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 A B S T R A C T

Recent advancements have demonstrated that fully Eulerian methods can effectively model 
frictionless contact between deformable solids. Unlike traditional Lagrangian approaches, which 
require contact detection and resolution algorithms, the Eulerian framework utilizes a single, 
fixed spatial mesh combined with a diffuse interface phase-field approach, simplifying contact 
resolution significantly. Moreover, the Eulerian method is well-suited for developing a unified 
framework to handle multiphysical systems involving growing bodies that interact with a 
constraining medium. In this work, we extend our previous methodology to incorporate 
frictional contact. By leveraging the intersection of the phase fields of multiple bodies, we define 
normal and tangential penalty force fields, which are incorporated into the linear momentum 
equations to capture frictional interactions. This formulation allows independent motion of 
each body using distinct velocity fields, coupled solely through interfacial forces arising from 
contact and friction. We thoroughly validate the proposed approach through several numerical 
examples. The method is shown to handle large sliding effortlessly, accurately capture the 
stick–slip transition, and preserve history-dependent energy dissipation, offering a solution for 
modeling frictional contact in Eulerian models.

1. Introduction

Interfacial interactions are not only fundamental in various mechanical systems, ranging from engineering materials to natural 
phenomena, but also play a pivotal role in multiphysical processes, where they often arise as a consequence of other mechanisms and, 
in turn, influence these underlying processes. For instance, in biofilms, frictional contact and adhesion between growing bacterial 
colonies play a crucial role in the emergence of complex pattern formations and mechanical stability [1]. Similarly, frictional 
interactions play a significant role in the corrosion-driven failure of cementitious materials driven by precipitate growth [2,3]. 
Capturing these interactions accurately within computational models is notoriously difficult due to the intricate interplay between 
contact forces and evolving geometries. In solid mechanics, contact problems are predominantly modeled using Lagrangian 
frameworks because the direct association between material points and discretization nodes facilitates straightforward tracking 
of displacements from the reference configuration, which is essential for implementing elastic constitutive laws. While the body-
specific domains necessitate contact detection and resolution algorithms to couple different bodies [4], this close coupling makes the 
Lagrangian approach inherently well-suited for modeling the behavior of solid materials. Unfortunately, the Lagrangian description is 
not well suited for modeling evolving interfaces, such as in physical, chemical, or biological growth processes. A significant limitation 
is that any surface growth within a body requires a re-meshing procedure to accommodate changes in geometry. Nonetheless, such 
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adaptations have been successfully implemented in certain cases (𝑒.𝑔., [5]). Moreover, handling contact between evolving surfaces 
using Lagrangian finite elements is particularly costly due to the need for continuous detection and resolution of new contact 
regions. Consequently, existing Lagrangian approaches for modeling growth in constrained space simplify interfacial interactions 
by assuming perfect bonding and neglect complex phenomena like frictional sliding and adhesion, often relying on approximations 
such as Eshelby’s inclusion theory [6].

In contrast, Eulerian methods, where the computational mesh is fixed in space, provide a more straightforward approach to 
modeling evolving interfaces, being the natural choice for diffusion, transport or growth processes [7]. Although incorporating solid 
mechanics in Eulerian frameworks involves challenges such as surface tracking and obtaining the total deformation, these obstacles 
can be effectively addressed using established methodologies. Common approaches for tracking solid boundaries include the level-
set method [8] and the phase-field technique [9,10]. The computation of the deformation gradient, a key requirement for solid 
mechanics, can be achieved through the reference map technique, which enables precise calculation of total deformation within a 
fixed Eulerian mesh [11–13]. These advancements position the Eulerian approach as a promising option for unified modeling across 
a variety of physical processes.

In recent years, several studies, primarily in the context of fluid–structure interaction, have demonstrated that enforcing 
continuity of a single velocity field across the entire computational domain can effectively transmit pressure between contacting 
bodies [12,14–16]. However, this approach inherently maintains a persistent gap between the bodies and restricts arbitrary sliding 
at the interface. To address these limitations, we recently introduced a new methodology for modeling frictionless contact within 
a fully Eulerian framework, where each body is represented separately using distinct motion functions and field variables [17]. 
By combining the reference map technique with the phase-field method to represent multiple bodies, we modeled contact using 
an implicit function defined in terms of the phase-field variables. This formulation enables arbitrary sliding between bodies and 
effectively handles large deformations and complex geometries without the need for explicit contact tracking. By separating interface 
interactions from the bulk motion of the bodies, we proposed a flexible framework that can be adapted to model more complex 
interfacial phenomena. Building on these foundations, we introduce a novel Eulerian formulation that systematically integrates 
frictional contact into the modeling framework. By employing separate sets of Eulerian field variables for each solid, similar to a 
Lagrangian multi-body representation, we preserve the independence of each body while enabling efficient coupling through contact 
constraints. This approach leverages the strengths of Eulerian methods such as simplified contact detection on a shared mesh and 
overcomes their traditional limitation of spurious bonding, thereby enabling accurate handling of frictional slip and stick behavior 
along interfaces.

The remainder of the paper is organized as follows. In Section 2, we present the Eulerian description of soft body motion and the 
incorporation of elasticity and the phase-field method for interface capturing. Section 3 revisits the frictionless contact formulation 
from [17] and details the frictional contact formulation using penalty-based body forces. The numerical implementation is discussed 
in Section 4. In Section 5, we provide numerical examples to validate and demonstrate the capabilities of the method. Finally, we 
conclude the paper with a discussion of advantages, challenges, and potential future work in Section 6.

2. Eulerian description of the motion of elastic bodies

In a classical Lagrangian description, the evolution of an elastic body  is sufficiently described by the deformation map 
𝒙 = 𝜒(𝑿, 𝑡) ∶ R𝐷×[0, 𝑇 ] → R𝐷 (𝒙 being the Eulerian coordinates, 𝑿 being the Lagrangian reference coordinates), that transforms the 
reference configuration 0 into the current configuration (𝑡) for all times 𝑡. The tangent of 𝜒 , the deformation gradient 𝑭 = 𝜕𝒙∕𝜕𝑿
describes the strain state.

2.1. Eulerian description of elasticity

To model elastic solids in an Eulerian frame, we employ the reference map technique [11,18], which introduces the reference 
map 𝑿 = 𝜉(𝒙, 𝑡) ∶ 𝛺 × [0, 𝑇 ] → R𝐷, that maps the reference to the current configuration (see Fig.  1a). This approach allows for a 
consistent approximation of the deformation gradient, and consequently a way to model elastic solid laws in Eulerian frameworks. 
The deformation gradient is the inverse of the gradient of the reference map: 

𝜕𝜉
𝜕𝒙

= ∇𝜉 , 𝑭 (𝒙, 𝑡) = 𝜕𝒙
𝜕𝑿

= (∇𝜉(𝒙, 𝑡))−1 . (1)

Given the material velocity 𝒗, any Eulerian field must be transported accordingly. For the reference position to remain unchanged 
from the perspective of a material point, the material time derivative 𝐷𝜉∕𝐷𝑡 = 0, provides the evolution law for the reference map: 

𝐷𝜉
𝐷𝑡

=
𝜕𝜉
𝜕𝑡

+ 𝒗 ⋅ ∇𝜉 = 0 . (2)

With access to the deformation gradient 𝑭  through the reference map 𝜉, any elastic constitutive relation can be formulated, such 
that: 

𝝈 = 𝑓 (𝑭 ) , (3)

where 𝝈 represents the stress tensor, and 𝑓 (𝑭 ) describes the elastic material behavior.
The specific constitutive formulations utilized in this work are provided within the respective examples in Section 5.
2



Computer Methods in Applied Mechanics and Engineering 440 (2025) 117929F. Lorez and M. Pundir
Fig. 1. (a) An illustration of the reference map 𝜉. The reference map 𝜉(𝒙, 𝑡) – being the inverse motion function 𝜒(𝑿, 𝑡) – returns the reference location 𝑿 for 
any Eulerian coordinate 𝒙. (b) Illustration of a body  implicitly defined by a diffuse phase-field. The smooth transition of its boundary from 𝜙 = 1 to 𝜙 = 0
is shown in a 1D cut. The width of the transition zone is characterized by the parameter 𝜖, where ∼ 90% of the variation in 𝜙 lies within a width of 4𝜖. The 
possible presence of Dirichlet boundary conditions and force fields is indicated with 𝛤𝐷 and 𝒃.

2.2. Interface capturing with the phase-field method

We adopt the phase-field method to implicitly capture the domain of each body 𝑖 and its boundary 𝜕𝑖, by introducing auxiliary 
scalar fields 𝜙𝑖(𝒙, 𝑡) ∈ [0, 1], where 𝜙𝑖 = 1 and 𝜙𝑖 = 0 define its solid and void phases, respectively (see Fig.  1b). The phase-field 
method is a diffuse interface approximation, characterized by a smooth transition over a finite but small width from solid to void 
phase that originates from the phase-field free energy functional [9,19]: 

PF(𝜙) = ∫𝛺

(

𝜖2

2
(∇𝜙)2 + 𝑔(𝜙)

)

d𝛺 , (4)

where 𝜖2 is the energy gradient coefficient, and 𝑔(𝜙) = 𝜙2(1 − 𝜙)2 is a double-well potential with minima located at 0 and 1. The 
energetically favorable state of Eq.  (4) yields the well-known tangent-hyperbolicus equilibrium profile normal to the interface, as 
shown in the inset of Fig.  1b, 

𝜙(𝑟) = 1
2

[

1 + tanh

(

𝑟
√

2𝜖

)]

, (5)

where 𝑟 is the signed distance from the sharp interface.
In the absence of phase transformation and under pure mechanical deformation, the phase-field parameter 𝜙𝑖 should remain 

constant with respect to the reference coordinates 𝑿𝑖. Equivalent to Eq.  (2), the material time derivative of 𝜙𝑖 yields the general 
evolution law 

𝑑𝜙
𝑑𝑡

=
𝜕𝜙
𝜕𝑡

+ 𝒗 ⋅ ∇𝜙 = 0 . (6)

While Eq.  (6) theoretically preserves the original phase for all material points, it leads to a distortion of the diffuse interface, a 
phenomenon referred to as advective distortion [9,13,20,21]. To counteract this, we consider the gradient flow towards minimizing 
the phase-field energy using an advective Cahn–Hilliard equation [19,22,23]: 

𝑑𝜙
𝑑𝑡

=
𝜕𝜙
𝜕𝑡

+ 𝒗 ⋅ ∇𝜙 = ∇ ⋅ (−∇𝑞) , 𝑞 =
𝛿PF
𝛿𝜙

(7)

where  is a mobility coefficient controlling the magnitude of regularization. It must be highlighted that this regularization 
introduces an error in the conservation of the original body and must, therefore, be chosen carefully. To mitigate advective distortion 
while minimizing the impact of regularization, time-dependent mobility models have been proposed [20]. However, for simplicity, 
we adopt a constant mobility  in this work.

We have chosen the fourth-order Cahn–Hilliard equation over the second-order Allen-Cahn equation because it is naturally vol-
ume conserving. Previous authors have presented concepts to make the Allen-Cahn equation volume conserving, 𝑒.𝑔. [15,20,21,23]. 
However, the mass correction term is usually non-local which complicates our implementation. As we will present in Section 4, 
we construct a single non-staggered variational minimization problem including the linear momentum balance, the phase-field and 
reference-map evolution equations. For similar reasons, we have refrained from making the phase-field a constant function of the 
reference map, as has been done in certain level-set [12] or phase-field formulations [13]. A closed-form expression for 𝜙(𝜉) would 
be necessary for its implementation in the variational formulation; however, such an expression is generally not available.
3
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Fig. 2. Schematic of the frictional contact formulation. (a) The two phase-fields 𝜙𝑘 and 𝜙𝑙 represent two elastic bodies in contact. We consider them to be in 
contact if their 0.5 iso-level sets intersect. The normals are used to define a projection matrix 𝐏 that is used to project the relative velocity 𝒗𝑘 onto the tangential 
plane. (b) 1D cut normal to the surfaces of the overlapping region. The intersection variable 𝜃𝑘𝑙 is non-zero only in the immediate neighborhood of regions 
where both phase-fields are > 0.5. (c) The frictional penalty function, which is used to approximate the Coulomb friction law. (d) Illustration of the resulting 
normal and tangential force fields 𝒃𝑛 and 𝒃𝜏 .

2.3. Conservation of linear momentum

The phase-fields 𝜙 track the interfaces while the reference maps 𝜉 track the motion of material points. The combination of these 
two fields allows a definite description of the motion of deformable solid bodies in an Eulerian framework.

At time 𝑡+ 1, given some previous configuration 𝑡 with field variables 𝜙𝑡 and 𝜉𝑡, we aim to find a new configuration 𝑡+1 with 
field variables 𝜙𝑡+1 and 𝜉𝑡+1 such that the linear momentum balance is satisfied: 

∇ ⋅ (𝜙𝝈) − 𝒃 = 𝟎 , (8)

where 𝒃 is an external force density. Contact forces are included as external forces, as will be described in Section 3.

Remark 1.  Reviewing Eq.  (2), the velocity 𝒗 and reference map 𝜉 can be strongly coupled. Therefore, we define the velocity field 𝒗(𝜉) as 
an explicit function of the reference map 𝜉, effectively decreasing the number of unknowns: 

𝒗(𝜉, 𝑡) = − (∇𝜉)−1 ⋅
𝜕𝜉
𝜕𝑡

. (9)

Because the weak form, which we will introduce in Section 4, has no terms containing 𝜕𝒗∕𝜕𝑥, the velocity field 𝒗 is not required to be 
continuous. This allows for a discontinuous velocity field, obtained from the continuous space used for 𝜉.

3. Frictional contact formulation

In this section, we extend our previous work on a fully Eulerian model for frictionless contact [17] to frictional contact using 
penalty-based body forces for both normal and tangential traction components. We present the methodology for two body contact, 
however, any number of bodies can be included in a pairwise manner. Consider two deformable bodies 𝑘 and 𝑙 which come into 
contact (see Fig.  2a). Following the framework presented in Section 2, each body is defined by its own set of field variables 𝜙 and 
𝜉.

Unlike previous works, particularly in the context of fluid–structure interaction (FSI) [14–16], we employ a multi-velocity field 
approach. While a unified velocity field practically eliminates the need for additional contact forces due to the enforced continuity 
of the velocity field naturally preventing interpenetration, using separate velocity fields allows us to explicitly define the contact 
law. Furthermore, this approach facilitates sliding between bodies, which is generally not possible with a unified velocity field.

In the following, we use superscripts for the body index, subscripts 𝑛 and 𝜏 to indicate normal and frictional components, and a 
further subscript 𝑡 indicating the time step.

3.1. Normal traction

To detect contact we define a scalar intersection variable for two bodies 𝑘 and 𝑙 as 

𝜃𝑘𝑙 ∶=
⟨

𝜙𝑘 ⋅ 𝜙𝑙 − 1
4

⟩+
, (10)

where ⟨⋅⟩+ is the Macaulay bracket denoting the positive part of the argument. This intersection variable is illustrated for a 1D cut 
across the interface in normal direction in Fig.  2b. Due to the symmetry of two phase-fields, the intersection variable 𝜃𝑘𝑙 is non-zero 
4
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only in the immediate neighborhood of regions where 𝜙𝑘 > 0.5 and 𝜙𝑙 > 0.5. In contrast to traditional contact formulations defined 
upon the gap function, the intersection variable is not directly proportional to the overlapping distance (it has an upper limit of 
3∕4). Instead, the total reaction will be more sensitive to the volume of the contact zone.

Eq.  (10) defines a subset of the domain where contact forces are introduced. To construct a normal and tangential force field 𝑏𝑛
and 𝑏𝜏 , we make use of the available surface normals being the normalized gradients of the respective phase-field variables: 

𝒏𝑘 =
∇𝜙𝑘

|∇𝜙𝑘
|

, 𝒏𝑙 = ∇𝜙𝑙

|∇𝜙𝑙
|

. (11)

Introducing a normal penalty constant 𝜅, the normal force field as proposed in [17] is defined as (Fig.  2d) 
𝒃𝑘𝑛 = 𝜅 ⋅ 𝒏𝑙 ⋅ 𝜃𝑘𝑙 . (12)

3.2. Tangential traction

While our proposed method is agnostic to the choice of the friction law, for demonstration purposes, we focus on Coulomb friction 
in this work. Therefore we assume the tangential traction is proportional to the normal traction during slip, with the proportionality 
constant being the friction coefficient 𝜇. For a given slip rate 𝜹 and its magnitude 𝛿, the traction components satisfy:

‖𝒃𝜏‖ ≤ 𝜇‖𝒃𝑛‖ and (13)

𝛿 ⋅ (𝜇‖𝒃𝑛‖ − ‖𝒃𝜏‖) = 0 , (14)

which define the admissible region in the 𝛿-𝜆 space as a Heaviside step function (see dashed black line in Fig.  2c). To enforce this 
condition, we employ a penalty approach by introducing a regularization of Coulomb’s law 𝜆(𝛿) that approximates the step function 
and ensures continuity [24]. Specifically, we define: 

𝜆(𝛿, 𝛽) =

{

𝛽𝛿 if 𝛿 < 1∕𝛽,
1 otherwise,

(15)

where 𝛽 is the frictional penalty coefficient, and which corresponds to a bilinear or piecewise polynomial regularization.
To incorporate a frictional force field into Eq.  (8), we leverage the known relative velocity between the two bodies that is 

naturally available due to the multi-velocity field formulation and the normals obtained from Eq.  (11). The projection of the relative 
velocity 𝒗𝑘𝑙 = 𝒗𝑘 − 𝒗𝑙 onto the tangential plane returns the slip rate 𝜹𝑘𝑙: 

𝜹𝑘𝑙 = 𝐏 ⋅ 𝒗𝑘𝑙 , 𝐏 = 𝐈 − 𝒏𝑙 ⊗ 𝒏𝑙 , (16)

where 𝐏 is the projection operator onto the tangential plane, and 𝐈 is the identity tensor (see Figs.  2a and 2d). Finally, using Eqs. 
(10) and (15), the tangential force field acts opposite to the slip rate and is given as: 

𝒃𝑘𝑡 (𝜙
𝑘, 𝜙𝑙 , 𝒗𝑘, 𝒗𝑙 , 𝜅, 𝛽) = −𝜆(𝛿𝑘𝑙 , 𝛽) ⋅ 𝜇 ⋅ 𝜅 ⋅ 𝜃𝑘𝑙

⏟⏟⏟
‖

‖

‖

𝒃𝑘𝑛
‖

‖

‖

⋅
𝜹𝑘𝑙

‖𝜹𝑘𝑙‖
. (17)

Eq.  (17) expresses the tangential force as a direct function of the velocity fields 𝒗 and the phase-fields 𝜙. The forces from Eq. 
(12) and Eq.  (17) are incorporated into Eq.  (8) to find the field variables 𝜙 and 𝝃 for both bodies in a fully coupled manner. For 
a multi-body system, contact force fields are included for all pairs of bodies in contact, and the total force field is the sum of all 
pair-wise contact forces. As with any penalty method, accurate enforcement of contact constraints depends on careful selection of the 
penalty parameters 𝜅 and 𝛽. The parameter 𝜅 must be sufficiently large to minimize interpenetration in the normal direction, while 
a larger 𝛽 reduces the regularization error in Coulomb’s law. As a guideline, the frictional penalty 𝛽 should be selected based on 
the expected slip in the problem and the required accuracy of the stick–slip transition. Examining the bilinear regularization in Eq. 
(15), we see that a slip rate 𝛿 ≥ 1∕𝛽 fully activates the sliding force, while smaller values correspond to a stick state. Therefore, an 
effective strategy for choosing 𝛽 is to set it as a fraction of the expected characteristic slip rate at which the transition between stick 
and slip should occur.

4. Numerical implementation

4.1. Discretization

For a system of 𝑁 bodies, let  = {1, 2,… , 𝑁} denote the set of all bodies. We construct a monolithic variational problem 
including, for each body 𝑘 ∈  , the balance of linear momentum Eq.  (8), the phase-field evolution Eq.  (7), and the reference map 
evolution Eq.  (2). Any notion of time 𝑡 refers to a pseudo time. The system is solved by the finite element method, where the weak 
form of the equations is discretized using linear shape functions.

Suppose 𝑓𝑘  and 𝛿𝑓𝑘  denote the space of trial and test functions for the functions 𝑓𝑘 ∈ {𝜙𝑘, 𝜉𝑘, 𝑞𝑘} such that:

 =
{

𝑓𝑘 ∈ 𝐻1(𝛺) ∣ 𝑓𝑘 = 𝑓𝑘  on 𝜕𝛺}

, (18)
5
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𝛿𝑓𝑘 =
{

𝛿𝑓𝑘 ∈ 𝐻1(𝛺) ∣ 𝛿𝑓𝑘 = 0 on 𝜕𝛺}

. (19)

The discrete variational form of the linear momentum balance equation at the next time 𝑡 + 1 is given by: 

∫𝛺
𝜙𝑘
𝑡+1𝝈

𝑘
𝑡+1 ∶∇𝛿𝜉

𝑘 d𝛺 − ∫𝛺
𝒃𝑘𝑛,𝑡+1 ⋅ 𝛿𝜉

𝑘 d𝛺 − ∫𝛺
𝒃𝑘𝜏,𝑡+1 ⋅ 𝛿𝜉

𝑘 d𝛺 = 0 , (20)

where ∶  denotes the double contraction of two second-order tensors (inner product). The penalty force densities 𝒃𝑘𝑛 and 𝒃𝑘𝜏  are:

𝒃𝑘𝑛,𝑡+1 = −
∑

𝑙∈⧵𝑘
𝜅 ⋅ 𝒏𝑙(𝜙𝑙

𝑡+1) ⋅ 𝜃
𝑘𝑙(𝜙𝑘

𝑡+1, 𝜙
𝑙
𝑡+1) , (21)

𝒃𝑘𝜏,𝑡+1 = −
∑

𝑙∈⧵𝑘
𝜆(‖𝜹𝑘𝑙‖, 𝛽) ⋅ 𝜇 ⋅ 𝜅 ⋅ 𝜃𝑘𝑙(𝜙𝑘

𝑡+1, 𝜙
𝑙
𝑡+1) ⋅

𝜹𝑘𝑙

‖𝜹𝑘𝑙‖
. (22)

Remark 2.  We consider static equilibrium at 𝑡 + 1. The tangential force density 𝒃𝜏 contains the slip rate 𝜹 which is a function of the 
material velocities. For this, we use the intra-step velocity between 𝑡 → 𝑡 + 1, therefore assuming a constant velocity in the timestep. This 
approach necessitates sufficiently small timesteps. A more accurate approximation of the velocity at 𝑡+1 would be (𝒗𝑡+1∕2 +𝒗𝑡+3∕2)∕2 which 
is unavailable in the currently employed scheme.

For temporal discretization of Eqs.  (2) and (7), we use the Crank–Nicolson method. The semi-discrete form of the reference map 
evolution yields the velocity field 𝒗𝑡+1∕2 ∈ 𝐻0(𝛺) as a function of the reference map (𝜉𝑡+1, 𝜉𝑡) ∈ (𝐻1(𝛺))2: 

𝒗𝑘𝑡+1∕2 = −2

[

∇

(

𝜉𝑘𝑡+1 + 𝜉𝑘𝑡
2

)]−1 𝜉𝑘𝑡+1 − 𝜉𝑘𝑡
𝛥𝑡

. (23)

To solve the fourth-order Cahn–Hilliard equation with first-order Finite Elements, we cast Eq.  (7) into a system of two 
second-order equations, introducing the auxiliary variable 𝑞 = 𝛿PF∕𝛿𝜙 [25],1:

∫𝛺

𝜙𝑡+1 − 𝜙𝑡
𝛥𝑡

𝛿𝜙 d𝛺 + ∫𝛺
𝒗𝑡+1∕2 ⋅ ∇

(

𝜙𝑡+1 + 𝜙𝑡
2

)

𝛿𝜙 d𝛺 +∫𝛺
(∇𝑞 ⋅ ∇𝛿𝜙) d𝛺 = 0 , (24)

∫𝛺
𝑞𝛿𝑞 d𝛺 − ∫𝛺

𝜖2 ∇
(

𝜙𝑡+1 + 𝜙𝑡
2

)

⋅ ∇𝛿𝑞 d𝛺 − ∫𝛺

(

𝑔′(𝜙𝑡+1) + 𝑔′(𝜙𝑡)
2

)

𝛿𝑞 d𝛺 = 0 . (25)

While we do not present the derivation of the weak form here, the integration by parts involved in the process, and the thereby 
vanishing boundary terms, implies the assumption of natural boundary conditions, where ∇𝜇 ⋅ 𝒏 = 0 and ∇𝑞 ⋅ 𝒏 = 0 on 𝜕𝛺.

Then, the problem reads: Find the functions (𝜉𝑘𝑡+1, 𝜙𝑘
𝑡+1, 𝑞

𝑘
𝑡+1) ∈  = (1(𝛺))3 for every body such that Eqs.  (20), (24) and (25) 

are satisfied. We implement the monolithic, fully coupled system using FEniCS [26]. Schematically, for a single body, the system 
to solve looks as follows: 

⎡

⎢

⎢

⎣

𝐊𝝃 𝐊𝝃𝜙 0
𝐊𝜙𝝃 K𝜙 K𝜙q
0 Kq𝜙 Kq

⎤

⎥

⎥

⎦

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝐊(𝐤)

⋅
⎡

⎢

⎢

⎣

𝝃
𝜙
𝑞

⎤

⎥

⎥

⎦

⏟⏟⏟
𝐮(𝐤)

−
⎡

⎢

⎢

⎣

𝒃
0
0

⎤

⎥

⎥

⎦

⏟⏟⏟
𝐟 (𝐤)

= 𝟎 (26)

In general, the presence of advection terms in the governing equations renders the overall coupled linearized system non-
symmetric, which requires careful consideration when choosing numerical solvers and could potentially affect convergence and 
stability. Extensive research in the fluid community on advection-dominated problems has yielded valuable insights into stabilization 
and solver strategies. These approaches may offer useful guidance for addressing potential numerical challenges and for future 
improvements in our Eulerian solid mechanics framework (see, e.g., [27]).

4.2. Solver details

The resulting non-linear system is solved using PETSc’s SNES solver, employing the Newton method with line search, MUMPS
for the linearized subproblems [28], and AMG pre-conditioning [29].

Accurately resolving the frictional inequality – especially capturing the slip-stick transition – requires a relatively large frictional 
penalty 𝛽. However, high 𝛽 values lead to an ill-conditioned system, a difficulty compounded by the reduced admissible solution 
space imposed by the Lorentz cone. To reliably obtain a solution, we decompose the problem into two sequential subproblems. 
First, we solve the stick problem and second, we gradually reintroduce the true Coulomb friction law to allow slip. This strategy is 
outlined in Alg. 1.

1 In our previous work [17] the auxiliary function was denoted with the symbol 𝜇. Here, we changed it to not confuse it with the friction coefficient.
6
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Algorithm 1: Penalty continuation and return mapping
Input: Non-linear minimization problem 𝒫 , starting point 𝐮0, target penalty parameter 𝛽, increment factor 𝛾+𝛽 , reduction factor 

𝛾−𝛽 , slip mixing increment 𝛥𝛼.
Output: Solution 𝐮
𝛽current ← 𝛽
𝛼 ← 0
𝐮 ← 𝐮0

// 1. Penalty continuation loop
while do

Backup 𝐮: 𝐮∗ ← 𝐮
if  Minimize 𝒫 : 𝐮 ← min𝒫 (𝐮, 𝛽current) then

if 𝛽current ≥ 𝛽 then
break

Increase penalty 𝛽current ← 𝛾+𝛽 𝛽current
else

Revert 𝐮 ← 𝐮∗
Reduce penalty 𝛽current ← 𝛾−𝛽 𝛽current

// 2. Return mapping loop
while 𝛼 < 1 do

Minimize 𝒫 : 𝐮 ← min𝒫 (𝐮, 𝛼)
Increase slip mixing 𝛼 ← 𝛼 + 𝛥𝛼

return 𝐮

4.2.1. Penalty continuation method
In the first stage, we solve an auxiliary problem by modifying the friction law to enforce fully sticking interfaces. Instead of Eq. 

(15), we use 
𝜆(𝛿, 𝛽) = 𝛽𝛿 , 𝑏𝜏 = 𝛽𝛿𝜇𝑏𝑛 , (27)

which represents a linear regularization of the stick condition. Since high values of 𝛽 can lead to solver divergence, we employ 
a penalty continuation method. In this approach, borrowed from topology optimization, the penalty parameter 𝛽 is incrementally 
adjusted to guide the solution towards the feasible region [30]. This method can also be regarded as a simplification of the augmented 
Lagrangian method and shares principles with the interior point method (IPM) [31]. Given the non-convex nature of the frictional 
contact problem, in order to reduce the risk of converging to an unintended local minimum, we always start with the chosen value 
of 𝛽 and decrease it only if the solver fails to converge. Crucially, the final output of this step is always the solution for the chosen 
penalty coefficient 𝛽. This procedure corresponds to the first while-loop in Alg. 1, where 𝛽 denotes the target and 𝛽current the currently 
applied value.

4.2.2. Return mapping
After solving the stick problem, slip is reintroduced by gradually blending the regularized stick-only and Coulomb friction laws. 

This is achieved by incrementally increasing a mixing parameter 𝛼 from 0 to 1, as indicated by the second while-loop in Alg. 1. The 
blended regularization is defined as 

𝜆 = (1 − 𝛼)𝜆stick + 𝛼𝜆Coulomb , (28)

with 
𝜆stick(𝛿, 𝛽) = 𝛽𝛿 , 𝜆Coulomb(𝛿, 𝛽) = min (𝛽𝛿, 1) . (29)

This return mapping process gradually transitions the solution from a fully sticking state to one that accommodates slip. A 
demonstration of this process is provided in Section 5.1.2. Despite challenges posed by ill-conditioning and numerical instability, 
the gradual relaxation and reapplication of constraints effectively guide the solver to convergence, yielding a solution to the original 
problem. We acknowledge that the current approach may not be optimal, and potential improvements are identified as areas for 
future work.

5. Examples

In this section, we present four numerical examples to validate and showcase the proposed methodology. Throughout the 
examples, we use dimensionless units for space and time. We start by validating the proposed methodology for the Cattaneo–
Mindlin problem, a classical benchmark problem for frictional contact [32,33]. We first demonstrate that our method yields the 
7
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Fig. 3. Analysis of the tangential traction profile for different values of diffuse interface width 𝜖 and frictional penalty coefficients 𝛽 in the Cattaneo–Mindlin 
problem. For all displayed cases, the normal penalty is 𝜅 = 200, and the mobility parameter is  = 10−6. (a) Normalized traction profile for varying 𝜖. The 
analytical solution is shown as the dashed black line. The dotted lines are the normal traction (𝜇𝑝𝑛). (b) Normalized traction profile for varying 𝛽 (for 𝜖 = 0.125).
(c, d) Mean squared error (MSE) between the resulting traction profile and the analytical solution for increasing 𝜖 and 𝛽, respectively.

correct traction profile, and investigate the return mapping process to illustrate the internal solution process. We also show the path 
dependency by performing a full cycle of forward and backward sliding, and show that a reasonable hysteresis loop is obtained when 
sliding the bodies back and forth. Next, we validate our model further through a semi-coupled frictional Hertzian contact problem 
between a cylinder and an elastic half-plane [34]. We then simulate the ironing problem to showcase the method’s capability in 
handling large sliding [35–37]. In the last example, we analyze a system with two deformable solids and multiple contact patches.

5.1. Cattaneo–Mindlin problem

5.1.1. Tangential traction profile
The Cattaneo–Mindlin problem is a classical benchmark problem for frictional contact [32,33]. The problem consists of two linear 

elastic cylinders in contact, pushed together and then sheared. The setup is shown in the inset of Fig.  3a. Equivalent to the Hertzian 
solution, the analytical solution for the tangential traction profile, given the total normal and tangential reaction force, is known. 
We use this problem to test the proposed methodology for frictional contact with partial slip, specifically focusing on whether the 
differentiation between sliding and sticking regions is correctly captured. The two cylinders are modeled as linear elastic, 𝑖.𝑒.

𝝈 = 𝜆tr(𝜺)𝐈 + 2𝜇𝜺 , 𝜺 = 1
2
(

𝐅 + 𝐅𝑇 ) − 𝐈 , (30)

where 𝜇 and 𝜆 are the Lamé parameters. They have a radius of 𝑅0 = 𝑅1 = 10, Young’s modulus 𝐸0 = 𝐸1 = 0.2, and Poisson’s ratio 
𝜈0 = 𝜈1 = 0.2. The friction coefficient is 𝜇 = 0.5. We clamp the top cylinder at its top boundary and apply to the bottom cylinder 
first, a vertical displacement 𝑢̄𝑦 = 0.03 and then a horizontal displacement of 𝑢̄𝑥 = 0.01.

The analytical solution of the traction profile is characterized by the effective young’s modulus 𝐸∗, the contact zone width 𝑎, 
the stick–slip transition width 𝑐, the normal and tangential reaction forces 𝑃𝑛 and 𝑃𝜏 , and the friction coefficient 𝜇: 

𝐸∗ =

(

1 − 𝜈20
𝐸0

+
1 − 𝜈21
𝐸1

)−1

, 𝑅 =
(

1
𝑅0

+ 1
𝑅1

)−1
, 𝑎 =

(

4𝑃𝑛𝑅
𝜋𝐸∗

)1∕2
, 𝑐 = 𝑎

(

1 −
𝑃𝜏
𝜇𝑃𝑛

)1∕2
(31)

Then, the analytical solution for the normal and tangential traction profiles were found to be:

𝑝𝑛(𝑟) =
2𝑃𝑛

𝜋𝑎2
√

𝑎2 − 𝑟2 , (32)

𝑝𝜏 (𝑟) =
2𝜇𝑃𝑛

𝜋𝑎2
(√

𝑎2 − 𝑟2 −𝐻(𝑐2 − 𝑟2)
√

𝑐2 − 𝑟2
)

. (33)

Fig.  3 demonstrates the strong agreement between our numerical experiments and the analytical solution. To achieve this, we 
define the traction as the integrated force density perpendicular to the surface, denoted as 𝑝𝜏 = ∫𝑛 𝒃𝜏 d𝑛, and the reaction force as 
the volume integral 𝑃𝜏 = ∫𝛺 𝒃𝜏 d𝛺. We normalize the traction profile using the maximum Hertzian traction at 𝑟 = 0. For a review 
of the normal traction profile, the reader is referred to [17].

In Fig.  3a, we display the traction for various values of the diffuse interface width 𝜖, with the analytical solution represented 
by the dashed black line. The normal traction (scaled with 𝜇) is depicted as the dotted line. As 𝜖 decreases, the numerical solution 
approaches the analytical solution. It is important to note that the normalization obscures the fact that the absolute traction is 
lower for large 𝜖 than the smaller 𝜖 due to the softer implied contact stiffness (for equal 𝜅). In Fig.  3b, we show the traction for 
varying frictional penalty coefficients 𝛽 for a fixed 𝜖 = 0.125. It is evident that the solution is converging for sufficiently large 𝛽. 
The mean squared error (MSE) between the numerical and analytical solutions is shown in Fig.  3(c, d). The error does not decrease 
8
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Fig. 4. Illustration of the implicit return mapping on the example of a single Cattaneo–Mindlin simulation with 𝜖 = 0.125 and 𝛽 = 104. (a) Intra-step evolution 
of the traction profile with the implicit return mapping. Starting from a strictly sticking interface (𝛼 = 0) to a partially sliding interface (𝛼 = 1). The dashed 
black line is the analytical solution. (b) The local value for 𝜆 and the local effective slip rate 𝛿 for every position in the contact patch. (c) The local absolute 
contact force densities 𝑏𝑛 and 𝑏𝜏 for every node in the contact zone, from 𝛼 = 0 to 𝛼 = 1. Every trace represents one node, and the round markers indicate the 
final state. For nodes where the tangential force initially exceeds the valid value of 𝜇𝑏𝑛, the tangential component is effectively reduced to the slip surface.

further for 𝛽 > 104 due to limitations from the discretization. Further ℎ-refinement would be required to reduce the error further. 
Overall, the results demonstrate that the proposed methodology is capable to accurately capture the tangential traction profile for 
the Cattaneo–Mindlin problem.

5.1.2. Return mapping illustration
Fig.  4 illustrates the implicit return mapping for a single Cattaneo–Mindlin simulation with 𝜖 = 0.125 and 𝛽 = 104. The figure 

shows the intra-step evolution from 𝛼 = 0 (yellow) to 𝛼 = 1 (blue) of the traction profile (Fig.  4a), the value of 𝜆 and the local 
slip rate 𝛿 in the contact zone (Fig.  4b), and the local absolute force densities 𝑏𝑛 and 𝑏𝜏 for every node in the contact zone (Fig. 
4c). The figure demonstrates the correct differentiation between sticking and sliding regions, as well as the correct enforcement of 
the frictional law. In Fig.  4c, for nodes where the tangential force initially exceeds the admissible maximum of 𝜇𝑏𝑛, the tangential 
component is effectively reduced to the slip surface (Lorentz cone).

In the left part of Fig.  4, the tractions, being the integrated force densities across the contact patch, and the frictional function 
𝜆(𝑟) are computed as: 

𝑝𝑛(𝑟) = ∫𝑦
𝑏𝑛(𝑟, 𝑦) d𝑦 , 𝑝𝜏 (𝑟) = ∫𝑦

𝑏𝜏 (𝑟, 𝑦) d𝑦 , 𝜆(𝑟) =
𝑝𝜏 (𝑟)
𝜇𝑝𝑛(𝑟)

, (34)

and the effective slip rate 𝛿 according to Eq.  (35). For 𝛼 = 0, considered to be an artificial state of full stick, the tangential traction 
is maximal at the edge of the contact area. When the Coulomb friction law is consecutively mixed in by increasing 𝛼, the tangential 
traction profile transitions to the analytical solution.

The right part of Fig.  4 illustrates the local force densities 𝑏𝑛 and 𝑏𝜏 for every node in the contact zone. The three distinct clusters 
of nodes represent three layers of nodes in normal direction inside the volumetric contact patch. While for 𝛼 = 0, the points span 
the entire space, for 𝛼 = 1, all points are inside the admissible friction cone or lay exactly on the slip surface 𝑏𝑛 = 𝜇𝑏𝜏 . Further we 
observe that most points shift in horizontal direction, meaning that the return mapping process works mainly by implicitly altering 
the tangential force density by altering the horizontal component of displacement, while maintaining a constant normal pressure.

5.1.3. Hysteresis loop
To illustrate path-dependent energy dissipation in the frictional contact problem, we consider the same setup as in Section 5.1.1 

and conduct a complete cycle of forward and backward shearing motion. The used parameters are 𝐸 = 0.2, 𝜈 = 0.2, 𝜇 = 0.4, 𝜖 = 0.125, 
 = 10−8, 𝜅 = 300, and 𝛽 = 4 ⋅ 104. We prescribe the motion of the bottom half cylinder, which is depicted in Fig.  5c. Initially, the 
bottom cylinder is moved vertically by 𝑢̄𝑦 = 0.03, followed by a horizontal motion within 𝑢̄𝑥 ∈ [−0.07, 0.07]. Throughout Fig.  5, we 
indicate six characteristic stages with annotations 1 to 6.

Figs.  5a and 5b show the hysteresis loop for the relative tangential reaction force 𝑃𝜏∕𝑃𝑛 and the strain energy 𝛹𝜀 respectively. 
The hysteresis loop reveals an expected path-dependent energy dissipation, where the forward and backward loading paths are 
clearly distinguishable. In addition, Fig.  5d shows the average slip rate ⟨𝛿⟩ in the contact patch in comparison to the applied bottom 
boundary velocity 𝑣̄ . To compute the average slip rate across the contact patch, we first define an effective slip rate 𝛿(𝑟) across its 
9
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Fig. 5. Hysteresis loop for the Cattaneo–Mindlin problem. The figure shows the tangential reaction force 𝑃𝜏 for the forward and backward loading paths. The 
hysteresis loop is a result of the path-dependent energy dissipation in the frictional contact problem. 1⃝  Initial tangential loading; partial slip. 2⃝  Point of 
reversal; stick and unloading. 3⃝  On the brink of slipping. 4⃝  Full slip. 5⃝  Neutral total friction force; partial slip. 6⃝  Full slip. (a) Tangential reaction force 
in time. The 𝑥-axis shows the applied position at the bottom of the bottom cylinder, while the 𝑦-axis shows the normalized reaction force 𝑃𝜏∕𝑃𝑛. (b) Integrated 
strain energy. (c) Applied motion at the bottom edge of the bottom cylinder. First, a vertical velocity is applied, followed by a full cycle of forward and backward 
horizontal motion. (d) Averaged slip rate at the contact interface, in comparison to the applied velocity of the bottom edge of the bottom cylinder.

thickness using a weighted average of the slip rate 𝛿(𝑟, 𝑦) and the tangential force density 𝑏𝜏 (𝑟, 𝑦): 

𝛿(𝑟) =
∫𝑦 𝛿(𝑟, 𝑦) ⋅ 𝑏𝜏 (𝑟, 𝑦) d𝑦

∫𝑦 𝑏𝜏 (𝑟, 𝑦) d𝑦
, (35)

where 𝑦 denotes the coordinate normal to the interface and the integration is performed over the entire overlap zone. We then 
average the effective slip rate across the width of the contact patch: 

⟨𝛿⟩ =
∫𝑟 𝛿(𝑟) d𝑟
∫𝑟 1 d𝑟

. (36)

The discontinuities in ⟨𝛿⟩ align with the transition points in the applied velocity, showing characteristic jumps near stage 2 and 
4 when the motion is reversed. Upon the reversal of the external motion, ⟨𝛿⟩ stays close to 0, meaning a sticking interface; then it 
grows in magnitude until the full contact patch is in a sliding state and the average slip rate equals the externally applied velocity. 
This behavior highlights a stick–slip phenomenon at the interface, where the contact patch transitions from full stick to full slip.

5.2. Frictional Hertzian contact between a rigid indenter and an elastic plane

Tangential and normal tractions are mutually coupled in contact problems, yet the Cattaneo–Mindlin solution hides this interplay. 
To demonstrate how normal loading induces friction and to verify the accuracy of the stick–slip transition in our formulation, we 
consider a frictional Hertzian contact problem. This study is motivated by [38], in which the authors presented a framework for 
the analysis of coupled normal and tangential contact problems. We use this reference and the semi-coupled analytical solution to 
compare our results to Under the assumption of purely normal loading and neglecting the influence of tangential tractions 𝑝𝜏 (𝑟) on 
the normal traction distribution 𝑝𝑛(𝑟), the solution is expressed as [34]: 

𝑝𝜏 (𝑟) =
𝜇𝑝0
𝐾(𝑐)

[
√

1 − 𝑟2

𝑎2
𝐹 (𝜃, 𝑐) − 𝑥

2𝑏
log

(

1 −
√

1 − 𝑥2∕𝑏2

1 +
√

1 − 𝑥2∕𝑏2

)]

, (37)

where 𝑝0 is the vertical traction at the center of the contact patch, 𝑎 and 𝑏 denote the total contact and stick zone widths respectively, 
𝑐 = 𝑏∕𝑎 is the relative stick–slip transition position, 𝜃 = arcsin(𝑟∕𝑏), and 𝐾(𝑐) and 𝐹 (𝜃, 𝑐) are the complete and incomplete elliptic 
integrals of the first kind. In this solution, the extent of the stick zone is independent of the applied loading and can be determined 
via Spence’s relation [39]: 

𝜇𝐾(𝑐) = 𝛽𝐷𝐾
(√

1 − 𝑐2
)

, 𝛽𝐷 = 1 − 2𝜈
2(1 − 𝜈)

, (38)

where 𝛽𝐷 is the second Dundurs’ constant for a rigid indenter (𝐸 → ∞), 𝜇 is the friction coefficient, and 𝜈 the Poisson’s ratio.
We model the cylinder punching an elastic half-space by exploiting symmetry, 𝑖.𝑒.  only half of the domain is considered. The 

system is displayed in Fig.  6a together with the resulting von Mises stress intensity for the case where 𝜇 = 0.5. The rigid indenter 
has a radius of 𝑅 = 3.0 and initially touches the elastic half-space at 𝑦 = 0. The half-space is modeled as a linear elastic material (see 
Section 5.1 Eq.  (30)), and spans the domain (𝑥, 𝑦) ∈ [(0,−1), (1, 0)]. It is clamped along the right and bottom edges, while horizontal 
motion is restricted at the left edge to maintain symmetry. The half-space is loaded by displacing the indenter downward by a total 
10
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Fig. 6. Frictional Hertzian contact between a rigid indenter and an elastic plane. (a) Problem setup and von Mises stress intensity for 𝜇 = 0.5. (b) Normal (red) 
and tangential (blue) traction across the width of the contact patch for five different values of the friction coefficient 𝜇. The dotted lines show the semi-coupled 
solution for the same parameters. The Hertzian solution for the normal traction is indicated with black circles. (c) The point of the stick–slip transition in 
comparison with the semi-coupled solution and the result presented in [38]. (For interpretation of the references to color in this figure legend, the reader is 
referred to the web version of this article.)

of 𝑢̄𝑦 = 0.02 in 10 increments. The material parameters used are 𝐸 = 1, 𝜈 = 0.3. The normal and frictional penalty parameters are 
set to 𝜅 = 2 ⋅ 103 and 𝛽 = 103, while the phase-field model parameters used are 𝜖 = 0.02 and  = 10−6.

In Fig.  6b, we plot the normalized normal (𝑝𝑛) and tangential (𝑝𝜏 ) tractions as functions of the distance 𝑟 from the center of the 
contact patch for five different friction coefficients 𝜇. Here, 𝑎0 denotes the analytical Hertzian contact width corresponding to the 
total reaction force 𝑃 . Our numerical traction profiles are compared to the semi-coupled analytical solution from Eq.  (37) (dotted 
lines). Similar to [38], the tangential tractions near the contact center are observed to be slightly higher than those predicted by 
the semi-coupled solution, which is attributed to the coupling effect. With the exception of the case 𝜇 = 0.1, our results are in 
good agreement with the previously reported findings. For 𝜇 = 0.1, the underestimation of tangential tractions is explained by the 
very small slip rates near the symmetry axis and the resulting regularization error. Additional discrepancies may also arise from 
the diffuse approximation of the interfaces. The slight oscillations in our results are likely induced by a combination of the mesh 
discretization, and postprocessing — specifically, the integration of body forces across the thickness of the contact area (see Eq. 
(34)).

In Fig.  6c, we display the ratio 𝑐 = 𝑏∕𝑎 (𝑖.𝑒. , the relative width of the stick zone) as a function of the friction coefficient, and we 
quantitatively compare our values to both the analytical model and the results reported in [38].

5.3. Ironing problem

The ironing problem is a benchmark for testing large sliding in contact formulations [35–37]. In this setup, a rigid cylindrical 
die with a radius of 𝑅 = 0.5 is pressed into a deformable box with dimensions 3 × 1, which is fixed at the bottom (see Fig.  7). The 
box material is modeled as a Neo-Hookean hyperelastic material law with Young’s modulus 𝐸 = 1.0 and Poisson’s ratio 𝜈 = 0.3. Its 
strain energy density is given by: 

𝑊 =
𝜇
2
(tr(𝐂) − 𝑑) − 𝜇 ln 𝐽 + 𝜆

2
(ln 𝐽 )2 , (39)

where 𝜇 and 𝜆 are the Lamé parameters, 𝑑 is the dimension of the space, 𝐽 = det(𝐅), and 𝐂 = 𝐅𝑇𝐅 is the right Cauchy–Green 
deformation tensor. The Cauchy stress is given by: 

𝝈 =
𝜇
𝐽
(

𝐅𝐅𝐓 − 𝐈
)

+ 𝜆
𝐽
(ln 𝐽 )𝐈 . (40)

The phase-field model parameters are set to 𝜖 = 0.02 and  = 10−6. The contact is modeled as frictional, with a coefficient of friction 
𝜇 = 0.3, while the penalty parameters are set to 𝜅 = 103 and 𝛽 = 103. The die follows a prescribed motion as depicted in Fig.  7c. 
Initially, a uniform downward displacement of 𝑢̄𝑦 = −0.075 is applied over 10 time steps, followed by a horizontal displacement of 
𝑢̄𝑥 = 2.0 over the subsequent 100 time steps.

We employ the proposed methodology to solve the problem, demonstrating its ability to handle arbitrarily large sliding. We note 
that no convergence issues were encountered with the parameters used in this simulation. Fig.  7a presents the problem setup along 
with the von Mises stress distribution. Two instances are shown: first (left side), after completing the vertical displacement (marked 
as 1⃝), and later, towards the end of the simulation (marked as 2⃝). As expected, the sliding generates horizontal forces, resulting 
in a characteristic skewed stress profile.

In Fig.  7b, we plot the reaction forces 𝑃𝜏 and 𝑃𝑛 over the course of the simulation. Zoomed-in views are provided in Fig.  7d 
and (e) to enhance clarity along the 𝑦-axis. Initially, we observe an approximately linear increase in the normal reaction up to 1⃝, 
accompanied by a small tangential reaction due to the asymmetric box loading. Once the die begins horizontal motion, the frictional 
11
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Fig. 7. Ironing problem. (a) Problem setup and von Mises stress intensity for two time instances: 1⃝shows the state when the die has reached its final vertical 
position, and 2⃝depicts the die at a later time during horizontal sliding. (b) Reaction forces 𝑃𝜏 (tangential) and 𝑃𝑛 (normal) over the course of the simulation, 
and the reference simulation (N4) from [37]. (c) Prescribed motion of the rigid die. First a vertical displacement of 𝑢̄𝑦 = −0.075 is applied in 10 steps, followed 
by a horizontal displacement of 𝑢̄𝑥 = 2.0 in a further 100 steps. (d, e) Zoomed-in view of the reaction forces 𝑃𝜏 and 𝑃𝑛.

reaction quickly saturates at 𝑃𝜏 = 𝜇𝑃𝑛. Shortly after 1⃝, a slight increase in the reaction force is observed, attributed to rotational 
effects induced by the frictional force, which cause greater compression in the system.

While comparable studies employing Lagrangian approaches report small oscillations in reaction forces due to sliding across 
element boundaries, along with strategies to mitigate these effects [36,37], the reactions in our results are perfectly smooth. This is 
no surprise, since the fixed mesh inherent to an Eulerian approach eliminates the presumed source of these oscillations. Compared 
to the results in [37], the reaction forces in our study are approximately 10% lower in magnitude. This discrepancy likely arises 
from the diffuse interface approximation and the deformation of the softer transition zone (𝜙 = 0.5 → 1) at the interface, which acts 
as a deformation buffer. The effect is further pronounced due to the displacement-controlled loading in this setup, as the reaction 
forces are effectively reduced by the deformation of the softer interface.

5.4. Multi-patch frictional contact

We use the final example to demonstrate the applicability of the proposed methodology to systems with multiple contact patches 
between deformable bodies (Fig.  8a). The top body features three sinusoidal asperities of varying magnitudes that interact with the 
flat surface of the bottom body. Initially, the top body is displaced downward by a total vertical displacement of 0.03, compressing 
both bodies. Subsequently, it is moved laterally to the right with a constant boundary velocity of 𝑣̄𝑥 = 2.5 ⋅10−3, generating frictional 
forces at the interface.

All simulation units are dimensionless. The material is modeled as Neo-Hookean elastic (see Eqs.  (39) and (40)) with 𝐸 = 0.6
and 𝜈 = 0.3. The phase-field parameters are  = 5 ⋅ 10−7 and 𝜖 = 0.01, while the contact parameters are 𝜅 = 5 ⋅ 103, 𝛽 = 1 ⋅ 103, and 
𝜇 = 0.4.

The system setup can be inferred from Fig.  8. The system of equations from  Eqs.  (20), (24) and (25) is solved subject to the 
following boundary conditions:

• For the upper body, the reference map 𝜉 is prescribed on the upper boundary as 𝜉𝑡+1 = 𝜉𝑡 − 𝒗̄𝛥𝑡, corresponding to the imposed 
boundary motion 𝒗̄. On the lateral sides, only the 𝑥-component of 𝜉 is prescribed.

• For the bottom body, the reference map 𝜉 is fixed at its initial value, 𝜉𝑡+1 = 𝜉𝑡 at all edges.

Fig.  8a shows the von Mises stress distribution inside the body – where 𝜙 > 0.5 – at three time instances. Due to the asymmetry 
of the asperities, the stress distribution varies among them. Furthermore, friction causes a skewed stress distribution.

Fig.  8b illustrates the total tangential and normal reaction forces over time. The tangential force increases continuously as the 
top body moves right. Around 𝑡 = 17, the tangential force plateaus, indicating that the interface is in full sliding.

The slip rate over time is shown in Fig.  8c, where the average slip rate across the contact area (blue) and individual asperities 
(orange, green, red) are plotted. Due to the penalty approach used to enforce Coulomb’s law, a base slip exists even for a sticking
interface. This base slip corresponds to the minimal required slip rate to achieve the observed frictional force and is determined by 
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Fig. 8. Frictional contact between a body with sinusoidal asperities and a flat plane. (a) Problem setup and von Mises stress intensity for three instances in 
time. (b) Total normal and tangential reaction forces over time. (c) Slip rates as a function of time, averaged over the total contact area (blue) and over the 
contact area of the individual asperities (orange, green, red). The base slip rate is the slip required to reach the sliding surface of Coulomb’s law and thus, 
the erroneous sliding of a sticking interface introduced by the taken penalty approach. For each asperity, the cross marks the moment, when the recorded slip 
rate exceeds the base slip rate, marking the onset of sliding. The dashed black line shows the prescribed velocity of the top body. (For interpretation of the 
references to color in this figure legend, the reader is referred to the web version of this article.)

the ratio of the average tangential force density 𝑝𝜏 to the normal force density 𝑝𝑛, scaled inversely by 𝛽𝜇: 

𝑝𝜏 = 𝛽𝛿
⏟⏟⏟

𝜆

(𝜇𝑝𝑛) ⟶ ⟨𝛿stick⟩ =
⟨𝑝𝜏⟩

𝛽𝜇⟨𝑝𝑛⟩
, (41)

where ⟨⋅⟩ denotes an average over the contact area according to Eqs.  (35) and (36). We consider that sliding begins when the 
recorded slip exceeds this base slip. The onset of sliding of the individual asperities is marked by the crosses in Fig.  8c.

Sliding initiates at 𝑡 = 10 (time instance 2) when the middle and right asperities begin to slide, while the leftmost and most 
loaded asperity remains sticking. After this, the system is in a state of partial slip until 𝑡 ≈ 17, at which point the total slip rate 
matches the top body’s velocity (dashed black line), indicating full sliding. The third time instance shows the interface in a state of 
full sliding. We note that the proposed methodology is capable of effectively capturing interfacial forces at multiple contact patches.

6. Discussion

In this work, we introduced a novel Eulerian phase-field framework to model frictional contact between deformable bodies. To 
the best of our knowledge, this is the first fully functional method that incorporates frictional contact within a Eulerian phase-field 
context. By leveraging the reference map technique in combination with the phase-field method, we developed an approach that 
captures large deformations, complex contact interactions, and frictional effects within a Eulerian setting.

A major benefit of the original Eulerian approach [17] has been its simplicity. Contact interactions are implicitly captured 
through the overlap of diffuse phase-fields, while penalty-based body forces enforce contact constraints. Extending this method 
to handle frictional contact maintains this simplicity, utilizing the available field variables on the Eulerian mesh to construct 
frictional penalty forces. Lagrangian contact formulations often rely on node-to-node or node-to-segment contact definitions, 
which can restrict sliding to small incremental changes and induce subtle oscillations originating from the discretization of the 
surfaces in contact [37]. The implicit representation of bodies through phase-field variables allows for sliding without restrictions, 
enabling the simulation of arbitrarily large sliding motions and the handling of complex shapes. Furthermore, the suggested 
methodology retains all the inherent advantages of an Eulerian formulation, which is particularly suited for problems involving 
large deformations, multiphysical problems, where contact interactions are coupled with other physical or chemical phenomena, 
for which the Eulerian description is more natural. For example, Eulerian formulations have been prominently used to model fluid–
structure interactions [14,18,21,40–42], to model growth processes [43–45] or problems related to topological changes such as 
merging and separation of bodies [46,47].

While we have demonstrated the method using Coulomb friction, there is nothing conceptually limiting the implementation of 
more refined friction laws by adapting the frictional penalty force function Eq.  (17), such as rate-and-state friction models [48,49]. As 
shown in Sections 5.1 and 5.2, the method respects the transition from sticking to sliding, accurately representing history dependence 
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and energy dissipation associated with frictional interactions, and the simulations exhibit oscillation-free frictional responses during 
sliding.

However, several challenges remain or were discovered during the construction of this paper. Whereas the proposed method 
could be used to solve the Coulomb friction problem by a simple minimization using the Newton method, accurately capturing the 
stick–slip differentiation requires a large frictional penalty coefficient 𝛽, which leads to an ill-conditioned system and consequently 
convergence difficulties for any numerical solver. We addressed this by employing an incremental penalty approach, gradually 
increasing the penalty parameters to guide the solution towards the feasible region. Such an approach is strongly related to the 
interior point method (IPM) and Barrier methods. The name continuation method is borrowed from topology optimization, where 
it is used to find the global minimum of a non-convex problem by gradually increasing the penalty parameter [30]. In general, all 
these methods have in common to find a global minimum of a non-convex minimization problem, which does not include friction. 
To mitigate the risk of deviating from the local energy well, we propose a two-way penalty continuation. By starting with the target 
penalty, gradually decreasing it until the system is well-conditioned enough to find the solution, and finally increasing the penalty 
to the target again, we restrict the nature of such an approach to land at the global minimum. However, while this mitigates some 
of the numerical challenges, it undoubtedly introduces additional complexity.

Another, obvious, challenge arises from the diffuse representation by incorporating the phase-field method. The size of the 
transition zone, controlled by the phase-field energy gradient parameter 𝜖, has a significant impact on the frictional behavior. A 
large transition zone softens the contact and leads to a larger spread of the contact forces over a wider area, which may not be 
desirable in applications requiring high precision. On the other hand, a small transition zone can lead to a high sensitivity to mesh 
resolution and may introduce numerical artifacts [17]. Furthermore, the nodes of a contact patch become volumetrically distributed 
rather than being confined to a single contact line. This means that multiple layers of nodes within the contact patch contribute 
to the frictional response. For the frictional force, this means that, while the forces integrated over the width of the contact patch 
are consistent with the analytical Cattaneo–Mindlin solution (see Fig.  3), the force density is not necessarily constant across the 
contact patch. This may introduce unphysical shearing of the diffuse interface.

Looking forward, this work opens several avenues for future research. Applying the method to model multiphysical systems 
involving contact and friction could provide valuable insights into phenomena such as biofilm growth, where friction plays a 
significant role in how the film grows [1]. We believe our proposed framework can be helpful in understanding how growth processes 
are affected by frictional interaction with the environment, which could provide valuable insight in biology and materials science.

7. Conclusion

In this paper, we extended the novel Eulerian framework incorporating a diffuse phase-field representation presented in [17] to 
frictional contact between soft bodies. We propose to include a frictional penalty force field as a function of Eulerian field variables, 
namely the phase-fields 𝜙 and the velocities 𝒗 of the bodies in contact. Using multiple velocity fields renders the bodies independent, 
coupled only through contact forces arising from frictional interactions.

We thoroughly validated the method using a variety of numerical examples. Comparisons with the analytical Cattaneo–Mindlin 
solution and the semi-coupled solution for the frictional Hertzian problem demonstrated the accuracy of our approach in capturing 
frictional contact. Our examples also highlighted the ability to capture history dependence and energy dissipation in frictional 
contact, respecting the stick–slip transition and providing oscillation-free friction during sliding. We believe that the proposed 
framework could be employed to complex multi-physical systems where interfacial interactions play a key role.
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