaluation points
P = fP1; : : : ; Png = Fmqt and vector space L �
Fqt [x1; : : : ; xm]�r the set of multivariate polynomials in
the variables x1; : : : ; xm with coef�cients in Fqt and total
degree at most r.

� Monomial Cartesian codes by taking the set of evaluation
points P = fP1; : : : ; Png = A1 � � � � � Am � Fmqt

where Ai � Fqt for each i 2 [m] and vector space
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L := hxa1
1 : : : xam

m : a 2 Ai � Fqt [x1; : : : ; xm] where
A � Nm is a �nite lattice.

� Algebraic geometry codes by taking the set of evalua-
tion points P � X (Fqt); the set of Fqt -rational point
on a smooth projective curve X over Fqt , and vector
space L � L(G) where G is a divisor on X whose
support does not contain any of the Pi and L(G) :=
ff 2 Fqt(X ) : (f) � �Gg [ f0g is the Riemann-Roch
space of G.

III. DUALS AND REPAIRING EVALUATION CODES

The evaluation code structure was �rst harnessed to provide
a linear exact repair scheme by Guruswami and Wootters [7].
With this motivation, we generalize to a linear exact repair
scheme for certain evaluation codes. Then we see how they are
inspired by the linear exact repair scheme for Reed-Solomon
codes. We then discuss implications for repair schemes for
Reed-Muller codes, �rst studied by Chen and Zhang [3].

A. Duals and repair
One of the key ideas in the repair schemes we consider is the

use of the dual code. Consider an [n; k] code C. Suppose we
wish to repair Node l, meaning restore cl for each codeword
c 2 C. Assuming that C? is nondegenerate, there exists

w 2 C? with l 2 supp(wi): (2)

Since C? is a linear code, we may scale w by �i��1
l to produce

a new word
wi 2 C? with wil = �i:

Then, because wi � c = 0,
P
j2[n] wijcj = 0 which in turn

implies
cl = �wi�1

l

X

j2[n]nflg

wijcj : (3)

We use this simple fact in (3) to repair cl with each node
contributing only elements of Fq , even though wij ; cj 2 Fqt .
This motivates the next step.

According to (1),

cl = �
X

i2[t]

Tr(�icl)�i:

Hence, to recover cl, it suf�ces to know Tr(�icl) for all i 2 [t].
However, cl is the unknown data, making it not possible to
compute Tr(�icl) directly. Luckily, we may use (3) and see
that

cl�i = �
X

j2supp(wi)nflg

wijcj :

Taking the trace of both sides gives

Tr (cl�i) = Tr
�P

j2supp(wi)nflg wijcj
�

= �
P
j2supp(wi)nflg Tr

�
wijcj

�
:

Putting this together gives

cl = �
X

i2[t]

X

j2supp(wi)nflg

Tr
�
wijcj

�
�i: (4)

Therefore, cl can be recovered using t (j supp(wi) j �1) el-
ements of Fq . In particular, to recover the data cl on failed
Node l, Node j contributes t Fq symbols that depend on
the codeword c, namely Tr

�
wijcj

�
for i 2 [t], for each

j 2 supp(wi) n flg.
In summary, we have seen that Node l can be repaired by

recovering the data cl that it stores for each c 2 C by the
surviving nodes sharing elements of the set

�
Tr
�
wijcj

�
: i 2 [t]; j 2 supp(wi) n flg

	
� Fq: (5)

We say that the elements of the set in (5) are downloaded to
repair Node l. Hence, in this general setting, the symbols

Tr
�
wijcj

�
; i 2 [t] (6)

must be downloaded from Node j for each j 2 supp(wi)nflg,
meaning each surviving node contributes t elements of Fq to
the repair of the data cl stored at Node l.

We are now ready to see how the structure of some
evaluation codes further reduces the number of Fq symbols
needed for repair. Since the coordinates of an evaluation code
ev(L;P) may be indexed by the evaluation points, we see how
to recover f(P �) where P � 2 P and f 2 L.

Theorem III.1. Consider an evaluation code ev(L;P) with
ev(L;P)? = ev(L?;P). Fix l 2 [n], the index associated
with a point P 2 P . Suppose that for all i 2 [t] and there
exists hi;l 2 L? such that

hi;l(P ) =

(
�i if P = P �
gi;l(P )
gl(P ) if P 6= P �

with gi;l; gl 2 Fqt(x) and

gi;l(P ) 2 Fq 8P 6= P �:

Then the data cl stored on a failed node corresponding to
a point P � can be repaired by downloading at most n � 1
elements of Fq , namely the elements of the set

�
Tr
�
f(P )
gl(P )

�
: P 6= P �

�
: (7)

Proof. Let C = ev (L;P). Suppose that Node l fails and
we wish to recover cl for some c 2 C. By de�nition, there
exists f 2 L such that cl = f(P �). According to the
hypotheses, ev(hi;l) 2 C? and hi;l(P �) = �i. Thus, may take
wi = ev (hi;l) in (6). Observe that

Tr
�
wijcj

�
= Tr

�
gi;l(P )
gl(P ) f(P )

�

= gi;l(P )Tr
�
f(P )
gl(P )

�

since according to Remark II.1 1) as gi;l(P ) 2 Fq . The result
then follows from (5).

Before moving to the repair scheme itself, we pause to
compare the result in Theorem III.1 with the strategy men-
tioned above for an arbitrary linear code. While (7) follows
from (5) and the hypotheses of Theorem III.1, we wish
to highlight the difference between them. In particular, (5)
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requires t (jsupp(wi)j � 1) elements of Fq to be downloaded
from each surviving node, since wij depends on i 2 [t] and
is trapped within the trace function, multiplied by cj . Said
differently, the trace Tr

�
wijcj

�
depends on both i and j. On

the other hand, the functions gi;l(P ) 2 Fq are pulled out of the
trace, given its Fq-linearity. Hence, the traces that appear in
(7), meaning Tr

�
f(P )
gl(P )

�
, depend only on j. This provides a

t-fold savings in terms of what must be downloaded to recover
cl.

We can now use Theorem III.1 to provide a linear exact
repair scheme for codes satisfying its hypotheses. Given such
a code C and a failure at Node l associated with P �, the
process is as follows, as captured in Figure 1.

1) Precompute gi;l(P ) for each i 2 [t] and P 2 P n fPg.
Notice that these values are independent of codeword
values, meaning the same values support repair of
coordinate l for any c 2 C.

2) Download Tr
�
f(P )
gl(P )

�
2 Fq for each P 2 P n fP �g.

The use of the trace ensures that the downloaded
elements are Fq symbols. While it seems reasonable to
consider using other projection maps instead, Remark
II.1 notes that any linear projection is essentially a trace
function.

3) For each i 2 [t] and P 2 P n fP �g, calculate

gi;l(P )Tr
�
f(P )
gl(P )

�
:

These calculations produce elements of Fqt which are
the coef�cients for use in (1).

4) Compute f(P �) =
Pt
i=1

�
gi;l(P )Tr

�
f(P )
gl(P )

��
�i. In

this way, the missing data is recovered with the only
downloaded data from the nodes being the n�1 symbols
in 2) above.

B. Evaluation codes based on total degree
1) Reed-Solomon codes: Reed-Solomon codes were the

�rst evaluation codes for which linear exact repair was con-
sidered. Consider the Reed-Solomon code

RS(k) = f(f(�1); : : : ; f(�n)) : f 2 Fqt [x]<kg � Fnqt

with n = qt and sent codeword ev(f) := (f(�1); : : : ; f(�n)).
Assume k � n� qt�1. Suppose an erasure occurs in position
indexed by ��, meaning f(��) needs to be recovered.

Guruswami and Wootters show that f(��) can be recovered
if the nodes indexed by � 2 Fqt n f��g share the elements of
the following set:
�
Tr
�

f(�)
�� ��

�
: � 2 Fqt n f��g; T r (�i(�� ��)) 6= 0

�
:

In particular,
f(��) =

X

i2[t]


i�i

where


i := �
X

�2Fnf��g;pi(�)6=0

Tr (�i(�� ��))Tr
�

f(�)
�� ��

�

(8)
and

pi(x) :=
Tr(�i(x� ��))

x� ��
(9)

for each i 2 [t]. Notice that 
i 2 Fq for all i 2 [t]. Moreover,
in (8), only Tr

�
f(�)
����

�
depends on the particular received

word ev(f).
To see this, recall that the dual of a Reed-Solomon code

RS(k) of length n = qt over Fqt is

RS(k)? = RS(n� k)
= fev(f) : f 2 Fqt [x]<n�kg :

Hence, for each i 2 [t], ev(pi) 2 RS(k)? because

pi(x) =
t�1X

j=0

�q
j

i (x� ��)q
j�1 2 Fqt [x]

and
deg pi(x) = qt�1 � 1 � n� k � 1:

As a result,

0 = ev(f) � ev(pi)
= f(P �)�i +

P
�2Fqtnf��g f(�)Tr(�i(����))

����

since pi(��) = �i 6= 0. Then Tr (f(P �)�i) =

�
X

�2Fqtnf��g

Tr (�i (�� ��))Tr
�

f(�)
�� ��

�

according to Remark II.1 1) and 2). This implies that for each
i 2 [t] we may take w = ev(pi) in (4). The form of pi(x)
constructed using the trace allows for a decomposition of (6)
that decouples the data cj from the basis element �i. As a
result, only a single Fq element, namely Tr

�
f(�)
����

�
, must

be downloaded from Node j to recover Node ��. Therefore,
the number of elements in Fq that should be downloaded to
repair �� is n � 1. We can see how this idea in�uences the
repair schemes for more general evaluation codes detailed in
Theorem III.1. In particular, one may take

gi;l(x) = Tr (�i(x� ��))
gl(x) = x� ��

so that hi;l(x) = pi(x), noting that pi(x) depends on ��
(equivalently, l).

2) Reed-Muller codes: Recall that given positive integers r
and m, the Reed-Muller code RM(r;m) over Fqt , also known
as the qt-ary Reed-Muller code, is de�ned as

RM(r;m) := f(f(P1); : : : ; f(Pn)) 2 Fqt [x1; : : : ; xm]�rg

where Fmqt = fP1; : : : ; Png. If r < qt, then the dual of
RM(r;m) is another Reed-Muller code:

RM(r;m)? = RM((qt � 1)m� r � 1;m):
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Step 1: Precomputation
Precompute gi;l(P ) for each i 2 [t] and P 2 P n fP �g.

Step 2: Download traces

Download Tr
�
f(P )
gl(P )

�
2 Fq for each P 2 P n fP �g.

Step 3: Local computation
For each i 2 [t] and P 2 P n fP �g, compute gi;l(P )Tr

�
f(P )
gl(P )

�
:

Step 4: Reconstruction
Compute f(P �) =

Pt
i=1

�
gi;l(P ) tr

�
f(P )
gl(P )

��
�i:

Fig. 1. Linear exact repair procedure for computing f(P �) for codes as in Theorem III.1.

Chen and Zhang provided a linear exact repair scheme for
RM(r;m), assuming that r + 1 � qt � qt�1. To describe it,
suppose that the node indexed by P � = (��1; : : : ; ��m) 2 Fmqt

must be repaired. De�ne

H(x1; : : : ; xm) =
m�1Y

j=1

h
1� (xj � ��j )

qt�1
i
2 Fqt [x1; : : : ; xm]:

Then H(P ) = 0 for every P = (�1; : : : ; �m) such that �j 6=
��j for any j 2 [m� 1]. For each i 2 [t], de�ne

ri(x1; : : : ; xm) = H(x)
Tr(�i(xm � ��m))

xm � ��m
:

Note that in the case m = 1, meaning RM(r; 1) which is a
Reed-Solomon code, H(x1) = 1 and ri(x) = pi(x) for all
i 2 [t].

De�ne � = f(��1; : : : ; ��m�1; �m) : �m 6= ��mg. Then, for
each i 2 [t],

Tr (f(P �)�i) = �
X

P2�

Tr(�i(�m � ��m))Tr
�
H(P )f(P )
�m � ��m

�
:

(10)
Observe that for each P 2 Fq n fP �g, Tr(�i(�m � ��m)) is
independent of the data stored at Node P , meaning it does not
depend on f(P ). Hence, for each P 6= P �, Node P contributes
Tr
�
H(P )f(P )
�m���

m

�
to the repair of Node P �.

Observe that for each P 2 �, Node P sends a single element
of Fq . Hence, an Fqt symbol stored in a failed node can
be recovered by downloading j�j elements of Fq , meaning
qm�1 < n � 1 Fq elements if m > 1. In the framework of
Theorem III.1,

gi;l(x1; : : : ; xm) = Tr(�i(xm � ��m))
gl(x1; : : : ; xm) = xm���

m
H(x1;:::;xm)

so that hi;l(x1; : : : ; xm) = ri(x1; : : : ; xm) noting that
ri(x1; : : : ; xm) depends on P � (equivalently, l).

C. Cartesian codes

In this section, inspired by the linear exact repair schemes
for Reed-Solomon and Reed-Muller codes, we consider a more
general family of evaluation codes. Once again, we will see
that the associated linear exact repair schemes are special cases
of Theorem III.1.

Given a �nite number of subsets A1; : : : ; Am � Fqt ,
take as the evaluation point set P the Cartesian product
A1 � � � � � Am � Fqt . Af�ne Cartesian codes are de�ned
in [9] as a family of codes that generalize the Reed-Solomon
and Reed-Muller code families. They are de�ned by evaluating
polynomials in several variables up to a certain degree on the
Cartesian product P . Reed�Solomon codes are a univariate
special case, while Reed�Muller codes are those when the
Cartesian set is the full grid meaning Ai = Fqt for all i 2 [m].

Different families of codes using the Cartesian product has
been studied in the literature. A monomial�Cartesian code is
obtained by evaluating all polynomials whose monomials lie
in given set M � Fq[x1; : : : ; xm] where m is the number of
factors in the Cartesian set P , at all points of the Cartesian
grid. A key subclass is the family of decreasing monomial�
Cartesian codes (DM�CC), where M is closed under divisi-
bility, meaning

x� 2M and x� j x� ) x� 2M:

This structural property supports algebraic manipulation and
repair schemes. DM�CCs provide a �exible framework that
also encompasses connections to polar codes. Augmented
Cartesian codes are DM�CC codes obtained by evaluating

2026 International Zurich Seminar on Information and Communication (IZS), Feb. 25–27, 2026

19



polynomials with separate degree bounds for each variable,
giving �ner control than total-degree constraints, while still
yielding linear exact repair schemes. It is easy to see that C
is an [n; k] DM�CC code with n =j P j and k =j M j.

We now focus on the DM-CC over Fqt given by

C(P;A) = f(f(P1); : : : ; f(Pn)) : f 2 spanfxa : a 2 Agg;

for A = f0; : : : ; qt� 1gm n fk0+ 1; : : : ; qt� 1gm for some k0
where xa := xa1

1 : : : xam
m 2 Fqt [x1; : : : ; xm]. We will consider

the linear exact repair scheme given in [11] (see also [10]).
As shown there, it is worth recognizing that these provide
exact repair for higher rate codes than those considered in
Section III-B2. We aim to repair a node corresponding to
P � = (��1; : : : ; ��m) 2 A1�Am, focusing on recovering f(P �)
where f 2 spanfxa : a 2 Ag and k0 � qt � qt�1 � 1.

Let �1 = f(�1; : : : ; �m) : �m = ��mg, �2 =
f(�1; : : : ; �m) : �m 6= ��mg, and � = f(��1; : : : ; ��m�1; �m) :
�m 6= ��mg. For each i 2 [t], de�ne

ri(x) =
Tr(�i(xm � ��m))

xm � ��m
:

Observe that ri(P ) = �i for all P 2 �1. It is shown in [11]
that ri 2 C (P;A). In addition,

Tr(f(P )ri(P )) = Tr(�i(�m � ��m))Tr
�

f(P )
�m � ��m

�

for all P 2 �2. For each i 2 [t],

Tr(f(P �)�i) = �
P
P2�2

Tr(�i(�m � ��m))Tr
�

f(P )
�m���

m

�

�
P
P2�1nfP�g Tr(f(P )�i):

(11)
In recovering f(P �), we note the following for each P 2

P n fP �g, Tr(�i(�m � ��m)) does not depend on f(P ). This
leads to the linear exact repair scheme as follows:

1) For each i 2 [t] and P 2 �2, precompute
Tr(�i(�m � ��m)).

2) From each P 2 �2, download

Tr
�

f(P )
�m � ��m

�
:

Notice that each of the nodes corresponding to an ele-
ment of �2 contributes a single Fq symbol that depends
on the codeword ev(f) to be used in the recovery of
Node P�.

3) For each P 2 �1 n fP �g and i 2 [t], download

(Tr(f(P )�i):

It is worth emphasizing that each node corresponding
to an element of �1 n fP �g contributes t Fq symbols
that depend on the codeword ev(f) to be used in the
recovery of Node P�.

4) Using the downloaded data in 2) and 3), calculate

Tr(f(P �)�i)

according to (11).

5) Compute f(P �) =
Pt
i=1 Tr(f(P �)�i)�i.

It is clear that the number of Fq symbols downloaded from
the surviving nodes to repair the data f(P �) on a failed node
is

t (j�2j+ tj�1j) = qtm � (1�
1
t
)(qt � 1)m � 1:

Moreover, repair can be accomplished via Theorem III.1 by
taking hi;l(x1; : : : ; xm) = ri(x1; : : : ; xm).

IV. CONCLUSION

In this paper, we presented exact repair schemes for several
families of evaluation codes within a cohesive framework. A
number of open questions remain. While there is some work
on exact repair schemes for multiple erasures, extending exact
repair to multiple simultaneous failures is signi�cantly harder
than addressing a single node failure. One may then consider
the notions of sequential and simultaneous repair. It remains
an open question to capture the trade-offs among repair
bandwidth, �eld size, extension degree, and subpacketization,
i.e., the number of base�eld symbols contributed by surviving
nodes.
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Abstract�Large language models (LLMs) enable a new class of
steganographic systems in which hidden information is embedded
directly into generated text via controlled biasing of token distri-
butions. The central challenge is to maximize the rate of hidden
communication while preserving statistical indistinguishability
between the stegotext and the model’s natural output. This talk
studies the information-theoretic limits of such covert channels
and presents practical encoding schemes that operate close to
these limits, including in settings where the decoder has limited
or no access to the underlying model [1].

I. PROBLEM SETUP AND MOTIVATION

Steganography seeks to embed information into innocuous
covertext while remaining undetectable to an observer. With
the widespread deployment of large language models, this
classical problem takes on new relevance since modern LLMs
de�ne complex, high-dimensional probability distributions
over text. Unlike traditional linguistic steganography, LLM-
based systems permit �ne-grained, probabilistic control over
generation, enabling systematic tradeoffs between rate and
detectability.

We consider a setting in which an encoder generates text
using an LLM while subtly biasing the token distribution to
encode a hidden binary message. At each generation step,
the model produces a probability distribution over a �xed
vocabulary, from which the next token is sampled. The en-
coder may perturb this distribution, but only within a strict
multiplicative constraint. Speci�cally, each token probability
may be increased or decreased by at most a factor b ¡ 1.
This constraint ensures that the resulting stegotext remains
statistically close to the original model output and limits
detectability by an adversary performing statistical tests.

Decoding proceeds by observing the generated tokens and
attempting to recover the hidden message. Importantly, we
do not assume that the decoder necessarily has access to the
original language model or its exact output probabilities. This
captures realistic black-box deployment settings in which only
the encoder interacts directly with the LLM, while the decoder
may have access only to a quantized approximation of the
model or no model access at all.

From an information-theoretic perspective, this framework
induces a constrained channel whose transition law depends
on the underlying language model distribution, the imposed
bias constraint, and the vocabulary partitioning strategy. Each
generated token provides a noisy observation of an encoded
bit, where the noise statistics are nonstationary and model-
dependent. The central questions are: what information rates
are achievable under such constraints, how should token

partitions and codes be designed, and how close can practical
schemes come to the fundamental limits?

II. MAIN CONTRIBUTIONS

This work makes three main contributions.
First, we formalize LLM-based steganography as a com-

munication channel with constrained perturbations and derive
information-theoretic upper bounds on the achievable em-
bedding rate. These bounds depend on the bias parameter
b and on properties of the token probability distributions
produced by the language model. A key insight is that when
the token vocabulary can be partitioned into approximately
balanced subsets, the statistical divergence between biased and
unbiased outputs becomes independent of the bias magnitude.
As a result, increasing b beyond a modest threshold yields
diminishing returns from a detectability perspective. This
phenomenon enables positive-rate covert communication even
under extremely small perturbations.

Second, we propose practical encoding schemes inspired by
LLM watermarking techniques and classical error-correcting
codes. At each generation step, the vocabulary is partitioned
into two sets representing binary symbols, and the output
distribution is biased toward the set corresponding to the
desired bit. Because perfect decoding is not always possible
under the bias constraint, we employ error-correcting codes
to tolerate decoding errors introduced by distributional un-
certainty. We analyze three increasingly challenging decoding
scenarios: a fully informed decoder with access to the model,
a decoder with access only to a quantized approximation, and
a completely uninformed decoder. Each scenario induces a
different effective channel, leading to distinct tradeoffs.

Third, we present experimental results on large pretrained
transformer models demonstrating that our schemes achieve
positive information rates at negligible statistical cost. In par-
ticular, we show that near-perfect security�measured by van-
ishing KL divergence between stegotext and covertext�can
coexist with reliable hidden communication. Across a range
of bias levels and decoder assumptions, the achieved rates
closely approach the derived theoretical bounds. Notably, in
some regimes, doubling the achievable rate requires only an
imperceptible increase in statistical divergence.
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Abstract�The classical Coupon Collector’s Problem asks how
many random draws (with replacement) are needed to collect
all n distinct items? This fundamental problem in probability
theory has applications across computer science, statistics, and
network theory. This talk introduces a natural extension where
information is encoded before storage and must be decoded from
random samples. While the framework is mainly motivated by
DNA-based storage, the mathematical problem is of independent
interest and applies to any setting where coded data is accessed
through probabilistic sampling.

I. PROBLEM SETUP AND MOTIVATION

Consider k information symbols encoded into n coded
symbols via an (n; k) code. Retrieval proceeds by sampling
coded symbols at random with replacement. The goal is to
retrieve any desired subset of the k information symbols. This
talk focuses on linear codes with a generator matrix G 2 Fk�n

q
and covers two extreme scenarios: full recovery (decode all
k information symbols) and random access (decode a single
requested information symbol). For full recovery, it was proven
that MDS codes minimize the expected retrieval time. For
random access, we de�ne Tmax(G) as the worst-case expected
retrieval time over all k information symbols. Without coding,
Tmax = k. The fundamental question is whether coding can
reduce this baseline, and if so, what structural properties
of generator matrices enable such improvements. This talk
focuses primarily on random access.

While this mathematical framework applies broadly, it is
originally motivated by DNA-based storage systems. In DNA-
based storage, synthetic strands are created to encode digital
information, stored in an unordered manner, and retrieved
via sequencing that produces multiple copies of each strand
without order. The ef�ciency bottleneck of DNA sequencers is
tied to the coverage depth (ratio of sequenced reads to designed
strands). Reducing coverage depth offers opportunities for
improvements in latency and cost, making the mathematical
problem of minimizing expected retrieval time practically
signi�cant.

II. MAIN CONTRIBUTIONS

In [1], we initiated the study of the coded coupon collector
problem. We established that for full recovery, the uniform
sampling distribution minimizes the expected retrieval time
over all possible channel distributions. Comprehensive upper
and lower bounds on both the probability distribution and ex-
pected value for full recovery were also derived. The analysis
proved that MDS codes are optimal for minimizing expected
retrieval time when retrieving complete datasets. Surprisingly,

for the random access setting, we showed that systematic
MDS codes require an expected retrieval time of at least k
and provide no improvement over the uncoded baseline. We
established lower bounds on the maximum expected retrieval
time and presented explicit code constructions that achieve
expected retrieval times below k, demonstrating through ana-
lytical methods and simulations that carefully designed codes
can improve retrieval ef�ciency.

We further extended the random access study in [2], in-
troducing new combinatorial techniques to capture structural
properties of generator matrices that enable improved perfor-
mance. We derived two formulas for computing Tmax(G): one
based on column dependencies and the other using recovery set
intersections. A central contribution is the notion of recovery
balanced codes, for which we provided three testable criteria.
Applying these criteria, we determined that classical families
of codes, such as MDS, simplex, Hamming, and binary Reed-
Muller codes, all satisfy Tmax(G) = k, offering no bene�t
over uncoded systems. Crucially, we showed that disrupting
this balance enables Tmax(G) < k. We analyzed modi�ed
MDS constructions where information symbols are replicated
alongside parity symbols, achieving substantial gains in worst-
case retrieval time. The work also characterizes operations
on codes that maintain or break the balanced property and
provides systematic methods for designing matrices with im-
proved random access performance.

The talk will present the mathematical framework and proof
techniques, and discuss properties and constructions. Addition-
ally, we will cover the main results by other researchers, and
conclude with open problems and future directions.
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Abstract�We complete the proof of a conjecture put forward
by Shomorony and Heckel (2022) regarding the amount of
reliable information bits that can be stored in a DNA-based
storage system composed by short DNA molecules. While the
direct part of the aforementioned conjecture was only partially
proved in a recent paper, here we take a more direct approach
and complete the proof for the entire range of short molecules.
We analyze a random-coding scheme, where each codeword is
given by an appropriate quantization of a randomly generated
probability mass function from the probability simplex. By
analyzing the optimal maximum-likelihood decoder, we derive an
achievability bound, which matches a recently proved converse
bound.

I. INTRODUCTION

Storing information in DNA molecules has a potential for
extremely high information density1 and longevity, and can
address the ever-growing demand for digital storage. Several
working prototypes and system proposals [1]�[4] have sparked
a surge of information-theoretic and coding-theoretic research,
including coding methods [5], channel capacity and error
probability analysis [6]�[12], machine-learning based systems
[13], [14], secrecy [15], [16], and many more.

In this paper, we consider the commonly adopted DNA stor-
age channel model, known as the shuf�ing-sampling channel
[9]. In this channel, information is encoded as a codeword
comprised of M molecules, where each molecule has length
L = � logM symbols from the alphabet A (a natural choice
is A = fA;C;G;Tg, i.e., the four DNA bases, however,
other alphabets are also possible), for some length parameter
� > 0. The M molecules are stored in a DNA pool, with no
preservation of order. The retrieval of information is performed
in two recurring steps. First, one of the M molecules is
randomly chosen from the DNA pool, with a uniform distri-
bution, and with replacement. Second, the chosen molecule is
sequenced, that is, the sequence of nucleotides it is comprised
from is reconstructed to obtain a read. These two steps are

The research of N. Weinberger was partially supported by the Israel Science
Foundation (ISF), grant no. 1782/22. The research of R. Tamir and A. GuillØn
i Fàbregas was supported in part by the European Research Council under
Grants 101142747 and 101158232, and in part by the Spanish Government
under Grants PID2020-116683GB-C22 and PID2021-128373OB-I00.

1In information theory, the expression �information density� is commonly
referred to the random variable whose expectation is the mutual information.
In the current context, this expression should be understood as the amount of
information bits per gram of DNA.

repeated for K times, where typically K > M . While the
sequencing operation is noisy in practice, in this paper we
address the stylized model of noiseless sequencing. Even under
this assumption, the list of K output reads is still random due
to the sampling operation, as some molecules may be sampled
more than once, and others may not be sampled at all.

The length of the molecules, as designated by the parameter
�, affects the channel capacity of this channel, as both effects �
lack of molecule order and non-ideal sampling � are less severe
as � increases. In case that the molecule length parameter is
large enough, speci�cally, � > 1

logjAj , a simple scheme is
shown to achieve the channel capacity [8]: Start each molecule
with a header of length logjAjM = L

� logjAj symbols from A,2

identifying the index of the molecule in f1; 2; : : : ;Mg. Then,
the rest of L(1� 1

� logjAj ) symbols can be used for encoding
the data. The resulting coding rate (or information density),
i.e., total number of encoded bits divided by the total number
of nucleotides used ML, is then given by (1� 1

� logjAj ), which,
as said, can be proved to be the capacity. This scheme clearly
breaks if the molecule length is shorter, i.e. 0 < � < 1

logjAj ,
because then each molecule is too short to even just encode its
index. Since the decoder can always ignore some nucleotides,
it follows that the capacity is monotonically non-decreasing in
�, thus the capacity equals zero for any 0 < � < 1

logjAj .
Nonetheless, the regime of 0 < � < 1

logjAj , which is
called the short molecule regime, is still of interest. In this
regime, the total number of different types of molecules
jAjL= jAj� logM= M� logjAj is smaller than the total number
of molecules M . The pigeon hole principle then implies
that each codeword must contain repeated molecules. Con-
sequently, the information is encoded into a frequency vector,
containing the relative count of each of the M� logjAj types of
molecules in the DNA pool of M molecules. During reading,
the sampling operation produces a noisy version of this vector,
since, e.g., molecule types appearing once in the codeword
may be sampled more than once, or none at all. The decoder
then �nds the codeword whose frequency vector is closest, in
a manner to be made precise, to the frequency vector de�ned
by the output reads.

As mentioned, the channel capacity of the shuf�ing-
sampling channel is zero in the short molecule regime � <

2For simplicity, we ignore here integer constraints.

2026 International Zurich Seminar on Information and Communication (IZS), Feb. 25–27, 2026

23



1
logjAj . This implies that the total number of reliably stored bits
scales at most sub-linearly with the total number of nucleotides
ML. However, just a few grams of DNA contain a large
amount of nucleotides ML, and so for a given M and L, the
potential total number of reliably stored bits may be still very
large. This motivated an analysis of this regime in [9, Sec.
7.3], leading to a conjecture on the maximal log-cardinality
of a reliable codebook as a function of ML. Speci�cally, [9,
Conjecture 4] states that for � 2 (0; 1

logjAj ) this log-cardinality
is asymptotically

1� � logjAj
2

�M� logjAj logM: (1)

Evidently, this total number of bits (given the logarithm is in
the binary base) is o(ML), but still increases with M . It should
be mentioned that in [9, Sec. 7.3], a Poisson sampling model
was considered. In this model, the total number of output reads
is not �xed in advance, and the random number of times that
each type of molecule appears at the output reads is distributed
as a Poisson random variable, whose parameter is given by
the number of times that this type of molecule appears in
the input codeword. This may be compared to the original
sampling model, whose sampling operation can be described
by a multinomial random variable. The conjecture leading to
(1) is then based on relating the frequency-based channel to a
power-constrained Poisson channel, for which the asymptotic
scaling of its capacity, as a function of the input power, is
known [17]. However, (1) remained a conjecture since the
Poisson channel obtain from the reduction is non-standard:
Its power constraint increases with the blocklength (amounts
to M� logjAj), and its inputs are restricted to the integers.

In [18] a rigorous approach to this conjecture was made,
based on the original multinomial sampling model, rather than
the Poisson sampling model. A converse result, based on a
Poissonization of the multinomial (e.g., [19, Ch. 5]) shows that
the log-cardinality cannot be better than (1), up to an o( 1

logM )
additive term. On the other hand, an achievability result
shows that (1) can be achieved, however, under the additional
condition that � 2 ( 1

2 logjAj ;
1

logjAj ), that is, the molecule is
not very short. The proof of achievability in [18] is based
on Feinstein’s maximal coding bound [20] [21, Thm. 20.7],
and is rather intricate. It is based on several steps, aiming to
rigorously address the reduction of the multinomial channel
to a Poisson channel, the integer constraints on its input,
and other constraints which stem from these reductions. This
resulted the additional condition, which left open the rigorous
establishment of the conjecture whenever � 2 (0; 1

2 logjAj ).
Our main contribution in this paper is to complete the

picture, and rigorously establish [9, Conjecture 4] in the entire
short-molecule regime � 2 (0; 1

logjAj ). We achieve this by
a direct, and rather different, proof method. We conduct a
random coding analysis, in which codewords are drawn by �rst
randomly choosing a point in the probability simplex based
on a Dirichlet distribution, and then rounded to integer count
vectors. Directly analyzing the average error probability of this
ensemble, leads to an achievable bound on the log-cardinality,

which matches (1).
Works directly related to this paper, are as follows. In

[22], which was also motivated by the short-molecule regime
with Poisson sampling, the capacity of Poisson channels with
integer (lattice) inputs was considered. In [23], we considered
the short-molecule regime, but without a constraint on the
input being an integer, and obtained random-coding error
bounds on the error probability. This setup is motivated by
the fact that the actual sequencing costs are for different
molecules, since once a molecule is synthesized, the costs of
duplicating it are relatively low. Thus, any arbitrary molecule
frequency vector can be accurately approximated.

A full version of the paper containing full proofs and all
omitted details can be found in [24].

II. NOTATION CONVENTIONS, SETTINGS AND PROBLEM
FORMULATION

A. Notation Conventions
For a positive integer n, we use the notation [n] to denote

the set f1; 2; : : : ; ng. The probability of an event A will be
denoted by P[A]. The expectation of a random variable X
will be denoted by E[X]. The indicator function of an event
A will be denoted by 1[A]. The cardinality of a �nite set A
will be denoted by jAj. The �oor function of a real number x,
denoted by bxc, is de�ned as bxc := maxfy 2 Z : y � xg.
The (n� 1)-dimensional probability simplex, denoted by Pn,
is de�ned as Pn := f(x1; : : : ; xn) 2 [0; 1]n :

Pn
i=1 xi = 1g.

B. Settings and Problem Formulation
Let CM be a codebook for data storage in a system that

relies on short molecules. Each codeword in CM is com-
posed by at most M molecules3. More speci�cally, for any
m 2 f1; 2; : : : ; jCM jg, the codeword x(m) is given by a set
of sequences of the form (xL1 (m);xL2 (m); : : : ;xLJ(m)(m)),
where J(m) � M and for every i 2 [J(m)], xLi 2 AL.
In the short-molecule regime, we assume that L = � logM
for some � 2 (0; 1

logjAj ), and then jALj= M� logjAj.
We assume that the message m is drawn with a uniform

distribution from the set f1; 2; : : : ; jCM jg and that all the
molecules that make up the codeword x(m) are grouped with
no preservation of order. When the message is restored, we
assume that exactly K sequences y := (yL1 ;yL2 ; : : : ;yLK)
are independently sampled (with replacement) from the DNA
pool. We assume that the coverage depth � := K

M is �xed.
Based on the sampled sequences, the decoder estimates the

message as m̂(y). The probability of error is given by

"M = P [m̂(Y ) 6= m] ; (2)

which is taken with respect to the randomness of the message
selection, the (possibly) random codebook generation, and the
sampling process.

Our main objective in this work is to resolve the direct
part of [9, Conjecture 4], which states that for A = f0; 1g,

3Note that distinct codewords may be of different sizes. However, we
assume a uniform upper bound on their sizes because the cost of the input is
related to the number of molecules synthesized.
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there exists a sequence of codes fCMgM�1 with � = 1 and a
vanishing error probability, for which

lim sup
M!1

logjCM j
M� logM

=
1� �

2
: (3)

Although [9, Conjecture 4] was postulated for the special cases
A = f0; 1g and � = 1, in this work we address the general
case of an arbitrary A (with jAj<1) and � > 0.

III. MAIN RESULT AND DISCUSSION

In our model, each codeword is composed of M short DNA
molecules, and the system designer is allowed to choose how
many copies to take from each possible string in AL. In other
words, each codeword is equivalent to an empirical probability
mass function (PMF) over M� logjAj entries; hence, generating
a codebook means choosing many empirical PMFs. While
such a codebook may be composed deterministically, it turns
out that the random coding methodology commonly used when
studying ordinary channel coding scenarios may be adapted
quite easily to the case at hand: Instead of drawing vectors
from Xn, one can draw PMFs from the probability simplex
and quantize the given realizations to attain empirical PMFs.

We now describe more speci�cally the encoding-decoding
algorithm. Let us denote n := M� logjAj and let a1; : : : ;an
be an ordered set of all strings in AL. Each codeword in CM
is generated in the following procedure. For the message m, a
random PMF Pm = (Pm(1); : : : ; Pm(n)) is drawn from the
(n � 1)-dimensional simplex Pn according to the Dirichlet
distribution with vector parameters � := (1; : : : ; 1), which is
equivalent to the uniform measure over Pn.

The m-th codeword is made up of bMPm(‘)c copies
of the string a‘, where ‘ 2 [n]. The m-th codeword is
also represented by the empirical probability vector P̂m :=
(P̂m(1); : : : ; P̂m(n)), where for any ‘ 2 [n],

P̂m(‘) =
bMPm(‘)cPn
k=1bMPm(k)c

: (4)

Given y := (yL1 ;yL2 ; : : : ;yLK), the decoder �rst calculates
the frequency vector Q̂ := (Q̂(1); : : : ; Q̂(n)), where for any
‘ 2 [n],

Q̂(‘) :=
1
K

KX

i=1

1[yLi = a‘]: (5)

One can show (as in [23, Subsection II.B]) that the maximum
likelihood decoder is equivalent to a decoder that estimates the
message as the one whose codeword minimizes the Kullback�
Leibler divergence with Q̂. To this end, the decoder estimates
the transmitted message according to

m̂(y) = arg min
m2[jCM j]

D(Q̂kP̂m): (6)

Theorem 1: Consider an error-free shuf�ing-sampling
channel with � 2 (0; 1

logjAj ) and a coverage depth � > 0.
There exists a sequence of codes fCMgM�1 with vanishing
error probabilities ("M ! 0), such that

lim
M!1

logjCM j
M� logjAj logM

=
1� � logjAj

2
: (7)

It is interesting to note that although we have considered a
general coverage depth � > 0, the asymptotic log-cardinality
of the largest storage codebook is independent of �. While
the optimal information density is independent of �, the error
probability converges faster for larger values of �, as was also
observed in the recent studies [7], [11], [12].

The idea of generating PMF codewords using the Dirichlet
distribution has been borrowed from [23], but with one major
modi�cation: while the channel model in [23] was assumed to
be with in�nite input-resolution, this can no longer be assumed
in the current work, because each codeword is given by the
assignment of a speci�c number of DNA molecules into all
possible molecule types. Hence, the channel in our model is
restricted to a �nite input resolution. To satisfy this restriction,
we generate a quantized version of each PMF codeword as in
(4). As a result of this quantization operation, the number of
DNA molecules composing each codeword is not �xed and
can be easily shown to be in the range fM � n; : : : ;Mg.
Since n = M� logjAj � M , all the codewords have roughly
the same size. While other quantization techniques may be
implemented to yield a codebook with a �xed number of
DNA molecules in each codeword, we prefer to stick to the
speci�c quantization technique because of a technical reason.
At the beginning of the proof of Theorem 1, when handling
the pairwise error probability P[D(Q̂kP̂ ) � D(Q̂kp̂)], where
p̂ is the true codeword, P̂ is a competing codeword, and Q̂ is
the empirical distribution of the vector of samples, we upper-
bound this probability using Chernoff’s inequality, and then,
in the next step, we need to handle an expectation of the form

E

"
nY

i=1

P̂ (i)�Q̂(i)

#

; (8)

where � > 0 is a parameter. While the expectation in (8) is
not easy to solve, one can tightly upper-bound it by a constant
times the expectation

E

"
nY

i=1

P (i)�Q̂(i)

#

; (9)

where P = (P (1); : : : ; P (n)) is the original, unquantized
PMF drawn from the Dirichlet distribution. Unlike products
of independent random variables, where their expectations can
be calculated by pulling the multiplication operation outside,
when dealing with products of dependent random variables,
things are usually more complicated. Although the various
components of the vector P are statistically dependent, it turns
out that the product moment in (9) can be precisely evaluated
when P follows a Dirichlet distribution. The following result
concerning product moments of the Dirichlet distribution can
be found, e.g., in [25, p. 274].

Proposition 2: Let (�1; : : : ; �n) and (�1; : : : ; �n) be posi-
tive vectors and let (X1; : : : ; Xn) � Dir(�1; : : : ; �n). Then,
it holds that

E

"
nY

i=1

X�i
i

#

=
� (
Pn
i=1 �i)

� (
Pn
i=1(�i + �i))

�
nY

i=1

� (�i + �i)
� (�i)

: (10)
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As can be easily seen, the expectation in (9) can be evaluated
exactly using the result of Proposition 2, and as a consequence,
we now see that, at least from a technical point of view, the
speci�c PMF quantization technique as de�ned in (4) carries
a major advantage.

The work in [18] considered a more general frequency-
based channel, derived tight lower and upper bounds on its
capacity, and then specialized these results to the DNA-based
storage channel with short molecules. The achievability bound
in [18], when implemented to the DNA storage channel, yields
that

logjCj
M� logjAjL

�
1� � logjAj

2�
�

2:773
2� logM

+o
�

1
logM

�
; (11)

which agrees with Theorem 1 when M !1 for an arbitrary
� > 0. It is important to mention here that the bound in (11)
holds as long as � 2 ( 1

2 logjAj ;
1

logjAj ), where the result in
Theorem 1 holds for any � 2 (0; 1

logjAj ). Hence, as opposed
to the achievability result in [18], the result in the current paper
holds also for very short molecules.

Furthermore, the converse bound in [18], when implemented
to the DNA storage channel, provides that

logjCj
M� logjAjL

�
1� � logjAj

2�
+ o

�
1

logM

�
; (12)

which holds for any � 2 (0; 1
logjAj ), and thus, when combined

with Theorem 1, provides a complete characterization for the
scaling of the log-cardinality of the largest codebook in a
DNA-based storage system with short molecules.

The proof of the achievability bound in [18, Sec. IV]
is based on Feinstein’s maximal coding bound [20], which
bounds the maximal error probability of the optimal code-
book of a given cardinality via the cumulative distribution
function of the information density of the channel (i.e., the
information spectrum). Speci�cally, the authors of [18] use
the extended version stated in [21, Theorem 20.7], which also
takes into account input constraints. In contrast, Theorem 1 is
proved via a direct route; the pairwise error probability of the
optimal maximum likelihood decoder is upper-bounded using
Chernoff’s bound and the resulting product moment admits a
closed-form expression due to Proposition 2 and the fact that
the codewords are drawn from the Dirichlet distribution. It
turns out that the proof of Theorem 1 is considerably shorter
and somewhat easier to follow than the proof in [18, Sec. IV].

IV. FUTURE WORK

In this work, we have considered the information density
of the DNA storage channel with short molecules. While in
the current work we only dealt with the randomness that
stems from the random (multinomial) sampling of the DNA
molecules, it may be interesting to consider a generalized
model, where also the sequencing process is noisy. E.g., one
may assume that each of the M molecules is read thru a
discrete memoryless channel. A more complicated settings
may also consider insertions and deletions while sequencing.
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The Capacity of Information-Unstable Channels
with Rate-Limited Help at the Decoder

Sergey Loyka, Charalambos D. Charalambous

Abstract�General channels are considered, which are not re-
quired to be information-stable (i.e. non-stationary, non-ergodic,
with arbitrary memory), but where rate-limited assistance (help)
is available to the decoder (receiver, Rx). Under this setup, an
upper bound to the channel capacity is established, which is tight
(achieved with equality) in the case of additive-noise (but still
information-unstable) channels. In particular, the rate-limited
Rx help results in the capacity boost equal to the help rate in
the case of continuous alphabets and is upper bounded by this
quantity in the case of discrete alphabets, being equal to it if
the noise is suf�ciently �noisy�. This result shows that reliable
communication is possible with Rx help for severely non-ergodic
(e.g. multipath fading) channels, where the no-help capacity is
zero otherwise (this includes, as special cases, Rayleigh, Rice and
Nakagami block-fading channels). It follows that burst signaling
along with time sharing possesses a remarkable robustness
property: it works well even if the noise is neither ergodic
nor stationary. This also extends the popular cut-set bound to
information-unstable channels and establishes its tightness for the
additive-noise (but still information-unstable) case. To establish
achievability, a new quantity termed �sliced sup-entropy rate� is
introduced and a new condition termed �asymptotically-bounded
growth� is considered.

I. INTRODUCTION

Various forms of side information are often available in
modern systems/networks (e.g. in a cloud radio access net-
work) that can boost the capacity. One particular con�guration
was recently studied in [1]-[3], where a rate-limited (and error-
free) help is available to the decoder or/and encoder. In particu-
lar, a helper observes the noise sequence and communicates his
observation to the receiver (decoder) or transmitter (encoder)
via an error-free but rate-limited data pipe. This model is
appealing from a practical perspective since it considers a
rate-limited help link, which is always the case in practice.
It is motivated by centralized processing scenarios in a multi-
user environments (cellular base stations, cloud radio access
etc.) where �noise� is actually signal intended for other users.
This rate-limited help was shown in [1]-[3] to provide a boost
in the channel capacity equal to the help rate Rh so that
the with-help channel capacity is C0 + Rh, where C0 is the
ordinary (no help) capacity; �ash signalling (i.e. using high-
resolution help infrequently) was shown to be an optimal help
strategy, in combination with two-phase time sharing. These
results were further extend to the secrecy capacity of various
wiretap channels in [4], where similar �structural� results were
established (the with-help secrecy capacity being equal the no-
help one plus help rate, even if help is not secure). The list-size
and zero-error capacities with helper were considered in [5][6]
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C.D. Charalambous is with the ECE Department, University of Cyprus,
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and it was shown that the boost in capacity can exceed the help
rate in these settings.

All the above results in [2]-[6] are limited to stationary and
memoryless (or stationary and ergodic [1]) channels. Here, we
consider more general (information-unstable) channels, which
are not required to be stationary, memoryless, ergodic or, gen-
erally, information-stable (of which there are many practically-
relevant examples in wireless communications [16][17]). In
this general setup, mutual information and entropy used in [2]-
[6] have no operational meaning for encoding/decoding. For
the no-helper setup, one can use the tools of the information-
spectrum method [7]-[10] where these quantities are replaced
by inf/sup information and entropy rates, which also possess
operational meanings for general source and channel encoding.
The most general formula for the no-help channel capacity
known to date was established in [8]. When the channel is
information-stable (e.g. stationary and ergodic) [11]-[14], it
reduces to the standard formula involving the maximization of
mutual information. The general formula of [8] was extended
to compound channels in [15].

However, the information-spectrum method has never been
used before for the helper setup. Therefore, we extend it here
to the case where rate-limited help is available to the decoder
(receiver, Rx) and, in this way, establish the with-help capacity
of general (information-unstable) channels. In particular, we
demonstrate that, for general continuous alphabets, the with-
help capacity C equals to the ordinary (no help) capacity C0
plus the help rate Rh,

C = C0 +Rh; (1)

in the case of information-unstable channels with additive
noise and is upper bounded by this quantity in the general
case. Similar result also holds for discrete alphabets.

It should be emphasized that the result in (1) is much
broader than that in [1][2]: while the latter holds only for sta-
tionary memoryless (or stationary ergodic) channels, the for-
mer applies to general information-unstable channels (neither
stationary nor ergodic), of which stationary ergodic channels
are a special case. The proof of this result for information-
unstable channels calls for new tools tailored for such �badly-
behaving� channels. The main dif�culty is due to the analysis
of time-sharing schemes with a helper for non-stationary non-
ergodic noise process, which is needed to establish achievabil-
ity for the additive-noise case. To this end, we introduce a new
quantity termed �sliced sup-entropy rate� and demonstrate its
operational meaning in this setting. A non-trivial condition on
the noise distribution (�asymptotically bounded growth�) also
emerges at this stage. Unlike [1][2], we do not use general rate-
distortion bounds to establish achievability. Instead, we show
that uniform scalar quantization of noise is suf�cient, even if
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the latter is information-unstable. This is also appealing from
a practical perspective, since such simple quantizers are often
used in practical devices.

Since the capacity boost due to rate-limited help is +Rh
for both (i) stationary and ergodic channels [1]-[3], and (ii)
information-unstable (neither stationary nor ergodic) channels
here, it follows that burst signalling along with time-sharing
(which is a part of the achievability strategy) possesses a
remarkable robustness property: it is insensitive to the time-
domain structure of the noise sequence that may induce its
non-ergodic behaviour. This has signi�cant practical impli-
cations, in particular - in wireless communications, where
non-ergodic fading channels have C0 = 0 (e.g. for quasi-
static Rayleigh, Rice or Nakagami fading), so that no reliable
communications is possible at all and one has to use out-
age capacity instead (allowing non-zero outage probability)
[16][17]. Yet, with Rx help, C = Rh > 0, i.e. reliable
communication is possible, even for severely non-ergodic
channels (fading processes). This shows that Rx help can
be particularly important for information-unstable channels to
stabilize them at non-zero rate.

As a by-product, the result in (1) extends the popular
cut-set bound to general information-unstable channels and
demonstrates its tightness for additive-noise ones.

Notations: random variables and their realizations are de-
noted by capital and lower case letters, respectively (unless
stated otherwise), and their alphabets follow from the respec-
tive channel models; Xn denotes the sequence (X1; :::; Xn)
and p(xn) is its probability density function (pdf) for contin-
uous alphabets while P (xn) is its probability mass function
for discrete alphabets; term �distribution� is used to denote
both when no confusion arises; H(�) and h(�) are the entropy
and differential entropy, and I(�; �) is the mutual information;
Ef�g and Prf�g are statistical expectation and probability with
respect to relevant random variables.

II. GENERAL CHANNEL MODEL & CAPACITY

Following the information-spectrum method of Verdu and
Han [7]-[10], let us consider a general discrete-time channel,
where Xn = fX(n)

1 :::X(n)
n g is a (random) sequence of n input

symbols, X = fXng1n=1 denotes all such sequences, and Y n
is the corresponding output sequence, so that the channel is a
stochastic mapping Xn ! Y n characterized by its conditional
probability distribution p(ynjxn); p(xn) and p(yn) are the
input and output distributions. We make no any assumptions on
p(ynjxn) so that the channel is not required to be information-
stable (e.g. memoryless, stationary, ergodic). No consistency
assumption is made either. The (operational) channel capacity
is de�ned in the standard way, as a supremum of all achievable
rates subject to the reliability and power constraints [8][9].

In this general setting, mutual information has no opera-
tional meaning and the key quantity is the inf-information rate
I(X; Y ) [8][9], which is the largest achievable rate for a given
input distribution p(x) and arbitrary-small error probability:

I(X; Y ) , sup
R

n
R : lim

n!1
Pr
�
n�1i(Xn;Y n) < R

	
= 0
o

(2)

where i(xn; yn) is the information density (i.e. mutual infor-
mation without expectation),

i(xn; yn) , log
p(xn; yn)
p(xn)p(yn)

(3)

The ordinary (no help) capacity of this channel in its most
general form was established in [8],

C0 = sup
X

I(X; Y ) (4)

where the supremum is over the sequence of all �nite-
dimensional input distributions. Note that this is a very general
result, as the channel is not required to be information-stable
(ergodic, stationary, memoryless, etc.) and no consistency
assumption is made either (e.g., the channel can behave
completely differently for even and odd n).

However, when the channel is information-stable (see e.g.
[11]-[14]), the normalized information density (under optimal
input) converges to the respective mutual information rate so
that the latter has operational meaning. For example, when the
channel is stationary and memoryless and the input is i.i.d,

n�1i(Xn;Y n)! I(X;Y ) = I(X; Y ) (5)

where I(X;Y ) is the mutual information and the convergence
is in probability (from Khinchin’s law of large numbers
and assuming that the mutual information exists). Hence, (4)
reduces to the standard Shannon’s channel capacity formula:

C0 = sup
p(x)

I(X;Y ) (6)

For information-unstable channels, the normalized information
density remains a random variable, even when n!1, whose
support set is in general an interval and its in�mum is I(X; Y )
[8][9].

When power constraint is present, the maximization in (4)
is restricted to those input distributions that satisfy the power
constraint (in probability and at least asymptotically) [9].

For additive-noise channels,

Y n = Xn + Zn; (7)

where Zn is the noise sequence, which is independent of Xn

and is not required to posses any stability property either (e.g.
stationary, ergodic, memoryless, etc.) so that the channel is
still information-unstable in general.

The helper model for information-unstable channels with
additive noise is illustrated in Fig. 1. Speci�cally, the helper
observes the noise sequence Zn and communicates its ob-
servation Tn to the Rx via a rate-limited link, where Tn =
Q(Zn) is a function of Zn. We do not put any constraints on
Q(�) except that the helper should be able to send Tn error-
free to the Rx via a rate-limited link so that Tn is a discrete
random sequence (e.g., Q(�) can be a quantizer). Since Zn is
not stationary or ergodic in general, neither is Tn. Therefore,
its entropy rate has no operational meaning for its encoding.
Instead, following the information spectrum method [7]-[10],
its minimum lossless encoding rate is the sup-entropy rate:

H(T ) , inf
�
R : lim

n!1
Pr
�

1
n

log
1

P (Tn)
> R

�
= 0
�

(8)
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Fig. 1. Information-unstable channel with additive noise and rate-limited help
at the Rx; Zn is an information-unstable noise sequence, independent of Xn,
T n = Q(Zn) is rate-limited help, H(T ) � Rh; M and bM are transmitted
and received messages.

where T = fTng1n=1 and P (tn) = PrfTn = tng is the
probability mass function of Tn. Therefore, when the help
link is rate-limited to Rh, this constraint can be expressed as

H(T ) � Rh (9)

In the special case of stationary and ergodic T , the sup-entropy
rate H(T ) reduces to the ordinary entropy rate, which, in the
case of i.i.d. sequence, reduces to its per-symbol entropy.

Without the additive-noise assumption, the channel is a
stochastic mapping Xn ! Y n characterized by its conditional
probability distribution p(ynjxn) so that Tn = Q(Zn) cannot
be used. Instead, we allow Tn to be a function of Xn and
Y n, i.e. Tn = Q(Xn; Y n), and do not impose any constraints
on it beyond the rate constraint above. Thus, a wide class of
helpers is included in this formulation.

III. THE CAPACITY WITH RATE-LIMITED RX HELP

In this section, we consider the case of continuous input
and output alphabets and, for additive-noise channels, of
continuous noise alphabet.

The converse or an upper bound to the channel capacity with
rate-limited Rx help in Theorem 1 below will be established in
full generality (without any additional assumptions, e.g. addi-
tive noise), for a general channel which is a stochastic mapping
Xn ! Y n characterized by its conditional probability distri-
bution p(ynjxn) plus a helper sequence Tn = Q(Xn; Y n)
available to the decoder subject to the rate constraint in (9).

While mutual information and differential entropies are
used for information-stable (stationary and ergodic) channels,
they have no operational meaning for information-unstable
channels. The inf-information rate in (2) takes place of the
mutual information and, for additive noise, its differential sup-
entropy rate h(Z) takes place of differential entropy [8][9]:

h(Z) , inf
�
R : lim

n!1
Pr
�

1
n

log
1

p(Zn)
> R

�
= 0
�

(10)

where p(zn) is the distribution of Zn and Z = fZng1n=1. Note
that, for stationary and ergodic noise, h(Z) is the same as its
differential entropy rate and, for i.i.d. noise, - its differential
entropy (due to Khinchin’s law of large numbers).

The achievability will be established for additive noise
channels. This will require a new quantity to characterize the
differential sup-entropy rate of a sub-sequence of the whole

noise sequence Zn and some extra conditions described below.
To this end, let us split the whole sequence Zn into two sub-
sequences of length m and n�m: Zn = (Zm1 ; Znm+1), where
Znm = (Zm; Zm+1; ::; Zn), 1 � m � n � 1. Next, we take
m = b(1��)nc where 0 < � < 1 and b�c is the �oor function.
To simplify notations, we further omit this function, essentially
assuming that �n is an integer (this will make no difference
asymptotically, as n ! 1). The new quantity h� (Z), which
we term �sliced differential sup-entropy rate�, is de�ned as

h� (Z) , inf
�
R : lim

n!1
Pr
�

1
�n

log
1

p(Zn� )
> R

�
= 0
�

(11)

which is the differential sup-entropy rate of 2nd sub-sequence
Zn� , Zn(1��)n+1 of length �n. While h1(Z) = h(Z) holds
for any noise, h� (Z) 6= h(Z) in general for 0 < � < 1
since the noise is allowed to be non-stationary. If the noise
is stationary (but possibly non-ergodic), then h� (Z) = h(Z)
for any 0 < � � 1. This is also the case for block-stationary
noise with pz�n(z�n) = pzn� (z�n), i.e. when the �rst �n noise
symbols Zn� have the same statistics as the last �n symbols
Zn� (no stationarity is needed within this block or anywhere
else in the noise sequence).

Since, unlike the existing literature, we do not assume
that additive noise is stationary and ergodic, some alternative
assumptions are needed for achievability to hold, which are
broad enough to include a wide class of non-stationary non-
ergodic cases. These are described below.

1. First, we assume that h� (Z) is not increasing too fast as
� ! 0,

h� (Z) = o(1=�) $ lim
�!0

�h� (Z) = 0 (12)

where o(x)=x ! 0 as x ! 1. Note that this condition
is not too restrictive (e.g. it does not require the noise to
be stationary or ergodic) and is satis�ed in many cases of
practical importance. For example, it holds for stationary or
block-stationary (but not necessarily ergodic) noise with �nite
differential sup-entropy rate h(Z); this is equivalent to the
entropy rate (or average noise power) being �nite in the
popular case of ergodic noise sequence, which is therefore
included as a special case. More generally, if noise distribution
is a mixture of 2 or more different ergodic distributions (so
that noise is not an ergodic process, see [9, Sec. 1.4]), this
condition is satis�ed if the entropy rate (or average noise
power) is �nite for each mixing distribution.

2. For the achievability part, unlike [1][2], we will apply
a uniform scalar quantizer Q�(�) of quantization step � to
2nd noise sub-sequence Zn� ; ẑi = Q�(zi) denotes quantized
zi and Iẑn� is the quantization interval centered on ẑn� :

Iẑn� = fzn� : ẑi ��=2 � zi < ẑi + �=2;
(1� �)n+ 1 � i � ng (13)

Let P (ẑn� ) , PrfZn� 2 Iẑn� g be the probability of Zn� falling
into quantization interval Iẑn� and p(zn� ) , ��n�P (ẑn� ) be
the average pdf over that interval. We say that p(zn� ) has
asymptotically bounded growth if, for all suf�ciently large n
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and all suf�ciently small �; � , the following inequalities hold
for each quantization interval Iẑn� :

1
n

ln
p(zn� )
p(zn� )

� b(n�)� 8zn� 2 Iẑn� (14)

(14) requires that the pdf p(zn� ) does not grow too much
on each quantization interval with respect to the average pdf
p(zn� ) (which is constant over that interval). It can be shown
that (14) holds if p(zn� ) has log-uniformly bounded variation
over its support set:

1
n

����ln
p(zn� + �zn� )

p(zn� )

���� � b(n�)� (15)

for all zn� and j�zij � �, i = (1� �)n+ 1; ::; n, which is the
case if ln p(zn� ) is uniformly continuous. We further require
that

b� , lim sup
n!1

1
n�

log b(n�)� = o(j ln �j) (16)

as �! 0. This is satis�ed if e.g. b� � b <1 for some b and
all suf�ciently-small �. Note that p(zn� ) is not required to be
continuous - �jumps� are allowed if they are of �nite hight. It
is straightforward to see that the above conditions are satis�ed
when 2nd noise sub-sequence Zn� is an independent process
(not necessarily stationary or ergodic) with many popular
densities.

We are now in a position to establish the capacity of general
channels with rate-limited Rx help.

Theorem 1. Consider the general (information-unstable)
channel with Rx help described above without the additive
noise assumption. Its channel capacity is upper bounded as
follows:

C � C0 +Rh (17)

where C0 is the ordinary (no help) capacity.
This holds with equality for additive-noise (but still

information-unstable) channels, subject to (12), (14) and (16).

Proof. First, we establish the converse for general channels,
i.e. without the additive noise assumption. To this end, observe
that the equivalent channel is a stochastic mapping Xn !
Y nTn, which is characterized by its conditional probability
distribution p(yntnjxn) = p(ynjxn)P (tnjxnyn). Applying (4)
to this channel, its capacity can be expressed as

C = sup
X;T

I(X; Y ;T ) (18)

where the supremum is over the sequence of all �nite-
dimensional input distributions (subject to the power con-
straint) and over all T = fTng1n=1 subject to the help rate
constraint H(T ) � Rh, where we allow T to depend on X
and Y in any way consistent with this constraint. Next, using
the chain rule of information density

i(xn; yn; tn) = i(xn; yn) + i(xn; tnjyn) (19)

the inf-information rate I(X; Y ;T ) can be upper bounded as
follows (see [8][9, Sec. 1.3] for related inequalities for inf and
sup information rates):

I(X; Y ;T ) � I(X; Y ) + I(X; T jY )

� I(X; Y ) +H(T ) (20)
� I(X; Y ) +Rh

where I(X; T jY ) is the conditional sup-information rate,

I(X; T jY ) , (21)

inf
R

n
R : lim

n!1
Pr
�
n�1i(Xn;TnjY n) > R

	
= 0
o

and i(xn; tnjyn) is the conditional information density; the
last 2 inequalities in (20) are from

I(X; T jY ) � H(T ) � Rh (22)

for discrete T under the help rate constrain. Maximizing (20)
over all feasible X;T , (17) follows.

As a side remark, we note that the inequality in (17) extends
the celebrated cut-set bound to information-unstable channels.

To establish the achievability, we assume additive-noise (but
still information-unstable) channel:

Y n = Xn + Zn (23)

where Zn is an arbitrary noise sequence independent of Xn.
In this setting, the discrete help Tn = Q(Zn) is a function of
the noise sequence Zn. The only constraint on the help is the
rate bound H(T ) � Rh. Under this general setting, one can
still use the two-phase signalling and time-sharing strategy of
[1][2], which can be summarized as follows:
� Phase 1 is of duration (1� �)n for some (small) � > 0;

it makes use of no help at all but just regular channel coding;
this achieves a rate arbitrary close to the regular (no help)
channel capacity C0.
� Phase 2 is of duration �n follows Phase 1. In this phase,

in addition to the regular channel coding, high-resolution lossy
source code of rate Rh=� is used by the helper to send the
noise sequence estimate to the Rx, who subtracts this estimate
from its received signal and, after the whole block is received,
decodes it. As � ! 0, this achieves the rate arbitrary closely
to Rh=� . After the time sharing, the achieved rate is arbitrary
close to C0 +Rh.

However, some modi�cations are in order to make this
work for arbitrary (information-unstable) noise. Indeed, the
analysis in [2] was tailored for i.i.d. noise (i.e., a stationary
and memoryless channel). Under some extra assumptions, this
can be extended to stationary and ergodic noise (channel)
[1]. However, these arguments do not extend to information-
unstable noise (e.g., non-stationary, non-ergodic), for which
entropy and mutual information have no operational meaning.

To circumvent this dif�culty, we use the transmission
strategy whereby a uniform scalar quantizer of the noise is
combined with a simple lattice code for the main channel in
Phase 2. In particular, the helper is using a uniform scalar
quantizer Q�(�) of quantization step � for each noise symbol
so that the quantized noise bZi = Q�(Zi) is communicated to
Rx by the helper and the former subtracts it from the received
signal to form

eYi = Yi � bZi = Xi + eZi; (1� �)n+ 1 � i � n; (24)

where the residual noise eZi = Zi � bZi satis�es j eZij � �=2.
The Tx encoder is using a uniform Cartesian lattice of the
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form ak = k�(1 + �) for some small � > 0, where k =
0;�1; :::, so that each transmitted symbol xi is a lattice point.
To satisfy the Tx power constraint, the condition jxij � A <
1 is imposed for some �nite A selected based on the power
level (it will become clear from the analysis below that its
speci�c value is not important, only its �niteness is). After
noise pre-cancellation, the received signal eYi is quantized back
to the original lattice by the decoder. Since the residual noise
is uniformly bounded,

j eZij � �=2 < �(1 + �)=2 (25)

it is not able to push the transmitted symbol Xi to another
lattice cell and therefore this transmission/decoding strategy
is completely error free. � has to be selected to satisfy the
help rate constraint. Notice that quantized noise bZi = Q�(Zi)
is a discrete random variable, but the sequence bZn� is neither
stationary nor ergodic in general, since Zn� is not. Therefore,
its entropy rate has no operational meaning for its encoding
and one has to use its sup-entropy rate H� (bZ) during this
phase, de�ned similarly to (11), to characterize its minimum
encoding rate (this follows from the source coding Theorem
[9, Theorem 1.3.1][10] applied to Phase 2 only),

H� (bZ) , inf
n
R : lim

n!1
Pr
n 1
�n

log
1

P ( bZn� )
> R

o
= 0
o

(26)

Using the helper rate constraint H� (bZ) � Rh=� , one can
determine the minimum possible � that can be supported by
the helper. To this end, it follows from (14) that

1
�n

log
1

P ( bZn� )
�

1
�n

log b(n�)� + log
1
�

+
1
�n

log
1

p(Zn� )
(27)

(this holds pointwise since (14) does so) so that

H� (bZ) � b� � log � + h� (Z)
= � log �(1 + o(1)) + h� (Z) (28)
= Rh=�

where o(1) ! 0 as � ! 0, and we have used (16); the last
equality is set to satisfy the help rate constraint H� (bZ) �
Rh=� . It follows from (28) that

� = 2�(Rh=��h� (Z))(1+o(1)) = 2�Rh=�(1+o(1)) (29)

so that � ! 0 as � ! 0 under the condition in (12). The
uniform lattice code of step size � + � supports 1 + 2A

�(1+�)
levels per dimension over the interval [�A;A] so that the
supported transmission rate (over the main channel) in Phase
2 is

R2 = log
�

1 +
2A

�(1 + �)

�

= Rh��1(1 + o(1)) + log
2A

1 + �
+ o(1) (30)

= Rh��1(1 + o(1))

where o(1) ! 0 as � ! 0, which implies � ! 0 (and,
therefore, the condition in (14) needs to be enforced only

for suf�ciently-small �; � ). Therefore, after two-phase time
sharing with � ! 0, the rate arbitrary close to

(1� �)C0 + �Rh��1(1 + o(1))! C0 +Rh (31)

is achievable. This shows the achievability for the additive
noise case and also establishes the tightness of the cut-set
bound for information-unstable channels with additive noise.

A. Discussion and extension
It follows from the proof that the condition in (14) can

be relaxed by requiring it to hold in probability (rather than
pointwise) as n ! 1, since it is suf�cient for (27) to
hold in probability (not necessarily point-wise). It can be
shown that (14), (15) (and also (16)) hold in probability if
the noise sequence is Gaussian with arbitrary non-singular
covariance matrix (e.g. non-stationary non-ergodic), so that iid
or stationary ergodic cases are included here as special cases.
Likewise, a mixture of Gaussian distributions (e.g. with differ-
ent covariance matrices, which represent non-ergodic fading or
interference environment in wireless communications) is also
included here; if the average noise power is �nite, (12) also
holds in those cases.

Note that the respective result in [1][2] is a special case
of Theorem 1 here and the capacity boost due to Rx help
is +Rh for both (i) stationary ergodic channels and for (ii)
information-unstable (neither stationary nor ergodic) channels.
The reason for the boost to be the same is that the residual
noise (after noise pre-cancellation at the Rx) is bounded as
in (25), where � ! 0 as � ! 0, according to (29), so
that the fact that h� (Z) 6= h(Z) is irrelevant as long as
h� (Z) = o(1=�); the time-domain structure of Z is not impor-
tant asymptotically (as � ! 0). This demonstrates that burst
signalling with time-sharing is robust enough to withstand
signi�cantly non-ergodic noise sequences and to provide the
same capacity boost (of course, non-ergodicity of the noise
may signi�cantly affect C0). In particular, severe non-ergodic
noise may cause C0 = 0 (i.e., no reliable communication
is possible without help) and yet C = Rh in this case
nevertheless.

B. An Example: non-ergodic fading channel
An illustrative example from wireless communications is

the following popular model of multipath fading channels:

yi = hxi + zi; i = 1:::n (32)

where h represents a random channel gain; its value is ran-
domly selected (realized) at the beginning and is held constant
during the entire transmission; zi is the Gaussian iid noise
process of zero mean and variance �2

0 > 0. This is so-called
block-fading channel; popular models for the distribution of
jhj include Rayleigh, Rice and Nakagami distributions [16]-
[18]. All of them are characterized by the following properties:

(i) Prfjhj < "g > 0 8" > 0; (ii) Prfjhj = 0g = 0 (33)

where 2nd property implies that jhj > 0 with probability one,
Prfjhj > 0g = 1. Yet, 1st property says that jhj can become
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arbitrary low with non-zero probability and, thus, the SNR and
the instantaneous mutual information rate n�1I(Xn;Y njh)
can also be arbitrary small with non-zero probability (even
if n ! 1). This implies that no positive rate is achievable
with arbitrary-low error probability and thus C0 = 0 [16][17].
The classical approach to overcome this dif�culty is to use
outage capacity instead (allowing non-zero outage probability)
[16][17, Sec. 5.4]. This channel behaviour is due to its non-
ergodic nature (induced by the non-ergodic fading process,
which controls channel state h). Yet, when the Rx help of
rate Rh is available, reliable communication is possible and
C = Rh > 0, even though the channel is still non-ergodic. In
fact, the proof of Theorem 1 (achievability part) shows that
this result holds true for any block-fading process for which
(33) is satis�ed.

This demonstrates that Rx help is especially important
for severely non-ergodic fading channels, where the no-help
capacity is zero.

IV. CHANNELS WITH DISCRETE ALPHABETS

The above result can be extended to the case discrete
alphabets, i.e. when the input and output alphabets are M -ary
but the helper alphabet, while being discrete, can be different.
This include general and modulo-M additive noise channels.
For the latter case, the noise is characterized by its sup-entropy
rate H(Z) � logM and, for Phase 2 of time-sharing, by its
sliced sup-entropy rate H� (Z) de�ned similarly to (11) (with
p(�) replaced by P (�)). The following Theorem characterises
the channel capacity in this setting.

Theorem 2. Consider a general (information-unstable) chan-
nel with discrete alphabets and rate-limited Rx Help. Its
capacity satis�es

C � minfC0 +Rh; logMg (34)

This holds with equality if the noise is additive and H� (Z) =
H(Z) for any 0 < � < 1:

C = C0 + minfRh; H(Z)g
= logM � (H(Z)�Rh)+ (35)

where (x)+ = maxf0; xg.

Proof. Omitted due to the page limit.

Note from (35) that the capacity boost due to the Rx help
is minfRh; H(Z)g � Rh and this holds with equality if
H(Z) � Rh, in which case all the available help rate is used
and (34) holds with equality. If H(Z) � Rh, then the noise is
encoded and communicated to the Rx by the helper without
any loss, where it is completely cancelled so that the equivalent
channel is information-lossless and its capacity is C = logM .

This should be contrasted with the case of continuous
alphabets, where all the available help rate is always used,
the noise is never completely cancelled and the increase of C
with Rh does not saturate, while it does saturate in (35) at
Rh = H(Z).

While the condition H� (Z) = H(Z) of Theorem 2 is sat-
is�ed when the noise process is stationary or block-stationary,

the latter two are suf�cient but not necessary. Rather, the
�stationarity� of the sliced sup-entropy rate is needed, not that
of the whole entropy spectrum or of the noise process.
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Abstract�This paper studies expurgated exponents for joint
source-channel coding of discrete memoryless sources and chan-
nels under i.i.d. random coding. We show that a two-class
partitioning of source sequences, where the codeword distribution
depends on the source type, achieves an exponent at least as high
as that of optimal single-class coding, in which the codeword
distribution is independent of the source message.

I. INTRODUCTION

We study the transmission of non-equiprobable messages
from a discrete memoryless source (DMS) over a discrete
memoryless channel (DMC). In 1980, CsiszÆr [1] showed
that joint source-channel coding can achieve a lower error
probability than separate source and channel coding, and de-
rived the corresponding random-coding error exponent using a
construction in which codewords are drawn from a distribution
that depends on the source message. In contrast, Gallager [2]
had earlier derived a different error exponent where codewords
are drawn from a �xed distribution, independent of the source
message. Zhong et al. [3] later revisited these results and
showed that CsiszÆr’s exponent is always at least as large as
Gallager’s, and sometimes strictly larger.

Compared to random coding, expurgated bounds in joint
source-channel coding have received relatively little attention.
In the channel coding, the main techniques for obtaining
expurgated exponents are due to Gallager [2, Section 5.7] and
CsiszÆr-Körner-Marton (CKM) [4], [5]. See [6] for a more
extensive study of expurgated bounds in channel coding.

In [7], CsiszÆr generalized the CKM method and derived two
expurgated exponents for joint source-channel coding. The �rst
corresponds to single-class coding, in which all codewords are
drawn from a �xed distribution (a Gallager-like setting), while
the second assigns a distinct codeword distribution to each
source-type class, so that the codeword distribution of a source
sequence depends on its type, following [1]. The comparison
between these two exponents has remained an open problem.
Scarlett et al. [8] later revisited the expurgation problem in
joint source-channel coding and rederived CsiszÆr’s exponents
using a new technique based on source-type duplication and
type-by-type expurgation. More recently, Moeini et al. [9]
extended this line of work by considering a broader class of

This work was supported in part by the European Research Council under
Grant 101142747, and in part by the Spanish Government under Grant
PID2020-116683GB-C22

message partitionings, and showed the existence of a two-class
partitioning that recovers CsiszÆr’s second exponent in [7].

To the best of our knowledge, the partitioned and non-
partitioned approaches have not been directly compared in the
expurgated setting, either theoretically or numerically. It has
therefore remained open whether partitioning can yield a larger
exponent, as it does in the random coding case.

In this work, we focus on i.i.d. random coding ensembles
for convenience, in contrast to earlier studies [1], [7]�[9]
that considered constant-composition coding. We establish the
existence of a two-class partitioning that achieves an exponent
no smaller than that of optimal single-class coding, thereby set-
tling one side of the comparison. In our analysis, single-class
coding appears naturally as a special case of partitioning, an
observation aligns with intuition but not re�ected in previous
studies. The detailed proofs are presented in Section V.

II. PRELIMINARIES

We study the transmission of non-equiprobable messages
from a DMS with distribution P k(v) =

Qk
i=1 PV (vi), where

v = (v1; :::; vk) 2 Vk is the source message, and V is
a �nite discrete alphabet. The channel is a DMC given by
Wn(yjx) =

Qn
i=1W (yijxi), x = (x1; : : : ; xn) 2 Xn and

y = (y1; : : : ; yn) 2 Yn, where X and Y are discrete alphabets
with cardinalities jX j and jYj, respectively. An encoder maps
the length-k source message v to a length-n codeword xv ,
which is then transmitted over the channel, and decoded as v̂
at the receiver upon observing the channel output y. We refer
to t , k=n as the transmission rate. We study the average
error probability, de�ned as

pe , P
�
V 6= V̂

�
: (1)

We say that an error exponent E > 0 is achievable (for any
�xed t) if there exists a sequence of codes of length n such
that the error probability satis�es

pe � e�nE+o(n); (2)

where limn!1 o(n)=n = 0.
In this paper, scalar random variables are denoted by upper-

case letters, their realizations by lowercase letters, and their
alphabets by calligraphic letters. Random vectors are written
in boldface. For two positive sequences ffng and fgng, we
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write fn
:= gn if limn!1

1
n log fn

gn = 0, and we write fn _� gn
if lim supn!1 1

n log fn
gn � 0.

The type of a sequence x = (x1; :::; xn) 2 Xn is its em-
pirical distribution, de�ned by P̂x(x) , 1

n
Pn
i=1 1 fxi = xg :

The set of all probability distributions on an alphabet X is
denoted by P(X ), while Pn(X ) represents the set of empirical
distributions for vectors in Xn. For PX 2 Pn(X ), the type
class T n(PX) consists of all sequences in Xn with type PX .
We denote by Nk the number of types in Vk, which grows
polynomially with k [10, Lemma 2.2].

Continuing the line of [9], [11], we consider partitioning the
source sequences into m disjoint sets, each consisting of one
or more full source-type classes. Each class c is assigned a
codeword distribution Qc 2 P(X ), from which the codewords
for source sequences in that class are generated i.i.d. according
to Qc. This setting includes CsiszÆr’s partitioning [1], [7], in
which each class corresponds to a single source-type class (i.e.,
m = Nk). Throughout, we use the indices i and j to refer to
source types, and c to indicate the class to which a source
message (or a source type) belongs under a given partitioning.
Moreover, for a source type Pi, we de�ne Ri , tH(Pi).

III. ACHIEVABLE EXPURGATED ERROR EXPONENTS

In this section, we present our main results. We �rst derive
an expurgated exponent for an arbitrary partitioning, and then
consider a special case of partitioning into only two classes.

Lemma 1. Let fA1; : : : ;Amg be a given partition of the
source sequences, with each class assigned an i.i.d. codeword
distribution from Qm = fQ1; : : : ; Qmg. Then, there exists a
sequence of codebooks such that, for all choices of f�cgmc=1
with �c � 1,

pe _�
mX

c=1

e�nE
0
x

�
Qc;Qm;�c

�
+E(c)

s (�c;Pk); (3)

where

E0x
�
Q;Q; �

�
, min

~Q2Q
�� log

X

(x;�x)

Q(x) ~Q(�x) e�
dB(x;�x)

� ; (4)

and

E(c)
s
�
�; P k

�
, log

 
X

v2Ac

P k(v)
1

1+�

!1+�

; (5)

with dB(x; �x) , � log
P
y

p
W (yjx)W (yj�x) denoting the

Bhattacharyya distance.

A constant-composition counterpart of this result is given
in [9, Corollary 1]. The improvement in Lemma 1, however,
is that the minimization in (4) is restricted to the given
set of codeword distributions, whereas in [9, Corollary 1]
(equivalently [7]) it is taken over all possible distributions.

Theorem 1. For a pair of i.i.d. distributions Q = fQ;Q0g,
there exists a partition of the source message set into two
classes such that the following exponent is achievable

Emc
J;ex(Q; t) , sup

��1

�
E0x
�
Q; �

�
� tEs

�
�; PV

��
; (6)

where E0x
�
Q; �

�
denotes the concave hull of E0x(Q; �) over

� 2 [1;1), with E0x
�
Q; �

�
, maxQ2Q E0x

�
Q;Q; �

�
, and

Es(�; PV ) , log
�P

v2V PV (v)
1

1+�

�1+�
.

The partitioning that achieves this exponent is the same as
in [12, Theorem 2], and is given by

A1 =
n

v 2 Vk : P k(v) � 
k
o

(7)

A2 =
n

v 2 Vk : P k(v) > 
k
o
; (8)

for some 
 2 [0; 1]. Optimizing over the pair of distributions,
the optimal expurgated exponent under this partitioning is

Emc
J;ex(t) , max

fQ;Q0g
Emc
J;ex(fQ;Q0g; t): (9)

IV. COMPARISON WITH SINGLE-CLASS CODING

We �rst present the achievable exponent under single-class
coding, closely following [9, Corollary 4].

Theorem 2. There exist single-class codes with i.i.d. ensem-
bles that achieve the following exponent

Esc
J;ex(t) , sup

��1

�
Ex(�)� tEs

�
�; PV

��
; (10)

where Ex(�) , maxQEx(Q; �), and

Ex(Q; �) = �� log
X

(x;�x)

Q(x)Q(�x) e�
dB(x;�x)

� : (11)

We use the notation Esc
J;ex(Q; t) to denote the exponent

corresponding to a �xed codeword distribution Q. A key
observation is that this result can be viewed as a special case
of the two-class partitioning when Q = Q0 = Q�, with Q�
denoting the optimal distribution in Theorem 2. This implicitly
implies that Emc

J;ex(t) � Esc
J;ex(t), as stated in the following

theorem.

Theorem 3. The optimal expurgated exponent with two-class
partitioning is no smaller than that of optimal single-class
coding, namely

Emc
J;ex(t) � Esc

J;ex(t): (12)

When the optimal distribution is chosen, the i.i.d. and
constant-composition channel-coding expurgated exponents
coincide, as shown in [10, Prob. 10.24]. Hence, Esc

J;ex(t) also
equals the optimal single-class expurgated exponent under
constant composition.

We therefore establish the existence of a two-class par-
titioning that, under i.i.d. coding, achieves an exponent no
smaller than that of optimal single-class coding with constant
composition. This gives a one-sided comparison between parti-
tioning and non-partitioning in expurgated joint source-channel
coding, a result that, to the best of our knowledge, has not
appeared previously.
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A. Numerical Examples

In this section, we provide numerical examples of expur-
gated error exponents in joint source-channel coding, illus-
trating in particular the impact of partitioning. We consider a
source-channel pair consisting of a binary memoryless source,
and a non-symmetric memoryless channel of the form

W =

0

@
1� 2" " "
" 1� 2" "
� � 1� 2�

1

A ; (13)

with the parameters " = 0:0001 and � = 0:1.
For each case, we are given two codeword distribu-

tions fQ1; Q2g, and we observe how the two-class parti-
tioning de�ned in (7)-(8) for these distributions compares
with single-class coding using one of them. In each �gure,
we plot the functions E0x

�
fQ1; Q2g; �

�
� tEs

�
�; PV

�
and

Ex(Qc; �)�tEs (�; PV ) for c = 1; 2. For reference, the values
Emc
J;ex(fQ1; Q2g; t) and maxc=1;2Esc

J;ex(Qc; t) are shown as
horizontal solid lines, while the JSCC random-coding exponent
[12, Eq. (20)] is plotted with dot-dashed lines. In all three
cases, the expurgated exponents exceed the random-coding
exponent, although this need not hold in general. Depending
on the setup, the random-coding exponent can be strictly larger
and even tight, coinciding with the sphere-packing bound, as
discussed in [1], [3].

The �rst �gure illustrates a case with non-optimal codeword
distributions, where the partitioned exponent is strictly higher
than the two single-class exponents.

1:0 1:2 1:4 1:6 1:8 2:0 2:2
�

0:54

0:55

0:56

0:57

0:58

Ex(Q1; �)� tEs(�; PV )
Ex(Q2; �)� tEs(�; PV )

E0
x(fQ1; Q2g; �)� tEs(�; PV )

E0
x(fQ1; Q2g; �)� tEs(�; PV )

Fig. 1. Example where partitioning strictly improves the exponent, obtained
with Q1 = (0:4; 0:4; 0:2), and Q2 = (0:5; 0:5; 0), t = 0:75 and PV (0) =
0:025.

The second plot, on the other hand, illustrates a case
where partitioning weakens the achievable exponent, with the
codeword distributions still being non-optimal.

1:0 1:2 1:4 1:6 1:8 2:0 2:2 2:4 2:6
�

0:60

0:65

0:70

0:75

0:80

Ex(Q1; �)� tEs(�; PV )
Ex(Q2; �)� tEs(�; PV )

E0
x(fQ1; Q2g; �)� tEs(�; PV )

E0
x(fQ1; Q2g; �)� tEs(�; PV )

Fig. 2. Example where single-class coding yields a higher exponent, with the
same setting as Fig. 1 except t = 0:5 and PV (0) = 0:02.

Figures 1 and 2 show that when the codeword distributions
are �xed and not optimized, it is not predetermined which
exponent dominates; either one can exceed the other. In the
�nal example, Q1 and Q2 are chosen optimally, showing that
in this particular case the two exponents coincide.

1:0 1:2 1:4 1:6 1:8 2:0 2:2
�

0:50

0:52

0:54

0:56

0:58

Ex(Q1; �)� tEs(�; PV )
Ex(Q2; �)� tEs(�; PV )

E0
x(fQ1; Q2g; �)� tEs(�; PV )

E0
x(fQ1; Q2g; �)� tEs(�; PV )

Fig. 3. The two exponents coincide under optimal distributions, with the
same setting as Fig. 1 except Q1 = (0:4489; 0:4489; 0:1021) and Q2 =
(0:5; 0:5; 0).

To date, we have not found any joint source-channel coding
setting in which optimal partitioning yields a strictly higher
exponent. In cases examined, the two exponents coincide,
raising the possibility that they may always be equal. Observe
that for a gap to exist, the input alphabet of the channel must
have size at least three. This is because when the input alphabet
size is two, it has been shown [13] that the uniform distribution
Q(0) = Q(1) = 1=2 always maximizes Ex(Q; �), regardless
of the value of �. Consequently, for binary-input channels,
partitioning does not provide any improvement to the exponent.
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V. PROOFS

The work of [8] revisits expurgation in joint source-channel
coding and rederives CsiszÆr’s two exponents [7] using a new
technique based on source-type duplication and type-by-type
expurgation. The key result of [8], which forms the basis for
all achievability results in this paper, is summarized in the
following lemma.

Lemma 2. There exists a joint source-channel code C such
that for any source type Pi 2 Pk(V) and any sequence v 2
T k(Pi), the source message error probability satis�es

pe(v; C) _�
NkX

j=1

E
h
pe
�
v; j;C

� 1
�ij

i�ij
; (14)

where �ij > 0, and pe
�
v; j;C

�
refers to the probability that,

given V = v, there exists some �v 2 T k(Pj) that yields a
decoding metric at least as high as that of v. Moreover, the
expectation is taken with respect to the given (not necessarily
distinct) codeword distributions fP (j)

X g
Nk
j=1.

A. Proof of Lemma 1

The proof closely follows the approach in [9, Lemma 3] and
[8, Sec. III.C]. We consider the code from Lemma 2, and use
the following decoding metric

q(v;x;y) = Wn(yjx) exp
�
� 2kD (PikPV )

�
; (15)

if v 2 T k(Pi). Observe that this is a type-dependent metric,
meaning that it depends on (v;x;y) only through their types.
Then, for any s > 0, we can upper bound pe

�
v; j;C

�
as

pe
�
v; j;C

�
= P

2

4
[

�v2T k(Pj)

q(�v;x�v;Y ) � q(v;xv;Y )

3

5 (16)

= P

2

4
[

�v2T k(Pj)

q(�v;x�v;Y )s � q(v;xv;Y )s
3

5 (17)

�
X

y

Wn(yjxv)
X

�v2T k(Pj)

�
q(�v;x�v;y)
q(v;xv;y)

�s
: (18)

Substituting the decoding metric and setting s = 1
2 , we obtain

pe
�
v; j;C

�
�
�

exp (�kD (PjkPV ))
exp (�kD (PikPV ))

�

�
X

�v2T k(Pj)

X

y

p
Wn(yjxv)Wn(yjx�v) :

(19)

If we assume �ij � 1 for all (i; j), we can use Hölder’s
inequality [2, Problem 4.15.f] to move the summation over

�v outside, as follows

pe
�
v; j;C

� 1
�ij �

2

4
�

exp (�kD (PjkPV ))
exp (�kD (PikPV ))

�

X

�v2T k(Pj)

X

y

p
Wn(yjxv)Wn(yjx�v)

3

5

1
�ij

(20)

�
�

exp(�kD(PjkPV ))
exp(�kD(PikPV ))

� 1
�ij

X

�v2T k(Pj)

nY

l=1

"
X

y

q
W (yjxlv)W (yjxl�v)

# 1
�ij

;
(21)

where xlv denotes the l-th element of xv . We now take the
expectation of the above expression

E
h
pe
�
v; j;C

� 1
�ij

i
�
�

exp(�kD(PjkPV ))
exp(�kD(PikPV ))

� 1
�ij

E

2

4
X

�v2T k(Pj)

nY

l=1

e�
dB(Xl; �Xl)

�ij

3

5 ;
(22)

where the expectation is taken with respect to P (̂i)
X �P

(ĵ)
X , with

P (c)
X denoting Qnc . Here, î denotes the index of the class to

which source type i belongs. We can evaluate this expectation
as follows

E

2

4
X

�v2T k(Pj)

nY

l=1

e�
dB(Xl; �Xl)

�ij

3

5

=
X

(x;�x)

Qnî (x)Qnĵ (�x)
X

�v2T k(Pj)

nY

l=1

e�
dB(xl;�xl)

�ij

(23)

=
X

�v2T k(Pj)

nY

l=1

X

(x;�x)

Qî(x)Qĵ(�x) e�
dB(x;�x)
�ij (24)

:= enRj

2

4
X

(x;�x)

Qî(x)Qĵ(�x) e�
dB(x;�x)
�ij

3

5
n

: (25)

Raising both to the power �ij , and then taking the worst-case
Qî over Qm follows that

E
h
pe
�
v; j;C

� 1
�ij

i�ij
�
�

exp(�kD(PjkPV ))
exp(�kD(PikPV ))

�

exp
�
n
h
�ijRj � E0x

�
Qĵ ;Qm; �ij

�i�
:
(26)

Having evaluated the expectation, we now obtain the following
bound on the error probability of the code in Lemma 2 as
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follows

pe(C) =
X

v

P k(v) pe(v; C) (27)

_�
X

(i;j)

X

v2T k(Pi)

P k(v)
�

exp(�kD(PjkPV ))
exp(�kD(PikPV ))

�

� exp
�
�n
h
E0x(Qĵ ;Qm; �ij)� �ijRj

i�
:

(28)

Observe that
P

v2T k(Pi) P
k(v) := exp(�kD(PikPV )). This

implies that
X

v2T k(Pi)

P k(v)
�

exp(�kD(PjkPV ))
exp(�kD(PikPV ))

�
:=
X

v2T k(Pj)

P k(v): (29)

Moreover, since
Qk
l=1 P̂v(vl) = exp(�nRj) for v 2 T k(Pj),

we obtain

pe(C) _�
NkX

(i;j)=1

X

v2T k(Pj)

P k(v)
P̂v(v)�ij

e�nE
0
x

�
Qĵ ;Qm;�ij

�
: (30)

Let us set �ij = �ĵ for all i. It then follows that

pe(C) _�
NkX

j=1

X

v2T k(Pj)

P k(v)
P̂v(v)�ĵ

e�nE
0
x

�
Qĵ ;Qm;�ĵ

�
(31)

=
mX

c=1

"
X

v2Ac

P k(v)
P̂v(v)�c

#

e�nE
0
x

�
Qc;Qm;�c

�
: (32)

It was shown in [9, Corollary 1] that

X

v2Ac

P k(v)
P̂v(v)�

_�

"
X

v2Ac

P k(v)
1

1+�

#1+�

: (33)

Thus, we have

pe _�
mX

c=1

e�nE
0
x

�
Qc;Qm;�c

�
+E(c)

s

�
�c;Pk

�
: (34)

B. Proof of Theorem 1
To prove Theorem 1, we �rst state the following auxiliary

lemma, given in [12, Lemma 1].

Lemma 3. For any �0 � 1 and 
0 � 0, the partition (7)-(8)
with 
 = min f1; 
0g satis�es

1
k
E(1)
s
�
�; P k

�

� Es(�; PV ) 1 f� > �0g+ r(�; �0; 
0)1 f� � �0g
(35)

, �E(1)
s (�; �0; 
0) ; (36)

1
k
E(2)

s
�
�; P k

�

� Es(�; PV )1 f� < �0g+ r(�; �0; 
0)1 f� � �0g
(37)

, �E(2)
s (�; �0; 
0) ; (38)

where

r (�; �0; 
) , Es(�0; PV )+
Es(�0; PV )� log 


1 + �0
(�� �0) : (39)

Using this lemma, for any 
0 � 0 the achievable error
exponent of Lemma 1 can be evaluated as

En=lim inf
n!1

�
1
n

log

0

@
X

c=1;2

exp
�
� sup
�c�1

h
nE0x

�
Qc;Q; �c

�

� E(c)
s
�
�c; P k

�i�
1

A

(40)

= lim inf
n!1

(

min
c=1;2

(

sup
�c�1

(

E0x
�
Qc;Q; �c

�

�
1
n
E(c)
s
�
�c; P k

�
))) (41)

� min
c=1;2

(

sup
�0;�1;�2�1

(

E0x
�
Qc;Q; �c

�

� t �E(c)
s
�
�c; �0; 
0

�
))

;

(42)

where in (42) we applied Lemma 3 and used the fact that
lim infn!1maxx ffn(x)g � maxx flimn!1 fn(x)g. Opti-
mizing over 
0 � 0, swapping the order of min and max, and
restricting the maximization range yields

En� sup
�0;�1;�2�1
�1��0��2

sup

0�0

(

min
c=1;2

(

E0x
�
Qc;Q; �c

�

� t �E(c)
s
�
�c; �0; 
0

�
))

:

(43)

By substituting the expression of �E(c)
s (�c; �0; 
0), the mini-

mization becomes

min
c=1;2

(

E0x
�
Qc;Q; �c

�

+ t
Es(�0; PV )� log 
0

1 + �0
(�0 � �c)� tEs(�0; PV )

)

:

(44)

We de�ne 
0 � 0 as the value satisfying

t
Es(�0; PV )� log 
0

1 + �0
=
E0x(Q2;Q; �2)� E0x(Q1;Q; �1)

�2 � �1
:

(45)

Choosing 
0 = 
0 equalizes the two terms in the minimization
in (44), thereby maximizing the lower bound in (43). Conse-
quently, we obtain

En � sup
�0;�1;�2�1
�1��0��2

8
<

:

(
�2 � �0

�2 � �1
E0x
�
Q1;Q; �1

�

+
�0 � �1

�2 � �1
E0x
�
Q2;Q; �2

�
)

� tEs(�0; PV )

9
=

;

(46)
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= sup
�0�1

8
<

:
sup

�1;�2�1
�1��0��2

(
�2 � �0

�2 � �1
E0x
�
Q1;Q; �1

�

+
�0 � �1

�2 � �1
E0x
�
Q2;Q; �2

�
)

� tEs(�0; PV )

9
=

;
:

(47)

We can further optimize the expression by assigning the
distributions to the classes in the best possible way, obtaining

En � sup
�0�1

8
<

:
sup

�1;�2�1
�1��0��2

(
�2 � �0

�2 � �1
E0x
�
Q; �1

�

+
�0 � �1

�2 � �1
E0x
�
Q; �2

�
)

� tEs(�0; PV )

9
=

;
:

(48)

Let � 2 [0; 1] be de�ned such that ��1 + (1 � �)�2 = �0,
yielding

En � sup
�0�1

8
<

:
sup

�1;�2�1;�2[0;1]
��1+(1��)�2=�0

(

�E0x
�
Q; �1

�

+ (1� �)E0x
�
Q; �2

�
)

� tEs(�0; PV )

9
=

;

(49)

= sup
�0�1

�
E0x
�
Q; �0

�
� tEs

�
�0; PV

��
; (50)

where

E0x
�
Q; �

�
, sup
�1;�2�1;�2[0;1]
��1+(1��)�2=�

�E0x
�
Q; �1

�
+ (1� �)E0x

�
Q; �2

�
: (51)

This corresponds to the pointwise supremum over convex
combinations of any two values of the function E0x(Q; �),
which, as described in [14], is equivalent to its concave hull.
This proof closely follows the argument of [12, Theorem 2].

C. Proof of Theorem 2

The proof follows the same steps as [9, Corollary 4], with
the main difference being that i.i.d. coding ensembles are used
instead of constant-composition.

D. Proof of Theorem 3

Let Q� denote the optimal distribution for Esc
J;ex(t), namely

the solution to

Esc
J;ex(t) = max

Q
sup
��1

�
Ex(Q; �)� tEs

�
�; PV

��
: (52)

We can lower bound Emc
J;ex(t) by choosing the maximization

pair to be the (potentially suboptimal) choice fQ�; Q�g, as
follows

Emc
J;ex(t) = max

fQ;Q0g
Emc
J;ex(fQ;Q0g; t) (53)

� Emc
J;ex(fQ�; Q�g; t) (54)

= sup
��1

�
E0x
�
fQ�; Q�g; �

�
� tEs

�
�; PV

��
(55)

= sup
��1

�
E0x
�
fQ�; Q�g; �

�
� tEs

�
�; PV

��
(56)

= sup
��1

�
Ex(Q�; �)� tEs

�
�; PV

��
(57)

= Esc
J;ex(t): (58)

Equality in (56) holds because for �xed Q, the function
Ex(Q; �) is concave in �, so E0x(fQ�; Q�g; �) is concave as
well, and hence equal to its concave hull.
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Abstract�Determining the exact decoding error probability of
linear block codes is an interesting problem. For binary BCH
codes, McEliece derived methods to estimate the error probability
of a simple bounded distance decoding (BDD) for BCH codes.
However, BDD falls short in many applications. In this work, we
consider error-and-erasure decoding and its improved variants.
We derive closed-form expressions for their error probabilities
and validate them through simulations. Then, we illustrate their
use in assessing concatenated coding schemes.

I. INTRODUCTION

Binary Bose�Chaudhuri�Hocquenghem (BCH) codes with
bounded distance decoding (BDD) are widely used in com-
munication systems [1]. To meet the growing performance
demands, enhancing their coding gain through soft-decision
decoding has become important. Decoders such as Chase II [2]
and ordered statistics decoding (OSD) [3] can approach max-
imum likelihood (ML) performance but at prohibitive com-
plexity. In this paper, we consider error-and-erasure (EaE)
decoding, perhaps the simplest soft-decision decoder for BCH
codes. Apart from the hard-decision values, EaE decoding
incorporates soft information by adding a single reliability
class of erasures (�?�) [4]. There exist different variants of EaE
decoding. In particular, we focus on the EaE decoder (EaED)
constructed from two BDD steps [5, Sec. 3.8.1]. This algorithm
offers good decoding performance and is closely related to
Chase II decoding. Moreover, with a simple modi�cation, it
can reproduce the decoding result of Forney’s algebraic EaE
decoder [6], [7].

One appealing property of BDD is that its decoding er-
ror probability can be determined analytically [8]: given the
number of input errors, the distribution of residual errors
after decoding is known. In contrast, no such results exist
yet for EaE decoding. In this paper, we derive a closed-
form expression for the considered EaED. Speci�cally, we
aim to determine the decoding transition probability (DTP)
P (R=rjU=u;E=e), where R is the number of residual
errors after decoding, U the number of input errors, and E the
number of input erasures. With the DTP, the post-decoding
bit error rate (BER) and frame error rate (FER) for various
memoryless channels can be computed. The DTP is validated
through simulations and applied in a concatenated scheme.

Notations: We use boldface letters to denote vectors, e.g., y,
and yi denotes its ith component. Let [n] := f0; 1; : : : ; n� 1g.
Furthermore, with F2 = f0; 1g, we introduce the Hamming
weight wt (y) = jfi 2 [n] : yi 6= 0gj for y 2 Fn2 , the Ham-
ming distance d (y1;y2) = wt (y1 � y2), and the nota-

tion d�E(y)(c) := jfi 2 [n] : ci 6= yi; yi 6= ?gj for c 2 Fn2 and
y 2 f0; 1; ?g where �?� is an erasure. Random vari-
ables (RVs) and their realizations are denoted by uppercase
and lowercase letters, respectively, e.g., U = u. Furthermore,
when clear from the context, we use the shorthand notation
P (rju) = P (R = rjU = u). Finally, Q(x)= 1p

2�

R1
x e�u

2
2 du

is the Gaussian tail distribution function.

II. PRELIMINARIES

Let C[n; k; ddes] be a primitive, narrow-sense, binary BCH
code, where n is the block length, k the dimension, and ddes
the designed distance, a lower bound on the minimum distance
dmin. The code rate is given by Rc = k=n. Let t denote the
number of correctable errors. The parameters are related by
n = 2b � 1, k � n � bt, and 2t + 1 = ddes. Let Aw denote
the number of codewords of weight w in C. Binary primitive
BCH codes have approximately binomial weight distributions
given by Aw � 2�bt

�n
w

�
for ddes � w � n � ddes, with

A0 = An = 1, and Aw = 0 elsewhere [1]. The exact weight
enumerators of some short BCH codes are listed in [9]. Note
that both [8] and the results derived in this work rely on the
weight distribution. If only an approximate weight distribution
is available, the resulting analysis is also approximate.

We consider three communication channels: the bi-
nary symmetric channel (BSC) with cross-over probabil-
ity � = P (Y 6= X), the EaE channel, and the binary in-
put additive white Gaussian noise (BI-AWGN) channel.
In the EaE channel, the input is X 2 F2 while the out-
put is Y 2 f0; 1; ?g. The channel transition probabilities
are P (Y = 1� xjX = x) = �c, P (Y = ?jX = x) = �c, and
P (Y = xjX = x) = 1� �c � �c: For the BI-AWGN chan-
nel, we map bit xi 7! (�1)xi =: ~xi, and the received
symbol is ~yi = ~xi + ni 2 R, where ni � N (0; �2

n) with
�2
n = (2RcEb=N0)�1. In the following, by introducing a

threshold T 2 R, we reduce the BI-AWGN to an EaE channel:
if ~yi 2 [�T;T], an erasure is declared, i.e., yi = ?, otherwise
yi = sign(~yi). Thus, the parameters of the resulting EaE are
�c = Q

�T+1
�

�
, and �c = 1 � Q

�T�1
�

�
� �c: For T = 0, we

recover a BSC with � = Q
� 1
�

�
.

We use x 2 C to denote the transmitted codeword and y
to denote the received word, whose alphabet is determined by
the channel. At the output of a BSC, we have

BDD (y) =

(
c; if y 2 St(c);
y (fail); otherwise;
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Fig. 1. Graphical illustration of the miscorrection scenario when using a BDD.

where St(c) = fy 2 Fn2 : d(y; c) � tg denote the Hamming
sphere of radius t for c 2 C. The decoding outcome falls into
one of three categories: (i) decoding success, if c = x; (ii)
decoding failure if no codeword is found; or (iii) miscorrection
(also called a decoding error as in [8]), if c 6= x.

For each decoder considered in this paper, we distin-
guish these three cases when computing the DTP. Taking
BDD as an example, in addition to the RVs U and R,
we introduce the RV D 2 D := fsucc; fail;mcg represent-
ing the decoding outcome for success, failure, and miscor-
rection, respectively. Then, we de�ne the conditional joint
probability PBDD(R = r;D = djU = u), i.e., the probability
of observing outcome d with r residual errors given u in-
put errors. For simplicity, we use the shorthand notation
P dBDD(rju) := PBDD(r; dju), yielding P succ

BDD(rju), P fail
BDD(rju),

and Pmc
BDD(rju). It follows that

PBDD(rju) = Pmc
BDD(rju) + P fail

BDD(rju) + P succ
BDD(rju):

Note that for a decoding failure where BDD (y) = y,
P fail

BDD(R 6= uju)=0, while for a decoding success,
P succ

BDD(R 6= 0ju)=0. We further denote by P succ
BDD(u), P fail

BDD(u),
and Pmc

BDD(u) the conditional probabilities of success, failure,
and miscorrection, respectively, given u errors.

Since we study linear codes with a symmetric decoding
algorithm, we assume the transmission of x = 0 throughout
the paper. Then, the decoder input errors are u = wt (y).

III. ANALYSIS OF BOUNDED DISTANCE DECODING

In this section, we consider BDD after BSC where the
received sequence is y 2 Fn2 , i.e., without erasures. To this
end, we review the method in [8] and re�ne it slightly such
that it also gives the detailed DTP for BDD.

Case 1: If U = u � t, then P succ
BDD(0ju) = 1 and

P dBDD(rju) = 0 for d 6= succ; r 6= 0.
Case 2: If U = u > t, either a miscorrection or a decoding

failure may occur. In the miscorrection scenario, we have
Pmc

BDD(rju) = N(u)=
�n
u

�
, where N(u) is the number of

received patterns y with wt (y) = u that satisfy y 2 St(c)
for some c 2 C with wt (c) = r. Figure 1 illustrates this
scenario with the support of c permuted to the right.

We de�ne a = jfi 2 [n] : ci = 1; yi = 0gj as the number of
correct bits in y that are (wrongly) �ipped by BDD, and
b = jfi 2 [n] : ci = 0; yi = 1gj as the number of erroneous
positions in y that are (correctly) �ipped by BDD. Hence,
it holds that u+ a� b = r and a+ b = d (y; c) � t. For �xed
a and b, there are

�r
a

��n�r
b

�
=
�r
a

�� n�r
u+a�r

�
distinct patterns

for y. Additionally, the number of codewords c 2 C with
wt (c) = r; is given by the weight enumerator Ar. Thus,

Pmc
BDD(rju) =

N(u)�n
u

� =

P
(a;b)2Sa;b Ar

�r
a

��n�r
b

�

�n
u

� :

where Sa;b = f(a; b) 2 [t]� [t] : a+ b � t; u+ a� b = rg.
Then, as Pmc

BDD(rju)+P fail
BDD(rju)=1, we have

P fail
BDD(rju) = 1�

u+tX

~r=u�t

Pmc
BDD(~rju):

The results are summarized in Theorem 1.

Theorem 1. The DTP of BDD is given as follows. For u � t,
PBDD(0ju) = 1, PBDD(rju) = 0, (d; r) 6= (succ; 0). For u > t,

PBDD(rju)=

8
><

>:

Pmc
BDD(rju); u� t�r�u+ t;r 6=u;
Pmc

BDD(rju)+P fail
BDD(rju); r = u;

0; otherwise.

IV. ERROR-AND-ERASURE DECODING

A. Error-and-erasure (EaE) Decoding Algorithm
In the following, we revisit the EaED algorithm presented

in [10, Algorithm 2]. For a received word y 2 f0; ?; 1gn with
E erasures and U errors, let w := EaED(y).

In EaED, a pair of random �lling patterns (p(1);p(2))
with p(1);p(2) 2 FE2 and p(1) + p(2) = 1E is constructed, by
drawing p(1) as a length-E Bernoulli( 1

2 ) vector. The erasures
in y are then replaced by p(1) and p(2) to form the test patterns
y(1);y(2) 2 Fn2 . Two BDDs yield w(i) := BDD

�
y(i)�,

i 2 f1; 2g. The �nal output w is selected from w(1) and w(2)

according to the following rules:
Case 1: If both BDD fail, set w = y and declare a failure.
Case 2: If w(i) 2 C for exactly one w(i), set w = w(i).
Case 3: If both BDD succeed, let di = d�E(y)

�
w(i)� for

i 2 f1; 2g. Then, choose w = w(1) if d1 < d2, and w = w(2)

if d2 < d1. If d1 = d2, the output w is chosen as w(1) or
w(2) with equal probability.

Remark 1: To avoid miscorrections, one commonly declares
a decoding failure if the number of erasures E exceeds a
certain value before decoding. This can be easily incorporated
in the upcoming DTP derivation by truncation.

Remark 2: The EaED reverts to a conventional BDD when
there are no erasures, i.e., e = 0.

Remark 3: For simplicity, when EaED declares a decoding
failure, each residual erasure in y is resolved by an indepen-
dent Bernoulli( 1

2 ) trial, such that on average every residual
erasure contributes to 1

2 bit error.

B. Decoding Transition Probability
Theorem 2 outlines our derived PEaED(rju; e) of EaED.

Theorem 2. The DTP of EaED is given as follows.
For 2u+ e < dmin, PEaED(0ju; e) = 1. For 2u+ e � dmin,
PEaED(rju; e) =

P
d2D P

d
EaED(rju; e) and

P dEaED(rju; e) =
Pe
e1=0 P

d
EaED(rju; e; e1) � P (e1ju; e); (1)

where e1 =wt
�
p(1)�. The value P dEaED(rju; e; e1) is given by

(5) when e1 2 [0; t� u]. For e1 2 [u+ e� t; e], we have the
symmetry relation P dEaED(rju; e; e1) = P dEaED(rju; e; e�e1).
For e1 2 (t� u; u+ e� t), it is approximated by (6) and (7).

Proof. See Appendix A.
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TABLE I
PROBABILITY OF SUCCESS OF EAED WITH u ERRORS AND e ERASURES

FOR THE [255; 239; 5] PRIMITIVE BCH CODE.

u e 0 1 2 3 4 5 6 7 8

0 1.000 1.000 1.000 1.000 1.000 0.999992 0.688 0.453 0.289
1 1.000 1.000 1.000 0.998 0.622 0.371 0.216 0.123 0.069
2 1.000 0.753 0.376 0.186 0.093 0.046 0.023 0.012 0.006

TABLE II
PROBABILITY OF MISCORRECTION OF EAED WITH u ERRORS AND e

ERASURES FOR THE [255; 239; 5] PRIMITIVE BCH CODE.

u e 0 1 2 3 4 5 6 7 8

0 0 0 0 0 0 7.8e-06 0.233 0.407 0.530
1 0 0 0 0.002 0.282 0.469 0.585 0.655 0.695
2 0 0.247 0.497 0.622 0.684 0.716 0.732 0.740 0.744
3 0.494 0.744 0.745 0.746 0.747 0.747 0.748 0.748 0.748
4 0.494 0.746 0.747 0.748 0.748 0.748 0.748 0.748 0.748
5 0.498 0.748 0.748 0.748 0.748 0.748 0.748 0.748 0.748

Note that, due to the Bernoulli trials to resolve residual
erasures upon decoding failure (Remark 3), R can now take
values in f0; 1

2 ; 1;
3
2 ; : : : ; ng.

Using the [255; 239; 5] BCH code as an example, Ta-
bles I and II list the conditional probabilities P succ

EaED(u; e)
and Pmc

EaED(u; e), respectively. These quantities represent the
probabilities of successful decoding and miscorrection given
u errors and e erasures, computed using (1) and marginalized
over R. Note that if e = 0, Theorem 2 reverts to Theorem 1.
Accordingly, the �rst column of both tables corresponds to
BDD. The miscorrection rate of BDD is high and is close
to the upper bound 1

t! derived in [8]. Compared with BDD,
EaED can decode beyond the minimum distance. When 2u+e
slightly exceeds dmin�1, the decoding success rate of EaED is
still high. However, this comes at the expense of an increased
probability of miscorrection for larger values of 2u + e. The
post-decoding BERs of EaED and BDD are compared in Fig. 2
with the threshold T optimized to minimize the BER of EaED
at 9 dB. We see that the simulation and computed values
closely agree. Additionally, as expected, EaED improves upon
BDD in terms of performance.

V. MISCORRECTION REDUCTION WITH ANCHOR BITS

Miscorrections cause undetectable errors that can be more
harmful than decoding failures, e.g., when retransmission is
allowed upon decoding failure, or during iterative decoding of
product codes with BCH component codes, where miscorrec-
tions lead to error propagation.

To mitigate miscorrections, we consider anchor bits [10],
[11], which form an additional reliability class. In contrast to
erasures, anchor bits are assumed to be highly reliable, and
any decoding decision that con�icts with them is treated as a
miscorrection. Let Ha � [n] denote the indices of anchor bits.
For a decoding result w = Dec(y) with w 2 C, we perform a
miscorrection detection (MD) step: if there exists i 2 Ha such
that wi 6= yi, the estimate w is rejected and the decoder outputs

4 5 6 7 8 9 1010�14

10�10

10�6

10�2

BDD

EaED

EaED a
uncoded

OSD-2

Eb=N0 (dB)

B
ER

computed
simulated
miscorrection

Fig. 2. Simulated and computed BER results of the [255; 239; 5] primitive
BCH code. The EaED uses the parameter T = 0:16 and the EaEDa uses
the parameters T = 0:13 and Ta = 0:75. The OSD uses order 2, as higher
orders do not yield additional performance gains.

a failure. It remains to de�ne the set of anchor bits Ha. In this
work, anchor bits are obtained by applying a threshold Ta to
the BI-AWGN channel output, i.e., by marking bits with output
value j~yij > Ta. Therefore, Ha = fi 2 [n] : j~yij > Tag. Next,
we show that the framework summarized in Theorems 1 and 2
can be extended to this scenario with minor modi�cations.

A. BDD with Anchor Bits
In this section, we present the DTP of BDD aided by anchor

bits, termed a BDDa decoder. We de�ne

Pca = P ( ~Y > Taj ~Y > 0; X = 1) = Q
�Ta�1

�

�
=(1� �);

Pwa = P ( ~Y < �Taj ~Y < 0; X = 1) = Q
��Ta�1

�

�
=�

to be the probability of a correct and erroneous anchor bit,
respectively. Following the analysis of Sec. III and the illus-
tration in Fig. 1, a miscorrection BDD (y) = c is rejected by
the anchor bits with probability (1� Pca)a(1� Pwa)b. Thus,

Pmc
BDDa(rju) =

X

(a;b)2Sa;b

Ar
�r
a

��n�r
b

�
(1�Pca)a(1�Pwa)b=

�n
u

�
;

where (1 � Pca)a � (1 � Pwa)b since typically Pca � Pwa.
P fail

BDDa and P succ
BDDa can then be calculated easily.

B. EaED with Anchor Bits
Similar to BDDa, we introduce EaEDa, which is an

EaED with the MD step using anchor bits, whose DTP is
denoted by PEaEDa(rju; e). To be precise, in EaEDa, for
w(i) = BDD

�
y(i)� ; i 2 f1; 2g, we check if there exists

j 2 Ha such that w(i)
j 6= yj . If this is true, we declare a

decoding failure for BDD
�
y(i)�. Then, we proceed to select

the �nal output as described in Sec. IV-A.
Note that we always set Ta > T to ensure that erasures

cannot be anchor bits. In this case, Pca and Pwa are given as

Pca = P ( ~Y > Taj ~Y > T; X = 1) = Q
�Ta�1

�

�
=(1� �c � �c);

Pwa = P ( ~Y < Taj ~Y < T; X = 1) = Q
��Ta�1

�

�
=�c:

The DTP of EaEDa is calculated in Appendix B.
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Fig. 3. FER versus crossover probability for eight RS[544; 514; 15] outer
code interleaved with 64 BCH[700; 680; 2] inner code. The EaEDa uses the
parameters T = 0:05 and Ta = 0:56 which minimizes the FER at 7 dB.

C. Improving one-shot decoding of BCH code
As shown in Fig. 2, EaEDa outperforms both EaED and

BDD. Next, we examine the miscorrection rate. For EaED,
most bit errors are due to miscorrections, whereas BDD
exhibits a smaller fraction. This observation aligns with Tab. I
and Tab. II, re�ecting that EaED has a stronger error correction
capability but is more prone to miscorrection. By contrast,
EaEDa substantially reduces miscorrections through the use
of anchor bits, which can be seen from the dashed lines in
Fig. 2. Thus, EaEDa improves decoding performance while
maintaining a low miscorrection rate, keeping the undetectable
error rate negligible.

VI. APPLICATION IN CONCATENATED BCH-RS SCHEMES

In [12], a concatenated scheme with Reed�Solomon (RS)
outer codes and BCH inner codes is presented and thoroughly
analyzed. In this section, we show that only replacing the BDD
used for the BCH codes in that scheme with EaEDa lowers
the post-forward error correction (FEC) FER with only a small
increase in complexity. The rest of the scheme follows [12].

The scheme in [12] uses shortened BCH codes to reduce
miscorrections and match the target code rate. LetHs = [nshort]
denote the set of shortened positions. Then, the subcode

Cnshort := fc 2 C[n; k] : ci = 0;8i 2 Hsg � C[n; k]

is isomorphic to the shortened code Cshort[n�nshort; k�nshort]
obtained by neglecting positions inHs. Note that shortened bits
are not transmitted, such that Cshort is used for transmission and
Ha \Hs = ;. We further assume that the error locations that
the BDD declares are randomly distributed, and therefore, the
rate that such an error location is in Hs is nshort=n, which
provides a good approximation when nshort is small [12].
Therefore, we treat the shortened bits as additional correct
anchor bits after decoding on C. We can then compute the
DTP of EaEDa using the method derived in Appendix B.

Fig. 3 shows the computed and simulated post-FEC FER
using the framework in [12] and the DTP of the BDD and
EaEDa. EaEDa shows a clear decoding gain compared to BDD.
Regarding the computational complexity, EaEDa involves at
most two BDD decodings. When constructing the two test

TABLE III
ALL POSSIBLE BDD OUTCOMES WHEN DECODING THE TWO TEST

PATTERNS IN EAED, ASSUMING THAT 2e + u � dmin .

À ` ´ ˆ ˜ ¯ ˘ ˙ ¨
BDD

�
y(1)�

0 0 fail c fail c c c fail
BDD

�
y(2)�

c fail fail fail c c c0 0 0

0 emax(t� u; 0) min(u+ e� t; e)

e1L := fÀ`g M := f´ˆ˜¯˘g R := f˙¨g

Fig. 4. Sorting of the cases in Tab. III according to the value of e1. When
u > t, sets L and R will not occur.

patterns, since transmitted codewords are randomly chosen, no
random number generator is required, i.e., we can simply set
p(1) = 0 and p(2) = 1. After decoding, MD requires checking
whether bits are anchor bits and, if two candidate codewords
exist, comparing their Hamming distances. For memory com-
plexity, additional storage is needed to record the positions of
anchor and erasure bits. Overall, the increase in complexity
is moderate, since the decoding of the RS code, which has
comparably high complexity, remains unchanged.

VII. CONCLUSION

In this paper, we derive a closed-form expression for esti-
mating the decoding behavior of EaED. Furthermore, results
are extended to incorporate an enhanced version of the decoder.
The MATLAB scripts used to generate the results are available
at https://github.com/kit-cel/EaED_BCH.

APPENDIX A
EAED CALCULATION

In this appendix, we derive DTP PEaED(rju; e) of EaED.
Case 1: If e = 0, EaED reverts to BDD. Therefore, the

transition probabilities are given by Theorem 1.
Case 2: Consider e 6= 0.
Case 2.1: If 2u+ e < dmin, P succ

EaED(u; e) = 1 [7].
Case 2.2: When 2u+ e � dmin, EaED may still succeed.

Hence, we must calculate Pmc
EaED(rju; e), P fail

EaED(rju; e), and
P succ

EaED(rju; e) separately for this case.
Let the RV E1 = wt

�
p(1)�; under the all-zero codeword

assumption, E1 = e1 corresponds to erroneous bits intro-
duced by the random �lling pattern to y(1) before BDD, i.e.,
wt
�
y(1)� = u+ e1. Analogously, de�ne e2 = wt

�
p(2)�. Note

that E1 + E2 = E. Consequently, wt
�
y(2)� = u+ e� e1.

Table III lists all nine possible joint BDD outcomes. In
particular, note that BDD

�
y(1)� = BDD

�
y(2)� = 0 cannot

occur, since this would imply u+ e1 � t and u+ e� e1 � t,
which together yield 2u + e � 2t � dmin � 1, contradicting
u + 2e � dmin. Therefore, at most one of the two BDD can
correctly decode to 0.

As depicted in Fig. 4, based on the value of e1, the nine cases
can be grouped into three categories (sets), denoted L := fÀ,
`g,M = f´, ˆ, ˜, ¯, ˘g, and R = f˙, ¨g, corresponding
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Fig. 5. Graphical illustration of case `. Orange parts sum up to e1 while
green parts sum up to e2 = e� e1. The gray parts sum up to d�E(y)(c).

to the cases e1 2 [0; t � u], e1 2 (t � u; u + e � t) and
e1 2 [u+ e� t; e], respectively. Then, we can compute

Pmc
EaED(rju; e) =

Pe
e1=0 P

mc
EaED(rju; e; e1) � P (E1 = e1ju; e)

=2
t�uX

e1=0

Pmc
EaED(rju; e; e1)

� e
e1

�

2e
| {z }

scenariosL;R

+
u+e�t�1X

e1=t�u+1

Pmc
EaED(rju; e; e1)

� e
e1

�

2e
| {z }

scenarioM

:

(2)

The factor 2 before the �rst sum is due to the symmetry be-
tween L and R. Next, we compute the probabilities associated
with L and M.

The set L contains the joint decoding outputs for which
e1 � t�u, which implies that BDD

�
y(1)� = 0. Furthermore,

wt
�
y(2)� = u+e�e1 � 2u+e� t � dmin� t > t. Therefore,

BDD
�
y(2)� is either a miscorrection (case À) or decoding

failure (case `).
There are

�n
u

��n�u
e

�� e
e1

�
:= � possible combinations of lo-

cations for the u errors, e erasures, and e1 1s among the e
erased positions when generating the test pattern y(1). Then,
we �rst count the number of events leading to À, from which
` follows directly.

Now, for case À, we �x a non-zero codeword c and �rst
enumerate all possible y(2). Based on each y(2), we then
infer and count all elementary events y consistent with the
realization (u; e; e1).

We now �rst count the number of y(2) patterns with
weight u + e2 that ful�ll y(2) 2 St(c) for some
c 2 C n f0g, with wt (c) = r. To this end, as illustrated
in Fig. 5 and similarly to BDD, we �rst �x y(2) and
introduce variables a = jfi 2 [n] : ci = 1; y(2)

i = 0gj and
b = jfi 2 [n] : ci = 0; y(2)

i = 1gj. As BDD
�
y(2)� = c,

(a; b) 2 Sa;b = f(a; b) 2 [t]�[t] : a+b � t; u+e�e1+a�b=rg.
There are Ar

�r
a

��n�r
b

�
possible such y(2) patterns.

Then, to obtain the number of possible y patterns
with y(2) �xed, we distribute e erasures across the four
different parts of y(2), which are divided according to
the four possible values of (ci; y

(2)
i ). Next, we introduce

the variables � := jfi 2 [n] : ci = 0; yi = ?; y(1)
i = 1gj and


 := jfi 2 [n] : ci = 0; yi = ?; y(1)
i = 0g. For a �xed pair of

c and y(2), there are
�n�r�b

�

��b



�� r�a
e�e1�


�� a
e1��

�
distinct

sequences y when considering the possible locations of the

erasures. Observe that whenever y(2) and y are speci�ed,
the word y(1) is uniquely determined. Hence, the number of
placements for case À amounts to

P
(a;b)2Sa;b

P
�2S�

P

2S
 V (a; b; �; 
) (3)

where S� = f� 2 [n � r � b] : 0 � e1 � � � ag,
S
 = f
 2 [b] : 0 � e� e1 � 
 � r � ag, and

V (a; b; �; 
) = Ar
�r
a

��n�r
b

��n�r�b
�

��b



�� r�a
e�e1�


�� a
e1��

�
;

which is abbreviated as V when unambiguous.
Next, for case À, we show that evaluating (3) in a re�ned

range of � and 
 yields the number of elementary cases that
lead to different EaED outcomes.

As depicted in Fig. 5, d�E(y)(c) = b�
+a� (e1��) and
obvisouly d�E(y)(0) = u. Hence, if d�E(y)(c) < d�E(y)(0),
a miscorrection occurs as EaED chooses c as its estimate.
Similarly, when d�E(y)(c) > d�E(y)(0), EaED chooses 0
as its output and will decode successfully. Finally, When
d�E(y)(c) = d�E(y)(0), miscorrection and success happen
with equal probability.

For convenience, let S� := f(�; 
) : ��
�u+e1�a�bg,
with � 2 f>;<;=;�;�g denoting a comparator. Thereby, let

L11(r) :=
P

(a;b)2Sa;b

P
(�;
)2(S��S
)\S< V;

L12(r) :=
P

(a;b)2Sa;b

P
(�;
)2(S��S
)\S> V;

L13(r) :=
P

(a;b)2Sa;b

P
(�;
)2(S��S
)\S=

V:

Then, the number of elementary events that lead to case ` is

L2 = �� (L11 + L12 + L13) (4)

where Li =
Pu+e1+t
r=u+e1�t Li(r) for i 2 fa; b; cg.

In summary, for the cases in L, we have
8
><

>:

Pmc
EaED(R = rju; e; e1) = (L11(r) + L13(r)=2)=�;
P fail

EaED(R = u+ e
2 ju; e; e1) = 0;

P succ
EaED(R = 0ju; e; e1) = (L2 + L12 + L13=2)=�:

(5)

Finally, we consider the cases in M. First, note that
they can only cause a miscorrection or a failure since
y(1);y(2) =2 St(0). In the following, we make a signi�cant
simpli�cation by assuming that the outcomes of BDD

�
y(1)�

and BDD
�
y(2)�, whether miscorrection or failure, are inde-

pendent of each other. In principle, this assumption is false as
d(y(1);y(2)) = e. However, as the positions of the erasures
are random, we observe that �xing the decoding result of one
BDD does not signi�cantly in�uence the other one. Thus,

P fail
EaED(u; e; e1) = P fail

BDD(u+e1)P fail
BDD(u+e�e1): (6)

As for miscorrections, we assume that when both y(1) and
y(2) are miscorrected, the probability of choosing one of the
miscorrected codewords is 1

2 . Then we can approximate

Pmc
EaED(rju; e; e1) = Pmc

BDD(rju+e1)P fail
BDD(u+e�e1)

+ P fail
BDD(u+e1)Pmc

BDD(rju+e�e1)
+ 1

2P
mc
BDD(rju+e1)Pmc

BDD(u+e�e1)
+ 1

2P
mc
BDD(rju+e�e1)Pmc

BDD(u+e1): (7)
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Now we have obtained the probabilities for cases in L and
M. Plugging the results into (2) and marginalizing over the
decoding outcomes D yields Theorem 2.

APPENDIX B
EAED WITH ANCHOR BITS

Based on the calculation in Appendix A, the DTP of the
EaEDa can be obtained by considering that codewords found
by BDD

�
y(1)� and BDD

�
y(2)� could be rejected by the MD.

To this end, let z denote one of y(1) or y(2) and BDD (z) = c.
For c 2 C, de�ne nca := fi 2 [n] : zi = 0; ci = 1g and
nwa := fi 2 [n] : zi = 1; ci = 0g. Then, the probability that c
is accepted by the MD is (1 � Pca)nca(1 � Pwa)nwa =: pAC,
since the events of individual bits being anchor bits are
statistically independent. Before we derive the PEaEDa , we
�rst compute the DTP of decoding one random test pattern,
say, y(1) when u+e1 > t. It is denoted as PEaEDsa . We de�ne

Ls(r) =
X

a;b;nca;nwa

Ar
�r
a

��n�r
b

�� b
nwa

�� a
nca

��r�a
c

��n�r�b
d

�
� pAC

where c = e1 � (b� nwa) and d = e� e1 � (a� nca). Then,
the miscorrection probability is

Pmc
EaEDsa(rju; e; e1) = Ls(r)=�; (8)

and P fail
EaEDsa(u; e; e1) = 1 � Pmc

EaEDsa(u; e; e1) as the success
probability is 0 when u+ e1 > t.

Next, we analyze the decoding result by cases.
Case 1: For e = 0, EaEDa reverts to BDDa.
Case 2: For e 6= 0, we need to compute two cases.
Case 2.1: If 2u+ e < dmin, EaED is guaranteed to succeed.

However, due to the MD step, there are three sub-cases.
Case 2.1.1: If u+e1 � t and u+e�e1 < dmin�t or if

u+e1 < dmin�t and u+e�e1 � t, either y(1) or y(2) will be
decoded to c = 0 (with nwa = u and nca = 0) and the other
one results in a decoding failure. Let P0 := (1�Pwa)u. Then
P succ

EaEDa(u; e) = P0 and P fail
EaEDa(u; e) = 1� P0:

Case 2.1.2: If u + e1 � t and u + e � e1 � dmin � t.
BDD

�
y(1)�=0, and BDD

�
y(2)� either fails or miscorrects.

For a miscorrection where BDD
�
y(2)� = c 6= 0 with

wt (c) = r, d�E(y)(0) < d�E(y)(c) always holds, as shown
in [7, Appendix A]. Therefore, if 0 is accepted by the
MD (probability P0), it will be chosen as the EaED deci-
sion. Then, P succ

EaEDa(u; e) = P0. When 0 is rejected (proba-
bility (1 � P0)), EaED will either fail or miscorrect. We
compute Pmc

EaEDa(rju; e) = (1 � P0)Pmc
EaEDsa (rju; e; e2) and

P fail
EaEDa(u; e) = 1� P succ

EaEDa(u; e)� Pmc
EaEDa(u; e).

Case 2.1.3: If u + e � e1 � t and u + e1 � dmin � t,
the probabilities are calculated with the same formulas as in
case 2.1.2, by rede�ning dyc = dmin � (u+ e1).

The case where both y(1) and y(2) are miscorrected is
impossible as it contradicts the condition 2u+e < dmin: Next,
we consider the case where 2u+ e � dmin.

Case 2.2: 2u + e � dmin. Analogous to Appendix A, we
divide the cases into sets L, M, and R, and observe that we
can replace the probabilities associated with EaED in (2) by
their EaEDa counterparts.

For set L, as depicted in Fig. 5, we write P0 = (1� Pwa)u
and Pc = (1 � Pca)a�(e1��)(1 � Pwa)b�
 . We can reuse
(5), replacing L11, L12, and L13 by La

11, La
12, and La

13,
respectively, which are calculated as

La
11 =

X

a;b

� X

(�;
)2(S��S
)\S<

V � Pc +
X

(�;
)2(S��S
)\S�

V � (1� P0)Pc

�

La
12 =

X

a;b

� X

(�;
)2(S��S
)\S�

V � P0(1� Pc) +
X

(�;
)2(S��S
)\S>

V � P0

�

La
13 =

X

a;b

X

(�;
)2(S��S
)\S=

V � P0Pc

where (a; b) 2 Sa;b. Additionally, de�ne

Lfail =
P

(a;b)2Sa;b

P
(�;
)2(S��S
) V (1� Pc)(1� P0):

Then, we have
8
><

>:

Pmc
EaEDa(R = rju; e; e1)=(La

11(r) + La
13(r)=2)=�;

P fail
EaEDa(u; e; e1) = (Lfail + L2(1� P0))=�;
P succ

EaEDa(u; e; e1)=(L2P0 + La
12 + La

13=2)=�:
(9)

Finally, we consider the set M, where we still assume that
the decoding results of y(1) and y(2) are independent. Then,
the probabilities are obtained in the same way as for EaED
in (7), except that the BDD probabilities are replaced with
those of a single test-pattern EaED computed by (8). Finally,
the DTP of EaEDa can be computed using the framework of
Theorem 2.
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Abstract�In this extended abstract, I will summarize sev-
eral collaborative results concerning the Gaussian Z-interference
channel.

I. INTRODUCTION

The Gaussian Z-interference channel (GZIC) is de�ned by

Y1 = X1 + Z1;
Y2 = X2 + aX1 + Z2;

where jaj 2 (0; 1) is the interference gain. Here Z1 � N (0; 1),
Z2 � N (0; 1), and signals X1 and X2 are independent of
each other as well as the noises Z1; Z2. The main goal is
to determine the capacity region, C, of this setting under the
power constraints: E[X2

1 ] � P1, E[X2
2 ] � P2. This is a

fundamental (open) problem in network information theory.

Remark 1. Note that when jaj � 1, the capacity region is
already known, as it corresponds to the strong interference
regime [1].

II. HAN�KOBAYASHI REGION FOR GZIC

Proposition 1 (HK Inner Bound for GZIC). The following re-
gion is achievable: the union of rate pairs (R1; R2) satisfying

R1 � I(X1;Y1 j Q);
R2 � I(X2;Y2 j U1; Q);

R1 +R2 � I(U1; X2;Y2 j Q) + I(X1;Y1 j U1; Q);

for some pQpX1jQpX2jQ such that E(X2
1 ) � P1, E(X2

2 ) � P2.

A particular instance of this achievable region arises when
we set X1 = U1 +V1, and the conditional distributions pU1jQ,
pV1jQ, and pX2jQ are independent Gaussian distributions; this
is called the Han�Kobayashi region with Gaussian signaling.

Theorem 2 (HK-GS). The union of rate pairs (R1; R2)
satisfying

R1 �
jQjX

q=1

p(q)
2

log(1 + P1q);

R2 �
jQjX

q=1

p(q)
2

log
�

1 +
P2q

1 + �qa2P1q

�
;

R1 +R2 �
jQjX

q=1

p(q)
2

�
log
�

1 +
P2q + (1� �q)a2P1q

1 + �qa2P1q

�

+ log(1 + �qP1q)
�
;

over �q 2 [0; 1], pQ, and non-negative pairs P1q; P2q
satisfying

P
q p(q)P1q � P1 and

P
q p(q)P2q � P2. By

Caratheodory’s theorem, we can restrict jQj � 5. We will
call this region RHK�GS .

The primary conjecture that one wishes to resolve is the
following:

Conjecture 1. For the Gaussian Z-interference channel, Han�
Kobayashi region with Gaussian Signaling coincides with the
capacity region, i.e., C = RHK�GS .

A further restriction of the Han�Kobayashi region with
Gaussian signaling happens when we set jQj = 1. We call
this the superposition coding region. This region reduces to
the following:

Proposition 3 (Superposition). The union of rate pairs
(R1; R2) satisfying

R1 �
1
2

log(1 + P1);

R2 �
1
2

log
�

1 +
P2

1 + �a2P1

�
;

R1 +R2 �
1
2

�
log
�

1 +
P2 + (1� �)a2P1

1 + �a2P1

�

+ log(1 + �P1)
�
;

over � 2 [0; 1]. We will call this region RS .

Since the capacity region is a convex region in R2
+,

it can be characterized by supporting hyperplanes of the
form R1 + �R2. Therefore, we are interested in determin-
ing C(�) := max(R1;R2)2C R1 + �R2. Similarly, we can
de�ne RHK�GS(�) and RS(�) as the corresponding optimal
weighted sum-rate for the two corresponding regions.

A. Motivation
It is known [2] that there are parameters (a; P1; P2) where

RHK�GS ) RS , or in other words, a non-trivial Q improves
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the achievable rate region with Gaussian signaling. However,
all the converse techniques known to the author, for proving the
optimality of Gaussian signaling, do not allow for the presence
of a non-trivial Q.

The following observation is a potential �x to overcome
the above technical hurdle and motivated a signi�cant portion
of the study. Note that, for a �xed cross-gain a, the opti-
mal weighted sum-rate C(�) and RHK�GS(�) are concave
functions of (P1; P2). Furthermore, RHK�GS(�) is the upper
concave envelope (with respect to the powers (P1; P2) of
RS(�).

Therefore, for a given cross-gain a, let

Sa = f(P1; P2) : RHK�GS(�) = RS(�)g;

be the set of powers for which one does not need to employ
any convexi�cation. It is no hard to see that Conjecture 1 is
equivalent to showing that,

C(�) = RHK�GS(�) = RS(�)

for all (P1; P2) 2 Sa.
This allows us to bypass the need for developing a new

technique that proves the optimality of Gaussian signaling in
the presence of a non-trivial Q. On the other hand, it comes
at the expense of needing to have a deeper understanding of
the set Sa, and more generally RHK�GS .

III. SUMMARY OF RESULTS ABOUT RHK�GS
A summary of the known facts of the Noiseberg region (or

equivalently RHK�GS) is presented in the paper [3]:
Critical Points in the Noiseberg Achievable Region of the
Gaussian Z-Interference Channel.

The key to unlocking RHK�GS was the following result.

Theorem 4 (The Noiseberg Conjecture, [4]). Fix the channel-
gain a 2 (0; 1). Then for all P1; P2 � 0,

RHK�GS(�)
����
(P1;P2)

= max
�; ~P

�
�RS(�)

����
( ~P;P2

� )
+ (1� �)RS(�)

�����P1�� ~P
1�� ;0

�

�
;

where the maximum is subject to the constraints

P2

P1 + P2
� � � 1; 0 � ~P � P1 + P2 �

P2

�
:

This above theorem was conjectured by Costa [2], when
he called it the Noiseberg region, and �nally established in
[4]. This theorem reveals that the convexi�cation in RS(�)
happens, if at all, between one interior point and a point on
the boundary (where P2 = 0).

Recently, the following result was established, that ex-
actly characterize the set of parameters (a; P1; P2) for which
RHK�GS = RS . This was �rst conjectured in [3].

Theorem 5 ( [5]). Consider a degraded Gaussian Z-
interference channel with parameters (P1; P2; N2). The noise-
berg region consists only of a pure superposition coding

strategy (i.e. no time-sharing is required for any �-sum-rate)
whenever

(1� a2 + P2)(1 + a2P1)
a2P2(1 + P1)

� ��;

where �� is the unique positive solution of  (�) = 0, where

 (�) := �
�

log
�

1 +
P2

1 + a2P1

�

�
(1 � a2)P2

(1 + a2P1)(1 + a2P1 + P2)

�
(1)

+ log
�

1 �
a2P2(1 + P1)

(1 + a2P1)(1 + a2P1 + P2)
�

�
.

Remark 2. For the above region of parameters, it is possible
that traditional techniques for proving Gaussian optimality
may suf�ce as Q is not required.

As potential evidence supporting Conjecture 1, in [6], it was
established that RHK�GS does not improve by allowing for
multi-letter extensions (still restricted to Gaussian signaling).

IV. SUMMARY OF RESULTS REGARDING THE CAPACITY
REGION AND OUTER BOUNDS

Fig. 1. Comparison of the bounds when a = 0:8; P1 = 1; P2 = 1. The
green curve is RHK�GS . The red curve is a relaxed version of the bound
in Theorem 6, and the blue curve is the one obtained by Theorem 7.

The latest result on the outer bound to the capacity region
is the following from [7].

Theorem 6. Assume that 0 < a < 1. De�ne T = X2 + Z2.
Then, for any achievable rate pair (R1; R2) and � � 1, we
have

R1 + �R2 � I(X1;Y1jU) + �I(X2;T jV )

for some distribution pU;V;W;X1;X2 such that

p(u; v; w; x1; x2) = p(v; x2)p(u; x1)p(wjv; u; x1) (2)

and pX1jU ; pX2jV ; pX1;X2jW ; pX1;X2jU;W ; pX1;X2jU;V;W are
all conditional Gaussian distributions whose variances (or
covariances) do not depend on the conditioned variables (e.g.,
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the variance of X1 given U = u does not depend on u);
moreover, the following constraints are satis�ed:

I(W ;Y1jU) = I(U ;Y2jW );
I(V;W ;Y1jU) = I(U ;T; Y2jV;W );
I(X1;Y1jU;W ) � I(X1;Y2jU;W );

I(X2;T jV ) � I(X2;Y2jU;W )� I(X2;Y1jU;W );

hold. Further X1 and X2 are assumed to satisfy the power
constraints, i.e. EX2

1 � P1 and EX2
2 � P2.

This result builds on the following earlier outer bound to
the capacity region established in [8].

Theorem 7. Consider the Z-interference channel
pY1Y2jX1X2 = pY1jX1pY2jY1;X2 . Then, any rate pair (R1; R2)
in the capacity of the Z-interference channel must satisfy the
following constraints,

R1 � minfI(X1;Y1jQ); I(S;Y2jQ) + I(X1;Y1jS;Q)g;
R2 � minfI(X2;Y2jS;X1; Q);

I(X2;Y2jS;Q)� I(X2;Y1jS;Q)g;

for some auxiliary random variables S and Q satisfying
p(q)p(x1jq)p(x2jq)p(sjx1; x2; q) and

I(X1;Y1jS;Q) � I(X1;Y2jS;Q):

Remark 3. The bound in Theorem 7 represents the �rst stance
where it was demonstrated that there is a �nite � such that

C(�) =
�
2

log(1 + P2) +
1
2

log
�

1 +
a2P1

1 + P2

�
;

or in other words, the Capacity region has a slope discontinuity
at the Costa-Polyanskiy-Wu corner point.

CONCLUSION
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In the Byzantine Generals Problem [1], [2], a command-
ing general has a message (e.g., attack/retreat) for a set
of lieutenant generals. If the commander acts honestly, all
honest lieutenants must learn the message; and, even if the
commander is malicious, all the honest lieutenants must agree
on the same message. This problem constitutes a fundamental
primitive in distributed computing and cryptography [3]�[5].

It is known that there is no information-theoretically secure
solution for the problem if the generals communicate over
private pairwise links and one-third or more of them may be
controlled by an adversary; in particular, it is infeasible for the
3-generals version with one commander and two lieutenants if
any one of them may be malicious. However, the availability
of correlated observations (i.e., a source model) at the generals
can be used to overcome this impossibility. A characterization
of the source models that permit a solution for 3-generals
was presented in [7]. It shows that a larger class of correlated
sources may be used to solve the problem than was previously
believed [6].

Underlying the schemes in [6], [7] is a form of distributed
function computation robust to a malicious sender. The sum-
mary below of this function computation problem is taken
from [8] (slightly edited for clarity):

The following observation forms the basis of the
algorithm in [6]: Consider a single source (sender)
node with observation vector Xn = (X1; : : : ; Xn)
and a decoder with side-information vector Y n =
(Y1; : : : ; Yn) such that (Xi; Yi), i = 1; : : : ; n are
independent and identically distributed according
to a joint distribution PXY . Let X & Y :=
 X&Y (X) be a minimal suf�cient statistic for
estimating Y given X , i.e.,  X&Y function is
such that  X&Y (x) =  X&Y (x0) if and only if
PY jX=x � PY jX=x0 . Then the decoder can recover
 X&Y (Xn) := ( X&Y (X1); : : : ;  X&Y (Xn)) ro-
bustly in the following sense � if the sender is
honest, the decoder outputs  X&Y (Xn) with high
probability (w.h.p.); if the sender is malicious, w.h.p.,
either the decoder outputs a vector which is still sub-
stantially correct (in the sense of vanishing average
Hamming distortion w.r.t.  X&Y (Xn)) or detects
that the sender is malicious. In other words, a mali-
cious sender is unable to induce the decoder to pro-
duce an erroneous output (without being detected).
This is accomplished by a simple joint typicality test

by the decoder. It is also easy to see that  X&Y (Xn)
(along with Y n) is the most that the decoder can
hope to learn robustly since X $  X&Y (X) $ Y
is a Markov chain and any alterations to X which
preserve  X&Y (X) (and the marginal of X) cannot
be detected by the decoder relying only on its side-
information Y . The details of how this observation
can be used to construct a scheme for the 3-generals
problem is omitted here; see [6].
In [7], the above was extended to the case of two
distributed senders with at most one corrupt user
among them using a simple idea � for a joint distri-
bution PX1X2Y , suppose the users observe X1 and
X2 (dropping the vector notation for convenience),
respectively, and the decoder has side-information Y .
Using the single-user scheme, the decoder can �rst
robustly recover X1 & Y (or determine that user 1
is malicious); then using what it has learned, robustly
recover X2 & Y1 (or determine that user 2 is
malicious), where Y1 := (Y;X1 & Y ); then recover
X1 & Y2 (or determine that user 1 is malicious),
where Y2 := (Y1; X2 & Y1) and so on. This process
can be shown to saturate in a �nite number of steps
(which depends on their joint distribution and is at
most the product of cardinalities of the alphabets
of X1 and X2). Thus, either the decoder recovers
this (saturated) function or identi�es the adversary.
Notice that if the adversary is identi�ed, the decoder
can proceed with the knowledge that the other user
is honest. A consequence of the results in [8] is that
this function (along with Y ) is the most a decoder
can learn robustly. We again omit the details of how
this idea can be used to construct a scheme for the
3-generals problem; see [7].

Inspired by the above, [8] formulated the following k-sender
distributed function computation problem robust to at most
s � k malicious (and colluding) senders (see Figure 1):
Senders and the decoder observe independent and identically
distributed copies of X1; : : : ; Xk and Y respectively, drawn
from a known joint probability mass function PX1;:::;XkY .
Senders are required to send their observations (uncoded) to
the decoder. The decoder, with high probability, must either
identify a malicious user or output an estimate of Zn with
asymptotically vanishing average Hamming distortion, where
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Fig. 1: At most s out of the k users are malicious (i.e., controlled by an
adversary who has access to the observations of the malicious users, but
no additional side-information). The decoder, with high probability, either
identi�es a malicious user or outputs a substantially correct estimate of Zn,
where Z = f(X1; : : : ; Xk; Y ). The main result is a characterization of
functions f for which this is possible for a given PX1;:::;XkY . If the decoder
identi�es a malicious user, that user can be removed to get a new instance of
the problem with k � 1 users of which at most s� 1 are malicious and the
process repeated. This �gure appears in [8].

Z = f(X1; : : : ; Xk; Y ). Note that if the decoder identi�es a
malicious user, that user can be removed to get a new instance
of the problem with k � 1 users of which at most s � 1 are
malicious and the process repeated. The main result of [8] is
a characterization of functions f for which this is possible
for a given PX1;:::;XkY . While the idea employed in [7] and
sketched above of repeatedly using the single-user scheme of

[6] is shown to extend to the case of s = 1 corrupt sender
even when the number of users k is larger than 2, the general
case is proved using a more involved scheme.
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Abstract�We survey recent work showing how relaxing the
conventional almost-sure cost constraint in channel coding is
well-motivated and leads to improved performance in several
scenarios.

Many channels involve a cost or power constraint that limits
the frequency with which symbols may be used. Let X denote
the input alphabet of the channel, c : X 7! [0;1) a cost
function, and X1; : : : ; Xn the inputs to the channel over time.
Classically the cost constraint is imposed almost surely (a.s.)

1
n

nX

i=1

c(Xi) � � a.s., (1)

or in expectation

E

"
1
n

nX

i=1

c(Xi)

#

� �; (2)

where in both cases the randomness comes from the message,
the channel (if the code has feedback), and any internal
randomness of the code.

The expectation constraint in (2) is arguably too weak in that
it allows non-ergodic use of resources that causes the strong
converse not to obtain [1], [2]. Likewise, a case can be made
that the a.s. constraint is too strong. None of the practical
reasons for imposing a cost constraint mandate the form in
(1). In particular, naturally-occurring noise processes do not
satisfy a one-sided constraint such as (1), so this constraint is
not needed to ensure the transmission resembles noise.

Furthermore, relaxing this constraint can lead to asymptotic
performance improvements. Results on the normal approx-
imation or second-order coding rate show that for many
channels, the number of bits that can be sent using a code
with blocklength n and error probability � takes the form

nC(�) +
p
n� +O (log n) ; (3)

where C(�) is the usual capacity at cost level �. The �-
dependent constant � is the second-order coding rate (SOCR).
For discrete memoryless or Gaussian channels, the SOCR
under the a.s. cost constraint is

� =
p
V (�)��1(�); (4)

where V (�) is the dispersion of the channel (at cost level
�) and � is the standard Normal CDF. This result can be
improved if one relaxes the constraint in (1). One possibility

that has been considered is the mean-and-variance constraint,
in which we impose (2) along with

Var

 
1
n

nX

i=1

c(Xi)

!

�
V
n
: (5)

The variance constraint in (5) captures the notion that the
transmitted signal should use power ergodically. As V !1,
this recovers the expectation constraint. Taking V = 0 re-
covers the a.s. constraint since the constraints in (1)-(2) are
essentially equalities at optimality. For any V > 0 we obtain
an improved SOCR compared with the V = 0 case for discrete
memoryless [2] and Gaussian [3] channels.

Moreover, under the mean-and-variance constraint, feedback
improves the SOCR for most discrete memoryless chan-
nels [4]; under the a.s. constraint, feedback improves the SOCR
only for those that are compound dispersion [5]. The reason
is that the relaxed constraint allows for timid/bold coding [5]
in the feedback case: the encoder can use zero-variance code-
words when the transmission is proceeding well and positive-
variance codewords when it is not. Both types of codewords
are permitted under the mean-and-variance constraint while the
latter is prohibited under an a.s. constraint.

More broadly, in place of the variance constraint in (5) one
can impose an arbitrary number of constraints of the form

E

"

fi

 
1
p
n

nX

i=1

[c(Xi)� �]

!#

� �i; (6)

for given functions fi : R 7! [0;1). For Gaussian channels,
the SOCR has recently been characterized under mild assump-
tions on the collection of functions ffig [6].
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Abstract�The paper shows that in general a separate source
coding and channel coding architecture is not optimal in multi-
access scenarios even under a covertness constraint. This stands
in contrast to the single-user scenario where source-channel
separation is optimal. The paper further shows that separation is
optimal also for sending fully-correlated Gaussian sources over a
Gaussian multiple-access channel (MAC). In all these scenarios
(single-user or MAC), the covertness constraint imposes that the
number of source symbols cannot scale linearly in the blocklength
n, but only as pn�n for �n the vanishing covertness constraint
and n the blocklength.

I. INTRODUCTION

Shannon’s separation theorem [1] implies that without loss
in optimality, one can separate the compression and chan-
nel coding tasks when performing lossy transmission of a
memoryless source over a discrete-memoryless channel. In
a recent work [2], we extended this result to a scenario
with a covertness constraint, i.e., where the transmitter has
to communicate in a manner that ensures that communication
remains undetectable for an external warden. While the opti-
mality of source-channel separation remains valid also under a
covertness constraint, the number of source symbols that can
be transmitted cannot scale linearly in the number of channel
uses n but only in the order of pn�n, where �n indicates the
imposed covertness constraint. These �ndings are in line with
classic results on covert communication [3]�[7].

In this manuscript, we �rst show that source-channel sep-
aration does not hold in a distributed network setup where
two transmitters observing correlated sources communicate to
a common receiver, while respecting a covertness constraint.
We present a discrete memoryless source and a discrete memo-
ryless multi-access channel (MAC) where joint source-channel
coding (JSCC) strictly improves over the best separation-based
approach. This result might not be surprising in view of the
suboptimality of separate source-channel coding without a
covertness constraint [8]�[12]. In fact, JSCC allows the two
remote transmitters to correlate their channel inputs, which is
typically bene�cial for decoding performance at the receiver.
In our scenario, correlating inputs can however also increase
detectability of the transmission and thus violate the covertness
constraint.

In this spirit, our last �nding of this article shows that
when both transmitters observe perfectly correlated Gaussian
sources, then separate source-channel coding achieves the

optimal lossy transmission performance over a Gaussian MAC
because any correlation that is generated between the two
transmitted signals that can improve the decoding performance
also deteriorates covertness, �nally rendering JSCC not useful.
In fact, we conjecture that the same conclusion holds when
sending arbitrarily correlated (Gaussian) sources over a Gaus-
sian MAC.

Notation: We follow standard information theory notations.
We use calligraphic fonts for sets (e.g. S) and note by
jSj the cardinality of a set S. The set of real numbers is
denoted R, the set of nonnegative reals by R+, and the set
of positive integers by N. Random variables are denoted by
upper case letters (e.g., X), while their realizations are denoted
by lowercase letters (e.g. x). We write Xn and xn for the
tuples (X1; : : : ; Xn) and (x1; : : : ; xn), respectively, for any
positive integer n > 0. For a distribution P on X , we note
its product distribution on Xn by P
n(xn) =

Qn
i=1 P (xi).

We also denoteby Supp(P ) the support of a distribution P ,
i.e. Supp(P ) = fx : P (x) 6= 0g: For two distributions P and
Q on X , D(PkQ) =

P
x2X P (x) log

�
P (x)
Q(x)

�
is the Kullback-

Leibler divergence and �2(PkQ) =
P
x

(P (x)�Q(x))2

Q(x) the chi-
squared distance. We use H(�) to denote the (conditional)
entropy functional and I(�; �) for mutual information [13].
The log-function is in base 2; for natural logarithms we
write ln. We abbreviate probability mass function by pmf and
independent and identically distributed by i.i.d..

II. SETUP: SENDING CORRELATED SOURCES OVER A
MAC UNDER A COVERTNESS CONSTRAINT

We consider the setup in Figure 1 of a two-to-one discrete
memoryless multiple-access channel (MAC) with �nite input
alphabets X1 and X2, �nite output alphabet Y , and transition
law �Y ZjX1X2 . The goal of the communication is that the
receiver be able to reconstruct, with some required �delity,
the two source sequences

Uk1 := (U1;1; : : : ; U1;k) and Uk2 := (U2;1; : : : ; U2;k);

where the pairs
�

(U1;t; U2;t)
	k
t=1 are drawn i.i.d. from the

�nite set U1 � U2 according to the joint source distribution
PU1U2 and k is a positive integer.

Both transmitters and the receiver share a uniform key S that
is independent of the sources and the channel and of arbitrary
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Trans.1
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1<latexit sha1_base64="b2dlFGtNx3u+vKhdH6vc7j2ynfk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48VTFtoY9lsN+3SzSbsToRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNEmmGfdZIhPdDqnhUijuo0DJ26nmNA4lb4Wj25nfeuLaiEQ94DjlQUwHSkSCUbSS7/e8x1GvXHGr7hxklXg5qUCORq/81e0nLIu5QiapMR3PTTGYUI2CST4tdTPDU8pGdMA7lioacxNM5sdOyZlV+iRKtC2FZK7+npjQ2JhxHNrOmOLQLHsz8T+vk2F0HUyESjPkii0WRZkkmJDZ56QvNGcox5ZQpoW9lbAh1ZShzadkQ/CWX14lzVrVu6jW7i8r9Zs8jiKcwCmcgwdXUIc7aIAPDAQ8wyu8Ocp5cd6dj0VrwclnjuEPnM8fVFmOXg==</latexit>

Uk
2<latexit sha1_base64="7e2nPF4eoFFHi9sLMThFvwcceoI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48VTFtoY9lsJ+3SzSbsboRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fCoqZNMMfRZIhLVDqlGwSX6hhuB7VQhjUOBrXB0O/NbT6g0T+SDGacYxHQgecQZNVby/V7tcdQrV9yqOwdZJV5OKpCj0St/dfsJy2KUhgmqdcdzUxNMqDKcCZyWupnGlLIRHWDHUklj1MFkfuyUnFmlT6JE2ZKGzNXfExMaaz2OQ9sZUzPUy95M/M/rZCa6DiZcpplByRaLokwQk5DZ56TPFTIjxpZQpri9lbAhVZQZm0/JhuAtv7xKmrWqd1Gt3V9W6jd5HEU4gVM4Bw+uoA530AAfGHB4hld4c6Tz4rw7H4vWgpPPHMMfOJ8/Vd+OXw==</latexit>

öUk
1

öUk
2

<latexit sha1_base64="99gXKZzUbEq10oRg5m3u7BcQI60=">AAACG3icbVDLSsNAFJ34rPVVdelmsAiuSlIFXRbduKxgH9DEMpnetEMnkzAzEUvIf7jxV9y4UMSV4MK/cdqmoK0HBs49517m3uPHnClt29/W0vLK6tp6YaO4ubW9s1va22+qKJEUGjTikWz7RAFnAhqaaQ7tWAIJfQ4tf3g19lv3IBWLxK0exeCFpC9YwCjRRuqWqq4PfSbSkGjJHjJ3QHTayLrO3dB1Z0XVFCB6s55uqWxX7AnwInFyUkY56t3Sp9uLaBKC0JQTpTqOHWsvJVIzyiEruomCmNAh6UPHUEFCUF46uS3Dx0bp4SCS5gmNJ+rviZSESo1C33Sa/QZq3huL/3mdRAcXXspEnGgQdPpRkHCsIzwOCveYBKr5yBBCJTO7YjogklBt4iyaEJz5kxdJs1pxTivVm7Ny7TKPo4AO0RE6QQ46RzV0jeqogSh6RM/oFb1ZT9aL9W59TFuXrHzmAP2B9fUDcKSi6A==</latexit>

! Y Z |X 1 X 2
<latexit sha1_base64="14ZRdKq1Jr8VxUgesvXsGThNGaI=">AAAB+3icbVA9T8MwEHX4LOUrlJHFokJiqpKCBGMFA4xFom2gjSLHdVqrthPZDqIK+SssDCDEyh9h49/gthmg5UknPb13p7t7YcKo0o7zbS0tr6yurZc2yptb2zu79l6lreJUYtLCMYulFyJFGBWkpalmxEskQTxkpBOOLid+54FIRWNxq8cJ8TkaCBpRjLSRArvSu0KcoyC7u3/yAtcL6nlgV52aMwVcJG5BqqBAM7C/ev0Yp5wIjRlSqus6ifYzJDXFjOTlXqpIgvAIDUjXUIE4UX42vT2HR0bpwyiWpoSGU/X3RIa4UmMemk6O9FDNexPxP6+b6ujcz6hIUk0Eni2KUgZ1DCdBwD6VBGs2NgRhSc2tEA+RRFibuMomBHf+5UXSrtfck1r95rTauCjiKIEDcAiOgQvOQANcgyZoAQwewTN4BW9Wbr1Y79bHrHXJKmb2wR9Ynz9TLZP5</latexit>

Warden
<latexit sha1_base64="J46YBBFlpwYuy7aN6gNmr6Gw5Co=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4Kkk96LHoxWMF+wFtKJvNpF272YTdjVBC/4MXD4p49f9489+4bXPQ1gcDj/dmmJkXpIJr47rfztr6xubWdmmnvLu3f3BYOTpu6yRTDFssEYnqBlSj4BJbhhuB3VQhjQOBnWB8O/M7T6g0T+SDmaTox3QoecQZNVZqd6gKUQ4qVbfmzkFWiVeQKhRoDipf/TBhWYzSMEG17nluavycKsOZwGm5n2lMKRvTIfYslTRG7efza6fk3CohiRJlSxoyV39P5DTWehIHtjOmZqSXvZn4n9fLTHTt51ymmUHJFouiTBCTkNnrJOQKmRETSyhT3N5K2IgqyowNqGxD8JZfXiXtes27rNXv69XGTRFHCU7hDC7AgytowB00oQUMHuEZXuHNSZwX5935WLSuOcXMCfyB8/kDiomPGQ==</latexit>

Z n
<latexit sha1_base64="3ASCIcMFvxUfz9en2fbdr7uccoI=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4xyiPCSmaHBibMzm5mZk3Ihk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8Hoeuo3n1BpHsl7M47RD+lA8j5n1Fjp7uFRdoslt+zOQJaJl5ESZKh1i1+dXsSSEKVhgmrd9tzY+ClVhjOBk0In0RhTNqIDbFsqaYjaT2enTsiJVXqkHylb0pCZ+nsipaHW4zCwnSE1Q73oTcX/vHZi+pd+ymWcGJRsvqifCGIiMv2b9LhCZsTYEsoUt7cSNqSKMmPTKdgQvMWXl0mjUvbOypXb81L1KosjD0dwDKfgwQVU4QZqUAcGA3iGV3hzhPPivDsf89ack80cwh84nz86OY3C</latexit>

Fig. 1. Transmission of two correlated sources over a two-user MAC in the
presence of an external warden.

long size. Transmitter i thus generates its channel inputs Xn
i ,

for n a positive integer, as

Xn
i = f (n)

i (Uki ; S); i 2 f1; 2g; (1)

using some encoding function

f (n)
i : Uki � S ! X

n
i ; i 2 f1; 2g: (2)

It is assumed that both input alphabets X1 and X2 con-
tain special zero-symbols that also indicate the absence of
communication. These special symbols are denoted 0. In our
setup we impose a covertness constraint, which forces the
two transmitters to produce their channel inputs in a way that
an external warden observing the output symbols Zn cannot
detect whether communication is going on. The warden’s
output symbols Zn are generated by the memoryless channel
�ZjX1X2 for inputs Xn

1 and Xn
2 . Following the works in

[3]�[7], covertness (or undectability of communication) is
measured by the divergence

cn := D
�
QZn



 �
nZjX1X2
(�j0n; 0n)

�
; (3)

where

QZn(zn) =
1
jSj

X

s2S

X

un
1 ;u

n
2

PUn
1 U

n
2

(un1 ; u
n
2 )

�
nZjX1X2

�
zn
�� f (n)

1 (un1 ; s); f
(n)
2 (un2 ; s)

�
: (4)

It will be required that for suf�ciently large blocklengths
n the divergence cn lies below a target divergence measure
�n which vanishes as n ! 1. As we shall see, the speed
of convergence of �n will determine the number of source
symbols that can be conveyed over the channel.

The receiver observes the outputs Y n generated by the
memoryless channel �Y jX1X2 from the inputs Xn

1 and Xn
2 .

Based on these outputs and the secret key S, it produces the
estimates Ûk1 and Ûk2 :

�
Ûk1
Ûk2

�
= g(n)(Y n; S); (5)

where g(n) is some decoding function

g(n) : Yn � S ! Ûk1 � Û
k
2 ; (6)

and Û1 and Û2 denote the reconstruction alphabets.

The quality of the reconstructions is measured in terms of
the average distortions

�(k)
1 ,

1
k

kX

t=1

E
�
d1(U1;t; Û1;t)

�
; (7)

�(k)
2 ,

1
k

kX

t=1

E
�
d2(U2;t; Û2;t)

�
; (8)

which are computed using two given nonnegative distortion
functions

di : U i � Û i ! R+; i 2 f1; 2g:

We assume that the number of source samples k grows as
a function of the number of channel uses n, i.e., k = k(n).

De�nition 1: Let k(n) be an increasing function N ! N
and f�ngn�1 a sequence tending to 0 as the blocklength n!
1. A source-channel pair (PU1U2 ;�Y ZjX1X2) is (D1;D2)-
admissible under the covertness constraint f�ng if there
exists a sequence of encoding and reconstruction functions
ff (n)

1 ; f (n)
2 ; g(n)gn satisfying the conditions

lim
n!1

�k(n)
1 � D1; (9a)

lim
n!1

�k(n)
2 � D2: (9b)

and for suf�ciently large n:

cn � �n: (10)

Throughout this manuscript we assume that the covertness
constraint �n vanishes as n ! 1 but not too fast so thatp�nn tends to in�nity.

To avoid the problem being trivial or infeasible, we impose
the following restrictions on the MAC to hold for any pmf �
over (X1 �X2)nf(0; 0)g:

X

(x1;x2)6=(0;0)

�(x1; x2)�ZjX1X2(�jx1; x2) 6= �ZjX1X2(�j0; 0);

(11a)

and moreover for any x1 2 X1 and x2 2 X2:

Supp(�Y jX1X2(�jx1; x2)) � Supp(�Y jX1X2(�j0; 0)) (11b)
Supp(�ZjX1X2(�jx1; x2)) � Supp(�ZjX1X2(�j0; 0)): (11c)

In Section V ahead, we will consider Gaussian sources and
a Gaussian MAC. As discuss at the beginning of Section V, to
capture the continuous natures of the sources and the channel,
we will need to adapt some of the assumptions and notations
made in the present section.

III. THE SINGLE-TRANSMITTER CASE

Before presenting our new results, we recall the results for
the single-user setup from [2]. I.e., in the above setup, we set
X2 and U2 to be the empty sets, rename X1 as X , U1 as U ,
etc.

Our results for the single-user setup show that if one wishes
to attain a non-trivial distortion D and at the same time satisfy
a covertness constraint then the number of source symbols k
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can scale at most proportional to pn�n. Moreover, it suf�ces
to restrict to separate source-channel coding architectures as
depicted in Figure 2, where a standard source coding is con-
catenated with a covert channel code, designed independently
of each other.

Uk
Source

Encoder
Channel
Encoder

M X n
Channel
Decoder

Y n

Channel
Source

Decoder

cM bUk

Transmitter Receiver

Fig. 2. Separate source and channel coding architecture for the single-user
setup.

We say that a distortion is trivial if it can be achieved without
communication by having the receiver produce a constant
reconstruction symbol, i.e., if

D � Dtrivial := min
û2Û

E[d(U; û)]: (12)

Recall the de�nition of the standard rate-distortion function
[13]

R(D) , min
PÛjU (ûju):EPU PÛjU

[d(Û;U)]�D
I(Û ; U); (13)

and of the covert capacity [4], [5]

Ccovert

,
p

2 sup
 

P
x6=0  (x)D

�
�Y jX(�jx)



�Y jX(�j0)
�

r
�2
�P

x6=0  (x)�ZjX(�jx)


�ZjX(�j0)

� ; (14)

where the supremum is over all pmfs  on Xnf0g. Recall also
that the covert capacity Ccovert is de�ned as the largest number
of message bits scaled by pn�n for which the probability
of decoding error can be made to vanish as n ! 1 with a
sequence of codes that for all suf�ciently large blocklengths
n satis�es the covertness constraint cn � �n.

Theorem 1 (From [2]): For any given function k(�) and
vanishing sequence f�ngn�1 the following holds.

1) If

lim
n!1

k(n)
pn�n

= 0; (15)

then all nonnegative distortions D � 0 with �nite R(D)
are D-admissible under covertness constraint f�ng.

2) If

lim
n!1

k(n)
pn�n

=1; (16)

then only trivial distortions D � Dtrivial are D-admissible
under covertness constraint f�ng.

3) If

lim
n!1

k(n)
pn�n

=
1


; (17)

for some 
 > 0, then D is D-admissible under covertness
constraint f�ng if, and only if,

R(D) � 
Ccovert: (18)

Notice that the parameter 
 plays the same role as the
bandwidth mismatch factor in traditional JSCC [11], [13].

IV. MAC: SOURCE-CHANNEL SEPARATION DOES NOT
HOLD

We shall show at hand of an example that in contrast to the
single-user case, source-channel separation does not hold for
the MAC.

A. The Channel
Consider the discrete memoryless MAC

Yt = X1;t +X2;t +Nt mod 3; (19)
Zt = X1;t +X2;t +Mt mod 3; (20)

where input alphabets X1 = X2 = f0; 1g, output alphabet Y =
f0; 1; 2g and the noise sequences fMtg and fNtg also take
value in f0; 1; 2g and are independent of each other and of the
inputs. The receiver’s noise sequence fNtg is i.i.d. according
to the pmf:

PN (n) =

(
0:94 if n = 0
0:03 if n = 1; 2;

(21)

and the warden’s noise sequence fMtg is i.i.d. according to
the pmf:

PM (m) =

(
0:96 if m = 0
0:02 if m = 1; 2:

(22)

This MAC satis�es the conditions in (11). Moreover, it’s
capacity region is [7]:

Ccovert,MAC =
[

 

C (23)

where the union is over all pmfs  over the set

((X1nf0g)� f0g)
[

(f0g � (X2nf0g)) (24)

and C is the set of all non-negative rate-pairs (r1; r2) satis-
fying

R1 �
p

2

P
x12X1nf0g  (x1; 0) � DY (x1; 0)

p
�2( )

; (25)

R2 �
p

2

P
x22X2nf0g  (0; x2) � DY (0; x2)

p
�2( )

; (26)

where for any pair (x1; x2) 6= (0; 0):

DY (x1; x2) := D(�Y jX1X2(�jx1; x2)k�Y jX1X2(�j0; 0)) (27)

and for any pmf  over (X1 �X2)nf(0; 0)g:

�2( ) := �2

 
X

(x1;x2)6=(0;0)

 (x1; x2)�ZjX1X2(�jx1; x2)





�ZjX1X2(�j0; 0)

!

: (28)

As in the single-user case, the rates are de�ned as the number
of transmitted bits scaled by pn�n.
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Numerical evaluation of above region yields that the largest
sum-rate is achieved by the symmetric point

R�1 = R�2 = 0:3301: (29)

B. The Source
Consider the source distribution

PU1U2(u1; u2) =

(
1
3 if (u1; u2) 2 f(0; 0); (0; 1); (1; 1)g
0 otherwise:

(30)
The source thus never produces U1 = 1 if U2 = 0. We consider
Hamming distortion di(ui; ûi) = 1fui 6= ûig and require that
both distortions be below D1 = D2 = 0:04.

For lossy compression the fundamental limits are not known
even without a noisy channel. It can however be shown that
lossless compression with distortions D1 = D2 = 0:04 is not
admissible if the following rate-constraint is not satis�ed:

R1 +R2 > I(U1; U2; Û1; Û2) (31)
> H(U1; U2)�H(U1 � Û1)�H(U2; Û2) (32)
� log2(3)�Hb(D1)�Hb(D2) (33)
� 1:100: (34)

We denote the set of non-negative rate-pairs (R1; R2) satisfy-
ing (33) as Rbound(D1;D2).

C. The Separation-Based Approach
The approach of separate source-channel coding is analo-

gous to the single-user case depicted in Figure 2, i.e., it again
concatenates a standard source code with a covert channel
code, independently designed of each other.

For a given sequence k(n) satisfying

lim
n!1

k(n)
pn�n

�
1


; (35)

the considered source-channel pair (PU1U2 ;�Y ZjX1X2) is
(D1;D2)-admissible only if there exists a point in the source
coding region Rbound(D1;D2) that is included in the 
-blow
up of the covert capacity region:

Rbound(D1;D2) \ 
Ccovert,MAC 6= ;: (36)

For the scenario at hand, view of the results in (29) and
(33), the intersection in (36) is non-empty only if


 � 1:6670; (37)

and thus the number of source-samples can scales at most as

k(n) � 0:5999 �
p
n�n: (38)

D. An Improved JSCC Scheme
We present a JSCC scheme that can transmit more source

symbols over n channel uses while respecting the distortion
constraints D1 and D2 and the covertness constraint f�n .
De�ne the pmf

�(x1; x2) =

(
1
2 if (x1; x2) 2 f(0; 1); (1; 1)g
0 otherwise:

(39)

Let � > 0 be an arbitrary small number and de�ne

!n ,

s
2�n

(1 + �) � �2(�)
: (40)

and
�n ,

!np
n
; (41)

where �2(�) is as de�ned in (28).
Let Rn be i.i.d. according to Bernoulli-(3=2�n) generated

from the shared secret key S and thus available to both
encoders and the legitimate receiver.

Encoding: Each Transmitter i sends 0 in all channel uses
‘ = 1; : : : ; n where R‘ = 0 and it sends a new symbol Ui;t
when R‘ = 1.

Decoding: The receiver ignores all channel uses ‘ 2
f1; : : : ; ng where R‘ = 0 and for each channel output
‘ 2 f1; : : : ; ng where R‘ = 1 it produces the next pair of
estimates as follows:

(Û1;t; Û2;t) =

8
><

>:

(0; 0) if Y‘ = 0
(0; 1) if Y‘ = 1
(1; 1) if Y‘ = 2;

(42)

for corresponding indices ‘ and t.
Depending on the outcome of the random sequence Rn,

in above scheme, not all source symbols might be transmitted.
For the remaining symbols, the decoder arbitrarily reconstructs
Û1;t = Û2;t = 0.

(In our analysis we shall choose the source length k(n)
so that only a vanishing fraction of source symbols is not
transmitted with probability tending to 1 as n ! 1: As we
shall see, choosing Rn i.i.d. allows to simplify the analysis of
the covertness constraint.)

Analysis: The expected distortion per effectively transmitted
source symbol is:

E[d1(U1;t; Û1;t)] = 2=3E[d1(U1;t; Û1;t)jU1;t = 0]
+1=3E[d1(U1;t; Û1;t)jU1;t = 1] (43a)

= 2=3 � 0:03 � 1 + 1=3 � 0:06 � 1 (43b)
= 0:04; (43c)

and similarly

E[d2(U2;t; Û2;t)] = 1=3E[d2(U2;t; Û2;t)jU2;t = 0]
+2=3E[d2(U2;t; Û2;t)jU2;t = 1] (43d)

= 1=3 � 0:06 � 1 + 2=3 � 0:03 � 1 (43e)
= 0:04: (43f)

The scheme thus satis�es the expected distortion constraint
if with probability 1 the fraction of not-transmitted source
symbols vanishes as n ! 1. In the following we show that
this is the case if we choose

k(n) ,
3
2
�nn =

3
2

s
2�nn

(1 + �) � �2( )
(44)

� 0:96856 �
p�nnp
1 + �

: (45)
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In fact, the expected number of 1 symbols in Rn is

E[wH(Rn)] =
3
2
�nn =

3
2

s
2�nn

(1 + �) � �2( )
; (46)

where wH(�) denotes the Hamming weight. Let now f�ng1n=1
be a vanishing sequence so that

lim
n!1

�nn�2n =1: (47)

Notice that such a choice exists, because by our assumption
on �n and the de�nition of �n the sequence �nn tends to
1. By Bernstein’s Inequality and noting that jR‘j � 1 and
Var(R‘) = �nn 2

3

�
1� �nn 2

3

�
, we can write:

Pr
�����wH(Rn)�

3
2
�nn

���� � �nn�n
�

< exp

 

�
n2�2

n�2n
n�n 3

2

�
1� �nn 2

3

�
+ 1

3�nn�n

!

; (48)

which tends to 0 as n ! 1 by our Assumption (47) and
because �n ! 0. As a consequence, if we choose k(n) as
in (44), then with probability tending to 1, the number of
not-transmitted symbols is at most �nn�n, and thus sublinear
in k(n). This proves that our scheme achieves the desired
distortion constraints D1 and D2.

Moreover, we have

lim
n!1

k(n)
pn�n

�
0:96856
p

1 + �
; (49)

We �nally verify that the scheme also satis�es the covertness
constraint. By our choice of �n and because for an i.i.d. input
sequence Xn, for suf�ciently large values of n and arbitrary
� > 0, the divergence cn can be bounded as [4, Remark 1]:

cn � n
(1� PX1X2(0; 0))2

2
�2( )(1 + �) (50)

= n
�2
n

2
(1 + �)�2( ) � �n: (51)

This concludes the analysis. Letting � ! 0 we obtain the
following proposition:

Proposition 2: The considered source-channel pair
(PU1U2 ;�Y ZjX1X2) is (D1;D2)-admissible under covertness
constraint f�ng using a separate source-channel coding
architecture only if

lim
n!1

k(n)
pn�n

� 0:5999: (52)

In contrast, (PU1U2 ;�Y ZjX1X2) is (D1;D2)-admissible under
covertness constraint f�ng if

lim
n!1

k(n)
pn�n

� 0:9685: (53)

JSCC can thus support more source symbols than any separate
source-channel coding scheme.

V. SOURCE-CHANNEL SEPARATION HOLDS FOR
PERFECTLY-CORRELATED GAUSSIAN SOURCES AND

GAUSSIAN MACS

We now turn to the canonical example of sending a single
Gaussian source (or two correlated Gaussian sources) over a
Gaussian MAC under a squared-error distortion criterion. The
setup is as described in Section II except that now source and
channel are not discrete and �nite anymore. The de�nition
of QnZ in (4) needs to be changed accordingly. Moreover,
Condition (11a) does not apply.

A. The Channel
Consider the Gaussian MAC

Yt = X1;t +X2;t +Nt; (54a)
Zt = X1;t +X2;t +Mt; (54b)

where inputs and outputs are in R and the noise sequences
fMtg and fNtg are independent of each other and of the
inputs. The noise sequences fNtg and fMtg are i.i.d. zero-
mean Gaussian of variances �2

R and �2
W , respectively.

The covert capacity region of this MAC is easily derived
from [5], see also [7]:

CGauss =
�

(R1; R2) : R1; R2 > 0 and R1 +R2 �
�2
W
�2
R

�
:

(55)
As before, the rates are de�ned as the number of transmitted
bits scaled by pn�n.

B. The Source
Consider a perfectly correlated bivariate Gaussian source

(U1; U2) � N
�

0;
�

1 1
1 1

�
�2
�
; (56)

i.e., U1 = U2 = U . We thus consider a single reconstruction
Ûn and a single distortion criterion D under squared-error
distortion, d(u; û) = (u � û)2. The rates-distortion region of
this example is easily derived as [13]:

R(D) =
1
2

ln+
�

D
�2

�
(57)

where ln+(x) , maxf0; ln(x)g.

C. Optimality of the Separation-Based Approach
From above results, we deduce that lossy reconstruction with

distortion D is possible using the separation-based approach
if, and only if, there exists a parameter 
 > 0 satisfying the
following two conditions:

lim
n!1

k(n)
pn�n

�
1



(58a)

and
R(D) � 


�2
W

�R2 : (58b)

We show in the following that in case no such 
 exists, the
desired lossy reconstruction is not possible.
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Proposition 3: Separate source-channel coding is optimal for
sending a single common Gaussian source over the Gaussian
MAC in (54) subject to a squared-error distortion constraint
and a covertness constraint against an external warden. I.e.,
the considered Gaussian source and Gaussian channel are D-
admissible under a covertness constraint f�ng if, and only if,
the two Conditions (58) are satis�ed for some 
 > 0.

Proof: Achievability holds by above source-channel sep-
aration arguments.

To prove the converse, we start by noticing that by well-
known arguments:

I(Xn
1 ; X

n
2 ;Y n) � I(Uk;Y n) � H(Uk)�H(UkjÛk) (59)

�
k
2

ln+
�

D
�2

�
= kR(D): (60)

Moreover, following the steps in [5], Equations (13) and
(74)�(76), we can write

�n � n
(P1 + P2 + 2

p
P1P2�)2

4�4
W

+o
��
P1+P2+2

p
P1P2�

�2�;

(61)
or equivalently,

P1 + P2 + 2
p
P1P2� � 2

r
�n
n
�2
W + o

�p
�n=n

�
; (62)

where o(f(n)) denotes a function that vanishes faster than
f(n) as n ! 1 and where P1 and P2 are the powers of
the random variables X1;T and X2;T and � their correlation
coef�cient, for T uniform over f1; : : : ; ng independent of the
sources, inputs and outputs.

We can combine (62) with Inequality (60) and the following
standard inequalities:

1
k

I(Y n;Xn
1 ; X

n
2 ) �

n
k

1
2

ln
�

1 +
P1 + P2 + 2

p
P1P2�

�2
R

�

(63a)

�
n(P1 + P2 + 2

p
P1P2�)

2k�2
R

(63b)

to conclude that

n
k

�r
�n
n
�2
W
�2
R

+ o
�r

�n
n

��
� R(D): (64a)

Letting n!1, establishes that

R(D) � 

�2
W
�2
R

(65)

for 
 the limit


 = lim
n!1

pn�n
k(n)

: (66)
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Abstract�We revisit a fundamental problem at the heart of
network communication theory: the maximum multi�ow (MMF)
problem in multi-hop networks, with network coding performed
at intermediate nodes. To derive the exact-optimal solution to
the MMF problem (as opposed to approximations), conventional
methods usually involve two steps: �rst calculate the scheduling
rate region, and then �nd the maximum multi�ow that can
be supported by the achievable link rates. However, the NP-
hardness of the scheduling part makes solving the MMF problem
in large networks computationally prohibitive. In this paper, while
still focusing on the exact-optimal solution, we provide ef�cient
algorithms that can jointly calculate the scheduling rate region
and solve the MMF problem, thereby outputting optimal values
without requiring the entire scheduling rate region. We prove
that our algorithms always output optimal solutions in a �nite
number of iterations.

A full version of this paper is accessible at [1]:
https://arxiv.org/pdf/2509.14582

I. INTRODUCTION

To deploy the next generation mobile system, it is ex-
pected that a massive connectivity and emerging applications
should be supported. For the design of large-scale, highly-
connected wireless mobile systems, it is crucial to have a solid
understanding of their theoretic limits, and hence we revisit
two multi�ow optimization problems: the maximum multi�ow
(MMF) and maximum concurrent multi�ow (MCMF) that can
be supported by collision-free link schedules of the networks.

To maximize the total or concurrent throughput between
multiple source nodes and sink nodes supported by achievable
link rates, traditional methods typically �rst model wireless
interference in networks using a link con�ict graph [2]. Next,
they compute the scheduling rate region, which is a well-
known NP-hard problem that is also dif�cult to approxi-
mate [3]. Finally, they determine the maximum total or concur-
rent throughput under the constraints de�ned by the scheduling
rate region. Due to the hardness of the scheduling problem,
it is unrealistic to directly solve the multi�ow maximization
problems in large-scale networks in this way. In [4] it has been
shown that both and MMF and MCMF problems are NP-hard
even in very simple settings, and can be even harder when
network coding [5]�[7] is performed. Hence, joint optimization
methods usually focus on either approximate solutions of
general networks or exact solutions of restricted networks.

In this paper, we are interested in the exact-optimal solutions
of the multi�ow problems for general multi-hop networks.

Rather than �rst solving the scheduling problem and then
calculating the multi�ow values (referred to as two-step al-
gorithms), we design ef�cient algorithms that jointly calculate
the maximum total or concurrent multi�ow and the scheduling
rate region by employing a decomposition method, thereby
requiring only a (possibly very small) subset of the scheduling
rate region. This joint framework makes our algorithms more
practical, while still provably guaranteeing optimal (not ap-
proximate or converging-to-optimal) solutions to the multi�ow
maximization problems in a �nite number of iterations. Our
algorithms are applicable to the most general setting in multi-
hop networks: the multiple multicast case, where network
coding [5]�[7] at intermediate nodes is allowed.

II. RELATED WORKS

A. Maximum Multi�ow Problem
The MMF problem studies the maximum throughput be-

tween selected source nodes and sink nodes [2], [4], and
the maximum concurrent multi�ow problem [8] models the
case where every sender-receivers session transmits messages
concurrently. The NP-hardness of both problems have been
proved in [4], even in very simple network settings. In [9],
[10], both the MMF and MCMF problems are discussed
under the interference model that nodes cannot transmit and
receive simultaneously. By enforcing interference constraints
on links, [11] guarantees the schedulability and develops
constant-approximation algorithms. More linear programming
formulation and approximation algorithms can be found in [4],
[8], [9]. In [12], the MMF and MCMF problems are discussed
by dividing the cases to full-duplex systems and half-duplex
systems, both of which are covered by our interference model
in this paper. The MMF problem has been extended to unicast
networks with network coding in [13].

B. Joint Optimization and Network Coding
Existing works on the MMF (or MCMF) problem [2], [4],

[13] only study the multiple unicast case, i.e., each source node
is paired with one sink node. However, we consider multiple
multicast in general multi-source multi-sink networks, where
each of a number of source nodes transmits a message to a
set of sink nodes. In this scenario, network coding [5]�[7] is
an effective technique to improve the network performance,
and the throughput can increase up to several folds [14], [15].
The joint consideration of throughput, scheduling and network

2026 International Zurich Seminar on Information and Communication (IZS), Feb. 25–27, 2026

57



coding has been widely studied in [16]�[20] for various objec-
tives, e.g., maximizing throughput or minimizing the energy
consumption under certain constraints. These approaches are
either converging-to-optimal with respect to some constraints
or only approximate the solutions. The closest work to ours
is [16], where the authors decompose the joint optimization
of scheduling and network coding into two subproblems.
However, we study the multi-source (instead of single source)
multi-sink case, where the trade-off between the rates of the
sources becomes an important factor of consideration, and the
algorithm in [16] is an iterative algorithm that only converges
to the optimum, but our algorithms provably output the exact
optimum in a �nite number of iterations.

III. NETWORK MODEL

A. Network Model

We use a link-wise network model [2], [4], [21], [22],
where each link is associated with a collision set, including
all the links that can be interfered by it. It is called the binary
interference model [2], [21], and it is not dif�cult to cover
the physical interference model by signal-to-interference-and-
noise ratio [19], [22]. We assume the network is acyclic and
discrete [21]�[23] in the sense that time is slotted and the link
delays are multiples of a length of a time slot, which is justi�ed
in [23]. The intermediate nodes can wait until enough packets
are collected before performing coding on the packet.

The network can be modeled by a tuple N = (V;L; I; D),
where V is the node set, L � V2 is the link set, I = (I(l); l 2
L) is the set of collision sets where l0 2 I(l) if l0 is in the
interference range of l and D : L2 ! Z is the link-wise delay
matrix speci�es the delays between links. We assume each link
has a unit bandwidth and allow parallel links between nodes.
(L; I; D) can form a weighted, directed graph N where L is
the �nite vertex set, (l; l0) is an edge if l0 2 I(l), and D(l; l0)
is the weight on the directed edge (l; l0), which degrades to an
unweighted graph (L; I) if delays are ignored [4], [13]. This
graphical approach helps the discussion on our algorithms.

We now describe the communication task over the network
N = (V;L; I; D). For k 2 N+, let S = fs1; : : : ; skg � V be
the set of source nodes. We assume the information sources at
different source nodes are mutually independent. Each source
node si is associated with a set of sink nodes Dsi � V that
have to decode the information at si. We allow a node to be
both a source node and a sink node corresponding to another
source node. For i 6= j, we may have Dsi \ Dsj 6= ;, i.e.,
different source nodes can share same sink nodes. Each link
l 2 L represents a point-to-point channel with unit capacity.
The sets of input channels and output channels of a node v 2 V
are denoted by In(v) � L and Out(v) � L, respectively.

To explain the model, we use a line network [21], [22], [24],
[25] as an example.

Example 1. Consider an L-hop unicast line network: there are
L+ 1 nodes V = f1; 2; : : : ; L+ 1g, with link set

L = fli , (i; i+ 1); i = 1; : : : ; Lg:

l1 l2 l3 l4

1 1 1

0 0

Fig. 1. ND=1
4;1 : nodes represents network link, edges represent the collision

relations between nodes, and edge weights represent propagation delays.

Each link has a unit delay. We consider a K-hop interference
model: the reception of a node has possible collisions from
nodes in K hops. The nodes are half-duplex. The collision set
of li is

IK(li) = flj : j 6= i; ji+ 1� jj � Kg: (1)

The link li is active in time slot t if node i sends a signal in
time slot t to node i+ 1. Hence the link-wise delay matrix is

D(li; lj) = 1� ji+ 1� jj: (2)

We denote it by ND=1
L;K , and it can be represented by a graph,

where ND=1
4;1 is shown in Figure 1 as an example.

B. Collision-free Schedules and Rate Region

We de�ne collision-free schedules, similar to [21], [22].
Since we assume the time is slotted, when link l is active
at time slot t and link l0 2 I(l) is active at time slot t +
D(l; l0), we say a collision occurs. In each time slot we use
a binary number to indicate whether a link sends messages or
not. Hence we use an in�nite binary matrix S : L�N! f0; 1g
with rows indexed by L and columns indexed by N to specify
a schedule: S(l; t) = 1 indicates that link l is active in time slot
t, and S(l; t) = 0 indicates it is inactive. S(l; t) has a collision
in N if S(l; t) = S(l0; t+D(l; l0)) = 1 for a certain l0 2 I(l).
Otherwise S(l; t) is collision free. A schedule S is collision
free if S(l; t) is collision free for all (l; t). There are different
(though with similar ideas) de�nitions if delays are simply
ignored, e.g., [4], but we aim to provide a framework general
enough to cover the networks with non-negligible delays. For
a collision-free schedule S and a link l, the link rate is

RS(l) = lim
T!1

1
T

T�1X

t=0

S(l; t): (3)

If RS(l) exists for all l 2 L, we call RS = (RS(l); l 2 L) the
rate vector of S. For a networkN = (V;L; I; D), a rate vector
R = (R(l); l 2 L) is said to be achievable if for all � > 0, there
exists a collision-free schedule S such that RS(l) > R(l)� �
for all l 2 L. For a link l, the rate R(l) can stand for the
maximum number of information symbols that can be sent on
the channel per time slot. Then each achievable rate vector can
be viewed as a rate constraint for the network.

The collection R(N ) of all the achievable rate vectors is
called the (scheduling) rate region of N . We may use R
instead of R(N ) to simplify the notation when the context
is clear. It is proved in [21] that R is a convex polytope, and
can be achieved by using periodic collision-free schedules.
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C. Problem Formulation
We de�ne the maximum multi�ow (MMF) and the maxi-

mum concurrent multi�ow (MCMF) problems. Most existing
literature consider multiple unicast, i.e., each source only has
one corresponding sink with a certain demand [4], [12], [13].
However, we discuss general multiple multicast, with network
coding [5]�[7] on intermediate nodes, where the nodes can
encode their received data before passing them on.

For each multicast session, one source corresponds to mul-
tiple sinks. Though we use network coding to attain the maxi-
mum information �ow in a session, we do not consider coding
between sessions (i.e., inter-session network coding [26], [27])
in this paper for the sake of simplicity, since it is in general a
hard problem [28] and can even be undecidable [29]. We say

F = (F (l) 2 N�0 : l 2 L) (4)

is a valid �ow from source node s 2 V to sink node t 2 V
with respect to a rate vector R if it satis�es:
� 0 � F (l) � R(l) for all l 2 L, i.e., the �ow along link l

does not exceed the rate constraint R(l).
� The �ow conservation equation

P
l2In(v) F (l) =P

l2Out(v) F (l) for all v 2 Vnfs; tg.
We see the �ow

P
l2Out(s) F (l) out of s equals to the �owP

l2In(t) F (l) into t, and this value is called the value of F ,
denoted as val(F ). We say F is a max-�ow from s to t with
respect to R if F is a �ow and has a value no smaller than
the value of any other �ow from s to t with respect to R.

1) Maximum Multi�ow (MMF) Problem: Consider a source
si multicasts a message to nodes in the set Dsi =
fti;1; : : : ; ti;kig, with network coding [5]�[7], at a rate

vi = min
j

val(Fi;j);

where Fi;j is a �ow from si to ti;j for each j and the rate of
communication along link l is maxj Fi;j(l).

We now put the �ows from the source nodes s1; : : : ; sk to-
gether. Fix a rate vector R. Link l has to accommodate all these
k �ow requirements simultaneously, i.e.,

Pk
i=1 maxj Fi;j(l) �

R(l) for all l 2 L. We maximize the sum of the rates of
multicasting these k sources, and it is called the maximum
multi�ow (MMF) problem, which is formulated by the follow-
ing linear program, combining the linear program for multiple
unicast [2], [4], [13] and the program for single multicast [16]:

LP-MMF( ~R) : maximize
kX

i=1

vi

subject to
Fi;j is a valid �ow; 8i 2 [k]; j 2 [ki];X

l2Out(si)

Fi;j(l) =
X

l2In(ti;j)

Fi;j(l) = vi; 8i 2 [k]; j 2 [ki];

Gi(l) � Fi;j(l); 8l 2 L; i 2 [k]; j 2 [ki];
kX

i=1

Gi(l) � R(l); 8l 2 L; (5)

R 2 ~R;

where [k] := f1; : : : ; kg, k; ki 2 N+;8i. The linear program
takes a polytope ~R (a subset of the scheduling rate region) as
an input. The variables Gi(l), i 2 [k], l 2 L are used to impose
the constraint

Pk
i=1 maxj Fi;j(l) � R(l). The constraint (5)

gives a dual vector that will be used in our algorithms, and
the dual variable corresponding to link l means how sensitive
the optimization objective is to the rate constraint R(l).

2) Maximum Concurrent Multi�ow (MCMF) Problem:
While the MMF problem is to �nd the link schedule that can
support the maximum total rate of transmission of the sources,
the maximum concurrent multi�ow (MCMF) problem is to
�nd the link schedule such that all the sources can transmit
concurrently at the maximum rate [4], [8], [9]. The settings of
MCMF problems in [4], [9] are also for multiple unicast.

More generally, instead of maximizing the sum ratePk
i=1 vi, we maximize � such that the source si can multicast

at a rate vi = �
i, where 
i is the desired traf�c rate at si.
The MCMF problem is formulated as follows [4], [16]:

LP-MCMF( ~R) :
maximize � (6)
subject to
Fi;j is a valid �ow; 8i 2 [k]; j 2 [ki];X

l2Out(si)

Fi;j(l) =
X

l2In(ti;j)

Fi;j(l) = �
i; 8i 2 [k]; j 2 [ki];

Gi(l) � Fi;j(l); 8l 2 L; i 2 [k]; j 2 [ki];
kX

i=1

Gi(l) � R(l); 8l 2 L; (7)

R 2 ~R:

IV. ALGORITHM

In this section, we present our main algorithm that jointly
computes the MMF (or MCMF) and the scheduling rate region,
thereby provably outputting the exact-optimal solution while
requiring only a subset of the scheduling rate region.

Since a collision-free schedule can be found by searching
an independent set in the graph (L; I) [21], we attach a weight
ai � 0 to link li, and would like to maximize the weighted
total rate, i.e., for the scheduling rate region R, we solve

arg max
R2R

ha; Ri; (8)

where a = (ai)i=1;:::;jLj, and h�; �i is the inner product.
Remark 1. For (8), the objective is to maximize the weighted
sum rate instead of just the sum rate, since a different weight
vector could be used in each iteration of our algorithms (see
step 4 of Algorithm 1 or step 5 of Algorithm 2). These weights
are also crucial for the graphical approach we propose for
Algorithm 2.

This corresponds to a weighted maximal independent set
problem [4], [16] that can be solved by integer linear program-
ming (ILP) by maximizing over S(li) 2 f0; 1g for li 2 L:

ILP: maximize
jLjX

i=1

aiS(li)
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Algorithm 1
Input: a network (V;L; I)
Output: maximum multi�ow v

1: Start with any rate vector R1 2 R, R1  fR1g
2: for i = 1; 2; : : : do
3: Run vi  LP-MMF(Ri) (or vi  LP-MCMF(Ri)) and

obtain the dual vector �i
4: Run ILP to �nd Ri+1  arg max

R2R
h�i; Ri

5: Ri+1  conv (Ri [ fRi+1g)
6: if h�i; Ri+1i = maxR2Rih�i; Ri then
7: return vi

subject to S(li) + S(lj) � 1; 8 li; lj : lj 2 I(li):

The solution gives us a maximal independent set of (L; I), and
the corresponding achievable rate vector is S = (S(li); li 2
L), which is a vertex of the scheduling rate region R.

Based on (8), we iteratively search the MMF or MCMF and
the scheduling region. Even though our target is the optimal
value instead of approximated or converging-to-optimal values,
we show that it is unnecessary to �nd the entire scheduling
region before solving the MMF or MCMF problem.

Suppose 
ow(�) is the function for calculating the MMF
or MCMF in a given polytope, which can be a subset of the
scheduling region. From i = 1, in each iteration, the algorithm
works as follows:

1) We start with a subset of the scheduling regionRi, which
is formed by the vertices of R we have known (it is
reasonable to assume some rate vectors are known, e.g.,
by activating the �rst link all the time and inactivating
others, the vector [1; 0; : : : ; 0]| is achievable). In the �rst
iteration, we start with an arbitrarily chosen rate vector
R1, i.e, R1 = fR1g. We run the linear program LP-
MMF(Ri) (or LP-MCMF(Ri)) to obtain the dual vector
�i, corresponding to the constraint in (5) (or (7)).

2) By the ILP, we �nd a new rate vector Ri+1 by

Ri+1 = arg max
R2R

h�i; Ri: (9)

3) We update the subset of the scheduling region by com-
puting the convex hull Ri+1 = conv (Ri [ fRi+1g).

4) If h�i; Ri+1i = maxR2Rih�i; Ri, the algorithm termi-
nates and outputs the last optimal value of LP-MMF(Ri)
(or LP-MCMF(Ri)); otherwise it comes back to step 1
and continues.

It can be proved that Algorithm 1 will terminate and output
the maximum (concurrent) multi�ow in �nite iterations. The
proof can be found in [1].

Theorem 1 (Optimality). For a network N = (V;L; I),
Algorithm 1 will terminate and output the maximum multi�ow
(or the maximum concurrent multi�ow).

Remark 2. Our algorithms rely on an integer linear pro-
gramming step and, therefore, do not theoretically guarantee

polynomial-time complexity, which is expected due to the NP-
hardness of the MMF or MCMF problem [2], [4]. This can
be understood in that, in the worst case, one may still have to
compute the entire scheduling rate region.
Remark 3. In [16], an algorithm based on subgradient op-
timization that decomposes the problem into two parts has
been discussed. Though it shares some similarities with ours,
our algorithm is guaranteed to �nd the optimum exactly in
a �nite number of steps (assuming access to an integer linear
programming algorithm), whereas [16] is an iterative algorithm
that only converges to the optimum. As we will see in the
following sections, terminating in a small number of steps is
especially important for networks with non-negligible delays,
since the update of the subsetRi of the scheduling region is the
bottleneck of the algorithm with exponential time complexity,
and should be performed as little as possible.

V. NETWORKS WITH NON-NEGLIGIBLE DELAYS

We extend our previous discussions to networks with non-
negligible propagation delays (e.g., underwater networks). Re-
cent studies [21], [22], [24], [25], [30] have shown that, for
such networks, instead of using guard intervals to mitigate the
effects of delays, we can actually utilize the propagation delays
to signi�cantly improve the scheduling rate region.

We adopt a graphical approach, build upon the framework
proposed by [21], [22], and provide an algorithm in the same
spirit as Algorithm 1. The proposed Algorithm 2 also provably
outputs exact-optimal solutions in a �nite number of iterations,
and maintains all the advantages.

The key to solve the MMF or MCMF problems in the
networks with non-negligible delays is, we need a function
similar to (8) that can output a vertex of the scheduling region
in a time complexity at most exponential in jLj (which in
turn will be polynomial in the size of the scheduling graphs
below), which is more ef�cient than the cycle-enumeration
approach [21] with complexity doubly exponential in jLj.

We review the scheduling graph in [21] as follows, which
will be generalized later: For a collision-free schedule matrix
S and integers T 2 N+, k 2 Z, S[T; k] denotes the submatrix
of S consisting of columns kT; kT + 1; : : : ; (k + 1)T � 1. If
a submatrix S0 is formed by T columns of S, its columns are
indexed by 0; 1; : : : ; T � 1.

De�nition 1 (Scheduling Graph [21]). Given a network N and
an integer T > 0, the scheduling graph (MT ; ET ) is a directed
graph that is de�ned as follows: the vertex set MT includes
all the jLj � T binary matrices A such that A = S[T; 0] for a
certain collision-free schedule S. The edge set ET includes all
the vertex pairs (A;B) such that A = S[T; 0] and B = S[T; 1]
for a certain collision-free schedule S.

In [21], it has been shown that by choosing T �
maxl2Lmaxl02I(l) jD(l; l0)j, calculating the scheduling region
is equivalent to searching all the simple cycles in the schedul-
ing graph, which is NP-hard. The scheduling problem then
may then even have doubly exponential complexity, since the
number of vertices in (MT ; ET ) increases exponentially with
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respect to jLj, and the cycle enumeration in (MT ; ET ) is also
NP-hard in general.

Instead of enumerating cycles for the scheduling region, we
search maximum-mean-cycles (which can be solved in a time
complexity polynomial in the graph size) in a new graph, to
�nd the vertices of the scheduling region. We may only need
a few rate vectors to solve the MMF or MCMF problem.

Before describing our approach, we need some graphical
concepts. In a directed graph G, a path is a sequence of vertices
v0; v1 : : : ; vm where for i = 0; 1; : : : ;m � 1, (vi; vi+1) is a
directed edge. A path is closed if v0 = vm. A cycle in G is a
closed path (v0; v1 : : : ; vm) such that m � 1, vi 6= vj for any
0 � i 6= j � m � 1 and v0 = vm, i.e., in such a sequence,
the only repeated vertices are the �rst and the last vertices.
Note a closed path can be decomposed into a sequence of
cycles [31], and this has been used in proving that it suf�ces to
enumerate all the simple cycles for calculating the scheduling
rate region [21]. In a graph where each edge is associated with
a weight, we say the weight of a directed cycle is the total
weight on the edges in the cycle. Then we say the average
weight of a directed cycle is the total weight divided by the
number of edges in the cycle. The maximum-mean-cycle is the
cycle in the given weighted, directed graph with the maximum
average weight over all directed cycles in the given graph.

It has been proved in [21], [22] that a collision-free, periodic
schedule is equivalent to a closed path (which can be decom-
posed to multiple simple cycles) in (MT ; ET ) and vice versa,
i.e., the concatenation of a sequence of vertices in (MT ; ET )
(which are matrices of size jLj�T ) forms a periodic, collision-
free schedule. In this paper, we de�ne a weighted scheduling
graph and use the maximum-mean-cycle in it to solve (8).

De�nition 2 (Weighted Scheduling Graph). Given a weight
vector a 2 RjLj and a scheduling graph (MT ; ET ) whose
vertices are matrices of size jLj � T , a weighted scheduling
graph (MT ; ET ; wa) is a directed, weighted graph de�ned as
follows: the vertex set is stillMT , and each edge is associated
with a weight. For a directed edge (v1; v2) in (MT ; ET ), there
is a weighed, directed edge (v1; v2) in (MT ; ET ; wa) with
weight wa(v1; v2) = a|v21, where 1 = [1; : : : ; 1]| 2 RT .

Since each achievable rate vector can be achieved by a
periodic, collision-free schedule, which corresponds to a cycle
in (MT ; ET ) [21], we have the following result, whose proof
can be found in [1].

Lemma 2. For a weighted scheduling graph (MT ; ET ; wa)
and its maximum-mean-cycle C = (v0; v1; : : : ; vm) with m � 0
and v0 = vm, the concatenation of the vertices in C gives a
periodic schedule S0 such that RS0 2 arg maxR2Rha; Ri.

Therefore, given a vector a, �nding a vector that
solves (8) is equivalent to �nding the maximum-mean-cycle
in (MT ; ET ; wa), which is a widely studied problem [32],
[33] that can be solved with time complexity �(nm), where
n is the number of nodes and m is the number of edges in the
graph. A classical algorithm is the Karp’s algorithm [32].

Algorithm 2 Algorithm for Networks with Delays
Input: a network N = (V;L; I; D)
Output: maximum multi�ow v

1: Start with any rate vector R1 2 R, R1  fR1g
2: Construct (MT ; ET ) from N
3: for i = 1; 2; : : : do
4: Run vi  LP-MMF(Ri) (or vi  LP-MCMF(Ri)) and

obtain the dual vector �i
5: Construct (MT ; ET ; w�i) by (MT ; ET ) and �i
6: Find maximum-mean-cycle in (MT ; ET ; w�i) and ob-

tain Ri+1  arg max
R2R

h�i; Ri

7: Ri+1  conv (Ri [ fRi+1g)
8: if h�i; Ri+1i = maxR2Rih�i; Ri then
9: return vi

Note we assume the graph (MT ; ET ) is strongly connected,
and hence (MT ; ET ; wa) is also strongly connected. Other-
wise, we �nd the strongly connected components (with linear
time complexity), search for the maximum-mean-cycle in each
component and choose the one with the largest cycle mean.

Our approach is formally described in Algorithm 2, whose
optimality can be proved similar to the proof of Theorem 1.

Theorem 3 (Optimality). For a network N = (V;L; I; D),
Algorithm 2 will terminate and output the maximum multi�ow
(or the maximum concurrent multi�ow).

VI. CONCLUDING REMARKS

In large-scale wireless systems, the maximum (concurrent)
multi�ow problem is important for understanding network
capacity; however, it is NP-hard even in simple network
settings, making it computationally prohibitive to solve ex-
actly. In this paper, we provide algorithms that jointly solve
the MMF and MCMF problems, as well as the scheduling
problem, in a general multi-source multi-sink network with
network coding allowed and propagation delays potentially
utilized in scheduling. Our algorithms use only a subset of
the scheduling rate region for the MMF and MCMF problems,
making them much more ef�cient without sacri�cing solution
accuracy or scheduling performance. We theoretically prove
that our algorithms output optimal solutions in a �nite number
of iterations. The complete proof, as well as various simulation
results demonstrating the advantages of our approaches, can be
found in the full version of this paper [1].
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Abstract�Age of Information (AoI) has emerged as a key
metric for assessing data freshness in IoT applications, where
a large number of devices report time-stamped updates to a
monitor. Such systems often rely on random access protocols
based on variations of ALOHA at the link layer, where collision
resolution algorithms play a fundamental role to enable reliable
delivery of packets. In this context, we provide the �rst analytical
characterization of average AoI for the classical Capetanakis tree-
based algorithm with gated access [1] under exogenous traf�c,
capturing the protocol’s dynamics, driven by sporadic packet
generation and variable collision resolution times. We also explore
a variant with early termination, where contention is truncated
after a maximum number of slots even if not all users are
resolved. The approach explores a fundamental trade-off between
reliability and timeliness, allowing stale packets to be dropped
to improve freshness.

I. INTRODUCTION

Age of information (AoI) has recently emerged as an
insightful performance indicator for many communications
networks [2]. De�ned as the time elapsed since the generation
of the last received message, the metric captures in a simple
way how fresh the knowledge available at the receiver is on
the status of a source. AoI is especially relevant in Internet of
things (IoT) systems, where devices sample a physical process
of interest and send time-stamped updates to a central node
for monitoring/actuation, and where timeliness is paramount.

IoT networks are often characterized by a large number of
reporting terminals, which generate messages in a sporadic
and unpredictable fashion. To accommodate such traf�c, many
commercial solutions, e.g., LoRa, Sigfox or, partly, NB-IoT,
implement random access protocols based on variations of
ALOHA [3], [4] at the link layer. In parallel, research has
extensively focused on devising solutions that ease the well-
known issue of collisions in grant-free channels. On the one
hand, a vast wave of new schemes, often referred to as modern-
or unsourced-random access [5], constructively embrace inter-
ference and decode users resorting to advanced physical layer
techniques. On the other hand, a number of solutions have
been proposed to ef�ciently resolve users via retransmissions
of collided packets. Among these, a smart approach is offered
by tree-based algorithms. Remaining true to the random-
access paradigm, these schemes rely on feedback and provide
simple, recursive, procedures that users can implement after a
collision, until each of the involved senders manages to deliver
its message. Originally introduced by Capetanakis [1], the

idea has been studied thoroughly, e.g., [6]�[9] and references
therein, with particular attention to improving throughput.

Notably, while the performance of random access solutions
is well-understood for traditional metrics, more limited results
are available in terms of AoI. Initial works explored the
behavior of ALOHA and some age-speci�c optimizations, e.g.,
[10]�[13], whereas some recent contributions tackled modern
random access schemes, e.g., [14], [15]. On the other hand,
a characterization of tree-based algorithms remains largely
unexplored, with early results [16] considering the generate-at-
will case where nodes always have new messages to transmit.

In the present work, we instead tackle the more practical IoT
condition of exogenous traf�c generation, in which a device
may not have fresh data to send at all times. For this setting
we provide the �rst analytical characterization of the average
AoI of the Capetanakis scheme with gated access [1], resorting
to a Markovian approach. Our study captures the non-trivial
and fundamentally dynamic behavior of the protocol, where
the number of users trying to access the channel is driven
by the duration of the previous collision resolution time,
and explores its implication on AoI. To this aim, we also
consider a variation of the strategy, and study the idea of
early termination. Accordingly, a contention resolution phase
can be truncated once a maximum number of slots is reached,
even if not all the users originally involved in the collision
have been decoded. The solution triggers a fundamental trade-
off between reliability and latency, and allows us to shed
light on the value of keeping retransmitting packets that
progressively become stale, under the more age-challenging
exogenous traf�c. By providing the optimal maximum duration
of contention resolution under any packet generation rate, the
analysis offers some useful protocol design guidelines.

II. SYSTEM MODEL

We focus on a population of U terminals (users), which
share a common wireless channel to send time-stamped mes-
sages to a common receiver. Time is slotted, and the slot
duration is set to accommodate the transmission of a packet.
Channel access follows a random-access approach, and a
collision channel model is considered. Accordingly, if a single
packet is sent over a slot, it is successfully decoded, whereas
if two or more nodes access the channel simultaneously,
no data is retrieved. Terminals implement the Capetanakis-
Tsybakov-Mikhailov algorithm with gated access (CTM) [1].
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In the interest of space, we provide in the following a simple
description of the scheme, referring the reader to the vast
available literature for further details, e.g., [6]�[8].

The protocol works as sequence of contention resolution
intervals (CRIs), composed by a variable number of slots.
At the end of a CRI, all nodes that have a new packet to
send, will transmit with probability 1 in the next slot. Three
cases are possible: i) no terminal has data and the slot remains
idle; ii) only one user has data (singleton); iii) two or more
terminals transmit, leading to a collision. The outcome is
broadcasted by the receiver to all nodes via an instantaneous
and ideal ternary feedback. If an idle or singleton slot was
experienced, the newly started CRI immediately comes to an
end. If, instead, a collision took place, all nodes involved in
it initiate a resolution procedure, wheras any other terminal
remains silent until the CRI will be concluded (gated access
[1], [8]). Each terminal that collided, �ips a binary fair coin,
choosing whether to (a) attempt transmission again, or (b) keep
idle. In the latter case, the terminal will refrain from accessing
the channel until all the users who decided for option (a)
successfully delivered their message. When this condition is
met, the user will transmit in the next slot with probability
1. Instead, any user in the original collision who decided to
attempt again (option (a)), will re-transmit its message in the
very next slot. This set of rules is iterated, with transmitting
nodes splitting in two groups after a collision, and with any
user who experiences a singleton slot exiting the contention
and refraining from access until the next CRI. The algorithm
allows for a simple implementation, proposed by Gallager [6],
using two counters that track the evolution of the contention
and are updated based on the feedback after each slot.

In the remainder, we will refer to this classical scheme as
the plain CTM algorithm. We remark that the protocol has two
inherent properties. On the one hand, all nodes that join a CRI
are resolved, i.e., any packet that is sent is eventually delivered.
On the other hand, this leads to potentially long resolution
intervals, as the duration of a CRI is unbounded.1 To explore
this trade-off, we also study a variation of the scheme, denoted
as CTM with early termination (CTM-ET). The protocol works
as the plain CTM, with the only difference that, if the CRI
duration reaches a maximum length of Lm slots, the contention
is terminated even if not all nodes have yet been resolved.
When this happens, users that did not succeed drop their
packet, and do not retransmit it. The CRI is concluded, and
the next one starts as before (with all counters being reset).

The system description is completed by considering how
terminals generate traf�c. In this respect, we assume that, at
each slot, a user independently generates a new time-stamped
message with probability �, and places it in a one-packet sized
buffer. The message is removed from the buffer at the start of
the CRI over which it is transmitted, or if it is replaced by the
generation of a new packet. Accordingly, at the end of a CRI
of duration ‘ slots, a node will have a message to send (and

1We note that the system does not undergo the well-studied instability issues
of CTM [6], as we deal with a �nite population.

will thus contend in the next CRI) if it has generated at least
once in the past ‘ slots, i.e., with probability

�‘ := 1� (1� �)‘:

The model is inspired by practical IoT networks, in which
a transmitter is often fed with sensor readings and cannot
control when these are produced. We are thus concerned with
an exogenous rather than the classical generate-at-will traf�c.

In this setting, we are interested in the ability of the access
schemes to maintain an up-to-date perception at the receiver.
We thus focus without loss of generality on a reference user,
and consider its instantaneous AoI [2]. This is de�ned at
time t as �(t) = t � �(t), where �(t) is the generation
time of the last packet successfully delivered by the user.
We then measure performance in terms of the average AoI:
� = limt!1

1
t

R t
0 �(v)dv:

Notation: We denote a discrete random variable (r.v.) and
its realization by upper- and lower-case letters, respectively,
e.g. X , x. The probability mass function of X is pX(x), with
straightforward extension to conditional distributions. When-
ever clear, we will omit the subscript for brevity. Moreover, we
denote by calligraphic font the probability generating function
(PGF) of X , i.e., X (z) = E

�
zX
�

=
P
x p(x)zx, where the

summation spans the whole alphabet of X .

III. PRELIMINARIES

We start by stating some results that will be useful in the
computation of the average AoI.

Lemma 1. For plain CTM, let ~L be the r.v. denoting the du-
ration in slots of a CRI, and let Lu(z) be its PGF conditioned
on having u devices contending at the start of the CRI. Then,
the following recursion holds:

Lu(z) =
z

2(2u�1 � z2)

u�1X

i=1

�
u
i

�
Li(z)Lu�i(z) (1)

with L0(z) = L1(z) = z.

Proof: Following standard arguments, e.g., [7], the PGF
for a binary fair split can be expressed as

Lu(z) =
Xu

i=0

�
u
i

�
z
2u
Li(z)Lu�i(z): (2)

The statement follows by rearranging (2), and by observing
that when a single or no user contend the CRI is terminated
after one slot, so that

P1
~‘=1 p(~‘)z~‘ = z.

Remark 1. The recursion in (1) allows computing the con-
ditional PGF of ~L for any value of u. Moreover, for any
K, evaluating the PGF in z = e�j2�k=K , k 2 f1; : : : ;Kg,
provides the discrete Fourier transform (DFT) of the sequence
p~LjU (~‘ju) for ~‘ 2 f1; : : : ;Kg. These PMF values can thus be
obtained by taking the inverse DFT (IDFT) of the sequence.

Lemma 2. For plain CTM, focus on a node contending over
a CRI, and let ~D denote the number of slots between the start
of the CRI and the moment the node is decoded, conditioned
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on having m2f0; : : : ;U�1g other users contending. The PGF
of ~D conditioned on M satis�es the recursion D1(z) = z, and

Dm+1(z) =
z

2m+1 � z(z + 1)

h
z(1 + Lm(z))

+
Xm�1

i=1

�
m
i

�
(Di+1(z) + Li(z)Dm�i+1(z))

i

Proof: The conditional PGF of ~D was originally derived
in [8]. Computing it for the binary fair splitting case and
rearranging the terms leads to the recursion.

Also in this case, the PMF p ~DjM ( ~djm), can be computed
ef�ciently by taking an IDFT of the sequence Dm(e�j2�k=U)
for k 2 f0; : : : ;U�1g, as streamlined in Remark 1.

A. CTM with Early Termination (CTM-ET)
Let us now focus on the case of early termination, and let

L be the r.v. denoting the duration of a CRI. The PMF of L
conditioned on the number of contending users readily follows
from the plain CTM case, as

pLjU (‘ ju) =

(
p~LjU (‘ ju) ‘ < Lm
P1

~‘=Lm
p~LjU (‘ ju) ‘ = Lm

The dynamic behavior of CTM over subsequent CRIs can
further be captured by means of a few conditional PMFs. The
�rst characterizes the random number of users Ui accessing the
i-th CRI, conditioned on the duration Li�1 of the preceding
contention period. Recalling that each node transmits at the
start of a CRI if it generated at least one packet over the
previous one, we obtain the binomial distribution

pU jL(ui j ‘i�1) =
�

U
ui

�
(�‘i�1)ui

�
1� �‘i�1

�U�ui : (3)

Leaning on (3), the duration of the i-th CRI conditioned on
the previous contention follows as

p(‘i j ‘i�1) =
XU

ui=0
pLjU (‘i jui) pU jL(ui j ‘i�1): (4)

In other words, the stochastic process Ln describing the dura-
tion of subsequent CRIs is Markovian, with one-step transition
probabilities given by (4). The stationary distribution, derived
via standard methods, will be denoted by �‘, ‘ 2 f1; : : : ; Lmg.

In the remainder, we often focus on a user of interest, and
track the number of other nodes M that access a CRI. In this
case, the distribution conditioned on the previous CRI dura-
tion, pM jL(mi j ‘i�1), is also binomial, i.e., Bin(U�1;�‘i�1).

Finally, we introduce the following result:

Lemma 3. Focus on a reference user contending over a
CRI, and let ’(m) be the joint probability that the CRI
terminates after Lm slots without resolving all terminals, and
the reference user is not decoded. Then,

’(m) = 1�
XLm

~d=1
p ~DjM ( ~d jm): (5)

Proof: The result follows observing that the event cor-
responds to having the user decoded after slot Lm if plain

: : : X D Z

t

� (t)

C0 C1

t1

C2 C3

: : :

CK CK +1

t2

Y

Fig. 1. Time evolution example of AoI. Blue rectangles denote generation
of a new packet at the user, whereas green dots a successful delivery. Due to
early termination, the packet generated in CRI C2 is not delivered over C3.

CTM without early termination were employed. Leaning on
the conditional PMF of ~D obtained from Lemma 2, this can
be expressed as

P1
d=Lm+1 p ~DjM ( ~djm), or, equivalently (5).

IV. AVERAGE AOI CHARACTERIZATION

We treat the case of early termination, clarifying in Remark
2 how the analysis can be adapted to plain CTM. Let us focus
without loss of generality on a node of interest, and denote
by Yn the stochastic process describing its AoI inter-refresh
time, i.e., the number of slots between two successive update
deliveries by the device. Moreover, let Zn be the value at
which the AoI is reset at the beginning of the n-th inter-refresh
interval (see Fig. 1). Under the assumption that the processes
are ergodic, we focus on their stationary behavior, and drop
the subscript n for readability. With this notation, following
standard geometric arguments [2], [15], the average AoI of the
node of interest can be expressed as

� =
E[ZY ] + E[Y 2]=2

E[Y ]
: (6)

The calculation of (6) is non-trivial. Indeed, the different
CRIs within an inter-refresh period have durations that are
not independent of each other, due to the dynamic behavior
of CTM. Moreover, Z and Y are also not independent, as the
value of Z is in�uenced by the duration of the CRI which
leads to the AoI reset, and this in turn impacts the �rst CRI
in Y .

To tackle the problem, the timeline reported in Fig. 1
shows the structure of an inter-refresh period. At the start,
the reference node is idle, and generates a new update during
CRI C0. The blue rectangle shows the slot of the last message
generated by the node during C0, i.e., the time-stamp of the
packet it will send over the subsequent CRI C1. In turn, the
green dot shows the slot in C1 at which the device is decoded,
resetting its AoI value to Z. This is followed by a number
of CRIs during which the device does not deliver, until CK
is reached, which sees the generation of a new update, sent
and decoded over CK+1. In this example, the inter-refresh
time is Y= t2�t1. To ease calculations, we introduce here a
simpli�cation, and express Y ’

PK
i=1 L

0
i where the r.v. L0i

denotes the number of slots composing CRI Ci. The approach
is motivated by noting that the formulation of Y disregards the
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time between the end of CK and t2, yet compensates this by
adding the same statistical quantity for the previous refresh,
i.e., the time between the start of C1 and t1. The tightness of
the assumption will be veri�ed in Sec. V.

Before tackling (6), it is useful to derive the joint distribu-
tion of the duration of CRIs C0 and C1, i.e., p(‘00; ‘01). To this
aim, consider the conditions leading to the start of an inter-
refresh period: i) a CRI of duration ‘i slots, with at least one
packet generated by the node, followed by ii) a CRI of duration
‘i+1 in which the node successfully delivers. We denote the
event probability as �(‘i; ‘i+1), and have, for ‘i+1 < Lm

�(‘i; ‘i+1)=�‘i�‘i

XU�1

m=0
pM jL(mj‘i)pLjU (‘i+1jm+1): (7)

In (7), the factor �‘i�‘i captures the probability of event i),
whereas the rest accounts for the probability of ii), i.e., having
a CRI of ‘i+1 slots, given ‘i, and decoding the user of interest.
The latter is obtained in turn by conditioning on the number
m of nodes other than the user that become active over the
�rst CRI, and noting that for ‘i+1<Lm, all users are decoded.
When the maximum CRI duration is reached, instead, we
have to account for two possibilities: all users are resolved
in exactly Lm slots, or the CRI is terminated, but the user of
interest is decoded. Leaning on Lemma 3, we can then write

�(‘i; Lm)=�‘i�‘i

U�1X

m=0

pM jL(mj‘i)
�
pLjU (Lmjm+1)� ’(m)

�
:

(8)

Based on (7)-(8), we �nally have the overall distribution

p(‘00; ‘
0
1) =

�(‘00; ‘01)P
‘i;‘i+1

�(‘i; ‘i+1)
(9)

where the summation is taken for ‘i; ‘i+1 2 f1; : : : ; Lmg.

A. Statistical moments of the inter-refresh time
Let us tackle the expected value of Y , conditioned on the

duration of the �rst CRI C1, denoted as Y 1
‘01

:= E[Y jL01=‘01].
Leaning on the Markovian evolution of the contention dura-
tions, a �rst step analysis [17] can be applied, to obtain

Y 1
‘01

= ‘01+
LmX

‘0=1

Y 1
‘0 � (1��‘01)

U�1X

m=0

pM jL(mj‘01) pLjU (‘0jm)

+ Y 1
Lm

�‘01

U�1X

m=0

pM jL(mj‘01)’(m):

(10)

In (10), the overall duration is expressed as the sum of the
�rst CRI (‘01 slots), and of the expected duration of an inter-
refresh period starting with a CRI of length ‘0, weighted by the
probability for this to be undergone after C1. Consider the �rst
row of (10). In this case, the reference user does not generate
a packet over C1 (probability 1��‘01 ), and the inter-refresh
period will certainly continue. Following the usual approach,
the probability for the next CRI to last ‘0 can directly be
obtained by conditioning on the number of nodes that will
be active among the remaining U�1. If, instead, the reference
node does generate at least one packet during C1 (second row

of the expression), the inter-refresh period will continue only if
the user will not successfully deliver the message over the next
CRI. This requires the CRI to be of duration Lm slots, to be
terminated, and for the user not to be decoded. Conditioning
on the number of other contenders, this probability is exactly
captured by ’(m) in Lemma 3. Overall, (10) can be computed
for any starting value of ‘01, providing a full-rank system of
Lm linear equations in Lm unknowns, whose solution can be
derived with standard methods and provides the sought �rst
order moment of Y conditioned on the length of C1.

The same reasoning can be applied to derive the second
order moment of Y conditioned on L01, denoted as Y 2

‘01
. In this

case, the �rst-step approach leads to the system of equations

Y 2
‘01

=(‘01)2+
LmX

‘0=1

�(‘01; ‘
0)(1��‘01)

U�1X

m=0

pM jL(mj‘01)pLjU (‘0jm)

+ �(‘01; Lm) �‘01

U�1X

m=0

pM jL(mj‘01)’(m) (11)

where we have introduced for compactness the ancillary
quantity �(‘01; ‘0):=(2‘01Y 1

‘0 + Y 2
‘0).

B. AoI reset value
Consider now E[ZY ], conveniently expressed as

E[ZY ] =
X

‘00;‘
0
1

E[ZY jL00 = ‘00; L
0
1 = ‘01] p(‘00; ‘

0
1): (12)

Conditioned on the duration of the two CRIs, the age-reset
value Z and the inter-refresh time Y become in fact inde-
pendent. This comes from the fact that the former refers to a
packet generated in C0 and decoded in C1, whereas the latter
is driven by the generation and delivery of subsequent packets,
which is an independent process once the duration L01 is �xed.
The overall computation thus simpli�es into the product of the
two conditional expectations of Y and Z.

We focus �rst on the age-reset value, observing from Fig. 1
that it can be expressed as Z = X+D. Here, X is the number
of slots elapsed between the packet generation and the end of
C0, and D is the time between the start of C1 and the delivery
of the message. To derive the statistics of X , we note that the
variable by de�nition does not depend on L01. In turn, the PMF
conditioned on L00 can be written for any x 2 f1; : : : ; ‘00g as

pXjL00(x j ‘00) =
�
�(1� �)x�1� =�‘00 (13)

where the numerator captures the probability of generating the
message and then not producing updates for the remaining
x�1 slots of C0, whereas the denominator normalizes the
distribution to having generated at least one packet.

On the other hand, the conditional distribution of D given
L00 and L01 is non-trivial. In particular, determining the decod-
ing slot of a message conditioned on the duration of the CRI it
is sent over introduces inter-dependencies that prevent a direct
application of the standard recursions employed for tree-based
algorithms. In view of this, we resort to an approximation, and
consider the term E[DjL00 = ‘00; L01 = ‘01] ’ E[DjL00 = ‘00].
The approach stems by observing that conditioning on L00
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Fig. 2. (a) packet delivery rate, ps and (b) average delay, E[D], plotted
against the aggregate generation rate �U.

already determines the number of contenders over C1, and
thus drives its duration. The approximation proves to be
extremely tight for all con�gurations of arrival rate and Lm, as
highlighted in Fig. 2(b). Following this assumption, we work
with the conditional distribution pDjL00(dj‘00), which, in turn,
can be obtained from p ~DjM ( ~djm) (Lemma 2) as

pDjL00(d j ‘00) =

PU�1
m=0 p ~DjM ( ~djm) pM jL(mj‘00)

PLm
i=1
PU�1
m=0 p ~DjM (~ijm) pM jL(mj‘00)

: (14)

For d2f1; : : : ; Lmg, the numerator in (14) re�ects the condi-
tion on L00 in terms of the number of contenders M over
C1, while the denominator provides the normalization for
considering CRIs (and thus decoding) of maximum Lm slots.

The distributions in (13) and (14) allow computing the
(approximated) conditional expectation E[ZjL00=‘00; L01=‘01].
On the other hand, Y only depends on L01, whose conditional
expectation has been captured in Sec. IV-A. Plugging the
product of the two into (12) and leveraging the joint PMF
p(‘00; ‘01) in (9) �nally provides the sought �rst order moment,
concluding the calculation of the average AoI in (6).

Remark 2. The analysis presented so far for early-termination
can be extended straightforwardly to plain CTM. In this case,
besides considering summations that span ‘2N and referring
to the r.v.s ~L and ~D, an active user is always decoded
within a CRI. This simpli�es the analysis, as, for instance,
the �nal summation terms in (10) and (11) can be omitted,
describing early-terminated CRIs in which an active node does
not deliver. For all practical purposes, however, the plain CTM
performance can be obtained by implementing the reported
calculations for a suf�ciently large value of Lm.

V. RESULTS AND DISCUSSION

To evaluate performance, we consider U=100 users. Differ-
ent U values were also studied, leading to similar trends, and
are not reported for brevity. In the plots, lines report the anal-
ysis of Sec. IV, and circle markers the outcome of Montecarlo
simulations, fully implementing the CTM protocol.

To gather insights on the trade-offs induced by early ter-
mination, we report in Fig. 2(a) the packet delivery rate ps,
i.e., the probability that a contending node succeeds within
Lm, and in Fig. 2(b) the average delay undergone by a
delivered message, E[D]. Both quantities are shown against the
aggregate packet generation rate, �U. The black, dash-dotted
line denotes plain CTM, whereas the colored lines refer to
CTM-ET, for different Lm. Consider �rst the packet delivery
rate. The metric can be derived analytically as

ps =
�X

‘i;‘i+1
�(‘i; ‘i+1)

�
=
X

‘i
�‘i�‘i : (15)

In (15), the numerator captures the probability for a node to
generate a packet over the i-th CRI, and to deliver it over the
next one, as computed in (7)-(8), whereas the denominator
normalizes to having the node transmit over the (i+1)-th
CRI. By construction, all packets are delivered with the plain
CTM (ps=1). Instead, early termination may lead to losses,
and the effect is more pronounced as Lm reduces. Eventually,
for Lm=2, the protocol approaches slotted ALOHA, where
each slot would see independent contention, without resolution
attempts, and attain the well-known ps=e��U [3]. More inter-
estingly, the con�guration Lm=10 experiences an even higher
loss rate for large �, in spite of allowing more time for collision
resolution. This effect is rooted in the dynamic behavior of
CTM across CRIs. An intuition is obtained recalling that,
at the end of a CRI of ‘ slots, on average U(1�(1��)‘)
users will have updates to send in the next slot. Assume
that CRIs run until they are terminated. When Lm=2, on
average � 1:6 nodes will contend, whereas for Lm=10 this
increases to � 7:8. As a result, in the latter case, a much larger
collision set has to be resolved, and it is likely that not all the
user will be retrieved within the available 10 slots, leading
to a lower delivery rate. The increased losses triggered by an
early termination, however, also reduce the expected delay of
delivered messages, as shown by Fig. 2(b).2 In this respect,
the excellent match between simulations and analysis con�rms
the validity of the approximation introduced in Sec. IV.

The fundamental trade-off between latency and update de-
livery eventually drives the AoI performance. The behavior
of the metric, normalized to the number of nodes, is reported
in Fig. 3 as a function of �U. For plain CTM and for low
arrival rates, large values of � are experienced, as nodes
sporadically have new updates to send, leaving the receiver
with stale information. In turn, high packet generation rates
lead the system to operate over longer CRIs, where more nodes
contend. Congestion leads to larger latencies, and thus to an
increase of AoI. Notably, the minimum � is attained by plain
CTM for an aggregate generation rate �0:347, corresponding
to peak throughput conditions [6]. When early termination is
implemented, two effects can be noticed. On the one hand, a
worse performance is attained for low �, as AoI deteriorates
of more than 15% for Lm=2 compared to plain CTM. A
complete collision resolution is thus especially bene�cial in

2Analytical results were in this case obtained by removing the conditioning
on L0

0 in (14) via the marginalization of (9), and by taking the expectation.
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Fig. 3. Normalized average AoI, �=U vs aggregate generation rate, �U.

such conditions, allowing all nodes to deliver their message
and avoiding potentially long periods of time without further
updates generation. On the other hand, a truncation becomes
convenient for larger values of �. As highlighted by the plot, an
AoI reduction of roughly 30% is gained for Lm=2 compared
to resolving all nodes. The result can be understood observing
how plain CTM spends more time to resolve the larger initial
collision sets experienced for high generation rates, leading to
delivery of messages that have in the meantime become stale.
In this respect, CTM-ET would drop packets whose time stamp
is growing old, allowing nodes to attempt transmission of
fresher updates that may have been generated in the meantime.

The presented result provide thus a key take-away, pinpoint-
ing the value of a thorough collision resolution under sporadic
generation, and of a more aggressive early termination in
harsher traf�c conditions. This, in turn, triggers the natural
question of how Lm shall be tuned in order to minimize
AoI. We tackle this aspect in Fig. 4(a), which shows, for
any �U, the minimum AoI obtained by optimizing over Lm
(solid line). For reference, the performance of the plain CTM
(dashed line) as well as of a standard slotted ALOHA with no
contention resolution (dash-dotted line) are also reported. The
latter is obtained via the well-known formulation � = 1=2 +
[�(1 � �)U�1]�1 [10], [14]. The improvement triggered by a
proper application of the CTM-ET approach is evident, with
signi�cant reductions in AoI with respect to both benchmarks
especially for intermediate values of �. The corresponding
optimal choices of Lm are shown in Fig. 4(b), where the
gray-shaded region to the left corresponds to having Lm=1
(plain CTM). From this standpoint, the presented framework
provides a useful tool for protocol parameter tuning.

VI. CONCLUSIONS

We presented an analytical characterization of the average
AoI under the Capetanakis tree-based random access algorithm
with gated access, in the presence of exogenous traf�c. Via
a Markovian approach, we capture the coupling between
contention dynamics and information freshness. Moreover, we
proposed a truncated resolution mechanism, revealing a trade-
off between latency and reliability that becomes critical under
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Fig. 4. (a) minimum normalized average AoI for the optimized CTM-ET,
and (b) corresponding optimal Lm value.

age-sensitive traf�c. The resulting insights provide design
guidelines for IoT systems employing feedback-based collision
resolution in scenarios where timely updates are crucial.
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Abstract�For several styles of �delity constraints �guaranteed
distortion, conditional excess distortion, excess distortion� we
show mutual information upper bounds on the minimum expected
description length needed to represent a random variable. Coupled
with the corresponding converses, these results attest that as long
as the information content in the data is not too low, minimizing
the mutual information under an appropriate �delity constraint
serves as a reasonable proxy for the minimum description length
of the data. We provide alternative characterizations of all three
convex proxies, shedding light on the structure of their solutions.

Index Terms�lossy compression, single-shot codes, minimum
description length, mutual information bounds

I. INTRODUCTION

A variable-length quantizer for the random variable X 2 X
is a (usually non-injective, sometimes randomized) mapping
f : X 7! Y , where Y is called the reproduction alphabet. The
�delity of representation is quanti�ed by a distortion measure,
d : X � Y 7! R+, which, like the distribution of X , is given
a priori. The quantizer is designed so as to satisfy the �delity
constraint (formulated as the maximum tolerated distortion
in some probabilistic sense over the distribution of X). The
ef�ciency of the quantizer can be quanti�ed by the entropy
of the discrete random variable at its output: the smaller the
better as the entropy of a random variable is directly related to
its minimum description length (see Appendix A for a precise
statement of this classical wisdom).

Minimizing the entropy over all quantizers satisfying the
�delity constraint means �nding such a partition of X that to
each subset of the partition one can assign a representative
from Y such that the �delity constraint is satis�ed and the
entropy is minimized over all such feasible partitions. It is a
combinatorial optimization problem. In this paper we identify
a convex proxy for the minimum entropy problem. The proxy
optimization is a minimum mutual information problem. We
show that the minimum quantizer entropy is sandwiched in
terms of the proxy mutual information problem. For the proxy
mutual information minimization, we provide a necessary and
suf�cient condition for the optimizer, thereby shedding light
on the structure of its solution.

We carry out the analysis for three styles of �delity
constraints. The �rst is guaranteed distortion, where a hard

This work was supported by the Carver Mead New Adventure Grant.

distortion threshold d is imposed on the representation of PX -
a.e. realization x. The second is conditional excess distortion,
where, for PX -a.e. realization x, the quantizer is permitted to
exceed distortion threshold d with probability at most �, where
the probability is taken over the quantizer’s randomness. The
third is excess distortion, where the quantizer is permitted to
exceed distortion threshold d with probability at most �, but the
probability is now taken jointly over both X and the quantizer’s
randomness; this last formulation is the most permissive out
of the three, since violations are controlled only on average
across source realizations.

In terms of mutual information bounds on quantizer entropy,
in [1, Th. 2] such a bound is shown under guaranteed
distortion; the bound includes an unspeci�ed universal constant
and requires d be a metric. Our result sharpens that bound,
as our bound does not include unspeci�ed constants and
does not impose requirements on d. It is shown in [2, Th.
2] that if the �delity constraint is expected distortion and
encoder and decoder have access to common randomness,
then the minimal quantizer entropy is bounded above by
RX(d)+log2(RX(d)+1)+5 bits, where RX(d) is the minimal
mutual information under expected distortion d. The form of
this result is similar to ours, but we consider more stringent
�delity criteria and no common randomness.

Our characterizations of the proxy optimizations can be
viewed as counterparts of CsiszÆr’s characterization of the min-
imal mutual information under expected distortion constraint
[3] to the three more stringent �delity criteria mentioned above.

The rest of the paper is organized as follows. Section II
considers guaranteed distortion, Section III conditional excess
distortion, and Section IV excess distortion.

Sets are denoted by calligraphic letters: X , Y; constants by
lowercase letters: x, y; random variables by uppercase letters:
X , Y ; functions by sans font: f, d; the distribution of X is PX .
Unless noted otherwise, log and exp are arbitrary common
base.

II. GUARANTEED DISTORTION

The guaranteed distortion entropy of the random variable X
is de�ned as [4]:

HX(d; 0) , inf
f : X 7!Y :

P[d(X;f(X))�d]=1

H(f(X)): (1)
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Here 0 in the left-hand side stands for the requirement that
the distortion threshold is violated with probability 0. The
quantity in (1) is known as epsilon-entropy [4]; it represents
the minimum achievable entropy at the output of a quantizer
that guarantees distortion d for PX -a.e. realization x.

The minimal mutual information that we will show serves
as convex proxy for (1) is

RX(d; 0) , inf
PY jX : X 7!Y

P[d(X;Y )�d]=1

I(X;Y ) (2)

In (2), the deterministic quantizer mappings f are relaxed to
transition probability kernels PY jX ; and the entropy at the quan-
tizer’s output is replaced with the mutual information between
input and output. Together, these relaxations convexify (1).
Unsurprisingly, (2) is a lower bound to (1); more surprisingly,
(1) is also upper bounded in terms of (2). The relevance of the
minimization (2) to approximating (1) was noted already in [1,
Th. 2], where it was shown that whenever d is a metric,

HX(d; 0) � RX(d; 0) + log2 (RX(d; 0) + 1) + C; (3)

where C is a universal constant. Theorem 1, stated next,
sharpens Posner’s result by re�ning the constant C to log2 e;
and we do not require d to be a metric.

Theorem 1 (guaranteed distortion: quantizer entropy).

RX(d; 0) � HX(d; 0) (4)
� RX(d; 0) + log2 (RX(d; 0) + 1)
+ log2 e bits (5)

Proof. The lower bound is noted in [1, Th. 2]. To see it, let
Y = f(X). Since I(X;Y ) � H(Y ), the inequality (4) follows
by minimizing the left-hand side over PY jX satisfying the
constraint.

For the upper bound, consider the function [1]

R+
X(d; 0) , inf

PY
E [� logPY (Bd(X))] ; (6)

where
Bd(x) , fy 2 Y : d(x; y) � dg (7)

is the distortion d-ball around x, and the in�mum is over all
distributions on Y . The �+� in the left side of (6) symbolizes
that R+

X(d; 0) is represented as an expectation of a nonnegative
random variable.

To show the upper bound, we �rst establish that

R+
X(d; 0) � RX(d; 0): (8)

Indeed, for any PXY with P [d(X;Y ) � d] = 1, by the data
processing inequality of relative entropy, with the data processor
that outputs PY jX=x if Y 2 Bd(x) and PY otherwise (occurs
with probability 0 under PY jX=x), we have

D
�
PY jX=xkPY

�
� d(1kPY (Bd(x))) (9)

= log
1

PY (Bd(x))
: (10)

Here

d(�kq) , � log
�
q

+ (1� �) log
1� �
1� q

(11)

is the binary relative entropy function.
It is shown in [5, (134)] (the below corrects the typo in [5,

(134)], replacing 1 therein with log2 e)

HX(d; 0) � R+
X(d; 0) + log2

�
R+
X(d; 0) + 1

�

+ log2 e bits (12)

Combining (12) with (8) leads to (5). For completeness, we
include the proof of (12) in Appendix B.

The following result provides a characterization of the
function RX(d; 0) and identi�es a property of the optimal
probability kernel that achieves it.

Theorem 2 (guaranteed distortion: minimal mutual informa-
tion).

RX(d; 0) = R+
X(d; 0): (13)

Furthermore, the kernel PY jX attains RX(d; 0) if and only if
for PX -a.e. x

log
dPY jX=x

dPY
(y) = log

1
PY (Bd(x))

(14)

where PY is the Y marginal of PXPY jX .

Proof. It is shown in [1, Lemma 13] and in [5, (132)] (proof
included in Appendix C for completeness)

RX(d; 0) � R+
X(d; 0); (15)

Combining (8) with (15) establishes (13). To show (14), we note
that equality in (9) is achieved if and only if (14) holds.

Theorem 2 parallels CsiszÆr’s characterization [3] of the
minimal information under expected distortion:

RX(d) , inf
PY jX : X 7!Y
E[d(X;Y )]�d

I(X;Y ) (16)

CsiszÆr’s characterization states that

RX(d) = inf
PY

max
��0

E [�Y (X;�)] (17)

where
�Y (x; �) , log

1
E [exp(�d� �d(x; Y )]

(18)

is the generalized tilted information [6, (28)]. The kernel PY jX
attains the in�mum on the left-hand side of (17) if and only if

log
dPY jX=x

dPY
(y) = �Y (x; �?)� �?d(x; y) + �?d (19)

where �? = �R0X(d) is the negative of the derivative of RX(d)
at d. CsiszÆr’s characterization applies for all d > dmin, where
dmin is the in�mum of d values where RX(d) is �nite.

Although the objective in (2) can be viewed as a special case
of (16) with distortion measure 1 fd(x; y) > dg and distortion
threshold 0, Theorem 2 is not a special case of CsiszÆr’s
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characterization because distortion threshold 0 is exactly the
dmin.

The functions inside the expectations on the right-hand sides
of (14) and (17) satisfy the relation (Markov’s inequality)

log
1

PY (Bd(x))
� �Y (x; �): (20)

III. CONDITIONAL EXCESS DISTORTION

In this section, we weaken the constraint in (1) by allowing
the distortion threshold be violated with some probability, �,
for (almost) every source realization x. Namely, we de�ne the
excess conditional distortion entropy of the source X as:

Hc
X(d; �) , inf

PY jX : X 7!Y :
P[d(X;Y )>djX]�� a.s.

H(Y ): (21)

Here c in the left side of (21) stands for conditioning the
constraint on X . Note that in (21), we allow randomization
at the encoder. Without such randomization, the conditional
probability in the constraint set of (21) would be either 0 or 1
depending on whether the deterministic representative for X is
within d from X , meaning that for any � < 1, the feasible set
of deterministic encoders in (21) coincides with that in (1).

This section establishes the following convex proxy for the
minimization (21):

RcX(d; �) , inf
PY jX : X 7!Y

P[d(X;Y )>djX]��

I(X;Y ): (22)

Theorem 3 (conditional excess distortion: quantizer entropy).

RcX(d; �) � Hc
X(d; �) (23)

� RcX(d; �) + log2 (RcX(d; �) + 2)
+ 1 + log2 e bits (24)

Proof. The lower bound follows from I(X;Y ) � H(Y ).
To show the upper bound, we introduce the function

Rc+
X (d; �) , inf

PY
E [d (�Y (X)kPY (Bd(X)))] ; (25)

where
�Y (x) , max f1� �; PY (Bd(x))g : (26)

We establish that

Rc+
X (d; �) � RcX(d; �): (27)

Indeed, �x any PY jX=x with PY jX=x (Bd(x)) � 1� �. With
the data processor that outputs PY jX=x if Y 2 Bd(x) and PY
otherwise, data processing of relative entropy yields

D
�
PY jX=xkPY

�
� d(PY jX=x (Bd(x)) kPY (Bd(x))) (28)
� d(�Y (x)kPY (Bd(x))); (29)

where to write (29) we used the fact that if � > q, then d(�kq)
increases as a function of �, and if � < q, then it decreases as
� increases, vanishing to 0 at the extreme � = q.

Next, we assert the following extension of (12):

Hc
X(d; �) � Rc+

X (d; �) + log2
�
Rc+
X (d; �) + 2

�

+ 1 + log2 e bits (30)

Combining (30) with (27) leads to (24). The proof of (30) is
in Appendix D.

Theorem 4 (conditional excess distortion: minimal mutual
information).

RcX(d; �) = Rc+
X (d; �): (31)

Furthermore, the kernel PY jX attains RcX(d; �) if and only if
for PX -a.e. x

log
dPY jX=x

dPY
(y) = �Y (x)

1 fd(x; y) � dg
PY (Bd(x))

(32)

+ (1� �Y (x))
1 fd(x; y) > dg
PY (Bcd(x))

where PY is the Y marginal of PXPY jX .

Proof. It is shown in Appendix E that

RcX(d; �) � Rc+
X (d; �); (33)

Combining (33) with (27) establishes (31). To show (32), we
note that equality in both (28) and (29) is achieved if and only
if (32) holds.

IV. EXCESS DISTORTION

In this section, we weaken the constraint in (21) by allowing
the distortion threshold be violated with some probability, �,
when the probability is averaged over all source realizations
X:

HX(d; �) , inf
PY jX : X 7!Y :
P[d(X;Y )>d]��

H(Y ): (34)

The function (34) is similar to (�; �)-entropy [4], except (34)
allows randomized encoding mappings.

Consider the function [5, (19))]

RX(d; �) , inf
PY jX : X 7!Y

P[d(X;Y )>d]��

I(X;Y ); (35)

Theorem 5 (excess distortion: quantizer entropy).

RX(d; �) � HX(d; �) (36)
� RX(d; �) + log2 (RX(d; �) + 2)
+ 1 + log2 e bits (37)

Proof. The lower bound is noted in [5] and follows from
I(X;Y ) � H(Y ).

To show the upper bound, observe that all the steps in the
proof of Theorem 3 go through if the tolerated probability of
violating distortion threshold is allowed to vary with source
realization, i.e. if � in (21), (22) is replaced with �(X).
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Next, notice that

RX(d; �) = inf
� : X 7![0;1] :

E[�(X)]��

RcX(d; �(�)): (38)

and analogously for HX(d; �). Since (24) holds for an arbitrary
set of thresholds �(�), it holds in particular for the optimal set
of thresholds achieving the minimum on the right side of (38);
the validity of (37) follows.

De�ne the function

R+
X(d; �) , inf

PY ; �Y (�)
E [d (�Y (X)kPY (Bd(X)))] : (39)

where the in�mum is over PY and over functions �Y : X 7!
[0; 1] such that

�Y (X) � PY (Bd(X)) a.s. (40)
E [�Y (X)] � 1� � (41)

Theorem 6 (excess distortion: minimal mutual information).

RX(d; �) = R+
X(d; �): (42)

Furthermore, the kernel PY jX attains RX(d; �) if and only if
for PX -a.e. x (32) holds, where where PY is the Y marginal
of PXPY jX , and �Y (�) achieves the in�mum on the right side
of (39).

Proof. The proof steps of Theorem 4 remain valid if, in (22) and
(26), the �xed threshold � is replaced with variable threshold
�(X). Since equality (31) holds for an arbitrary set of thresholds,
it also holds for the optimal set of thresholds. The constraint
in (40) utilizes monotonicity properties of the binary relative
entropy function mentioned after (29).

The optimum �Y (�) in (39) (and hence the optimum �(�)
in (38)) can be analyzed explicitly: it is given by assigning
�Y (x) = 1 to all typical x and assigning �Y (x) to its minimal
value for the atypical x, where x is considered typical if
PY (Bd(x)) � q, where threshold q is the supremum of q’s
such that

E [�Y (X)] = P [B � q] + E [B 1 fB < qg] (43)
� 1� � (44)

where B , PY (Bd(X)). For an (often reasonable) approxima-
tion to the optimum �Y (�), one may ignore the second term in
the right side of (43); then log2

1
q is the level-(1� �) quantile

of the distribution of �ideal codelength� log2
1
B . Indeed this is

the path taken in [5], where said quantile is used to de�ne the
��-cutoff� of log2

1
B , which is shown to play a crucial rule in

nonasymptotic tradeoffs in variable-rate lossy compression of
i.i.d. sequences.
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APPENDIX A
ENTROPY VS. MINIMUM EXPECTED LENGTH

Denote by f0; 1g? the set of all binary strings (including the
empty string). A lossless variable-length binary encoder for
the discrete random variable X 2 X is an injective mapping
f : X 7! f0; 1g?.

Let
L?(X) , min

f
E [len(f(X))] (45)

be the expected length of the string output by the encoder,
minimized over all lossless encoders f. It is related to the
entropy of X via [7], [8]

H(X)� log2(H(X) + 1)� log2 e � L
?(X) (46)

� H(X): (47)

A lossless variable-length binary pre�x-free encoder for
the discrete random variable X 2 X is an injective mapping
f : X 7! f0; 1g?, where the image of f (called the set of
codewords) satis�es the condition that no codeword is a pre�x
of another codeword.

Let L?p(X) denote the minimum expected encoded length
achievable among all pre�x-free encoders. It is related to the
entropy X via [9]

H(X) � L?(X) (48)
� H(X) + 1: (49)

Thus, in either case �with or without pre�x constraints�
entropy of the random variable captures the storage capacity
necessary for its lossless reproduction (by the decoder that
knows the encoding function), as long as the entropy of the
random variable is not too small, which is the case in most
practical scenarios.

APPENDIX B
PROOF OF (12)

Let codewords Y1; Y2; : : : be drawn i.i.d. from PY . The
encoder outputs a binary encoding of the �rst d-close match
to x, i.e.

W , min fm : d(x; Ym) � dg (50)
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If y1; y2; : : : is a realization of Y1, f(x) = yw is a deterministic
mapping that satis�es the constraint in (1), so, since w 7! yw
is injective, we have

Hd(X) � H(W jY1 = y1) (51)

We proceed to show that H(W jY1) is upper bounded by
the right side of (12). Via the random coding argument this
will imply that there exists at least one codebook y1 such that
H(W jY1 = y1) is also upper bounded by the right side of
(12), and the proof will be complete.

Let

L , blog2W c (52)

and consider the chain

H(W jY1) � H(W ) (53)
= H(W jL) + I(W ;L) (54)
� E [L] +H(L) (55)
� E [L] + log2 (1 + E [L]) + log2 e (56)

where
� (53) holds because conditioning decreases entropy;
� (55) holds because conditioned on L = ‘, W can have at

most 2‘ values;
� (56) holds because the entropy of a positive integer-valued

random variable with a given mean is maximized by the
geometric distribution.

Finally,

E [L] � E [� log2 PY (Bd(X))] (57)

This is because

E [LjX = x] � log2 E [W jX = x] (58)
= � log2 PY (Bd(x)); (59)

which applies Jensen’s inequality and the fact that conditioned
on X = x and averaged over codebooks, W has geometric
distribution with success probability PY (Bd(x)).

APPENDIX C
PROOF OF (15)

Fix a distribution P �Y on Y and de�ne the conditional
probability distribution PY jX through1

dPY jX=x

dP �Y
(y) =

1 fd(x; y) � dg
P �Y (Bd(x))

: (60)

Upper-bounding the minimum in (2) with the choice of PY jX
in (60), we obtain

RX(d; 0) � I(X;Y ) (61)
= D

�
PY jXkP �Y jPX

�
�D(PY kP �Y ) (62)

� D
�
PY jXkP �Y jPX

�
(63)

= E [� logP �Y (Bd(X))] (64)

which leads to (15) after minimizing the right side over all P �Y .

1Note that in general PX ! PY jX 9 P �Y .

APPENDIX D
PROOF OF (30)

Consider an encoder that, given an in�nite list of codewords
y1; y2; : : :, outputs the �rst d-close match to x with probability
�Y (x), and outputs y1 otherwise. Speci�cally, the encoder
outputs a binary encoding of

W ,

(
min fm : d(x; ym) � dg w.p. �Y (x)
1 otherwise

(65)

This rather trivial randomized encoder, which simply gives up
with a pre-determined probability and produces a d-close match
otherwise, is indeed feasible in the context of the optimization
problem (21).

The reasoning in Appendix B applies to bound the entropy
of W in (65), with (59) replaced by

E [LjX = x] � d(�Y (x)kPY (Bd(x))) + h(�Y (x)) (66)

and applying h(�Y (x)) � 1 bit, a crude bound resulting in the
extra +1’s in (30) compared to (12), as in typical scenarios �
a small �, an even smaller PY (Bd(x)) � h(�Y (x)) would be
nearly 0.

To show (66), denote by U the Bernoulli random variable
with success probability �Y (X) employed in (65). By the law
of iterated expectation and Jensen’s inequality,

E [LjX = x] = E [E [LjX = x; U ]] (67)
� E [log2 E [W jX = x;U ]] (68)

= �Y (x) log2
1

PY (Bd(x)))
; (69)

where (69) uses that averaged over the codebook and con-
ditioned on X = x; U = 1, the waiting time W has
geometric distribution with success probability PY (Bd(x));
while conditioned on X = x; U = 0, it is equal to 0. The right
side of (66) is an upper bound to the right side of (69).

APPENDIX E
PROOF OF (33)

Fix a distribution P �Y on Y and de�ne the conditional
probability distribution PY jX through

dPY jX=x

dP �Y
(y) = � �Y (x)

1 fd(x; y) � dg
P �Y (Bd(x))

(70)

+ (1� � �Y (x))
1 fd(x; y) > dg
P �Y (Bcd(x))

:

Upper-bounding the minimum in (22) with the choice of
PY jX in (70), we obtain

RcX(d; �) � I(X;Y ) (71)
� D

�
PY jXkP �Y jPX

�
(72)

= E [d (�Y (X)kP �Y (Bd(X)))] (73)

which leads to (33) after minimizing the right side over all P �Y .
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Abstract�We introduce an expurgation technique for source
coding with side information that demonstrates existence of a
code in the expurgated ensemble for which every source sequence
satis�es a desired upper bound on error probability. Applying
the developed technique, directly in dual-domain, we derive an
expurgated error exponent for standard random coding ensemble
with a possibly mismatched decoding metric.

I. INTRODUCTION

Consider a pair of discrete memoryless correlated sources
with �nite alphabets X and Y , and joint distribution PXY . A
standard block source code C(n;R) is de�ned as a mapping
� of source sequences x = x1; x2; : : : ; xn 2 Xn to a set of
codewords M = f1; : : : ;Mg where R = logM

n is the code
rate. At the receiver end, the decoder  maps each codeword
m 2 M and side information sequence y = y1; y2; : : : ; yn 2
Yn back into a source sequence x̂. The decoder makes an
error whenever  (�(x);y) 6= x and the probability of error
is given by

pe = P[ (�(X);Y ) 6= X]: (1)

This setting is known as block source coding with decoder side
information, or Slepian-Wolf coding [1], [2]. A dual-domain
achievable random coding error exponent for the above setting
with maximum a posteriori probability (MAP) decoding was
derived by Gallager in [2] as

Er(R) = max
�2[0;1]

�R� E0(�); (2)

where the function E0(�) is de�ned as

E0(�) , log
X

y2Y

PY (y)
�X

x2X

PXjY (xjy)
1

1+�

�1+�

: (3)

Gallager [2] also derived a corresponding upper bound Esp(R)
by providing the side information sequence to the encoder,
which takes a similar form as (2) with optimization over � � 0.

Relating the Slepian-Wolf source coding problem to a
counterpart channel coding problem, a tighter achievable error

This work was supported in part by the European Research Council
under Grants 101116550, 101142747 and 101158232, and in part by the
Spanish Government under Grants PID2020-116683GB-C22 and PID2021-
128373OB-I00 and partially by the WAVE-XL project (PID2024-160457OB-
I00) funded by MCIN/AEI/10.13039/501100011033 and by FEDER, UE.

exponent for high code rate regime (referred to as the expur-
gated exponent) was derived by CsiszÆr and Körner in [3] for
a generic (possibly mismatched) decoder. For the case of using
optimum ML decoder this exponent is given by

Eex(R) = min
P ~X

�
D(P ~XkPX)

+ min
PX̂ ~X :PX̂=P ~X ;H(X̂j ~X)�R

n
E
�
d(X̂; ~X)

�
+R�H(X̂j ~X)

o�

(4)

where d(x̂; ~x) is the Bhattacharyya distance, de�ned as

d(x̂; ~x) , � log
X

y2Y

q
PY jX(yjx̂)PY jX(yj~x): (5)

Exploiting the connection to counterpart channel coding
problem and using permutation codes, the exponent in (4) was
also derived later by Ahlswede and Dueck in [4]. Both proofs
in [3], [4] rely on type analysis and combinatorial arguments
and do not use random coding or expurgation.

In this work we develop an expurgation technique for source
coding with side information, and then employ it to directly
derive a dual-domain expurgated exponent under generic,
and possibly mismatched, decoding metrics. Speci�cally we
consider a maximum metric decoder of the form

 (m;y) = arg max
x2Xn:�(x)=m

q(x;y); (6)

where q is an arbitrary non-negative decoding metric.

II. MAIN RESULT

We develop an expurgation method for source coding that is
valid for any source and side information model with arbitrary
decoding metric. The method is based on repeated expurgation,
starting with all sequences in Xn, in each repetition we
show existence of a code in the random coding ensemble
for remaining source sequences, such that half of those meet
a desired upper bound on the error probability. In order to
exhaust all sequences, the expurgation process is repeated
for at most n log2 jX j times. Combining the selected codes
from all repetitions, we obtain a code in which all the source
sequences satisfy the desired upper bound as given by the
following lemma. We �rst de�ne the ensemble.
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De�nition 1. The standard random coding ensemble is the
set of all (n;R) standard block codes for source alphabet X
where each source sequence is mapped independently and with
equal probability 1

M into one of the M codewords.

Lemma 1. There exists a code Cex in the standard random
coding ensemble such that for every source sequence x 2 Xn
and � � 0

pe(x; Cex) �
�

2E
h
pe(x;C)

1
�

i ��
; (7)

where the expectation is over the standard random coding
ensemble with M

k codewords with k = n log2 jX j.

Considering the standard random coding ensemble and
applying Lemma 1 we obtain the following achievable error
exponent for memoryless sources employing a memoryless
decoding metric q(x;y) =

Qn
i=1 q(xi; yi).

Theorem 1. For every R > 0 and every distribution PXY 2
P(X �Y) there exists a standard block source code with max-
imum metric decoder (6) employing decoding metric q(x; y)
that achieves the exponent

Eq(R) = maxfEq;r(R); Eq;ex(R)g; (8)

where

Eq;r(R) = sup
�2[0;1]
s�0

�R� Es(�; s); (9)

Eq;ex(R) = sup
��1
s�0

�R� Ex(�; s); (10)

with

Es(�; s) = log
X

x2X ;y2Y

PXY (x; y)
�X

�x2X

�
q(�x; y)
q(x; y)

�s��
;

(11)

Ex(�; s)

= log
X

x2X

 
X

�x2X

 
X

y2Y

PXY (x; y)
�
q(�x; y)
q(x; y)

�s! 1
�
!�
: (12)

Proofs of Lemma 1 and Theorem 1 can be found in [5].
Noticing that exponent is a convex function of the rate and
the maximizing � is the slope of the exponent curve, similar
to [6, Ch. 5] by evaluating the partial derivative of the exponent
to �nd the rate at which � = 0 maximizes the exponent, we
obtain the following rate achieved by standard random coding:

Hq(XjY ) = inf
s�0
�

X

x2X ;y2Y

PXY (x; y) log
q(x; y)sP

�x2X
q(�x; y)s

(13)

=H(XjY ) + inf
s�0

D(PXjY kQ
(s)
XjY ); (14)

where Q(s)
XjY (xjy) = q(x;y)sP

�x2X
q(�x;y)s .
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Fig. 1: Error exponents for the source X and side information
Y with joint distribution given in (15). The mismatched
decoder uses the minimum Hamming distance metric in (16).

III. EXAMPLE

The joint distribution of the source X with side information
Y is de�ned by the entries of the jX j � jYj matrix

PXY =

2

4
0:49 0:005 0:005
0:015 0:27 0:015
0:05 0:05 0:1

3

5 : (15)

We consider using a mismatched decoder with a memoryless
metric given by the matrix

q(x; y) =

2

4
1� 2� � �
� 1� 2� �
� � 1� 2�

3

5 (16)

with � 2 (0; 1
3 ). This is equivalent to a minimum Hamming

distance decoding metric.
Figure 1 illustrates the exponents for the standard ensemble

with both matched (MAP) and mismatched decoders and
CsiszÆr and Körner’s exponent ECK from [3] with a matched
decoder. We observe that the derived expurgated exponent in
(8) is higher for the matched decoding and it is weaker than
the exponent of [3] for high rates.
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Abstract�We introduce a general class-based block source
coding framework which, for the case of discrete memoryless
sources, is specialized to four different constructions with varying
levels of underlying structure in the class de�nitions. For all the
constructions, we show that the matched random coding error
exponent is achieved universally with a corresponding universal
decoder. Increasing the structure in the classes results in a simpler
corresponding universal decoder.

I. INTRODUCTION

Lossless source coding has been studied in three main
different settings. The setting that has been studied most
extensively is strictly-lossless variable-length pre�x data com-
pression. In this setting, a source code is an injective map-
ping of source sequences of �xed-length n to variable-length
binary codewords where no codeword is a pre�x of another
(see e.g. [1]). In the second setting, the pre�x constraint is
dropped when a whole �le is to be compressed at once, while
retaining strictly-lossless, variable-length codes. An optimal
code in this setting is a deterministic mapping of length-
n source sequences ordered with decreasing probability to
binary sequences of increasing length. A rigorous treatment
of the optimal code in this setting for the known distribution
case and universal case can be found in [2], [3]. The third
and last setting is almost-lossless, �xed-length to �xed-length
data compression which we refer to in this paper as block
source coding. The optimal n-to-k code in this setting maps
2k � 1 most likely sequences to distinct codewords and maps
all the remaining ones to the last codeword (error index). The
analysis of optimal code for a discrete memoryless source
(DMS) shows the exponential decay of the error probability
with the optimal exponent given by [4]

E(R) = max
��0

�R� Es(�) (1)

where

Es(�) = log

 
X

v2V

PV (v)
1

1+�

!1+�

: (2)

When the distribution of a DMS is unknown, an optimal
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universal code can be constructed by one-to-one mapping the
lowest empirical entropy sequences instead of the most likely
ones [1]. Using this construction, the optimal exponent can be
achieved universally [5], [6]. The literature on variable-length
universal source coding is extensive (see e.g. [7] and references
therein). Practical block-code designs have been considered in
a number of works, see e.g. [8], [9]. In this paper, we introduce
a general class-based block source coding framework, in
analogy with channel coding, where source sequences are
partitioned into disjoint classes, and each class is encoded
independently. For DMSs, we specialize the framework to four
code constructions, depending on the structure imposed on
the code. We show that the random coding error exponent is
universally achievable in all four cases.

A. Class-Based Block Source Coding

Consider a discrete source with �nite alphabet V that out-
puts sequences of length n, V = V1; : : : ; Vn, with probability
distribution PV , and realization denoted by v = v1; : : : ; vn.

We partition the source-message set Vn into Nn disjoint
subsets (classes) Ani , i = 1; : : : ; Nn, with

SNn
i=1A

n
i = Vn. We

let the partitions be such that, for each n, source sequences
are assigned to classes depending on a common property: for
example having same empirical type.

The codeword set M = f1; � � � ;Mg is also partitioned
into Nn disjoint subsets as fM1; � � � ;MNng where Mi is
the codeword set for the class Ani . A class-based block source
code C = fC1; � � � ; CNng is a union of Nn codes where each
Ci is an (n;Ri) block code for source class Ani with mapping
function �i : Ani ! Mi and rate Ri = log jMij

n . Each code
Ci can be represented as a partitioning of the corresponding
class Ani into Mi = jMij subsets as fAi1; � � � ;AiMig.

The decoder for a class-based code C is a set of mappings
 i :Mi ! Ani for every i 2 f1; � � � ; Nng. We consider using
a maximum metric decoder as follows: for every m 2Mi

 i(m) = arg max
v2Ani :�i(v)=m

q(v); (3)

where q(v) is a positive decoding metric. For a sequence v 2
Ani , the decoder makes an error whenever  i(�i(v)) 6= v.
For a class-based code, an error can only happen between
the source sequences of the same class. Here we consider the
average probability of error as the metric of interest.
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De�nition 1. A Class-based random coding ensemble is the
set of all (n;R) block codes for the source sequences Vn with
a probability measure over the codes having the following
property: For every source class Ani , i 2 f1; � � � ; Nng, each
source sequence v 2 Ani is independently assigned with equal
probability 1

Mi
to each of the codewords in Mi.

B. Discrete Memoryless Sources
Following conventional de�nitions, the type of a sequence

v generated by a DMS is the probability distribution P̂v with
P̂v(v) = nv(v)

n for any v 2 V where nv(v) is the number
of appearances of symbol v in v. The type class f�v 2 Vn :
P̂�v = P̂vg is denoted by Tn(P̂v). The set of all possible types
of sequences v 2 Vn is denoted by Pn(V).

We consider and study four different partitionings of the
source n-tuples Vn to classes as follows:

1) Type class: Ani = Tn(P̂i) for i 2 f1; � � � ; jPn(V)jg.
2) Empirical entropy class: Ani =

S
j Tn(P̂j) : H(P̂j) =

Ĥi for i 2 f1; � � � ; Nng, where Ĥi’s are distinct empir-
ical entropy levels for source n-tuples.

3) Tilted family class: Ani =
S
j Tn(P̂j) : P̂j 2 EQi ,

where EQi are distinct tilted families (De�nition 2) for
empirical distributions of source n-tuples.

4) Single class: An = Vn.
For each of the four cases, we consider class-based block

source codes with corresponding universal decoding metrics:
� For 1) and 2), q(v) is an arbitrary decoding metric,
� For 3), we consider q(v) = �Qi for v 2 Ani where �Qi is

an arbitrary distribution from the tilted family EQi ,
� For 4), we consider the empirical probability metric
q(v) = e�nH(P̂v) = P̂v(v). Such a maximum metric
decoder is equivalent to a minimum empirical entropy
decoder, the source coding counterpart of the maximum
mutual information decoder for channel coding [6].

II. MAIN RESULT

Our main result is an achievable error exponent for class-
based ensembles. First, we give the random coding error
exponent for the ensemble of standard random block codes, a
special case of class-based random coding with a single class.
Considering a matched maximum likelihood (ML) decoder,
which minimizes the average error probability, the random
coding exponent for standard ensemble has a similar form to
(1) where the maximization is over � 2 [0; 1],

Er(R) = max
�2[0;1]

�R� Es(�): (4)

Theorem 1. For discrete memoryless sources and each of the
four above-mentioned class-based partitionings, there exists
a class-based (n;R) block source code with M = denRe
codewords such that a maximum metric decoder with universal
metric q(v) achieves the random coding exponent in (4).

Next, we give bounds on the average error probability of
a random code with generic decoding metrics that we later
particularize to the four ensemble-decoder pairs above.

A. Random Coding Error Probability Analysis

A random code from the class-based ensemble is denoted by
C = fC1; � � � ;CNng with encoding functions f�igNni=1. Over
the ensemble of random class-based codes, the average error
probability of a source sequence v 2 Ani can be written as

�pe(v;Ci) = E

2

6641

2

664
[

�v 6=v
�v2Ani

fq(�v) � q(v);�i(�v) = �i(v)g

3

775

3

775

(5)

�
X

�v2Ani

1 [q(�v) � q(v)] P [�i(�v) = �i(v)] ; (6)

�
1
Mi

X

�v2Ani

1
h
q(�v)ef(�v) � q(v)ef(v)

i
; (7)

�
1
Mi

X

�vn2Ani

�
q(�v)ef(�v)

q(v)ef(v)

�si
; (8)

where we use the union bound in (6), in (7) f(�) is any
arbitrary function that has same value for all the sequences in
the same class and possibly different values for the sequences
of different classes, and (8) holds for any si � 0. We note that
the ratio ef(�v)

ef(v) = 1 in (8), however the function f(�) will be
an extra degree of optimization after simplifying the bound.

Averaging over all source sequences yields an upper bound
on the ensemble average error probability,

pe(C) =
NnX

i=1

pe(Ci); (9)

where

pe(Ci) �
X

v2Ani

PV (v)

0

@ 1
Mi

X

�v2Ani

�
q(�v)ef(�v)

q(v)ef(v)

�si
1

A
�i

;

(10)

and (10) holds for any �i 2 [0; 1].
The average error probability pe(C) in (9) can be further

upper bounded as

pe(C) � Nn max
i
pe(Ci); (11)

which implies that the corresponding error exponent is domi-
nated by the exponent of the worst class as long as Nn grows
sub-exponentially with n.

In order to �nd a simpler bound on pe(C) that does not
require maximization over the classes, we �rst weaken the
bound in (10) by including all �v in the inner sum and choose
Mi = M

Nn and �x si = s and �i = �, hence we obtain

pe(C) �
X

v2Vn
PV (v)

 
Nn
M

X

�v2Vn

�
q(�v)ef(�v)

q(v)ef(v)

�s!�
; (12)

for any s � 0 and � 2 [0; 1]. The bound in (12) can be
optimized over the choice of f(�) which only needs to satisfy
f(v) = 
i for all v 2 Ani where 
i is a constant for every i.
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III. PROOF OF THEOREM 1
We now prove the achievability of the random coding

exponent with matched decoding for discrete memoryless
sources with each of the four class-based block source codings
introduced in section I-B with a corresponding universal
decoder for each case.

A. Type Class
In this case, each source type class is considered as a

separate class, hence, Nn = jPn(V)j and f(v) in (12) can
be any arbitrary function that depend on the source sequence
v only through its type.

Now setting s = 1
1+� , f(v) = log PV (v)

q(v) in (12) and using
memoryless property of the source we obtain

pe(C) �
�
jPn(V)j
M

�� X

v2V

PV (v)
1

1+�

!1+�

(13)

= e�n(�(R��n)�Es(�)) (14)

where �n = log jPn(V)j
n ! 0 as n ! 1 and Es(�) is

given in (2). This shows that for discrete memoryless sources,
type class-based source coding achieves the matched random
coding error exponent universally irrespective of the decoding
metric since the choice of function f(v) = log PV (v)

q(v) cancels
the effect of decoding metric.

B. Empirical Entropy Class
In this case, all the source type classes with equal empirical

entropy are partitioned together into a single class, hence,
the number of separate classes Nn is equal to the number
of distinct empirical entropy levels. Denoting the maximum
number of types within an equal empirical entropy class by
Kn, we consider simple upper bounds of Kn � jPn(V)j and
Nn � jPn(V)j in the following.

For a source sequence v and probability distribution PV (�)
de�ne

B(v) = f�v 2 Vn : PV (�v) � PV (v)g: (15)

For any source sequence v 2 Ani we de�ne the set

~A(v) = f�v 2 Ani : q(�v) � q(v)g; (16)

which are the set of sequences that would cause error if they
were assigned to the same codeword. Noting that for any
arbitrary metric q(�) we have j ~A(v)j � jAni j for v 2 Ani and
since types with equal empirical entropy have type classes with
equal size and also since B(v) includes type class Tn(P̂v), we
upper bound the size of ~A(v) as

j ~A(v)j � KnjB(v)j: (17)

Now we upper bound the average error probability of a
source sequence v 2 Ani using (6) as

�pe(v;Ci) �
j ~A(v)j
Mi

; (18)

�
KnNn
M

X

�v2Vn

�
PV (�v)
PV (v)

�s
; (19)

where we use (17) and the bound 1 [PV (�v) � PV (v)] ��
PV (�v)
PV (v)

�s
for s � 0.

Now averaging over all source sequences we obtain

pe(C) �
X

v2Vn
PV (v)

 
KnNn
M

X

�v2Vn

�
PV (�v)
PV (v)

�s!�
; (20)

which holds for any � 2 [0; 1].
Now setting s = 1

1+� in (20) and using memoryless
property of the source we obtain a similar bound as (14)
with �n = logKnNn

n � 2 log jPn(V)j
n ! 0 as n ! 1. This

shows that for discrete memoryless sources, empirical entropy
class-based source coding achieves the matched exponent
universally irrespective of the decoding metric. This is because
the bound in (17) is valid regardless of the decoding metric.

C. Tilted Family Class

We start by de�ning the tilted family and state a lemma that
will be used to prove the result for tilted family class.

De�nition 2. For a probability distribution Q with support V ,
the tilted family of Q is de�ned as

EQ = fQ(s) : s 2 R+g;

where Q(s) is the tilted distribution of order s of Q and for
every v 2 V it is given by

Q(s)
V (v) =

QV (v)sP

�v2V
QV (�v)s

:

The tilted family EQ is an exponential family of probability
distributions written as

Q(s)
V (v) = cesf(v)

where f(v) = logQV (v) and c =
� P

v2V
esf(v)��1. The tilted

family EQ depends on Q only in a weak manner, since any
element of EQ could play the role of Q.

For tilted family class case, all the source type classes
having same tilted family are grouped together into a single
class, hence, the number of separate classes Nn is equal to
the number of distinct tilted families of empirical distributions
on source n-tuples. We consider a simple upper bound of
Nn � jPn(V)j in the following.

For the i-th tilted family class Ani , we consider the uni-
versal decoding metric q(v) = �Qi where �Qi is an arbitrary
distribution from the corresponding tilted family EQi . For any
source sequence v 2 Ani we de�ne the set

~A(v) = f�v 2 Ani : �Qi(�v) � �Qi(v)g: (21)

Considering the de�nition of B(v) in (15), we have the
following inequality on the size of the sets ~A(v) and B(v).

Lemma 1. For any source sequence v from tilted family class
Ani , we have

j ~A(v)j � jB(v)j (22)
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A : (1; 0; 0)

B : (0; 1; 0)

C : (0; 0; 1)

Fig. 1: Ternary simplex and illustration of permuted tilted
families, iso-cross-entropy families and iso-entropy contours.

for any arbitrary probability distribution PV in de�nition of
B(v) in (15).

The full proof of Lemma 1 is involved and omitted here.
We only provide an sketch of the proof through an illustrative
ternary example in the following.

Fig. 1 shows the ternary simplex with iso-entropy contours.
Assume that solid red curve connecting the corner point A
to the center of the simplex U (uniform distribution) shows
the tilted family EPV of the (arbitrary) distribution PV in the
de�nition of B(v).

As �rst case consider a sequence v such that the empirical
type P̂v belongs to the tilted family EPV . The black circle on
the �gure illustrates one such type. The set ~A(v) is union of
all the type classes with empirical type on the portion of titled
family curve between the corner point A and P̂v . The solid red
line passing through P̂v shows the iso-cross-entropy family
MP̂v

= fP : H(PkP̂v) = H(P̂v)g. The iso-cross-entropy
families corresponding to other distributions from tilted family
EPV are parallel lines to MP̂v

. The set B(v) is union of all
the type classes with empirical type over the triangle formed
by the vertex A and the solid red line as opposite side which
includes the ~A(v) as a subset. Notice that in this case we can
also replace �Qi with PV in (21) and show that ~A(v) � B(v).

As second case consider a sequence v such that the empir-
ical type P̂v belongs to the same region of the simplex as PV
according to ordering of symbol probabilities. The blue dot
on the �gure illustrates one such type. The set ~A(v) is union
of all the type classes on the portion of titled family curve
(dashed blue curve) between the corner point A and the blue
dot. The iso-cross-entropy family for a tilted distribution P (s)

V
passing through P̂v (blue dot), namely MP (s)

V
, is shown by

dashed red line. The set B(v) is union of all the type classes
with empirical type over the triangle formed by the vertex A

and the dashed red line (passing through blue dot) as opposite
side which includes the ~A(v) as a subset.

For the last case, consider a sequence v such that the
empirical type P̂v belongs to a different region of the simplex
than PV . The magenta squares on the �gure illustrate such
types. The set ~A(v) is union of all the type classes on the
portion of titled family curve (dotted magenta curve) between
the corresponding corner point and the magenta square. For
any such v there is a permutation of P̂v and corresponding
tilted family EP̂v

denoted by �(P̂v) and E�(P̂v), respectively,
that are on the same region of the simplex as PV . The dashed
blue curve is the corresponding permutation of dotted magenta
curves. We �rst note that since any type class lying on a dotted
magenta curve has a corresponding permuted type class on
the dashed blue curve, therefore, j ~A(v)j = j ~A(�v)j for any
�v 2 Tn(�(P̂v)). Therefore using the result of the second case
we have j ~A(v)j � jB(�v)j. The set B(v) is union of all the
type classes with empirical type over the triangle formed by
the vertex A and the dashed red line (the iso-cross-entropy
family passing through P̂v) as opposite side. Also note that
PV (�v) � PV (v) since �(P̂v) has similar ordering to PV
whilst P̂v has different ordering, therefore B(�v) � B(v).

Using Lemma 1 we upper bound the average error proba-
bility of a source sequence v 2 Ani from (6) as

�pe(v;Ci) �
j ~A(v)j
Mi

; (23)

�
Nn
M

X

�v2Vn

�
PV (�v)
PV (v)

�s
; (24)

where the (24) holds for any arbitrary probability distribution,
especially for the matched distribution PV .

Averaging over all source sequences and using memoryless
property of the source we obtain a similar bound as (14) with
�n = logNn

n � log jPn(V)j
n ! 0 as n!1.

This shows that for discrete memoryless sources, tilted
family class-based random coding achieves the matched ran-
dom coding error exponent universally with corresponding
universal decoding metric.

D. Single Class

In this case we consider a universal decoding metric given
by q(v) = 2�nH(P̂v) = P̂v(v) which is the empirical
probability of the sequence v. For any sequence v, we de�ne
the set ~A(v) as the set of sequences �v 2 Vn that would cause
error if they were assigned to the same codeword, namely
for such sequences we have P̂�v(�v) � P̂v(v), or equivalently
H(P̂�v) � H(P̂v), i.e.,

~A(v) = f�v 2 Vn : H(P̂�v) � H(P̂v)g: (25)

Noting that a type with lower empirical entropy, has a
smaller type class and also since B(v) includes type class
Tn(P̂v), we upper bound the cardinality of the set ~A(v) as

j ~A(v)j � jPn(V)kB(v)j: (26)
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Using (26) we upper bound the average error probability of
a source sequence v 2 Vn from (6) as

�pe(v;C) �
j ~A(v)j
M

; (27)

�
jPn(V)j
M

X

�v2Vn

�
PV (�v)
PV (v)

�s
(28)

Averaging over all source sequences and using memoryless
property of the source we obtain a similar bound as (14) with
�n = log jPn(V)j

n ! 0 as n!1.
This shows that for discrete memoryless sources, single

class block source coding with universal maximum empirical
probability decoding (minimum empirical entropy decoding)
achieves the matched random coding error exponent.
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Abstract�Entropies are fundamental measures of uncertainty
with central importance in information theory and statistics and
applications across all the quantitative sciences. Under a natural
set of operational axioms, the most general form of entropy is
captured by the family of RØnyi entropies, parameterized by a
real number �. Conditional entropy extends the notion of entropy
by quantifying uncertainty from the viewpoint of an observer with
access to potentially correlated side information. However, despite
their signi�cance and the emergence of various useful de�nitions,
a complete characterization of measures of conditional entropy
that satisfy a natural set of operational axioms has remained
elusive. In this work, we provide a complete characterization of
conditional entropy, de�ned through a set of axioms that are
essential for any operationally meaningful de�nition: additivity
for independent random variables, invariance under relabeling,
and monotonicity under bistochastic maps conditioned on the side
information. We prove that the most general form of conditional
entropy is captured by a family of conditional entropies that are
averages of RØnyi entropies of the conditioned distribution and
parameterized by a probability measure on the positive reals.

I. INTRODUCTION

Entropies are measures of uncertainty about the outcome
of a random experiment. Given a discrete random variable X
on X governed by a probability mass function (pmf) P (x),
its surprisal is the random variable S(X) = log 1

P (X) . The
Shannon entropy [1] is then de�ned as its expectation,

H(X) := E[S] =
X

x2X

P (x) log
1

P (x)
: (1)

While Shannon entropy plays a central role in information
processing by characterizing the ultimate performance limits
for a range of tasks, most notably data compression [1], it is
evident that a more �ne-grained speci�cation of the surprisal is
necessary to understand tail events. Notable examples are the
min-entropy, Hmin(X) = minx2X S(x), which plays a pivotal
role in cryptography, and the Hartley entropy [2], Hmax(X) =
log
P
x2X 1fP (x) > 0g. To fully characterize the distribution

we consider the family of exponential expectations,

R 3 t 7! Et[X] :=
1
t

log E
�

exp(tX)
�
; (2)

and observe that limt!0 Et[X] = E[X] recovers the usual
expectation. This function is closely related to the cumulant
generation function (cgf) given by Kt[X] = tEt[X].

Given this, the distribution of the surprisal S is conveniently
characterised in terms of the family of RØnyi entropies [3] with
parameter � 2 [0;1] as

H�(X) := E1��[S] =
1

1� �
log

 
X

x2X

P (x)�
!

; (3)

The Hartley, Shannon and min-entropy emerge as point-wise
limits when � ! f0; 1;1g, respectively. The cgf and RØnyi
entropies arise naturally whenever tails of the distribution of
the surprisal are relevant, e.g., in the large deviation regime of
hypothesis testing, when investigating error or strong converse
exponents, and in one-shot information theory.

Their ubiquity in information theory leads to the question of
whether RØnyi entropies are complete under some set of well-
motivated information-theoretic axioms. Axiomatic approaches
to entropy have a rich history, surveyed in the books by AczØl-
Daróczy [4] and Ebanks-Sahoo-Sander [5], as well as the
review by CsiszÆr [6]. However, all these approaches have
in common that at least one of the axioms is chosen for
mathematical convenience and does not have an operational
justi�cation. As such, they fail to fully explain the role RØnyi
entropies play in information theory.

In contrast, in recent work [7] with Gour, one of the present
authors has proposed a set of axioms that any operationally
meaningful measure of entropy should satisfy: monotonicity
under doubly stochastic channels, invariance under embedding,
additivity for independent variables, and normalization (see
Section III for a discussion). Indeed, any quantity H(X) satis-
fying these axioms can be expressed as a convex combination
of RØnyi entropies [7], [8].1 Namely,

H(X) =
Z

[0;1]
d�(�)H�(X) (4)

for some probability measure � on the extended positive reals.
Our goal here is to derive a similar complete characterization

for conditional entropy.

II. CONDITIONAL ENTROPY

Conditional entropies extend the notion of entropy to set-
tings where additional information, known as side information,
is available, quantifying uncertainty from the perspective of
an observer with access to it. Consider thus two discrete

1More precisely, a one-to-one relationship between entropy and relative
entropy is established in [7] and [8] gives a complete characterization of
relative entropy. The statement is also a special case of our main theorem.
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random variables X on X and Y on Y governed by a
joint pmf P (x; y) = P (xjy)P (y) that we decomposed in
terms of the conditional pmf P (xjy) and marginal P (y). We
de�ne the conditional surprisal given an event Y = y was
observed as Sy(X) = log 1

P (Xjy) for each y 2 Y . Noting
that H(XjY = y) := E[Sy] is a random variable once we
vary y, the conditional Shannon entropy of X given Y is then
expressed as a total expectation,

H(XjY ) := E
�
E[SY ]

�
=
X

x;y

P (x; y) log
1

P (xjy)
; (5)

and sums henceforth are understood to go over the complete
domain if not otherwise indicated.

Several de�nitions of conditional RØnyi entropies have been
proposed and found operational signi�cance. Two prominent
examples are HH

� , due to Hayashi and Skori·c et al. [9], [10],
and HA

� , due to Arimoto [11]. They can be expressed as
exponential expectations of the entropies H�(XjY = y) :=
E1��[Sy], i.e., as a total exponential expectation:

HH
� (XjY ) := E1��

�
E1��[SY ]

�
(6)

=
1

1� �
log
�X

x;y

P (y)P (xjy)�
�
; (7)

HA
� (XjY ) := E 1��

�

�
E1��[SY ]

�
(8)

=
�

1� �
log
�X

y

P (y)
�X

x

P (xjy)�
� 1

�
�
:

(9)

A quantity that interpolates between the two has been intro-
duced by Hayashi and Tan [12]

H�;�(XjY ) := E �(1��)
�

�
E1��[SY ]

�
: (10)

More recently, as part of a study of quantum conditional
entropy, its properties were studied in detail by some of
the present authors [13, Eq. (309)]. This quantity possesses
desirable properties if (�; �) are either in (0; 1)�2 or (1;1)�2

and generalize HH
� and HA

� for � = � and � ! 1,
respectively. Another two-parameter conditional entropy was
proposed by Tan and Hayashi [14, Eq. (20)]. Namely,

HT
�;�(XjY ) = E1��;(1��) 1��

�

�
E1��[SY ]; E1�� [SY ]

�
; (11)

where we introduced a two-variable exponential expectation

Et1;t2 [X1; X2] :=
1

t1 + t2
log E

�
exp(t1X1 + t2X2)

�
: (12)

Another two-parameter conditional entropy was proposed by
Hayashi and Watanabe [15, Eq. (15)]. It can be expressed as

1
�
HT
�;�(XjY ) +

�� 1
�

HA
� (XjY ): (13)

Cachin [16] introduced the conditional entropy

HC
� (XjY ) = E[E1��[SY ]] =

X

y

P (y)H�(XjY = y) : (14)

Its properties were also investigated by Teixeira et al. [17].
Renner and Wolf [18, De�nition 1], as a part of a study of
conditional smooth RØnyi entropies, introduced the quantity

HR
� (XjY ) = min

y
H�(XjY = y) (15)

for � > 1 and with min replaced by max for � < 1.
The story does not end here. Indeed, in this work, we

consider a very general form of conditional entropy (that we
later prove to be the most general form up to convex com-
binations) that is de�ned in terms of an exponential average
of a continuous set of random variables. For any probability
measure � and t 2 R, we de�ne

Et;� [� 7! X�] =
1
t

log E

"

exp

 

t
Z

[0;1]
X� d�(�)

!#

; (16)

which allows us to �nally introduce our quantity of interest,

Ht;� (XjY ) = Et;�
�
� 7! E1��[SY ]

�
(17)

=
1
t

log
X

y

P (y) exp
�
t
Z

[0;1]
H�(XjY =y) d�(�)

�
: (18)

All the entropies listed above, as becomes clear from the dis-
cussion below, arise as special cases of this general conditional
entropy obtained through suitable choices of the parameters.
The probability measure � on [0;1] and t 2 R must be chosen
to be of a certain form for the quantity to become operationally
meaningful, as we will see in the next section.

III. AN AXIOMATIC APPROACH

Consider two discrete random variables X on X and Y
on Y . Without loss of generality (see our �rst axiom below),
we can �x X = f1; 2; : : : ;mg and Y = f1; 2; : : : ; ng. In the
following, we represent the bipartite probability distribution
P (x; y) on X � Y as a matrix P with (P )x;y = P (x; y). We
de�ne the set of such matrices by Pm;n, i.e., m� n matrices
with entries in [0; 1] for which the sum of all entries is 1. A
generic conditional entropy is then a functional

H :
[

m;n2N

Pm;n ! R+
0 : (19)

For a joint distribution P on X (target variable) and Y (side
information), a generic conditional entropy is written in the
standard form H(XjY )P .

We consider the following four axioms (see also [19], [20]),
which are motivated by our desire to interpret conditional en-
tropy as a measure of intrinsic uncertainty from the perspective
of an observer with side information.

1) Invariance under relabeling. We require that relabeling
outcomes or embedding them into a larger alphabet will
not change the conditional entropy.
Formally, consider two injective functions f : X ! X 0
and g : Y ! Y 0 and Q with (Q)f(x);g(y) = (P )x;y for
all x 2 X ; y 2 Y and zero elsewhere. We require that

H(XjY )P = H(X 0jY 0)Q : (20)
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2) Monotonicity under conditional mixing. Monotonicity
should hold under mixing (bistochastic) channels acting
on X . As an example, if X is the value of the top card of
a deck, shuf�ing (i.e., applying a more or less random
permutation) should never decrease the uncertainty of
X from the perspective of an observer. Moreover, we
also want to account for conditional operations where
the mixing channel depends on side information. This
accounts for the possibility that an observer is correlated
with the randomness used in the mixing channel, e.g.,
the observer might know which shuf�ing technique is
used, reducing the randomness introduced in the process
compared to an observer without such information. Such
conditional mixing channels can signal from Y to X but
do not leak information about X to the observer, and
thus ought not reduce uncertainty.
Finally, we require monotonicity under arbitrary chan-
nels applied to the side information Y since local pro-
cessing of the side information can never reduce our
intrinsic uncertainty of X .
The closure under composition of such operations gives
us conditionally mixing channels.
Formally, conditionally mixing channels from m � n
matrices P to m� n0 matrices Q act as

P 7! Q =
kX

i=1

SiPDi ; (21)

where Si are bistochastic m�m matrices for all i and
Di are sub-stochastic n � n0 matrices such that their
sum

Pk
i=1 Di is row-stochastic. We require that for any

conditionally mixing channel, any P , and Q as de�ned
in (21), it holds that

H(XjY )P � H(XjY 0)Q : (22)

3) Additivity. We require that entropies for independent
random variables are additive.
Formally, for any P 2 Pn;m and Q 2 Pn0;m0 we require
that their Kronecker product, P 
Q, satis�es

H(XX 0jY Y 0)P
Q = H(XjY )P + H(X 0jY 0)Q : (23)

4) Normalization: We �x the entropy of a fair coin toss to
be 1 bit, i.e., H(X)P = 1 for P = (1=2; 1=2)T .

It is useful to combine the methods of comparing joint
distributions presented in Conditions 1) and 2) above. For joint
probability distributions P and Q, we write P � Q if there
exist P 0 and Q0, obtained from P and Q, respectively, by
relabeling and embedding, such that Q0 can then be obtained
from P 0 through conditional mixing. In this case, we say that
P conditionally majorizes Q.

A particular consequence of 1) and 2) is that H(XY jZ)P �
H(XjZ)P for any joint distribution P over three random
variables, i.e., the property that entropy is non-increasing under
coarse-graining. This can be veri�ed since the channel WY jXZ

satisfying PXY Z = WY jXZPXZ can be implemented using
such channels.

IV. MAIN RESULTS

Our main �nding is that the most general conditional entropy
can be expressed as a convex combination of the entropies Ht;�
de�ned in (17). The limits t! f0;�1;+1g also need to be
considered. When t! 0, we get the entropies

H0;� (XjY ) = E
�
� 7! E1��[SY ]

�
(24)

=
X

y

P (y)
Z

[0;1]
H�(XjY =y) d�(�) : (25)

We immediately notice that this set is spanned by entropies

H0;�(XjY ) =
X

y

P (y)H�(XjY = y); (26)

and we collect these in the set H0. When t! �1 we get the
set H�1 comprised of entropies

H�1;� (XjY ) = min
y

Z

[0;1]
H�(XjY =y) d�(�); (27)

When t! +1, only the case � = 0 must be considered. We
obtain

H+1;0(XjY ) = max
y

H0(XjY =y) : (28)

The setsHbulk;H0;H�1 are then de�ned as the set of all con-
ditional entropies Ht;� , H0;�, and H�1;� that are monotone
under conditionally mixing channels, as in 2), respectively. The
set H+1 includes only H+1;0. With this in hand, we can state
our main result, which establishes that all conditional entropies
satisfying the axioms are convex combinations of elements in
these sets.

Theorem 1: Let H be a functional of the form (19). Then
the following two statements are equivalent:
� H satis�es Axioms 1�4;
� H is a generalized convex combination of elements in
Hbulk, H0, H�1 and H+1.

The attribute ‘generalized’ in the above theorem means that
H is in the closure (with respect to the topology of pointwise
convergence) of the convex hull of Hbulk[H0[H�1[H+1.

Theorem 1 is obtained, just as in the proof of Theorem 2
of [8] by applying a standard functional analytic treatment to
the following result:

Theorem 2: Suppose that P and Q are joint probability
distributions. If H(XjY )P < H(X 0jY 0)Q for all H 2 Hbulk [
H0[H�1[H+1, then P conditionally majorizes Q in large
samples, i.e., P
n � Q
n for any n 2 N large enough.

We also provide a set of suf�cient conditions on the
parameters under which these entropies belong to the sets
Hbulk, H0, and H�1. Moreover, we show that, under certain
�niteness assumptions on speci�c integrals, these conditions
are also necessary. Finally, we conjecture that the �niteness
assumptions on the necessary conditions are not required, and
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that the suf�cient conditions we provide are, in fact, also
necessary in general.

Let t 2 R n f0g and � a probability measure on [0;1].
Consider, for t 2 R, the condition

Z

[0;1]

�
1� �

d�(�) �
1
t
: (29)

The set eHbulk is then de�ned as the set of all conditional
entropies Ht;� as in (17) where the parameters t and � satisfy

1) t > 0 and suppf�g � [0; 1] and Condition (29); or
2) t < 0 and suppf�g � [0; 1]; or
3) t < 0 and suppf�g � [0; 1] [ f�kg with �k 2 (1;1]

and Condition (29).
Note that in case 2), the measure � may have support at � = 1.
However, we adopt the convention that the bound in (29) at
� = 1 is to be evaluated in the limit � ! 1�. Hence, cases
1) and 3) do not allow weight at � = 1.

The set eH�1 is then de�ned as the set of all conditional
entropies H�1;� as in (27) where the parameter � satis�es

1) suppf�g 2 [0; 1]; or
2) suppf�g � [0; 1] [ f�kg with �k 2 (1;1] and

Condition (29) with t = �1 and hence 1=t = 0.
Finally, the set eH0 is de�ned as the set of all conditional
entropies H0;� as in (26) where � is a real parameter � 2
[0; 1]. We show that eHbulk, eH0, and eH�1 de�ne valid sets
of conditional entropies. Moreover, by imposing an additional
�niteness constraint on certain integrals, these coincide with
the full sets of conditional entropies. Finally, we note that for
eH0 we do not need this further assumption and hence obtain

a complete characterization.

Proposition 3: The sets of conditional entropies satisfy
eHbulk � Hbulk, eH�1 � H�1, and eH0 = H0. Moreover,

if we impose the additional constraints
�����

Z

[0;1)

�
1� �

d�(�)

�����
;

�����

Z

(1;+1]

�
1� �

d�(�)

�����
< +1; (30)

on the measure � then t and � must satisfy the conditions
characterizing eHbulk for Ht;� 2 Hbulk.

We have analytical and numerical counter-examples that
prompt us to pose the following conjecture:

Conjecture 4: eHbulk = Hbulk and eH�1 = H�1.

V. PROOF SKETCH

Theorem 1 follows from Theorem 2 via a standard ar-
gument [8] (see also [21] for a more general formulation)
that allows one to derive a decomposition result from a
corresponding large-sample statement. Hence, in the following
we outline only the proof of Theorem 2.

To prove Theorem 2, we rely on the large-sample results
established in [22], [23] for very general settings. In particular,
these results apply to preordered semirings, and therefore, we
construct the semiring corresponding to conditional majoriza-
tion. In the following, we outline the key steps.

A. The semiring of conditional majorization

A semiring is a set equipped with binary operations of
addition and multiplication, together with a preorder relation.
In the speci�c case of conditional majorization, the elements
of the tuple are de�ned as follows:

1) The elements of the semiring are essentially all (not
normalized) joint probability distributions PXY in their
matrix representation, denoted by S.

2) The addition is given by the direct sum of two matrices,
denoted by �.

3) Multiplication is given by the tensor product (or Kro-
necker product) of two matrices, denoted by 
.

4) The preorder is given by conditional majorization, de-
noted by �.

This yields a preordered semiring that satis�es all the condi-
tions required to apply the results of [22], [23].

B. Monotone homomorphisms and derivations

In Section III, we de�ned conditional entropies as the
quantities that satisfy certain operational axioms motivated by
the requirement that they should be measures of conditional
uncertainty. Within the mathematical framework of preordered
semirings, monotone homomorphisms and derivations are
functions designed to satisfy analogous structural properties.
In particular, for the semiring of conditional majorization,
these functions correspond�up to an additive constant and
a logarithmic factor�to the extremal conditional entropies,
that is, those entropies which generate the entire family of
conditional entropies through convex combinations. Hence, for
our purposes, it is crucial to determine their form, which is
achieved by characterizing them through their mathematical
properties. We review these properties in more detail below.

A monotone homomorphism is a function � : S ! T ,
where T is required to be one of the following semirings:

1) R+: the half-line [0;+1) with the usual addition, mul-
tiplication, and total order.

2) Rop
+ : the same set with reversed order.

3) TR+: the half-line [0;+1) with the usual multiplica-
tion, order, and the tropical sum x+ y := maxfx; yg.

4) TRop
+ : the same as for TR+, but with reversed order.

The homomorphisms with values in R+;Rop
+ are called tem-

perate while those with values in TR+;TRop
+ are called tropi-

cal. The homomorphims must satisfy the following properties:
1) Additivity: �(P �Q) = �(P ) + �(Q);
2) Multiplicativity: �(P 
Q) = �(P )�(Q);
3) Monotonicity: P � Q ) �(P ) � �(Q).
4) �(0)� 0 and �(1) = 1.
The homomorphisms alone are not suf�cient to characterize

all conditional entropies and the so-called derivations must also
be taken into account. Given a monotone homomorphism � :
S ! R+, an additive map � : S ! R is called a derivation
at � if it satis�es the Leibniz rule

�(PQ) = �(P ) �(Q) + �(P ) �(Q) (31)
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for all P;Q 2 S.
The key result used to prove Theorem 2 is [Theorem

8.6] [23], which is stated for very general semirings. Here,
we restrict ourselves to presenting an informal version for the
semiring of conditional majorization.

Lemma 5 (informal): Let P and Q be two elements of the
semiring. If for all nondegenerate monotone homomorphisms
� and derivations � it holds that �(P ) > �(Q) and �(P ) >
�(Q), then, for suf�ciently large number of copies n 2 N it
holds that P
n � Q
n.

The above result shows that if the homomorphisms and
derivations of P are strictly larger than those of Q, then
for a suf�ciently large number of copies n, P
n condi-
tionally majorizes Q
n. Hence, monotone homomorphisms
and derivations provide suf�cient criteria for large-sample
transformations, and the remainder of the proof is devoted to
identifying their explicit form.

C. The extremal conditional entropies
To obtain the general form of the monotone homomorphisms

and derivations, we exploit their properties. In the following,
we outline the proof for the temperate homomorphisms. The
�rst step is to leverage the direct sum property. By constructing
explicit channels, we may quite easily show that, given any
joint probability distribution P with columns PX;Y=y , we have

P �
M

y2Y

PX;Y=y � P: (32)

Thus, the additivity under direct sums of the monotone homo-
morphisms implies that

�(P ) =
X

y

�(PX;Y=y) : (33)

The second step is to leverage the tensor product prop-
erty. First, this property allows us to write �(PX;Y=y) =
�(P (y))�(PXjY=y). Then, multiplicativity and normalization
�(1) = 1 imply �(P (y)) = P (y). Hence, we obtain

�(P ) =
X

y

P (y) exp log �(PXjY=y) : (34)

Since the map PX 7! log �(PX) is monotone under doubly
stochastic channels, invariant under embeddings, and additive
on product distributions, the same reasoning used to establish
the entropy representation in (4) implies that log �(PX) admits
a representation as a combination of RØnyi entropies, weighted
by a positive (not necessarily normalized) measure �. Let t =
�([0;+1]) denote the total mass of the positive measure �,
and set � = �=t. We then obtain

Proposition 6: The temperate monotone homorphisms are
of the form

X

y

P (y) exp

 Z

[0;1]
H�(PXjY=y)d�(�)

!

; (35)

By a similar argument, one can also derive the general
form of the tropical homomorphisms and derivations, which

correspond to the pointwise limits as t ! �1 and t ! 0,
respectively. Finally, for the limit t ! +1, concavity con-
siderations show that the measure must have non-zero weight
only at � = 0.

Combining Lemma 5 with Proposition 6, along with the
analogous results for the tropical case and the derivations,
yields Theorem 2.

VI. DISCUSSION ON THE PARAMETER RESTRICTIONS OF
PROPOSITION 3

While Theorem 1 provides the most general form of con-
ditional entropy, it is stated in terms of the sets H, which
are implicitly de�ned as those for which the corresponding
conditional entropies are monotone under conditionally mixing
channels. Although the general form remains the same re-
gardless of the constraints these conditions impose, they could
further restrict the admissible choices of parameters.

To identify the parameters t; �; � for which the quantities
Ht;� , H�1;� , H0;� are monotone under conditionally mixing
channels (or, equivalently, they are conditional entropies, i.e.,
they satisfy our axioms), it turns out that it is enough to study
their convexity/concavity properties when restricted to single
column joint probability distributions. Hence, we study the
convexity/concavity properties of the map

~x 7! k~xk exp

 

t
Z

[0;+1]
H�(x̂)d�(�)

!

; (36)

where we de�ned x̂ := ~x=k~xk1. Using convexity results for
multivariate RØnyi divergences [8], [24] and standard inequal-
ities such as Minkowski’s, we �rst derive suf�cient conditions
for concavity or convexity when � has �nite support, and
then extend them to general measures via the monotone
convergence theorem. This leads us to the de�nition of the
sets eHbulk; eH�1; eH0 and the inclusions eHbulk � Hbulk,
eH�1 � H�1 and eH0 � H0 of Proposition 3.

To derive necessary conditions for the parameters, and
hence the remaining part of the content of Proposition 3,
we explicitly construct a point and a direction along which
the function violates concavity or convexity. Speci�cally, we
compute the second derivative along this direction and check
its sign. We note that our numerical results suggest that the
problem is inherently challenging, as a sharp characterization
of the admissible range requires counterexamples of increas-
ingly high dimensions. Finally, we expect that the assumption
of Proposition 3 could be relaxed and conjecture that the
suf�cient conditions are necessary in general.
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Abstract�We prove that the entropy power inequality (EPI)
holds with equality if and only if the variables are Gaussian, with-
out making any assumptions beyond the existence of entropies. In
particular, this shows that the Stam-Blachman argument gives the
EPI without requiring any conditions at all. The key step is the
justi�cation of de Bruijn’s identity without moment assumptions.
We further obtain a qualitative stability result for the EPI, in
terms of weak convergence, under very mild moment conditions:
Whenever the EPI is close to an equality, the random variables
involved are necessarily close to being Gaussian.

The full version of this paper is available at [15].

I. INTRODUCTION

A. The Entropy Power Inequality
One equivalent form of Shannon’s entropy power inequality

(EPI) states that for any pair of independent random variables
X;Y 2 R and for any � 2 (0; 1),

h(
p
�X +

p
1� �Y ) � �h(X) + (1� �)h(Y ); (1)

where h(X) denotes the differential entropy of a random
variable X with density f ,

h(X) = h(f) = �
Z

R
f(x) log f(x)dx; (2)

with the convention that h(X) = �1 whenever the integral
in (2) does not exist, including the case when X does not have
a density with respect to Lebesgue measure on R. In particular,
when we say h(X) is �nite, we mean the integral exists and
�1 < h(X) < 1, while the condition �h(X) < 1� also
includes the cases where the integral does not exist and where
it exists but equals �1. (All log’s are natural logarithms.)

After its introduction by Shannon [32], the �rst proof of the
EPI was given by Stam [33] in 1959, via de Bruijn’s identity,

d
dt
h(X +

p
tZ) =

1
2
I(X +

p
tZ); t > 0: (3)

Here Z is a standard Gaussian independent of X , and I(X)
is the Fisher information, given by

I(X) =
Z

R

�
f 0(x)

�2

f(x)
dx; (4)

whenever X has an absolutely continuous density f ; otherwise
we set I(X) = 1, cf. [8]. Stam’s approach was revisited by
Blachman [7] and surveyed by Dembo, Cover and Thomas
[13].

Using de Bruijn’s identity, the EPI follows from the convo-
lution inequality for Fisher information, also known as Stam’s
inequality [7], [33]: For independent X;Y :

I(X + Y )�1 � I(X)�1 + I(Y )�1:

The proof of de Bruijn’s identity (3) requires interchanging
differentiation and expectation. As noted, for example, in
[20], [31], this was �rst justi�ed by Barron [6] in 1984
under a �nite-variance assumption. Around the same time, the
Bakry�EmØry theory [2] provided a related representation for
the time derivative of the relative entropy D(PtkQ), where Pt
is the law of a diffusion at time t and Q is its limiting law.
A proof of the EPI via de Bruijn’s identity also appears in
Carlen and Soffer [10], which additionally yields a qualitative
stability result; see Section I-B. Another proof in a similar
spirit, using a derivative identity for mutual information, was
given by Verdœ and Guo [35], again assuming �nite variance.

The �rst contribution of this work is the justi�cation of de
Bruijn’s identity (3) under minimal hypotheses, in particular
without any moment conditions; see Theorem 8.

Another step in Stam’s proof that uses the �nite variance
assumption is the continuity of t 7! h(X +

p
tZ) at t = 0.

In Theorem 7 we show this continuity holds without moment
assumptions, although, as we explain, it can fail without any
additional conditions.

Lieb’s classical proof [24] (see also [13]) uses the sharp
form of Young’s inequality to derive a family of inequalities
for RØnyi entropies. Passing to the limit � ! 1 requires that
the densities of X and Y satisfy

R
f� <1 for some � > 1.

One can remove this assumption to obtain the EPI for arbitrary
variables via truncation, as in Bobkov and Chistyakov [9],
but then the equality case remains open without the above
integrability condition.

Many other proofs of the EPI have been given, under
various sets of assumptions. Madiman and Barron [26] gave
a simple proof that also yields entropy monotonicity along
the central limit theorem (CLT), under �nite variance. Sev-
eral proofs proposed by Rioul [28]�[31] include an equality
characterization in [31], assuming, among other things, that
the densities of X and Y are positive and continuous ev-
erywhere. Szarek and Voiculescu [34] provided a geometric
proof via Brunn�Minkowski and a rearrangement inequality
of Brascamp, Lieb, and Luttinger; due to its limiting nature,
it does not settle equality either.
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Anantharam, Jog, and Nair [1] uni�ed the EPI with the
Brascamp�Lieb inequality using a doubling trick, assuming
�nite second moments. Courtade [11] gave a simple proof of
entropy monotonicity along the CLT using maximal correla-
tion, assuming �nite variances and smooth densities. Lehec’s
proof via the Föllmer process [22] assumes �nite second
moments, and Eldan and Mikulincer [14] used similar ideas
to prove stability under log-concavity (see Section I-B).

Because existing arguments resolve the case of equality only
under extra assumptions (�nite second moments or regularity
of densities), a natural question is: Assuming only that h(X)
and h(Y ) are �nite, does equality in (1) hold if and only if X
and Y are Gaussian?

We show that the answer is positive, and we do so by using
the general form of de Bruijn identity in Theorem 8, which
may also be of independent interest.

As noted by Bobkov and Chistyakov [9], care is needed even
in formulating (1): There exist independent random variables
X;Y for which h(X) and h(Y ) are well-de�ned while the
entropy of the sum, h(X + Y ), is not. With the convention
that h(X) = �1 when the integral does not exist, (1) holds
for any independent X;Y .

Moreover, Bobkov and Chistyakov identi�ed the following
�discontinuity� phenomenon [9, Proposition V.8]:

Proposition 1 ( [9]). There exists a random variable X such
that �1 < h(X) < 1, while h(X + Y ) = 1 for every
independent Y with h(Y ) > �1.

This implies that t 7! h(X +
p
tZ) (with Z standard

Gaussian, independent of X) need not be continuous at t = 0.
Continuity at t = 0 is a key step in Stam’s proof and can fail if
we assume nothing beyond the existence of h(X); h(Y ). For
the same reason, de Bruijn’s identity (3) may also fail, since
its right-hand side is �nite.

Our �rst main result, Theorem 6 in Section 3, shows that
the counterexamples of Bobkov and Chistyakov form the only
pathological class. In addition, assuming X does not belong to
that class is suf�cient for entropy continuity under Gaussian
perturbation, see Theorem 7.

The proof relies on a submodularity-for-sums entropy in-
equality, a truncation argument, uniform bounds on mutual in-
formation, and careful applications of dominated convergence.

Next we derive de Bruijn’s identity (3) under the weakest
conditions possible. Proposition 1 shows that �niteness of
h(X) alone is not enough. Nevertheless, we show that it is
enough for h(X + Y ) to be �nite for some independent Y .

Thus we obtain the following general EPI. No assumptions
are required for the inequality itself, and we characterize
equality assuming only that the entropies exist and are �nite.
(If both sides are in�nite, equality may hold trivially for non-
Gaussian variables.)

Theorem 2 (EPI). Let X;Y be independent real-valued
random variables. For any � 2 (0; 1);

h(
p
�X +

p
1� �Y ) � �h(X) + (1� �)h(Y ): (5)

If h(X) and h(Y ) exist and are �nite, equality holds if and
only if X and Y are Gaussian with the same (�nite) variance.

To our knowledge, this is the �rst equality characterization
for the EPI under no hypotheses beyond existence of entropies.

A related de Bruijn identity for the time derivative of relative
entropy can be obtained via Bakry�Émery [3, Proposition
5.2.2]. For a diffusion fXtg on R, this holds for every f in
the Dirichlet domain D(E). Our setting corresponds to the
Ornstein�Uhlenbeck process with f = d�

d
 , where � is the law
of X and 
 a Gaussian measure. Our assumptions are strictly
weaker: Here, the Dirichlet domain consists of functions with
weak derivative in L2(
) [3, p. 126], which excludes, e.g.,
jump discontinuities. Our result requires no such regularity
and covers, for instance, piecewise constant densities. Since
we do not assume �nite variance for X , it is also unclear how
to translate the derivative of relative entropy in [3, Proposition
5.2.2] to a derivative of entropy itself.

Finally, we record two straightforward corollaries of Theo-
rem 8. In applications to generative models, one often needs to
differentiate the entropy of a diffusion started from a discrete
law. Corollary 3 shows that de Bruijn’s identity holds for any
discrete X with �nite entropy H(X). If X is discrete with
probability mass function p on a �nite or countable set A,

H(X) = H(p) = �
X

x2A

p(a) log p(a): (6)

Corollary 3. Let X be a discrete real-valued random variable
with �nite entropy H(X). If Z � N (0; 1) is independent of
X , then

d
dt
h(X +

p
tZ) =

1
2
I(X +

p
tZ); t > 0:

Combining Theorems 7 and 8 with the mean value theorem
yields de Bruijn’s identity at t = 0. Recall our convention
I(X) =1 when X lacks an absolutely continuous density.

Corollary 4. Let X be real-valued with h(X) < 1, and
suppose there exists an independent Y with �nite differential
entropy such that h(X+Y ) exists and is �nite. If Z � N (0; 1)
is independent of X; then

d
dt
h(X +

p
tZ)
���
t=0+

=
1
2
I(X): (7)

B. (In)stability of EPI
We next address stability in the EPI: If the EPI de�cit (1)

is small, are X;Y close (in a suitable sense) to the Gaussian
extremizers? For � 2 (0; 1) de�ne

�EPI;�(X;Y ) := h(
p
�X+

p
1� �Y )��h(X)�(1��)h(Y ):

Does
�EPI;�(X;Y ) � �;

imply
d(X;GX); d(Y;GY ) � �(�);

for some Gaussians GX ; GY , an appropriate distance d, and
�(�)! 0 as � ! 0?
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The �rst positive result is due to Carlen and Soffer [10]:
Among isotropic random vectors with uniformly bounded
Fisher information and uniformly controlled second-moment
tails, �EPI;� ! 0 implies convergence to Gaussianity in
relative entropy. In the opposite direction, Courtade, Fathi,
and Pananjady [12] constructed variables with �EPI;� ! 0
whose relative entropy with respect to any Gaussian stays
bounded away from zero. These do not satisfy Carlen�Soffer’s
tail bound but do have unit variance and bounded Fisher
information. A quantitative result for uniformly log-concave
laws is also shown in [12].

Ball, Barthe, and Naor [4] proved that if X has �nite
PoincarØ constant CP (X), then

D(X) �
2CP (X) + 2�2

�2 �EPI; 1
2
(X;X); (8)

where �EPI; 1
2
(X;X) corresponds to X and Y identically

distributed, �2 is Var(X), and D(X) is the relative entropy
to the Gaussian with matching mean and variance. Ball and
Nguyen [5] extended this to higher dimensions under log-
concavity. Related bounds appear in [21], [27]; using Johnson
and Barron [18], a similar statement to (8) is obtained in [21].
See also [16], [23] for connections to the entropic doubling
constant.

Eldan and Mikulincer [14] adapted Lehec’s idea [22] to
handle general � (not just 1

2 ) and improved constants when
variables are already close to Gaussian. This was used in recent
progress on Bourgain’s slicing problem [17], [19].

A weak qualitative stability result, closer in spirit to [10] but
without a Fisher information assumption and stated in terms
of weak convergence, was proved in [16].

Although [12] shows failure of stability for strong distances
like relative entropy, it is natural to ask for stability in the
weak sense. The result of [16] does not fully settle this, since
its uniform integrability assumption (needed due to [10]) is
violated by the counterexample of [12].

Our main stability result is qualitative and uses the LØvy
metric dL, which metrizes weak convergence (de�ned in
Section III). It assumes only �nite kth moments for some
k > 1.

The proof uses compactness. After suitable Gaussian
smoothing, the moment condition gives convergence of differ-
ential entropies, and the conclusion follows from the equality
case in the EPI via Theorem 2.

II. ENTROPY CONTINUITY AND DE BRUIJN’S IDENTITY

In this section we present Theorems 6, 7, and 8 (de
Bruijn’s identity), which provide the ingredients for the EPI,
Theorem 2, including the equality characterization, under no
assumptions beyond existence of entropies.

We repeatedly use the following submodularity-for-sums
inequality, a consequence of the data-processing inequality for
mutual information [21], [25]:

Lemma 5. Let X;Y; Z be independent random variables and
assume �1 < h(Y ) <1: Then

h(X + Y + Z)� h(Y ) � h(X + Y ) + h(Y + Z): (9)

In particular, if h(Y ); h(X + Y ), and h(Y + Z) are �nite,
then so is h(X + Y + Z).

De�ne

CBC := fX : h(X) is �nite and h(X + Y ) =1
for any independent Y with h(Y ) > �1g:

Theorem 6. Let X be a real-valued random variable with
�nite differential entropy. Exactly one of the following holds:

1) X 2 CBC, or
2) h(X + Y ) <1 for every independent Y =2 CBC.

Theorem 7 (Entropy continuity under Gaussian perturbation).
Let X 2 R have �nite differential entropy, and suppose there
exists an independent Y with �nite differential entropy such
that h(X + Y ) < 1. If Z � N (0; 1) is independent of X ,
then

lim
t#0

h(X +
p
tZ) = h(X):

Theorem 8 (De Bruijn’s identity without �nite variance). Let
X be real-valued with h(X) < 1, and assume there exists
an independent Y with �nite differential entropy and such that
h(X + Y ) exists and is �nite. If Z � N (0; 1) is independent
of X , then

d
dt
h(X +

p
tZ) =

1
2
I(X +

p
tZ); t > 0:

The key part of the proof is to extend [6, Lemma 6.3] by
avoiding the �nite-variance assumption and assuming only that
h(X + Y ) is �nite for some independent Y .

III. QUALITATIVE STABILITY OF THE EPI
For any random variable X and 0 � t � 1, set

~Xt =
p
tX +

p
1� tZ; (10)

with Z standard Gaussian independent of X .
For independent X1; X2, recall that �EPI;�(X1; X2) is

h(
p
�X1 +

p
1� �X2)� �h(X1)� (1� �)h(X2):

The next lemma shows the EPI de�cit decreases under
Gaussian perturbation. Carlen and Soffer [10] proved a version
under the additional assumption that the covariance traces
match; their proof uses an integral form of de Bruijn’s identity.
Here we remove moment assumptions and give a simpler
argument using only the EPI. We state it in any dimension
d, though we only use it for d = 1.

Lemma 9. Let X1; X2 2 Rd be independent with �nite
differential entropies, and assume �1 < h(X1 + X2) < 1.
Then for any �; t 2 [0; 1],

�EPI;�( ~Xt
1; ~Xt

2) � �EPI;�(X1; X2):

We mention that Lemma 9 extends easily to n variables as
in [10].

Recall the LØvy metric between two distribution functions
F and G on R:

dL(F;G) := inf
n
" > 0 :

F (x� ")� " � G(x) � F (x+ ") + "; for all x 2 R
o
:
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This metric metrizes weak convergence in R.

Theorem 10. Suppose X;Y have �nite differential entropies
�1 < h(X); h(Y ) <1, and

EjXjk;EjY jk <1 for some k > 1:

Fix � 2 (0; 1). Then

for each � > 0 there is a � > 0 such that �EPI;�(X;Y ) < �
implies dL(X;G1); dL(Y;G2) < �; (11)

for some Gaussian G1; G2 with the same variance.
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Abstract�Iterative decoding of product codes with precoded
polar component codes is optimized by combining two ap-
proaches. First, bitwise soft messages are generated by consider-
ing all valid decoding paths of a successive cancellation list (SCL)
decoder. Second, the soft information during message passing
is scaled with of�ine-computed coef�cients that maximize the
generalized mutual information of the channel input and the
outgoing message in each half iteration. The method signi�cantly
improves the error-correcting performance compared to heuristic
scaling and soft information generation based solely on the
candidate list of the decoder. An extrinsic SCL decoder is
used with a Monte Carlo density evolution analysis to derive
iterative decoding thresholds that accurately predict the decoder
performance.

I. INTRODUCTION

Product codes [1] consist of short component codes, and a
decoder may iteratively exchange the component decoders’
outputs. The Chase-Pyndiah decoder [2] is widely-used in
practice and has recently been improved [3], [4]. Product codes
are often used with extended Bose-Chaudhuri-Hocquenghem
(eBCH) [2], Hamming [5], or Reed-Solomon [6] component
codes.

Polar codes are structured codes that achieve capacity
[7]. A proof uses the channel polarization principle, which
synthesizes virtual channels with either high or low mutual
information. A successive cancellation (SC) decoder exploits
this structure. However, polar codes have drawbacks: SC de-
coding is sequential with low throughput, the codes have poor
distance properties, and they are not competitive at any lengths
with other practical codes. The drawbacks are overcome at
high rates and short block lengths by concatenating polar
codes with cyclic redundancy check (CRC) codes, and using a
successive cancellation list (SCL) decoder [8]. Polar codes are
therefore interesting for high-rate product codes [9], [10]. At
low rates, the poor distance properties degrade performance
[11]. Precoded polar component codes overcome this problem
by introducing dynamic frozen bits to improve the distance
properties of the component codes [12], [13].

This work introduces improved decoders for precoded polar
product codes. We generate accurate a-posteriori information
by approximating the likelihood of each valid path during SCL
decoding [14], [15], and by scaling coef�cients to maximize
a generalized mutual information (GMI), as suggested in [3].
This approach gains up to 0:4 dB with respect to decoding

without path likelihoods and with heuristic scaling. We even
outperform widely-used product codes with eBCH component
codes. To validate our methods, we compute decoding thresh-
olds via Monte-Carlo density evolution (MC-DE), for which
we present an extrinsic version of the SCL decoder.

This paper is organized as follows. Sec. II introduces
notation, codes, and decoders. Sec. III presents the optimized
decoder design. Sec. IV speci�es the MC-DE and the extrinsic
version of the SCL decoder. Sec. V presents numerical results.
Sec. VI concludes the paper.

II. PRELIMINARIES

A. Notation, System Model, and Product Codes
We write random variables with uppercase letters and their

realizations with lowercase letters. Bold letters represent vec-
tors, and a superscript speci�es the vector dimension, e.g.,
xi = (x1; : : : xi). We sometimes omit superscripts if the
dimension is clear from the context. Matrices are written with
bold capital letters.

We study transmission over binary-input additive white
Gaussian noise (biAWGN) channels, i.e., the channel output
is Y = X + Z, where X has the binary phase shift keying
(BPSK) alphabet f�1; 1g, and Z represents Gaussian noise
with zero mean and variance �2. The channel log-likelihood
ratio (LLR) is Lch = 2

�2Y .
We focus on two-dimensional product codes. For encoding,

k bits are arranged into a k2 � k1 matrix. Each matrix row
is encoded with a component code C1, resulting in a k2 �N1
matrix. The product codeword is obtained by encoding each
column with a component code C2, giving a N2�N1 matrix.

B. Polar Codes
Consider the polarization kernel

K2 ,
�
1 0
1 1

�
: (1)

The polarization principle states that applying the n-fold
Kronecker product

K
n2 =

n timesz }| {
K2 
K2 
 � � � 
K2 (2)

synthesizes N = 2n virtual channels with different informa-
tion rates. For large n, the reliability values of the synthesized
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channels tend to either 0 or 1, which translates into useless or
noiseless virtual channels, respectively.

Polar codes use this property to transmit information bits
over the most reliable channels, and freeze the other bits, i.e.,
use bits with �xed values, for the least reliable channels. Polar
encoding is thus performed by placing k information bits into
the most reliable positions of an N -dimensional vector u, and
subsequently performing the operation c = uK
n2 .

C. Precoding Matrices
A generalized method uses dynamic frozen bits, where bit

values are set to linear combinations of information bits. This
is the same as using concatenated coding. The mapping from k
information bits to N information, frozen, and dynamic frozen
bits can be carried out with the help of a k � N precoding
matrix P . Following the design in [13], such matrices achieve
the lowest possible SC decoding error probability and guar-
antee a preselected minimum distance of the resulting code.
A generator matrix of a precoded polar product code can
therefore be written as G = P K
n2 .

D. SCL Decoding
SC decoding [7] makes bit decisions in a sequential manner.

The decoder computes a linear combination of previously
decoded information bits for the case of a dynamic frozen
bit, and uses the decision function

fi(y; ûi�1) ,

(
0 if P (ui = 0jy; ûi�1) � 1

2
1 otherwise

(3)

for the information bits, where the P (ui = 0jy; ûi�1) are
computed recursively. The recursive computation of the partial
sequence ~ui 2 f0; 1gi, is given by

P (i)(~ui j y) , P (i�1)(~ui�1 j y)P (~ui j y; ~ui�1) (4)

where SC decoder approximates the right-most term with the
initialization P (0)(; j y) = 1.

SC decoding is sub-optimal, e.g., a bit decision error prop-
agates through the algorithm. SCL decoding mitigates this
drawback by using a list of decoding paths, each one with
an associated LLR path metric pm(c), which, after the last
decoding stage, ful�lls the relation

P (c j y) = exp(�pm(c)): (5)

At each decoding step, if the number of decoding paths
exceeds a list size L, the paths associated with the highest
metrics are discarded. After decoding the N -th bit, the SCL
decoder puts out a list of L candidate codewords.

E. Pyndiah-Style Soft-Output Generation
One way of approximating bit-wise a-posteriori information

for the i-th row of a product code is based on the output list
of the SCL decoder as

Lapp
i;j � ln

P
c2L(i)

j;0
P (c j lin)

P
c2L(i)

j;1
P (c j lin)

(6)

where L(i)
j;cj

is a sublist which includes codewords that have
a bit value cj at bit position j. The a posteriori probabilities
of each candidate codeword can be expressed as in (5). If one
of the sublists is empty, the approximation

Lapp
i;j � xj

�
max

c2L(i)
pm(c)� min

c2L(i)
pm(c)

�
(7)

can be used instead, which weights the sign of the codebit
with the difference between the maximum and minimum path
metrics in the output list [12].

III. PROPOSED DECODER

Consider the LLR matrix Lch. For each half-iteration step
of the product code, we set the decoder input to the sum of
the channel LLRs and a priori information from the past half-
iteration Lin = Lch + La; for the �rst half-iteration we set
La = 0. Without loss of generality, decoding starts with a
row half-iteration, in which we generate bit-wise maximum
a posteriori information per row, obtaining the a posteriori
matrix Lapp. The decoded word Ĉ is obtained by taking hard
decisions on Lapp. If Ĉ is a valid product codeword, which
can be veri�ed by the frozen constraints or the parity-check
matrix, then decoding is stopped early. Otherwise, the extrinsic
information

Le = Lapp �Lch �La (8)

becomes the a priori information for the following column
half iteration

La = �‘Le (9)

where �‘ is an of�ine-computed correction factor.

A. Soft-Output SCL Component Decoding
We use the codebook probability [15] to improve the ac-

curacy of the approximations in (6) and (7). The codebook
probability is the auxiliary quantity

QU (lin) =

(a) all visited leaves
z }| {X

u2V

P
�

ujlin
�

+

(b) all unvisited valid leaves
z }| {X

ai2W

X

u2U
ui=ai

P
�

ujlin
�

| {z }
(c) all valid leaves underneath node ai

(10)

where, in the SCL decoding tree, V is the set of visited leaves,
W is the set of roots of unvisited trees, and U is the set of all
valid leaves within unvisited trees.

Computing the codebook probability is possible if all valid
leaves underneath a pruned node ai are uniformly distributed.
Considering that each frozen bit position after the root of an
unvisited tree invalidates one half of its leaves, the term (c) in
Eq. (10) can be approximated as

X

u2U
ui=ai

P
�

ujlin
�
� 2�jF

(i:N)jP (ui = aijlin) (11)
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Lapp
i;j � ln

P
c2L(i)

j;0
P (c j lin) +

�
Q?U (lin)�

P
c2L(i)

j
P (c j lin)

�
� P (ci = 0 j lini )

P
c2L(i)

j;1
P (c j lin) +

�
Q?U (lin)�

P
c2L(i)

j
P (c j lin)

�
� P (ci = 1 j lini )

(12)

Fig. 1. Decoding half iteration including soft information post processing.

where
��F (i:N)

�� denotes the cardinality of the set of frozen bit
positions between bit position i and N .

A codebook probability approximation Q?U (lin) can be used
to generate bitwise soft-outputs as in (12), where the additional
term compared to (6) adjusts the weight of the information
from the SCL decoder output list and the approximated full
codebook information. This method is called soft-output SCL
(SO-SCL) decoding.

B. GMI Based Post Processing
The matrix (8) does not contain true LLRs, e.g., the LLRs

violate the consistency condition [16]. Also, product code
decoding leads to message correlations due to cycles in the
code’s graph. To remedy these issues, one often scales the
extrinsic information estimates based on heuristics [12]. We
here use scaling parameters that maximize the GMI [3].

Fig. 1 illustrates the information �ow of a decoder half-
iteration, where w and v represent the extrinsic and a priori
information estimates, respectively. We wish to optimize the
scaling coef�cient �‘ to maximize the GMI of the input bits
and their outgoing messages in the ‘-th decoding half iteration.
We do so by solving the optimization problem

�?‘ = arg max
�‘

"

1�
1
Ns

NsX

i=1

log2
�
1 + exp

�
�lout

i
��
#

(13)

where lout is a vector of approximate LLR values.
We optimize the scaling coef�cients of�ine as follows. We

generate a large number of precoded polar product codewords,
yielding Ns bit samples. At the ‘-th half iteration, we generate
extrinsic information estimates for each codeword, and use
them to compute lout = �‘w + lch, which we insert in (13) to
compute �?‘ .

IV. ITERATIVE DECODING THRESHOLDS

A. Monte Carlo Density Evolution
Density evolution (DE) approximately predicts the onset

of the waterfall region of the error rate curve. We wish
to track the distribution p(‘)

V of the post-processed output
v = �‘w through the half iterations ‘ 2 f1; 2; : : : ; ‘maxg.
The decoding threshold is de�ned as the smallest SNR value
for which Pr[V (‘) < 0] tends to zero for increasing half

Fig. 2. Polar decoding structure under extrinsic SCL for bit position e = 7.

iterations. Since we do not know the underlying distribution
of the post-processed messages V (‘), we use a Monte Carlo
approach. We randomly permute the input information to
obtain approximately independent incoming messages for the
subsequent half iteration.

B. Extrinsic SCL Decoding

DE requires extrinsic message passing between half itera-
tions. The way that soft outputs are generated in (6) and (12)
does not lead to extrinsic message passing, since SCL and SO-
SCL decoding use all bit positions of the incoming message
vector lin to generate the output list.

We next present extrinsic SCL (ESCL) decoding, where we
modify the SC decoding algorithm to make sure that the output
list used to generate soft information for a speci�ed bit position
e is generated by considering all bit positions except e. This
is achieved by modifying the D� and D+ updates steps of
the SC decoder at the highest decoding layer, given as

lk�1;j = 2 tanh�1
�
tanh

�
lk;j
2

�
tanh

�
lk;j+2k�1

2

��
(14)

and
lk�1;j+2k�1 = (�1)ŝk�1;j lk;j + lk;j+2k�1 ; (15)

respectively, where the subindex k is the SC decoding layer
and j is the bit index [7].

Consider (14) as the update rule of a degree-3 parity check
node with two inputs and one output. To compute extrinsic
messages, we remove the input of bit position e, yielding a
degree-2 check node with one input. We thus obtain

lk�1;j =

(
lk;j if e = j + 2k�1

lk;j+2k�1 if e = j:
(16)

2026 International Zurich Seminar on Information and Communication (IZS), Feb. 25–27, 2026

93



1:6 1:8 2 2:2 2:4 2:6 2:8
10�4

10�3

10�2

10�1

100

Eb=N0 in dB

C
ER

Fig. 3. CERs of (642; 512; 62) product codes: ( ) precoded polar com-
ponents with SCL decoding and heuristic scaling; ( ) SO-SCL decoding
with heuristic scaling; ( ) SO-SCL decoding with GMI scaling, all with
list size L = 8; ( ) eBCH component codes decoded with Chase-Pyndiah
decoding [2] with p = 5. All curves are for 20 half iterations.

Similarly, for (15), if we remove the connection corresponding
to the bit position we want to ignore, we obtain

lk�1;j+2k�1 =

(
(�1)ŝk�1;j lk;j if e = j + 2k�1

lk;j+2k�1 if e = j:
(17)

Fig. 2 illustrates the SC decoding diagram for the bit
reversal permutation. In this case, the bit position to be ignored
is e = 7, and its connection to the diagram has been removed.
Observe that, after performing the D+ and D� updates at
the highest decoding layer, the effect of bit position 7 has
been completely neglected. Therefore, the decoding process
can continue as usual.

Note that one run of ESCL allows for computing extrinsic
information for a single bit position, unlike classic SCL de-
coding, where with a single run one computes soft information
for N bits. For this reason, ESCL decoding is N times more
complex, hence unsuited for practical implementation.

V. RESULTS

Fig. 3 shows codeword error rates (CERs) for (642; 512; 62)
product codes of rate 0:635. We consider precoded polar
product codes with our SO-SCL decoding and GMI-based
scaling coef�cients, and compare with the decoder in [12] that
uses SCL decoding and heuristic scaling, and a decoder that
uses SO-SCL decoding and heuristic scaling. The precoding
matrices are optimized for SC decoding and obtained from
[13]. We also compare with product codes that use eBCH com-
ponent codes, and decoders that use Chase-Pyndiah decoding
that �ips the p = 5 least reliable bit positions. Using SO-SCL
decoding with heuristic scaling improves the performance by
around 0:3 dB, and including GMI scaling gains up to a total of
0:4 dB compared to polar decoders without our optimizations.
We also outperform product codes with eBCH components by
around 0:1 dB. Note that the SCL polar decoder has L = 8

1:6 1:8 2 2:2 2:4 2:6 2:8

10�4

10�3

10�2

10�1

100

Eb=N0 in dB

C
ER

Fig. 4. CERs of a (2562; 1712; 122) precoded polar product code decoded
using ( ) GMI scaling and SO-SCL decoding with L = 8; ( )
L = 4; ( ) L = 2, all for 20 half iterations. The curves ( , ,

) show CERs for SCL decoding and heuristic scaling. Vertical lines show
iterative decoding thresholds.

candidate codewords, whereas the Chase decoder considers up
to 2p = 32 codewords.

Table I provides the scaling coef�cients that maximize the
GMI throughout the half iterations for the (642; 512; 62) prod-
uct code with precoded polar component codes at Eb=N0 =
2:3 dB and L = 8. Remarkably, the coef�cients start with
values close to one, and the values decrease with increasing
half iterations. Recall that SO-SCL decoding aims to bring the
generated soft outputs closer to true a-posteriori information
by considering the codebook probability. This effect might
explain the values close to one for the �rst few half iterations.
Recall that cycles in the product code’s graph lead to message
correlation after some half iterations, which might explain the
decreasing values of the scaling coef�cients.

CER curves for a (2562; 1712; 122) precoded polar product
code with our optimized decoder and different list sizes are
presented in Fig. 4. The code rate is 0:446. Dashed curves
show the performance without our optimizations. For L = 8
and L = 4, the gains with respect to the dashed curves are
� 0:3 dB, while for a list size of L = 2, one gains � 0:4
dB. The solid blue error curve is for L = 2 and outperforms
the decoder with L = 8 without our optimizations, i.e.,
SCL decoding and heuristic scaling. This means our methods
reduce complexity by a factor of 4 with respect to the legacy
decoder without compromising performance. The vertical lines
illustrate the decoding thresholds obtained through MC-DE
with ESCL decoding, for which we used 105 samples and ran
50 half iterations.

Observe that the decoding thresholds accurately predict the
CER waterfalls and the CER gains. We used the rate of the
product code to compute the iterative decoding thresholds
obtained by MC-DE.
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TABLE I
�?

‘ FOR A (642; 512; 62) PRECODED POLAR PRODUCT CODE, SO-SCL COMPONENT DECODING, L = 8, AND Eb=N0 = 2:3 dB

‘ 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
�?

‘ 0.96 0.92 0.88 0.83 0.75 0.69 0.66 0.60 0.59 0.58 0.60 0.51 0.52 0.48 0.47 0.46 0.51 0.49 0.51 0.47

VI. CONCLUSION

We combined two approaches to decode precoded polar
product codes: the codebook probability and optimizing the
scaling coef�cients based on the GMI. The proposed methods
signi�cantly outperform existing decoders. Finally, we intro-
duced an extrinsic version of the SCL decoder that enables an
accurate MC-DE analysis to �nd iterative decoding thresholds.
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Abstract�We target the problem of random access over a non-
coherent �at-fading single-input multiple-output (SIMO) channel
with short packets. Speci�cally, we consider an unsourced joint
coding and modulation approach based on the idea of tensor-
based modulation (TBM) introduced by Decurninge et al., where
the component codebooks are restricted to phase-shift keying
(PSK) symbols. At the receiver, we leverage the fact that PSK
symbols are on the unit circle to relax the problem to the
continuous domain; we propose a low-complexity message passing
belief propagation (BP) multi-user decoding algorithm, to jointly
estimate the information bearing symbols and the channel coef-
�cients. The proposed method allows e�cient inter-user interfer-
ence cancellation without prior knowledge of the identity of the
active user nor of their channels. We establish its convergence
behaviour and derive its complexity and further demonstrate the
e�ectiveness of the algorithm for multiple antenna receiver system
in comparison with meta-converse lower bound.

I. Introduction
The design of e�cient waveforms, error correction codes

and receivers for massive random access with short packet
transmission over non-coherent fading channels is a funda-
mental challenge in modern wireless communications. The
traditional multi-user receiver architectures based on activity
detection, channel estimation, and coherent detection which
are the state-of-the-art for large blocklengths typically do not
scale well when the number of active users is large.

The unsourced random access paradigm [1], [2] introduced
an original perspective on this problem: it only mandates
that the transmitted messages be recovered, but not that the
receiver associates them with a speci�c transmitter; hence
all users use the same codebook, conversely to the classical
(sourced) approaches which typically involve user-speci�c pi-
lot sequences. This assumption allows for elegant theoretical
performance analysis [1]; furthermore it suggests a new class
of codebook design and receiver architectures and has led
to several practical schemes [3]�[6] (in practice, the user
identity can be encoded within the data payload, hence the
unsourced assumption only a�ects the physical-layer design).
The fundamental limits of unsourced massive random access
over fading channels have been analyzed in [7].

In this work, we introduce a variation of the tensor-based
modulation approach from [6], where the sequence transmit-
ted by each user is obtained from multi-linear spreading of
information-bearing symbols. While [6] relies on tensor alge-
braic arguments for blind multi-user separation and encodes
information using generic vector codebooks, in this work we
further constrain the component vectors of the tensors to be

made up of unit-norm information-bearing symbols. The key
contributions of this paper are as follows.
� We leverage the constant modulus property to introduce a

continuous relaxation of the problem where the informa-
tion symbols are assumed by the decoder to be continuous
variables lying on the unit circle, allowing the use of
directional statistics to characterize the posterior distri-
butions of the information and channel state variables.

� We derive a message-passing BP algorithm to compute
an approximation of the maximum a posteriori (MAP)
solution with reasonable complexity thanks to the use of
parametric distributions with conjugate priors.

� We present experimental convergence and error rate re-
sults, and benchmark the method against the �nite block-
length meta-converse bound [8].

� We analyze the complexity of the proposed BP algorithm,
and show that it is signi�cantly lower than maximum-
likelihood (ML) decoding and scalable with both modu-
lation order and number of users.

Notations: Scalar, vectors and matrices are denoted as lower-
case, bold lower-case, bold upper-case variables respectively,
e.g. s;v;M. 
 denote a Kronecker product. The conjugate,
transpose and Hermitian operators are written as s�;vT ;MH .
vecf�g denotes the vectorization operation. \� and j�j re-
spectively denote the angle and absolute value operators for
arguments in C.

II. System Model
We consider the uplink transmission fromKa single-antenna

transmitters to a single receiver equipped with N antennas.
Each user transmits B information bits over T channel uses.
The signal transmitted by the kth user over the T channel uses
is denoted by s(k) 2 CT , where k 2 f1; 2; : : : ;Kag. A block-
fading quasi-static channel model is assumed, with the channel
vector for user k represented as h(k) 2 CN . Each element of
h(k), denoted as h(k)

n , where n 2 f1; 2; : : : ; Ng, follows a
complex Gaussian distribution with zero mean and variance
�2
h, leading to Rayleigh distributed magnitude and uniform

channel phase. The vectorized form of the received signal is
expressed as

y =
KaX

k=1

s(k) 
 h(k) + w; (1)

where y 2 CTN and w is the complex additive white Gaussian
noise (AWGN) noise with zero mean and �2 variance.
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III. Modulation
A. Tensor-based Modulation

The TBM modulation scheme from [6], is adopted in this
paper. In this framework, the transmitted signal from kth
user is modeled as a tensor of order d, with mode dimen-
sions T1; T2; : : : Td, such that

Qd
i=1 Ti = T . This tensor

can be vectorized into a signal of dimension T . We assume
T1; T2; : : : Td � 2 and constrain s(k) to be the vectorized
form of the tensor product of d vectors x(k)

1 : : :x(k)
d , yield-

ing a rank-1 tensor for each user. In this work, we focus
on the case where the x(k)

i;j are unit-modulus, i.e. they are
restricted to the unit circle; hence the proposed approach
is a special case of TBM as proposed in [6]. Speci�-
cally, the signal component in the ith mode is represented
as x(k)

i = [1; x(k)
i;2 ; x

(k)
i;3 ; : : : ; x

(k)
i;j ; : : : ; x

(k)
i;Ti

] 2 CTi , where
i 2 f1; 2; : : : ; dg; j 2 f1; 2; : : : ; Tig; the �rst symbol is a
reference (pilot) symbol and the remaining Ti � 1 symbols
are information bearing. The sequence transmitted by user k
is expressed as

s(k) = x(k)
1 
 x(k)

2 
 � � � 
 x(k)
d 2 C

Qd
i=1 Ti = CT : (2)

B. Constellation and Prior Distribution
The information-bearing symbols in x(k)

i are modulated
using the M -ary phase shift keying (M -PSK) modulation,
denoted by Ci. The constellation points are equally spaced
on the unit circle, with the corresponding discrete probability
distribution function (pdf) given by

fX(k)
i;j

(x(k)
i;j ) =

X

x2Ci

1
M
�(x(k)

i;j � x); (3)

where X(k)
i;j denotes the jth information symbol of the ith mode

of the kth user, and �(x) is the Dirac delta function. Hence,
each user encodes B = log2M

P
i(Ti�1) bits of information

into their transmitted sequence.

IV. Receiver Design: Belief Propagation Model for TBM
In line with the unsourced random access approach intro-

duced in [1], we aim to design a receiver which decodes the
messages of all Ka active users, without associating each mes-
sage to the a speci�c user. The receiver simultaneously receives
signals from all Ka transmitters as described by eq. (1). To
jointly estimate channel and the transmit information from
each user, in this paper, we propose a belief propagation (BP)-
based receiver framework. This section presents, in detail, the
proposed BP model tailored for TBM-based modulation with
the transmit symbols constrained to be on the complex unit
circle. We assume that the channel distribution is known at the
receiver. We begin by de�ning the factor graph representation.

A. Factor Graph
Combining the channel model and the TBM scheme from

eqs. (1) and (2) yields

y =
KaX

k=1

x(k)
1 
 x(k)

2 
 � � � 
 x(k)
d 
 h(k) + w: (4)

Fig. 1: Factor Graph

In this work, we tackle the problem of estimating the
posterior marginals of the information-bearing symbols x(k)

i;j
in order to obtain a maximum a posteriori (MAP) estimator of
the transmitted information given the received signal y, based
on the observation model from eq. (4). The vector equality in
(4) describes a system of TN multi-linear equations, which
can be represented as the factor graph in Fig. 1, where the
square nodes represent the function nodes, while the circular
nodes represent the variable nodes. An edge indicates the
dependency among variables. The second row (from the top)
contains variable nodes of the information symbols and chan-
nel coe�cients (x(k)

i ;h(k)). The �rst row contains function
nodes representing the prior distributions of these variables.
The fourth row corresponds to variable nodes representing
observed values (y) and the third row contains function nodes
that represent the likelihood distributions. The factor graph
structure is determined by the tensor con�guration at the
transmitter, which depends on d; Ti; T;N;Ka.

1) Directional Statistics and von Mises Distribution: The
proposed decoder is built upon the idea of relaxing the
discrete problem (based on the M -PSK constellations) into
a continuous problem, where the x(k)

i;j are merely assumed
to lie on the unit circle. This relaxation allows to resort
to directional statistics to summarize the belief about these
variables using a parametric density function de�ned on the
unit circle; speci�cally, we use the von Mises distribution,
which we denote by vM(�; �), de�ned by its probability
density function (p.d.f.)

fxj�;�(x) =
1

2�I0(�)
exp fR f���xgg (5)

where � 2 C s.t. j�j = 1 and � are respectively the mean and
concentration parameters [9], I0 denotes the modi�ed Bessel
function of 0th order and Rf:g extracts the real part, and x 2 C
is on the complex unit circle. Note that this relaxed assumption
can potentially reduce receiver complexity and memory usage
for large PSK modulations, as only (�; �) need to be stored,
instead of M beliefs corresponding to the the entire M -PSK
constellation.

2) Approximation of Prior Probability: The true prior
distribution of information bearing symbols in x(k)

i follows
eq. (3), i.e., a discrete uniform p.d.f. over the constellation
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points. At the receiver, this assumption may be relaxed into a
continuous problem by assuming a uniform prior over the unit
circle, with p.d.f. funif(x) = 1

2� . However, it is desirable to
further approximate the prior using a von Mises distribution
with small concentration parameter. As will be shown below,
this ensures that the beliefs obtained in subsequent iterations
also belong to the same parametric family (conjugate prior).
Furthermore, note that the considered observation model in (4)
and hence the resulting MAP estimation problem is symmetric
by permutation of the user indices; this stems directly from
the unsourced nature of the considered scheme, in which
the objective is to estimate all transmitted messages without
attributing them to one user. Assigning distinct random means
�x(k)

i;j
to the priors of the symbols allows to break the symmetry

between the users, which prevents the algorithm from getting
stuck in a local extremum. The corresponding information
symbol prior is given by

fX(k)
i;j

(x) = vM
�
�x(k)

i;j
; �0

�
: (6)

The Kullback-Leibler distance between vM(�; �) and funif can
be derived using [10] as

DKL (funif jvM(�; �)) = log I0(�); (7)

which shows that vM(�; �) accurately approximates the uni-
form distribution over the unit circle for small � (our numerical
implementation uses �0 = 10�4, which corresponds to a KL
distance of 2:5 � 10�9). For pilot symbols, the prior is a Dirac
impulse at x = 1 since these are �xed. The prior assumed
for the channel coe�cients h(k) corresponds to the true model
(see Sec. II), given by

fH(k)
n

(h) =
1
��2

h
exp

�
�jhj2

�2
h

�
: (8)

3) Dependency Sets: Next, we de�ne two sets to capture the
dependencies ofmth observation y(m) on information symbols
(x(k)
i;j ) and channel coe�cients (h(k)

n ), with m 2 f1; : : : ; TNg:

�  (k)
x (m): the set of information symbols from user k

contributing to y(m),
�  (k)

h (m): the set of channel coe�cients from user k
contributing to y(m).

The aggregate dependency sets across all users are de�ned as:
� information symbol dependency set:

	x(m) = f (1)
x (m); : : : ;  (Ka)

x (m)g,
� channel dependency set:

	h(m) = f (1)
h (m); : : : ;  (Ka)

h (m)g.
4) Likelihood Function and Function Nodes De�nition: The

likelihood functions are now given by

fY (m)j	x(m);	h(m)

�
yj	x(m);	h(m)

�
=

1
��2

exp
�
�

1
�2

�����
y(m)�

X

k

Y
( (k)
x (m) (k)

h (m))

�����

2�
;

(9)

where the product is among all dependent variables at m. For
example, the received symbol at index TN can be written as

y(TN) =
KaX

k=1

 
dY

i=1

x(k)
i;Ti

!


 h(k)
N + w(TN); (10)

where w(TN) denotes the additive noise. In this case,
 x(m)(k) = fx(k)

i;Ti
gdi=1 and  (k)

h (m) = fh(k)
N g. Finally, the

function nodes in the factor graph are summarised as

fX;nx = fX(k)
i;j

= vM(�x(k)
i;j
; �0)

fH;nh = fH(k)
n

= N (0; �2
h)

fm = fY (m)j	x(m);	h(m) = N
�Y�

 (k)
x (m) (k)

h (m)
�
; �2
�
;

(11)

where nx 2 f1; : : : ; Nxg (with Nx denoting the total number
of information symbols) and nh 2 f1; : : : ; NKag (total
number of channel coe�cients). The messages are iteratively
passed along every edge of the factor graph to estimate the
channel coe�cients and information symbols. The detailed
procedure is described in the subsequent section.

B. Message Passing
Let �[t]

v!f , �
[t]
f!v denote the message passed from a variable

node (v)/function node (f ) to a function node (f )/variable node
(v) at iteration t, respectively.

1) Iteration 0: In the 0th iteration, known as the initialisa-
tion step of belief propagation, the messages passed correspond
to the prior density of the respective nodes. These messages
are denoted as

�[0]
ym!fm

= N
�Y

( (k)
x (m) (k)

h (m)); �2
�

�[0]
X(k)

i;j !fm
= vM

�
�x(k)

i;j
; �0

�

�[0]
H(k)

n !fm
= N (0; �2

h);

(12)

where �[0]
ym!fm

; �[0]
X(k)

i;j !fm
; �[0]
H(k)

n !fm
denote the messages

passed from the received signal y(m), the transmit signal
x(k)
i;j , channel coe�cient h(k)

n , respectively to the associated
likelihood function node fm at 0th iteration.
2) Iteration t: At iteration t, the message passed to a

information symbol node x(k)
i;j from a function node fm is

expressed as eq. (13) (at the bottom of the next page), where
the integration is performed over all variables in the depen-
dency sets 	x(m) and 	h(m), except for x(k)

i;j and includes
the updated messages from previous iteration. Substituting the
values from eqs. (6), (8) and (9) in (13) yields eq. (14), where
�̂2[t�1]
h ; �̂[t�1]

h(k)
n

; �̂[t�1]

x(~k)
~i;~j

; �̂[t�1]
x~i;~j(~k)

denote the estimates of variance

and mean of channel, estimates of concentration parameter and
mean of information symbols respectively at iteration t � 1.
Note that the integration is carried out over the complex unit
circle for x(k)

i;j and over the entire complex plane for h(k)
n .

The integrand in eq. (14) consists of products of complex
Gaussian and von Mises like functions. The solution to (14)
can be approximated by a von Mises distribution using moment
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matching, yielding �[t]
fm!X

(k)
i;j

= vM
�
�[t]
fm!X

(k)
i;j
; �[t]
fm!X

(k)
i;j

�

with parameters

�[t]
fm!X

(k)
i;j

=
(�[t]
fm!X

(k)
i;j

)�

j�[t]
fm!X

(k)
i;j
j

�[t]
fm!X

(k)
i;j

= j�[t]
fm!X

(k)
i;j
j;

(15)

where

�[t]
fm!X

(k)
i;j

=
S [t�1]
k (m)�

P
�k I

[t�1]
�k (m)

�2 +N�̂2[t�1]
h

; (16)

S [t�1]
k (m) = 2y�(m)

Y

 (k)
x (m)nx(k)

i;j

�̂[t�1]
x(k)

i;j

Y

 (k)
h (m)

�̂[t�1]
h(k)

n
; (17)

is the signal term, and the interference from other users is

I [t�1]
�k (m) =2

Y

 (k)
x (m)nx(k)

i;j

�̂[t�1]
x(k)

i;j

Y

 (k)
h (m)

�̂[t�1]
h(k)

n

Y

 (�k)
x (m)nx(�k)

i;j

�̂�[t�1]

x(�k)
i;j

Y

 (�k)
h (m)

�̂�[t�1]

h(�k)
n

;
(18)

where �k 2 f1; : : : ;Kagnk. Similarly, the messages to each
channel coe�cient node follow a Gaussian distribution, where
in eq. (17) and eq. (18), the product of transmit vari-
ables is among all f (k)

x (m)g and the product of chan-
nel coe�cients is among f (k)

h (m)nh(k)
n g. The distribution

is hence given by (�[t]
fm!h

(k)
n

= N
�
�[t]
fm!h

(k)
n
; �2[t]
fm!h

(k)
n

�
)

where the parameters of the distribution are �[t]
fm!h

(k)
n

=

S [t�1]
k (m)�

P
�k I

[t�1]
�k (m);�2[t]

fm!h
(k)
n

= �2
h + �2.

3) Beliefs: After deriving the messages on each edge at
iteration t, the corresponding beliefs are computed, which is
the posterior distribution of the variable. The belief of the
information symbol x(k)

i;j is given as

b(x(k)
i;j )[t] / fX(k)

i;j
:
Y

~m

�[t]
f ~m!X

(k)
i;j
; (19)

where ~m takes all values of m that depends on x(k)
i;j . Since

the messages passed on edges to any information symbol node
follow von Mises like distributions, the belief in eq. (19) also

follows a von Mises distribution. Substituting eqs. (6) and (15),
we get

b(x(k)
i;j )[t] = vM

�
�̂[t]
x(k)

i;j
; �̂[t]
x(k)

i;j

�
; (20)

where the parameters of the distribution are �̂[t]
x(k)

i;j
=

��[t]
x(k)

i;j
=j�[t]

x(k)
i;j
j and �̂[t]

x(k)
i;j

= j�[t]
x(k)

i;j
j, where

�[t]
x(k)

i;j
= �0e

�j�
x(k)

i;j +
X

~m

�[t]
f ~m!X

(k)
i;j
: (21)

Similarly, the belief of channel coe�cients h(k)
n at iteration t

is given by

b(h(k)
n )[t] / fH(k)

n
:
Y

~m

�[t]
f ~m!H

(k)
n
: (22)

It follows a Gaussian distribution since each message to the
channel nodes are Gaussian-like functions:

b(h(k)
n )[t] = N

�
�̂[t]
h(k)

n
; �̂2[t]
h(k)

n

�
; (23)

where

�̂[t]
h(k)

n
=
X

~m

�[t]
f ~m!h

(k)
n
;

�̂2[t]
h(k)

n
=
�X

~m

1

�2[t]
fm!h

(k)
n

+
1
�2
h

��1

:
(24)

C. Estimation of Symbols and Channels

The beliefs eqs. (20) and (23) can be used to obtain MAP
estimates of the information symbols and channel coe�cients.
In both cases, the maximum of the distribution occurs at the
mean. Therefore, the estimates at iteration t are given by

x̂(k)[t]
i;j = �̂[t]

x(k)
i;j

and ĥ(k)[t]
n = �̂[t]

h(k)
n
: (25)

After convergence, the information symbol MAP estimates
(which can lie anywhere on the unit circle) are rounded to the
nearest PSK constellation point to yield the decoded messages.

�[t]
fm!X

(k)
i;j

=
Z

�X(k)
i;j

fm
Y

	x(m)nX(k)
i;j

�[t�1]
X(k)

i;j !fm

Y

	h(m)

�[t�1]
H(k)

N !fm (13)

�[t]
fm!X

(k)
i;j

=
Z

�x(k)
i;j

�
1
��2 exp

�
�jy(m)�

P
k  

(k)
x (m) (k)

h (m)j2

�2

�Y

n;k

��
1

��̂h2[t�1]

�
exp f

�jh� �̂[t�1]
h(k)

n
j2

�̂h2[t�1] gdh(k)
n

�

Y

x(k)
i;j 2	x

��
2�I0(�̂[t�1]

x(k)
i;j

)
��1

exp fRf�̂[t�1]
x(k)

i;j
�̂�[t�1]
x(k)

i;j
x(k)
i;j ggdx

(k)
i;j

�� (14)
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D. Parameters Update and Stopping Criteria
As shown in eqs. (15), (17) and (18), the messages depend

on the parameters of variables in previous iteration. Hence,
after every iteration, these must be updated using eqs. (21)
and (23). The proposed algorithm runs iteratively and stops
upon reaching either convergence, or a maximum number of
iterations Nmax;itr. The proposed algorithm is summarized in
Algorithm 1.

Algorithm 1 Belief Propagation for TBM
1: Initialize prior messages using eq. (12)
2: for t = 1; 2; : : : Nmax;itr do until convergence
3: for k = 1; 2; : : :Ka do
4: for i = 1; 2; : : : ; d do
5: for j = 1; 2; : : : ; Ti do
6: Update messages using eq. (15)
7: Compute belief b(x(k)

i;j )[t] using eq. (20)
8: Compute information symbol parameters

(�̂[t]
x(k)

i;j
; �̂[t]
x(k)

i;j
) using eq. (21)

9: end for
10: end for
11: Compute belief b(h(k)

n )[t] using eq. (22)
12: Compute channel parameters (�̂[t]

h(k)
n
; �̂2[t]
h(k)

n
) using

eq. (23)
13: end for
14: end for

V. Simulations results

In this section, we evaluate the performance of the algorithm
from Section IV for the parameters listed in Table I. In this
setup, the message transmitted by each user encodes B = 60
bits over T = 200 channel uses, yielding a spectral e�ciency
of 0.3 bits/channel use (bpcu) per user, and reaching an
aggregate 3 bpcu for Ka = 10. The following subsections
present key performance metrics, including the convergence
behavior of the BP algorithm, message error rate, and related
evaluations.

TABLE I: Simulation Parameters

Number of users, Ka 1, 5, 10
Number of receive antennas, N 5
Number of modes in TBM, d 3
Tensor size, (T1; T2; T3) (8,5,5)
Modulation index, M 16-PSK

Number of channel uses, T 200
Number of frames transmitted 104

Prior concentration parameter, �0 10�4

Variance of channel, �2
h 1

Maximum iterations for BP, Nmax;itr 103

A. Convergence
To examine the convergence of the proposed algorithm,

a single frame is transmitted at a high signal-to-noise ratio
(SNR). Figs. 2a and 2b illustrate the evolution of the estimate

and variance of the information symbols across iterations of
the BP algorithm respectively, for three symbols, namely x(1)

1;2,
x(1)

2;2, and x(1)
3;2. As observed in Fig. 2a, the initial symbol

estimates deviate signi�cantly from their true values. How-
ever, with successive iterations, the estimates are re�ned and
gradually converge towards the true values of the information
symbols, which are denoted by the dotted lines. In Fig. 2b,
the variance is initially large, re�ecting the uncertainty in the
estimates, and decreases with successive iterations, thereby
enabling accurate and unambiguous symbol estimation.
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Fig. 2: Performance analysis with di�erent iterations

B. Distributions of Information Symbols
Fig. 3 illustrates the convergence of the posterior distribu-

tion of the information symbols conditioned on the received
symbols. As shown in Fig. 3, after the �rst iteration, the
distribution is nearly uniform, re�ecting high uncertainty in the
symbol estimates. With subsequent iterations, the uncertainty
progressively reduces, and by iteration 14 the posterior distri-
bution concentrates around the true symbol. This re�ects the
ideal transition from a uniform to an impulse-like distribution,
indicating increasing certainty.

Iteration 1
 = 0.000

  = -2.8515 rad

Iteration 3
 = 35.487

  = -1.8686 rad

Iteration 14
 = 77.586

  = -1.5703 rad

Posterior von-Mises

Unit Circle

16-PSK Constellation

Estimated Mean Direction 

True Symbol

Fig. 3: Posterior distributions vM(�; �) of information
symbols after 1, 3 and 14 iterations, with the true value of

highlighted in green.

C. Performance Analysis
We now present a numerical evaluation of the performance

of the proposed approach. The receiver is assumed to be aware
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of the number of active transmitters and always outputs exactly
Ka messages. We evaluate the message error rate using a
de�nition of error event appropriate for the unsourced setting,
namely the per-user probability of error (PUPE) [1]: a message
is considered to be in error if it was transmitted but does not
appear in the list of decoded messages. We evaluate the PUPE
versus SNR using Monte-Carlo simulations. The per-user SNR
is de�ned as

SNRper user =
Esignal

Enoise
=

(Eavg,H)(ks(k)k2)
�2TN

=
�2
h
�2 ; (26)

where Esignal and Enoise denote the average signal and noise
energies respectively. This performance is compared with the
meta-converse lower bound from [8, Theorem 27]. Fig. 4
depicts the PUPE versus SNR for di�erent numbers of users
and number of receive antennas. As expected, the PUPE
decreases with increasing SNR and increasingN . These results
demonstrate that while the proposed modulation is suboptimal
in the single-user case, it is extremenly robust to inter-user
interference despite the lack of coordination between transmit-
ters while achieving non-trivial spectral e�ciency, making it
suitable in massive random access scenarios.
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Bound: 1 User, N = 5
Bound: 5 Users, N = 5
Bound: 10 Users, N = 5

Fig. 4: PUPE vs. SNR

VI. Complexity Analysis
Let us start with some important general remarks. The

multi-linear spreading operation in eq. (2) e�ectively adds
redundancy at the symbol level (since

P
i(Ti � 1) infor-

mation symbols are spread over
Q
i Ti channel accesses)

by generating multiple combinations of information symbols;
hence, the proposed approach constitutes a joint coding and
modulation scheme involving a non-binary code. Furthermore,
Algorithm 1 performs joint demodulation, channel estima-
tion, and multi-user decoding. Such an approach is typi-
cally impractically complex for non-trivial problem dimensions
due to the iterations between binary (log-likelihood ratios)
representations in the channel decoder and complex symbol
representations for the equalization steps. Conversely, in the
proposed approach, coding and modulation share the same
representation using variables on the unit circle, allowing for
considerable complexity reduction.

The stepwise complexity analysis of the proposed algorithm
is derived in Table II, where j	xj denotes the cardinality of
the dependency set. The dominant term is O(N2KaT ) per
iteration of the proposed BP, leading to an overall complex-
ity of O(N2KaTNmax;itr). In contrast, ML-based decoding
requires O(2BKa) and the two-step decoder introduced in [6]
requires O(TNK3

a). Notably, the complexity of the proposed
algorithm is independent from M (the modulation index) and
scales linearly with Ka.

TABLE II: Complexity Analysis per Iteration of BP

Expectation of 	x (in (17), (18)) TNKa +KaT j	xj
Estimation of information symbols (25) KaT j	xj

Estimation of channel (25) N2KaT
Update parameters (Sec. IV-D) KaT
Convergence check (Sec. IV-D) KaT

VII. Conclusion
In this paper, we proposed a BP-based multi-user receiver

approach for TBM, performing joint multi-user equalization,
decoding, and channel estimation for short packet transmission
over non-coherent quasi-static fading channels. We provided a
complexity analysis and showed that it is substantially lower
than for ML-based algorithms. Simulation results demonstrated
the good convergence properties of the proposed algorithm and
benchmarked it with the meta-converse lower bound.
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Abstract�A non-uniform channel input distribution is key for
achieving the capacity of arbitrary channels. However, message
bits are generally assumed to follow a uniform distribution which
must �rst be transformed to a non-uniform distribution by
using a distribution matching algorithm. One such algorithm
is enumerative sphere shaping (ESS). Compared to algorithms
such as constant composition distribution matching (CCDM), ESS
can utilize more channel input symbol sequences, allowing it to
achieve a comparably low rate loss. However, the distribution of
channel input symbols produced by ESS is �xed, restricting the
utility of ESS to channels with Gaussian-like capacity-achieving
input distributions. In this paper, we generalize ESS to produce
arbitrary discrete channel input distributions, making it usable
on most channels. Crucially, our generalization replaces �xed
weights used internally by ESS with weights depending on
the desired channel input distribution. We present numerical
simulations using generalized ESS with probabilistic amplitude
shaping (PAS) to transmit sequences of 256 symbols over a
simpli�ed model of an unampli�ed coherent optical link, a
channel with a distinctly non-Gaussian capacity-achieving input
distribution. In these simulations, we found that generalized ESS
improves the maximum transmission rate by 0:0425 bit/symbol
at a frame error rate below 10�4 compared to CCDM.

Index Terms�Enumerative coding, probabilistic amplitude
shaping, sphere shaping, distribution matching

I. INTRODUCTION

APPROACHING the capacity of an arbitrary channel
is possible if the input symbols follow the capacity-

achieving distribution of that channel. In the example of the
additive white Gaussian noise (AWGN) channel this is a con-
tinuous normal distribution [1]. However, many communica-
tion systems are limited to independent, uniformly distributed
symbols selected from a discrete set called the constellation
and cannot produce the capacity-achieving distribution at the
channel input. For transmission systems limited to discrete
constellations, probabilistic constellation shaping (PCS) en-
ables the use of non-uniform channel input distributions. This
allows us to use a Maxwell-Boltzman distributed discrete input
sequence, to nearly close the shaping gap of 1:53 dB [2], [3]
in the AWGN channel.

By using probabilistic amplitude shaping (PAS), PCS can be
combined with forward error correction (FEC) to enable robust
and �exible communications [4]. The approximate uniform
distribution of the parity bits is exploited in the PAS scheme
to choose the (nearly uniformly distributed) signs of the

transmitted symbols. This works for many practically relevant
channels with symmetric capacity-achieving distributions. A
distribution matcher (DM) is responsible for the PCS in PAS.
As the signs of the transmit symbols are de�ned by the parity
bits, the DM only shapes the probabilities of their amplitudes.

Multiple approaches have been proposed for implement-
ing the DM, e.g., constant composition distribution matching
(CCDM) [5]. CCDM maps input bit sequences to typical
constant composition amplitude sequences of the desired am-
plitude distribution. While CCDM asymptotically achieves the
maximum possible rate [5], it suffers from a rate loss for
�nite block lengths. Multiset-partition distribution matching
(MPDM) [6] employs additional sequences to reduce this rate
loss. Other approaches minimize the average energy of the
transmitted symbol sequences. On the AWGN channel, this
minimizes the rate loss for a �xed rate and block length [3].
Laroia’s �rst algorithm [7, Alg. 1] and shell mapping (SM) [7,
Alg. 2] use this technique. This manuscript focuses on the
concept of enumerative sphere shaping (ESS) [8], which also
minimizes the sequence energy.

The advantages of ESS in comparison with other DM
methods include a small rate loss, even at small block lengths,
and low computational complexity compared to SM [3]. One
disadvantage of ESS is that it produces a �xed distribution,
which is tailored to an AWGN channel. Our contribution
generalizes ESS and, based on a scheme proposed for SM [9],
enables the use of ESS on non-AWGN channels, while main-
taining its low rate loss.

The remainder of this paper is structured as follows: In
Section II, the ESS framework is generalized to use a custom
weight function. A method to create a desired weight function
is introduced in Section III. Simulation results using the
proposed generalized ESS are discussed in Section IV. Finally,
Section V summarizes our �ndings and highlights further
research topics.

II. GENERALIZATION OF ESS
On a high level, ESS works on all amplitude sequences

with a total energy below a given threshold. Interpreting each
such sequence as a vector with amplitudes as components,
all these sequences lie within a high-dimensional sphere of
a radius determined by the threshold. The sequences in this
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eponymous sphere are then enumerated by de�ning the index
of each sequence as the number of lexicographically lower
sequences. This is ef�ciently done using a trellis representation
of all amplitude sequences in the sphere.

More formally, ESS must be described in terms of this
trellis. It consists of nodes indexed by their energy e and their
trellis stage n. Each transition between nodes is characterized
by the energy difference between its source and destination
node. We call this the weight of a transition. In ESS, the
weight of a transition is given by the square of the associated
symbol amplitude, i.e., its energy. Thus, there is a one-to-one
relationship between the path through the trellis, the sequence
of weights, and the sequence of symbol amplitudes. Because
the trellis does not contain nodes exceeding a �xed maximum
energy, the total energy of symbol sequences represented in
the trellis is also limited to this maximum energy. Indices
are assigned to all weight sequences by enumerating them in
lexicographical order. A mapping between the lexicographical
index of a sequence and the data bits is established by
interpreting the data bits as an integer in binary notation.
Finally, the ESS algorithm provides an ef�cient way to use the
trellis to map between weight sequences and lexicographical
indices [3], [8].

Extensions of ESS can adapt this concept to non-energy
transition weights (e.g., [10]), thereby opening ESS to a wider
range of possible output distributions. Without changing the
ESS algorithm, we can generalize the transition weights to
allow for any non-negative integer. Thus, a generalized ESS
node is indexed by its trellis stage n and its weight level ‘.
Its value is denoted as T ‘n. Similar to ESS, the weight level of
a node is the total weight of paths leading to this node. We
denote the maximum allowed weight level by ‘max.

As noted in [9, Proposition 2] for SM, any constant off-
set or positive scaling of all weights does not change the
encoding, assuming ‘max is equivalently transformed. These
operations affect all the weights in the trellis equally and
cannot change their order, i.e., if w(1) < w(2) holds before
scaling, w(1)

scaled < w(2)
scaled will hold after scaling. In this

case, the lexicographical ordering of weight sequences remains
unchanged. Additionally, if ‘max is equivalently transformed,
the set of amplitude sequences represented by the trellis does
not change. Thus, ESS, like SM, is invariant to an offset
or positive scaling of its weights. It may be noted that the
scaling factor is restricted by the aforementioned requirement
of integer weights.

We consider amplitude-shift keying (ASK) with M levels
and assume that the sign of each symbol is chosen using PAS.
The M=2 symbol amplitudes a(k) 2 f1; 3; 5; : : : ;M � 1g,
k 2 K = f0; 1; : : : ; M2 � 1g are chosen using our proposed
generalization of ESS, that is, by using a trellis with transition
weights not �xed to the amplitude energy. Instead, each am-
plitude a(k) is associated with a general weight denoted w(k).
Without loss of generality,

�
w(k)

�

k2K
is assumed to be in

ascending order, i.e., w(k1) � w(k2) if k1 < k2. Note that this
implies that

�
a(k)�

k2K is not necessarily ordered but depends

T ‘
n
‘

1
3

1
3

1
3

1
3

5
2

3
2

1
2
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1
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1
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1
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Fig. 1. Generalized ESS trellis with N = 4 and non-unique weights
(0; 1; 1; 3).

on the amplitude to weight mapping. More speci�cally, the
amplitudes are not ordered, if the correspondence between am-
plitudes and weights is chosen in such a way that a(k1) < a(k2)

does not imply w(k1) < w(k2). As the ESS trellis is invariant
to a constant offset, we require

min
k2K

w(k) = w(0) = 0; (1)

which allows the set of weight levels L � f0; 1; : : : ; ‘maxg to
be independent of the trellis stage n.

Veri�cation that this framework does indeed generalize ESS
can be obtained by using the amplitude energies (1; 9; 25; 49)
as weights. By (1), the value 1 is subtracted from all weights
which leads to the valid weight sequence (0; 8; 24; 48). It is a
good practice to use the smallest possible scaling of the weight
function, therefore all weights are divided by 8 which yields
the �nal weights (0; 1; 3; 6). A trellis with these weights
is identical to a classical ESS trellis. The only remaining
differences are the node indices which can easily be converted
from weight level ‘ to energy e via e = 8‘ + n. This weight
function was also proposed in [11] as a more ef�cient method
to calculate the ESS trellis.

A. Non-unique weights
Considering only the classical ESS trellis, our proposed

generalization is subject to the additional restriction of unique
weights. However, multiple identical weights can be modelled
by allowing parallel edges in the trellis, as shown in Fig. 1. The
ESS algorithm must then be adapted to enforce an order on
these parallel edges. We propose ordering parallel edges based
on the index k of their associated weight w(k). Algorithm 1
shows the ESS shaping algorithm as formulated in [3, Alg. 1],
modi�ed for generalized ESS with parallel edges. Comparison
with [3, Alg. 1] shows two modi�cations: Primarily, the use
of the index variable k instead of the amplitude a, which
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Algorithm 1 Generalized Enumerative Shaping
Given that the index satis�es 0 � i < T 0

0 , initialize the
algorithm by setting the local index i0 = i. Then for
n = 0; 1; : : : ; N � 1:

1) Take kn 2 K such that
X

k0<kn

T
w(k0)+

Pn�1
j=0 w

(kj )

n � in <
X

k0�kn

T
w(k0)+

Pn�1
j=0 w

(kj )

n ,

(2)
2) and (for n < N )

in+1 = in �
X

k0<kn

T
w(k0)+

Pn�1
j=0 w

(kj )

n . (3)

Finally output a(k0); a(k1); : : : ; a(kN�1).

Algorithm 2 Generalized Enumerative Deshaping
Given a0; a1; : : : ; aN�1: Derive k0; k1; : : : ; kN�1 s.t. an =
a(kn)

1) Initialize the algorithm by setting the local index iN = 0
2) For k0 2 K and n = N � 1; N � 2; : : : ; 0, update the

local index as

in =
X

k0<kn

T
w(k0)+

Pn�1
j=0 w

(kj )

n + in+1. (4)

3) Finally output i = i0.

allows for parallel edges in the trellis. Secondarily, the use
of zero-based indexing, which ensures consistency with the
notation used in this paper. Similarly, Algorithm 2 adapts
ESS deshaping from [3, Alg. 2] for generalized ESS with
non-unique weights. The similarities between [3] and the two
algorithms shown here highlight the simplicity of handling
non-unique weights with the proposed index-based approach.

III. CHOOSING A DISTRIBUTION VIA WEIGHTS

A. Divergence-Optimal Weights
Generalized ESS opens the ESS algorithm to a wide range of

distributions. This calls for a method to choose the amplitude
weights in such a way that the resulting distribution approaches
the capacity-achieving input distribution for a given channel.
In [9], Schulte and Steiner develop such a method for SM.
Both SM and ESS work according to the same principle of
generating a code book which minimizes the weight of its
codewords. Thus, the approach proposed for SM can also be
used for ESS. We summarize the method developed in [9] in
the context of ESS.

First, the informational divergence D(UAjjPA) is intro-
duced. The distribution PA is the capacity-achieving in-
put distribution for the channel in question, and UA(a)
is the probability of transmitting the amplitude sequence
a = (a0; a1; : : : ; aN�1). As the DM chooses uniformly
from the jCj amplitude sequences in its code book C,
UA(a) = jCj�1 follows for all amplitude sequences a 2 C.
The informational divergence D(UAjjPA) therefore depends

on the capacity-achieving distribution and the selection of am-
plitude sequences in the DM code book. It can be shown, that
the mutual information I(A; Y ) between an input amplitude
sequence A and the channel output Y is bounded by [9,
Eq. (7)], [12, Eq. (23)]

C �
D(UAjjPA)

N
�

I(A; Y )
N

� C: (5)

Minimizing the informational divergence D(UAjjPA) thus
bounds the mutual information closer to the channel capacity
C. Assuming that the input amplitudes are independent and
identically distributed (iid) according to the capacity-achieving
distribution, the probability PA can be written as

PA(a) =
N�1Y

i=0

PA(ai):

If each weight of generalized ESS is de�ned as the self-
information � log(P (a)) of the corresponding amplitude a, the
resulting code book minimizes D(UAjjPA) [9, Proposition 1].
This can be veri�ed by expanding the expression of the
informational divergence

D(UAjjPA) =
X

a2C

UA(a) � log
UA(a)
PA(a)

= �HU (A)�
X

a2C

UA(a) � logPA(a)

= � log jCj+
1
jCj
�
X

a2C

N�1X

n=0

(� logPA(an)) ;

(6)

where we expand the logarithm of the fraction in the �rst step
and recognize the entropy.

With w(k) := � logPA(a(k)) de�ned as the weight of
amplitude a(k), the double sum in (6) becomes the total weight
of the code book

W (C) :=
X

a2C

N�1X

n=0

w(kn) with an = a(kn);

=
X

a2C

N�1X

n=0

(� logPA(an)) :

For a given jCj and a given set of discrete amplitudes/weights,
generalized ESS minimizes the total weight W (C) of the code
book. It therefore minimizes D(UAjjPA) for a �xed jCj. As
a result, generalized ESS maximizes the lower bound (5)
on the mutual information. In practice, this is often only
approximately true due to the requirement for weights to be
integer and the code book size to be a power of two.

Note, that the informational divergence between the dis-
tribution of the sequences in C and the capacity-achieving
distribution of sequences is minimized. Somewhat counter
intuitively, the informational divergence between the empirical
amplitude distribution and the capacity-achieving amplitude
distribution is not minimized. Equation (12) in [9] details the
dependencies between the informational divergences of the
sequence and amplitude distributions.
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B. Implementation Aspects
For implementation, two issues which have not yet been

discussed, arise from this approach. First, the self-information
of the amplitudes is not integer in general. Second, the
calculation of all possible weight levels becomes necessary to
store the trellis. We present possible solutions for both issues
in what follows.

The requirement of integer weights forces the quantization
of the self-information weight function. As previously dis-
cussed, positive scaling and a constant offset applied to the
weights do not change the values in the trellis. Scaling the
self-information with a factor f > 1 before quantizing can
thus reduce the relative quantization error. Assuming sorted
weights and additionally respecting the requirement (1) for the
minimum weight to be zero, we propose the positive integer
weight function:

w(k) = !(k) � !(0)

with !(k) =
�
�f � logPA

�
a(k)

�
+

1
2

�
:

(7)

Choosing f is a trade-off between low quantization noise
and trellis size. If f is too large, the probability that sums
of different weights lead to the same weight level decreases.
For instance, the distribution (0:4; 0:3; 0:2; 0:1) leads to the
weights (0; 1; 2; 4) with f = 3, but to (0; 3; 7; 14) with f = 10.
One can easily verify that, e.g., w(1) +w(1) = w(2) is true for
f = 3 but is not for f = 10. Thus f = 10 has an additional
weight level ‘2 = w(1) + w(1) = 6 between ‘1 = w(1) = 3
and ‘3 = w(2) = 7. This increases the size of the trellis. On
a more general note, the same effect would balloon the trellis
size if non-integer weights were used.

In classical ESS, the index of a node in its trellis stage
can easily be computed from its energy e and trellis stage
number n [3, Sec. III. B]. With generalized weights, this
is no longer universally possible. A look up table (LUT)
between weight levels ‘ and the corresponding trellis row
indices must thus be stored if the trellis rows are kept in
an array. Considering that log2(jLj) bit are required to store
one of the jLj trellis row indices and log2(‘max) bit are
required to store a weight level, the LUT storage complexity
is (log2(jLj) + log2(‘max)) � jLj. In analogy to ESS, the
number jLj of nodes in a trellis stage is expected to be
roughly proportional to the amplitude sequence length N [3,
Sec. IV. B]. Additionally, assuming ‘max is proportional to jLj,
we can express the approximate storage complexity of the LUT
as N log2(N). Compared to the storage complexity of the
trellis itself, which is approximately proportional to N3 [3,
Tab. II], the LUT thus does not constitute a signi�cant extra
complexity.

With the use of a LUT, the calculation of weight levels only
needs to be carried out once. Thus, no stringent complexity
limits must be considered for this calculation. A simple algo-
rithm which iteratively creates new weight levels by addition
of known weight levels proved suf�cient in our experience. It
is summarized in Algorithm 3.

Algorithm 3 Calculation of Weight Levels
input Weights w(0); w(1); : : : ; w(M�1)

L := f0g
repeat
L0 := L
for ‘ 2 L0 do

for i 2 f0; 1; : : : ;M � 1g do
‘new := ‘+ w(i)

if ‘new � ‘max then
L := f‘newg [ L

until jLj = jL0j
return L

Generalized ESS would bene�t from further research into
a more ef�cient handling of the irregular weight levels. One
approach may be to choose f in (7) in such a way that
w(1) = 1. In this case, the weights would collapse to relative
indices in the arrays used to store the trellis values, removing
the necessity for a LUT. However, further investigation is
required to weigh the resulting potentially coarse quantisation
of weight levels against the reduced complexity.

C. Open Source Implementation
We provide a Rust implementation of the discussed ESS

generalization called arbitrary distribution ESS (AD-ESS)1.
Alongside the Rust implementation, we also publish Python
bindings, which allow using the Rust binaries from Python
scripts.

IV. SIMULATION RESULTS

One advantage of PCS using the PAS architecture is the
ability to adapt the transmission rate using only a small number
of FEC code rates. This is done by changing the shaping rate
of the DM, which corresponds to the number of bits the DM
maps to one amplitude sequence. To demonstrate the proposed
generalization of ESS, we selected four WiMAX low-density
parity-check (LDPC) codes. The four codes have a block
length of 768 bits and rates of rLDPC 2 f1=2; 2=3; 3=4; 5=6g.
An M = 8-ASK is used as modulation format to simulate
one dimension of a quadrature amplitude modulation with
64 symbols (64-QAM). Following the PAS architecture, the
�xed LDPC block length and constellation size lead to a �xed
sequence length of 256 symbols.

These sequences are transmitted over a peak power con-
strained (PPC) channel with AWGN, which is a coarse model
of an unampli�ed coherent optical link [13]. To quantify the
channel quality, the peak-signal-to-noise ratio (PSNR) is de-
�ned as the maximum signal power divided by the noise power
(similar to [13]). As only the maximum signal power affects
the PSNR, it is bene�cial to use the full range of power below
the maximum to increase the spacing between transmitted
amplitudes. In contrast, the Maxwell-Boltzmann distribution
assigns high probabilities to small amplitudes, which are all

1Free source code at https://github.com/kit-cel/ad-ess
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Fig. 2. Maximum rates achieving a FER below 10�4 for a �xed sequence
length of 256 8-ASK symbols.

relatively close together. This makes the Maxwell-Boltzmann
distribution ill-suited for the PPC channel.

One approach is a reversed Maxwell-Boltzmann distribution
which assigns high probability to high-amplitude symbols and
low probability to low-amplitude symbols [13]. We imple-
mented this using a two-step process we call reverse ESS. In
the �rst step, the data is encoded using unaltered ESS result-
ing in a sequence of approximately Maxwell-Boltzmann dis-
tributed amplitudes. Then, in the second step, each amplitude
in this sequence is remapped according to a 7!M � a, which
effectively swaps low and high amplitude values. The resulting
amplitude sequence is approximately distributed according to
a reversed Maxwell-Boltzmann distribution.

To the best of the authors’ knowledge, there is no closed-
form solution for the capacity-achieving input distribution of
the PPC AWGN channel with 8-ASK input. Hence, following
the example of [14], we approximate it using numerical opti-
mization for each PSNR value. We formulate this optimization
problem with quantized channel outputs and solve it using
CVXPY [15], [16]. Channel inputs following the resulting
distributions can be implemented with generalized ESS.

The largest achievable rate using any of the four available
LDPC codes and an FER below 10�4 is shown in Fig. 2.
Generalized ESS is compared to CCDM and the reverse
Maxwell-Boltzmann approach implemented as reversed ESS.
Rates achievable using the four codes with uniform signaling
are included for reference.

Generalized ESS and reversed ESS consistently match or
improve the rate of uniform signaling. The reason for this
is that both of these trellis-based approaches are true gen-
eralizations of uniform signaling: If the maximum weight
level ‘max or energy threshold is increased until all possible
sequences are represented in the trellis, the DM outputs a
uniform distribution over all possible amplitude sequences.
This is not true for CCDM, which only outputs sequences

of constant composition, thus, resulting in a rate loss at �nite
block lengths.

While the two trellis-based approaches generalize uniform
signaling, this is not without limitations. First, the use of
PAS with an 8-ASK only allows code rates rLDPC � 2=3.
This explains why reversed ESS cannot match the rate of
uniform signaling with rLDPC = 1=2 between 18 and 18:6 dB.
The constellation order has to be reduced to use lower rate
codes. Second, we observed that erroneously received frames
with shaping contain more bit errors than erroneous frames in
systems without shaping. Finally, using a trellis for uniform
signaling is computationally inef�cient as it requires comput-
ing and storing the full trellis without limiting it to a maximum
weight level ‘max or an energy threshold.

In an operating point where the maximum rate supported
by the channel lies between the rates of two available codes,
uniform signaling must use the lower rate code. Here, the
use of a DM introduces the shaping rate as an additional
variable that can be adjusted to better match the maximum
rate supported by the channel. Fig. 2 shows this behavior in
the intervals 18 to 20 dB, 20 to 21 dB and 22 to 22:5 dB.
By using an amplitude distribution optimized for the channel,
generalized ESS can achieve the highest rates of all simulated
schemes in these intervals. Comparing generalized ESS to
CCDM shows that the two rate curves are almost parallel,
as CCDM uses the same optimized distribution but suffers
from a rate loss at �nite lengths. On average, the rate loss
of CCDM compared to generalized ESS is 0:0425 bit/symbol.
The amplitude distribution used by reversed ESS is less suited
for the channel. Thus, shaping would lead to lower rates than
uniform signaling with the next lower code rate for many
PSNR values. For these PSNR values, the highest rates are
achieved with reversed ESS by resorting to uniform signaling
with the next lower code rate. Fig. 2 shows this behaviour for
PSNR values between 19:9 and 20:4 dB or 21 and 22:2 dB.

To change the shaping rate of CCDM and thus enable
rate adaption, target distributions with different entropies must
be used. A method to �nd such distributions is proposed
in [4]. The proposed method relies on Maxwell-Boltzmann
distributions and can not be used on our channel. However,
inspired by this method we use the heuristic

Pmod.(a(k)) =
Popt.(a(k)) � (Popt.(a(k)))�

P
k2K Popt.(a(k)) � (Popt.(a(k)))�

to generate distributions with suitable entropy from the opti-
mized distribution by tuning �. As a result, the CCDM rates
shown in Fig. 2 are not guaranteed to show the best possible
CCDM performance. Generalized ESS has no need for such a
heuristic, as its shaping rate can be adapted by changing the
threshold weight level ‘max.

While comparing generalized ESS to normal ESS, we
noticed that generalized ESS can outperform ESS by a small
margin, even on the AWGN channel. If only a part of the
sequences represented by the ESS trellis are used for trans-
mission, ESS suffers from a small rate loss. Not using all
sequences is often caused by transmitting a �xed number of
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bits while the number of sequences in the trellis is not a
power of two. Depending on the factor f used in the weight
function (7), the number of sequences in the generalized ESS
trellis changes. First observations suggest that this often leads
to the number of unused sequences being smaller compared to
ESS. This in turn leads to a smaller rate loss and thus a reduced
average energy. Fig. 3 demonstrates how varying f in�uences
the average energy of the code book, which directly relates to
the rate loss. Evidently, the average energy of the generalized
ESS code book is less than the average energy of the ESS
code book for most plotted values of f . If f � 4, the average
energy of the generalized ESS code book is frequently very
close to the lower bound provided by the average energy of
an optimum ESS (OESS) [17] code book.

V. CONCLUSION

In this paper, we generalized ESS to allow arbitrary distribu-
tions and showed how even multiple amplitudes with the same
probability may be handled. The proposed generalization was
used to achieve rate adaption for different channel qualities on
a PPC channel.

Future research could further analyze the observation that
generalized ESS can reduce the rate loss of ESS. Achieving
this using a small scaling factor f could yield a method to re-
duce the ESS rate loss with reasonable additional complexity.
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Abstract�A new shaping technique called coset shaping for
coded QAM and PAM signaling is introduced and analyzed. This
technique can be applied not only to information bits but also
to parity bits without incurring additional complexity costs. It
is proven that as the length of the error-correcting code and
the modulation order tend to in�nity, the gap to capacity for
the proposed shaping scheme can be made arbitrarily small.
Numerical results and comparisons for the shaping scheme, along
with nonbinary LDPC-coded QAM signaling, are presented.

I. INTRODUCTION

A typical communications scenario over the AWGN channel
uses the uniform input distribution and equidistant signal con-
stellations, which lead to the potential gap of up to 1.53 dB to
the Shannon capacity at high signal-to-noise ratios. The main
idea behind the existing shaping techniques is to reduce this
gap by minimizing the average energy per transmitted symbol
[1], [2] while maintaining the desired bit rate. In such a way,
the cost of delivering the maximum possible information is
minimized. There are a few shaping methods used in practice.
These techniques directly or indirectly implement optimal or
near-optimal nonuniform input signaling.

The optimal distribution over the set of input signals can be
obtained by using equiprobable non-uniformly spaced signal
points. This shaping technique is called geometric. It was
studied in [3], [4]. Multidimensional geometric shaping can
be ef�ciently implemented with Voronoi shaping techniques
(see, for example, [5]�[9]). In particular, in [8], [9], Voronoi
shaping for multilevel coded modulation was analyzed.

A so-called probabilistic shaping uses uniformly spaced sig-
nal points with different probabilities according to the nonuni-
form distribution. Probabilistic amplitude shaping (PAS) was
studied, for example, in [10]�[14]. This type of shaping
implemented in the form of enumerative decoding of constant-
composition codes [10] and enumerative sphere shaping codes
[12], [15] was considered in combination with binary LDPC
error-correcting codes. In these schemes, a distribution matcher
(DM) maps information bits to shaped bits, which are then
systematically encoded by appending uniformly distributed
parity bits. Linear layered probabilistic shaping, which extends
PAS to probabilistic shaping of parity bits, was introduced in
[16] and further developed in [17]. The shaping scheme in [16]
processes codewords of a linear block code with two DMs. The
message bits are shaped with a conventional DM and encoded
systematically, and a so-called syndrome DM shapes the parity

This work was supported by the Estonian Research Council through the
grant PRG2531.

bits. PAS applied after encoding with a nonbinary (NB) LDPC
code was considered in [18], [19].

Comparison of PAS and Voronoi shaping used with mul-
tilevel coded QAM signaling over the AWGN channel was
performed in [8], [9]. The numerical results presented in these
papers show that the Voronoi shaping in the multilevel coding
scenario outperforms PAS.

In this paper, a new competitive shaping technique is
proposed, called coset shaping. One of the distinguishing
features of the shaper is that parity bits can be shaped in the
same manner as message bits without increasing computational
complexity. We use a combination of a linear code with a
higher rate than the target transmission rate and a shaping
code. The shaping code is a set of coset leaders of a linear
code. The best coset leader is selected based on the criterion
of minimum signal energy. We prove that for the proposed
scheme, the gap to capacity can be made arbitrarily small as the
error-correcting code length and the modulation order increase.
Numerical results for one practical scenario are given.

This paper is organized as follows. Preliminaries are in
Section II and the new coset shaping scheme is in Section
III. The asymptotic analysis is performed in Section IV.
Simulation results and comparisons are given in Section V.

II. PRELIMINARIES

A. Notation

We denote by N, Z, and R the set of naturals, integers,
and reals, respectively. An interval over Z is [i : j] , fi; i +
1; : : : ; jg for i; j 2 Z, i � j. Vectors are row vectors and
boldfaced, e.g., x. Matrices and sets are given by capital sans
serif letters and calligraphic uppercase letters, respectively, X
and X. An identity matrix n�n is denoted by In. The addition
in F2 is denoted by �, and + is the real addition.

B. Modulation and Mapping for Unshaped Coded PAM

For some classes of codes, matching code symbols with
PAM signals can improve decoding performance, for example,
in the belief propagation (BP) decoding of nonbinary (NB)
LDPC-coded PAM signals [19]�[21]. We consider a mapping
of binary codewords to the sequences of 2m-PAM signals.

Let C be a binary linear [n; k] code with a generator matrix

G =
�
Gm�1 Gm�2 ::: G0

�
;

where the submatrices Gi are of size k � ns, ns = n=m, for
i 2 [0 : m� 1], where m is a divisor of n.
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TABLE I
BRBG CODE FOR 8-PAM

BRBG 000 001 011 010 110 111 101 100
8-PAM -7 -5 -3 -1 1 3 5 7

For a given message u 2 Fk2 , the codeword v 2 C is

v =
�
vm�1 vm�2 ::: v0

�
; vi = uGi; (1)

vi 2 Fns
2 ; i 2 [0 : m � 1]. Then v is rewritten in the form of

a m � ns matrix
�
v0 v1 : : :vm�1

�T whose i-th columns are
used as the Gray-coded binary index of 2m-PAM signal point
xi 2X = f�2m + 1; : : : ;�3;�1; 1; 3; : : : ; 2m � 1g.

Example 1. Let m = 3, n = 6, ns = n=m = 2. A generator
matrix for a [6; 3]-code C in systematic form is

G =

0

@
1 0 0 1 1 0
0 1 0 1 0 1

| {z }
G2

0 0
| {z }

G1

1 0
| {z }

G0

1 1

1

A: (2)

Let u = (1; 1; 0), then the corresponding codeword v =
uG = (1; 1; 0; 0; 1; 1) used with 23-PAM. First, we split the
codeword into m = 3 parts and place the equal-length vectors
in the rows of a matrix of size m� ns = 3� 2, as

0

@
v0
v1
v2

1

A =

0

@
1 1
0 0
1 1

1

A:

Then columns of this matrix are mapped to the PAM signal
sequence s = (5; 5) 2 Xns according to bit re�ected binary
Gray (BRBG) code [22] (see Table 1).

De�nition 1. The above one-to-one mapping of length n =
mns codewords v 2 Fn2 to signal sequences s 2 Xns is
denoted as  . The sequence s =  (v) is called PAM-image
of v. A set  (C ) is called PAM-image of the code.

III. COSET SHAPING

We introduce the coset shaping scheme for coded 2m-PAM
modulation in its general form next. The numerical results in
Section V are based on very long codes, suggesting that the
complexity of this technique is relatively low.

The common structure of code-based shaping schemes con-
sidered in this paper is in Fig. 1. For PAM-modulation of
order M = 2m, one of the bits assigned to each signal is
a sign bit (s-bit), and the other m� 1 bits are amplitude bits
(a-bits). Signal energy is determined solely by its amplitude.
Therefore, a possible energy gain can be obtained by allocating
additional redundancy for a desirable (non-uniform) probabil-
ity distribution on signal amplitudes. Since the parity bits of
linear error-correcting codes are always uniformly distributed,
we associate information bits mainly with a-bits and parity bits
mainly with s-bits. Depending on the target rate, the message
length can be larger or smaller than the total number of a-bits.
Thus, sometimes a part of the message bits will be transmitted
as s-bits, while the parity bits will be assigned with a-bits.

The coset shaping is determined by the code generator
matrix in shaping-oriented form shown in Fig. 2.

�6�K�D�S�H�U
���P�H�V�V�D�J�H���E�L�W�V�� 

���L�Q�I�����E�L�W�V

�(�Q�F�R�G�H�U 
���L�Q�I�����E�L�W�V��
���F�K�H�F�N���E�L�W�V

�� ���E�L�W�V��

���V�L�J�Q�D�O�V

�D���E�L�W�V

�V���E�L�W�V

�0�R�G�X�O�D�W�R�U

�� ���E�L�W�V���� ���E�L�W�V��

�� ���E�L�W�V��

�� ���E�L�W�V��

�� ���E�L�W�V��

�� ���E�L�W�V��

Fig. 1. Shaping scheme

TABLE II
NOTATIONS USED IN FIG. 1

Notation Meaning
ka (ks) number of message bits transmitted as

amplitude (resp. sign) bits
ra (rs) number of parity bits transmitted as

amplitude (resp. sign) bits
ksh number of auxiliary bits used for shaping
k = ka + ks number of message bits
n = mns length of [n; kc]-code
kc = k + ksh dimension of [n; kc]-code
Rc = kc=n; ~Rc = mRc rate in bits/code symbol (bits/signal)
RT = k=n; ~RT = mRT target rate in bits/symbol and signal
nsh = ka + ksh length of the (nsh; 2ksh ) shaping code
Rsh = ksh=nsh rate of shaping code
ks + rs = ns number of sign bits
ka + ra + ksh = ns(m � 1) number of amplitude bits

���D�P�S�O�L�W�X�G�H���E�L�W�V���V�L�J�Q���E�L�W�V

���S�D�U�L�W�\���F�K�H�F�N �E�L�W�V

���L�Q�I�R�U�P�D�W�L�R�Q
�E�L�W�V

������
��

��

��
��

������

��
��

��

��

������
�V�L�J�Q���E�L�W�V�V�K�D�S�L�Q�J

�E�L�W�V
�L�Q�I�R�U�P�D�W�L�R�Q

�E�L�W�V

  �V�K�D�S�L�Q�J 
�E�L�W�V

������

Fig. 2. Shaping-oriented form of the code generator matrix, ks = 0.

The code design steps are:
1) Start with a size kc�n, kc = k+ksh , n = mns generator

matrix G given in the systematic form
�
Ikc B

�
.

2) Choose a shaping code via the ksh�ka generator matrix
Gsh =

�
Iksh Psh

�
in the systematic form.

3) Replace the �rst ksh rows of G by the linear combinations
of rows of G that add up to Gsh. This is always possible
due to the �rst block of G being Ikc . The remaining n�
nsh coordinates are also combined yielding to a block
Gl , Gsh � G0.

We achieve a shaping gain at the cost of some reduction of
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the code rate Rc = kc=n. Recall that k refers to the message
length. The code dimension is denoted by kc, and the bit cost of
shaping is denoted as ksh, therefore, k = kc�ksh. The code rate
reduces to R = k=n bits per binary code symbol or ~RT = k=ns

bits per PAM signal. We will use a tilde to distinguish between
rates per binary code symbol and per channel signal.

Encoding with shaping includes the following steps:
1) For a given message u 2 Fk2 and each possible com-

bination of ksh shaping bits ush = (ush;1; : : : ; ush;ksh)
compute a candidate codeword

v(ush;u) = (ush u)G:

2) Apply modulation 2m-PAM as described in Section II-B
to each candidate ush, let s =  (v(ush;u)) be the signal
sequence corresponding to one of such candidates. We
select the best candidate as one minimizing signal energy

ûsh = arg min
ush
k (v(ush;u)))k2:

Finally, the signal sequence for u is s =  (v(ûsh;u)).
Summarizing, the set of signal sequences is obtained by PAM
mapping of one of the members of a coset of a linear code
determined by G. The coset element is determined by u,
and the leader is determined by ush. Notice that the set of
allowed coset leaders does not necessarily have to be linear.
By searching over coset leaders, message sequences with low
squared Euclidean norm are selected similarly to shaping
schemes in [15], [16].

Let y denote the channel output sequence, that is, y =
s+e, where e is a length n Gaussian vector with independent
components. Decoding is performed as follows:

1) Decode y in C as if no shaping is used. Denote by
(~ush; ~u) the estimated information sequence of length
kc = ksh + k and by ~v the corresponding codeword,
~vkc

1 = v(~ush; ~u). We use notation vji = (vi; :::; vj).
2) The estimated codeword is v̂ = ~v � v̂sh: The estimated

message is û = v̂ks+k
ks+1 .

Notice that the proposed approach involves Voronoi-like
geometrical shaping which differs from lattice-based shap-
ing techniques in [8], [9]. Although Voronoi constellations
outperform uncoded QAM modulation schemes, especially at
high transmission rates, their use imposes restrictions on the
coding techniques that can be combined with them. The best
performance so far is achieved for multilevel-shaped coded
modulation [8], [9]. We propose and study a geometrical
shaping technique that is better suited for coded modulation.

Example 2. Consider the generator matrix (2) of the [6,3]-
code in Example 1. Let k = 2 and ksh = 1, Gsh =

�
1 1 1

�
.

Then Gl = Gsh�G0 =
�
1 1 1 0 0 0

�
and the shaping-

oriented form of the generator matrix is

G =

0

@
1 1 1 0 0 0
0 1 0 1 0 1
0 0 1 1 1 0

1

A

The matrix Gl is used for constructing two cosets of the rate 2=6
error-correcting code determined by G. The corresponding sets
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Fig. 3. Two-dimensional shaped Gray-coded modulation. The sixty-four black
dots show 64-QAM points. The eight signal points corresponding to the eight
codewords are represented by two coset images, one by red squares in Fig.
A, and the other by red circles in Fig. B. Each signal point is labeled by the
message bits. The non-linear sphere shaper in Fig. D chooses four minimum-
energy points among all eight signal points.

of 64-QAM signal points are shown in Figs. 3A and 3B. Their
average energy is equal to 23 and 19, respectively. For each
of the four messages, among the two possibilities, a minimum-
energy representation from one of two signal sets is selected as
shown in Fig. 3C. This results in E = 9. The four minimum-
energy signal points that choose sphere shaper [15] are shown
in Fig. 3D. This shaper provides E = 9 too. Notice that the
average energy of 8-PAM signals without shaping is 21.

The parameters of this scheme in the notation of Fig. 1 are
ns = 2, RT = 1=3, ~RT = 1, Rc = 1=2, Rsh = 1=3, ka = 2,
ks = 0, ra = 1, rs = 2. Mapping of a codeword to PAM
signals is illustrated in Fig. 4a.

In this example, one of the a-bits is a redundant bit of a
codeword. Shaping for parity bits in the framework of DM
shaping is discussed in [16], [17]. In the case of our coset
shaping, the extending shaping to parity bits does not require
any modi�cation of the scheme.

For higher transmission rates, message bits are mapped to
sign bits, as demonstrated in the following example.

Example 3. Consider 4-PAM transmission, RT = 2=3, and the
generator matrix (2) of the [6; 5]-code in the form

G =

0

BBBB@

1 1 1 0 0 1
0 1 0 0 0 1
0 0 1 0 0 1
0 0 0 1 0 1
0 0 0 0 1 1

1

CCCCA

Parameters of the scheme: ns = 3, Rc = 5=6, Rsh = 1=3,
ka = 2, ks = 2, ksh = 1, ra = 0, rs = 1. The average energy
per signal of the shaped sequences in this scheme is equal to
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Fig. 4. Mapping of codewords to PAM signals: a) Example 2, b) Example 3

3, while the average energy of 4-PAM signals is equal to 5.
Mapping of a codeword to PAM signals is shown in Fig. 4b.

IV. ASYMPTOTIC ANALYSIS

We analyze next a random shaping scheme for coded PAM
signaling over the AWGN channel with noise variance �2.
First, we will establish the notation and assumptions.

De�nition 2. An ensemble of coset codes

Cc , fCc = C � a : C 2 C;a 2 Fn2g; (3)

is a set of cosets of [n; kc] uniformly random binary linear
codes C , where the codes are generated by matrices selected
uniformly from the set C of kc � n matrices over F2, and the
shift a is chosen at random from Fn2 .

Consider a random shaping scheme with a [n; kc] coset
code Cc and its [n; ksh] subcode Csh � Cc, with ksh = kc� k0.
We call the pair (Cc;Csh) shaping construction. Elements of
the construction are 2ksh subsets of Cc, each subset contains
2k
0

codewords from Cc. In the previous examples k0 = k, but
in the asymptotic analysis, we assume k0 < k. The rate loss
(k�k0)=n! 0 if n!1.

The generator matrix Gsh of Csh is a random subset of ksh
rows of the generator matrix G of C . The remaining part of
the matrix, ~G, is of size k0 � n. In Fig. 2, k0 = k, the top ksh
and bottom k rows are the matrices Gsh and ~G, respectively.

Recall  : Fn2 !Xns as in Section II-B, where m is divisor
of n. Denote by R � Xns = Xn=m a preconstructed shaped
set, jRj = 2k. In asymptotic analysis, it is assumed that only
signal sequences in R � Xns are used for shaping. In other
words, the message u 2 Fk

0

2 is �rst encoded as v = u~G,
and then s(u) ,  (v � vsh � a), where a is the shift as
in (3), v � vsh 2 C , and vsh is one of 2ksh coset leaders used
to transmit the message u over the channel, iff s(u) 2 R.
If none of the 2ksh signal sequences are in R, an arbitrary
sequence of R is transmitted, and we get an error.

We introduce a set of errors E0 , Sns(x;
p
ns(�2 + �)),

where Sn(x; �) denotes the n-dimensional sphere of radius �
centered in x, � is the AWGN standard deviation, � > 0. We

apply the following decoding rule: If y 2 s(u) + E0 for a
unique u, then the decoder makes the corresponding decision
u. Otherwise, an error event is declared.

The random shaping scheme is described by two random
ensembles: the ensemble of coset codes Cc (3) and the set P
of random choices of ksh rows among kc rows of the generator
matrix G of C . The error probability is estimated as an average
error probability on the product of two ensembles Cc �P.

We assume that all channel output sequences belong to

� , �(R; E0) = fs + e : s 2 R; e 2 E0g: (4)

De�nition 3. We de�ne the normalized second moment (NSM)
G(�a) of an arbitrary region �a � Rns as follows

G(�a) =
1
ns

R
x2�a

kxk2dx

vol(�a)1+2=ns
:

Next follows our main theorem.

Theorem 1. In the product ensemble Cc�P, for large enough
m and n, there exists a shaping construction, such that an
arbitrarily small error probability in AWGN channel with
parameters (P; �2) can be achieved if the code rate per signal
dimension R = k=ns satis�es

R � 1
2 log2(1 + P=�2)� log2(2�e G(�))� o(n);

where G(�) is the NSM of �, and o(n)! 0 when n!1.

We outline the proof in the remainder of this section. Al-
though we are considering a linear ECC, the coded modulation
signal constellation is nonlinear. First, we will show that in
the ensemble S of signal points obtained from the ensemble
of coset codes Cc, the probability of any subset is determined
only by the number of points in it.

Proposition 1. The ensemble of [n; kc]-coset codes Cc deter-
mines the ensemble S of signal points s 2 Xns , where each
s has probability M�ns , M = 2m.

Proof. We follow the arguments from [23]. We �rst show
that in the ensemble Cc, where symbols 0 and 1 of the
kc � n generator matrices are selected uniformly at random,
the probability of any codeword is 2�n.

Indeed, there exist 2n(kc+1) choices for the generator matrix
G of C and shift a. Each pair has probability 2�n(kc+1). Then
the probability of a given codeword is 2nkc2�n(kc+1) = 2�n.

Next, we consider an ensemble of signal points obtained
from codewords in Cc. Given that the map  is a bijection on
each block of m bits we conclude that each signal point s has
probability (2m)�n=m = M�ns and the proof is complete.

Lemma 1. In the ensemble of signal sequences S = fS ,
 (C ) : C 2 Ccg, where Cc is an ensemble of [n; kc] coset
codes as in (3), for any set E �Xns , the average probability
over S is

P (S \ E) � minf1; 2kc�njEjg; (5)

and the probability of a subset W � S is

P (S \W jW � S ) = 2�kc jW j: (6)
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Proof. Let E �Xns . Then, for each S in the ensemble

P (S \ E) �
P

s2E P (s 2 S ): (7)

From Proposition 1 it follows that the expectation of this
probability over Cc is P (s 2 S ) = jS j2�n. Now, from
jS j � 2kc and (7) follows (5).

To prove (6), notice that for two sets A, B, such that A � B
and the elements of A, B are uniformly distributed in the same
space, P (A \ B) = P (A), P (AjB) = P (A \ B)=P (B) =
P (A)=P (B) = jAj=jBj. Thus, it follows from (6) that

P (S \W jW � S ) = jW j=jS j:

In order to estimate the average error probability in the
product of two ensembles Cc � P, we formulate the error
events which occur for a given set of errors E0, a random
error vector e, and a random message u. The error is declared
if at least one of the three events occurs:

E� : e =2 E0;
E� : R\ �[vsh2Csh  (v � vsh � a)

�
= ?;

E
 : s(u0) 2 y + E0; for some u0 6= u;

where y is the channel output sequence.
For any � > 0 and any � > 0 if ns is large enough, we have

(e.g. from Chebyshev inequality) that P (E�) < �, where the
bar over P (�) denotes the average over the ensemble Cc �P,
since P (E�) does not depend on the codes.

The probability of error events E� and E
 are random
functions of the codes from Cc �P.

Let R � Xns be a shaping set with average energy per
signal P = 1

ns

P
s2R ksk

2. The probability E� follows from
Lemma 2 below.

Lemma 2. In the product ensemble Cc � P of shaping
constructions for a given shaping region R � Xns of size
2k, there exists a shaping construction (Cc;Csh) such that its
image belongs to R with probability arbitrarily close to 1.

Proof. For any v�a 2 Cc we compute the probability that for
all vsh 2 Csh the image  (v�a� vsh) =2 R. Let p denote the
probability of success, i.e.,  (v�a�vsh) 2 R for a randomly
chosen vsh. From (6) in Lemma 1, p = 2�kc jRj = 2k�kc .

Assuming that attemps are independent and p tends to zero,
the probability that all M = 2ksh = 2kc�k0 attempts fail is, for
long codes, (1 � p)M =

�
(1� p)1=p

�Mp � e�Mp = e�2k�k0

,
which tends to 0 if k ! 1, and k0 < k. Formally, for linear
random shaping code, the M shaping attempts are dependent.
Then, from [23], the probability of the event E� is such that
P
�PM

i=1 �i
�
< 1=Mp, where for the i-th attempt a random

variable �i takes value 1 with probability p and value 0 with
probability 1 � p. Since Mp = 2ksh2k�kc = 2k�k

0
this

probability tends to 0 if k !1, and k0 < k.

The next step is to estimate the probability of the error
event E
 . All channel output sequences belong to � as in (4).

The E
 happens if some s = s(u) is transmitted and the
image of s0 = s(u0) 2 �, u0 6= u, belongs to the noise sphere
around y. Using averaging arguments from Lemma 1, eq. (5)

P (E
 ; s) �
P (s0 2 Sns(y;

p
ns(�2 + �)))

P (s0 2 �)
�

vol(E0)
vol(�)

:

Applying the union bound, we obtain

P (E
) � 2kvol(E0)=vol(�): (8)

Lemma 3. The average energy of the channel output se-
quences from the shaped region R per signal is

P (�) ,
1
ns

Var(�) = P + �2: (9)

Proof. Since in the AWGN channel, the noise sequence e does
not depend on the transmitted signal sequence s, we have that
Var(s + e) = Var(s) + Var(e) = ns(P + �2):

We are now able to prove Theorem 1.

Proof. According to De�nition 3, the normalized second mo-
ment of � is

G(�) =
1
ns

R
� kxk

2dx

vol(�)1+2=ns
=

P (�)
vol(�)2=ns

;

where for P (�) we used (9). Hence,

vol(�) =
�
P (�)
G(�)

�ns=2

=
�
P + �2

G(�)

�ns=2

: (10)

For the volume of the even-dimensional sphere of radius
�
p
ns, we can use the formula

vol(E0) =
1

p
2�ns

(2�e�2)ns=2: (11)

Substituting (10) and (11) into (8) after elementary transfor-
mations proves the theorem.

For large n there exist Construction A lattices with the NSM
arbitrarily close to the NSM of in�nite-dimensional sphere
Gsp = 1=2�e [7], [24]�[26]. In our scheme, the shaping region
is not the fundamental region of the Construction A lattice;
however, its NSM decreases with code length.

Conjecture 1. If n ! 1 then G(�) ! 1=2�e and R ! C,
where C denotes the AWGN capacity.

V. SIMULATION RESULTS

All comparisons are given in terms of QAM modulation, as
shaped QAM performance is typically studied in most techni-
cal papers. We compare the BP decoding BER performance for
the n = 64800-bit NB QC-LDPC codes used with unshaped
and shaped 256-QAM with the same performance of both
binary LDPC codes from the DVB-S2 standard used with 64-
QAM shaped as in [9] and binary LDPC codes from the ATSC
standard used with unshaped 64-QAM. Parameters of the
simulated communication scenarios are tabulated in Table III.
Fifty iterations of BP decoding were simulated. For the NB
QC-LDPC codes used with 256-QAM, in addition to the
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TABLE III
PARAMETERS OF COMMUNICATION SCENARIOS

QAM Rc Code info Shaping code
256 2/3 ATSC [27] No shaping
256 2/3 NB QCLDPC, q = 24 No shaping
64 2/3 DVB-S2, [28] hybrid E24

8 ,[9]
64 2/3 DVB-S2, [28] hybrid,�72

24 [9]
256 3/4 NB QCLDPC, q = 23 coset [135,15,54]
256 4/5 NB QCLDPC, q = 23 coset [90,16,32]
256 3/4 NB QCLDPC, q = 23 Sphere, (120; 240)
256 4/5 NB QCLDPC, q = 23 Sphere, (120; 264)

shaper proposed in this paper, an enumerative sphere shaper in
[15] was simulated. As can be seen from the simulation results,
the coset shaping is slightly more ef�cient than the PAS shaper
in [15], which mimics the discrete Gaussian distribution. The
reason is that coset shaping is less prone to error propagation
in the case of decoding errors.
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Fig. 5. Comparison of NB LDPC coded QAM-256 signaling with and without
shaping with [9], Rc = 5:33 bits per QAM signal, Shannon limit is 15.97
dB, BICM limit is 17.02 dB, QAM limit is 15.99 dB

VI. CONCLUSION

A new shaping technique applicable to coded QAM signal-
ing was proposed and analyzed. The introduced shaper belongs
to the class of multidimensional geometric shapers. It allows
us to shape both the message and parity bits of the codeword.
Asymptotic analysis indicated that the new technique achieves
capacity as both code length and modulation order tend to
in�nity, under some assumptions. The presented simulation
results and comparisons for the long QC-LDPC coded shaped
PAM suggest that the proposed technique outperforms known
solutions, especially in the error �oor region.
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Abstract�Communication over a quantum multiple access
channel (MAC) is considered with classical feedback. Since
the no-cloning theorem prohibits universal copying of arbitrary
quantum states, the feedback is generated through measurement.
An achievable rate region is derived using partial information
decoding at each transmitter. Our region generalizes both the
classical Cover-Leung region and the generalized feedback region.
We further show that the quantum binary adder MAC can bene�t
from feedback.

I. INTRODUCTION

Recent advance in quantum communication has attracted
increasing attention [1]. These advances will enable a range of
applications such as unconditional security, distributed quan-
tum computing, and quantum sensing. By contrast, classical
communication systems are already highly ef�cient [2]. A
promising approach for near-term implementation is thus to
integrate quantum capabilities into existing classical infras-
tructures, giving rise to hybrid classical-quantum networks [3].
Within this framework, it is also natural to design systems that
leverage classical resources to support and enhance quantum
networks. In particular, the incorporation of classical feedback
into quantum multi-user networks is of special interest.

A key question is how cooperative quantum resources can
improve performance in multi-user networks. Recent work
considered cooperative resources in relay [4, 5], interference
[6], and broadcast channels [7]. One of the most fundamental
network models in multi-user information theory is the multi-
ple access channel (MAC). Recent studies have examined the
advantages of entanglement assistance between transmitters
[8, 9] and non-signaling assistance [10] for a classical MAC.
In the quantum setting, the capacity region of the quantum
MAC without additional resources has been characterized in
a regularized form for classical information transmission [11].
Recent studies on cooperative resources include entanglement
assistance between transmitter and receiver [12], between
transmitters [13], conferencing links between transmitters [14],
and cribbing side information at one of the transmitters [15].
In interactive communication systems, feedback is naturally
available and can serve as a resource for cooperation.

The role of feedback has been extensively studied in clas-
sical information theory [16]. In the classical model with
feedback, the transmission Xi at time i can be a function
of the message and of the past channel outputs Y1; : : : ; Yi�1.
Feedback can thus be viewed as the receiver providing a
copy of the received output to the transmitter, through a
back channel. For classical single-user memoryless channels,

feedback does not increase capacity [17, Sec. 3.9]. For chan-
nels with memory, however, feedback is known to increase
capacity. In the quantum case, Bowen et al. [18] showed that
classical feedback does not improve the capacity of a single-
user memoryless quantum channel. The no-cloning theorem, a
fundamental result of quantum mechanics, prohibits universal
copying of an arbitrary quantum state. Thus, sending a copy
of the quantum receiver’s output state is impossible in general.
Instead, classical feedback provides a noiseless classical back
channel, from receiver to transmitter.

Remarkably, feedback can increase communication rates for
a classical MAC, even in the memoryless model. This effect
was �rst demonstrated by Gaarder and Wolf [19], via the
binary adder MAC, and later extended to an achievable rate
region by Cover and Leung [20], with further improvements by
Bross and Lapidoth [21]. The multi-letter characterization in-
volves the directed information [22] (see also [23]). Intuitively,
the Cover-Leung inner bound is tight when one transmitter
can perfectly recover the other’s message from the channel
output [24]. The Gaussian MAC provides an example where
the Cover-Leung inner bound is not tight [25]. Variants of
their model have also been studied, including generalized,
imperfect, and rate-limited feedback [26�28]. Insights from
the classical setting motivate studying how feedback effects
can enhance communication in quantum MACs.

In this work, we study the advantage from classical feedback
in communication over a quantum MAC, as illustrated in
Fig. 1. In particular, we show that feedback increases achiev-
able rates for the quantum binary adder MAC [29]. We further
establish an achievable rate region for the general memoryless
quantum MAC with classical feedback. Speci�cally, the re-
ceiver generates feedback through a quantum measurement on
the channel output, collapsing it to a pair of classical outcomes
that are sent back to the respective transmitter. The com-
bination of the post-measurement system and measurement
outcome constitutes the information available for decoding the
messages. These results demonstrate that classical feedback
can enhance quantum multi-user communication and provide
a foundation for further study on feedback-assisted quantum
networks.

To prove achievability, we combine quantum information-
theoretic tools with the classical feedback approach to con-
struct a code for the quantum MAC with feedback. Speci�-
cally, we adapt the classical block Markov coding scheme us-
ing a three-layered superposition code with backward decoding
to the quantum setting. We use T transmission blocks, each
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m2

NA 1A 2 ! B
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D
B i m̂1; m̂2

z1;i � 1

z2;i � 1

Fig. 1. quantum MAC with classical feedback

consists of n channel uses, to send a sequence of messages. In
our scheme, the transmitters employ a coding strategy in which
each decodes part of the other’s message from the pervious
block using its feedback, and leverages this information to
encode cooperatively. The quantum multiparty packing lemma
due to Ding et al. [30] generalizes the classical counterpart
to a multiplex Bayesian network. Here, we derive a decoding
measurement which recovers both messages from the quantum
output state, within each block of our layered scheme.

The full version with proofs can be found in [31].

II. DEFINITIONS AND CHANNEL MODEL

We use X for a �nite set, X a random variable, and x its
realization. Vectors of length n are denoted in boldface font,
such as x. A quantum state is represented by a density operator
� 2 D(H), where D(H) is the set of all density operators on
a �nite-dimensional Hilbert space H. A generalized measure-
ment is speci�ed by a �nite set of operators, fDzg, such thatP
zD
y
zDz = 1. According to the Born rule, the probability

of the measurement outcome z is Pr(z) = TrfDyzDz�g and
the post-measurement state is Dz�Dyz

PZ(z) . The set f�z = DyzDzg
forms a positive operator-valued measure (POVM). A quantum
channel is de�ned by a CPTP map. A quantum instrument is
a quantum channel of the form �(�) =

P
z �z(�) 
 jzihzj,

where f�zg are CPTNI, and fjzig is an orthonormal basis.
The quantum entropy of � 2 D(H) is de�ned as H(�) =

�Tr(� log �). For a bipartite state �AB 2 D(HA 
 HB), the
quantum mutual information is I(A;B)� = H(�A)+H(�B)�
H(�AB), and the conditional quantum entropy is H(AjB)� =
H(�AB)�H(�B).

We consider the communication task of sending messages
via a fully quantum MAC NA1A2!B with the assistance of a
classical feedback link, see Fig. 1, where A1 and A2 represent
Transmitter 1 (�Alice 1�) and Transmitter 2 (�Alice 2�),
respectively, B is the receiver (�Bob�), and Z1, Z2 are the
classical feedback messages to Alice 1, 2, respectively. We
note that in the classical model with feedback, Bob provides
a copy of his received output through a back channel. This
allows the transmitters to obtain information about the other’s

message, enabling cooperation. In the quantum setting, the no-
cloning theorem [32, Sec. 3.5.4] prohibits perfect copying.
Instead, feedback will be de�ned through measurement, see
Section III.

III. CODING WITH CLASSICAL FEEDBACK

Consider a quantum MAC NA1;A2!B . We de�ne a code
for the transmission of messages using feedback, i.e., noiseless
classical links from Bob to Alice 1 and Alice 2.
De�nition 1 (Code with classical feedback). A (2nR1 ; 2nR2 ; n)
code for NA1;A2!B with classical feedback consists of
� Two message sets Mk = [1 : 2nRk ], where 2nRk is

integer, for k 2 f1; 2g.
� A sequence of strictly casual encoding mapsn
F (k;i)
MkZi�1

k !Ai
k

:Mk �Zi�1
k ! D(H
iAk

)
o

for Alice k,
such that each encoding map is backward compatible:
F (k;i�1)
MkZi�2

k !Ai�1
k

= TrAk;i � F
(k;i)
MkZi�1

k !Ai
k
. This condition

resembles that of causal side information [33].
� A sequence of feedback quantum instrumentsn
D(i)
Bi �Bi�1! �BiZ1;iZ2;i

o
, where �Bi is the post-

measurement system at time i.
� A decoding POVM

n
�m1;m2jzn�1

1 ;zn�1
2

o
on H
(n�1)

�B 

HB , producing a measurement outcome (m1;m2) 2
M1 �M2.

The coding scheme works as follows; Alice k selects a
message mk 2 Mk, where k 2 f1; 2g. At time i, Alice k
encodes the message with the encoding map F (k;i) , using
the feedback output zi�1

k that is available at time i. Alice 1
and Alice 2 then send A1;i and A2;i, respectively, through the
quantum MAC NA1A2!B . Bob performs a measurement using
the feedback quantum instrument D(i) on the channel output
Bi and the post-measurement system �Bi�1 from the previous
step, and sends the measurement outcome z1;i; z2;i through a
feedback link that introduce a single-unit delay, to Alice 1, 2.
Therefore, at time i, Alice k gets zk;i�1, for k 2 f1; 2g.

After time i = n, Bob receives the output Bn in the state

�(m1;m2;zn�1
1 ;zn�1

2 )
Bn �Bn�1 =

(NA1A2!B 
 id �Bn�1)
�
�(m1;zn�1

1 ;m2;zn�1
2 )

A1;nA2;n �Bn�1

�
(1)

where �(m1;zn�1
1 ;m2;zn�1

2 )
A1;nA2;n �Bn�1 is the input given Zn�1

k = zn�1
k .

To decode, Bob performs the �nal measurement
�m1;m2jzn�1

1 ;zn�1
2

on Bn �Bn�1 and obtains an estimate
(m̂1; m̂2) of the messages.

The conditional probability of error is

P (n)
e (m1;m2; zn�1

1 ; zn�1
2 ) =

1� Tr
�

�m1;m2jzn�1
1 ;zn�1

2
�(m1;m2;zn�1

1 ;zn�1
2 )

Bn �Bn�1

�
(2)

The average probability of error of the code is given by

�P (n)
e =

1
jM1jjM2j

X

m1;zn�1
1 ;m2;zn�1

2

Pr
�
zn�1

1 ; zn�1
2 jm1;m2

�

� P (n)
e (m1;m2; zn�1

1 ; zn�1
2 ) (3)
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with

Pr
�
z1;i; z2;ijzi�1

1 ; zi�1
2 ;m1;m2

�

= Tr
n
Dyz1;iz2;i

Dz1;iz2;i � �
(m1;m2;zi�1

1 ;zi�1
2 )

Bi �Bi�1

o
: (4)

where Dz1;iz2;i correspond to the feedback measurement.
Remark 1 (Operational description). In practice, encoding with
feedback can be implemented as follows. Alice k �rst prepares
a joint auxiliary state 	 �Ak;1 �Ak;2��� �Ak;n

. Then, at each time

instance, she applies an encoding map of the form E(m;zi�1
1 )

�A1;i!A1;i
.

Remark 2 (Communication without feedback). By choosing
the quantum instrument of the decoder’s feedback to be the
identity map, the model reduces to the standard quantum MAC
without feedback [11].
Remark 3 (Perfect vs. generalized feedback). In a classical
MAC with perfect feedback, the channel output Y is sent
through a noiseless link back to both transmitters. I.e., the
feedback messages Z1 and Z2 are identical to Y [20]. As
pointed out earlier, perfect feedback is impossible in the
quantum setting, due to the no-cloning theorem.

In a classical MAC with generalized feedback, the channel
model is de�ned in terms of a �xed probability function
PZ1Z2Y jX1X2 [26]. In our model, the receiver is free to choose
an arbitrary quantum instrument, and thus dictates the feedback
statistics. We will see the implications in Theorem 2.
De�nition 2 (Achievable rate pair). A rate pair (R1; R2) is
achievable for the quantum MAC with classical feedback, if
for every "; � > 0 and suf�ciently large n, there exists a
(2n(R1��); 2n(R2��); n) code such that �P (n)

e � ".
De�nition 3 (Capacity region). The capacity region of the
quantum MAC with classical feedback, denoted by Cfb, is the
closure of the set of all achievable rate pairs.

IV. MAIN RESULTS

We now present our main results for the quantum MAC
NA1A2!B with classical feedback.

A. Quantum Cover-Leung Region
The bound below is based on coding scheme where one

transmitter decodes the other’s message in full.
Theorem 1 (Quantum Cover-Leung bound). The capacity of
the quantum MAC NA1A2!B with classical feedback satis�es

Cfb �
[

8
<

:

(R1; R2) : R1 � I(X1;Z2jUX2)
R2 � I(X2;Z1jUX1)
R1 +R2 � I(X1X2; �BZ1Z2)!

9
=

;
(5)

where the union is taken over the classical auxiliary variables
(U;X1X2) � pUpX1jUpX2jU , state collections f�x1

A1

 ’x2

A2
g

and quantum instruments �B! �BZ1Z2
, where Z1 and Z2 are

the measurement outcomes that are sent to Transmitters 1 and
2, respectively, and �B is the post-measurement system at the
receiver. Note that the classical variables X1 U X2 form a
Markov chain. Given such auxiliary variables, states, and an
instrument, the output state is

!ux1x2
�BZ1Z2

=
�
�B! �BZ1Z2

� NA1A2!B
�

(�x1
A1

 ’x2

A2
) (6)

To show achievability, we modify the classical scheme of
superposition block Markov coding with backward decoding to
the quantum setting. We apply the quantum multiparty pack-
ing lemma [30] for multiplex Bayesian network to establish
reliable decoding at the transmitters and the receiver. The
receiver’s measurement recovers both messages from the same
quantum state, preventing state collapse. The proof outline is
provided in Section V. The classical Cover-Leung rate region
[20] is obtained as a special case of Theorem 1.
Remark 4. In our coding scheme, the transmitters employ a
coding strategy in which each decodes the other’s message
from its feedback and leverages this information to encode co-
operatively. The random variable U represents the information
known to both transmitters, while X1 and X2 select Alice 1’s
and Alice 2’s quantum states �x1

A1
and ’x2

A2
, respectively, which

are sent through the channel.
Remark 5. The quantum measurement essentially generates
noisy feedback. With noisy feedback, the approach above is
overly restrictive, as it forces each encoder to recover the
other’s entire message through a degraded link. In the next
section, we present a more general result that avoids this
bottleneck.

B. Partial Decode Achievable Region
We now present a bound based on a coding scheme where

each transmitter decodes only a part of the other’s message.
De�ne the partial decode (PD) rate region

RPD �
[

pUpV1X1jUpV2X2jU ; �
x1
A1

 ’x2

A2
;�B! �BZ1Z28

>>>>>><

>>>>>>:

(R1; R2) :
R1 � I(X1; �BZ1Z2jUV1X2)! + I(V1;Z2jUX2) ;
R2 � I(X2; �BZ1Z2jUV2X1)! + I(V2;Z1jUX1) ;
R1 +R2 � I(V1;Z2jX2U) + I(V2;Z1jX1U)
+I(X1X2; �BZ1Z2jUV1V2)! ;
R1 +R2 � I(X1X2; �BZ1Z2)!

9
>>>>>>=

>>>>>>;

(7)

where the classical auxiliary variables (U; V1; X1; V2; X2) �
pUpV1X1jUpV2X2jU , and the output state is

!uv1v2x1x2
�BZ1Z2

=
�
�B! �BZ1Z2

� NA1A2!B
�

(�x1
A1

 ’x2

A2
): (8)

Theorem 2.

Cfb � RPD: (9)

Remark 6. Here, the transmitters only decode a part of the
other’s message. Hence, V1 represents the information sent
from Alice 1 to Alice 2, and V2 represents the information
sent from Alice 2 to Alice 1.
Remark 7. The achievable region highlights a fundamental
trade-off due to the feedback measurement; extracting signi�-
cant information from the state may result in a collapse (B to
�B) that could eliminate the quantum advantage for decoding.
However, avoiding collapse by choosing the measurement
� = idB! �B , results in the same rates as without feedback
(see Remark 2).
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Fig. 2. Achievable regions for the quantum binary adder MAC. The capacity
region without feedback is the area within the dashed black line. An achievable
rate region with classical feedback is indicated by the solid blue line.

C. The Quantum Binary Adder MAC
The quantum binary adder MAC, as de�ned by [29]

N (�A1A2) =
1
2
�A1A2 +

1
2

SWAP � �A1A2 � SWAPy (10)

where SWAP =
P
jjiihijj.

Remark 8. This permutation channel models a setting where
the receiver does not know which transmitter sent each qubit.
This is particularly relevant in an optical setup. A similar
principle stands behind the classical binary adder as well.

Without feedback, the capacity region is [29]

R1 � 1; R2 � 1; R1 +R2 �
3
2
: (11)

Based on our quantum Cover-Leung bound in Theorem 1, we
derive an achievable rate region with feedback, as depicted in
Fig. 2. To obtain this region, we let U � Bernoulli

� 1
2

�
, X1 �

Bernoulli(�u) and X2 � Bernoulli(�u), with �u; �u 2
�
0; 1

2

�

for u 2 f0; 1g, �x1
A1

= jx1ihx1j and ’x2
A2

= jx2ihx2j.
We choose the measurement �B! �BZ1Z2

(�B) =P
y2f0;1;2gTrfDy�Bg jyihyj �B 
 jyihyjZ1


 jyihyjZ2
where

D0 = j00ih00j ; D1 = j10ih10j + j01ih01j ; D2 = j11ih11j. If
the output is in the support of D0, then we know that the
input was j0i 
 j0i with certainty. Similarly, D2 identi�es the
input as j1i 
 j1i. Whereas, D1 can be viewed as a confusion
subspace, where we have uncertainty regarding the inputs.

V. PROOF OUTLINE

We provide the proof outline. The full proof is given in [31].
We build upon the quantum multiparty packing lemma [30].
Lemma 3 (One-shot quantum multiparty packing lemma,
[30, Lem. 2]). Let B = (G = (V;E); X;M; ind) be a
multiplex Bayesian network (see [30, Sec. III] and Fig. 3).
Run the codebook generation algorithm: Generate xv(m) �
PXvjXfv0:(v0;v)2Eg

(�jxfv0:(v0;v)2Eg) for v 2 V , to obtain a
random codebook C = fx(m) 2 Xgm2M. Let H � G be
an ancestral subgraph, f!(xH)

B g a family of quantum states, D
a message index set on H , and " 2 (0; 1). Then there exists a

Fig. 3. Bayesian multiplex network Bcl-fb generating the codebook C for the
quantum MAC with classical feedback, illustrating the Cover�Leung scheme
with T = 2 blocks.

POVM fQ(mDjmD)
B gmD2MD for each mD 2MD , such that

for all (mD;mD) 2MH

ECH

h
Tr
h
(I �Q(mDjmD)

B )!(xH(mD;mD))
B

ii
�

f(jVH j; ") + 4
X

;6=L�D

2(
P

‘2L R‘)�D"
H(!XH B jj!

(fXSL
;Bg)

XH B )

where SL � fv 2 VH j ind(v) \ L 6= ;g, !XHB =P
xH2XH

pXH (xH) jxHihxH jXH

 !(xH)

B ,and D"
H(�jj�) de-

notes the quantum hypothesis-testing relative entropy, with
f(k; ") �!

"!0
0.

We begin with the proof outline for the case where
Alice 1 uses the feedback in order to estimate the (en-
tire) message of Alice 2. Fix a given input ensemble�
pU (u)pX1jU (x1ju)pX2jU (x2ju); �x1

A1

 ’x2

A2

	
, and a feedback

quantum instrument �B! �B �Z1 �Z2Z1Z2
, where �Z1 and �Z2 denote

local copies of Z1 and Z2 at Bob’s.
We use T transmission blocks, each consists of n channel

uses, to send a sequence of messages. In the superposition
block Markov scheme, Alice 1 and Alice 2 transmit new in-
formation in each block, along with old information that helps
Bob resolve the remaining uncertainty from the prior block.
The old information corresponds to Alice 2’s message from
the prior block, which Alice 1 recovers using the feedback.
The code construction and encoding are given below.

A. Classical Code Construction
To construct the codebook, we use the codebook generation

algorithm [30]. In block t 2 [1 : T ], Alice k selects a message
from M(t)

k , where M(0)
2 = M(T )

2 = f1g by convention.
The codewords are selected at random, according to the dis-
tribution pUpX1jUpX2jU , where u(t) and x(t)

k encode m(t�1)
2

and m(t)
k , respectively. The codebook structure is illustrated

in Fig. 3 for T = 2 blocks. The codebook is given by
C =

ST
t=1

n
u(m(t�1)

2 );x1(m(t�1)
2 ;m(t)

1 );x2(m(t�1)
2 ;m(t)

2 )
o

, where we use the short notation u � u(t), xk � x(t)
k for k 2

f1; 2g.

B. Encoding and Feedback
At the beginning of block t 2 [1 : T ], Alice 1 uses

the received feedback to �nd a unique ~m(t�1)
2 such that

(u;x1;x2; z1) are jointly typical, using the estimate ~m(t�2)
2

from the pervious block. If none or more are found, use an
arbitrary estimation. Alice 1 encodes x1(m(t)

1 j ~m
(t�1)
2 ) and
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sends !x1
A1

=
nN

i=1
�
x(t)

1;i
A1

using n transmissions via the channel.

Alice 2 encodes x2(m(t)
2 jm

(t�1)
2 ) and sends !x2

A2
=

nN

i=1
’
x(t)

2;i
A2

using n transmissions via the channel.
At time i, Bob receives !

(x(t)
1;i;x

(t)
2;i)

Bi
= N (�

x(t)
1;i
A1

 ’

x(t)
2;i
A2

) ,
performs the measurement � , and transmits the outcomes z(t)

1;i

and z(t)
2;i to Alice 1 and Alice 2, respectively, via the feedback

links.

C. Backward Decoding
The message decoding is performed successively back-

wards, after all T blocks are received. We apply Lemma 3
(see [30]) for t = T; T � 1; � � � ; 1. By Lemma 3, there exists
a POVM(

Q
�
m(t)

1 ;m(t�1)
2 jm̂(t)

2

�

�B�Z1 �Z2

)

m(t)
1 ;m(t�1)

2 2M(t)
1 �M

(t�1)
2

(12)

where m̂(t)
2 is the estimation from the previous decoding step.

D. Error analysis
We denote Alice k’s messages by m[T ]

k � (m(0)
k ; : : : ;m(T )

k ),
and Alice 1’s estimation for Alice 2 messages by ~m[T ]

2 �
( ~m(0)

2 ; : : : ; ~m(T )
2 ). De�ne the event that Alice 1 estimates

erroneously in block t by E1(t) = f ~m(t�1)
2 6= m(t�1)

2 g,
and the event of Bob’s erroneously decoding in block t by
E2(t) = f(m̂(t)

1 ; m̂(t�1)
2 ) 6= (m(t)

1 ;m(t�1)
2 )g.

The expected probability of error is bounded by

ECn
H

� �Pe(C)
�
�

TX

t=1

Pr(E1(t)jEc1(t� 1))

+
TX

t=1

Pr(E2(t)jEc2(t+ 1) \ Ec1(t)): (13)

The �rst term tends to zero by the LLN and the classical
packing lemma [17, Th. 1.3] if

R2 < I(X2;Z1jX1U)� �("): (14)

By the quantum multiparty packing lemma (Lemma 3), the
second term satis�es

Pr(E2(t)jEc2(t+ 1) \ Ec1(t)) =

EC
h
Tr
h�
I �Q

�
m(t)

1 ;m(t�1)
2 jm(t)

2

�

�B�Z1 �Z2

�

!
�
x1(m(t)

1 ;m(t�1)
2 );x2(m(t)

2 ;m(t�1)
2 )

�

�B�Z1 �Z2
(t)

ii
(15)

� f(3; "(n))

+ 4

 

2
nR1�D

"(n)
H

�
!
n

UX1X2 �B �Z1 �Z2
jj
�
!(fX1; �B �Z1 �Z2g)

UX1X2 �B �Z1 �Z2

�
n
�

+ 2
nR2�D

"(n)
H

�
!
n

UX1X2 �B �Z1 �Z2
jj
�
!(fUX1X2 �B �Z1 �Z2g)

UX1X2 �B �Z1 �Z2

�
n
�

+ 2
n(R1+R2)�D"(n)

H

�
!
n

UX1X2 �B �Z1 �Z2
jj
�
!(fUX1X2 �B �Z1 �Z2g)

UX1X2 �B �Z1 �Z2

�
n
�!

:

According to the quantum Stein lemma [30, Eq. 6],

lim
n!1

1
nD

"
H

�
!
nXB jj

�
!(fXS ;Bg)
XB

�
n�
= I(XS ;BjXS)! ,

hence the error probability for each block tends to zero if

R1 < I(X1; �B �Z1 �Z2jX2U)! � ";
R2 < I(UX1X2; �B �Z1 �Z2)! � ";

R1 +R2 < I(UX1X2; �B �Z1 �Z2)! � ": (16)

Replacing �Z1; �Z2 with Z1; Z2 and using the quantum data
processing inequality [32, Th. 10.7.2], the bounds reduce to

R1 � I(X1; �BZ1Z2jX2U)!
R2 � I(X2;Z1jX1U)

R1 +R2 � I(X1X2; �BZ1Z2)! (17)

By switching roles between Alice 1 and Alice 2, and using
time sharing, we obtain our quantum Cover�Leung region (see
(5)). This completes the achievability proof outline.

To derive the general bound in Theorem 2, we modify the
coding scheme using rate splitting, such that Alice 1 recovers
only part of Alice 2’s message. See [31] for further details.

VI. SUMMARY AND DISCUSSION

We study the quantum MAC with classical feedback, where
feedback is generated through measurement. We then establish
an achievable region and demonstrate through the example of
the quantum binary adder MAC that our region with feedback
is strictly larger than the capacity region without feedback.

As opposed to classical models, perfect feedback is impos-
sible in the quantum setting, due to the no-cloning theorem.
Instead, our receiver chooses a measurement that generates
feedback, dictating the noise model. The optimal measurement
may depend on the quantum channel. Our derivation also
yields the classical result on generalized feedback [17, Sec.
11.2], by replacing �B!BZ1Z2 � NA1A2!B with a general
channel from A1A2 to BZ1Z2, for classical channel inputs
and outputs. Future work includes �nding more examples of
quantum MACs that bene�t from feedback, and exploring
whether quantum feedback provides additional improvements.
A central challenge is to compare classical feedback and
entanglement assistance, and understanding in which cases
each offers greater advantage.

Our �ndings reveal, for the �rst time, that classical feedback
can expand achievable rates in quantum multi-user communi-
cation, opening new directions for the study of hybrid classical-
quantum networks.
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Abstract�Multi-antenna towards in-band shift keying (MA-
TISK) is a novel multi-carrier continuous phase modulation
(CPM) waveform. Due to the constant envelope (CE) property
of CPM signaling, MATISK allows transmit power ampli�ers
(PA) to operate without back-off, thereby signi�cantly enhancing
power ef�ciency. Unlike traditional CPM, MATISK enables tight
spectral con�nement through asymmetric subcarrier spectra.
This work develops a low-complexity signaling model for MA-
TISK which enables MLSE optimal, trellis-free demodulation.
Furthermore, we explore receiver architectures for the additive
white gaussian noise (AWGN) channel and slow-fading multiple-
input single-output (MISO) channels with full channel state in-
formation (CSI). A low-complexity cyclic-pre�x (CP) approach as
well as transmission ef�ciency improving insuf�cient-CP (ISCP)
algorithms are tailored to MATISK and evaluated in terms of
achievable rate and uncoded SER.

I. INTRODUCTION

Modulation standards in modern radios have converged
towards linearly pulse-shaped methods, such as orthogonal
frequency division multiplexing (OFDM) or single-carrier
quadrature amplitude modulation (SC-QAM). The bene�ts of
low complexity and good spectral con�nement however come
at the cost of a non constant envelope. Transmit PAs hence
have to operate under back-off to mitigate non-linear amplitude
distortions, which signi�cantly reduces power ef�ciency [1].
MATISK is a multi-carrier CPM waveform introduced in [2]. It
aims to rehabilitate CPM for modern radios by ensuring strong
spectral con�nement through asymmetric subcarrier spectra [3]
and mitigating pencil beams by temporal repetition coding.
Due to the CE of CPM signaling, transmit PAs need no back-
off. MATISK is envisioned for the mmWave and THz bands
where link budgets are critical, rendering the loss of amplitude
modulation less decisive.
In the �rst part of this work, we analyze the MATISK
waveform and identify it as a multi-carrier full response CPM
signal. Furthermore, a new signal model is developed by
identifying three distinct regions in an MATISK symbol: the
spectrum shaping pre�x (SSP), the cyclic pre�x (CP), and
the data block (DB). The SSP controls the transition between
two MATISK symbols and is con�gured to facilitate strong
spectral con�nement. Similar to OFDM [4] the CP transforms
a linear convolution with a channel impulse response (CIR)
into a circular convolution within the DB. This facilitates
low-complexity equalization and demodulation in dispersive
channels by means of fast Fourier transform (FFT) and one-
tap equalization. Con�gurations in which the CIR is fully
contained within the CP are deemed CP-MATISK.
The second part of this work explores MATISK transceiver
architectures with perfect channel state information (CSI). In

the literature, CPM signals are typically demodulated by means
of MLSE, tracking the phase state of a CPM symbol through
a trellis [5]. We derive the corresponding MATISK trellis
and observe that it is fully connected and collapses onto a
single path when traversed in the MLSE sense. Based on
this observation, a low-complexity MLSE optimal decision
feedback demodulator for AWGN channels and CP-MATISK
is conceived.
If a transmit channel is strongly dispersive, a large CP is
required for low-complexity equalization, reducing the trans-
mission ef�ciency �t. In order to identify a trade-off on �t,
we investigate ISCP environments for MATISK. The ISCP-
OFDM case is well-known and thoroughly discussed in the
literature. Several approaches to ISCP-OFDM are given below
in a non-exhaustive list: 1) frequency domain (FD) decision
feedback equalization (DFE) [6] 2) residual inter symbol
interference (ISI) cancellation [7] 3) channel shortening [8]�
[10] 4) MLSE demodulation [11], [12]. Furthermore, one can
treat the FD signal similar to the multiple input multiple
output-ISI (MIMO-ISI) case and apply equalization algorithms
such as MIMO-DFE [13], [14], vertical Bell Laboratories Lay-
ered Space-Time (V-BLAST) [15], [16], frequency-selective
BLAST (FS-BLAST) [17] and frequency-selective backwards
iterative cancellation (FS-BIC) [18]. This work focuses on
time-domain (TD) and MIMO-ISI equalization algorithms,
speci�cally TD minimum mean square error (MMSE) �ltering
and FD V-BLAST with an additional outer decision feedback
loop. Throughout this work, a multiple input single output
(MISO) system model is assumed. We present the ISCP
interference formulation which reveals that ISCP-MATISK
signaling induces ISI and ICI as well as a third interference
type deemed SSP interference (SSPI). We observe that SSPI
is a non-linear combination of ICI and ISI.
The proposed algorithms are evaluated in a mmWave line-
of-sight (LOS) and non-LOS (NLOS) indoor factory (InF)
environment in terms of uncoded symbol error rate (SER)
by Monte Carlo simulation as well as achievable rate esti-
mates. The capacity estimates are obtained partially through
numerical computation and Monte Carlo simulations following
the approach presented in [19]. We show empirically that
transmission in ISCP environments is possible, even if the CP
is completely omitted.
Throughout this work, lower case letters identify TD and upper
case letters FD signals. Bold letters indicate a matrix A or
vector a. Furthermore, Ay refers to the complex-conjugate
transpose of matrix A, IN is the N � N identity matrix,
[a]i the ith element of vector a, a[: i] is the sub-vector of a
containing elements 1; : : : ; i, Ef�g the expectation operation,
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Fig. 1. MATISK signal generation model

a� the complex conjugate of a and j the imaginary unit. The
complex circular-symmetric gaussian distribution of mean �
and covariance C is identi�ed by CN (�;C).

II. SIGNAL DESCRIPTION AND SYSTEM MODEL

A. Signal De�nition
An MATISK signal is comprised of Nsc independent CPM

signals modulated onto different subcarriers. We say every sub-
carrier is allocated an individual MATISK antenna. A MATISK
antenna does not necessitate an individual physical antenna
as one could provide Nsc parallel PAs and send the ampli�ed
signal over a singular antenna, achieving similar results. In the
following we assume that the number of MATISK antennas is
equal to the number of physical antennas and simply refer to
it as an antenna.
Figure 1 illustrates the modulation process of an MATISK
subcarrier. The M -ary input symbols an[l] 2 f0; 1; : : : ;M�1g
(symbol duration NT ) are repetition coded with rate c = 1=N .
Together with the differentiation stage this processes is cap-
tured by the mapping from symbols an[l] to en[k] using the
code book R = f(0; 0; : : : ; 0); : : : ; (M � 1; 0; : : : ; 0)g. The
CPM modulated signal is given by (1):

sn[k] =
p
P exp

(

j

 

�h
kX

�=k�L+1

fn(en[�];wn)q[k � �]

+ �n[k]

!)

exp fj
nkg (1)

Where, 
n is the normalized subcarrier angular frequency,
�n[k] = �h

P
��k�L en[�] is the phase memory [20], h =

2=M the modulation index and M is the constellation size.
Following the notation of [5] q[k] is the phase pulse of duration
L sampled at t = kT , a monotonic non-decreasing function
with value zero for any t < 0 and unit value for any t � LT .
Equation (2) de�nes the spectrum bending function fn(�; �):

fn(en[k];wn) =

(
en[k]� 2

h [wn]en[k] for en[k] > 0
en[k] for en[k] = 0

(2)

Here, wn 2 f0; 1gM�1 is the so-called con�guration vector of
subcarrier n. If [wn]en[k] is one, then fn(en[k];wn) � 0. The
symbol will hence produce a negative instantaneous frequency
for the duration of the phase pulse L, causing an asymmetric
spectrum leaning towards lower frequencies. Empirically wn
is set to the all-one vector for any subcarrier above the central
carrier frequency and the all-zero vector otherwise [2]. When
the corresponding phase pulse q[k��] has reached unit value,
fn(en[�];wn) can be replaced by en[�] as it induces a constant
phase shift by 2�m with m 2 f0; 1g. Due to the differential
repetition coding, every non-zero en[k] is followed by N � 1
zero samples. If L � N , no two phase pulses will have an
overlapping transition area as illustrated in Fig. 2. We therefore
are able to express the partial response CPM [21] signal (1) by
an equivalent full response CPM [20] signal with N samples

xl;n[�L�NG] ::: xl;n[�NG] ::: xl;n[0] ::: xl;n[Nsc�1]

SSP: L samples CP: Ng samples DB: Nsc samples

t=0 t=LT t=NT

q(
t)

Fig. 2. Structure of an MATISK symbol
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]��
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Fig. 3. MATISK complex-baseband system model

per symbol interval. The kth sample of the lth MATISK symbol
on subcarrier n is identi�ed by xl;n[k] as shown in (3).

xl;n[k] =
p
P exp fj (�hfn(an[l];wn)q[k � L�Ng]

+ �n[l] + �n[l]
�o

exp fj
nkg (3)

We refer to xl;n[k] as the kth sample of the lth MATISK symbol
on subcarrier n. The sample index k is relative to the frame
index l, i.e. k = 0 identi�es the �rst sample of the lth DB.
The relative indexing causes a phase shift re�ected in �n[l] =

n(lN +Ng + L). Each MATISK symbol is partitioned into
three regions: an SSP of L samples during which the phase
pulse rises from zero to unit value, a CP of Ng samples, and a
DB of Nsc samples (where Nsc is the number of subcarriers) as
shown in Fig. 2. Assuming subcarriers placed at 
n = 2�

Nsc
n,

a DFT over the DB can separate all Nsc signals without ICI
[4]. Note that for all k in the DB and CP we have:

xl;n[k] = X[l; n] expfj
nkg8 �Ng � k < Nsc (4)

with X[l; n] =
p
P exp fj (�han[l] + �n[l] + �n[l])g. We

referr to X[l; n] as the lth modulated symbol on the nth

subcarrier. Each MATISK symbol contains more samples
than subcarriers which causes a transmission ef�ciency
�t = Nsc=N lower than one.

B. System Model
Consider the multi-antenna complex-baseband system

shown in Fig. 3. Every subcarrier channel is assumed to be
suf�ciently modeled by an FIR �lter hn[k] of Ncir;n + 1 sam-
ples. We refer to the overall CIR length as: Ncir = maxnNcir;n.
The received signal yl[k] is given by (5).

yl[k] =
X

n

(hn � xl;n)[k] + w[k] (5)

Every subcarrier transmit signal xl;n[k] is generated by an
independent uniformly distributed (i.u.d.) M-ary symbol se-
quence an[l]. The independent identical distributed (i.i.d.)
additive white Gaussian noise (AWGN) samples w[k] are
circular-symmetric complex Gaussian of zero mean and vari-
ance �2

w. At Rx, a serial-to-parallel converter (S/P) stacks the
lth DB in a vector y[l] = [yl[0]; : : : ; yl[Nsc � 1]]T . Carrier
separation is achieved through DFT of y[l] which produces the
vector Y[l]. The exact formula for Y[l] depends on the channel
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Fig. 4. MATISK state trellis for cardinality M = 4

con�guration and will be given in the respective subsections
of Sec. III and Sec. IV. Estimates of the transmit symbols an[l]
are obtained through demodulation of Y[l].
To compute the SNR, we assume that the channels do not
degrade the energy, i.e.

P
n(hn � xl;n)[k] and

P
n xl;n[k]

have equal energy. Each subcarrier occupies a bandwidth of
approximately Bsc � 1= ~T , such that the overall aggregated
bandwidth is approximately B = Nsc= ~T . Equation (6) de�nes
the SNR of a received MATISK signal.

SNR �
PMATISK

BN0
=
PNT
N0

=
Es

N0
=
log2(M)Eb

N0
(6)

Here PMATISK = NscP is the power of an MATISK frame, Es
is the energy per symbol, Eb the energy per bit and N0 is the
one-sided noise power spectral density.

III. TRANSCEIVERS IN AWGN CHANNELS

For transmission through the AWGN channel we assume
hn[k] = �[k] 8 n. The nth FFT output bin for the lth symbol
is given by (7).

Y [l; n] = NscX[l; n] +W [l; n] (7)

with W [l; n] � CN
�
0; Nsc�2

w
�
. Due to the modulation index

h being an integer fraction, the phase at any t = l ~T (also
referred to as the phase state) is constrained to a �nite
set of possible values [5]. MATISK is a full-response CPM
signal, therefore the phase state is fully determined by the
phase memory: �n[l] 2

n
0; 2�

M ; : : : 2�(M�1)
M

o
8l > 0; n

and �n[0] = 0 8n. Plotting all possible phase states and
the corresponding transitions over time produces the trellis
depicted in Fig. (4). Since any phase state �n[l] can be reached
from any preceding �n[l� 1], the MATISK state trellis is fully
connected. The MLSE demodulator jointly demodulates NB
consecutively transmitted symbols based on the observation
Yn = [Y [l; 0]; : : : ; Y [l; NB � 1]]T . The probability of observ-
ing Yn given the transmit sequence Xn is described by (8).

pYnjXn =
1

�NB�2NB
N

exp
�
�

1
�2
N
jjYn �Xnjj

2
�

(8)

The MLSE optimal transmit sequence X̂n, hence minimizes
the squared Euclidean distance Jn;NB (ân) = jjYn � X̂njj2,
where X̂n is a function of ân. The metric JNB ;n can be
computed recursively using a transition metric ZNB�1;n:

JNB ;n(ân) = ZNB�1;n(ân[NB � 1]; �n[NB � 1])
+ JNB�1;n(ân[: NB � 2]) (9)

with Jl;n(ân[: l � 1]) =
Pl�1
i=0 jY [i; n] � X̂[i; n]j2 and

Zl;n(ân[l]; �n[l]) = jY [l; n]�X̂[l; n]j2. Minimizing the metric
is identical to identifying the optimal path through the trellis
which is solved by the Viterbi algorithm [22], [23]. Based on

(4) we can reformulate the transition metric as a function of
the target state �n[l + 1]:

Zn;l(an[l]; �n[l]) = jY [n; l]�
p
P expfj(�n[l + 1] + �n[l])gj2

= Zn;l(�n[l + 1]) (10)

Hence, the Collapsing Trellis Lemma emerges.

Lemma III.1 (Collapsing Trellis Lemma). All M minimum
metric paths leading into stage �n[l] originate from the same
state in stage �n[l � 1].

Proof. The transition metric is a function of the target state
�n[l]. As the trellis is fully connected, the minimum stage
metric Jn;l is obtained by independently minimizing Jn;l�1
and Zn;l�1. All target states �n[l] have the same minimizing
Jn;l�1 and hence the same preceding state �n[l � 1].

The Collapsing Trellis Lemma shows that there is no
uncertainty about the preceding state �̂n[l] at the point in
time where the optimal ân[l] is searched. As a consequence,
the MLSE optimal demodulator uses a hard estimate of �̂n[l]
based on the preceding demodulation stages to demodulate
ân[l]. We can hence compute ân[l] according to (11), starting
from a known state �n[0] = 0 and iteratively updating
�̂n[l + 1] = �̂n[l] + �hân[l].

ân[l] = Q

 
arg(Y[n; l])� �n[l]� �̂n[l]

�h

!

(11)

Where, Q(�) is a slicing function mapping the soft estimates
of ân[l] to hard estimates. This trellis-free demodulator is re-
ferred to as the phase memory decision feedback demodulator
(PMDFD).

IV. TRANSCEIVERS IN DISPERSIVE CHANNELS

A. CP-MATISK
If Ncir � Ng, i.e. the CIR is fully contained in the CP,

one tap equalization as in OFDM [4] is optimal with respect
to ICI and ISI suppression. This con�guration is referred to
as CP-MATISK. Due to the CIR being fully contained within
the CP, the linear convolution by the CIR emulates a circular
convolution within the DB. The channel effect is therefore
modeled by multiplication in FD:

Y[l] = HX[l] + W[l] (12)

where H = diagfH0[0]; : : : ;HNsc�1[Nsc � 1]g with Hn[m]
as the mth frequency bin of the Nsc-Point DFT of hn[k]
and X[l] = [X[l; 0]; : : : ; X[l; Nsc � 1]]T . Unlike CP-OFDM,
CP-MATISK requires multiple antennas for transmission but
offers a constant envelope and stronger spectral con�nement.
A single OFDM subcarrier is not constant envelope as it is
linearly modulated.

B. Modelling ISCP Interference
In the following, an interference formulation for ISCP sce-

narios, similar to the OFDM case in [6] is derived. To simplify
the analysis we restrict the CIR length to: Ncir � N +Ng, i.e.
the CIR can cause interference with the (l�1)th DB and CP but
not the preceding SSP. To obtain the interference formulation
we compute the DFT of yl[k] in (5) for 0 � k < Nsc.
During the DFT computation and convolution by the CIR,
the subcarrier signal xn;l[k] is evaluated over a range of
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�Ncir � k < Nsc. To simplify the computation we split
xl;n[k] in several �ne-grained blocks which are transformed
individually:
� lth phase pulse has unit value: xl;n[k��] 8 fk��jk�� �
�Ngg

� rth sample of the lth SSP: xl;n[k��] 8 k�� = �Ng�L+r
where 0 � r < L

� lth phase pulse is zero: xl;n[k � �] 8 fk � �jk � � <
�Ng � Lg

The exact computation is omitted as it closely follows the
OFDM-ISCP case in [6]. Collecting the DFT results in a vector
Y[l] = [Y [l; 0]; : : : ; Y [l; Nsc � 1]]T yields:

Y[l] = KiciX[l] +
X

r

Ksspi;rXsspi;r[l] + KisiX[l � 1] + W[l]

(13)
with:

[Kici]m;m = Nsc

NgX

�=0

hm[�]e�j 2�
Nsc

m� (14)

+
NcirX

�=Ng+1

hm[�]e�j 2�
Nsc

m�(Nsc +Ng � �)

[Kici]m;n =
NcirX

�=Ng+1

hn[�]e�j 2�
Nsc

n� �
��Ng
n�m � 1

1� �n�m
8n 6= m

(15)

[Ksspi;r]m;m =
NcirX

�=Ng+L�r

hm[�]e�j 2�
Nsc

m� (16)

[Ksspi;r]m;n = �(r�Ng�L)
n�m

NcirX

�=Ng+L�r

hn[�]e�j 2�
Nsc

m�8n 6= m

(17)

[Kici]m;m = ej(�n[l�1]��n[l]) (18)

�
NcirX

�=Ng+L�r

hm[�]e�j 2�
Nsc

m�(��Ng � L)

(19)
[Kici]m;n = ej(�n[l�1]��n[l]) (20)

�
NcirX

�=Ng+L�r

hn[�]e�j 2�
Nsc

n� 1� ���Ng�L
n�m

1� �n�m
(21)

where �n�m = ej 2�
Nsc

(n�m). The matrices Kici and Kisi char-
acterize the ICI and ISI, respectively, and Ksspi;r models a new
type of interference deemed SSPI. Furthermore, X[l] 2 CNsc�1

is de�ned as in CP-MATISK and Xsspi;r[l] 2 CNsc�1 contains
the modulated samples in the SSP:

Xsspi;r[n; l] =
p
P exp fj (�hfn(an[l];wn)q[r]

+�n[l] + �n[l])g (22)

Equation (22) reveals how the SSP samples are a non-linear
combination of the modulated symbols of frame l and l �
1. We can hence identify SSPI as a nonlinear combination
of ISI and ICI which presents a novel type of interference,
not present in ISCP-OFDM. Due to the spectrum bending,
the SSPI imposes a natural ordering in the interference power

levels. Outer sub-carries experience lower SSPI levels due to
the spectrum shaping function shifting SSP power towards in-
band.

C. Full TD-MMSE Equalization
Linear �ltering in TD to fully cancel ISCP interfer-

ence is explored in the following subsection. A �lter ma-
trix FMMSE processes the extended receive vector ~y[l] (23)
in TD to obtain an estimate of the DB signal xdb[l] =P
n [xl;n[0]; : : : ; xl;n[Nsc � 1]]T .

~y[l] =
X

n

~Hn~xn[l] + ~w[l] (23)

Here, ~Hn 2 C(Nsc+Nteq)�(Nsc+Nteq+Ncir) is a circulant matrix
where the �rst row is given by [hn[Ncir]; : : : ; hn[0]; 0; : : : ; 0],
~xn[l] = [xl;n[�Nteq � Ncir]; : : : ; xl;n[Nsc � 1]]T and ~w[l]
contains the corresponding i.i.d. noise samples. The parameter
Nteq de�nes how many samples preceding the DB are observed
by the temporal �lter. We obtain the MMSE �lter matrix by
minimizing JMMSE = Ex;n

�
jjxdb[l]� FMMSE~y[l]jj2

	
, which

leads to the following well-known solution:

FMMSE = RxdbyR
�1
yy (24)

The autocorrelation matrix is given by Ryy =P
n

~HnRxx;n ~Hyn + Nsc�2
wINsc+Nteq where Rxx;n =

Ef~xn[l]~xn[l]yg. The cross-correlation matrix is
given by Rxdby =

P
nRxdbx;n

~Hyn with Rxdbx;n =�
0Nsc�(Ncir+Nteq) INsc

�
Rxx;n. To compute Rxx;n, three

case distinctions are made:
� Rintra: both samples lie in the DB/CP of the same frame
� Rinter: both samples lie in DB/CPs of different frames
� Rssp: at least one sample lies within the SSP

Furthermore we de�ne rk0k00 = E fxl;n[k0]xl;n[k00]�g. Assum-
ing rk0k00 lies in Rintra both phase pulses are either one or zero,
such that the expectation is simpli�ed to (25).

rk0k00 = P exp
�
j

2�
Nsc

n(k0 � k00)
�
8 (k0; k00) 2 Rintra (25)

For Rinter the expectation always returns zero as the data
symbol is uniformly distributed. In the SSP region Rssp the
expectation must be computed explicitly by summing over
all M possible data symbols and phase memories. We note
that the MATISK signal is cyclostationary as the statistical
properties change between the DB/CP and SSP, but repeat for
each symbol.

D. FD V-BLAST Equalization
The ISCP interference formulation is somewhat related to

a MIMO-ISI channel with a normalized delay spread of one
or lower. MIMO-ISI can be treated by applying the FS-
BLAST algorithm developed in [17]. FS-BLAST essentially
generalizes V-BLAST by inserting a MIMO-DFE in each
equalization stage. The simulation results in [17] showed that
V-BLAST performs well up to a normalized channel delay
spread of 0.2 symbols. In our case, the MATISK symbol length
is equal to the symbol duration in FS-BLAST, such that a low
delay spread can be ensured. Furthermore, we can assume a
decision delay of zero, i.e. the hard estimates for frame l � 1
are known upon equalization of frame l. This is exploited by
inserting an outer decision feedback loop to fully cancel the
ISI term in (13) as shown in Fig. (5). This ISI cancellation
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Fig. 5. K-DFE ISI Cancellation Receiver

TABLE I
MATISK UNCODED SER SIMULATION PARAMETERS

Parameter Value
Sample Rate: 1=T 250 MHz

Carrier Frequency: fc 150 GHz
# of Subcarriers: Nsc 32

Pulse Length: L 4
Phase Pulse: q(t) LRC [5]
Cardinality: M 4

MATISK Symbols per Transmission: NS 256
# of Transmissions 2 � 104

approach is deemed K-DFE ISI cancellation, indicating the
use of matrix Kisi. Under these assumptions, it is suf�cient to
apply the standard V-BLAST algorithm.
Each successive interference cancellation (SIC) stage applies
an MMSE �lter f�i 2 CNsc�1 to obtain an estimate X̂[l; �i]
from Yi[l], modeled by (26). The index �i de�nes the subcar-
rier demodulated in stage i of the SIC algorithm.

Yi[l] = Kici;iX[l] +
X

r

Ksspi;r;iXsspi;r[l] + W[l] (26)

The matrices Kici;i and Ksspi;r;i are obtained by replacing all
columns with indices in Ri = f�0; : : : ; �i�1g of Kici and
Ksspi;r with zeros. The MMSE �lter in stage i is given by:

f�i = R�1
Y Y;irYiX�i (27)

where rYiX�i = EfYi[l]X�[�i; l]g. Optimal detection or-
dering in V-BLAST with MMSE �ltering is obtained by
demodulating the carrier with the highest post-detection signal-
to-interference-plus-noise ratio (SINR) in each stage [16].
The signal model in (26) assumes that all previous decisions
are correct. Error propagation may cause severe problems in
this case. Therefore, we propose a second hybrid method of
TD-MMSE equalization followed by a V-BLAST equalizer
in frequency domain. The frequency domain signal after TD-
MMSE is given by (28).

Yi[l] =
X

n=2Ri

Vn~xn[l] + LW[l] (28)

where Vn = 
FMMSEHn and L = 
FMMSE with 
 as the
DFT matrix. The main difference to K-DFE V-BLAST is that
the time domain �ltering introduces colored noise which can
degrade detection performance and modi�es RY Y;i in the SIC
stages.

V. SIMULATION RESULTS

The proposed algorithms are evaluated in terms of uncoded
SER and achievable rate by means of Monte-Carlo simulation.
Multi-antenna CIRs are generated using the NYU channel
model simulator (NYUSIM) [24] in drop-based mode for LOS
(Ncir = 23) and NLOS (Ncir = 11) transmission in an InF
environment. The LOS CIR models the same re�ectors as the
NLOS with an addition of the LOS path and hence exhibits
increased length. Table I provides the general simulation set-
tings. The uncoded SER for the NLOS and LOS transmission
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Fig. 6. Uncoded SER in mmWave NLOS Channel
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Fig. 7. Uncoded SER in mmWave LOS Channel

scenarios are plotted in Fig. (6) and Fig. (7), respectively.
The notation MMSE(n) identi�es the linear TD-MMSE with
a guard interval Ng = n, the shorthand VB refers to the V-
BLAST algorithm. The TD-MMSE equalizers are con�gured
with Nteq = Ng + 2L, such that L samples of the preceding
frame are observed in every con�guration of Ng. The ISCP
algorithms are evaluated in a reduced CP (Ng = 4) and a
CP free (Ng = 0) setting. In the NLOS case, ICI and SSPI
dominate the ISI levels due to the short CIR. TD-MMSE is
unable to fully equalize the signal resulting in a signi�cant
error �oor. At Eb=N0 = 27dB TD-MMSE exhibits a SER of
0:037 and 4:74 � 10�5 in the CP free and reduced CP case,
respectively. The V-BLAST equalization schemes yield a SER
asymptotically approaching zero. Due to the relatively low ISI
levels, both ISI cancellation methods show nearly identical
SER. The LOS case is characterized by a lengthened CIR
with a dominating �rst sample. Due to the increased Ncir,
ISI is not dominated by ICI or SSPI. We observe that TD-
MMSE exhibits an error �oor in the CP free case and no
measurable error �oor for the reduced CP. V-BLAST with K-
DFE ISI cancellation is superior to the hybrid approach. The
V-BLAST equalizers match (NLOS) and even exceed (LOS)
the CP-MATISK approach in terms of SER. In the ISCP case,
ICI as well as SSPI can be exploited to increase frequency
diversity. While each subcarrier in a CP-MATISK transmission
is subject to a speci�c sub-channel frequency response, ISCP-
MATISK subcarriers are smeared over the entire channel. If
one sub-channel experiences deep fading ISCP-MATISK can
still reconstruct information on the corresponding subcarrier
signal through the ICI and SSPI. This works particularly
well for LOS, as adjacent sub-channels show strong jHn[m]j
variations, contrary to the NLOS case.
To provide an insight into the achievable performance in coded
transmission, the achievable rate for the presented algorithms is
evaluated. Analytic and Numeric computations are not feasible
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for ISCP-MATISK, we therefore follow the simulation-based
approach introduced in [19] with sl = �n[l�1], xl = an[l] and
yl = X̂[n; l], where X̂[n; l] is the soft modulated symbol after
equalization. The capacities of each subcarrier are computed
independently and averaged to obtain an overall achievable
rate. Furthermore, we approximate P (X̂[n; l]jan[l]; �n[l]) with
a Gaussian by moment matching and assume the absence of
error propagation for V-BLAST and K-DFE. Fig. 8 shows
the family of capacity curves for every discussed equalization
algorithm. The capacities are computed with Ng = 0 and
Nteq = 2L in the mmWave LOS Channel for constellation
sizes of 4, 8, 16, 32 and 64. CP-MASTIK is superior to
any ISCP-MATISK algorithm in terms of achievable rate. In
uncoded transmission, the worst subcarrier in CP-MATISK
dominates the SER and causes the ISCP case to exhibit
an advantage. Coded transmission allows each subcarrier to
operate close to its achievable rate such that no subcarrier
dominates the SER. Furthermore, we see that K-DFE ISI
cancellation is superior to the hybrid approach, especially
at high constellation sizes. Linear TD-MMSE equalization
exhibits satisfactory performance for low constellation sizes.
At high M , its asymptotic capacity lies below log2(M). Note
that the capacity is given in bit per subcarrier per symbol.
If it were given in bit=s=Hz, the asymptotic rates would
in general not result in the corresponding log2(M) due to
the transmission ef�ciency: �t < 1. Furthermore, while CP-
MATISK has a higher achievable rate in bit per subcarrier per
symbol than ISCP-MATISK it has a lower �t.

VI. CONCLUSION

We have shown that MATISK is a multi-carrier full response
CPM waveform. Trellis-free MLSE optimal demodulation is
possible due to the collapsing trellis. If the CP is suf�ciently
sized, CP-MATISK facilitates low-complexity equalization and
demodulation by means of FFT and one-tap equalization.
However, as strongly dispersive channels require a large CP
and the DB size is tied to the number of transmit antennas,
real CP-MATISK systems can experience low transmission
ef�ciency �t. It is therefore desirable to operate MATISK
under ISCP conditions. In ISCP environments, linear TD-
MMSE equalization exhibits close to optimal capacity for
constellation sizes M � 8. At higher M , TD-MMSE yields
a stagnant achievable rate. Non-linear equalization methods
can improve upon linear TD-MMSE. The hybrid approach
exhibits a diminishing capacity for any M > 16. K-DFE ISI
cancelation in combination with V-BLAST enables close to
CP-MATISK achievable rate in a CP free con�guration for any
simulated M . In uncoded transmission, ISCP-MATISK with V-
BLAST equalization is able to match and even outperform CP-

MATISK in terms of SER as ICI and SSPI smear information
over the full available bandwidth.
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I. Introduction
Although the problem of random access over the multiple-

access channel has been known for decades, the design of
e�cient waveforms, error correction codes and receivers for
massive random access with short packets still remains a
fundamental challenge in modern wireless communications.
With the advent of modern internet-of-things and robotic
control applications, it may be expected that the amount of
sporadic short-packet tra�c will increase in the future [1],
making practical and spectrally e�cient solutions to this
problem more desirable.

Multiple access (non-random) schemes over multi-antenna
fading channels typically rely on a divide-and-conquer ap-
proach, involving closed-loop synchronization, power con-
trol, coordinated allocation of orthogonal or non-orthogonal
pilot sequences, estimation of channel state, (linear) multi-
user equalization, carrier frequency o�set compensation, for-
ward error-correction (FEC) coding rate selection, etc. These
mechanisms essentially turn the multiple-antenna non-coherent
fading channel with all its impairments into an equivalent set of
independent additive white Gaussian noise (AWGN) channels,
to which good single-user FEC codes can be applied.

It is however known that such approaches � and the as-
sociated full-bu�er assumption � are not adapted to random
access because the associated signaling overhead, which de-
creases spectral e�ciency, is not acceptable for transmitters
that remain silent for most of the time [2]. Hence, true multi-
user decoding is rarely used in practical random-access sys-
tems, and contention-based schemes such as ALOHA and its
derivatives are used instead; however they operate far from the
performance of coordinated multiple access systems because
their performance decreases signi�cantly when the amount of
contention increases.

II. Decoder Architecture for Practical Random Access
Since the divide-and-conquer approach is not suitable for

sporadic communication of short packets, it is desirable instead
to consider approaches that perform activity detection, syn-
chronization, equalization, interference cancelation and chan-
nel decoding jointly and across multiple users, in the spirit of,
and generalizing, the principle of turbo-equalization [3].

While such approaches have been widely explored, they
are often not appealing in practice from the point of view of

This work has been partially supported by the ANR under the �France
2030� program under grant NF-PERSEUS (ANR-22-PEFT-0004), and under
grant WARM-M2M (ANR-24-CE25-2514).

receiver complexity. One of the main complexity bottlenecks
lies in the iterations between the FEC decoder, which
operates over a �nite �eld (binary or non-binary), and the
synchronization and channel estimation and equalization
subsystems, which typically rely on solving regression
problems in the continuous domain. These iterations involve
repeatedly transforming beliefs over bits (or discrete non-
binary symbols) into beliefs over modulation symbols in C,
and vice-versa. Such approaches typically do not scale well
when the number of active users is large, or with high-order
modulations. In addition, they are typically not amenable to
elegant performance analysis.

III. A Possible Way Forward
We present a novel interpretation of the multi-linear spread-

ing approach to random access from [4] as a coded modulation
for the case where M -state phase-shift keying (M -PSK) sym-
bols are used. While the resulting code structure is not new [5],
we show that thanks to the continuous relaxation of the M -
PSK to the unit circle proposed in [6], FEC decoding can be
implemented directly in a continuous domain, and parametric
beliefs taking the form of von Mises distributions replace
beliefs about the M discrete states of each variable.

We note that this decoding approach need not be restricted
to the scheme from [4], and that it is adapted to cases where
parallel interference cancelation is peformed among many
users and where multiple nuisance channel parameters (phase
and frequency o�set, fading channel gain, etc.) need to be
accounted for.

References
[1] G. P. Fettweis and H. Boche, �6G: The personal tactile internet�and

open questions for information theory,� IEEE BITS the Information Theory
Magazine, vol. 1, no. 1, pp. 71�82, 2021.

[2] R. Gallager, �A perspective on multiaccess channels,� IEEE Transactions
on information Theory, vol. 31, no. 2, pp. 124�142, 2003.

[3] C. Douillard, M. JØzØquel, C. Berrou, A. Picart, P. Didier, and
A. Glavieux, �Iterative correction of intersymbol interference: turbo-
equalization,� European Transactions on Telecommunications, vol. 6,
no. 5, pp. 507�511, 1995.

[4] A. Decurninge, I. Land, and M. Guillaud, �Tensor-based modulation for
unsourced massive random access,� IEEE Wireless Commun. Letters,
vol. 10, no. 3, pp. 552�556, 2021.

[5] G. Caire and E. Biglieri, �Linear block codes over cyclic groups,� IEEE
Transactions on Information Theory, vol. 41, no. 5, pp. 1246�1256, 1995.

[6] S. Suresh and M. Guillaud, �Belief propagation decoding of tensor-based
modulation for unsourced random access,� in Proc. International Zurich
Seminar on Broadband Communications, 2026.

2026 International Zurich Seminar on Information and Communication (IZS), Feb. 25–27, 2026

126



Teaching freshers information theory: Shannon’s
theorem for linear codes on the BEC

Jossy Sayir
University of Cambridge

Probability, Systems, Information & Inference Lab (	2)
Department of Engineering

email: js851@cam.ac.uk

Abstract�In this paper on information theory education, an
outline of a new course for �rst year students at the University
of Cambridge is described. The coding theorem is derived for the
special case of the Binary Erasure Channel using random binary
linear block coding.

I. INTRODUCTION

I am designing a new undergraduate course on information
theory for �rst year engineers. As part of this course, I am
proposing to derive the channel coding theorem for the Binary
Erasure Channel (BEC) using random linear codes, for which
asymptotically vanishing error probability can be established
using a fairly simple counting argument. This paper will
discuss the motivation for this course and the approach taken
to teach this part of the course.

My aim in presenting this paper on information theory
education at the International Zurich Seminar (IZS) is to seek
advice and feedback on this teaching project. While reading
this paper or attending my presentation, please re�ect on
how you and your students learned these concepts. What do
you think is a hard concept to digest? Are there shortcuts,
illustrations, metaphors, or examples that help clarify these
concepts? If you have any tips, I would love to hear from you.

II. COURSE BACKGROUND

As part of our undergraduate reform of the Engineering
Tripos at the University of Cambridge, we are introducing an
8 lecture block on Information Theory to be taught in the third
trimester of the �rst year. This lecture block will be accom-
panied by two Examples Papers taught by supervisors across
29 Cambridge colleges. The reformed tripos is scheduled to
be deployed starting in October 2027, and we are currently in
the process of developing lecture materials, with the aim of
�nalising them over the coming months so supervisors can be
trained to help teach the material.

Like most information theory courses, this course will cover
source coding and point-to-point channel coding. However,
the principal aim is to awaken students’ interest in the area
rather than to teach them information theory comprehensively.
An auxiliary aim is to motivate them to learn probability
theory and linear algebra by showing them applications of
these mathematical tools early on. As such, it is essential that
the material remain accessible mainly with pre-university level
mathematics, and that students have a positive �rst encounter

with probability and matrices. We currently have information
theory courses in the 3rd and 4th year of the tripos and, while
some modi�cations of the 3rd year course are expected, the
plan is to maintain these courses, allowing students to gain a
more comprehensive understanding later on.

The Cambridge Engineering tripos is a general-entry course,
so that some of the students taking this information theory
course will end up specialising in mechanical engineering,
structural engineering, electrical engineering, while some (cur-
rently about half) will specialise in information engineering
and hence remain in related areas. The idea of teaching
information theory so early to such a broad range of future en-
gineers prompted some debate, but ultimately the �eld provides
a good example of how engineering intuition and rigorous
analysis lead to groundbreaking engineering innovations, and
knowing this would bene�t all engineers.

The source coding part of the course follows a classical
design and will not be discussed in detail. We reserve the
concepts of typicality and the asymptotic equipartition property
for our advanced course, though many consider this the cor-
nerstone of the �eld. These concepts are hard to grasp without
probability background. Variable length coding and pre�x-free
codes are easier to understand with no prior background.

This paper focuses on the channel coding theorem. Standard
teaching of this theorem relies on typical sequences or on
advanced bounding techniques for random block codes. We
chose to teach the special case of linear coding for the Binary
Erasure Channel (BEC), because this simple example suf�ces
to develop full intuition as to why random coding works and
why the error probability decays with increasing block length.

I developed the background for this course while working
at the �Forschungszentrum Telekommunikation Wien� (Vienna
Telecommunications Research Centre, ftw.) in the early 2000s.
This paper will be presented at IZS within a session entitled
�From Theory to Wireless (FTW)� that brings together alumni
of this former research centre. At the time, my colleague
Ralf Müller (now a professor at the Friedrich-Alexander-
Universität Erlangen-Nürnberg) was working on the appli-
cation of random matrix theory to Multiple-Input Multiple-
Output (MIMO) wireless communications, and I was teaching
a university course on Turbo Coding and Low-Density Parity-
Check (LDPC) codes together with Gottfried Lechner (now
a professor at the University of South Australia / Adelaide
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University). Developments in the understanding of LDPC
codes relied heavily on concepts developed for the BEC, and
Ralf and I got talking about how one could prove the coding
theorem for the BEC using random matrices. I remember
laughing about Ralf’s surprise when we discovered that, unlike
for complex random matrices, a large random square matrix
over GF(2) is regular with probability 0.2887881, not 0 or 1.
More will be said about this in the next sections.

III. CHANNEL, CAPACITY AND THE CODING THEOREM

Peter Elias introduced the Binary Erasure Channel (BEC) in
[1] and [2]. Information theorists all know this channel as a sort
of thought experiment akin to those used to illustrate Einstein’s
relativity, rather than a model for a real-world channel. Careful
justi�cation will be required to maintain �rst year students’
attention when presented with a channel with no apparent
applications. In particular, I count on discussing channels more
generally. When proposing to restrict our attention to BECs,
I will note that all of our analysis also applies to non-binary
erasure channels for which there are real world applications.

To discuss channel capacity, several options are possible.
Having introduced entropy in the �rst half of the course, we
could show students the expression C = maxPx [H(Y ) �
H(Y jX)]. However, this expression may prove dif�cult for
two reasons: �rst, it relies on conditional entropies and al-
though we will need conditional probabilities later in this
paper to discuss probability of error, this will be high level
and intuitive without fully introducing properties of conditional
and joint probability. Second, maximising an expression over a
range of probability distributions is quite an advanced concept
that requires students to be comfortable with constrained multi-
variate function optimisation. More likely, we will defer this
expression to the advanced course and use a different argument
to show the capacity of the BEC speci�cally, namely that if
the transmitter knows the position of the erasures (essentially
a BEC with noiseless feedback but we probably wouldn’t
use that terminology yet) then they can achieve a rate of
R = 1 � p by transmitting uncoded data in the non-erased
positions, where p is the probability of erasure. This approach
also has the bene�t of not requiring an explicit converse, since
any data rate in excess of 1� p would have to use the erased
positions, but erasures carry no information and hence that
portion of the transmitted data would be �lost� or, equivalently,
recoverable with an error probability of 1=2.

At this stage, block coding can be introduced as a sort of
�magic trick� promise: with this technique, we will be able to
transmit data at a rate almost equal to 1�p even if the position
of the erasures are not known to the transmitter. Analogies with
language will be used to explain the concept and usefulness
of redundancy in coding, where block encoding is akin to
translating a perfectly ef�cient language onto a language that
can help recover information for all likely patterns of erasures.

IV. EQUATIONS, MATRICES, LINEAR SPACES AND RANK

In late 2015, I tested a version of this BEC-based course on
a class of 3rd year students in Cambridge. At the time, my late

colleague David MacKay had been diagnosed with a terminal
illness and was unable to teach the courses he had intended
to teach. In order to keep involved in teaching, he proposed
to serve as my �teaching buddy�, attending my lectures and
providing feedback to improve my courses. His feedback
proved invaluable. In particular my 4th year course on Reed
Solomon coding has been drastically improved, resulting in
a spectacular improvement in the pro�ciency of students as
veri�ed by exam performance. However, his reaction to the
BEC-based course shocked me. Instead of praising it as I had
hoped, he reported not understanding much, explaining he had
never fully understood the concept of matrix rank and hence
considered this to be an �adanced� linear algebra concept that
could not be taken for granted. Re�ecting on David’s famous
information theory course, which I had audited a few years
earlier, I realised that I had been in a similar position in that I
found his �easy� analysis of the Binary Symmetric Channel
(BSC) hard to follow because it relied on combinatorial
counting arguments that he considered trivial, but that never
felt comfortable to me. The reason why I feel comfortable
with matrix rank as a concept is that I learned linear algebra
in the �rst half of my �rst year of university, taught by the
legendary Professor Konrad Voss at ETH Zurich, whereas
counting and combinatorics is something I misunderstood in
secondary school and never quite caught up with during my
university education. In contrast, in Cambridge, linear algebra
is currently taught as part of a second year module and students
consider it an �advanced� part of mathematics (as did David).
This goes to show that the difference between �easy� and
�advanced� often depends on the stage of one’s education
when the material is taught.

In our following discussion with David, he proposed that I
introduce the concepts of matrix manipulation, rank, and inver-
sion based on simple examples using small binary matrices,
relating them to systems of equations that all students have
learned to solve during their secondary education and hence
typically feel comfortable with. My aim in this part of the
course is to put David’s proposal into practice and develop the
following concepts using examples on small matrices:

� matrix representation of systems of equation
� sets of solutions, linear spaces, subspaces and dimension
� column and row rank, rank of a matrix
� solving linear equations using Gauss elimination steps (at

this point I may introduce an example in GF(3) instead of
GF(2), to include the �division by pivot� step that doesn’t
exist in binary.)

Having familiarised students with matrix manipulation, I
will introduce the concept of a linear code, encoder, and decod-
ing over the BEC by solving linear equations: if a codeword
c = uG is transmitted over a BEC, where u is a length K
information word and G is a binary K�N encoding/generator
matrix, and the received word r has erasures at positions
j1; : : : ; j‘, then the encoded information can be recovered if
the system of equations

~r = u ~G (1)
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has a unique solution u, where ~r is the received word with the
erasures removed and ~G is the encoding matrix with columns
j1; : : : ; j‘ removed.

V. RANDOM CODING AND DECODING

The random coding experiment to bound the probability of
decoding of failure is as follows:

1) pick a K � N random binary matrix G with entries
chosen independently and uniformly at random, and
K = bRNc where R is the code rate (where the effect
of integer rounding can be neglected in our analysis for
large N )

2) the channel picks L positions to erase j1; : : : ; jL where
L is a binomially distributed random variable with mean
pN and variance p(1� p)N

3) if the resulting K� (N�L) matrix ~G has rank K, then
there is a unique solution to (1) and the information word
can be recovered

The choice of an initial random matrix G followed by the
channel choice of L erasure positions is equivalent to directly
choosing an K�(N�L) binary matrix ~G with entries picked
independently and uniformly at random, so the probability of
success is the probability that a K � (N � L) matrix chosen
in this manner has rank K.

The probabilistic analysis of this experiment is in two parts:
the �nice� part is to determine the probability of success for
a given L, while the �boring� part is taking the average over
PL(‘). I call the second part boring because I have not found
a pedagogically effective way of teaching this to �rst years.
Several options are possible:

1) explain why, when R = 1 � p � " for a small ", the
probability that the aspect ratio deviation D = (N�L)�
K exceed a threshold �N for � < ", i.e., the probability
that L < N(p+ "� �), goes to 1 as N goes to in�nity.
This can be illustrated graphically by showing that the
binomial distribution becomes thinner with respect to a
proportional deviation N("� �) from the mean.

2) equivalently, one can show that the deviation N(" � �)
can be made to be any multiple of the standard deviationp
p(1� p)N .

3) a more formal standard derivation uses Chebyshev’s
inequality (to obtain a bound on the probability of
failure proportional to 1=N ) or a Chernoff-style bound
(to obtain an exponential bound). The dif�culty here is
that the concept of general tail bounds on distributions
is a little hard to digest before one has had time to learn
probability theory more formally.

4) using speci�c bounds on the tail of a binomial would be
less abstract and hence easier to understand, but these
bounds tend to be quite technical and hard to work with.

I will probably use the �rst and second approaches during lec-
tures, and possibly give an optional exercise guiding students
through tail bounding methods for those who want to explore
this topic in more depth.

The �nice� part of the probability analysis, for a given L,
goes as follows. Let M = N � L be the number of columns

in the matrix ~G corresponding to non-erased symbols in the
received word r. The question is now, given that the matrix
was constructed by selecting its entries independently and
uniformly at random, to determine the probability that this
matrix has full row rank K. Clearly, if M < K, this probability
is 0. Assuming M � K, we can now visualise the matrix as
follows

~G =

Mz }| {2

666664

� � � : : : �
� � � : : : �
� � � : : : �
...

...
...

. . .
...

� � � : : : �

3

777775

1�M
2�M
3�M

...
K �M

and note that
� there are 2M � 1 possible choices for the �rst row (all

binary vectors of length M except the all-zero vector)
that would yield a 1�M matrix of rank 1

� there are 2M � 2 possible choices for the second row
(all binary vectors of length M except the all-zero vector
and the vector picked as the �rst row) that would yield a
2�M matrix of rank 2

� there are 2M � 2k�1 possible choices for the k-th row
(all binary vectors of length M except any binary linear
combinations of the �rst k � 1 rows) that would yield a
k �M matrix of rank k.

Therefore, the total number of invertible K �M matrices is
KY

k=1

(2M � 2k�1):

Dividing by the total number 2KM of K �M matrices, we
obtain a probability that a random K�M matrix is invertible

Pinvertible(K �M) =
QK

k=1(2M � 2k�1)
2KM

=
KY

k=1

(1� 2k�1�M )

=
MY

m=M�K+1

(1� 2�m) (2)

For M = K, i.e., a square K�K matrix, this gives the product

1
2
�

3
4
�

7
8
�

15
16
� : : :�

2K � 1
2K : (3)

The limit of the product above as K goes to in�nity is the
�magic number� � = 0:288788095086602. Attempting to fully
analyse this limit as M goes to in�nity for all K �M would
lead us down a mathematical rabbit hole involving concepts
such as Euler’s function, q-Pochhammer symbols, and the
pentagonal number theorem. This is unnecessary and beyond
the scope of our course. A few observations will be made to
help students understand the signi�cance of this result:

� if the aspect ratio deviation is D = M �K = 1, then the
limit in (3) becomes 2�

� if D = 2 then the limit becomes 2 � 4
3 � �
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� as the aspect ratio deviation D increases, the probability
that the K �M matrix is invertible approaches 1

� remember that M = N � L so D = M � K = N �
L�K = N(1�R)�L. In our analysis of the �boring�
averaging over L, we determined that P (L < N(p +
� � �)) goes to 1 as N goes to in�nity, hence with a
probability approaching 1,

D > �N

which grows with N , hence the probability that the K �
M matrix is invertible, which is also the probability of
decoding success given L, goes to 1 as N goes to in�nity

The argument above suf�ces to establish a vanishing probabil-
ity of decoding failure conceptually and this approach will be
taken during lectures. It gives students a full intuition of why
increasing block length results in an improved probability of
successful decoding for a given rate below capacity, thereby
giving them a working understanding of the coding theorem
for the BEC.

A slightly more formal analysis of the in�nite product (3)
for K !1 will be given as an exercise, inviting students to
note the following

� turn the in�nite product (3) into a sum by taking logs
� use the power series expansion of log(1�x) to give upper

bounds of the form

log(1� x) � �x�
x2

2
�
x3

3
� �x�

x2

2
� �x

for non-negative x, where the linear upper bound log(1�
x) � x gives a bound of 1=e on (3) and the bound can
be tightened by either including more terms of the power
series expansion of log(1 � x) or by substituting exact
values for a few initial terms

� lower bounds are harder to obtain. We use a tilting trick:
consider that for every � > 1,

log(1� x) � �x� �
x2

2
:

for a range of x. This can be visualised by considering the
quadratic upper bound and noting that the factor � tilts
the upper bound so it dips below log(1�x) and becomes
a lower bound for a range until it crosses the curve again.
In (3) we only need a lower bound for 0 � x � 1

2 , so
that � = 2 for example does the trick (see Fig. 1).

� showing that (3) is decreasing in K together with the
lower bound established using the tilting trick shows that
the in�nite product converges to a constant

� the tilting bound and the linear upper bound can be used
to derive an upper bound on the probability of decoding
failure that is exponential in �N .

VI. PRACTICE AND EXAMINING

The intended learning outcomes of this part of the course
are to gain an understanding of linear coding, of decoding for
the binary erasure channel, and of the asymptotics of random
coding that demonstrate a vanishing probability of decoding
failure as N grows to in�nity as long as R < 1� p.

1
2

x

log(1� x)
�x� x2

2
�x� x2

Fig. 1. Quadratic upper bound and tilted lower bound on log(1 � x) for
� = 2

The outcomes can be tested through exercises, e.g.,
� check the understanding of rate, dimension, number of

codewords for a code described by its encoder matrix G
� decode a received sequence r through Gauss elimination

for a small code, in cases where the erasures result in a
rank K residual matrix ~G or otherwise

� determine the probability that a random K �M matrix
is invertible for reasonably small numbers K and M , or
equivalently, ask this in the coding context by specifying
the dimensions K � N of a random encoder matrix G
and a number L of erasures

� test understanding of the coding theorem by asking to
con�rm what happens to the probability of failure as N
goes to in�nity for R < 1�p, what happens for R = 1�p
(the probability of success tends to �) or what happens for
R > 1� p (the probability of success tends to 0 because
you have more variables than equations in (1))

I have described two �looking further� exercises in the paper
but these will not be part of the core learning outcomes and
it is not expected that all students will complete them.

The topics of this course, both source and the channel
coding parts, lend themselves beautifully to being translated
into software practicals. Students could be asked to imple-
ment, or complete, programs that implement elementary data
compression techniques and decoding of linear codes for the
BEC via Gauss elimination. The undergraduate reform of the
Engineering Tripos at the University of Cambridge foresees
more opportunities for project-based learning but these plans
are still being �nalised so I am unable to say yet whether
practical implementations of the techniques in this course will
form part of the undergraduate experience in Cambridge.
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Abstract�The use of information as a way of understanding
biology has a long history, stretching back to and beyond
Shannon’s foundational paper. In spite of increasing interest in
this methodology, it remains misunderstood in both biology and
information theory. This paper reviews the philosophy of infor-
mation as a concept for understanding biological phenomena,
as well as the information-theoretic background of the problem.
Recent results and promising future directions of research are
also discussed.

I. INTRODUCTION AND HISTORICAL PERSPECTIVE

Living organisms at all scales are constantly acquiring, pro-
cessing, and using information, from bacteria sensing chemical
gradients and navigating towards a source of nutrients, to
higher animals, including humans, using sensory information
to interact with their world. Meanwhile, the study of in-
formation in modern communication systems has produced
important insights on optimal information processing. These
observations lead to a key research question, which we address
in this paper: how is the study of information, particularly
through the lens of information theory, important to under-
standing the dynamics and behavior of organisms?

The study of �information� in biology has arisen due
to historical advances in biological science. Studies in this
direction predate Shannon’s information theory: important
biological developments in the 1940s, particularly Avery’s
identi�cation of DNA as the molecule that encodes and stores
genetic information [1], spurred interest in formal studies of
biological systems as information processors. Schrödinger’s
in�uential 1944 essay, What is Life? [2], argued that the chro-
mosome contained a �code-script� that completely speci�ed
the development of the organism; this prescient prediction,
contemporary with Avery’s discovery, both foreshadowed and
in�uenced the discovery of the structure of DNA nine years
later [3]. These and subsequent results made clear that the
genome represents, stores, and transmits digital information,
even correcting errors in transmission, in much the same way
as a modern engineered communication system.

Shannon’s development of information theory [4] seemingly
emerged at an ideal time for biological applications, and
attempts to apply information theory to biology date almost
to Shannon’s 1948 paper [4]. By the mid-1950s, the �eld

This work was funded in part by the John Templeton Foundation as Project
#63644.

was suf�ciently well developed to support workshops (e.g.,
[5]), while notable early work was done by Attneave [6],
Barlow [7], and others. Other contemporary and more recent
researchers, taking a system-theoretic perspective, sought to
explain biological behavior in similar terms [8], [9]. However,
by 1970, progress in the information-theoretic direction had
slowed enough to prompt a retrospective calling for new ap-
proaches [10]. Amid ambivalence from the information-theory
community (arguably motivated by Shannon himself [11]),
interest waned until revived by renewed focus on quantitative
methods and systems biology at the beginning of this century.
Addressing a long-recognized issue with information theory
in biology, recent results address the semantics of biological
information, treating �meaning� through lenses such as evolu-
tionary �tness [12]. Importantly, this approach coincides with
recent interest in semantic and task-oriented communication
within the information theory community [13].

The contemporary state of both biology and information
theory makes a resurgence of interest in biological information
processing very timely. However, in spite of recent promising
work, the application of information theory to biology remains
misunderstood. The goal of this paper is to address these mis-
understandings and to discuss the principled and rigorous basis
for studies combining biology and information theory. The
paper reviews the current state of the �eld, considering what
sort of questions information theory can answer in biology,
the information-theoretic tools that might answer them, and
current progress in these directions, particularly focusing on
semantic information as an important direction of research.
The paper is organized as follows: we start by reviewing the
philosophical basis for information theory in biology (Sec.
II). We then give information-theoretic background (Sec. III),
followed by recent results (Sec. IV) and some suggestions for
future directions (Sec. V).

II. INFORMATION AND LIFE: PHILOSOPHICAL BASIS FOR
BIOLOGICAL INFORMATION THEORY

In this section we review current thinking into three foun-
dational questions that motivate the use of information theory
in biology. First, what is meant by biological information?
Second, is information theory relevant to biological informa-
tion processing? Third, if information theory is relevant, how
may it be used to advance biological science? These questions
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are somewhat controversial in both biology and information
theory, and we describe some of the disagreements along the
way.

First, the concept of biological information has been widely
discussed in the philosophical literature. As noted earlier, some
form of information processing is obvious in nature. However,
it remains an open question as to whether information pro-
cessing is, in itself, a formal and useful concept in biology,
or merely a metaphor for physical processes which are better
described by other means [14]. Arguing from the �useful� side,
approaches to biological information identify it with genetic
information, i.e., information encoded and preserved within the
genome of an organism [15]. While this de�nition is seemingly
restrictive, it is important to note that it allows for abstraction.
For example, the features of genes that encode for information
processing are heritable, particularly when they lead to �tness
advantages, even without describing the biochemical relation-
ship between a speci�c genomic sequence and a particular
information processing strategy. That is, ef�cient processing
of sensory information increases �tness, which is ultimately
preserved in a dominant genome [16]. As we will discuss
below, this observation is crucial to formulating hypotheses
from the perspective of information theory.

Second, philosophers of biology have grappled with the con-
cept of information processing, coming to different conclusions
on meaning and usefulness. An in�uential view, known as
the parity thesis, holds that information in biology represents
correlation among random variables: that is, certain arrange-
ments of the genome hold information about their environment
because they are correlated with them. Importantly, correlation
is symmetric, and proponents of the parity thesis argue that
the symmetry of information means it cannot be used to
distinguish between the effect of the genome and the effect
of the environment [14], [17]. In other words, consider the
phenotype as the organism’s response to the environment: with
a symmetric information measure, it cannot be clear if the
phenotype is caused by, or instead causes, the genome [18].
The parity thesis is identi�ed with quantities such as mutual
information, which is symmetric (i.e. I(X; Y ) = I(Y ; X)),
and which can be used as a measure of correlation [19].
Therefore, the parity thesis is sometimes used to dismiss
Shannon’s information theory as a nonrigorous metaphor, a
view which has historically also been held by some in the
information theory community (cf. [20]).

A variety of responses to the parity thesis have been
proposed. For example, Bergstrom and Rosvall [18] assert that
the parity thesis need not apply because the identity of the
transmitter and receiver are clear: similarly, in an engineered
communication system, the symmetry of X and Y do not
pose a conceptual problem because the system has a speci�c
transmitter and receiver. Another important response to the
parity thesis also comes from those who espouse it: Godfrey-
Smith [19] argues that the importance of genetic information is
that it is prescriptive and has meaning, i.e., it consists of func-
tional genes, where the functionality makes the communication
directional. Thus, a �strong� theory of information in biology

must respect the semantics of the message, i.e., the functional
meaning of the genome. While this was originally made as a
point against Shannon’s information theory (which famously
disregards meaning), more recently the study of semantic and
task-oriented communication has become an important sub�eld
within information theory; as we point out later in this paper,
this area has promise in studying biological information, and
has recently attracted attention from biological information
theorists [21]

Finally, accepting that information theory is relevant, we
may ask how best to use information theory to understand bi-
ological systems: what sort of informational hypotheses can be
posed and answered? Bialek [22] and Berger [23] (among oth-
ers) argued that natural selection is a process of optimization,
so biological information processing systems should operate
near their mathematical limits. If a system does not operate
near these limits, an organism with more ef�cient information
processing would have a �tness advantage (gathering the same
informational advantage for lower cost, or higher advantage
for the same cost). Thus, information-theoretic limits have
predictive value, and problems of the following form can be
addressed: given a sensory or communication system with
known �tness penalties for making an error, what is the
optimal tradeoff between sensory �delity and �tness? We may
hypothesize (i.e. predict) that the system operates at or near
the optimal tradeoff, and design an experiment to test the
hypothesis. The relevant information theory underlying these
predictions is discussed in the next section.

III. INFORMATION-THEORETIC BACKGROUND

A. Malthusian �tness and Kelly betting

Precisely what does it mean to optimize �tness? The �ttest
organisms survive and pass their genomes along to the next
generation, so in some sense the genome’s �goal� is to avoid
extinction. As the organism’s population increases, extinction
becomes less likely; however, while the relationship between
�tness and population should be monotonic, it need not be
linear. A widely-used measure of �tness, known as Malthusian
�tness, sets �tness as the logarithm of the population size [24],
[25], or equivalently as the population’s geometric growth rate
[26]. Thus, an organism that maximizes expected Malthusian
�tness will maximize the expected logarithm of its population.
Since the logarithm of zero (in the limit) is �1, a useful
property of maximizing Malthusian �tness is that any action
with nonzero probability of extinction is excluded.1

In this context, consider the following toy example of a
biological information processing system. An organism lives in
an environment that experiences �ooding and drought. At the
beginning of the growing season, it makes a prediction y about
the environment (i.e. a rate of 1 prediction per growing season).
It then uses that prediction to deploy either a phenotype for
wet conditions, or for dry conditions. If the prediction is

1Fitness is normally real-valued but the population is an integer, so
extinction is still possible even if Malthusian �tness is maximized, e.g. a
transient situation may occur where the population is positive but less than 1.
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correct, then the organism reproduces; if it is incorrect, then
the organism dies. From the perspective of the individual
organism, starting with 1 organism and ending up with 0 or 2,
the population growth function is then

g(x; y) =
�

2; x = y;
0; x 6= y; (1)

with x; y 2 fwet; dryg, where x and y represent the true
environment and the prediction (and hence the selected phe-
notype), respectively. The organism may use a bet-hedging
strategy, allocating fraction s of its population to the predicted
environment, and 1 � s to the other environment. Thus, the
winnings are

w(x; y) =
�

2s; x = y;
2(1� s); x 6= y; (2)

and the reward (i.e. �tness) function is r(x; y) = log w(x; y).
For geometric growth problems, maximizing the �tness, or

expected logarithm of winnings, is accomplished by a Kelly bet
[27]. For the simple toy example given above, it can be shown
that the optimal strategy is s = Pr(x = y j y). Interestingly,
with this setting, and with a uniform prior on X , the expected
�tness in this toy problem is

E[r(x; y)] = I(X; Y ): (3)

B. Rate-distortion theory
How well does Kelly betting (or any biological information-

processing system) compare with information-theoretic limits?
As noted in Berger’s seminal text [28], this question can be
addressed using rate-distortion theory. To brie�y review (the
reader is directed to [29, Ch. 10] for a detailed introduction),
the rate distortion problem considers the representation of
a random source X with representatives Y (following the
notational convention of capital letters X for random variables,
and lowercase letters x for particular values of those variables).
The set of representatives is collected in a codebook, whose
entries are indexed by a binary number, and there exists
a distortion function d(x; y), which gives the penalty for
representing source value x with representative y. Thus, the
rate-distortion problem asks: what is the minimum information
rate R (i.e., minimum size of the codebook) to represent the
source with average distortion at most D � E[d(x; y)]? This
tradeoff can be expressed in the rate-distortion function R(D),
and it can be shown that

R(D) = min
p(yjx)2PD

I(X; Y ); (4)

where PD = fp(yjx) : Ep(yjx)[d(x; y)] � Dg is the set of
p(yjx) that satisfy the distortion constraint.

Now consider the biological information processing problem
more speci�cally. Suppose X is a phenomenon of interest
to the organism. The organism responds to the phenomenon
by taking action Y (e.g., expressing a particular phenotype);
let d(x; y) be a penalty function specifying the cost to the
organism for performing action y in environment x (it may
be more natural to specify a reward function r(x; y), in which

case we can for example set d(x; y) = �r(x; y)). Then d(x; y)
can be used as a distortion function.

How might this work? Neglecting any constraints on causal-
ity or computational complexity for a moment, consider the
following scheme: a sensor with noncausal access to the
environment X prepares a codebook with 2nR rows. In this
scenario it is important to note that the rate at which the
sensor can send information to the organism is rate-limited,
i.e., R � H(X). Each entry in the codebook is a mapping
of environments X1; X2; : : : ; Xn to actions Y1; Y2; : : : ; Yn;
this codebook is provided to the organism. Then given a
vector of environments, the sensor �nds the correct entry
in the codebook and transmits it to the organism, using
nR bits. Finally, the organism uses the appropriate row of
the codebook to determine its sequence of actions. The ith
action has a cost d(Xi; Yi), and for the entire sequence the
average distortion is given by E[d(x; y)]. We have thus posed
the organism’s information-processing task as a classic rate-
distortion problem, so that R(D) gives the optimal tradeoff
between rate R and distortion D.

There are obvious problems with the above formulation, of
which we give two. First, sensing in biology is both rate-
limited and noisy. This point can be addressed by considering
source-channel encoding [30]: the above encoding scheme can
be adapted to the case where the channel between sensor
and organism introduces errors. Second, and more important,
organisms do not work this way; most living information
processing systems do not employ complicated encoding and
decoding schemes, and they certainly do not have noncausal
access to X . This can also be addressed by source-channel
encoding, and has particular relevance for biological commu-
nication, as we discuss below.

C. Source-channel encoding and single-letter codes
Consider the toy example from earlier, with the following

added features. Instead of predicting the environment, the
organism uses information from a sensor, as in the rate-
distortion problem above. The sensor has noncausal access
to the environment, and can communicate one environment
to the organism per growing season (the same rate as in the
toy problem). As before, the organism can decode the code
used by the sensor and apply its observations noncausally to
the environment, but now the channel between sensor and
organism is noisy. Now the sensor’s encoder must take into
account both the statistics of the source and the noisy channel.

From the source-channel separation theorem (cf. [31]), it
is known that the two parts of the problem can be treated
separately, while respecting the system’s rate constraint. In
this example, the system rate constraint is 1 source symbol per
channel use (i.e., each growing season has one prediction; most
biological sensing and communication problems will have a
similar constraint). Suppose the noisy channel has a Shannon
capacity of C information bits per channel use; then the source
encoder uses a rate of R = C information bits per source
symbol, which meets the rate constraint: C=R = 1. Under
source-channel separation, pick D satisfying R = R(D). Then
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the sensor may �rst encode the source at a rate R = R(D),
and subsequently protect the resulting information bits with
a rate-C error-correcting code. From the source-channel sep-
aration theorem, no system with in�nite, noncausal access
to the source can achieve a lower average distortion D.
While this system is mathematically well-posed and gives the
best possible rate-distortion tradeoff of any �tness-maximizing
information processor, it is once again completely impractical
from a biological perspective.

At least, we can say that the above procedure allows us to
calculate the best possible tradeoff, so a biological system must
operate within that bound; it is therefore weakly predictive of
biological performance. However, source-channel separation is
suf�cient, but not necessary, for optimality, so we may also ask
whether an organism can achieve this performance by other
means. In a remarkable result, Gastpar and colleagues [32]
found that if the distortion function has the form

d(x; y) = �c log p(xjy) + d(x); (5)

where c is any positive constant and d(x) is any function of
x, then the system can use a single-letter code, i.e. simple
transmission without coding, to achieve the optimal tradeoff. In
other words, x can be sent without encoding, and the resulting
noisy observation y can be used without additional processing.
Returning to our toy example, from (2) our distortion function
can be written

d(x; y) = �r(x; y) (6)
= � log w(x; y) (7)

=
�
� log 2� log s; x = y;
� log 2� log(1� s); x 6= y: (8)

Setting c = 1, d(x) = � log 2, and s = Pr(x = yjy), the Kelly
betting solution �ts the form of (5), and optimal performance
is available with simple bet-hedging, which is known to be
within the capabilities of organisms (see, e.g., [33], [34]). More
generally, it can be shown that each system that admits an
optimal single-letter code implements a Kelly bet [35].

The two conditions for optimal performance described in
this section, namely that R = C and s = Pr(x = yjy),
were earlier described by Berger as a �doubly matched� system
[23], conditions that he viewed as essential for the biological
application of information theory.

D. Semantic information theory

Throughout this paper we have discussed the chief criticism
of information theory in biology, which is that information-
theoretic quantities such as mutual information are only mea-
sures of correlation and thus provide no special insight into
biological processes. As early as 1970, Johnson [10] called
for modi�cations to the information-theoretic approach: in a
passage quoted by Berger [28], Johnson said,

In biology, some information is more important
than other information, but information theory in its
present form, wherein all structure or organization

is viewed as physical negative entropy, cannot distin-
guish the signi�cant from the trivial. [28, Sec. 6.4]

That is, in order to give insight, the semantics of information
(i.e., the meaning and importance of messages to the biological
process) must be respected. As the �goal� of a genome is
to survive, and its �tness is a measure of the likelihood of
survival, one possible meaning of a message is its impact on
�tness.

Rate-distortion theory is normally posed in terms of quanti-
zation or lossy compression. However, it is important to note
that the distortion function d(x; y) expresses a general view
of �delity: to obtain this function, we must have an idea of
the value of each representation of x with y, or the harm
of each kind of error. This framework is general enough to
include almost any such set of values, as d(x; y) can be any
�nite-valued function, and the best distortion function is highly
context-dependent. Thus, distortion is implicitly a judgment
about the semantics of the information.

Considering once again our toy example, the distortion
function quanti�es the importance of each environment to
the organism, and the consequences for its �tness. While the
meaning of a message might be dif�cult to calculate or quan-
tify in general, the Malthusian �tness advantage of particular
behavior may be obtained by calculating growth rates under
that behaviour. Growth rates based on gene expression can
be estimated by various techniques [36]. Thus, the semantics
of a message, de�ned as the �tness conferred by a particular
information processing strategy, may be tractably used to
assemble a distortion function.

The application of semantic information to biological sys-
tems remains an important and open area of research [21]. In a
methodological direction, generalizations of the rate-distortion
approach have been explored, particularly focusing on the
dynamic effect of information gathering on the organism’s
knowledge or state. In terms of the organism’s knowledge,
Kolchinsky and Wolpert [37] de�ne a quantity known as the
viability function (related to �tness), and use the transfer
entropy to quantify the semantic information gathered by the
organism, de�ned as

Tp(Yt ! Xt+1) = I(Yt; Xt+1 jXt): (9)

Using transfer entropy, the analysis proceeds in a manner
similar to the rate-distortion problem, �nding the minimal
information required to increase viability. In terms of the
organism’s state, the organism’s previous decisions might
affect its future �tness. For example, an organism requires both
water and food: if it decides to search for water, it might end
up with an abundance of water but a lack of food; thus, in the
future, it would assign greater value to �nding food rather than
water. In this sense, the reward function at time t is dependent
on previous actions, and may be written r(xt; ytjyt�1

1 ). Again,
this formulation may be analyzed in a framework similar to
rate-distortion theory [38], [39].

Importantly, recent developments in information theory have
also considered the semantics of information: it is often clear
what information is of interest to the user and what is not,

2026 International Zurich Seminar on Information and Communication (IZS), Feb. 25–27, 2026

134



and this can be exploited to achieve ef�cient encoding [13].
When meaning is clear and quanti�able (i.e., rewards and
penalties can be easily obtained), semantic-aware and task-
oriented encoding schemes in communication system design
can use a rate-distortion framework [40]�[42]. This suggests
an opportunity for research at the frontier of both information
theory and biology.

IV. RECENT RESULTS

There has been a considerable amount of recent work
applying information theory to biophysical problems, which
we divide into the categories below. These are merely examples
of current work in biological information theory, as space does
not permit a complete survey of this rapidly growing area.

Fitness value of information. Consistent with the concept
of �tness advantage and heritability expressed throughout this
paper, information theory can be applied directly to determine
the effect of information processing on �tness [12], [43]. This
observation has been re�ned in various ways. For example,
there is a close relationship between information processing
and prediction, and bacteria have been shown (theoretically)
to perform optimal environmental prediction [44]. Optimal
growth rates of organisms have been obtained for varying
environments with noisy cues [45], [46]; conversely, minimal
information to gain a �tness advantage has been studied [47].

As noted earlier, semantic and subjective information is
an important extension of the rate-distortion framework [21],
[37], [38]. This builds on observations that environmental
information must be gathered and stored internally by the
organism as a �state� [48]. For example, semantic information
has been applied to simulated resource-gathering problems
[49]. This is an open direction for future research.

Gene regulatory networks and signal transduction. A some-
what more direct application of information theory to the
functionality of the genome is the study of gene regulatory net-
works: as gene expression is stochastic, with a clear transmitter
and receiver for each signal, information theory can be used
to understand how information produces biological function,
such as to predict network structure [50], [51]. Experiments
have been conducted to measure the information transmitted
through particular networks [52]. In this direction, information
theory can explain how cells within embryos locate themselves
in space so as to determine their developmental path (e.g.,
into various tissues of the �nal organism) [53]. Generally,
features of these networks can be predicted by the principle of
information-theoretic optimality, as discussed in Sec. II [54].
Meanwhile, signal transduction is the mechanism by which
individual cells sense and interact with their environment; these
signals interact closely with gene regulatory networks as de-
scribed above, such as those for chemotaxis [55]. Information-
theoretic limits of individual signal transduction receptors have
been calculated [56], [57].

Molecular communication. As discussed in section III-C,
information-theoretic analysis of biological communication
must consider the noisy channel between transmitter and

receiver, which operates on chemical principles [58]. Us-
ing such models, the capacities of sensing channels can be
understood and incorporated into a source-channel coding
scheme. Molecular communication models are known for a
wide variety of biological contexts, such as ligand-receptor
systems [59] or diffusion in free space [60]. Experimental
approaches for molecular communication have also produced
promising results for communication within vascular systems
[61].

V. FUTURE DIRECTIONS

Biological information theory �nds itself at a moment of
unique opportunity: biophysicists increasingly embrace an in-
formational approach, while information theorists have started
to use the semantic tools that address the issues with past
approaches. There are two promising research directions from
this point, one experimental and one theoretical.

In the experimental direction, experiments are critically
needed to understand the relationship between �tness and
sensing. While intriguing experiments have been performed
showing that organisms perform bet hedging [33], [34], ex-
periments explicitly linking information gathering to growth
rates have yet to be done. One possible reason is that the sim-
plifying assumptions needed to construct information-theoretic
models (e.g., a memoryless system with a small encoding and
decoding alphabet) are not appropriate for practical biological
systems, even simple ones. While experimental design is a key
challenge, we believe it is a solvable one.

In light of this, theoretical approaches must develop
information-theoretic models that can describe a realistic bi-
ological information-processing problem. It is essential for
the model to be developed in conjunction with experimental
design, so that the model suits the system and not vice
versa. Success in this direction would produce a truly ground-
breaking result, namely empirical evidence that information
theory can predict biological information processing.
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Abstract�In molecular communication systems, information
transfer is physically realized through controlled chemical pertur-
bations. We argue that a molecular bit exists only when the system
is deliberately driven out of equilibrium and allowed to relax to-
ward a new state. In this regime, irreversibility is not a byproduct
but the de�ning physical signature of communication. Using non-
equilibrium thermodynamics, we show that entropy production
provides an operational marker of information-bearing events,
that optimal transmission corresponds to minimizing dissipation
under �nite constraints, and that the Kullback�Leibler divergence
bounds the minimum physical cost required for reliable state
discrimination at the receiver.

I. INTRODUCTION

In molecular communication (MC), information is conveyed
through the controlled release, transport, and detection of
chemical messengers rather than electromagnetic waves [1]. In
its most general form, an MC channel may sustain a continuous
transport of matter while remaining informationally silent. This
occurs whenever the system resides in equilibrium or in a
stationary non-equilibrium condition with time-invariant ob-
servables. In such cases, although molecules �ow through the
channel, the receiver (RX) experiences no transition between
distinguishable states and therefore no information-bearing
event.

Communication emerges only when the transmitter (TX)
actively perturbs the system, intentionally breaking equilibrium
and forcing the channel to evolve toward a new state. This fun-
damental requirement underlies both theoretical formulations
and experimental realizations of synthetic MC, an emerging
paradigm that aims at engineering molecular signaling ar-
chitectures inspired by biological communication processes.
Recent experimental efforts have demonstrated that such prin-
ciples can be implemented in arti�cial systems across a wide
range of length scales, transport regimes, and application
scenarios, from short-range micro�uidic platforms to long-
range liquid- and air-based molecular links [2].

Within this framework, MC has also been proposed as
a building block for the Internet of Bio-NanoThings, [3]
where information is distributed across networks of chem-
ically addressable nodes. An early experimental realization
of this concept employed �uorescent carbon nanoparticles as
distinct molecular messengers, enabling selective communi-
cation between multiple networked actuators through �uid-
based advection [4]. These studies highlight that, beyond the

Fig. 1: Schematic overview of a simple diffusion based MC
system.

speci�c transport mechanism, the de�ning feature of MC lies
in the deliberate generation of distinguishable state transitions
through controlled chemical non-equilibrium.

Assume the MC occurs through a channel containing an
ideal gas as shown in Figure 1. Assume that the TX zone
contains the molecular messenger (MM) as an ideal gas. The
TX is initially closed and the MM is pure. The RX is open
and in contact with the channel so the gas it contains is
at the same pressure and temperature as the channel. Under
these conditions, the Gibbs free energy of the communication
environment depends on the gas pressure P and temperature T .
Assuming the environment is thermostatic and the MC occurs
at constant T ., the variation of Gibbs free energy follows as

�G =
Z P

P 0
V (P ) dP =

Z P

P 0

nRT
P

dP = nRT ln
P
P 0 (1)

where P 0 is the pressure of an arbitrary state we call standard
P 0 = 1 bar. Dividing by the number of gas moles n contained
in the channel, the extensive form of the Gibbs free energy of
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the system is obtained as follows

GCH = G0
CH + RT ln

PCH

P0 (2)

By de�nition @G
@nCH

jT;P = � CH is the chemical potential of
the chemical species contained in the channel. The instant
the TX generates the information, it instantaneously opens
the connection with the channel and adds another component
(ideal gas) to the communication environment, which we call
molecular messenger (MM). At this instant, purely theoretical,
the two components are still pure so the free energy of the
environment can be expressed by a sum

G = n CH [� 0
CH + RT ln

PCH

P0 ] + n MM [� 0
MM + RT ln

PMM

P0 ]
(3)

where PCH and PMM are the pressures of the pure gas
contained in the channel and of the pure MM in the TX,
respectively. �0CH and � 0

MM are the standard state chemical
potentials of the gas contained in the channel and of the MM
in the TX, respectively. As the time increases both gases start
to mix, leading to

G0 = n CH [� 0
CH +RT ln

P �
CH

P0 ]+n MM [� 0
MM +RT ln

P �
MM

P0 ]
(4)

where P�
CH and P�

MM are the partial pressures of the gas
contained in the channel mixed with the MM, respectively.
The molar fraction of the j-th gas is de�ned as �j = n j

n
where n is the total number of moles in the mixture. Dalton's
law of the partial pressure gives that �j = P j

P , thus

�G MIX = G 0 � G = nRT(� CH ln � CH + � MM ln � MM )
(5)

This difference is the Gibbs free energy of mixing of the two
gases. In the speci�c context under investigation, it represents
the change in free energy of the MC environment induced by
the presence of the MM in the channel. Since mole fractions
are never greater than one, the free energy is always negative.
Therefore, in this simple scenario, information transfer is a
spontaneous process. This form of MC is called diffusive MC
[5], since the physical law governing the transport is Fick's
law. The actual driving force of the process is thermodynamic
spontaneity. Equation (5) is convenient because it does not
contain any reference to potentials in the standard state, thus
avoiding ambiguity about its de�nition. However, although
the negative Gibbs free energy of mixing demonstrates that
MC is thermodynamically allowed, this simple description
accounts only for the existence of a driving force, not for
the dynamics of information transfer. Practical MC systems
operate under �ow-driven, time-dependent, and intrinsically
non-equilibrium conditions, where information is encoded in
transient processes rather than in �nal states. A more appropri-
ate theoretical framework is therefore required to describe how
information is generated, transported, and dissipated along the
communication channel.

Non-equilibrium thermodynamics provides a quantitative
framework for describing such transitions. Any irreversible
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Fig. 2: Physical molecular communication system. The
system consists of a TX, containing molecular messenger and
a CH containing the inert. TX and CH are connected by a
membrane of length l (corresponding to the release coordinate
in (7)).

process is accompanied by entropy production, which can be
locally expressed as follows

� =
X

j

J j X j ; (6)

where Jj and Xj denotes the �ux of the j-th irreversible
process and its conjugate thermodynamic force, respectively.
Relation (6) states that irreversibility is measurable and that
dissipation quanti�es how strong a system is driven away
from its equilibrium. In molecular communication, the dom-
inant contribution typically arises from matter �ux driven by
gradients of chemical potential. Therefore, a detectable bit
in a molecular communication system corresponds requires
a non-zero � during a �nite transition, while the system is
informationally silent when � = 0.

Hereby, a molecular bit is not encoded in an absolute con-
centration level of a speci�c molecular messenger molecule,
but in the trajectory connecting two receiver states. Under
isothermal conditions, the total entropy production associated
with a controlled release at the transmitter can be written as

� =
Z L

0
J(l)

��(l)
T

dl; (7)

where l denotes a spatial or temporal coordinate along the
release path, J(l) is the molecular �ux, and ��(l) is the local
chemical potential difference. Information is generated while
the system evolves away from equilibrium, and vanishes again
once a new steady state is reached.

Since dissipation is unavoidable, an immediate design ques-
tion follows: How should a molecular bit be designed to
minimize irreversible cost while remaining detectable? This
leads to a constrained variational problem in which � in
(7) is minimized subject to �nite release length and �xed
payload. Solving this problem yields an optimal release pro�le
of molecular messenger at the transmitter that avoids sharp
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gradients and distributes the perturbation smoothly along the
release coordinate.

II. RESULTS AND DISCUSSION

The general physical setting underlying the optimization
problem is schematically illustrated in Fig. 2. The transmitter
(TX) is modeled as a reservoir containing a binary mixture
of molecular messenger and inert carrier, separated from the
channel (CH) by a selective interface (e.g., a semi-permeable
membrane) that allows only the molecular messenger to cross
unidirectional from TX to CH. The channel is continuously
�ushed by the inert carrier, establishing a unidirectional trans-
port downstream toward the receiver. During transmission,
the transmitter modulates the mole fraction of the molecular
messenger at the TX–CH interface from an initial value �in to
a �nal value � out , thereby imposing a time- or space-dependent
chemical potential difference that drives the release. In the
considered con�guration, the transmission is initiated with
� in > � out , so that the resulting chemical potential gradient
�� enforces a net �ux of molecular messenger from the TX
into the CH. The coordinate l represents the effective release
path – either spatial or temporal – over which the system is
driven out of equilibrium. This con�guration explicitly shows
that information is injected locally at the TX-CH interface,
while dissipation is distributed along the release coordinate as
the system relaxes toward a new state. The entropy-minimizing
release pro�le shown in Fig. 3 is obtained by formulating the
transmission process as a constrained optimization problem
within the framework of �nite-time (or �nite-length) thermo-
dynamics. Following the approach originally developed by
Tsirlin et al. for mass transfer processes under �nite constraints
[6], the total entropy production � is treated as a functional
of the local release trajectory �(l) and is minimized subject
to a �xed release length L and prescribed boundary condi-
tions at the transmitter–channel interface. In this formulation,
the molecular �ux is driven by a local chemical potential
difference, while the constraint enforces completion of the
state transition within a �nite spatial or temporal window.
The resulting Euler–Lagrange condition yields a non-linear
optimal trajectory in which the chemical potential gradient is
deliberately shaped along the release coordinate. The shape
of the optimal release pro�le is intrinsically non-linear. In
the early stages of the transition, the release proceeds slowly,
keeping the chemical potential gradient – and therefore the
instantaneous entropy production – low. As the system evolves
the release accelerates, allowing the transition to complete
within the �nite release length constraint. A linear strategy
would impose a uniform gradient throughout the process,
unnecessarily dissipating energy when the system is still far
from discrimination. The optimized pro�le instead allocates
dissipation where it is most effective: late in the transition,
when state separation is already established and additional
irreversibility contributes directly to reliable reception. This
asymmetric scheduling explains why the entropy-minimizing
strategy is slow at �rst and faster toward the end.
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Fig. 3: Entropy-minimizing release pro�le. Optimized mole
fraction � TX (l=L) of molecular messenger compared with a
linear heuristic.

At the receiver (RX), information acquisition corresponds to
a transition from an initial state Q to a �nal state P . The irre-
versibility accumulated during this transition is bounded from
below by their statistical distance. Speci�cally, the integrated
entropy production satis�es

� � D KL (PkQ); (8)

where DKL is the Kullback–Leibler divergence, which is
de�ned as follows [7]

DKL (PkQ) =
Z

P(x) ln
P (x)
Q(x)

dx: (9)

This inequality establishes a direct link between state dis-
tinguishability and irreversibility: the more reliably two RX
states can be discriminated, the larger the minimum dissipation
required to realize the transition.

CONCLUSIONS

In molecular communication, information transfer is insep-
arable from non-equilibrium thermodynamics. A molecular bit
corresponds to a �nite-time, irreversible transition between
system states, driven by controlled deviations from equilib-
rium. Entropy production acts as the physical witness of this
transition, while its minimization de�nes optimal transmission
strategies. Framing information as an irreversible relationship
between states provides a uni�ed perspective on ef�ciency,
reliability, and physical limits of molecular communication
systems.
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Abstract—Pinning down a precise understanding of “infor-
mation �ow” within physical interactions remains a central
concern to �elds like stochastic thermodynamics and quantum
information science. In both spheres a careful accounting of bits
(or qubits) enables a deeper understanding of the physical nature
of information. In this work we propose a measure of information
�ow as a saddle-point solution of the mutual information. This
approach places a lower bound on the channel capacity between
a particle and an interacting environment. The measure we �nd
depends on the ratio of power and energy scales of the interaction,
and is given by P0=2E0 in nats/sec, with P0 the average power
�ux between the particle and its environment, and E0 the initial
average energy of the particle. We use a communication theory
lens to suggest an associated channel analogy, in which this
bound is interpreted as a signal-to-noise ratio. We �nd that
this measure can also quantify early-time information �ow for a
particle interacting with a thermal bath. 1

I. SUMMARY OF MAIN RESULTS

(a) X0 X t

Pt

m

P0

m

D tP

x

(b)

m M

PX0
PY0

X0 Y0

x or y

Fig. 1. (a) 1-D particle interacting with some environment. (b) Two particles
with a springlike interaction.

Treat the update of a (1-D) particle's momentumPt 2 R as
an additive channel,

Pt = P0 + � Pt (1)

for times 0 and t > 0. � Pt gives the particle's momen-
tum change in a timet due to an interaction with some
environment. Take� Pt and P0 to be independent random
variables. The mutual information,I (Pt ; � Pt ), is the infor-
mation �ow between theenvironment, modeled by the average
force � Pt

�
t , and theupdated particle statePt . Constrain the

1Full paper@arXiv:2501.18652

average energy of the particle and the average energy gained
in the zero-average-momentumframe,2

E
�

P2
0

2m

�
= E0 & E

�
(� Pt )2

2m

�
= Et (2)

for energy valuesE0 and Et (assuming the particle has mass
m). Given these constraints there is a saddle-point in the mu-
tual information achieved by independent, zero-mean jointly
Gaussian variables� P �

t andP �
0 , and the mutual information

is given by,

I (P �
0 + � P �

t ; � P �
t ) =

1
2

log
�

1 +
Et

E0

�
(3)

WhenEt = P0t for someP0, de�ne an information �ow rate
between the environment and the particle,3

R env ! particle � lim
t ! 0

�
I
t

�
=

1
2

�
P0

E0

�
(4)

giving the maximum information �ow in the noisiest set-
ting. Thermal diffusion via Brownian motion is an example:
R bath ! particle = b(T=T0) for drag coef�cientb, bath temper-
atureT and initial particle temperatureT0. We also compute

Fig. 2. I (X t ; Y0 ) against!t = t
p

k(m + M )=mM for two mass ratios.

the mutual information �ow to a massm particle (X ) coupled
to a massM particle (Y ) through a spinglike interaction
(FIGURE 2). The mutual informationI (X t ; Y0) spikes to
in�nity periodically when the X particle fully encodes a
dimension of theY particle state. In the smallt limit, we
recover our earlier result that the maximum information �ow
is given by lim t ! 0

1
t I (X t ; Y0) = P0=2E0 / k2 for spring

constantk.
2In a reference frame whereE[P0 ] = 0 , the average energy gain is

E[(P0 + � Pt )2=2m � P 2
0 =2m] = E[P0 � Pt =m] + E[(� Pt )2=2m] =

E[(� Pt )2=2m] sinceP0 and � Pt are assumed independent.
3This result holds for the full state space of the particle as well, comprising

position and momentum(X; P ).
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Abstract

We live in the era of information and the number of studies on information processing is larger
than ever before. And yet, one of the central metrics of information theory — the information
transmission rate — could, until recently, only be computed approximately. In this talk, I will
present a computational technique called Path Weight Sampling (PWS) that for the �rst time
makes it possible to obtain the rate exactly for any system for which a mathematical model is
available [1]. Moreover, I will show how this technique can be combined with machine learning
to obtain the rate directly from experimental time series data when such a model is not available.
To demonstrate the power of the technique, I will discuss applications to bacterial chemotaxis and
neuronal networks [2]. Finally, I will discuss how we have recently extended this technique to
enable the exact quanti�cation of transfer entropy.
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Abstract—Information theory has long been used to quantify
how organisms acquire and process environmental signals, yet
classical measures treat all information as equally valuable.
In this extended abstract, which summarized several of our
publications, subjective information is formalized as the surplus
of useful information gained when an organism dynamically
adapts its sensing strategy based on internal state. Using abstract,
computational, and analytically tractable models of chemotactic
organisms competing for multiple essential nutrients, strategies
prioritizing internally scarce resources are shown to yield higher
�tness despite acquiring less total information. Subjective infor-
mation further distinguished from both syntactic and semantic
information and is maximized under uncertainty about environ-
mental structure. Finally, subjective information is discussed as a
unifying framework for interpreting biological decision-making
and for designing future adaptive bio-inspired and bio-hybrid
information-processing systems..

I. I NTRODUCTION

Information processing has long been proposed as a unifying
lens through which to study living systems across scales, from
molecular interactions within cells to organismal behavior and
long-term evolutionary dynamics [1], [2]. The ability to sense,
transmit, store, and process information is deeply intertwined
with survival and reproduction, suggesting that a quantitative
theory of information could offer a common metric to charac-
terize, analyze, and ultimately engineer biological systems [3]–
[5]. Despite sustained interest across disciplines, including
neuroscience, biochemistry, and bioinformatics [6], [7], there
remains limited consensus on the appropriate mathematical
formalism for describing information in living systems, with
most approaches grounded in Shannon's classical information
theory [8], [9].

Shannon's framework was intentionally restricted to syn-
tactic considerations, deliberately abstracting away meaning
as a conceptual sine qua non for its success in engineered
communication systems. Measures such as entropy and mutual
information quantify uncertainty reduction and channel capac-
ity with remarkable generality, and have been fruitfully applied

to biological contexts by abstracting organisms or biochemical
pathways as communication channels [10]–[13]. In parallel,
in�uential results have established formal connections between
information acquisition and evolutionary �tness, showing, for
example, equivalences between mutual information rates and
expected log population growth [14], [15], and motivating
information-theoretic interpretations of Malthusian �tness [16].
Within neuroscience, related principles such as infomax posit
that biological systems adapt to maximize information intake
when that information is relevant to internal processing [17].

However, a purely syntactic view of information obscures
a fundamental feature of living systems: not all information
is equally valuable to an organism. In biological contexts, the
relevance of a signal depends on the organism's internal state,
objectives, and environmental contingencies. This observation
has motivated several extensions beyond classical information
theory. The concept of �tness value of information quanti-
�es how informative cues increase expected growth or sur-
vival [18], [19], while thermodynamic and decision-theoretic
frameworks reveal trade-offs between information processing
costs and achievable reward [20], [21]. More recently, semantic
information has been de�ned as the minimum amount of
information required to sustain maximal viability, obtained by
degrading an information channel until �tness declines [22],
[23]. These approaches consistently suggest that relevance,
rather than sheer quantity, is central to the biological utility
of information.

Yet, most existing frameworks implicitly assume that organ-
isms passively receive information through a �xed channel,
with constraints arising primarily from processing or acquisi-
tion costs. In contrast, living systems actively and opportunis-
tically shape how information is sensed, weighted, and acted
upon. Building on this perspective, a series of recent works
from our research team introduced the notion of subjective
information [24]–[27]: the portion of available information
that a speci�c organism or strategy selectively emphasizes
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in order to pursue its objectives, given its internal state and
environmental context. Subjective information is not de�ned
by optimality alone; rather, it re�ects how different strategies
bias sensing and processing toward subsets of signals that
matter now, even at the expense of discarding larger amounts
of syntactically available information.

Across computational and analytical models of moving,
sensing, dividing, and dying cells in heterogeneous environ-
ments, these studies demonstrate that strategies maximizing
subjective information can outperform strictly information-
maximizing strategies in terms of growth and survival [25],
[27], [28]. Notably, variability in information acquisition
strategies within a population can simultaneously increase
overall �tness while reducing the average amount of infor-
mation required to achieve it. This effect becomes particularly
pronounced when environmental knowledge is limited or sens-
ing resources are constrained [27].

This extended abstract synthesizes these results and perspec-
tives under a uni�ed narrative. Rather than revisiting individual
models in detail, we focus on the broader conceptual insight
that information in living systems is inherently subjective,
shaped by internal objectives, history, and context. We argue
that subjective information provides a natural bridge between
syntactic and semantic notions of information, and offers a
principled way to reason about adaptive behavior, �tness, and
learning in biological and bio-inspired systems. Finally, we
outline how this perspective points beyond existing frame-
works, toward dynamic, state-dependent theories of informa-
tion processing relevant to living systems, hybrid biologi-
cal–arti�cial agents, and future information-centric models of
life.

II. FROM OBJECTIVE TOSUBJECTIVE INFORMATION

A large body of work links information to biological perfor-
mance by treating organisms as communication-and-decision
systems that transform environmental cues into actions with
�tness consequences [14]–[16]. Within this general view, clas-
sical (Shannon) measures quantifysyntacticinformation—i.e.,
uncertainty reduction about signals—without regard to what
the informationdoesfor the organism [8], [9]. To move closer
to biology, recent frameworks have emphasized that informa-
tion is valuable insofar as it improves survival or growth,
formalized through the �tness value of information and related
reward/thermodynamic perspectives [18]–[21]. These develop-
ments motivate an intermediate, strategy-aware concept: rather
than assuming optimality, an organism'susefulinformation is
the portion of environmental information actually exploited
by its chosen (possibly non-optimal) information-processing
strategy to produce behavior [29].

Building on this motivation, we consider an abstract but
mechanistic organism–environment loop in which (i) environ-
mental signals are acquired through �nite sensing resources,
(ii) signals are processed (potentially using internal state),
and (iii) actions modify the organism's environmental state,
thereby changing both future signals and internal resources.
In this setting, we de�ne useful information,I U , as the

mutual information between environmental inputs and the
organism's actionsconditioned on internal state, averaged over
the internal-state distribution induced by the strategy:

I U jstrategy= E[I (signals; Action j state)]strategy : (1)

Operationally, this de�nition captures the information that is
actuallyusedto select behavior, as distinct from the potentially
larger syntactic information available at the sensor interface.

A concrete realization of this loop is chemotactic navigation
in environments containing multiple essential nutrient signals,
where organisms must maintain internal stores of each nutrient
to survive and divide. In our models, the organism senses local
nutrient concentrations through ligand–receptor binding noise,
which can be well-approximated by equilibrium sampling of
binomial binding statistics [30]–[32]. The organism then maps
noisy sensory evidence to movement decisions and resource
uptake. This design isolates the key biological constraint that
sensing is costly and �nite, and that organisms can reallo-
cate sensing capacity across signal modalities via regulatory
pathways [33]–[35]. The resulting framework permits direct
comparisons between (a)adaptiveacquisition strategies that
condition receptor allocation on internal state and (b)equiv-
alent nonadaptive strategies that hold acquisition �xed while
keeping downstream processing comparable.

This comparison leads to the central quantity of interest:
subjective information, de�ned as the surplus useful informa-
tion enabled by internal-state-dependent acquisition,

I subj = I U jadapt � I U jequiv : (2)

Intuitively, subjective information measures how much ad-
ditional behavior-relevantinformation an organism extracts
by reallocating attention/sensing toward the signal that mat-
ters now, given its current internal needs. Unlike semantic-
information de�nitions that proceed by degrading a channel
until �tness declines [22], this formulation makes the internal
state explicit and attributes the gain speci�cally tostate-
dependent selectivityin acquisition, rather than to a �xed
channel with downstream processing constraints.

Two complementary models illustrate the same mechanism
across levels of analysis. First, a population-level computa-
tional chemotaxis model in continuous space (with dynamic
nutrient landscapes) quanti�es syntactic information at the
receptor interface and useful/subjective information at the
behavior interface, showing that strategies with largerI subj

can yield higher growth/survival even when they do not
maximize total syntactic information [25], [26], [36]. Second,
an analytically tractable, �nite-state environment model with
two essential nutrients and explicit receptor costs produces
closed-form expressions for long-run incremental reward (a
proxy for growth) as a function of internally conditioned
receptor allocation policies, and reveals regimes where a sub-
jective strategy strictly dominates an information-maximizing
balanced strategy [27]. In both cases, the key structural in-
gredients are (i) multiple distinct signals tied to competing
internal processes, (ii) �nite sensing resources with costs, and
(iii) the ability to condition sensing priorities on internal state.
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Under these conditions, maximizinguseful information can
require deliberately discarding large quantities of syntactic
information in favor of a smaller amount of state-contingent,
action-relevant information.

Finally, this framework clari�es when subjective information
shouldnot arise. If signals are redundant (e.g., identical spatial
pro�les) or if additional signals are irrelevant to the organism's
objective, then changing sensing emphasis cannot increaseI U

beyond what is achievable with �xed acquisition, andI subj

vanishes. These counterexamples help delineate subjective
information as a precise, testable concept: it is not “more
information” in general, but rathermore useful information
induced by state-dependent selectivity. In the next section,
we leverage this lens to interpret empirical and computational
results as evidence that information processing in living sys-
tems is inherently context- and state-dependent, providing a
principled bridge from objective, channel-centric descriptions
toward organism-centric theories of information value.

III. B EYOND SUBJECTIVE INFORMATION

The concept of subjective information provides a unifying
perspective for understanding how living systems actively
shape the information they acquire and use, rather than
passively processing all available signals. While the models
discussed in this extended abstract and referenced publications
focus on minimal organisms and simpli�ed environments, the
underlying principles extend naturally to a broad range of
biological and bio-inspired systems.

Across biological scales, subjective information emerges
whenever multiple signals compete to drive behavior and
internal resources are limited. In microbial navigation, cells
dynamically weight chemical cues against internal metabolic
states to guide movement and growth [37]. In search problems
such as infotaxis, organisms continuously arbitrate between
exploration and exploitation, implicitly valuing information
differently depending on urgency, uncertainty, and internal
condition [38]. In population-level behaviors such as quorum
sensing, cells integrate external signaling molecules with in-
ternal regulatory states to choose between distinct survival
strategies, such as growth, differentiation, or dormancy [39],
[40]. In all these cases, the same environmental information
can lead to qualitatively different actions depending on the
organism's internal state and objectives.

Beyond natural systems, subjective information also offers
a useful organizing principle for engineered biological and hy-
brid platforms. In emerging bio–electronic and Internet of Bio-
Nano Things (IoBNT) interfaces [41], biological substrates
must simultaneously satisfy survival constraints and commu-
nication objectives imposed by arti�cial systems [42]. Here,
subjective information provides a way to formalize trade-offs
between externally imposed signaling demands and internally
driven biological priorities, suggesting design principles for
adaptive, state-aware bio-hybrid communication systems.

More broadly, the notion of subjective information points
toward a shift in how information-theoretic models of life are
constructed. Rather than treating information as an objective

quantity independent of the receiver, subjective information
emphasizes the role of internal state, history, and context in
assigning value to signals. This perspective bridges syntactic
and semantic notions of information and complements existing
�tness-based and thermodynamic frameworks [18], [22] by ex-
plicitly accounting for how organisms bias, �lter, and reshape
information channels over time.

Taken together, these considerations suggest that subjective
information is not a special-case phenomenon, but a general
feature of adaptive systems operating under constraints. Ex-
tending this framework to richer internal dynamics, learning
systems, and multi-agent interactions represents a promising
direction for future work, with implications for biology, neu-
roscience, synthetic systems, and information-centric theories
of living matter.
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I. EXTENDED ABSTRACT

Information theory serves well as the mathematical theory
of communication. However, it contains no provision that
makes sure its theorems are consistent with the physical
laws that govern any existing realization of a communication
system. Therefore, it may not be surprising that applications of
information theory or signal processing, as currently practiced,
easily turn out to be inconsistent with fundamental principles
of physics, such as the law of conservation of energy. It is the
purpose of multiport communication theory [1], [2] to provide
the necessary framework ensuring that applications of signal
processing and information theory actually do comply with
physical laws.

This framework involves a circuit theoretic approach where
the inputs and outputs of the communication system are
associated with ports of a multiport black box. Thanks to
each port being described by a pair of two instead of just
one variable, consistency with physics can be maintained. The
connection to information theory and signal processing is then
obtained by means of isomorphisms between mathematical
(formal) symbols of the latter and the physical quantities of
the multiport model such as transmit power and noise variance.
The principles of the multiport communication theory are pre-
sented and accompanied by a discussion of interesting results
of its application to wireless links supported by Recon�gurable
Intelligent Surfaces (RIS).

RIS are intended to engineer the propagation environment
to improve the performance of wireless communications, espe-
cially in situations where the direct link between the transmit
side (Tx) and receive side (Rx) is weak or even blocked.
While most research has been performed on system-level
optimization, where over-simplistic models have been used,
only a few publications have incorporated basic physical laws
in the modeling process. Surprisingly, in these publications,
different approaches to modeling have been adopted, either
based on an impedance representation or scattering parameters
(see e.g., [3]). In the impedance parameter approach, the
variables are voltages and currents, while in the scattering
parameter approach the variables are incident and re�ected
waves. Since these two pairs of variables are simply related to
each other by a linear transformation, the impedance matrices
and the corresponding scattering matrices can easily be con-
verted from one to the other. But interestingly enough, even
in the simplest end-to-end single-input single-output (SISO)
link with a blocked direct channel between Tx and Rx, the

published derivations lead to different results. Apparently, it is
impossible that such contradicting results are true at the same
time. This dilemma has been resolved in [3].

However, in addition, we cannot only take mutual
impedances between RIS elements into account, but we can try
to decouple them with the aid of decoupling multi-ports and
thereby open a new domain for RIS architectures [4]. With
decoupling networks, it is possible to optimize the channel
gain of a RIS-aided SISO system in closed form which allows
to analytically analyze the array gain of a RIS array under
mutual coupling. From this analysis, we can draw connections
to the conventional transmit array gain. In particular, for
an N-element RIS, we prove that a super-quadratic array
gain which scales with up to N4 is possible in a RIS-aided
scenario. In fact, this result provides novel insights in RIS-
aided communication since in previous works, it was assumed
that only quadratic gains (i.e., N2) are possible.
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Abstract—The recently envisioned goal-oriented communica-
tions paradigm calls for the application of inference on wirelessly
transferred data via Machine Learning (ML) tools. An emerging
research direction deals with the realization of inference ML
models directly in the physical layer of Multiple-Input Multiple-
Output (MIMO) systems, which, however, entails certain sig-
ni�cant challenges. In this paper, leveraging the technology of
programmable MetaSurfaces (MSs), we present an eXtremely
Large (XL) MIMO system that acts as an Extreme Learning
Machine (ELM) performing binary classi�cation tasks completely
Over-The-Air (OTA), which can be trained in closed form. The
proposed system comprises a receiver architecture consisting of
densely parallel placed diffractive layers of XL MSs followed by
a single reception radio-frequency chain. The front layer facing
the MIMO channel consists of identical unit cells of a �xed
NonLinear (NL) response, while the remaining layers of elements
of tunable linear responses are utilized to approximate OTA the
trained ELM weights. Our numerical investigations showcase
that, in the XL regime of MS elements, the proposed XL-MIMO-
ELM system achieves performance comparable to that of digital
and idealized ML models across diverse datasets and wireless
scenarios, thereby demonstrating the feasibility of embedding
OTA learning capabilities into future communication systems.

I. I NTRODUCTION

Future wireless networks will leverage Edge Inference (EI)
to jointly train transceiver pairs as end-to-end Machine Learn-
ing (ML) models for ef�cient sensory data inference [1]. By
exchanging task-speci�c representations through the channel,
EI overcomes the inef�ciencies of conventional decoupled
designs in terms of data rate and computational burden, since
feature extraction is performed alongside encoding at the
Transmitter (TX), while the Receiver (RX) directly infers the
target values instead of reconstructing the input data [2], [3].

To further improve computational ef�ciency, Over-The-Air
(OTA) computing exploits the wireless propagation domain
by performing computation directly through the superposition
of traveling Radio-Frequency (RF) signals [4]. The OTA
paradigm has recently attracted interest in wireless ML ap-
plications. Speci�cally, architectures based on MetaSurfaces
(MSs) have been proposed to emulate Deep arti�cial Neural

This work has been supported by the SNS JU projects 6G-DISAC and
TIMES under the EU's Horizon Europe research and innovation program
under grant agreement numbers 101139130 and 101096307, respectively. The
work of G. Torcolacci was funded by an NRRP Ph.D. grant.

Network (DNN) layers [2], [3], [5], [6] for OTA inference,
which are trained through backpropagation. Additionally, an-
other family of approaches uses MS-controlled channel re-
sponses to approximate digitally trained DNN weight (or
similar) matrices OTA [7]–[9]. Nevertheless, many existing
systems still rely on digital processing and lack theoretical
foundations. Crucially, most MS-based DNN implementations
are only capable of linear operations [10], which drastically
reduces the approximation capability of the developed models.

Addressing some of these gaps, [11] designed an eXtremely
Large (XL) Multiple-Input Multiple-Output (MIMO) system
performing as an Extreme Learning Machine (ELM) [12] to
execute DNN operations partially OTA, treating the channel
as random hidden-layer weights and the RX analog combiner
as the output layer. This approach exhibits fast training and
re-tuning as the wireless channel evolves and is proven to be
a universal function approximator. However, it faces practical
limitations and scalability concerns due to real-valued signal
constraints and hardware complexity induced by the use of
NonLinear (NL) power ampli�ers and numerous RF chains.

In this paper, capitalizing on the complex-domain ELM
framework [13], [14] and building upon recent NL metamate-
rial advancements [10], [15], [16], we present an XL-MIMO-
ELM system with an RX structure comprising Cascaded
diffractive MSs (CMS) followed by a single antenna element
and its respective RF chain. The initial MS layer facing
the MIMO channel consists of unit cells of identical �xed
NL responses and serves as the ELM's activation function,
whereas the remaining linear MS layers perform trainable OTA
combining, thereby approximating the digital ELM weights.
The proposed NL-CMS-ELM system enables fast training and
minimizes digital processing at the XL reception side, while
signi�cantly reducing the hardware complexity with respect
to [11]'s XL-MIMO-ELM framework.

Notation: Vectors, matrices, and sets are expressed in
lowercase bold, uppercase bold, and uppercase calligraphic
typefaces, respectively.X > andX H denote the transpose and
conjugate transpose ofX . [x ]i is used to denote thei th element
of x. jX j represents the cardinality of the setX , jjX jjF denotes
the Frobenius norm ofX , diag(x) creates a square matrix
with the elements ofx placed along its main diagonal.f�g
expresses a set or collection, while1cond is the indicator
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Fig. 1: The proposed XL MIMO system for implementing
the proposed NL-CMS-ELM framework. Channel and MS
responses are used as components of the ELM algorithm to
realize OTA inference. The �ow of computational during the
forward pass is also sketched.

function taking value1 if the condition cond holds, and0
otherwise. Finally,X � CN (0; � 2I ) signi�es that X follows
the complex standard Gaussian distribution with variance� 2,
| ,

p
� 1 is the imaginaty unit, andz 2 C, which can be

written asz , Re(z) + | Im (z) = jzj exp(| argf zg).

II. T HE PROPOSEDXL MIMO S YSTEM MODEL

Consider a narrowband XL MIMO system comprising an
N t -antenna TX and an RX consisting of multiple XL diffrac-
tive MS layers with different functionalities, whose outputs
are cascaded and ultimately collected by a single reception RF
chain, as depicted in Fig.1. Instead of performing conventional
wireless communications, the system is trained end-to-end to
act as an OTA function approximator [11], [17]. In particular,
given an of�ine datasetD , f (x ( i ) ; z( i ) )gD

i =1 of D input-
target pairs, the XL MIMO system is designed to approximate
the x ! z mapping so that the TX observes the input data
x (not necessarily belonging toD) and the RX estimates
its (unobserved) target valuez. From this perspective, the
system is intended to perform Goal-Oriented Communications
(GOC) [18], with all computational processing performed
exclusively OTA in the RF domain.

We assume thatx ( i ) 2 [0; 1]N t and z( i ) 2 f� 1; +1g, i.e.,
the dimension of the data observations are equal to the number
of TX antennas and the dataset is used for binary classi�cation.
Note that TX may introduce its own trainable feature extraction
model to reduce the dimensionality of thex [2], [3]; this is
left for future work. For reasons that will be described later,
the data points are subject to an Amplitude Modulation (AM),
hence, the transmitted signal is given by the expression:

�x , jx j exp(|� # ) 2 CN t � 1; (1)

where the elements of# may be chosen arbitrarily. The
baseband representation of the signal arriving at the �rst (front)
MS layer of the RX, which is composed ofN r , N hor

r � N vert
r

metamaterial elements, can be expressed as follows:

y , H �x 2 CN r � 1; (2)

where H 2 CN r � N t represent the XL MIMO channel re-
sponse. For the theoretical analysis of this paper, we consider
the case whereH follows the Rayleigh fading distribution and
remains quasi-static for the duration of the training process.

A. Proposed RX Architecture

We propose an RX architecture consisting of densely par-
allel placed diffractive MS layers forming a CMS architecture
whose purpose is to transform the impinging wave towards a
single antenna element attached to a reception RF chain, as it
will be explained in the following.

1) Front MS Layer with NL Activation:We consider the
front diffractive MS layer composed of unit elements applying
a memoryless NL transformation. Denoting withF (�) the
bandpass response of the generic element of the NL MS, the
baseband-equivalent outputg(�) preserves the phase of the
input while transforming its envelope through the �rst-order
harmonic extraction. The resulting element-wise mapping of
the MS is expressed asg(y ) , C(jy j) exp(|argf yg), where
C(�) denotes the AM/AM characteristic derived as [15]:

C(v) =
2
�

Z �

0
F (v cos(� )) cos(� )d�: (3)

In this paper, we consider an element-wise thresholding
device characterized overall by the positive biasb 2 CN r � 1,
whose elements are drawn from an appropriate distribution
during fabrication, hence, ensuring low complexity. From (3),
the transform yields the following piecewise mapping:

C(jy j) =

8
>>>>>>><

>>>>>>>:

0; jy j � b
1
�

�
jy j arccos

�
b
jy j

�

� b

s

1 �
�

b
jy j

� 2
1

A ;
jy j > b

(4)

where all operations are applied element-wise. While this
expression captures the exact physical behavior of the MS
elements, the transcendental terms are computationally de-
manding for ELM training. By approximating the transition
for jy j > b as a linear slope,g(y ) implements a rudimentary
magnitude-dependent Recti�ed Linear Unit (ReLU) activation
function with the inclusion of the bias term. Consequently, the
activation function for our system model is approximated as:

g(y ) '
1
2

max (0; jy j � b) exp (j argf yg) ; (5)

where b serves as the effective hardware-induced threshold
vector that facilitates NL processing in the RF domain. In
[15], a possible practical implementation based on diodes
is proposed. We note that an analytical activation named
“modReLU“, closely resembling (5), has been used in the
context of complex-valued DNNs in [19] and follow-up works.
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2) Cascade of MSs with Trainable Linear Responses:The
outputs of the front diffractive NL MS layer are then passed
to a cascade ofL diffractive linear MSs. Each layer comprises
a square grid ofN l elements (l = 1 ; 2; : : : ; L ) spaced by�= 2,
with � = c=f0 denoting the wavelength at the carrier frequency
f 0, andc is the speed of light. LetH l 2 CN l � N l � 1 denote the
signal propagation coef�cients between the(l � 1)-th and thel-
th MS layer, whereN0 = N r indicates the number of elements
of CMS's front MS layer, andhL 2 CN L � 1 represent the
propagation between the last MS layer and the single antenna
element attached to the RX RF chain. Typical works utilizing
the technology of stacked intelligent metasurfaces (SIM) [20]
assume free-space propagation between the MS layers, i.e.,
considering an anechoic enclosure, and model the element-to-
element propagation through geometric optics [5], [7], [20]. In
this work, we model eachH l as a full rank pseudo-random
matrix, which implies a reverberating enclosure around the
layers [21], [22]. Arguably, this choice is more realistic as it
accounts for multipath components arising from imperfections
of the enclosure and allows for the MS layers to be placed
arbitrarily close. Moreover, the richer propagation diversity
compared to geometric optics provides substantial gains for the
optimization framework, as explained in the following section.

The responses of eachl-th MS layer are expressed as� l ,
� l exp(|� � l ), with the amplitudes� l 2 [0; 1]N l � 1 and the
phase shifts� l 2 [0; 1]N l � 1 being controllable parameters.
By de�ning � l , diag(� l ) and ' , f � l g1

l = L � 1, the overall
transfer function of theL cascaded linear MSs is given by:

w ' , h>
L

1Y

l = L � 1

� l H l 2 C1� N r : (6)

Consequently, the signal at the output of the RX RF chain is:

ẑ , w ' g(y ) + ~n; (7)

where~n � CN (0; � 2) represents the Additive White Gaussian
Noise (AWGN).

III. T RAINING AS AN EXTREME LEARNING MACHINE

The previously presented XL MIMO system may be re-
garded as an af�ne transformation of the input (through expres-
sion (2) and the bias term in (5)) followed by the NL activation
inside (5) and the �nal (linear) weighted sum through the
cascaded response of theK linear MS layers described in (7).
Subsequently, the performed computations are equivalent to
those of a single-hidden-layer feedforward neural network,
which motivates its deployment as a function approximator.
Nevertheless, not all components are controllable. The chan-
nel responses,H and H l 's, and the activation biasesb, in
particular, are treated as random coef�cients. In that regard,
we leverage the ELM mathematical framework [11]–[13] used
for ML inference, which allows random parameters alongside
trainable weights, enabling both the training procedure and its
theoretical guarantees to be rigorously described.

Algorithm 1 Training of the Proposed NL-CMS-ELM

1: Inputs: DatasetD = f (x ( i ) ; z( i ) )gD
i =1 , TX-RX channel

H , MS propagation coef�cientsf H l gL
l =1 andhL .

2: for i = 1 ; : : : ; D do
3: Construct transmit signal�x ( i ) via (1).
4: Transmit �x ( i ) to obtainy ( i ) at front MS layer via (2).
5: Obtaing(y ( i ) ) via the activation of (5).
6: end for
7: Collect all activations inG via (8).
8: Compute ideal weightsw � via (10).
9: Apply PGD on (11) to obtain' � .

10: return ' �

In approximating thex ! z mapping based onD, we de�ne
the ELM activation matrixG 2 CD � N r as the transpose of
the activated signals at the RX's front MS layer:

G , [g(y 1); : : : ; g(y D )]> : (8)

By further denoting the vector of target values for the whole
dataset asz , [z1; : : : ; zD ]> 2 CD � 1, the cascaded response
of the L linear MSs,w ' , can be optimized to minimize the
Least Squares (LS) error between the target and output values,
following the standard ELM formulation, as follows:

w � , arg min
w '

kz � Gw ' k2
2: (9)

This yields the closed-form solution:

w � =
�
G H G + `I

� � 1
G H z 2 CN r � 1; (10)

which accounts for Tikhonov regularization, controlled by the
hyperparameter̀ > 0, to ensure generalization beyond the
training datasetD.

While (10) provides a fast and convenient way to determine
the cascaded MS response,w ' is not directly controllable
because of the physical limitations introduced by the diffractive
MSs. Instead, the trainable parameters area l 's and � l 's of ' .
Therefore, as the second step of our training approach, we take
inspiration from works that use MS responses to approximate
arbitrary matrices, including DNN weights [7]–[9], and we
choose to �nd appropriate' values that approximatew � as:

' � = f � �
l gL

l =1 , arg min
w ' ;�




 w � � � w >

'






F
; (11)

where� > 0 is a scaling term to compensate for the inadvertent
signal attenuation induced by (6). In practice, this implies the
inclusion of dedicated ampli�cation at the single reception RF
chain (e.g., via the low noise ampli�er). Since (6) provides an
analytic expression forw ' , (11) is differentiable with respect
to a l and � l . Consequently, the minimization is performed
via Projected Gradient Descent (PGD) by projectinga l , � l ,
and � onto their respective feasible sets. The overall training
procedure is summarized in Algorithm 1, while the use of the
trained system for inferring a target value given an input data
point is detailed in Algorithm 2.
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Algorithm 2 Inference with the Proposed NL-CMS-ELM

1: Inputs: Inference data pointx, TX-RX shannelH , MS
propagation coef�cientsf H l gL

l =1 andhL , MS weights' � .
2: for i = 1 ; : : : ; L do
3: Set � l = � �

l to the l-th MS.
4: end for
5: Construct transmit signal�x via (1).
6: Transmit �x to obtainy at front MS layer via (2).
7: Obtaing(y ) via the activation of (5).
8: Obtain inferred valuêz at the RX RF chain via (7).
9: return ẑ

A. Theoretical Analysis

Notwithstanding the inclusion of random coef�cients, the
ELM framework has been proven to be a universal approxima-
tor [12], [14]. To showcase the same property for the proposed
NL-CMS-ELM approach via the XL MIMO system described
in Section II, we list the necessary assumptions as below:

1) Rich scattering:Assume that the TX-RX channelH
and the intra-layer channelsH l 's are characterized by
uncorrelated rich scattering conditions, indicating strong
multipath or reverberation enclosures, respectively.

2) Static fading: AssumeH remains quasi-static for the
duration of the training and inference process. The
validity, implications, and mitigation for this assumption
are further discussed in the following.

3) XL MIMO regime:AssumeN r can be arbitrarily large.
It is noted that, sinceN r also corresponds to the number
of unit cells at the front MS layer of the RX, and not to
the number of the reception RF chains, it is reasonable
to expect MSs with hundreds to thousands of elements
in future wireless networks.

Leveraging the above assumptions, we express the following
conditions for universal approximation:

Condition 1. (Denseness of the af�ne projection)The af�ne
transformation applied via the combination of the channel
response of(2) and the bias term of(5) is dense inCN r

+ .

Proof. Under rich scattering conditions,jH j follows an uncor-
related Rayleigh distribution andargf H g follows a uniform
distribution, makingH a full-rank matrix almost surely in
the asymptotic limit. Additionally, the bias termb can be
sampled by any distribution with in�nite support. Since the
considered distributions have in�nite support overC+ , the
overall transformation is dense inCN r

+ .

Condition 2. (Discriminatory activation)g(y) : C ! C of (5)
is a continuous discriminatory function [17].

Proof. Following [23], it suf�ces to show thatg(�) is a lo-
cally bounded piecewise continuous non-polynomial function.
While the results of [23] consider real-valued functions, the
work of [24] demonstrated that they hold for complex-valued
functions by treatingC as isomorphic toR2. First, g(�) is
locally bounded since it is continuous inC. Additionally, g(y)
is not polynomial as:i) it has a constant value of0 in the

open regionjyj < b without being0 everywhere, whereb is
the scalar bias substitutingb in (5); and ii) it involves the
non-polynomial expressionjyj ,

p
Re(y)2 + Im (y)2.

We can thus express the universal approximation property
for our proposed NL-CMS-ELM framework:

Proposition 1. Consider the NL-CMS-ELM expressed via(7)
and the aforementioned assumptions and conditions. There
exists N r � D such that, forD arbitrary distinct samples
of D = f (x ( i ) ; z( i ) )gD

i =1 , there existsw � 2 CN r � 1 so that
kz � Gw � k < � for arbitrarily small � with probability 1.

Proof. The proof follows the direct application of [14, Theo-
rem 3.1] with a change of notation.

It is noted that, in practice, the effectiveness of the approx-
imation depends additionally on the successful approximation
of w � with w ' via (11). Assumption 1 ensures that eachH l

included in (6) is almost surely a full-rank matrix, therefore
aiding in the approximation of arbitrary values ofw � .

B. Computational Complexity

The time complexity for obtaining the solution of (9) is
�( DN r minf D; N r g), stemming from the matrix inversion
of (10). For reasonably small datasets with XL MIMO systems
whereD = �( N r ), the complexity reduces to�( N 3

r ), which
is equivalent to typical MIMO decoding operations (such as
zero forcing and weighted mean square error) and, therefore,
may be computed within a channel coherence frame. The
time complexity of the gradient descent solution of (11) is
�( T Nr LN 2

max ), which can be reduced to�( T L) assuming
appropriate parallel hardware, whereT is the number of
iterations until convergence andNmax , maxf N1; : : : ; NL g.
Considering the assumption of largeN r values, the con-
vergence of the gradient is not practically fast enough to
be implemented within a single channel coherence block.
However, it does not depend on the size of the dataset, which
offers a remarkable computational improvement over typical
backpropagation-based learning of DNNs. Importantly, the
recent work [11] demonstrated that, when the channel exhibits
correlated fading, only a low complexity re-training of the
XL-MIMO-ELM architecture is necessary, since the optimal
weights change marginally. It is therefore feasible to re-tune
such models as the channel changes. We defer the adoption
of such techniques for our NL-CMS-ELM framework to the
journal version of this work due to a lack of space.

IV. N UMERICAL RESULTS AND DISCUSSION

We perform investigations on the performance of the pro-
posed NL-CMS-ELM over a number of standard binary clas-
si�cation datasets of small-to-medium size under a variety of
system conditions. The considered datasets [25] are the Parkin-
son's and the Wisconsin Breast Cancer Dataset (WBCD) of22
and 30 numerical features for disease diagnosis, respectively,
as well as the MNIST dataset of handwritten digit image
recognition [26]. Due to the large dimensionality of the latter
dataset, we have subsampled100 pixels from the images at
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Fig. 2: Classi�cation accuracy of two NL-CMS-ELM variations versus the number of elementsN r at the RX's front MS
layer, which corresponds to the number of ELM trainable parameters for three distinct datasets. The “ideal weights” variation
assumes the ELM weights are applied in the digital domain or under idealized analog hardware. The “OTA weights” variation
approximates those weights throughL cascaded MSs with linear responses for full OTA inference.
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Fig. 3: Classi�cation accuracy of two NL-CMS-ELM vari-
ations over different Ricean factors for the WBCD dataset,
considering different valuesN r for the RX's front MS layer.

random locations to de�ne the input features. To convert this
dataset into a binary classi�cation one, we have assumed that
the two classes correspond to even and odd digits, respectively.

For pre-processing, all features have been independently
scaled to[0; 1]. As explained in Section II, the input features
are encoded in the amplitudes of the transmitted signal vector,
following an AM transmission scheme. Consequently, the
classi�cation decision based on the output of the system
through (7) is expressed aŝc = 1Re ( ẑ)> 0:5 and the classi�-
cation accuracy, used as our evaluation metric, was measured
as

P jD 0j
i =1 1Re (z) ( i ) = ĉ( i ) =jD 0j for each of the test setsD0, which

have been created via a70 : 30 split in the data points.
In our XL MIMO system,N t is determined by the number
of features in the datasets, and we have varied the values
of N r to investigate performance scaling. Unless otherwise
speci�ed, H � CN (0; PL I ), wherePL is the pathloss set to
� 50 dB. The phases# of the AM signals were set to0 for
all data points. Similarly, we have sampledb from a Rayleigh
distribution with scale parameterE[kH kF ]=(2N r N t ) for the
biases to be in the same order asjy j. Sincez contains only

1 bit of information, we have set the receive Signal-to-Noise
Ratio (SNR) to a moderate level of15 dB in order to assess
the performance without severe noise degradation. A validation
under different SNR levels and erroneous system information
will be included in the journal version. We have usedL = 5
linear MS layers, each consisting ofN l = 64 � 64 diffractive
elements. Similarly, we consideredH l � CN (0; P0

L I ) with
P0

L set to � 10 dB. Finally, we set the regularization weight
` = 10 � 6 to avoid severe over�tting, and we allowed a
maximum of T = 1500 iterations of the employed PGD
procedure with step size0:01, although convergence was
achieved far earlier for most scenarios.

Two main variations of the proposed NL-CMS-ELM system
were investigated. The �rst one, referred to as “OTA weights,”
implements Algorithms 1 and 2, where linear MSs are used
to approximatew � OTA. We also considered the idealized
case where the optimal weight vector is used directly to
compute the output aŝz = ( w � )> g(y ), instead of (7). This
approach, referred to as “ideal weights,” considers the RX's
CMS structure with only the front NL MS layer (i.e.,L = 0 ),
whoseN r outputs are guided to be multiplied with thew �

elements. This idealized weighting can be realized either with
digital (requiresN r RF chains) or analog (a single RF chain
suf�ces) combining. For the latter option, phase shifters as
in [11] or an MS structure as in [27] with lossless waveguides
can be used. Moreover, we report that a3-layer fully connected
DNN trained on the considered datasets achieved92%-98%
classi�cation accuracy, which constitutes an upper bound. The
trained ELMs with the same number of trainable parameters
as theN r values, in every case, achieved similar performance
to the NL-CMS-ELMs, and are thus omitted for clarity.

The performance of the two considered NL-CMS-ELM
variations for an increasing number of elementsN r at the RX's
front MS layer is displayed in Fig. 2. It is noted that the values
of N r also represent the number of ELM trainable parameters,
which affects the capacity of the considered models in solving
the classi�cation problems. As observed, in all cases, the
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classi�cation accuracy increases asN r increases, approaching
the upper bounds provided by the theoretical DNN benchmarks
in the largest XL MIMO cases. It is also shown that the
approximation offered by the linear MS layers exhibits close
performance to the ELM approach using the ideal weights,
although, for the largestN r values, a noticeable performance
degradation occurs due to insuf�cient PGD convergence.

Finally, we have assumed pure Rayleigh conditions in the
TX-RX channel, implying thatH becomes full-rank, a fact that
aids in the universal approximation properties of the NL-CMS-
ELM. For the results reported in Fig. 3, we have relaxed this
condition to sample channel matrices from a Ricean model [28]
in increasing Line-of-Sight (LoS) conditions, de�ned as:

H =
p

PL

 r
K

1 + K
H LoS +

r
1

1 + K
H NLoS

!

; (12)

whereH LoS is a rank-1 matrix of steering vectors,H NLoS �
CN(0; 1=

p
N t N r I ), andK is the Ricean factor that controls

the dominance of either component. Figure 3 indicates that the
NL-CMS-ELMs have a steady performance when the chan-
nel is suf�ciently diverse. However, as the channel becomes
LoS-dominant, the classi�cation accuracy decreases, since the
conditions for the universal approximation cease to hold.

V. CONCLUSION

This work showcases that XL MIMO systems with pur-
posely designed MS components at the RX side can perform
computations that are akin to a complex-valued ELM model,
and can thus be used to perform ML-based inference on the
data the TX transmits completely OTA. Based on rich scatter-
ing conditions, the channel coef�cients are treated as random
weights of the XL-MIMO-ELM's hidden layer, while the RX's
CMS, comprising a diffractive MS with pseudorandom NL
response and multiple diffractive MSs with trainable linear
responses, followed by a single reception RF chain provides
the activation function and bias directly in the RF domain.
The linear MSs are also utilized to approximate OTA the
optimal trainable ELM weights. A two-step training approach
is presented for the proposed NL-CMS-ELM approach, to-
gether with an investigation into the framework's universal ap-
proximation properties. The presented numerical investigation
demonstrated classi�cation performance approaching digital
ML models in the XL MIMO regime, while resilience to
channel diversity levels was also shown.
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Analog computing has been recently revived as it can enable
energy-ef�cient and highly parallel computations, potentially
breaking the limits of digital computing. In this extended
abstract, we present an analog computer that linearly processes
microwave signals, named microwave linear analog computer
(MiLAC), and its applications to signal processing and com-
munications. More details on MiLAC are in [1]–[4].

We model a MiLAC as a P-port microwave network made
of linear components (see Fig. 1(a)) [1]. This MiLAC receives
input signals on the �rst N ports, and returns output signals
on the last M ports, where N + M = P. To compute
different functions, the microwave network of the MiLAC
must be recon�gurable, which can be achieved through the
use of tunable admittance components. Speci�cally, port k
of the microwave network is connected to ground through an
admittance Yk;k 2 C, and is connected to port i through an
admittance Yi;k 2 C, 8i 6= k (see Fig. 1(b)).

Following multiport network theory, it is possible to obtain
the expression of the output signals v 2 CM�1 as a function
of the input signals u 2 CN�1 and the tunable admittance
values Yi;k 2 C, for i; k = 1; : : : ; P . This expression is
obtained by �rst introducing the admittance matrix of the
MiLAC microwave network Y 2 CP �P as

[Y] i;k =

(
�Y i;k i 6= k
P P

p=1 Yp;k i = k
; (1)

for i; k = 1; : : : ; P . From Y, we introduce a 2�2 block matrix
P 2 C P �P as

P =
�
P 11 P 12

P 21 P 22

�
=

Y
Y0

+ I; (2)

where Y0 = 50 �1 
 �1 . As a function of P, the output is

v = P �1
22 P 21

�
P 12P �1

22 P 21 � P 11
� �1

u; (3)

assuming that P and P22 are invertible.
Interestingly, a MiLAC can compute (3) without requiring

any matrix-matrix product or matrix inversion and therefore
with signi�cantly low computational complexity. A useful
special case of (3) is the least squares estimator, given by

v = H H �
HH H � �1

u; (4)

obtained when P11 = 0, P 12 = H, P 21 = H H , and P22 = I.
With a digital computer, (4) is computed with a computational
complexity of O(N3) (assuming N = M). With a MiLAC,

�2�X�W�S�X�W
�6�L�J�Q�D�O�V

�0�L�F�U�R�Z�D�Y�H �1�H�W�Z�R�U�N

�,�Q�S�X�W
�6�L�J�Q�D�O�V

�0�L�/�$�&

(a)

�(�[�D�P�S�O�H���������S�R�U�W �0�L�/�$�&���Z�L�W�K���L�Q�S�X�W���R�Q�������S�R�U�W�V

(b)

Fig. 1. Microwave linear analog computer (MiLAC).

(4) is computed with a computational complexity of O(N2),
given by the operations needed to obtain the values Yi;k .

The least squares estimator in (4) is commonly used in
multiple-input multiple-output (MIMO) wireless communi-
cations to perform zero-forcing beamforming. Therefore, a
MiLAC can be used to ef�ciently precode symbols intended to
multiple users in a gigantic MIMO base station [2], achieving
the same �exibility as digital beamforming and offering four
bene�ts: i) it requires the minimum number of RF chains, ii) it
only requires low-resolution ADCs/DACs, iii) it does not need
per-symbol time computations, iv) it reduces the operations at
each coherence block for zero-forcing beamforming.

Further studies have investigated practical MiLAC architec-
tures, made of admittances that are lossless and reciprocal,
and their application to wireless communications [3], [4]. In
[3], it has been shown that lossless and reciprocal MiLACs can
achieve capacity in point-to-point MIMO systems. In [4], it has
been further shown that it is not necessary to interconnect all
ports to each other to achieve capacity, but capacity-achieving
MiLAC architectures with a reduced number of admittances
are available.
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Abstract—Modern wireless systems are envisioned to em-
ploy antenna architectures that not only transmit and receive
electromagnetic (EM) waves, but also intentionally re�ect and
possibly transform incident EM waves. In this paper, we propose
a mathematically rigorous framework grounded in Maxwell's
equations for analyzing the complexity of EM far-�eld modeling
of general antenna architectures. We show that—under physically
meaningful assumptions—such antenna architectures exhibit
limited complexity, i.e., can be modeled by �nite-rank operators
using �nitely many parameters. Furthermore, we construct a
sequence of �nite-rank operators whose approximation error
decays super-exponentially once the operator rank exceeds an
effective bandwidth associated with the antenna architecture and
the analysis frequency. These results constitute a fundamental
prerequisite for the ef�cient and accurate modeling of general
antenna architectures on digital computing platforms.

I. I NTRODUCTION

In conventional wireless communication systems, antenna
elements are typically only used for transmitting and receiving
electromagnetic (EM) waves—rather than re�ecting EM waves
incident from outside the system. In such systems, the far-
�eld interaction1 admits an exact �nite-rank description [1,
Sec. II-B4].2 Consequently, conventional wireless systems can,
in principle, be modeled using �nitely many parameters.

In recent years, more general wireless architectures—such
as array lenses [2] and recon�gurable intelligent surfaces
(RISs) [3], [4]—have gained popularity. For such architectures,
the re�ection (or transmission) of EM waves incident from
outside the system is crucial. Therefore, the question arises
whether the far-�eld interaction in such modern wireless
system architectures can still be modeled exactly—or at least
approximated arbitrarily well—using �nitely many parameters.
If this holds true, then we speak oflimited complexity. Limited

The work of TK, AST, and CS was funded in part by the Swiss
State Secretariat for Education, Research, and Innovation (SERI) under the
SwissChips initiative, by a CHIST-ERA grant for the project CHASER (CHIST-
ERA-22-WAI-01) through the SNSF grant 20CH21 218704, and by the
European Commission within the context of the project 6G-REFERENCE
(6G Hardware Enablers for Cell Free Coherent Communications and Sensing),
funded under EU Horizon Europe Grant Agreement 101139155. The work of
AST was funded in part by armasuisse.

1With far-�eld interaction, we refer to the interaction with EM waves (i) that
are incoming from suf�ciently far away to be represented as convergent
spherical waves and (ii) that are outgoing into the far-�eld region.

2Speci�cally, the far-�eld interaction can be characterized by the �nite-rank
operatorsSRRR, SRFR, andSRRF introduced in [1, Eq. 17].

complexity is a fundamental prerequisite for implementing
models of wireless systems on digital computing platforms.

A. Contributions

In this paper, we study the complexity of wireless system
modeling through the lens of linear system theory. We analyze
whether a system's external interaction is of limited complexity.
In particular, we study whether a system can be approximated
arbitrarily well by a sequence of �nite-rank operators, i.e.,
whether it can, in principle, be modeled using �nitely many
parameters. To this end, we propose a mathematically rigor-
ous framework grounded in Maxwell's equations to analyze
the modeling complexity of far-�eld interactions in wireless
systems. With this framework, we prove that the far-�eld
interaction of a large class of antenna systems is indeed of
limited complexity—this property is established in Theorem 1.
Furthermore, we explicitly show how to construct a sequence
of �nite-rank operators whose approximation error exhibits
super-exponential decay once the rank exceeds an effective
bandwidth associated with the antenna architecture and the
analysis frequency—this property is established in Theorem 2.

B. Prior Art

In references [5], [6], Bucci and Franceschetti showed
that scattered EM �elds exhibit bandlimited-like behavior.
Speci�cally, they proved that, suf�ciently far away from a
scatterer, (i) the scattered �eld can be uniformly approximated
by a �nite sum of basis functions, (ii) the corresponding
approximation error exhibits a step-like dependence on the
number of basis functions used, and (iii) the threshold beyond
which the error rapidly decreases—i.e., the effective spatial
bandwidth—depends on the scatterer's electrical size. However,
these results quantify the complexity of the scattered �elds
rather than that of the scattering operator itself, and they are
limited to electrically large scatterers. In contrast, we present
results that are directly related to the system's complexity, rather
than the complexity of the system's output, and our theorems
are not restricted to large systems.

In references [7]–[9], the authors analyze the approximation
properties of Green's functions. However, references [7], [8] are
restricted to the scalar Green's function. Moreover, reference [7]
does not discuss the step-like behavior of the approximation
error, whereas [8], [9] analyze the location of such a step-like
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transition; however, their analysis is limited either to small
systems or to large systems. In addition, all three works focus
on the approximation error of the scalar or dyadic Green's
function, rather than on the resulting error in the EM �elds. In
contrast, without restricting ourselves to small or large systems,
we (i) directly analyze the complexity of wireless systems, and
(ii) identify and characterize where the step-like approximation
error transition occurs.

In reference [10], Koivisto analyzes an expansion of electro-
magnetic �elds radiated by an antenna. In particular, similarly
to our framework, the �elds are represented using spherical-
harmonic basis functions. However, that paper does not provide
a general expression for the effective bandwidth applicable
to general systems. In contrast, in Theorem 2, we provide an
equation for the effective bandwidth of general systems.

C. Notation

We use lowercase boldface for general vectors (e.g.,a) and
uppercase boldface for general matrices (e.g.,A ). We use
pink sans-serif (e.g.,a) and pink sans-serif boldface (e.g.,a)
for phasors (cf. [1, Def. 1]) and vectors containing phasors,
respectively. The superscriptsT and H indicate transpose
(e.g., A T ) and conjugate transpose (e.g.,A H), respectively.
We denote the Euclidean norm byk � k2. We use blackboard
bold for operators (e.g.,S). Given an operatorS, we denote its
range byrangef Sg and its operator norm bykSkop. Given two
operatorsA andB, we useA � B to denote their composition.
We denote the imaginary number byj ,

p
� 1. For a complex

numberz 2 C, the conjugation isz. We use a calligraphic font
for sets (e.g.,V), except for the sets of natural, integer, real,
and complex numbers, denoted byN, Z, R, andC, respectively.
Given N 2 N, we de�ne the set[N ] , f 1; : : : ; N g. Given
the elementsf ek gk of a vector space, we usespanff ek gk g to
denote their span. Given a setV, we useL 2(V; C3) to denote
the Bochner space induced by the Lebesgue measure space
on V and the canonical Hilbert space onC3. Given a Hilbert
spaceH and a; b 2 H , we useha; bi H to denote the inner
product with linearity in the �rst argument, and we de�ne the
shorthand notation[a]b , ha; bi H .

We use the physicist's convention for spherical coordinate
systems [11], withr as the radial distance,� as the polar
angle, and' as the azimuthal angle. To simplify notation, we
user andr̂ to denote the spherical coordinates(r; �; ' ) and the
angular coordinates(�; ' ), respectively. For each positionr ,
we denote the local orthogonal unit vectors in the directions of
increasingr , � , and' as r̂ , �̂ , and'̂ , respectively. Finally, we
denote the set of all angular coordinates by
 , [0; � ] � [0; 2� ).

Throughout this paper,f refers to the frequency to be
analyzed,� 0 to the free-space permeability,"0 to the free-space
permittivity, k , 2�f

p
� 0"0 to the free-space wavenumber,

andZ0 to the free-space impedance.

II. PROBLEM SETUP AND MAIN RESULTS

We consider general single- or multi-antenna systems of
�nite size. Speci�cally, we analyzeradiating structuresfor
which Assumption 1 holds.

J1

J1

J2 V

V

E2
H2

impressed
current
density

radiating structuremth port

induced current density

induced EM �eld

Figure 1. Analyzed problem setup: We consider a radiating structure that
occupies the volumeV, hasM ports, and is embedded in free space. Outside
the structure's volume, in the regionV, the current densityJ1 is impressed.
This excitation gives rise to an induced current densityJ2 within the radiating
structure, which in turn induces the electromagnetic �eld(E2 ; H2 ).

De�nition 1 (Radiating Structure). A radiating structureis
a passive physical object that interacts with the surrounding
EM �eld.

Assumption 1 (Finite Size). We assume that the analyzed
radiating structure is of �nite size. Concretely, there exists
a �nite radius a 2 R� 0 such that the radiating structure is
completely contained within the ball

Ba ,
�

r 2 R3
�
� kr k2 � a

	
: (1)

Given a radiating structure, we denote its physical volume
by V � R3 and its surrounding region byV , R3 n V.
Furthermore, we �x an arbitrary analysis frequencyf 2
R> 0 and focus on the associated single-frequency compo-
nents. At this frequency, the excitation of the radiating
structure can be characterized by an externally3 impressed
current densityJ1 2 L 2(V; C3). As depicted in Figure 1,
we use J2 2 L 2(V; C3) to denote the current density in-
duced in the radiating structure fromJ1. Moreover, we
useE2; H2 2 L 2(R3; C3) to denote the EM �eld induced byJ2.

In addition to assuming �nite size (cf. Assumption 1), we
restrict ourselves to (i) linear time-invariant (LTI) radiating
structures (see Assumption 2), (ii) with �nitely many antenna
ports (see Assumption 3), (iii) for which the induced current
densityJ2 is bounded by the maximal power that can interact
with the radiating structure (see Assumption 4).

Assumption 2(Linearity and Time-Invariance). We assume that
the radiating structure is an LTI system; that is, the operator
mapping the externally impressed current densityJ1 to the
induced current densityJ2 is linear and time-invariant.

Remark 1. It follows directly from Assumption 2 and from
the linearity of Maxwell's equations that the operator mapping
the externally impressed current densityJ1 to the induced
electromagnetic �eld(E2; H2) is also linear and time-invariant.

3Since radiating structures are passive by De�nition 1, it is suf�cient to
consider onlyexternalexcitations.
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V
far-�eld region

radiating structuremth port

bm

am

f .

f %
2spherical

power
waves

circuit-theoretic power waves

Figure 2. We consider the interaction of a radiating structure with (i) the
circuit-theoretic power waves at itsM ports and (ii) the spherical power waves
suf�ciently far away in the radiating structure's far-�eld region. The former
are characterized by the phasor vectorsa andb; and the latter by the angular
spectrumf . of the incoming converging wave and the angular spectrumf %

2
of the component of the outgoing diverging wave that is directly induced by
the current densityJ2 .

Assumption 3 (Finite Number of Ports). We assume that the
interface between the radiating structure and the remainder of
the device in which it is embedded—such as the RF front
end—can be represented using a �nite number of circuit-
theoretic ports.

Assumption 4 (Power-Bounded Current Response). We as-
sume the induced current densityJ2 2 L 2(V; C3) is upper-
bounded by

kJ2k2
L 2 (V ;C3 ) � CP1; (2)

whereC 2 R> 0 is a �nite constant and whereP1 2 R� 0 is
the maximal power that can interact with a given radiating
structure for a given impressed current densityJ1 2 L 2(V; C3).

Remark 2. If the ohmic resistance of all materials is
lower-bounded by a positive ohmic resistance, then Assump-
tion 4 holds.

As depicted in Figure 2, we consider a radiating structure's
interactions (i) through itsports and (ii) through its far-
�eld region. To characterize the former interaction, we rely
on circuit-theoretic power waves(see De�nition 2), and to
characterize the latter interaction, we rely onspherical power
waves(see De�nition 3).

De�nition 2 (Circuit-Theoretic Power Waves). Given a system
with M 2 Z � 0 circuit-theoretic ports. Form 2 [M ], we de�ne
the circuit-theoretic power wavestraveling in and out of the
system on themth port as

am ,
1

2
p

R0
(vm + R0im ); bm ,

1
2
p

R0
(vm � R0im ): (3)

Here, vm and im are the phasors of the voltage and current at
port m, respectively; andR0 2 R> 0 is an arbitrary reference
impedance (50 
 is a commonly-used choice).

Remark 3. The interaction through the radiating structure's
ports is fully characterized bycircuit-theoretic power waves.

De�nition 3 (Spherical Power Waves). Given a system of �nite
size placed at the origin of the coordinate system. Far away

from the system, particularly asr ! 1 , the electric �eld
relevant for the interaction with the system can be decomposed
as follows4 [12, Eq. 5.12]:

lim
r !1

1
p

Z0
r E(r; �; ' ) = f . (�; ' )e+ jkr + f % (�; ' )e� jkr : (4)

Here f . 2 L 2(
 ; C3) and f % 2 L 2(
 ; C3) denote the angular
spectra of theincoming, converging spherical power wavesand
the outgoing, diverging spherical power waves, respectively.

Remark 4. It follows from Assumption 2, and from the linearity
of Maxwell's equations, that one can further decompose the
outgoing diverging spherical power waves asf % = f %

1 + f %
2 ,

where f %
1 ; f %

2 2 L 2(
 ; C3) are the components directly
induced by the current densitiesJ1 and J2, respectively.

Remark 5. In the far-�eld region, theoutgoingEM waves that
are induced in a radiating structure are fully characterized
by the respective component of the angular spectrum of the
outgoing divergent spherical power waves as [13, Sec. 4]

E2(r; �; ' ) �
p

Z0f %
2 (�; ' )

e� jkr

r
(5)

H2(r; �; ' ) �
1

p
Z0

�
r̂ � f %

2 (�; ' )
� e� jkr

r
: (6)

Remark 6. Suf�ciently far away from the radiating structure,
the incoming EM waves that are sent toward a radiating
structure are fully characterized by the angular spectrum of the
incoming converging spherical power waves as [12, Eq. 5.12]

E1(r; �; ' ) �
p

Z0f . (�; ' )
ejkr

r
(7)

H1(r; �; ' ) �
1

p
Z0

�
� r̂ � f . (�; ' )

� ejkr

r
: (8)

From Remarks 3-6, it follows that a radiating structure's
port-and-far-�eld interaction5 can be analyzed with theeffect
operatorT : CM � L 2(
 ; C3) ! CM � L 2(
 ; C3) that we
de�ne as follows:

(b; f %
2 ) , T(a; f . ): (9)

In this work, we show that the effect operatorT is of limited
complexity, i.e., that it can be approximated arbitrarily well by a
sequence of �nite-rank operators (see Theorem 1). Furthermore,
we provide an explicit sequence of �nite-rank operators that
converges toT and an effective bandwidth beyond which the
convergence is super-exponential (see Theorem 2).

Theorem 1 (Finite-Rank Representability of Far-Field Interac-
tions). Given a radiating structure in free space for which As-
sumptions 1-4 hold. For any �xed analysis frequencyf 2 R> 0,
let T denote the effect operator introduced in (9). Then, the
effect operatorT can be approximated arbitrarily well—in
uniform operator topology—by �nite-rank operators.

4The normalization
p

Z0-factors ensure thatkf . k2
L 2 andkf % k2

L 2 equal
the total incoming and outgoing power, respectively.

5Speci�cally, we analyze the interaction of (i) EM waves that are incoming
from suf�ciently far away to be represented as convergent spherical waves and
(ii) EM waves outgoing into the far-�eld region.
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The proof of Theorem 1 is given in Section III.

De�nition 4 (Scalar Spherical Harmonics). For integers` � 0
and jmj � `, the (scalar) spherical harmonic of degree`
and order m is the functionY m

` : 
 ! C de�ned by [14,
Eq. 5.2(1)]

Y m
` (�; ' ) ,

s
2` + 1

4�
(` � m)!
(` + m)!

Pm
` (cos(� ))ejm' ; (10)

wherePm
` is the Legendre polynomial of degree` and orderm.

Remark 7. The scalar spherical harmonics form a complete
unitary basis ofL 2(
 ; C) [15, Sec. 2].

De�nition 5 (Vector Spherical Harmonics (VSHs)). For
integers` � 0 and jmj � `, the VSH of degreè and orderm
are the functions with domain
 and codomainC3 de�ned
by [15, Sec. 3]

Y m
` (r̂ ) , r̂ Y m

` (r̂ ); (11)

	 m
` (r̂ ) , r r Y m

` (r̂ ); (12)

� m
` (r̂ ) , r � r Y m

` (r̂ ): (13)

Remark 8. The VSHs form a complete orthogonal basis of
L 2(
 ; C3) [15, Sec. 3].

De�nition 6 (VSH Projection Operator). For integersL � 0,
the VSH projection operator of degreeL is the opera-
tor PL : L 2(
 ; C3) ! L 2(
 ; C3) that maps vector �elds to
their orthogonal projection onto the subspace spanned by the
VSHs of degree at mostL

VL , span
n

Y m
` ; 	 m

` ; � m
`

�
�
� 0 � j mj � ` � L

o
: (14)

Theorem 2 (VSH Representability of Far-Field Interactions).
Given a radiating structure in free space for which Assump-
tions 1-4 hold. For any �xed analysis frequencyf 2 R> 0

and any integerL � 0, let T denote the effect operator
introduced in (9) and letTL be the composition6 of the effect
operatorT and the VSH projection operatorPL of degreeL
(see De�nition 6). Furthermore, de�ne theeffective bandwidth
of this radiating structure as

L B , dkae; (15)

wherea denotes the smallest radius such that the radiating
structure is completely contained in the ballBa de�ned in (1).

Then, (i) the effect operatorT can be approximated arbi-
trarily well—in uniform operator topology—by the (�nite-rank)
operatorsf TL gL � 0, and (ii) onceL � L B, the approximation
error kT � TL kop exhibits super-exponential decay. Speci�cally,
there exists a function of the form�e � � (L )L , where� 2 R� 0,
and where� : Z ! R> 0 is a monotonically increasing function
for L � L B satisfyinglimL !1 � (L ) = 1 , so that

kT � TL kop � �e � � (L )L ; 8L � L B: (16)

6Speci�cally, TL is obtained by applying the VSH projection operatorPL
to the outgoing induced spherical power wavesf %

2 , while leaving the outgoing
circuit-theoretic power wavesb unchanged.

The proof of Theorem 2 is given in Section IV.

Remark 9. In (60), we provide explicit expressions for both�
and � (L ) such that (16) is satis�ed.

III. PROOF OFTHEOREM 1

Before we begin with the actual proof, we emphasize that
Assumptions 1-3 ensure that (i) the circuit-theoretic power
waves at the ports are well de�ned and can be represented
by the vectorsa; b 2 CM , whereM is the number of ports,
and (ii) that the spherical power waves around the radiating
structure are likewise well de�ned and can be described by the
angular spectrum functionsf . ; f %

2 2 L 2(
 ; C3).
It follows directly from Assumption 2 and from the linearity

of Maxwell's equations that the effect operatorT is linear.
The quantitieskak2

2, kbk2
2, kf . k2

L 2 (
 ;C3 ) , and kf %
2 k2

L 2 (
 ;C3 )
directly represent the power carried by their respective waves.
Consequently, by energy conservation,T is also bounded.

The effect operatorT can be decomposed into two
linear and bounded operators,Tb : CM � L 2(
 ; C3) ! CM

andTf %
2 : CM � L 2(
 ; C3) ! L 2(
 ; C3) as

(b; f %
2 ) = T

�
a; f . �

=
�

Tb�
a; f . �

; Tf %
2

�
a; f . � �

: (17)

The codomain ofTb is �nite-dimensional. Consequently,Tb

is a �nite-rank operator, and it is therefore suf�cient to prove
that Tf %

2 can be approximated by �nite-rank operators. Since
both the domain and codomain ofTf %

2 are Hilbert spaces, and
all Hilbert spaces possess theapproximation property, it suf�ces
to show thatTf %

2 is a compact operator [16, Thm. II-4.4].
The operatorTf %

2 can further be decomposed into the
two linear operatorsTJ2

(a;f . ) : CM � L 2(
 ; C3) ! L 2(V; C3)

andTf %
2

J2
: L 2(V; C3) ! L 2(
 ; C3) which are de�ned by

J2 , TJ2
(a;f . )

�
a; f . �

; f %
2 , Tf %

2
J2

J2: (18)

We will now show (i) thatTJ2
(a;f . ) is bounded and (ii) thatTf %

2
J2

is compact. This, in turn, will imply thatTf %
2 is also compact;

see [16, Prop. VI-3.5].
The boundedness ofTJ2

(a;f . ) follows from realizing that the
sumkak2

2 + kf . k2
L 2 (
 ;C3 ) is equal to the maximum available

powerP1 in Assumption 4. Consequently, from Assumption 4
it follows that there exists a �nite constantC 2 R so that

kJ2kL 2 (V ;C3 ) �
p

CP1 =
p

C
q

kak2
2 + kf . k2

L 2 (
 ;C3 ) : (19)

It remains to be shown thatTf %
2

J2
is compact. For a given

direction r̂ the respective angular spectrum is given as

f %
2 (r̂ ) =

1
p

Z0
lim

r !1
rejkr E2(r̂ ) (20)

=
� 1

p
Z0

lim
r !1

rejkr j!� 0

�

V
G(r � r 0)J2(r 0)d3r 0 (21)

=
!� 0

j
p

Z0
lim

r !1
rejkr

�

V

e� jkR

4�R

�
I � R̂ R̂

T
�

J2(r 0)d3r 0 (22)

=
!� 0

j 4�
p

Z0

�
I 3 � r̂ r̂ T

�
lim

r !1

�

V
ejk ( r � R ) J2(r 0)d3r 0 (23)
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=
!� 0

j 4�
p

Z0

�
I 3 � r̂ r̂ T

� �

V
ejk r̂ T r 0

J2(r 0)d3r 0; (24)

where we useR , r � r 0, R , kR k2, and R̂ , R =R;
and whereG : R3 ! C3� 3 is the dyadic Green's function.
Here, (20) follows from De�nition 3; (21) and (22) follow
from [17, Sec. 10.9]; (23) follows from, asr ! 1 , I 3 � R̂ R̂

T

converges toI 3 � r̂ r̂ T , and r=R converges to1; and (24)
follows from, asr ! 1 , r � R converges tôr T r 0. From (24), it

follows thatTf %
2

J2
is an integral operator with a square-integrable

kernel. Consequently, by [16, Prop. II-4.7], the operatorTf %
2

J2

is compact. �

IV. PROOF OFTHEOREM 2

We begin the proof by noting that property (i) in Theorem 2
follows directly from property (ii). It is therefore suf�cient to
prove property (ii). Furthermore, we ignore the circuit-theoretic
power wavesb throughout the proof becausePL leaves the
wavesb unchanged and, hence, they do not contribute to the
approximation errorkT � TL kop.

The proof is structured in the following three steps: In Step I,
we construct a sequence of �nite-rank operators

�
KL

	
L � 0

and show that there exist a constant� 2 R� 0 and a
function � : Z ! R> 0, monotonically increasing forL � L B

and satisfyinglimL !1 � (L ) = 1 , such that

kT � KL kop � �e � � (L )L : (25)

In Step II, we prove that for eachL � 0, the range ofKL

is contained inVL . In Step III, we invoke the orthogonality
principle to show that, for allL � 0,

kT � TL kop � k T � KL kop: (26)

Combining (25) and (26) then yields that, for allL � L B,

kT � TL kop � �e � � (L )L ; (27)

which proves Theorem 2.

Step I: Finite-Rank Approximation:

In analogy with (18), we decomposeT into the two
linear operatorsTJ2

(a;f . ) : CM � L 2(
 ; C3) ! L 2(V; C3) and

T(b;f %
2 )

J2
: L 2(V; C3) ! CM � L 2(
 ; C3). For L � 0,

KL , ~KL � TJ2
(a;f . ) ; (28)

where we de�ne~KL : L 2(V; C3) ! CM � L 2(
 ; C3) as

�
~KL J2

�
(r̂ ) ,

!� 0

j
p

Z0

�
I 3 � r̂ r̂ T

� L � 1X

` =0

X̀

m = � `

c`;m Y m
` (r̂ ) (29)

and where, for0 � j mj � `, we de�ne the coef�-
cient c`;m 2 C3 as

c`;m , j `
�

V
� ` (kr 0)Y m

` (r̂ 0)J2(r 0)d3r 0: (30)

Here,Y m
` is the scalar spherical harmonic of degree` and or-

derm (see De�nition 4) and� ` is the spherical Bessel functions

of the �rst kind of degreè .7 The so-constructedf KL gL � 0 are
(linear) �nite-rank operators.

By construction, it holds that

kT � KL kop =






�

Tf %
2

J2
� ~KL

�
TJ2

(a;f . )








op
(31)

�





 Tf %

2
J2

� ~KL








op






 TJ2

(a;f . )








op
; (32)

where





 TJ2

(a;f . )








op
is �nite becauseTJ2

(a;f . ) is bounded, as we

showed in the proof of Theorem 1.

To bound





 Tf %

2
J2

� ~KL








op
from above, we now analyzeTf %

2
J2

.

In the proof of Theorem 1, we derived thatTf %
2

J2
can be written

as in (24). We now apply theJacobi–Anger expansion[18,
Eq. 2.46] to the kernel in (24):

ejk r̂ T r 0
=

1X

` =0

j ` (2` + 1) � ` (kr 0)P` (r̂
T r̂ 0): (33)

Here, P` is the Legendre polynomial of degreè. After
substituting this expression into (24), we want to interchange
the implicit limit with the integral. To justify this, we de�ne
the partial sums

SL (r 0) ,
LX

` =0

j ` (2` + 1) � ` (kr 0)P` (r̂
T r̂ 0): (34)

Since the Jacobi-Anger expansion converges uniformly on
compact subsets ofR3 (see [18, p. 37]), and eachSL is a
�nite sum of bounded functions, the sequencef SL gL � 0 is
uniformly bounded on compact subsets ofR3 (see [19, Ex. 7.1]).
SinceV is bounded, it is contained in a compact subset of
R3, andf SL gL � 0 is uniformly bounded onV. Therefore, for
eachL � 0, each Cartesian basis vectore 2 f x; y ; zg, and
each positionr 0 2 V , it holds that

�
�
�SL (r 0)[J2(r 0)]e

�
�
� � j SL (r 0)j kJ2(r 0)k1 (35)

� K kJ2(r 0)k2; (36)

for some �nite K 2 R that is independent ofL . Here, (36)
follows from the uniform boundedness off SL gL � 0 and the
equivalence of norms onC3. From (36) andJ2 2 L 2(V; C3) it
follows that we can apply the Lebesgue dominated convergence
theorem (see [20, Thm. 1.3.3]). Consequently, after substitut-
ing (33) into (24), we can interchange the implicit limit and
the integral to arrive at
�

V
ejk r̂ T r 0

J2(r 0)d3r 0

=
1X

` =0

�

V
j ` (2` + 1) � ` (kr 0)P` (r̂

T r̂ 0)J2(r 0)d3r 0 (37)

= 4 �
1X

` =0

X̀

m = � `

j ` Y m
` (r̂ )

�

V
� ` (kr 0)Y m

` (r̂ 0)J2(r 0)d3r 0; (38)

7To prevent confusion with the imaginary unitj , we deviate from the usual
convention and use the letter� to de�ne the spherical Bessel functions.
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where (38) follows from the spherical harmonic addition
theorem [18, Thm. 2.9]. Substituting(38) into (24) shows

that Tf %
2

J2
may be written as

f %
2 (r̂ ) =

!� 0

j
p

Z0

�
I 3 � r̂ r̂ T

� 1X

` =0

X̀

m = � `

c`;m Y m
` (r̂ ): (39)

We can now write the approximation error as8






 Tf %

2
J2

� ~KL








op

= sup
kJ2 kL 2 =1












!� 0

j
p

Z0

�
I 3 � r̂ r̂ T

� 1X

` = L

X̀

m = � `

c`;m Y m
` (r̂ )












L 2

(40)

� sup
kJ2 kL 2 =1

!� 0p
Z0












1X

` = L

X̀

m = � `

c`;m Y m
` (r̂ )












L 2

(41)

= sup
kJ2 kL 2 =1

!� 0p
Z0

vu
u
t

1X

` = L

X̀

m = � `

kc`;m k2
2; (42)

where (40) follows from (29) and (39); (41) follows be-
causeI 3 � r̂ r̂ T is an orthogonal projection; and (42) follows
from Remark 7 and Parseval's theorem.

The coef�cients in (42) can be bounded as follows9:

kc`;m k2
2 =










�

V
� ` (kr 0)Y m

` (r̂ 0)J2(r 0)d3r 0










2

2
(43)

=










� a

0
� ` (kr 0)

�



Y m

` (r̂ 0)J2(r 0)d2 r̂ 0r 02dr 0










2

2
(44)

�
� a

0

�
� ` (kr 0)

� 2
r 02dr 0

� a

0










�



Y m

` (r̂ 0)J2(r 0)d2 r̂ 0









2

2
r 02dr 0:

(45)

Here, (43) follows directly from (30). In (44), we use Fubini's
theorem, which is applicable because (i)J2 2 L 2(V; C3) andV
is bounded, implying that each component ofJ2 also belongs
to L 1(V; C), and because (ii) both� ` andY m

` are bounded on
the relevant bounded domains. Lastly, in (45), we apply the
Cauchy–Schwarz inequality.

We now substitute (45) into the double sum in (42) to obtain

1X

` = L

X̀

m = � `

kc`;m k2
2 � sup

` � L

� a

0

�
� ` (kr 0)

� 2
r 02dr 0

�
1X

` = L

X̀

m = � `

� a

0










�



Y m

` (r̂ 0)J2(r 0)d2 r̂ 0









2

2
r 02dr 0: (46)

We now analyze the double-sum term in (46), which can be
bounded by

1X

` = L

X̀

m = � `

� a

0










�



Y m

` (r̂ 0)J2(r 0)d2 r̂ 0









2

2
r 02dr 0

8In (40) to (42), we omit an explicit speci�cation of the corresponding
Bochner spaces

�
L 2 (V; C3 ) andL 2 (
 ; C3 )

�
to keep notation simple.

9For points(r; �; ' ) that are not in the volumeV, we de�ne J2 (r ) = 0.

�
� a

0

1X

` =0

X̀

m = � `










�



Y m

` (r̂ 0)J2(r 0)d2 r̂ 0









2

2
r 02dr 0 (47)

=
� a

0

�



kJ2(r 0)k2

2 d2 r̂ 0r 02dr 0 (48)

= kJ2k2
L 2 (V ;C3 ) ; (49)

where (47) follows from the monotone convergence theorem
and (48) follows fromJ2 2 L 2(V; C3), Fubini's theorem, and
Parseval's theorem.

We now insert (49) and (46) into (42) to obtain





 Tf %

2
J2

� ~KL








op

� sup
kJ2 kL 2 =1

!� 0p
Z0

s

sup
` � L

� a

0

�
� ` (kr 0)

� 2
r 02dr 0kJ2k2

L 2 (V ;C3 )

(50)

=
!� 0p

Z0

s

sup
` � L

� a

0

�
� ` (kr 0)

� 2
r 02dr 0 (51)

=
!� 0p

Z0

s

sup
` � L

1
k3

� ka

0
(� ` (u))2 u2du (52)

=
!� 0p

Z0

s

sup
` � L

�
2k3

� ka

0

�
I ` + 1

2
(u)

� 2
u du; (53)

where I � denotes the ordinary Bessel function of de-
gree� 2 R� 0.10 Here, (52) follows from substitutingu , kr 0;
and (53) follows from [21, Eq. 10.1.1].

Next, we use the fact that for0 � x � 1 and� > 0, it holds
that [22, Eq. 8]

(I � (�x ))
1
� � f (x) ,

xe
p

1� x 2

1 +
p

1 � x2
: (54)

In the following, we choosex = u
` + 1

2
and � = ` + 1

2 . Conse-

quently, forL � L B , dkae, we can bound the approximation
error as






 Tf %

2
J2

� ~KL








op
�

!� 0p
Z0

s

sup
` � L

�
2k3

� ka

0
f (x)2� u du (55)

�
!� 0p

Z0

vu
u
t �

2k3

� ka

0
f

�
u

L + 1
2

� 2(L + 1
2 )

u du (56)

�
!� 0p

Z0

vu
u
t �

2k3

� ka

0
u duf

�
ka

L + 1
2

� 2(L + 1
2 )

(57)

�
!� 0

p
�a

2
p

kZ0
f

�
ka

L + 1
2

� L + 1
2

(58)

�
!� 0

p
�a

2
p

kZ0
f

�
ka

L + 1
2

� L

(59)

10For consistent notation, we use the letterI to denote the ordinary Bessel
functions.
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=
!� 0

p
�a

2
p

kZ0| {z }
�

exp

0

B
B
B
@

ln
�

f
�

ka
L + 1

2

��

| {z }
= � � (L )

L

1

C
C
C
A

; (60)

where (55) follows from (54), and (56)-(60) follow from the fact
that on the interval0 � x < 1, f (x) is monotonically increasing
and0 � f (x) < 1. Finally, we have� � 0, and sinceL � L B,
it follows that � (L ) > 0 is a monotonically increasing function
satisfyinglimL !1 � (L ) = 1 , which concludes Step I.

Step II: VSH Subspace Containment:

Because the VSHs form a complete basis ofL 2(
 ; C3)
(see Remark 8), it is suf�cient to show that, forL 0 > L
and jm0j � L 0, the VSHsY m 0

L 0 , 	 m 0

L 0 , and� m 0

L 0 are orthogonal
to any function that can be expressed in the form given on the
right-hand side of (29).

To this end, we note thatY m 0

L 0 is purely radial, whereas the
right-hand side of (29) is purely transversal; consequently, they
are orthogonal. Next, we �x arbitrary coef�cientsf c`;m g`;m .
We useX m 0

L 0 as a placeholder for	 m 0

L 0 or � m 0

L 0 and analyze
the inner product

*
�

I 3 � r̂ r̂ T
� L � 1X

` =0

X̀

m = � `

c`;m Y m
` (r̂ ); X m 0

L 0

+

L 2 (
 ;C3 )

=
�




 
�

I 3 � r̂ r̂ T
� L � 1X

` =0

X̀

m = � `

c`;m Y m
` (r̂ )

! H

X m 0

L 0 d2 r̂ (61)

=
�




 
L � 1X

` =0

X̀

m = � `

c`;m Y m
` (r̂ )

! H �
I 3 � r̂ r̂ T

�
X m 0

L 0 d2 r̂ (62)

=

*
L � 1X

` =0

X̀

m = � `

c`;m Y m
` (r̂ ); X m 0

L 0

+

L 2 (
 ;C3 )

; (63)

where in (63) we used the transversality of	 m 0

L 0 and � m 0

L 0 .
From [14, Eq. 7.3(3) and Eq. 7.3(9)] we conclude thatX m 0

L 0

can be written as

X m 0

L 0 =
L 0+1X

` = L 0� 1

X̀

m = � `

c0
`;m Y m

` (r̂ ); (64)

wherec0
`;m 2 C3. From this representation, it follows that

X m 0

L 0 involves scalar spherical harmonics of minimum degree
L 0 � 1 � L . However, the sum in (63) contains only scalar
spherical harmonics of degrees at mostL � 1, so there is no
overlap in degree. By the orthogonality of scalar spherical
harmonics (see Remark 7), it follows thatX m 0

L 0 is orthogonal to
any function of the form given on the right-hand side of (29).

We conclude that forL � 0, it holds that

rangef KL g � V L : (65)

Step III: Orthogonality Principle:

For anyL � 0 it holds that

kT � TL kop = sup
kJ2 kL 2 =1

k(T � TL ) J2kL 2 (66)

= sup
kJ2 kL 2 =1

k(I � PL ) TJ2kL 2 (67)

= sup
kJ2 kL 2 =1

k(I � PL ) (T � KL + KL ) J2kL 2 (68)

= sup
kJ2 kL 2 =1

k(I � PL ) (T � KL ) J2kL 2 (69)

� sup
kJ2 kL 2 =1

k(T � KL ) J2kL 2 (70)

= kT � KL kop; (71)

where I is the identity operator. Here, (69) follows directly
from (65) and (70) follows from the fact thatPL is an
orthogonal projection. Finally, as discussed at the beginning of
Section III, the result in (71) concludes the proof. �

V. CONCLUSIONS

We have shown that the electromagnetic far-�eld interaction
of a wide range of radiating structures can be approximated
arbitrarily well by a sequence of �nite-rank operators (see The-
orem 1). Furthermore, we have introduced a vector-spherical-
harmonics-based method to construct such a sequence of �nite-
rank operators. In particular, we have demonstrated that the
approximation error exhibits super-exponential decay once the
rank exceeds an effective bandwidth (see Theorem 2). Our
results imply that the far-�eld interaction of a wide range of
wireless systems can be modeled with limited complexity—
using �nitely many parameters—up to arbitrary accuracy. This
result further strengthens our justi�cation in [1, Rem. 9] that
the scattering operator de�ned in [1, Eq. 21] can be represented
accurately (up to arbitrary precision) using a �nite number of
model parameters.
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Abstract—We investigate by how much an investor can im-
prove his wealth growth in an IID stock market using side
information—without revealing this fact to a warden observing
the investor's wealth each day. Speci�cally, we require the relative
entropy between the distributions of wealth induced by the
investor's portfolio and the log-optimal portfolio to be small. We
formulate this constraint with two different degrees of strictness.
We show that the improvement in the wealth growth can at
most scale with the square root of the number of days n spent
investing in the stock market. We further provide a tight upper
bound on the improved wealth growth rate as a function of the
maximally permitted relative entropy; when the latter is zero, no
improvement on the order of

p
n is possible.

I. INTRODUCTION

Suppose that an investor wants to invest in a stock market
consisting of m stocks. From the day he starts investing, let this
stock market be described by a sequence of vectors X1; X 2; : : :
where Xi = (X i;1 ; : : : ; X i;m )T denotes the price relatives of
stocks 1 to m on day i. We de�ne the price relative Xi;j as
the ratio of the price of stock j at the end of day i to its price
at the beginning of the same day.

The investor invests all of his wealth in the stock market
each day through a sequence of portfolios B1; B 2; : : : where
the component Bi;j of B i = (B i;1 ; : : : ; B i;m )T de�nes the
fraction of the wealth invested in stock j on day i. Note
that since Bi is an allocation of the investor's entire wealth
across stocks, it resides in the (m�1)-dimensional probability
simplex � m�1 ,

mX

j=1

B i;j = 1: (1)

We denote the investor's wealth at the end of day i by Wi .
We call the ratio Wi =Wi�1 the wealth relative on day i and
compute it as

Wi =Wi�1 = B T
i X i : (2)

Thus, the investor's wealth at the end of day n is given by

Wn =

 
nY

i=1

B T
i X i

!

W0; (3)

where W0 denotes the investor's initial wealth (usually nor-
malized to 1).

The goal of the investor is to maximize the wealth growth
rate Rn :

Rn ,
1
n

log Wn =W0: (4)

If the price relatives each day are independent and identically
distributed (IID) according to PX ,

X 1; X 2; : : : IID� P X ; (5)

and the investor uses the same constant portfolio b every day,
we have

Rn ! E X�P X [log bTX] w. p. 1: (6)

We de�ne the log-optimal portfolio b� as

b � , argmax
b2� m�1

EX [log bTX]; (7)

and note that it maximizes (4) in the long run, i.e., as n ! 1
[1, Theorem 16.3.1]. Throughout this paper, we maintain the
assumption (5) that the price relatives are IID.

Now suppose that the investor has access to a sequence of
IID side information Y1; Y2; : : : where each Yi is correlated
with the vector Xi of price relatives. More precisely, we
assume that

(X 1; Y1); (X 2; Y2); : : : IID� P X;Y : (8)

Then we de�ne the conditional log-optimal portfolio given that
Yi = y i as

b �
i (yi ) , argmax

b2� m�1
EX�P XjY =y i

[log bTX]: (9)

In the long run, this strategy is optimal and achieves an
improved wealth growth rate given as

lim
n!1

Rn = E PX;Y [log b�T (Y )X]: (10)

We de�ne the improvement in wealth growth rate due to the
side information Y as

�R n ,
1
n

(log Wn =W0 � nR �
n ); (11)

where R�
n denotes the wealth growth rate achieved by the log-

optimal portfolio b� . It is known that �R n as n ! 1 can be
bounded as [1, Theorem 16.4.2]

lim
n!1

�R n � I(X; Y ): (12)

Motivated by the covert communications literature [2], [3],
[4], we introduce a twist to the problem. We consider the
situation in which a warden observes the investor's wealth each
day. The investor wishes to maximize his wealth growth in n
days without revealing to the warden that he has access to side
information (for more or less legitimate reasons). Meanwhile,
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the warden performs a statistical test on his observations
W0; W1; : : : ; Wn to determine whether the investor is using
side information Y (hypothesis H1) or not (hypothesis H0).
We assume that PX is known and that the investor acts ratio-
nally to maximize his wealth. Therefore, the null hypothesis
corresponds to the investor using the log-optimal portfolio (7).
We de�ne Pn as the distribution of (W0; W1; : : : ; Wn ) induced
by the log-optimal portfolio (7), while we de�ne Qn as the
distribution of (W0; W1; : : : ; Wn ) induced by the investor's
portfolio B(Y ) � P BjY (note that we allow the investor to
choose a randomized investment strategy.)

Let the probability of the type-I error (rejecting H0 when
true) be denoted as � and the probability of the type-II error
(failing to reject H0 when false) be denoted as �. The investor
should strive to make the warden's optimal statistical test only
as useful as a blind test, in which case the resulting pair (�; �)
satis�es � + � = 1. From Pinsker's inequality and the bound
in [5, Theorem 13.1.1], we have for the distributions Pn and
Qn de�ned above that

� + � � 1 �

r
1
2

D(Q n kPn ): (13)

Consequently, making D(Qn kPn ) negligible ensures that the
investor evades detection by the warden. We formalize this
covertness constraint in more detail in Section II.

We are interested in determining the improvement that the
investor can achieve with the help of the side information
Y , but under the given covertness constraint. Let us brie�y
discuss �R n as de�ned in (11). Considering the “square root
law” of steganography [6], as well as similar results in covert
communications showing that covert bits only on the order ofp

n can be communicated over n channel uses [2], [3], [4],
we suspect that

�R n ! 0 as n ! 1; (14)

irrespective of the investment strategy B(Y ). Indeed, as we
will see below, this is the case. Therefore, we de�ne the
second-order wealth growth rate improvement �~Rn as

� ~Rn ,
1

p
n

(log Wn =W0 � nR �
n ); (15)

where we recall that R�n denotes the wealth growth rate
achieved by the log-optimal portfolio b� . Our goal is to �nd

lim
n!1

max
PBjY

� ~Rn ; (16)

while ensuring compliance with the given covertness con-
straint. Here, we assume that the stock market is well-behaved
and the investor chooses his portfolio so that the limit in (16)
equals the expectation of (15) almost surely.

We summarize our main results as follows: a) When we
require the relative entropy between Qn and Pn to tend to
zero, no improvement of the second-order wealth growth rate
is possible in the long run, i.e., (16) equals zero. b) When we
allow the relative entropy to be bounded away from zero, (16)
satis�es the tight upper bound of Theorem 6 ahead.

II. COVERTNESS CONSTRAINTS

We de�ne two different versions of the covertness constraint
based on (13), which stipulates that we need to keep the
relative entropy between Qn and Pn small.

For the strong covertness constraint, we require that

D(Q n kPn ) � � n ; (17)

where 0 � � n < 1 satis�es

lim
n!1

� n = 0: (18)

This constraint is slightly weakened in the relaxed covert-
ness constraint: we require that

D(Q n kPn ) � � 0
n (19)

where 0 � � 0
n < 1 satis�es for some � > 0

lim
n!1

� 0
n = �: (20)

III. AUXILIARY RESULTS

The following auxiliary results are reasonably intuitive, and
we therefore omit their proofs for brevity.

Proposition 1. The wealth relative induced by the log-optimal
portfolio b� every day is IID. We denote its distribution by
P̂ . Similarly, the wealth relative induced by the investor's
portfolio B(Y ) every day is IID.

Lemma 2. Under either the strong or the relaxed covertness
constraint, the distribution of the wealth relative induced by
B(Y ) must have the following form:

P� n (w) ,

(
P̂ (w) + � n (w) if w 2 W , supp( P̂ );
0 otherwise;

(21)

where �n satis�es the following properties:
Z

W
� n (w) dw = 0; (22)

� n (w) � � P̂ (w); 8w; (23)

lim inf
n!1

� n = 0 a.e. (24)

Note that we de�ne W as the support of̂P .
An arbitrary P� n may still not satisfy either the strong or the

relaxed covertness constraint. We merely state that choosing
this form is necessary (but it is not suf�cient).

Proposition 3. The strong covertness constraint (17) can be
rewritten as

D
�
P 
n

� n




 P̂ 
n �

� � n ; (25)

where we use the product distribution P
n
� n

,
Q n

i=1 P� n and
de�ne P̂ 
n ,

Q n
i=1 P̂ . Note that for W0 = 1, Q n = P 
n

� n

and Pn = P̂ 
n . Similarly, the relaxed covertness constraint
(19) can be rewritten as

D
�
P 
n

� n




 P̂ 
n �

� � 0
n : (26)
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Lemma 4. If the wealth relatives (W1=W0); : : : ; (Wn =Wn�1 )
are IID according to P� n , we have

lim
n!1

� ~Rn = lim
n!1

p
n

Z

W
� n (w) log w dw: (27)

IV. RESULT FOR THE STRONG COVERTNESS CONSTRAINT

Theorem 5. Given PX , let W � denote the wealth relative
induced by the log-optimal portfolio (7), i.e., W� , b �T X.
Assume that �n (w) � P̂ (w) a.e. for suf�ciently large n and
E

�
log2 W �

�
< 1. Regardless of the distribution PX of the

price relatives and the side information Y , we have

lim
n!1

max
PBjY :

D(P 
n
� n

k P̂ 
n )�� n

� ~Rn = 0: (28)

Accordingly, no improvement of the �rst-order growth rate
is possible, i.e., (14) holds true.

Proof: First, we consider the satisfaction of the covertness
constraint. By the chain rule for relative entropy, we have

D
�
P 
n

� n




 P̂ 
n �

= n D
�
P� n




 P̂

�
(29)

= n
Z

W
P� n (w) log

 
P� n (w)

P̂ (w)

!

dw (30)

= n
Z

W

�
P̂ (w) + � n (w)

�

� log

 

1 +
� n (w)

P̂ (w)

!

dw: (31)

We assume the existence of an N such that� n (w)
P̂ (w)

� 1 a.e. for
n � N and take n � N in the following. Recall that property
(23) already lower-bounds it by �1. Using the Taylor series
expansion log(1 + x) = x � x 2

2 + x 3

3 � � � � for �1 < x � 1,
we obtain
Z

W
(P̂ (w) + � n (w)) log

 

1 +
� n (w)

P̂ (w)

!

dw

=
Z

W
(P̂ (w) + � n (w))

�

 
� n (w)

P̂ (w)
�

� 2
n (w)

2P̂2(w)
+

� 3
n (w)

3P̂3(w)
� � � �

!

dw (32)

=
Z

W

�
� n (w) +

� 2
n (w)

2P̂ (w)
�

� 3
n (w)

6P̂2(w)
+

� 4
n (w)

12P̂3(w)
� � � �

�
dw

(33)

=
Z

W

 
� 2

n (w)

2P̂ (w)
�

� 3
n (w)

6P̂2(w)
+

� 4
n (w)

12P̂3(w)
� � � �

!

dw (34)

where the last equality follows from property (22). Returning
to (31) and taking its limit, our covertness constraint dictates

lim
n!1

Z

W
n

 
� 2

n (w)

2P̂ (w)
�

� 3
n (w)

6P̂2(w)
+

� 4
n (w)

12P̂3(w)
� � � �

!

dw = 0:

(35)

Now we analyze this integral. Since j�n (w)j � P̂ (w) a.e. for
n � N, we have

�
�
�
�
�
� 2

n (w)

2P̂ (w)

�
�
�
�
�

�

�
�
�
�
�

� 3
n (w)

6P̂2(w)

�
�
�
�
�

�

�
�
�
�
�

� 4
n (w)

12P̂3(w)

�
�
�
�
�

� � � � a.e. (36)

=)

�
�
�
�
�
n� 2

n (w)

2P̂ (w)

�
�
�
�
�

�

�
�
�
�
�
n� 3

n (w)

6P̂2(w)

�
�
�
�
�

�

�
�
�
�
�

n� 4
n (w)

12P̂3(w)

�
�
�
�
�

� � � � a.e. (37)

We de�ne

f n (w) ,
n� 2

n (w)

2P̂ (w)
�

n� 3
n (w)

6P̂2(w)
+

n� 4
n (w)

12P̂3(w)
� � � � : (38)

It follows from (37) that

f n (w) �
n� 2

n (w)

2P̂ (w)
�

n� 3
n (w)

6P̂2(w)
a.e. (39)

�
1
3

n� 2
n (w)

P̂ (w)
a.e. (40)

Then (35) implies that

lim
n!1

Z

W

n� 2
n (w)

P̂ (w)
dw = 0: (41)

We can now direct our attention to �~Rn . From Lemma 4, we
have

lim
n!1

� ~Rn = lim
n!1

Z

W

p
n� n (w) log w dw (42)

= lim
n!1

Z

W

p
n� n (w)

�
log w � E[log W � ]

�
dw

(43)

= lim
n!1

Z

W

p
n� n (w)

q
P̂ (w)

�
q

P̂ (w)
�

log w � E[log W � ]
�

dw (44)

� lim
n!1

s Z

W

n� 2
n (w)

P̂ (w)
dw

�

s Z

W
P̂ (w)

�
log w � E[log W � ]

� 2
dw

(45)

= lim
n!1

vu
u
t

 Z

W

n� 2
n (w)

P̂ (w)
dw

!
p

Var[log W � ]; (46)

where (43) holds because of property (22) and (45) follows
from the Cauchy–Schwarz Inequality. Note that (43) is an
unnecessary step for the proof of the present result, but it helps
to establish a point about Theorem 6. Assuming E

�
log2 W �

�

is �nite, the right-hand side vanishes as n ! 1 due to (41).
Hence

lim
n!1

� ~Rn = 0: (47)
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V. RESULT FOR THE RELAXED COVERTNESS CONSTRAINT

As shown in Theorem 5, a positive limn!1 � ~Rn is not
achievable under the strong covertness constraint (17). There-
fore, we resort to imposing the relaxed covertness constraint
instead. We are now interested in

lim
n!1

max
PBjY :

D(Q n kP n )�� 0
n

� ~Rn : (48)

Theorem 6. Given PX , let W � denote the wealth relative
induced by the log-optimal portfolio (7), i.e., W� , b �T X.
Assume that �n (w) � P̂ (w) a.e. for suf�ciently large n and
E

�
log2 W �

�
< 1. Then, we have

lim
n!1

max
PBjY :

D(P 
n
� n

k P̂ 
n )�� 0
n

� ~Rn �
p

2�
p

Var[log W � ]; (49)

where equality is achieved only by �n of the following form:

� n (w) =
1

p
n

s
2�

Var[log W � ]
P̂ (w)

�
log w � E[log W � ]

�

+ O

�
1

p
n

�
a.e. (50)

for suf�ciently large n.

Proof: For space reasons, we omit the proof of this
result. Note that it follows from a reasoning similar to that
of equations (42)–(46), where a counterpart of (41) yields an
upper bound by 2� instead of 0.

Further note that this result can also be understood intu-
itively via the central limit theorem.

VI. HORSE RACE EXAMPLE

A. Perfect Side Information

We now turn to a speci�c instance of our problem under the
relaxed covertness constraint. Consider betting on an unbiased
horse race with two horses. The money bet on the winning
horse is doubled, whereas the money bet on the other is lost.
The side information Y is the outcome of the race revealed to
the investor in advance. We wish to �nd (48) in this situation.

Let H be the winning horse with the PMF

P[H = k] =

(
p if k = 1;
1 � p if k = 2;

(51)

where we assume p �12 without loss of generality. Referring
to our original notation, this means that the price relatives
X 1; X 2; : : : are distributed according to

PX (x) =

8
>>>><

>>>>:

p if x =

 
2
0

!

;

1 � p if x =

 
0
2

!

:

(52)

Furthermore, the side information is simply Y = H.

It is well known that the log-optimal portfolio in horse bet-
ting uses proportional betting [1, Theorem 6.1.2]. Therefore,
the log-optimal portfolio in our setting is given by

b � ,
�

p
1 � p

�
: (53)

Then it is easy to derive the distribution of W� :

P̂ (w) =

(
p if w = 2p;
1 � p if w = 2(1 � p):

(54)

To achieve (48), the distribution of the wealth relative
induced by the investor's strategy PBjY for suf�ciently large
n must be of the form

P� n (w) =

(
p + � n if w = 2p;
1 � p � � n if w = 2(1 � p);

(55)

where 0 � � n � 1 � p. This form follows from Lemma 2
though it is easy to see why. If P� n is not absolutely contin-
uous with respect tôP , i.e., P� n 6� P̂ , then D(Qn kPn ) =
D(P 
n

� n
kP̂ 
n ) = 1 and the relaxed covertness constraint

(19) is immediately violated. To achieve limn!1 � ~Rn > 0,
the investor must ensure that the wealth relative induced by
his strategy is occasionally better than the wealth relative
induced by the log-optimal portfolio b� . Since p � 1 � p,
P� n (2p) � P̂ (2p) must therefore hold. We impose this
condition by stipulating �n � 0. The inequality � n � 1 � p
is necessary to ensure that P� n is nonnegative everywhere.

It follows from (55) that if p = 1, then P� n = P̂ and
therefore, � ~Rn = 0. This makes sense because the log-optimal
portfolio b� bets all the wealth on the winning horse, which
is already the best possible strategy.

Another corollary of (55) is that the investor can either use

b � or b � ,
�

1 � p
p

�
. Any other portfolio would result in

P� n 6� P̂ , which violates the relaxed covertness constraint
(19) as was discussed.

We will now verbally outline the investor's strategy to
maximize limn!1 � ~Rn . The investor should useb � instead
of b � when it is bene�cial to do so, i.e., the weaker horse is
set to win (H = 2), as many times as possible without being
detected. Then the distribution PBjY to realize (55) becomes
clear:

PBjY =1 (b) =

(
1 if b = b � ;
0 otherwise;

(56a)

PBjY =2 (b) =

(
1 � � n

1�p if b = b � ;
� n

1�p if b = b � ;
(56b)

where we assume p 6= 1 (otherwise �~Rn = 0 anyway).
Essentially, if Y = 1, the investor always uses b� . If Y = 2,
he �ips a biased coin to decide which portfolio he is going to
use.

Since the distribution PBjY can be speci�ed for any P� n as
in (55), it suf�ces to �nd a suitable �n .
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If one maximizes limn!1 � n while ensuring that the
covertness constraint (19) is satis�ed, the optimal choice for
suf�ciently large n turns out to be

� n =
1

p
n

p
2�p(1 � p): (57)

This choice yields

lim
n!1

max
PBjY :

D(P 
n
� n

k P̂ 
n )�� 0
n

� ~Rn =
p

2�p(1 � p) log
p

1 � p
: (58)

It can be veri�ed that (58) equals the right-hand side of upper
bound (49).

B. Imperfect Side Information

We have shown that upper bound (49) is achievable when the
investor has perfect side information, i.e., Y = H. However,
he may still be able to achieve it when the side information
is perturbed, i.e., Y 6= H. Let us provide a simple example
where this is the case. Suppose that the investor observes
the winning horse through a binary symmetric channel with
crossover probability � > 0. Mathematically, we describe
this situation as P[Y = 2jH = 1] = P[Y = 1jH = 2] = �.
Assume that

1 � p > �; (59)

which ensures that Y predicts H more accurately than a blind
estimate (which would always predict H = 1). Then, the
investor can update his strategy as

PBjY =1 (b) =

(
1 if b = b � ;
0 otherwise;

(60a)

PBjY =2 (b) =

(
1 � � n

1�p�� if b = b � ;
� n

1�p�� if b = b � :
(60b)

If he uses the optimal �n given by (57), he will still achieve
upper bound (49). In the given setup, the investor occasionally
misses his output target. For instance, if Y = 2 when H = 1,
he might choose to useb � , resulting in W = 2(1 � p) instead
of W = 2p as intended. However, this also means that he
can attempt to improve his wealth relative more often (notice

� n
1�p�� > � n

1�p ). His erroneous attempts prevent the violation of
the covertness constraint by making sure he does not improve
his wealth relative too frequently.
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Abstract—Universal outlier hypothesis testing refers to a hy-
pothesis testing problem where one observes a large number
of length-n sequences—the majority of which are distributed
according to the typical distribution � and a small number
are distributed according to the outlier distribution �—and one
wishes to decide, which of these sequences are outliers without
having knowledge of � and �. In contrast to previous works, in
this paper it is assumed that both the number of observation
sequences and the number of outlier sequences grow with the
sequence length. In this case, the typical distribution � can be
estimated by computing the mean over all observation sequences,
provided that the number of outlier sequences is sublinear in the
total number of sequences. It is demonstrated that, in this case,
one can achieve the error exponent of the maximum likelihood
test that has access to both � and �. However, this mean-based
test performs poorly when the number of outlier sequences is
proportional to the total number of sequences. For this case, a
median-based test is proposed that estimates � as the median of
all observation sequences. It is demonstrated that the median-
based test achieves again the error exponent of the maximum
likelihood test that has access to both � and �, but only with
probability approaching one. To formalize this case, the typical
error exponent—similar to the typical random coding exponent
introduced in the context of random coding for channel coding—
is proposed.

I. INTRODUCTION

The problem of outlier hypothesis testing, introduced by Li,
Nitinawarat, and Veeravalli [1], consists in deciding among
a large number of sequences which ones are outliers. More
precisely, in outlier hypothesis testing, we observe M inde-
pendent length-n sequences Y1; : : : ; Y M , M � T of which are
independent and identically distributed (i.i.d.) according to the
typical distribution �, and T < M=2 are i.i.d. according to
the outlier distribution � 6= �, both taking values from the
same �nite alphabet Y. The goal is to decide which sequences
are distributed according to �, i.e., to identify the outlier
sequences. For any �xed M, this can be formulated as the
problem of �nding optimizers of a functional over the search
space [M] , f1; : : : ; Mg.

We shall describe the outlier hypothesis test by the function
� : Y Mn ! �S, where�S denotes the set of size-T subsets of [M].
In words, the function �(�) takes the M sequences Y1; : : : ; Y M

Author names are listed in alphabetical order.

as input and produces the set of indices S indicating the outlier
sequences. The performance of this test is measured by the
maximal error probability

�(�) = max
S2 �S

X

y M
1 : �(y M

1 )6=S

PS (y M
1 ) (1)

where PS denotes the joint distribution of Y1; : : : ; Y M when
the outlier sequences have indices S, and where we use
the notation yM1 to denote the sequence y1; : : : ; yM . More
precisely, we study the decay at which �(�) tends to zero as
n ! 1 by considering the corresponding error exponent

�(�) , lim
n!1

�
1
n

log �(�) (2)

where log(�) is the binary logarithm function andlim denotes
the limit superior.

If both distributions � and �, and the number T of outlier
sequences are known, then the error exponent of the maximum
likelihood test is 2B(�; �) [1, Prop. 7], where

B(�; �) , � log

0

@
X

y2Y

�(y)
1
2 �(y)

1
2

1

A (3)

is the Bhattacharyya distance between � and �. The same
exponent can also be achieved by a test that has only access
to � but is ignorant of � [1, Th. 8].

In the universal setting, where neither � nor � are known,
the maximum likelihood test is inapplicable. Instead, Li,
Nitinawarat, and Veeravalli consider the generalized likelihood
ratio test (GLRT), which is given by [1, eq. (37)]

� Li (Y 1; : : : ; Y M )

= argmin
S2 �S

X

j =2S

D

 

PY j

�
�
�
�
�

�
�
�
�
�

P
k =2S PY k

M � T

!

(4)

where

PY k (y) ,
1
n

nX

`=1

1 fY k;` = yg ; y 2 Y (5)

denotes the empirical distribution (type) of
Y k = (Y k;1 ; : : : ; Yk;n ), and 1 f�g denotes the indicator
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function. For the GLRT, they derive a lower bound on the
error exponent, which is strictly smaller than 2B(�; �),
but converges to 2B(�; �) as the number of observation
sequences M tends to in�nity [1, Th. 10]. This agrees with the
intuition that, as the number of observation sequences tends
to in�nity, we can accurately estimate the typical distribution
by averaging over all observations.

The work of Li, Nitinawarat, and Veeravalli [1] has subse-
quently been extended in various directions. For example, a
test for T � 1 with rejection option, i.e., where the test can
decide that none of the observation sequences is an outlier, was
investigated in [2]. Nitinawarat and Veeravalli [3] considered
the case where in exactly one sequence a change point occurs
at time 1 � � � n and proposed a test for identifying the
sequence and �. Bu et al. [4] proposed tests for continuous
distributions � and �. Sequential detection, i.e., early stopping,
was considered in [5]–[7]. Acharya et al. [8] studied the setting
where the sample size n is smaller than the alphabet size jYj
of the discrete distributions.

The aforementioned works all concern the case where the
sample size n is signi�cantly larger than the number M of
observation sequences. However, sometimes the opposite case
is also of interest. A practical example are dense sensor
networks, where each of the M sensors can only sense over
short intervals or with low sampling rates due to energy
limitations. Another example occurs in the medical domain,
where a large number of patients are recorded for a comparably
short time, such as for ECG/EEG data or voice recordings. A
large number of observation sequences has the advantage that
the typical distribution can be estimated accurately as

�̂(y) =
1
M

MX

k=1

PY k (y); y 2 Y (6)

provided that the number T of outlier sequences is sublinear
in M. On the negative side, the GLRT may become infeasible
if the number of observation sequences is large. Indeed, the
test searches over all size-T subsets of [M] as candidate outlier
sets. It thus has a computational complexity of O(MT ), which
becomes prohibitive if M and T are large. Mathematically, we
model the case of a large number of observation sequences by
making the parameters M (number of observation sequences)
and T (number of outlier sequences) dependent on the se-
quence length n. As a consequence, the approach followed
by Li, Nitinawarat, and Veeravalli [1] of applying Sanov's
theorem to express the error exponent as a minimization of
relative entropies and then bounding this minimum cannot be
followed for the GLRT, since the subexponential terms of the
error probability depend exponentially on the alphabet size YM

of the sequences Y1; : : : ; Y M and may become signi�cant for
an n-dependent M.

To sidestep this problem, we propose the mean-based test

� mean (Y 1; : : : ; Y M ) = argmax
S2 �S

X

j2S

D
�
PY j




 �̂

�
(7)

whose error probability, conditioned on �̂, can be analyzed
analytically. In particular, we show that, if T = o(M) and M

grows superlinearly but subexponentially in n, then the mean-
based test achieves the optimal error exponent 2B(�; �).

If the outlier sequences represent a positive fraction of all
sequences, i.e., if T = cM, 0 < c <1

2 , then the mean over all
types is biased, which negatively affects the error exponent of
the mean-based test (7). In this case, the median over all types

�(y) =
medianfPY 1 (y); : : : ; PY M (y)g

P
y02Y medianfPY 1 (y0); : : : ; PY M (y0)g

; y 2 Y (8)

may provide a better estimate of �, since it is more robust
against outliers. As we shall show, the median becomes accu-
rate as the sequence length n tends to in�nity but, in contrast to
the mean, its accuracy does not improve with M. This implies
that the error exponent of a median-based test that replaces in
(7) the mean-based estimate �̂ by the median-based estimate ��
is poor, despite the robustness of the median against outliers,
and despite numerical results that seem to suggest otherwise.
We thus propose a two-step median-based test that computes
the median-based estimate �� from a part of the sequences
Y 1; : : : ; Y M and uses the remaining part for outlier testing. As
a less pessimistic performance measure, we then propose the
typical error exponent, de�ned as the average error exponent
averaged over all realizations of ��. The typical error exponent
is similar to the typical random coding exponent introduced
in the context of random coding for channel coding; see, e.g.,
[9]–[12]. We show that the typical error exponent of the two-
step median-based test is equal to the optimal error exponent
2B(�; �). Thus, the test achieves the optimal exponent with
probability approaching one.

In terms of complexity, the mean-based test and the two-
step median-based test have a computational complexity of
O(M log M), while searching for a size-cM subset, as in the
GLRT (4), has complexity O(22M =

p
M).

The rest of this paper is organized as follows. Section II
introduces the considered setup. Section III discusses the error
exponent of the mean-based test. Section IV studies the two-
step median-based test and presents its typical error exponent.
Section V compares the performances of the proposed tests
with that of the GLRT by means of numerical examples.
Section VI concludes the paper with a discussion of the
computation complexity of the considered tests. The full proofs
of our results can be found in [13].

II. SETUP

Suppose we observe Mn independent length-n sequences
Y 1; : : : ; Y Mn , Mn � T n of which are i.i.d. according to the
typical distribution � and Tn < M n =2 are i.i.d. according to
the outlier distribution � 6= �. Here and throughout the rest
of this paper, we add the subscript “n” to M and T to re�ect
in the notation that these two parameters may depend on the
sequence length n. We assume that � and � have the same
alphabet Y, which is assumed to be �nite. We further assume
that

� min , min
y2Y

�(y) > 0: (9)

By the symmetry of the problem, we can assume without loss
of generality that the �rst Tn sequences are outliers. Under
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this assumption, the sequences Y1; : : : ; Y Mn have the joint
distribution

P[T n ](y 1; : : : ; yMn ) =
nY

k=1

TnY

i=1

�(y i;k )
MnY

j=T n +1

�(y j;k ) (10)

where yj = (y j;1 ; : : : ; yj;n )T , j = 1; : : : ; M n . We
shall assume that the number of outlier sequences Tn is
known. Any outlier test can thus be written as a function
�(Y 1; : : : ; Y Mn ) : Y nM n ! �S, where �S denotes the set of
size-Tn subsets of [Mn ], i.e., the set of all sets of cardinality
Tn in the powerset 2[M n ]. The maximal error probability can
then be written as

�(�) =
X

y Mn
1 : �(y Mn

1 )6=[Tn ]

P[T n ](y
Mn
1 ) (11)

and the corresponding error exponent is as in (2).
For the two-step median-based test, we further introduce

the typical error exponent. Speci�cally, suppose that we use
the �rst d�ne, � 2 (0; 1) samples of each one of the vectors
Y 1; : : : ; Y Mn , denoted by Y(1)

1 ; : : : ; Y (1)
Mn

, to produce the
median-based estimate �� of � (cf. (8)) and the remaining
samples Y(2)

1 ; : : : ; Y (2)
Mn

to decide which sequences are out-
liers. Thus, in the second step, the outlier test is given by the
function

� median(Y
(2)
1 ; : : : ; Y (2)

Mn
j��) = argmax

S2 �S

X

j2S

D
�

PY (2)
j




 ��

�
:

(12)
The maximal error probability in the second step can be written
as

�(� medianj��) =
X

y Mn
1 : � median(y

Mn
1 j��)6=[T n ]

P (2)
[T n ](y

Mn
1 ) (13)

where P(2)
[T n ] is as in (10) but with the index k going from

d�ne + 1 to n. The typical error exponent is then de�ned as

��(� median) , lim
n!1

�
1
n

E
�
log

�
�(� medianj��)

��
(14)

where the expectation is over all observation sequences
Y (1)

1 ; : : : ; Y (1)
Mn

used in step 1 to produce ��.
Jensen's inequality implies that the typical error exponent

��(� median) is never smaller than the error exponent �(�median).
Intuitively, to obtain the optimal typical error exponent, it
suf�ces that the estimate �� is accurate with probability ap-
proaching one. In contrast, the error exponent requires the
probability that �� deviates from � to decay exponentially in n
with a suf�ciently large error exponent. Our numerical results
in Section V suggest that such a requirement may be too
pessimistic.

III. MEAN-BASED TEST

We start by investigating the mean-based test in (7). The
following theorem characterizes the performance of this test
when the number of outlier sequences is sublinear in Mn .

Theorem 1: Assume the number of sequences Mn satis�es
limn!1 Mn =n = 1 and lim n!1 log(Mn )=n = 0. Further

assume that the number of outlier sequences is known and
satis�es Tn = o(M n ). Then, for every pair of distributions
� 6= �, the mean-based test (7) has the error exponent

� mean = 2B(�; �): (15)

Proof (Sketch): Since the error exponent in the universal
setting cannot be larger than the error exponent 2B(�; �) in
the setting where � and � are known, it suf�ces to bound the
error exponent from below.

We next note that, by the assumption that Tn = o(M n ), the
estimate �̂ converges to � as Mn ! 1. In fact, Hoeffding's
inequality [14] implies that

Prob
�
�̂ =2 B ";1 (�)

�
� 2jYj exp

�
�2

("M n � T n )2

Mn

�
(16)

for every " > 0, where

B";1 (�)

, fQ 2 P(Y) : Q(y) 2 [�(y) � "; �(y) + "]; y 2 Yg: (17)

We can then upper-bound the error probability as

�(� mean) � Prob
�

� mean(Y
Mn
1 ) 6= [Tn ]; �̂ 2 B ";1 (�)

� �

+ 2jYj exp
�

�2
("M n � T n )2

Mn

�
(18)

whose error exponent is determined by the error exponent
of the �rst term since, by the assumption that Mn is super-
linear in n and that Tn = o(M n ), we have that Prob

�
�̂ =2

B";1 (�)
�

decays superexponentially in n. Furthermore, for
discrete distributions, relative entropy is continuous. It thus
follows that, for �̂ 2 B ";1 (�), U i (�̂) , D(P Y i k�̂) lies in
[Ui (�) � " 0; Ui (�) + " 0] for some "0 that vanishes as " ! 0.

By assumption, the �rst Tn sequences are outliers. The �rst
term on the RHS of (18) can thus be bounded as

Prob
�

� mean(Y
Mn
1 ) 6= [Tn ]; �̂ 2 B ";1 (�)

�

� P [T n ]

�
min
i�T n

Ui (�) � max
j>T n

Uj (�) + 2" 0
�

� T n (Mn � T n )P[T n ] (U1(�) � U Tn +1 (�) + 2" 0) (19)

where the �rst step follows because, for �̂ 2 B";1 (�), we
can approximate Ui (�̂) by U i (�) � " 0, and by then removing
the condition �̂ 2 B";1 (�); and the second step follows by
writing the condition in the probability P[T n ](�) as a union of
events, and by applying the union bound.

Since Tn < M n =2 and, by the theorem's assumption,
Mn is subexponential in n, it follows that the error expo-
nent of the RHS of (19) is determined by the exponent of
P[T n ] (U1(�) � U Tn +1 (�) + 2" 0). This exponent, in turn, can
be computed by following the steps in [1] for the case where
� is known. In particular, it was shown in [1, Th. 1] that
the exponent of the probability P[T n ] (U1(�) � U Tn +1 (�))
is equal to 2B(�; �). A simple continuity argument then
yields that the exponent of P[T n ] (U1(�) � U Tn +1 (�) + 2" 0)
converges to 2B(�; �) as we let "0 tend to zero from above.

For the full proof, see [13, App. A].
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Theorem 1 hinges on the assumption that Tn is sublinear
in Mn , so the estimate �̂ of � becomes accurate as n ! 1.
When Tn is proportional to Mn , this is no longer the case.
In particular, if Tn = cM n , c > 0, then �̂ converges to the
distribution � = (1 � c)� + c�. By following the same steps
as in the full proof of Theorem 1 in [13], it can be shown that
the error exponent is lower-bounded as

� mean � min
Q 1 ;Q 2

fD(Q 1k�) + D(Q 2k�)g (20)

where the minimum is over all distributions (Q1; Q2) satisfy-
ing D(Q 2j�)�D(Q 1k�) � 0, which is smaller than 2B(�; �),
cf. Fig. 2. Thus, when the number of outlier sequences is
proportional to the total number of sequences Mn , the mean-
based test does not achieve the exponent of the maximum-
likelihood test when � and � are known.

IV. MEDIAN-BASED TEST

Since the mean-based test performs subpar for Tn = cM n ,
we consider in this section the median-based estimate (8),
which is inherently robust against outliers as long as c <1

2 .
However, in contrast to the mean-based estimate �̂, the conver-
gence of the median-based estimate �� to � is determined by
the growth of n and not of Mn . Consequently, the probability
that �� =2 B ";1 (�) (with B ";1 (�) de�ned in (17)) does not
decay superexponentially in n, even if Mn is superlinear in n.
Speci�cally, this probability can be bounded as follows:

Lemma 1: Consider the median-based estimate �� of �, in
(8), and assume that Tn < M n =2. Then, for every " > 0,

P[T n ]
�
�� =2 B ";1 (�)

�
� 2jYj(M n � T n ) exp(�2n" 02) (21)

where "0 = "=(1 + jYj).
Proof (Sketch): Let

m(y) , medianfP Y 1 (y); : : : ; PY Mn
(y)g: (22)

It can then be shown that, if m(y) 2 [� � " 0; � + " 0], then we
also have ��(y) 2 [� � "; � + "]. We can thus upper-bound

P[T n ](�� =2 B ";1 (�))

� jYj max
y2Y

P[T n ]
�
m(y) =2 [� � " 0; � + " 0]

�
: (23)

We next note that, by the assumption Tn < M n =2, the median
m(y) is bounded by

min
i>T n

PY i (y) � m(y) � max
i>T n

PY i (y): (24)

We can thus upper-bound

P[T n ]
�
m(y) =2 [� � " 0; � + " 0]

�

� P [T n ]

�
min
i>T n

PY i (y) < �(y) � " 0
�

+ P [T n ]

�
max
i>T n

PY i (y) > �(y) + " 0
�

: (25)

Expressing the minimum and the maximum as unions, apply-
ing the union bound, and bounding the resulting expressions
using Hoeffding's inequality, we then obtain that

P[T n ]
�
m(y) =2 [� � " 0; � + " 0]

�

� 2(M n � T n ) exp(�2n" 0) (26)

which together with (23) proves the lemma.
For the full proof, see [13, App. B].
Observe that the RHS of (21) decays exponentially in n,

but the error exponent vanishes as "0 tends to zero. Thus,
if we reproduce the steps in the proof of Theorem 1 for
the median-based estimate, then we obtain a vanishing error
exponent. This contradicts the numerical results in Section V,
which demonstrate that, for a �nite n, the median-based test
outperforms the mean-based test; cf. Fig. 3. One possible
explanation for this mismatch is that the error exponent is too
pessimistic, since it is dominated by the slow convergence of
�� to �. This motivates us to study the typical error exponent,
de�ned in (14), instead.

To simplify the analysis, we characterize the typical error
exponent of the two-step median-based test described at the
end of Section II. Speci�cally, we split each sequence Yi

into two subsequences Y(1)
i and Y(2)

i that consist of the �rst
d�ne and the remaining n �d�ne samples of Yi , respectively.
The former subsequences are then used to estimate �, while
the latter subsequences are used to detect the outliers. Since
the observation sequences are i.i.d., the estimate �� will then
be independent of the subsequences Y(2)

1 ; : : : ; Y (2)
Mn

, which
is easier to analyze. The following theorem characterizes the
typical error exponent of this test.

Theorem 2: Consider the two-step median-based test
described at the end of Section II, and assume that
limn!1 log(Mn )=n = 0. Further assume that the number of
outlier sequences is known and satis�es Tn < M n =2. Then,
for every pair of distributions � 6= �, the test (12) has the
typical error exponent

�� median = 2B(�; �): (27)

Proof (Sketch): Since the typical error exponent in the
universal setting cannot be larger than the error exponent in
the setting where � and � are known, it suf�ces to bound the
typical error exponent from below.

We next write the expected value on the RHS of (14) as

E
�
log

�
�(� medianj��)

��

= E[log
�
�(� medianj��)

� �
� �� 2 B ";1 (�)]P [T n ]

�
�� 2 B ";1 (�)

�

+ E[log
�
�(� medianj��)

� �
� �� =2 B ";1 (�)]P [T n ]

�
�� =2 B ";1 (�)

�
:

(28)

The second expected value can be upper-bounded by zero,
since the maximal error probability cannot exceed one. As for
the �rst expected value, the exponential decay of �(�medianj��)
when �� 2 B ";1 (�) can be analyzed by following the steps in
the proof of Theorem 1. It can then be shown that

lim
n!1

�
1
n

E
�
log

�
�(� medianj��)

� �
� �� 2 B ";1 (�)

�

� (1 � �)
�
2B(�; �) � ~"

�
(29)

(where limdenotes the limit inferior) for some ~" that vanishes
as " tends to zero. Here, the factor (1��) is due to the fact that
we detect outliers based on subsequences of length n � d�ne.
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Fig. 1. Numerical demonstration that the GLRT's error exponent is generally
smaller than 2B(�; �).

Lemma 1 also applies to the median-based estimate (8)
evaluated for the subsequences Y(1)

1 ; : : : ; Y (1)
Mn

by replacing
n by d�ne. Consequently, the probability P[T n ]

�
�� 2 B ";1 (�)

�

tends to one as n ! 1. The theorem then follows from (28)
and (29) upon letting � and " tend to zero.

For the full proof, see [13, App. C].
Theorem 2 only requires that Mn is subexponential in n.

Thus, in contrast to Theorem 1, the theorem also applies to
the case where Mn does not grow with n. As such, we can
compare the typical error exponent obtained in Theorem 2
with the results obtained in [1]. Interestingly, the typical error
exponent is equal to the exponent of the maximum-likelihood
test when � and � are known, whereas the error exponent is
strictly smaller [1, Th. 9].

V. NUMERICAL RESULTS

We validate our theoretical �ndings with three experiments:
1) Numerical demonstration that the error exponent of the

GLRT (4) is indeed often smaller than the typical error
exponent of the two-step median-based test (Theorem 2).

2) Numerical evaluation of (20) to con�rm the suboptimal-
ity of the mean-based test when Tn = cM n .

3) Comparison of the mean-based test, the single-step
median-based test,1 and the two-step median-based test
for increasing c in Tn = cM n and increasing Mn .

A. Suboptimality of GLRT

We select two Bernoulli distributions � = B(0:7) and
� = B(� � ), and vary the probability �(0) = 1 � � � in the
set f0:50; 0:55; : : : ; 1:00g. We select Mn = 4 and numerically
approximate the error exponent of the GLRT [1, Th. 2] and its
lower bound [1, Th. 3]. We solve the constituting optimization
problems approximately by evaluating the objective functions
and constraints on a grid. More speci�cally, for each �(0)
we evaluate the Bernoulli distributions q1 through q4 in [1,
eqs. (20)–(21)] for success probabilities �qi , i = 1; : : : ; 4
drawn from the set f0:00; 0:05; : : : ; 1g. We proceed along

1The single-step median-based test uses the same observation sequences to
produce the median-based estimate �� of � and to detect the outlier sequences.
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Fig. 2. Error exponent �mean of the mean-based test for increasing outlier
proportion c in two settings.

similar lines to evaluate the lower bound [1, Th. 3]. The results
of this simulation are depicted in Fig. 1. We observe that the
GLRT's error exponent reaches 2B(�; �) only for �(0) = 0:5
and �(0) = 1. While the performance of the GLRT will be
better for larger Mn as per [1, Th. 3], note that the lower bound
from this theorem becomes vacuous for small values of Mn .
Indeed, for Mn = 4 our approximation of the lower bound
evaluates to zero; cf. [1, Fig. 1].

B. Mean-based test when Tn = cM n

With a positive outlier proportion c, the set of the ob-
servations YMn

1 is drawn from the mixture distribution
� = c� + (1 � c)�. We evaluate the corresponding error ex-
ponent of the mean-based test (7) for Bernoulli distributions
(i.e., Y = f0; 1g) and for outlier proportions c in the set
f0:00; 0:05; : : : ; 0:55g. We select the success probabilities ��

and �� of the outlier and typical distribution, respectively, from
the pairs (0:10; 0:15) and (0:8; 0:3). Hence, we evaluate the
cases where these two distributions are similar and non-similar,
respectively. We evaluate (20) numerically for Bernoulli distri-
butions Q1 and Q2 assuming all success probabilities in the set
f0:001; 0:006; 0:011; : : : ; 0:996g. Fig. 2 shows the results for
both pairs of �� ; � � . As expected, the error exponent is larger
for non-similar distributions � and �, and the error exponent
of the mean-based test coincides with the upper bound of
2B(�; �) only if c = 0. (Note that in this case we assume that
Mn grows superlinearly with n.) We also observe that �mean

decays as c increases and is zero if c � 0:5, as in this case the
mean �̂ becomes a better estimate of the outlier distribution �
than of the typical distribution �.

C. Non-asymptotic performance of different tests

We �nally evaluate the performance of the mean-based test,
and the one-step and two-step median-based tests in the non-
asymptotic regime, i.e., for �nite Mn and n. Speci�cally,
we set Mn = 500 and vary the outlier proportion c in the
set f0:05; 0:06; : : : ; 0:5g. For each c, we select � and � as
categorical distributions with jYj = 5 and with the individual
symbol probabilities drawn from a uniform distribution and
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median based tests over increasing outlier proportions c.

subsequently normalized to 1. We next sample Tn = bcMn c
and Mn � T n sequences of length n = 250 from � and
�, respectively. From these, we compute the test statistics
of the mean-based, single-step median-based, and two-step
median-based tests, setting � = 0:5 for the latter. Fig. 3
shows the average error probability of each test, averaged
over 200 independent runs of our experiments. We observe
that the mean-based test performs worst, unless c is small,
which is probably due to the biased estimate of � when Tn is
proportional to Mn (cf. Fig. 2). Furthermore, the single-step
median-based test generally outperforms the two-step test that
we analyzed in Theorem 2. We believe that this is because the
two-step test suffers from poor sample ef�ciency. However,
for the one-step median-based test, we have not been able to
obtain an expression for the typical error exponent, since in
this case �� and the observation sequences Y1; : : : ; Y Mn , based
on which we detect outliers, are dependent.

VI. COMPUTATIONAL COMPLEXITY

The mean-based and two-step median-based tests declare
those Tn sequences as outliers for which the respective test
statistics D

�
PY j




 �̂

�
and D

�
PY (2)

i




 ��

�
are the largest. The

tests hence require computing the type of each sequence
(with a computational complexity of O(njYj)), taking the
average or median over all types (computation complexity:
O(Mn jYj) or O(jYjM n log Mn ), respectively), computing the
test statistic for each of the Mn sequences (computational
complexity: O(Mn jYj)), and sorting the Mn test statistics
(computational complexity: O(Mn log Mn )) to determine the
Tn largest ones. Keeping jYj �xed, the optimal error exponent
of 2B(�; �) can thus be achieved with a complexity of
O(n)+O(M n log Mn ). In contrast, the GLRT proposed in [1]
achieves this error exponent only asymptotically as Mn ! 1,
but has a computational complexity of O(MTn

n ). Framing the
test as a combinatorial clustering problem [15, Sec. 4.2], and
approaching it suboptimally via K-means [16], [17], reduces
the computational complexity to O(Mn ), but with an error
exponent that is smaller than 2B(�; �) [17, Th. 1 & 3].
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Abstract—Quaternionic signal processing is a �eld of growing
interest and useful whenever two complex signals are treated
jointly. In this paper, we propose a concise method for calculating
quaternionic minimum mean-squared error (MMSE) estimators
in case of additive Gaussian noise or, more general, noise from
an exponential family. Although quaternion algebra has some
peculiarities, we show that formally the result in the quaternionic
case is identical to the result in real and complex-valued settings
if gradients of quaternionic functions are de�ned suitably. Finally,
the derived estimators are employed in iterative reconstruction
algorithms for quaternionic compressed sensing.

I. I NTRODUCTION

Over the last years,hypercomplex signal processinghas
received increasing interest. This is, e.g., re�ected in two
special issues of the IEEE Signal Processing Magazine [24].
In particular, four-dimensional signal processing employing
quaternionsis very popular. In communications, quaternions
are a handy tool whenever two complex signals are treated
jointly. The most prominent examples are the �eld of optical
communications, where it is meanwhile standard practice to
utilize both polarizations of the electromagnetic waves [13], or
wireless communications using dual-polarized antennas [5].

Quaternions are numbers of the form

q = a + bi + cj + dk (1)

with a; b; c; d 2 R and threeimaginary unitswith the basic
relationsi2 = j 2 = k 2 = � 1 and ijk = � 1. Most algebraic
operations with quaternions can be carried out like those
for complex numbers. However, the multiplication of two
quaternions does not commute, i.e.,q1q2 6= q2q1 in general
[4], [29]. Hence, the setH of quaternions is not a �eld (like
the complex numbersC) but a skew �eld. This results in a
number of peculiarities.

In communications and signal processing the estimation
of a random quantity is a key task. A number of process-
ing techniques have already been generalized to quaternions,
e.g.,linear minimum mean-squared error (LMMSE) estimation
[25], theleast mean squares (LMS) algorithm[26], theKalman
�lter [19], array processing[16], or multiuser detection[23].

Besides the classical methods,compressed sensing (CS)[6],
[3] is meanwhile a well-established technique for recovering
sparse (in some basis) signals from undersampled observations.
In the vast majority of publications, real-valued CS is studied.
Some extensions to complex-valued signals are available, e.g.,
[1], [21]. It is natural to generalize CS to quaternionic signals;
some publications, mainly from a mathematical point of view,
are available, e.g., [11], [2].

This work was supported in parts by the Deutsche Forschungsgemeinschaft
(DFG, German Research Foundation) GRK 2680 – Project-ID 437847244.

The contribution of the present paper is to �rst derive a
general way to calculate the MMSE estimate and its associated
estimation variance in case of additive quaternionic Gaussian
noise or, more general, if the disturbance is from anexpo-
nential family. This result is well-known for the real-valued
setting [8] and meanwhile also for the complex-valued case
[21]. We show that, despite the peculiarities of quaternion
algebra, de�ning derivations of quaternionic functions suitably
formally yields the same result as in the real case.

The approach is then applied to derive iterative reconstruc-
tion algorithms for quaternionic compressed sensing. For the
quaternionic (vector) approximate message passing ((V)AMP)
algorithm the required estimators can be calculated straight-
forwardly. The performance is evaluated via numerical simu-
lations.

The paper is organized as follows: The concise exposition
of quaternionic MMSE estimators is derived in Sec. II. In
Sec. III, the iterative reconstruction algorithms for quaternionic
compressed sensing are brie�y stated and in Sec. IV their
performance is assessed. A short summary is given in Sec. V.
The de�nitions of derivatives and gradients of quaternionic
functions are collected in the Appendix.

II. A C ONCISE EXPOSITION OFQUATERNIONIC MMSE
ESTIMATORS

When dealing with quaternionic signals, in a number of
applications, estimation of quaternionic random variables is re-
quired. Usually, the criterion is to minimize the mean-squared
error, i.e., theminimum mean-squared error (MMSE)solution
is sought, which is given by theconditional mean. In this
section, we derive a concise exposition of quaternionic MMSE
estimators. Due to lack of space, only the main steps are
stated; straightforward but tedious manipulations are omitted.
The derivation heavily resorts to thegeneralized Wirtinger
gradientscompiled in the Appendix, where also some basics
on quaternions are given brie�y.

A. Derivation

We consider a general vector-valued quaternionic situation
where the observation is given by1

y = H x + n : (2)

Here,x 2 HN is a random vector of dimensionN with known
probability density function (pdf)f x (x ) and H 2 HM � N

1We use the standard notation of denoting scalars by lower-case letters
(e.g., x), (column) vectors by lower-case bold letters (e.g.,x ) and matrices
by upper-case bold letters (e.g.,X ). x H is the hermitian (conjugated and
transposed) vector ofx . Random variables are written in sans-serif font.
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is the observation matrix.n is a zero-mean quaternionic
Gaussian random vector of dimensionM , independent from
x. We assume the vector to beproper [17], [25], i.e., its
pseudocovariance matricesEf n(� inHi)g, Ef n(� jnHj) g, and
Ef n(� knHk)g are all zero (denoted asQ-properness in [25]).
This means the Gaussian random vector is completely charac-
terized by its covariance matrix� nn = E f nnHg and it is right
rotational invariant. The pdf ofn is formally given by [25]

f n(n ) =
1

(�= 2)2M j� nn j2
e� 2 n H � � 1

nn n ; (3)

where the determinant of the quaternionic covariance matrix
has to be understood as that of the equivalent complex-valued
matrix of doubled dimensions (see, e.g., [29], [22]).

Via Bayes' rule, the a-posteriori pdf ofx given y reads

f xjy (x ) =
1

f y (y )
f x (x ) f n(y � Hx ) : (4)

For subsequent derivations, it is useful to express it in theform
of an exponential family[8]. Due to the application of Bayes'
rule, � def= H H� � 1

nn y is thenatural parameter. We arrive at

f xj � (x ) = 1
( �= 2) 2M j � nn j 2

1
f y ( � nnH � H � ) e� 2� HH � 1 � nnH � H �

| {z }
e� A ( � )

� f x(x ) e� 2(Hx )H � � 1
nn (Hx )

| {z }
h(x )

� e2( � Hx + x H � )

= h(x ) e2( � Hx + x H � ) � A ( � ) : (5)

Thereby,A(� ) is the log-partition function.
Note thatf xj � (x ) is a valid pdf, i.e.,

1 =
Z

f xj � (x ) dx =
Z

h(x ) e2( � Hx + x H � ) � A ( � ) dx ; (6)

where integration w.r.t. the vectorx = [ x1; : : : ; xN ]T has to be
understood as integration over all elementsx i and all four parts
of each element. Taking the generalized Wirtinger gradientfor
quaternions w.r.t.� H (see (38)) on both sides of (6) leads to

0 =
@

@� H

Z
h(x ) e2( � Hx + x H � ) � A ( � ) dx

=
Z

h(x )
@

@� H e2( � Hx + x H � ) � A ( � ) dx : (7)

Since the exponent of the exponential function is real-valued,
the chain rule (44) in the Appendix holds and we have

0 =
Z

h(x ) e2( � Hx + x H � ) � A ( � )
�

x �
@

@� H A(� )
�

dx (8)

=
Z

f xj � (x )
�

x �
@

@� H A(� )
�

dx

=
Z

x f xj � (x ) dx �
@

@� H A(� )
Z

f xj � (x ) dx

= E f x j � g �
@

@� H A(� ) : (9)

Hence, the MMSE solution (conditional mean estimator) can
be written in the form

Ef x j � g =
@

@� H A(� ) : (10)

The corresponding covariance matrix of the estimation error
e def= x � Ef x j � g = x � @

@� H A(� ) is obtained by again taking
the generalized Wirtinger derivative for quaternions on both
sides of (8), now w.r.t.� . This gives

0 =
@

@�

Z
h(x ) e2( � Hx + x H � ) � A ( � )

�
x �

@

@� H A(� )
�

dx

=
Z

h(x )
@

@�

�
e2( � Hx + x H � ) � A ( � )

�
x �

@

@� H A(� )
��

| {z }
D

dx :

(11)

Since thee-term is real-valued, the product rule (42) in the
Appendix applies. Additionally,A(� ) is real-valued leading
to

�
@

@� A(� )
�

H = @
@� H A(� ). Thus, the integrand reads

D =
�

x �
@

@� H A(� )
�

e2( � Hx + x H � ) � A ( � )
�

x H �
@

@�
A(� )

�

� e2( � Hx + x H � ) � A ( � ) �
@

@�

@

@� H A(� )

= e2( � Hx + x H � ) � A ( � ) eeH

� e2( � Hx + x H � ) � A ( � ) �
@

@�

@

@� H A(� ) : (12)

Inserting this in (11) leads to
Z

f xj � (x ) eeH dx =
Z

f xj � (x ) dx
@

@�

@

@� H A(� )

� ee = E f eeHg =
@

@�

@

@� H A(� ) : (13)

In summary, resorting to the generalized Wirtinger calculus
with proper de�nitions for the gradients, the MMSE solution
and the error covariance matrix for the quaternionic case can
be obtained formally as in the real-valued [8] and complex-
valued [21] case.

B. Special Cases

1) Gaussian Signal:We now specify the observation model
(2) to the case wherex is quaternionic (proper) Gaussian with
some mean� x and covariance matrix� xx = � 2

x I and the noise
n is quaternionic (proper) zero-mean Gaussian with covariance
matrix � nn = � 2

n I (I is the identity matrix).
Employing (10) and (13) and taking the relations of the

quaternionic gradients into account, after some lengthy alge-
bra, we obtain

Ef x j � g =
@

@� H log
�

(�� 2
x =2)2M f y (� 2

nH � H� )

� e+2 � 2
x � HH � 1 H � H �

�

= � x +
�

H HH +
� 2

n

� 2
x

I
� � 1

H H
�

� 2
nH � H � � H� x

�
(14)

or

Ef x j yg = � x +
�

H HH +
� 2

n

� 2
x

I
� � 1

H H
�

y � H� x

�
(15)

� ee = � 2
n

�
H HH +

� 2
n

� 2
x

I
� � 1

: (16)and

Again, for quaternions, we formally get the same result as for
the complex case.
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2) Sparse Signal:The second situation of interest is a
sparse signal. Assuming independent components, we can
restrict ourselves to scalar (N = M = 1 , H = 1 ) sparse
random variablesx. Speci�cally, we assume a (quaternionic)
Bernoulli-Gaussian pdf

f x (x) = (1 � � )� (x) + �
1

(�� 2
x =2)2 e� 2j x j 2 =� 2

x ; (17)

with known parameter� (relative sparsity) and� (x) denoting
the Dirac function.

Employing (10) and (13) and taking the relations of the
quaternionic Wirtinger derivations into account, after some
lengthy manipulations, we obtain withf z(z) a zero-mean
Gaussian pdf with variance� 2

n + � 2
x

Ef x j � g =
@

@��
log

�
(�� 2

x =2)2 f y (�� 2
n )e+2 j � j 2 � 2

n

�

=
� f z(�� 2

n )
(1 � � )f n(�� 2

n ) + � f z(�� 2
n )

� 2
x

� 2
n + � 2

x
� 2

n �
or

Ef x j yg =
� f z(y)

(1 � � )f n(y)) + � f z(y)
� 2

x

� 2
n + � 2

x
y (18)

� 2
e =

� f z(y)
(1 � � )f n(y) + � f z(y)

� 2
n � 2

x

� 2
n + � 2

x
(19)and

�
(1 � � )f n(y)� f z(y)

((1 � � )f n(y) + � f z(y))2

� � 2
x

� 2
n + � 2

x

� 2
jyj2 :

Again, for quaternions we formally have the same results as
for the complex-valued case (cf., e.g., [12], [21]).

III. I TERATIVE RECONSTRUCTIONALGORITHMS FOR

QUATERNIONIC COMPRESSEDSENSING

In this section, we apply the MMSE estimator from Sec. II
to the problem ofquaternionic compressed sensing. To this
end, we consider the observation model (2) withM � N
andx being a sparse vector. For estimatingx from y, we are
speci�cally interested in iterative recovery algorithms resorting
to the principle ofapproximate message passing (AMP)[7]
and vector approximate message passing (VAMP)[18], see
also [14], [20].

The main procedure of these algorithms is to perform
alternately achannel-constrained (CC)estimation—the linear
combinations are considered but the speci�c pdf of the signal
is ignored—and asignal-constrained (SC)estimation—the
speci�c pdf of the signal is treated but the linear superpositions
are ignored. The CC estimator is a linear joint (over the
elements ofx) estimator, whereas the SC estimator is nonlinear
and treats the elements individually.

Here, we consider three types of algorithms for quaternionic
compressed sensing, summarized in Tab. I.

VAMP Channel-Constrained Estimation:Let some prior
knowledge� x = x s and corresponding reliability� 2

x = � 2
s

of the SC part from the prior iteration be given. The CC part
employs (15) and (16) to calculate the (biased) estimatex �c =
Ef x j yg and the variance� 2

�c = 1
N trace(� ee).

The result of this block has to be forwarded to the other
block. In VAMP this is done by anunbiasing step[10] (also

TABLE I
CONSIDERED RECOVERY ALGORITHMS.

CC Estimator SC Estimator Unbiasing/Onsager

VAMP MMSE estimator MMSE estimator unbiasing

BAMP matched �lter MMSE estimator Onsager correction

AMP matched �lter soft thresholding Onsager correction

called calculation of extrinsic or utilization of a divergence-
free estimator [14]) according to

� 2
c =

� 1
� 2

�c
�

1
� 2

s

� � 1
; x c = � 2

c

� x �c

� 2
�c

�
x s

� 2
s

� � 1
: (20)

VAMP Signal-Constrained Estimation:The prior knowl-
edgey = xc;i and corresponding reliability� 2

n = � 2
c of the

CC part are used in the SC part. It employs (18) and (19) to
calculate for alli the (biased) estimatex�s ;i = E f x j yg and the
variance� 2

�s ;i = � 2
e . The average variance is� 2

�s = 1
N

P
i � 2

�s ;i .
This result is forwarded to the other block by calculating

� 2
s =

� 1
� 2

�s
�

1
� 2

c

� � 1
; x s = � 2

s

� x �s

� 2
�s

�
x c

� 2
c

� � 1
: (21)

Alg. 1 shows the algorithm in pseudocode. The convergence
can be proven as for the real-valued case [18] (omitted here).

AMP Onsager Correction:AMP uses amatched �lter,
i.e., H H, instead of the CC MMSE estimator (cf. [14]). Note
that for low signal-to-noise ratios (� 2

x =� 2
n ! 0), the MMSE

estimator (15) converges to the matched �lter. Instead of
explicit unbiasing, a so-calledOnsager correctionis carried
out. Givenx s from the previous iteration (superscript�[k ]), the
intermediate signal

v [k ] =
�
y � Hx [k ]

s

�
�

N
M

� 2
�s

� 2
�c

v [k � 1] ; (22)

which is fed to the matched �lter, is recursively calculated.
In Bayesian AMP (BAMP), still the nonlinear MMSE

estimator is applied in the SC part. In conventional AMP,
soft thresholding (“denoising”) is used instead, which forthe
quaternionic case reads

T(q) =
�

q � # q
jqj ; jqj > #

0; else
: (23)

Here, # is the threshold. Consideringj d
dqT(q)j = 1 � 3#

4jqj ,
if jqj > # , zero else, the quotient of variances in the
Onsager correction (22) is approximated by1

N

P
i j d

dq T(qi )j
in conventional AMP.

The threshold# has to be adjusted in dependency of
the (mean) estimation variance of the CC estimator; usually
# =

p
� 2

�c . In [1], a robust estimator for the complex-valued
situation based on the median of the symbols of the vector
x �c has been proposed. This concept can be transferred to the
quaternionic case.

If the components of a quaternionic random variableq are
all Gaussian and independent (total variance� 2), the squared
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Alg. 1 VAMP Pseudocode.
function x �s = VAMP(y ; H ; � 2

x ; � 2
n )

1 x s = 0, � 2
s = � 2

x // init
2 while stopping criterion is not met
3 calculatex �c = E f x j y g according to (15) // CC

and � 2
�c = 1

N trace( � ee) according to (16)
4 calculatex c and � 2

c according to (20) // Unbias
5 calculatex �s ;i = E f x j xc;i g according to (18)8i // SC

and � 2
�s = 1

N

P
i

� 2
�s ;i with � 2

�s ;i = � 2
e according to (19)

6 calculatex s and � 2
s according to (21) // Unbias

Alg. 2 AMP Pseudocode.
function x �s = AMP(y ; H )
1 x �s = 0, v = y // init
2 while stopping criterion is not met
3 x �c = x �s + H Hv // CC

# =
p

median( jx�c ;1 j2 ; : : : ; jx�c ;N j2)=0:839173495

4 calculatex �s ;i = T (x �c ;i ) 8i // SC
5 v = ( y � Hx �s ) � N

M
1
N

P
i

j d
dq T (x �c ;i )j v // Onsager

magnitudex = jqj2 follows a � 2 distribution with 4 degrees
of freedom. Its cumulative distribution function is given by

Fx (x) = 1 � ( 2x
� 2 + 1) e � 2x

� 2 : (24)

The median is that� , for which Fx (� ) != 1
2 . The solution can

be written using the LambertW function as

� = � 2(� W� 1(� e� 1

2 ) � 1)=2 � 0:83917349500� 2 ; (25)

whereW� 1(z) is the � 1 branch of the LambertW function
andW (z) eW (z) = z.

This relation can be used to estimate the variance of a zero-
mean quaternionic Gaussian random variable in the form

� 2
�c =

median(jx�c ;1j2; : : : ; jx�c ;N j2)
0:83917349500

: (26)

Alg. 2 shows the algorithm in pseudocode.
The algorithms discussed up to now do all arithmetics over

the quaternions. Alternatively, the quaternionic problemcan
be transferred to a complex-valued problem with doubled
dimensions or to a real-valued problem with quadrupled di-
mensions. However, in these cases, the dependencies between
the components of each quaternionic vector element are not
taken into account.2

IV. N UMERICAL RESULTS

The performance of the quaternionic compressed sensing al-
gorithms of Sec. III is assessed by numerical simulations. Due
to lack of space, we restrict ourselves to signal dimension
N = 1024, observation dimensionM = 512, and relative
sparsity (ratio of non-zero elements)� = 102=1024 � 0:1.
The signal is Bernoulli–Gaussian with variance� 2

x = 1 , cf.

2For optimum performance, block sparsity would have to be considered in
the SC estimator.

(17). We quantify the performance via the mean-squared error
(MSE) per element

MSE def=
1
N

X N

i =1
kx � x �s k2

2 : (27)

Fig. 1 shows the MSE over the iterations for a �xed signal-
to-noise ratio of10 log10(1=� 2

n) = 30 dB . The elements of the
observation matrixH are chosen randomly i.i.d. quaternionic
proper Gaussian; the columns are normalized to norm one.
Curves of the three algorithms VAMP, BAMP, and AMP are
depicted. In addition, the performance for quaternionic, com-
plex (with doubled dimensions), and real-valued processing
(with quadrupled dimensions) is given.

0 5 10 15 20

10 -4

10 -3

10 -2

10 -1

AMP
BAMP
VAMP

real
complex
quaternionic

Fig. 1. Performance of different reconstruction algorithms over the iterations.
N = 1024 , M = 512 , � = 0 :1, 10 log10 (1=� 2

n ) = 30 dB . I.i.d. quater-
nionic proper Gaussian observation/sensing matrix.

It is evident that the quaternionic VAMP performs best.
AMP performs worst due to the simple thresholding instead of
calculating the MMSE estimate. BAMP is only slightly inferior
to VAMP. Quaternionic processing takes the dependencies
of the components of the signal elements into account in
an optimum way. Separating the components by resorting to
complex or real signal processing leads to a loss, both in
convergence speed and in steady-state performance.

V. SUMMARY AND CONCLUSIONS

In this paper, we have given a concise method for calculating
quaternionic MMSE estimators. Although quaternion algebra
has some peculiarities, de�ning gradients of quaternionicfunc-
tions suitably, the result is formally the same as for the real
and complex case. The derived MMSE estimators have been
applied in iterative (AMP-type) reconstruction algorithms for
compressed sensing.

APPENDIX

QUATERNIONS, DERIVATIVES, AND GRADIENTS

In this appendix we compile the most important facts about
quaternions, derivatives of quaternionic functions, and gradi-
ents.
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A. Basics on Quaternions

Quaternions are numbers of the form

q = a + bi + cj + dk (28)

with a; b; c; d2 R and threeimaginary unitswith the following
relationsi2 = j 2 = k 2 = � 1 and ijk = � 1.

Two quaternionsq1 = a1 + b1i + c1j + d1k andq2 = a2 +
b2i + c2j + d2k are added componentwise and multiplied by
multiplying out the individual terms obeying the multiplication
rules for the imaginary units [4], [29]. Note that multiplication
does not commute—the set of quaternions, denoted asH, is
not a �eld (like the complex numbersC) but a skew �eld. This
results in a number of peculiarities.

The conjugateis de�ned asq� def= a � bi � cj � dk and the
norm asjqj def=

p
qq� =

p
q� q =

p
a2 + b2 + c2 + d2. With

this, theinverseof q calculates toq� 1 = q�

j qj 2 . For p; q 2 H,
the following holds:(pq) � = q� p� . However,pq = qp holds
for all q 2 H, if and only if p 2 R.

B. Quaternionic Functions

Let y = f (q) be a quaternionic function of the quaternion
variableq = a + bi + cj + dk. The function can alternatively
be expressed depending on thecomponentsa, b, c, andd, i.e.,
with some abuse of notation

f (q) = f (a; b; c; d) ; with a; b; c; d2 R (29)

= f a(q) + f b(q)i + f c(q)j + f d(q)k ; (30)

wheref � (q), � 2 f a; b; c; dg are the real-valued components
of the quaternionic function.

C. Derivatives

In a number of applications, e.g., optimization, derivatives
are required. Even for complex-valued functions, the usual
derivative cannot be used as in almost all cases the functionof
interest (e.g., cost function) is not holomorphic. The common
strategy is to resort to theWirtinger derivatives[9]. The
concept of Wirtinger can be extended to quaternions, e.g., [27],
[15], [28]. These generalized (left) Wirtinger derivatives (w.r.t.
to q andq� , respectively)3 read

@f
@q

def
=

1
4

�
@f
@a

�
@f
@b

i �
@f
@c

j �
@f
@d

k
�

; (31)

@f
@q�

def=
1
4

�
@f
@a

+
@f
@b

i +
@f
@c

j +
@f
@d

k
�

: (32)

Note that for real-valued functions,f (q) 2 R, the derivatives
are related by

@f
@q�

=
� @f

@q

� �
: (33)

1) Examples: Table II collects the generalized Wirtinger
derivatives for some important functions withC = Ca + Cbi+
Ccj + Cdk 2 H, C� 2 R. The results can be obtained by
direct, yet tedious, calculations. Please note the non-intuitive
connections.

3Other derivatives can be de�ned, too [15]. For the present purpose it is
suf�cient to consider these two forms.

TABLE II
EXAMPLES OF GENERALIZEDWIRTINGER DERIVATIVES.

@f
@q

@f
@q�

f (q) = Cq C � 1
2 C

f (q) = qC Ca � 1
2 C �

f (q) = Cq� � 1
2 C C

f (q) = q� C � 1
2 C � Ca

f (q) = q� C + C � q 1
2 C � 1

2 C

f (q) = qq� 1
2 q� 1

2 q

2) Product and Chain Rule:Due to non-commutativity, the
usual product and chain rules for real or complex derivatives
do not hold for quaternions. However, if one of the functions
is real-valued, the usual procedure is valid. Speci�cally,let
f (q) = g(q) � h(q) with g(q) 2 H andh(q) 2 R. Then

@f
@q

=
� @

@q
g(q)

�
h(q) + g(q)

� @
@q

h(q)
�

; (34)

@f
@q�

=
� @

@q�
g(q)

�
h(q) + g(q)

� @
@q�

h(q)
�

: (35)

For f (q) = h(g(q)) with g(q) 2 H andh(q) 2 R, one obtains

@f
@q

=
@h(x)

@x

�
�
�
�
�
x = g(q)

�
@g(q)

@q
; (36)

@f
@q�

=
@h(x)

@x

�
�
�
�
�
x = g(q)

�
@g(q)
@q�

: (37)

D. Gradients

For functionsf (q1; : : : ; qd) = f (q) (f : Hd 7! H) we de�ne
the generalized Wirtinger gradientsasrow andcolumnvector

@f(q)
@q

def=
h

@f
@q1

� � � @f
@qd

i
;

@f(q)
@qH

def=

2

6
4

@f
@q�1
...

@f
@q�d

3

7
5 ;(38)

where the components are calculated according to (31) and
(32), respectively.

For a vector-valued functionf (q) = [ f 1(q) � � � f n (q)]T (f :
Hd 7! Hn ; f is a columnvector), the gradient is de�ned as

@f (q)
@q

def=
h

@f
@q1

� � � @f
@qd

i
=

2

6
4

@f1 (q)
@q1

� � � @f1 (q)
@qd

...
...

@fn (q)
@q1

� � � @fn (q)
@qd

3

7
5(39)

and for f (q) = [ f 1(q) � � � f n (q)] (f : Hd 7! Hn ; f is a row
vector), the gradient is de�ned as

@f (q)
@qH

def=

2

6
4

@f (q)
@q�1
...

@f (q)
@q�d

3

7
5 =

2

6
4

@f1 (q)
@q�1

� � � @fn (q)
@q�1

...
...

@f1 (q)
@q�d

� � � @fn (q)
@q�d

3

7
5 : (40)

Note that for real-valued functions,f (q) 2 Rn , the gradients
are related by

@f (q)
@q

=
� @f (q)

@qH

� H
: (41)
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1) Examples:Table III collects the generalized Wirtinger
derivatives for some important functions withC = C a + C bi+
C cj + C dk 2 Hd� n , C � 2 Rd� n , andc = ca + cbi + ccj +
cdk 2 Hd� 1, c� 2 Rd� 1, andM = M H 2 Hn � n . Again note
the non-intuitive results (cf. also [28]).

TABLE III
EXAMPLES OF GENERALIZEDWIRTINGER GRADIENTS

(—: NOT OF INTEREST).

@f
@q

@f
@q H

f (q) = Cq C —

f (q) = Cq � � 1
2 C —

f (q) = qT C T — � 1
2 C H

f (q) = qHC T — C T
a

f (q) = qHc + cHq 1
2 cH 1

2 c

f (q) = qHq 1
2 qH 1

2 q

f (q) = qHMq 1
2 qHM 1

2 Mq

2) Product and Chain Rule:Let f (q) = h(q) � g(q) with
g(q) 2 Hn (g : Hd 7! Hn ) and h(q) 2 R (h : Hd 7! R).
Then the gradient calculates to

@
@q

�
h � g

�
= g(q) �

� @
@q

h(q)
�

+
� @

@q
g(q)

�
� h(q) : (42)

Please note the order of the terms.
Let f (q) = h(g(q)) with g(q) 2 Rn (g : Hd 7! Rn ) and

h(w) 2 R (h : Rn 7! R). Then the gradients calculate to

@f(q)
@q

=
@h(w)

@w

�
�
�
�
�
w = g(q)

�
@g(q)

@q
; (43)

@f(q)
@qH =

@gT (q)
@qH �

 
@h(w)

@w

�
�
�
�
�
w = g(q)

! T

=
�

@f(q)
@q

� H

: (44)
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Abstract—This work addresses the classical problem of dis-
tributed computation of linearly separable functions, where a
master node with access to K datasets employs N servers
to compute L user-requested functions, each de�ned over the
datasets. Servers are assigned subfunctions of the datasets and
transmit computed outputs to the user, who reconstructs the
demanded outputs. The central challenge is to minimize both the
per-server computational load and the communication cost from
servers to the user, while ensuring recovery for any possible set of
L demands. For any given K, L, and M, we propose a distributed
computing scheme that achieves the optimal communication
cost when K < L + M. When M � K=2, we present an
alternative scheme that yields a lower communication cost than
the former. The key innovation in both schemes is a nullspace-
based design principle that governs both dataset assignment
and server transmissions, ensuring exact decodability for all
demands.

I. INTRODUCTION

Recent advances in machine learning have made distributed
computing essential for large-scale workloads. Frameworks
such as MapReduce [1] and Spark [2] partition tasks across
multiple servers, overcoming the limitations of individual
nodes. These systems, however, face challenges from strag-
glers [3]–[7], data privacy, and adversarial behavior [8],
[9], while being fundamentally constrained by computational
capability and communication bandwidth. These intertwined
constraints give rise to the communication–computation trade-
off, which underpins the design of distributed computing
frameworks including MapReduce [10]–[15], gradient coding/
distributed function computing [3], [16], [17], and distributed
matrix multiplication [5], [6], [18].

This fundamental tradeoff lies at the core of our study,
where we examine the (K; L; M) distributed linearly sepa-
rable function computation problem over a �eld F. In this
setting, a user requests L function values from a master node,
each corresponding to the output of an independent function
F` ; ` 2 [L]; acting on a dataset library W of K independent
and identically distributed (i.i.d.) datasets. These functions are
linearly separable over K basis subfunctions fj ; j 2 [K];
which enables the master node to parallelize computation
across N distributed servers. Each server, with limited com-
puting power, is assigned a set of at most M subfunctions to
compute, each evaluated on an i.i.d. dataset stored locally.
After computation, servers transmit linear combinations of
their computed values to the user, who then recovers the L
requested outputs. The objective, for any (K; L; M) instance,
is to design a distributed computing scheme that jointly
allocates subfunctions to servers and speci�es transmissions
so as to minimize the total communication cost while ensuring
exact recovery of all requested functions.

In the extremes, M = K corresponds to the centralized
setting where a single server transmits L messages, while
M = 1 requires N = K servers and incurs a communication
cost of K. The intermediate regime 1 < M < K presents the
main combinatorial challenge, where one must jointly allocate
subfunctions across servers and design transmissions so as to
minimize the total communication cost.

A. Related Works

Our work is most closely related to [19], [20], which study
a similar problem of linearly separable function computation
with N servers, a single user, multiple requested functions
over K datasets, and an objective of minimizing communica-
tion cost for a given M. The main distinction with our work is
that [19], [20] emphasize on straggler mitigation, and on the
speci�c case of the cyclic task assignment. Related work can
also be found in the more recent [21], [22], which consider a
multi-user distributed computing problem, where each server
is connected to multiple, but not all, users, each asking for
their own desired function. Both these works [21], [22] aim
to reduce the communication and computation costs, the �rst
[21] by exploiting the properties of covering codes, and the
second [22] by employing optimal tilings from tessellation
theory. The multi-user distributed computing scheme in [22]
– once translated onto our single-user setting – operates under
various restrictive assumptions of disjoint tasks across servers,
which do not appear in our work.

B. Our Contributions

In this work, we study the distributed linearly separable
function computation problem with the goal of minimizing,
for a given computation cost M, the total communication cost
R from servers to the user. Since each server can compute at
most M � K subfunctions, the key challenge is to jointly
design (i) task assignments that respect the per-server budget
and (ii) transmissions that guarantee exact recovery of all
requested functions. Performance is measured by the worst-
case communication cost across all possible demands.

We introduce a novel technique that provides a suf�cient
condition for designing both task assignments and server
transmissions. The core idea (Lemma 1) leverages the ex-
istence of left nullspaces of carefully selected submatrices
of the demand matrix to guarantee exact decodability when
K � L + M � 1. In this regime, a `nullspace-based matrix'
(cf. (4)) can test feasibility for any task assignment and, if
feasible, directly specify the transmissions. Moreover, for all
values of K; L; M satisfying K � L + M � 1, we explic-
itly design feasible assignments and transmission schemes
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achieving the globally optimal communication cost. While
prior works [19], [20] employed nullspace ideas solely for
transmission design, our approach extends this principle to
task assignment itself. The key distinction is that the nullspace
design dictates the task allocation, unlike [19], [20], where
cyclic assignment predetermined the nullspace structure. This
extension ensures exact decodability for all demands, going
beyond the probabilistic guarantees in [19], [20].1

A few additional design elements appear in the subsequent
Schemes 1 and 2, designed for the case of K > L + M � 1.

� Scheme 1 (Theorem 1) applies a column-wise partition
of the demand matrix into submatrices, on each of which
the nullspace-based design for task assignment and trans-
missions is applied independently. The scheme works for
any (K; L; M), and the corresponding communication
cost takes the form R = min(K; LdK=(L + M � 1)e).

� Scheme 2 (Theorem 2) is distinguished by admitting a
task assignment independent of the demand matrix. It
applies in the regime M � K=2, where we augment the
demand matrix with carefully designed virtual demand,
enabling a more ef�cient fusion of the partitioning and
nullspace approaches.

C. Notations

For a positive integer n, we let [n] = f1; 2; : : : ; ng. For m,
n 2 Z + such that m < n, [m : n] denotes the set fm; m +
1; : : : ; ng, and m j n denotes m divides n. All vectors are
assumed to be column vectors. For a vector x, the number of
non-zero entries in x is denoted by jjxjj0. For any set S, the
cardinality of S is denoted by jSj. The complement of set S
is denoted by Sc. The vertical concatenation of two matrices
A m 1 �n and Bm 2 �n are denoted by [A; B]. The i-th row and
the j-th column of a matrix Am�n are denoted by A(i; :)
and A(:; j), respectively. For a set S � [n] and a matrix A
with n columns, AS denotes the submatrix of A formed by
the columns indexed by S. For any x 2 R+ , dxe denotes
the smallest positive integer greater than or equal to x, and
bxc denotes the largest positive integer less than or equal to
x. A vector of length n with all zeros is denoted by 0n�1 .
An n�length unit vector with a one at the i-th position and
zeroes elsewhere is denoted by ei . The support of a vector
x 2 F n is de�ned as supp(x) := fi 2 [n] : x i 6= 0g.

II. SYSTEM MODEL AND PROBLEM FORMULATION

Consider a distributed computing system with a mas-
ter node having a library of K i.i.d. datasets W =
fW 1; W2; : : : ; WK g, where Wk 2 FB , 8k 2 [K]. In this
setting, a single user wishes to compute L � K independent
functions F1; F2; : : : ; FL on W, where F̀ : (FB )K !
FT ; 8` 2 [L]; and T denotes the size of each function value
(a vector of T elements from the �eld). Furthermore, each
function F̀ ; 8` 2 [L]; is linearly decomposable as

F` (W) = d `;1 f 1(W1) + d `;2 f 2(W2) + � � � + d `;K f K (WK )

where d̀;j 2 F, and the subfunction fj : FB ! F T , j 2 [K],
is assumed to be bounded and can be linear or non-linear

1Indeed, for small �nite �eld sizes, those schemes may fail on a signi�cant
fraction of demand matrices (see Table I in [20]).

W1 W2 WK

Servers
M

User

D =

�

�
�
�

d1,1 d1,2 . . . d1,K

d2,1 d2,2 . . . d2,K
...

...
. . .

...
dL, 1 dL, 2 . . . dL,K

�

�
�
�

N
Computations

Fig. 1: System model

and can be computationally intensive. Consequently, the L
requested functions can be represented as

2

6
6
6
4

F1(W)
F2(W)

...
FL (W)

3

7
7
7
5

=

2

6
6
6
4

d1;1 d1;2 : : : d1;K

d2;1 d2;2 : : : d2;K
...

...
...

...
dL;1 dL;2 : : : dL;K

3

7
7
7
5

| {z }
D

2

6
6
6
4

f 1(W1)
f 2(W2)

...
f K (WK )

3

7
7
7
5

(1)

where – under the worst-case assumption – we consider the
case of rank(D) = L. Since the L functions are linearly
separable, the computation of the F` (W)'s can be performed
in a distributed manner across the N servers. We consider
the case where the computational capability of the servers
is limited, in that each server can compute a maximum of
M � K subfunctions. This model is illustrated in Figure 1.

The system operates in three phases: demand phase, com-
puting phase, and communication phase.

Demand phase: In the demand phase, the user informs the
master node of its L desired functions, which are naturally
described by the matrix D 2 FL�K .

Computing phase: Subject to the constraint that each server
computes at most M subfunctions, the master uses the de-
mand matrix D to assign to server n a subset Mn � [K] of
subfunctions and the associated datasets. At the end of this
phase, server n evaluates fj (W j ) 2 F T for all j 2 M n . We
often refer to the collection M = fM n : n 2 [N]g as the
task assignment.

Communication phase: After computing, server n sends rn

linearly encoded messages based on its local outputs fj (W j ),
where each message is of the form2

xn;r =
X

j2M n

� n;r;j f j (W j ) (2)

for r 2 [r n ], with coef�cients � n;r;j 2 F. This means that

2We adopt the standard no-subpacketization assumption, where servers do
not divide subfunction outputs into smaller parts.
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each server n transmits xn = [x n;1 ; xn;2 ; : : : ; xn;r n ]| , where
2

6
6
4

xn;1

xn;2

...
xn;r n

3

7
7
5 =

2

6
6
4

� n;1;1 � n;1;2 : : : � n;1;K

� n;2;1 � n;2;2 : : : � n;2;K

...
...

. . .
...

� n;r n ;1 � n;r n ;2 : : : � n;r n ;K

3

7
7
5

| {z }
A n 2F r n �K

2

6
6
4

f 1(W1)
f 2(W2)

...
f K (WK )

3

7
7
5 :

Since xn;r is a linear combination of at most M subfunc-
tions, then jjAn (r; :)jj 0 � M; 8r 2 [r n ] and n 2 [N]. For
x = [x 1; x2; : : : ; xN ] denoting the entire set of transmissions
across all the servers, for R =

P
n2[N] r n , and for A =

[A 1; A 2; : : : ; A N ] 2 FR�K denoting the encoding matrix,
the entire set of transmissions can be represented as

x = A[f 1(W1); f 2(W2); : : : ; f K (WK )] |

where each row of A has a non-empty support of cardinality
at most M.

The communication link between each of the N servers and
the user is assumed to be error-free and non-interfering. The
user is allowed to perform linear operations on the received
messages, in order to decode the L function values.

The communication cost here represents the total number of
transmissions, from the servers to the user, required for recov-
ery of the L desired function outputs at the user. In particular,
for a given D 2 FL�K , the communication cost is de�ned
as RD (M) =

P
n2[N] r n ; where we assume unit-length �le

messages, i.e., we assume jxn;r j = 1; 8n 2 [N]; r 2 [r n ].3

The rate of interest in our work will represent the worst-case
communication cost

R(K; L; M) = max
D2F L�K

RD (M)

over all full-rank matrices D, and thus our interest is in
identifying the optimal rate

R� (K; L; M) = inffR(K; L; M): R(K; L; M) is achievableg

where the in�mum is over all task assignments and linear
transmission policies. Our objective is to design the assign-
ment and transmission scheme that approaches this optimum.

III. MAIN RESULTS

In this section, we present two achievable schemes for
the distributed linearly separable function computation prob-
lem. The �rst scheme (Theorem 1) applies to all values of
(K; L; M), while the second scheme (Theorem 2) is designed
to improve the performance of the �rst scheme in the region of
M � K=2. Additionally, the second scheme enjoys a demand-
agnostic task assignment.

A. Scheme 1: A General Achievability Scheme

Theorem 1. For the (K; L; M) distributed linearly separable
function computation problem, the rate

R1(K; L; M) = min
�

K; L
�

K
L + M � 1

��
(3)

is achievable.

3A subfunction output/coded transmission vector of length T is treated as
one unit.

Proof. The proof of the achievability of the rate expression
in (3) is divided into two cases. Case 1 for K � L + M � 1,
and Case 2 for K > L + M � 1. The crux of the proof of
Case 1 lies in Lemma 1 presented next, while for Case 2,
we combine the idea presented in Lemma 1 with a demand
matrix partitioning technique.

1) Case 1 (K � L + M � 1):
We �rst consider the case K � L + M � 1. It is suf�cient
to focus on the scenario K = L + M � 1, because if K <
L + M � 1, each server uses only M0 = K � L + 1 < M
of its computing capability, reducing the problem to the case
K = L + M 0 � 1. Consider a demand matrix D 2 FL�K ,
where D = [d 1; d2; : : : ; dK ]. Recall that Mn � [K] is the set
of indices of the datasets known to server n, where jMn j =
M = K �L+1; 8n 2 [N]. For every n 2 [N], we now de�ne
a submatrix DM n = [d j : j 2 M n ]: Consider the following
matrix

N D;M = [N (D |
M c

1
); N (D |

M c
2
); : : : ; N (D |

M c
N

)] | (4)

where N (:) is the nullspace operator, which outputs a set
of basis vectors of the nullspace of the matrix on which the
operator acts. For any Mn with jM n j = M = K �L+1, the
submatrix DM c

n
is of size L � (L � 1), and therefore D M c

n

has a non-trivial left nullspace. Consequently, the rank of the
left nullspace of DM c

n
is at least one, and N (D|M c

n
) contains

at least one vector for every n 2 [N]. Thus, the number of
rows in the matrix ND;M is at least N. We now have the
following lemma.

Lemma 1. For a given D 2 FL�K with rank(D) = L, and
M = fM 1; M 2; : : : ; M N g, the rate L is achievable if

rank(N D;M ) = L: (5)

Furthermore, for any given K; L, and M with K = L+M�1,
and for any D 2 FL�K , the optimal rate

R� (K; L; M) = L

is achievable with N = L servers.

Proof of Lemma 1. Consider a demand matrix D 2 FL�K ,
where rank(D) = L. Furthermore, assume that the task
assignment M = fM 1; M 2; : : : ; M N g is such that the con-
dition rank(ND;M ) = L holds. Therefore, the matrix ND;M

has at least a set of L independent rows. Let~N D;M be an
L � L matrix constructed by choosing a set of L independent
rows from ND;M . In the communication phase, there is a
transmission corresponding to each row in~N D;M . Let the `-
th row of ~N D;M , denoted by~N D;M (`; :), correspond to the
task assignment Mn 2 M for some n 2 [N]. Then, server n
makes the following transmission

~N D;M (`; :)D[f 1(W1); f 2(W2); : : : ; f K (WK )] | : (6)

First, we show that server n can construct the transmission
in (6) from the available datasets in Mn . In other words, we
show that

supp(~N D;M (`; :)D) � M n : (7)

However, notice that~N D;M (`; :) 2 N (D |
M c

n
) and, therefore,

we have~N D;M (`; :)D M c
n

= 0 1�K�M which implies that (7)
is true.
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From (6), the L transmitted messages can be written in
matrix form as

xL�1 = ~N D;M D[f 1(W1); f 2(W2); : : : ; f K (WK )] | : (8)

Since rank(~N D;M ) = L, the matrix ~N D;M is invertible, and
thus the user can decode the requested functions from x as

D[f 1(W1); f 2(W2); : : : ; f K (WK )] | = ( ~N D;M ) �1 xL�1 :

To show the achievability of R1(K; L; M) = L for any
given D 2 FL�K with K = L + M � 1, we give an explicit
construction of M = fM 1; M 2; : : : ; M L g satisfying the
condition rank(ND;M ) = L. Without loss of generality, we
assume that rank(D) = L. From the full-row-rank matrix D,
we �nd an invertible submatrix DL of size L � L, where
L = fi 1; i 2; : : : ; i L g. Then, we form the task assignment set

M ? = fM ?
1; M ?

2; : : : ; M ?
L g (9)

where, for every ` 2 [L]

M ?
` = fi ` g

[
([K] nL) : (10)

Note that, jM?
` j = 1 + K � L = M for every ` 2 [L]. To

complete the proof of achievability of the rate R1(K; L; M) =
L, it remains to verify that rank(ND;M ? ) = L. Suppose
rank(ND;M ? ) < L, then there exists a row ND;M ? (` 0; :) of
N D;M ? which can be represented as

N D;M ? (` 0; :) =
LX

`=1;`6=` 0

� ` N D;M ? (`; :) (11)

where � ` 6= 0 for some `. On one hand, ND;M ? (` 0; :) is a
vector in the left nullspace of DM c

` 0
= D Lnfi ` 0g, and thus

N D;M ? (` 0; :)D L = � ` 0e|
` 0 (12)

where �` 0 2 Fnf0g and è 0 2 FL�1 is an L-length vector
with a 1 in the 0̀-th position and 0-s elsewhere. On the other
hand, from (11), we have

N D;M ? (` 0; :)D L =

0

@
LX

`=1;`6=` 0

� ` N D;M ? (`; :)

1

A D L

=
LX

`=1;`6=` 0

� `

�
N D;M ? (`; :)D L

�
=

LX

`=1;`6=` 0

� ` (� ` e
|
` )

(13)

where �` 2 Fnf0g, for every ` 2 [L]nf` 0g. Clearly, (12)
and (13) contradict. Therefore, ND;M ? cannot have rank less
than L. In other words, rank(ND;M ? ) = L, and therefore,
for any given K; L, and M with K = L + M � 1, and for
any D 2 FL�K , the rate R1(K; L; M) = L is achievable.
The optimality follows from the fact that to satisfy L linearly
independent demands R� (K; L; M) � L. This completes the
proof of Lemma 1.

We provide an example of Scheme 1 (Case 1) and demon-
strate its achievable rate before proceeding to Case 2.

Example 1 (Scheme 1, Case 1). Consider the (K = 4; L =
3; M = 2) distributed linearly separable function computa-
tion problem, where the demand matrix is

D =

2

4
1 1 1 1
1 2 3 2
1 4 1 2

3

5 : (14)

We now design the task assignment and the server transmis-
sions based on Lemma 1. The number of servers required
to employ the task assignment in Lemma 1 (cf. (5)) is
N = L = 3. Note that the �rst three columns of D are linearly
independent. Thus, following the nullspace-based approach
outlined in (5), we get M1 = f1; 4g; M 2 = f2; 4g, and
M 3 = f3; 4g: Note that the �rst server does not have access
to W2 and W3. Now, we �nd a vector that resides in the
left nullspace of the submatrix DM c

1
= D f2;3g . For instance,

[10; �3; �1] is a vector in the left nullspace of Df2;3g . Then,
the transmission made by the �rst server is

x1 = [10; �3; �1][F 1(W); F 2(W); F 3(W)] |

= 6f 1(W1) + 2f 4(W4): (15)

Similarly, the vectors [�1; 0; 1] and [�2; 3; �1] are in the
left nullspaces of DM c

2
= D f1;3g and DM c

3
= D f1;2g ,

respectively. In the interest of space, x2 and x3 are omitted.
Since the matrix constructed using (4)

N D;M =

2

4
10 �3 �1
�1 0 1
�2 3 �1

3

5

is invertible, the user can decode F` (W) for ` = 1; 2; 3, from
x1; x2, and x3. Thus, the rate achieved is R1(K = 4; L =
3; M = 2) = 3: Since rankq(D) = 3, even a centralized
server with M = 4, having access to all the datasets, would
require 3 transmissions to meet the user's requests. Therefore,
the optimal rate of the (K = 4; L = 3; M = 2) distributed
linearly separable function computation is R� (4; 3; 2) =
R1(4; 3; 2) = 3:

We now proceed to Case 2. The nullspace-based condition
in Lemma 1 guarantees L linearly independent vectors, each
with support size at most M, in the rowspace of D. When
K > L + M � 1, however, for any M n � [K] with jM n j �
M, the submatrix DM c

n
has at least K � M columns, where

K � M > L � 1. Hence, D M c
n

need not admit a non-trivial
left nullspace. To combat this, we develop two techniques.
First, we partition the demand matrix column-wise into sub-
demand matrices and apply the method of Lemma 1 within
each sub-demand matrix. Second, in Theorem 2, we introduce
an approach that builds nullspaces by carefully augmenting
the rows of the demand matrix.

2) Case 2 (K > L + M � 1):
Let K 0 = L + M � 1. We partition the demand matrix D 2
FL�K by column-wise into dK=K0e sub-demand matrices as
D = [D 1; D 2; : : : ; D dK=K 0e]; where D� 2 FL�K 0

for all
� 2 [dK=K 0e � 1], and D dK=K 0e 2 FL�(K�K 0(dK=K 0e�1)) .

Since the sub-demand matrix D� , � 2 [dK=K 0e � 1] has
K 0 (the number of columns in DdK=K 0e is less than or equal
to K 0), the coding scheme described in Lemma 1 applies, and
is employed for D� . This coding strategy is applied separately
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for every � 2 [dK=K 0e] using distinct sets of L servers. Thus,
the user can retrieve the demanded functions at a rate

R1(K; L; M) = L
l K

L + M � 1

m
(16)

using N = L
l

K
L+M�1

m
servers. �

We show the order optimality of Scheme 1 in the extended
version [24]. In Scheme 1, after establishing the task as-
signment, our delivery scheme follows [19] in designing the
nullspaces that govern transmission. Although the nullspaces
differ from [19], the approach is similar, and in our setting
it guarantees decodability for all demand matrices. Scheme 2
adds a careful augmentation of the demand matrix to optimize
the sizes of the associated nullspaces. We now proceed with
Scheme 2.

B. Scheme 2: Alternative Scheme Better Suited for Larger M

In this section, we propose another technique for building
a target nullspace and satisfying the nullspace condition in
Lemma 1 by augmenting the given demand matrix. The
proposed technique is applicable for large values of M,
speci�cally when M � K=2. Since we already have an
optimal scheme for the case L > K � M (Case 1 in Scheme
1), we focus on the scenario where L � K �M, and we have
the following theorem.

Theorem 2. For the (K; L; M) distributed linearly separable
function computation problem with L < bK=(K � M)c, the
rate

R2(K; L; M) = L + 1 (17)

is achievable with N = L + 1 servers. Furthermore, for any
L � K � M, the rate

R2(K; L; M) = L +

&
L

�
M

K�M

�

'

(18)

is achievable with N = bK=(K � M)c, if M � K=2.

Proof. Let D 2 FL�K be the demand matrix. First, we
consider the case L < � , where � = bK=(K � M)c =
1 + bM=(K � M)c is a positive integer. We set the number
of servers N = L + 1 � � . To design the task assignment
M = fM 1; M 2; : : : ; M N g, we �rst partition the set [K] as
P = fP 1; P2; : : : ; P� g, where for every t 2 [� �1], we de�ne

Pt = f(t�1)(K�M)+1; (t�1)(K�M)+2; : : : ; t(K �M)g
(19)

and

P� = f(� �1)(K�M)+1; (� �1)(K�M)+2; : : : ; Kg: (20)

Note that, jPt j = K � M, for every t 2 [� � 1], and jP � j =
K � (� � 1)(K � M) � K � M. which means that the task
assignment set M takes the form

M = fP c
1 ; P c

2 ; : : : ; P c
N g: (21)

Note that jMn j � M, for every n 2 [N]. Now, our objective
is to design the server transmissions using the nullspace
approach presented in Lemma 1. However, the left nullspace
of D M c

n
, for any n 2 [N], does not need to have a non-trivial

vector, since L � K � M. Considering that, we augment the

demand matrix by an additional row such that the augmented
demand matrix, denoted by~D, satis�es the required condition

in (5). Then, we have~D =
�
D
~d

�
2 F (L+1)�K where the

construction of~d 2 F 1�K is explained in the sequel. First,
we de�ne a matrix

T =
�
I (N�1)�(N�1) 1(N�1)�1

01�(N�1) 1

�
2 FN�N (22)

which we refer to as the `target nullspace matrix'. Note that
rank(T) = N irrespective of the underlying �eld F. We now
construct the vector~d as a concatenation of several vectors,
where ~d = [ ~d1; ~d2; : : : ; ~dN ] if � = K

K�M (when (K � M)
divides K) and L = � � 1. In that case, ~dn 2 F1�(K�M) ,
for every n 2 [N]. If either � < K

K�M or L < � � 1, we
have ~d = [ ~d1; ~d2; : : : ; ~dN ; ~dN+1 ], where ~dn 2 F1�(K�M) ,
for every n 2 [N], and ~dN+1 2 F1�K�N(K�M) . For every
n 2 [N � 1], we now de�ne

~dn = �D P n (n; :) and ~dN = 0 1�(K�M) : (23)

Furthermore,~dN+1 can be set to any row vector of length
K � N(K � M). Now, using Lemma 1 on the augmented
demand matrix~D and the task assignment M in (21), we
show the achievability of the rate R2 = N = L + 1. That is,
we show that rank(N~D;M ) = L + 1; where

N ~D;M = [N ( ~D |
M c

1
); N ( ~D |

M c
2
); : : : ; N ( ~D |

M c
N

)] | :

Recall that, for every n 2 [N], we have Mc
n = P n , and thus

~D M c
n

= ~D P n . However, in the submatrix~D P n , we have

~D P n (n; :) + ~D P n (N; :) = ~D P n (n; :) + ~dn = 0 1�(K�M)

(24)
for every n 2 [N � 1], where (24) follows from the construc-
tion of ~dn in (23). Therefore, for every n 2 [N], the vector
en + e N 2 span(N ( ~D |

M c
n
)) (Note, en and eN 2 FN�1 ).

Notice that, we also have en + e N = T(n; :), 8n 2 [N � 1].
Therefore, the vector T(n; :), n 2 [N � 1], is a row in
N ~D;M . Furthermore, in the submatrix~D M c

N
= ~D P N , we

have ~D P N (N; :) = ~dN = 0. Thus, the vector eN 2
span(N (~D |

M c
N

)), and note that eN = T(N; :). Consequently,
the vector T(N; :) is a row in N~D;M . Therefore, we have
rank(N ~D;M ) � rank(T) = N = L+1: However, the number
of columns in N~D;M is N. Thus, the rank cannot exceed N.
Therefore,

rank(N ~D;M ) = L + 1: (25)

The achievability of R2(K; L; M) = L+1 follows from (25).
In order to show the achievability of the expression in (18)

for L � bK=(K � M)c, with N = bK=(K � M)c, we
partition the demand matrix row-wise, and apply the technique
presented in the �rst part of this proof on each of the sub-
demand matrices. We have D = [D1; D 2; : : : ; D dL=L 0e]| ,
where L0 = bK=(K � M)c � 1 = bM=(K � M)c. Since
L 0 < bK=(K � M)c, the task assignment and transmissions
based on a target nullspace matrix, presented in the �rst
part of this proof, are applicable in each sub-demand matrix
D � , � 2 [dL=L 0e]. Note that the task assignment set M is
independent of D� , and we have M = fP c

1 ; P c
2 ; : : : ; P c

N g,
N = L 0 + 1 = bK=(K � M)c, where the sets P n ; n 2 [N],
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are de�ned in (19) and (20). For each D� , the transmission of
the servers can be designed using the target nullspace matrix.
The functions corresponding to each D� , � 2 [dL=L 0e] can
thus be decoded by the user. Corresponding to every D� ,
� 2 [dL=L 0e � 1], each server makes a transmission, and cor-
responding to DdL=L 0e, the �rst L�(dL=L 0e�1)L 0+1 servers
make one transmission each and the remaining L0dL=L0e �L
servers do not make any transmission. Therefore, we get

R2(K; L; M) = N
��

L
L 0

�
� 1

�
+ L � (dL=L 0e � 1)L 0+ 1

= L +
�

L
L 0

�
= L +

2

6
6
6

L
j

M
K�M

k

3

7
7
7

:

This completes the proof of Theorem 2.

Example 2 (Scheme 2). Consider the (K = 6; L = 2; M =
4) distributed linearly separable function computation prob-
lem with a demand matrix

D =
�
1 1 1 1 1 1
0 1 2 3 4 5

�
:

Note that L < K=(K � M) = 3. From the scheme described
in the proof of Theorem 2, we have N = L + 1 = 3. The task
assignment on the three servers is M1 = f3; 4; 5; 6g; M 2 =
f1; 2; 5; 6g; and M 3 = f1; 2; 3; 4g: Then the augmented
demand matrix~D is constructed in such a way that the vector
T(1; :) = [1; 0; 1] falls in the left nullspace of the submatrix
~D f1;2g . Similarly, the vectors [0; 1; 1] and [0; 0; 1] should be in
the left nullspaces of~D f3;4g and ~D f5;6g , respectively. There-

fore, we get ~D =
�
D
~d

�
, where ~d = [�1; �1; �2; �3; 0; 0].

Using ~D and T, each of the three servers makes a transmis-
sion, and the user can decode the demanded functions from
x1; x2; and x3. Due to space constraints, the transmissions
are not listed here. Thus, the rate achieved is R2(6; 2; 4) = 3.

Remark 1. In Example 2, instead of the speci�c row added,
any random third row would suf�ce to achieve the rate
R1(6; 2; 4) = 3 using Scheme 1. This is because for L = 3
and M = 4, we have K = L + M � 1 = 6, and Lemma 1
guarantees achievability of R1(6; 2; 4) = 3. However, this
equivalence does not hold in general. For example, when
K = 9, M = 6, and L = 2, Scheme 2 achieves a
communication cost of R2 = 3, whereas Scheme 1 requires
two additional random rows to satisfy K = L+M�1, leading
to a higher cost of R1 = 4.

IV. CONCLUSION

In this work, we proposed distributed computing schemes
for linearly separable functions. Our schemes are based on
a nullspace-based design principle that jointly determines the
task assignment and transmission policies while guaranteeing
exact decodability of the requested functions. Furthermore, we
showed that the optimal communication cost L is achievable
when K < L + M. Identifying the fundamental limits of this
distributed computing problem and extending the performance
guarantees of the proposed schemes remain part of our
ongoing work.
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